
CHIRP WAVEFORM DESIGN FOR WIRELESS COMMUNICATION,

RADAR, AND ENERGY-HARVESTING SYSTEMS

Arijit Roy

TH-2806_156102017



TH-2806_156102017



CHIRP WAVEFORM DESIGN FOR WIRELESS

COMMUNICATION, RADAR, AND

ENERGY-HARVESTING SYSTEMS

A

Thesis Submitted

in Partial Fulfilment of the Requirements

for the Degree of

DOCTOR OF PHILOSOPHY

By

ARIJIT ROY

DEPARTMENT OF ELECTRONICS AND ELECTRICAL ENGINEERING

INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI

GUWAHATI - 781039, ASSAM, INDIA

January, 2022

TH-2806_156102017



TH-2806_156102017



Declaration

I hereby declare that the thesis entitled “Chirp Waveform Design for Wireless Communica-

tion, Radar, and Energy-harvesting Systems,”submitted in the Department of Electronics and

Electrical Engineering, Indian Institute of Technology Guwahati, Assam, India, for the award of the

degree of Doctor of Philosophy, is a bonafide record of research work carried out by me under the

supervision and guidance of Prof. Harshal B. Nemade and Prof. Ratnajit Bhattacharjee. The results

embodied in this thesis are original and have not been submitted to any other University or Institute

for the award of any degree or diploma.

Date: 11.01.2022 Arijit Roy

Place: Guwahati Research Scholar

Department of Electronics and Electrical Engineering

Indian Institute of Technology Guwahati

Guwahati - 781039, Assam, India.

TH-2806_156102017



TH-2806_156102017



Certificate

This is to certify that the thesis entitled “Chirp Waveform Design for Wireless Commu-

nication, Radar, and Energy-harvesting Systems,” submitted by Arijit Roy (156102017), a

research scholar in the Department of Electronics and Electrical Engineering, Indian Institute of Tech-

nology Guwahati, for the award of the degree of Doctor of Philosophy, is a record of an original

research work carried out by him under our supervision and guidance. The thesis has fulfilled all re-

quirements as per the regulations of the institute and in our opinion has reached the standard needed

for submission. The results embodied in this thesis have not been submitted to any other University

or Institute for the award of any degree or diploma.

Date: 11.01.2022 Prof. Harshal B. Nemade Prof. Ratnajit Bhattacharjee

Place: Guwahati Department of Electronics and Electrical Engineering,

Indian Institute of Technology Guwahati,

Guwahati - 781039, Assam, India.

TH-2806_156102017



TH-2806_156102017



Dedicated to

My Parents

TH-2806_156102017



TH-2806_156102017



Acknowledgements

First and foremost, I feel it as a great privilege in expressing my deepest and most sincere gratitude

to my supervisors Prof. Harshal B. Nemade and Prof. Ratnajit Bhattacharjee, for their excellent

guidance throughout my PhD tenure. Their kindness, dedication and attention to the details have

been a source of great inspiration to me. My heartfelt thanks to my supervisors for their unlimited

support and patience that they have shown towards me. Their emphasis on clear communication

helped me a lot. I cannot thank them enough for the patience shown by them while listening and

clarifying my silliest of doubts. They have enriched my life in many significant ways. They have made

an everlasting impression on my way of looking at problems, both professional and personal. I am

grateful to them for providing an unbounded research environment. I thank them from the bottom of

my heart for always being there with me during all kinds of distress.

I express my sincere gratitude to Dr. Salil Kashyap for assisting me with my research work in

innumerable ways. His knowledge and experience have been a great boost for my research work. I am

also thankful to Dr. Mahima Arrawatia for sharing her knowledge and providing valuable suggestions

for my research.

I would also like to express my sincere gratitude to the members of doctoral committee members:

Prof. Roy Paily Palathinkal, Prof. Rakhesh Singh Kshetrimayum, and Dr. Nagarjuna Nallam, for

sparing time out of their busy schedule to evaluate my progress. They have enriched this work with

their insightful suggestions and feedbacks. I extend my sincere thanks to all the staff members from

EEE office and academic office for helping me out in all sorts of ways during my stay at IIT Guwahati.

During my PhD, I found really wonderful lab-mates and fellow research scholars. My lab-mates and

research scholars of Communication Engineering Lab II Anoop P., Kaushik, Vijith, Sanjib, Mohit, and

Rahul, have maintained the healthy and conducive lab environment necessary for good research. I had

a great time with my many friends at IIT Guwahati including but not limited to Arijit Bhattacharjee,

Pralay, Satyajit, Bikash, Chandan, Darpan, Manoranjan, Atanu, Aditya, Birjit, Arunangshu, Abhijit.

These guys made my stay at IIT Guwahati memorable. I will cherish the time spent with them. I

thank them all for their friendship. I also express my sincere thanks to my seniors Pawan Kumar,

Prateek Rathore, Ramanand Sagar, and Sumantra Chaudhury for their encouragement and guidance.

My deepest gratitude goes to my family for their continuous love and support throughout my

TH-2806_156102017



studies. The opportunities they have given me and their unconditional sacrifices are the reasons

where I am and what I have accomplished. My earnest gratitude and thanks to my parents to remain

my source of inspiration in achieving every possible height during my journey. I extend my heartiest

gratitude to my elder sister for her love and support. Finally, I would like to dedicate this thesis to

my family, especially to my parents.

Arijit Roy

xii
TH-2806_156102017



Abstract

A chirp waveform is a frequency modulated signal in which the signal duration and bandwidth

can be adjusted independently. It finds applications in the fields of radar, sonar, and properties

such as high processing gain, low power requirement, robustness to multipath interference make chirp

based modulation an attractive alternative for wireless communication and Internet of Things (IoT)

applications. Introduction of massive multiple-input multiple-output (MIMO) and 5G technologies

make radio-frequency based wireless energy transfer (WET) a key enabling technique to effectively

prolong operational lifetime of energy-constrained sensors. However, most works on WET are based

on fixed-frequency waveform, and there exists scope to explore chirp waveform as a potential superior

candidate. In this thesis, we perform an exhaustive study on the design of chirp waveforms and the

analysis of associated systems employing the waveforms for wireless communication, radar, IoT, and

WET applications. The design and analysis studies are broadly divided into three parts.

The first part covers chirp waveform design and system analysis for wireless communication where−

(i) Design of linear chirp (LC) waveform and a single user communication system based on surface

acoustic wave (SAW)-chirp devices are proposed to transmit 3-bits per symbol duration. Symbol error

rate (SER) performance of such system is analyzed under additive white Gaussian noise (AWGN) and

Rayleigh fading channels, and its benefit over the available SAW-chirp systems is outlined.

(ii)Design of (a) phase-coded chirp waveforms using LC and nonlinear chirp (NLC) waveforms, and (b)

a set of orthogonal up-chirp and orthogonal down-chirp waveforms are proposed to reduce multiple

access interference (MAI) in a multiuser communication system where the later design minimizes

bandwidth requirement as well. The performances of such systems are analyzed in terms of bit error

rate (BER), for which closed form expressions are derived and evaluated over AWGN channel and

over Rayleigh fading channel for (b).

(iii) We present a PSK-chirp-BOK system, to double the transmission rate while using only two

correlators. Design of a set of completely orthogonal LCs is proposed to eliminate MAI in a multiuser

system. Extending the design, a time domain multiplexing of orthogonal LC sets and associated

signal demodulation using fractional Fourier transform are proposed to reduce the required system

bandwidth. Analytical expressions of SER are derived for the system, and the associated performances

evaluated under the effect of co-channel interference over Nakagami-m fading indicate a superior SER
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performance over the reported chirp-BOK systems.

The second part covers chirp waveform design and system analysis for radar and IoT applications

where−(i)Design of a set of discrete frequency-coding waveforms (DFCWs) using LC and pseudo-noise

code sequence (DFCWs-PNLC) is proposed for MIMO and multiuser radar. A two stage optimization

process is presented to improve autocorrelation sidelobe peak (ASP) and cross-correlation peak (CCP)

levels of the waveforms. Analytical expressions of ambiguity functions are derived to analyze waveform

performances, and it is observed that the DFCWs-PNLC outperforms other available DFCWs-LC.

(ii) We propose a parameterized mathematical model for designing NLC waveform and present an

optimization process based on genetic algorithm for appropriate selection of parameters value. Design

of a set of DFCWs using parameterized NLC (DFCWs-NLC) is proposed for MIMO and multiuser

radar, and a joint optimization of pulse type and frequency-ordering of DFCWs-NLC is performed

that results in major improvement in ASP and CCP levels over the reported DFCW designs while

attaining an increase in the number of available waveforms as well.

(iii) Design of a new symmetry chirp waveform with multiple chirp rates (SC-MCR) is proposed for

low-earth-orbit satellite IoT application. Extending the design, we present a time domain multiplexing

of SC-MCR waveforms to improve the system data rate. For an M -ary system in a multiuser scenario,

analytical expression for SER is derived and the system performance over a Rice-lognormal satellite

channel indicates improved MAI as compared to SC waveform.

In the third part, the potential of chirp waveforms is investigated for downlink (DL) WET from a

multi-antenna access point (AP) to a group of sensors over orthogonal subbands based on their channel

estimates while maintaining the peak transmit power constraint. We propose a general design of chirp

based waveforms and establish key properties required for optimizing WET. New analytical expressions

using order statistics are derived for the average harvested energy based on DL-WET via superposed

chirp waveforms, and max-min optimal power control coefficients in closed form are evaluated to ensure

that the sensors placed at different distances from the AP harvest the same amount of energy. For

comparison, we also present the corresponding analysis for fixed-frequency waveform. Furthermore,

we analyze the max-min information transmitted on the uplink by the sensors. Through analysis and

simulations, it is proved and elucidated that DL-WET via superposed chirp waveforms improves the

max-min harvested energy, extends the operating range of WET, and widens the energy-information

transfer region in comparison with DL-WET via fixed-frequency waveform.
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1. Introduction

A chirp is a frequency modulated (FM) waveform whose frequency varies with time [1]. Chirp

waveform and associated pulse compression technique find wide applications in the field of radar,

sonar and ultrasound [1,2]. Advantages such as high processing gain, low power requirement, robust-

ness to multipath interference and Doppler frequency offset make chirp based modulation an attractive

alternative for wireless communication applications [3, 4], and recently, it has been successfully ap-

plied for LoRa (Long Range) communication intended for Internet of Things (IoT) applications [5].

It is also adopted as a physical layer implementation of IEEE 802.15.4a, the standard for wireless

personal area network (WPAN) applications [6]. With the advent of wireless technologies such as

massive multiple-input multiple-output (MIMO) and 5G, the operational lifetime of sensor nodes in

an energy-constrained wireless sensor network (WSN) can be increased effectively through wireless

energy transfer (WET) [7], and it holds enormous potential to power a massive number of IoT de-

vices that are likely to get connected to the next generation wireless network [8]. It is expected that

with appropriate design, chirp waveform can play an important role to address some of the design

challenges associated with WET, and improve the harvested energy at the sensor nodes and energy

transfer efficiency (ETE) of the WET system. In this thesis, we present chirp waveform designs for

communication, radar, IoT, and wireless energy and information transfer (WEIT) systems to achieve

an improved performance and analyze the associated systems to evaluate the corresponding improve-

ments. In this introductory chapter brief overview of some of the associated technologies is presented

to cover the background of the thesis. In the subsequent sections, a review on some of the available

designs of chirp waveforms for the applications in communication, radar, and IoT systems along with

the analysis of performance is presented followed by the discussion on some of the existing works on

WET and WEIT. Thereafter, motivation, contribution, and organization of the thesis are outlined in

this chapter.

1.1 Background

This section covers brief descriptions on chirp waveform, wireless communication and performance

analysis, radar, IoT, WET, and highlights key properties of each of these technologies.

1.1.1 Chirp Waveform and Properties

A chirp is a waveform in which the instantaneous frequency varies as a function of time and it

is categorized as up-chirp and down-chirp. For an up-chirp waveform, the instantaneous frequency

2
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1.1 Background

increases with time, while for a down-chirp signal the instantaneous frequency decreases with time [2].

A chirp waveform of unity amplitude and having a duration of T (in second) can be expressed as

s(t) = cos [2πφ(t)] , 0 ≤ t ≤ T, (1.1)

where instantaneous frequency f(t) of the waveform is defined as

f(t) =
dφ(t)

dt
, (1.2)

and the associated chirp rate µ(t) that defines the rate of change of instantaneous frequency [9] is

given by

µ(t) =
df(t)

dt
. (1.3)

Therefore, for an up-chirp µ(t) > 0 and for a down-chirp µ(t) < 0. Based on the variation of chirp rate,

chirp waveforms are primarily categorized as linear and nonlinear, i.e., for a linear chirp (LC) or linear

FM (LFM) waveform, µ(t) remains constant throughout the signal duration whereas for a nonlinear

chirp (NLC) or nonlinear FM (NLFM) waveform, µ(t) varies with time [1]. Following (1.1) and (1.2),

instantaneous frequency for a linear up-chirp having bandwidth B (in Hz) [10] can be written as

f(t) = fL + µt, (1.4)

where B = fH − fL, fL is the starting frequency and fH is the final frequency, and the chirp rate

µ = B
T is a constant. Furthermore, the product of B and T is known as the time-bandwidth product

of the chirp signal. Accordingly, the linear up-chirp waveform is given by

s1(t) = cos

[
2π

(
fLt+

1

2
µt2
)]

, 0 ≤ t ≤ T. (1.5)

Following similar steps a linear down-chirp waveform is expressed as

s2(t) = cos

[
2π

(
fHt−

1

2
µt2
)]

, 0 ≤ t ≤ T. (1.6)

In case a chirp signal is centered at t = 0, linear up-chirp and down-chirp waveforms are given by

si(t) = cos

[
2π

(
f0t+ (−1)(i−1) 1

2
µt2
)]

, −T
2
≤ t ≤ T

2
, (1.7)

where f0 is the center frequency and i = 1, 2. s1(t) and s2(t) denote the up-chirp and down-chirp

waveforms, respectively. Moreover, in equivalent complex form the chirp waveforms of (1.7) can be

3
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Figure 1.1: (a) Linear up-chirp waveform, (b) Instantaneous frequency variation for up-chirp, (c) Linear
down-chirp waveform, (b) Instantaneous frequency variation for down-chirp.

given by [1]

s̆i(t) = ej2π(f0t+(−1)(i−1) 1
2
µt2), −T

2
≤ t ≤ T

2
, (1.8)

and si(t) = ℜ{s̆i(t)} where ℜ{·} indicates the real part. A linear up-chirp and the associated frequency

variation of the waveform with time are shown in Figure 1.1(a) and Figure 1.1(b), respectively, while

a linear down-chirp and its plot of instantaneous frequency versus time are shown in Figure 1.1(c) and

Figure 1.1(d), respectively, where the chirp rate is considered as µ = 35.

Matched filtering of a chirp waveform gives an output signal with a narrow peak at the chirp center

frequency [1, 9] and thereby achieving the pulse compression. Further, the same output can also be

achieved through auto-correlation of the chirp waveform [1,10]. Pulse compression, a signal processing

technique, of a chirp waveform allows to accumulate the energy of the signal into a short pulse with
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amplification in amplitude. It improves the range resolution and detection capability which is one of

the main reasons chirp waveforms are widely used in radar applications. Given two signals x(t) and

y(t), the associated correlation between them can be expressed as [11]

R′
xy(τ) =

∫ +∞

−∞
x(t)y(t− τ)dt. (1.9)

Further, for a LC waveform given by (1.8), the correlation between up-chirp and down-chirp waveforms

[1, 11] can be written in complex form as

Rs1s2(τ) =

∫ +∞

−∞
s̆1(t)s̆

∗
2(t− τ)dt, (1.10)

where (·)∗ denotes the conjugate operation, and R′
s1s2(τ) = ℜ{Rs1s2(τ)} gives the cross-correlation

between s1(t) and s2(t). Setting s̆2(t) = s̆1(t), (1.10) gives the autocorrelation output.

For a LC waveform given by (1.8), the autocorrelation output [1, 11] for up-chirp can be written

in complex form using (1.10) as

Rs1s1(τ) =

∫ +∞

−∞
s̆1(t)s̆

∗
1(t− τ)dt (1.11)

=

∫ +∞

−∞
ej2πf0τe−j2π

µ
2
τ2ej2πµtτdt = ej2πf0τe−jπµτ

2
∫ +∞

−∞
ej2πµtτdt

= (T − |τ |) ej2πf0τ sinc[µτ (T − |τ |)], (1.12)

where |τ | ≤ T , sinc(·) is the sinc function [1], and the autocorrelation of s1(t) is given by R′
s1s1(τ) =

ℜ{Rs1s1(τ)}. The associated output is shown in Figure 1.2(a) which indicates a sharp peak at τ = 0.

For down-chirp, its autocorrelation is identical to that of up-chirp [1] and is given by (1.12). Similarly,

the cross-correlation between up-chirp and down-chirp waveforms [1] can be calculated using (1.10) as

Rs1s2(τ) =

∫ +∞

−∞
ej2πf0τej2π

µ
2
τ2ej2πµt

2
e−j2πµtτdt = ej2πf0τej2π

µ
2
τ2e−j

π
2
µτ2
∫ +∞

−∞
e
j π
2

[
2
√
µt− µτ√

µ

]2
dt

=
1

2
√
µ
ej2πf0τej

π
2
µτ2
[
C

′
(ν2) + jS

′
(ν2)− C

′
(ν1)− jS

′
(ν1)

]
, (1.13)

where |τ | ≤ T , ν2 = √µ (T − |τ |), ν1 = √µ (−T + |τ |), C ′
(u) and S

′
(u) are Fresnel integrals [10], and

R′
s1s2(τ) = ℜ{Rs1s2(τ)} gives the cross-correlation between s1(t) and s2(t). The associated unmatched

output is shown in Figure 1.2(b) where value is normalized to maximum autocorrelation output.

Based on the application, chirp waveforms can be generated in different ways. Chirp waveforms

can be generated using a surface acoustic wave (SAW) device. Advances in SAW technology offer a
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Figure 1.2: (a) Autocorrelation of LC waveform, (b) Cross-correlation between linear up-chirp and down-chirp
waveforms.

 

 

  

 

  

Figure 1.3: Block diagram of a basic SAW device.

rapid and efficient method for both generation and correlation of the chirp waveforms using completely

passive and low cost SAW-chirp devices. The generation of chirp waveforms can also be realized using

digital signal processor (DSP) or field programmable gate arrays (FPGAs) [12] which provides higher

design flexibility over SAW device. In the thesis we consider ideal chirp waveforms for the proposed

waveform designs and the analysis of the systems.

In its simplest form, a SAW device consists of two comb-like metal electrodes known as input

interdigital transducer (IDT) and output IDT, placed on a piezoelectric substrate [13] as shown in

Figure 1.3. When a radio frequency (RF) voltage is applied at the input IDT, acoustic waves are

generated due to inverse piezoelectric effect [13]. The acoustic waves propagate on the substrate and

reach the output IDT. At the output, the mechanical displacement caused by the acoustic waves

generates a voltage difference due to the piezoelectric effect and produces an electric wave at the
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output IDT. So, the second comb-like structure in the SAW serves as a transducer to convert the

acoustic waves back into an electromagnetic signal. For an IDT structure having electrodes with

uniform pitch (d), the associated wavelength λ of the acoustic wave is related as d = 2a = λ
2 , and

this provides ideally a waveform having a fixed-frequency with λ = v
f where v is the acoustic wave

velocity through the piezoelectric substrate, f is the frequency of RF signal, a is the electrode width,

and w is the aperture [13]. However, by varying the pitch d along the length of the IDT structure,

i.e., by progressively increasing or decreasing the electrodes width of input IDT, the output waveform

can have frequency varying during its propagation time, thereby obtaining a chirp waveform [13,14].

1.1.2 Wireless Communication and Performance Analysis

Wireless communication involves the transmission of information from one point to another wire-

lessly, i.e., without the use of any electrical wire connections. One of the most commonly used medium

for enabling wireless communication is radio waves [15]. Wireless communication provides several ad-

vantages over the wired communication, e.g., it offers greater flexibility, allows constant connectivity

and improves network speed, provides easy accessibility specially in remote areas, improves cost effec-

tiveness of the network etc., and it has a vast range of applications in the fields of telecommunications,

military, space, radar communication, IoT, and wireless power transmission. Wireless communication

can be of two types− analog and digital. In analog communication the information signal modulates

the carrier waveform by varying the amplitude, phase, and frequency. Amplitude modulation and

frequency modulation are the most common form for the analog signal transmission. In digital com-

munication, continuous-time analog signal is sampled and quantized in form of binary numbers, ‘0’ and

‘1’, which gives the digital signal, and the information is transferred in the form of amplitude, phase,

or frequency of the carrier waveform. Advantages of digital communication over analog counterpart

include− (i) more immunity to noise and external interference, (ii) easy storage and retrieval of digital

information, (iii) higher security to the information, (iv) easier implementation of error correction and

detection techniques, (v) cost effective and more reliable. Depending on the distance of communi-

cation, the operational range and type of devices used, current wireless communication systems and

technology are categorized into different types such as (i) cellular communication systems, (ii) wireless

local area network (WLAN) systems, (iii) wireless internet and other personal area network (PAN)

systems, (iv) satellite communication systems, (v) low-cost, low-power wireless communication sys-

tems: Bluetooth and Zigbee [16]. Based on the application requirements, these systems are supported
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by a number of transmission and multiple access technologies including frequency division multiple

access (FDMA), time division multiple access (TDMA), code division multiple access (CDMA), space

division multiple access (SDMA), different spread-spectrum technologies, e.g., direct-sequence spread

spectrum (DSSS), frequency-hopping spread spectrum (FHSS), and other multi-carrier technologies

to serve multiple user terminals and achieve the required system throughput.

During transmission, if the signal is affected by noise only, the associated channel is considered

as additive white Gaussian noise (AWGN) channel. Whereas, if the signal, transmitted over wireless

medium, gets affected by both noise and fading, the associated channel is considered as a fading

channel. Fading indicates to the attenuation and distortion of the transmitted signal power during

wireless propagation and categorized as large-scale and small-scale fading. Large-scale fading refers the

power dissipation and attenuation in the received signal, and can be of two types: (i) path loss, which

attenuates the power of the received signal due to propagation over a long distance, (ii) shadowing,

which delineates the reduction in power of received signals due to the obstructions in the path of

propagation. Small-scale fading refers to the fluctuations in signal strength and phase due to scattering,

reflection, and diffraction of a signal during propagation and causes the reception of multiple replicas

(or multipaths) of the signal at the receiver. Depending on the mobility of the transmitter/receiver

with respect to each other, small-scale fading can be categorized as fast fading and slow fading. In fast

fading channel condition varies rapidly, whereas in slow fading the channel experiences relatively slow

variation over the symbol duration. Depending on the effect on signal frequency, small-scale fading

can be further categorized as frequency-flat and frequency-selective fading. In case all frequency

components of the signal observe almost the same amount of fading, it is termed as frequency-flat

fading otherwise it is called frequency-selective fading.

Performance analysis process of a wireless communication system is broadly divided into two

categories and can be performed either following a communication theoretic approach that includes

evaluation of bit error rate (BER), symbol error rate (SER) etc., or following an information theoretic

approach that includes evaluation of outage probability, channel capacity etc. Average BER or SER

indicates the ratio of the number of erroneous bits or symbols detected at the receiver to the total

number of transmitted bits or symbols. On the other hand, outage probability indicates the probability

that the signal-to-noise ratio (SNR) level of the signal falls below a predetermined threshold, while

channel capacity refers to the maximum data rate at which information can be transferred over a

8
TH-2806_156102017



1.1 Background

communication channel with minimal probability of error. In this thesis, performance analysis of the

communication systems using chirp waveforms is carried out in terms of BER, SER, and channel

capacity.

1.1.3 Radar

Radar stands for radio detection and ranging and it performs operations such as detection, tracking,

and recognizing objects, to name a few, for both civilian and military applications [17]. It works by

transmitting RF electromagnetic (EM) signal towards a object, commonly known as the target, and

studying the echo or waves reflected back from the target. The basic principle of a radar is shown

in Figure 1.4. The radar signal, an RF EM wave, is produced at the transmitter. Output of the

transmitter is delivered to the antenna where the signal is radiated. Use of a duplexer allows the

same antenna to be used for both transmitter and receiver on a time sharing basis. After reception,

the receiver amplifies the radar echoes and transfers them to the signal processing module. The

processing block performs signal processing operations and decides whether a target is present or

not (target detection). In case a target is present, other information about the target, i.e., range is

estimated. If a target is present at a distance of Do from the radar and the transmitted signal has

taken time Tr to travel from radar to target and back to radar, then [17]

2Do = Co × Tr ⇒ Do =
CoTr
2

, (1.14)

Figure 1.4: Block diagram of a pulse radar.
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where Co denotes the speed of light.

Performance of the radar systems mostly depends on the radiated waveforms, and thereby appro-

priate design of the radar waveforms is crucial for faithful detection of the targets [1, 11]. Based on

the type of waveforms, radars are classified into pulse radar and continuous wave (CW) radar. As the

name suggests, pulse radar operates with pulse type waveforms and CW radar operates with continu-

ous waveforms. In case a CW radar incorporates frequency modulation for the design of the waveform,

then the radar is termed as frequency modulated continuous wave (FMCW) Radar. Thereby, signal

frequency for a FMCW radar varies with time, e.g., a chirp waveform [10, 17]. Use of FMCW in

radar provides following advantages over CW (i) it can measure the target range and relative velocity

simultaneously, (ii) it can determine very high accuracy of range measurement, (iii) it can operate

with low peak power, (iv) it simplifies the realization of signal processing circuits as the processing

can be performed at low frequency range. Therefore, chirp is a popular choice and is used widely

for the design of radar waveforms [1, 10, 17]. Moreover, based on application requirements, different

waveform modulation patterns through FMCW such as sawtooth modulation, triangular modulation,

stepped modulation [1, 11] can be designed to attain an improved detection performance.

1.1.4 Internet of Things

The Internet of Things refers to a system of interrelated, internet-connected objects− sensors and

devices, or “things”, that have the ability to collect and transfer data over a wireless network with-

out requiring human-to-human or human-to-computer interaction. With the emerging numerous new

IoT applications spread across the areas of consumer and commercial to industrial and infrastructure

including applications such as (i) smart home, (ii) wearables, (iii) smart cities, (iv) smart grids, (v)

autonomous vehicles, (vi) industrial automation, (vii) smart retail and supply chain, and (viii) smart

farming [18], thereby it is expected that more and more devices and sensors are to be connected to

IoT networks and the number will exceed 20.4 billion by 2022 [19] as IoT offers numerous advan-

tages including (i) easy monitoring and communications between devices, (ii) digitally and centrally

controllable automation, (iii) improved system efficiency and operational time etc.

A number of wireless technologies have emerged for enabling the above mentioned IoT applica-

tions, and based on the coverage range the technologies are broadly categorized into two types− (i)

short-range wireless technology, (ii) long-range wireless technology. Short-range technologies include

Bluetooth, Zigbee, and WiFi, and intended to cover a maximum range of 100 m. Long-range technolo-
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gies include LTE and 5G, and low power wide area networks (LPWAN) technologies [20]. While LTE

and 5G are intended for power and data intensive applications, LPWAN technologies are intended

to provide wide-area communications and large-scale connectivity for emerging IoT applications with

low power, low cost, and low data rate devices. Further, LPWAN are divided into unlicensed and

licensed LPWAN based on the operating spectrum resources (bands). LoRa and Sigfox technolo-

gies come under unlicensed LPWAN, whereas LTE-M and NB-IoT technologies come under licensed

LPWAN [20].

Out of different enabling technologies for low power IoT networks, here, it is of particular interest

to LoRa as it provides the following advantages over other LPWAN technologies for IoT− (i) re-

duced cost of deployment, since unlicensed bands are used, (ii) higher flexibility in terms of data rate

and bidirectional communication over Sigfox, (iii) better security and mobility. Furthermore, LoRa

performs signal modulation and demodulation employing chirp waveform [5] that spreads the signal

over a wider channel bandwidth. It enables the transmitted waveform to become highly interference

resilient and reduces the required signal-to-interference-plus-noise ratio (SINR) level for accurate data

decoding, thereby improving the overall energy efficiency of the system [18]. LoRa supports a spread-

ing factor (SF) from 7 to 12, which allows the system to achieve a variable data rates and tradeoff

between throughput and coverage range or energy consumption [20].

1.1.5 Wireless Energy Transfer

The evolution and progress in silicon technology have helped reduce the power consumption and

the size of wireless sensor nodes. Usually, these nodes are energy constrained because they depend

on their batteries, which have limited capacity, to perform specific tasks in a wireless network. A

convenient way to increase the lifetime of these sensors is by charging their batteries through WET [7].

WET is the transmission of energy from one place to another without wires. Nikola Tesla pioneered

high-voltage, high-frequency electricity in wireless power transmission in his Colorado Springs lab

in 1899 [21]. WET or wireless power transfer (WPT) is attractive and promising as it can provide

seamless, constant and controllable on-demand energy to energy-constrained nodes and it provides a

reliable way to energize nodes which may be placed at remote or hazardous locations. It does not

require any intermediate grid for connections and can provide both non line-of-sight (NLOS) and LOS

energy transfer at low maintenance cost. WET, also known as wireless charging, mainly falls into two

categories, near field and far-field. For near field, non-radiative wireless charging based on inductive
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coupling and capacitive coupling is used for energy transfer, whereas for far-field, radiative wireless

charging based on electromagnetic waves, i.e., typically RF waves or microwaves are used for energy

transfer [21].

Use of RF signal offers following advantages over non-conventional sources of energy: (i) the

signal is controllable and can provide a deterministic energy harvesting method, i.e., based on the

energy requirement, the transmit power level of the signals can be adjusted dynamically, and (ii) both

information and power can be transferred simultaneously, independently or jointly. Thus, WET via

RF signal can enable wirelessly powering energy-constrained nodes placed at a longer distance while

effectively prolonging the operational lifetime and makes it more attractive for WSN. Electromagnetic

energy carried via RF signal can be converted into electrical energy by employing rectenna at the

energy-constrained nodes. Rectenna is basically formed by concatenating antenna and rectifier [22].

The received RF signal at the antenna is processed through a rectifier, which comprises of a diode, a

low pass filter, and load, and converts the received RF signal into DC voltage. Integration of WET

and conventional wireless information transfer (WIT) in a communication network is categorized

into simultaneous wireless information and power transfer (SWIPT) networks and wireless powered

communication networks (WPCN) [23] and it enables the wireless devices to perform simultaneous

energy harvesting (EH) and information decoding (ID) using two practical receiver designs based on

power-splitting (PS) and time-switching (TS) protocols [24]. Further, EH and usage techniques are

broadly categorized into three protocols− harvest-use, harvest-store-use, and harvest-use-store [21].

In harvest-use technique, the incoming energy is directly used to power the communicating node and

harvested energy is not buffered for future use. In harvest-store-use technique, harvested energy is

first stored in a buffer and communication is initiated once a minimum amount of required energy is

accumulated. In harvest-use-store technique, a fraction of the harvested energy is used to power the

communicating node while the remaining energy is stored in a buffer for future use.

1.2 Literature Review

In this section, related works on the design of chirp waveform for the applications of communication,

radar, and IoT are presented followed by the discussion on some of the reported waveform designs for

WET and WEIT applications.
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1.2.1 Chirp Waveform for Communication Applications

The use of chirp waveform for wireless communication applications was introduced by Winkler

in 1962 [25]. Chirp communication system employing direct modulation scheme through up-chirp

waveform has been presented in [26–30]. In particular, design and performance analysis of a single

user chirp communication system using SAW-chirp delay line has been considered in [26–28] where

transmission of 1 bit per symbol duration through differential phase shift keying (DPSK) modulation is

presented in [26] and transmission of 2 bits per symbol duration through differential quadrature phase

shift keying (DQPSK) and π/4-DQPSK modulation is presented in [27] and [28], respectively. All the

systems in [26–28] have used a single LC waveform for data transmission. In [29], the authors have

designed a single user chirp communication system considering DQPSK modulation and evaluated

the system performance in presence of broadband jamming signal. The results indicate that chirp

waveform can provide improved performance over a conventional system (without incorporating chirp).

In [30], the authors have designed a single user chirp system with quadrature phase shift keying (QPSK)

modulation and analyzed the performance. As the reported systems are designed and analyzed only

for single user scenario, the effect of interference on the system performance remains unaddressed.

Chirp communication system employing binary orthogonal keying (BOK) scheme, where the trans-

mitter consists of a pair of chirp waveforms− one up-chirp and one down-chirp mapped to binary ‘1’

and binary ‘0’, respectively for transmission of 1 bit per symbol, and the receiver consists of a pair

of correlators for estimation of the symbol, has been presented in [6, 9, 31] for a single user and

in [3, 25, 32–35] for multiuser systems. Specifically, in [6], the authors have shown that chirp-BOK

improves the BER performance over conventional BOK system. The authors in [9] have presented

a chirp-BOK system with a overlap between the transmitted up-chirp and down-chirp waveforms to

improve data rate at the expense of overall increase in signal interference at the receiver. A chirp-BOK

system using nonlinear quadratic chirp has been presented in [31] for underwater communication. The

authors in [25] have designed a set of LCs with each chirp waveform having two different chirp rates for

different time intervals while covering the same bandwidth, and each user has been allocated a pair of

up-chirp and down-chirp waveforms. Since all the generated chirp signals occupy the same bandwidth

are non-orthogonal, multiple-access interference (MAI) increases with the increase in the number of

users. The authors in [32] have extended the design in [25] by combining the waveforms with the

frequency hopping scheme. With the objective of reducing MAI, in [3], the authors have designed a
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set of LC waveforms having the same initial frequency but different chirp rates for different users, and

each user has been equipped with a pair of up-chirp and down-chirp waveforms. However, for both

the designs in [3, 32], the system bandwidth is a function of the number of users resulting in higher

bandwidth requirement. Moreover, owing to the fixed waveform duration and different chirp rates,

time-bandwidth product (TBP) of the waveforms in [3] is different for each user and the signals with

lower TBP are affected more by interference. In [33], the authors have extended the waveform designs

of [25] and [3] to form a multilinear chirp signal and presented a waveform detection technique based

on fractional Fourier transform (FrFT) for underwater acoustic sensor networks. The authors have

extended the design of [3] for NLC waveforms in [34] for quadratic and exponential chirp waveforms,

and in [35] for trigonometric and hyperbolic chirp waveforms.

To increase the data rate, the BOK transmission scheme has been extended to anM -ary data trans-

mission using chirp modulation in [4, 36–38] where the receiver uses M correlators for the estimation

of the transmitted symbol. The authors in [4] have presented a single user M -ary chirp communica-

tion system using LC modulation for coherent and non-coherent data transmission scheme, whereas,

in [36] and [37] the authors have presented the performance of a single user M -ary LC communi-

cation system over different fading channels− frequency-selective and -nonselective fading channels,

respectively. In [38], the authors have presented a single user M -ary chirp communication system

using nonlinear hyperbolic frequency modulation for mobile underwater communication. However,

the increased data rate for the M -ary systems has been achieved at the expense of increased system

complexity, bandwidth and inter-chirp interference.

1.2.2 Chirp Waveform for Radar Applications

Design of radar waveforms having properties such as good Doppler tolerance, large TBP, low

sidelobe level is necessary to achieve good range-resolution for the faithful detection of the target

[1]. Further, the signals designed for MIMO and multiuser radar systems [39, 40] should maintain

low cross-correlation levels as well as low autocorrelation sidelobe levels to enhance the detection

performance. For this purpose, construction of radar waveforms through frequency diversity technique,

i.e., discrete frequency-coding waveform (DFCW) has attracted much attention in recent years as it

offers higher range-resolution with improved detection capability [39]. Design of DFCW involves the

use of subpulses of different frequencies through a frequency hopping technique and the subpulse can

be of fixed-frequency type or chirp type [39]. Various methods have been proposed for designing
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discrete frequency-coding waveforms (DFCWs) to attain radar waveform diversity.

Design of DFCW with fixed-frequency pulses (DFCW-FF) for radar applications and associated

performance have been presented in [40] for multiuser radar and in [41–44] for MIMO radar systems. In

[40], Costas code has been used to determine the sequence of frequency hopping of the subpulses for the

designed DFCW-FF and the subpulse coding has been performed through a process of cyclic shifting to

maintain an acceptable cross-correlation peak (CCP) level. In [41], the authors have designed DFCWs-

FF for netted radar systems where a simulated annealing algorithm based on statistical optimization

technique has been presented for the optimization of the frequency hopping sequences. In [42], the

authors have designed DFCWs-FF where the frequency firing order is optimized numerically through a

genetic algorithm (GA). In [43], the authors have combined DFCW-FF with phase coding to improve

peak sidelobe level (PSL) compared to traditional DFCW-FF. In [44], the authors have designed

DFCW-FF with phase randomization of the subpulses that provides better autocorrelation sidelobe

peak (ASP) and CCP performance over waveforms with polyphase sequences [45].

Chirp waveform offers favourable Doppler tolerance, large TBP, and therefore, is widely used

for the design of radar waveforms [1, 39], and combining chirp with DFCW, the advantages of both

DFCW and chirp can be reaped for the design of radar waveforms. Design of DFCW using LC

subpulses (DFCW-LC), for automotive radar application, under the constraints of radar size and

power has been presented in [46]. In [47], the authors have designed a DFCW-LC where the subpulses

are composed of LC waveforms having random frequencies to improve the anti-jamming capability.

Associated random sequences are generated through a Bernoulli map. Designs of DFCWs-LC to attain

waveform diversity for MIMO radar have been presented in [39,48,49]. Specifically, in [39], the authors

have designed a set of three DFCWs-LC where the associated frequency hopping sequences have been

optimized through GA. Use of LC over fixed-frequency pulse improves the ASP and CCP levels as

compared to DFCWs-FF. In [48], the authors have designed three pairs of DFCWs-LC, independently,

for MIMO-SAR application. The formation of the LC subpulses in the DFCW has been decided by the

entries of a random binary matrix. Although CCP performance of the waveforms in each pair has been

reported, performance among different pairs remains unaddressed. The authors in [49] have designed

a set of DFCWs using piecewise LC waveforms (DFCW-PWLC) with the objective of improvement

in Doppler tolerance performance. However, the waveforms exhibit large CCP levels and limit their

effectiveness.
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Design of radar waveform using NLC improves the PSL performance over LC without using window

functions or mismatch filtering which incurs loss in SNR at the receiver [50, 51]. Designs of DFCWs

using NLC subpulses (DFCWs-NLC) for MIMO radar have been presented in [52, 53]. In [52], the

authors have considered a nonlinear pulse based on tan-sec function for the design of DFCW-NLC. A

set of three DFCWs-NLC has been designed for which the associated frequency hopping sequences are

optimized using GA and the use of NLC has improved the ASP and CCP performances over DFCWs-

LC. In [53], the authors have designed a set of four DFCWs-NLC using a tangential-type pulse where

the duration of each pulse and its bandwidth have been kept asymmetric, and the associated frequency

hopping sequences are optimized numerically to reduce the ASP and CCP levels. Although partial

CCP performance between the first waveform with others combined has been presented, pairwise

performances are not analyzed. Moreover, the design process has become complex with the increasing

number of waveforms or number of subpulses, and it would limit the applicability of the waveforms.

1.2.3 Chirp Waveform for IoT Applications

Interconnectivity between systems through Internet of Things is gaining popularity around the

world. The concept of IoT involves the interconnection of physical objects and is characterized by

low power consumption, low data rate, ability to collect and transmit data. Chirp waveform has been

successfully applied to design LoRa-based modulation intended for IoT applications for wide area

networks [5]. In LoRa modulation, chirp waveform is used to design an M dimensional orthogonal

signaling space by performing a cyclic shift of the linearly increasing waveform to transmit M -ary

information where the associated SF determines M . The design and analysis of LoRa system have

been presented in [5, 54–57]. In particular, the authors in [54] have derived the BER performance for

a LoRa system over both AWGN and Rayleigh fading channels. In [55], the authors have analyzed

the link-level performance of LoRa system while considering imperfect orthogonality between different

SFs. In [56], the effect of frequency offset in the chirp waveform on the performance of LoRa system

has been analyzed for different SF designs. The authors in [5] have designed an interleaved chirp

spreading LoRa (ICS-LoRa) to enhance the data rates of LoRa-based LPWAN. An approximate BER

expression has been derived to evaluate the capacity improvement for the LoRa networks. In [57],

the performance of LoRa has been examined under AWGN channel and in presence of an interfering

signal that is neither chirp nor phase-aligned with the target waveform for which the authors have

derived SER and frame error rate (FER). In addition, an approximation for both SER and FER have
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also been derived to reduce the computation complexity at the expense of performance degradation.

While the reported LoRa IoT systems have been performed for terrestrial communications only,

in [58] the authors have shown that LoRa chirp waveforms are not suitable for the application of

low-earth-orbit (LEO) satellite IoT communication due to high cross-correlation between the chirps

with different starting frequencies. To minimize the cross-correlation, the authors have designed chirp

waveforms that are symmetric in nature, i.e., symmetry chirp (SC), and the associated analysis has

shown improved performance over LoRa chirp waveform. In addition, the authors have presented an

acquisition method for SC waveforms in LEO satellite IoT communication in [59]. However, the cross-

correlation performance of SC waveforms in a multiuser or an M -ary system is currently unavailable

as only one pair of SC waveforms has been considered in [58] for a single user system. Therefore, the

suitability of SC waveforms in presence of interference requires further investigations.

1.2.4 Waveform for WET Applications

In communication networks, such as WSNs, body area network, some nodes are not physically

accessible in order to recharge or replace batteries. Operational life time of these sensor nodes depends

on batteries and it can be increased through WET [7]. RF signal provides a convenient way to perform

WET, in conjunction with information transfer over the same RF medium, in order to prolong the

operational life time of the sensors.

Design of a SWIPT system via fixed-frequency single carrier with single antenna transmitter and

receiver has been considered in [60, 61] assuming perfect channel state information (CSI). In [60],

the authors have investigated the energy-information rate trade-off based on a dynamic PS scheme.

In [61], the authors have studied transmit waveform optimization in a time-slotted SWIPT system,

while considering a nonlinear EH model, to maximize the energy-information rate region in a network

with both information users (IUs) and energy users (EUs). Use of multiple-antennas at the transmitter

provides a promising way to improve the ETE, through spatial beamforming, over single antenna

system [62]. Designs of WET, wireless energy and information transfer (WEIT), and SWIPT systems

using fixed-frequency single carrier with multiple-antennas at the transmitter have been presented

in [63–66]. In particular, the authors in [63] have proved that the effective range of WET can be

improved through the use of massive number of antennas at the base station (BS) while maintaining

a fixed target probability of outage in WET. The authors in [64] have obtained the optimal duration

for channel estimation and WET to maximize the minimum information rate in a wireless powered
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communication network with massive number of antennas at the BS. In [65], the authors have presented

a massive MIMO simultaneous WEIT system to maximize the energy harvested by the EUs while

maintaining the target data rate for IUs. The authors in [66] have designed a SWIPT system with

massive number of antennas at the BS to obtain the max-min optimized rate-energy region for TS

and PS protocols.

