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Abstract

For A ⊆ Z, we consider R(A) = {a/b : a, b ∈ A, b 6= 0}, called the ratio set or

quotient set of A. It is an open problem to study the denseness of R(A) in the set

of p-adic numbers. We study the problem for the cases when A is the set of values

attained by an integral form, polynomial and when A is the set of integers formed

by a linear recurrence relation. We also calculate the p-adic valuation of certain

third order linear recurrence sequences.

Firstly, we study the denseness of ratio set of images of cubic forms ax3 + by3,

where a and b are integers. We also prove that if A is the set of nonzero values

assumed by a non-degenerate, integral and primitive cubic form with more than

9 variables, then R(A) is dense in Qp. Then, we extend the results to diagonal

binary forms given by axn + byn for all n ≥ 3. We also study p-adic denseness

of quotients of nonzero values attained by diagonal forms of degree n ≥ 3, where

gcd(n, p(p − 1)) = 1. Also, we provide a necessary condition for the denseness of

ratio sets of values attained by polynomials whose non-linear irreducible factors have

degrees which are multiples of an integer q > 1.

Secondly, we focus on the denseness problem in the case of linear recurrence

sequences. Let (xn)n≥0 be a linear recurrence of order k ≥ 2 satisfying

xn = a1xn−1 + a2xn−2 + · · ·+ akxn−k

v
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vi Abstract

for all integers n ≥ k, where a1, . . . , ak, x0, . . . , xk−1 ∈ Z, with ak 6= 0. In a recent

paper, Sanna posed an open question to classify primes p for which the quotient set

of (xn)n≥0 is dense in Qp. We find a sufficient condition for denseness of the quotient

set of the kth-order linear recurrence (xn)n≥0 satisfying xn = a1xn−1+a2xn−2+ · · ·+

akxn−k for all integers n ≥ k with initial values x0 = · · · = xk−2 = 0, xk−1 = 1, where

a1, . . . , ak ∈ Z and ak = 1. We show that if the characteristic polynomial of the

recurrence sequence has a root ±α, where α is a Pisot number and if p is a prime

such that the characteristic polynomial of the recurrence sequence is irreducible in

Qp, then the quotient set of (xn)n≥0 is dense in Qp. We also show that given a

prime p, there exist infinitely many recurrence sequences of order k ≥ 2 so that

their quotient sets are not dense in Qp. Further, we answer Sanna’s question for

certain linear recurrence sequences whose characteristic polynomials are reducible

over Q.

Thirdly, we examine p-adic valuations of third order linear recurrence sequences.

In a recent paper, Bilu et al. studied a conjecture of Marques and Lengyel on the

p-adic valuation of the Tribonacci sequence. We study the p-adic valuation of third

order linear recurrence sequences by considering a generalisation of the conjecture

of Marques and Lengyel for third order linear recurrence sequences. Suppose that

(xn) is a third order linear recurrence sequence whose characteristic polynomial has

a root γ such that |γ| > 1. We show that if there exists a prime p for which the

conjecture holds for (xn), then the solution set of the Diophantine equation given

by xn = m! in positive integers n,m is finite. We also show that the solutions can

be effectively computed when the form of the conjecture is explicitly known.

We conclude the thesis by considering the notion of direction sets which was

introduced by Leonetti and Sanna in 2020. Direction sets generalize ratio sets of

subsets of positive integers in R. We generalize the notion of direction sets. We also

give a partial answer to a question posed by Leonetti and Sanna.
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Introduction

Mathematics, particularly number theory, is filled with intriguing problems that

captivate both experts and anyone with a basic understanding of arithmetic due

to their elegant simplicity. One prominent story that illustrates this is that of

Andrew Wiles, who, as a schoolboy, dreamed of solving Fermat’s Last Theorem and

ultimately achieved this remarkable feat. Throughout the history of number theory,

many seemingly simple problems have taken hundreds of years to solve, leading to

the development of various theories and objects that enrich the field of mathematics

and pave the way for further exploration. One such object is the set of p-adic

numbers, denoted as Qp. The p-adic numbers were first described by Kurt Hensel in

1897 and later explored more extensively by his student Helmut Hasse, particularly

in relation to the local-global principle. In this thesis, we aim to investigate specific

subsets of rational numbers and uncover as much information as possible about the

denseness of these sets in Qp.

We consider ratio sets which are subsets of rational numbers. Given a subset

A of the set of integers, the set R(A) = {a/b : a, b ∈ A, b 6= 0} is called the ratio

set or quotient set of A. It is an open problem to characterise all subsets of N

whose ratio sets are dense in the positive real numbers. Various results have been

obtained based on different properties of a set, such as the asymptotic density of

a set, sets containing arithmetic progressions, numbers with specific digits, subsets

1
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2 Introduction

that partition N etc. See for example [5, 7, 8, 9, 21, 25, 26, 31, 33, 37, 45, 46, 48, 49].

An analogous study has also been conducted for subsets of algebraic number fields.

In [18], Garcia showed that the ratio set of Gaussian primes is dense in the set of

complex numbers. More general results on ratio sets of primes in arbitrary quadratic

number fields were obtained by Sittinger in [43].

Recently, many mathematicians have been exploring classical number theory

problems within the p-adic framework. This approach makes the problems inter-

esting in many ways; one of which is that it translates questions about integer

congruences into problems in p-adic analysis, providing powerful analytical tools.

The proof of the Skolem-Mahler-Lech theorem is an example of how p-adic analysis

can effectively address problems in number theory.

Naturally, the denseness of ratio sets in Qp is also a compelling topic of study.

This exploration was initiated by Garcia and Luca [20], who showed that the ratio

set of Fibonacci numbers is dense in Qp for all primes p. Subsequently, Sanna [42]

demonstrated that the ratio set of k-generalized Fibonacci numbers is dense in Qp,

leaving the problem open for any arbitrary linear recurrence sequence of order k

with k > 1.

Garcia, Hong, Luca, Pinsker, Sanna, Schechter, and Starr [19] expanded this

investigation by examining various types of sets. They highlighted how the denseness

of sets in the real numbers differs from that in the p-adic setting. For instance, the

set of ratios derived from the Fibonacci numbers is dense in Qp for all primes p, while

the ratio set is not dense in R. Conversely, the set of prime numbers has a dense

ratio set in R, but is not dense in any Qp. Furthermore, they demonstrated that the

denseness of a quotient set in one p-adic number system is completely independent

from its denseness in another system. Specifically, they showed that for each set P

of prime numbers, there exists a subset A ⊂ N such that the ratio set R(A) is dense

in Qp if and only if p ∈ P .

The representation of integers as sums of squares has its roots in ancient history
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Introduction 3

and gained attention through the works of mathematicians such as Fermat, La-

grange, and Legendre. Lagrange’s four-square theorem asserts that every positive

integer can be expressed as the sum of four integer squares. Subsequent research has

explored more general quadratic forms and the representation of integers as sums of

higher powers. This naturally leads to investigations into the denseness of the ratio

set formed by the sums of the nth powers of integers. In [19], Garcia et al. considered

the sum of squares. One of their results states that if A = {x2 + y2 : x, y ∈ Z} \ {0},

then R(A) is dense in Qp if and only if p ≡ 1 mod 4. They further posed questions

about the denseness of ratio sets associated with quadratic and cubic forms. The

denseness of the ratio set of nonzero values assumed by a quadratic form has been

completely addressed by Donnay, Garcia, and Rouse [14]. The ratio set generated

by a quadratic form Q is R(Q) = {Q(x)/Q(y) : x, y ∈ Zr, Q(y) 6= 0}. They showed

that for a non-singular binary quadratic form Q, R(Q) is dense in Qp if and only

if the discriminant of Q is a nonzero square in Qp. They also proved that for a

non-singular quadratic form involving at least three variables, R(Q) is always dense

in Qp. Later, Miska [35] provided a shorter proof for the same result. However, the

problem remains open for forms of degree greater than 2. In [36], Miska, Murru,

and Sanna showed that for any prime p, R(S3
m) is dense in Qp for all integers m ≥ 2,

where S3
m = {x31 + · · · + x3m : x1, . . . , xm ∈ Z≥0}. They also considered the case

when A is the set of values assumed by p-adic analytic functions. In particular, they

studied the denseness of R(A) in Qp when A is the image of N under a polynomial

f ∈ Z[X] and gave a characterisation for degree 1 and 2 cases. However, the problem

of finding an effective criteria that determines the denseness of ratio sets of values

assumed by polynomials of degrees greater than 2 remains unsolved.

Recurrence sequences have long been of great interest to number theorists. Con-

siderable research has been conducted on linear recurrence sequences, and a variety

of results and applications can be found in the survey by Everest et al. [15]. The

problem of denseness of ratio set of linear recurrence sequences is also interesting

TH-3679-196123104



4 Introduction

and has been explored. In [19], Garcia et al. considered the ratio set of second order

linear recurrence sequence and extended the result known for Fibonacci sequences to

a more general class of second order linear recurrence sequences. In particular, they

produced a result for sequences (an)n≥0 and (bn)n≥0 defined as an = ran−1 + san−2

for n ≥ 2 with initial values a0 = 0 and a1 = 1 where r and s are two fixed integers

and (bn)n≥0 defined as bn = rbn−1 + sbn−2 for n ≥ 2 with initial values b0 = 2 and

b1 = r. In [42, Theorem 1.2], Sanna showed that, for any k ≥ 2 and any prime p, the

ratio set of the k-generalized Fibonacci numbers is dense in Qp, where k-generalized

Fibonacci number (F
(k)
n )n≥−(k−2) is defined as

F
(k)
−(k−2) = · · · = F

(k)
0 = 0, F

(k)
1 = 1, F (k)

n = F
(k)
n−1 + F

(k)
n−2 + · · ·+ F

(k)
n−k,

for all integers n > 1. Sanna also posed the question of characterizing primes p for

which the ratio set of an arbitrary kth-order linear recurrence sequence is dense in

Qp. This problem remains open.

For a prime p and a nonzero integer n, the p-adic valuation of n, denoted νp(n), is

defined as the highest power of p that divides n. Understanding the p-adic valuation

is useful for investigating the denseness of sets in the p-adic metric space. Calculating

the p-adic valuation of integers with special properties, such as linear recurrence

sequences [2, 4, 28, 29, 32, 41, 50] and Stirling numbers [34], among others, is an

interesting problem in itself. In [28], Lengyel completely characterized the p-adic

valuation of the Fibonacci sequence. Later, Sanna [41] addressed the valuation

problem for any second order linear recurrence sequence with initial values x0 = 0

and x1 = 1. Garcia et al. [19] utilized Sanna’s result to identify conditions for the

denseness of the ratio set of such second order linear recurrence sequences in Qp.

Unlike the case of second order linear recurrence sequences, finding the p-adic

valuation of third order linear recurrence sequences remains largely unsolved. In [32],

Marques and Lengyel calculated the 2-adic valuation of the Tribonacci numbers Tn
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Introduction 5

and applied their findings to solve the Diophantine equation Tn = m! for positive in-

tegers n and m. The 2-adic valuations of other generalizations of Fibonacci numbers

were also studied, as in [29, 44, 50]. Furthermore, the 2-adic and 3-adic valuations

of Tripell sequences were addressed by Bravo et al. in [4]. However, the problem

of deriving a closed formula which gives the p-adic valuation of Tribonacci numbers

for any prime p remains unsolved. In [32, Conjecture 8], Marques and Lengyel con-

jectured that the p-adic valuation of a Tribonacci number Tn is either constant or

linearly dependent on the p-adic valuation of the index n of the sequence. However,

Bilu et al. demonstrated in [2, Theorem 1.5] that this conjecture fails for a specific

infinite set of primes with a relative density of 1/12. They also gave some equiv-

alent conditions for the validity of the conjecture for a prime p. In doing so, they

introduced certain notions of zeros of a linear recurrence sequence.

For a linear recurrence sequence (xn), n ∈ Z is said to be a zero of the sequence

if xn = 0. In [2], Bilu et al. generalized the concept of zeros by introducing the

notions of twisted integral zeros and twisted rational zeros. Moreover, in [3], they

established that the number of twisted rational zeros of a non-degenerate linear

recurrence sequence is finite which generalises the Skolem-Mahler-Lech theorem.

They also calculated the set of twisted rational zeros of the Tribonacci sequence

explicitly.

In this thesis, we study the problem of the denseness of ratio sets of values

assumed by polynomials and forms of degree greater than 2. We also investigate

the denseness problem for different types of linear recurrence sequences, thereby

addressing the question posed by Sanna for several linear recurrence sequences.

Furthermore, we examine the p-adic valuation of certain third order linear recurrence

sequences and demonstrate how this valuation is useful in solving a Diophantine

equation involving the terms of the sequence. We also calculate the twisted integer

zeros of certain third order linear recurrence sequences explicitly. Additionally, we

consider a generalization of ratio set in R, known as the direction set.
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6 Introduction

Organization of the Thesis

We present the entire work of this thesis in seven chapters as described below.

• Chapter 1: Preliminaries

• Chapter 2: p-Adic quotient sets: cubic forms

• Chapter 3: p-Adic quotient sets: polynomials and integral forms

• Chapter 4: p-Adic quotient sets: linear recurrence sequences- I

• Chapter 5: p-Adic quotient sets: linear recurrence sequences- II

• Chapter 6: p-Adic valuation of third order linear recurrence sequences

• Chapter 7: Direction sets

In Chapter 1, we define p-adic numbers and describe some properties of the set of

p-adic numbers. We also state some theorems that will be used to prove our results

in the subsequent chapters.

In Chapter 2, we consider the ratio set of images formed by cubic forms and study

its denseness in the set of p-adic numbers. In particular, we study the denseness

problem for the cubic forms ax3+by3, where a and b are integers. We also prove that

if A is the set of nonzero values assumed by a non-degenerate, integral and primitive

cubic form with more than 9 variables, then R(A) is dense in Qp. Additionally, we

show that for p 6= 3, the ratio set of a diagonal cubic form containing more than 6

variables is dense in Qp.

In Chapter 3, we extend the results to the diagonal binary forms axn+byn for all

n ≥ 3. We also consider diagonal forms of degree n ≥ 3, where gcd(n, p(p− 1)) = 1

and find that
⌈
n+1
2

⌉
is the least number r such that for every integral diagonal form

F of degree n depending essentially on at least r variables, the ratio set of values

assumed by F is dense in Qp. We also study the problem for values assumed by

TH-3679-196123104



Introduction 7

polynomials and give some necessary conditions for the denseness of the ratio set

by giving bounds for the number of irreducible factors of the polynomial.

In Chapter 4, we study the problem of denseness for ratio set of linear recurrrence

sequences. We find a sufficient condition for the denseness of the quotient set of the

kth-order linear recurrence (xn)n≥0 satisfying xn = a1xn−1 + a2xn−2 + · · · + akxn−k

for all integers n ≥ k with initial values x0 = · · · = xk−2 = 0, xk−1 = 1, where

a1, . . . , ak ∈ Z and ak = 1. We show that if the characteristic polynomial of the

recurrence sequence has a root ±α, where α is a Pisot number and if p is a prime

such that the characteristic polynomial of the recurrence sequence is irreducible

in Qp, then the quotient set of (xn)n≥0 is dense in Qp. Also, we show that given a

prime p, there exist infinitely many recurrence sequences of order k ≥ 2 so that their

quotient sets are not dense in Qp. We also study the quotient sets of linear recurrence

sequences with coefficients in some arithmetic and geometric progressions.

In Chapter 5, we examine the denseness of ratio sets of linear recurrence se-

quences whose characteristic polynomials are reducible over Q. Specifically, we fo-

cus on kth-order linear recurrence sequences whose characteristic polynomials have

k distinct roots in Z. We also analyze kth-order linear recurrence sequences whose

characteristic polynomials have two equal roots and k − 2 distinct roots in Z. Fur-

thermore, we establish conditions that ensure the denseness of ratio sets of kth-order

linear recurrence sequences when the characteristic polynomials have an integer root

with multiplicity k and obtain an equivalent condition when k = 3.

In Chapter 6, we explore the p-adic valuation of third order linear recurrence

sequences by examining a generalization of the conjecture [32, Conjecture 8] pro-

posed by Marques and Lengyel. Consider a third order linear recurrence sequence

(xn) whose characteristic polynomial has a root γ such that |γ| > 1. We demon-

strate that if there exists a prime p for which the conjecture holds for (xn), then

the set of positive integer solutions to the Diophantine equation xn = m! is finite.

Furthermore, we establish that these solutions can be effectively computed when

TH-3679-196123104



8 Introduction

the form of the conjecture is explicitly known. Additionally, we show that the set of

twisted integer zeros is equal to the set of zeros for a third order linear recurrence

sequence provided the splitting field of the characteristic polynomial satisfies certain

conditions.

Finally, in Chapter 7, we generalize the notion of direction sets and define k-

generalized direction sets and distinct k-generalized direction sets for subsets of

positive integers. We prove a necessary condition for a subset of Sk−1 := {x ∈

[0, 1]k : ||x|| = 1} to be realized as the set of accumulation points of a distinct

k-generalized direction set. We provide sufficient conditions for some particular

subsets of positive integers so that the corresponding k-generalized direction sets

are dense in Sk−1. We also consider the denseness properties of certain direction

sets and give a partial answer to a question posed by Leonetti and Sanna in [30].
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1
Preliminaries

In this chapter, we review the definition of p-adic numbers and recall some topo-

logical and algebraic properties of p-adic fields. We also state some theorems that

will be used to prove our results in the subsequent chapters.

1.1 p-adic numbers

Let K be a field.

Definition 1.1. An absolute value on K is a function | | : K → R≥0 that satisfies

the following conditions:

1. |x| = 0 if and only if x = 0

9
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10 Preliminaries

2. |xy| = |x||y| for all x, y ∈ K

3. |x + y| ≤ |x| + |y| for all x, y ∈ K. We say the absolute value on K is non-

Archimedian if it satisfies the additional condition:

4. |x+ y| ≤ max{|x|, |y|} for all x, y ∈ K; otherwise, the absolute value is said to

be Archimedian.

Definition 1.2. Fix a prime number p. For each integer n ∈ Z, n 6= 0, the p-

adic valuation νp(n) is the unique positive integer satisfying n = pνp(n)n′ with p - n′.

The p-adic valuation νp can be extended to the field of rational numbers as, if x =

a/b ∈ Q×(non zero rational numbers), then νp(x) = νp(a) − νp(b). By convention

νp(0) =∞.

Lemma 1.1. For all x and y ∈ Q, we have

1. νp(xy) = νp(x) + νp(y)

2. νp(x+ y) ≥ min{νp(x), νp(y)}.

Definition 1.3. For any x ∈ Q, the p-adic absolute value of x is defined as ‖x‖p =

p−νp(x) if x 6= 0. For x = 0, the p-adic absolute value is defined as ‖0‖p = 0.

It can be verified that the p-adic absolute value is a non-Archimedian absolute

value on the field Q. Using this absolute value, a metric d can be defined on Q as

d(x, y) = ‖x − y‖p for x, y ∈ Q. The metric satisfies the strong triangle inequality

d(x, z) ≤ max{d(x, y), d(y, z)}. Therefore, the metric is called an ultra-metric. The

completion of Q with respect to this metric gives a field which is called the p-adic

numbers, denoted by Qp. The following theorem says that Qp and R are the only

possible completions of Q.

Theorem 1.2. [Ostrowski] Every non trivial absolute value on Q is equivalent to

one of the absolute values ‖ ‖p, where either p is a prime number or p = ∞ where

‖ ‖∞ is the Euclidean norm.
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1.1 p-adic numbers 11

The p-adic absolute value on Q can be extended to Qp by continuity of the

function. The set of values of Qp with p-adic absolute value less than or equal to 1

forms a ring and is called the ring of p-adic integers, denoted by Zp.

1.1.1 Topology of Qp

The ultra-metric in Qp gives it a very interesting geometry.

Proposition 1.3. If x, y ∈ Qp and ‖x‖p 6= ‖y‖p, then ‖x+ y‖p = max{‖x‖p, ‖y‖p}.

As a consequence of the above proposition, all triangles in Qp are isosceles. The

sphere S(a, r) = {x ∈ Qp : ‖x− a‖p = r} is both an open set and a closed set in Qp

and an open ball in Qp is both open and closed. Also, every point of a ball is its

center. Two balls in Qp have a non empty intersection if and only if one is contained

in the other.

Definition 1.4. A set A is said to be dense in Qp if, given any ε > 0, D(x, ε)∩A 6= φ

for all x in Qp, where D(x, ε) = {y ∈ Qp : ‖x− y‖p < ε}.

In the p-adic topology, the set N is dense in Z which is dense in the set of p-adic

integers Zp.

1.1.2 Hensel’s Lemma

Hensel’s Lemma is an important algebraic property of the p-adic numbers which

helps in deciding whether a polynomial over Zp has a root in Zp.

Theorem 1.4. [Hensel’s Lemma] Let f(x) ∈ Zp[x]. Suppose that there exists a

p-adic integer α1 ∈ Zp such that f(α1) ≡ 0 (mod pZp) and f ′(α1) 6≡ 0 (mod pZp),

where f ′(x) is the derivative of f(x). Then there exists a p-adic integer α ∈ Zp such

that α ≡ α1 (mod pZp) and f(α) = 0.

For a, b ∈ Zp, a ≡ b (mod pZp) means that a − b ∈ pZp. Hensel’s lemma has a

stronger version which is as follows:
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12 Preliminaries

Theorem 1.5. Let f(x) ∈ Zp[x] and a ∈ Zp satisfy ‖f(a)‖p < ‖f ′(a)‖2p. Then there

exists an α ∈ Zp such that f(α) = 0 and ‖α− a‖p < ‖f ′(a)‖p.

We state another form of Hensel’s lemma which gives factorisation of polynomials

over Zp.

Theorem 1.6. [23, Lemma 3.4.6] Let f(x) ∈ Zp[x] be a polynomial with coefficients

in Zp, and assume that there exist polynomials g1(x) and h1(x) in Zp[x] such that

1. g1(x) is monic

2. g1(x) and h1(x) are relatively prime modulo p, and

3. f(x) ≡ g1(x)h1(x) (mod p).

Then there exist polynomials g(x), h(x) ∈ Zp[x] such that

1. g(x) is monic,

2. g(x) ≡ g1(x) (mod p) and h(x) ≡ h1(x) (mod p), and

3. f(x) = g(x)h(x).

The p-adic absolute value on Qp can be extended to a finite normal extension K

over Qp of degree n. For α ∈ K, define ‖α‖p := n
√
‖ det(Tα)‖p where Tα is the matrix

of linear transformation from the vector space K over Qp to itself defined by x 7→ αx

for all x ∈ K. Also, νp(α) is the unique rational number satisfying ‖α‖p = p−νp(α).

The ring of integers of K, denoted by O, is defined as the set of all elements in K

with p-adic absolute value less than or equal to one.

Proposition 1.7. [23, Proposition 5.4.2] The p-adic valuation νp is a homomor-

phism from the multiplicative group K× to the additive group Q. Its image is of the

form 1
e
Z, where e is a divisor of n = [K : Qp].

An extension K is said to an unramified extension of Qp if e = 1.
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1.1 p-adic numbers 13

1.1.3 p-adic analytic functions

Definition 1.5. A function f : O → O is called analytic if there exists a sequence

(an)n≥0 in O such that

f(z) =
∞∑
n=0

anz
n

for all z ∈ O.

Next, we recall the p-adic exponential and logarithmic functions. For a ∈ K

and r > 0, we denote D(a, r) := {z ∈ K : ‖z − a‖p < r}. Let ρ = p−1/(p−1). If

z ∈ D(0, ρ), then the p-adic exponential function is defined as

expp(z) =
∞∑
n=0

zn

n!
.

The derivative is given by exp′p(z) = expp(z). On D(1, ρ), the p-adic logarithmic

function is defined as

logp(z) =
∞∑
n=1

(−1)n−1(z − 1)n

n
.

For z ∈ D(1, ρ), we have expp(logp(z)) = z. If K is unramified and p 6= 2, then

D(0, ρ) = D(0, 1) and D(1, ρ) = D(1, 1). More properties of these functions can be

found in [23].

Hensel’s lemma is also true and follows similarly for functions given by power

series with coefficients in the ring O.

Theorem 1.8. [23, Hensel’s lemma] Let f : O → O be analytic. Let b0 ∈ O be such

that ‖f(b0)‖p < 1 and ‖f ′(b0)‖p = 1. Then there exists a unique b ∈ O such that

f(b) = 0 and ‖b− b0‖p < ‖f(b0)‖p.

The following theorem of Strassman gives a bound on the number of roots of an

analytic function defined in O.

