
Application of Modified Smooth Exterior Scaling
Method to Study Auger and Shape Resonances in

Different Atomic and Molecular Systems

A thesis submitted to

Indian Institute of Technology Guwahati

for the award of the degree of

Doctor of Philosophy

by

Mwdansar Banuary

(Roll No. 166122103)

Under the Guidance of

Prof. Ashish Kumar Gupta

Department of Chemistry

Indian Institute of Technology Guwahati

Guwahati-781039, Assam, India

TH-3300_166122103



TH-3300_166122103



Certificate

This is to certify that the thesis entitled “Application of Modified Smooth Ex-

terior Scaling Method to Study Auger and Shape Resonances in Different

Atomic and Molecular Systems” , submitted by Mwdansar Banuary to the
Indian Institute of Technology Guwahati, for the award of the degree of Doctor of

Philosophy (Ph.D.) in Chemistry, is a record of the original, bona fide research
work carried out by him under my supervision and guidance. The thesis has reached
the standards fulfilling the requirements of the regulations related to the award of
the degree.

The results contained in this thesis have not been submitted in part or in full to any
other University or Institute for the award of any degree or diploma to the best of
our knowledge.

Prof. Ashish Kumar Gupta

Department of Chemistry
Indian Institute of Technology Guwahati
Guwahati-781039, India

TH-3300_166122103



TH-3300_166122103



Declaration

I declare that the thesis entitled “Application of Modified Smooth Exterior

Scaling Method to Study Auger and Shape Resonances in Different Atomic

and Molecular Systems” submitted by me to the Indian Institute of Technology
Guwahati for the award of Doctor of Philosophy is the record of research work car-
ried out by me under the guidance of Prof. Ashish Kumar Gupta and written
in my own words. Where others’ ideas and words have been included, I have ade-
quately cited and referenced the original source. This work has not been submitted
elsewhere for the award of any degree or diploma.

Mwdansar Banuary

Roll No.: 166122103
IIT Guwahati, India

TH-3300_166122103



TH-3300_166122103



Dedicated to my beloved Grandmother and Parents.

TH-3300_166122103



TH-3300_166122103



Acknowledgments

First of all, I would like to thank my advisor, Prof. Ashish Kumar Gupta , for his
constant help and support during my career as a graduate student and researcher.
Had he not been there to help me with my small and not–so–small problems in every
wake of my research none of the work presented here would have taken shape. His
knowledge, wisdom, and experience have always been a source of inspiration for me.

I would like to thank all my Doctoral Committee members: Prof. Sumana Dutta ,
Prof. Aditya Narayan Panda , and Dr. Manabendra Sarma for their con-
stant support and valuable pieces of advice.

I am thankful to IIT Guwahati for providing PARAM-ISHAN and PARAM-KAMRUPA
supercomputing facilities. I also acknowledge the IIT Guwahati for financial support.

I thank my lab mates Sayantani, Deepak, and Rolly for the pleasant atmosphere
they created during work-time and for various kinds of help in research works.

I am thankful to all my school, college, university, and IITG friends. I feel myself very
lucky as I enjoyed my PhD journey with Nerswn, Srimanta, Himangshu, Haobam,
Rabindranath, Deepak, Shubham, and Palak.

I would also like to thank my parents for their unconditional love and care and for
being there for me at every stage of my life.

I take the opportunity to thank my parents–in–law as well, who have always been a
constant source of love, support, and motivation.

Thanks go to Dr. Dhruba Jyoti Kalita too, on whose recommendation I got the
chance to work in this Lab.

Last, but not least, I would like to thank my lovely wife, Ms. Dipa Basumatary for
being at my side always and motivating me all the way along.

Mwdansar Banuary

TH-3300_166122103



TH-3300_166122103



Contents

Contents i

List of Figures iii

List of Tables v

Abbreviations vii

Symbols ix

Abstract xi

1 Introduction 1
1.1 Importance of Resonances . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Mathematical Representations of the Resonances . . . . . . . . . . . 3
1.3 Development of Analytical Continuation Methods . . . . . . . . . . . 5

1.3.1 Complex Scaling Method . . . . . . . . . . . . . . . . . . . . . 7
1.3.2 Exterior Complex Scaling Method . . . . . . . . . . . . . . . . 8
1.3.3 Complex Basis Functions Method . . . . . . . . . . . . . . . . 9
1.3.4 Complex Absorbing Potential . . . . . . . . . . . . . . . . . . 10
1.3.5 Smooth Exterior Scaling . . . . . . . . . . . . . . . . . . . . . 11
1.3.6 Modified Smooth Exterior Scaling . . . . . . . . . . . . . . . . 12

1.4 Goal and Motivation of this Thesis . . . . . . . . . . . . . . . . . . . 13

2 Methods Applied in Studying Shape and Auger Resonances 17
2.1 Modified Smooth Exterior Scaling Transformation . . . . . . . . . . . 18
2.2 Bivariational SCF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 The Electron Propagator . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.4 Calculation of Resonance Energy Using Trajectory Method . . . . . . 35

3 Application of Modified Smooth Exterior Scaling Method to Study
2Πg N−

2 and 2Π CO− Shape Resonances 37
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 39

i

TH-3300_166122103



Contents ii

3.2.1 The 2Πg N−
2 shape resonance . . . . . . . . . . . . . . . . . . . 40

3.2.2 The 2Π CO− shape resonance . . . . . . . . . . . . . . . . . . 43
3.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4 Use of Dilated Electron Propagator in Conjunction with Modified
Smooth Exterior Scaling Method to Characterize Auger and Shape
Resonances in Be 51
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2.1 2S Be+ (1s−1) Auger resonance . . . . . . . . . . . . . . . . . 54
4.2.2 2P Be− shape resonance . . . . . . . . . . . . . . . . . . . . . 58

4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5 Study of Effects of Diffused Basis Functions in Characterizing Elec-
tron Molecule Scattering Shape Resonances Using Modified Smooth
Exterior Scaling 65
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2.1 2Πg shape resonance in N−
2 . . . . . . . . . . . . . . . . . . . . 68

5.2.2 2Π shape resonance in CO− . . . . . . . . . . . . . . . . . . . 71
5.2.3 Comparison between the 2Πg N−

2 and 2Π CO− shape resonances 75
5.2.4 2Πg shape resonance in C2H−

2 . . . . . . . . . . . . . . . . . . 76
5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6 Summary and Conclusions 81

Bibliography 85

Appendix A 95

List of Publications 99

TH-3300_166122103



List of Figures

2.1 Plot of F (x) vs x for CSES and MSES methods . . . . . . . . . . . . 25

3.1 θ0-trajectories of orbital energies of N2 for x0=4.5 using MSES Path,
Path-I, Path-II and Path-III. Cups are seen only for MSES path. The
arrow shows the position of 2Πg N−

2 shape resonance. Other cups are
artifacts as concluded after plotting orbitals. . . . . . . . . . . . . . . 41

3.2 The resonance wave function of 2Πg N−
2 shape resonance. The posi-

tions of two N atoms are at 0.545 and -0.545 along x-axis. . . . . . . 42
3.3 θ0-trajectory of 2Πg N−

2 shape resonance at x0=4.5 using bivariational
SCF-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 θ0-trajectory of 2Πg N−
2 shape resonance at x0=4.5 using SoDEP-MSES. 44

3.5 θ0-trajectories of orbital energies of CO for x0=3.3 using MSES Path,
Path-I, Path-II and Path-III. Cups are seen only for MSES path. The
arrow shows the position of 2Π CO− shape resonance. Other cups are
artifacts as concluded after plotting orbitals. . . . . . . . . . . . . . . 46

3.6 The resonance wave function of 2Π CO− shape resonance. The posi-
tions of C and O atoms are at 0.564 and -0.564 along x-axis respectively. 47

3.7 θ0-trajectory of 2Π CO− shape resonance at x0=3.3 using bivariational
SCF-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.8 θ0-trajectory of 2Π CO− shape resonance at x0=3.3 using SoDEP-
MSES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.1 θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using bi-
variational SCF-MSES (ZoDEP-MSES). . . . . . . . . . . . . . . . . 55

4.2 θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using SoDEP-
MSES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3 θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using ToDEP-
MSES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p basis
applying bivariational SCF-MSES (ZoDEP-MSES). . . . . . . . . . . 59

4.5 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p basis
applying SoDEP-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.6 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p basis
applying ToDEP-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . 60

iii

TH-3300_166122103



List of Figures iv

4.7 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p basis
applying bivariational SCF-MSES (ZoDEP-MSES). . . . . . . . . . . 60

4.8 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p basis
applying SoDEP-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.9 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p basis
applying ToDEP-MSES. . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.10 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying bivariational SCF-MSES (ZoDEP-MSES). 63

4.11 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying SoDEP-MSES. . . . . . . . . . . . . . . . 63

4.12 θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying ToDEP-MSES. . . . . . . . . . . . . . . . 64

5.1 θ0-trajectories of 2Πg N−
2 shape resonance by using different basis sets

generated by augmenting the basis aug-cc-pVDZ applying bivaria-
tional SCF-MSES at x0=4.5. . . . . . . . . . . . . . . . . . . . . . . . 70

5.2 θ0-trajectory of 2Π CO− shape resonance using different basis sets gen-
erated by augmenting the basis aug-cc-pVDZ applying bivariational
SCF-MSES at x0=3.3 a.u. . . . . . . . . . . . . . . . . . . . . . . . . 73

5.3 θ0-trajectories of 2Πg C2H−
2 shape resonance using different basis sets

generated by augmenting the basis aug-cc-pVDZ applying bivaria-
tional SCF-MSES at x0=4.5. . . . . . . . . . . . . . . . . . . . . . . . 77

A1 Wavefunctions of artifacts shown in θ0-trajectories of orbital energies
of N2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

A2 Wavefunctions of artifacts shown in θ0-trajectories of orbital energies
of CO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

TH-3300_166122103



List of Tables

3.1 Energy and Width of 2Πg N−
2 shape resonance . . . . . . . . . . . . . 45

3.2 Energy and Width of 2Π CO− shape resonance. . . . . . . . . . . . . 50

4.1 Energy and Width of 2S Be+ (1s−1) Auger resonance. . . . . . . . . . 57
4.2 Energy and Width of 2P Be− shape resonance. . . . . . . . . . . . . . 61

5.1 Energy and Width of 2Πg N−
2 shape resonance using different basis sets. 69

5.2 Energy and Width of 2Πg N−
2 shape resonance from different methods. 72

5.3 Energy and Width of 2Π CO− shape resonance using different basis
sets generated by augmentation. . . . . . . . . . . . . . . . . . . . . . 74

5.4 Energy and Width of 2Π CO− shape resonance from different methods.. 75
5.5 Energy and Width of 2Πg N−

2 and 2Π CO− shape resonances obtained
using aug-cc-pVDZ+5s5p basis set. . . . . . . . . . . . . . . . . . . . 76

5.6 Energy and Width of 2Πg C2H−
2 shape resonance using aug-cc-pVDZ

basis set with different augmentations. . . . . . . . . . . . . . . . . . 78
5.7 Energy and Width of 2Πg C2H−

2 shape resonance from different methods. 79

v

TH-3300_166122103



TH-3300_166122103



Abbreviations

LEEs Low Energy Electrons
TDSE Time Dependent Schrodinger Equation
TISE Time Independent Schrodinger Equation
CS Complex Scaling
SCF Self Consistent Field
MCSFC Multi Configurational Self Consistent Field
DFT Density Functional Theory
ECS Exterior Complex Scaling
CBFs Complex Basis Functions
CAP Complex Absorbing Potential
RF-CAP Reflection Free Complex Absorbing Potential
SES Smooth Exterior Scaling
MSES Modified Smooth Exterior Scaling
CSES Conventional Smooth Exterior Scaling
IP Ionization Potential
EA Electron Affinity
ZoDEP Zeroth Order Dilated Electron Propagator
ZoDEP-MSES Zeroth Order Dilated Electron Propagator Modified

Smooth Exterior Scaling
SCF-MSES Self Consistent Field Modified Smooth Exterior Scaling
SoDEP-MSES Second Order Dilated Electron Propagator Modified

Smooth Exterior Scaling
ToDEP-MSES Third Order Dilated Electron Propagator Modified

Smooth Exterior Scaling
LUMO Lowest Unoccupied Molecular Orbital

vii

TH-3300_166122103



TH-3300_166122103



Symbols

ψ psi
ℏ Planck’s Constant
Γ Gamma
τ tau
Ψ Psi
µ mu
∞ infinity
α alpha
θ theta
η eta
δ delta
∇ Del
π pi
Π Pi
∂ partial derivative
λ lambda
σ sigma
Σ Sigma
† dagger
ϕ phi
Φ Phi
ω omega∫

integral
ρ rho
ϵ epsilon
Å Angstrom

ix

TH-3300_166122103



Symbols x

⋆ asterisk
ν nu

TH-3300_166122103



Abstract
Resonances are the results of electron-atom or electron-molecule scattering exper-
iments. These are exponentially decaying long-lived metastable states of a system
that can break up into several subsystems as time elapses. Generally, resonances
can be obtained as the complex eigenvalues, Eres = ER − iΓ

2
by solving the time-

independent Schrödinger equation (TISE), Hψ = Eψ, where the Hamiltonian is
non-Hermitian. ER of the complex eigenvalue represents the resonance position and
Γ represents the width of resonance which is inversely related to lifetime by the rela-
tion τ = ℏ

Γ
. The corresponding wave functions, called Siegert wave functions, diverge

asymptotically and are not square integrable which makes it difficult in calculating
by using standard electronic structure techniques. The basic idea behind converting
the divergent wave function into a bounded normalizable function is carrying out a
suitable mathematical transformation. By this way, wave functions become a part
of Hilbert space. Among the various approaches, complex scaling (CS) and com-
plex absorbing potential (CAP) are the most extensively used approaches for this
purpose.

Due to some limitations in CS and CAP techniques, an alternative method called
the smooth exterior scaling (SES) method was developed. SES is an efficient method
based on the rigorous mathematical theory of CS and shares the property of CAP
in its application. A method called modified smooth exterior scaling (MSES) was
proposed and successfully applied to a time-dependent dynamics problem. The
MSES is a modified version of the SES method. The fundamental difference between
MSES and SES is the scaling function θ(x) = θ0a(x) is chosen as real in MSES which
is complex in SES. The scaling by the MSES method has been reported to be much
smoother and displays efficient absorption during wavepacket propagation at the
grid boundary.

The dilated Hamiltonian (complex scaled) produced by using any of the above men-
tioned analytical continuation methods becomes non-Hermitian but remains complex
symmetric. Therefore, the conventional self-consistent field (SCF) method becomes
inapplicable to solve the problem. In this case, the resonant eigenvalues can be
obtained by applying bivariational SCF method.

The electron propagator theory has been a powerful and effective tool for the direct
calculation of electron detachment and electron attachment energies. The dilated

TH-3300_166122103



Abstract xii

electron propagator (complex scaled) is a convenient method to calculate the ener-
gies and width of resonances directly from the electron attachment energy (shape
resonance) and electron removal energy (Auger resonance) of the metastable state.
Further, these energies can be improved by using higher order perturbative decou-
plings of dilated electron propagator incorporating a greater extent of relaxation and
correlation effects.

