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ABSTRACT

The aim of this thesis is to construct and analyze some simple, yet very efficient numeri-
cal methods that produce parameter-uniform approximate solutions to singularly perturbed
differential equations (SPDEs) with two parameters. The SPDEs with two parameters are
available in fields of applications in real life, for example fluid mechanics, chemical reactions,
control theory, lubrication theory and electrical networks, etc. In most cases, due to the
presence of the parameters and the prescribed boundary conditions, the solutions give rise
to some interesting phenomena called ‘boundary layers’. The problems having this kind
of solution characteristics require some special adaptive strategies to compute sufficiently
accurate numerical approximations.

We observe that the uniformly spaced grid cannot produce an approximate solution that
properly reflects the boundary layer behaviour without using a large no. of mesh points.
Thus, it is very difficult to compute the solution due to the limitations in our computing
resources as well as the algorithm becomes inefficient. The adaptive mesh generation strate-
gies help us to get rid of this issue by distributing a sufficient number of mesh points within
the layer regions in the domain. In this thesis, we construct the layer-resolving Shishkin
meshes for the spatial discretizations using the given problem data while the uniform grid
for the time variable was sufficient.

The classical finite difference techniques usually fail to provide such reliable numerical
solutions, and this is why the thesis studies some robust convergence finite difference meth-
ods that provide a fix. In this work, we describe some upwind finite difference schemes
which supply some efficient solving methods for some solutions with parameter-independent
accuracy. At first, we compute a uniformly stable and consistent numerical solution that
approximates the solution to two-parameters degenerate boundary-value problems (BVPs)
using this method. Then, we obtain a second-order accurate solution from this solution using
Richardson extrapolation by preserving the consistency and stability in the solution. Then,
we consider a degenerate parabolic problem involving two parameters as coefficients in the
convection and diffusion term and use an implicit-Euler to approximate the time derivative
and an upwind finite difference scheme for spatial derivatives to obtain the first-order ac-
curate numerical solution. We also improve the accuracy of this solution by employing the
Richardson extrapolation strategy to get a second-order convergent extrapolated solution.
Then, we construct an Alternating Direction Implicit (ADI) scheme for singularly perturbed
2D parabolic convection-diffusion-reaction problems with two small parameters. We consider
the operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and
a simple upwind-difference scheme for spatial discretization to compute a first-order conver-
gent solution. Finally, we propose a method which is a combination of the backward-Euler
method for the time variable and a hybrid method the space variables. The developed nu-
merical method is proved to be first-order convergent in time and second order convergent in
space. In each of the above studies, we discussed the error estimates on the Shishkin mesh
with discrete maximum norm to establish the uniform convergence of the methods. We have
also validated the convergence results by performing numerical experiments on some suitable
examples.
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Chapter 1: Introduction

Singular perturbation problems (SPPs) appear in many branches of science including
computational fluid dynamics, financial modelling, heat transfer, hydrodynamics, chemical
reactor theory, mathematical biology, and many others [1]. This type of problems is typically
characterized by an arbitrarily small parameter multiplied with some or all of the highest
order derivative terms in the governing differential equation. The study of singular pertur-
bation problems initiated during the beginning of the 19th century, when Ludwig Prandtl
presented some articles on the boundary layer theory. In his work, he explained how a quan-
tity as small as the viscosity of common fluids such as water and air can play a crucial role
in determining their flow profile. He introduced the terminology ‘boundary layer’ which is a
very familiar phenomenon in the concerned areas of Physics and Engineering.

Singular perturbation theory is of great importance in many fields of modern science.
This type of problem attracted the attention of scientists mainly due to the interesting phys-
ical behavior of their solutions. Subsequently, the study of these problems has grown into a
substantial field of study in applied mathematics for many decades. A good number of text-
books are written by various mathematicians on the analytical and numerical approaches of
solving SPPs over the years. Unfortunately, the analytical methods have certain limitations,
and hence, people started focusing on some effective ways to numerically solve the problems.
Till date, many numerical ways including finite difference methods (FDMs), finite element
methods (FEMs), and finite volume methods (FVMs), have been developed in order to solve
these problems efficiently. The main goal of these methods is to develop a strategy for finding
approximate solutions whose accuracy does not depend on the associated parameters.

1.1 Preliminaries

Let Ω be a bounded domain in R, and G = Ω ⊂ R. For each k ≥ 1, let Ck(G) be the space
of all functions which are k-times continuously differentiable on G. The usual norm we are
going to use for approximations is the sup norm (or max norm). Thus, for any f ∈ Ck(G),
we define the following norms and semi-norms as follows:

∥f∥G = sup
x∈G

|f(x)| , ∥f∥k,G = max
0≤l≤k

∥∥f (l)
∥∥
G
.

For 0 ≤ l ≤ k, we also define
|f |l,G =

∥∥f (l)
∥∥
G
.

Thus, we can see
∥f∥k,G = max

0≤l≤k
|f |l,G.

Ph.D. Thesis 2 Mrityunjoy Barman

TH-3241_176123001



Preliminaries

In particular, when k = 0, we denote

∥f∥0,G = ∥f∥G .

Now, we define the discrete norms in a similar way. We consider an arbitrary mesh,

Ω
N
:= {xj : 0 ≤ j ≤ N, x0 ≤ x1 ≤ . . . ≤ xN} ⊆ G,

where x0, xN ∈ ∂Ω. For any mesh function S on this mesh, we define the discrete norm as,

∥S∥∞,Ω
N = max

0≤i≤N
|Si|.

We now introduce the order notations “O” (read as “big-oh”) and “o” (read as “little-
oh”) to describe the asymptotic growth of a function with respect to perturbation parameter.
Suppose f and g are two real valued positive functions of the positive parameter ε.

Definition 1.1.1. (“O”-notation)

We call a function f(ε) to have an asymptotic growth of O(g(ε)) as ε → 0 if there exist
ε0 > 0 and C > 0 such that

f(ε) ≤ Cg(ε), for all 0 < ε ≤ ε0.

Equivalently, we write it as f(ε) = O(g(ε)) as ε → 0. For example, 2ε2 = O(ε2) when ε

approaches 0. Note that in this case, we have

lim
ε→0

f(ε)

g(ε)
= C.

Definition 1.1.2. (“o”-notation)

We call a function f(ε) to have an asymptotic growth of o(g(ε)) as ε→ 0 if there exist ε0 > 0

such that for all C > 0,

f(ε) ≤ Cg(ε), for all 0 < ε ≤ ε0.

Equivalently, we express it as f(ε) = o(g(ε)) as ε → 0. For example, 2ε2 = o(ε) when ε

approaches 0. Note that in this case

lim
ε→0

f(ε)

g(ε)
= 0.
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1.1.1 Singular perturbation problems

Let us take an example of the following equation in a bounded domain Ω ⊆ Rn:

Lεu(x) = f(x), x ∈ Ω ⊆ Rn, (1.1.1)

with some appropriate boundary conditions on u and Lε is a differential operator that de-
pends on ε, a small positive parameter. Usually we consider the parameter ε to be very
small in magnitude, such as 0 < ε ≪ 1. We now define the associated regular problem by
setting ε = 0 in (1.1.1) as

L0u(x) = f(x), x ∈ Ω. (1.1.2)

Let the original problem (1.1.1) has a solution uε and the reduced problem (1.1.2) has a
solution u0. Then, we can define SPPs in the following manner.

Definition 1.1.3. (Singular Perturbation Problem)
The problem (1.1.1) is called a regular perturbation problem with respect to some norm
∥.∥ if the solutions uε, u0 satisfy

lim
ε→0

∥uε − u0∥ = 0 as ε→ 0.

The problem (1.1.1) is called a singular perturbation problem or singularly perturbed
problem if it is not a regular perturbation problem.

Let us consider the following example to elaborate the above definition.

Example 1.1.4. Suppose uε satisfies the following boundary-value problem in the domain
(0, 1):  −εu′′(x) + 2u′(x) = 2, for 0 < x < 1,

u(0) = 0, u(1) = 0,
(1.1.3)

where ε is a very small parameter such that 0 < ε≪ 1.

The exact solution of the above is given by

uε(x) = x− e−2(1−x)/ε − e−2/ε

1− e−2/ε
, 0 < x < 1,

while the reduced problem has the solution u0(x) = x with the zero boundary condition.
From Figure 1.1, we clearly observe that in a narrow region of the domain, there is a signif-
icant difference in the behavior of the corresponding solutions of the original problem and

Ph.D. Thesis 4 Mrityunjoy Barman

TH-3241_176123001



Preliminaries

the reduced problem, while they mostly agree in the remaining part. This indicates that
the problem is not regularly perturbed as ∥uε − u0∥∞ = 1 with respect to the sup-norm.
Therefore, Example 1.1.4 is singularly perturbed ordinary differential equation for the given
boundary conditions in (1.1.3) in the domain (0, 1). This phenomenon that the solution
making a abrupt change in a small part of the domain is usually known as a boundary layer
occurrence.
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Figure 1.1: Comparison of the exact solution for Example 1.1.4 vs the solution of the reduced
problem.

We can formally state the following definition of a boundary layer formed by the solution
of an SPP based on the nature of the gradient of the solution.

Definition 1.1.5. (Boundary Layer: A Mathematical Definition)
Suppose, uε(x) is the solution of an SPP and x0 ∈ Ω. Then, we say that uε(x) creates a
boundary layer near x = x0 if

(i) lim
ε→0

u′ε(x0) is either ∞ or −∞,

(ii) lim
ε→0

u′ε(x) exits finitely for 0 < |x− x0| < δ for some δ > 0 independent of ε.

We note that the boundary layer happens in a narrow subdomain of the SPP and its
width is very small. Its width can be mathematically defined in several ways. For example,
for the boundary layer function e−x/ε, we define the thickness/width of the boundary layer
to be the smallest value w such that

e−x/ε ≤ ε for all x ≥ w.
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Another way of defining the width is that we choose w such that for all 1 ≤ k ≤ 3,∣∣∣∣ dkdxk e−x/ε

∣∣∣∣ ≤ C for all x ≥ w,

for some positive constant C. In both cases, we can see that the thickness of layer region is
given by w = O(ε ln 1/ε).

The presence of small positive parameters in the highest-order terms of the equation
causes the exact solution to exhibit boundary layers of certain widths. As a result, the
classical numerical approaches fail to provide a reasonably accurate approximate solution to
these problems [2, 3]. Sometimes a numerical method on uniform mesh may fail to properly
resolve the boundary layers and produce less accurate numerical solution to the problem.
Therefore, we need to devise some suitable numerical schemes on some properly designed
discrete mesh that adapt to the boundary layers behavior of the exact solution and give
better approximations.

We note that all SPPs do not necessarily have just one single perturbation parameter.
There are many problems in which the associated differential operator contains multiple
parameters. In this thesis, we will confine our discussions to the two-parameter singularly
perturbed problems only.

1.1.2 Singular perturbation problems with two parameters

Let us consider the following singularly perturbed second-order linear differential equation. −εu′′(x) + a(x)u′(x) + b(x)u(x) = f(x), x ∈ Ω = (0, 1),

u(0) = u0, u(1) = u1,
(1.1.4)

where ε is the perturbation parameter. The associated coefficient functions are assumed to
be smooth enough. In this case, the boundary layer formation depends on the parameter
ε, the given conditions and the convection coefficients. We also observe the following under
some appropriate boundary conditions.

• If a(x) ≥ α > 0, the solution causes a boundary layer at x = 1 of width O(ε).

• If a(x) ≤ −α < 0, the solution creates a boundary layer at x = 0 of width O(ε).

• If a(x0) = 0, for some x0 ∈ (0, 1), the solution forms an interior layer at x = x0.

• If a(x) ≡ 0 in [0, 1], there are twin boundary layers of width O(
√
ε) at both boundaries.
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But in the case of two parameters, the form of boundary layers is determined in some
different way. To discuss about the layer formation in this case, let us consider the follow-
ing linear SPP with two parameters in 1D. Similar analysis may be generalized for higher
dimensions also. −ε1u′′(x) + ε2 a(x)u

′(x) + b(x)u(x) = f(x), x ∈ Ω = (0, 1),

u(0) = u0, u(1) = u1.
(1.1.5)

The nature of the boundary layer depends on the following characteristic equation.

−ε1λ2(x) + ε2 a(x)λ(x) + b(x) = 0, 0 < x < 1. (1.1.6)

The roots of the equation are given by

λ(x) =
ε2a(x)±

√
ε22a

2(x) + 4ε1b(x)

2ε1

=
ε2a(x)

2ε1

[
1±

√
1 +

4ε1b(x)

ε22a
2(x)

]
.

When
ε1
ε22

→ 0 as ε2 → 0, using binomial expansion, the roots of the above equation are

computed as

λ0(x) =
1

ε2

[
− b(x)

a(x)
+

(
ε1
ε22

)
b2(x)

a3(x)
− · · ·

]
,

λ1(x) =
ε2
ε1

[
a(x) +

(
ε1
ε22

)
b(x)

a(x)
− · · ·

]
.

The constants
µ0 = min

0≤x≤1
|λ0(x)| , µ1 = min

0≤x≤1
λ1(x),

determine the decay of the boundary layers at x = 0 and x = 1 respectively. The layer
function near the point left boundary behaves like e−µ0x while the layer function near the
right boundary has the behavior resembles that of e−µ1(1−x). On the other hand, when
ε22
ε1

→ 0 as ε1 → 0, the roots of the characteristic equation are given by

λ(x) =
ε2a(x)

2ε1
±

√
b(x)

ε1

{
1 +

ε22a
2(x)

4ε1b(x)

}1/2
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=

√
b(x)

ε1

√ε22a
2(x)

ε1b(x)
±

{
1 +

√
ε22a

2(x)

4ε1b(x)

}1/2
 .

Therefore, λ(x) −→ ±
√
b(x)

ε1
, as ε1 → 0. Hence, in this case, µ0 = µ1 = O(1/

√
ε1) and the

boundary layers at both boundaries have the same structure and width.
The occurrence of boundary layers in a solution significantly depends on the prescribed

boundary conditions as well. A differential equation with a given set of boundary conditions
may exhibit layers in certain parts of the domain, but if we alter the conditions, the layers
may even disappear. We elaborate the dependence of the formation of the layers on the
prescribed boundary conditions by taking an example of a two-point boundary-value problem
with Dirichlet boundary conditions.

Example 1.1.6. Suppose, u is the solution of the following equation for the positive param-
eters ε1, ε2.

−ε1u′′(x) + ε2u
′(x) + u(x) = x, 0 < x < 1. (1.1.7)

We consider a set of four different boundary conditions for u for the above problem,
namely

(i) u(0) = 1, u(1) = 1, (ii) u(0) = 0, u(1) = 0,

(iii) u(0) = 1, u(1) = 0, (iv) u(0) = 0, u(1) = 1.

We observe the following solution profiles corresponding to the above prescribed boundary
conditions.

From Figure 1.2, it is clear that the solution forms boundary layers when we have con-
sidered the first three conditions, while for the last condition u(0) = 0, u(1) = 1, there
is no such phenomenon. This means that the problem is regularly perturbed for the last
condition. In this case, the solution coincides with the straight line y = x. Moreover, the
boundary conditions prescribed at each of the points x = 0 and x = 1 separately affect the
boundary layer formations at the corresponding boundaries.

1.2 Fitted numerical methods

It is generally very difficult to solve a singularly perturbed equation for a closed-form solu-
tion using analytical ways, for example, in the case of multiple parameters and the higher-
dimensional problems. With numerical approaches of solving SPPs, we attempt to construct

Ph.D. Thesis 8 Mrityunjoy Barman

TH-3241_176123001



Fitted numerical methods

0 0.2 0.4 0.6 0.8 1

Space variable

0

0.2

0.4

0.6

0.8

1

T
h

e
 e

x
a

c
t 

s
o

lu
ti

o
n

(a) The exact solution with u(0) = 1, u(1) = 1.
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(b) The exact solution with u(0) = 0, u(1) = 0.
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(c) The exact solution with u(0) = 1, u(1) = 0.
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(d) The exact solution with u(0) = 0, u(1) = 1.

Figure 1.2: Significance of the boundary conditions for the solution with the parameters
values ε1 = 2−10, ε2 = 2−20 to exhibit boundary layers at various locations in the domain.
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admissible approximations to the exact solution to the problem even for asymptotically
smaller values of the parameter ε. Usually, for solving regular differential equations using
some numerical methods with standard finite difference operators, the uniform mesh dis-
tribution are sufficient to get a solution with good accuracy. But, in case of SPPs, when
the perturbation parameter tends to become extremely small, these methods often fail to
produce a solution with a reliable accuracy. Even too much refinement of the mesh is not a
good option, as in that case, the methods become inefficient for including a huge number of
grid points in a small computational domain. Moreover, the space complexity and the time
complexity of these finite difference algorithms worsen with the increasing number of the grid
points. Therefore, we need to think of construction of some suitable numerical approaches
that use lesser mesh points, yet provide robust approximate solutions for all values of the
singular perturbation parameters. Here comes the concept of ε-uniform numerical methods.

Definition 1.2.1. (Convergence of numerical approximations)
Let us consider an SPP with a perturbation parameter ε, where 0 < ε ≪ 1. Let the prob-
lem have a solution uε which is approximated by a sequence of numerical approximations{
UN
ε : N ≥ 16

}
on the mesh Ω

N , where N denotes the mesh parameter. Then, we say that
the numerical approximations UN

ε converge ε-uniformly to uε, if there exist positive constants
C, p and N0 ∈ N, all independent of ε and N , such that

sup
0<ε≤1

∥∥UN
ε − uε

∥∥
Ω

N ≤ CN−p for all N ≥ N0.

The constant p is called the uniform rate of convergence.

We could rely upon the standard finite difference methods for solving SPPs provided
their accuracy in the solution and order of convergence are parameter-independent. Unfor-
tunately, it appears that most of these methods do not satisfy that criteria, because the
continuously declining magnitude of the parameters affects the stability of the methods.
Generally there are two main approaches to alleviate these limitations, namely fitted mesh
methods (FMMs) and fitted operator methods (FOMs). A finite difference FMM approach
involves the construction of an adaptive numerical scheme applied on the problem on a
layer-adapted piecewise-uniform or non-uniform mesh. It should be noted that the creation
of the computational mesh has a great significance in determining the convergence of the
employed methods. Examples of some frequently used mesh include the piecewise-uniform
Shishkin mesh, the non-uniform Bakhvalov mesh, B-S mesh, exponentially graded mesh, etc.
There are numerous works on the FMM approaches of solving various class of SPPs by many
authors in [3, 2, 4, 5, 6, 7, 8, 9, 10, 11] and others till date. There are also a good numbers
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works available on the FOM methods by several authors in [12, 13, 14, 15, 16] and others.
We briefly describe the FMM approach and how to construct a Shishkin mesh and a

Bakhvalov mesh for an one-dimensional problem in the following.

1.2.1 Shishkin mesh

A piecewise uniform mesh on the domain Ω = (0, 1), suggested by G. I. Shishkin, was
constructed as follows. Let N +1 be the total number of grid points in the mesh for an SPP
with a boundary layer of width O(ε) in Ω. Usually, we choose the number of mesh points
N ≥ 16 and it is taken to be a multiple of 4. We define a transition parameter τ to separate
the layer region(s) and the smooth region in the domain, and it is defined as

τ = min
{
q, σε lnN

}
,

where q, σ are two positive constants chosen by the user. The parameter q ∈ (0, 1) is chosen
according to the number boundary layer regions and σ > 0 depends on the given data and
it adjusts the position of the transition point for better convergence of the method.

x = 0
τ

x = 1

N/2N/2

Figure 1.3: A typical Shishkin mesh construction with N = 32 for a convection-diffusion
SPP with a boundary layer at x = 0.

In the case of convection-diffusion problems with single parameter, where typically one
boundary layer appears at one of the boundaries, the domain Ω is divided in two subregions,
namely layer region and the smooth region. We choose q = 1/2 to equally distribute the
grid points between the layer region and the non-layer region. If the layer arises at x = 0,
we construct the Shishkin mesh by discretizing the layer region (0, τ) into N/2 subintervals
and (τ, 1) into N/2 subintervals. The resulting grid is a piecewise-uniform mesh with N

elements and it is denoted by Ω
N .

For reaction-diffusion problems with single parameter, we observe two layer regions at
x = 0 as well as at x = 1. In this case, we use q = 1/4 to define the transition points that
separate three subregions, namely (0, τ), (τ, 1−τ) and (1−τ, 1). Then, we put N/2 points
in the smooth region and from the remaining N/2 points, we distribute an equal number of
grid points in each of the layer regions.
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x = 0
τ 1− τ

x = 1

N/2N/4 N/4

Figure 1.4: A typical Shishkin mesh construction for a reaction-diffusion SPP with N = 32
with two boundary layers at x = 0 and x = 1.

1.2.2 Bakhvalov mesh

In 1969, Bakhvalov first introduced the use of non-uniform meshes for the numerical method
of solving SPPs. The mesh generating function λ(t), associated with the exponential bound-
ary layer at x = 0, is defined as

λ(t) =

 ψ(t) := σεϕ(t), 0 ≤ t < α,

ψ(α) + ψ′(α)(t− α), α ≤ t ≤ 1,
(1.2.1)

where ϕ(t) = ln
q

q − t
, 0 ≤ t < q and σ > 0, q ∈ (0, 1) are user chosen parameters. It can

be easily seen that the mesh is graded inside the layer region, while there is uniform mesh
spacing outside the location. The mesh transition parameter α is taken such that the point
(α, ψ(α)) is the point of contact of the tangent from the point (1, 1) to the curve ψ(t). Thus,
α is given by the following implicit relation

1− ψ(α)

1− α
= ψ′(α). (1.2.2)

The generated Bakhvalov grid points are defined by

xi = λ(ti), ti = i/N, 0 ≤ i ≤ N.

1.3 Background and motivation

The aim of thesis is to construct and analyze some numerical methods which produce
parameter-uniform convergent approximate solution to SPPs with two parameters. The
works in this thesis are motivated by several research works with various approaches for
solving SPPs involving two parameters. Here is a brief overview of the such works in the
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Figure 1.5: The Bakhvalov mesh generating function.

following discussions.

SPPs with two parameters was studied in detail by O’Malley in his books [17, 18] in the
late 1970’s. He presented some rigorous analysis of the analytical solution to these problems
based on asymptotic expansion technique. This method seeks the solution in the form of
an infinite series with respect to some asymptotic sequence of the perturbation parameters,
such as {1, ε, ε2, ε3, . . . }. Although the approach is not so easy to generalize for SPPs with
multiple parameters in higher dimensions, it may reveal some insights about the boundary
layer nature of the solution. For a singularly perturbed boundary-value problem (BVP) with

two parameters ε1, ε2, O’Malley [17] showed that the ratio
ε22
ε1

has a decisive role to determine

the boundary layer formation by the solution. He completed the analysis in two separate
cases, namely ε22 ≤ Cε1 and ε22 ≥ Cε1, where C is a positive constant. Later, this idea has
been used by many authors to properly design layer-adapted mesh for the computation of
the numerical approximation.

Over the decades, many researchers have been involved in formulation and analysis of
uniformly convergent numerical solution of SPPs using finite difference techniques. A de-
tailed literature on the construction of parameter-uniform numerical schemes for singular
perturbation problems is available in many books [2, 1, 3, 19], etc. There are also many
articles [6, 20, 21, 22, 23, 24] which studied the single parameter SPPs using various finite
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difference methods. In FMMs, some well-known layer resolving fitted meshes includes the
Bakhvalov mesh, the Shishkin mesh, Bakhvalov-Shishkin (B-S) type mesh and the meshes
based on some adaptive algorithm. An extensive amount of works analyzing various meth-
ods on Shishkin mesh has been published by many authors. A review paper addressing the
numerical solution of computationally challenging singularly perturbed differential equations
on Shishkin mesh has been published by Kopteva et al. [25] in 2010. A study of numerical
approximations for a class of singularly perturbed convection-diffusion type problems with
a moving interior layer was done by Shishkin et al. in 2004. Some notable works using the
Bakhvalov mesh are also published till date by Roos et al. [26, 27], Kellog et al. [28], Brdar
and Zarin [29], Zhang and Liu [30], etc.

In 2006, O’Riordan et al. [31] analyzed an upwind finite difference method by combining
the implicit-Euler and the classical upwind finite difference operator on a piecewise-uniform
mesh in one dimension and achieved parameter-uniform convergence of first-order in both
space and time variables. In recent times, some robust layer adapted finite difference methods
with first-order convergence combining an implicit-Euler method for time discretization and
an upwind scheme on the B-S mesh was proposed for a parabolic problem by Jha and
Kadalbajoo in [32]. A uniformly convergent numerical method of second-order in both
space and time variables was constructed and analyzed in [33]. Moreover, an adaptive finite
difference scheme by employing implicit-Euler method with upwind scheme using a moving
mesh-adaptive algorithm for a 1D linear time-dependent problem was proposed by Das and
Mehrmann [8]. A fitted mesh finite difference scheme for a two-point boundary-value problem
(BVP) with two parameters having discontinuous source function was studied by Shanthi et
al. in [34].

Q. Sloan in [35] presented very interesting analysis of the finite difference approxima-
tions to a singularly perturbed two-point BVP on an adaptive mesh in 1999. Following him,
Kopteva et al. discussed the quasi-linear convection-diffusion problem in one dimensional
case on this mesh in [36]. In recent times, Kopteva and Stynes considered a semi-linear
reaction-diffusion two-point BVP with a positive parameter to deduce a ε-uniform numer-
ical scheme. In 2001, a quasilinear two-point boundary-value problem was studied using
a simple upwind finite difference scheme on this mesh by T. Linß [37], where he derives a
sufficient conditions on the monitor function that guarantee uniform convergence in the dis-
crete maximum norm. In 2005, Kopteva et al. [38] presented a linear singularly-perturbed
reaction–diffusion BVP and proposed a new monitor function, and they explained why the
standard arc-length monitor function was not suitable for that problem. In 2011, Mohapatra
and Natesan [24] studied a numerical method comprising of upwind finite difference opera-
tor on an adaptive grid, which is formed by equidistributing the arc-length monitor function
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and proved the robustness of the solution. In 2012, Das and Natesan [7] considered a singu-
larly perturbed reaction-diffusion problem with Robin boundary conditions. They observed
that classical forward–backward approximation for mixed type boundary conditions gives
first-order convergence, whereas their proposed cubic spline scheme provides second order
accuracy independent of the perturbation parameter. They also employed the Richardson
extrapolation technique to improve the accuracy in the computed solution. In the last
decade, Pratibhamoy and Natesan [39] and Gowrisankar and Natesan [40] presented an im-
pressive study of the equidistribution algorithm for constructing the adaptive mesh with its
application for solving parabolic and elliptic SPPs.

For stationary two-parameter SPPs, Shishkin and Titov [41] studied parameter-uniform
methods on the basis of special fitted finite difference operators on uniform meshes. Stynes
and Roos applied a hybrid scheme on the Shishkin mesh and proved that the algorithm
gives almost second-order accurate numerical solution in [42]. O’Riordan et al. analyzed
a numerical scheme with an upwind finite difference operator on an appropriate piecewise-
uniform mesh. Some different types of two-parameter elliptic convection-diffusion problems
were considered by Shishkin in [43]. More studies on two-parameters problems using finite
difference methods also available in the articles [32, 44, 45, 46], etc.

Some researchers has also proposed other numerical schemes, such as spline difference
schemes [47], layer adapted finite difference methods [32] to solve non-stationary two-
parameter SPPs. Among them, Clavero et al. studied a monotone finite difference scheme
by combining the implicit-Euler method on a uniform mesh together with the classical up-
wind finite difference scheme on a non-uniform mesh in [48]. Chandru et al. developed an
almost first order parameter uniform numerical scheme by using an adaptive mesh in [49].
Kumar and Kumari proposed a numerical solution by using the Crank-Nicolson method on
a equispaced mesh and an upwind difference scheme on a Shishkin mesh in [50].

In recent studies, Mukherjee and Natesan [51, 22, 52, 53, 21] analyzed some standard up-
wind and hybrid schemes with second-order convergence for solving parabolic problems one
and two dimensions. Das and Natesan [54, 55, 56, 57] also considered some time-dependent
parabolic problem with positive delays and proposed some robust convergent finite differ-
ent methods with higher-order accuracy for solving them. These works are contemporary
with the studies of higher-order hybrid numerical methods and ADI schemes for parabolic
problems of degenerate type by Majumdar and Natesan [58, 59, 60, 61, 62].
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Chapter 1: Introduction

1.4 Model problems

In this section, we introduce the singularly perturbed differential equations we have consid-
ered in the thesis and briefly discuss the assumptions on the associated functions and the
parameters in order to find uniformly convergent solution for the same.

1.4.1 Singularly perturbed degenerate boundary-value problems
of convection-reaction-diffusion type involving two small pa-

rameters

We study the following parabolic SPP: ε1u
′′(x) + ε2x

pa(x)u′(x)− c(x)u(x) = f(x), x ∈ Ω = (0, 1),

u(0) = u0, u(1) = u1,
(1.4.1)

where the perturbation parameters 0 < ε1, ε2 ≪ 1, and

b(x) = xpa(x), 0 ≤ x ≤ 1, p ≥ 1,

c(x) ≥ γ > 0, and c(x)− 1

2
ε2b

′(x) ≥ γ0 > 0.

We also assume that a(x) ≥ α > 0 in Ω. Depending on the roots λ0(x) < 0, λ1(x) > 0 of
the characteristic equation ε1λ2 + ε2b(x)λ− c(x) = 0, the solution exhibits boundary layers
of certain widths at both boundaries x = 0 and x = 1. Further, if we define the constants
µ0, µ1 as

µ0 = min
0≤x≤1

|λ0(x)| =
√
γ

ε1
, µ1 = min

0≤x≤1
λ1(x) =

−ε2A+
√
ε22A

2 + 4ε1γ

2ε1
, (1.4.2)

where A = ∥b∥∞, we observe that the width of the boundary layer at x = 0 is O(1/µ0) and
that at x = 1 is O(1/µ1). In this problem, the boundary conditions are chosen such a way
that the solution produces regular boundary layers at the boundary points. The analysis is
presented in two separate cases, viz. when ε22 ≤ Cε1 and ε22 ≥ Cε1.
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1.4.2 Singularly perturbed degenerate time-dependent problems
of convection-reaction-diffusion type with two parameters

We consider the following time-dependent convection-reaction-diffusion problem with the
parameters ε1, ε2 in the domain (0, 1)× (0, T ].

ε1
∂2u

∂x2
+ ε2x

pa(x, t)
∂u

∂x
− c(x, t)u(x, t)− ∂u

∂t
= f(x, t), x ∈ Ω = (0, 1), t ∈ (0, T ],

u(0, t) = u0(t), u(1, t) = u1(t), 0 ≤ t ≤ T,

u(x, 0) = ϕ(x), x ∈ Ω.

(1.4.3)

The convection coefficient is given as b(x, t) = xpa(x, t) for some p ≥ 1 and a(x, t) ≥ β > 0

in Ω. The functions a, c f are assumed to be sufficiently smooth and the function ϕ needs

to be a continuous function. We also assume that c(x, t) ≥ γ > 0 and c(x, t)− 1

2
ε2bx(x, t) ≥

γ0 > 0 for the existence of a unique solution to the problem. In this case also, the boundary
layer occurrence depends on the characteristic equation and its roots. The boundary layer
structure is also determined by the relations between the given parameters ε1, ε2. Therefore,
we study the convergence analysis in two separate cases, viz. when ε22 ≤ Cε1 and ε22 ≥ Cε1.

1.4.3 Singularly perturbed 2D parabolic convection-diffusion-
reaction problems with two small parameters


ut + Lεu = f(x, y, t), (x, y) ∈ Ω = Ωx × Ωy, t ∈ Ωt,

u(x, y, t) = 0, (x, y) ∈ ∂Ω = Ω\Ω, t ∈ Ωt,

u(x, y, 0) = ϕ(x, y), (x, y) ∈ Ω,

(1.4.4)

where we consider the domains Ωx = {x : 0 < x < 1} , Ωy = {y : 0 < y < 1}, Ωt = (0, T ]

and ε1, ε2 are the perturbation parameters such that 0 < ε1, ε2 ≪ 1 and the operator Lε is
defined as,

Lεu := −ε1∆u+ ε2b(x, y) · ∇u+ c(x, y)u. (1.4.5)

The convection coefficient b is defined as b(x, y) =
(
b1(x, y), b2(x, y)

)
such that bi(x, y) ≥

βi > 0, for i = 1, 2 and c(x, y) ≥ c0 > 0. We also assume that f = f1 + f2 is a sufficiently
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Chapter 1: Introduction

smooth function that satisfies the following compatibility property:

f1(x, 0, t) = f1(x, 1, t) = f2(0, y, t) = f2(1, y, t) = 0. (1.4.6)

Let β = min
{
β1, β2

}
and γ < min

Ω

{
c(x, y)

2b1(x, y)
,

c(x, y)

2b2(x, y)

}
. We split the problem (4.1.1)

into the following two cases, namely ε22 ≤
γε1
β

, and ε22 ≥
γε1
β

.