Theorem 1.9. [23, Strassman’s Theorem] Let f : O → O be analytic. Assume that

f(z) does not vanish identically on O; equivalently, the coefficients a0, a1, . . . are
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14 Preliminaries

not all 0. Define µ as the largest m with the property

‖am‖p = max{‖an‖p : n = 0, 1, . . .}.

Then f(z) has at most µ zeros on O.

The following result connects the existence of a root of an analytic function in

Zp to the denseness of quotient set of values assumed.

Theorem 1.10. [36, Theorem 1.2] Let f : Zp → Qp be an analytic function and

let z1, z2 ∈ Zp be two (not necessarily distinct) zeros of f of multiplicities µ1, µ2,

respectively. If µ1, µ2 are coprime, then Rf is dense in Qp.

The result below is a straightforward consequence of the theorem.

Theorem 1.11. [36, Corollary 1.3] Let f : Zp → Qp be an analytic function with a

simple zero in Zp. Then, R(f(N)) is dense in Qp.

Garcia et al. [19] provided a necessary condition for a set to be dense in Qp.

We present the result below, as it is very useful for proving some results in the

subsequent chapters.

Lemma 1.12. [19, Lemma 2.1] If S is dense in Qp, then for each finite value of the

p-adic valuation, there is an element of S with that valuation.

By Lemma 1.12, it can be easily checked that the ratio set of prime numbers is

not dense in Qp since the only p-adic valuations possible are {−1, 0, 1}.
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2
p-Adic quotient sets: cubic forms

2.1 Introduction

In this chapter, we prove some results which give conditions under which the

ratio set of values assumed by a cubic form is dense in Qp. A cubic form is a

homogeneous polynomial of degree 3 which is of the form

C(x1, x2, . . . , xr) =
r∑
i=1

r∑
j=1

r∑
k=1

aijkxixjxk.

1Some contents of this chapter have been published in Arch. Math. (Basel) 118 (2022).

15
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16 p-adic quotient sets: cubic forms

We say that C is integral if aijk ∈ Z for all i, j, k and C is primitive if there is no

positive integer d > 1 such that d|aijk for all i, j, k. A form C is said to be isotropic

over a field F if there is a nonzero vector x ∈ Fr such that C(x) = 0. Otherwise C

is said to be anisotropic over F. The ratio set generated by a cubic form C is

R(C) = {C(x)/C(y) : x, y ∈ Zr, C(y) 6= 0}.

2.2 Diagonal cubic form

In this section, we study denseness of R(C) when C is the cubic form C(x, y) =

ax3 + by3, where a and b are nonzero integers. First, we give a necessary condition

for the denseness of R(C) in Qp.

Theorem 2.1. Let C(x, y) = ax3+by3 be primitive and integral. If C is anisotropic

modulo p, then R(C) is not dense in Qp.

Proof. We claim that νp(C(x, y)) is a multiple of 3 for all x, y ∈ Z. If C(x, y) 6≡ 0

(mod p), then νp(C(x, y)) = 0. Suppose C(x, y) ≡ 0 (mod p). Then (x, y) ≡ (0, 0)

(mod p) since C is anisotropic; hence x = mpj and y = npk for some j, k ≥ 1, p - m

and p - n. Without loss of generality, assume that j ≥ k. Then,

νp(C(x, y)) = νp(am
3p3j + bn3p3k)

= νp(p
3k(am3p3(j−k) + bn3))

= 3k + νp(C(mp(j−k), n))

= 3k

since p - n and C is anisotropic. Thus by Lemma 1.12, R(C) is not dense in Qp. �

Next, we give some sufficient and necessary conditions for denseness of R(C) in

Qp.
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2.2 Diagonal cubic form 17

Theorem 2.2. Let C(x, y) = ax3 + by3 be primitive and integral.

1. If p - ab, then R(C) is dense in Qp if ba−1 is a cubic residue modulo pα, where

α = 1 + νp(3).

2. If a = pk` such that p - ` and 3|k, then R(C) is dense in Qp if b−1` is a cubic

residue modulo pα, where α = 1 + νp(3).

3. If p - ab, then b−1a is a cubic residue modulo p if R(C) is dense in Qp.

4. If a = pk` such that p - ` and 3|k, then b−1` is a cubic residue modulo p if

R(C) is dense in Qp.

5. If a = pk`, p - ` and 3 - k, then R(C) is not dense in Qp if there exists an

integer n which is a cubic non-residue modulo p.

Proof. We first prove part (1) of the theorem. Here p - ab. Suppose that p 6= 3 and

ba−1 is a cubic residue modulo p. Then for a y0 ∈ Z with p - y0, there exists x0 ∈ Z,

p - x0 such that−ba−1y30 ≡ x30 (mod p). Consider the polynomial f(x) = x3+ba−1y30.

Then f(x0) ≡ 0 (mod p) and f ′(x0) = 3x20 6≡ 0 (mod p). Therefore, by Hensel’s

lemma, f has a root α ∈ Zp which is a simple root since x0 6≡ 0 (mod p). By

Theorem 1.11, R(f(N)) is dense in Qp. Since R(f(N)) ⊂ R(C), hence R(C) is dense

in Qp.

For p = 3, consider C ′(x, y) = x3 + ba−1y3. Suppose ba−1 is a cubic residue

modulo 9. Then by [11, Lemma 3.5], ba−1 is a cube in Z3, that is, there exists a

nonzero x0 ∈ Z3 such that x30 + ba−1 = 0. In particular, x0 is a simple zero of the

polynomial f(x) = x3 + ba−1 in Z3. Therefore, by Theorem 1.11, R(f(N)) is dense

in Q3. Since R(f(N)) ⊂ R(C ′), R(C) = R(C ′) is dense in Q3.

We next prove part (2) of the theorem. Suppose that b−1` is a cubic residue

modulo pα. We have b−1C(x, y) = b−1`p3k
′
x3 + y3. Using part (1) of the theorem,
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18 p-adic quotient sets: cubic forms

we have that R(C ′) is dense in Qp, where C ′(x, y) = b−1`x3 + y3. Since

C ′(x, y)

C ′(z, w)
=
p3k

′
C ′(x, y)

p3k′C ′(z, w)
=
C ′(pk

′
x, pk

′
y)

C ′(pk′z, pk′w)
=
C(x, pk

′
y)

C(z, pk′w)
,

therefore, R(C) is dense in Qp. This completes the proof of part (2) of the theorem.

We next prove part (3) of the theorem. Suppose that b−1a is not a cubic residue

modulo p. If C(x, y) ≡ 0 (mod p), that is, ax3 + by3 ≡ 0 (mod p) then

x3 ≡ −ba−1y3 (mod p).

The left side is either a cubic residue or divisible by p and the right side is either

a cubic non-residue or divisible by p. Hence x ≡ y ≡ 0 (mod p). Therefore, C is

anisotropic modulo p. Hence R(C) is not dense in Qp by Theorem 2.1.

We next prove part (4) of the theorem. Here a = pk` such that p - ` and

3|k. We write k = 3k′. Suppose that b−1` is not a cubic residue modulo p. Let

C ′(x, y) = b−1`x3 + y3. By the third part of the theorem, R(C ′) is not dense in Qp.

We have

b−1C(x, y) = pkb−1`x3 + y3 = b−1`(pk
′
x)3 + y3 = C ′(pk

′
x, y).

Since R(C) = R(b−1C) ⊂ R(C ′), R(C) is not dense in Qp.

Finally, we prove part (5) of the theorem. Here a = pk`, p - ` and 3 - k. Suppose

that R(C) is dense in Qp. Let C ′(x, y) = b−1C(x, y). Then R(C ′) is dense in Qp.

Choose a cubic non-residue n (mod p). There exist x, y, z, w ∈ Z not all multiples

of p such that ∥∥∥∥C ′(x, y)

C ′(z, w)
− n

∥∥∥∥
p

<
1

pk
.
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2.2 Diagonal cubic form 19

This yields

∥∥y3 − nw3 + pkb−1`(x3 − nz3)
∥∥
p

= ‖C ′(x, y)− nC ′(z, w)‖p

<
‖C ′(z, w)‖p

pk

≤ 1

pk
.

If p - y or p - w, then y3 − nw3 6≡ 0 (mod p) since n is a cubic non-residue. Hence

‖C ′(x, y)− nC ′(z, w)‖p = 1 which is a contradiction. Therefore p|y and p|w which

give νp(y
3 − nw3) = 3m where m is a positive integer. Since p|y and p|w, we

have either p - x or p - z. This yields νp(x
3 − nz3) = 0. Since 3 - k, therefore

C ′(x, y)−nC ′(z, w) is the sum of a p-adic integer with valuation a multiple of 3 and

a p-adic integer with valuation not a multiple of 3. Hence ‖C ′(x, y)− nC ′(z, w)‖p ≥

p−k which gives a contradiction. Thus, R(C ′) is not dense in Qp. Hence R(C) is not

dense in Qp. This completes the proof of the theorem. �

Remark 2.2.1. We will be providing generalisations of Theorem 2.1 and Theorem

2.2 in Chapter 3.

Using Theorem 2.2, we have the following corollary.

Corollary 2.2.1. Let C(x1, x2, . . . , xr) = a1x
3
1 + a2x

3
2 + · · ·+ arx

3
r be primitive and

integral. Suppose that p - ai and pk|aj for some i, j from 1 to r, i 6= j and 3|k. Then

R(C) is dense in Qp if a−1i ` is a cubic residue modulo pα, where α = 1 + νp(3) and

aj = pk`, p - `.

Proof. It follows from Theorem 2.2 that R(aix
3
i+ajx

3
j) is dense in Qp. Since R(aix

3
i+

ajx
3
j) ⊂ R(C), R(C) is dense in Qp. �

Recall that a vector x ∈ Fr such that F (x) = 0 is called a non-singular zero

of F if ∂F
∂xi

(x) 6= 0 for some i ∈ {1, . . . , r}. We use the following lemma due to
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20 p-adic quotient sets: cubic forms

Heath-Brown to prove our next theorem. This lemma guarantees the existence of a

non-singular zero for a particular cubic form modulo p.

Lemma 2.3. [24, Lemma 6] Let p 6= 3 and suppose that

f(x, y, z) = ax3 + bxy2 + cy3 + (dx+ ey)z2 + fz3 ∈ Fp[x, y, z],

with acf 6= 0. Then f has at least one non-singular zero over Fp, where Fp is the

field with p elements.

We give a sufficient condition for the denseness of the ratio set of the values

attained by a diagonal cubic form. In [36, Theorem 1.8], Miska et al. proved that

the ratio set of {x31 + · · · + x3r : x1, . . . , xr ∈ Z≥0} is dense in Qp for all r ≥ 2. The

following results also generalise this fact.

Theorem 2.4. Let C(x, y, z) = ax3 + by3 + cz3 be integral. If p 6= 3 and p - abc,

then R(C) is dense in Qp.

Proof. We have C(x, y, z) = ax3 + by3 +cz3. If p 6= 3, then by Lemma 2.3, C(x, y, z)

has a non-singular solution (x0, y0, z0) modulo p. Suppose that C(x0, y0, z0) = 0

(mod p) and ∂C
∂x

(x0, y0, z0) 6= 0 (mod p). Then by Hensel’s lemma, the polynomial

f(x) = C(x, y0, z0) has a simple root in Zp. Therefore, by Theorem 1.11, R(f(N)) is

dense in Qp. Hence, R(C) ⊃ R(f(N)) is dense in Qp. �

Using Theorem 2.4, we have the following corollary.

Corollary 2.2.2. Let C(x1, x2, . . . , xr) = a1x
3
1+a2x

3
2+· · ·+arx3r be integral. Suppose

that p 6= 3 and νp(ai) ≡ νp(aj) ≡ νp(ak) (mod 3) for some i, j, k ∈ {1, . . . , r},

i < j < k. Then R(C) is dense in Qp.

Proof. Write ai = pmi`i, aj = pmj`j and ak = pmk`k, where mi ≡ mj ≡ mk (mod 3)

and p - `i`j`k. Without loss of generality assume that mi ≥ mj ≥ mk. Put
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2.3 A general result 21

C̃(xi, xj, xk) = aix
3
i + ajx

3
j + akx

3
k and Ĉ(xi, xj, xk) = `ix

3
i + `jx

3
j + `kx

3
k. Then

ai

(
p
mk−mi

3 xi

)3
+ aj

(
p
mk−mj

3 xj

)3
+ akxk

3

ai

(
p
mk−mi

3 yi

)3
+ aj

(
p
mk−mj

3 yj

)3
+ akyk3

=
`ix

3
i + `jx

3
j + `kx

3
k

`iy3i + `jy3j + `ky3k
,

which means that R(Ĉ) ⊂ R(C̃(Q3)) = R(C̃(Z3)) = R(C̃) ⊂ R(C). From Theorem

2.4, R(Ĉ) is dense in Qp. As a result, R(C) is dense in Qp. �

We also have the following corollary which follows from Corollary 2.2.2.

Corollary 2.2.3. For each p 6= 3 and every integral diagonal cubic form

C(x1, x2, . . . , xr) = a1x
3
1 + a2x

3
2 + · · · + arx

3
r with a1a2 · · · ar 6= 0 and r ≥ 7 the

set R(C) is dense in Qp.

Proof. It suffices to note that there are 1 ≤ i < j < k ≤ 7 such that νp(ai) ≡

νp(aj) ≡ νp(ak) (mod 3). Then by Corollary 2.2.2, R(aix
3
i + ajx

3
j + akx

3
k) is dense

in Qp. Since R(aix
3
i + ajx

3
j + akx

3
k) ⊂ R(C), we see that R(C) is dense in Qp. �

2.3 A general result

Studying denseness of R(C) when C is any cubic form seems to be a difficult

problem. We prove a general result on denseness of R(C) when C is a cubic form

with more than 9 variables. Before we state our result, we recall some definitions.

Two forms F1 and F2 over a field K are said to be equivalent if there is a non-singular

linear transformation T over K such that F1(x) = F2(Tx). The order o(F ) of a form

F is the smallest integer m such that F is equivalent to a form that contains only

m variables explicitly. A form in n variables is called non-degenerate if o(F ) = n.

In Theorem 2.6, we prove the denseness in Qp of the ratio set of the values of a

non-degenerate cubic form in more that 9 variables.

We will need the following result to prove the theorem.
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22 p-adic quotient sets: cubic forms

Theorem 2.5. [38, Theorem 2] Every cubic form C over K with o(C) ≥ 10 has a

non-singular zero over K where K is any field complete with respect to a discrete

non-archimedean valuation.

The result is as follows.

Theorem 2.6. Let C be a non-degenerate, integral and primitive cubic form with

more that 9 variables. Then R(C) is dense in Qp.

Proof. Let C be a non-degenerate, integral and primitive cubic form with more that

9 variables. Recall that a vector x ∈ Qr
p such that C(x) = 0 is a non-singular zero

of C if ∂C
∂xi

(x) 6= 0 for some i from 1 to r. In Theorem 2.5, taking K = Qp, we get

a non-singular zero of C over Qp. By multiplying by an appropriate power of p, we

get a non-singular zero x0 = (x1, x2, . . . , xr) of C in Zrp. We have

C(x0) = 0,
∂C

∂xi
(x0) 6= 0 (2.1)

for some i from 1 to r. Consider the polynomial f(x) = C(x1, . . . , x, . . . , xr) in one

variable x obtained by replacing xi by x. By (2.1), f(x) has a simple root in Zp.

Therefore by Theorem 1.11, R(f(N)) is dense in Qp. Since R(f(N)) ⊂ R(C), R(C)

is dense in Qp. This completes the proof of the theorem. �

2.4 Binary cubic form

We begin by stating a lemma due to Sun which gives the number of roots modulo

a prime p > 3 for polynomials of degree 3. We use this lemma to find a sufficient

condition for the denseness of ratio sets of a binary cubic form. For a prime p

and a polynomial f(x) ∈ Z[x], let Np(f) denote the number of zeros (including

multiplicity) of f(x) ≡ 0 (mod p). Also, let ( ·
p
) denote the Legendre symbol.

Lemma 2.7. [47, Lemma 2.3] Let p > 3 be a prime, a1, a2, a3 ∈ Z, a = (a21 −

3a2)
3, b = −2a31 + 9a1a2− 27a3 and D = a21a

2
2− 4a32− 4a31a3− 27a23 + 18a1a2a3. Then
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2.4 Binary cubic form 23

1. b2 − 4a = −27D.

2. If p - a21 − 3a2 and X = (a21 − 3a2)(3x + a1), then x3 + a1x
2 + a2x + a3 =

(X3− 3aX − ab)/(27a) and so Np(x
3 + a1x

2 + a2x+ a3) = Np(x
3− 3ax− ab).

3. Np(x
3 + a1x

2 + a2x+ a3) = 1 if and only if (D
p

) = −1.

We now give a sufficient condition for the denseness of the ratio set of a binary

cubic form in Qp.

Theorem 2.8. Let F (x, y) = ax3 + bx2y + cxy2 + dy3 be an integral binary cubic

form. Let D := a2b2c2 − 4a3c3 − 4a2b3d− 27a4d2 + 18a3bcd.

1. Let p be a prime. If (b, c) 6= (0, 0) and a = 0, then R(F ) is dense in Qp.

2. If a 6= 0, p > 3 and D is not a quadratic residue modulo p, then R(F ) is dense

in Qp.

Proof. We first prove part (1) of the theorem. We have F (x, y) = ax3 + bx2y +

cxy2 + dy3 with (b, c) 6= (0, 0) and a = 0. Consider the polynomial

f(y) := F (1, y) = by + cy2 + dy3 = y(b+ cy + dy2).

If b 6= 0, then y = 0 is a simple root of f in Zp. Suppose that b = 0 and d 6= 0. If

c/d ∈ Zp, then y = −c/d is a simple root of f(y) := F (1, y) = cy2 + dy3 in Zp. If

c/d /∈ Zp, then x = −d/c is a simple root of the polynomial f(x) := F (x, 1) = cx+d

in Zp. If b = d = 0, then x = 0 is a simple root of the polynomial f(x) :=

F (x, 1) = cx in Zp. In all the cases, by Theorem 1.11, R(f(N)) is dense in Qp. Since

R(f(N)) ⊂ R(F ), R(F ) is dense in Qp.

We next prove part (2) of the theorem. Suppose that a 6= 0 and p > 3. Consider

the polynomial

f(x) :=
F (x, a)

a
= x3 + bx2 + acx+ a2d.
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24 p-adic quotient sets: cubic forms

If D is not a quadratic residue modulo p, then by part 3 of Lemma 2.7, f has a

root x0 modulo p. Also f ′(x0) 6≡ 0 (mod p). Therefore, by Hensel’s lemma, f has a

simple root in Zp. By Theorem 1.11, R(f(N)) is dense in Qp. Since R(F ) ⊇ R(f(N)),

R(F ) is dense in Qp. This completes the proof of the theorem. �

Remark 2.4.1. The converse of Theorem 2.8 is not true. For example, consider the

cubic form x3 + x2y + xy2 + y3. Using Hensel’s lemma, we obtain a simple root for

the polynomial f(x) = x3 + x2 + x+ 1 in Q5 since f(2) ≡ 0 (mod 5) and f ′(2) 6≡ 0

(mod 5). Therefore, by Theorem 1.11, the form has a dense ratio set in Q5. But

D = −16 is a quadratic residue modulo 5.

Though Theorem 2.8(2) does not cover the cases p = 2, 3, we can examine these

cases separately using some ad-hoc methods. Consider the following examples.

Example 2.4.1. Let F (x, y) = ax3 + bx2y + cxy2 + dy3 be a cubic form such that

a ≡ b ≡ d ≡ 1 (mod 2) and c ≡ 0 (mod 2). Then the form F is anisotropic modulo

2. Hence, by Theorem 3.1, R(F ) is not dense in Q2.

Example 2.4.2. Let F (x, y) = ax3 + bx2y + cxy2 + dy3 be a cubic form such that

a ≡ b ≡ c ≡ d ≡ 1 (mod 3). Then R(F ) is dense in Q3. The proof goes as follows.

Consider the polynomial f(x) := F (x, 1) = ax3 + bx2 + cx + d. We have f(2) ≡ 0

(mod 3) and f ′(2) 6≡ 0 (mod 3). By Hensel’s lemma, f has a simple root in Zp.

Therefore, by Theorem 1.11, R(f(N)) is dense in Qp. Since R(F ) ⊇ R(f(N)), R(F )

is dense in Q3.

Example 2.4.3. Let F (x, y) = ax3 + bx2y + cxy2 + dy3 be a cubic form such that

a ≡ 2 (mod 3), b ≡ c ≡ d ≡ 1 (mod 3). Then, the form F is anisotropic modulo 3.

Hence, by Theorem 3.1, R(F ) is not dense in Q3.

Using similar arguments, the denseness of any binary cubic forms in Q3 can be

checked. For details, see Table 2.1. However, to study the denseness of the ratio

set of a binary cubic form with nonzero odd coefficients in Q2 seems to be difficult

using these methods.
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2.4 Binary cubic form 25

a (mod 3) b (mod 3) c (mod 3) d (mod 3) Denseness in Q3

1 1 1 1 Dense
1 1 1 2 Not Dense
1 1 2 1 Not Dense
1 1 2 2 Dense
1 2 1 2 Dense
2 1 1 2 Dense
1 2 2 2 Not Dense
2 2 1 2 Not Dense
1 2 2 1 Dense
2 2 2 2 Dense
1 1 0 1 Dense
2 1 0 1 Dense
1 1 0 2 Not Dense
2 1 0 2 Not Dense
2 2 0 1 Not Dense
1 2 0 2 Dense
1 1 0 2 Not Dense
2 2 0 2 Dense

Table 2.1: Denseness of the ratio set of ax3 + bx2y + cxy2 + dy3 in Q3.
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3
p-Adic quotient sets: polynomials and

integral forms

3.1 Introduction

In this chapter, we consider forms of degree n and obtain generalisations of some

results of Chapter 1. We also consider polynomials in a single variable and produce

conditions for the denseness of their ratio sets. First, we recall the definition of a

form of degree n.

1Some contents of this chapter have been published in Arch. Math. (Basel) 119 (2022).

27
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28 p-adic quotient sets: polynomial and integral forms

A form of degree n is a homogeneous polynomial

F (x1, x2, . . . , xr) =
∑

1≤i1≤i2≤...≤in≤r

ai1i2...inxi1xi2 · · ·xin .

We say that F is integral if ai1i2...in ∈ Z for all (i1, i2, . . . , in) and F is primitive if

there is no positive integer d > 1 such that d | ai1i2...in ∈ Z for all (i1, i2, . . . , in).

Recall that a form F is said to be isotropic over a field F if there is a nonzero vector

x ∈ Fr such that F (x) = 0. Otherwise F is said to be anisotropic over F. The ratio

set generated by an integral form F is

R(F ) = {F (x)/F (y) : x, y ∈ Zr, F (y) 6= 0}.

We now prove a result for any form F which is anisotropic modulo p and this extends

Theorem 2.1 of Chapter 2.

Theorem 3.1. Let F be any form of degree n ≥ 2 that is primitive and integral. If

F is anisotropic modulo p, then R(F ) is not dense in Qp.

Proof. We claim that νp(F (x)) is a multiple of n for all x, where x = (x1, x2, . . . , xr) ∈

Zr. If F (x) 6≡ 0 (mod p), then νp(F (x)) = 0. Suppose that F (x) ≡ 0 (mod p).

Therefore x ≡ 0 (mod p) as F is anisotropic. Let k = min{νp(xi) : i ∈ {1, . . . , r}}.

Then, we get νp(F (x)) = nk since F is anisotropic. Thus, by Lemma 1.12, R(F ) is

not dense in Qp. �

3.2 Diagonal forms

In the previous chapter, we provided a result for diagonal cubic form ax3 + by3.

Here, we extend the result to the diagonal binary form F (x, y) = axn + byn for all

n ≥ 3. To be specific, we prove the following result which extends Theorem 2.2. For
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3.2 Diagonal forms 29

each logic sentence T we put

[T ] =

1 if T is true,

0 if T is false.

Theorem 3.2. Let n ≥ 3. Let F (x, y) = axn + byn be integral.

1. If p - ab, then R(F ) is dense in Qp if −a−1b is an nth power residue modulo

pνp(n)+νp(2
[2|n])+1.

2. If a = pk` such that p - ` and n | k, then R(F ) is dense in Qp if −b−1` is an

nth power residue modulo pνp(n)+νp(2
[2|n])+1.

3. If p - ab, then −b−1a is an nth power residue modulo p if R(F ) is dense in Qp.

4. If a = pk` such that p - ` and n|k, then −b−1` is an nth power residue modulo

p if R(F ) is dense in Qp.

