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xii
Abstract

In this thesis work, we discuss different types of Marshal-Olkin form of bivariate Pareto distribu-
tion. We use EM algorithm and Bayesian estimation through slice cum Gibbs sampler to estimate
the parameters. The thesis covers some innovative solutions for different problems related to im-
plementation of EM algorithm and Bayesian estimation. We also analyze the interval estimation of
the parameters both in frequentist and bayesian set up. Numerical results are shown to verify the
performance of the algorithms. A real-life data analysis is also shown in each study for illustrative

purposes.
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Chapter 1

Introduction

“Thinking is the capital, Enterprise is the way, Hard work is the solution.”

- Dr. A.P.J. Abdul Kalam

1.1 Motivation and Objective of the Thesis

The main objective of this thesis is to explore efficient estimation techniques through expectation
and maximization algorithm (EM algorithm) of the parameters of different bivariate distributions.
We consider a few higher dimensional distributions which are not well studied in the literature.
We focus mainly on a few variants of the Marshall-Olkin bivariate Pareto in this thesis. Marginals
of these bivariate distributions are heavy-tail in nature. Pareto distribution plays an important
role in the Extreme Value Theory. These distributions have wide applications in finance, computer
network, biological systems and many more areas of science and technology. We observe that
the inclusion of location and scale parameters in such distributions complicates the estimation
procedure. Also direct maximum likelihood estimate is difficult to handle and many times they
can not be obtained in explicit form. They can only be obtained by solving a system of non-
linear equations. In this situation, finding initial values and the convergence of the algorithm are
important issues. To avoid this problem, we discuss the implementation of the EM algorithm in
computing MLEs of unknown parameters.

Bayesian estimation of these higher dimensional distributions is another popular research direc-
tion. Bayesian analysis contains more information than maximum likelihood estimation, which is
better for further statistical analysis. For instance, not only the mean, median or mode of posterior
distribution can be computed, but also the performances of these estimators (through their variance
and higher-order moments) are available. Maximum likelihood estimators can be quite unstable,
i.e., they may vary widely for small variations of the observations. Moreover, the knowledge of the

posterior distribution also allows for the derivation of confidence regions through highest posterior
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CHAPTER 1 2

density (HPD) regions in both univariate and multivariate cases. Therefore, working on Bayesian
set up with such a complicated distribution has its own advantages.

Given a higher dimensional data set, it is difficult to identify the parametric distribution of the
data set. We can use graphical tools up to dimension two. But beyond dimension two, the problem
is severe. Therefore, non-parametric approaches are more popular in higher dimensional case. In
this connection we should mention some popular recent modeling techniques for higher dimensional
data which is modeling through copula. However, we took up the challenges in parametric models,
as somehow or whenever we can establish the assumption, any inference on parametric approach
will beat non-parametric approaches. We discuss issues in validating the distributional assumption
in this thesis, but mainly work on different statistical inferences when we already know the data
follows a fixed parametric distribution. Recently copula techniques for modeling higher dimensional
distributions has become another interesting domain. Finding an efficient technique for estimation
of parameters in this set up opens a different research direction.

In this thesis we consider mainly four types of bivariate distributions and they are : Mar-
shall Olkin bivariate Pareto with location and scale parameters, Absolute continuous Marshall-
Olkin bivariate Pareto, Geometric Marshall-Olkin bivariate Pareto, Absolute Continuous Geomet-
ric Marshall-Olkin bivariate Pareto. In Bayesian estimation we use Lindley approximation, Slice
sampling, Gibbs sampler etc. A short description of the tools and techniques used throughout this

thesis is discussed in the next section.

1.2 Description of Tools and Techniques

In this section we introduce some technique for estimating parameters. First we discuss about point
estimation procedure like Maximum likelihood estimation and Bayesian estimation, then interval

estimation using bootstrap technique.

1.2.1 Maximum Likelihood Estimation

From theoretical point of view, the most general method of estimation is the method of maximum
likelihood estimations (MLE) which was initially formulated by C. F. Gauss but as a general method
of estimation was first introduced by Prof. R. A. Fisher and later on developed by him in a series
of papers. Before introducing the method we will define likelihood function.

Let x= {x1,x9, - ,z,} is a sample drawn from a population with density function f(x;#) or

f(x]0). Then the likelihood function of the given sample is denoted as L = L(0|x) defined as

n

L(0]x) = f(1|0) f(20) f (3]0) - - f(2n]0) = [ ] £ (il6)

i=1
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Then the maximum likelihood estimates of # can be written as,
0 = arg max, log(L(0]x))

since L(6|x) > 0, and log(L(f|x)) is non-decreasing function of L(f|x) > 0. So both of L(f|x) > 0
and log(L(6|x)) attain their maximum value at 6.

Some of the cases we are unable to obtain the MLEs of parameters in explicit form. They can
be obtained only by solving a system of non-linear equations of unknown parameters. We treat

this problem as a missing value problem. To solve this type of problem we use EM Algorithm.

EM Algorithm: EM (Expectation- Maximization) [12] algorithm was introduced by Dempster
et al. in 1977. It is one of the most commonly used algorithm in statistic.

Suppose X = {X;, Xo,---, X,,} is a random sample of size n taken from the distribution with
pdf g(x|6) and we would like to compute the maximum likelihood estimator of @ i.e. 6= arg max
L(6|x). We augment the data with z, where X, Z~ f(x,z|) to avoid the difficulties in maximizing
likelihood function. Here Z is known as hidden or missing variable.

Suppose 0 be the initial value for the parameter # and want to find @ such that L(f|x) >

L(6°]x). This can be done by considering the difference between observed-data log-likelihood

Alog L = logL(0|x) — logL(9(0)|x) = log( [(1(9|X)

0L (1.2.1)

Now we introduce the hidden variable Z, then (1.2.1) can be written as

logL(8]x) — logL(8© |x) = zogf f(( ’;‘9)

o 10000 (x,20)
@l %) (<0

£ (. /6)
/ (@10 X)log 550 5 poaia@)

= Alog L(6,0° )),

where the last inequality is due to Jensens inequality and the fact that log(-) is concave. We can
maximize Alog L(#,0(?)) w.r.t. 6 to obtain a sequence {6°}(every time §) replaced by @0+1)
and as long as log L(AU*Y (")) > 0, where

li+1) — arg manglogL(G,H(i)) where i= 0,1,2,3,- - -

= arg maxe/f(zw 7X)lng(Zw(i),X)f(xw(i))

= arg maxe/f(z|9(i),x)logf(x,z]@)dz.
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Let us define

Q(0,0%) = f(20"),x)log f(x,z|0)
= Epya)jpxlogL(0|X, Z)).

So it is clear that the EM algorithm has two steps

(i)E-step:Compute Q(6, H(i)), which is the expectation of complete-data log-likelihood logL(0|X, Z)
and expectation is w.r.t conditional pdf of missing data Z, f(z|6),x).

(ii)M-step: Maximize Q(6,0®) w.r.t 6 to obtain #0+1,

1.2.2 Bayesian Estimation

In Bayesian statistics the parameters are treated as random variable and unknown to researcher.
The researcher has some initial ideas about the value of these parameters and collects data to
improve this understanding. The distribution of this parameter based on those initial ideas is
known as prior distribution. Let f(x|0) be the density function of the population. Here our aim to
find a point estimate of the parameter 6. Let us denote 7() as the prior density function of 6 and
X = (1,22, uee.. Z,) be a random sample of size n.
The distribution of €, given sample x, is called the posterior distribution which is defined as

f(x[0)m(0)

B = 9(x)

, (1.2.2)

where g(x) is the marginal probability distribution of x , over 6.

For discrete case g(x) =), f(x]|0)m(6) and

for continuously case g(x) = [~ f(x[0)w(0)d6.
Actually ¢g(x) is a constant with respect to 6 and g(x) is also known as normalizing constant.
Using these fact we say that posterior distribution is proportional to the prior distribution times

the likelihood function:

m(0|x) o< f(x]0)m(0). (1.2.3)

Under the squared-error loss function the mean of the posterior distribution is called the Bayes

estimate of 6 and it expressed as

i— /«97r(9\x)d6. (1.2.4)

We can approximate the integral by Lindley approximation method [33]. Alternatively we can

use a suitable Monte Carlo methods to find the Bayes estimate.
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Description of the basics of a few widely used Monte Carlo techniques which are relevant for

this thesis are described below :

Inverse Transform Algorithm: Let X be a continuous random variable with the cumulative
distribution function Fx and U ~ U(0, 1), then probability integral transform theorem [49] implies
that Fiy!(U) ~ Fx. Corresponding algorithm steps are
Step-1: generate a random number U from U(0,1).
Step-2: set X = Fi' (D).

For practical purpose, this algorithm only applies when both of cdf and inverse of cdf are
available. But this kind of situation only covers a small number of distributions (for example
exponential distribution, Weibull distribution etc.). Other methods, like Accept/Reject method

[49] are more general and do not have any such kind of problems.

Accept/Reject Algorithm: When we are unable to generate the desired random variable using
direct transformation method, an extremely powerful method Accept/Reject algorithm can often
provide a solution. Suppose our goal is to generate X from a distribution with the pdf fx(z) and
we are able to generate V from a distribution with fy (v), where fx and fi have common support
with

fx(z)
fv (=)

M = sup,, < 0.

We can generate X ~ fx using the following steps,
Step-1: generate a random number U from U(0,1) and V' ~ fy, independent.
Step-2: if U < ]\i;)]fé‘(/&), set X = V; otherwise return to step-1.
Here the density of X, fx and the the density of V, fi, are known as target density and the

candidate density respectively. Sometime it is observed the that the target density has heavy tails
in nature, it is difficult to find the candidate density that will provide a finite value of M. In
such cases Accept/Reject algorithm will no longer apply, and one led to another class of methods
known as Markov Chain Monte Carlo (MCMC) methods. Some special cases of these methods are

Metropolis-Hasting (M-H) algorithm, Gibbs Sampler and Slice sampler etc.

Metropolis-Hasting Algorithm: Metropolis-Hasting algorithm is a Markov Chain Monte Carlo
(MCMC) [49] algorithm which approximately generates the random numbers from the target sta-
tionary distribution. This algorithm was introduced by Metropolis et at. [36] (1953) in a setup of
optimization on a discrete state-space. Later it is generalized by Hastings (1970). MCMC tech-
niques are often applied to solve integration and optimization problems in large dimensional spaces.

These two types of problem play a fundamental role in Bayesian analysis described in this thesis.
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Suppose we wish to generate random number from the distribution 7(-) (also known as target
distribution), on some continuous state spaces x. Suppose we have a density that can generate
the candidates, which is known as the proposal distribution or candidate-generating distribution
say q(-|z) given a current candidate z. Let kp;—p(-|z) be a transition kernel density related to the
proposal distribution ¢(-|x). The M-H algorithm produces a Markov chain through the following
transition,

Step-1: given current candidate X,,, generates Y, 11 ~ q(y|Xy).
Step-2: set

)

P Y,+1 with probability «(X,, Y,+1)
"7 ) X, with probability 1 — a(Xy, Y1)
m(y) a(zly) 1}.

where a(z,y) is known as MH acceptance probability and defined as a(z,y) = min{mq(ym,

The transition kernel density for the M-H algorithm is
k- (@i @) = q(@ipa|zi)a(@i, Tiv1) + 0o, (Tig1)r(20), (1.2.5)

where 0, (zi+1) = 1 if ; = x;41 and 0 otherwise, and r(z;) is the term associated with rejection
(e = [ alvlei)(t - alai, )y
X

One can easily prove that the samples generated by this algorithm will mimic samples drawn
from the target distribution asymptotically. By construction, kj;_ g satisfies the detailed balance

condition
(z3)kpm—m(zip1|zi) = m(@ip1)kp— g (xi|2ig),

and consequently, the M-H algorithm admits 7(-) as an invariant distribution.

Multi-Stage Gibbs Sampler: Suppose X = (X, X2, -+, X,,) be a m dimensional (m > 1)
random variable with joint probability density function f(z1,z2,- - ,zm). Let 2 be the initial
realization for X. The multi-stage Gibbs sampler generates a Markov chain {X )} according to the
following steps. Take XO) =20 for t=1,2,3, ---

Step-1: X{Hl) ~ fX1|X2,X3_..7Xm(.]a:gt),xgt), e ,xffl)), conditional distribution of X7 given

(X2, X3, -+, Xon).

Step-i: Xi(tH) ~ in|X17X2...,Xi_hXiH’...’Xm(.|x§t+1)7mgtﬂ)’ . ,:cgt_ﬁl),xgzl, e ,x%)), conditional

distribution of X; given (X1, X2+, Xi—1, Xi41, -+, X)) where i = 1,2,3,--- ,m.

Slice Sampling: In 2003 R. M. Neal introduced the slice sampling technique [38][49] that can be
applied to a wide variety of distributions. Slice sampling is simplest when the distribution of interest

is univariate, we use this method to sample from a multivariate distribution for x=(z1, zs..., z)
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by sampling repeatedly for each variable in turn. We update z; by using a function of z;, which
is proportional to the actual conditional distribution of z;, f(xs|{x;};-i), where {x;},.; are the
values of the other variables. Here we will describe the slice sampling for the univariate case (also
known as a 2D slice sampler). Suppose f(x) is a function which is proportional to the probability
density function of x and z(®) be an initial value for x.

step-1: Draw a real value u(!) , uniformly from the interval (0, f(2(?))). Now we define a horizontal
slice S = {z : u™) < f(z)}. Note that (9 is always within S().

step-2: Calculate an interval IV = (LM, RM) which contains z(°) and also contains all or much
of the slice S().

step-3: Draw a new value (1), uniformly from I") with checking option, f(m(l)) exists.

For drawing next value z(?), putting 2(!) in place of z(*) and follow all steps. According to above

steps it generates a Markov chain {X®} where X takes the value z(*).

Lindley Approximation: This is the approximate evaluation of integral of the forms

[w(0)e D dp
Jv(0)el®df’
where 0 = (61, 62,03,--- ,0,) is a parameter and
L(f|z) = 1nH (x;|0) = Zlnf x;|0)
i=1

is the log-likelihood function based on the random variable X, whose PDF is f(z|0) and z =
{z1,29,23, - ,Tm} is a sample of size m taken from this distribution. Here w(-) and v(-) are any
arbitrary functions of §. Let 7(0) is a prior distribution of § and ¢(0) is any arbitrary function of
6. We also choose v(f) = m(0) and w(f) = g(€)7(8). We know that the Bayes estimate of g(6) is
the posterior mean of g(f). The Bayes estimate of g(@) can be written as,
My f9 g(0 z)7(0)do
o l(HL) 0)do
where [(0|z) is the likelihood function i.e. L(f|z) = Inl(#|z). Let us assumed that p(6) = Inn(0).

(1.2.6)

So (1.2.6) can be written as,

[,9(0 e[L<9>+p<e>1d9
f ell 0)1de

1
=g+ 5 Z(gij + Qgipj)o'ij + 5 Z Lijkglo'ijakl, (1.2.7)

9B =

where i, j,k,l = 1,2,3,--- ,n. Many partial derivatives occur in RHS of (1.2.7) and we write,
for example (&Sﬁ as Ljj,. Similar for g and p also. Here oy; is the (4, j)th element of the inverse
of the matrix {L;;}. All term in RHS (1.2.7) are calculated at MLE of 0 (= 0,say).
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1.2.3 Interval Estimation

We have so far estimated a population parameter using a single statistic. Such estimation by a
single statistic is known as point estimation, and a point estimate, which is computed from an
observed sample gives us a value somewhat close to the true value of the estimated parameter. In
the method of the interval estimation we use a pair of statistic, which forming a random interval for
the parameter. In practical point of view, it is more useful to give an interval of the parameter in
place of point estimation. Here a probability statement associated with it, is known as confidence
level. It indicates what is the probability that the random interval contains the exact value of the
parameter. The idea of interval estimation is precisely stated as follows.

Suppose X={X1, Xo,---X,} is a random sample of size n drawn from the population with pdf
f(z;0) where 8 € © C R¥. A family of subsets s(x) of © is said to be a family of confidence sets
at confidence level (1 — ) (sometimes 100(1 — «)%) if

POcsx)>2(1—a) V 0cO.

For k=1, s(x)= (a(x),b(x)) is said to be 100(1 — )% level of confidence interval for 6 if

Pa(X)<0<bX)>2(1—-—a) V 0c0.

Most of time we use bootstrap methods for estimating confidence interval.

Confidence Interval by Bootstrap Method:

Bootstrap methods[14] are based on re-sampling of the observed data. It was introduced by Efron
in 1979. Suppose X={X1, Xo, -+, X,,} and x={z1, 22,23, - ,x,} denote the random sample and
its observed realization respectively from the distribution with the parameter 6. The basic idea of
the bootstrap is to evaluate the properties of an arbitrary estimator é(x) through the empirical

distribution of the random sample X,
1 n
F;(.T) = E Z;IX]‘<$
i

in place of actual distribution function F of the sample. There are mostly two different ways to
obtain and evaluate bootstrap confidence intervals: non parametric and parametric.
Non-Parametric:

step-1: Generates a random sample (with replacement) of size n from the sample X, denote it by
X* ={X], X3, , X} actually X* ~ F,.

step-2: Calculate 6* = 0(x*)

Statistical Inferences on Different Types of Bivariate Pareto Distributions Ph.D. Thesis
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step-3: Repeat step-1, step-2, B times and calculate éf, é;, é;, . ,é*B (generally 1000 < B <
10000)
step-4: Arrange éf, é;, é;, o, 0% in increasing order so that

~

0y < 0g) <Oz < 0

step-5: Then a 100(1 — )% bootstrap confidence interval is given by

[éa), é?i+(1—a)*3)] for i=1,2,3,---,[ax* B,

where [-] represents the corresponding greatest integer. We have multiple confidence interval, gener-
ally we choose shortest length interval or symmetric interval. This technique also known as Efron’s
Simple Percentile Confidence Intervals.

Parametric Bootstrap:

Non-parametric bootstrap makes no assumptions about how our observations are distributed, and
re-sample our original sample, whereas parametric bootstrap re-sample a known distribution func-
tion, whose parameters are estimated from our sample. Here we find an estimator é(X ) for the
parameter 0. Then generates a random sample X* = {X7, X3,--- , X} from f(z|f(x)) all other

step are same as non-parametric.

1.3 Literature Survey

Extensive work has been done in this area over the past several decades. Here we describe some
bivariate distributions similar to the Marshall Olkin Bivariate Exponential (MOBVE) distribution
[35], the Block Basu Bivariate Exponential (BBBVE) distribution [9] and the Geometric univariate
also bivariate distribution [25] etc.

Marshall and Olkin [35] introduced the Bivariate Exponential distribution(BVE) in 1967, the
latter which is known as the MOBVE Distribution. The survival function of MOBVE distribution
is given as

P(X >z, >y) = e M@ A2y domaz@y) - where g,y > 0. (1.3.1)

An interesting fact of this distribution is that it has both an absolutely continuous and a singular
part. Using this fact, in 1974 Block and Basu[9] introduced an absolute continuous Bivariate
Exponential distribution by removing singular part from MOBVE distribution, which is known as

BBBVE distribution. The survival function of BBBVE distribution is given as,

A aa—dey-A Ao
P(X Yy _ 12—A2y—Aomaz(z,y) _
X >oY >0 =575 JIED
Xe—)xmaz(.t,y)’
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where x,y >0 and A = Ag + A\ + Ao
In 1990 Pena and Gupta [44] calculated the Bayes estimates of the parameters of MOBVE
distribution. For the Bayes estimator of the parameters, they used the quadratic loss function and

prior distribution for
Ao M@ De=BA where  a,8 > 0.

Also, they used the Gamma-Dirichlet prior for (Mg, A1, A2) with the parameters satisfy a > 0, 5 > 0
and a; > 0(i = 0, 1,2) pdf as follows
2 .

I'(A) ® B 1 _8n

*(Mos A1y A = 2 (BN AT L rxite=PN 1.3.2

m ( 0y N1, 2}&,6,0&0,0[1,0{2) F(OZ) (/8 ) H) I‘(Oéz) i € ( )

and denoted it as GD(\g, A1, A2, B, o, a1, a2). Under the quadratic loss function, Bayes estima-
tors are the mean of the posterior distribution of the parameters given the data.

In 1999 Gupta and Kundu [17] introduced the Generalized Exponential(GE) distribution with

three parameters (location, scale and shape). A random variable X is said to have a generalized

exponential distribution if X has the distribution function

_(z—p)

F(x;a,)\,,u,):(l—e X )a where x> p,A>0 and a>0. (1.3.3)

Here « is a shape parameter, A is a scale parameter and p is a location parameter and denoted as
GE(p, A\, ).

In 2003 Karlis [19] calculated estimators for the parameters of the MOBVE distribution using
an MLE estimation technique via an EM algorithm. He defined MOBVE distribution, whose pdf

as follows

A (Ao + Ao )eMe—dey—domaz(e.y)  where 0 <z <y
flz,y) = € Aa(Ao + )\1)6_/\15‘_/\23/_%”"”““”(””’9) where x>y >0
Aoe~Me=Aey—domaz(@y)  where 1z =y > 0.

Here the system of the likelihood equations cannot be solved in closed form expressions, for that
reason he used the EM algorithm. In first step he calculates the expectation of the complete log-
likelihood (log- likelihood of data and missing variable) w.r.t. the conditional pdf of missing variable
given the data or sample, then maximize the expectation w.r.t. the parameters and calculates the
estimator (actually realization of an estimator).

In 2008 Kundu and Gupta [26] estimate the parameters of the two parameters Generalized
Exponential (GE) distribution as an alternative to the Gamma and Weibull distribution. The

two-parameter GE distribution has the following density function

a—1
flz N ) = aX (1 - e_x’\) e™™ where x>0,A>0 and a>0. (1.3.4)
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Here « is a shape parameter, ) is a scale parameter. In that paper they consider the Bayes estimator
of the unknown parameters under the assumptions of gamma prior on both a and A. It is assumed

that A and « has the following gamma prior distributions

T (A) oc No7lemaA

m(a) ox adleme,

Here all the hyper parameters a, b, ¢, d are assumed to be known and non-negative. The log-

likelihood function based on the observed data x = {x1,x2,...,Zn};

logL(\, a|z) = o \'e Dy i H(l — g hmiyasl,

i=1
Hence the joint posterior pdf of a and A can be written as;

*(a, M) = logL(\, @)y (X))o (cx) .
’ fooo fooo logL(\, a|x)mi (N)m2 (o) dAda

So the Bayes estimator of any function of a and A, say g(«, A\) under the squared error loss function
is
N 2 [ g\, @)logL(A, alz)m (M) (a)dAda
g = Eoz,)\|93(g(a7)‘)) - fO fgo o0
Jo Jo logL(A, ool )mi (N) w2 (a)dAdox

The Bayes estimators can not be obtained in explicit form. They proposed Lindley approximation
technique for computing approximate Bayes estimators. In that paper they also proposed Markov
Chain Monte Carlo (MCMC) specially Gibbs sampling technique to generate the samples from the
posterior distributions and in turn computing the approximate Bayes estimators.

In 2009 Kundu and Pradhan [32] computed the MLE estimators of two parameters GE dis-
tribution via the EM algorithm in the presence of hybrid censoring. In this paper they assumed
censored data as the missing data and calculate the estimators as in the paper [19] and also obtain
the Bayes estimates of the unknown parameters under the assumption of independent gamma prior
using the importance sampling procedure.

In 2009 Kundu and Gupta [27] introduced the Bivariate Generalized Exponential (BVGE)
distribution using the technique provided by Arnold[1] (one can assume as the technique provided
by Marshall and Olkin[35]). Here they used three independent random variables Uy ~ GE(a1, A),
Us ~ GE(az, A), and Us ~ GE(as, \) and defined X7 = max{U;,Us} and X9 = max{Us,Us} and
also, used A = 1. Then the distribution of (X, Xs) is known as the BVGE distribution and the
cdf is

Fxy x, (w1, w2) = (1 — e (1 —e7 ™) (1 —e77)%,
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where x1 > 0 29 > 0 and z = min{x1,z2}. They also used scale parameter A = 1. So it’s pdf is

fi(z1, ), if 0<wi<wa<oo
fX1,X2(»T1,332) =< fa(zy,22), if O<wo<z1<00
fo(z), if 0O<z; =9 =2<00

, Where

fi(z1,m9) = (a1 + az)as(1 — e_xl)o‘1+°‘3_1(1 — (3_9”2)0‘2_16_”"31_””2
fo(z1,22) = (ag + a3)ar (1 — e"“)"‘l’l(l — e’“)0‘2“"3’167‘7“""‘”2

fO(x) r 043(1 _ e—x)al—&-ag—l-ag—le—x’

They also provide an absolute continuous BGE distribution using the technique provided by Block
and Basu [9] and it’s pdf function is

%fl (.1:1, xg) if z1<wo a1+ ao
i ] where p= ——F——,
Efg(azl, xg) if xo<my a1 + ag + s

fa(z1,22) = {

They used the MLE technique when a3 is known and used the EM algorithm when it is not known.
For the EM algorithm (Aj, A) is the missing variable, defined as

1 if Uy>U
Alz{ 1 1>Us

3 if Ui<U;
2 if

Ay = 1 Us>Us
3 if Us<Us

then it follow all the steps of the EM algorithm similarly as Karlis[19].

In 2009 Kundu and Dey [23] introduced the Marshall Olkin Bivariate Weibull Distribution(MOBW)
using the technique provided by Marshall and Olkin[35]. They assumed Uy ~ WE(a, \g), U ~
WE(a, A1) and Uy ~ W E(a, A2) and they are mutually independent and defined X; = min{Uy, U; }
and Xy = min{Up, Us}, then the joint distribution function of (X1, X2) is called the Marshall-Olkin
bivariate Weibull distribution and denoted it by MOBW («, Ag, A1, A2). The joint survival function

of (X1, X2) can be written for z = max{x;,z2} as
Sx1. %, (21, 22) = e M e ATT o= A0 where gy > 0,29 > 0. (1.3.5)
So it’s joint pdf is;

f1(331,$2), if O<xi<zo<o0
fxix (@1, 22) = < fo(zr,22), if O0<wa<mi<oo (1.3.6)
fo(x), if 0<z) =29 = 2<00
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where

fi(21, 29) = a? A (Mo + Ag)adte M0 g~ e~ (hotAo)zg
folz, 22) = a®Xa(Ag + A )28~ le~ QotA)et po—lo=Azag

fo(l,) — C!)\Ol'a_le_()\0+>\l+>\2)xa

They suggested to use the EM algorithm to compute the MLEs of the unknown parameters of the
MOBW distribution model and used (A, As) as the missing random vector, where (A, Ag) is

defined as follows

Alz{o it X, =U,

1 if X3=0U;
A2 1 0 if X2 — Uo
2 if Xo=U

then it follows the steps of the EM algorithm similarly as Karlis[19]. In this case the ‘pseudo
log-likelihood’ function (‘E’ step) is formed from the log-likelihood function by replacing the log-
likelihood contribution of (X1, X2) by its expected value, then maximized the ‘pseudo log-likelihood’
w.r.t. the unknown parameters.

In 2010 Kundu and Gupta [28] introduced the Block Basu Bivariate Weibull (BBBW) distri-
bution using the technique provided by Block and Basu [9]. They wrote the joint survival function

(1.3.5) as a mixture of an absolutely continuous part and a singular part as follows;

A1+ A
Sx, x,(T1,22) = msa(whm)

Ao

+——SS 7x )
AL+ A2+ A3 (21, 22)

where S,(-,-) is the absolutely continuous part and Ss(-,-) is the singular part. Note that for

z = mazx{zy,x2},

Ss(w1,22) = e~ (AotAi+Az)2®
and S, (x1,x2) can be obtained by subtraction as
)\0+>\1+)\2 ~ a A\ O N\gz% )\0 —(\ by «
Sa(x1,T9) = ————— T MTreT 22T 0F e~ (RotAitAz)z 1.3.7
a(71,72) A+ As A+ Ag ( )

and it’s joint pdf function is;

Lo (N + )\Q)x(f*le_)‘lx‘f:L‘g‘fle_()‘”/\”’”% if xi<xzo
falw,w2) = 97 a=1_—(Ao+A)a¢ a—1 —Xoxg - (1.38)
S A2(Ag + Ap)z] e VoTAT I T e T 2T i o<y,
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A1+A2
A1+ 243

to ([23]). The Multivariate Pareto is used in this thesis was also introduced by Asmit et al [2] in

where p = . Then they used the EM algorithm for estimating parameters, which is similar

2010. The joint distribution used in the paper is given by,

f1($1,$2) if BB o T2mH2

f(x1,22) = ¢ fo(x1, o) if %}“ > “Z‘%
folw) Tz g
where
filanms) = S (ag+ag) (1 Ryt (1 4 S e
folzn,z2) = —2 (ag+ar)(l+ 2Ty ~(eotar+1)(q 4 T2 7 H2y—(as+1)
fo(z) = Z;Ejlz—i- m)_(a1+a2+0‘0+1()f1 4

In 2013 Kundu and Gupta [24] estimated the parameters of the MOBW distribution, whose pdf
function in equation (1.3.6) using the Bayesian estimation technique. They proposed Gamma(a,b),

say 7(+|a,b), as the prior for A(= Ao+ A1 + A);

b2 a—1_—b)\ :
A f A>0
m(Ma,b) = {W ©

0 otherwise

and Dirichlet prior, say m(-|ag, a1, a2) for the joint prior of (%, %), ie.

0o (C, 22 ag an,00) = DO @ E@) (oYM (g
2N AT P o) (a1)D(az) \ A A A ’

where all hyper parameters a, b, ag, a1, and as are positive. Then the joint prior can be written as

2

I'(a) - b —1_—b\;
Ao, A1, A b = b)) e A f 1.3.
(Ao, A1, A2la, b, ag, ar, az) F(a)( ) H)F(ai) 2 (1.3.9)

where a = ag + a1 + aa. The posterior distribution of (Ag, A1, A2) based on the prior and the data

D can be written as;
71'*()\0, /\1, )\2‘04, D) X lOgL()\(), )\1, )\2|Oé, D)Tl'()\(), )\1, )\2|a, b, ap, ay, ag),

where « is known and L is the likelihood function. They proposed to use, the importance sampling
technique, to compute the Bayes estimator of § = (g, A1, A2), any function of A\g, A\; and Ay as a
Bayes estimator of # under squared error loss function is the posterior mean of 6.

In 2014 Kundu and Gupta [25] introduced the bivariate Weibull-Geometric distribution. Let us
consider the joint random variable (X7, X») is said have a bivariate Weibull-Geometric distribution
with the parameters 0, a, Ao, A1 and Ag if the joint survival function (X, X3) can be written as

follows,
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eefklz?ef(A()#»)\Q)a:%
1—(1—0)e 17T ¢~ Potrz)zg
= . 967(A0+)\1)w?67)\21'%
G(r1,22) = 1—(1—0)c CoPADTT g 2275
fe—(Ao+A1+A2)a®
1—(1—6)e—CoFr1Frg)e™

if r1 < X9

if £1 > 29

if 11 = 29 = .

It is denoted as BWG(6, v, Ao, A1, A2). They proposed to use the EM algorithm to obtain the
maximum likelihood estimators.

In 2016 Asimit et al. [3] used the EM algorithm to estimate the parameters of the Marshall-
Olkin bivariate Pareto distribution. Some research on Bayesian analysis of the BBBW distribution
can be found in Pradhan and Kundu [46]. Equation (1.3.8) represents it’s pdf function. They used

the importance sampling technique to estimate the parameters.

1.4 Outline of the Thesis

In chapter-2, we discuss about the problem of estimation of the parameters of the Marshal-Olkin
bivariate Pareto distribution with location and scale parameters using the EM algorithm. This is a
singular distribution. In 2010 Asimit et al. [2] used an EM algorithm to estimate the parameters.
In this context, we not only propose the different innovative variations of the EM algorithm, which
is different from the existing algorithm by Asimit et. al.[2], but also make a comparison of all the
methods with respect to the average number of iterations and the mean squared errors. Numerical
simulation has been done to judge the performance of the different proposed algorithms. A real
life data analysis has been performed for all the algorithms for the illustrative purposes, which was
missing in Asimit et al. [2] paper. We also formulate approximate asymptotic confidence intervals
for all the parameters. However, more research is needed in that direction. The content of the
work opens the door of research in the implementation of the EM algorithm for other complicated
higher dimensional distributions with location and scale parameters.

Chapter-3 addresses the problem of estimation of the parameters of the absolute continuous
bivariate Pareto distribution with or without the presence of location and scale parameters. This
distribution is also known as the Block-Basu bivariate Pareto distribution. We study the estimation
of the parameters by the EM algorithm both with and without the presence of location and scale
parameters. Some innovative solutions are provided for different problems which arise during
implementation of the EM algorithm. Some numerical simulation has been carried out to show
the effectiveness of the proposed algorithms. It is very difficult to construct asymptotic confidence
intervals for the parameters as the log-likelihood function is discontinuous with respect to location
and scale parameters. We propose the use of parametric bootstrap confidence interval for the shape

parameters without the presence of location and scale parameters. Since, the location parameter
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behaves like a threshold, we are still working to construct the confidence interval in the presence
of location and scale parameters. We illustrate the procedures through a real life data analysis.

Chapter-4 contains the Bayesian analysis of the absolute continuous Marshal-Olkin bivariate
Pareto distribution without the presence of location and scale parameters using both Lindley and
slice cum Gibbs sampler approach. In this context, we study two types of prior - reference prior and
gamma prior. For reference prior, sometimes the conditional log-posterior becomes discontinuous
in some cases. We modify the usual slice sampling technique in such a way that it works for the
discontinuous setup. Credible intervals are also provided for all the methods and all the prior
distributions. Numerical simulation is performed for all the methods. An analysis of real life data
has been shown for illustrative purpose.

Chapter-5 deals with the problem of the Bayesian estimation of the absolute continuous Marshal-
Olkin bivariate Pareto distribution with the presence of location and scale parameters using slice
cum Gibbs sampler approach. In this context, we provide two different novel approaches of slice
sampling based on gamma prior for shape and scale parameters and truncated normal for location
parameters. We also estimate the credible intervals and the coverage probabilities of the intervals for
all the methods. An extensive numerical simulation has been studied here to show the performance
of the proposed methods. A real-life data analysis is also shown for illustrative purposes.

In Chapter-6, we address the Bayesian estimation of both of the Marshal-Olkin bivariate Pareto
distribution with and without the presence of location and scale parameters. Here, we use gamma
prior for both shape and scale parameters and truncated normal prior for location parameters.
The Bayes estimate of the parameters is obtained based on the slice cum Gibbs sampler. In this
context, we implement the empirical Bayes estimation for tuning hyper-parameters. It is observed
that the algorithm works for any data set, but it requires some particular choice of starting values
of the hyper-parameters. We construct the credible intervals based on generated samples and also
calculate the corresponding coverage probabilities. Some numerical simulation has been shown
here to judge the performance of the proposed algorithm. A data analysis is kept for illustrative
purpose.

In Chapter-7, we propose the Geometric Marshal-Olkin bivariate Pareto distribution without
the presence of location and scale parameters and also estimate the parameters using both the EM
algorithm and the Bayesian estimation procedure through slice cum Gibbs sampler approach. We
choose gamma prior to conduct the Bayesian analysis. An extensive simulation based on numerical
results is shown here to judge the effectiveness of the proposed procedure. One real life data analysis
has been performed for illustrative purpose.

Chapter-8 addresses the problem of the EM algorithm and the Bayesian estimation of the
absolute continuous Geometric Marshal-Olkin bivariate Pareto distribution without the presence

of location and scale parameters. We call the distribution as four parameter Geometric Block-Basu
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bivariate Pareto distribution. Bayesian estimation has been done through the slice cum Gibbs
sampler approach based on gamma prior. Numerical results are shown to verify the performance
of the algorithms. We illustrate the procedures through a real life data analysis.

