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ABSTRACT

The aim of this thesis is to construct and analyze some simple, yet very efficient numeri-
cal methods that produce parameter-uniform approximate solutions to singularly perturbed
differential equations (SPDEs) with two parameters. The SPDEs with two parameters are
available in fields of applications in real life, for example fluid mechanics, chemical reactions,
control theory, lubrication theory and electrical networks, etc. In most cases, due to the
presence of the parameters and the prescribed boundary conditions, the solutions give rise
to some interesting phenomena called ‘boundary layers’. The problems having this kind
of solution characteristics require some special adaptive strategies to compute sufficiently
accurate numerical approximations.

We observe that the uniformly spaced grid cannot produce an approximate solution that
properly reflects the boundary layer behaviour without using a large no. of mesh points.
Thus, it is very difficult to compute the solution due to the limitations in our computing
resources as well as the algorithm becomes inefficient. The adaptive mesh generation strate-
gies help us to get rid of this issue by distributing a sufficient number of mesh points within
the layer regions in the domain. In this thesis, we construct the layer-resolving Shishkin
meshes for the spatial discretizations using the given problem data while the uniform grid
for the time variable was sufficient.

The classical finite difference techniques usually fail to provide such reliable numerical
solutions, and this is why the thesis studies some robust convergence finite difference meth-
ods that provide a fix. In this work, we describe some upwind finite difference schemes
which supply some efficient solving methods for some solutions with parameter-independent
accuracy. At first, we compute a uniformly stable and consistent numerical solution that
approximates the solution to two-parameters degenerate boundary-value problems (BVPs)
using this method. Then, we obtain a second-order accurate solution from this solution using
Richardson extrapolation by preserving the consistency and stability in the solution. Then,
we consider a degenerate parabolic problem involving two parameters as coefficients in the
convection and diffusion term and use an implicit-Euler to approximate the time derivative
and an upwind finite difference scheme for spatial derivatives to obtain the first-order ac-
curate numerical solution. We also improve the accuracy of this solution by employing the
Richardson extrapolation strategy to get a second-order convergent extrapolated solution.
Then, we construct an Alternating Direction Implicit (ADI) scheme for singularly perturbed
2D parabolic convection-diffusion-reaction problems with two small parameters. We consider
the operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and
a simple upwind-difference scheme for spatial discretization to compute a first-order conver-
gent solution. Finally, we propose a method which is a combination of the backward-Euler
method for the time variable and a hybrid method the space variables. The developed nu-
merical method is proved to be first-order convergent in time and second order convergent in
space. In each of the above studies, we discussed the error estimates on the Shishkin mesh
with discrete maximum norm to establish the uniform convergence of the methods. We have
also validated the convergence results by performing numerical experiments on some suitable
examples.
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Chapter 1: Introduction

Singular perturbation problems (SPPs) appear in many branches of science including
computational fluid dynamics, financial modelling, heat transfer, hydrodynamics, chemical
reactor theory, mathematical biology, and many others [1]. This type of problems is typically
characterized by an arbitrarily small parameter multiplied with some or all of the highest
order derivative terms in the governing differential equation. The study of singular pertur-
bation problems initiated during the beginning of the 19" century, when Ludwig Prandtl
presented some articles on the boundary layer theory. In his work, he explained how a quan-
tity as small as the viscosity of common fluids such as water and air can play a crucial role
in determining their flow profile. He introduced the terminology ‘boundary layer’ which is a
very familiar phenomenon in the concerned areas of Physics and Engineering.

Singular perturbation theory is of great importance in many fields of modern science.
This type of problem attracted the attention of scientists mainly due to the interesting phys-
ical behavior of their solutions. Subsequently, the study of these problems has grown into a
substantial field of study in applied mathematics for many decades. A good number of text-
books are written by various mathematicians on the analytical and numerical approaches of
solving SPPs over the years. Unfortunately, the analytical methods have certain limitations,
and hence, people started focusing on some effective ways to numerically solve the problems.
Till date, many numerical ways including finite difference methods (FDMs), finite element
methods (FEMs), and finite volume methods (FVMs), have been developed in order to solve
these problems efficiently. The main goal of these methods is to develop a strategy for finding

approximate solutions whose accuracy does not depend on the associated parameters.

1.1 Preliminaries

Let Q be a bounded domain in R, and G = Q C R. For each k > 1, let C*(G) be the space
of all functions which are k-times continuously differentiable on G. The usual norm we are
going to use for approximations is the sup norm (or max norm). Thus, for any f € C*(Q),

we define the following norms and semi-norms as follows:

I17le =suplF @] £l = max [0

0<i<k

For 0 <[ < k, we also define

|flie = Hf(l)HG'

Thus, we can see

£l = mas Fhc-

Ph.D. Thesis 2 Mrityunjoy Barman
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In particular, when £ = 0, we denote

||f”o,G = Hf”G

Now, we define the discrete norms in a similar way. We consider an arbitrary mesh,

QN::{xj:OSjgN, o<z <...<zn}CG,

where xg, xy € 0f). For any mesh function S on this mesh, we define the discrete norm as,

151l o v = Jmiax |Sil.

We now introduce the order notations “O” (read as “big-oh”) and “0” (read as “little-
oh”) to describe the asymptotic growth of a function with respect to perturbation parameter.

Suppose f and g are two real valued positive functions of the positive parameter ¢.

Definition 1.1.1. (“O”-notation)

We call a function f(e) to have an asymptotic growth of O(g(c)) as € — 0 if there exist
gg > 0 and C > 0 such that

fle) < Cg(e), forall0<e < eg.

Equivalently, we write it as f(¢) = O(g(g)) as ¢ — 0. For example, 2¢? = O(¢?) when ¢

approaches 0. Note that in this case, we have

lim —f(g) =C.
=0 g(e)
Definition 1.1.2. (“0”-notation)

We call a function f(e) to have an asymptotic growth of o(g(e)) ase — 0 if there exist £g > 0
such that for all C' > 0,

fle) < Cg(e), forall0<e < ey

Equivalently, we express it as f(g) = o(g(¢)) as € — 0. For example, 2¢? = o(g) when ¢
approaches 0. Note that in this case
6 _,

im
e—0 g(g)

Ph.D. Thesis 3 Mrityunjoy Barman
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Chapter 1: Introduction

1.1.1 Singular perturbation problems

Let us take an example of the following equation in a bounded domain 2 C R™:
Lou(x) = f(x), xe€ QCR", (1.1.1)

with some appropriate boundary conditions on u and L. is a differential operator that de-
pends on ¢, a small positive parameter. Usually we consider the parameter € to be very
small in magnitude, such as 0 < ¢ < 1. We now define the associated regular problem by
setting € = 0 in (1.1.1) as

Lou(x) = f(x), xe€. (1.1.2)

Let the original problem (1.1.1) has a solution u. and the reduced problem (1.1.2) has a

solution wug. Then, we can define SPPs in the following manner.

Definition 1.1.3. (Singular Perturbation Problem)
The problem (1.1.1) is called a regular perturbation problem with respect to some norm

|| if the solutions u., uy satisfy

lim ||ue —uo|| =0 as e —0.

e—0
The problem (1.1.1) is called a singular perturbation problem or singularly perturbed
problem if it is not a regular perturbation problem.

Let us consider the following example to elaborate the above definition.

Example 1.1.4. Suppose u. satisfies the following boundary-value problem in the domain
(0, 1):
—eu(x) +2u/(x) =2, for O0<x<l,
(=) (=) (1.1.3)
uw(0) =0, wu(l)=0,
where ¢ is a very small parameter such that 0 < ¢ < 1.

The exact solution of the above is given by

6—2(1—90)/& _ 6—2/5

us(l'):l’— 1—6_2/5 )

0<z <1,

while the reduced problem has the solution ug(x) = = with the zero boundary condition.
From Figure 1.1, we clearly observe that in a narrow region of the domain, there is a signif-

icant difference in the behavior of the corresponding solutions of the original problem and

Ph.D. Thesis 4 Mrityunjoy Barman
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the reduced problem, while they mostly agree in the remaining part. This indicates that
the problem is not regularly perturbed as |lu. — uo|l,, = 1 with respect to the sup-norm.
Therefore, Example 1.1.4 is singularly perturbed ordinary differential equation for the given
boundary conditions in (1.1.3) in the domain (0,1). This phenomenon that the solution
making a abrupt change in a small part of the domain is usually known as a boundary layer

occurrence.

-

o
©
T
T

—u.(x)

[=]
©
T

——u ()

Exact solution
© © © o o o
[\ w - (3] [} ~
T T T T T T

e
o
T

| | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Mesh Points

o
o

Figure 1.1: Comparison of the exact solution for Example 1.1.4 vs the solution of the reduced
problem.

We can formally state the following definition of a boundary layer formed by the solution

of an SPP based on the nature of the gradient of the solution.

Definition 1.1.5. (Boundary Layer: A Mathematical Definition)
Suppose, u. () is the solution of an SPP and zo € Q. Then, we say that u.(x) creates a

boundary layer near x = xq if
(i) limul(zg) is either oo or —oo,
e—0
(ii) lin% ul(x) exits finitely for 0 < |x — x| < for some 6 > 0 independent of .
E—

We note that the boundary layer happens in a narrow subdomain of the SPP and its
width is very small. Its width can be mathematically defined in several ways. For example,
for the boundary layer function e~*/¢, we define the thickness/width of the boundary layer

to be the smallest value w such that

e~ < e forall x > w.
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Another way of defining the width is that we choose w such that for all 1 < k < 3,

dk

ﬂe—m/a
i

< C forall z > w,

for some positive constant C'. In both cases, we can see that the thickness of layer region is
given by w = O(eln1/e).

The presence of small positive parameters in the highest-order terms of the equation
causes the exact solution to exhibit boundary layers of certain widths. As a result, the
classical numerical approaches fail to provide a reasonably accurate approximate solution to
these problems |2, 3]. Sometimes a numerical method on uniform mesh may fail to properly
resolve the boundary layers and produce less accurate numerical solution to the problem.
Therefore, we need to devise some suitable numerical schemes on some properly designed
discrete mesh that adapt to the boundary layers behavior of the exact solution and give
better approximations.

We note that all SPPs do not necessarily have just one single perturbation parameter.
There are many problems in which the associated differential operator contains multiple
parameters. In this thesis, we will confine our discussions to the two-parameter singularly

perturbed problems only.

1.1.2 Singular perturbation problems with two parameters

Let us consider the following singularly perturbed second-order linear differential equation.

—eu(x) + a(z)u' () + b(z)u(z) = f(x), =€ =(0,1),
u(0) = ug, u(l)=uy,

(1.1.4)

where ¢ is the perturbation parameter. The associated coefficient functions are assumed to
be smooth enough. In this case, the boundary layer formation depends on the parameter
e, the given conditions and the convection coefficients. We also observe the following under

some appropriate boundary conditions.
e If a(z) > a > 0, the solution causes a boundary layer at x = 1 of width O(e).
e If a(z) < —a < 0, the solution creates a boundary layer at x = 0 of width O(e).
e If a(xg) = 0, for some zy € (0,1), the solution forms an interior layer at = = x.

e If a(x) = 01in [0, 1], there are twin boundary layers of width O(,/¢) at both boundaries.
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But in the case of two parameters, the form of boundary layers is determined in some
different way. To discuss about the layer formation in this case, let us consider the follow-
ing linear SPP with two parameters in 1D. Similar analysis may be generalized for higher

dimensions also.

—e1t(z) + g2 a(x)u' (z) + b(z)u(z) = f(x), x€Q=(0,1),

(1.1.5)
w(0) =ug, u(l) =1wuy.
The nature of the boundary layer depends on the following characteristic equation.
—e N (2) + &2 a(z)\(x) +b(z) =0, O0<z<l1. (1.1.6)

The roots of the equation are given by

Az) = esa(z) £ \/E%Qi(x) + 4e1b(2)

_ &a()
- 281

1+£4/1+

e30%(z)

461()(1‘)]

€ . . . : .
When —; — 0 as €2 — 0, using binomial expansion, the roots of the above equation are

€2
computed as

The constants

Ho = min [ho(z)], = min Ai(),

determine the decay of the boundary layers at x = 0 and z = 1 respectively. The layer

function near the point left boundary behaves like e™#9* while the layer function near the

right boundary has the behavior resembles that of e7#1(!=#) On the other hand, when

2

€ . . .
2 5 0as e, — 0, the roots of the characteristic equation are given by
€1

Az) = esa(z) () {1+5%a2(x)}1/2

281 &1 4€1b($)
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1/
_ [b(@) | e3P (x) e5a*(x)
N \/ €1 \/ e1b(x) + {1 + 4slb(m)}

b(x)

Therefore, A(x) — £4/—=, as e; — 0. Hence, in this case, p19 = 1 = O(1/,/21) and the
&1

2

boundary layers at both boundaries have the same structure and width.

The occurrence of boundary layers in a solution significantly depends on the prescribed
boundary conditions as well. A differential equation with a given set of boundary conditions
may exhibit layers in certain parts of the domain, but if we alter the conditions, the layers
may even disappear. We elaborate the dependence of the formation of the layers on the
prescribed boundary conditions by taking an example of a two-point boundary-value problem

with Dirichlet boundary conditions.

Example 1.1.6. Suppose, u is the solution of the following equation for the positive param-
eters €1, €s.
—eu(x) + e (z) +u(z) =2z, O0<az<l (1.1.7)

We consider a set of four different boundary conditions for u for the above problem,

namely

(ifi) w(0) =1, w(1) = 0, (iv) u(0) = 0, u(1) = 1.

We observe the following solution profiles corresponding to the above prescribed boundary
conditions.

From Figure 1.2, it is clear that the solution forms boundary layers when we have con-
sidered the first three conditions, while for the last condition u(0) = 0, u(1l) = 1, there
is no such phenomenon. This means that the problem is regularly perturbed for the last
condition. In this case, the solution coincides with the straight line y = x. Moreover, the
boundary conditions prescribed at each of the points x = 0 and x = 1 separately affect the

boundary layer formations at the corresponding boundaries.

1.2 Fitted numerical methods

It is generally very difficult to solve a singularly perturbed equation for a closed-form solu-
tion using analytical ways, for example, in the case of multiple parameters and the higher-

dimensional problems. With numerical approaches of solving SPPs, we attempt to construct
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Figure 1.2: Significance of the boundary conditions for the solution with the parameters
values e; = 2710, g5 = 2720 to exhibit boundary layers at various locations in the domain.
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admissible approximations to the exact solution to the problem even for asymptotically
smaller values of the parameter €. Usually, for solving regular differential equations using
some numerical methods with standard finite difference operators, the uniform mesh dis-
tribution are sufficient to get a solution with good accuracy. But, in case of SPPs, when
the perturbation parameter tends to become extremely small, these methods often fail to
produce a solution with a reliable accuracy. Even too much refinement of the mesh is not a
good option, as in that case, the methods become inefficient for including a huge number of
grid points in a small computational domain. Moreover, the space complexity and the time
complexity of these finite difference algorithms worsen with the increasing number of the grid
points. Therefore, we need to think of construction of some suitable numerical approaches
that use lesser mesh points, yet provide robust approximate solutions for all values of the

singular perturbation parameters. Here comes the concept of e-uniform numerical methods.

Definition 1.2.1. (Convergence of numerical approximations)

Let us consider an SPP with a perturbation parameter €, where 0 < ¢ < 1. Let the prob-
lem have a solution u. which is approximated by a sequence of numerical approrimations
{USN N > 16} on the mesh QN, where N denotes the mesh parameter. Then, we say that
the numerical approzimations UYN converge e-uniformly to u., if there exist positive constants
C, p and Ny € N, all independent of € and N, such that

sup ||U6N — U/gHﬁN < CN™"  forall N > Nj.
0<e<1

The constant p s called the uniform rate of convergence.

We could rely upon the standard finite difference methods for solving SPPs provided
their accuracy in the solution and order of convergence are parameter-independent. Unfor-
tunately, it appears that most of these methods do not satisfy that criteria, because the
continuously declining magnitude of the parameters affects the stability of the methods.
Generally there are two main approaches to alleviate these limitations, namely fitted mesh
methods (FMMs) and fitted operator methods (FOMs). A finite difference FMM approach
involves the construction of an adaptive numerical scheme applied on the problem on a
layer-adapted piecewise-uniform or non-uniform mesh. It should be noted that the creation
of the computational mesh has a great significance in determining the convergence of the
employed methods. Examples of some frequently used mesh include the piecewise-uniform
Shishkin mesh, the non-uniform Bakhvalov mesh, B-S mesh, exponentially graded mesh, etc.
There are numerous works on the FMM approaches of solving various class of SPPs by many
authors in [3, 2, 4, 5, 6, 7, 8, 9, 10, 11] and others till date. There are also a good numbers
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works available on the FOM methods by several authors in [12, 13, 14, 15, 16| and others.
We briefly describe the FMM approach and how to construct a Shishkin mesh and a

Bakhvalov mesh for an one-dimensional problem in the following.

1.2.1 Shishkin mesh

A piecewise uniform mesh on the domain 2 = (0,1), suggested by G. I. Shishkin, was
constructed as follows. Let N + 1 be the total number of grid points in the mesh for an SPP
with a boundary layer of width O(e) in €. Usually, we choose the number of mesh points
N > 16 and it is taken to be a multiple of 4. We define a transition parameter 7 to separate

the layer region(s) and the smooth region in the domain, and it is defined as
Y min{q, aslnN},

where ¢, o are two positive constants chosen by the user. The parameter ¢ € (0, 1) is chosen
according to the number boundary layer regions and o > 0 depends on the given data and

it adjusts the position of the transition point for better convergence of the method.

i
T =0 e 2=
1 T
N/2 NJ2

Figure 1.3: A typical Shishkin mesh construction with N = 32 for a convection-diffusion
SPP with a boundary layer at x = 0.

In the case of convection-diffusion problems with single parameter, where typically one
boundary layer appears at one of the boundaries, the domain €2 is divided in two subregions,
namely layer region and the smooth region. We choose ¢ = 1/2 to equally distribute the
grid points between the layer region and the non-layer region. If the layer arises at © = 0,
we construct the Shishkin mesh by discretizing the layer region (0, 7) into N/2 subintervals
and (7, 1) into N/2 subintervals. The resulting grid is a piecewise-uniform mesh with N
elements and it is denoted by a.

For reaction-diffusion problems with single parameter, we observe two layer regions at
r =0 as well as at = 1. In this case, we use ¢ = 1/4 to define the transition points that
separate three subregions, namely (0, 7), (7, 1—7) and (1—7, 1). Then, we put N/2 points
in the smooth region and from the remaining N/2 points, we distribute an equal number of

grid points in each of the layer regions.
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T 1—171
r=0 oHHHHO—+—+—+—+—+—+—+—+—+—++—++++—oHHe =1
T 7 T
N/4 N/2 N/4

Figure 1.4: A typical Shishkin mesh construction for a reaction-diffusion SPP with N = 32
with two boundary layers at x =0 and = = 1.

1.2.2 Bakhvalov mesh

In 1969, Bakhvalov first introduced the use of non-uniform meshes for the numerical method
of solving SPPs. The mesh generating function \(¢), associated with the exponential bound-

ary layer at x = 0, is defined as

IA

Y(t) = oep(t), 0<t

< a,
() + (@)t —a), a<t<1,

(1.2.1)

q

where ¢(t) = In

be easily seen that the mesh is graded inside the layer region, while there is uniform mesh

e 0<t<gqgand o >0,qe€ (0,1) are user chosen parameters. It can

spacing outside the location. The mesh transition parameter « is taken such that the point
(v, () is the point of contact of the tangent from the point (1, 1) to the curve ¢ (t). Thus,
« is given by the following implicit relation

1—4(e)

l—«

= ' (a). (1.2.2)
The generated Bakhvalov grid points are defined by

1.3 Background and motivation

The aim of thesis is to construct and analyze some numerical methods which produce
parameter-uniform convergent approximate solution to SPPs with two parameters. The
works in this thesis are motivated by several research works with various approaches for

solving SPPs involving two parameters. Here is a brief overview of the such works in the
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Figure 1.5: The Bakhvalov mesh generating function.

following discussions.

SPPs with two parameters was studied in detail by O’Malley in his books [17, 18] in the
late 1970’s. He presented some rigorous analysis of the analytical solution to these problems
based on asymptotic expansion technique. This method seeks the solution in the form of
an infinite series with respect to some asymptotic sequence of the perturbation parameters,
such as {1,¢,e% &%, ... }. Although the approach is not so easy to generalize for SPPs with
multiple parameters in higher dimensions, it may reveal some insights about the boundary

layer nature of the solution. For a singularly perturbed boundary-value problem (BVP) with

two parameters €1, €9, O'Malley [17] showed that the ratio 2 has a decisive role to determine
the boundary layer formation by the solution. He complgtled the analysis in two separate
cases, namely €3 < Ce&; and €5 > Cey, where C is a positive constant. Later, this idea has
been used by many authors to properly design layer-adapted mesh for the computation of

the numerical approximation.

Over the decades, many researchers have been involved in formulation and analysis of
uniformly convergent numerical solution of SPPs using finite difference techniques. A de-
tailed literature on the construction of parameter-uniform numerical schemes for singular
perturbation problems is available in many books [2, 1, 3, 19|, etc. There are also many

articles [6, 20, 21, 22, 23, 24| which studied the single parameter SPPs using various finite
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difference methods. In FMMs, some well-known layer resolving fitted meshes includes the
Bakhvalov mesh, the Shishkin mesh, Bakhvalov-Shishkin (B-S) type mesh and the meshes
based on some adaptive algorithm. An extensive amount of works analyzing various meth-
ods on Shishkin mesh has been published by many authors. A review paper addressing the
numerical solution of computationally challenging singularly perturbed differential equations
on Shishkin mesh has been published by Kopteva et al. [25] in 2010. A study of numerical
approximations for a class of singularly perturbed convection-diffusion type problems with
a moving interior layer was done by Shishkin et al. in 2004. Some notable works using the
Bakhvalov mesh are also published till date by Roos et al. [26, 27|, Kellog et al. |28], Brdar
and Zarin [29]|, Zhang and Liu [30], etc.

In 2006, O’Riordan et al. [31] analyzed an upwind finite difference method by combining
the implicit-Euler and the classical upwind finite difference operator on a piecewise-uniform
mesh in one dimension and achieved parameter-uniform convergence of first-order in both
space and time variables. In recent times, some robust layer adapted finite difference methods
with first-order convergence combining an implicit-Euler method for time discretization and
an upwind scheme on the B-S mesh was proposed for a parabolic problem by Jha and
Kadalbajoo in [32]. A uniformly convergent numerical method of second-order in both
space and time variables was constructed and analyzed in [33]. Moreover, an adaptive finite
difference scheme by employing implicit-Euler method with upwind scheme using a moving
mesh-adaptive algorithm for a 1D linear time-dependent problem was proposed by Das and
Mehrmann [8]. A fitted mesh finite difference scheme for a two-point boundary-value problem
(BVP) with two parameters having discontinuous source function was studied by Shanthi et
al. in [34].

Q. Sloan in [35] presented very interesting analysis of the finite difference approxima-
tions to a singularly perturbed two-point BVP on an adaptive mesh in 1999. Following him,
Kopteva et al. discussed the quasi-linear convection-diffusion problem in one dimensional
case on this mesh in [36]. In recent times, Kopteva and Stynes considered a semi-linear
reaction-diffusion two-point BVP with a positive parameter to deduce a e-uniform numer-
ical scheme. In 2001, a quasilinear two-point boundary-value problem was studied using
a simple upwind finite difference scheme on this mesh by T. Linf [37], where he derives a
sufficient conditions on the monitor function that guarantee uniform convergence in the dis-
crete maximum norm. In 2005, Kopteva et al. [38| presented a linear singularly-perturbed
reaction—diffusion BVP and proposed a new monitor function, and they explained why the
standard arc-length monitor function was not suitable for that problem. In 2011, Mohapatra
and Natesan [24] studied a numerical method comprising of upwind finite difference opera-

tor on an adaptive grid, which is formed by equidistributing the arc-length monitor function
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and proved the robustness of the solution. In 2012, Das and Natesan |7] considered a singu-
larly perturbed reaction-diffusion problem with Robin boundary conditions. They observed
that classical forward-backward approximation for mixed type boundary conditions gives
first-order convergence, whereas their proposed cubic spline scheme provides second order
accuracy independent of the perturbation parameter. They also employed the Richardson
extrapolation technique to improve the accuracy in the computed solution. In the last
decade, Pratibhamoy and Natesan [39] and Gowrisankar and Natesan [40] presented an im-
pressive study of the equidistribution algorithm for constructing the adaptive mesh with its

application for solving parabolic and elliptic SPPs.

For stationary two-parameter SPPs, Shishkin and Titov [41] studied parameter-uniform
methods on the basis of special fitted finite difference operators on uniform meshes. Stynes
and Roos applied a hybrid scheme on the Shishkin mesh and proved that the algorithm
gives almost second-order accurate numerical solution in [42]. O’Riordan et al. analyzed
a numerical scheme with an upwind finite difference operator on an appropriate piecewise-
uniform mesh. Some different types of two-parameter elliptic convection-diffusion problems
were considered by Shishkin in [43]. More studies on two-parameters problems using finite
difference methods also available in the articles [32, 44, 45, 46], etc.

Some researchers has also proposed other numerical schemes, such as spline difference
schemes [47], layer adapted finite difference methods [32] to solve non-stationary two-
parameter SPPs. Among them, Clavero et al. studied a monotone finite difference scheme
by combining the implicit-Euler method on a uniform mesh together with the classical up-
wind finite difference scheme on a non-uniform mesh in [48]. Chandru et al. developed an
almost first order parameter uniform numerical scheme by using an adaptive mesh in [49].
Kumar and Kumari proposed a numerical solution by using the Crank-Nicolson method on

a equispaced mesh and an upwind difference scheme on a Shishkin mesh in [50].

In recent studies, Mukherjee and Natesan [51, 22, 52, 53, 21| analyzed some standard up-
wind and hybrid schemes with second-order convergence for solving parabolic problems one
and two dimensions. Das and Natesan [54, 55, 56, 57| also considered some time-dependent
parabolic problem with positive delays and proposed some robust convergent finite differ-
ent methods with higher-order accuracy for solving them. These works are contemporary
with the studies of higher-order hybrid numerical methods and ADI schemes for parabolic

problems of degenerate type by Majumdar and Natesan [58, 59, 60, 61, 62].
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1.4 Model problems

In this section, we introduce the singularly perturbed differential equations we have consid-
ered in the thesis and briefly discuss the assumptions on the associated functions and the

parameters in order to find uniformly convergent solution for the same.