5. If a = pk`, p - ` and n - k, then R(F ) is not dense in Qp if there exists an

integer m which is not an nth power residue modulo p.

We first prove a lemma which will be used to prove Theorem 3.2.

Lemma 3.3. Let p be a prime, k ≥ 1 and u ∈ Z×p . Then u is a pkth power in Zp if

and only if u is a pkth power residue modulo pk+νp(2)+1 .

Proof. We first prove for any non-negative integer ` that if u ∈ Z×p is a pkth power

residue modulo pk+νp(2)+`+1, then u is a pkth power residue modulo pk+νp(2)+`+2.

Suppose that u ≡ ap
k

(mod pk+νp(2)+`+1) for some a ∈ Zp. Then a ∈ Z×p and u/ap
k ≡

1 (mod pk+νp(2)+`+1). Hence

u/ap
k ≡ 1 + cpk+νp(2)+`+1 (mod pk+νp(2)+`+2),
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30 p-adic quotient sets: polynomial and integral forms

where 0 ≤ c ≤ p− 1. We have

(
1 + cpνp(2)+`+1

)pk ≡ 1 + cpk+νp(2)+`+1 (mod pk+νp(2)+`+2).

Therefore,

u ≡ ap
k (

1 + cpνp(2)+`+1
)pk

(mod pk+νp(2)+`+2).

Thus, u is a pkth power residue modulo pk+νp(2)+`+2.

Let u ∈ Z×p . Suppose that u is a pkth power residue modulo pk+νp(2)+1. Then,

using the above fact repeatedly we find that u is a pkth power residue modulo p2k+1.

Hence, by Hensel’s lemma, u is a pkth power in Zp. Conversely, suppose that u is

a pkth power in Zp. Since u ∈ Z×p , we infer that u is a pkth power residue modulo

pk+νp(2)+1. This completes the proof of the lemma. �

Having Lemma 3.3 showed, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. We first prove part (1) of the theorem.

Let n = pkm where p - m. Suppose that −a−1b is an nth power residue modulo

pνp(n)+νp(2
[2|n])+1. Then, −a−1b is a pkth power residue modulo pνp(n)+νp(2

[2|n])+1. By

Lemma 3.3, −a−1b is a pkth power in Zp. Also, by Hensel’s lemma, −a−1b is an mth

power in Zp. Therefore, −a−1b is an nth power in Zp. Thus −a−1b = un for some

u ∈ Zp. This implies that u is a root of the polynomial f(x) = xn + a−1b. Clearly,

f ′(u) = nun−1 6= 0, and hence the polynomial f(x) = xn + a−1b has a simple root

in Zp. Therefore, by Lemma 1.11, R(f(N)) ⊂ R(F ) is dense in Qp. Hence R(F ) is

dense in Qp.

We next prove part (2) of the theorem. Suppose that −b−1` is an nth power

residue modulo pνp(n)+νp(2
[2|n])+1. We have b−1F (x, y) = b−1`pnk

′
xn + yn. Using part

(1) of the theorem, we have that R(F̃ ) is dense in Qp, where F̃ (x, y) = b−1`xn + yn.
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Since

F̃ (x, y)

F̃ (z, w)
=
pnk

′
F̃ (x, y)

pnk′F̃ (z, w)
=
F̃ (pk

′
x, pk

′
y)

F̃ (pk′z, pk′w)
=
F (x, pk

′
y)

F (z, pk′w)
,

therefore R(F ) is dense in Qp. This completes the proof of part (2) of the theorem.

We next prove part (3) of the theorem. Suppose that −b−1a is not an nth power

residue modulo p. If F (x, y) ≡ 0 (mod p), that is, axn + byn ≡ 0 (mod p) then

xn ≡ −ba−1yn (mod p).

The left side is either an nth power residue or divisible by p and the right side

is either not an nth power residue or divisible by p. Hence x ≡ y ≡ 0 (mod p).

Therefore F is anisotropic modulo p. Hence R(F ) is not dense in Qp by Theorem

3.1.

We next prove part (4) of the theorem. Here a = pk` such that p - ` and n|k.

We write k = nk′. Suppose that −b−1` is not an nth power residue modulo p. Let

F̃ (x, y) = b−1`xn + yn. By the third part of the theorem, R(F̃ ) is not dense in Qp.

We have

b−1F (x, y) = pkb−1`xn + yn = b−1`(pk
′
x)n + yn = F̃ (pk

′
x, y).

Since R(F ) = R(b−1F ) ⊂ R(F̃ ), R(F ) is not dense in Qp.

Finally, we prove part (5) of the theorem. Here a = pk`, p - ` and n - k. Suppose

that R(F ) is dense in Qp. Let F̃ (x, y) = b−1F (x, y). Then R(F̃ ) is dense in Qp.

Choose an m which is not an nth power residue modulo p. There exist x, y, z, w ∈ Z

not all multiples of p such that∥∥∥∥∥ F̃ (x, y)

F̃ (z, w)
−m

∥∥∥∥∥
p

<
1

pk
.
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32 p-adic quotient sets: polynomial and integral forms

This yields

∥∥yn −mwn + pkb−1`(xn −mzn)
∥∥
p

=
∥∥∥F̃ (x, y)−mF̃ (z, w)

∥∥∥
p

<

∥∥∥F̃ (z, w)
∥∥∥
p

pk

≤ 1

pk
.

If p - y or p - w, then yn −mwn 6≡ 0 (mod p) since m is not an nth power residue

modulo p. Hence
∥∥∥F̃ (x, y)−mF̃ (z, w)

∥∥∥
p

= 1 which is a contradiction. Therefore

p | y and p | w, which gives νp(y
n −mwn) = nt, where t is a positive integer. Since

p | y and p | w, we have either p - x or p - z. This yields νp(x
n −mzn) = 0. Since

n - k, we have that F̃ (x, y)−mF̃ (z, w) is the sum of a p-adic integer with valuation

being a positive multiple of n and a p-adic integer with valuation equal to k. Hence∥∥∥F̃ (x, y)−mF̃ (z, w)
∥∥∥
p
≥ p−k, which gives a contradiction. Consequently, R(F̃ ) is

not dense in Qp. Finally, R(F ) is not dense in Qp. This completes the proof of the

theorem. �

We remark that if n is an odd integer, then −a−1b is an nth power residue modulo

pνp(n)+νp(2
[2|n])+1 if and only if a−1b is an nth power residue modulo pνp(n)+1.

Let us note that Theorem 3.2 simplifies if gcd(n, p(p− 1)) = 1.

Corollary 3.2.1. Let n ≥ 3 and p be a prime number such that gcd(n, p(p−1)) = 1.

1. Let F (x, y) = axn + byn be integral with ab 6= 0 and νp(a) ≡ νp(b) (mod n).

Then R(F ) is dense in Qp.

2. Let F (x, y) = a1x
n
1 +a2x

n
2 + · · ·+arx

n
r be integral with a1a2 · · · ar 6= 0 and such

that νp(ai) ≡ νp(aj) (mod n) for some 1 ≤ i < j ≤ r. Then R(F ) is dense in

Qp.
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Proof. We start with the proof of part (1). Let a = pk1`1 and b = pk2`2, where

k1 ≡ k2 (mod n) and p - `1`2. Without loss of generality assume that k1 ≥ k2. Let

F̃ (x, y) = pk1−k2`1x
n + `2y

n. Since gcd(n, p(p − 1)) = 1, every integer is an nth

power residue modulo p. Therefore we can apply Theorem 3.2(2) to conclude that

R(F̃ ) is dense in Qp. At last, we see that

F̃ (x, y)

F̃ (z, w)
=
pk2F̃ (x, y)

pk2F̃ (z, w)
=
pk1`1x

n + pk2`2y
n

pk1`1zn + pk2`2wn
=
F (x, y)

F (z, w)
,

which means that R(F ) = R(F̃ ) is dense in Qp.

For the proof of (2), we use (1) to claim that R(aix
n
i + ajx

n
j ) is dense in Qp.

Since R(aix
n
i + ajx

n
j ) ⊂ R(F ), we see that R(F ) is dense in Qp. �

The second part of the above corollary shows that if gcd(n, p(p − 1)) = 1 and

F is an integral diagonal form of degree n depending essentially on at least n + 1

variables, then R(F ) is dense in Qp. However, this result is not optimal in the sense

that n+ 1 is not the least number r such that for every integral diagonal form F of

degree n depending essentially on at least r variables the set R(F ) is dense in Qp.

This is due to Corollary 3.2.1(1) and the result below.

Theorem 3.4. Let n ≥ 3 and p be a prime number such that gcd(n, p(p− 1)) = 1.

Let F (x, y) = a1x
n
1 +a2x

n
2 + · · ·+arxnr be integral and such that r > n

2
, a1a2 · · · ar 6= 0

and νp(ai) 6≡ νp(aj) (mod n) for any 1 ≤ i < j ≤ r (in particular r ≤ n). Then

R(F ) is dense in Qp.

Proof. At first, recall that Z is dense in Zp and F and the operation of division are

continuous in Qp. This implies that R(F ) = R(F (Zr)) is dense in R(F (Zrp)). Hence,

it suffices to prove that R(F (Zrp)) = Qp.

Since gcd(n, p − 1) = 1, every c ∈ Z×p is an n-th power modulo p. In other

words, the polynomial f(x) = xn − c has a root u modulo p. Then u ∈ Z×p . Since

gcd(n, p) = 1, we have f ′(u) = nun−1 6= 0 (mod p) and by Hensel’s lemma we
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conclude that f has a root in Zp, i.e. c is an n-th power in Zp. Since the set Z×p is

contained in the set of n-th powers in Zp, the set of n-th powers in Zp is exactly the

set of p-adic integers with p-adic valuation divisible by n.

Next, let d ∈ Qp be arbitrary. We will show that d = ai
aj
pknun for some i, j ∈

{1, 2, . . . , r}, k ∈ Z and u ∈ Z×p . Consider the sets

{νp(ai) (mod n) : i ∈ {1, 2, . . . , r}},

{(νp(d) + νp(aj)) (mod n) : j ∈ {1, 2, . . . , r}}.

Both of them have cardinality r > n
2
. Hence, they have non-empty intersection, i.e.

νp(d) + νp(aj) ≡ νp(ai) (mod n) for some i, j ∈ {1, 2, . . . , r}. Thus n | νp
(
d
aj
ai

)
, in

other words d
aj
ai

= pknc for some k ∈ Z and c ∈ Z×p . We already know that c = un

for some u ∈ Z×p . As a result, d
aj
ai

= pknun, or equivalently, d = ai
aj
pknun. Finally,

we can write

d =


ai(p

ku)n

aj
, if k ≥ 0,

aiu
n

ajp−kn
, if k < 0.

This means that d ∈ R(F (Zrp)).

We showed that R(F (Zrp)) = Qp, which means that R(F ) is dense in Qp. �

As a consequence of Corollary 3.2.1(2) and Theorem 3.4 we get the following.

Corollary 3.2.2. Let n ≥ 3 and p be a prime number such that gcd(n, p(p−1)) = 1.

The number
⌊
n
2

⌋
+ 1 =

⌈
n+1
2

⌉
is the least number r such that for every integral

diagonal form F of degree n depending essentially on at least r variables the set

R(F ) is dense in Qp.

Proof. Corollary 3.2.1 and Theorem 3.4 show that if F is an integral diagonal form

of degree n depending essentially on more than n
2

variables, then R(F ) is dense in
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Qp. It suffices to find an integral diagonal form F0 of degree n depending on
⌊
n
2

⌋
variables such that R(F0) is not dense in Qp.

Consider

F0(x1, x2, x3, . . . , xbn2 c)

= xn1 + pxn2 + p2xn3 + · · ·+ pb
n
2 c−1xnbn2 c.

Then, for each x =
(
x1, x2, x3, . . . , xbn2 c

)
∈ Zb

n
2 c we have

νp(F (x)) = min
1≤i≤bn2 c

νp(p
i−1xni )

= min
1≤i≤bn2 c

(i− 1 + nνp(xi)) ∈
{

0, 1, 2, . . . ,
⌊n

2

⌋
− 1
}

(mod n).

Hence, νp

(
F (x)
F (y)

)
6≡
⌊
n
2

⌋
(mod n) for any x, y ∈ Zb

n
2 c. By Lemma 1.12, R(F0) is

not dense in Qp. �

Remark 3.2.1. Note that there exists an integral diagonal form F of degree n

depending on
⌊
n
2

⌋
variables such that R(F ) is dense in Qp.

Consider

F (x1, x2, x3, . . . , xbn2 c−1, xbn2 c)

= xn1 + pxn2 + p2xn3 + · · ·+ pb
n
2 c−2xnbn2 c−1 + pb

n
2 cxnbn2 c.

Then, for each x =
(
x1, x2, x3, . . . , xbn2 c

)
∈ Zb

n
2 c we have

νp(F (x)) ∈
{

0, 1, 2, . . . ,
⌊n

2

⌋
− 2,

⌊n
2

⌋}
(mod n).

Thus, every finite value can be attained as the p-adic valuation of
(
F (x)
F (y)

)
for some

x, y ∈ Zb
n
2 c. Using similar reasoning to the one from the proof of Theorem 3.4, one
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can show that R(F ) is dense in Qp.

3.3 Forms in two variables

We provide a sufficient condition for the denseness of R(F ) where F is any binary

form of degree d > 1.

Theorem 3.5. Let F (x, y) = a0x
d + a1x

d−1y+ · · ·+ ad−1xy
d−1 + ady

d be an integral

form of degree d ≥ 2. Let p be a prime number such that p | ad and p - ad−1. Then

R(F ) is dense in Qp.

Proof. By the assumption, it follows that 0 is a simple root of the polynomial F (x, 1)

modulo p. Therefore, by Hensel’s lemma, F (x, 1) has a simple root in Zp. Hence,

the statement follows by Theorem 1.11. �

3.3.1 Quartic form

Before stating the next theorem, we state a result due to Sun which gives the

number of roots modulo a prime p > 3 for polynomials of degree 4. We use this

theorem to find a sufficient condition for the denseness of ratio sets of quartic forms.

Theorem 3.6. [47, Theorem 5.3] Let p > 3 be a prime, and a, b, c ∈ Z.

1. If a2+12c 6≡ 0 (mod p), then the congruence x4+ax2+bx+c ≡ 0 (mod p) has

one and only one solution if and only if sp+1 ≡ a2−4c (mod p), where {sn} is

given by s0 = 3, s1 = −2a, s2 = 2a2 +8c, sn+3 = −2asn+2 +(4c−a2)sn+1 +b2sn

(n = 0, 1, 2, . . . ).

2. If a2 + 12c ≡ 0 (mod p), then the congruence x4 + ax2 + bx + c ≡ 0 (mod p)

has one and only one solution if and only if p ≡ 1 (mod 3) and 8a3 + 27b2 is

a cubic non-residue (mod p).
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Theorem 3.7. Let F (x, y) = ax4 + bx3y + cx2y2 + dxy3 + ey4 be an integral binary

quartic form with a, b 6= 0. Suppose that p > 3 is a prime with νp(b) > 0. Then

R(F ) is dense in Qp if one of the following two conditions holds:

1. p ≡ 1 (mod 3), a2c2 + 12a3e ≡ 0 (mod p), and 8a3c3 + 27a4d2 is a cubic

non-residue modulo p.

2. a2c2 + 12a3e 6≡ 0 (mod p) and sp+1 ≡ a2c2 − 4a3e (mod p), where {sn} is

given by s0 = 3, s1 = −2ac, s2 = 2a2c2 + 8a3e and sn+3 = −2acsn+2 + (4a3e−

a2c2)sn+1 + a4d2sn for n ≥ 0.

Proof. We have F (x, y) = ax4 + bx3y + cx2y2 + dxy3 + ey4 with a, b 6= 0 and p|b.

Consider the polynomial

f(x) :=
F (x, a)

a
= x4 + bx3 + acx2 + a2dx+ a3e.

Suppose that condition (1) of the theorem is true. Then, by Theorem 3.6,

f(x) ≡ x4 + acx2 + a2dx+ a3e ≡ 0 (mod p)

has a simple root modulo p, i.e, there exists an x0 ∈ Z such that

f(x0) ≡ 0 (mod p) and f ′(x0) 6≡ 0 (mod p).

Therefore, by Hensel’s lemma, f has a simple root in Zp. Hence, by Theorem 1.11,

R(f(N)) is dense in Qp. Since R(f(N)) ⊂ R(F ), R(F ) is dense in Qp.

Next, we assume that condition (2) of the theorem is true. Then again, by

Theorem 3.6, f has a simple root modulo p. Therefore, by Hensel’s lemma, f

has a simple root in Zp. Hence, by Theorem 1.11, R(f(N)) is dense in Qp. Since

R(f(N)) ⊂ R(F ), R(F ) is dense in Qp. �

For example, consider the form F (x, y) = 5x4 + x3y + xy3 + 19y4 in Q19. Here,
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a2c2 + 12a3e ≡ 0 (mod p), p ≡ 1 (mod 3) and 8a3c3 + 27a4d2 ≡ 3 (mod 19) is a

cubic non-residue modulo 19. Therefore, R(F ) is dense in Q19.

Remark 3.3.1. The converse of Theorem 3.7 is not true. For example, consider

the binary quartic form x4 + 17x3y+y4 in Q17. Using Hensel’s lemma and Theorem

1.11, it can be seen that the ratio set of the quartic form is dense in Q17 since 2 is

a simple root of the polynomial x4 + 17x3 + 1 modulo 17. However, a2c2 + 12a3e 6≡ 0

(mod 17), but s18 6≡ a2c2 − 4a3e (mod 17).

Remark 3.3.2. In Theorem 3.7, if we remove the condition a 6= 0, it can be easily

seen that R(F ) is dense in Qp for any prime p. If a = 0, we consider the polynomial

f(y) := F (1, y) = y(b+ cy + dy2 + ey3). Since y = 0 is a simple zero of f in Zp, by

Theorem 1.11, R(f(N)) is dense in Qp. Since R(F ) ⊇ R(f(N)), R(F ) is dense in

Qp.

3.4 Forms dense in infinitely many Qp

Before stating the next result, let us recall the definition of the discriminant of a

polynomial over a field K. The discriminant of a polynomial f(x) = anx
n+· · ·+a0 ∈

K[x] is defined as

D(f) := a2n−2n

∏
1≤i<j≤n

(ri − rj)2,

where r1, . . . , rn are the roots of f in the algebraically closed field containing K. The

discriminant of an integral polynomial is always an integer. It can be observed that

the discriminant of a polynomial over a field is zero if and only if the polynomial has

repeated roots. The following theorem gives a sufficient condition for an integral

form F to have a dense ratio set in Qp for infinitely many primes p.

Theorem 3.8. Let F be an integral form in n variables of degree greater than

one. Suppose that there exist integers a1, a2, . . . , an−1 for which the polynomial
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F (x, a1, a2, . . . , an−1) in x has nonzero discriminant. Then R(F ) is dense in Qp

for infinitely many primes p.

Before proving the theorem, let us recall a theorem of Schur that guarantees

the existence of infinitely many prime divisors for a polynomial. For a polynomial

f ∈ Z[x], a prime number p is said to be a prime divisor of f if p|f(n) for some

n ∈ Z. Let P (f) be the set of all the prime divisors of f . Then the following theorem

holds.

Theorem 3.9. [22, Theorem 1] If f(x) ∈ Z[x] is non-constant, then P (f) is infinite.

Proof of Theorem 3.8. Suppose that the polynomial defined as

f(x) := F (x, a1, a2, . . . , an−1)

has nonzero discriminant D(f). Consider primes p such that p - D(f). By Schur’s

theorem, there exists np ∈ Z such that p|f(np) for infinitely many primes p - D(f)

i.e, f(np) ≡ 0 (mod p). Since D 6≡ 0 (mod p), f has distinct roots modulo p.

Hence, f ′(np) 6≡ 0 (mod p). Therefore, by Hensel’s lemma, f has a simple root

in Zp. Hence, by Theorem 1.11, R(f(N)) is dense in Qp. Since R(F ) ⊇ R(f(N)),

R(F ) is dense in Qp. This completes the proof as there are infinitely many such

primes. �

We discuss two examples as applications of Theorem 3.8. We have calculated

discriminants of polynomials in the following examples with the help of Wolfram

Alpha.

Example 3.4.1. Consider the form F (x, y, z) = x5+x3yz+yz4+x4z+xy4+y5. The

polynomial f(x) := F (x, 1, 0) = x5+x+1 has discriminant equal to 3381 = 3 ·72 ·23.

Also, f(2) = 35 ≡ 0 (mod 5) but f ′(2) 6≡ 0 (mod 5). Hence by Hensel’s lemma,

f has a simple root in Z5. Therefore, by Theorem 1.11, R(F ) ⊇ R(f(N)) is dense

in Q5. Moreover, Schur’s theorem guarantees the existence of infinitely many such
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primes p 6= 3, 7, 23 for which R(F ) is dense in Qp. For example, f(3) = 247 = 13·19.

Hence, R(F ) is dense in Q13 and Q19. Similarly, it can be shown that R(F ) is dense

in Qp for p = 31, 43, 101, 181 etc.

Example 3.4.2. Consider the form F (x, y, z) = x6+x5y+x4y2+x2y4+y6+x2z4+z6.

The discriminant of the polynomial f(z) := F (1, 0, z) = 1 + z4 + z6 is nonzero and

it can be shown that R(F ) is dense in Qp for p = 3, 607, 1451, 5417, 88747 etc.

3.4.1 Quintic form

Now, we consider the particular case of a fifth degree form. We provide a result

that gives the denseness of the ratio set of values assumed by certain quintic forms

in Qp for infinitely many primes p. Before stating the result, we state a theorem

which gives existence of non-singular roots for quintic forms over finite fields. For a

prime p, let q = pr, r ≥ 1. Let Fq denote the finite field with q elements.

Theorem 3.10. [27, Corollary 4.5] Let f be a non-degenerate quintic form of order

at least 6 over Fq. If q > 101, then f has a non-singular Fq-rational zero.

The following theorem gives a sufficient condition for the denseness of ratio sets

of quintic forms.

Theorem 3.11. Let p be a prime. Let F be an integral non-degenerate quintic form

of order at least 6 over the field Fp. If p > 101, then R(F ) is dense in Qp.

Proof. By Theorem 3.10, F has a non-singular root in Z/pZ i.e,

F (a1, a2, . . . , an) = 0,
∂F

∂xj
(a1, a2, . . . , an) 6= 0

for ai ∈ Z/pZ, 1 ≤ i ≤ n and for some j satisfying 1 ≤ j ≤ n. Consider the

polynomial f(x) := F (a1, a2, . . . , x, . . . , an) formed by replacing aj by x. We have

f(aj) ≡ 0 (mod p) and f ′(aj) 6≡ 0 (mod p). Therefore, by Hensel’s lemma, there
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exists a simple root of f in Zp. Hence, by Theorem 1.11, R(f(N)) is dense in Qp.

Since R(f(N)) ⊂ R(F ), R(F ) is dense in Qp. �

3.5 Forms dense in finitely many Qp

The previous results could make us think whether the existence of one p such

that R(F ) is dense in Qp must imply that R(F ) is dense in infinitely many different

fields Qq. However, that is not the case. We construct forms defined over Z in any

number of variables which prove that the answer to the previous question is no. To

do so, first we obtain polynomials for which the ratio set is dense in (fixed) Qp,

but they do not satisfy the conditions of [36, Theorem 1.2] and then using these

polynomials we construct forms. Now, we state the result.

Theorem 3.12. Let p be a prime number. Consider three prime numbers q1 < q2 <

q3 such that q1q2q3 is coprime to p(p− 1). Define the polynomial

f(x) = xq1q2(x+ pq1+1)q2q3
q1∏
i=1

(x+ pi)q1q3 .

Then

1. R(f) is dense in Qp.

2. For almost all primes q, including those greater than pq1+1, R(f) is not dense

in Qq.

Proof. (1) It is sufficient to prove that for any u ∈ Zp, there are x, y ∈ Zp such that

f(x)
f(y)

= u. Let u = pnq1+sv, where n, s ∈ Z≥0 with s < q1, and p - v. There is exactly

one m ∈ {1, . . . , q1} such that q2q3(1−m) ≡ s (mod q1). We will find x, y ∈ Zp in

the shape x = pkx1 and y = ply1− pm, where k, l > q1 + 1 and x1, y1 ∈ Z∗p. For such
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x and y, we have

νp(f(x)) = kq1q2 + q1q3
q1(q1 + 1)

2
+ (q1 + 1)q2q3;

νp(f(y)) = mq1q2 + q1q3(
(m− 1)m

2
+ l +m(q1 −m)) +mq2q3;

f(x)

f(y)
= pνp(f(x))−νp(f(y))

xq1q21 (pf1(x1) + 1)

yq1q31 (pf2(y1)± 1)
,

for some polynomials f1, f2 with coefficients in Zp, and for the unique choice of +

or − in the denominator.

