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Abstract

This thesis is devoted to the development of a novel finite volume flow solver for incom-

pressible non-Newtonian fluid flows and it application to hemodynamics. The study of

flow of blood through blood vessels with constrictions and/or expansions using simu-

lations necessitate the use of unstructured meshes owing to the complex geometries

involved where one also has to account for the non-linear dependence of viscosity

on strain rate. Towards this objective, we present a new framework referred to as

the hybrid staggered/non-staggered framework for incompressible flows. We incorpo-

rate both power-law and five-parameter Carreau family of models in the framework,

the latter with a view to simulate blood flows. This framework combines ideas from

staggered and collocated finite volume approaches and solves for the normal veloci-

ties at the faces and for the pressure at the cell centers. Consequently, one obtains

a unique framework that inherits the advantages of both frameworks and results in

a flow solver that satisfies the discrete incompressibility constraint at all times (with-

out any special treatment) which is easily implemented even on unstructured meshes.

The latter advantage stems from the collocated-like treatment of the convective and

viscous fluxes although the momentum equation is solved for the normal velocity at

the cell faces. Consequently, a critical aspect of this framework is an accurate and

efficient strategy to reconstruct the cell-center velocities from the scalar face-normal

velocity. We show that a simple vector interpolation based on Green-Gauss theorem

is first order accurate for centroidal velocities on unstructured meshes and leads to

non-physical solutions. The root cause of spurious numerical solutions is identified to

be the inconsistent viscous fluxes and we show that merely refining the mesh does
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not mitigate this error. This pertinent problem is resolved by proposing an iterative de-

fect correction strategy which allows the velocities and gradients to be reconstructed to

second and first order accuracy respectively. We numerically demonstrate that the use

of this strategy is essential to ensure accurate numerical solutions of non-Newtonian

flows using the proposed hybrid staggered/non-staggered framework. The framework

is shown to be nominally second order accurate both in space and time on arbitrary

polygonal meshes and also conserves both mass and momentum discretely on any

mesh topology. The numerical framework is thoroughly validated using a number of

canonical test problems involving steady and unsteady flows to highlight its versatil-

ity and applicability on unstructured grids. This framework is applied to understand

the hemodynamics in stenoses and aneurysms with a view to relate flow parameters

with clinical parameters and to gain insight into the role of non-Newtonian behaviour

on the flow dynamics. Investigations are performed for steady and unsteady flows in

idealised double stenoses and aneurysm geometries for physiological Reynolds num-

bers assuming the flow to be in a laminar regime and the walls to be rigid. Different

models of the Carreau family are found to predict the peak wall shear stress (WSS)

differently in the case of double stenoses with the Carreau-Yasuda model computing a

higher peak WSS in steady flows. It is found that as the constriction ratio increases,

the peak WSS increases as well. For the aneurysm geometry, the Newtonian model

is seen to predict a higher WSS compared to the non-Newtonian fluid models at the

dome region although the shear-thinning power-law fluid exhibits the highest WSS at

the neck region. For a given fluid model, increase in aneurysm size was found to lead

to increase in WSS at the neck accompanied by a reduction in WSS in the dome. In

order to mimic the realistic flow scenarios, unsteady simulations were carried out using

pulsatile inlet velocity profiles for both stenoses and aneurysm geometries where the

oscillating shear index (OSI) is reported. It is observed that the OSI is relatively quiet

low in regions of peak WSSmean at the constricted regions over a period for all the fluid

models. A cavity-like flow was observed for the aneurysm geometry at low pulsatility

index while for higher pulsatility index showed flow entrainment from parent artery into
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the aneurysm dome at different instants of a cycle. In both steady and unsteady sim-

ulations, it was observed that the change in constriction ratio (for stenoses) and size

(for aneurysms) had a greater impact on the flow dynamics for a given non-Newtonian

fluid model. The results from these studies provide insights into the flow dynamics and

must be regarded as a first step towards development of an indigenous virtual labora-

tory for computational hemodynamics that can help devise patient-specific treatment

strategies in the future when the framework is extended to three-dimensional flows with

fluid-structure interaction.
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Chapter 1

Introduction

Several flow scenarios in practice, both natural and industrial, involve incompressible

non-Newtonian flows in complex geometries. Basically, these are fluid flows where

the correlation between viscous stress and rate of strain is non-linear in antithesis to

the Newtonian fluid. Examples of fluids exhibiting non-Newtonian behaviour are milk,

starch, honey, blood and paint and among others. The flow of blood through human

arteries is a classical scenario of non-Newtonian incompressible flow through complex

geometries and carrying out experimental studies in such scenarios is not viable. The

complex and non-linear nature of governing equations for these flows also mean that

analytical solutions are not possible either which leaves numerical approaches as the

only viable solution approach. The advent of computing techniques over the last forty

years has led to emergence of the field of computational fluid dynamics (CFD) that

offers a feasible route to investigate and understand complex flow scenarios.

Hemodynamics is the study of blood flow through blood vessels and understanding

this in diseased blood vessels could allow correlating flow parameters (obtained from

simulations) with clinical parameters that could enable patient-specific treatment. Sim-

ulations in hemodynamics therefore necessitate a robust computational framework that

can account for the non-linear viscosity dependence pertaining to non-Newtonian fluids

and a suitable choice of mathematical models that can accurately model the viscosity

variation with strain rates. In the present work, we adopt the finite volume method as

the backbone to develop a non-Newtonian flow solver owing to its ability to discretely
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2 Chapter 1. Introduction

conserve mass and momentum while also accommodating unstructured meshes that

are necessitated by the complex geometries through which the flow takes place. In the

sections to follow, we therefore provide an overview of literature that relate to compu-

tational frameworks for incompressible flows with an emphasis on unstructured finite

volume methods applied to non-Newtonian fluid flows.

1.1 Non-Newtonian model

A Newtonian model is used to describe a fluid when the slope (see Figure 1.1) remains

constant (linear) of a shear stress versus shear rate plot that passes through origin.

Blood flows in the region of high shear rate like in aorta (large artery) can be modelled

with Newtonian model [1]. On the other hand, if the viscosity is not constant or non-

linear then the fluid is modelled using non-Newtonian model. It is well known fact that

blood consists of ions, cells, nutrients, platelets that are suspended in plasma and is

definitely a non-Newtonian fluid. In the present work, we limit ourselves to the non-

Newtonian models where the shear stress varies only with current value of the shear

rate (generalised Newtonian fluid) and does not depend on the history of shearing. To

Figure 1.1: Schematic of viscosity variation for different fluid models.
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1.2. Numerical approaches for non-Newtonian flows 3

date, there is no universally accepted fluid models to represent the rheology of blood

[1]. Nonetheless, Carreau family and shear-thinning power-law are popularly used to

model the non-Newtonian behaviour of blood [2–7].

1.2 Numerical approaches for non-Newtonian flows

Despite of the significance of unstructured staggered mesh finite volume framework in

the incompressible flow regime, it is rarely exploited for non-Newtonian flows. Genera-

tion of structured mesh is cumbersome in complicated domains. Structured mesh/cell

(see Figure 1.2(a)) has equal edges (in two-dimension) and one can find the support

cells easily to a known cell from the perspective of data storage in a CFD code, which

is not the case in unstructured cell as shown in Figure 1.2(b). Unstructured meshes

are the natural option for simulations in complex geometries owing to its inherent ability

to refine locally and mesh adaptation. A staggered framework on structured meshes

i− 1, j i, j i+ 1, j

i, j − 1

i, j + 1

(a) Structured cell (b) Unstructured cell

Figure 1.2: Different mesh layouts: (a) structured and (b) unstructured.

for the simulations of viscoelastic flows is described in [8] where constitutive relation

is discretised using a third-order upwind scheme. For the steady flow of aforemen-

tioned fluid, Oleveira et al. [9] have presented a finite volume method based numerical

solver with non-staggered arrangement of variables those are solved in a segregated

manner on non-orthogonal (curvilinear) meshes and it is extended to unsteady flows in

[10]. In addition, implementation of generalised Newtonian fluids in the computational

framework of [9] can be found in [11] for steady as well as unsteady flows in a planar

T-junction. A third order upwind finite volume method based on collocated positioning
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of solution variables to avoid the diffusive effects of first order schemes is developed

in [12] for the above-mentioned fluids. Steady and unsteady flow across a backward

facing step, a representative of stenosis (constriction of an artery) are investigated

in [13] using Carreau fluid to model blood flow. In their numerical simulations, the

governing equations are solved using commercial CFD package FLUENT (finite vol-

ume method with non-staggered mesh). This package has been utilized by Chhabra

and co-workers [14–17] to study steady non-Newtonian flows over circular, elliptical,

triangular and square cylinders. Nejat et al. [18] develop a second order accurate

structured collocated finite volume framework for the non-Newtonian power-law flows

using pseudo-compressibility technique. The solution variables are solved implicitly in

the coupled manner and its unstructured version can be found in [7] for the generalised

Newtonian fluids.

1.3 Collocated versus staggered mesh framework

Non-staggered framework is the most common choice for unstructured meshes among

several researchers due to its easier implementation as opposed to its staggered coun-

terpart [19–22]. An issue encountered in collocated positioning of solution variables is

that in the incompressible flows it does not satisfy discrete mass conservation exactly.

This error in mass conservation is because of added numerical dissipation that leads

to decoupling of flow fields. The difficulty of decoupling can be circumvented using

the idea of Rhie-Chow [23] interpolation where divergence of velocity field become

proportional to fourth derivative of pressure gradient. Nevertheless, it could become

prominent in flows associated with high pressure gradients; typical examples are the

blood flows through complex geometries aneurysm and stenosis where there are sud-

den expansion and contraction respectively. It is well known that blood is an incom-

pressible and non-Newtonian fluid whence the correlation between viscous stress and

strain rate is non-linear in antithesis to the Newtonian fluid [1–3, 24–26]. Therefore, a

robust computational framework is necessitated to solve this class of flows efficiently
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while guaranteeing a least error in the discrete mass conservation. Furthermore, it

would be difficult to obtain detailed information of flow parameters using experimental

investigations of these flows.

Staggered frameworks originally developed by Harlow and Welch [27] are the best

option for ensuring mass conservation in the incompressible flow regime. Neverthe-

less, they are cursed by the pitfalls in implementation due to allocation of solution vari-

ables at separate positions and the numerical accuracy connected to the solution tech-

niques. Besides, difficulties could become substantial in non-Newtonian flows whence

the viscosity varies with strain rate. In addition, in the curvilinear staggered meshes

(applicable to complex geometries) requires transformation of variables that needs dis-

cretisation of the Christoffel symbols which is computationally expensive [28, 29]. A first

order accurate finite volume method spatial discretisation on unstructured triangular

cells is presented by Rida et al. [30] while the velocity and pressure fields are located

at the side centers and cell centroid respectively of a triangle. In contrast to [30], Perot

and coworkers have developed a staggered unstructured mesh framework where the

scalar variable is stored at the cell circumcenters while the vector quantities are placed

at the face center [31–33]. This method is only first-order accurate in unstructured

meshes, but it is second order in regular meshes. Furthermore, a first order accurate

spatial discretisation on unstructured cells is presented in [34, 35] for incompressible

as well as compressible flows while the components of the normal momentum are po-

sitioned at the center of faces and pressure is stored at the cell centroids. Shashkov

et al. [36] discuss development of higher-order staggered framework on non-uniform

quadrilateral meshes and propose a polynomial reconstruction approach, which has

been extended to triangular grids by Vidović et al. [37–39].

Discretisation of the Navier-Stokes equations on non-staggered grids require in-

formation from fictitious nodes outside the computational domain [9]. A hybrid stag-

gered/ non-staggered mesh approach alleviates the drawbacks of non-staggered and

staggered meshes by combining the versatility and ease of implementation of a non-

staggered framework with the accuracy of a staggered framework [40]. Natarajan and
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Sotiropoulos [41] have demonstrated that the lower order accurate numerical schemes

on unstructured meshes in the aforementioned numerical framework result in non-

physical solutions particularly in the regions with flow separation. The hybrid stag-

gered/ non-staggered framework facilitates the implementation of boundary conditions

in flows with complex boundaries in addition to balanced force calculations in the in-

compressible multiphase flows [42]. Ge et al. [43] have successfully employed the

above-mentioned approach with Cartesian and curvilinear meshes for incompressible

Newtonian flows using immersed boundary method and an extension to unstructured

Cartesian meshes can be found in [44].

1.4 Applications to hemodynamics

Hemodynamics is the study of blood flow in the cardiovascular network. It is important

to have better insight of the hemodynamics of stenosis and aneurysm geometries be-

cause they are one of the leading cause of human death around the world. A stenosis

refers to the abnormal narrowing of blood vessel while an aneurysm may be described

as anomalous bulging of it. In-vivo patient specific investigations of such problems are

not often possible and one needs to take help of numerical frameworks for better un-

derstanding and subsequent recommendations for clinical interventions [45]. Further-

more, it is viable to obtain practical data with the advent of modern medical imaging

techniques to get patient-specific geometry required for numerical simulation [46]. It

has been reported in [47] that wall shear stress is a clinically important parameter that

can provide clue relating to the growth and blockage or rupture of the aforementioned

conditions of the cardiovascular system to a medical practitioner. In addition, oscillating

shear index (OSI) defined by He and Ku [48] can provide information about the nature

of flow (steady or unsteady) relating to focal locations of atheroma in aneurysm and

stenosis. Influence of aneurysm and stenosis on flow waveform along with the non-

Newtonian behaviour of blood has been mentioned in [49]. Steady hemodynamics of

double stenoses has been investigated numerically by Wei et al. [5] using Newtonian
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and non-Newtonian (power-law) models. Their results show that there are marked dif-

ference between the Newtonian and non-Newtonian models. Similar type of problem

in three-dimension has been studied in [6, 50] using Carreau-Yasuda and Newtonian

models and have demonstrated the necessity of describing the blood rheology in a

more accurate way. Three-dimensional investigations of hemodynamics in stenosis in

[51] have indicated that increase in the constriction ratio lead to rise in pressure drop.

Nandakumar et al. [52] investigated numerically the steady as well as pulsatile flow of a

shear-thinning and Newtonian model for blood through a two-dimensional axisymmet-

ric stenosed channel. Their results have indicated that in steady flow the shear-thinning

fluid model has predicted higher peak wall shear stress than Newtonian model. The

aforementioned problem has been extended to study blood flow through double steno-

sis in [53] where they found that peak wall shear stress increases with the length and

gap of the stenosis. It has been reported in [47] that Newtonian modelling of blood

results in overestimation of wall shear stress inside the aneurysm dome wall. Low wall

shear stress on the aneurysm wall indicates a higher chance of growth and rupture of

an intracranial aneurysm has been stated in [54–57]. It has been described in [55] the

above flow parameter decreases with the increase in aneurysm size. Le et al. [58] has

investigated numerically the role of pulsatile flow on the hemodynamics of intracranial

aneurysms with low and high pulsatility index. They have reported a cavity-like flow in

the dome for low pulsatility flows while at higher pulsatility index, a vortex ring formation

inside the aneurysm.

1.5 Aims of the thesis

In light of the literature review carried out, the broad objective of this research is to de-

velop a generic and robust unstructured staggered mesh framework for non-Newtonian

flows with application to hemodynamics. The sub-objectives of this research work are

detailed below.

1. Development of a novel hybrid staggered/non-staggered framework for incom-
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8 Chapter 1. Introduction

pressible non-Newtonian flows. This framework is a combination of both collo-

cated and staggered frameworks and envisages to combine the merits of both

approaches thereby allowing for a robust framework to handle non-Newtonian

flows.

2. Devising a novel reconstruction approach to obtain cell-centered velocities from

scalar face-normal velocities required for this novel framework using the Green-

Gauss method. The necessity of such an approach for incompressible flows in

general and non-Newtonian flows in particular will be studied.

3. Comprehensive validation of the computational framework with different non-

Newtonian models for canonical problems to assess its accuracy and viability

on structured and unstructured meshes.

4. Application of the framework to investigate steady hemodynamics in idealised

stenoses and aneurysms to understand the role of different models on wall shear

stress and flow dynamics.

5. Application of the framework to understand unsteady non-Newtonian flows through

these geometries and the role of pulsatility on the flow characteristics, with aim

of relating the flow parameters to clinical indices.

1.6 Organisation of the thesis

The remainder of the thesis is organized as follows. Chapter 2 describes governing

equations and their discretisation in the finite volume framework. Chapter 3 presents

the formulation of the velocity reconstruction approach while the validations studies

using the newly proposed flow solver are described in Chapter 4. Chapters 5 and

6 discuss the application of the framework to steady and unsteady hemodynamics

respectively. Chapter 7 summarises the findings from the studies and provides few

directions for future research.
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Chapter 2

Governing equations and

mathematical formulation

In this chapter, we describe the detailed mathematical formulation of the incompress-

ible non-Newtonian fluid flow solver based on the hybrid staggered/non-staggered

framework. The specifics of discretisation of the convective and viscous fluxes are

also discussed and an overview of the implementation of the boundary conditions is

provided.

