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Abstract

The thesis entitled, “Study of high harmonic generation beyond dipole approxi-

mation” is divided into six chapters. The details of different chapters are as follows,

Chapter 1, gives a brief introduction regarding the pedagogical background as well

as literature survey of High Harmonic Generation (HHG) and in addition a general

state-of-art of the existing literature on various aspects related to the above men-

tioned topic is covered. HHG is a process in which usually noble gas atoms when

excited by an intense laser field at frequency ω emit radiation of higher frequencies

that are usually odd integer multiples of ω. Driven by an infrared laser, high har-

monic radiation can span from optical frequency upto extreme ultraviolet (XUV)

frequency range. HHG is a coherent, directional, and short-pulsed source of XUV ra-

diation, whose applications include the time-dependent XUV spectroscopy and XUV

interferometry. In recent years it also has been exploited to study the orbital shape

and molecular properties. HHG gives a deep insight about molecular structure since

the recombination step produces coherent emission, and recombination probability

depends strongly on initial state electronic wave function. In addition, the harmonic

radiation is an excellent seed for a soft X-ray laser. The generated beam being co-

herent, follow the similar properties of laser light. This chapter also describes the

widely used three step process (Ionization, Propagation and Recombination) during

HHG mechanism.

In chapter 2 and 3, We have presented formulation and methology used in this

thesis and a study of high harmonic generation with model system of the polyacety-

lene irradiated with intense, linearly polarised (perpendicular to the system axis)

laser field propagating along the system axis. Only odd order harmonics will be pro-

duced within dipole approximation due to dynamical symmetry of the system but all

harmonics (odd as well as even order) are expected in the case of beyond dipole ap-

proximation. The validity of dipole approximation is studied as a function of number

v

TH-947_05612210



of monomer units in the system which can be quantified by comparing intensity, of

even harmonics to odd harmonics. The intensity difference between odd harmonics

and even harmonics is strongly dependent on number of monomer unit of ethylene

taken and the intensity of applied laser field e.g. in case of high intensity of laser

field and higher number of monomer units of ethylene, even harmonics become more

intense than odd harmonics. It is observed that even if electron oscillation is confined

to a small region, non dipole term can not be ignored.

Within DA, due to dynamical symmetry we must get only odd order harmonics.

But we expect to get the both (even as well as odd order) kind of harmonics in the

case of beyond dipole approximation depending upon the extent of breakdown of DA.

The validity of the DA can be checked by observing the intensity of dipole forbidden

even harmonics.

In chapter 4, We have studied spectral entropy during the process of HHG. Entropy

relates to the fluctuation of population in different states. The entropy (S) of the

system is defined as,

S =
∑

|pi|log(|pi|). (1)

where p′is are the population of the electron in ith molecular orbitals. As in previous

chapter we have considered the same model system of polyethylene irradiated with

intense, linearly polarised laser field propagating along the system axis.

There is no change in maximum spectral entropy in the case of within DA. But it is

observed that maximum entropy of the system increases continuously when calculated

in the case of beyond DA regime. With this study we have attempted to understand

the mechanism of HHG from model system of polyethylene discussed in the previous

chapter. In the case of within DA the ground state couples only with single excited

state. Hence pi remain non zero for these two states . But strictly remain zero for other

states. But in the case of beyond DA, multipoles will couple all the states, and gives a

separate mechanism for population fluctuation among the molecular orbitals pi even
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though small, become significant for the dipole forbidden states which contributes to

increase in entropy in the case of beyond DA. This increase in entropy is responsible

for producing even harmonics. As the entropy increases, the even order intensity

increases without affecting the odd harmonic intensity.

In chapter 5, We present here an investigation of High Harmonics Generation

(HHG) from Carbon Nanotube (CNT) using a high intensity CW laser. Here for

Linearly polarised (LP) light, due to dynamical symmetry (DS) we should get only

allowed harmonics (odd order, when emitted light is polarized in Y direction, and even

order, when emitted light is polarized in X direction). And in the case of beyond dipole

approximation, one should get all the harmonics irrespective of polarization direction

of emitted light. Whereas, if a circularly Polarised (CP) laser light is used, again due

to dynamical symmetry we should get only allowed harmonics [ Ω = (5n± 1)ω : n =

1, 2, 3....., where ω and Ω are the fundamental and harmonic frequencies] in both the

cases. We have derived the selection rule for generated light polarized perpendicular

to the incident laser light.

In chapter 6, We have presented here a study of optimization of high order har-

monic generated in two different case of (a) within dipole approximation and (b)

beyond dipole approximation. We have considered model system of the ethylene ir-

radiated with intense, linearly polarised (perpendicular to the system axis) laser field

propagating along the system axis. It is found that although harmonic intensity in-

creases in both the cases but optimization is always higher in the case of beyond

dipole approximation. Study of optimization of even order harmonics as well as odd

order harmonics have been done.

Seventh and the last chapter will comprise the summary of the thesis by combining

all of the above chapters succinctly and coherently.
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Preface

In this thesis, High Harmonic Generation (HHG) Beyond Dipole Approximation

(DA) as well as HHG within DA have been investigated. We have studied the the

process with polyethylene and carbon nanotue (CNT) system. Along with the HHG

study, Entropy during HHG have also been studied. Finally we have optimized the

selected harmonic with adaptive control using an evolutionary search process.
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Chapter 1

Introduction

1.1 High Harmonic Generation (HHG)

If a very intense laser light of frequency ω strikes atom (with energy h̄ω) and emits

photons with energy n × h̄ω the process is known as harmonic generation and the

emitted frequency as the nth harmonics.In 1993 Kulander and Corkum provided a

theoretical explanation of high harmonic generation and the similar phenomena of

above threshold ionization and non sequential ionization. They explained high har-

monic generation in terms of a three step model (discussed later). First, the atom the

atom of atomic gas are ionized at roughly the peak of optical cycle. Second, the ion-

ized electron, now in continuum with no kinetic energy, is accelerated by the optical

field. When the optical field changes direction, the free electron is accelerated back

toward the parent ion. Third, when the electron returns to the parent ion it can do

three things: a radiative transition to the ground state, inelastic scattering or elastic

scattering. The radiative transition results in High Harmonic Generation (HHG).

The inelastic scattering is called non sequential ionization, where the returning elec-

tron knocks an additional electron from the atom. Finally, elastic scattering results

in very high energy electron in the above threshold ionization spectrum. Based on

3
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simple classical electron trajectories in the optical fields, the returning electron has

a plateau of kinetic energies which is then manifest in the high harmonic spectrum.

In other words high harmonic generation (HHG) is a process in which usually noble

gas atoms excited by an intense laser field at frequency ω emit radiation of higher

frequencies that are usually odd integer multiples of ω. Driven by an infrared laser,

high harmonic radiation can span from optical frequency into extreme ultraviolet

(XUV) [1, 2] frequency range.Harmonics, in the strict sense are generated when the

ionization and re-collision are repeated at each laser pulse. Beyond the understand-

ing of the fundamental principles which are at the origin of the harmonic generation

process, a strong effort is devoted to its optimization, that is having the strongest

conversion efficiency from the laser energy to the harmonics and having the most

energetic photons in order to achieve the extreme ultraviolet (XUV) spectral region.

HHG is a coherent, directional, and short-pulsed [3] source of XUV radiation, whose

applications include the time-dependent XUV spectroscopy and XUV interferometry.

In addition, the harmonic radiation is an excellent seed for a soft X-ray laser.

1.2 Literature survey

In a relatively weak laser field the harmonic yield decreases as harmonic order in-

creases. In a higher laser intensity region the harmonic intensity first decreases then

reaches a plateau, followed by a sharp cutoff. The plateau has been extended up

to 300th harmonics with emitted photon energy more than 500 eV. Thus coherent,

ultra-fast pulse, low divergence X-ray beam is generated. Generally in gas media

only odd harmonics are generated, but with solid surfaces both even as well as odd

harmonics are generated because the surface have no inversion symmetry. Due to

symmetry reason high harmonics can be generated using noble gases with elliptically

polarized light, but not with circularly polarized light.

4
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Harmonic generation is a highly non-linear [4–6] process in which electric field

generated by individual atoms are added coherently, this is known as phase match-

ing [7, 8]. The major limitation of HHG as a coherent light source has been its low

conversion efficiency. In particular, ionized electrons in HHG make the media ab-

sorbent and dispersive, which leads to the reduction of coherent length over which

harmonic radiation can grow because of ionization of gas don’t allow the laser and

EUV [9], light from propagating with same speed. This problem is overcome by using

quasi-phase matching [2, 10–13]. Kapteyn and coworkers showed enhanced genera-

tion of coherent light in the “water window” region of soft x-ray spectrum at 4.4

nm, using quasi phase matched frequency conversion of ultra-fast laser. Quasi-phase

matching (QPM) is a widely used technique in visible nonlinear optics. In materi-

als where perfect phase matching is not possible, QPM makes it possible to obtain

significant conversion efficiency in a nonlinear process by periodically varying the

non-linear susceptibility of a material. Therefore developing schemes for QPM is

critical in extending efficient HHG conversion to soft-X-ray and shorter wavelengths.