The choice of m implies that there are k, l > q1+1 such that νp(f(x))−νp(f(y)) =

nq1 + s because we can divide by q1 and obtain an equation q2k− q3l = N for some

N ∈ Z. This equation has infinitely many solutions (and greater than q1+1) because

q2 and q3 are coprime. Now we need to prove that there are x1, y1 ∈ Z∗p such that

xq1q21 (pf1(x1) + 1)

yq1q31 (pf2(y1)± 1)
= v. (3.1)

This directly follows from Hensel’s lemma after multiplying the denominator on

both sides of the equation, fixing any y1 ∈ Z∗p, and reducing the equation modulo

p. We obtain an equation xq1q21 ≡ ±vyq2q31 (mod p), which has a simple solution be-

cause x 7→ xq1q2 is a bijective map F∗p −→ F∗p. We use that q1q2 is coprime to (p−1)p.

(2) Let q be a prime such that q - pi−p, for any 1 ≤ i ≤ q1+1. Then, for every x ∈ Zq,

at most one of the following values is positive νq(x), νq(x + p), . . . , νq(x + pq1+1).

Hence, for each x ∈ Zq, νq(f(x)) is divisible by q1q2, or q2q3 or q1q3, so we can-

not find x, y ∈ Zq such that νq(f(x)/f(y)) = 1, and R(f) is not dense in Qq. In

particular, this holds for all q greater than pq1+1. �

Next, we present a multivariable version of the above theorem.

Theorem 3.13. Let p be a prime number. Consider three prime numbers q1 < q2 <
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q3 such that q1q2q3 is coprime to p(p− 1). Define the form

g2(x1, x2) = xq1q21 (x1 + pq1+1x2)
q2q3

q1∏
i=1

(x1 + pix2)
q1q3

q3−1∏
i=1

(pix1 + x2)
q1q2

×
q3+q2−q1−1∏

i=q3

(pix1 + x2)
q1q3

q3+q2−2∏
i=q3+q2−q1

(pix1 + x2)
q2q3 .

Then

1. R(g2) is dense in Qp.

2. For almost all primes q, including those greater than pq3+q2+q1−1, R(g2) is not

dense in Qq.

3. Let n > 2 and gn(x1, . . . , xn) = g2(x1, x2)(x3 · · · xn)q1q2q3. Then, R(gn) is dense

in Qp, but for almost all primes q, R(gn) is not dense in Qq.

Proof. (1) We will prove that for any u = pνp(u)v, where v ∈ Z∗p, we can find x1, y1 ∈

Zp such that g2(x1,1)
g2(y1,1)

= u. We note that g2(x1, 1) = f(x1)(ph(x1)+1), where f is from

Theorem 3.12 and h ∈ Zp[x] is some polynomial. Hence, νp(g2(x1, 1)) = νp(f(x1))

for all x1 ∈ Zp. Hence, we can use the same strategy as in Theorem 3.12 (i.e.,

look for x1, y1 ∈ Zp in the shape x1 = pkx2 and y1 = ply2 − pm) to arrange that

νp(
g2(x1,1)
g2(y1,1)

) = νp(u). Then, after dividing by powers of p, we end up in the notation

of (3.1) in
xq1q22 (pf1(x2) + 1)(ph(pkx2) + 1)

yq1q32 (pf2(y2)± 1)(ph(ply2 − pm) + 1)
= v.

Now, as in Theorem 3.12, by Hensel’s lemma, we can find such x2 and y2, and hence

R(g2) is dense in Qp.

(2) First note that g2(x1, x2) has degree

q1q2 + q21q3 + q2q3 + (q3 − 1)q1q2 + (q2 − q1)q1q3 + (q1 − 1)q2q3 = 3q1q2q3.
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We will now prove that for q big enough, we cannot find x1, x2, y1, y2 ∈ Zp such

that

νq

(
g2(x1, x2)

g2(y1, y2)

)
= 1.

More precisely, we will prove that at least one of q1, q2, or q3 divides νq

(
g2(x1,x2)
g2(y1,y2)

)
,

and for that it suffices to prove that for any x1, x2 ∈ Zp, two of q1, q2, and q3 divide

νq(g2(x1, x2)), so we now focus on proving the latter statement.

We may assume that q - x1 or q - x2, because g2(qx1, qx2) = q3q1q2q3g2(x1, x2).

If νq(g2(x1, x2)) 6= 0 (otherwise, the statement is true), then q divides at least

one of the terms x1, x1 + pix2 for 1 ≤ i ≤ q1 + 1, or pjx1 +x2 for 1 ≤ j ≤ q2 + q3− 2.

We now prove that q cannot divide more than one of these terms. If q divides at

least two of them, then we distinguish between the cases. If q | x1, then the sec-

ond division implies that q | pix2, for some i, hence q | x2, which we assume it is

not the case. If q divides two terms of the same shape, then q | (pi − pj)xk, for

i, j < q2 + q3 − 1, which again implies that q divides both x1 and x2. Similarly, if

q | x1 + pix2 and q | pjx1 + x2 for some i ≤ q1 + 1 and j ≤ q2 + q3 − 2, but then

q | (pi+j − 1)x1, which again implies that q | x1 because q > pq1+q2+q3−1 and q | x2.

Thus, R(g2) is not dense in Qq.

(3) Since gn(x1, x2, 1, . . . , 1) = g2(x1, x2), by (1), R(gn) is dense in Zp. Also, since

νq(gn(x1, . . . , xn)) ≡ νq(g2(x1, x2)) (mod q1q2q3) for any prime number q, the same

argument as in (2) shows that R(gn) is not dense for q > pq3+q2+q1−1. �

3.6 More polynomials and forms not satisfying

condition of Theorem 1.10

In this section we show that condition of Theorem 1.10 is not necessary for

the denseness of ratio sets of values assumed by polynomials. First, we recall the
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definition of a difference set.

Definition 3.1. Let q be a positive integer.

1. For a set S ⊆ Z/qZ, let S − S := {s1 − s2 | s1, s2 ∈ S}.

2. A subset S ⊆ Z/qZ is called a difference set if the set S − S = Z/qZ.

We present a theorem that generates polynomials with dense ratio sets, where

the roots of each polynomial have equal multiplicities.

Theorem 3.14. Let q be a positive integer greater than 1 and let S = {0, s1, . . . , sk}

(and write s0 = 0) be a difference set for Z/qZ. Define the polynomial f with 2k+ 1

distinct factors:

f = xq(x− 1)q · · · (x− k)q((x− 1)q + ps1) · · · ((x− k)q + psk).

Then R(f) is dense in Qp for primes p satisfying gcd(q, p(p− 1)) = 1.

Proof. We first prove that for any non-negative integer r, we can find x, y ∈ Zp such

that νp(f(x)/f(y)) = r. For g ∈ Zp[x], we use the notation g̃ = g (mod p) to denote

the reduction modulo p. Also, x∗ = x/pνp(x) denotes the coprime to p part of x.

Write r = r0q + r1, such that 0 ≤ r0, r1 and r1 < q. There are si, sj ∈ S such

that si− sj ≡ r1 (mod q). Let us consider x = pax1 + i with x1 ∈ Z∗p and y = p+ j,

where a = r0 + 1 if si ≥ sj or a = r0 + 2 otherwise. Then,

f(x)

f(y)
= pr

(
f(x)

f(y)

)∗
, and

˜(f(x)

f(y)

)∗
= xq1C,

where C ∈ Z∗p is some number independent of x1, a and b. So, if u = prv, with

v ∈ Z∗p, we can solve
(
f(x)
f(y)

)∗
= v by Hensel’s lemma since there is a unique solution

modulo p of xq1 ≡ C−1v (mod p) (recall that gcd(q, p−1) = 1, so F∗p −→ F∗p, x 7→ xq

is a bijection). This proves that R(f) is dense in Qp. �
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We now demonstrate the existence of polynomials of degrees 5 and higher than

6 that do not satisfy the condition in Theorem 1.10, yet have a dense ratio set in all

Qp.

Theorem 3.15. Let d = 5 or d ≥ 7. There is a monic polynomial f(x) ∈ Z[x] of

degree deg(f) = d with only one root of multiplicity greater than 1 such that R(f)

is dense in Qp for all primes p.

Proof. Consider f(x) = xd1((x+1)d2 +pd1d2+1) where d1, d2 > 1 such that d1+d2 = d

and gcd(d1, d2) = 1. We prove that R(f) is dense in Qp. First, we note that

(x+ 1)d2 + pd1d2+1 is irreducible, which we can read of its Newton polygon.

Consider any pd1k+lu ∈ Zp for 0 ≤ l < d1. There is 0 < m ≤ d1 such that

d2m ≡ −l (mod d1). Consider y = pmy1 − 1, where y1 ∈ Z∗p. Then νp(f(y)) =

d2m = d1n− l, for some n ∈ N. Then, take x = pk+nx1 with x1 ∈ Z∗p. We compute

νp(f(x)/f(y)) = d1k + l. Then, by Hensel’s lemma, we can find x1, y1 ∈ Z∗p such

that
xd11 ((px1 + 1)d2 + pd1d2+1)

(pmy1 − 1)d1(yd21 + p(d1−m)d2+1)
= u,

because we can get any nonzero residue v mod p as xd11 /y
d2
1 mod p, as there are

a, b ∈ N such that d1a− d2b = 1, so just take x1 = ua and y1 = ub mod p. �

We state an analogous result for binary forms.

Theorem 3.16. We have:

1. Let p ≡ 3 (mod 8). Then

F (x, y) = (x2 + p4y2)((x− y)2 + py2) ∈ Zp[x, y]

is a binary form of degree 4 such that R(F ) is dense in Qp and F has no linear

factors over Qp.
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2. Let p ≡ 11 (mod 24). Then

F (x, y) = (x2 + p6y2)((x+ y)2 + p3y2)((x− y)2 + py2) ∈ Zp[x, y]

is a binary form of degree 6 such that R(F ) is dense in Qp and F has no linear

factors over Qp.

3. Let p be a prime number and d = 5 or d ≥ 7. Let f ∈ Zp[x] be the polynomial

from Theorem 3.15 for the chosen d. Then F (x, y) = ydf(x
y
) ∈ Zp[x, y] is a

binary form of degree d such that R(F ) is dense in Qp and F has no simple

linear factors over Qp.

Proof. Firstly, we prove part (1) of the theorem. We assume p ≡ 3 (mod 8), so

that −1 and 2 are not quadratic residues modulo p. Furthermore, in this case,

y 7→ y4 : F∗p → F∗p has the same image as y 7→ y2 : F∗p → F∗p, i.e., all squares in F∗p.

We find it easier to use z = x
y
, so that F (y, z) = y4(z2 + p4)((z − 1)2 + p). For

each r ∈ Zp, we want to find y1, y2, z1, z2 ∈ Zp such that F (y1,z1)
F (y2,z2)

= r. All elements of

Zp are of the shape p4k+iau2, where k ∈ Z≥0, i ∈ {0, 1, 2, 3}, a ∈ {1, 2}, and u ∈ Z∗p.

We do two cases in more detail, and the others are analogous.

Consider first r = p4ku2, for some k ∈ Z≥0 and u ∈ Z∗p. Then, let y1 = pky′1, for

y′1 ∈ Z∗p, z1 = −1, y2 = 1, z2 = −1. Then

p4ku2 =
F (y1,−1)

F (1,−1)
= p4ky′1

4
,

and we need to solve y′1
4 = u2, and this has a solution in Z∗p by Hensel’s lemma.

Now, consider r = 2p4ku2, for some k ∈ Z≥0 and u ∈ Z∗p. Let y1 = pky′1, for

y′1 ∈ Z∗p, z1 = p2, y2 = p, z2 = −1. Then

2p4ku2 =
F (y1, p

2)

F (p,−1)
= 2p4ky′1

4 (p2 − 1)2 + p

(1 + p4)(4 + p)
.
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After dividing by p4k, we can solve y′1
4 ≡ 4u2 (mod p), so, by Hensel’s lemma, we

can find the required y′1.

Similarly, we prove that in the following cases, we can use

• r = p4k+1u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = 1, y2 = 1, z2 = −1;

• r = 2p4k+1u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = 1, y2 = 1, z2 = p2;

• r = p4k+2u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = −1, y2 = 1, z2 = p;

• r = 2p4k+2u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p2, y2 = 1, z2 = p;

• r = p4k+3u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = −1, y2 = 1, z2 = 1;

• r = 2p4k+3u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p2, y2 = 1, z2 = 1.

Now we prove part (2) similarly to part (1). We assume p ≡ 11 (mod 24), so

that −1 and 2 are not quadratic residues modulo p and that y 7→ y6 : F∗p → F∗p has

the same image as y 7→ y2 : F∗p → F∗p, i.e., all squares in F∗p. Again, we find it easier

to use z = x
y
, so that F (y, z) = y6(z2 + p6)((z + 1)2 + p3)((z − 1)2 + p).

For each possibility r = p6k+iau2 ∈ Zp, where k ∈ Z≥0, 0 ≤ i ≤ 5, a ∈ {1, 2},

u ∈ Z∗p, we can find corresponding y1, y2, z1, z2 ∈ Zp such that F (y1,z1)
F (y2,z2)

= r has a solu-

tion, again, by specifying z1, y2, z2 and νp(y1), and then solving for y∗1 using Hensel’s

lemma.

• r = p6ku2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = 1, y2 = 1, z2 = 1;

• r = p6k+1u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p, y2 = 1, z2 = 1;

• r = p6k+2u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = −1, y2 = 1, z2 = 1;

• r = p6k+3u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p2, y2 = 1, z2 = 1;
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• r = p6k+4u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = p, y2 = 1, z2 = p2;

• r = p6k+5u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = −1, y2 = 1, z2 = p2;

• r = 2p6ku2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p3, y2 = p, z2 = p− 2;

• r = 2p6k+1u2: y1 = pk+1y′1, for y′1 ∈ Z∗p, z1 = 1, y2 = 1, z2 = p3;

• r = 2p6k+2u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p3, y2 = 1, z2 = p2;

• r = 2p6k+3u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p3, y2 = 1, z2 = −1;

• r = 2p6k+4u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p3, y2 = 1, z2 = p;

• r = 2p6k+5u2: y1 = pky′1, for y′1 ∈ Z∗p, z1 = p3, y2 = 1, z2 = 1;

The proof of (3) is immediate as we have that R(f) is dense in Qp, then R(F ) is

dense too, as R(F (x, 1)) is dense. �

3.7 Polynomials with factors having degree divis-

ible by q > 1

In this section, we examine specific types of polynomials and describe their im-

age. Even though we have in mind a concrete application to the denseness result,

the result is exciting on its own. We first introduce the notation that will be used in

this section. Let g ∈ Zp[x] be an irreducible polynomial of degree deg(g) = d > 1.

We will use the following notation:

g̃ = g (mod p) denotes the reduction modulo p;

x∗ = x/pνp(x) denotes the coprime to p part of x.

Assume that g̃ has a root in Fp. Since g is irreducible, Hensel’s lemma for polyno-

mials implies that g̃ is a dth power of a linear polynomial because it cannot have

coprime factors in Fp[x]. We can assume that g is monic because p does not divide
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50 p-adic quotient sets: polynomial and integral forms

its leading coefficient (otherwise, g̃ = 1, which contradicts the assumption that g̃ has

a zero in Fp). Furthermore, we can assume (by applying a linear change of variables

if necessary) that g̃ = xd. Thus,

g(x) = xd + pkd−1ad−1x
d−1 + · · ·+ pk1a1x+ pk0a0,

where k0, . . . , kd−1 ∈ Z>0 ∪ {+∞}, a0, . . . , ad−1 ∈ Z∗p. We allow ki = +∞ for

0 < i < d if the coefficient of xi is 0, but note that k0 < +∞.

Now, we are ready to define the quantity τ(g).

Definition 3.2. Let g ∈ Zp[x] be an irreducible polynomial of degree deg(g) = d.

• If g̃ does not have a zero in Fp, define τ(g) := 0.

• If g̃ has a root in Fp, assuming the notation from above, define τ(g) := k0
d

.

We want to use the quantity τ(g) to study νp(g(x)) for x ∈ Zp. Irreducibility of

g implies that all of its roots have the same valuation at p, so the Newton polygon

of g is a straight line connecting (0, k0) and (d, 0). We also denote ad = 1, kd = 0.

Then, for each 0 ≤ i ≤ d, we have

ki ≥
⌈
d− i
d

k0

⌉
= d(d− i)τ(g)e , (3.2)

where dxe denotes the smallest y ∈ Z such that y ≥ x.

If p - x, then νp(g(x)) = 0, so consider p | x.

If νp(x) < τ(g), then for all 0 ≤ i < d, we have

ki ≥ d(d− i)τ(g)e ≥ (d− i)τ(g) > (d− i)νp(x) =⇒ ki + νp(x)i > dνp(x).

Hence, νp(x
d) < νp(p

kiaix
i), so νp(g(x)) = dνp(x).
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3.7 Polynomials with factors having degree divisible by q > 1 51

If νp(x) > τ(g), then for all 0 < i ≤ d, we have

ki + νp(x)i > d(d− i)τ(g)e+ iτ(g) ≥ dτ(g) = k0.

Then νp(a0) < νp(p
kiaix

i), so νp(g(x)) = k0.

Thus, if τ(g) /∈ Z>0, we have completely described νp(g(x)).

It remains to consider the case when τ(g) ∈ Z>0 and νp(x) = τ(g). Denote

g1(x) := xd + pkd−1+(d−1)τ(g)−k0ad−1x
d−1 + · · ·+ pk1+τ(g)−k0a1x+ a0.

Inequality (3.2) implies that g1 ∈ Zp[x]. Let x = pτ(g)x1, then

g(x) = pdτ(g)g1(x1).

Since we used a linear change of variables, g1 is also irreducible in Zp[x]. It is now

sufficient to consider g1 ∈ Zp[x] and x1 ∈ Zp, so we can repeat the whole process.

Since this transformation plays an important role for us, we give it a name T .

Definition 3.3. We denote the above transformation by T : Zp[x] −→ Zp[x], T (g) =

g1.

The valuations of the discriminants of g and g1 = T (g) are related by

νp(D(T (g))) = νp(D(g))− d(d− 1)τ(g),

because if α1, . . . , αd are roots of T (g), then pτ(g)α1, . . . , p
τ(g)αd are roots of g. Note

that since g is irreducible, we have D(g) 6= 0 as Qp has characteristic zero, so we

can apply the transformation T only finitely many times.

Now, we are ready to introduce the last important notion for this section.

Definition 3.4. Let g ∈ Zp[x] be an irreducible polynomial of degree d.
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52 p-adic quotient sets: polynomial and integral forms

• If τ(g) = 0, we call g of type 2.

• If τ(g) /∈ Z≥0, we call g of type 1.

• If τ(g) ∈ Z>0, we can apply the transformation g1 = T (g) ∈ Zp[x] from

Definition 3.3. We define recursively the type of g to be the type of g1.

As we will see soon, the quantity τ(g) is useful to study νp(g(x)). For better

understanding, we give some examples:

Example 3.7.1.

• For the polynomial g1(x) = x2 + p, we have τ(g1) = 1
2
, so g1 is of type 1. For

g2(x) = (x − 1)3 + p2(x − 1)2 + p4, after a linear change of variables, we can

consider h2(x) = x3 + p2x2 + p4, and we have τ(h2) = 4
3

and g2 is of type 1.

Also, let g3(x) = x2 + 2px + p2(p + 1). Then, τ(g3) = 1, so, we can apply

the T transformation (in this case, replace x by px and divide by p2). Then

h3 = T (g3), for h3(x) = x2 + 2x + p + 1 = (x + 1)2 + p, and after a linear

change of variables, we consider g1(x) = x2 + p, so we conclude that g3 is of

type 1.

• Let p ≡ 3 (mod 4). Let g4(x) = x2 + 1. Since g4 does not vanish modulo p, it

is of type 2. Let g5(x) = x2− 2px+ 5p2, then τ(g5) = 1. After applying T , we

get h5 = T (g5), for h5 = x2 − 2x + 5 = (x − 1)2 + 4. As h5 does not vanish

modulo p, g5 is also of type 2.

Let q be a positive integer. From now on, we will study the polynomials

f(x) = g1(x) · · · gs(x) such that all gi ∈ Zp[x] are irreducible polynomials of de-

gree deg(gi) := di = miq for some mi ∈ Z>0, for all 1 ≤ i ≤ s. Our goal is to

prove that their number limits the possible values of νp(f(x)) (mod q) ∈ Z/qZ and

f̃(x)∗ ∈ F∗p/F∗p
q. The result is as follows.
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3.7 Polynomials with factors having degree divisible by q > 1 53

Theorem 3.17. Let p be a prime number, q > 1 a positive integer, and k ∈ Z>0.

Let g1, . . . , gk ∈ Zp[x] be monic of type 1, whose degrees deg(gi) = di are divisible by

q. Denote f(x) = g1(x) · · · gk(x) ∈ Zp[x]. Then

{[(νp(f(x)), f(x)∗)] ∈ Z/qZ× F∗p/F∗p
q : x ∈ Zp}

can take at most k + 1 values, including (0, 1).

Proof. We prove the theorem by induction.

Base case k = 1. Let g = g1 and d = d1. Assume that

g(x) = xd + pkd−1ad−1x
d−1 + · · ·+ pk1a1x+ pk0a0,

where a0, . . . , ad−1 ∈ Z∗p, k0, . . . , kd−1 > 0 (possibly +∞ except from k0).

If p - x, then [(νp(g(x)), g(x)∗)] = (0, 1) ∈ Z/qZ× F∗p/F∗p
q.

Otherwise, let x = pνp(x)x1, where x1 ∈ Z∗p. If 0 < νp(x) < τ(g) = k0
d

, then

g(x) = pdνp(x)(xd1 + px2)

for some x2 ∈ Zp, so [(νp(g(x)), g(x)∗)] = (0, 1).

If νp(x) > τ(g), then

g(x) = pk0(a0 + px2)

for some x2 ∈ Zp, so [(νp(g(x)), g(x)∗)] = (k0, a0). Therefore, if τ(g) /∈ Z>0, then the

proof is finished.

If τ(g) ∈ Z>0, we can make a T transformation g 7→ T (g) ∈ Zp[x] so that

pk0T (g)(x) = g(pτ(g)x). Since g is of type 1, T (g) vanishes modulo p. Hence, as T (g)

is irreducible in Zp[x], we have T (g) ≡ (x − a)d (mod p), for some a ∈ Z∗p. This

implies that a0 ≡ ad (mod p). Since q | d | k0, we have (k0, a0) = (0, 1) ∈ Z/qZ ×

F∗p/F∗p
q, so for any x such that νp(x) 6= τ(g), we have [(νp(g(x)), g(x)∗)] = (0, 1).

TH-3679-196123104



54 p-adic quotient sets: polynomial and integral forms

As νp(g(pτ(g)x)) ≡ νp(T (g)(x)) modulo q and g(pτ(g)x)∗ = T (g)(x)∗, we can focus

entirely on T (g) and repeat the process. The process of applying transformations T

eventually stops (when τ(T ◦ · · · ◦T (g)) /∈ Z>0), and for this polynomial, we already

have proven the statement.

Induction step. Assume that the statement is true for all numbers up to k, and

we prove that it is true for k + 1.

Let g1 ≡ (x−σ1)d1 (mod p), . . . , gk ≡ (x−σk)dk (mod p) be the polynomials of

type 1 and σ1 ≤ . . . ≤ σk ∈ {0, . . . , p−1}. If σ1 6= σk, then we split the polynomials gi

into two groups: g1, . . . , gs whose zero modulo p is σ1 and the remaining gs+1, . . . , gk

whose zeros modulo p are different from σ1; note that s < k.

If x ≡ σ1 (mod p), then we have

[(νp(gs+1(x) · · · gk(x)), (gs+1(x) · · · gk(x))∗)] = (0, 1) ∈ Z/qZ× F∗p/F∗p
q,

and by applying the inductive hypothesis to g1 · · · gs, we have that

[(νp(g1(x) · · · gs(x) · gs+1(x) · · · gk(x)), (g1(x) · · · gs(x) · gs+1(x) · · · gk(x))∗)]

can take at most s+ 1 pairs in Z/qZ× F∗p/F∗p
q, including (0, 1).

