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Abstract

The Ising ferromagnet is a bistable system below the critical temperature (Tc) of

ferromagnet to paramagnet transition and has two symmetry broken ordered phases.

An external oscillating field can push the system to either of the equivalent ordered

phases, and the other ordered phase remains metastable. There are two competing

time scales present in the system, the time period (P ) of the external field and the

mean metastable lifetime 〈τ〉 of the system. The average metastable lifetime (〈τ〉)
of a system is the mean time spent in a metastable phase after a sudden reversal of

the static field applied in the system. There exists a critical period Pc, at which the

half period (P1/2) of the field becomes comparable with 〈τ〉, the Ising ferromagnet

undergoes a dynamic phase transition (DPT) from dynamic ordered phase (DOP)

to dynamic disordered phase (DDP). If the period of the oscillating field is small

(P < Pc), the system will remain in one of the metastable wells over a full period,

and the system is said to be in a DOP. Whereas for a higher period (P > Pc), the

system will be able to move from one free energy well to the other and vice versa

as the field changes sign and the system is said to be in a DDP. The dynamic order

parameter or period average magnetization Q = 1
P

∫ P

0
m(t)dt changes from a finite

value in DOP to zero in DDP. Also, the asymmetric hysteresis loop in DOP becomes

symmetric in DDP. A spontaneous breaking of the symmetry of the hysteresis loop

occurs at P = Pc.

Such a system is well studied applying pulse as well as sinusoidal fields varying

period and keeping temperature fixed and vice verse. However, there exists contro-

versy about the nature of DPT. Once it is claimed to be a discontinuous type phase

transition due to stochastic resonance below a tricritical point. In another series of

articles, it has been shown that the DPT is a continuous type phase transition and

follows finite size scaling (FSS) with the same critical exponents of the 2d zero field

equilibrium Ising model. Such an issue is taken afresh in this thesis and, a detailed

analysis of DPT in Ising ferromagnet on 2d square lattice is performed on an ex-

tended system in the high field regime. A novel technique is developed to analyze
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Abstract

hysteresis loop properties.

Apart from the above issues, the equilibrium Ising ferromagnet, as well as the

kinetic Ising ferromagnet, are not well studied on disordered (or site diluted) lattices.

The effect of site dilution on Ising ferromagnet is intriguing to explore. At different

site dilution concentrations, the magnetic properties of Ising ferromagnet, hysteresis,

and DPT are explored in this thesis.

The situation is going to more dramatic if the Ising ferromagnet is defined on a

fractal lattice such as percolation cluster or percolation backbone. Both the equi-

librium phase transition and DPT are rarely reported in the literature. A thorough

investigation has been performed on the nature of phase transition and critical

behaviour of the Ising ferromagnet defined on percolation cluster as well as on per-

colation backbone. Interesting novel results are obtained and reported in this thesis.

The thesis presents extensive Monte Carlo simulation results. Detailed FSS

analysis is performed for the data obtained. Systems are studied with various con-

centrations of disorder, field amplitudes, periods, temperature, and system sizes.

Far below the static equilibrium phase transition temperature Tc, DPT is studied

either by varying temperature keeping the period fix or varying the period keeping

the temperature fixed. A new methodology is developed to determine the hysteresis

loop properties.
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Chapter 1

Introduction

A phase is a state of matter in thermodynamic equilibrium. A system can be found

in different phases according to the macroscopic conditions viz. pressure, tempera-

ture, external field, etc. of the system. An everyday example is ice-water-vapour,

three different forms of a collection of H2O molecules. The phase of a system is

often changed by tuning a parameter such as temperature T of the system. Phase

transition is observed in a wide variety of systems viz. liquid to gas, paramagnet to

ferromagnet, paraelectric to ferroelectric, normal conductor to the superconductor,

normal-fluid to superfluid, percolation, and many others. Most of the phase tran-

sitions are either first order or second order in nature. The macroscopic properties

of the system in the vicinity of the critical point can be obtained by constructing

a suitable free energy function of the system. According to Ehrnfest’s criteria, nth

order phase transition corresponds to the discontinuity or divergence of the nth

derivative of the free energy function. Thus, the first derivative of the free energy at

the transition point becomes discontinuous in a first order phase transition, whereas

the second derivative of the free energy becomes discontinuous or diverges at the

transition point or critical point. Criticality refers to the cooperative behaviour of

an extended system at a phase transition point.

1.1 Equilibrium Phase transition and Ising Model

The critical behavior in magnetic systems is of central interest in condensed matter

physics research [1–4] until today for several reasons, such as complexity in mag-

netic interaction among the magnetic ions; different materials exhibit varied novel

features, etc. The simplest model to capture features of a ferro-to-paramagnetic

transition is the spin-1/2 Ising model. The Ising model is a remarkably successful

1
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Chapter 1. Introduction
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Figure 1.1: Temperature T variation of (a) magnetization M , (b) magnetic susceptibility
χ, (c) specific heat C and (d) correlation length ξ.

model to mimic a variety of two states interacting thermodynamic systems for un-

derstanding phase transitions in those systems. We briefly present the Ising model

on a two-dimensional (2d) square lattice of size L. All the lattice sites are occu-

pied by Ising spins Si = ±1 corresponding to up and down spins where i is lattice

site index. Each spin interacts with its nearest neighbor spins with ferromagnetic

interaction strength J(> 0). The Hamiltonian of the Ising model is given by

H = −J
∑

〈ij〉
SiSj − µH

L2∑

i

Si (1.1)

where H is a constant external magnetic field, and µ is the magnetic moment associ-

ated with each spin. In the absence of an external field (H = 0), the model exhibits

a second order phase transition at a critical temperature Tc (kBTc/J = 2.269185)

below which long range order appears and above which no long range order exists.

The phase with long range order is the ferromagnetic phase, and the phase with no

long range order is the paramagnetic phase. The ferromagnetic phase has a non-

zero spontaneous magnetization, and the paramagnetic phase has zero spontaneous

magnetization.

There exists a well defined prescription in equilibrium statistical mechanics for

studying critical phenomena in a magnetic system [5–9]. The characteristic features

of a second order phase transition at the critical point are: order parameter con-

tinuously goes to zero, response function diverges, fluctuations in spin orientation

appear at all length scales, long range order appears in spin-spin correlation (or

divergence of correlation length), etc.

The thermodynamic parameters of a magnetic system can be derived from the

Gibbs free energy G(H, T ) where T is the temperature, and H is the external

magnetic field. The spontaneous magnetization M , isothermal susceptibility χ(T )

2
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1.1 Equilibrium Phase transition and Ising Model

and specific heat at constant field CH are defined as M = −(∂G/∂H)T , χT =

(∂M/∂H)T = −(∂2G/∂H2)T and CH = T (∂S/∂T )H = −T (∂2G/∂T 2)H respec-

tively. There exists a critical temperature Tc below which the system is in the

ferromagnetic phase and above in the paramagnetic phase. At T = Tc, a second

order or continuous phase transition from ferro to paramagnet occurs. The ferro-

magnetic phase has a net spontaneous magnetization M , whereas it is zero in the

paramagnetic phase. As the temperature T is increased from below Tc, the sponta-

neous magnetization M continuously goes to zero at T = Tc, and hence M is the

order parameter of the magnetic transition. As T → Tc, the thermodynamic quan-

tities exhibit singularities in the form of power laws. It is customary to study the

singular behavior in terms of the reduced temperature ǫ defined as ǫ = (T − Tc)/Tc.

The singularities of the thermodynamic quantities are given by:

M ∼ (−ǫ)β , χT ∼ |ǫ|−γ and CH ∼ |ǫ|−α (1.2)

where β, γ and α are the critical exponents associated with M , χT and CH respec-

tively. The behavior of these quantities around the critical point is schematically

shown in Fig.1.1(a), (b) and (c), respectively. The critical isotherm at T = Tc is

given by

H ∼ M δ (1.3)

where δ is an exponent that describes the degree of the critical isotherm. The

correlation between the spins is measured in terms of fluctuations of spin values

away from their mean values, and a correlation function Γ(r) is defined as

Γ(r) = 〈sisj〉 − 〈si〉〈sj〉 = r−(d−2+η) exp(−r/ξ) (1.4)

where r is the distance between si and sj , ξ is the correlation length, d is the space

dimension and η is some exponent. The correlation length ξ is the distance between

any two up (or down) spins within the same domain. As T → Tc, the correlation

length ξ diverges as

ξ ∼ |ǫ|−ν (1.5)

where ν is a critical exponent, and ǫ is the reduced temperature. The divergence

of correlation length ξ is shown in Fig.1.1(d). Since at the criticality ξ diverges to

infinity, the correlation function Γ(r) follows a power law decay as

Γ(r) ∼ r−τ (1.6)

3
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Chapter 1. Introduction

where τ = d− 2 + η is the decay exponent.

However, the critical exponents are not all independent. As all the thermody-

namic quantities are derived from the Gibbs free energy, the critical exponents must

be related to each other, and it is found that only two of them are independent.

Considering the Gibbs free energy G(T,H) as a generalized homogeneous function

and other hyperscaling, a set of scaling relations are obtained:

β(δ − 1) = γ, α+ 2β + γ = 2, 2− α = dν and (2− η)ν = γ (1.7)

It has been observed that the critical exponents have identical values if the number of

components of the order parameter and the space dimension d of the system are the

same. The values of the critical exponents do not depend on the type of interaction

or the lattice structure. The values of the critical exponents, the scaling relations

among them, and the form of the scaling function then determine the universality

class of a system.

Exact results of the 2d Ising model in the absence of external field H were ob-

tained by Onsager [10]. The exact values of the critical exponents of the equilibrium

2d zero field Ising model are given in the table below.

Table 1.1: Critical exponents of 2d Ising model

α β γ δ ν η
0 1/8 7/4 15 1 1/4

1.2 Hysteresis and Dynamic Phase Transition

Nonequilibrium phase transitions in interacting many-body systems are far less un-

derstood in comparison to its equilibrium counterpart. Equilibrium critical phenom-

ena have well established results for a range of interacting systems, whereas such

systems at out of equilibrium situations are difficult to solve. Continuous phase

transitions also take place at far from equilibrium situations and are characterized

by a set of critical exponents as it is done in equilibrium situations. Absorbing state

phase transitions [11, 12] and phase transitions in driven diffusive systems [13, 14]

are a few examples of continuous nonequilibrium phase transition. However, the

classification of nonequilibrium phase transitions into different universality classes

still remains incomplete.

The nonequilibrium phase transition in bistable systems is an interesting field of

4
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1.2 Hysteresis and Dynamic Phase Transition

F

+1-1 0
m

0

F
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m

0

F
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0
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Figure 1.2: Free energy landscape of a bistable system in (a) without any field, (b)
a small positive field brings the stable minima corresponding to the positive metastable
phase down, and (c) a small negative field lowers the minima corresponding to the negative
metastable phase.

research for the last three decades. An external time varying field can drive the sys-

tem between two metastable phases of the system. The system follows the external

field continuously without reaching any equilibrium. The free energy landscape of a

bistable system the absence and presence of an external field are depicted in Fig.1.2.

A system that undergoes the nonequilibrium phase transition has two competing

timescales, the relaxation time of the system, and the time period of the external

field. Usually, the system response has some delay while following the field that

causes hysteresis. Hysteresis [15] is a characteristic feature of a non-equilibrium

dynamical system. Ferromagnets [16–20], ferroelectrics [21, 22], liquid crystals [23],

etc, are a few examples that exhibit metastability and hysteresis.

The Ising ferromagnet is a bistable system below the critical temperature (Tc) of

ferromagnet to paramagnet transition and has two symmetry broken ordered phases.

An external oscillating field can push the system to either of the equivalent ordered

phases, and the other ordered phase remains metastable. There are two competing

time scales present in the system, the time period (P ) of the external field and the

mean metastable lifetime 〈τ〉 of the system. The average metastable lifetime (〈τ〉) of
a system is the mean time spent in a metastable phase after a sudden reversal of the

static field applied in the system. The value of 〈τ〉 depends on the system size (L),

amplitude (h0) of the applied field, and the temperature (T ) of the system [24]. Such

a bistable system will try to be in one of the ordered phases for a fixed T and h0.

There exists a critical period Pc, at which the half period (P1/2) of the field becomes

comparable with 〈τ〉, the Ising ferromagnet undergoes a dynamic phase transition

(DPT) from dynamic ordered phase (DOP) to dynamic disordered phase (DDP) for

the first time. If the period of the oscillating field is small (P < Pc), the system

will remain in one of the metastable wells over a full period, and the system is said

5
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Figure 1.3: Plot of magnetization m(t) with MC time t in DOP, for an initial state
(a) all spins up, (b) all spins down, and (d) DDP. The respective asymmetric hysteresis
loops in DOP are shown in the inset. The symmetric hysteresis loop in DDP is shown
in (e), which is independent of the choice of the initial state. The system does not get
enough time for P1/2 < 〈τ〉 in DOP, and m(t) does not change the sign in a half period.
But in DDP P1/2 > 〈τ〉 and m(t) changes its sign in each cycle. (c) Period averaged
magnetization Q is plotted with period P . The Q becomes zero in DDP above Pc, but
the Q can have two different values in DOP corresponds to two possible ordered phases.
This demonstrative data are obtained on a small lattice of size L = 128 for temperature
T = 0.8, and amplitude of the external magnetic fields h0 = 1.0.

to be in a DOP. Whereas for a higher period (P > Pc), the system will be able to

move from one free energy well to the other and vice versa as the field changes sign

and the system is said to be in a DDP. Different phases of the system are explained

in Fig.1.3. In Fig.1.3(a) and (b), the two DOPs corresponding to two metastable

states of Ising ferromagnet. In Fig.1.3(a), the magnetization time series is shown

when the initial system was in a state of all spins up, and the system was driven

by a sinusoidal field of period P (< Pc). It could be seen that the magnetization

decreases as the field changes sign, but the external field cannot overturn the whole

system before the next cycle starts. As a result, the period average magnetization

remains positive.

Q =
1

P

∫ P

0

m(t)dt (1.8)

However, if the initial system was in a state of all spins down, and the system was

by the same field (period P < Pc), the magnetization did not become positive, and

6
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1.2 Hysteresis and Dynamic Phase Transition

the period average magnetization Q remains negative. Thus the system remains

in one of the metastable states of the system, the ordered phases. The hysteresis

loops are asymmetric in DOP, as shown in the insets of Fig.1.3(a) and (b). On the

other hand, irrespective of the initial state configuration, if the system is driven by

a sinusoidal field of period P > Pc, the magnetization of the system will change

sign as the external field changes sign with a phase lag as shown in Fig.1.3(d).

The period average magnetization Q becomes zero. The system is in DDP. The

hysteresis loop becomes symmetric (Fig.1.3(e)) about the center of the loop. Thus

DOP is characterized by finiteQ and asymmetric hysteresis loop, whereas the DDP is

characterized by zero Q value and symmetric hysteresis loop [24–26]. A spontaneous

breaking of symmetry in the hysteresis loop occurs at the critical period P = Pc.

In Fig.1.3(c), the period average magnetization Q is plotted against the period P .

The variation of Q with P of a sinusoidal field (〈h(t)〉 = 0) is very similar to the

variation of m with T at the equilibrium zero field ferro-para phase transition in an

Ising system.

An all spin up state has finite positive magnetization in a metastable phase

below the critical temperature (Tc) of the system. A droplet of down spins is formed

when a small opposite magnetic field is applied. The droplet grows radially with

time. Given enough time, the magnetization jumps to a negative value in the other

metastable phase. For a very small field (h0) on a small lattice size, only one

supercritical droplet will be formed that will grow and cover the whole lattice. On

the other hand, many such supercritical droplets will be formed simultaneously on

larger lattices, and consequently, they grow and coalesce [27–32]. The metastable

phase in the kinetic Ising model can decay following two different mechanisms. The

free energy has a bistable shape below the critical point. The metastable state is

the higher minimum point of free energy for a small external field. A critical field

by which the metastable minimum disappears is called the spinodal point [33]. A

spinodal point is a marginal point between the metastable and unstable regions for

a finite system. For h0 < hDSP , the dynamic spinodal field, which depends on T and

L, the mean lifetime τ of the metastable phase becomes comparable to the standard

deviation of the lifetime distribution. This field regime is known as the stochastic or

single-droplet (SD) region as the decay of the metastable phase proceeds by random

nucleation of a single critical droplet of the stable phase. On the other hand, for

h0 > hDSP , the mean lifetime of the metastable phase becomes much greater than

the standard deviation of the lifetime distribution. This field region is called the

deterministic or multidroplet (MD) region because of the decay of the metastable

7
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Chapter 1. Introduction

phase proceeds by the nucleation, growth, and coalescence of many droplets of the

stable phase [24, 27, 34–37].

1.2.1 Literature survey

Tome and Oliviera first reported non-equilibrium dynamic phase transition [38],

solving the master equation governed by the Glauber stochastic process under an

external sinusoidal field using the fourth order Runge-Kutta method and replac-

ing the interaction by mean-field approximation. DPT is studied here, varying the

temperature T below the critical temperature Tc of the Ising model, keeping the

frequency of the external field fixed. It was found that there exists a critical tem-

perature θc at which Q becomes zero from a finite non-zero value as T is varied from

below θc to above θc. They also reported a dynamic phase boundary in the field

amplitude and temperature phase plane (h0 − T ) where a tricritical point (htr, Ttr)

separates discontinuous and continuous phase transitions. It was shown that the

transition is of discontinuous for h0 > htr. However, it was reported later that they

did not consider microscopic fluctuations in their master equation which can take

the system from one free energy well to the other. Consequently, the magnetization

was purely deterministic, and the transition they reported was not a completely

true dynamic transition [39]. Rao et al. study [40] hysteresis in interacting spin

systems in a continuum model specified by Langevin equation in three-dimensional

(Φ2)2 model with O(N) symmetry in the large-N limit. This model considered ther-

mal fluctuations in order to bring stochasticity under consideration. They employed

both mean field calculations and Monte Carlo simulation to study hysteresis loop

properties. A scaling relation between hysteresis loop area A, amplitude h0, and

frequency ω of the magnetic field was suggested as A ∼ hα
0ω

β with α = 2
3
and

β = 1
3
for low amplitude and frequency of the magnetic field. After that, Lo and

Pelcovits [41] observe the dynamic transition in the kinetic Ising model in a Monte

Carlo study. They analyze hysteresis loops with varied amplitude and frequency in

the presence of a sinusoidally oscillating magnetic field and reported the same scal-

ing behavior of hysteresis loop area with field amplitude and frequency. Dhar and

Thomas found two different types of scaling form for hysteresis loops at high and low

frequency regime under sinusoidal field in N -vector model[42] for space dimension

d > 2. They also reported critical frequency as a function of h0. Chakrabarty and

Acharyya studied [25] ferromagnetic Ising system solving the mean field equation

of motion in space dimension d = 1 to 4 as well as using the Monte Carlo method
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in the 2 dimension. They studied the variation of magnetization, dynamic order

parameter, ac susceptibility, and hysteresis loop area for a range of frequency and

field values. They also report the existence of a tricritical point in the detailed

phase diagram. After that, Acharyya reported several mean field and Monte Carlo

studies on susceptibility [43], critical slowing down, specific heat [44], hysteresis loop

area, and dynamic correlation [45–47] in the kinetic Ising model. Initially, the DPT

was believed to be discontinuous on the basis of the bimodal distribution of the

dynamic order parameter (along with a weak third peak at the center) and negative

fourth-order Binder cumulant.

Parallelly in another series of papers, it has been shown that the DPT is a

continuous phase transition [24, 34–37, 48–50]. It was shown that the discontinuous

transition observed previously was essentially a crossover to stochastic resonance

at high field regimes in smaller systems that does not exist in the large systems,

and the continuous DPT persists. Stochastic resonance is a phenomenon where a

weak periodic signal can be amplified and optimized by the assistance of noise to

overcome an energetic activation barrier [51]. In stochastic resonance, the response

of the system undergoes resonance-like behavior as a function of the noise level. This

claim was based on detailed Monte Carlo simulations and finite size scaling (FSS)

analysis. Acharyya further investigated the dynamic phase transition (DPT) in the

kinetic Ising model [52] and reported the existence of the stochastic resonance. It

was further found that the DPT has the same critical exponents as that of the 2d

zero field equilibrium Ising model. Sides et al. show the existence of deterministic or

multidroplet (MD) and stochastic or single droplet (SD) decay regimes [35] based on

droplet theory [34] of decay of metastable phases. They found that the SD and MD

regimes depend on temperature, field strength, and system size. They introduce a

size dependent spinodal field that separates these two SD and MD regimes. They

also investigate amplitude and frequency dependence of the distribution of hysteresis

loop area and dynamic order parameter. In another study [36] they report the

evolution of hysteresis loops in SD and MD regime. They also report the distribution

of the dynamic order parameter becomes a double hump in DOP from a single hump

in DDP. Acharyya and Stauffer also reported in a separate study [27] on nucleation

in the Ising model in different dimensions. They observed a size dependent crossover

from coalescence to nucleation regime in all dimensions.