The main objective of our work is to formulate the MSES method in bivariational
SCF and electron propagator methods. We have applied the dilated electron prop-
agator up to the second order in the case of molecular systems and up to the third
order in the case of atomic systems. The shape resonances of isoelectronic systems
2Πg N−

2 and 2Π CO− are studied. In this study, MSES is used for the first time
in electronic structure calculation. The dilated electron propagator method is also
used up to the second order to include the correlation studies which may improve
the results obtained from the bivariational SCF level.

Later, the Auger and shape resonances of Be atom are studied. The dilated electron
propagator is used up to the third order in conjunction with MSES. We have also
characterized the effects of diffused functions in characterizing the shape resonances.
The isoelectronic systems 2Πg N−

2 , 2Π CO− and 2Πg C2H−
2 are studied. The study

is performed up to the bivariational SCF level only because these small molecular
systems can be characterized at the bivariational SCF level itself. Different basis
sets which are obtained by augmenting the standard basis set are used to study the
effects. From this study, it is observed that in studying the 2Πg N−

2 , 2Π CO− and 2Πg

C2H−
2 shape resonances, the additional diffused p-type orbitals have an important

role, but the s- and d-type functions do not have major impacts.
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Chapter 1

Introduction

In the usual formalism of quantum mechanics, the Hamiltonian operator H of the

Schrödinger equation,

Hψ = Eψ, (1.1)

is Hermitian, and consequently, the values of E are real and discrete. The corre-

sponding wave functions ψ are square integrable and belong to the bound states of

a system. However, the wave functions that are not square integrable correspond to

continuum, scattering, or metastable states[1]. Thus, for a given quantum mechani-

cal system, one can separate the spectrum into two types of solutions, one is bound

states and another one is continuum states[2].

Resonances have been very popular for the last few decades in unveiling the mystery

of atoms and molecules. Resonances are the results of electron-atom or electron-

molecule scattering experiments[3, 4]. These are exponentially decaying long-lived

metastable states of a system which can break into several subsystems as time

elapses. Although the system has enough energy to break up, it takes a charac-

teristic time to do so which is long enough to be characterized experimentally[5, 6].

1
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Chapter 1. Introduction 2

The lifetime of these types of states can be found in the range of 10−13 to 10−15

s. Resonance states can be considered as discrete states that are embedded in the

continuum. Therefore, treating these states becomes very challenging for quantum

chemists as one has to deal with a continuum problem and electron correlation

simultaneously[7].

1.1 Importance of Resonances

Resonances play an important role in diverse processes such as electron transport

and energy exchange between electronic and nuclear motions. They are also involved

in the vibrational excitation of molecules or molecular ions by electron impact, dis-

sociative attachment, and recombination are important processes in outer space, in

the higher atmosphere, and in plasma and discharges[8, 9].

In radio biology, large quantities of secondary low-energy electrons (LEEs) are gen-

erated due to the transfer of energy from ionizing radiation to molecules. These

LEEs attach to DNA/RNA forming anionic metastable states (shape resonances)

in DNA oligomers, DNA bases, and uracil. These metastable states dissociate into

highly reactive anions and neutral radicals by dissociative electron attachment which

may lead to DNA/RNA strands breaking, alteration to bases, sugar destruction,

cross-link and dimer formation, and so forth. The study in this area has attracted

researchers to a great extent in recent times [10–22]. The observations and findings

from these studies will provide new advancements in the field of radiation therapy.

These transient species have been of great importance in various fields of the scientific

world such as physics, chemistry, biology, and technology, e.g. attosecond[23, 24],

X-ray spectroscopy[25], laser technology[26–28] etc. Resonances play an important

role in the fabrication of quantum dots also[29, 30].
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Chapter 1. Introduction 3

1.2 Mathematical Representations of the Resonances

In conventional quantum mechanics, the resonance states can be described by the

evolution of wavepacket (propagating a wavepacket in time) obtained from the so-

lution of the time-dependent Schrödinger equation (TDSE)

iℏ
∂

∂t
Ψ(r, t) = ĤΨ(r, t). (1.2)

The solutions of TDSE (1.2) for time-independent Hamiltonian are given by

Ψ(r, t) = ψ(r)e−iEt/ℏ (1.3)

where

E = ER − i
Γ

2
(1.4)

These complex energies are also known as Siegert energies. The real part (ER) of

the complex eigenvalue represents the position of resonance and the imaginary part

(Γ
2
) represents the half of the width of the resonance. The width of resonance (Γ) is

inversely related to lifetime by the uncertainty relation Γ = ℏ
τ
. The imaginary part

of E has a negative value to indicate the finite lifetime of metastable states[2].

This kind of study is usually challenging as one has to deal with a wavepacket rather

than a single eigenstate. It is also obvious that the provision for complex energy

leaves the possibility of having a finite lifetime. The use of TDSE leads to the

following time-independent Schrödinger equation (TISE),

Ĥψ(r) = Eψ(r) (1.5)
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Chapter 1. Introduction 4

which is similar to ordinary quantum mechanics which focuses on bound state prob-

lems, but the only difference is the energy value is complex as given in Eq. (1.4).

In this case, the complex eigenvalues are obtained by imposing outgoing boundary

conditions. Since in Hermitian quantum mechanics, complex energy is not possible,

hence the Hamiltonian related to the above equation (1.5) must be non-Hermitian

where the resonance energy is hidden in the continuum part. These complex res-

onance energies are associated with the complex poles of the scattering matrix (S-

matrix).

To understand simply, let us consider a short-range one-dimensional potential V

which tends to zero as r → ∞. The eigenfunction of equation (1.5) at r → ∞ can

be written as a linear combination of the incoming e−ikr and the outgoing e+ikr plane

waves with momenta ∓kℏ

ψ(r → ∞) = A(k)e−ikr +B(k)e+ikr ≃ e−ikr + S(k)e+ikr (1.6)

with

E =
(ℏk)2

2µ
(1.7)

The S-matrix is defined as the ratio of amplitudes of outgoing waves to incoming

waves, S(k) = B(k)
A(k)

. There are two possibilities to obtain poles of S-matrix:

(1) When B(k) has poles. These are known as "false" poles which are not associated

with the resonance phenomenon. These poles are independent of the potential.

(2) When the amplitude of the incoming waves, A(k), vanishes. These poles are

associated with the bound states if these lie on the positive imaginary axis in the

complex k-plane. On the other hand, the poles which are embedded in the fourth
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Chapter 1. Introduction 5

quadrant of the complex k-plane (Re(k) > 0 and Im(k) < 0) are associated with the

resonance phenomenon.

Therefore, the resonance wave functions obtained from equation (1.6) subject to the

constraint that there is no incoming wave will have the following form

ψ(r → ∞) = eikr, S(k) → ∞ (1.8)

which diverge asymptotically. Hence, the wave functions ψ are not in the Hilbert

space, i.e., not square integrable which makes it difficult to solve the problem by

standard electronic structure techniques. To deal with this problem modifications of

standard electronic structure codes and specially designed approaches are required.

Under such approaches, resonances are associated with complex eigenvalues[5, 6,

31].

1.3 Development of Analytical Continuation Meth-

ods

Different approaches have been developed by theoreticians that can be used to solve

the problem by applying bound state-based methods to obtain resonances. These

approaches include methods that explicitly solve the scattering problem as well as

approaches that involve modifications of standard quantum chemistry packages. The

list of latter includes stabilization method[3, 32], complex scaling[33–35], exterior

complex scaling[36], complex basis function[37], complex absorbing potential[38–

41], smooth exterior scaling[6, 42] and modified smooth exterior scaling[43].

TH-3300_166122103
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Generally, the first approach used to adapt the purely bound state method was the

stabilization method introduced by Hazi and Taylor[3, 32]. Using this technique one

can reveal the resonance in the Hermitian domain. This technique is based on the

scaling of basis functions where the resonance energy can be obtained from the sta-

bilization plots of the energy eigenvalues as a function of an alternating stabilization

parameter (α). However, it is challenging to obtain the real and imaginary compo-

nents of resonance energy directly using this method from the stabilization graph.

Therefore, it is followed analytical continuing the energy eigenvalue E(α) into the

complex plane to obtain complex resonance energy from where real and imaginary

components are extracted[17]. Although by applying the stabilization method one

can get the best atomic results, since one has to repeat the eigenvalue computation

for many values of stabilization parameter, it is not easy to extend the method for

molecules. Also, by applying the stabilization method one cannot achieve the wave

functions of resonance states[44]. A detailed discussion on the Hermitian Hamil-

tonian based quantum chemical methods for the calculation of resonances can be

obtained in Chapter 3 of Ref.[6].

As the methods we are using in our work are based on the non-Hermitian Hamil-

tonian, special attention has been given on discussing such types of techniques.

In non-Hermitian quantum mechanics, the wave function is not square integrable.

Therefore, the basic idea of all these techniques is to convert the divergent wave func-

tion into a bounded normalizable function by carrying out a suitable mathematical

transformation. By this way, wave functions become a part of Hilbert space[6]. A

brief description of the underlying methods has been presented below.
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1.3.1 Complex Scaling Method

One of the most widely used and successful methods is “complex scaling (CS) method

” or “complex coordinate method" developed by Aguilar, Balslev, and Combes[33,

34] and Simon[35] in the early 1970s which provided a mathematical foundation for

describing the resonance states. In this method, the dilation transformation of elec-

tronic coordinates r → ηr, where η = eiθ is a complex number and θ is a real number

called as scaling parameter, is used for the purpose. At the asymptote, the divergent

wave function has the following form ψ = eikr. Under CS transformation, the wave

function is changed into a dumping form as follows ψ = eikre
iθ

= eikrcosθe−kxsinθ

Then, the problem can be solved by bivariational self consistent field (SCF) using

finite real basis functions providing discrete solutions of the following complex scaled

Schrödinger equation:

H(θ)ψθ = Eψθ (1.9)

where H(θ) = U(θ)HU−1(θ) with complex scaling operator U(θ) = eiθr
∂
∂r .

The implementation of CS is very easy in studying atomic resonances. Therefore,

CS method has been adapted with various bound state methods to calculate the

resonance energies, e.g. SCF[45–47], Multiconfigurational SCF (MCSCF)[48, 49],

Density Functional Theory (DFT)[50] etc.

However, the application of CS to study molecular resonances is not trivial. Al-

though this method is very successful in the case of atomic systems, it becomes

difficult in the case of molecular systems within the Born-Oppenheimer approxima-

tion. The CS requires the potential part of the Hamiltonian to be an analytical

function[51]. If we apply CS to atoms, the Hamiltonian will take the following form

Ĥatom = e−2iθT̂e + e−iθ(V̂eN + V̂ee) (1.10)
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Chapter 1. Introduction 8

where T̂e is the kinetic energy operator and V̂eN and V̂ee are electron-nucleus and

electron-electron potential energy operators.

When CS is applied to molecules carrying out the following transformations

rj → eiθrj (1.11)

Rk → eiθRk (1.12)

where {rj} and {Rk} are the electronic and nuclear coordinates respectively and

consequently the transformed Hamiltonian will have the following form

Ĥmol = e−2iθ(T̂e + T̂N) + e−iθ(V̂eN + V̂ee + V̂NN) (1.13)

where T̂N is the kinetic energy operator of the nucleus and V̂NN is the nucleus-nucleus

potential energy operator. In the above equation (1.13), the coupling between elec-

tronic and nuclear coordinates through the electron-nuclei potential energy terms

are not analytical operators. Therefore, it is not possible to use CS in molecular

systems to obtain resonance parameters while keeping the nuclear positions fixed

and unscaled[6]. However, Moiseyev and Corcoran[52] in 1979 showed that this dif-

ficulty can be overcome by carrying out analytical continuation of the Hamiltonian

matrix elements instead of scaling the Hamiltonian[6]. This modified version of CS

is used to study the shape resonances of molecular systems[53–59].

1.3.2 Exterior Complex Scaling Method

As the CS method encounters serious numerical difficulty while studying systems

whose potential is not dilation analytic, Lipkin et al.[36] introduced the exterior
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Chapter 1. Introduction 9

complex scaling (ECS) method based on Simon’s[60] suggestion of keeping the co-

ordinates on the real axis long enough to avoid any interior non-analiticities. In

ECS method, the scaling is done in the external region only where the potential is

dilation analytic. Here, the complex path in complex coordinate plane is defined as

z =


r, r < r0

(r − r0)e
iθ + r0, r ≥ r0

(1.14)

and the transformed Hamiltonian is given by

Ĥθ = − ℏ2

2M

[
f 2(r)

d2

dr2
+ (e−iθ − 1)δ(r − r0)

d

dr

]
+ V (z) (1.15)

where the function f(r)is given by

f(r) ≡ dr

dz
=


1, r < r0

e−iθ, r ≥ r0

(1.16)

Later, in the case of three-dimensional many-body problems, it becomes complicated

to simplify the numerical calculations related to the resonance by using the ECS

method. This problem arises because of the presence of a delta function potential

term in the complex scaled Hamiltonian in equation (1.15)[6].

1.3.3 Complex Basis Functions Method

McCurdy and Rescigno[37] introduced the concept of the complex basis functions

(CBFs) where no scaling of Hamiltonian is required. In this method, the transforma-

tion is applied to the basis set itself, where complex scaling is done to the exponential

part of the basis function by a complex factor. As a result, to solve the resonance
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problem, standard electronic structure code can be used provided Gaussian basis

with complex exponents.

The CBFs method was applied to study the shape resonances in molecular sys-

tems[61–66]. However, it is needed to modify the existing electronic structure to a

great extent while applying this method.

1.3.4 Complex Absorbing Potential

The motivation of applying complex absorbing potential (CAP) is very simple and

obvious due to its simple implementation. Under the CAP method, the divergent

resonance wave functions are converged into the physical domain of square integrable

wave functions. When a wavepacket approaches the edge of a numerical grid artificial

reflections occur and deteriorate the quality of the computed solution[43]. However,

due to its nonphysical nature, it generates artificial perturbations of the system

which may cause a shift in the energy [67]. The CAP is assumed to be zero in the

interaction region and “turn on” where there are no interactions[68]. In practice,

the CAP attenuates the asymptotic part of the wavepacket and hence suppresses

the artificial reflections. The basic concept of CAP is to add an artificial complex

potential to the unscaled Hamiltonian

H(η) = H − iηVCAP (1.17)

where VCAP is one particle operator used to absorb the outgoing electron and η is

CAP strength parameter.

In the CAP approach, the addition of complex potential makes the Hamiltonian

non-Hermitian. However, the Hamiltonian matrix remains complex symmetric. The
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additional complex potential causes an asymptotic damping of the Siegert wave

function making the wave function square integrable and resulting discrete spectrum.

However, one can obtain exact eigenfunction and eigenvalue only in the limit η → 0

for a complete basis set. Practically, in realistic calculations incomplete basis sets are

used and the CAP strength parameter η values have to get finite values. Therefore,

it is only possible to minimize the perturbation by applying CAP, but can not make

completely reflection free[69].

Different electronic structure methods augmented with CAP have been employed to

study the atomic and molecular resonances[70–83]. Generally, the implementation of

CAP in existing codes involves the perturbation of Hamiltonian by a CAP followed

by the removal of artificial reflections generated by the CAP applying certain bound-

ary conditions. The CAP was first introduced by Jolicard and co-workers[38, 39]

for calculating the position and width of the resonance. Later, Riss and Meyer[40,

41] modified the basic concepts introduced by them and applied this to study the

shape resonances. Manolopoulos[84] also derived transmission-free absorbing poten-

tial based on JWKB approximation which leads to less than 1% of reflection.