Further enhancements are possible using a longer train of counter propagating pulses,

allowing the coherent addition of HHG over a longer distance.

The harmonic intensity depends on various parameters, such as; Driving laser

field, Focusing, Ionization, Intensity, Phase variations of the atomic dipoles. It was

found that the spatial and spectral coherence of HHG depend strongly on the focusing

geometry. These properties can be controlled and optimized by moving the laser focus

position relative to the nonlinear medium. There are many ways to enhance the HHG,

such as pressure, strong static magnetic field, strong static electric field increasing

non linearity [4, 5] , multicolor laser, phase matching [2, 10–13], polarization, proper

orientation [14], using mixture of gases (Xe + He ) [4, 5] and shorter pulses [3].

Using genetic algorithm [15,16], HHG can be optimized with respect to the different

variables.

5
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The highest photon energies obtained from high harmonic generation (HHG) have

generally been limited not by the cutoff rule, but by detrimental effects of ionization

when using high laser intensities. The resulting plasma can defocus the laser beam,

limiting the peak intensities and therefore pondermotive energy (UP time averaged

kinetic energy of electron). It also causes a significant phase velocity mismatch be-

tween the driving laser and the harmonic light, greatly reducing the harmonic signal.

Ionization can be kept to a minimum by using shorter-duration laser pulses or atoms

with a large ionization potential, thus allowing the atoms survive to high laser in-

tensities before ionizing. The highest harmonics observed to date, at around 950

eV, have been generated using helium, which has the largest ionization potential of

the noble gases. However, helium also has an exceptionally small effective non lin-

earity [4, 5], which limits the harmonic flux. Larger, multi-electron atoms such as

argon typically generate greater signals, but the highest observable harmonic orders

have been comparatively lower. For example in Ar, photons of greater than 100 eV

energy have never been observed using an 800 nm driving laser even using very short

7 fs duration pulses or large pulse energies. Also, a longer-wavelength driving laser

was used to increase the harmonic emission in Ar to around 150 eV. Using longer

wavelengths increases the value of UP for the same laser intensity. However, this

approach also reduces the efficiency of the process since the electron wave function

is more delocalized, lowering the probability of recombination. Harmonic emission

from neutral atoms is limited by the saturation intensity, or the intensity at which

about 98 percent of the atoms are ionized. However, emission from ions can in theory

extend to very high energies, since the saturation intensity for each successive stage

of ionization is progressively higher.

High harmonics are generated by focusing intense laser light into a hollow-core

waveguide filled with low pressure gas. The waveguide has several advantages over

a gas jet. It counteracts the effect of plasma-induced defocusing, allowing high laser
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intensities to be achieved in a fully ionized gas medium. Also, using a modulated-

diameter waveguide, the large phase mismatch associated with ionization can be

partially compensated by quasi-phase matching. As a result, they observed harmonic

generation from argon up to 250 eV, an extension of 100 eV over previous results

using a gas jet setup for HHG. These results demonstrate that emission from ions

can greatly increase the photon energies obtainable from HHG and that large ions

such as Ar, with high nonlinear [4,5] susceptibilities compared to He, can be used to

generate harmonic emission at energies above 200 eV, in the soft x-ray region of the

spectrum.

It has been observed that reducing the gas pressure in the waveguide will lead to an

increase in the highest observed photon energy. When the argon pressure is increased

above 9 Torr, the output mode breaks up and harmonics are no longer observed.

Therefore, there exists a limit to the amount of ionization induced defocusing for

which the waveguide can compensate. At lower pressure, the flux at lower photon

energies is reduced, but at higher photon energies are enhanced. It is possible that

there is still some defocusing effect which increases with higher pressures, reducing

the intensity. Also, at higher gas pressures, the laser energy at the output of the fiber

is reduced, either from ionization or from other loss mechanisms in the waveguide.

The reduction in laser energy and therefore intensity could also explain the decrease

in harmonic energy.

The laser intensities required to generate the highest harmonics are above the

saturation intensity for neutral Ar atoms of 7.5×1014Wcm−2, for an 18 fs laser pulse.

Thus highest harmonics are attributed to emission from Ar ions, in the energy range

from 160 eV to 250 eV. As we know for the highest energy that can be emitted is

given by Emax = hvmax = Ip + 3.17Up, where Ip is the ionization potential and

Up is podermotive energy of the free electron. Ip of Ar is 15.8 eV. but Ip for Ar+

is 27.6 eV, which would shift the harmonic energies higher for the emission from

7
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ions with respect to emission from neutral atom. At a laser intensity of around

7.7 × 1014Wcm−2, Ar is fully ionized, and the highest observable harmonics should

therefore be approximately 160 eV. Near the peak of the pulse, the rate for Ar+

dominates and therefore is the source of the HHG emission. if the laser pulse is

longer, full ionization of neutrals occurs at even lower laser intensities in the pulse

and therefore strengthens the argument for emission from ions. The laser pulse cannot

be shorter than 18 fs because of spectral bandwidth limits.

In order to determine the optimum gas pressure to be used when harmonic ra-

diation is generated. Anne L’Huillier [17] have studied in detail how the time- and

space-integrated harmonic signal depends on the gas density. They found that at low

pressures (a few mbars), the harmonic signal increased approximately quadratically

with the pressure, as expected for a coherent process. At pressures of a few tens

of mbars the yield saturated, and even decreased with further increase in pressure.

The saturation pressure, and the pressure for maximum yield, were found to be or-

der dependent for the high-order harmonics in the cut-off regime. The high harmonic

generation in rare gas (Xe, Ar, Ne, He) results from the strong non linear polarization

induced by the strong laser field ELaser, at intensity 1014 − 1015W/cm2.

The process is qualitatively described in the semi-classical three-step model [18].

Close to laser focus, for ELaser comparable to the intra-atomic field, atoms are ionized

by tunneling through Coulomb and instantaneous interaction potential (step 1). The

ejected electrons are then accelerated by the laser field and gain kinetic energy (step

2). When laser field changes its sign the electron is driven back close to the core and

may recombine with atom moving into the ground state, emitting a burst of XUV

photons (step 3). This three step process (discussed in next section) repeats every

half optical cycle.

High-order harmonic generation in gases (HHG) is now recognized as a very useful

source in the XUV range, typically from 100 to 10 nm but even down to the water

8
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window at 3 nm. HHG is relatively easy to produce under conditions of ultra-short

pulses (t ≈ 100fs) of intermediate intensity (I ≈ 1015Wcm−2) . Harmonic light

gets most of its unique characteristics from the fact that HHG is a coherent process

tightly driven by the laser field. In addition to the ultra-short pulse duration and

high repetition rate, the temporal and spatial coherence [9], regular wave front, or

mutual coherence of two harmonic sources originate in the corresponding properties

of the driving laser.

The interaction of a strong laser pulse with field strength near the atomic field

strength radically differs from light matter interaction at lower intensities so at high

laser intensity new type of experiments became possible. Rather than averaging the

effect of the integration over many optical cycles as in conventional optics, the electric

field can take direct control of electronic motion and imprint its time structure on

electron momentum and position. Ionization plays an important role for the precise

timing of electronic motion in the field because of its strong non linearity. In most

of the cases, the interaction can be described in dipole approximation, i.e. we can

neglect spatial variations of the field can be neglected. This is because the extension

of the interaction system is, in general, much smaller than wave length of the laser

i.e. the wave length of the laser field is assumed to be much larger than the atom of

Bohr radius a0 = 1au.

Since low wavelength laser light are produced which become comparable to atomic

size and dipole approximation is no more valid, during laser-matter interaction. Even

magnetic field component produced by high intensity laser can not be neglected. This

magnetic field induces a drift in the laser propagation direction that, for a free classical

electron can be quite large and it can inhibit the recombination step. This is not taken

in account within the dipole approximation. The magnetic field can influence and

even can be used to enhance HHG. As one moves beyond dipole approximation [19–23]

regime, symmetry of time dependent Hamiltonian breaks down and all harmonics i.e.

9
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even and odd both become allowed. It will be interesting to explore the dynamical

symmetry rule beyond dipole approximation during the laser matter interaction.

1.3 Three Step Model (Ionization, Propagation

And Recombination)

High Harmonic Generation is a quantum mechanical process. It is, however, ex-

tremely useful to have worked through the classical problem of a charged particle in

an electromagnetic field before dealing with the full complexity of HHG. This semi

classical treatment is referred to as the three step Model [18].

Their original theory combines both classical and quantum mechanical elements,

first, the tunneling of the electron out from the nucleus through the modified by the

slowly oscillating laser field Coulomb barrier was described using the standard the-

ory [24] of tunneling ionization. The electron initial velocity was assumed to be zero

following its tunneling out from the nucleus. It should be mentioned that recently

the “initial conditions” of electrons ionized by a linearly polarized, high intensity

laser field were measured by McNaught [25]. It was found that the initial electron

kinetic energy is limited to 0.5 percent of pondermotive energy (UP ) (which is in

a good agreement with the assumptions of quasi-static tunneling). The subsequent

oscillatory motion of the electron in the laser field, during which the influence of

the Coulombic interaction is practically negligible, was described by using classical

mechanics. Finally, the recombination of the electron back to the ground state was

calculated using the classical cross section for the collision and the quantum mechan-

ically recombination probability. Thus a photon of energy Ip+Ek (Ek is the electrons

kinetic energy acquired during the oscillatory motion in the field) is emitted.