Park and Pleimling studied the critical behavior of the kinetic Ising model

with surface [53]. They found that the bulk system undergoes a continuous non-

equilibrium phase transition characterized by exponents of the equilibrium Ising
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model, but the nonequilibrium surface exponents do not coincide with those of the

equilibrium critical surface. Also, in the three dimensions, the surface phase diagram

of the nonequilibrium system differs markedly from that of the equilibrium system.

In another DPT study [54] in the three dimensional Ising model under time vary-

ing external field Park et al. reported that the the nonequilibrium phase transition

belongs to the universality class of the equilibrium three-dimensional Ising model.

They determined the critical exponents using finite size scaling.

Buendia and Rikvold reported non-equilibrium phase transition under square

wave oscillation [48] using soft Glauber dynamics for which both nucleation and

interface propagation are slower and the interfaces are smoother in comparison to

the standard Glauber dynamic. They observed a critical point when the half period

of the external field is approximately equal to the metastable lifetime of the system,

and critical exponents are found to be consistent with the universality class of the

two-dimensional equilibrium Ising model. They concluded that DPT is independent

of the choice of underlying stochastic dynamics.

E. Vatansever et al. reported DPT in ferromagnetic thin-films[55]. They have

estimated variations of surface, bulk, and total dynamical order parameters with

temperatures for different thickness. They have reported the effects of quenched dis-

order on the dynamic phase transitions of kinetic spin models in two dimensions[56]

in a more recent study.

Many theoretical and numerical studies have been performed in order to un-

derstand the origin of DPT and hysteretic response in bistable Ising ferromagnet.

Theoretical and numerical studies include mean-field studies [57, 58], time dependent

Ginzburg-Landau theory [59, 60] and effective field theory [61]. Buendia and Rikvold

studied DPT under pulse field using soft Glauber dynamics [62] and concluded that

the nature of DPT remains almost the same irrespective of the underlying stochastic

dynamics. Sides et al. study finite size scaling and hysteresis in spin-1/2 kinetic

Ising model [37, 63], stochastic resonance [24] with dimensionless frequency as the

tuning parameter consistent with the droplet theory.

There are several experimental works related to DPT. He and Wang reported

[64] dynamic scaling of magnetic hysteresis in mono layers of Fe/Au(001) film. The

collapse was found to be consistent with numerical results by Rao [40]. Similar

scaling was also reported [65] by Jiang et al. in epitaxially grown ultra-thin Co

films on a Cu(001) surface, by Suen et al. [66] on thin Fe films. Choi et al. re-

ported [67] dynamic magnetization reversal behavior of poly-crystalline Ni80Fe20

films. They also found the hysteresis loop area can be scaled with certain scaling
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relation A ∼ hα
oΩ

βT−γ with α ≈ 0.9, β ≈ 0.8, and γ ≈ 0.38. So far, these experi-

mental evidence for DPT was limited to qualitative observations of hysteresis loop

collapse in studies of hysteresis-loop area scaling. Robb et al. presented significantly

stronger experimental evidence of the DPT in a [Co/P t]3 multilayered system with

strong perpendicular anisotropy [68]. They measure the out-of-plane magnetization

time series to produce non-equilibrium phase diagrams that were found to be very

similar to the calculated magnetization time series in simulations in a kinetic Ising

model under similar situation. Berger et al. studied the time dependent magnetic

behavior of uniaxial cobalt films [69] in the vicinity of the dynamic phase transition

as a function of the period P and bias Hb of an oscillating magnetic field. They

observed the DPT at a critical period Pc. Later, Berger et al. reported [70] the

existence of anomalous metamagnetic fluctuations in the vicinity of the dynamic

phase transition point that did not take place in the corresponding thermodynamic

behavior of a ferromagnetic system. Buendia and Rickvold [71] presented a numer-

ical study explaining Berger’s finding [70]. They reported that stochastic resonance

is responsible for such anomalous behavior with no counterpart in the corresponding

thermodynamic phase transition.

1.3 Research motivation and description of chapters

The Ising ferromagnet is a bistable system below the critical temperature (Tc) of ferro

to paramagnetic transition and has two symmetry broken ordered phases. Driving

such a system by an external sinusoidal field, hysteresis, and dynamic phase transi-

tion (DPT) is extensively studied in the literature, as summarized above. However,

there exists a long standing controversy that DPT is a discontinuous or continuous

type phase transition. In certain cases, characteristic features of discontinuous phase

transition such as the bimodal distribution of the dynamic order parameter (along

with a weak third peak at the center) and negative fourth-order Binder cumulant

appears due to stochastic resonance below a tricritical point. It is, however, shown

that the discontinuous transition observed previously was essentially a crossover to

stochastic resonance [51] at high field regimes in smaller systems that does not exist

in the large systems, and the continuous DPT persists.

Apart from the above issue, the equilibrium Ising ferromagnet, as well as the

kinetic Ising ferromagnet, are not well studied on disordered (or site diluted) lattices.

The effect of site dilution on Ising ferromagnet is intriguing to explore. At different

site dilution concentrations, the magnetic properties of Ising ferromagnet, hysteresis,
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Figure 1.4: Variation of Metropolis (in red) and Glauber (in blue) acceptance probabil-
ities with change in energy (∆E = EB − EA) in a move.

and DPT are explored in this thesis.

The situation is going to more dramatic if the Ising ferromagnet is defined on a

fractal lattice such as percolation cluster or percolation backbone. Both the equi-

librium phase transition and DPT are rarely reported in the literature. A thorough

investigation has been performed on the nature of phase transition and critical

behavior of the Ising ferromagnet defined on percolation cluster as well as on perco-

lation backbone. Interesting novel results are obtained and reported in this thesis.

All the static phase transitions are studied using Metropolis single spin flip dy-

namics [72]. The Metropolis acceptance probability of getting a state B from state

A is given by

WM(A→ B) = Min [1, exp(−β(EB −EA))] (1.9)

where, β = 1/(kBT ), EA and EB are the energy of the states A and B respectively.

Glauber dynamics [73] is used to study the DPT on different lattices. The Glauber

acceptance probability of getting a state B from state A is

WG(A→ B) =
e−β(EB−EA)

1 + e−β(EB−EA)
(1.10)

A comparison of Metropolis and Glauber acceptance probabilities is shown in Fig.1.4.

The nature of the transition does not depend on the dynamical rule of evolution.
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The dynamical rules allow us to generate an ensemble of configurations for a given

thermodynamic condition (h0, P , and T for the present problem) in a Monte Carlo

(MC) simulation following ergodicity and detailed balance condition [74]. Both the

Metropolis and the Glauber dynamical rules are very efficient in case of high temper-

atures. As shown in Fig 1.4 for ∆E ≤ 0, the spin flip occurred with unit probability

in the case of the Metropolis algorithm. Whereas the spin is flipped with the right

Boltzmann weight for the Glauber algorithm. However, these two algorithms follow

very different paths through configuration space. In the case of equilibrium phase

transition, very often Metropolis algorithm is chosen for its comparatively lower

computational cost. In dynamic phase transition (DPT), the Glauber dynamical

rule is widely used in low temperatures as the ensemble averaged values are found

to be smoother than that of Metropolis algorithm. That is why we preferred to use

Glauber dynamics over the Metropolis algorithm. However, there are reports where

the Metropolis algorithm is also used to study the DPT.

The thesis presents extensive Monte Carlo [72–75] simulation results. Detailed

FSS analysis is performed for the data obtained. Systems are studied with various

disorder concentrations, field amplitudes, periods, temperature, and system sizes.

Far below the static equilibrium phase transition temperature Tc, DPT is studied

either by varying temperature keeping the period fix or varying the period keeping

the temperature fixed. A new methodology is developed to determine the hysteresis

loop properties.

The thesis will be organized in the following manner:

In Chapter-I, a general introduction to the equilibrium and non-equilibrium

phase transition is given. After a brief review of the static equilibrium phase tran-

sition, features of dynamic phase transition (DPT) and hysteresis in bistable Ising

ferromagnet are discussed. A thorough survey of existing literature is made on the

studies of critical phenomena and DPT in magnetic systems. Finally, the problems

undertaken in this thesis are proposed and discussed with sufficient motivation.

In chapter-II, hysteresis and DPT in kinetic Ising ferromagnet is studied under

a sinusoidal oscillating magnetic field on a regular square lattice in 2-dimensions.

DPT is usually studied varying period P of the applied field keeping temperature T

fixed far below the critical temperature Tc = 2.269185 of the equilibrium 2d zero-field

Ising model. However, We study the system keeping the period P and the amplitude

h0 of the field fixed and tuning the temperature T of the system below Tc. Results

of extensive Monte Carlo simulation are reported. Hysteresis loop properties and

DPT are analyzed by finite size scaling (FSS) analysis.
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Diluted or disordered kinetic Ising ferromagnet is considered in Chapter-III. The

presence of the disorder adds extra complexity in the magnetic phase transition.

This chapter will deal with physical disorder or spin dilution where a few magnetic

ions or spins are missing at random or replaced with non-magnetic elements on

a regular lattice. Due to the presence of disordered sites (or missing spins), the

interactions among the magnetic ions are going to be strongly affected. As a result,

the critical behavior of DPT and its hysteresis properties are found to be different

from that of the regular lattice. The values of the critical exponents are obtained,

and their scaling relations are verified.

In chapter-IV, fractal Ising ferromagnet is considered. Two random fractals,

a large spanning percolation cluster obtained at the percolation threshold (pc =

0.59278) and the percolation backbone extracted from the percolation cluster [76–

79], are considered for this study. The Ising spins are embedded at the sites of a

spanning percolation cluster or that of a percolation backbone obtained on a 2d

square lattice. The fractal dimensions of the percolation cluster and the percolation

backbone df = 1.89 and dB = 1.64 respectively [80]. Static magnetic phase transi-

tion and DPT are studied on both the fractal Ising ferromagnets. First, the static

equilibrium phase transition is studied to get an estimation of the critical temper-

ature (Tc) and the associated critical exponents. The DPT is observed below Tc,

where the ferromagnet has two metastable phases. A strong influence of the fractal

geometry is observed on the nature of phase transitions and the variation of critical

exponents.

Finally, in Chapter-V, an overall summary, conclusions, and future prospects

of the field are described. To summarize, this chapter addresses and highlights the

findings of the thesis viz. the nature of DPT in a ferromagnetic system under a sinu-

soidal external field of different amplitudes on several system sizes, the methodology

to study DPT from the geometry of hysteresis loops. How random physical disorder

affects DPT on a ferromagnetic system and its critical behavior are the central part

of this thesis. The fractal geometry and dilution of the lattice sites or spins have a

non-trivial impact on the static and dynamic phase transitions and hysteresis.
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Chapter 2

Hysteresis and DPT in Kinetic Ising

Ferromagnet on 2d regular lattices

Dynamic phase transition (DPT) is rigorously studied on regular lattices, and there

are many results [24, 25, 27, 34–37, 40–42, 81]. However, there exists a long term

controversy on the nature of DPT, whether it is discontinuous or continuous type.

In some literature, the DPT is claimed to be a discontinuous type phase transition

due to stochastic resonance below a tricritical point [26, 39, 45, 52] as the system

displays the bimodal distribution of the dynamic order parameter (along with a weak

third peak at the center) and negative fourth-order Binder cumulant. On the other

hand, it has also been claimed that the DPT is a continuous type phase transition

[49, 50] and follows finite size scaling (FSS) with the same critical exponents of

the zero field equilibrium Ising model. Later it was found that the discontinuous

transition observed previously was essentially a crossover to stochastic resonance

[51] at high field regimes in smaller systems that do not exist in the large systems,

and the continuous DPT persists. In most of the cases, the finite-size effect on

DPT were studied either by varying the period of the applied sinusoidal field at a

fixed temperature [24, 37, 48] or by tuning the temperature of the system under a

pulse-field of a fixed period [50].

In this chapter, we study hysteresis and DPT in kinetic Ising ferromagnet on

2d regular square lattice applying a sinusoidal oscillating magnetic field h(t) =

h0 sin(2πt/P ). We tune the temperature T of the system (far below the Tc =

2.269185 of the equilibrium 2d zero-field Ising model) for a fixed period P and

amplitude h0 of the field. As the temperature T of the system varies, the metastable

lifetime 〈τ〉 of the system varies accordingly as the value of 〈τ〉 depends on T besides

system size (L) and amplitude (h0) of the applied field [24]. The DPT occurs at
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a temperature θc (≪ Tc) when 〈τ〉 becomes comparable with the half period P1/2

of the applied field. We present the results of an extensive Monte Carlo simulation

study of the model on systems of different sizes L. A finite size scaling (FSS)

analysis of data has been performed. We aimed to resolve the above issue and try to

find the regime of the field intensity and system size with no stochastic resonance.

Below we present the model and details of the numerical simulations. First, we will

describe the hysteresis loop properties employing a new methodology, and then we

characterize the DPT performing a detailed FSS analysis at different field amplitudes

h0.

2.1 Model and Simulation

A kinetic Ising model is developed on a two-dimensional square lattice of size L. All

the lattice sites are occupied by Ising spins Si = ±1. Each spin can interact with

its nearest neighbor spins under periodic boundary condition with ferromagnetic in-

teraction strength J(> 0). An external time varying sinusoidal oscillating magnetic

field h(t) given by

h(t) = h0 sin(2πt/P ) (2.1)

where h0 is the amplitude and P is the time period of the oscillating field, is applied

to the system. The Hamiltonian of the kinetic Ising model under the external field

h(t) can be expressed as,

H = −J
∑

〈ij〉
SiSj − h(t)

L2∑

i

Si (2.2)

where 〈ij〉 represents the sum over the nearest neighbors only. The field amplitude

h0 is taken in the unit of J .

In order to equilibrate the system with the heat bath at a temperature T , the

system is evolved without magnetic field following Glauber Monte Carlo (MC) single

spin-flip dynamics. According to the Glauber [73, 74, 82, 83] MC dynamics, the Si

to −Si spin-flip acceptance ratio W is given by

W (Si → −Si) =
e−∆E/kBT

1 + e−∆E/kBT
(2.3)

where ∆E is the change in energy due to spin flip in the presence of the external

field, and kB is the Boltzmann constant. Assuming J = 1, ∆E for a single spin (Si)
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flip at time t can be obtained as

∆E = 2SiΣ+ 2Sih(t) (2.4)

where Σ is the sum of the nearest neighbor spins of the spin Si. The value of the

transition probability W (Si → −Si) is then estimated, setting Boltzmann constant

kB = 1 and measuring the temperature T in energy units. A random number z,

uniformly distributed between 0 and 1, is called. If z ≤ W (Si → −Si), the spin is

flipped; otherwise, it remains in the same state.

Extensive Monte Carlo (MC) simulation has been performed following Glauber

single spin-flip dynamics on two-dimensional square lattices of size varying from

L = 128 to L = 1024. One MC step corresponds to updating on an average each

spin of the system once. The initial state is taken as either all spins up Si = +1 state

or all spins down Si = −1 state. The system is iterated for 106 MC time steps to

thermalize it at a given temperature T in the absence of the external field. A number

of equilibrium states with constant magnetization are then generated at a given T in

the absence of the external field. As the system achieves a constant magnetization

in equilibrium at a given temperature T , the external time-dependent magnetic field

h(t) is applied to a randomly chosen equilibrium state at a given temperature T . In

a MC step, L2 spins are randomly chosen and updated using Glauber acceptance

ratio W in which ∆E is calculated using the full Hamiltonian (Eq.2.2). One cycle

of the applied field of period P consists of P number of MC steps. The system is

further evolved to achieve stable dynamical states in the presence of the applied

field over 256 cycles, more than 105 MC steps, before collecting data. The system

is further evolved for another 106 MC steps for data collections [37, 49, 50, 71, 84].

Eight randomly chosen equilibrium configurations are taken as initial samples, and

measurements are made on the 1024 stable cycles (selected from all over the time

series) for each sample. All the dynamical quantities are averaged over the cycles

and configurations, leading to an ensemble of size 8192. Simulations are repeated

for three values of field amplitudes h0 = 1.0, 2.0 and 3.0.

2.2 Metastable lifetime and critical point

As the mean metastable lifetime 〈τ〉 corresponds to the half-period P1/2 at the dy-

namic phase transition point [24], we estimate an approximate critical temperature

θc of DPT before starting the main simulations. The metastable lifetime is the time
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Figure 2.1: (a) Plot of m(t) versus t over a constant field reversal from +hrms to −hrms,
hrms = h0/

√
2 for h0 = 1.0. (b) Plot of 〈τ〉 against T on a system size L = 512.

spent in a metastable phase after a sudden field reversal. It depends on the temper-

ature and the intensity of the applied field. In order to measure metastable lifetime,

the system is evolved at a constant external field of intensity h0 at a given tempera-

ture T . As the system achieves a constant magnetization m(t), the field is suddenly

reversed to −h0, and the number of MC steps are counted for the magnetization to

become zero. The number of MC steps represents the metastable lifetime. Taking

an average over several such field reversals, the mean metastable lifetime 〈τ〉 of a
system is evaluated. Since a sinusoidal field of amplitude h0 is used for the study of

DPT here, the root mean square (rms) value of the field amplitude hrms = h0/
√
2

is taken as the constant field [37]. In Fig.2.1(a), variation of magnetization m(t)

for three different temperatures are plotted against MC steps t for hrms = 1/
√
2

corresponding to h0 = 1.0 only and fixed period P = 512. The magnetization m(t)

is estimated on a system of size L = 512. The system is evolved with hrms, and

a constant magnetization is reached. Time is set to t = 0 when the sign of the

constant field hrms is changed from positive to negative. The metastable lifetime

corresponding to m(t) = 0 for different values of T are marked by crosses on the

time axis. Taking an average over several such field reversals, the mean metastable

lifetime 〈τ〉 is determined. In Fig.2.1(b), variation of 〈τ〉 against temperature T is

shown hrms = 1/
√
2 (corresponding to h0 = 1.0). As we will be using an external

field of fixed period P = 512, the temperature corresponding to 〈τ〉 = P1/2 = 256

should be the DPT critical temperature θc for a given h0, P and L. The value of

approximate θc ≈ 0.843 (≪ Tc = 2.269185) for h0 = 1.0, P = 512 and system

of size L = 512 is marked by a cross on the T axis. A more accurate value of θc
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Figure 2.2: Average instantaneous magnetization 〈m(t)〉 with MC step t over a complete
cycle (time period P = 512) of the magnetic field h(t) = h0 sin(2πt/P ) for (a) T = 0.82,
(b) 0.30 and (c) 0.13 in DOP and (d) for T = 0.86, (e) 0.34 and (f) 0.15 for different field
amplitudes h0 = 1.0, 2.0 and 3.0 respectively on a square lattice of size L = 512. The
dashed line in red represents the external field h(t)/h0 = sin(2πt/P ), with P = 512.

will be determined later. The value of θc will decrease further with the increase

in field amplitude h0. Thus, if the system is driven with an external field of fixed

period, 〈τ〉 is greater than P1/2 for T < θc and the system will be in either of the

metastable states. On the other hand, 〈τ〉 is less than P1/2 for T > θc, and the

system continuously moves from one metastable state to the other.

2.3 Magnetization, Spin configuration and Hysteresis

The hysteresis loop appears due to the phase lag between the instantaneous magne-

tization and the applied field because of the delayed response of the spins [26, 85, 86].

The sample average instantaneous magnetization for a given cycle is defined as

〈m(t)〉 = 〈 1
L2

∑

i

Si(t)〉 (2.5)

19

TH-2454_126121004



Chapter 2. Hysteresis and DPT in Kinetic Ising Ferromagnet on 2d regular lattices

where Si(t) represents the value of the spin at the ith lattice site at time t and 〈· · · 〉
represents the ensemble average. The variation of 〈m(t)〉 is shown against MC time

step t over a full period in Fig.2.2 for three different field of amplitudes h0 = 1.0, 2.0

and 3.0 (in black continuous line) whereas variation of h(t)/h0 is shown by a dashed

red line. The period of the field is taken P = 512 for all three amplitudes. The

systems presented in this plot are evolved starting from the all spin up (Si = +1)

configuration. Fig.2.2(a), (b), and (c) has plots correspond to lower temperatures

than θc whereas the plots in Fig.2.2(d), (e) and (f) correspond to higher temperatures

than θc. Firstly, the magnetization lags behind the magnetic field at all temperatures

and field amplitudes. Such an effect will lead to hysteresis. Secondly, for the plots

in Fig.2.2(a), (b) and (c) at low temperatures, the magnetization remains positive

and at +1 for most of the time as the initial state was all spins up (Si = +1) state.