2.1 Background

The Navier-Stokes equations constitute the governing equations for fluid flow in the

continuum regime. It is derived from the fundamental physical laws: Newton’s second

law of motion and conservation of mass with the constraints that the fluid is continuum,

the frame of reference is inertial (non-accelerating) and no reactions takes place in the

fluid. The numerical framework proposed in this chapter solves this governing equa-

tions with the assumptions: flow is incompressible, single phase, isothermal, laminar

and two-dimensional.
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10 Chapter 2. Governing equations and mathematical formulation

2.2 Governing equations

The Navier-Stokes equations for incompressible non-Newtonian flow are,

∂uα
∂xα

= 0 (2.1)

∂uα
∂t

+ uβ
∂uα
∂xβ

= − ∂p

∂xα
+
∂ταβ
∂xβ

(2.2)

The above Eqs. (2.1) and (2.2) respectively represent the continuity and momentum

equations, where uα denotes the Cartesian velocity components (with α being index),

t is the time, p is the pressure where density is absorbed and ταβ is the stress tensor

with α and β denoting running indices. The variables in the governing equations can

be normalized using suitable reference quantities. The reference scales for velocity,

length, time and viscosity are denoted by U∞, L∞, L∞/U∞ and µ∞ respectively. In the

present computational framework, the non-Newtonian flow is modelled using a non-

linear constitutive relation,

ταβ =
1

Re
µ(|γ̇|)γ̇αβ (2.3)

where, Re is the Reynolds number, and µ(|γ̇|) is known as the apparent or effective

viscosity that depends on the second invariant |γ̇| of strain-rate tensor γ̇αβ which can

be expressed in terms of the velocity gradients as,

γ̇αβ =
∂uα
∂xβ

+
∂uβ
∂xα
− 2

3

∂uα
∂xα

δαβ (2.4)

where, δαβ denotes the Kronecker delta (unity for α = β and zero if α 6= β). The

magnitude of γ̇αβ in two-dimensions is given by,

|γ̇| =

√√√√2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]

+

(
∂u

∂y
+
∂v

∂x

)2

(2.5)
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It can be easily seen from Eq. (2.5) that the present non-Newtonian fluid model does

not account for time history of the apparent viscosity which is beyond the scope of

this thesis work. We restrict ourselves to power-law and Carreau family of models,

in addition to Newtonian fluid which follows as a special case of power-law fluid with

n = 1. The models are listed in Table 2.1 and are used in the present study because

the shear-thinning power law fluids and Carreau fluids are the most popularly used

fluid models to simulate blood flow. In the followings, the apparent viscosity is simply

denoted by µ instead of µ(|γ̇|) for convenience.

The power-law model is a simple model that can exhibit both shear-thinning (n < 1)

Table 2.1: Constitutive relations for Newtonian and non-Newtonian fluids in non-
dimensional form. µ0 and µ∞ are the viscosities at zero and infinite shear rate lim-
its respectively, Wi is the dimensionless relaxation time of the fluid and is known as
Weisenberg number, and a is the model constant.

Fluid model Apparent viscosity
Newtonian µ = 1

Power–law [59] µ = |γ̇|n−1

Carreau–Yasuda [4, 25, 60] µ = 1 +

(
µ0

µ∞
− 1

)
[1 + (Wi |γ̇|)a](

n−1
a )

and shear-thickening (n > 1) behaviours. However, the drawback of the power-law

fluid model is that it fails to describe the non-Newtonian behaviour at very low and

very high shear rate regions by predicting infinite viscosity [6]. These shortcomings

are overcome by the Carreau-Yasuda fluid model which is the most common model in

the Carreau family. In these two non-Newtonian models, the Reynolds numbers are

defined as Re = ρ∞U
2−n
∞ Ln∞/K and Re = ρ∞U∞L∞/µ∞ respectively, where K denotes

the consistency coefficient of power-law fluid model.

On mathematical manipulation of Eq. (2.2) using Eq. (2.1), the momentum equation

can be expressed in the conservative form given by,

∂uα
∂t

+
∂

∂xβ
(uαuβ − ταβ) = − ∂p

∂xα
(2.6)

The above equation and the continuity Eq. (2.1) can be recast in the following compact
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vector form,

∇ · U = 0 (2.7)

∂U
∂t

+∇ ·H = Q (2.8)

It must be emphasised that the term H itself is a vector of vectors which is defined by

H = [E F] in two-dimensions (extension to three-dimensions is straightforward). The

vectors E, F, and Q have the following Cartesian components,

U =

u
v

 E =

u2 − τxx
uv − τxy

 F =

uv − τyx
v2 − τyy

 Q =

−∂p∂x
−∂p
∂y


where, u and v represent the Cartesian velocity components, and τ with the respective

components denotes the viscous stress tensor.

2.3 Hybrid staggered/non-staggered framework

The key idea behind the hybrid staggered/non-staggered approach is to evaluate the

fluxes (convective and viscous) at the cell centroids in the same manner as in a non-

staggered framework (see Figure 2.1(c)) but to solve the momentum equation for ve-

locities at the faces similar to a staggered framework. This is in sharp contrast to

a purely staggered formulation (see Figure 2.1(a)) where the convective and diffusive

fluxes would be discretised directly at the face center. It must be noted that the because

update and storage of the velocity (normal velocity) still occurs at the face centers with

the fluxes computed at cell centers interpolated to faces and therefore, it is referred to

as hybrid staggered/non-staggered framework which is shown in Figure 2.1(b). In this

framework, one therefore needs to solve for only one momentum equation referred to

as “normal momentum equation” instead of two momentum equations in two dimen-

sions. We shall now discuss the derivation of the normal momentum equation and

its discretisation. We work with the integral form of the governing equations since we
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(a) Staggered mesh
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(b) Hybrid staggered/non-staggered mesh
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Figure 2.1: Storage of solution variables for the different mesh frameworks. Ωi∪Ωj = Ω
is the control volume for the hybrid staggered/non-staggered framework where the two
control cells i and j share the face f ⊆ e and e denotes the set of edges of a control
cell with corresponding unit normal vector ne. nf ⊆ ne indicates the unit normal vector
of f .

adopt the finite volume method. To derive the normal momentum equation, Eq. (2.8) is

integrated over the finite control volume Ω as shown in Figure 2.1(b) and then projected

along nf to yield,

∫
Ω

∂U
∂t

dΩ · nf +

∫
Ω

∇ ·H dΩ · nf =

∫
Ω

Q dΩ · nf (2.9)

In the present study, the control volumes are fixed in time and on applying Gauss

divergence theorem to the second term of Eq. (2.9) we get,

∂

∂t

∫
Ω

Uf dΩ +

(∮
S(Ω)

He · ne dS
)
· nf =

∫
Ω

Qf dΩ (2.10)

where, Uf = U·nf and Qf = Q·nf are the projection of centroidal velocity and pressure

gradient along the unit normal nf to the face f . The above Eq. (2.10) can be further

simplified to yield,

Ω
∂Ûf
∂t

+

(∮
S(Ω)

He · ne dS
)
· nf = ΩQ̂f (2.11)

where, Ûf and Q̂f are the cell (Ω) averaged normal velocity and pressure gradient

respectively and are lumped at the center of f and are obtained from the following
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relations,

Ûf =
1

Ω

∫
Ω

UfdΩ (2.12)

Q̂f =
1

Ω

∫
Ω

QfdΩ (2.13)

Henceforth, the notation ‘∧’ (hat) will have been omitted from the normal velocity and

pressure gradient for convenience. The semi-discrete form of the Eq. (2.11) after ap-

proximating the flux integral by single point Gauss quadrature1 can be represented as,

∂Uf
∂t
≈ 1

Ω

[ ∑
e∈S(Ω)

He · ne ∆Se

]
· nf︸ ︷︷ ︸

Flux term

− δp

δn

∣∣∣∣
f

(2.14)

where, ∆Se denotes the surface area of e that constitutes the control surfaces of the

control cells Ωi and Ωj. The flux term comprises of convective He,c and viscous He,v

fluxes and they are given by,

He,c =

−u2 − uv

−uv − v2

 He,v =

τxx τxy

τyx τyy

 (2.15)

The convective and viscous fluxes are first evaluated at the cell centers and then inter-

polated to the faces while the discrete normal pressure gradient δp/δn|f is evaluated at

f . It is important to note that the momentum equation uses a control volume that con-

sists of the union of two cells. As such, the control volumes for the normal momentum

equation for adjacent cells would indeed overlap. Despite the use of overlapping con-

trol volumes, we shall demonstrate in Chapter 4 that the approach indeed conserves

mass and momentum discretely on all mesh topologies. The discretisation of the con-

vective and viscous fluxes as well as other terms appearing in the momentum equation

are described in the following sections.

1Single point Gauss quadrature at the center of e is enough for second order flux accuracy [7].
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2.3. Hybrid staggered/non-staggered framework 15

2.3.1 Discretisation of convective fluxes

The convective contribution to the flux term in Eq. (2.28) after substituting the convec-

tive part H∗e,c of Eq. (2.15) and on simplification gives,

1

Ω

[ ∑
e∈S(Ω)

H∗e,c · ne ∆Se

]
· nf =

1

Ω

 ∑
e∈S(Ω)

−ue
−ve

U∗e∆Se

 · nf (2.16)

where, ue, ve are the Cartesian components of the convective velocity vector ue, and

U∗e = U∗ · ne are the normal velocity at the center of the edge e. Here, the term U∗e

which makes the convective flux term non-linear is linearised by taking its value at the

latest available time level. It must be emphasised that the velocity components of ue

are unknown and are computed using a second-order upwind scheme defined by,

ue =


ui +∇ui · (xe − xi) if U∗e ≥ 0

us +∇us · (xe − xs) if U∗e < 0

(2.17)

where, xe refers to the position vector at the center of e, xi and xs represent the posi-

tion vectors of the centroids of the cells i and s respectively (see Figure 2.2(b)). The

centroidal velocities are clearly not known either and are related to the face normal

velocities which are the unknowns to be computed from the momentum equation. It is

evident that although we solve for the normal velocity U∗f at the faces, we require the

velocities as well as their gradients at cell centroids. The latter is necessary for the

evaluation of inviscid fluxes to higher order accuracy (see Eq. 2.17 above) as well as

to compute viscous fluxes whose discretisation is described in the following section.
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16 Chapter 2. Governing equations and mathematical formulation

2.3.2 Discretisation of diffusive fluxes

The diffusive flux contribution to the flux term in Eq. (2.28) from the two neighbouring

cells is obtained by substituting H∗e,v from Eq. (2.15) and on simplification yields,

1

Ω

[ ∑
e∈S(Ω)

H∗e,v · ne ∆Se

]
· nf =

1

Ω

 ∑
e∈S(Ωi)

τxx|ene,x τxy|ene,y
τyx|ene,x τyy|ene,y

∆Se

 · nf (2.18)

where, ne,x = ∆Se,x/∆Se and ne,y = ∆Se,y/∆Se denote the Cartesian components of

the unit normal vector ne (see Figure 2.2(a)) at e, and τxx|e with the other components

represent the stresses at e and are obtained from Eq. (2.3) as follows:

τxx|e =
µe
Re

[
2
δu

δx

∣∣∣∣
e

]
(2.19)

τxy|e =
µe
Re

(
δu

δy

∣∣∣∣
e

+
δv

δx

∣∣∣∣
e

)
= τyx|e (2.20)

τxx|e =
µe
Re

[
2
δv

δy

∣∣∣∣
e

]
(2.21)

where, µe is the apparent viscosity at e which is obtained from second invariant of strain

rate tensor and using suitable constitutive model (see Table 2.1). The apparent viscos-

ity introduces non-linearity into the viscous flux contribution and is linearised by taking

this value at the previous time level akin to the linearisation of the convective term. It

must be emphasised that this is in contrast with Newtonian flows where the diffusive

term is clearly linear and requires no further linearisation. The discrete velocity gradi-

ents at e are calculated from the adjacent cell centroid (i and s) gradients described in

Section 2.3.7 as follows [61]:

δu

δx

∣∣∣∣
e

=
1

2

(
δu

δx

∣∣∣
i
+
δu

δx

∣∣∣
s

)
− C (2.22)

where, C represents the correction term to mitigate decoupling and is given by,

C =

[
1

2

(
δu

δx

∣∣∣
i
+
δu

δx

∣∣∣
s

)
nl,x +

1

2

(
δu

δy

∣∣∣
i
+
δu

δy

∣∣∣
s

)
nl,y −

us − ui
|∆xis|

]
nl,x (2.23)
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2.3. Hybrid staggered/non-staggered framework 17

where, nl,x and nl,y are the x and y components of the unit vector nl along the line

|∆Xis| joining the two cell centroids i and s, and ∆Xis refers to the displacement from

i to s (see Figure 2.2(b)). The discrete velocity gradients δu/δy|e, δv/δx|e and δv/δy|e
are computed in the analogous manner. The unit vector nl along the line connecting

the two adjacent cell centroids is calculated as,

∆Se,y

∆Se,x

ne,x

∆Se

ne,yne

(a)

e

∇us

∇ui

∆Xis

(b)

Figure 2.2: (a) Arbitrarily oriented area vector ne∆Se of e with its x and y parts, ∆Se,x
and ∆Se,y and the respective components of the unit normal vector ne,x and ne,y. (b)
Displacement ∆xis required to obtain the directional derivative in C from the cell cen-
troid i to s.

nl =
∆xis
|∆xis|

(2.24)

It is must be remarked that in spite of the staggered positioning of the normal mo-

mentum, the calculation of gradients and the fluxes are similar to those in a collocated

framework. In particular, as far as the viscous contribution is concerned, the gradients

are first computed at the cell centers and then interpolated on the faces to obtain the

diffusive fluxes.

2.3.3 Discretisation of normal pressure gradient

The normal pressure gradient term at a cell face in the normal momentum equation

can be discretised using simple central differencing in Cartesian mesh. In unstructured

mesh/cell however we have to discretise it along a line normal to the face f as shown
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18 Chapter 2. Governing equations and mathematical formulation

in Figure 2.3(a) and is given by,

δpm

δn

∣∣∣∣
f

=
pmj′ − pmi′

|∆ni|+ |∆nj|
(2.25)

where, pi′ and pj′ are the pressure at the points i′ and j′ on the line vector ∆ni and

nf

f
|∆rj|

|∆ri|

pj

pi

pi′
pj′

|∆ni|

|∆nj|

(a)

∆ni

∆ri
∆Xfi

(b)

Figure 2.3: (a) Non-orthogonal cell centroids i and j with respect to the face f shared
by two adjacent control volumes those hold the two pressure fields pi and pj respec-
tively. ∆ri and ∆rj denote the displacements from the respective cell centroids to i′ and
j′ respectively that lie on the line coinciding with the direction of unit normal vector nf .
|∆ni| and |∆nj| denote the shortest distances of the cell centroids i and j respectively
from f . (b) Representation of directions of the different vectors.

∆nj respectively. Since, pi′ and pj′ are not known they are expressed in terms of cell

centroid pressures pi and pj using truncated Taylor series which after rearrangement

yields,

δpm

δn

∣∣∣∣
f

=
pmj − pmi

|∆ni|+ |∆nj|
+

∆rj · ∇pmj −∆ri · ∇pmi
|∆ni|+ |∆nj|

(2.26)

The second term of the right hand side of Eq. (2.26) indicates the correction term to

account for mesh non-orthogonality and is zero for orthogonal meshes.

2.3.4 Temporal term discretisation and time integration

Explicit schemes are easier to implement for time marching of solution variables com-

pared to their implicit counterpart [62, 63] but have stringent time step restrictions. We

adopt an implicit treatment of the convective and viscous fluxes in the present study

and also treat the time derivative in Eq. (2.14) using a second-order accurate three
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2.3. Hybrid staggered/non-staggered framework 19

point backward differencing approach that reads,

dUf
dt

=
3 Um+1

f − 4 Um
f + Um−1

f

2 ∆t
(2.27)

where, superscripts m + 1, m, and m − 1 represent the time levels tm+1, tm, and tm−1

respectively with the time step ∆t = tm+1 − tm = tm − tm−1. We adopt the fractional

step approach similar to the approach utilized in [43] where we solve the momentum

equation for auxiliary (or intermediate) momentum by considering the pressure contri-

bution at the mth time level. The auxiliary quantities are denoted by superscript ‘*’ and

the discrete normal momentum equation that is solved for at the faces reads,

3 U∗f − 4 Um
f + Um−1

f

2 ∆t
=

1

Ω

[ ∑
e∈S(Ω)

(
H∗e,c + H∗e,v

)
· ne ∆Se

]
· nf +

δpm

δn

∣∣∣∣
f

(2.28)

It is important to note that this approach is adopted since one needs to artificially con-

struct an evolution equation for pressure. The normal derivative for pressure appearing

in the above equation is a source term although the convective and viscous fluxes does

depend on the unknown face normal velocities. The right hand side of Eq. (2.28) repre-

sents a residual that comprise of the fluxes and cell averaged normal pressure gradient

representing the spatial discretisation. It must be emphasized that this step, referred to

as the “momentum step" is fully implicit and second-order accurate (assessed in Sec-

tion 4.2) in time 2. The non-linear implicit normal momentum equation for the auxiliary

normal velocity U∗f is solved by an inexact Newton-Krylov solver using the open source

libraries PetSc [64]. We now discuss the approach to obtain the pressure field and to

correct the auxiliary momentum in the sections to follow.

2The first momentum step (m = 0) uses an implicit Euler discretisation, since values at (m − 1) are
then not available. The first-order accuracy in a single step does not affect the overall second-order
temporal accuracy.
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20 Chapter 2. Governing equations and mathematical formulation

2.3.5 Pressure correction equation

There is no time evolution equation for pressure field in the incompressible flows and

therefore we construct a pressure correction equation to obtain the pressure field. To

derive the pressure correction, we have to make use of the momentum equation and

the continuity equation. The discrete form of the implicit momentum equation is given

by,
3Um+1 − 4Um + Um−1

2∆t
= Cm+1 + Dm+1 −Gpm+1 (2.29)

where, C, D and G denote the discrete convective flux, diffusive flux and pressure

gradient operators respectively. The equation solved for the auxiliary momentum field

treats the pressure gradient term explicitly and consequently the velocity field from the

following equation does not satisfy the continuity equation.