1.3.5 Smooth Exterior Scaling

A better alternative to CS and CAP methods is the smooth exterior scaling (SES),

the so-called reflection-free CAP (RF-CAP) method [5, 68, 85–89]. SES is an ef-

ficient method based on the rigorous mathematical theory of CS to generate wave

functions without any artificial reflections at the grid boundary and it doesn’t dis-

turb the interaction region. Hence, by applying SES similarity transformations to

the Hamiltonian a reflection-free complex absorbing potential is generated. Basi-

cally, the SES shares the property of CAP[68] where the wavepacket is allowed to
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propagate along an arbitrary smooth path in the complex coordinate plane, and

the wavepacket gets absorbed when the path leaves the real axis[90]. In SES, the

derivative of the scaling path ([F (r)]) is defined as

f(r) =
∂F

∂r
= 1 + [eiθ0 − 1]g(r) (1.18)

such that F (r) → reiθ0 as r → ∞.

where θ0 is the scaling parameter and g(r) goes smoothly from 0 to 1 around r = r0,

resulting in f(r) going smoothly from 1 to eiθ0 . The SES Hamiltonian derived by

Moiseyev is

Ĥ = − ℏ2

2M

∂2

∂x2
+ V (F (r)) + VCAP (1.19)

where VCAP is an energy-independent universal (non-local) complex absorbing po-

tential (CAP). The SES Hamiltonian can be obtained by adding the universal CAP

to the unscaled Hamiltonian. The SES has been used by Moiseyev and coworkers[51,

88] for electronic structure calculations to study the Feshbach-type autoionization

resonances of atomic and molecular systems. A CAP which is similar to SES[91] is

derived based on perfectly matched layer (PML) method that is extensively used to

solve Maxwell’s equations[92].

1.3.6 Modified Smooth Exterior Scaling

Kalita et al.[43] proposed and successfully applied the modified smooth exterior

scaling (MSES) method in time-dependent dynamics problems. The MSES is a

modified version of the SES method where the scaling function θ = θ0a(r) is chosen

as real which is complex in SES. In MSES, the scaling path ([F (r)]) is defined as

F (r) = reiθ = reiθ(r) = reiθ0a(r) (1.20)
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where θ(r) goes smoothly from 0 to θ0 as a(r) goes smoothly from 0 to 1. The

scaling by the MSES method has been reported to be much smoother and displays

efficient absorption during wavepacket propagation at the grid boundary[43, 93]. A

detailed discussion of this method is presented in Chapter 2.

1.4 Goal and Motivation of this Thesis

The dilated Hamiltonian (complex scaled) produced by using any of the above men-

tioned bound state-based approaches becomes non-Hermitian and complex symmet-

ric in nature. Since the complex scaled Hamiltonian loses the properties of the

Hermitian operator, hence, the conventional SCF method becomes inapplicable to

solve the problem. In this case, the resonant eigenvalues can be obtained by ap-

plying bivariational SCF method[46]. In this method, real basis functions are used

with complex scaled Hamiltonian. This bivariational SCF method will be discussed

in detail in Chapter 2.

The electron propagator theory[94] has been a powerful and effective tool in the

direct calculation of electron detachment and electron attachment energies. The en-

ergy and width of resonances are related to the electron attachment energy (shape

resonance) and electron removal energy (Auger resonance) of the metastable state.

Therefore, the dilated electron propagator (complex scaled) method[47] has been ap-

plied successfully in characterizing the resonance parameters. This method is based

on an underlying bivariational SCF method which preserves the formal structure of

a real electron propagator and the resulting orbital energies are zeroth order poles

and the corresponding amplitudes are Feynman-Dyson Amplitudes of dilated elec-

tron propagator[95]. Further, the orbital energies can be improved by using higher

order perturbative decouplings of dilated electron propagator incorporating a greater
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extent of relaxation and correlation effects. The theoretical background of dilated

electron propagator theory has been discussed in detail in Chapter 2.

The main objective of this thesis is to formulate the analytical continuation method

in bivariational SCF and electron propagator methods. MSES has been used as the

analytical continuation tool along with SCF and electron propagator method. The

motivation for these studies comes from the fact that

(1) MSES has been successfully applied to study the wavepacket propagation. It has

also been proved that MSES can give better results than conventional SES methods.

(2) To the best of our knowledge, till now, MSES has not been used in electronic

structure calculations.

(3) MSES shares and properties of CS but its application is very similar to that of

CAP which is very easy to implement.

(4) The electron propagator theory is a straightforward method for improving the

resonance energy and width obtained from bivariational SCF level.

The chapter-wise outline of the thesis is provided below.

This study involves the implementation of bivariational SCF-MSES method, dilated

electron propagator method (dilated by MSES), and their application in studying

electron-atom and electron-molecule scattering resonances. In the current chapter,

we have already presented a brief description of metastable states. Different ana-

lytical continuation methods used in treating these states have also been discussed.

The aim and scope of the present work have also been discussed in the last part of

this chapter.
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Chapter 2 discusses the basic concepts and the mathematical formulations of the

methods used to study the electron scattering shape and Auger resonances in the

present work. In this chapter, the MSES method to convert the divergent behavior

of resonance wave functions to convergent or square integrable ones is discussed.

Also, the bivariational SCF method used to solve the Schrödinger equation in non-

Hermitian quantum mechanics and the dilated electron propagator method used to

improve the resonance energy and width are summarized. The trajectory method

to calculate the resonance energy is also included.

In Chapter 3, the shape resonances of isoelectronic systems 2Πg N−
2 and 2Π CO−

are studied. Along with the MSES path, other three conventional SES paths are

also tested. In this study, MSES is used for the first time in electronic structure

calculation. The dilated electron propagator method is also used for up to second

order to include the correlation studies which may improve the results obtained from

bivariational SCF level. The results obtained are in good agreement with experi-

mental results and other results from theoretical estimates. Unfortunately, except

MSES path, we do not observe any stationary point for the other three conventional

SES paths. This may be the reason that the conventional SES paths have not been

applied to study the electron scattering shape resonances till now.

In Chapter 4, the Auger and shape resonances of Be atom are studied. The dilated

electron propagator is used up to third order in conjunction with MSES. The reso-

nance energy obtained for Auger resonance is in accordance with the experimental

result. However, there are no experimental results available in the case of shape res-

onance to compare exactly. Therefore, the obtained results are compared with other

theoretical estimates available in the literature. We use two different types of basis
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sets to make our findings more reliable and the results from both the basis sets are

close to each other and in good agreement with one of the latest theoretical estimates.

In Chapter 5, the effects of diffused functions in characterizing the molecular shape

resonances are studied. The isoelectronic systems 2Πg N−
2 , 2Π CO− and 2Πg C2H−

2

are studied. The study is performed up to the bivariational SCF level only because

these small molecular systems can be characterized at bivariational SCF level itself.

Different basis sets which are obtained by augmenting the standard basis set are

used to study the effects. The results obtained are compared to check the effects

and discussed. From this study, it is observed that in studying the 2Πg N−
2 , 2Π

CO− and 2Πg C2H−
2 shape resonances, the additional diffused p-type orbitals have

an important role, but the s- and d-type functions do not have major impacts.

Chapter 6 gives an overview of the present work and the scope of the future works.

In the first work, we applied the MSES in conjunction with the electron propagator

to study the shape resonances in 2Πg N−
2 and 2Π CO− and obtained excellent results

in comparison to experimental results. In addition, it is also observed that the other

conventional SES paths fail to unveil the shape resonances. In the second work, we

can obtain good results for Auger and shape resonances for Be. In the third work,

we studied the effects of diffused basis functions and obtained that the additional p-

type orbitals have a crucial role in characterizing the shape resonances in molecular

systems.
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Chapter 2

Methods Applied in Studying Shape

and Auger Resonances

Resonances are quantized solutions of following TISE after applying outgoing bound-

ary conditions

Hψ = Eψ. (2.1)

which are associated with unstable quantum states (metastable states) with finite

lifetime. These states are of quasi-bound character and lie hidden in the continuum

part of the Hamiltonian. Therefore, the theoretical chemists are forced to apply

bound state-based methods which have been discussed in Chapter 1 to uncover the

resonances and to study the properties of these states. By applying these methods

the resonance energies are obtained as complex eigenvalues E = ER − iΓ
2

under the

constraint that no incoming wave exists. One such method is MSES, which has been

applied successfully to study resonance in dynamical systems[43].

In this Chapter, in the first section, we have formulated the necessary theoretical

17
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framework for the MSES method in detail. In the subsequent sections, the bivari-

ational SCF and the propagator theory are discussed. After that, the trajectory

method to identify the resonance position and width has been discussed.

2.1 Modified Smooth Exterior Scaling Transforma-

tion

SES is a variant of the CS method. Here, the complex path is chosen in such a way

that complex scaling is followed in the asymptotic limit. It is an efficient method

to generate artificial reflection-free wave functions of dynamical systems. Basically,

in this method, the wavepacket is allowed to propagate along an arbitrary (smooth)

path in the complex coordinate plane and when the path leaves the real axis it gets

absorbed. Users can keep as large a grid as their wish without being affected by

the complex scaling. This is a very simple method to implement and most of the

perturbation phenomenon of physical systems are avoided here. The effect of SES

“turns on” only close to the end of the grid boundary. In SES, the scaling is done

in the non-interaction region without affecting the interaction region, and hence, no

scaling is required for the potential[68, 89]. The MSES is a modified form of SES.

The fundamental difference between SES and MSES is that the scaling function θ

is chosen as real in MSES which is complex in SES[43, 93].

Consider the following Schrödinger equation, with complex eigenvalue, E = ER −

iEI ,

Ĥψ = Eψ (2.2)

where

Ĥ = − ℏ2

2M

∂2

∂z2
+ V (z) (2.3)
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Here, z = F (x) is a path in the complex coordinate plane z, where

z = F (x) → xeiθ0 as x→ ∞ (2.4)

On the basis of Simon’s[60] proposition to avoid the scaling where the potential is

non-dilation analytic, Rom et al.[67] defined the smooth-exterior scaling path as

f(x) =
∂F

∂x
= 1 + [eiθ0 − 1]g(x) (2.5)

where g(x) varies smoothly from 0 to 1 value around the point x = x0. When

V (x ≥ x0) = 0, then unscaled potential V (x) can be used instead of complex

potential V (z).

It is easy to see from equations (2.4) and (2.5) that,

∂

∂z
= f−1(x)

∂

∂x
(2.6)

then,

∂2

∂z2
=

∂

∂z
(
∂

∂z
) = f−1(x)

∂

∂x
(f−1(x)

∂

∂x
)

= f−1(x)(−f−2(x))
∂f(x)

∂x

∂

∂x
+ f−1(x)f−1(x)

∂2

∂x2

∂2

∂z2
= −f−3(x)

∂f(x)

∂x

∂

∂x
+ f−2(x)

∂2

∂x2
(2.7)
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Therefore, the transformed Hamiltonian (Ĥ) of equation (2.3) as derived by Moi-

seyev[96] can be written as:

Ĥ =
−ℏ2

2M
(−f−3(x)

∂f(x)

∂x

∂

∂x
+ f−2(x)

∂2

∂x2
) + V (z)

= − ℏ2

2M

∂2

∂x2
+

ℏ2

2M
f−3(x)

∂f(x)

∂x

∂

∂x
+

ℏ2

2M

∂2

∂x2
− ℏ2

2M
f−2(x)

∂2

∂x2
+ V (z)

= − ℏ2

2M

∂2

∂x2
+

1

2
(
ℏ2

M
f−3(x)

∂f(x)

∂x
)
∂

∂x
+ (

ℏ2

2M
(1− f−2(x)))

∂2

∂x2
+ V (z)

Ĥ = − ℏ2

2M

∂2

∂x2
+ V [F (x)] + VCAP (2.8)

where

V̂CAP =
1

2
V1(x)

∂

∂x
+ V2(x)

∂2

∂x2
(2.9)

and

V1(x) =
ℏ2

Mf 3(x)

∂f(x)

∂x
(2.10)

V2(x) =
ℏ2

2M
(1− f−2(x)) (2.11)

The volume element is given by

dz = f(x)dx (2.12)

The Hamiltonian can be transformed to simplify the expression of the volume el-

ement i.e., to make dz = dx. This can be carried out by defining a new function

Φ,

Ψ(x) = f− 1
2Φ(x) (2.13)

such that

Ĥf =
−ℏ2

2M
∇2

f + V [F (x)] (2.14)
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where

∇2
f = f

1
2 (x)

∂2

∂z2
f− 1

2 (x) (2.15)

After some algebraic calculations one can prove that Φ(x) is an eigenfunction of Ĥf .

Now, Ĥf can be redefined as

Ĥf = − ℏ2

2M

∂2

∂x2
+ V [F (x)] + V̂ f

CAP (2.16)

Ĥf = Ĥ + V̂ f
CAP (2.17)

where,

V̂ f
CAP = V̂

f(pot)
CAP + V̂

f(kin)
CAP (2.18)

and Ĥ = − ℏ2
2M

∂2

∂x2 + V [F (x)] is unscaled physical Hamiltonian. V̂ f(pot)
CAP and V̂

f(kin)
CAP

are potential and kinetic terms of V̂ f
CAP . Moiseyev and coworkers[51, 88] have dis-

cussed the conditions based on which the potential term V̂
f(pot)
CAP can be ignored. As

discussed, the conditions are

(1) The repulsion between an electron in the outer (complex scaled) region and an

electron in the inner (unscaled) region can be ignored as there is no double ionization

of two correlated electrons.

(2) The scaling in SES is done only in the non-interaction region without affecting

the interaction region and, hence, no scaling is required for the potential.

Hence, the V̂ f
CAP is reduced to

V̂ f
CAP = V̂

f(kin)
CAP , (2.19)

which is an energy independent and universal reflection free CAP. The term V̂
f(kin)
CAP

can be written as
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V̂
f(kin)
CAP = V0(x) + V1(x)

∂

∂x
+ V2(x)

∂2

∂x2
(2.20)

The functions V1(x) and V2(x) are the same as defined in equations (2.10) and (2.11),

where V0 is defined as follow

V0(x) =
ℏ2

4M
f−3(x)

∂2f

∂x2
− 5ℏ2

8M
f−4(x)(

∂f

∂x
)2 (2.21)

Now, in the usual implementation of SES, the g(x)[in equation (2.5)] can be defined

with the help of a certain family of integration paths in complex coordinate plane

e.g.,[68, 96]:

g(x) = 1 + 0.5(tanh(λ(x− x0))− tanh(λ(x+ x0))) (2.22)

The path derived using this g(x) is referred to as Path I[96]. The F(x) can be derived

by carrying out the integration over g(x). Thus, the F (x) will have the following

form for the path given in the equation (2.22):

F (x) = x+ (eiθ − 1)[x+
1

2λ
ln

cosh[λ(x− x0)]

cosh[λ(x+ x0)]
] (2.23)

Along with Path I, there exist several other paths that are based on polynomials

g(x) ∼ xp or Gaussians. Some well-known paths are

Path II[68, 89]

g(x) = (1 + e(x0−x)λ)−1 + (1 + e(x0+x)λ)−1, (2.24)

F (x) = x+ (eiθ − 1)[2x− 1

λ
ln(1 + e(x0+x)λ) +

1

λ
ln(1 + e(x0−x)λ) (2.25)
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Path III[86, 89]

g(x) =


0, x ≤ x0

1− e−λ(x−x0)2 + 2λ(x− x0)
2e−λ(x−x0)2 , x > x0

(2.26)

F (x) =


x, x ≤ x0

x+ (eiθ − 1)(x− x0)(1− e−λ(x−x0)2), x > x0

(2.27)

SES following implementation using these paths will be termed as conventional SES

(CSES). In this method, g(x) is taken as real. Scaling function θ(x) and path F (x)

are related by the following relation

F (x) = xeiθ(x) (2.28)

resulting in θ(x) becoming complex.

