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Abstract

For A C 7Z, we consider R(A) = {a/b: a,b € A,b # 0}, called the ratio set or
quotient set of A. It is an open problem to study the denseness of R(A) in the set
of p-adic numbers. We study the problem for the cases when A is the set of values
attained by an integral form, polynomial and when A is the set of integers formed
by a linear recurrence relation. We also calculate the p-adic valuation of certain

third order linear recurrence sequences.

Firstly, we study the denseness of ratio set of images of cubic forms ax® + by?,
where a and b are integers. We also prove that if A is the set of nonzero values
assumed by a non-degenerate, integral and primitive cubic form with more than
9 variables, then R(A) is dense in @Q,. Then, we extend the results to diagonal
binary forms given by az™ 4 by™ for all n > 3. We also study p-adic denseness
of quotients of nonzero values attained by diagonal forms of degree n > 3, where
ged(n,p(p — 1)) = 1. Also, we provide a necessary condition for the denseness of
ratio sets of values attained by polynomials whose non-linear irreducible factors have

degrees which are multiples of an integer ¢ > 1.

Secondly, we focus on the denseness problem in the case of linear recurrence

sequences. Let (z,),>0 be a linear recurrence of order k > 2 satisfying

Ty = A1 Tp—1 + @2Tp_o + -+ + AQrTp_k
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vi ABSTRACT

for all integers n > k, where ay, ..., ax, xo,...,2x_1 € Z, with a; # 0. In a recent
paper, Sanna posed an open question to classify primes p for which the quotient set
of (z,)n>0 is dense in Q,. We find a sufficient condition for denseness of the quotient
set of the kth-order linear recurrence (z,,),>0 satistying z,, = a12,—1 + a2z, 2+ - -+
ayx,_y for all integers n > k with initial values xg = - -+ = xp_o = 0,241 = 1, where
ai,...,ar € Z and ap = 1. We show that if the characteristic polynomial of the
recurrence sequence has a root £a, where « is a Pisot number and if p is a prime
such that the characteristic polynomial of the recurrence sequence is irreducible in
Q,, then the quotient set of (x,),>0 is dense in Q,. We also show that given a
prime p, there exist infinitely many recurrence sequences of order k£ > 2 so that
their quotient sets are not dense in Q,. Further, we answer Sanna’s question for
certain linear recurrence sequences whose characteristic polynomials are reducible
over Q.

Thirdly, we examine p-adic valuations of third order linear recurrence sequences.
In a recent paper, Bilu et al. studied a conjecture of Marques and Lengyel on the
p-adic valuation of the Tribonacci sequence. We study the p-adic valuation of third
order linear recurrence sequences by considering a generalisation of the conjecture
of Marques and Lengyel for third order linear recurrence sequences. Suppose that
(x,,) is a third order linear recurrence sequence whose characteristic polynomial has
a root 7y such that |y| > 1. We show that if there exists a prime p for which the
conjecture holds for (z,), then the solution set of the Diophantine equation given
by x, = m! in positive integers n, m is finite. We also show that the solutions can
be effectively computed when the form of the conjecture is explicitly known.

We conclude the thesis by considering the notion of direction sets which was
introduced by Leonetti and Sanna in 2020. Direction sets generalize ratio sets of
subsets of positive integers in R. We generalize the notion of direction sets. We also

give a partial answer to a question posed by Leonetti and Sanna.
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Introduction

Mathematics, particularly number theory, is filled with intriguing problems that
captivate both experts and anyone with a basic understanding of arithmetic due
to their elegant simplicity. One prominent story that illustrates this is that of
Andrew Wiles, who, as a schoolboy, dreamed of solving Fermat’s Last Theorem and
ultimately achieved this remarkable feat. Throughout the history of number theory,
many seemingly simple problems have taken hundreds of years to solve, leading to
the development of various theories and objects that enrich the field of mathematics
and pave the way for further exploration. Omne such object is the set of p-adic
numbers, denoted as Q,. The p-adic numbers were first described by Kurt Hensel in
1897 and later explored more extensively by his student Helmut Hasse, particularly
in relation to the local-global principle. In this thesis, we aim to investigate specific
subsets of rational numbers and uncover as much information as possible about the
denseness of these sets in Q.

We consider ratio sets which are subsets of rational numbers. Given a subset
A of the set of integers, the set R(A) = {a/b: a,b € A,b # 0} is called the ratio
set or quotient set of A. It is an open problem to characterise all subsets of N
whose ratio sets are dense in the positive real numbers. Various results have been
obtained based on different properties of a set, such as the asymptotic density of

a set, sets containing arithmetic progressions, numbers with specific digits, subsets
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2 INTRODUCTION

that partition N etc. See for example [5, 7, 8,9, 21, 25, 26, 31, 33, 37, 45, 46, 48, 49].
An analogous study has also been conducted for subsets of algebraic number fields.
In [18], Garcia showed that the ratio set of Gaussian primes is dense in the set of
complex numbers. More general results on ratio sets of primes in arbitrary quadratic
number fields were obtained by Sittinger in [43].

Recently, many mathematicians have been exploring classical number theory
problems within the p-adic framework. This approach makes the problems inter-
esting in many ways; one of which is that it translates questions about integer
congruences into problems in p-adic analysis, providing powerful analytical tools.
The proof of the Skolem-Mahler-Lech theorem is an example of how p-adic analysis
can effectively address problems in number theory.

Naturally, the denseness of ratio sets in Q, is also a compelling topic of study.
This exploration was initiated by Garcia and Luca [20], who showed that the ratio
set of Fibonacci numbers is dense in Q, for all primes p. Subsequently, Sanna [42]
demonstrated that the ratio set of k-generalized Fibonacci numbers is dense in Q,,
leaving the problem open for any arbitrary linear recurrence sequence of order k
with k£ > 1.

Garcia, Hong, Luca, Pinsker, Sanna, Schechter, and Starr [19] expanded this
investigation by examining various types of sets. They highlighted how the denseness
of sets in the real numbers differs from that in the p-adic setting. For instance, the
set of ratios derived from the Fibonacci numbers is dense in Q,, for all primes p, while
the ratio set is not dense in R. Conversely, the set of prime numbers has a dense
ratio set in R, but is not dense in any Q,. Furthermore, they demonstrated that the
denseness of a quotient set in one p-adic number system is completely independent
from its denseness in another system. Specifically, they showed that for each set P
of prime numbers, there exists a subset A C N such that the ratio set R(A) is dense
in Q, if and only if p € P.

The representation of integers as sums of squares has its roots in ancient history
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INTRODUCTION 3

and gained attention through the works of mathematicians such as Fermat, La-
grange, and Legendre. Lagrange’s four-square theorem asserts that every positive
integer can be expressed as the sum of four integer squares. Subsequent research has
explored more general quadratic forms and the representation of integers as sums of
higher powers. This naturally leads to investigations into the denseness of the ratio
set formed by the sums of the nth powers of integers. In [19], Garcia et al. considered
the sum of squares. One of their results states that if A = {2%+y*:z,y € Z}\ {0},
then R(A) is dense in Q, if and only if p =1 mod 4. They further posed questions
about the denseness of ratio sets associated with quadratic and cubic forms. The
denseness of the ratio set of nonzero values assumed by a quadratic form has been
completely addressed by Donnay, Garcia, and Rouse [14]. The ratio set generated
by a quadratic form @ is R(Q) ={Q(Z)/Q(©) : T,y € Z",Q(y) # 0}. They showed
that for a non-singular binary quadratic form @, R(Q) is dense in Q, if and only
if the discriminant of ) is a nonzero square in @QQ,. They also proved that for a
non-singular quadratic form involving at least three variables, R(Q)) is always dense
in Q,. Later, Miska [35] provided a shorter proof for the same result. However, the
problem remains open for forms of degree greater than 2. In [36], Miska, Murru,
and Sanna showed that for any prime p, R(S?)) is dense in Q,, for all integers m > 2,
where S2 = {z + -+ 23 : xy,...,2, € Zso}. They also considered the case
when A is the set of values assumed by p-adic analytic functions. In particular, they
studied the denseness of R(A) in Q, when A is the image of N under a polynomial
f € Z[X] and gave a characterisation for degree 1 and 2 cases. However, the problem
of finding an effective criteria that determines the denseness of ratio sets of values
assumed by polynomials of degrees greater than 2 remains unsolved.

Recurrence sequences have long been of great interest to number theorists. Con-
siderable research has been conducted on linear recurrence sequences, and a variety
of results and applications can be found in the survey by Everest et al. [15]. The

problem of denseness of ratio set of linear recurrence sequences is also interesting
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4 INTRODUCTION

and has been explored. In [19], Garcia et al. considered the ratio set of second order
linear recurrence sequence and extended the result known for Fibonacci sequences to
a more general class of second order linear recurrence sequences. In particular, they
produced a result for sequences (a,)n>0 and (by,),>o defined as a,, = ra,—1 + sa,—s
for n > 2 with initial values ag = 0 and a; = 1 where r and s are two fixed integers
and (by)n>0 defined as b, = rb,—1 + sb,_o for n > 2 with initial values by = 2 and
by = r. In [42, Theorem 1.2], Sanna showed that, for any k£ > 2 and any prime p, the
ratio set of the k-generalized Fibonacci numbers is dense in QQ,,, where k-generalized
Fibonacci number (Fn(k))nz_(k_m is defined as

k k k k k k

for all integers n > 1. Sanna also posed the question of characterizing primes p for
which the ratio set of an arbitrary kth-order linear recurrence sequence is dense in
Q,. This problem remains open.

For a prime p and a nonzero integer n, the p-adic valuation of n, denoted v,(n), is
defined as the highest power of p that divides n. Understanding the p-adic valuation
is useful for investigating the denseness of sets in the p-adic metric space. Calculating
the p-adic valuation of integers with special properties, such as linear recurrence
sequences [2, 4, 28, 29, 32, 41, 50] and Stirling numbers [34], among others, is an
interesting problem in itself. In [28], Lengyel completely characterized the p-adic
valuation of the Fibonacci sequence. Later, Sanna [41] addressed the valuation
problem for any second order linear recurrence sequence with initial values xq = 0
and z; = 1. Garcia et al. [19] utilized Sanna’s result to identify conditions for the
denseness of the ratio set of such second order linear recurrence sequences in Q,,.

Unlike the case of second order linear recurrence sequences, finding the p-adic
valuation of third order linear recurrence sequences remains largely unsolved. In [32],

Marques and Lengyel calculated the 2-adic valuation of the Tribonacci numbers T,
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INTRODUCTION D

and applied their findings to solve the Diophantine equation T,, = m! for positive in-
tegers n and m. The 2-adic valuations of other generalizations of Fibonacci numbers
were also studied, as in [29, 44, 50]. Furthermore, the 2-adic and 3-adic valuations
of Tripell sequences were addressed by Bravo et al. in [4]. However, the problem
of deriving a closed formula which gives the p-adic valuation of Tribonacci numbers
for any prime p remains unsolved. In [32, Conjecture 8], Marques and Lengyel con-
jectured that the p-adic valuation of a Tribonacci number 7T;, is either constant or
linearly dependent on the p-adic valuation of the index n of the sequence. However,
Bilu et al. demonstrated in [2, Theorem 1.5] that this conjecture fails for a specific
infinite set of primes with a relative density of 1/12. They also gave some equiv-
alent conditions for the validity of the conjecture for a prime p. In doing so, they
introduced certain notions of zeros of a linear recurrence sequence.

For a linear recurrence sequence (z,), n € Z is said to be a zero of the sequence
if x, = 0. In [2], Bilu et al. generalized the concept of zeros by introducing the
notions of twisted integral zeros and twisted rational zeros. Moreover, in [3], they
established that the number of twisted rational zeros of a non-degenerate linear
recurrence sequence is finite which generalises the Skolem-Mahler-Lech theorem.
They also calculated the set of twisted rational zeros of the Tribonacci sequence
explicitly.

In this thesis, we study the problem of the denseness of ratio sets of values
assumed by polynomials and forms of degree greater than 2. We also investigate
the denseness problem for different types of linear recurrence sequences, thereby
addressing the question posed by Sanna for several linear recurrence sequences.
Furthermore, we examine the p-adic valuation of certain third order linear recurrence
sequences and demonstrate how this valuation is useful in solving a Diophantine
equation involving the terms of the sequence. We also calculate the twisted integer
zeros of certain third order linear recurrence sequences explicitly. Additionally, we

consider a generalization of ratio set in R, known as the direction set.
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6 INTRODUCTION

Organization of the Thesis
We present the entire work of this thesis in seven chapters as described below.

e Chapter 1: Preliminaries

Chapter 2: p-Adic quotient sets: cubic forms

Chapter 3: p-Adic quotient sets: polynomials and integral forms

Chapter 4: p-Adic quotient sets: linear recurrence sequences- |

Chapter 5: p-Adic quotient sets: linear recurrence sequences- 11

Chapter 6: p-Adic valuation of third order linear recurrence sequences

Chapter 7: Direction sets

In Chapter 1, we define p-adic numbers and describe some properties of the set of
p-adic numbers. We also state some theorems that will be used to prove our results
in the subsequent chapters.

In Chapter 2, we consider the ratio set of images formed by cubic forms and study
its denseness in the set of p-adic numbers. In particular, we study the denseness
problem for the cubic forms az?+by?, where a and b are integers. We also prove that
if A is the set of nonzero values assumed by a non-degenerate, integral and primitive
cubic form with more than 9 variables, then R(A) is dense in Q,. Additionally, we
show that for p # 3, the ratio set of a diagonal cubic form containing more than 6
variables is dense in Q.

In Chapter 3, we extend the results to the diagonal binary forms az™ 4+ by™ for all
n > 3. We also consider diagonal forms of degree n > 3, where ged(n,p(p — 1)) =1
and find that {”T“W is the least number r such that for every integral diagonal form
F' of degree n depending essentially on at least r variables, the ratio set of values

assumed by F' is dense in QQ,. We also study the problem for values assumed by
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INTRODUCTION 7

polynomials and give some necessary conditions for the denseness of the ratio set
by giving bounds for the number of irreducible factors of the polynomial.

In Chapter 4, we study the problem of denseness for ratio set of linear recurrrence
sequences. We find a sufficient condition for the denseness of the quotient set of the
kth-order linear recurrence (z,),>0 satisfying x, = a1@,_1 + asxp_o + -+ + axr,_y
for all integers n > k with initial values xg = -+ = z,_9 = 0,251 = 1, where
ai,...,ar € Z and ap = 1. We show that if the characteristic polynomial of the
recurrence sequence has a root +a, where « is a Pisot number and if p is a prime
such that the characteristic polynomial of the recurrence sequence is irreducible
in Q,, then the quotient set of (z,),>0 is dense in Q,. Also, we show that given a
prime p, there exist infinitely many recurrence sequences of order k > 2 so that their
quotient sets are not dense in Q,. We also study the quotient sets of linear recurrence
sequences with coefficients in some arithmetic and geometric progressions.