Use of multisine waveform [67], consisting of a set of fixed-frequency sinusoidal signals, having the

same phase (e.g., 0◦) improves the harvested energy over single carrier signal by enhancing the DC

power level obtained from the received RF signal. Further, replacing multisine signal with orthogonal

frequency division multiplexing (OFDM) which comprises of a set of fixed-frequency signals, transfer

of both energy and information can be made over the same RF medium. Design of single input

single output (SISO)-SWIPT system using OFDM based subcarrier set has been presented in [24,

68, 69]. The authors in [68] have considered PS protocol with continuous and discrete PS ratios to

optimize the energy efficiency for the data communication while assuming perfect CSI at the receivers.

However, acquiring CSI and its feedback to the transmitter would increase receiver complexity, energy

requirement and limit the operational span. Assuming perfect CSI, the authors in [24] have obtained

the transmit power policy to maximize the sum data rate subject to a constraint on the energy

harvested by the TS receivers for TDMA based transmission and for PS receivers. For a single user

with perfect CSI, the authors in [69] have designed an OFDM based WEIT system with the objective

of maximizing the harvested energy where the sensor has assumed to have a set of bandpass filters

for extracting the required RF signals to perform both information decoding and energy harvesting

operations. However, the design leads to higher receiver complexity and degrades the ETE.

Use of multisine or OFDM in combination with multiple antennas at the transmitter for the

design of WET, SWIPT systems has been reported in [22,70–72]. Specifically, in [22,70] the authors

have optimized the amplitudes and phases of multisine waveform based on the channel response to

improve the wireless power transfer (WPT) efficiency of a multisensor WPT system while considering

a nonlinear EH model and assuming perfect CSI. For a single user, the authors in [71] have designed

independent power and information waveforms for a single user SWIPT system to maximize the rate-

energy region subject to a constraint on the total transmit power. For a single user, the authors

in [72] have presented a two-phase channel training protocol over OFDM to maximize the harvested

energy through subband selection. The scheme requires double the duration for channel training over
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conventional designs, and the sensor needs to feedback the channel response that consumes additional

energy. For an energy constrained sensor, the scheme poses an energy burden and limits the intended

operational span.

1.3 Research Motivation

The analysis of the reported works described above indicates the importance of waveform design

as appropriate design of chirp waveforms having low or zero mutual cross-correlation level boosts the

performance of the communication and IoT systems. Moreover, chirp waveforms with low PSL for

ASP and CCP lead to the improvement in the detection capability of the radar systems. The analysis

on the design of chirp waveforms, in the above reported literature, indicates several shortcomings that

require further investigation. The main findings and motivation behind carrying this research work

are as follows:

(1) Design of communication systems using SAW-chirp delay line, as reported in the literature, is

limited to a transmission of 2 bits per symbol duration while using single chirp waveform. The

objective of achieving a transmission of symbols with a higher number of bits motivates us to

explore system design using SAW-chirp delay line while maintaining the same system bandwidth.

(2) For an up-chirp and a down-chirp, occupying the same bandwidth, there exist a non-zero cross-

correlation level between them. In the reported works on communication systems using chirp

waveform, the design of waveforms either by changing chirp rate and (or) TBP to limit the cross-

correlation value, leads to higher bandwidth requirement. This motivates us to investigate on the

design properties of chirp with the objective of achieving a set of orthogonal chirp waveforms to

minimize the MAI in a multiuser communication system. In the process, we also analyze possible

designs of chirp waveforms by combining it with binary pseudo-noise (PN) code sequence.

(3) Design of waveform for radar systems depends on various characteristic parameters, e.g., PSL,

main lobe width, Doppler sensitivity etc. From the designs on DFCWs, reported in literature,

we find that the number of available waveforms is limited for many multiuser and MIMO radar

applications. Furthermore, the associated performances can be improved further. These moti-

vate us in the design of DFCWs using both LC and NLC with the objective of attaining a higher

number of waveforms and better performance over the reported designs.
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(4) From the analysis of SC waveforms in a multiuser scenario, for LEO satellite IoT communi-

cation, we observe high cross-correlation peak values at different delay that limit the system

performance. The analysis on radar waveforms provides important insights about the minimiza-

tion of overall cross-correlation levels, and this motivates us to design a new SC waveform with

the objective of performance improvement over the reported designs.

(5) Most of the reported works on WET or WEIT systems perform fixed-frequency waveform based

transmission over single or multiple carriers. Unlike fixed-frequency signal for which the wave-

form bandwidth is inversely related to its duration, waveform duration of a chirp can be varied

independently of its bandwidth. Therefore, with appropriate design it is possible to allocate mul-

tiple chirp waveforms occupying the same bandwidth while maintaining orthogonality over the

waveform duration and peak power constraint. This motivates us to replace the fixed-frequency

waveforms by chirp waveforms with the objective of improving the energy harvested at the sensor

nodes for WET systems and improving the energy-information transfer region in case of WEIT

systems.

1.4 Contribution of the Thesis

The thesis aims at novel designs of chirp waveforms for wireless communication, radar, IoT, and

WEIT applications, and the performance evaluation of the associated systems. Furthermore, it in-

cludes comparisons with the reported designs to analyze the improvement in performance. In partic-

ular, the main contributions of the thesis include−

• The design of chirp waveform for a single user communication system using SAW-chirp devices to

achieve a transmission of 3 bits per symbol duration. Initially, we present a SAW communication

system based on fixed-frequency waveform and subsequently extend it for LC waveform with

appropriate modifications. We evaluate the system performance in terms of probability of BER

and SER under AWGN and Rayleigh fading channels, and the results are compared to the

reported designs.

• The design of phase-coded chirp waveforms by incorporating binary PN-code sequence within a

chirp waveform, for both LC and NLC, to reduce the MAI in a multiuser communication system.

We evaluate the system performance in terms of probability of BER and analyze the effects of

the number of users on it.
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• The design of a set of orthogonal up-chirp and a set of orthogonal down-chirp waveforms for

multiuser chirp-BOK communication systems to minimize bandwidth requirement and MAI. We

present the condition of orthogonality for a set of chirps and derive analytical expressions of BER

for evaluating the system performance under AWGN and Rayleigh fading channels. Moreover,

the results are compared with the reported designs.

• The design of a chirp communication system to double the transmission rate compared to a

conventional chirp-BOK systems without increasing the number of correlators at the receiver.

We propose a new design for the construction of a set of completely orthogonal chirp waveforms

to eliminate MAI in a multiuser communication system. Extending it, we present time domain

multiplexing of orthogonal chirp sets to reduce the required system bandwidth and the associ-

ated signal demodulation using FrFT in a multiuser scenario. We derive analytical expressions

for SER and evaluate the system performance under the effect of co-channel interference over

Nakagami-m fading. The effects of waveform type, channel conditions on the performance of

the system are investigated while comparing it with the reported designs.

• The design of a set of DFCWs for MIMO and multiuser radar systems by combining LC sub-

pulses and PN-code sequence where the frequency hopping of the pulses is decided according

to hyperbolic frequency hopping (HFH) sequence. We formulate analytical expressions of auto-

ambiguity and cross-ambiguity functions to analyze the performance of the waveforms. We

formulate a two stage optimization process for the selection of appropriate frequency-firing or-

der sequences and PN-code sequences to design a higher number of available waveforms while

maintaining improved ASP and CCP levels over the reported designs.

• The design of a set of DFCWs using NLC waveforms (DFCWs-NLC) to achieve further improve-

ment in PSL and an increase in the number of available waveforms. We present a parameterized

waveform design model and derive NLC functions for designing the required NLC waveform. We

perform an optimization process based on GA for the selection of appropriate parameter values

and derive expressions for ambiguity functions to investigate waveform performance. We present

a joint optimization of the NLC pulse type and the frequency firing order of the chirp pulses in

the proposed DFCWs-NLC for improving ASP and CCP performance over the reported DFCW

designs.
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• The design of a new symmetry chirp waveform having multiple chirp rates (SC-MCR) to improve

the cross-correlation performance over SC waveform [58] for LEO satellite IoT communication.

Extending the design, we present a time domain multiplexing of the SC-MCR waveforms to

improve the system data rate. We formulate analytical expressions of autocorrelation and cross-

correlation for SC-MCR, and evaluate the performance of an M -ary system in terms of SER in

a multiuser scenario over a Rice-lognormal satellite (RLS) channel. The effect of elevation angle

on performance of the system is investigated and the results are compared with the reported

designs.

• The design of superposed chirp waveforms for WET and WEIT applications. We establish key

properties required for optimizing WET, and present the transmission strategies for downlink

WET (DL-WET) from a multiantenna access point (AP) to a group of sensors over orthogo-

nal subbands. We derive new analytical expressions for the average energy harvested by the

sensor nodes based on the transmission of superposed chirp waveforms over subbands selected

independently for each sensor based on their estimated channel gain. Further, we derive max-

min optimal power control coefficients in closed form to ensure that sensors placed at different

distances from the AP harvest an equal amount of energy. We also evaluate the max-min infor-

mation transmitted on the uplink (UL) by the sensors. The effect of different system parameters

on the DL harvested energy and the UL achievable rate for the WET, WEIT system, e.g.,

number of antennas at the AP, number of subbands, and number of sensors in the network, are

investigated under Rayleigh fading and the results are compared with the reported designs based

on fixed-frequency waveform.

1.5 Thesis Organization

This thesis is organized into five chapters. The summary of each chapter is briefly outlined as

follows. A structural organization of the thesis is shown in Figure 1.5.

Chapter 1 : This chapter presents an overview of chirp waveform and its properties, wireless com-

munication and performance analysis, radar system, Internet of Things, and wireless energy transfer.

This chapter discusses fundamental concepts and terminologies which are used in the latter part of

the thesis. It covers brief background and literature review of the designs based on chirp waveform for

the applications of communication, radar, and IoT systems along with associated analysis of its per-
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Figure 1.5: Thesis organization.

formance followed by some of the existing works on WET and WEIT that has motivated our present

research. Subsequently, it summarizes the thesis contribution and provides an outline of the thesis

organization.

Chapter 2 : This chapter presents the designs of chirp waveform for communication systems in a

single and multiuser scenario and covers the following: (i) the design of a chirp system using SAW-chirp

devices for transmission of 3 bits per symbol, (ii) the design of phase-coded chirp waveforms and design

of a set of orthogonal up-chirp and set of orthogonal down-chirp waveforms for multiuser system to

minimize MAI, (iii) the design of a set of completely orthogonal chirp waveforms, to eliminate MAI,

and a chirp system with a data rate twice that of a conventional chirp-BOK scheme for multiuser

scenario, (iv) the design of time domain multiplexing of orthogonal chirp sets, to reduce bandwidth

requirement, and its demodulation using FrFT. We derive analytical expressions of BER or SER

for the associated chirp communication systems to evaluate the performance and analyze the effect

of different system parameters such as waveform type, number of users, channel conditions on the

performance of the systems. In addition, the results are also compared with the reported works.

Chapter 3 : This chapter presents the design of DFCWs using linear and nonlinear chirp wave-

forms for MIMO and multiuser radar systems. For the design of DFCW-LC, LC pulses are binary
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phase coded and positioned according to HFH sequence. We perform a two-stage optimization process

to improve the ASP and CCP levels over reported designs. For the design of a set of DFCWs using

NLC, we present a parameterized waveform design model and a waveform optimization process based

on GA to design NLC waveforms and their optimization, respectively. For both the designs, we eval-

uate the performances through radar ambiguity functions and access the improvement over reported

designs. This chapter also includes the design of SC-MCR waveforms and a time domain multiplexing

of the SC-MCR waveforms for an M -ary chirp system, under a multiuser scenario, intended for LEO

satellite IoT communication. We evaluate the system performance under RLS channel and analyze

the effects of elevation angle while comparing it with the reported designs.

Chapter 4 : This chapter presents the design of chirp waveform for WET and WEIT applications.

We present a general superposed chirp waveform design for a given configuration parameter and

establish key properties required for optimizing DL-WET. For a multisensor WEIT system, we present

the transmission strategy, and derive new analytical expressions for the average energy harvested by

any sensor node for DL-WET via the transmission of superposed chirp waveforms as well as fixed-

frequency waveform over the subbands selected based on their estimated channel strength. For both

superposed chirp waveforms and fixed-frequency waveform based DL-WET with subband selection,

we also derive the max-min power control coefficients in closed-form to ensure that sensors placed at

different distances from the AP harvest an equal amount of energy. We also analyze the corresponding

max-min information transmitted on the UL by the sensors. We present extensive numerical results

to examine the joint impact of different design parameters on the system performance and benchmark

our results against DL-WET via fixed-frequency waveform under Rayleigh fading channel.

Chapter 5 : This chapter concludes the research work presented in the thesis and discusses the

scope for future research in the areas of communication, radar, and WET.
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2. Design and Analysis of Chirp Waveform for Wireless Communication Systems

2.1 Introduction

Communication systems using chirp waveform, for single user, have been presented in [6,9,26–28,31,

73] whereas communication systems design using SAW-chirp device have been reported in [9,26–28,73]

to attain a maximum transmission rate of 2 bits per symbol duration while considering single chirp

waveform. On the other hand, multiuser chirp communication systems reported in [3, 25, 32, 34, 35]

have employed set of non-orthogonal chirp waveforms that lead to an increase in MAI and limit the

overall system performance. In this chapter chirp waveform designs are proposed starting for a single

user SAW-chirp system to multiuser chirp-BOK system with the objective of improving data rate and

minimizing MAI. Investigation on the waveforms design is carried out to improve bandwidth efficiency

without compromising the system performance. The main contributions of this chapter are listed as

follows:

(1) A SAW-chirp system and associated chirp waveforms are designed with a transmission rate of

3 bits per symbol. For the analysis, we consider SER as the performance metric and derive

analytical expressions for quadrature phase shift keying modulated data.

(2) A design incorporating the combination of chirp waveforms and binary PN-code sequence is

presented, considering LC and NLC, to reduce MAI in a multiuser communication system. For

the analysis, we consider BER as the performance metric.

(3) In the process to minimize MAI, the design of a set of orthogonal up-chirp and orthogonal

down-chirp waveforms for multiuser chirp-BOK system is proposed. Analytical expressions of

the BER are derived under AWGN and Rayleigh fading environment.

(4) A modified chirp-BOK is proposed to double the transmission rate without increasing the num-

ber of correlators at the receiver. For a multiuser system, set of completely orthogonal chirp

waveforms is designed to eliminate MAI. A time domain multiplexing of orthogonal chirp sets

is proposed to improve bandwidth efficiency. Analytical expressions of the SER are derived un-

der Nakagami-m fading to get a better insight of the dependence of performance on the fading

parameters.

For all the proposed designs and systems, the associated performances are compared with the reported

designs to analyze the improvement in performance. The detailed designs of these waveforms and

systems are discussed in the subsequent sections in this chapter.
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2.2 Communication System using SAW-Chirp Devices for Multibit
Symbol Transmission

A SAW device allows an easy generation of waveforms, and based on the designs and arrangements

of the metallic fingers in the form of IDT structure, one can obtain a fixed-frequency or a chirp

waveform [2, 13]. Being a passive device, it consumes low power for the operation. Design of a

single user communication system using SAW devices is reported in [74] for a transmission of 2 bits

per symbol via fixed-frequency waveforms through QPSK modulation. In contrast, use of DQPSK

modulation allows to maintain the same data rate without using any reference signal at the receiver for

demodulation process, thereby simplifying the receiver design. Motivated from the fact that none of

the reported works considered this modulation, in this work firstly we present a communication system

using SAW devices based on fixed-frequency waveform and DQPSK modulation. BER analysis of the

proposed DQPSK system is presented under AWGN and Rayleigh fading channels and the analytical

results are verified through Monte-Carlo simulation. Furthermore, the proposed design acts as a base

model and with appropriate modification the system model is extended for LC waveforms. Accordingly,

in the next step, we present a chirp waveform modulation and demodulation scheme using SAW-chirp

devices, for a single user system, to achieve an improved transmission rate of 3 bits per symbol.

2.2.1 System Model Based on Fixed-frequency Waveform

In a DQPSK signal, the symbol information is encoded as the phase difference of two consecutive

transmitted signals. The receiver calculates the corresponding phase change instead of decoding

each individual received signal to retrieve the transmitted symbol information, and eliminates the

requirement of a reference carrier signal.

2.2.1.1 DQPSK Modulation using SAW Device

For DQPSK modulation, the input bits are grouped into 2-bit symbols. For a Gray encoded

input bits, four possible combinations of 2 bits b1b0 ∈ {00, 01, 11, 10} and associated phase mapping

(θ) is given as 00 ≡ 3π
2 , 01 ≡ π, 11 ≡ π

2 , 10 ≡ 0. The corresponding mapping for DQPSK is shown

in Figure 2.1. Accordingly, block diagram of the proposed DQPSK modulator using SAW device is

shown in Figure 2.2. The pre-phase coder performs the mapping from the 2 bits binary input to the

required phase difference based on the current input bits and the previous phase coder output bits.

The phase of the current transmitted signal is calculated such that the phase difference between the
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Figure 2.1: Two-bit encoding for DQPSK and QPSK.

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 2.2: Block diagram of the DQPSK modulator using SAW device.

current and previous signals is equal to the phase assigned to the corresponding transmitted dibits.

Therefore, from the calculation of the phase difference, the information about the transmitted bits

can be extracted without the requirement of a local carrier. Based on the above criterion, the output

of the pre-phase coder is formulated as given in Table 2.1 where b1(n) and b0(n) are the current input

bits, b̃1(n− 1) and b̃0(n− 1) are the phase coder outputs in the previous symbol duration, and b̃1(n),

b̃0(n) are the current phase coder outputs. In terms of phase, the pre-phase coder outputs can be

presented [15] [16] as

θ(n) = θ(n− 1), if b1b0 = 10

θ(n) = θ(n− 1) +
π

2
, if b1b0 = 11

θ(n) = θ(n− 1) + π, if b1b0 = 01

θ(n) = θ(n− 1) +
3π

2
, if b1b0 = 00. (2.1)
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Table 2.1: Calculation of phase for DQPSK transmitted signal

b̃1b̃0(n− 1) θ(n− 1) b1b0(n) θ(n) b̃1b̃0(n) △θ
00 270◦ 01 90◦ 11 180◦

01 180◦ 01 0◦ 10 180◦

11 90◦ 01 270◦ 00 180◦

10 0◦ 01 180◦ 01 180◦

00 270◦ 11 0◦ 10 90◦

01 180◦ 11 270◦ 00 90◦

11 90◦ 11 180◦ 01 90◦

10 0◦ 11 90◦ 11 90◦

00 270◦ 10 270◦ 00 0◦

01 180◦ 10 180◦ 01 0◦

11 90◦ 10 90◦ 11 0◦

10 0◦ 10 0◦ 10 0◦

00 270◦ 00 180◦ 01 270◦

01 180◦ 00 90◦ 11 270◦

11 90◦ 00 0◦ 10 270◦

10 0◦ 00 270◦ 00 270◦

To realise DQPSK signals using SAW device, the design of IDT is presented in Figure 2.3. To introduce

phase delay, the gaps between the input and output IDTs are adjusted appropriately for the 4 pairs

of IDTs which introduce a phase delay of 0, π2 , π,
3π
2 , respectively, in the output signal. According to

the output phase of the pre-phase coder, appropriate input IDT of the SAW device is excited to get

the corresponding phase delayed output signal

sl(t) = cos (2πf0t+ θl(t)) , 0 ≤ t ≤ Ts, (2.2)

where f0 is the carrier frequency, Ts is the symbol duration, and θ(t) is the DQPSK transmitted signal

phase that is equal to the corresponding pre-phase coder output phase for any particular transmission.

Further, l = 1, 2 corresponds to the previous and current transmission instances, respectively. The

appropriate input IDT of the SAW device is selected as

mj = j = (2b1 + b0), where b1, b0 ∈ {0, 1}. (2.3)
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Figure 2.3: Schematic of the modulator SAW device. The gap between input and output IDTs corresponds
to the 4 possible transmitted signal phases.

2.2.1.2 DQPSK Demodulation using SAW Device

The block diagram of the proposed DQPSK demodulator system using SAW device is shown in

Figure 2.4. After amplification, the received DQPSK signal is fed to the SAW device which estimates

the phase difference by the addition of two consecutive received signals. The output amplitudes of

the SAW device are detected by the peak detectors and passed through the thresholding and decision

block. Finally, the decoder estimates the transmitted bits from the output of the decision block.

The proposed SAW device for the demodulation of DQPSK signals is shown in Figure 2.5. It

consists of two stages. The output of ‘Stage 1’ is the addition of the incoming signal and the signal

obtained after introducing an additional delay of Ts, i.e., the signal received in the previous symbol

duration. Mathematically, it can be written as

R1 = cos (ω0t+ θ2(t)) + cos (ω0t+ θ1(t− Ts))

= 2 cos

(
θ2(t)− θ1(t− Ts)

2

)
cos

(
ω0t+

(
θ2(t) + θ1(t− Ts)

2

))
, (2.4)

where ω0 = 2πf0. The output of the peak detector of the added output signal is given as

D1 =

∣∣∣∣2 cos
(
θ2(t)− θ1(t− Ts)

2

)∣∣∣∣ =
∣∣∣∣2 cos

(
∆θ

2

)∣∣∣∣. (2.5)
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Figure 2.4: Block diagram of the DQPSK demodulator using SAW device.

 

 

  

  

 

Figure 2.5: Schematic of the SAW device in the demodulator.

From (2.5) it can be found that the amplitude of the resultant signal is a function of the phase

difference between two consecutive received signals. The detector is used to detect the peak values

of the output signal having different phase values. From Table 2.1, it can be found that the phase

difference between two consecutive incoming signals can have 4 possible values and from (2.5) the

peak value can be one of 2,
√
2, 0. For the phase difference of π

2 and 3π
2 the values of D1 are equal

to
√
2, which creates ambiguity in the decision block. In order to overcome this difficulty ‘Stage 2’

is introduced. The output of ‘Stage 2’ is the addition of the incoming signal and the signal received

in the previous symbol duration delayed by an additional phase of π2 which corresponds to additional

path length of λ4 . Mathematically

R2 = cos (ω0t+ θ2(t)) + cos
(
ω0t+ θ1(t− Ts) +

π

2

)

= 2cos

(
θ2(t)− θ1(t− Ts)

2
− π

4

)
cos

(
ω0t+

(
θ2(t) + θ1(t− Ts)

2
+
π

4

))
. (2.6)

The signal of the peak detector is given as

D2 =

∣∣∣∣2 cos
(
θ2(t)− θ1(t− Ts)

2
− π

4

)∣∣∣∣ =
∣∣∣∣2 cos

(
∆θ

2
− π

4

)∣∣∣∣. (2.7)
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Table 2.2: Output of decoder based on detector and decision logic output for DQPSK

△θ D1 D2 Q1 Q2 Q3 Q4 b1 b0

0◦ 2
√
2 1 0 0 0 1 0

90◦
√
2 2 0 0 1 0 1 1

180◦ 0
√
2 0 1 0 0 0 1

270◦
√
2 0 0 0 0 1 0 0

In this case the value of D2 for △θ = π
2 ,

3π
2 are distinct and can be used to remove ambiguity in D1

explained above. The value of the peak detector are fed to the decision block. Table 2.2 summarizes

the outputs for 4 cases of phase differences. If output of D1 is 2 or 0, then it would select bits according

to the logic of △θ. If the output of D1 is other than 2 or 0, the decoder does not make any decision

on the transmitted symbol. The decoded takes up the the output of D2 to make decision in that case.

Therefore, as a whole, the decoder uses the outputs from D1 and D2 for the estimation of the symbol.

Next, the proposed DQPSK demodulation process using SAW device is extended for the demod-

ulation of a QPSK signal given by

si(t) = cos (2πf0t+ θi(t)) , 0 ≤ t ≤ Ts, (2.8)

where θi indicates the phase value that is constant for each dibit of the input bit stream [15] and

associated phase mapping (θi) is given as 00 ≡ 3π
2 , 01 ≡ π, 11 ≡ π

2 , 10 ≡ 0. Conventionally, the

QPSK demodulator systems require an additional local synchronizing signal. A QPSK demodulator

system reported in [74] uses SAW device to add the incoming signal with the locally generated reference

carrier. Here, we propose a QPSK demodulator using SAW device without the need of locally generated

reference carrier. It may be noted that, the proposed demodulation scheme requires a preamble of a

dibit as reference which is known apriori to both transmitter and receiver. Therefore, these two bits

are the overhead in addition to actual data stream to be sent and it may be negligibly small when long

streams of data are transmitted. The main difference between the proposed QPSK demodulator and

the DQPSK demodulator described above is the modification in the logic of the decision block. The

transmitted signal can have any one of the four possible phases based on the transmitted dibit. The

structure of the receiver SAW device is shown in Figure 2.5, similar to the structure used in DQPSK.

The amplitudes of the two outputs of SAW device are determined by the peak detectors and feed

them to the decision block. As the phase of the previously transmitted signal is known to the receiver,
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Table 2.3: Decoder output for different phases of the received QPSK signal

θin−1(t) b1b0(n − 1) θin(t) △θ D1 D2 b1b0(n)

Previous Current

received bits received bits

180◦ 01 0◦ 180◦ 0
√
2 10

180◦ 01 90◦ 270◦
√
2 0 11

180◦ 01 180◦ 0◦ 2
√
2 01

180◦ 01 270◦ 90◦
√
2 2 00

90◦ 11 0◦ 270◦
√
2 0 10

90◦ 11 90◦ 0◦ 2
√
2 11

90◦ 11 180◦ 90◦
√
2 2 01

90◦ 11 270◦ 180◦ 0
√
2 00

0◦ 10 0◦ 0◦ 2
√
2 10

0◦ 10 90◦ 90◦
√
2 2 11

0◦ 10 180◦ 180◦ 0
√
2 01

0◦ 10 270◦ 270◦
√
2 0 00

270◦ 00 0◦ 90◦
√
2 2 10

270◦ 00 90◦ 180◦ 0
√
2 11

270◦ 00 180◦ 270◦
√
2 0 01

270◦ 00 270◦ 0◦ 2
√
2 00

from the phase difference between current and previous received signals, current received bits can be

estimated using Table 2.3. Therefore, normal QPSK signals also can be decoded and transmitted bits

can be extracted at the receiver side without the use of local reference carrier.

Simulation of the demodulator operation using SAW device for DQPSK is presented considering

the sequence of transmitted bits b1 = [0, 0, 1, 1] and b0 = [0, 1, 1, 0] and reference bits b1b0 = 10. Two

outputs R1 and R2 of the SAW device are shown in Figure 2.6(a) and Figure 2.6(b), respectively. The

corresponding outputs D1 and D2 of the peak detectors are shown in Figure 2.6(c) and Figure 2.6(d),

respectively. Addition operation performed by SAW device is also verified through simulation by

designing a SAW structure using COMSOLMultiphysics as given in Figure 2.5. The substrate material

for the SAW device is chosen 128◦ Y −X LiNbO3 with a surface acoustic wave velocity 3979 m/s [13],

interdigital periodicity (λ) of 16 µm, and center frequency of 249 MHz. Split-electrode configurations

are considered for input and output IDTs to minimize mechanical reflection [13]. The input and output

IDTs have a length of 3λ and 2λ, respectively. Distance between the input and output IDT (Θ0) is
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Figure 2.6: Result of simulation of DQPSK demodulator operation using SAW device for received dibits
[00,01,11,10]. (a) Output of SAW device at R1. (b) Output of SAW device at R2. (c) Output of peak detector
at D1. (d) Output of peak detector at D2.
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Figure 2.7: Output of SAW device at R1 using COMSOL Multiphysics for received dibits [00,01,11,10].
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chosen 3λ for simulation purpose. The input signal consists of 7 cycles having different starting phase

and Ts = 7λ. The SAW device output is simulated for ‘Stage 1’ configuration. The added output at R1

is shown in Figure 2.7 and its envelope closely matches with the ideal output shown in Figure 2.6(a).

2.2.1.3 Performance Analysis and Numerical Results

Performance of the proposed DQPSK system is evaluated in terms of BER firstly under AWGN

channel followed by under Rayleigh fading channel. For the DQPSK system, at the receiver input the

signal can be expressed using (2.2) as

yl(t) = A cos (ω0t+ θl(t)) + wl(t), (l − 1)Ts ≤ t ≤ lTs, (2.9)

where l = 1, 2, A =
√
2S is the amplitude, S is the signal power, θl is the phase values associated

with consecutive two transmitted signals, and w(t) is the noise with zero mean and variance N0
2 . It

is assumed that the phase of the received signal varies slowly and thus it is considered constant over

two symbol duration. Accordingly, the output R1 of ‘Stage 1’ and R2 of ‘Stage 2’ of the SAW device

is calculated using (2.4) and (2.6) as

R1 =
√
2A cos

(
θ2(t)− θ1(t− Ts)

2

)
cos

(
ω0t+

(
θ2(t) + θ1(t− Ts)

2

))
+ w′

1(t), (2.10)

where w′
1(t) =

1√
2
(w1(t− Ts) + w2(t)), and

R2 =
√
2A cos

(
θ2(t)− θ1(t− Ts)

2
− π

4

)
cos

(
ω0t+

(
θ2(t) + θ1(t− Ts)

2
+
π

4

))
+w′

2(t), (2.11)

where w′
2(t) =

1√
2
(w1

(
(t− Ts) + π

2

)
+w2(t)). The corresponding peak detectors outputs are given by

D1 =

∣∣∣∣
√
2A cos

(
∆θ

2

)
+ w′′

1(t)

∣∣∣∣, (2.12)

D2 =

∣∣∣∣
√
2A cos

(
∆θ

2
− π

4

)
+ w′′

2(t)

∣∣∣∣, (2.13)

where w′′
1(t) and w

′′
2(t) are the noise present in the output signal at D1 and D2.

Using the symbol encoding process as shown in Figure 2.1 the probability regions for detection of

correct symbols are presented in Figure 2.8. As 0 ≤ cos(θ) ≤ 1, in absence of noise, from (2.12) and

(2.13) it can be found that D1 or D2 can have values of 0, A, and
√
2A for the 4 phase-difference

values as shown in Table 2.1. In order to distinguish different transmitted symbols, the decision region

is sub-divided in 3 parts having two threshold levels β1 and β2 for D1 and two threshold levels β3 and
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(a) (b)

Figure 2.8: Schematic diagram of threshold levels for (a) D1 and (b) D2. Pc denotes the probability of correct
detection and Pe denotes the probability that the symbol will fall in the erroneous decision region.

β4 for D2 as shown in Figure 2.8. Each phase-difference ∆θ corresponds to specific symbol as shown

in Figure 2.1. Assuming that the 2-bit symbols {00, 01, 11, 10} are equally likely, the probability that

the symbol will fall in the erroneous decision region as shown in Figure 2.8 can be calculated for both

the peak detector outputs as

PeD1 = Pr{β1 < D1 < β2}. (2.14)

PeD2 = Pr{β3 < D2 < β4}. (2.15)

As the decoder uses the outputs from D1 and D2 for the estimation of the transmitted symbol,

therefore, the symbol error probability (SEP) is given as

Pe = PeD1PeD2 . (2.16)

As D1 follows a Gaussian distribution, PeD1 can evaluated using (2.12) and simplified as

PeD1 =
1

2
erfc

(
β1 −

∣∣√2A cos
(
∆θ
2

)∣∣
√
2σ2

)
− 1

2
erfc

(
β2 −

∣∣√2A cos
(
∆θ
2

)∣∣
√
2σ2

)
, (2.17)

where σ2 = N0, erfc{·} is the complementary error function [15], and representing β1 and β2 in terms

of bit energy, β1 = x1
√
Eb and β2 = x2

√
Eb where x1, x2 are positive real numbers and Eb is the bit

energy. Substituting A/
√
2σ2 =

√
S/σ2 =

√
2Eb/N0 in (2.17), the bit error probability is given as

PeD1 =
1

2
erfc

[√
Eb

N0

(
x1√
2
− 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
)]
− 1

2
erfc

[√
Eb

N0

(
x2√
2
− 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
)]

. (2.18)
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Similarly the bit error probability for D2 can be calculated as

PeD2 =
1

2
erfc

[√
Eb

N0

(
x3√
2
− 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
)]
− 1

2
erfc

[√
Eb

N0

(
x4√
2
− 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
)]

,

(2.19)

where β3 = x3
√
Eb and β4 = x4

√
Eb and x3, x4 are positive real numbers. Finally from (2.18) and

(2.19), the BER is expressed as

Pe =
1

4

[
erfc

(√
Eb

N0

(
x1√
2
− 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
))
− erfc

(√
Eb

N0

(
x2√
2
− 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
))]

×
[
erfc

(√
Eb

N0

(
x3√
2
− 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
))
− erfc

(√
Eb

N0

(
x4√
2
− 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
))]

.

(2.20)

Considering the DQPSK signal is received over a flat Rayleigh fading channel, it can be written as

yl(t) = αA cos (ω0t+ θl(t)) + wl(t), (l − 1)Ts ≤ t ≤ lTs, (2.21)

where α is the channel fading coefficient with mean square value of α2. The average BER of the

proposed DQPSK modulation over a Rayleigh fading channel is computed by integrating the error

probability in AWGN over the Rayleigh fading distribution [16] and is given by

Pe =

∞∫

0

Pe(γ)fγ(γ) dγ =

∞∫

0

Pe(γ)
1

γ
e

(
− γ
γ

)

dγ, (2.22)

where γ is average SNR and Pe(γ) is the probability of bit error in AWGN channel and is a function

of SNR γ. From (2.17) PeD1 can be represented as

PeD1 = PeD11 − PeD12 . (2.23)

Simplifying PeD11 using (2.22) the average value is given by

PeD11 =
1

2

(
1−

√
ρ1

1 + ρ1

)
, (2.24)

where ρ1 =
α2Eb
N0

(
x1√
2α2
− 2
∣∣cos

(
∆θ
2

)∣∣
)2

. Similarly PeD12 can be calculated and PeD1 is given by

PeD1 =
1

2

[(
1−

√
ρ1

1 + ρ1

)
−
(
1−

√
ρ2

1 + ρ2

)]
, (2.25)
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where ρ2 = α2Eb
N0

(
x2√
2α2
− 2
∣∣cos

(
∆θ
2

)∣∣
)2

. In a similar way using (2.19) and (2.22), PeD2 can be

calculated and the average BER for Rayleigh fading channel Pe is given by

Pe = PeD1 PeD2

=
1

4

[(
1−

√
ρ1

1 + ρ1

)
−
(
1−

√
ρ2

1 + ρ2

)][(
1−

√
ρ3

1 + ρ3

)
−
(
1−

√
ρ4

1 + ρ4

)]
, (2.26)

where ρ3 =
α2Eb
N0

(
x3√
2α2
− 2
∣∣cos

(
∆θ
2 − π

4

)∣∣
)2

and ρ4 =
α2Eb
N0

(
x4√
2α2
− 2
∣∣cos

(
∆θ
2 − π

4

)∣∣
)2

.

The DQPSK demodulation process using SAW device is extended for the demodulation of QPSK

signal and the main difference in the proposed QPSK demodulator and DQPSK demodulator is the

logic of the decision block. As the symbol information in QPSK is encoded according to the symbol-

phase mapping as shown in Figure 2.1, QPSK demodulation becomes prone to error-propagation if

conventional method of DQPSK demodulation is employed. The decoding logic presented in Table 2.3

for the proposed QPSK demodulator prevents error-propagation as explained in the following example

shown in Figure 2.9. The solid path line represents the correct scenario, i.e., the last correctly received

signal phase θn−2(t) is 0◦ corresponding to bits b1b0(n − 2) as 10. The received signal phase θn−1(t)

in the subsequent time duration is 180◦ and the estimated bits b1b0(n − 1) are 01. If the present

received signal phase θn(t) is 270
◦, the present bits b1b0(n) will be estimated correctly as 00. In case

of error, the received signal phase θn−1(t) may be 0◦, 90◦ or 270◦ as indicated with dotted path in

Figure 2.9. For the present received signal phase θn(t) of 270◦, all 3 dotted paths lead to correct

estimation of present bits b1b0(n) as 00. Thus, the decision logic given in Table 2.3 leads to achieve

Figure 2.9: Flow diagram of the proposed QPSK demodulation process shows that though θn−1(t) is received
incorrectly (dotted paths), the estimated b1b0(n) are correct if θn(t) is received correctly.
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Figure 2.10: BER performance of the proposed DQPSK/QPSK systems employing SAW device.

correct estimation irrespective of erroneous bits estimated in the previous time duration. As the

proposed demodulation processes for QPSK and DQPSK differ only in the decision logic, the BER

performance of the proposed QPSK system would remain unchanged.

BER performance of the proposed DQPSK system using SAW device is shown in Figure 2.10

for AWGN and Rayleigh fading channels. Empirical BER based on Monte-Carlo simulation is also

calculated and the results follow the theoretical counterpart. Performance of the proposed DQPSK

system using SAW device is compared with conventional DQPSK system performance and found that

its performance is almost similar to the conventional DQPSK system. It may be noted that the delay,

multiplier, and integrator blocks in the conventional DQPSK system are replaced in the proposed

design by a single SAW device, which performs the required delay and addition operations on the

received signals in real time. The proposed QPSK system using DQPSK demodulator requires an

additional ≈ 2.4 dB and ≈ 3 dB SNR as compared to conventional QPSK system to attain similar

BER performance over AWGN and Rayleigh fading channels. It may be noted that the performance

of the conventional QPSK system is calculated assuming the availability of a perfectly synchronous

noise-free reference carrier at the receiver while the proposed QPSK has the advantage of performing

the demodulation without the requirement of local reference carrier.
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2.2.2 System Model Based on Linear Chirp Waveform

An up-chirp and the corresponding down-chirp covers the same signal bandwidth, thereby both

waveforms can be used simultaneously without requiring additional bandwidth. Therefore, instead of

using only single chirp waveform [26–28, 73], the system model presented in the previous section is

extended in this section for LC waveforms, and a phase-coded chirp signal modulation-demodulation

technique using both up-chirp and down-chirp through SAW-chirp devices is proposed to achieve a

transmission rate of 3 bits per symbol duration. To the best of author’s knowledge, design and perfor-

mance analysis of such system has not yet been reported. Analytical expressions of SER performance

of the system is derived and the performance of the system is evaluated under AWGN and Rayleigh

fading channels.

2.2.2.1 Design of the Transmitter

For the proposed phase-coded chirp modulation using a SAW-chirp device, the input data stream

is divided into 3-bit symbols, i.e., b2b1b0 and possible combinations of a group of 3 bits can be

b2b1b0 ∈ {000, 001, 011, 010, 110, 111, 101, 100}. It can be found that for each possible symbol, the

most significant bit (MSB), i.e., b2 can be either 0 or 1. Thus, out of 3 bits, b2 is encoded as the

chirp-type of the transmitted signal, i.e., for b2 = 1, up-chirp waveform is transmitted and for b2 = 0,

down-chirp waveform is transmitted. Modifying the encoding process of the previous design, b1b0 is

encoded as the phase (θT ) of the transmitted signal. The complete encoding process is presented in

Table 2.4 and the block diagram of the proposed modulation for 3-bit symbol transmission is shown

in Figure 2.11.

For a given signal duration and bandwidth, LC signal is generated through appropriate design

of the IDT structures, i.e., changing the electrodes width and the spacing between the electrodes of

the IDT of the SAW device [2, 13, 26, 28]. The schematic design of the SAW-chirp device is shown

 

 

 

 

 

 

 

 

Figure 2.11: Block diagram of the proposed quadrature phase-coded chirp signal modulator using SAW-chirp
device for 3-bit symbol transmission.
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Table 2.4: Relation between input bits with signal phase and chirp type

Input MSB Carrier type Input dibit Carrier Value of

(b2) (b1b0) phase (θT ) j in mj

0 down-chirp
00 3π

2

0

1 up-chirp 4

0 down-chirp
01 π

1

1 up-chirp 5

0 down-chirp
11 π

2

3

1 up-chirp 7

0 down-chirp
10 0

2

1 up-chirp 6

in Figure 2.12. On applying an impulse, the same IDT structure provides both up-chirp and down-

chirp waves traveling in opposite directions in a compact device as shown in Figure 2.12. To realize

quadrature phase-coded chirp (QPCC) signal using SAW device, the gap between the input IDTs and

the output IDTs is adjusted appropriately to introduce 4 possible phase delays of 0, π/2, π, 3π/2,

respectively, in the output signal. Considering gray coding for input bits, four possible combinations

of 2 bits are b1b0 ∈ {10, 11, 01, 00}, and the corresponding mapping between b1b0 and signal phase is

shown in Table 2.4. Based on b2b1b0, the appropriate input IDT of the SAW device is selected as

mj = 4b2 + 2b1 + b0; b2, b1, b0 ∈ {0, 1}, (2.27)

where j = 0, 1, 2, . . . , 7. The selected IDT is excited by an impulse and based on b2 either phase

encoded up-chirp or phase encoded down-chirp is selected. Here, Θ0 is the spacing between the input

and the output IDT for j = 2 and 6. Using (1.7) and Table 2.4, a phase-coded up-chirp or down-chirp

signal can be expressed as

si(t) = cos
[
ω0t+ (−1)(i−1)πµt2 + θT

]
, |t| ≤ T

2
, (2.28)

where i = 1, 2, ω0 = 2πf0, f0 is the center frequency of the signal, T is the symbol duration, B is the

signal bandwidth, µ = B
T is the chirp rate, and θT is the phase of the transmitted signal. s1(t) denotes

phase-coded up-chirp signal and s2(t) denotes phase-coded down-chirp signal.
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Figure 2.12: Block diagram of the modulator SAW-chirp device for quadrature phase-coded chirp signal
modulation.
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Figure 2.13: Block diagram of the demodulation process of quadrature phase-coded chirp signal using SAW-
chirp device.

2.2.2.2 Design of the Receiver

The block diagram of the proposed QPCC signal demodulator using SAW-chirp device to demod-

ulate 3-bit symbol is shown in Figure 2.13. The received signal is fed to the SAW-chirp device to

estimate the phase of the transmitted chirp by addition of the received chirp signal with the locally

generated chirp signal. The amplitudes of the output signals, obtained from the SAW device, are

detected by the envelop detectors and passed through the thresholding and decision block. Based on

the output of the decision block, the decoder estimates the transmitted bits.