Similarly, when x 6≡ σ1 (mod p), then

[(νp(g1(x) · · · gs(x)), (g1(x) · · · gs(x))∗)] = (0, 1),

and by applying the inductive hypothesis to gs+1 · · · gk, we have that

[(νp(g1(x) · · · gs(x) · gs+1(x) · · · gk(x)), (g1(x) · · · gs(x) · gs+1(x) · · · gk(x))∗)]

can take at most (k − s) + 1 pairs in Z/qZ× F∗p/F∗p
q, including (0, 1).
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3.7 Polynomials with factors having degree divisible by q > 1 55

Thus, in total, there are at most s + 1 + (k − s) + 1 − 1 = k + 1 possible pairs

in Z/qZ× F∗p/F∗p
q, including (0, 1), which appears in both cases, so it is the reason

why we could subtract 1 in the estimate.

It remains to consider the case σ := σ1 = · · · = σk. Now reorder the polynomials

such that τ(g1) ≤ · · · ≤ τ(gk). First, suppose that τ(g1) < τ(gk), and similarly, split

the polynomials gi into two groups, where the τ value is the same for the first s of

them: τ(g1) = . . . = τ(gs) < τ(gs+1) ≤ . . . ≤ τ(gk).

It suffices to consider x ≡ σ (mod p) and νp(x) ≥ τ(g1) (otherwise, all other x

lead to the pair (0, 1) ∈ Z/qZ× F∗p/F∗p
q). If νp(x) = τ(g1), then

[(νp(gs+1(x) · · · gk(x)), (gs+1(x) · · · gk(x))∗)] = (0, 1) ∈ Z/qZ× F∗p/F∗p
q,

and by the inductive hypothesis, we have that

[(νp(g1(x) · · · gs(x) · gs+1(x) · · · gk(x)), (g1(x) · · · gs(x) · gs+1(x) · · · gk(x))∗)]

can take at most s+ 1 pairs in Z/qZ× F∗p/F∗p
q, including (0, 1).

On the other hand, if νp(x) > τ(g1), then

[(νp(g1(x) · · · gs(x)), (g1(x) · · · gs(x))∗)]

has a constant value in Z/qZ×F∗p/F∗p
q, and that pair belongs to the set of potential

pairs from the previous case. We apply the inductive hypothesis to conclude that

[(νp(gs+1(x) · · · gk(x)), (gs+1(x) · · · gk(x))∗)]

can take at most k − s+ 1 pairs in Z/qZ× F∗p/F∗p
q, including (0, 1).

Therefore, in total

[(νp(g1(x) · · · gs(x) · gs+1(x) · · · gk(x)), (g1(x) · · · gs(x) · gs+1(x) · · · gk(x))∗)]
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56 p-adic quotient sets: polynomial and integral forms

can again take at most s+1+k−s+1−1 = k+1 pairs in Z/qZ×F∗p/F∗p
q, including

(0, 1), and we subtract 1 because the latter two sets have at least one pair in the

intersection. Note that if τ(g1) /∈ Z>0, then we only need to consider the second

case, and we can apply the inductive hypothesis directly to gs+1 · · · gk. Hence, this

completes the proof in this case as well.

The only remaining case is when τ := τ(g1) = · · · = τ(gk). If τ(g1) /∈ Z≥0, then

we already know that [(νp(g1(x) · · · gk(x)), (g1(x) · · · gk(x))∗)] can take at most two

pairs in Z/qZ × F∗p/F∗p
q. This follows as the only possible pair different than (0, 1)

can appear for νp(x) > τ , but then for each i, [(νp(gi(x)), gi(x)∗)] is constant in

Z/qZ× F∗p/F∗p
q.

If τ ∈ Z>0, we apply a T transformation to all polynomials gi, and proceed the

proof with T (g1), . . . , T (gk) ∈ Zp[x] instead (as we already know that all x such that

νp(x) 6= τ lead to the pair (0, 1) in Z/qZ×F∗p/F∗p
q). Since we can only apply finitely

many transformations T , this process eventually stops, and then we end up in some

case for which we have already proven the statement, which finishes the proof of

this case. �

Theorem 3.18. Let p be a prime number, and q, s ∈ Z>0. Let g1, . . . , gs ∈ Zp[x]

be irreducible polynomials of degree deg(gi) := di = miq for some mi ∈ Z>0, for all

1 ≤ i ≤ s. Then

{νp(g1(x) · · · gs(x)) : x ∈ Zp} (mod q)

can take at most s+ 1 values, including 0.

Proof. The proof readily follows using Theorem 3.17 and the fact that for polyno-

mials g of type 2, we have νp(g(x)) ≡ 0 (mod q) for all x ∈ Zp. �

TH-3679-196123104



3.8 Sufficient condition such that R(f) is not dense in Qp 57

3.8 Sufficient condition such that R(f ) is not dense

in Qp

In this section, we present some criteria when R(f) is not dense in Qp. First, we

start with a useful lemma, which will be used in the proof.

Lemma 3.19. Let z ∈ Zp and g ∈ Zp[x] such that g(z) 6= 0. Then, there is a

neighbourhood U of z such that νp(g(x)) and g(x)∗ (mod p) are constant for x ∈ U

and equal νp(g(z)) and g(z)∗ (mod p), respectively.

Proof. Using Taylor’s expansion g(z + ε) = g(z) + εg′(z) + · · · , or simply noting

that g(z + ε) = g(z) + εh(z, ε), for some h ∈ Zp[z, ε], it suffices to take ε such that

νp(ε) > νp(g(z)), and then

g(z + ε) = pνp(g(z))(g(z)∗ + pνp(ε)−νp(g(z))h(z, ε)),

which directly implies the statement. �

We are ready to give our criterion about when R(f) is not dense in Qp.

Theorem 3.20. Let p be a prime number, and q ∈ Z>1. Let k, l ∈ Z>0, e1, . . . , el ∈

Z>0, and a1, . . . , al ∈ Zp. Further, let h1, h2 ∈ Zp[x] be such that h1 has no zeros

in Zp, and h̃2 has no zeros in Fp. Finally, let g1, . . . , gk ∈ Zp[x] be irreducible

polynomials such that di := deg(gi) = qmi for each 1 ≤ i ≤ k and some mi ∈ Z>0.

Define

f(x) = ((x− a1)e1 · · · (x− al)el · h1(x))q · g1(x) · · · gk(x) · h2(x). (3.3)

If 1 + kl < q, then R(f) is not dense in Qp.

Proof. We will prove that there is r ∈ Zp such that νp(r) /∈ {νp(f(x)/f(y)) : x, y ∈

Zp}. Denote

G(x) := g1(x) · · · gk(x) · h2(x).
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Consider z ∈ {a1, . . . , al}. Then, by Theorem 3.19, there is a neighbourhood Uz of

z such that νp(G(x)) is constant (and equal νp(G(z))) for x ∈ Uz.

Consider r ∈ Zp, which is close to 0, i.e., divisible by a high power of p. Since,

f is continuous, and since νp(rf(y)) ≥ νp(r), which can be arbitrarily large, if

νp(f(x)/f(y)) = νp(r), then x has to be close to a zero of f . We can choose r such

that x has to be in the set Ua1 ∪ · · · ∪ Ual . For x ∈ Ua1 ∪ · · · ∪ Ual , we have

νp(f(x)) ≡ νp(G(x)) ∈ {νp(G(a1)), . . . , νp(G(al))} (mod q),

so νp(f(x)) (mod q) can take at most l different values.

By the assumption, p - h2(y) for any y ∈ Zp, so, by applying Theorem 3.18,

we have that νp(f(y)) (mod q) can take at most k + 1 values. We note that the

set of these at most k + 1 possible values of νp(f(y)) (mod q) contains the set of

at most l possible values of νp(f(x)) (mod q). Hence, the set of possible values of

νp(f(x)/f(y)) (mod q) can contain at most l(k + 1)− (l − 1) = lk + 1 (because at

least l values coincide in both sets, so we get the zero difference at least l times, so

we overcount it at least l − 1 times).

Since we assume that 1+ lk < q, there is a class modulo q which does not belong

to the set of possible classes of νp(f(x)/f(y)) (mod q), so for r in this class, there

do not exist x, y ∈ Zp such that νp(f(x)/f(y)) = νp(r). �

Corollary 3.8.1. In the situation of Theorem 3.20, if k + l < 2
√
q − 1, then R(f)

is not dense in Qp.

Proof. By the inequality of arithmetic and geometric means and the assumption,

1 + kl ≤ 1 +
(k + l)2

4
< 1 +

4(q − 1)

4
= q.

The conclusion follows directly from Theorem 3.20. �
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3.8.1 Sharpness of the inequality in Theorem 3.20

Assume that p is such that p > q and gcd(q, p − 1) = 1. The latter condition

implies that the qth power function ·q : F∗p −→ F∗p, x 7→ xq is a bijection, and since

q < p, all the elements of Z∗p are qth powers by Hensel’s lemma. We mention two

examples for which R(f) is dense in Qp:

1. If l = 1 and k = q − 1, consider

f(x) = xq((x− 1)q + p)((x− 2)q + p2) · · · ((x− (q − 1))q + pq−1).

2. If q is odd, and l = 2, k = q−1
2

, consider

f(x) = xq(x− k)q((x− 1)q + pq+1)((x− 2)q + pq+2) · · · ((x− k)q + pq+k).

In both of these cases, we have 1+kl = q, so this shows the sharpness of Theorem

3.20. We note that the second polynomial has less degree than the first one. It is an

interesting problem to find the smallest sum k + l for which there is a polynomial

of the shape of Theorem 3.20 whose ratio set is dense. We know by Corollary 3.8.1

that k + l ≥ 2
√
q − 1.

Remark 3.8.1. We see from the proof of Theorem 3.20, that we may assume that

l ≤ k + 1, because k + 1 is the maximum of possible values of νp(f(x)) (mod q) for

x ∈ Zp.
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4
p-Adic quotient sets: linear recurrence

sequences- I

4.1 Introduction

Let (Fn)n≥0 be the sequence of Fibonacci numbers, defined by F0 = 0, F1 = 1

and Fn = Fn−1 + Fn−2 for all integers n ≥ 2. In [20], Garcia and Luca showed that

the ratio set of Fibonacci numbers is dense in Qp for all primes p. Later, Sanna

[42, Theorem 1.2] showed that, for any k ≥ 2 and any prime p, the ratio set of the

k-generalized Fibonacci numbers is dense in Qp. Sanna remarked that his result

1The contents of this chapter have been published in Bull. Aust. Math. Soc. 108 (2023).
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62 Linear recurrence sequences - I

could be extended to other linear recurrence sequences over the integers. However,

he used some specific properties of the k-generalized Fibonacci numbers in the proof.

Therefore, he made the following open question.

Question 4.1.1. [42, Question 1.3] Let (Sn)n≥0 be a linear recurrence of order k ≥ 2

satisfying

Sn = a1Sn−1 + a2Sn−2 + · · ·+ akSn−k,

for all integers n ≥ k, where a1, . . . , ak, S0, . . . , Sk−1 ∈ Z, with ak 6= 0. For which

prime numbers p is the quotient set of (Sn)n≥0 dense in Qp?

In [19], Garcia et al. studied the quotient sets of certain second order recurrences.

To be specific, given two fixed integers r and s, let (an)n≥0 be defined by an =

ran−1 + san−2 for n ≥ 2 with initial values a0 = 0 and a1 = 1; and let (bn)n≥0 be

defined by bn = rbn−1 +sbn−2 for n ≥ 2 with initial values b0 = 2 and b1 = r. Garcia

et al. proved the following result.

Theorem 4.1. [19, Theorem 5.2] Let A = {an : n ≥ 0} and B = {bn : n ≥ 0}.

(a) If p | s and p - r, then R(A) is not dense in Qp.

(b) If p - s, then R(A) is dense in Qp.

(c) For all odd primes p, R(B) is dense in Qp if and only if there exists a positive

integer n such that p | bn.

In this chapter, we give some answers to Question 4.1.1.
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4.2 Linear recurrence sequence with irreducible

characteristic polynomial

Our first result gives the denseness of the ratio set of kth-order linear recurrence

sequences with irreducible characteristic polynomials over Qp provided certain con-

ditions hold.

We state a lemma and a theorem which is used in the proof of our result.

Lemma 4.2. [19, Lemma 2.3] Let A ⊂ N.

1. If A is p-adically dense in N, then R(A) is dense in Qp.

2. If R(A) is p-adically dense in N, then R(A) is dense in Qp.

Theorem 4.3. [6, Theorem 1] Let α1, . . . , αn be units in Ωp, the completion of al-

gebraic closure of Qp, which are algebraic over the rationals Q and whose p-adic

logarithms are linearly independent over Q. These logarithms are then linearly in-

dependent over the algebraic closure of Q in Ωp.

Recall that a Pisot number is a positive algebraic integer greater than 1 all of

whose conjugate elements have absolute value less than 1.

Theorem 4.4. Let (xn)n≥0 be a kth-order linear recurrence satisfying

xn = a1xn−1 + a2xn−2 + · · ·+ ak−1xn−k+1 + xn−k

for all integers n ≥ k with initial values x0 = x1 = · · · = xk−2 = 0, xk−1 = 1

and a1, . . . , ak−1 ∈ Z. Suppose that the characteristic polynomial of the reccurence

sequence has a root ±α, where α is a Pisot number. If p is a prime such that the

characteristic polynomial of the recurrence sequence is irreducible in Qp, then the

quotient set of (xn)n≥0 is dense in Qp.
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Proof. Let p(x) = xk − a1x
k−1 − a2x

k−2 − · · · − ak−1x − 1 be the characteristic

polynomial. Let α1, . . . , αk be the k distinct roots of the characteristic polynomial

in its splitting field, say, K over Qp. The generating function of the sequence is

t(x) =
xk−1

1− a1x− a2x2 − · · · − xk
=

k∑
i=1

1

q(αi)

∞∑
n=0

αni x
n,

where q(x) := p′(x), the derivative of the polynomial p(x). Hence, the nth term of

the sequence is given by

xn =
k∑
i=1

1

q(αi)
αni , n ≥ 0.

Since p(0) = −1, the roots of p(x) are units in the ring formed by elements in K

with p-adic absolute value less than or equal to one. Following Sanna’s proof of [42,

Theorem 1.2], we can choose an even t ∈ N such that the function defined as

G(z) :=
k∑
i=1

1

q(αi)
expp(z logp(α

t
i))

is analytic over Zp and the Taylor series of G(z) around 0 converges for all z ∈ Zp.

Also, note that xnt = G(n) for n ≥ 0.

We now use a variant of the following lemma which gives the multiplicative

independence of any k − 1 roots among the k roots α1, . . . , αk of the characteristic

polynomial xk − xk−1 − · · · − x − 1 of the k-generalized Fibonacci sequence in the

field of complex numbers.

Lemma 4.5. [16, Lemma 1] Each set of k − 1 different roots α1, . . . , αk−1 is mul-

tiplicatively independent, that is, αe11 . . . α
ek−1

k−1 = 1 for some integers e1, . . . , ek−1 if

and only if e1 = · · · = ek−1 = 0.

Let σ(α1) = ±α, where α is a Pisot number with absolute value greater than 1

and other roots, σ(α2), . . . , σ(αk) with absolute values less than 1, where, σ is an
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isomorphism from Q(α1, . . . , αk) to the splitting field of p(x) over Q in the field of

complex numbers. Therefore, the proof of Lemma 4.5 holds true for the roots of p(x),

which are σ(α1), . . . , σ(αk), since log |σ(α1)| is positive and log |σ(α2)|, . . . , log |σ(αk)|

are negative. Hence, σ(α1), . . . , σ(αk−1) are multiplicatively independent, implying

that αt1, . . . , α
t
k−1 are multiplicatively independent. Thus, logp(α

t
1), . . . , logp(α

t
k−1)

are linearly independent over Z and hence linearly independent over algebraic num-

bers by Theorem 4.3.

If G′(0) =
∑k

i=0
1

q(αi)
logp(α

t
i) = 0, we obtain

k−1∑
i=1

( 1

q(αi)
− 1

q(αk)

)
logp(α

t
i) = 0

since logp(α
t
k) = − logp(α

t
1) − · · · − logp(α

t
k) as product of the roots is −1 and t is

even. By linear independence of logp(α
t
1), . . . , logp(α

t
k−1),

1
q(α1)

= · · · = 1
q(αk)

= c,

for some p-adic number c. This gives k distinct roots α1, . . . , αk of the k − 1 degree

polynomial q(x)− 1
c
, which is not possible. Therefore, G′(0) 6= 0. Since

G(z) =
∞∑
j=0

G(j)(0)

j!
zj

converges at z = 1, so ‖ G(j)(0)
j!
‖p→ 0. Hence, there exists an integer ` such that

νp(G
(j)(0)/j!) ≥ −` for all j. Thus, we obtain G(mph) = G′(0)mph + d such that

νp(d) ≥ 2h− ` for all m,h ≥ 0. For h > h0 := `+ νp(G
′(0)), we have

νp

(G(mph)

G(ph)
−m

)
≥ h− h0.

This yields

lim
h→∞

∥∥∥∥G(mph)

G(ph)
−m

∥∥∥∥
p

= 0,

and hence R(G(n)n≥0) is p-adically dense in N. Since xnt = G(n), n ≥ 0, we find

that R((xn)n≥0) is also p-adically dense in N. Therefore, by Lemma 4.2, R((xn)n≥0)
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is dense in Qp. �

If we take k = 3 in Theorem 4.4, then we have the following corollary.

Corollary 4.2.1. Let (xn)n≥0 be a third-order linear recurrence satisfying

xn = axn−1 + bxn−2 + xn−3

for all integers n ≥ 3 with initial values x0 = x1 = 0, x2 = 1, and the integers a and

b are such that (a + b)(b − a − 2) < 0. If p is a prime such that the characteristic

polynomial of the recurrence sequence is irreducible in Qp, then the quotient set of

(xn)n≥0 is dense in Qp.

Proof. Since p(1)p(−1) = (−a−b)(b−a−2) > 0 and p(0) = −1, by continuity of the

polynomial function in R, p(x) has one real root with absolute value greater than

1 and other two roots with absolute values less than 1. Hence, the characteristic

polynomial has a root ±α with α a Pisot number. Now, the corollary follows from

Theorem 4.4. �

We discuss two examples as applications of Corollary 4.2.1.

Example 4.2.1. For a ∈ N, let ` be an odd positive integer less than 2a. Let (xn)n≥0

be a linear recurrence satisfying

xn = axn−1 + (a− `)xn−2 + xn−3

for all integers n ≥ 3 with initial values x0 = x1 = 0, x2 = 1. Then, a and

b := a − ` satisfy (a + b)(b − a − 2) < 0. The characteristic polynomial is p(x) =

x3 − ax2 − (a − `)x − 1. Since p(0) = −1 and p(1) = −2a + ` 6≡ 0 (mod 2), hence

p(x) is irreducible in Q2. Therefore, by Corollary 4.2.1, R((xn)n≥0) is dense in Q2.
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Example 4.2.2. For a ∈ N such that 3 - a, let ` be an odd positive integer less than

2a and 3 | `. Let (xn)n≥0 be a linear recurrence satisfying

xn = axn−1 + (a− `)xn−2 + xn−3

for all integers n ≥ 3 with initial values x0 = x1 = 0, x2 = 1. Then, a and

b = a − ` satisfy (a + b)(b − a − 2) < 0. The characteristic polynomial is p(x) =

x3 − ax2 − (a − `)x − 1. Since p(0) = −1, p(1) = −2a + ` 6≡ 0 (mod 3) and

p(2) = −6a + 2` + 7 6≡ 0 (mod 3), hence p(x) is irreducible in Q3. Therefore, by

Corollary 4.2.1, R((xn)n≥0) is dense in Q3.

4.3 Some special linear recurrence sequences

First, we consider linear recurrence sequences whose nth term depends on all the

previous n− 1 terms.

Theorem 4.6. Let (xn)n≥0 be a linear recurrence satisfying

xn = xn−1 + 2xn−2 + · · ·+ (n− 1)x1 + nx0

for all integers n ≥ 1 with initial value x0 = 1. Then the quotient set of (xn)n≥0 is

dense in Qp for all primes p.

We need the following corollary to prove Theorem 4.6.

Corollary 4.3.1. [12, Corollary 2.2] The linear recurrence relation xn+1 = xn +

2xn−1 + · · · + nx1 + (n + 1)x0, n ≥ 0 with the initial data x0 = 1 has the solution

xn = 1√
5

(
(3+
√
5

2
)
n
− (3−

√
5

2
)
n
)
, n ≥ 1.

Proof of Theorem 4.6. By Corollary 4.3.1, we have

xn =
1√
5

((
3 +
√

5

2

)n

−

(
3−
√

5

2

)n)
, n ≥ 1

TH-3679-196123104



68 Linear recurrence sequences - I

=
α2n − β2n

√
5

= F2n,

where α = 1+
√
5

2
, β = 1−

√
5

2
, and Fn denotes the nth Fibonacci number which is

obtained by the Binet formula. From the work of Garcia et. al [20], we know that

the ratio set of Fibonacci numbers is dense in Qp for all primes p. Therefore, by

Lemma 1.12, νp(Fn) is not bounded. Hence, for any j ∈ N, there exists Fm such that

νp(Fm) ≥ j, that is, αm−βm√
5
≡ 0 (mod pj) which gives αm ≡ βm (mod pj). This

yields

α2mpj−1(p−1) = (αmαm)p
j−1(p−1) ≡ (αmβm)p

j−1(p−1) (mod pj).

Since αβ = −1, by using Euler’s theorem, we find that

α2mpj−1(p−1) ≡ (αmβm)p
j−1(p−1) ≡ 1 (mod pj).

This gives α2k ≡ β2k ≡ 1 (mod pj), where k = mpj−1(p− 1). Hence,

xkn
xk

=
F2kn

F2k

=
(α2k)n − (β2k)n

α2k − β2k
= (α2k)(n−1) + (α2k)n−2β2k + · · ·+ (β2k)n−1,

which is congruent to n modulo pj. Since for n ∈ N, there exists k ∈ N such that

‖ xkn
xk
− n ‖p≤ p−j, R((xn)n≥0) is p-adically dense in N. Therefore, by Lemma 4.2,

R((xn)n≥0) is dense in Qp. �

Theorem 4.7. Let (xn)n≥0 be a linear recurrence satisfying

xn = axn−1 + arxn−2 + · · ·+ arn−1x0

for all integers n ≥ 1, and x0, a, r ∈ Z. Then the quotient set of (xn)n≥0 is not dense

in Qp for all primes p.
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We need the following results to prove Theorem 4.7.

Theorem 4.8. [12, Theorem 3.1] The numbers xn are solutions of the linear re-

currence relation with constant coefficients in geometric progression xn+1 = axn +

aqxn−1 + · · ·+ aqn−1x1 + aqnx0, n ≥ 0 with initial data x0, if and only if they form

the geometric progression given by the formula xn = ax0(a+ q)n−1, n ≥ 1.

Lemma 4.9. [19, Lemma 2.2] If A is a geometric progression in Z, then R(A) is

not dense in any Qp.

Proof of Theorem 4.7. By Theorem 4.8, (xn)n≥1 forms a geometric progression where

nth term is ax0(a+ r)n−1 for n ≥ 1. Hence, by Lemma 4.9, R((xn)n≥0) is not dense

in Qp for any prime p. �

4.3.1 Second order linear recurrence sequences

In Theorem 4.1, Garcia et al. studied second order linear recurrence relations

with specific initial values. In the following result, we consider a particular form of

second order linear recurrence sequence with arbitrary initial values x0 and x1 in

the set of integers.

Theorem 4.10. Let (xn)n≥0 be a second-order linear recurrence satisfying xn =

2axn−1 − a2xn−2 for all integers n ≥ 2, where a, x0, x1 ∈ Z. Then the quotient set

of (xn)n≥0 is dense in Qp for all primes p satisfying p - a(x1 − ax0).

We need few results on uniform distribution of sequence of integers to prove

Theorem 4.10. Recall that a sequence (xn)n≥0 is said to be uniformly distributed

modulo m if each residue occurs equally often, that is,

lim
N→∞

#{n ≤ N |xn ≡ t (mod m)}
N

=
1

m

for all t ∈ Z. The following theorems will be used to prove Theorem 4.10.
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Proposition 4.11. [10, Proposition 1] Suppose 〈Gn〉 be the sequence of integers

determined by the recurrence relation Gn+1 = AGn−BGn−1 with initial values G0, G1

where A,B,G0, G1 ∈ Z. If A = 2a,B = a2, then 〈Gn〉 is uniformly distributed

modulo a prime p if and only if p - a(G1 − aG0).

Theorem 4.12. [10, Theorem] Suppose 〈Gn〉 be the sequence of integers determined

by the recurrence relation Gn+1 = AGn − BGn−1 with initial values G0, G1 where

A,B,G0, G1 ∈ Z. If 〈Gn〉 is uniformly distributed modulo p, then 〈Gn〉 is uniformly

distributed modulo ph with h > 1 iff:

1. p > 3;

2. p = 3 and A2 6≡ B (mod 9); or

3. p = 2, A ≡ 2 (mod 4), B ≡ 1 (mod 4).