1.4.1 Singularly perturbed degenerate boundary-value problems
of convection-reaction-diffusion type involving two small pa-

rameters

We study the following parabolic SPP:

g1’ (z) + egaPa(z)u' (z) — c(@)u(z) = f(z), =€ Q=(0,1), (1.4.1)
u(0) = ug, u(l) = uy,

where the perturbation parameters 0 < 1,69 < 1, and

b(z) =aPa(z), 0<z <1, p>1,
1
c(x) >~ >0, and ¢(x) — 552])'(90) > v > 0.
We also assume that a(x) > a > 0 in Q. Depending on the roots A\g(z) < 0, Aj(x) > 0 of

the characteristic equation £;A? 4 £2b(2) A — ¢(x) = 0, the solution exhibits boundary layers

of certain widths at both boundaries x = 0 and x = 1. Further, if we define the constants

Ho, {1 as

(1.4.2)

/ —e9A 2A2+4
fo = min |[Ag(x)| = gl, 1 = min A(x) = At VAT 817,
1

0<z<1 0<z<1 2e1

where A = ||b]|, we observe that the width of the boundary layer at x = 0 is O(1/) and
that at © = 1is O(1/uy). In this problem, the boundary conditions are chosen such a way
that the solution produces regular boundary layers at the boundary points. The analysis is

presented in two separate cases, viz. when €2 < Ce; and €2 > Ce;.
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1.4.2 Singularly perturbed degenerate time-dependent problems

of convection-reaction-diffusion type with two parameters

We consider the following time-dependent convection-reaction-diffusion problem with the

parameters 1, €5 in the domain (0, 1) x (0, 7.

17— +€2xpa(x,t)g—u —c(z, )u(z,t) — a—?; = f(x,t), €Q=(0,1), te€(0,T],

(1.4.3)

The convection coefficient is given as b(z, t) = zPa(x,t) for some p > 1 and a(z,t) > 5 >0
in 2. The functions a, ¢ f are assumed to be sufficiently smooth and the function ¢ needs
to be a continuous function. We also assume that c¢(z,t) > v > 0 and ¢(x,t) — %ggbx(x, t) >
7o > 0 for the existence of a unique solution to the problem. In this case also, the boundary
layer occurrence depends on the characteristic equation and its roots. The boundary layer
structure is also determined by the relations between the given parameters €;, 5. Therefore,

we study the convergence analysis in two separate cases, viz. when €3 < Ce; and €3 > Ce;.

1.4.3 Singularly perturbed 2D parabolic convection-diffusion-

reaction problems with two small parameters

w+Lou= f(x,y,t), (r,y) e Q=Q, xQ,, tQ,
u(z,y,t) =0, (z,y) €00 = Q\Q, t € Q, (1.4.4)
u(r,y,0) = d(z,y), (z,y) €Q,

where we consider the domains 2, = {z:0<2z<1},Q, = {y:0<y <1}, & = (0,7
and €1, e, are the perturbation parameters such that 0 < 1,69 < 1 and the operator L. is
defined as,

Lou:= —e1Au+ e9b(x,y) - Vu + ¢(x, y)u. (1.4.5)

The convection coefficient b is defined as b(z, y) = (bi(z,y), ba(z,y)) such that b;(z,y) >
Bi >0, for i = 1,2 and ¢(x,y) > ¢y > 0. We also assume that f = f; + f, is a sufficiently

Ph.D. Thesis 17 Mrityunjoy Barman

TH-3241_176123001



Chapter 1: Introduction

smooth function that satisfies the following compatibility property:

fl(I,O,t) = fl(l’, 1,t) == fg(O,y,t) = fg(]_,y,t) =0. (146)

. f cxy)  cx,y) } -
Let g = : d~vy < : . We split th bl 4.1.1
et = min {61 62} and ~y n%n { i(e.y) (e, ?Je) e split the problem ( )

: . £
into the following two cases, namely €2 < Tl and g2 > Jer

g g
€ . .
In the case when &3 < u, we usually notice regular boundary layers of width O(y/e;)
near all four edges along with the corner layers appearing near every corner of the domain

Q. On the other hand, for &3 > %81, we have regular boundary layers of width O(ey) near

the inflow boundaries * = 0 and y = 0, while there are boundary layers of width O(al / 52>

condensing at the outflow boundaries z =1 and y = 1.

1.5 Structure of the thesis

The thesis has been composed of several chapters discussing various uniformly convergent
numerical methods for the model problems presented in the previous section. We present a
brief outline of the thesis in the following.

In Chapter 2, we consider two-point boundary-value problem in a bounded domain,
where the diffusion and convection terms are affected by perturbation parameters, as de-
scribed in the section 1.4.1. The convection coefficient consists of a degenerate term that
affects the boundary layer nature in the domain. We create a layer-resolving Shishkin mesh
with the help of a characteristic equation that governs the boundary layer behavior of the
solution. We use an standard upwind scheme on the constructed Shishkin mesh and produce
a first-order accurate approximation to solution. We consider the same problem with this
scheme and improved the accuracy to obtain second-order convergent solution by employing
Richardson extrapolation tool. We also have presented some results based on the performed
numerical computations to validate each of the above theoretical results.

In Chapter 3, we consider a degenerate parabolic problem involving two parameters as
coefficients in the convection and diffusion terms. We setup a combination of a piecewise-
uniform Shishkin in the space direction, and a uniform grid along the time direction to calcu-
late the approximate solution. We use an implicit-Euler to approximate the time derivative
on the equispaced temporal grid to obtain the semidiscrete problem. Then, we apply up-
wind finite difference scheme on this semidiscrete problem on the Shishkin mesh to get a

numerical solution that is first-order convergent in both time and space variables. Then,
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we use Richardson extrapolation method to enhance the order of convergence for the same
problem. We obtain parameter-uniform convergent solution with second-order accuracy in
both variables in the extrapolated solution.

In Chapter 4, we construct and analyze an ADI scheme for singularly perturbed 2D
parabolic convection-diffusion-reaction problems with two small parameters. We consider
the operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and
a simple upwind-difference scheme for spatial discretization on a specially designed piecewise-
uniform Shishkin mesh. The resulting scheme is proved to be uniformly convergent of order
O(N'InN + M™Y), where N, M are the spatial and temporal parameters respectively.
Numerical experiments confirm the theoretical results and the effectiveness of the proposed
method.

In Chapter 5, we consider the same model problem discussed in Chapter 4, and study a
parameter-uniform operator-splitting ADI scheme to efficiently solve the parabolic singularly
perturbed problems with two positive parameters a two-dimensional domain. The proposed
model is a combination of the backward-Euler method on a uniform mesh in time and a
hybrid method in space. The analysis is presented on a layer adapted piecewise-uniform
Shishkin mesh. The developed numerical method is proved to be first-order convergent
in time and second order convergent in space. The numerical experiments are performed
to validate the theoretical convergence results and illustrate the efficiency of the current
strategy.

We finally summarize the works in this thesis and then conclude with a note on some

proposed future works in this direction.
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CHAPTER 2

Second-order uniformly convergent numerical
scheme for a singularly perturbed degenerate
convection-diffusion-reaction problem with

two parameters

This chapter considers a convection-reaction-diffusion boundary-value problem (BVP) of
degenerate type with two perturbation parameters. We use a standard upwind scheme on
a suitably designed Shishkin mesh to obtain a uniformly convergent first-order accurate
solution. We also apply the Richardson extrapolation technique to increase the upwind
scheme’s convergence order. Based on the relations between the parameters, we consider
the study in two different cases due to the different boundary layer behavior of the solution

i those cases. Numerical results validate the theoretical results and the effectiveness of the

proposed extrapolation tool.
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Chapter 2: Degenerate boundary-value problems with two parameters

2.1 Introduction

We study the following parabolic singularly perturbed degenerate problem,

e () + eab(z)u/ () — c(x)u(x) = f(z), € Q=(0,1),
(2.1.1)

uw(0) = ug, u(l) =wuy,

where the perturbation parameters 0 < €1,69 < 1. The convection coefficient is given as
b(x) = aPa(x) for some p > 1 and a > o > 0 in 2. We also assume that ¢(z) > 5 > 0 and

use L. to define the continuous operator
r " /
L.k = &K + &k — CK.

We split the analysis of the numerical solution and its accuracy into the following two

cases:
Case . 5 < Ceg, Casell: &5 > Ce.
The characteristics equation associated with the BVP (2.1.1) is defined as
e1A? + e2b6(2) A — c(z) = 0, (2.1.2)

which has two roots of opposite signs. Suppose, the roots of the above are given by

—e9b(z) — \/e302(x) + derc(z)

)\O(I) - 261 ’
—e9b(z) + \/e3b?(x) + 4erc(x
)\1@:) _ 2 \/22€1 1 ( )

Then, we define the constants pg, @1 as

/ , —e9A+ \/e3A% + 4e
fo = min |Ag(x)| = g, iy = min A (z) = —> 2 1B, (2.1.3)

0<z<1 0<z<1 N 2e4

where A = ||b||,. It is observed that the width of the boundary layer at x = 0 is O(1/p0)
and that at = 11is O(1/p1) [4].

Remark 2.1.1. In Case I, we note that both the constants pig = O(e"?) and py = O(e7'?),
while in the other case, uy has the same growth, but y; = O(e5").
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Properties of the continuous solution

2.2 Properties of the continuous solution

The differential operator satisfies the standard minimum principle.

Lemma 2.2.1. Minimum principle: If w € C?*(Q) and L.w(x) < 0 for all z € Q with
w(0) >0, w(l) >0, then it follows that

w(z) >0, forallx e (2.2.1)

Lemma 2.2.2. Suppose u is the exact solution of the problem (2.1.1) and wu is decomposed

as
u=1v+wy + wg, (2.2.2)

where v is the smooth component, and wy, wg are the singular components of the solution.

For €2 < Cey, we have the following bounds for the smooth component v:

@, <¢ 0<k<s, [p¥) <cC (1 + %5_1) - (22:3)

On the other hand, for the case when g5 > Cey, v satisfies

[oW]_ < C (1 + C—;)H) , (2.2.4)

Proof. 1f €2 < Cey, we further decompose the smooth component as v = vy + \/E1v; + €102 +

5‘3/ ®v5. Then for 0 < k < 4, following the approaches in Gracia et al. [63], we deduce

for 0 <k <4.

v,?’“)H <O, for0<i<2, (2.2.5)

) Ug@Hm < O]t <1 + (%)k> . (2.2.6)

Using €2 < Ce; in (2.2.5)-(2.2.6), we obtain the desired estimates.

Further, when €2 > Ce;, expressing the smooth component as v = vy + &1v; +&2vy + €503,

we obtain the required estimates for v for 0 < k£ < 4. O

We also have the following estimates for the derivatives of the components wy,, wg avail-
able in Linf et al. [64].
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Chapter 2: Degenerate boundary-value problems with two parameters

Lemma 2.2.3. The singular components wy,, wgr satisfy the following bounds

ol @) < o e,

‘wg)(x)‘ < Cpk emm=2 0 <k <4

2.3 Spatial discretizations and the numerical scheme

The space domain Q = [0, 1] is now discretized as

QN:{xi:xi:xi_l—i—hi, =0, zy =1, 1§i§N},

where the step-lengths are defined as h; = x; — x;_1.

In order to construct the Shishkin mesh QN, we first define the transition parameter

To, 71 as

1 2 1 2

Tozmin{—, —lnN}, lemin{—, —lnN}. (2.3.1)
4" o 4"

T0 1—7'1
HHH 1 #te
x=0 =
=N

Figure 2.1: Mesh structure along z : .

The continuous domain = [0, 1] is divided into the three subintervals [0, 7o), [r9, 1—71]
and [1 — 71, 1] by the transitions points 7y and (1 — 77) to distribute N/2 grid points in the
layer regions and the remaining N/2 grids in the outer regions. The generated Shishkin grid

is given by
¢ A
%, 0<i<N/4,
. N\1-— To — T1 .
T; = TQ+2(Z—Z>T, N/4<Z<3N/4, (232)
3N
\ 1—n+4<¢—7)%, 3N/4<i<N.
4
Clearly, the step-length in the layer regions is given by h = % < 1/N, and that outside
) ) 21— —m) ) ) ) .
the regions is H = S — Therefore, the step-size outside the layer regions satisty
1/N < H <2/N.
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Spatial discretizations and the numerical scheme

For a mesh function S : " — R, we define the standard finite difference approximations

by
Siv1—S; S — S
5+Sz‘: i+1 17 5_822 i i 1’
hita h;
2
Si=— (678 - 6S).
528 hﬁhm( S 5)

The standard upwind scheme can now be applied to obtain the discrete equations as:

LNUYN = 10°UN + e3b(x;) 6TUN — c(x))UN = f(x;), 1<i< N -1, (233
UN(xg) = upg, UN(xn) = ;.

Lemma 2.3.1. Discrete minimum principle Suppose, Z; be a mesh function on Q" such
that LéVZi <0 foralll <i< N —1. Then for Zy >0, Zy > 0, we have

Z; >0, Y0<i<N., (2.3.4)

The standard upwind scheme described above has the following convergence property.

Theorem 2.3.2. If UN is the numerical approzimation of the exact solution u(z) of the
problem (2.1.1), and the perturbation parameter satisfies e, < CN~'. Then, there exist
C >0 and Ny € N such that

HUN = u\QNHOO < CON '(InN)?  for some N > Nj. (2.3.5)

Proof. The proof is analogous to the main convergence proof in O’Riordan et al. [65] with

minimal changes in o, (1. O]

2.3.1 Motivation for Richardson extrapolation

From Theorem 2.3.2, we have

UN —u(z;) =CN*(InN)*+ Ry(z;), 1<i<N-—1, (2.3.6)

1

where Ry(z;) = o(N7'(In N)?), and C' is independent of the perturbation parameters and
the mesh parameter N. Keeping the transition points in (2.3.1) fixed, we refine the Shishkin
mesh by bisecting every mesh intervals to create a new Shishkin grid Q2V. Let U2 be

the numerical approximation on this grid without changing the transition points 7y, 7.
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Chapter 2: Degenerate boundary-value problems with two parameters

From Theorem (2.3.2), with pg, u1 defined in (2.1.3), the error equation can be rewritten

as
2
UN —u(z;) = CN! (%) Yo (N*l(%f) L 1<i<N-1,
. Toto . —N
since In N = 5 s constant. Clearly from the above, we have for x; € ()

~ 2
U —ulw) = CN) (B2) 40 (NH(TEY)?), 1<isN -1,
which gives

202N — UN —u(z;) = o (N"'(In N)?). (2.3.7)

Therefore, we define the following extrapolation formula, known as the Richardson extrap-

olation formula, as
O (z;) = (2(72N . UN) (z:), Va; €, (2.3.8)

having almost second-order accuracy in approximation of the exact solution.

2.4 Convergence analysis

We decompose the numerical approximation UY of the exact solution u(z) as
N =vN + Wl +wpy,

where VYV W/, W2 denote the smooth, the left singular and the right singular components

of UN respectively. These components satisfy the following discrete equations:

L¥VN(z) = f(z;), i €(0,1), LYWN(2;) =0, ;€ (0,1), o)
24.1
VA(0) = v(0), V(1) =w(1), WM(0) =wr(0), W (1) =0,
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Convergence analysis

and

LYWN(x;) =0, x; € (0,1),
(2.4.2)
WY (0) =0, W¥(1) = wa(1),

Similarly, we also decompose the solution UV as

~ ~ —~2N —~2N
U2N — VQN _|_ VI/[ + Wr )

2.4.1 Extrapolation in the smooth component
Lemma 2.4.1. For x; € QV, the truncation error in the smooth component satisfies
LY (VYN — () = hin(z;) + O(e2h?), (2.4.3)

where VN = VN(x;), and n(x) = %52[7(1')“”@)'

Proof. A straightforward Taylor series expansion deduces the following for the smooth com-

ponent v:
&1 hl h2
LYV —o(z:) = Ih? W (&) +0P(&)] + e2b(;) 50"(%‘) + 3—1,0(3) (&)
2
— hin(ies) + eab(s) o) (€5) + 2 D) +00 ()], (24.4)

3! 41

for some &, € (24, wi11), &2,& € (wi-1,7;). Now using the estimates of v®, v from Lemma

2.2.2, we obtain the required estimate. O

We define the following auxiliary problem:

L.E(x)=n(r), 0<z<l, (2.4.5)
E(0)=0, E(1)=0.

The function E(x) can be further decomposed as £ = Ey+ E; + E», where Ej is the smooth
component, while E, Ej are the left and right singular layers parts of E respectively. The
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Chapter 2: Degenerate boundary-value problems with two parameters

components satisfy

EEEO(x) = 77(95)7 O0<z< 17

(2.4.6)
En(0) = —Ei(0), Eo(1) = —E.(1),
where
L.E(x)=0, 0<z<l, L.E.(x)=0, 0<z<]l,
(2.4.7)
|E(0)] <C, E(1)=0, E.(0)=0, |E.(1)|<C.

Lemma 2.4.2. For e < CN™L, the smooth component of the approximate solution satisfy

the following error equation:
V;N - U(JTZ) — hlEo(ZL'Z) aF O(N_Q), fO?“ x; € ﬁN. (248)

Proof. From Lemma 2.4.1 and (2.4.5), we obtain

Lév(\/;N — ’U(IL‘Z)) = hz'CEEO(xz) -+ O(Z‘:QHQ),
= h; [LY Eo(z;) + O(H)] + O(e2H?).

Thus, assuming o < CN~! < H and h; < H, we have
LI (VY = v(z) — hiBo(@:)) = O(N~?).
We define the discrete function
U, =Ci(1—z)N > £ (V¥ —v(z;) — hiEo(x)), 1<i<N-1 (2.4.9)
for some C7 > 0 with V5 = 0 = V5. We have
LYW, = O\ N2LY (1 — 2) £ LY (VY —w(2;) — hiEo () -

We choose (' such that LéV U; < 0. By using discrete minimum principle and 1/N < H <
2/N, we have

Therefore, V¥ — v(z;) — hiEo(z;) = O(N72). O
Ph.D. Thesis 28 Mrityunjoy Barman

TH-3241_176123001



Convergence analysis

Theorem 2.4.3. For eo < CN~1, the error after the extrapolation in the smooth component

satisfies

‘(2‘72-” ~ V) = v(@)| SON2 Jor1<i< N -1, (2.4.11)

Proof. From Lemma 2.4.1, we have on the Shishkin mesh Q2N

(2

= h; ,
VA —u(x;) = EEO(x,-) +O(N™?), 1<i<N-1. (2.4.12)
Using the equation (2.4.8) and (2.4.12), we obtain

2V = w(w:) = (Y — v(@)) = O(N ),

7

which gives the required error estimate. O]
We now proceed to obtain the estimates for the error after extrapolation in the singular

components.

2.4.2 Extrapolation in the singular components

We first define the following problem, which will be used in the estimation of the extrapolated

solution in (0, 7).

L.F(x) = —b(z)w](z), 0<az <,

It can be easily verified that
LY F(x;) = L F(w;) + O(erhipge™ ),
= L.F(x;) + O(N"'In N) e Homi), (2.4.14)
using e;u2 < C and h; = O(N "'yt In V).

Lemma 2.4.4. Let us define S; = [['_, (14 uoh;), So = 1. Then there exists a positive

=1
constant C' such that

LNS;<CS;, 1<i<N-1.
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Chapter 2: Degenerate boundary-value problems with two parameters

Proof. We have

SZ%;SZ = oS; Slh—:gz_l = o Si—1,
and S;_; = %Si.
Thus,
LY, = J%Zfﬂ(si — i 1) + 2ab(@i) 0S;,
- hiihfiﬁ I +S;0hi T e2b@)HoS:
< #ﬁ;m + CeouoS;.

Now for Case I: g5 < C/eq, it is clear that

gapto < Cpo/e1 < C,

and for Case II: ¢5 < C /21, we use p; > o and py = O(1/e3) to deduce ey < C.
Hence, in either cases, we have LéVSi <COS;, foralll1 <i< N —1. O

Lemma 2.4.5. Forx; € (0,7), the error after extrapolation in the left singular part satisfies

the following
‘(2?{/’,” - mN) () wL(xi))‘ < O(N"'InN)?, for1<i< N/4. (2.4.15)

Proof. For 0 < z; < 19, using Taylor series expansion, we have for some &; € (x;, z;11), and
§2,83 € (i1, 13),
LN N _Ep [ @) (4) hi W ®
e Wi —wi) (i) = 3y |wp” (&) +wi™ (&) | + eabl@i) | Swp (@) + 5rwp” (&)
482

= —2p(z) In N} (z; h2 e ot
Vg ) I N () + O hipige™™),

= (N"'InN)L.F(x;) + O((N'In N)? e~romi),

Using (2.4.14), we obtain

LY (W) = wi) (@) = (N7 InN) LY F(;) + O((N ™ In N)? e7/o™),

Ph.D. Thesis 30 Mrityunjoy Barman

TH-3241_176123001



Convergence analysis

which gives
LYWL —wp — (N"'InN)F)(z;) = O(N7'In N)? e7romi), (2.4.16)

Let Ay = (WY —wp — (N"'In N)F)(x;), 0 <i < N/4.
We now define the discrete mesh function

7

Dy =Cy(l—a)N 2+ (N ' In NP [ (1 + mohy) ™", 1<i < N/4,
7=1
where Cy > 0.
Using the fact LYS; < C'S;, we can prove
LT, < LYA;, 1 <i< N/4.

Also, 'y > 0 = Ag and T'yjy > CoN~2 > Ay for some Cy > 0.

Therefore, I'; is a barrier function for the function A;. Hence, using discrete minimum

principle for the operator LY, we get
(WY —wp, — (NT'InN)F)(z;)| ST, < C(N'InN)?, 0<i<N/4 (2.4.17)

Therefore, we have

(W —wp)(z) = (N In N)F(z;) + O((N"'In N)?), (2.4.18)
- N*l%F(xi) +O((N"'InN)2). (2.4.19)

Similarly, we also obtain

WY~ wn) (@) = (2N)~! T80 B(as) + O((N~ I N)?), (2.4.20)
From the last two equations, it follows that
—~ 2N

2W, —wg)(x;) — (WY —wp)(z;) = O((N"'1In N)?), (2.4.21)

which leads to the desired error estimate. O

Lemma 2.4.6. Forz; € (19, 1), the error after extrapolation in the left singular part satisfies
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the following error equation:

)(2?{2” — W) (@) — wifeg)| S ONT2, for N/ <i <N -1, (2.4.22)

Proof. Let us start with the notations

i

N
1 1
) = ——!, ;) = . 1<i<N-1. 9.4.23
Xz () H1+u0hj Xr(%:) H Tk ( )
j=1 Jj=i+1
Following the approach in O’'Riordan et al. [65], it can be proved that
’VVZN(IZH < Cxp(z;), and |[W.(z;)| < Cxr(x;), Vi.

Then, we observe for i > N/4,

N/4

W ()| < Cxw i) < Cxplanya) = C T+ poH) ™,
j=1
<(1+8N'mN) <N

We also observe from Lemma 2.2.2 that for z; > 7,
|wg ()] < Ce#0% < Ce ™ < CN™2,
Therefore combining these two, we have
(WY —wp)(z;)| <CN72, for z; € (70, 1). (2.4.24)

Similarly, we also have

—~2N

‘(I/Vl —wp)(7;)| KON, for z; € (70, 1). (2.4.25)

From (2.4.24)-(2.4.25), it follows that

—~2N

(2777 = W) ) — )| < O =) ] +2| (0 — ) )]

< ON72, for z; € (7o, 1).

This completes the proof. O
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Combining the error estimates established in Lemma 2.4.5 and Lemma 2.4.6, we prove

the following global estimate for the extrapolation of the left singular component.

Theorem 2.4.7. For x; € ﬁN, the error after extrapolation in the left singular part satisfies

the following estimate

‘(2%” — W) () — we(m)| < C(NTIN), for 1 <i < N -1 (2.4.26)

Theorem 2.4.8. For x; € ﬁN, the numerical error after extrapolation in the right singular

component satisfies the following

)(QWTQN — W) (1) — wrlw)| < CON N, for 1 <i <N -1, (2.4.27)

Proof. Using the estimates |W,.(z;)| < Cxr(z;), Vi, and proceeding in the same way as in

Lemma 2.4.6, we can prove that

- N
KZWTQN — W) (1) — wr(w)| < CN72, for 0 < < 37. (2.4.28)

Also by using the same approach as in Lemma 2.4.5, we can prove

- N
KQWTQN — W) (@) - wa(@)| < C(N N2, for i > 37 (2.4.29)

The required convergence result follows by combining the last two equations. O]

2.4.3 Error estimate for the extrapolated solution

Theorem 2.4.9. (Main convergencet theorem) If UN is the Richardson extrapolation
of the numerical solution UN of the problem (2.1.1) on QN, and the perturbation parameter

satisfies eo < CN~L. Then, we have the following accuracy:

HI/J\N - uH v <CN*InN)? for some N > N. (2.4.30)

00,02

where C' > 0 and Ny € N.

Proof. Suppose, VN WY W} are the smooth and singular components of the numerical
solution UM of the exact solution u(z) on ', and V2, W2V W2V are those of the

approximate solution U2Y on the mesh Q2¥. Then, from Theorem 2.4.3, Theorem 2.4.7 and
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Chapter 2: Degenerate boundary-value problems with two parameters

Theorem 2.4.8, we have the following

VY~ V) = u(a)

(@Y = W) = wr) (@)

+ (W = W) = wp)(a)
<C[N24+ N (I N2+ N2(InN)?] < CN“2(InN)%

for each x; € . Adding the above equations and using (2.3.8), we prove the required

convergence result. O]

2.5 Numerical experiments

For validation of the theoretical convergence results, we consider a convection-reaction-
diffusion problem with two parameters, where the diffusion coefficient is affected by pa-
rameter £; and the convection coefficient function contains the second parameters 5. We
first choose two sets of parameters to test the parameter-uniform convergence of the under-
lying standard-upwind scheme. Then, we extrapolate the numerical solution to observe the

enhanced accuracy for the same of parameters.
Example 2.5.1. We take the following example for computing the numerical results.

eu’(z) + eaxP(1 + ) v'(z) —u(z) =1—22, z€Q=(0,1),

(2.5.1)
uw(0) =1, wu(l)=1.
We consider the set
Si={(ene)ia=1042 5= YE ki1 5}, (2.5.2)
SQ = {(51,52) LE1 = 10_k, E9 = 811/4, k= 1,2, e 5}, (253)

for the parameters that satisfy the condition in Case I and for Case II, respectively.
The maximum pointwise error in the approximate solution U can be computed using

the formula

EN = max (U _, () — u(z;)] . (2.5.4)

€1,€2 —
z; €Q

Since we do not have the exact solution in this example, we use double mesh principle to
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calculate the pointwise maximum error in the numerical solution UV as

N N r72N
E51752 = m%}fv Uel,sg (xl) - U51,52 <$Z) . (255)
z; €EQ
We also define the parameter-independent maximum error £V and the parameter-uniform

rate of convergence p" by

N
EN = max EN ., pY =log, <%) (2.5.6)

From Figure 2.2, we see that the thickness of the boundary layers at both boundaries
are same when we consider Case I. However from Figure 2.3, for Case II, it is clear that the
boundary layers at x = 0 and x = 1 are not of the same width. This happens because the
sharpness of the layers depends directly of the constants pg, g1 and in this case, we have
Lo > 1.