Finally, we conclude the thesis and provide some future research problems in Chapter-9.
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Chapter 2

Some variations of EM algorithms for
Marshall-Olkin bivariate Pareto
distribution with location and scale

2.1 Introduction

Bivariate Pareto has several forms. In this chapter we study the Marshall-Olkin formulation of this
distribution Marshall and Olkin (1967) [35], which includes both location and scale parameters. In
a very recent paper Asimit et al. (2016) [3] used the EM algorithm to estimate the parameters
of this distribution. We adapt a few more variations of the same. We observe that some of our
proposed algorithms either work equally well or outperform their algorithms. We also present some
real life data analysis, which is absent in Asimit et al. (2016) [3] paper.

In this chapter !, we deal with singular the bivariate Pareto (MOBVPA) distribution, whose
both the marginals have the Pareto type-1I distribution. We can obtain bivariate Pareto distri-
bution considering peak over threshold method in a bivariate data. The distribution has wide
application in modeling, data related to finance, insurance, environmental sciences and internet
network. Any analysis based on this distribution requires an efficient technique for estimating pa-
rameters of the distribution. We consider a more generalized form of the Marshal-Olkin bivariate
Pareto distribution, which includes location and scale parameters. We propose a few innovative
ways to implement the EM algorithm.

A random variable X is said to have a Pareto of second kind, i.e. X ~ Pa(II)(u,o,a) if it has

the survival function

Fx(w;p0,0) = P(X > ) = (1+—5)™
and the probability density function (pdf)
a N
Jsp o) =2 (14 =)=
o o

Ythis work got accepted by the journal Journal of Statistical Theory and Practice
18
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withx > p € R, 0 >0 and o > 0.

Kundu and Gupta (2009) [27], Kundu and Gupta (2010) [28], Kundu and Dey (2009) [23]
used the EM algorithm for estimating parameters of different bivariate distributions, e.g. bivariate
generalized exponential, bivariate Weibull etc. Dey and Kundu (2012) [13] performed the dis-
crimination between the bivariate Weibull and the bivariate generalized exponential distributions,
where they used parameter estimation through the EM algorithm. Sarhan and Balakrishnan (2007)
[52] considered the estimation issues in Sarhan and Balakrishnan bivariate distribution with extra
scale parameter in their model. Many works have been done on multivariate Pareto distribution
to Hanagal (1996) [18], Yeh (2000) [55], Yeh (2004) [56], Asimit et al. (2010)[2]. The statistical
inference of the multivariate Pareto distribution through the EM algorithm is attempted by Asimit
et al. (2016)[3]. This chapter also deals with seven parameters including location and scale as
its parameters. Our current work, not only proposes some innovative approaches, but also make
comparison among all the methods.

We arrange this chapter in the following way. In Section-2.2, we keep the Marshall-Olkin
bivariate Pareto formulation and some of its properties. In Section-2.3, we describe our proposed
EM algorithms. We discuss about the confidence interval in Section-2.4. Some simulation results
show the performance of the algorithm in Section-2.5. In Section-2.6, we show the data analysis.

Finally, we conclude this chapter in Section-2.7.

2.2 Formulation of Marshal-Olkin bivariate Pareto

Let Uy, Uy and Us be three independent univariate type-II Pareto distributions
Pa(I1)(0,1, ), Pa(IlI)(p1,01, 1) and Pa(lI)(pe, 02, a2) respectively.

We define X1 = min{o1Up + 1, U } and Xy = min{ooUpy + p2, Us}. We can show that (X7, X2)
jointly follow the Marshal-Olkin bivariate Pareto (MOBVPA) distribution of second kind, we call
it as BVPA(u1, po, 01,02, a, a1, ai2)

The joint distribution is given by

o1 o9
flar,@2) = < falwr ) if Bt > 22
e TITp1 . T2—H2
fO(ZU) if T T o T xT,
where
&5} T2 — 2\ _ 1 Ty — (1 1
fl(.’El,:EQ) = (Oé(] + 042)(1 + 7) (aotan+ )(1 + 7) (@141)
0102 02 g1
(%) Ty — p1,\— 1 T — M2, 1
folzy,29) = (ag + ap)(1 + 22—y ~leotertl)(q 4 22 F2y—(as+1)
0102 o1 02
folw) = ap(l + )~ (rtastaotl),
It can be shown that,
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1. The distribution of X; is Pa(II)(uj, 05, j), aoj = o + 5, where j = 1,2.

2. The distribution of the minimum of X7 and X5, is also Pareto distribution, when U; and Us

has same location and scale parameter.

3. Maximum Likelihood estimate of u, o, «, the parameters of univariate Pareto can be given
based on the data set Y7,Ya,---,Y, as : pu = min{Y1,Ys,---,Y,}, whereas estimates of «
and o can be obtained by solving the fixed point iterations :

n

J:a—i-lz (x; — )

Ti—p’
noo—= 1+ =5

g

where

n
Simi (14 =28)

o =

The surface and contour plots of the pdf of this distribution are shown in Figure-2.1 and
Figure-2.2. The following four different sets of parameters provide four subfigures in each figure.
&1 =0, =000 =1,00 =05, = 1,01 = 0.3, a0 = 1.4; & : 1 = 1, uo = 2,01 = 04,09 =
0.5,a0 = 2,01 = 1.2, = 1.4; &3 : g = O, up = 0,01 = 14,09 = 0.5, 0 = 1,01 = 1, a0 = 1.4
E4:p1=0,u0=0,00 =1.4,090 =05, = 2,01 = 0.4, 9 = 0.5.

Reference Surface and Contour plots Reference Surface and Contour plots

(a) & (b) &

Figure 2.1: Surface and Contour plots of pdf of MOBVPA wrt parameter set &1 and &
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Reference Surface and Contour plots Reference Surface and Contour plots

(a) & (b) &

Figure 2.2: Surface and Contour plots for pdf of MOBVPA wrt parameter set {3 and &4

2.3 EM-algorithm

Let us denote the data set, x = {(z11, z21), (z12, 222), - - , (Z1n, T2n)}, We can divide the data into

following three parts :- I1 = {(z14, x2;) : 2 < ”gm}, I = {(x1j, wq;) : B4 > 121;2“2} and

a1 o1

In = x\{11 U Io}. We define ng,n1,n2 as : ng = |Ig|,n1 = |I1|,n2 = |I2| where |I;| for j = 0,1,2
denotes the number of elements in the set I;.

Usual log-likelihood function for the parameters of the MOBVPA can be written as

L(M]_,MQ,O'l,O'Q,O[U,O[l,O[Q)
= nilnag +nyIn(ag + ag) —nilnoy —nylnos

. T2j — 2 L1, — M1
— 1 In{1l+ —-— | — 1 In{1+4+ ——
(ap+ g + 1) E n( + . > (a1 +1) E n( + p )

i€l i€l
— mnglnoy —nglnoy +nglnag + ngIn(ap + aq)

n n
1 — M1 L2 — U2
- D> In(1+——=) - D> In(14+ =12
(o +a1+1) n< + p ) (2 +1) n( + oy )

i€l i€la

n
+ molnag —nolnoy — (ap + o1 +az +1)Zln<1+ M)
i€lp 91

Direct maximum likelihood estimate of the parameters based on y may not be simple. We

implement the EM algorithm for some given ui, pe, o1 and os. In other words, we form the EM

algorithm to estimate the parameters «g, a1 and ag based on the transformed data set {(y14, y2;) :
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1,...,n}, where y;; = %,j = 1,2, for some given known values of w1, p2, o1 and oo. It is not
quite sure how the performance of the algorithm will change if we vary all parameters together with
the EM formulation instead of estimating the location and scale parameters in the beginning and
fixed it to the next level of the EM algorithm. We describe several variations of the EM algorithms
in this line and explore the best algorithm in terms of the minimum number of iterations and mean
square error.

Usual EM implementation requires the identification of some missing structure within the prob-
lem. Here we do not know whether X is 01Uy + 1 or U; and similarly we also have no information
regarding Xo whether it is 09Uy + pg or Us. Therefore, we introduce two new random variables Ay

and Ay as
0 ileza'on‘l‘/Jd
Al =
1 i X,=0U0

and
0 if Xo = 09Uy + o
N {2 if Xy = U,

Here A; and As are the hidden random variables of the EM algorithm. To calculate the E-step
we need the conditional distribution of A; and As. The problem is more complicated here, as the
distribution of A; and As depend on unknown values of location and scale parameters.

Let’s assume that first we form EM algorithm for ag, a1 and as by using Y7, Ys, A1 and As
when location and scale parameters are known. Therefore, the sets Iy, I; and Is can be expressed

based on Y7 and Y, only. We can easily show > for group Iy, both Ay and Ay are known,

A1 =A2=0

> for group I1, Ay is known, A, is unknown,
A1=1,A2=OOI'2

Therefore we need to find out u; = P(Ay = 0[[;)and ug = P(Ag = 2|I1)

> For group I, As is known, A; is unknown,
A1:00r 1,A2:2

Moreover we need w; = P(A; = 0]|]3) and we = P(A; = 1|12)

Since, each posterior probability corresponds to one of the ordering from Table 2.1, we calculate

U1, uz, Wy, we using the probability of appropriate ordering, where U} = %, Us = %
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Ordering (X1, X2) | Group
Uy < Uik < UQ* (U(), Uo) Iy
Uy < UQ* < Uf (Uo, Uo) Iy
Uf < Uy < U; (UT,U()) I
Ui <Us <Uy | (U, U3) I
Uék <Up< Uik (U(), U;) I
U < Ut <Up | (U, US) Iy

Table 2.1: Groups and corresponding orderings of hidden random variables Uy, U] and Us.

We have the following expressions for w1, us, wi, wo

P(UT < Uy < U3)

T PUF<Us < Ug) + P(UF < U3 < Uo)
w PUf < Us < Uy)
2T PUr <Up < U3)+ P(UF < U3 < Uy)
P(Us < Uy < UY)
YT P < U, <UY) + PUS < U < Up)
o P(Us < Uf < Uy)
T P(U3 <Up < Up)+ P(U3 < Uf < Uy)
We can easily evaluate the probabilities to get values of w1, ue, wi,ws as: u; = aoofaz and ug =
(1 —w) w1 = 2% and wy = (1 —w)

2.3.1 Pseudo-likelihood expression

The Pseudo likelihood function is obtained by multiplying all the log-likelihood contributions by its
posterior probabilities of hidden random variables. We have seen each of these posterior probabili-
ties depend on some the particular ordering of Uy, U} and U;. Therefore, we can write the likelihood
contributions based on the likelihood of Uy, Uy and U;. For example, likelihood contribution for
Uy < Up < Uj can be given by fur(21) fu,(z2)Sug (z2).

The final expression of the pseudo log-likelihood can be written down, skipping all in between

algebras as

Q@ = L(ag,a1,02)
= —ao(z In(1+y;) + Z In(1+ y1;) + Z In(1 + y2;))

i€l i€ly i€l
+ (no+uini + wing) lnagy — al(z In(1+y;) + Z In(1+ y15))
i€lp 1€l1Ul2
+ (m +wanz)Inag — 042(2 In(1 +y;) + Z In(1 + y2;))
1€l 1€l Ul
+ (ng 4 ugni)lnas. (2.3.1)
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Therefore M-step involves maximizing (3.3.1) with respect to ag, a1, ag at

(t) (t)

d(t+1) _ no + uqy Ny + w; ne (23.2)
0 Dier, ML+ yi) + D i, (1 +y13) + D icr, In(1 + yo;)
t
& = (1 + wng) | (2.33)
! >ier (1 + i) + X icnum) (1 + y1i)
A+ _ na o+ uymy (2.3.4)
2 (Zie]o 1“(1 == yz) + Zie([lulz) 111(1 + yzz))

Therefore the algorithm can be given as

Algorithm 2.1 EM procedure for bivariate Pareto distribution.

1: Calculate the estimates of u1, po, 01 and oy from marginals of bivariate distribution.
2: Fix Iy, I1 and Is.
3: while AQ/Q < tol do
4:  Compute ugz), ug), wgz), wg) from oz(()z), agz), agb).

(i+1)  (G+1)  (+1) . .
5. Update oy ', 0 ', ay ’ using Equation (3.3.2), (3.3.3) and (3.3.4).
6 Calculate @ for the new iterate.
7: end while

2.3.2 Algorithm-2.2 : Modified Algorithm 1

The above algorithm does not work even if all the Iy, I; and I> are non-empty. In our previous
approach, we calculate the estimates of the location and the scale parameters and construct the
above three sets based on the transformed variables using those estimated location and scale pa-
rameters. Therefore, it is highly likely that there will be almost no element in Iy for most of the
generated sample. Consequently, it should provide the estimate of ag as zero most of the time.

We propose to make a few modifications in the above EM algorithm. Since, we have observed
the normalized data with respect to the estimated location and scale parameters, the transformation
is not going to provide the distribution of the normalized data exactly, as a Pareto distribution
with location parameters zero and scale parameters one. The transformation rather from some
distribution close to Pareto with location zero and scale one. It is very difficult to know the exact
distribution. Approximately, even if we assume some Pareto distribution with location parameters
near zero and scale parameters near one, calculation of probability that an observation will come
from any one of Iy, I1 or I3, becomes another problem.

To avoid such instances, we assume that information of all ng, ny and ny are missing because
of the small perturbation inherited by estimating the location and scale parameters. In an ideal

situation, we should get the EM algorithm steps as described in algorithm-2.3. Since, we have now
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three more latent information ng, n1 and ns, we try to approximate them and incorporate in the
original EM algorithm.

It is clear that (ng,n1,n2) will jointly follow the multinomial distribution with parameters

— «@Q aq @2
n=mno +mn +nz and (Oco+a1+oz2’ aotartaz’ ao+a1+a2)’
We approximate n; = n - m, 1=1,2.

Therefore M-step involves maximizing (3.3.1) with respect to ap, a1, ag at

(t) (t)

D g + uy 11+ w; ‘N (2.3.5)
0 ZiEIO hl(l + yz) + EiEIQ ln(l + ylz) + Eie[l ln(l + le)
At (1 + w3 i) . (2.3.6)
' Doier, (1 +vi) + i (rnuny In(1 + y14)
it — iy 4 1 . (2.3.7)
? (Zie]o In(1 +y;) + Zie(hu]Q) In(1 + y9;))

Finally modified algorithm would be

Algorithm 2.2 EM procedure for bivariate Pareto distribution.
: Calculate the estimates of u1, us, o1 and oo from marginals of bivariate distribution.
. Fix Io, Il and IQ.
: while AQ/Q < tol do

1

2

3

4:  Compute ugi), ug), wgi), wéi), 1y, 11 and 1y from ozéi), agi), ag).
5

6

7

Update of ™, o/ a{™) using Equation (2.3.5), (2.3.6) and (2.3.7).
Calculate @ for the new iterate.
: end while

2.3.3 Algorithm-2.3 : Modified Algorithm 2

In this case, we update o1 and o9 along with the EM iterations similar to what Asimit et al.
has done in their paper. But the main difference of our update is that it is based on one step
ahead gradient descent instead of fixed point iteration on scale parameters. Similar Approaches are
available in the EM algorithm used for estimating parameters of the absolute continuous bivariate
Pareto by Paul, Dey and Kundu[43]. Surely gradient descent with respect to the bivariate likelihood
will not work as the bivariate likelihood is a discontinuous function with respect to location and
scale parameters. Therefore, we estimate the scale parameters using the density function of the
marginals. At every iteration we use one step ahead gradient descent for o; and o9 based on the
likelihood of its marginal density combined with the usual EM steps for other parameters to solve
the problem. The idea is similar to stochastic gradient descent method. We begin the algorithm
estimating the sets Iy, I; and I, which involves location and scale parameters. Given the location

and scale parameters, we can update previous EM steps of ag, a1 and as. The EM steps will ensure

Statistical Inferences on Different Types of Bivariate Pareto Distributions Ph.D. Thesis

TH-1999_156123014



CHAPTER 2 26

to take the correct direction of ag, a; and ao starting from any values of these three parameters
and also it will enable gradient descent steps of o; and o2 to converge faster starting from any
values.

This algorithm works even for moderate sample sizes. However, it takes a lot of time to converge
or roam around the actual value for a very few samples. We calculate the estimates both with full
iterations until convergence and with at most 2000 iterations. We observe MSEs and the number
of iterations in both the cases. We expect that within 2000 iterations estimated points should be
sufficiently close to the actual value or it should take some value which can be used as a good

estimate for the starting point of some other optimization algorithms.

Algorithm 2.3 EM procedure for bivariate Pareto distribution.

Take the estimates of 1, pa by p1 = min{Xy;;¢ =1,--- ,n} and po = min{Xy;;i =1, -+ ,n}.
2: Start with some initial choice of o1, o9, ag, a1, as.

while |AQ/Q| > tol do
4:  Fix Iy, I and Is with estimated pq, po, agi) and O’éi).

Compute updates of aii), ng’) through one step ahead gradient descend, using ozéi), agi), agi).

6:  Compute ugi), ugi), wgi), wéi), ngy, 11 and 1y from aéi), agi), ag).
Update ol ™, o{™™ o{*Y using Equation (2.3.5), (2.3.6) and (2.3.7).
8:  Calculate @ for the new iterate.
end while

2.3.4 Algorithm-2.4 : Modified Algorithm 3

We can make more variations on it. This is similar to what Asimit et al. has done in their paper.
At each iteration we update o1 and oy from the marginal density using one step ahead fixed point
iteration instead of Gradient decent algorithm and carry on the same EM algorithm. However

approach of Asimit et al is different, therefore the EM steps are also differing.

Algorithm 2.4 EM procedure for bivariate Pareto distribution

1. Take the estimates of u1, po by g1 = min{Xy;;i =1,--- ,n} and po = min{Xg;;i =1,--- ,n}.
2: Start with some initial choice of o1, o9, ag, a1, as.
3: while |AQ/Q| > tol do
4:  Fix Iy, I and I» with estimated pq, po, O'gi) and aéi).
(& (i) (@ @)

5. Compute one step ahead update of o;’, 05’ through fixed point iteration, using o, oy,

o)
6:  Compute ugi), ug), wgi), wéi), no, 71 and 71y from oz(()i), agi), ag).
7. Update oz(()iﬂ), agiH), agﬂ) using Equation (2.3.5), (2.3.6) and (2.3.7).
8 Calculate @ for the new iterate.
9: end while
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2.3.5 Algorithm-2.5 : Modified Algorithm 4

This variation is of two fold. We update o1 and oy from the marginal density until the convergence
using fixed point iteration instead of the gradient descent algorithm and carry forward the same
EM algorithm. However, at the time of using the EM iterations, we update the o; and o2 using
one step ahead fixed point iteration along with other parameters. The detailed algorithmic steps

are shown below.

Algorithm 2.5 EM procedure for bivariate Pareto distribution
1: Start with some initial choice of o1, 09, ag, a1, as.
2: while [(Ac)| > tol do
3:  Compute one step ahead fixed point iteration of a%iﬂ), UéiH), using UY), O‘éi), a((]i), ozgi), aéi).

Compute ugi), ug), wgi), wg), np, 71 and 71y from oz(()i), agi), ag).

Update a(()zH), agzﬂ), agﬂ) using Equation (2.3.5), (2.3.6) and (2.3.7).
end while
while |[AQ/Q| > tol do
Fix Iy, I; and Iy with last updated estimates of ui, uo, ng), aél), a((f), agl) and oag).

§i+1) Uéi+1), using a(()i), agi), ag).

Compute one step ahead fixed point iteration of o ,
10:  Compute ugi), ugi), wgi), wéi), 1y, M1 and 1y from a(()i), agi), ozg).

11:  Update a(()iﬂ), ang), agﬂ) using Equation (2.3.5), (2.3.6) and (2.3.7).
12:  Calculate @ for the new iterate.

13: end while

All the algorithm should work under the assumption that likelihood is uni-modal. However, that
may not be the case. The theoretical proof is very difficult. One common practice is to take many
different initial points and run the algorithms. In case of a multimodal set up, the global maximum
would be the maximum of all the convergent points. However, fortunately we have observed in our

simulation that the point of convergence is always same no matter what initial value we choose.

2.4 Confidence Interval

In this chapter we propose to use the confidence interval in two ways.

1. We obtain the confidence intervals (CI) for the parameters o1, o2, g, a1 and ay by using the
parametric bootstrap technique. The parametric bootstrap confidence intervals are simply
the 2.5t" percentile and 97.5" percentile quantiles of the 1000 simulated estimates of the cor-
responding parameter in the 1000 simulations. However, the parametric bootstrap confidence
interval for p; and po does not exist. Therefore, we can find the confidence interval for py

and us separately using the distribution of the estimates.
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2. We obtain the asymptotic confidence interval for o, o2, ap, a1 and as. For the confidence

interval of p; and pg, we use the same distribution of the estimates technique.

Confidence intervals for location parameters can be obtained using the distribution of MLE
estimate of the location parameters, ji; = X(;) = min{Xj1, Xjo,- -+, Xjn}, j = 1,2 from marginals.
Since, (X(;) — pj)/0; follows the Pareto type II distribution, PA(IT)(0, 1,n(ag + a;))), where the
scale parameters and the shape parameters are known, 95% approximate confidence intervals can

be written as,

X(j) = bi05 < pj < X5y — a;6; (2.4.1)

_ 1 _ 1
where a; = 0.9750 "®0*%) —1 and b; = 0.0250 ™*o**) —1. In our case, we use the EM estimate

for 65, j=1,2 and &;, j =0,1,2.
For finding confidence interval for o1 and o9, we use marginal likelihood, as they are continuous
function. We calculate the observed Fisher information matrix for both scale parameters o; and

oo respectively. The marginal observed Fisher information matrix is

— 1 4 (dy +dj + 1) 37 (zji—tiy) 205 tasi—pi;) 5 (zgi—1i5)

Bx. = | 9 =1 ;20 +wji—4i;)? =1 ¢;(G+a5i—1is)
) s (i " ’
i=1 0 (dj+xji—1ij) (Go+a;)?

where 7 = 1,2. Hence the confidence intervals for o; and o9 are

dj+cy/(Bx;);s i=12

We propose to find the confidence interval of o, a1 and g from the Fisher Information matrix
calculated based on the bivariate likelihood function. Since estimates of «g, a1 and o involves the

EM algorithm, we get the Fisher Information matrix as

Fobs :B_SS,7

where B is the negative of second derivatives of the pseudo log-likelihood function and S is the

corresponding derivative vectors. Below we provide B and S.

n0+u1072101;rw1n2 0 0
— n1+wang
B= 0 F 0
0 0 na+usni
o2
and
So
S = Sl )
Sa
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where

So = — ( > log(l+yi) + > log(l+y1) + Y log(1l+ y2i))

Iy I I
4 ng + u17’LA1 + wing
clo
n1 + wang
S = —(Zlog(l + i) + Z log(1 + y11)> +
I UL a1
0 1 2
ng + ugny u2n1
522—(210g(1+yz > log( 1+y21) =
Qa2
Iy I1Ul>

The confidence intervals for shape parameters are
a; £y (FEpd =012

where c¢ is the standard normal critical value, for example, ¢ = 1.96 for 95% confidence interval.
The obtained confidence interval can further be improved by finding asymptotic distribution of
log(&;) and we know that
. 1 -
vn(log(dy) —log(ey) — N(0, [5]4/ (Fyps)is)-

&

Therefore, the alternative approximate asymptotic confidence interval can be suggested as

V_\ 0bs’II (Fobs )J] Za obs ).7]

[aje 27 Vra ase ? f ].

This procedure is adapted to match the domain of normal distribution and the domain of random
variable log(é;), both of which is (—o0, 00).

However, the above suggested procedure is a naive approximate asymptotic confidence interval.
It is observed that the coverage probabilities of this approximate asymptotic confidence interval
for scale and shape parameters is very low. More research is needed to explore better confidence

interval than the above suggested one.

2.5 Numerical Results

We use the programming software R 3.2.3 to perform the estimation procedures. All the programs
will be available from the author on request. First, we take four different sets of parameters and
observe the average iteration calculated over different sample sizes. We take our sample size as
n = 150, 250, 350,450. We can find the results in Table-2.2 based on 1000 replications. Tolerance
limit (denoted as ”tol”) of stopping criteria is taken as 0.00001. We have used the stopping criteria
as the absolute value of log-likelihood changes with respect to previous pseudo log-likelihood at each

iteration. Results are shown in Table-2.2 provide average iteration by six different approaches. They
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are (a) Modified Approach 1 (b) Modified Approach 2, which we truncate after 2000 iterations and
denote this as Modified Approach 2 (T) (c¢) Modified Approach 2 without truncating the iteration
and denote this as Modified Approach 2 (WT) (d) Modified Approach 3 (e) Modified Approach 4
(f) Asimit’s approach. We choose four different sets of parameters to compare the results. These
are 1 = 0, u2 = 0,01 = 1,00 = 0.5, 00 = 1,01 = 0.3, 0 = 1.4; pr =1, us =201 =04,09 =
05,00 =2,00 =120 =14; pu1 =0,u2=0,01=14,00=05, 0 =1, 01 =1, a0 =14; p; =
0,2 = 0,01 = 14,09 = 0.5, = 2,01 = 04,0 = 0.5. The proposed EM algorithms work for
any initial value. However the estimates of p; and pg are always (i1 = min{Xy;;1,---,n} and
fiz = min{Xy;;1,--- ,n} respectively. The original paper of Asimit et al. (2016) [3] uses different
stopping criteria and results are provided for large sample sizes. To compare our results, we keep
stopping criteria and sample size same across all algorithms. To choose an initial value we have
drawn a value uniformly over a certain range for each of the parameters. The algorithms do not
depend on the initial choice in all the algorithms except the places where gradient descend cum
EM is applied. In that case smaller values of o1 and oy (below say 2) as initial value is desired,
however, these choices will work for any value as original parameter set. For ag, a; and aq, there
is no restriction in choices.

Average estimates are provided in Table-2.3, when samples are simulated from the bivariate
Pareto distribution with the parameters 3 = 0, uo = 0,01 = 1,00 = 0.5, 00 = 1,1 = 0.3, a0 = 1.4.
Results of average estimates are shown only by two best approaches (best in the sense of minimum
average of iteration) i.e. Modified Approach 1 and Modified Approach 4. Table-2.4 and Table-2.5
show the MSEs for all the procedures and Table-2.6 represents the MSEs based on the log-likelihood
values for all the procedures, where samples are generated from the following parameter sets :
w1 = 0,pu0 = 0,00 = 1,00 = 05,090 = 1,7 = 0.3,a2 = 1.4. MSE is an important criteria for
selecting the best algorithm. Therefore, MSEs are calculated for all the procedures. We simulate
1000 samples and estimate of the parameters based on the simulated samples. The confidence
intervals by two procedures described above are provided in Table-2.7 and Table-2.8 for sample size
450 only. Modified Algorithm 1 comes out as best approach in term of MSE, whereas Modified
Algorithm 2 with truncation is the best approach in term of MSEs based on log-likelihood values.
Table-2.9 shows the coverage probabilities of the approximate asymptotic confidence interval for
the sample size 450 and 1000 based on Modified Algorithm 1.

Important Comments :

1. The mean square error for as is a little higher for all methods.

2. MSEs are more or less same for all methods. In the above results, we have seen Modified
Approach 1 provides minimum MSE among all procedures second best in term of average

iteration among all the procedures. For large sample size Modified Approach 1 comes out
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as the winner for any chosen parameter sets. Performance of Modified Approach 2 with
truncation is also worth mentioning, as it provides best performance with respect to minimum

MSE based on log-likelihood values and second best performance with respect to minimum
MSE.

3. Modified Approach 4 is the best among other approaches in terms of the average iteration.
Modified Approach 1 appears to be the second best performer. However, average iteration
for Modified Approach 2 with truncation is much higher as compared to Modified Approach
1 and 4.

4. As expected, average iteration is very high in case of Modified Approach 2 (WT).

5. If we compare the algorithms based on minimum MSE and average iteration together, Mod-

ified approach 1 stands either winner or closer to the winner.

parameter set n 150 250 350 450
p1 =0, ppg =0 The average Modified 244 231 223 220
o1 =102 =0.5 number Approach 1

ag =1, a1 = 0.3, of Iterations Modified 3402 2163 1542 1220
ay =1.4 (AI) Approach 2 (WT)
Modified 1771 1631 1414 1194
Approach 2 (T)
Modified 266 249 238 234
Approach 3
Modified 191 162 151 147
Approach 4
Asimit’s Approach 1002 945 909 902
pn1 =1, pop =2 The average Modified 174 165 159 157
o1 =0.4 09 =0.5 number Approach 1
ag =2, a1 =1.2, of Iterations Modified 7734 4137 2428 1633
ag =1.4 (AI) Approach 2 (WT)
Modified 1704 1553 1378 1184
Approach 2 (T)
Modified 764 551 458 424
Approach 3
Modified 243 185 153 128
Approach 4
Asimit’s Approach 2345 1747 1464 1309
p1 =0, ug =0 The average Modified 168 155 150 147
o1 =14 09 =0.5 number Approach 1
ag =1, a1 =1, of Iterations Modified 7230 4372 3077 2423
ag =14 (AI) Approach 2 (WT)
Modified 1617 1738 1732 1697
Approach 2 (T)
Modified 265 237 220 209
Approach 3
Modified 123 101 91 83
Approach 4
Asimit’s Approach 897 547 484 453
p1 =0, ug =0 The average Modified 138 129 124 122
o1 =14, 00 =0.5 number Approach 1
ag =2, a1 =04, of Iterations Modified 2172 2707 2237 1821
ag = 0.5 (AI) Approach 2 (WT)
Modified 397 591 773 881
Approach 2 (T)
Modified 330 261 238 219
Approach 3
Modified 117 100 96 95
Approach 4

Asimit’s Approach 1145 977 919 875

Table 2.2: Average number of iterations (AI) by six approaches: (a) Modified Approach 1 (b)
Modified Approach 2 (WT) (c) Modified Approach 2 (T) (d) Modified Approach 3 (e) Modified
Approach 4 (f) Asimit’s Approach.
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parameters

H1 H2 o1

o2

a@o

150 | Average (Mod. 1)
estimates
(AE)
Average (Mod. 4)
estimates
(AE)
Average (Mod. 1)
Estimates
(AE)
Average (Mod. 4)
estimates
(AE)
Average (Mod. 1)
Estimates
(AE)
Average (Mod. 4)
estimates
(AE)
Average (Mod. 1)
Estimates
(AE)
Average (Mod. 4)
estimates

(AE)

250

350

450

0.0056 | 0.0014

0.0056 | 0.0014
0.0031 | 0.0008
0.0031 | 0.0008
0.0022 | 0.0006
0.0022 | 0.0006
0.0017 | 0.0005

0.0017 | 0.0005

0.9031

1.0521

0.8943

1.0386

0.8854

1.0252

0.8719

1.0077

0.5154

0.5755

0.4989

0.5457

0.4878

0.5283

0.4799

0.5187

0.8993 | 0.3379

0.9372 | 0.4122
0.9013 | 0.3226
0.9408 | 0.3909
0.9086 | 0.3107
0.9497 | 0.3745
0.9099 | 0.2955

0.9492 | 0.3586

1.5660

1.7416

1.5046

1.6292

1.4550

1.5543

1.4270

1.5221

Table 2.3: The average estimates (AE) for yu; =0, ug =0, 01 =1, 09 = 0.5, ap = 1, ; = 0.3 and
a9 = 1.4 through two best approches i.e. Modified Approach 1 and Modified Approach 4.

parameters 75 175 o1
n=150 MSE (Mod. 1) 6.14e-05 3.69e-06 0.0832
MSE (Mod. 2 (T)) 0.0000614 0.0000037 0.0543
MSE (Mod. 2 (WT)) 0.0000614 0.0000370 0.1043
MSE (Mod. 3) 0.0000614 0.0000037 0.1216
MSE (Mod. 4) 0.0000614 0.0000037 0.1179
MSE (Asimit) 0.0000614 0.0000037 0.1218
n = 150 (oD ag a1 [
MSE (Mod. 1) 0.0477 0.0402 0.0375 0.5178
MSE (Mod. 2 (T)) 0.0368 0.0386 0.0342 0.4154
MSE (Mod. 2 (WT)) 0.0682 0.0433 0.0609 0.7969
MSE (Mod. 3) 0.1028 0.0439 0.0737 1.2035
MSE (Mod. 4) 0.1090 0.0429 0.0691 1.2536
MSE (Asimit) 0.1011 0.0433 0.0726 1.1860
parameters 751 75 o1
n = 250 MSE (Mod. 1) 0.000020 1.4757e-06 0.0581
MSE (Mod. 2 (T)) 0.0000614 0.00000370 | 0.0543
MSE (Mod. 2 (WT)) 0.0000198 0.0000014 0.0682
MSE (Mod. 3) 0.00001978 | 0.00000147 | 0.0745
MSE (Mod. 4) 0.00001978 | 0.00000147 | 0.0724
MSE (Asimit) 0.00001978 | 0.00000148 | 0.0746
n = 250 o2 g (o731 a2
MSE (Mod. 1) 0.0278 0.0296 0.0205 0.2817
MSE (Mod. 2 (T)) 0.0368 0.0386 0.0342 0.4153
MSE (Mod. 2 (WT)) 0.0410 0.0294 0.0386 0.4441
MSE (Mod. 3) 0.0461 0.0296 0.0431 0.5033
MSE (Mod. 4) 0.0460 0.0289 0.0401 0.4978
MSE (Asimit) 0.0462 0.0292 0.0427 0.5638

Table 2.4: Mean Square Error (MSE) through all approaches when samples are
H1 = O, Mo = 0, g1 = 1, g9 = 0.5, ap = 1, a1 = 0.3 and g = 1.4.

generated from
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parameters 1 2 o1
n = 350 MSE (Mod. 1) 9.236e-06 6.992e-07 0.0427
MSE (Mod. 2 (T)) 0.00000197 | 0.000000699 0.0389
MSE (Mod. 2 (WT)) 0.00000924 | 0.000000699 0.0428
MSE (Mod. 3) 0.00000923 | 0.000000699 0.0456
MSE (Mod. 4) 0.00000924 | 0.000000699 0.0440
MSE (Asimit) 0.00000923 | 0.000000699 0.0454
n=350 o2 Qg aq [e%2}
MSE (Mod. 1) 0.0155 0.0211 0.0143 0.1475
MSE (Mod. 2 (T)) 0.02001 0.01907 0.02573 0.2068
MSE (Mod. 2 (WT)) 0.0213 0.0192 0.0280 0.2204
MSE (Mod. 3) 0.0221 0.0194 0.0302 0.2290
MSE (Mod. 4) 0.0220 0.0188 0.0275 0.2252
MSE (Asimit) 0.0222 0.0194 0.0301 0.2290
parameters i 2 o1
n = 450 MSE (Mod. 1) 5.589e-06 4.398e-07 0.0366
MSE (Mod. 2 (T)) 0.0000055 0.000000440 0.0283
MSE (Mod. 2 (WT)) 0.00000559 0.00000044 0.0288
MSE (Mod. 3) 0.00000559 0.00000047 0.03008
MSE (Mod. 4) 0.00000558 | 0.000000439 0.0292
MSE (Asimit) 0.00000559 | 0.000000440 0.0300
n=450 (D) ag aq g
MSE (Mod. 1) 0.0107 0.0176 0.0097 0.1140
MSE (Mod. 2 (T)) 0.0143 0.015 0.0181 0.1655
MSE (Mod. 2 (WT)) 0.0147 0.0151 0.0184 0.1717
MSE (Mod. 3) 0.0151 0.0152 0.0196 0.1759
MSE (Mod. 4) 0.0150 0.0148 0.0179 0.1736
MSE (Asimit) 0.0151 0.0151 0.0195 0.1756

Table 2.5: Mean Square Error (MSE) through all approaches when samples are
w1 =0, u=0,01=1,00=0.5,ap=1, a1 =0.3 and ag = 1.4.

generated from

150
250
350
450

Mod. Algorithm 1
2712.568
6878.606
12769.37
20491.31

Mod. Algorithm 2 (T)
2387.443
6085.97
11487.95
17925.16

Mod. Algorithm 2 (WT)
2435.494
6137.539
11513.61
17932.16

Mod. Algorithm 3
2589.999
6573.093
11832.11
18087.06

Mod. Algorithm 4
2679.931
6689.585
11781.32
18341.27

Asimit Approach
2647.673
7009.098
12748.90
19940.82

Table 2.6: Mean Square Error (MSE) based on log-likelihood values through all approaches when
samples are generated from puy =0, uo =0, 01 =1, 00 = 0.5, a9 = 1, a1 = 0.3 and ay = 1.4.