At the asymptote, when the potential vanishes, the resonance wave function will

have the form as follows

ψ = eikx.

After applying complex scaling x→ xeiθ, ψ will be converted as

ψ = eikxe
iθ

= eikx cos θe−kx sin θ.

In the above equation, the second term of ψ is responsible in making the wave

function square integrable. But, as in case of CSES, if we consider θ as complex i.e.,

θ = θr + iθim, the wave function will take the following form

ψ = eikxe
iθr e−θim = eikx cos θre−θime−kx sin θre−θim
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and it is evident that θim does not serve any purpose.

Therefore, in MSES, the scaling function θ(x) is chosen as real, which makes the

g(x) complex. The real function θ(x) is defined as

θ(x) = θ = a(x)θ0 (2.29)

where θ0 is scaling parameter and a(x) is chosen as:

a(x) = 1 + 0.5(tanh(λ(x− x0))− tanh(λ(x+ x0))) (2.30)

The value of a(x) varies from 0 to 1 around the point x = x0.

Now, to calculate the g(x) for MSES, after taking first derivative of equation (2.28),

we get
∂F

∂x
= f(x) = eiθ + ixeiθ

∂θ

∂x
(2.31)

By comparing equations (2.5) and (2.31), we have

g(x) =
eiθ − 1

eiθ0 − 1
+ ix

eiθ

eiθ0 − 1
θ0
∂a(x)

∂x
(2.32)

Differentiating a(x) of equation (2.30) with respect to x and putting the value of
∂a(x)
∂x

in equation (2.32), we get the form of g(x) as follow

g(x) =
eiθ − 1

eiθ0 − 1
+ ix

eiθ

eiθ0 − 1
θ0λ0.5[sech

2(λ(x− x0))− sech2(λ(x+ x0))] (2.33)

The SES using this g(x) is referred to as MSES method and the corresponding path

will be defined as

z = F (x) = xeiθ(x) = xeia(x)θ0 . (2.34)
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To compare the efficiency of CSES and MSES paths, the complex paths F (x) have

been plotted for both methods in Fig.2.1. For CSES, the Path I is used. The scaling

parameters used for both the complex paths are θ0 = 0.32, λ = 0.28 a.u., and

x0 = 360 a.u. A detailed comparison of both methods can be seen in Ref.[43].
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im	F(x)	(CSES)
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im	F(x)	(MSES)

Figure 2.1: Plot of F (x) vs x for CSES and MSES methods

The difference between CSES and MSES is not only in the path but in the formula-

tion also. In MSES, the function θ(x) is chosen as real which is complex in the case

of CSES. As a result, the function g(x) becomes complex in MSES which is real in

the case of CSES. In Ref.[43], the MSES method has been applied to time-dependent

and time-independent problems. In the case of a time-dependent problem, the MSES

is used as an absorbing potential similar to the application of negative imaginary

potential/CAP. It is observed that the MSES method is better by at least 7 orders

of magnitude as compared to the CSES during the absorption of the wavepacket. In
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CSES, as the scaled region (where the CAP is generated) is decreased keeping other

parameters fixed, the results deteriorate by 5 orders of magnitude while the results

from the MSES remain mostly unchanged. It shows the robustness of the MSES

and implies that the MSES method can provide better reflection-free CAP .

In the same publication, for a time-independent problem, CS, CSES, and MSES

methods have been applied to calculate resonances during the photodissociation

of H+
2 molecule. It is observed that the results obtained from the CSES method

differ significantly from the benchmark result obtained by using CS with a very high

number of grid points converged to at least 8 digits. However, results obtained from

CS and MSES methods are indistinguishable. So, it has been concluded that the

MSES method is far better than the CSES method in calculating resonance states.

In our formulation, F (x) is dependent on three parameters, x0, θ0, and λ. The value

of x0 is chosen such that only within the interval −x0 < x < x0 of x the physical

potential V (x) can have non-zero values and vanishes elsewhere. The parameter λ

is associated with an effective size of the intermediate region where F (x) ̸= x and

F (x) ̸= xeiθ0 . For larger values of λ, this intermediate region becomes smaller and

the SES path is obtained. For λ = 0, the usual CS path, z = xeiθ0 , is obtained. At

the limit of λ→ ∞ the SES transformation is reduced to ECS transformation and

z =


x, −x0 ≤ x ≤ x0

(x− x0)e
iθ0 + x0, x > x0

(x+ x0)e
iθ0 − x0, x < −x0

(2.35)

The MSES has been successfully applied to absorb the wavepacket in the grid bound-

ary and obtained promising results in comparison to CSES[43]. Now, we are using

this method on the more general case of three-dimensional many-particle systems.
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To implement it to the standard ab initio electronic structure package, a practical

approach is to carry out the transformation in the Cartesian coordinates,

F (r) = (F (x), F (y), F (z)) (2.36)

where

F (r) = reiθ (2.37)

and r stands for x or y or z. In our calculations x0 = y0 = z0.

2.2 Bivariational SCF

The complex scaled Hamiltonian (dilated by MSES) H(η) has the following form

Hf (η) =
∑
i

(
− ℏ2

2M
∇2

i −
Z

ri

)
+
∑
i<j

1

rij
+ V̂ f

CAP (2.38)

where η= eiθ. Hf (η) loses the properties of the Hermitian operator and becomes non-

Hermitian preserving the complex symmetric property, i.e., H†
f (η) = H⋆

f (η) ̸= Hf (η)

due to the complex value of η. As a result, the conventional variational theorem

becomes inapplicable. Therefore, the bivariational SCF method[46] is applied to

solve the problem related to complex symmetric operators. The only difference

between the conventional SCF (or the usual Hartree Fock theory) and bivariational

SCF is that in the latter the solution provides complex eigenvalues.

In the complex SCF method (also known as bivariational SCF)[46, 47], the dilated

Hamiltonian is used along with real basis functions. To apply the bivariational SCF
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method, the functional

E(Φ0,Ψ0) =
< Φ0|H(η)|Ψ0 >

< Φ0|Ψ0 >
(2.39)

is extremized to obtain the bivariational SCF equations with conditions Φ0 and Ψ0

should be single determinants

Φ0 = (N !)−
1
2 det{ϕi(xi)} (2.40)

Ψ0 = (N !)−
1
2 det{ψj(xj)} (2.41)

where i = j = 1, 2, ....., N and the constituent one-electron orbitals ϕ and ψ be

biorthonormal

< ϕi|ψj >= δij (2.42)

Following SCF equations can be obtained by extremizing the functional equation

(2.39)

Ωϕi = ϵiϕi (2.43)

Ω+ψi = ϵ⋆iψi (2.44)

where

Ω1(η, ϕ, ψ) = − ℏ2

2M
∇2

1−
∑
A

ZA

r1A
+

∫
x2′=x2

(1− P12)

r12
ρ(x2′ , x2)dx2+ V̂

f
CAP (r1) (2.45)

with

ρ =
occ∑
i

ϕiψ
⋆
i (2.46)

and

V̂ f
CAP (r) = V̂CAP (x) + V̂CAP (y) + V̂CAP (z) (2.47)
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The V̂CAP (x) is defined in equation (2.18).

The dilated Hamiltonian is complex symmetric, i.e., H†(η) =H⋆(η). Since the choice

of basis function has the property as Φ=Ψ⋆, the many-electron wave function satisfies

the same relation. The detailed implementation and the advantages of bivariational

SCF is described in Ref. [46].

Diagonalization of complex symmetric matrices can lead to self-orthogonality of the

eigenstates. To check the correctness of the result diagonalization of the complex

symmetric Fock matrix is carried out by two different methods (i) the LAPACK

subroutine for general complex matrix diagonalization (ZGEEV) and (ii) the method

developed by Bar-On et al.[97] for complex symmetric matrices. Both methods

provide indistinguishable results. Our group has studied resonance coalescence for

the parameters where coalescence or exceptional points occur and found that both

methods break down to diagonalize the complex symmetric matrices[98]. While

applying these methods in computing complex eigenvalues, we do not encounter any

problems in obtaining eigenvalue solutions.

To evaluate

⟨p(x, y, z)|V̂CAP (x)|q(x, y, z)⟩ (2.48)

where p(x, y, z) and q(x, y, z) are primitive Gaussian basis, defined as

p(x, y, z) = Npx
lymzne−α(r−r0)2 (2.49)

and centered at r0=(x0, y0, z0).

p(x, y, z) can be written as

p(x, y, z) = Nppxpypz (2.50)
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where px = xle−α(x−x0)2 and similarly py and pz. Hence, the expression (2.48) can

be partitioned as

NpNq⟨pxpypz|V̂CAP (x)|qxqyqz⟩ = NpNq⟨px|V̂CAP (x)|qx⟩⟨py|qy⟩⟨pz|qz⟩ (2.51)

where ⟨py|qy⟩ and ⟨pz|qz⟩ are evaluated analytically and ⟨px|V̂CAP (x)|qx⟩ being a one

dimensional integral is evaluated numerically.

2.3 The Electron Propagator

The electron propagator theory[94] is a powerful tool for improving the electron

affinities (EA) and ionization potentials(IP) that are calculated from the bivaria-

tional SCF level. As the resonance energies are associated with the EA and IP, it is

obvious that the dilated electron propagator[47] can be used for the direct calculation

of resonance energies and widths of electron-atom and electron-molecule scatterings.

The higher-order dilated electron propagator provides a systematic framework for

improving the results obtained from the bivariational SCF[46] level by incorporating

the relaxation and correlation effects. These improvements can be made by intro-

ducing an effective potential, called self-energy, which was formulated by Dyson[99].

This method has been proven as an effective and convenient method in characteriz-

ing Auger and shape resonances in atomic[100–102] and molecular systems[53, 54,

58].

The Dyson equation for dilated electron propagator G can be written as[54]

G(η, E) = G0(η, E) + G0(η, E)Σ(η, E)G(η, E) (2.52)
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where G0(η, E) is known as the zeroth order dilated electron propagator and is a

matrix of the electron propagator of uncorrelated electron motion and Σ(η, E) is

defined as

Σ(η, E) = Σ(2)(η, E) + Σ(3)(η, E) + ..... (2.53)

Σ(η, E) is the matrix representation of the exact self-energy on the basis of spin or-

bitals which is the sum of different orders such as second order, Σ(2)(η, E), and third

order, Σ(3)(η, E). This self-energy matrix contains the relaxation and correlation

effects.

In particular, the elements of the second order self-energy matrix are given as fol-

lows[94, 99]

Σ
(2)
ij (η, E) =

1

2

∑
ars

< rs||ia >< ja||rs >
E(η) + ϵa(η)− ϵr(η)− ϵs(η)

+
1

2

∑
abr

< ab||ir >< jr||ab >
E(η) + ϵr(η)− ϵa(η)− ϵb(η)

(2.54)

where the indices a,b,... represent occupied spin orbitals, r,s,... represent unoccupied

spin orbitals and i,j,... represent unspecified orbitals, and the antisymmetric two-

electron integral is given by

< ij||kl >= η−1

∫
ψi(1)ψj(2)

(1− P12)

r12
ψk(1)ψl(2)dx1dx2. (2.55)

The third order energy dependent (ED) part of the dilated self energy matrix is

given by[102]

Σ
(3)
ED(η, E) =

TH-3300_166122103



Chapter 2. Methods Applied in Studying Shape and Auger Resonances 32

1

4

∑
a

∑
b

∑
p

∑
q

∑
r

< ip||qr >< qr||ab >< ab||jp >
(E(η) + ϵp(η)− ϵa(η)− ϵb(η))(ϵa(η) + ϵb(η)− ϵq(η)− ϵr(η))

(2.56)

−
∑
a

∑
b

∑
c

∑
p

∑
q

< ic||qb >< qp||ac >< ab||jp >
(E(η) + ϵp(η)− ϵa(η)− ϵb(η))(ϵa(η) + ϵc(η)− ϵp(η)− ϵq(η))

(2.57)

+
1

4

∑
a

∑
b

∑
p

∑
q

∑
r

< ip||ab >< ab||qr >< qr||jp >
(E(η) + ϵp(η)− ϵa(η)− ϵb(η))(ϵa(η) + ϵb(η)− ϵq(η)− ϵr(η))

(2.58)

−
∑
a

∑
b

∑
c

∑
p

∑
q

< iq||ac >< ab||pq >< pc||jb >
(E(η) + ϵq(η)− ϵa(η)− ϵc(η))(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))

(2.59)

−1

4

∑
a

∑
b

∑
c

∑
d

∑
p

< ip||ab >< ab||cd >< cd||jp >
(E(η) + ϵp(η)− ϵc(η)− ϵd(η))(E(η) + ϵp(η)− ϵa(η)− ϵb(η))

(2.60)

+
∑
a

∑
b

∑
c

∑
p

∑
q

< iq||cb >< cp||aq >< ab||jp >
(E(η) + ϵp(η)− ϵa(η)− ϵb(η))(E(η) + ϵq(η)− ϵb(η)− ϵc(η))

(2.61)

+
1

4

∑
a

∑
b

∑
c

∑
p

∑
q

< ic||ab >< ab||pq >< pq||jc >
(E(η) + ϵc(η)− ϵp(η)− ϵq(η))(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))

(2.62)

−
∑
a

∑
b

∑
p

∑
q

∑
r

< ir||aq >< ab||pr >< pq||jb >
(E(η) + ϵb(η)− ϵp(η)− ϵq(η))(ϵa(η) + ϵb(η)− ϵq(η)− ϵr(η))

(2.63)

+
1

4

∑
a

∑
b

∑
c

∑
p

∑
q

< ia||pq >< pq||bc >< bc||ja >
(E(η) + ϵa(η)− ϵp(η)− ϵq(η))(ϵb(η) + ϵc(η)− ϵp(η)− ϵq(η))

(2.64)

−
∑
a

∑
b

∑
p

∑
q

∑
r

< ib||pr >< pq||ab >< ar||jq >
(E(η) + ϵb(η)− ϵp(η)− ϵr(η))(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))

(2.65)

+
1

4

∑
a

∑
p

∑
q

∑
r

∑
s

< ia||pq >< pq||rs >< rs||ja >
(E(η) + ϵa(η)− ϵr(η)− ϵs(η))(E(η) + ϵa(η)− ϵp(η)− ϵq(η))

(2.66)

−
∑
a

∑
b

∑
p

∑
q

∑
r

< ib||rq >< ra||pb >< pq||ja >
(E(η) + ϵa(η)− ϵp(η)− ϵq(η))(E(η) + ϵb(η)− ϵq(η)− ϵr(η))

(2.67)
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The third order energy independent dilated self energy matrix is also given as follow

Σ
(3)
EI(η) =

1

2

∑
a

∑
b

∑
p

∑
q

∑
r

< ir||jp >< ab||rq >< pq||ab >
(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))(ϵa(η) + ϵb(η)− ϵq(η)− ϵr(η))

(2.68)

−1

2

∑
a

∑
b

∑
c

∑
p

∑
q

< ia||jc >< cb||pq >< pq||ab >
(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))(ϵb(η) + ϵc(η)− ϵp(η)− ϵq(η))

(2.69)

+
1

2

∑
a

∑
b

∑
p

∑
q

∑
r

< ip||ja >< ab||qr >< qr||pb >
(ϵa(η) + ϵb(η)− ϵq(η)− ϵr(η))(ϵa(η)− ϵp(η))

(2.70)

−1

2

∑
a

∑
b

∑
c

∑
p

∑
q

< ip||ja >< bc||pq >< aq||bc >
(ϵb(η) + ϵc(η)− ϵp(η)− ϵq(η))(ϵa(η)− ϵp(η))

(2.71)

+
1

2

∑
a

∑
b

∑
p

∑
q

∑
r

< ia||jr >< rb||pq >< pq||ab >
(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))(ϵa(η)− ϵr(η))

(2.72)

−1

2

∑
a

∑
b

∑
c

∑
p

∑
q

< ic||jp >< pq||ab >< ab||cq >
(ϵa(η) + ϵb(η)− ϵp(η)− ϵq(η))(ϵc(η)− ϵp(η))

(2.73)

Now, multiplying equation (2.52) by (G0(η, E))
−1 and (G(η, E))−1 on left and right

side respectively, we get

(G0(η, E))
−1 = (G(η, E))−1 + Σ(η, E) (2.74)

In terms of a set of occupied and unoccupied spin orbitals generated from the solution

of bivariational SCF equations, the matrix elements of G−1
0 (η, E) are

[G−1
0 (η, E)]ij = (E − ϵi)δij (2.75)
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where ϵ is the diagonal matrix of eigenvalues i.e., is the orbital energy of the ith spin

orbital and is the zeroth order pole of the dilated electron propagator.