In the case when ε22 ≤ γε1
β

, we usually notice regular boundary layers of width O(
√
ε1)

near all four edges along with the corner layers appearing near every corner of the domain
Ω. On the other hand, for ε22 ≥ γε1

β
, we have regular boundary layers of width O(ε2) near

the inflow boundaries x = 0 and y = 0, while there are boundary layers of width O
(
ε1/ε2

)
condensing at the outflow boundaries x = 1 and y = 1.

1.5 Structure of the thesis

The thesis has been composed of several chapters discussing various uniformly convergent
numerical methods for the model problems presented in the previous section. We present a
brief outline of the thesis in the following.

In Chapter 2, we consider two-point boundary-value problem in a bounded domain,
where the diffusion and convection terms are affected by perturbation parameters, as de-
scribed in the section 1.4.1. The convection coefficient consists of a degenerate term that
affects the boundary layer nature in the domain. We create a layer-resolving Shishkin mesh
with the help of a characteristic equation that governs the boundary layer behavior of the
solution. We use an standard upwind scheme on the constructed Shishkin mesh and produce
a first-order accurate approximation to solution. We consider the same problem with this
scheme and improved the accuracy to obtain second-order convergent solution by employing
Richardson extrapolation tool. We also have presented some results based on the performed
numerical computations to validate each of the above theoretical results.

In Chapter 3, we consider a degenerate parabolic problem involving two parameters as
coefficients in the convection and diffusion terms. We setup a combination of a piecewise-
uniform Shishkin in the space direction, and a uniform grid along the time direction to calcu-
late the approximate solution. We use an implicit-Euler to approximate the time derivative
on the equispaced temporal grid to obtain the semidiscrete problem. Then, we apply up-
wind finite difference scheme on this semidiscrete problem on the Shishkin mesh to get a
numerical solution that is first-order convergent in both time and space variables. Then,
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we use Richardson extrapolation method to enhance the order of convergence for the same
problem. We obtain parameter-uniform convergent solution with second-order accuracy in
both variables in the extrapolated solution.

In Chapter 4, we construct and analyze an ADI scheme for singularly perturbed 2D
parabolic convection-diffusion-reaction problems with two small parameters. We consider
the operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and
a simple upwind-difference scheme for spatial discretization on a specially designed piecewise-
uniform Shishkin mesh. The resulting scheme is proved to be uniformly convergent of order
O(N−1 lnN + M−1), where N,M are the spatial and temporal parameters respectively.
Numerical experiments confirm the theoretical results and the effectiveness of the proposed
method.

In Chapter 5, we consider the same model problem discussed in Chapter 4, and study a
parameter-uniform operator-splitting ADI scheme to efficiently solve the parabolic singularly
perturbed problems with two positive parameters a two-dimensional domain. The proposed
model is a combination of the backward-Euler method on a uniform mesh in time and a
hybrid method in space. The analysis is presented on a layer adapted piecewise-uniform
Shishkin mesh. The developed numerical method is proved to be first-order convergent
in time and second order convergent in space. The numerical experiments are performed
to validate the theoretical convergence results and illustrate the efficiency of the current
strategy.

We finally summarize the works in this thesis and then conclude with a note on some
proposed future works in this direction.
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CHAPTER 2

Second-order uniformly convergent numerical
scheme for a singularly perturbed degenerate
convection-diffusion-reaction problem with
two parameters

This chapter considers a convection-reaction-diffusion boundary-value problem (BVP) of
degenerate type with two perturbation parameters. We use a standard upwind scheme on
a suitably designed Shishkin mesh to obtain a uniformly convergent first-order accurate
solution. We also apply the Richardson extrapolation technique to increase the upwind
scheme’s convergence order. Based on the relations between the parameters, we consider
the study in two different cases due to the different boundary layer behavior of the solution
in those cases. Numerical results validate the theoretical results and the effectiveness of the
proposed extrapolation tool.

21
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Chapter 2: Degenerate boundary-value problems with two parameters

2.1 Introduction

We study the following parabolic singularly perturbed degenerate problem,
ε1u

′′(x) + ε2b(x)u
′(x)− c(x)u(x) = f(x), x ∈ Ω = (0, 1),

u(0) = u0, u(1) = u1,

(2.1.1)

where the perturbation parameters 0 < ε1, ε2 ≪ 1. The convection coefficient is given as
b(x) = xpa(x) for some p ≥ 1 and a ≥ α > 0 in Ω. We also assume that c(x) ≥ β > 0 and
use Lε to define the continuous operator

Lεκ = ε1κ
′′ + ε2κ

′ − cκ.

We split the analysis of the numerical solution and its accuracy into the following two
cases:

Case I: ε22 ≤ Cε1, Case II: ε22 ≥ Cε1.

The characteristics equation associated with the BVP (2.1.1) is defined as

ε1λ
2 + ε2b(x)λ− c(x) = 0, (2.1.2)

which has two roots of opposite signs. Suppose, the roots of the above are given by

λ0(x) =
−ε2b(x)−

√
ε22b

2(x) + 4ε1c(x)

2ε1
,

λ1(x) =
−ε2b(x) +

√
ε22b

2(x) + 4ε1c(x)

2ε1
.

Then, we define the constants µ0, µ1 as

µ0 = min
0≤x≤1

|λ0(x)| =
√
β

ε1
, µ1 = min

0≤x≤1
λ1(x) =

−ε2A+
√
ε22A

2 + 4ε1β

2ε1
, (2.1.3)

where A = ∥b∥∞. It is observed that the width of the boundary layer at x = 0 is O(1/µ0)

and that at x = 1 is O(1/µ1) [4].

Remark 2.1.1. In Case I, we note that both the constants µ0 = O(ε
−1/2
1 ) and µ1 = O(ε

−1/2
1 ),

while in the other case, µ0 has the same growth, but µ1 = O(ε−1
2 ).

Ph.D. Thesis 22 Mrityunjoy Barman

TH-3241_176123001



Properties of the continuous solution

2.2 Properties of the continuous solution

The differential operator satisfies the standard minimum principle.

Lemma 2.2.1. Minimum principle: If ω ∈ C2(Ω) and Lεω(x) ≤ 0 for all x ∈ Ω with
ω(0) ≥ 0, ω(1) ≥ 0, then it follows that

ω(x) ≥ 0, for all x ∈ Ω. (2.2.1)

Lemma 2.2.2. Suppose u is the exact solution of the problem (2.1.1) and u is decomposed
as

u = v + wL + wR, (2.2.2)

where v is the smooth component, and wL, wR are the singular components of the solution.
For ε22 ≤ Cε1, we have the following bounds for the smooth component v:

∥∥v(k)∥∥∞ ≤ C, 0 ≤ k ≤ 3,
∥∥v(4)∥∥∞ ≤ C

(
1 +

1
√
ε1

)
. (2.2.3)

On the other hand, for the case when ε22 ≥ Cε1, v satisfies

∥∥v(k)∥∥∞ ≤ C

(
1 +

(
ε1
ε2

)3−k
)
, (2.2.4)

for 0 ≤ k ≤ 4.

Proof. If ε22 ≤ Cε1, we further decompose the smooth component as v = v0+
√
ε1v1+ ε1v2+

ε
3/2
1 v3. Then for 0 ≤ k ≤ 4, following the approaches in Gracia et al. [63], we deduce∥∥∥v(k)i

∥∥∥
∞

≤ C, for 0 ≤ i ≤ 2, (2.2.5)∥∥∥v(k)3

∥∥∥
∞

≤ Cε
−k/2
1

(
1 +

(
ε2√
ε1

)k
)
. (2.2.6)

Using ε22 ≤ Cε1 in (2.2.5)-(2.2.6), we obtain the desired estimates.
Further, when ε22 ≥ Cε1, expressing the smooth component as v = v0+ε1v1+ε

2
1v2+ε

3
1v3,

we obtain the required estimates for v for 0 ≤ k ≤ 4.

We also have the following estimates for the derivatives of the components wL, wR avail-
able in Linß et al. [64].
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Chapter 2: Degenerate boundary-value problems with two parameters

Lemma 2.2.3. The singular components wL, wR satisfy the following bounds∣∣∣w(k)
L (x)

∣∣∣ ≤ Cµk
0 e

−µ0x,∣∣∣w(k)
R (x)

∣∣∣ ≤ Cµk
1 e

−µ1(1−x), 0 ≤ k ≤ 4.

2.3 Spatial discretizations and the numerical scheme

The space domain Ω = [0, 1] is now discretized as

Ω
N
=
{
xi : xi = xi−1 + hi, x0 = 0, xN = 1, 1 ≤ i ≤ N

}
,

where the step-lengths are defined as hi = xi − xi−1.
In order to construct the Shishkin mesh Ω

N , we first define the transition parameter
τ0, τ1 as

τ0 = min

{
1

4
,

2

µ0

lnN

}
, τ1 = min

{
1

4
,

2

µ1

lnN

}
. (2.3.1)

x = 0

τ0 1− τ1

x = 1

Figure 2.1: Mesh structure along x : Ω
N .

The continuous domain Ω = [0, 1] is divided into the three subintervals [0, τ0], [τ0, 1−τ1]
and [1− τ1, 1] by the transitions points τ0 and (1− τ1) to distribute N/2 grid points in the
layer regions and the remaining N/2 grids in the outer regions. The generated Shishkin grid
is given by

xi =



4iτ0
N

, 0 ≤ i ≤ N/4,

τ0 + 2

(
i− N

4

)
1− τ0 − τ1

N
, N/4 < i < 3N/4,

1− τ1 + 4

(
i− 3N

4

)
τ1
N
, 3N/4 ≤ i ≤ N.

(2.3.2)

Clearly, the step-length in the layer regions is given by h =
4τ0
N

≤ 1/N , and that outside

the regions is H =
2(1− τ0 − τ1)

N
. Therefore, the step-size outside the layer regions satisfy

1/N ≤ H ≤ 2/N .
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Spatial discretizations and the numerical scheme

For a mesh function S : Ω
N −→ R, we define the standard finite difference approximations

by

δ+Si =
Si+1 − Si

hi+1

, δ−Si =
Si − Si−1

hi
,

δ2Si =
2

hi + hi+1

(
δ+Si − δ−Si

)
.

The standard upwind scheme can now be applied to obtain the discrete equations as: LN
ε U

N
i := ε1δ

2UN
i + ε2b(xi) δ

+UN
i − c(xi)U

N
i = f(xi), 1 ≤ i ≤ N − 1,

UN(x0) = u0, UN(xN) = u1.
(2.3.3)

Lemma 2.3.1. Discrete minimum principle Suppose, Zi be a mesh function on Ω
N such

that LN
ε Zi ≤ 0 for all 1 ≤ i ≤ N − 1. Then for Z0 ≥ 0, ZN ≥ 0, we have

Zi ≥ 0, ∀0 ≤ i ≤ N. (2.3.4)

The standard upwind scheme described above has the following convergence property.

Theorem 2.3.2. If UN is the numerical approximation of the exact solution u(x) of the
problem (2.1.1), and the perturbation parameter satisfies ε1 ≤ CN−1. Then, there exist
C > 0 and N0 ∈ N such that

∥∥UN − u|ΩN

∥∥
∞ ≤ CN−1(lnN)2, for some N ≥ N0. (2.3.5)

Proof. The proof is analogous to the main convergence proof in O’Riordan et al. [65] with
minimal changes in µ0, µ1.

2.3.1 Motivation for Richardson extrapolation

From Theorem 2.3.2, we have

UN
i − u(xi) = CN−1(lnN)2 +RN(xi), 1 ≤ i ≤ N − 1, (2.3.6)

where RN(xi) = o(N−1(lnN)2), and C is independent of the perturbation parameters and
the mesh parameter N . Keeping the transition points in (2.3.1) fixed, we refine the Shishkin
mesh Ω

N by bisecting every mesh intervals to create a new Shishkin grid Ω̃2N . Let Ũ2N be
the numerical approximation on this grid without changing the transition points τ0, τ1.
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From Theorem (2.3.2), with µ0, µ1 defined in (2.1.3), the error equation can be rewritten
as

UN
i − u(xi) = CN−1

(τ0µ0

2

)2
+ o

(
N−1

(τ0µ0

2

)2)
, 1 ≤ i ≤ N − 1,

since lnN =
τ0µ0

2
is constant. Clearly from the above, we have for xi ∈ Ω

N

Ũ2N
i − u(xi) = C(2N)−1

(τ0µ0

2

)2
+ o

(
N−1

(τ0µ0

2

)2)
, 1 ≤ i ≤ N − 1,

which gives

2Ũ2N
i − UN

i − u(xi) = o
(
N−1(lnN)2

)
. (2.3.7)

Therefore, we define the following extrapolation formula, known as the Richardson extrap-
olation formula, as

ÛN(xi) =
(
2Ũ2N − UN

)
(xi), ∀xi ∈ Ω

N
, (2.3.8)

having almost second-order accuracy in approximation of the exact solution.

2.4 Convergence analysis

We decompose the numerical approximation UN of the exact solution u(x) as

UN = V N +WN
l +WN

r ,

where V N , WN
l , W

N
r denote the smooth, the left singular and the right singular components

of UN respectively. These components satisfy the following discrete equations:


LN
ε V

N(xi) = f(xi), xi ∈ (0, 1),

V N(0) = v(0), V N(1) = v(1),


LN
ε W

N
l (xi) = 0, xi ∈ (0, 1),

WN
l (0) = wL(0), WN

l (1) = 0,

(2.4.1)
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and 
LN
ε W

N
r (xi) = 0, xi ∈ (0, 1),

WN
r (0) = 0, WN

r (1) = wR(1),

(2.4.2)

Similarly, we also decompose the solution Ũ2N as

Ũ2N = Ṽ 2N + W̃l

2N
+ W̃r

2N
.

2.4.1 Extrapolation in the smooth component

Lemma 2.4.1. For xi ∈ ΩN , the truncation error in the smooth component satisfies

LN
ε (V

N
i − v(xi)) = hiη(xi) +O(ε2h

2
i ), (2.4.3)

where V N
i = V N(xi), and η(x) =

1

2
ε2b(x)v

′′(x).

Proof. A straightforward Taylor series expansion deduces the following for the smooth com-
ponent v:

LN
ε (V

N
i − v(xi)) =

ε1
4!
h2i
[
v(4)(ξ1) + v(4)(ξ2)

]
+ ε2b(xi)

[
hi
2
v′′(xi) +

h2i
3!
v(3)(ξ3)

]
,

= hiη(xi) + ε2b(xi)
h2i
3!
v(3)(ξ3) +

ε1
4!
h2i
[
v(4)(ξ1) + v(4)(ξ2)

]
, (2.4.4)

for some ξ1 ∈ (xi, xi+1), ξ2, ξ3 ∈ (xi−1, xi). Now using the estimates of v(3), v(4) from Lemma
2.2.2, we obtain the required estimate.

We define the following auxiliary problem: LεE(x) = η(x), 0 < x < 1,

E(0) = 0, E(1) = 0.
(2.4.5)

The function E(x) can be further decomposed as E = E0+E1+E2, where E0 is the smooth
component, while E1, E2 are the left and right singular layers parts of E respectively. The
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components satisfy  LεE0(x) = η(x), 0 < x < 1,

E0(0) = −El(0), E0(1) = −Er(1),
(2.4.6)

where  LεEl(x) = 0, 0 < x < 1,

|El(0)| ≤ C, El(1) = 0,

 LεEr(x) = 0, 0 < x < 1,

Er(0) = 0, |Er(1)| ≤ C.
(2.4.7)

Lemma 2.4.2. For ε2 ≤ CN−1, the smooth component of the approximate solution satisfy
the following error equation:

V N
i − v(xi) = hiE0(xi) +O(N−2), for xi ∈ Ω

N
. (2.4.8)

Proof. From Lemma 2.4.1 and (2.4.5), we obtain

LN
ε (V

N
i − v(xi)) = hiLεE0(xi) +O(ε2H

2),

= hi
[
LN
ε E0(xi) +O(H)

]
+O(ε2H

2).

Thus, assuming ε2 ≤ CN−1 ≤ H and hi ≤ H, we have

LN
ε (V

N
i − v(xi)− hiE0(xi)) = O(N−2).

We define the discrete function

Ψi = C1(1− xi)N
−2 ±

(
V N
i − v(xi)− hiE0(xi)

)
, 1 ≤ i ≤ N − 1 (2.4.9)

for some C1 > 0 with Ψ0 = 0 = ΨN . We have

LN
ε Ψi = C1N

−2LN
ε (1− xi)± LN

ε

(
V N
i − v(xi)− hiE0(xi)

)
.

We choose C1 such that LN
ε Ψi ≤ 0. By using discrete minimum principle and 1/N ≤ H ≤

2/N , we have

∣∣(V N
i − v(xi)

)
− hiE0(xi)

∣∣ ≤ CN−2. (2.4.10)

Therefore, V N
i − v(xi)− hiE0(xi) = O(N−2).
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Theorem 2.4.3. For ε2 ≤ CN−1, the error after the extrapolation in the smooth component
satisfies ∣∣∣(2Ṽ 2N

i − V N
i

)
− v(xi)

∣∣∣ ≤ CN−2, for 1 ≤ i ≤ N − 1. (2.4.11)

Proof. From Lemma 2.4.1, we have on the Shishkin mesh Ω̃2N

Ṽ 2N
i − v(xi) =

hi
2
E0(xi) +O(N−2), 1 ≤ i ≤ N − 1. (2.4.12)

Using the equation (2.4.8) and (2.4.12), we obtain

2(Ṽ 2N
i − v(xi))− (V N

i − v(xi)) = O(N−2),

which gives the required error estimate.

We now proceed to obtain the estimates for the error after extrapolation in the singular
components.

2.4.2 Extrapolation in the singular components

We first define the following problem, which will be used in the estimation of the extrapolated
solution in (0, τ0).


LεF (x) =

4ε2
µ0

b(x)w′′
L(x), 0 < x < τ0,

F (0) = 0, F (τ0) = 0.

(2.4.13)

It can be easily verified that

LN
ε F (xi) = LεF (xi) +O(ε1hiµ

3
0e

−µ0xi),

= LεF (xi) +O((N−1 lnN) e−µ0xi), (2.4.14)

using ε1µ2
0 ≤ C and hi = O(N−1µ−1

0 lnN).

Lemma 2.4.4. Let us define Si =
∏i

j=1 (1 + µ0hj) , S0 = 1. Then there exists a positive
constant C such that

LN
ε Si ≤ CSi, 1 ≤ i ≤ N − 1.
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Proof. We have

Si+1 − Si

hi+1

= µ0Si,
Si − Si−1

hi
= µ0Si−1,

and Si−1 =
µ0hi

1 + µ0hi
Si.

Thus,

LN
ε Si =

2ε1µ0

hi + hi+1

(Si − Si−1) + ε2b(xi)µ0Si,

=
2ε1hiµ

2
0

hi + hi+1

Si

1 + µ0hi
+ ε2b(xi)µ0Si,

≤ CSi

1 + µ0hi
+ Cε2µ0Si.

Now for Case I: ε2 ≤ C
√
ε1, it is clear that

ε2µ0 ≤ Cµ0

√
ε1 ≤ C,

and for Case II: ε2 ≤ C
√
ε1, we use µ1 ≥ µ0 and µ1 = O(1/ε2) to deduce ε2µ0 ≤ C.

Hence, in either cases, we have LN
ε Si ≤ CSi, for all 1 ≤ i ≤ N − 1.

Lemma 2.4.5. For xi ∈ (0, τ0), the error after extrapolation in the left singular part satisfies
the following∣∣∣(2W̃l

2N
−WN

l

)
(xi)− wL(xi))

∣∣∣ ≤ C(N−1 lnN)2, for 1 ≤ i ≤ N/4. (2.4.15)

Proof. For 0 < xi < τ0, using Taylor series expansion, we have for some ξ1 ∈ (xi, xi+1), and
ξ2, ξ3 ∈ (xi−1, xi),

LN
ε (W

N
l − wL)(xi) =

ε1
4!
h2i

[
w

(4)
L (ξ1) + w

(4)
L (ξ2)

]
+ ε2b(xi)

[
hi
2
w′′

L(xi) +
h2i
3!
w

(3)
L (ξ3)

]
,

=
4ε2
Nµ0

b(x) lnNw′′
L(xi) +O(ε1h

2
iµ

4
0e

−µ0xi),

= (N−1 lnN)LεF (xi) +O((N−1 lnN)2 e−µ0xi).

Using (2.4.14), we obtain

LN
ε (W

N
l − wL)(xi) = (N−1 lnN)LN

ε F (xi) +O((N−1 lnN)2 e−µ0xi),
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which gives

LN
ε (W

N
l − wL − (N−1 lnN)F )(xi) = O((N−1 lnN)2 e−µ0xi). (2.4.16)

Let Λi = (WN
l − wL − (N−1 lnN)F )(xi), 0 ≤ i ≤ N/4.

We now define the discrete mesh function

Γi = C2(1− xi)N
−2 + (N−1 lnN)2

i∏
j=1

(1 + µ0hj)
−1 , 1 ≤ i ≤ N/4,

where C2 > 0.

Using the fact LN
ε Si ≤ CSi, we can prove

LN
ε Γi ≤ LN

ε Λi, 1 ≤ i ≤ N/4.

Also, Γ0 ≥ 0 = Λ0 and ΓN/4 ≥ C2N
−2 ≥ ΛN/4 for some C2 > 0.

Therefore, Γi is a barrier function for the function Λi. Hence, using discrete minimum
principle for the operator LN

ε , we get

∣∣(WN
l − wL − (N−1 lnN)F )(xi)

∣∣ ≤ Γi ≤ C(N−1 lnN)2, 0 ≤ i ≤ N/4. (2.4.17)

Therefore, we have

(WN
l − wL)(xi) = (N−1 lnN)F (xi) +O((N−1 lnN)2), (2.4.18)

= N−1 τ0µ0

2
F (xi) +O((N−1 lnN)2). (2.4.19)

Similarly, we also obtain

(W̃l

2N
− wL)(xi) = (2N)−1 τ0µ0

2
F (xi) +O((N−1 lnN)2). (2.4.20)

From the last two equations, it follows that

2(W̃l

2N
− wL)(xi)− (WN

l − wL)(xi) = O((N−1 lnN)2), (2.4.21)

which leads to the desired error estimate.

Lemma 2.4.6. For xi ∈ (τ0, 1), the error after extrapolation in the left singular part satisfies
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the following error equation:∣∣∣(2W̃l

2N
−WN

l

)
(xi)− wL(xi)

∣∣∣ ≤ CN−2, for N/4 < i ≤ N − 1. (2.4.22)

Proof. Let us start with the notations

χL(xi) =
i∏

j=1

1

1 + µ0hj
, χR(xi) =

N∏
j=i+1

1

1 + µ1hj
, 1 ≤ i ≤ N − 1. (2.4.23)

Following the approach in O’Riordan et al. [65], it can be proved that

∣∣WN
l (xi)

∣∣ ≤ CχL(xi), and |Wr(xi)| ≤ CχR(xi), ∀i.

Then, we observe for i ≥ N/4,

∣∣WN
l (xi)

∣∣ ≤ CχL(xi) ≤ CχL(xN/4) = C

N/4∏
j=1

(1 + µ0H)−1,

≤
(
1 + 8N−1 lnN

)−N/4 ≤ CN−2.

We also observe from Lemma 2.2.2 that for xi ≥ τ0,

|wL(xi)| ≤ Ce−µ0xi ≤ Ce−µ0τ0 ≤ CN−2.

Therefore combining these two, we have

∣∣(WN
l − wL)(xi)

∣∣ ≤ CN−2, for xi ∈ (τ0, 1). (2.4.24)

Similarly, we also have ∣∣∣(W̃l

2N
− wL)(xi)

∣∣∣ ≤ CN−2, for xi ∈ (τ0, 1). (2.4.25)

From (2.4.24)-(2.4.25), it follows that∣∣∣(2W̃l

2N
−WN

l

)
(xi)− wL(xi)

∣∣∣ ≤ ∣∣(WN
l − wL)(xi)

∣∣+ 2
∣∣∣(W̃l

2N
− wL)(xi)

∣∣∣ ,
≤ CN−2, for xi ∈ (τ0, 1).

This completes the proof.
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Combining the error estimates established in Lemma 2.4.5 and Lemma 2.4.6, we prove
the following global estimate for the extrapolation of the left singular component.

Theorem 2.4.7. For xi ∈ Ω
N , the error after extrapolation in the left singular part satisfies

the following estimate∣∣∣(2W̃l

2N
−WN

l

)
(xi)− wL(xi)

∣∣∣ ≤ C(N−1 lnN)2, for 1 ≤ i ≤ N − 1. (2.4.26)

Theorem 2.4.8. For xi ∈ Ω
N , the numerical error after extrapolation in the right singular

component satisfies the following∣∣∣(2W̃r

2N
−WN

r

)
(xi)− wR(xi)

∣∣∣ ≤ C(N−1 lnN)2, for 1 ≤ i ≤ N − 1. (2.4.27)

Proof. Using the estimates |Wr(xi)| ≤ CχR(xi), ∀i, and proceeding in the same way as in
Lemma 2.4.6, we can prove that∣∣∣(2W̃r

2N
−WN

r

)
(xi)− wR(xi)

∣∣∣ ≤ CN−2, for 0 < i <
3N

4
. (2.4.28)

Also by using the same approach as in Lemma 2.4.5, we can prove∣∣∣(2W̃r

2N
−WN

r

)
(xi)− wR(xi)

∣∣∣ ≤ C(N−1 lnN)2, for i ≥ 3N

4
. (2.4.29)

The required convergence result follows by combining the last two equations.

2.4.3 Error estimate for the extrapolated solution

Theorem 2.4.9. (Main convergencet theorem) If ÛN is the Richardson extrapolation
of the numerical solution UN of the problem (2.1.1) on Ω

N , and the perturbation parameter
satisfies ε2 ≤ CN−1. Then, we have the following accuracy:∥∥∥ÛN − u

∥∥∥
∞,Ω

N
≤ CN−2(lnN)2, for some N ≥ N0. (2.4.30)

where C > 0 and N0 ∈ N.

Proof. Suppose, V N , WN
r , W

N
l are the smooth and singular components of the numerical

solution UN of the exact solution u(x) on Ω
N , and Ṽ 2N , W̃ 2N

l , W̃ 2N
r are those of the

approximate solution Ũ2N on the mesh Ω̃2N . Then, from Theorem 2.4.3, Theorem 2.4.7 and
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Theorem 2.4.8, we have the following∣∣∣ÛN
i − u(xi)

∣∣∣ = ∣∣∣(2Ṽ 2N
i − V N

i )− v(xi)
∣∣∣+ ∣∣∣((2W̃ 2N

l −WN
l )− wL)(xi)

∣∣∣
+
∣∣∣((2W̃ 2N

r −WN
r )− wR)(xi)

∣∣∣
≤ C

[
N−2 +N−2(lnN)2 +N−2(lnN)2

]
≤ CN−2(lnN)2.

for each xi ∈ Ω
N . Adding the above equations and using (2.3.8), we prove the required

convergence result.

2.5 Numerical experiments

For validation of the theoretical convergence results, we consider a convection-reaction-
diffusion problem with two parameters, where the diffusion coefficient is affected by pa-
rameter ε1 and the convection coefficient function contains the second parameters ε2. We
first choose two sets of parameters to test the parameter-uniform convergence of the under-
lying standard-upwind scheme. Then, we extrapolate the numerical solution to observe the
enhanced accuracy for the same of parameters.

Example 2.5.1. We take the following example for computing the numerical results. ε1u
′′(x) + ε2x

p(1 + x) u′(x)− u(x) = 1− x2, x ∈ Ω = (0, 1),

u(0) = 1, u(1) = 1.
(2.5.1)

We consider the set

S1 =
{(
ε1, ε2

)
: ε1 = 10−k−2, ε2 =

√
ε1
10

, k = 1, 2, . . . , 5
}
, (2.5.2)

S2 =
{(
ε1, ε2

)
: ε1 = 10−k, ε2 = ε1

1/4, k = 1, 2, . . . , 5
}
, (2.5.3)

for the parameters that satisfy the condition in Case I and for Case II, respectively.

The maximum pointwise error in the approximate solution UN can be computed using
the formula

EN
ε1,ε2

= max
xi∈Ω

N

∣∣UN
ε1,ε2

(xi)− u(xi)
∣∣ . (2.5.4)

Since we do not have the exact solution in this example, we use double mesh principle to
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calculate the pointwise maximum error in the numerical solution UN as

EN
ε1,ε2

= max
xi∈Ω

N

∣∣∣UN
ε1,ε2

(xi)− Ũ2N
ε1,ε2

(xi)
∣∣∣ . (2.5.5)

We also define the parameter-independent maximum error EN and the parameter-uniform
rate of convergence pN by

EN = max
ε1,ε2

EN
ε1,ε2

, pN = log2

(
EN

E2N

)
. (2.5.6)

From Figure 2.2, we see that the thickness of the boundary layers at both boundaries
are same when we consider Case I. However from Figure 2.3, for Case II, it is clear that the
boundary layers at x = 0 and x = 1 are not of the same width. This happens because the
sharpness of the layers depends directly of the constants µ0, µ1 and in this case, we have
µ0 ≫ µ1.

We first observe the convergence phenomena before employing the Richardson extrapola-
tion for the example. We notice from Table 2.1 and Table 2.2 that the approximation error
have consistently decreased with increasing number of mesh points. Also, the error remains
bounded even after significantly decreasing the parameters values along the columns. This
ensures the parameter-independent stability of the upwind scheme. The data in the tables
successfully reflect the almost first-order accuracy of the scheme in discrete maximum norm.
The order of accuracy of the method can also be easily noticed from loglog plot visualizations
in Figure 2.4 and Figure 2.5.

After using the Richardson extrapolation technique, we note that there is a significant
improve in the pointwise-maximum error as well as the rate of convergence in both cases for
the same set of parameters. The method retains the consistency as well as the parameter-
uniform stability of the upwind scheme. From Table 2.3 and Table 2.4, the almost second-
order convergence of the scheme are verified. Graphically, the same can also be visualized
from the loglog figures in Figure 2.6 and Figure 2.7. Therefore, the theoretical estimates
proved in the previous sections are successfully validate with these numerical results.
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Figure 2.2: Plot of the numerical approximation UN for Example 2.5.1 with p = 1 and

ε1 = 10−4, ε2 =

√
ε1
10

for Case I.
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Figure 2.3: Plot of the numerical approximation UN for Example 2.5.1 with p = 1 and
ε1 = 10−4, ε2 = ε

1/4
1 for Case II.

Ph.D. Thesis 36 Mrityunjoy Barman

TH-3241_176123001



Numerical experiments

Table 2.1: Maximum pointwise error and associated rate of convergence using standard
upwind scheme for Example 2.5.1 with p = 1 for various values of ε1 from the set S1 for Case
I.

ε1 N = 64 128 256 512 1024

10−3 6.3449e-03 2.5847e-03 1.1369e-03 5.2666e-04 2.5283e-04
1.295 1.184 1.110 1.058 -

10−4 8.0929e-03 3.9311e-03 1.9664e-03 1.0073e-03 5.2738e-04
1.041 0.999 0.965 0.933 -

10−5 8.1787e-03 3.9726e-03 1.9892e-03 1.0191e-03 5.3370e-04
1.041 0.997 0.965 0.933 0

10−6 8.2063e-03 3.9860e-03 1.9967e-03 1.0229e-03 5.3576e-04
1.041 0.997 0.964 0.933 -

10−7 8.2151e-03 3.9903e-03 1.9990e-03 1.0241e-03 5.3642e-04
1.041 0.997 0.964 0.932 -

10−8 8.2179e-03 3.9917e-03 1.9998e-03 1.0245e-03 5.3663e-04
1.041 0.997 0.964 0.932 -

10−9 8.2188e-03 3.9921e-03 2.0000e-03 1.0246e-03 5.3670e-04
1.041 0.997 0.964 0.932 -

10−10 8.2190e-03 3.9922e-03 2.0001e-03 1.0247e-03 5.3672e-04
1.041 0.997 0.964 0.932 -
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Table 2.2: Maximum pointwise error and associated rate of convergence using standard
upwind scheme for Example 2.5.1 with p = 1 for various values of ε1 from the set S1 for Case
II.