Mod. Algorithm 1 | Mod. Algorithm 2 | Mod. Algorithm 3 | Mod. Algorithm 4
w1 | [-0.0044, 0.0003] [-0.0040, 0.0003] [-0.0039, 0.0003] [-0.0039, 0.0003]
w2 | [-0.0017, 0.00004] | [-0.0015, 0.00004] | [-0.0013, 0.00004] | [-0.0013, 0.00004]
o1 | [0.6257, 1.1722] [0.6119, 1.2963] [0.6520, 1.3849] [0.7136, 1.3764]
o) [0.3183, 0.7207] [0.3043, 0.7987] [0.3158, 0.8060] [0.3373, 0.8037]
@ [0.7331, 1.1046] [0.7674, 1.1759] [0.7620, 1.1791] [0.7563, 1.1792]
o [0.1658, 0.5370] [0.1155, 0.5792] [0.1508, 0.6585] (0.1893, 0.6740]
1% [0.9771, 2.2410] [0.8716, 2.4551] [0.9058, 2.4801] [1.0284, 2.4710]

Table 2.7: 95% Confidence Intervals (CI) for 3 = 0, uo =0, 01 =1, 09 = 0.5, ap = 1, oy = 0.3
and ag = 1.4 by first approach (includes parametric bootstap).
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Mod. Algorithm 1

Mod. Algorithm 2

Mod. Algorithm 3

Mod. Algorithm 4

H1
H2
01
02
Qo
aq
a2

[-0.0054, 0.0014]
[-0.0029, 0.0003]
[0.6296, 1.2371]
[0.2874, 0.7484]
[ 0.8502, 1.0426]
[0.1968, 0.2972]
[1.4428, 1.7372]

[-0.0049, 0.0003]
[-0.0027, 0.0003]
[0.7019, 1.4664]
0.2559, 0.8588]
0.9110, 1.1185]
0.2267, 0.3387]

1.5769, 1.8830]

[-0.0048, 0.0014]
[-0.0027, 0.0003]
[0.7083, 1.4894]
0.2959, 0.8583]
0.9174, 1.1263]
0.2291, 0.3419)

1.5689, 1.8749]

[-0.0048, 0.0014]
[-0.0027, 0.0003]
[0.7064, 1.4822]
0.2958, 0.8556]

0.2252, 0.3371]

[
[0.9182, 1.1270]
[
[

1.5631, 1.8689)]

Table 2.8: 95% Confidence Intervals (CI) for 3y = 0, uo =0, 01 =1, 09 = 0.5, ag = 1, g = 0.3
and ag = 1.4 by second procedure (does not include parametric bootstap).

Sample Size 450 | 1000
Parameters

11 0.957 | 0.951
12 0.961 | 0.955
o1 0.589 | 0.566
o2 0.417 | 0.423
o 0.638 | 0.614
o1 0.58 | 0.564
1% 0.414 | 0.442

Table 2.9: Coverage probabilities of 95% approximate asymptotic confidence interval for u; = 0,
o =0,01=1,00=0.5, a0=1, a; = 0.3 and ap = 1.4 based on Modified Algorithm 1.

2.6 Data Analysis

We analyze a data set of the indemnity payments (Loss) and the allocated loss adjustment expense

(ALAE) relating to 1500 general liability claims from insurance companies are available in the R

From Falk and Guillou (2008) [15], we know that the peak over threshold

package evd ([54]).

method on random variable U (say) provides polynomial generalized Pareto distribution for any xg

with 1+ log(G(zg)) € (0,1) i.e. P(U > txo|U > xg) =t~ 9,

t > 1, where G(-) is the distribution

function of U. We choose an appropriate ¢ and zg on the marginals of the bivariate data, so that

data should behave like near Pareto distribution. A brief summary of the transformed data can be

provided as

Minimum | 1st Quantile | Median | Mean | 3rd Quantile | Maximum
Marginal of X; 1.000 1.590 2.400 | 4.550 4.407 86.940
Marginal of Xo 0.400 0.530 0.745 | 1.279 1.272 20.070

Table 2.10: Brief summary of transformed data for MOBVPA distribution.

We assume the data follows near equal to singular Marshall Olkin bivariate Pareto and try to
verify our assumption. We fit the empirical survival functions with the marginals of this bivariate

Pareto, whose parameters can be obtained from the EM algorithm that we have developed. The
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Figure-2.3 shows a good fit for both the marginals. The original data has sample size 1500, whereas
after transformation size of the data is 468. The final number of data points in each cell Iy, I1 and
I depend on what methods we choose. For example, ng = 145, n; = 146 and no = 177 for the
modified approach 1; For approach 2, ng = 133, n; = 138, ne = 197; approach 3 estimates provide
ng = 132, n; = 163 and no = 173, whereas approach 4 sets ng = 139, n; = 160, ny = 169.
Empirical two dimensional density plot in Figure-2.4 verifies that the Marshall-Olkin bivariate
Pareto can be an alternative model for the transformed data set. Parameter estimates of this
bivariate distribution are provided in Table-2.14 and Table-2.15. The mean square errors are also
calculated using the parametric bootstrap technique and provided in Table-2.16 and Table-2.17.
During the parametric bootstrap, sample sizes are kept same as the size of the data. The confidence

intervals by using both of the procedures are provided in Table-2.18 and Table-2.19.

Empirical Marginal Survival Plot Empirical Marginal Survival Plot

Survival Function
Survival Function

(a) Marginal for X, (b) Marginal for X»

Figure 2.3: Survival plots for two marginals of MOBVPA of the transformed dataset.

Surface Plot of empirical density

Figure 2.4: Two dimensional density plots for MOBVPA of the transformed dataset.
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Apart from graphical diagnostics, we can also show the goodness of fit test for the distri-

bution of marginals and distribution of a minimum of the components as univariate Pareto dis-

tribution. It is observed that W = min{Xi‘i_l“l, X%’”Q} has univariate Pareto distribution, i.e.

W ~ PA(II)(0,1, a9+ aq +a2). We can use this property to validate the actual distribution as the

Marshall-Olkin singular bivariate Pareto. For the reason, we find the Kolmogorov-Smirnov (K-S)

distance between the empirical distribution function of W based on transformed data and fitted

reference distribution function, which is given in Table 2.11. Table-2.12 and Table-2.13 represent

the K-S distance and p-value of the marginals of X; and X respectively.

Mod. Algorithm 1

Mod. Algorithm 2

Mod. Algorithm 3

Mod. Algorithm 4

K-S distance 0.074786 0.07906 0.083333 0.081197
p-value 0.1459 0.1073 0.08754 0.09141
Table 2.11: K-S distance (or K-S statistic value) and p-value related to W based on data.

Mod. Algorithm 1

Mod. Algorithm 2

Mod. Algorithm 3

Mod. Algorithm 4

K-S distance
p-value

0.047009
0.6793

0.059829
0.3721

0.057692
0.4173

0.057692
0.4173

Table 2.12: K-S distance (or K-S statistic value) and p-value for marginal of X; based on data.

Mod. Algorithm 1

Mod. Algorithm 2

Mod. Algorithm 3

Mod. Algorithm 4

K-S distance
p-value

0.053419
0.5165

0.059829
0.3721

0.059829
0.3721

0.049145
0.6242

Table 2.13: K-S distance (or K-S statistic value) and p-value for marginal of X5 based on data.

procedures
Parameters N 4
Mod. 1 1 | 0.4 | 2.5594
Mod. 2 (T) 1 | 0.4 | 2.4936
Mod. 2 (WT) 1 | 0.4 ] 2.9459
Mod. 3 1 | 0.4 ]| 3.2459
Mod. 4 1 |04 ]| 3.1802

Table 2.14: EM estimates of the parameters - Data Analysis.
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procedures
Parameters 72 @o a1 az
Mod. 1 0.7176 | 0.7557 | 0.8162 | 0.9792
Mod. 2 (T) 0.8164 | 0.759 | 0.7878 | 1.1267
Mod. 2 (WT) 0.8162 | 0.7960 | 0.9209 | 1.0895
Mod. 3 0.8163 | 0.8171 | 1.0100 | 1.0684
Mod. 4 0.7947 | 0.8330 | 0.9667 | 1.0158

Table 2.15: EM estimates of the parameters - Data Analysis.

procedures
Parameters H H2 o1
Mod. 1 2.34x107° | 1.398x 10° | 0.301
Mod. 2 (T) 2.296 x 1075 | 1.513 x 1076 | 0.120
Mod. 2 (WT) 2.598 x 1075 | 1.522 x 107° | 0.236
Mod. 3 2.777 x 1075 | 1.529 x 107° | 0.436
Mod. 4 2.756x 10~° | 1.525 x 1076 | 0.413
Table 2.16: MSEs of the parameters through parametric bootstrap - Data Analysis.
procedures
Parameters ) 0 “l a2
Mod. 1 0.018 | 0.012 | 0.020 | 0.031
Mod. 2 (T) 0.027 | 0.010 | 0.012 | 0.066
Mod. 2 (WT) 0.028 | 0.012 | 0.023 | 0.068
Mod. 3 0.028 | 0.013 | 0.057 | 0.062
Mod. 4 0.026 | 0.012 | 0.053 | 0.056

Table 2.17: MSEs of the parameters through parametric bootstrap - Data Analysis.

Mod. Algorithm 1

Mod. Algorithm 2

Mod. Algorithm 3

Mod. Algorithm 4

H1
2
01
g2
Qo
aq
Qa2

[0.9962, 1.0001]
0.3970, 0.4001]
[1.5793, 2.9953]
[0.4554, 0.9018]
[0.5424, 0.8405]
[0.5489, 1.0409)]
[0.6926, 1.3674]

[0.9993, 1.0036]
0.3976, 0.40001]
[1.7689, 2.7684]
0.5711, 1.1713]
0.5482, 0.8790]
0.5769, 0.9780]
0.8699, 1.7688]

—_—— — —

[0.9975, 1.0001]
03979, 0.4001]
[2.3573, 4.9268]
[0.5731, 1.2015]
[0.5870, 0.9988]
0.7776, 1.6502]
[0.7995, 1.7044]

[0.9974, 1.0001]
03977, 0.4001]
[2.3343, 4.7869]
[0.5659, 1.1673]
0.6090, 1.0025]
0.7526, 1.5866]
[0.7770, 1.6220]

Table 2.18: Type-I procedure (does not include parametric bootstrap) : 95% confidence intervals
(CI) for pi1, pa, o1, 02, ag, a1 and ay based on data.
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Mod. Algorithm 1 | Mod. Algorithm 2 | Mod. Algorithm 3 | Mod. Algorithm 4
1 [0.9950, 1.0000] [0.9949, 1.0000] [0.9957, 1.0000] [0.9956, 1.0000]
142 [0.3954, 0.4000] [0.3958, 0.4000] [0.39582, 0.4000] [0.3957, 0.4000]
o1 [1.6959, 3.4230] [1.6641, 3.3232] [1.9704, 4.5205] [1.9493, 4.4110]
02 [0.4719, 0.9634] [0.5116, 1.1213] [0.5115, 1.1211] [0.5036, 1.0858]
ap | [0.6895, 0.8659] [0.6710, 0.8472] [0.7214, 0.9128] [0.7371, 0.9290]
o1 [0.6894, 0.8913] [0.6878, 0.8879] [0.8868, 1.1329] [0.8471, 1.0863]
fa%) [0.8343, 1.0730] [ 1.0023, 1.2512] [0.9440, 1.1928] [0.8925, 1.1392]

Table 2.19: Type-II procedure (includes parametric bootstrap): 95% confidence intervals (CI) for
W1, ka, 01, 02, ag, a1 and ag based on the data set.

2.7 Conclusion

We use different variations of the EM algorithm for estimating the parameters of the singular
Marshall-Olkin bivariate Pareto distribution. All variations work quite well, even for moderate
sample size (say, 150, 250 etc.). Some of our proposed algorithms outperform the current state-
of-art algorithm by Asimit et al. The data analysis makes this work more interesting. We discuss
the implementation of all the algorithms in real-life data, which was absent in earlier works. We
have formulated the approximate asymptotic confidence interval for scale and shape parameters.
However, more research is needed in that direction. The content of this work opens the door
of research in the implementation of the EM algorithm for other complicated higher dimensional
distributions with location and scale parameters. It can also be used in discrimination of several
distributions, which includes MOBVPA distribution. More work is needed in this direction too.
The implementation of the EM algorithm on the absolute continuous part of this distribution is an

another interesting problem which is discussed in the next chapter.
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Chapter 3

An EM algorithm for the absolute
continuous bivariate Pareto
distribution

3.1 Introduction

Recently, Asimit, A. V., Furman, E. and Vernic, R (2016)[3] used the EM algorithm to estimate
the singular Marshall-Olkin bivariate Pareto distribution. However, there is no paper available for
formulation and estimation of the absolute continuous version of this distribution. A few recent
works (Kundu D. and Gupta RD. (2009) [27], Kundu D. and Gupta RD. (2010) [28], Kundu
D, Kumar A and Gupta AK. (2015)[30], Mirhosseini SM, Amini M, Kundu D and Dolati A.
(2015)[37] include the Marshall-Olkin bivariate distribution. Estimation through the EM algorithm
can be seen there. But in the estimation of the absolute continuous version of the bivariate Pareto
through the EM algorithm is not straight forward. The problem becomes more complicated when
we consider the location and scale parameters in our problem. Usual gradient descent does not
work as the bivariate likelihood is a discontinuous function with respect to the location and scale
parameters. We suggest a novel way to handle all related computational problems in the most
efficient way. The first contribution of this chapter is on three parameter implementation of EM
where a crucial modification is suggested to make the algorithm work for any range of parameter.
The other contribution is an exploration of an efficient EM algorithm which will work in case of the
seven parameter setup. The suggested structure is a combination of several ideas, which definitely
includes previous suggested modification of three parameter setup. The distribution can be used
as an alternative model for the data transformed via peak over threshold method. Bivariate Pareto
has a wide application in modeling data related to finance, insurance, environmental sciences and
internet network, etc. The dependence structure of the absolute continuous version of the bivariate
Pareto can also be described by well-known Marshall-Olkin copula [Nelsen, R. B. (2007) [39],
Marshall, A. W. (1996)[34]]. The methodology proposed in this chapter works for moderately large
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sample.

Block H. and Basu AP (1974) [9] proposed an absolute continuous bivariate exponential distri-
bution. Later Kundu D. and Gupta RD. (2011) [29] introduced an absolute continuous bivariate
generalized exponential distribution, whose marginals are not the generalized exponential distribu-
tions. Many papers related to multivariate extreme value theory talk about absolute continuous/
singular bivariate and multivariate Pareto distribution [Yeh, H. C. (2000) [55], Yeh, H. C.(2004)
[56], Smith, R. L. (1994) [53], Rakonczai, P. and Zempl eni, A. (2012) [47]]. None of the men-
tioned paper discussed anything about Marshall-Olkin form of the distribution or its estimation
through the EM algorithm in the presence of location and scale parameters. A novel EM cum Gra-
dient descent is the major contribution of this chapter. However, we address a few modifications
in the implementation of EM even in case of three parameter setup. The chapter contains a mix
of several issues and implementation issues which together provides our final proposal algorithm.
We show that our proposed algorithm works quite well for the moderately large sample size. We
also propose to use a naive construction of confidence interval for the parameters. A formulation
of trivariate extension is discussed at the end of this chapter.

We arrange this chapter in the following way. In section-3.2, we keep the formulation of the
Marshall-Olkin bivariate Pareto and its absolute continuous version. In section-3.3, we describe the
EM algorithm for singular case. Different extension of the EM algorithm for the absolute continuous
version is available in section-3.4. We discuss about the confidence interval in Section-3.5. Some
simulation results show the performance of the algorithm in section-3.6. In section-3.7, we show
data analysis. We give a brief introduction about singular and absolute continuous Marshall-Olkin

trivariate Pareto distribution in section-3.8. Finally, we conclude this chapter in Section-3.9.

3.2 Formulation of Marshal-Olkin bivariate Pareto

A random variable X is said to have Pareto of second kind, i.e. X ~ Pa(II)(u,o,«) if it has the

survival function

Fy(a;p,0,0) = P(X > 2) = (14—t~

and the probability density function (pdf)

flaspo.a) = 2(1+

withx >p €eR, 0 >0and a > 0.

Let us consider Uy, U and Us be three independent univariate pareto distributions Pa(I1)(0, 1, ap),
Pa(II)(u1,01,1) and Pa(I1I)(usz, 02, a2).

We define X1 = min{o1Up+ p1, U1 } and X9 = min{ooUy + p2, Uz }. We can show that (X7, X3)

jointly follow the Marshall-Olkin bivariate Pareto distribution of second kind and we denote it as
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BV PA(u, 01, pi2, 02, ap, a1, g).
The joint distribution can be given by

g1 o2
f(xr,w9) = { fo(wr,@0) if B > 22202
fole) i B - mom
where
L2 = —(ao+a L1 — —(«
filzy,x2) = (g 4 o) (1 + M) (aotatl) (] 4 M) (a141)
0—10-2 0-2 0'1
fo(z1,20) = (ao+ 1)1+ u)*(aoﬂn—kl)(l n u)f(a2+1)

0102 o1 02

fo(x) = ap(1 + )~ (ataztaotl)

We denote the absolute continuous part as BVPAC. Surface and contour plots of the absolute
continuous part of the pdf are shown in Figure-3.1 and Figure-3.2 respectively. The following four
different sets of parameters provide four subfigures in each figure. & : pu1 = 0,42 = 0,01 = 1,02 =
05,00 = 1,01 = 03,a0 = 1.4; & : g = 1, u9 = 2,01 = 0.4,00 = 05,00 = 2,01 = 1.2, 90 = 1.4;
&3 :u1 =0, =0,00 =14,00 =05, a0 =101 = L,as =1.4; &4 : 1 =0, u0 = 0,01 = 14,09 =
0.5, a0 =2,a01 = 0.4, 5 = 0.5.

Surface and Contour plots Surface and Contour plots

(a) & (b) &2

Figure 3.1: Surface and Contour plots of pdf of BVPAC wrt parameter set £; and &
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Surface and Contour plots Surface and Contour plots

W
\\\\\\\\\\\\\\\\\\\\\\\\3
\\\\\\\\\\‘“w\“\

Figure 3.2: Surface and Contour plots for pdf of BVPAC wrt parameter set £3 and &4

3.2.1 Absolute Continuous Extension

We assume that the random vector (Z;, Z3) follows the absolute continuous bivariate Pareto dis-
tribution (as described in Kundu D. and Gupta RD. (2010) [28]).
The joint pdf of BVPAC can be written as

cfi(z1,22) = efpa(z1; pa, 01, 01) fra(22; p2, 02,0 + @2)  if (21;1“1) < (22;2”2)

fevpac(zi,z2) =

cfa(21,22) = cfpa(z1; pa, 01, 0 + 1) fra(ze; po, 02, 2)  if (21;1“1) > (ZQ(,;“Q),
where ¢ is a normalizing constant and ¢ = % and fpa(-) denotes the pdf of univariate

distribution.

Log-likelihood function for the parameters of the BVPAC can be written as

L(pi, po, 01,09, 00, 1,2) = nln(ap + a1 + o) —nln(a; + az) + nylnag + ng In(ag + az)
— nplnoy —nilnoy — (g +ag + 1) Zln(l + M)
‘ 02
el
21 — M1
— (an+1) Zln(l + > —ng9lno; —nolnog +nolnas
‘ 01
el
218 — M1
+ noln(ag+aq) — (g + 1 + 1) Zln(l + >
‘ 01
1€ls
22i — M2
— 1 In(1+ ——
02+ 1) Lin(1+ 202
1€y
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The log-likelihood function for the three parameters case, taking 1 = ps =0 and 01 = 02 =1

corresponding to this pdf can be given by

L(Oéo, o, 042)

(n1 +n2) In(ap + a1 + a2) — (N1 + n2) In(ag + a2)
> Infpa(z1i30,1,00) + > In fpa(22i30, 1, o + 2)

i€l i€l
Z In pr(Zh'; 0,1,a9 + 041) + Z In pr(Zgi; 0, 1,a2)
i€l 1€l

(nl + ng) ln(ao + a1+ Ozg) — (nl + ng) 111(0(1 + 042)

nilnag — (a1 + 1) Z In(1+ z15) + n1 In(ag + a2)
el

(g + a2 + 1) Z In(1 + 29;) + n2 In(ag + 1)
i€l
(g + a1+ 1) Z In(1+ z15) + nalnag

i€l

(02 +1) > In(l+ 2)

1€y

Marginal distribution of Z; and Z3 can be obtained by routine calculation. Expressions are as

follows :

fz (215,01, 00 + 1)

= cfpa(zi;p1,01,00 + 1) — C(

Qq
ap + ag + as

[ 2,225 pa, 02, 09 + 2)

= cfpa(zo; p2, 09,00 + a2) — c(

respectively, where ¢ =

Qg
ap + ap + a9

(oto+ao)
(a1 4az2)

)fPA(Z1;M1,U1,a0 + a1 + ag)

)fPA(Z2§ [2, 02, 00 + a1 + a2)

3.3 EM-algorithm for singular three parameter BVPA distribu-

tion

Now we divide our data into three parts :-

I() = {Z X1 = .’L’Qi} ,Il = {Z Ty < in} s IQ = {Z Xy > 1'21'}.

We do not know if X7 is Uy or Uy. We also do not know if X5 is Uy or Us. So we introduce two

new random variables (A1; Ag) as

o it x, =
T ikx =0y

if X9 =
and Ay = 0 it Xz =0Uo
2 if Xo =Us
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The Ay and Ay are the missing value of the E-M algorithm. To calculate the E-step we need

to calculate the conditional distribution of A and As.
Using the definition of X7, X5 and Ay, Ay we have :
> For group Iy, both A; and As are known,

A1 =Ar=0
> For group I, Ay is known,As is unknown,

Alzl,AQZOOI"Q

Therefore, we need to find out uy = P(Ag = 0|I1)and ug = P(Ay = 2|11).

> For group I3, Ag is known, Aq is unknown,
A;[:OOI‘ 1,A2:2

Moreover, we need w; = P(A; = 0|3) and we = P(A; = 1]12).

Since, each of the posterior probability corresponds to one of the ordering from Table-3.1, we

calculate u, us, wy and we using the probability of appropriate ordering.

Ordering (X1, X2) | Group
Uy < U < Uy (Uo,Uo) Iy
Uy < U < Uy (Uo,Uo) Iy
Ui <Uy< Uy (Ul,Uo) I
U <U; < U() (Ul,UQ) I
Uy < Uy < U; (Uo, UQ) I
Uy, < Uy < U() (Ul,UQ) I

Table 3.1: Groups and corresponding orderings of hidden random variables Uy, U; and Us.

We have the following expressions for ui, usg, w1, wo

P(Ul < Uy < UQ)

i P(Ul < Up< U2)+P(U1 <U; < U())
W — P(U1<U2<U0)
T P(U, < Uy < Uy) + P(Uy < Uy < Up)
P(Ug < Uy < Ul)
w1

P(UQ < U1 < Ug)

T PUy< Uy < Uy) + P(U; < Uy < Up)

2T PUs < Uy < Uh) + P(Us < Uy < Up)

Now we have

P(U < Uy < Uy) = / [1— (14 2)"ag(1 + z) (@D (1 4 z)~(@2)
0
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= ao/ (1 + x)—(ao+a2+1) _ (1 + $)—(a0+061+a2+1)
0

. (e 71051
(ap + g +1)(ao+ a1 +az +1)

Using this above result we evaluate the other probabilities to get values of w1, us, wy,we as : u; =

aQ
aptaz

a2 — (&70]

aq
ap+az w1 = ap+ai

aptaq”

and ug = and wy =

3.3.1 Pseudo-likelihood expression

We define ng,ni,ng as : ng = |lo|,n1 = |I1|,n2 = |I2|. where |I;| for j =0, 1,2 denotes the number

of elements in the set I;. Now the pseudo log-likelihood can be written down as

L* (g, 01,00) = —ao(z In(1+ ;) + Z In(1+ x1;) + Z In(1 + 2;))

icly icls i€l
+  (no +wuiny +wing) Inag — al(z In(1 4+ z;) + Z In(1 + z15))
i€lp iel1Uly
+ (n1+wong)lna; — az(z In(1+z;) + Z In(1 + z9;))
i€y 1€l1Ul>
+ (n2 +ugny)Inas. (3.3.1)

Therefore, M-step involves maximizing (3.3.1) with respect to ag, o, ay at

@(t+1) o no + ugt)nl + wgt)ng

Y D iero (1 + i) + Xiep, (1 + 213) + X5, In(1 4 22:)
G (n1 + wét)ng)
! Dieto (L + i) + > icrur) (1 + 215)

d(t+1) o no + u(gt)m

¢ - (Zie[o ln(l + xz) + Zie(leJ[Q) ln(l + 1’21)) .

Therefore, the algorithm can be given as

(3.3.2)

(3.3.3)

(3.3.4)

Algorithm 3.1 EM procedure for bivariate Pareto distribution

1: while AQ/Q < tol do

2:  Compute ugi), ug), wgi), wéi) from a(()i), ozgi), agi).

3:  Update a(()iﬂ), agiH), ozgﬂ) using Equation (3.3.2), (3.3.3) and (3.3.4).
4:  Calculate @) for the new iterate.

5: end while
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3.4 EM-algorithm for absolute continuous case

We adopt similar existing methods described in Kundu D. and Gupta RD.(2010) [28], we replace
the missing observations ny (number of observations in Iy) and each observation Uy falling within

Iy by its estimate 719 and a = E(Up|Uy < min{U;, Us}) respectively. Note that in this case, ng is a

a1 tag

random variable which has the negative binomial with parameters (n; + n2) and S0t

a = E(UO‘UO < min{Ul, UQ}) = m

An important restriction for this approximation is that we have to ensure ag+ a1 +

Clearly, g = (n1 + n2)a1T0042’
ag > 1. The restriction will ensure the existence of the above expectation.
Therefore, under the above mentioned restriction, we write the pseudo log-likelihood function

by replacing the missing observations with its expected value.

L*(ao, aq, CVQ) = —ao(ﬁo 111(1 - a) = Z ln(l + 1'11‘) + Z 111(1 + xgz))
i€l i€lq
+ (Tfo + uiny + wlng) In gy — Oél(ﬁ() ln(l + a) + Z ln(l + xlz))
1€l1Ul>
+ (TLl aF ’w2n2) Inoy — ag(ﬁo ln(l aF a) aF Z ln(l 4= {L‘QZ))
1€l1Ulo
+  (n2 4+ ugni) Inas. (3.4.1)

Therefore, M-step involves maximizing (3.4.1) with respect to ag, a1, ay at

(t) (t)

t+1) o + w1+ Wy ng

N
= : 3.4.2
<0 rio (1 + @) + Sosep, (1 + 13) + Dorey, In(1 + 72;) (842
t
altt = (& wyno) (3.4.3)
no ln(l =+ a) 4 Zie([lub) ln(l -+ xli)
and ®
R0+ n2 t Uy ; (3.4.4)
2 (MoIn(l +a) + > ierun) In(1 + 22:))

Therefore, the modified EM algorithm steps would be according to Algorithm-3.2.

Algorithm 3.2 Modified EM procedure for three parameter absolute continuous bivariate Pareto

distribution
1: while AQ/Q < tol do
2:  Compute ugl), ug), wgz), wg), no, a from oz((f), ozgl), ag).
. (i+1)  (+1)  (i+1) . .
3:  Update oy 7/, o '/, ay ' using Equation (3.4.2), (3.4.3) and (3.4.4).
4:  Calculate @ for the new iterate.
5. end while

Important Remark : The above method fails when ag + a1 + as < 1.
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3.4.1 Proposed Modification :

To make the algorithm valid for any range of parameters, instead of estimating Uy we estimate
In(1 4 Up) conditional on Uy < min{Uj, Us}. Since In(z) is an increasing function of x, our condition
is equivalent to In(1 + Up) < min{Iln(1+ Uy),In(1 + Usz)}. Therefore, we replace the unknown

missing information ng and In(1 + Uy) by

fio = (ng + ng)ﬁ
and
a* = E(n(1 +Up)| In(1 + Up) < min{In(1 + U1), In(1 + Us)}) = M
respectively.

Therefore, M-step involves maximizing (3.4.1) with respect to ag, oy, ag at

(t) (t)

NG Mg + Ui M+ Wy N (3.4.5)
00" + >oep, (L + 217) + 3gep, (1 + 2) B
(t)
At _ _ ! (n1 + wy "na) (3.4.6)
noa + Zie([1u]2) ln(l —+ xli)
(t)
a4+ = ng Uy ™ (3.4.7)

= (noa* + Eie(huh) In(1 4 z9;))
Therefore, the final EM steps for three parameters case can be kept according to Algorithm-3.3.

Algorithm 3.3 Final modified EM procedure for three parameter absolute continuous bivariate

Pareto distribution
1: while AQ/Q < tol do
2:  Compute ugz), ug), wgl), wg), ng, a* from aél), agl), ag).
3:  Update altt | QT D) using Equation (3.4.5), (3.4.6) and (3.4.7).
0 &1 "0 ,
4:  Calculate @) for the new iterate.
5: end while

3.4.2 Algorithm for seven parameters absolute continuous Pareto distribution

For seven parameter case, we first estimate the location parameters from the marginal distributions
and keep it fixed. Estimates of the location parameters can be replaced by minimum of the marginals
of the data. In our EM algorithm, we update the scale parameters and ag, a1, a2 at every iteration.
We use one step ahead gradient descent of o1 and o9 based on the likelihood of its marginal density.
We can not use the bivariate likelihood function in gradient descent updates of o1 and o9, as the
likelihood function may not be differentiable with respect to o1 and o».

Once, we get an update of the scale parameters, we first fix I and I and try to mimic the EM

_ (w1i—pin)
= SR

steps for agp, a1 and ag, which is discussed in the previous section. We define zy; and
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@ If the estimates of location and scale parameters are correct, then (Z1;, Zs;) follows

22 =
a bivariate Pareto distribution with parameter sets (0,0, 1,1, ag, a1, a2). But one step ahead scale
parameter will not be a correct estimate of scale parameters. However, we assume approximate
distribution of (Z1;, Z2;) would be the bivariate Pareto with parameter sets (0,0, 1, 1, ag, a1, a2).

Therefore, M-step expression would be same as before :

(t) (t)

&(t—i—l) _ no + uy 'n1 + wy 'ng (3 4 8)
0 Zielo In(1+ 214) + ZiGIz In(1+ 21;) + Zz’eh In(1 + 29;) 4.
A1) (n1 + wét)ng)

L (3.4.9)

Diety M+ 210) + 2 ic (rur,y (1 4 214)

and t

~(t+1) ng + ug )nl . (3.4.10)

? (Xier, (1 + 210) + Xoie(runy) In(1 + 22:))

We make the similar modifications of the above expressions. As usual observations within

Iy and cardinality of Iy would be unknown in this case. We estimate .. I In(1 + z;) by noa*,

where af = E(In(1 + Up)|In(1 + Up) < min{ln(1 + U;),In(1 +Us)}) = m and ng by ng =
(nl + n2)a1ofaz'

Therefore, final M-step expression would be same as before :

(t) (t)

A (t+1) T;S + uj’'ny + wy N
« == , 3.4.11
11004 + Y ier, M1+ 215) + D ier, In(1 + 20;) ( )
()
g — (1 + wp 'nz) (3.4.12)
1065 + X ie(r,ur,) (1 + 21)
and ©
ayth = fatty M (3.4.13)

(0ag + Xic(num) (1 + 22:))”

The key intuition of this algorithm is very similar to the stochastic gradient descent. As we
increase the number of iteration, the EM steps try to force the three parameters aq, a1, as to pick
up the right direction starting from any value and gradient descent steps of o1 and o9 gradually
ensure them to roam around the actual values. One of the drawbacks with this approach is that
it considers too many approximations. However, this algorithm works even for moderately large
sample sizes. Sometimes it takes a lot of time to converge or roam around the actual value for some
really bad sample. The probability of such events are very low. We stop the calculation after 2000
iteration in such cases. Our numerical result in the next section shows that this does not make any
significant effect on the calculation of mean square error.

Therefore, algorithmic steps of our proposed algorithm for seven parameter absolute continuous

bivariate Pareto distribution can be kept according to Algorithm-3.4.
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Algorithm 3.4 EM procedure for seven parameter absolute continuous bivariate Pareto distribu-
tion
1: Take minimum of the marginals as estimates of the location parameters. Initialize other pa-
rameters.
2: while AQ/Q < tol do
3:  Compute one step ahead gradient descent update of scale parameters based on likelihood
function of the marginals.
Fix I} and I based on the estimated location and scale parameters.
Compute ugi), ug), wgi), wg), nNE;, ay from ag), agi), ag).
Update ol ™, o{™ a{*Y using Equation (3.4.11), (3.4.12) and (3.4.13).
Calculate @) for the new iteration.
end while

3.5 Confidence Interval

In this section, we propose to use the confidence interval. Here, the location parameters p; and po
behaves like a threshold. So parametric bootstrap confidence interval for p; and po does not exist.
Therefore, we can find the confidence interval for py and po separately using the distribution of the
estimates. For others parameters o1, 02, ag, @1 and as, we have obtained the confidence intervals
(CI) by using the parametric bootstrap technique. The parametric bootstrap confidence intervals
are simply the 2.5"" percentile and 97.5"" percentile quantiles of the 200 simulated estimates of the
corresponding parameter in the 200 simulations.

The confidence intervals for the location parameters can be obtained by using the distribution
of MLE estimate of the location parameters, ji; = X(;y = min{Xj1, Xjo, -+, Xj,}, j = 1,2 from
the marginals. Now the survival function of Z; = (X(;) — ;)/0; is given as follows,

ap

(o) — {B0tor 22 a0
. a1 + Qg

S —
o D)

n
(1+ zj)—ao—al—”} . (3.5.1)
Then 95% approximate confidence intervals can be written as,
X(j) = b0 < pj < X5y — a;6;. (3.5.2)

We calculate a; and b; using the survival functions. In our case, we use the EM estimate for
Op, p=1,2and &,, p=0,1,2.
However, the above suggested procedure is just an approximate asymptotic confidence interval.

More research is needed to explore better confidence interval than the above suggested one.

3.6 Numerical Results

We use the programming software R 3.2.2 to perform the estimation procedure. All the programs

will be available to the authors on request. We generate samples of different sizes to calculate the
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average estimates based on 1000 simulations. We also calculate the mean square error and the
parametric bootstrap confidence interval for all parameters.

The results are shown in Table-3.2 deals only with three unknown parameters using the Algorithm-
3.3. We start the EM algorithm taking initial guesses for the parameters as ag = 1,1 = 0.2, a9 =
0.2. We try other initial guesses, but average estimates and MSEs are same. Estimates are calcu-
lated based on the sample sizes n = 50, 150, 250, 350, 450 respectively. We use stopping criteria as
the absolute value of the log-likelihood changes with respect to the previous log-likelihood at each
iteration. In stopping criteria we use tolerance value as 0.00001. The results are shown here are
based on modified algorithm, which works for any choice of the parameters within its usual range.
The average estimates (AE), mean squared errors (MSE) are obtained based on 1000 replications.