3U∗ − 4Um + Um−1

2∆t
= C∗ + D∗ −Gpm (2.30)

Subtracting Eq. (2.30) from Eq. (2.29) yields,

3Um+1 − 3U∗

2∆t
= (Cm+1 − C∗) + (Dm+1 − D∗)− (Gpm+1 −Gpm) (2.31)

Neglecting the contributions Cm+1 − C∗ and Dm+1 − D∗ leads to,

3Um+1 − 3U∗

2∆t
= −Gφ (2.32)

where, φ = pm+1− pm denotes the pressure correction. Taking discrete divergence (D)

of the above equation and invoking DUm+1 = 0 using continuity equation results in,

2∆t

3
D(Gφ) = DU∗ (2.33)
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Integrating the above equation over a control volume Ωi
3 and approximating it with

Gauss quadrature after using Gauss-divergence theorem to convert the volume inte-

gration to the surface integration gives (after further simplification),

∑
e∈S(Ωi)

2∆t

3

δφ

δn

∣∣∣∣
e

∆Se =
∑

e∈S(Ωi)

U∗e∆Se (2.34)

where, δφ/δn|e represents the discrete value of the normal gradient of φ at e and is

calculated using the same discrete operator as employed for the discretisation of the

normal pressure gradient (in Eq. (2.26)) as,

δφ

δn

∣∣∣∣
e

=
φs − φi

|∆ni|+ |∆ns|
+

∆rs · ∇φs −∆ri · ∇φi
|∆ni|+ |∆ns|

(2.35)

where, φi and φs denote pressure corrections at the two cell centroids sharing the edge

e, and ∇φi and ∇φs are the corresponding gradients. Here, |∆ns| is the normal length

between the cell centroid s and face e, and ∆rs is the displacement to account for the

non-orthogonal cell centroid Xs with reference to Xe. Defining l = |∆ni| + |∆ns| and

substituting Eq. (2.35) in Eq. (2.34) with rearrangement yields,

∑
e∈S(Ωi)

2∆t

3

φs
l

∆Se−
∑

e∈S(Ωi)

2∆t

3

φi
l

∆Se =
∑

e∈S(Ωi)

U∗e ∆Se−
∑

e∈S(Ωi)

2∆t

3

∆rs · ∇φs −∆ri · ∇φi
l

∆Se

(2.36)

This is known as the pressure correction equation and the right hand side term is a

source term since U∗e is obtained from the auxiliary normal momentum Eq. (2.28). The

second term of right hand side of Eq. (2.36) however is dependent on the solution vari-

able φ. However, by lagging this term and employing a defect correction like approach

(treating the gradient terms as a source term) the resulting linear system of equations

can be represented as,

AΦq+1 = S− f(∇φq) (2.37)

3Integration is performed over a single control volume unlike for the normal momentum equation
where integration is carried out over the union of two adjacent control cells.
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22 Chapter 2. Governing equations and mathematical formulation

where, A denotes the matrix consists of geometric quantities, Φ refers to the vector

comprising of the pressure corrections at the cell centroids, and S indicates the known

vector source term. The presence of the non-orthogonality correction term yields the

function f that contain gradients of φ at the cell centroids and necessitates the solution

of this linear system several times in a given time step. Equation (2.37) is essentially a

Poisson equation and is solved by an algebraic-multigrid preconditioned GMRES (gen-

eralised minimal residual) solver utilising the open source library LiS (library of iterative

solvers) [65]. The outer iterations are started with Φ = 0 and consequently ∇φ = 0

and are terminated when ||Φq+1 − Φq||∞ ≤ 10−10, while the inner Krylov iterations are

converged when the relative error is less than 10−10. No sub-iterations are needed on

uniform Cartesian meshes and 8-10 outer iterations are sufficient for non-orthogonal

meshes to solve the Eq. (2.37).

2.3.6 Solution update

After obtaining the normal auxiliary momentum and the pressure correction (φ), the

normal velocity and the pressure field at the next time level (m+ 1) are computed as,

Um+1
f = U∗f −

2 ∆t

3

δφ

δn

∣∣∣∣
f

(2.38)

pm+1 = pm + φ (2.39)

where, δφ/δn|f is the normal gradient of φ at f and is computed in the same manner

as δp/δn|f in Eq. (2.26). The updated centroidal velocities are obtained after recon-

struction (see Section 2.3.7) from the updated normal velocity Um+1
f in addition to the

gradients (velocity, pressure and pressure correction) which are computed at the cell

centroids.
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2.3.7 Velocity reconstruction and gradient computation

Discretisation of the convective (see Eq. (2.17)) and viscous (see Eq. (2.23)) fluxes

necessitate the centroidal velocities as well as their gradients. Therefore, velocity re-

construction from the normal velocity Uf at the cell centroid is an essential feature of

the hybrid staggered/non-staggered finite volume framework. The centroidal velocity ui

is reconstructed from the known Um+1
f to second order accuracy using an iterative de-

fect correction strategy based on the Green-Gauss theorem. This reconstruction and

the subsequent computation of gradients are critical for accurate numerical simulations

and is described in detail in Chapter 3.

2.3.8 Boundary conditions

The well-posedness of the incompressible Navier-Stokes equations is decided by the

boundary conditions pertinent to the specific problem being solved. We discuss the

most common boundary conditions and their implementation in our framework in this

section. For a Dirichlet velocity field ub at a boundary shown in Figure 2.4(a), the

normal velocity U∗b is calculated as,

U∗b = ubnb,x + vbnb,y (2.40)

where, nb is the unit normal vector of the boundary surface b with its components nb,x

ne

ui

ne

Ub

nb

ub

(a) Dirichlet velocity
boundary

ne

pb

ne

pi

dp
dn
|b

nb

(b) Dirichlet pres-
sure boundary

Figure 2.4: Implementation of boundary conditions. Subscript ‘b’ denotes the boundary
values for the different quantities.
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24 Chapter 2. Governing equations and mathematical formulation

and nb,y, ub and vb denote the x and y velocities respectively. The normal momentum

equation is not solved on these boundaries since Um+1
b = U∗b . This leads to δφ/δn|b = 0

and consequently δp/δn|b = 0. This can be easily seen from Eq. (2.38) which at the

boundary reads,

Um+1
b = U∗b −

2 ∆t

3

δφ

δn

∣∣∣∣
b

(2.41)

where, δφ/δn|b, and δp/δn|b are the normal pressure correction, and pressure gradients

respectively at the boundary face b. In the present studies, a velocity profile that can

vary with space and time are prescribed at the inlet whereas at the outlet boundary, it

is obtained by a first–order accurate extrapolation from the adjacent cell centroids ui

sharing the faces at the outlet. Therefore, at the outlet boundary,

U∗b = ui · nb (2.42)

In general, the auxiliary face normal momentum calculated in this way will not satisfy

global mass conservation. Therefore, we apply a correction to the normal velocity on

these faces (at the outlet) to satisfy the global mass conservation criterion. We thus

have, ∑
b∈O

U
(m+1)
b ∆Sb = 0 (2.43)

where, O is the set of faces with area ∆Sb at the outlet boundary. We obtain these

corrections by finding the global mass defect (difference between inlet and outlet mass

flow rates) and equally redistributing it to the outlet faces so that the above equation

is satisfied. It must be noted that the outlet velocities after correction act as if it were

a Dirichlet boundary condition, which in turn means that the boundary condition on

pressure correction is a homogeneous Neumann condition.

No convective and viscous fluxes conditions are imposed for the lines of symmetry

and inviscid wall as well since the normal velocity U∗b = 0. This boundary condition

holds for the no-slip solid wall (ub = 0) as well although the viscous flux is obtained
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using the velocity gradients at the boundary (from Eq. (2.22)),

δu

δx

∣∣∣∣
b

=
δu

δx

∣∣∣
i
−
(
δu

δx

∣∣∣∣
i

nib,x +
δu

δy

∣∣∣∣
i

nib,y −
ub − ui
|∆xib|

)
nib,x (2.44)

where, nib,x and nib,y are the Cartesian parts of the unit normal vector nib of the dis-

placement ∆xib from the cell centroid i to the middle of boundary face b, and the other

velocity gradients are also computed in the similar way.

In the prescribed boundary conditions for the pressure field pb (see Figure 2.4(b)),

the normal pressure gradient at the boundary δp/δn|b referring to Eq. (2.26) is com-

puted as follows:

δpm

δn

∣∣∣∣
b

=
pb − pmi
|∆nib|

− ∆ri · ∇pmi
|∆nib|

(2.45)

where, |∆nib| denotes the normal distance between the cell centroid i and the boundary

face. For such boundaries, we clearly need to solve the normal momentum equation

to obtain the normal velocity Um+1
b at the boundary. However, we do not perform any

correction for global mass conservation in this case. It must be remarked herein that all

boundaries with a Neumann boundary condition are merely ignored in the solution of

the pressure correction equation (since their contribution is zero in any case) but must

be necessarily accounted for (using the prescribed pressure value, taken typically to

be 0) when Dirichlet pressure boundary condition is imposed.

2.3.9 Solution algorithm

The solution approach underlying the hybrid staggered/non-staggered framework can

be summarized in the flowchart shown in Figure 2.5.

2.4 Summary

In this chapter, we provide an overview of the governing equations for non-Newtonian

incompressible flow followed by the details of the hybrid staggered/non-staggered com-
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Start

Set input parameters and initialize

Solve the normal momentum equation for U∗f

Solve the pressure Poisson equation for φ

Update pm+1 and Um+1
f

Reconstruct the centroidal velocities
(um+1) and its gradients (∇u) from Um+1

f

Is it steady state?

Stop

No

Yes

Figure 2.5: Flowchart of the solution procedure for the hybrid staggered/non-staggered
finite volume computational framework.

putational framework. The finite volume discretisation of the convective and viscous

fluxes as well as the temporal discretisation are discussed. The salient features of the

framework and their implementation including the boundary conditions is presented

and the framework shall be assessed on canonical problems later in the thesis.
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Chapter 3

Velocity reconstruction

This chapter addresses the issues of velocity reconstruction on unstructured staggered

meshes. A novel algorithm referred to as IDeC(k)-GG reconstruction that recovers

centroidal velocities from face normal velocity on two-dimensional arbitrary polygonal

meshes is proposed. It is a vector interpolation strategy that employs iterative defect

correction in conjunction with a lower-order accurate Gauss reconstruction to obtain

second-order accurate centroidal velocities. Various numerical experiments are per-

formed on different mesh topologies and few canonical problems to demonstrate the

importance and utility of the current velocity reconstruction algorithm.

3.1 Background

The velocity reconstruction approach is an essential part of the hybrid staggered/non-

staggered finite volume framework (described in Chapter 2) for physically accurate so-

lutions. Gilmanov and Sotiropoulos [40] as well as Ge and Sotiropoulos [43] have de-

veloped simple one-dimensional expressions to reconstruct centroidal velocities from

their contravariant face velocities on Cartesian and curvilinear meshes respectively.

Although simple to implement, their approaches are inherently limited by the need

for having a logical grid structure. Natarajan and Sotiropoulos [41] devised a defect-

correction based least-squares approach to recover the centroidal velocities. Their

approach was cell-based and involved a relatively compact stencil and posed minimal
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28 Chapter 3. Velocity reconstruction

difficulties in terms of implementation on unstructured and hybrid meshes and exten-

sions to three dimensions. However, their approach requires solution to system of

linear equations which could be computationally expensive on fine grids and three-

dimension.

The present study attempts to devise an alternative velocity reconstruction of stag-

gered data as in [41] and demonstrate its utility for simulation of non-Newtonian flows

in the incompressible regime. In particular, we carry out a thorough and detailed study

of a variant of the approach in [41], involving a lower-order reconstruction based on

Gauss theorem which was also introduced in [31]. The lower-order reconstruction em-

ployed by Perot [31] is first-order accurate and its accuracy is enhanced in the present

study using the iterative defect correction strategy. The proposed variant, referred to

as IDeC(k)-GG reconstruction in this study, is expected to be marginally faster than its

least-squares counterpart in [41] and the importance of second-order accuracy is also

highlighted herein.

3.2 IDeC(k)-GG algorithm for velocity reconstruction

This section describes in detail the new algorithm referred to as IDeC(k)-GG recon-

struction. The primary motivation of the proposed algorithm is the development of

higher-order accurate framework for velocity reconstruction on unstructured staggered

meshes. The objective of the reconstruction algorithm is to obtain the centroidal veloc-

ity field ui in each control volume Ωi from the known face normal velocities Uf . The phi-

losophy of the new reconstruction algorithm is to combine the lower-order reconstruc-

tion derived from the Gauss theorem with an iterative defect correction approach. The

latter is a generic technique used for accuracy enhancement and is efficiently exploited

in the present work in the design of the new algorithm. We describe below these ideas

and later demonstrate their need for accurate simulations of non-Newtonian flows.
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3.2.1 Reconstruction based on Gauss theorem

The centroidal velocities may be obtained from face normal velocities using the Gauss

theorem as [31],

ui =
1

Ωi

∑
f

Uf (xf − xi)∆Sf (3.1)

where, the summation is over the faces f of the cell whose centroid is i. The geometric

quantities include the cell volume Ω, the position vector x and the face area ∆S. This

reconstruction is a simple vector interpolation approach and is a direct consequence of

Gauss divergence theorem where the centroidal velocity is assumed constant through-

out the cell. This reconstruction has been employed previously in [31] and is only first-

order accurate. It is interesting to note that this reconstruction however gives a simple

closed-form expression for the velocity field in contrast to its least-squares counter-

part [41] which requires the solution to a system of equations, for the same order of

accuracy. We shall now provide an alternate derivation for the first-order accuracy of

this reconstruction to highlight the “defect” that needs to be corrected (or removed) to

achieve second-order accuracy.

The centroidal field in Eq. (3.1) is a numerical estimate for a given set of face-

normal velocities. Rewriting the face-normal velocities in terms of the exact centroidal

velocities using truncated Taylor series gives,

Uf =
(
uei +∇uei : (xf − xi)

)
· nf + O(||xf − xi||2) (3.2)

where the superscript “e" indicates “exact" values of the centroidal velocity field which

are not known. Substitution of Eq. (3.2) in Eq. (3.1) and simplification gives,

ui = uei +
1

Ωi

∇uei :
∑
f

||xf − xi||2nf∆Sf︸ ︷︷ ︸
Defect term

+O(||xf − xi||2) (3.3)

where, the symbols “:" and “·" denote tensor and vector inner product respectively. It is
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evident from Eq. (3.3) that the second term on the right hand side represents the trun-

cation error due to Gauss reconstruction and is O(h) on arbitrary polygonal meshes

where h is a characteristic grid scale associated with the mesh. This term is there-

fore, the “defect" which is responsible for the first-order accuracy of the reconstruction.

A closer examination of the term also shows that on uniform Cartesian meshes, the

defect is identically zero and the reconstructed velocities are second-order accurate.

3.2.2 Defect-corrected Gauss reconstruction

The analysis of the lower-order Gauss reconstruction indicates that if the defect could

be reduced or ideally eliminated, then second-order accuracy of the reconstructed ve-

locity field can be realized. This suggests the use of a “modified" face normal velocity

in the Gauss reconstruction for enhancing the accuracy defined by,

Ũf = Uf −
(
∇uei : (xf − xi)

)
· nf (3.4)

The definition of this “modified" scalar velocity is however, flawed in that it involves the

“exact" derivatives of the centroidal velocity field which are not clearly known. More-

over, the centroidal velocities that appear (through the derivatives) in the definition are

precisely what is sought by the reconstruction. These issues however, can be easily

circumvented by replacing the “exact" derivatives by the numerically computed deriva-

tives and then introducing an iterative approach for reconstruction. This leads to the

following theorem that exemplifies the new algorithm, which is referred to as IDeC(k)-

GG reconstruction.

Theorem 3.2.1 (IDeC(k)-GG reconstruction). The velocity reconstruction defined by,

uki =
1

Ωi

∑
f

Ũf (xf − xi)∆Sf (3.5)
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with a “modified" scalar face-normal velocity Ũf defined by,

Ũf = Uf −
(
∇uk−1

i : (xf − xi)
)
· nf (3.6)

is second-order accurate if and only if the gradients are computed to atleast first order

accuracy and the iterative process defined by Eqs. (3.5)-(3.6) converges.

Proof. We start by assuming that the iterative process defined by Eqs. (3.5)-(3.6) con-

verges in some suitable norm so that the iteration counter k can be dropped from the

analysis. Rewriting the face normal velocity Uf in terms of the exact Cartesian veloci-

ties of the cell where the velocity needs to be reconstructed, we have,

Uf =
(
uei +∇uei : (xf − xi)

)
· nf + O(||xf − xi||2) (3.7)

The velocity derivatives ∇ui appearing in the definition of the “modified" face normal

velocity are computed using some numerical technique. Assuming that the derivatives

so obtained are pth order accurate, we have,

∇ui = ∇uei + O(hp) (3.8)

where h is some characteristic length scale associated with the mesh. Substitution of

Eq. (3.7) and (3.8) in Eq. (3.6) and further simplification gives,

Ũf = uei · nf + O(hp)||xf − xi||+ O(||xf − xi||2) (3.9)

Realising that ||xf − xi|| ∼ h, Eq. (3.9) reduces to,

Ũf = uei · nf + O(hmin(p+1,2)) (3.10)

The estimate of truncation error in the reconstruction is then obtained by using Eq. (3.10)
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in Eq. (3.5) which results in,

uc = uec + O(hmin(p+1,2)) (3.11)

The reconstructed velocities are therefore second-order accurate iff p ≥ 1 which is the

condition of consistent gradients alluded to in the theorem.

It must be remarked that the standard identities
∑
f

xf ·nf∆sf = Ωi and
∑
f

nf∆Sf =

0, and the variation in geometric quantities ∆Sf ∼ O(h2) and Ωi ∼ O(h3) have been

made use of in the proof. Although the theorem was briefly introduced in [41], we

present the theorem in a more compact form with a complete proof for the first time in

this work. Furthermore, we also carry out an extensive study of the theorem and the

resulting IDeC(k)-GG reconstruction with special emphasis on non-Newtonian flows

which is a focal point of the current study. It must also be mentioned that a rigorous

mathematical proof of the convergence of the iterative approach involved in the algo-

rithm is a non-trivial exercise which is beyond the scope of this work and extensive

numerical experiments presented in Section 3 show that convergence is achieved in a

few iterations thereby justifying the assumption made in the proof.

Remark 1: The first step of the IDeC(k)-GG reconstruction algorithm is merely the

lower-order accurate Gauss reconstruction which is therefore, referred to also as IDeC(1)-

GG reconstruction. On uniform Cartesian meshes, the “defect" term vanishes due to

the cancellations arising due to grid regularity and the IDeC(1)-GG reconstruction is

equivalent to IDeC(k)-GG reconstruction and is second order accurate.