In Chapter 5, we examine the denseness of ratio sets of linear recurrence se-
quences whose characteristic polynomials are reducible over Q. Specifically, we fo-
cus on kth-order linear recurrence sequences whose characteristic polynomials have
k distinct roots in Z. We also analyze kth-order linear recurrence sequences whose
characteristic polynomials have two equal roots and k — 2 distinct roots in Z. Fur-
thermore, we establish conditions that ensure the denseness of ratio sets of kth-order
linear recurrence sequences when the characteristic polynomials have an integer root
with multiplicity £ and obtain an equivalent condition when k£ = 3.

In Chapter 6, we explore the p-adic valuation of third order linear recurrence
sequences by examining a generalization of the conjecture [32, Conjecture 8] pro-
posed by Marques and Lengyel. Consider a third order linear recurrence sequence
(x,) whose characteristic polynomial has a root 7 such that |y| > 1. We demon-
strate that if there exists a prime p for which the conjecture holds for (x,), then
the set of positive integer solutions to the Diophantine equation z, = m! is finite.

Furthermore, we establish that these solutions can be effectively computed when
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8 INTRODUCTION

the form of the conjecture is explicitly known. Additionally, we show that the set of
twisted integer zeros is equal to the set of zeros for a third order linear recurrence
sequence provided the splitting field of the characteristic polynomial satisfies certain
conditions.

Finally, in Chapter 7, we generalize the notion of direction sets and define k-
generalized direction sets and distinct k-generalized direction sets for subsets of
positive integers. We prove a necessary condition for a subset of S¥1 := {z €
[0,1]F : ||z|]| = 1} to be realized as the set of accumulation points of a distinct
k-generalized direction set. We provide sufficient conditions for some particular
subsets of positive integers so that the corresponding k-generalized direction sets
are dense in S¥~!. We also consider the denseness properties of certain direction

sets and give a partial answer to a question posed by Leonetti and Sanna in [30].
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Preliminaries

In this chapter, we review the definition of p-adic numbers and recall some topo-
logical and algebraic properties of p-adic fields. We also state some theorems that

will be used to prove our results in the subsequent chapters.

1.1 p-adic numbers

Let K be a field.

Definition 1.1. An absolute value on K is a function | | : K — Rsq that satisfies

the following conditions:

1. |x| =0 if and only if xt =0
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10 PRELIMINARIES

2. |zy| = |x||y| for all z,y € K

3. |+ y| < x|+ |y| for all z,y € K. We say the absolute value on K is non-

Archimedian if it satisfies the additional condition:

4. lx+y| < max{|zl|, |y|} for all x,y € K; otherwise, the absolute value is said to

be Archimedian.

Definition 1.2. Fiz a prime number p. For each integer n € Z, n # 0, the p-
adic valuation v,(n) is the unique positive integer satisfying n = p*»™n’ with p { n'.
The p-adic valuation v, can be extended to the field of rational numbers as, if x =
a/b € Q*(non zero rational numbers), then v,(z) = v,(a) — v,(b). By convention

vp(0) = oo.
Lemma 1.1. For all x and y € Q, we have
1. vp(zy) = vp(z) + vp(y)

2. vy(x +y) > min{uy(), vy(y)}.

Definition 1.3. For any x € Q, the p-adic absolute value of x is defined as ||z, =
p@ if 2 # 0. For x =0, the p-adic absolute value is defined as ||0||, = 0.

It can be verified that the p-adic absolute value is a non-Archimedian absolute
value on the field Q. Using this absolute value, a metric d can be defined on Q as
d(z,y) = |Jxr — y||, for x,y € Q. The metric satisfies the strong triangle inequality
d(x,z) < max{d(z,y),d(y, z)}. Therefore, the metric is called an ultra-metric. The
completion of Q with respect to this metric gives a field which is called the p-adic
numbers, denoted by Q,. The following theorem says that @@, and R are the only

possible completions of Q.

Theorem 1.2. [Ostrowski] Every non trivial absolute value on Q is equivalent to
one of the absolute values || ||,, where either p is a prime number or p = co where

| [l 7s the Euclidean norm.
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1.1 p-ADIC NUMBERS 11

The p-adic absolute value on Q can be extended to @, by continuity of the
function. The set of values of QQ, with p-adic absolute value less than or equal to 1

forms a ring and is called the ring of p-adic integers, denoted by Z,.

1.1.1 Topology of Q,

The ultra-metric in Q, gives it a very interesting geometry.
Proposition 1.3. Ifz,y € Q, and ||z|, # ||y||,, then ||z + y||, = max{||z|,, ||yll,}-

As a consequence of the above proposition, all triangles in Q,, are isosceles. The
sphere S(a,r) = {z € Q, : ||z — a||, = r} is both an open set and a closed set in Q,
and an open ball in Q, is both open and closed. Also, every point of a ball is its
center. Two balls in Q, have a non empty intersection if and only if one is contained

in the other.

Definition 1.4. A set A is said to be dense in Q, if, given any e > 0, D(z,e)NA # ¢
for all x in Q,, where D(x,¢) ={y € Q, : ||z —y|l, < €}.

In the p-adic topology, the set N is dense in Z which is dense in the set of p-adic

integers Z,,.

1.1.2 Hensel’s Lemma

Hensel’s Lemma is an important algebraic property of the p-adic numbers which

helps in deciding whether a polynomial over Z, has a root in 7Z,.

Theorem 1.4. [Hensel’'s Lemma| Let f(z) € Z,[z]. Suppose that there exists a
p-adic integer oy € Z, such that f(a;) =0 (mod pZ,) and f'(a1) # 0 (mod pZ,),
where f'(x) is the derivative of f(x). Then there exists a p-adic integer o € Z,, such

that o = oy (mod pZ,) and f(a) = 0.

For a,b € Z,, a = b (mod pZ,) means that a — b € pZ,. Hensel’s lemma has a

stronger version which is as follows:
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12 PRELIMINARIES

Theorem 1.5. Let f(z) € Zy[z] and a € Z, satisfy | f(a)|l, < || f'(a)|5. Then there

exists an « € Z, such that f(a) =0 and || — all, < ||f'(a)]l,-

We state another form of Hensel’s lemma which gives factorisation of polynomials

over Zy.

Theorem 1.6. [23, Lemma 3.4.6] Let f(z) € Z,[x] be a polynomial with coefficients

in Z,, and assume that there exist polynomials gi(x) and hy(x) in Z,[x] such that
1. g1(x) is monic
2. g1(x) and hy(x) are relatively prime modulo p, and
5. () = r(@)la(z) (mod p).
Then there ezist polynomials g(z), h(z) € Zy[z] such that
1. g(x) is monic,

2. g(x) = g1(x) (mod p) and h(z) = hy(x) (mod p), and

The p-adic absolute value on @Q, can be extended to a finite normal extension K
over Q, of degree n. For a € K, define |||, := /[ det(T,)[[, where T, is the matrix
of linear transformation from the vector space K over QQ, to itself defined by =z — ax
for all z € K. Also, v,(a) is the unique rational number satisfying |||, = p=#(.
The ring of integers of K, denoted by O, is defined as the set of all elements in K

with p-adic absolute value less than or equal to one.

Proposition 1.7. [23, Proposition 5.4.2] The p-adic valuation v, is a homomor-
phism from the multiplicative group K* to the additive group Q. Its image is of the

form 27, where e is a divisor of n = [K : Q).

An extension K is said to an unramified extension of Q, if e = 1.
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1.1 p-ADIC NUMBERS 13

1.1.3 p-adic analytic functions

Definition 1.5. A function f: O — O is called analytic if there exists a sequence

(an)n>0 in O such that
= Z an2"
n=0
for all z € O.

Next, we recall the p-adic exponential and logarithmic functions. For a € K
and r > 0, we denote D(a,7) == {z € K: ||z —al|, < r}. Let p = p~ /=D If

z € D(0, p), then the p-adic exponential function is defined as

o0 n

exp,(2) = Z %

n=0

The derivative is given by exp(2) = exp,(z). On D(1,p), the p-adic logarithmic

function is defined as

log, (2) f: ) 2—1) \

n=1

For z € D(1,p), we have exp,(log,(2)) = z. If K is unramified and p # 2, then

D(0,p) = D(0,1) and D(1, p) = D(1,1). More properties of these functions can be
found in [23].

Hensel’s lemma is also true and follows similarly for functions given by power

series with coefficients in the ring O.

Theorem 1.8. [23, Hensel’s lemmal] Let f : O — O be analytic. Let by € O be such
that ||f(bo)|l, < 1 and ||f'(bo)||, = 1. Then there exists a unique b € O such that

f(b) =0 and [[b = boll, < [f(bo)llp-

The following theorem of Strassman gives a bound on the number of roots of an

analytic function defined in O.

Theorem 1.9. [23, Strassman’s Theorem| Let f : O — O be analytic. Assume that

f(2) does not vanish identically on O; equivalently, the coefficients ag,aq, ... are
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14 PRELIMINARIES

not all 0. Define i as the largest m with the property

Hame = maX{Haan n=0,1,.. }

Then f(z) has at most u zeros on O.

The following result connects the existence of a root of an analytic function in

Z,, to the denseness of quotient set of values assumed.

Theorem 1.10. [36, Theorem 1.2] Let f : Z, — Q, be an analytic function and
let 21,29 € Z, be two (not necessarily distinct) zeros of f of multiplicities i1, po,

respectively. If pi, po are coprime, then Ry is dense in Q.
The result below is a straightforward consequence of the theorem.

Theorem 1.11. [36, Corollary 1.3] Let f: Z, — Q, be an analytic function with a
simple zero in Z,. Then, R(f(N)) is dense in Q,.

Garcia et al. [19] provided a necessary condition for a set to be dense in Q,.
We present the result below, as it is very useful for proving some results in the

subsequent chapters.

Lemma 1.12. [19, Lemma 2.1] If S is dense in Q,, then for each finite value of the

p-adic valuation, there is an element of S with that valuation.

By Lemma 1.12, it can be easily checked that the ratio set of prime numbers is

not dense in Q, since the only p-adic valuations possible are {—1,0, 1}.
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p-Adic quotient sets: cubic forms

2.1 Introduction

In this chapter, we prove some results which give conditions under which the
ratio set of values assumed by a cubic form is dense in Q,. A cubic form is a

homogeneous polynomial of degree 3 which is of the form

T T T
O(.Tl,l’g,...,fﬁr)zg g E QT3 T T

i=1 j=1 k=1

1Some contents of this chapter have been published in Arch. Math. (Basel) 118 (2022).

15
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16 p-ADIC QUOTIENT SETS: CUBIC FORMS

We say that C is integral if a;;, € Z for all ¢, 5,k and C' is primitive if there is no
positive integer d > 1 such that d|a;;;, for all 4, j, k. A form C is said to be isotropic
over a field F if there is a nonzero vector T € F” such that C(Z) = 0. Otherwise C'

is said to be anisotropic over [F. The ratio set generated by a cubic form C' is

R(C) = {C@)/C(m) : 7.7 € Z',C(7) # 0}

2.2 Diagonal cubic form

In this section, we study denseness of R(C) when C' is the cubic form C(z,y) =

ax® + by3, where a and b are nonzero integers. First, we give a necessary condition

for the denseness of R(C') in Q,.

Theorem 2.1. Let C(z,y) = az®+by? be primitive and integral. If C is anisotropic
modulo p, then R(C') is not dense in Q,.

Proof. We claim that v,(C(z,y)) is a multiple of 3 for all x,y € Z. If C(z,y) # 0
(mod p), then v,(C(z,y)) = 0. Suppose C(z,y) = 0 (mod p). Then (x,y) = (0,0)
(mod p) since C'is anisotropic; hence z = mp’ and y = np* for some j, k> 1, ptm

and p {n. Without loss of generality, assume that j > k. Then,

vp(Cla,y)) = vp(am’p™ + bn’p™)
i Vp(p3k<am3p3(jfk) 4+ bn3))
= 3k + 1, (C(mp¥=", n))

=3k

since p { n and C' is anisotropic. Thus by Lemma 1.12, R(C') is not dense in Q,. W

Next, we give some sufficient and necessary conditions for denseness of R(C') in

Qp.
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2.2 DIAGONAL CUBIC FORM 17

Theorem 2.2. Let C(x,y) = ax® + by® be primitive and integral.

1. Ifptab, then R(C) is dense in Q, if ba™" is a cubic residue modulo p®, where
a=1+1,(3).

2. If a = p*¢ such that pt ¢ and 3|k, then R(C) is dense in Q, if b0 is a cubic

residue modulo p®, where o = 1 + v,(3).
3. If ptab, then b='a is a cubic residue modulo p if R(C) is dense in Q,.

4. If a = p*l such that p t £ and 3|k, then b= is a cubic residue modulo p if
R(C) is dense in Q,.

5 Ifa=prl, pt ot and 31k, then R(C) is not dense in Q, if there exists an

integer n which is a cubic non-residue modulo p.

Proof. We first prove part (1) of the theorem. Here p 1 ab. Suppose that p # 3 and
ba~! is a cubic residue modulo p. Then for a yy € Z with p { yo, there exists zy € Z,
p 1 @ such that —ba~'ys = 2} (mod p). Consider the polynomial f(z) = x3+ba~'y3.
Then f(zo) = 0 (mod p) and f'(zg) = 3x2 # 0 (mod p). Therefore, by Hensel’s
lemma, f has a root o € Z, which is a simple root since zo # 0 (mod p). By
Theorem 1.11, R(f(N)) is dense in Q. Since R(f(N)) C R(C), hence R(C) is dense
in Q,.

For p = 3, consider C'(z,y) = x* + ba"'y®. Suppose ba~! is a cubic residue
modulo 9. Then by [11, Lemma 3.5, ba' is a cube in Zs, that is, there exists a
nonzero xy € Zsz such that 23 +ba™' = 0. In particular, zy is a simple zero of the
polynomial f(x) = 2% + ba™! in Z3. Therefore, by Theorem 1.11, R(f(N)) is dense
in Q3. Since R(f(N)) C R(C"), R(C) = R(C") is dense in Q.