ε1 N = 64 128 256 512 1024

10−3 9.0359e-03 3.6544e-03 1.6136e-03 7.5427e-04 3.6450e-04
1.3060 1.1794 1.0971 1.0492 -

10−4 1.0155e-02 5.3257e-03 2.7271e-03 1.3799e-03 6.9413e-04
0.9312 0.9656 0.9828 0.9913 -

10−5 2.3788e-02 1.3050e-02 6.8544e-03 3.5207e-03 1.7844e-03
0.8662 0.9289 0.9612 0.9805 -

10−6 3.4001e-02 2.2046e-02 1.3549e-02 7.9447e-03 4.0898e-03
0.6250 0.7024 0.7701 0.9580 -

10−7 3.5106e-02 2.2779e-02 1.4000e-02 8.2157e-03 4.6848e-03
0.6240 0.7023 0.7689 0.8104 -

10−8 3.5620e-02 2.3121e-02 1.4210e-02 8.3401e-03 4.7559e-03
0.6235 0.7024 0.7688 0.8103 -

10−9 3.5859e-02 2.3281e-02 1.4307e-02 8.3979e-03 4.7890e-03
0.6231 0.7024 0.7686 0.8103 -

10−10 3.5970e-02 2.3355e-02 1.4353e-02 8.4247e-03 4.8044e-03
0.6231 0.7024 0.7686 0.8103 -
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Figure 2.4: Loglog plot of the pointwise maximum error obtained before using Richardson
extrapolation for Case I for Example 2.5.1.
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Figure 2.5: Loglog plot of the pointwise maximum error obtained before using Richardson
extrapolation for Case II for Example 2.5.1.
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Figure 2.6: Loglog plot visualization of the pointwise maximum error obtained after using
Richardson extrapolation for Case I for Example 2.5.1.
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Figure 2.7: Loglog plot visualization of the pointwise maximum error obtained after using
Richardson extrapolation for Case II for Example 2.5.1.
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Table 2.3: Maximum pointwise error and associated rate of convergence Example 2.5.1 with
p = 1 for various values of ε1 from the set S1 after using Richardson extrapolation for Case
I.

ε1 N = 64 128 256 512 1024

10−3 2.6513e-03 6.8674e-04 1.7319e-04 4.3388e-05 1.0852e-05
1.9489 1.9874 1.9970 1.9993 -

10−4 2.9375e-03 1.0305e-03 3.4196e-04 1.0868e-04 3.3587e-05
1.5112 1.5915 1.6537 1.6942 -

10−5 2.9424e-03 1.0323e-03 3.4261e-04 1.0889e-04 3.3652e-05
1.5111 1.5913 1.6537 1.6941 -

10−6 2.9439e-03 1.0329e-03 3.4281e-04 1.0895e-04 3.3672e-05
1.5111 1.5912 1.6537 1.6941 -

10−7 2.9443e-03 1.0330e-03 3.4287e-04 1.0897e-04 3.3678e-05
1.5111 1.5912 1.6537 1.6941 -

10−8 2.9444e-03 1.0331e-03 3.4289e-04 1.0898e-04 3.3680e-05
1.5111 1.5912 1.6537 1.6941 -

10−9 2.9445e-03 1.0331e-03 3.4290e-04 1.0898e-04 3.3681e-05
1.5111 1.5911 1.6537 1.6941 -

10−10 2.9445e-03 1.0331e-03 3.4290e-04 1.0898e-04 3.3681e-05
1.5111 1.5911 1.6537 1.6941 -
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Table 2.4: Maximum pointwise error and associated rate of convergence Example 2.5.1 with
p = 1 for various values of ε1 from the set S2 after using Richardson extrapolation for Case
II.

ε1 N = 64 128 256 512 1024

10−3 1.9995e-03 4.9935e-04 1.2403e-04 3.0740e-05 7.6481e-06
2.0015 2.0094 2.0125 2.0069 -

10−4 2.6202e-03 9.1404e-04 2.9946e-04 9.5012e-05 2.9285e-05
1.5193 1.6099 1.6562 1.6980 -

10−5 2.7981e-03 9.7935e-04 3.2331e-04 1.0268e-04 3.1700e-05
1.5146 1.5989 1.6547 1.6957 -

10−6 4.7749e-03 2.0285e-03 7.5493e-04 2.5601e-04 6.7089e-05
1.2351 1.4260 1.5602 1.9320 -

10−7 4.9511e-03 2.1111e-03 7.8581e-04 2.6701e-04 8.5912e-05
1.2298 1.4257 1.5573 1.6360 -

10−8 5.0337e-03 2.1499e-03 8.0032e-04 2.7205e-04 8.7543e-05
1.2274 1.4256 1.5567 1.6358 -

10−9 5.0738e-03 2.1679e-03 8.0710e-04 2.7441e-04 8.8306e-05
1.2268 1.4255 1.5564 1.6357 -

10−10 5.0932e-03 2.1763e-03 8.1026e-04 2.7550e-04 8.8661e-05
1.2267 1.4255 1.5563 1.6357 -
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Table 2.5: Maximum pointwise error and associated rate of convergence Example 2.5.1 with

ε1 = 10−4, ε2 =

√
ε1
10

for various values of p before using Richardson extrapolation.

p N = 64 128 256 512 1024

1 3.2196e-2 1.6186e-2 7.8622e-3 3.9327e-3 2.0145e-3
0.9922 1.0417 0.9994 0.9651 -

2 3.1978e-2 1.6060e-2 7.8012e-3 3.8978e-3 1.9964e-3
0.9936 1.0417 1.0010 0.9653 -

3 3.1762e-2 1.5937e-2 7.7410e-3 3.8633e-3 1.9785e-3
0.9950 1.0418 1.0027 0.9654 -

4 3.1549e-2 1.5814e-2 7.6814e-3 3.8293e-3 1.9608e-3
0.9964 1.0418 1.0043 0.9656 -

5 3.1439e-2 1.5694e-2 7.6225e-3 3.7956e-3 1.9434e-3
1.0024 1.0419 1.0059 0.9658 -

6 3.1439e-2 1.5575e-2 7.5643e-3 3.7624e-3 1.9261e-3
1.0134 1.0419 1.0075 0.9660 -

Table 2.6: Maximum pointwise error and associated rate of convergence Example 2.5.1 with

ε1 = 10−4, ε2 =

√
ε1
10

for various values of p after using Richardson extrapolation.

p 64 128 256 512 1024

1 7.3463e-3 2.9375e-3 1.0305e-3 3.4196e-4 1.0868e-4
1.3224 1.5112 1.5915 1.6537 -

2 7.3600e-3 2.9441e-3 1.0330e-3 3.4285e-4 1.0897e-4
1.3219 1.5110 1.5912 1.6537 -

3 7.3602e-3 2.9442e-3 1.0330e-3 3.4286e-4 1.0897e-4
1.3219 1.5110 1.5911 1.6537 -

4 7.3602e-3 2.9442e-3 1.0330e-3 3.4286e-4 1.0897e-4
1.3219 1.5110 1.5911 1.6537 -

5 7.3602e-3 2.9442e-3 1.0330e-3 3.4286e-4 1.0897e-4
1.3219 1.5110 1.5911 1.6537 -

6 7.3602e-3 2.9442e-3 1.0330e-3 3.4286e-4 1.0897e-4
1.3219 1.5110 1.5911 1.6537 -
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Chapter 2: Degenerate boundary-value problems with two parameters

2.6 Conclusions

In this work, we have considered a convection-reaction-diffusion BVP of degenerate type
with two perturbations and used standard upwind scheme to find the approximate solution.
We have also employed the Richardson extrapolation tool on the solution to obtain higher-
order accuracy in the solution. It turns out that the degeneracy does not affect the uniform
convergence of the numerical method if we carefully construct the layer-resolving Shishkin
mesh based on the characteristics of the degenerate solution.
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CHAPTER 3

Richardson extrapolation of the numerical
solution to singularly perturbed degenerate
parabolic problems with two parameters

This chapter considers a parabolic initial boundary-value problem (IBVP) of convection-
reaction-diffusion type with two perturbation parameters. We use a standard upwind scheme
on a Shishkin mesh for the space variable and a backward-Euler scheme for the time
variable. We employ the Richardson extrapolation method to improve the upwind scheme’s
convergence order. The resulting scheme is established as a second-order convergent one
with parameter-independent stability. Numerical results validate the proposed extrapolation
tool’s theoretical results and effectiveness.
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

3.1 Introduction

We study the following parabolic SPP:
ε1
∂2u

∂x2
+ ε2b(x, t)

∂u

∂x
− c(x, t)u(x, t)− ∂u

∂t
= f(x, t), (x, t) ∈ Q,

u(0, t) = u0(t), u(1, t) = u1(t), 0 ≤ t ≤ T,

u(x, 0) = ϕ(x), x ∈ Ω,

(3.1.1)

where Ω = (0, 1), Q = Ω× (0, T ]. We denote the differential operator as

Lεζ = ε1
∂2ζ

∂x2
+ ε2b

∂ζ

∂x
− cζ − ∂ζ

∂t

for convenience.

The convection coefficient is given as b(x, t) = xpa(x, t) for some p ≥ 1 and a(x, t) ≥ β > 0

in Ω. We also assume that the associated coefficient functions as well as the source function
are smooth enough. We also consider the following conditions, known as the compatibility
conditions, as follows:

u0(0) = ϕ(0), u1(0) = ϕ(1), (3.1.2)

ε1ϕ
′′(0)− c(0, 0)ϕ(0) = f(0, 0), (3.1.3)

ε1ϕ
′′(1) + ε2a(1, 0)ϕ

′(1)− c(1, 0)ϕ(1) = f(1, 0). (3.1.4)

Because of the presence of the perturbation parameters ε1, ε2, the exact solution of the
IBVP creates boundary layers along both boundaries x = 0 and x = 1. However, the width
of these two layers depend on the following characteristic equation

ε1λ
2 + ε2b(x, t)λ− c(x, t) = 0

for each fixed t. The above equation in λ has two roots, say λ0(x) < 0 and λ1(x) > 0. Then,
the width of the layers depends on the constants

µ0 = min
0≤x≤1

|λ0(x)| , µ1 = min
0≤x≤1

|λ1(x)| . (3.1.5)

Like the previous work in Chapter 2, the width of the associated boundary layers at x = 0

and x = 1 are respectively O(1/µ0) and O(1/µ1). Depending on the relations between the
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parameters ε1, ε2, the boundary layer behaviour changes significantly. Therefore, we need
to study those cases separately.

We complete the analysis of the problem into the following two cases:

Case I: ε2 ≤ C
√
ε1, Case II: ε2 ≥ C

√
ε1.

We organize the rest of the chapter as follows. In Section 2, we prove some a priori
estimates on the derivatives of the continuous solution and its components. In Section 3,
we describe the semidiscrete problem on a uniformly spaced temporal mesh and find the
estimates due to the time discretizations. Section 4 discusses about the construction of a
suitably designed Shishkin with the help of the constants µ0, µ1, and the fully-discrete scheme
using classical upwind method. Then, we employ the Richardson extrapolation technique
and analyze its effectiveness on the accuracy of the approximated solution. Finally compare
the numerical results obtained before and after the application of Richardson extrapolation.

3.2 Properties of the continuous solution

The associated differential operator (Lε) satisfies the following standard comparison princi-
ple.

Lemma 3.2.1. Minimum Principle: If ω ∈ C2,1(Q) such that ω(x, t) ≥ 0, (x, t) ∈ ∂Q

and Lεω(x, t) ≤ 0, (x, t) ∈ Q, then ω(x, t) ≥ 0 for all (x, t) ∈ Q.

For rigorous analysis of the boundary layer behaviour of the exact solution, we decompose
it as follows.

u(x, t) = v(x, t) + wL(x, t) + wR(x, t), in Q. (3.2.1)

Here, v is the regular component and wL, wR are respectively the left and right layers parts
of u. These components solve the following equations

Lεv = f(x, t), (x, t) ∈ Q,

v(0, t), v(1, t) are bounded for 0 ≤ t ≤ T,

v(x, 0) = ϕ(x), x ∈ Ω,

(3.2.2)
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters


LεwR = 0, (x, t) ∈ Q,

wR(0, t) = 0, wR(1, t) = u1 − v(1, t), for 0 ≤ t ≤ T,

wR(x, 0) = 0, x ∈ Ω,

(3.2.3)

and 
LεwL = 0, (x, t) ∈ Q,

wL(0, t) = u0 − v(0, t), wL(1, t) = 0, for 0 ≤ t ≤ T,

wL(x, 0) = 0, x ∈ Ω.

(3.2.4)

The smooth and layer parts of the exact solution satisfy the following error bounds.

Lemma 3.2.2. For 0 ≤ i+2j ≤ 6, the smooth part v and the singular parts wL, wR satisfy
the following derivative estimates∥∥∥∥ ∂i+jv

∂xi∂tj

∥∥∥∥
∞

≤ C
(
1 + ε

(3−i)/2
1

)
, (3.2.5)∣∣∣∣∂i+jwL

∂xi∂tj

∣∣∣∣ ≤ Cµi
0e

−µ0x, (3.2.6)∣∣∣∣∂i+jwR

∂xi∂tj

∣∣∣∣ ≤ Cµi
1e

−µ1(1−x), (3.2.7)

for all (x, t) ∈ Q.

Proof. The proof can be done by fixing t and following the same approach for the estimates
proved in Lemma 2.2.2 and Lemma 2.2.3 in Chapter 2.

We denote the spatial operator Lx,ε in (3.1.1) at t = tn+1 as

Lx,εu
n+1(x) := ε1

d2

dx2
un+1(x) + ε2b(x, tn+1)

d

dx
un+1(x)− c(x, tn+1)u

n+1(x),

and the corresponding discrete operator as

LN
x,εZi = ε1δ

2Zi + ε2b(xi, tn) δ
+Zi − c(xi, tn)Zi, (3.2.8)

for each fixed tn.
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We define the semidiscrete problem corresponding to the IBVP (3.1.1) as follows: For
every 0 ≤ n ≤M − 1, find un+1(x) such that u0 = ϕ(x) and

[
− I +∆tLx,ε

]
un+1(x) = −un(x) + ∆tf(x, tn+1), x ∈ Ω,

un+1(0) = u0(tn+1), un+1(1) = u1(tn+1).

(3.2.9)

Theorem 3.2.3. Let u be the exact solution of the problem (3.1.1). Suppose that for 0 ≤ i ≤

2,

∣∣∣∣∂iu∂ti (x, t)
∣∣∣∣ ≤ C, ∀(x, t) ∈ Q. Then, the local error due to time discretization satisfies

∥u(tn)− ûn∥∞,Ω ≤ C∆t2, ∀ n = 1, . . . ,M, (3.2.10)

and the global error satisfies

sup
n∆t≤T

∥u(tn)− un∥∞,Ω ≤ C∆t, (3.2.11)

where ûn satisfies
[
− I +∆tLx,ε

]
ûn+1(x) = −u(tn) + ∆tf(x, tn+1), x ∈ Ω,

ûn+1(0) = u0(tn+1), ûn+1(1) = u1(tn+1),

(3.2.12)

for every n = 0, 1, . . . ,M − 1.

Proof. The proof of this theorem is available in [59].

3.3 Numerical approximations

The domain of the time variable is discretized as

Ω
M

t :=
{
tk : tk = k∆t, k = 0, 1, . . . ,M, ∆t = T/M

}
,

where we consider only the uniform time step-length ∆t. Suppose the roots of the character-
istic equation ε1λ2 + ε2b− c = 0 are given by λ0(x) < 0 and λ1(x) > 0. In order to generate
the layer resolving Shishkin mesh, we use the transition parameters defined in the following
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Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

way

τ0 = min

{
1

4
,
2

µ0

lnN

}
, τ1 = min

{
1

4
,
2

µ1

lnN

}
, (3.3.1)

where

µ0 =

√
β

ε1
, µ1 =

−ε1A+
√
ε21A

2 + 4ε1β

2ε1
, (3.3.2)

with A =
∥∥∥b̂∥∥∥

∞
, c(x) ≥ β.

For spatial discretization, we use the similar Shishkin grid Ω
N with (N + 1) mesh points

designed as in Section 3.1, with the same transition points τ0, τ1 in (3.3.1) and the constants
µ0, µ1 defined by

µ0 = − max
0≤x≤1

λ0(x), µ1 = min
0≤x≤1

λ1(x). (3.3.3)

We define the fully-discrete problem as follows:
The fully-discrete approximation U that solves following problem

LN
ε U

n+1
i = f(xi, tn+1), 1 ≤ i ≤ N − 1,

Un+1
0 = u0(tn+1), Un+1

N = u1(tn+1),

U0
i = ϕ(xi), xi ∈ Ω

N
,

(3.3.4)

for every n = 0, 1, . . . ,M − 1, where the fully-discrete operator LN
ε is defined by

LN
ε Z

n
i = ε1δ

2Zn
i + ε2b(xi, tn) δ

+Zn
i − c(xi, tn)Z

n
i − δ−t Z

n
i . (3.3.5)

Let us denote the fully-discrete solution obtained by solving the problem (3.3.4) on the
mesh DN,M := Ω

N × Ω
M

t by UN,M . With this notation, we state the results related to the
truncation errors associated with the above fully-discrete problem.

Let us decompose UN,M as

UN,M = V N,M +WN,M
r +WN,M

l ,

where V N,M , WN,M
r and WN,M

l respectively denote the smooth part, right singular part, and
the left singular part of UN,M .

The discrete operator satisfies the following discrete minimum principle.
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Lemma 3.3.1. (Discrete minimum principle) Suppose, the mesh function Z satisfies
Z ≥ 0 on ∂DN,M and LN

ε Z ≤ 0 for every (xi, tn) ∈ Q ∩DN,M . Then, we have

Z ≥ 0 for all (xi, tn) ∈ DN,M . (3.3.6)

The standard upwind scheme for the present model problem has the following convergence
properties:

Theorem 3.3.2. Suppose, UN,M be the fully-discrete approximation of the exact solution
u(x, t) on DN,M , and ε1 ≤ CN−1, then we have following error estimate:

∥∥UN,M − u
∥∥
∞,DN,M ≤ C

(
N−1(lnN)2 +∆t

)
. (3.3.7)

Proof. The semidiscrete problem (3.2.12) can be rewritten as

ε1
d2

dx2
ûn+1(x) + ε2b(x, tn+1)

d

dx
ûn+1(x)−

(
1

∆t
+ c(x, tn+1)

)
ûn+1(x)

= − 1

∆t
ûn(x) + f(x, tn+1), x ∈ Ω. (3.3.8)

The above problem in x is a two-parameter BVP and is similar to the model problem
studied in O’Riordan et al. [65]. Therefore, for every t = tn, the following error equation
holds good: ∣∣∣Ûn(xi)− û(xi, tn)

∣∣∣ ≤ C N−1(lnN)2, ∀xi ∈ ΩN , (3.3.9)

where Ûn satisfies the discrete form of (3.2.12).

We first observe the error equation in the form

Un − u(tn)|ΩN =

(
Un − Ûn

)
+

(
Ûn − ûn|

Ω
N

)
+

(
ûn|

Ω
N − u(tn)|ΩN

)
, (3.3.10)

where Ûn is the solution of the discrete form of the problem (3.2.12).

We recall the results from Theorem 3.2.3 to obtain

∥∥ ûn|
Ω

N − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t2,
∥∥∥Ûn − ûn|

Ω
N

∥∥∥
∞,Ω

N
≤ C∆tN−1(lnN)2.

Ph.D. Thesis 51 Mrityunjoy Barman

TH-3241_176123001



Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

Using these estimates and discrete minimum principle
∥∥∥∥(− I +∆tLN

x,ε

)−1
∥∥∥∥ ≤ C, we have

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t
(
∆t+N−1(lnN)2

)
+ C

∥∥Un−1 − u(tn−1)|ΩN

∥∥
∞,Ω

N

≤ Cn∆t
(
∆t+N−1(lnN)2

)
≤ C

(
∆t+N−1(lnN)2

)
,

since n∆t ≤ T .

Suppose, UN,M be the fully-discrete approximation of the exact solution u(x, t) on the
discrete mesh DN,M := Ω

N × Ω
M

t . From Theorem 3.3.2, we have

(
UN,M − u

)
(xi, tn) = C

(
N−1 lnN +∆t

)
+RN,M(xi, tn),

= C
(
N−1

(µ0τ0
2

)
+∆t

)
+RN,M(xi, tn), (3.3.11)

for all (xi, tn) ∈ DN,M , where RN,M(xi, tn) = O (N−2(lnN)2 +∆t2).

Now, let us fix the transition parameters τ0, τ1 in the Shishkin mesh Ω
N and refine it

by creating new grid points x̃i =
xi−1 + xi

2
in each element [xi−1, xi]. We also bisect every

mesh interval in time direction and create new grid points t̃j =
tj−1 + tj

2
in every element

[tj−1, tj]. Thus, the refinement of the original mesh can be described as

D2N,2M := Ω̃2N × Ω̃2M
t , (3.3.12)

where Ω̃2N := Ω
N ∪ {x̃i : 1 ≤ i ≤ N}, and Ω̃2M

t := Ω
M

t ∪
{
t̃j : 1 ≤ j ≤M

}
.

Suppose, Û2N,2M be the approximate solution on D2N,2M with the same transition points
xi = τ0 and xi = 1− τ1 in space. Then, from Equation (3.3.11), we have

(
Ũ2N,2M − u

)
(xi, tn) = C

(
(2N)−1

(µ0τ0
2

)
+

∆t

2

)
+ R̃2N,2M(xi, tn), (3.3.13)

where R̃2N,2M(xi, tn) = O (N−2(lnN)2 +∆t2).

From Equations (3.3.11) and (3.3.13), we get(
2Ũ2N,2M − UN,M

)
(xi, tn)− u(xi, tn) = (2R̃2N,2M −RN,M(xi, tn))(xi, tn),

= O
(
N−2(lnN)2 +∆t2

)
. (3.3.14)
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Thus, we have a new approximation formula with a higher accuracy given as follows:

ÛN,M(xi, tn) =
(
2Ũ2N,2M − UN,M

)
(xi, tn), for (xi, tn) ∈ GN,M . (3.3.15)

3.4 Convergence analysis

3.4.1 Error estimates in the regular component

We deduce the following truncation error bounds for the smooth part of the numerical
solution on the mesh DN,M .

Lemma 3.4.1. The truncation error corresponding to the smooth component can be expressed
as

LN,M
ε

(
V N,M − v

)
(xi, tn+1) = −hi+1χ1(xi, tn+1)−∆tχ2(xi, tn+1) +O(H2 +∆t2), (3.4.1)

where

χ1(x, t) =
ε2hi+1

2
b(x, t)

∂2v

∂x2
(x, t), χ2(x, t) =

1

2

∂2v

∂t2
(x, t).

Proof. From straightforward Taylor series expansion about the point (xi, tn+1), we obtain

LN,M
ε

(
V N,M − v

)
(xi, tn+1) = − ε1

3(hi + hi+1)

[
h2i+1

∂3v

∂x3
(κ1, tn+1)− h2i

∂3v

∂x3
(κ2, tn+1)

]
− ε2hi+1

2
b(xi, tn+1)

∂2v

∂x2
(xi, tn+1)−

ε2h
2
i+1

3!
b(xi, tn+1)

∂3v

∂x3
(κ3, tn+1)

− ∆t

2

∂2v

∂t2
(xi, tn+1) +

∆t2

3!

∂3v

∂t3
(xi, ν0),

where xi < κ1, κ3 < xi+1 xi−1 < κ2 < xi, and tn < ν0 < tn+1. Now applying the bounds for
the derivatives of the smooth part v, the result follows.

Now following the approach by Natividad and Stynes [5], we define the following auxiliary
problems for k = 1, 2: 

LεFk(x, t) = χk(x, t), (x, t) ∈ Q,

Fk(x, 0) = 0, x ∈ Ω,

Fk(0, t) = Fk(1, t) = 0,∀t.

(3.4.2)

Ph.D. Thesis 53 Mrityunjoy Barman

TH-3241_176123001



Chapter 3: Degenerate parabolic initial boundary-value problems with two parameters

We also decompose each Fk as Fk = ξk + ηk + ζk such that the smooth part satisfies
Lεξk = χk, (x, t) ∈ Q,

|ξk(0, t)| ≤ C, |ξk(1, t)| ≤ C,

(3.4.3)

and the layer parts satisfy
Lεηk = 0, (x, t) ∈ Q,

ηk(0, t) = −ξk(0, t), ηk(1, t) = 0,


Lεζk = 0, (x, t) ∈ Q,

ζk(0, t) = 0, ζk(1, t) = −ξk(1, t),
(3.4.4)

with ξk, ηk, ζk all vanishes at t = 0.

Lemma 3.4.2. The smooth part V N,M of the approximate solution satisfies

(
V N,M − v

)
(xi, tn+1) = −(hi+1ξ1 +∆tξ2)(xi, tn+1)

+O(N−2 +∆t2), 1 ≤ i ≤ N − 1, 1 ≤ n ≤M. (3.4.5)

Proof. We have from Lemma 3.4.1,

LN,M
ε

(
V N,M − v

)
(xi, tn+1) = −hi+1Lεξ1(xi, tn+1)−∆tLεξ2(xi, tn+1) +O(H2 +∆t2).

We can also show that

∣∣(Lε − LN,M
ε

)
ξk(xi, tn+1)

∣∣ ≤ C

[
ε1(hi + hi+1)

∥∥∥∥∂3ξk∂x3

∥∥∥∥
∞
+
ε2b(xi, tn+1)hi

2

∥∥∥∥∂2ξk∂x2

∥∥∥∥
∞

]
+ C

∆t

2

∥∥∥∥∂2ξk∂t2

∥∥∥∥
∞
.

Thus, we find

∣∣hi+1

(
Lε − LN,M

ε

)
ξ1(xi, tn+1) + ∆t

(
Lε − LN,M

ε

)
ξ2(xi, tn+1)

∣∣ ≤ C(H2 +∆t2).

Therefore,

LN,M
ε

(
V N,M − v + hi+1ξ1 +∆tξ2

)
(xi, tn+1) ≤ C(H2 +∆t2).

Finally, using the barrier function

Λ(xi, tn) = C1(N
−2 +∆t2)(1− xi)
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for 1 ≤ i ≤ N−1, 1 ≤ n ≤M−1 with Λ = 0 on ∂DN,M , we prove the required estimate.

Theorem 3.4.3. If Ṽ 2N,2M be the smooth component of the numerical solution on the dis-
crete mesh D2N,2M and v is the smooth part of the continuous solution u, then∣∣∣(2Ṽ 2N,2M − V N,M − v

)
(xi, tn)

∣∣∣ ≤ C
(
N−2 +∆t2

)
, (3.4.6)

for all (xi, tn) ∈ DN,M .

Proof. From Lemma 3.4.2, we derive the following(
Ṽ 2N,2M − v

)
(xi, tn+1) = −1

2
(hi+1ξ1 +∆tξ2)(xi, tn+1) +O(N−2 +∆t2),

1 ≤ i ≤ N − 1, 1 ≤ n ≤M. (3.4.7)

From (3.4.5) and (3.4.7), we get(
2Ṽ 2N,2M − V N,M − v

)
(xi, tn+1) = O(N−2 +∆t2), 1 ≤ i ≤ N − 1, 1 ≤ n ≤M. (3.4.8)

Hence the proof.

3.4.2 Error estimates in the singular components

We present the bound for the error after extrapolation in the singular component WN,M
l ,

while similar proof follows for the other singular part also.

Lemma 3.4.4. For xi ∈ [τ0, 1], the following error equation holds∣∣∣(WN,M
l − wL)(xi, tn)

∣∣∣ ≤ CN−2, (3.4.9)

for every 1 ≤ n ≤M .

Proof. The proof follows exactly in a similar way in Lemma 2.4.6 in Chapter 2 following the
fact that for each tn, ∣∣∣WN,M

l (xi, tn)
∣∣∣ ≤ C

i∏
j=1

(1 + µ0hi)
−1.

We prove that both WN,M
l , wL have an upper bound O(N−2) and the remaining part of the

proof are same.
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Theorem 3.4.5. For xi ∈ [τ0, 1], the left singular component of the extrapolated solution
satisfies ∣∣∣(2W̃ 2N,2M

l −WN,M
l − wL

)
(xi, tn)

∣∣∣ ≤ CN−2. (3.4.10)

Proof. Using Lemma 3.4.4, we also have∣∣∣(W̃ 2N,2M
l − wL)(xi, tn)

∣∣∣ ≤ CN−2, (3.4.11)

and combining it with (3.4.9), we get∣∣∣2(W̃ 2N,2M
l − wL)(xi, tn)− (WN,M

l − wL)(xi, tn)
∣∣∣ ≤ CN−2.

This is the desired result.

Now we consider the case when 0 < xi < τ0. We prove the estimate with the help of the
following lemmas.

Lemma 3.4.6. For 0 < xi < τ0, the following error estimates hold:

LN,M
ε

(
WN,M

l − wL

)
(xi, tn+1) = −(N−1 lnN LεF1 +∆t LεF2)(xi, tn+1) (3.4.12)

+O(N−2(lnN)2e−µ0xi +∆t2e−µ0xi),

where LεF1 =
4ε2
µ0

b(x, t)
∂2wL

∂x2
, and LεF2 =

1

2

∂2wL

∂t2
.

Proof. We obtain from Taylor series formula the following:

LN,M
ε

(
WN,M

l − wL

)
(xi, tn+1) = −ε1h

2
i

4!

[
∂4wL

∂x4
(κ1, tn+1) +

∂4wL

∂x4
(κ2, tn+1)

]
− ε2hi+1

2
b(xi, tn+1)

∂2wL

∂x2
(xi, tn+1)−

ε2h
2
i+1

3!
b(xi, tn+1)

∂3wL

∂x3
(κ3, tn+1)

− ∆t

2

∂2wL

∂t2
(xi, tn+1) +

∆t2

3!

∂3wL

∂t3
(xi, ν0),

where xi < κ1, κ3 < xi+1 xi−1 < κ2 < xi, and tn < ν0 < tn+1. Thus, we rewrite the
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truncation error as

LN,M
ε

(
WN,M

l − wL

)
(xi, tn+1)

= −(N−1 lnN LεF1 +∆t LεF2)(xi, tn+1) +O(ε1h
2
iµ

4
0e

−µ0xi +∆t2e−µ0xi),

= −(N−1 lnN LεF1 +∆t LεF2)(xi, tn+1) +O(N−2(lnN)2e−µ0xi +∆t2e−µ0xi).

This completes the proof.

Lemma 3.4.7. For 0 < xi < τ0, the singular layer part WN,M
l satisfies the following error

equation: (
WN,M

l − wL

)
(xi, tn+1) = −(N−1 lnN F1 +∆t F2)(xi, tn+1) (3.4.13)

+O(N−2(lnN)2 +∆t2),

where F1, F2 are defined in the previous lemma.

Proof. We first recall the result that for each k = 1, 2, the function Fk satisfies∣∣∣∣∂i+jFk

∂xi∂tj

∣∣∣∣ ≤ Cµi
0e

−µ0x, for (x, t) ∈ Q, (3.4.14)

for 0 ≤ i+ 2j ≤ 6. Using this, we can easily verify that

∣∣(Lε − LN,M
ε

)
F1(xi, tn+1)

∣∣ ≤ C

[
ε1hi

∥∥∥∥∂3Fk

∂x3

∥∥∥∥
∞
+∆te−µ0xi

]
≤ C

[
ε1µ

3
0hie

−µ0x +∆te−µ0xi
]

≤ C
[
(N−1 lnN +∆t)e−µ0xi

]
, (3.4.15)

since ε1µ2
0 ≤ C and hi = O(N−1µ−1

0 lnN).