However, it could be negative, and at −1 for most of the time if they were started

from the all spins down (Si = −1) configurations. Such configurations corresponding

to two metastable states are verified over the long magnetization time series up to

106 MC steps. In contrast, it is continuously varying from a positive to a negative

value and vice versa at higher temperatures (Fig.2.2(d), (e), and (f)). It can be noted

that the behavior is independent of the initial choice of spin configurations. This

means that the system moves from one metastable state to the other continuously

for T ≥ θc and remains in either of the metastable states for T < θc. A period

average magnetization Q now can be defined as

Q =
1

P

∫ P

0

〈m(t)〉dt (2.6)

where P is the time period of the external field. The system then will have a non-zero

Q (either +ve or −ve) at lower temperatures, but it will be zero at higher temper-

atures. The system then moves from a non-zero Q to Q = 0 as the temperature T

is increased from a lower value to a higher value far below the ferro-para transition

temperature Tc(≈ 2.269185) of the zero-field Ising model in 2d. This indicates the

existence of two distinct dynamic phases; one is called the dynamic ordered phase

or DOP with a finite Q, and the other is called the dynamic disordered phase or

DDP with Q = 0. A phase transition from DOP to DDP occurs at a temperature

θc far below Tc.

It is known that the magnetization response is different in DOP and DDP. It

will be interesting to know how the spin configurations change over a stable period

of the external field. Let us take a look at the spin configuration snapshots for both
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Figure 2.3: Time evolution of spin configurations over a stable cycle of external field
h(t) = h0 sin(2πt/P ) in both DOP and DDP on a square lattice of size L = 128 with
P = 512, h0 = 1.0. Black and Saffron dots represent up and down spins respectively.

DOP and DDP taken at a different time of the period shown in Fig.2.3. The top

and bottom panel shows the system morphology at time t = 0, 128, 256, 384 and 512

of the period P = 512 in DOP (T = 0.8) and DDP (T = 0.9) respectively. The

field h(t) = h0 sin(2πt/P ) is shown in the middle. The initial spin configuration was

all spins up. Let us first describe the top panel configurations in DOP. The spin

configuration reached at t = 0, h(t = 0) = 0 passing through a gradually decreasing

negative field of the previous cycle. So, down spin block formation was favorable up

to or before t = 0. We can see several down spin blocks have coalesced and formed a

giant down spin domain (periodic boundary) inside up spin domain. The m(t = 0)

is nearly zero as there are almost equal number of up and down spins in the system

(see Fig.2.2(a)). The field increases from zero to +h0 in between t = 0 to t = 128 and

down spin domains overturns and entire lattice is covered by up spin and m(t) ≈ 1

(see Fig.2.2(a)). After that field decreases to zero at t = 256. A few down spins

appear among the up spin domain. These down spin domains nucleates and grows
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in size as the field further decreases to −h0 from zero. We can see a few down spin

islands in the up spin domain at t = 384, magnetization still remains around its

saturation value. The field remains negative but going to zero in the last quarter

of the field from t = 384 to t = 512. The negative spin blocks coalesce and form

a big down spin block at t = 512 around the up spin domain. The corresponding

m(t) becomes zero from its saturation value (see Fig.2.2(a)). Throughout DOP, the

system remains in one (here, positive well) free energy metastable well and could not

go to the other well as P1/2 < 〈τ〉. The field changes its sign before the system could

make an opposite spin block large enough to take the system to the other metastable

phase. On the other hand, P1/2 > 〈τ〉 in DDP. The field can take the system from

one metastable well to the other in each half period. The first system image in DDP

at t = 0 in the bottom panel starts with a situation where the previous negative field

overturned almost all the spins to down state and m(t) is negative (see Fig.2.2(d)).

As the field increases to +h0, several up spin blocks nucleate and appear inside the

down spin domain around t = 128. Then the positive field continues up to t = 256

and becomes zero. Meanwhile, all the spins become up, forming a big up spin block,

and we can see maximum positive m(t) in Fig.2.2(d) at this time. The field again

changes sign, and small down spin blocks appear at t = 384 and m(t) becomes close

to zero. The field continues to remain negative up to t = 512, and the down spin

blocks coalesce and span the entire lattice. The m(t) takes large negative value (see

Fig.2.2(d)).

To visualize the hysteresis loop at different temperatures and field amplitudes,

〈m(t)〉 are plotted against the field h(t) in Fig.2.4(a) for T = 0.82, (b) 0.30, and

(c) 0.13 for low temperatures (T < θc) and in Fig.2.4(d) for T = 0.86, (e) 0.34,

and (f) 0.15 for high temperatures (T > θc) at all three field amplitudes h0 = 1.0,

2.0 and 3.0. It can be seen that the hysteresis loops about the zero magnetization

line are asymmetric for lower temperatures, whereas they are symmetric at higher

temperatures. At lower temperatures, the center of the hysteresis loops (period

average magnetization Q) is positive if the initial configurations are taken as all

spins up (Si = +1) state, and it is negative if the initial configurations are taken as

all spins down (Si = −1) state. Thus as the temperature decreases from a higher

temperature, the symmetry of the hysteresis loops breaks at a critical temperature

θc. The phase corresponding to the asymmetric hysteresis loop with finite Q is the

DOP, and the phase corresponding to the symmetric hysteresis loop with Q = 0 is

the DDP. The shape, orientation, and symmetry of the hysteresis loops are found

to change continuously as the temperature T is varied from below θc to above θc for
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Figure 2.4: Hysteresis loops, 〈m(t)〉 versus h(t), over a complete cycle of the field −h0 to
+h0 (time period P = 512) on a square lattice of size L = 512 for different field amplitudes
h0 = 1.0, 2.0 and 3.0 for temperatures (a) T = 0.82, (b) 0.30 and (c) 0.13 in DOP and at
(d) T = 0.86, (e) 0.34 and (f) 0.15 in DDP respectively. The solid circles represent the
centers of the hysteresis loops.

each field amplitude. In the following, we develop a simple tool to estimate such

quantities and study their behavior as a function of temperature.

A hysteresis loop tensor
←→
T is constructed to quantitatively describe the geomet-

ric properties of the hysteresis loops such as shape, size, and orientation etc. The

loop is defined by the P number of points in the h−m plane, where P is the period

of the field. The coordinate of the tth point on the loop is given by (ht, mt) where

mt = 〈m(t)〉 corresponding to the field ht = h(t). The center of the loop (〈h(t)〉, Q)

is given by

〈h(t)〉 = 1

P

P∑

t=1

ht = 0, Q =
1

P

P∑

t=1

mt (2.7)

where the period averaged value of h(t) is zero for a sinusoidal field, and that of the

magnetization is represented by Q. A two-dimensional hysteresis loop tensor (or
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matrix) then can be defined as

←→
T =

[
Thh Thm

Tmh Tmm

]
(2.8)

The diagonal elements Thh and Tmm are given by

Thh =
1

P

P∑

t=1

h2
t , Tmm =

1

P

P∑

t=1

(mt −Q)2 (2.9)

and the off diagonal elements are given by

Thm = Tmh =
1

P

P∑

t=1

ht (mt −Q) =
1

P

P∑

t=1

htmt, (2.10)

as 〈h(t)〉 = 0. The eigenvalues λ1 and λ2 of
←→
T are given by

λ1,2 =
1

2

[
(Tmm + Thh)±

√
D
]

(2.11)

where D = (Tmm − Thh)
2 + 4T 2

mh, plus sign corresponds to the largest eigenvalue

λ1 and minus sign corresponds to the smallest eigenvalue λ2. The corresponding

orthonormal eigenvectors |e1〉 and |e2〉 along the principal axes are also estimated,

solving the eigenvalue equations. Note that,
√
λ1 and

√
λ2 represent approximately

half of the height and width of the loop along the principal axes. As the hysteresis

loop becomes more and more symmetric with increasing temperature, not only the

principal axes rotate but also the values of λ1 and λ2 change. Thus the eigenvalues

and eigenvectors of the hysteresis loop tensor keep vital information of the evolution

of the loop with temperature.

The evolution of shape, size and orientation of the hysteresis loops with T (be-

low Tc) for the field intensity h0 = 1.0 is shown in Fig.2.5 for a system defined on a

square lattice of size L = 512. The m(t) has a very small variation over the period

at very low temperatures. The respective asymmetric hysteresis loops are found to

be narrow, having a very small width along the magnetization axis at low tempera-

tures in Fig.2.5(a) and (b). The m(t)s changes significantly with the variation of the

external field as temperature rises in DOP. The asymmetric loops then acquire some

width along the magnetization axis, and the area gradually increases Fig.2.5(c) to

(f). Near the DPT hysteresis loops become symmetric Fig.2.5(g) when the m(t)s

start following field in each cycle. The hysteresis loop area keeps on increasing for a
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Figure 2.5: Evolution of average hysteresis loops with temperature T over a complete
cycle of field (time period P = 512) on a square lattice of size L = 512 for field amplitude
h0 = 1.0. The two eigenvectors are shown in each sub figure, in black and red correspond-
ing to larger (λ1) and smaller (λ2) eigenvalues, respectively. The hysteresis loop area,
shape, and orientation change as the temperature of the system increases.

little while even after the DPT Fig.2.5(h) to (p). The other interesting observations

are how the loops rotate while changing their area and shape with increasing tem-

perature. The two eigenvectors corresponding to the two eigenvalues are shown in

each loop. The black arrow represents the vector (~e1) corresponding to the largest

eigenvalue λ1 and the red one (~e2) corresponding to the smaller eigenvalue λ2. The

~e1 rotates continuously from the first quadrant to the fourth quadrant in a clockwise

direction. On the other hand, The ~e2 starts in the fourth quadrant comes to the first

quadrant after a jump at T = 0.82 when part of the hysteresis loop acquires some

negative m(t) in DOP. After that, the ~e2 continuously decreases to smaller values

as the T increases.
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Two quantities of interest are the area A of the hysteresis loop and the dynamic

correlation C. The area A of the loop, the average loss in magnetic energy over a

cycle, is given by

A = −
∮

m(t)dh(t) (2.12)

where h(t) is time dependent external field. However, an approximate loop area A

can be obtained in terms of the eigenvalues of the hysteresis loop as

A ≈ 4
√

λ1λ2. (2.13)

However, the estimate of A from Eq.2.13 is always less than equal to that of esti-

mated from Eq.2.12 and the largest difference occurs at the maximum loop area.

The dynamic correlation C is defined as

C = 〈m(t)h(t)〉 − 〈m(t)〉〈h(t)〉. (2.14)

Since 〈h(t)〉 = 0 over the period P , C can be obtained as

C =
1

P

∮
m(t)h(t)dt = Thm (or Tmh) (2.15)

which is nothing but negative of the time averaged spin-field interaction energy per

lattice site over a complete cycle. Apart from the area and dynamic correlation,

we have introduced two new quantities, the orientation and shape of the hysteresis

loop for further characterization. Both the orientation and the shape of the loop

can be determined in terms of the eigenvectors and eigenvalues of the hysteresis

loop tensor. The orientation of the hysteresis loop can be estimated by the angle

of rotation of one of the principal axes or the eigenket |e1〉 or |e2〉. The orientation

α can be defined as the angle made by |e1〉 corresponding to the eigenvalue λ1 with

the horizontal axis corresponding to field amplitude. The orientation α of the loop

with respect to the field axis is then given by

α = tan−1

(
em
eh

)
(2.16)

where eh and em are the components of |e1〉 along magnetic field and magnetization

axes respectively. The shape of the loop can be studied by measuring the aspect
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Figure 2.6: (a) Hysteresis loop area A, (b) dynamic correlation C, (c) orientation α and
(d) aspect ratio Φ are plotted against temperature T for h0 = 1.0 and P = 512 for different
system sizes L = 128(#), 256(3), and 512(△). Derivatives of the quantities are shown in
the respective inset. They have got a sharp peak and deep at the transition point except
for Φ. The vertical bars with the data points represent the statistical error of each point.

ratio of the loop. The aspect ratio Φ of the loop is defined as

Φ =

√
λ2

λ1
(2.17)

in terms of λ1 and λ2. Note that for a circular loop Φ = 1 as both the dimensions

of the circle are same. As Φ decreases, the loop is expected to be of elliptic shape.

Qualitatively, Φ would describe the variation of the shape of the hysteresis loop with

temperature and field amplitude.

Effect of field amplitude on loop area A, dynamic correlation C, orientation α

and aspect ratio Φ are studied for h0 = 1.0, 2.0 and 3.0. First, we describe the results

for h0 = 1.0. The variation of loop area A, dynamic correlation C, orientation α
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Figure 2.7: (a) Hysteresis loop area A, (b) dynamic correlation C, (c) orientation α and
(d) aspect ratio Φ are plotted against temperature T for h0 = 2.0 and P = 512 for different
system sizes L = 128(#), 256(3), and 512(△). Derivatives with respect to T of respective
quantities are shown in the inset. They have sharp peak or deep at the transition point
θc.

and aspect ratio Φ against temperature T (below Tc) are shown in Fig.2.6(a), (b),

(c) and (d) respectively for several system sizes taking field amplitude h0 = 1.0

and period P = 512. The derivatives of A, C, and α are plotted against T in the

respective insets. It can be seen that dA/dT has a maximum whereas dC/dT and

dα/dT have minima at a critical temperature θc ≈ 0.843. At θc, rapid change in

loop area, as well as the maximum change in spin-field interaction energy occur. The

maximum loss of magnetic energy and large spin-field interaction occurs at a higher

temperature after the transition [45]. Below θc the loops are asymmetric, and above

θc, the loops are symmetric. At θc, the hysteresis loop quickly orients itself from

an asymmetric to a symmetric one. The loop, however, continues rotating in the

same direction after the transition in this temperature range. Whereas the aspect
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Figure 2.8: (a) Hysteresis loop area A, (b) dynamic correlation C, (c) orientation α and
(d) aspect ratio Φ are plotted against temperature T for h0 = 3.0 and P = 512 for different
system sizes L = 128(#), 256(3), and 512(△). Derivatives with respect to T of respective
quantities are shown in the inset. They have sharp peak or deep at the transition point
θc. The θcs are found to be different depending on system size for high field amplitude.

ratio Φ increases with temperature T and achieves a maximum then saturates to a

definite value as seen from Fig.2.6(d). The transition from DOP to DDP occurs just

before Φ achieves its maximum value. Thus, a transition from asymmetric DOP to

symmetric DDP occurs around θc. Just after the transition, A, C, α, and Φ all have

a weak finite system size (L) dependence.

The variations of A, C, α and Φ with T at higher field amplitudes h0 = 2.0

and 3.0 remain almost the same as those of h0 = 1.0. However, there are some

notable differences in the behaviour of A, C, α and Φ at higher field intensities

plotted against T for h0 = 2.0 in Fig.2.7 and those for h0 = 3.0 are plotted in

Fig.2.8 respectively. The finite size effect is found to be increasingly prominent with
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higher and higher field amplitudes. The evolution of Φ is smooth in comparison to

h0 = 1.0. It seems the evolution of the hysteresis loop is more controlled by the

temperature for lower field amplitudes, whereas the field controls it at higher field

amplitudes. The derivatives of both A, C, α, and Φ would have maxima or minima

corresponding to the transition temperature θc, which are now strongly dependent

on system size (L).

2.4 Dynamic phase transition

As the bistable system is driven by a field of constant period (or frequency) here, the

system moves from an asymmetric dynamic ordered phase (or DOP) to a symmetric

dynamic disordered phase (or DDP) as the temperature T of the system (below

the critical temperature Tc of equilibrium Ising model) is increased from below θc

to above θc, a critical temperature at which DPT occurs. In DOP, the system

remains in one of the metastable states, whereas, in DDP, the system moves from one

metastable state to the other in a complete cycle. The period average magnetization

Q = 1
P

∫ P

0
〈m(t)〉dt is defined in Eq.3.6 (also in Eq.2.7) is taken as the dynamic order

parameter of DPT. As Q could have both positive and negative values in DOP

corresponding to two metastable states, it continuously goes to zero in DDP. We

describe a finite size scaling (FSS) theory considering the absolute order parameter

|Q|. Following the theory of thermal critical phenomena [5, 7], the finite size scaling

(FSS) form of |Q| is assumed to be

|Q| = L−β/νQ̃[εL1/ν ] (2.18)

where ε = (T − θc)/θc is the reduced temperature and Q̃ is a scaling functions. The

order parameter exponents β is defined as |Q| ∼ (−ε)β and the correlation length

exponents ν is defined as ξ ∼ |ε|−ν, where ξ is the correlation length. Following the

formalism of equilibrium critical phenomena [87], the probability distribution of |Q|
is taken as

PL(|Q|) = Lβ/νP̃L[|Q|Lβ/ν ] (2.19)

where P̃L is a universal scaling function, for a given system of size L. The suscepti-

bility χ of the system then can be estimated from the fluctuation of dynamic order

parameter |Q| as
χ = Ld(〈|Q|2〉 − 〈|Q|〉2) (2.20)
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Figure 2.9: Plot of (a) order parameters |Q|, (b) susceptibility χ and (c) Binder cumulant
UL against temperature T for h0 = 1.0 and P = 512 for system sizes L = 128(#), 256(3)
and 512(△). The vertical bars with the data points represent the statistical error of each
point. d|Q|/dT is plotted against T in the inset of (a) and variation of UL is shown for
wide range of T in the inset of (c). The scaled parameters, |Q|Lβ/ν , χL−γ/ν and UL are
plotted against the scaled variable εL1/ν in (d), (e) and (f) respectively taking the values
of the critical exponents β = 1/8, γ = 7/4 and ν = 1 as that of 2d equilibrium Ising
model.

where 〈|Q|n〉 =
∫
|Q|nPL(|Q|)d|Q| and d = 2 for two dimensions. The FSS form of

χ is then given by

χ = Lγ/ν χ̃[εL1/ν ] (2.21)

where χ̃ is a scaling function and γ/ν = d − 2β/ν as both 〈Q2〉 and 〈|Q|〉2 goes as

L−2β/ν . The susceptibility exponent γ is defined as χ ∼ |ε|−γ.

The fourth order Binder cumulant is defined as,

UL = 1− 〈Q4〉
3〈Q2〉2 (2.22)

and its FSS form is given by

UL = Ũ [εL1/ν ] (2.23)

where Ũ is a universal scaling function.

First, we present data for h0 = 1.0, and then we will compare it with the data
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Figure 2.10: Plot of (a) order parameters |Q|, (b) susceptibility χ and (c) Binder cu-
mulant UL against temperature T for h0 = 2.0 and P = 512 for system sizes L = 128(#),
256(3) and 512(△). In the inset of (a), d|Q|/dT is plotted against temperature. In the
inset of (c), variation of UL is shown for wide range of T . The same is shown in bottom
row for h0 = 3.0

obtained at higher field amplitudes. The variation of |Q|, χ, and UL against temper-

ature T are shown In Fig.2.9(a), (b) and (c) respectively for h0 = 1.0 and P = 512

for different values of L. The statistical errors of the data points are indicated by

vertical bars with the data points. The plots in Fig.2.9(a) show that order param-

eter |Q| has a finite size dependence around the transition. The transition point

is determined by estimating d|Q|/dT . As shown in the inset of Fig.2.9(a), it has a

dip at T = θc = 0.84 corresponding to the DOP to DDP transition. It seems that

the value of θc is almost independent of the system size L for the field intensity

h0 = 1.0. The susceptibilities χ for different L are shown in Fig.2.9(b), have peaks

at θc, and the height of the peak increases with the system size L. The plots of

UL against temperature T in Fig.2.9(c) for different values of L cross each other

at a temperature ≈ 0.843, little higher than θc. The temperature corresponding to

such crossing indicates the phase transition temperature of the system in the ther-

modynamic limit. The value of UL at the crossing is found to be U∗ ≈ 0.61, close

to the already known estimates for the 2d the equilibrium zero field Ising model

32

TH-2454_126121004



2.4 Dynamic phase transition

DOP DPT DDP

225792 230400t
-1.0

0.0

1.0
m

(t
),

 h
(t

)/
h 0

9888 9896 9904 9912
t/512

-1.0

0.0

1.0

m
(t

),
 h

(t
)/

h 0

9980 9985 9990 9995
t/512

-1.0

0.0

1.0

m
(t

),
 h

(t
)/

h 0

(a) (b) (c)

−1.0 −0.5 0.0 0.5 1.0
Q

0

800

1600

N
(Q

)

−1.0 −0.5 0.0 0.5 1.0
Q

0

200

400
N
(Q

)

−1.0 −0.5 0.0 0.5 1.0
Q

0

200

400

N
(Q

)

(d) T = 0.80 (e) T = 0.85 ≈ θc (f) T = 0.89

Figure 2.11: Plot of magnetization time series m(t) against MCS (t) at different tem-
peratures (a) T = 0.80 (DOP), (b) T = 0.85 (DPT) and (c) T = 0.89 (DDP) on a system
of size L = 512 for h(t) = h0 sin(2πt/P ), with h0 = 1.0 and P = 512. The corresponding
distribution of Q are given in (d), (e) and (f) respectively. Histograms are obtained for
8192 order parameters Q over 60 equispaced bins.