We first observe the convergence phenomena before employing the Richardson extrapola-
tion for the example. We notice from Table 2.1 and Table 2.2 that the approximation error
have consistently decreased with increasing number of mesh points. Also, the error remains
bounded even after significantly decreasing the parameters values along the columns. This
ensures the parameter-independent stability of the upwind scheme. The data in the tables
successfully reflect the almost first-order accuracy of the scheme in discrete maximum norm.
The order of accuracy of the method can also be easily noticed from loglog plot visualizations
in Figure 2.4 and Figure 2.5.

After using the Richardson extrapolation technique, we note that there is a significant
improve in the pointwise-maximum error as well as the rate of convergence in both cases for
the same set of parameters. The method retains the consistency as well as the parameter-
uniform stability of the upwind scheme. From Table 2.3 and Table 2.4, the almost second-
order convergence of the scheme are verified. Graphically, the same can also be visualized
from the loglog figures in Figure 2.6 and Figure 2.7. Therefore, the theoretical estimates

proved in the previous sections are successfully validate with these numerical results.
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Figure 2.2: Plot of the numerical approximation U” for Example 2.5.1 with p = 1 and
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Figure 2.3: Plot of the numerical approximation U” for Example 2.5.1 with p = 1 and

e1=10"% gy = 51/4 for Case II.
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Table 2.1: Maximum pointwise error and associated rate of convergence using standard
upwind scheme for Example 2.5.1 with p = 1 for various values of ; from the set S; for Case

L.

€1 N = 64 128 256 512 1024
1073 | 6.3449e-03  2.5847e-03 1.1369e-03 5.2666e-04 2.5283¢-04
1.295 1.184 1.110 1.058 -
107* | 8.0929¢-03 3.9311e-03 1.9664e-03 1.0073e-03 5.2738e-04
1.041 0.999 0.965 0.933 -

1075 | 8.1787e-03 3.9726e-03 1.9892¢-03 1.0191e-03 5.3370e-04
1.041 0.997 0.965 0.933 0
1075 | 8.2063e-03 3.9860e-03 1.9967e-03 1.0229¢-03  5.3576e-04
1.041 0.997 0.964 0.933 F
1077 | 8.2151e-03  3.9903e-03 1.9990e-03 1.0241e-03 5.3642¢-04
1.041 0.997 0.964 0.932 -
1078 | 8.2179¢-03 3.9917e-03 1.9998¢-03 1.0245e-03  5.3663e-04
1.041 0.997 0.964 0.932 -
107Y | 8.2188e-03 3.9921e-03  2.0000e-03 1.0246e-03 5.3670e-04
1.041 0.997 0.964 0.932 -
10719 | 8.2190e-03 3.9922¢-03  2.0001e-03 1.0247e-03  5.3672¢-04
1.041 0.997 0.964 0.932 -
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Chapter 2: Degenerate boundary-value problems with two parameters

Table 2.2: Maximum pointwise error and associated rate of convergence using standard
upwind scheme for Example 2.5.1 with p = 1 for various values of €; from the set .S; for Case

II.
€1 N=64 128 256 512 1024
1073 | 9.0359¢-03  3.6544e-03  1.6136e-03 7.5427c-04  3.6450e-04
1.3060 1.1794 1.0971 1.0492 -
1074 | 1.0155e-02 5.3257e-03  2.7271e-03 1.3799¢-03  6.9413e-04
0.9312 0.9656 0.9828 0.9913 -
1075 | 2.3788¢-02 1.3050e-02 6.8544e-03 3.5207e-03 1.7844e-03
0.8662 0.9289 0.9612 0.9805 -
1079 | 3.4001e-02 2.2046e-02 1.3549¢-02 7.9447e-03 4.0898¢-03
0.6250 0.7024 0.7701 0.9580 -
1077 | 3.56106e-02 2.2779e-02 1.4000e-02 8.2157e-03 4.6848¢-03
0.6240 0.7023 0.7689 0.8104 -
1078 | 3.5620e-02 2.3121e-02 1.4210e-02 8.3401e-03 4.7559¢-03
0.6235 0.7024 0.7688 0.8103 -
1079 | 3.5859¢-02 2.3281e-02 1.4307e-02 8.3979e-03  4.7890e-03
0.6231 0.7024 0.7686 0.8103 -
10719 | 3.5970e-02 2.3355e-02 1.4353e-02 8.4247e-03  4.8044e-03
0.6231 0.7024 0.7686 0.8103 -
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Numerical experiments
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Figure 2.4: Loglog plot of the pointwise maximum error obtained before using Richardson

extrapolation for Case I for Example 2.5.1.
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Figure 2.5: Loglog plot of the pointwise maximum error obtained before using Richardson

extrapolation for Case II for Example 2.5.1.
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Chapter 2: Degenerate boundary-value problems with two parameters
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Figure 2.6: Loglog plot visualization of the pointwise maximum error obtained after using
Richardson extrapolation for Case I for Example 2.5.1.
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Figure 2.7: Loglog plot visualization of the pointwise maximum error obtained after using
Richardson extrapolation for Case II for Example 2.5.1.
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Numerical experiments

Table 2.3: Maximum pointwise error and associated rate of convergence Example 2.5.1 with
p = 1 for various values of €; from the set S; after using Richardson extrapolation for Case

L.

&1

N =64

128

256

512

1024

=3

2.6513e-03
1.9489

6.8674e-04
1.9874

1.7319e-04
1.9970

4.3388e-05
1.9993

1.0852¢-05

1074

2.9375e-03
1.5112

1.0305e-03
1.5915

3.4196e-04
1.6537

1.0868e-04
1.6942

3.3587e-05

1075

2.9424e-03
1.5111

1.0323e-03
1.5913

3.4261e-04
1.6537

1.0889e-04
1.6941

3.3652e-05

1076

2.9439e-03
1.5111

1.0329¢-03
1.5912

3.4281e-04
1.6537

1.0895¢-04
1.6941

3.3672e-05

1077

2.9443e-03
1.5111

1.0330e-03
1.5912

3.4287e-04
1.6537

1.0897e-04
1.6941

3.3678e-05

10~8

2.9444e-03
1.5111

1.0331e-03
1.5912

3.4289¢-04
1.6537

1.0898e-04
1.6941

3.3680e-05

107

2.9445e-03
1.5111

1.0331e-03
1.5911

3.4290e-04
1.6537

1.0898e-04
1.6941

3.3681e-05

1010

2.9445e-03
1.5111

1.0331e-03
1.5911

3.4290e-04
1.6537

1.0898e-04
1.6941

3.3681e-05
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Chapter 2: Degenerate boundary-value problems with two parameters

Table 2.4: Maximum pointwise error and associated rate of convergence Example 2.5.1 with
p = 1 for various values of €; from the set S after using Richardson extrapolation for Case

II.
€1 N =64 128 256 512 1024
1073 | 1.9995e-03 4.9935e-04 1.2403e-04 3.0740e-05 7.6481e-06
2.0015 2.0094 2.0125 2.0069 -
107% | 2.6202e-03 9.1404e-04 2.9946e-04 9.5012e-05  2.9285¢-05
1.5193 1.6099 1.6562 1.6980 -
107° | 2.7981e-03  9.7935e-04 3.2331e-04 1.0268e-04 3.1700e-05
1.5146 1.5989 1.6547 1.6957 -
1076 | 4.7749¢-03 2.0285e-03 7.5493e-04 2.5601e-04 6.7089¢e-05
1.2351 1.4260 1.5602 1.9320 -
1077 | 4.9511e-03 2.1111e-03 7.8581e-04 2.6701e-04 8.5912¢-05
1.2298 1.4257 1.5573 1.6360 -
1078 | 5.0337e-03 2.1499e-03 8.0032¢-04 2.7205e-04  8.7543e-05
1.2274 1.4256 1.5567 1.6358 -
1072 | 5.0738e-03  2.1679e-03 8.0710e-04 2.7441e-04 8.8306e-05
1.2268 1.4255 1.5564 1.6357 -
10710 | 5.0932e-03  2.1763e-03  8.1026e-04 2.7550e-04  8.8661e-05
1.2267 1.4255 1.5563 1.6357 -
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Numerical experiments

Table 2.5: Maximum pointwise error and associated rate of convergence Example 2.5.1 with

g1 =107% &9 =

p

NG
10

N =64

128

256

512

for various values of p before using Richardson extrapolation.

1024

1

3.2196e-2
0.9922

1.6186e-2
1.0417

7.8622¢-3
0.9994

3.9327e-3
0.9651

2.0145e-3

3.1978e-2
0.9936

1.6060e-2
1.0417

7.8012e-3
1.0010

3.8978e-3
0.9653

1.9964e-3

3.1762e-2
0.9950

1.5937e-2
1.0418

7.7410e-3
1.0027

3.8633e-3
0.9654

1.9785e-3

3.1549e-2
0.9964

1.5814e-2
1.0418

7.6814e-3
1.0043

3.8293e-3
0.9656

1.9608e-3

3.1439e-2
1.0024

1.5694e-2
1.0419

7.6225e-3
1.0059

3.7956e-3
0.9658

1.9434e-3

3.1439e-2
1.0134

1.5575e-2
1.0419

7.5643e-3
1.0075

3.7624e-3
0.9660

1.9261e-3

Table 2.6: Maximum pointwise error and associated rate of convergence Example 2.5.1 with

g1 = 107 e

/a1
10

for various values of p after using Richardson extrapolation.

b

64

128

256

512

1024

1

7.3463¢-3
1.3224

2.9375e-3
1.5112

1.0305¢-3
1.5915

3.4196e-4
1.6537

1.0868e-4

7.3600e-3
1.3219

2.9441e-3
1.5110

1.0330e-3
1.5912

3.4285e-4
1.6537

1.0897e-4

7.3602e-3
1.3219

2.9442¢-3
1.5110

1.0330e-3
1.5911

3.4286e-4
1.6537

1.0897e-4

7.3602¢-3
1.3219

2.9442e-3
1.5110

1.0330e-3
1.5911

3.4286e-4
1.6537

1.0897e-4

7.3602¢-3
1.3219

2.9442e-3
1.5110

1.0330e-3
1.5911

3.4286e-4
1.6537

1.0897e-4

7.3602¢-3
1.3219

2.9442e-3
1.5110

1.0330e-3
1.5911

3.4286e-4
1.6537

1.0897e-4
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Chapter 2: Degenerate boundary-value problems with two parameters

2.6 Conclusions

In this work, we have considered a convection-reaction-diffusion BVP of degenerate type
with two perturbations and used standard upwind scheme to find the approximate solution.
We have also employed the Richardson extrapolation tool on the solution to obtain higher-
order accuracy in the solution. It turns out that the degeneracy does not affect the uniform
convergence of the numerical method if we carefully construct the layer-resolving Shishkin

mesh based on the characteristics of the degenerate solution.
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CHAPTER 3

Richardson extrapolation of the numerical
solution to singularly perturbed degenerate

parabolic problems with two parameters

This chapter considers a parabolic initial boundary-value problem (IBVP) of convection-
reaction-diffusion type with two perturbation parameters. We use a standard upwind scheme
on a Shishkin mesh for the space variable and a backward-Euler scheme for the time
variable. We employ the Richardson extrapolation method to improve the upwind scheme’s
convergence order. The resulting scheme is established as a second-order convergent one
with parameter-independent stability. Numerical results validate the proposed extrapolation

tool’s theoretical results and effectiveness.
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

3.1 Introduction

We study the following parabolic SPP:

’ 2
61% + 5&)(@75)% —c(z, )u(z,t) — % = f(x,t), (z,t) € Q,
w(0,t) = up(t), u(l,t)=u(t), 0<t<T, (3.1.1)
| uw(z,0) = ¢(z), e,

where 2 = (0,1), @ = x (0,7]. We denote the differential operator as

B 0%C oC oC
L.C= 51@ +€25% —c( — En

for convenience.

The convection coefficient is given as b(z, t) = zPa(x,t) for some p > 1 and a(z,t) > 5> 0
in 2. We also assume that the associated coefficient functions as well as the source function
are smooth enough. We also consider the following conditions, known as the compatibility

conditions, as follows:

up(0) = ¢(0), i (0) = &(1), (3.1.2)
51¢”(0) - C<Oa O)¢(0) = f(0> 0)7 (313)
e16” (1) + £xa(1, 0)8/ (1) — e(1, 0)6(1) = £(1,0). (3.1.4)

Because of the presence of the perturbation parameters €1, 5, the exact solution of the
IBVP creates boundary layers along both boundaries x = 0 and = = 1. However, the width

of these two layers depend on the following characteristic equation
eI N + exb(z, )\ — c(z,t) = 0

for each fixed ¢t. The above equation in A has two roots, say Ao(z) < 0 and A;(x) > 0. Then,
the width of the layers depends on the constants

po = min |Ao(z)|, w1 = min |A(z)]. (3.1.5)

0<z<1 0<z<1

Like the previous work in Chapter 2, the width of the associated boundary layers at = 0
and z = 1 are respectively O(1/p) and O(1/u1). Depending on the relations between the
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Properties of the continuous solution

parameters €1, €, the boundary layer behaviour changes significantly. Therefore, we need

to study those cases separately.

We complete the analysis of the problem into the following two cases:
Case I: ¢, <(Cy/e;, Casell: e, > C\/e.

We organize the rest of the chapter as follows. In Section 2, we prove some a priori
estimates on the derivatives of the continuous solution and its components. In Section 3,
we describe the semidiscrete problem on a uniformly spaced temporal mesh and find the
estimates due to the time discretizations. Section 4 discusses about the construction of a
suitably designed Shishkin with the help of the constants pg, p1, and the fully-discrete scheme
using classical upwind method. Then, we employ the Richardson extrapolation technique
and analyze its effectiveness on the accuracy of the approximated solution. Finally compare

the numerical results obtained before and after the application of Richardson extrapolation.

3.2 Properties of the continuous solution

The associated differential operator (£.) satisfies the following standard comparison princi-

ple.

Lemma 3.2.1. Minimum Principle: If w € C?>1(Q) such that w(z,t) > 0, (z,t) € 0Q
and L.w(x,t) <0, (x,t) € Q, then w(x,t) > 0 for all (z,t) € Q.

For rigorous analysis of the boundary layer behaviour of the exact solution, we decompose

it as follows.
u(z,t) = v(x,t) + wr(z,t) + wg(z,t), in Q. (3.2.1)

Here, v is the regular component and wy, wg are respectively the left and right layers parts

of u. These components solve the following equations

L= f(z,t), (z,t) € Q,
v(0,t),v(1,t) are bounded for 0 <t < T (3.2.2)
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

;CEU}R = 0, (ZL’,t) & Q,
wr(0,t) =0, wg(1,t) =u; —ov(1,t), for 0 <t < T, (3.2.3)
wr(z,0) =0, x€Q,

and

Lowy, = 0, (l‘,t) € Q>
wi(0,8) = ug —v(0,), wr(1,6) =0, for 0 <t < T, (3.2.4)
wr(z,0) =0, x €.

The smooth and layer parts of the exact solution satisfy the following error bounds.

Lemma 3.2.2. For 0 < i+ 25 <6, the smooth part v and the singular parts wy, wg satisfy

the following derivative estimates

ot _

axiajfjj ’ <C (1 + e Vz) : (3.2.5)
Ot PR

= atf. < CpieHor, (3.2.6)
0" wg i ,—p1(1-2)

EEw < Cuze , (3.2.7)

for all (x,t) € Q.

Proof. The proof can be done by fixing t and following the same approach for the estimates

proved in Lemma 2.2.2 and Lemma 2.2.3 in Chapter 2. ]

We denote the spatial operator £, . in (3.1.1) at t = ¢, as

2

d
L, " (2) = ey ——=u" (@) + eob(z, tyyr)—u"TH (@) — (@, tnrr)u" T (@),

dx? dx
and the corresponding discrete operator as
LY. Z; = e16°Z; + eab(wi, ty) 67 Z; — c(w, tn) Zi, (3.2.8)
for each fixed ¢,,.
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Numerical approximations

We define the semidiscrete problem corresponding to the IBVP (3.1.1) as follows: For
every 0 <n < M — 1, find v"*!(z) such that u® = ¢(x) and

[— I+ AL, |u"t(z) = —u"(x) + Atf(z,tne1), x € Q,
(3.2.9)

wH0) = uo(tnsr), (1) = wr(tnta).

Theorem 3.2.3. Let u be the exact solution of the problem (3.1.1). Suppose that for 0 < i <
2

Y

ot

u =
(x,t)‘ < C, VY(x,t) € Q. Then, the local error due to time discretization satisfies

lu(t,) —u"||,. g <CA?, VYn=1,...,M, (3.2.10)

00,{) —

and the global error satisfies

sup |Ju(t,) —u"|| g < CAt, (3.2.11)
nAt<T .

where u™ satisfies

iy Atﬁm,s] T (z) = —ulty) + Atf(z, tasr), @ € D,

(3.2.12)
u(0) = uo(tnr),  WHL) = (i),
for everyn =0,1,..., M — 1.
Proof. The proof of this theorem is available in [59]. O

3.3 Numerical approximations

The domain of the time variable is discretized as
Q) = {tp ty = kAL, k=0,1,...,M, At=T/M},

where we consider only the uniform time step-length At. Suppose the roots of the character-
istic equation g1A\% 4+ &2b — ¢ = 0 are given by A\g(z) < 0 and A;(z) > 0. In order to generate

the layer resolving Shishkin mesh, we use the transition parameters defined in the following
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

way
1 2 1 2
Tozmin{—,—lnN}, lemin{—,—lnN}, (3.3.1)
4" po 4"

where

—e1 A+ \J/e3A% + 4e
=12, =2 : 0 (3.3.2)

€
€1 2eq

with A = H/Z)\HOO, c(x) > B.

For spatial discretization, we use the similar Shishkin grid Q" with (N + 1) mesh points
designed as in Section 3.1, with the same transition points 79, 71 in (3.3.1) and the constants

(o, p1 defined by

po = — max \o(z), w1 = min \(z). (3.3.3)

0<z<1 0<z<1

We define the fully-discrete problem as follows:

The fully-discrete approximation U that solves following problem

LYUPM = f(@s,tns1), 1<i<N -1,
Ut = uo(tns1), URT = ur(tnsa), (3.3.4)
U = é(x;), z; € §N7

7

for every n =0, 1,..., M — 1, where the fully-discrete operator LY is defined by
LY 7! = 16277 + eob(xi, ty) 0T 20 — ey, tn) 28 — 07 7. (3.3.5)

Let us denote the fully-discrete solution obtained by solving the problem (3.3.4) on the
mesh DMV .= 0" x @ by UMM, With this notation, we state the results related to the
truncation errors associated with the above fully-discrete problem.

Let us decompose UNM as
N = M N g A

where VM7 NM and VVlN’M respectively denote the smooth part, right singular part, and
the left singular part of UMM,

The discrete operator satisfies the following discrete minimum principle.
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Numerical approximations

Lemma 3.3.1. (Discrete minimum principle) Suppose, the mesh function Z satisfies
Z >0 on ODNM and LN Z <0 for every (z;,t,) € QN DNVM. Then, we have

Z >0 forall (vt,) € DVM. (3.3.6)

The standard upwind scheme for the present model problem has the following convergence

properties:

Theorem 3.3.2. Suppose, UNM be the fully-discrete approvimation of the exact solution

u(x,t) on DNVM and ey < CN~Y, then we have following error estimate:

[T — | pwe £ C (N7 (10 N)* + At) . (3.3.7)

Proof. The semidiscrete problem (3.2.12) can be rewritten as

d2 -n d - 1 .
i @) et )T ) = (g 4 et 7
1
=L@ t), v (338)

The above problem in z is a two-parameter BVP and is similar to the model problem
studied in O’Riordan et al. [65]. Therefore, for every t = t,, the following error equation
holds good:

~

U™(x;) — (25, t,)| <C N HInN)?, Va; € QY (3.3.9)

where U™ satisfies the discrete form of (3.2.12).

We first observe the error equation in the form
U™ — u(ty)|gy = (U” - (7”) + (ﬁn - mQN) + (mQN — ulty)| g ) (3.3.10)

where U™ is the solution of the discrete form of the problem (3.2.12).

We recall the results from Theorem 3.2.3 to obtain

@l — ulta)lg || gy < CAE, HU" —

S CANTY(In N)2,

=N
Q 00,82
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

Using these estimates and discrete minimum principle < C, we have

-1
(- 1+ae)

o™ — u(tn)\ﬁwum’ﬁN < CAt(At+ N InN)?) + C||U"" = u(tn_l)\ﬁwum’ﬁN
< CnAt(At+ N InN)*) < C(At+ N ' (In N)?),

since nAt < T. O

Suppose, UMM be the fully-discrete approximation of the exact solution u(x,t) on the

discrete mesh DVM .= 0" x Q. From Theorem 3.3.2, we have

(UM <) (wta) = C (N N + A1) + RV (s, 1,),

—C (N—l <@) + At) + RVM (g, 1), (3.3.11)

for all (z;,t,) € DMM where RNM(x;,t,) = O (N2(In N)? + At?).

Now, let us fix the transition parameters 7y, 7; in the Shishkin mesh Q" and refine it
. | . ~  Ti1 T T, .
by creating new grid points z; = % in each element [z; 1, x;]. We also bisect every

. 1. . . . . ~ ti—1 +t;
mesh interval in time direction and create new grid points t; = .

in every element

[tj—1,t;]. Thus, the refinement of the original mesh can be described as
DAN2AM . 2N e (M (3.3.12)

where Q2N :zﬁNU{@ :1<i< N}, and ﬁfM ::ﬁi”u{t:« : L < M}
Suppose, U2M:2M he the approximate solution on D*V:2M wwith the same transition points

x; = 7o and z; = 1 — 71 in space. Then, from Equation (3.3.11), we have

At

2

(ﬁmM - u> (25, ts) = C ((2N>—1 (@) +

) + RNAM (), (3.3.13)
where R2V2M (7, ¢.) = O (N~2(In N)2 + At?).
From Equations (3.3.11) and (3.3.13), we get

(2[72N’2M - UN’M> (i, ty) — u(x;, t,) = (2§2N’2M — RNM (2 4,)) (w4, ),

=0 (N?*(InN)> + A?). (3.3.14)
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Thus, we have a new approximation formula with a higher accuracy given as follows:

(/jN’M(xi,tn) = (2(72N’2M — UN’M> (zi,tn), for (z;,t,) € GNM.

(3.3.15)

3.4 Convergence analysis

3.4.1 Error estimates in the regular component

We deduce the following truncation error bounds for the smooth part of the numerical

solution on the mesh DM,

Lemma 3.4.1. The truncation error corresponding to the smooth component can be expressed

as

Ly (VN’M — v) (T tng1) = —hig1 X1 (@i, tag1) — Atxa (2, tayr) + O(H? + At?),  (3.4.1)
where
€2hi+1 82U 1 821)
X1<.’L’,t) = Tb(a:,t)@(x,t), XQ(%’,?f) = éﬁ(.’ﬂ,t)

Proof. From straightforward Taylor series expansion about the point (z;,%,1), we obtain

LéV,]V[ (VN’M — U) (L’Ei7 tn+1) =

where x; < K1, k3 < Ty

the derivatives of the smooth part v, the result follows.

€T;—

€1 2 63’0 2831)
L R2 (K tnen) — W2 (Ko,
S(hz + hi+1) 1+1 3m3 (’fla +1) 7 81'3 (52 +1)

eahiq1 9%v 9w
2 b(xi7tn+1)@(xiatn+l) - %
are AR
31 03

2
ealiy,
3!

b(ajia tn+1) (537tn+1)

(xhtn-i-l) (.731-,1/0),

2 02
1 < Ko < x;, and ¢, < 1y < t, 1. Now applying the bounds for
O

Now following the approach by Natividad and Stynes [5], we define the following auxiliary

problems for k =1, 2:

/

\

L .Fi(x,t) = xp(z,t), (x,t) €Q,

Fi(2,0) =0, z€Q, (3.4.2)

F(0,1) = Fy(1,¢) = 0, V.
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We also decompose each Fj, as Fj, = & + np + (i such that the smooth part satisfies

Egé.k: = Xk> (.T,t) € Q7

(3.4.3)
‘gk(()?t)’ < C? |€k(17t>| < Cv
and the layer parts satisfy
ler]k = 07 (:I;7 t) e Q? LEC]C =5 07 (:E7 t) E Q?
(3.4.4)
nk(oat) = _gk(ovt)> 77k<17t) = O: Ck(07t> = 07 Ck(17t> . _Sk(Lt)a
with &, nx, (x all vanishes at ¢ = 0.
Lemma 3.4.2. The smooth part V"M of the approzimate solution satisfies
(VM —0) (@i, tngr) = —(higa&s + AtEy) (i, tat)
+ON?2+AY), 1<i<N-1,1<n<M. (3.4.5)

Proof. We have from Lemma 3.4.1,
LYM (VEM — o) (x, ta1) = —hig1 L& (i, tns1) — AbLEo(Ti, tnr1) + O(H? + AL?).

We can also show that

D&}, £2b(, tng1)hi || 0%
|(Le = L) & (i, tnga)| < C [51(hi + hiy1) 08 || 5 92 Oj
At || 92,
g 7‘ ot ||

Thus, we find
|hiv1 (Le — LYM) & (w4, tgr) + At (Lo — LYM) & (w4, tng1)| < C(H? + AL?).
Therefore,
LY (VM — v+ b1 & 4 ALE) (24, tagn) < C(H? + AL).
Finally, using the barrier function

Az, t,) = CL(N 2 4+ AtH) (1 — ;)
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for1<i<N—-1,1<n<M-—1with A =0ondD"M, we prove the required estimate. [

Theorem 3.4.3. If V2N2M e the smooth component of the numerical solution on the dis-

crete mesh D*M2M qnd v is the smooth part of the continuous solution u, then

‘ (2‘721\/,21\/1 _yNM _ U) (25, )

<C(N*+ AP, (3.4.6)
for all (z;,t,) € DNVM.
Proof. From Lemma 3.4.2, we derive the following

~ 1
(VQN’QM — v) (dlbn = —E(hiﬂgl + At&) (@4, tpyr) + O(N 72 + At?),
1<i<N-1,1<n<M. (3.4.7)

From (3.4.5) and (3.4.7), we get
(2172N72M LyNM _ v) (@irtar) =ON T2+ ALR), 1<i<N-1,1<n< M. (3.48)
Hence the proof. m

3.4.2 Error estimates in the singular components

We present the bound for the error after extrapolation in the singular component VVZN’M,

while similar proof follows for the other singular part also.

Lemma 3.4.4. For x; € |1y, 1], the following error equation holds
(WM —wp) (i, t,)| < CN72, (3.4.9)
for every 1 <n < M.