Remark 2: The IDeC(k)-GG algorithm is generic and equally applicable in both two and

three dimensions. It provides a closed-form reconstruction formula (although iterative)

without the need for solution to system of equations and is hence expected to incur

lesser computational effort and be marginally faster in comparison to the least-squares

based IDeC(k) reconstruction proposed in [41].
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3.2.3 Computing velocity gradients

The definition of the “modified" face-normal velocity involves the numerical computation

of the centroidal velocity gradients that are dependent on the reconstructed velocities

themselves. It has been proved earlier [41] that the choice of the numerical methodol-

ogy for gradient evaluation must be driven by the need for atleast first-order accuracy of

the computed gradients. Since the velocity reconstruction is based on Gauss theorem,

it is logical to adopt a similar approach for obtaining centroidal gradients of the ve-

locity components as well. The Green-Gauss reconstruction computes the centroidal

gradients of any scalar ϕ as,

∇ϕi =
1

Ωi

∑
f

ϕfnf∆Sf (3.12)

where ϕf represents the scalar values at the centroid of faces constituting a cell. The

scalar Cartesian velocity components are unknowns and are reconstructed only at the

centroids which means that the face values of these velocity components need also to

be estimated numerically. It follows that the accuracy of the face values will influence

the accuracy of the computed gradients. The choice of numerical method to obtain

the face values from centroidal components is however critical and is reflected in the

following theorem.

Theorem 3.2.2. Let ϕ represents any component of the centroidal velocity vector which

is bth order accurate. If the Green-Gauss reconstruction approach is employed for

gradient computation on an arbitrarily polygonal mesh and the face values obtained

are vth order accurate, then (i) v = b and (ii) the order of accuracy of the gradients is

min(1, v − 1).

Proof. We know from Theorem 3.2.1 that b = min(p + 1, 2) where p is the order of

accuracy of the centroidal gradients of velocity. Assuming that p = min(1, v−1) is true,

we then have m = min(v, 2). Therefore, v ≥ b. It is also clear that the face values of

the velocity components are obtained from the centroidal values which are themselves

only bth order accurate. A little consideration then shows that order of accuracy of
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the face values cannot exceed that of the quantities used to calculate it and therefore,

v ≤ b. It follows therefore, that v = b.

It is shown that the order of accuracy of gradients is min(1, v− 1). If the face values

are accurate to order q then,

ϕf = ϕef + O(hv) (3.13)

Also, rewriting the “exact" face values ϕf in terms of the “exact" centroidal values ϕi

using Taylor’s expansion gives,

ϕef = ϕei +∇ϕei · (xf − xi) + O(||xf − xi||2) (3.14)

Substitution of Eqs. (3.13) and (3.14) in Eq. (3.12) and further simplification gives,

∇ϕi = ∇ϕei + O(hmin(1,v−1)) (3.15)

which is the desired result.

This proof conclusively demonstrates the complex interplay between the face values

of velocity components, gradient computation and the accuracy of the reconstructed

velocities. It also shows that the accuracy of the reconstructed velocities is identical to

the accuracy to which their face values are estimated in the gradient computation and

hence the latter holds the key to obtaining higher-order centroidal velocities.

3.2.4 Determining face values in gradient computation

In the earlier subsections 3.2.2 and 3.2.3, we have shown that the accuracy of the ve-

locity reconstruction from staggered data is governed by the accuracy of face values

used in gradient computation for the IDeC(k)-GG algorithm. The face values must be

obtained from the centroidal velocity components and the numerical method to achieve

this objective is chosen in accordance with Theorem 3.2.3. It is clear therefore, that

the face values must be obtained to atleast second-order accuracy and a lower-order

accurate method would defeat the purpose of defect correction. In the current study,
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we use a linearity preserving pseudo-Laplacian approach [66] to transfer the centroidal

values to the nodes and then average nodal values of each face to get the face val-

ues. The choice of such an approach for face value determination is motivated by the

following results.

Theorem 3.2.3. If a linearity-preserving pseudo-Laplacian is employed to estimate

nodal velocity components from bth order accurate centroidal velocity components, then

the nodal velocities are accurate to order min(b, 2). Furthermore, the face values ob-

tained by simple averaging of the nodal values retain the same order of accuracy as

the nodal values.

Proof. The pseudo-Laplacian computes the nodal values ϕn from the centroidal values

ϕi as,

ϕn =

∑
i∈S wiϕi∑
i∈S wi

(3.16)

where, S is the set of volumes surrounding (shared by) the node n. The weights can

be written as a perturbation about unity as wi = 1 + Λ · (xi − xn) and the vector Λ is

calculated so that the weights satisfy the principle of linearity preservation. This defines

a system of d linear equations (in d dimensions) given by,

∑
wi(xi − xn) = 0 (3.17)

which can be solved easily for Λ and hence wi. Rewriting the centroidal values in terms

of the “exact" nodal values using truncated Taylor’s series gives,

ϕei = ϕen +∇ϕen : (xi − xn) + O(||xf − xi||2) (3.18)

Also,

ϕi = ϕei + O(hb) (3.19)

Simplification after substitution of Eqs. (3.17), (3.18) and (3.19) in Eq. (3.16) result in,

ϕn = ϕen + O(hmin(b,2)) (3.20)
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which is a statement on the order of accuracy of the nodal values. The face values are

obtained by simple averaging as,

ϕf =

∑
N ϕn
N

(3.21)

where, N is the number of nodes constituting the face. Writing the nodal values in

terms of the “exact" face values and realizing that the order of accuracy of the nodal

values is itself equal to min(b, 2) gives,

ϕf =

∑
N(ϕef +∇ϕef : (xf − xn) + ||xf − xn||2)

N
+ O(hmin(b,2)) (3.22)

Recognizing that the values at the face are lumped at the face centroid and invoking

the definition of the latter easily leads us to,

ϕf = ϕef + O(hmin(b,2)) (3.23)

which is the desired result.

We remark here that the use of any other choice for the weights, such as the vol-

ume weighted averaging (wi = Ωi) would lead to only first-order accurate face values

and hence to first-order accurate reconstructed velocities by virtue of Theorem 3.2.3.

We shall demonstrate the importance of the nodal computation strategy and its effect

on the reconstruction accuracy in the later sections. Interestingly, it is easy to see that

the IDeC(k)-GG reconstruction to obtain centroidal velocities requires the gradients of

these velocity components that in turn, through the face values depend on the cen-

troidal velocities themselves. This paradoxical situation is not surprising however and

is resolved by the use of the iterative approach which at convergence yields consistent

gradients as well as second-order accurate centroidal velocities provided the nodal

values are computed to second-order accuracy as described by Theorem 3.2.1. The

paradoxical nature of the reconstruction procedure is also reflected in [41] and is true

of any similar implicit approach.
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3.3 Accuracy studies

We investigate the accuracy and convergence of the IDeC(k)-GG reconstruction on dif-

ferent mesh topologies in this section and highlight the importance of linearity-preserving

pseudo-Laplacian in the reconstruction. We choose the following two exact vector

fields for this investigation, where Case 1 represents a parabolic velocity profile similar

to the 2-D channel flows and Case 2 is typical of incompressible flows and has also

been studied in [41].

Case 1 : u = 1− y2, v = 0

Case 2 : u = ey cos(x), v = ey sin(x)

The accuracy studies are performed on a [-0.25,0.25]×[-0.25,0.25] square domain,

with computations done on three progressively refined grids starting from the initial

grid. The grid topologies are shown in Figure 3.1 and the exact face normal velocities

are prescribed at the faces for the accuracy studies.

(a) Random grid (392 cells) (b) Hybrid grid (348 cells)

(c) Skewed grid (480 cells) (d) Distorted grid (288 cells)

Figure 3.1: Grid topologies for the accuracy studies.

Figure 3.2 presents the L∞ norm of error in reconstructed velocities on the four grid
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topologies using IDeC(k)-GG reconstructions. It is clear that the error decreases at

a rate close to two for both test fields independent of the grid topology, demonstrat-

ing the generic nature of the proposed higher-order reconstruction. The IDeC(k)-GG

and IDeC(1)-GG reconstructions are compared by studying the error decay for Case 2

on progressively refined meshes for a chosen grid topology. It is evident from Fig-

ure 3.3(a) that the reconstructed velocities from IDeC(1)-GG reconstruction are only

first-order accurate, as opposed to the second-order accuracy resulting from IDeC(k)-

GG reconstruction. The error in gradients of u-velocity for this case is also shown in

(a) Random grid (b) Hybrid grid

(c) Skewed grid (d) Distorted grid

Figure 3.2: L∞ norm of global error in velocity with uniform grid refinement on the four
grid topologies for the two test cases. The dotted line has a slope of two.

Figure 3.3(b) and does not diminish with refinement when IDeC(1)-GG reconstruction

is employed. As discussed in Section 3.3, the lower order accuracy of the Gauss re-

construction is attributed to the inconsistency of the gradients and this is shown to be

led to physically inconsistent solutions (See Section 3.4). The importance of face-value

determination in IDeC(k)-GG reconstruction is highlighted by comparing the error in re-

constructed velocities as well as velocity gradients with mesh refinement when using
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volume weighting as well as linearity-preserving weights for computing nodal values.

Figure 3.4 shows that while volume-weighted averaging leads to inconsistent gradients

and first-order accurate centroidal velocities despite the correction, gradients from the

linearity-preserving pseudo-Laplacian approach are consistent and result in second-

order accurate reconstructed velocities. These observations are in excellent agree-

ment with the theoretical arguments presented in Theorems 3.2.1-3.2.3 and demon-

strate the efficacy of the proposed IDeC(k)-GG reconstruction algorithm.

Studies are also performed on the convergence of the algorithm and its dependence

on mesh size and topology. Table 3.1 shows the number of iterations to convergence

on different grid topologies measured on the finest mesh and Figure 3.5 shows the

convergence history 1 of the IDeC(k)-GG reconstruction on two grid topologies when

Case 1 is studied. The number of iterations for convergence is roughly 10 and is nearly

independent of the mesh topology and refinement. This study further underlines the

robustness and utility of the proposed algorithm on arbitrary polygonal meshes in two

dimensions.

(a) Error in velocity (b) Error in gradient

Figure 3.3: L∞ norm of error in velocity and gradient calculation on distorted mesh for
Case 2.

1The time is measured using the intrinsic function “CPU_time" and the data shown is average over
several runs on each grid.
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(a) Linearity preserving weight (b) Volume weight

Figure 3.4: L∞ norm of error in gradients on hybrid mesh when calculated using (a)
linearity preserving weight and (b) volume weight for Case 2.

Table 3.1: Number of iterations for convergence of IDeC(k)-GG reconstruction on dif-
ferent mesh topologies for Case 1.

Grid topology Number of iterations
Random 11
Hybrid 11

Skewed 8
Distorted 11

(a) Hybrid (b) Skewed

Figure 3.5: Convergence history of IDeC(k)-GG reconstruction on hybrid and skewed
grids for Case 1 with progressive mesh refinement in the order Grid-1, Grid-2 and
Grid-3.

3.4 Studies using IDeC(k)-GG and IDeC(1)-GG

In this section after the implementation of the reconstruction algorithm into the exist-

ing solver we perform numerical studies in incompressible non-Newtonian flows using

IDeC(1)-GG and IDeC(k)-GG reconstruction to know their effect on the physical solu-
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tion. In this study we have chosen power-law (both shear thinning and shear thickening)

and Carreau family of models which are described in Chapter 2.

3.4.1 Two-dimensional channel flow

The flow of power-law fluids through a two-dimensional channel of unit width is studied

at Re = 100. A portion of the discretised mesh (17000 cells) is shown in Figure 3.6. The

computational domain is chosen to be 30 units long so as to ensure fully-developed flow

at the outlet. An uniform velocity is prescribed at the inlet and studies are performed

using IDeC(1)-GG and IDeC(k)-GG reconstructions. Figure 3.7 shows the comparison

between the velocity profiles obtained using both reconstructions along with the ana-

lytical solution for a power-law exponent of n = 0.8. No discernible difference between

the reconstructions is evident. Studies with n = 1 (Newtonian fluid) also lead to similar

conclusions and is not shown here for sake of brevity. Interestingly, the computed pres-

sure drop across the channel using both approaches for the Newtonian case were also

nearly identical. While this study seems to suggest that the IDeC(1)-GG reconstruction

suffice to obtain solutions for laminar, incompressible flow of non-Newtonian fluids, the

numerical experiments that follow reveal that this is indeed not the case. The agree-

ment between the results of the two reconstructions observed for this study is rather

fortunate and the reasoning for this agreement is discussed later in this section.

Figure 3.6: Triangulated and quadrilateral (at the center) meshes used for the compu-
tation.

3.4.2 Lid driven cavity flow

The lid driven cavity flow is a benchmark problem studied by several researchers for

incompressible Newtonian flows. In this study, we investigate its non-Newtonian coun-
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Figure 3.7: Velocity profile plot of downstream using IDeC(k)-GG and IDeC(1)-GG and
compared with analytical solution.

terpart using shear-thickening and shear-thinning power-law fluids as in [12, 67]. The

computational domain is [0, 1]× [0, 1] and the Reynolds number based on the lid veloc-

ity is 100. Non-Newtonian exponents of n = 0.75 and n = 1.5 are chosen for shear-

thinning and shear-thickening fluids respectively, and the domain is meshed using a

triangulated Cartesian grid with 3200 cells. The centerline velocity profiles obtained

using IDeC(1)-GG and IDeC(k)-GG reconstructions for the shear-thickening fluid are

compared with the results of Bell and Surana [67] in Figure 3.8. The results of the

defect-corrected Gauss reconstruction agree reasonably well with the benchmark com-

putations unlike those of Gauss reconstruction without defect correction which show a

considerable deviation in the velocity profiles. This is reflected also in the streamline

plots shown in Figure 3.9, which are completely dissimilar. It is interesting to note that

that the IDeC(1)-GG reconstruction predicts a wrong vortex structure and a greater dis-

parity in the size of corner vortices as compared to the IDeC(k)-GG reconstruction. It

must be remarked that in employing either reconstruction, the numerical solution were

obtained at steady state and the divergence was close to machine zero. This indicates

that while both solutions are numerically consistent, only the computations of IDeC(k)-

GG reconstruction leads to a physically consistent simulation. These arguments apply

equally well for the shear-thinning fluid, for which the results are compared with the

computations of Neofytou [12] and are presented in Figure 3.10. The differences in

streamline pattern shown in Figure 3.11 for this case is more striking, showing a per-

ceptible shift in the primary vortex and disappearance of a secondary corner vortex
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when lower-order accurate reconstruction is employed.

(a) u-velocity profile (b) v-velocity profile

Figure 3.8: Centerline velocity profiles at Re = 100 and n = 1.5.

(a) IDeC(1)-GG reconstruction (b) IDeC(k)-GG reconstruction

Figure 3.9: Streamline patterns at Re = 100 and n = 1.5.

(a) u-velocity profile (b) v-velocity profile

Figure 3.10: Centerline velocity profiles at Re = 100 and n = 0.75.
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(a) IDeC(1)-GG reconstruction (b) IDeC(k)-GG reconstruction

Figure 3.11: Streamline patterns at Re = 100 and n = 0.75.

3.4.3 Backward facing step in a channel

The laminar flow over a backward facing step is investigated using the IDeC(1)-GG

and IDeC(k)-GG reconstructions using the Carreau-Bird model. Figure 3.12 shows the

computational domain [0,30]×[0,1.9423] employed in the study which is discretised

using a hybrid mesh with 20550 cells as shown in Figure 3.13. A fully developed

power-law velocity profile is imposed at the inlet and velocities are extrapolated at the

outlet, ensuring global mass conservation. Simulations have been performed for three

different values of Reynolds number for which the flow remains laminar as shown in

Table 3.2. It is clear from Table 3.2 as well as Figure 3.14 that the predictions of the

recirculation zone lengths from the IDeC(1)-GG reconstruction do not compare well

with the computations of Choi and Barakat [13], in contrast to the results using IDeC(k)-

GG reconstruction which show a reasonable agreement. We emphasise that as in

the driven cavity problem, the computed solutions when using either reconstruction

are obtained at steady state and there is no mass loss which guarantees local mass

conservation.

Numerical investigations on lid driven-cavity flow and flow over the backward-facing

step indicate that while both IDeC(1)-GG and IDeC(k)-GG reconstruction lead to results

that are steady and satisfy the discrete continuity criterion, the solutions are markedly

different in both cases. Comparisons with benchmark data show that the IDeC(1)-GG
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Figure 3.12: 2-D geometry of backward facing step.

Figure 3.13: Hybrid mesh used for the computation. Part (b) shows the zoom in view
of the hybrid mesh.

Table 3.2: Recirculation length for IDeC(1)-GG, IDeC(k)-GG and the literature using
Carreau fluid model.

Parameters used Recirculation length
IDeC(1)-GG IDeC(k)-GG Choi and Barakat [13]

Re = 100, Wi=108 0.98 1.29 1.39
Re = 300, Wi=322 4.24 4.88 4.77
Re = 400, Wi=430 6.05 6.46 6.33

Figure 3.14: The streamline pattern obtained using the two reconstruction approaches.

leads to spurious solutions and this is attributed to the lower-order accuracy of the

reconstructed velocity field. The viscous fluxes are dependent on the gradients of the

velocity field which are inconsistent when IDeC(1)-GG reconstruction is employed. It

is important to realise that these flows are diffusion-dominated as Reynolds numbers

are small (in the laminar regime) and the viscous fluxes play a major role for such
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flows. A striking aspect of these flows, however, is that they are vorticity-dominated and

vorticity generation is inherently linked to the viscous fluxes. The lack of consistency of

the gradients using Gauss reconstruction without defect correction therefore, reflects

as a numerically consistent but physically inconsistent solution for such flows. Defect

correction enhances the order of accuracy of the reconstructed velocities and renders

the gradients consistent and hence leads to flow patterns that are physically consistent.

This also explains why the reconstructions behaved identically for the channel flow

case; the flow was not vorticity-dominated and despite lower Reynolds numbers the

flow pattern and pressure drop remain unaffected by the numerical inconsistency from

the reconstruction.