[24, 88, 89]. It is also as per the U∗ value for the DPT reported in Ref.[24]. Though

UL remains positive within this temperature range, the values of the smaller lattice

sizes once become negative and then come back to zero at higher temperature as

shown in the inset of Fig.2.9(c). Now we verify the FSS forms of |Q|, χ and UL

taking the scaling exponents as that of the 2d equilibrium Ising model critical ex-

ponents, i.e., β = 1/8, γ = 7/4 and ν = 1. As ν = 1, the values of β/ν and γ/ν

remain as that of β and γ respectively. The scaled order parameter |Q|Lβ/ν , the

scaled susceptibility χL−γ/ν and UL are plotted against the scaled variable εL1/ν in

Fig.2.9(d), (e), (f) respectively. A good collapse of data occurred with the chosen

values of the critical exponents. It is interesting to note that the non-equilibrium

DPT is characterized by the exponents exactly that of the equilibrium zero field

Ising model in 2d, far below the critical temperature Tc of the equilibrium model.

The dynamic phase transition from DOP to DDP is then characterized by a set

of critical exponents and follows the FSS hypothesis as that of a continuous phase

transition [37, 48, 49, 63]. Though the surface criticality of the kinetic Ising model

with surface undergoes non-equilibrium transition with surface exponents different
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Figure 2.12: Plot of fourth order cumulant UL against T for systems of size L = 128(#)
and L = 256(3) at (a) h0 = 2.0 and (b) h0 = 3.0. The period of the applied field P = 512
remains same for all the field amplitudes. The vertical bars with the data points represent
statistical error of each point.

from those of the equilibrium critical surface [53], the corresponding bulk systems

undergo a continuous non-equilibrium phase transition with exponents that of the

equilibrium 3d Ising model [54].

The variation of |Q|, χ and UL with T remains almost same for higher field

h0 = 2.0 and 3.0. The finite size effect becomes more prominent or higher field

amplitudes, and θc depends on system size with increasing field amplitudes as shown

in Fig.2.10. It is not possible to have data collapse for these quantities with any

known critical exponent values. Thus, the underlying nature of the transition at

higher field amplitudes (h0 = 2.0 and 3.0) on system size L = 128, 256 and 512 is

not the same as the case of h0 = 1.0. The nature of DPT may appear different

due to the finite size effects. We must check results on larger systems to reach a

conclusion about the nature of the DPT at higher field amplitudes.

The transition from DOP to DDP can be better understood by studying the

magnetization time series and the order parameter distribution. In Fig.2.11, the se-

lected portion of magnetization time series m(t) (solid line) and the order parameter

distribution are plotted at different temperatures (a) T = 0.80, (b) T = 0.85 ≈ θc

and (c) T = 0.89 corresponding to DOP, DPT and DDP on a system of size L = 512

for h0 = 1.0 and P = 512. In DOP, the 〈τ〉 is always larger than the half period

P1/2. As a result, the system remains in one of the free energy wells depending

on the starting configuration and can not come out from the metastable well it is

already in. Fig.2.11(a) represents magnetization time series of a system of all spins

up (Si = +1) initial configuration and m(t) shows a small fluctuation about a finite

non-zero value but does not cross zero. The corresponding distribution (histogram)
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Figure 2.13: Magnetization time series and histograms of 8192 order parameter Q values
over 60 equispaced bins are shown for the system of size L = 128 at the field intensities
h0 = 2.0 (a) and (b) and at h0 = 3.0 (c) and (d). The same plots for L = 256 and h0 = 3.0
are given in (e) and (f). The period P is kept constant at 512. The systems are at their
respective DPT temperatures θc ≈ 0.33 and 0.14 for h0 = 2.0 and 3.0 respectively.
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of the order parameter Q is shown in Fig.2.11(d). The peak corresponding to pos-

itive Q represents systems with m(t) > 0, and the peak corresponding to negative

Q represents systems with m(t) < 0. It is evident from the distribution that the

system remains trapped in either of the wells. As temperature increases, the average

metastable lifetime 〈τ(T, h0)〉 becomes comparable with the half period of the ex-

ternal field P1/2 and DPT occurs. The situation is described in Fig.2.11(b) and (e).

The m(t) varies from a positive value to a negative value (or negative to positive)

and crosses zero as shown in Fig.2.11(b). Note that m(t), however, does not reach

a value +1 or −1. The distribution of Q (Fig.2.11(e)) have peaks around ±|Q|c. At
this point, when the cycle average magnetization is still finite, the external field can

move the system from one well to the other smoothly. Usually, in large systems, it

corresponds to the MD regime [34, 36, 90]. The scaling form of PL(|Q|) given in

Eq.2.19 is verified for different system sizes L = 128, 256 and 512 near the transition

temperature T = 0.85 for h0 = 1.0. The unimodal distributions had a reasonable

collapse of data with the value β/ν = 1/8. In DDP, 〈τ〉 is smaller than the P1/2,

m(t) follows the external field with certain phase lag changes from close to +1 to

close to −1 as shown in Fig.2.11(c). Most of the states arise at Q = 0 and the

distribution N(Q) has a single peak around zero Q as it can be seen in Fig.2.11(f).

At lower field intensity like h0 = 1.0, the smaller systems like L = 256 and 128 also

behave similarly and found to exhibit continuous DPT.

2.5 Higher field results and system size dependence

Now, we present data obtained at higher field amplitudes h0 = 2.0 and h0 = 3.0

keeping the period of the applied filed P = 512, as before. First, we will consider

the smaller system sizes at higher field amplitudes and then the larger system sizes

at the same field amplitudes. The behavior of the smaller systems at higher field

intensities such as L = 256 at h0 = 3.0 and L = 128 at h0 = 2.0 and h0 = 3.0 are

quite different from those obtained for these systems at low field intensities. The

transition temperatures for these systems are determined from the deep of d|Q|/dT
plots (not shown), and they are found to be θc ≈ 0.32 and θc ≈ 0.14 for h0 = 2.0 and

h0 = 3.0 respectively. The Binder cumulants UL for L = 256 and 128 at h0 = 2.0 and

for h0 = 3.0 are plotted in Fig.2.12(a) and in Fig.2.12(b) respectively. The statistical

errors of the data points are indicated by vertical bars with the data points. For both

the field amplitudes h0 = 2.0 and 3.0, (i) the ULs corresponding to L = 128(#) and

L = 256(3) do not intersect each other throughout the temperature range and (ii)
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Figure 2.14: For h0 = 2.0 and the system sizes L = 256, 384 and 512: Plot of (a) Binder
cumulant UL versus T , (b) |Q|Lβ/ν versus εL1/ν and (c) N(q) versus Q at θc of L = 512.
The same plots for h0 = 3.0 and system sizes L = 768, 862 and 1024 are given in (d), (e)
and (f) at θc of L = 1024 respectively. The vertical bars with the data points in (a) and
(d) represent statistical error of each point. The whole range of Q are divided over 60
equal bins in both the histograms. There are total 8192 samples for L = 512 in (c) and
1024 samples for L = 862 in (e).

the ULs corresponding to L = 128 and 256 become negative at certain temperatures

and come back to zero at a higher temperature. The values of UL become more

negative at h0 = 3.0 as it can be seen in Fig.2.12(b). Thus, it indicates that the

transitions occurring in smaller systems at higher field amplitudes are very different

from those obtained at lower field intensities.

The nature of transitions in these systems is now analyzed by looking into the

magnetization time series m(t) and distribution of order parameter Q. The variation

of m(t) against t and the histograms N(Q) (distribution of 8192 values of Q over

60 equal bins) are shown in Fig.2.13 for the system sizes L = 128 and 256 at the

field amplitudes h0 = 2.0 and 3.0 around their respective transition points θc. In all

three situations, (L = 128, h0 = 2.0; L = 128, h0 = 3.0; L = 256, h0 = 3.0), once

the system is in one of the well +1 (or −1), it tries to stay there for a longer time

and makes a few attempts to cross to the other well −1 (or +1). The field h(t) and
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temperature T are the external noise that pushes the system from one ordered phase

to the other. The period of the applied field is still so small for the given situation

that the process takes a long time and occurs only at a good chance. As a result,

most of the states appear with Q value either +1 or −1 and a fewer states with

intermediate values of Q appear in the system as shown in Fig.2.13. The situation

becomes more prominent at the higher field amplitudes such as h0 = 3.0. Such a

situation is called stochastic resonance. It usually occurs at higher field amplitudes

h0 for smaller systems.

It is now important to clarify that for a given field intensity, whether the stochas-

tic resonance observed at a smaller system size will disappear with the increasing

system size or not. To verify the existence of continuous DPT in larger system sizes

in the high field regime, we have performed FSS study for higher system sizes: for

h0 = 2.0 we have considered L = 256, 384 and 512; for h0 = 3.0 the system sizes

considered are L = 768, 862 and 1024. In Fig.2.14, the binder cumulant UL against

temperature T , scaled order parameter |Q|Lβ/ν against the scaled temperature εL1/ν

and the histogram N(Q) of order parameter Q are shown for h0 = 2.0 and h0 = 3.0.

For both the field amplitudes, the Binder cumulants cross each other at the critical

point θc and U∗ ≈ 0.61, known for DPT [24]. The vertical bars with the data points

represent the statistical errors. The scaled order parameter collapses onto a single

curve when plotted against the scaled temperature for the values of the exponents

β = 1/8 and ν = 1 as that of the zero-field equilibrium 2d Ising model. The his-

tograms N(Q) of Q at θc have a bimodal distribution picked around ±Qc of these

systems. All these properties indicate a continuous DPT for larger systems at higher

field amplitudes. Note that at such high field amplitudes, the smaller systems dis-

played stochastic resonance with negative Binder cumulant. Thus negative Binder

cumulant and bimodal distribution of order parameter in the stochastic resonance

regime of these systems does not necessarily represent a discontinuous transition

[52] as the transition becomes continuous in the L→∞ limit [50].

2.6 Summary and Conclusion

The kinetic Ising ferromagnet, a bistable system, is studied under a sinusoidal oscil-

lating field h(t) of fixed period P = 512 and amplitude h0 = 1.0, 2.0 and 3.0 tuning

the temperature T of the system far below the ferro to paramagnetic transition

temperature Tc of the equilibrium 2d zero field Ising model. The system under-

goes a dynamic phase transition at a temperature θc (≪ Tc) at which the mean
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metastable lifetime 〈τ〉 becomes comparable to the half period of the applied field.

The system also possesses strong hysteresis effects. The hysteresis loops are found

to be symmetric above θc and asymmetric below θc. A spontaneous breaking of the

symmetry of the hysteresis loop occurs right at T = θc. The asymmetric loop part is

associated with the dynamic ordered phase (DOP), and the symmetric loop part is

associated with the dynamic disordered phase (DDP). The hysteresis properties are

evaluated employing a novel methodology that provides properties like loop area A,

dynamic correlation C, as well as orientation α and aspect ratio Φ of the loop. For

lower field intensity h0 = 1.0, a weak finite size dependence of the loop properties

is observed, whereas, at higher field intensities, a stronger finite size dependence of

the loop properties is observed. The dynamic phase transition that occurs at θc is

characterized by extensive FSS analysis at different field intensities. At h0 = 1.0,

the systems undergo a continuous DPT for the system sizes L ≥ 128 with the critical

exponents that of the equilibrium zero-field Ising model in 2d. From the study of

magnetic time series and order parameter histogram, the system of size L = 128 at

h0 = 2.0 and the system of sizes L = 128 and 256 at h0 = 3.0 are found to be in the

stochastic resonance regime at their respective transition temperatures. It is further

demonstrated for higher field amplitudes that the systems of larger sizes (L ≥ 256

for h0 = 2.0 and L ≥ 768 for h0 = 3.0) display continuous DPT with the critical ex-

ponents that belong to the same universality class of 2d Ising model. Hence, at high

field intensities, the stochastic resonance occurring in smaller systems disappears in

the large system size limit, and they display continuous DPT.
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Chapter 3

Hysteresis and DPT in diluted kinetic

Ising ferromagnet

Pure materials are rare, and impurities are inevitable. A real magnetic material

can have several kinds of disorder present in it. The disorder always adds extra

complexity to its physical behavior. The presence of disorder not only changes the

regular lattice morphology of a pure material, but also the interactions among the

magnetic ions are strongly affected in the presence of disorder. The most common

type of physical disorder corresponds to a situation where a few magnetic ions or

spins are physically missing at random or replaced by non-magnetic elements in

a regular magnetic material [4]. It is expected that a magnetic system with the

disorder will show distinctive critical properties and phase transition in comparison

to a pure magnetic substance. In the Ising model, impurities are implemented by

replacing a magnetic spin with a non-magnetic entity, and the model is called site

diluted Ising model [91–95]. Impurities can also be implemented by removing inter-

action among two nearby spins, and such a model is called bond diluted Ising model

[96–101]. Annealed site diluted Ising model is known to exhibit critical behavior

of that of the pure Ising model [102, 103]. However, the critical behavior of the

quenched site diluted Ising model is less understood and extensively studied both

theoretically [104, 105] and experimentally [106–108]. The main aim of these studies

was to know how the disorder influences the critical behavior of the system and its

universality class. According to Harris criterion [109], if the specific heat critical

exponent α of a pure system is positive, the values of the critical exponents change

with the introduction of weak disorder in the system, and consequently, disorder

changes the universality class. On the other hand, there will be no change in the

values of the critical exponents with the increase in disorder in the system if α < 0
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for the corresponding pure system. The site diluted 2d equilibrium Ising model is

particularly interesting as it corresponds to a marginal case, as α = 0 for the pure 2d

Ising model. There exists a controversy between the strong universality hypothesis

[95] which claims that the critical exponents remain unchanged with the disorder.

However, scaling has multiplicative logarithmic corrections and the weak universal-

ity hypothesis [91, 110–112], which favors the dilution dependent critical exponents.

However, hysteresis and dynamic phase transition in diluted Ising ferromagnets are

rarely reported [56, 113, 114].

It will be interesting to know how nonequilibrium dynamic phase transition

(DPT) dynamics get affected by the underlying diluted lattice morphologies. This

chapter will discuss extensive Monte Carlo study results to describe nonequilibrium

phase transitions on diluted lattices. First, we will study the hysteresis and nonequi-

librium DPT in the presence of an external sinusoidal field, far below the respective

Tc(q) of the diluted kinetic Ising ferromagnet at different concentrations of dilution

q = 0.1, 0.2 on the 2d square lattices for several systems sizes L. We will explore

the DPT in both ways: tuning the temperature T below Tc(q) keeping the period

P of the field fixed and also varying the period P of the external field, keeping the

temperature of the system fixed below Tc(q). The model, details of the numerical

simulations, and results are described below.

3.1 Dynamic phase transition in diluted kinetic Ising

model

Diluted Ising ferromagnets are also bistable systems below the respective ferro to

paramagnetic phase transition temperature Tc(q), q is the concentration of dilution.

Such a system is expected to show hysteresis effects and nonequilibrium phase tran-

sition under external time varying field. Estimates of Tc(q), the phase transition

temperature in diluted Ising model are reported for several values of q [93, 110].

Since we are only interested for weak disorder below we quote the values of Tc(q) for

q = 0.1 and 0.2 in Table.3.1. An independent estimate of Tc(q) is also performed,

and it found that Tc(q) = 1.90±0.02, and 1.52±0.02 for q = 0.1 and 0.2 respectively.

Our estimates are very close to the reported values within error bars [93, 110]. It is

further noticed that Tc(q) → 0 as the q is increased upto 1 − pc = 0.407254 [115],

where pc is the percolation threshold (≈ 0.592746).
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q Tc(q) β/ν γ/ν

0.1 1.9095(5) 0.125(5) 1.76(2)
0.2 1.5046(10) 0.11(1) 1.78(2)

Table 3.1: The values of Tc(q) at different dilution q from Ref [93, 110].

3.1.1 Model and Simulation

A diluted kinetic Ising model (DKIM) is developed on a two dimensional square

lattice of size L. A site is either occupied by an Ising spin Si = ±1 or remains

empty. A site without a spin is called a disordered site; otherwise, it is a regular

site. Disorder in the lattice is assigned randomly with concentration q by calling

a uniformly distributed random number r ∈ [0, 1] for each lattice site. If r ≤ q,

the site is not assigned any spin and marked as a disordered site. Otherwise, a

spin is assigned to the site and marked as a regular site. Each spin can interact

with its nearest neighbor spins, if available, under periodic boundary condition with

ferromagnetic interaction strength J(> 0). An external time varying sinusoidal

oscillating magnetic field h(t) given by

h(t) = h0 sin(2πt/P ) (3.1)

where h0 is the amplitude and P is the time period of the oscillating field, is applied

on the system. The Hamiltonian of the DKIM under the external field h(t) can be

expressed as,

H = −J
∑

〈ij〉
cicjSiSj − h(t)

∑

i

ciSi (3.2)

where h0 is taken in the unit of J , the occupation index ci = 0 corresponds to a

disordered site, and ci = 1 corresponds to a regular site.

In order to equilibrate the system with the heat bath at temperature T , the

system is evolved without magnetic field following Glauber Monte Carlo (MC) single

spin flip dynamics [73]. The T is also measured in the unit of J . The spin flip

acceptance ratio W according to the Glauber MC dynamics is given by

W (Si → −Si) =
e−∆E/kBT

1 + e−∆E/kBT
(3.3)

where ∆E is the change in energy due to spin flip at any time t. It can obtained as

∆E = 2SiΣ+ 2Sih(t) (3.4)
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where Σ is the sum of the nearest neighbor spins of the spin Si. Both the value of

J and Boltzmann constant kB are taken to be 1 throughout the simulations.

Detailed Monte Carlo (MC) simulation has been performed following Glauber

MC spin flip dynamics on two dimensional square lattices of size L = 128, 256

and 512 at different disorder q = 0.1 and 0.2 and regular lattice. One MC step

corresponds to updating on an average each spin of the system once. A MC step is

the calling and updating (1 − q)L2 spins on a diluted square lattice of size L and

dilution q, which is taken as one unit of time. The initial state is taken as either all

spins up Si = +1 state or all spins down Si = −1 state. The system is iterated for

106 MC time steps to thermalize it at a given temperature T in the absence of the

external field. A number of equilibrium states with constant magnetization are then

generated at a given T in the absence of the external field. As the system achieves a

constant magnetization in equilibrium at a given temperature T , the external time-

dependent magnetic field h(t) is applied to a randomly chosen equilibrium state at

a given temperature T . In a MC step, (1 − q)L2 spins are randomly chosen and

updated using Glauber acceptance ratio W using the full Hamiltonian (Eq.3.2).

One cycle of the applied field of period P consists of P number of MC steps. The

system is further evolved to achieve the stable dynamic states in the presence of the

applied field over 256 cycles, i.e., O(105) MC steps, before collecting data. Then

the data is collected over the next 106 MC steps over the stable cycles. Eight

randomly chosen equilibrium disordered configurations are taken as initial samples,

and measurements are made on the 1024 stable cycles (selected from all over the

time series) for each sample. All the dynamic quantities are averaged over the

cycles and configurations, leading to an ensemble of size 8192. For a given disorder

concentration q, the magnetic state of the system is defined by the values of field

amplitude h0, field time period P , and temperature T .

3.2 Temperature varied DPT

Let us first discuss the DPT varying the temperature T far below the respective

ferro to para transition temperature Tc(q) for a given dilution q on several system

sizes L = 128, 256 and 512. The external field amplitude h0 = 0.75, and period

P = 512 are kept fixed throughout the temperature varied DPT study.
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Figure 3.1: Variation of m(t) with t after a constant field +hrms overturns to −hrms at
t = 0 , hrms = h0/

√
2 for h0 = 0.75 (a) q = 0.1 and (b) q = 0.2. Plot of 〈τ〉 against T for

(c) q = 0.1 and (d) q = 0.2 on a system size L = 512.

3.2.1 Metastable lifetime and critical point

We are in fact varying the mean metastable lifetime 〈τ〉 of the system when tuning

its temperature. The system is first evolved at a constant external field of intensity

h0 at a given temperature T and allowed to reach a constant magnetization m(t).

Then, we reverse the field to −h0 and keep track of the count of MC steps it takes

to reach zero magnetization. The number of MC steps represent the metastable

lifetime. Such variations of m(t) for three different temperatures is plotted with t in

Fig.3.1(a) and (b) for q = 0.1 and 0.1 on a system of size L = 512 and h0 = 0.75. The

metastable lifetime corresponding to m(t) = 0 for different values of T are marked

by crosses on the time axis. Taking an average over several such field reversals,

the mean metastable lifetime 〈τ〉 of a system is evaluated. Since sinusoidal field of
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amplitude h0 is used for the study of DPT here, the root mean square (rms) value

of the field amplitude hrms = h0/
√
2 is taken as constant field [37]. The variation

of 〈τ〉 against temperature T is shown for q = 0.1 and q = 0.2 in Fig.3.1(c) and

(d) on L = 512. The 〈τ〉 corresponds to the half-period P1/2 at the dynamic phase

transition point [24]. Thus, we can estimate an approximate critical temperature

θc(q) of DPT corresponding to a P1/2 or 〈τ〉 value from the 〈τ〉 versus T plot. The

〈τ〉 = 256 corresponds to temperatures 0.7 and 0.47 for disorder q = 0.1 and q = 0.2.