We next prove part (2) of the theorem. Suppose that b~/ is a cubic residue
modulo p®. We have b=*C(z,y) = b=4p** 23 + ¢>. Using part (1) of the theorem,
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18 p-ADIC QUOTIENT SETS: CUBIC FORMS

we have that R(C") is dense in Q,, where C’(z,y) = b~ "a* + y*. Since

C'(z,y)  pFC'(x,y) Oz, p"y)  Clx,p"y)

C'(z,w) - pFC (z,w)  C'(pFz, pFw) N C(z, p¥w)’

therefore, R(C') is dense in Q,. This completes the proof of part (2) of the theorem.
We next prove part (3) of the theorem. Suppose that b1a is not a cubic residue

modulo p. If C(z,y) =0 (mod p), that is, az® + by®> = 0 (mod p) then
3 = —ba"'y® (mod p).

The left side is either a cubic residue or divisible by p and the right side is either
a cubic non-residue or divisible by p. Hence z = y = 0 (mod p). Therefore, C' is
anisotropic modulo p. Hence R(C) is not dense in Q, by Theorem 2.1.

We next prove part (4) of the theorem. Here a = p*¢ such that p { ¢ and
3|k. We write k = 3k’. Suppose that b~/ is not a cubic residue modulo p. Let
C'(z,y) = b~ x® + y*. By the third part of the theorem, R(C") is not dense in Q,.
We have

b7 Clz,y) = pro e 4+ = 07U 2) + 4 = C'(pM ).

Since R(C) = R(b='C) € R(C"), R(C) is not dense in Q,.

Finally, we prove part (5) of the theorem. Here a = p*¢,p{ ¢ and 3 1 k. Suppose
that R(C) is dense in Q,. Let C'(z,y) = b='C(z,y). Then R(C") is dense in Q,.
Choose a cubic non-residue n (mod p). There exist z,y, z,w € Z not all multiples

of p such that

<—1
e
p P

H C'(z,y)
C'(z, w)
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2.2 DIAGONAL CUBIC FORM 19

This yields

|y* = nw® + pPo (2 — nz3)Hp

= ||C,<J],y) - TLO,(Z, w)”p
1C" (2, w)l,

< —pk

s

=5

If pfyorptw, then ¥ — nw® # 0 (mod p) since n is a cubic non-residue. Hence
|C"(z,y) —nC’(z,w)||, = 1 which is a contradiction. Therefore ply and p|w which
give 1,(y® — nw®) = 3m where m is a positive integer. Since ply and plw, we
have either p ¥  or p 1 z. This yields v,(z*® — nz3) = 0. Since 3 t k, therefore
C'(x,y) —nC’(z,w) is the sum of a p-adic integer with valuation a multiple of 3 and
a p-adic integer with valuation not a multiple of 3. Hence ||C"(z,y) — nC’(z, w)||, >
p~* which gives a contradiction. Thus, R(C") is not dense in Q,. Hence R(C) is not
dense in @Q,. This completes the proof of the theorem. [ |

Remark 2.2.1. We will be providing generalisations of Theorem 2.1 and Theorem

2.2 in Chapter 3.
Using Theorem 2.2, we have the following corollary.

Corollary 2.2.1. Let C(xy, 2, ..., 2,) = 125 + axx3 + -+ - + a,x> be primitive and
integral. Suppose that pt a; and p*la; for some i,j from 1 tor,i # j and 3|k. Then
R(C) is dense in Q, if a; *£ is a cubic residue modulo p*, where o = 1+ v,(3) and

a; =pFl, ptl.

Proof. Tt follows from Theorem 2.2 that R(a;x}+a;x?3) is dense in Q. Since R(a;x}+
a;z3) C R(C), R(C) is dense in Q,. |

Recall that a vector T € F” such that F(Z) = 0 is called a non-singular zero

of Fif g—i(f) # 0 for some ¢ € {1,...,7}. We use the following lemma due to
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20 p-ADIC QUOTIENT SETS: CUBIC FORMS

Heath-Brown to prove our next theorem. This lemma guarantees the existence of a

non-singular zero for a particular cubic form modulo p.

Lemma 2.3. [24, Lemma 6] Let p # 3 and suppose that
f(z,y,2) = ax® + bry® + cy® + (do + ey)2* + f2° € Fylz, v, 2],

with acf # 0. Then f has at least one non-singular zero over F,, where IF,, is the

field with p elements.

We give a sufficient condition for the denseness of the ratio set of the values
attained by a diagonal cubic form. In [36, Theorem 1.8], Miska et al. proved that
the ratio set of {z3 + -+ a2 : zy,..., 2, € Zso} is dense in Q, for all » > 2. The

following results also generalise this fact.

Theorem 2.4. Let C(x,y,2) = ax® + by + cz® be integral. If p # 3 and p | abe,
then R(C) is dense in Q,.

Proof. We have C(z,y, z) = az® +by> +cz3. If p # 3, then by Lemma 2.3, C(z,y, 2)
has a non-singular solution (zg,¥o, 2z0) modulo p. Suppose that C(zg,yo,20) = 0
(mod p) and 2% (20,40, 20) # 0 (mod p). Then by Hensel’s lemma, the polynomial
f(x) = C(x,yo, 20) has a simple root in Z,. Therefore, by Theorem 1.11, R(f(N)) is
dense in Q,. Hence, R(C) D R(f(N)) is dense in Q,. [

Using Theorem 2.4, we have the following corollary.

Corollary 2.2.2. Let C(z1, zo, - .., %) = a1x3+asx3+- - -+a, 2> be integral. Suppose
that p # 3 and vy(a;) = vy(a;) = vy(ag) (mod 3) for some i,j,k € {1,...,r},
i <j<k. Then R(C) is dense in Q,.

Proof. Write a; = p™{;, a; = p™i{; and ay = p™*{;, where m; = m; = my, (mod 3)

and p 1 (;(;f;. Without loss of generality assume that m; > m; > my. Put
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_ 3 3 3 A~ _ .3 3 3
C(xi, vj, 1) = ;27 + a;w; + agy, and C(zi, x5, vy) = L + €5 + Ly Then

— 3 g —m 3
ai(p E a%) +—aj(p g ]av) T b 4 + G

mpomg )2 mmy N3 YR S
ai<p E ‘%) —HLJ(p%yJ) + aryy® Gy + 45y5 + by

which means that R(C') ¢ R(C(Q®)) = R(C(Z*)) = R(C) € R(C). From Theorem

~

2.4, R(C) is dense in Q,. As a result, R(C) is dense in Q,. |
We also have the following corollary which follows from Corollary 2.2.2.

Corollary 2.2.3. For each p # 3 and every integral diagonal cubic form
Clry, 29, ..., 2p) = @123 + apws + -+ + a,a> with ajas---a, # 0 and r > 7 the

set R(C') is dense in Q.

Proof. 1t suffices to note that there are 1 < i < j < k < 7 such that v,(a;) =
vp(a;) = vp(ax) (mod 3). Then by Corollary 2.2.2, R(ax] + a;x} + apxi) is dense
in Qp. Since R(a;x} + a;z8 + arxy) C R(C), we see that R(C) is dense in Q,. M

2.3 A general result

Studying denseness of R(C') when C' is any cubic form seems to be a difficult
problem. We prove a general result on denseness of R(C) when C' is a cubic form
with more than 9 variables. Before we state our result, we recall some definitions.
Two forms F} and F; over a field K are said to be equivalent if there is a non-singular
linear transformation 7" over K such that Fy(Z) = F5(TZ). The order o(F') of a form
F' is the smallest integer m such that F' is equivalent to a form that contains only
m variables explicitly. A form in n variables is called non-degenerate if o(F') = n.
In Theorem 2.6, we prove the denseness in Q, of the ratio set of the values of a
non-degenerate cubic form in more that 9 variables.

We will need the following result to prove the theorem.
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22 p-ADIC QUOTIENT SETS: CUBIC FORMS

Theorem 2.5. [38, Theorem 2] Every cubic form C over K with o(C') > 10 has a
non-singular zero over K where K is any field complete with respect to a discrete

non-archimedean valuation.
The result is as follows.

Theorem 2.6. Let C' be a non-degenerate, integral and primitive cubic form with

more that 9 variables. Then R(C) is dense in Q,.

Proof. Let C' be a non-degenerate, integral and primitive cubic form with more that
9 variables. Recall that a vector T € Q) such that C(¥) = 0 is a non-singular zero
of C' if g—g(f) # 0 for some 7 from 1 to r. In Theorem 2.5, taking K = Q,, we get

a non-singular zero of C' over Q,. By multiplying by an appropriate power of p, we

get a non-singular zero Tg = (71,72, ...,2,) of C'in Z;. We have
oC
C(Tg) =0, —(Tp) # 0 2.1
(Zo) B (To) # (2.1)
for some i from 1 to r. Consider the polynomial f(z) = C(z1,...,%,...,2,) in one

variable x obtained by replacing z; by . By (2.1), f(z) has a simple root in Z,.
Therefore by Theorem 1.11, R(f(N)) is dense in Q,. Since R(f(N)) C R(C), R(C)
is dense in @Q,. This completes the proof of the theorem. [ |

2.4 Binary cubic form

We begin by stating a lemma due to Sun which gives the number of roots modulo
a prime p > 3 for polynomials of degree 3. We use this lemma to find a sufficient
condition for the denseness of ratio sets of a binary cubic form. For a prime p
and a polynomial f(z) € Z[z], let N,(f) denote the number of zeros (including
multiplicity) of f(z) =0 (mod p). Also, let () denote the Legendre symbol.
Lemma 2.7. [47, Lemma 2.3] Let p > 3 be a prime, aj,as,a3 € Z,a = (aj —

3az)?,b = —2a} +9ajay — 27az and D = a3a3 — 4a3 — 4alaz — 27a3 + 18ajazas. Then
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1. b* —4a = -27D.

2. If ptal —3ay and X = (ai — 3a2)(3z + ay), then 2* + a12* + asx + a3 =
(X3 —3aX —ab)/(27a) and so N,(z* + a12* + asx + a3) = N,(2* — 3az — ab).

3. Np(2® + ara® + asx + az) = 1 if and only if (2) = —1.

We now give a sufficient condition for the denseness of the ratio set of a binary

cubic form in Q.

Theorem 2.8. Let F(xz,y) = az® + bx’y + cry® + dy> be an integral binary cubic
form. Let D = a?b*c®> — 4ac® — 4a*b3d — 27a*d* + 18abed.

1. Let p be a prime. If (b,c) # (0,0) and a = 0, then R(F) is dense in Q,.

2. Ifa#0,p> 3 and D is not a quadratic residue modulo p, then R(F') is dense
in Qp.

Proof. We first prove part (1) of the theorem. We have F(z,y) = az® + br?y +
cxy?® + dy? with (b, c) # (0,0) and a = 0. Consider the polynomial

fy) :==F(1,y) = by + cy® + dy* = y(b+ cy + dy?).

If b # 0, then y = 0 is a simple root of f in Z,. Suppose that b = 0 and d # 0. If
c/d € Z,, then y = —c¢/d is a simple root of f(y) := F(1,y) = cy* + dy® in Z,. If
c/d & Z,, then x = —d/c is a simple root of the polynomial f(z) := F(z,1) = cx+d
in Z,. If b =4d = 0, then = 0 is a simple root of the polynomial f(z) :=
F(x,1) = cx in Z,. In all the cases, by Theorem 1.11, R(f(N)) is dense in Q,. Since
R(f(N)) C R(F'), R(F) is dense in Q,.

We next prove part (2) of the theorem. Suppose that a # 0 and p > 3. Consider
the polynomial

F
f(z) = @ = 2° + ba® + acr + a’d.
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If D is not a quadratic residue modulo p, then by part 3 of Lemma 2.7, f has a
root xo modulo p. Also f'(z9) # 0 (mod p). Therefore, by Hensel’s lemma, f has a
simple root in Z,. By Theorem 1.11, R(f(N)) is dense in Q,,. Since R(F') O R(f(N)),
R(F) is dense in Q,. This completes the proof of the theorem. [ |

Remark 2.4.1. The converse of Theorem 2.8 is not true. For example, consider the
cubic form x3 + 2%y + xy® +y3. Using Hensel’s lemma, we obtain a simple root for
the polynomial f(x) = 23+ 2>+ x + 1 in Qs since f(2) =0 (mod 5) and f'(2) Z 0
(mod 5). Therefore, by Theorem 1.11, the form has a dense ratio set in Q5. But

D = —16 is a quadratic residue modulo 5.

Though Theorem 2.8(2) does not cover the cases p = 2,3, we can examine these

cases separately using some ad-hoc methods. Consider the following examples.

Example 2.4.1. Let F(z,y) = ax® + bx*y + cxy? + dy?® be a cubic form such that
a=b=d=1 (mod 2) and ¢ =0 (mod 2). Then the form F is anisotropic modulo
2. Hence, by Theorem 3.1, R(F) is not dense in Qs.

Example 2.4.2. Let F(z,y) = ax® + bz*y + cxy?® + dy?® be a cubic form such that
a=b=c=d=1 (mod 3). Then R(F) is dense in Qs. The proof goes as follows.
Consider the polynomial f(x) := F(x,1) = az® + bx* + cx + d. We have f(2) =0
(mod 3) and f'(2) # 0 (mod 3). By Hensel’s lemma, f has a simple root in Z,.
Therefore, by Theorem 1.11, R(f(N)) is dense in Q,. Since R(F') 2 R(f(N)), R(F)

1s dense in Q3.

Example 2.4.3. Let F(z,y) = az® + bx’y + cxy® + dy?® be a cubic form such that
a=2 (mod 3),b=c=d=1 (mod 3). Then, the form F is anisotropic modulo 3.
Hence, by Theorem 3.1, R(F') is not dense in Qs.

Using similar arguments, the denseness of any binary cubic forms in Q3 can be
checked. For details, see Table 2.1. However, to study the denseness of the ratio
set of a binary cubic form with nonzero odd coefficients in Qy seems to be difficult

using these methods.
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a (mod 3)

b (mod 3)

¢ (mod 3)

d (mod 3)

Denseness in Qs

—_

O — = NN = N N =N RN = = =

—

O R NN R H NN R DN e

—_

S OO OO O OO NDNNHFNFFDNDNDH

—

NN~ NN F~FDNRFEDNDDNDNNDNDRF—DND

Dense
Not Dense
Not Dense

Dense

Dense

Dense
Not Dense
Not Dense

Dense

Dense

Dense

Dense
Not Dense
Not Dense
Not Dense

Dense
Not Dense

Dense

Table 2.1: Denseness of the ratio set of ax® + bx?y + cxy? + dy? in Qs.
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p-Adic quotient sets: polynomials and

integral forms

3.1 Introduction

In this chapter, we consider forms of degree n and obtain generalisations of some
results of Chapter 1. We also consider polynomials in a single variable and produce
conditions for the denseness of their ratio sets. First, we recall the definition of a

form of degree n.