Similarly,

∣∣(Lε − LN,M
ε

)
F2(xi, tn+1)

∣∣ ≤ C∆t)e−µ0xi . (3.4.16)

Using the last two equations, it follows that

LN,M
ε

(
WN,M

l − wL

)
(xi, tn+1) = −(N−1 lnN LN,M

ε F1 +∆t LN,M
ε F2)(xi, tn+1) (3.4.17)

+O(N−2(lnN)2e−µ0xi +∆t2e−µ0xi),
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which gives

LN,M
ε

(
WN,M

l − wL + (N−1 lnN)F1 +∆tF2

)
(xi, tn+1) = O(N−2(lnN)2e−µ0xi +∆t2e−µ0xi).

(3.4.18)

Let us now define the barrier function

Zi = C1(1− xi)N
−2 + (N−2(lnN)2 +∆t2)

i∏
j=1

(1 + µ0hj)
−1 (3.4.19)

and using the fact that e−µ0xi ≤ C
∏i

j=1(1 + µ0hj)
−1, we prove the required estimate.

We now present the error estimate after the extrapolation in the singular layer part.

Theorem 3.4.8. For 0 < xi < τ0,∣∣∣(2W̃ 2N,2M
l −WN,M

l − wL

)
(xi, tn)

∣∣∣ ≤ C
(
N−2(lnN)2 +∆t2

)
, (3.4.20)

for each 1 ≤ n ≤M .

Proof. From the last lemma, we can write(
WN,M

l − wL + (N−1µ0τ0
2

)F1 +∆tF2

)
(xi, tn+1) = O(N−2(lnN)2 +∆t2). (3.4.21)

Similarly for the extrapolated solution, we have(
W̃N,M

l − wL + (2N)−1(
µ0τ0
2

)F1 +
∆t

2
F2

)
(xi, tn+1) = O(N−2(lnN)2 +∆t2). (3.4.22)

From the last two equations, we get[
2
(
W̃N,M

l − wL

)
−
(
WN,M

l − wL

)]
(xi, tn) = O(N−2(lnN)2 +∆t2).

Hence the proof.

Combining Theorem 3.4.5 and Theorem 3.4.8, we finally present the following theorem.

Theorem 3.4.9. If W̃ 2N,2M
l be the left singular component of the numerical solution on the

discrete mesh D2N,2M and wL is the left singular part of the continuous solution u, then we
get ∣∣∣(2W̃ 2N,2M

l −WN,M
l − wL

)
(xi, tn)

∣∣∣ ≤ C
(
N−2(lnN)2 +∆t2

)
, (3.4.23)
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for all (xi, tn) ∈ DN,M .

We also prove the following error estimate after the extrapolation of the singular compo-
nent WN,M

r in a very similar way.

Theorem 3.4.10. If W̃ 2N,2M
r be the right singular component of the numerical solution on

the discrete mesh D2N,2M and wR is the right singular part of the continuous solution u, then
we have ∣∣∣(2W̃ 2N,2M

r −WN,M
r − wR

)
(xi, tn)

∣∣∣ ≤ C
(
N−2(lnN)2 +∆t2

)
, (3.4.24)

for all (xi, tn) ∈ DN,M .

3.4.3 Error estimate for the extrapolated solution

Combining all the error estimates proved in Theorem 3.4.3, Theorem 3.4.8 and Theorem
3.4.10, the following global convergence result follows.

Theorem 3.4.11. (Main convergence result) If ε1 ≤ CN−1, then the fully-discrete
solution Û2N,2M on the discrete mesh DN,M satisfies the following global convergence result:∣∣∣(Û2N,2M − u

)
(xi, tn)

∣∣∣ ≤ C
(
N−2(lnN)2 +∆t2

)
, (3.4.25)

for all (xi, tn) ∈ DN,M .

3.5 Numerical experiments

Example 3.5.1. For verification of the theoretical bounds, we have proved in the previous
section, we consider the following example.

ut − ε1uxx − ε2(1 + x2)x3ux + u = −16x2(1− x)2, (x, t) ∈ (0, 1)× (0, 1],

u(0, t) = 0, u(1, t) = 0, t ∈ (0, 1],

u(x, 0) = 0, 0 ≤ x ≤ 1.

(3.5.1)

If the exact solution are known to use, we use the following error formula

EN,M
ε1,ε2

= max
(xi,tn)∈DN,M

∣∣UN,M
ε1,ε2

(xi, tn)− u(xi, tn)
∣∣ . (3.5.2)
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In this case, the exact solution of the above parabolic IBVP is unknown, hence we use double
mesh formula to compute the error. In order to calculate the pointwise maximum error, we
define

EN,M
ε1,ε2

= max
(xi,tn)∈DN,M

∣∣∣UN,M
ε1,ε2

(xi, tn)− Ũ2N,2M
ε1,ε2

(xi, tn)
∣∣∣ . (3.5.3)

The associated order of convergence can be defined as,

pN,M
ε1,ε2

= log2

(
EN,M

ε1,ε2

E2N,2M
ε1,ε2

)
. (3.5.4)

The parameter-independent error and rate of convergence are defined by

EN,M = max
ε1,ε2

EN,M
ε1,ε2

, pN,M = log2

(
EN,M

E2N,2M

)
. (3.5.5)

We can use similar formulas to calculate the extrapolation error also. In that case, the error
formula is given by

EN,M
ε1,ε2

= max
(xi,tn)∈DN,M

∣∣∣ÛN,M
ε1,ε2

(xi, tn)− u(xi, tn)
∣∣∣ . (3.5.6)

Here, we consider the various values of the parameters satisfying the conditions for Case
I and Case II separately and obtain the results as follows.

We solve Example 3.5.1 by using the classical upwind numerical method for spatial deriva-
tives and implicit-Euler method for the time derivative on the Shihskin mesh DN,M . We
calculate the error in discrete maximum norm for the example and present them in Table
3.1 and Table 3.2 for both cases. The associated order of convergence are also given in each
case for various values of the perturbation parameters. The loglog plots presented in Figure
3.1 and Figure 3.3 reveals the almost first-order accuracy of the error. Then, we apply the
Richardson extrapolation technique for the same example and obtain significantly improved
results. From Table 2.4 and Table 3.3, it appears that after extrapolation, the convergence
of the scheme is not affected and the magnitude of the error has reduced nicely. It is easily
noticeable that the rate of convergence is almost doubled after the extrapolation and the
same can be visualized from the loglog plots in Figure 3.2 and Figure 3.4. Therefore, this en-
sures that the accuracy of the numerical scheme has been improved from O (N−1 lnN +∆t)

to (N−2(lnN)2 +∆t2) after application of the extrapolation formula.
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Figure 3.1: Visualization of pointwise maximum error obtained before Richardson extrapo-
lation for Case I.
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Figure 3.2: Visualization of pointwise maximum error obtained before Richardson extrapo-
lation for Case II.
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Figure 3.3: Visualization of pointwise maximum error obtained after Richardson extrapola-
tion for Case I.

32 64 128 256 512

Number of nodes N

10
-5

10
-4

10
-3

10
-2

P
o

in
tw

is
e
 M

a
x
im

u
m

 E
r
r
o

r

Figure 3.4: Visualization of pointwise maximum error obtained after Richardson extrapola-
tion for Case II.
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Table 3.1: Maximum pointwise error and associated rate of convergence for various values
of ε1 before using Richardson extrapolation for Case I.

ε1 N = 32 64 128 256 512
∆t = 1/32 1/64 1/128 1/256 1/512

10−3 3.1486e-02 1.2614e-02 5.1412e-03 2.2779e-03 1.0580e-03
1.319 1.294 1.174 1.106

10−4 3.1582e-02 1.4745e-02 7.2538e-03 3.6103e-03 1.8222e-03
1.098 1.023 1.006 0.986

10−5 3.1612e-02 1.4782e-02 7.2970e-03 3.6434e-03 1.8433e-03
1.096 1.018 1.002 0.983

10−6 3.1621e-02 1.4793e-02 7.3107e-03 3.6539e-03 1.8501e-03
1.096 1.016 1.000 0.982

10−7 3.1624e-02 1.4797e-02 7.3150e-03 3.6572e-03 1.8522e-03
1.095 1.016 1.000 0.982

10−8 3.1625e-02 1.4798e-02 7.3164e-03 3.6583e-03 1.8529e-03
1.095 1.016 0.999 0.981

10−9 3.1625e-02 1.4798e-02 7.3168e-03 3.6586e-03 1.8531e-03
1.095 1.016 0.999 0.981

10−10 to 10−12 3.1625e-02 1.4798e-02 7.3169e-03 3.6587e-03 1.8532e-03
1.095 1.016 0.999 0.981

EN,∆t 3.1625e-02 1.4798e-02 7.3170e-03 3.6588e-03 1.8532e-03

pN,∆t 1.095 1.016 0.999 0.981

3.6 Conclusions

In this chapter, we have considered a parabolic IBVP of degenerate type with two param-
eters and used upwind scheme for space and backward-Euler method for calculation of the
numerical solution. We have constructed layer-adapted Shishkin mesh using the constants
µ0, µ1 which determine sharpness of the layers. The almost first-order accurate solution has
been significantly improved using the Richardson extrapolation. The resulting approximate
solution is found to be almost second-order convergent.
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Table 3.2: Maximum pointwise error and associated rate of convergence for various values
of ε1 before using Richardson extrapolation for Case II.

ε1 N = 32 64 128 256 512
∆t = 1/32 1/64 1/128 1/256 1/512

10−7 9.9259e-03 4.5577e-03 2.2887e-03 1.1102e-03 5.4535e-04
1.123 0.9938 1.043 1.023

10−8 9.9246e-03 4.5689e-03 2.2940e-03 1.1494e-03 5.7531e-04
1.119 0.994 0.997 0.998

10−9 9.9242e-03 4.5754e-03 2.2974e-03 1.1511e-03 5.7618e-04
1.117 0.994 0.997 0.998

10−10 9.9241e-03 4.5802e-03 2.2998e-03 1.1523e-03 5.7673e-04
1.115 0.994 0.997 0.998

10−11 9.9241e-03 4.5834e-03 2.3010e-03 1.1529e-03 5.7705e-04
1.114 0.994 0.997 0.998

10−12 9.9241e-03 4.5851e-03 2.3019e-03 1.1533e-03 5.7725e-04
1.114 0.994 0.997 0.998

10−13 9.9241e-03 4.5860e-03 2.3024e-03 1.1535e-03 5.7736e-04
1.113 0.994 0.997 0.998

10−14 9.9241e-03 4.5865e-03 2.3026e-03 1.1537e-03 5.7742e-04
1.113 0.994 0.997 0.998

10−15 9.9241e-03 4.5868e-03 2.3028e-03 1.1537e-03 5.7746e-04
1.113 0.994 0.997 0.998

EN,∆t 9.9241e-03 4.5868e-03 2.3028e-03 1.1537e-03 5.7746e-04

pN,∆t 1.113 0.994 0.997 0.998
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Table 3.3: Maximum pointwise error and associated rate of convergence for various values
of ε1 after using Richardson extrapolation for Example 3.5.1 for Case I.

ε1 N = 32 64 128 256 512
∆t 1/32 1/64 1/128 1/256 1/512

10−7 3.0340e-5 7.7088e-6 1.9427e-6 4.8765e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−8 3.0339e-5 7.7088e-6 1.9427e-6 4.8765e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−9 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−10 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−11 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−12 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
1.977 1.988 1.994 1.997

10−13 to 10−15 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7
1.977 1.988 1.994 1.997

EN,∆t 3.0339e-5 7.7088e-6 1.9427e-6 4.8766e-7 1.2216e-7

pN,∆t 1.977 1.988 1.994 1.997
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Table 3.4: Maximum pointwise error and associated rate of convergence for various values
of ε1 after using Richardson extrapolation for Case II

ε1 N = 32 64 128 256 512
∆t = 1/32 1/64 1/128 1/256 1/512

10−8 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.6678e-05
1.423 1.557 1.625 1.357

10−9 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.6679e-05
1.423 1.557 1.625 1.357

10−10 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.6680e-05
1.423 1.557 1.625 1.357

10−11 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05
1.423 1.557 1.625 1.678

10−12 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05
1.423 1.557 1.625 1.678

10−13 6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05 2.1364e-05
1.423 1.557 1.625 1.678

10−14 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05
1.423 1.557 1.625 1.678

EN,∆t 1.6651e-03 6.2080e-04 2.1097e-04 6.8383e-05 2.1364e-05

pN,∆t 1.423 1.423 1.557 1.625
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CHAPTER 4

Alternating direction implicit methods for
singularly perturbed 2D parabolic
convection-diffusion-reaction problems with
two small parameters

In this chapter, we construct and analyze an ADI scheme for singularly perturbed 2D
parabolic convection-diffusion-reaction problems with two small parameters. We consider the
operator-splitting ADI finite difference scheme for time stepping on a uniform mesh and a
simple upwind-difference scheme for spatial discretization on a specially designed piecewise-
uniform Shishkin mesh. The resulting scheme is proved to be uniformly convergent of order
O(N−1 lnN + M−1), where N,M are the spatial and temporal parameters respectively.
Numerical experiments confirm the theoretical results and the effectiveness of the proposed
method.
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

4.1 Introduction

The aim of this chapter is to solve singularly perturbed 2D parabolic convection-diffusion-
reaction problems using the operator-splitting ADI finite difference scheme on piecewise-
uniform mesh, where the diffusion and convection terms are affected by two small parameters.
Also, we derive the truncation error for the proposed scheme. Stability analysis is carried
out. Parameter-uniform error estimates are obtained, and numerical examples are provided
to validate the theoretical results.

In this work, we study the following singularly perturbed 2D parabolic initial-boundary-
value problem (IBVP):

ut + Lεu = f(x, y, t), (x, y) ∈ Ω = Ωx × Ωy, t ∈ Ωt,

u(x, y, t) = 0, (x, y) ∈ ∂Ω = Ω\Ω, t ∈ Ωt,

u(x, y, 0) = ϕ(x, y), (x, y) ∈ Ω,

(4.1.1)

where we consider the domains Ωx = {x : 0 < x < 1} , Ωy = {y : 0 < y < 1}, Ωt = (0, T ]

and ε1, ε2 are the perturbation parameters such that 0 < ε1, ε2 ≪ 1 and the operator Lε is
defined as

Lεu := −ε1∆u+ ε2b(x, y) · ∇u+ c(x, y)u. (4.1.2)

The convection coefficient b is defined as b(x, y) =
(
b1(x, y), b2(x, y)

)
such that bi(x, y) ≥

βi > 0, for i = 1, 2 and c(x, y) ≥ c0 > 0. We also assume that f = f1 + f2 is a sufficiently
smooth function that satisfies the following compatibility property:

f1(x, 0, t) = f1(x, 1, t) = f2(0, y, t) = f2(1, y, t) = 0. (4.1.3)

Let β = min
{
β1, β2

}
and γ < min

Ω

{
c(x, y)

2b1(x, y)
,

c(x, y)

2b2(x, y)

}
. We complete the analysis of the

problem (4.1.1) into the following two cases:

Case I: ε22 ≤
γε1
β
, Case II: ε22 ≥

γε1
β
.

We organize the rest of the chapter as follows: We divide the study into two main sections,
namely Section 4.2 and Section 4.3 depending on the relation between the perturbation
parameters ε1, ε2. We first consider the case with the assumption ε22 ≤ Cε1 in Section 4.2.1
and estimate the local and global errors for the time semi-discretization. The construction
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Application of the ADI finite difference scheme: Case I

of Shishkin mesh and the ADI operator-splitting numerical scheme are described in Section
4.2.2. We prove the theoretical results related to the convergence analysis in Section 4.2.3
and the numerical examples are given in Section 4.2.4. We present similar discussions in
Section 4.3 for the second case, i.e., ε22 ≥ Cε1. Here, C denotes a generic positive constant
independent of all the parameters.

In the subsequent sections, we will consider each case separately to study the convergence
analysis of the problem (4.1.1) with the associated layer structures.

4.2 Application of the ADI finite difference scheme:

Case I

In this section, we first confine the discussion to Case I: ε22 ≤ γε1
β

. In this case, we usually

notice regular boundary layers of width O(
√
ε1) near all four edges along with the corner

layers appearing near every corner of the domain Ω.
For more rigorous analysis, we consider the following decomposition of the solution u of

the problem (4.1.1):

u = v + wL + wR + wT + wB + wLT + wRB + wRT + wLB, (4.2.1)

where v is the regular component of the solution while wL, wR, wB, wT are the
boundary layer components appearing near the edges S10, S11, S20, S21 respectively and
wLB, wLT , wRB, wRT are the respective corner layer components condensing at the four
corners (0, 0), (1, 0), (0, 1), (1, 1), where

S10 =
{
(0, y) : 0 ≤ y ≤ 1

}
, S11 =

{
(1, y) : 0 ≤ y ≤ 1

}
,

S20 =
{
(x, 0) : 0 ≤ x ≤ 1

}
, S21 =

{
(x, 1) : 0 ≤ x ≤ 1

}
.

In Figure 4.1, we present the subdivision of the spatial domain [0, 1]2 into different
layer and non-layer regions according to the appearance of various boundary and corner
layers for the continuous solution. The regions C10, C11, C20 and C21 indicate the cor-
ner layer regions near the vertices (0, 0), (1, 0), (0, 1) and (1, 1) respectively. Also, the re-
gions E10, E11, E20, E21 represent the regular boundary layer locations near the boundaries
S10, S11, S20, S21 respectively while the region E00 lies outside all the layer regions.

The following explicit bounds for the various components of the continuous solution u of
the problem (4.1.1) are established by Clavero et al. [66]. If the compatibility conditions
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E00

E20

E11

E21

E10

C00

C11C01

C10
(0, 0)

(0, 1)

(1, 0)

(1, 1)

Figure 4.1: Decomposition of the computational domain based on the occurrence of various
layers.

in (4.1.3) hold, then the boundary layer components satisfy the following bounds∣∣∣∣ ∂ks+ktv

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C,

∣∣∣∣ ∂ks+ktwL

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k1/2
1 e

−
√

βγ
ε1

x
, (4.2.2)∣∣∣∣ ∂ks+ktwR

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k1/2
1 e

−
√

βγ
ε1

(1−x)
, (4.2.3)∣∣∣∣ ∂ks+ktwB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k2/2
1 e

−
√

βγ
ε1

y
, (4.2.4)∣∣∣∣ ∂ks+ktwT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k2/2
1 e

−
√

βγ
ε1

(1−y)
, (4.2.5)

while the corner layer parts satisfy the followings∣∣∣∣ ∂ks+ktwLB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

x
, e

−
√

βγ
ε1

y

}
, (4.2.6)∣∣∣∣ ∂ks+ktwRB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

(1−x)
, e

−
√

βγ
ε1

y

}
, (4.2.7)∣∣∣∣ ∂ks+ktwLT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

x
, e

−
√

βγ
ε1

(1−y)

}
, (4.2.8)∣∣∣∣ ∂ks+ktwRT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

(1−x)
, e

−
√

βγ
ε1

(1−y)

}
, (4.2.9)

where ks = k1 + k2, 0 ≤ k1 + k2 + 2kt ≤ 4.
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4.2.1 Temporal discretizations

As we have mentioned previously, we use the operator-splitting ADI finite difference scheme,
we split the differential operator Lε in (4.1.1) as Lε := Lx,ε + Ly,ε where

Lx,εu := −ε1
∂2u

∂x2
+ ε2b1(x, y)

∂u

∂x
+ c1(x, y)u,

Ly,εu := −ε1
∂2u

∂y2
+ ε2b2(x, y)

∂u

∂y
+ c2(x, y)u,

where c = c1 + c2 with c1 > 0, c2 > 0.

The domain of the time variable is discretized as

Ω
M

t :=
{
tk : tk = k∆t, k = 0, 1, . . . ,M, ∆t = T/M

}
.

where we consider only the uniform time step size ∆t.

Then, the time semi-discretization of problem (4.1.1) is carried out using the following
alternating direction scheme:

Let u0 = ϕ(x, y) and un+1 is defined by the following equations


[
I +∆tLx,ε

]
un+1/2 = un +∆tf1(x, y, tn+1),

un+1/2(0, y) = un+1/2(1, y) = 0, 0 ≤ y ≤ 1,
[
I +∆tLy,ε

]
un+1 = un+1/2 +∆tf2(x, y, tn+1),

un+1(x, 0) = un+1(x, 1) = 0, 0 ≤ x ≤ 1.

(4.2.10.a)

(4.2.10.b)

for n = 0, 1, . . . ,M − 1.

We state the maximum principle for the operators
(
I + ∆tLk,ε

)
for k = x, y in the

following lemma.

Lemma 4.2.1. (Maximum principle) Let η(x, y) ∈ C2(Ω) with η(x, y) ≥ 0 on the bound-
ary ∂Ω and

(
I +∆tLk,ε

)
η(x, y) ≥ 0, (x, y) ∈ Ω, k = x, y. (4.2.11)

Then, the function η(x, y) is non-negative for every (x, y) ∈ Ω.

The operator
(
I + ∆tLx,ε + ∆tLy,ε

)
also satisfies the same maximum principle on the

domain Ω.
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Proof. We only give the proof for the operator
(
I +∆tLx,ε

)
while the proof for

(
I +∆tLy,ε

)
can be achieved by following similar steps.

Suppose, (x∗, y∗) ∈ Ω satisfies

η(x∗, y∗) = min
Ω
η(x, y) < 0.

Since (x∗, y∗) is a point of minimum, we have ηx(x∗, y∗) = 0, ηxx(x∗, y∗) > 0 and hence

(I +∆tLx,ε) η(x∗, y∗)

= η(x∗, y∗) + ∆t
[
− ε1ηxx(x∗, y∗) + ε2b1(x∗, y∗)ηx(x∗, y∗) + c1(x∗, y∗)η(x∗, y∗)

]
< 0.

This leads to a contradiction. Hence, the result follows.

For the operator
(
I+∆tLx,ε+∆tLy,ε

)
, let us consider the function ξ ∈ C2(Ω) with ξ ≥ 0

on the boundary. If there is a point (x̃, ỹ) ∈ Ω such that

ξ(x̃, ỹ) = min
Ω
ξ(x, y) < 0.

Thus, we have ξx(x̃, ỹ) = 0 = ξy(x̃, ỹ), and ξxx(x̃, ỹ) > 0, ξyy(x̃, ỹ) > 0 with the condition(
ξxxξyy − ξ2xy

)
(x̃, ỹ) > 0. Hence,

(
I +∆tLx,ε +∆tLy,ε

)
(x̃, ỹ)

= ξ(x̃, ỹ) + ∆t
[
− ε1ξxx − ε1ξyy + ε2b1ξx + ε2b2ξy + c(x̃, ỹ)ξ

]
(x̃, ỹ) < 0,

which contradicts the hypothesis
(
I + ∆tLx,ε + ∆tLy,ε

)
ξ(x, y) ≥ 0, (x, y) ∈ Ω. Hence, the

maximum principle is valid for this operator also.

As a consequence of the above maximum principle, we have the following stability esti-
mates ∥∥∥(I +∆tLk,ε

)−1
∥∥∥
∞,Ω

≤ 1

1 + β∆t
for k = x, y,∥∥∥(I +∆tLx,ε +∆tLy,ε

)−1
∥∥∥
∞,Ω

≤ C.
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Let ûn+1 solves the following semi-discrete problem


[
I +∆tLx,ε

]
ûn+1/2 = u(tn) + ∆tf1(x, y, tn+1),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0, 0 ≤ y ≤ 1,
[
I +∆tLy,ε

]
ûn+1 = ûn+1/2 +∆tf2(x, y, tn+1),

ûn+1(x, 0) = ûn+1(x, 1) = 0, 0 ≤ x ≤ 1,

(4.2.12.a)

(4.2.12.b)

for n = 0, 1, . . . ,M − 1.

We define the local truncation error at the n-th time level as,

en = u(tn)− ûn, 1 ≤ n ≤M. (4.2.13)

Then, the following consistency result holds true.

Lemma 4.2.2. Let u be the solution of the problem (4.1.1). If
∣∣∣∣∂ku∂tk

∣∣∣∣ ≤ C, 0 ≤ k ≤ 2, then,

the local truncation error en+1 for time semi-discretization satisfies the following bound

∥en+1∥∞,Ω ≤ C∆t2, n = 0, 1, . . . ,M − 1. (4.2.14)

Proof. Let the function ûn+1 satisfy the equation (4.2.12.a) and (4.2.12.b). Then we get,

u(tn) =
[
I +∆tLx,ε

]
ûn+1/2 −∆tf1(x, y, tn+1)

=
[
I +∆tLx,ε

]([
I +∆tLy,ε

]
ûn+1 −∆tf2(x, y, tn+1)

)
−∆tf1(x, y, tn+1)

= ûn+1/2 +∆t
(
Lx,ε + Ly,ε

)
ûn+1/2 −∆tf1(x, y, tn+1)−∆tf2(x, y, tn+1)

+ ∆t2
[
Lx,εLy,εû

n+1/2 − Lx,εf2(x, y, tn+1)
]

=
[
I +∆t

(
Lx,ε + Ly,ε

)]
ûn+1/2 −∆tf(x, y, tn+1) +O(∆t2). (4.2.15)

Using the Taylor series expansion for u(tn) with an integral form of remainder, we obtain

u(tn) = u(tn+1)−∆t
∂u

∂t
(tn+1) +

∫ tn

tn+1

(tn − s)
∂2u

∂t2
(s)ds.
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On the other hand, since u is the solution of problem (4.1.1), one can write

u(tn) = u(tn+1) + ∆t
[(
Lx,ε + Ly,ε

)
u(tn+1)− f1(x, y, tn+1)− f2(x, y, tn+1)

]
+

∫ tn

tn+1

(tn − s)
∂2u

∂t2
(s)ds.

The uniform boundedness of
∂2u

∂t2
also ensures that

∣∣∣∣(tn − s)
∂2u

∂t2
(s)

∣∣∣∣ ≤ C∆t. Therefore,

u(tn) = u(tn+1) + ∆t
[(
Lx,ε + Ly,ε

)
u(tn+1)− f(x, y, tn+1)

]
+O(∆t2). (4.2.16)

From (4.2.15) and (4.2.16), we get,[
I +∆tLx,ε +∆tLy,ε

]
en+1 = O(∆t2) (4.2.17)

with en+1(x, 0) = 0 = en+1(x, 1) and en+1(0, y) = 0 = en+1(1, y).

Finally, applying the maximum principle given in Lemma 4.2.1 for the operator
(
I +

∆tLx,ε +∆tLy,ε

)
, we obtain the desired estimate.

In order to establish the uniform convergence of (4.2.10), we define the global error En

by

En = u(tn)− un, 1 ≤ n ≤M. (4.2.18)

And the following theorem shows that the global error for the time semi-discretization
process has first-order convergence.

Theorem 4.2.3. The global error En in (4.2.18) satisfies the following bound

max
1≤n≤M

∥En∥∞,Ω ≤ CM−1. (4.2.19)

Proof. We can rewrite the global error as,

En = u(tn)− un

=
(
u(tn)− ûn

)
+
(
ûn − un

)
= en +

(
ûn − un

)
.
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From the equations (4.2.10) and (4.2.12) we get,(
I +∆tLx,ε

)[(
I +∆tLy,ε

)
ûn+1 −∆tf2(x, y, tn)

]
= u(tn) + ∆tf1(x, y, tn),(

I +∆tLx,ε

)[(
I +∆tLy,ε

)
un+1 −∆tf2(x, y, tn)

]
= un +∆tf1(x, y, tn).

From the above equations, one can easily obtain that

En =
[
I +∆tLx,ε

][
I +∆tLy,ε

](
ûn+1 − un+1

)
=
[
I +∆tLx,ε

][
I +∆tLy,ε

](
En+1 − en+1

)
.

We can express the above equality as

En+1 = en+1 +REn,

where R =
[
I +∆tLy,ε

]−1[
I +∆tLx,ε

]−1

. Thus, we have the following recurrence relation,

En+1 =
n+1∑
i=1

Rn−i−1ei

Following the techniques given in [67], and using the fact that ∥R∥∞,Ω ≤ C, we get

∥En+1∥∞,Ω ≤ C∆t

for n = 0, 1, . . . ,M − 1. Finally, substituting ∆t = T/M in previous inequality, we obtain

max
1≤n≤M

∥En∥∞,Ω ≤ CM−1,

which is the required estimate.

4.2.2 Spatial discretizations

In this section, we present the fully-discrete scheme based on the discretization of the spatial
domain. We discretize the domain Ω = [0, 1]2 to construct the piecewise-uniform Shishkin
mesh, which is generated as follows. First, we define the transition parameter for the x-grid
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as

τx = min

{
1

4
, 2

√
ε1
βγ

lnN

}
.

The domain [0, 1] along the x-axis is divided into the three subintervals [0, τx], [τx, 1−τx]
and [1− τx, 1] by the transitions points τx and (1− τx) to distribute N/2 grid points in the
layer regions and the remaining N/2 grids outside the region. Thus, the grids can be defined
as follows

xi =



4iτx
N

, 0 ≤ i ≤ N/4,

τx + 2

(
i− N

4

)
1− 2τx
N

, N/4 < i ≤ 3N/4,

1− τx + 4

(
i− 3N

4

)
τx
N
, 3N/4 < i ≤ N.

(4.2.20)

We also construct the grid along y-axis using the transition parameter τy, where τy = τx.
Thus, the domain Ω = [0, 1]2 is now discretized using the tensor product of the meshes Ω

N

x

and Ω
N

y as Ω
N
:= Ω

N

x × Ω
N

y , where

Ω
N

x =
{
xi : xi = xi−1 + hxi , x0 = 0, xN = 1, 1 ≤ i ≤ N

}
,

Ω
N

y =
{
yj : yj = yj−1 + hyj , y0 = 0, yN = 1, 1 ≤ j ≤ N

}
.

(0, 0)

(0, 1)

(1, 0)

(1, 1)

τx 1− τx

τy

1− τy

Figure 4.2: A typical Shishkin mesh for (4.1.1) with N = 16.
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For a mesh function v, we define the following finite difference operators:

δ+x v
n
ij =

vni+1,j − vnij
hxi+1

, δ−x v
n
ij =

vnij − vni−1,j

hxi

and ∆xv
n
ij =

2

hxi + hxi+1

[
δ+x v

n
ij − δ−x v

n
ij

]
,

where v(xi, yj, tn) = vni,j. By using the above definitions, the operators corresponding to
the derivatives with respect to y can be defined analogously. Let us also define the discrete
operators LN

i,ε, for i = x, y by

LN
x,εU

n
ij =

[
− ε1∆x + ε2b1(xi, yj)δ

−
x + c1(xi, yj)I

]
Un
ij,

LN
y,εU

n
ij =

[
− ε1∆y + ε2b2(xi, yj)δ

−
y + c2(xi, yj)I

]
Un
ij.

The fully-discrete problem on Ω
N ×Ω

M

t can be presented as follows: Un+1
ij is the solution

of the following

U0
ij = ϕ(xi, yj), 0 ≤ i, j ≤ N,

[
I +∆tLN

x,ε

]
U

n+1/2
ij = r−ijU

n+1/2
i−1,j + r0ijU

n+1/2
ij + r+ijU

n+1/2
i+1,j

= Un
ij +∆tfn+1

1ij
,

U
n+1/2
0,j = U

n+1/2
N,j =0, 1 ≤ j ≤ N − 1,

(4.2.21)



[
I +∆tLN

y,ε

]
Un+1
ij = s−ijU

n+1
i,j−1 + s0ijU

n+1
ij + s+ijU

n+1
i,j+1

= U
n+1/2
ij +∆tfn+1

2ij
,

Un+1
i,0 = Un+1

i,N = 0, 1 ≤ i ≤ N − 1,

(4.2.22)

n = 0, 1, . . . ,M − 1.

where the associated coefficients are defined for 1 ≤ i, j ≤ N − 1 as,

r−ij = − 2ε1
(hxi + hxi+1)

∆t

hxi
, r+ij = −

(
2ε1

hxi + hxi+1

+ ε2b1,ij

)
∆t

hxi+1

, (4.2.23)

r0ij =

(
1 + ∆tc1,ij − r+ij − r−ij

)
, b1,ij = b1(xi, yj), c1,ij = c1(xi, yj), (4.2.24)
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and

s−ij = − 2ε1
(hyj + hyj+1)

∆t

hyj
, s+ij = −

(
2ε1

hyj + hyj+1

+ ε2b2,ij

)
∆t

hyj+1

, (4.2.25)

s0ij =

(
1 + ∆tc2,ij − s+ij − s−ij

)
, b2,ij = b2(xi, yj), c2,ij = c2(xi, yj). (4.2.26)

Lemma 4.2.4. The coefficient matrices associated with the difference equations (4.2.21) and
(4.2.22) are M-matrices.