Thus, the approximate value of θc(q) is 0.7 and 0.47 for disorder q = 0.1 and q = 0.2

respectively for h0 = 0.75 and P = 512. For a fixed period, 〈τ〉 is greater than P1/2

for T < θc(q) and the system will be in either of the metastable states. On the other

hand, 〈τ〉 is less than P1/2 for T > θc(q) and the system continuously moves from

one metastable state to the other.

3.2.2 Hysteresis

There is phase lag between the per spin instantaneous magnetization and the applied

field due to the delay in response of the spins. The ensemble average instantaneous

magnetization for a given cycle is defined as

〈m(t)〉 = 〈 1
Ns

Ns∑

i=1

Si(t)〉 (3.5)

where Si(t) represents the value of the spin at the ith lattice site at time t and 〈· · · 〉
represents the ensemble average for a fixed disorder q. Ns =

∑L2

i=1 ci is total number

of spins. The variation of 〈m(t)〉 is shown against MC time step t over a full period

in Fig.3.2 for regular lattice and different dilutions q = 0.1 and 0.2 for h0 = 0.75

and the period P = 512. The systems presented in this plot are evolved starting

from the all spins up (Si = +1) configurations. Fig.3.2(a), (b), and (c) have plots

at lower temperatures, whereas the plots in Fig.3.2(d), (e), and (f) have the same

in higher temperatures. There are few observations, first, the magnetization lags

behind the magnetic field at all temperatures and field amplitudes. This leads to

hysteresis loss in the system.

Second, the magnetization remains at +1 (or −1 if started from the negative

metastable phase) for most of the time at low temperatures. Whereas it is continu-

ously varying from a positive to a negative value and vice versa at higher tempera-

46

TH-2454_126121004



3.2 Temperature varied DPT

Dynamic ordered phase

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0

〈m
(t

)〉,
 h

(t
)/

h 0

T = 1.0, h
0
 = 0.75

h(t)

q = 0.0

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0

〈m
(t

)〉,
 h

(t
)/

h 0

T = 0.66, h
0
 = 0.75

h(t)

q = 0.1

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0

〈m
(t

)〉,
 h

(t
)/

h 0

T = 0.42, h
0
 = 0.75

h(t)

q = 0.20

(a) (b) (c)
Dynamic disordered phase

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0

〈m
(t

)〉,
 h

(t
)/

h 0

T = 1.12, h
0
 = 0.75

h(t)

q = 0.0

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0
〈m

(t
)〉,

 h
(t

)/
h 0

T = 0.74, h
0
 = 0.75

h(t)

q = 0.1

0 128 256 384 512t
-1.0

-0.5

0.0

0.5

1.0

〈m
(t

)〉,
 h

(t
)/

h 0

T = 0.50, h
0
 = 0.75

h(t)

q = 0.2

(d) (e) (f)

Figure 3.2: Instantaneous magnetization 〈m(t)〉 with MC step t over a complete cycle
of the magnetic field h(t) = h0 sin(2πt/P ) for h0 = 0.75, P = 512 for regular lattice and
different concentrations of dilution q = 0.1, and 0.2 at temperatures (a) T = 1.0, (b) 0.66
and (c) 0.42 in DOP and (d) T = 1.12, (e) 0.74 and (f) 0.50 in DDP respectively on a
square lattice of size L = 512. The dashed line in red represents the external sinusoidal
field.

tures. A period average magnetization Q now can be defined as

Q =
1

P

∫ P

0

〈m(t)〉dt (3.6)

where P is the time period of the external field. As a result, the system has a

non-zero period average magnetization (Q 6= 0) (either +ve or −ve) at lower tem-

peratures, but it will have a zero period average magnetization (Q = 0) at higher

temperatures. The system then moves from a non-zero Q to Q = 0 as the tempera-

ture T is increased from a lower value to a higher value far below the respective zero

field ferro-para transition temperature Tc(q) for a particular q. This observation

indicates the existence of two distinct dynamical phases, one called dynamic or-

dered phase (DOP) with a finite period average magnetization and the other called

dynamic disordered phase (DDP) with zero cycle average magnetization. A phase

transition from DOP to DDP occurs at a temperature θc(q) far below Tc(q).

The magnetizations 〈m(t)〉 are plotted against the field h(t) in Fig.3.3(a) T = 1.0,
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Figure 3.3: Hysteresis loops over a complete cycle of field (time period P = 512) on a
square lattice of size L = 512 for regular lattice and different dilution q = 0.1 and 0.2 at
temperatures (a) T = 1.0, (b) 0.66 and (c) 0.42 in DOP and (d) T = 1.12, (e) 0.74 and (f)
0.50 in DDP respectively. The solid circles represent the centers of the hysteresis loops.

(b) 0.66, and (c) 0.42, and in Fig.3.3(d) T = 1.12, (e) 0.74, and (f) 0.50 to visualize

the hysteresis loop at different temperatures on regular lattice and dilution q = 0.1

and 0.2 for fixed field amplitude h0 = 0.75. It can be seen that the hysteresis loops

about the zero magnetization line are asymmetric for lower temperatures, whereas

they are symmetric at higher temperatures. The shape, orientation, and symmetry

of the hysteresis loop change as temperature T is increased for a fixed field. The

center of the loop moves from a positive finite value to zero with increasing T .

The phase corresponding to the asymmetric hysteresis loop, finite cycle average

magnetization (represented by the center of the loop) is the DOP and the phase

corresponding to symmetric hysteresis loop, zero cycle average magnetization is the

DDP, the transition to DDP from DOP occurs at a temperature θc(q).

The asymmetric hysteresis loops remain very flat, almost like a horizontal line

parallel to the field axis at very low temperatures. As the T increases in DOP,

the loops acquire some width along the magnetization axis, and the area gradually

increases. Near the DPT, hysteresis loops become symmetric for the first time. The
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hysteresis loop area keeps on increasing for a little while, even after the DPT. The

other interesting observation is that the loops rotate while changing their area and

shape with increasing temperature. The hysteresis loop shows a jump or abrupt

change in its orientation when part of the hysteresis loop reaches the other half with

respect to the zero magnetization line, i.e., when m(t) changes sign. The loop area A

continuously decreases to smaller values as the T increases after reaching maximum

after θc(q) [45].

The instantaneous magnetization lags behind the applied field in ferromagnetic

systems [26]. As a result, the hysteresis loop appears in the system. The hysteresis

loops area, shape, and orientation change with the increase in temperature of the

system. A hysteresis loop tensor
←→
T can be constructed to quantitatively describe

the geometric properties of the hysteresis loops as described in the previous chapter.

The eigenvalues λ1 and λ2 of
←→
T are given by

λ1,2 =
1

2

[
(Tmm + Thh)±

√
D
]

(3.7)

where D = (Tmm − Thh)
2 + 4T 2

mh, plus sign corresponds to the largest eigenvalue

λ1 and minus sign corresponds to the smallest eigenvalue λ2. Where the diagonal

elements Thh and Tmm are given by Thh =
1

P

P∑

t=1

h2
t , Tmm =

1

P

P∑

t=1

(mt −Q)2 and the

off diagonal elements are given by Thm = Tmh =
1

P

P∑

t=1

ht (mt −Q) =
1

P

P∑

t=1

htmt.

The area A of the loop, the average loss in magnetic energy over a cycle, is given

by A = −
∮
m(t)dh(t) where h(t) is time dependent external field. However, an

approximate loop area A can be obtained in terms of the eigenvalues of the hysteresis

loop as A ≈ 4
√
λ1λ2. The dynamic correlation C is defined as C = 〈m(t)h(t)〉 −

〈m(t)〉〈h(t)〉. The orientation of the hysteresis loop can be estimated by the angle

of rotation of one of the principal axes or the eigenket |e1〉 or |e2〉.The orientation α

can be defined as the angle made by |e1〉 corresponding to the eigenvalue λ1 with the

horizontal axis corresponding to field amplitude. The orientation α of the loop with

respect to the field axis is then given by α = tan−1
(

em
eh

)
where eh and em are the

components of |e1〉 along magnetic field and magnetization axes respectively. The

shape of the loop can be studied by measuring the aspect ratio of the loop. The

aspect ratio Φ of the loop is defined as Φ =
√

λ2

λ1

in terms of λ1 and λ2.

The variation of hysteresis loop area A, orientation α, aspect ratio φ, and dy-

namic correlation C with temperature T are plotted in Fig. 3.4(a), (b), (c), and (d)
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Figure 3.4: Plot of hysteresis loop (a) area A, (b) orientation α, (c) aspect ratio φ, and
(d) dynamic correlation C with temperature T for h0 = 0.75 and P = 512 on system sizes
L = 128(#), 256(3) and 512(△) for q = 0.2.

for h0 = 0.75, P = 512, and q = 0.2 on different system sizes L = 128(#), 256(3)

and 512(△). All these hysteresis loop related quantities have almost no finite size

effect except around the DPT point. The loop area A remains very small in DOP

due to asymmetric hysteresis loops. Then, A increases with increasing T in DOP.

The hysteresis loop areas keep increasing at θc(q), and the loop becomes symmetric

for the first time. The symmetric loop area becomes maximum after the transition

[45]. The A decreases after reaching the maximum value with a further increase

in T . The dA
dT

is plotted with T in the inset of Fig.(a), where we can see the rate

of increase in area or the loss in the system is maximum at θc(q). The change in

orientation of hysteresis loop α with temperature T is shown in Fig.(b). The asym-

metric hysteresis loops remain almost flat and parallel to the field axis in DOP at

lower temperatures. The α then increases by a tiny amount as the asymmetric loop

widens along the magnetization axis. Near the DPT θc(q) the loops tend to become

asymmetric to symmetric. The α rotates in the opposite direction and having either
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a point of inflection (q = 0.1) or a jump (q = 0.2) at DTP (θc(q)). A dα
dT

versus

T has a trough at θc(q) shown in inset of Fig.(b). Finally, with further increase

in T , the loop rotates in the same direction. The aspect ratio of hysteresis loop Φ

with temperature T is shown in Fig.(c). The Φ is small in DOP, corresponding to

asymmetric hysteresis loops. Φ increases as the loop area increase with T in DOP.

Aspect ratio becomes maximum around θc(q) of DTP. The Φ decreases after DPT

with an increase in T in DDP. The dynamic correlation C is plotted with temper-

ature T in Fig.(d). C almost does not have any finite size effect except around the

DPT point (θc(q)). C shows a prominent finite size effect with the introduction of

dilution, which was absent in regular lattice. The C is small in DOP, corresponding

to asymmetric hysteresis loops. Next, C or the negative of spin-field interaction

energy increases with the increases of loop area with T . C also shows a point of

inflection at the DPT point θc(q), where
dC
dT

has a trough. The nature of variation

of A, α, φ, and C with increasing T in DOP and DDP are very similar for other

dilution and regular lattices except their DOP to DDP transition temperature θc(q)

decreases with increasing q for fixed h0 and P .

Next, we will study how the behavior of hysteresis loop properties change with

the disorder for fixed h0 = 0.75, P = 512 on a lattice of size L = 512. The behavior

of hysteresis loop area A, orientation α, aspect ratio φ, and dynamic correlation C

with reduced temperature ε = (T − θc(q))/θc(q) are plotted in Fig. 3.5(a), (b), (c),

and (d) for h0 = 0.75, P = 512 on square lattice of size L = 512 on regular lattice

q = 0.0(#), and for different dilution q = 0.1(3) and q = 0.2(△). The θc(q) is

different for regular lattice and different dilution q. So plots are shown with ε to

have a comparative view. ε = 0 refers to the DPT temperature θc(q). It can be

seen that the rate of increase in hysteresis loop areas or loss with ε is higher for

smaller q value, and the rate of loss is lower for higher q. The spin-spin correlation

becomes weak on diluted lattices as some of the spins are removed from the system.

The field can more easily alter the spin orientations, and the rate of loss decreases.

The rate of hysteresis loss increases when the spins in the system have a stronger

correlation and oppose any change in spin configuration due to external field. The

comparative behavior of orientation α shown in Fig.(b), remains almost similar in

all cases except the amount of jump at the θc(q) is larger for higher q. The aspect

ratio Φ reaches its maximum value near the transition point where the symmetric

loops have their two dimensions (height and width) closest in the regular lattice,

and diluted lattices are shown in Fig.(c). After θc(q) the Φ decreases with increase

in T . The rate of increase of Φ with T as well as the rate of decrease dΦ/dε is
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Figure 3.5: Plot of hysteresis loop (a) area A, (b) orientation α, (c) aspect ratio φ, and
(d) dynamic correlation C with temperature T for h0 = 0.75 and P = 512 on a lattice of
size L = 512 for regular lattice (#), q = 0.1(3) and q = 0.2(△).

highest in the case of the regular lattice. But ±dΦ/dε decreases with increase in

q. The peak value of Φ is largest for q = 0.2 and smallest in regular lattices. In

Fig.(d), the dynamic correlation C or the negative spin-field interaction energy is

shown for different dilutions. It beautifully depicts the fact how dilution makes the

system more vulnerable to the external field. In DOP, on a regular lattice, C is only

a little positive as the external field has the least effect on the spin system. As the

q increases, the spin-spin interaction decreases - the C value increases indicating a

stronger field dominance. When the system reaches the transition point θc(q), the

spin-spin interaction dominates over the field, more in the case of regular lattice

and smallest in high dilution, the C value becomes negative. If the T is further

increased, the field effect starts dominating again.

52

TH-2454_126121004



3.2 Temperature varied DPT

0.9 1.0 1.1 1.2T
0.0

0.2

0.4

0.6

0.8

1.0
|Q

|

L = 128
L = 256
L = 512

1.0 1.1 1.2
T

-10

0

d|
Q

|/d
T

θ
c
 = 1.06

q = 0.0

0.5 0.6 0.7 0.8T
0.0

0.2

0.4

0.6

0.8

1.0

|Q
|

L = 128
L = 256
L = 512

0.6 0.7 0.8
T

-15

0

d|
Q

|/d
T

θ
c
 = 0.70

q = 0.1

0.3 0.4 0.5 0.6T
0.0

0.2

0.4

0.6

0.8

1.0

|Q
|

L = 128
L = 256
L = 512

0.4 0.5
T

-20

-10

0

d|
Q

|/d
T

θ
c
 = 0.46

q = 0.2

(a) (b) (c)

-50 0 50εL
1/ν0.0

1.0

2.0

|Q
|L

β/
ν

L = 128
L = 256
L = 512

q = 0.0

-100 0 100εL
1/ν0.0

1.0

2.0
|Q

|L
β/

ν

L = 128
L = 256
L = 512

q = 0.1

-100 0 100εL
1/ν0.0

0.5

1.0

1.5

|Q
|L

β/
ν

L = 128
L = 256
L = 512

q = 0.2

(d) (e) (f)

Figure 3.6: Plot of dynamic order parameters |Q| with temperature T for h0 = 0.75
and P = 512 on system sizes L = 128(#), 256(3) and 512(△) for (a) regular lattice, (b)
q = 0.1, and (c) q = 0.2. d|Q|/dT is plotted with T in each plot shown in the insets. The
scaled order parameters, |Q|Lβ/ν are plotted against the scaled variable εL1/ν in (d), (e)
and (f) for respective q with corresponding critical exponents.

3.2.3 Finite size scaling study varying T

The ferro to paramagnetic phase transition temperature Tc(q) for a diluted Ising

system depends on the dilution concentration q. The diluted Ising ferromagnet is a

bistable system below ferro to para equilibrium phase transition temperature Tc(q).

The magnetization response and the hysteresis loops under external time varying

field are different while tuning the temperature T of the system for fixed h0 and P .

The system moves from an asymmetric dynamic phase (or DOP) to a symmetric

dynamic phase (or DDP) as the temperature T of the system (below the critical

temperature Tc(q)) is increased from below θc(q) to above θc(q), a critical temper-

ature at which DPT occurs. In DOP, the system remains in one of the metastable

states, whereas, in DDP, the system moves from one metastable state to the other

in a complete cycle. The period average magnetization Q = 1
P

∫ P

0
m(t)dt is taken as

the dynamic order parameter of DPT. Where P is the period of the applied field.

As Q could have both positive and negative values in DOP corresponding to two

metastable states, we describe a finite size scaling (FSS) theory here considering the

absolute order parameter |Q|. Following the theory of thermal critical phenomena
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[5, 7], the finite size scaling (FSS) form of |Q| is assumed to be

|Q| = L−β/νQ̃[εL1/ν ] (3.8)

where Q̃ is a scaling function. The order parameter exponents β is defined as

|Q| ∼ (−ε)β and the correlation length exponents ν is defined as ξ ∼ |ε|−ν, where ξ

is the correlation length. Following the formalism of equilibrium critical phenomena

[87], the susceptibility χ of the system then can be estimated from the fluctua-

tion of dynamic order parameter |Q| as χ = Ld(〈|Q|2〉 − 〈|Q|〉2) where 〈|Q|n〉 =∫
|Q|nPL(|Q|)d|Q| and d = 2 for two dimensions. The FSS form of χ is then given

by

χ = Lγ/ν χ̃[εL1/ν ] (3.9)

where χ̃ is a scaling function and γ/ν = d − 2β/ν as both 〈Q2〉 and 〈|Q|〉2 goes as

L−2β/ν . The susceptibility exponent γ is defined as χ ∼ |ε|−γ. The fourth order

Binder cumulant is defined as UL = 1− 〈Q4〉
3〈Q2〉2 and its FSS form is given by

UL = Ũ [εL1/ν ] (3.10)

where Ũ is a universal scaling function. We have from Eq.4.18 at the T = θc

U ′
L =

Ũ ′[0]

θc
L1/ν (3.11)

where Ũ ′ is a universal scaling function, and U ′
L = dUL

dT
.

The |Q| is plotted with temperature T in the top row of Fig. 3.6 for regular

lattice and on different values of disorder q on square lattice of sizes L = 128(#),

256(3) and 512(△). The |Q|s have strong finite system size dependence and change

almost similarly for different q values except they have different θc(q). The value of

θc(q) is estimated from the temperature where the change of Q with T i.e., d|Q|/OT

is maximum. The d|Q|/dT is plotted with T in all cases and the θc(q)s are estimated

from the trough in each plot shown in the inset. The values of θc(q) found to be 1.06±
0.01, 0.70± 0.01 and 0.46± 0.01 for regular lattice and q = 0.1 and 0.2 respectively.

The fall of |Q| appears to become more sharper as the dilution increases. Next, we

verify the FSS forms of |Q| by plotting the scaled order parameters |Q|Lβ/ν against

the scaled variable εL1/ν in Fig.3.6 (d), (e), (f) for different q. Good collapse of

data occurred with the 2d equilibrium Ising model critical exponents, i.e., β =

1/8, γ = 7/4 and ν = 1 for regular lattice. We have estimated the equilibrium phase
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Figure 3.7: Plot of susceptibility χ with temperature T for h0 = 0.75 and P = 512 on
system sizes L = 128(#), 256(3) and 512(△) for (a) q = 0.0, (b) q = 0.1, and (c) q = 0.2.
The scaled susceptibility χL−γ/ν are plotted against the scaled variable εL1/ν in (d), (e)
and (f) for different q with respective critical exponents.

transition critical exponents on 2d diluted Ising model and found the exponent

values are slightly different from the regular lattice, β/ν = 0.118 ± 0.004, and

γ/ν = 1.76 ± 0.02 for q = 0.1 and β/ν = 0.102 ± 0.006, and γ/ν = 1.78 ± 0.02

for q = 0.2 in accordance with the weak universality hypothesis [110, 116–118].

The scaling exponents satisfy the relation 2(β/ν) + γ/ν = 2 approximately. A

reasonably good data collapse is obtained for dilution q = 0.1, and 0.2 using the

respective equilibrium critical exponents on 2d diluted Ising system. The value of

ν = 1 is taken for both the cases.