3.4.4 Flow past circular cylinder

Conservation properties of any numerical schemes is indispensable criteria to guar-

antee the conservation of physical properties in the discrete sense. A scheme may

mislead (giving spurious solution) us about a physical problem without this property

is one of the major concerns of the ability of the underlying discretisation to conserve

mass, momentum and energy at the discrete level. In order to explore if and how

conservation or its lack thereof could lead to non-physical solutions on unstructured

staggered meshes, we consider the flow of a shear-thinning power-law fluid (n = 0.6)

past a circular cylinder of unit diameter at Re = 40. A schematic diagram of the problem

is shown in Figure 3.15 where a hybrid mesh in a [0, 30]× [0, 15] computational domain

is employed, with triangular cells in the cylinder vicinity and quadrilateral cells in the

rest of the domain. Figure 3.16 shows a zoom in portion of the mesh encompassing

the circular cylinder. The mass imbalance is studied by monitoring the discrete diver-

gence of velocity field, while momentum conservation is investigated by computing the

drag coefficient using a momentum balance method as well as direct integration of the

pressure and viscous forces on the surface of the cylinder.

Figure 3.17(a) shows the time history of the maximum value of velocity divergence

in the domain for the IDeC(k)-GG and the IDeC(1)-GG algorithms. It is easy to see that
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Figure 3.15: Schematic computational domain for a steady flow past a circular cylinder
in the laminar flow regime.

Figure 3.16: An enlarge view of the hybrid mesh in the computational domain surround-
ing the cylinder.

(a) (b)

Figure 3.17: (a) Mass conservation with time to reach steady state solution and (b)
streamline pattern of the flow past cylinder using IDeC(1)-GG and IDeC(k)-GG recon-
structions.

the mean value of velocity divergence is appreciably small at all times and is around

10−10 at steady state, with and without defect correction, which ensures discrete mass

conservation. The drag coefficient values calculated using global momentum balance

(involving integrals on the domain boundary only) and direct surface force integration

(involving integrals on the cylinder surface only) are tabulated in Table 3.3. It is easy
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Table 3.3: Drag coefficient and recirculation length for the flow of shear-thinning power-
law (n = 0.6) fluid past a cylinder at Re = 40. The computed values for the drag
coefficient and recirculation length in [15] are 1.34 and 1.75 respectively.

Method used Drag coefficient, Cd Recirculation length
IDeC(1)-GG IDeC(k)-GG IDeC(1)-GG IDeC(k)-GG

Momentum balance 1.53 1.37 1.41 1.75
Surface integration 1.51 1.36 1.41 1.75

to realise that the drag coefficient calculation using the two different methods agree to

within 0.5% accuracy for IDeC(k)-GG and IDeC(1)-GG reconstructions, indicating that

the discretisation guarantees global momentum conservation. However, the IDeC(1)-

GG approach, devoid of defect correction, overpredicts the drag coefficient and under-

predicts the recirculation length, as compared to the computed results of Sivakumar

et.al. [15]. The results in the latter, which were obtained using a commercial finite-

volume based continuum solver, are in good agreement with the IDeC(k)-GG results.

These studies conclusively prove that whilst both IDeC(k)-GG and IDeC(1)-GG are

discretely conservative, the lower order accuracy of the latter is solely responsible for

physically inconsistent solutions as is evident in the distinctly shorter recirculation bub-

ble observed in Figure 3.17(b).

3.5 Summary

A new velocity reconstruction algorithm, referred to as IDeC(k)-GG reconstruction,

which reconstructs centroidal velocities to second order accuracy from face-normal

data on arbitrary polygonal staggered meshes is proposed. The conditions that guar-

antee the second-order accuracy of the velocity reconstruction are derived and its ef-

ficacy on arbitrary polygonal mesh topologies is demonstrated. The importance of

the proposed algorithm for non-Newtonian flows on unstructured meshes is elucidated

through numerical simulations of driven cavity and backward facing step problems with

power-law and Carreau fluids. Numerical investigations show that second-order ac-

curacy of the reconstructed velocity field is essential to obtain physically consistent
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solutions of vorticity dominated flows typical of hemodynamic simulations. It is demon-

strated that the causality of spurious solutions are not linked to discrete conservation

and arise solely due to the lower order accuracy of velocity reconstruction.
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Chapter 4

Validation studies

In this chapter, we assess the computational framework developed in the previous

chapters using canonical test cases involving steady and unsteady flows. Studies on

spatial-temporal accuracy on unstructured meshes as well as the discrete conservation

properties are studied. Investigations are carried out using different non-Newtonian

models and mesh topologies to highlight the efficacy of the proposed framework.

4.1 Background

The foremost task in the development of a computational framework is validation against

analytical solutions or well established experimental or/and numerical data in litera-

ture. While there are extensive studies for Newtonian fluid flows in the incompressible

laminar flow regime, only few numerical benchmark problems are available for non-

Newtonian flows. We employ a range of test problems in both external and internal

flows which span those with simple analytical solutions to those with purely compu-

tational benchmarks that account for the non-linear behaviour of viscosity. We also

discuss the accuracy of the solver on arbitrary polygonal meshes and investigate the

discrete conservation property of the framework since the control volumes are overlap-

ping unlike conventional finite volume approach.
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4.2 Accuracy study

We study the spatial and temporal accuracy of the flow solver by considering a New-

tonian flow problem that has an exact solution to the Navier-Stokes equations. This

test case consists of periodic counter-rotating decaying vortices and we consider a

computational domain [-0.25,0.25]×[-0.25,0.25] with exact solution prescribed at the

boundaries. The exact flow field at any time is given by [68],

u = − cos(2πx) sin(2πy) e−
8π2

Re
t

v = sin(2πx) cos(2πy) e−
8π2

Re
t

p = −1

4
(cos(4πx) + sin(4πx)) e−

16π2

Re
t

The solution is dependent on time and space, therefore it can be used to assess the

temporal and spatial accuracies of the flow solver using separate experiments. It must

be emphasised here that since the velocities at the boundaries are prescribed (Dirichlet

condition), the gradient of pressure correction on the boundaries are set to zero (Neu-

mann condition). We solve the governing equations upto a time of t = 0.2 at Re = 100

and compute the errors in velocity and pressure (difference between analytical and

numerical solutions) in the L∞ norm.

4.2.1 Temporal accuracy

This test is performed considering four progressively refined time steps 0.01, 0.005,

0.0025, and 0.00125 for a sufficiently fine mesh. The mesh chosen for this study is

a hybrid mesh with 348 finite volumes. The solution using a very small time step

∆t = 0.0001 is considered as the reference solution for error analysis. This strategy

is adopted to remove the spatial errors that can contaminate the total error and affect

the temporal accuracy. It is easy to see from Figure 4.1 that the error norms of the

pressure and the velocity fields versus time steps fall with a slope of 2. This implies

that the present computational solver is second order accurate in time which is not
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surprising given that the temporal integration adopted is a second-order accurate three

point backward differencing scheme.

Figure 4.1: Temporal accuracy using the Taylor-Green vortex decay test on hybrid
meshes.

4.2.2 Spatial accuracy

We now consider the spatial accuracy study on hybrid meshes at the given Re and

choose a sufficiently small time step ∆t = 10−3. Three levels of progressive mesh

refinement is carried out starting from the initial hybrid mesh topology with 348 cells as

shown in the Figure 4.2. We compute the L2 norm of error for the flow variables which

is presented in Figure 4.3. It must be remarked that mean pressure (of the domain)

is subtracted from the numerical solution of pressure field before calculating its error

norm. This is because the pressure is only determined to an additive constant owing

to the homogeneous Neumann boundary condition for pressure at the boundaries. It

can be easily observed from Figure 4.3 that the error norm of the resultant velocity

and pressure field fall with a slope close to 2 and 1 respectively. This is consistent

with previous studies where the pressure shows one order lesser rate of convergence

than the velocities. Clearly, one can argue that the solver is nominally second-order

accurate on hybrid grids and a similar order of accuracy is observed on other mesh

topologies as well (but not shown here for brevity). Even though the accuracy study

has been performed for Newtonian fluid (since the analytical solution is only available

for this case), we can speculate that the order of accuracy of the present numerical
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solver would not be very different even when non-Newtonian fluid flows are considered.

Figure 4.2: The discretised computational domain using hybrid mesh.

Figure 4.3: Spatial accuracy using the Taylor-Green vortex decay test study in hybrid
meshes. The solid line with slope equal to two is the reference line.

4.3 Poisson equation and preconditioning

We employ an algebraic-multi-grid (AMG) preconditioner along with a Krylov solver for

solving the Poisson equation in the proposed framework. In order to highlight the impor-

tance of this choice as opposed to the more common incomplete-lower-uppertriangular

(ILU) preconditioner, we consider the case of an impulsively started channel flow as

discussed also by Ge and Sotiropoulos [43]. We consider a square channel geometry

with a [0,1]×[0,1] domain to investigate the impulsively started laminar flow of power-

law fluid with n = 0.8 at Re = 100. We use a time step of ∆t = 0.001 and carry out

simulations for just a single time step. The inlet is given a uniform velocity profile while
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the domain is initialised with zero velocity. Three triangulated meshes, G1 (200 initial

cells), G2 (see Figure 4.4) and G3 with aspect ratios 1, 10 and 100 respectively have

been used. The motive of this study is to understand the effect of convergence of the

Poisson solver for this test case using ILU and AMG preconditioners in conjunction

with the FGMRES solver for the linear equations. The high aspect ratio grids are rep-

resentative of high Reynolds number simulations, although such simulations have not

been attempted in the present study. Figure 4.5 shows the performance of the FGM-

Figure 4.4: Zoom in view of the computational domain G2.

RES solver to solve the incompressible pressure Poisson equation preconditioned by

AMG and ILU. It is easy to understand from the Figure 4.6 that AMG preconditioned

FGMRES solver converges with fewer number of iterations as opposed to the ILU pre-

conditioned FGMRES solver for a given tolerance convergence criterion. Importantly,

the number of iterations increase nearly linearly with aspect ratio when ILU precon-

ditioner is used but remains relatively constant (it increases from around 12 to less

than 25) when AMG preconditioner is employed. This anisotropic coarsening strategy

embedded into the AMG preconditioner makes it an ideal choice for solving Poisson

equation (such as the pressure correction equation) on unstructured meshes and is

therefore adopted in the present study as well. The AMG preconditioned FGMRES

solver gives a fast convergence with the number of iterations weakly depending on the

grid topology, skewness and aspect ratio.
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(a) AMG (b) ILU

Figure 4.5: Convergence history using the two preconditioners in skew meshes with
different aspect ratios for a given tolerance of 10−10.

Figure 4.6: Convergence history using the two preconditioners in G3 with aspect ratio
10 for a given convergence criterion.

4.3.1 A note on discrete conservation

In this section, we investigate the discrete conservation of mass and momentum for

the staggered/non-staggered finite volume approach introduced in this thesis. This

exercise assumes significance because the momentum control volumes do overlap

and it is not obvious whether the discrete conservation property of the conventional

finite volume approach translates to this framework as well. We consider the two-

dimensional channel flow for the shear-thinning (n = 0.8) power-law fluid for which the

analytical solutions can be easily derived for the fully developed axial velocity profile
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(u) and shear stress (τxy) as,

u =
2n+ 1

n+ 1

(
1− (|2y − 1|)n+1

n

)
(4.1)

τxy = − 2n

Re

(
2n+ 1

n

)n
(2y − 1) (4.2)

For this study, height and average velocity of the channel are chosen as the refer-

ence length and velocity respectively. The simulation is performed at Re = 100 in a

computational domain [0, 40] × [0, 1] that is discretised using non-uniform quadrilateral

cells (15000) resolving the boundary layers. Figure 4.7 shows the history of maximum

velocity divergence in the domain where one can see that the maximum net mass

flux of the order of 10−9 indicating local mass conservation at all times and not just at

steady state. Furthermore, local mass conservation would automatically imply global

mass conservation as well. However, one must note that the control volume for the

continuity equation is a single cell as opposed to the union of two cells for the normal

momentum equation. Comparison in Figures 4.8(a) and (b) depict quantitative agree-

ment between the analytical and numerical solutions for the u-velocity profile and shear

stress respectively. This provides an indirect numerical evidence that the framework

conserves momentum at the discrete level despite overlapping control volumes.

Figure 4.7: Local mass conservation in a cell until the steady state solution is reached.
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(a) Axial velocity profile (b) Shear stress (absolute value)

Figure 4.8: Comparison of the analytical solutions to the numerical results at Re = 100
and n = 0.8 using power-law fluid model.

4.4 Lid-driven cavity flow

We begin the validation studies by considering the lid driven cavity flow which is one

of the extensively studied problems for incompressible Newtonian flows. We however

simulate non-Newtonian flows using the power-law and Carreau-Yasuda fluid mod-

els in a square cavity. The hybrid mesh shown in Figure 4.9 in a computational

domain [0,1]×[0,1] with 6332 number of cells is used for the current investigations.

The Reynolds number based on the lid velocity is 100 for the power-law fluids. Non-

Figure 4.9: The hybrid mesh used to simulate the non-Newtonian flows inside the lid-
driven square cavity.

Newtonian exponents of n = 0.75 and n = 1.5 are chosen for shear-thinning and shear-

thickening fluids respectively using the power-law fluid model. Figure 4.10 shows the

centerline velocity profiles for the shear-thinning and shear-thickening power-law fluid

model which compares well with the results of Bell and Surana [67]. The validation of
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(a) u-velocity profile (b) v-velocity profile

Figure 4.10: Centerline velocity profiles of the lid-driven cavity flow using power-law
fluid model with n = 0.75, n = 1.50 and Re = 100.

the Carreau-Yasuda model is made in an indirect manner by simplifying the viscosity

relation as mentioned in Table 2.1. The modification is that the normalization of the ap-

parent viscosity is done using µ0 and we assume that µ∞/µ0 = 0. The final simplified

equation is derived as,

µ = [1 + (Wi |γ̇|)a](
n−1
a ) (4.3)

We have carried out two numerical test cases, at high Wi to validate the implemen-

tation of this model in the present computational framework as also pointed out in

[69]. The model parameters of the Carreau-Yasuda fluids are listed in Table 4.1 where

Reynolds number is defined as Re = ρUlidH/µ0. Figure 4.11 shows a good agreement

Table 4.1: Setting of flow parameters for the Carreau-Yasuda fluid model Lashckarbolok
et al. [2014].

Parameters Case 1 Case 2
Weisenberg number, Wi 10 10
Reynolds number, Re 56.23 316.23
Non-Newtonian exponent 0.75 1.5
Model constant 2 2

of the u and v-velocity profiles of present study with the published results of Bell and

Surana [67]. It is not surprising to see this agreement since the Carreau-Yasuda fluid

behaves like a power-law fluid for a large value of Wi (Wi� 1).
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(a) u-velocity profile (b) v-velocity profile

Figure 4.11: Centerline velocity profiles of the lid-driven cavity flow using Carreau-
Yasuda fluid model.

4.5 Two-dimensional channel flow

In this section, we simulate non-Newtonian flows through a two-dimensional channel

using different fluid models. This is a test case that allows a test of inflow/outflow

boundary conditions and also an analytical solution for a select number of cases. Fig-

ure 4.12 shows the discretised computational domain using triangular and quadrilateral

cells with a flow domain size of [0,40]×[0,1]. The number of cells in the domain are

17000. It is easy to obtain analytical solution of fully developed velocity profile in a two-

Figure 4.12: Discretised computational domain of the two-dimensional channel flow.

dimensional rectangular geometry for the power-law fluid model in the incompressible

laminar flow regime. The flow of the power-law fluid model (n = 0.8 and n = 1.2)

through the aforementioned geometry of unit width are studied at Re = 100. A uniform

velocity is prescribed at the inlet so as to allow the flow to become fully developed in the

sufficiently long channel. Figure 4.13 shows comparison of fully developed axial veloc-

ity profile obtained numerically with the analytical solution. No discernible difference

is observed between the two results, highlighting the accuracy of the flow solver. The
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Figure 4.13: Fully developed axial velocity profiles for different power-law exponent
ranging from shear-thinning to shear thickening fluids at Re = 100.

five parameter Carreau-Yasuda fluid model does not permit an analytical solution even

for this simple test problem. Following the studies in Hao and Chao [70] which show

that for a given set of the model parameters with n = 0.3678, Carreau-Yasuda model

resembles the power-law model with n = 0.708, we use this Carreau model to effect

an indirect comparison and validation of the implementation of the Carreau model in

our framework. Figure 4.14 shows that the Carreau model (modified with a prescribed

set of parameters) results in a velocity profile that agrees well with that obtained using

shear-thinning power law fluid model and confirms both the proposition and validates

the implementation of the Carreau model. Yet another numerical experiment is per-

Figure 4.14: Fully developed axial velocity profiles using power-law and Carreau-
Yasuda fluids at Re = 100, Wi = 100.
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formed to validate the Carreau-Yasuda model by considering the pressure drop in the

channel for three different Reynolds numbers. Ternik et al. [71] have demonstrated

that the ratio of the pressure drop for the Newtonian fluid model to that of the Carreau-

Yasuda fluid model roughly remains constant. Our results in Table 4.2 also support this

fact and agrees closely with the ratio of 0.33 reported in [71] for the same flow and

model parameters.

Table 4.2: Ratio of non-dimensional pressure drop of Newtonian to Carreau model.

Reynolds number
∆PN
∆PCY

150 0.3258
200 0.3300
250 0.3378

4.6 Backward facing step flow

The backward facing step is a canonical problem involving recirculation and is even

more significant for hemodynamics since it can be considered as a geometry rep-

resentative of stenosis which is a constriction in cardiovascular flow. In the present

study, we perform simulations of steady laminar flow using Newtonian and Carreau

fluid models in a backward facing step geometry. Figure 4.15 depicts the computa-

tional domain which is discretised using a hybrid mesh (see Figure 4.16) with 31540

cells. The comparison of the velocity profiles with the experiments of Armaly et al.

[72] at two locations after the step are depicted in Figure 4.17 for the Newtonian fluid.