!Some contents of this chapter have been published in Arch. Math. (Basel) 119 (2022).

27
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A form of degree n is a homogeneous polynomial

F(xy, 29, .. 2,) = Z Qiyiy..in Tiy Tiy * * * Ty -
We say that F' is integral if a;,,. ;. € Z for all (iy,4s,...,4,) and F is primitive if
there is no positive integer d > 1 such that d | a;,4,.5, € Z for all (iy,1is,...,1,).
Recall that a form F is said to be isotropic over a field I if there is a nonzero vector
T € F” such that /() = 0. Otherwise F is said to be anisotropic over F. The ratio

set generated by an integral form F' is

R(F)={F(=)/F(y) :Z,y € Z', F(y) # 0}.

We now prove a result for any form F' which is anisotropic modulo p and this extends

Theorem 2.1 of Chapter 2.

Theorem 3.1. Let F' be any form of degree n > 2 that is primitive and integral. If

F' is anisotropic modulo p, then R(F') is not dense in Q,.

Proof. We claim that v,(F (7)) is a multiple of n for all 7, where T = (x1,22,...,2,) €
Z". 1f F(z) # 0 (mod p), then v,(F(Z)) = 0. Suppose that F'(Z) = 0 (mod p).
Therefore T = 0 (mod p) as F' is anisotropic. Let k = min{v,(z;): i € {1,...,7}}.
Then, we get v,(F(Z)) = nk since F is anisotropic. Thus, by Lemma 1.12, R(F) is
not dense in Q,. |

3.2 Diagonal forms

In the previous chapter, we provided a result for diagonal cubic form ax® + by?>.
Here, we extend the result to the diagonal binary form F(x,y) = ax™ 4 by™ for all

n > 3. To be specific, we prove the following result which extends Theorem 2.2. For
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each logic sentence T" we put

1if T is true,
1] =

0 if T is false.

Theorem 3.2. Let n > 3. Let F(z,y) = ax™ + by™ be integral.

1. If p1ab, then R(F) is dense in Q, if —a~'b is an nth power residue modulo

pl/p(n)+up(2[2|”] )+1

2. If a = p*l such that p{ € and n | k, then R(F) is dense in Q, if —b='0 is an

nth power residue modulo p””(")w”(ﬂmn})“.

3. Ifptab, then —b~'a is an nth power residue modulo p if R(F) is dense in Q,.

4. If a = p"¢ such that p{ € and n|k, then —b=*¢ is an nth power residue modulo
p if R(F) is dense in Q.

5 Ifa=plptlandntk, then R(F) is not dense in Q, if there exists an

integer m which is not an nth power residue modulo p.
We first prove a lemma which will be used to prove Theorem 3.2.

Lemma 3.3. Let p be a prime, k > 1 and uw € Z;. Then u is a p*th power in Z, if
and only if u is a pFth power residue modulo p*F+tve@+1
Proof. We first prove for any non-negative integer £ that if u € Z; is a pFth power

k+vp(2)+L+1 kt+vp(2)+0+2

residue modulo p , then w is a p*th power residue modulo p
Suppose that u = a”" (mod p**»@++1) for some a € Z,. Then a € Z) and u/a?” =

k+zxp(2)+£+1) . Hence

1 (mod p

u/apk =14+ Cpk+up(2)+é+1 (mod pk+up(2)+£+2)’
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where 0 < ¢ < p—1. We have

k
(1 _l_cpup(2)+€+1)10 = 1+cpk+up(2)+£+1 (mod pk+up(2)+£+2)‘

Therefore,

k
u=a"" (1 + vap(2)+z+1)1’ (mod pk+up(2)+£+2)_

Thus, u is a pth power residue modulo pFtvr(2+6+2,

Let u € Z,;. Suppose that u is a pPth power residue modulo p***»+1 Then,
using the above fact repeatedly we find that w is a p*th power residue modulo p?*+1.

Hence, by Hensel’s lemma, u is a p*th power in Z,. Conversely, suppose that u is

X

»» we infer that u is a pFth power residue modulo

a p"th power in Z,. Since u € Z

pF 72+ This completes the proof of the lemma. |
Having Lemma 3.3 showed, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. We first prove part (1) of the theorem.

Let n = p*m where p f m. Suppose that —a~'b is an nth power residue modulo

() +13 (2207 +p () H By

PP 1 Then, —a'b is a p*th power residue modulo p*»™
Lemma 3.3, —a~'b is a p*th power in Zy. Also, by Hensel’s lemma, —a™'b is an mth
power in Z,. Therefore, —a~'b is an nth power in Z,. Thus —a~'b = u" for some
u € Z,. This implies that u is a root of the polynomial f(z) = 2™ + a~'b. Clearly,
f'(u) = nu™! # 0, and hence the polynomial f(x) = 2™ + a~'b has a simple root
in Z,. Therefore, by Lemma 1.11, R(f(N)) C R(F) is dense in Q,. Hence R(F) is
dense in Q,.

We next prove part (2) of the theorem. Suppose that —b~'¢ is an nth power
residue modulo p””(”)“’?’(ﬂm])“. We have b~ F(z,y) = b~ "p™ 2" +y". Using part
(1) of the theorem, we have that R(F) is dense in Qp, where F(z,y) = b~ Y™ +y".
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Since

F(z,y)  p™F(zr,y)  F@"z,p"y)  F(z,pFy)

F(z,w) p*¥F(z,w) F¥zpvw) FlzpFw)

therefore R(F') is dense in Q,. This completes the proof of part (2) of the theorem.
We next prove part (3) of the theorem. Suppose that —b~'a is not an nth power

residue modulo p. If F(z,y) =0 (mod p), that is, az™ 4+ by" = 0 (mod p) then
2" = —ba"'y" (mod p).

The left side is either an nth power residue or divisible by p and the right side
is either not an nth power residue or divisible by p. Hence z = y = 0 (mod p).
Therefore F' is anisotropic modulo p. Hence R(F') is not dense in Q, by Theorem
3.1.

We next prove part (4) of the theorem. Here a = p*f¢ such that p 1 ¢ and n|k.
We write k = nk’. Suppose that —b~1¢ is not an nth power residue modulo p. Let

F(z,y) = b '¢x™ + y™. By the third part of the theorem, R(F) is not dense in Q,.
We have

b71F<l’,y) — pkbflgxn + yn _ b—lg(pk’x)n + yn — ﬁ(pk/x,y)

Since R(F) = R(b"'F) ¢ R(F), R(F) is not dense in Q,.

Finally, we prove part (5) of the theorem. Here a = p*¢,p{ ¢ and n { k. Suppose
that R(F') is dense in Q,. Let F(z,y) = b"*F(z,y). Then R(F) is dense in Q,.
Choose an m which is not an nth power residue modulo p. There exist z,y, z,w € Z

not all multiples of p such that

F(z,w)

F(z,y) m||
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This yields

Hy" — maw" + b (2" — mz”)”p

= Hﬁ(m,y) — mF(z,w)

p

Hﬁ(z,w)

P

< pk
< 1
S E

If ptyorptw, then y* — mw™ # 0 (mod p) since m is not an nth power residue

'ﬁ (z,y) — mF (z,w)‘ = 1 which is a contradiction. Therefore
p

modulo p. Hence
p |y and p | w, which gives v,(y" — mw") = nt, where t is a positive integer. Since
p |y and p | w, we have either p f « or p { z. This yields v,(z" — mz") = 0. Since
ntk, we have that F(z,y) — mF(z,w) is the sum of a p-adic integer with valuation
being a positive multiple of n and a p-adic integer with valuation equal to k. Hence

Hﬁ(m, y) — mF(z,w)

> p~*, which gives a contradiction. Consequently, R(ﬁ’ ) is
p
not dense in Q,. Finally, R(F') is not dense in Q,. This completes the proof of the

theorem. H

We remark that if n is an odd integer, then —a~'b is an nth power residue modulo

Vp(”)‘f"/p(Q[z‘n])

p *Lif and only if a='b is an nth power residue modulo p*»(M+1.

Let us note that Theorem 3.2 simplifies if ged(n, p(p — 1)) = 1.
Corollary 3.2.1. Let n > 3 and p be a prime number such that ged(n,p(p—1)) = 1.

1. Let F(x,y) = az™ + by™ be integral with ab # 0 and v,(a) = v,(b) (mod n).
Then R(F') is dense in Q,.

2. Let F(z,y) = a12] + agxy +- - -+ a,zl be integral with ayas - - - a, # 0 and such
that v,(a;) = vp(a;) (mod n) for some 1 <i < j <r. Then R(F) is dense in

Qy.
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Proof. We start with the proof of part (1). Let a = p* ¢, and b = p*2/(,, where
ki1 = ko (mod n) and p 1 ¢105. Without loss of generality assume that k; > k. Let
F(z,y) = p" " 202" + by, Since ged(n, p(p — 1)) = 1, every integer is an nth
power residue modulo p. Therefore we can apply Theorem 3.2(2) to conclude that

R(F) is dense in Q,. At last, we see that

Flr,y) _ pMF(ry) _ pMba" +phby"  Fa.y)
F(z,w)  peF(zw)  phlizt +pklur  Fz,w)’

which means that R(F) = R(F) is dense in Q,.
For the proof of (2), we use (1) to claim that R(a;z} + a;z}) is dense in Q.

Since R(a;x} + a;z}) C R(F), we see that R(F) is dense in Q. |

The second part of the above corollary shows that if ged(n,p(p — 1)) = 1 and
F is an integral diagonal form of degree n depending essentially on at least n + 1
variables, then R(F') is dense in Q,. However, this result is not optimal in the sense
that n 4+ 1 is not the least number r such that for every integral diagonal form F' of
degree n depending essentially on at least r variables the set R(F') is dense in Q,.

This is due to Corollary 3.2.1(1) and the result below.

Theorem 3.4. Let n > 3 and p be a prime number such that ged(n,p(p — 1)) = 1.
Let F(x,y) = a127 +agah +- - -+ a2} be integral and such thatr > %, a1ay---a, # 0
and vy(a;) # vp(a;) (mod n) for any 1 < i < j < r (in particular r < n). Then
R(F) is dense in Q,.

Proof. At first, recall that Z is dense in Z, and F' and the operation of division are
continuous in Q. This implies that R(F) = R(F(Z")) is dense in R(F(Z;)). Hence,
it suffices to prove that R(F(Z;)) = Q,.

Since ged(n,p — 1) = 1, every ¢ € Z, is an n-th power modulo p. In other
words, the polynomial f(z) = 2™ — ¢ has a root u modulo p. Then u € Z, . Since

ged(n,p) = 1, we have f'(u) = nu""' # 0 (mod p) and by Hensel’s lemma we
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conclude that f has a root in Zy, i.e. ¢ is an n-th power in Z,. Since the set Z is
contained in the set of n-th powers in Z,, the set of n-th powers in 7Z, is exactly the
set of p-adic integers with p-adic valuation divisible by n.

Next, let d € Q, be arbitrary. We will show that d = Z—;pk”u" for some 7,7 €
{1,2,...,7}, k € Z and u € Z. Consider the sets

{vp(a;) (modn):ie{l,2,....7r}},

{(rp(d) + vp(a;)) (modn):je{l,2,...,r}}.

Both of them have cardinality > 7. Hence, they have non-empty intersection, i.e.
vp(d) + vp(a;) = vp(a;) (mod n) for some i,j € {1,2,...,r}. Thusn | v, (dZ—j), in

other words d% = pF"c for some k € Z and ¢ € Z, . We already know that ¢ = u"

for some w € Z¥. As a result, d22 = p*"u", or equivalently, d = %p*"u". Finally,
@ J

we can write

s g >0,
d= :
a;u? if k < 0.

ajpfk" )

This means that d € R(F(Z})).
We showed that R(F(Z;)) = Q,, which means that R(F) is dense in Q,. |

As a consequence of Corollary 3.2.1(2) and Theorem 3.4 we get the following.

Corollary 3.2.2. Letn > 3 and p be a prime number such that ged(n, p(p—1)) = 1.
The number EJ +1 = ’—”TH-‘ 18 the least number r such that for every integral

diagonal form F of degree n depending essentially on at least r variables the set

R(F) is dense in Q,.

Proof. Corollary 3.2.1 and Theorem 3.4 show that if F' is an integral diagonal form

n

of degree n depending essentially on more than % variables, then R(F) is dense in
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Q,. It suffices to find an integral diagonal form F{ of degree n depending on L%J
variables such that R(Fp) is not dense in Q,.

Consider
Fo(w1, w9, 13, . ... JLgJ)
= a7 + paly + pPoh 4 - - +pL%J_1x’[£J.
2
Then, for each = = (xl,xg,xg, - ,xtﬂj) € yARd we have
2
vp(F(2)) = min v,(p™"a})
1<ic| 3]
= min (i —1+ny(z;)) € {0, 1,2,..., {EJ — 1} (mod n).
1sis3] 2

Hence, v, (?8) # |2| (mod n) for any z,y € zls]. By Lemma 1.12, R(Fyp) is

not dense in Q,. [

Remark 3.2.1. Note that there exists an integral diagonal form F' of degree n

depending on | 2| variables such that R(F) is dense in Q,.

Consider

n

= o + paly +pPalt + - +pL%J_2xTan1 +pL%JxL%J

Then, for each x = <x1,x2,x3, SR J) € 73] we have

"
2

n

vp(F(x)) € {0,1,2,..., {gJ -2, bJ} (mod n).

Thus, every finite value can be attained as the p-adic valuation of (%) for some

x,y € zls]. Using similar reasoning to the one from the proof of Theorem 3.4, one
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can show that R(F) is dense in Q,.

3.3 Forms in two variables

We provide a sufficient condition for the denseness of R(F') where F' is any binary

form of degree d > 1.

Theorem 3.5. Let F(xz,y) = apr® + a2ty + -+ ag 120y + aqy? be an integral
form of degree d > 2. Let p be a prime number such that p | ag and p t ag_1. Then
R(F) is dense in Q,.

Proof. By the assumption, it follows that 0 is a simple root of the polynomial F(x, 1)
modulo p. Therefore, by Hensel’s lemma, F(z,1) has a simple root in Z,. Hence,

the statement follows by Theorem 1.11. [ |

3.3.1 Quartic form

Before stating the next theorem, we state a result due to Sun which gives the
number of roots modulo a prime p > 3 for polynomials of degree 4. We use this

theorem to find a sufficient condition for the denseness of ratio sets of quartic forms.
Theorem 3.6. [47, Theorem 5.3] Let p > 3 be a prime, and a,b,c € Z.