The appearance of a peak around the phase transition point is a general obser-

vation in the variation of susceptibility with temperature. The peak is the mani-

festation of the fact that the system goes through huge fluctuation near the phase

transition. In other words, the peak in susceptibility indicates the phase transition

point. The χ has strong finite size effects for different qs. The observations of χ with

T shown in Fig.3.7 top row are obtained for h0 = 0.75 and P = 512. In Fig.3.7(a),

(b) and (c) χ is plotted for regular lattice, q = 0.1, and 0.2 respectively on different

system sizes L = 128(#), 256(3) and 512(△). The largest χ value is corresponding

to the largest system size in each case as the larger lattice consists of more spins and
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Figure 3.8: Plot of Binder cumulant UL with temperature T for h0 = 0.75 and P = 512
on system sizes L = 128(#), 256(3) and 512(△) for (a) q = 0.0, (b) q = 0.1, and (c)
q = 0.2. The UL are plotted against the scaled variable εL1/ν in (d), (e) and (f) for
different q with respective critical exponents. The each inset in the bottom row shows
variation of U ′

L at Pc(q) with L in double log plot. The exponent ν = 1 is estimated,
approximately for all qs.

contributes to maximum fluctuation. The other observation is that the maximum

of χ decreases for the largest lattice (L = 512) as the dilution q increases. The

χ/L2 for different system sizes are not the same. It indicates the transition is not

of the first order or discontinuous type. The FSS forms of χ are verified with the

same set of critical exponents as described above for different disorders q under the

weak universality hypothesis. The scaled susceptibility χL−γ/ν are plotted against

the scaled variable εL1/ν in Fig.3.7(d), (e), (f) for different q. A reasonable collapse

of data occurred with the chosen respective values of the critical exponents.

The UL is plotted against temperature T in Fig.3.8 for (a) regular lattice, (b)

q = 0.1 and (c) q = 0.2 respectively for different values of L. In each case, UL

corresponding to different system sizes L cross each other at a temperature. The

crossing points are found to be 1.06 ± 0.01, 0.70 ± 0.01 and 0.46 ± 0.01 for q =

0, 0.1, and 0.2 respectively which matches with the estimated θc(q) from the order

parameter shown in Fig.3.6. The temperature θc∞ at which such crossing occurs

indicates the phase transition temperature of the system in the thermodynamic
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Figure 3.9: Data collapse of order parameter |Q| and magnetic susceptibility χ with the
respective FSS variables for q = 0.1, and q = 0.2 under the strong universality hypothesis.

limit. The value of UL at the crossing is found to be U∗ ≈ 0.61, 0.63 and 0.63 for

regular lattice, q = 0.1, and 0.2, close to the already known estimates for the 2d the

equilibrium zero field Ising model [24, 88, 89, 110]. It is also as per the U∗ value for

the DPT reported in Ref.[24]. The UL are plotted against the scaled variable εL1/ν

in Fig.3.8(d), (e), (f) for different q. The FSS forms of UL are verified with critical

exponent ν = 1 for all cases. A good collapse of data is observed. The U ′
L at θc is

plotted with different L in double logarithmic scale for regular lattice, q = 0.1, and

0.2 in the inset of Fig.3.8(d), (e) and (f) in symbols. The solid red line shown in

each inset corresponds to ν = 1 line.

q θc(q) θc∞(q) U∗

0.0 1.06± 0.01 1.06± 0.01 0.61
0.1 0.70± 0.01 0.70± 0.01 0.63
0.2 0.46± 0.01 0.46± 0.01 0.63

Table 3.2: DOP to DDP transition temperatures θc(q) at different dilution for h0 = 0.75
and P = 512.

We have obtained good data collapse for |Q|, χ, and UL plotting the respective

FSS variables with slightly modified scaling exponents from that of the exact values

for 2d Ising equilibrium. Let us now verify the FSS forms of the same quantities

under the strong universality hypothesis, which assumes that the scaling exponents

do not change with dilution. The temperature variation of |Q| and χ for several

q and system size L are shown in top rows of Fig.3.6 and 3.7 respectively. The

corresponding FSS variables |Q|Lβ/ν and χL−γ/ν are plotted with a variable εL1/ν

using the 2d equilibrium Ising critical exponents (β = 1/8, γ = 7/4, and ν = 1)

in Fig.3.9 for dilution q = 0.1 and 0.2. The data collapse is not satisfactory. The

quality of collapse further deteriorates as the q increases. The temperature varied

DTP in the diluted kinetic Ising model under the external sinusoidal field fits well

with the weak universality hypothesis.
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3.3 DPT by varying Period P at fixed T

There are a few drawbacks of studying DPT with varying system temperature T .

The DPT occurs when P1/2 ∼ O(〈τ〉). By tuning T keeping P fixed, we are indeed

changing 〈τ〉 and observing DPT when it matches with the half period P1/2. The

〈τ〉 also depends on h0 and L apart from the T . It is observed that for a fixed P

for higher field amplitude h0 and strong dilution q, the θc(q) decreases drastically,

and we may not reach the DOP at any non-zero finite temperature. On the other

hand, we still could study DPT varying P of the external field keeping T fixed. The

benefit is that the period varying DPT study at a constant T and h0 allows us to

explore a larger part of the phase space.

In this section, we are going to carry out a system size L dependent MC study on

DPT in diluted Ising ferromagnet varying the period P of the external field, keeping

the temperature and the field amplitude h0 = 1.0 fixed far below the respective

Tc(q). The temperature T is fixed at 80% of respective Tc(q) for each disorder, i.e.,

T = 1.80, 1.50 and 1.24 for regular lattice and q = 0.1 and 0.2 respectively. Here,

the mean metastable lifetime 〈τ〉(h0, T ) remains fixed. We vary P and the system

undergoes the DPT when P1/2 matches the 〈τ〉. The simulations are repeated for

L = 64, 128, 256 and 512 for all lattices.

3.3.1 Finite size scaling study varying P

We have already discussed the finite size scaling forms for Q, χ, and UL with reduced

temperature ε. In this section, we will redefining those scaling forms with reduced

period P ∗ to study the period varied DPT. The FSS form for |Q| can be considered

following the equilibrium thermal critical phenomena

|Q| = L−β/νQ̃[P ∗L1/ν ] (3.12)

where, P ∗ = (P − Pc(q))/Pc(q) is the reduced dimensionless period, and Q̃ is a

scaling function. The exponent β, and ν are the 2d Ising order parameter and

correlation length exponents. The FSS form for χ is

χ = Lγ/ν χ̃[P ∗L1/ν ] (3.13)

58

TH-2454_126121004



3.3 DPT by varying Period P at fixed T

8 16 24 32P
0.0

0.4

0.8

|Q
|

L = 64
L = 128
L = 256
L = 512

6 7 8 9
log

2
L

-1.0

-0.8

-0.6

lo
g 2|Q

|

|Q| at P
c

β/ν = 0.122
q = 0.0

8 16 24 32P
0.0

0.3

0.6

0.9

|Q
|

L = 64
L = 128
L = 256
L = 512

6 7 8 9
log

2
L

-0.8

-0.6

-0.4

lo
g 2|Q

|

|Q| at P
c

β/ν = 0.116q = 0.1

10 20 30P
0.0

0.4

0.8

|Q
|

L = 64
L = 128
L = 256
L = 512

6 7 8 9
log

2
L-1.0

-0.8

-0.6

lo
g 2|Q

|

|Q| at P
c

β/ν = 0.09

q = 0.2

(a) (b) (c)

-0.4 0.0 0.4
P

*
L

1/ν
/10

3

0.0

1.0

2.0

|Q
|L

β/
ν

L = 64
L = 128
L = 256
L = 512

q = 0.0

-0.4 0.0 0.4 0.8
P

*
L

1/ν
/10

3

0.0

1.0

2.0
|Q

|L
β/

ν

L = 64
L = 128
L = 256
L = 512

q = 0.1

0 1
P

*
L

1/ν
/10

3
0.0

0.5

1.0

1.5

|Q
|L

β/
ν

L = 64
L = 128
L = 256
L = 512

q = 0.2

(d) (e) (f)

Figure 3.10: Plot of dynamic order parameters |Q| with period P for h0 = 1.0 and
T = 80% of respective Tc(q), T = 1.80, 1.50 and 1.24 for (a) regular lattice, (b) q = 0.1,
and (c) q = 0.2 on system sizes L = 64(#), L = 128(3), 256(△) and 512(�). Critical
exponents β is estimated from the double logarithmic plot of |Q| at Pc(q) with system
size L for different q values shown in each inset. The bottom rows (d), (e) and (f) shows
the data collapse corresponding to each |Q| versus P plot of top row when plotted scaled
order parameter |Q|Lβ/ν with scaled variable P ∗L1/ν for different q with respective critical
exponents.

where χ̃ is a scaling function and γ is the 2d Ising susceptibility exponent. The

fourth order Binder cumulant has the following FSS form

UL = Ũ [P ∗L1/ν ] (3.14)

where Ũ is a universal scaling function. We have from Eq.3.14 at the P = Pc(q)

U ′
L =

Ũ ′[0]

Pc(q)
L1/ν (3.15)

where Ũ ′ is a universal scaling function, and U ′
L = dUL

dP
.

Dynamic order parameter |Q| is plotted with period P in Fig. 3.10(a), (b)

and (c) for different values of disorder q on square lattice of sizes L = 64(#),

L = 128(3), 256(△) and 512(�) for fixed h0 = 1.0 and T = 1.80, 1.50 and 1.24

(80% of respective Tc(q)). The |Q|s have strong finite system size dependence and
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change almost similarly for different q values except they have different dynamic

phase transition period Pc(q). The value of Pc(q) is estimated from the value of the

period where the change of Q with P i.e., d|Q|/dP is maximum at the inflection

point. The d|Q|/dP is plotted with T in all cases, and the Pc(q)s are estimated from

the trough in each plot. The values of Pc(q) were found to be 19 ± 1, 15 ± 1 and

8±1 for regular lattice, q = 0.1, and 0.2, respectively on the largest lattice L = 512.

The fall of |Q| appears to become more sharper as the dilution increases.

Now, the slope of a least square fit straight line in a double logarithmic plot

of |Q| with L should give us β/ν. In the inset of Fig.3.10 (a), (b), and (c) |Q| is
plotted with L in double logarithmic scale for different q. The slope gives us the

β/ν for different q values. β/ν = 0.122± 0.004, 0.116± 0.007, and 0.09± 0.005 for

regular lattice, and q = 0.1, and 0.2 respectively. The exponents obtained above

are very close to the values obtained for the equilibrium diluted Ising model in 2d

[110]. Next, we verify the FSS forms of |Q| using the scaling exponents obtained

above under the weak universality hypothesis as the exponent values deviate from

the regular system. The scaled order parameters |Q|Lβ/ν are plotted against the

scaled variable P ∗L1/ν in Fig.3.10(d), (e), (f) for different disorder with ν = 1. A

good collapse of data occurred with the chosen values of the critical exponents.

The susceptibility χ of the system is estimated from the fluctuation of dynamic

order parameter |Q| as χ = L2(〈|Q|2〉 − 〈|Q|〉2). The χ also has strong finite size

effects for all q values. The variations of χ with P shown in Fig.3.11 are obtained

for h0 = 1.0 and T = 1.80, 1.50 and 1.24. In Fig.3.11(a), (b) and (c) χ is plotted

for q = 0, 0.1 and 0.2 respectively on different system sizes L = 64(#), L = 128(3),

256(△) and 512(�). There is a peak around the phase transition point. The peak

is the manifestation of the fact that the system goes through huge fluctuation near

the phase transition. In other words, the peak in susceptibility indicates the phase

transition point. The largest χ value is corresponding to the largest system size in

each case as the larger lattice consists of more amount of spins and contributes to

maximum fluctuation. The other observation is that the maximum of χ increases for

the largest lattice (L = 512) as the dilution q increases. This observation is exactly

opposite to what we saw while studying DPT varying temperature in Fig.3.7. In

that case, we saw the maximum of χ decreases for the largest lattice (L = 512) as

the dilution q increases. The χ/L2 for different system sizes are not the same. It

indicates the transition is not of the first order or discontinuous type.

Here, the slope of a least square fit straight line in a double logarithmic plot of

χ versus L should give us γ/ν. χ at respective Pc(q) is shown with L in double
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Figure 3.11: Plot of susceptibility χ with period P for h0 = 1.0 and T = 80% of
respective Tc(q), T = 1.80, 1.50 and 1.24 for (a) regular lattice, (b) q = 0.1, and (c)
q = 0.2 on system sizes L = 64(#), L = 128(3), 256(△) and 512(�). Critical exponents γ
is estimated from the double logarithmic plot of χ at Pc(q) with system size L for different
q values shown in each inset. The bottom rows (d), (e) and (f) shows the data collapse
for each χ versus P plot in top row when plotted scaled susceptibility χL−γ/ν with scaled
variable P ∗L1/ν for different q with respective critical exponents.

logarithmic plots for different q values in the inset of Fig.3.11(a), (b), and (c). The

slope gives us the γ/ν at different q values. γ/ν = 1.73 ± 0.03, 1.77 ± 0.01, and

1.78 ± 0.02 for regular lattice, q = 0.1, and 0.2 which are also very close to the

static phase transition exponent reported values [110] on 2d diluted Ising model.

The FSS forms of χ is verified with the same set of critical exponents as described

above for different disorders q according to weak universality hypothesis description.

The scaled susceptibility χL−γ/ν are plotted against the scaled variable P ∗L1/ν in

Fig.3.11(d), (e), (f) for different q. A reasonably good collapse of data occurred with

the chosen respective values of the critical exponents. The UL is plotted against

period P of the external field in Fig.3.12 for (a) regular lattice, (b) q = 0.1, and

(c) q = 0.2, respectively, for different values of L. In each case UL corresponding

to the different system sizes L cross each other at the period Pc(q). The crossing

points are found to be Pc(q) = 19, 15, and 8 for regular lattice, q = 0.1, and 0.2

respectively, which are very close to the estimated Pc(q) from the order parameter

in Fig.3.10. The period Pc∞ at which such crossing occurs indicates the critical
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Figure 3.12: Plot of Binder cumulant UL with period P for h0 = 1.0 and T = 80%
of respective Tc(q), T = 1.80, 1.50 and 1.24 for (a) regular lattice, (b) q = 0.1, and (c)
q = 0.2 on system sizes L = 64(#), L = 128(3), 256(△) and 512(�). The bottom rows
(d), (e) and (f) shows the data collapse for each UL versus P plot in top row when plotted
scaled susceptibility UL with scaled variable P ∗L1/ν for different q with respective critical
exponents. The each inset in the bottom row shows variation of U ′

L at Pc(q) with L in
double log plot. The exponent ν is estimated approximately 1 for different q.

period of the system in the thermodynamic limit. The value of UL at the crossing

is found to be U∗ ≈ 0.62, 0.65 and 0.64 for q = 0, 0.1, and 0.2, close to the already

known estimates for the 2d the equilibrium zero field Ising model [24, 88, 89, 110].

It is also as per the U∗ value for the DPT reported in Ref.[24]. The FSS forms of

UL is verified with exponent ν = 1 for all disorders. The UL are plotted against

the scaled variable P ∗L1/ν in Fig.3.12(d), (e), (f) for different q. A good collapse of

data occurred. The U ′
L at Pc(q) is plotted with system size L in double logarithmic

scale for regular lattice, q = 0.1, and 0.2 in the inset of Fig.3.12(d), (e) and (f) in

symbols. The solid red line shown in each inset represents the ν = 1 line.

q Pc(q)|L=512 Pc∞(q) U∗

0.0 19± 1 19± 1 0.62
0.1 15± 1 15± 1 0.65
0.2 8± 1 8± 1 0.64

Table 3.3: Critical periods for different dilution for fixed field amplitude h0 = 1.0, and
temperature T = 1.80, 1.50 and 1.24 for regular lattice, q = 0.1, and q = 0.2 respectively.

62

TH-2454_126121004



3.4 Magnetic time series and distribution of order parameter

-0.4 0.0 0.4 0.8
P

*
L

1/ν/103

0.0

1.0

2.0
|Q

|L
β/

ν

L = 64
L = 128
L = 256
L = 512

q = 0.1

-0.3 0.0 1.0P
*
L

1/ν/103
0.0

0.5

1.0

1.5

|Q
|L

β/
ν

L = 64
L = 128
L = 256
L = 512

q = 0.2

-0.4 0.0 0.8P
*
L

1/ν/103
0.00

0.04

0.08

χL
-γ

/ν

L = 64
L = 128
L = 256
L = 512

q = 0.1

0.0 0.8 1.6
P

*
L

1/ν/103
0.00

0.06

0.12

χL
-γ

/ν L = 64
L = 128
L = 256
L = 512

q = 0.2

(a) (b) (c) (d)

Figure 3.13: Data collapse of order parameter |Q| and magnetic susceptibility χ with the
respective FSS variables for q = 0.1, and q = 0.2 under the strong universality hypothesis
in period varied DPT.

We have already found data collapse for |Q|, χ, and UL plotting the respective

FSS variables with slightly modified scaling exponents from that of the exact values

for 2d Ising equilibrium for the period varied DPT at the fixed temperature. Here, we

also verify the FSS forms of these quantities under the strong universality hypothesis.

The critical exponents of a diluted system do not change with the addition of disorder

in a pure system as per the strong universality hypothesis. The period variation

of |Q| and χ at fixed T for several q and system size L are shown in top rows

of Fig.3.10 and 3.11 respectively. The corresponding FSS variables |Q|Lβ/ν and

χL−γ/ν are plotted with a variable P ∗L1/ν using the 2d equilibrium Ising critical

exponents β = 1/8, γ = 7/4, and ν = 1 in Fig.3.13 for q = 0.1 and 0.2. Satisfactory

data collapse has occurred. The quality of collapse deteriorates slightly as the q

increases. The data collapse under the weak universality hypothesis is still better.

The weak universality hypothesis seems to fit better in the case of period varied

DTP too.

3.4 Magnetic time series and distribution of order pa-

rameter

The study of magnetization time series and the order parameter distribution can help

to comprehend the system dynamics in DOP, DPT, and DDP in a more insightful

manner. In Fig.3.14, selected portion of the magnetization time series m(t) (solid

line) and the order parameter distribution are plotted at different temperatures (a)

T = 0.66, (b) T = 0.7 ≈ θc(q) and (c) T = 0.74 corresponding to DOP, DPT and

DDP on a system of size L = 512 for h0 = 0.75, P = 512 and q = 0.1. A similar

set of figures are plotted for q = 0.2 in Fig.3.15. The 〈τ〉 is always larger than the

half period P1/2 in DOP in all the cases. As a result, the system can not come
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Figure 3.14: Magnetization time series m(t) against MCS (t) at different temperatures
(a) T = 0.66 (DOP), (b) T = 0.70 (DPT) and (c) T = 0.74 (DDP) on a system of size
L = 512 for h0 = 0.75, P = 512 and q = 0.10. The corresponding distribution of order
parameter Q are shown in (d), (e) and (f) respectively over 60 equispaced bins.

out from the metastable well it is already in, and m(t) shows a small fluctuation

about a finite non-zero value (see Fig.(a) of each figure) but does not cross zero. The

corresponding distribution (histogram) of the order parameter Q is shown in Fig.(d).

It is evident from the distribution that the system remains trapped in either of the

wells. As temperature increases, the average metastable lifetime 〈τ(T, h0)〉 becomes

comparable with the half period of the external field P1/2 and DPT occurs. The

situation is described in Fig.(b) and (e). The m(t) varies from a positive value to a

negative value (or negative to positive) and crosses zero, as shown in Fig.(b). Note

that m(t), however, does not reach a value +1 or −1. The distribution of Q (Fig.(e))

have peaks around±|Q|c. At this point, when the cycle average magnetization is still

finite, the external field can move the system from one well to the other smoothly.

Usually, in large systems, it corresponds to the MD regime [34, 36, 90]. In DDP,

〈τ〉 is smaller than the P1/2, m(t) follows the external field with certain phase lag

changes from close to +1 to close to −1 as shown in Fig.(c). Most of the states arise

at Q = 0 and the distribution N(Q) has a single peak around zero Q, as it can be

seen in Fig.(f). For dilution q = 0.1 and 0.2, field intensity h0 = 0.75, P = 512 the

systems of size 128, 256 and 512 found to exhibit continuous DPT.
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Figure 3.15: Magnetization time series m(t) against MCS (t) at different temperatures
(a) T = 0.42 (DOP), (b) T = 0.47 ≈ θc(q) (DPT) and (c) T = 0.52 (DDP) on a system
of size L = 512 for h0 = 0.75, P = 512 and q = 0.20. The corresponding distribution of
order parameter Q are shown in (d), (e) and (f) respectively over 60 equispaced bins.

3.5 Summary and Discussion

The nonequilibrium DPT is studied on the 2d site diluted Ising ferromagnet by

an extensive Monte Carlo study on several system sizes L = 64, 128, 256, and 512.

Below the zero field ferro to paramagnetic transition temperature Tc(q), the diluted

Ising ferromagnet found to be a bistable system with two equivalent ferromagnetic

ground states corresponding to all spin up and all spin down configuration. The

values of Tc(q) depend on the amount of dilution q, decreases with increasing q.