Simulations have been carried out at three different Reynolds numbers (100, 200 and

400) which corresponds to Wi = 108, 322 and 430 respectively with the Carreau family

of models (see Table 5.1 for model parameters) and the recirculation bubble length is

compared with the results of Choi and Barakat [13] in Figure 4.18. We see that the

comparison is excellent and the recirculation length increases with Reynolds number,

consistent with streamline patterns shown in Figure 4.19.
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Figure 4.15: Computational domain, where h is the height of the inlet and s is the height
of the step.

Figure 4.16: Enlarged view of discretisation of the computational domain near the step.

(a) x/s = 2.55 (b) x/s = 7.76

Figure 4.17: Variation of axial velocity fields in a direction normal to the flow at the two
locations. Herein s is the length of the step.

4.7 Flow past a circular cylinder

The flow past a circular cylinder is a classical test case involving steady and unsteady

external flow and is chosen as the final test case in the validation suite for the present

flow solver. The Newtonian, power-law and Carreau-Yasuda fluid flows past a sta-

tionary as well as rotating circular cylinder of unit diameter (D) in the steady and un-

steady laminar flow regime are simulated. The Reynolds numbers for the power-law

and Carreau-Yasuda models are defined based on the diameter of the cylinder. Some

of the important non-dimensional parameters for this test case are described below.
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Figure 4.18: Comparison of the recirculation lengths with the reported literature data at
the three Reynolds numbers with the corresponding values of Wi=108, 322 and 430.

(a) Re = 400

(b) Re = 300

(c) Re = 100

Figure 4.19: Streamline patterns using the Carreau fluid model for different Reynolds
numbers.

• Rotational speed of the cylinder is defined as,

β =
Dω

2U∞
(4.4)

where, ω is the angular velocity of the circular cylinder and the rotating effect of

the cylinder surface is obtained by setting the following Dirichlet boundary condi-

tion for velocities,

ub = β nb,y, vb = −β nb,x (4.5)

where, nb,x and nb,y are the components of unit normal vector nb of the cylinder
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surface A.

• Recirculation (wake) length lr.

lr =
lc − 0.5D

D
(4.6)

where, lc is the distance from the center of the cylinder to the point of reat-

tachment (at the downstream of the cylinder and symmetry line with velocities

u = v = 0).

• Drag Cd and lift Cl force coefficients.

Cd =
2Fx

ρ∞U2
∞D

, Cl =
2Fy

ρ∞U2
∞D

(4.7)

where, Fx and Fy are the forces contributing to drag and lift respectively compris-

ing of the pressure and shear forces, and are calculated by the surface integration

method over the cylinder surface and are obtained as,

Fx =

∫
A

p(A)nb,xdA︸ ︷︷ ︸
Pressure part

+

∫
A

(τxx(A) nb,x + τyx(A) nb,y)dA︸ ︷︷ ︸
Viscous part

(4.8)

Fy =

∫
A

p(A)nb,ydA︸ ︷︷ ︸
Pressure part

+

∫
A

(τxy(A) nb,x + τyy(A) nb,y)dA︸ ︷︷ ︸
Viscous part

(4.9)

where, dA denotes the elemental area of the cylinder surface A. Second order

accurate pressure p(A) is calculated at the boundary from the adjacent cell cen-

troids to b, and the shear stress components τ(A) on the cylinder surface are

obtained from the Eq. (2.3).

• Pressure coefficient at the cylinder surface Cp.

Cp =
2(p− p∞)

ρ∞U∞
(4.10)

where, p and p∞ are the pressures on the surface of the cylinder and the free
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stream respectively.

• Time averaged drag c̄l and lift c̄d in the time interval ∆T .

c̄d =

∫
∆T

Cd dt∫
∆T

dt
, c̄l =

∫
∆T

Cl dt∫
∆T

dt
(4.11)

The non-Newtonian exponents n = 0.8, n = 1.0 (Newtonian) and n = 1.2 are selected

for the simulations using the power-law fluid model whilst for the Carreau-Yasuda fluid

model is chosen as in [73]. A computational domain size [0,40]×[0,20] with the center

of the cylinder at (10, 10) is discretised using hybrid mesh with triangular cells around

the circular cylinder and quadrilateral cells in the rest of the domain. Figure 4.20 shows

a zoomed view of the mesh around the circular cylinder.

We first consider simulations for both stationary and moving cylinder at Re = 40 us-

ing the power-law and Carreau-Yasuda fluid models. It must be noted that this problem

does not have any benchmarks in literature for the Carreau fluid. We first perform sim-

ulations to study the effect of number of points at the cylinder surface and cells in the

chosen domain on the coefficient of drag for the flow over stationary cylinder using the

Carreau fluid model. A relative difference below 0.50% is observed in the coefficient of

drag (Cdp + Cdv) for NP = 130 with corresponding number of cells Nc = 22818 of the do-

main and is utilised in all simulations since it gives a nearly grid independent solution.

Figure 4.21 depicts the streamline patterns obtained using the two non-Newtonian fluid

Table 4.3: Grid convergence study based on the number of points (NP ) at the cylinder
surface with the associated number of cells (Nc) of the computational domain on the
drag coefficients contributed from the pressure drag (Cdp) and viscous drag (Cdv), and
their relative differences (RD) for the Carreau-Yasuda fluid model with the parameters:
Re = 40, n = 0392, µ0/µ∞ = 10, a = 0.644, and λ = 0.11.

NP Nc Cdp RD(%) Cdv RD(%)
40 13772 2.180 3.11 1.503 3.84
70 18394 2.217 1.47 1.534 1.85
100 21094 2.240 0.44 1.549 0.89
130 22818 2.244 0.27 1.558 0.32
160 25708 2.250 0.00 1.563 0.00
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models. It is interesting to observe that Carreau-Yasuda fluid model does not gener-

ate any wake behind the cylinder so the recirculation length is zero in contrast to the

power-law fluid model for the given Reynolds number. This is also reflected with higher

force coefficients prediction using Carreau-Yasuda fluid model than the power-law fluid

model (see Table 4.4) for the stationary (β = 0) and rotating (β = 2) cylinders. Table 4.4

shows that present results agree well with the reported literature for the power-law fluid

model. The different streamline patterns using the Newtonian and non-Newtonian

Figure 4.20: Discretised hybrid mesh encircling the circular cylinder of unit diameter.

(a) Power-law, n = 0.8 (b) Power-law, n = 1.0

(c) Power-law, n = 1.2 (d) Carreau-Yasuda

Figure 4.21: Streamline pattern of steady flow of different fluid models over the station-
ary circular cylinder at Re = 40.

fluid models over the rotating circular cylinder in the steady flow regime are shown in

Figure 4.22. The Carreau-Yasuda fluid model does not generate any vortices around

the cylinder surface in contrast to power law fluid model. Figure 4.23 shows reason-

able agreement of the coefficients of pressure distributions over the cylinder surface
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Table 4.4: Drag coefficient (Cd), lift coefficient (Cl) and recirculation length (lr) of steady
flow of non-Newtonian as well as Newtonian fluid models over a circular cylinder with
different rotating speeds (β).

Re β Fluids Researchers Cd Cl lr
40 0 Power-law, n=0.8 Bharti et al. [74] 1.42 – 2.35

Present 1.52 – 2.10
Power-law, n=1.0 Bharti et al. [74] 1.53 – 2.22

Ding et al. [75] 1.71 – 2.20
Present 1.58 – 2.27

Power-law, n=1.2 Bharti et al. [74] 1.54 – 2.32
Present 1.63 – 2.46

Carreau-Yasuda Present 4.31 – –
2 Power-law, n=0.8 Panda and Chhabra [76] 0.85 -5.38 –

Present 0.87 -5.54 –
Newtonian (n=1.0) Panda and Chhabra [76] 0.84 -5.72 –

Paramane and Sharma [77] 0.86 -5.60 –
Present 0.92 -5.68 –

Power-law, n=1.2 Present 0.99 -5.82 –
Carreau-Yasuda Present 3.39 -5.88 –

(a) Power-law, n = 0.8 (b) Power-law, n = 1.0

(c) Power-law, n = 1.2 (d) Carreau-Yasuda

Figure 4.22: Streamline pattern of steady flow of Newtonian and non-Newtonian fluid
models over the rotating circular cylinder at Re = 40 and β = 2.

with that of Sivakumar et al. [15] at Re = 40 for the power-law fluid model with n = 1.

We have also studied simulations of unsteady flow where second-order time accu-

racy plays an important role and the results for stationary as well as rotating cylinder

are presented using time averaged drag coefficients c̄d in Table 4.5 at Reynolds num-
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Figure 4.23: Cp variation over half surface of the cylinder from symmetry line with angle
where it is calculated from the center of the cylinder.

bers of 100 and 140. The computed results from the present framework agree well with

those reported by Fallah et al. [78] for the power-law fluid model. Figures 4.24(a) and

Table 4.5: Mean drag (c̄d) coefficients of the unsteady flow of non-Newtonian fluid over
the stationary circular cylinder at Re = 100 and Re = 140.

Re β Fluids Researchers c̄d
100 0 Power-law, n=0.8 Fallah [78] 1.22

Present 1.30
Power-law, n=1.2 Fallah [78] 1.44

Present 1.42
140 0 Power-law, n = 0.6 Fallah [78] 1.24

Patnana [79] 1.23
Present 1.26

(b) depict the history of Cd and Cl for the stationary (β = 0) and rotating (β = 1.57) cylin-

der respectively at the two given Reynolds numbers using the Newtonian fluid model.

The present studies are in good agreement with the results of Zhang et al. [80] for both

fixed and moving cylinder cases. It can be seen from Table 4.6 that the results from

our simulations are comparable with those reported in Fallah et al. [78] for c̄d and c̄l at

β = 1.5 and Re = 100.

These simulations categorically establish the proposed framework as an accurate

and robust approach for simulating non-Newtonian flows using power-law and Carreau

family of fluids on unstructured meshes.
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(a) Stationary, β = 0 and Re = 100 (b) Rotating, β = 1.57 and Re = 200

Figure 4.24: History of the force coefficients for the flow past circular cylinder when the
periodic solution of Cd and Cl are achieved using the Newtonian model.

Table 4.6: Mean drag (c̄d) and lift (c̄l) coefficients of the rotating unsteady flow of power-
law fluid model over the circular cylinder at Re = 100 and β = 1.5.

Fluids Work c̄d c̄l
n = 0.8 Fallah [78] 0.846 -3.820

Present 0.814 -3.783
n = 1.0 Fallah [78] 0.872 -4.058

Present 0.857 -3.865
n = 1.2 Fallah [78] 0.916 -4.314

Present 0.899 -3.955

4.8 Summary

In this chapter, we have validated the proposed computational framework on several

steady and unsteady flow problems using non-Newtonian fluid models. Studies on

structured and unstructured meshes show that the flow solver is able to accurately

compute the numerical solutions. The solver has been shown to be nominally second-

order accurate (both in space and time) and also satisfies discrete mass and momen-

tum conservation. We have also shown that the linear solver strategy of using algebraic

multigrid preconditioning for the Poisson equation could be more effective than ILU for

high aspect ratio meshes and investigations using power-law fluids and Carreau mod-

els highlight the efficacy of the hybrid staggered/non-staggered framework developed

as part of this thesis work.
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Chapter 5

Application to steady hemodynamics

In this chapter the in-house computational framework has been utilised to investigate

steady blood flow in canonical configurations of aneurysm and stenosis. We study the

implications of different fluid models as well as geometries on the hemodynamics using

numerical approach.

5.1 Background

Stenosis and aneurysm are two common problems that lead to cardiovascular dis-

eases. Stenosis refers to the abnormal narrowing of blood vessel while aneurysm may

be described as anomalous bulging of an artery. Since in-vivo patient specific investi-

gations are not often possible, one needs to take help of numerical frameworks such

as those in this study. It is a common practice to first simulate before carrying out an

in-vitro experiment of hemodynamic problems. Furthermore, it is a more common prac-

tice to begin with simulations of steady flows before carrying out unsteady simulations

though the latter are more realistic of flows in biofluid mechanics. Hence, we attempt

to understand in this chapter the steady hemodynamics in aneurysm and stenosis by

investigating different non-Newtonian models and geometries.
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5.2. Problem set-up and computational details 71

5.2 Problem set-up and computational details

The stenosis geometry is ideally modelled using a two-dimensional channel with dou-

ble constrictions. The asymmetric stenosed geometry as shown in Figure 5.1 is ob-

tained using a Gaussian function defined by [81],

y(x) = 1−
2∑
i=1

ci e
−wc(x−xi)2 (5.1)

where, ci represents the varying constriction ratios and is obtained from the relation

x

D

d1

u
d2

Bottom wall

Top wall

In
le
t

O
u
tl
et

L

x2y

sx1

Figure 5.1: Schematic diagram of the asymmetric doubly constricted stenoses with
boundary conditions

ci = (D−di)/D. D is the depth of the channel without constriction and is the character-

istic length. d1 and d2 denote the depths of channel at the first and second constriction

respectively those lie at distances x1 = 2D and x2 = 4D from the inlet and are sepa-

rated by a distance s = x2 − x1. wc = 3 indicates a constant that governs the widths of

the constrictions. The length of the channel L = 36D is sufficiently long enough after

the second constriction to ensure a fully developed flow and this has been verified from

the simulations. Three doubly constricted channel geometries are obtained by varying

the constriction ratios (ci) to represent mild (d1 = d2 = 0.8D), medium (d1 = d2 = 0.5D)

and severe (d1 = d2 = 0.2D) stenosed artery.

An intracranial aneurysm geometry is modelled using a two-dimensional channel

with expansion at the top wall. The expansion is assumed to be ideal semi-circle that

represents the asymmetric intracranial aneurysm. The geometric parameters of the

two-dimensional aneurysm as seen from Figure 5.2 are selected from the literature
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[58]. D is the depth and characteristic length of the channel, W = 2.2D denotes the

width of the aneurysm neck and H = 2.2D is the height of the aneurysm. Three dif-

ferent aneurysm geometries are obtained by varying the ratio H/W (= R, known as

aspect ratio) while keeping aneurysm neck width constant. The aneurysm geometries

with different aspect ratios 1.0, 2.0 and 2.6 are represented by R1, R2 and R3 respec-

tively.
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Figure 5.2: Schematic diagram of the aneurysm geometry with boundary conditions.

The double stenoses geometry is discretised using a combination of non-uniform

quadrilateral (at non-constricted portion) and triangular (at stenosed region, see Fig-

ure 5.3) cells. We have ensured that the hybrid grid is able to resolve the boundary

layer as it affects the wall shear which is a key parameter in hemodynamic simulations.

Fully-developed parabolic velocity profile for channel flow using the power-law fluid is

prescribed at the inlet. It is essential to obtain grid-independent solution for any numer-

Figure 5.3: Typical triangulated grids showing resolution at the boundary for the
medium stenosed artery. Part (b) shows the zoomed view of the meshes at the bound-
ary near the curve surface.

ical simulation and we perform a thorough grid-refinement study only on the stenoses

geometry of medium constriction. We investigate the variation of wall shear stress
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(WSS) which is also clinically important and can be expressed as,

WSS = τxy|w
(
n2
w,x − n2

w,y

)
+ (τyy|w − τxx|w)nw,xnw,y (5.2)

where, τxy|w, τyy|w, τxx|w denote the components of shear stress at the wall and nw,x,

nw,y are the scalar components of unit normal vector at wall. Studies are carried out

using the Newtonian fluid model on four meshes: Grid-1, Grid-2, Grid-3 and Grid-

4 having cells 18000, 21000, 24000 and 27000 respectively. Figures 5.4(a) and (b)

depict the distributions of WSS at the two constrictions and its neighbourhood for the

grid refinement study on four different meshes using the Newtonian fluid model. A grid-

independent solution is achieved using 24000 cells and this grid is employed for further

computations involving blood flows using the different fluid models. A grid-independent

(a) First constriction (b) Second constriction

Figure 5.4: Wall shear stress at the two constrictions and their vicinity using four differ-
ent meshes for the stenosed artery problem.

solution is achieved using Grid-3 and this grid is employed for further computations

involving different fluid models. Despite the three stenoses geometries being different

due to varying constriction ratios, we employ 24000 hybrid cells for all simulations

assuming that it would also lead to nearly grid independent solution in other scenarios

as well.

The aneurysm geometry is discretised using hybrid meshes which is the combina-

tion of non-uniform quadrilateral cells at the channel region and triangular cells at the

expansion as shown in Figure 5.5. Grid refinement study is performed on the aneurysm
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geometry R1 for the given fluid model using hybrid cells 14946 (Grid-1), 20300 (Grid-2),

28848 (Grid-3) and 40574 (Grid-4). Figures 5.6(a) and (b) depict the distributions of

Figure 5.5: Hybrid mesh utilised to discretise the computational domain using triangular
cells inside the aneurysm and quadrilateral cells in the parent artery. Part (b) is the
zoomed view of the mesh in the vicinity of the aneurysm neck.

WSS for the grid refinement study using the four meshes with Newtonian model. The

WSS value changes its sign from positive on the top wall of parent artery to negative

inside the aneurysm because of the reverse flow (recirculation). The results of the

mesh Grid-3 is accepted as the mesh independent since no discernible difference in

WSS is observed relative to Grid-4 (finest) in comparison to the other three meshes

and this grid has been utilised for the investigation. Grid independent result in WSS

(a) Using Newtonian fluid (b) Zoomed view

Figure 5.6: Wall shear stress variations on the aneurysmed wall using the four meshes.

is obtained using the mesh Grid-3 and this grid has been utilised for further investiga-

tions. The three aneurysm geometries with different aspect ratios are discretised using

13150 (R1), 19085 (R2), and 24904 (R3) triangular cells inside the dome (expansion).
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In order to assess the effect of different non-Newtonian fluid models we choose the

Carreau and power-law models. The fluid model parameters of the fluid models are

tabulated in Table 5.1 to mimic the rheology of blood [2, 4, 6]. The simulations in the

Table 5.1: Model parameters of the different fluid models.