The proposed SAW-chirp device, as shown in Figure 2.14, consists of two sections. In ‘Section 1’

addition of the incoming chirp signal with the locally generated chirp signals, cos
(
ω0t+ πµt2 + θ0

)

and cos
(
ω0t− πµt2 + θ0

)
, is performed. Considering that a quadrature phase-coded up-chirp is trans-
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mitted, SAW-chirp device output, R1 can be expressed as

R1 = cos
(
ω0t+ πµt2 + θT

)
+ cos

(
ω0t+ πµt2 + θ0

)

= 2cos

(
θT − θ0

2

)
cos

[
ω0t+ πµt2 +

(
θT + θ0

2

)]
, (2.29)

where θ0 is the phase encoded in the locally generated chirp signal. Similarly, R3 can be calculated as

R3 = cos
(
ω0t+ πµt2 + θT

)
+ cos

(
ω0t− πµt2 + θ0

)

= 2cos

(
θT − θ0

2
+ πµt2

)
cos

[
ω0t+

(
θT + θ0

2

)]
. (2.30)

Output of the SAW device is passed through an envelop detector and the corresponding detector

outputs for R1 and R3 are given by

D1 =

∣∣∣∣2 cos
(
θT − θ0

2

)∣∣∣∣ =
∣∣∣∣2 cos

(
∆θ

2

)∣∣∣∣, (2.31)

D3 =

∣∣∣∣2 cos
(
θT − θ0

2
+ πµt2

)∣∣∣∣ =
∣∣∣∣2 cos

(
∆θ

2
+ πµt2

)∣∣∣∣, (2.32)

where ∆θ = θT − θ0. Considering θ0 = 0 and using Table 2.5, it can be found that the value of D1

can be one of 2,
√
2, 0, and becomes equal to

√
2 for transmitted signal phase θT of π/2 and 3π/2

which creates ambiguity in the decision block. Therefore, following a similar scheme from our previous

design, ‘Section 2’ is introduced which performs the addition of the received signal with reference signal

encoded with additional phase of π/2 as shown in Figure 2.14. The outputs, R2 and R4, of ‘Section
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Figure 2.14: Schematic of the SAW-chirp device in the receiver.
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Table 2.5: Outputs of envelop detectors for different phase differences

Up-chirp → D1 D2
b1b0

D3,D4

Down-chirp→ D3 D4 D1,D2

△θ ↓

0◦ 2
√
2 10 ≈ 2

90◦
√
2 2 11 ≈ 2

180◦ 0
√
2 01 ≈ 2

270◦
√
2 0 00 ≈ 2

2’ can be calculated as

R2 =cos
(
ω0t+ πµt2 + θT

)
+ cos

(
ω0t+ πµt2 + θ0 +

π

2

)

=2cos

(
θT − θ0

2
− π

4

)
cos

[
ω0t+ πµt2 +

(
θT + θ0

2
+
π

4

)]
. (2.33)

R4 =cos
(
ω0t+ πµt2 + θT

)
+ cos

(
ω0t− πµt2 + θ0 +

π

2

)

=2cos

(
θT − θ0

2
− π

4
+ πµt2

)
cos

[
ω0t+

(
θT + θ0

2
+
π

4

)]
. (2.34)

Corresponding detector outputs are given by

D2 =

∣∣∣∣2 cos
(
∆θ

2
− π

4

)∣∣∣∣. (2.35)

D4 =

∣∣∣∣2 cos
(
∆θ

2
− π

4
+ πµt2

)∣∣∣∣. (2.36)

It can be found that for ∆θ = π/2, 3π/2 the values of D2 become distinct as given in Table 2.5 and

solves the problem associated with D1. Furthermore, as 0 ≤ cos(θ) ≤ 1, D3 and D4 remain close to 2

due to the presence of the term πµt2 as given in (2.32) and (2.36). Table 2.5 summaries the outputs

of envelop detectors for different phase differences △θ considering θ0 = 0. It also includes the envelop

detector outputs if down-chirp is transmitted.

The outputs of the detectors are fed to the decision block for estimation of the chirp type as well as

the phase of the transmitted signal. To identify the chirp type of the transmitted signal containing the

information of b2, the output of D1 and D2 is subtracted, i.e., D12 = |D1 −D2| and the output of D3

and D4 is subtracted, i.e., D34 = |D3 −D4|. It can be found using Table 2.5 that, for transmission of
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an up-chirp signal D12 > D34 and D34 ≈ 0 whereas for transmission of a down-chirp signal D34 > D12

and D12 ≈ 0. Thus, by comparing D12 and D34 one can find out the type of the transmitted chirp

signal, and b2 is estimated from the chirp type. The dibit, b1b0, is estimated according to Table 2.5

from the appropriate detector outputs− D1, D2 in case of up-chirp signal, i.e., if the output of D1 is

2 or 0, then it would estimate the bits according to the logic of ∆θ, else logic block would consider

the output of D2 for the estimation of the dibit, and D3, D4 in case of down-chirp signal.

2.2.2.3 Performance Analysis over Rayleigh Fading Channel and Numerical Results

At the receiver, the received QPCC signal is given using (2.28) as

yi(t) =
√
Es cos

(
ω0t+ (−1)(i−1)πµt2 + θT

)
+ w(t), |t| ≤ T

2
, (2.37)

where Es is the symbol energy and w(t) is AWGN with mean zero and variance N0
2 . Considering an

up-chirp signal is transmitted, in absence of noise, D1 and D2 can have values 0,
√
2Es and 2

√
Es

while {D3,D4} ≈ 2
√
Es. Thus, a symbol error will occur if the receiver estimates the chirp type as

down-chirp instead of up-chirp. Accordingly, the SEP can be expressed using (2.31), (2.32), (2.35),

(2.36), and (2.37) as

Pe1 = Pr(|D34| > |D12| |up-chirp) ≈
1

2
erfc

(√
ED
4N0

)
, (2.38)

where ED is the difference in energy from the outputs of D12 and D34, and erfc{·} is the comple-

mentary error function [15]. Further, a symbol error will also occur when the chirp type, i.e., b2 is

estimated correctly but D1 or D2 is estimated incorrectly. To distinguish different transmitted dibits

b1b0, encoded as the phase of the transmitted signal, a similar process described in Section 2.2.1.3 is

considered, i.e., the decision region for D1 and D2 is divided into 3 parts with 2 threshold levels as

shown in Figure 2.15. Thus, the probability of D1 and D2 to be in the erroneous decision region can

be calculated as

PeD1 = Pr{β1 < D1 < β2}, (2.39)

PeD2 = Pr{β3 < D2 < β4}, (2.40)

where β1 and β2 are threshold levels for D1 and β3 and β4 are threshold levels for D2. Similarly,

in case of transmission of down-chirp signal, the probability of D3 and D4 to be in the erroneous

decision region can be calculated using Figure 2.15. Therefore, the probability of symbol error for the
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Figure 2.15: Schematic diagram of threshold levels for (a) D1 and D3, (b) D2 and D4. Pc denotes the
probability of correct detection and Pe denotes the probability that the symbol will fall in the erroneous decision
region.

communication system using SAW-chirp device for 3-bit symbol transmission can be expressed using

(2.38), (2.39), and (2.40) as

Pe = 1− (1− Pe1) [1− (PeD1PeD2)] . (2.41)

As the noise is considered to have Gaussian probability density function (PDF), PeD1 can be simplified

as

PeD1 =
1

2
erfc

(
β1 −

∣∣2
√
Es cos

(
∆θ
2

)∣∣
√
2σ2

)
− 1

2
erfc

(
β2 −

∣∣2
√
Es cos

(
∆θ
2

)∣∣
√
2σ2

)
, (2.42)

where σ2 = N0.

Expressing β1, β2, β3 and β4 in terms of symbol energy, using (2.37), (2.39), and (2.42), PeD1 can

be given by

PeD1 =
1

2
erfc

[√
Es

2N0

(
x1 − 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
)]
− 1

2
erfc

[√
Es

2N0

(
x2 − 2

∣∣∣∣cos
(
∆θ

2

)∣∣∣∣
)]

, (2.43)

where β1 = x1
√
Es, β2 = x2

√
Es, and x1, x2 are positive real numbers. Similarly, from the outputs of

the ‘Stage 2’ of the SAW-chirp device, PeD2 can be evaluated as

PeD2 =
1

2
erfc

[√
Es

2N0

(
x3 − 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
)]
− 1

2
erfc

[√
Es

2N0

(
x4 − 2

∣∣∣∣cos
(
∆θ

2
− π

4

)∣∣∣∣
)]

,

(2.44)

where β3 = x3
√
Es, β4 = x4

√
Es, and x3, x4 are positive real numbers. Substituting (2.38), (2.43),
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(2.44) in (2.41), the SER of the system is expressed as

Pe = 1−
[
1− 1

2
erfc

(√
ED
4N0

)][
1− 1

4

([
erfc

(√
γs
2
(x1 − ρ1)

)
− erfc

(√
γs
2
(x2 − ρ1)

)]

×
[
erfc

(√
γs
2
(x3 − ρ2)

)
− erfc

(√
γs
2
(x4 − ρ2)

)])]
, (2.45)

where γs =
Es
N0

, ρ1 = 2
∣∣cos

(
∆θ
2

)∣∣, ρ2 = 2
∣∣cos

(
∆θ
2 − π

4

)∣∣.

Considering the signal is received over a flat Rayleigh fading channel with channel fading coefficient

α and Ω = α2, the average SER Pe for the system is calculated by integrating the error probability in

AWGN, given by (2.45), over the Rayleigh fading distribution [16] and can be evaluated as

Pe =1−
[
1− 1

2

(
1−

√
ΩED

4N0 +ΩED

)]

×
[
1− 1

4

([(
ΩEs

(
x2√
Ω
− ρ1

)2

2N0 +ΩEs

(
x2√
Ω
− ρ1

)2

) 1
2

−
(

ΩEs

(
x1√
Ω
− ρ1

)2

2N0 +ΩEs

(
x1√
Ω
− ρ1

)2

) 1
2
]

×
[(

ΩEs

(
x4√
Ω
− ρ2

)2

2N0 +ΩEs

(
x4√
Ω
− ρ2

)2

) 1
2

−
(

ΩEs

(
x3√
Ω
− ρ2

)2

2N0 +ΩEs

(
x3√
Ω
− ρ2

)2

) 1
2
])]

. (2.46)

SER performance of the proposed quadrature phase-coded-SAW-chirp system for transmission of

3-bit symbol using LC signals is shown in Figure 2.16 under AWGN and Rayleigh fading channels.

System performance is also evaluated considering that the system is using LCs generated from SAW

devices through finite element simulation in COMSOL Multiphysics. Simulation parameters for the

SAW device are as follows− the substrate material is chosen as 128◦ Y -X LiNbO3 having a surface

acoustic wave velocity of 3979 m/s [13], the center frequency is considered as 80 MHz with a signal

duration T of 5 µs and bandwidthB of 3 MHz. The performances match closely with the corresponding

analytical results. Performances of the proposed system are compared with that of the SAW-chirp

communication systems reported in [27, 28, 73], considering that the systems transmit 3-bit symbol

using 8-PSK modulation as the systems used single chirp carrier. The systems [27, 28, 73] provide

similar level of SER performances, as shown in Figure 2.16, and the performance curves get overlapped.

The simulation results in Figure 2.16 indicate that the proposed system provides better performance

over the SAW-chirp systems in [27, 28, 73], e.g., for an SER of 10−2, a gain of 2.5 dB and 3.2 dB in

SNR, Es
N0

, is observed for AWGN and Rayleigh fading channels, respectively. Improved performance is

achieved mainly due to less number of comparisons as two carriers− up-chirp and down-chirp are used.
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Figure 2.16: SER performance of the proposed quadrature phase-coded-SAW-chirp system for transmission
of 3-bit symbol using linear chirps in AWGN and Rayleigh fading channels.

Moreover, the system does not require additional bandwidth. Chirp communication systems employing

chirp-BOK type scheme [9] would require three sets of up-chirp and down-chirp waveforms [4] for the

transmission of 3-bit symbols and thus, it would require much higher bandwidth as compared to the

proposed design which requires only one set of up-chip and down-chirp. The data rate of the system

will depend on the symbol duration and can be varied according to the application requirement.

2.3 Phase-Coded Chirp Waveforms for Multiuser Communication
System

The system presented in the previous section is intended for single user scenario, whereas in

general, most of the communication systems operate in a multiuser scenario. Inclusion of multiple

users, operating simultaneously, leads to the fact that along with the required signal, the receiver also

receives signals intended for other users resulting in interference at the receiver and thereby affecting

the performance of the system. To enable serving multiple users through chirp waveform, in this

work, design of phase-coded chirp waveform is presented considering both linear and nonlinear chirp

waveforms in which a PN-code sequence is embedded within a single chirp signal. The associated

system performance is evaluated in a multiuser scenario where the use of PN-code helps to reduce the
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MAI. In this context, firstly, a general design for nth order chirp is presented.

Given a bandwidth B with starting and ending frequencies fL and fH respectively and the disper-

sion time T , a chirp waveform with nth order can be constructed as follows:

(1) The chirp function ψ is defined, e.g., for an nth order chirp, ψn(t) =
(
t
T

)n
with n ≥ 1. In case

of LC n = 1.

(2) Perform the integral

̺n(t) =

∫ t

0
ψn(τ) dτ =

T

n+ 1

(
t

T

)n+1

. (2.47)

(3) The up-chirp and down-chirp waveforms can be represented using (1.5) and (1.6) as

sn1 (t) = cos [2π (fLt+ ϑ̺n(t))] = cos

[
2π

(
fLt+

ϑT

n+ 1

(
t

T

)(n+1)
)]

, 0 ≤ t ≤ T, (2.48)

sn2 (t) = cos [2π (fHt− ϑ̺n(t))] = cos

[
2π

(
fHt−

ϑT

n+ 1

(
t

T

)(n+1)
)]

, 0 ≤ t ≤ T, (2.49)

where the parameter ϑ is equal to fH − fL, i.e., B for an nth power chirp.

2.3.1 Proposed Design of Phase-Coded Chirp Waveform

The principle for designing the proposed phase-coded chirp waveform lies in calculating the number

of cycles present in the waveform and the associated time instant at which each cycle starts so that

the phase of each cycle can be adjusted according to the entries of a binary PN-code sequence.

2.3.1.1 Using Linear Chirp

The chirp waveform in (2.48) can be expressed for LC by substituting n = 1 and is given by

s1(t) = cos

[
2π

(
fLt+

(fH − fL)T
2

(
t

T

)2
)]

rect

(
t− T

2

T

)
, 0 ≤ t ≤ T

= cos
[
2π
(
fLt+

µ

2
t2
)]

rect

(
t− T

2

T

)
, (2.50)

where µ = fH−fL
T = B

T , rect
(
t
T

)
indicates a rectangular function with |t| ≤ T

2 and center at t = 0.

Now, if the number of cycles present in the chirp waveform is Nc, it can be related to the phase of the

signal and expressed using (2.48) and (2.50) as

2πNc = 2π [(fLT + ϑ̺(T ))− (ϑ̺(0))]

⇒ Nc =
(fH + fL)T

2
≈ f0T, (2.51)
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where f0 is the center frequency. Moreover, maximum number of possible phase transitions in a LC

signal would be the number of cycles Nc present in it and the phase-transition points at time instants

tn, n = 0, 1, 2, . . . , Nc − 1, can be evaluated using (2.50) and (2.51) as

2π
(
fLtn +

µ

2
t2n

)
= 2πn

tn =
fL
µ

[
−1 +

(
1 +

2µn

f2L

) 1
2

]
. (2.52)

Considering a binary PN-code sequence C of length N such that Nc = zN , i.e., change in phase

happens after every z number of cycles in the signal. Using (2.50) and (2.52) a binary phase-coded

linear up-chirp waveform can be represented as

p1(t) =

Nc−1∑

n=0

C(n′) cos
[
2π
(
fLt+

µ

2
t2
)]

rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T, (2.53)

where n′ = ⌊nz ⌋, z ≥ 1, ⌊·⌋ denotes the floor operator, C(n′) = ±1 denotes the n′th index value of C,

and Tn = tn+1 − tn. Similarly, a binary phase-coded linear down-chirp waveform can be expressed

using (2.49) and (2.51) as

p2(t) =

Nc−1∑

n=0

C(n′) cos
[
2π
(
fHt−

µ

2
t2
)]

rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T, (2.54)

where Tn = tn+1 − tn and tn is calculated as

tn =
fH
µ

[
1 +

(
1− 2µn

f2H

) 1
2

]
, n = 0, 1, 2, . . . , Nc − 1. (2.55)

The associated autocorrelation and cross-correlation for phase-coded LC waveforms pi(t), i ∈ {1, 2},

can be expressed using (1.9), (1.10), and (1.13) as

R′
ii′(τ) =

∫ +∞

−∞
pi(t)pi′(t− τ)dt, (2.56)

where i, i′ ∈ {1, 2} and for a given C, Nc, and z, the value of R′
ii′(τ) can be evaluated numeri-

cally. For i = i′, R′
ii(τ) gives the autocorrelation output of pi(t) while for i 6= i′, R′

ii′(τ) gives the

cross-correlation output pi(t). Examples of phase-coded linear up-chirp and down-chirp signals are

illustrated in Figure 2.17(a) and Figure 2.17(b), respectively, considering z = 3.
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Figure 2.17: (a) A linear up-chirp signal phase-coded with sequence [1 0 1 0 0 1 1 0 1 1], (b) A linear
down-chirp signal phase-coded with sequence [1 0 1 0 0 1 1 0 1 1].

2.3.1.2 Using Nonlinear Chirp

For an exponential type NLC, the instantaneous frequency f(t) can be expressed as

f(t) = fLϑ
ψ(t), (2.57)

where the parameters ϑ = fH
fL

and ψ(t) = t
T , and the associated chirp waveform is given using (1.1) as

s(t) = cos [2πφ(t)] rect

(
t− T

2

T

)
, 0 ≤ t ≤ T, (2.58)

where φ(t) =
∫ t
0 f(t)dt =

ϑ
t
T −1

ln

(
ϑ

1
T

) , ln(·) denotes the natural logarithm. Accordingly, simplifying (2.58)

gives the exponential up-chirp waveform as

s1(t) = cos

[
2πfL

(
βt1 − 1

ln(β1)

)]
rect

(
t− T

2

T

)
, 0 ≤ t ≤ T, (2.59)

where β1 = ϑ
1
T =

(
fH
fL

) 1
T
is the chirp rate of the exponential chirp signal. Following a similar design

process as that of phase-coded LC waveform, the number of cycles Nc and the phase transition time
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instants tn for an exponential up-chirp waveform can be given by

Nc = fL

(
βT1 − 1

ln(β1)

)
=

fH − fL
ln

((
fH
fL

) 1
T

) , (2.60)

tn =
ln
(
n ln(β1)
fL

+ 1
)

ln(β1)
, n = 0, 1, . . . , Nc − 1, (2.61)

and using (2.59), (2.60), and (2.61), a binary phase-coded exponential up-chirp waveform can be

represented as

v1(t) =
Nc−1∑

n=0

C(n′) cos

[
2πfL

(
βt1 − 1

ln(β1)

)]
rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T, (2.62)

where C is a binary PN-code sequence of length N with C(n′) = ±1 such that Nc = zN , n′ = ⌊nz ⌋,

z ≥ 1, and Tn = tn+1 − tn. Similarly a binary phase-coded exponential down-chirp waveform can be

expressed as

v2(t) =

Nc−1∑

n=0

C(n′) cos

[
2πfH

(
βt2 − 1

ln(β2)

)]
rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T, (2.63)

where β2 =
(
fL
fH

) 1
T
, Tn = tn+1 − tn, and tn can be calculated as

tn =
ln
(
n ln(β2)
fH

+ 1
)

ln(β2)
, n = 0, 1, . . . , Nc − 1. (2.64)

The associated autocorrelation and cross-correlation for phase-coded exponential chirp waveforms

vi(t), i ∈ {1, 2}, given in (2.62) and (2.63) can be evaluated numerically from (2.56).

2.3.2 System Model

A multiuser communication system is considered with K pairs of transmitters and receivers com-

municating simultaneously. The block diagram of the system using binary phase-coded LC signals

shown in Figure 2.18 is essentially a multiuser chirp-BOK system. In case, the communication system

is using NLC waveforms, the phase-coded LCs will be replaced by the phase-coded exponential chirp

waveforms. It is considered that binary data symbol b = {1, 0} is independent and equally likely

where ‘1’ is represented by phase-coded up-chirp signal (i = 1) and ‘0’ is represented by phase-coded

down-chirp signal (i = 2). It is assumed that the chirp waveforms have the same center frequency and

bandwidth for all the communicating users. To distinguish between signals transmitted for different
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Figure 2.18: Block diagram of a multiuser communication system using binary phase-coded LC signals.

users, PN spreading codes having low cross-correlation values are used [75]. At every transmitter, the

linear up and down chirp signals are modulated with a unique PN-spreading code, e.g., C1, C2, . . . , CK

and can be expressed for kth transmitter as

pik(t) =
Nc−1∑

n=0

Ck(n
′) cos

[
2π
(
(fL + (i− 1)B) t+ (−1)i−1µ

2
t2
)]

rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T,

(2.65)

where i ∈ {1, 2} and k = 1, 2, . . . ,K. Accordingly, the received signal at the kth receiver can be

expressed using (2.65) as

yk(t) =

K∑

r=1

√
Es pir(t) +wk(t), (2.66)

where pir(t) is the transmitted signal for rth receiver and can be either p1(t) or p2(t) depending upon

the transmitted data symbol. Es is the signal energy and wk(t) is white Gaussian noise with zero mean

and variance N0/2. Each receiver consists of a pair of correlators− up-chirp correlator and down-chirp

correlator. The received signal is fed to the correlators to compute the cross-correlation of the input

signal with the reference chirps, given by (2.65) for kth receiver, and the outputs are compared to

estimate the transmitted data symbol bk for kth receiver, i.e., if l1k and l2k are the sampled outputs of

up-chirp correlator and down-chirp correlator, respectively, then bk will be estimated as ‘1’ for l1k > l2k

else bk will be estimated as ‘0’. In case of phase-coded NLC, exponential chirps are modulated using
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Ck and are expressed for kth transmitter as

vik(t) =

Nc−1∑

n=0

Ck(n
′) cos

[
2π (fL + (i− 1)B)

(
βti − 1

ln(βi)

)]
rect

[(
t− T

2

)
− tn

Tn

]
, 0 ≤ t ≤ T, (2.67)

where i ∈ {1, 2}. The associated yk(t) in (2.66) is obtained by replacing pir(t) with vir(t).

2.3.3 Performance Analysis

At the kth receiver, as shown in Figure 2.18, the received chirp signal is fed to both up-chirp

correlator and down-chirp correlator. Each correlator performs multiplication of the input signal

yk(t) with respective reference chirps, given in (2.65) for phase-coded LC or in (2.67) for phase-coded

NLC, followed by integration. The sampled output of the up-chirp correlator, considering for the

transmission of bk = 1, can be expressed as

l1k =
√
Esζ1k1k +

K∑

r=1;r 6=k

√
Esζ1kir + w′

1k
, (2.68)

where ζ1k1k , ζ1kir , and w
′
1k

are the sampled correlation outputs corresponding to the desired signal,

the signal for other receivers, and the noise, respectively, and are evaluated using (2.56). Similarly,

the sampled output of the down-chirp correlator can be expressed as

l2k =
√
Esζ2k1k +

K∑

r=1;r 6=k

√
Esζ2kir + w′

2k
, (2.69)

where ζ2k1k , ζ2kir , and w′
2k

are evaluated using (2.56). At the receiver, the transmitted symbol

is estimated by comparing the outputs of the correlators, i.e., according to the following decision

logic [76]

l1k
b̂k=1
≷
b̂k=0

l2k . (2.70)

Considering that bk = 1 is transmitted (i = 1), the associated probability of bit error for kth receiver

can be expressed as [36,76]

Pek = Pr(l1k ≤ l2k | p1k(t)), (2.71)

and following [3, 76,77], the BER for the kth receiver can be evaluated using (2.68), (2.69) as

Pek = Q



{

Es

(
1− ρkk2

)

N0 +
∑K

r=1;r 6=k Esρkr

} 1
2


 , (2.72)
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where ρkr = ρkr1 − ρkr2 , and ρkk2 , ρkr1 , and ρkr2 are the normalized values of ζ2k1k , ζ1kir , and ζ2kir ,

respectively. Q{·} is the Q-function [16]. Under the scenario of multiple users (K), following central

limit theorem the interference at the receiver is expected to be Gaussian for large value of K.

2.3.4 Numerical Results and Discussion

The BER performance of the proposed multiuser communication system using binary phase-coded

linear and nonlinear chirp signals are simulated through Monte-Carlo simulation. We have considered

a TB product of 43 with z = 8 for the phase-coded chirp waveforms while for the phase encoding Gold

code sequences of length N = 63 are used. The results shown in Figure 2.19(a) and Figure 2.19(b)

present the system performance for different number of users under AWGN channel considering phase-

coded LC and phase-coded NLC waveforms, respectively. Results indicate that with the increase of

the number of users, the performance of the system degrades due to the increase of interference as

the up-chirp and the down-chirp are not strictly orthogonal. Further, it is found that, the system

performances under phase-coded linear and nonlinear chirp waveforms are nearly similar, and use of

NLC waveform does not particularly provide any additional advantages over LC waveform.
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Figure 2.19: BER performance of multiuser communication system employing (a) Binary phase-coded LC
waveforms, (b) Binary phase-coded NLC waveforms.
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2.4 Chirp Waveforms of Equal Chirp Rate for Multiuser Commu-
nication System

The analysis on phase-coded chirp waveforms indicates that the correlation between the waveforms

for different users depends on the properties of the associated PN-code sequences which in turn con-

trols the MAI. As a suitable alternative, use of orthogonal waveforms can improve the overall MAI.

Therefore, in an attempt to minimize the cross-correlation between chirp waveforms, in this work a

set of orthogonal up-chirp and orthogonal down-chirp waveforms is designed for multiuser chirp-BOK

system and associated system performance is evaluated.

2.4.1 Proposed Design of Chirp Waveform with Equal Chirp Rate

An LC waveform having bandwidth B and dispersion time T can be expressed, following (1.7), as

si=1,2(t) = cos

[
2π

(
f0t+ (−1)(i−1) 1

2
µt2
)]

, −T
2
≤ t ≤ T

2
, (2.73)

In the proposed set of LC waveforms, it is considered that all up-chirp or all down-chirp signals have

the same chirp rate and bandwidth. The associated frequency variation of the waveforms is shown in

Figure 2.20 where each pair of up-chirp and down-chirp waveforms shares the same center frequency

and adjacent pairs maintain a frequency separation of ∆f . Considering the signal set consists of

K number of up-chirp and down-chirp waveforms, using (2.73), kth pair of chirp waveforms can be

represented as

sik(t) = cos

[
2π

(
f0kt+

1

2
(−1)(i−1)µt2

)]
, −T

2
≤ t ≤ T

2
, (2.74)

where i = 1, 2, k = 1, 2, . . . ,K, f0k is the center frequency of the kth chirp waveform with ∆f =

f0k+1
− f0k , s1k(t) and s2k(t) indicate the up-chirp and down-chirp waveforms, respectively, and Btotal

is the overall bandwidth. In addition, keeping ∆f constant for adjacent chirp signals and an overlap

between their bandwidths restricts the total bandwidth Btotal requirement as shown in Figure 2.20.

In equivalent complex form the chirp waveforms in (2.74) can be given using (1.8) as

s̆ik(t) = ej2π(f0k t+
1
2
(−1)(i−1)µt2), −T

2
≤ t ≤ T

2
, (2.75)

where sik(t) = ℜ{s̆ik(t)} and ℜ{·} indicates the real part.
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Figure 2.20: Plot of instantaneous frequency of the proposed linear chirp signals having the same chirp rate(
B

T

)
and constant difference (∆f) in initial frequency between the adjacent up-chirp or down-chirp signals.

2.4.1.1 Correlation Analysis of Waveforms

Given the proposed chirp waveforms having equal chirp rate, the cross-correlation between any

two up-chirp waveforms s1n(t) and s1m(t), n,m ∈ {1, 2, . . . ,K}, n 6= m, can be evaluated using (1.11)

and (2.75) as

R1n1m(τ) =

∫ +∞

−∞
s̆1n(t)s̆

∗
1m(t− τ)dt (2.76)

= ej2πf0mτe−jπµτ
2

∫ +∞

−∞
ej2π(f0n−f0m )tej2πµtτdt

= ej2πf0mτe−jπµτ
2
ejπ{(f0n−f0m )+µτ}τ sin [π((f0n − f0m) + µτ) (T − τ)]

π((f0n − f0m) + µτ)

= (T − |τ |) ejπ(f0n+f0m )τ sinc[((f0n − f0m) + µτ) (T − |τ |)], |τ | ≤ T, (2.77)

where (·)∗ denotes the conjugate operation, sinc(·) denotes the sinc function [1], and R′
1n1m(τ) =

ℜ{R1n1m(τ)}. For n = m, (2.77) reduces to the autocorrelation of s1n(t) and is given by

R1n1n(τ) = (T − |τ |) ej2πf0nτ sinc[µτ (T − |τ |)], |τ | ≤ T, (2.78)

where R′
1n1n(τ) = ℜ{R1n1n(τ)}. Similarly, it can be found that the correlation between any two down-

chirp waveforms R′
2n2m(τ) is the same as that of the correlation between any two up-chirp waveforms,

and can be given by (2.77).

For the proposed waveforms the cross-correlation between any up-chirp and down-chirp waveforms
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s1n(t) and s2m(t), n,m ∈ {1, 2, . . . ,K}, can be evaluated using (2.75) and (2.76) as

R1n2m(τ) =

∫ +∞

−∞
s̆1n(t)s̆

∗
2m(t− τ)dt

= ej2πf0mτejπµτ
2

∫ +∞

−∞
ej2π(f0n−f0m )tej2πµt

2
e−j2πµtτdt

=
ej2πf0mτejπµτ

2

2
√
µ

e
−j π

2

[
(f0n−f0m )−µτ√

µ

]2 [
C

′
(ν2) + jS

′
(ν2)−C

′
(ν1)− jS

′
(ν1)

]
, (2.79)

where |τ | ≤ T , ν2 and ν1 are given by ν2 =
√
µT +

(f0n−f0m )−µ|τ |√
µ and ν1 = 2

√
µ
(
−T

2 + |τ |
)
+

(f0n−f0m )−µ|τ |√
µ , respectively and the Fresnel integrals C

′
(u) and S

′
(u) [10] are defined as

C
′
(u) =

2√
2π

∫ u

0
cos(t2)dt, S

′
(u) =

2√
2π

∫ u

0
sin(t2)dt. (2.80)

R′
1n2m(τ) = ℜ{R1n2m(τ)} gives cross-correlation between s1n(t) and s2m(t). For n = m, (2.79) reduces

to

R1n2n(τ) =
ej2πf0nτej

π
2
µτ2

2
√
µ

[
C

′
(ν2) + jS

′
(ν2)− C

′
(ν1)− jS

′
(ν1)

]
, |τ | ≤ T, (2.81)

where ν2 =
√
µ (T − |τ |) and ν1 =

√
µ (−T + |τ |).

2.4.1.2 Condition for Orthogonality

In case all the chirp signals are provided with a bandwidth not overlapping with any neighbor

user’s signal, unlike for the waveforms shown in Figure 2.20, ideally the system would be interference

free. However, this type of design would lead to a higher requirement of bandwidth. The total system

bandwidth requirement can be restricted by keeping the instantaneous frequency difference of the

adjacent chirp signals constant and allowing an overlap between their bandwidths. Although, the

condition for which the interference between chirp signals gets minimum needs to be evaluated which

in this case is the condition for orthogonality.

For two chirp waveforms to be orthogonal, the cross-correlation output between them at the

sampled instant, i.e., at τ = 0 should be zero. Hence substituting τ = 0 in (2.77) the correlation

output for any two up-chirp waveforms gives

R1n1m(0) = T sinc[(f0n − f0m)T ], (2.82)

and setting (2.82) to zero gives

f0n − f0m = ∆f =
a

T
, (2.83)
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Figure 2.21: Block diagram of a multiuser communication system based on the proposed chirp signals having
the same chirp rate and different initial frequency.

where a ≥ 1 can be any integer number. As the minimum separation between the center frequency of

two adjacent up-chirp or down-chirp waveforms can be ∆f , satisfying the condition ∆f = a
T allows

to design a set of mutually orthogonal up-chirp waveforms as well as a set of mutually orthogonal

down-chirp waveforms.

2.4.2 System Model

A similar system model based on chirp-BOK scheme as considered for phase-coded chirp waveforms

is also adopted here by replacing the phase-coded chirps with the proposed set of orthogonal up-chirps

and orthogonal down-chirps given in (2.74). The system is havingK pairs of transmitters and receivers

that are communicating simultaneously where each transmitter is allocated a pair of up-chirp and

down-chirp waveforms for transmission of 1-bit data symbol bk ∈ {1, 0}, k = 1, 2, . . . ,K. Binary ‘1’ is

represented by up-chirp signal (i = 1) and binary ‘0’ is represented by down-chirp signal (i = 2) and

system block diagram is shown in Figure 2.21. Accordingly, the received signal at the kth receiver can

be expressed using (2.74) as

yk(t) =
K∑

r=1

αkr
√
Essir(t) + wk(t), (2.84)

where i ∈ {1, 2}, sir(t) is the transmitted signal for rth receiver and can be either s1(t) or s2(t)

depending on the transmitted data symbol. Es is the signal energy, αkr is the channel fading coefficient

between kth receiver and rth transmitter, and wk(t) is white Gaussian noise with zero mean and

variance N0/2. It is considered that at kth receiver the received interfering signals from the other users

are originated from approximately the same distance and are assumed to be mutually independent
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and with equal power. As shown in Figure 2.21, at the kth receiver, the received chirp signal is fed

to up-chirp correlator and down-chirp correlator to perform the cross-correlation of the input signal

yk(t) with the reference chirps, given by (2.74) for kth receiver. The sampled output of the up-chirp

correlator, considering for the transmission of bk = 1, can be expressed as

l1k = αkk
√
Esζ1k1k +

K∑

r=1;r 6=k
αkr
√
Esζ1kir + w′

1k
, (2.85)

where ζ1k1k , ζ1kir , and w
′
1k

are the sampled correlation outputs for the desired signal, the signal for

other receivers, and the noise, respectively. Similarly, the sampled output of the down-chirp correlator

can be expressed as

l2k = αkk
√
Esζ2k1k +

K∑

r=1;r 6=k
αkr
√
Esζ2kir + w′

2k
, (2.86)

where ζ2k1k is the sampled correlation output between up-chirp and down-chirp of the same user, and

the outputs ζ1k1k , ζ2k1k , ζ1kir , ζ2kir , w
′
1k
, and w′

2k
can be evaluated using (2.77), (2.79), and (1.9).

Following the decision logic [36, 76] given in (2.70) and using (2.71), (2.72), (2.85), (2.86), at kth

receiver, the probability of bit error [3, 76,77] can be expressed as

Pek = Q



{

α2
kkEs

(
1− ρkk2

)

N0 +
∑K

r=1;r 6=k α
2
krEsρkr

} 1
2


 , (2.87)

where ρkr = ρkr1 − ρkr2 , and ρkk2 , ρkr1 , and ρkr2 are the normalized values of ζ2k1k , ζ1kir , and ζ2kir ,

respectively.

2.4.3 Performance Analysis Over Rayleigh Fading Channel

From (2.87), the signal-to-interference plus noise ratio (SINR) γk corresponding to the kth receiver

can be given in the following form

γk =
α2
kkEs

(
1− ρkk2

)

N0 +
∑K

r=1;r 6=k α
2
krEsρkr

=
Sk

N0 +
∑K

r=1;r 6=k Ir
=

Xk

1 +
∑K

r=1;r 6=k Vr
, (2.88)

where Xk denotes the instantaneous SNR corresponding to the desired signal and Vr denotes the

instantaneous interference-to-noise ratio (INR) corresponding to the rth interferer. Considering the

fading channel as a flat Rayleigh fading channel, the desired instantaneous SNR of the output signal
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is exponential distributed random variable with PDF given by [16]

fXk(x) =
1

γsk
e

(
− x
γsk

)

, x ≥ 0, (2.89)

where γsk =
ΩkkEs(1−ρkk2 )

N0
, Ω = E

{
α2
}

denotes the mean square value, and E {·} denotes the ex-

pectation operation. It is assumed that the interfering signals are mutually independent and having

equal power. This assumption helps in obtaining the closed-form expression which otherwise become

difficult to obtain analytically. Then, Zk =
K∑

r=1;r 6=k
Vr follows gamma distribution with PDF [16]

fZk(z) =

(
1

γIk

)L zL−1

Γ(L)
e

(
− z
γIk

)

, z ≥ 0, (2.90)

where L = K − 1, Γ(·) is gamma function [16], and γIk =
K∑

r=1;r 6=k
Es
N0

Ωkrρ
kr is the average INR at the

kth receiver. Therefore, the PDF of the SINR, γ = X
1+Z given in (2.88) (without subscript), can be

written as

fγ(γ) =

∫ ∞

0
(1 + z)fX ((1 + z)γ) fZ(z)dz, γ ≥ 0. (2.91)

Substituting (2.89) and (2.90) in (2.91) gives [78]

fγ(γ) =

∫ ∞

0
(1 + z)

1

γs
e
− (1+z)γ

γs
zL−1

γI
LΓ(L)

e
− z
γI dz

=
1

γsγI
LΓ(L)

e
− γ
γs

∫ ∞

0
(1 + z)zL−1e

[
−z

(
γ
γs

+ 1
γI

)]

dz. (2.92)

Expressing Q-function in terms of the complementary error function [16] as Q(u) = 1
2erfc

(
u√
2

)
, u ≥ 0,

and using (2.87), (2.88), (2.92), the average BER for kth receiver can be obtained as

P ek =

∫ ∞

0
Pek(γk)fγk(γk)dγk (2.93)

=

∫ ∞

0

1

2
erfc

(√
γk
2

)
1

γskγIk
LΓ(L)

e
− γk
γsk

∫ ∞

0
(1 + z)zL−1e

[
−z

(
γk
γsk

+ 1
γIk

)]

dz dγk

=
1

2

1

γskγIk
LΓ(L)

∫ ∞

0
(1 + z)zL−1e

− z
γIk

2Γ
(
3
2

)
√
π

2F1

(
1,

3

2
; 2;−2(1 + z)

γsk

)
dz, (2.94)

where 2F1

(
m,m+ 1

2 ;m+ 1; v
)
is the hypergeometric function [78]. From (2.94), for m = 1 it can be

expressed as [79]

2F1

(
m,m+

1

2
;m+ 1; v

)
=

√
πΓ(m+ 1)

Γ(m+ 1
2 )v

m

[
(1− v)− 1

2 − 1
]
. (2.95)
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Substituting (2.95) into (2.94) and after simplification average BER for kth receiver can be written as

P ek =
1

2

[
1−

(
γsk
2γIk

)1
2

ξ(L−
1
2)U

(
L;L+

1

2
; ξ

)]
, (2.96)

where ξ =
2+γsk
2γIk

, γsk and γIk are the average SNR and INR, respectively corresponding to kth receiver

and U(a; b; v) is the confluent hypergeometric function of the second kind [80].

2.4.4 Numerical Results and Discussion

The BER performance of a multiuser communication system using the proposed LC signals having

the same chirp rate but different center frequency is simulated. The presented chirp signal set consists

of five up-chirp and five down-chirp signals as shown in Figure 2.20. Total signal bandwidth Btotal

of 36 kHz with each chirp signal is having a TB product of 40 and B = 20 kHz is considered. The

center frequency separation ∆f between two consecutive up-chirps or down-chirps is set to 2 kHz.

The result shown in Figure 2.22 presents the system performance for single user and multiuser K = 5

communication under AWGN and Rayleigh fading. Results indicate that system performance has

degraded with increased number of users due to the increase of interference as the up-chirp and the

down-chirp are not strictly orthogonal.
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Figure 2.22: BER performance of a chirp-BOK system employing the proposed chirp signals having the same
chirp rate and different center frequencies forK = 1, 5, and performance comparison with two different multiuser
LC communication systems, one using the technique given in [3] and the other using the technique given in [25],
considering K = 5.
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Performance of the presented multiuser system is compared with two different multiuser LC com-

munication systems, one using the technique given in [3] and the other using the technique given

in [25]. From [3] the required bandwidth for a K user system is given by BK = (2K − 1)B1, where

B1 is lowest bandwidth for user 1. With B1 = 20 kHz, the system would require a bandwidth of 180

kHz for five users. From the results simulated for five users under AWGN and Rayleigh fading as

shown in Figure 2.22, it is found that performance of the proposed system is on a par with the system

in [3] in spite of using much less bandwidth and is better than the system in [25] while using the

same bandwidth, e.g., we observe an improvement of 0.18 dB in Es
N0

for a BER of 0.2 × 10−3 in case

of AWGN channel and an improvement of 0.4 dB in Es
N0

for a BER of 0.3 × 10−2 in case of Rayleigh

fading channel.

2.5 PSK-Chirp-BOK Waveform for Multiuser Communication Sys-
tem Under Co-Channel Interference

The analysis on chirp waveforms having equal chirp rate in a chirp-BOK system indicates im-

provement in MAI performance in a multiuser scenario, as it is able to cancel out the interference

between the up-chirp waveforms or the down-chirp waveforms while serving a transmission rate of 1

bit per symbol. However, from the fact that up-chirp and down-chirp waveforms are non-orthogonal,

interference remains present in the system. In an attempt to improve the data rate, in this work,

firstly, a chirp communication system is proposed to double the transmission rate over conventional

chirp-BOK system [6] without increasing the number of correlators at the receiver for demodulation.

Secondly, for a multiuser system, the design of a set of orthogonal chirp waveforms is proposed to

eliminate the MAI and a time domain multiplexing of orthogonal chirp sets is presented to reduce the

required system bandwidth. In addition, system performance is analyzed under Nakagami-m fading

and in presence of co-channel interference.

2.5.1 Proposed System Model incorporating PSK-Chirp-BOK Waveform

Incorporating the phase shift keying (PSK) in a chirp-BOK scheme, a modified chirp-BOK sys-

tem is presented where PSK modulation is combined with the pulse compression property of the

chirp signal. The modified system namely ‘PSK-chirp-BOK’ system along with binary PSK (BPSK)

modulation is capable of supporting data rate twice that of a conventional chirp-BOK system [6]

and can perform demodulation using only two correlators instead of four. Accordingly, the proposed
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Figure 2.23: Proposed BPSK-chirp-BOK communication system for kth user for transmission of 2 bits per
symbol using linear chirp signal.

PSK-chirp-BOK system is designed considering binary phase shift in the chirps and termed as ‘BPSK-

chirp-BOK’ system. For a K-user environment, block level design of the proposed BPSK-chirp-BOK

system for kth user is shown in Figure 2.23. Each user is allocated a pair of chirps− up-chirp and

down-chirp. Therefore, a total of 2K chirps are required to design the K-user system. For the design

of the waveform, initially, it is considered that all the up-chirps and all the down-chirps have equal

chirp rate of µ while center frequencies f0k of the chirp signals sk(t) for different users k = 1, 2, . . . ,K

are separated by a frequency offset of ∆f = a
T , a ≥ 1 and an integer. Following (2.74), the chirp

waveform set can be rewritten as

sck(t) = cos

[
2π

(
f0kt+

1

2
(−1)(1−c)µt2

)]
, −T

2
≤ t ≤ T

2
, (2.97)

where c = 1, 0, s1k(t) and s0k(t) indicate the up-chirp and down-chirp waveforms, respectively, µ = B
T

is the chirp rate, and the total required bandwidth is given by Btotal = B + (K − 1)∆f .