1. Ifa®>+12c¢ # 0 (mod p), then the congruence x*+az*+br+c =0 (mod p) has
one and only one solution if and only if s,11 = a* —4c (mod p), where {s,} is
given by so = 3,51 = —2a, 59 = 20> +8¢, S,43 = — 205,49 + (40—@2)sn+1 +b%s,

(n=0,1,2,...).

2. If a> + 12¢ = 0 (mod p), then the congruence z* + az® + bz + ¢ = 0 (mod p)
has one and only one solution if and only if p =1 (mod 3) and 8a® + 270 is

a cubic non-residue (mod p).

TH-3679-196123104



3.3 FORMS IN TWO VARIABLES 37

Theorem 3.7. Let F(x,y) = az* + ba®y + cax®y? + dxy® + ey* be an integral binary
quartic form with a,b # 0. Suppose that p > 3 is a prime with v,(b) > 0. Then
R(F) is dense in Q, if one of the following two conditions holds:

1. p = 1 (mod 3), a’c* + 12a¢ = 0 (mod p), and 8a*c® + 27a*d? is a cubic

non-residue modulo p.

2. a*c® 4+ 12a%e # 0 (mod p) and s,y1 = a®c® — 4a’e (mod p), where {s,} is
given by so = 3,81 = —2ac, s, = 2a*c* + 8a’e and s,,3 = —2acs, 1o + (dade —

a’c?) s, + atd?s, forn > 0.

Proof. We have F(z,y) = az* + bxdy + cxy® + dzy® + ey® with a,b # 0 and plb.
Consider the polynomial
F(z,a)

f(z) = = 2% + ba® + aca® + a’dr + d’e.
a

Suppose that condition (1) of the theorem is true. Then, by Theorem 3.6,
f(z) = 2* + acr® + a*dr + a®’e =0 (mod p)
has a simple root modulo p, i.e, there exists an xy € Z such that

@) =0 (modp) and f(rg)#0 (mod p).

Therefore, by Hensel’s lemma, f has a simple root in Z,. Hence, by Theorem 1.11,
R(f(N)) is dense in Q,. Since R(f(N)) C R(F'), R(F) is dense in Q,.

Next, we assume that condition (2) of the theorem is true. Then again, by
Theorem 3.6, f has a simple root modulo p. Therefore, by Hensel’'s lemma, f
has a simple root in Z,. Hence, by Theorem 1.11, R(f(N)) is dense in Q,. Since
R(f(N)) C R(F), R(F) is dense in Q,. |

For example, consider the form F(z,y) = 5z* + 23y + xy® + 19y* in Q9. Here,
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a’c? + 12ae = 0 (mod p), p = 1 (mod 3) and 8a*c? + 27a*d* = 3 (mod 19) is a

cubic non-residue modulo 19. Therefore, R(F) is dense in Q.

Remark 3.3.1. The converse of Theorem 3.7 is not true. For example, consider
the binary quartic form x* + 1723y +y* in Qi7. Using Hensel’s lemma and Theorem
1.11, it can be seen that the ratio set of the quartic form is dense in Q7 since 2 s
a simple root of the polynomial x* + 17z + 1 modulo 17. However, a*c® +12a%e # 0
(mod 17), but sig # a*c®* — 4a’e (mod 17).

Remark 3.3.2. In Theorem 3.7, if we remove the condition a # 0, it can be easily
seen that R(F') is dense in Q, for any prime p. If a = 0, we consider the polynomial
fly) == F(,y) =y(b+ cy + dy?* + ey?). Since y =0 is a simple zero of f in Z,, by
Theorem 1.11, R(f(N)) is dense in Q,. Since R(F) D R(f(N)), R(F) is dense in
Q.

3.4 Forms dense in infinitely many Q,

Before stating the next result, let us recall the definition of the discriminant of a
polynomial over a field K. The discriminant of a polynomial f(z) = a,z"+---+ag €

K{z] is defined as

1<i<j<n

where rq, ..., r, are the roots of f in the algebraically closed field containing K. The
discriminant of an integral polynomial is always an integer. It can be observed that
the discriminant of a polynomial over a field is zero if and only if the polynomial has
repeated roots. The following theorem gives a sufficient condition for an integral

form F' to have a dense ratio set in Q, for infinitely many primes p.

Theorem 3.8. Let F' be an integral form in n variables of degree greater than

one. Suppose that there exist integers ay,as,...,a,_1 for which the polynomial
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F(x,a1,a9,...,a,-1) in x has nonzero discriminant. Then R(F) is dense in Q,

for infinitely many primes p.

Before proving the theorem, let us recall a theorem of Schur that guarantees
the existence of infinitely many prime divisors for a polynomial. For a polynomial
f € Z|x], a prime number p is said to be a prime divisor of f if p|f(n) for some
n € Z. Let P(f) be the set of all the prime divisors of f. Then the following theorem
holds.

Theorem 3.9. [22, Theorem 1] If f(x) € Z[x] is non-constant, then P(f) is infinite.

Proof of Theorem 3.8. Suppose that the polynomial defined as

f(z) == F(z,a1,az,...,a0,-1)

has nonzero discriminant D(f). Consider primes p such that p 1 D(f). By Schur’s
theorem, there exists n, € Z such that p|f(n,) for infinitely many primes p 1 D(f)
ie, f(n,) = 0 (mod p). Since D # 0 (mod p), f has distinct roots modulo p.
Hence, f'(n,) # 0 (mod p). Therefore, by Hensel’s lemma, f has a simple root
in Z,. Hence, by Theorem 1.11, R(f(N)) is dense in Q,. Since R(F) 2 R(f(N)),
R(F) is dense in @Q,. This completes the proof as there are infinitely many such

primes. [ |

We discuss two examples as applications of Theorem 3.8. We have calculated
discriminants of polynomials in the following examples with the help of Wolfram

Alpha.

Example 3.4.1. Consider the form F(z,y, z) = 2°+23yz+yzt+atz+ay* +y°. The
polynomial f(x) := F(z,1,0) = 2°+xz+1 has discriminant equal to 3381 = 3-72-23.
Also, f(2) = 35 = 0 (mod 5) but f'(2) # 0 (mod 5). Hence by Hensel’s lemma,
f has a simple root in Zs. Therefore, by Theorem 1.11, R(F) 2 R(f(N)) is dense

in Qs. Moreover, Schur’s theorem guarantees the existence of infinitely many such
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primes p # 3,7,23 for which R(F') is dense in Q,. For example, f(3) = 247 = 13-109.
Hence, R(F) is dense in Qi3 and Q9. Similarly, it can be shown that R(F) is dense
in Qp for p=31,43,101, 181 etec.

Example 3.4.2. Consider the form F(z,y, z) = 2 +2°y+zly* +22y* +y°+2221+25.
The discriminant of the polynomial f(z) := F(1,0,2) = 1 + 2* + 2% is nonzero and
it can be shown that R(F) is dense in Q, for p = 3,607,1451, 5417, 88747 etc.

3.4.1 Quintic form

Now, we consider the particular case of a fifth degree form. We provide a result
that gives the denseness of the ratio set of values assumed by certain quintic forms
in Q, for infinitely many primes p. Before stating the result, we state a theorem
which gives existence of non-singular roots for quintic forms over finite fields. For a

prime p, let ¢ = p",r > 1. Let F, denote the finite field with ¢ elements.

Theorem 3.10. [27, Corollary 4.5] Let f be a non-degenerate quintic form of order

at least 6 over Fy. If ¢ > 101, then f has a non-singular F,-rational zero.

The following theorem gives a sufficient condition for the denseness of ratio sets

of quintic forms.

Theorem 3.11. Let p be a prime. Let F' be an integral non-degenerate quintic form

of order at least 6 over the field F,. If p > 101, then R(F') is dense in Q,.
Proof. By Theorem 3.10, F' has a non-singular root in Z/pZ i.e,

oF
F(ay,az, ... a,) :0,8—%(611,@2,...,%) # 0

for a; € Z/pZ, 1 < i < n and for some j satisfying 1 < j < n. Consider the
polynomial f(z) := F(ay,az,...,x,...,a,) formed by replacing a; by . We have
f(a;) = 0 (mod p) and f’(a;) # 0 (mod p). Therefore, by Hensel’s lemma, there
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exists a simple root of f in Z,. Hence, by Theorem 1.11, R(f(N)) is dense in Q,.
Since R(f(N)) C R(F'), R(F) is dense in Q,,. |

3.5 Forms dense in finitely many Q,

The previous results could make us think whether the existence of one p such
that R(F') is dense in Q, must imply that R(F’) is dense in infinitely many different
fields Q,. However, that is not the case. We construct forms defined over Z in any
number of variables which prove that the answer to the previous question is no. To
do so, first we obtain polynomials for which the ratio set is dense in (fixed) Q,,
but they do not satisfy the conditions of [36, Theorem 1.2] and then using these

polynomials we construct forms. Now, we state the result.

Theorem 3.12. Let p be a prime number. Consider three prime numbers g1 < g <

qs such that q1q2q3 is coprime to p(p — 1). Define the polynomial

q1

f(x) — 742 (:E +pq1+1)q2q3 H(m _|_pi)Q1¢I3.
a=1

Then

1. R(f) is dense in Q,.

2. For almost all primes q, including those greater than p™ ™, R(f) is not dense

in Q.

Proof. (1) It is sufficient to prove that for any u € Z,, there are z,y € Z, such that

% = u. Let u = p"®*5y, where n,s € Z>o with s < ¢i, and p t v. There is exactly

one m € {1,...,q1} such that ¢z¢3(1 — m) = s (mod ¢;). We will find z,y € Z, in
the shape z = p*z, and y = ply; — p™, where k, 1 > ¢; + 1 and 1,9, € Z,,. For such
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x and y, we have

(g +1)

5 + (q1 + 1)q2gs;

vp(f()) = kqigz + qugs

Vp(f(y)) = maq1q2 + QI%(M + 1+ m(qg —m)) + mqags;

fo) pvp<f(:c>>—vp<f<y>>$‘1”q2 (pfi(z1) +1)
/) IR phn) £ 1)

for some polynomials fi, fo with coefficients in Z,, and for the unique choice of +
or — in the denominator.

The choice of m implies that there are k, 1 > ¢;+1 such that v, (f(z))—v,(f(y)) =
ng; + s because we can divide by ¢; and obtain an equation g2k — g3l = N for some
N € Z. This equation has infinitely many solutions (and greater than ¢; +1) because

q2 and g3 are coprime. Now we need to prove that there are z1,y; € Z; such that

"% (pfi(z1) 4+ 1)
Y1 (pfa(yn) £ 1)

= 0. (3.1)

This directly follows from Hensel’s lemma after multiplying the denominator on

*

both sides of the equation, fixing any y; € Z,,

and reducing the equation modulo

q293

119 = +oyP%* (mod p), which has a simple solution be-

p. We obtain an equation ]

cause x — x7% is a bijective map F, — F/. We use that ¢1¢» is coprime to (p—1)p.

(2) Let g be a prime such that ¢  p'—p, for any 1 < i < ¢;+1. Then, for every x € Z,,
at most one of the following values is positive v,(x),v,(z + p),..., v, (x + p?Th).
Hence, for each = € Z,, v,(f(z)) is divisible by ¢1g2, or ¢2gs or ¢1qs, so we can-
not find =,y € Z, such that v,(f(x)/f(y)) = 1, and R(f) is not dense in Q,. In
particular, this holds for all ¢ greater than p? 1. [

Next, we present a multivariable version of the above theorem.

Theorem 3.13. Let p be a prime number. Consider three prime numbers q1 < gz <
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qs such that q1q2qs is coprime to p(p — 1). Define the form

Q g3—1

g2(w1, m3) = 2P (w1 + pPHag) 2% H(Il + play) e H (a1 + x2) 0%
i=1 i=1
g3+g2—q1—1 q3+q2—2

X H (pim + xQ)(hqa H (pim + xQ)qzq;z‘

i=gs3 1=q3+q2—q1
Then
1. R(g2) is dense in Q,.

2. For almost all primes q, including those greater than p 2Tt R(gy) is not

dense in Q.

3. Letn > 2 and g,(x1,...,T,) = ga(T1,22) (T3 - - - 2,) 2B, Then, R(gy,) is dense

in Qp, but for almost all primes q, R(gn) is not dense in Q,,.

Proof. (1) We will prove that for any u = p*»Wv, where v € Z,, we can find z1,y; €
Z,, such that % = u. We note that go(z1,1) = f(z1)(ph(z1)+1), where f is from
Theorem 3.12 and h € Z,[z] is some polynomial. Hence, v,(g2(x1,1)) = v,(f(x1))
for all x; € Z,. Hence, we can use the same strategy as in Theorem 3.12 (i.e.,

look for zy,y; € Z, in the shape x; = pFry and 4 = ply, — p™) to arrange that

VP(izgiB) = vp(u). Then, after dividing by powers of p, we end up in the notation

of (3.1) in
2§ (pfi(z2) + 1) (ph(p'z2) +1)
Yo' © (fa(y2) £ 1) (ph(p'y2 — p™) + 1)

Now, as in Theorem 3.12, by Hensel’s lemma, we can find such x5 and y,, and hence

R(g2) is dense in Q,,.

(2) First note that go(x1, z5) has degree

Qge + Gas + a3+ (3 — Daige + (2 — ¢1)q1g3 + (1 — 1)q2q3 = 3q1¢23-
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We will now prove that for ¢ big enough, we cannot find z1, 2, y1,y2 € Z, such

More precisely, we will prove that at least one of ¢i, g2, or g3 divides v, (%),

that

and for that it suffices to prove that for any z1, 2z, € Z,, two of qi, g2, and ¢3 divide
vy(g2(x1, x2)), so we now focus on proving the latter statement.

We may assume that ¢ {x; or ¢ 1 x9, because go(qr1, qrs) = PBN2B gy (21, T3).

If v,(g2(z1,22)) # 0 (otherwise, the statement is true), then ¢ divides at least
one of the terms x;, o1 +pias for 1 <i < g1+ 1, or play +as for 1 < j < g +q3 — 2.
We now prove that ¢ cannot divide more than one of these terms. If ¢ divides at
least two of them, then we distinguish between the cases. If ¢ | z1, then the sec-
ond division implies that ¢ | p'xy, for some 4, hence ¢ | zo, which we assume it is
not the case. If ¢ divides two terms of the same shape, then ¢ | (p* — p’)xy, for
1,7 < q2 + q3 — 1, which again implies that ¢ divides both x; and x,. Similarly, if
q | x1+ p'zy and q | P’y + 35 for some i < ¢ + 1 and j < g9 + g3 — 2, but then
q | (p™ = 1)zy, which again implies that ¢ | z; because ¢ > p#T2T%=1 and ¢ | z.