Parameters Carreau-Yasuda Carreau-Bird Power law
Non-Newtonian exponent (n) 0.392 0.3568 0.8,1.0
High shear rate viscosity (µ∞) 0.0022 0.0035 -
Zero shear rate viscosity (µ0) 0.022 0.056 -
Model constant (a) 0.644 2.000 -
Relaxation time constant (λ) 0.110 3.313 -

following sections are carried out at Re = 200 with a time step ∆t = 0.005 and Wi is

defined based on the average diameter of an artery. We must remark that arterial wall

is assumed to be rigid while this is not the case in practice which allows for a major

implication and focus only on the role of fluid models and geometries on wall shear

stress.

5.3 Effect of fluid models on double stenoses

We investigate the effect of different fluid models on the hemodynamics of a double

stenoses when the blood flow is steady. The streamline patterns in the geometry ob-

tained with the different fluid models for the double stenoses are shown in Figure 5.7.

One can see the recirculation bubble length downstream of the second constriction

shows considerable variation, with the longest recirculation bubble observed when us-

ing the power-law fluid while the Carreau-Yasuda model predict the shortest bubble.

This is also reflected in the WSS distributions depicted in Figure 5.8, which also indi-

cates a smaller peak WSS when using the power-law fluid. An interesting outcome of

the study is that the Carreau-Bird model shows near-identical behaviour as the New-

tonian fluid, both in terms of the peak WSS and the recirculation zone lengths. The

Carreau-Yasuda model, in comparison, predicts slightly higher peak WSS, a marginal

shift of the vortex core in the first constriction and a shorter bubble following the second

constriction.
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These observations can be reasoned by accounting for the apparent viscosity vari-

ation with shear rate for these fluids which is shown in Figure 5.9. It may be argued

that for the shear rates persisting in the constriction, the apparent viscosity of the

Carreau-Bird fluid is closest to the Newtonian model. The Carreau-Yasuda fluid would

experience a viscosity higher than both these fluids while the power-law fluid has the

lowest apparent viscosity, even lesser than the Newtonian fluid. The spatial distribu-

tion of apparent viscosity in the vicinity of the constrictions, omitted herein for sake of

brevity, agrees with these arguments. Consequently, the “equivalent" Reynolds num-

ber 1 would be largest for the power-law fluid and smallest for the Carreau-Yasuda fluid.

The length of the recirculation zone is expected to increase with equivalent Reynolds

number, analogous to the observations in [72] for Newtonian flow over a backward

facing step and the results from our numerical simulations are consistent with these

expectations.

Figure 5.7: Streamline patterns at first and second constrictions using different fluids
models.

It is a well-known fact [82] that endothelial cells respond to hemodynamic forces and

their response to WSS is linked to plaque stability. In the absence of in-vivo studies,

numerical simulations become critical in understanding the hemodynamics of stenosed

arteries and choice of a suitable physiological model would dictate the predictions and

subsequent clinical recommendations.
1This may be interpreted as the Reynolds number at which the pressure drop due to any non-

Newtonian fluid flow would be equal to that of a Newtonian fluid flow through a given geometry.
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(a) (b)

Figure 5.8: (a) Wall shear stress distributions and (b) zoomed view near constrictions
for the stenosed artery problem using different fluid models.

Figure 5.9: Variation of apparent viscosity with shear rate for the fluids considered in
this study.

5.4 Role of degree of stenoses on hemodynamics

In this section, we investigate the role of constriction ratios representing mild, medium

and severe stenosis on the hemodynamics in double stenoses. The shear-thinning

Carreau-Yasuda non-Newtonian fluid model is adopted to model the blood for the sim-

ulations for these studies. The streamline patterns of the three stenoses using Carreau-

Yasuda model are shown in Figures 5.10(a), (b) and (c). In case of the mild constriction,

no recirculation bubble is formed as opposed to the other two constrictions. It is clearly

comprehendable that with the increase in the constriction the wake length increases.
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However, a striking difference is observed in case of the severely constricted stenosis

whence multiple recirculation cores are developed just at the end of the second con-

striction. One can notice a recirculation bubble is generated in the bottom wall and

there is a marginal shift of primary recirculation bubble core in severe constriction in

comparison to medium constriction.

The aforementioned differences in the streamline pattern of the different degree of

constrictions can be interpreted with the help of the relationship between apparent vis-

cosity and shear-rate as mentioned in the previous section. From that plot, in the region

of low shear-rate the value of apparent viscosity is very high and it remains invariant in

the range of high shear-rates. In the region of flow recirculation the apparent viscosity

becomes high as a result of low shear-rate and this increases with the increase in the

constriction ratio. It is however necessary to carry out more in depth investigations into

this behaviour.

(a) Mild

(b) Medium

(c) Severe

Figure 5.10: Streamline patterns obtained using the Carreau-Yasuda non-Newtonian
fluid model for three constriction ratios.

Table 5.2 lists the pressure drops across the flow boundaries for the different con-

striction ratios including the straight channel (a representative of normal artery). It is

easy to realize from this table that the pressure drop rises with the increase in the

constriction ratios. Similar observations have been made in [51], although their study

is performed on three-dimensional stenosis. Figure 5.11 depicts WSS distributions

on the top wall. It is easy to notice from these plots that there is an increase in the

peak WSS at the two constrictions regions as the constriction ratio increases which is
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Table 5.2: The change in pressure drop with variation in the constriction ratio using
Carreau-Yasuda fluid model.

Geometries Pressure drop
Normal - 0.118
Mild - 0.125
Medium - 0.164
Severe - 0.723

consistent with the increasing pressure drop. Note that the distance between locations

where WSS changes sign gives the length of recirculation bubble and the observations

in Figure 5.11 agree with the streamline patterns shown in Figure 5.10.

Figure 5.11: Wall shear stress distributions on the top wall for the different stenosed
geometries.

It is now known [82, 83] that high shear stress can damage endothelum which

causes to activate platelets aggregation and thrombus formation. However, no specific

correlation has been clearly established to link the role of WSS in the atherosclerotic

development [84]. The present investigation shows a clear and notable difference in the

peak WSS on the wall of varying constriction of an asymmetric double stenoses and

could possibly give some insights into this complex hemodynamics of the atheroscle-

rotic process. Furthermore, the present study indicates that severity of the stenoses

can be linked to high pressure drop and elevated wall shear stress. However, we must

emphasize herein that these results must be interpreted with care since realistic flow

in the arteries are inherently three-dimensional and pulsatile (unsteady).
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5.5 Effect of fluid models on intracranial aneurysm

The focus of the present section is to investigate the effect of non-Newtonian (Carreau-

Yasuda and power-law) and Newtonian fluid models on the hemodynamics of the ide-

alised intracranial aneurysm. We choose the intracranial aneurysm geometry with as-

pect ratio R1 for the study. WSS is the major parameter that could play a crucial role in

the growth and rupture of intracranial aneurysm. Streamline plots inside the aneurysm

dome for the geometry are shown in Figure 5.12 using the three fluid models. It is

intriguing to observe that the flow patterns inside the aneurysm dome are analogous

to that seen in a conventional lid-driven using the three fluids while the parent artery

flow is marginally influenced by the presence of the aneurysm. We compare the WSS

Figure 5.12: Streamline patterns inside the aneurysm dome using the different fluid
models.

distributions on aneurysm dome wall using the different fluid models which is depicted

in Figure 5.13. We observe that the Carreau-Yasuda fluid model computes a lower

value of peak WSS relative to the Newtonian fluid model while the latter and power-law

fluid model predict comparable WSS except at the downstream aneurysm neck region.

It is reported in the literatures [78,79] that low WSS on the aneurysm wall indicates a

higher chance of growth and rupture of an intracranial aneurysm. The present simu-

lations indicate that the Newtonian model simulation of blood flow overestimates the

wall shear stress in the aneurysm dome and underpredicts it at the post aneurysm
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(a) WSS (b) Zoom in view

Figure 5.13: Wall shear stress variation on the aneurysm wall.

neck region. This may therefore lead to misinterpretation while planning for clinical

interventions and highlights the need to account for non-Newtonian effects.

5.6 Effect of aneurysm size on hemodynamics

In this section, we investigate the effect of aneurysm size on the hemodynamics of

aneurysms with the viscosity modelled using Carreau-Yasuda fluid. Three different

aneurysm sizes are chosen which are represented by different aspect ratios R1 = 1.0,

R2 = 2.0, and R3 = 2.6 denoting mild, intermediate and severe aneurysms respectively.

Figures 5.14 (a), (b) and (c) respectively depict the streamline patterns of the three

aneurysm geometries with aspect ratios R1, R2, and R3. We notice, interestingly that

the bubble core shifts away from the parent artery with the increase in aneurysm size.

The WSS distributions on the aneurysm wall are shown in Figure 5.15. We see that in

the dome, WSS decreases with the increase in aneurysm size but this trend reverses

at the neck region.

It has been stated previously that low WSS is an indicator of growth and rupture

of an intracranial aneurysm. Herein in our study shows that low WSS region of the

intracranial aneurysm lies at the posterior of aneurysm neck region with the increase

in aneurysm size which can be a possible location for rupture. However, our results are

not fully in agreement with those in [79] and necessitates further investigations.
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(a) R3

(b) R2

(c) R1

Figure 5.14: Streamline patterns in the different sized aneurysm.

Figure 5.15: Wall shear stress distributions on the aneurysm wall.

5.7 Summary

In this chapter, the computational framework is utilised to investigate the steady blood

flow dynamics in aneurysm and stenosis. The Carreau-Bird model shows near-identical

behaviour as the Newtonian fluid model, in terms of the peak WSS in the study of

double stenosis while Carreau-Yasuda model predicts slightly higher peak WSS. The
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results of the different constriction ratio stenoses indicate that the WSS increases as

the constriction ratio increases and consequently the pressure drop. Among the differ-

ent fluid models, Newtonian model predicts a higher WSS than the two non-Newtonian

models at the aneurysm dome region.The shear-thinning power-law fluid model how-

ever exhibits the highest WSS in the neighbourhood of aneurysm neck. Increase in

aneurysm size is found to result with higher WSS at the aneurysm neck while it is seen

to decrease in the aneurysm dome.
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Chapter 6

Application to unsteady

hemodynamics

The in-house incompressible flow solver has been utilised to investigate the unsteady

flow of blood in aneurysm and stenosis configurations. The effect of pulsatile flow con-

ditions and geometries on the hemodynamics using different non-Newtonian models

have been studied.

6.1 Background

Studies performed in the earlier chapter are not entirely realistic because blood flow

is inherently pulsatile (unsteady) owing to the action of heart that pumps blood peri-

odically throughout the cardiovascular loop. The pressure or velocity pulse waveforms

triggered by heart travels down the arterial network that alters with time and space.

Furthermore, the flow waveform is influenced by the presence of aneurysm and steno-

sis [49] along with the non-Newtonian behaviour of blood. Blood has been treated as a

Newtonian fluid in several scenarios, mostly in high shear flow regions [1]. It is reported

in [47] that Newtonian modelling of blood results in overestimation of wall shear stress

inside the aneurysm dome wall. We therefore attempt to employ the proposed compu-

tational framework to study the effect of pulsatile flows on hemodynamics in aneurysm

and stenosis with different fluid models.
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6.2 Problem set-up and computational details

The computational domains of stenosis and aneurysm of the previous chapter has

been utilised for further investigations of the unsteady hemodynamics. Additionally, the

same fluid model parameters as described in Chapter 5 have been used for the present

studies. The pulsating characteristics of blood flow is modelled by prescribing an ideal

sinusoidal velocity profile shown in Figure 6.1 at the inlet and is defined as,

u =

[{
1 + sin

(
4Wo2t

Re

)}
− a
]
b+ c (6.1)

where, a, b, c are the scaling factors to obtain different pulsatile velocity conditions from

the baseline/normal velocity waveform u = 1 + sin(4Wo2t/Re). Wo = 0.5D
√
ω/ν de-

notes the Womersley number, where ω and ν are the angular frequency of a cycle and

kinematic viscosity of fluid respectively. The Womersley is the ratio of unsteady inertia
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Figure 6.1: Pulsatile velocity waveforms over a cycle prescribed at the inlet of the
computational domain.

force to viscous force and the values of a, b and c (see Table 6.1) are chosen in such a

way to obtain low, high and normal pulsatility index (PI) defined by [58],

PI =
umax − umin

u
(6.2)
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where, umax and umin denote the maximum and minimum velocity respectively and

u represents the mean velocity of a cycle. PI is the parameter that measures the

Table 6.1: Parameters to obtain different pulsatile velocity inlet conditions.

Velocity waveforms a b c PI Wo Re Remax Remin
Baseline 0 1 0 2 3.3 291 582 0
High PI 0.8 1.67 0 10.06 3.3 96 582 -384
Low PI 0 0.5 1.5 0.5 3.3 582 727 437

unsteadiness of flow in the artery over a cycle. Equation (6.2) can be equivalently

expressed in terms of Reynolds numbers,

PI =
Remax −Remin

Re
(6.3)

where, Remax, Remin and Re are the maximum, minimum and mean Reynolds numbers

respectively. The low and high PI waveforms that correspond to diseased condition

(healthy condition lies in the range 0.54 to 2.8) of an artery are constructed from the

baseline pulsatile velocity profile by tunning a, b and c [85, 86]. The high PI = 10.06

velocity waveform is derived by keeping the value of Remax equal to that of the baseline

velocity waveform. On the other hand, the low PI = 0.50 velocity waveform is con-

structed by a waveform shift that leads to a higher value of Remax than the baseline

velocity waveform. Simulations have been carried out for sufficient time so as to obtain

periodic solutions at constant time step ∆t = 0.005. The important flow parameters

of context are the instantaneous streamline patterns, instantaneous wall shear stress,

mean wall shear stress (WSSmean) and oscillating shear index (OSI). The mean wall

shear stress over a cycle is given by the following Eq. (6.4),

WSSmean =

∫ T
0
WSS dt∫ T

0
dt

(6.4)

where, T denotes the period of a cycle. The definition of OSI follows from the relation

[48],

OSI =
1

2

1−

∣∣∣∫ T0 WSS dt
∣∣∣∫ T

0
|WSS|dt

 (6.5)
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Equation (6.5) can also be recast in the following form after simple manipulations,

OSI =
1

2

[
1− |WSSmean|

1
T

∫ T
0
|WSS|dt

]
(6.6)

It is easy to realize from Eq. (6.6) that OSI has a spectrum of 0 (minimum) to 0.5

(maximum). The minimum value of OSI represents a steady flow whereas the max-

imum value indicates purely pulsating flow with zero mean flow at any location. The

parameters WSSmean and OSI are crucial from a clinical perspective because they can

provide useful information about the growth and rupture/blockage of an aneurysm and

stenosis.

6.3 Effect of fluid models on double stenoses

The present section focusses on the investigations of hemodynamics of the double

stenoses using three different fluid models to model the pulsatile blood flow while the

pulsatile flow condition is effected utilising the high PI waveform. The studies have

been performed on the geometry of stenoses with medium constrictions. Figure 6.2

depicts the streamline patterns at the four instants in a cycle. The flow patterns are

shown only at the two constrictions and their vicinity. Newtonian and power-law fluid

models predict comparable flow patterns in the given instants of the cycle in contrast

to Carreau-Yasuda fluid model. The variations of instantaneous WSS over the cycle

(period) at the location x = 5 (post-stenotic region) are shown in Figure 6.3. The maxi-

mum value is observed at the start or end of the cycle where the Carreau-Yasuda fluid

model computes the highest value while power-law and Newtonian model indicate the

WSS of nearly same magnitude, but lower than the Carreau-Yasuda model. Figure 6.4

shows the distributions of WSSmean on the stenosed wall using the three fluid mod-

els. Carreau-Yasuda model experiences the highest WSSmean at the two constrictions

with the power-law predicting the least and the Newtonian model computes an inter-

mediate value. These trends are similar to those seen in the steady flow results of the

previous chapter and arguments in Section 5.3 holds good here as well. The OSI on

TH-2329_11610320



88 Chapter 6. Application to unsteady hemodynamics

Figure 6.2: Streamline patterns at four time instants of a cycle using the different fluid
models.

Figure 6.3: Temporal change of wall shear stress at the post-stenotic point (x = 5) over
a period.

the top wall at the first and second constrictions and their neighbourhood are shown

in Figures 6.5(a) and (b) respectively. It is intriguing to note that the OSI is relatively

quiet low in regions of peak WSSmean over a period. However, peak OSI values are

observed after the first and second constriction except in case of the power-law fluid.

Furthermore, the location of peak OSI in case of Carreau-Yasuda fluid model is shifted

away from the two constrictions in contrast to the other two fluid models.

The power-law (n = 0.8) model produces marginal difference from Newtonian model.

Therefore, Newtonian fluid model has been utilised for comparison with the Carreau-

Yasuda model. Nevertheless, further studies are needed to understand the effect of

shear-thinning power-law model (n < 0.8) which is part of future work. The importance

of the non-Newtonian fluid model is evident at the two constrictions as well as regions
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Figure 6.4: Average wall shear stress variation on the top wall comprising the two
stenosis.

dominated by flow recirculation, i.e., after the first and second constrictions. In addition,

it is reported that “the highly localized distribution of low and oscillatory shear stress

along the walls strongly correlated with the focal locations of atheroma1 in the human

left coronary artery” in [48]. We see from the present results that Newtonian model

overpredicts the low WSSmean (i.e., a location with higher risk of atheroma formation)

in contrast to the Carreau-Yasuda fluid model and this is in agreement with the results

in [47].