Highest photon energy that can be produced from HHG occurs when an electron

10
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is ionized at a phase of 17 degree just after the peak of laser cycle. So the maximum

return energy of electron is equals to 3.17Up, this number 3.17 comes from the position

when electron ionizes with highest energy i.e. at 17 degree just after the peak of laser

cycle, as electron can ionize at any point but we are interested only those ionization

which re strikes with parent with maximum energy which happens at 17 degree just

after the peak of laser cycle. This number 3.17 comes out to zero when electron

ionizes at the peak of laser pulse, this is why when electron ionizes at peak it comes

with no energy and give no harmonics which is undesirable.

Therefore the maximum attainable energy (cutoff energy) of photon is,

Emax = IP + 3.2UP , (1.1)

where IP is ionization potential, and UP is ponderomotive energy, which is as follows,

UP =
e2E2

4mω2
, (1.2)

where all the symbols have their usual meanings.

In the first step (ionization) of the model, High electric field of laser ionizes electron

by tunneling. The external field produced by laser is as strong as the field exerted by

the nuclei on the core electron (see Fig. 1.1(b)). In the second step (propagation) of

model electron begins to oscillates in laser field, typically 0.5 fs to 1.6 fs for laser at

wavelength equals to 800 nm. During the oscillation electron gains kinetic energy (see

Fig. 1.1(c)). In the third and final step (recombination) of model, electron re-collide

with parent ion and recombine giving up 10 eV to 500 eV energy photon (see Fig.

1.1(d)).

The classical motion of electron in the second step of the IPR model is driven by

Newton’s second law of motion,

F = ma, (1.3)
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and under the influence of laser field the equation become,

eE0cos(ωt+ φ) = m
dv

dt
. (1.4)

where e is electronic charge, E0 and ω is amplitude and frequency of laser field.

After integration of Eq. (1.4) we get,

v =
eE0

mω
sin(ωt+ φ). (1.5)

The pondermotive energy, which is a time average of kinetic energy (K.E.), can be

calculated as follows,

Up = [K.E.]timeavg. =
1

T

∫ T

0

1

2
mv2dt. (1.6)

putting the value of v from Eq. (1.5) we get,

Up =
m

2T

∫ T

0

e2E2
0

m2ω2
sin2(ωt+ φ)dt. (1.7)

After interaction, expression for ponder motive energy becomes as follows,

Up =
e2E2

0

4mω2
. (1.8)

Using Eq. (1.5) we can write,

dx

dt
=
eE0

mω
sin(ωt+ φ) (1.9)

Position of electron is given as,

[x]xf

xi
=

[−eE0

mω2
cos(ωt+ φ)

]tf

ti

(1.10)

In the last step of IPR model, energy emitted as HHG will be given by kinetic

energy of the electron at the time of return x(tf ) = 0. This electron tunnels in step 1,

at time ti i.e. x(ti) = 0. One can follow the dynamics of electron ionized at different

time and and calculate at what time the electron comes back with how much kinetic
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Figure 1.1: (a) Laser is not switched on and electron is under nuclear force only. (b)

Laser is switched on and electron goes away from the nuclei in the first half cycle of

laser pulse. (c) Electron returns back towards the nuclei in the second half cycle of

laser pulse when the pulse changes its sign. (d) Electron recombine with parent ion

and produces HHG
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energy. The electron released at about 17 degree just after the peak of the field gains

maximum kinetic energy at the time of return and that specify the position of cut off

i.e. of most energetic harmonics generated.

Harmonic radiation must be generated by atomic electron in the vicinity of nucleus

since free electron only oscillates at driving laser frequency. However harmonic radia-

tion is only observed under condition in which substantial above threshold ionization

(ATI) also occur. ATI usually compete with the HHG process.

Atoms and molecules with an ionization potential above 10 eV require a laser

intensity of the order 1014W/cm2 to tunnel through Coulomb barrier (the first step in

the three-step model). The maximum tunneling occurs in the vicinity of electric field

maxima during the optical cycle. After tunnel ionization at 1014W/cm2 depending

on the optical phase during which tunneling has occurred, the excited electron may

move more than 30Å away from its parent ion (assuming an 800-nm laser) before

being redirected by the laser field (the second step) toward the nuclei.

1.4 High Harmonic Generation Beyond Dipole

Approximation

Dipole approximation has been assumed valid in earlier works on HHG. However it

is known that as we move to x-ray wavelengths this approximation looses its validity

for outer shell electron, and in fact for every wavelength extremely high intensity

radiation will bring non dipole Hamiltonian terms into play. Laser matter interaction

beyond dipole approximation [19–23], has got its due attention in recent years only.

At such intensities electrons may oscillates over a wide range of space and dipole

approximation is not going to be valid because during HHG low wavelength laser

light is produced which become comparable to atomic size. In the total Hamiltonian
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H = H0+H ′ where H0 is field free Hamiltonian and H ′ is a interaction term which is

given byH ′ = µ.E0 cos(ωt−kz). the dipole interaction term remains non-zero over the

order of atomic size, but wavelength is order of thousands of Å. Here k is propagation

vector and ω is photon energy. The kz term in H ′ is ignored. This approximation

is called dipole approximation. But at the large intensities this term should not

be ignored and it is termed as beyond dipole approximation. Even magnetic field

component produced by high intense laser can not be neglected. This magnetic field

induces a drift in the laser propagation direction that, for a free classical electron can

be quite large and it can inhibit the recombination step of the three step model. This

is not taken in account within the dipole approximation. As one move beyond dipole

approximation regime, symmetry breaks down and explore all harmonics i.e. even

and odd both become allowed.

1.5 Optimization of harmonics using genetic algo-

rithm

Advances in theoretical understanding and experimental techniques has stimulated

many studies of optimization and control of High Harmonics depending on various

parameters of the laser. In spite of many advantages of HHG, unfortunately a single

attosecond pulse generated from high harmonic generation has a low intensity ow-

ing to its conversion efficiency, which greatly limits the application of the attosecond

pulses. This is because, during HHG the laser pulse creates a free electron density

profile, where the largest free electron density is at the pulse peak and the free electron

density goes to zero at the pulse backstage. Such a profile gives rise to defocusing,

which reduces the laser pulse intensity, which limits the effective interaction length
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over which a particular harmonic can be generated. Second reason for this low conver-

sion is, different phase velocities of the fundamental and of the harmonic beam result

in a phase mismatch. To modify this situation, femtosecond coherent control with

genetic algorithm (GA, which is a modern computer technique) optimization give an

impressive method. GA is based on natural selection where a string of binary Num-

bers is generated. This string corresponds to well defined optimization parameters.

The string is called chromosomes. For each chromosome fitness function is calculated.

Fitness function is value of the function for the optimization parameter corresponding

to that chromosome which is being optimized. Based on the fitness function other

chromosome (the next generation) are prepared by mutation and crossover etc. Again

the fitness function is calculated for this population and generation of population and

calculation of fitness is repeated until the best chromosome is found.

1.6 Application

HHG has various application some of the novel applications are as follows: It provide

a source of coherent XUV radiation, suggesting their application in atomic physics

such as Soft x-ray interferometry, Point-diffraction interferometry, Ultra-fast atomic

and molecular dynamics. For instance Balcou and H. Rabitz [26]measured the relative

photo ionization cross section for the rare gases over the range of 10 to 110 eV, using

the 11th to 69th harmonic of 140fs Cr:LiSAF laser operating at 825 nm. Harmonics

have already been used for solid-state spectroscopy [27] and plasma diagnostics [28].

HHG is used for preparation of attosecond [29–31] or subfemtosecond laser pulses [32],

enhancement of pulse energy.
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Chapter 2

Formulation and methodology

2.1 Floquet theory

Consider following ordinary differential equations,

ẋ = A(t)x, (2.1)

where A(t) is a continuous periodic function with period T. The theory of these

equation is known as Floquet theory (named after Gaston Floquet) [1–3]. Consider

the time dependent Schrodinger equation,

ih̄
d

dt
ψ(x, t) = H(x, t)ψ(x, t), (2.2)

where the Hamiltonian is periodic in time with period T,

H(x, t+ T ) = H(x, t). (2.3)

The Floquet theory states that the solution of periodic time dependent Schrodinger

equation can be written as,

ψλ(x, t) = exp(−iǫλt/h̄)φλ(x, t) (2.4)
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where φλ(t) = φλ(t + T ). φλ are called Floquet states. Putting ψλ into Schrodinger

equation and rearranging we get,

Hf (x, t)φλ(x, t) = ǫλφλ(x, t) (2.5)

where,

Hf (x, t) = H(x, t)− ih̄
∂

∂t
(2.6)

This is called Floquet Hamiltonian and φλ(x, t) is called a Floquet eigenstate. Above

equation (2.5) is an eigen value equation in two variables, (x,t), with time dependent

eigenvalues given by the Floquet energies, ǫλ also called as quasi energy. The key

result of Floquet theory is that the Floquet eigen φλ(x, t), are periodic in time with

the same period T as the Hamiltonian. General solution of the TDSE can be written

as,

ψ(x, t) =
∑

λ

aλ exp((−iǫλt/h̄))φλ(x, t). (2.7)

If φλ is known over one optical cycle, the ψ can be calculated after any interval.