Nonequilibrium DPT is studied far below the respective Tc(q) for each dilution

q = 0.1, and 0.2 tuning the temperature T at fixed field amplitude h0 and period

P . The system is also studied by tuning the period P of the external sinusoidal

oscillating field, keeping the T and h0 fixed. The DPT occurs when metastable

lifetime τ(h0, T ) becomes comparable to half period of the external field. Indeed,

we change τ by changing T of the system in case of temperature varied DPT for

a fixed P and h0 and found a critical temperature θc(q). In case of period varying

DPT study at constant T (i.e., fixed τ), we directly vary P and observe DPT at

a critical period Pc(q). The DPT results show that both the θc(q) and Pc(q) value
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Chapter 3. Hysteresis and DPT in diluted kinetic Ising ferromagnet

decreases with increasing q in case of temperature varied and period varied DPT,

respectively. The diluted ferromagnetic systems undergo a dynamic phase transition

with hysteresis loss as the m(t) follows h(t) with a certain phase lag. Below θc or

Pc, the hysteresis loops remain asymmetric, and above, they become symmetric.

The hysteresis loop related properties, such as loop area A, orientation α, aspect

ratio Φ of the loop and dynamic correlation C is evaluated from the geometry of

the loops. The dilution has nontrivial effects on the spin system. The rate of

increase of A and Φ with T decreases for larger q values. As the dilution increases,

the spin-spin correlation becomes weak, and the field effects become stronger on

the system; consequently, the value of C increases. The finite size effect on the

hysteresis loop properties becomes higher and higher as the dilution increases. The

DPT on different diluted Ising ferromagnets found to be of continuous type for both

temperature varied DPT (fixed h0 = 0.75, P = 512) and period varied DPT (fixed

h0 = 0.75, and T = 0.8Tc(q)). A detailed FSS analysis is performed on both the

DPTs on diluted ferromagnets. The order parameter |Q| and susceptibility χ obey

the finite size scaling. A plot of Binder cumulant UL shows the crossing point of

different L at the respective Pc(q) for different q. The corresponding value of U∗ is

also in agreement with the existing reported values. The β/ν and γ/ν are extracted,

which comes out very close to that of equilibrium critical exponents reported for

different q under weak scaling hypothesis [110]. Good data collapse is observed for

FSS variables using those scaling exponents. The strong scaling hypothesis is also

verified. The DPT in the 2d diluted Ising model under external sinusoidal field

seems to follow the weak scaling hypothesis as we found comparatively better data

collapse with q dependent scaling exponents.
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Chapter 4

DPT in Ising ferromagnet on random

fractals

As the site dilution reaches percolation threshold qc = 1− pc ≈ 0.41 (pc ≈ 0.59) for

a 2d diluted Ising model on a square lattice, the ferro to paramagnetic transition

temperature Tc → 0 [119–121]. A study of the highly diluted spin system morphol-

ogy reveals that the Ising spins form several small islands disconnected from the

other spins in the system surrounded by empty sites. As a result, the spontaneous

magnetization in a highly diluted system never becomes finite above T = 0. As a

result, the transition temperature Tc(pc) → 0. However, two highly ramified but

connected random fractals viz., spanning percolation and percolation backbone, can

be extracted at p = pc. These random fractals have connectivity throughout the

lattice and are very highly ramified [119], unlike random dilution increased up to

pc in diluted Ising model. A fractal Ising ferromagnet can be formed by placing

Ising spins on an above said random fractal. Some theoretical predictions [122–124]

indicate the criticality still occurs in the limit p → pc and T → 0. Can the fractal

ferromagnets exhibit ferromagnetic order at a non-zero small finite temperature as

the spins on a random fractal have excellent connectivity throughout the lattice? If

such a ferromagnetic state exists, it will be interesting to know the nature of DPT

and hysteresis loops on such a random fractal ferromagnet. The criticality and

scaling exponents for DPT on a random fractal is another aspect worth studying.

In this chapter, we will perform a Monte Carlo study of DPT on two such ran-

dom fractals, namely spanning percolation cluster (SPC) and spanning percolation

backbone (SPB). First, we will develop the models and search for Tc for both models.

Next, DPT will be observed in detailed Monte Carlo studies tuning the temperature

T of the system below the respective equilibrium ferro to paramagnetic transition
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Chapter 4. DPT in Ising ferromagnet on random fractals

(a) (b)

Figure 4.1: (a) The SPC morphology on a square lattice of size L = 128, the dangling
ends of the SPC are shown in red. (b) SPB is extracted from the SPC, chopping off the
dangling ends.

temperature Tc where the systems are bistable. The models, details of numerical

simulations, and results are described as following.

4.1 Ising model on random fractal

The Ising model on random fractal can be generated in two steps; first, to produce

the fractal itself, and then replace the occupied sites in the cluster with Ising spins.

We are going to generate two different types of random fractals, SPC and SPB.

A cluster is a collection of occupied sites connected by nearest neighbor bonds.

A spanning percolation cluster [76–78] is developed at the percolation threshold

pc = 0.59278 on a square lattice of size L using the Leath algorithm [79] where p is

the probability with which a lattice site is occupied. Several spanning percolation

clusters are carefully chosen from a distribution spanning clusters with a mass little

above their mean values. It ensures that the spanning cluster has a certain amount

of mass present in it. A percolation backbone is only the connecting path on a

spanning percolation cluster. It can be obtained by chopping off the dangling ends

of a spanning percolation cluster at pc. The detailed percolation backbone extraction

algorithm from a spanning percolation cluster can be found in the Ref. [80]. A SPC

and its corresponding SPB morphologies are shown in Fig.4.1 on a square lattice of

size L = 128. The percolation backbones are also chosen with a mass little above
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the mean value of the mass distribution of the percolation backbones for a given

system size L. The fractal dimension of the spanning percolation cluster and the

percolation backbone are df = 1.89 and dBf = 1.64 respectively. Finally, we have

a 2d Ising ferromagnet on a random fractal by replacing all the occupied sites of a

random fractal with Ising spin variables S = ±1 corresponding to two states up and

down, respectively.

The Hamiltonian for the spin-1/2 Ising model on the random fractal with nearest

neighbor interaction on a square lattice of size L is given by

H = −J
∑

〈ij〉
cicjSiSj − h

∑

i

ciSi (4.1)

The occupation index Ci = 1 for the ith Ising spin Si on the fractal and Ci =

0 for a site that does not belong to the random fractal. Each spin can interact

with its nearest neighbor spins, if available, under periodic boundary condition with

ferromagnetic interaction strength J(> 0). h is an external magnetic field.

It is essential to know the Tc on these random fractals before the DPT study on

them. The DPT can only be observed below the Tc of a system with two metastable

ferromagnetic phases corresponding to all spins up and all spins down.

4.2 Equilibrium phase transition and Tc

Zero field (h = 0) Ferro to paramagnetic phase transition is studied using Monte

Carlo simulations on both the fractal magnets on a square lattice of size L = 128, 256

and 512. The fractal magnet is kept in contact with a heat bath of constant temper-

ature T . The spins are evolved using Metropolis single spin flip dynamics [72, 74]

at T . The spin flip acceptance ratio W is given by

W (Si,j → −Si,j) =

{
e−∆E/kBT if ∆E > 0

1 Otherwise
(4.2)

Where ∆E is the change in energy, both the J and the Boltzmann constant kB are

considered 1. The temperature is expressed in energy units J/kB. One MC step

includes checking and updating all the spins on the fractal once on average. The

equilibrium configurations are achieved after 106 MC steps or iterations starting

from all spin up configurations at a given temperature T under zero external field

h = 0. The system’s thermal equilibrium at a given temperature T is identified by
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T=2.50 T=0.70 T=0.30

(a) (b) (c)
T=0.98 T=0.74 T=0.62

(d) (e) (f)

Figure 4.2: Ising spin configurations on SPC with nearest neighbour interaction in (a)
paramagnetic phase T > TC , (b) around Tc, and (c) ferromagnetic phase T < Tc and
on SPB in (d) paramagnetic phase T > TC , (e) around Tc, and (f) ferromagnetic phase
T < Tc in the absence of external magnetic field on a square lattice of size L = 128.
The black and saffron dots represent up and down spins, respectively. White denotes the
absence of Ising spin on the lattice.

constant magnetization over a period of 105 MC steps. After equilibrium, another

106 iterations are performed. Data are collected at every 100 MC steps to avoid

correlation in the Markov chain of states. Per spin magnetization m is averaged over

104 configurations on 16 different fractals, tolling to a total of 16 × 104 ensemble

averages for both random fractals.

Final spin configurations on a SPC are shown in Fig.4.2 (a), (b) and (c) on a

square lattice of size L = 128 at three different temperatures T = 2.50, T = 0.70

and T = 0.30. The black dots represent the up spins, and the saffron dots represent

the down spins. At a higher temperature (T = 2.50), the spin orientation is found to

be random, corresponding to a paramagnetic phase. As the temperature is lowered,

a critical temperature Tc ≈ 0.70 is found where a finite magnetization appears in

the system. At a further lower temperature (T = 0.3), the fractal magnet is found

to have almost all spins up configuration corresponding to a ferromagnetic phase.

A similar evolution of Ising spins on a SPB is shown in Fig.4.2 (d), (e), and (f) at
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Figure 4.3: Plot of average per spin magnetization m with temperature T for 2d Ising
ferromagnet developed on (a) spanning percolation, and (b) percolation backbone on sys-
tem sizes L = 128(#), 256(3) and 512(△). In the inset of both plots, variation of dm/dT
is shown with temperature T , the minima correspond to respective transition temperatures
Tc = 0.70± 0.04 and 0.74 ± 0.04, respectively.

T = 0.98, 0.74, and 0.62 in paramagnetic, near phase transition, and in ferromagnetic

phase, respectively. It is important to note that long range correlation appears in

both of these fractal magnets below a non-zero small finite critical temperature Tc.

The average spontaneous magnetization per lattice site m at a given T is esti-

mated as

m =
1

Ne

Ne∑

s=1

ms where, ms =
1

N

N∑

i=1

Si (4.3)

where Ne = 16 × 104 is the number of ensembles, N is the total number of spins

on the fractal. The variations of m(T ) with temperature T on a square lattice of

system sizes L = 128(#), 256(3) and 512(△) for Ising ferromagnet on both spanning

percolation and percolation backbone are shown in Fig.4.3(a) and (b) respectively.

The m in the ferromagnetic phase at very low temperature is found close to the

saturation value m = 1 when most of the spins in the cluster are in the same

direction. The m continuously goes to zero in the paramagnetic phase at a higher

temperature when the ferromagnetic order is destroyed by thermal agitation. There

is a finite system size dependence on the variation of m at different L. The critical

temperature Tc is determined from the point of inflection, where the change in the

value of m is maximum with respect to T . The dm/dT is plotted in the inset for

both systems. TC is determined from the position of the deeps. The value of Tc

comes out to be 0.70± 0.04 and 0.74± 0.04 for Ising ferromagnet on SPC and SPB.

This result implies that the fractal Ising magnets developed on a SPC and SPB in
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Chapter 4. DPT in Ising ferromagnet on random fractals

2d square lattice have long range order at a non-zero finite temperature below Tc.

The values of Tc are found to be much smaller than that of a regular Ising system
2

ln(1+
√
2)
≈ 2.269185 on the square lattice. An interesting observation is that the Tc

in the percolation backbone is slightly larger than that of a spanning percolation

cluster. In contrast, the backbone has a comparatively lesser amount of spins. This

behavior can be explained by looking at the system morphologies. There are lots

of dangling ends in the spanning percolation cluster. The spins at the dangling

ends are very weakly connected, and they have disorders or empty sites as their

neighbors. As these spins have weak ferromagnetic order, they flip very quickly at a

comparatively lower temperature, contributing to the spanning percolation cluster’s

early transition. On the other hand, the percolation backbone is prepared specially

by chopping off these dangling ends of a spanning percolation cluster, leaving the

backbone with high ferromagnetic order. So, Tc on the backbone found to be a little

higher.

4.3 Dynamic phase transition

Ising ferromagnets on a spanning percolation cluster and percolation backbone is a

bistable system with two equivalent symmetry broken metastable phases far below

the respective Tc. An external field can take a system resting in one metastable phase

to the other if it gets enough time. Thus, fractal Ising ferromagnets can undergo

nonequilibrium DPT. This section deals with DPT under external sinusoidal field in

Ising ferromagnet on a SPC and SPB. The fractal Ising ferromagnets are strongly

diluted systems with fractal space dimensions. It is expected to reveal novel behavior

in a DPT study.

4.3.1 Model and Simulation

The kinetic Ising model is generated on two different random fractals following

the same methodology described in the previous section - Ising model on random

fractal. The Hamiltonian of the random fractal kinetic Ising model (RFKIM) can

be obtained by replacing the static external field h with a time dependent external

field h(t) in random fractal Ising model Hamiltonian in Eq. 4.1

H = −J
∑

〈ij〉
cicjSiSj − h(t)

∑

i

ciSi (4.4)
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4.3 Dynamic phase transition

Here, an external time t varying sinusoidal oscillating magnetic field h(t) given by

h(t) = h0 sin(2πt/P ) (4.5)

is applied on the system, where h0 is the amplitude and P is the time period of the

oscillating field. h0 is measured in the units of J .

The system is kept in contact with a heat bath at temperature T . The Glauber

Monte Carlo (MC) single spin-flip dynamics [73] is used to evolve the spins at a

particular T and h(t). A spin is chosen randomly and updated from Si to −Si, each

attempted spin flip is accepted with probability,

W (Si → −Si) =
e−∆E/kBT

1 + e−∆E/kBT
(4.6)

where ∆E = 2SiΣ+2Sih(t) is the change in energy due to spin flip. The value of J

and the Boltzmann constant kB is taken to be 1, and the temperature T is measured

in the unit of J . The time unit is one MC step per spin (MCSS). We increase one

MCSS after checking all the spins in the system once on average.

Extensive Monte Carlo (MC) simulation is carried out on two dimensional ran-

dom fractal Ising system of size L = 128, 256 and 512. The initial state is taken

as either all spins up Si = +1 state or all spins down Si = −1 state. The system

is iterated for 106 MC time steps to thermalize it at a given temperature T in the

absence of the external field. A number of equilibrium states with constant magne-

tization are then generated at a given T in the absence of the external field. The

external time-dependent magnetic field h(t) is applied on a randomly chosen equi-

librium state at a given temperature T . The system is further evolved to achieve the

stable dynamic states in the presence of the applied field over 256 cycles, i.e., O(105)
MC steps, before collecting data. The data is collected over the next 106 MC steps

over the stable cycles. Eight randomly chosen equilibrium configurations are taken

as initial samples, and measurements are made on the 1024 stable cycles selected

from all over the time series for each sample. All the simulations are performed for

different temperatures T on random fractals in square lattices of size L = 128, 256

and 512 for fixed field amplitude h0 = 0.75 and period P = 512.

4.3.2 Hysteresis

There is a phase lag between the per spin instantaneous magnetization and the

applied field due to the delay in response of the spins. The ensemble average instan-
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Dynamic ordered phase
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Figure 4.4: Instantaneous magnetization 〈m(t)〉 with MC step t over a complete cycle
of the magnetic field h(t) = h0 sin(2πt/P ) for h0 = 0.75, P = 512 on SPC and SPB for
(a) T = 0.14, (b) T = 0.20 in DOP and (c) T = 0.21, (d) 0.30 in DDP respectively on a
square lattice of size L = 512. The dashed line in red represents the external sinusoidal
field.

taneous magnetization for a given cycle is defined as

〈m(t)〉 = 〈 1
Ns

Ns∑

i=1

Si(t)〉 (4.7)

where Si(t) represents the value of the spin at the ith lattice site at time t and

〈· · · 〉 represents the ensemble average. Ns =
∑L2

i=1 ci is total number of spins. The

variation of 〈m(t)〉 is plotted with MC time step t over a full period in Fig.4.4 on SPC

and SPB for h0 = 0.75 and the period P = 512. The systems presented in this plot

are evolved starting from the all spins up (Si = +1) configurations. Fig.4.4(a), and

(b) have plots at lower temperatures whereas the plots in Fig.4.4(c), and (d) have the

same in higher temperatures. There are few observations; first, the magnetization
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lags behind the magnetic field at all temperatures. This leads to hysteresis loss in

the system. Second, the magnetization remains near +1 (or −1 if started from the

negative metastable phase) for most of the time at low temperatures. Whereas it

is continuously varying from a positive to a negative value and vice versa at higher

temperatures. Now, a period average magnetization Q can be defined as

Q =
1

P

∫ P

0

〈m(t)〉dt (4.8)

where P is the time period of the external field. As a result, the system has a

non-zero period average magnetization (Q 6= 0) (either +ve or −ve) at lower tem-

peratures, but it will have a zero period average magnetization (Q = 0) at higher

temperatures. The system then moves from a non-zero Q to Q = 0 as the tempera-

ture T is increased from a lower value to a higher value far below the respective zero

field ferro-para transition temperature Tc. This observation indicates the existence

of two distinct dynamical phases, one called dynamic ordered phase (DOP) with a

finite period average magnetization and the other called dynamic disordered phase

(DDP) with zero cycle average magnetization. A phase transition from DOP to

DDP occurs at a temperature θc far below Tc.

The hysteresis loops (〈m(t)〉 against h(t)) are shown in Fig.4.5(a) T = 0.14, and

(b) 0.20, and in Fig.4.5(c) T = 0.21, and (d) 0.30 to visualize the hysteresis loop

at different temperatures on SPC and SPB for fixed field amplitude h0 = 0.75 and

P = 512. It can be seen that the hysteresis loops about the zero magnetization line

are asymmetric for lower temperatures, whereas they become symmetric at higher

temperatures. The shape, orientation, and symmetry of the hysteresis loop change

as temperature T is increased. The center of the loop moves from a positive finite

value to zero with the increase in T . The phase corresponding to the asymmetric

hysteresis loop, finite cycle average magnetization (represented by the center of the

loop) is the DOP and the phase corresponding to symmetric hysteresis loop, zero

cycle average magnetization is the DDP, the transition to DDP from DOP occurs

at a temperature θc. The evolution of hysteresis loops with T is shown in Fig.4.6 for

fractal Ising magnet on spanning percolation cluster on L = 512 for fixed h0 = 0.75

and P = 512. The asymmetric hysteresis loops remain very flat, almost like a

horizontal line parallel to the field axis at very low temperatures. As the T is

increased in DOP, the loops acquire some width along the magnetization axis, and

the area gradually increases. Near the DPT, hysteresis loops become symmetric for

the first time. The hysteresis loop area keeps on increasing even after the DPT. The
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Figure 4.5: Hysteresis loops over a complete cycle of field (time period P = 512) on a
square lattice of size L = 512 on SPC and SPB at temperatures (a) T = 0.14, (b) T = 0.20
in DOP and (c) T = 0.21, (d) 0.30 in DDP respectively. The solid circles represent the
centers of the hysteresis loops.

loops rotate while changing their area and shape with increasing temperature. A

similar change in the hysteresis loops can be observed in the case of dynamic phase

transition in fractal ferromagnet on percolation backbone when the T is varied from

a small value in DOP to a high value in DDP.

We can construct a hysteresis loop tensor
←→
T to describe the hysteresis loops’

geometric properties quantitatively such as, hysteresis loops area, shape, and orien-

tation. Here, we will follow the same method to construct
←→
T as already described

in the previous chapters. The hysteresis loop area A of the loop, the average loss in
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Figure 4.6: Evolution of average hysteresis loops with temperature T over a complete
cycle of field on fractal Ising magnet on spanning percolation cluster on L = 512 for fixed
h0 = 0.75 and P = 512. The two eigenvectors are shown in each sub figure, in black and
red corresponding to larger (λ1) and smaller (λ2) eigenvalues, respectively. The hysteresis
loop area, shape, and orientation change as the temperature of the system increases.
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magnetic energy over a cycle, is given by

A = −
∮

m(t)dh(t) (4.9)

However, an approximate loop area A can be obtained in terms of the eigenvalues

of the hysteresis loop as A ≈ 4
√
λ1λ2. The dynamic correlation C is defined as

C = 〈m(t)h(t)〉 − 〈m(t)〉〈h(t)〉 (4.10)

The orientation α can be defined as the angle made by |e1〉 corresponding to the

eigenvalue λ1 with the horizontal axis corresponding to field amplitude. The orien-

tation α of the loop with respect to the field axis is then given by

α = tan−1

(
em
eh

)
(4.11)

where eh and em are the components of |e1〉 along magnetic field and magnetization

axes respectively. The shape of the loop can be studied by measuring the aspect

ratio of the loop. The aspect ratio Φ of the loop is defined as

Φ =

√
λ2

λ1

(4.12)

in terms of eigenvalues λ1 and λ2.

The variation of hysteresis loop area A is shown in top row of Fig.4.7 for SPC

and SPB in Fig.(a) and (b) for h0 = 0.75, P = 512, on different system sizes

L = 128(#), 256(3) and 512(△). A does not have any finite size dependence on

SPC, but in the case of SPB, it shows a small finite size dependence near the θc.