Now by using Eq. (2.75), the propagator in Eq. (2.74) can be written

(G(η, E))−1 = (G0(η, E))
−1 − Σ(η, E) = E1− ϵ(η)− Σ(η, E) (2.76)

Since the inverse of a matrix does not exist when its determinant is zero, the roots

of the following energy dependent equation correspond to the poles of the dilated

electron propagator

det(E1− ϵ(η)− Σ(η, E)) = 0 (2.77)

When Σ(η, E)=0, the poles occur at ϵi can be called as Zeroth order dilated electron

propagator (ZoDEP) which is the same as that of the bivariational SCF level[103].

Since ϵ is diagonal, to calculate the lowest order correction, we are ignoring the

off-diagonal elements of self energy (Σ(η, E))[94, 99]. Consequently, the associated

pole search becomes easy, just by solving the following equation

E(η) = ϵ(η) + Σii(η, E) (2.78)

where E is an electron binding energy. The solution can be done repeatedly starting

with E = ϵi until the convergence result is found. The lowest-order correction with

second order self energy to ϵi is given by the following equation

ϵ′i = ϵi + Σ
(2)
ii (ϵi) (2.79)

From now onwards, the zeroth order dilated electron propagator based on MSES will

be referred to as ZoDEP-MSES and will also be called as Bivariational SCF-MSES
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method. Similarly, the second order and third order dilated electron propagators

will be referred to as SoDEP-MSES and ToDEP-MSES respectively.

2.4 Calculation of Resonance Energy Using Trajec-

tory Method

As mentioned in section 2.1, the MSES method depends on three parameters, x0, λ,

and θ0. A resonance is observed as a stationary point which is obtained by plotting

θ0-trajectories keeping all other parameters fixed. In this type of θ0-trajectory, a res-

onance is associated with a single cusp where the absolute value of the velocity of the

trajectory gets a minimum value. Although the MSES depends on several parame-

ters, a resonance is associated with a single stationary point on a θ0-trajectory[51].

Thus, at optimum, the resonance eigenvalue follows

(
∂E

∂θ0

)
λoptimum,x0optimum

= 0 (2.80)

The Eq. 2.80 can be solved by plotting θ0-trajectory where the resonance energy

(E) is plotted as a function of θ0 keeping all other parameters fixed. This method

of solution is known as the graphical method. The stabilization point along the

θ0-trajectories [plots of Re(E) vs Im(E)] satisfying complex virial theorem leads to

cusp, kinks, loops, or any kind of "slow down"[104].
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Chapter 3

Application of Modified Smooth

Exterior Scaling Method to Study

2Πg N−
2 and 2Π CO− Shape

Resonances

In this chapter, the MSES method is applied for the first time to calculate the energy

and the width of the electron-molecule scattering. The isoelectronic 2Πg N−
2 and 2Π

CO− shape resonances have been studied as a test case for the MSES method.

The results obtained using this method are in good agreement with experimental

results. The CSES method with different paths has also been applied for comparison

purposes.

37
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3.1 Introduction

Resonances are one of the most important phenomena in electron-molecule scatter-

ing. The first and most famous example, as well as application, was forwarded by

Gamow[105] when he studied the α-decay of heavy nuclei in 1928.

The resonance energies in atomic and molecular systems are related to IP and EA,

which are calculated as the difference between the ground state total energies of the

(N±1) and the neutral target that can be calculated using Koopman’s theorem[99].

In general, IP = (Es(N−1)−E0(N)) = −ϵs and EA = (E0(N)−Es(N+1)) = −ϵs,

where s labels a stationary state and E0(N) is the ground state total energy of the

neutral N electron target, and the resonance energy and width are calculated as

negative of IP and EA i.e., ϵs which are known as Auger and shape resonances

respectively. The corresponding resonance wave functions are not L2-integrable. By

carrying out a dilation transformation of the electronic coordinates, the resonance

wave functions become square integrable. Mathematically, this transformation is the

analytical continuation of Hamiltonian in the complex plane. Different techniques

that can be used for this purpose have already been discussed in Chapter 1

Bivariational SCF[46, 47], a complex scaled version of conventional SCF, had been

implemented to study the resonance states in atomic [100, 101, 103, 106] and molec-

ular systems [107, 108]. In this work, an attempt has been made to study the

resonance states under the MSES. Hence, the method we are using here to study

will be referred to as bivariational SCF-MSES. The results obtained from bivaria-

tional SCF should improve by incorporating relaxation and correlation effects. So,

to include these effects, the second order dilated (complex scaled by MSES) electron

propagator (SoDEP-MSES) method is applied. This is the first time to use MSES

method to study the shape resonances of molecular systems.
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The necessary theoretical background of MSES, bivariational SCF, and the electron

propagator has been discussed in Chapter 2. In the next section, results are shown

and discussed along with two subsections, the 2Πg N−
2 shape resonance and the 2Π

CO− shape resonance. Finally, conclusions are made with some future prospects

and endeavor of the underlying method.

3.2 Results and Discussion

The isoelectronic systems 2Πg N−
2 and 2Π CO− have been the prototypical systems

used to test the effectiveness of new theoretical methods in treating molecular shape

resonances. We apply the bivariational SCF-MSES and SoDEP-MSES methods to

study the molecular shape resonances. We are testing the efficacy of the MSES

method using the mentioned systems. Atomic units are used throughout unless

otherwise stated. The basis set we employed to study 2Πg N−
2 and 2Π CO− shape

resonances is aug-cc-pCVDZ with augmentation. The basis set for all the atoms

is augmented for the accommodation of an electron of the metastable state. The

most diffused functions of type s and p are augmented by multiplying the factor of

1
2n

for n = 1, 2, · · · , 5. Hence, the augmented basis functions will be referred to as

aug-cc-pCVDZ+5s5p(A).

Although the MSES method generally depends on several parameters as mentioned

in Chapter 2, a resonance is associated with a stabilization point (cusp) in a plot

when the resonance energy is plotted as a function of θ0 keeping other parameters

fixed. We have performed a series of calculations for various x0 and λ parameters,

and the value of parameter λ is chosen as 10.0 a.u. from the set of well stabilized

resonance θ0-trajectories. The same value of λ is also applied by Y. Sajeev et al.

to study the Feshbach type autoionization resonance of Helium[88] and hydrogen
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molecule[51]. The corresponding θ0-trajectories have been plotted using the respec-

tive x0 values for 2Πg N−
2 and 2Π CO− shape resonances.

3.2.1 The 2Πg N−
2 shape resonance

The 2Πg N−
2 shape resonance is perhaps the most studied molecular resonance

among electron-molecule scattering problems studied so far. The basis set aug-

cc-pCVDZ+5s5p(A) is employed for each nitrogen atom. The N2 molecule is placed

along the x-axis symmetrical to the origin considering the bond length of 1.09 Å. For

bivariational SCF-MSES method, the θ0-trajectories using different complex scaling

paths i.e., MSES Path, Path-I, Path-II, and Path-III, are plotted in Figure 3.1. Same

values of different parameters are used for all the paths (λ=10.0 and x0=4.5). We

have not added any dc field[51, 88] to the Hamiltonian either in CSES or in MSES.

In the figure, no clear stationary points (i.e., cups or kinks) are observed except for

MSES path.

In Figure 3.1, in the case of MSES path, there are many closely spaced curves which

contain kinks or stationary points. Out of many kinks shown in the figure, only one

of them represents 2Πg N−
2 shape resonance, which is shown by an arrow. Others are

artifacts due to an incomplete basis set. Whether a state is resonance or artifact can

be identified by plotting the orbital wave function[109]. A resonance state is localized

within the interaction region, but a continuum or artifacts will be localized outside

the interaction region. As the SES does not affect the interaction region, the shape of

molecular orbitals in the interaction region does not get distorted much. Therefore,

we have plotted the molecular orbitals at the stationary point to check which curve

belongs to the π⋆
g state. The orbital corresponding to that state is plotted in Figure

3.2, which shows a typical π⋆
g character of the lowest unoccupied molecular orbital
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Figure 3.1: θ0-trajectories of orbital energies of N2 for x0=4.5 using MSES Path,
Path-I, Path-II and Path-III. Cups are seen only for MSES path. The arrow shows
the position of 2Πg N−

2 shape resonance. Other cups are artifacts as concluded
after plotting orbitals.

(LUMO). Only the real part of the orbital is plotted, as the imaginary part is an

order smaller than the real part. If the absolute value of the wave function is plotted,

then the nodal structure will be lost. The corresponding resonant-θ0-trajectory is

displayed in Figure 3.3. The optimal θ0 value at the stationary point is 0.24. The

values of energy and width obtained from the real and imaginary part of the resonant

pole are 2.14 eV and 0.39 eV respectively. The SoDEP-MSES method is employed

to improve the results obtained from the bivariational SCF level. The resonant-θ0-

trajectory for SoDEP-MSES is given in Figure 3.4. The results obtained from both

bivariational SCF-MSES and SoDEP-MSES methods show no discernible difference.

S. Mahalakshmi et al.[58] also reported no considerable change while performing
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a higher-order dilated electron propagator to the 2Πg N−
2 shape resonance. The

same conclusion can be drawn from this work. McCurdy et al.[109] also indicated

that some well-known molecular shape resonances (N−
2 , CO−, F−

2 , etc.) can be

characterized at the bivariational SCF level itself. The energy and width obtained

from the bivariational SCF-MSES and SoDEP-MSES methods along with other

theoretical methods and experiment results are collected in Table 3.1. As compared

to other theoretically calculated results, the results obtained from bivariational SCF-

MSES and SoDEP-MSES methods are in good agreement with experimental results.
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Figure 3.2: The resonance wave function of 2Πg N−
2 shape resonance. The

positions of two N atoms are at 0.545 and -0.545 along x-axis.
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Figure 3.3: θ0-trajectory of 2Πg N−
2 shape resonance at x0=4.5 using bivaria-

tional SCF-MSES.

3.2.2 The 2Π CO− shape resonance

The basis set employed to investigate 2Π CO− shape resonance is aug-cc-pCVDZ+5s5p(A)

centered on C and another aug-cc-pCVDZ+5s5p(A) centered on O. The CO molecule

is set along the x-axis symmetrical to the origin considering the bond length 1.128

Å. For the bivariational SCF-MSES method, using the same values of different pa-

rameters (λ=10.0, x0=3.3), θ0-trajectories for four different paths (i.e., MSES path,

Path-I, Path-II, and Path-III) are plotted as displayed in Figure (3.5) without adding

any dc field to the Hamiltonian.

In Figure 3.5, no clear stationary points are observed except for the MSES path. So,

in the MSES path, to confirm which curve belongs to the 2Π state, we have plotted
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Figure 3.4: θ0-trajectory of 2Πg N−
2 shape resonance at x0=4.5 using SoDEP-
MSES.

the molecular orbitals at the stationary points. The orbital corresponding to that

state is plotted in Figure 3.6, which is a π⋆ LUMO with greater amplitude on the

carbon atom[58]. As in the case of the 2Πg N−
2 shape resonance, we have plotted

only the real parts of the orbital. The corresponding resonant-θ0-trajectory has

been plotted in Figure 3.7. The value of the resonance energy and width obtained

from this work along with other theoretical methods and experimental results are

displayed in Table 3.2. We would like to mention that the energy and width that

are obtained in our calculation are 1.57 eV and 0.49 eV respectively. The reported

optimal value of θ is 0.34 at the stationary point. As in the case of the 2Πg N−
2

shape resonance, here also SoDEP-MSES is applied. The resonant-θ0-trajectory

for the SoDEP-MSES method is displayed in Figure 3.8. The resonance position
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Method Energy (eV) Width (eV)
Experiment[110] 2.32 0.41
Linear algebric method[111] 2.13 0.31
Static exchange R-matrix[112] 2.15 0.34
Stabilization method[113] 2.44 0.32
Boomerang model[114] 1.91 0.54
Complex SCF[115] 3.19 0.44
Second order dilated electron propagator(real SCF)[116] 2.14 0.26
CAP-FSMRCC[72] 2.52 0.39
dp-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[74] 2.57 0.26
rm-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[76] 2.50 0.35
rm-CAP-EOM-EA-CCSD(rCAP

j = 0)[76] 2.53 0.32
EOM-EA-CCSD[66] 2.54 0.52
MCSCF-CAP[79] 3.12 0.31
CAP/EA-ADC(3)[117] 2.54 0.40
CAP/PP-CASSCF[83] 3.83 0.25
Results from biorthogonal dilated electron propagator[58]
Zeroth order, quasi particle second order 2.12 0.19
and quasi particle diagonal 2ph-TDA
Second order 2.11 0.18
Diagonal 2ph-TDA 2.12 0.18
Quasi-particle/OVGF third order 2.11 0.18
Third order 2.11 0.18
Bivariational SCF-MSES (This work) 2.14 0.39
SoDEP-MSES (This work) 2.14 0.39

Table 3.1: Energy and Width of 2Πg N−
2 shape resonance

.

obtained from the SoDEP-MSES method shows improvement. However, the results

obtained from both bivariational SCF-MSES and SoDEP-MSES methods are very

close to the experimental results and in good agreement with the other results that

are obtained from various theoretical methods.
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Figure 3.5: θ0-trajectories of orbital energies of CO for x0=3.3 using MSES
Path, Path-I, Path-II and Path-III. Cups are seen only for MSES path. The
arrow shows the position of 2Π CO− shape resonance. Other cups are artifacts as

concluded after plotting orbitals.