Equation (2.4) can also be rearranged as follows,

ψλ(x, t) = exp(−iǫλt/h̄)φλ(x, t) (2.8)

ψλ(x, t) = exp(−i(ǫλ + nh̄ω)t/h̄) exp(inωt)φλ(x, t) (2.9)

This rearrangement corresponds to a series of new Floquet eigenvalue, ǫλ +nh̄ω with

corresponding eigenfunctions,

φλn(x, t) = exp(inωt)φλ(x, t). (2.10)

If n is an integer φλn(x, t) will be periodic in t so long as ψλ(x, t) is. Still the

physical state φλ(x, t) is unchanged, and thus the Floquet eigenvalues associated

with distinct physical state are defined only within the range of 0 to |h̄ω|.
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2.2 Dynamical Symmetry Rules

Numerous experimental [4–6] and theoretical investigations of high harmonic gener-

ation have shown that noble gases in intense linearly polarized laser light produces

odd harmonics but with intense circularly polarized laser light produces no harmon-

ics. This can be explained by dynamical symmetry (DS) [7]. It has been shown that

HHG in He can be treated as a single Floquet state phenomenon [8]. The Floquet

vectors are eigen vectors of Floquet Hamiltonian

Hf = H0 + xE cos(ωt)− ih̄
∂

∂t
(2.11)

where, H0 is field free Hamiltonian and E is electric field amplitude polarized in X

direction. The Floquet Hamiltonian is invariant under 2nd order dynamical symmetry

defined as,

P2 = (x→ −x, t→ t+ τ/2) (2.12)

where τ = 2π/ω. Since Floquet vector is eigen function of Floquet Hamiltonian and

the Hamiltonian and symmetry operator P2 commute, then the Floquet vector is

eigen function of both the operator simultaneously if there is no degeneracy in the

Floquet vectors. The probability to emit the nth harmonic (In) is obtained from the

Fourier transform of the time-dependent dipole of the system,

In ∝ |
∫

〈φ|x exp(−inωt)|φ〉dt|2 = |
∫

〈P−1
2 φ|P2x exp(−inωt)P−1

2 |P2φ〉dt|2 (2.13)

To get nonzero nth harmonic,

x exp(−inωt) = P2x exp(−inωt)P−1
2 , (2.14)
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should not vanish. By applying P2 operator i.e. replacing x with -x and t with t+τ/2

we get,

P2x exp(−inωt)P−1
2 = −x exp(−inω(t+ τ/2)). (2.15)

the equality holds only for odd n hence only x polarized odd harmonics are produced

and no even order harmonics will be generated.

The DS rules can be extended to the case of a DS of an arbitrary order N. In

that case non zero harmonics will be obtained if and only if n = Nm± 1 where m is

any arbitrary integer. For the system with CN symmetry interacting with circularly

polarized laser light within dipole approximation the Floquet Hamiltonian is given

by,

Hf = H0 + xE0cos(ωt) + yE0sin(ωt)− ih̄
∂

∂t
(2.16)

and the dynamical symmetry operators as,

PN = (x→ xcos(
2π

N
)− ysin(

2π

N
), y → xsin(

2π

N
) + ycos(

2π

N
), t→ t+ τ/N). (2.17)

Applying this PN operator to the Hamiltonian we get,

P−1
N HfPN = H0 + (xcos(2π/N)− ysin(2π/N))E0cos(ωt+ ωτ/N)

+(xsin(2π/N) + ycos(2π/N))E0sin(ωt+ ωτ/N)− ih̄
∂

∂t
(2.18)

solving this simple trigonometry we get,

P−1
N HfPN = H0 + xE0cos(ωt) + yE0sin(ωt)− ih̄

∂

∂t
= Hf (2.19)

So we observe here that Hf is invariant under PN .

To get nonzero nth harmonic the integral in Eq. (1.88) under PN dynamical

symmetry,

x exp(−inωt) = PNx exp(−inωt)P−1
N , (2.20)
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should not vanish. By applying PN we get,

PNx exp(−inωt)P−1
N = −x exp(−inω(t+ τ/N)). (2.21)

the equality holds only for mN ± 1 hence only n = mN ± 1 harmonics are produced

(where m is a positive integer).

2.3 Tight binding method

Tight binding method [9, 10] is an approximate model, used especially in solid state

physics, to study the band structure. It is the simplest model of interacting particle

with only term consisting on site and immediate neighbor interactions. These energy

terms are calculated using semi-empirical method. To calculate the matrix elements

(not listed in literature) we have used the tight binding basis function kα in terms of

p type atomic orbitals such that,

kα = ψα(r −Rα) (2.22)

where ψα is atomic orbital centered at αth carbon.

For the calculation of the matrix elements we have used three type of coordinate

systems as shown in figure (2.1). Global coordinate system (x,y,z), atom position

dependent local coordinate system (xα, yα, zα) centered on αth carbon, and bond

dependent coordinate system (xβγ, yβγ, zβγ), where xβγ is along the bond between β

and γ carbon and yβγ is perpendicular to xβγ but in the plane of molecule. zβγ is

perpendicular to the plane of molecule. A local coordinate system is attached with

each site and the bond dependent coordinate system is attached to each bond. In the

case of (C2H2)n each local coordinate is same as the global coordinate system.

In the case of CNT rolled around z axis, global and local z axis remain same.

Graphite sheet which after rolling along z direction gives CNT is shown in Fig. (2.2).
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x γβ

z β

yα

zα xα
α

zβγ

γ

Global coordinates y
βγ

Bond dependent coordinates

X

X
X

Local coordinates

Figure 2.1: Model system of polyacetylene with different coordinate systems.

x axis will be always tangent to the CNT surface and y axis will always be normal

to the CNT surface. So local coordinate system will change as the position of carbon

atom changes. Bond dependent coordinate system has the same definition as in

(C2H2)n.

The time dependent Hamiltonian matrix in laser field is given by,

H(t) = H0 +
e

2mc
~A. ~P (2.23)

where ~A is laser vector potential and ~P is momentum operator, and H0 is field

free Hamiltonian. To perform the calculation one needs matrix elements for H0

and momentum operators. The matrix elements for H0 operator in bond dependent

coordinate system using semi-empirical method listed in literature [11]. The matrix

elements for momentum operators are calculated by performing explicit integration

[12].

But to perform our calculation we need to calculate the matrix elements in the
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A1 A2 A3 A5A4

x

C2 C3 C4 C5

α β

α β

X

z

y

γ

B1

C1

Y

Z

Yγ

γ

X

Local coordinate

Bond dependent coordinate

Global coordinate

β
α

B2 B3 B4

Figure 2.2: Graphite sheet which after rolling along z direction gives CNT. Different

coordinate systems are shown. Bond dependent coordinate system has same definition

as in the case of C2H2, global and local z direction is same. x axis in local coordinate

system will be tangent to the CNT surface whereas y axis in local coordinate system

will be normal to the CNT surface. After rolling, individual local x, y axis will be

different from global axises.
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basis,

ψα(~r − ~Rα) = |2pzα〉

|2pzα〉 = (
1

4π
)1/2(

z2p
2a0

)3/2(
z2p
a0

)z exp(−z2p
2
r) (2.24)

Here r = |~r− ~Rα| and (x,y,z) are the Cartesian components of (~r− ~Rα). The value of

effective nuclear charge is z2p = 1.78 for 2p type orbitals, where we choose to describe

the atomic orbitals in the local coordinate system. We employ the tight binding

approach where only nearest neighbor interactions are considered, i.e.,

〈ψα(~r − ~Rα)|H|ψβ(~r − ~Rβ)〉 = 0 if α and β are not neighbors,

where neighbors are carbon atoms which are connected by a chemical bond. The

fact that 〈ψα(~r− ~Rα)|p|ψα+2(~r− ~Rα+2)〉 is sometimes smaller even by one order than

〈ψα(~r− ~Rα)|p|ψα+1(~r− ~Rα+1)〉 justifies our use of the tight binding model. The matrix

elements can be divided into two category, Hαα type and Hαβ type where α and β

are neighbors and all other elements are zero. In the first category, the Hamiltonian

matrix elements are,

Hα,α = 〈ψα(~r − ~Rα)|H|ψα(~r − ~Rα)〉 = ǫ, (2.25)

where ǫ = 0, which defines the reference and the momentum matrix elements Pαα are

all zero due to the symmetry.

In the second category, the matrix elements are calculated when the basis set

is described in bond dependent coordinate system as shown in Fig. (2.3) (see the

caption).

In our problem we have described the atomic orbitals in local dependent coor-

dinates. Hence we need to resolve the atomic orbitals expressed in local dependent
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p

p

Y

Y

αβ

βα

(β)

(α)

Figure 2.3: The Hamiltonian and momentum matrix elements for atomic orbitals,

when the orbitals are described in bond dependent coordinate system. But in our

problem, we choose to describe the atomic orbitals in local dependent coordinates.