2.5.1.1 Design of the Transmitter

From an implementation aspect of the proposed system as shown in Figure 2.23, for each individual

user, at the transmitter the input data stream is grouped into 2-bit symbols represented as bii′ = b1b0

where i, i′ ∈ {1, 0}. The data symbols bii′ = {11, 10, 01, 00} to be transmitted, are considered as

independent and equally likely. Out of two bits obtained through the serial-to-parallel (S/P) converter,

b1 decides the chirp type to be transmitted and b0 decides the phase of the selected chirp. Two chirp
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signals, from the up-chirp and the down-chirp waveform generators, are used to uniquely map b1, i.e.,

for b1 = 1, the up-chirp signal is selected, while for b1 = 0, the down-chirp signal is selected. b0 is

fed to a polar non-return-to-zero (NRZ) level encoder to obtain +1 or −1 levels corresponding to the

input binary ‘1’ or binary ‘0’, respectively. Finally, the selected chirp waveform is multiplied with

the output of polar NRZ level encoder (PNLE), using a multiplier, to obtain the phase-coded chirp

waveform. Accordingly, the transmitted chirp signal for bii′ is obtained as follows: b11− up-chirp, b10−

inverted up-chirp, b01− down-chirp, b00− inverted down-chirp where i ∈ {1, 0} determines the chirp

signal type, i.e., up-chirp or down-chirp and i′ ∈ {1, 0} determines the phase of the selected chirp

signal. Thus, for kth user, based on the input bits b1k and b0k , corresponding phase-coded chirp signal

for bii′
k
is given by using (2.97) as

sii′
k
(t) = (−1)(1−i′) cos

[
2π

(
f0kt+

1

2
(−1)(1−i)µt2

)]
, −T

2
≤ t ≤ T

2
, (2.98)

where k = 1, 2, . . . ,K.

2.5.1.2 Design of the Receiver

Considering D number of interferers are present in the network, the corresponding received signal,

at the kth receiver, in presence of co-channel interference can be written as

yk(t) =

K∑

r=1

αkr
√
Essii′r(t) +

D∑

d=1

αkd
√
EIud(t) + wk(t), (2.99)

where Es is the symbol energy, wk(t) is noise with zero mean and variance N0
2 , and αkr is the channel

fading coefficient between kth receiver and rth transmitter. EI is the energy of the co-channel interfering

signals ud(t), d = 1, 2, . . . ,D, and αkd is the channel fading coefficient between kth receiver and dth

interferer. Data demodulation at the receiver can be considered as a combination of chirp and PSK

demodulation schemes. Frequency sweep of the chirp signal is considered to be equal to the chirp signal

bandwidth. At the receiver, as shown in Figure 2.23, the received chirp signal is fed to the up-chirp

correlator and the down-chirp correlator to perform the cross-correlation of the input signal yk(t) with

the reference chirps, given by (2.97) for kth receiver where c = 1, 0. Accordingly, the sampled value of

the output of the up-chirp (c = 1) correlator and down-chirp (c = 0) correlator corresponding to the

kth user can be expressed as

lck = αkk
√
Esζ

kk
cii′

+
K∑

r=1;r 6=k
αkr
√
Esζ

kr
cii′

+
D∑

d=1

αkd
√
EIζ

kd
c + w′k

c , c = 1, 0, (2.100)
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where ζkkcii′ , ζ
kr
cii′

, ζkdc , w′k
c are the sampled cross-correlation output of the reference chirps sck(t) with

the desired signal, the signal from other users, the interfering signals, and the noise, respectively and

are evaluated in next subsection 2.5.1.3. The correlator outputs, lck , are fed to two threshold detectors

and passed through the mod-value block to obtain the ‘mod’ value |lck |. Using |lck | and the outputs of

the threshold detectors, estimation of bii′
k
is performed in the comparator and decision block (CDB)

that contains a comparator along with a data selector. As an example, considering b11k is transmitted,

in absence of noise and interference, |l1k | from the up-chirp correlator will be greater than |l0k | from

the down-chirp correlator. Comparing the outputs, |l1k | and |l0k |, in the CDB, b1k among the two

transmitted bits can be estimated, i.e., b̂1k = 1 if |l1k | > |l0k | else b̂1k = 0 (|l0k | > |l1k |). The estimation

of b0k can be done using PSK demodulation scheme. For the input lck , each threshold detector with

a threshold ‘0’ provides an estimated b0k as shown in Figure 2.23. Depending on the estimated b1k

(̂b1k), data selector selects the output of the corresponding threshold detector as the final estimated

b0k (̂b0k), i.e., if b̂1k = 1, the output of threshold detector 1 is chosen as b̂0k else the output of threshold

detector 2 is chosen as b̂0k . Thus, the conditional probability of symbol error for kth user is given by

P ke = 1−
[
(1− P ke1(γk1 ))(1− P ke2(γk2 ))

]
, (2.101)

where P ken(γ
k
n) = Q

(√
γkn
)
, n = 1, 2, and Q(·) denotes the Q-function [16]. P ke1 and P ke2 are the

probabilities of incorrect estimation of b1k and b0k , respectively, and

γk1 =
α2
kkEs

(
1− |ρkk0 |

)

N0 +
∑K

r=1;r 6=k α
2
krEs|ρkr|+

∑D
d=1 α

2
kdEI|ξkd|

(2.102)

γk2 =
α2
kk2Es

N0 +
∑K

r=1;r 6=k α
2
krEsρkr1 +

∑D
d=1 α

2
kdEIξkd1

(2.103)

where ρkr = |ρkr1 |− |ρkr0 | and ξkd = |ξkd1 |− |ξkd0 |. ρkrc , ρkkc , and ξkdc are the normalized value of ζkrc , ζkkc ,

and ζkdc , respectively (subscript ii′ omitted). Block level implementation of the system is described

here and for actual hardware implementation, based on the application requirement, the scheme can

be realized using DSP or application-specific integrated circuit (ASIC) or FPGA which is out of the

scope of the current work.

From the aspect of hardware complexity overhead, compared to a conventional chirp-BOK system

with a transmission rate of 1 bit per symbol [6], the proposed system requires additional hardware

blocks of P/S converter, polar NRZ level encoder, multiplier at the transmitter side, and threshold

detector, mod value detector, multiplexer (data selector) at the receiver side. It can be seen that
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all these additional blocks do not introduce much hardware complexity while realizing the proposed

system to achieve data rate twice that of a conventional chirp-BOK system. Further, a chirp-BOK

system with a transmission rate of 2 bits per symbol uses four correlators and two sets of up-chirp and

down-chirp waveforms [3, 4]. In comparison, the proposed system has offered reduction in hardware

complexity as only two correlators are needed for the design at the receiver and at the same time it

saves valuable spectral resources as only a pair of chirp waveform− one up-chip and one down-chirp

is required.

2.5.1.3 Correlation Analysis of Waveforms

For the calculation of ζkrcii′ , ζ
kk
cii′

, and ζkdc , the chirp waveforms sck(t) given by (2.97) and sii′r(t)

given by (2.98) can be expressed in equivalent complex form as

s̆ck(t) = ej2π(f0k t+(−1)(1−c) 1
2
µt2), (2.104)

s̆ii′r(t) = (−1)(1−i′)ej2π(f0r t+(−1)(1−i) 1
2
µt2), (2.105)

where |t| ≤ T
2 , c = 1, 0, and sii′r(t) = ℜ

{
s̆ii′r(t)

}
. ℜ{·} indicates the real part. Given the chirp

waveforms, the cross-correlation between s̆ii′r(t) and s̆ck(t) is given using (1.10) as

Rkrcii′ (τ) =

∫ +∞

−∞
s̆ii′r(t)s̆

∗
ck
(t− τ)dt

=

∫ +∞

−∞
(−1)(1−i′)ej2π(f0r t+(−1)(1−i) 1

2
µt2)e−j2π(f0k (t−τ)+(−1)(1−c) 1

2
µ(t−τ)2)dt, (2.106)

where (·)∗ denotes the conjugate operation. For i = c, Rkrcii′ (τ) can be simplified using (2.77) as

Rkrcii′ (τ) = (−1)(1−i′)ej2πf0kτejπ(f0r−f0k)τ sin
[
π
(
(f0r − f0k) + (−1)(1−c)µτ

)
(T − |τ |)

]

π
(
(f0r − f0k) + (−1)(1−c)µτ

) , (2.107)

where |τ | ≤ T . Now, for i = (1− c), Rkrcii′ (τ) can be evaluated using (2.79) and (2.106) as

Rkrcii′ (τ) =
(−1)(1−i′)

2
√
µ

ej2πf0kτe(−1)cjπµτ2e
−j π

2µ [(f0r−f0k)+(−1)(1−c)µτ ]
2

×
[
C

′
(ν2) + jS

′
(ν2)−C

′
(ν1)− jS

′
(ν1)

]
, (2.108)

where |t| ≤ T , ν2 =
√
µT +

(f0r−f0k)+(−1)(1−c)µ|τ |√
µ , ν1 = 2

√
µ
(
−T

2 + |τ |
)
+

(f0r−f0k)+(−1)(1−c)µ|τ |√
µ . The

required output ζkrcii′ is obtained from (2.107) and (2.108) as ζkrcii′ = ℜ
{
Rkrcii′ (τ)

}
and by setting τ = 0.

For r = k, ζkkcii′ can be calculated from (2.107) and (2.108).

Considering co-channel interferer (ud(t)) can be both up and down type chirps, using (2.99) and
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(2.100), R′kd
c (τ) can be written as R′kd

c (τ) =
∫ +∞
−∞ ud(t)sck(t− τ)dt, and ζkdc is calculated from R′kd

c (τ)

by setting τ = 0. Accordingly the normalized value for ζkdc would lies between 0 ≤ ζkdc < 1.

2.5.2 Proposed Design for Set of Orthogonal Chirp Waveforms

Up-chirps and down-chirps that are used in the multiuser system have overlap in bandwidth and

as they are not completely orthogonal, cross-correlation between the chirps results in interference.

A process to design 2K number of orthogonal chirps using the same bandwidth of Btotal that is

used in the K-user system is presented below. It is considered that the chirp rate µ for all the

chirps is equal, frequency separation ∆f between two adjacent chirp or chirp-component is fixed and

B
2 − (K − 1)∆f = ∆f . Accordingly, the design process is stated as follows:

(1) First, determine all the up-chirps covering individual bandwidth in a continuous manner and let

the number of this type of chirps be K.

(2) For each up-chirp, to replace the corresponding down-chirp, a two-segment up-chirp namely

‘segmented up-chirp’ within the same signal bandwidth is designed such that the first segment

covers the upper half of B from t = −T
2 to t = 0 and the second segment covers the lower half

of B with t = 0 to t = T
2 . The associated frequency variation is shown in Figure 2.24.

The instantaneous frequency of the up-chirp and the ‘segmented up-chirp’ for kth user are given by

fck(t) =





(
f0k + (1− c)B2

)
+ µt, −T

2 ≤ t < 0,

(
f0k − (1− c)B2

)
+ µt, 0 ≤ t ≤ T

2 ,

(2.109)

where c = 1 is for up-chirp and c = 0 is for ‘segmented up-chirp’, respectively, ∆f = a
T , a ≥ 1 and an

integer, f0k is the center frequency for kth user’s chirp, and k = 1, 2, . . . ,K. The corresponding chirp

signals are given using (1.1) as

sck(t) = cos [2πφck(t)] , −T
2
≤ t ≤ T

2
, (2.110)

where φck(t) is calculated using (1.2) and (2.109) as

φck(t) =

∫ t

0
fck(τ)dτ =





(
f0k + (1− c)B2

)
t+ 1

2µt
2, −T

2 ≤ t < 0,

(
f0k − (1− c)B2

)
t+ 1

2µt
2, 0 ≤ t ≤ T

2 .

(2.111)

It can be readily proved that, any two chirp signals sck(t) and sck′ (t), k, k
′ ∈ {1, 2, . . . ,K}, k 6= k′, are
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Figure 2.24: Plot of instantaneous frequency versus time of the proposed set of orthogonal linear chirp
waveforms.

mutually orthogonal, i.e.,
∫ T

2

−T
2

sck(t)sck′ (t)dt = δ(k − k′) where δ(·) is Kronecker delta function [15].

Therefore, using the proposed design, within each chirp-signal bandwidth two orthogonal chirps− up-

chirp and ‘segmented up-chirp’ can be formed as shown in Figure 2.24. In addition, for a given signal

bandwidth B, proposed design can provide double the number of orthogonal LCs, in continuous-time

domain, as compared to [81] where only set of up-chirps are considered, i.e., considering B = 10 kHz,

T = 1 ms, and ∆f = 1
T , Btotal would be 14 kHz for 5 chirp waveforms according to [81], whereas a set

of 10 chirp waveforms can be designed within the same Btotal using the proposed design technique.

2.5.3 Time Domain Multiplexing of Orthogonal Chirps: A Transmission Scheme
for Multiuser System

For the design of the proposed K-user BPSK-chirp-BOK system, a set of 2K orthogonal chirps

and a bandwidth of Btotal are required. Use of LCs enables us to transmit a set of chirps before

the completion of previously transmitted chirp-set and accordingly, a transmission technique of time

domain multiplexing (TDM) of set of only K orthogonal chirps is proposed. Two set of chirps, set1

having K orthogonal chirps and designed according to (2.109) and a time shifted version of set1, i.e.,

set2, with a time separation of T
4 is considered as shown in Figure 2.25. Thus, a total of 2K chirps

can be obtained within a duration of T + T
4 and for large number of repetition (M) of the chirp sets,

MT + T
4 → MT which means effectively 2K chirps can be obtained within a duration of T while

achieving a bandwidth gain of Bg =
Btotal−B+∆f

2 = K∆f
2 . Although K chirps in every set are mutually

orthogonal and cover the signal bandwidth B, within 0 to T duration the chirps of set2 (given by

dashed lines in Figure 2.25) do not cover the entire signal bandwidth while the chirps from set1 do.

Due to the partial coverage of bandwidth by the chirps of set2, as can be seen from Figure 2.25,
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Figure 2.25: Time domain multiplexed orthogonal chirp sets.

cross-correlation between the chirp waveforms of set1 and set2 gives non-zero values and it makes the

chirps of set1 and set2 non-orthogonal to each other.

Fractional Fourier transform (FrFT) and inverse FrFT (IFrFT) processes [82] are used to remove

the undesired chirps and attain orthogonality for each set. FrFT can be considered as a generalization

of conventional Fourier transform. FrFT performed at an optimal order p on an LC signal gives an

impulse in FrFT domain, and p is related to the chirp rate µ of the signal as p = − 2
π tan

−1
(
f2
s
/Cs

µ

)

where fs is the sampling frequency, Cs is the number of samples, and in FrFT domain the position of

the impulse will depend on the starting frequency of the chirp signal [83].

Block diagram of the FrFT process at the receiver of kth user is given in Figure 2.26. After the

reception of the composite signal yk(t), considering that set1 is the desired set for kth user, signal

duration is divided into two equal halves corresponding to the two segments of the segmented up-

chirp set where the 1st half y1k(t) is from 0 to T
2 and the 2nd half y2k(t) is from

T
2 to T . As the chirp

rate (µ) is same for all the chirps, fractional Fourier-based rotation, i.e., FrFT Fp(·) performed at an

order p on each half yεk(t), ε = 1, 2, gives set of impulses yεk(u) parallel to v axis in FrFT domain and

makes the chirps separable along u axis due to different initial frequency as shown in Figure 2.27(a)

for the 1st half. A rectangular window (Π(·)) can be used for masking the unwanted peaks by setting

the sample values as 0, in turn removing the undesired signals. After masking operation, IFrFT at an

    

Figure 2.26: Block diagram of the FrFT based filtering process at the receiver.
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Figure 2.27: (a) Masking operation on the output of FrFT of 1st half of set1 chirps mixed with the chirps of
other sets, (b) Concatenation of two halves of set1 after IFrFT process.

order −p (F−p(·)) is performed to get back the filtered signal y′εk(t) in time domain and concatenation

of two halves gives the required time domain signal y′k(t) as shown in Figure 2.27(b). Mathematically

it can be expressed as

y′εk(t) = F−p [Π [Fp (yεk(t))]] , ε = 1, 2 (2.112)

y′k(t) = y′1k(t) + y′2k(t)rect

(
t− T

2

)
, (2.113)

where

yεk(u) = Fp (yεk(t)) =

∫ ∞

−∞
yεk(t)K

′
p(t, u)dt, (2.114)

yεk(t) = F−p (yεk(u)) =
∫ ∞

−∞
yεk(u)K

′
−p(t, u)du, (2.115)

and K
′
p(t, u) is the FrFT kernel defined in [82]. Thus, FrFT based filtering removes the undesired

chirps from the required chirp set and can also partially remove the co-channel interference.

2.5.4 Performance Analysis Over Nakagami-m Fading Channel

Considering that the transmitted signal is received over slowly varying flat fading channel, from

(2.102) and (2.103), γkn, n = 1, 2, can be rewritten as

γkn =
α2
kknEsρ̃

kk
n

N0 +
∑K

r=1;r 6=k α
2
krEsρ̃krn +

∑D
d=1 α

2
kdEIξ̃kdn

=
Xk

sn

1 +
∑K

r=1;r 6=k V
kr
n +

∑D
d=1W

kd
n

=
Xk

sn

1 + Y k
on + ZkIn

, (2.116)
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where Xk
sn = α2

kknEsρ̃
kk
n /N0 is the SNR of the desired output signal for kth user, W kd

n = α2
kdEIξ̃

kd
n /N0

is the INR of the dth co-channel interferer, V kr
n = α2

krEsρ̃
kr
n /N0 is the INR due to rthth user. ZkIn =

D∑
d=1

W kd
n and Y k

on =
K∑

r=1;r 6=k
V kr
n . Moreover, from (2.102), (2.103), and (2.116)

(i) for n = 1, ρ̃kk1 = 1− |ρkk0 |, ρ̃kr1 = |ρkr|, ξ̃kd1 = |ξkd|,

(ii) for n = 2, ρ̃kk2 = 1, ρ̃kr2 = ρkr1 , ξ̃kd2 = ξkd1 .

Considering Nakagami-m fading channel where m is the fading severity parameter, using (2.116)

cumulative distribution function (CDF) of Xk
sn can be given as FXk

sn
(x) = 1

Γ(ms)
γ
(
ms,

msx
Ωkkϑkn

)
where

Γ(·) is gamma function, γ(·, ·) is lower incomplete gamma function [78], Ω = E
{
α2
}

is the mean

square value and ϑkn =
(
nEsρ̃

kk
n

)
/N0. The associated PDF of Xk

sn can be given by

fXk
sn
(x) =

(
ms

γksn

)ms

xms−1

Γ(ms)
e
−msx

γksn , x ≥ 0, (2.117)

where γksn is the average SNR. Assuming equal power and mutually independent interfering signals,

the PDF of ZkIn =
D∑
d=1

α2
kdEIξ̃

kd
n and Y k

on =
K∑

r=1;r 6=k
α2
krEsρ̃

kr
n is given as [84]

fZkIn
(z) =

(
mI

γkIn

)mID
zmID−1

Γ(mID)
e
−mIz

γk
In , z ≥ 0, (2.118)

fY kon
(y) =

(
mo

γkon

)moL
ymoL−1

Γ(moL)
e
−moy

γkon , y ≥ 0, (2.119)

where γkIn is the average co-channel INR, γkon is the average INR caused by other users and L = K−1.

ms, mo and mI are the Nakagami fading parameters for desired signal, other users’ signals and co-

channel interfering signals, respectively. From (2.116), total INR can be given by GkIn = Y k
on + ZkIn ,

and using (2.118) and (2.119) PDF of GkIn can be calculated as

fGkIn
(g) =

∫ g

0
fZkIn

(g − y)fY kon (y)dy (2.120)

=

(
mI

γkIn

)mID
(
mo

γkon

)moL
gmoL+mID−1

Γ(mID +moL)
e
−mIg

γk
In 1F1

[
moL;mID +moL;

(
mI

γkIn

− mo

γkon

)
g

]
,

(2.121)

where 1F1(·; ·; ·) is confluent hypergeometric function of the first kind [78]. Thus, using (2.116), (2.117),

and (2.121) the PDF of signal-to-interference plus noise ratio (SINR), γkn =
Xk

sn

1+GkIn
can be calculated
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as

fγkn(γ
k
n) =

∫ ∞

0
(1 + g)fXk

sn

(
(1 + g)γkn

)
fGkIn

(g) dg (2.122)

=

(
ms

γksn

)ms
(
mI

γkIn

)mID
(
mo

γkon

)moL (γkn)
ms−1

Γ(ms)Γ(ϕ)
e
−msγ

k
n

γksn

×
ms∑

i=0

(
ms

i

)
Γ(ϕ+ i)λ−(ϕ+i)

2F1

[
ϕ+ i,moL;ϕ;

χ

λ

]
, (2.123)

where ϕ = mID +moL, λ = msγkn
γksn

+ mI

γkIn

, χ = mI

γkIn

− mo

γkon
, and 2F1(·, ·; ·; ·) is the Gauss hypergeometric

function [78]. Expressing Q
(√

γkn
)
in terms of upper incomplete Gamma function [84], Γ(·, ·), and

using (2.93), (2.101), and (2.123) average P ken(γ
k
n) for k

th user can be expressed as

P ken =

(
mI

γkIn

)mID(mo

γkon

)moL( γksn
2ms

) 1
2 Γ(ms +

1
2)

Γ(ms + 1)Γ(ϕ)

×
∫ ∞

0

(1 + g)msgϕ−1

2
√
π(Ψ + g)ms+

1
2

e
−msγ

k
n

γksn 1F1 [moL;ϕ;χg] 2F1

[
1,ms +

1

2
;ms + 1;

1 + g

Ψ+ g

]
dg, (2.124)

where Ψ = 1 +
γksn
2ms

, and 2F1(·, ·; ·; ·) can be simplified as [79]

2F1

[
1,ms +

1

2
;ms + 1; a

]
=

√
πΓ(ms + 1)

Γ(ms +
1
2)a

ms

[
(1− a)− 1

2 −
ms−1∑

i=0

(
2i

i

)(a
4

)i ]
. (2.125)

Substituting (2.125) in (2.124), solving the integral, and after simplification P ken can be evaluated as

P ken =
1

2

(
mI

γkIn

)mID(mo

γkon

)moL( γksn
2ms

)1
2

[((
2ms

γksn

) 1
2
(
mI

γkIn

)−ϕ
2F1

[
moL,ϕ;ϕ;

χ
mI

γkIn

])

−
(
ms−1∑

i=0

(
2i

i

)(
1

4

)i i∑

j=0

(
i

j

) ∞∑

u=0

Γ(moL+ u)Γ(ψ)

Γ(moL)Γ(ϕ+ u)u!
χuΨψ−i− 1

2U

[
ψ;ψ +

1

2
− i; ΨmI

γkIn

])]
,

(2.126)

where ψ = mID +moL + j + u and U(·; ·; ·) is the confluent hypergeometric function of the second

kind [78]. When set of orthogonal chirps or time domain multiplexed set of chirps along with FrFT

based filtering is used at the receiver of kth user, cross-correlation with the chirps of other users become

negligible. Thus, considering ρ̃krn ≈ 0, GkIn = ZkIn and after modifying (2.126) accordingly P ken can be

expressed as

P ken =
1

2
−
(
mI

γkIn

)mID
(
γksn
2ms

) 1
2
ms−1∑

i=0

(
2i

i

)(
1

4

)i i∑

j=0

(
i

j

)
Γ(ℓ)Ψℓ−i− 1

2

2Γ(mID)
U

[
ℓ; ℓ+

1

2
− i; ΨmI

γkIn

]
, (2.127)
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Figure 2.28: Average SER performance of the proposed BPSK-chirp-BOK communication system in a mul-
tiuser environment affected by co-channel interference under a Nakagami-m fading channel using (i) up and
down chirp sets, (ii) proposed orthogonal chirp set, (iii) proposed time domain multiplexed chirp sets and
FrFT based filtering at the receiver. Performance of the BPSK-chirp-BOK system is compared with different
chirp-BOK systems reported in [3, 4, 6, 25, 36, 38].

where ℓ = mID+ j. Using (2.101), (2.126), and (2.127) average SER of BPSK-chirp-BOK system for

kth user can be calculated as

P ke = 1−
[(

1− P ke1
)(

1− P ke2
)]
. (2.128)

2.5.5 Numerical Results and Discussion

Average SER performance of the proposed PSK-chirp-BOK system using binary phase modulation

for transmission of 2-bit symbol in a multiuser environment and in presence of co-channel interference

is presented in Figure 2.28 under Nakagami-m fading channel. LC signal having B = 32 kHz, T = 0.4

ms with K = 6 and 8 are considered. A group of 5 interferers (D = 5), each with INR of 3 dB at the

receiver input are chosen. Signals from other users and co-channel interfering signals are assumed to

be Rayleigh faded (mo = 1,mI = 1). It is observed that the system performance improves with the

improvement in channel condition (ms) of the desired signal. Use of the proposed set of orthogonal

chirps indicates substantial improvement in SER performance over a system using up-chirps and down-
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chirps, i.e., for K = 6, a gain of 2.8 dB and 7.5 dB in SNR for a SER of 10−2 is observed considering

AWGN and Rayleigh fading (ms = 1) channels, respectively and the gain increases as SER decreases.

The results of Monte-Carlo simulation, with the average value, match closely with the corresponding

analytical results and the amount of variation obtained with individual values is also indicated. System

with the proposed time domain multiplexed chirp sets and FrFT based filtering at the receiver performs

as good as to the system having orthogonal chirp waveforms without time overlap and it indicates

that the proposed transmission scheme is able to successfully eliminate the interference due to the

chirps from other users. The value of order p for FrFT process is calculated as 0.95. As a special

case, performance of the proposed system using orthogonal chirps with no interference is also given in

Figure 2.28 and the system provides best performance, as expected.

Considering single user case, performance of the BPSK-chirp-BOK system approaches the per-

formance of a conventional 1-bit chirp-BOK system [6] for high SNR in AWGN channel, in spite of

double transmission rate. For 2-bit symbol transmission, compared to single user [4, 36, 38] and mul-

tiuser (K = 6) [3, 25] chirp-BOK systems, the proposed PSK-chirp-BOK system performs better as

can be seen from Figure 2.28 due to the requirement of fewer comparisons and use of set of orthogonal

chirps in spite of using less system bandwidth. Further, adopting M -PSK modulation along with set

of orthogonal chirps, design of a M -ary M -PSK-chirp-BOK system is possible to provide high speed

data communication.

2.6 Summary

In this chapter, design of chirp waveforms for wireless communication applications is investigated

and analyzed. Particularly, in the first work, presented in Section 2.2, the design of a SAW communi-

cation system for single user is presented considering fixed-frequency waveform and it is extended for

chirp waveform where an LC waveform modulation and demodulation scheme using SAW-chirp de-

vices incorporating quadrature phase modulation capable of transmitting 3-bit symbols is preformed.

It has been shown that, use of both up-chirp and down-chirp in the proposed design allows to map

additional bit in a single symbol which in turn increases the data rate without increasing modulation

order or use of additional bandwidth. Analysis on the SER performances under AWGN and Rayleigh

fading channels has indicated that the system provides improved SER performance over the reported

SAW-chirp communication systems adapted for transmission of 3-bit data symbols. The second work,
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in Section 2.3, has presented the design of binary phase-coded linear and nonlinear chirp waveforms

for multiuser communication system. The associated analysis on the system performance has indi-

cated that the performance is dependent on the number of available users in the network. Design of

chirp waveforms with equal chirp rate to attain set of orthogonal up-chirp and orthogonal down-chirp

waveforms has been described in the next work, presented in Section 2.4, to improve the MAI perfor-

mance. The condition of orthogonality for the chirp waveforms is derived and analytical expressions

of correlation values between different chirp signals are presented. Closed-form expressions have been

derived to analyze the average BER performance of the system under Rayleigh fading channel, and

the results indicate that employing the proposed waveform has allowed to attain better performance

while using the same bandwidth over reported work [25]. In the fourth work, a PSK-chirp-BOK sys-

tem and associated chirp waveform design are presented in Section 2.5 and the proposed system is

capable of doubling the transmission rate as compared to conventional chirp-BOK system while using

the same number of correlators, and thus saving valuable spectral resources. In addition, a design of

2K orthogonal chirps within Btotal using up-chirps and segmented up-chirps for K-user chirp-BOK

system has been presented to eliminate MAI in a multiuser system, and a transmission scheme using

TDM of the same chirp sets along with FrFT based filtering at the receiver has been presented to

attain bandwidth gain without compromising system performance. Moreover, closed-form expressions

of the average SER performance of a BPSK-chirp-BOK system, in a multiuser scenario and affected

by co-channel interference, have been derived under Nakagami-m fading. The associated results have

shown considerable improvement in SER performance by using the proposed set of orthogonal chirps

which provide zero cross-correlations between chirps of different users. Thus, the PSK-chirp-BOK

system along with set of orthogonal chirps and TDM transmission scheme provides a flexible way to

design a chirp communication system to meet the required data rate or bandwidth or both.
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3. Design and Analysis of Chirp Waveform for Radar and IoT Systems

3.1 Introduction

The previous chapter presented the design of chirp waveforms and systems to achieve improvement

in data rate and performance compared to the reported works in literature. Apart from communi-

cation, chirp waveform has also been widely used in radar applications as it provides improved pulse

compression, low sidelobe levels, good Doppler tolerance, large TBP etc. at the radar receiver [1, 17]

over fixed-frequency type waveform. Design of radar waveforms through frequency hopping technique,

i.e., DFCW has attracted much attention in recent years [39], as it offers higher range-resolution with

improved detection capability. Since the reported DFCW designs are limited in number of available

waveforms [39,46,48,49], in this chapter design of DFCWs using chirp subpulses is proposed for mul-

tiuser and MIMO radar applications with the objective of designing higher number of waveforms along

with improved performance over the reported designs. Investigation on the waveforms design is carried

out to improve the ASP and CCP performances among the waveforms, and the associated analysis

provides important insights about the minimization of overall cross-correlation levels in the design of

a new set of SC waveform, for LEO satellite IoT communication, to improve the system performance

over the reported SC waveform [58]. The main contributions of this chapter are as follows:

(1) A set of DFCWs by combining LC subpulses and PN-code sequence is designed, to attain

waveform diversity, for MIMO and multiuser radar systems. A two stage optimization process for

the selection of appropriate frequency-firing order sequences and PN-code sequences is proposed

for which appropriate radar ambiguity functions are formulated in order to maintain improved

ASP and CCP levels over reported designs.

(2) Another DFCW design incorporates NLC waveform for further improvement in PSL and increase

in the number of available waveforms where a parameterized waveform design model and an

optimization process, based on GA, are proposed for designing NLC. A joint optimization of

NLC pulse type and the frequency firing order of the chirp pulses, of the designed DFCW-NLC,

is proposed for improving the ASP and CCP performance over the reported DFCW designs.

(3) In the process to minimize the cross-correlation peak values of SC waveform occurring at different

delay, the design of a new symmetry chirp waveform having multiple chirp rates, i.e., SC-MCR is

proposed for an M -ary multiuser chirp system for LEO satellite IoT communication. Extending

the design, a time domain multiplexing of the SC-MCR waveforms is proposed to improve the
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system data rate. Analytical expressions of SER of the system are derived under RLS channel,

and the system performance is analyzed to get a better insight of the dependence of performance

on the fading parameters.

For all the proposed designs and systems, the associated performances are compared with the reported

designs to demonstrate the improvement in performance. The detailed designs of these waveforms and

systems are discussed in the subsequent sections in this chapter.

3.2 DFCW-PNLC for MIMO and Multiuser Radar Systems

Design of DFCWs to attain waveform diversity for MIMO and multiuser radar application is

performed in this work, where firstly, a set of DFCW is designed using LC pulse and PN-code sequence.

Secondly, a two-stage optimization process is proposed to achieve minimum cross-correlation levels

between different waveforms and improve the ASP and CCP levels for the designed DFCWs over the

reported LC based DFCW designs.

3.2.1 Design of DFCW-PNLC

An LC signal (up-chirp) having bandwidth B and signal duration T , in complex form, can be

expressed using (1.5), (1.8) as

p(t) = ej2π(fst+
1
2
µt2), 0 ≤ t ≤ T, (3.1)

where fs is the starting frequency and µ = B
T is the chirp rate of the signal [1]. Considering a DFCW-

LC waveform to consist of N chirp subpulses, a total of N waveforms can be formed by performing

frequency-hopping of the available pulses. Thus, ith subpulse of nth waveform can be expressed using

(3.1) as

pn(t− (i− 1)T ) = ej2π((fs+Hn(i)∆f−∆f)(t−(i−1)T ))ejπµ(t−(i−1)T )2 , (i− 1)T ≤ t ≤ iT, (3.2)

where i = 1, 2, . . . , N , ∆f indicates the frequency step size, Hn is the nth hyperbolic frequency hopping

(HFH) sequence [85] for determining the sequence of frequency-firing of chirp pulses, n denotes the

sequence number, i is the index number of the sequence, and the corresponding index value is given

by Hn(i). The HFH sequence can be formed as [85]

Hn(i) = ni−1(mod g), (3.3)
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where g is a prime number and 1 ≤ i, n ≤ g − 1. Therefore, a set of N = g − 1 HFH sequences with

each sequence having a length of N = g−1 can be generated. Using (3.2) and (3.3) nth DFCW-PNLC

can be written as

sn(t) =

N∑

i=1

C(i)pn(t− (i− 1)T ), (3.4)

where C is the PN-code sequence of length N , and C(i) = ±1. The instantaneous frequency of one of

the DFCW-PNLC is shown in Figure 3.1.

For radar applications, Gold codes are preferred as the desired PN-code sequences due to their

low cross-correlation property [75]. Gold codes can be generated by combining the outputs of two

maximal-length sequence generators [75]. As the length of the PN-code sequence is N , the PN-code

set would consist at least N number of Gold code sequences. Moreover, any DFCW-LC can be encoded

with any available PN-code sequences. Therefore, the general form of nth DFCW-LC encoded with

lth PN-code sequence can be expressed using (3.2) and (3.4) as

sln(t) =

N∑

i=1

Cl(i)pn(t− (i− 1)T ). (3.5)

It is considered that no two DFCW-LC, sn(t) and sm(t), are encoded with the same PN-code sequence,

i.e., for two waveforms sln(t) and s
q
m(t), l 6= q.
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Figure 3.1: Instantaneous frequency versus time of one of the DFCW-PNLC.
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3.2.1.1 Analysis of Ambiguity Function for DFCW-PNLC

The performance of the proposed DFCW-PNLC can be evaluated from the analysis of its auto-

ambiguity function and cross-ambiguity function (CAF) [86]. CAF between two waveforms sln(t) and

sqm(t) is given by

χslns
q
m
(τ, ϕ) =

∫ ∞

−∞
sln(t)s

q∗
m (t− τ)ej2πϕtdt, (3.6)

where (·)∗ denotes the conjugate operation, ϕ accounts the Doppler shift, and τ is the delay time.

Using (3.5), (3.6) can be simplified and expressed as

χslns
q
m
(τ, ϕ) =

∫ ∞

−∞

N∑

i=1

Cl(i)

N∑

i′=1

Cq(i
′)ej2π((fs+Hn(i)∆f−∆f)(t−(i−1)T )+ 1

2
µ(t−(i−1)T )2)

× e−j2π((fs+Hm(i′)∆f−∆f)((t−(i′−1)T )−τ))e−jπµ((t−(i′−1)T )−τ)2ej2πϕtdt (3.7)

=
N∑

i=1

N∑

i′=1

Cl(i)Cq(i
′)ej2πfs[(i′−i)T+τ ]e−j2π∆f [(i

′−i)T+τ ]ej2π∆f [T (Hm(i′)(i′−1)−Hn(i)(i−1))+Hm(i′)τ ]

× ejπµ[((i−1)2−(i′−1)2)T 2−2(i′−1)Tτ−τ2]
∫ ∞

−∞
ej2π∆f [Hn(i)−Hm(i′)]tej2πµ((i

′−i)T+τ)tej2πϕtdt

=

N∑

i=1

N∑

i′=1

Cl(i)Cq(i
′)ej2π(fs−∆f)[(i′−i)T+τ ]

× ej2π∆f [T (Hm(i′)(i′−1)−Hn(i)(i−1))+Hm(i′)τ ]ejπµ[(i−i
′)(i+i′−2)T 2−2(i′−1)Tτ−τ2] χii′ , (3.8)

where χii′ =
∫ t2
t1
ej2π(βii′∆f+ϕ)tej2πµ((i

′−i)T+τ)tdt and βii′ = Hn(i)−Hm(i
′). In every subpulse duration,

for 0 ≤ τ ≤ T , the lower and upper limits of χii′ can be given by t1 = τ and t2 = T . For l = q and

n = m, (3.6) reduces to auto-ambiguity function and using (3.7) it can be simplified as

χslnsln(τ, ϕ) =

∫ ∞

−∞
sln(t)s

l∗
n (t− τ)ej2πϕtdt (3.9)

=

N∑

i=1

N∑

i′=1

Cl(i)Cl(i
′)ej2π(fs−∆f)[(i′−i)T+τ ]

× ej2π∆f [T (Hn(i′)(i′−1)−Hn(i)(i−1))+Hn(i′)τ ]ejπµ[(i−i
′)(i+i′−2)T 2−τ2−2(i′−1)Tτ ] ζii′ , (3.10)

where ζii′ =
∫ t2
t1
ej2π(̺ii′∆f+ϕ)tej2πµ((i

′−i)T+τ)tdt and ̺ii′ = Hn(i)−Hn(i
′).

3.2.2 Proposed Optimization for Waveform Selection

In a multiuser radar system, consider that K users are operating simultaneously where K is less

than the number of pulses N . Considering that all the waveforms transmitted from different radar
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users are different, for a particular user the received echo from a target not only consists of the required

signal but also have the signals of other radar systems. Thus, minimization of the cross-correlation

levels between transmitted signals is required for optimal detection performance. The multiuser radar

ambiguity function for vth user can be expressed as

χMultiuser
v (τ, ϕ) =

∫ ∞

−∞

K∑

k=1

uk(t)u
∗
v(t− τ)ej2πϕtdt, (3.11)

where uk(t) is the radar signal for kth user, uk(t) = slknk(t), with k, v ∈ {1, 2, . . . ,K}, nk denotes nth

HFH sequence and lk denotes lth PN-code sequence selected for kth radar signal. Simplifying (3.11)

gives

χMultiuser
v (τ, ϕ) =

K∑

k=1

∫ ∞

−∞
slknk(t)s

lv
∗

nv (t− τ)ej2πϕtdt. (3.12)

The values of n and l of the radar signals corresponding to different users will be different. Therefore,

replacing nk, lk and nv, lv, related to user k and v, with the corresponding selected n and l values,

the inner integral of (3.12) takes a similar form to that of (3.6) and it can be evaluated using (3.8)

(An example of n and l values, selected for different values of k is presented in Table 3.2). In order

to achieve optimal detection performance the ASP level and CCP level of the correlated output of

the composite received radar signal, χMultiuser
v (τ, ϕ), should be as low as possible. Further, for a

MIMO radar system where K radar signals are operating simultaneously through multiple antennas,

the received composite signal is processed through a bank of matched filters. The associated MIMO

radar ambiguity function can be expressed as [44]

χMIMO
K (τ, ϕ) =

∫ ∞

−∞

K∑

k=1

K∑

k′=1

uk(t)u
∗
k′(t− τ)ej2πϕtdt (3.13)

=

K∑

k=1

K∑

k′=1

∫ ∞

−∞
slknk(t)s

lk′
∗

nk′ (t− τ)ej2πϕtdt. (3.14)

Similar to (3.12), the inner integral of (3.14) can be solved using (3.8). Minimum cross-correlation

between different transmitted signals allow maximum contribution from each of the signals as achieving

complete orthogonality between different received signals is nearly impossible in practice [44]. Thus,

appropriate selection of proposed discrete frequency-coding waveforms with phase-coded linear chirp

pulses is necessary.

From (3.8) and (3.10), for a given B, ∆f and T , it can be observed that the maximum level of
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ASP and CCP between two waveforms depends upon the HFH sequence Hn, i.e., frequency-firing

sequence and the PN-code sequence Cl. Thus, an optimization process is presented for the selection

of DFCW-PNLC to minimize ASP level and CCP level of χMultiuser
v (τ, ϕ) and χMIMO

K (τ, ϕ).

The optimization process consists of two stages. In the first stage, following processes are per-

formed:

(1) Selection of two HFH sequences Hn is performed for which the corresponding DFCW-LC given

by

p̃n(t) =

N∑

i=1

pn(t− (i− 1)T ), (3.15)

provides minimum cross-correlation peak level, i.e., we need to minimize χp̃np̃m(τ) where

χp̃np̃m(τ) =

∫ ∞

−∞
p̃n(t)p̃

∗
m(t− τ)dt, (3.16)

and 1 ≤ n,m ≤ g − 1.

(2) Considering that a total of K waveforms are to be selected, select the remaining K−2 waveforms

in an iterative process, e.g., for the 3rd HFH sequence and corresponding waveform such that

the total cross-correlation level remains as low as possible, i.e., minimize

χp̃m(τ) =

∫ ∞

−∞

z∑

k=1

p̃nk(t)p̃
∗
m(t− τ)dt, (3.17)

where z = 2, nk denotes nth HFH sequence for kth waveform, given by p̃nk(t), and m 6= nk.

(3) Repeat the process of step 2 for the selection of the remaining waveforms.

Thus, first stage performs the optimization of the cross-correlation between DFCW-LC. In the second

stage, following processes are performed:

(1) Once the selection of discrete frequency-coding waveforms with LC subpulses is completed,

select any two optimized DFCW-LC (out of K) and for these two waveforms select two Gold

code sequences (Cl) such that the two DFCW-PNLC, given by using (3.5) and (3.15) as

slknk(t) =

N∑

i=1

Clk(i)pnk(t− (i− 1)T ), k = 1, 2, (3.18)

provide minimum cross-correlation peak level, i.e., using (3.6) and (3.18) minimize the CAF
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Table 3.1: Design parameters for the construction of the proposed DFCW-PNLC

Parameter Value

Chirp subpulse bandwidth (B) 2 MHz

Duration of chirp subpulse (T ) 400 ns

g 127

Frequency step (∆f) (Btotal −B)/g

Number of users or radar signals (K) 6

Doppler frequency span (ϕ) ±10 kHz

while considering ϕ = 0 as

χ
s
l1
n1
s
l2
n2

(τ, 0) = R
s
l1
n1
s
l2
n2

(τ) =

∫ ∞

−∞
sl1n1

(t)sl2
∗

n2
(t− τ)dt, (3.19)

where 1 ≤ lk ≤ g − 1.