Table-3.3 provides the estimates in the presence of the location and the scale parameters us-
ing the Algorithm-3.4. In this case, we take sample size n = 450, 550, 1000, 1500. However, the
algorithm works even for smaller sample sizes, although mean square errors are little higher. Since
the EM algorithm starts after plug-in the estimates of location parameters as minimum of the
marginals, we take the initial values of other parameters as ap = 1,1 = 0.2, 0 = 0.2,01 = 0.4
and oo = 0.4. We find the average estimates which are closer to the true values of the parameters.
However, the parametric bootstrap confidence interval does not work for location parameters as it
never contains the true parameters. Table-3.4 represent the confidence intervals by the procedures

described above for the sample size 450 and 1000 based on 200 replications.

parameters aQ aq a9
n
50 (AE) 1.9549 0.4640 0.5699
MSE 0.3882 0.1699 0.2292
Parametric Bootstrap [0.6381, 2.7367] [0.0003, 1.4601] [0.0003, 1.6711]
Confidence Interval (CI)
150 (AE) 1.9802 0.4229 0.5252
MSE 0.1797 0.0700 0.0998
Parametric Bootstrap [1.1441, 2.7102] [0.0029, 1.0054] [0.0033, 1.2025]
Confidence Interval (CI)
250 (AE) 1.9876 0.4141 0.5155
MSE 0.1102 0.0421 0.0620
Parametric Bootstrap [1.3788, 2.6498] [0.0230, 0.8423] [0.0326, 1.0031]
Confidence Interval (CI)
350 (AE) 1.9981 0.4064 0.5059
MSE 0.0851 0.0312 0.0458
Parametric Bootstrap [1.4356, 2.5851] | [0.0638, 0.7576] | [0.0770, 0.9228]
Confidence Interval (CI)
450 (AE) 2.0023 0.4028 0.5028
MSE 0.0601 0.0216 0.0329
Parametric Bootstrap [1.5085, 2.5053] [0.1257, 0.7030] [0.1537, 0.8709]
Confidence Interval (CI)

Table 3.2: The average estimates (AE), the Mean Square Error (MSE) and parametric bootstrap
confidence interval for ag = 2, a; = 0.4 and oo = 0.5
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parameters H1 Ho o1
n

450 AE 0.1013 0.1011 0.8377
MSE 3.0698e-6 | 2.5216de-6 | 0.0242

450 02 o o Q2
AE 0.8269 1.9138 0.4931 0.6127
MSE 0.0346 0.1005 0.0558 0.1187

550 | parameters 1 L2 o1
AE 0.1012 0.1009 0.8336
MSE 2.7214e-6 | 1.6559e-6 | 0.0202

550 092 Qo o1 Q2
AE 0.8300 1.9286 0.4756 0.6038
MSE 0.0276 0.0740 0.0410 0.1032

1000 12451 125) g1
AE 0.1006 0.1006 0.8313
MSE 7.1534e-7 | 6.5660e-7 | 0.0131

1000 (o)) (&%) a1 (%)
AE 0.8072 1.9461 0.4613 0.5613
MSE 0.0184 0.0452 0.0272 0.0605

1500 | parameters 1 L2 o1
AE 0.1004 0.1004 0.8217
MSE 4.0696e-7 | 2.4771e-7 | 0.0089

1500 o9 Qg o a9
AE 0.7968 1.9744 0.4330 0.5210
MSE 0.0122 0.0288 0.0162 0.0338

Table 3.3: The average estimates (AE), the Mean Square Error (MSE) for uq = 0.1, uo = 0.1,

01=0.8,00=0.8,ap=2, a1 =04 and as = 0.5

Sample Size 450 1000
Parameters
1 [0.0959, 0.1013] | [0.0982, 0.1004]
142 [0.0966, 0.1012] | [0.0992, 0.1012]
o1 [ 0.6039, 1.1443] | [0.6399, 1.0632]
09 [0.5415, 1.2182] | [0.5962, 1.1278]
Qo [1.3315, 2.5556] | [1.5772, 2.3192]
a7y [0.1510, 0.9446] | [0.1954, 0.7821]
Qs [0.1672, 1.4202] | [0.2258, 1.2264]

Table 3.4: 95% Confidence Intervals (CI) for 3 = 0.1, p2 = 0.1, o7 = 0.8, 09 = 0.8, ag = 2,
a1 = 0.4 and as = 0.5 by the suggested procedure.
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3.7 Data Analysis

The data set is taken from https://archive.ics.uci.edu/ml/machine-learning-databases. The age of
the abalone is determined by cutting the shell through the cone, staining it, and counting the
number of rings through a microscope. The data set contains related measurements. We extract a
part of the data for this bivariate modeling. We consider only measurements related to the female
population where two of the variables are “Shucked weight” and “Viscera weight”. They represent
the weight of meat and the gut weight (after bleeding) of the abalones which are measured in grams.
We use peak over threshold method on this data set. A brief summary of the transformed data has

been shown in Table-3.5.

Minimum | 1st Quantile | Median | Mean | 3rd Quantile | Maximum
Marginal X, 6.644 7.227 7.896 | 8.356 9.009 18.258
Marginal Xo 3.423 3.727 4.061 | 4.277 4.663 7.239

Table 3.5: Brief summary of transformed data for BVPAC distribution.

From Falk, M. and Guillou, A. (2008) [15], we know that the peak over threshold method on
a random variable U (say) provides polynomial generalized Pareto distribution for any zy with
1+ log(G(x0)) € (0,1), i.e., P(U > tao|lU > zp) = t%, t > 1, where G(-) is the distribution
function of U. We choose an appropriate ¢t and zg on the marginals of the bivariate data, so that
the data should behave more like Pareto distribution. The transformed data set does not have any
singular component. Therefore, one possible assumption can be the absolute continuous Marshall
Olkin bivariate Pareto.

We do not have any proper goodness of fit test for the bivariate distribution like the univariate
case. For that reason, we can show the goodness of fit test for the distribution of marginals and the
distribution of minimum of components as univariate Pareto distribution. It is observed that W =
min{Xﬂ‘ifl’“, X%“Q} has same univariate Pareto distribution, i.e., W ~ PA(II)(0, 1, a9 + a1 + a2).
We can use this property to validate the actual distribution as the Marshall-Olkin singular bivariate
Pareto. The Kolmogorov-Smirnov (K-S) distance and p-value for W, marginal X; and marginal

X are provided in Table-3.6.

For W | For marginal X; | For marginal X»
K-S distance | 0.0869 0.0435 0.0843
p-value 0.104 0.8536 0.1234

Table 3.6: K-S distance (or K-S statistic value) and p-value based on data.

Apart from numerical diagnostics, we also verify our assumption by plotting empirical two di-
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mensional density plot in Figure-3.4 which resembles closer to the surface of the absolute continuous

Marshall-Olkin bivariate Pareto distribution.

Empirical Survival Plot Empirical Survival Plot

10
0

(a) Marginal for X, (b) Marginal for X»

Figure 3.3: Survival plots for two marginals of BVPAC of the transformed dataset.

Surface Plot of empirical density

=
{777

Figure 3.4: Two dimensional density plots for BVPAC of the transformed dataset.

The estimated parameters are u; = 6.644, pus = 3.423, o1 = 4.0375, 09 = 2.4821, ag = 2.9622,
a1 = 1.1400 and ap = 1.4552. We can also calculate the mean square error by using the parametric
bootstrap method. We calculate the MSEs for the sample size 391 based on 1000 bootstrap samples.
The corresponding MSEs are 5.1861 x1075, 7.0141 x1076, 0.9314, 0.2222, 0.1955, 0.1778 and 0.2342
respectively. The confidence intervals of the data set are provided in Table-3.7 for the sample size

391 and 450 based on 200 bootstrap samples.
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Sample Size 201 450
Parameters
11 [6.6306, 6.6478] | [6.6332, 6.6478]
149 [3.4162, 3.4243] | [3.4172, 3.4243]
o1 [2.9512, 3.4506] | [2.9437, 3.4397]
o9 [1.8677, 2.3925] | [1.7927, 2.4069]
g [1.9608, 3.5330] | [1.9485, 3.4084]
aq [0.3613, 1.3206] | [0.4219, 1.1794]
9 [0.5156, 1.7035] | [0.6008, 1.7706]

Table 3.7: 95% confidence intervals (CI) for i, pe, o1, 02, ap, a1 and oy based on data

3.8 Formulating the Marshall-Olkin Multivariate Pareto Distri-
bution

Let U;, fori =0, 1,2, - - - n, are mutually independent random variable, where Uy ~ PA(II)(0, 1, ap),
Ui ~ PA(IT)(ui, 04, 1), for i = 1,2, ---n. We define X; = min{u; + o;Up, U1}, fori =1,2,--- | n,
then the joint distribution of (X3, X, -, X,,) is called the Marshall-Olkin Multivariate Pareto
(MOMVPA) distribution or singular multivariate Pareto distribution. For notational complexity,
we discuss only three dimensional case here, the same procedure can be used for any dimensions.

Then the joint survival function of (X1, Xa, X3) can be written, for z = max{= -t 2742 2370}

as
S g 1
(%’1,%2,{173) = (1+2) —_— al P ag . Qas
(e =) (o2 )
We denote this distribution as MOTV PA(u1, pe, s, 01, 02, 03, &, a1, a2, a3). Hence the pdf is
(
fi(zr, @, 23), if HBE SETE2 S BT op HTEL S BT S 2200
fQ(x x27 3), lf x2 2/"‘2 >£I?1 1/»‘1 >$3 3;“’3 or x3g3.“‘3 >SE2 2/»‘2 >1'101ﬂ1
fa(z1, o, w3), HBTES SEZM ST op BT <2272 28T
f(@1,m2,23) =  fa(w1,22,23), if & 1“1 <x202”2 R E
f5($ ,To, X 3)’ if 36202#2 <$101H1 — 3830—3#3
fo(wr, w0, w3), if S < 2o — 222l
T1—pM1 _ T2—M2 _ T3 —MU3
fo(zr, @0, m3), if B2 = 22282 = B2,
where
f (x v 2 ) _ ag(ao—i-Oﬂ)Oég 1
1(41,42,L3) = 010905 (1_|_ $1_M1)a0+a1+1(1+ CCQ—MQ)Q2+1(1+ J33_M3)a3+17
o1 g2 g3
f (.CU - ) - 011(0404—052)043 1
2\, 42, 83) = 010903 (1 + BoBL)yont1(] 4 £2=H2)agtas+l(] 4 LH3)ag+l’
o1 g2 g3
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a1 (oo + az)az 1
— — — )
010903 (1+ Ltﬁm yerti(1 + 7:”202”2 yea (1 + 7x303“3)a0+a3+1

fa(z1, 22, 23) =

fa(x1, 20, 23) = ar(ao +as + as) 1
) ) - — — ,
0102 (1 + 131071#1)041—%1(1 + %)aoﬂ-az-ﬁ-o&-&-l
f5(x1, 2, 23) = az(ap + a1 + az) 1
e 0102 (1 + %)ao-‘ral-f—as-i-l(l + ‘7020;2.“2)042-%1’
folan, 22, 25) = 200 A1+ ) 1
) ) — — — ,
0103 (1 + %)aoﬂxﬁafrl(l + 963073#3)043“
ag—p' 1

fg(l’l,x% x3) - o1 (1 iy xlo—lln )a0+a1+a2+a3+17

/

From the Lebesgue

;o az(a1toas) az(a1+a3) o1 (az+a3) _
also p’ = {(Oéo+a1+a2) + apt+ai+as + (ao+az+as) and p = (aotar+aztas)”

decomposition theorem the joint pdf f(x1,x2,x3) say, can be written as follows,

f(x1, 22, 23) = pfac(®1, 22, 23) + (1 — p) fs(x1, 22, 23), (3.8.1)

where fuc(z1,22,23) and fs(x1,z2,23) are the absolute continuous part and the singular part
of MOTVPA distribution. Here, we are interested in the absolute continuous part only. We call
this absolute continuous as Block-Basu Trivariate Pareto (BBTVPA) distribution and denote it as

BBTV PA(u1, 2, i3, 01, 02, 03, g, &1, a2, a3). Hence the pdf of BBTVPA distribution can be writ-

ten as,
1 i Tl T2—H2 T3—p3 T1—H1 T3—H3 T2—p2
pfl(l’l,xg,:lig), if o1 > oy > o O T > s > oy
A if T2—H2 Ti—p T3—p3 T3—H3 To—p2 L1 —H1
Jac(z1, w2, 33) = § 3 fo(@1, @2, 23), if BTE2 SHZEL S TS op 7S 5 227H2 S ST
1 s T3—U3 T1—p1 T2— 2 T1—p1 T2—p2 T3—p3
pfg(xl,xg,l'y,), if = > = > o T T 5 < oy < oa
and the pdf of singular part is,
ie T1—H1 To—p2 _ T3—K3
f4(x15$25$3)7 lf o1 < o9 - o3
f ( ) f5($1, T9, CCS)a if 12;2N2 <JE1;1,“1 — 363;3#3
s\L1,T2,L3) = £ T3 M3 T1—M1 T2 — M2
fﬁ(x},I'Q,l'g), if o3 < o o
ap—p (1 + 061—#1)70407a17a27a371 if Ti—p1 . X2—p2 _ T3—H3
o1 o1 ) o1 o) o3

3.9 Conclusion

We have observed the successful implementation of the EM algorithm for the absolute continuous

bivariate Pareto distribution. The approximation process runs in multiple stages. Therefore, the
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algorithm works better for moderately larger sample size. The estimation procedure, even in case
of three parameters is not straightforward. This work also shows some innovative approach to
handle the estimation in case of location and scale parameters. The work of this chapter can be
further used for discrimination of several models. The Bayesian estimation of this distribution
even without location and scale parameters using Gamma prior and Reference prior can also be a

challenging problem. We address this problem in the next chapter.
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Chapter 4

Bayesian analysis of three parameters
absolute continuous Marshall-Olkin
bivariate Pareto distribution

4.1 Introduction

I we consider the Bayesian analysis of the absolute continuous version of the

In this chapter,
Marshall-Olkin bivariate Pareto distribution, whose marginals are not type-II univariate Pareto
distributions. We use the notation BB-BVPA for absolute continuous Marshall-Olkin bivariate
Pareto. This form of Marshall-Olkin bivariate Pareto is similar to absolute continuous bivariate
exponential distribution as proposed by Block and Basu (1974) [9]. Finding an efficient estimation
technique to estimate the parameters of BB-BVPA distribution was a major challenge in last few
decades. Parameter estimation by the EM algorithm for the absolute continuous bivariate Pareto
distribution is also available in a recent work by Paul, Dey and Kundu (2017) [43]. There is no
work in Bayesian set up for BB-BVPA distribution. There is very less work using the reference
prior as posterior becomes extremely complicated, while dealing with such complicated prior. We
make an easy formulation for the same through the slice cum Gibbs sampler method, which is not
available in the literature. The formulation makes sense as slice sampling is also a type of the Gibbs
sampler. In this chapter, we restrict ourselves only up to three parameter BB-BVPA distribution.
BB-BVPA distribution can be very useful in modeling the data related to finance, climate and
network-security, etc. This is one of the higher dimensional distribution which is heavy-tail in
nature. A variety of bivariate (multivariate) extensions of the bivariate Pareto distribution also
have been studied in the literature. These include the distributions described in the following works
. [51], [55], [56], [3].

Bayesian analysis contains more information than the maximum likelihood estimation, which

Lthis work got accepted by the journal Communications in Statistics - Case Studies and Data Analysis
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is better for further statistical analysis. For instance, not only the mean, mode, or median of the
posterior distribution can be computed, but also the performances of these estimators (through
their variance and higher order moments) are available. The maximum likelihood estimators can
be quite unstable, i.e., they may vary widely for small variations of the observations. Moreover,
the knowledge of the posterior distribution also allows for the derivation of the confidence regions
through the highest posterior density (HPD) regions in both univariate and multivariate cases.
Therefore, working on Bayesian set up with such a complicated distribution has its own advantages.
In this work, both informative prior like gamma prior and non-informative prior like reference prior
is used. The Bayesian estimator can not be obtained in closed form. Therefore, we propose to use
two methods. (1) Lindley approximation [33] (2) Slice cum Gibbs Sampler [[38], [10]]. However,
we can use other Monte Carlo methods for the same. Here we made slight modification in the
calculation of the Lindley approximation. We use the EM algorithms instead of direct optimization
method to obtain the MLEs. We also calculate the credible intervals for the parameters.

The rest of the chapter is organized as follows. Section-4.2 is kept in the Bayesian analysis of
BB-BVPA distribution. Section-4.3 deals with the construction of the credible interval. Numerical
results are discussed in section-4.4. Data analysis is shown in section-4.5. Finally, we conclude this

chapter in Section-4.6.

4.2 Bayesian analysis of absolute continuous Marshall-Olkin bi-
variate Pareto distribution

BB-BVPA distribution is introduced and parameter estimation through the EM algorithm is avail-
able at [43]. In this section, we discuss the Bayesian estimate of the three parameters absolute
continuous bivariate Pareto through the Lindley and the slice cum Gibbs sampler technique. Lind-
ley approximation is done based on the EM estimates instead of direct MLE.
The survival function of three parameter MOBVPA distribution as we derived in previous
section is
(14 21)"*1 (1 + zg)~(@0Fe2) if 3y < a9
Sxyxs(T1,22) = { (1 + ) @) (1 4 29) 72 if 21 > a9 (4.2.1)
(1 4 z)~(eotartas) if 1 =29 = 2.

The above expression can be decomposed as follows,
SXl,X2 ($1’ $2) = pSaC(xlv l’g) + (1 - p)SS(xlv '732)’ (4'2'2)

where Sgc(z1, 22) is the absolute continuous part and Ss(z1, 22) is the singular part of Sx, x,(z1,x2).
Clearly,
Ss(x1,x9) = (1 4 )~ (@oFartaz) (4.2.3)
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when 1 = 29 = 2.

0? f1(:U1,:U2) if 21 < a9
S T1,x2) = 4.2.4
61’18:1)2 X17X2( ! 2) {fg(ml,l‘g) if T > T2. ( )
Therefore,
fil@r, z2) = ar(og + a2) (1 + 1)~ (@ FD(1 4 gy)~(@0taztl) (4.2.5)
fo(x1,29) = aa(ap + ar) (1 + ) ~(@0FatD(q 4 go)=(a2+D) (4.2.6)
and
// fi (ml,:vg)dmldxg aF // fQ(SEl,CCQ)dIld.’EQ =p. (427)
xr1<x2 xr1>T2
Consider,
// f1 <I1,$2)d$1d{172 (4.2.8)
x1<x2
= oi(a+ ag) / (1+ xl)_al_l </ (1+ xg)(a0+a2+1)dx2> dxrq
0 g
S . (4.2.9)
ag + ay + as
Similarly,
o2
dridrg = ——. 4.2.1
//a;1>x2 Jel@r, 2a)derdze oo+ a1 + a ( 0
Therefore, from (4.2.7), we get,
B (4.2.11)

Qo + a1 + a2 -
We denote the absolute continuous part of the Marshal-Olkin bivariate Pareto as BB-BVPA
distribution. Therefore, if (X;, X2) follows the absolute continuous bivariate Pareto distribution,

then the joint pdf can be written as

Cfl(l‘l 132) if 1 < 29
fevpac(z1,z2) = ’ , (4.2.12)
cfo(x1,22) if x> 29,
where c is a normalizing constant and
1 ap+or+a
c=-=2"T1T (4.2.13)
D o1 + Qg
4.2.1 Likelihood Function
The likelihood function corresponding to this pdf is given by,
n n
a1, w25 00,01,00) =[] (chilar,me))ere2en T (cfalar, 22)) ereoet
% %
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Cn1+n2a7ll1 (Ol() 4 az)n1a7212 (ao 4 al)m
T @+ 1) FD (1 4 gy) (002D
i€l
x4z ot T 4 )02, (4.2.14)
i€l
where 11 = {Z | Ty < :EQZ'} and I, = {l | 15 > ZEQZ'} and ‘Il| =ni, |I2| = ng, also n1 +ny = n.

Therefore the log-likelihood function takes the form,

L(z1,x2; 000, 01, 2) = (n1 +n2)In(ap + a1 + a2) — (n1 + n2) In(ag + as)

+ mlnag — (g +1) Z In(1 4+ z1;) + n1 In(ag + a2)
i€l

— (ap+ag+1) Z In(1 4+ z2;) + naIn(ag + a1)
icly

— (ap+a;+1) Z In(1 4+ z1;) + na In(ae)
i€l

— (o2 +1)> In(l+ ). (4.2.15)
i€l

4.2.2 Prior Assumption
Gamma Prior Assumption

We assume that ag, a1, and ao are distributed according to the gamma distribution with shape

parameter k; and scale parameter 6;, where ¢ = 0,1, 2, i.e.,

Qo ~ F(k(), 90) = Gamma(ko, 90)
a1~ F(k‘l, 91) = Gamma(kl, 91)
ag ~ T'(ke,62) = Gammal(ks, 02).

(4.2.16)
The probability density function of the gamma distribution is given by,
1 x
fr(z; k,0) = F=le=d. (4.2.17)

T(k)gF"
Here T'(k) is the gamma function evaluated at k.
Reference Prior Assumption

We have taken the reference prior as prior for each to the parameters conditional on the others.

We calculate the expression using Bernardo’s reference Prior [[7], [8]] in this context.
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The key idea is to derive reference prior described by Berger and Bernando (1992) is to get
prior 7(#) that maximizes the expected posterior information about the parameters. Let I(6) is an

expected information about 8 given the data X = z. Then
1(0) = Ex (K(p(0|z)|[=(6))),

where K (p(0|2)||m(0)) is the Kullback-Leibler distance between posterior p(f|x) and prior p(f) can
be given by

(0]z)
K(n(0|z 7r9)—/ In
wire) = [ w7
Let 6 = (01,602), where 61 is p1 x 1 and 603 is p2 x 1. We define p = p1 + p2. Let 1(6) = 1(0) =
( I1(0) 112(0) >
I>1(0) Ix2(0)
Suppose that 0 is the parameter of interest and 6 is a nuisance parameter (meaning that it’s

m(0z).

not really of interest to us in the model).

Begin with
7(02001) = [I52(0)|2¢(61), (4.2.18)

where ¢(f) is the constant that makes this distribution a proper density. Now try to maximize

E(%) to find out the marginal prior 7(6). We write

o 7T(91|1‘) —In 7T(01, (92|£C)/7T(92|91, :U) —In 7['(9’.73) —In 7T(92|01, x)
7(61) 7(61,02)/m(02]61) 7(6) m(602]61)
We can write
E(log 7:5?]9?)) = glogn - glog(%re) -I- / 7(0) log |I7T(((99)l2 do + O(n_%). (4.2.19)

Similarly,

E(log w) f logn — e log(2me) + / 7(0) log md@ + O(n_%). (4.2.20)

m(62]61) 2 2
From (4.2.19) and (4.2.20), we find

7(61]2)
m(601)

Where 111.2(9) = 111(0) - 112(0)1231 (9)]21(0)
We now break up the integral in (4.2.21) and we define

p1 b1 1
E(log ) =—=logn — 5 log 2me + / 7(0) log df+O(n™2), (4.2.21)

2

log (1) = / (6s)61) 1og | Tn1 2(0) | do.
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We find that

m(01]x)

Ellog (01

] = p2llogn—p;10g27re+/7r(9) 10g|111,2(9)|%d9
_ /ﬂ(e) log 7(61)d6 + O(n~3)
p1 b1 1
= 5logn— 2log(27re)+/7r(91)[/ m(02]01) log | 111 2|2 db2|d6y

_ /Tr(el)log 7(61)d6) + O(n”~?)

= mlog”—&log%wr/ﬂ(&l)log w<91)d91+0(n—%).
¢ 2 7(01)

To maximize the above integral, we choose 7T( 1) = ©(6y). Note that I;'(0) = I11(0), where
I-1(0) = < 11 (0) —111(0) 55 (0)122(0) )
—I22(0) 15 (0)111(0) 122(9)
Writing out our prior, we find that
7(61) = exp{ [ 7(62161)) log | 11.2(6)| 22} = exp{ [ |I22(8)|? log |I11.2|2d65}.
Finally, the expression of the full prior can be obtained as 7(6) = 7(62]61)7(61). In our case,
we just need to use 7(02]01) due to Gibbs sampler step.

In bivariate Pareto set up, # = (g, a1, a2). The expressions are as follows :

82L

Ry = (|, ag) aa
0

(n1 + na) n1 n2
2 + 2
ao—i—Oq +042) (a0+a2) (ao+a1)

2L
RQ = 7((&1‘040,042) 0.8 — (E(%))
_ \/ ni + ng B ni + N9 ¥ n1 " n9
(ao + a1 + 042)2 (Oél 4= a2)2 (041)2 (ao + a1)2
and
2L
Rg :7['(042’&0,&1) X — <E(ga%)>
. \/ ny + ng . n1tng n2 n ni
(ag —+ a1 + a2)2 (Oq + 042)2 (a2)2 (ao + 042)2'

Note that we can replace all the expected Fisher information matrix by the observed Fisher
information matrix to form an approximate likelihood. However, in our case the conditional prior
distributions consisting of the expected Fisher information matrix and the respective observed
Fisher information matrix and both are same, as they are an exactly same function of the parameters

and independent of the data.
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4.2.3 Bayesian estimates for BB-BVPA

In this section, we provide the Bayesian estimates of the unknown parameters, namely «g, a1, and
ay using Lindley approximation. The posterior PDF of (g, a1, a2) given data Dy based on the

prior 7(-) can be written as,

W(Czo,al,ag‘Dg) X l(ao,al,ag\Dg)ﬂ(ao,al,a2|a, b, ag,al,ag)
_[agF+ar+ar
_< a1+ Qo
H (1 + xli)falil(l = in)iaoffmil
i€l

[ @)= 1 4 z) 2
i€l

n
) aftay?(ap 4+ a1)™ (o + )™

ko—1 k1—1 ko—1
XOZO O[l Oé2

(%04 %1, 22
e (90+91+92)

=71 (v, a1, 2| D)  (say). (4.2.22)

If we want to compute the Bayesian estimate of some function of oy, 1 and e, say g(p, a1, ag2),
the Bayesian estimate of g, say g under the squared error loss function is the posterior mean of g,

ie.,
fooo faoo fooo g(ag, a1, ag)m (o, a1, az|Da)dagdardos
fooo fooo fooo 1 (o, a1, ag| Da)dagdardag

§= (4.2.23)

Lindley Approximation in BB-BVPA

Let ag, a1 and oy be the three parameters of joint the prior distribution 7(ag, a1, a2) (say). Then
the Bayesian estimate of any function of ag, a; and ag, says g = g(ap, a1, a2) under the squared

error loss function is,

f(ao ar,az2) g(Ozo, ag, 062)6[[/(&07(117012)+p(0107041,a2)}d(a0, ai, 062)

gB = f(ao,al,az) elL(ao,ar,az)+pao.ar,02)ld(ag, ay, o) ) (4.2.24)

where L(ag, a1, ag) is the log-likelihood function and p(ayg, a1, az) is the logarithm of the joint prior
of ap, a1 and aw, i.e, p(ag, a1, as) = log (g, a1, a2). By the Lindley approximation (7.3.9), it can

be written as,

~ o 1
B =9(6w, &1, &2) + (gobo + g1b1 + gaba + bz + ba) + 5[14(90000 + g1001 + 92002)

+ B(goo10 + 91011 + g2012) + C(goo20 + 91021 + g2022)],

where &g, &1 and &g are the MLE of g, a1 and as respectively and

=
&S

i =poTio + p1oi1 + p20i2, 1=0,1,2
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bs =go1001 + go2002 + 912012

by :%(gooffoo + 911011 + g22022)

A =000 Looo + 2001 Lo1o + 2002 Lo2o + 2012 L120 + 011 L110 + 022 L220
B =000 Loo1 + 2001 Lo11 + 2002 Lo21 + 2012L121 + 011 L111 + 022 Lo21

C =0o00Loo2 + 2001 Lo12 + 2002 Lo22 + 2012L122 + 011 L113 + 022 L229.

Also,

0 0
pi: |: p:| ’ gl: |: g(ao’al’a2> ’ Z:07172
at(&o,b1,02)

du; doi :| at(&o,é1,é2)

0? 0%’L
= [ g(ag, 0, ) (o, a1, a2) =012

Oa; 0 ]at(dg,dl,&z) ! eleltelel at(&o,a1,602)
O3 L(ap, a1, az)

Oa;0aj0ay, ]at(&o,émé@)

Liji = [ t=0,1,2.

Here o4; is the (i, j)th element of the inverse of the matrix {L;;} all evaluated at the MLE of ag, o
and aw, i.e., at (&g, &1,&2). We have already mentioned the log-likelihood function for BB-BVPA

distribution as,

L(ag, ay, 2| D) =(n1 + ng) log(ap + a1 + a) — (n1 + ng) log(ag + a2)
+ nq log(aq) + nglog(as) + na log(ag + a1) + ny log(ag + as)
—(a1 +1) Z log(1 + z1;) — (a0 + a2 + 1) Z log(1 + z2;)

1€l 1€lq
—(oo + 01 +1) Y log(1+z15) — (e + 1) > In(1 + z35).
ISID) i€l

Let’s assume the MLE of parameters «g, a1 and as of the BB-BVPA or absolute continuous bivariate

Pareto distribution are &g, &; and &y respectively. Now p = log m(ap, a1, ag) then pg = k‘;;l — %,
ki—1 1 ko—1 1 :
pr="5——g and pp = 22— — & Again,
n n2 n1
Lo == T e A (At a2
(Oz() + a1 + 062) (Oé(] -+ 041) (Oé() + Oég)
n n ni N9
Ln= 7wt "5 755
(ao + aq +042)2 (al +012)2 (a1)2 (ao +a1)2
n n ng n1
L=t 5~
(o + a1+ a2)?  (G1+a2)?  (G2)* (G + G2)?
n N9
Lon=——F—"35 75— =L
(ao “+ aq +a2)2 (ao +a1)2
n ni
Lipo=——"——"""—"—""— 3 =1L
(o +d1 +a2)? (G0 + do)?
n n
Ligy=-F——F——+ 7" =Ln
(ao + a1+ 052) (a1 + 042)
The values of L;j;;, for ¢, 7,k = 0,1,2 are given by
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I . 2n 2712 2?7,1
0T (G0 + a1+ @) T (ao+ar1)® | (Go + ag)3
2 2 2 2
L= 37 (a4 - 3 An13 = 3
(ao + o1 + 042) (al + 042) (Oél) (040 + Oél)
Lo — 2n 2n 2n9 2n1
22— (do + & + @2)3 ((541 + dg)g (d2)3 (@0 + 542)3
2n 2n9
Loor =— - - - - =Loio=1L
L PR A S 010 100
2n 2n4
Logo =— - - - - = Loy =1L
02 = o+ aa)? | (ag + an)? 020 200
2n 2712
Lol =— - - - - =Ligpn =L
011 (Go+ 01 + 62 | (Go+a1)? 101 110
2n
Loio = = Lo21 = L1o2 = L1920 = Log1 = L
012 (G0 + &1+ a2)? 021 102 120 201 210
2n 2nq
022 (G0 AL ., T 202 220
2n 2n
Lo =— — _ - — _ =Li91 =1L
112 (6ot a1+ &) (a1 +da) 121 211
2n 2n
Lioo = - - — — - = Lo19 = Looy.
12 = RareyE (GNP 212 221

Now, we can obtain the Bayesian estimates of ag, @1 and as under squared error loss function

(i) for ayg, choose g(ay, a1, as) = ag. So Bayesian estimates of ag can be written as,

Gop — 8o+ by + %[Aaoo + Bog + Co), (4.2.25)
(ii) for aq, choose g(ap, a1, a2) = a1. So Bayesian estimates of ay can be written as,

e = o %[Aaol Y Bow + Cou (4.2.26)
and
(iii) for g, choose g(ag, a1, 2) = as. So Bayesian estimates of ag can be written as,

Qo = Gig + by + %[Aaog + Boig + Cogal. (4.2.27)

Remark : In this calculation, we replace the MLEs of the parameters by the estimates of the

parameters obtained through the EM algorithm ([43]).

The Full Conditional Posterior distributions

To obtain the Bayesian estimates through the slice cum Gibbs sampler, we need to calculate the
conditional distribution of each of the parameters given the other parameters and the data. We

provide the expressions of the logarithm of those conditional distributions for both reference and
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gamma prior. We propose to perform the standard step-out method in slice sampling ([38]) on
each of the conditional distributions based on gamma prior to generate the respective parameters.

Algorithmic steps for slice sampling via step out method can be provided as follows:
e Sample z and u uniformly from the area under the distribution, say p(-).

1. Fix z, sample u uniformly from [0, p(2)].

2. Fix u, sample z uniformly from the slice through the region {z : p(z) > u}
e How to sample z from the slice.

1. Start with the region of width w containing z(*).
2. If end point in slice, then extend region by w in that direction.
3. Sample 2" uniformly from the region.
4. If 2’ is in the slice, the accept it as z(+1),
5. If not : make z new end point of the region, and resample =
In case of gamma prior, we observe that the algorithm does not depend much on the choice of
width w. However, it is not same for the reference prior as reference prior is not defined in certain
interval for some set of parameter values. As a result, the conditional posterior functions become
discontinuous in nature and therefore, slice sampling should not work.
However, we propose to use a modified slice sampling in that set up which works quite well,

even though the function is discontinuous or not defined in some intervals. The modified algorithm

is as follows:

e Sample z and u uniformly from the area under the distribution, say p(-).

1. Fix z, sample u uniformly from [0, p(z)].

2. Fix u, sample z uniformly from the slice through the region {z : p(z) > u}
e How to sample z from the slice.

1. Start with the region of width w containing z(Y) where it is defined.

2. If end point in slice and in the region where the function is defined, then extend

region by w in that direction.

3. If end point in slice and in the region where the function is not defined, then also

extend region by w in that direction.

4. Sample 2" uniformly from the region until the point is defined.
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5. If 2" is in the slice, the accept it as z(t+1).
6. If not : make z' new end point of the region, and resample =

7. If resample point is not defined, perform resampling until it is defined.

We can use the different other techniques, like importance sampling, HMC, etc. taking Gamma
as a prior. However, we avoid the calculation of the full posterior using reference prior, as it is
much easier to express the conditional posterior distribution of each of the parameters given the

other parameters and the data.

The full log-conditional distributions in Gamma prior

The full logarithm of the conditional posterior distributions of aqg, a1, and as are given by,

In(m(ag | @1, 00,21,22)) = (n1 +ng)n(ag+ a1 + az) + ny In(ag + o)
- o Z In(1 + z9;) + na2In(ag + ay)
i€l
— ap Y In(l+z15) + (ko = 1) Inag — 22, (4.2.28)
A to
i€ls
In(m(ay | ap, a2, 71,72)) = (n1+n2)In(ap + a1 + az) — (n1 + n2) In(a1 + az)

+ nilnag — oy Z ln(l aF $1i) + N2 ln(ozo SF 051)

el
— Y In(l+ 1) + (k1 — 1) lnag — o (4.2.29)
. 01
i€l
and
In(m(ag | ag, 1,1, 22)) = (n1 +n2)In(ag + a1 + az) — (n1 + n2) In(a; + ag)

+ npln(ap + ag) — az Z In(1+ x9;) + nalnay

i€l
— Y (14 zz) + (k2 — Dlnag — o2 (4.2.30)
i€l 92

Expression for full log-conditional distributions in case of Reference Prior

The full logarithm of the conditional distributions of «g, a1, and ag for reference prior are given

by,
In(m(ag | a1,00,21,22)) = (n1+ng)In(ag + a1 + az) + ny In(ag + as)
— Z In(1 + z9;) + n2 In(ag + 1)
i€l
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— Z ln(l + ZL‘U) + log(Rl), (4.2.31)
i€la
In(m(ay | ap, a2, 71,72)) = (n1+n2)In(ap + a1 + az) — (n1 +n2) In(aq + az)

+ nilna; — oy Z ln(l -+ .1‘12') + N2 ln(ao + 041)
i€l

— o1 ) In(1+ z;) + log(Ry) (4.2.32)

i€lr

and

In(m(ag | ag, a1, z1,22)) = (1 +n2)In(ag + a1 + az) — (n1 + n2) In(a; + ag)

+ niln(ag+ a2) — as Z In(1+ x9;) + nalnay
i€ly

— oz In(l+ )+ log(Rs). (4.2.33)

i€l
4.3 Constructing credible Intervals for Parameters

We find the credible intervals for the parameters as described by Chen and Shao (1999) [11]. Let’s
assume 6 is a vector. To obtain the credible intervals of first variable 61;, we order {6y;}, as

011y < b2y < -+ < byary- Then 100(1 - )% credible interval of ¢; become

(el(j)’el(j+M—M7)), for j=1,---, M~

Therefore, 100(1 - v)% credible interval for 61 becomes (6;(;+y, 01(j+4r—nrr+)), Where j* is such

that
013+ M2y = 015) < Orgrmr—nim) — Oay)

forall j =1,.--, M~. Similarly, we can obtain the credible interval for other co-ordinates of 6. In
this case, the parameter vector 6 = (g, a1, a2).