Hence we need to project the atomic orbitals expressed in local dependent coordi-

nates into orbitals expressed in bond dependent coordinates. The different matrix

elements are as follows, 〈pxαβ
(β)|H|pyαβ

(α)〉 = Hπ, 〈pyαβ
(β)|Pxαβ

|pyαβ
(α)〉 = Px,π,

〈pyαβ
(β)|Pyαβ

|pyαβ
(α)〉 = 0. The values of Hπ, sπ, and pπ are -0.1115, 0.129 and

(0,0.206) respectively.

28

TH-947_05612210



coordinates into orbitals expressed in bond dependent coordinates. After the resolu-

tion (for C2H2) in bond dependent coordinate and rotating the momentum matrix

elements in global coordinate system, matrix elements are,

〈pzα(α)|Px|pzβ(β)〉 = Pxπcosπ/6

,

〈pzα(α)|Py|pzβ(β)〉 = −Pxπsinπ/6

.

In case of CNT, the angle of individual bond dependent coordinate system w.r.t.

global coordinate system is calculated. And the matrix elements calculated in bond

dependent coordinate system are rotated into global coordinate system.

2.4 Formulation

When a spatially uniform and temporally periodic electric field is applied to the

system the time dependent Schrodinger equation (in a.u.) will be,

∂ψ

∂t
= −i

[

Ĥ0 − e

mc
~̂p. ~A(t, x) +

e2

2mc2
A2

]

ψ (2.26)

where,

Ĥ0 = p̂2/2m+ v(r), (2.27)

is field free Hamiltonian and m, e and ~p are mass, charge and momentum operator of

the electron respectively. ~A is the vector potential given by,

~A = (0, A0 cos(ωt− kx), A0 sin(ωt− kx)). (2.28)

The laser field is propagating in x direction (along the axis of system) and polarized in

z plane. In the other extreme case of light propagating perpendicular to the axis of the
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system, no beyond dipole contribution to the HHG will be present. This particular

arrangement has been chosen to maximize the BDA effect. Since we want the even

order harmonics generation due to BDA only, and isolate the generation of even order

harmonics from any other mechanism, we have used CW laser in the simulation (as

a short pulse will also produce even order harmonics). Usually the wavelength of

the applied field is much greater than the dimension of the system. So the vector

potential can be approximated as,

~A = (0, A0 cos(ωt), A0 sin(ωt)).

This is known as dipole approximation. When no such approximation is made

then it is termed as beyond dipole approximation. The vector potential is related to

the electric and magnetic field as,

~E(r, t) = −1

c

∂ ~A(r, t)

∂t
, (2.29)

and

~B(r, t) = ~∇× ~A(r, t). (2.30)

Within DA, magnetic field ( ~B) becomes zero, as spatial dependence in ~A is ignored

while in BDA regime the effect of magnetic interaction is taken into account.

We have used a tight binding basis set. In the Eq. (2.16), wave function,

ψ =
∑

ci(t)pzi(r), (2.31)

is substituted, where pzi is 2pz type orbital centered on the ith carbon. Multiplying

both side by pzj and integrating over whole space we get,

∑

i

∂ci
∂t
sji = −i

∑

i

[

Ĥ0
ji +

e

mc
〈pzj |~̂p. ~A|pzi〉 −

e2

2mc2
〈pzj |A2|pzi〉

]

ci, (2.32)

where sij and H0
ij are overlap and Hamiltonian matrix element. In this model, only

interaction with the nearest neighbor’s has been included. As the orbitals are localized
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function, the vector potential can be considered as constant around the region of

neighboring atoms. So integrals involving the vector potential are approximated as,

〈pzj |~̂p. ~A|pzi〉 = 〈pzj |~̂p|pzi〉. ~A
(

t,
zi + zj

2

)

, (2.33)

and,

〈pzj |A2|pzi〉 =
[

A
(

t,
zi + zj

2

)]2

sji. (2.34)

Using Floquet theorem the solution of the time dependent Schrodinger equation

can be written as,

ψ(t) = exp
(

−iǫQEt
)

φ(t), (2.35)

where, φ(t) is a time periodic functions. ǫQE and φ are the corresponding eigenvalue

(quasi-energy) and eigenfunction (Floquet state) of the Floquet Hamiltonian,

Ĥf (t)φ(t) = ǫQEφ(t). (2.36)

The probability to emit the nth harmonic (In) is obtained from the Fourier transform

of the time-dependent momentum of the system,

In ∝
∣

∣

∣

∣

∫

∞

0
exp(−inωt)p(t).dt

∣

∣

∣

∣

2

, (2.37)

where the time-dependent momentum is defined as,

p(t) = 〈φ(r, t)|p̂y|φ(r, t)〉, (2.38)

and nω is the nth emitted harmonics frequency.

Within DA, due to dynamical symmetry we must get only odd order harmonics

and intensity of side band and even harmonics will be zero. But we expect to get

both (even as well as odd) harmonics in the case of BDA. Depending upon the extent
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of breakdown of DA, its validity can be checked by observing the intensity of dipole

forbidden even harmonics.

Spectral entropy (S) of the system is defined as,

S = −
∑

|pi|log(|pi|), (2.39)

where p′i is the time-dependent population of the ith molecular orbital (MO).
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Chapter 3

Even Order Harmonic Generation

due to Beyond Dipole

Approximation

3.1 Abstract

We have presented here a study of high harmonic generation with model system of

polyacetylene irradiated with intense, linearly polarized (perpendicular to the system

axis) laser field propagating along the system axis. Only odd order harmonics will

be produced within dipole approximation due to dynamical symmetry of the system

but all harmonics (odd as well as even order) are expected in the case of beyond

dipole approximation. The validity of dipole approximation is studied as a function

of number of monomer units in the system which can be quantified by comparing

intensity, of even harmonics to odd harmonics. The intensity difference between odd

harmonics and even harmonics is strongly dependent on number of monomer unit of

ethylene taken and the intensity of applied laser field e.g. in case of high intensity of
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laser field and higher number of monomer units of ethylene, even harmonics become

more intense than odd harmonics. It is observed that even if electron oscillation is

confined to a small region, non dipole term can not be ignored.

3.2 Introduction

In the step two of the semi classical model as discussed in chapter 1, the electron can

oscillate over large distances at high intensity and non dipole effects [1–8] can not

be ignored. It has been observed that non dipole effects modify the above threshold

ionization (ATI) process significantly. A very clear evidence of non dipole effects is

seen in the differential probability distributions of the emitted photo electron. Till

date most of the theoretical and experimental studies on high harmonic generation

has focused on the response of atoms, molecules, ions etc within dipole approximation

(DA) regime. Beyond DA [9–12], has got its due attention in recent years only. The

laser magnetic field induces a drift in the laser propagation direction that, for a free

classical electron can be quite large and it can inhibit the recombination step which

can lead to a drastic reduction of the efficiency of HHG [11]. This is not taken into

account within the dipole approximation.

In this chapter we have tried to examine the validity of dipole approximation

as a function of oscillation amplitude of electron. We have chosen a model system

whose length can be varied as we add more number of monomers. A tight binding

basis set is selected to describe the electronic wave function. The electron is confined

over the length of system so that the electron oscillation amplitude can be equated

to the length of the system. This system will produce only odd order harmonics

within dipole approximation due to dynamical symmetry rule [13, 14] whereas all

the harmonics (both even and odd harmonics due to breaking of symmetry) [15]

are expected beyond DA. We expect that as the chain length of the model system
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increases, contribution from non dipole term will increase hence intensity of even

harmonics compared to the odd harmonics will become more pronounced.

3.3 Results and discussion

In Fig. 3.1, HHG spectra is plotted for polyacetylene with different number of

monomer units (1, 3, 5, 10 from top to bottom) irradiated with laser of the elec-

tric field strength of 0.9 a.u. and frequency of 0.06 a.u., within DA (left column)

and beyond DA (right column). The even harmonics in the case of within DA are

not seen as their intensity is close to 10−30. As expected, only odd harmonics are

produced in the case of within DA, and both even and odd harmonics are produced

in the case of beyond DA. Only odd harmonics in the case of within DA are due to

dynamical symmetry of the Hamiltonian [13]. No such symmetry exist in the case of

beyond DA. In beyond DA case the intensity of odd harmonics is still couple of order

higher than even harmonics for single monomer unit of ethylene. This implies that

Dipole approximation is just valid when electron can access region equivalent to only

single π bond. When HHG is calculated from smaller number of monomer the dipole

approximation should be valid. Here pz orbitals are used as localized basis functions.

It is clearly evident from Fig. 1, that the difference in the intensity of odd order

harmonics and even order harmonics in the initial part of the plateau, is comparable

when more than single monomer is involved but in the later part of plateau the even

harmonics are 3 to 4 order higher in intensity than odd order harmonics. The terminal

carbon to carbon distance is approximately 8Å for polyacetylene with 3 monomers

and here surprisingly complete break down of DA occurs.