Now, we are ready to prove Theorem 4.10.

Proof of Theorem 4.10. Let p be a prime. The given recurrence sequence (xn)n≥0

satisfies the hypotheses of Proposition 4.11, and hence (xn)n≥0 is uniformly dis-

tributed modulo p. If p > 3, then by part (1) of Theorem 4.12, (xn)n≥0 is uniformly

distributed modulo pk with k > 1, that is,

lim
N→∞

#{n ≤ N |xn ≡ t (mod pk)}
N

=
1

pk
> 0.

Therefore, for all t ∈ N and for all k > 1, there exists xn such that ‖ xn− t ‖p≤ p−k.

Hence, R((xn)n≥0) is p-adically dense in N. Therefore, by Lemma 4.2, R((xn)n≥0)

is dense in Qp.

We next consider the remaining primes p = 2, 3. From the condition p - a(x1 −

ax0), we have p - a. It is easy to check that p = 3 satisfies the condition given

in part (2) of Theorem 4.12 and p = 2 satisfies the condition given in part (3) of

Theorem 4.12. The rest of the proof follows similarly as shown in the case of p > 3.

This completes the proof of the theorem. �
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4.4 Sequences with ratio sets not dense in Qp

The following theorem gives a set of linear recurrence sequences of order k whose

ratio sets are not dense in Qp.

Theorem 4.13. Let (xn)n≥0 be a linear recurrence of order k ≥ 2 satisfying

xn = a1xn−1 + · · ·+ akxn−k

for all integers n ≥ k, where x0, . . . , xk−1, a1, . . . , ak ∈ Z. If p is a prime such that

p - ak and min{νp(aj) : 1 ≤ j < k} > max{νp(xm) − νp(xn) : 0 ≤ m,n < k}, then

the quotient set of (xn)n≥0 is not dense in Qp.

We need the following lemma to prove Theorem 4.13.

Lemma 4.14. [41, Lemma 3.3] Let (rn)n≥0 be a linearly recurring sequence of order

k ≥ 2 given by rn = a1rn−1 + · · ·+ akrn−k for each integer n ≥ k, where r0, . . . , rk−1

and a1, . . . , ak are all integers. Suppose that there exists a prime number p such that

p - ak and min{νp(aj) : 1 ≤ j < k} > max{νp(rm) − νp(rn) : 0 ≤ m,n < k}. Then

νp(rn) = νp(rn (mod k)) for each nonnegative integer n.

Proof of Theorem 4.13. By Lemma 4.14, we have

νp(xn/xm) = νp(xn (mod k))− νp(xm (mod k)) ≤M

for all n,m ∈ N ∪ {0}, where M = max{νp(xi) : i = 0, 1, . . . , k − 1}. Therefore, by

Lemma 1.12, R((xn)n≥0) is not dense in Qp. �

Next, we discuss one example as an application of Theorem 4.13. Given a prime

p, this example gives infinitely many recurrence sequences of order k ≥ 2 so that

their quotient sets are not dense in Qp.
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Example 4.4.1. Let (xn)n≥0 be a linear recurrence of order k ≥ 2 satisfying

xn = a1xn−1 + · · ·+ akxn−k

for all integers n ≥ k, where x0 = x1 = · · · = xk−1 = 1 and a1, . . . , ak ∈ Z. If p is a

prime such that p|aj, 1 ≤ j ≤ k − 1 and p - ak, then by Theorem 4.13, the quotient

set of (xn)n≥0 is not dense in Qp.
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5
p-Adic quotient sets: linear recurrence

sequences- II

5.1 Introduction

In the previous chapter, we obtained that kth order linear recurrence sequences

whose characteristics polynomials have pisot roots and are irreducible over Qp have a

dense ratio set in Qp. In this chapter, we focus on linear recurrence sequences with

reducible characteristic polynomials. Also, we extend Theorem 4.10, which gives

condition for the denseness of ratio sets of second order linear recurrence sequences

1The contents of this chapter have been published in Can. Math. Bull. 68 (2024).

73
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(xn)n≥0 whose characteristic polynomials are of the form (x−a)2, to kth order linear

recurrence sequences with characteristic polynomials of the form (x−a)k in the case

when the initial values are given as x0 = x1 = · · · = xk−2 = 0, xk−1 = 1.

5.2 Linear recurrence sequences with reducible

characteristic polynomial

Suppose that the characteristic polynomial of a linear recurrence sequence be of

the form (x− a1)(x− a2) . . . (x− ak), where ai ∈ Z. We consider the cases when all

ai’s are distinct, exactly two ai’s are equal and the case when all the ai’s are equal.

5.2.1 k distinct roots in Z

In our first theorem, we consider linear recurrence sequences whose characteristic

polynomials have distinct integer roots. In the proofs, we will use certain represen-

tation of the nth term of linear recurrence sequence in terms of the roots of the

characteristic polynomial. More details on such representations can be found in

[40].

Theorem 5.1. Let (xn)n≥0 be a linear recurrence of order k ≥ 2 satisfying

xn = b1xn−1 + b2xn−2 + · · ·+ bkxn−k,

for all integers n ≥ k, where b1, . . . , bk, x0, . . . , xk−1 ∈ Z, with bk 6= 0 and x0, x1, . . . ,

xk−1 not all zeros. Suppose that the characteristic polynomial of (xn)n≥0 is given by

(x− a1)(x− a2) . . . (x− ak),

where ai ∈ Z, ai 6= aj for 1 ≤ i 6= j ≤ k, and gcd(ai, aj) = 1 for all i 6= j. Let p be

a prime such that p - a1a2 · · · ak. If x0 = 0, then the quotient set of (xn)n≥0 is dense
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in Qp.

Proof. For n ≥ 0, the nth term of the sequence (xn) is given by

xn = c0a
n
1 + c1a

n
2 + · · ·+ ck−1a

n
k ,

where

C =
[
c0 c1 . . . ck−1

]t
is given by C = 1

det(A)
adj(A) ·X0, where

X0 =


x0

x1
...

xk−1

 , A =



1 1 . . . 1

a1 a2 . . . ak

a21 a22 . . . a2k
...

...
. . .

...

ak−11 ak−12 . . . ak−1k


.

Let p > 2. We define a function f as

f(z) := det(A)
[
c0 expp (z logp a

p−1
1 ) + · · ·+ ck−1 expp (z logp a

p−1
k )

]
.

Since p - a1a2 . . . ak, f is defined for all z ∈ Zp and f(n) = det(A)xn(p−1) for all

n ∈ Z≥0. Moreover, Z≥0 is dense in Zp. Therefore, f is an analytic function from

Zp to Zp. We have,

f(0) = det(A)(c0 + c1 + · · ·+ ck−1) = det(A)x0 = 0

and

f ′(0) = det(A)(c0 logp a
p−1
1 + c1 logp a

p−1
2 + · · ·+ ck−1 logp a

p−1
k ).

Suppose that f ′(0) = 0. Since gcd(ai, aj) = 1 for all i 6= j, therefore, ap−11 , . . . , ap−1k
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are multiplicatively independent i.e, (ap−11 )u1(ap−12 )u2 . . . (ap−1k )uk = 1 for some inte-

gers u1, u2, . . . , uk only if u1 = u2 = · · · = uk = 0. Hence,

logp a
p−1
1 , logp a

p−1
2 , . . . , logp a

p−1
k

are linearly independent over Z. Thus, if f ′(0) = 0 then c0 = c1 = · · · = ck−1 = 0

which is not possible. Hence, f ′(0) is nonzero. Therefore, 0 is a simple zero of f in

Zp. By Theorem 1.11, R(f(N)) = R((xn(p−1))) is dense in Qp. Hence, the quotient

set of (xn)n≥0 is dense in Qp.

Suppose that p = 2. Then, we can consider an analytic function f from Zp to Zp
defined as f(z) := det(A)

[
c0 expp (z logp a

2
1) + · · ·+ ck−1 expp (z logp a

2
k)
]

and show

that R(f(N)) = R((x2n)) is dense in Qp. �

Example 5.2.1. Suppose that p1, p2, and p3 are distinct primes. Let (xn)n≥0 be a

linear recurrence sequence defined by the recurrence relation

xn = (p1 + p2 + p3)xn−1 − (p1p2 + p1p3 + p2p3)xn−2 + (p1p2p3)xn−3

for n ≥ 3, where x0 = 0, and x1 and x2 are any integers not both zero. The

characteristic polynomial is equal to (x − p1)(x − p2)(x − p3). Hence, by Theorem

5.1, the quotient set of (xn)n≥0 is dense in Qp for all primes p 6= p1, p2, p3.

5.2.2 Exactly two equal roots

In the following theorem, we consider kth order linear recurrence sequences whose

characteristic polynomials have exactly two equal roots.

Theorem 5.2. Let (xn)n≥0 be a linear recurrence of order k ≥ 3 satisfying

xn = b1xn−1 + b2xn−2 + · · ·+ bkxn−k,
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for all integers n ≥ k, where b1, . . . , bk, x0, . . . , xk−1 ∈ Z, with bk 6= 0. Suppose that

the characteristic polynomial of (xn)n≥0 is given by

(x− a1)2(x− a2)(x− a3) . . . (x− ak−1),

where ai ∈ Z, ai 6= aj for 1 ≤ i 6= j ≤ k−1, and x0 = x1 = · · · = xk−2 = 0, xk−1 = 1.

Let p be a prime such that p - a1a2 · · · ak−1. If ai 6≡ aj (mod p) for all i 6= j, then

the quotient set of (xn)n≥0 is dense in Qp.

Proof. The nth term of the sequence is given by

xn = an1 (c0 + c1n) + c2a
n
2 + c3a

n
3 + · · ·+ ck−1a

n
k−1

= an1 (c0 + c1n+ c2(a2a
−1
1 )n + c3(a3a

−1
1 )n + · · ·+ ck−1(ak−1a

−1
1 )n),

where

C =
[
c0 c1 . . . ck−1

]t
is given by C = 1

det(A)
adj(A) ·X0, where

X0 =



0

0
...

0

1


, A =



1 0 1 . . . 1

a1 a1 a2 . . . ak−1

a21 2a21 a22 . . . a2k−1
...

...
...

. . .
...

ak−11 (k − 1)ak−11 ak−12 . . . ak−1k−1


.

Let p > 2. We define an analytic function f : Zp → Zp as

f(z) := det(A) expp (z logp (a1)
p−1)(c0 + c1z(p− 1) + c2 expp (z logp (a2a

−1
1 )p−1)

+ · · ·+ ck−1 expp (z logp (ak−1a
−1
1 )p−1)).
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Then, f(n) = det(A)xn(p−1) for all n ∈ Z≥0. Also, we have

f(0) = det(A)(c0 + c2 + · · ·+ ck−1) = det(A)x0 = 0

and

f ′(0) = det(A)(c1(p− 1) + c2 logp (a2a
−1
1 )p−1 + · · ·+ ck−1 logp (ak−1a

−1
1 )p−1

+ (c0 + c2 + · · ·+ ck−1) logp (a1)
p−1)

= det(A)(c1(p− 1) + c2 logp (a2a
−1
1 )p−1 + · · ·+ ck−1 logp (ak−1a

−1
1 )p−1).

We find that det(A)c1 = (−1)k+1
∏

1≤i<j≤(k−1)(ai− aj). By the hypothesis, we have

p - det(A)c1. Using the definition of logp(z), we obtain that p divides logp (aia
−1
1 )p−1

for 2 ≤ i ≤ k − 1. Therefore, p - f ′(0) which implies f ′(0) is nonzero. Hence, 0 is

a simple zero of f in Zp. By Theorem 1.11, R(f(N)) = R(xn(p−1)) is dense in Qp.

Hence, the quotient set of (xn)n≥0 is dense in Qp.

Suppose that p = 2. Then, we can consider an analytic function f from Zp to

Zp defined as

f(z) := det(A) expp (z logp (a1)
2)(c0 + 2c1z + c2 expp (z logp (a2a

−1
1 )2)

+ · · ·+ ck−1 expp (z logp (ak−1a
−1
1 )2)).

and show that R(f(N)) = R((x2n)) is dense in Qp. �

Example 5.2.2. Given an integer a, let (xn)n≥0 be a linear recurrence sequence

defined by the recurrence relation

xn = 4axn−1 − 5a2xn−2 + 2a3xn−3

for n ≥ 3, where x0 = x1 = 0 and x2 = 1. The characteristic polynomial is equal to

(x− a)2(x− 2a). By Theorem 5.2, the quotient set of (xn)n≥0 is dense in Qp for all
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primes p - 2a.

5.2.3 A root repeated k times

We present sufficient conditions under which a kth order linear recurrence se-

quence, with a characteristic polynomial that has a root of multiplicity k, is dense

in Qp.

Theorem 5.3. Let (xn)n≥0 be a linear recurrence of order k ≥ 2 satisfying

xn = b1xn−1 + b2xn−2 + · · ·+ bkxn−k,

for all integers n ≥ k, where b1, . . . , bk, x0, . . . , xk−1 ∈ Z, with bk 6= 0. Suppose

that the characteristic polynomial of (xn)n≥0 is given by (x− a)k, where a ∈ Z, and

x0 = x1 = · · · = xk−2 = 0, xk−1 = 1. If p is a prime such that p - a, then the quotient

set of (xn)n≥0 is dense in Qp.

Proof. The nth term of the sequence is given by

xn = an(c0 + c1n+ · · ·+ ck−1n
k−1),

where

C =
[
c0 c1 . . . ck−1

]t
is given by C = 1

det(A)
adj(A) ·X0, where

X0 =



0

0
...

0

1


, A =



1 0 0 . . . 0

a a a . . . a

a2 2a2 22a2 . . . 2k−1a2

...
...

...
. . .

...

ak−1 (k − 1)ak−1 (k − 1)2ak−1 . . . (k − 1)k−1ak−1


.
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We simplify C = 1
det(A)

adj(A) ·X0 and obtain



c0

c1

c2
...

ck−1


=



1 0 . . . 0

1 1 . . . 1

1 2 . . . 2k−1

...
...

. . .
...

1 (k − 1) . . . (k − 1)k−1



−1 

0

0

0
...

1/ak−1


.

Let p > 2. We consider an analytic function f : Zp → Zp defined as

f(z) := det(A) expp (z logp (ap−1))(c0 + c1(p− 1)z + c2(p− 1)2z2+

+ · · ·+ ck−1(p− 1)k−1zk−1).

Let

h(z) := expp (z logp (ap−1))

and

g(z) := det(A)(c0 + c1(p− 1)z + c2(p− 1)2z2 + · · ·+ ck−1(p− 1)k−1zk−1).

We have ‖an‖p = 1 and h(n) = an(p−1) for all positive integers n. Hence, ‖h(z)‖p = 1

for all z ∈ Zp. Therefore, f(z) = 0 if and only if g(z) = 0 for some z ∈ Zp. We

have, g(0) = det(A)c0 = det(A)x0 = 0 and g′(0) = det(A)c1(p − 1). Using Lemma

2.2 of [39], we find that

c1 =
(−1)k

ak−1(k − 1)
.

Thus, c1 6= 0 for all k ≥ 2. Therefore, 0 is a simple zero of f in Zp. By Theorem

1.11, R(f(N)) = R(xn(p−1)) is dense in Qp, which yields that the quotient set of
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(xn)n≥0 is dense in Qp.

Suppose that p = 2. Then, we can consider an analytic function f from Zp to

Zp defined as

f(z) := det(A) expp (z logp (a2))(c0 + 2c1z + (2)2c2z
2+

+ · · ·+ (2)k−1ck−1z
k−1).

and show that R(f(N)) = R((x2n)) is dense in Qp. �

Remark 5.2.1. Let a ∈ Z. Consider the kth order linear recurrence sequence

(xn)n≥0 generated by the recurrence relation

xn =

(
k

1

)
axn−1 −

(
k

2

)
a2xn−2 + · · ·+ (−1)k−1

(
k

k

)
akxn−k

for n ≥ k, where x0 = · · · = xk−2 = 0, xk−1 = 1. Then, the quotient set of (xn)n≥0

is dense in Qp for all primes p not dividing a. This generalises Theorem 4.10 for

the case k = 2.

Note that a linear recurrence sequence generated by a relation of the above form may

not always have a dense quotient set in Qp. For example, consider the p-th order

linear recurrence sequence (xn) generated by the recurrence relation

xn =

(
p

1

)
axn−1 −

(
p

2

)
a2xn−2 + · · ·+ (−1)p−1

(
p

p

)
apxn−p

for n ≥ p, where the initial values x0, . . . , xp−1 ∈ Z\{0} have the same p-adic

valuation. Then, the quotient set of (xn) is not dense in Qp which follows from

Theorem 4.13 of the previous chapter.
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5.3 Third order linear recurrence sequences

In case of third order recurrence sequences, we obtain a more general result where

we do not need to fix all the initial values.

Theorem 5.4. Let (xn)n≥0 be a third order linear recurrence sequence given by

xn = b1xn−1 + b2xn−2 + b3xn−3,

for all integers n ≥ 3, where b1, b2, b3, x0, x1, x2 ∈ Z, with b3 6= 0. Suppose that

the characteristic polynomial of (xn)n≥0 is given by (x − a)(x − b)(x − c), where

a, b, c ∈ Z. Let p be a prime such that p - abc. Then, the following hold.

(a) Suppose that a = b = c. Let α = 2ν2(p). If pα|x0 and p - 4ax1 − x2 − 3a2x0,

then the quotient set of (xn)n≥0 is dense in Qp. Moreover, if x0 = 0, then the

quotient set of (xn)n≥0 is dense in Qp if and only if 4ax1 6= x2.

(b) Suppose that a = c 6= b. Let β = 3ν2(p). If pβ|x0 and p - (a− b) (x2 − x1(a+ b) + x0ab),

then the quotient set of (xn)n≥0 is dense in Qp.

Proof. We first prove part (a) of the theorem. For n ≥ 0, the nth term of the

sequence is given by the formula

xn = an(c0 + c1n+ c2n
2),

where

c0 = x0,

c1 =
4ax1 − x2 − 3a2x0

2a2
,

c2 =
x2 − 2ax1 + a2x0

2a2
.
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Let p > 2. Then, α = 1. We define a function f as

f(z) := 2a2 expp(z logp a
p−1)(c0 + c1(p− 1)z + c2(p− 1)2z2).

Since p - a, f is defined for all z ∈ Zp and f(n) = 2a2xn(p−1) for all n ∈ Z≥0.

Moreover, Z≥0 is dense in Zp. Therefore, f is an analytic function from Zp to Zp.

We have,

f(0) = 2a2c0 = 2a2x0 ≡ 0 (mod p)

and

f ′(0) ≡ 2a2c1(p− 1) = (4ax1 − x2 − 3a2x0)(p− 1) 6≡ 0 (mod p).

Therefore, by Hensel’s lemma, f has a zero z0 in Zp such that z0 ≡ 0 (mod p). Since

f has a power series expansion with p-adic integral coefficients, we have f ′(z0) ≡

f ′(0) (mod p). Hence, z0 is a simple zero of f in Zp. Therefore, by Theorem 1.11,

R(f(N)) = R((xn(p−1))) is dense in Qp. Hence, the quotient set of (xn)n≥0 is dense

in Qp.

Suppose that p = 2. Then, α = 2. We define a function f from Zp to Zp as

f(z) := 2a2 expp(z logp a
2)(c0 + 2c1z + (2)2c2z

2).

It can be shown that R(f(N)) = R((x2n)) is dense in Qp which follows same as the

p > 2 case.

Next, if x0 = 0, then c0 = 0 and c1 = 4ax1−x2
2a2

. We have f(0) = 0. Suppose that

4ax1 6= x2. Then, f ′(0) 6= 0 which implies that 0 is a simple zero of f . Therefore,

by Theorem 1.11, the quotient set of (xn)n≥0 is dense in Qp. Conversely, suppose

that 4ax1 = x2. This gives c1 = 0, and hence xn = anc2n
2. If c2 = 0, then xn = 0

for all n. If c2 6= 0, then the quotient set of (xn)n≥0 is equal to the quotient set of

{ann2 : n ∈ Z≥0}. Since νp(a
nn2) = 2νp(n), the p-adic valuation of these elements is

even for all n ∈ Z>0. Therefore, by Lemma 1.12, the quotient set of (xn)n≥0 is not
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dense in Qp. This completes the proof of part (a) of the theorem.

Next, we prove part (b) of the theorem. For n ≥ 0, the nth term of the sequence

is given by

xn = c0a
n + c1na

n + c2b
n = an(c0 + c1n+ c2(ba

−1)n),

where

c0 =
b2x0 − 2abx0 − x2 + 2ax1

(b− a)2
,

c1 =
x2 − x1(a+ b) + x0ab

a(a− b)
,

c2 =
x2 − 2ax1 + a2x0

(b− a)2
.

Let p > 2. Then, β = 1. Since p - ab(a − b), we can define an analytic function

f : Zp → Zp as

f(z) := expp(z logp a
p−1)(c0 + c1z(p− 1) + c2 expp(z logp(ba

−1)p−1)),

which satisfies the equation f(n) = xn(p−1) for all n ≥ 0.

Now, we have

f(0) = c0 + c2 = x0 ≡ 0 (mod p)

and

f ′(0) = c1(p− 1) + c2 logp(ba
−1)p−1 + (c0 + c2) logp a

p−1 6≡ 0 (mod p).

Therefore, by Hensel’s lemma, f has a zero z0 in Zp such that z0 ≡ 0 (mod p). Since

f has a power series expansion with p-adic integral coefficients, we have f ′(z0) ≡

f ′(0) (mod p). Hence, z0 is a simple zero of f in Zp. Therefore, by Theorem 1.11,
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R(f(N)) = R(xn(p−1)) is dense in Qp. Hence, the quotient set of (xn)n≥0 is dense in

Qp.

Suppose that p = 2. Then, β = 3. We define a function f from Zp to Zp as

f(z) := expp(z logp a
2)(c0 + 2c1z + c2 expp(z logp(ba

−1)2)).

It can be shown that R(f(N)) = R((x2n)) is dense in Qp which follows same as the

p > 2 case. �

Example 5.3.1. Let a ∈ Z be such that p - a, and let (xn)n≥0 be a linear recurrence

sequence defined by the recurrence relation

xn+1 = 3axn − 3a2xn−1 + a3xn−2

for n ≥ 2, where x0 = 0, and x1 and x2 are any integers satisfying gcd(4a, x2) = 1.

Then, by Theorem 5.4 (a), the quotient set of (xn)n≥0 is dense in Qp.
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6
p-Adic valuation of third order linear

recurrence sequences

6.1 Introduction

Understanding the p-adic valuation of sets is crucial for studying their denseness

in Qp. In this chapter, we will focus on the p-adic valuation of third order linear

recurrence sequences.

1The contents of this chapter have been published in Results Math. 79 (2024).

87
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6.1.1 Tribonacci sequence

There are several generalizations of Fibonacci numbers. One of the most well-

known is the Tribonacci sequence (Tn), which is defined by the recurrence Tn+1 =

Tn + Tn−1 + Tn−2, with initial values T0 = 0 and T1 = T2 = 1. In [32], Marques and

Lengyel calculated the 2-adic valuation of the Tribonacci numbers Tn, and used their

result to solve the Diophantine equation Tn = m! in positive integers n,m. Later,

the 2-adic valuations of some other generalizations of Fibonacci numbers where

calculated, see for example [29, 50, 44]. Tripell sequences were also considered by

Bravo et al. in [4].

In [32, Conjecture 8], Marques and Lengyel conjectured that the p-adic valuation

of a Tribonacci number Tn is either constant or is linearly dependent on the p-adic

valuation of the index n of the terms of the sequence for n in some congruence

class. However, in [2, Theorem 1.5] Bilu et al. showed that the conjecture fails for

a specific infinite set of primes of relative density 1/12. Our aim is to consider the

conjecture for any third order linear recurrence sequence.

6.2 A generalisation of the Marques and Lengyel

conjecture

For any third order linear recurrence sequence (xn), we restate the conjecture as

follows. We restate [2, Conjecture 1.2] which is equivalent to [32, Conjecture 8].

Conjecture 6.1. [2, Conjecture 1.2] Let (xn) be a third order linear recurrence

sequence. Let p be a prime number. There exists a positive integer Q such that for

every i ∈ {0, 1, . . . , Q− 1} we have one of the following two options.