We have scope to construct such intervals when the full posterior is not known and tractable.
In this chapter, we calculate the Bayesian confidence interval for both gamma prior and reference
prior. We skip working with the full expression of the posterior under the reference prior as it is

not tractable. We use the R package ‘coda ’to obtain the credible intervals described above.

4.4 Numerical Results

The numerical results are obtained by using programming software R 3.2.3. The codes are run at
IIT Guwahati computers with model : Intel(R) Core(TM) i5-6200U CPU 2.30GHz. The codes

will be available on request to the authors.
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We use the following hyper parameters of gamma prior: kg =2, 6g =3, k1 =4, 61 =3, ky =
3, 02 = 2. Bayesian estimates, mean square errors, credible intervals are calculated for all the
parameters aq, a1 and as using both gamma prior and reference prior. The results do not depend
much on the choice of hyper parameters. Just to verify the fact we have shown some results
taking gamma as prior in Table-4.3. Table-4.1 and Table-4.2 show the results obtained by different
methods, e.g. the Lindley and the slice sampling, etc. for the absolute continuous Marshall-Olkin
bivariate Pareto distribution with two different parameter sets. In slice cum Gibbs sampling, we
take burn in period as 500. The Bayesian estimates are calculated based on 2000 iterations after
burn-in period. We made further investigation of sample size needed for all the methods to work.
In case of BB-BVPA distribution, slice cum Gibbs sampling with gamma as prior demands 250
or more samples to converge for slightly larger parameter values, whereas for parameter values
closer to zero, it is sufficient to work with sample size around 50. Required sample size is more
(around 350), as expected in the case of reference prior. The Lindley approximation works for
sample size around 250 in this case for almost all ranges of parameters. Note that slice sampling
iterations are done based on width as 1. However, in this case study, we observe that it also works
for moderately small or large choice of width. The mean square error is calculated based on 200
different samples drawn from the original set of parameters. For gamma prior straight forward
step out slice sampling works, as posterior distribution is a continuous function. However, we use
modified slice sampling algorithm for the posterior based on reference prior as posterior in this case
is a discontinuous function within specific ranges of parameter values. We can easily see this thing
in Figure-4.1. In this Figure-4.1, we plot the function square of the reference prior against ao for

given a1 and ag for some particular data set.

Reference Prior for o,

100
|

50
1

f(alpha2)
0

-100

alpha2

Figure 4.1: Square of the prior with respect to cs when a; and «q is given
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Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets
Starting Value

Bayesian Estimates
Mean Square Error
Credible Intervals

ap = 0.1
0.8947
0.1165

0.00026

[0.0567, 0.1828]

o] = 0.2
0.1591
0.1910

0.000075

[0.1442, 0.2350]

Qo = 0.4
0.6613
0.3951

0.0000218

[0.3295, 0.4587]

n = 1000

Original Parameter Sets
Starting Value

Bayesian Estimates
Mean Square Error
Credible Intervals

Qo = 0.1
0.8312
0.0840
0.00032

[0.0384, 0.1298]

o] = 0.2
0.2278
0.2100

0.00013

[0.1745, 0.2446]

Qo = 0.4
0.7127
0.4062
0.00006

0.3601, 0.4517]

Reference Prior

n = 450

Original Parameter Sets
Starting Value

Bayesian Estimates
Mean Square Error
Credible Intervals

Qg = 0.1
0.05
0.1214
0.00057
[0.0666, 0.1957]

a1 = 0.2
0.1
0.1846
0.00027
[0.1354, 0.2264]

Qg = 04
0.2
0.3877
0.00023
[0.3151, 0.4474]

n = 1000

Original Parameter Sets
Starting Value

Bayesian Estimates
Mean Square Error
Credible Intervals

Qo = 0.1
0.05
0.0838
0.00028
0.0321, 0.1290]

a1 = 0.2
0.1
0.2090
0.000094
[0.1750, 0.2488]

Qo = 0.4
0.2
0.4052
0.00003
[0.3581, 0.4570)]

Lindley

n = 450

Gamma Prior

Original Parameter Sets ag = 0.1 a; = 0.2 as = 0.4
Bayesian Estimates 0.0751 0.2199 0.4187
Mean Square Error 0.1856 0.1070 0.1130
n = 1000

Original Parameter Sets apg = 0.1 ap =0.2 as =0.4
Bayesian Estimates 0.1009 0.1997 0.3989
Mean Square Error 0.0007 0.0004 0.0007

Table 4.1: The Bayesian Estimates (BE), Mean Square Error (MSE) and credible intervals of
absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters ag = 0.1, a3 =

0.2 and ap = 0.4
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Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets ag =4 a; =5 as =10
Starting Value 2.5285 2.7894 4.0057
Bayesian Estimates 4.1589 4.8930 9.6534
Mean Square Error 0.0532 0.0248 0.1577
Credible Intervals [2.417, 5.884] [3.768, 6.248] [7.974, 11.450]
n = 1000

Original Parameter Sets ag =4 a1 =5 as = 10
Starting Value 0.5739 2.6358 2.2957
Bayesian Estimates 3.9486 4.8672 9.6471
Mean Square Error 0.0237 0.0045 0.0744
Credible Intervals [2.6077, 5.1435]  [3.979, 5.7306]  [8.4117, 10.8747]
Reference Prior

n = 450

Original Parameter Sets ag =4 a1 =5 as =10
Starting Value 2.5285 5.9298 5.6676
Bayesian Estimates 4.3734 4.7059 9.5367
Mean Square Error 0.1173 0.0716 0.2017
Credible Intervals [2.5335, 6.3448] [3.4889, 5.9824] [7.5845, 11.4139]
n = 1000

Original Parameter Sets ag =4 a; =5 as =10
Starting Value 0.5739 5.8786 5.3826
Bayesian Estimates 3.9283 4.8652 9.6974
Mean Square Error 0.0146 0.0124 0.0815
Credible Intervals [2.6447, 5.1663] [3.9432, 5.7327] [8.2888, 10.9374]
Lindley

n = 450

Gamma Prior

Original Parameter Sets ay = a1 = as = 10
Bayesian Estimates 3.7392 5.2327 10.4020
Mean Square Error 1.3090 0.6822 1.3167

n = 1000

Original Parameter Sets ag =4 a1 =5 as = 10
Bayesian Estimates 3.7977 5.1595 10.2419
Mean Square Error 0.4278 0.2269 0.4682

Table 4.2: The Bayesian Estimates (BE), Mean Square Error (MSE) and credible intervals of
absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters cg = 4, a3y = 5
and as = 10
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Slice-cum-Gibbs

Gamma Prior

n = 1000

Original Parameter Sets ap = 3.808 ap = 1.105 as = 1.006

Starting Value 0.4794 0.8654 0.7781

Bayesian Estimates 4.063 0.892 0.809

Mean Square Error 0.212 0.118 0.0995

Credible Intervals [4.579, 5.368] [0.018, 0.387] [0.018, 0.380]

Coverage Prob. 0.865 0.825 0.805
Table 4.3: The Bayesian Estimates (BE), Mean Square Error (MSE) and credible intervals of
absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters oy = 3.808,
a1 = 1.105 and as = 1.006 and hyper parameters as kg = 0.2, g = 0.3, k1 =04, 61 = 0.3, ko =
0.3, 82 =0.2.

4.5 Data Analysis

The data set is taken from https://archive.ics.uci.edu/ml/machine-learning-databases. The age of
abalone is determined by cutting the shell through the cone, staining it, and counting the number
of rings through a microscope. The data set contains related measurements. We extract a part
of the data for the bivariate modeling. We consider only the measurements related to the female
population where one of the variable is the length as a longest shell measurement and another
variable is diameter, which is perpendicular to the length. We use peak over threshold method on
this data set

From [15], we know that peak over threshold method on random variable U (say) provides
polynomial generalized Pareto distribution for any xo with 1 + log(G(x¢)) € (0,1), i.e., P(U >
txo|lU > x9) =t7%, t> 1, where G(-) is the distribution function of U. We choose an appropriate
t and zg on the marginals of the bivariate data, so that the data should behave more like Pareto
distribution. The transformed data set does not have any singular component. Therefore, one
possible assumption can be the absolute continuous Marshall Olkin bivariate Pareto.

This data set are used to model the seven parameter BB-BVPA distribution. The EM estimates
for the BB-BVPA distribution produces the values as p; = 10.855, uo = 8.632, o1 = 2.124,
oo = 1.7110, a9 = 3.124, oy = 1.743 and as = 1.602. Figure-4.2 shows that the empirical
marginals coincide with the marginals calculated from the estimated parameters.

We also verify our assumption by plotting the empirical two dimensional density plot in Figure-
4.3, which resembles closer to the surface of the absolute continuous Marshall-Olkin bivariate Pareto

distribution.
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Empirical Survival Plot Empirical Survival Plot

(a) & (b) &

Figure 4.2: Survival plots for two marginals of Three parameter BB-BVPA of the transformed
dataset

Surface Plot of empirical density

Figure 4.3: Two dimensional density plots for Three parameter BB-BVPA of the transformed
dataset

Direct real life data which will model three parameter BB-BVPA distribution is not available.
Therefore, we modify the data with location and scale transformation. We observe the number of
singular observations after the transformation is zero. Therefore, this could be a reasonable data
to work with. The sample size for the data set after transformation is 329. Note that even after
location, scale transformation observed cardinalities of I3 and I are good representative of the
actual ones. The Bayesian estimates are calculated and provided in Table-4.4 under the different
methods and the different choice of priors based on this data set. We use the parametric bootstrap
technique to generate different samples from this three parameter BB-BVPA distribution and then
find out the mean square error and the coverage probabilities for the constructed credible interval.

Results are available in Table-4.5 and Table-4.6. For the gamma prior, we observe that the mean
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square error is higher for ag as compared to a; and ag and the coverage probabilities are much

lower than the desired 95% confidence level. In this case study, we observe that we cannot use the

reference prior to form the posterior for this data set, since sample size is not sufficiently large.

While making a simulation study, we see that with sample size 329, the Bayes estimates in case

of reference prior, do not converge to the actual value for c; and «y. However, if we increase the

sample size above 750, say 1000, we get low mean square error values and the coverage probabilities

closer to 95% using the reference as a prior.

Slice-cum-Gibbs

Gamma Prior

Parameter Sets o oq
Starting Value 0.4794  0.8654
Bayesian Estimates 3.808  1.105

Reference Prior

Parameter Sets o)) oq
Starting Value 2 0.5
Bayesian Estimates 3.320  1.606
Lindley

Gamma Prior

Original Parameter Sets %) o
Bayesian Estimates 3.572  1.4093

Table 4.4: The Bayesian Estimates (BE) of the parameters based on Abalone data

Slice-cum-Gibbs

Gamma Prior

n = 329

Original Parameter Sets ap = 3.808 ap = 1.105

Starting Value 0.4794 0.8654

Mean Square Error 0.703 0.420

Credible Intervals [2.879, 4.367] [0.539, 1.449] [0.392, 1.376]
Coverage Probability 0.705 0.670

n = 1000

Original Parameter Sets  ay = 3.808 a; = 1.105

Starting Value 0.4794 0.8654

Mean Square Error 0.197 0.111

Credible Intervals [3.235, 4.227]  [0.574, 1.244]  [0.544, 1.170]
Coverage Probability 0.845 0.805

Table 4.5: Mean Square Errors (MSE), Credible Intervals (CI) and Coverage Probabilities (CP)
of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters oy = 3.808,
a1 = 1.105 and as = 1.006 and the hyper parameters of the priors as kg =2, g =3, k1 =4, 6, =

3, ko =3, 0y =2
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Slice-cum-Gibbs
Reference Prior

n = 1000

Original Parameter Sets ap aq o)
Starting Value 2 0.5 0.5
Mean Square Error 0.162 0.087 0.070
Credible Intervals [2.834, 4.066] [0.310, 1.142] [0.306, 1.078]
Coverage Probability 0.94 0.924 0.935

Table 4.6: Mean Square Errors (MSE), Credible Intervals (CI) and Coverage Probabilities (CP)
of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters a9 = 3.320,
a1 = 1.606 and as = 1.477 and the hyper parameters of the priors as kg =2, 09 =3, k1 =4, 61 =
3, ko =3, 0 =2

4.6 Conclusion

The Bayesian estimation of the parameters of the three parameters absolute continuous bivariate
Pareto under square error loss are obtained using both Lindley and slice cum Gibbs sampler ap-
proach. Both the methods are working quite well, even for moderately large sample size. Use
of informative prior like Gamma and non-informative prior like reference prior is studied in this
context. The algorithms have not worked always for the small sample size with reference as a prior.
The coverage Probability for the credible interval is coming little low for the gamma prior. More
work in needed that direction. The same study can be made using many other algorithms like
importance sampling, HMC, etc. The Bayesian estimation in case of the seven parameter bivariate
Pareto with location and scale parameters is a challenging problem. We deal with this problem in

the next chapter.
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Bayesian analysis of absolute
continuous Marshall-Olkin bivariate
Pareto distribution with location and
scale parameters

5.1 Introduction

In this chapter, we consider the Bayesian analysis of the parameters of the absolute continuous
Marshall-Olkin bivariate Pareto distribution with location and scale parameters through the slice
sampling. Usual slice sampling will not work with the Monte Carlo set up as the posterior function
in this case is discontinuous with respect to location and scale parameters. We propose to use two
novel approaches in the implementation of slice sampling to perform the Bayesian analysis.

Recently, three parameter Bayesian analysis of the absolute continuous version of Marshall-
Olkin bivariate Pareto distribution is studied by Paul, Dey and Kundu (2018)[41]. This absolute
continuous version of the Marshall-Olkin bivariate Pareto distribution has marginals which are not
type-II univariate Pareto distributions. We use the notation BB-BVPA for the absolute contin-
uous Marshall-Olkin bivariate Pareto. This form of Marshall-Olkin bivariate Pareto is similar to
the absolute continuous bivariate exponential distribution, proposed by Block and Basu (1974)
[9]. A variety of bivariate (multivariate) extensions of the bivariate Pareto distribution also have
been studied in the literature. These include the distributions described in the following works
. [51], [55], [56], [2], [3]. Finding an efficient technique to estimate the parameters of BB-BVPA
distribution, particularly in the presence of location and scale parameters was a major challenge in
last few decades. There is no work available for seven parameters Bayesian analysis for BB-BVPA
distribution.

Finding the confidence interval for location and scale parameters for BB-BVPA distribution is a

difficult problem in frequentist set up. In this situation, Bayesian credible intervals can easily solve
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this problem. Sometimes, Bayes estimators exist when MLEs do not exist. Bayesian estimators
may work reasonably well with the suitable choice of the prior even when MLE’s performance is
extremely poor. Therefore, working with Bayesian set up with such a complicated distribution has
its own advantages. Here, we use the gamma prior for shape and scale parameters. However, for
location parameters we use the truncated normal as prior.

The Rest of the chapter is organized as follows. Section-5.2 shows the formulation of the
absolute continuous Marshall-Olkin bivariate Pareto distribution. Bayesian analysis through the
slice sampling is described in Section-5.3. Section-5.4 deals with the construction of the credible
interval. Numerical results are discussed in section-5.5. Data analysis is shown in section-5.6.

Finally, we conclude this chapter in Section-5.7.

5.2 Marshall-Olkin bivariate Pareto Distribution

Let Uy, Uy and Us are three mutually independent random variable, where Uy ~ PA(IT)(0, 1, ap),
Uy ~ PA(II)(u1,01,1) and Uy ~ PA(II)(u2,02,a2). We define X1 = min{u; + 01Uy, U1} and
Xo = min{ug + 02Uy, U}, then the joint distribution of (X, X2) is called the Marshall-Olkin
bivariate Pareto (MOBVPA) distribution or singular bivariate Pareto distribution. The joint

survival function of (X1, X2) can be written for z = max{=-F, 2272} as;

_ _d - .
S($17$2)=(1+z)‘“°<1+u) 1<1+M> 2
g1 09

se TI—p - Ta—po
Sl(xl,xg), if o <

o2
_ e TI—p1 - T2—H2
= q 59 (131, 172), if Ul“ > UQM
f T1 M1 T2TH2
So(w), if HH = 2782 =g,

where

To — —ap—Qs T — —a
Si(z1,22) = (14_27“2) (1+ 1 M1>

09 01
To — —ap €r1 — —Qp—Qa]
So(1, %) = (1+ 2 M2> <1+ il ,u1>
02 o1
—Qp—a1—Qp
So(z) = (1 + m)

So its pdf can be written as

filanzy), i B <o

o2
e T1— To—
f(ar,@2) = fa(wr,20), if B HL >57E2
e TITQ1 . Tp—p2
folx), if =R =g
where
ar(ag + ag T — p2\ ~0—a2—1 T — p1) 1
Fi(was) = 220 )(1 + e
0102 02 o1
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042(040 + Oél) (1 i T2 — M2>*a271 (1 . u) —ap—ai—1
0102 09 o1
—ap—ai—az—1

fa(z1,22) =
fo(x) = ap (1 + :E)
We denote this distribution as MOBV PA(u1, pe, 01,02, &, a1, 2).

5.2.1 Block Basu bivariate Pareto Distribution

We know that joint survival function of (Xi, X2) can be written as a mixture of an absolute

continuous part and a singular part as follows;
S(z1,72) = pSa(®1,22) + (1 — p)Ss(71, 72),

where S,(x1,x2) is the absolute continuous part and Ss(z1,x2) is the singular part. Also p =
%. Note that for z = max{=-H, 2222}

Ss(z1,x2) = (1 4 z)" 071792,

We define S,(x1,x2) as the joint survival function of the Block Basu bivariate Pareto
(BB-BVPA) distribution or absolute continuous bivariate pareto distribution. It can then be

expressed as

" _ T—
Sal(.%’l,l‘g), if 1—01& <2—02@

Salz1,22) = {

e TI—p1 ~ T2—H2
Sa2(@1,®2), if HE >

where
ap+ o1 + o To — —op— o2 €1 — —a
Sa1(961,372)= 0 1 2<1+ 2 Mz) (1+ 1 M1>
a1+ ao 092 01
_ Q) (1 4o T — /1,2)—040—011—042’
a1+ Qg 02
ag + a1 + « To — —o xr1 — —ap—ai
Sa2(x1,22) = 0 ! 2(1+ 2 M) (1—1—17#1)
o + o 02 01
_ Q0 (1 + 1 — ,ul)—OéO—Oq—Oéz‘
a1 + a2 01

So its pdf can be written as

1 _ _
—fi(zy, m2), if B <R

o1 2
T1,T2) =
fCL( 1 2) lf( ) .f T1—M1 >"E27N’2
pd2 Z1,22), 1 o1 oy

where

(a0 + a1 + ag) an (e + az) (1 Ltz M2)“10—0‘2—1 (1 L M1)‘a1—1

1
—filz1,29) =
pfl( 1,22) (o1 + a2) 0102 o1

02
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(a0 + o1 + ag) as(ao + 1) (1 L2z Mz)*arl(l I M1>*0‘0*a1*1‘
01

1
7f2 T1,T2) =
p ( ) (o1 + a2) 0102 02

We denote this distribution as BB — BV PA(u1, p2, 01, 02, &g, a1, az). One can easily calculate the

marginal distribution of X; and X5. The pdf expressions are as follows:

agt+ar+ay | ag+a r1 — —a—on—1 o 1 — —ap—ay—oz—l
fx(ar) = == 2{ 0 1(1+ 101“1> ——°<1+710 ”l) }
1

a1 + Qo o1 o1

ag + a1 +a | ag + a2 To — Mo\ —@—az2—1 ¢ To — b9\ —@0—a1—az—1
Ixy(x2) = { (1+ H ) (14_7“) }

a1+ oo 02 02 lop) lop)

5.2.2 Likelihood Function

Now we divide our data set I = {(z11,221), (z12,222) -+ , (1, T2,)} into three parts. They are
as follow, Io = {i : ®H = 2202} [) = {j B < SEl2} [ = {j o BB S 222 and
no = |lo|, n1 = |I1|, na = |I2|, where |I;| denotes the number of observations in I;. The total

number of observations n = ng + ni + ns.
Therefore, the log-likelihood function takes the form,
L(p, p2, 01, 02, 20, 1, a2)
= nln(ag + a1 + a2) —nln(a; + az) + nilnag + ng In(ap + az)

| nllanl—n11n02_(a0+a2+1)zln<1+$2i0_l_2u2>

€l
T1, — M1
— (1 +1) Zln(l + —) —nolno; —nglnog + noln ag
‘ 01
el
T1; — M1
+ noln(ag+aq) — (g + 1 + 1) Zln(l + ‘>
i€ls o1
— M2
— (41 Z ln(l + >
icls

5.3 Bayesian Analysis

The first step of all Bayesian analysis follows the Bayesian theorem to calculate the posterior
distribution. We use posterior « likelihood X prior. Therefore, we need to choose a suitable choice

of a set of priors in this case.

5.3.1 Prior Assumption

We assume that the shape parameters g, a; and ag are distributed according to the gamma

distribution with shape parameters k; and scale parameters 6;, i.e.,

1 >
mo(ap) = Gammal(kg, 6y) = 7kaé’° LT, ap>0
I'(ko)0p°
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1 o1 -1
w1 (o) = Gammal(ky,01) = ———a7' " e 1, a3 >0
1(a1) (k1,61) TV 1
mo(ag) = Gammal(ksy, 02) = 70/@716_9722, oy >0

T (k)05?
where k; > 0 and 6; > 0, i = 0,1,2. Here I'(k) is the gamma function evaluated at k. Suppose,
fn is the probability density function of the normal distribution. Let’s assume that the location
parameters pu; and ug are distributed according to the truncated normal distribution with mean =

/ . / .
u; and variance = o;, 1 = 1,2,

I (s g, o)
®(min{z1;}; 11y, 07)
I (po; 11, 05)

O (min{wz; }; py, 05)

m3(p1) =

ma(p2) =

Further, We assume that the scale parameters o7 and o9 are distributed according to the gamma
distribution with the hyper-parameters c1, co, di and ds,

71

75(01) = Gamma(cy, di) = o' e 1, 01 >0

_og
m6(02) = Gamma(ca, d2) = o5° e 2, 09>0

where ¢; >0 and d; > 0,i=1, 2.
One important assumption here is prior distributions of all parameters are independent of each

other.

5.3.2 Proposed Methodology

In this chapter, we obtain the Bayes estimates through the slice cum Gibbs sampler. To form the
Gibbs sampler first, we need to find out the expressions for the conditional distribution of each
parameter given the other parameters and the data. We provide the expressions of logarithm of
those conditional distributions.

The log conditional posterior distributions of ag, a1, ag, p1, po, o1, and o9 are given by,
In(m(ap | a1, az, p1, p2, 01,02, 21, 72)) o< nln(ag + a1 + az) + ny In(ag + asz)
—(o+ a2 +1)> iy, ln<1 + M?‘i;#?) + no In(ag + 1)

(a0 + a1+ 1) Yy, ln<1 + %‘) + (ko — 1) lnag — 52, (5.3.1)

In(m(a1 | ap, a2, 1, 2, 01,02, T1,22)) X nln(ag + a1 + a2) —nln(a; + az) + nylnag
—(1 + 1) e, ln(l + m?‘i—lm) +noIn(ag + 1)

—(a0+ a1 +1) Yier, ln<1 + %) (k1 — DInag — 9, (5.3.2)

1
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In(m(ce | g, a1, 1, 2,01, 02,21, 22)) x nln(ag + a1 + ag) — nln(a; + az)
+n1In(ap +az) — (a0 + a2 +1) Yy, ln(l + “;7_2“2> + no ln an

—(ar+ 1) Yier, ln(l + %) + (k2 — 1) Inay — 92, (5.3.3)

In(7(p1 | a0, 1, a2, pa, 01, 02,1, 22)) o< —(a1 + 1) 3 e, ln<1 - %)

o _ ., 1\2
—(ao+ a1 +1) Yier, 1n(1 + “TM) — o5tz (5.3.4)
In(m(p2 | a0, 1, a2, 11,01, 02, 21, 22)) X —(a0 + a2 +1) >, hl(l + %)
_ Fm\2
—(op ) Sser, ln(l + %) — 0.5l (5.3.5)

In(7 (o1 | o, 01, 2, p1, 2,02, 71, 2)) X —nilnoy — (1 +1) X, 1n(1 4 xl%ﬂ)

—nalnoy — (ag+ a1+ 1) Ty, 1n<1 n %) +(e1 — 1) In(oy) — (5.3.6)
and

11’1(71'(0'2 ’ Oé(),Oél,OéQ,/.Ll,,UQ,Ul,$1,$2)) X —n1 anZ — N2 anQ

—(ao+ a2+ 1) D e, ln(l + m;—;#?> —(e2 D 2ier, ln(l + 9321;#?)
+(ca — 1) In(o2) — %z (5.3.7)

We also require the conditional distribution of w1, pe, o1 and o9 from the posterior distribution

based on the univariate likelihood function.

n
ap + o T1y — p )"0l
In(m(p | oo, a1, 9, 2,01, 02,21)) Zln {«(1 + 1071’“)

| —apg—a1—ao—1 _ . 1\2
_ @(14_%) e, }_0.5M’ (5.3.8)
1

n
Qg + az Ty — pg\ "0—a2—l
In(r(pz | @0, o1, 2,11, 01,02, 72)) = Zln{ (1+ =)

P —apg—a1—ao—1 _ . 1\2
(g iy }_0,50@#2)’ (53.9)
02 02

n
ap + o X1 — pp\ "0l
In(m(o1 | o, o1, 2, pi1, fi2, 02, 1)) E ln{(l + 710 a )
; 1
=1
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. — —apg—a1—ao—1
- @(1 n u) e } +(e1 — D)In(oy) — 2 (5.3.10)

and

ap + g (1 I Mz)*%*o‘rl

n
In(m (o2 | @0, 1, ;s g1, p2, 01, 2)) o Zln{w
i=1

02

P —apg—a]—as—1
- @(1 + M) . } + (c2 — 1) In(o) — 22, (5.3.11)
09 g9 d2

We propose to perform two variations of the algorithms to solve the problem using step-out
method in the slice sampling ([38]) to generate the respective parameters.
Approach 1 : In this approach, we propose to use usual step out method for the slice sampling
for each conditional distribution. Standard slice sampling works only for continuous posterior. The

algorithm is as follows :
e Sample z and u uniformly from the area under the distribution, say p(-).

1. Fix z, sample u uniformly from [0, p(z)].

2. Fix u, sample z uniformly from the slice through the region {z : p(z) > u}
e How to sample z from the slice.

1. Start with the region of width w containing z(t).
2. If end point in slice, then extend region by w in that direction.
3. Sample Z uniformly from the region.
4. If ' is in the slice, the accept it as z(t+1),
5. If not : make 2" new end point of the region, and resample 2.
Since the above algorithm needs continuous posterior, it is not going to work in this case.
Therefore, we suggest the following modifications. Instead of drawing sample from (5.3.4), (5.3.5),

(5.3.6), (5.3.7), we draw p1, po, o1 and oy from (5.3.8), (5.3.9), (5.3.10), (5.3.11), which are based

on univariate likelihood. Therefore, the steps of sampling are as follows :

e Start with some initial choice of parameters ,ugo), ugo), Jgo), Uéo), 04(()0), ozgo) and ozéo).

e Sample ozétﬂ), agtﬂ) and agtﬂ) from (5.3.1), (5.3.2) and (5.3.3) using standard step-out slice

sampling.

e Sample ugo), Mgo), aio), aéo) from (5.3.8), (5.3.9), (5.3.10), (5.3.11) using standard step-out

slice sampling.
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e Go back to step-2.

Approach 2 : In this approach, we use directly the discontinuous conditional posterior based on
the likelihood of the bivariate distribution. Using the slice sampling on each of these conditional
distributions from (5.3.1) - (5.3.7) is not straight forward. We modify our slice sampling to fit for

a discontinuous set up. Modified slice sampling steps are as follows :

e Sample z and u uniformly from the area under the distribution, say p(-).

1. Fix z, sample u uniformly from [0, p(z)].

2. Fix u, sample z uniformly from the slice through the region {z : p(z) > u}
e How to sample z from the slice.

1. Start with the region of width w containing z(¥) where it is defined.

2. If end point in slice and in the region where the function is defined, then extend

region by w in that direction.

w

. If end point in slice and in the region where the function is not defined, then also

extend region by w in that direction.
4. Sample z" uniformly from the region until the point is defined.
5. If 2’ is in the slice, the accept it as z(t+1).

. If not : make 2’ new end point of the region, and resample Z.

N o

. If resample point is not defined, perform resampling until it is defined.

Therefore the steps of sampling are as follows :

e Start with some initial choice of parameters ,ugo), M;o)) 0'50), aéo), a(()o) , ago) and ago).
e Sample a(()tﬂ), ang), aétﬂ), ugtﬂ), ugt+1), agtﬂ), aétﬂ) from (5.3.1), (5.3.2), (5.3.3), (5.3.4),
(5.3.5), (5.3.6) and (5.3.7) respectively using modified slice sampling.

5.4 Constructing credible intervals for Parameters

We have found the credible intervals for the parameters as described by Chen and Shao (1999) [11].
Let’s assume @ is a vector. To obtain the credible intervals of first variable 6y;, we order {6y;}, as

011y < h2) < -+ <Oy Then 100(1 - )% credible interval of 61 become

(el(j)’el(j-f—M—M'y)), for j=1,---, M~
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Therefore, 100(1 - )% credible interval for 61 becomes (0y(;+, 01(j*4rr—1+)), Where j* is such
that

0105+ M—my) — O1(5%) < Or(+m—niy) — 015)

forall j =1,---, M~. Similarly, we can obtain the credible interval for other co-ordinates of 6.
In this context, we consider § = (u1, 2,01, 02, ap, a1, a2) and v = 0.05 to construct credible

interval for all parameters.

5.5 Numerical Result

The numerical results are obtained by using the programming software R 3.2.3. The codes are run
at II'T Guwahati computers with model : Intel(R) Core(TM) i5-6200U CPU 2.30 GHz. The codes
will be available on request to the authors. Bayes estimates, mean square errors, credible intervals
are calculated by two approaches for two sets of the parameters pu; = 0.3, uo = 0.4, o1 = 0.6,
oo =07 a9 =17 a1 =12, ap = 1.4 and p; = 1.0, pg = 2.0, o1 = 0.4, g9 = 0.5, ag = 0.5,
a; = 0.70, as = 0.65. We use the following hyper parameters of prior as defined in Section-5.3 :
c1=0.1,dp =0.25,c0 = 3,dy = 2,k = 2,00 = 3,k = 4,61 =3, kg = 3,00 = 2,1u; = 0,0, = 1, iy =
0, 0/2 = 1. However, we observe that the results does not vary much with different choice of hyper
parameters.

Table-5.1, Table-5.2, Table-5.3 and Table-5.4 show Bayes estimates, 95% credible intervals for
different parameter sets. We also calculate mean square errors and coverage probabilities for 95%
credible intervals based on 200 different simulated samples from BB-BVPA. Table-5.1, Table-5.2 are
results in Approach-1, whereas Table-5.3, Table-5.4 are th results obtained through Approach-2.
In slice cum Gibbs sampling, we take the burn in period as 500. Bayes estimates are calculated
based on 2000 and more iterations after burn-in period. We take bivariate sample size 450 and 1000
to get the estimates of the parameters. In both the slice sampling by step-out method, the width
is taken 1. However, sampling procedure does not depend much on choice of width. Numerical
result shows that estimates are very close to the original parameters. Mean square errors are on
higher side for shape parameters as compared to other parameters. However, mean square errors
decrease as sample size increases. Coverage Probabilities are more closer to 95% in Approach 2
than Approach 1. This shows the credible interval construction seems better fit for Approach 2

than Approach 1.

Statistical Inferences on Different Types of Bivariate Pareto Distributions Ph.D. Thesis

TH-1999_156123014



CHAPTER 5

85

Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets w1 =0.3 pe =04 01 =0.6 oo =0.7
Starting Value 0.1438 0.3462 0.7780 0.5386
Bayes Estimates 0.3001 0.4000 0.6984 0.6277
Mean Square Error 5.0340x 107 4.8804x 1077 0.0397 0.0176
Credible Intervals [0.2986, 0.3002] [0.3998, 0.4014] [0.2687, 0.5586] [0.2960, 0.5923]
Coverage Probability 0.93 0.935 0.98 0.89

n = 450

Original Parameter Sets ag = 1.7 a; =12 as =14
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 1.2701 1.7544 1.4691
Mean Square Error 0.2921 0.6362 0.1078
Credible Intervals [0.1496, 0.7516]  [0.3298, 1.0582] [0.5259, 1.4262]
Coverage Probability 0.715 0.945 0.99

n = 1000

Original Parameter Sets p1 =03 wo = 0.4 o1 = 0.6 oo = 0.7
Starting Value 0.1438 0.3462 0.7780 0.5386
Bayes Estimates 0.2999 0.4000 0.6463 0.6591
Mean Square Error 5.0900x 108 6.5169x 10~8 0.0182 0.0126
Credible Intervals [0.2995, 0.3002]  [0.3994, 0.4002] [0.3126, 0.5465] [0.4007, 0.6287]
Coverage Probability 0.995 0.975 0.945 0.895

n = 1000

Original Parameter Sets ag = 1.7 ap =1.2 ay =14
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 1.4754 1.4558 1.4248
Mean Square Error 0.0974 0.2059 0.0966
Credible Intervals [0.8288, 1.4457]  [0.6454, 1.2945]  [0.5501, 1.1967]
Coverage Probability 0.79 0.945 0.96

Table 5.1: Approach 1 : The Bayes Estimates (BE), Mean Square Error (MSE) and credible
intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters p; =
0.3, uo =04, 01 =0.6, 092 =0.7, ag = 1.7, a1 = 1.2, ap = 1.4.
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Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets w1 =1.0 e = 2.0 o1 =0.4 oo = 0.5
Starting Value 0.4794 1.7308 0.7781 0.5386
Bayes Estimates 1.0000 1.1999 0.4493 0.5893
Mean Square Error 6.2330x 1077 9.3982x 1077 0.0110 0.0231
Credible Intervals [0.9982, 1.0001] [1.9986, 2.0011] [0.1684, 0.3552] [0.2401, 0.5190]
Coverage Probability 0.96 0.96 0.96 0.94

n = 450

Original Parameter Sets ag = 0.50 a; = 0.70 as = 0.65
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 0.6210 0.9100 0.8766
Mean Square Error 0.0625 0.0984 0.1009
Credible Intervals [0.4630, 0.9564]  [0.2635, 0.7136]  [0.3051, 0.7579]
Coverage Probability 0.78 0.93 0.89

n = 1000

Original Parameter Sets p =1.0 po = 2.0 01 =04 o2 =0.5
Starting Value 0.4794 1.7308 0.7781 0.5386
Bayes Estimates 1.000 2.000 0.4175 0.5371
Mean Square Error 1.7234x 107 2.7793x 1077 0.0053 0.0075
Credible Intervals [0.9992, 1.0003] [1.9994, 2.0006] [0.2133, 0.3671] [0.3366, 0.5236]
Coverage Probability 0.95 0.945 0.92 0.965

n = 1000

Original Parameter Sets ag = 0.50 ap = 0.70 as = 0.65
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 0.7198 0.7848 0.74445
Mean Square Error 0.0198 0.0335 0.0274
Credible Intervals [0.6762, 1.0229] [0.3201, 0.6573]  [0.2906, 0.6196]
Coverage Probability 0.895 0.915 0.925

Table 5.2: Approach 1 : The Bayes Estimates (BE), Mean Square Error (MSE) and credible
intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters p; =
1.0, Mo = 2.0, o — 0.4, @ — 0.5, ap = 0.5, a1 = 0.70, g = 0.65.
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Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets w1 =1.0 wo = 2.0 o1 =04 oo = 0.5
Starting Value 0.4794 1.7308 0.7781 0.5386
Bayes Estimates 1.0000 2.0000 0.4320 0.5822
Mean Square Error 6.6623x 1077 1.2651 x 106 0.0059 0.0155
Credible Intervals [0.998, 1.0005] [1.998, 2.0006] [0.209, 0.414] [0.293, 0.539]
Coverage Probability 0.93 0.935 0.99 0.96

n = 450

Original Parameter Sets ag = 0.50 ap = 0.70 ay = 0.65
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 0.6034 0.9031 0.8882
Mean Square Error 0.0900 0.0973 0.1119
Credible Intervals [0.1192, 0.3065] [0.7859, 1.3529] [0.3769, 0.9353]
Coverage Probability 0.775 0.915 0.86

n = 1000

Original Parameter Sets p =1.0 o = 2.0 01 =04 o9 =0.5
Starting Value 0.4794 1.7308 0.7781 0.5386
Bayes Estimates 1.0000 2.0000 0.4055 0.5443
Mean Square Error 1.4546x 107 2.7804x 107 0.0019 0.0053
Credible Intervals [0.9992, 1.00008]  [1.9990, 2.0002] [0.2256, 0.3636] [0.3210, 0.5054]
Coverage Probability 0.945 0.955 0.98 0.975

n = 1000

Original Parameter Sets ag = 0.50 ap = 0.70 ay = 0.65
Starting Value 0.4417 0.6138 0.4549
Bayes Estimates 0.7288 0.7611 0.7479
Mean Square Error 0.0207 0.0207 0.0264
Credible Intervals [0.5037, 0.9138] [0.3726, 0.7917] [0.2776, 0.6572]
Coverage Probability 0.925 0.975 0.955

Table 5.3: Approach 2 : The Bayes Estimates (BE), Mean Square Error (MSE) and credible
intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters p; =
1.0, Mo = 2.0, 1 — 0.4, @ — 0.5, ap = 0.5, a1 = 0.70, g = 0.65.
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Slice-cum-Gibbs

Gamma Prior

n = 450

Original Parameter Sets pn1 =0.3 p2 =04 o1 = 0.6 oo = 0.70
Starting Value 0.1438 0.3462 0.7781 0.5386
Average Bayes Estimates 0.3001 0.40003 0.6376 0.6456
Mean Square Error 6.0022x 10~7 5.2204x 10~7 0.0099 0.0106
Credible Intervals [0.2987, 0.3002]  [0.3986, 0.4003] [0.3211, 0.6159] [0.3301, 0.6358]
Coverage Probability 0.92 0.935 0.995 0.935

n = 450

Original Parameter Sets ag = 1.7 ap =1.2 a2 =14
Starting Value 0.4417 0.6138 0.4549
Average Bayes Estimates 1.3592 1.5300 1.4743
Mean Square Error 0.2360 0.2587 0.1252
Credible Intervals [0.4086, 1.0383]  [0.5725, 1.6912]  [0.3620, 1.3647]
Coverage Probability 0.84 0.98 0.98

n = 1000

Original Parameter Sets p1 =0.3 p2 =04 o1 = 0.6 o2 = 0.7
Starting Value 0.1438 0.3462 0.7781 0.5386
Average Bayes Estimates 0.3000 0.3999 0.6229 0.6391
Mean Square Error 8.2786x 1078 9.7774 x 10~8 0.0054 0.0084
Credible Intervals [0.2993, 0.3000]  [0.3996, 0.4003] [0.3484, 0.5562]  [0.3801, 0.6119]
Coverage Probability 0.95 0.95 0.98 0.895

n = 1000

Original Parameter Sets ag = 1.7 ap =1.2 az =14
Starting Value 0.4417 0.6138 0.4549
Average Bayes Estimates 1.5937 1.3185 1.3127
Mean Square Error 0.0580 0.0620 0.0543
Credible Intervals [1.0965, 1.8738]  [0.5557, 1.3337]  [0.5983, 1.3339]
Coverage Probability 0.975 0.99 0.955

Table 5.4: Approach 2 : The Bayes Estimates (BE), Mean Square Error (MSE) and credible
intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with parameters p; =
0.3, uo =04, 01 =0.6, 00 =0.7, ag = 1.7, a1 = 1.2, ap = 1.4.