3.3 Conclusion

In this chapter, bivariational SCF-MSES and SoDEP-MSES methods have been ap-

plied for the first time to study the shape resonances in electron-molecule scattering.

The 2Πg N−
2 and 2Π CO− shape resonances have been studied. The results obtained

in this work using the MSES method compare well with experimental results. Also,

we perform a comparison with different complex scaling paths. It is clear that con-

ventional SES can not be used as-is to study the shape resonance. From this work,

it is also observed that bivariational SCF-MSES and SoDEP-MSES methods give
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Figure 3.6: The resonance wave function of 2Π CO− shape resonance. The
positions of C and O atoms are at 0.564 and -0.564 along x-axis respectively.

better results than calculations done using other methods. Therefore, we can con-

clude that the MSES method is quite reliable and effective in investigating molecular

shape resonances.
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Figure 3.7: θ0-trajectory of 2Π CO− shape resonance at x0=3.3 using bivaria-
tional SCF-MSES.
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Figure 3.8: θ0-trajectory of 2Π CO− shape resonance at x0=3.3 using SoDEP-
MSES.
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Method Energy (eV) Width (eV)
Experiment[118] 1.50 0.40
Boomerang model[119] 1.52 0.80
Close coupling method[120] 1.75 0.28
Second order dilated electron propagator(real SCF)[121] 1.71 0.10
dp-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[74] 1.98 0.59
rm-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[76] 2.01 0.60
rm-CAP-EOM-EA-CCSD(rCAP

j = 0)[76] 2.09 0.61
EOM-EA-CCSD[66] 2.04 1.03
MCSCF-CAP[79] 1.28 0.32
CAP/EA-ADC(3)[117] 1.95 0.63
CAP/PP-CASSCF[83] 2.16 0.31
Results from bi-orthogonal dilated electron propagator[58]
Zeroth order, quasiparticle second order 1.71 0.10
and quasiparticle diagonal 2ph-TDA
Second order 1.68 0.09
Diagonal 2ph-TDA 1.69 0.08
Quasi-particle third order and OVGF third order 1.65 0.14
Third order 1.65 0.14
Bivariational SCF-MSES (This work) 1.57 0.49
SoDEP-MSES (This work) 1.49 0.50

Table 3.2: Energy and Width of 2Π CO− shape resonance.
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Chapter 4

Use of Dilated Electron Propagator

in Conjunction with Modified

Smooth Exterior Scaling Method to

Characterize Auger and Shape

Resonances in Be

In this chapter, the dilated electron propagator method in conjunction with MSES

has been utilized to characterize the Auger and shape resonances in Be. The MSES

method is an efficient method to impose outgoing boundary conditions in electron-

atom or electron-molecule scatterings. MSES can be used to convert divergent wave

functions to square integrable ones. The dilated electron propagator has been proven

to be an efficient and powerful tool in characterizing the Auger and shape resonances.

Resonance energies obtained by using this method are in good agreement with ex-

perimental results and other theoretical estimates available in the literature.

51
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4.1 Introduction

In e-atom and e-molecule scattering following process may be observed ( ⋆ represents

the metastable state)

e+ A→ (A−)⋆ → A+ e. (4.1)

In the above process, an incoming particle (i.e., an electron) with a specific kinetic

energy collides with target A, combines with it to produce a quasi-bound anionic

state or a resonance state (A−)⋆, and decays by emitting an electron. The reso-

nances which are energetically above the parent state are called “shape resonances”

or “negative ion resonances”[4]. The resonance energy (i.e., the kinetic energy) of

the incoming particle for which resonance is observed, is obtained from the reaction

(4.1) as follows

Eres = E(A−)⋆ − EA = EN+1
s − EN

0 (4.2)

which is equal to the EA of the target A. Here, s represents the resonance state of

the target anion and EN
0 denotes the total ground state energy of the N -electron

target.

Similarly, the Auger resonances are considered as an emission of a core electron

from the target following the formation of an auto-ionizing hole. During the Auger

process, a core electron of the target is removed by an external mechanism (i.e., by

photon or electron). The Auger resonances may be, schematically, represented as

follows

hν + A→ (A+)⋆ + e (4.3)

(A+)⋆ → A++ + e (4.4)
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and the corresponding resonance energy is given by the following equation

Eres = EA − E(A+)⋆ = EN
0 − EN−1

s (4.5)

which is equal to the IP of the target A for obtaining (A+)⋆[1, 103]. From these

relations, a crude approximation of resonance energies can be obtained through

Koopmans’ theorem[99] by calculating complex orbital energies. Thus, this approach

can provide both energy and width of electron detachment Auger resonance and

electron attachment shape resonances.

The complex resonance energies can be obtained by imposing purely outgoing bound-

ary conditions on the wave functions of the time-independent non-Hermitian Hamil-

tonian. The associated wave functions are not square integrable and diverge asymp-

totically. Further, the correlation and relaxation effects also have an important

role in characterizing the metastable states. Hence, the solution to these types of

problems requires the simultaneous treatment of both continuum and correlation

treatment. In dealing with such problems, the computational difficulties are more

than those encountered in the case of bound states. So, the method of analytical

continuation of Hamiltonian has to be performed in the complex plane to make the

resonance function square integrable[5, 6].

In Chapter 3, we have applied the MSES method to study the shape resonances in

molecular systems and excellent results of resonance energy and width have been

reported. In that work, we used the SoDEP in conjunction with MSES (SoDEP-

MSES). In this work, an attempt has been made to study the 2S Be+ (1s−1) Auger

resonance and 2P Be− shape resonance by applying dilated electron propagator

(dilated by MSES) up to third order. Literature admits a lot of studies in the inves-

tigation of 1s−1 Auger hole in Be and results so obtained are in level of acceptable
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agreement with the experimental result. Our results of Be obtained by applying

third-order dilated electron propagator underlying MSES (ToDEP-MSES) match

very closely with the experimental result and are much better than other theoret-

ical results published so far. Unfortunately, the 2P Be− shape resonance has not

been studied experimentally so far. Therefore, the results from this calculation are

compared with other theoretically calculated results available in the literature.

The necessary theoretical background of MSES, bivariational SCF and the electron

propagator has been discussed in Chapter 2. In section 4.2, we are discussing about

the computational details, and results and present the data and required figures ob-

tained from our work. Finally, in section 4.3, a summary of our findings is presented.

4.2 Results and Discussion

Generally in CS or MSES, we search for a stabilization point in a graph where the

resonance energy is plotted as a function of scaling parameters. It has already been

mentioned in Chapter 2 that in the case of MSES, a resonance is associated with

a single stationary point on a θ0-trajectory plotted keeping other parameters fixed.

The optimal values of parameters x0 and λ are chosen as 4.5 a.u. and 10.0 a.u.

respectively from a set of well stabilized resonance trajectories. The same value of

λ has also been used for investigating other systems[51, 88]. We have also used the

same value of λ in Chapter 3.

4.2.1 2S Be+ (1s−1) Auger resonance

The 2S Be+ (1s−1) Auger resonance has served as a prototypical scheme in testing

the effectiveness of new theoretical techniques in the study of Auger resonances.
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Therefore, to check the utility of dilated electron propagator in conjunction with

MSES in characterizing Auger resonances in atomic systems, the 1s−1 Auger hole

in Be is investigated as a test case. The qualitative and quantitative details of the

2S Be+ (1s−1) Auger resonance have been studied extensively. In the case of Auger

resonances, since resonant eigenvalues have a negative imaginary part to represent

the finite lifetime of the metastable state and the target ground state is completely

real, the poles will have the positive imaginary part. Therefore, the resonant-θ0-

trajectories will move to the first quadrant of the complex energy plane and the

poles displayed in the first quadrant may represent the Auger resonances[53, 122].

The basis set used to study 1s−1 Auger hole in Be is 14s11p which has been used

earlier by various researchers[102, 106, 123]. Using this basis set, the θ0-trajectories

from ZoDEP-MSES, SoDEP-MSES and ToDEP-MSES are plotted in figures (4.1),

(4.2) and (4.3) respectively. For all the plots, stabilization points are observed

at θ0=0.14 radians. The results obtained from different order of dilated electron

propagators are collected in Table 4.1 along with other theoretically calculated and

experimental results.

-0.2

	0

	0.2

	0.4

	0.6

	0.8

	1

-127.2 -127.15 -127.1 -127.05 -127 -126.95 -126.9 -126.85 -126.8

Im
	E
(e
V)

Re	E(eV)

Figure 4.1: θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using
bivariational SCF-MSES (ZoDEP-MSES).
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Figure 4.2: θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using
SoDEP-MSES.
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Figure 4.3: θ0-trajectory of 2S Be+ (1s−1) Auger resonance at x0=4.5 using
ToDEP-MSES.

The resonance energy obtained from ZoDEP-MSES is very far from the experimen-

tal result. This is due to the non-inclusion of relaxation and correlation effects.

However, a clear distinction between the continuum and resonance state has been

observed. After applying SoDEP-MSES, the resonance energy is obtained as 124.29

eV and the width is 0.41 eV. This lowering in energy is due to the inclusion of corre-

lation and relaxation effects which lead to some additional screening of the nucleus
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Method Energy (eV) Width (eV)
Experiment[124, 125] 123.63 -
Many-body perturbation theory[126] - 0.09
Second order electron propagator 125.47 0.02
with Siegert boundary condition[127]
Fock space MRCC (14s11p basis)[106] 123.82 0.45
Results from bi-orthogonal dilated electron propa-
gator(14s11p)
Zeroth order[123] 128.80 0.24
quasiparticle diagonal 2ph-TDA[123] 127.90 0.54
Diagonal 2ph-TDA[123] 125.43 0.02
quasiparticle second order[123] 124.98 0.05
Second order[102] 125.34 0.22
Third order[102] 124.63 0.76
ZoDEP-MSES (This work) 127.01 0.58
SoDEP-MSES (This work) 124.29 0.41
ToDEP-MSES (This work) 123.66 0.38

Table 4.1: Energy and Width of 2S Be+ (1s−1) Auger resonance.

by the electron. Further, the width also decreased because of the increased relax-

ation time. Subsequently, the energy obtained after applying ToDEP-MSES is closer

to the experimental results. However, there is no experimental result available to

compare the width. However, the width obtained from this calculation is compara-

ble with the most recent estimate from Fock space MRCC[106] with the same basis

set. From this picture, it is clear that the Auger decay is a correlated event and its

characterization at the bivariational SCF level (ZoDEP) is meaningless. However,

we include the result from the bivariational SCF level to highlight the requirement

of correlation and relaxation effects in the study of Auger resonances. The results

obtained from this calculation are in good agreement with experimental results.
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4.2.2 2P Be− shape resonance

The low-lying 2P Be− shape resonance has been extensively studied theoretically

by various researchers[49, 75, 79, 83, 102, 109, 128–134]. This resonance also serves

as the prototypical system for testing the new techniques in electron scattering

shape resonances in the case of atomic systems. To study this resonance problem,

Venkatnathan et al.[135] found that uncontracted 14s11p basis set as the best in

their case. Originally, this basis set was derived from 10s Huzinaga basis[136] for

beryllium by augmenting. Subsequently, Yeager and coworkers[132] showed that

this basis set is somewhat inadequate for this resonance using their technique and

the basis set containing at least 14p functions is much more reliable. It is also

noteworthy that additional diffused functions must be added to the standard basis

sets to describe accurately the electronic structure of the metastable state and to

represent adequately the MSES where the absorbing potential is introduced in the

peripheral part of the target. Therefore, we have initially chosen 14s11p basis set

and augmented the p-type function with a view to account for the diffuse nature of

the resonances. The augmentation in p-type functions is done by multiplying the

factor 1/2.26n to the most diffused function for n = 1, 2, and 3 to obtain 14s14p

basis. Using this basis θ0-trajectories of 2P Be− from different orders of dilated

electron propagator are plotted in Figs. 4.4, 4.5, and 4.6.

From the figures, it is clearly seen that no improvement is observed after applying

second order and third order dilated electron propagators. Whatever, McCurdy et

al.[109] mentioned that simple SCF theory can provide appropriate results in char-

acterizing shape resonances. This may be the reason that no discernible change is

observed after applying higher order dilated electron propagators. The resonance

energy and the width obtained from this calculation are 0.76 eV and 0.39 eV. How-

ever, the calculated results also vary depending on the type of basis sets. So to
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Figure 4.4: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p
basis applying bivariational SCF-MSES (ZoDEP-MSES).
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Figure 4.5: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p
basis applying SoDEP-MSES.

make the calculated results more reliable we have done more calculations by using

different basis sets. First, we have augmented the previous 14s14p basis by adding

one more p-type function applying the same procedure to get 14s15p basis. Again,

we have also used the basis set aug-cc-pVTZ+5s5p which was used by Yeager and

coworkers[59, 133]. The θ0-trajectories using these basis sets are plotted in the fig-

ures from 4.7 to 4.12. The resonance energies and widths obtained by using the
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Figure 4.6: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s14p
basis applying ToDEP-MSES.

mentioned basis sets and the results from other theoretical methods are presented

in Table 4.2.
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Figure 4.7: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p
basis applying bivariational SCF-MSES (ZoDEP-MSES).

There is no experimental result available for 2P Be− shape resonance to compare

our findings exactly. However, there is a large number of theoretical estimates in

the literature which can be used to compare. The reported results available in the

literature vary within 0.10-1.20 eV in the case of energy and 0.14-2.60 eV in the
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Method Energy (eV) Width (eV)
Static exchange phase shift[137] 0.77 1.61
Static exchange plus polarizability phase shift[137] 0.20 0.28
Static exchange cross section[128] 1.20 2.60
Static exchange plus polarizability cross sec-
tion[128]

0.16 0.14

S-matrix pole (Xα)[129] 0.10 0.15
Complex ∆ SCF[109] 0.70 0.51
Singles, doubles and triples complex CI[130] 0.32 0.30
MCSCF/complex scaling[131] 0.31 0.49
M1/complex scaling[49] 0.57 1.19
CAP/EOM-EA-CCSD/aug-cc-pVTZ+3s3p[75] 0.79 0.12
CMCSTEP(14s14p2d–2s2p3d CAS)[132] 0.79 0.68
CMCSTEP(14s14p5d–2s2p3d CAS)[132] 0.76 0.86
CMCSTEP(aug-cc-pVTZ+3s3p-2s2p3s3p3d
CAS)[133]

0.73 0.74

CMCSTEP(aug-cc-pVTZ+5s5p-2s2p3s3p3d
CAS)[133]

0.74 0.78

Stabilization method/EOM-EA-CCS[134] 0.33 0.40
CAP/EP-CASSCF/[14s,11p][79] 0.59 0.28
CAP/PP-CASSCF[14s,11p][83] 0.73 0.15
Results from bi-orthogonal dilated electron propa-
gator[14s11p][102]
Zeroth order 0.62 1.00
quasiparticle second order 0.61 1.00
Second order 0.48 0.82
quasiparticle third order 0.54 0.82
OVGF third order 0.54 0.78
Third order 0.53 0.85
ZoDEP-MSES/SoDEP-MSES/ToDEP-MSES
[14s14p] (This work)

0.76 0.39

ZoDEP-MSES/SoDEP-MSES/ToDEP-MSES
[14s15p] (This work)

0.50 0.26

ZoDEP-MSES/SoDEP-MSES/ToDEP-MSES
[aug-cc-pVTZ+5s5p] (This work)

0.53 0.29

Table 4.2: Energy and Width of 2P Be− shape resonance.
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Figure 4.8: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p
basis applying SoDEP-MSES.
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Figure 4.9: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using 14s15p
basis applying ToDEP-MSES.

case of width. The energy value obtained by using 14s14p basis set is comparable

to most of the previous estimates[75, 83, 109, 132, 133, 137]. Significantly, the

resonance energies and widths obtained by using 14s15p and aug-cc-pVTZ+5s5p

are very close to the recent estimate by using the CAP/EP-CASSCF method[79].