(2) After selection of two DFCW-PNLC, similar to the selection of HFH sequences in step 2 of first

stage, encode the next optimized DFCW-LC with PN-code such that overall cross-correlation

peak level remains as low as possible, e.g., for the 3rd optimized DFCW-LC with PN-code to

minimize

χ
s
l3
n3

(τ, 0) =

∫ ∞

−∞

z∑

k=1

slknk(t)s
l3

∗
n3

(t− τ)dt. (3.20)

(3) Repeat the process of step 2 for the selection of PN-code sequences of the remaining DFCW-LC.

3.2.3 Performance Analysis and Discussion

Based on the proposed optimization process, presented in Section 3.2.2, a set of DFCW-PNLC is

obtained. It is considered that the discrete frequency-coding waveforms can cover a total bandwidth

Btotal of 20 MHz. The design parameters considered for the construction of the proposed waveforms

are given in Table 3.1. For K = 6, the output of the optimization process provides the selection

of HFH sequences and code sequences as presented in Table 3.2. It is worth mentioning here that

the length of the Gold code sequences is 2r − 1, r = 2, 3, 4, 5, 6, 7, and the number of subpulses used

for the formation of the waveform is 126 (N). Thus, we have considered the Gold code sequences

of length 127 and the last element of the code sequence is dropped to match the length with the

number of subpulses. Cross-correlation between two radar DFCW-PNLC u1(t) and u2(t), selected

though the optimization process, is shown in Figure 3.2(a) with maximin CCP level as −25.33 dB
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Figure 3.2: (a) Autocorrelation and cross-correlation of two DFCW-PNLC u1(t) and u2(t), selected through
the optimization process, where u1(t) = s139 (t) and u2(t) = s5523(t). (b) Autocorrelation and cross-correlation of
two DFCW-PNLC chosen arbitrarily.

while for the autocorrelation of u1(t), maximum ASP level is calculated as −23.82 dB. Performance

of autocorrelation and cross-correlation considering arbitrary n and l is shown in Figure 3.2(b) with

maximin ASP and CCP levels as −22.14 dB and −22.17 dB, respectively which clearly indicates that

the proposed optimization process effectively minimizes the ASP and CCP levels.

Performance of a radar user (for 3rd user, i.e., v = 3) in a multiuser radar system for K = 6

is presented in Figure 3.3(a) where the received signal is mixed with signals from all other 5 users.

The output is shown for zero Doppler scenario. The maximum sidelobe peak level of the correlated

output is calculated as −16.44 dB when the signal of the desired user (v = 3) is present, whereas

Table 3.2: HFH sequence number n and PN-code sequence number l selected through the optimization process
considering K = 6

Radar signal HFH sequence number - n PN-code sequence number - l

number k (Corresponding HFH sequence - Hn) (Corresponding Gold code sequence - Cl)

1 9 13

2 23 55

3 47 26

4 67 69

5 73 102

6 46 96
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Table 3.3: Comparison of maximum sidelobe peak levels for multiuser radar system with K = 6

Waveform type Max. sidelobe peak Max. CCP level (dB)

level (dB) (when signal of (when signal of desired

desired user is available) user is not available)

Proposed DFCW-PNLC −16.44 −17.13
DFCW-LC [39] −15.01 −15.65
DFCW-FF [41,42] −14.37 −14.93
DFCW-FF with random phase [44] −15.52 −16.11
Spread spectrum coded chirp [86] −14.62 −15.41
DFPCW [43] −15.57 −16.19

if the receiver receives signals from other radar systems only, maximum CCP level is calculated as

−17.13 dB. Performance of a multiuser radar system using waveforms designed according to different

techniques [39, 41–44, 86], considering the same sequence length (N), is compared with the proposed

one and the corresponding maximum cross-correlation levels are listed in Table 3.3. It can be observed

that the proposed DFCW-PNLC provides a cross-correlation gain of 1.48 dB, 1.72 dB, 2.2 dB, 1.02

dB, and 0.94 dB as compared to [39], [86], [41], [44] and [43], respectively.

For a MIMO radar system, considering the number of transmitting and receiving antennas as 6,

6 optimized radar signals (uk(t)) are transmitted through different antennas. The received composite
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Figure 3.3: (a) Plot of multiuser radar ambiguity function for radar user 3 (v = 3) and considering K = 6.
(b) Plot of MIMO radar ambiguity function considering K = 6.
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Table 3.4: Comparison of maximum sidelobe peak levels for MIMO radar system with K = 6

Waveform type Max. sidelobe peak level (dB)

Proposed DFCW-PNLC −21.32
DFCW-LC [39] −19.64
DFCW-FF [41,42] −18.89
DFCW-FF with random phase [44] −19.05
Spread spectrum coded chirp [86] −17.73
DFPCW [43] −18.92

signal can be analyzed through MIMO radar ambiguity function given by (3.13). The output correlated

signal at zero Doppler is shown in Figure 3.3(b) with maximum sidelobe peak level is measured as

−21.32 dB. In this context, pairwise cross-correlation between different transmitted DFCW-PNLC

is calculated through simulation and maximum CCP level is found to be approximately −25.41 dB

while maximum ASP level is approximately −23.74 dB. The performance of the proposed waveforms

for MIMO radar system is compared with the performance of the MIMO radar systems designed using

different available radar waveforms such as DFCW-FF, DFCW-LC [39,41–44,86] considering the same

sequence length (N). The comparison is listed in Table 3.4. It can be observed that combination of

PN-code sequence with DFCW-LC and the selection of sequences through the proposed optimization

process provides better performance in terms of maintaining lower sidelobe peak level as compared to
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Figure 3.4: Gain loss due to variation in Doppler frequency.
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other MIMO radar systems designed with different available waveforms.

Considering a Doppler variation of 10 kHz, Figure 3.4 presents the gain loss due to the effect of

Doppler frequency variation in the received signal. It can be found that MIMO radar system is more

resilient as compared to multiuser radar system for the same Doppler variation, while the level of the

sidelobe peaks remains approximately same during the variation.

3.3 Nonlinear Chirp Waveform for MIMO and Multiuser Radar

Systems

It may be noted that for a conventional LC waveform its first peak sidelobe level appears at −13.2

dB [17, 50], and this limits the ASP performance of the DFCWs-LC. On the other hand NLC can

provide an improved PSL performance over LC [50,51] without using window functions or mismatch

filtering which incurs SNR loss at the receiver and the reported designs on DFCWs-NLC [52, 53]

indicate the superiority of DFCW-NLC over DFCW-LC in terms of ASP and CCP performances.

However, very limited works related to DFCW-NLC are currently available, and the reported designs

are restricted to three or four waveforms only. In addition, the design of NLC waveform, to be used

as subpulses for DFCW-NLC, influences the performance of the DFCWs. Furthermore, as opposed

to LC waveform, NLC can be of different types [17, 50, 51] and in general depends on the target

application. Thus, unlike the reported works with standalone design of NLC from scratch, design of

the required NLC waveform with desired properties through a parameterized waveform design model

can greatly simplify the overall waveform design process. In this work, to address the paucity of

DFCWs-NLC in attaining waveform diversity for MIMO and multiuser radar applications, firstly, a

parameterized mathematical model is proposed for designing NLC waveform. The adaptive model

can provide the design of different types of NLC functions and associated waveforms, based on the

application requirement, to simplify the overall waveform design process. Secondly, an optimization

process based on genetic algorithm is presented for the selection of appropriate values of the input

parameters for the parameterized NLC waveforms, derived from the parameterized model, to achieve

the desired waveform characteristic, e.g., ASP level, main-lobe width (MLW), and CCP level. After

the waveform design and its optimization, finally, the design of a set of DFCWs using NLC to achieve

waveform diversity for radar applications is proposed where a joint optimization of the chirp-pulse

type and the frequency firing order of the chirp pulses is presented to minimize ASP and CCP levels.
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3.3.1 Proposed Parameterized Model for Nonlinear Chirp Waveform Design

The parameterized mathematical model is constructed for designing NLC waveform with the con-

sideration that the waveforms have a bandwidth B, starting frequency fL, ending frequency fH, center

frequency f0 and duration T . A chirp function f(t) with second-degree polynomial is given by

f(t) = fL + αt+ βt2, 0 ≤ t ≤ T, (3.21)

where f(t) is the instantaneous frequency variation, α and β are the parameters to control the variation

with 0 ≤ α, β ≤ 1, and α + β = 1. Extending f(t) in (3.21) for xth degree having normalized time

variable can be expressed as

f(t) = fL +B

[
α

(
t

T

)
+ β

(
t

T

)x]
, 0 ≤ t ≤ T. (3.22)

The parameterized function f(t) has the following properties:

(1) For the designed chirp waveform, f(t) always covers the bandwidth B in a duration of T while

maintaining appropriate f0.

(2) A polynomial with a variable degree for f(t) provides design flexibility, and the curvature of f(t)

can be varied independently within a range to achieve the desired frequency profile.

(3) LC can be obtained as a special form of the proposed designs.

To accomplish the above design properties, the single t
T term with xth degree in (3.22) is split into

two terms of t
T having independent degrees x1 and x2 while maintaining the same number of input

parameters for f(t) by considering β = 1− α. Accordingly, f(t) is modified into

fi(t) = (fL + (i− 1)B) + (−1)(i−1)B

[
α

(
t

T

)
+

1− α
2

(
t

T

)x1
+

1− α
2

(
t

T

)x2 ]
, 0 ≤ t ≤ T,

(3.23)

where fH = fL + B, and i ∈ {1, 2}. f1(t) and f2(t) represent the up-chirp and down-chirp frequency

functions, respectively. The input parameters α, x1, x2 can have following values while designing

a chirp: 0 ≤ α ≤ 1, and x1, x2 ≥ 1. The parameterized function fi(t) given in (3.23) serves as

the base model for the design of different asymmetric-type NLC (ANLC) functions, e.g., concave

chirp [50], parabolic chirp, exponential chirp [17], quadratic chirp, hyperbolic chirp functions as shown

in Figure 3.5. The associated values of the input parameters are also indicated. It may be noted that
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Figure 3.5: Frequency profiles of different asymmetric-type NLC designed using the parameterized chirp
function given in (3.23). The corresponding values of the input parameters are mentioned.

for 1 ≤ x1, x2 ≤ 2, α has a range 0 ≤ α ≤ 2. Also, for α = 1, (3.23) reduces to an LC function.

Further, suitable modification in the proposed parameterized mathematical model, given in (3.23),

allows us to design different symmetric-type NLC (SNLC) functions, i.e., tangential, sine, and cosine

chirp functions. Instantaneous frequency variation of a tangential-type and sine-type chirp function

can be viewed as antisymmetric with respect to T
2 in the interval of 0 to T . Therefore, with appropriate

modification in (3.23), a tangential-type chirp function can be expressed as

fi(t) =f0 + (−1)(i−1)ϑB

[
α

2

(
2ϑ

(
t

T
− 1

2

))x1
+

1− α
2

(
2ϑ

(
t

T
− 1

2

))x2 ]
, 0 ≤ t ≤ T, (3.24)

where i ∈ {1, 2}, 0 ≤ α ≤ 1, x1, x2 ≥ 1, ϑ = (−1)[round(1− t
T )] and round(·) is the round off function.

In addition, using (3.23) and (3.24), a sine-type chirp function can be given by

fi(t) =f0 + (−1)(i−1)ξB

[
α

2

(
2ξ

(
t

T
− ν
))x1

+
1− α
2

(
2ξ

(
t

T
− ν
))x2

− 1

2

]
, 0 ≤ t ≤ T, (3.25)

where i ∈ {1, 2}, 0 ≤ α ≤ 1, x1, x2 ≥ 1, ξ = (−1)ν , and ν = round
(
t
T

)
.

In case of a cosine-type chirp function, the instantaneous frequency starts and ends at the same

frequency value and has a maximum value at t = T
2 . Accordingly, modifying the tangential-type chirp
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Figure 3.6: Frequency profiles of different symmetric-type NLC designed using the parameterized chirp func-
tions given in (3.24), (3.25), and (3.26). The corresponding values of the input parameters are mentioned.

function given in (3.24), the cosine-type chirp function can be expressed as

fi(t) =f0 + (−1)(i−1)2B

[
α

2

(
2ϑ

(
t

T
− 1

2

))x1
+

1− α
2

(
2ϑ

(
t

T
− 1

2

))x2
− 1

4

]
, 0 ≤ t ≤ T, (3.26)

where i ∈ {1, 2}, 0 ≤ α ≤ 1 and x1, x2 ≥ 1. It is worth noting that for small values of x1 and x2 with

x1 ≤ x2, bound on α for the NLC functions in (3.24), (3.25), and (3.26) can be relaxed and can have

values more than 1. Furthermore, for α = 1 and x1 = 1, the NLC functions in (3.24), (3.25), and

(3.26) reduce to LC functions.

For different values of α, x1, and x2, corresponding symmetric-type NLC functions are plotted in

Figure 3.6. Moreover, based on the design requirement, a range of variations on the designed chirp can

be achieved through the proposed parameterized NLC functions which in turn simplify the waveform

design process. As an example, the design of a set of tangential-type chirp functions, using (3.24), are

plotted in Figure 3.7, and the associated parameter values are also indicated.

The corresponding parameterized NLC waveforms are given by

si(t) = ej2πφi(t), 0 ≤ t ≤ T, (3.27)
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Figure 3.7: Frequency profiles of a set of tangential-type chirp designed using the parameterized NLC function
in (3.24).

where i ∈ {1, 2}. s1(t) and s2(t) represent the up-chirp and down-chirp signals, respectively, and φi(t)

is calculated as

φi(t) =

∫ t

0
fi(t) dt, (3.28)

where fi(t) is given in (3.23), (3.24), (3.25), and (3.26).

3.3.1.1 Correlation Analysis for NLC Waveforms

Given the proposed parameterized NLC waveforms, the cross-correlation between the up-NLC and

down-NLC waveforms can be evaluated using (3.19), (3.27), and (3.28) as

Rsisi′ (τ) =

∫ +∞

−∞
si(t)s

∗
i′(t− τ)dt =

∫ +∞

−∞
ej2πφi(t)e−j2πφi′ (t−τ)dt (3.29)

(a)

= ej2π
[
fL+(i′−1)B−(−1)(i

′−1) αBτ
2T

]
τ ΨANLC

i,i′ (α, x1, x2, τ), (3.30)

(b)

= ej2πf0τ ΨTan
i,i′ (α, x1, x2, τ), (3.31)

(c)

= ej2πf0τ ΨSine
i,i′ (α, x1, x2, τ), (3.32)

(d)

= ej2πf0τ ΨCosine
i,i′ (α, x1, x2, τ), (3.33)
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where (·)∗ denotes the conjugate operation, i, i′ ∈ {1, 2}, and (a), (b), (c), and (d) represent the

cross-correlation outputs corresponding to the chirp functions derived in (3.23), (3.24), (3.25), and

(3.26), respectively. Furthermore,

ΨANLC
i,i′ (α, x1, x2, τ) =

∫ t2

t1

e
j2πB

[
(i−i′)+(−1)(i

′−1) ατ
T

]
t
e
jπB(1−α)T

x1+1

[
(−1)(i−1)( tT )

x1+1−(−1)(i
′−1)( t−τT )

x1+1
]

× ejπBαT
[
(−1)(i−1)−(−1)(i

′−1)
]
( tT )

2

e
jπ

B(1−α)T
x2+1

[
(−1)(i−1)( tT )

x2+1−(−1)(i
′−1)( t−τT )

x2+1
]

dt,

(3.34)

ΨTan
i,i′ (α, x1, x2, τ) =

∫ t2

t1

e
jπ BTα

2(x1+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x1+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x1+1
]

× ejπ
BT (1−α)
2(x2+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x2+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x2+1
]

dt, (3.35)

ΨSine
i,i′ (α, x1, x2, τ) =

∫ t2

t1

e
jπ BTα

2(x1+1)

[
(−1)(i−1)(2ξ( tT −ν))x1+1−(−1)(i

′−1)(2ξ( t−τT −ν))x1+1
]

× ejπ
BT (1−α)
2(x2+1)

[
(−1)(i−1)(2ξ( tT −ν))x2+1−(−1)(i

′−1)(2ξ( t−τT −ν))x2+1
]

× ejπ
BT
2

[
(−1)(i

′−1) 2ξ(t−τ)
T

−(−1)(i−1) 2ξt
T

]

dt, (3.36)

ΨCosine
i,i′ (α, x1, x2, τ) =

∫ t2

t1

e
jπ BTα

ϑ(x1+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x1+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x1+1
]

× ejπ
BT (1−α)
ϑ(x2+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x2+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x2+1
]

× ejπ
BT
ϑ

[
(−1)(i

′−1) ϑ(t−τ)
T

−(−1)(i−1) ϑt
T

]

dt, (3.37)

where the values of t1 and t2 for 0 ≤ τ ≤ T are given as, t1 = τ and t2 = T . For i′ = i, (3.29)

gives the autocorrelation output for si(t). For a given value of α, x1 and x2, the correlation outputs

given in (3.30)–(3.33) can be easily computed numerically using common mathematical software such

as Matlab or Mathematica.

3.3.2 NLC Parameter Optimization

Based on the design requirements of the NLC waveforms, e.g., chirp function type, ASP and CCP

levels, the input parameters of the parameterized NLC waveforms, presented in Section 3.3.1, need to

be chosen appropriately. Hence, it can be considered as parameter optimization problems and can be

solved easily through an optimization process using GA.

GA is a search based algorithm and it is developed on the concepts of natural selection and

genetics [87]. It provides the optimized solution through an iterative search process [39, 87] and

consists of the following steps: generation of population, evaluation of fitness function, selection,
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Figure 3.8: Flowchart of the optimization process based on GA.

crossover, and mutation. The optimization process used for the parameter optimization of the chirp

waveform is given in the following steps while a flowchart of the process is illustrated in Figure 3.8.

(1) Based on the application, choose appropriate chirp function type and corresponding chirp wave-

form, presented in Section 3.3.1, since the input parameters related to the selected function are

to be optimized to achieve the target requirement, e.g., ASP and CCP levels. Here, the pro-

cess steps are presented in general form and no specific criterion is considered; however, some

examples are presented in this context as follows− (i) sine and cosine type chirps are used for

communication applications [88], (ii) hyperbolic and exponential chirps are considered for mul-

tiuser communication [34,35], and for sensing and tracking applications [89], (iii) tangential type

chirp is considered for radar, sonar application [51], (iv) concave type chirps are considered as a

means for pulse compression applications [50].

(2) For each input parameter, an equal number of random individuals are generated within the

specified range-level to form an initial population. A method based on random initialization is

performed to initialize the population treated as the candidate solutions in GA. Subsequently,
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sets of random individuals are formed such that each set consists of one random individual for

each of the input parameters corresponding to the selected parameterized chirp waveform.

(3) For each set of the input parameters, the evaluation of the fitness function is performed. The

formulation of the associated function is described below.

(4) If the target condition is achieved, e.g., if the cost function achieves a predefined threshold while

maintaining the design constraints if any, the process is stopped, and the best set of inputs is

selected. Based on application or design requirement the target condition can be the ASP level,

or CCP level, or MLW value, or a combination of these.

(5) Otherwise, in the selection phase, a portion of the population most suitable based on the fitness

function output is selected, and a new population is formed through crossover and mutation

operations.

(6) During crossover more than one parent is selected and they are combined to form a new offspring

(chromosome). For the present optimization process single point crossover [87] with crossover

probability of 0.6 is considered. Mutation can be considered as a process of altering or tweaking

in the chromosome, to obtain a new solution, and bit-flip mutation [87] with mutation probability

of 0.1 is considered for the present optimization process. Accordingly, the newly formed sets

become the input to Step 3 for the evaluation of the fitness function.

The cost function and fitness function associated with the parameterized NLC waveform can be

formulated as follows: to design an NLC waveform with required ASP level, for the given chirp

type and the values of the input parameters, the corresponding autocorrelation output Rsisi(τ) is

calculated using (3.29). Next, the ASP values are calculated numerically from Rsisi(τ) and given as

ζ = [ζ1, ζ2, ζ3, ...], and are used to form the fitness function. The associated cost function is given as

E = max(ζ). Alternatively, it can be evaluated as E = max|Rsisi(τ)|τ 6=0. In case of a given MLW

constraint, E is minimized while maintaining the constraint.

The parameter values used for optimization purpose are listed in Table 3.5. These values are

chosen after performing rigorous simulations to ensure the convergence of the search process.

Examples of NLC waveform optimization are presented below. Firstly, we consider a concave

NLC function, i.e., curve model III given in [50], and the associated NLC signal provides an ASP

level of −15.87 dB for a TB = 40 and T = 5 µs. Also, the −3 dB MLW is calculated as 0.028T as
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Table 3.5: Parameter values used for the optimization process based on GA

Parameter Value or type

Population set 150 individuals

Number of generations 100

Crossover type Single point crossover

Crossover probability 0.6

Mutation type Bit-flip mutation

Mutation probability 0.1

shown in Figure 3.9(a). Now, using the proposed NLC function given by (3.23), obtained from the

parameterized model, the associated NLC signal and its ASPs are calculated using (3.27) and (3.30).

Accordingly, optimal values of the input parameters α, x1, x2 need to be obtained to minimize the

peak sidelobe level while maintaining the same MLW. After performing the optimization process, the

values of the input parameters are optimized as α = 0.47, x1 = 1.002, and x2 = 12.8, and it provides

an ASP level of −18.66 dB as shown in Figure 3.9(a) which indicates an improvement of 2.79 dB in

peak sidelobe level over [50].

Secondly, for the optimization of symmetric-type NLC signal, the chirp function type is chosen

as a tangential-type chirp. A tangential-type chirp signal designed using the chirp function given
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Figure 3.9: (a) Comparison of autocorrelation sidelobe peaks between the NLC given in [50] and the designed
parameterized asymmetric-type NLC with optimized input parameters for TB = 40 and equal MLW. (b)
Comparison of autocorrelation sidelobe peaks between the NLC given in [51] and the designed parameterized
symmetric-type NLC with optimized input parameters for TB = 40 and equal MLW.
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in [51], for a TB = 40 and T = 5 µs, provides an ASP level of −25.81 dB as shown in Figure 3.9(b)

with a −3 dB MLW of 0.03T . Now, to design a tangential-type chirp, the proposed tangential-type

chirp function given in (3.24) is used. The associated chirp signal and ASPs are calculated using

(3.27) and (3.31). Compared to the chirp function in [51] which needs to calculate M coefficients with

M = 30, the proposed NLC function requires to calculate only three parameters, thereby providing

a simpler design process. The optimization process output, to minimize the peak sidelobe level while

maintaining the same MLW value, provides the optimized values of the input parameters as α = 0.352,

x1 = 1.084, and x2 = 8.212, with an ASP level of −28.84 dB. The output, shown in Figure 3.9(b),

indicates an improvement of 3.03 dB in ASP level over [51]. Thus, the designed parameterized NLC

functions not only provide the required waveforms but also provide improved performance over the

existing ones.

3.3.3 Proposed Design for Set of DFCW-NLC

Construction of discrete frequency-coding waveforms consisting of pulses designed using the pa-

rameterized NLC, given in Section 3.3.1, is presented in this section. Based on the requirement, the set

of waveforms can be used for MIMO and multiuser radar applications. In this context, the correlation

properties of the proposed waveforms are analyzed and are compared with DFCWs designed using

linear and nonlinear chirp waveforms reported in [39,40,46,48,49,52,53].
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Figure 3.10: Time-frequency plot of one of the DFCW-NLC designed using the parameterized tangential-type
NLC.
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The waveform, namely discrete frequency-coding waveform with nonlinear chirp pulses, i.e., DFCW-

NLC, consists of N frequency hopping pulses having a frequency step size of ∆f , and each pulse having

a duration of T , and bandwidth of B. In the proposed design, in a particular DFCW-NLC, each one

of the N pulses can be either up-chirp or down-chirp, as shown in Figure 3.10. The pulse type is

considered as tangential-type chirp, obtained using (3.24) and (3.27), for the construction of DFCW-

NLC. Considering that the waveform set consists of K DFCWs-NLC, kth waveform can be expressed

as

sk(t) =

N−1∑

n=0

pki,n(t− nT ), (3.38)

where i ∈ {1, 2}, k = 1, 2, . . . ,K, the waveform duration is Td = NT , and pk1,n(t) and p
k
2,n(t) represent

the up-chirp pulse and down-chirp pulse, respectively. Using (3.27) pki,n(t) is given as

pki,n(t) =e
j2πφki,n(t), 0 ≤ t ≤ T. (3.39)

The associated instantaneous frequency function fki,n(t) is expressed using (3.24) as

fki,n(t) = (f0 +Gk(n)∆f) + (−1)(i−1)ϑB

[
α

2

(
2ϑ

(
t

T
− 1

2

))x1
+

1− α
2

(
2ϑ

(
t

T
− 1

2

))x2]
, (3.40)

and φki,n(t) is calculated using (3.28) and (3.40) as

φki,n(t) = (f0 +Gk(n)∆f) t+ (−1)(i−1)BT

4

×
[

α

x1 + 1

(
2ϑ

(
t

T
− 1

2

))x1+1

+
1− α
x2 + 1

(
2ϑ

(
t

T
− 1

2

))x2+1 ]
. (3.41)

Here, Gk is a sequence of length N and represents the frequency firing order of the chirp pulses for kth

DFCW-NLC. The sequence is a unique permutation of sequence {0, 1, . . . , N − 1} and n is the index

number of the sequence with the corresponding value given by Gk(n) where Gk(n) ∈ {0, 1, . . . , N −1}.

3.3.4 Waveform Optimization and Selection

Performance of the proposed DFCW-NLC can be evaluated through CAF. Using (3.6) and (3.38)

the CAF between two waveforms, sk(t) and sl(t), k, l ∈ {1, 2, . . . ,K}, k 6= l, can be expressed as

χsksl(τ, ϕ) =

∫ +∞

−∞
sk(t)s

∗
l (t− τ)ej2πϕtdt, (3.42)

=

N−1∑

n=0

N−1∑

m=0

∫ +∞

−∞
pki,n(t− nT ) pl

∗
i′,m(t−mT − τ)ej2πϕtdt, (3.43)
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where i, i′ ∈ {1, 2} and ϕ accounts the Doppler offset. For l = k, (3.43) reduces to delay-Doppler

ambiguity function (DAF) given by χsksk(τ, ϕ). Whereas, the CAF between two pulse waveforms,

pki,n(t) and p
l
i′,m(t), can be evaluated using (3.31), (3.39), and (3.43) as

Υpk
i,n
pl
i′,m

(τ, ϕ) =

∫ +∞

−∞
pki,n(t)p

l∗
i′,m(t− τ)ej2πϕtdt

=ej2π(f0+Gl(m)∆f)τ Ψ
(DFCW-NLC)
i,k,n,i′,l,m (α, x1, x2, τ, ϕ), (3.44)

where Ψ
(DFCW-NLC)
i,k,n,i′,l,m (α, x1, x2, τ, ϕ) is given by

Ψ
(DFCW-NLC)
i,k,n,i′,l,m (α, x1, x2, τ, ϕ) =

∫ ∞

−∞
ej2π[(Gk(n)−Gl(m))∆f+ϕ]t

× ejπ
BTα

2(x1+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x1+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x1+1
]

× ejπ
BT (1−α)
2(x2+1)

[
(−1)(i−1)(2ϑ( tT − 1

2))
x2+1−(−1)(i

′−1)(2ϑ( t−τT − 1
2))

x2+1
]

dt, (3.45)

and substituting (3.44) in (3.43), χsksl(τ, ϕ) can be evaluated. Here, for the analysis of correlation

properties of the DFCW-NLC, ϕ is considered to be zero. Accordingly the cross-correlation between

the pulses, pki,n(t) and p
l
i′,m(t), can be calculated from (3.44) as

Rpki,npli′,m
(τ) = Υpki,np

l
i′,m

(τ, 0). (3.46)

Setting l = k, m = n, and i′ = i, the autocorrelation of pki,n(t) can be calculated from (3.46).

Since in the proposed design each pulse can be of up-chirp or down-chirp type, for a given T and B,

we need to determine appropriate input parameters, α, x1, x2, such that cross-correlation between the

up-chirp and the down-chirp pulse waveforms, i.e., Rpipi′ (τ), calculated from Rpki,npli′,m
(τ) (l, k,m, n

ignored), should be minimized while maintaining chirp autocorrelation, calculated from Rpipi′ (τ) for

i′ = i, within a threshold level. Hence, a joint optimization of ASP level of the chirp and CCP level

between the up-chirp and the down-chirp pulses is performed. The associated cost function can be

formulated as

Epulse = max(ζCCP(τ)) + max(ζASP(τ)), (3.47)

where ζASP(τ) = |Rpipi(τ)|τ 6=0 and ζCCP(τ) = |Rpipi′ (τ)| constitute the fitness functions and satisfy the

condition: max(ζCCP(τ)) ≤ max(ζASP(τ)). In radar applications where multiple waveforms are used

simultaneously, CCP level between different DFCWs-NLC should be as low as possible to maximize the

performance. From (3.43) and (3.44) it can be found that for each DFCW sk(t), k ∈ {1, 2, . . . ,K}, the
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associated sequence Gk and the chirp type (i) of each pulse pki,n(t) needs to be optimized to improve the

overall cross-correlation performance. Accordingly, the optimal sequence for the constructed DFCW-

NLC can be obtained through the GA based optimization process, presented in Section 3.3.2, and

using (3.43) and (3.46) the associated cost function is given by

EDFCW-NLC =
K∑

k=1

max|χsksk(τ, 0)|τ 6=0 + σ1

K∑

k=1

K∑

l=1,l 6=k
max|χsksl(τ, 0)|, (3.48)

where σ1 is the weight coefficient to control the relative weight of the two summation terms. The ASP

and CCP levels calculated from (3.48) constitute the associated fitness functions. In the optimization

process, the number of generations is kept large to ensure the convergence of the search process and

is set to 100.

3.3.5 Performance Analysis and Discussion

In this work, the design of a set of eight DFCWs-NLC, i.e., K = 8, is performed and it provides

double the number of waveforms as compared to the designs in [52,53]. For the given design parameters

of N = 32, TB = 32, and T∆f = 4, the optimized values of the input parameters for the tangential-

type chirp pulse, obtained from the optimization process, are α = 0.6598, x1 = 1.0049, x2 = 4.6608,

and are used to construct the DFCWs-NLC. The corresponding ASP level is −26.73 dB and CCP

level between the up-chirp and the down-chirp pulse is −15.51 dB. In the next step, the frequency

firing order sequence, Gk, and the chirp type (i) of each pulse associated with each DFCW-NLC

are optimized considering σ1 as 1. The optimized sequences Gk along with the chirp type i of the

corresponding NLC pulses are listed in Table 3.6. The associated ASP and CCP values of the proposed

DFCWs are presented in Table 3.7. The CCP values indicate a good level of separation, in terms of

cross-correlation performance, between the DFCWs and make them a suitable candidate for MIMO

radar and multiuser radar applications. Further, as an example, the autocorrelation performances of

the eight DFCWs-NLC are shown in Figure 3.11.

Performance of the proposed set of DFCWs-NLC is compared with the reported DFCWs designed

using LC [39], PWLC [49], tansec-type chirp [52], i.e., DFCW-TSC, and tangential-type chirp [53],

i.e., DFCW-TC, for MIMO radar applications, considering the same value of K, N , TB and ∆f .

Results, given in Table 3.8, indicate that the proposed set of DFCWs, designed using the optimized

tangential-type chirp pulse in combination with the optimized frequency hopping sequence (Gk) and

pulse type (i), provide significant improvement in average sidelobe peak level performances for both
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Table 3.6: Frequency firing order sequence (Gk) along with the type (i) of the associated chirp pulses of the
DFCW-NLC with K = 8

n ↓ G1 i G2 i G3 i G4 i G5 i G6 i G7 i G8 i

0 13 2 6 1 8 1 3 1 16 1 27 1 31 2 1 1

1 6 2 0 1 3 1 28 1 22 2 28 2 4 2 4 2

2 23 2 14 2 17 1 4 2 5 2 21 1 14 2 10 2

3 18 2 26 2 1 1 1 2 23 1 2 2 21 2 0 2

4 21 1 5 1 25 2 27 2 3 2 8 1 11 2 18 1

5 10 1 27 1 18 2 6 1 6 1 25 2 2 1 9 1

6 0 1 24 2 10 1 9 1 25 1 14 2 17 1 7 1

7 15 2 22 1 19 1 24 1 20 2 15 2 30 2 26 2

8 25 1 30 2 31 2 12 2 7 1 31 1 25 1 28 1

9 22 2 13 1 2 1 16 2 29 1 20 2 16 1 23 2

10 24 2 18 1 27 2 19 2 18 1 3 1 28 1 20 2

11 17 1 29 1 16 1 2 2 8 2 1 2 6 2 29 2

12 31 1 15 1 6 1 5 2 9 1 12 1 3 2 27 1

13 12 1 4 2 23 2 15 1 10 1 29 1 26 1 19 2

14 5 2 7 1 13 1 0 2 21 1 5 2 22 1 21 1

15 28 2 17 2 11 2 14 1 28 2 23 2 7 2 31 1

16 7 2 31 1 30 2 30 1 31 2 9 2 8 1 30 1

17 27 1 21 2 0 2 26 1 19 2 30 1 18 2 15 2

18 19 1 19 2 21 2 11 1 11 2 22 2 15 2 14 1

19 11 2 23 1 20 2 23 1 14 1 4 1 10 2 24 1

20 1 1 1 1 24 1 20 1 2 2 16 2 5 2 6 2

21 26 2 12 2 7 2 10 2 0 1 0 2 24 2 22 1

22 4 1 10 1 15 1 31 2 12 1 19 1 12 2 5 2

23 29 2 8 1 12 1 25 1 13 2 24 2 23 2 12 2

24 2 1 20 1 26 2 8 2 30 1 18 1 29 2 25 2

25 8 2 3 2 14 1 13 2 15 2 13 1 1 1 2 2

26 3 1 25 1 5 1 17 2 1 2 6 1 0 1 17 2

27 20 1 28 2 28 1 29 2 17 1 7 2 20 2 16 1

28 30 2 11 2 4 1 7 1 4 1 10 1 13 1 3 1

29 9 1 9 2 9 1 18 1 27 2 11 1 9 2 13 1

30 14 2 16 2 29 1 21 2 26 1 17 2 27 2 11 1

31 16 1 2 1 22 2 22 1 24 1 26 2 19 2 8 1

autocorrelation and cross-correlation operations over [39,49,52,53]. The designed DFCWs-NLC pro-

vide an average ASP level gain of 5.45 dB, 7.39 dB, 3.92 dB, 3.44 dB, and an average CCP level gain
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Table 3.7: ASP and CCP values in dB of the designed DFCWs-NLC for K = 8, N = 32, TB = 32, and
T∆f = 4

s1 s2 s3 s4 s5 s6 s7 s8

s1 −27.48 −26.43 −26.62 −26.79 −26.29 −26.36 −26.22 −26.20
s2 −26.43 −27.65 −26.27 −26.22 −26.24 −26.39 −26.51 −26.37
s3 −26.62 −26.27 −27.50 −26.26 −26.46 −26.38 −26.29 −26.55
s4 −26.79 −26.22 −26.26 −27.66 −26.36 −26.47 −26.53 −26.31
s5 −26.29 −26.24 −26.46 −26.36 −27.81 −26.34 −26.44 −26.27
s6 −26.36 −26.39 −26.38 −26.47 −26.34 −28.00 −26.49 −26.32
s7 −26.22 −26.51 −26.29 −26.53 −26.44 −26.49 −27.68 −26.25
s8 −26.20 −26.37 −26.55 −26.31 −26.27 −26.32 −26.25 −28.03

of 5.76 dB, 6.61 dB, 5.90 dB, 3.72 dB as compared to [39], [49], [52], and [53], respectively. Thus, the

improved CCP performance of the proposed DFCWs, while maintaining a low ASP level, makes them

a superior candidate for MIMO radar applications.

For multiuser radar system, considering a pair of waveforms, e.g., s6 and s8, the associated ASP

Figure 3.11: Autocorrelation outputs of the designed DFCWs-NLC with TB = 32, N = 32, T∆f = 4, and
K = 8.
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Table 3.8: Comparison of different DFCWs for K = 8, N = 32, TB = 32, and T∆f = 4

Average ASP level Average CCP level

Proposed DFCW-NLC −27.73 dB −26.38 dB

DFCW-LC [39] −22.28 dB −20.62 dB

Proposed DFCW-PNLC (Sec. 3.2) −23.11 dB −21.03 dB

DFCW-PWLC [49] −20.34 dB −19.77 dB

DFCW-TSC [52] −23.81 dB −20.48 dB

DFCW-TC [53] −24.29 dB −22.66 dB

Table 3.9: ASP and CCP performance for a pair of DFCWs with N = 32, TB = 32, and T∆f = 4

Average ASP level Average CCP level

Proposed DFCW-NLC −28.01 dB −26.32 dB

DFCW waveform [40] −24.13 dB −22.14 dB

DFCW waveform [46] −22.21 dB −21.67 dB

DFCW waveform [48] −24.16 dB −21.93 dB

and CCP performances of the proposed DFCWs are compared with the designs reported in [40,46,48]

while maintaining the same value of N , TB and ∆f . The results, given in Table 3.9, indicate a

superior sidelobe peak level performance by the proposed DFCWs with an average ASP level gain of

3.88 dB, 5.80 dB, 3.85 dB, and an average CCP level gain of 4.18 dB, 4.65 dB, 4.39 dB as compared

to [40], [46], and, [48], respectively. We find that the designed DFCWs-NLC perform equally good, in

terms of correlation performances, for both MIMO and multiuser radar applications, and this indicates

the effectiveness of the proposed parameterized model and the waveform design process to attaining

radar waveform diversity.

3.4 SC-MCR Waveform for Satellite IoT Communication

Chirp waveform modulation, apart from the radar systems, has recently found its application for

LEO satellite IoT communication where design of symmetry chirp (SC) waveforms [58] is used for

low data rate communication. However, the reported waveform is considered for single user and only

one pair of SC waveforms has been used, therefore it constitutes an interesting opportunity to explore

further about the waveform and its potentiality in M -ary and multiuser environment. Thereby, in

this work, firstly, the cross-correlation performance of multiple SC waveforms is analyzed to find its
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suitability in presence of interference. Secondly, from the analysis and understanding of the proposed

radar waveforms related to minimization of overall cross-correlation level, design of a new symmetry

chirp with multiple chirp rates, SC-MCR, is proposed to achieve improved overall cross-correlation

performance as compared to SC waveforms. Thirdly, a design of time domain multiplexed SC-MCR

waveforms is presented to improve the overall system data rate, and finally SER performance of an

M -ary communication system employing the SC-MCR waveforms is evaluated over an Rice-lognormal

satellite (RLS) channel [90] in a multiuser scenario.

3.4.1 SC Waveform Analysis

In the design of SC waveforms presented in [58], for a given bandwidth B, waveform duration T ,

and spreading factor SF , starting frequency of the waveforms is given by

νn = Bn
B

2SF
, (3.49)

where Bn ∈ {0, 1, 2, . . . , 2SF − 1}, BT = 2SF , and SF = 6, 7, . . . , 12. The associated symmetric chirp

waveform in time-domain [58] is given by

sn(t) =





√
Es
T e

j2π( B2T t
2+νnt), 0 ≤ t < Tn,

√
Es
T e

j2π( B2T t
2+νnt−Bt), Tn ≤ t < T,

(3.50)
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Figure 3.12: Cross-correlation performance of SC waveforms [58] considering 8 waveforms and SF = 6.

104
TH-2806_156102017



3.4 SC-MCR Waveform for Satellite IoT Communication

where Tn =
(
1− νn

B

)
T , n ∈ {0, 1, 2, . . . , 2SF − 1}, and Es is the symbol energy.

Consider a set of 8 SC waveforms, with SF = 6 and Bn = 3, 6, 9, . . . , 24, operating simultaneously

in a multiuser communication scenario. Cross-correlation of the SC waveform of a particular user

with the received signal comprising of SC waveforms of rest of the users is calculated and is shown in

Figure 3.12. It indicates presence of multiple large cross-correlation peaks, with maximum normalized

peak value exceeding 0.7 at different delay positions. The main reason for the formation of the peaks

is the cross-correlation of chirp sections of one SC waveform with that of the other SC waveforms.

As the chirp rate is the same for different sections of SC waveforms, overlap of the chirp sections of

SC waveforms at different delay generates localized peaks and when multiple SC waveforms operate

simultaneously, accumulation of localized peaks results in a large one.

3.4.2 Proposed Design of SC-MCR Waveform

Fixed chirp rate in SC waveforms leads to high cross-correlation peaks and the cross-correlation

between chirp waveforms can be reduced by keeping the chirp rates different [1]. Thus, minimization

of the localized cross-correlation peak values between the sections of different SC waveforms while

maintaining the symmetry nature of the waveform can be achieved by dividing each half of the wave-

form into subsections and applying different chirp rates for each subsection. Accordingly, the design

of a new set of chirps namely symmetry chirp with multiple chirp rates, SC-MCR, is presented to

reduce the overall cross-correlation level caused by possible delays in LEO satellite communication.

The proposed SC-MCR waveforms, for a given bandwidth B, waveform duration T , and SF , can be

constructed as follows:

(1) Frequency variation of the chirp is symmetric with respect to T
2 in the interval of 0 to T .

(2) Each half is divided into two subsections with two different chirp rates and each half of the chirp

covers the entire bandwidth. For each subsection, the out-of-band frequency portion is wrapped

around such that it stays within the signal bandwidth.

(3) Different chirp signals can be designed by shifting the starting frequency of the chirp. The

frequency shift between chirps is integral multiple of ∆f and ∆f = B
2SF

.

The plot of instantaneous frequency of the SC-MCR waveform is shown in Figure 3.13. Based on

the chirp rate of the first sub-section of the chirp having a duration of l, two kinds of SC-MCR are
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designed: up-SC-MCR and down-SC-MCR when the chirp rate is positive and negative, respectively.

A generalized design process of the instantaneous frequency of kth up-SC-MCR waveform can be

formulated as

fk(t) =





k∆f + B
2 + µ0t, 0 ≤ t ≤ T1 & k∆f + B

2 + µ0t ≤ B

k∆f − B
2 + µ0t, t ≤ T1

k∆f + x1B − µ1t, t ≤ T2 & k∆f + x1B − µ1t ≥ 0

k∆f + x2B − µ1t, t ≤ T2

k∆f − x2B + µ1t, t ≤ T3 & k∆f − x2B + µ1t ≤ B

k∆f − x3B + µ1t, t ≤ T3

k∆f + x4B − µ0t, t ≤ T & k∆f + x4B − µ0t ≥ 0

k∆f + x5B − µ0t, t ≤ T.