5.6 Case Study in real-life Data

We study one particular data set which is used by Paul, Dey and Kundu [43]. The data set is taken
from https://archive.ics.uci.edu/ml/machine-learning-databases. The age of abalone is determined
by cutting the shell through the cone, staining it, and counting the number of rings through a
microscope. The data set contains related measurements. We extract a part of the data for the
bivariate modeling. We consider only measurements related to the female population, where two
of the variables are “Shucked weight” and “Viscera weight”. They represent the weight of meat
and the gut weight (after bleeding) of abalones, which are measured in grams. We use peak over
threshold method on this data set.

From [15], we know that peak over threshold method on the random variable U (say) provides
PU >
txo|U > xo) =t~, t> 1, where G(+) is the distribution function of U. We choose an appropriate

polynomial generalized Pareto distribution for any z¢ with 1 + log(G(z¢)) € (0,1) i.e.

t and zo on the marginals of the bivariate data, so that the data should behave more like Pareto

distribution. The transformed data set does not have any singular component. Therefore, one
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possible assumption can be the absolute continuous Marshall Olkin bivariate Pareto.

This data set are used to model the seven parameter BB-BVPA distribution. The EM estimates
for BB-BVPA distribution produces the values as p1 = 6.644, po = 3.423, o1 = 4.0375, 09 = 2.4821,
ag = 2.9622, a; = 1.1400 and as = 1.4552. Figure-5.1 and Figure-5.2 show that the empirical
marginals coincide with the marginals calculated from the estimated parameters using Approach 1
and Approach 2 respectively.

We also verify our assumption by plotting empirical two dimensional density plot in Figure-5.3,
which resembles closer to the surface of the absolute continuous Marshall-Olkin bivariate Pareto

distribution.

Empirical Survival Plot Empirical Survival Plot

Survival Function
Survival Function

(a) X1 (b) X2

Figure 5.1: Survival plots for two marginals of BB-BVPA of the transformed dataset through
Approach 1

Empirical Survival Plot Empirical Survival Plot

Survival Function
Survival Function

Figure 5.2: Survival plots for two marginals of BB-BVPA of the transformed dataset through
Approach 2
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Surface Plot of empirical density
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Figure 5.3: Two dimensional density plots for BB-BVPA of the transformed dataset

We observe the number of singular observations after transformation is zero. Therefore, this
could be a reasonable data to work with. The sample size for the data set is 329. Note that even
after location, scale transformation observed cardinalities of I and Is are good representative of
the actual ones. Bayesian estimates are calculated and provided in Table-5.5 and Table-5.6 using
Approach 1 and Approach 2 respectively for the abalone data. We use the parametric bootstrap
technique to generate different samples from the seven parameter BB-BVPA distribution using
estimated parameters as original parameter and then find out the mean square error and the
coverage probabilities for the constructed credible interval. Results are available in Table-5.8 and
Table-5.7 using Approach 1 and Approach 2 respectively. Both the algorithm works quite well
in estimating all parameters. However, we observe that the mean square error is on higher side
for ap as compared to other parameters. It is also unable to capture the coverage probability
of ag at desired level and provides a value significantly smaller than the desired 95% confidence
level. However, we get the significant improvement in both MSEs and Coverage Probabilities if we
increase the sample size. Therefore, it is safer to work with larger sample size to obtain a desired

accuracy level, while applying these methods in real life data sets.
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Slice-cum-Gibbs

Gamma Prior

n = 329

Original Parameter Sets “1 e o1 o9 ap o a9
Starting Value 3.1854 2.9623 0.7781 0.5386  0.4417 0.6138 0.4549
Bayes Estimates 6.6397 3.4208 4.0394 2.0505 3.1775 0.8194 0.8064

Slice-cum-Gibbs

Gamma Prior

n = 329

Original Parameter Sets 1 w2 o1 o9 ap o a9
Starting Value 3.1854 2.9623 0.7781 0.5386 0.4417 0.6138 0.4549
Bayes Estimates 6.6394 3.4206 5.9161 3.0359 4.0606 1.2695 1.2749

Table 5.5: The Bayes Estimates of the parameters of absolute continuous Marshall-Olkin bivariate
Pareto distribution based on the abalone data set through Approach 1

Table 5.6: The Bayes Estimates of the parameters of absolute continuous Marshall-Olkin bivariate
Pareto distribution based on the abalone data set through Approach 2

Slice-cum-Gibbs

Gamma Prior

n = 391

Parameter Sets p1 75 o1 o2
Starting Value 3.1832 2.9602 3.7781 1.5386
Average Bayes Estimates 6.6389 3.4201 7.1394 3.6475
Mean Square Error 1.7919x 10=>  3.8658 x 10~ 3.2984 0.8284
Credible Intervals [6.6293, 6.6429]  [3.4155, 3.4225]  [2.8745, 9.4807]  [1.5790, 5.0924]
Coverage Probability 0.985 0.97 1 1

n = 391

Parameter Sets ag o5t a2
Starting Value 2.4417 0.6137 0.4549
Average Bayes Estimates 4.9191 1.3711 1.2813
Mean Square Error 1.5919 0.0564 0.0389
Credible Intervals [2.1636, 6.5914] [0.1960, 2.3196]  [0.2220, 2.0860]
Coverage Probability 1 1 1

n = 1000

Parameter Sets n1 2 o1 o2
Starting Value 3.1832 2.9602 3.7781 1.5386
Average Bayes Estimates 6.6393 3.4206 6.5320 3.3487
Mean Square Error 3.1872 x 107%  7.6010x 10=7 1.1271 0.2915
Credible Intervals [6.6376, 6.6429]  [3.4180, 3.4206] [3.1986, 7.9750] [1.6539, 4.1996]
Coverage Probability 0.94 0.95 . 0.995

n = 1000

Parameter Sets ag aq a2
Starting Value 2.4417 0.6137 0.4549
Average Bayes Estimates 4.4982 1.3149 1.2895
Mean Square Error 0.5567 0.0587 0.0551
Credible Intervals [2.6644, 5.3735]  [0.1893, 2.0423]  [0.1646, 1.8381]
Coverage Probability 0.995 1 1

Table 5.7: Results for Approach 2 : The Bayes Estimates (BE), Mean Square Error (MSE) and
credible intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with param-
eters pup = 6.6394, pa = 3.4206, 01 = 5.9161, o2 = 3.0359, ap = 4.0606, a; = 1.2695, ap = 1.2749.
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Slice-cum-Gibbs

Gamma Prior

n = 391

Parameter Sets 1 12 o1 o9
Starting Value 3.1834 2.9604 2.7781 0.5386
Average Bayes Estimates 6.6395 3.4205 4.9587 2.2112
Mean Square Error 1.4547x 107°  5.3310 x 1076 1.8326 0.2171
Credible Intervals [6.6311, 6.6435] [3.4172, 3.4229] [1.8828, 4.5788] [1.2090, 2.5855]
Coverage Probability 0.97 0.955 0.97 0.96

n = 391

Parameter Sets ag a Qo
Starting Value 1.4417 0.6138 0.4549
Average Bayes Estimates 3.3195 1.1693 0.8664
Mean Square Error 0.5178 0.3975 0.0347
Credible Intervals [2.3324, 3.9134] [0.1719, 1.2620] [0.1916, 1.3486]
Coverage Probability 0.865 0.99 1.00

n = 1000

Parameter Sets n1 12 o1 09
Starting Value 3.1834 2.9604 2.7781 0.5386
Average Bayes Estimates 6.6397 3.4210 4.4543 2.1045
Mean Square Error 2.9711 x 107%  7.7316 x 10797 0.6800 0.0732
Credible Intervals [6.6389, 6.6435] [3.4186, 3.4209] [2.3449, 4.3376] [1.3212, 2.4482]
Coverage Probability 0.945 0.93 0.995 0.98

n = 1000

Parameter Sets ag ay o
Starting Value 1.4417 0.6138 0.4549
Average Bayes Estimates 3.2002 1.007 0.8554
Mean Square Error 0.1486 0.1599 0.047
Credible Intervals [2.2964, 3.3024] [0.2817, 1.1934] [0.3384, 1.2530]
Coverage Probability 0.915 0.975 0.99

Table 5.8: Results for Approach 1 : The Bayes Estimates (BE), Mean Square Error (MSE) and
credible intervals of absolute continuous Marshall-Olkin bivariate Pareto distribution with param-
eters p; = 6.6397, us = 3.4208, 01 = 4.0394, 02 = 2.0505, ag = 3.1775, a3 = 0.8194, s = 0.8064.

5.7 Conclusion

Bayes estimates of the parameters of the absolute continuous bivariate Pareto under square error
loss are obtained using the slice cum Gibbs sampler approach. Two approaches proposed in this
works quite well, even for moderately large sample size. However, coverage probabilities calculated
based on the parametric bootstrap samples show that the proposed credible interval construction
does not work very well for all the shape parameters. Although, we see its significant improvement
for large sample, more research is needed to explore the best credible interval construction in small
sample set up. The same study can be made using many other algorithms like importance sampling,
HMC etc.

bivariate distributions using the Bayes factor. The Bayesian estimation of corresponding singular

This estimation procedure can be used in the Bayesian discrimination between two

distribution in presence of location and scale parameters also a challenging work. We address this

problem in Chapter-6.
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Chapter 6

Bayesian analysis of singular
Marshall-Olkin Bivariate Pareto
Distribution with location and scale
parameter

6.1 Introduction

In this chapter, our main aim is to compute the Bayesian estimates and the associated credi-
ble intervals of the unknown parameters of singular Marshall-Olkin Bivariate Pareto distribution
(MOBVPA) with location and scale parameter under informative priors. We use the truncated
normal distribution for the location parameters and the gamma distribution as prior for both scale
and shape parameters. We assume all priors are mutually independent. Since, Bayes estimate can
not be obtained in closed form, we propose to use the slice [38] cum Gibbs sampling [49] technique
to generate samples from the posterior distribution of the parameters. However, the likelihood
function of MOBVPA distribution is discontinuous in the case of seven parameters setup, which
restrict direct slice sampling to generate samples from the posterior distribution. Therefore, we
propose to use a trick, which allows direct slice sampling to use in this case. The generated sam-
ples are used to calculate the Bayes estimates and the credible intervals. Since convergence of the
proposed algorithm depends on the choice of hyper-parameters and data, we also try to set the
hyper-parameters through a modified empirical Bayes estimate. Therefore, the major focus of this
work is not only the slice sampling implementation, but also the discussion of empirical Bayes and
highlight few important related results. There are a few implementation related the issues, which
make the work significantly different from the previous chapter.

The statistical literature contains many works related to the Bayesian estimation of bivariate
exponential ([44], [27], [32]) or bivariate Weibull distribution ([23], [24]). However, the MOBVPA

distribution model has not received much attention primarily due to the analytical intractability

93

TH-1999_156123014



CHAPTER 6 94

of the model in the presence of both location and scale parameters. Recently, Asimit et al. [3]
used the EM algorithm to estimate the singular Marshall-Olkin bivariate Pareto distribution. Paul
and Dey [40] also discussed the different variations of the algorithms and provided the best EM
algorithms in this set up. However, the Bayesian analysis contains more information than the
maximum likelihood estimation/EM estimates, which is better for further statistical analysis. The
maximum likelihood estimators can be quite unstable, i.e., vary widely for small variations of the
observations, at least for reduced sample sizes. Moreover, derivation of the confidence regions in
both univariate and multivariate cases become easy with the knowledge of full expression of the
posterior distribution.

The rest of the chapter is arranged in the following way. In Section-6.2, we briefly keep the
Marshall-Olkin bivariate Pareto distribution formulation. Section-6.3 and Section-6.4 are kept in
the Bayesian analysis of three and seven parameters Marshall-Olkin bivariate Pareto distribution
respectively. We discuss about the construction of the credible interval in Section-6.5 and the
empirical Bayesian inference in Section-6.6. The numerical analysis and the data analysis results
are presented in Section-6.7 and Section-6.8 respectively. Finally, we conclude this chapter in

Section-6.9.

6.2 Formulation of Marshall-Olkin bivariate Pareto distribution

The Marshall-Olkin bivariate Pareto distribution with location and scale parameters as described
by Asimit et al. ([3], [2]) can be obtained in the following manner.

Let Uy, Uy and U; are three independent univariate Pareto distributions Pa(I1)(0, 1, ap),
Pa(IT)(p1,01,01) and Pa(IT)(usa, 09, ag) respectively.

We define X1 = min{o1Up + 1, U } and Xo = min{ooUpy + p2, Us}. We can show that (X7, X2)

jointly follow the bivariate Pareto distribution of second kind with joint probability density function

o2
f(rr,29) = § fo(wr,a2), if B >2TE (6.2.1)
folx), if B2 = 22702 — g
where
ai(og + ag) T — pg\ ~0—az—1 x1 — p1) 1
fi(z1,22) = (1+ ) (1—1- )
0109 09 01
az(ag + ay To — po\ ~o2—1 T1 — pp) -l
fg(xl,xg): ( )(1+ K ) <1+ a )
0109 09 g1
fo(l‘) = ao(l + l’)iaO*aliaQ*l.
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We denote this distribution as M OBV PA(u1, 2, 01,02, &g, a1, 2). We will call it seven pa-
rameters MOBVPA distribution. One can easily show that the marginal distribution of X; is
PA(II)(pi, 04,0 + o) where i = 1,2.

If we choose 1 = p2 = 0 and o1 = o9 = 1, then the joint PDF of (X1, X») is

a1 (Oé() + 042)(1 + .161)70‘171(1 + 3}2)7&070‘271, if x1 <x9
f(w1,22) = asg(ap + ag)(1 + 1,2)—012—1(1 + xl)—ao—al—l’ if 1 >xo (6.2.2)

ap(l4z)~-a=c2=l " if gy = g9 = x

We denote this distribution as MOBV PA(«g, a1, ). We will call it three parameter MOBVPA

distribution.

6.3 Bayesian analysis of three parameters Marshall-Olkin bivari-
ate Pareto distribution

Let us consider I = {(x11,x21), (®12,%22), -, (T1n, T2n)} is & random sample of size n from three

parameters MOBVPA distribution. We use the following notations;
In={i|z1 =z}, 1 ={i| z1s < x2} and Ir = {i | x1; > x2;}
and
[Io| = no, |I1] = n1, |I2| = ne, and n = ng + n1 + no.

The log-likelihood function based on the data I takes the form,
L(ag,a1,2) =nplnag +ny In(apg + ag) — (a1 + e + 1) Z In(1 + x9;)
i€l

—(n +1) Z In(1+ z1;) + nalnag + no In(ag + aq)
1€lq

— (oo + a1+ 1) In(l+21) = (ap + 1) Y In(1 + x2)

i€lq 1€ls

n
+nolnag — (g + a1 +as+1) Z In(1 + z14). (6.3.1)
i€lp

6.3.1 Prior Assumption

We assume that ag, a1, and a9 are distributed according to the gamma distribution with shape

parameters k; and scale parameters 6;, i.e.,

ag ~ ['(kg, 0p) = Gamma(kg, 6p),
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ay ~ I'(k1,60;) = Gamma(kq, 61),
Qo ~ F(kg, (92) = Gamma(k:g, 92). (632)

The probability density function of the Gamma distribution is given by,

) _ 1 k=1, —%
fr(z; k,0) = F(k:)@kx e 9,

where I'(k) is the gamma function evaluated at k. We can use some other prior like Gamma-

Dirichlet Prior (for details see [44]), reference prior etc.

6.3.2 Bayes Estimates

In this section, we provide the Bayes estimates of the unknown parameters, namely ag, a1, and as
for the three parameters MOBVPA distribution using slice cum Gibbs Sampler method. In this
work, we use step-out slice sampling as described by Neal [38]. We can provide the expression
of full posterior when the posterior is constructed based on Gamma prior. The full posterior of

(v, a1, ) given the data I based on the gamma prior 7 (-) is,

(o, a1, asll) < (e, aq, as|l)w(ag, ag, a2)
=ag’af! ay?(ag + a1)™(ag + az)™
H(l + xu)—(ao-l—m-i-az—l) H(l + wli)_al_l
i€l i€l

—apg—ag—1 —apg—a1—1 —a—1
(14 z20) " 072 (1 4+ 22) 7207 M (1 4 22) ™
icls
(20401 o
X agofla’flflagrle Gt ta)

=11 (v, a1, 2|I)  (say). (6.3.3)

Therefore, if we want to compute the Bayes estimate of some function of agp, a1 and ao, say
g(ap, a1, ), the Bayes estimate of g, say g under the squared error loss function is the posterior

mean of g, i.e.

fooo fooo fooo g(ag, aq, a)mi (v, a1, az|l)dagdag das
fooo fooo fooo 71 (e, a1, as|l)dapdagdag

Since, the Bayes estimate of the unknown model parameters g, o1 and as can not be obtained

g= (6.3.4)

in closed form using the integral (6.3.4), we use the slice cum Gibbs sampling technique to generates
the sample from the corresponding posterior distribution and in turn use them to compute Bayes
estimates. To obtain the Bayesian estimates through the slice cum Gibbs sampler, we need to use
conditional distribution of each the parameter given the other parameters and the data. We provide

the expressions of logarithm of those conditional distributions for gamma prior. We propose to
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perform the standard step-out method in slice sampling [38] on each of the conditional distributions
based on gamma prior to generate the respective parameters. The algorithmic steps for the slice

sampling via step out method can be provided as follows,
e Sample z and u uniformly from the area under the distribution, say p(-).

1. Fix z, sample u uniformly from [0, p(2)].

2. Fix u, sample z uniformly from the slice through the region {z : p(z) > u}
e How to sample z from the slice.

1. Start with the region of width w containing z(*).

2. If end point is in slice, then extend region by w in that direction.

w

. Sample 2" uniformly from the region.
4. If 2’ is in the slice, the accept it as z(+1),

5. If not : make z' new end point of the region, and resample z .

Expression for the logarithm of conditional posterior distribution of aq, a1, and ag are,

In(m(ap | a1, a2, 21,22)) = (n1+n2)In(ag + a1 + a2) + ny In(ag + as)
- o Z In(1 + z9;) + naIn(ag + a1)
i€l
— o Z 111(1 + Qj‘li) aF (k‘o = 1) Inag — @, (635)
, to
i€y
In(m(aq | ag, 2,1, 22)) = (1 +n2)In(ag + a1 + a2) — (n1 + n2) In(ag + ag)

+ nilna; — oy Z ln(l + $1z‘) + N2 ID(OZ(] + 051)

el
(6
- o Z In(1+21;) + (k1 —1)Ina; — 1 (6.3.6)
: 01
i€l
and
In(m(ag | ag, 1,1, 22)) = (n1 +n2)In(ag + a1 + az) — (n1 + n2) In(a; + ag)
+ npln(ap + ag) — as Z In(1+ z9;) + nalnay
i€l
(0%
— Y In(1+ay) + (k2 — 1) Inay — = (6.3.7)
, 02
i€l
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6.4 Bayesian analysis of seven parameters Marshall-Olkin bivari-
ate Pareto distribution

Let us assume that pi, pe, o1 and oy are known. Now we divide our data set I = {(x11,x21),

(z12,222), "+ , (T1n, T2n)} into three part as follows,

To={i: Bt = 2umiy oo (G Qi ¢ Tasia) p) = [ T, Sl

g1 g1 g1
and

[lo| = no, [I1] = na, [I2| = n2, and n = ng + n1 + ne.
Usual log-Likelihood function of this MOBVPA can be written as

L(p1, po, 01,02, ap, a1, 2) = nylnag +ng In(ag + az) —nilno; —ny lnoo
. T —
—(ao—{—ag—kl)Zln(l—}—M) - (a1+1)21n(1+hm>
: 02 3 o1
i€ly el
—nglnoy —nglnos + nelnag + ngln(ag + a1)

T1; — M1 T2 — H2

i€l i€ly

+nolnag —nglno; — (ap + a1 + ag + 1) E ln(l + w) (6.4.1)
- 01
icly

6.4.1 Prior Assumption

We assume that the shape parameters ag, a3 and ag are distributed according to the gamma

distribution with shape parameters k; and scale parameters 6;, where i = 0,1,2, i.e.,

1 ko—1

_on
mo(g) = Gammal(kg, 0y) = ———« e %, ayg>0
o(0) (Ko, 0o) F(ko)e’go 0 0

71(aq) = Gammal(ky, 01) = art” 6_9711, a1 >0

I'(ky)0y!

ma(ag) = Gamma(ks, 02) = as?” e_T;, oy >0

I'(ks)05?

where k; > 0 and 6; > 0, i = 0,1,2. Here I'(k) is the gamma function evaluated at k. We also
assume that the location parameters p; and po are distributed according to the truncated normal

. . . . ! . ’ .
distribution with mean = p; and variance = o,, where 7 = 1,2,

7_‘_3(”1) _ d)(:u‘l’ lullv Ull)
®(min{zy; : i = 1(1)n}; uy,0q)
) : aUI
7_‘_4(”2) _ ¢(M2 Ho 2)

®(min{ze; : i = 1(1)n}; py, 05)
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Further, we assume that the scale parameters o; and o9 are distributed according to the gamma

distribution with the hyper-parameters c1, co, d; and ds,

1 _a
m5(01) = Gamma(cy, di) = o) ol w01 >0
1
1 _o2
m6(02) = Gamma(ca, da) = O 027l R, 0y >0
2

where ¢; >0 and d; > 0,¢=1,2.

6.4.2 Bayes Estimate

We know the Bayes estimate of an unknown parameter is the posterior mean of the corresponding
parameter under the squared error loss function. But in this case it is not possible to calculate a
Bayes estimate of unknown model parameters pi, po, o1, 02, ag, a1 and as in closed form. We
propose to use the slice cum Gibbs sampling procedure to generate samples from the conditional
posterior distribution. The full logarithm of the conditional posterior distributions of g, a1, as

are given by,

In(m(ovg | o1, a2, i1, pi2, 01, 02, 21, 2)) = L1, p2, 01, 02, g, o1, ) — In(L'(ko)) — ko In(6p)

+ (ko —1)Inag — )
0o

In(7(oq | a0, ag, p1, p2, 01, 02, 21, 02)) = L(p1, pi2, 01, 02, g, a1, ) — In(I' (k1)) — k1 In(601)

+ (k1 —1)Ina; — -
th

In(m(az [ ao, a1, p1, p2, 01, 02,21, 22)) = L(p1, p2, 01, 02, g, a1, az) — In(I'(k2)) — k2 In(62)
a2

+ (k‘Q — 1)111042 . TE

02

We already know that the log-likelihood function is discontinuous with respect to location and
scale parameters. So, we use marginal log-likelihood function to formulate log-posterior. Hence

the full logarithm of the conditional posterior distributions of u1, e, o1, and oo are given by,

In(7(p1 | o, 1, 2, pi2, 01,092, 21,22)) = nln(ag + a1) —nln(oy) — (g + a3 + 1)
n
> (1 + (215 — )/o1) — lﬂ(‘b(min{xu};uiv o)V 27?0/1)
i=1
(m1 — py)?

(0)?

Statistical Inferences on Different Types of Bivariate Pareto Distributions Ph.D. Thesis

- 0.5

TH-1999_156123014



CHAPTER 6 100

In(7(p2 | a0, 1, 2, pi1, 01,02, 1, 72)) = nln(ag + az) —nin(oz) — (ap +az + 1)

> otn(1+ (wa — p2)/02) — In(@(min{aa}; i, o73) V270
=1
(ma — py)?

- 0.5 - ,
(‘72)2

ln(’]T(O'l | 04070617062:/117#2,02,xla@)) il nln(ao + 041) s nln(al) - (Oé() +oa+ 1)

M:

(L+ (15 — p1)/01) = In(T'(c1)) — c11n(dy)
=1
=+ (01 = 1)1110’1 — (C%

and

In(7 (o2 | a0, a1, 2, 11, 2,01, 71, 72)) = nln(ag + az) — nln(oz) — (ap + az + 1)

M:

(1+ (w2 — p2)/02) — In(I'(c2)) — c2In(da)
=1
+ (62 = 1) Inoy — Z—z

6.5 Constructing Credible Intervals

We have found the credible intervals for parameters as described by Chen and Shao [11] in 1990.
Let assume §={61,0s,--- ,0,} is a vector. To obtain the credible intervals of the first variable 6, we
order {61;}, as 0y(1) < 012y < -+ < Oy(ar)- Therefore 100(1 - v)% credible interval for 6; becomes
(01(j*), O (j*+|Mm(1—y)])), Where j* is such that

01+ M=) — O1G5%) < O+ ma—)) — b10)

forall j =1,2,--- ;M —|M(1—+~)|, where [z] is the greatest integer not greater than x. Similarly,
we can obtain the credible interval for the other co-ordinates of 6. In this context, the parameter
vector are 6§ = (ag, a1, a2) and 0 = (u1, pe, 01, 02, A, a1, ag) for three and seven parameters cases
respectively.

We have scope to construct such intervals when the full posterior is not known and intractable.
We use an R package ‘coda’[45] to obtain the credible intervals described above. Note that we
construct the credible interval from empirical cdf of the sample of the parameters. We assume that
the posterior distribution of the parameters are unimodal. In this case the credible interval and
the highest posterior density (HPD) interval are same, as we calculate the interval using samples

of the parameter.
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6.6 Empirical Bayesian Inference

In empirical Bayesian inference [5], we sample from the posterior distribution of the parameter
with a hyper-parameter set to its maximum likelihood estimate. Let us consider z as a sample
generated from a population with pdf fg z(z), given 6 and A, where (6,\) € © x A. We treat A as
hyper-parameter and we denote 7(f|\) as a prior distribution for 6. So the posterior distribution

of 6 given z and A is,

_ Joa@)7(0]))
m(zlA)

where 7(z|X) = [, fo(x)7(0|A)df is a marginal distribution of z given .

w(0|z, \) (6.6.1)

The idea is to propose an estimate for A based on the sample or data x. This estimate is just

a maximum likelihood estimate A of given the data x,
A = Argmax w(\z). (6.6.2)

Then we generate 0 from m(6|z, A).

Note that in our case, likelihood function does not depend on hyper-parameter and we con-
sider that H(0,\) = V m(0|\). Now the empirical Bayesian algorithm based on the stochastic
approximation (SA) algorithm and RMSprop [50] is given by,

Algorithm 6.1 Empirical Bayesian Algorithm
Initially, we start with 8y € ©, \g € A and H (0, \)g, given (6, \¢),
1: Generate ;41 from posterior distribution of the parameters using Slice cum Gibbs sampling
procedure with A;.
2: Calculate weighted average of the square of gradient E[H?(6, \)]; at time step ¢ which depends
on the previous average and the square of the current gradient :

E[H?(0,\)]: = 0.9E[H?(0,\)]t—1 + 0.1H? (0541, \t).

and

_ 0.001
3: >\t+1 = )\t + \/E[Hz(G,)\)thlO*s H(9t+17 )\t)

6.7 Numerical Analysis

The numerical results are obtained by using the programming software R 3.2.3. The codes are run
at IIT Guwahati computers with model : Intel(R) Core(TM) i5-6200U CPU 2.30GHz. The codes
will be available to the authors on request.

In the slice cum Gibbs sampling technique, we take burn in period as 500 and width of the slice
as w = 1. It is observed that this technique works even for different width of slice namely, 0.5,
2, 5 etc. The Bayes estimates are calculated based on 2000 samples after the burn in period. We

conduct the experiment based on two different sample sizes namely, n = 450, 1000. Average Bayes
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estimate (ABE), Mean squared error (MSE), Credible interval (CI), and Coverage Probability (CP)
of the credible interval are calculated based on 200 different samples drawn from the original set
of parameters. Note that all of the numerical results are based on the particular initial choice
of the hyper-parameters. However, we observe that it also works for some other initial choice of
hyper-parameters. We use an uniform random number from the interval (0, 1) as our initial choice
for scale and shape parameters. For location parameters we also use a positive uniform random
number as our initial choice which satisfies the condition u; < xz;, ¢ = 1,2. It is observed that some

other initial choice also worked.

Three Parameter MOBVPA: For the empirical Bayes inference, we use the following initial
choice of hyper parameters : kg =2, 0yp =3, k1 =4, 60 =3, ko = 3 and 03 = 2. We observe that
it works for some other moderately small initial choice of hyper-parameters. However, the results
can be obtained without implementing the empirical Bayes algorithm in case of three parameter
MOBVPA distribution.

Here we take two different sets of parameters for the inference and observed the ABE, MSE,
CI, and CP of credible interval, which are shown in Table-6.1, Table-6.2, Table-6.3 and Table-6.4
respectively. We observe that the slice-cum Gibbs sampler works for a sample size greater than
200 for three parameter MOBVPA distribution. Required sample size becomes more when original

sample is drawn from higher values of the parameters.

Slice-cum-Gibbs
Gamma Prior

Parameter Sets Qg a1 Q9
Starting Value 0.4794 0.8654 0.7781
Average Bayesian Estimates 0.1014 0.2037 0.4037
Mean Squared Error 0.0001 0.0002 0.0005
Credible Interval [0.0589 0.0938] [0.1718 0.2176] [0.3166 0.3886]
Coverage Probabilities 0.925 0.97 0.945

Table 6.1: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of three parameter MOBVPA with parameters
ag = 0.1, a1 = 0.2, ag = 0.4 and sample size n = 450
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets Qg a1 a9
Starting Value 0.4794 0.8654 0.7781
Average Bayesian Estimates 0.1003 0.2015 0.4012
Mean Squared Error 5.32¢79° 8.94¢ 9% 0.0002
Credible Interval [0.0674 0.0914] [0.1761 0.2090] [0.3504 0.4008]
Coverage Probabilities 0.95 0.94 0.93

Table 6.2: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of three parameter MOBVPA with parameters
ag = 0.1, a1 = 0.2, ag = 0.4 and sample size n = 1000

Slice-cum-Gibbs

Gamma Prior

Parameter Sets Qg aq 1e%)
Starting Value 0.4794 0.8654 0.7781
Average Bayesian Estimates 4.0001 5.0589 9.9573
Mean Squared Error 0.1012 0.1565 0.2763
Credible Interval [2.7511 3.9288] [3.8364 5.1071] [7.4483 9.4306]
Coverage Probabilities 0.96 0.925 0.975

Table 6.3: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of three parameter MOBVPA with parameters
ag =4, a1 =5, as = 10 and sample size n = 450

Slice-cum-Gibbs
Gamma Prior

Parameter Sets Qg a1 Q9
Starting Value 0.4794 0.8654 0.7781
Average Bayesian Estimates 4.0054 5.0589 9.9536
Mean Squared Error 0.0515 0.0656 0.1531
Credible Interval [3.1042 3.9184] [4.3447 5.2663]  [8.1594 9.4974]
Coverage Probabilities 0.95 0.97 0.95

Table 6.4: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of three parameter MOBVPA with parameters
apg = 4, ap = 5, as = 10 and sample size n = 1000

Seven Parameter MOBVPA: The empirical Bayes implementation is necessary for the seven
parameter MOBVPA distribution, as one particular choice of hyper-parameter may often fail to
provide the Bayes estimates for the different samples. However, the empirical Bayes may work for
any generated samples for some specific set of choices. One such choice is : ,ull = 0.15, 0/1 =2, ,ulz =
020, 0y =2, ¢c; =3, di =2, ¢ =3, do =2, ko = 0.10, 6y = 0.25, k1 = 0.10, 6; = 0.25, ko =
0.10, 62 = 0.25. One of the pitfall of the procedure is such choices are made by trial and error
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method. However, all our computation and simulation works very well with this choice. There are
multiple such choices are available.

We take two different set of parameters and calculate ABE, MSE, CI, and CP of credible
interval, which are available in Table-6.5, Table-6.6, Table-6.7, Table-6.8, Table-6.9, Table-6.10,
Table-6.11 and Table-6.12 respectively. It is observed that the cardinality of Iy, I1 and I3 do not
reflect the actual value of ng, n1 and ny respectively, while calculating the value of the likelihood
function due to location and scale transformation. We replace ng, n1 and ns, the cardinality of

cells Iy, I; and I by 7y, n; and 1y where n; = (ng + n1 + ng) for : = 0,1,2 is an

o
(ao+a1+a2)

approximation made by taking the expectation of the multinomial distribution of cell cardinalities.