Thus, R(g2) is not dense in Q.

(3) Since gn(x1,22,1,...,1) = ga(x1,22), by (1), R(g,) is dense in Z,. Also, since
Vg(gn (1, ..o, 20)) = vy(g2(21,22)) (mod ¢1gags) for any prime number ¢, the same

argument as in (2) shows that R(g,) is not dense for g > p@teta=1 [}

3.6 More polynomials and forms not satisfying

condition of Theorem 1.10

In this section we show that condition of Theorem 1.10 is not necessary for

the denseness of ratio sets of values assumed by polynomials. First, we recall the
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definition of a difference set.
Definition 3.1. Let g be a positive integer.
1. Foraset S CZ/qZ, let S — S :={s1 — sy | $1,52 € S}.
2. A subset S C 7Z/qZ is called a difference set if the set S — S = 7Z/qZ.

We present a theorem that generates polynomials with dense ratio sets, where

the roots of each polynomial have equal multiplicities.

Theorem 3.14. Let g be a positive integer greater than 1 and let S = {0, s1, ..., Sk}
(and write so = 0) be a difference set for Z/qZ. Define the polynomial f with 2k + 1

distinct factors:
f=at@ 1) (z - k)!((z = 1) +p") - ((z — k)* +p**).

Then R(f) is dense in Q, for primes p satisfying gcd(q, p(p — 1)) = 1.

Proof. We first prove that for any non-negative integer 7, we can find z,y € Z, such
that v,(f(z)/f(y)) = r. For g € Z,[z], we use the notation g = g (mod p) to denote
the reduction modulo p. Also, 2* = z/p"»®) denotes the coprime to p part of x.
Write » = r9q + r1, such that 0 < rg,7 and r; < g. There are s;,s; € S such
that s; —s; =1 (mod ¢). Let us consider z = p®z; +1i with 2, € Z; and y = p+j,

where a =g + 1 if s; > s; or a = r¢ + 2 otherwise. Then,

) _ Y g (B _ g

where C' € Z; is some number independent of z1, a and b. So, if u = p"v, with

v € Z,, we can solve (%) = v by Hensel’s lemma since there is a unique solution
modulo p of z{ = C~'v (mod p) (recall that ged(q,p—1) =1, so Fy, — F,, v — ¢

is a bijection). This proves that R(f) is dense in Q,. [ |
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We now demonstrate the existence of polynomials of degrees 5 and higher than

6 that do not satisfy the condition in Theorem 1.10, yet have a dense ratio set in all

Qp.

Theorem 3.15. Let d =5 or d > 7. There is a monic polynomial f(z) € Z[zx] of
degree deg(f) = d with only one root of multiplicity greater than 1 such that R(f)

is dense in Q, for all primes p.

Proof. Consider f(x) = 2% ((z+1)%+ph%*1) where dy, ds > 1 such that d; +dy = d
and ged(dy,d2) = 1. We prove that R(f) is dense in Q,. First, we note that
(x4 1)% 4 phd2*! ig jrreducible, which we can read of its Newton polygon.
Consider any p**ly € Z, for 0 < | < dy. There is 0 < m < d; such that
dom = —I (mod d;). Consider y = p™y; — 1, where y; € Z;. Then v,(f(y)) =
dom = din — [, for some n € N. Then, take z = p**"z; with z; € Z,,. We compute
vp(f(2)/f(y)) = dik + 1. Then, by Hensel’s lemma, we can find x;,y; € Z; such

that
8 ((pry 4+ 1)% + phadatl)

(07 — (9 + plmmensT)

because we can get any nonzero residue v mod p as xfl /ny mod p, as there are

a,b € N such that dia — dyb = 1, so just take z; = u® and y; = u® mod p. [ |
We state an analogous result for binary forms.
Theorem 3.16. We have:

1. Let p=3 (mod 8). Then

F(z,y) = (2 + p'v*)((z — y)* + py°) € Lylz, Y]

is a binary form of degree 4 such that R(F) is dense in Q, and F' has no linear

factors over Q.
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2. Let p=11 (mod 24). Then
F(z,y) = (® + p°*)((z + v)* + p*¥*) (z — y)* + py°) € Zplz, Y]

is a binary form of degree 6 such that R(F) is dense in Q, and F' has no linear

factors over Q.

3. Let p be a prime number and d =5 ord > 7. Let f € Z,|x] be the polynomial
from Theorem 3.15 for the chosen d. Then F(x,y) = ydf(i) € Zplz,y] is a
binary form of degree d such that R(F) is dense in Q, and F' has no simple

linear factors over Q,.

Proof. Firstly, we prove part (1) of the theorem. We assume p = 3 (mod 8), so
that —1 and 2 are not quadratic residues modulo p. Furthermore, in this case,
Yyt ) — F has the same image as y — Y2 F, — FJ, ie., all squares in F,.

We find it easier to use z = ¥, so that F(y,z) = vy (2% +p?)((z — 1)? + p). For
cach r € Z,, we want to find yi, ¥», 21, 22 € Z, such that % = r. All elements of
Z, are of the shape p**'au®, where k € Z, i € {0,1,2,3}, a € {1,2}, and u € Z;.
We do two cases in more detail, and the others are analogous.

Consider first r = p**u?, for some k € Z>¢ and u € Z,. Then, let y; = phyl, for

Yy €Zy, 21 = —1,yp = 1, 20 = —1. Then

Py, —1) 4
4k, 2 _ ) __ ]
u F(l, _1) P Y,
and we need to solve y}* = 42, and this has a solution in Z,, by Hensel’s lemma.
Now, consider r = 2p**u?, for some k € Zso and u € Z}. Let y, = p"yj, for

Yy € L3, z1 = p*, y2 = p, 22 = —1. Then
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After dividing by p**, we can solve y’14 = 4u® (mod p), so, by Hensel’s lemma, we
can find the required .

Similarly, we prove that in the following cases, we can use

o r=p"thut gy =phyl for iy € Zs, 2 =1, 42 =1, 20 = —1;

4k+1,,2. k+1

o r=2p"ty y =1p 2

yy, for oy € Zy, 21 =1, 30 = 1, 25 = p%;

o r=pHt2y2: = Pty for y) € Lyy 21 =—1,y2 =1, 20 = p;

o r=2p" 22y = pRyf for Y € Zi, 2 = PP yp = 1, 2 = p;

k+1,,/

ARF R ypforyy €2y, 21 =1, ya =1, 20 =15

e r=p Yr="p

o =232y = phyl, foryi € Z, s =p° =1, 2 = 1.

Now we prove part (2) similarly to part (1). We assume p = 11 (mod 24), so
that —1 and 2 are not quadratic residues modulo p and that y ~ 1°: Fy — F7 has
the same image as y — y: F; — I}, i.e., all squares in ;. Again, we find it easier
to use z = £, so that F(y,2) = y°(2* + p°)((2 + 1)* + p°)((z = 1) + p).

For each possibility r = p®**iau? € Z,, where k € Zs, 0 < i < 5, a € {1,2},

F(y1,21)
F(y2,22)

tion, again, by specifying 21, ys, 20 and v,(y;), and then solving for y; using Hensel’s

u € Z,, we can find corresponding y1, Y2, 21, 22 € Z;, such that = r has a solu-

lemma.

o r=phut y :pkyia for y; € Z;; z21=1Lya=1,20=1;

o r =%ty =phy foryl €2y, i =pyp =1, 20 = 1;

6k+2, 2.

o = p gy =phyy fory €25, = 1 =1, 2 = 1

o r =%y =phy foryl € Zs, =P e =1, 2 = 1
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o r=p"thut oy = pty for gy € Z, s =pop = 1, 2 = %

o r=pttut y = pttly) for g €25, = =1,y =1, 2 = p*;

r=2p%ut g = phy;, foryy € L5 2 = PP yp =p, o =p — 25

o r=2p% gy =ty for g €25, 2 =1, pp =1, 2 = p¥;

o =222y = phy for Yy € L, 2 = pPLyp = 1, 20 = PP
o 7 =2p% Py = pRyf for gy € Zs, = PP yp = 1, 20 = —1;
o 7 =2p% Py = pFyf, for i € 2k, 2 = pPLyp = 1, 20 = p;
o = 2p%k+5y2: o = pFy, for o € 7y, 2 =p3 =1, 2o = 1;

The proof of (3) is immediate as we have that R(f) is dense in Q,, then R(F) is
dense too, as R(F(x,1)) is dense. |

3.7 Polynomials with factors having degree divis-

ible by ¢ > 1

In this section, we examine specific types of polynomials and describe their im-
age. Even though we have in mind a concrete application to the denseness result,
the result is exciting on its own. We first introduce the notation that will be used in
this section. Let g € Z,[z] be an irreducible polynomial of degree deg(g) = d > 1.
We will use the following notation:

g = ¢ (mod p) denotes the reduction modulo p;

r* = 2/p**® denotes the coprime to p part of .

Assume that g has a root in [F,. Since g is irreducible, Hensel’s lemma for polyno-
mials implies that g is a dth power of a linear polynomial because it cannot have

coprime factors in F,[x]. We can assume that ¢ is monic because p does not divide

TH-3679-196123104



50 p-ADIC QUOTIENT SETS: POLYNOMIAL AND INTEGRAL FORMS

its leading coefficient (otherwise, § = 1, which contradicts the assumption that g has
a zero in F,). Furthermore, we can assume (by applying a linear change of variables

if necessary) that § = 9. Thus,
g(l‘) = xd +pkd71(ld—1$d_1 4. +pk1a1$ +pk0a07

where ko, ..., ks_1 € Zso U {+00}, aq,...,aq-1 € Z;. We allow k; = +oo for
0 < i < d if the coefficient of 2% is 0, but note that ky < +o0.

Now, we are ready to define the quantity 7(g).
Definition 3.2. Let g € Z,|x] be an irreducible polynomial of degree deg(g) = d.

e If g does not have a zero in F,, define 7(g) := 0.

ko
il

e If § has a root in F,,, assuming the notation from above, define 7(g) :=
We want to use the quantity 7(g) to study v,(g(x)) for = € Z,. Irreducibility of
g implies that all of its roots have the same valuation at p, so the Newton polygon

of g is a straight line connecting (0, ky) and (d,0). We also denote a; = 1, k; = 0.

Then, for each 0 < i < d, we have

> || = T - oo, 32)

where [z] denotes the smallest y € Z such that y > x.
If p 1z, then v,(g(x)) =0, so consider p | x.
If v,(z) < 7(g), then for all 0 <14 < d, we have

ki>[(d—1)7(g)] > (d—1i)1(9) > (d —i)v,(x) = ki + vp(z)i > dy,(x).

Hence, v,(z%) < v,(p"a;z?), so v,(g9(z)) = dv,(z).
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If v,(z) > 7(g), then for all 0 < i < d, we have

ki + vp(z)i > [(d = )7(9)] +iT(g) > d7(g) = ko.

k

Then v,(ag) < v,(pFiaxt), so v,(g(z)) = ko.

Thus, if 7(g) ¢ Z~o, we have completely described v,(g(x)).

It remains to consider the case when 7(g) € Z-( and v,(z) = 7(g). Denote
g1 (l’) — $d il pkd—1+(d_1)7(9)_k0ad_1md_1 4. +pk1+7(9)_k0a1x + ap.

Inequality (3.2) implies that g; € Z,[z]. Let z = p™ @z, then

dr(g)

g(x) =p g1(z1).

Since we used a linear change of variables, ¢; is also irreducible in Z,[z]. It is now
sufficient to consider ¢; € Z,[z] and x, € Z,, so we can repeat the whole process.

Since this transformation plays an important role for us, we give it a name 7.

Definition 3.3. We denote the above transformation by T': Z,[x] — Z,[z], T(g) =

g1-
The valuations of the discriminants of g and g; = T'(g) are related by
vp(D(T(9))) = vp(D(g)) — d(d — 1)7(g),
because if a1, . .., oy are roots of T(g), then p™@ay, ..., p"9ay, are roots of g. Note

that since g is irreducible, we have D(g) # 0 as Q, has characteristic zero, so we
can apply the transformation 7" only finitely many times.

Now, we are ready to introduce the last important notion for this section.

Definition 3.4. Let g € Z,[x] be an irreducible polynomial of degree d.
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o If7(g) =0, we call g of type 2.
o [f7(g) ¢ Z>o, we call g of type 1.

o If T(g) € Z-o, we can apply the transformation g1 = T(g) € Zpy[z] from
Definition 3.5. We define recursively the type of g to be the type of g;.

As we will see soon, the quantity 7(g) is useful to study v,(g(z)). For better

understanding, we give some examples:
Example 3.7.1.

e For the polynomial g(x) = 2® + p, we have (1) = 3, so g1 is of type 1. For
ga(x) = (x — 1) + p?(z — 1)® + p*, after a linear change of variables, we can
consider ho(z) = 2% + p*x? + p*, and we have 7(hy) = % and gy is of type 1.
Also, let g3(x) = 2% + 2px + p?(p + 1). Then, 7(g3) = 1, so, we can apply
the T transformation (in this case, replace x by pr and divide by p?). Then
hy = T(gs), for hg(x) = 2®> + 2z +p+ 1 = (x +1)> + p, and after a linear
change of variables, we consider gi(z) = x> + p, so we conclude that gs is of

type 1.

o Let p=3 (mod 4). Let g4(x) = 2> + 1. Since g4 does not vanish modulo p, it
is of type 2. Let gs(x) = 2% — 2px + 5p?, then 7(gs) = 1. After applying T, we
get hs = T(gs), for hs = x> — 22+ 5 = (x — 1)> + 4. As hs does not vanish
modulo p, g5 is also of type 2.

Let g be a positive integer. From now on, we will study the polynomials
f(x) = g1(z) - - gs(z) such that all g; € Zy[z] are irreducible polynomials of de-
gree deg(g;) := d; = myq for some m; € Z-g, for all 1 < i < s. Our goal is to
prove that their number limits the possible values of v,(f(z)) (mod q) € Z/qZ and
f(z)* € Fy /37 The result is as follows.
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Theorem 3.17. Let p be a prime number, ¢ > 1 a positive integer, and k € Z~y.
Let g1, ..., gk € Zylx] be monic of type 1, whose degrees deg(g;) = d; are divisible by
q. Denote f(x) = gi(z) - gr(x) € Zy[x]. Then

{[(p(f(2)), f(2)")] € Z/qZ x ¥} /FT - w € Ly}

can take at most k + 1 values, including (0,1).