From the above discussion, it is also observed that it is required to add more diffused

functions in the standard basis sets that are best for other methods like CS or CAP
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Figure 4.10: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying bivariational SCF-MSES (ZoDEP-MSES).
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Figure 4.11: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying SoDEP-MSES.

in describing the shape resonances while using the MSES method.

4.3 Conclusion

In this work, we have applied the electron propagator up to the third order in

conjunction with MSES to investigate the 2S Be+1s−1 Auger and 2P Be− shape
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Figure 4.12: θ0-trajectory of 2P Be− shape resonance at x0=4.5 using aug-cc-
pVTZ+5s5p basis applying ToDEP-MSES.

resonances. MSES method was developed by our group in studying the problems

of quantum dynamics and, here, we have applied this method to characterize the

Auger and shape resonances in Be. The results obtained from this calculation are in

good agreement with experimental results and other theoretically calculated results

available in the literature as portrayed in the tables. The application of dilated

electron propagator reflects the inclusion of correlation and relaxation effects in

the case of Auger resonance although it shows no major role in the case of shape

resonance. This may be due to the fact that shape resonance can be characterized

well at bivariational level itself with energy value comparable with other calculated

results earlier. Thus, the MSES method has been proven to be an efficient method

in characterizing electron scattering resonances. From this study, it is also clear that

to get an efficient result by using MSES it is important to augment the basis sets.

This is due to the fact that the application procedure of MSES is very similar to that

of CAP where the scaling of resonance parameters is done outside the interaction

region. Our group is working to implement this efficient method with other post

SCF methods.
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Chapter 5

Study of Effects of Diffused Basis

Functions in Characterizing Electron

Molecule Scattering Shape

Resonances Using Modified Smooth

Exterior Scaling

In this chapter, we have characterized the effect of additional diffused functions in

studying shape resonances. The MSES method is applied to uncover the resonances.

The study of shape resonances of some simple molecular systems, i.e., N−
2 , CO−, F−

2

etc. is effective at bivariational SCF[109], therefore, we have done our characteriza-

tion at that level only. Through this study, it can be clearly seen that the additional

diffused functions play an important factor in the accurate calculation of resonance

position and width.

65
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5.1 Introduction

Quantum mechanically, resonances are the metastable states of a system that be-

long to the continuum part of the spectrum with wave functions that are not L2-

integrable. Using the outgoing boundary conditions the resonance wave function or

Siegert wave function can be converted into the following form

ψ(x, t) = e−iEt/ℏϕR(x) = e−Γt/2ℏe−iERt/ℏϕR(x) (5.1)

where ϕR(x) is the bound state wave function in the interaction region and ER and

Γ represent the resonance position and width respectively. Thus, the resonances

can be obtained as the solution of Schrödinger equation with complex eigenvalues,

Eres = ER − iΓ
2
. The Γ is inversely proportional to the lifetime of the resonance

state[2, 6, 138].

In an electron-molecule scattering experiment, an incoming particle (i.e. electron)

with a specific energy collides with a molecular target and combines with the target

producing a metastable state, transient state, temporary bound state, or resonance

state. The quasi-bound nature of these states encouraged the theoreticians to in-

troduce the techniques that can be used to solve by applying bound state-based

methods. Different techniques used to calculate the resonance parameters in terms

of bound state methods have been discussed in Chapter 1.

In this work, we have tried to study the effect of additional diffused functions in

characterizing the resonance position and width by applying MSES[43]. Different

studies of the same type have been done earlier by different researchers by applying

CS[55–57] and CAP[74]. We have investigated the 2Πg N−
2 , 2Π CO− and 2Πg C2H−

2

shape resonances applying bivariational SCF method[46]. This method has been
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successfully applied to study the shape resonances in atomic and molecular systems.

They dilated the Hamiltonian by applying the CS method, but in the present work,

the dilation has been done by applying MSES. McCurdy et al.[109] mentioned that

the molecular shape resonances of some familiar systems (N−
2 , CO−, F−

2 , etc.) can

be characterized at the bivariational SCF level itself. Therefore, we have charac-

terized the resonance positions and widths of the above mentioned systems up to

bivariational SCF level only. The mathematical formulation of the method has been

discussed in Chapter 2.

This chapter is organized as follows. In section 5.2 we present and compare the

results obtained from our calculations and the experimental and theoretical results

of others. In section 5.3, a summary of our findings is presented.

5.2 Results and Discussion

In this section, we present the effects of diffused basis functions observed in study-

ing the e-molecule scattering shape resonances. We have characterized the resonance

energies and widths of 2Πg N−
2 , 2Π CO− and 2Πg C2H−

2 shape resonances using dif-

ferent types of basis sets obtained by augmenting the standard basis set. These

isoelectronic systems have been frequently used to test the effectiveness of different

theoretical techniques in describing different molecular shape resonances quantita-

tively and qualitatively.

In this calculation, an augmented correlation-consistent polarized valence double

zeta Gaussian basis set (aug-cc-pVDZ) centered at the origin is employed on each

atom of studied molecules. In characterizing shape resonances, the augmentation of

the standard basis set by adding more diffused basis functions is required to describe

accurately the electronic structure of the metastable state[132]. Also, the additional
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diffused functions become more important while applying the MSES method as

the absorbing potential is introduced in the peripheral part of the molecule. The

augmentations have been done by multiplying the most diffused functions of the

type s, p, and d by the factor 1
2n

where n is an integer that starts from 1. Thus,

the generated basis sets will be termed as aug-cc-pVDZ+nssnppndd where ns, np,

and nd refer to the number of additional diffused functions added to the respective

type of functions. The MSES parameter λ is used as 10.00 a.u. for all the systems.

The same value of λ has been used in various calculations where the same method

is applied[51, 88].

In Chapter 3, we used the basis set aug-cc-pCVDZ by augmenting and obtained

an efficient result as compared to experimental and other theoretically calculated

results. The aug-cc-pCVXZ series of basis sets, where X=D,T,Q,5,..etc, which are

known as augmented correlation-consistent polarized valence basis sets are used for

accurately describing core and core-valence correlation effects. These are also used

to study a number of standard test cases. These series of basis sets are derived

from aug-cc-pVXZ series by adding different number of basis functions in the usual

pattern[139]. The results obtained from that calculation will be used to compare

the results obtained from the present calculation with the equal number of added

basis functions, i.e., aug-cc-pVDZ+5s5p.

5.2.1 2Πg shape resonance in N−
2

The electron scattering in the N2 molecule is a well-studied problem both experimen-

tally and theoretically. In this section, we have characterized the effect of diffused

functions in the study of 2Πg N−
2 shape resonance by using different basis sets gener-

ated by augmenting. This 2Πg state in the N2 molecule is the result of the addition
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Basis set Energy (eV) Width (eV)
aug-cc-pVDZ+3s3p –c –c
aug-cc-pVDZ+4s –c –c
aug-cc-pVDZ+4p 1.964 0.294
aug-cc-pVDZ+4s4p 1.964 0.294
aug-cc-pVDZ+4s5p/5s5p 2.136 0.394
aug-cc-pVDZ+4s4p1d 1.955 0.295
aug-cc-pVDZ+4s6p/4s7p –c –c
aug-cc-pVDZ+4s8p 2.258 0.473
aug-cc-pVDZ+4s9p 2.266 0.479
aug-cc-pVDZ+4s10p –c –c
Experiment 2.32 0.41

cNo well stabilized stationary point is observed.

Table 5.1: Energy and Width of 2Πg N−
2 shape resonance using different basis

sets.

of an electron to the πg LUMO of the ground state of the neutral N2 molecule. The

resultant electronic configuration is (core)4(1σg)
2(1σu)

2(2σg)
2(1πu)

4(nπg)
1. To cal-

culate resonance energy and width, the equilibrium bond length of the N2 molecule

1.09 Å has been used. The N2 molecule is placed along the x-axis symmetrical to the

origin at (± 0.545 Å, 0.0, 0.0). The optimal value of x0 has been chosen as 4.5 a.u.

We have employed the basis set aug-cc-pVDZ and thereafter start adding the differ-

ent number of diffused functions. We do not get any stationary point for the basis

sets aug-cc-pVDZ+nssnpp for ns = np=0,1,2,3. We can see the first well-stabilized

stationary point for the basis set aug-cc-pVDZ+4p, but not for aug-cc-pVDZ+4s.

The θ0-trajectories for different basis sets for which well stabilized stationary points

are observed are plotted in Fig. 5.1 The resonance energies and widths obtained for

different basis sets are collected in Table 5.1.

From Table 5.1, it is also observed that adding four s-type functions to the basis

aug-cc-pVDZ+4p does not change the value of energy and width. Both the energies

and widths obtained from the basis sets aug-cc-pVDZ+4p and aug-cc-pVDZ+4s4p
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Figure 5.1: θ0-trajectories of 2Πg N−
2 shape resonance by using different basis

sets generated by augmenting the basis aug-cc-pVDZ applying bivariational SCF-
MSES at x0=4.5.

are the same i,e., 1.96 eV and 0.29 eV respectively. This indicates that the addi-

tional s-type functions added have no impact in characterizing the molecular shape

resonances.

However, the crucial role of the p-type function in characterizing 2Πg N−
2 shape

resonance is very clearly observed. With the addition of a diffused p-type function, a

major change in both energy and width is seen. This can be understood by analyzing

the results from the basis sets aug-cc-pVDZ+4s4p and aug-cc-pVDZ+4s5p, where

the addition of one p-type function leads to a change of 0.172 eV in energy and 0.10

eV in width.

Like in the case of the s-type function, the addition of a diffused d-type function also
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does not have any major impact in this study. By adding one d-type function to

the basis aug-cc-pVDZ+4s4p, the change in energy and width observed for the basis

aug-cc-pVDZ+4s4p1d are 0.011 eV and 0.001 eV respectively. Also, the addition of

the d-type function may provide some polarization and will not give any contribution

to the π⋆ symmetry which is required to describe 2Πg N−
2 shape resonance.

The results obtained by using the basis aug-cc-pCVDZ+5s5p in our previous work

in Chapter 3 and aug-cc-pVDZ+5s5p from the present work are the same. This in-

dicates that core and core-valence correlation effects have no crucial role in studying

shape resonances in 2Π states.

Now, to check the basis set convergence, we have added more p-type functions

to the basis set on each nitrogen atom. With the addition of subsequent p-type

functions both the resonance energy and width are increased. Again, we do not

observe any well-stabilized stationary points for basis sets aug-cc-pVDZ+4s6p and

aug-cc-pVDZ+4s7p. The resonance energies and widths obtained for basis sets aug-

cc-pVDZ+4s8p and aug-cc-pVDZ+4s9p are very close to each other and no well-

stabilized stationary point is observed for basis aug-cc-pVDZ+4s10p. This indicates

that the basis set convergence is reached. The resonance energy and width obtained

for basis aug-cc-pVDZ+4s9p are 2.266 eV and 0.479 eV respectively which are very

close to the experimental and other theoretically calculated results.

5.2.2 2Π shape resonance in CO−

Although the 2Π CO− shape resonance is isoelectronic to 2Πg N−
2 shape resonance,

the former is less frequently studied. From the available data in the literature, it is

observed that, in the case of resonance energy, most of the theoretical values cal-

culated are almost higher than the experimental value (1.50 eV) as in the case of N−
2 .
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Method Energy (eV) Width (eV)
Experiment 2.32 0.41
Linear algebric method[111] 2.13 0.31
Static exchange R-matrix[112] 2.15 0.34
Stabilization method[113] 2.44 0.32
Boomerang model[114] 1.91 0.54
Complex SCF[115] 3.19 0.44
Second order dilated electron propagator(real SCF)[116] 2.14 0.26
CAP-FSMRCC[72] 2.52 0.39
EOM-CCSD[73] 2.07 0.42
dp-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[74] 2.57 0.26
rm-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[76] 2.50 0.35
rm-CAP-EOM-EA-CCSD(rCAP

j = 0)[76] 2.53 0.32
EOM-EA-CCSD[66] 2.54 0.52
MCSCF-CAP[79] 3.12 0.31
CAP/EA-ADC(3)[117] 2.54 0.40
CAP-MRCIS(5,8)/aug-cc-pVTZ+gh[3s3p3d][81] 3.06 0.40
CAP/PP-CASSCF[83] 3.83 0.25
Bivariational SCF-MSES (From Chapter 3) 2.14 0.39
SoDEP-MSES (From Chapter 3) 2.14 0.39
Results from biorthogonal dilated electron propagator[58]
Zeroth order, quasi particle second order 2.12 0.19
and quasi particle diagonal 2ph-TDA
Second order 2.11 0.18
Diagonal 2ph-TDA 2.12 0.18
Quasi-particle/OVGF third order 2.11 0.18
Third order 2.11 0.18
This work/aug-cc-pVDZ+4s9p 2.266 0.479

Table 5.2: Energy and Width of 2Πg N−
2 shape resonance from different methods.

The ground state electronic configuration of the CO molecule is 1σ22σ23σ24σ25σ21π4.

The 2Π state of CO− is generated by adding an electron to the 2π LUMO of the 1Σ+

ground state of the neutral CO molecule. To study the 2Π CO− shape resonance, the

equilibrium bond length of CO molecule 1.128 Å is used. The CO molecule is placed

along the x-axis symmetrical to the origin at (± 0.564 Å, 0.0, 0.0). The optimal

value of x0 has been chosen as 3.3 a.u. Different basis sets obtained by augment-

ing as described above are employed. We do not observe well-stabilized stationary
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points for the basis sets aug-cc-pVDZ+nssnpp for n=1 to 4. We can get the first

well-stabilized stationary point for aug-cc-pVDZ+5p but not for aug-cc-pVDZ+5p

as in the case of 2Πg N−
2 shape resonance. The θ0-trajectories for different augmented

basis sets for which well-stabilized stationary points are observed are plotted in Fig.

5.2.
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Figure 5.2: θ0-trajectory of 2Π CO− shape resonance using different basis
sets generated by augmenting the basis aug-cc-pVDZ applying bivariational SCF-

MSES at x0=3.3 a.u.