Proof. Suppose Rj, Si are the coefficient matrices corresponding to the discrete equations
(4.2.21) and (4.2.22) respectively for each fixed j and i. Since they are of similar structure,
it is sufficient to prove that Rj is an M -matrix.

From the coefficients defined in (4.2.23)-(4.2.24), it is clear that for each fixed j, the
matrix Rj is a tridiagonal matrix with r0ij > 0, r+ij < 0, r−ij < 0. We also note that

∣∣r0ij∣∣ > ∣∣r+ij∣∣+ ∣∣r−ij∣∣ , ∀i = 1, 2, . . . , N − 1,

for each j. Therefore, the matrix Rj ia an M -matrix for every 1 ≤ j ≤ N − 1. Hence, the
claim is proved.

Since the associated matrices are M -matrices, the discrete operators defined above satisfy
the following discrete maximum principle, which ensures the parameter-uniform stability of
the numerical scheme. It is also easy to solve each of the finite difference equations with the
help of an efficient tridiagonal matrix solver.

Lemma 4.2.5. (Discrete maximum principle) Let V be an arbitrary mesh function
defined on Ω

N

x (or Ω
N

y ) and Vk ≥ 0 for k = 0, N . If

(
I +∆tLN

i,ε

)
Vk ≥ 0, 1 ≤ k ≤ N − 1, i = x, y,

then we have, Vk ≥ 0 for 0 ≤ k ≤ N.

Proof. Let us proceed with the proof by contradiction. Suppose, there is a natural number
k, where 1 ≤ k ≤ N − 1, such that

Vk = min
0≤i≤N

Vi < 0.
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By hypothesis, we have, Vk+1 ≥ Vk and Vk ≤ Vk−1. Thus,

∆xVk =
2

hxk + hxk+1

[
Vk+1 − Vk
hxk+1

− Vk − Vk−1

hxk

]
≥ 0, δ−x Vk =

Vk − Vk−1

hxk
≤ 0.

Since b1 > 0, c1 > 0, we have

Vk +∆tLN
x,εVk < 0,

which contradicts to our assumption. Hence, we get the desired result.

Similar arguments also apply for the discrete operator
(
I +∆tLN

y,ε

)
on Ω

N

y .

The above lemma immediately gives the following∥∥∥(I +∆tLN
i,ε

)−1
∥∥∥
∞,Ω

N
i

≤ C, i = x, y.

4.2.3 Convergence analysis

Lemma 4.2.6. Suppose the perturbation parameters satisfy the relation ε22 ≤
γε1
β

and ûn+1/2

satisfies the equation (4.2.12) for n = 0, 1, . . . ,M − 1. Then for 0 ≤ i ≤ 4, we have∣∣∣∣∂iûn+1/2

∂xi

∣∣∣∣ ≤ C

[
1 + ε

−i/2
1

(
e
−
√

βγ
ε1

x
+ e

−
√

βγ
ε1

(1−x)

)]
. (4.2.27)

Proof. Let us first consider the case i = 0. Since the operator
(
I + ∆tLx,ε

)
satisfies the

maximum principle and the right-hand side of the semi-discrete problem (4.2.12) is bounded,
the result follows by using the fact that∥∥∥(I +∆tLx,ε

)−1
∥∥∥
∞,Ω

≤ 1

1 + β∆t
.

Now consider the case i = 1, i.e., we need to find the estimate for
∂ûn+1/2

∂x
. To begin

with, let us define the following function

ω =
ûn+1/2 − u(tn)

∆t
.
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

One can easily verify that the function ω satisfies

ω +∆tLx,εω =
ûn+1/2 − u(tn)

∆t
+ Lx,εû

n+1/2 − Lx,εu(tn)

=
ûn+1/2 +∆tLx,εû

n+1/2

∆t
− u(tn)

∆t
− Lx,εu(tn)

=
u(tn) + ∆tf1(x, y, tn+1)

∆t
− u(tn)

∆t
− Lx,εu(tn).

Thus, ω +∆tLx,ε ω = f1(x, y, tn+1)− Lx,εu(tn).

Since the right-hand side of the previous equation is bounded, we can use the maximum
principle for the operator

(
I +∆tLx,ε

)
to get |ω| ≤ c.

On the other hand, we can rewrite the equation (4.2.12.a) as
Lx,εû

n+1/2 = −ω + f1(x, y, tn+1), x ∈ (0, 1),

ûn+1/2(0, y) = 0, ûn+1/2(1, y) = 0.

(4.2.28)

One can observe that the equation (4.2.28) is essentially a two-parameter singularly
perturbed problem in one-dimension with a bounded right-hand side function for each fixed
y ∈ [0, 1] is considered to be a parameter. The width of the boundary layers for this problem
can be determined by the following characteristic equation

−ε1ζ2(x) + ε2b1(x, y)ζ(x) + c1(x, y) = 0 (4.2.29)

considering y as a parameter and define

µ0 = − max
x∈[0,1]

ε2b1(x, y)−
√
ε22b1(x, y)

2 + 4ε1c1(x, y)

2ε1
, (4.2.30)

µ1 = min
x∈[0,1]

ε2b1(x, y) +
√
ε22b1(x, y)

2 + 4ε1c1(x, y)

2ε1
. (4.2.31)

Following the techniques given in [64] and using the fact that µ0 = O(ε
−1/2
1 ), µ1 =

O(ε
−1/2
1 ) for ε22 ≤

γε1
β

, we can deduce the followings

∣∣∣∣∂iûn+1/2

∂xi
(0, y)

∣∣∣∣ ≤ Cε
−i/2
1 ,

∣∣∣∣∂iûn+1/2

∂xi
(1, y)

∣∣∣∣ ≤ Cε
−i/2
1 , 0 ≤ i ≤ 4.
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To bound the term
∣∣∣∣∂ûn+1/2

∂x
(x, y)

∣∣∣∣ for 0 < x < 1, we differentiate (4.2.12) with respect to x.

Thus, we have (
I + ε2∆t

∂b1
∂x

+∆tLx,ε

)
∂ûn+1/2

∂x

=
∂u(tn)

∂x
+∆t

∂f1
∂x

(x, y, tn+1)− ûn+1/2∂c1
∂x

∆t.

Let us define g(x, y) :=
∂u(tn)

∂x
+∆t

∂f1
∂x

(x, y, tn+1)− ûn+1/2∂c1
∂x

∆t.

We know that the operator
(
I + ε2∆t

∂b1
∂x

+∆tLx,ε

)
satisfies the maximum principle for

∂b1
∂x

≥ δ > 0. Then, using the results in (4.2.2)-(4.2.3) we have

|g(x, y)| ≤ C

[
1 + ε

−1/2
1

(
e
−
√

βγ
ε1

x
+ e

−
√

βγ
ε1

(1−x)

)]
.

On the other hand, let us consider the following functions

η1(x) = 1 + x,

η2(x) = ε
−1/2
1

(
e
−
√

βγ
ε1

x
+ e

−
√

βγ
ε1

(1−x)

)
.

Now, we can choose two sufficiently large constants C1, C2 such that∣∣∣∣(I + ε2∆t
∂b1
∂x

+∆tLx,ε

)
∂ûn+1/2

∂x

∣∣∣∣
≤ |g(x, y)| ≤

(
I + ε2∆t

∂b1
∂x

+∆tLx,ε

)(
C1η1(x) + C2η2(x)

)
,∣∣∣∣∂ûn+1/2

∂x
(0, y)

∣∣∣∣ ≤ Cε
−1/2
1 ≤ C1η1(0) + C2η2(0),∣∣∣∣∂ûn+1/2

∂x
(1, y)

∣∣∣∣ ≤ Cε
−1/2
1 ≤ C1η1(1) + C2η2(1).

Finally, by using the maximum principle in Lemma 4.2.1, we conclude that∣∣∣∣∂ûn+1/2

∂x

∣∣∣∣ ≤ (C1η1(x) + C2η2(x)

)
≤ C

[
1 + ε

−1/2
1

(
e
−
√

βγ
ε1

x
+ e

−
√

βγ
ε1

(1−x)

)]
. (4.2.32)

We note that by using similar techniques, one can prove (5.2.15) for the cases i = 2, 3, 4.
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

We also prove the following estimates of the derivatives of the semi-discrete solution ûn+1

with respect to y analogously.

Lemma 4.2.7. Let ûn+1 be the semi-discrete solution of the problem (4.2.12) for 0 ≤ n ≤
M − 1. Then, ∣∣∣∣∂jûn+1

∂yj

∣∣∣∣ ≤ C

[
1 + ε

−j/2
1

(
e
−
√

βγ
ε1

y
+ e

−
√

βγ
ε1

(1−y)

)]
(4.2.33)

holds for 0 ≤ j ≤ 4.

In order to prove the uniform convergence of the fully-discrete scheme (4.2.21) and
(4.2.22), we discretize the semidiscrete problems (4.2.12) first and then find the associated
truncation error estimates. Suppose, the totally discrete form of (4.2.12) is defined as

[
I +∆tLN

x,ε

]
Û

n+1/2
ij := r−ijÛ

n+1/2
i−1,j + r0ijÛ

n+1/2
ij + r+ijÛ

n+1/2
i+1,j = u(xi, yj, tn) + ∆tfn+1

1ij
,

Û
n+1/2
0,j = Û

n+1/2
N,j = 0, 1 ≤ j ≤ N − 1,

(4.2.34)

for every fixed yj and
[
I +∆tLN

x,ε

]
Ûn+1
ij := s−ijÛ

n+1
i,j−1 + s0ijÛ

n+1/2
ij + s+ijÛ

n+1
i,j+1 = Û

n+1/2
ij +∆tfn+1

2ij
,

Ûn+1
i,0 = Ûn+1

i,N = 0, 1 ≤ i ≤ N − 1,
(4.2.35)

for every fixed xi.

Lemma 4.2.8. Let Ûn+1/2 be the solution of the totally discrete form of (4.2.12) and ûn+1/2

be the semidiscrete solution of (4.2.12) on Ω
N . Then the following estimates hold∥∥∥Ûn+1/2 − ûn+1/2

∣∣
Ω

N

∥∥∥
∞,Ω

N
≤ C∆tN−1 lnN. (4.2.36)

Proof. We estimate the error in maximum norm on the mesh Ω
N

x for each fixed yj by defining
the truncation error as

θi =
(
I +∆tLN

x,ε

)
ûn+1/2(xi, yj)−

(
I +∆tLx,ε

)
ûn+1/2(xi, yj), 1 ≤ i ≤ N − 1. (4.2.37)

Recall that from (4.2.12), we have[
I +∆tLx,ε

]
ûn+1/2 = u(tn) + ∆tf1(x, y, tn+1), 0 ≤ x, y ≤ 1.
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Application of the ADI finite difference scheme: Case I

We introduce the notation Rn(g, x1, x2) =
1

n!

∫ x2

x1

(x2 − s)ng(n+1)(s)ds to denote the

integral remainder in the Taylor series expression of the function g about the point x1 after
the (n+ 1)-th term. Thus, we have

θi = −ε1∆t
(
∆xû

n+1/2 − ∂2ûn+1/2

∂x2

)
(xi, yj) + ∆tε2b1,ij

(
δ−x û

n+1/2 − ∂ûn+1/2

∂x

)
(xi, yj)

= −ε1∆t
3

(
hxi+1 − hxi

)∂3ûn+1/2

∂x3
(xi, yj) + r+ij R3

(
ûn+1/2, xi, xi+1

)
+ r−ij R3

(
ûn+1/2, xi, xi−1

)
+ ε2∆t b1,ij

(
−h

x
i

2

∂2ûn+1/2

∂x2
(xi, yj) +

(hxi )
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)
,

(4.2.38)

where the coefficients r+ij , r−ij are given in (4.2.23). Clearly, hxi+1 − hxi = 0 for i /∈{
N/4, 3N/4

}
.

We find the estimate for θi for the values of xi in each region, namely inside and outside
the layer regions. We will consider the following three typical cases:

Case (i): Consider the case when 0 < xi < τx.

In this case, we have

hxi+1 = hxi =
8

N

√
ε1
βγ

lnN ≤ Cε
1/2
1 N−1 lnN.

Using the previous inequality and the fact that ε2 ≤ Cε
1/2
1 , one can easily deduce∣∣∣∣ε2∆t b1(xi, yj)(− hxi

2

∂2ûn+1/2

∂x2
(xi, yj) +

(hxi )
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣
≤ Cε1∆t N

−1 lnN

[
1 + ε−1

1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi)

)]
+ Cε

3/2
1 ∆t

(
N−1 lnN

)2[
1 + ε

−3/2
1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi)

)]
≤ C∆t

[
N−1 lnN + ε

3/2
1

(
N−1 lnN

)2] ≤ C∆t N−1 lnN. (4.2.39)
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

On the other hand, we have

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ = ∣∣∣∣− 2ε1
(hxi + hxi+1)

∆t

hxi+1

∣∣∣∣ ∣∣∣∣ 13!
∫ xi+1

xi

(xi+1 − s)3
∂4ûn+1/2

∂x4
(s, yj)ds

∣∣∣∣
≤ Cε1∆t

(
hxi+1

)2[
1 + ε−2

1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi+1)

)]
≤ C∆t

(
ε
1/2
1 N−1 lnN

)2[
1 + ε−1

1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi+1)

)]
≤ C∆t

(
N−1 lnN

)2
.

(4.2.40)

Similarly, one can deduce the following

∣∣r−ij R3

(
ûn+1/2, xi, xi−1

)∣∣ ≤ C∆t
(
N−1 lnN

)2
. (4.2.41)

Therefore, from (4.2.39)-(4.2.41) we obtain

|θi| ≤ C∆t N−1 lnN, (4.2.42)

when 0 < xi < τx.

Case (ii): Let us now consider the case when τx < xi < 1− τx.

To find the estimate for the truncation error in this region, we recall that the spatial
step-lengths are given by

hxi+1 = hxi =
2

N

(
1− 2τx

)
=

2

N

(
1− 4

√
ε1
βγ

lnN
)

and observe that hxi ≤ N−1 for the current case.

Therefore, we obtain the following

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ Cε1∆t h
x
i+1

∣∣∣∣∫ xi+1

xi

∂4ûn+1/2

∂x4
(s, yj)ds

∣∣∣∣
≤ Cε1∆t h

x
i+1

∫ xi+1

xi

[
1 + ε−2

1

(
e
−
√

βγ
ε1

s
+ e

−
√

βγ
ε1

(1−s)

)
ds

]

≤ Cε1∆t h
x
i+1

2 + Cε−1
1 ∆t hxi+1

−e−
√

βγ
ε1

s√
βγ
ε1

xi+1

s=xi

+ Cε−1
1 ∆t hxi+1

e−√
βγ
ε1

(1−s)√
βγ
ε1

xi+1

s=xi
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Application of the ADI finite difference scheme: Case I

≤ Cε1∆t N
−2 + C∆tN−1 1

√
ε1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

xi+1

)

+ C∆tN−1 1
√
ε1

(
e
−
√

βγ
ε1

(1−xi) + e
−
√

βγ
ε1

(1−xi+1)

)
.

Using the fact that
1

√
ε1
e
− α√

ε1 ≤ C

α
for any α > 0, we have

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ Cε1∆tN
−2+ C∆tN−1

(
1

xi
+

1

xi+1

)
+ C∆tN−1

(
1

1− xi
+

1

1− xi+1

)
.

Since τx < xi < 1− τx, we have the following

1

xi
<

1

τx
≤ C

(√
ε1 lnN

)−1

, and
1

1− xi
<

1

τx
≤ C

(√
ε1 lnN

)−1

.

Therefore, it follows that

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ Cε1∆t N
−2 + C∆tN−1

(√
ε1 lnN

)−1

.

Now using the fact that 1/
√
ε1 ≤ C lnN when ε22 ≤ Cε1, we have

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ Cε1∆t N
−2 + C∆tN−1 ≤ C∆tN−1. (4.2.43)

Similarly, one can also get the following inequality

∣∣r−ij R3

(
ûn+1/2, xi, xi−1

)∣∣ ≤ C∆tN−1. (4.2.44)

We also have∣∣∣∣ε2∆t b1(xi, yj)(− hxi
2

∂2ûn+1/2

∂x2
(xi, yj) +

hxi
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣
≤ Cε2∆t h

x
i

[
1 + ε−1

1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi)

)]
+ Cε2∆t

(
hxi
)2[

1 + ε
−3/2
1

(
e
−
√

βγ
ε1

xi + e
−
√

βγ
ε1

(1−xi)

)]
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≤ Cε2∆t

[
hxi +

(
hxi
)2

+
N−1

√
ε1

(
1

xi
+

1

1− xi

)
+
N−2

ε1

(
1

xi
+

1

1− xi

)]
≤ C

ε2√
ε1
∆t

(
√
ε1N

−1 +N−1
(√

ε1 lnN
)−1
)
.

Using 1/
√
ε1 ≤ C lnN and ε22 ≤ Cε1, we have∣∣∣∣ε2∆t b1(xi, yj)(− hxi

2

∂2ûn+1/2

∂x2
(xi, yj) +

(hxi )
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣ ≤ C∆t N−1. (4.2.45)

From the above estimates, it follows that

|θi| ≤ C∆t N−1. (4.2.46)

Case (iii): We now consider the case when 1 − τx < xi < 1. The bounds for this case
follows directly by the application of the estimates in Case (i) because we have the same
boundary layer width and the same grid structure in Case (i) and Case (iii). Thus, the
estimate in (4.2.42) also holds for the current case.

Case (iv): Finally, we consider the estimates at xi = τx or xi = 1 − τx. In this case,

the step-lengths on the left and right to xi are either hxi =
4τx
N

or hxi =
2(1− 2τx)

N
. Thus,∣∣hxi − hxi+1

∣∣ = 2(1− 4τx)

4
≤ CN−1. We now bound the following term in (4.2.38) as

∣∣∣∣ε1∆t3

(
hxi+1 − hxi

)∂3ûn+1/2

∂x3
(xi, yj)

∣∣∣∣
≤ Cε1∆t

N

[
1 + ε

−3/2
1

(
e
−
√

βγ
ε1

τx + e
−
√

βγ
ε1

(1−τx)

)]
≤ C∆t

N

[
ε1 + ε

−1/2
1

(
e
−
√

βγ
ε1

τx + e
−
√

βγ
ε1

(1−τx)

)]
≤ C∆tN−1, (4.2.47)

where we use the property e−t < C/tk, t > 0, k ∈ N to show the boundedness of the term
inside the square bracket. We also prove that

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ C∆tN−1 lnN,
∣∣r−ij R3

(
ûn+1/2, xi, xi−1

)∣∣ ≤ C∆t N−1 lnN,

(4.2.48)∣∣∣∣ε2∆t b1(xi, yj)(− hxi
2

∂2ûn+1/2

∂x2
(xi, yj) +

hxi
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣ ≤ C∆t N−1 lnN, (4.2.49)

similarly as in Case (i) or Case (ii).
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From (4.2.47)-(4.2.49), it follows that

|θi| ≤ C∆t N−1 lnN. (4.2.50)

Therefore, from the above discussions, it is clear that

∣∣[(I +∆tLN
x,ε

)
− (I +∆tLx,ε)

]
ûn+1/2(xi, yj)

∣∣ = |θi| ≤ C∆tN−1 lnN, (4.2.51)

for every fixed yj ∈ Ω
N

y .

Therefore, the truncation error for the complete discretization of the semidiscrete problem
(4.2.12) has the following estimate

|θi| ≤

 C∆t N−1, τx < xi < 1− τx

C∆t N−1 lnN, xi ≤ τx, xi ≥ 1− τx.
(4.2.52)

Thus, |θi| ≤ C∆t N−1 lnN, xi ∈ Ω
N

x . We now define the discrete barrier function Φ =

C1∆t N
−1 lnN on the mesh Ω

N

x for some C1 > 0. Then,

(
I +∆tLN

x,ε

) [
Φ± (Û

n+1/2
ij − ûn+1/2(xi, yj))

]
= C1(1 + ∆tc1,ij)∆t N

−1 lnN ±
(
I +∆tLN

x,ε

) [
Û

n+1/2
ij − ûn+1/2(xi, yj)

]
≥ 0,

for sufficiently large values of C1. Using discrete maximum principle for the operator(
I +∆tLN

x,ε

)
one can easily have,∣∣∣Ûn+1/2

ij − ûn+1/2(xi, yj)
∣∣∣ ≤ C∆t N−1 lnN, xi ∈ Ω

N

x . (4.2.53)

Hence, the result follows.

Theorem 4.2.9. Let Ûn+1 be the solution of the discrete form of the problem (4.2.12) at
t = tn+1 and ûn+1 be the solution of (4.2.12). Then, we have the following estimate∥∥∥Ûn+1 − ûn+1

∣∣
Ω

N

∥∥∥
∞,Ω

N
≤ C∆tN−1 lnN. (4.2.54)

Proof. Recalling the function defined ûn+1/2 in (4.2.12.a) and the corresponding discrete
version Ûn+1/2 in (4.2.21) and using the Lemma 4.2.8, we have∥∥∥Ûn+1/2 − ûn+1/2

∣∣
Ω

N

∥∥∥
∞,Ω

N
≤ C∆tN−1 lnN.
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

We introduce the following problem
(
I +∆tLN

y,ε

)
Ũn+1
ij = û

n+1/2
ij

∣∣∣
Ω

N
+∆tfn+1

2i,j
,

Ũn+1
i,0 = 0, Ũn+1

i,N = 0, 1 ≤ i ≤ N − 1.

(4.2.55)

A similar argument in Lemma 4.2.8 gives,∥∥∥Ũn+1 − ûn+1
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤ C∆tN−1 lnN. (4.2.56)

We also have

Ûn+1 − ûn+1
∣∣
Ω

N =
(
Ûn+1 − Ũn+1

)
+
(
Ũn+1 − ûn+1

∣∣
Ω

N

)
,

and
(
Ûn+1 − Ũn+1

)
=
(
I +∆tLN

y,ε

)−1 (
Ûn+1/2 − ûn+1/2

∣∣
Ω

N

)
.

Finally using the property
∥∥∥(I +∆tLN

y,ε

)−1
∥∥∥
∞,Ω

N
≤ C, we obtain the desired result.

Theorem 4.2.10. Let Un be the solution of the fully-discrete problem (4.2.21)-(4.2.22) at
the time level tn and u is the exact solution of the main problem (4.1.1). Then, we have the
following global error estimate

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C
(
∆t+N−1 lnN

)
. (4.2.57)

Proof. We first express the error in the following form

Un − u(tn)|ΩN =

(
Un − Ûn

)
+

(
Ûn − ûn|

Ω
N

)
+

(
ûn|

Ω
N − u(tn)|ΩN

)
, (4.2.58)

where Ûn is the solution of the discrete form of the problem (4.2.12) using u(tn−1)|ΩN as the
starting value for the n-th iteration.

We recall the results from Lemma 4.2.2 and Theorem 4.2.9 to obtain

∥∥ ûn|
Ω

N − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t2,
∥∥∥Ûn − ûn|

Ω
N

∥∥∥
∞,Ω

N
≤ C∆tN−1 lnN.
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Using these estimates and the fact
∥∥∥∥(I +∆tLN

i,ε

)−1
∥∥∥∥ ≤ C, i = x, y, we have

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t
(
∆t+N−1 lnN

)
+ C

∥∥Un−1 − u(tn−1)|ΩN

∥∥
∞,Ω

N

≤ Cn∆t
(
∆t+N−1 lnN

)
≤ C

(
∆t+N−1 lnN

)
,

since n∆t ≤ T .

4.2.4 Numerical experiments

In this section, we present some numerical results obtained by the fully-discrete scheme
(4.2.21)-(4.2.22) for the following test problem on the Shishkin mesh Ω

N defined in (4.2.20)
with different time step sizes ∆t.

Example 4.2.11. Consider the following 2D parabolic IBVP:
ut − ε1∆u+ ε2

(
1 +

xy

2

)(
ux + uy

)
+ u = t2

(
x2 + y2 − x− y

)
, (x, y) ∈ Ω, 0 < t ≤ 1,

u(x, y, t) = 0, (x, y) ∈ ∂Ω, 0 ≤ t ≤ 1,

u(x, y, 0) = 0, (x, y) ∈ Ω,

where we have β1 = 1, β2 = 1 and hence, β = 1. Thus,

γ < min
Ω

{
c

2b1
,

c

2b2

}
=

1

2
.

Since the exact solution for this example is not known, we use double mesh principle to
find the error in the computation to demonstrate parameter-uniform convergence rate. Sup-
pose UN,∆t

ε1,ε2
(xi, yj, tn) is the computed numerical solution at the point (xi, yj, tn) on the grid

Ω
N × Ω

M

t with the uniform time step size ∆t = T/M while Ũ2N,∆t/2
ε1,ε2 (xi, yj, tn) denotes the

approximated value at the same point on the Shishkin mesh Ω̃2N×Ω̃2M
t obtained by bisecting

every subinterval of ΩN×Ω
M

t with 2N subintervals in each space direction and ∆t/2 uniform
step-length in the time direction. Then, we define the pointwise error by

EN,∆t
ε1,ε2

= max
(xi,yj)∈Ω

N

tn∈Ω
M
t

∣∣∣UN,∆t
ε1,ε2

(xi, yj, tn)− Ũ2N,∆t/2
ε1,ε2

(xi, yj, tn)
∣∣∣ . (4.2.59)
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

The corresponding order of convergence is defined as,

pN,∆t
ε1,ε2

= log2

(
EN,∆t

ε1,ε2

E
2N,∆t/2
ε1,ε2

)
. (4.2.60)

Here, we use the following set of parameters satisfying the condition on the parameters
for Case I:

Sε =

{(
ε1, ε2

)
: ε1 = 10−k−1, ε2 =

√
ε1
10

, k = 1, 2, . . . , 6

}
. (4.2.61)

The values of the maximum error EN,∆t and the corresponding rate pN,∆t defined in (4.2.62)
for Example 4.2.11 are displayed in Table 4.2 for different pair of values of (ε1, ε2) ∈ Sε, N

and ∆t. The associated loglog plot of the numerical error is also given for various values of
the mesh parameters N, ∆t. For each N , the number of points in each spatial direction and
fixed time step ∆t, we define the parameter-uniform maximum error and the corresponding
parameter-uniform convergence rate respectively by

EN,∆t = max
ε1,ε2

EN,∆t
ε1,ε2

, pN,∆t = log2

(
EN,∆t

E2N,∆t/2

)
. (4.2.62)

From the above presentation in Table 4.2, we see the gradually decreasing behavior of the
pointwise error EN,∆t

ε1,ε2
as the number of spatial grid points N is increasing. We also observe

that as the values of the perturbation parameters tend to be very small, the pointwise errors
are still remaining to be bounded, which ensures the numerical stability of the proposed
scheme. The pointwise and uniform rates of convergence pN,∆t

ε1,ε2
, pN,∆t displayed in the table

clearly indicates the first-order parameter-uniform convergence, which is also graphically
observed from the loglog plot in Figure 4.4.

4.3 Application of the ADI finite difference scheme:

Case II

We have discussed the convergence analysis of the numerical solution for the first case ε22 ≤
γε1
β

in Section 4.2. In this section, we study the analysis for the parameters satisfying

the second case, i.e., ε22 ≥ γε1
β

and extend the results that we have proved in the previous

section. For the present case, we have regular boundary layers of width O(ε2) near the inflow
boundaries x = 0 and y = 0, while there are boundary layers of width O

(
ε1/ε2

)
condensing
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Figure 4.3: Surface plot of the numerical solution with N = 64 and ε1 = 10−7 at t = 1.

at the outflow boundaries x = 1 and y = 1. We proceed with the same numerical scheme
discussed in the previous sections. We also apply the same Shishkin-type decomposition of
the solution of (4.1.1) and the components of the solution in this case satisfy the following
bounds: The boundary layer components of u satisfy the following bounds,∣∣∣∣ ∂ks+ktv

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C, (4.3.1)∣∣∣∣ ∂ks+ktwL

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k1
2 e

− γx
2ε2 , (4.3.2)∣∣∣∣ ∂ks+ktwR

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C
(ε1
ε2

)−k1
e
−βε2

2ε1
(1−x)

, (4.3.3)∣∣∣∣ ∂ks+ktwB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k2
2 e

− γy
2ε2 , (4.3.4)∣∣∣∣ ∂ks+ktwT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C
(ε1
ε2

)−k2
e
−βε2

2ε1
(1−y)

, (4.3.5)
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Figure 4.4: Graphical representation of the loglog plot of maximum pointwise errors in Table
4.2.
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Table 4.1: Maximum pointwise error and corresponding rate of convergence for Example
4.2.11 for the parameters defined in (4.2.61) with ∆t = 1/N .

ε1 N = 32 64 128 256 512
∆t = 1/32 1/64 1/128 1/256 1/512

10−2 3.2224e-03 1.6369e-03 8.2476e-04 4.1394e-04 2.0736e-04
0.9771 0.9889 0.9945 0.9972 -

10−3 3.2700e-03 1.6590e-03 8.3550e-04 4.1925e-04 2.1001e-04
0.9789 0.9895 0.9948 0.9974 -

10−4 3.2771e-03 1.6627e-03 8.3740e-04 4.2024e-04 2.1051e-04
0.9789 0.9895 0.9947 0.9973 -

10−5 3.2803e-03 1.6640e-03 8.3801e-04 4.2050e-04 2.1063e-04
0.9791 0.9896 0.9948 0.9974 -

10−6 3.2815e-03 1.6646e-03 8.3828e-04 4.2064e-04 2.1069e-04
0.9791 0.9896 0.9948 0.9974 -

10−7 3.2818e-03 1.6648e-03 8.3837e-04 4.2068e-04 2.1071e-04
0.9791 0.9896 0.9948 0.9974 -

EN,∆t 3.2818e-03 1.6648e-03 8.3837e-04 4.2068e-04 2.1071e-04

pN,∆t 0.9791 0.9896 0.9948 0.9974 -

while the corner layer components satisfy∣∣∣∣ ∂ks+ktwLB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{
ε−k1
2 e

− γx
2ε2 , ε−k2

2 e
− γy

2ε2

}
, (4.3.6)∣∣∣∣ ∂ks+ktwRB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{(ε1
ε2

)−k1e
−βε2

2ε1
(1−x)

, ε−k2
2 e

− γy
2ε2

}
, (4.3.7)∣∣∣∣ ∂ks+ktwLT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{
ε−k1
2 e

− γx
2ε2 ,

(ε1
ε2

)−k2
e
−βε2

2ε1
(1−y)

}
, (4.3.8)∣∣∣∣ ∂ks+ktwRT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{(ε1
ε2

)−k1e
−βε2

2ε1
(1−x)

,
(ε1
ε2

)−k2e
−βε2

2ε1
(1−y)

}
, (4.3.9)

where ks = k1 + k2 and 0 ≤ k1 + k2 + 2kt ≤ 4. Note that the estimates here follow from the
rigorous parameter-explicit bounds established by [68].
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Table 4.2: Maximum pointwise error and the rate of convergence for Example 4.2.11 for the
parameters defined in (4.2.61) with ∆t = 2/N .

ε1 N = 32 64 128 256 512
∆t = 1/16 1/32 1/64 1/128 1/256

10−2 6.2810e-03 3.2397e-03 1.6446e-03 8.2841e-04 4.1574e-04
0.9551 0.9781 0.9893 0.9946 -

10−3 6.3591e-03 3.2747e-03 1.6613e-03 8.3664e-04 4.1982e-04
0.9574 0.9790 0.9896 0.9948 -

10−4 6.3689e-03 3.2796e-03 1.6638e-03 8.3792e-04 4.2047e-04
0.9575 0.9790 0.9895 0.9947 -

10−5 6.3724e-03 3.2812e-03 1.6645e-03 8.3821e-04 4.2060e-04
0.9576 0.9791 0.9896 0.9948 -

10−6 6.3737e-03 3.2817e-03 1.6647e-03 8.3835e-04 4.2067e-04
0.9576 0.9791 0.9896 0.9948 -

10−7 6.3741e-03 3.2819e-03 1.6648e-03 8.3840e-04 4.2069e-04
0.9576 0.9791 0.9896 0.9948 -

EN,∆t 6.3741e-03 3.2819e-03 1.6648e-03 8.3840e-04 4.2069e-04
pN,∆t 0.9576 0.9791 0.9896 0.9948 -

4.3.1 Temporal and spatial discretizations

Let us note that the error estimates proved for the semi-discrete problem (4.2.10) does not
depend on the discretization of the domain and the constructed Shishkin mesh. Therefore,
the lemmas and the theorems stated in Section 4.2 are also valid for Case II.