Another major difference observed is that, as the number of monomers is increased

the intensity of harmonic generation in the plateau region within DA, decreases but

no appreciable change occur in the case of beyond DA. The plateau cutoff increases
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Figure 3.1: HHG spectra of model polyethylene [H(C2H2)n0
H] system where π elec-

tron is interacting with linearly polarized laser light of electric field strength 0.9 a.u.

and frequency 0.06 a.u., within dipole approximation (left) and beyond dipole ap-

proximation (right). (dots(*) are the odd harmonics and crosses (×) are the even

order harmonics)
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in both the cases as a function of number of monomers in similar fashion because

of increase in polarizability. Within DA, as the system size increases the energy of

orbitals participates through dipole interaction is increasing, hence the polarizability

is decreasing. As the system size increases cutoff increases but the intensity of HHG

decreases. For this system the plateau cutoff in case of longer chain length, extends

up to one hundred and fifty for five number of monomer units which is significantly

larger than the plateau in case of only single monomer which extends to around fifty

only.

In Fig. 3.2, HHG spectra is plotted as a function of intensity (from top to bottom)

for different number of monomer units. For the case of relatively lower intensity of 2

a.u. of linearly polarized laser and only single number of monomer unit of ethylene,

the intensity of even harmonics are comparable to odd order harmonics intensity.

As the intensity increases even order harmonics become more pronounced and the

difference between intensity of even order harmonics and odd order harmonics keeps

on getting larger (here the dynamics is extremely complicated and we yet have not

studied its reasoning). But in the case of polyacetylene with two monomer units

(right), the spectra is much more complicated. In later part of the plateau near the

cutoff the even order harmonics is many order intense than odd order harmonics.

Close to the cutoff more intense even order harmonics can be generated by increasing

number of monomer units of ethylene even if comparatively moderate intensity laser

is used. So we can say that for relatively lower laser intensity and lower number

of monomer units of ethylene odd order harmonics are of more intensity than even

order harmonics (at least for initial range of plateau), and for higher laser intensity

and higher number of monomer units of ethylene we get even order harmonics more

intense than odd order harmonics for the case of beyond DA.
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Figure 3.2: HHG spectra from π electron of model system, monomer (left) and dimer

(right) of C2H2 interacting with linearly polarized laser light. (dots(*) are the odd

harmonics and crosses(×) are the even order harmonics)
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3.4 Summary

In summary, we have shown that the beyond dipole interaction can fundamentally

change the HHG spectra even if electron is confined into a space of 8Å only during

the interaction. The even order harmonics are found to be more intense even if

only two monomer units of ethylene are included in model system. With increase in

laser intensity the DA become more worse and near the cutoff even harmonics are

many order high intense than the odd order harmonics. We conclude that dipole

approximation is not valid while solving the time-dependent Schrodinger equation

governing the behavior for model polyacetylene system.
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Chapter 4

Study of entropy during High

Harmonic Generation

4.1 Abstract

We have presented here a study of entropy during high harmonic generation with

model system of the polyacetylene irradiated with intense, linearly polarized (per-

pendicular to the system axis) laser field propagating along the system axis. To

investigate the population dynamics of electron in different molecular orbital we have

calculated the spectral entropy within dipole approximation and beyond dipole ap-

proximation regime during high harmonic generation process. The spectral entropy

is a measure of molecular orbital population fluctuation. It is found that there is no

change in maximum spectral entropy during the process within dipole approximation

as the system chain length increases. But maximum spectral entropy, beyond dipole

approximation shows a continuous increases with respect to system chain length. In-

terestingly HHG plateau increases with laser intensity but has no effect on maximum

spectral entropy.
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4.2 Introduction

One can use the concept of spectral entropy [1] to explore the molecular orbital pop-

ulation dynamics during the High Harmonic process. Minute changes in population

in different molecular orbitals get amplified in the plots of spectral entropy. We get

very useful information about the molecular orbitals particularly during the HHG

process. Measurement of spectral entropy also allows to check the validity of dipole

approximation during laser-matter interaction.

4.3 Results and discussion

In Fig. 4.1, spectral entropy is plotted as a function of time for polyacetylene contain-

ing different number of monomer units (1, 2, 3, 4) irradiated with laser of the electric

field strength of 0.9 a.u. and frequency of 0.06 a.u., within DA (above) and beyond

DA (below). The maximum spectral entropy in the case of within DA remains con-

stant as the number of monomer unit changes in the system. But there is increase in

maximum spectral entropy in the case of beyond dipole approximation as the system

length increases with increasing more number of monomer units. In Fig. 4.2, we have

plotted the HHG spectra for different number of monomer units (1, 2, 3, 4) and it is

observed that only odd harmonics are produced in the case of within DA, and both

even and odd harmonics are produced in the case of beyond DA. Only odd harmonics

in the case of within DA are due to dynamical symmetry of the Hamiltonian [2]. No

such symmetry exist in the case of beyond DA. In beyond DA case the intensity of

odd harmonics is still couple of order higher than even harmonics for single monomer

unit of ethylene. This implies that DA is not valid for laser matter interaction. Here

localized pz orbitals are used as basis functions.

The entropy relates to the fluctuation of population in different MOs. We have
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Figure 4.1: Entropy of model polyacetylene [H(C2H2)n0
H] system where π electron

is interacting with linearly polarized laser light of electric field strength of 0.9 a.u.

and frequency 0.06 a.u., within dipole approximation (above) and beyond dipole

approximation (below).
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plotted the spectral entropy as a function of time for different number of monomer

units in the model system. It has been observed that the maximum spectral entropy

does not change in the case of within DA but it increases continuously in the case

of BDA. In this model system, for ground state molecular orbital non zero transition

moment occurs only with the highest molecular orbital. Hence in the case of DA only

these two states participate in the dynamics. As the number of units increases, the

energy difference between these two states increases and the corresponding transition

moment decreases. This leads to the decrease in polarizability. This explains the

decrease in the intensity of harmonic generation and increase in plateau cutoff. But

in the case of BDA, multipoles will couple all the MOs. Population of dipole forbidden

MO is small but significant enough to contribute to the entropy and higher intensity

of even order harmonics. As the entropy increases, the intensity corresponding to

even order harmonics increases but the odd harmonic intensity remains unchanged.

For example consider the case of C2H2. The MOs are shown in Fig. (4.3). In

the case of DA, π1 interacts with π∗

4 only and π2 interact with π∗

3 only. But in the

case of BDA, in spite of above interaction, π1 interacts with π2 and π∗

3 also via non

dipole effects. Starting from π1 the π∗

2 and π∗

3 MOs receives a small but appreciable

population, that modify the entropy plots and HHG spectra.

In Fig. 4.4, HHG spectra (above) which is same as in previous chapter to see

the changes in the plots of entropy and HHG in same regime and entropy (below) is

plotted as a function of intensity (from left to right) for the same number of monomer

units. In the case of relatively lower intensity of 2 a.u. of linearly polarized laser light

the intensity of even harmonics are comparable to odd order harmonics intensity

with some fix entropy. As the intensity increases even order harmonics become more

pronounced and the difference between intensity of even order harmonics and odd

order harmonics keeps on getting larger at least in the plateau region of HHG spectra.

But interestingly there is no change in maximum entropy spectra with respect to the
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Figure 4.2: HHG spectra of model polyacetylene [H(C2H2)n0
H] system where π elec-

tron is interacting with linearly polarized laser light of electric field strength of 0.9

a.u. and frequency 0.06 a.u., within dipole approximation (left) and beyond dipole

approximation (right).
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Figure 4.3: Different MO’s of (C2H2)2 system.

intensity of applied laser field. This comparison reveals that while laser intensity

increases the HHG plateau, has no effect on entropy.

4.4 Summary

We have shown that the study of entropy during HHG provides interesting insight

about molecular population dynamics. As it is shown that both HHG and entropy

spectra changes fundamentally in the case of beyond DA. When all type of the har-

monics (even as well as odd) is generated even if electron is confined into a space of

8Å only during the interaction. We observe the significant increase in entropy in the

case of beyond DA regime. These observation strongly support the non validity of

DA during the process. So we conclude that dipole approximation is not valid while

solving the time-dependent Schrodinger equation governing the behavior for model

polyacetylene system.
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Figure 4.4: Comparison of HHG spectra and Entropy of only monomer unit of model

polyacetylene [H(C2H2)n0
H] system as a function of laser intensity in the case of

beyond dipole approximation.
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Chapter 5

High Harmonic Generation and the

validity of Dynamical Symmetry

rule for Carbon Nanotube

5.1 Abstract

We present here an investigation of High Harmonics Generation (HHG) from Carbon

Nanotube (CNT) using a high intensity CW laser. Here for Linearly polarized (LP)

light, due to dynamical symmetry (DS) we should get only allowed harmonics (odd

order, when emitted light is polarized in y direction, and even order, when emitted

light is polarized in x direction). And in the case of beyond dipole approximation,

one should get all the harmonics irrespective of polarization direction of emitted light.

Whereas, if a circularly Polaris ed (CP) laser light is used, again due to dynamical

symmetry we should get only allowed harmonics [ Ω = (5n ± 1)ω : n = 1, 2, 3.....,

where ω and Ω are the fundamental and harmonic frequencies] in both the cases.