Proof. The proof follows exactly in a similar way in Lemma 2.4.6 in Chapter 2 following the
fact that for each t,,

M/IMM(xi? tn)

< CH(l + pohi)
7j=1

We prove that both VVlN’M, wr, have an upper bound O(N~2) and the remaining part of the

proof are same. O
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Theorem 3.4.5. For z; € [1,1], the left singular component of the extrapolated solution

satisfies
’(ﬁf}ww ~ WM =) (s ta)| < ON2 (3.4.10)
Proof. Using Lemma 3.4.4, we also have
WM V(2 t0)| < ON72, 3.4.11
l

and combining it with (3.4.9), we get

2077 —w) (i, ta) — (W = wi) (i, )] < CN 72,

This is the desired result. O

Now we consider the case when 0 < x; < 75. We prove the estimate with the help of the

following lemmas.

Lemma 3.4.6. For 0 < x; < 79, the following error estimates hold:
LM (VVZN’M k. wL) (Tiytnt1) = —(N"'InN L.F + At L.F) (x4, the1) (3.4.12)
+ O(N?(In N)2e 0% 4 AP Hoi),

4e 0w 1 0%w
where L. Fy = Iu—;b(x,t)aTQL, and L.Fy = 5 8t2L'

Proof. We obtain from Taylor series formula the following:

erh? [0*wr, 'wy,
LéV’M (I/VZN’M - wL) (%i, tﬂ+1) - - 4! Oxt (K'la tﬂ+1) + Ot (K'Z’ tn+1)
gahii1 82wL 52h7,2 aSwL
i b(xiatn-&-l)ﬁ(‘riatn-i-l) - 3,+lb($ivtn+1)ﬁ(“3’t"+1)
At 0%y, At Dwy,
5 gp (e te) + 3 ()

where z; < Ky, k3 < i1 X1 < kg < x;, and t, < 1y < t,+1. Thus, we rewrite the

Ph.D. Thesis 56 Mrityunjoy Barman

TH-3241_176123001



Convergence analysis

truncation error as

LEM (W — ) (@i, tan)
= —(N_l In N £5F1 + At ,CEFQ)(fL‘Z‘,t,H_l) + O(slh?,uée_“ox" + AtQG_MOwi),
= —(N'InN L.F) + At L Fy) (i, tny1) + O(N2(In N)Ze Ho%  AtPemromi),

This completes the proof. n

Lemma 3.4.7. For 0 < x; < 19, the singular layer part VVlN’M satisfies the following error

equation:
(VVZN’M 3 ’LUL> ({Ifi, tn+1) == —(N_l In N Fl -+ At FQ)(ZL‘,’, tn+1) (3413)
+ O(N?(In N)? + At?),
where Fy, Fy are defined in the previous lemma.

Proof. We first recall the result that for each & = 1,2, the function F}, satisfies

oiti F,
OxiotI

< Cupe " for (z,t) € Q, (3.4.14)

for 0 < i+ 25 < 6. Using this, we can easily verify that

O3 Fy,

}(ﬁg — LéV’M) Fl(ll'i,tn+1)| S C |:61hi O3

+ Ate_“(m]

<C [él,ughie_”w + Ate_“ofﬂ
C

[(N"'In N + At)e Ho%] (3.4.15)

since e;u2 < C and h; = O(N~'pg' In N).
Similarly,

(L. — L) Fy(wy, tpgn)| < CAL)e o™, (3.4.16)
Using the last two equations, it follows that

LM (WZN,M _ wL> (Tistsr) = —(N"'In N LYMP + At LYY B) (2, t41)  (3.4.17)
+ O(N2(In N)2e 0% 4 Ate Homi),
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

which gives

LM (VVZN,M —wp + (N "InN)Fy + AtF2> (23, tur1) = O(N"2(In N)2e#07i 4 A2e—tomr),
(3.4.18)

Let us now define the barrier function

Zi=C(1—2;)N 2+ (N ?*(InN)* + At?) ﬁ(1 + pohy) 7! (3.4.19)

j=1

and using the fact that e #0% < C' H;Zl(l + poh;) ™!, we prove the required estimate. [

We now present the error estimate after the extrapolation in the singular layer part.

Theorem 3.4.8. For 0 < z; < 19,

‘ <2W5N72M — WM wL> (i, )| < C (N2(In N)? + A2, (3.4.20)
foreach1 <n < M.
Proof. From the last lemma, we can write
(W/V’M ~ wp, + (N—lﬁ)zv1 + AtF2> (@5, tner) = O(N"2(In N)? + Af2).  (3.4.21)

Similarly for the extrapolated solution, we have

(WZN’M —wp, + (2N)‘1(@)F1 + %B) (@1, tns1) = O(N2(In N)? + Af2).  (3.4.22)

From the last two equations, we get
[2 (W/V’M - wL) 4 (WlN’M - wL)] (25, t,) = O(N~2(In N)? + A#?).

Hence the proof. O

Combining Theorem 3.4.5 and Theorem 3.4.8, we finally present the following theorem.

Theorem 3.4.9. If ﬁ/?N’QM be the left singular component of the numerical solution on the

discrete mesh D?*N2M and wy, is the left singular part of the continuous solution u, then we
get

‘ (ﬁva?M — WM wL> (1, ta)| < C (N2(InN)? + A2 (3.4.23)
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for all (z;,t,) € DNVM,

We also prove the following error estimate after the extrapolation of the singular compo-

nent WM in a very similar way.

Theorem 3.4.10. If WfN’QM be the right singular component of the numerical solution on

D2N2M

the discrete mesh and wg s the right singular part of the continuous solution u, then

we have

‘ (222N — WM — ) (i, )| < C (N2 N)? + AF2), (3.4.24)

for all (z;,t,) € DVM.

3.4.3 Error estimate for the extrapolated solution

Combining all the error estimates proved in Theorem 3.4.3, Theorem 3.4.8 and Theorem

3.4.10, the following global convergence result follows.

Theorem 3.4.11. (Main convergence result) If &g < CN™', then the fully-discrete

solution UMM on the discrete mesh DN-M satisfies the following global convergence result:

‘(ijNQM _ u) (s, )

< C(N?(InN)*+ At%), (3.4.25)

for all (v, t,) € DVM,

3.5 Numerical experiments

Example 3.5.1. For verification of the theoretical bounds, we have proved in the previous

section, we consider the following example.

U — EqUgg — Eo(1 + 2?) 23U, +u = —162%(1 — z)?,  (x,t) € (0,1) x (0,1],
u(0,t) =0, wu(l,t)=0, t € (0,1], (3.5.1)

uw(z,0) =0, 0<z<I1.

If the exact solution are known to use, we use the following error formula

N7M J—
E617€2 -

max \ UMM (2, t,) — (s, )] (3.5.2)

£1,€
(z4,tn)EDNM 1e2
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In this case, the exact solution of the above parabolic IBVP is unknown, hence we use double

mesh formula to compute the error. In order to calculate the pointwise maximum error, we

define

NM _ N F72N,2M
B, = o tmgj)j(NM Uy, (i tn) = UZ 0 (2 ) |- (3.5.3)
7.771

The associated order of convergence can be defined as,

EN’M
p = log, ( Eyéjjw) : (3.5.4)

€1,€2

The parameter-independent error and rate of convergence are defined by

ENM — max ENM - pNM — g o (3.5.5)
o €1,€2 1,58 b B &2 E2N’2M . s

We can use similar formulas to calculate the extrapolation error also. In that case, the error

formula is given by

NM FINM( N
EE1,€2 - ( tn)l?l};N o U61,€2 (x17 tn) U(xzy tn) .
Zij,ln ’

(3.5.6)

Here, we consider the various values of the parameters satisfying the conditions for Case

I and Case II separately and obtain the results as follows.

We solve Example 3.5.1 by using the classical upwind numerical method for spatial deriva-
tives and implicit-Euler method for the time derivative on the Shihskin mesh DV, We
calculate the error in discrete maximum norm for the example and present them in Table
3.1 and Table 3.2 for both cases. The associated order of convergence are also given in each
case for various values of the perturbation parameters. The loglog plots presented in Figure
3.1 and Figure 3.3 reveals the almost first-order accuracy of the error. Then, we apply the
Richardson extrapolation technique for the same example and obtain significantly improved
results. From Table 2.4 and Table 3.3, it appears that after extrapolation, the convergence
of the scheme is not affected and the magnitude of the error has reduced nicely. It is easily
noticeable that the rate of convergence is almost doubled after the extrapolation and the
same can be visualized from the loglog plots in Figure 3.2 and Figure 3.4. Therefore, this en-
sures that the accuracy of the numerical scheme has been improved from O (N~'In N + At)

to (N72(In N)? + At?) after application of the extrapolation formula.
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Table 3.1: Maximum pointwise error and associated rate of convergence for various values
of €1 before using Richardson extrapolation for Case I.

£1 N =32 64 128 256 512

At =1/32 1/64 1/128 1/256 1/512

10-3 3.1486e-02  1.2614e-02  5.1412¢-03  2.2779¢-03  1.0580e-03
1.319 1.294 1.174 1.106

104 3.1582e-02  1.4745¢-02  7.2538¢-03  3.6103e-03  1.8222¢-03
1.098 1.023 1.006 0.986

10-° 3.1612e-02  1.4782¢-02  7.2070e-03  3.6434e-03  1.8433¢-03
1.096 1.018 1.002 0.983

106 3.1621e-02  1.4793¢-02  7.3107¢-03  3.6539¢-03  1.8501e-03
1.096 1.016 1.000 0.982

10-7 3.1624c-02  1.4797¢-02  7.3150e-03  3.6572¢-03  1.8522¢-03
1.095 1.016 1.000 0.982

10-8 3.1625¢-02  1.4798¢-02  7.3164e-03  3.6583¢-03  1.8529¢-03
1.095 1.016 0.999 0.981

1079 3.1625c-02  1.4798¢-02  7.3168¢-03  3.6586e-03  1.8531e-03
1.095 1.016 0.999 0.981

10710 t0 10712 | 3.1625e-02  1.4798¢-02  7.3169¢-03  3.6587¢-03  1.8532¢-03
1.095 1.016 0.999 0.981

ENAt 3.1625e-02 1.4798¢-02 7.3170e-03 3.6588e-03 1.8532e-03
pNAt 1.095 1.016 0.999 0.981

3.6 Conclusions

In this chapter, we have considered a parabolic IBVP of degenerate type with two param-
eters and used upwind scheme for space and backward-Euler method for calculation of the
numerical solution. We have constructed layer-adapted Shishkin mesh using the constants
(o, f1 which determine sharpness of the layers. The almost first-order accurate solution has
been significantly improved using the Richardson extrapolation. The resulting approximate

solution is found to be almost second-order convergent.
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Table 3.2: Maximum pointwise error and associated rate of convergence for various values
of 1 before using Richardson extrapolation for Case II.

€1 N = 32 64 128 256 512
At = 1/32 1/64 1/128 1/256 1/512

1077 | 9.9259e-03  4.5577e-03  2.2887e-03  1.1102¢-03  5.4535e-04
1.123 0.9938 1.043 1.023

1078 | 9.9246e-03  4.5689¢-03  2.2940e-03  1.1494e-03  5.7531e-04
1.119 0.994 0.997 0.998

1072 | 9.9242e-03  4.5754e-03  2.2974e-03  1.1511e-03  5.7618e-04
1.117 0.994 0.997 0.998

10719 | 9.9241e-03  4.5802e-03  2.2998e-03  1.1523e-03  5.7673e-04
1.115 0.994 0.997 0.998

10711 | 9.9241e-03  4.5834e-03  2.3010e-03  1.1529e-03  5.7705e-04
1.114 0.994 0.997 0.998

10712 | 9.9241e-03  4.5851e-03  2.3019e-03  1.1533e-03  5.7725e-04
1.114 0.994 0.997 0.998

10713 | 9.9241e-03  4.5860e-03  2.3024e-03  1.1535e-03  5.7736e-04
1.113 0.994 0.997 0.998

10714 | 9.9241e-03  4.5865¢-03  2.3026e-03  1.1537e-03  5.7742¢-04
1.113 0.994 0.997 0.998

10715 | 9.9241e-03  4.5868¢-03  2.3028e¢-03  1.1537e-03  5.7746e-04
1.113 0.994 0.997 0.998

ENAL 1 9.9241e-03 4.5868e-03 2.3028e-03 1.1537e-03 5.7746e-04

plAt 1.113 0.994 0.997 0.998
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Table 3.3: Maximum pointwise error and associated rate of convergence for various values

of €, after using Richardson extrapolation for Example 3.5.1 for Case I.

€1 N = 32 64 128 256 512
At 1/32 1/64 1/128 1/256 1/512
1077 3.0340e-5  7.7088e-6  1.9427e-6  4.8765e-7  1.2216e-7
1.977 1.988 1.994 1.997
1078 3.0339%e-5  7.7088e-6  1.9427e-6  4.8765e-7  1.2216e-7
1.977 1.988 1.994 1.997
107° 3.0339e-5  7.7088e-6  1.9427e-6  4.8766e-7  1.2216e-7
1.977 1.988 1.994 1.997
10710 3.0339e-5  7.7088e-6  1.9427e-6  4.8766e-7  1.2216e-7
1.977 1.988 1.994 1.997
10~ 3.0339e-5  7.7088e-6  1.9427e-6  4.8766e-7  1.2216e-7
1.977 1.988 1.994 1.997
a2 3.0339e-5  7.7088e-6  1.9427e-6  4.8766e-7  1.2216e-7
1.977 1.988 1.994 1.997
10713 t0 1071° | 3.0339¢-5  7.7088e¢-6  1.9427¢-6  4.8766e-7  1.2216e-7
1.977 1.988 1.994 1.997
ENAt 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
pNAt 1.977 1.988 1.994 1.997
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Table 3.4: Maximum pointwise error and associated rate of convergence for various values

of €, after using Richardson extrapolation for Case II

€1 N = 32 64 128 256 512
At =1/32 1/64 1/128 1/256 1/512
107® | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.6678¢e-05
1.423 1.557 1.625 1.357
1072 | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.6679¢-05
1.423 1.557 1.625 1.357
10710 | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.6680e-05
1.423 1.557 1.625 1.357
1071 | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.1364e-05
1.423 1.557 1.625 1.678
10712 | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.1364e-05
1.423 1.557 1.625 1.678
10713 | 6.2080e-04  2.1097e-04  6.8383e-05  2.1364e-05  2.1364e-05
1.423 1.557 1.625 1.678
1071 | 1.6651e-03  6.2080e-04  2.1097e-04  6.8383e-05  2.1364e-05
1.423 1.557 1.625 1.678
ENAL11.6651e-03  6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05
plVAt 1.423 1.423 1.557 1.625
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CHAPTER 4:

Alternating direction implicit methods for
singularly perturbed 2D parabolic
convection-diffusion-reaction problems with

two small parameters

In this chapter, we construct and analyze an ADI scheme for singularly perturbed 2D
parabolic convection-diffusion-reaction problems with two small parameters. We consider the
operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and a
simple upwind-difference scheme for spatial discretization on a specially designed piecewise-
uniform Shishkin mesh. The resulting scheme is proved to be uniformly convergent of order
O(N7'InN + M™'), where N, M are the spatial and temporal parameters respectively.
Numerical experiments confirm the theoretical results and the effectiveness of the proposed
method.
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

4.1 Introduction

The aim of this chapter is to solve singularly perturbed 2D parabolic convection-diffusion-
reaction problems using the operator-splitting ADI finite difference scheme on piecewise-
uniform mesh, where the diffusion and convection terms are affected by two small parameters.
Also, we derive the truncation error for the proposed scheme. Stability analysis is carried
out. Parameter-uniform error estimates are obtained, and numerical examples are provided
to validate the theoretical results.

In this work, we study the following singularly perturbed 2D parabolic initial-boundary-
value problem (IBVP):

u+ Lou= f(x,y,t), (z,y) € Q=1CQ, xQ,, t €,
u(r,y,t) =0, (z,y) € 00 =Q\Q, t € Q, (4.1.1)
u(z,y,0) = o(z,y), (z,y) €,

where we consider the domains Q, = {z:0<z<1},Q, = {y:0<y <1}, @ = (0,7

and €1, e, are the perturbation parameters such that 0 < 1,69 < 1 and the operator L, is
defined as

Lou:= —e1Au+ eb(z,y) - Vu + c(z, y)u. (4.1.2)

The convection coefficient b is defined as b(z,y) = (bi(z,y), ba(z,y)) such that b;(z,y) >
B; > 0, for i = 1,2 and ¢(x,y) > ¢y > 0. We also assume that f = f; + f, is a sufficiently

smooth function that satisfies the following compatibility property:

fl(vaat) = fl<x> 17t) — f2(07y7t) = f2(1>yvt) T4 (413)

B . = C(..'L', y) C(ZL', y)
Let § = min {f, f5} and 7 < min { 2b1(z,y)" 2ba(z,y)

problem (4.1.1) into the following two cases:

}. We complete the analysis of the

E, Case II: ¢} > %

Case I: &<

We organize the rest of the chapter as follows: We divide the study into two main sections,
namely Section 4.2 and Section 4.3 depending on the relation between the perturbation
parameters €1, 9. We first consider the case with the assumption 5% < Cée; in Section 4.2.1

and estimate the local and global errors for the time semi-discretization. The construction
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Application of the ADI finite difference scheme: Case 1

of Shishkin mesh and the ADI operator-splitting numerical scheme are described in Section
4.2.2. We prove the theoretical results related to the convergence analysis in Section 4.2.3
and the numerical examples are given in Section 4.2.4. We present similar discussions in
Section 4.3 for the second case, i.e., €5 > Ce;. Here, C' denotes a generic positive constant
independent of all the parameters.

In the subsequent sections, we will consider each case separately to study the convergence

analysis of the problem (4.1.1) with the associated layer structures.

4.2 Application of the ADI finite difference scheme:
Case I

; . . (3 .
In this section, we first confine the discussion to Case I: 2 < u. In this case, we usually

notice regular boundary layers of width O(y/€1) near all four edges along with the corner
layers appearing near every corner of the domain €2.

For more rigorous analysis, we consider the following decomposition of the solution u of
the problem (4.1.1):

u=v+w+wr+wr+wg+ wrr + W + Wrr + Wrp, (4.2.1)

where v is the regular component of the solution while wp, wg, wg, wr are the
boundary layer components appearing near the edges Sy, Si1, S99, So1 respectively and
wrB, Wi, WrE, Wrr are the respective corner layer components condensing at the four
corners (0,0), (1,0), (0,1), (1,1), where

810:{(0>9): Oﬁyﬁl}, 5112{(1,y): 0§y§1},

S0 ={(2,0): 0 <z <1}, Sy ={(z,1): 0<z <1}

In Figure 4.1, we present the subdivision of the spatial domain [0,1]? into different
layer and non-layer regions according to the appearance of various boundary and corner
layers for the continuous solution. The regions Cig, Ci1, Cyp and Cs; indicate the cor-
ner layer regions near the vertices (0,0), (1,0), (0,1) and (1,1) respectively. Also, the re-
gions Fyg, E11, Ey, Eo1 represent the regular boundary layer locations near the boundaries
S10, S11, S99, S91 respectively while the region Fy lies outside all the layer regions.

The following explicit bounds for the various components of the continuous solution u of
the problem (4.1.1) are established by Clavero et al. [66]. If the compatibility conditions
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

(0,1) (1,1)
Con Fy C
ElO EOO Ell
C E C

(0,0) = = (1,0

Figure 4.1: Decomposition of the computational domain based on the occurrence of various

layers.

in (4.1.3) hold, then the boundary layer components satisfy the following bounds

aks"!‘kt 8ks+kt _ _ Bix
| <O, || < G VA, (4.2.2)
OxF1 Oyk2 Otk OxF1 Qyk2 Otk
Okt —k /2 —/FI(1-2)
m < 081 € 1 , (423)
ak5+kth —k /2 _ BJy
Sogph | < CeitlevaY, (4:2.4)
M g —ka/2 —/B2(1-y)
W < 051 € \/T s (425)
while the corner layer parts satisfy the followings
aks"rkt B | ﬁ—x /By
mklayli)gfkt < Certhr {e Be E;y} (426)
ak.e+kt _ _ ﬁi —z _ By
k1o ::gfkt < 051 (hrtk2)/2 min{e 53(1 ), e Ezy}, (4.2.7)
™oy
8ks+kt _ _.[By, By
W]::gjtﬂkt S 051 (k1+k2)/2 min{e EI/ e 5z(l y)}) (428)
™oy
8ks+kt _ _ By — -~ By (1
Ork19 ::g?kt < Ogy )2 min{e 207 Ve y)}, (4.2.9)
™oy
where ks:k1+]€2, OS k1+k2+2kt §4
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Application of the ADI finite difference scheme: Case 1

4.2.1 Temporal discretizations

As we have mentioned previously, we use the operator-splitting ADI finite difference scheme,
we split the differential operator £. in (4.1.1) as L. := L, . + L, . where

9%u ou

Lyu = —81@ + £9by (z, 3/)% + c1(w, y)u,
d%u ou

Ly = —51a—y2 + 2o (x, y)ﬁ_y + ca(z,y)u,

where ¢ = ¢; + ¢ with ¢; > 0, ¢5 > 0.

The domain of the time variable is discretized as
O = {tyty = kAL, k=0,1,....M, At=T/M}.

where we consider only the uniform time step size At.

Then, the time semi-discretization of problem (4.1.1) is carried out using the following

alternating direction scheme:

Let u® = ¢(z,y) and u™! is defined by the following equations

( (

[[ + Atﬁm] u'tE = w4+ At fy (2, Y, trg), (4.2.10.a)
\ u2(0,y) = wmH2(1,y) =0, 0<y <1,

(
[[ + Atﬁy,g] = w2 L Atfo(z, Yy, taga),

u"H@,0) = ut(z,1) =0, 0<az<L1. (4.2.10.b)

\ \

forn=0,1,... M — 1.
We state the maximum principle for the operators (I + Atﬁk’e) for £ = x,y in the

following lemma.

Lemma 4.2.1. (Maximum principle) Let n(z,y) € C*(Q) with n(z,y) > 0 on the bound-
ary 0X) and

(I +AtLye)n(z,y) > 0, (2,y)€Q, k=umy. (4.2.11)

Then, the function n(x,y) is non-negative for every (x,y) € €.
The operator (I + AL, . + Atﬁyﬁ) also satisfies the same mazimum principle on the

domain €.

Ph.D. Thesis 71 Mrityunjoy Barman

TH-3241_176123001



Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

Proof. We only give the proof for the operator (I + Atﬁxyg) while the proof for ([ + Atﬁw)

can be achieved by following similar steps.

Suppose, (4, y.) € ) satisfies
(T, Ys) = mﬁinn(a:,y) < 0.
Since (x4, y.) is a point of minimum, we have 7, (z., y.) = 0, 1z(24, y«) > 0 and hence

(I + ALy ) (s, ye)
= n(x*, y*) + At[ A glnzx(l‘*) y*) + 52b1 (ZB*’ y*)%(l‘*, y*) +a (l‘m y*)n(ﬂm y*)]
< 0.

This leads to a contradiction. Hence, the result follows.

For the operator (I+At£m’6 —|—At£y76), let us consider the function £ € C?(Q) with £ > 0
on the boundary. If there is a point (Z,9) € ) such that

£(z,9) = mﬁinﬂflf,y) <0.

Thus, we have &,(%,7) = 0 = &,(%,9), and &..(%,9) > 0, £,,(Z,9) > 0 with the condition
(gmgyy - ﬁgy) (z,7) > 0. Hence,

(I+AtLyq + ALL, ) (E,9)
= &(7,9) + At — e1&u0 — 1€y + 2016, + 2ba8, + (T, 9)E] (T, ) <0,

which contradicts the hypothesis (I + AtL, . + Atﬁy,s)f(x,y) >0, (z,y) € Q. Hence, the

maximum principle is valid for this operator also. [

As a consequence of the above maximum principle, we have the following stability esti-

mates
H(I+At£ )_lH < 1 for k==
P @ T 14 BAE -0y
H (I+AtL,.+auL,) || <c.
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Let 2™+ solves the following semi-discrete problem

[I + Atﬁx,a} an+1/2 = U’(tn) + Atfl (fL'7 Y, t?’H—l)a
(4.2.12.a)
a2 0,y) = a2 (Ly) =0, 0<y<1,
I+ AtL E]a"“ =0"2 £ Atfolx,y, tai),
[ b fol@,y, tun) (4.2.12.)
1 _ 1 _
L | @ (z,0) =u" (2,1) =0, 0<w<1,
forn=0,1,... M —1.
We define the local truncation error at the n-th time level as,
en =u(t,) —u", 1<n<M. (4.2.13)
Then, the following consistency result holds true.
. ok
Lemma 4.2.2. Let u be the solution of the problem (4.1.1). If ok < C,0< k<2, then,

the local truncation error e, 1 for time semi-discretization satisfies the following bound

leniillog < CAE?, n=0,1,...,M—1. (4.2.14)

Proof. Let the function u"™! satisfy the equation (4.2.12.a) and (4.2.12.b). Then we get,
ultn) = [+ ALy |72 = Atfi(a,y, tun)
= [—7 + Atﬁx,s} ([I + Atﬁy,s] utt = At fy(, y, tn—l—l)) — Atfi(z,y,tnt)
="t 4 At(Ly e+ Ey,5>uNn+1/2 — Atfi(2,y, tny1) — Atfo(2, Y, tnsa)
+ AtQ [ﬁz,5£y75m+1/2 - 'Cz,an(l‘a Y, tn-i—l)]

= [T+ At(Loe + L) |02 — Atf(2,y, tar) + O(AF). (4.2.15)

Using the Taylor series expansion for u(t,) with an integral form of remainder, we obtain

ou tn 0%u
E(thrl) —+ / (tn — S)W(S)d&

tn+1

u(ty) = u(tyq1) — At
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

On the other hand, since w is the solution of problem (4.1.1), one can write
u(tn) = u(tn-H) + At[(ﬁx,e + Ey,s)UJ(tn—H) - fl (xa Y, tn+1) - fg(l‘, Y, tn—H)]

tn a2u
+ /tn+l (tn - S)w(S)dS.

2 2
The uniform boundedness of a—tg also ensures that |(t, — s)%(s) < C'At. Therefore,
u(tn) = u(tps1) + At[ (Lo + Lyo)u(tnsr) — f(@,Y, tag1)] + O(AF). (4.2.16)

From (4.2.15) and (4.2.16), we get,
[1 + AL, . + Atﬁy,e] ens1 = O(A?) (4.2.17)

with e,11(2,0) =0 = e,41(x,1) and €,41(0,y) =0 = e,11(1,y).
Finally, applying the maximum principle given in Lemma 4.2.1 for the operator ([ +
AtL, . + Atﬁw), we obtain the desired estimate. O

In order to establish the uniform convergence of (4.2.10), we define the global error E,
by
E,=u(t,) —u", 1<n<M. (4.2.18)

And the following theorem shows that the global error for the time semi-discretization

process has first-order convergence.