We discretize the time interval [0, T ] using uniform step size ∆t = T/M as

Ω
M

t :=
{
tj+1 = tj +∆t, t0 = 0, 0 ≤ j ≤M − 1

}
.

The semi-discrete problem in this case can be defined exactly as in (4.2.10) and assume
that un is the solution semi-discrete problem. We also define ûn similarly as we have done
in (4.2.12). The following results can be obtained in the same manner. Therefore, we state
the lemmas without any further proofs.

Lemma 4.3.1. The local truncation error en+1 defined in (4.2.13) satisfies the following
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(0, 0)

(0, 1)

(1, 0)

(1, 1)

x = τ0 x = 1− τ1

y = τ0

y = 1− τ1

Figure 4.5: A sample Shishkin mesh for Case II with N = 16.

bound
∥en+1∥∞,Ω ≤ C∆t2, 0 ≤ n ≤M − 1. (4.3.10)

Theorem 4.3.2. The global error En for the semi-discrete problem is bounded as

sup
1≤n≤M

∥En∥∞,Ω ≤ C∆t. (4.3.11)

The spatial mesh is quite different from the one given in Section 4.3 due to the different
layer structure at the various boundaries. We describe the grid for the x-direction and the
same set of grids can be designed along the y-direction. In this case, we use the following
transition parameters τ0, τ1 which are defined by

τ0 = min

{
1

4
,

2

µ0

lnN

}
, τ1 = min

{
1

4
,

2

µ1

lnN

}
.

where µ0, µ1 are defined in (4.2.30).

To resolve the layers at the boundaries x = 0 and x = 1, we distribute the grids into the
following subintervals [0, τ0], [τ0, 1 − τ1] and [1 − τ1, 1] in the ratio 1 : 2 : 1. The Shishkin

Ph.D. Thesis 95 Mrityunjoy Barman

TH-3241_176123001



Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

mesh is defined by

xi =



4iτ0
N

, 0 ≤ i ≤ N/4,

τ0 + 2
(
i− N

4

)(1− τ0 − τ1

)
N

, N/4 < i ≤ 3N/4,

1− τ1 + 4
(
i− 3N

4

) τ1
N
, 3N/4 < i ≤ N.

(4.3.12)

4.3.2 Convergence analysis

Let us assume that the perturbation parameters satisfy the relation ε22 ≥
γε1
β

and the func-

tions in (4.1.1)-(4.1.2) possess sufficient smoothness and satisfy the compatibility conditions
described in the previous sections. Then we can prove the following results in the same
manner as in the previous sections.

Lemma 4.3.3. Let ûn+1/2 be the solution of the equation (4.2.12) for 0 ≤ n ≤M−1 and the
functions b1, c1, f1(·, ·, t) ∈ C2

(
[0, 1]2

)
. Let p, δ ∈ (0, 1) be some arbitrary constants. Then,

we have the following bounds for the derivatives of ûn+1/2 as∣∣∣∣∂iûn+1/2

∂xi

∣∣∣∣ ≤ C

[
1 + µi

0e
−pµ0x + µi

1e
−pµ1(1−x)

]
, 0 ≤ i ≤ 4, (4.3.13)

when 2ε2

∥∥∥∥∂b1∂x
∥∥∥∥
∞,Ω

≤ δ(1− p) and µ0, µ1 are defined in (4.2.30).

Proof. We observe that application of the maximum principle for the operator
(
I+∆tLx,ε

)
ensures the boundedness of the semi-discrete solution ûn+1/2. Thus, the proof for (4.3.13)
with i = 0 follows immediately.

In order to find the estimates in (4.3.13) for 1 ≤ i ≤ 4, we consider the characteris-
tic equation (4.2.29) again, with the constants µ0, µ1 defined similarly. In this case, the
constants µ0, µ1 are found to be µ0 = O(ε−1

2 ), µ1 = O(ε2/ε1). Therefore, following the
estimates given in Linß et al.[64], we obtain the bounds in (4.3.13) for 1 ≤ i ≤ 4.

The following bounds for the bounds of the derivatives of the semi-discrete solution ûn+1

with respect to y also holds analogously.

Lemma 4.3.4. Let ûn+1 be the semi-discrete solution of (4.2.12) for 0 ≤ n ≤ M − 1,
and the functions b2, c2, f2(·, ·, t) ∈ C2

(
[0, 1]2

)
. Then, we have the following bounds for the
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derivatives ∣∣∣∣∂jûn+1

∂yj

∣∣∣∣ ≤ C
[
1 + µj

0e
−pµ0y + µj

1e
−pµ1(1−y)

]
, 0 ≤ j ≤ 4, (4.3.14)

where p, δ ∈ (0, 1) and 2ε2

∥∥∥∥∂b2∂y
∥∥∥∥
∞,Ω

≤ δ(1− p).

Now we estimate the truncation error due to the discretization of (4.2.12) on Shishkin
mesh defined in (4.3.12) for this case by rewriting the equation and using the main conver-
gence result proved in [64].

Lemma 4.3.5. Let Ûn+1/2 be the solution of the fully-discrete equation (4.2.34) on Ω
N and

ûn+1/2 solves the problem (4.2.12.a). If ε2 ≤ N−1 lnN , then∥∥∥Ûn+1/2 − ûn+1/2
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤ C∆t N−1 lnN. (4.3.15)

Proof. We define the truncation error as in (4.2.38) by

θi = −ε1∆t
3

(
hxi+1 − hxi

)∂3ûn+1/2

∂x3
(xi, yj) + r+ij R3

(
ûn+1/2, xi, xi+1

)
+ r−ij R3

(
ûn+1/2, xi, xi−1

)
+ ε2∆t b1(xi, yj)

(
− hxi

2

∂2ûn+1/2

∂x2
(xi, yj)

+
(hxi )

2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)
, (4.3.16)

where the coefficients r+ij , r
−
ij have the same definitions used in (4.2.23). We estimate the

truncation error in the following three cases depending on the position of the grid point xi.

Case (i): Let 0 < xi < τ0.

From the definition of the generated Shishkin mesh given in (4.3.12), we have

hxi = hxi+1 =
4τ0
N

≤ Cε2 N
−1 lnN.

One can easily simplify (4.3.16) to have

|θi| ≤ C∆t

[
ε2

∫ xi

xi−1

∣∣∣∣∂2ûn+1/2

∂x2
(s, yj)

∣∣∣∣ ds+ ε1

∫ xi+1

xi−1

∣∣∣∣∂3ûn+1/2

∂x3
(s, yj)

∣∣∣∣ ds]
= C∆t (I1 + I2), (4.3.17)

Ph.D. Thesis 97 Mrityunjoy Barman

TH-3241_176123001



Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

where

I1 = ε2

∫ xi

xi−1

∣∣∣∣∂2ûn+1/2

∂x2
(s, yj)

∣∣∣∣ ds ≤ Cε2

[ ∫ xi

xi−1

{
1 + µ2

0 e
−pµ0s + µ2

1 e
−pµ1(1−s)

}
ds

]

≤ Cε2

[
hxi +

µ0

p

(
e−pµ0xi−1 − e−pµ0xi

)
+
µ1

p

(
e−pµ1(1−xi) − e−pµ1(1−xi−1)

)]
.

Now, it is easy to check that

e−pµ0xi−1 − e−pµ0xi = pµ0h
x
i e

−pµ0xi +O
(
(hxi µ0)

2
)
. (4.3.18)

Since hxi µ0 ≤ CN−1 lnN and ε2µ0 ≤ C, we have

I1 ≤ Cε2

[
hxi +

µ0

p
N−1 lnN +

µ1

p
e−pµ1(1−xi)

]
≤ Cε2

[
ε2 N

−1 lnN + µ0 N
−1 lnN +

1

1− xi

]
≤ C

(
ε2 +N−1 lnN

)
. (4.3.19)

From (4.2.28), it follows that

ε1
∂3ûn+1/2

∂x3
= ε2

(
∂b1
∂x

∂ûn+1/2

∂x
+ b1

∂2ûn+1/2

∂x2

)
+ c1

∂ûn+1/2

∂x
+ ûn+1/2∂c1

∂x
+
∂ŝ

∂x

= ε2b1
∂2ûn+1/2

∂x2
+

(
ε2
∂b1
∂x

+ c1

)
∂ûn+1/2

∂x

+ ûn+1/2∂c1
∂x

+
∂ŝ

∂x
.

where ŝ = ω − f1(x, y, tn+1) is a bounded function. Using the estimate in (4.3.19) and the
boundedness of ûn+1/2, we deduce the following

I2 = ε1

∫ xi+1

xi−1

∣∣∣∣∂3ûn+1/2

∂x3
(s, yj)

∣∣∣∣ ds
≤ Cε2

∫ xi+1

xi−1

∣∣∣∣∂2ûn+1/2

∂x2
(s, yj)

∣∣∣∣ ds+ C

∫ xi+1

xi−1

(
γ0
∂ûn+1/2

∂x
+ g(s, y)

)
ds

≤ C

(
ε2 +N−1 lnN + hxi

)
≤ C

(
ε2 +N−1 lnN + ε2N

−1 lnN

)
.
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This gives

I2 ≤ C

(
ε2 +N−1 lnN

)
, (4.3.20)

where γ0 =

∥∥∥∥ε2∂b1∂x + c1

∥∥∥∥
∞,Ω

, g(x, y) =

(
∂ŝ

∂x
+ ûn+1/2∂c1

∂x

)
and we used the property

(4.3.18).

From the estimates in (4.3.19) and (4.3.20), one can easily conclude that

|θi| ≤ C∆t

(
ε2 +N−1 lnN

)
. (4.3.21)

If we assume that ε2 ≤ N−1 lnN , then we have the desired estimate

|θi| ≤ C∆tN−1 lnN. (4.3.22)

Case (ii): Consider 1− τ1 < xi < 1.

Since ε2 ≥ C
√
ε1, we have

hxi = hxi+1 =
4τ1
N

≤ CN−1
(ε1
ε2

)
lnN ≤ Cε

1/2
1 N−1 lnN.

One can also verify that

ε2h
x
i ≤ Cε1N

−1 lnN, ε2 (h
x
i )

2 ≤ Cε
3/2
1 N−2 ln2N. (4.3.23)

Now, proceeding similarly as in Lemma 4.2.8, we get

|θi| ≤ C∆tN−1 lnN. (4.3.24)

Case (iii): Here, we consider τ0 < xi < 1− τ1.

In this case, we have

hxi =
2

N
(1− τ0 − τ1) ,

where τ0 + τ1 ≤ Cε2 lnN . From the grid structure, it is clear that ε2 lnN ≤ C and hxi ≤
CN−1. Using the inequality e−t ≤ C

1 + t
for t > 0, and the facts that ε2 lnN ≤ C and
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

ε2 ≤ Cε1 lnN , one can show that

∣∣r+ijR3(û
n+1/2, xi, xi+1)

∣∣ ≤ C∆tN−1 lnN,
∣∣r−ijR3(û

n+1/2, xi, xi−1)
∣∣ ≤ C∆tN−1 lnN.

A set of similar calculations yield the following result:∣∣∣∣ε2∆t b1(xi, yj)(− hxi
2

∂2ûn+1/2

∂x2
(xi, yj) +

(hxi )
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣
≤ C∆t N−1 lnN.

The estimate (4.3.24) follows by adding the above inequalities.

Case (iv): xi = τ0 or xi = 1− τ1

In case of xi = τ0, the step-lengths on the left and right to xi are either hxi =
4τ0
N

or

hxi =
2(1− τ0 − τ1)

N
. Thus,

∣∣hxi − hxi+1

∣∣ ≤ CN−1. From (4.2.38), we bound the truncation
error as ∣∣∣∣ε1∆t3

(
hxi+1 − hxi

)∂3ûn+1/2

∂x3
(xi, yj)

∣∣∣∣
≤ Cε1∆t

N

[
1 + µ3

0e
−pµ0xi + µ3

1e
−pµ1(1−xi)

]
≤ C∆t

N

[
1 + Cµ3

0

1

µ3
0

+ Cµ3
1

1

µ3
1

]
≤ C∆tN−1, (4.3.25)

where we use the property e−t < C/tk, t > 0, k ∈ N. We also prove similarly as in Case (i)
or Case (ii) the followings

∣∣r+ij R3

(
ûn+1/2, xi, xi+1

)∣∣ ≤ C∆tN−1 lnN,
∣∣r−ij R3

(
ûn+1/2, xi, xi−1

)∣∣ ≤ C∆t N−1 lnN,

(4.3.26)∣∣∣∣ε2∆t b1(xi, yj)(− hxi
2

∂2ûn+1/2

∂x2
(xi, yj) +

hxi
2

3!

∂3ûn+1/2

∂x3
(xi, yj)

)∣∣∣∣ ≤ C∆t N−1 lnN. (4.3.27)

It follows from (4.3.25)-(4.3.27) that

|θi| ≤ C∆tN−1 lnN. (4.3.28)

The proof for the case when xi = 1− τ1 can also be carried out similarly.
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So, combining all the cases, we have

|θi| ≤

 C∆t N−1, τ0 < xi < 1− τ1

C∆t N−1 lnN, xi ≤ τ0, xi ≥ 1− τ1.
(4.3.29)

Thus, |θi| ≤ C∆t N−1 lnN, xi ∈ Ω
N

x . Now following the exactly same arguments used in
Lemma 4.3.5 and discrete maximum principle for the operator

(
I +∆tLN

x,ε

)
, one can easily

have ∣∣∣Ûn+1/2
i − ûn+1/2(xi, y)

∣∣∣ ≤ C∆t N−1 lnN, xi ∈ Ω
N

x . (4.3.30)

Hence, the proof follows.

Now, we can combine the above results and establish the following convergence results
exactly the same way as we proceeded in the previous section. The results ensure that
the method is robust convergent, which is not dependent on the conditions applied on the
perturbation parameters.

Theorem 4.3.6. Suppose ε2 ≤ N−1 lnN and let Un+1 be the solution of the fully-discrete
problem (4.2.22) at t = tn+1 and ûn+1 is the solution of (4.2.12). Then, we have

∥∥Un+1 − ûn+1
∣∣
Ω

N

∥∥
∞,Ω

N ≤ C∆t N−1 lnN, 0 ≤ n ≤M − 1. (4.3.31)

Theorem 4.3.7. Suppose ε2 ≤ N−1 lnN and let Un be the solution of the fully-discrete
problem (4.2.22) for t = tn. If u is the exact solution of the given model problem (4.1.1),
then the global error satisfies

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C
(
∆t+N−1 lnN

)
. (4.3.32)

4.3.3 Numerical experiments

In this section, we present numerical experiments for the same test problem Example 4.2.11
with the following set of parameters

Sε =

{(
ε1, ε2

)
: ε1 = 10−k−1, ε2 = ε1

1/3, k = 1, 2, . . . , 6

}
. (4.3.33)

which satisfies the conditions on the perturbation parameters for the present case. We
calculate the maximum pointwise error and the corresponding order of convergence defined
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Chapter 4: ADI scheme for 2D parabolic SPPs with two parameters

in (4.2.59)-(4.2.60) for various values of N, ∆t and present them in Table 4.3 with the
parameters from set Sε in (4.3.33). We also compute the parameter-uniform error and the
corresponding rate of convergence for those values of N, ∆t.

Figure 4.6: Numerical solution with N = 64 and ε1 = 10−7 at t = 1.

We observe that for each pair of fixed values of the parameters ε1, ε2, maximum pointwise
error is decreasing monotonically as N is increasing. We also notice that these errors remain
bounded as we keep on decreasing the parameters ε1, ε2. This ensures the parameter-uniform
convergence of the proposed scheme, which is stated in Theorem 4.3.7. The table shows that
the upwind scheme has almost first-order convergence in space and time variables. The
loglog plot in Figure 4.7 clearly reveals the linear order convergence of the scheme, which
validates the error estimates.

4.4 Conclusions

In this work, we proposed an ADI based finite difference scheme for the singularly perturbed
2D parabolic IBVPs with two parameters multiplying the diffusion and convection terms. To
discretize the spatial domain, we used the piecewise-uniform Shishkin meshes. Truncation
error is derived, stability of the proposed scheme is established. Parameter-uniform error
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Figure 4.7: Visualization of the loglog plot of the maximum pointwise errors in Table 4.3.

estimates are obtained for both the cases. Numerical experiments reveal the theoretical order
of convergence.
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Table 4.3: Maximum pointwise error and corresponding rate of convergence for Example
4.2.11 for the parameters defined in (4.3.33) with ∆t = 1/N .

ε1 N = 32 64 128 256 512
∆t = 1/32 1/64 1/128 1/256 1/512

10−2 2.5370e-03 1.3370e-03 6.8439e-04 3.4573e-04 1.7370e-04
0.9241 0.9661 0.9852 0.9931 -

10−3 2.8806e-03 1.4789e-03 7.4942e-04 3.7765e-04 1.8988e-04
0.9619 0.9806 0.9887 0.9920 -

10−4 3.0657e-03 1.5669e-03 7.9050e-04 3.9711e-04 1.9903e-04
0.9683 0.9871 0.9932 0.9966 -

10−5 3.1738e-03 1.6179e-03 8.1518e-04 4.0933e-04 2.0506e-04
0.9721 0.9889 0.9938 0.9972 -

10−6 3.2248e-03 1.6416e-03 8.2742e-04 4.1537e-04 2.0807e-04
0.9741 0.9884 0.9942 0.9973 -

10−7 3.2316e-03 1.6500e-03 8.3295e-04 4.1811e-04 2.0948e-04
0.9698 0.9862 0.9944 0.9971 -

EN,∆t 3.2316e-03 1.6500e-03 8.3295e-04 4.1811e-04 2.0948e-04

pN,∆t 0.9698 0.9862 0.9944 0.9971 -
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Table 4.4: Maximum pointwise error and the rate of convergence for Example 4.2.11 for the
parameters defined in (4.3.33) with ∆t = 2/N .

ε1 N = 32 64 128 256 512
∆t = 1/16 1/32 1/64 1/128 1/256

10−2 5.5261e-03 2.9516e-03 1.5172e-03 7.6806e-04 3.8629e-04
0.9048 0.9600 0.9822 0.9915 -

10−3 5.9615e-03 3.0995e-03 1.5791e-03 7.9710e-04 4.0075e-04
0.9436 0.9730 0.9862 0.9921 -

10−4 6.1359e-03 3.1834e-03 1.6169e-03 8.1512e-04 4.0918e-04
0.9467 0.9773 0.9882 0.9943 -

10−5 6.2506e-03 3.2337e-03 1.6412e-03 8.2706e-04 4.1507e-04
0.9508 0.9784 0.9887 0.9946 -

10−6 6.3037e-03 3.2570e-03 1.6535e-03 8.3306e-04 4.1804e-04
0.9526 0.9780 0.9891 0.9948 -

10−7 6.2974e-03 3.2635e-03 1.6593e-03 8.3579e-04 4.1945e-04
0.9484 0.9759 0.9893 0.9946 -

EN,∆t 6.2974e-03 3.2635e-03 1.6593e-03 8.3579e-04 4.1945e-04

pN,∆t 0.9484 0.9759 0.9893 0.9946 -
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CHAPTER 5

A parameter-uniform hybrid method for
singularly perturbed parabolic 2D
convection-diffusion-reaction problems

In this work, we construct and analyze a parameter-uniform operator-splitting ADI scheme
to efficiently solve the parabolic SPPs with two positive parameters. The proposed model
combines the backward-Euler method on a uniform mesh in time and a hybrid method in
space. The developed numerical method on a layer-adapted piecewise-uniform Shishkin mesh
has been proven to be first-order convergent in time and second-order convergent in space.
The numerical experiments are performed to validate the theoretical convergence results and
illustrate the efficiency of the current method.
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5.1 Introduction

In this chapter, we propose to employ a hybrid numerical scheme for solving a class of singu-
larly perturbed 2D parabolic convection-diffusion-reaction problems, where the diffusion and
convection coefficients are multiplied by perturbation parameters. Basically, we combine the
central difference and midpoint upwind technique on a piecewise-uniform mesh in space and
we apply ADI method defined for time variable to find a efficient and accurate approximate
solution to the model problem. We prove that the proposed method is first order convergent
in time and second order convergent in space.

In this work, we consider a parabolic convection-diffusion-reaction problem in 2D:
ut − ε1∆u+ ε2b(x, y) · ∇u+ c(x, y)u = f(x, y, t), (x, y) ∈ Ω = (0, 1)2, 0 < t ≤ T,

u(x, y, t) = 0, for (x, y) ∈ Ω\Ω, t ∈ [0, T ],

u(x, y, 0) = g(x, y), for (x, y) ∈ Ω,

(5.1.1)
where ε1, ε2 are the perturbation parameters such that 0 < ε1, ε2 ≪ 1. The convection field
b is of the form b(x, y) =

(
b1(x, y), b2(x, y)

)
such that bi ≥ βi > 0, for i = 1, 2. The function

g is assumed to be a continuous function in Ω. We also presume that the reaction coefficient
c(x, y) ≥ c0 > 0 and f = f1 + f2 is the source function that is smooth enough and satisfies
the compatibility condition

We denote β = min
{
β1, β2

}
and γ < min

Ω

{
c(x, y)

2b1(x, y)
,

c(x, y)

2b2(x, y)

}
. By using the relation

between the perturbation parameters, we analyze the problem (5.1.1) separately for the
following two cases:

Case I: ε22 ≤
γε1
β
, Case II: ε22 ≥

γε1
β
.

We note that ∥η∥∞ = max
x∈G

η(x) denotes the maximum norm of a continuous function

η(x) on a set G. We also use the notation

∥η∥∞,GN = max
xi∈GN

S(xi)

to denote the discrete maximum norm of a mesh function S on the mesh GN . We use C
to denote a generic positive constant, which is independent of the mesh sizes, perturbation
parameters and associated functions throughout the paper.

We organize the rest of the chapter as follows: In Section 2, we introduce the singularly
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perturbed 2D parabolic convection-diffusion-reaction problem containing the perturbation
parameters ε1, ε2 with some assumptions on the coefficient functions as well as on the
source function. We define some standard notations which we use to present our analysis
of the method. Section 3 describes about the solution properties, semidiscrete problem,
the proposed scheme and its convergence along with some illustrative example for the case
ε22 ≤ Cε1. In the next section, we discuss all these things for the other case, namely ε22 ≥ Cε1.
In the final section, we have concluded the article by summarizing the obtained theoretical
results and the validation of them using numerical experiments.

5.2 Analysis of the hybrid scheme: Case I

We first discuss the analysis of the method when ε22 ≤ γε1
β

in which the solution exhibit

regular boundary layers of width O(
√
ε1) condensing at the four edges along the corner

layers at the corners of the domain. The boundaries of the domain are defined by

Γl =
{
(0, y) ∈ Ω : 0 ≤ y ≤ 1

}
, Γr =

{
(1, y) ∈ Ω : 0 ≤ y ≤ 1

}
,

Γb =
{
(x, 0) ∈ Ω : 0 ≤ x ≤ 1

}
, Γt =

{
(x, 1) ∈ Ω : 0 ≤ x ≤ 1

}
.

For more rigorous analysis of the problem, we decompose the solution u of the problem
(5.1.1) as in the following way,

u = v + wL + wR + wT + wB + wLT + wRB + wRT + wLB, (5.2.1)

where v is the regular component of the solution; wL, wR, wB, wT are the boundary layer
components appearing near the edges Γl, Γr, Γb and Γt respectively; wLB, wLT , wRB, wRT

are the associated corner layer functions near the corners C1(0, 0), C2(0, 1), C3(1, 0), C4(1, 1)

of Ω respectively.
We remark that under the compatibility conditions in (4.1.3), the layer components of

the solution u for the problem (5.1.1) respect the following bounds (see [68] for details):∣∣∣∣ ∂ks+ktv

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C, (5.2.2)∣∣∣∣ ∂ks+ktwL

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k1/2
1 e

−
√

βγ
ε1

x
, (5.2.3)∣∣∣∣ ∂ks+ktwR

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k1/2
1 e

−
√

βγ
ε1

(1−x)
, (5.2.4)
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters∣∣∣∣ ∂ks+ktwB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k2/2
1 e

−
√

βγ
ε1

y
, (5.2.5)∣∣∣∣ ∂ks+ktwT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−k2/2
1 e

−
√

βγ
ε1

(1−y)
, (5.2.6)

and ∣∣∣∣ ∂ks+ktwLB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

x
, e

−
√

βγ
ε1

y
,

}
(5.2.7)∣∣∣∣ ∂ks+ktwRB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

(1−x)
, e

−
√

βγ
ε1

y

}
, (5.2.8)∣∣∣∣ ∂ks+ktwLT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

x
, e

−
√

βγ
ε1

(1−y)

}
, (5.2.9)∣∣∣∣ ∂ks+ktwRT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε
−(k1+k2)/2
1 min

{
e
−
√

βγ
ε1

(1−x)
, e

−
√

βγ
ε1

(1−y)

}
, (5.2.10)

where ks = k1 + k2, 0 ≤ k1 + k2 + 2kt ≤ 4.

5.2.1 Temporal discretization and the semidiscrete problem

In this section, we study a time semidiscretization of model problem (5.1.1). To do that, we
first denote the differential operator Lε in (5.1.1) by

Lεu := −ε1∆u+ ε2b(x, y) · ∇u+ c(x, y)u. (5.2.11)

Then, we apply the operator-splitting ADI strategy on a uniform mesh and divide the oper-
ator Lε in two components: Lε = Lx,ε + Ly,ε, where

Lx,εu := −ε1
∂2u

∂x2
+ ε2b1(x, y)

∂u

∂x
+ c1(x, y)u,

Ly,εu := −ε1
∂2u

∂y2
+ ε2b2(x, y)

∂u

∂y
+ c2(x, y)u,

and c = c1 + c2 with c1 > 0, c2 > 0. We now discretize the temporal domain as

Ω
M

t :=
{
tk : tk = k∆t, k = 0, 1, . . . ,M, ∆t = T/M

}
, (5.2.12)

with uniform time step size ∆t. Let u0 = g(x, y), then the discretization of the problem
(5.1.1) in time is defined by the scheme: For n = 0, 1, . . . ,M − 1, un+1 is the solution of the
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problem 


(
I +∆tLx,ε

)
un+1/2 = un +∆tf1(x, y, tn+1),

un+1/2(0, y) = 0, un+1/2(1, y) = 0, 0 ≤ y ≤ 1,
(
I +∆tLy,ε

)
un+1 = un+1/2 +∆tf2(x, y, tn+1),

un+1(x, 0) = 0, un+1(x, 1) = 0, 0 ≤ x ≤ 1.

(5.2.13)

Before discussing the convergence of the above semidiscrete problem, we need to define
a subproblem. For n = 0, 1, . . . ,M − 1, let ûn+1 solve the next semidiscrete problem


(
I +∆tLx,ε

)
ûn+1/2 = u(tn) + ∆tf1(x, y, tn+1),

ûn+1/2(0, y) = 0, ûn+1/2(1, y) = 0, 0 ≤ y ≤ 1,
[
I +∆tLy,ε

]
ûn+1 = ûn+1/2 +∆tf2(x, y, tn+1),

ûn+1(x, 0) = 0, ûn+1(x, 1) = 0, 0 ≤ x ≤ 1.

(5.2.14)

We have the following properties of the semidiscrete solutions of the problem in (5.2.14).

Lemma 5.2.1. Let ε1, ε2 satisfy the relation ε22 ≤ γε1
β

and ûn+1/2 satisfies the equation

(5.2.14) for 0 ≤ n ≤M − 1. Then for p = 0, 1, . . . , 4, we get∣∣∣∣∂pûn+1/2

∂xp

∣∣∣∣ ≤ C

[
1 + ε

−p/2
1

(
e
−
√

βγ
ε1

x
+ e

−
√

βγ
ε1

(1−x)

)]
, (5.2.15)

and for q = 0, 1, . . . , 4, we have∣∣∣∣∂qûn+1

∂yq

∣∣∣∣ ≤ C

[
1 + ε

−q/2
1

(
e
−
√

βγ
ε1

y
+ e

−
√

βγ
ε1

(1−y)

)]
. (5.2.16)

Proof. Proof of the above lemma can be found in the previous chapter.

Now, we discuss the stability analysis and consistency result for the semidiscrete problem
(5.2.13). In the next lemma, we clearly see that the operator

(
I + ∆tLi,ε

)
, i = x, y posses

the maximum principle.

Lemma 5.2.2. Let ζ(x, y) ∈ C2(Ω) be a function with ζ(x, y) ≥ 0 on the boundary ∂Ω.
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Suppose that for i = x, y, the operators satisfy

(
I +∆tLi,ε

)
ζ(x, y) ≥ 0, (x, y) ∈ Ω. (5.2.17)

Then, ζ(x, y) ≥ 0 for all (x, y) ∈ Ω.

Consequently, the following stability estimates hold:∥∥∥(I +∆tLi,ε

)−1
∥∥∥
∞,Ω

≤ 1

1 + β∆t
for i = x, y, (5.2.18)∥∥∥(I +∆tLx,ε +∆tLy,ε

)−1
∥∥∥
∞,Ω

≤ C. (5.2.19)

Let us now define the local truncation error for the semidiscrete problem (5.1.1) at t = tn

by en = u(tn) − ûn, 1 ≤ n ≤ M . Now, we state the consistency results which are given
in the following lemmas and Theorem 5.2.4. For proof of all these results, one can refer to
Mrityunjoy et al. [69].

Lemma 5.2.3. Let u be the exact solution of the equation (5.1.1) and it satisfies
∣∣∣∣∂ku∂tk

∣∣∣∣ ≤
C, (x, y) ∈ Ω, 0 ≤ t ≤ T , for 0 ≤ k ≤ 2. Then, we have the following estimate for en+1

∥en+1∥∞,Ω ≤ C∆t2, (5.2.20)

for each n = 0, 1, . . . ,M − 1.

Theorem 5.2.4. The global error En = u(tn)−un, 1 ≤ n ≤M, satisfies the following bound

sup
n∆t≤T

∥En∥∞,Ω ≤ C∆t. (5.2.21)

This theorem proves that the global error associated with the semidiscretization method
has first-order convergence in the time variable.

5.2.2 Spatial discretization: fully-discrete scheme

As a next step, we need to apply a hybrid numerical method to the semidiscrete problem
(5.2.13) in order to find a fully discrete scheme. Let N ≥ 8 be a natural number which is a
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Analysis of the hybrid scheme: Case I

multiple of 4. The space domain Ω = [0, 1]2 can be discretized as Ω
N
:= Ω

N

x × Ω
N

y , where

Ω
N

x =
{
xi : xi = xi−1 + hxi , x0 = 0, xN = 1, 1 ≤ i ≤ N

}
,

Ω
N

y =
{
yj : yj = yj−1 + hyj , y0 = 0, yN = 1, 1 ≤ j ≤ N

}
.

Γb

Γr

Γt

Γl

C1(0, 0)

C2(0, 1)

C3(1, 0)

C4(1, 1)

Figure 5.1: Partition of the domain Ω based on the boundary layer appearance at various
edges.

First, we define the transition parameters τx and τy by

τx = τy = min

{
1

4
, σ0

√
ε1 lnN

}
,

where σ0 is a positive constant. Since the problem has regular layers of width O(
√
ε1) along

every boundary of Ω, i.e., along x = 0, x = 1, y = 0 and y = 1, we subdivide the domain
as Ω := Ωx × Ωy, where along the x-axis

Ωx :=
{
x : 0 ≤ x ≤ 1

}
= [0, τx] ∪ [τx, 1− τx] ∪ [1− τx, 1],

and along the y-axis

Ωy :=
{
y : 0 ≤ y ≤ 1

}
= [0, τy] ∪ [τy, 1− τy] ∪ [1− τy, 1].
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

We now equally distribute N/2 mesh points in each layer region and rest N/2 mesh points
in the course region to construct a Shishkin mesh that is piecewise-uniform along each of
the x-direction as well as the y-direction. The step-sizes along the x-direction are defined by
hxi = xi−xi−1, ĥ

x
i = hxi +h

x
i+1. Therefore, the Shishkin mesh points in Ωx can be defined by

xi =



4iτx
N

, 0 ≤ i ≤ N/4,

τx + 2

(
i− N

4

)
1− 2τx
N

, N/4 < i ≤ 3N/4,

1− τx + 4

(
i− 3N

4

)
τx
N
, 3N/4 < i ≤ N.