Proof. We prove the theorem by induction.
Base case k = 1. Let g = ¢g; and d = d;. Assume that

g(l‘) = xd +pkd—lad_1xd—1 + L. . +pk1a1x +pk0a07

where ag, ..., aq-1 € Zy, ko, ..., kq—1 > 0 (possibly +o0 except from k).
If pta, then [(v,(g()), g(x)")] = (0,1) € Z/qZ x F /I,

Otherwise, let z = p*»®z, where 21 € Z. If 0 < v,(z) < 7(g) = %2, then
g(x) = p™D (2] + prs)

for some x5 € Zy, so [(v,(g(x)), g(x)*)] = (0, 1).
If v,(x) > 7(g), then
g(x) = p*(ao + pz2)

for some xo € Z,, so [(v,(g(2)), g(x)*)] = (ko, ap). Therefore, if 7(g) ¢ Z~o, then the
proof is finished.

If 7(g) € Zso, we can make a T transformation g — T(g) € Zy[z]| so that
pPT(g)(x) = g(p™9z). Since g is of type 1, T(g) vanishes modulo p. Hence, as T'(g)
is irreducible in Z,[z], we have T(g) = (z — a)? (mod p), for some a € Z:. This
implies that ag = a? (mod p). Since q | d | ko, we have (ko,aq) = (0,1) € Z/qZ x
/5%, so for any x such that v,(z) # 7(g), we have [(v,(g(z)), g(x)*)] = (0, 1).
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As v, (g(p" W) = 1,(T(g)(z)) modulo q and g(p™9z)* = T'(g)(x)*, we can focus
entirely on T'(g) and repeat the process. The process of applying transformations 7T
eventually stops (when 7(To---0T(g)) ¢ Z~), and for this polynomial, we already

have proven the statement.

Induction step. Assume that the statement is true for all numbers up to k, and

we prove that it is true for k 4 1.

dy dk

(mod p) be the polynomials of

Let gy = (x —01)™ (mod p), ...,9x = (x —0%)

typeland oy < ... <oy €{0,...,p—1}. If 01 # oy, then we split the polynomials g;
into two groups: ¢, ..., gs whose zero modulo p is o; and the remaining gs.1, .- ., gk
whose zeros modulo p are different from o;; note that s < k.

If x =0y (mod p), then we have

[(vp(gs1() - - - gk (), (gsgr (@) - - gx(2))")] = (0, 1) € Z/qZ x F, [F} ",

and by applying the inductive hypothesis to g; - - - g5, we have that

[(p(91(2) - - g5 (%) - gsa (@) - -~ gr (%)), (92(2) - - - 95() - G511 () - - - gi())")]

can take at most s + 1 pairs in Z/qZ x IF; /7% including (0, 1).
Similarly, when x # o1 (mod p), then

[(p(91(2) - - g5()), (91(2) - - - 95 ())")] = (0, 1),

and by applying the inductive hypothesis to gsi1 - - - gr, we have that

[(vp(91() - - g5(x) - gspa (%) - -~ gi(2)), (92(2) - - 95() - gs1a () - - - gu(2))")]

can take at most (k — s) + 1 pairs in Z/qZ x Fy /F+?, including (0, 1).
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Thus, in total, there are at most s + 1+ (k — s) + 1 — 1 = k + 1 possible pairs
in Z/qZ x ¥, /F?, including (0, 1), which appears in both cases, so it is the reason
why we could subtract 1 in the estimate.

It remains to consider the case o := 01 = - -+ = 0. Now reorder the polynomials
such that 7(¢g;) < --- < 7(gx). First, suppose that 7(¢g;1) < 7(gx), and similarly, split
the polynomials g; into two groups, where the 7 value is the same for the first s of

them: 7(g1) = ... =7(g9s) < 7(9s11) < ... < 7(gn).
It suffices to consider x = o (mod p) and v,(x) > 7(g1) (otherwise, all other z

lead to the pair (0,1) € Z/qZ x Fy /Fx9). 1f v,(x) = 7(g1), then
[(vp(gsr1(@) - - - g(®@)), (gsta(@) - - g(@))")] = (0,1) € Z/qZ x F [F1,
and by the inductive hypothesis, we have that

[(vp(91() - - 95(x) - g1 (@) - -~ gi(2)), (92(2) - - 95(7) - gsga () - - gi(2))")]

can take at most s + 1 pairs in Z/qZ x Iy /IF>? including (0, 1).
On the other hand, if v,(z) > 7(g1), then

[(p(91(2) - - 95()), (91() - - - g5())")]

has a constant value in Z/qZ x F;,/F;?, and that pair belongs to the set of potential

pairs from the previous case. We apply the inductive hypothesis to conclude that

(Vo (gst1 (@) - - gr (@), (g (2) - - - gi(2))")]

can take at most k — s + 1 pairs in Z/qZ x Fy /F+9, including (0, 1).

Therefore, in total

[(p(91(2) - - g5(x) - gs4a (%) - -~ gr(2)), (92(2) - - 95(2) - G511 () - - - gu(2))")]
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can again take at most s+1+k—s+1—1=k+1 pairs in Z/¢Z x F;; /F+9, including
(0,1), and we subtract 1 because the latter two sets have at least one pair in the
intersection. Note that if 7(g;) ¢ Z-o, then we only need to consider the second
case, and we can apply the inductive hypothesis directly to gsi1 - - - gr. Hence, this
completes the proof in this case as well.

The only remaining case is when 7 := 7(¢;) = -+ = 7(gx). If 7(91) ¢ Z>, then
we already know that [(v,(g1(x) - - gx(x)), (91(z) - - - gr(x))*)] can take at most two
pairs in Z/qZ x Fy /F39. This follows as the only possible pair different than (0, 1)
can appear for v,(x) > 7, but then for each i, [(v,(g:(z)), gi(x)*)] is constant in
Z]qZ x T [T,

If 7 € Z~y, we apply a T transformation to all polynomials g;, and proceed the
proof with T'(¢1), ..., T(gx) € Z,|x] instead (as we already know that all « such that
vp(x) # 7 lead to the pair (0,1) in Z/qZ x F; /IF5?). Since we can only apply finitely
many transformations 7', this process eventually stops, and then we end up in some
case for which we have already proven the statement, which finishes the proof of

this case. [

Theorem 3.18. Let p be a prime number, and q,s € Z~o. Let g1,...,9s € Zy|z]
be irreducible polynomials of degree deg(g;) := d; = m;q for some m; € Zg, for all

1<i<s. Then
{vp(91(2) -~ g5(2)) : v €Zy,} (mod q)

can take at most s + 1 values, including 0.

Proof. The proof readily follows using Theorem 3.17 and the fact that for polyno-
mials g of type 2, we have v,(g(x)) =0 (mod ¢) for all z € Z,. [
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3.8 Sufficient condition such that R(f) is not dense
in Q,

In this section, we present some criteria when R(f) is not dense in Q,. First, we

start with a useful lemma, which will be used in the proof.

Lemma 3.19. Let z € Z, and g € Zylx] such that g(z) # 0. Then, there is a

neighbourhood U of z such that v,(g(z)) and g(x)* (mod p) are constant for x € U

*

and equal v,(g(z)) and g(2)* (mod p), respectively.

Proof. Using Taylor’s expansion g(z + &) = g(z) + e¢’(z) + -+ -, or simply noting
that g(z 4+ ¢) = g(2) + eh(z,¢), for some h € Z,[z, <], it suffices to take ¢ such that
vp(€) > 1,(g(2)), and then

gz +e)= pvp(g(Z))(g(Z)* + pr(E)—vp(g(Z))h(Z’ €)),

which directly implies the statement. [ |

We are ready to give our criterion about when R(f) is not dense in Q,.

Theorem 3.20. Let p be a prime number, and q € Z~1. Let k,l € Z~g, €1,...,¢ €
Lo, and ay,...,a € Z,. Further, let hy, hy € Z,[x] be such that hy has no zeros
in Z,, and hs has no zeros in F,. Finally, let g1,...,qx € Zy[x] be irreducible
polynomials such that d; := deg(g;) = qm; for each 1 < i < k and some m; € Z~y.
Define

flx) = ((x —a)? - (z —a)® h(2)" i(x) -~ gr(x) - ho(z).  (3.3)

If 14kl < q, then R(f) is not dense in Q,.

Proof. We will prove that there is r € Z, such that v,(r) ¢ {v,(f(z)/f(y)): z,y €
Zy}. Denote

G(x) = gi(z) - - gr(7) - ha(z).
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Consider z € {ay,...,q}. Then, by Theorem 3.19, there is a neighbourhood U, of
z such that v,(G(x)) is constant (and equal v,(G(2))) for x € U,.

Consider r € Z,, which is close to 0, i.e., divisible by a high power of p. Since,
f is continuous, and since v,(rf(y)) > v,(r), which can be arbitrarily large, if
vp(f(x)/f(y)) = vp(r), then x has to be close to a zero of f. We can choose 7 such
that x has to be in the set U,, U--- U U,,. For x € U,, U---UU,,, we have

v(f (@) = (G(z)) € {p(Glar)), ..., 1(G(@))}  (mod g),

so v,(f(z)) (mod ¢) can take at most [ different values.

By the assumption, p { ho(y) for any y € Z,, so, by applying Theorem 3.18,
we have that v,(f(y)) (mod ¢) can take at most k + 1 values. We note that the
set of these at most k + 1 possible values of v,(f(y)) (mod g) contains the set of
at most | possible values of v,(f(x)) (mod ¢). Hence, the set of possible values of
vp(f(x)/f(y)) (mod gq) can contain at most I(k+ 1) — (I — 1) = lk + 1 (because at
least [ values coincide in both sets, so we get the zero difference at least [ times, so
we overcount it at least [ — 1 times).

Since we assume that 141k < g, there is a class modulo ¢ which does not belong
to the set of possible classes of v,(f(x)/f(y)) (mod g), so for r in this class, there
do not exist z,y € Z, such that v,(f(x)/f(y)) = v,(r). |

Corollary 3.8.1. In the situation of Theorem 3.20, if k + 1 < 2v/q — 1, then R(f)

s not dense in Q,.

Proof. By the inequality of arithmetic and geometric means and the assumption,

2
1+kl§1+<k+l>

The conclusion follows directly from Theorem 3.20. [
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3.8.1 Sharpness of the inequality in Theorem 3.20

Assume that p is such that p > ¢ and ged(g,p — 1) = 1. The latter condition
implies that the gth power function -4: F — F}, x — 2 is a bijection, and since
q < p, all the elements of Z; are qth powers by Hensel’s lemma. We mention two

examples for which R(f) is dense in Q,:

1. If l=1 and k = ¢ — 1, consider

fla) = 2((@ = 1)+ p)((@=2)"+p°) - ((& — (¢ = 1) +p").

2. lfgisodd, and | =2, k = q;—l, consider

f(@) = 2%z = B)"((z = )7 + p™ 1 )((x = 2)7 + ™) - (& = k)7 + p**F).

In both of these cases, we have 1+kl = g, so this shows the sharpness of Theorem
3.20. We note that the second polynomial has less degree than the first one. It is an
interesting problem to find the smallest sum k + [ for which there is a polynomial

of the shape of Theorem 3.20 whose ratio set is dense. We know by Corollary 3.8.1

that k+1 > 24/q — 1.

Remark 3.8.1. We see from the proof of Theorem 3.20, that we may assume that
| <k+1, because k + 1 is the mazimum of possible values of v,(f(x)) (mod ¢q) for

T € Ly.
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p-Adic quotient sets: linear recurrence

sequences- |

4.1 Introduction

Let (Fy,)n>0 be the sequence of Fibonacci numbers, defined by Fy = 0, F; = 1
and F,, = F,,_1 + F,,_, for all integers n > 2. In [20], Garcia and Luca showed that
the ratio set of Fibonacci numbers is dense in Q, for all primes p. Later, Sanna
[42, Theorem 1.2] showed that, for any & > 2 and any prime p, the ratio set of the

k-generalized Fibonacci numbers is dense in @QQ,. Sanna remarked that his result

IThe contents of this chapter have been published in Bull. Aust. Math. Soc. 108 (2023).
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could be extended to other linear recurrence sequences over the integers. However,
he used some specific properties of the k-generalized Fibonacci numbers in the proof.

Therefore, he made the following open question.
Question 4.1.1. [42, Question 1.3] Let (S,,)n>0 be a linear recurrence of order k > 2
satisfying

Sp = 151+ 25,2 + -+ + apSyy,
for all integers n > k, where ay,...,ax,So,...,9_1 € Z, with ay # 0. For which
prime numbers p is the quotient set of (Sy)n>0 dense in Q,7

In [19], Garcia et al. studied the quotient sets of certain second order recurrences.
To be specific, given two fixed integers r and s, let (a,)n,>0 be defined by a, =
TQp—1 + San_o for n > 2 with initial values ap = 0 and a; = 1; and let (b,),>0 be
defined by b,, = rb,_1 + sb,_» for n > 2 with initial values by = 2 and b; = r. Garcia

et al. proved the following result.

Theorem 4.1. [19, Theorem 5.2] Let A = {a, : n >0} and B = {b, : n > 0}.
(a) If p| s and ptr, then R(A) is not dense in Q,.
(b) If pts, then R(A) is dense in Q,.

(¢) For all odd primes p, R(B) is dense in Q, if and only if there exists a positive
integer n such that p | b,.

In this chapter, we give some answers to Question 4.1.1.
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4.2 Linear recurrence sequence with irreducible
characteristic polynomial

Our first result gives the denseness of the ratio set of kth-order linear recurrence

sequences with irreducible characteristic polynomials over , provided certain con-
ditions hold.

We state a lemma and a theorem which is used in the proof of our result.
Lemma 4.2. [19, Lemma 2.3] Let A C N.

1. If A is p-adically dense in N, then R(A) is dense in Q.

2. If R(A) is p-adically dense in N, then R(A) is dense in Q,.

Theorem 4.3. [6, Theorem 1| Let ay, ..., a, be units in Q,, the completion of al-
gebraic closure of Q,, which are algebraic over the rationals Q and whose p-adic
logarithms are linearly independent over Q. These logarithms are then linearly in-

dependent over the algebraic closure of Q in €,,.

Recall that a Pisot number is a positive algebraic integer greater than 1 all of

whose conjugate elements have absolute value less than 1.