Theorem 4.2.3. The global error E,, in (4.2.18) satisfies the following bound

max [|E, | g <CM™. (4.2.19)

1<n<M

Proof. We can rewrite the global error as,

E, =u(t,) —u"
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Application of the ADI finite difference scheme: Case 1

From the equations (4.2.10) and (4.2.12) we get,

(I n Atﬁm) {(1 v Aww)mﬂ ~ Atf(z,y, tn)} — u(ty) + Atfi(z,y, b,
(1 n Atﬁm) [(1 n Aww)unﬂ ~ Atf(z,y, tn)} — "+ ALf (2, Y, ).
From the above equations, one can easily obtain that
E, = [I + Atﬁm} [I + Atﬁy,g} (@ — )
- [1 + Atﬁx,s} [I == At.cy,g} (Ens1 — €ns1)-
We can express the above equality as

EnJrl =épy1 t+ REna

L -1
where R = [I + Atﬁw] [I + Atﬁx,g] . Thus, we have the following recurrence relation,

n+1
n—i—1
Eny = E R €;

=1

Following the techniques given in [67], and using the fact that ||R|| g < C, we get
[Bniilln < CAt
forn=0,1,..., M — 1. Finally, substituting At = T'/M in previous inequality, we obtain

B -1
max || Enllom <CM™,

which is the required estimate. O

4.2.2 Spatial discretizations

In this section, we present the fully-discrete scheme based on the discretization of the spatial
domain. We discretize the domain = [0, 1]? to construct the piecewise-uniform Shishkin

mesh, which is generated as follows. First, we define the transition parameter for the z-grid
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.1 €1 }
T, =ming —, 2,/—1InN ;.
{4 V By

The domain [0, 1] along the z-axis is divided into the three subintervals [0, 7], [T, 1 — 7]

as

and [1 — 7., 1] by the transitions points 7, and (1 — 7,) to distribute N/2 grid points in the
layer regions and the remaining N/2 grids outside the region. Thus, the grids can be defined

as follows T
;\?, 0 <i< N/4,
. N\1-27, ,
. Tw+2(l_Z) N N/4 <i <3N/4, (4.2.20)
3N\ T
Ty + (2 1 )N 3N/4 <i <

We also construct the grid along y-axis using the transition parameter 7, where 7, = 7.
Thus, the domain Q = [0, 1]? is now discretized using the tensor product of the meshes ﬁiv

and ﬁ;v as Q= ﬁiv X ﬁ;v, where

ﬁiv: v xi=xi1+hi, x0=0, oy =1, 1§i§N},
Qy:{yjiyj:yj—ﬁrhg, Yo=0 yv=1, 1<j<N
(0,1) (1,1)
] —Ng
Ty
0,0 1,0
(0,0) EEE = (1.0)

Figure 4.2: A typical Shishkin mesh for (4.1.1) with N = 16.
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Application of the ADI finite difference scheme: Case 1

For a mesh function v, we define the following finite difference operators:

ston = Jitld T Y5 e Vi T Vi
2 Vig = T e v 0z Ui = X
i+1 i
2
n o__ +,n _ §—,n
and Awi = W 62 Uij (53: Uij s
i i+1

where v(x;,y;,t,) = v;;. By using the above definitions, the operators corresponding to
the derivatives with respect to y can be defined analogously. Let us also define the discrete

N
i,e)

operators L;" , for 1 = x,y by

LY Un = [—81Am+€2bl($z‘>%‘)5§ "’Cl(mivyj)]] Uijs

T, 1]

LY Ur = [—glAy + e2ba(i, y5)0, —1—02(%:%‘)[] Ui;-

Y€ 7 4g J

The fully-discrete problem on Q" x ﬁiw can be presented as follows: UZ]‘-H is the solution

of the following

Uz?j o ¢(xi7yj)7 0 S 27] S N7

A
( A N n+1/2 _  _rrn+1/2 0 7rn+1/2 +7m+1/2
|1+ AL | U2 = rgUr R+ U 4 U
= Up + AtfTH, (4.2.21)
i

+1/2 1+1/2 )
(U2 =Upt? =0, 1<j<N-1,

r [] + AtngJ\{a} UZT;,'H — s "t + 0.t i S+UZ]—:_11

iy~ 1,j—1 (¥} ij

_ UZ—&-l/Q + AL (4.2.22)

(Ui = Uit =0, 1<i<N -1,

l n=0,1,...,M — 1.

where the associated coefficients are defined for 1 <i,j < N — 1 as,

_ 261 JAN? + ( 281 ) At
ro=————— == ——— 4 by | —, 4.2.23
0T ey 0T ke, ), 42.23)
T?j = (1 + Atcl,ij - ’I“;; — ’l“i;), b17ij = bl(JTi, yj), Ci,i5 = Cl(ﬂfi, yj), (4224)
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and
- 2e At ( 21 ) At
et S S Y (2 SN S e (4.2.25)
N A A VT ) VT
S?j = (1 + AtCQ’ij - S;; — 8ij>7 bg’ij = bg(ﬂ?i, yj>7 Coj = CQ(Ii, y]) (4226)

Lemma 4.2.4. The coefficient matrices associated with the difference equations (4.2.21) and
(4.2.22) are M-matrices.

Proof. Suppose R;, S; are the coefficient matrices corresponding to the discrete equations
(4.2.21) and (4.2.22) respectively for each fixed j and i. Since they are of similar structure,
it is sufficient to prove that R; is an M-matrix.
From the coefficients defined in (4.2.23)-(4.2.24), it is clear that for each fixed j, the
matrix R; is a tridiagonal matrix with r?j > 0, ri'; <0, r;; < 0. We also note that
rs| > |rk| + ||, Vi=1,2,...,N -1,
for each j. Therefore, the matrix R; ia an M-matrix for every 1 < 7 < N — 1. Hence, the

claim is proved. O

Since the associated matrices are M-matrices, the discrete operators defined above satisfy
the following discrete maximum principle, which ensures the parameter-uniform stability of
the numerical scheme. It is also easy to solve each of the finite difference equations with the

help of an efficient tridiagonal matrix solver.

Lemma 4.2.5. (Discrete maximum principle) Let V' be an arbitrary mesh function
defined on ﬁiv (orﬁiv) and Vi, >0 for k=0,N. If

(I+ ALYV, >0, 1<k<N-1, i=u,y,

then we have, Vi, >0 for 0 < k < N.

Proof. Let us proceed with the proof by contradiction. Suppose, there is a natural number
k, where 1 < k < N — 1, such that

Vi = min V; < 0.

0<i<N
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By hypothesis, we have, Vi1 > Vi and V}, < Vi_;. Thus,

2 Vilr =V Vi = Vi >0 5,%:Vk—Vk—1<O

hy + hii R hy; hy;

Since b; > 0, ¢; > 0, we have
Vi + AtLY Vi, <0,

which contradicts to our assumption. Hence, we get the desired result.

Similar arguments also apply for the discrete operator (I + AtLZJXE) on ﬁ;v. n

The above lemma immediately gives the following

H(I+AtL§Y€)*1H

4.2.3 Convergence analysis

€
Lemma 4.2.6. Suppose the perturbation parameters satisfy the relation 3 < i and a2

satisfies the equation (4.2.12) for n =0,1,..., M — 1. Then for 0 < i < 4, we have

<C {1 + e (e‘@x + e‘ﬁ“‘x)ﬂ . (4.2.27)

oint1/2

or’

Proof. Let us first consider the case i = 0. Since the operator (I + AtL,.) satisfies the
maximum principle and the right-hand side of the semi-discrete problem (4.2.12) is bounded,

the result follows by using the fact that

1

H([ + AL, ) s ST

an+1/2
Now consider the case i = 1, i.e., we need to find the estimate for . 'To begin
with, let us define the following function
a2 —u(ty)
w =
At
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One can easily verify that the function w satisfies

’\n+1/2 o t
W AL, =" ln) L g 12 g it
) At b
a2 4 AL, T ut,)
- Al g Leeulta)
_ u(tn) + Atfl (ZL‘, Y, tn-‘rl) U(tn)
N At At Lacultn).

Thus, w+ AtL, . w = fi(x,y,ths1) — Ly cu(ty).

Since the right-hand side of the previous equation is bounded, we can use the maximum

principle for the operator (I +AtL,.) to get jw| < c.

On the other hand, we can rewrite the equation (4.2.12.a) as

Lo a2 = —w+ filz,y,th1), =€ (0,1),
(4.2.28)

a(0,y) =0, @VE(1,y) =0.

One can observe that the equation (4.2.28) is essentially a two-parameter singularly
perturbed problem in one-dimension with a bounded right-hand side function for each fixed
y € [0,1] is considered to be a parameter. The width of the boundary layers for this problem

can be determined by the following characteristic equation

—e1¢%() + &b (2, y)C(2) + cr(,y) =0 (4.2.29)

considering y as a parameter and define

by ( by ( 4
1o = — bt £2b1(x,y) \/5 1z, y)? + 5101(%9)7 (4.2.30)
2€[0,1] 2e1
b 2b 244
/,Ll — min 52 1(x7y> + \/82 1(x7y> + 6161(x7/y) . (4231)
z€[0,1] 2eq

Following the techniques given in [64] and using the fact that po = O(e; '), 1 =

O(&?l—l/ %) for €2 < %61, we can deduce the followings

8i/\n+1/2 i az"*n—i—l/Q i
%—(07?/)‘ chl /2a l(; ; (Ly)‘ §051 /27 0<e<4.
;E’L ./L-’L
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ounti/2
To bound the term ‘ 5 (x,y)

for 0 < o < 1, we differentiate (4.2.12) with respect to x.

Thus, we have

b n+1/2
(I + ezAt% + Atﬁm) ou

Ox
Ou(ty) 235} dcy
=—— t A== tn1) — A" TVEZ AL
8$ + 833 (.%’, Y, +1) U 83:
tn
Let us define g(x,y) := % + At%(ﬂf,y,tnﬂ) _ Gnt+1/2 aacxl AL
0b, _ _ o
We know that the operator | I + €2At—a + AtL, . | satisfies the maximum principle for
00

b
% > ¢ > 0. Then, using the results in (4.2.2)-(4.2.3) we have

T
! @:L‘ _ /B —
|g(x,y)|§(1{1+g;1/2(e Vie L /R ))]

On the other hand, let us consider the following functions

m(x) =1+,

B, [BP(_s
n2(x) —_—811/2(6 Va e Vaa )>.

Now, we can choose two sufficiently large constants C;, C5 such that

o112

ox

b
‘ ([ +epat iy Atﬁm)
ox

ob
< |g(z,y)| < (I + €2At8_xl + Atﬁx,€> (Clm(x) + 02772(3;)>,

ount1/2
ox
gunt1/2

Ox

(O,Q)‘ < Cey 2 < O (0) + Conpa(0),

(Ly)‘ < 051_1/2 < Cimi(1) + Cana(1).

Finally, by using the maximum principle in Lemma 4.2.1, we conclude that

< ((Jml(x) + 02772(:5)> <C {1 tet? (e‘ﬁ”” + e‘ﬁ(”))] . (4.2.32)

oqn1/2

We note that by using similar techniques, one can prove (5.2.15) for the cases i = 2, 3, 4. O

Ph.D. Thesis 81 Mrityunjoy Barman

TH-3241_176123001



Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

We also prove the following estimates of the derivatives of the semi-discrete solution 7"**

with respect to y analogously.
Lemma 4.2.7. Let ™" be the semi-discrete solution of the problem (4.2.12) for 0 < n <

M — 1. Then,
; _. /B _ /By —
< 0[1 +e7’? (e al eVt y)>] (4.2.33)

Qg

oy’

holds for 0 < j < 4.

In order to prove the uniform convergence of the fully-discrete scheme (4.2.21) and
(4.2.22), we discretize the semidiscrete problems (4.2.12) first and then find the associated

truncation error estimates. Suppose, the totally discrete form of (4.2.12) is defined as
n+1/2 —n+1/2 sn+1/2 sn+1/2 n
|:] + AtLi]E\CEi| UU / = TijUi—l,j/ 8 T,?]UZ] aF rj]_'Ui—Q—l,j = U(ZL'Z', y]a t?’b) + Atflij_l)
Upf' P =0 =0, 1<j<N-1,
(4.2.34)

for every fixed y; and

~

|1+ AL O = G + UG + sEOE = Ot/ + A,

[ - (4.2.35)
Ut =0 =0, 1<i<N-1,

for every fixed z;.

Lemma 4.2.8. Let U™Y/2 be the solution of the totally discrete form of (4.2.12) and G"+/2
be the semidiscrete solution of (4.2.12) on Q. Then the following estimates hold

HUnH/Q _ ﬂn+1/2‘§N

- CAtN'InN. (4.2.36)

Proof. We estimate the error in maximum norm on the mesh ﬁiv for each fixed y; by defining

the truncation error as
0, — (1 + AtLi\fé.)ﬂ”“ﬂ(xi, y;) — (1 + At£$78>ﬁ”+1/2(:ﬂi, y), 1<i<N—1. (4.2.37)
Recall that from (4.2.12), we have

o+ AL, @ = u(ty) + Atfi(w,y, brr), 0< 2,y <1,
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Application of the ADI finite difference scheme: Case 1

1 [*
We introduce the notation R,(g,x1,z2) = —|/ (22 — 5)"g"" Y (s)ds to denote the
n! J,

integral remainder in the Taylor series expression of the function g about the point x; after
the (n + 1)-th term. Thus, we have

92t/
0x?

(91' = —ElAt (Aﬁ”“ﬂ —
Ox

= a1z
) (w5, y;) + Ategby (61: un e — ) (74, 95)

el At . NCETaste
- 3 (hi+1 - hz)w(l‘“ yj) + T;; Rg (EZ”H/Q, Z;, Ii+1)

B 0%

2 Ox2

(xh y]) o

NS he)? oPun T/
+ 7y Rs(u"“”,xi,wifl) + 2228 by j <— ( 3!) W(l’ia%) )

(4.2.38)

where the coefficients 7}, r; are given in (4.2.23). Clearly, hi, — hf = 0 for i ¢
{N/4, 3N/4}.

We find the estimate for 6; for the values of z; in each region, namely inside and outside

the layer regions. We will consider the following three typical cases:
Case (i): Consider the case when 0 < z; < 7,.

In this case, we have

:}ﬁf:ﬁ 1

InN < Ce2N='1n N.
NV By b

T
hi—l—l

Using the previous inequality and the fact that eo < Cgi/ ? one can easily deduce

h;t aZu’\n+1/2 (hiﬁ)2 aSu’\n+1/2
£2At b1 (x4, ;) ( B R TR l’i;yj))‘

_. /By, . /PY (11—,
< CeAt NllnN[lJrgll(e Va= VR >)}
— /B _ By,
+ Csi’/zAt(N‘llnN)Q{l+51_3/2<e VB= /B0 >)]

< CAt[N‘l 1nN+5i’/2(N_1lnN)2] < CAt N"'In N, (4.2.39)
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

On the other hand, we have
2¢1 xz+1 84an+1/2
/ (@ip1 — s W(s,yj)ds

R3(ﬂn+1/2,5€i7$¢+1)‘ = ’ (h* + h?
H—l

C’glAt(hHl) {1—!—81 < \/7 +e B (1-zin )]
OAt( 1/2 -1 In N)2 |:1 + 61_1 (e_\/?xi + e_\/?(l_xi+1)):| < CAt(N_l In N) .
(4.2.40)

+
‘ Tij

Similarly, one can deduce the following
| Ra (@Y, 25, 20.) | < CAH(N ' In N) (4.2.41)
Therefore, from (4.2.39)-(4.2.41) we obtain
(4.2.42)

0:| < CAt N"'In N,

when 0 < z; < 7.

Case (ii): Let us now consider the case when 7, < r; <1 — 7,

To find the estimate for the truncation error in this region, we recall that the spatial

step-lengths are given by
2 2 €1
— x) :-(1—4,/—1 N)
N< )TN By

W =B =
and observe that hf < N ~1 for the current case

Therefore, we obtain the following
Tit1 gAgntl/2

‘ U
|7’;§R /xl ot (s,y;)ds

Ti+1 . [378 _ By s
< CelAt th/ [1+512(e Var e val )>d51
Tit+1 e*\/g(lfs) Tit+1

(A”“/2 a:l,a:z+1)| < Ce1 At hi,

_ [P,
e V=
< Ce At hl+1 + Cey At hi, | ——F— + Cer At hiy, | ————
/By /By
€1 s=x; €1 s=x;
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Application of the ADI finite difference scheme: Case 1

1 [ E. _JE.
< Ceg At N_2+CA2§N_1—(€ \/Zl—i—e \/Z“’)

NG

-+ CAIf]\f_lL <e\/?(1xi) + 6\/?(196#1)) '

NG

1 = C
Using the fact that —e ve1 < — for any a > 0, we have
\/E€1 (0%

1,1
5 Bs (@2 2, 2i)| < Ca1 AN+ CAtN™! (_ T >

* X Tit+1

1 1
+ CAtN ™! ( + ) :

1—1‘2' 1—33'1'4_1

|r

Since 7, < x; < 1 — 7,, we have the following

xll- < F < C(\/s_llnN>1, and

Tx

1 1 -1
—<c(vamn)
1-— xX; < Tx - \/a .
Therefore, it follows that
L]
|t Ry (@72, 25, w441 ) | < CerAt N2 + C’AtN‘1<\/s_11n N> .

Now using the fact that 1/,/e7 < C'In N when g2 < Cey, we have

|rt Ry ("%, 24, wi41) | < Ce1At N2 + CAtN ™' < CAIN. (4.2.43)

Similarly, one can also get the following inequality

ri; R (@2 2y, i) | < OAENT, (4.2.44)

We also have

hf 82m+1/2 h;}:Z 83@\n+1/2

A0 ) ( SR roa U e T e (xi,yn) '
< CeyAt kY {1 + 8;1 (e\/?xl + e\/?ﬂ%))}
+ CeyAt (h?)? {1 4 e (eﬁx n e\/@lm))]
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

N1 /1 1 N2 (1 1
= C@Aﬁwl%wﬂg+\k (?*'1 x)+_6 <5"%1 x)}
1 i — Ay 1 i —I;

€2 -1 -1 -1
< (=4
< C\/aAt(\/_slN LN (\/—gllnN) )

Using 1/,/21 < CIn N and €3 < Cey, we have

h* 82@%#1/2 (haz)Z a3m+l/2

é?QAt bl(xhyj) ( - 9 W(wl,yj> + 31 W(;@,:%)) ‘ < CAt Nﬁl. (4245)
From the above estimates, it follows that
|0;] < CAt N~ (4.2.46)

Case (iii): We now consider the case when 1 — 7, < x; < 1. The bounds for this case
follows directly by the application of the estimates in Case (i) because we have the same
boundary layer width and the same grid structure in Case (i) and Case (iii). Thus, the

estimate in (4.2.42) also holds for the current case.

Case (iv): Finally, we consider the estimates at x; = 7, or ; = 1 — 7,. In this case,

47, 201 — 2,
the step-lengths on the left and right to z; are either Ay = T o hi % (TT) Thus,
2(1 — 47, . .
he — hi| = (TT) < CN~!'. We now bound the following term in (4.2.38) as
€1At z @ 83ﬂ"+1/2
T(hi-i-l = hi)W(ﬂ%Z/j)
< C%At {1 +ep 7’ (e_\/?” + e\/?“”))]
CAt - _JE, B s .
S-TV—{61+81U2(6 VE™ 4 VR ”)} < CAtN, (4.2.47)

where we use the property et < C/tk, t > 0, k € N to show the boundedness of the term

inside the square bracket. We also prove that
ri Ry(@ 2, m,wi1)| < CAIN'In N, |r; Rs(@™™? 2y, 2-1)| < CAt N"'In N,
(4.2.48)

hE 82m+1/2 h:p2 83U/m+1/2
€2At bl(xi,yj) < — jw(xz,y]) + ?z‘ W(J?Z,y]))' < CAt N_l In N, (4249)

similarly as in Case (i) or Case (ii).
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Application of the ADI finite difference scheme: Case 1

From (4.2.47)-(4.2.49), it follows that
0;] < CAt N~'In N. (4.2.50)
Therefore, from the above discussions, it is clear that
[[(I+AtLY,) — (I + AL, )] a2 (2i,y;)| = 6] < CAtNT'In N, (4.2.51)

for every fixed y; € ﬁ;v
Therefore, the truncation error for the complete discretization of the semidiscrete problem
(4.2.12) has the following estimate

0] < CAt N7Y, Te < <1—1, (42.52)
| cAt N'InN, <7, >1-71,.

Thus, |0;] < CAt N"'InN, x; € ﬁiv We now define the discrete barrier function ¢ =
CyAt N~'1In N on the mesh ﬁiv for some C; > 0. Then,
(1+ALLY,) @ % (T2 = @2 (@, )

= C1(1 + Ater)At N In N = (1 + AeLY)) |O2Y2 — 57412 (2, y,) | > 0,
st] T,E 7

ij

for sufficiently large values of ;. Using discrete maximum principle for the operator
(I + AtLY.) one can casily have,

Ot 2 — @2 (2, y,)| < CAt N“'InN, 2, € Q). (4.2.53)
Hence, the result follows. m

Theorem 4.2.9. Let U™ be the solution of the discrete form of the problem (4.2.12) at
t =t,p1 and U™ be the solution of (4.2.12). Then, we have the following estimate
Hﬁ”“ - U”“]QNH < CAtN~'InN. (4.2.54)

=N
00,82

Proof. Recalling the function defined #"*'/? in (4.2.12.a) and the corresponding discrete

version U"+1/2 in (4.2.21) and using the Lemma 4.2.8, we have

H [n+1/2 _ gntl/2

lov|| v < CAtN~'InN.
00,§2
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

We introduce the following problem

(r+aen Yot = @]+ A,

)

(4.2.55)
Ut =0, UR'=0, 1<i<N-1.
A similar argument in Lemma 4.2.8 gives,
Hﬁ”ﬂ - aﬂﬂ}ﬁNH < CAtN'InN. (4.2.56)
00,82
We also have
fntl _ an+1‘ﬁN y (Un+1 _ fjn+1) I (fjnﬂ B ﬁnJrl‘ﬁN) 7
. ~ —1 /.
and (T = 0 ) = (14 AeLy) (T2 — 12 ).
Finally using the property H (I + AtLéVE)_l _v < C, we obtain the desired result. m
’ 00,82

Theorem 4.2.10. Let U™ be the solution of the fully-discrete problem (4.2.21)-(4.2.22) at
the time level t,, and w is the exact solution of the main problem (4.1.1). Then, we have the

following global error estimate

U™ = u(t,) x < C(At+N'InN). (4.2.57)

|§N Hooﬁ

Proof. We first express the error in the following form
Un — u(tn)|§z\1 = (U” _ [7”) 4 ([7” _ ﬂ”’QN) + (ﬂn|QN — u(tn)|QN>, (4.2.58)

where U™ is the solution of the discrete form of the problem (4.2.12) using u(tn—1)|gn as the

starting value for the n-th iteration.

We recall the results from Lemma 4.2.2 and Theorem 4.2.9 to obtain

@l = ulta)lg || gy < OO, HU" — Ao

v SCANT'InN.

o0,
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Application of the ADI finite difference scheme: Case 1

-1
Using these estimates and the fact H (I + AtLﬁYE) <C, i=uxvy,we have

U™ = u(tn)gv|| gy < CAL(At+ NT'In N) + C U™ = ultn-1) g || o
< CnAt(At+N"'InN) < C(At+N"'InN),

since nAt < T. O

4.2.4 Numerical experiments

In this section, we present some numerical results obtained by the fully-discrete scheme
(4.2.21)-(4.2.22) for the following test problem on the Shishkin mesh Q" defined in (4.2.20)

with different time step sizes At.

Example 4.2.11. Consider the following 2D parabolic IBVP:

ut—elAu—Fez(l—F%)(ufc—l—uy)+u:t2(x2+y2—x—y), (r,y) €2, 0<t<1,
u(z,y,t) =0, (z,y)€d, 0<t<1,
u(z,y,0) =0, (z,y) € Q,

where we have f; = 1, 3 = 1 and hence, § = 1. Thus,

1
v < min i, N
a 26 2by 2

Since the exact solution for this example is not known, we use double mesh principle to

find the error in the computation to demonstrate parameter-uniform convergence rate. Sup-
UN,At

S5, 5, t,) is the computed numerical solution at the point (z;,y;,t,) on the grid

Q" x ﬁiw with the uniform time step size At = T//M while (75232’?':/2(@, Yj, tn) denotes the

approximated value at the same point on the Shishkin mesh Q2V x Q2™ obtained by bisecting

pose

every subinterval of Q" x ﬁiw with 2N subintervals in each space direction and At/2 uniform

step-length in the time direction. Then, we define the pointwise error by

E;Y:EA; = ( mz)lxﬁN Ug:ét(xi,yj,tn) — Ufﬁ’ft/z(l’i, Y, tn)] - (4.2.59)
Ti,Yj)€E
tneﬁiu
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

The corresponding order of convergence is defined as,

N,At

VAL — og, [ —2 (4.2.60)

Peye, &2 2N,At/2 |° o
€1,€2

Here, we use the following set of parameters satisfying the condition on the parameters

for Case I:

S, = {(51’52) e = 107k71, g = \{—g_l, k=1,2,... ,6}. (4.2.61)

The values of the maximum error EV:2! and the corresponding rate p™:2! defined in (4.2.62)
for Example 4.2.11 are displayed in Table 4.2 for different pair of values of (¢1,e5) € S., N
and At. The associated loglog plot of the numerical error is also given for various values of
the mesh parameters N, At. For each IV, the number of points in each spatial direction and
fixed time step At, we define the parameter-uniform maximum error and the corresponding

parameter-uniform convergence rate respectively by

ENAt _ oo pNA NAt _ 1o L’At (4.2.62)
T MAX By P = 9%\ TaNage ) e

From the above presentation in Table 4.2, we see the gradually decreasing behavior of the

EN,At

pointwise error fv. -

as the number of spatial grid points N is increasing. We also observe
that as the values of the perturbation parameters tend to be very small, the pointwise errors
are still remaining to be bounded, which ensures the numerical stability of the proposed
scheme. The pointwise and uniform rates of convergence pé\i ’?j, pNAt displayed in the table
clearly indicates the first-order parameter-uniform convergence, which is also graphically

observed from the loglog plot in Figure 4.4.

4.3 Application of the ADI finite difference scheme:
Case 11

We have discussed the convergence analysis of the numerical solution for the first case €3 <

€
% in Section 4.2. In this section, we study the analysis for the parameters satisfying

€
the second case, i.c., €5 > Jen and extend the results that we have proved in the previous

section. For the present case, we have regular boundary layers of width O(e2) near the inflow

boundaries x = 0 and y = 0, while there are boundary layers of width O (51 / 52> condensing
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0.6
Y axis

0.4 0.2

Figure 4.3: Surface plot of the numerical solution with N = 64 and &, = 1077 at ¢t = 1.

at the outflow boundaries x = 1 and y = 1. We proceed with the same numerical scheme

discussed in the previous sections. We also apply the same Shishkin-type decomposition of

the solution of (4.1.1) and the components of the solution in this case satisfy the following

bounds: The boundary layer components of u satisfy the following bounds,

% <, (4.3.1)
% < 052—’“16‘%, (4.3.2)
% < C(i—l)_kleif (-2, (4.3.3)
S| < ey, (434
% <o) e, (4.3.5)
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10 2 r

1073

Pointwise Maximum Error

32 64 128 256 512

Number of Nodes N

Figure 4.4: Graphical representation of the loglog plot of maximum pointwise errors in Table
4.2.
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Application of the ADI finite difference scheme: Case I1

Table 4.1: Maximum pointwise error and corresponding rate of convergence for Example
4.2.11 for the parameters defined in (4.2.61) with At =1/N.