(3.51)

Similarly, the generalized design process of the instantaneous frequency for kth down-SC-MCR wave-

form is given by

fk(t) =





k∆f − B
2 − µ0t, 0 ≤ t ≤ T1 & k∆f − B

2 − µ0t ≥ 0

k∆f + B
2 − µ0t, t ≤ T1

k∆f − x1B + µ1t, t ≤ T2 & k∆f − x1B + µ1t ≤ B

k∆f − x2B + µ1t, t ≤ T2

k∆f + x2B − µ1t, t ≤ T3 & k∆f + x2B − µ1t ≥ 0

k∆f + x3B − µ1t, t ≤ T3

k∆f − x4B + µ0t, t ≤ T & k∆f − x4B + µ0t ≤ B

k∆f − x5B + µ0t, t ≤ T,

(3.52)

where l denotes the duration of the first sub-section, i.e., T1 = l, T2 = T
2 , T3 = T − l, and 0 < l < T

2

and l 6= T
4 . BT = 2SF , k ∈ {0, 1, 2, . . . , 2SF − 1}, ∆f = B

2SF
, and SF is an integer with SF ≥ 1.

Values for x1, x2, x3, x4, and x5 are given as x1 = l
T−2l − 1

2 , x2 = 1
2

(
T

T−2l

)
, x3 = 1

2

(
2 + T

T−2l

)
,

x4 =
1
2

(
T
l − 1

)
, and x5 =

1
2

(
T
l + 1

)
. Different chirp rates are calculated as µ0 =

B
2l and µ1 =

B
T−2l .

In each sub-section of the up-SC-MCR and the down-SC-MCR, the out-of-band portion is wrapped

around and the transition time instant Tki , for i
th section of kth chirp, can be obtained from (3.51)
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Figure 3.13: Plot of time-frequency of the proposed SC-MCR. Two up-SC-MCRs (k = n and k = m) are
shown in solid lines and one down-SC-MCR (k = n) is shown in dashed line.

and (3.52), respectively where i = 1, 2, 3, 4. As an example, using (3.51), corresponding Tki can be

calculated as

Tk1 = t for k∆f +
B

2
+ µ0t = B, 0 < t < T1

Tk2 = t for k∆f + x1B − µ1t = 0, T1 < t < T2

Tk3 = t for k∆f − x2B + µ1t = B, T2 < t < T3

Tk4 = t for k∆f + x4B − µ0t = 0, T3 < t < T, (3.53)

where T2 =
T
2 . Corresponding SC-MCR waveforms, in complex form, can be written as

sk(t) = ej2πφk(t), 0 ≤ t ≤ T, (3.54)

where φk(t) =
∫ t
0 fk(t)dt, and fk(t) is given in (3.51) and (3.52) for up-SC-MCR and down-SC-MCR,

respectively.

3.4.2.1 Correlation Analysis of Waveforms

Given the proposed SC-MCR waveforms, the cross-correlation between any two SC-MCR wave-

forms sn(t) and sm(t), n,m ∈ {0, 1, . . . , 2SF − 1}, given by (3.54) and m > n, can be calculated using

(1.10) in a generalized form as

Rsnsm(τ) =

∫ +∞

−∞
sn(t)s

∗
m(t− τ)dt =

3∑

i=0

∫ Ti+1

Ti

sn(t)s
∗
m(t− τ)dt, (3.55)
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where (·)∗ denotes the conjugate operation, T0 = 0 and T4 = T . In case there is a transition within

a subsection, the integral for that section can be calculated as the summation of individual integrals,

i.e., using (3.55)

∫ Ti+1

Ti

sn(t)s
∗
m(t− τ)dt =

∫ Tmi+1

Ti

sn(t)s
∗
m(t− τ)dt+

∫ Ti+1

Tmi+1

sn(t)s
∗
m(t− τ)dt. (3.56)

Thus, total correlation can be considered as a sum of correlations between different subsections of the

two chirps. The instantaneous frequency of the subsections of SC-MCRs, given in (3.51) and (3.52),

can be written in a general form, for any up-chirp subsection, as

f ck(t) = k∆f + ξk + µckt, t1 ≤ t ≤ t2, (3.57)

and for any down-chirp subsection as

f ck(t) = k∆f + ξk − µckt, t1 ≤ t ≤ t2, (3.58)

where c ∈ {0, 1} and ξ incorporates the constant terms. Corresponding chirp signal of the subsection

is given using (3.54), (3.57), and (3.58) as

sck(t) = ej2πφ
c
k
(t), (3.59)

where φck(t) =
∫ t
0 f

c
k(t)dt. Using (3.51), (3.52), (3.54), (3.55), and (3.57) cross-correlation between two

subsections of the SC-MCR waveforms sn(t) and sm(t), considering that both the subsections have

up-chirps, is given by

Rspnsqm(τ) =

∫ t2

t1

spn(t)s
q∗
m (t− τ)dt (3.60)

=

∫ t2

t1

ej2π[(n∆f+ξn)t+
µpn
2
t2]e−j2π[(m∆f+ξm)(t−τ)+µqm

2
(t−τ)2]dt

= e−jπµqmτ
2
ej2π(m∆f+ξm)τ e

−jπ [(n−m)∆f+(ξn−ξm)+µqmτ ]2

(µpn−µqm )

×
∫ t2

t1

e
jπ

[√
µpn−µqm t+

(n−m)∆f+(ξn−ξm)+µqmτ√
µpn−µqm

]2

dt

=
e−jπµqmτ

2
ej2π(m∆f+ξm)τ

√
2(µpn − µqm)

e
−jπ χ2

(µpn−µqm )

[
C

′
(z2) + jS

′
(z2)− C

′
(z1)− jS

′
(z1)

]
, (3.61)

where χ = (n −m)∆f + (ξn − ξm) + µqmτ , zε=1,2 =
√

2
µpn−µqm [(µpn − µqm)tε + χ] and p, q ∈ {0, 1}.

C
′
(z) and S

′
(z) are Fresnel integrals [10]. For n = m and p = q, (3.61) gives the autocorrelation of
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Figure 3.14: Cross-correlation performance of SC waveforms [58] and up-SC-MCR waveforms considering 8
waveforms, SF = 6 and l = 0.3T . Also autocorrelation of up-SC-MCR is shown.

spn(t). Similarly, if chirp-types of two subsections are opposite, i.e., one is up-chirp while the other is

down-chirp, the cross-correlation can be calculated using (3.54), (3.55), (3.57), (3.58), and (3.60) as

Rspnsqm(τ) =

∫ t2

t1

ej2π[(n∆f+ξn)t+
µpn
2
t2]e−j2π[(m∆f+ξm)(t−τ)−µqm

2
(t−τ)2]dt

=
ej2π(m∆f+ξm)τ ejπµqmτ

2

√
2(µpn + µqm)

e
−jπ ψ2

(µpn+µqm )

[
C

′
(z2) + jS

′
(z2)− C

′
(z1)− jS

′
(z1)

]
, (3.62)

where ψ = (n −m)∆f + (ξn − ξm)− µqmτ , zε=1,2 =
√

2
µpn+µqm

[(µpn + µqm)tε + ψ].

Cross-correlation of the up-SC-MCR waveforms considering 8 chirps, SF = 6 and l = 0.3T is

plotted in Figure 3.14. Result indicates that maximum cross-correlation level of the proposed SC-

MCR waveforms is lower than that of SC waveforms. For different delay τ , SC-MCR waveforms are

able to maintain the normalized overall cross-correlation level below 0.5, whereas for SC waveforms it

exceeds 0.7 for certain delay values. Thus, for a multiuser orM -ary communication scenario, SC-MCR

minimizes MAI compared to SC.

3.4.3 Time Domain Multiplexed SC-MCR Waveforms: A Transmission Scheme
to Improve Data Rate

For a K user environment with each user using an M -ary chirp system where M = 2d and

KM = 2SF , the data rate for the entire system is given by Rtotal =
dK
T bits/s. In an attempt to
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Figure 3.15: Time domain multiplexed chirps constructed using up-SC-MCR and down-SC-MCR with the
overlap of 0.3T .

improve the data rate a design of a time domain multiplexed (TDM) SC-MCR waveform is presented

here for a the multiuser system. Both up-SC-MCR and down-SC-MCR waveforms are used for the

design as shown in Figure 3.15 with l is chosen as 0.3T . Overlapping of chirp waveforms is the basis of

the proposed design. In time domain, a set of 2SF up-SC-MCR and a set of 2SF down-SC-MCR are

placed such that the last subsection of the waveforms in one set overlaps with the first subsection of the

waveforms in the next set. The two sets are repeated to obtain the TDM SC-MCR. Since the chirp rate

of the first subsection of the waveforms in a set is the same as the chirp rate of the last subsection of

waveforms in the previous set, complete overlap of the subsections boosts the autocorrelation output

level for both the chirp waveforms during the demodulation at the receiver. However, for partial

overlap of subsections, the cross-correlation depends on the amount of overlap. The corresponding

chirp waveforms of a subsection for up-SC-MCR and down-SC-MCR can be obtained using (3.51),

(3.52), (3.57), (3.58), and (3.59), and all the correlation values can be evaluated using (3.55), (3.60),

and (3.62). For an overlap of 0.3T , it can be found using Figure 3.15 that 6 waveforms can be

transmitted in a duration of 4.5T . Thus, the lower bound on the overall data rate for TDM SC-MCR

is R̃total =
2dK
1.5T bits/s which is higher than Rtotal.

3.4.4 System Model and Performance Analysis Over RLS Channel

A multiuser scenario with K users (IoT nodes) is considered. Each user is equipped with an M -

ary system, designed using the up-SC-MCR waveforms, and to transmit a d-bit symbol a set of M

SC-MCR waveforms are used for mapping each symbol uniquely [4, 36] where M = 2d. Using (3.51)
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and (3.54), chirp signals corresponding to the kth user can be written as

sku(t) = ej2πφ(kM+u)(t), 0 ≤ t ≤ T, (3.63)

where u denotes the uth chirp out of M chirps allocated for kth user, u ∈ {0, 1, . . . ,M − 1}, and

k ∈ {0, 1, . . . ,K − 1}. For a given SF , the values for M and K are chosen such that all the available

waveforms can be used, i.e., KM = 2SF . At kth receiver, the received signal is given by

yk(t) =
√
Essku(t) +

K−1∑

r=0;r 6=k

√
Essri(t) + wk(t), (3.64)

where i ∈ {0, 1, . . . ,M − 1} and denotes the ith waveform transmitted for rth user. Es is the symbol

energy, wk(t) is additive white Gaussian noise with zero mean and variance N0
2 , and a process similar

to [59] is assumed for acquisition of the received signal. At the receiver, cross-correlation of the received

signal yk(t) with the reference chirp waveforms, constituted from (3.63), would result in only intended

correlator to produce high output and lead to estimation of d-bit data symbol [4, 36]. Accordingly,

following [4] and using (2.87), for kth user the SEP can be bounded and given by

Pek ≤
1

M

M−1∑

u=0

M−1∑

v=0;v 6=u
Q

[(
Es (1− ρvukk)

N0 +
∑K−1

r=0;r 6=k Esρ̃uvkr

)1
2
]
, (3.65)

where ρ̃uvkr = ρuikr − ρvikr. ρvukk, ρ
ui
kr, and ρvikr are normalized sampled values of Rskv sku (τ), Rskusri (τ),

and Rskv sri (τ), respectively, and are calculated using (3.55), (3.61), (3.62), and (3.64). Q{·} is the

Q-function [16].

Use of the proposed TDM SC-MCR waveforms in the chirp system allows us to increase the number

of users, hence increasing the overall data rate, without increasing SF . A set of K M -ary users can

be identified by assigning a set of 2SF up-SC-MCR waveforms and another set of K users can be given

a set of 2SF down-SC-MCR waveforms. Waveforms in each set have a waveform duration of T and

the repetition interval for each set is given by 2T − 2l, as shown in Figure 3.15. Accordingly, the SEP

for kth user, designed using the up-SC-MCR waveforms of the TDM SC-MCR, can be given, after

appropriately modifying (3.65), as

Pek ≤
1

M

M−1∑

u=0

M−1∑

v=0;v 6=u
Q

[(
Es (1− ρvukk + ρ̂uvkk)

N0 +
∑K−1

r=0;r 6=k Es

(
ρ̃uvkr + ρ̂uvkr

)
) 1

2
]
, (3.66)

where ρ̂uvkr = ρ́up
′q′

kr − ρ́vp′q′kr and ρ́up
′q′

kr = ρup
′

kr + ρuq
′

kr . ρ
up′

kr and ρuq
′

kr are normalized sampled values of
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Rskus′rp (τ) and Rskus′rq (τ), respectively, and are calculated using (3.61) and (3.62). For u = v, ρ́vp
′q′

kr

is calculated from ρ́up
′q′

kr . Within the interval of 0 to T , s′rp(t) and s
′
rq(t) corresponding to the last and

the first subsections of down-SC-MCR waveforms, obtained using (3.51), (3.52), (3.54), and (3.64),

overlap with the first and the last subsections of up-SC-MCR waveforms, respectively. Further, ρ̂uvkk is

obtained from ρ̂uvkr by setting r = k.

The performance of the system is analyzed under an RLS channel model [90] which represents a

LEO satellite channel, modeled for the L-band, and its PDF is given by

fh(h) =

∫ ∞

0

2(K̀ + 1)h√
2πgσS3

e
−
[
(K̀+1) h

2

S2
+K̀+

(
lnS−ψ√

2gσ

)2
]

I0

[
2h

S
(K̀(K̀ + 1))

1
2

]
dS, (3.67)

where h is the envelop of the received signal, K̀ is the Rice factor, S is shadowing, I0 is the zero order

modified Bessel function of the first kind, and g = (ln 10)/20. The model parameters K̀, ψ, σ are

functions of the elevation angle α as defined in [90]. Using the PDF, performance of the chirp system

is evaluated through numerical simulations.

3.4.5 Numerical Results and Discussion

The SER performance of the multiuser M -ary system, with SF = 6, l = 0.3T , K = 8, and M = 8,

for LEO satellite IoT communication, is presented in Figure 3.16. From the results it can be found that
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Figure 3.16: SER performance of anM -ary communication system with transmission rate of 3 bits per symbol
employing the proposed up-SC-MCR waveforms, the proposed TDM SC-MCR waveforms, and the symmetry
chirp waveforms [58] in a multiuser environment considering SF = 6 and l = 0.3T .
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the use of SC-MCR waveforms result in better performance over SC waveforms for both AWGN and

RLS channels. With the increment of elevation angle α, i.e., from 40◦ to 60◦, the system performances

improve, because of increase in K̀ and decrease in σ [90].

The system using TDM SC-MCR waveforms shows slightly poor performance compared to the

system using up-SC-MCR waveforms, due to increase in the number of users. However, it performs

better compared to the system using SC waveforms while providing higher data rate. For the given

system with SC, the overall data rate Rtotal can be given as 15000 bits/s whereas using TDM SC-MCR,

the overall data rate R̃total is given by 20000 bits/s , which is 1.33 times higher. Based on application

requirement, data rate of the system can be increased by varying B and SF appropriately. For SER

level of 2 × 10−3 and α = 60◦, the systems with up-SC-MCR and TDM SC-MCR provide a gain of

3.6 dB and 2.7 dB in Es
N0

, respectively over the system with SC, as shown in Figure 3.16, indicating

that SC-MCR waveforms provide better interference immunity over SC waveforms.

3.5 Summary

In this chapter, design of chirp waveforms is investigated for radar and LEO satellite IoT ap-

plications, and the associated results are analyzed to evaluate the corresponding improvements in

performance. Particularly, in the first work, presented in Section 3.2, design of DFCW with phase-

coded LC pulses is carried out for multiuser and MIMO radar systems where HFH sequences are

used to control the frequency-firing order of the waveforms. The associated auto-ambiguity and cross-

ambiguity functions are derived to analyze the performance of the waveforms. An optimization process

consisting of two stages with the selection of appropriate HFH sequences and PN-code sequences in

the first and second stages, respectively has been presented, and the associated simulation results have

demonstrated the effectiveness of the proposed design technique and the optimization process in terms

of providing improved ASP and CCP level performance over existing DFCW-LC. Design of a set of

DFCWs-NLC is described in the next work, in Section 3.3, for which a parameterized mathematical

model is proposed. Both symmetric and asymmetric type NLC functions can be obtained from the

model and an optimization process based on GA has been presented to achieve optimal values of input

parameters of the NLC waveforms based on the targeted output. In addition, analytical expressions of

autocorrelation and cross-correlation for the parameterized NLC waveforms that have been used in op-

timization process are derived. Related simulation results have indicated that the parameterized NLC

113
TH-2806_156102017



3. Design and Analysis of Chirp Waveform for Radar and IoT Systems

waveforms in combination with the optimization process are not only able to provide chirp waveforms

with desired properties but also improve the ASP and CCP performances over the existing designs

while using fewer input variables, and thereby simplifying the waveform design process. A set of eight

DFCWs-NLC are designed where the duration and bandwidth of the NLC pulse remain the same

but the chirp type (up-chirp or down-chirp) varies across DFCW. A tangential-type NLC waveform,

obtained from the model, serves as the building block for the DFCW where the input parameters of

the waveform are optimized to improve the ASP and CCP levels. Analytical expressions of CAF and

DAF for the analysis of the sidelobe peak levels of the proposed DFCWs have been derived, and a

joint optimization of the frequency hopping sequences and the chirp type at each frequency slot of

the DFCWs-NLC has been performed to attain further improvement in ASP and CCP levels of the

DFCWs. The numerical results confirm that the proposed design is able to provide a large set of

DFCWs while minimizing the overall ASP levels and CCP levels between the DFCWs. Moreover, in

comparison to the reported DFCW designs, the proposed design provides an average gain of ≈ 5.0 dB

and ≈ 5.47 dB in ASP and CCP levels while considering waveforms for MIMO radar, and an average

gain of ≈ 4.51 dB and ≈ 4.41 dB in ASP and CCP levels while considering waveforms for multiuser

radar. Hence, it makes the designed set of DFCWs a superior candidate for high range-resolution

radar applications and indicates the effectiveness of the proposed parameterized model and the wave-

form design process. In the third work, in Section 3.4, design of SC-MCR waveform is presented to

improve overall cross-correlation level over SC waveforms [58] for which high cross-correlation peaks

are observed under multiuser scenario. The generalized design of two types of SC-MCR, i.e., up-

SC-MCR and down-SC-MCR has been discussed and analytical expressions for cross-correlation and

autocorrelation of the SC-MCR waveforms have been derived. In addition, analysis on the SER per-

formance of an M -ary system over an RLS channel in a multiuser scenario indicates that employing

SC-MCR waveform reduces cross-correlation and provides better performance over SC waveforms.

Moreover, the proposed TDM SC-MCR by combining the up-SC-MCR and down-SC-MCR has al-

lowed to increase in the overall system data rate with minor degradation in performance. Thus, the

proposed SC-MCR waveforms are able to provide a more reliable LEO satellite IoT communication

and maintain a higher data rate compared to that of SC waveforms.
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and Multibands

4.1 Introduction1

Design of waveforms and systems based on chirp for communication and radar applications have

been explored and investigated in the previous chapters. In the era of 5G and massive MIMO wireless

technology, WEIT has recently gained significant attention [71] as it makes use of RF signal for simul-

taneous operation of WET and WIT. WET becomes appealing by essentially providing a perpetual

supply of energy for energy-limited networks, e.g., WSN, IoT etc., low power electronic devices in order

to prolong the lifetime of the energy-constrained nodes [24]. However, most of the existing works have

studied WET or WEIT based on the transmission of fixed-frequency waveform on the downlink (DL)

either for single carrier [63–66] or for multi-carrier systems like OFDM [22,24,69–72]. As a waveform,

chirp exhibits some unique properties which are given below:

(1) Unlike fixed-frequency waveform in which the signal bandwidth is inversely related to its dura-

tion, the duration of a chirp can be varied independently of its bandwidth [1].

(2) Since, the instantaneous frequency of chirps varies as a function of time, with appropriate de-

sign it can be ensured that identical signal frequencies corresponding to distinct chirps do not

appear at a given time instant. This is the reason why the instantaneous power contained at

any frequency satisfies the peak power constraint irrespective of the number of chirps that are

superposed within a subband, in a multiband system, while keeping the waveform bandwidth

equal to the subband bandwidth. Thereby, with appropriate design, the instantaneous frequency

of each of these chirp waveforms that are placed within a subband can be separated by a fixed

amount, and they would remain mutually uncorrelated over the waveform duration.

In this chapter, design chirp waveform has been investigated to exploit its key property for the

applications of WET where a superposition of multiple distinct chirp waveforms is transmitted on

the DL over select subbands with relatively higher channel gains to make use of frequency diversity

without violating the peak power constraint, i.e., the instantaneous power contained at any frequency

of the waveform to improve the ETE and overall harvested energy at the sensor end. To the best of

the authors’ knowledge, this is the first work that (i) proposes application of chirp for DL-WET and

quantifies the gains obtained over DL-WET via fixed-frequency waveform, (ii) presents DL-WET to a

group of sensors placed at different distances from the access point (AP) where energy is transferred

1Dr. Salil Kashyap, Dept. of EEE, IIT Guwahati, is associated with this work.
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over selected subbands with relatively higher channel strengths independently to each sensor in an

OFDM system, (iii) presents the design of optimal power and subband allocation strategies for both

fixed-frequency and superposed chirp waveforms to maximize the minimum harvested energy in the

sensor network. Specifically, a WSN is considered where an AP with M antennas is involved in DL

energy transfer (to) and uplink (UL) information transfer (from) the K single-antenna sensor nodes.

We have focused on a scenario where the entire system bandwidth is divided into multiple orthogonal

subbands (N). Given this set-up, the main contributions are listed as follows:

(1) A general chirp based waveform design with configuration parameter ξ is proposed and key

properties required for optimizing DL-WET are established.

(2) Novel analytical expressions for the average energy harvested by any sensor node are derived for

DL-WET based on transmission of superposed chirp waveforms and based on transmission of

fixed-frequency waveform over subbands selected based on their estimated channel strength. The

mathematical analysis exploits the order statistics of the subband channel estimates acquired

through UL pilot signalling.

(3) For both superposed chirps and fixed-frequency waveform based DL-WET with subband selec-

tion, max-min power control coefficients are derived in closed-form to ensure that sensors placed

at different distances from the AP harvest an equal amount of energy.

(4) Given a constraint on the peak power level per subband, two simple algorithms are presented

to compute the number of best subbands for superposed chirp waveforms and fixed-frequency

waveform based transmission while satisfying the max-min fairness on harvested energy and the

peak power constraint.

(5) As a benchmark, the corresponding results with perfect CSI are also presented. In addition, the

corresponding max-min information transmitted on the UL by the sensors is analyzed.

(6) Extensive numerical results are performed to analyze the joint impact of different design pa-

rameters such as the number of chirps that are placed within a subband, number of subbands

selected, number of antennas at the AP, number of sensors in the network, channel estimation

error, distance between the AP and the sensor on WET and WEIT systems. The computed

results are also benchmarked against DL-WET via fixed-frequency waveforms with and without
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subband selection. Furthermore, Monte-Carlo simulations are conducted to validate our derived

analytical results.

4.2 Proposed Design of Chirp Waveform for WET

In this work, signal design for WET based on chirp waveform is investigated. A chirp waveform with

bandwidth B and duration To over subband n and corresponding to sensor k can be mathematically

expressed using (1.5) as

scn,k(t) = cos

[
2π

(
(fs + (n− 1)B) t+

1

2
µt2
)]

, 0 ≤ t ≤ To, (4.1)

where the subband index n ∈ {1, 2, . . . , N}, the sensor index k ∈ {1, 2, . . . ,K}, fs is the initial

frequency, B = Btotal
N = 1

To
, and µ = B

To
denotes the chirp rate. Furthermore, the inter-subband

spacing ∆f is considered equal to B. Note that the instantaneous frequency fcn,k(t) of the chirp

varies with time and is given by

fcn,k(t) = fs + (n− 1)B + µt, 0 ≤ t ≤ To. (4.2)

An important point to note is that based on the chirp factor µ, the duration of a chirp waveform,

unlike a fixed-frequency waveform of bandwidth B, can be varied independently of its bandwidth.

We exploit this property so that the duration of a chirp waveform can be varied without affecting its

bandwidth to transmit a superposition of chirp waveforms in a given subband of bandwidth B. This

can be essentially done by designing a waveform that is obtained through a superposition of these

chirps with increased duration within a given subband while ensuring that the superposed chirps

remain uncorrelated to each other and maintain the same signal-bandwidth B. Furthermore, the

waveforms thus designed satisfy the peak power constraint Ppeak, since any instantaneous frequency

corresponding to these superposed waveforms appears at distinct time instants. In a general form, a

chirp waveform with configuration factor ξ can be expressed as

scln,k(t) =





cos
[
2π
(
fc(n, l, ξ)t+

1
2µt

2
)]
, 0 ≤ t ≤ T ′

cl,

cos
[
2π
(
(fc(n, l, ξ) −B) t+ 1

2µt
2
)]
, T ′

cl < t ≤ Tc,
(4.3)

where ξ is a positive integer, l ∈ {1, 2, . . . , ξ}, fc(n, l, ξ) = fs + B(l−1)
ξ + (n − 1)B, µ = B

Tc
, T ′

cl =

Tc

(
1− l−1

ξ

)
, and Tc = ξTo. The factor ξ denotes the number of chirps that are superposed within the
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Figure 4.1: (a) Instantaneous frequency of chirp waveforms in chirp-2 configuration (ξ = 2) in a subbnad of
bandwidth B. (b) Instantaneous frequency of chirp waveforms in chirp-3 configuration (ξ = 3) in a subbnad of
bandwidth B.

same time and signal bandwidth B. Furthermore, the separation in instantaneous frequency between

any two adjacent chirp waveforms in this set of ξ waveforms is B
ξ . An example of instantaneous

frequency variation of the proposed chirp waveforms with ξ = 2 configuration (i.e., chirp-2) where two

chirps are superposed within the same signal-bandwidth of B and with ξ = 3 configuration (i.e., chirp-

3) where three chirps are superposed within the same signal-bandwidth of B is shown in Figure 4.1(a)

and Figure 4.1(b), respectively. Note that, the lower and upper limit of the y-axis label are considered

as fL and fH where fL denotes the start frequency and fH denotes the end frequency of the waveform,

fL, fH > 0, such that fH − fL = B. Next, we have stated two results to highlight the key properties

of these chirp waveforms as described in (4.3).

4.2.1 Properties of the Waveform

Lemma 1. The chirp signals corresponding to different l ∈ {1, 2, . . . , ξ} as described in (4.3)

satisfy the following relation over any subband n of bandwidth B:

∫ Tc

0

(
sc1n,k(t) + sc2n,k(t) + . . .+ scξn,k(t)

)2
dt =

∫ Tc

0

(
s2c1n,k(t) + s2c2n,k(t) + . . .+ s2cξn,k(t)

)
dt. (4.4)

Proof: The proof is given in Appendix A.1. �

Remark 1. For ξ = 2, the chirp signals within a subband are not only mutually uncorrelated but

also orthogonal to each other. In other words,
∫ Tc
0 sc1n,k(t)sc2n,k(t)dt = 0.

Lemma 2. The superposed waveform Scm,k(t) of the set of chirp waveforms over subband m
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described in (4.3) is mutually orthogonal to the superposed waveform Scn,k(t) of the set of chirp

waveforms over a distinct subband n, where n 6= m, i.e., they satisfy the following relation:

∫ Tc

0
Scm,k(t)Scn,k(t)dt = 0, (4.5)

where Sci,k(t) = sc1i,k(t) + sc2i,k(t) + . . .+ scξi,k(t), i ∈ {n,m} and n,m ∈ {1, 2, . . . , N}.

Proof: The proof is given in Appendix A.2. �

4.3 System Model

We have considered a WSN comprising of an AP with M antennas involved in DL energy transfer

(to) and UL information transfer (from) the K single-antenna sensor nodes in an OFDM system

as shown in Figure 4.2. A time-division-duplexing (TDD) mode of operation is considered so that

the DL channel from the AP to the sensors is identical to the UL channel from the sensors to the

AP. The total system bandwidth Btotal is divided into N subbands with an inter-subband spacing

∆f = B = Btotal
N ≤ Bch, where Bch is the coherence bandwidth. The complex baseband channel vector

gn,k ∈ C
M×1 between the M antennas at the AP and the kth sensor over the nth subband is given

by gn,k =
√
βkhn,k, where βk models large-scale fading comprising of distance-dependent path-loss,

hn,k ∈ C
M×1 captures small-scale fading and it is a random vector with independent and identically

distributed (i.i.d.) zero mean unit variance circularly symmetric complex Gaussian (CSCG) entries,

                                                                                                          
 

 

 

 

(Phase 1) Uplink pilot signals from sensors to AP for channel estimation 

(Phase 2) Downlink wireless energy transfer to sensors  

 

 

 

 

AP with  antennas 

(Phase 3) Uplink information transfer from sensors to AP 

Figure 4.2: System model for WEIT system.
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Figure 4.3: Three phase communication protocol for WEIT system.

i.e., [hn,k]
m = hmn,k ∼ CN (0, 1). Since, the inter-subband spacing is less than the coherence bandwidth,

the channel over each subband experiences frequency-flat fading. Also, [gn,k]
m = gmn,k =

√
βkh

m
n,k,

where m = 1, 2, . . . ,M , n = 1, 2, . . . , N , and k = 1, 2, . . . ,K. In matrix form, the UL channel

coefficient matrix Gn ∈ C
M×K between M antennas at the AP and K sensors over the nth subband

is given by Gn = [gn,1,gn,2, . . . ,gn,K ].

It is considered that the channel remains time-invariant over a coherence block of length τch

seconds and varies independently across blocks. Therefore, channel estimation must be done after

every coherence block. In each interval of length τch, the communication between the AP and the

sensors takes place in three different phases as illustrated in Figure 4.3. In the first phase, every sensor

transmits a pilot of length τp on the UL to facilitate channel estimation at the AP. In the second phase

of length τDL, based on the estimated channel, the AP beamforms energy to the sensors on the DL.

Subsequently, in the third phase of length τUL, the sensors transmit information on the UL. Note

that τch = τp + τDL + τUL. For the presented work, the transmission of wireless power is performed

over multiple subbands and the signal transmitted on the DL from AP across multiple subbands and

to multiple sensors is subject to an average transmit power constraint of Ptx where the averaging is

done with respect to the channel fading distribution. In a multicarrier system having N subbands,

the harvested energy at the sensor can be improved by allocating more power to the subbands having

relatively higher channel gains [72]. Therefore, allocating power to subbands with relatively lower

channel gain will contribute little to power received at the sensor and will degrade the efficiency of

energy transfer of the system due to high signal attenuation over those subbands. By dropping the

subbands having low channel gains and increasing allocation of power to the set of subbands with high

gains will lead to improvement in the harvested energy. For a system performing transmission with

equal power over N subbands and K sensors, the peak power of a signal Ppeak over a band can be

given by Ppeak = Ptx
NK , while in case, a set of Ñ subbands (Ñ < N) with relatively higher channel gains
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is employed, the new Ppeak = Ptx

ÑK
which is greater than the previous Ppeak. Thereby with Ñ ≤ N the

value of Ppeak = Ptx

ÑK
≥ Ptx

NK . Furthermore, the instantaneous power Pn,k contained in a frequency of a

signal at a given time transmitted over the nth subband towards the kth sensor satisfies the condition

0 ≤ Pn,k ≤ Ppeak ∀ n, k.

4.3.1 Channel Estimation

The pilot signal sΦn,k(t) transmitted over the nth subband by the kth sensor is given by

sΦn,k(t) =

ζp∑

p=1

Φk(p)sc1n,k(t− (p− 1)Tc), (4.6)

where sc1n,k(t) = ej2π[(fs+(n−1)B)t+ 1
2
µt2] for 0 ≤ t ≤ Tc, denotes the complex form of chirp-1 signal

(ξ = 1) with unit average power and of duration Tc = To =
1
B over the nth subband corresponding to

the kth sensor. Φk ∈ C
1×ζp denotes the ζp-length pilot sequence assigned to the kth sensor. The pilot

sequences assigned to the K sensors are chosen such that

1

ζp
ΦkΦ

H
k′ = δkk′ =





1, k = k′

0, k 6= k′, k, k′ ∈ {1, 2, . . . ,K},
(4.7)

where (·)H denotes the conjugate transpose operation. To ensure that assigned pilot sequences are

mutually orthogonal, ζp ≥ K. Note that the duration τp of the pilot signal sΦn,k(t) equals τp = ζpTc <

τch.

Then, the signal received at the AP over the nth subband and for 0 ≤ t ≤ ζpTc is given by

ypn(t) =

√
Pp

N

K∑

k′=1

gn,k′sΦn,k′ (t) +wpn(t), (4.8)

where Pp denotes the pilot power, gn,k′ ∈ C
M×1 denotes the complex baseband channel vector between

the M -antennas at the AP and the k′th sensor over the nth subband and sΦn,k′ (t) denotes the pilot

signal transmitted over the nth subband by the k′th sensor and is given by (4.6). Furthermore, wpn(t)

denotes the thermal noise vector at the AP and is independent of gn,k′.

A sufficient statistics for estimating the channel gn,k to the kth sensor is

ypn,k =
1√
ζpTc

∫ ζpTc

0
ypn(t)s

H
Φn,k

(t)dt =

√
Ep

N
gn,k +wpn,k , (4.9)

where
∫ ζpTc
0 sΦn,k′ (t)s

H
Φn,k

(t)dt = ζpTc if k = k′ and equals 0 otherwise, ypn,k ∈ C
M×1, Ep = PpζpTc
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is the energy spent in UL pilot transmission by any sensor, and wpn,k ∈ C
M×1 is CSCG noise vector.

Furthermore, wpn,k ∼ CN (000, σ2IM ), where σ2 denotes the noise power spectral density (PSD) and IM

indicates an M ×M identity matrix.

Based on ypn,k in (4.9), the minimum mean square error (MMSE) estimate ĝn,k of the channel

vector gn,k to the kth sensor over the nth subband equals [63]

ĝn,k = gn,k + g̃n,k, (4.10)

where g̃n,k denotes the channel estimation error that is uncorrelated to ĝn,k. Furthermore, ĝn,k ∼

CN (0, γkIM), where γk =
Ep
N
β2
k

σ2+
Ep
N
βk

and g̃n,k ∼ CN (0, (βk − γk)IM ). Note that channel estimation

remains the same irrespective of whether a chirp or a fixed frequency waveform is used to design the

pilot signal.

4.3.2 Downlink Energy Beamforming and Proposed Transmission Strategy

In a multicarrier system having N subbands, instead of transmitting with equal power over all

the subbands, it is possible to improve the harvested energy at the sensors by allocating more power

to the subbands having relatively higher channel gains [72]. Furthermore, it is possible to transmit a

superposition of multiple chirp signals in each subband while maintaining the Ppeak constraint. We

exploit these facts to propose the following strategy for DL-WET based on superposed chirp waveforms

in order to beamform energy towards K sensors.

Proposed Transmission Strategy: The estimated channel vectors of every sensor over all subbands

are arranged in descending order of their channel gains. Specifically, corresponding to the kth sensor,

we sort its subband channel gains as

∥∥ĝ[1],k
∥∥2 ≥

∥∥ĝ[2],k
∥∥2 ≥ . . . ≥

∥∥ĝ[N ],k

∥∥2, (4.11)

where ĝ[n],k denotes the estimated channel vector between theM antennas of the AP and the kth sensor

over its nth best subband and the subband index associated with the nth best subband ∈ {1, 2, . . . , N}.

Furthermore,
∥∥ĝ[n],k

∥∥2 =
∣∣ĝ1[n],k

∣∣2 +
∣∣ĝ2[n],k

∣∣2 + . . . +
∣∣ĝM[n],k

∣∣2 where
∥∥ ·
∥∥ denotes the Euclidean norm.

Based on this, the AP selects the Ñ best subbands out of the total available subbands N for each of

the K sensors. It then allocates power to the subbands of the K sensors such that the transmit power

Ptx constraint is satisfied with equality. Specifically, Ppeak ≥ Ptx
NK and the power P[n],k allocated for a

signal over the nth best subband of the kth sensor is 0 ≤ P[n],k ≤ Ppeak. Note that, based on (4.3), a
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chirp waveform with unit average power corresponding to the kth sensor over the nth subband equals

s′cln,k(t) =
√
2scln,k(t), (4.12)

where the scaling by
√
2 ensures that the average power is unity.

The following discussion illustrates the key idea behind the advantage that WET based on DL

transmission of superposition of chirp waveforms offers over conventional DL-WET transmission strate-

gies based on fixed-frequency waveform in which the frequency of the signal does not vary with time.

Figure 4.1(a) shows the instantaneous frequency variation of the waveforms, having a bandwidth B in

chirp-2, i.e., ξ = 2 configuration, designed using (4.3), where the two chirp waveforms are superposed

within the same subband bandwidth B while maintaining orthogonality over the waveform duration

Tc. From Figure 4.1(a) it can be seen that the instantaneous frequencies of the two chirp waveforms

always maintain a separation of B
2 so that no two equal signal frequencies corresponding to the two

distinct chirps appear at any given time instant. In fact, the proposed design mandates that identical

signal frequencies corresponding to distinct chirps do not appear at a given time instant. In other

words, the instantaneous frequencies of multiple distinct chirp waveforms that are superposed within

a subband are separated by a fixed amount of Bξ as can be seen from Figure 4.1 and they remain un-

correlated over the waveform duration. This is the reason why the power contained at any frequency

at a given time is limited to Ppeak irrespective of the number of chirp waveforms that are superposed

within each subband while maintaining the waveform bandwidth of B. It is to note that, superposi-

tion of multiple fixed-frequency cosine waveforms, each of bandwidth B, within a subband of width

B cannot be performed while maintaining the peak power constraint or the orthogonality among the

waveforms. As an example, mathematically, a fixed-frequency cosine waveform of bandwidth B for

kth sensor over the nth subband is give by

so1n,k(t) =
√
2 cos [2π (fs + (n − 1)B) t] , 0 ≤ t ≤ To, (4.13)

where B = 1
To
. Now, if we want to obtain another fixed-frequency cosine waveform of bandwidth B

that is orthogonal to so1n,k(t), then the waveform would be given by

so2m,k(t) =
√
2 cos [2π (fs + (m− 1)B) t] , 0 ≤ t ≤ To, (4.14)

with m = n + 1 such that
∫ To
0 so1n,k(t)so2m,k(t)dt = 0. However, from (4.13) and (4.14), it can be

124
TH-2806_156102017



4.3 System Model

   

 
 

Figure 4.4: Selection of Ñ and Ñc subbands for energy transfer.

found that the total occupied bandwidth by so1n,k(t) and so2m,k(t) is 2B. Now, given the subband

bandwidth of B, if we want to allocate both the waveforms within the same subband (i.e. superpose)

while maintaining the signal bandwidth of B, in that case so2m,k(t) would be rewritten as

so2m,k(t) = so2n,k(t) =
√
2 cos [2π (fs + (n− 1)B) t] , 0 ≤ t ≤ To, (4.15)

that is both the waveforms would get overlapped with having identical starting frequency and identical

frequency variation over the entire symbol duration, and therefore, the waveforms will be no longer

orthogonal, i.e.,
∫ To
0 so1n,k(t)so2n,k(t)dt 6= 0. In fact, the superposed fixed-frequency cosine waveforms

for kth sensor over the nth subband given by

Son,k(t) = so1n,k(t) + so2n,k(t) = 2
(√

2 cos [2π (fs + (n− 1)B) t]
)
, (4.16)

will have double the amplitude as compared to the individual signal unlike the proposed superposed

chirp waveforms.

To elucidate further, consider that the frequency response of the channel to the kth sensor over its

N subbands is as depicted in Figure 4.4. Then, based on the proposed transmission strategy, the top

Ñ subbands having relatively higher channel gains are selected as shown in Figure 4.4. Now, based on

chirp-2 configuration, two chirps in a set are superposed within each subband with an instantaneous

frequency separation of B
2 between the waveforms while satisfying the Ppeak constraint as explained

above. Therefore, using chirp-2 configuration, the AP will end up using only Ñc subbands while

satisfying the Ptx constraint, where Ñc = Ñ
2 . While meeting the average transmit power constraint

across all the selected subbands and the peak power constraint, transmission of a superposition of
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two chirp waveforms over each of the Ñc subbands having relatively higher channel gains within

the pre-selected Ñ bands, as depicted in Figure 4.4, would result in higher received energy at the

sensor nodes as compared to that with fixed-frequency signal where no more than one fixed-frequency

waveform of bandwidth B can be placed within each subband of width B without losing orthogonality

and violating the Ppeak constraint. Therefore, in a nutshell, for downlink energy transfer based on

superposed chirp waveforms, the maximum number of subbands Ñc required using chirp waveforms

under ‘ξ-chirp configuration’ is calculated as follows

(i) If Ñ mod ξ = 0, then Ñc =
Ñ
ξ .

(ii) If Ñ mod ξ 6= 0, then Ñc =
⌊
Ñ
ξ

⌋
+1 with a power scaling factor of

Ñ−
⌊
Ñ
ξ

⌋
ξ

ξ for the chirp signals

associated with the last subband.

For transmission based on superposed chirp waveforms, let Ξck denote the set of subband en-

tries/indices of the Ñc best subbands for the k
th sensor with subband index n ∈ {1, 2, . . . , N}. Given

the ordered channel, the AP performs DL beamforming of energy such that signals transmitted from

different antennas add up coherently at the sensors, thereby maximizing the received energy. For

Ñc =
Ñ
ξ

(
i.e., Ñ mod ξ = 0

)
, the signal transmitted from the AP to K sensors over the nth subband

in one symbol period Tc is given by

xcn(t) =
√
Ptx

K∑

k=1

√
ηck

Ñ

ĝ∗
n,k∥∥ĝn,k
∥∥Scn,k(t)δ{n,k}∈Ξck

, 0 ≤ t ≤ Tc, (4.17)

where xcn(t) ∈ C
M×1, (·)∗ denotes the conjugate operation, and Scn,k(t) = s′c1n,k(t) + s′c2n,k(t) + . . .+

s′cξn,k(t). Note that δ{n,k}∈Ξck
is an indicator function that takes the value 1 if the nth subband of

the kth sensor belongs to the set Ξck of the entries of the Ñc best subbands corresponding to the kth

sensor. Further, based on the channel gain between the AP and the sensors, the same subband may

be allocated to multiple sensors, i.e., the same subband index can be a part of Ξck for different values

of k. As an example, let the 3rd subband out of N available bands is the 1st best subband of sensor

1, 5th best subband of sensor 2, and 7th best subband of sensor 4 where Ñc ≥ 7. Therefore, according

to the proposed transmission strategy, the set Ξck will hold the index 3 for k = 1, 2, 4, and the index

will appear in the 1st, 5th, and 7th position of the corresponding list of Ñc indices associated to Ξc1 ,

Ξc2 , and Ξc4 , respectively. The power control coefficients ηck must be chosen such that the average

transmit power constraint is satisfied at the AP, i.e.,
∑N

n=1 E
{∥∥xcn(t)

∥∥2} ≤ Ptx where E {·} denotes
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the expectation operator. To ensure this, it is shown in Appendix A.3 that
∑K

k=1 ηck ≤ 1.