This approximation can be obtained by using the distribution of unknown random cardinalities as

the multinomial distribution with the parameters (ng + ny + ng) and m fori=20,1,2.
Slice-cum-Gibbs

Gamma, Prior

Parameter Sets 41 14 o1 09
Starting Value 0.1438 0.3462 0.7781 0.5386
Average Bayesian Estimates 0.3001 0.4000 0.4986 0.5733
Mean Squared Error N 2.19¢07 0.0163 0.0242
Credible Interval [0.2990 0.3001] [0.3995 0.4006] [0.2193 0.5072] [0.2389 0.5911]
Coverage Probabilities 0.925 0.94 0.835 0.82

Table 6.5: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
p1 = 0.30, pug = 0.40, o1 = 0.60, o9 = 0.70, a9 = 1.7, a3 = 1.2, ap = 1.4 and sample size n = 450

Slice-cum-Gibbs
Gamma Prior

Parameter Sets ap a1 [e%)
Starting Value 0.4417 0.6138 0.45491
Average Bayesian Estimates 1.4156 1.0516 1.1853
Mean Squared Error 0.1076 0.0635 0.0924
Credible Interval [0.8048 1.5705] [0.3806 1.1071] [0.4522 1.2110]
Coverage Probabilities 0.835 0.92 0.895

Table 6.6: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 = 0.30, uz = 0.40, 01 = 0.60, o2 = 0.70, g = 1.7, a1 = 1.2, ap = 1.4 and sample size n = 450
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets 1 1) o1 o9
Starting Value 0.1438 0.3462 0.7781 0.5386
Average Bayesian Estimates 0.3000 0.4000 0.5373 0.6070
Mean Squared Error 3.65e708 5.49¢708 0.0084 0.0150
Credible Interval [0.2997 0.3002] [0.3996 0.4001] [0.3429 0.6113] [0.3784 0.6733]
Coverage Probabilities 0.96 0.955 0.87 0.85

Table 6.7: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 = 0.30, uz = 0.40, 01 = 0.60, 02 = 0.70, g = 1.7, a3 = 1.2, ap = 1.4 and sample size n = 1000

Slice-cum-Gibbs

Gamma Prior

Parameter Sets Qg a1 a9
Starting Value 0.4417 0.6138 0.45491
Average Bayesian Estimates 1.4662 1.1806 1.2818
Mean Squared Error 0.0700 0.0427 0.0568
Credible Interval [0.9673 1.6838] [0.5975 1.2945] [0.6437 1.3543]
Coverage Probabilities 0.89 0.945 0.95

Table 6.8: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 = 0.30, pe = 0.40, 01 = 0.60, o9 = 0.70, ag = 1.7, 1 = 1.2, ag = 1.4 and sample size n = 1000

Slice-cum-Gibbs

Gamma Prior

Parameter Sets 41 14 o1 09
Starting Value 0.4794 1.7308 0.7781 0.5386
Average Bayesian Estimates 0.9999 2.0000 0.3986 0.4960
Mean Squared Error 2.80e 97 5.80e07 0.0047 0.0063
Credible Interval [0.9991 1.0006] [1.9982 2.0001] [0.2066 0.3824] [0.2375 0.4728]
Coverage Probabilities 0.96 0.955 0.92 0.935

Table 6.9: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 =1, us =2, o1 = 0.40, 09 = 0.50, ag = 0.80, a3 = 0.70, ag = 0.65 and sample size n = 450
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets Qg a1 a9
Starting Value 0.4417 0.6138 0.45491
Average Bayesian Estimates 0.7466 0.7206 0.6718
Mean Squared Error 0.0088 0.0176 0.0157
Credible Interval [0.5518 0.8145] [0.3588 0.7285] [0.2749 0.6917]
Coverage Probabilities 0.885 0.98 0.96

Table 6.10: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 =1, us =2, 01 = 0.40, o9 = 0.50, ap = 0.80, a; = 0.70, g = 0.65 and sample size n = 450

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 41 14 o1 09
Starting Value 0.4794 1.7308 0.7781 0.5386
Average Bayesian Estimates 1.0000 2.0000 0.4018 0.5023
Mean Squared Error 6049¢ %8 1.01e7°7 0.0020 0. 0038
Credible Interval [0.9999 1.0006] [1.9994 2.0002] [0.2350 0.4492] [0.3096 0.5370]
Coverage Probabilities 0.95 0.97 0.925 0.95

Table 6.11: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 =1, us =2, 01 = 0.40, g9 = 0.50, ap = 0.80, a; = 0.70, g = 0.65 and sample size n = 1000

Slice-cum-Gibbs
Gamma Prior

Parameter Sets Qg a1 Qa9
Starting Value 0.4417 0.6138 0.45491
Average Bayesian Estimates 0.7595 0.7329 0.6861
Mean Squared Error 0.0051 0.0095 0.0102
Credible Interval [0.5965 0.8339] [0.3662 0.7390] [0.3419 0.6814]
Coverage Probabilities 0.92 0.965 0.955

Table 6.12: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA with parameters
w1 =1, uo =2, o1 = 0.40, 09 = 0.50, cg = 0.80, a3 = 0.70, ag = 0.65 and sample size n = 1000

6.8 Data Analysis

We analyze one real life data set from the R package ‘evd’[16]. This data set contains the indemnity
payments (Loss) and allocated loss adjustment expense (ALAE) relating to 1500 general liability
claims from insurance companies. Paul anad Dey [40] also used this data set to model MOBVPA

distribution through the EM algorithm. From [15], we know that peak over threshold method
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on random variable U (say) provides generalized Pareto distribution (GPD) for any x with 1 +
log(G(xg)) € (0,1) i.e. P(U > txo|U > x9) =t~, t> 1, where G is an univariate Extreme value
distribution (EVD) function. We choose an appropriate ¢ and zy on the marginals of the bivariate
data, so that the data should behave more like Pareto distribution. After needful transformation

the size of data becomes n = 468.

Three Parameter MOBVPA: The estimated parameters of the above data set through the EM
algorithm ([40]) for MOBVPA distribution are p; = 1.000, pg = 0.4000, o1 = 2.5594, o9 = 0.7176,
ag = 0.7557, an = 0.8162, ay = 0.9792. Since, the direct real life data which will follow this
three parameter MOBVPA distribution is not available, we modify the data with location and
scale transformation. This transformation will affect cardinalities of Iy, I; and I5 and consequently
the value of the likelihood function of MOBVPA distribution. Therefore, we modify the algorithm
by making a suitable approximation of the number of observations in each of Iy, I; and I, while
calculating the value of the likelihood function. Here, we replace ng, ni and ns, the cardinality
of cells Iy, I) and I by ng, 77 and 1y, where n; = (ng + n1 + ng)m for s = 0,1,2. The
Bayesian estimates are calculated and provided in Table-6.13 and simulated data analysis results

are available in Table-6.14, where sample size is n = 468.

Slice-cum-Gibbs

Gamma Prior

Parameter Sets g aq a9
Starting Value 0.4794 0.8654 0.7781
Bayesian Estimates 0.7296 0.8630 1.0189

Table 6.13: Bayesian Estimates (BE) of the parameters of three parameter MOBVPA based on
data

Slice-cum-Gibbs

Gamma Prior

Parameter Sets o a1 a9
Starting Value 0.4794 0.8654 0.7781
Average Bayesian Estimates 0.7355 0.8763 1.0325
Mean Squared Error 0.0027 0.0041 0.0044
Credible Interval [0.4914 0.6639] [0.5789 0.7827] [0.7606 0.9670]
Coverage Probabilities 0.95 0.95 0.945

Table 6.14: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals
(CI) and Coverage Probabilities (CP) of the parameters of three parameter MOBVPA based on
Simulated data with parameters ag = 0.7296, a1 = 0.8630, aiy = 1.0189 and sample size n = 468

Seven Parameter MOBVPA: It is observed that this data fits to seven parameter MOBVPA

distribution. In Figure-6.1, we verify the distributional assumption by plotting the marginal em-
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pirical survival functions with the marginals of the distribution using these Bayes estimates of
the parameters. Two dimensional empirical density plot in Figure-6.2 also shows that this seven
parameter MOBVPA distribution can be an alternative model for the transformed data set. The
Bayes estimates are shown in Table-6.15, whereas Table-6.16 and Table-6.17 show the ABE, MSE,
CI and CP of the credible interval of this data based on simulated data of size n = 468.

Empirical Marginal Survival Plot Empirical Marginal Survival Plot

Survival Function
Survival Function

(a) For X (b) For X,

Figure 6.1: Survival plots for two marginals of MOBVPA based on Bayesian analysis results of the
transformed dataset

Surface Plot of empirical density

AT T S S S N

Figure 6.2: Two dimensional density plots for MOBVPA of the transformed dataset
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets U1 U2 o1 o9 Qg a1 (%)
Starting Value 0.4794 0.3462 0.7781 0.5386 0.4417 0.6138 0.45491
Bayesian Estimates 0.9963 0.3990 2.9178 0.7766 0.7928993 0.8794  0.9998

Table 6.15: Bayesian Estimates (BE) of the parameters of Seven parameter MOBVPA based on
data

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 1 1) o1 o9
Starting Value 0.4794 0.3462 0.7781 0.5386
Average Bayesian Estimates 0.9961 0.3991 2.7722 0.7550
Mean Squared Error 1.25e79 9.64e97 0.2470 0.0192
Credible Interval [0.9878 0.9965] [0.3977 0.3997] [1.3532 2.6263] [0.3782 0.7202]
Coverage Probabilities 0.96 0.94 0.88 0.86

Table 6.16: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals
(CI) and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA based on
Simulated data with parameters pu; = 0.9963, ps = 0.3990, o1 = 2.9178, g9 = 0.7766, g = 0.7929,
ap = 0.8794, as = 0.9998 and sample size n = 468

Slice-cum-Gibbs
Gamma Prior

Parameter Sets o a1 o)
Starting Value 0.4417 0.6138 0.45491
Average Bayesian Estimates 0.7270 0.8548 0.9993
Mean Squared Error 0.0120 0.0258 0.0304
Credible Interval [0.4942 0.7937] [0.3818 0.8988] [0.6133 1.0853]
Coverage Probabilities 0.90 0.965 0.97

Table 6.17: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals
(CI) and Coverage Probabilities (CP) of the parameters of seven parameter MOBVPA based on
simulated data with parameters pu; = 0.9963, pe = 0.3990, o1 = 2.9178, o9 = 0.7766, a9 = 0.7929,
ap = 0.8794, as = 0.9998 and sample size n = 468

6.9 Conclusion

We implement the empirical Bayes estimate in Bayesian analysis of the parameters of singular
Marshall-Olkin bivariate Pareto distribution through slice cum Gibbs sampler technique. We ob-
serve for any particular choice of starting value of hyper-parameter, the algorithm works for any
data set. We also construct credible intervals based on the generated samples and find the corre-

sponding coverage probabilities. We observe that the results related to the coverage probabilities
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for location parameters are quite satisfactory, which was a matter for great concern in frequentist
set up. Based on MOBVPA distribution, we can formulate the Geometric MOBVPA distribution.
Due to the presence of extra parameter, it is more flexible in practical application. We study the

distribution in the next chapter.
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Parameter Estimation of four

parameters (Geometrics
Marshall-Olkin bivariate Pareto
Distribution

7.1 Introduction

In this chapter, we study the EM algorithm and the Bayesian analysis of the four parameters
Geometric Marshall-Olkin bivariate Pareto distribution (G-MOBVPA). Due to the presence of one
extra parameter, this Geometric MOBVPA distribution is more flexible for the bivariate data,
whose some of the components are equal and marginals are heavy-tail in nature. This distribution
can be used to model the data related to finance, insurance, environmental sciences and internet
network. In reliability, it can be used to model a series of the systems, which have two systems say
1 and 2, each having N number of independent and identical components attached in the series.
Here N is a random variable. If X, X5,--- denotes the lifetime of the components of system 1,
and Y7, Ys, - - denotes the lifetime of the components of the system 2, then the lifetime of the two
systems becomes (X, Y), where X = min{Xy, Xo,--- , Xy} and Y = min{Y7, Y5, .-, Yy }. Similar
situation may arise in a two component competing risk model. In Insurance, such situation may
arise when the number of insurance claims is random and two types of losses are attached to each
claim.

The maximum likelihood estimates may be computationally expensive in this case too, as it
requires to solve a system of four non-linear equations. Newton-Raphson or Gauss-Newton type
iterative procedure is needed to solve this system of equations. Moreover, the choice of initial guesses
and the convergence of the iterative algorithm are important issues. To resolve these issues, we
treat the problem as the missing value problem and construct an EM algorithm. We also use the

Bayesian approach through the slice cum Gibbs sampler. Usual step-out procedure works quite
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well and easy to implement. Since, it is a very flexible model and easy to implement, it gives the
practitioner a choice of an alternative bivariate Pareto model, which may provide a better fit than
the existing Marshall-Olkin bivariate Pareto distribution.

The idea came from [20] and [6], where the authors introduced the bivariate exponential ge-
ometric and bivariate gamma geometric distributions respectively, along the same line. A series
of papers can also be found on the statistical inferences on different distributions in the work of
Kundu et al. [[22], [31] and [25]]. However, there is no paper available on statistical inference on
the Geometric Marshall-Olkin bivariate Pareto distribution. A few recent paper of Asimit et al [[3],
[4], [2]] and [40] discussed the statistical inference of the singular bivariate Pareto with location
scale parameter and its applications. However, this chapter is mainly dedicated to the four pa-
rameters bivariate Pareto distribution without location and scale parameters. We also explore the
Bayesian analysis under the informative prior. Both frequentist and Bayesian confidence intervals
are provided with an illustrative real-life data example. This work also provides a research opening
of much more flexible model with location and scale.

Te rest of this chapter is arranged as follows. In section-7.2, we show the formulation of
the geometric Marshall-Olkin bivariate Pareto distribution. Section-7.3 discusses the maximum
likelihood estimation through the EM algorithm. The Bayesian analysis is discussed in Section-
7.4. Numerical results are shown in Section-7.5. Data analysis is shown for all the methods in

section-7.6. Finally, we conclude this chapter in Section-7.7.

7.2 Formulation of Geometric Marshall-Olkin bivariate Pareto Dis-
tribution

7.2.1 Type 1I Univariate Pareto distribution

A random variable X is said to be distributed according to the Pareto distribution type I1, i.e.,
X ~ PA(II)(p, 0, ) if it has the survival function

Sx(z) = P(X > z) = <1+x_’“‘>a

g

and the probability density function

f(x):j<1+$;”>_a_l

withxz >p€eR, 0 >0 and a > 0.

Let us consider {X,, : n = 1,2,---} is a sequence of iid non-negative random variables with
a common cdf F(-) and N is a Geometric random variable with the parameter 0 < 6 < 1, i.e.,
N ~ GM(#). Also N is independent with X,,’s. Now the mass function for N is,
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P(N=n)=01-0""1 n=12,-- (7.2.1)

Let us defined a new random variable Y = min{X,, : n = 1,2,--- ,N}. Then the survival

function of Y is given by,
Gly) =P =y)

ip (Y > y|N = n)P(N =n)

:i y)"o(1 — )"

__ OF(Q)
T -0 T2

where F(-) is the survival function of X;, i = 1,2,--- N. So the corresponding probability density
function (pdf) of Y becomes,

_ 0f(y)
W) = T Fm)

where f(-) is the pdf of X;, i =1,2,---. So the pdf of the univariate Pareto Geometric distribution

with location parameter 0 and scale parameter 1, takes the following form,

Bl + )1
{1-(1-0)1+y)°}?

We will denote it UPG(11)(6,0,1,a) or simply we denote UPG(II)(0, ).

9(y;0,a) =

(7.2.3)

7.2.2 Marshall Olkin Bivariate Pareto distribution

A bivariate random variable (X7, X2) is said to be distributed according to the Marshall-Olkin
bivariate Pareto distribution i.e., (X1, X2) ~ MOBV PA(«, a1, ag) if it has the cumulative survival

function
_ —a1 —a
S(x1,me) = (14 2)7° (l—i—ml) (1—1—:5‘2)
Sl(xl,xg), if xr1 <x9
= SQ (1'1, 1'2), if r1 >
So(z), ifxy =mze=u,
where
—ap—a —a1
Si(x1,z9) = (1 + £C2> (1 + 961)
Statistical Inferences on Different Types of Bivariate Pareto Distributions Ph.D. Thesis

TH-1999_156123014



CHAPTER 7 114

—Qp—o1

Sa(x1,22) = (1 + :C2>_a2 (1 + 961)
So(z) = (14 )"0 47,

So its joint pdf can be written as

fl(.%'l,.fg), if T <T9
flxz1,22) = fa(z1,22), if 21 >0

folz), ifzy =x9 =ux,

where

—ap—az—1 —a1—1
fl(ml,l’g) = 041((10+Oé2>(1+$2> (1 +:L’1>

—apg—a1—1

f2($17l’2) = 052(@0 + 041) <1 + x2>—a2—1 (1 " x1>
Folz) = ap(1 +a)-0-aeat

7.2.3 Geometric bivariate Pareto distribution

We follow the similar procedure of univariate geometric distribution to construct the Geometric
bivariate Pareto distribution. Suppose {(X1i, X2;) : @ = 1,2,---} is a sequence of iid bivariate
random variables with same cdf F(-,-) and pdf f(-,-). N is an univariate discrete Geometric
random variable with 0 < # < 1 and independent with (X;y, Xon). We define (Y1,Y2), another

bivariate random variable as,

Y1 = min{X11, X12,--- , Xin}
Y = min{Xo1, Xoo,--- , Xon}.

Now the joint cumulative survival function can be obtained as,

~ es(yla y?)

G(y1,ys) = : 7.2.4
S S S (724
So its joint density function can be presented as,
2
0{1 — (1 —0)S(y1, yQ)}M +20(1 — §) 25 w2) 95(yLys)
9(y1,y2) = Oun0uz %1 % (7.2.5)

{1-(1-0)S(y1,12)}*
If we use the survival function of MOBVPA distribution for distribution of {(X7, X2)}, then the
joint distribution of (Y7, Y2) is called the Geometric Marshall-Olkin bivariate Pareto (G-MOBVPA)

distribution. Therefore, the joint survival function of (Y7, Y2) can be written as,

Gi(y1,y2), ify1 <yo

G(y1,92) = { Ga(y1,2), ify1 >y
Go(y), ify1=1w2=y,
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where

_ O(14+11) ' (14y2) *0 ™
Gi(y1,y2) = 2+ u) (,alyQ) E——
L= (1=0)(1+y) " (1+m)
_ O(1+y1) (1 +y) ™
G2(y17 y?) = ( yl) —Cgo—alyQ) —ag”’
1—(1-0)0(1+y1) (1+12)
_ A(1 + ¢y) ¥~ x1—a2
Goly) U4y)

T - (=B (1) omarar
Hence the joint pdf is,

g1(y1,y2), ifyr <yo
9(y1,v2) = § 92(y1,y2), ify1 >vo (7.2.6)
go0(y), ifyr=1y2=y,

where

o (o + ag) (1 + yl)_al_l(l + y2)_a0_a2_1{1 +(1-6)S1(y1,y2)}
o102{1 — (1 = 0)S1(y1,92)}3
g (y ! ) . 9(0[0 + al)az(l 4F yl)—ao—al—l (1 i yz)_a2_1{1 + (1 - G)Sg(yl,yg)}
i 1= 1 =0S: ()P

| Bag(1+ gyt
BRI e el

We denote this distribution as G— MOBV PA(0, ap, a1, az). Rest of the chapter, We will call it
four parameters G-MOBVPA distribution. Surface and contour plots of the pdf of this distribution

91(y17y2) -

9o0(y)

are shown in Figure-7.1 and Figure-7.2. The following two different sets of parameters provide two

figures. &1 : 0 = 0.20, 9 = 0.10, a1 = 0.20, 90 = 0.40; & : 0 = 0.80, a0 = 4, 1 = 5, o = 10;

Probability Density Plot and Contour Plot

Figure 7.1: Probability density plot and Contour Plot of three parameter G-MOBVPA for the
parameter values 8 = 0.20, ag = 0.10, vy = 0.20 and o = 0.40
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Probability Density Plot and Contour Plot

Figure 7.2: Probability density plot and Contour Plot of three parameter G-MOBVPA for the
parameter values 6 = 0.80, ag = 4, a1 =5 and as = 10

It is clear that the bivariate random variable (Y7,Y2) given N = n follow the three param-
eters MOBVPA distribution with the parameters nag, na; and nas ie. (Y1,Y2[N = n) ~
MOBV PA(nag, nag, nag). Now the joint survival function of (Y1, Y2) ~ G—-MOBV PA(0, ag, a1, a2)
and N ~ GM(0) is given as follows,

P(Y1 > y1,Y2 > Yo, N = n) = P(Yl > Y1, Yo > y2|N = n)P(N = n) (727)
O(1 — )" L(1 4 yy) " (1 4 yo)~™(@0F02) if 4y <y
=< 0(1 — )" 11 4 yy) @0t (1 4 gp) "2 if gy Sy (7.2.8)
(1 = )1 (1 +y)mlotorte) if gy = gy =y

So the joint pdf of (Y7,Ys, N) is

O(1 — 0)" n2a;(ap + az) (1 +yp) =11 + yg)*"(o‘ﬁo‘?)*1 if y1 <yo
9vive,N (Y1, y2) = < 0(1 — 0)" " 'n?(ag 4 ag)ag(1 + yp ) ~M@0ra) =11 4 go)mee—lif gy >y
(1 — 6" tnaag(1 4 y) ewrer el iy = gy —

Now we would like to find the conditional distribution of N given Y7 = y; and Y2 = yo. The

conditional mass function of NV given Y; = y; and Y2 = yo becomes,

—a)? _
(11;2 n2a™ 1 if yp <y

3 ,
gn(nlyi,y2) = (11+bb) n2b" b iy >y
(L—c)?nc™ ! if y1 = yo,

1

where

a=(1—-0)(1+y1) (1L +yg) 20
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b= (1 — 9)(1 + y1)7a07a1 (1 + yg)fo{2
c=1-0)(1+4yy) >0 72,

Then the conditional mean of N given Y1 = y1, and Y2 = yo can be written as,
2 .
% if y1 <yo

2 .
E[N|y1,ya] = ¢ HHEEL if 4y >y,

= if g =y
Note: Suppose N ~ GM(1 —¢), ie., P(N =n) = (1—-¢)(1-1T—=¢)"!, n=1,2,---. Then
E[N] = ﬁ, Var(N) = ﬁ, E[N?] = (11:0)2 and E[N?] = C?ﬁig‘;;l (using probability generating
function).

7.3 EM Estimation

In this section, we discuss the maximum likelihood estimates using the EM algorithm for unknown
parameters of the four parameters G-MOBVPA distribution. Let us consider I = {(y11,y21), (¥12, Y22),
-+, (Y1m, Y2m)} is sample of size m from the four parameters G-MOBVPA distribution. Now we

use the following notation:
Io={i:yu=vy2}, Iy = {0y <y2i} L2 = {0 y1i > y2i}

Also mg = |lo|, m1 = |I1], ma = |I2| and mg + m; + ma = m. Usual log-likelihood function of this
G-MOBVPA can be written as

L(Gv o, 01, a2)

= mln(&) +milnag +my ln(ao —+ 042) — (Oé(] + a9 + 1) Z h’l(l =+ yQi)
i€ly
— (a1 +1) Z In(1 + y15) + Z In (1 +(1=0)(1 4 yu) (1 + yzi)vaoﬂm)
S i€l
-3 Z In (1 —(1=0)(1+yu) (1 + yzi)_ao_”) + malnag + maIn(ap + a1)
i€y
—(ag+or+1)> In(1+y1) — (a2 +1) > In(1+ ) (7.3.1)
i€ls i€ls
+ Z In (1 + (1 =0)(1+yu)" " (1 + y2i)_a2)
1€y
-3 Z In (1 — (1 — 0)(1 + yli)_ao_al(l + y%)—ag) + molnag

i€l

—(ap+ a1 +ag+1) Z In(1+yy;) — 2 Z In (1 -(1-6)1+ yli)iaoialfcm). (7.3.2)

i€lp i€lg
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It is clear that MLEs of the unknown parameters cannot be found is closed form. It can be
obtained only by solving four non-linear equations simultaneously, which is computationally too
expensive. To avoid this problem, we treat this as a missing value problem and use the EM
algorithm.

Now, let us see how we can formulate this as a missing value problem. Let us assume that we

observed n and consider the following three independent random variables,
{Uo|N =n} ~ PA(LI)(0,1,nap)
{U1|N =n} ~ PA(1I)(0,1,nay)
{U2|N =n} ~ PA(1I)(0,1,naz)
Also it is well known that
{V1|N =n} = min{{Uy|N = n},{U1|N = n}}
{Y2IN = n} = min{{Uo|N = n} {Us2|N = n}}

The complete log likelihood function of the random variable (Y3, Y2, V) based on the complete
data I = {(y11,¥y21,71), (Y12, Y22, 12), -+, (Y1 Y2m, o) } 18

L*(97 ap, (1, Oég)

= (Zni—{—QZni—i—QZni)—l—mllnal + mq In(ap + ag) + maInag + maIn(ag + a1)

i€ly i€l i€l

— Z(ni(ao +ag) + 1) In(1 4+ yo;) — (njoq + 1) Z In(1 + y1;)

i€l i€l
— Z(ni(ao +a1)+1)In(1 4+ y1;) — Z(niag + 1) In(1 + y2;) + mo In v

i€l i€ls

0

- Z(ni(ao +a1+a2)+ 1) In(l +z1;) + mlm(1 — 0)

i€lp
+In(1 —9)(2 ni—i—Zni—l— an) (7.3.3)

i€l €l i€ls

Now we introduce two new random variables as missing variables for the EM algorithm (A;; Ag)

as
0 ifY; =0
Ay = U
1 if Y1 == Ul
and
0 ifYy,="U
L P
2 if Y2 = U2.
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To calculate the E-step, we need to calculate the conditional distribution of A; and As. Using
the definition of Y7, Y2, Ay and Ay we have,
> For group Iy, both A; and Ay are known,

A=Ay =0
> For group I1, A; is known, Ay is unknown,
Alzl,AQZOOI'Q

Therefore, we need to find out u3 = P(Ag = 0|11)and ug = P(Ag = 2|1;)

> For group I, As is known, A; is unknown,
A1=OOI' 1,A2:2

Moreover, we need w; = P(A; = 0[l2) and wg = P(A; = 1|15)
Since, each posterior probability corresponds to one of the ordering from Table-7.1, we calculate
u1, U2, w1, wy using the probability of appropriate ordering. We have the following expressions for

Uy, U2, W1, W2
P(Ul < U() < UQ)

"= P(UL < Uy < Ua) + P(Ur < Us < Up)
- P(U1<U2<U0)

P(U1 < Uy < U2)+P(U1 <U; < Uo)
P(U2 < Uy < Ul)

P(UQ < Uy < U1)+P(U2 <U; < UQ)
wy — P(U2 < U; < Up)

P(Uy < Uy < Uy) + P(Uz < Uy <)

uz

w1 =

Ordering (X1,X2) | Group
Uy < U < U, (Uo, Uo) Iy
Uy< U < Uy (Uo, Uo) Iy
U < U() < Uy (Ul,Uo) I
U < U2 < U() (Ul,UQ) I
Us < Uo < Uy (Uo, UQ) I
Uy < Uy < U() (Ul,UQ) I

Table 7.1: Groups and corresponding orderings of hidden random variables Uy, Uy and Us

Using this above result, we evaluate the other probabilities to get values of w1, ug, w1y, wo as :

@Q a2

— [&70]
aotaz’ "2 7 Gotaz’

aptal

aq
apg+ay”

Uy =

w1 and wy =
Now we consider the pseudo likelihood contribution of an observation from Iy, I; and Iy with
conditioning on N = n. Hence the pseudo likelihood contribution of any observation from I

becomes,
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niao(l + yli)—ni(ao+a1+a2)—1

Similarly the pseudo likelihood contributions of any observation from [I; and Is becomes,

—njo1—1

nio (1 4 yi4)

nicg(1 4 gy9;) ~(@0F2)=1 with the probability w1,

niar (14 y1) 7 Insan (1 + ygi)_"i(aoJrO‘?)_l with the probability us

and

niag(l + ygi)_”i”_lniao(l + yh_)—ni(ag—}—cxl)—l with the probability wi,

nice(1 4 y2;)

*”iarlnial(l + yli)*m(ao*al)*l with the probability wo

respectively. Here n is missing, so we replace n by E[N|y1,y2] to compute pseudo log-likelihood

function in the EM algorithm. Let us consider E[N|y1;,y2;] = a;.

The pseudo log-likelihood

function is obtained by multiplying all log-likelihood contributions by its posterior probabilities of

hidden random variables. So the pseudo log-likelihood function is,

Q = Lpseudo(ea «p, 01, 042)

= ( Z In(a;) + 2 Z In(a;) + 2 Z ln(ai)) + (mo + uimy + wime) In(ayp)

icly el i€ls

+ (my1 + wame) In(ay) + (uagmy + ma) In(ae) (Z In(1 + y1;)
i€lp

Z ln(l + yli)

1€l1Ul2

+ Z In(1+ yzi)) — a()(Z a; In(1 + y1;) + Z a; In(1 + yo;) + Z a; In(1 + yu‘))

i€l1Ulg i€lp i€l

i€l

— o < Z a; In(1 4+ y1;) + z a; In(1 4+ y1;) + Z a;In(1+ yh)) — a9 < Z a;In(1+yy;) (7.3.4)

i€y icly i€l
+ Z a; In(1 4 yo;) + Z a; In(1 + yzz)) 4 mln(1
i€l i€ls
a)
i€ls

i€lp

fa) (1 -0)(Ya+da (735

i€ly i€l

(7.3.6)

The M-step of the EM algorithm involves the maximization of the above equation 8.3.1 w.r.t.

unknown parameters 0, ag, a1, and ay. Hence the estimator of the unknown parameters at t + 1

step are,
A+ _ mo + ugt)m1 + wgt)mz (7.3.7)
Zzel a( ) In(1+y1;) + Zzeh 2 In(1 +y2) + ZZEIQ zt) In(1 + y1;)
(t)
A1) my + Wy My
o= 0 Q 2 (7.3.8)
it @ (L4 y1i) + Xy, a0 In(l + i) + 3 iep, 0 In(1 + )
()
G - ie: 43“2 m ~ (7.3.9)
Doiery @ (1 +y1) + D g, ai In(1+y2i) + > icp, @ In(1 +y2)
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and

e+ = m (7.3.10)
t t t
Eiefo az( ) + Zieh ag ) + Zieb az( )

7.4 Bayesian Estimation

In this section, we compute the average Bayesian estimates (ABE) of the unknown parameters
and also the associated mean squared error (MSE), credible intervals (CI) and coverage probability
(CP) of CIs based on the proper priors with fixed hyper-parameters. Mainly, we use the slice cum

Gibbs sampling technique for sampling from the posterior distribution.

7.4.1 Prior Assumption

We assume that ag, a1 and ao are distributed according to the gamma distribution with shape

parameters k; and scale parameters 6;, where ¢ = 0,1, 2, i.e.,

Qg ~ F(k‘o, 90) = Gamma(ko, 00),
aq ~ F(kl, 91) = Gamma(kl, 91),
ag ~ I'(ka,63) = Gamma(kz, 65). (7.4.1)

The probability density function of the Gamma distribution is given by,

8

1
1k, 0) = o
fl—‘(l‘a 3 ) F(k)@kx € 3

where I'(k) is the gamma function evaluated at k.
Further, we assume that the geometric parameter 6 is distributed according to Beta distribution

first kind with the parameters a and b, i.e.,

1
p(a,b)

m(8) = (1 -0t seo,1] (7.4.2)

7.4.2 Posterior Distribution

We know the Bayes estimate of an unknown parameter under the squared error loss function is the
posterior mean of the corresponding parameter. But in this case, it is not easy to calculate the
Bayes estimate of the unknown model parameters 6, ag, o1 and a9 in closed form. We propose
to use the slice cum Gibbs sampling procedure to generate samples from the conditional posterior
distribution. The full logarithm of the conditional posterior distributions of 0, ag, a1 and as are

given as follows,

In(7(0 | ag, v1, 2, 1)) = L(0, g, a1, 2) — In(B(a, b)) + (a — 1) In 0
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+(b—1)In(1 - 0),

In(m(ag | 0,1, 9,1)) = L(0, ap, 1, 2) — In(T (ko)) — ko In(6p)
+ (ko —1)Inag — @,
to

In(m(ay | 0,0, 2,1)) = L(0, ap, a1, 2) — In(T'(k1)) — k1 In(61)

+ (k1 —1)Ina; — att
21
and
In(m(az | 0,0, a1,1)) = L(0, ap, a1, a2) — In(T'(k2)) — ko In(62)
+ (k2 —1)Inag — 2
B2
respectively.

7.5 Numerical Analysis

We use the software R 3.5.0 to calculate all the estimates. The codes are run at II'T Guwahati
computers with model : Intel(R) Core(TM) i5-6200U CPU 2.30GHz. The codes will be available
on request to the authors. Here, we take two different sets of parameters with two different sample

size as n = 450 and n = 1000 in both of the estimation technique.

7.5.1 EM estimates

For the EM estimate, we calculate average estimates (AE), mean square error (MSE) and 95%
parametric bootstrap confidence interval (CI) for the parameters based on 1000 replications. We
also observe the average number of iterations for each of the cases. We use different initial choice of
the parameters and it is observed that all results are near about same with other initial choices. We
have used the stopping criterion as the relative difference of log-likelihood and pseudo log-likelihood
of each of the iteration with stopping tolerance limit as 0.00001. All the EM algorithm results are
shown in Table-7.2, Table-7.3, Table-7.4 and Table-7.5 respectively.
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EM Algorithm

Parameter Sets 0 Qg o3 a9
Average Estimates 0.2061 0.1030 0.2056 0.4106
Mean Squared Error 0.0010 0.0003 0.0008 0.0031
Confidence Interval [0.1512 0.2751] [0.0725 0.1394] [0.1552 0.2653] [0.3084 0.5292]
Average Number of Iteration 309

Table 7.2: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter Geometric MOBVPA with parameters § = 0.20, g = 0.1, a1 = 0.2, as = 0.4 and
sample size n = 450

EM Algorithm

Parameter Sets 0 ™) o a9
Average Estimates 0.2030 0.1017 0.2027 0.4064
Mean Squared Error 0.0004 0.0001 0.0004 0.0013
Confidence Interval [0.1657 0.2463] [0.0822 0.1245] [0.1670 0.2421] [0.3417 0.4813]
Average Number of Iteration 320

Table 7.3: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter Geometric MOBVPA with parameters 6 = 0.20, ag = 0.1, @1 = 0.2, as = 0.4 and
sample size n = 1000

EM Algorithm

Parameter Sets 0 ag a1 a9
Average Estimates 0.7892 3.9544 4.9544 9.9321
Mean Squared Error 0.0103 0.1960 0.2616 0.8451
Confidence Interval [0.6415 0.9792] [3.1198 4.8381] [4.0186 6.0154] [8.2129 11.7032]
Average Number of Iteration 163

Table 7.4: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter Geometric MOBVPA with parameters 8 = 0.80, ag = 4, a7 = 5, ag = 10 and
sample size n = 450

EM Algorithm

Parameter Sets 0 g a1 a9
Average Estimates 0.7788 3.9348 4.9157 9.8307
Mean Squared Error 0.0073 0.1137 0.1648 0.5389
Confidence Interval [0.6459, 0.9154] [3.2995, 4.5493]  [4.1326, 5.6472] [8.3958, 11.0804]
Average Number of Iteration 139

Table 7.5: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter Geometric MOBVPA with parameters 6 = 0.80, ag = 4, a3 = 5, as = 10 and
sample size n = 1000
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7.5.2 For Bayesian Estimation:

Here, we use different sets of parameters to show the performance of the proposed method. We
calculate average Bayesian estimates (ABE), mean square errors (MSE), credible intervals (CI) and
coverage probabilities (CP) of the parameters. Coverage probability increases near equal to the
theoretical confidence level as sample size increases. All the Bayesian results are shown in Table-7.6,
Table-7.7, Table-7.8 and Table-7.9 respectively. The convergence of the results does not depend on

the choice of hyper-parameters and the initial choice of the starting value.

Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 o™ a1 9
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.2099 0.1052 0.2062 0.4168
Mean Squared Error 0.0011 0.0004 0.0008 0.0035
Credible Interval [0.0992 0.1815] [0.0449 0.0900] [0.0840 0.1612] [0.2134 0.3807]
Coverage Probabilities 0.94 0.95 0.95 0.96

Table 7.6: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter Geometric MOBVPA with
parameters 8 = 0.20, ag = 0.10, a3 = 0.20, ag = 0.40 and sample size n = 450

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 0 o™ a1 a9
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.2040 0.1022 0.2038 0.4080
Mean Squared Error 0.0004 0.0001 0.0004 0.0011
Credible Interval [0.1454 0.2089] [0.0629 0.0978] [0.1290 0.1898] [0.2626 0.3766]
Coverage Probabilities 0.96 0.95 0.96 0.95

Table 7.7: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter Geometric MOBVPA with
parameters 6 = 0.20, ag = 0.10, o1 = 0.20, o = 0.40 and sample size n = 1000
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 ag o as
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.7220 3.6768 4.6113 9.1104
Mean Squared Error 0.0108 0.2436 0.3201 1.2677
Credible Interval [0.8380 0.9999] [2.3196 3.5563] [2.6072 4.0985] [6.2088 8.6390]
Coverage Probabilities 0.85 0.92 0.94 0.87

Table 7.8: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter Geometric MOBVPA with
parameters 8 = 0.80, ag = 4, a1 = 5, o = 10 and sample size n = 450

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 0 ag a1 ao
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.7665 3.8943 4.8000 9.5275
Mean Squared Error 0.0039 0.0729 0.1307 0.4857
Credible Interval [0.5696, 0.7497] [2.9846, 3.9414] [3.7911, 4.8773] [7.3480, 9.1772]
Coverage Probabilities 0.92 0.95 0.96 0.92

Table 7.9: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter Geometric MOBVPA with
parameters 0 = 0.80, ag = 4, a1 = 5, as = 10 and sample size n = 1000

7.6 Data Analysis

We analyze a data set of the indemnity payments (Loss) and allocated loss adjustment expense
(ALAE) relating to 1500 general liability claims from insurance companies are available in the R
package evd ([54]). From [15], we know that peak over threshold method on random variable U
(say) provides polynomial generalized Pareto distribution for any xg with 1 + log(G(z)) € (0,1)
ie. P(U > txo|lU > z9) =7, t> 1, where G(-) is the distribution function of U. We choose an
appropriate t and xg on the marginals of the bivariate data, so that the data should behave more
like Pareto distribution.

We assume the data follow near equal to singular Marshall Olkin bivariate Pareto and try to
verify our assumption. We fit the empirical survival functions with the marginals of this bivariate
Pareto, whose parameters can be obtained from the EM algorithm that we have developed. Figure-
7.4 shows a good fit for both the marginals, where the empirical survival function and the survival
function based on estimated parameters are plotted together. We check the same with the estimates
of Bayesian analysis in Figure-7.5. The data analysis is performed based on sample size 1500.

The empirical two dimensional density plot in Figure-7.3 verifies that Geometric Marshall-Olkin
bivariate Pareto can be an alternative model for the transformed data set. Parameter estimates
through the EM algorithm of this bivariate distribution based on the transformed data set of size
n = 468 are § = 0.6878, ap = 0.0234, oy = 1.2745 and as = 1.4087. We use the parametric
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bootstrap technique to find the mean square errors, confidence intervals and average number of

iterations. All results are available in Table-7.10. Parameter estimation found in the Bayesian

estimation is closer to the estimates in the EM algorithm. They are 6§ = 0.6917, ag = 0.0294,

a1 = 1.2694 and as = 1.4046. Results obtained through parametric bootstrap taking the original

parameters as estimates through Bayesian approach are kept in Table-7.11.

Surface Plot of empirical density

Figure 7.3: Two dimensional density plots for three parameter G-MOBVPA of the transformed

dataset

7.6.1 Data Analysis : EM algorithm results

Empirical Marginal Survival Plot
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Figure 7.4: Survival plots for two marginals of three parameter G-MOBVPA through EM algorithm

of the transformed dataset
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EM Algorithm

Parameter Sets %] (o) a [e D)

Mean Squared Error 0.0047 0.0001 0.0087 0.0117
Confidence Interval [0.5686, 0.8420] [0.0055, 0.0480] [1.1106, 1.4656] [1.2267, 1.6538]
Average Number of Iteration 143

Table 7.10: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI)
of four parameter Geometric MOBVPA with parameters 6§ = 0.6878, ag = 0.0234, a; = 1.2745,
ag = 1.4087 and sample size n = 468

7.6.2 Data Analysis : Bayesian Estimation

Empirical Marginal Survival Plot Empirical Marginal Survival Plot
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(a) For X (b) For X,

Figure 7.5: Survival plots for two marginals three parameter G-MOBVPA through Bayesian esti-
mation of the transformed dataset

Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 aQ (%1 a9
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.7082 0.0336 1.2730 1.4142
Mean Squared Error 0.0051 0.0002 0.0087 0.0109
Credible Interval [0.4854, 0.7072] [0.0002, 0.0216] [0.9132, 1.2177] [1.0137, 1.3525]
Coverage Probabilities 0.92 0.96 0.96 0.95

Table 7.11: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals
(CI) and Coverage Probabilities (CP) of the parameters of four parameter Geometric MOBVPA
with parameters § = 0.6917, ag = 0.0294, o1 = 1.2694, s = 1.4046 and sample size n = 468

7.7 Conclusion

We observe that it is a more flexible model than three parameter Marshall-Olkin bivariate Pareto
distribution. It is easy to implement the EM algorithm and the Bayesian analysis for estimation
of the parameters. Therefore, modeling the data through G-MOBVPA may have more appeal for

the practitioner. However, statistical inference for this model is much more difficult with location
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and scale due to its discontinuous nature of likelihood with respect to the parameters. An absolute
continuous version of this above distribution can be an interesting model to explore. We address

the parameter estimation procedure of the distribution in Chapter-8.
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Chapter 8

Parameter Estimation of Four
Parameters Block-Basu Bivariate
Pareto Geometric Distribution

8.1 Introduction

Geometric absolute continuous Marshall-Olkin bivariate Pareto (GBBVPA) is more flexible model
than the absolute continuous Marshall-Olkin bivariate Pareto. In this chapter, we explore the
statistical inference of the GBBVPA distribution through the EM algorithm. We also study the
Bayesian analysis in this setup through the slice cum Gibbs sampler approach. Like the other
cases, finding initial guesses can be an integral issue in computing maximum likelihood estimates.
To resolve the issue, we construct an the EM algorithm. We also explore the Bayesian approach
through the slice cum Gibbs sampler. Usual step-out procedure works quite well and easy to
implement. Since, it is a very flexible model when components are not equal, it gives the practitioner
a choice of an alternative bivariate Pareto model, which may provide a better fit than existing the
Marshall-Olkin bivariate Pareto distribution.

Kozubowski and Panorska (2008) [20] and Barreto-Souza (2012) [6], introduced the geometric
bivariate exponential and the geometric bivariate gamma distributions, respectively, along the
same line. A series of papers can also be found on statistical inferences on different distributions
in the work of Kundu et al. [[22], [31] and [25]]. A few recent paper of Asimit et al [[3], [4],
[2]] and [40] discussed statistical inference of the singular bivariate Pareto with location scale
parameter and its applications. Recently Paul, Dey and Gupta [42] also studied the singular four
parameters Geometric Marshall Olkin bivariate Pareto distribution. However, there is no paper
available in statistical inference on the absolute continuous Geometric Marshall-Olkin bivariate
Pareto distribution. We also explore the Bayesian analysis under the informative prior. Both
frequentist and Bayesian confidence intervals are provided along with an illustrative real-life data

example.
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The rest of the chapter is arranged as follows. In section-8.2, we show the formulation of
the Marshall-Olkin bivariate Pareto distribution. Section-8.3 discusses the maximum likelihood
estimation through the EM algorithm. Bayesian analysis is discussed in Section-8.4. Numerical
results are shown in Section-8.5. Data analysis is shown for all methods in section-8.6. Finally, we

conclude this chapter in Section-8.7.

8.2 Formulation of Block-Basu bivariate Pareto Geometric Distri-
bution

8.2.1 Brief of singular Geometric bivariate Pareto Distribution

A bivariate random variable (X7, X3) is said to be distributed according to the Marshall-Olkin
bivariate Pareto distribution, i.e., (X1, X2) ~ MOBV PA(u1, p2,01,02, ag, a1, ) if it has the
cumulative survival function

— —« _ —«
S(w1,m2) = (142)7% <1+x1 'ul) 1(1—|—u> ’
o1 o9

e TI—p1 o Ba—p2
Sl(.%'l, .CL'Q), if = < o

- e T1—H T2 — 2

= Sa(z1,22), if HH >ZTE2

e 1M1 . T2—M2
So(x), if o o L

where

To — —Qap—Q2 Tr1 — -1
Sl(xly-%?) — (1+M) <1+17/“>
09 01

(1 s M?)’” (1 L Ml)*%*al
09 o1
So(s) = (1 g)co-en

So(x1, x2)

So it’s joint pdf can be written as

fl(.%'l,xg), if‘rla;l'ul <%

Flanms) = { falar, ), it £ > 821)
fo(z), ifwl(,%m = mg;zmzx,
where
ai(ag + ag) Ty — g\ —w0—az—1 21 — py\ —oa—1
Si(@y,x2) = (1+ ) (1+7>
0102 09 o1
- —az—1 — —apg—a1—1
fa(x,20) = az(a0+al)(1+m m) 2 (1+u) o
0102 02 o1

o) = ap(1 + ) eo-erea.

Suppose {(X14, X9;) : 4 =1,2,---} is a sequence of iid bivariate random variables with same the

cdf F(-,-) and the pdf f(-,-). N is an univariate random variable independent with (X1, X2,)’s
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follows the Geometric distribution with 0 < # < 1. We also consider that (Y7,Y2) is an another

bivariate random variable defined as,

Y1 = min{ Xy, X12,- -+, Xin}
Yo = min{Xs1, X2, -+, Xon}.

The joint cumulative survival function can be obtained as,

. _ 05(y1,y2)
Cnte) = T gy 522

So it’s a joint density function that can be presented as,

2S(y1,y2) 05(y1,y2) 0S(y1,y2)
0{1 — (1 — 0)S(y1, y2) L2W22) | 99(1 — ¢
9(y1,y2) = = 0205 )) 90,50, ( 5 ) Bz (8.2.3)
{1—(1—-0)S(y1,52)}
Now we use the survival function of the MOBVPA distribution in equation-8.2.3, then the
joint distribution of (Y7, Y>2) is called the Geometric Marshall-Olkin bivariate Pareto (G-MOBVPA)

distribution. Therefore, the joint survival function of (Y7, Y2) can be written as,

e Y1—p Y2—pt
Gi(ys, ya),  if Lt <t

_ ~ )
G(y1,y2) = § Ga(y1,y2), if ¥F >822k (8.2.4)

—~ . y —_ _ y —
Goly), if Lzt — vt

where

B 9(1 L yl;ﬂl)_al (1 4 y2—#2)—0‘0—0‘2

G1(y1,y2) = 1—(1- 9)(1 n ylo_lg 1)_a1 (lgj_ yQU—fz)—ao—az
Yr—p1 )TN Y2— o\ T X2
62(3/17 y2) = 1_ (19(_1‘9—’)_9(514_ 341—#1)—1501——’0:1 (f:_ 3/2-&2)—042
o1 g2
e i

T L (1Ot y) e

Hence the joint pdf is,

gl(ylvyZ)v if % <%
91, y2) =  g2(y1,y2), if L >R (8.2.5)

goly), if Yot = Btz

where
_ — —1 _ — — -1
o1 (v1.92) Oy (p + ag) (1 L) TN (14 L2E2) TH0TR T 4 (1 - 6) 81 (y1,92) )
1\Y1,Y2) =
o102{1 = (1= 0)S1(y1,2)}?
_ — — —1 _ — -1
palys, ) — PO oo (L M) TR (1 )T {14 (1L 0)Sa(yn10))
2\91,9Y2) —
o102{1 — (1 = 0)S2(y1,y2)}?
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_ fag(L4y)0m—ent
T -0 g
We denote this distribution as G — MOBV PA(0, p1, po, 01,02, ap, a1, 2). From the Lebesgue

90(y)

decomposition theorem, the joint pdf of (Y7,Y3) can be written as,

a1+ Q9 Qg
_ , + — , 8.2.6
ag + a1 + as gac(yl y2) oo + a1 + aggs(y) ( )

where g,c(y1,y2) and gs(y1,y2) are the absolute continuous part and the singular part of the G-

9(91,2/2) =

MOBVPA distribution. Here we are interested in the absolute continuous part only.

8.2.2 Absolute continuous Geometric Marshall-Olkin bivariate Pareto distribu-
tion (G-BBBVPA)

In this work, we are interested in parameter estimation of absolute continuous part only. We
consider the case when pu; = 0, uo = 0, 01 = 1 and o3 = 1. We call the distribution as
the four parameters Geometric Block-Basu bivariate Pareto distribution and denote this as G —

BBBV PA(0, ap, a1, ). Then the joint density function of (Y7, Y2) becomes,

i (agtasz)(1+y1) "1 (14ys) "0~ 22 {1+ (1-0)(14y1) "1 (I4y2)"*0 722} .o
( ) = {1—(1=0)(1+y1)~ %1 (I+yz) “0—22}3 ) Y1 <¥y2
guIL, o2 pO(coton)as (14y1) ~90 =01 (1 4yp) 02T L(1H{(1-0) (14n) 2071 (1492) 2} 5o o
(=(=0)(T+y1) 20— (T+y2) 2} g Y2
(8.2.7)
where p = % The probability density plot and corresponding contour plot of different

parameter sets are provided in Figure-8.1 and Figure-8.2 respectively.

Probability Density Plot and Contour Plot

Figure 8.1: Probability density plot and Contour Plot of three parameter G-BBBVPA for the
parameter values 8 = 0.20, ag = 0.10, vy = 0.20 and o = 0.40
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Probability Density Plot and Contour Plot

Figure 8.2: Probability density plot and Contour Plot of three parameter G-BBBVPA for the
parameter values 8 = 0.80, ag = 4, a1 = 5 and ag = 10

8.2.3 Marginal distributions

The marginal distributions are easy to obtain from the above bivariate distribution which is given

as,
_ 0(1+ 3’1;7”1)*0‘0*0‘1 1 6(1 + @)*(Ozo+a1+a2)
G(yl) :p[l_(l_e)(lj‘_u)*a()*al _(1_7)1_(1_9)(1;M)7(a0+a1+a2)]7
o1 p g1
if y1 > (8.2.8)
B 9(1 4 92;_/‘2)*0407012 1 9(1 + yzgﬂz)f(ao+a1+a2)
Glye) = p[l -(1-0)1 i L2-12)—ao—az g E) 1—-(1-6)(1 i y2—M2)7(ao+a1+a2)]’
o2 g2
if yo > p2 (8.2.9)
where p = %

8.3 Parameter estimation through EM algorithm

Let us consider, I = {(y11,¥21), (¥12,%22), "+ » (Y1m, Y2m)} is a sample of size m from the four
parameters G-BBBVPA distribution. Let us also assume that p1, po, o1 and o9 are known. Now

we use the following notation:

L ={i:yi <y}, Lo ={i:y1i > yai},
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also my = |I|, ma = |I2|, m = m1 + ma.
We assume this data corresponds to a fictitious singular distribution, where cardinality of sin-
gular observation is mg. We form the usual EM in singular set up first. Suppose we observe not

only (Y1, Y2) but also the corresponding N value. Hence the complete data would be of the form,

{(y11, 921, 71), (Y12, Y22, 12) - -, (Y1m=* Y2m*, m=) },

here m* = mg +m1 + mao.
We can imagine the following three independent hidden random variables corresponding to

(Y1,Y2),
{Up|N =n} ~ PA(IT)(0,1, no),
{U1|N =n} ~ PA(1I)(0,1,na1),
{U2|N =n} ~ PA(II)(0,1,nag).
Also it is well known that
{V1|N =n} = min{{Uo|N = n}, {U1|N = n}},
{Y2|N =n} = min{{Uy|N = n}, {Us|N = n}}.
Pseudo log-likelihood function described in ([42]) can be obtained as :

Q = Lpseudo(ea Qap, (1, a2)

= (Z In(a;) + 2 Z In(a;) + 2 Z ln(ai)> + (mo + uymy + wims) In(ayp)

icly il i€l
+ (m1 4+ wame) In(ay) + (ugmy + me) In(ag) (Z In(1 + y15) Z In(1 + y1;)
i€lp i€l1Ul>
+ > W) — a0 3o @il 4 yii) + 3 ailn(l +yoi) + 3 ailn(l +y1i))
iel1Ul> i€lp i€ly i€la
—aq ( Z a;In(1 4+ y1;) + Z a; In(1 4 y1;) + Z a;In(1 + yu)) — a2 ( Z a; In(1 4 y1;)
i€l el i€ls i€l
. 0
+Zailn(1+y2i) + Zailn(1+3/2i)> +m 1H<1 _0> +1In(1 — (ZamL Zaz
€l i€lr i€l €l
+>a). (8.3.1)
i€ly

The EM updates for the parameters 6, ag, a1 and as are given as follows,

() (t)

N mo + u; 'mp +w;'m
&Y — - 0T % 5 1% e G , (8.3.2)
dier, @ M) + 3 e, @ (14 y2i) + 3, @ In(1 4 y15)
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(t)

NS mi + wy Mo

&y = D 0) 0) , (8.3.3)

Diery @ M4 y1i) + X iep @ In(1+y1) + D 5ep, 0 In(1 + y13)

(®

a0+ — e ma JF)“? 1 ~ (8.3.4)

Zzefo o In(1+y1:) + Zzeh In(1 +y2) + Zzeh o (1 + y2)

and
1) _ m mox (8.3.5)
27,610 i + Z’Lell + 22612 7

where a(t) = E[N|y14, y2i] is the conditional mean of N given Y7 = y; and Y2 = yo at the step ¢

and ug ),ugt), wgt) and wét) are posterior probabilities at time step t.

Important Issues and Suggested Solutions :

We do not observe mg and each of the observation Uy falling in Iy. We also do not know a;
when the observations are in Iy. One of the straightforward solution is to replace all the unknown
quantities by its estimate 1, by, do;. So we replace mg and each of the observation U falling in I
and by = E[Up|Uy < min{Uy, Us}] = m , where
n falling in Iy should be replaced by ap;. This method is valid when ag;(ag + a1 + o) > 1.

by its estimates mg = (m1 + mg) =2 a1+a2

To make this a valid method for any range of the parameters, we estimate log(1 + Up) by Bé =
Ellog(1+ Uy)|log(1 + Uy) < minflog(l + Uy),log(l + Us)}]| = m instead of estimating
Up. Hence the modified EM estimates for the parameters 6, ag, a1 and a9 of the four parameters

G-BBBVPA distribution will look like,

d(t‘i-l) A 14+ (1 _ é(t)) —1/a(t)

’ 1— (1 - 60))e=1/a,
Bttt = ! (8.3.7)
afi (o + a? + af))
NG o + i mi + wi’ms (8.3.8)
0 = — , 3.
mO&(()?l)bo(tH) s agt) In(1 + y2i) + D e, az(t) In(1 + y1:)
(t)

A (t41) my + wy M2

o = " , (8.3.9)
modg b+ iy, al (L 4+ y1) + Yiep, o) (1 + )
NS mo + ug)ml
2 T ) ® 0 (8:3.10)
modg,; by + 2 ien @ (1 +y2i) + > 5ep, 0 In(1 + y2i)
and

A o + my + mg

He+D) = o (8.3.11)
~ (1) 7x(t+1 t
moa(()i )bO( ) + Ezeh + 21612 g a
Therefore the algorithmic steps of final working version can be given as :
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Algorithm 8.1 Final modified EM procedure for four parameter Geometric absolute continuous
Marshall Olkin bivariate Pareto distribution

1: Set initial ag, a1, ag and 6(; 1) and a;.

2: while AQ/Q < tol do

3:  Compute Zzg-“)

(t+1)

using a[()i), oa(li), aéi)

4 ; using ZL((;;H), ozéz), agl) and ay’.

5.  Compute ugl), ug), w&”, wé’), myo from @(()1)7 aﬁ’), aél) and d(()?rl)'
6

Update a(()iﬂ), agiﬂ), ozgiﬂ) and 0+ using Equation (8.3.8), (8.3.9), (8.3.10) and (8.3.11).

Compute ES @

7. Calculate @ for the new iterate.
8: end while

8.4 Bayesian Estimation

We use the slice cum Gibbs sampler technique to calculate the Bayes estimate. Usual step out is
easy to implement in case of informative prior, which makes the Bayesian procedure also appealing
for the practitioners. At each Gibbs sampling step we plan to use the slice sampling to generate

the sample from the posterior.

8.4.1 Prior Assumption

We assume that ag, a1, and ag are distributed according to the gamma distribution with the shape

parameters k; and scale parameters 6;, i.e.,

g ~ F(ko, 00) = Gamma(ko, 90)
a1~ F(kﬁl, (91) = Gamma(k‘l, 91)
ag ~ T'(ke, 62) = Gammal(ks, 62). (8.4.1)

The probability density function of the Gamma Distribution is given by,

|8

, gl
fp(:v7k,0)—r(k)9ka: e o,

where I'(k) is the gamma function evaluated at k.
Further, we assume that the geometric parameter  is distributed according to the Beta distri-

bution first kind with the parameters a and b

1
B(a,b)

m(0) = (1 -0t 6eco,1] (8.4.2)

8.4.2 Posterior Distribution

We know the Bayes estimate of an unknown parameter under the squared error loss function is the

posterior mean of the corresponding parameter. But in this case, it is not easy to calculate Bayes
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estimate of unknown model parameters 6, ag, a1 and a9 in closed form. We propose to use slice
cum Gibbs sampling procedure to generates sample from the conditional posterior distribution.

The full logarithm of conditional posterior distributions of 8, o, a1 and a9 are given as,

In(7(0 | g, 1,0, 1)) = L(6, g, 01, ) — In(B(a, b)) + (a — 1) Ind
+(b—1)In(1 —0),

In(m(ao | 0, 1,2, 1)) = L(0, g, 1, ) — In(I' (ko)) — ko In(6p)
(6

+ (ko — 1) Inag — —
to

In(m(aq | 6, 0, a0,1)) = L(0, 0, a1, 2) — In(T' (k1)) — k1 1n(61)

+ (k1 —1)lnag — it
01
and
In(m(ag | 6, 0,0q,1)) = L(0, g, a1, ) — In(T'(k2)) — ko In(62)
+ (ko — 1) lnag — e’
62
respectively.

8.5 Numerical Analysis

We use the software R 3.5.0 to calculate all estimates. The codes are run at II'T Guwahati computers
with model : Intel(R) Core(TM) i5-6200U CPU 2.30GHz. The codes will be available on request
to the authors. Here we take two different sets of parameters with two different sample size as

n = 450 and n = 1000 in both of the estimation technique.

EM Estimates: For the EM estimates, we generate sample from this distribution with different
sample sizes (n = 300,450, 1000 ) for two different parameter sets to calculate average estimates
(AE), mean squared error (MSE) and 95% parametric bootstrap confidence interval (CI) of the
parameters based on 1000 replications. We have also observed the average iteration number for
each of the cases. We use different initial choice of the parameters for different parameter sets, but
it remains same for different sample size in the EM algorithm. It is observed that all results are near

about same with other initial choice within its usual range. We have used the stopping criterion
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as the relative difference of log-likelihood and pseudo log-likelihood of each of the iteration with
stopping tolerance limit as 0.00001. All MLE results are shown in Table-8.1, Table-8.2, Table-8.3,
Table-8.4, Table-8.5 and Table-8.6 respectively. The simulation provides average estimates closer
to the original parameter with low MSEs which indicates that the method works quite well even

for moderate sample size.

EM Algorithm

Parameter Sets 0 ap aq a9
Average Estimates 0.2253 0.0657 0.2325 0.4655
Mean Squared Error 0.0025 0.0032 0.0037 0.0125
Confidence Interval [0.1417 0.3135] [0.0002 0.1588] [0.1433 0.3352] [0.2958 0.6522]
Average Number of Iteration 363

Table 8.1: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBPA with parameters 6 = 0.20, ag = 0.1, a1 = 0.2, as = 0.4 and sample size
n = 300

EM Algorithm

Parameter Sets 0 g aq Qs
Average Estimates 0.2230 0.0636 0.2319 0.4630
Mean Squared Error 0.0017 0.0027 0.0028 0.0096
Confidence Interval [0.1624, 0.2925] [0.0003, 0.1380] [0.1525, 0.3198] [0.3292, 0.6119]
Average Number of Iteration 349

Table 8.2: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBPA with parameters 0 = 0.20, g = 0.1, a1 = 0.2, as = 0.4 and sample size
n = 450

EM Algorithm

Parameter Sets 0 g a1 a9
Average Estimates 0.2205 0.0632 0.2302 0.4593
Mean Squared Error 0.0009 0.0020 0.0016 0.0057
Confidence Interval [0.1845, 0.2634] [0.0130, 0.1178] [0.1820, 0.2820] [0.3767, 0.5531]
Average Number of Iteration 303

Table 8.3: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBVPA with parameters § = 0.20, ap = 0.1, a1 = 0.2, g = 0.4 and sample
size n = 1000
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EM Algorithm

Parameter Sets 0 Qg o1 a9
Average Estimates 0.8249 3.9399 5.1484 10.2878
Mean Squared Error 0.0089 1.6446 0.9181 2.0799
Confidence Interval [0.6508, 0.9998] [1.3485, 6.3114] [3.4932, 7.3207] [7.7573, 13.18438]
Average Number of Iteration 330

Table 8.4: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBVPA with parameters 6 = 0.80, ag = 4, oy = 5, ao = 10 and sample size
n = 300

EM Algorithm

Parameter Sets 0 Qg o1 a9
Average Estimates 0.8236 3.9427 5.1358 10.2333
Mean Squared Error 0.0069 1.0905 0.6411 1.4749
Confidence Interval [0.6780, 0.9894] [1.8354, 5.8152] [3.7078, 6.7657] [7.9997, 12.6352]
Average Number of Iteration 302

Table 8.5: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBVPA with parameters 6 = 0.80, ap = 4, oy = 5, as = 10 and sample size
n = 450

EM Algorithm

Parameter Sets 0 g o a9
Average Estimates 0.8212 3.9539 5.1086 10.2066
Mean Squared Error 0.0031 0.4898 0.2825 0.6507
Confidence Interval [0.7231, 0.9285] [2.6038, 5.3579] [4.1389, 6.1406] [8.7452, 11.7135]
Average Number of Iteration 266

Table 8.6: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBVPA with parameters # = 0.80, ag = 4, a1 = 5, as = 10 and sample size
n = 1000

For Bayesian Estimation: We compute the average Bayesian estimates (ABE) of unknown
parameters and also the associated mean squared error (MSE), credible intervals (CI) and coverage
probability (CP) of ClIs based on the proper priors with fixed hyper-parameters. Although, the
codes are done based on one particular set of hyper-parameters, it may work for any set of hyper-
parameters. To step out method of the slice sampling technique, we choose our width as one.
However, we cross check that the algorithm works for both larger and smaller choices of width.
The confidence intervals are constructed directly using R package ’coda’. All Bayesian results are
shown in Table-8.7, Table-8.8, Table-8.9 and Table-8.10 respectively. Results indicate that the
method used in this case works really well, even for moderate sample size. We use the following
hyper-parameters a = 0.70, b = 0.75, kg = 0.70, 8y = 0.75, k1 = 0.70, 61 = 0.75, ko = 0.70 and

0y = 0.75 for gamma priors. We have observed in a simulation experiment that the method works
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for multiple different choices of hyper-parameters indicating that the algorithm is independent of

the choice of the hyper-parameters.

Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 o™ a1 a9
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.2279 0.0668 0.2364 0.4670
Mean Squared Error 0.0017 0.0020 0.0025 0.0084
Credible Interval [0.1897 0.3265]  [0.0001 0.1607] [0.1908 0.3614] [0.3281 0.5755]
Coverage Probabilities 0.89 0.755 0.90 0.85

Table 8.7: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter G-BBBVPA with parameters
0 = 0.20, ag = 0.10, a3 = 0.20, g = 0.40 and sample size n = 450

Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 Qg o o
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.2217 0.0604 0.2335 0.4634
Mean Squared Error 0.0009 0.0022 0.0017 0.0059
Credible Interval [0.1567 0.0.2243] [0.0001 0.0879] [0.1164 0.1979] [0.3680 0.5112]
Coverage Probabilities 0.90 0.80 0.84 0.85

Table 8.8: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter G-BBBVPA with parameters
0 = 0.20, ag = 0.10, a3 = 0.20, g = 0.40 and sample size n = 1000

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 0 o) o o)
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.7333 4.0535 4.4503 8.7605
Mean Squared Error 0.0093 0.9245 0.7420 2.2692
Credible Interval [0.7219 0.9996] [3.2085 7.2971] [3.0594 5.8117] [6.6314 11.0700]
Coverage Probabilities 0.83 0.84 0.78 0.73

Table 8.9: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter G-BBBVPA with parameters
0 = 0.80, g = 4, a1 = 5, as = 10 and sample size n = 450
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Slice-cum-Gibbs

Gamma Prior

Parameter Sets 0 Qg o o)
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.7844 4.0068 4.7777 9.5861
Mean Squared Error 0.0027 0.4754 0.2992 0.7041
Credible Interval [0.6967 0.9068] [3.7685 6.3895] [3.1651 4.7518] [7.6523 10.3458]
Coverage Probabilities 0.92 0.955 0.91 0.905

Table 8.10: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter G-BBBVPA with parameters
0 = 0.80, ag =4, a1 = 5, ae = 10 and sample size n = 1000

8.6 Data Analysis

We use the same data set which is used by Paul, Dey and Kundu (2018)[41] for the data analysis
of the three parameters BB-BVPA distribution. The data set is taken from https://archive.
ics.uci.edu/ml/machine-learning-databases. The age of abalone is determined by cutting
the shell through the cone, staining it, and counting the number of rings through a microscope.
The data set contains related measurements. We extract a part of the data for bivariate modeling.
We consider only measurements related to the female population, where two of the variables are
“Shucked weight” and “Viscera weight”. They represent the weight of meat and the gut weight
(after bleeding) of abalones, which are measured in grams. We use peak over threshold method on
this data set. It is observed that the transform data set does not have any singular component. So
instead of modeling with BBBVPA distribution, we can plan to choose more generalized/flexible
Geometric BBBVPA distribution, as one of the possible distributional assumption. We fit the
empirical survival functions with the marginals of this distribution, whose parameters are obtained
from the both of proposed EM algorithm and Bayesian estimation. For the both marginals it has
a good fit, which are shown in Figure-8.4 and Figure-8.5 respectively, for the EM algorithms and
the Bayesian estimation respectively. We also verify our assumption by plotting empirical two

dimensional density plot of this data, which is shown in Figure-8.3.
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Surface Plot of empirical density

Figure 8.3: Two dimensional density plots for three parameter G-BBBVPA of the transformed
dataset

For EM algorithm: The EM estimates of the parameters of four parameters G-BBBVPA based
on transforming data are 8 = 0.9999, ag = 2.9845, a3 = 1.1265 and ay = 1.4379. Average
estimates, mean square errors, confidence intervals and average number of iterations based on

parametric bootstrap are available in Table-8.11.

Empirical Marginal Survival Plot Empirical Marginal Survival Plot

Survival Function
Survival Function

(a) For X (b) For X,

Figure 8.4: Survival plots for two marginals of three parameter G-BBBVPA through EM algorithm
of the transformed dataset
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EM Algorithm

Parameter Sets 0 Qg fo%1 a9
Average Estimates 0.9616 2.9449 1.0989 1.4047
Mean Squared Error 0.0059 0.2520 0.0955 0.1455
Confidence Interval [0.8196, 1.0000] [2.0047, 3.9773] [0.4981, 1.6922] [0.6672, 2.1279]
Average Number of Iteration 1057

Table 8.11: Average Estimates (AE), Mean Square Errors (MSE) and Confidence Intervals (CI) of
four parameter G-BBBVPA with parameters 6 = 0.9999, oy = 2.9845, oy = 1.1265, ag = 1.4379
and sample size n = 391

For Bayesian Estimation: The Bayesian estimates of the parameters based on this data are
0 = 0.9877, ap = 3.0056, oy = 1.0733 and s = 1.3681. We also calculate average Bayesian
estimates, mean squared error, credible intervals and coverage probability of the credible intervals

using the simulation technique which is available in Table-8.12.

Empirical Marginal Survival Plot Empirical Marginal Survival Plot

0.6
L
0.6
L

Survival Function
Survival Function

0.4
0.4

0.2
0.2

0.0
0.0

(a) For X, (b) For X,

Figure 8.5: Survival plots for two marginals of three parameter G-BBBVPA through Bayesian
Estimation of the transformed dataset

Slice-cum-Gibbs
Gamma Prior

Parameter Sets 0 g o a9
Starting Value 0.4794 0.8654 0.7781 0.5386
Average Estimates 0.9202 2.8991 1.0237 1.2916
Mean Squared Error 0.0060 0.2123 0.0773 0.1194
Credible Interval [0.8593, 1.0000] [2.4865, 4.5771] [0.1876, 1.4484] [0.3136, 1.8329]
Coverage Probabilities 0.98 0.94 0.904 0.925

Table 8.12: Average Bayesian Estimates (ABE), Mean Square Errors (MSE), Credible Intervals (CI)
and Coverage Probabilities (CP) of the parameters of four parameter G-BBBVPA with parameters
0 = 0.9877, apg = 3.0056, a; = 1.0733, ao = 1.3681 and sample size n = 391
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8.7 Conclusion

We observe that it is a more flexible model than the three parameter absolute continuous Marshall-
Olkin bivariate Pareto distribution. We have proposed different modifications while implementing
the EM algorithm. Bayesian analysis through the slice cum Gibbs sampler is used for estimation
of the parameters too. Modeling the data through G-MOBVPA may have more appeal for the
practitioner when there is no equality in components of the model. However, the statistical inference
for this model is much more difficult with location and scale due to its discontinuous nature of
the likelihood with respect to the parameters. A different alternative version of this Geometric

distribution can also be proposed in the same direction. The work is in progress.
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Chapter 9

Conclusion and Future Works

9.1 Conclusion

This thesis work mainly contains information related to the issues involved in parameter estimation
through the EM algorithm of certain types of the Marshall Olkin bivariate Pareto distribution. It
also covers the Bayesian estimation through slice sampling methods. In most of the cases, we see
that finding confidence interval is a difficult task. Even the proposed procedures require more
modification and separate attention to explore in greater details. Since, we have been making
parametric modeling of bivariate data, data sets created in this case require theoretical justification
of the distribution used in every case. However, such theoretical structure is not available or may
not lead to the desired distributions. However, since the approach resembles very much like that
of Peak over the threshold method of extreme value theory, we can guess that the transformed
data should behave near to some bivariate Pareto type distribution. The empirical plots and
the goodness of fit tests validate the same in each of the chapter. Therefore, the distributional
assumptions made in this thesis is not surprising. In fact, it opens the door of few important
problems in extreme value theory. The theoretical exploration on rate of the convergence of the
constructed Markov chain and their mixing properties used in different the Bayesian analysis can
be the another dimension of the future work. Some more aspects of the thesis are provided in the

following future directions.

9.2 General Future Works

We point out some generic future works. However, each of the direction requires separate attention

to various problems.

1. Statistical Inference of Bivariate Transmuted distributions. ( Work under progress)

2. Statistical Inference of Higher dimensional distributions under censoring.
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3. Discrimination of Higher dimensional distribution.
4. Role of Bayes factor and Bayesian discrimination.

5. Modeling multivariate data with the Copula.
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