€1 N =32 64 128 256 512
At = 1/32 1/64 1/128 1/256 1/512
1072 | 3.2224e-03  1.6369e-03  8.2476e-04  4.1394e-04  2.0736e-04
0.9771 0.9889 0.9945 0.9972 -
1073 | 3.2700e-03  1.6590e-03  8.3550e-04  4.1925e-04  2.1001e-04
0.9789 0.9895 0.9948 0.9974 -
1074 | 3.2771e-03  1.6627e-03  8.3740e-04  4.2024e-04  2.1051e-04
0.9789 0.9895 0.9947 0.9973 -
1075 | 3.2803e-03  1.6640e-03  8.3801e-04  4.2050e-04  2.1063e-04
0.9791 0.9896 0.9948 0.9974 -
1076 | 3.2815e-03  1.6646e-03  8.3828¢-04  4.2064e-04  2.1069e-04
0.9791 0.9896 0.9948 0.9974 -
1077 | 3.2818¢-03  1.6648¢-03  8.3837e-04  4.2068¢-04  2.1071e-04
0.9791 0.9896 0.9948 0.9974 -
ENAt | 3.2818¢-03 1.6648¢-03 8.3837e-04 4.2068e-04 2.1071e-04
pVAL L 0.9791 0.9896 0.9948 0.9974 -

while the corner layer components satisfy

s | {5 b }
dzkrQyk20tke | — ? ’
s < {52 o A
Lo comfstcn @ )
R e A

where k, = k1 + ko and 0 < k; + ko + 2k, < 4. Note that the estimates here follow from the

rigorous parameter-explicit bounds established by [68].
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

Table 4.2: Maximum pointwise error and the rate of convergence for Example 4.2.11 for the

parameters defined in (4.2.61) with At =2/N.

€1 N — 32 64 128 256 512
At = 1/16 1/32 1/64 1/128 1/256
1072 | 6.2810e-03  3.2397¢-03  1.6446e-03  8.2841c-04  4.1574e-04
0.9551 0.9781 0.9893 0.9946 -
107% | 6.3591e-03  3.2747¢-03  1.6613¢-03  8.3664c-04  4.1982¢-04
0.9574 0.9790 0.9896 0.9948 -
107* | 6.3689¢-03  3.2796¢-03  1.6638¢-03  8.3792¢-04  4.2047¢-04
0.9575 0.9790 0.9895 0.9947 -
107° | 6.3724¢-03  3.2812e-03  1.6645¢-03  8.3821c-04  4.2060e-04
0.9576 0.9791 0.9896 0.9948 )
1076 | 6.3737¢-03  3.2817e-03  1.6647¢-03  8.3835¢-04  4.2067¢-04
0.9576 0.9791 0.9896 0.9948 3
1077 | 6.3741e-03  3.2819e-03  1.6648¢-03  8.3840e-04  4.2069¢-04
0.9576 0.9791 0.9896 0.9948 -
ENAL | 6.3741e-03  3.2819¢-03 1.6648e-03 8.3840e-04  4.2069¢-04
pMA L 0.9576 0.9791 0.9896 0.9948 -

4.3.1 Temporal and spatial discretizations

Let us note that the error estimates proved for the semi-discrete problem (4.2.10) does not
depend on the discretization of the domain and the constructed Shishkin mesh. Therefore,
the lemmas and the theorems stated in Section 4.2 are also valid for Case II.

We discretize the time interval [0, 7] using uniform step size At = T/M as
=M :
Qt Z:{thrl:tj—i-At, tOZO, OSJSM—l}

The semi-discrete problem in this case can be defined exactly as in (4.2.10) and assume
that u" is the solution semi-discrete problem. We also define u" similarly as we have done
in (4.2.12). The following results can be obtained in the same manner. Therefore, we state

the lemmas without any further proofs.

Lemma 4.3.1. The local truncation error e,,i defined in (4.2.13) satisfies the following
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(0,1) (1,1)
y=1-m
Y =To
(1,0)
(0,0) T =To z=1—m

Figure 4.5: A sample Shishkin mesh for Case II with N = 16.

bound
lentilleg < CAE?, 0<n<M-—1. (4.3.10)

Theorem 4.3.2. The global error E, for the semi-discrete problem is bounded as

sup || Enllq < CAL (4.3.11)

1<n<M

The spatial mesh is quite different from the one given in Section 4.3 due to the different
layer structure at the various boundaries. We describe the grid for the z-direction and the
same set of grids can be designed along the y-direction. In this case, we use the following

transition parameters 7y, 7 which are defined by

1 2 1 2
Tozmin{—, —lnN}, lemin{—, —lnN}.
4" o 4"

where 119, p1 are defined in (4.2.30).

To resolve the layers at the boundaries x = 0 and z = 1, we distribute the grids into the
following subintervals [0, 79], [70,1 — 7] and [1 — 71, 1] in the ratio 1 : 2 : 1. The Shishkin
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

mesh is defined by

( %, 0<i< N/4,
=\ mo+2(i- %)W N/4 < i < 3N/4, (4.3.12)
\1—7’1—1—4(2—%>%, 3N/4 < i< N.
4.3.2 Convergence analysis
Let us assume that the perturbation parameters satisfy the relation 5 > %81 and the func-

tions in (4.1.1)-(4.1.2) possess sufficient smoothness and satisfy the compatibility conditions
described in the previous sections. Then we can prove the following results in the same

manner as in the previous sections.

Lemma 4.3.3. Let u"'/? be the solution of the equation (4.2.12) for 0 <n < M —1 and the
functions by, ¢1, fi(-,-,t) € 02([0, 1]2). Let p,d € (0,1) be some arbitrary constants. Then,

we have the following bounds for the derivatives of W"t/? as

aian-i-l/Q ] ;
——|<C [1 + pbePHoT o ytempmn=0)] g < < 4 (4.3.13)
:L-’L
by :
when 2¢es || = < 0(1 —p) and po, 1 are defined in (4.2.30).
00,02

Proof. We observe that application of the maximum principle for the operator (I + Atﬁx,e)

ensures the boundedness of the semi-discrete solution @"*'/2. Thus, the proof for (4.3.13)
with ¢ = 0 follows immediately.

In order to find the estimates in (4.3.13) for 1 < i < 4, we consider the characteris-
tic equation (4.2.29) again, with the constants g, 1 defined similarly. In this case, the
constants 19, p1 are found to be g = O(e;'), 1 = O(ga/e1). Therefore, following the
estimates given in Linf et al.[64], we obtain the bounds in (4.3.13) for 1 <i < 4. O

The following bounds for the bounds of the derivatives of the semi-discrete solution "1

with respect to y also holds analogously.

Lemma 4.3.4. Let u"™! be the semi-discrete solution of (4.2.12) for 0 < n < M — 1,
and the functions by, ca, fa(-,-,t) € CQ([O, 1]2). Then, we have the following bounds for the
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derivatives
it . .
5| <€ [1+ phe Y + ple 9] |0 < j <4, (4.3.14)
Y
0bs
where p,§ € (0,1) and 2ey || = <46(1 —p).
00,82

Now we estimate the truncation error due to the discretization of (4.2.12) on Shishkin
mesh defined in (4.3.12) for this case by rewriting the equation and using the main conver-

gence result proved in [64].

Lemma 4.3.5. Let U"/2 be the solution of the fully-discrete equation (4.2.34) on Q" and
u"*1/2 solves the problem (4.2.12.a). If e < N~'In N, then

H(jn+1/2 A an+1/2‘§NH < CAt N"'InN. (4.3.15)

00,{2
Proof. We define the truncation error as in (4.2.38) by

81At 63@"‘“/2

'y 3 (hfﬂ - hf) O0x3 (@i, 9) + 7’;; R (ﬂnﬂma xiaxi+1)
hE 527 +1/2
+ 755 R3(m+1/2,$i,$i~1) + oAt by (24, ;) < _ éw(%?%)
hf)Q oBunti/2
S 3 g (o) | (4.3.16)

where the coefficients r;;,

truncation error in the following three cases depending on the position of the grid point x;.

r;; have the same definitions used in (4.2.23). We estimate the

Case (i): Let 0 < z; < 70.
From the definition of the generated Shishkin mesh given in (4.3.12), we have

1
hE =Dt = % < Cey N'InN.

7

92 +1/2

aSanJrl/Q
W(S’ yj)

W(S,yj)

One can easily simplify (4.3.16) to have
Tit1
ds + &1 /
Ti_q

9, < CAt[aQ / Z ds]

= OAt (I + L), (4.3.17)
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

where

Z;
I = 52/
Ti—1

< Cey {hw + Ho (e—puoxifl _ e—puoxi> + Hy <€—pu1(1—xi) — e—pm(l—xz‘l))} )
B op p

92 +1/2

T
W(S»yj) ds < Cey [/ {1 + pd ePHos 42 e—pul(l—S)}dS]
Ti—1

Now, it is easy to check that
—PHOZTi—1 __ ,—DPHOT: __ hqc —PHOT; O hap 2 4.3.18
e e proh; e + O (hipo)” ). (4.3.18)
Since hfpuy < CN~1In N and ey < C, we have
I, < Cey {h;’? + B NI N ﬂe-wﬂl—xi)}
p p

1
1—LUZ'

< 0(52 + N~'In N). (4.3.19)

< (Cey |:€2 N 'InN+pg N 'InN +

From (4.2.28), it follows that

oY/ ob, gurt2 gl
T (8 |

or Ox o 0x?

ox3
ountl/2 —ni1/20C 05
j22%1 B2
Ta ox i ox + ox
= e9b —32@%1/2 + e % +c " il
2 g2 o ; Ox
dc 0s
~n+1/2Y“1 Yo
Ay or Or

where § = w — fi(z,y,t,41) is a bounded function. Using the estimate in (4.3.19) and the

boundedness of 4"*1/2, we deduce the following

Tit1 | 93ntl/2
I, 251/ ————(s,¥;)|ds
o1 ox? J
Tit1 aZu/\n+1/2 Tit1 027n+1/2
S 082/ —<S7y') d8+C/ (70 —|—g(8,y))d8
o 0x? / o ox

< 0(52+N—11nN+hf) < 0(52 + Nt InN + Nt 1nN>.

Ph.D. Thesis 98 Mrityunjoy Barman

TH-3241_176123001



Application of the ADI finite difference scheme: Case I1

This gives
I, < 0(52 +N'ln N), (4.3.20)
1 (‘9§ ~n1 2601
where 79 = |lea— + 1 . gla,y) = (== +u"Y/2==) and we used the property
ox 0 ox Ox
(4.3.18).

From the estimates in (4.3.19) and (4.3.20), one can easily conclude that
|0;] < CAt (sg + N'In N) : (4.3.21)

If we assume that e < N~'In N, then we have the desired estimate

|6;] < CAtN~'In N. (4.3.22)

Case (ii): Consider 1 — 7y < x; < 1.
Since €5 > C'\/e1, we have

47’1

A =hiy =2 < ONT(Z

1

) InN < Ce/’N'laN.
€9

One can also verify that
e2h? < CetN'InN, &5 (hY)? < Ce¥*N-2In? N. (4.3.23)
Now, proceeding similarly as in Lemma 4.2.8, we get

6;] < CAtN~'In N. (4.3.24)

Case (iii): Here, we consider 7 < z; < 1 — 7.
In this case, we have

2
h:f:ﬁ(].—To—Tl),
where 79 + 71 < CeyIn N. From the grid structure, it is clear that eoIn N < C and hf <
for t > 0, and the facts that e;In N < C and

C
CN~!. Using the inequality et < T2
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

g9 < Cerln N, one can show that

‘TjRg(U/\n+1/2,Ii,IZ‘+1)} S CAtN_l In N, ‘T%Rg(u’\”H/Q,xi,xi_l)‘ S OAtN_l In N.

J
A set of similar calculations yield the following result:

he o2qn+1/2

2 AL by (24, ) < -5 7 @y) +

2 Ox? i Vi

3! ox3

< CAt N"'InN.
The estimate (4.3.24) follows by adding the above inequalities.

Case (iv): z;=moraz;=1—m7

4
In case of z; = 79, the step-lengths on the left and right to x; are either hy = % or
2(1 — 1 —
h¥ = %. Thus, |hf — k4| < CN~'. From (4.2.38), we bound the truncation
error as
a1t o 03U tt/2
3 (hz‘+1 - hi) o3 (z4,Y;)
Ce At
< 5]; |:1_|_Iuge_p/-"01'i —i—ui’e‘p“l(l_“)}
CAt 1 1 _
< T |:1 + Cﬂg—?’ aF CM?—3:| < CAtN 1, (4325)
Ho i

where we use the property e=* < C/t*, t > 0, k € N. We also prove similarly as in Case (i)

or Case (ii) the followings

‘7’;; R3(m+1/27$i,xi+l)| S CAtNil IHN, ‘7"1; Rg(an+l/2,l’i,$i,1)‘ S CAt Nfl IHN,

(4.3.26)

he 92 +1/2

£9At by (2, ;) < - ?W(%yj) +

h;pQ 83U/m+1/2
7

?W(%’%O' < CAt N"'InN. (4.3.27)

It follows from (4.3.25)-(4.3.27) that

0;| < CAtN~'In N. (4.3.28)

The proof for the case when x; = 1 — 7 can also be carried out similarly.
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So, combining all the cases, we have

CAt N7, Thv<x;, <1l—m
10:] < (4.3.29)

CAt N“'InN, z; <7, z;,>1-1.

Thus, |6;| < CAt N"'InN, x; € ﬁiv Now following the exactly same arguments used in

Lemma 4.3.5 and discrete maximum principle for the operator (I + AtLi\{E), one can easily

have
l/jinH/Q — a2z, y)| < CAt N'InN, ;€ ﬁiv. (4.3.30)
Hence, the proof follows. O

Now, we can combine the above results and establish the following convergence results
exactly the same way as we proceeded in the previous section. The results ensure that
the method is robust convergent, which is not dependent on the conditions applied on the

perturbation parameters.

Theorem 4.3.6. Suppose eo < N-'In N and let U™ be the solution of the fully-discrete
problem (4.2.22) at t = t,,1 and """ is the solution of (4.2.12). Then, we have

JU™t — @ o] gy € CAEN'InN, 0<n<M-L (4.3.31)

Theorem 4.3.7. Suppose 2 < N 'InN and let U™ be the solution of the fully-discrete
problem (4.2.22) for t = t,. If u is the exact solution of the given model problem (4.1.1),

then the global error satisfies

U™ — u(tn)lgr|| gy < C(At+ N 'InN). (4.3.32)

4.3.3 Numerical experiments

In this section, we present numerical experiments for the same test problem Example 4.2.11

with the following set of parameters
S. = {(51,52) ey =107 e =3 k=1,2,... ,6}. (4.3.33)

which satisfies the conditions on the perturbation parameters for the present case. We

calculate the maximum pointwise error and the corresponding order of convergence defined
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

in (4.2.59)-(4.2.60) for various values of N, At and present them in Table 4.3 with the
parameters from set S. in (4.3.33). We also compute the parameter-uniform error and the
corresponding rate of convergence for those values of N, At.
0.12
0.1

0.08

0.06

U axis

0.04

0.02

05

04 06 08 1
X axis

Y axis 0 0.2

Figure 4.6: Numerical solution with N = 64 and ¢; = 10~7 at ¢t = 1.

We observe that for each pair of fixed values of the parameters €1, €5, maximum pointwise
error is decreasing monotonically as N is increasing. We also notice that these errors remain
bounded as we keep on decreasing the parameters €1, 5. This ensures the parameter-uniform
convergence of the proposed scheme, which is stated in Theorem 4.3.7. The table shows that
the upwind scheme has almost first-order convergence in space and time variables. The
loglog plot in Figure 4.7 clearly reveals the linear order convergence of the scheme, which

validates the error estimates.

4.4 Conclusions

In this work, we proposed an ADI based finite difference scheme for the singularly perturbed
2D parabolic IBVPs with two parameters multiplying the diffusion and convection terms. To
discretize the spatial domain, we used the piecewise-uniform Shishkin meshes. Truncation

error is derived, stability of the proposed scheme is established. Parameter-uniform error
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Figure 4.7: Visualization of the loglog plot of the maximum pointwise errors in Table 4.3.

estimates are obtained for both the cases. Numerical experiments reveal the theoretical order

of convergence.
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Table 4.3: Maximum pointwise error and corresponding rate of convergence for Example

4.2.11 for the parameters defined in (4.3.33) with At = 1/N.

€1 N =32 64 128 256 512
At =1/32 1/64 1/128 1/256 1/512

1072 | 2.5370e-03  1.3370e-03  6.8439e-04  3.4573e-04  1.7370e-04
0.9241 0.9661 0.9852 0.9931 -

1073 | 2.8806e-03  1.4789e¢-03  7.4942e-04  3.7765e-04 1.8988e-04
0.9619 0.9806 0.9887 0.9920 -

107% | 3.0657e-03  1.5669¢-03  7.9050e-04  3.9711e-04 1.9903e-04
0.9683 0.9871 0.9932 0.9966 -

1075 | 3.1738e¢-03  1.6179e-03  8.1518e-04  4.0933e-04 2.0506e-04
0.9721 0.9889 0.9938 0.9972 -

1070 | 3.2248e-03  1.6416e-03  8.2742e-04  4.1537e-04 2.0807e-04
0.9741 0.9884 0.9942 0.9973 -

1077 | 3.2316e-03  1.6500e-03  8.3295e-04  4.1811e-04 2.0948e-04
0.9698 0.9862 0.9944 0.9971 -

ENAt 1 3.2316e-03  1.6500e-03  8.3295e-04 4.1811e-04 2.0948e-04

plAt 0.9698 0.9862 0.9944 0.9971 -
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Table 4.4: Maximum pointwise error and the rate of convergence for Example 4.2.11 for the

parameters defined in (4.3.33) with At =2/N.

€1 N =32 64 128 256 512
At = 1/16 1/32 1/64 1/128 1/256

1072 | 5.5261e-03  2.9516e-03  1.5172e-03  7.6806e-04  3.8629¢-04
0.9048 0.9600 0.9822 0.9915 -

1073 | 5.9615e-03  3.0995e-03  1.5791e-03  7.9710e-04  4.0075e-04
0.9436 0.9730 0.9862 0.9921 -

107% | 6.1359e-03  3.1834e-03  1.6169e-03  8.1512e-04  4.0918e-04
0.9467 0.9773 0.9882 0.9943 -

1075 | 6.2506e-03  3.2337e-03  1.6412e-03  8.2706e-04  4.1507e-04
0.9508 0.9784 0.9887 0.9946 -

1076 | 6.3037e-03  3.2570e-03  1.6535e-03  8.3306e-04  4.1804e-04
0.9526 0.9780 0.9891 0.9948 -

1077 | 6.2974e-03  3.2635e-03  1.6593e-03  8.3579e¢-04  4.1945e-04
0.9484 0.9759 0.9893 0.9946 -

ENAL 1 6.2974e-03  3.2635e-03 1.6593e-03 8.3579e-04 4.1945e-04

pNAt 0.9484 0.9759 0.9893 0.9946 -
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CHAPTER 5

A parameter-uniform hybrid method for
singularly perturbed parabolic 2D

convection-diffusion-reaction problems

In this work, we construct and analyze a parameter-uniform operator-splitting ADI scheme
to efficiently solve the parabolic SPPs with two positive parameters. The proposed model
combines the backward-Euler method on a uniform mesh in time and a hybrid method in
space. The developed numerical method on a layer-adapted piecewise-uniform Shishkin mesh
has been proven to be first-order convergent in time and second-order convergent in space.
The numerical experiments are performed to validate the theoretical convergence results and

illustrate the efficiency of the current method.
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5.1 Introduction

In this chapter, we propose to employ a hybrid numerical scheme for solving a class of singu-
larly perturbed 2D parabolic convection-diffusion-reaction problems, where the diffusion and
convection coefficients are multiplied by perturbation parameters. Basically, we combine the
central difference and midpoint upwind technique on a piecewise-uniform mesh in space and
we apply ADI method defined for time variable to find a efficient and accurate approximate
solution to the model problem. We prove that the proposed method is first order convergent
in time and second order convergent in space.

In this work, we consider a parabolic convection-diffusion-reaction problem in 2D:

ug — e1Au + eob(x,y) - Vu + c(x,y)u = f(z,y,t), (r,y) € Q= (0,1)% 0<t<T,

u(z,y,0) = g(z,y), for (z,y) €,

(5.1.1)
where £1, €9 are the perturbation parameters such that 0 < 1,69 < 1. The convection field
b is of the form b(z,y) = (bl(x, ), bQ(x,y)) such that b; > ; > 0, for i = 1,2. The function
g is assumed to be a continuous function in 2. We also presume that the reaction coefficient
c(x,y) > ¢co >0 and f = fi + fa is the source function that is smooth enough and satisfies

the compatibility condition
0 : C(l‘,y) c(x,y)
We denote 8 = , and v < 5
ot T U mén{%l(x,y) 2by(z, y)

between the perturbation parameters, we analyze the problem (5.1.1) separately for the

}. By using the relation

following two cases:

£
Case I: 53 < u, Case II: 5% >
B
We note that ||n||,, = max n(x) denotes the maximum norm of a continuous function
re

n(x) on a set G. We also use the notation
1llc o = max S(wi)

to denote the discrete maximum norm of a mesh function S on the mesh GV. We use C
to denote a generic positive constant, which is independent of the mesh sizes, perturbation
parameters and associated functions throughout the paper.

We organize the rest of the chapter as follows: In Section 2, we introduce the singularly
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perturbed 2D parabolic convection-diffusion-reaction problem containing the perturbation
parameters €1, €5 with some assumptions on the coefficient functions as well as on the
source function. We define some standard notations which we use to present our analysis
of the method. Section 3 describes about the solution properties, semidiscrete problem,
the proposed scheme and its convergence along with some illustrative example for the case
sg < C'gy. In the next section, we discuss all these things for the other case, namely 5% > (Cey.
In the final section, we have concluded the article by summarizing the obtained theoretical

results and the validation of them using numerical experiments.

5.2 Analysis of the hybrid scheme: Case I

g

We first discuss the analysis of the method when &3 < in which the solution exhibit

regular boundary layers of width O(y/g1) condensing at the four edges along the corner

layers at the corners of the domain. The boundaries of the domain are defined by

2

I'={0y)eQ: 0<y 2 0

IA
IA
—

1}, I, ={1,y) €
1}, Iy={(=1)eQ: 0

IA

Y

IA
IA
IN
IA

—_

I,={(z,00€Q: 0<a x

For more rigorous analysis of the problem, we decompose the solution u of the problem

(5.1.1) as in the following way,
u:v+wL+wR+wT+wB—|—wLT+wRB+wRT+wLB, (521)

where v is the regular component of the solution; wy, wg, wg, wr are the boundary layer
components appearing near the edges I';, I',, ', and I'; respectively; wrg, wrr, wWrp, WgrT
are the associated corner layer functions near the corners C(0,0), C5(0,1), C3(1,0), Cy(1,1)
of €2 respectively.

We remark that under the compatibility conditions in (4.1.3), the layer components of

the solution u for the problem (5.1.1) respect the following bounds (see [68] for details):

aks"l‘ktv
W S C’ (5.2.2)
Okt —k1/2 —/Ba
G| < 0T (523
AT —k1/2 —/B (-2
gy | S Cer e 207, (5.2.4)
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% < Ce e %y, (5.2.5)
% < Ceree VA1, (5.2.6)

and
sty < O min { VL, e
| < 05 minfer T, o Ee, 029

where k3:k1+k2,0§k1+k2+2k5t§4

5.2.1 Temporal discretization and the semidiscrete problem

In this section, we study a time semidiscretization of model problem (5.1.1). To do that, we
first denote the differential operator £, in (5.1.1) by

L.u:=—e1Au+ esb(z,y) - Vu + c(z,y)u. (5.2.11)

Then, we apply the operator-splitting ADI strategy on a uniform mesh and divide the oper-

ator L. in two components: L. = L, . + L, ., where

9*u ou

Lx,eu = _51@ + 62b1($7 y)% + Cl(‘xa y>u7
0%u ou

Ly,eu = _gla_yQ + 52b2($7 y>a_y + 02($, y>u7

and ¢ = ¢ 4+ ¢ with ¢; > 0, ¢co > 0. We now discretize the temporal domain as
Q) = {ty ty = kAL, k=0,1,...,M, At=T/M}, (5.2.12)

with uniform time step size At. Let u® = g(z,y), then the discretization of the problem
(5.1.1) in time is defined by the scheme: For n = 0,1,..., M — 1, u"! is the solution of the
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problem

( (

(I + Atﬁm,&) un+1/2 =u"+ Atfl(x7 Y, tn-l—l)a
| w"20,y) =0, w(Ly) =0, 0<y<l,

, (5.2.13)
(I + Alﬁ£y7€)7f‘Jrl = w2 L Atfo(m, Y, ts),

L { u"(z,0) =0, v (x,1)=0, 0<z<1.

Before discussing the convergence of the above semidiscrete problem, we need to define

a subproblem. For n =0,1,..., M — 1, let @"*! solve the next semidiscrete problem

( (

<I + Atﬁx,&) an+l/2 - u(tn) + Atfl (ZL’, Y, tn+1)7
| @20,y) =0, @A(lLy) =0, 0<y<1,

{ (5.2.14)
[I + Atﬁy,e] an—‘rl =gt/ + Atf2 (.T, Y, tn—‘rl)?

| | @ @0 =0, (@1 =0, 0<s<1.

We have the following properties of the semidiscrete solutions of the problem in (5.2.14).

€
Lemma 5.2.1. Let €1,&; satisfy the relation 3 < L ond Gt

8
(5.2.14) for0 <n < M — 1. Then forp=0,1,...,4, we get

_ /B,  _ [Py
§0[1+€1_p/2<6 Var L ov/aa ))] (5.2.15)

satisfies the equation

apu/\nJrl/Z

oxP

and for q =10,1,...,4, we have

Qg+l _ _ /& _ B
(;“Lq SC’{l%—slq/Q(e aVyeVal ”)}. (5.2.16)
Y
Proof. Proof of the above lemma can be found in the previous chapter. m

Now, we discuss the stability analysis and consistency result for the semidiscrete problem
(5.2.13). In the next lemma, we clearly see that the operator (I + Atﬁm), i = x,1y posses

the maximum principle.

Lemma 5.2.2. Let ((z,y) € C*(Q) be a function with ((z,y) > 0 on the boundary OS).
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Suppose that for i = x,y, the operators satisfy

(I 4+ AtLi)¢(z,y) > 0, (z,y) € (5.2.17)

Then, ¢(xz,y) > 0 for all (x,y) € Q.