We have derived the selection rule for generated light polarized perpendicular to the
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incident laser light.

5.2 Introduction

In recent times carbon nano tube has attracted the scientific community a lot because

of its various instrumental application. The CNT can be prepared containing different

rotational symmetry element. CNT containing CN [1]symmetry element interacting

CP laser light within DA produces (N ± 1)th harmonic. But with LP laser [2] light it

should produce only odd harmonics polarized in the same direction as incoming laser

light and even harmonics if polarized perpendicular to incoming laser field vector. In

beyond dipole approximation CNT [3] interacting with LP or CP [4] , the selection

rules for HHG due to the symmetry of the Hamiltonian breaks down and all the

harmonics should be generated. In this paper we have presented the study of the

interaction between nanoring and single walled carbon nanotube (SWCNT) with a

high intense laser field.

5.3 Classification of CNT

Single walled carbon nanotube (SWCNT) is a result of rolling up of a graphene sheet

into a cylinder, which is specified by a chiral vector Ch = n1a1 + n2a2 where n1, n2

are integers and a1, a2 are the elementary vectors of the dimensional graphite lattice.

CNTs can be chiral or non chiral, again depending on the way of rolling up. CNTs

are classified into three type, namely armchair (n1, n1) nanotube, zigzag (n1, 0) and

chiral (n1, n2) nanotube with n1 6= n2. Zigzag and armchair nanotube are also called

achiral. For armchair and zigzag nanotube, when (n1 − n2) is divisible by 3, we have

conducting tube, otherwise semiconducting nanotube form. For forming metallic

CNT, (2n1 + n2)/3 or equivalently (n1 − n2)/3 must be an integer. The radius of
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CNT is given by RCNT =
√
3b

√

n2
1 + n2

2 + n1n2/2π, where b = 1.42Å is the distance

between the nearest-neighboring carbon atoms in graphite. The physical properties

of SWNT is determined by their geometry. Here we have done all our calculations

for armchair CNT only.

5.4 Non dipole effects

The ability to generate ultra-short laser pulses delivering intensities over 1020W/cm2

allows the study of ultra-fast processes and the investigation of properties of molecules

interacting with super intense laser fields. Exciting applications include the develop-

ment of short wavelength lasers by using high harmonic generation (HHG), strong

field interactions with controllable aligned molecules, generation of attosecond pulses,

etc. At the core of the laser molecule alignment interaction is the non resonant po-

larizability that is governed by an induced dipole potential. We have investigated

the influence of non-dipole effects on the HHG phenomenon. Super-strong laser fields

offer unique possibilities for the investigation of the quantum vacuum.

When we consider the laser with intensities exceeding 1015W/cm2, the influence

of the magnetic field on electron dynamics becomes non-negligible. Therefore, a

theoretical approach beyond the dipole approximation becomes important. Hence,

in [5–10] the laser-atom interaction beyond approx. 1015W/cm2 has been investigated

on the basis of the Schrodinger equation in non dipole approximation.

The evolution of the electron wave-packet in a laser field of arbitrary shape is

investigated in [5] in the weakly relativistic regime. The influence of non dipole effects

on the stabilization phenomenon in the weakly relativistic regime is investigated for

two-electron atoms as well as in the case of excited atomic states [7].

Relativistic effects are especially dramatic for ATI and HHG processes. The laser

magnetic field induces a drift of the ionized electron in the laser propagation direction
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which severely suppresses the probability of the electron to revisit the ionic core and,

consequently, the yield of ATI electrons or harmonic photons. That is why the HHG

frequencies cannot be increased by a straightforward increase of the laser intensity.

An interesting possibility to counteract the relativistic drift in the weakly rela-

tivistic regime, based on the use of antisymmetric molecular orbitals, is shown in [11].

HHG of a diatomic molecule is investigated by solving the Schrodinger equation

numerically, beyond the dipole approximation. Due to symmetry, the momentum

distribution of the antisymmetric molecular orbital has two peaks at the nonzero

momentum component along the axis of the molecule. Therefore, in a strong laser

field the electron tunnels out from the molecule with nonzero momentum along the

molecular axis. If the axis is oriented in the laser propagation direction, the initial

momentum of the ionized electron will counteract the relativistic drift, allowing for

re-scattering and, thus, considerably increasing the harmonic signal.

5.5 Results and discussion

Three main points can be noted here. First the radiation intensity falls off signifi-

cantly beyond the cutoff. Secondly Beyond the cutoff, there are well-resolved peaks

separated by 2ω . And third the spectrum in the plateau does not exhibit harmonic

peaks but shows very complicated interference structures. This is because there are

more than one electron paths contributing to each harmonic below the cutoff. These

degenerate electron paths lead to different time-dependent dipole phases in the dipole

moment, which creates a irregular substructures within each harmonic spectrum.

In Fig. 5.1, HHG spectra are plotted for CNT containing different number of unit

cells (2, 10, 20) irradiated with linearly polarized laser of the electric field strength

of 0.9 a.u. (2.85 × 1016 W/cm2) and frequency of 0.06 a.u. (760 nm), in DA regime

(above row) and BDA regime (below row). In this case emitted light is polarized in y
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direction. As it is shown in Fig. 5.1, there are only even order harmonics in the case

of within DA. But in the case of BDA, both even as well odd harmonics are present.

The odd harmonic generation are expected due to symmetry requirement and in the

case of beyond dipole approximation the symmetry is lost hence inclusion of beyond

dipole approximation is important. In Fig. 5.2, x polarized HHG spectra are plotted

for the same system and same the parameters in Fig. 5.1, left column of the Fig 5.2,

is contain HHG spectra within for DA regime and the right column for BDA regime.

As it can be seen that there are only odd order harmonics generated in the case of

within DA. But in the case of BDA, both even as well odd harmonics are present. We

have shown that emitted light perpendicular to the incident laser polarization can be

a source for generation of even order harmonics.

In Fig. 5.3, HHG spectra are plotted for CNT containing different number of unit

cells (2, 10, 20) irradiated with circularly polarized laser of the electric field strength

of 0.9 a.u. (2.85× 1016 W/cm2) and frequency of 0.06 a.u. (760 nm), Irrespective of

emitted light polarization in the case of circularly polarized laser light, we get only

allowed 5n ± 1 harmonics. And the same is true for the spectra in the DA case too

for circularly polarized laser light.

5.6 Summary

In summary, we have shown that in the case of within dipole approximation regime

and for linearly polarized laser light, due to dynamical symmetry, x polarized even

order harmonics and y polarized odd order harmonics are produced. But in the case of

beyond dipole approximation all the harmonics are emitted. When we use circularly

polarized laser light is used, in either the case of DA or BDA, due to dynamical

symmetry only allowed 5n± 1 harmonics are produced.
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Figure 5.1: y polarized HHG spectra from π electron of model system of CNT con-

taining different (2, 20, 40) number of unit cells interacting with linearly polarized

laser light of electric field strength of 0.9 a.u. and frequency 0.06 a.u., within dipole

approximation (above) and beyond dipole approximation (below).
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Figure 5.2: x polarized HHG spectra from π electron of model system of CNT con-

taining different (2, 20, 40) number of unit cells interacting with linearly polarized

laser light of electric field strength of 0.9 a.u. and frequency 0.06 a.u., within dipole

approximation (left) and beyond dipole approximation (right).
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Figure 5.3: HHG spectra from π electron of model system of CNT containing different

(2, 20, 40) number of unit cells interacting with circularly polarized laser light of

electric field strength of 0.9 a.u. and frequency 0.06 a.u., within dipole approximation

(above) and beyond dipole approximation (below).
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Chapter 6

Effect of dipole on harmonic

optimization with adaptive control

using an evolutionary search

process

6.1 abstract

We have presented here a study of optimization of high order harmonic generated

in two different case of (a) within dipole approximation and (b) beyond dipole ap-

proximation. We have considered model system of ethylene irradiated with intense,

linearly polarized (perpendicular to the system axis) laser field propagating along the

system axis. It is found that although harmonic intensity increases in both the cases

but optimization is always higher in the case of beyond dipole approximation. Study

of optimization of even order harmonics as well as odd order harmonics have been

done.
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6.2 Introduction

In past two decades much efforts have been done to surge up the intensity of harmon-

ics, in order to meet the challenges of attosecond world. As high harmonic generation

(HHG) [1–3] has many application including the investigation of molecular orbital

shape, preparation of attosecond pulses [4, 5], spectroscopy etc., but in spite of these

advantages there are some drawbacks too such as overheating problems in some sen-

sitive instruments, so it become more important to design the harmonics in such a

way that one can meet to his requirement accordingly. For this purpose Genetic Al-

gorithm (GA - which is a search tool to find the maximum of multi variable functions

resembling closely the biological evolutionary processes.) [6–10] plays a vital role for

increasing or suppressing the chosen harmonics [11,12]. GA has got its due attention

in recent years only as many physicist, chemist, computer scientists are using this fre-

quently now a days. Here we will present HHG optimization in the regime of within

Dipole Approximation (DA) and Beyond Dipole Approximation (BDA) [13–18] using

GA.