The A of asymmetric loops remains very small in DOP, which increases with T and

reaches a maximum in DDP [45]. The rate of area increase with T is maximum

near the θc. A is plotted with reduced temperature ε = (T − θc)/θc for both SPC

and SPB on the largest lattice L = 512 for a comparison between the two cases

in Fig.(c). As the temperature range slightly different for the SPC and SPB, ε is

used. ε = 0 refers to the DPT temperature θc. It can be seen that the rate of

increase in hysteresis loop areas or loss with T is higher in the case of SPB, but

the rate of loss is lower for SPC. The spin-spin correlation becomes weak on SPC

due to dangling ends present in it, but spins have better correlations in SPB. Thus

a field can more easily alter the spin orientations in the case of SPC, and the rate

of loss decreases. When the spin correlation opposes the field, the loss increases.
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Figure 4.7: Hysteresis loop area A with T is shown on different L for (a) SPC, and
(b) SPB. (c) A is plotted with reduced temperature ǫ for the two different cases. In the
bottom row, aspect ratio Φ with T is shown on different L for (d) SPC, and (e) SPB. (f)
Φ is plotted with reduced temperature ǫ for two different cases.

In Fig. 4.7 (c) and (d) the aspect ratio Φ is shown against T for SPC and SPB,

respectively for h0 = 0.75, P = 512, on different system sizes L = 128(#), 256(3)

and 512(△). The Φ also shows no finite size effects in the case of SPC but has some

small finite size effects for PCB near its θc. The Φ is small in DOP, corresponding

to asymmetric hysteresis loops. Φ increases as the loop area increases with T in

DOP. The aspect ratio increases with T even after θc, and then starts going down

with a further increase in T in DDP. The aspect ratio φ with ε is shown in Fig.(e)

for SPC and SPB on the largest lattice L = 512. The rate of increase of Φ with T

as well as the rate of decrease −dΦ/dε is higher in the SPB. The peak value of Φ is

taller for SPB. The variation of dynamic correlation C is shown in top row of Fig.4.8

for SPC and SPB in Fig.(a) and (b) for h0 = 0.75, P = 512, on different system

sizes L = 128(#), 256(3) and 512(△). C does not have any finite size dependence

on SPC, but in the case of SPB, it shows a small finite size dependence near the

θc. The C depicts the effect of the field on the spin system. In the kinetic Ising

model on a regular lattice, the C starts from a slightly positive value in DOP and

becomes negative near the DPT due to strong spin correlations. After that, with

a further rise in T it becomes positive when the field starts dominating overs spins
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Figure 4.8: Dynamic correlation C with T is shown on different L for (a) SPC, and
(b) SPB. (c) C is plotted with reduced temperature ǫ for the two different cases. In the
bottom row, hysteresis loop orientation α with T is shown on different L for (d) SPC, and
(e) SPB. (f) Φ is plotted with reduced temperature ǫ for two different cases.

as the spin correlations are destroyed due to thermal agitation. Here, we do not

see the C assume a negative value. It implies that the field always dominates. The

value of C is smaller in DOP due to small but finite ferromagnetic order, which gets

destroyed with the increase in T and C value increases with T . The C is plotted

with reduced temperature ε for both SPC and SPB on the largest lattice L = 512

for a comparison between the two cases in Fig.(c). It can be seen that the C is

always higher on SPC. This is the effect of dangling ends present on a SPC, which

further helps the field to affect the spins in the system. In Fig. 4.8 (c) and (d) the

hysteresis loop orientation α is shown against T for SPC and SPB, respectively for

h0 = 0.75, P = 512, on different system sizes L = 128(#), 256(3) and 512(△). The

α does not show any considerable finite size effects for both SPC and PCB. The α

is small in DOP, corresponding to asymmetric tiny hysteresis loops. α increases at

the same time when the loop area increases with T in DOP. The α has a sharp rise

with T when the field dominance increases further. The loop orientation α with ε

is shown in Fig.(e) for SPC and SPB on the largest lattice L = 512. The peak value

of α is higher for SPB.
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Figure 4.9: Plot of dynamic order parameters |Q|, (b) susceptibility χ and (c) Binder
cumulant UL against temperature T for h0 = 0.75 and P = 512 on SPC with system sizes
L = 128(#), 256(3) and 512(△). d|Q|/dT is plotted with T in the insets of (a). The
scaled order parameters, |Q|Lβ/ν , scaled susceptibility χL−γ/ν , and UL are plotted against
the scaled variable εL1/ν in (d), (e) and (f), respectively.

4.4 Finite size scaling study

We have already seen that the magnetization and the hysteresis loops are different

under an external time dependent field while tuning the temperature T of the system

for fixed h0 and P . The system moves from an asymmetric dynamic phase (or DOP)

to a symmetric dynamic phase (or DDP) as the temperature T of the system (below

the critical temperature Tc) is increased from below θc to above θc. There is a

critical temperature at which DPT occurs. In DOP, the system remains in one of

the metastable states, whereas, in DDP, the system moves from one metastable state

to the other in a complete cycle. The period average magnetization Q

Q =
1

P

∫ P

0

m(t)dt (4.13)

is taken as the dynamic order parameter of DPT. The Q could have both positive

and negative values in DOP corresponding to two metastable states. We describe

a finite size scaling (FSS) theory here considering absolute order parameter |Q|.
Following the theory of thermal critical phenomena [5, 7], the finite size scaling
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(FSS) form of |Q| is assumed to be

|Q| = L−β/νQ̃[εL1/ν ] (4.14)

where Q̃ is a scaling function, β and ν are the order parameter and correlation length

exponents, respectively. The susceptibility χ of the system then can be estimated

from the fluctuation of dynamic order parameter |Q| as

χ = Ldf (〈|Q|2〉 − 〈|Q|〉2) (4.15)

where 〈|Q|n〉 =
∫
|Q|nPL(|Q|)d|Q| and df = 1.89, and 1.64 for SPC and SPB re-

spectively. The FSS form of χ is then given by

χ = Lγ/ν χ̃[εL1/ν ] (4.16)

where χ̃ is a scaling function. γ is the susceptibility exponent. The fourth order

Binder cumulant is defined as,

UL = 1− 〈Q4〉
3〈Q2〉2 (4.17)

and its FSS form is given by

UL = Ũ [εL1/ν ] (4.18)

where Ũ is a universal scaling function.

The temperature variation of dynamic order parameter |Q|, susceptibility χ, and

Binder cumulant UL is plotted against T in top row of Fig.4.9 and Fig.4.10 for SPC

and SPB, respectively on different system sizes L = 128(#), 256(3) and 512(△)

for fixed h0 = 0.75 and P = 512. The |Q|s shown in Fig.(a) have strong finite

system size dependence and change almost similarly both on the SPC and SPB,

except they have different θc. The value of θc is estimated from the temperature

where the change of Q with T i.e., d|Q|/dT is maximum. The d|Q|/dT is plotted

with T in both cases in the inset, and the θcs are determined from the trough in

each plot. The values of θc found to be 0.17 ± 0.01, and 0.25 ± 0.01 for SPC, and

SPB respectively. The θc is little higher in the case of SPB in comparison with

SPC. The dangling ends surrounded by empty lattice sites in SPC get flipped at a

lower T . As a result, Tc becomes a little less on the SPC. Next, we verify the FSS

forms of |Q| by plotting the scaled order parameters |Q|Lβ/ν are plotted against

the scaled variable εL1/ν in Fig.(d) for both SPC and SPB. The kinetic Ising model
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Figure 4.10: Plot of dynamic order parameter |Q|, (b) susceptibility χ and (c) Binder
cumulant UL against temperature T for h0 = 0.75 and P = 512 on SPB with system sizes
L = 128(#), 256(3) and 512(△). d|Q|/dT is plotted with T in the insets of (a). The
scaled order parameters, |Q|Lβ/ν , scaled susceptibility χL−γ/ν , and UL are plotted against
the scaled variable εL1/ν in (d), (e) and (f), respectively.

critical exponents are identical with the equilibrium Ising universality class on 2d

regular lattice. However, a good data collapse occurs when the random percolation

class’s critical exponents are used, β = 5/36, and ν = 4/3. It is worth mention that

the decay of a metastable phase involving nucleation and coalescence mechanism

produces transient percolation clusters. There are some past efforts to establish a

one to one correspondence between the random percolation model and Ising spin

dynamics [125, 126]. In the case of DPT on a SPC and SPB the percolation effects

seem predominant.

The susceptibility χ plotted against T shows a peak around the phase transition

point θc for both SPC and SPB in Fig.(b). The peak is the manifestation of the fact

that the system goes through huge fluctuation near the phase transition. The χ has

strong finite size effects in both systems. The largest χ value is corresponding to

the largest system size in each case as the larger lattice consists of more amount of

spins and contributes to maximum fluctuation. The maximum of χ is greater in the

case of SPB in comparison with SPC for the largest lattice (L = 512). The χ/L2

for different system sizes are not the same for both SPC and SPB. It indicates the
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transition is not of the first order or discontinuous type. The FSS forms of χ are

verified with the same set of critical exponents as described above for both different

cases. The scaled susceptibility χL−γ/ν are plotted against the scaled variable εL1/ν

in Fig.(e) of both Fig.4.9 and Fig.4.10. Here, a good collapse of data occurred with

critical exponents of the random percolation class (γ = 43/18 ≈ 2.39) while Ising

exponents did not show good results.

The UL is plotted against temperature T in Fig.(c) of Fig.4.9 and Fig.4.10 for

SPC and SPB, respectively for different values of L. In each case, UL corresponding

to the different system sizes L cross each other at a temperature. The crossing

points are found to be ≈ 0.17, and 0.25 for SPC and SPB, respectively, which are

very close to the estimated θc from the order parameter in the inset of Fig.(a).

The temperature θc∞ at which such crossing occurs indicates the phase transition

temperature of the system in the thermodynamic limit. The value of UL at the

crossing is found to be U∗ ≈ 0.65 and 0.61 for SPC and SPB. The UL are plotted

against the scaled variable εL1/ν in Fig.(f) in Fig.4.9 and Fig.4.10 for SPC and

SPB. The FSS forms of UL is verified with critical exponent ν = 4/3 of the random

percolation class. A good collapse of data is observed.

4.5 Magnetization time series

The study of magnetization time series and the order parameter distribution can help

to comprehend the system dynamics in DOP, DPT and DDP in a more insightful

manner. In Fig.4.11, selected portion of the magnetization time series m(t) (solid

line) and the order parameter distribution are plotted at different temperatures (a)

T = 0.12, (b) T = 0.18 ≈ θc and (c) T = 0.22 corresponding to DOP, DPT and

DDP on a system of size L = 512 for h0 = 0.75, P = 512 on SPC. A similar set

of magnetization time series are plotted for the SPB in Fig.4.12 (a) T = 0.20, (b)

T = 0.26 ≈ θc and (c) T = 0.30 corresponding to DOP, DPT and DDP on a system

of size L = 512 for fixed h0 = 0.75, P = 512. The 〈τ〉 is always larger than the

half period P1/2 in DOP in all the cases. As a result, the system can not come

out from the metastable well it is already in and m(t) shows a small fluctuation

about a finite non-zero value (see Fig.(a) of both figures) but does not cross zero.

The corresponding distribution (histogram) of the order parameter Q is shown in

Fig.(d). It is evident from the distribution that the system remains trapped in either

of the wells. As temperature increases, the average metastable lifetime 〈τ(T, h0)〉
becomes comparable with the half period of the external field P1/2 and DPT occurs.
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The situation is described in Fig.(b) and (e). Them(t) varies from a positive value to
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Figure 4.11: Plot of magnetization time series m(t) against MCS (t) at different tem-
peratures (a) T = 0.12 (DOP), (b) T = 0.18 (around DPT) and (c) T = 0.22 (DDP)
on a SPC of size L = 512 for h(t) = h0 sin(2πt/P ), with h0 = 0.75 and P = 512. The
corresponding distribution of Q are given in (d), (e) and (f) respectively. Histograms are
obtained for 2048 order parameters Q over 60 equispaced bins.

a negative value (or negative to positive) and crosses zero, as shown in Fig.(b). Note

that m(t), however, does not reach a value +1 or −1. The distribution of Q (Fig.(e))

have peaks around±|Q|c. At this point, when the cycle average magnetization is still

finite, the external field can move the system from one well to the other smoothly.

Usually, in large systems, it corresponds to the MD regime [34, 36, 90]. There is one

remarkable difference in the fractal magnets compared to the regular kinetic Ising

system is the value of |Q|c. The fractal magnets are strongly diluted and highly

dominated by the external field having a very weak ferromagnetic order. So, the

peak of m(t)s around θc is small compared to the regular Ising system. As a result,

the |Q|cs are also very small, and the peak to peak separation (∆p = 2|Q|c) is quite
small in the fractal Ising model than a regular kinetic Ising model. The ∆p is the

smallest at θc in a SPC due to its dangling ends. The value of ∆p improves a little

in SPB.

In DDP, 〈τ〉 is smaller than the P1/2, m(t) follows the external field with certain

phase lag changes from close to +1 to close to −1 as shown in Fig.(c). Most of
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Figure 4.12: Plot of magnetization time series m(t) against MCS (t) at different tem-
peratures (a) T = 0.20 (DOP), (b) T = 0.26 (around DPT) and (c) T = 0.30 (DDP)
on a SPB of size L = 512 for h(t) = h0 sin(2πt/P ), with h0 = 0.75 and P = 512. The
corresponding distribution of Q are given in (d), (e) and (f) respectively. Histograms are
obtained for 2048 order parameters Q over 60 equispaced bins.

the states arise at Q = 0, and the distribution N(Q) has a single peak around zero

Q as shown in Fig.(f). Both the DPT on a SPC and SPB at fixed field intensity

h0 = 0.75, P = 512 on the systems of size 128, 256 and 512 are found to exhibit

continuous DPT.

4.6 Summary and Discussion

The nonequilibrium DPT is studied on the 2d kinetic Ising ferromagnet developed on

two random fractals - spanning percolation cluster (SPC) and percolation backbone

(SPB) on several system sizes L = 128, 256, and 512 using Monte Carlo methods. A

small finite transition temperature Tc is observed for both SPC and SPB. The value

of Tc in SPB is slightly higher than that of SPC as the dangling ends surrounded

by empty sites of SPC can be easily flipped with little thermal energy or external

field, whereas SPB has no such dangling ends. Nonequilibrium DPT is studied

below respective Tcs on SPC and SPB tuning the temperature T at fixed field

amplitude h0 = 0.75, and period P = 512. The m(t) follows the field h(t) with a
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certain phase delay. As a result, hysteresis loops too appear in fractal Ising systems.

Below respective θc, the hysteresis loops remain asymmetric in DOP, which becomes

symmetric in DDP with an increase in T . The θc of SPB, θc = 0.25 is slightly higher

than that of SPC θc = 0.17. The hysteresis loop properties, such as loop area A,

dynamic correlation C, orientation α, and aspect ratio Φ are evaluated from the

geometry of the loops. The hysteresis loops transform from asymmetric in DOP to

symmetric in DDP while hysteresis loop area A, aspect ratio Φ and orientation α

increase with T . The rate of change of A and Φ with T are enhanced in SPB due

to a stronger spin correlation than SPC. The dynamic correlation C always remains

positive, unlike the regular Ising system or even system with random spin dilution

up to q = 0.1 and 0.2. It is the manifestation of strong external field dominance in

SPC and SPB. The C is found to be further higher in SPC. The α shows a jump

at a higher T value where spin-spin correlations are lost. The values of Qc around

θc in SPC and SPB come out small compared to a regular lattice as the maximum

value of m(t) in either metastable well is smaller due to weak ferromagnetic order.

The peak-to-peak separation ∆p in the distribution of order parameters around θc

becomes smaller in the case of fractal Ising systems. The ∆p is even smaller in SPC

than SPB. A detailed FSS study shows that the order parameter |Q|, susceptibility
χ, and Binder cumulant UL obey the finite size scaling. Reasonably good data

collapse is observed for FSS variables using the scaling exponents of the random

percolation class (not the Ising class) for both SPC and SPB. In the limit p → pc

and T → 0, it is known that the percolation exponents replace all critical exponents

of the Ising model [120]. However, the existence of finite low Tc of SPC and SPB

and its critical behavior needs to be verified by a detailed numerical study on larger

systems.
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Chapter 5

Summary and Conclusion

The nonequilibrium dynamic phase transition (DPT) and hysteresis are studied on

2d Ising ferromagnet on the regular square lattice, random diluted disordered lattice,

and random fractals. Phase transitions are studied either varying the temperature

T of the system for fixed field amplitude h0 and period P or varying the period

P of the external field at fixed field amplitude h0 and T . A new methodology is

described to study the geometrical aspects of the hysteresis loops as well as DPT.

Extensive numerical work with a detailed finite-size study (FSS) is carried out to

explore nonequilibrium DPT using the Monte Carlo technique on systems of size L

varying from 64 to 1024. A brief review of the equilibrium phase transition in the

Ising model, features of dynamic phase transition, and hysteresis in bistable Ising

ferromagnet is described in Chapter 1. A thorough survey of existing literature on

DPT in the magnetic system is made in the introduction chapter before posing the

thesis problems with appropriate motivations. Below we summarize the effect of an

external field, temperature, and dilution on DPT in the ferromagnetic Ising model

on different square lattices in 2d.

In Chapter 2, we study temperature varied DPT in 2d regular kinetic Ising

ferromagnet through an extensive Monte Carlo study under an external sinusoidal

external field for different field amplitudes h0 = 1.0, 2.0, and 3.0 on several system

sizes. The period of the field P = 512 is kept constant throughout the study. The

DPT occurs when the average metastable lifetime becomes comparable to the half-

period of the external field. We have estimated the average τ at different T for

a fixed h0 of sinusoidal a field and estimated θc, the critical temperature of DPT

(below Tc), corresponding to a given h0. Both the asymmetric hysteresis loops in

DOP and symmetric loops in DOP change their area, shape, and orientation as the

system evolves from DOP to DDP. We quantify the hysteresis loop related quantities
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in a newly developed methodology to study the DPT from the changing geometry of

the hysteresis loops. The known DPT related quantities are also recalculated using

the new method. The nature of DPT remained ambiguous for a long time, whether

the DPT is a continuous type phase transition or not. We observed stochastic

resonance behavior at the high field regime on the smaller system size. However, a

similar study on higher system size shows the DPT under sinusoidal field is indeed

a second-order phase transition. Finite-size scaling analysis, the variation of fourth

order Binder cumulant at several system sizes, and distribution of order parameters

are reported to support the findings. We conclude that the DPT under sinusoidal

external field on 2d is a second-order phase transition with the critical exponents

belonging to the 2d equilibrium Ising model. The stochastic resonance behavior at

high field regime was just a finite system size effect on smaller lattices that do not

persist on larger systems.

Spin diluted systems are abundantly found in nature. DPT on a diluted Ising

ferromagnet is rarely reported. We study the nonequilibrium DPT on the 2d site

diluted Ising ferromagnet on several system sizes varying the T for fixed h0 and P

as well as varying P of the external field keeping T and h0 constant in Chapter 3.

The dilution q has nontrivial effects on the spin system. The critical temperature

of DPT θc(q) and the critical period Pc(q) of DPT are found to reduce with increas-

ing dilution. The hysteresis loops below θc or Pc remain asymmetric in DOP, and

above, they become symmetric as moved to DDP. As q increases, the rate of change

in hysteresis loop area A and aspect ratio Φ reduces as the spin-spin correlation di-

minishes. The dynamic correlation C, which manifests the external field’s influence

on a correlated spin system, increases with higher dilution. A detailed FSS analysis

on the diluted system shows continuous phase transition from DOP to DDP for both

the DPT varied temperature and period. The scaling exponents in FSS variables

are verified under the weak universality hypothesis and the strong universality hy-

pothesis. The diluted Ising model’s DPT seems to belong to the same universality

class as the equilibrium diluted Ising system. The exponents vary slightly from that

of a regular system. Scaled variables show good data collapse with these scaling

exponents.

The work on Ising ferromagnet on random fractal is described in Chapter 4,

where we study DPT on Ising ferromagnet in two different random fractals, spanning

percolation cluster (SPC) and spanning percolation backbone (SPB). Assigning Ising

spins to the fractal lattice sites, we obtain the random fractal Ising model. Though

it is expected that as p → pc, Tc should tend to zero, a small finite transition
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temperature Tc is found in the equilibrium ferro to paramagnetic phase transition

for both SPC and SPB when studied numerically. The Tc of SPB is found to be a

little higher than SPC. Expecting that a ferromagnetic phase exists below this low

Tc, DPT and hysteresis analysis has been performed on these fractal lattices. A few

new features are obtained. However, a further detailed numerical study should be

carried out on larger system sizes to conclude the existence of ferromagnetic phase

at finite T and the precise nature of the DPT on the fractal Ising models.

The researches reported in this thesis can be further be extended in several direc-

tions. For example, DPT on a binary mixture Ising spins having two different kinds

of spins interaction strength can be studied. The variation of relative interaction

strength can lead to novel behavior.
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