(C) There exists κi ∈ Z≥0 such that for all but finitely many n ∈ Z satisfying n ≡ i

(mod Q) we have νp(xn) = κi.
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(L) There exist

ai ∈ Z, κi ∈ Z, µi ∈ Z>0

satisfying

νp(ai − i) ≥ νp(Q),

such that for all but finitely many n ∈ Z satisfying n ≡ i (mod Q) we have

νp(xn) = κi + µiνp(n− ai).

For a, b, c ∈ Z, and a prime p, we consider a third order linear recurrence sequence

(xn) for n ∈ Z defined as

xn = axn−1 + bxn−2 + cxn−3 with x0, x1, x2 ∈ Z and p - c. (6.1)

The characteristic polynomial of the linear recurrence sequence (6.1) is given by the

polynomial P (x) = x3 − ax2 − bx − c. A linear recurrence sequence is said to be

degenerate if its characteristic polynomial has a pair of distinct roots whose ratio is

a root of unity. Otherwise it is said to be non-degenerate. Suppose that (xn) is a

simple sequence, i.e, P (x) has distinct roots. Let K = Qp(λ1, λ2, λ3) be the splitting

field of P (x) over Qp, where λ1, λ2, λ3 are the distinct roots of P (x). Let O be the

ring of integers of K. Throughout the chapter, we consider primes p which do not

divide the discriminant of the characteristic polynomial so that K is unramified over

Qp.

For n ≥ 0, the nth term of the sequence (xn) is given by the formula

xn =
3∑
i=1

cλiλ
n
i , where cλi = q(λi)/P

′(λi), (6.2)

where q(x) := x0x
2 + (x1 − x0a)x + (x2 − x1a − x0b). Since p does not divide the

discriminant of the polynomial, we have, cλi ∈ O. By our assumption, p does not
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divide c which implies that the roots {λ1, λ2, λ3} ⊂ O×.

6.2.1 Twisted integral zero of a sequence

We consider non-degenerate third order linear recurrence sequences (xn) given

by (6.1) whose nth term satisfies the equation

xn =
3∑
i=1

cλiλ
n
i for all n ∈ Z. (6.3)

For n ∈ Z, we say that n is a zero of (xn) if

3∑
i=1

cλiλ
n
i = 0.

Bilu et al. introduced the notion of a Twisted Integral Zero (TIZ), denoted by Z,

which is defined as the set of integers n such that

3∑
i=1

ξicλiλ
n
i = 0

for some roots of unity ξ1, ξ2, ξ3. A systematic study of Twisted Zeros of the Tri-

bonacci sequence can be found in [3].

For a positive integer n, let Npn be the order of the subgroup 〈λ1, λ2, λ3〉 in the

multiplicative group (O/pn)×. For ` ∈ {0, 1, . . . , Npn − 1}, consider the analytic

function f` : Zp → Zp defined by

f`(x) =
3∑
i=1

cλiλ
`
i expp(x logp(λ

N
i )), where N = Npn . (6.4)

Here, Zp denotes the ring of p-adic integers in Qp. We have,

f`(m) = x`+mN for all m ∈ Z
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and it can be seen that Npn is the period of the sequence modulo pn.

It can be verified that the proof of the set of equivalent conditions of Conjecture

6.1 in [2] in terms of the zeros of the functions f`(x) holds true in the case of a

third order linear recurrence sequence (6.1) satisfying condition (6.3) as well. The

equivalent conditions are as follows.

Theorem 6.2. [2, Theorem 6.1] The following three statements are equivalent.

1. Conjecture 6.1 holds for the given p.

2. For every ` ∈ {0, . . . , N − 1}, the zeros of the function f`(z) belong to N−1Z.

3. For every ` the following holds: if b ∈ Zp is a zero of f`(z) then `+Nb ∈ Z.

Note that the equivalent statements hold for any N = Npn .

6.2.2 Tests to verify the validity of the conjecture

Using the equivalent conditions, we obtain two results that can be used to find

primes p for which the conjecture is true or false for sequences of the form (6.1).

Theorem 6.3. Let xn = axn−1 + bxn−2 + cxn−3 be a third order linear recurrence

sequence with initial values x0, x1, x2 satisfying equation (6.3). Suppose that the

characteristic polynomial P (x) := x3 − ax2 − bx − c of (xn) is irreducible over Q

and λ1, λ2, λ3 are the roots of P (x) in some extension of Qp. Also, assume that p

divides neither c nor the discriminant of P (x). Then the following holds:

1. If p = 2, then if there exists an ` ∈ {0, 1, . . . , Np2−1} such that p2|x`, x`+Np2−

x` 6≡ 0 (mod p3) and

`− x`
p2

(
x`+Np2 − x`

p2

)−1
Np2 6≡ r (mod p)

for all r ∈ Z, then Conjecture 6.1 does not hold for p.
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2. If p 6= 2, then if there exists an ` ∈ {0, 1, . . . , Np − 1} such that p|x`, x`+Np −

x` 6≡ 0 (mod p2) and

`− x`
p

(
x`+Np − x`

p

)−1
Np 6≡ r (mod p)

for all r ∈ Z, then Conjecture 6.1 does not hold for p.

We prove a lemma which will be used in the proof of the theorem.

Lemma 6.4. Let (xn) be a linear recurrence sequence defined by (6.1) satisfying

equation (6.3). Suppose that N = Np2. For f` defined by (6.4), if p2 - x`, then

f`(z) 6= 0 for all z ∈ Zp.

Proof. Suppose that p2 - x`. Since xn ≡ x` (mod p2) for n ≡ ` (mod N), we have

νp(xn) < 2 for all n ≡ ` (mod N). Therefore, |f`(m)|p > p−2 for all integers m.

Hence, |f`(z)|p ≥ p−2 for all z ∈ Zp. This completes the proof. �

Having Lemma 6.4 showed, we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. Suppose that p = 2, N = Np2 and ` ∈ {0, . . . , Np2 − 1}. If

p2 - x`, then by Lemma 6.4, f`(x) has no zero in Zp. Hence, we consider ` such that

p2|x`. We define an analytic function

g(x) := f`(x)/p2 =
∞∑
k=0

βkx
k.

Then, we have

β0 = g(0) =
f`(0)

p2
=
x`
p2
∈ Z,

βk =
p2(k−1)

k!

3∑
i=1

cλiλ
`
i

(
logp λ

N
i

p2

)k
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for k ≥ 1. Note that νp(βk) > 0 for k ≥ 2. Also,

g′(x) = β1 +
∞∑
k=2

kβkx
k−1 ≡ β1 (mod p).

Now,

g′(0) = β1 =
3∑
i=1

cλiλ
`
i

logp λ
N
i

p2

≡
3∑
i=1

cλiλ
`
i

λNi − 1

p2
(mod p)

≡ x`+N − x`
p2

(mod p).

Therefore, x`+N − x` 6≡ 0 (mod p3) implies g′(0) = β1 6≡ 0 (mod p).

For b0 ≡ −β0β−11 (mod p), we get,

g(b0) ≡ 0 (mod p), g′(b0) ≡ β1 6≡ 0 (mod p).

Therefore, by Strassman’s Theorem and Hensel’s Lemma, g has a unique zero b ≡ b0

(mod p) in Zp. Hence, f`(x) has a unique zero b in Zp.

If `+ b0N 6≡ r (mod p) for all r ∈ Z, then `+ bN /∈ Z. But we have,

`+ b0N ≡ `− x`
p2

(
x`+N − x`

p2

)−1
N 6≡ r (mod p) for all r ∈ Z.

Therefore, by Theorem 6.2, the conjecture fails for p.

For p 6= 2, the proof proceeds along similar lines to the proof of [2, Theorem

8.1]. �

We now present the second result, which gives specific conditions under which

the conjecture holds true.

Theorem 6.5. Let xn = axn−1 + bxn−2 + cxn−3 be a third order linear recurrence
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sequence with initial values x0, x1, x2 satisfying equation (6.3). Suppose that the

characteristic polynomial P (x) := x3 − ax2 − bx − c of (xn) is irreducible over Q

and λ1, λ2, λ3 are the roots of P (x) in some extension of Qp. Also, assume that p

divides neither c nor the discriminant of P (x). Then the following holds:

1. If p = 2, then if for all ` ∈ {0, 1, . . . , Np2 − 1}, p2|x` implies x`+Np2 − x` 6≡ 0

(mod p3) then, Conjecture 6.1 holds for p if ` ≡ r (mod Np2) for some r ∈ Z.

2. If p 6= 2, then if for all ` ∈ {0, 1, . . . , Np − 1}, p|x` implies x`+Np − x` 6≡ 0

(mod p2) then, Conjecture 6.1 holds for p if ` ≡ r (mod Np) for some r ∈ Z.

Proof. The proof proceeds along similar lines to the proof of Theorem 8.2 in [2,

Theorem 8.2], so we omit the details for reasons of brevity. �

6.3 Twisted integral zeros of some third order

linear recurrence sequences

As evident from the previous theorems, it is beneficial to have a way to find out

the twisted integral zeros of sequences. The result below gives certain conditions

which ensure that for certain linear recurrence sequences, zeros are the only possible

twisted integral zeros. Using the Skolem tool [1], zeros of non-degenerate linear

recurrence sequences can be easily calculated. Before stating the result, we state a

lemma by Bilu et al. which is used to prove the result.

Lemma 6.6. [2, Lemma 2.5] Let α be an algebraic number of degree 3. Assume

that Q(α) is not a Galois extension of Q. Let α1(= α), α2, α3 be the conjugates of α

over Q. Assume further that the field Q(α1, α2, α3) does not contain primitive cubic

roots of unity. Let ξ1, ξ2, ξ3 be roots of unity such that

α1ξ1 + α2ξ2 + α3ξ3 = 0.
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Then ξ1 = ξ2 = ξ3 and hence α1 + α2 + α3 = 0.

Theorem 6.7. Let xn = axn−1 + bxn−2 + cxn−3 be a third order linear recurrence

sequence with initial values x0, x1, x2 satisfying equation (6.3). Suppose that the

characteristic polynomial P (x) := x3−ax2− bx− c of (xn) is irreducible over Q and

λ1, λ2, λ3 are the roots of P (x) in C. Then, the set of Twisted Integral Zeros of (xn)

is equal to the set of zeros of (xn) if the following three conditions hold:

1. Q(λi) is not Galois for some 1 ≤ i ≤ 3.

2. For the i satisfying condition (1), log
∣∣ c(λi)
c(λj)

∣∣/ log
∣∣λj
λi

∣∣ /∈ Z for some 1 ≤ j ≤

3, j 6= i.

3. Q(λ1, λ2, λ3) does not contain primitive cubic roots of unity.

Proof. We define αi := q(λi)
P ′(λi)

λni . Then, an integer n is a Twisted Integral Zero of

(xn) if
∑3

i=1 ξiαi = 0 for some roots of unity ξ1, ξ2, ξ3.

Suppose that Q(λi) is not Galois for some 1 ≤ i ≤ 3. Clearly, αi ∈ Q(λi). If

Q(αi) 6= Q(λi), then αi ∈ Q since [Q(λi) : Q] = 3. Since Q(λi) is not Galois, we have

Gal(Q(λ1, λ2, λ3)/Q) is isomorphic to the symmetric group S3. For σ = (i, j) ∈ S3,

we have σ(αi) = αj. Since σ fixes αi ∈ Q, we have

q(λi)

P ′(λi)
λni =

q(λj)

P ′(λj)
λnj

which yields

n = log |q(λi)P
′(λj)

q(λj)P ′(λi)
|/ log |λj

λi
| /∈ Z,

and this gives a contradiction. Therefore, Q(αi) is equal to Q(λi) which shows that

Q(αi) is not Galois. Also, since Q(α1, α2, α3) ⊂ Q(λ1, λ2, λ3), by condition (3),

Q(α1, α2, α3) does not contain primitive cubic roots of unity. Therefore, by Lemma

6.6, we have
3∑
i=1

ξiαi = 0 implies
3∑
i=1

αi = 0.
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Hence, n has to be a zero of (xn). �

We give some examples as applications of Theorem 6.7.

Example 6.3.1. The Tribonacci sequence is defined as

xn = xn−1 + xn−2 + xn−3, x0 = 0, x1 = x2 = 1.

In [2], Bilu et al. proved that the set of Twisted Integral Zeros of (xn) is equal to

{0,−1,−4,−17} which is also the set of zeros of the sequence.

Example 6.3.2. The Tripell sequence is defined as

xn = 2xn−1 + xn−2 + xn−3, x0 = 0, x1 = 1, x2 = 2.

Let λ1 be the real root of the characteristic polynomial P (x) = x3 − 2x2 − x − 1.

We have, Q(λ1) is not Galois. Here q(x) = x. The condition (2) of Theorem 6.7

reduces to

log |q(λi)P
′(λj)

q(λj)P ′(λi)
|/ log |λj

λi
| ≈ 0.668 /∈ Z.

Now, to show that Q(λ1, λ2, λ3) does not contain primitive cubic roots of unity,

observe that P (x) = x3 − 2x2 − x− 1 ≡ (x+ 25)(x+ 27)(x+ 28) (mod 41). There-

fore, by Hensel’s lemma, P (x) has three distinct roots, say, λ′1, λ
′
2, λ
′
3 in Q41 i.e,

Q(λ′1, λ
′
2, λ
′
3) ⊂ Q41 but x3−1 does not split modulo 41. Hence, Q41 does not contain

primitive cubic roots of unity. Therefore, Q(λ′1, λ
′
2, λ
′
3) does not contain primitive

cubic roots of unity. Since Q(λ1, λ2, λ3) is isomorphic to Q(λ′1, λ
′
2, λ
′
3), Q(λ1, λ2, λ3)

does not contain primitive cubic roots of unity. Also, the Tripell sequence satisfies

the equation (6.3). Hence, the set of Twisted Integral Zeros of (xn) is equal to the

set of zeros of (xn) = {−1, 0}. The set of zeros is calculated by using Skolem tool

[1].
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Example 6.3.3. A slightly modified Tripell sequence is defined as

xn = 2xn−1 + 2xn−2 + xn−3, x0 = 0, x1 = 1, x2 = 2.

Let λ1 be the real root of the characteristic polynomial P (x) = x3 − 2x2 − 2x − 1.

We have, Q(λ1) is not Galois. Here q(x) = x. The condition (2) of Theorem 6.7

reduces to

log |q(λi)P
′(λj)

q(λj)P ′(λi)
|/ log |λj

λi
| ≈ 0.861 /∈ Z.

Since P (x) ≡ (x + 19)(x + 30)(x + 31) (mod 41), following the same argument as

given in Example 6.3.2, we find that Q(λ1, λ2, λ3) does not contain primitive cubic

roots of unity. Hence, by Theorem 6.7, the set of Twisted Integral Zeros of (xn) is

equal to the set of zeros of (xn) = {−1, 0}. We again calculate the zeros of (xn) by

using Skolem tool [1].

Using the above results, we run a program for primes upto 1000 for the recurrence

sequences defined in Examples 6.3.2 and 6.3.3 respectively, and obtain the following.

Theorem 6.8. (1) For the Tripell sequence as defined in Example 6.3.2, Conjecture

6.1 fails for

p ∈ [5, 1000]\{5, 19, 29, 41, 103, 137, 151, 191, 283, 397, 487, 491, 571, 709, 773, 787,

877, 883, 971, 983}

and Conjecture 6.1 holds for

p ∈ {103, 137, 191, 397, 487, 491, 709, 773, 787, 883, 971, 983}
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in the form

νp(xn) =

νp(n+ c) + 1, if n ≡ −c (mod Qp),−c ∈ {0,−1};

0, otherwise,

where Qp is given below.

p 103 137 191 397 487 491 709 773 787 883 971 983

Qp 102 136 95 198 486 245 708 772 262 882 970 491

(2) For the modified Tripell sequence as defined in Example 6.3.3, Conjecture 6.1

fails for

p ∈ [5, 1000]\{5, 7, 23, 41, 83, 131, 193, 227, 293, 397, 401, 659, 701, 787, 983}

and Conjecture 6.1 holds for

p ∈ {5, 23, 41, 131, 193, 227, 293, 401, 659, 701, 787, 983}

in the form

νp(xn) =

νp(n+ c) + 1, if n ≡ −c (mod Qp),−c ∈ {0,−1};

0, otherwise,

where Qp is given below.

p 5 23 41 131 193 227 293 401 659 701 787 983

Qp 8 22 40 130 192 113 292 400 658 350 786 982

Proof. In view of Theorem 6.7, we obtain Z = {−1, 0} for the Tripell and modified

Tripell sequences. For both the sequences, we run a Python program for primes

p ≤ 1000 and search for ` which satisfy the conditions of Theorem 6.3. This gives

primes for which the conjecture fails. Similarly, by running a Python program for
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primes p ≤ 1000, we check the conditions of Theorem 6.5 and obtain primes for

which the conjecture is true. In the cases where the conjecture holds, the p-adic

valuation can be calculated and the proof follows similar to the proof of Theorem

1.7 in [2, Theorem 1.7]. �

6.4 The Diophantine equation xn = m!

To illustrate an application of p-adic valuation, we begin by explicitly calculating

the 2-adic valuation of the modified Tripell sequence, as defined in Example 6.3.3.

Theorem 6.9. Let (xn) be the modified Tripell sequence. For n ≥ 1, we have

ν2(xn) =



0, if n ≡ 1, 4 (mod 6),

1, if n ≡ 2, 3 (mod 6),

2 + ν2(n), if n ≡ 0 (mod 6),

3 + ν2(n+ 1), if n ≡ 5 (mod 6).

Proof. The period of the sequence modulo 22 is N22 = 6. It can be calculated that

ν2(xn) is constant 0 for n ≡ 1, 4 modulo 6 and is constant 1 for n ≡ 2, 3 modulo 6.

Now, we consider f`(x) for ` = 0 and −1.

For n ≡ ` (mod 6), xn = f`(x) where x = n−`
6

. Define

g`(x) =
f`(x)

22
=
∞∑
k=0

βkx
k,

where

βk =
fk` (0)

22k!
=

∑3
i=1 cλiλ

`
i(logp(λ

6
i ))

k

22k!
=

22(k−1)

k!

3∑
i=1

cλiλ
`
i

(
logp(λ

6
i )

22

)k
, (6.5)
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where
∑3

i=1 cλiλ
`
i

(
logp(λ

6
i )

22

)k
∈ Z2. We have β0 = 0 for ` = 0,−1 and

β1 =
f ′`(0)

22
=

∑3
i=1 cλiλ

`
i logp(λ

6
i )

22

≡ 1

22

3∑
i=1

cλiλi
`

(
λ6i − 1− (λ6i − 1)2

2

)
(mod 24)

≡ 1

22

(
x`+6 − x` −

(x`+2×6 − 2x`+6 + x`)

2

)
(mod 24).

It can be calculated that for ` = 0, β1 ≡ 2 (mod 24). Hence, ν2(β1) = 1. Similarly,

for ` = −1, we have β1 ≡ 4 (mod 24). Hence, ν2(β1) = 2.

Now,

β2 ≡
1

22
(x`+2×6 − 2x`+6 + x`) ≡ 0 (mod 23)

for both ` = 0 and ` = −1. Also, we have

β3 ≡
1

22 × 3!
(x`+3×6 − 3x`+2×6 − x` + 3x`+6) ≡ 0 (mod 23)

for ` = −1. Moreover, by equation (6.5), we obtain

ν2(βk) ≥ ν2

(
22(k−1)

k!

)
= 2(k − 1)− ν2(k!) > 2(k − 1)− k = k − 2.

Therefore, ν2(βk) > 1 for k ≥ 3 and ν2(βk) > 2 for k ≥ 4. Hence, for ` = 0, we have

ν2(xn) = ν2(f0(x)) = ν2

(
22

(∑
k≥0

βkx
k

))

= ν2(2
2β1x)

= 3 + ν2

(n
6

)
= 2 + ν2(n).

Similarly, ν2(xn) = 3 + ν2(n + 1) for ` = −1. This completes the proof of the
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theorem. �

We state a lemma which gives bounds for the p-adic valuation of m! for any

positive integer m.

Lemma 6.10. [4, Lemma 2.1] For any integer m ≥ 1 and prime p, we have

m

p− 1
−
⌊

logm

log p

⌋
− 1 ≤ νp(m!) ≤ m− 1

p− 1
,

where bxc denotes the largest integer less than or equal to x.

Theorem 6.11. For the linear recurrence sequence defined as xn = 2xn−1 +2xn−2 +

xn−3, x0 = 0, x1 = 1, x2 = 2, the only solutions of the Diophantine equation xn = m!

in positive integers n,m are (n,m) ∈ {(1, 1), (2, 2), (3, 3)}.

Next, we prove a lemma which will be used in the proof of Theorem 6.11.

Lemma 6.12. Let (xn) be a linear recurrence sequence defined by xn = axn−1 +

bxn−2 + cxn−3, a, b, c > 0 such that the characteristic polynomial has a real root

γ > 1. Suppose that the initial values of the sequence satisfy the condition

γ−1 ≤ x1 ≤ γ0 ≤ x2 ≤ γ1 ≤ x3 ≤ γ2.

Then we have, for n ≥ 1,

γn−2 ≤ xn ≤ γn−1.

Proof. We prove the lemma using induction on n. The result holds for n = 1, 2, 3

by the hypothesis. Let n ≥ 4. Suppose that γm−2 ≤ xm ≤ γm−1 holds for all m

where 3 ≤ m ≤ n− 1. Then,

aγm−2 + bγm−3 + cγm−4 ≤ axm + bxm−1 + cxm−2 ≤ aγm−1 + bγm−2 + cγm−3
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which implies

γm−4(aγ2 + bγ + c) ≤ xm+1 ≤ γm−3(aγ2 + bγ + c). (6.6)

Since γ is a root of the polynomial x3 − ax2 − bx− c, so (6.6) gives

γm−1 ≤ xm+1 ≤ γm.

This completes the proof. �

Having Lemma 6.12 showed, we are ready to prove Theorem 6.11.

Proof of Theorem 6.11. Suppose that xn = m! for some positive integers n and m.

Form ≤ 5, it can be checked that the only solutions are (n,m) ∈ {(1, 1), (2, 2), (3, 3)}.

By Theorem 6.9, we have ν2(xn) = ν2(m!) ≤ 3 + max{ν2(n), ν2(n+ 1)}. By Lemma

6.10, we have

m−
⌊

logm

log 2

⌋
− 1 ≤ ν2(m!) ≤ 3 + 2 max{ν2(n), ν2(n+ 1),

which yields
m

2
− logm

2 log 2
− 5

2
≤ max{ν2(n), ν2(n+ 1)}.

Therefore,

2
m
2
− logm

2 log 2
− 5

2 ≤ 2max{ν2(n),ν2(n+1)} ≤ n+ 1,

and hence

m

2
− logm

2 log 2
− 5

2
≤ log (n+ 1)

log 2
. (6.7)

By Lemma 6.12, since γ ≈ 2.83 is a root which satisfies the conditions of Lemma
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6.12, we have 2.83n−2 ≤ xn = m! <
(
m
2

)m
, for m > 5 which gives

(n− 2) log(2.83) < m log
m

2
.

Hence,

n <
m log m

2

log 2.83
+ 2.

Inserting this bound in equation (6.7), we get

m

2
− logm

2 log 2
− 5

2
≤

log (
m log m

2

log 2.83
+ 2 + 1)

log 2

which gives, m ≤ 21 and hence n < 52. By a computational search, it can be

checked that {(1, 1), (2, 2), (3, 3)} are the only solutions. �

In [44, Theorem 2], Sobolewski examined the Diophantine equation
∏d

i=1 xni =

m! for a general linear recurrence sequence (xn). He observed some properties for

(xn) which guarantees that the equation has only finitely many solutions in positive

integers m,n1, . . . , nd. In the following theorem, we demonstrate that the Diophan-

tine equation xn = m!, with (xn) satisfying a certain third order linear recurrence,

has only finitely many solutions if there exist a prime p for which Conjecture 6.1

holds.

Theorem 6.13. Let (xn) be a linear recurrence sequence defined by xn = axn−1 +

bxn−2 + cxn−3, with initial values x0, x1, x2 not all zeroes such that the characteristic

polynomial has a root γ with |γ| > 1. If there exists a prime p for which Conjecture

6.1 holds for (xn), then the Diophantine equation xn = m! has finitely many solutions

in positive integers (n,m) and the solutions can be effectively computed when the

form of Conjecture 6.1 is explicitly known.

We state a theorem which will be used in the proof of Theorem 6.13.
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Theorem 6.14. [15, Theorem 2.4] For any integer non-degenerate linear recur-

rence sequence a of order n with r ≤ 3 dominating characteristic roots (roots of the

characteristic polynomial with maximum absolute value),

|a(x)| ≥ |α1|xx−k(a), x ≥ c(a)

where k(a) and c(a) are effective constants depending on the sequence and α1 is a

dominating characteristic root.