Genetic algorithm is based upon the natural selection.Natural selection determines

which members of a population survive to reproduce, the species has best chance to

continue. To employ the genetic algorithm for engineering design optimization, the

parameters of the design are encoded into a string of binary digits. Many strings are

randomly chosen. These strings form population and next generation of population is

born based upon fitness function. The “fitness” of each string is determined according

to required design specifications. GA is based on reproduction, fitness, crossover and

mutation. During crossover a random group of nucleotides of two lined up DNA fine

threads are changed. Bit strings are known as chromosomes in GA terminology. The

process is as follows: select two bit strings (chromosomes), in case of genetic algorithm

select a branch of each parent. Cut the chromosomes (or the branch in case of GA)
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at a particular location. Swap the bits/branches of the two parents. Crossover can

generate a very large amount of different strings. However depending on the initial

population chosen, there may not be enough variety in the strings to ensure the

GA covers the entire problem space. These problems are overcome by introducing

a mutation operator into the GA. The GA has mutation probability, which dictates

the frequency at which mutation occurs. Mutation can be performed either during

selection or crossover. Mutation depends on the encoding of chromosomes. Since the

chromosomes consists of two type of values (amplitude and phase), so two different

values were chosen and added, one for the amplitude string and the other for the

phase string. Fitness factor (according to Darwin’s theory the solution of better

fitness has a higher chance to survive) in GA context means assigning a value to one

or more strings to get better solution than other strings that result from reproduction,

crossover and mutation. The algorithm stops either at a predefined maximum no. of

generations or when the accuracy requirement is achieved.

In this chapter, we have investigated the effect of DA on harmonic optimization.

The mechanism of the process is qualitatively described by the semi-classical three-

step model [19]. Here we have optimized the desired harmonic 51st (i.e. odd order)

harmonic in both the case of within DA and beyond DA and surprisingly it is found

that consideration of dipole effects [20–27] improves harmonic intensity significantly

as compared to the case of without dipole consideration. The amplitudes and phase of

the lasers are used as optimization parameters. Only amplitude optimization results

are shown. It has been shown that with two colour laser optimization, harmonics

intensities are enhanced by order of magnitude. It is observed that optimization [28]

is better in the case of beyond DA than the case of within DA. A few experimental

studies have been carried out where the optimization are achieved up to a maximum

of 17 times [6,9,10]. Even fewer theoretical studies have been attempted to maximize

HHG [7, 8] and have not obtained as good as optimization as in the experimental
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optimization. All the theoretical studies have been done so far is within DA. It has

also been shown that optimization depends on laser pulse durations [29].

6.3 Results and discussion

We have optimized the 51th harmonic in the case of DA and BDA. We have used the

intensities of lasers as the parameter for optimization. Amplitude is varied in such a

way that total energy of CW pulse within a optical cycle remains same. Maximum

allowed value for the amplitude is 0.9 a.u. if amplitude of one pulse is 0.9 a.u. the

amplitude for second pulse has to be zero.

In Fig. 6.1, full HHG spectra is plotted for parameter corresponding to optimiza-

tion of desired harmonic (51st) using genetic algorithm (GA) by mixing two color

lasers (ω, 3ω). The spectra in the left part of the Fig. 6.1, is calculated for the pa-

rameter obtained by optimization for beyond DA and right part of the figure, for the

parameter obtained by optimization in within DA regime, whereas middle part is for

unoptimized parameter. In all these three cases above part of the plot is calculated in

within DA regime and below part is calculated beyond DA regime from the optimized

parameter. The amplitudes of the lasers are used as optimization parameters. It has

been shown that with two color laser optimization, harmonics intensities are enhanced

by order of magnitude. The experiments usually have achieved better optimization

than that of theoretical investigations. It can be seen that better optimization is

achieved in the case of BDA regime. Hence the experimental results can be better

explained in BDA regime.

In Fig. 6.2 (left), we have plotted the HHG spectra with the parameter obtained

for 52nd harmonic optimization. In middle part of Fig. 6.2, we have plotted the

HHG spectra with the parameter obtained for 51st harmonic optimization. and in

the right part HHG spectra is for without optimization. And it can be observed

64

TH-947_05612210



-8

-6

-4

-2

0

L
og

(I
n ) 

(a
rb

. u
ni

t)

0 40 80
-8

-6

-4

-2

0

0 40 80

Harmonic order
0 40 80

Figure 6.1: HHG spectra in the case of beyond dipole approximation (left) , no

optimization (middle) and within dipole approximation (right) using two color laser

(ω, 3ω) with amplitudes optimized for 51st harmonic within dipole approximation

(above) and beyond dipole approximation (below).

65

TH-947_05612210



48 50 52 54
-6

-4

-2

0

2

L
og

(I
n ) 

(a
rb

. u
ni

t)

48 50 52 54

Harmonic order
48 50 52 54

51
st

52
nd

52
nd

51
st

Figure 6.2: HHG spectra in the case of beyond dipole approximation with amplitudes

optimized, for 52nd harmonic (left), for 51st harmonic (middle) and no optimization

(right). Optimized harmonics are encircled.

66

TH-947_05612210



that when odd order harmonic (51st) are optimized the intensity difference between

even and odd order harmonic is limited to the order of 3.5 only but when even order

(52nd) harmonic is optimized, the the intensity difference between even and odd order

harmonic is found to be upto the order of 6. So from this study it can be inferred

that if one needs even order harmonics ore intense than the odd order harmonics then

he should optimize even order harmonics in beyond DA regime.

We would like to emphasize here that in each and every case better optimization

is achieved in BDA regime with respect to DA regime. The better optimization in

the case of BDA can be understood as follows: Rather than optimizing the laser

parameter, lets write wave function at t = 0 as,

ψ =
∑

ciφi

And optimize ci which gives best desired harmonics. Then one can calculate the

required laser parameters for which the desired wave function can be achieved, a

much harder problem to solve. It is clear that as the number of term in the sum

increases, the better optimization will be achieved. In the case of DA as shown by

entropy plot only two non zero terms contribute. On top of that in case of BDA non

dipole mechanism contribute to high harmonic generation optimization. So it is clear

that BDA produces better optimization.

So it easily can be inferred that beyond DA plays a key role in optimization too

along with giving rise to even order harmonics. It is found that increment in the

intensity of the optimized harmonic is upto 10 times in the case of DA, and upto

458 times in the case of beyond DA so We can say that beyond dipole approximation

plays an important role in optimization of selected harmonic. The optimization done

beyond dipole approximation provides better explanation of the experimental results.
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6.4 Summary

In summary, we have shown that although GA optimizes the intensity of a desired

harmonic in any case of DA or beyond DA but the beyond dipole interaction term

plays an important role in optimization process and it can enhance the intensity of

selected harmonic quite efficiently by many times. And the difference between the

intensity of even order and odd order harmonic is raise upto the order of 6 in the case

of optimization of even order harmonics in beyond DA. We have presented the results

of 51th and 52nd harmonic only but it is checked for many other harmonics too. This

difference in intensity between even order and odd order harmonics is limited upto

the order of 3.5 only in the case of optimization of odd order harmonics.
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Chapter 7

Conclusions

First we have shown that the beyond dipole interaction can fundamentally change the

HHG spectra even if electron is confined into a space of 8Å only during the interaction.

The even order harmonics are found to be more intense even if only two monomer

units of ethylene are included in model system. With increase in laser intensity the

DA become more worse and near the cutoff even harmonics are many order high

intense than the odd order harmonics. We conclude that dipole approximation is not

valid while solving the time-dependent Schrodinger equation governing the behaviour

for model polyacetylene system.

Next We have shown that the study of entropy during HHG provides interesting

insight about molecular population dynamics. As it is shown that both HHG and

entropy spectra changes fundamentally in the case of beyond DA. When all type of

the harmonics (even as well as odd) is generated even if electron is confined into a

space of 8Å only during the interaction. We observe the significant increase in en-

tropy in the case of beyond DA regime. These observation strongly support the non

validity of DA during the process. So we conclude that dipole approximation is not

valid while solving the time-dependent Schrodinger equation governing the behaviour
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for model polyacetylene system.

Then we have shown that in the case of within dipole approximation regime and

for linearly polarized laser light, due to dynamical symmetry, x polarized even order

harmonics and y polarized odd order harmonics are produced. But in the case of

beyond dipole approximation all the harmonics are emitted. When we use circularly

polarised laser light is used, in either the case of DA or BDA, due to dynamical

symmetry only allowed 5n± 1 harmonics are produced.

And also we have shown that although GA optimizes the intensity of a desired

harmonic in any case of DA or beyond DA but the beyond dipole interaction term

plays an important role in optimization process and it can enhance the intensity of

selected harmonic quite efficiently by many times. And the difference between the

the intensity of even order and odd order harmonic is raise upto the order of 6 in

the case of optimization of even order harmonics in beyond DA. This difference in

intensity between even order and odd order harmonics is limited upto the order of

3.5 only in the case of optimization of odd order harmonics.

Finally We conclude this thesis by saying that dipole interaction term plays an vi-

tal role in both the process of HHG and the optimization as well. So dipole interaction

term can not be ignored during solving TDSE for HHG.
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