Consequently, the following stability estimates hold:

1

=T
H (I + AtLs) S §T BAt

for 1 = x,v, (5.2.18)

|(r+aec,.+ )7 <c (5.2.19)

00,0

Let us now define the local truncation error for the semidiscrete problem (5.1.1) at t = ¢,
-n

by e, = u(t,) —u", 1 < n < M. Now, we state the consistency results which are given
in the following lemmas and Theorem 5.2.4. For proof of all these results, one can refer to
Mrityunjoy et al. [69].

oAt

otk
C, (z,y) €Q, 0<t<T, for 0 <k <2. Then, we have the following estimate for e, 4

Lemma 5.2.3. Let u be the exact solution of the equation (5.1.1) and it satisfies

leniilloog < CAF, (5.2.20)

for eachn=20,1,... M — 1.

Theorem 5.2.4. The global error E,, = u(t,) —u", 1 <n < M, satisfies the following bound

sup [|Enllq < CAt. (5.2.21)

nAt<T

This theorem proves that the global error associated with the semidiscretization method

has first-order convergence in the time variable.

5.2.2 Spatial discretization: fully-discrete scheme

As a next step, we need to apply a hybrid numerical method to the semidiscrete problem

(5.2.13) in order to find a fully discrete scheme. Let N > 8 be a natural number which is a
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Analysis of the hybrid scheme: Case I

multiple of 4. The space domain € = [0, 1]? can be discretized as QY = ﬁiv X ﬁ;v, where

IN

Q :{xi:wi:xi_1+hf, ro=0 zy=1, 1< N},

—N )
Qy:{yjiyj:yj—1+h?> Y =0, yn =1, 1§J§N}-
I
CQ<07 1) C’4(17 1)

I, L,
41(0,0) C3(1,0)
Iy

Figure 5.1: Partition of the domain €2 based on the boundary layer appearance at various
edges.
First, we define the transition parameters 7, and 7, by

1

T i min{zl, ao\/a_llnN},

where 0y is a positive constant. Since the problem has regular layers of width O(,/¢1) along
every boundary of €2, i.e., along z =0, z =1, y = 0 and y = 1, we subdivide the domain

as Q== Q, x Q,, where along the z-axis
Qi={z:0<2<1} =00, ,]U[m, 1 -7 ]U[l -7, 1],
and along the y-axis

ﬁy::{y: Ogygl}:[ov nlUlry, 1-7nJUll =7, 1].
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

We now equally distribute N/2 mesh points in each layer region and rest N/2 mesh points
in the course region to construct a Shishkin mesh that is piecewise-uniform along each of
the z-direction as well as the y-direction. The step-sizes along the x-direction are defined by
hi =x;—x;_1, E;’” = h? +h¥,,. Therefore, the Shishkin mesh points in , can be defined by

N 0<i<N/4,
zi=d Tet Q(i - %) ! _N%’, N/4 < i < 3N/4, (5.2.22)
: 1—T$+4(i—¥)%, 3N/4<i<N.
The step-size inside the layer regions is given by h = 4% < 1/N and at the outside of layer
regions by H = w We see that the step-size at the outside of layer regions satisfies

the following
1/N < H<2/N.

We note that the mesh ﬁiv can be constructed in a similar way by taking 7, = 7, as

follows: Li

jTy .
0< i< N/4
= <j < N/4,

- N\1-27 .
Y = 4 Ty+2(y—z) N N/A<ij<3N/4, (5.2.23)
3N\ 7,

= 4l j—=— 1Y% 3N/M4<j<N
\ a (j 4>N’ / =

where the step-sizes h?, /ﬁf in along the y-axis are defined analogously.

Now, we briefly describe some notations to define the fully discrete problem. For the

convection coefficient b(z,y) = (b1, by), we define the followings:

bo(z,y;) + ba(z,y-1)

bl(l’i, y) + bl (xi—la y) b2 12 =
J=1/2 = 2 ’

2 I

bii—1/2 =
We also use the following notations:

[7;21/2 _ (7”+1/2(xi,y), ﬁn+1 _ (/jn—l—l(l,’yj)’

x,Yj5
Snt1/2 , Fn41/2 rrn4+1 | 7rn+1
ﬁn+1/2 . Uxivy + Uafiflvy Uvn+1 _ Ux:yj + Ul‘,yjq
i—1/2,y 9 ’ z,j—1/2 9 :
S n+1 n+1 n+1 n+1 ) ) :
In a similar way, one can define flxi,w 2y f1,z>1/2’ 5 j1/2 and cj_1/2, C2;-1/2 in the
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Analysis of the hybrid scheme: Case I

subsequent discrete equations. We denote the following standard operators by

52 oy = Az (%;H — % i - %1)

i hi1 hi
5 oy = %’H: 1/11'717 5 i = (08 —h¢i1‘

7

Next, we define the midpoint upwind operators to be used in the proposed numerical

scheme. For any function S, we have

N 8 -

Ly o Sziy = —€18¢ Sayy + €2b1i1/2 05 Sz, + Criz17251,i-1/2,
N il -

Ly Sz, = —€18y Sy, + 2boj 12 05 Sey; + C25-1/252,5-172,

and the central difference operators are given by

Lgcd Sa:i,y - _gle Sxi,y + 8le (mia y) 5;5507;,1/ + C1 (xh y)Sxi,zﬁ
Lﬁcd Sey; = —€10y Sey, + E2ba(x,Y;) 65z, + a2, Y5)Sey;,

where S, , = S(z;,y) and Sx,yj — S($7?Jj)~

Now, we are ready to describe the hybrid numerical method for the semidiscrete problem
(5.2.14). Let U° = g(x,y) and n = 0,1,..., M — 1, we find Un+l by solving the following

problems:

For each fixed y € ﬁ;v,

- _ _N 3N _

Uty + At LY U257 = uwi,y ta) + AL 1< < T o SiSN-1L

n 5n 1 n N . 3N

Uz——ql//Q?y + At Li\fmquz—Z/I/z = 5 (U(I’Z, Y, tn) + u(xi—b Y, tn)) L Atfl,j_ll/w Z <1< TJ
(5.2.24)

with the boundary conditions (7&;1/2 = (7172;1/2 =0, y€ ﬁ;v, and for each fixed x € ﬁiv,

/\n /\n Sn+1/2 n y ]
Um:y:l‘f‘At LY U Z}:Ux;}_j/ +Atf2rj}jv 1§]§N/4’ 3N/4§]§N_1’

y,cd ™z,

ﬁ;;?_ll/2+At LN (/J’nJrl:U'n—i—l/Q +Atf§‘j1 N/4 < j < 3N/4,

Y,mu " T,Y; x,j—1/2 -1/2
(5.2.25)
with the boundary conditions [7;31 = [/J\;J{l =0, z €.
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

The above numerical scheme can also be put in the simplified form:

For each fixed 1 < j < N —1,

- - N 3N
U2+ ALY, UL = w(ws, gy, tn) + AL, 1< < T SisSN-1
n n U\T;, ‘at + u(Zi-1, Yy, n N ; 3
0’ _51}/22] +AtL:]z:Vmu Uz‘j+1/2 _ (@i, Yj, tn) 5 (Ti-1,Y5,tn) + AL :—11/2’ T <i< I
(5.2.26)

with the boundary conditions ﬁ&jl/z = [7;\7;-1/2 =0, and for each fixed 1 <i < N — 1,

R g N 3N .

Ut + At LY Uit = U2+ Atfet!, 1<5 < T SisN-
1/~ - N 3N

Ot + Ot L U5 =5 (U;;“/Q + oY 2) + At <<

with the boundary conditions UZ"(T '=U ”j\;l =

5.2.3 Convergence analysis

In this section, we will study the convergence analysis of the fully-discrete scheme obtained
by completely discretizing the semidiscrete problem (5.2.13). Before we define the fully-
discrete solution, we introduce the simplified form of the discrete operators in the proposed

hybrid scheme (5.2.26)-(5.2.27) as

(I+At LN U2 1<i<N/4, 3N/4<i< N -1,

)

- (5.2.28)
(I+At LY YUMY? Nj4 < i< 3N/4,

x mu) i )

LN Un+1/2

l,e™ij

and

(I+ At L)) U”“, 1<j<N/4, 3N/4<j< N -1,
LY. Ui+ = (5.2.29)
(I+At LY, ) U, N/4 < j < 3N/4.

y,mu iJ

With the discrete initial condition UZ%- = g(z,y;), 0 <4,j < N, the fully-discrete solution
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Analysis of the hybrid scheme: Case I

Ui’}“ can be solved from the following problems:

LYUSH? = Up + Atfi', 1<i< N/4, BN/4<i< N -1,
N 71/ Lo nl L AU i | ' 5.2.30
LU = S [Un,, +Ug) + 5 [ rp ] N/ << 3N/4, (5:2.30)
\ Ugjl/2 = U;\L,:-lﬂ =0, foreachfixedj, 1<j <N -1,
and
.
LY U = UL+ Atfpt!, 1< < NJ/4, 3N/A<j<N -1,
LYLUZ = S [Um U] S [+ L] Nja < <3Nja, (52:31)
\ Ug}jl = U}\L,;l =0, foreachfixedi, 1<i<N—1,
where
LYUZM? = U2 400 Ut gt U, (5.2.32)
Ly Uit = sy Ul + sy Uit + st Ul (5.2.33)
Here, the coefficients r;; are given by,
At (2
g = Ait 2Z W At (5.2.34)
a2 e Ny 26"1/ 21 N/4<i<3N/4,
At 2
=~ <—hfl +52b1,,;j> , 1<i<N/4 3N/4<i<N-1,
+ i i+1
el N/4 <i < 3N/4,
hihi
and
1+ At ey —r;—18,  1<i<N/4, 3N/A<i<N -1,
Y = (5.2.36)
1+ At Ci71/2,j — T'L'_j — ’l“i—;-, N/4 <1< 3N/4,
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

bi (i, y;) + bi(xiz1, yj) c1(zi, y;) + er(im, y;)

where b;_1/2; = 5 ;and ¢i_1/0; = 5 . The coefhi-
cients s;; are given by,
At (2
Ty (%4—5252,@), 1<j<N/4 3N/A<j<N-1,
_ j J
T At 2 1+ At ¢ (5:2.37)
e TN WU2 /4 < < 3N/4,
h hé’ ’ 2
At 2
=t (—% +52b2,,»j) . 1<j<N/4 3N/A<j<N -1,
rY N\ B

st=24 " (5.2.38)
“ 2e1At
—61—/\, N/4<j<3N/4,
WY, Y

j+1

1+ At o5 — 555 — 5355 1<j<N/4, 3N/A< j< N -1,

) = (5.2.39)
1—|—Atc,-’j_1/2—si_j—s;;, N/4<j<3N/4,
ba(wi, y;) + ba(@i, yj—1)

2
Before proceeding to convergence analysis, we first deduce some inequalities which will

ca(ws,y5) + co(i, yj—1)

where b@j_l/g = and Ci,j—1/2 =

be required for the proof of the subsequent results.

Lemma 5.2.5. Let Ny € N be a number such that

Noy/e1
2e5 ||b < 2.4
&2 [|bi] o, 00 < N, (5.2.40)
1
At + lleilloo < 2No (Nog1 + €28) (5.2.41)

forl =1,2. Then, the matrices associated with the discrete equations (5.2.30) and (5.2.31)
are M -matrices for N > Nj.

Proof. Let the coefficient matrix corresponding to the discrete problem in (5.2.30) is given
+
137
sub-diagonal entries r;; and diagonal elements r?j for each fixed j. In a similar way, let S; be

by R; which is a tridiagonal square matrix of size N — 1 with super-diagonal entries r

the coefficient matrix associated with the discrete problem (5.2.31) with the same structure
as R; for each i. We provide the proof only for the matrix R;, and remark that similar

arguments can be applied for the matrix .S;.
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We start with the case when 1 <i < N/4 and 3N/4 <i < N — 1. It is obvious that r;;
is negative for each j. Applying the inequality (5.2.40) we obtain 7" - < 0 for each j. Thus,
from (5.2.34)-(5.2.36), we can show that 7{; > 0.

We remark that for such values of r;; and ri, we have,

’Lj’

2e1At (1 1
-5 (i) <l

for1<i<N/4, 3N/4<i<N—1.

One can also verify that |r{ ;| > |r | as well as [rQ_, ;| > |ry_y ]
Now, consider the case when N/4 < i < 3N/4. In this case, we get T < 0 for each j.
Applying the inequality (5.2.41) for N > Ny , we have r;; < 0 which ylelds 7“ - > 0. Finally,

we get,

2./t bi—1/2; 1+ At Cz 2g
T RERE + €2t hf - ’

7 "Y1

Irigl + 7

By combining the above results, we observe that the matrix R; is an M-matrix for every j.

Similarly, we can prove that S; is also an M-matrix for every . m

Now, we are ready to state the discrete maximum principle which is given in the next

lemma.

Lemma 5.2.6. Assume that S is an arbitrary function defined on ﬁiv (or on ﬁ;v) and S; > 0
for 1 =0,N. If the operators LY., i = 1,2 satisfy on ﬁiv (or on ﬁiv)

’LE’
LY S >0, 1<SI<SN-1, i=1,2,

then we have, S; >0, 0 <[ < N.

Remark 5.2.7. Since the coefficient matrices of the above discrete equations are M -matrices,

the operators LY., i = 1,2 satisfy the above proposition and the uniform stability of the

’LE’

proposed hybrid numerical method is therefore proved in the discrete maximum norm.

We also use the following lemma to bound the local truncation error related to the above

discrete equations.

Lemma 5.2.8. Let ¢ € C*(Q,) with ¥; = ¥(x;) on the discrete mesh ﬁiv Then, we have
for NJ4 <i <3N/4,

(5.2.42)
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

and for 1 <i < N/4, 3N/4 <i< N —1,

L3 eq i = Lae ()| < OB / T )] + 2 [0O(E)]) de. (5.2.43)

Proof. The proof follows directly using the Taylor’s series expansion of g(z) about p at the

point z with integral form of remainder term

Ra(wp.2) = = [ (= €D
TP

Then, we obtain the following error bounds:
(i) Inside the layer regions: 1 <i < N/4 and 3N/4 <i < N — 1.
We have

8 =) <oh [ )] de,

Tit1
and [6° o — v/(@1)] < Ch? / p® (&) de.

(ii) Outside the layer regions N/4 < i < 3N/4:

We have
7 g, HEEEE) < o [ (e utog)| + |9 ds
Ti1
and |53 4~ LD < 0 [ gy e
The result follows by combining the above estimates. O

The local truncation error associated with the first subproblem in (5.2.26) can be given
by,

LY, (0712 (i, y) — @2 (i, y) ) = AL 0@, ), (5.2.44)
=N
for each fixed y € 2, , where

LN ﬂ”“/?(:chy) — £x75m+1/2<1’i,1/2, y), N/2 <1< 3N/4,

T,mu

0;(a" V2 ;) = (5.2.45)

Lfb\{cdm-i—lm ('Tiv y) - ﬁx,sm+1/2 (-’Bi, y), otherwise.
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Therefore, inside layer regions, we have
‘Qi(ﬂ”H/Q, ZEZ)’ S ’Lgcdﬂnﬂ/?(m, y) - Ex,sﬂnﬂﬂ(xi, y){ S Ohf(gl.[l + 82]2), (5246)

=N .
where y € ) remains fixed and

Tiv1 GAN+L/2 Tiv1 §3yntl/2

3
i—1 i—1 O

We also have the followings when z; lies outside of layer regions,

|0;(a" 2, @) | < LY, AP (@, y) — Lo 0P (@i, y)| < O+ I+ I3),  (5.2.47)

T,mu

where y € ﬁ;v is fixed and

i1 8327”“/2 ZTit1 a4uAn+1/2
h== | €wde =it [ T s

3 4
i1 al’ . 8x

T a?u’\n+1/2
dIs= — dg.
wd 1y =, [ S (6 e

i—1

Now, we are ready to provide an estimation of the local truncation error in the following

lemma.

Lemma 5.2.9. The local truncation error 0;(u"+/?, ;) at v = x; defined in (5.2.45) satisfies

the following error bound:

CNiz, Tx<x7j<1_7—x7
|0, (@12 2)| < (5.2.48)

| ON“21n? N, elsewhere.

Proof. We find the estimates for 6; for various values of x; separately in each of the subdo-

mains. Let us examine the next three typical cases in this regard.

Case (i): Inside the left layer region 1 <i < N/4:

In this case, using (5.2.46) we have,

Tit1 _ /By _ [By_
|]1| S/ (1+61_26 €:£+€1_2€ gz(l f))dé-
Ti—1
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

L €] €]

[ 1 27, 1 1 /&,
SC|h+ 5—~——=5+—55¢ Vo z]
6?/2 N 5?/2 621'3/2

[ T 1 -1 1 —2
L €q €q

Combining the last inequality with the first term on the right hand side of (5.2.46), we
get

hie, || < CN2In* N. (5.2.49)

A similar estimate can be obtained for I5, that is,

Ti4+1 B ~ N
| 15| S/ (1—1—513/26 535"‘513/26 \/Z(l O)df
Ti—1

< C|h* + i (e—\/?w”l ~ Zyxiq)_‘_i (6* %(1—96#1) . e\/?(lxiﬂ)}
&

[ z B B
< C|hf L e e Dot + y 617(1_%“)1
i €1 4/€1 €1

I 1 1
<C|h*4+ —=N"'InN+ —N—Q].

Combining the last inequality with the second term on the right hand side of (5.2.46), we
get

hiey |l < CN"2In* N, (5.2.50)

where we have used €3 < Ce;. Therefore, from (5.2.49) and (5.2.50) we obtain the desired

estimate.

Case (ii): Inside the right layer region 3N/4 <i < N — 1:
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In this case, using (5.2.46), we have

Tit+1 _ B By (1_
|11] S/ <1+51‘26 At et val £)>d§
Ti—1

N R R B )

1 _ /B, N 1
5:{’/2 5?/2\/5

., Ok S

J—a]

z —2 —1

€1 €1

8
We observe that hf = —N"'In N = O(e;N ' In N) when z; € (0, 9) for Case L. If we
Ho
assume g5 < N~ 'In N, then combining with the last inequality, we get

hfei || < CN?In®*N. (5.2.51)

A similar estimate can be obtained for I, that is,
L] < C {hf . (e‘ﬁ?’““ 2 e_\/T) L <e‘ G0 - fi(”i”ﬂ
€1

1 AY _ /B,
C{h“r — N2 =i Vet 2—1>}
51\/5_

1 1
< O(hf +—N7?+—N"'ln N>.
€1

€1

8

We see that hf = —N"'In N = O(ea N~ In N) when z; € (0, 79) for Case I. If we assume
Ho

go < N7'ln N, one can get

hfey I, < CN~2In® N. (5.2.52)

where we have used €3 < Ce;. Therefore, from (5.2.51) and (5.2.52) we obtain the desired

estimate.

Case (iii): Outside the layer regions: N/4 < i < 3N/4
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

In this case using (5.2.47), we have

Ti+4+1 /B - N
A §€1/ (1—I—8 32¢ 535—!—5 3/2,-\/ 50 g)>al§
Ti—1
_\/?I»Hrl _ e—\/?:ci,l

< Cg hx

€1

< on i+ LB L fFivn]
L &1 &1

[ 1 1
<Ce |hF+—N?+ —N‘Q} < CN?, (5.2.53)
L €1

€1

where we have used the followings: Since z;.; > 7, then we have
_ . /By, _ /B _ /B
4 o it S . o e — e = 004/€1 In N _ N,Q

for o9 = ﬁ A similar bound can be obtained by using 1 — x;41 > 7.

Similarly, for I, we have

Ti41
[Io] < €1hm/ (1 + ele /R + 526_\/g( O)dﬁ
T

< Cerhi | hi + . (e_\/?xl+1 —e e 1) + L (6_ a (o) _ e Q(l_xil))]

3/2 3/2

1 £ 1 BT (1—g.
S Cglhf hf 3/2 Slnh(hx) \/7 + 3—/2 Slnh(hx) €1 a 1)]
&1 €1

3/2 i 3/2 i

< Coht |he + L pre VB f L e /B0 m]

hw 1 B g, h.z’ 1 _ /B s
S CEthx h$ _I_ _1—/26 \/? v + v e \/?(1 z)]

< Ceihi |hi + + -+

<C el(hf)2+(hf)2l+(h?”)2 ! ] (5.2.54)
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Similarly, for I3, we have

" -2 —/Bx—
b<e | (mle VB ey V9
Ti—1

,/[z;’mz e ,/fzzz 1 - f—z(lf‘ri) . e*,/[z—z(lfxifl)

S 082 hx

\/E

| 1 — /&2, 1 /By (1—g;
< Cey |hE+ ——e \/?1+_6 JEa »}
L \/51 v/ €1
_ ] \
SC€2 hf—{——N72+

Here we have used the fact €3 < Ce; along with the followings: Since z; > 7., we have

_ . /B, _. /B _ /By
\/7177, To oo+/e1In N o _9
e €1 <e e1 —e €1 =N L

|

NQ} < CON™2 (5.2.55)

for oy = % A similar bound can be obtained by using 1 — z; > 7,.

B
From the above estimates of I;, I, and I3, it follows that ‘9 @ +1/2, ,)| < CN72
whenever 7, < z; < 1 — 7. ]

Theorem 5.2.10. Let es < N~! and a"+Y/2, U"/2 be the solutions of the BVPs (5.2.14)
and (5.2.26) respectively. Then we get:

CAtN=?, 7, <z, <1-1,,

HfjnH/Q LY (5.2.56)
28 CAtN—2In’ N, otherwise.
Proof. Using the inequality (5.2.44) and Lemma 5.2.9, it is clear that,
Li\f& (ﬁnJrl/Q (xiv y) - uAn+1/2(xi7 y)) =0 (fjn+1/27 xl) (5257)
CAtN 2, N/4 <i < 3N/4,
< (5.2.58)

CAtN—21n? N, otherwise.

We use the discrete maximum principle for I, by choosing the following discrete barrier

l,e»
function
C1AtN~2 N/4 <i < 3N/4,
D(z;) =
C1AtN~—21In® N, otherwise,
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for some C7 > 0. Thus, from the above, we easily get

N CAtN—2 N/4 <i < 3N/4,
Un+1/2(xi7 y) - uAn+1/2<xi7 y) S

CAtN—21n® N, otherwise,

for every y € Q). This proves the result (5.2.56). O

Theorem 5.2.11. Suppose U™ solves the problem (5.2.27) at t = t,4+1 and the function
™t solves (5.2.14). If &3 < N71, then we have:

CAtNT2, 1, <y; <1—m,

H(?”“ - a”“|§NH (5.2.59)

=N
! CAtN—21n* N, otherwise.
Proof. The proof can be carried out exactly in the same way as in Theorem 3.9 by Mrityunjoy

et al. (|69], pp. 269). O

Now, we present the main convergence result for Case I in the next theorem.

Theorem 5.2.12. Let U™ be the fully-discrete solution of the problem (5.2.30) fort = t, and

u solves the equation (5.1.1). Then, the global error accomplish the following error estimate:

C(At+N™?), m<x<l—-m, 7,<y;<1l-—7,,
CARSTATI R
C(At+N~2In’N), otherwise.
(5.2.60)

Proof. We first observe that,
U™ = ulty)|qy = (Un o ﬁn) " (ﬁn - m|QN) - (mQN — u(tn)|gn ) (5.2.61)

where U™ is the solution obtained at the n-th iteration in the discrete version of the problem
(5.2.14).
We now use Lemma 4.2.2 and Theorem 5.2.11 to get,

Hﬂ“|§N - U(tn)|§NHOO’§N S CAtQ,

CAtN—2, To <X <1—7p, 7y <y; <1—1y,
<

—N —

Un _on|
H |QN 00,82

CAtN—2In* N, otherwise.
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By using these estimates, nAt < T', and the inequality H (Lﬁfs)_l <C, i=1,2, we have

|7 =t gl o g < CAL(AL+NT2) + O U — ultu-a)lg | o
< COnAt(At + N72) < C(At + N72),

for 7, < x;,y; <1 — 7,. Similarly, using the same estimates, we can obtain the following

[U" = ultn)lgn || o gv < CAHAL+ N2 In® N) + C U™ = ultn-)lgy || g
< CnAt(At+ N7?In* N) < C(At+ N> In® N),

forz, <7, yy<tyanda;, >1—-17, y;, >1—1, O

5.2.4 Numerical experiments

In this section, we present the numerical results obtained with fully-discrete scheme proposed
here to solve successfully some problems of type (5.1.1) with appropriate parameters for Case
L.

Example 5.2.13. We take the following example of a parabolic SPP in the domain G =

(0,1)% x (0, 1].
([ Ou 0’u  0%u £ ou Ou
b - 2(9 . W (N 2 )42
5 51(8x2+8y2)+2< +:Ey> (8x+8y)+ u <a: x+y y)t,

(z,y) € (0, 1)}, 0<t <1,
u=0, for(z,y)el, 0<t<1,
u=0, att=0, (x,y)€(0,1)?

\

(5.2.62)
where ' =T, U, Uy UT,., and the parameters are taken from

Sl = {(51a52) &1 :10_k, 52:\{_3_17 k:172776} (5263)

EN-At and the uniform rate of convergence p™»»* in Table 5.1

We present the uniform error
and 5.2 with the loglog plot of maximum norm of the error in Figures 5.2-5.3. Although, the
theoretical results suggest that the scheme has first-order convergence in time and second-
order convergence in space, we are unable to observe it from Table 5.1. Therefore, we consider

the temporal mesh parameter as M = O(N?) so that it reflects the true convergence rate

Ph.D. Thesis 127 Mrityunjoy Barman

TH-3241_176123001



Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

in the space variable (see Table 5 in Das and Natesan [54]). In Table 5.2, we show that
2

the spatial convergence is second-order by taking At = — for time discretization in each

cases. The corresponding loglog plots in Figure (5.2) and Figure (5.3) represent the graphical

validation of the error estimates for Case 1.

Table 5.1: Error in max norm and rate of convergence for €5 = 1—31 with At = %
€1 N = 32 64 128 256 512

1071 | 2.6889e-03  1.3465e-03  6.7525e-04  3.3847e-04  1.6948e-04
0.9978 0.9956 0.9963 0.9979 -

1072 | 9.8135e-03  3.1231e-03  1.3435e-03  6.2993e-04  3.0570e-04
1.651 1.217 1.092 1.043 -

1073 | 1.8335e-02  5.9385e-03  1.9982¢-03  8.5954e-04  4.0188e-04
1.626 1.571 1.217 1.096 -

1074 | 4.6455e-02  2.4289e-02  1.0738e-02  3.8073e-03  1.3920e-03
0.9354 1.177 1.495 1.451 -

1075 | 4.6452e-02  2.4298e-02  1.0743e-02  4.1636e-03  1.7402¢-03
0.9349 1.177 1.367 1.258 -

1079 | 4.6508e-02  2.4299e-02  1.0744e-02  4.1641e-03  1.7403e-03
0.9365 1.177 1.367 1.258 -

ENA | 4,6508e-02 2.4299e-02 1.0744e-02 4.1641e-03 1.7403e-03

pNAt 0.9371 1.177 1.367 1.258 ¥

5.3 Analysis of the hybrid scheme: Case II

We have addressed the consistency and the stability of the hybrid scheme for the first case
in the previous sections. In the subsequent part, we confine the analysis to the case when
€2 > %81 For the current case, the problem (5.1.1) has regular boundary layers of width
O(e2) near the inflow boundaries, i.e. at the edges z = 0 and y = 0, and there are regular
boundary layers of width O(sl / 52> appearing at the outflow boundaries x = 1 and y = 1.