For the case when Ñ mod ξ 6= 0, using (4.17), the energy beamforming signal transmitted from

AP to K sensors over the nth subband, in one symbol period Tc, is given by

xcn(t) =
√
Ptx

K∑

k=1

√
ηck

Ñ

ĝ∗
n,k∥∥ĝn,k
∥∥Scn,k(t)δ{n,k}∈Ξck

δ{n,k}∈ΞÑc
ck

, (4.18)

In the equation above, the amplitude of the chirp waveform over the Ñ th
c best subband of sensor k

is scaled by α to maintain the average transmit power constraint where α =

√
Ñ−

⌊
Ñ
ξ

⌋
ξ

ξ . Another

indicator function δ{n,k}∈ΞÑc
ck

is introduced to maintain average transmit power constraint where ΞÑc
ck

holds the subband index of Ñ th
c best subband for kth sensor. Thereby, δ{n,k}∈ΞÑc

ck

= α for {n, k} ∈

ΞÑc
ck

, else δ{n,k}∈ΞÑc
ck

= 1. Moreover, The power control coefficients ηck must be chosen such that

∑N
n=1 E

{∥∥xcn(t)
∥∥2} ≤ Ptx and the proof is given in Appendix A.4.

Remark 2. In transmission based on fixed-frequency waveform, the signal transmitted from AP

to K sensors over the nth subband, n ∈ {1, 2, . . . , N} in one symbol period To is given by

xon(t) =
√
Ptx

K∑

k=1

√
ηok

Ñ

ĝ∗
n,k∥∥ĝn,k
∥∥son,k(t)δ{n,k}∈Ξok

, 0 ≤ t ≤ To, (4.19)

where

son,k(t) =
√
2 cos [2π (fs + (n− 1)B) t] , (4.20)

and Ξok denotes the set of subband entries of the Ñ best subbands, Ñ ≤ N , for the kth sensor.

Furthermore, the power control coefficients in this case must satisfy
∑K

k=1 ηok ≤ 1 to ensure that

∑N
n=1 E

{∥∥xon(t)
∥∥2} ≤ Ptx.

4.3.3 Uplink Information Transfer

The signal ycn(t) ∈ C
M×1 received by the AP over the nth subband when all theK sensors transmit

data signals simultaneously is given by

ycn(t) =

√
PUL

N

K∑

i=1

√
ρcign,iqn,isc1n,i(t) +wn(t), 0 ≤ t ≤ Tc, (4.21)

where PUL is the maximum power with which any sensor transmits data on the UL, 0 ≤ ρci ≤ 1 is

the power control coefficient corresponding to the ith sensor, qn,i ∼ CN (0, 1) denotes the transmit

data symbol and sc1n,i(t) = ej2π((fs+(n−1)B)t+ 1
2
µt2) is the associated unit power chirp-1 waveform, in

complex form, transmitted by the ith sensor on the UL. Note that Tc = To, and ∆f = B. Furthermore,
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the symbols transmitted by different sensors over any subband are assumed to be uncorrelated to each

other, and wn(t) ∈ C
M×1 denotes the noise at the AP on the UL.

Remark 3. During UL data transmission, duration of chirp waveform is equal to the fixed-

frequency waveform, i.e., Tc = To and the signals are transmitted over all available bands. Thus, UL

data signaling with fixed-frequency waveform is identical to the model discussed above with sc1n,i(t)

replaced by son,i(t) = ej2π((fs+(n−1)B)t) and ycn(t) replaced by yon(t) in (4.21).

4.4 Analysis of Average Harvested Energy

In this section, we analyze the average energy harvested by the sensor nodes, first based on DL-

WET via superposition of chirp waveforms over selected subbands, followed by the corresponding

analysis for fixed-frequency waveform. The analysis exploits order statistics of the subband channel

estimates acquired through UL pilot signaling.

4.4.1 Using Superposed Chirp Waveform

The signal y
[n]
ck (t) received at the kth sensor over its nth best subband based on the signal in (4.17),

with Ñ mod ξ = 0, transmitted from the AP is given by

y[n]ck
(t) =

√
Ptxg

T
[n],k

√
ηck

Ñ

ĝ∗
[n],k∥∥ĝ[n],k

∥∥Sc[n],k(t)

+
√
Ptxg

T
[n],k

K∑

i=1,i 6=k

√
ηci

Ñ

ĝ∗
{[n],k},i∥∥ĝ{[n],k},i

∥∥Sc{[n],k},i(t)δ{[n],k}∈Ξci
+ w[n],k(t), (4.22)

where gT
[n],k ∈ C

1×M , ĝ[n],k ∈ C
M×1, and w[n],k(t) ∼ CN (0, σ2) denote respectively the true channel

vector, the estimated channel vector, and noise corresponding to the kth sensor over its nth best

subband, and (·)T denotes the transpose operation. The first term in (4.22) corresponds to the desired

signal for the kth sensor over its nth best subband. The second term denotes the interference arising

due to signals intended for other sensors over the nth best subband of the kth sensor. Furthermore,

δ{[n],k}∈Ξci
denotes an indicator function that equals 1 if the index of the nth best subband of the kth

sensor belongs to the set Ξci of the best Ñc subband entries corresponding to the ith sensor. To be

specific, any sensor i 6= k will contribute to the interference term in y
[n]
ck (t), if the index of the nth best

subband of the kth sensor belongs to Ξci .

A sensor receives signal over the entire available bandwidth Btotal consisting of N subbands. Let

ψ ∈ [0, 1) denote the energy conversion efficiency at the sensor. Then, the average energy harvested
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by the kth sensor in a symbol duration Tc over N subbands equals

Eck = ψE

{∫ Tc

0

N∑

n=1

∣∣∣
[
y[n]ck

(t)
]∣∣∣

2
dt

}
. (4.23)

Substituting (4.22) in (4.23), we obtain

Eck = ψE

{∫ Tc

0

(
N∑

n=1

∣∣∣∣
√
Ptxg

T
[n],k

√
ηck

Ñ

ĝ∗
[n],k∥∥ĝ[n],k

∥∥Sc[n],k(t)
∣∣∣∣
2

+

N∑

n=1

∣∣∣∣
√
Ptxg

T
[n],k

K∑

i=1;i 6=k

√
ηci

Ñ

ĝ∗
{[n],k},i∥∥ĝ{[n],k},i

∥∥

× Sc{[n],k},i(t)δ{[n],k}∈Ξci

∣∣∣∣
2
)
dt

}
+ ψE

{∫ Tc

0

N∑

n=1

∣∣w[n],k(t)
∣∣2 dt

}
. (4.24)

Please note that, for each sensor, the signal is transmitted from the AP over its best Ñc subbands

only where Ñc =
Ñ
ξ . Therefore, not all the sensors will contribute to the power of the interfering signal

corresponding to the kth sensor in the second term of (4.24) over all the N subbands. Based on the

set Ξci of the best Ñc subband entries corresponding to the ith sensor, the second term of (4.24) can

be re-arranged to obtain

Eck = ψPtx
ηck

Ñ

[
E

{
Ñc∑

n=1

∣∣∣∣
gT
[n],kĝ

∗
[n],k∥∥ĝ[n],k
∥∥

∣∣∣∣
2
}∫ Tc

0
S2
c[n],k

(t)dt

]
+ ψPtxE

{
Ñc∑

n=1

∣∣∣∣
K∑

i=1;i 6=k

√
ηci

Ñ

gT
{[n],i},kĝ

∗
[n],i∥∥ĝ[n],i
∥∥

∣∣∣∣
2

×
∫ Tc

0
S2
c[n],i

(t)dt

}
+ ψE

{
N∑

n=1

w′
[n],k

}
, (4.25)

where w′
[n],k =

∫ Tc
0

∣∣w[n],k(t)
∣∣2 dt. The use of Lemma 2 allows us to interchange the order of summation

and integration in (4.25) above. Using the facts that the chirp waveform has an average power of

unity and that the chirp waveforms corresponding to different l ∈ {1, 2, . . . , ξ} as described in (4.3)

are uncorrelated over any subband as stated in Lemma 1, therefore

∫ Tc

0
S2
c[n],k

(t)dt =

∫ Tc

0
S2
c[n],i

(t)dt = ξTc. (4.26)

Substituting (4.26) in (4.25) and after simplification (4.25) yields

Eck =
ηckψPtxξTc

Ñ
E

{
Ñc∑

n=1

∣∣∣∣
gT
[n],kĝ

∗
[n],k∥∥ĝ[n],k
∥∥

∣∣∣∣
2
}

+ ψPtxξTcE

{
Ñc∑

n=1

∣∣∣∣
K∑

i=1;i 6=k

√
ηci

Ñ

gT
{[n],i},kĝ

∗
[n],i∥∥ĝ[n],i
∥∥

∣∣∣∣
2
}

+ ψE

{
N∑

n=1

w′
[n],k

}
. (4.27)

Remark 4. For the case when Ñ mod ξ 6= 0, using (4.18), (4.22), (4.23), and (4.25), the average
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harvested energy at kth sensor based on transmission of superposed chirp waveforms on the DL, in a

symbol duration Tc, is evaluated as

Eck =
ηckψPtxξTc

Ñ
E

{
Ñc−1∑

n=1

∣∣∣∣∣
gT
[n],kĝ

∗
[n],k∥∥ĝ[n],k
∥∥

∣∣∣∣∣

2

+ α2

∣∣∣∣∣
gT
[Ñc],k

ĝ∗
[Ñc],k∥∥ĝ[Ñc],k

∥∥

∣∣∣∣∣

2}

+ ψPtxξTcE

{
Ñc−1∑

n=1

∣∣∣∣∣

K∑

i=1;i 6=k

√
ηci

Ñ

gT
{[n],i},kĝ

∗
[n],i∥∥ĝ[n],i
∥∥

∣∣∣∣∣

2}

+ ψPtxξTcE

{∣∣∣∣∣

K∑

i=1;i 6=k
α

√
ηci

Ñ

gT
{[Ñc],i},k

ĝ∗
[Ñc],i∥∥ĝ

[Ñc],i

∥∥

∣∣∣∣∣

2}
+ ψE

{
N∑

n=1

w′
[n],k

}
. (4.28)

Based on (4.27) and (4.28), the average harvested energy, i.e., the harvested energy averaged over

small-scaling fading realizations, at the kth sensor, can be stated in closed-form as follows.

Theorem 1. The average energy E
i
ck

harvested by the kth sensor over duration Tc based on DL-

WET via superposed chirp waveforms over Ñc best subbands under imperfect CSI at the AP equals

Case (i):

E
i
ck

= ψTc

[
ηckPtxξ

Ñ

(
γkΩ

Ñc
ck

+ (βk − γk)Υ Ñc
ck

)
+ Ptxβk(1− ηck) +Nσ2

]
, (4.29)

for Ñ mod ξ = 0, i.e., Ñc =
Ñ
ξ where Υ Ñc

ck
and ΩÑc

ck
are given by

Υ Ñc
ck

=

Ñc∑

n=1

N !

(n− 1)!(N − n)!
N−n∑

l=0

(−1)N−n+l
(
N − n
l

)
1

(N − l)2 , (4.30)

ΩÑc
ck

=

Ñc∑

n=1

N !

(n− 1)!(N − n)!
n−1∑

l=0

(−1)l
(
n− 1

l

)
(Γ(M))n−N−l−1Λ(l), (4.31)

Λ(l) =Mn−N−lΓ(1 +M(l +N − n+ 1))F
(l+N−n)
A [1 +M(l +N − n+ 1),M, . . . ,M ;

M + 1, . . . ,M + 1;−1, . . . ,−1] , (4.32)

and F
(l)
A (a,b; c; z) is Lauricella function of type A [91, (7)].

Case (ii):

E
i
ck

=
ηckψPtxξTc

Ñ

[
γk

(
Ω(Ñc−1)

ck
+ α2Ω

′
ck

)
+ (βk − γk)

(
Υ (Ñc−1)
ck

+ α2Υ
′
ck

) ]

+
ψPtxβkξTc

Ñ

(
Ñc − 1 + α2

)
(1− ηck) + ψNσ2Tc, (4.33)
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for Ñ mod ξ 6= 0 where

Ω
′
ck

=
N !

(Ñc − 1)!(N − Ñc)!

Ñc−1∑

l=0

(−1)l
(
Ñc − 1

l

)
(Γ(M))Ñc−N−l−1Λ(l), (4.34)

Υ
′
ck

=
N !

(Ñc − 1)!(N − Ñc)!

N−Ñc∑

l=0

(−1)N−Ñc+l

(
N − Ñc

l

)
1

(N − l)2 . (4.35)

and Υ
(Ñc−1)
ck and Ω

(Ñc−1)
ck are obtained from (4.30) and (4.31), respectively by substituting Ñc = Ñc−1.

Proof: The proof is given in Appendix A.5. �

Remark 5. Note that E
i
ck

as expressed in (4.29) and (4.33) is a function of the power Ptx with

which the AP transmits on the DL, the number of antennas M at the AP, the number of subbands N ,

the number of sensors K, the chirp configuration factor ξ, the number of selected subbands Ñc, energy

conversion efficiency ψ, and variance γk of the imperfect channel estimate which in turn depends on

the pilot energy Ep. Furthermore, power scaling for the chirp waveforms associated with the last

subband for the case when Ñ mod ξ 6= 0 results in a different expression in (4.33) as compared to the

case Ñ mod ξ = 0 that results in (4.29). With perfect CSI at the AP, βk − γk = 0, and the expression

for the average harvested energy simplifies and is stated next as a corollary.

Corollary 1. With perfect CSI at the AP, the average energy E
p
ck

harvested by kth sensor over

symbol duration Tc based on DL energy transmission using superposed chirp waveforms over Ñc best

subbands equals

Case (i): For Ñ mod ξ = 0,

E
p
ck

= ψTc

[
ηckPtxξβkΩ

Ñc
ck

Ñ
+ Ptxβk(1− ηck) +Nσ2

]
, (4.36)

where ΩÑc
ck

is given in (4.31).

Case (ii): For Ñ mod ξ 6= 0,

E
p
ck

=
ηckψPtxξTc

Ñ

[
γk

(
Ω(Ñc−1)

ck
+ α2Ω

′
ck

)]
+
ψPtxβkξTc

Ñ

(
Ñc − 1 + α2

)
(1− ηck) + ψNσ2Tc, (4.37)

where Ω
′
ck

is given in (4.34) and Ω
(Ñc−1)
ck is calculated from (4.31) with Ñc = Ñc − 1.

Proof: Under perfect CSIT, γk = βk. Replacing γk with βk in (4.29) and (4.33), (4.36) and (4.37),

respectively, are obtained. �

Remark 6. Given E
i
ck

and E
p
ck
, the average harvested energy using superposed chirps over the
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DL-WET duration τDL equals

E
∂,DL
ck

=
τDL

Tc
E
∂
ck
, ∂ ∈ {i,p}. (4.38)

where ∂ ∈ {i,p} denotes either the imperfect CSI (∂ = i) or the perfect CSI (∂ = p).

4.4.2 Using Fixed-frequency Waveform

Based on Remark 2, the signal received at the kth sensor over the nth best subband for fixed-

frequency waveform based transmission using (4.19) and (4.22) is given as

y[n]ok
(t) =

√
Ptxg

T
[n],k

√
ηok

Ñ

ĝ∗
[n],k∥∥ĝ[n],k

∥∥so[n],k(t)

+
√
Ptxg

T
[n],k

K∑

i=1,i 6=k

√
ηoi

Ñ

ĝ∗
{[n],k},i∥∥ĝ{[n],k},i

∥∥so{[n],k},i(t)δ{[n],k}∈Ξoi
+ w[n],k(t), (4.39)

where δ{[n],k}∈Ξoi
is an indicator function that equals 1 if the index of the nth best subband of the kth

sensor belongs to the set Ξoi of the best Ñ subband entries corresponding to the ith sensor. To be

specific, any sensor i 6= k will contribute to the interference term in y
[n]
ok (t), if the index of the nth best

subband of the kth sensor belongs to Ξoi . Accordingly, using (4.39), the energy harvested by the kth

sensor over duration To and over N subbands, averaged over channel realizations, is given by

Eok = ψE

{∫ To

0

N∑

n=1

∣∣∣
[
y[n]ok

(t)
]∣∣∣

2
dt

}
. (4.40)

As discussed, for each sensor, the signal is transmitted from the AP over its best Ñ subbands only.

Therefore, not all the sensors will contribute to the power of the interfering signal corresponding to

the kth sensor in the second term of (4.39) over all the N subbands. Based on the set Ξoi of the best

Ñ subband entries corresponding to the ith sensor, (4.40) can be re-arranged in a similar fashion as

done in Section 4.4.1 for superposed chirps based transmission to obtain

Eok =
ηokψPtxTo

Ñ
E

{
Ñ∑

n=1

∣∣∣∣
gT
[n],kĝ

∗
[n],k∥∥ĝ[n],k
∥∥

∣∣∣∣
2
}

+ ψPtxToE

{
Ñ∑

n=1

∣∣∣∣
K∑

i=1,i 6=k

√
ηoi

Ñ

gT
{[n],i},kĝ

∗
[n],i∥∥ĝ[n],i
∥∥

∣∣∣∣
2
}

+ ψE

{
N∑

n=1

w′
[n],k

}
, (4.41)

where
∫ To
0 s2o[n],k(t) dt = To. Given (4.41), the average energy harvested by the kth sensor in a symbol

duration To over N subbands based on transmission of fixed-frequency waveform can be stated in

closed-form as follows.
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Theorem 2. The average energy E
i
ok

harvested by the kth sensor over duration To based on

DL-WET via fixed-frequency waveform over Ñ best subbands under imperfect CSI equals

E
i
ok

= ψTo

[
ηokPtx

Ñ

(
γkΩ

Ñ
ok

+ (βk − γk)Υ Ñok
)
+ Ptxβk(1− ηok) +Nσ2

]
, (4.42)

where

ΩÑ
ok

=

Ñ∑

n=1

N !

(n− 1)!(N − n)!
n−1∑

l=0

(−1)l
(
n− 1

l

)
(Γ(M))n−N−l−1Λ(l), (4.43)

Λ(l) is given in (4.32) and

Υ Ñok =

Ñ∑

n=1

N !

(n− 1)!(N − n)!
N−n∑

l=0

(−1)N−n+l
(
N − n
l

)
1

(N − l)2 . (4.44)

Proof: The proof exploits order statistics and follows a similar methodology as in Appendix A.5.1

with Tc = To, ξ = 1, ηck = ηok . Further, the expressions for ΩÑ
ok

and Υ Ñok given in (4.43) and (4.44)

are obtained from the analysis of (4.31) and (4.30), respectively as given in Appendix A.5.1. �

Similar to superposed chirps based transmission, it may be noted that the average harvested energy

in (4.42) is a function of the transmit power Ptx of the AP, the number of antennas M at the AP,

the number of subbands N , the number of sensors K, the number of the best subbands selected Ñ ,

energy conversion efficiency ψ, and the pilot energy Ep through γk. As discussed, with perfect CSI,

βk−γk = 0, and the expression for average harvested energy simplifies and is stated next as a corollary.

Corollary 2. With perfect CSI at the AP, the average energy E
p
ok

harvested by the kth sensor

over duration To based on DL-WET via fixed-frequency waveform over Ñ best subbands equals

E
p
ok

= ψTo

[
ηokPtxβkΩ

Ñ
ok

Ñ
+ Ptxβk(1− ηok) +Nσ2

]
, (4.45)

where ΩÑ
ok

is given in (4.43).

Proof: Under perfect CSI, γk = βk. Replacing γk with βk in (4.42), (4.45) is obtained. �

Remark 7. Given E
i
ok

and E
p
ok
, average harvested energy for DL-WET via fixed frequency

waveform over duration τDL equals

E
∂,DL
ok

=
τDL

To
E
∂
ok

=
τDL

Tc
ξE

∂
ok
, (4.46)
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and the gain in harvested energy using superposed chirps over fixed-frequency waveform is given by

gain(%) =
E
∂,DL
ck

− E∂,DL
ok

E
∂,DL
ok

× 100, (4.47)

where ∂ ∈ {i,p} denotes either the imperfect CSI (∂ = i) or the perfect CSI (∂ = p).

4.5 Analysis of Average Uplink Information Rate

From (4.21) and using the fact that gn,i = ĝn,i − g̃n,i, the signal received at the AP due to

simultaneous transmission by K sensors on the UL is given by

ycn(t) =

√
PUL

N

K∑

i=1

√
ρciĝn,iqn,isc1n,i(t)−

√
PUL

N

K∑

i=1

√
ρci g̃n,iqn,isc1n,i(t) +wn(t). (4.48)

In order to decode the signal transmitted by the kth sensor over the nth subband, the AP uses

maximum-ratio (MR) decoder given by acn,k = ĥn,k =
ĝn,k√
γk

to obtain

aHcn,kycn(t) =

√
PUL

N
aHcn,k

K∑

i=1

√
ρci ĝn,iqn,isc1n,i(t)−

√
PUL

N
aHcn,k

K∑

i=1

√
ρcig̃n,iqn,isc1n,i(t) + aHcn,kwn(t),

(4.49)

where (·)H denotes the conjugate transpose operation. Given aHcn,kycn(t), the demodulated signal rcn,k

corresponding to the kth sensor over the nth subband as obtained at the AP is given by

rcn,k =

∫ Tc

0

(
aHcn,kycn(t)

) 1√
Tc
s∗c1n,k(t) dt

=

√
PULTc
N

ρckγk

(
ĥH
n,kĥn,k

)
qn,k +

√
PULTc
N

K∑

i=1;i 6=k

√
ρciγi

(
ĥH
n,kĥn,i

)
qn,i + ĥH

n,kwn,k

−
√
PULTc
N

K∑

l=1

√
ρcl

(
ĥH
n,kg̃n,l

)
qn,l, (4.50)

where wn,k =
1√
Tc

∫ Tc
0 wn(t)s

∗
c1n,k

(t)dt. The first term in (4.50) corresponds to the desired signal from

the kth sensor over the nth subband. The second term captures the interference arising due to signals

transmitted by other sensors on the UL. The third term is due to AWGN at the AP and the last

term captures the effects of channel estimation error. Applying use-and-forget technique, the signal-

to-interference-plus-noise ratio corresponding to the kth sensor over the nth subband can be obtained
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as [92],

SINRMR,UL
cn,k

=
PULTc
N ρckγkM

σ2 + PULTc
NM

[∑K
i=1,i 6=k ρciγiM +

∑K
l=1 ρcl (βl − γl)M + ρckγkM

]

=
PULTcM

N ρckγk

σ2 + PULTc
N

∑K
l=1 ρclβl

. (4.51)

The amount of information RMR,UL
ck (in bits) that is conveyed using chirp based transmission from the

kth sensor over N subbands for a duration of τUL seconds is given by

RMR,UL
ck

=
τUL

Tc

N∑

n=1

log2

(
1 + SINRMR,UL

cn,k

)
. (4.52)

Remark 8. The corresponding UL information (in bits) for fixed-frequency waveform based

transmission is the same as in (4.52) because Tc = To.

4.6 Max-Min Optimal Power Allocation for WET

In this section, analysis on transmit power allocation policy that a power constrained AP must

adopt for DL-WET to a swarm of sensor nodes is performed. The optimal solution through ‘max-

min’ optimization is obtained first for DL-WET via superposed chirp waveforms followed by the

corresponding analysis for fixed-frequency waveform based transmission.

4.6.1 Optimization Problem

Given that the AP is subject to an average transmit power constraint of Ptx and the knowledge

of the system parameters ξ, M , N , K, Ñ , and ψ, the objective is to determine the max-min optimal

power allocation coefficients to ensure that every sensor harvests the same amount of energy E
∂
ν on an

average irrespective of its distance from the AP. Also, ν ∈ {c, o} depending respectively on the use of

superposed chirp (ν = c) waveforms or fixed-frequency (ν = o) waveform for DL-WET, and ∂ ∈ {i,p}

denotes either the estimated CSI (∂ = i) or the perfect CSI (∂ = p). Mathematically, the max-min

optimization problem can be stated as follows:

max
{ηνk}

E
∂
ν , ν ∈ {c, o}, ∂ ∈ {i,p}

s.t. E
∂
νk
≥ E∂ν , k = 1, 2, . . . ,K,

K∑

k=1

ηνk ≤ 1, and ηνk ≥ 0, k = 1, 2, . . . ,K. (4.53)
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4.6.2 Transmission of Superposed Chirp Waveforms on the DL

The solution to the max-min problem in (4.53) is given next, for superposed chirp waveforms, i.e.,

ν = c, in closed-form for both estimated CSI, i.e., ∂ = i and perfect CSI, i.e., ∂ = p in Proposition 1

and Corollary 3, respectively.

Proposition 1. With estimated CSI, the max-min power control coefficient ηick corresponding to

the kth sensor for DL-WET via superposed chirp waveforms is given by

Case (i)

ηick =

Ñ




1+
∑K
j=1

Ñβj

ξ

[
γjΩ

Ñc
cj

+(βj−γj )Υ
Ñc
cj

]
−Ñβj

∑K
j=1

Ñ

ψPtxTc

(
ξ

[
γjΩ

Ñc
cj

+(βj−γj )Υ
Ñc
cj

]
−Ñβj

)
− ψPtxβkTc




ψPtxξTc

[
γkΩ

Ñc
ck + (βk − γk)Υ Ñc

ck

]
− ψPtxÑβkTc

, (4.54)

for Ñ mod ξ = 0, where ΩÑc
ck

and Υ Ñc
ck

are given in (4.31) and (4.30), respectively.

Case (ii)

ηick =

Ñ




1+
∑K
j=1

βj(Ñc−1+α2)
ϑj−βj(Ñc−1+α2)

∑K
j=1

Ñ

ψPtxξTc[ϑj−βj(Ñc−1+α2)]

− ψPtxβkξTc
Ñ

(
Ñc − 1 + α2

)



ψPtxξTc

[
ϑk − βk

(
Ñc − 1 + α2

)] , (4.55)

for Ñ mod ξ 6= 0, where ϑk = γk
(
Ω

(Ñc−1)
ck + α2Ω

′
ck

)
+ (βk − γk)

(
Υ
(Ñc−1)
ck + α2Υ

′
ck

)
. Furthermore, Ω

′
ck

and Υ
′
ck

are given in (4.34) and (4.35), respectively. Υ
(Ñc−1)
ck and Ω

(Ñc−1)
ck are obtained from (4.30) and

(4.31), respectively by substituting Ñc = Ñc − 1.

Proof: The proof is given in Appendix A.6. �

From (4.54) and (4.55), it is evident that ηick is a function of the variance of the estimates of the

subband channel gain. With perfect CSI at the AP, βk − γk = 0, the expressions for ηick simplify and

are stated next as a corollary.

Corollary 3. With perfect CSI, the max-min power control coefficient ηpck corresponding to the

kth sensor for DL-WET based on superposed chirp waveforms is given by

Case (i)

ηpck =
Ñ

ψPtxβkTc

(
ξΩÑc

ck − Ñ
)




1 +
∑K

j=1
Ñ

ξΩÑc
cj

−Ñ
∑K

j=1
Ñ

ψPtxβjTc
(
ξΩÑc

cj
−Ñ

)
− ψPtxβkTc


 , (4.56)

for Ñ mod ξ = 0.

136
TH-2806_156102017



4.6 Max-Min Optimal Power Allocation for WET

Case (ii)

ηpck =

Ñ




1+
∑K
j=1

βj(Ñc−1+α2)
ϑ
′
j
−βj(Ñc−1+α2)

∑K
j=1

Ñ

ψPtxξTc[ϑ′j−βj(Ñc−1+α2)]

− ψPtxβkξTc
Ñ

(
Ñc − 1 + α2

)



ψPtxξTc

[
ϑ

′
k − βk

(
Ñc − 1 + α2

)] , (4.57)

for Ñ mod ξ 6= 0, where ϑ
′
k = γk

(
Ω

(Ñc−1)
ck + α2Ω

′
ck

)
.

Proof: For perfect CSI, γk = βk. Replacing γk with βk in (4.54) and (4.55), (4.56) and (4.57),

respectively, are obtained. �

Once the max-min power control coefficients are evaluated, the corresponding max-min average

energy harvested based on DL-WET via superposed chirp waveforms is obtained from (4.29) and

(4.33) under estimated CSI by substituting ηck = ηick , and from (4.36) and (4.37) under perfect CSI

by substituting ηck = ηpck .

4.6.3 Transmission of Fixed-Frequency Waveform on the DL

The closed-form solution to the max-min optimization problem as stated in (4.53) for fixed-

frequency waveform, i.e., ν = o under both estimated CSI, i.e., ∂ = i and perfect CSI, i.e., ∂ = p at

the AP is stated in Proposition 2 and Corollary 4, respectively.

Proposition 2. With estimated CSI at the AP, the max-min power control coefficient ηiok corre-

sponding to the kth sensor for DL-WET via fixed-frequency waveform is given by

ηiok =

Ñ




1+
∑K
j=1

Ñβj[
γjΩ

Ñ
oj

+(βj−γj )ΥÑoj

]
−Ñβj

∑K
j=1

Ñ

ψPtxTo

([
γjΩ

Ñ
oj

+(βj−γj )ΥÑoj

]
−Ñβj

)
− ψPtxβkTo




ψPtxTo

[
γkΩÑ

ok
+ (βk − γk)Υ Ñok

]
− ψPtxÑβkTo

. (4.58)

Proof: This can be proved along similar lines as in Appendix A.6.1 with Tc = To, ξ = 1, ηck = ηok .

Further, the expressions for ΩÑ
ok

and Υ Ñok are given in (4.43) and (4.44), respectively. �

With perfect CSI at the AP, βk − γk = 0, the result above simplifies and is stated next as a

corollary.

Corollary 4. With perfect CSI at the AP, the max-min power control coefficient ηpok corresponding

to the kth sensor for DL-WET via fixed-frequency waveform is given by

ηpok =
Ñ

ψPtxβkTo

(
ΩÑ

ok
− Ñ

)




1 +
∑K

j=1
Ñ

ΩÑoj−Ñ∑K
j=1

Ñ

ψPtxβjTo
(
ΩÑoj−Ñ

)
− ψPtxβkTo


 . (4.59)
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Proof: For perfect CSI, γk = βk. Replacing γk with βk in (4.58), (4.59) is obtained. �

Based on Proposition 2 and Corollary 4, the corresponding max-min energy harvested by the

sensor under estimated CSI is computed by substituting ηok = ηiok in (4.42) and under perfect CSI is

computed by substituting ηok = ηpok in (4.45) for fixed-frequency waveform.

4.6.4 Optimization Scenarios for WET

Following the transmission strategy presented in Section 4.3.2, out of the available N subbands,

Ñ and Ñc best subbands are selected, over which signals are transmitted, while using fixed-frequency

and superposed chirp waveforms, respectively. Using the associated max-min power control coefficients

{ηck} ∀ k ∈ {1, 2, . . . ,K}, calculated using (4.54), (4.55), (4.56), (4.57), and {ηok} ∀ k ∈ {1, 2, . . . ,K},

calculated using (4.58), (4.59) based on the CSI type, the value of Ppeak for the waveforms is defined

as

Ppeak =
ηck′Ptx

Ñcξ
, Ñc =

Ñ

ξ
, for Superposed Chirp, (4.60)

Ppeak =
ηok′Ptx

Ñ
, Ñ ≤ N, for Fixed-frequency, k′ ∈ {1, 2, . . . ,K}, (4.61)

where k′ represents the farthest sensor from AP, i.e.,

k′ = k, for βk = min{β1, β2, . . . , βK}. (4.62)

Furthermore, for the kth sensor, for each chirp in the superposed waveform, the associated Pn,k is cal-

culated from (4.60) as Pn,k =
ηck

Ptx

Ñcξ
and for fixed-frequency waveform the associated Pn,k is calculated

from (4.61) as Pn,k =
ηok

Ptx

Ñ
where 0 ≤ Pn,k ≤ Ppeak ∀ n, k.

Alternatively, if the Ppeak level is fixed at P peak then one can compute the number of subbands

Ñc and Ñ that are required for superposed chirp waveforms and fixed-frequency waveform such that

Ptx constraint is satisfied. In this context, two algorithms, Algorithm 1 for the selection of Ñc and

Algorithm 2 for the selection of Ñ are designed and presented below while maintaining the max-min

optimality. In case of P peak−Ppeak = 0, for the k′ user, associated waveform power Pn,k′ = P peak else

Pn,k′ < P peak. Once Ñc and Ñ is obtained, Ppeak, the power control coefficients, and average harvested

energy is calculated from (4.60), (4.54), (4.55), (4.29), (4.33) for superposed chirp waveforms, and from

(4.61), (4.58), (4.42) for fixed-frequency waveform.
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Algorithm 1 Selection of Ñc Best Subbands for Superposed Chirp Waveforms for a Given P peak

1: Initialize:
Ñ ← N , ξ, P peak ≥ Ptx

NK
2: repeat
3: Ñ ← Ñ − 1
4: if

(
Ñ mod ξ

)
= 0 then

5: Ñc =
Ñ
ξ , and calculate Ppeak from (4.54), (4.56), and (4.60);

6: else
7: Ñc =

⌊
Ñ
ξ

⌋
+ 1, and calculate Ppeak from (4.55), (4.57), and (4.60);

8: end if
9: until

(
P peak − Ppeak

)
≤ 0 or Ñc = 1

10: if
(
P peak − Ppeak

)
≤ 0 then

11: if
(
P peak − Ppeak

)
< 0 then

12: Ñ = Ñ + 1;
13: end if
14: Ñc =

Ñ
ξ , for Ñ mod ξ = 0; or Ñc =

⌊
Ñ
ξ

⌋
+ 1, for Ñ mod ξ 6= 0;

15: end if

Algorithm 2 Selection of Ñ Best Subbands for Fixed-frequency Waveform for a Given P peak

1: Initialize:
Ñ ← N , P peak ≥ Ptx

NK
2: repeat
3: Ñ ← Ñ − 1, and calculate Ppeak from (4.58), (4.59), and (4.61),

4: until
(
P peak − Ppeak

)
≤ 0 or Ñ = 1

5: if
(
P peak − Ppeak

)
< 0 then

6: Ñ = Ñ + 1;
7: end if

4.7 Performance Analysis and Numerical Results for Rayleigh Fad-

ing Channel

In this section, we present numerical results to understand the potential of using chirp waveform for

WET and the benefits that it offers in comparison to fixed-frequency waveform. We also illustrate the

impact of several design parameters such as ξ, M , N , Ñ , and channel estimation error on the system

performance. The large-scale fading coefficient for the kth sensor node is modeled as βk = 10−3d−3
k [64],

where dk is the distance, in m, between the AP and the kth sensor. Unless mentioned otherwise, we

consider a carrier frequency of 2.4 GHz, Btotal = 6.4 MHz, N = 32 and B = 200 kHz. Furthermore,

we take Ptx = 1 W, τch = 190.5 ms, ψ = 0.5, σ2 = kBTe10
F/10 = 10−20 J, where kB = 1.38 × 10−23

J/K, Te = 300 K, and the receiver noise figure F = 7 dB [63]. In order to confirm our mathematical

analysis, the Monte-Carlo simulations are carried out over 105 independent channel realizations.
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Figure 4.5: Effect of M , K and ξ on max-min harvested energy (Ñ = N = 32, ξ = 2, 4, and K = 4 placed at
distances of 9.5, 10.4, 11.3, and 12 meters from the AP, K = 1 placed at a distance of 12 meter from the AP).

4.7.1 Analysis on Max-Min Harvested Energy

The max-min harvested energy is plotted in Figure 4.5 as a function M with N = Ñ = 32 for

K = 1 sensor placed at a distance of 12 m and for K = 4 sensors placed at distances of 9.5, 10.4,

11.3 and 12 m from the AP. The value K = 1 or K = 4 is taken just for illustration. Note that

our mathematical analysis is in general valid for any arbitrary value of K. The results are shown

for fixed-frequency and superposed chirp waveforms with ξ = 2 and ξ = 4. It is observed that the

analysis matches with the simulations. The max-min harvested energy under imperfect CSI at a pilot

power Pp = 0.1 mW and τp = K is very close to that obtained under perfect CSI. Furthermore, the

max-min harvested energy with superposed chirp waveforms increases relative to that obtained with

fixed-frequency waveform as chirp configuration parameter ξ increases. This is primarily because as

ξ increases, more and more superposed chirp waveforms are transmitted within the same bandwidth

without violating orthogonality or the peak power constraint. And more energy is pushed through

the subbands with relatively higher channel gain, thus exploiting gains due to frequency diversity. As

expected, the max-min harvested energy reduces as K increases and increases as M increases due to

increase in the beamforming gain.

In Figure 4.6 the gain in max-min harvested energy obtained using superposed chirp waveforms

relative to fixed-frequency waveform as a function of M is plotted. We plot the gains obtained with
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Figure 4.6: Gain in max-min harvested energy by using chirp-2 or chirp-4 over fixed-frequency as a function
of M (Ñ = N = 32, and K = 1, 4).

chirp-4 and chirp-2 over fixed-frequency waveform for both K = 1 and K = 4 sensors in the network.

It is observed that the use of chirp over fixed-frequency waveform provides gain in the harvested energy

of about 14% – 60% depending on the values of ξ, M , Ñ , K and the distance of the sensors from

the AP. For example, for K = 4, and with M = 20, 26% gain in harvested energy is obtained using

chirp-4 over fixed frequency waveform. Furthermore, as M increases, the variance of the channel

estimate reduces, i.e., the channel gain of different subbands approaches towards its mean channel

gain. Therefore, the achievable gain using superposed chirps over fixed-frequency waveform reduces

due to diminishing gains from frequency-diversity.

In Figure 4.7 max-min harvested energy is plotted as a function of M for different pilot powers

and with imperfect CSI for Ñ = N = 32 and K = 4 sensors placed at distances of 9.5, 10.4, 11.3 and

12 m from the AP. It is found that the max-min harvested energy degrades relative to perfect CSI

as the pilot power Pp is reduced from 1 mW to 1 µW due to degradation in the quality of channel

estimates. Since, the analytical results are in close agreement with the Monte-Carlo simulation results,

henceforth only analytical results are shown for the remaining results to avoid clutter.

In Figure 4.8 the cumulative distribution function (CDF) of the minimum harvested energy is

plotted for two different power allocation strategies, namely, max-min and equal power under imperfect

CSI with Pp = 0.1 mW,M = 32 and N = 32. The results for DL-WET via chirp-2 and fixed frequency
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Figure 4.7: Effect of channel estimation error on max-min harvested energy (Ñ = N = 32, K = 4 sensors
placed at distances of 9.5, 10.4, 11.3 and 12 meters from the AP).

waveform are obtained with and without subband selection. It is observed that the probability that

the minimum harvested energy is above a certain threshold is the highest with chirp-2 based DL-WET

when max-min power control and subband selection is employed. It is because under max-min power

control policy the power is distributed among the sensors so as to ensure that the minimum energy
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Figure 4.8: CDF of minimum harvested energy for M = 32, N = 32, Ñ = 32, 28, Pp = 0.1 mW, and K = 3
sensors distributed uniformly between 7.5 – 9.5 meters from the AP.
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Fixed-frequency, Ñ = 32

Figure 4.9: Effect of subband selection on max-min harvested energy for N = 32, Pp = 0.1 mW, and K = 4
sensors placed at distances of 9.5, 10.4, 11.3 and 12 meters from the AP.

harvested is maximized. This is unlike equal power policy in which the farthest sensor harvests very

small amount of energy. Furthermore, unlike fixed-frequency waveform, with chirp-2 waveforms and

subband selection more energy can be pushed over the subbands with relatively higher channel gains

without affecting orthogonality while maintaining the average and the peak power constraints.

In Figure 4.9 the max-min harvested energy versus M is plotted under imperfect CSI with Pp =

0.1 mW, N = 32 for DL-WET via both chirp-2 and fixed-frequency waveform transmission on the

DL to K = 4 sensors located at distances of 9.5, 10.4, 11.3 and 12 m from the AP. The results are

plotted for three different values of Ñ , namely, 32, 24, and 16. Note that Ñ = N = 32 refers to no

subband selection. It is observed that the max-min harvested energy increases as Ñ decreases for

both fixed-frequency and chirp-2 transmission, since higher and higher energy is pushed through the

subbands with relatively better channel gains while maintaining the average transmit power constraint

of Ptx. For DL-WET via superposed chirps, Ñc < Ñ as ξ > 1, it therefore obtains higher max-min

harvested energy compared to fixed-frequency waveform.

In Figure 4.10 the max-min harvested energy versus M is plotted for K = 4 sensors placed at

distances of 7.5, 8.3, 9.2, and 10 m from the AP and for K = 1 sensor placed at a distance of 12 m

from the AP where a fixed P peak of 15.6 mW for K = 4 and P peak of 42.1 mW for K = 1 are considered

such that P peak >
Ptx
NK is satisfied. Accordingly, Ñc and Ñ subbands are computed for superposed chirp
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Figure 4.10: Max-min harvested energy versusM with Ñc and Ñ obtained from Algorithm 1 and Algorithm 2,
for K = 4 with Ppeak = 15.6 mW, and for K = 1 with Ppeak = 42.1 mW.

waveforms and fixed-frequency waveform, respectively based on proposed Algorithm 1 and Algorithm 2

such that the Ptx constraint is satisfied with equality. Even in this setting, where P peak has a fixed

value and Ñc or Ñ are obtained accordingly, a similar trend is observed in terms of harvested energy

with DL-WET via chirp waveforms outperforming DL-WET via fixed-frequency waveform.

Figure 4.11 plots the average energy harvested by the sensor as a function of its distance from

the AP based on DL-WET via chirp-4, chirp-2, and fixed frequency waveform transmission. N = 32,

Ñ = 24 is considered and the results are shown for two different values of M , namely, 5 and 10. It is

observed that the range of WET can be extended using chirp waveform based transmissions relative

to fixed-frequency waveform or by increasing the number of antennas at the AP while maintaining the

average harvested energy at the same target level. The range of WET increases as ξ is increased. For

example, DL-WET based on chirp-4 waveform transmission can extend the range of energy transfer

by 1.5 m over DL-WET based on fixed-frequency waveform transmission with M = 5 antennas at the

AP while maintaining the average energy harvested at 7× 10−7 J.

Design of multisine waveforms for WET operation based on a set of fixed-frequency unmodulated

waveforms is presented in [22]. A comparison, in terms of average harvested energy at the sensor,

placed at a distance of 12 m from the AP is performed among DL-WET via superposed chirp, via fixed-

frequency, and via multisine waveforms [22] while considering a fixed P peak of 42.1 mW and N = 32.
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Figure 4.11: Effect of distance on the average harvested energy (N = 32, Ñ = 24 and K = 1).