Proof of Theorem 6.13. Suppose that xn = m! for some positive integers n and m.

If Conjecture 6.1 holds for p, there exists Q such that for i ∈ {0, 1, . . . , Q − 1},

either νp(xn) = κi + µi(νp(n − ai)) i.e, (L) holds or νp(xn) = κi i.e, (C) holds for

n ≡ i (mod Q) except for finitely many n. Suppose that κ = maxi{|κi|}. Define

L = µmaxi{νp(n − ai)} where µ = maxi{µi} if the set of i such that (L) holds is

nonempty and L = 0 otherwise. Then,

νp(xn) = νp(m!) ≤ κ+ L.

By Lemma 6.10,

m

p− 1
−
⌊

logm

log p

⌋
− 1 ≤ νp(m!) ≤ κ+ µmax

i
{νp(n− ai)}, when L 6= 0

and
m

p− 1
−
⌊

logm

log p

⌋
− 1 ≤ νp(m!) ≤ κ, when L = 0.

For L 6= 0, we have

m

µ(p− 1)
−
⌊

logm

log p

⌋
1

µ
− 1 + κ

µ
≤ max

i
{νp(n− ai)}.
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Therefore,

p
m

µ(p−1)
−b logmlog p c 1

µ
− 1+κ

µ ≤ pmaxi{νp(n−ai)} ≤ n+ a, where a = |max
i
{−ai}|

which gives

m

µ(p− 1)
−
⌊

logm

log p

⌋
1

µ
− 1 + κ

µ
≤ log(n+ a)

log p
, where a = |max

i
{−ai}|. (6.8)

By Theorem 6.14,

|γ|nn−k(x) ≤ |xn| for n > c(x) (6.9)

where x denotes the sequence (xn) and γ is a dominating characteristic root such

that |γ| > 1. From inequality (6.9), we can calculate a bound for values of n for

which xn = m! for m ≤ 5. Suppose that m > 5. We have

|γ|n

nk(x)
≤ |xn| = xn = m! <

(m
2

)m
which gives

n log |γ| − k(x) log n < m log
m

2
. (6.10)

Combining (6.8) and (6.10), we get an effective bound for m and n. Similarly, it

can be shown that m and n are bounded effectively in the case when L = 0 as well.

This completes the proof. �

6.5 An Example

In [2], Bilu et al. studied Conjecture 6.1 for Tribonacci sequences, and they

showed that the conjecture fails for a specific infinite set of primes of relative density
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1/12. Following the same approach, we now give an example of a set of third order

linear recurrence sequences for which Conjecture 6.1 does not hold.

Example 6.5.1. Consider linear recurrence sequences defined as

xn = 3xn−1 + axn−2 + xn−3, x0 = 0, x1 = 1, x2 = 3,

where a ∈ Z is such that the characterisitic polynomial P (x) = x3 − 3x2 − ax− 1 is

irreducible over Q and has a root λ ∈ C such that λ
P ′(λ)3

/∈ R. It can be shown that

Conjecture 6.1 fails for an infinite set of primes with relative density 1/12. Suppose

that Λ = {λ1, λ2, λ3} is the set of roots of P in some extension of Qp where λ2 and

λ3 are complex conjugates. Now, consider primes p ≡ 2 (mod 3) for which Λ ⊂ Qp

and p does not divide the discriminant of P (x). By the Chebotarev density theorem

and Dirichlet’s theorem, we obtain that such primes have relative density 1/12. We

have, f`(m) = x`+mN for m ∈ Z≥0, where N = Np and ` ∈ {0, 1, . . . , N − 1}.

Consider the function

F (x, y, z) = x3 + y3 + z3 − 3xyz

= (x+ y + z)(x+ ζy + ζz)(x+ ζy + ζz),

where ζ and ζ are primitive cube roots of unity. Since p ≡ 2 (mod 3), Q(λ1, λ2, λ3)

does not contain any primitive cube roots of unity. Moreover, every element of Z×p
has only a single cube root in Zp. Let αi = ciλ

−2/3
i , where λ

1/3
i is the cube root of

λi ∈ Zp. Since λ1 + λ2 + λ3 = 3, we have,

F (α1, α2, α3) =
−3 + λ1 + λ2 + λ3

(λ1 − λ2)2(λ2 − λ3)2(λ1 − λ3)2
= 0.

Therefore, one of the following holds.

c1λ
−2/3
1 + c2λ

−2/3
2 + c3λ

−2/3
3 = 0, (6.11)
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c1λ
−2/3
1 + ζc2λ

−2/3
2 + ζc3λ

−2/3
3 = 0, (6.12)

c1λ
−2/3
1 + ζc2λ

−2/3
2 + ζc3λ

−2/3
3 = 0. (6.13)

If (6.12) holds, then applying σ ∈ Gal(Qp(ζ)/Qp) where σ(ζ) = ζ, we obtain (6.13).

Hence, we get (ζ − ζ)(c2λ
−2/3
2 − c3λ−2/33 ) = 0, which yields λ2

P ′(λ2)3
= λ3

P ′(λ3)3
. This is

not possible since λ/P ′(λ)3 /∈ R. Therefore, we have, c1λ
−2/3
1 +c2λ

−2/3
2 +c3λ

−2/3
3 = 0.

Now, let ` be such that −2/3 ≡ ` (mod N). Then, there exists b ∈ Zp ∩Q such that

−2
3

= `+bN . Similar to the proof of Theorem 1.5 in [2], we can show that f`(b) = 0.

Consider n ∈ Z≥0 such that n ≡ −2/3 (mod p−1). Then, n ≡ ` ≡ −2/3 (mod N).

Therefore, n = `+Nm for m ∈ Z≥0. Since f`(b) = 0, we have

νp(x(n)) = νp(f`(m)) = νp(f`(m)− f`(b)).

By Proposition 3.1 in [2], we have

νp(f`(m)− f`(b)) ≥ νp(m− b) = νp(n+ 2/3).

Therefore, for n ∈ Z≥0, n ≡ −2/3 (mod p − 1), we have νp(xn) ≥ νp(n+ 2
3
). Let

(nk) be a sequence of positive integers satisfying nk ≡ −2/3 (mod (p − 1)pk). If

Conjecture 6.1 is true for p, then for some i ∈ {0, . . . , Q − 1}, the residue class i

(mod Q) contains infinitely many nk. Since νp(nk+2/3)→∞, we have νp(x(n))→

∞. Hence, for this i we must have option (L) of Conjecture 6.1 i.e, νp(xnk) =

κi + µiνp(nk − ai) for some ai ∈ Z. Therefore νp(nk − ai) → ∞. But we also have

that νp(nk + 2/3)→∞ which gives a contradiction since ai 6= −2/3.

Note that, in Example 6.5.1, for almost all positive integers a, P (x) has 3 real

roots, providing a method that mostly works for negative a. One could consider

flipping the sign of a.
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Remark 6.5.1. In [2, Theorem 1.8], it was shown that the conjecture can be par-

tially, but not completely, rescued by allowing rational twisted zeros in addition to

integral twisted zeros. It would be interesting to explore the same for the Tripell and

modified Tripell sequence. Also, in view of Theorem 6.13, it would be interesting to

know, given any third order linear recurrence sequence, does there exist a prime p

for which the conjecture holds?
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7
Direction Sets

7.1 Introduction

Very recently, Leonetti and Sanna [30] introduced the notion of direction sets,

which generalizes the notion of ratio sets in R≥0. For an integer k ≥ 2 and ∅ 6= A ⊆

N, they considered the following sets:

Sk−1 := {x ∈ [0, 1]k : ||x|| = 1}, Dk(A) := {ρ(a) : a ∈ Ak}
1The contents of this chapter have been published in Integers 22 (2022).
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and

Dk(A) := {ρ(a) : a ∈ Ak},

where ρ : Rk \ {0} → Sk−1 is the map defined by ρ(x) = x
||x|| and Ak = {a ∈ Ak :

ai 6= aj for all i 6= j}. The sets Dk(A) and Dk(A) are called the k-direction sets

of A. We note that, for k = 2, we can identify S1 with [0,+∞] via a bijective

map and thus the question of denseness in R>0 can be translated into that in S1.

Therefore, direction sets are indeed generalizations of ratio sets. Leonetti and Sanna

[30, Theorem 1.2] proved a necessary and sufficient criterion that determines whether

a set X ⊆ Sk−1 can be realized as the set of accumulation points of Dk(A) for some

A ⊆ N. Moreover, they proved a sufficient condition (cf. [30, Theorem 1.5]) that

asserts whether Dk(A) is dense in Sk−1. In this chapter, we further generalize the

notion of direction sets and introduce generalized k-direction sets as follows.

7.2 k-generalized direction set

Definition 7.1. Let k ≥ 2 be an integer and let U1, . . . , Uk be non-empty subsets

of N. We define the k-generalized direction set for the k-tuple (U1, . . . , Uk) to be

Dk(U1, . . . , Uk) := {ρ(u1, . . . , uk) : uj ∈ Uj for j = 1, . . . , k}. Also, we define the

distinct k-generalized direction set to be Dk(U1, . . . , Uk) := {ρ(u1, . . . , uk) : uj ∈

Uj for j = 1, . . . , k and ui 6= uj for all i 6= j}.

Our first theorem is an analogue of Theorem 1.2 of [30] for distinct k-generalized

direction sets. For any set X ⊆ Sk−1, we denote by X ′ the set of accumulation

points of X. Also, we denote by Sk the symmetric group on k elements {1, . . . , k}.

For a permutation π ∈ Sk, we define π(x1, . . . , xk) := (xπ(1), . . . , xπ(k)) for all x =

(x1, . . . , xk) in Sk−1. Also, for any subset I of {1, . . . , k}, we define ρI(x) := ρ(y)

where y = (y1, . . . , yk) is defined as yi := xi if i ∈ I and yi := 0 if i 6∈ I. We say that

I meets x if xi 6= 0 for some i ∈ I.
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Our theorem provides a necessary condition for a set X ⊆ Sk−1 to be realized as

the set of accumulation points of Dk(U1, . . . , Uk). This indeed extends the necessary

conditions of Theorem 1.2 of [30] when all the Ui’s are equal. It would be interesting

to investigate whether the necessary conditions of the following theorem are also

sufficient. We state our first theorem as follows.

Theorem 7.1. Let k ≥ 2 be an integer. For subsets U1, . . . , Uk of N, let X =

Dk(U1, . . . , Uk)
′. Then, we have:

(i) X is a closed subset of Sk−1.

(ii) If Ui1 = · · · = Uim for some {i1, . . . , im} ⊆ {1, . . . , k}, then for π ∈ Sk with

π(j) = j for all j /∈ {i1, . . . , im}, we have π(x) ∈ X for every x ∈ X.

(iii) If |Ui| ≥ k for each i ∈ {1, . . . , k}, then for every I ⊆ {1, . . . , k} that meets x,

we have ρI(x) ∈ X.

Proof. Since X is the set of accumulation points of a subset of Sk−1, we immediately

conclude that X is closed and (i) is satisfied.

To prove (ii), let Ui1 = · · · = Uim for some {i1, . . . , im} ⊆ {1, . . . , k} and let

x = (x1, x2, . . . , xk) ∈ X = Dk(U1, . . . , Uk)
′. Then there exists a sequence ρ(a(n)) ∈

Dk(U1, . . . , Uk) converging to x such that ρ(a(n)) 6= x for infinitely many n, where

a(n) ∈
k∏
i=1

Ui. For π ∈ Sk with π(j) = j for all j /∈ {i1, . . . im}, we consider b(n) :=

π(a(n)) ∈
k∏
i=1

Ui. Then ρ(b(n)) converges to π(x). Consequently, we have π(x) ∈ X

for every x ∈ X and thus (ii) is satisfied.

Now, assume that I is a non-empty subset of {1, . . . , k} that meets x. We

can consider a subsequence of a(n) such that each a
(n)
i is non-decreasing for each

i ∈ {1, . . . , k}. If j ∈ {1, . . . , k} \ I, then we can choose distinct cj ∈ Uj such that

for sufficiently large positive integer n0, a sequence d(n) ∈ U1×· · ·×Uk with distinct

coordinates can be defined for all n ≥ n0 with d
(n)
i := a

(n)
i for i ∈ I and d

(n)
i := ci
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for i /∈ I. This choice is possible because of the assumption |Ui| ≥ k for each i. It

then follows that ρ(d(n)) converges to ρI(x). Thus (iii) holds. This completes the

proof of Theorem 7.1. �

We recall that for a non-empty set A ⊆ N, the natural density of A is defined

as d(A) := lim
X→∞

#{n ∈ A : n ≤ X}
X

, provided the limit exists. The next theorem

provides a sufficient condition for Dk(U1, . . . , Uk) to be dense in Sk−1.

Theorem 7.2. Let k ≥ 2 be an integer and let U1, . . . , Uk ⊆ N be such that d(Ui)

exists and equals δi > 0 for all i = 1, . . . , k. Assume that
k⋂
i=1

Ui is an infinite set.

Then Dk(U1, . . . , Uk) is dense in Sk−1.

Proof. Let x ∈ (x1, . . . , xk) ∈ Sk−1 and let Ii = (ai, bi) be open intervals such that

xi ∈ Ii for each i ∈ {1, . . . , k}. Then
k∏
i=1

(ai, bi) ∩ Sk−1 is a basic open set in Sk−1

containing x. For a real number X > 1, let Ui(X) := #{ui ∈ Ui|ui ≤ X}. By

the hypothesis, we have that limX→∞
Ui(X)
X

= δi > 0. This implies that Ui(X) =

δiX + o(X). Therefore,

lim
X→∞

Ui(aiX)

Ui(biX)
= lim

X→∞

δiaiX + o(aiX)

δibiX + o(biX)
=
ai
bi
< 1.

Thus for every sufficiently large real number X, there exists ui ∈ Ui such that

aiX < ui ≤ biX. That is, ai <
ui
X
≤ bi. Since

k⋂
i=1

Ui is an infinite set, we can choose

a large enough element u ∈
k⋂
i=1

Ui such that aiu < ui ≤ biu for all i = 1, . . . , k.

This, in turn, implies that ui
u
∈ (ai, bi). Using the fact that ρ(α) = α

‖α‖ is continuous

function, we see that ρ(u1, . . . , uk) ∈
k∏
i=1

Ii ∩ Sk−1. In other words, Dk(U1, . . . , Uk)

is dense in Sk−1. �

The next theorem extends Theorem 1.5 of [30], which asserts that if for a set

A ⊆ N, there exists an increasing sequence {an}∞n=1 ⊆ A with lim
n→∞

an
an+1

= 1, then
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Dk(A) is dense in Sk−1. We generalize this for Dk(U1, . . . , Uk) as follows.

Theorem 7.3. Let k ≥ 2 be an integer and let U1, U2, . . . , Uk be non-empty subsets

of N. If there exist increasing sequences u
(n)
i ⊆ Ui for all i ∈ {1, . . . , k} such that

lim
n→∞

u
(n−1)
i

u
(n)
i

= 1, then Dk(U1, . . . , Uk) is dense in Sk−1.

Proof. Let x = (x1, . . . , xk) ∈ Sk−1 with xi > 0 for all i ∈ {1, . . . , k}. We pick

an integer m such that m >
u
(1)
i

min{x1,...,xk}
for all i ∈ {1, . . . , k}. By the choice of

m, we have
u
(1)
i

xi
< m. Since u

(n)
i is an increasing sequence of positive integers,

for each i, there exists a smallest integer mi such that
u
(mi)
i

xi
> m. Therefore, for

all i ∈ {1, . . . , k}, there exist mi such that
u
(mi−1)
i

xi
≤ m <

u
(mi)
i

xi
. That is, xi <

u
(mi)
i

m
≤ u

(mi)
i

u
(mi−1)
i

xi. Since mi → ∞ as m → ∞, it follows that lim
m→∞

u
(mi)
i

m
= xi.

Consequently, 1
m
u = ( 1

m
u
(m1)
1 , . . . , 1

m
u
(mk)
k ) converges to x. Since ρ is a continuous

map, we conclude that ρ(u) = ρ( 1
m
u) converges to x. Consequently, Dk(U1, . . . , Uk)

is dense in Sk−1. �

Remark 7.2.1. For an integer k ≥ 2 and for each i ∈ {1, . . . , k}, let ai and mi

be integers with gcd(ai,mi) = 1. Let Pmi := {p ∈ P : p ≡ ai (mod mi)}. For

Ui = Pmi, using Dirichlet’s theorem for primes in arithmetic progressions, we see

that the hypotheses of Theorem 7.3 are satisfied. Therefore, Dk(Pm1 , . . . ,Pmk) is

dense in Sk−1.

Theorem 7.4. Let k ≥ 2 be an integer. For each i ∈ {1, . . . , k}, let fi(X1, . . . , Xm) ∈

Z[X1, . . . , Xm] be polynomials of total degree di such that the sum of the coefficients

of degree di terms is positive. Let Ui := {fi(n1, . . . , nm)|(n1, . . . , nm) ∈ Nm} ∩ N.

Then Dk(U1, . . . , Uk) is dense in Sk−1.

Proof. For a fixed integer i ∈ {1, . . . , k}, we consider the polynomial gi(X) obtained

by replacing all the variables of gi by the variable X. We get, gi(X) = adiX
di +

adi−1X
di−1 + · · ·+ a0 ∈ Z[X]. Since adi > 0, we conclude that for a sufficiently large

positive real number X, we have gi(X) > 0. Let Bi := {gi(n)|n ∈ N} ∩ N. We
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have gi(X−1)
gi(X)

=
adi (X−1)

di+···+a0
adiX

di+···+ao
which tends to 1 as X tends to ∞. Also, since gi(X)

is a polynomial in one variable, the sequence {gi(n)}∞n=1 is eventually increasing.

Therefore, by using Theorem 7.3, we obtain that Dk(Bi) is dense in Sk−1. Since

Bi ⊆ Ui, we conclude that Dk(U1, . . . , Uk) is dense in Sk−1. �

In [8], it is proven that there is a 3-partition of N = A∪B∪C, such that none of

R(A), R(B) and R(C) is dense in R>0. That is, none of D2(A),D2(B) and D2(C) is

dense in S1. In [30], Leonetti and Sanna asked for a possible generalization of this

result for k ≥ 3 [30, Question 1.9]. We give a partial answer to their question in the

next theorem.

Theorem 7.5. Let k ≥ 3 be an integer. Then there exists a 3-partition N = A∪B∪C

of N such that none of Dk(A),Dk(B) or Dk(C) is dense in Sk−1.

Proof. We consider the following three sets as in [8] (see also [5]).

A :=
∞⋃
k=0

[5k, 2 · 5k) ∩ N,

B :=
∞⋃
k=0

[2 · 5k, 3 · 5k) ∩ N,

C :=
∞⋃
k=0

[3 · 5k, 5 · 5k) ∩ N.

It is clear that A,B and C indeed give a partition of N. If Dk(A), Dk(B) or Dk(C)

is dense in Sk−1, then by Theorem 1.4 of [30], which states that if Dk(A) is dense

in Sk−1 for some A ⊆ N, then Dk−1(A) is dense in Sk−2, we see inductively that

D2(A) (or D2(B) or D2(C)) is dense in S1, which is false (cf. [5, Proposition 3]).

Therefore, we get a 3-partition of N such that none of Dk(A), Dk(B) or Dk(C) is

dense in Sk−1. This completes the proof of Theorem 7.5. �

Remark 7.2.2. In view of Theorem 7.5, it remains to be seen whether for a 2-

partition N = A ∪ B, either Dk(A) or Dk(B) is dense in Sk−1 or not. We note
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that Theorem 7.3 cannot be directly applied to resolve this issue. In other words,

we exhibit a 2-partition of N, none of which contains a sequence with the ratio of

consecutive terms converging to 1. This can be seen by considering A =
∞⋃
k=0

[3k, 2 ·

3k)∩N and B =
∞⋃
k=0

[2·3k, 3k+1)∩N. For, if {an}∞n=1 ⊆ A is an infinite sequence, then

there are infinitely many indices i for which ai ∈ [3k, 2 · 3k) and ai+1 ∈ [3`, 2 · 3`) for

k < `. Then it follows that ai
ai+1

< 2·3k
3`
≤ 2

3
. Therefore, the elements of the sequence

{ an
an+1
}∞n=1 cannot get arbitrarily close to 1. Similar argument works for B as well.

This itself is an interesting question to decide whether Dk(A) or Dk(B) is dense in

Sk−1.

One of the interesting questions in the literature of fractionally dense sets is to

look for sets A ⊆ N such that the ratio set R(A) is dense in R>0 but A contains no

3-term arithmetic progressions. One such set is A = {2m : m ≥ 2} ∪ {3n : n ≥ 2},

which is known to be fractionally dense in R>0 but A contains no 3-term arithmetic

progressions (cf. [5, Proposition 6]).

We shall see in the following theorem that we can obtain infinitely many sets

A ⊆ N having no arithmetic progression of length 3 such that Dk(A) is dense in

Sk−1.

Theorem 7.6. There exists a set A ⊆ N such that A contains no 3-term arithmetic

progressions and Dk(A) is dense in Sk−1.

Proof. In [13], it has been proven that the equation xn+yn = 2zn has no non-trivial

solution in Z if n ≥ 3. In other words, the set A := {mr : r,m ∈ Z, r ≥ 3} does

not contain any 3-term arithmetic progressions. Since for a fixed value of r ≥ 3, we

have mr

(m+1)r
→ 1 as m → ∞, by Theorem 1.5 of [30], we conclude that Dk(A) is

dense in Sk−1. �
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7.2.1 Examples of dense direction sets

We discuss the denseness of some particular type of sets whose properties have

been recently considered in [17]. For an arithmetic function f : N → N and a

positive real number X, let fX := #{n ≤ X : n = kf(k) for some k ∈ N}. Keeping

this notation, we state the results of [17] as follows.

Theorem 7.7. [17] (i) Let ω(n) =
∑
p|n
p∈P

1 be the prime divisor function. Then

ωX =
X

log logX
+ o

(
X

log logX

)
.

(ii) Let φ(n) = #{1 ≤ k ≤ n : gcd(k, n) = 1} be the Euler’s totient function.

Then

φX = cX
1
2 + o(X

1
2 ),

where c =
∏
p

(
1 +

1

p(p− 1 +
√
p2 − p)

)
∼ 1.365 . . ..

Now, we state our result as follows.

Theorem 7.8. Let A = {nω(n) : n ∈ N} and B = {nφ(n) : n ∈ N}. Then for any

integer k ≥ 2, we have that both Dk(A) and Dk(B) are dense in Sk−1.

Proof. Let x = (x1, . . . , xk) ∈ Sk−1 and let
k∏
i=1

(ai, bi) be a basic neighborhood of x.

Then by Theorem 7.7, we see that

lim
X→∞

ωaiX
ωbiX

= lim
X→∞

aiX

log log aiX
· log log biX

biX
=
ai
bi
< 1 for all i with 1 ≤ i ≤ k.

Therefore, for sufficiently large X, there exists αi ∈ A such that aiX < αi < biX

for all i. That is,
(
α1

X
, . . . , αk

X

)
∈

k∏
i=1

(ai, bi). Hence ρ(α1, . . . , αk) = ρ
(
α1

X
, . . . , αk

X

)
∈

k∏
i=1

(ai, bi). Consequently, Dk(A) is dense in Sk−1.
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Similarly, for Dk(B), we note that

lim
X→∞

φaiX
φbiX

=

√
ai√
bi
< 1 for all i with 1 ≤ i ≤ k

and thereafter it follows a similar line of argument. �

Remark 7.2.3. It is interesting to extend the notion of direction sets in the set

up of number fields and formulate analogous questions for the same. Let K ( R

be a number field of degree d ≥ 2 and let OK be its ring of integers. Let O0
K :=

{α ∈ OK : TrK/Q(α) = 0} be the set of elements in OK with trace 0. Since OK is

a free Z-module of rank d and Tr is an additive group homomorphism from OK to

Z, we see that OK ∼= O0
K ⊕ Z. In particular, O0

K is a free Z-module of rank d − 1.

Therefore, O0
K itself is dense in R whenever d ≥ 3. Also, for d = 2, we see that

the ratio set of O0
K is Q. Consequently, the direction set of O0

K is dense in Sk−1 for

any integer k ≥ 2. We note that O0
K ∩ N = ∅. In view of this, we ask the following

question.

Question 7.2.1. Let d ≥ 2 and k ≥ 2 be integers and let K be a number field of

degree d. Characterize the sets A ⊆ OK such that A ∩ N is finite and Dk−1(A) is

dense in Sk−1.
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sets of numbers. ii, Mathematica Slovaca 47 (1997) 517–526.
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