(5.2.22)

The step-size inside the layer regions is given by h =
4τx
N

≤ 1/N and at the outside of layer

regions by H =
2(1− 2τx)

N
. We see that the step-size at the outside of layer regions satisfies

the following
1/N ≤ H ≤ 2/N.

We note that the mesh Ω
N

y can be constructed in a similar way by taking τx = τy as
follows:

yj =



4jτy
N

, 0 ≤ j ≤ N/4,

τy + 2

(
j − N

4

)
1− 2τy
N

, N/4 < j ≤ 3N/4,

1− τy + 4

(
j − 3N

4

)
τy
N
, 3N/4 < j ≤ N,

(5.2.23)

where the step-sizes hyj , ĥ
y
i in along the y-axis are defined analogously.

Now, we briefly describe some notations to define the fully discrete problem. For the
convection coefficient b(x, y) = (b1, b2), we define the followings:

b1,i−1/2 =
b1(xi, y) + b1(xi−1, y)

2
, b2,j−1/2 =

b2(x, yj) + b2(x, yj−1)

2
.

We also use the following notations:

Ûn+1/2
xi,y

= Ûn+1/2(xi, y), Ûn+1
x,yj

= Ûn+1(x, yj),

Û
n+1/2
i−1/2,y =

Û
n+1/2
xi,y + Û

n+1/2
xi−1,y

2
, Ûn+1

x,j−1/2 =
Ûn+1
x,yj

+ Ûn+1
x,yj−1

2
.

In a similar way, one can define fn+1
1xi,y

, fn+1
2x,yj

, fn+1
1,i−1/2, f

n+1
2,j−1/2 and c1,i−1/2, c2,j−1/2 in the

Ph.D. Thesis 114 Mrityunjoy Barman

TH-3241_176123001



Analysis of the hybrid scheme: Case I

subsequent discrete equations. We denote the following standard operators by

δ2x ψi =
2

ĥi

(
ψi+1 − ψi

hi+1

− ψi − ψi−1

hi

)
,

δcx ψi =
ψi+1 − ψi−1

ĥi
, δ−x ψi =

ψi − ψi−1

hi
.

Next, we define the midpoint upwind operators to be used in the proposed numerical
scheme. For any function S, we have

LN
x,mu Sxi,y = −ε1∆x Sxi,y + ε2b1,i−1/2 δ

−
x Sxi,y + c1,i−1/2S1,i−1/2,

LN
y,mu Sx,yj = −ε1∆y Sx,yj + ε2b2,j−1/2 δ

−
y Sx,yj + c2,j−1/2S2,j−1/2,

and the central difference operators are given by

LN
x,cd Sxi,y = −ε1∆x Sxi,y + ε2b1(xi, y) δ

c
xSxi,y + c1(xi, y)Sxi,y,

LN
y,cd Sx,yj = −ε1∆y Sx,yj + ε2b2(x, yj) δ

c
ySx,yj + c2(x, yj)Sx,yj ,

where Sxi,y = S(xi, y) and Sx,yj = S(x, yj).

Now, we are ready to describe the hybrid numerical method for the semidiscrete problem
(5.2.14). Let Û0 = g(x, y) and n = 0, 1, . . . ,M − 1, we find Ûn+1 by solving the following
problems:

For each fixed y ∈ Ω
N

y ,
Û

n+1/2
xi,y +∆t LN

x,cdÛ
n+1/2
xi,y = u(xi, y, tn) + ∆tfn+1

1xi,y
, 1 ≤ i ≤ N

4
,
3N

4
≤ i ≤ N − 1,

Û
n+1/2
i−1/2,y +∆t LN

x,muÛ
n+1/2
xi,y =

1

2

(
u(xi, y, tn) + u(xi−1, y, tn)

)
+∆tfn+1

1,i−1/2,
N

4
< i <

3N

4
,

(5.2.24)

with the boundary conditions Ûn+1/2
0,y = Û

n+1/2
1,y = 0, y ∈ Ω

N

y , and for each fixed x ∈ Ω
N

x ,
Ûn+1
x,yj

+∆t LN
y,cdÛ

n+1
x,yj

= Û
n+1/2
x,yj +∆tfn+1

2x,yj
, 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

Ûn+1
x,j−1/2 +∆t LN

y,muÛ
n+1
x,yj

= Û
n+1/2
x,j−1/2 +∆tfn+1

2,j−1/2, N/4 < j < 3N/4,

(5.2.25)

with the boundary conditions Ûn+1
x,0 = Ûn+1

x,1 = 0, x ∈ Ω
N

x .
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

The above numerical scheme can also be put in the simplified form:

For each fixed 1 ≤ j ≤ N − 1,
Û

n+1/2
ij +∆tLN

x,cd Û
n+1/2
ij = u(xi, yj, tn) + ∆tfn+1

1ij
, 1 ≤ i ≤ N

4
,
3N

4
≤ i ≤ N − 1,

Û
n+1/2
i−1/2,j +∆tLN

x,mu Û
n+1/2
ij =

u(xi, yj, tn) + u(xi−1, yj, tn)

2
+ ∆tfn+1

1,i−1/2,
N

4
< i <

3N

4
,

(5.2.26)

with the boundary conditions Ûn+1/2
0,j = Û

n+1/2
N,j = 0, and for each fixed 1 ≤ i ≤ N − 1,

Ûn+1
ij +∆t LN

y,cdÛ
n+1
ij = Û

n+1/2
ij +∆tfn+1

2ij
, 1 ≤ j ≤ N

4
,
3N

4
≤ j ≤ N − 1,

Ûn+1
i,j−1/2 +∆t LN

y,muÛ
n+1
ij =

1

2

(
Û

n+1/2
ij + Û

n+1/2
i,j−1

)
+∆tfn+1

2,j−1/2,
N

4
< i <

3N

4
,

(5.2.27)

with the boundary conditions Ûn+1
i,0 = Ûn+1

i,N = 0.

5.2.3 Convergence analysis

In this section, we will study the convergence analysis of the fully-discrete scheme obtained
by completely discretizing the semidiscrete problem (5.2.13). Before we define the fully-
discrete solution, we introduce the simplified form of the discrete operators in the proposed
hybrid scheme (5.2.26)-(5.2.27) as

LN
1,εÛ

n+1/2
ij =


(
I +∆t LN

x,cd

)
Û

n+1/2
ij , 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

(
I +∆t LN

x,mu

)
U

n+1/2
ij , N/4 < i < 3N/4,

(5.2.28)

and

LN
2,εÛ

n+1
ij =


(
I +∆t LN

y,cd

)
Ûn+1
ij , 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

(
I +∆t LN

y,mu

)
Ûn+1
ij , N/4 < j < 3N/4.

(5.2.29)

With the discrete initial condition U0
ij = g(xi, yj), 0 ≤ i, j ≤ N , the fully-discrete solution
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Un+1
ij can be solved from the following problems:



LN
1,εU

n+1/2
ij = Un

ij +∆tfn+1
1i,j

, 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

LN
1,εU

n+1/2
ij =

1

2

[
Un
i−1,j + Un

ij

]
+

∆t

2

[
fn+1
1ij

+ fn+1
1i−1,j

]
, N/4 < i < 3N/4,

U
n+1/2
0,j = U

n+1/2
N,j = 0, for each fixed j, 1 ≤ j ≤ N − 1,

(5.2.30)

and

LN
2,εU

n+1
ij = U

n+1/2
ij +∆tfn+1

2i,j
, 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

LN
2,εU

n+1
ij =

1

2

[
U

n+1/2
i,j−1 + U

n+1/2
ij

]
+

∆t

2

[
fn+1
2ij

+ fn+1
2i,j−1

]
, N/4 < j < 3N/4,

Un+1
0,j = Un+1

N,j = 0, for each fixed i, 1 ≤ i ≤ N − 1,

(5.2.31)

where

LN
1,εU

n+1/2
ij := r−ij U

n+1/2
i−1,j + r0ij U

n+1/2
ij + r+ij U

n+1/2
i+1,j , (5.2.32)

LN
2,εU

n+1
ij := s−ij U

n+1
i−1,j + s0ij U

n+1
ij + s+ij U

n+1
i+1,j. (5.2.33)

Here, the coefficients rij are given by,

r−ij =


−∆t

ĥxi

(
2ε1
hxi

+ ε2b1,ij

)
, 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

−∆t

hxi

(
2ε1

ĥxi
+ ε2bi−1/2,j

)
+

1 +∆t ci−1/2,j

2
, N/4 < i < 3N/4,

(5.2.34)

r+ij =


∆t

ĥxi

(
− 2ε1
hxi+1

+ ε2b1,ij

)
, 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

− 2ε1∆t

hxi+1ĥ
x
i

, N/4 < i < 3N/4,
(5.2.35)

and

r0ij =


1 + ∆t c1,ij − r−ij − r+ij , 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

1 + ∆t ci−1/2,j − r−ij − r+ij , N/4 < i < 3N/4,

(5.2.36)
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where bi−1/2,j =
b1(xi, yj) + b1(xi−1, yj)

2
, and ci−1/2,j =

c1(xi, yj) + c1(xi−1, yj)

2
. The coeffi-

cients sij are given by,

s−ij =


−∆t

ĥyj

(
2ε1
hyj

+ ε2b2,ij

)
, 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

−∆t

hyj

(
2ε1

ĥyj
+ ε2bi,j−1/2

)
+

1 +∆t ci,j−1/2

2
, N/4 < j < 3N/4,

(5.2.37)

s+ij =


∆t

ĥyj

(
− 2ε1
hyj+1

+ ε2b2,ij

)
, 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

− 2ε1∆t

hyj+1ĥ
y
j

, N/4 < j < 3N/4,
(5.2.38)

s0ij =


1 + ∆t c2,ij − s−ij − s+ij, 1 ≤ j ≤ N/4, 3N/4 ≤ j ≤ N − 1,

1 + ∆t ci,j−1/2 − s−ij − s+ij, N/4 < j < 3N/4,

(5.2.39)

where bi,j−1/2 =
b2(xi, yj) + b2(xi, yj−1)

2
and ci,j−1/2 =

c2(xi, yj) + c2(xi, yj−1)

2
.

Before proceeding to convergence analysis, we first deduce some inequalities which will
be required for the proof of the subsequent results.

Lemma 5.2.5. Let N0 ∈ N be a number such that

2ε2 ∥bl∥∞ σ0 ≤
N0

√
ε1

lnN0

, (5.2.40)

1

∆t
+ ∥cl∥∞ ≤ 2N0 (N0ε1 + ε2β) , (5.2.41)

for l = 1, 2. Then, the matrices associated with the discrete equations (5.2.30) and (5.2.31)
are M-matrices for N ≥ N0.

Proof. Let the coefficient matrix corresponding to the discrete problem in (5.2.30) is given
by Rj which is a tridiagonal square matrix of size N − 1 with super-diagonal entries r+ij ,
sub-diagonal entries r−ij and diagonal elements r0ij for each fixed j. In a similar way, let Si be
the coefficient matrix associated with the discrete problem (5.2.31) with the same structure
as Rj for each i. We provide the proof only for the matrix Rj, and remark that similar
arguments can be applied for the matrix Si.
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We start with the case when 1 ≤ i ≤ N/4 and 3N/4 ≤ i ≤ N − 1. It is obvious that r−ij
is negative for each j. Applying the inequality (5.2.40) we obtain r+ij < 0 for each j. Thus,
from (5.2.34)-(5.2.36), we can show that r0ij > 0.

We remark that for such values of r−ij and r+ij , we have,

∣∣r−ij∣∣+ ∣∣r+ij∣∣ = 2ε1∆t

ĥxi

(
1

hxi
+

1

hxi+1

)
<
∣∣r0ij∣∣ , for 1 < i ≤ N/4, 3N/4 ≤ i < N − 1.

One can also verify that
∣∣r01,j∣∣ > ∣∣r+1,j∣∣ as well as

∣∣r0N−1,j

∣∣ > ∣∣r−N−1,j

∣∣.
Now, consider the case when N/4 < i < 3N/4. In this case, we get r+ij < 0 for each j.

Applying the inequality (5.2.41) for N ≥ N0 , we have r−ij < 0 which yields r0ij > 0. Finally,
we get,

∣∣r−ij∣∣+ ∣∣r+ij∣∣ = 2ε1∆t

hxi h
x
i+1

+ ε2∆t
bi−1/2,j

hxi
−

1 + ∆t ci−1/2,j

2
<
∣∣r0ij∣∣ .

By combining the above results, we observe that the matrix Rj is an M -matrix for every j.
Similarly, we can prove that Si is also an M -matrix for every i.

Now, we are ready to state the discrete maximum principle which is given in the next
lemma.

Lemma 5.2.6. Assume that S is an arbitrary function defined on Ω
N

x (or on Ω
N

y ) and Sl ≥ 0

for l = 0, N . If the operators LN
i,ε, i = 1, 2 satisfy on Ω

N

x (or on Ω
N

y )

LN
i,ε Sl ≥ 0, 1 ≤ l ≤ N − 1, i = 1, 2,

then we have, Sl ≥ 0, 0 ≤ l ≤ N.

Remark 5.2.7. Since the coefficient matrices of the above discrete equations are M-matrices,
the operators LN

i,ε, i = 1, 2 satisfy the above proposition and the uniform stability of the
proposed hybrid numerical method is therefore proved in the discrete maximum norm.

We also use the following lemma to bound the local truncation error related to the above
discrete equations.

Lemma 5.2.8. Let ψ ∈ C4(Ωx) with ψi = ψ(xi) on the discrete mesh Ω
N

x . Then, we have
for N/4 < i < 3N/4,

∣∣∣LN
x,mu ψi − (Lx,ε ψ)i−1/2

∣∣∣ ≤ C

[
ε1

∫ xi+1

xi−1

(
hxi
∣∣ψ(4)(ξ)

∣∣+ ∣∣ψ(3)(ξ)
∣∣) dξ + ε2

∫ xi

xi−1

|ψ′′(ξ)| dξ
]
,

(5.2.42)
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and for 1 ≤ i ≤ N/4, 3N/4 ≤ i ≤ N − 1,

∣∣LN
x,cd ψi − Lx,ε ψ(xi)

∣∣ ≤ Chxi

∫ xi+1

xi−1

(
ε1
∣∣ψ(4)(ξ)

∣∣+ ε2
∣∣ψ(3)(ξ)

∣∣) dξ. (5.2.43)

Proof. The proof follows directly using the Taylor’s series expansion of g(x) about p at the
point x with integral form of remainder term

Rn(ψ, p, x) =
1

n!

∫ x

p

(x− ξ)nψ(n+1)(ξ)dξ.

Then, we obtain the following error bounds:

(i) Inside the layer regions: 1 ≤ i ≤ N/4 and 3N/4 ≤ i ≤ N − 1.

We have

∣∣δ2x ψi − ψ′′(xi)
∣∣ ≤ Chxi

∫ xi+1

xi−1

∣∣ψ(4)(ξ)
∣∣ dξ,

and |δcx ψi − v′(xi)| ≤ Chxi

∫ xi+1

xi−1

∣∣ψ(3)(ξ)
∣∣ dξ.

(ii) Outside the layer regions N/4 < i < 3N/4:

We have ∣∣∣∣δ2x ψi −
ψ′′(xi) + ψ′′(xi−1)

2

∣∣∣∣ ≤ C

∫ xi+1

xi−1

(
hxi
∣∣ψ(4)(ξ)

∣∣+ ∣∣ψ(3)(ξ)
∣∣) dξ,

and
∣∣∣∣δcx ψi −

ψ′(xi) + ψ′(xi−1)

2

∣∣∣∣ ≤ C

∫ xi

xi−1

|ψ′′(ξ)| dξ.

The result follows by combining the above estimates.

The local truncation error associated with the first subproblem in (5.2.26) can be given
by,

LN
1,ε

(
Ûn+1/2(xi, y)− ûn+1/2(xi, y)

)
= ∆t θi(û

n+1/2, xi), (5.2.44)

for each fixed y ∈ Ω
N

y , where

θi(û
n+1/2, xi) =


LN
x,muû

n+1/2(xi, y)− Lx,εû
n+1/2(xi−1/2, y), N/2 < i < 3N/4,

LN
x,cdû

n+1/2(xi, y)− Lx,εû
n+1/2(xi, y), otherwise.

(5.2.45)
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Therefore, inside layer regions, we have

∣∣θi(ûn+1/2, xi)
∣∣ ≤ ∣∣LN

x,cdû
n+1/2(xi, y)− Lx,εû

n+1/2(xi, y)
∣∣ ≤ Chxi (ε1I1 + ε2I2), (5.2.46)

where y ∈ Ω
N

y remains fixed and

I1 =

∫ xi+1

xi−1

∂4ûn+1/2

∂x4
(ξ, y)dξ, I2 =

∫ xi+1

xi−1

∂3ûn+1/2

∂x3
(ξ, y)dξ.

We also have the followings when xi lies outside of layer regions,

∣∣θi(ûn+1/2, xi)
∣∣ ≤ ∣∣LN

x,muû
n+1/2(xi, y)− Lx,εû

n+1/2(xi−1/2, y)
∣∣ ≤ C(I1 + I2 + I3), (5.2.47)

where y ∈ Ω
N

y is fixed and

I1 = ε1

∫ xi+1

xi−1

∂3ûn+1/2

∂x3
(ξ, y)dξ, I2 = ε1h

x
i

∫ xi+1

xi−1

∂4ûn+1/2

∂x4
(ξ, y)dξ,

and I3 = ε2

∫ xi

xi−1

∂2ûn+1/2

∂x2
(ξ, y)dξ.

Now, we are ready to provide an estimation of the local truncation error in the following
lemma.

Lemma 5.2.9. The local truncation error θi(ûn+1/2, xi) at x = xi defined in (5.2.45) satisfies
the following error bound:

∣∣θi(ûn+1/2, xi)
∣∣ ≤

 CN−2, τx < xi < 1− τx,

CN−2 ln2N, elsewhere.
(5.2.48)

Proof. We find the estimates for θi for various values of xi separately in each of the subdo-
mains. Let us examine the next three typical cases in this regard.

Case (i): Inside the left layer region 1 ≤ i ≤ N/4:

In this case, using (5.2.46) we have,

|I1| ≤
∫ xi+1

xi−1

(
1 + ε−2

1 e
−
√

βγ
ε1

ξ
+ ε−2

1 e
−
√

βγ
ε1

(1−ξ)

)
dξ

Ph.D. Thesis 121 Mrityunjoy Barman

TH-3241_176123001



Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

≤ C

[
hxi +

1

ε
3/2
1

(
e
−
√

βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

)
+

1

ε
3/2
1

(
e
−
√

βγ
ε1

(1−xi+1) − e
−
√

βγ
ε1

(1−xi−1)

)]

≤ C

[
hxi +

1

ε
3/2
1

hxi√
ε1
e
−
√

βγ
ε1

xi+1 +
1

ε
3/2
1

e
−
√

βγ
ε1

(1−xi+1)

]

≤ C

[
hxi +

1

ε
3/2
1

2τx
N

1

ε
3/2
1

+
1

ε
3/2
1

e
−
√

βγ
ε1

τx

]

≤ C

[
hxi +

1

ε
3/2
1

N−1 lnN +
1

ε
3/2
1

N−2

]
.

Combining the last inequality with the first term on the right hand side of (5.2.46), we
get

hxi ε1 |I1| ≤ CN−2 ln2N. (5.2.49)

A similar estimate can be obtained for I2, that is,

|I2| ≤
∫ xi+1

xi−1

(
1 + ε

−3/2
1 e

−
√

βγ
ε1

ξ
+ ε

−3/2
1 e

−
√

βγ
ε1

(1−ξ)

)
dξ

≤ C

[
hxi +

1

ε1

(
e
−
√

βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

)
+

1

ε1

(
e
−
√

βγ
ε1

(1−xi+1) − e
−
√

βγ
ε1

(1−xi−1)

)]
≤ C

[
hxi +

1

ε1

hxi√
ε1
e
−
√

βγ
ε1

xi+1 +
1

ε1
e
−
√

βγ
ε1

(1−xi+1)

]

≤ C

[
hxi +

1

ε1

2τx
N

1
√
ε1

+
1

ε1
e
−
√

βγ
ε1

τx

]

≤ C

[
hxi +

1

ε1
N−1 lnN +

1

ε1
N−2

]
.

Combining the last inequality with the second term on the right hand side of (5.2.46), we
get

hxi ε2 |I2| ≤ CN−2 ln2N, (5.2.50)

where we have used ε22 ≤ Cε1. Therefore, from (5.2.49) and (5.2.50) we obtain the desired
estimate.

Case (ii): Inside the right layer region 3N/4 ≤ i ≤ N − 1:
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In this case, using (5.2.46), we have

|I1| ≤
∫ xi+1

xi−1

(
1 + ε−2

1 e
−
√

βγ
ε1

ξ
+ ε−2

1 e
−
√

βγ
ε1

(1−ξ)

)
dξ

≤ C

[
hxi +

1

ε
3/2
1

(
e
−
√

βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

)
+

1

ε
3/2
1

(
e
−
√

βγ
ε1

(1−xi+1) − e
−
√

βγ
ε1

(1−xi−1)

)]

≤ C

[
hxi +

1

ε
3/2
1

e
−
√

βγ
ε1

xi+1 +
1

ε
3/2
1

hxi√
ε1
e
−
√

βγ
ε1

(1−xi−1)

]

≤ C

[
hxi +

1

ε
3/2
1

N−2 +
1

ε
3/2
1

(N−1 lnN
√
ε1)

1
√
ε1

]

≤ C

[
hxi +

1

ε
3/2
1

N−2 lnN +
1

ε
3/2
1

N−1 lnN

]
.

We observe that hxi =
8

µ0

N−1 lnN = O(ε2N
−1 lnN) when xi ∈ (0, τ0) for Case I. If we

assume ε2 ≤ N−1 lnN , then combining with the last inequality, we get

hxi ε1 |I1| ≤ CN−2 ln2N. (5.2.51)

A similar estimate can be obtained for I2, that is,

|I2| ≤ C

[
hxi +

1

ε1

(
e
−
√

βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

)
+

1

ε1

(
e
−
√

βγ
ε1

(1−xi+1)e
−
√

βγ
ε1

(1−xi−1)

)]
≤ C

[
hxi +

1

ε1
N−2 +

1

ε1

hxi√
ε1
e
−
√

βγ
ε1

(1−xi−1)

]

≤ C

(
hxi +

1

ε1
N−2 +

1

ε1
N−1 lnN

)
.

We see that hxi =
8

µ0

N−1 lnN = O(ε2N
−1 lnN) when xi ∈ (0, τ0) for Case I. If we assume

ε2 ≤ N−1 lnN , one can get

hxi ε2 |I2| ≤ CN−2 ln2N. (5.2.52)

where we have used ε22 ≤ Cε1. Therefore, from (5.2.51) and (5.2.52) we obtain the desired
estimate.

Case (iii): Outside the layer regions: N/4 < i < 3N/4
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In this case using (5.2.47), we have

|I1| ≤ ε1

∫ xi+1

xi−1

(
1 + ε

−3/2
1 e

−
√

βγ
ε1

ξ
+ ε

−3/2
1 e

−
√

βγ
ε1

(1−ξ)

)
dξ

≤ Cε1

[
hxi +

1

ε1

∣∣∣∣e−√
βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

∣∣∣∣+ 1

ε1

∣∣∣∣e−√
βγ
ε1

(1−xi+1) − e
−
√

βγ
ε1

(1−xi−1)

∣∣∣∣]
≤ Cε1

[
hxi +

1

ε1
e
−
√

βγ
ε1

xi+1 +
1

ε1
e
−
√

βγ
ε1

(1−xi+1)

]
≤ Cε1

[
hxi +

1

ε1
N−2 +

1

ε1
N−2

]
≤ CN−2, (5.2.53)

where we have used the followings: Since xi+1 ≥ τx, then we have

e
−
√

βγ
ε1

xi+1 ≤ e
−
√

βγ
ε1

τx = e
−
√

βγ
ε1

σ0
√
ε1 lnN

= N−2,

for σ0 = 2√
βγ

. A similar bound can be obtained by using 1− xi+1 ≥ τx.

Similarly, for I2, we have

|I2| ≤ ε1h
x
i

∫ xi+1

xi−1

(
1 + ε21e

−
√

βγ
ε1

ξ
+ ε21e

−
√

βγ
ε1

(1−ξ)

)
dξ

≤ Cε1h
x
i

[
hxi +

1

ε
3/2
1

(
e
−
√

βγ
ε1

xi+1 − e
−
√

βγ
ε1

xi−1

)
+

1

ε
3/2
1

(
e
−
√

βγ
ε1

(1−xi+1) − e
−
√

βγ
ε1

(1−xi−1)

)]

≤ Cε1h
x
i

[
hxi +

1

ε
3/2
1

sinh(hxi )e
−
√

βγ
ε1

xi +
1

ε
3/2
1

sinh(hxi )e
−
√

βγ
ε1

(1−xi)

]

≤ Cε1h
x
i

[
hxi +

1

ε
3/2
1

hxi e
−
√

βγ
ε1

xi +
1

ε
3/2
1

hxi e
−
√

βγ
ε1

(1−xi)

]

≤ Cε1h
x
i

[
hxi +

hxi
ε1

1

ε
1/2
1

e
−
√

βγ
ε1

xi +
hxi
ε1

1

ε
1/2
1

e
−
√

βγ
ε1

(1−xi)

]

≤ Cε1h
x
i

[
hxi +

hxi
ε1

1

xi
+
hxi
ε1

1

1− xi

]
≤ C

[
ε1(h

x
i )

2 + (hxi )
2 1

xi
+ (hxi )

2 1

1− xi

]
. (5.2.54)
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Similarly, for I3, we have

|I3| ≤ ε2

∫ xi

xi−1

(
1 + ε1e

−
√

βγ
ε1

ξ
+ ε1e

−
√

βγ
ε1

(1−ξ)

)
dξ

≤ Cε2

[
hxi +

1
√
ε1

∣∣∣∣e−√
βγ
ε1

xi − e
−
√

βγ
ε1

xi−1

∣∣∣∣+ 1
√
ε1

∣∣∣∣e−√
βγ
ε1

(1−xi) − e
−
√

βγ
ε1

(1−xi−1)

∣∣∣∣]

≤ Cε2

[
hxi +

1
√
ε1
e
−
√

βγ
ε1

xi +
1

√
ε1
e
−
√

βγ
ε1

(1−xi)

]

≤ Cε2

[
hxi +

1
√
ε1
N−2 +

1
√
ε1
N−2

]
≤ CN−2. (5.2.55)

Here we have used the fact ε22 ≤ Cε1 along with the followings: Since xi ≥ τx, we have

e
−
√

βγ
ε1

xi ≤ e
−
√

βγ
ε1

τx = e
−
√

βγ
ε1

σ0
√
ε1 lnN

= N−2,

for σ0 = 2√
βγ

. A similar bound can be obtained by using 1− xi ≥ τx.
From the above estimates of I1, I2 and I3, it follows that

∣∣θi(ûn+1/2, xi)
∣∣ ≤ CN−2,

whenever τx < xi < 1− τx.

Theorem 5.2.10. Let ε2 ≤ N−1 and ûn+1/2, Ûn+1/2 be the solutions of the BVPs (5.2.14)
and (5.2.26) respectively. Then we get:

∥∥∥Ûn+1/2 − ûn+1/2
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤


C∆tN−2, τx ≤ xi ≤ 1− τx,

C∆tN−2 ln2N, otherwise.
(5.2.56)

Proof. Using the inequality (5.2.44) and Lemma 5.2.9, it is clear that,

LN
1,ε

(
Ûn+1/2(xi, y)− ûn+1/2(xi, y)

)
= Θ

(
Ûn+1/2, xi

)
(5.2.57)

≤

 C∆tN−2, N/4 < i < 3N/4,

C∆tN−2 ln2N, otherwise.
(5.2.58)

We use the discrete maximum principle for LN
1,ε, by choosing the following discrete barrier

function

Φ(xi) =

 C1∆tN
−2, N/4 < i < 3N/4,

C1∆tN
−2 ln2N, otherwise,
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

for some C1 > 0. Thus, from the above, we easily get

∣∣∣Ûn+1/2(xi, y)− ûn+1/2(xi, y)
∣∣∣ ≤


C∆tN−2, N/4 < i < 3N/4,

C∆tN−2 ln2N, otherwise,

for every y ∈ ΩN
y . This proves the result (5.2.56).

Theorem 5.2.11. Suppose Ûn+1 solves the problem (5.2.27) at t = tn+1 and the function
ûn+1 solves (5.2.14). If ε2 ≤ N−1, then we have:

∥∥∥Ûn+1 − ûn+1
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤


C∆tN−2, τy < yj < 1− τy,

C∆tN−2 ln2N, otherwise.
(5.2.59)

Proof. The proof can be carried out exactly in the same way as in Theorem 3.9 by Mrityunjoy
et al. ([69], pp. 269).

Now, we present the main convergence result for Case I in the next theorem.

Theorem 5.2.12. Let Un be the fully-discrete solution of the problem (5.2.30) for t = tn and
u solves the equation (5.1.1). Then, the global error accomplish the following error estimate:

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤


C (∆t+N−2) , τx < xi < 1− τx, τy < yj < 1− τy,

C
(
∆t+N−2 ln2N

)
, otherwise.

(5.2.60)

Proof. We first observe that,

Un − u(tn)|ΩN =

(
Un − Ûn

)
+

(
Ûn − ûn|

Ω
N

)
+

(
ûn|

Ω
N − u(tn)|ΩN

)
, (5.2.61)

where Ûn is the solution obtained at the n-th iteration in the discrete version of the problem
(5.2.14).

We now use Lemma 4.2.2 and Theorem 5.2.11 to get,

∥∥ ûn|
Ω

N − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t2,

∥∥∥Ûn − ûn|
Ω

N

∥∥∥
∞,Ω

N
≤


C∆tN−2, τx < xi < 1− τx, τy < yj < 1− τy,

C∆tN−2 ln2N, otherwise.
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By using these estimates, n∆t ≤ T , and the inequality
∥∥∥(LN

i,ε

)−1
∥∥∥ ≤ C, i = 1, 2, we have

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t
(
∆t+N−2

)
+ C

∥∥Un−1 − u(tn−1)|ΩN

∥∥
∞,Ω

N

≤ Cn∆t
(
∆t+N−2

)
≤ C

(
∆t+N−2

)
,

for τx < xi, yj < 1− τx. Similarly, using the same estimates, we can obtain the following

∥∥Un − u(tn)|ΩN

∥∥
∞,Ω

N ≤ C∆t
(
∆t+N−2 ln2N

)
+ C

∥∥Un−1 − u(tn−1)|ΩN

∥∥
∞,Ω

N

≤ Cn∆t
(
∆t+N−2 ln2N

)
≤ C

(
∆t+N−2 ln2N

)
,

for xi ≤ τx, yj ≤ τy and xi ≥ 1− τx, yj ≥ 1− τy.

5.2.4 Numerical experiments

In this section, we present the numerical results obtained with fully-discrete scheme proposed
here to solve successfully some problems of type (5.1.1) with appropriate parameters for Case
I.

Example 5.2.13. We take the following example of a parabolic SPP in the domain G =

(0, 1)2 × (0, 1].

∂u

∂t
− ε1

(
∂2u

∂x2
+
∂2u

∂y2

)
+
ε2
2

(
2 + xy

)(∂u
∂x

+
∂u

∂y

)
+ u =

(
x2 − x+ y2 − y

)
t2,

(x, y) ∈ (0, 1)2, 0 < t ≤ 1,

u = 0, for (x, y) ∈ Γ, 0 ≤ t ≤ 1,

u = 0, at t = 0, (x, y) ∈ (0, 1)2,

(5.2.62)
where Γ = Γb ∪ Γt ∪ Γl ∪ Γr, and the parameters are taken from

S1 =

{(
ε1, ε2

)
: ε1 = 10−k, ε2 =

√
ε1
10

, k = 1, 2, . . . , 6

}
. (5.2.63)

We present the uniform error EN,∆t and the uniform rate of convergence pN,∆t in Table 5.1
and 5.2 with the loglog plot of maximum norm of the error in Figures 5.2-5.3. Although, the
theoretical results suggest that the scheme has first-order convergence in time and second-
order convergence in space, we are unable to observe it from Table 5.1. Therefore, we consider
the temporal mesh parameter as M = O(N2) so that it reflects the true convergence rate
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Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

in the space variable (see Table 5 in Das and Natesan [54]). In Table 5.2, we show that

the spatial convergence is second-order by taking ∆t =
2

N2
for time discretization in each

cases. The corresponding loglog plots in Figure (5.2) and Figure (5.3) represent the graphical
validation of the error estimates for Case I.