The associated Ñc and Ñ for superposed chirps and fixed-frequency waveform are obtained using

proposed Algorithm 1 and Algorithm 2, and the average harvested energy is plotted in Figure 4.12, for

different M and this result provides the following important insights: (1) Fixed-frequency waveform

with selected subbands (Ñ) provides improved harvested energy over multisine [22]. For a given

P peak, DL-WET via multisine adapts the signal amplitude and phase proportional to the associated

subband gain, it however uses all the N subbands for transmission. In contrast, for DL-WET via

fixed-frequency waveform with subband selection we use Algorithm 2 to compute Ñ while satisfying

both P peak and Ptx constraints. Thus, unlike multisine using fixed-frequency waveform, no power

is transferred over N − Ñ weaker set of subbands and it thereby provides greater harvested energy,

and the same is observed from Figure 4.12. However, compared to fixed-frequency waveform with

no subband selection, both multisine and fixed-frequency waveform with selected subbands perform

better as expected. (2) With the proposed DL-WET via superposed chirps, a superposition of multiple

chirp waveforms is transmitted over a subband and it therefore uses fewer subbands Ñc < Ñ having

relatively better channel gains over fixed-frequency waveform and achieves higher harvested energy as

observed from the previous results. Thus, relative to multisine, superposed chirps perform better, in

terms of harvested energy, as observed from Figure 4.12 where Algorithm 1 is used for the selection

of Ñc. (3) From Figure 4.12, it is found that DL-WET via chirp-4 and DL-WET via fixed frequency

with subband selection provide an improvement of respectively about 40% and 5% in harvested energy
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Figure 4.12: Average energy harvested versusM for a sensor (K = 1) placed at a distance of 12 meter from the
AP while using chirp and fixed-frequency waveform with selected subbands, multisine [22], and fixed-frequency
waveform with available subbands and no selection, with N = 32 and P peak = 42.1 mW.

over DL-WET via multisine [22] with M = 8 antennas at the AP. From the above observations, it

can be concluded that the proposed waveform design using chirp is capable of providing superior

performance in terms of harvested energy at the sensor over available designs, i.e., OFDM, multisine

etc., and thereby improving the ETE. Further, in case of a WET system operating over fixed-frequency

waveform, selecting set of subbands Ñ with higher channel gains, based on P peak, also leads to

improved harvested energy over multisine but it is lower than the chirp.

4.7.2 Analysis on Energy-Information Transfer Trade-off

The trade-off between the UL max-min information transfer (in bits) and the max-min harvested

energy on the DL is illustrated in Figure 4.13 for chirp-4, chirp-2, and fixed-frequency waveform based

transmission forM = 20, N = 32, andK = 1 sensor placed at a distance of 12 m and forK = 4 sensors

placed at distances of 9.5, 10.4, 11.3 and 12 m, respectively from the AP. For information transfer, we

choose the max-min power control coefficient corresponding to the kth sensor as ρck =
1
γk

(
min
i
γi
)
where

i = 1, 2, . . . ,K [92]. It is observed that DL-WET via chirp-4 achieves the highest max-min harvested

energy relative to DL-WET via chirp-2 and DL-WET via fixed frequency waveform based transmission

while keeping the max-min information transfer in bits fixed at a certain level. Furthermore, with the

increase in K, the energy-information transfer region contracts, i.e., the max-min harvested energy
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Figure 4.13: Energy-information transfer region for M = 20, N = 32, and K = 4 placed at distances of 9.5,
10.4, 11.3, and 12 meters from the AP, K = 1 placed at a distance of 12 meter from the AP.

on the DL decreases due to smaller fraction of power per sensor given a fixed Ptx while the max-min

fair information transfer on the UL reduces due to increased interference. Therefore, for a fixed K,

DL-WET based on the transmission of the proposed superposed chirp waveforms provides a broader

energy-information transfer region over the transmission based on fixed-frequency waveform.

4.8 Summary

In this chapter, the application of chirp waveform is investigated for wireless energy and infor-

mation transfer to a group of energy constrained sensors operating over multiple subbands. We have

proposed a generic waveform design for WET based on the superposition of chirp waveforms while re-

maining orthogonal or uncorrelated across subbands, which is otherwise not feasible for fixed-frequency

waveform. Further, key properties of such waveforms are established for optimizing WET. Packing

multiple chirps in a subband enables to exploit channel diversity gain during DL-WET from a multi-

antenna AP to the sensors, and has provided gain in harvested energy over fixed-frequency waveform

while maintaining the peak power constraint. New closed form expressions are derived for the aver-

age energy harvested by the sensors on the DL based on the transmission of both superposed chirp

waveforms and fixed-frequency waveform. The analysis has used order statistics and the performances

are evaluated considering both estimated and perfect CSI. Moreover, the results have captured the
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effects of subband selection, number of antennas at the AP and the number of sensors in the network.

Corresponding max-min optimal power control coefficients are derived to maximize the minimum har-

vested energy and achieve fairness for DL energy among sensors for the two proposed transmission

schemes. Firstly, with a fixed number of subbands and no peak power constraint, and secondly, with

fixed peak power constraint and having variable subbands for which we have designed two subband

selection algorithms. As a benchmark, associated results considering perfect CSI are also presented.

The max-min information transmitted on the UL by the sensors is also analyzed.

From the analysis and simulations it is proved that DL-WET via superposed chirp waveforms

provides considerable improvement in the max-min harvested energy at the sensor nodes compared to

fixed-frequency waveform. Specifically, in case of an AP is equipped with limited antennas, the gains

in harvested energy become large. The difference in performances for the average energy harvested by

the sensors among estimated and perfect CSI has appeared to be negligibly small. It is shown that, by

restricting the operational subbands, i.e., Ñ < N , the max-min harvested energy at the sensor nodes

can be improved for both superposed chirp and fixed-frequency waveforms. For DL-WET scenario

with fixed peak power and variable subbands, it has been observed that the proposed algorithms have

achieved the desired output. Further, it is proved that the use of the superposed chirp waveforms

improves the effective operational range of energy transfer over fixed-frequency waveform and thereby

increases the ETE of the system. In comparison to other waveforms, the analysis indicates the pro-

posed superposed chirp waveforms to be a superior choice for WET applications over multisine, fixed-

frequency waveform in terms of harvested energy and associated gain. From the energy-information

analysis for multisensor WEIT system, it can be concluded that superposed chirp waveforms achieve a

broader energy-information transfer region over fixed-frequency waveform. Thus, using the presented

superposed chirp waveforms in combination with the proposed transmission schemes in a multisensor

WEIT system, it is possible to attain overall improvements in terms of harvested energy, operational

span, and a wider energy-information transfer region compared to fixed-frequency waveform.
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5. Conclusion and Future Work

The objective of the works that have been presented in this thesis is to design waveforms based

on chirp and associated systems to enhance system performances for wireless communication, radar,

IoT, and WEIT applications, for which we have proposed novel waveform designs by exploiting key

properties of chirp and carried out performance evaluation of the systems through analytical and

numerical analysis. The main conclusion and the contributions of this thesis are summarized in

Section 5.1 and possible future directions in which this work can be extended are outlined in Section 5.2.

5.1 Conclusion

The main contributions and conclusions of each chapter are summarized below.

� A brief survey of chirp waveform and its properties, wireless communication and radar systems,

IoT and WET, and metrics of performance analysis for the systems has been presented in

Chapter 1 along with the motivation and contribution of the thesis. This chapter provides an

in-depth review of related works available in the literature which includes designs based on chirp

waveform for the applications of communication, radar, and IoT systems along with associated

analysis of its performance followed by some of the existing works on WET and WEIT.

� Design of waveforms based on chirp and the systems employing the waveforms has been proposed

in Chapter 2 for improving the data rate and error performance over a single user and multiuser

wireless communication environments. The chapter includes the following studies.

• Single user communication systems using SAW devices and employing fixed-frequency and

chirp waveforms for a transmission of 2 bits and 3 bits per symbol, respectively, have been

designed and analyzed. Closed-form expressions of SER have been derived for the proposed

systems and the results have indicated that the SAW-chirp communication system performs

better over the reported systems adapted for transmission of 3-bit data symbols.

• The design of PN-coded LC and NLC waveforms has been presented to reduce the MAI in

a multiuser communication. A dependency on the number of available users on the system

performance has been observed from the results.

• Design of LC waveforms with equal chirp rate has been studied, and an appropriate con-

dition of orthogonality has been derived to attain a set of orthogonal up-chirp and a set

of orthogonal down-chirp waveforms for a multiuser chirp communication system. Closed
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form expressions of BER performance have been derived for which analytical analysis has

been carried out to compute the correlation performance between the up-chirp and down-

chirp waveforms. The studies over Rayleigh fading channel indicate that the system with

the proposed waveforms has an improved MAI performance and performed better over

reported work while using the same bandwidth.

• A combination of chirp-BOK waveform with PSK modulation has been proposed and a

PSK-chirp-BOK system employing the waveform has been designed to double the trans-

mission rate without increasing bandwidth and the number of correlators at the receiver,

and thus saving valuable spectral resources. The performance of the system has been an-

alyzed in terms of SEP considering a set of linear up-PSK and down-PSK chirps over a

Nakagami-m channel in a multiuser environment and under the influence of co-channel

interference. Associated closed-form expressions have been derived in terms of the con-

fluent hypergeometric function. The derivation has involved the analysis for correlation

performance between the up-PSK and down-PSK chirps and the PDF of a sum of random

variables that are expressed in terms of Gauss hypergeometric function. To eliminate MAI,

a set of complete orthogonal waveforms using up-chirps and segmented up-chirps has been

proposed in place of the up-chirps and down-chirps in multiuser systems. The impact of

different system parameters such as waveform type, number of users, channel conditions

on system performance has been analyzed. The results show that the proposed orthogonal

chirps combined with the modulation technique have provided considerable improvement

in SER performance over the reported designs. Furthermore, a transmission scheme using

TDM of the same chirp set has been proposed to attain bandwidth gain, and the demodu-

lation of the overlapped chirps at the receiver has been presented through an FrFT based

filtering process. It has been inferred from the results that the proposed filtering process

has successfully removed the interfering chirps and the receiver performs as good as the

system having orthogonal chirps without time overlap.

� The designs of chirp waveforms for MIMO and multiuser radar systems have been proposed in

Chapter 3 with the aim of improving the ASP and CCP levels over reported designs. Chirp

waveform design has also been investigated for LEO satellite IoT applications. The chapter

includes the following studies.
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• A combination of LC waveform with binary PN-code sequence has been proposed for de-

signing a set of DFCWs in which HFH sequences are used to control the frequency-firing

order of the waveforms for MIMO and multiuser radar applications. Analytical evaluation

of the auto-ambiguity and cross-ambiguity functions has been obtained to analyze the per-

formance of the waveforms. Minimization of CCP levels among the waveforms has been

achieved through an optimization process designed to select appropriate HFH sequences

and PN-code sequences in two consecutive stages. The results have shown that the pro-

posed design technique and the optimization process have provided better ASP and CCP

level performance over existing DFCW-LC.

• To realize a chirp waveform with adaptive design parameters, for MIMO and multiuser

radar, a parameterized mathematical model has been presented to construct parameterized

NLC waveforms. A GA based optimization process for the appropriate selection of input

parameters of NLC waveforms is presented to accomplish the required ASP and CCP levels.

Associated numerical analysis of autocorrelation and cross-correlation for the parameterized

NLC waveforms, for which we have derived analytical expressions, has proved that the

proposed NLC waveforms through the optimization process attain the desired output with

improved ASP and CCP performances over the existing designs while using fewer input

variables. Construction of a set of DFCWs using a tangential-type NLC waveform, obtained

from the model, has been presented, and a joint optimization of the frequency hopping

sequences and the chirp type at each frequency slot of the DFCWs-NLC has been performed

to minimize CCP levels among the DFCWs without degrading the ASP level. The analysis

has been performed on a set of eight DFCWs and the results conclude that the proposed

design can provide significant gain in ASP and CCP levels over the reported DFCW designs,

i.e., an average gain of ≈ 5.0 dB and ≈ 5.47 dB in ASP and CCP levels while considering

waveforms for MIMO radar, and an average gain of ≈ 4.51 dB and ≈ 4.41 dB in ASP and

CCP levels while considering waveforms for multiuser radar.

• The concepts of SC waveform and multiple chirp rate waveform have been combined to

propose SC-MCR for LEO satellite IoT communication. A generalized mathematical for-

mulation has been presented for the construction of the waveforms, and the correlation

analysis between the SC-MCR waveforms has indicated improved cross-correlation perfor-
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mance over the SC waveform. In addition, extending SC-MCR in time domain, TDM-SC-

MCS has been presented to increase the overall system data rate. Performance of anM -ary

system has been analyzed in terms of SEP over an RLS channel in a multiuser environment

and the results indicate that both SC-MCR and TDM-SC-MCR waveforms outperform SC

waveforms and provide more reliable communication.

� Chapter 4 investigates the design of chirp waveforms for the application of WET and WEIT.

We have illustrated and quantified the advantages offered by DL-WET from a multi-antenna

AP to a group of sensors based on superposed chirp waveforms over that via fixed-frequency

waveform with subband selection under imperfect CSI. Specifically, a generic waveform design

has been proposed for WET based on the superposition of chirp waveforms and key properties of

such waveforms for optimizing WET have been established. New mathematical expressions have

also been derived using order statistics for the average energy harvested by the sensors when

DL-WET is done via superposed chirps and via fixed-frequency waveform transmission. We

have also derived the corresponding max-min optimal power control coefficients to maximize the

minimum harvested energy in the sensor network. As a benchmark, results have been presented

considering perfect CSI also. The max-min information transmitted on the UL by the sensors

has also been analyzed. From the results, it has been proved that DL-WET via superposed

chirp waveforms provides considerable improvement in the max-min harvested energy and the

operational range of energy transfer and achieves a broader energy-information transfer region

over DL-WET via fixed-frequency waveform. Thus, the designed superposed chirp waveforms

in combination with the proposed transmission scheme can effectively prolong the operational

span of the energy constrained sensor nodes over conventional fixed-frequency waveform based

transmission.

5.2 Scopes of Future Extension of the Works

Some of the possible future research directions of the works listed in this thesis, i.e., design and

application of chirp waveform in the areas of communication, radar, and WET, are as follows:

(1) Investigation on possible designs of chirp waveform for a joint radar-communication system, and

analyze the effect of interference on the system performance.
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(2) The WEIT analysis in Chapter 4 is presented over Rayleigh fading. The analysis can further

be extended considering Rician fading channel. Additionally, the outage performance analysis

of the system would be an interesting problem to solve.

(3) The WEIT system in Chapter 4 has considered a linear energy harvesting model. The analysis

of the system can be extended by incorporating a nonlinear energy harvesting model, and its

effect on the average harvested energy, energy-information transfer region can be investigated.

(4) The WEIT system has considered the transfer of information in the uplink only. The system

design can be extended considering simultaneous transmission of energy and information on

the downlink and the associated analysis can be performed considering a PS or TS scheme at

the sensor nodes. Moreover, the effect of subband selection on these schemes would be worth

exploring.

(5) A WEIT system with homogeneous users has been considered in this thesis. The system can be

generalized by incorporating heterogeneous users where the main challenge would be to explore

efficient interference cancellation schemes at the user ends such that both information and energy

transfer efficiency can be maximized.

(6) The WEIT system has considered a single multiantenna AP. The system model and analysis can

be extended by incorporating intelligent reflecting surface (IRS) for WET and WEIT operations.

In addition, the performance of such system with or without subband selection can further be

investigated.
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A. Appendix

A.1 Proof of Lemma 1

A chirp signal scn(t) = cos
[
2π
(
(fs + (n− 1)∆f) t+ 1

2µt
2
)]

in equivalent complex form is given

by scn(t) = ℜ
[
ej2π((fs+(n−1)∆f)t+ 1

2
µt2)
]
. Without loss of generality, the proof is given for ξ = 3, and

the corresponding chirp signals based on (4.3) are given as

sc1n,k(t) = cos

[
2π

(
(fs + (n− 1)∆f) t+

1

2
µt2
)]

, 0 ≤ t ≤ Tc

sc2n,k(t) =





cos
[
2π
((
fs +

B
3 + (n− 1)∆f

)
t+ 1

2µt
2
)]
, 0 ≤ t ≤ 2Tc

3 ,

cos
[
2π
((
fs − 2B

3 + (n− 1)∆f
)
t+ 1

2µt
2
)]
, 2Tc

3 < t ≤ Tc,

sc3n,k(t) =





cos
[
2π
((
fs +

2B
3 + (n− 1)∆f

)
t+ 1

2µt
2
)]
, 0 ≤ t ≤ Tc

3 ,

cos
[
2π
((
fs − B

3 + (n− 1)∆f
)
t+ 1

2µt
2
)]
, Tc

3 < t ≤ Tc.
(A.1)

The L.H.S. of (4.4) is calculated using (A.1) as

∫ Tc

0

(
sc1n,k(t) + sc2n,k(t) + sc3n,k(t)

)2
dt=

∫ Tc

0

(
s2c1n,k(t) + s2c2n,k(t) + s2c3n,k(t) + 2Rc1c2c3(t)

)
dt, (A.2)

where Rc1c2c3(t) = sc2n,k(t)sc1n,k(t) + sc3n,k(t)sc2n,k(t) + sc3n,k(t)sc1n,k(t). For the chirps to remain

uncorrelated to each other, Rc1c2c3(t) should be zero. Now, substituting every term of Rc1c2c3(t) using

(A.1), in equivalent complex form, and after simplification we obtain

Rc1c2c3(t) =

∫ Tc
3

0
ℜ
[
ej2π

B
3
t + ej2π

B
3
t + ej2π

2B
3
t
]
dt+

∫ 2Tc
3

Tc
3

ℜ
[
ej2π

B
3
t + e−j2π

2B
3
t + e−j2π

B
3
t
]
dt

+

∫ Tc

2Tc
3

ℜ
[
e−j2π

2B
3
t + ej2π

B
3
t + e−j2π

B
3
t
]
dt

=

∫ Tc
3

0

(
2 cos

(
2πB

t

3

)
+ cos

(
4πB

t

3

))
dt+

∫ Tc

Tc
3

(
cos
(
4πB

t

3

)
+ 2cos

(
2πB

t

3

))
dt

= 2
sin
(
2π
3

)

2πB3
+

sin
(
4π
3

)

2π 2B
3

− sin
(
4π
3

)

2π 2B
3

− 2
sin
(
2π
3

)

2πB3
= 0. (A.3)

As Rc1c2c3(t) = 0, the superposed chirp waveforms, designed based on (4.3) exhibit zero cross-

correlation among them and satisfy the relation given in (4.4). In a similar process, (4.4) can be

proved for other values of ξ, i.e., all the chirps in a ‘ξ-chirp’ configuration, designed using (4.3), as a

composite signal remain uncorrelated.
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A.2 Proof of Lemma 2

Without loss of generality, the proof is given for ξ = 3. Expanding the L.H.S. of (4.5) gives

∫ Tc

0
Scm,k(t)Scn,k(t)dt =

∫ Tc

0

(
sc1m,k(t) + sc2m,k(t) + sc3m,k(t)

)(
sc1n,k(t) + sc2n,k(t) + sc3n,k(t)

)
dt

(A.4)

Substituting the terms using (4.3) in equivalent complex form, and after simplification, the R.H.S. of

(A.4) can be evaluated as

∫ Tc

0
Scm,k(t)Scn,k(t)dt

= 3

∫ Tc

0
ℜ
[
ej2π(m−n)t

]
dt+ 2

∫ Tc

0
ℜ
[
ej2π(−

B
3
+(m−n)∆f)t

]
dt+ 2

∫ Tc

0
ℜ
[
ej2π(

B
3
+(m−n)∆f)t

]
dt

+

∫ Tc

0
ℜ
[
ej2π(

2B
3
+(m−n)∆f)t

]
dt+

∫ Tc

0
ℜ
[
ej2π(−

2B
3
+(m−n)∆f)t

]
dt

= 3

∫ Tc

0
cos [2πrt] dt+ 2

∫ Tc

0
cos

[
2π

(
− B

3
+ r∆f

)
t

]
dt+

∫ Tc

0
cos

[
2π

(
− 2B

3
+ r∆f

)
t

]
dt

+ 2

∫ Tc

0
cos

[
2π

(
B

3
+ r∆f

)
t

]
+ cos

[
2π

(
2B

3
+ r∆f

)
t

]
dt

=
1

2π

[
3 sin (6π)

∆f
+

2 sin (4π)(
−B

3 +∆f
) + 2 sin (8π)(

B
3 +∆f

) + sin (10π)(
2B
3 +∆f

) + sin (2π)(
−2B

3 +∆f
)
]
= 0, (A.5)

where |m− n| = r > 0 and an integer. Also, min(r) = 1. From (A.5), it is found that the superposed

chirp waveforms, designed using (4.3), transmitted in different subbands remain mutually orthogonal.

Based on similar arguments, the relation in (4.5) can be proved for other values of ξ.

A.3 Proof of
∑K

k=1 ηck ≤ 1 for Ñ mod ξ = 0

For each sensor the transmitted signals in different subbands are mutually orthogonal and using

(4.17) the average transmit power of the AP, for Ñ mod ξ = 0, is given by

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
=

1

Tc
Ptx

∫ Tc

0
E

{∥∥∥∥
K∑

k=1

N∑

n=1

√
ηck

Ñ

ĝ∗
n,k∥∥ĝn,k
∥∥Scn,k(t)δ{n,k}∈Ξck

∥∥∥∥
2
}
dt, (A.6)

where the expectation above is with respect to the estimated channel vector ĝn,k. For each sensor,

the signal is transmitted over its best Ñc subbands only where Ñc = Ñ
ξ . Therefore, rearranging the

inner summation term according to the indices corresponding to the Ñc best subbands for each sensor,
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(A.6) can be expressed as

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
= Ptx

K∑

k=1

Ñc∑

n=1

E

{
ηck

Ñ

∥∥∥∥
ĝ∗
[n],k∥∥ĝ[n],k

∥∥

∥∥∥∥
2
}

×
[
1

Tc

∫ Tc

0

(
s′

2

c1[n],k
(t) + s′

2

c2[n],k
(t) + · · ·+ s′

2

cξ[n],k
(t)
)
dt

]
, (A.7)

where the chirps in a subband are uncorrelated as given by Lemma 1 and are deterministic. Since

each chirp waveform maintains an average power of unity, (A.7) simplifies to

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
= Ptx

K∑

k=1

ηck

Ñ

Ñc∑

n=1

E

{∥∥ĝ[n],k
∥∥2

∥∥ĝ[n],k
∥∥2

}
ξ = Ptx

K∑

k=1

ηck

Ñ
Ñcξ = Ptx

K∑

k=1

ηck ≤ Ptx. (A.8)

As the total transmit power is constrained to Ptx, from (A.8) we have
∑K

k=1 ηck ≤ 1.

A.4 Proof of
∑K

k=1 ηck ≤ 1 for Ñ mod ξ 6= 0

The average transmit power from the AP for Ñ mod ξ 6= 0 is given using (4.18) as

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
=

1

Tc
Ptx

∫ Tc

0
E

{∥∥∥∥
K∑

k=1

N∑

n=1

√
ηck

Ñ

ĝ∗
n,k∥∥ĝn,k
∥∥Scn,k(t)δ{n,k}∈Ξck

δ{n,k}∈ΞÑc
ck

∥∥∥∥
2
}
dt (A.9)

where the expectation above is with respect to ĝn,k. For each sensor, the signal is transmitted over

its best Ñc subbands only where Ñc =
⌊
Ñ
ξ

⌋
+1, and the transmitted signals in different subbands

are mutually orthogonal. Therefore, rearranging the inner summation term according to the indices

corresponding to the Ñc best subbands for each sensor, (A.9) can be expressed using (A.7) as

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
= Ptx

K∑

k=1

Ñc−1∑

n=1

E

{
ηck

Ñ

∥∥∥∥
ĝ∗
[n],k∥∥ĝ[n],k

∥∥

∥∥∥∥
2
}[

1

Tc

∫ Tc

0
S2
c[n],k

(t)dt

]

+ Ptx

K∑

k=1

E

{
ηck

Ñ

∥∥∥∥
ĝ∗
[Ñc],k∥∥ĝ
[Ñc],k

∥∥

∥∥∥∥
2
}[

1

Tc

∫ Tc

0
α2S2

c
[Ñc],k

(t)dt

]
. (A.10)

Since the chirps in a subband are uncorrelated as given by Lemma 1 and deterministic, and each chirp

waveform maintains an average power of unity, using (A.7) and (A.8), (A.10) can be simplified as

N∑

n=1

E

{∥∥xcn(t)
∥∥2
}
= Ptx

K∑

k=1

ηck

Ñ

[
Ñc−1∑

n=1

E

{∥∥ĝ[n],k
∥∥2

∥∥ĝ[n],k
∥∥2

}
ξ + α2

E

{∥∥ĝ
[Ñc],k

∥∥2
∥∥ĝ

[Ñc],k

∥∥2

}
ξ

]

= Ptx

K∑

k=1

ηck

Ñ

[(
Ñc − 1

)
ξ +

(
Ñ −

⌊
Ñ
ξ

⌋
ξ

ξ

)
ξ

]
= Ptx

K∑

k=1

ηck ≤ Ptx. (A.11)
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As the total transmit power is constrained to Ptx, from (A.11) we have
∑K

k=1 ηck ≤ 1.

A.5 Proof of Theorem 1

In order to compute the average energy Eck harvested by the kth sensor, simplifications of the three

terms in (4.27) and the four terms in (4.28) are performed in Appendix A.5.1 and in Appendix A.5.2,

respectively to obtain the closed-form solutions. Further, results on order statistics to be used for the

analysis of (4.27) and (4.28) are derived here.

Consider that X1,X2, . . . ,XN are random samples from a continuous population with correspond-

ing CDF FX(x) and PDF fX(x). Now, if X[1] > X[2] > . . . > X[N ], then using [93, Ch. 2] on order

statistics, the CDF of the nth largest random variable, n = 1, 2, . . . , N , can be evaluated as

FX[n]
(x) =

n−1∑

v=0

(
N

v

)
(1− FXn(x))v (FXn(x))N−v , (A.12)

and the associated PDF of the nth largest random X[n], fX[n]
(x) is calculated using (A.12) as

fX[n]
(x) =

(
N

n− 1

)
(N − (n− 1)) (FX(x))

N−(n−1)−1 (1− FX(x))n−1 fX(x)

+

[
n−2∑

v=0

(
N

v

)
(N − v)−

n−2∑

v=0

(
N

v + 1

)
(v + 1)

]
(FX(x))

N−v−1 (1− FX(x))v fX(x). (A.13)

In the second term of (A.13)
(N
v

)
(N − v) =

( N
v+1

)
(v + 1), thereby fX[n]

(x) simplifies to

fX[n]
(x) =

N !

(n− 1)!(N − n)! (FX(x))
N−n (1− FX(x))n−1 fX(x). (A.14)

A.5.1 Proof for Case (i)

Using (4.10), we have g[n],k = ĝ[n],k − g̃[n],k, where ĝ[n],k =
√
γkĥ[n],k and g̃[n],k =

√
βk − γkh̃[n],k.

Now, to compute the average energy Eck harvested by the kth sensor given by (4.27) for Ñ mod ξ = 0,

the first term from (4.27) is expressed as

Term I =
ηckψPtxξTc

Ñ

Ñc∑

n=1

[
E

{
ĝT
[n],k

(
ĝ∗
[n],kĝ

T
[n],k

)
ĝ∗
[n],k∥∥ĝ[n],k

∥∥2

}
+ E

{
ĝT
[n],k

(
g̃∗
[n],kg̃

T
[n],k

)
ĝ∗
[n],k∥∥ĝ[n],k

∥∥2

}]

=
ηckψPtxξTc

Ñ

[
Ñc∑

n=1

E

{∥∥ĝ[n],k
∥∥2
}
+

Ñc∑

n=1

E

{
ĝT
[n],k

(
g̃∗
[n],kg̃

T
[n],k

)
ĝ∗
[n],k∥∥ĝ[n],k

∥∥2

}]

=
ηckψPtxξTc

Ñ

[
γk

(
Ñc∑

n=1

E

{∥∥ĥ[n],k

∥∥2
})

+

Ñc∑

n=1

E

{
ĝT
[n],k

(
g̃∗
[n],kg̃

T
[n],k

)
ĝ∗
[n],k∥∥ĝ[n],k

∥∥2

}]
. (A.15)
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From (A.15), the squared norm of ĥn,k is given by

∥∥ĥn,k
∥∥2 = |ĥ1n,k|

2
+ |ĥ2n,k|

2
+ . . .+ |ĥMn,k|

2
, (A.16)

where ĥmn,k is CSCG random variable and |ĥmn,k|
2
is exponential distributed with parameter 1, i.e.,

|ĥmn,k|
2 ∼ exp(1). Let Xn,k =

∥∥ĥn,k
∥∥2. Since Xn,k is the sum of M independent exponential random

variables, Xn,k is a Gamma random variable with shape parameter M and rate parameter 1, i.e.,

Xn,k ∼ Γ(M, 1). The CDF and the PDF of Xn,k are respectively given by [84]

FXn,k(xn,k) =
γ(M,xn,k)

Γ(M)
,

fXn,k(xn,k) =
1

Γ(M)
xn,k

M−1e−xn,k , xn,k > 0, M > 0, (A.17)

where γ(·, ·) is lower incomplete gamma function [78].

Now, using (A.14) and (A.15), E
{∥∥ĥ[n],k

∥∥2
}

can be written as

E

{∥∥ĥ[n],k

∥∥2
}
= E

{
X[n],k

}
=

∫ ∞

0
xn,kfX[n],k

(xn,k) dxn,k. (A.18)

Note that the PDF fX[n],k
(xn,k) depends on FXn,k(xn,k) and fXn,k(xn,k) which, in our case, is given

by (A.17). Thus, substituting (A.14) and (A.17) in (A.18), E
{∥∥ĥ[n],k

∥∥2
}

is evaluated as

E

{∥∥ĥ[n],k

∥∥2
}
=

N !

(n− 1)!(N − n)!

∫ ∞

0

(
γ(M,xn,k)

Γ(M)

)N−n(
1− γ(M,xn,k)

Γ(M)

)n−1 xn,k
M

Γ(M)
e−xn,kdxn,k

=
N !

(n − 1)!(N − n)!
n−1∑

l=0

(−1)l
(
n− 1

l

)
(Γ(M))n−N−l−1

∫ ∞

0
xn,k

Me−xn,k (γ(M,xn,k))
l+N−n dxn,k

=
N !

(n − 1)!(N − n)!
n−1∑

l=0

(−1)l
(
n− 1

l

)
(Γ(M))n−N−l−1Λ(l), (A.19)

where Λ(l) can be expressed using Lauricella function of type A [91, (7)] as in (4.32). This is used to

compute ΩÑc
ck

=
Ñc∑
n=1

E

{∥∥ĥ[n],k

∥∥2
}
in (A.15) and is given in closed-form in (4.31).

From (A.15), E
{
g̃∗
[n],kg̃

T
[n],k

}
is expressed as

E

{
g̃∗
[n],kg̃

T
[n],k

}
= (βk − γk)E

{
diag

{
|h̃1[n],k|

2
, |h̃2[n],k|

2
, . . . , |h̃M[n],k|

2
}}

. (A.20)
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Furthermore, using (A.14) and (A.18), E
{
|h̃[n],k|

2
}

is evaluated as

E

{
|h̃[n],k|

2
}
=

N !

(n− 1)!(N − n)!

∫ ∞

0
xn,k

(
1− e−xn,k

)N−n (
e−xn,k

)n−1
e−xn,kdxn,k

=
N !

(n− 1)!(N − n)!

∫ ∞

0
xn,k

(
e−xn,k

)n (
1− e−xn,k

)N−n
dxn,k

=
N !

(n− 1)!(N − n)!
N−n∑

l=0

(−1)N−n+l
(
N − n
l

)
1

(N − l)2 , (A.21)

where the integral above is evaluated using [78, (3.432.1)]. Let Υ[n],k = E

{
|h̃[n],k|

2
}
. Substituting

(A.21) in (A.20), (A.15) can be simplified as

Term I =
ηckψPtxξTc

Ñ

[
γkΩ

Ñc
ck

+

Ñc∑

n=1

(βk − γk)Υ[n],k
]
=
ηckψPtxξTc

Ñ

[
γkΩ

Ñc
ck

+ (βk − γk)Υ Ñc
ck

]
, (A.22)

where Υ Ñc
ck

=
Ñc∑
n=1

Υ[n],k is given in (4.30).

Next, expanding the second term of (4.27) gives

Term II = ψPtxξTc

Ñc∑

n=1

K∑

i=j=1;i,j 6=k

ηci

Ñ
E

{
ĝT
[n],i

(
g∗
{[n],i},kg

T
{[n],i},k

)
ĝ∗
[n],i∥∥ĝ[n],i

∥∥2

}

︸ ︷︷ ︸
R1

+ ψPtxξTc

Ñc∑

n=1

K∑

i=1;i 6=k

K∑

j=1;j 6=i,k

√
ηciηcj

Ñ
E

{
ĝT
[n],i

(
g∗
{[n],i},kg

T
{[n],j},k

)
ĝ∗
[n],j∥∥ĝ[n],i

∥∥∥∥ĝ[n],j
∥∥

}

︸ ︷︷ ︸
R2

. (A.23)

All channel realizations are independent to each other and the ordered subbands for ith user is not

the same as that of the ordered subbands for kth user. Thus, {[n], i}, k can be any arbitrary subband

{[n], i} ∈ {1, 2, . . . , N} for the kth user and for term II, E
{
g∗
{[n],i},kg

T
{[n],i},k

}
= βkIM . Using this

result, R1 simplifies to

R1 = ψPtxξTc

Ñc∑

n=1

K∑

i=1;i 6=k

ηci

Ñ
E

{
ĝT
[n],i (βkIM) ĝ∗

[n],i∥∥ĝ[n],i
∥∥2

}

=
ψPtxξβkTc

Ñ
Ñc

K∑

i=1;i 6=k
ηci = ψPtxβkTc (1− ηck) , (A.24)

where
∑K

i=1 ηci = 1. For the term R2, there exist two scenarios as outlined next.
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Scenario 1: If {[n], i} = {[n], j} = l, then using (A.24)

R2 = ψPtxξTc

Ñc∑

n=1

K∑

i=1;i 6=k

K∑

j=1;j 6=i,k

√
ηciηcj

Ñ
E

{
ĝT
[n],i

(
g∗
l,kg

T
l,k

)
ĝ∗
[n],j∥∥ĝ[n],i

∥∥∥∥ĝ[n],j
∥∥

}

= ψPtxξβkTc

Ñc∑

n=1

K∑

i=1;i 6=k

K∑

j=1;j 6=i,k

√
ηciηcj

Ñ
E

{
ĝT
[n],iĝ

∗
[n],j∥∥ĝ[n],i

∥∥∥∥ĝ[n],j
∥∥

}
= 0, (A.25)

where the last line is obtained from the facts that the index of the nth best subband of the ith user may

be different from the index of the nth best subband of the jth user and that the channels corresponding

to different users are independent, thus E
{
ĝT
[n],iĝ

∗
[n],j

}
= 0.

Scenario 2: If {[n], i} 6= {[n], j}

As all the channels are independent, E
{
g∗
{[n],i},kg

T
{[n],j},k

}
= 0, and

R2 = ψPtxξTc

Ñc∑

n=1

K∑

i=1;i 6=k

K∑

j=1;j 6=i,k

√
ηciηcj

Ñ
E

{
ĝT
[n],i

(
g∗
{[n],i},kg

T
{[n],j},k

)
ĝ∗
[n],j∥∥ĝ[n],i

∥∥∥∥ĝ[n],j
∥∥

}
= 0. (A.26)

And Term III of (4.27) is calculated as

Term III = ψE

{
N∑

n=1

w′
[n],k

}
= ψNσ2Tc. (A.27)

Finally, substituting the simplified expressions for Term I, II, and III from (A.22), (A.24), (A.25),

(A.26), and (A.27) in (4.27), Eck is given by (4.29).

A.5.2 Proof for Case (ii)

A process similar to Appendix A.5.1 is considered to evaluate the average energy Eck harvested by

the kth sensor using (4.28) for Ñ mod ξ 6= 0. Out of four terms in (4.28), the first term is expressed

using (A.15) and (A.22) as

Term I =
ηckψPtxξTc

Ñ
E

{
Ñc−1∑

n=1

∣∣∣∣∣
gT
[n],kĝ

∗
[n],k∥∥ĝ[n],k
∥∥

∣∣∣∣∣

2

+ α2

∣∣∣∣∣
gT
[Ñc],k

ĝ∗
[Ñc],k∥∥ĝ[Ñc],k

∥∥

∣∣∣∣∣

2}

=
ηckPtxξTcψ

Ñ

[
γk

Ñc−1∑

n=1

E

{∥∥ĥ[n],k

∥∥2
}
+ (βk − γk)

Ñc−1∑

n=1

Υ[n],k

+ α2
[
γk

(
E

{∥∥ĥ
[Ñc],k

∥∥2
})

+ (βk − γk)Υ[Ñc],k

] ]

=
ηckPtxξTcψ

Ñ

[
γkΩ

(Ñc−1)
ck

+ (βk − γk)Υ (Ñc−1)
ck

+ α2
[
γkΩ

′
ck

+ (βk − γk)Υ
′
ck

] ]
, (A.28)
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where Ω
(Ñc−1)
ck =

Ñc−1∑
n=1

E

{∥∥ĥ[n],k

∥∥2
}
and Υ

(Ñc−1)
ck =

Ñc−1∑
n=1

Υ[n],k are calculated using (A.19) and (A.21),

respectively with substituting Ñc = Ñc − 1. Further, Ω
′
ck

= E

{∥∥ĥ[Ñc],k

∥∥2
}

and Υ
′
ck

= Υ[Ñc],k
are

calculated using (A.19) and (A.21) and are given in closed-form in (4.34) and (4.35), respectively.

For the second and third term in (4.28), the average values are evaluated using (A.24), (A.25),

and (A.26) as

Term II & III = ψPtxξTc

[
E

{
Ñc−1∑

n=1

∣∣∣∣∣

K∑

i=1
i 6=k

√
ηci

Ñ

gT
{[n],i},kĝ

∗
[n],i∥∥ĝ[n],i
∥∥

∣∣∣∣∣

2}
+ E

{∣∣∣∣∣

K∑

i=1
i 6=k

α

√
ηci

Ñ

gT
{[Ñc],i},k

ĝ∗
[Ñc],i∥∥ĝ[Ñc],i

∥∥

∣∣∣∣∣

2}]

= ψPtxξTc

[
K∑

i=1;i, 6=k
βk
ηci

Ñ

(
Ñc − 1

)
+ α2

K∑

i=1;i, 6=k
βk
ηci

Ñ

]

=
ψPtxβkξTc

Ñ

[
Ñc − 1 + α2

]
(1− ηck). (A.29)

For the last term, the average is calculated using (A.27) as ψNσ2Tc.

Finally, substituting the simplified expressions for all four terms in (4.28), Eck is given by (4.33).

A.6 Proof of Proposition 1

A.6.1 Proof for Case (i)

After rearranging (4.29), for the case of Ñ mod ξ = 0, we obtain

ηck =
E

i
ck
− ψNσ2Tc − ψPtxβkTc

ψPtxξTc
[
γkΩ

Ñc
ck

+(βk−γk)Υ Ñc
ck

]

Ñ
− ψPtxβkTc

. (A.30)

At the optimum solution the power constraint must be satisfied with equality, i.e.,
∑K

k=1 ηck = 1. This

is because if
∑K

k=1 ηck < 1, one can scale up ηck corresponding to every sensor by a common factor

such that
∑K

k=1 ηck increases to 1 which in turn would increase the energy harvested by every sensor.

This would contradict the max-min optimality of the solution. Now, taking summation on both sides

of (A.30) gives

K∑

k=1

E
i
ck
− ψNσ2Tc − ψPtxβkTc

ψPtxξTc
[
γkΩ

Ñc
ck

+(βk−γk)Υ Ñc
ck

]

Ñ
− ψPtxβkTc

= 1. (A.31)

Furthermore, at the max-min optimum solution, we must have E
i
ck

= E
i
c ∀ k, for some E

i
c.
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Using this fact and by simplifying (A.31), we obtain

E
i
c =

1 +
∑K

j=1
ψPtxβjTc

ψPtxξTc

[
γjΩ

Ñc
cj

+(βj−γj )Υ
Ñc
cj

]

Ñ
−ψPtxβjTc

∑K
j=1

1

ψPtxξTc

[
γjΩ

Ñc
cj

+(βj−γj )Υ
Ñc
cj

]

Ñ
−ψPtxβjTc

+ ψNσ2Tc. (A.32)

Also, based on the fact that at the optimum, E
i
ck

= E
i
c,∀ k, from (A.30) we obtain

ηck =
E

i
c − ψNσ2Tc − ψPtxβkTc

ψPtxξTc
[
γkΩ

Ñc
ck

+(βk−γk)Υ Ñc
ck

]

Ñ
− ψPtxβkTc

. (A.33)

Substituting E
i
c from (A.32) in (A.33) and after some algebraic rearrangements, the max-min power

control coefficient ηck is obtained in closed-form given in (4.54).

A.6.2 Proof for Case (ii)

After rearranging (4.33), for the case of Ñ mod ξ 6= 0, gives

ηck =
E

i
ck
− ψNσ2Tc − ψPtxβkξTc

Ñ

(
Ñc − 1 + α2

)

ψPtxξTc
Ñ

[
ϑk − βk

(
Ñc − 1 + α2

)] , (A.34)

where ϑk = γk
(
Ω

(Ñc−1)
ck + α2Ω

′
ck

)
+ (βk − γk)

(
Υ
(Ñc−1)
ck + α2Υ

′
ck

)
. Following a similar process given in

Appendix (A.6.1), using (A.31) and (A.32), from (A.34) we obtain

E
i
c =

1 +
∑K

j=1

ψPtxβjξTc(Ñc−1+α2)
ψPtxξTc[ϑj−βj(Ñc−1+α2)]

∑K
j=1

Ñ

ψPtxξTc[ϑj−βj(Ñc−1+α2)]

+ ψNσ2Tc. (A.35)

Furthermore, at the max-min optimum solution, we must have E
i
ck

= E
i
c ∀ k, for some E

i
c. Using this

fact and by simplifying (A.34), we obtain

ηck =
E

i
c − ψNσ2Tc − ψPtxβkξTc

Ñ

(
Ñc − 1 + α2

)

ψPtxξTc
Ñ

[
ϑk − βk

(
Ñc − 1 + α2

)] . (A.36)

Substituting E
i
c from (A.35) in (A.36) and after some algebraic rearrangements, the max-min power

control coefficient ηck is obtained in closed-form, for Ñ mod ξ 6= 0 scenario, as given in (4.55).
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