We use the same solution decomposition (5.2.1) for the continuous solution, but the layer
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Analysis of the hybrid scheme: Case I1

H#O(N
\ o] = 1073
3 =1 = 1074
IE -961 =10"°
£ _9q.2
:ES 0 = 0O(N~*In"N)
£10° "
X
@©
=
()]
2
2
c
s D
103} 1

32 64 128 256 512
Number of Nodes N

1
Figure 5.2: Visualization of the loglog plot of the maximum point-wise error with At = N

2 & +O(N"?)
10 \~\§§‘ _-6]_ — 10—2
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©
=
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Figure 5.3: Visualization of the loglog plot for the maximum point-wise error with At = INZ
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

Table 5.2: Error in max norm and rate of convergence for e, = \{—;_1 with At = %
€1 N =16 32 64 128 256

107! | 8.3986e-03  2.1105e-03  5.2896e-04  1.3241e-04  3.3122e-05
1.992 1.996 1.998 1.999 -

1072 | 1.3961e-02  3.4999e-03  8.7619e-04  2.1920e-04  5.4819¢-05
1.996 1.998 1.999 1.999 -

1073 | 1.5325e-02  3.8564e-03  9.6459e¢-04  2.4121e-04  6.0309¢-05
1.990 1.999 1.999 1.999 -

107% | 1.5324e-02  3.8653e-03  9.7018e-04  2.4305e-04  6.0838e-05
1.987 1.994 1.997 1.998 -

1075 | 1.5324e-02  3.8653e-03  9.7018e-04  2.4305e-04  6.0838e-05
1.987 1.994 1.997 1.998 -

1076 | 1.5324e-02  3.8653e-03  9.7018e-04  2.4305e-04  6.0838¢-05
1.987 1.994 1.997 1.998 -

ENAt | 1.5324e-02 3.8653e-03 9.7018e-04 2.4305e-04 6.0838e-05

plVAt 1.987 1.994 1.997 1.998 -

components, however, respect the following bounds:

aks +kt v

Oxkroyk20tk | —

aks +k3t wL

OxkrQyk20tke | —

aks +k't wR

OxkrQyk2 Otk

aks +k3t wB

OxkrQyk20tke | —

aks +kt wT

Oxk1Qyk2 Otk

(5.3.1)
(5.3.2)

(5.3.3)

(5.3.4)

(5.3.5)
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Analysis of the hybrid scheme: Case I1

and
% < C'min {ﬁg_kl@_;:% 52_k2€_27:2} (5.3.6)
| < cmin e, (2) et} o
| < cun (e Ee, (@ ReEenl s

where ks = ki + ko and 0 < ky + ko + 2k, < 4. We refer the reader to [68] for more details

on the rigorous parameter-explicit bounds.

5.3.1 Temporal and spatial discretizations

In this case, the semidiscrete problem is exactly given as in the previous section, that is u"
is the solution of the semidiscrete problem in (5.2.13) and @™ can be defined similarly as we
have done in (5.2.14). We remark that the analysis for the semidiscrete problem (5.2.13)
does not depend on the discretization of the domain in space. Moreover, we describe the grid
with constant step-length At for time variable as in (5.2.12). Therefore, the results stated
in previous part are also held for the current case. The following results can be established
following a similar approach as we did in the previous case and hence, we simply state them

without repeating their proofs.

Lemma 5.3.1. The estimate for the local error e, due to time discretization satisfies the

following
lentillg < CA, n=0,1,...,M-1. (5.3.10)
Lemma 5.3.2. The global temporal error E,, = u(t,)—u", 1 < n < M satisfies the following
estimate
sup [|Enllq < CAt. (5.3.11)
nAt<T

However, the spatial mesh is not same as the one described in the previous sections due to
the different layer configuration. We first describe the mesh along x-direction and similarly,
we create the mesh along the y-direction also.

Let us define the characteristic equation

—san(x) +e9 bi(x,y)n(x) + c1(x,y) =0 (5.3.12)
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

by keeping y as a parameter. Next we define the constants

—e5B 232 4 202 4
o = E201 + \/E357 + 51’71, 1y = 26 + Ve30° + “m (5.3.13)
251 251
with By = ||b1]| ., c1(z,y) > 7. For the grid in a-direction, the transition parameters 7, 7

satisfy
1 2 1 2
To = min {—, —lnN}, 71 = min {—, —lnN}.
4" o 4"
Then, the domain €, = [0, 1] is splitted into the following subintervals by,
Q. =10, 7]U[ro, 1 =] U[l —7, 1].

Here also we distribute the grid points along the z-direction in a ratio of 1 : 2 : 1 among

these intervals. Thus, the Shishkin mesh described in this direction can explicitly be defined

as 4
%, 0<i< N/4,
. N\1—1m—m7n .
T; = 7'0—0—2(1— Z)T, N/4< L < 3N/47 (5‘3‘14)
L 3N 1 o
1— 43— =—— | = N/4 < N.
\ 7—1+ (/L 4 )N7 3 / <ts

We note that a similar set of meshpoints for ﬁg can be constructed along the y-direction by

using the following transition parameters
1 2 1 2
Tozmin{—, —lnN}, lemin{—, —lnN},
4" po 4 m

where the constants py, p; satisfy

 —&By+ \/5333""—451727 o1 = e2ff + \/m, (5.3.15)

2
0 — 1 2
261 261

Wlth B2 = ||b2||oo7 CQ(LC,y) Z Y2
Since the boundary layer structure at various boundaries are not the same and they
depend on the constants pg, 1, we observe the following properties of the semidiscrete

solutions of the problem in (5.2.14) for the present case.

JeL

Lemma 5.3.3. Let €y, &5 satisfy the relation €3 > and W"Y/? solves the equation (5.2.14)
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Analysis of the hybrid scheme: Case I1

for0<n < M—1. Then fori=0,1,...,<4, we obtain

on+1/2 ' .
| < 0[1 + ple POt 4 ugem(l@], 0<z<1, (5.3.16)
x’l
0by .
when 2¢eq ||— < (1 —p) and po, p1 are defined and for 0 < j < 4, we have
00,2
it ‘ .
50 <C [1 + pe oY + /ﬂle_p“l(l_y)} , 0<y<1, (5.3.17)
Y
. Oby
with p,0 € (0,1) and 2¢es || = <4(1—p).
ay 0,§2
Proof. Proof of the above lemma is available in [69]. O

5.3.2 Convergence analysis

In this section, we will study the convergence analysis of the fully discrete problem in (5.2.30)
and (5.2.31) for the Case II. As we mentioned earlier, the Lemma 5.2.5, Lemma 5.2.6 and
Lemma 5.2.8 are valid for the current case as well. Now, we present the estimate for the
local truncation error of (5.2.30) - (5.2.31) on a Shishkin mesh defined for Case II.

Lemma 5.3.4. The local truncation error 0;(u, x;) at x = x; defined in (5.2.45) satisfies the

following error bound:

CON72, 1,<x;<1-—1,
10;(u, ;)| < (5.3.18)
CN—2In*N, otherwise.

Proof. We find the estimate for 6; separately for z = x; in each of the regions. We examine

the following three typical cases one by one.

Case (i): Inside the layer regions: 1 <i < N/4
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

In this case, using (5.2.46), we have

Ti g 7676
Ti—1

1

3
£ _By,. _ By, 15 _Byea (... _Byea (...
SC{EWH%(G v )]m—i {e e _ o~ e
€ €7

2
&1 hl‘ _ By i £5 _Bre2 1—z;
< C(elhf+—3—ze 2" fey—2e (1)
3 €

2 Lx 2
es hf _81,. €5 _Brea ..
< C(elhg?—}——Q—Ze szl—l—sz—ge o ml))
€

1
< 0(5152N‘1 InN++—N"'InN + 52> .
&2

Combining the last inequality with the first term on the right hand side of (5.2.46), we get,
hf || < CN~?1In* N. (5.3.19)

A similar estimate can be obtained for I, that is,

z; o 3 W
LI< | efl1+ete 242 = 19)g
2 83
Ti—1

1

=

£2
£ _B B _Byea g _Byea g
< 0{82]1? ; (e 2T _ g 1)} —}-Cl —2 ( o o) zz‘l))]
€3 €1

ha: By 52 _Byea g ..
< Clexhi + ——e CE Ea—2e “ )
€9 E9 &1

1
< (J(sgN—l InN+—N"1lnN+ 52) :
€2
Combining the last inequality and the right hand side of (5.2.46), we get
h¥ || < CN~21In® N. (5.3.20)

Therefore, from (5.3.19) and (5.3.20) we obtain the desired estimate.

Case (ii): Inside the layer regions: 3N/4 <i< N —1

Ph.D. Thesis 134 Mrityunjoy Barman

TH-3241_176123001



Analysis of the hybrid scheme: Case I1

In this case, using (5.2.46), we have,

i 4 Brye
L] </ <1+€2 e 2 ZIZ(IO)df
15

1

C |:€1ha: (6 f;mz . 6—'5;’11'_1):| +C |:€1€_§ (e_ﬁzlﬂ(l—a:i) o 6—5;’152(1—2:1-_1)):|
€1

IN

e1hi _sv,, _ By
C 1N 'ln N+——€ 2l 4 1 th oa 1))

IN

IN

ﬁws
C( —“N'InN + 1N 11nN+61——N L N2~ =00 fﬂ)
(3

IANInN + 1N 11nN—|—52—N_11nN)

€1
< C(ggN—l N4+ IN TN + 2Nl N).

From the last inequality and the equation (5.2.46), we get

he |1 < 2—2N*1 In N || < CN~2In? N, (5.3.21)
1

A similar estimate can be obtained for I, that is,

x; e
2| < / (1 +e5°% At 36 312(1_0)(15
Ti—1 61

1 A7 [ _Bry, 2 _Bve2 g
<C [51]\7_1 InN + ——+ (e 2 1‘1)] +C |:€2€—§hf@ (e o (1 l‘”)}
e te

€9 &2

C<51N 11nN+ N IIn N+ 22 N—llnNg—l)
6182 E9

< C<51N‘1 N+ 2NN+ 2N N).
£

€1
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

From the last inequality and the equation (5.2.46), we get
W |L| < NI N |L| < CN~2In2 N. (5.3.22)
€9

Therefore, from (5.3.21) and (5.3.22) we obtain the desired estimate.
Case (iii): Outside the layer regions: N/4 < i < 3N/4
In this case, using (5.2.47), we have,

Ti+1 8y 53 . -
|[1‘ S / €1 (1+€236 536"‘6—56 512(1 Q)df
Ti—1 1

€1 By, B
SO 51hf+—2<@ ngJrl—@ ng 1>:|
€2

2 [ £
+C |:515_§ (e*’ezilg(l*wiﬂ) _ 6*53712(1*11'71)) ]

Zgi,

3 £
< C {EEN_I + eff—;m + 61h¢i (6 ﬂzlz (1xi+1)>]

< C(e%N—l + N2+ 51hf) < CN2 (5.3.23)

Similarly, for I, we obtain

xi — [ g2 _ By
’[2’ S / €2<1+522€ s;§_|__§€ 512(1 O)df
Ti—1

€1

By, _Bug.
=4 C{sghf—k (e 2 —e @ Zl)]
+C {622 (652162(1961) _ 6@?“*%1))}

€1

_BJZ. 92 _Breg 1—z; _Breg g i
Sc[gzh;q_e 62m+1—|—52—<6 o () — 2 (Ao
€1

3

3
E5 E9 _PBrea ..

< C[szhﬂN—uglh;_z_?e 221 zz_n}
€1 €1

<C <52h§ + N2+ slth) < CON72
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So, we have
|| < ON~2. (5.3.24)

Similarly, for I3, we also have

o By 2 _ Bye _
| 5] S/ hf<1+52—26—5;£+€_§e 21 f))d5
Ti—1

€7

<ol 2 (et )]

€2

Bre (1 gy _BYER( g
+C[hf5—2<e‘ ) _ ot H))} (5.3.25)
€1

i} Bryes

1 _8v,. € € - (1—zit1)
<C (hf)2 + hf€§—3€ SR == heZ2pr2 <e €1 )]
L €9 €1 €1

1 2
Z; E5 T

[ 1 2 il
< O |(h®)? + hee2— + (h*)2EL ]

I 1 & &
< C|(hf)* + hie} hp)P g —
< O|(h)"+ 16252111]\7+(Z) e2e;In N

<C|(h)?+hiNT' + (hf)QN‘l} < CN~2. (5.3.26)

Using the inequalities (5.3.23) - (5.3.25) in (5.2.47), we obtain the desired estimate. O

Theorem 5.3.5. Assuming U2 be the function defined in the semidiscrete problem
(5.2.26) and u"*'/2 be the solution defined in (5.2.14) on ﬁN, the following bound holds:

CAtN_2, T0 < x; < 1—7'1,

Hﬁn-‘rl/? . an+1/2‘§N H (5.3.27)

oV = 212 .
o CAtN—“In“ N, otherwise.

Proof. The proof is based on the truncation error estimate given in Lemma 5.3.4 and can be

done exactly in a similar approach as Theorem 4.2.9. O

An analogous proof for the following theorem follows for the second subproblem as well.

Theorem 5.3.6. Let U™ solves the semidiscrete problem (5.2.27) at t = t,41 and G
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

solves the problem (5.2.14). Then the following bounds are valid:

CAtN_Q, Togyj S ].—Tl,

|om = @t g (5.3.28)

v =
00,2 CAtN—2In? N, otherwise.
Now we present the main convergence theorem of this section for Case II.

Theorem 5.3.7. Let U™ be the fully-discrete solution of the problem (5.2.30) at t =t, and
let u be the exact solution of (5.1.1). Then, the global error can be estimated by

C(At+N72), nn<a,y <1—m,
D ), o ST, ' (5.3.29)

0" —u(t)l], v <
C (At + N~21n? N) ,  otherwise.

5.3.3 Numerical experiments

Here, we illustrate the numerical experiments obtained by applying the fully-discrete scheme
to efficiently solve the problem (5.1.1) with appropriate parameters for Case II. We take the

test problem as in Example 5.2.13 with the following configuration:
52 = {(81,82) s El1 = 107]672, &g 2811/47 k= 1,2,...,6}. (5330)

We present the parameter-uniform error EV4* and the parameter-independent rate of
convergence p’*2* in Table 5.3 and Table 5.4 with the diagram of the plot of the maximum
norm of the error in logarithmic scale in Figures 5.4-5.5. Although, the theoretical results
suggest that the scheme has first-order convergence in time and second-order accurate in
space, we are unable to observe it directly from Table 5.3. Therefore, in order to reveal the
actual convergence order in space, we take M = O(N?) (see Table 5 in Das and Natesan
[54]). By taking At = % in Table 5.4, we show that the spatial convergence is also of
second-order. The corresponding loglog plots in Figure (5.4) and Figure (5.5) represent the

graphical validation of the error estimates for Case II.

5.4 Conclusions

In this work, we construct and analyze an efficient ADI-based hybrid numerical method
for a class of IBVPs of parabolic type in two dimensions with two perturbation parameters

appearing in the diffusion and convection terms. A Shishkin mesh that is piecewise-uniform
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Figure 5.4: Visualization of the loglog plot of the maximum pointwise error with At = N

—h -t
S S
w N

Poinwise Maximum error
—
o
A

10°°

«-0O(N~2)
+. #cp =107°
~§.

~QSQ. ©c = 10~

N _

N f&, <tz =107

o \~Qt~ e, =10

~ ~ Q\.
S e ~%ﬁ
% “Sfyt ]
S \~3t
N
X - ~\5§:
~ SN, Sy
~ < \~ i
~
S \’&
~
S ~
~
~
x

16 32 64 128 256

Number of Nodes N
2
Figure 5.5: Visualization of the loglog plot for the pointwise error with At = ek
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

Table 5.3: Error in discrete mazimum norm and rate of convergence for 5 = ,%/* with

1
At:N.
€1 N = 32 64 128 256 512
1073 | 2.6384e-03  1.0144e-03  4.4362e-04  2.1165e-04  1.0592e-04
1.3790 1.1932 1.0676 0.9987 -
107 | 1.1437¢-02  3.2067¢-03  9.6936e-04  3.6841le-04  1.5976e-04
1.8345 1.7260 1.3957 1.2054 -
107° | 3.0478¢-02  1.3491e-02  3.8035¢-03  9.7979¢-04  3.1984c¢-04
1.1757 1.8266 1.9568 1.6151 -
1076 | 3.1220e-02  1.5739e-02  6.1459¢-03  1.8989e-03  6.2574e-04
0.9881 1.3567 1.6945 1.6016 .
1077 | 3.1482e-02  1.5954e-02  6.2044e-03  1.8831e-03  5.9559¢-04
0.9806 1.3626 1.7202 1.6607 -
1078 | 3.1702e-02  1.6042e-02  6.2324e-03  1.8742¢-03  5.7995¢-04
0.9827 1.3640 1.7335 1.6923 -
ENAt | 3.1702e-02 1.6042e-02 6.2324e-03 1.8989e-03 6.2574e-04
plAt 0.9827 1.3640 1.7146 1.6015 -

and adapts to the layer characteristics of the solution has been used to construct the spatial

grid. The present hybrid scheme has been established to be consistent as well as stable with

respect to the perturbation parameters. Appropriate error estimates are achieved separately

for two different cases having different structures of the layer. The numerical experiments

are performed to validate the theoretical convergence results and illustrate the efficiency of

the proposed strategy.
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Table 5.4: Error in discrete mazimum norm and rate of convergence for g5 = e'/* with

a-
€1 N =16 32 64 128 256
1073 | 1.1486e-02  2.9178e-03  7.3170e-04  1.8306e-04 4.5774e-05
1.976 1.995 1.998 1.999 -
107* | 1.5099e-02  3.5688e-03  8.8353e-04  2.2029e-04 5.4958e-05
2.080 2.014 2.003 2.003 -
107° | 2.2552e-02  5.4735e-03  1.3195e-03  3.0228¢-04 6.5451e-05
2.042 2.052 2.126 2.207 -
107% | 2.6002e-02  6.4810e-03  1.6301e-03  4.0277e-04 9.8641e-05
2.0043 1.991 2.016 2.029 -
1077 | 2.7967e-02  7.0189%e-03  1.7690e-03  4.4095e-04 1.1015e-04
1.994 1.988 2.004 2.001 -
1078 | 2.7184e-02  7.3289¢-03  1.8462¢-03  4.6116e-04 1.1538e-04
1.891 1.989 2.001 1.998 -
ENAL 1 2.7967e-02 7.3289e-03 1.8462e-03 4.6116e-04 1.1538e-04
plAt 1.891 1.989 2.001 1.998 -
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6.1 Summary of the thesis

In this thesis, we have proposed some computationally efficient, yet very simple numerical
algorithms for a class of degenerate SPPs and a class of parabolic non-degenerate SPPs
with two parameters in two dimensions. The numerical methods discussed here are not only
convergent, they are uniformly stable with respect to the perturbation parameters also. We
can summarize the works in this thesis as follows.

In Chapter 2, we have considered a singularly perturbed degenerate BVP with two param-
eters €1, 5. Depending on the relations between the parameters, we studied the problems
in two different cases, namely €2 < Ce; and €5 > Ce, due to the difference in the bound-
ary layer structures. In each of these cases, we have discussed the a prori estimates on the
derivatives of the regular and layer components of the exact solution. We have considered
the characteristic equation of the problem and defined the transition points based on that
in order to design the Shishkin mesh. We have used an standard upwind scheme for solving
the problem numerically and achieved first-order accuracy in the approximation. We also
have studied the Richardson extrapolation method for improving the approximate solution
of the same model problem considered in the previous chapter. The extrapolation scheme
is derived from the existing numerical solution U on a Shishkin mesh Q" and the solution
UV obtained on the refinement of the same mesh by keeping the same transition points.
The truncation error estimates are computed for every singular and smooth components of
the solution to prove the consistency of the scheme. We also discuss the parameter-uniform
stability to establish the second-order convergence of the method.

In Chapter 3, we have considered a time-dependent convection-diffusion-reaction problem
with parameters with smooth initial data. To define the semidiscrete problem, we used
backward-FEuler scheme to approximate the time derivative on a uniformly spaced temporal
grid. For spatial mesh, we have formed Shishkin mesh with the transition points defined in
the same way as we did the previous works. Then, a uniformly convergent upwind finite
difference method has been used to discretize the spatial derivatives for describing the fully-
discrete problem. The resulting scheme has been established to be first-order accurate in both
space and time variables. We also employed Richardson extrapolation scheme to enhance
the spatial convergence of this solution to second-order. Suitable numerical examples are
included for validation of the theoretical estimates for both schemes.

In Chapter 4, we have studied a first-order convergent upwind scheme for a 2D parabolic
SPP of convection-diffusion-reaction type with two parameters. In this work, we used
backward-Euler scheme for the time variable and an ADI-type operator splitting method for

the space variables. While the temporal mesh has been taken as equispaced, the piecewise-
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uniform Shishkin mesh was considered for spatial discretization. The scheme was proved
uniformly convergent and first-order accurate in both time and space variables. Appropriate
examples are discussed to support the convergence results at the end of the chapter.

The last work in this thesis discusses a hybrid numerical scheme for the same model
problem in Chapter 5. Here we use ADI-type finite difference scheme which is a combination
of a midpoint upwind scheme and a central difference scheme for the spatial derivatives.
Backward-Euler approximation of time derivatives ensures first-order accuracy for time vari-
able, while the hybrid scheme has second-order convergence for the space variables. The
consistency and stability of this scheme has been numerically established with the help of

some suitable examples in the end.

6.2 Future scope of the thesis

6.2.1 Numerical approximations for a two-parameter singularly
perturbed parabolic problem of convection-diffusion type

with a discontinuous initial condition

In this work, we study the SPP of the following type

Ut — Eqlgy + E0a(x, t)u, = f(z,t), 2€Q=1(0,1), te(0,T],
u(r,f)=0, z€o0=0\0, 0<t<T, (6.2.1)
u(z,0) = ¢(z) € C(Q), =€

We assume that the functions a, f, ¢ satisfy the bellow conditions:
a, f € C*(Q) for some v > 0, a(z,t) > a >0, and that ¢!V (0) =0=¢"(1), 0 <1 < 4.

Let there be a point d € (0, 1) such that ¢ is not continuous at = = d, but ¢ € C*(Q\ {d}).
Due to the presence of this non-smoothness in the initial condition, the solution exhibits an
interior layer along with a boundary layer. Since the problem is parabolic in nature, the
location of the initial layer moves in time in case of a convection-diffusion problem, while
in case of a reaction-diffusion equation, it remains fixed. In this model problem, the formed
interior layer moves along a characteristic curve which, is associated with the corresponding
reduced problem. Gracia and O’Riordan [11, 70] discussed about the movement of the interior

layer for convection-diffusion SPPs. This affects the convergence rate of the numerical scheme
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for convection-diffusion problems in the original domain. Therefore, we need to transform
the space variable z into s so that the characteristic curve can be transformed into a straight
line, around which we can construct the required Shishkin mesh for the computation. The

following map S : (x,t) — (s, t) is a possible transformation which will serve our purpose.

xd
TN X S d(t)7

s =4 A0 (6.2.2)
1—1_—d(t)(1—l'), else.

However, no such transformation is necessary if a(z,t) is only time-dependent. We plan to
solve this problem using a uniformly convergent finite difference method in the transformed

domain.

6.2.2 A comparative study of singularly perturbed parabolic
convection-diffusion-reaction problems on some layer-
adapted meshes using streamline-diffusion finite element

methods

We study the following parabolic SPP:

ou 0*u ou
E—gﬁ—i-b(x)%—l—c(x)u(m,t) = f(z,t), €Q=(0,1), te(0,T],
w(0,8) =0, u(l,t)=0, 0<t<T, (6.2.3)

u(z,0) = ¢(x), =€,

where the perturbation parameter e satisfies 0 < ¢ < 1. The coefficient functions b, c as
well as the given functions ¢, f are assumed to be sufficiently smooth. To construct the
computational mesh, we use the idea of original Bakhvalov mesh. The mesh generating

function \(t), associated with the exponential boundary layer at z = 0, is defined as

IN

t<

W(t) == oep(t), 0

= (6.2.4)
V(o) + Y (o)t —a), a<t<l1,

where ¢(t) = In Lt’ 0<t<gqgand o >0,qé€(0,1)are user chosen parameters. It is not
q —_

difficult to see that the mesh is graded inside the layer region, while we see uniform spacing

outside the region. To create the mesh, we also assume ¢'(0) < 1, which gives oe < ¢q. The
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mesh transition point « corresponds to the point (o, 1(«)) where the tangent from the point

(1,1) touches the curve 9 (t). Thus, « is given by the following implicit relation

1—¢(e)

1l -«

= (a). (6.2.5)
The generated modified-Bakhvalov mesh points are defined by

Now, since the relation (6.2.5) does not give « explicitly, we therefore need to approximate it
suitably to construct the computational mesh. We follow the idea of construction of the mesh
described in |71], and our goal is to present the analysis of the method on this special mesh.
We plan to solve the parabolic problem using a uniformly convergent streamline-diffusion
finite element method (SDFEM).

6.2.3 Higher-order accurate numerical method for singularly per-
turbed parabolic problems of degenerate type with two per-

turbation parameters in 2D

We consider the following singularly perturbed degenerate parabolic problem:

u + Lou= f(x,y,1), (r,y)€Q=(0,1)*, te€(0,T],
u(z,y,t) =0, (2,9) €00=0\Q, 0<t<T, (6.2.6)

w(z,y,0) = ¢p(x,y), (z,y) €,

where 0 < 1,69 < 1 and

Lou:=—eAu+ EQB(x, y) - Vu+ c(z,y)u, (6.2.7)
B = (617/6\2)7 /b\l(x7y) = bl(xv y)xp’ /Eg(l',y) = b?(xay)yqa b, q Z 17 (628)
bi(x,y) > B1 >0, by(z,y)>P2>0, clz,y)>co>0, x€Q. (6.2.9)

We also assume that the associated functions by, by, ¢ are all smooth enough and the source

function f = f; + fs satisfies the compatibility property,

fl(ZE,O,t) = fl(ZL‘, 1,t) = fQ(O,y,t) = fg(]_,y,t) = 0. (6210)
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We will complete the analysis of the convergence of an standard upwind method for
solving this degenerate problem in two separate cases based on the boundary layer formation
at the boundaries of the domain. For grid construction, we propose to use the modified-
Bakhvalov mesh for a better resolution of the layer structure which depend on the relations

between the parameters 1, &5.
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