Table 5.1: Error in max norm and rate of convergence for ε2 =
√
ε1
10

with ∆t =
1

N
.

ε1 N = 32 64 128 256 512

10−1 2.6889e-03 1.3465e-03 6.7525e-04 3.3847e-04 1.6948e-04
0.9978 0.9956 0.9963 0.9979 -

10−2 9.8135e-03 3.1231e-03 1.3435e-03 6.2993e-04 3.0570e-04
1.651 1.217 1.092 1.043 -

10−3 1.8335e-02 5.9385e-03 1.9982e-03 8.5954e-04 4.0188e-04
1.626 1.571 1.217 1.096 -

10−4 4.6455e-02 2.4289e-02 1.0738e-02 3.8073e-03 1.3920e-03
0.9354 1.177 1.495 1.451 -

10−5 4.6452e-02 2.4298e-02 1.0743e-02 4.1636e-03 1.7402e-03
0.9349 1.177 1.367 1.258 -

10−6 4.6508e-02 2.4299e-02 1.0744e-02 4.1641e-03 1.7403e-03
0.9365 1.177 1.367 1.258 -

EN,∆t 4.6508e-02 2.4299e-02 1.0744e-02 4.1641e-03 1.7403e-03

pN,∆t 0.9371 1.177 1.367 1.258 -

5.3 Analysis of the hybrid scheme: Case II

We have addressed the consistency and the stability of the hybrid scheme for the first case
in the previous sections. In the subsequent part, we confine the analysis to the case when
ε22 ≥ γε1

β
. For the current case, the problem (5.1.1) has regular boundary layers of width

O(ε2) near the inflow boundaries, i.e. at the edges x = 0 and y = 0, and there are regular
boundary layers of width O

(
ε1/ε2

)
appearing at the outflow boundaries x = 1 and y = 1.

We use the same solution decomposition (5.2.1) for the continuous solution, but the layer
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Figure 5.2: Visualization of the loglog plot of the maximum point-wise error with ∆t =
1
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Figure 5.3: Visualization of the loglog plot for the maximum point-wise error with ∆t =
1

2N2
.

Ph.D. Thesis 129 Mrityunjoy Barman

TH-3241_176123001



Chapter 5: Hybrid scheme for 2D parabolic SPPs with two parameters

Table 5.2: Error in max norm and rate of convergence for ε2 =
√
ε1
10

with ∆t =
2

N2
.

ε1 N = 16 32 64 128 256

10−1 8.3986e-03 2.1105e-03 5.2896e-04 1.3241e-04 3.3122e-05
1.992 1.996 1.998 1.999 -

10−2 1.3961e-02 3.4999e-03 8.7619e-04 2.1920e-04 5.4819e-05
1.996 1.998 1.999 1.999 -

10−3 1.5325e-02 3.8564e-03 9.6459e-04 2.4121e-04 6.0309e-05
1.990 1.999 1.999 1.999 -

10−4 1.5324e-02 3.8653e-03 9.7018e-04 2.4305e-04 6.0838e-05
1.987 1.994 1.997 1.998 -

10−5 1.5324e-02 3.8653e-03 9.7018e-04 2.4305e-04 6.0838e-05
1.987 1.994 1.997 1.998 -

10−6 1.5324e-02 3.8653e-03 9.7018e-04 2.4305e-04 6.0838e-05
1.987 1.994 1.997 1.998 -

EN,∆t 1.5324e-02 3.8653e-03 9.7018e-04 2.4305e-04 6.0838e-05

pN,∆t 1.987 1.994 1.997 1.998 -

components, however, respect the following bounds:∣∣∣∣ ∂ks+ktv

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C, (5.3.1)∣∣∣∣ ∂ks+ktwL

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k1
2 e

− γx
2ε2 , (5.3.2)∣∣∣∣ ∂ks+ktwR

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C
(ε1
ε2

)−k1
e
−βε2

2ε1
(1−x)

, (5.3.3)∣∣∣∣ ∂ks+ktwB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k2
2 e

− γy
2ε2 , (5.3.4)∣∣∣∣ ∂ks+ktwT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C
(ε1
ε2

)−k2
e
−βε2

2ε1
(1−y)

, (5.3.5)
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and ∣∣∣∣ ∂ks+ktwLB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{
ε−k1
2 e

− γx
2ε2 , ε−k2

2 e
− γy

2ε2

}
(5.3.6)∣∣∣∣ ∂ks+ktwRB

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{(ε1
ε2

)−k1e
−βε2

2ε1
(1−x)

, ε−k2
2 e

− γy
2ε2

}
, (5.3.7)∣∣∣∣ ∂ks+ktwLT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{
ε−k1
2 e

− γx
2ε2 ,

(ε1
ε2

)−k2
e
−βε2

2ε1
(1−y)

}
, (5.3.8)∣∣∣∣ ∂ks+ktwRT

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cmin

{(ε1
ε2

)−k1e
−βε2

2ε1
(1−x)

,
(ε1
ε2

)−k2e
−βε2

2ε1
(1−y)

}
, (5.3.9)

where ks = k1 + k2 and 0 ≤ k1 + k2 + 2kt ≤ 4. We refer the reader to [68] for more details
on the rigorous parameter-explicit bounds.

5.3.1 Temporal and spatial discretizations

In this case, the semidiscrete problem is exactly given as in the previous section, that is un

is the solution of the semidiscrete problem in (5.2.13) and ûn can be defined similarly as we
have done in (5.2.14). We remark that the analysis for the semidiscrete problem (5.2.13)
does not depend on the discretization of the domain in space. Moreover, we describe the grid
with constant step-length ∆t for time variable as in (5.2.12). Therefore, the results stated
in previous part are also held for the current case. The following results can be established
following a similar approach as we did in the previous case and hence, we simply state them
without repeating their proofs.

Lemma 5.3.1. The estimate for the local error en+1 due to time discretization satisfies the
following

∥en+1∥∞,Ω ≤ C∆t2, n = 0, 1, . . . ,M − 1. (5.3.10)

Lemma 5.3.2. The global temporal error En = u(tn)−un, 1 ≤ n ≤M satisfies the following
estimate

sup
n∆t≤T

∥En∥∞,Ω ≤ C∆t. (5.3.11)

However, the spatial mesh is not same as the one described in the previous sections due to
the different layer configuration. We first describe the mesh along x-direction and similarly,
we create the mesh along the y-direction also.

Let us define the characteristic equation

−ε1η2(x) + ε2 b1(x, y)η(x) + c1(x, y) = 0 (5.3.12)
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by keeping y as a parameter. Next we define the constants

µ0 =
−ε2B1 +

√
ε22B

2
1 + 4ε1γ1

2ε1
, µ1 =

ε2β +
√
ε22β

2 + 4ε1γ1
2ε1

, (5.3.13)

with B1 = ∥b1∥∞ , c1(x, y) ≥ γ1. For the grid in x-direction, the transition parameters τ0, τ1
satisfy

τ0 = min

{
1

4
,

2

µ0

lnN

}
, τ1 = min

{
1

4
,

2

µ1

lnN

}
.

Then, the domain Ωx = [0, 1] is splitted into the following subintervals by,

Ωx = [0, τ0] ∪ [τ0, 1− τ1] ∪ [1− τ1, 1].

Here also we distribute the grid points along the x-direction in a ratio of 1 : 2 : 1 among
these intervals. Thus, the Shishkin mesh described in this direction can explicitly be defined
as

xi =



4iτ0
N

, 0 ≤ i ≤ N/4,

τ0 + 2

(
i− N

4

)
1− τ0 − τ1

N
, N/4 < i ≤ 3N/4,

1− τ1 + 4

(
i− 3N

4

)
τ1
N
, 3N/4 < i ≤ N.

(5.3.14)

We note that a similar set of meshpoints for ΩN

y can be constructed along the y-direction by
using the following transition parameters

τ0 = min

{
1

4
,

2

ρ0
lnN

}
, τ1 = min

{
1

4
,

2

ρ1
lnN

}
,

where the constants ρ0, ρ1 satisfy

ρ0 =
−ε2B2 +

√
ε22B

2
2 + 4ε1γ2

2ε1
, ρ1 =

ε2β +
√
ε22β

2 + 4ε1γ2
2ε1

, (5.3.15)

with B2 = ∥b2∥∞ , c2(x, y) ≥ γ2.
Since the boundary layer structure at various boundaries are not the same and they

depend on the constants µ0, µ1, we observe the following properties of the semidiscrete
solutions of the problem in (5.2.14) for the present case.

Lemma 5.3.3. Let ε1, ε2 satisfy the relation ε22 ≥
γε1
β

and ûn+1/2 solves the equation (5.2.14)
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for 0 ≤ n ≤M − 1. Then for i = 0, 1, . . . ,≤ 4, we obtain∣∣∣∣∂iûn+1/2

∂xi

∣∣∣∣ ≤ C

[
1 + µi

0e
−pµ0x + µi

1e
−pµ1(1−x)

]
, 0 ≤ x ≤ 1, (5.3.16)

when 2ε2

∥∥∥∥∂b1∂x
∥∥∥∥
∞,Ω

≤ δ(1− p) and µ0, µ1 are defined and for 0 ≤ j ≤ 4, we have

∣∣∣∣∂jûn+1

∂yj

∣∣∣∣ ≤ C

[
1 + µj

0e
−pµ0y + µj

1e
−pµ1(1−y)

]
, 0 ≤ y ≤ 1, (5.3.17)

with p, δ ∈ (0, 1) and 2ε2

∥∥∥∥∂b2∂y
∥∥∥∥
∞,Ω

≤ δ(1− p).

Proof. Proof of the above lemma is available in [69].

5.3.2 Convergence analysis

In this section, we will study the convergence analysis of the fully discrete problem in (5.2.30)
and (5.2.31) for the Case II. As we mentioned earlier, the Lemma 5.2.5, Lemma 5.2.6 and
Lemma 5.2.8 are valid for the current case as well. Now, we present the estimate for the
local truncation error of (5.2.30) - (5.2.31) on a Shishkin mesh defined for Case II.

Lemma 5.3.4. The local truncation error θi(û, xi) at x = xi defined in (5.2.45) satisfies the
following error bound:

|θi(û, xi)| ≤

 CN−2, τx ≤ xi ≤ 1− τx,

CN−2 ln2N, otherwise.
(5.3.18)

Proof. We find the estimate for θi separately for x = xi in each of the regions. We examine
the following three typical cases one by one.

Case (i): Inside the layer regions: 1 ≤ i ≤ N/4
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In this case, using (5.2.46), we have

|I1| ≤ ε1

∫ xi

xi−1

(
1 + ε−4

2 e
−βγ

ε2
ξ
+
ε42
ε41
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε1h

x
i +

ε1
ε32

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+C

ε32
ε21

[
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

]
≤ C

(
ε1h

x
i +

ε1
ε32

hxi
ε2
e
−βγ

ε2
xi + ε2

ε22
ε21
e
−βγε2

ε1
(1−xi)

)
≤ C

(
ε1h

x
i +

ε22
ε32

hxi
ε2
e
−βγ

ε2
xi + ε2

ε22
ε21
e
−βγε2

ε1
(1−xi)

)
≤ C

(
ε1ε2N

−1 lnN ++
1

ε2
N−1 lnN + ε2

)
.

Combining the last inequality with the first term on the right hand side of (5.2.46), we get,

hxi |I1| ≤ CN−2 ln2N. (5.3.19)

A similar estimate can be obtained for I2, that is,

|I2| ≤
∫ xi

xi−1

ε2

(
1 + ε−3

2 e
−βγ

ε2
ξ
+
ε32
ε31
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε2h

x
i +

ε2
ε22

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+C

[
ε2
ε22
ε21

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]
≤ C

[
ε2h

x
i +

1

ε2

hxi
ε2
e
−βγ

ε2
xi + ε2

ε22
ε21
e
−βγε2

ε1
(1−xi)

]
≤ C

(
ε22N

−1 lnN +
1

ε2
N−1 lnN + ε2

)
.

Combining the last inequality and the right hand side of (5.2.46), we get

hxi |I2| ≤ CN−2 ln2N. (5.3.20)

Therefore, from (5.3.19) and (5.3.20) we obtain the desired estimate.

Case (ii): Inside the layer regions: 3N/4 ≤ i ≤ N − 1
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In this case, using (5.2.46), we have,

|I1| ≤
∫ xi

xi−1

ε1

(
1 + ε−4

2 e
−βγ

ε2
ξ
+
ε42
ε41
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε1h

x
i +

ε1
ε32

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+C

[
ε1
ε32
ε31

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]
≤ C

(
ε21
ε2
N−1 lnN +

ε1
ε32

hxi
ε2
e
−βγ

ε2
xi−1 + ε1

ε32
ε31
hxi
ε2
ε1
e
−βγε2

ε1
(1−xi)

)
≤ C

(
ε21
ε2
N−1 lnN +

ε21
ε52
N−1 lnN + ε1

ε32
ε31

ε1
ε2
N−1 lnN

ε2
ε1
e
−βγε2

ε1
(1−xi)

)
≤ C

(
ε21
ε2
N−1 lnN +

ε21
ε52
N−1 lnN + ε2

ε2
ε1
N−1 lnN

)
≤ C

(
ε32N

−1 lnN +
ε21
ε52
N−1 lnN +

ε2
ε1
N−1 lnN

)
.

From the last inequality and the equation (5.2.46), we get

hxi |I1| ≤
ε2
ε1
N−1 lnN |I1| ≤ CN−2 ln2N. (5.3.21)

A similar estimate can be obtained for I2, that is,

|I2| ≤
∫ xi

xi−1

ε2

(
1 + ε−3

2 e
−βγ

ε2
ξ
+
ε32
ε31
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε2h

x
i +

1

ε2

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+ C

[
ε2
ε22
ε21

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]

≤ C

[
ε1N

−1 lnN +
1

ε2

hxi
ε2

(
e
−βγ

ε2
xi−1

)]
+C

[
ε2
ε22
ε21
hxi
ε2
ε1

(
e
−βγε2

ε1
(1−xi−1)

)]
≤ C

(
ε1N

−1 lnN +
ε1
ε32
N−1 lnN +

ε42
ε31

ε1
ε2
N−1 lnN

ε1
ε2

)
≤ C

(
ε1N

−1 lnN +
ε1
ε32
N−1 lnN +

ε2
ε1
N−1 lnN

)
.
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From the last inequality and the equation (5.2.46), we get

hxi |I2| ≤
ε1
ε2
N−1 lnN |I2| ≤ CN−2 ln2N. (5.3.22)

Therefore, from (5.3.21) and (5.3.22) we obtain the desired estimate.

Case (iii): Outside the layer regions: N/4 < i < 3N/4

In this case, using (5.2.47), we have,

|I1| ≤
∫ xi+1

xi−1

ε1

(
1 + ε−3

2 e
−βγ

ε2
ξ
+
ε32
ε31
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε1h

x
i +

ε1
ε22

(
e
−βγ

ε2
xi+1 − e

−βγ
ε2

xi−1

)]
+ C

[
ε1
ε22
ε21

(
e
−βγε2

ε1
(1−xi+1) − e

−βγε2
ε1

(1−xi−1)
)]

≤ C

[
ε22N

−1 + e
−βγ

ε2
τ0 + ε1h

x
i

ε32
ε31

(
e
−βγε2

ε1
(1−xi+1)

)]
≤ C

(
ε22N

−1 +N−2 + ε1h
x
i

)
≤ CN−2. (5.3.23)

Similarly, for I2, we obtain

|I2| ≤
∫ xi

xi−1

ε2

(
1 + ε−2

2 e
−βγ

ε2
ξ
+
ε22
ε21
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
ε2h

x
i +

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+ C

[
ε2
ε2
ε1

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]

≤ C

[
ε2h

x
i + e

−βγ
ε2

xi+1 + ε2
ε2
ε1

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]
≤ C

[
ε2h

x
i +N−2 + ε1h

x
i

ε32
ε31

ε2
ε1
e
−βγε2

ε1
(1−xi−1)

]
≤ C

(
ε2h

x
i +N−2 + ε1h

x
i

)
≤ CN−2.
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So, we have

|I2| ≤ CN−2. (5.3.24)

Similarly, for I3, we also have

|I3| ≤
∫ xi

xi−1

hxi

(
1 + ε−2

2 e
−βγ

ε2
ξ
+
ε22
ε21
e
−βγε2

ε1
(1−ξ)

)
dξ

≤ C

[
(hxi )

2 +
hxi
ε2

(
e
−βγ

ε2
xi − e

−βγ
ε2

xi−1

)]
+ C

[
hxi
ε2
ε1

(
e
−βγε2

ε1
(1−xi) − e

−βγε2
ε1

(1−xi−1)

)]
(5.3.25)

≤ C

[
(hxi )

2 + hxi ε
2
2

1

ε32
e
−βγ

ε2
xi + hxi

ε2
ε1
hxi
ε2
ε1

(
e
−
βγε2
ε1

(1−xi+1)
)]

≤ C

[
(hxi )

2 + hxi ε
2
2

1

xi
+ (hxi )

2 ε
2
1

ε22

1

xi−1

]
≤ C

[
(hxi )

2 + hxi ε
2
2

1

ε2 lnN
+ (hxi )

2 ε
2
1

ε22

ε2
ε1 lnN

]
≤ C

[
(hxi )

2 + hxiN
−1 + (hxi )

2N−1

]
≤ CN−2. (5.3.26)

Using the inequalities (5.3.23) - (5.3.25) in (5.2.47), we obtain the desired estimate.

Theorem 5.3.5. Assuming Ûn+1/2 be the function defined in the semidiscrete problem
(5.2.26) and ûn+1/2 be the solution defined in (5.2.14) on Ω

N , the following bound holds:

∥∥∥Ûn+1/2 − ûn+1/2
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤

 C∆tN−2, τ0 ≤ xi ≤ 1− τ1,

C∆tN−2 ln2N, otherwise.
(5.3.27)

Proof. The proof is based on the truncation error estimate given in Lemma 5.3.4 and can be
done exactly in a similar approach as Theorem 4.2.9.

An analogous proof for the following theorem follows for the second subproblem as well.

Theorem 5.3.6. Let Ûn+1 solves the semidiscrete problem (5.2.27) at t = tn+1 and ûn+1
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solves the problem (5.2.14). Then the following bounds are valid:

∥∥∥Ûn+1 − ûn+1
∣∣
Ω

N

∥∥∥
∞,Ω

N
≤

 C∆tN−2, τ0 ≤ yj ≤ 1− τ1,

C∆tN−2 ln2N, otherwise.
(5.3.28)

Now we present the main convergence theorem of this section for Case II.

Theorem 5.3.7. Let Un be the fully-discrete solution of the problem (5.2.30) at t = tn and
let u be the exact solution of (5.1.1). Then, the global error can be estimated by

∥Un − u(tn)∥∞,Ω
N ≤

 C (∆t+N−2) , τ0 ≤ xi, yj ≤ 1− τ1,

C
(
∆t+N−2 ln2N

)
, otherwise.

(5.3.29)

5.3.3 Numerical experiments

Here, we illustrate the numerical experiments obtained by applying the fully-discrete scheme
to efficiently solve the problem (5.1.1) with appropriate parameters for Case II. We take the
test problem as in Example 5.2.13 with the following configuration:

S2 =

{(
ε1, ε2

)
: ε1 = 10−k−2, ε2 = ε1

1/4, k = 1, 2, . . . , 6

}
. (5.3.30)

We present the parameter-uniform error EN,∆t and the parameter-independent rate of
convergence pN,∆t in Table 5.3 and Table 5.4 with the diagram of the plot of the maximum
norm of the error in logarithmic scale in Figures 5.4-5.5. Although, the theoretical results
suggest that the scheme has first-order convergence in time and second-order accurate in
space, we are unable to observe it directly from Table 5.3. Therefore, in order to reveal the
actual convergence order in space, we take M = O(N2) (see Table 5 in Das and Natesan

[54]). By taking ∆t =
2

N2
in Table 5.4, we show that the spatial convergence is also of

second-order. The corresponding loglog plots in Figure (5.4) and Figure (5.5) represent the
graphical validation of the error estimates for Case II.

5.4 Conclusions

In this work, we construct and analyze an efficient ADI-based hybrid numerical method
for a class of IBVPs of parabolic type in two dimensions with two perturbation parameters
appearing in the diffusion and convection terms. A Shishkin mesh that is piecewise-uniform
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Figure 5.4: Visualization of the loglog plot of the maximum pointwise error with ∆t =
1

N
.
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Figure 5.5: Visualization of the loglog plot for the pointwise error with ∆t =
2

N2
.
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Table 5.3: Error in discrete maximum norm and rate of convergence for ε2 = ε1
1/4 with

∆t =
1

N
.

ε1 N = 32 64 128 256 512

10−3 2.6384e-03 1.0144e-03 4.4362e-04 2.1165e-04 1.0592e-04
1.3790 1.1932 1.0676 0.9987 -

10−4 1.1437e-02 3.2067e-03 9.6936e-04 3.6841e-04 1.5976e-04
1.8345 1.7260 1.3957 1.2054 -

10−5 3.0478e-02 1.3491e-02 3.8035e-03 9.7979e-04 3.1984e-04
1.1757 1.8266 1.9568 1.6151 -

10−6 3.1220e-02 1.5739e-02 6.1459e-03 1.8989e-03 6.2574e-04
0.9881 1.3567 1.6945 1.6016 -

10−7 3.1482e-02 1.5954e-02 6.2044e-03 1.8831e-03 5.9559e-04
0.9806 1.3626 1.7202 1.6607 -

10−8 3.1702e-02 1.6042e-02 6.2324e-03 1.8742e-03 5.7995e-04
0.9827 1.3640 1.7335 1.6923 -

EN,∆t 3.1702e-02 1.6042e-02 6.2324e-03 1.8989e-03 6.2574e-04

pN,∆t 0.9827 1.3640 1.7146 1.6015 -

and adapts to the layer characteristics of the solution has been used to construct the spatial
grid. The present hybrid scheme has been established to be consistent as well as stable with
respect to the perturbation parameters. Appropriate error estimates are achieved separately
for two different cases having different structures of the layer. The numerical experiments
are performed to validate the theoretical convergence results and illustrate the efficiency of
the proposed strategy.
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Table 5.4: Error in discrete maximum norm and rate of convergence for ε2 = ε1/4 with

∆t =
2

N2
.

ε1 N = 16 32 64 128 256

10−3 1.1486e-02 2.9178e-03 7.3170e-04 1.8306e-04 4.5774e-05
1.976 1.995 1.998 1.999 -

10−4 1.5099e-02 3.5688e-03 8.8353e-04 2.2029e-04 5.4958e-05
2.080 2.014 2.003 2.003 -

10−5 2.2552e-02 5.4735e-03 1.3195e-03 3.0228e-04 6.5451e-05
2.042 2.052 2.126 2.207 -

10−6 2.6002e-02 6.4810e-03 1.6301e-03 4.0277e-04 9.8641e-05
2.0043 1.991 2.016 2.029 -

10−7 2.7967e-02 7.0189e-03 1.7690e-03 4.4095e-04 1.1015e-04
1.994 1.988 2.004 2.001 -

10−8 2.7184e-02 7.3289e-03 1.8462e-03 4.6116e-04 1.1538e-04
1.891 1.989 2.001 1.998 -

EN,∆t 2.7967e-02 7.3289e-03 1.8462e-03 4.6116e-04 1.1538e-04

pN,∆t 1.891 1.989 2.001 1.998 -
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6.1 Summary of the thesis

In this thesis, we have proposed some computationally efficient, yet very simple numerical
algorithms for a class of degenerate SPPs and a class of parabolic non-degenerate SPPs
with two parameters in two dimensions. The numerical methods discussed here are not only
convergent, they are uniformly stable with respect to the perturbation parameters also. We
can summarize the works in this thesis as follows.

In Chapter 2, we have considered a singularly perturbed degenerate BVP with two param-
eters ε1, ε2. Depending on the relations between the parameters, we studied the problems
in two different cases, namely ε22 ≤ Cε1 and ε22 ≥ Cε1, due to the difference in the bound-
ary layer structures. In each of these cases, we have discussed the a prori estimates on the
derivatives of the regular and layer components of the exact solution. We have considered
the characteristic equation of the problem and defined the transition points based on that
in order to design the Shishkin mesh. We have used an standard upwind scheme for solving
the problem numerically and achieved first-order accuracy in the approximation. We also
have studied the Richardson extrapolation method for improving the approximate solution
of the same model problem considered in the previous chapter. The extrapolation scheme
is derived from the existing numerical solution UN on a Shishkin mesh Ω

N and the solution
ÛN obtained on the refinement of the same mesh by keeping the same transition points.
The truncation error estimates are computed for every singular and smooth components of
the solution to prove the consistency of the scheme. We also discuss the parameter-uniform
stability to establish the second-order convergence of the method.

In Chapter 3, we have considered a time-dependent convection-diffusion-reaction problem
with parameters with smooth initial data. To define the semidiscrete problem, we used
backward-Euler scheme to approximate the time derivative on a uniformly spaced temporal
grid. For spatial mesh, we have formed Shishkin mesh with the transition points defined in
the same way as we did the previous works. Then, a uniformly convergent upwind finite
difference method has been used to discretize the spatial derivatives for describing the fully-
discrete problem. The resulting scheme has been established to be first-order accurate in both
space and time variables. We also employed Richardson extrapolation scheme to enhance
the spatial convergence of this solution to second-order. Suitable numerical examples are
included for validation of the theoretical estimates for both schemes.

In Chapter 4, we have studied a first-order convergent upwind scheme for a 2D parabolic
SPP of convection-diffusion-reaction type with two parameters. In this work, we used
backward-Euler scheme for the time variable and an ADI-type operator splitting method for
the space variables. While the temporal mesh has been taken as equispaced, the piecewise-
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uniform Shishkin mesh was considered for spatial discretization. The scheme was proved
uniformly convergent and first-order accurate in both time and space variables. Appropriate
examples are discussed to support the convergence results at the end of the chapter.

The last work in this thesis discusses a hybrid numerical scheme for the same model
problem in Chapter 5. Here we use ADI-type finite difference scheme which is a combination
of a midpoint upwind scheme and a central difference scheme for the spatial derivatives.
Backward-Euler approximation of time derivatives ensures first-order accuracy for time vari-
able, while the hybrid scheme has second-order convergence for the space variables. The
consistency and stability of this scheme has been numerically established with the help of
some suitable examples in the end.

6.2 Future scope of the thesis

6.2.1 Numerical approximations for a two-parameter singularly
perturbed parabolic problem of convection-diffusion type

with a discontinuous initial condition

In this work, we study the SPP of the following type
ut − ε1uxx + ε2a(x, t)ux = f(x, t), x ∈ Ω = (0, 1), t ∈ (0, T ],

u(x, t) = 0, x ∈ ∂Ω = Ω\Ω, 0 ≤ t ≤ T,

u(x, 0) = ϕ(x) /∈ C(Ω), x ∈ Ω.

(6.2.1)

We assume that the functions a, f, ϕ satisfy the bellow conditions:

a, f ∈ C4+γ(Ω) for some γ > 0, a(x, t) ≥ α > 0, and that ϕ(l)(0) = 0 = ϕ(l)(1), 0 ≤ l ≤ 4.

Let there be a point d ∈ (0, 1) such that ϕ is not continuous at x = d, but ϕ ∈ C4(Ω \ {d}).
Due to the presence of this non-smoothness in the initial condition, the solution exhibits an
interior layer along with a boundary layer. Since the problem is parabolic in nature, the
location of the initial layer moves in time in case of a convection-diffusion problem, while
in case of a reaction-diffusion equation, it remains fixed. In this model problem, the formed
interior layer moves along a characteristic curve which, is associated with the corresponding
reduced problem. Gracia and O’Riordan [11, 70] discussed about the movement of the interior
layer for convection-diffusion SPPs. This affects the convergence rate of the numerical scheme
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for convection-diffusion problems in the original domain. Therefore, we need to transform
the space variable x into s so that the characteristic curve can be transformed into a straight
line, around which we can construct the required Shishkin mesh for the computation. The
following map S : (x, t) −→ (s, t) is a possible transformation which will serve our purpose.

s(x, t) =


xd

d(t)
, x ≤ d(t),

1− 1− d

1− d(t)
(1− x), else.

(6.2.2)

However, no such transformation is necessary if a(x, t) is only time-dependent. We plan to
solve this problem using a uniformly convergent finite difference method in the transformed
domain.

6.2.2 A comparative study of singularly perturbed parabolic

convection-diffusion-reaction problems on some layer-
adapted meshes using streamline-diffusion finite element

methods

We study the following parabolic SPP:
∂u

∂t
− ε

∂2u

∂x2
+ b(x)

∂u

∂x
+ c(x)u(x, t) = f(x, t), x ∈ Ω = (0, 1), t ∈ (0, T ],

u(0, t) = 0, u(1, t) = 0, 0 ≤ t ≤ T,

u(x, 0) = ϕ(x), x ∈ Ω,

(6.2.3)

where the perturbation parameter ε satisfies 0 < ε ≪ 1. The coefficient functions b, c as
well as the given functions ϕ, f are assumed to be sufficiently smooth. To construct the
computational mesh, we use the idea of original Bakhvalov mesh. The mesh generating
function λ(t), associated with the exponential boundary layer at x = 0, is defined as

λ(t) =

 ψ(t) := σεϕ(t), 0 ≤ t < α

ψ(α) + ψ′(α)(t− α), α ≤ t ≤ 1,
(6.2.4)

where ϕ(t) = ln
q

q − t
, 0 ≤ t < q and σ > 0, q ∈ (0, 1) are user chosen parameters. It is not

difficult to see that the mesh is graded inside the layer region, while we see uniform spacing
outside the region. To create the mesh, we also assume ψ′(0) < 1, which gives σε < q. The
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mesh transition point α corresponds to the point (α, ψ(α)) where the tangent from the point
(1, 1) touches the curve ψ(t). Thus, α is given by the following implicit relation

1− ψ(α)

1− α
= ψ′(α). (6.2.5)

The generated modified-Bakhvalov mesh points are defined by

xi = λ(ti), ti = i/N, 0 ≤ i ≤ N.

Now, since the relation (6.2.5) does not give α explicitly, we therefore need to approximate it
suitably to construct the computational mesh. We follow the idea of construction of the mesh
described in [71], and our goal is to present the analysis of the method on this special mesh.
We plan to solve the parabolic problem using a uniformly convergent streamline-diffusion
finite element method (SDFEM).

6.2.3 Higher-order accurate numerical method for singularly per-

turbed parabolic problems of degenerate type with two per-
turbation parameters in 2D

We consider the following singularly perturbed degenerate parabolic problem:
ut + Lεu = f(x, y, t), (x, y) ∈ Ω = (0, 1)2, t ∈ (0, T ],

u(x, y, t) = 0, (x, y) ∈ ∂Ω = Ω\Ω, 0 ≤ t ≤ T,

u(x, y, 0) = ϕ(x, y), (x, y) ∈ Ω,

(6.2.6)

where 0 < ε1, ε2 ≪ 1 and

Lεu := −ε1∆u+ ε2b̂(x, y) · ∇u+ c(x, y)u, (6.2.7)

b̂ = (̂b1, b̂2), b̂1(x, y) = b1(x, y)x
p, b̂2(x, y) = b2(x, y)y

q, p, q ≥ 1, (6.2.8)

b1(x, y) ≥ β1 > 0, b2(x, y) ≥ β2 > 0, c(x, y) ≥ c0 > 0, x ∈ Ω. (6.2.9)

We also assume that the associated functions b1, b2, c are all smooth enough and the source
function f = f1 + f2 satisfies the compatibility property,

f1(x, 0, t) = f1(x, 1, t) = f2(0, y, t) = f2(1, y, t) = 0. (6.2.10)
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We will complete the analysis of the convergence of an standard upwind method for
solving this degenerate problem in two separate cases based on the boundary layer formation
at the boundaries of the domain. For grid construction, we propose to use the modified-
Bakhvalov mesh for a better resolution of the layer structure which depend on the relations
between the parameters ε1, ε2.
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