The resonance energy and width obtained from the θ0-trajectories are collected in

Table 5.3. In 2Π CO− shape resonance also, the same effect is observed with the

addition of diffused functions as in the case of N−
2 . We do not observe any change

in the values after adding five s-type functions to the basis aug-cc-pVDZ+5p gen-

erating aug-cc-pVDZ+5s5p which indicates that the additional s-type function has

no impact. After adding one p-type function to aug-cc-pVDZ+5s5p, we can see
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Basis set Energy (eV) Width (eV)
aug-cc-pVDZ+4s4p –c –c
aug-cc-pVDZ+5s –c –c
aug-cc-pVDZ+5p 1.566 0.491
aug-cc-pVDZ+5s5p 1.566 0.491
aug-cc-pVDZ+5s6p 1.739 0.664
aug-cc-pVDZ+5s5p1d 1.565 0.493
aug-cc-pVDZ+5s7p/5s8p –c –c
aug-cc-pVDZ+5s9p 1.858 0.667
aug-cc-pVDZ+5s10p 1.795 0.591
aug-cc-pVDZ+5s11p –c –c
Experiment[118] 1.50 0.40

cNo well stabilized stationary point is observed.

Table 5.3: Energy and Width of 2Π CO− shape resonance using different basis
sets generated by augmentation.

the change in energy is 0.173 eV and in width is 0.173 eV which proves the crucial

role of additional diffused p-type functions. The addition of one d-type function to

the basis aug-cc-pVDZ+5s5p generating aug-cc-pVDZ+5s5p1d leads to a change of

0.001 eV in energy and 0.002 eV in width which means that the extra d-type func-

tion added has no major role. Again, the resonance energy and width obtained by

using aug-cc-pVDZ+5s5p are 1.57 eV and 0.49 eV respectively which is the same as

obtained by using the basis aug-cc-pCVDZ+5s5p. This indicates that the core and

core-valence correlation effects have no role in the case of 2Π CO− shape resonance

too.

We have also studied the basis set convergence for 2Π CO− shape resonance. For this,

more p-type functions are added gradually on both the carbon and oxygen atoms to

reach the expansion limit. We do not observe well-stabilized stationary points for

the basis sets aug-cc-pVDZ+5s7p and aug-cc-pVDZ+5s8p. The resonance energy

and width decrease while one p-type function is added to aug-cc-pVDZ+5s9p to

generate aug-cc-pVDZ+5s10p and no well-stabilized stationary point is observed for

basis aug-cc-pVDZ+5s11p. This indicates that the basis set convergence is reached.
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Method Energy (eV) Width (eV)
Experiment[118] 1.50 0.40
Boomerang model[119] 1.52 0.80
Close coupling method[120] 1.75 0.28
Second order dilated electron propagator(real SCF)[121] 1.71 0.10
EOM-CCSD[73] 1.32 0.12
dp-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[74] 1.98 0.59
rm-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[76] 2.01 0.60
rm-CAP-EOM-EA-CCSD(rCAP

j = 0)[76] 2.09 0.61
EOM-EA-CCSD[66] 2.04 1.03
MCSCF-CAP[79] 1.28 0.32
CAP/EA-ADC(3)[117] 1.95 0.63
CAP/PP-CASSCF[83] 2.16 0.31
Bivariational SCF-MSES (From Chapter 3) 1.57 0.49
SoDEP-MSES (From Chapter 3) 1.49 0.50
Results from bi-orthogonal dilated electron propagator[58]
Zeroth order, quasiparticle second order 1.71 0.10
and quasiparticle diagonal 2ph-TDA
Second order 1.68 0.09
Diagonal 2ph-TDA 1.69 0.08
Quasi-particle third order and OVGF third order 1.65 0.14
Third order 1.65 0.14
This work/aug-cc-pVDZ+5s10p 1.795 0.591

Table 5.4: Energy and Width of 2Π CO− shape resonance from different meth-
ods..

The resonance energy to basis aug-cc-pVDZ+5s10p is 1.795 eV and the width is

0.591 eV which is close to experimental results and comparable to other theoretically

calculated results.

5.2.3 Comparison between the 2Πg N−
2 and 2Π CO− shape

resonances

In this section, we would like to compare the resonance parameters obtained for 2Πg

N−
2 and 2Π CO− shape resonances employing the same basis set aug-cc-pVDZ+5s5p.
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System Energy (eV) Width (eV)
N−

2 2.136 0.394
CO− 1.566 0.491

Table 5.5: Energy and Width of 2Πg N−
2 and 2Π CO− shape resonances obtained

using aug-cc-pVDZ+5s5p basis set.

The results are presented in Table 5.5. The same type of observation has been done

by Pal and coworkers[73] and our results also follow the same trend. The resonance

energy of N−
2 is 2.136 eV which is larger than the energy of CO− shape resonance

which is 1.566 eV. On the other hand, the width of N−
2 is lower than that of CO−.

This trend in the result is expected because the 2Π CO− shape resonance contains

p-wave as well as d-wave which are not present in 2Πg N−
2 shape resonance. The

polarization effects are the same in both systems. The potential energy barrier which

is very important for the shape resonance is stronger in N−
2 than CO−. Although

the behavior of both systems is similar, the coupling between the partial waves is

much stronger in the CO molecule.

5.2.4 2Πg shape resonance in C2H−
2

The 2Πg C2H−
2 shape resonance is also well studied theoretically and experimentally.

The 2Πg state of C2H−
2 is generated by adding an electron to the πg LUMO of the 1Σ+

g

ground state of the neutral C2H2 molecule. The resulting electronic configuration

of the 2Πg state of C2H−
2 is (core)4(1σg)

2(1σu)
2(2σg)

2(1πu)
4(nπg)

1. To estimate the

resonance energy and width of 2Πg C2H−
2 shape resonance, we have used C-C bond

length 1.2026 Å and C-H bond length 1.063 A0. The C2H2 molecule is placed along

the x-axis symmetrical to the origin. The optimal value of x0 is 4.5 a.u. The basis

set aug-cc-pVDZ is used in this system also. The basis set is further augmented

to generate different bases as mentioned above. Here, the augmentation is done
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only for carbon atoms only. No well-stabilized stationary point is observed for basis

sets aug-cc-pVDZ+nssnpp for ns = np=0,1,2,3 and aug-cc-pVDZ+4s. We can see

the first well-stabilized stationary point for the basis set aug-cc-pVDZ+4p. The

θ0-trajectories for which stationary points are observed are plotted in Fig 5.3. The

resonance energy and width are presented in Table 5.6.
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Figure 5.3: θ0-trajectories of 2Πg C2H−
2 shape resonance using different basis

sets generated by augmenting the basis aug-cc-pVDZ applying bivariational SCF-
MSES at x0=4.5.

In the case of 2Πg C2H−
2 shape resonance also, the same effect of diffused functions

is observed as in the case of 2Πg N−
2 shape resonance. The addition of four s-type

functions to the basis aug-cc-pVDZ+4p generating aug-cc-pVDZ+4s4p do not make

any change in both energy and width value. We can observe a jump of 0.001 eV

in energy and 0.09 eV in width after adding one p-type function to the basis aug-

cc-pVDZ+4s4p to get aug-cc-pVDZ+4s5p. After adding one d-type function to the
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Basis set Energy (eV) Width (eV)
aug-cc-pVDZ+3s3p –c –c
aug-cc-pVDZ+4s –c –c
aug-cc-pVDZ+4p 2.930 0.725
aug-cc-pVDZ+4s4p 2.930 0.725
aug-cc-pVDZ+4s5p 2.931 0.630
aug-cc-pVDZ+4s4p1d 2.887 0.733
aug-cc-pVDZ+4s6p 3.035 0.694
aug-cc-pVDZ+4s4p2d 2.877 0.732
aug-cc-pVDZ+4s7p/4s8p –c –c
aug-cc-pVDZ+4s9p 3.056 0.750
aug-cc-pVDZ+4s10p 2.966 0.658
aug-cc-pVDZ+4s11p –c –c
Experiment
Trapped electron[140, 141] 1.8/1.85 ...
Vibrational excitation[142] 2.60 >1.00
Dissociative attachment[143] 2.94±0.1
Electron impact[144] 2.50
Dissociative electron attachment[145] 2.95

cNo well stabilized stationary point is observed.

Table 5.6: Energy and Width of 2Πg C2H−
2 shape resonance using aug-cc-pVDZ

basis set with different augmentations.

basis aug-cc-pVDZ+4s4p, we can see a decrease in energy value only by 0.043 eV

and an increase in width by 0.008 eV. However, these changes do not make clear

the study. So, to get clear a picture, we have added one more p-type and one more

d-type function to the basis aug-cc-pVDZ+4s4p to get aug-cc-pVDZ+4s6p and aug-

cc-pVDZ+4s4p2d basis sets respectively. The addition of one more p-type function

(i.e. for basis aug-cc-pVDZ+4s6p) leads to a change of 0.105 eV in energy and 0.031

eV in width. But, the addition of one more d-type function (i.e. for basis aug-cc-

pVDZ+4s4p2d) leads to a change of 0.053 eV in energy and 0.007 eV in width. From

this observation, it is clear that the additional p-type function plays an important

role in characterizing the 2Πg C2H−
2 shape resonance also.
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Method Energy (eV) Width (eV)
Experiment
Trapped electron[140, 141] 1.8/1.85 ...
Vibrational excitation[142] 2.60 >1.00
Dissociative attachment[143] 2.94±0.1
Electron impact[144] 2.50
Dissociative electron attachment[145] 2.95
Theoretical approaches
CI[146] 3.29/2.92 1.10/1.10
EOM-CCSD[73] 2.61 0.76
dp-CAP-EOM-EA-CCSD(rCAP

j ̸= 0)[74] 2.45 0.83
Results from bi-orthogonal dilated electron propagator[58]
Zeroth order, quasiparticle second order 2.58 0.23
and quasiparticle diagonal 2ph-TDA
Second order 2.46 0.19
Diagonal 2ph-TDA 2.49 0.20
Quasi-particle third order 2.51 0.21
OVGF third order and Third order 2.50 0.21
This work/aug-cc-pVDZ+4s10p 2.966 0.658

Table 5.7: Energy and Width of 2Πg C2H−
2 shape resonance from different meth-

ods.

For basis set convergence, we add gradually p-type functions on both the car-

bon atoms. No well-stabilized stationary point is obtained for basis sets aug-cc-

pVDZ+4s7p and aug-cc-pVDZ+4s8p. From basis aug-cc-pVDZ+4s5p, with adding

the p-type function, both resonance energy and width start increasing like in the

case of 2Π CO− shape resonance. The resonance energy and width decrease for the

basis aug-cc-pVDZ+4s10p and no well-stabilized stationary point is observed for

basis aug-cc-pVDZ+4s11p. This shows the achievement of convergence results for

basis aug-cc-pVDZ+4s10p where the resonance energy is 2.966 eV and the width is

0.658 eV. This result is very close to the experimental results obtained from disso-

ciative attachment[143] and Dissociative electron attachment[145] and theoretically

estimated values from CI[146].
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5.3 Conclusion

In this work, we have studied the effect of diffused basis functions in the investigation

of electron-molecule scattering shape resonances. From the study, it is observed

that in characterizing the 2Π shape resonances, the augmentation of the p-type

functions has a very important role. However, the s- and d-type functions have

negligible impact. This is due to the fact that in 2Πg N−
2 , 2Π CO− and 2Πg C2H−

2

shape resonances the LUMO orbitals are associated with p-type orbitals. Also, it is

observed that core and core-valence correlation effects have no role in characterizing

the 2Π shape resonances in molecular systems. From this study of the effect of

the basis sets it can be seen that the basis set convergence can be obtained by

adding additional diffused p-type functions to standard basis sets. It can also be

concluded, from this calculation, that additional diffused basis functions, especially

p-type functions, are very important to calculate accurate resonance energy and

width.

TH-3300_166122103



Chapter 6

Summary and Conclusions

This work involves the implementation of the MSES method to study the electron-

atom and electron-molecule scattering resonances. This is the first time that the

MSES has been applied in three-dimensional many-body electron systems. MSES

converts the divergent resonance wave functions into square integrable ones thereby

making the study of temporary bound states (resonance states) amenable to bound

state electronic structure methods. This type of study needs modification of existing

electronic structure codes. In this study, we apply the bivariational SCF (complex

scaled by MSES) method to calculate the complex resonance energy, E = ER − iΓ
2
.

The resonance parameters obtained from bivariational SCF level are treated using

the dilated electron propagator up to the third order incorporating the higher order

relaxation and correlation effects.

In standard quantum mechanics, the Hamiltonian is Hermitian, and hence cannot

obtain complex eigenvalues. As a result, the resonances stay hidden in the continuum

part of the Hamiltonian. These resonances can be revealed by applying various

approaches discussed in Chapter 1. This chapter also includes a brief description of

resonance metastable states and their importance.

81

TH-3300_166122103



Chapter 6. Summary and Conclusions 82

In the next chapter, we have discussed about the mathematical formulation of the

MSES method in dilating the physical Hamiltonian. In this method, a universal

problem independent reflection free CAP is added to the Hamiltonian to make the

dilation transformation generating an effective Hamiltonian. A graphical method to

obtain the resonance position and width has also been discussed.

The bivariational SCF-MSES has been applied to study the 2Πg N−
2 and 2Π CO−

shape resonances in chapter 3. With the aim of improving the results, we have

used dilated electron propagator up to second order SoDEP-MSES). After applying

SoDEP-MSES, we do not observe any improvement in the case of 2Πg N−
2 shape

resonance, however, in the case of 2Π CO− shape resonances the resonance position

shows improvement. From this observation, the MSES method has been proven to

be quite reliable and effective in investigating molecular shape resonances.

In the next chapter, the dilated electron propagator has been used up to third order

(ToDEP-MSES) to investigate the Auger and shape resonances in Be. Using the

basis 14s11p, which was used earlier by various researchers, the energy position

obtained for 1s−1 Auger hole in Be is 123.66 eV (ToDEP-MSES) which is very

close to the experimental result and the width is 0.38 eV. Along with this, the 2P

Be− shape resonance has also been studied. The resonance energy and the width

obtained by using 14s14p basis obtained by augmenting 14s11p are 0.76 eV and 0.39

eV respectively. Further, to make this calculation more effective two more basis sets

have been used, 14s15p obtained by adding one more p-type function to 14s14p and

aug-cc-pVTZ+5s5p. The results obtained from these two bases are very close to

each other. From this, it is observed that the addition of diffused functions to the

standard basis sets is required to calculate accurate resonance position and width.

In the final work, we have characterized the effect of additional diffused functions in

studying the molecular shape resonances. We have investigated well known 2Πg N−
2 ,
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2Π CO− and 2Πg C2H−
2 shape resonances applying bivariational SCF. In this study,

different basis sets have been generated by augmenting the basis aug-cc-pVDZ by

multiplying the most diffused functions of type s, p, and d by the factor 1
2n

where n

is an integer that starts from 1. We have also studied the basis set convergence for

these molecular shape resonances.

From this study, it is observed that the MSES is an effective method in characterizing

the Auger and shape resonances in atomic and small molecular systems. Our group

is working to apply this effective method along with other ab initio methods like

DFT, couple cluster, MCSCF, etc.
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Figure A1: Wavefunctions of artifacts shown in θ0-trajectories of orbital energies
of N2
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Figure A2: Wavefunctions of artifacts shown in θ0-trajectories of orbital energies
of CO
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