6.4 Effect of degree of stenoses on hemodynamics

In this section, the hemodynamics of mild, medium and severely constricted geome-

tries of double stenoses are investigated employing the Carreau-Yasuda fluid model

to mimic the non-Newtonian behaviour of blood flow. The unsteady (pulsatile) flow is

achieved by prescribing the ideal sinusoidal velocity profile in time with high pulsating

index. The streamline patterns of the three geometries are shown in Figure 6.6 at the

four instants (1) t = T/4, (2) t = T/2, (3) t = 4T/3, and (4) t = T of the period. Recir-

culation bubbles are observed only at t = 4T/3 for the geometry with least constriction

compared to other two geometries. Trains of multiple recirculation bubbles have been

formed in the severe stenoses in comparison to the medium stenoses geometry. The

variations of the instantaneous WSS over a cycle at the post-stenotic location (x = 5)
1It is the deposition of degenerative cells and debris in the inner lining of arterial wall.
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(a) First constriction region

(b) Second constriction region

Figure 6.5: OSI distribution of the multiple constricted two-dimensional channel.

are shown in Figure 6.7 and Figure 6.8 depicts the distributions of WSSmean on the

stenosed wall. The calculated WSSmean at the post-stenotic region is consistent with

the instantaneous WSS prediction. An increase in WSSmean with increase in con-

striction ratios has been observed from the simulations. The peak WSSmean at the

two constrictions are rise four times with increase in each constriction subsequently.

Figures 6.9(a) and (b) portray the variation of OSI at and around of the first and sec-

ond constrictions respectively. Multiple peaks are observed for the severe constriction

in contrast to medium constriction and mild constriction which are purely pulsating with

no net flow. On the other hand, the mild stenosis behaves similar to the case of a

steady flow with a relatively low value of OSI compared to the other two configura-

tions. Our results indicate that the implications of constriction ratios of stenosis are

more prominent than the different fluid models from the view point of hemodynamic

parameters. This study however can only provide limited information and more real-

istic waveforms are necessary to shed light on the mechanics of atherosclerosis and
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(1)

(2)

(3)

(4)
Mild Medium Severe

Figure 6.6: Streamline patterns for the three geometries of the double stenoses. Dif-
ferent instants t = T/4, t = T/2, t = 3T/4 and t = T of a cycle are represented by the
rows (1), (2), (3) and (4) respectively.

Figure 6.7: Instantaneous wall shear stress distributions within a cycle at x = 5.

thrombosis.

6.5 Effect of fluid models on intracranial aneurysm

In this section, we investigate the effect of two fluid models on the hemodynamics of an

ideal intracranial aneurysm using the high pulsatility index velocity waveform. Newto-

nian and Carreau-Yasuda (non-Newtonian) fluid models are utilised for the simulations

in the R1 aneurysm geometry. Figure 6.17 (see rows (1) and (2)) shows the stream-

line patterns at four instants of a cycle using the Newtonian and non-Newtonian fluid

models respectively. In case of Newtonian fluid model, a shift in the recirculation bub-

ble core is observed as opposed to the non-Newtonian fluid model at the time instants

T/4, T/2, and 3T/4 of the cycle. The difference between the two fluid models could be
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Figure 6.8: Average wall shear stress distributions on the top wall with doubly con-
stricted channel of the three geometries.

(a) First constriction region (b) Second constriction region

Figure 6.9: OSI distributions on the multiple constricted two-dimensional channel with
different constriction ratios.

attributed to the shear-thinning nature of the latter in which apparent viscosity reduces

with the increase in shear rate. Figure 6.11 depicts the distributions of instantaneous

WSS at the middle of aneurysm wall (angle = 90◦) over a cycle using the two fluid mod-

els. The distribution of WSSmean on the aneurysm wall using the two fluid models are

shown in Figure 6.12 and are consistent with the distributions of instantaneous WSS.

The Newtonian model overpredicts the WSSmean at the aneurysm dome and this flow

behaviour has also been reported in [47]. Importantly, the non-Newtonian model com-

putes higherWSSmean at the aneurysm neck region compared to the Newtonian model.

The OSI distributions on the surface of aneurysm wall using the two fluid models are

shown in Figure 6.13 where the Newtonian model is associated with multiple peaks of

OSI. Both fluid models compute high OSI at the aneurysm neck regions particularly
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(1)

(2)
t = 0T t = T/4 t = T/2 t = 3T/4

Figure 6.10: Streamline patterns using the two fluid models. First (1) and second (2)
row respectively are for the Newtonian and non-Newtonian fluid models.

Figure 6.11: Wall shear stress distributions over a cycle at a point on the aneurysm
dome using the two fluids.

the downstream of the aneurysm neck. It has been reported in the literature [56] that

low wall shear stress is the predictive parameter for rupture of an intracranial aneurysm

and we see it at the anterior aneurysm neck region of the aneurysm. We remark that

our results support the fact that the modelling of blood using the Newtonian fluid would

underestimate the low WSSmean that can lead to wrong clinical interpretations.
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Figure 6.12: Distribution of mean wall shear stress inside the aneurysm dome wall
using the two fluids.

Figure 6.13: OSI distributions on the aneurysm wall using the two fluid models.

6.6 Effect of aneurysm size on hemodynamics

We attempt to gain insights into the hemodynamics in aneurysms with the increase

(from R1 to R3) in aneurysm size and their implications on the clinically relevant pa-

rameters using the Carreau-Yasuda model and high pulsating index velocity waveform.

The streamline patterns of the three aneurysms are depicted in Figure 6.14 at the four

instants T , T/4, T/2, and 3T/4 of a cycle. It is observed that the recirculation bubble

cores come closer to the parent artery at t = T/4 in comparison to at t = T/2. The

instantaneous WSS distributions over a cycle at a point (around 160◦) is depicted in

Figure 6.15(a). On the other hand, Figure 6.15(b) shows the distributions of WSSmean

in the aneurysm dome wall. The peak instantaneous WSS increases with the increase
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R3

R2

R1

t = 0T t = T/4 t = T/2 t = 3T/4

Figure 6.14: Streamline patterns for the different aneurysm sizes.

in the aneurysm size and this is also reflected in the distribution of WSSmean. It can

be easily observed that the aneurysm wall experiences non-uniform WSSmean distribu-

tions for all the three aneurysms. There is a rise in peak WSSmean of 25% and 45% at

the anterior and posterior of the aneurysm neck region subsequently as R1 to R3. The

(a) (b)

Figure 6.15: (a) Instantaneous and (b) mean wall shear stress distributions over a cycle
at location 160◦ and aneurysm wall respectively.
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Figure 6.16: Oscillating shear stress distribution over the aneurysm wall.

reason is that owing to the high shear rates in the aneurysm neck site which results in

increased hemodynamic stress. An analogous observation has been reported in [87]

where an in-vitro experimental study was performed on an intracranial aneurysm. The

OSI variation at the aneurysm wall is depicted in Figure 6.16, where regardless of the

aneurysm sizes high unsteadiness is observed in the aneurysm neck region in contrast

to dome.

Low WSSmean in the aneurysm dome as opposed to the neck region can deposit

thrombus that result in weakened and distended wall which may result in rupture of

aneurysm [57]. Moreover, the high hemodynamic stress at the aneurysm neck site can

also cause the neck to increase. Although the current problem is a simplified version

(two-dimensional idealized geometry), present investigations are able to provide some

information about the role of aneurysm size on the hemodynamics. Our results indicate

higher value ofWSSmean at the aneurysm neck region which is congruent with the result

in [87]. However, these are in contrast with the reports in [55] which states that low wall

shear stress is the key parameter for the aneurysm growth (decrease with aneurysm

size). It requires deeper investigations which is not in the scope of present work.
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6.7 Effect of flow waveform on aneurysm

In this section, we investigate the role pulsatility index (flow waveforms) on the hemo-

dynamics of intracranial aneurysm using the Newtonian and Carreau-Yasuda models.

The two pulsatile flow conditions (see Table 6.1) mimic the low and high pulsatility index

scenarios. The simulations have been performed in the idealized intracranial aneurysm

geometry R1. In addition to streamline, vorticity, arterial WSSmean, instantaneous WSS

and OSI are also examined to arrive at conclusions on how these parameters are af-

fected by the different pulsatile waveforms. The streamline patterns for the high and

low PI cases using the Newtonian fluid are depicted in Figures 6.17 (see rows (1) and

(2)) at the four time instants of a cycle. The fluid flows in and out across the aneurysm

neck in the high PI waveform while in the low PI case a single pattern of recircula-

tion bubble is seen that delineates the aneurysm from the parent artery at all the time

instants of a cycle. An intriguing difference is noticed at t = 3T/4 in the low PI case

where no back flow is seen as opposed to the high PI case, despite a pulsatile velocity

at the inlet. These flow patterns are also observed when the Carreau-Yasuda model

(see Figures 6.17 rows (3) and (4)) is employed.

Dissimilarities in the vorticity contours (absolute values) and velocity vectors are

observed in Figure 6.18 (see rows (1) and (2)) for the two pulsatile waveforms using the

Newtonian model. The flow dynamics using the low PI case behaves similar to that of

a cavity flow where the flow in parent artery rarely interact with the dome over the whole

cycle. Shear layers emanating from the post aneurysm neck remain constant at all the

time instants. This type of flow has been reported in the three-dimensional simulations

of Le et al. [58] where they refer it to as “cavity mode”. Furthermore, for the high

PI waveform they notice transport across the aneurysm neck, vortex ring formation

and call it as “vortex ring mode”. However, in the present study (in two-dimension)

we observe flow entrainment from parent artery into the aneurysm and no distinct

vortex ring formation is seen. The use of Carreau-Yasuda model also reproduces these

modes for the low and high PI which can be seen from Figure 6.18 (see rows (3) and

(4)).
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(1)

(2)

(3)

(4)
t = 0T t = T/4 t = T/2 t = 3T/4

Figure 6.17: Streamline patterns using the two PI waveforms for the given fluid models.
First (1) and second (2) row respectively represent for the high and low PI case using
the Newtonian model. Third (3) and fourth (4) row indicate for the high and low PI case
respectively using the non-Newtonian model.

Figures 6.19(a) and (b) depict the distributions of instantaneous WSS at the middle

of aneurysm wall over a cardiac cycle using the two waveforms for both fluid mod-

els. Figures 6.19(c) and (d) show non-uniform distributions of the WSSmean over the

aneurysm wall using the two PIs for the Newtonian and non-Newtonian models re-

spectively which are consistent with the distributions of instantaneous WSS. The in-

stantaneous WSS variations with time remain constant in the entire cycle in low PI

case whereas it fluctuates with time for the high PI case. Analogous distributions of

WSSmean are observed using the two PIs for the non-Newtonian fluid model as well.
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(1)

(2)

(3)

(4)
t = 0T t = T/4 t = T/2 t = 3T/4

Figure 6.18: Vorticity contours and velocity vector plots for the two PI waveforms. First
(1) and second (2) row respectively represent for the high and low PI cases using the
Newtonian model. Third (3) and fourth (4) row indicate for the high and low PI cases
respectively using the non-Newtonian model.

The OSI distributions over the surface of aneurysm wall using the two waveforms are

shown in Figures 6.20(a) and (b) for the given fluid models. The high PI waveform

flows are associated with multiple peaks of OSI on the aneurysm wall that indicate

dome flows opposing that in the parent artery flow direction. On the other hand, the

OSI distributions remain constant along the entire aneurysm wall for low PI case which
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(a) Using Newtonian model (b) Using non-Newtonian model

(c) Using Newtonian model (d) Using non-Newtonian model

Figure 6.19: Instantaneous and mean wall shear stress alternations over a cycle at
a point on the aneurysm dome using the two velocity waveforms for the given fluid
models.

mean the flow is in phase with the parent artery flow. It has been already mentioned in

(a) Using Newtonian model (b) Using non-Newtonian model

Figure 6.20: OSI distributions on the aneurysm wall using the two PI and two fluid
models.
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the above section that both the low and high PI waveforms correspond to the diseased

condition of an artery. The present study demonstrates that the significance of the dif-

ferent fluid models is lesser compared to the pulsatile velocity conditions and these are

quantitatively reflected in the analysis of WSS, WSSmean and OSI.

6.8 Summary

The novel computational framework has been successfully applied to simulate the

hemodynamics of multiple stenosed artery and intracranial aneurysm when the blood

is modelled with the fluids: Newtonian, power-law and Carreau-Yasuda models. Un-

steady blood flow studies with the different fluids in the medium stenosed artery have

shown that the trend of distributions of the WSSmean on the stenosed wall are consis-

tent with the steady simulations. In addition, for a given fluid model the increase in

constriction ratio increase the peak WSSmean by around four times. The hemodynamic

parameters in an intracranial aneurysm is assessed with the high and low pulsatility in-

dex (PI) waveforms using the two fluid models, Newtonian and Carreau-Yasuda. The

results of the present investigations indicate that the flow waveforms have a significant

role to play on the hemodynamics of the intracranial aneurysm in contrast to the rhe-

ology of the blood. High PI waveform quantifies high value of instantaneous WSS,

WSSmean and OSI the clinically relevant flow parameters in comparison to the low PI

waveform. The flow dynamics of high PI waveform depends strongly on the fluid mod-

els as compared to the low PI. Newtonian fluid model undermine the importance of

low mean wall shear stress at the anterior of aneurysm neck region as opposed to the

non-Newtonian fluid model. Moreover, the implications of aneurysm size (aspect ratio:

height to neck) is more significant than the different fluid models on the hemodynamics

of the intracranial aneurysm.
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Chapter 7

Conclusions and Future Scope

This chapter highlights the key contributions of the thesis work and imparts the direc-

tions for future research.

7.1 Conclusions

This thesis is devoted to the development and application of a novel and robust com-

putational framework for incompressible non-Newtonian flows. The overall contribution

of the thesis may be divided into two halves - the first being the development and val-

idation of a new flow solver on unstructured meshes and the second its application

for understanding hemodynamics of idealised stenoses and aneurysms. The salient

conclusions from our studies on solver development may be summarised as follows.

1. A new hybrid staggered/non-staggered framework for solving incompressible flows

using the finite volume method has been proposed. This framework solves for the

normal momentum at the faces while the pressure is computed at the cell centers.

It allows for a natural extension of the staggered framework to non-structured

grids but effects the flux computations using ideas from collocated finite volume

method.

2. This novel approach solves only one momentum equation independent of the

number of spatial dimensions and is second-order accurate in space and time.
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The spatial and temporal orders of accuracy are preserved even on unstructured

meshes and has been verified through numerical experiments.

3. The overall second-order accuracy of the flow solver is also dependent on the

order of accuracy of the velocity reconstruction approach. The velocity recon-

struction is a vector interpolation strategy to obtain the centroidal velocity vector

from the scalar normal momentum. A velocity reconstruction approach based on

Green-Gauss methodology has been proposed to obtain the cell-center velocities

that are necessary to calculate the convective and viscous fluxes.

4. A lower-order accurate velocity reconstruction is shown to result in spurious nu-

merical solutions despite satisfying the divergence constraint. This has been

found to be related to the inconsistency in the viscous flux computations and

the errors due to this inaccuracy translates as non-physical solutions on arbitrary

polygonal meshes. Interestingly, these inaccuracies do not diminish with grid

refinement.

5. A defect-correction based approach has been implemented to ensure second-

order accurate velocities and atleast first-order accurate gradients on any mesh

topology. This leads to consistent viscous fluxes and accurately computes the

flow field on unstructured meshes while also ensuring that the incompressibility

constraint is satisfied.

6. The flow solver is found to ensure both mass and momentum conservation at

the discrete level even though the control volumes are overlapping. Several test

problems using power-law models and those in the Carreau family have been

computed to highlight the accuracy and robustness of the proposed framework.

This novel computational framework has been employed to investigate steady as well

as unsteady hemodynamics in stenoses and aneurysms. We report below the major

findings from these studies.

1. The Carreau-Bird model shows near-identical behaviour as the Newtonian fluid
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model, in terms of the peak WSS in the study of double stenoses while Carreau-

Yasuda model predicts slightly higher peak WSS.

2. The results of the different constriction ratio stenoses indicate that the WSS in-

creases as the constriction ratio increases and consequently the pressure drop

for the given fluid. The impact of constriction ratios on the hemodynamics are

more prominent than the different fluid models.

3. Among the different fluid models, Newtonian model predicts a higher WSS than

the two non-Newtonian models at the aneurysm dome region.The shear-thinning

power-law fluid model however exhibits the highest WSS in the neighbourhood

of aneurysm neck.

4. Increase in aneurysm size is found to result with higher WSS at the aneurysm

neck while it is seen to decrease in the aneurysm dome and this trend is reflected

in unsteady model as well. In addition, the implications of aneurysm size (aspect

ratio: height to neck) is more significant than the different fluid models on the

hemodynamics of the intracranial aneurysm.

5. Unsteady simulations show that Newtonian fluid model undermine the impor-

tance of low mean wall shear stress at the anterior of aneurysm neck region

as opposed to the non-Newtonian fluid model.

6. The results of the present simulations indicate that the flow waveform have a sig-

nificant role to play on the hemodynamics of the intracranial aneurysm in contrast

to the rheology of the blood.

In conclusion the present research endeavours to develop a novel computational

framework that can simulate accurately non-Newtonian flows on complex geometries

with an emphasis to study hemodynamics in aneurysm and stenosis.
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7.2 Future directions of research

In this section, we stress on the limitations of the present investigations and outline

probable future directions of research.

1. The unsteady simulations utilise ideal sinusoidal velocity profile therefore studies

using realistic pulsatile waveforms with non-Newtonian fluid models can provide

more information for better understanding of the hemodynamics of aneurysms

and stenoses.

2. Present work has not considered the axisymmetric aspect of the problem of

hemodynamics. Therefore, axisymmetric studies of stenosis and aneurysm can

give insight about the hemodynamics of these ideal geometries.

3. The present study, assumes the arterial wall as rigid while it is distensible in

reality. The arterial wall compliance interact with the pulsatile blood flow therefore

it is necessary to develop fluid-structure coupling algorithm in conjunction with

possibly immersed boundary methods.

4. A major shortcoming of the present studies are that they are in two-dimensional

laminar regime and can only provide limited insight of the problem. Practical

hemodynamic flows in the aneurysm and stenosis are three-dimensional and

possibly turbulent. It is thus imperative to extend the methodology introduced in

this thesis first for three-dimensional flows and later incorporate turbulence mod-

els in order to carry out realistic hemodynamics simulations in patient-specific

configurations.

5. Patient-specific simulations would require that three-dimensional effects be con-

sidered in addition to the complex geometry. Furthermore, such studies would

need to take into account the elastic nature of the walls making the problem a

truly fluid-structure interaction problem which is of direct interest from a clinical

perspective.
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