Theorem 4.4. Let (x,,)n>0 be a kth-order linear recurrence satisfying
Tpn =01Tp_ 1+ A2Tp 2+ + Ak 1Tp_k1 + Tk

for all integers n > k with initial values ro = 1 = -+ = Tp_9 = 0,251 = 1
and ay,...,ap_1 € Z. Suppose that the characteristic polynomial of the reccurence
sequence has a root *a, where o is a Pisot number. If p is a prime such that the
characteristic polynomial of the recurrence sequence is irreducible in Q,, then the

quotient set of (xy)n>0 s dense in Q,.
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Proof. Let p(z) = 2F — a12*! — ap2* 2 — .-+ — aj_12 — 1 be the characteristic

polynomial. Let aq,...,a; be the k distinct roots of the characteristic polynomial

in its splitting field, say, K over QQ,. The generating function of the sequence is

k—1

k
xr
t =

=1

where ¢(x) := p/(x), the derivative of the polynomial p(x). Hence, the nth term of

the sequence is given by

Since p(0) = —1, the roots of p(z) are units in the ring formed by elements in K
with p-adic absolute value less than or equal to one. Following Sanna’s proof of [42,

Theorem 1.2], we can choose an even ¢ € N such that the function defined as

k
Z epr (zlog,(ax al))
i=1 q

is analytic over Z, and the Taylor series of G(z) around 0 converges for all z € Z,.
Also, note that x,;, = G(n) for n > 0.
We now use a variant of the following lemma which gives the multiplicative
independence of any k£ — 1 roots among the k roots aj, ..., ay of the characteristic
k—1

polynomial z¥ — z¥=1 — ... — 2 — 1 of the k-generalized Fibonacci sequence in the

field of complex numbers.

Lemma 4.5. [16, Lemma 1] Fach set of k — 1 different roots oy, ..., ap_1 is mul-
tiplicatively independent, that is, o' .. ozzk 1 =1 for some integers ey, ..., ex_1 if
and only ife; =---=e,_1 =0.

Let o(a1) = £a, where « is a Pisot number with absolute value greater than 1

and other roots, o(as),...,o(q) with absolute values less than 1, where, o is an
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isomorphism from Q(ay, ..., ax) to the splitting field of p(x) over Q in the field of

complex numbers. Therefore, the proof of Lemma 4.5 holds true for the roots of p(x),

which are o (1), . .., o(ag), since log |o(aq)| is positive and log |o(az)], . . ., log |o ()|
are negative. Hence, o(ay),...,o0(ax_1) are multiplicatively independent, implying
that af,...,af_, are multiplicatively independent. Thus, log, (), ... log,(o}_;)

are linearly independent over Z and hence linearly independent over algebraic num-
bers by Theorem 4.3.
If G'(0) = S0, @ log,(af) = 0, we obtain

> (s — ) logy(af) = 0

2 \glar) ~ qlan)

since log,(ay,) = —log,(af) — --- —log,(a}) as product of the roots is —1 and ¢ is
! . 1 =il _

even. By linear independence of log,(aj),...,log,(a)_,), o == sy =6

for some p-adic number c¢. This gives k distinct roots aq, ..., a, of the k — 1 degree

polynomial ¢(z) — %, which is not possible. Therefore, G’(0) # 0. Since

G(J‘)(o)
7!

v,(GYW(0)/5!) > —¢ for all j. Thus, we obtain G(mp") = G'(0)mp" + d such that
vp(d) > 2h — ¢ for all m,h > 0. For h > hy := { + v,(G'(0)), we have

converges at z = 1, so || l,— 0. Hence, there exists an integer ¢ such that

G (mp")
- > 7 —
o ey m) > h = ho.
This yields
im G(mp") — =0
h—oo || G(p") » ’

and hence R(G(n),>o) is p-adically dense in N. Since z,;, = G(n),n > 0, we find
that R((xy,)n>0) is also p-adically dense in N. Therefore, by Lemma 4.2, R((x,,)n>0)
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is dense in Q,. [ |
If we take £ = 3 in Theorem 4.4, then we have the following corollary.

Corollary 4.2.1. Let (x,)n>0 be a third-order linear recurrence satisfying

Ty = aTp_1 + bxnf2 + Tp—3

for all integers n > 3 with initial values xg = x1 = 0,29 = 1, and the integers a and
b are such that (a +b)(b—a —2) < 0. If p is a prime such that the characteristic
polynomial of the recurrence sequence is irreducible in Q,, then the quotient set of

(Tn)n>0 is dense in Q,.

Proof. Since p(1)p(—1) = (—a—b)(b—a—2) > 0 and p(0) = —1, by continuity of the
polynomial function in R, p(x) has one real root with absolute value greater than
1 and other two roots with absolute values less than 1. Hence, the characteristic

polynomial has a root +« with « a Pisot number. Now, the corollary follows from

Theorem 4.4. [ |
We discuss two examples as applications of Corollary 4.2.1.

Example 4.2.1. Fora € N, let £ be an odd positive integer less than 2a. Let (x,)n>0

be a linear recurrence satisfying

Ty = ap 1+ (@ = 0)Tp o+ Tn3

for all integers n > 3 with initial values ro = 1 = 0,29 = 1. Then, a and
b:=a—{ satisfy (a +b)(b—a —2) < 0. The characteristic polynomial is p(x) =
23 —ar? — (a — )z — 1. Since p(0) = —1 and p(1) = —2a + ¢ # 0 (mod 2), hence
p(x) is irreducible in Qq. Therefore, by Corollary 4.2.1, R((xn)n>0) is dense in Qs.
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Example 4.2.2. For a € N such that 31 a, let £ be an odd positive integer less than

2a and 3 | 0. Let (z,)n>0 be a linear recurrence satisfying
Ty = aTp-1 + (@ = O)Tpo + Ty3

for all integers n > 3 with initial values ro = x1 = 0,29 = 1. Then, a and
b= a—{ satisfy (a + b)(b —a —2) < 0. The characteristic polynomial is p(x) =
23— ax? — (a — L)z — 1. Since p(0) = —1, p(1) = —2a + ¢ # 0 (mod 3) and
p(2) = —6a + 20+ 7 # 0 (mod 3), hence p(x) is irreducible in Q. Therefore, by
Corollary 4.2.1, R((xy)n>0) s dense in Qs.

4.3 Some special linear recurrence sequences
First, we consider linear recurrence sequences whose nth term depends on all the
previous n — 1 terms.

Theorem 4.6. Let (x,),>0 be a linear recurrence satisfying
Ty =Tn1+ 2T o+ -+ (n— 1)z + nag

for all integers n > 1 with initial value xy = 1. Then the quotient set of (xy,)n>0 is

dense in Q, for all primes p.
We need the following corollary to prove Theorem 4.6.

Corollary 4.3.1. [12, Corollary 2.2] The linear recurrence relation x,.1 = x, +
2, 1+ - +nxy + (n+ 1)axg,n > 0 with the initial data xo = 1 has the solution

xn:\/%((?’?/g) — (35) ),nZl.

Proof of Theorem 4.6. By Corollary 4.3.1, we have

1 345\ [(3-v5\
() )
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a?n _ /82’”,
V5
= F2n7

1+v5 _ 1=+5
+2 7ﬁ_

5=, and I}, denotes the nth Fibonacci number which is

where a =
obtained by the Binet formula. From the work of Garcia et. al [20], we know that
the ratio set of Fibonacci numbers is dense in @, for all primes p. Therefore, by
Lemma 1.12, v,(F,,) is not bounded. Hence, for any j € N, there exists F},, such that

vy(F) > j, that is, am\;gﬁm = 0 (mod p’) which gives @™ = ™ (mod p’). This

yields
Q2P -1 (amam)pjfl(p—l) = (amﬁm)pj”(p—l) (mod p/).
Since aff = —1, by using Euler’s theorem, we find that
Q2P =) = (amﬁm)pjfl(p—l) =1 (mod p/).

This gives o®* = % =1 (mod p/), where k = mp’~1(p — 1). Hence,

wﬂ _ Fan . (an)n _ (ﬁ?k)n

_ il 2k\(n—1) 2k\n—2 2k L 2k\n—1
Th Fop a2k — G2k (™) + (@) 4+ (BT

which is congruent to n modulo p’. Since for n € N, there exists & € N such that
| = —n [,< p, R((x,)n>0) is p-adically dense in N. Therefore, by Lemma 4.2,
R((z1)n>0) is dense in Q,. |

Theorem 4.7. Let (x,)n>0 be a linear recurrence satisfying
n—1

Ty = QAQLp_1 +ArTp_o + -+ ar”  "xg

for all integers n > 1, and xg, a,r € Z. Then the quotient set of (x,)n>0 is not dense

in Qp for all primes p.
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We need the following results to prove Theorem 4.7.

Theorem 4.8. [12, Theorem 3.1] The numbers x,, are solutions of the linear re-
currence relation with constant coefficients in geometric progression x,.1 = ax, +
aqT,_1 + - +aq" 1l + aqzo,n > 0 with initial data zo, if and only if they form

the geometric progression given by the formula x, = axo(a +q)" ', n > 1.

Lemma 4.9. [19, Lemma 2.2] If A is a geometric progression in Z, then R(A) is

not dense in any Q,.

Proof of Theorem 4.7. By Theorem 4.8, (x,),>1 forms a geometric progression where
nth term is azg(a + )"~ ! for n > 1. Hence, by Lemma 4.9, R((x,),>0) is not dense

in Q, for any prime p. [

4.3.1 Second order linear recurrence sequences

In Theorem 4.1, Garcia et al. studied second order linear recurrence relations
with specific initial values. In the following result, we consider a particular form of
second order linear recurrence sequence with arbitrary initial values xy and x; in

the set of integers.

Theorem 4.10. Let (z,),>0 be a second-order linear recurrence satisfying x, =
204x,_1 — a*T,_o for all integers n > 2, where a,xo, 31 € Z. Then the quotient set

of (Tn)n>0 is dense in Q, for all primes p satisfying p t a(x; — axy).

We need few results on uniform distribution of sequence of integers to prove
Theorem 4.10. Recall that a sequence (x,),>¢ is said to be uniformly distributed

modulo m if each residue occurs equally often, that is,

I #{n <Nz, =t (mod m)} 1

for all t € Z. The following theorems will be used to prove Theorem 4.10.
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Proposition 4.11. [10, Proposition 1] Suppose (G,) be the sequence of integers
determined by the recurrence relation G, 1 = AG,—BG,_1 with initial values Gy, G
where A, B,Go,G1 € Z. If A = 2a,B = a?, then (G,) is uniformly distributed
modulo a prime p if and only if p1 a(G1 — aGy).

Theorem 4.12. [10, Theorem] Suppose (G,,) be the sequence of integers determined
by the recurrence relation G,1 = AG, — BG, _1 with initial values Gy, Gy where
A, B,Gy, Gy € Z. If (G,,) is uniformly distributed modulo p, then (G,,) is uniformly
distributed modulo p" with h > 1 iff:

1. p> 3,

2. p=3 and A> # B (mod 9); or

3. p=2,A=2 (mod 4),B=1 (mod 4).
Now, we are ready to prove Theorem 4.10.

Proof of Theorem 4.10. Let p be a prime. The given recurrence sequence (x,)n>o
satisfies the hypotheses of Proposition 4.11, and hence (x,),>0 is uniformly dis-
tributed modulo p. If p > 3, then by part (1) of Theorem 4.12, (z,,),>0 is uniformly
distributed modulo p* with k& > 1, that is,

S Nga=t (mod p)} 1

s N Y

Therefore, for all ¢ € N and for all k£ > 1, there exists x,, such that || x, —t ||,< p~".
Hence, R((x,)n>0) is p-adically dense in N. Therefore, by Lemma 4.2, R((2,)n>0)
is dense in Q,.

We next consider the remaining primes p = 2,3. From the condition p t a(x; —
axy), we have p 1 a. It is easy to check that p = 3 satisfies the condition given
in part (2) of Theorem 4.12 and p = 2 satisfies the condition given in part (3) of
Theorem 4.12. The rest of the proof follows similarly as shown in the case of p > 3.

This completes the proof of the theorem. [
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4.4 Sequences with ratio sets not dense in Q,

The following theorem gives a set of linear recurrence sequences of order k£ whose

ratio sets are not dense in Q.

Theorem 4.13. Let (x,),>0 be a linear recurrence of order k > 2 satisfying
Tp = 01Tp—1 + - + QpTp—k

for all integers n > k, where xq, ..., Tp_1,01,...,ax € Z. If p is a prime such that
p 1 ar and min{yy(a;) : 1 < j < k} > max{v,(z,,) — vp(zs) : 0 < m,n < k}, then

the quotient set of (xy,)n>0 is not dense in Q,.
We need the following lemma to prove Theorem 4.13.

Lemma 4.14. [41, Lemma 3.3] Let (r,)n>0 be a linearly recurring sequence of order
k > 2 given by r, = a1rp_1 + - - + agrn_g for each integer n > k, where ro, ..., rp_1
and aq, . ..,a are all integers. Suppose that there exists a prime number p such that
p 1 a, and min{y,(a;) : 1 < j < k} > max{v,(rm) — vp(rn) : 0 < m,n < k}. Then

Vp(T) = Vp(Th (mod k)) for each nonnegative integer n.

Proof of Theorem 4.13. By Lemma 4.14, we have

Vp(xn/xm) - Vp(In (mod k)) == Vp($m (mod k)) S M

for all n,m € NU {0}, where M = max{v,(z;) : 4 =0,1,..., k — 1}. Therefore, by
Lemma 1.12, R((x,)n>0) is not dense in Q,,. [

Next, we discuss one example as an application of Theorem 4.13. Given a prime
p, this example gives infinitely many recurrence sequences of order k£ > 2 so that

their quotient sets are not dense in Q,.
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Example 4.4.1. Let (z,)n,>0 be a linear recurrence of order k > 2 satisfying

Ty = 1 Tp_1 + -+ QpTp_yg

for all integers n > k, where xo =x1 =---=xp_1=1and ay,...,a, €7Z. If p is a
prime such that pla;,1 < j < k—1 and pt ay, then by Theorem 4.13, the quotient

set of (z,)n>0 s not dense in Q.
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5.1 Introduction

In the previous chapter, we obtained that kth order linear recurrence sequences
whose characteristics polynomials have pisot roots and are irreducible over QQ, have a
dense ratio set in Q,. In this chapter, we focus on linear recurrence sequences with
reducible characteristic polynomials. Also, we extend Theorem 4.10, which gives

condition for the denseness of ratio sets of second order linear recurrence sequences

!The contents of this chapter have been published in Can. Math. Bull. 68 (2024).
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(2 )n>0 Whose characteristic polynomials are of the form (z —a)?, to kth order linear
recurrence sequences with characteristic polynomials of the form (z —a)* in the case

when the initial values are given as xg =21 =+ =252 = 0,21 = 1.

5.2 Linear recurrence sequences with reducible
characteristic polynomial

Suppose that the characteristic polynomial of a linear recurrence sequence be of
the form (z —a1)(x —ag) ... (x — ax), where a; € Z. We consider the cases when all

a;’s are distinct, exactly two a;’s are equal and the case when all the a;’s are equal.

5.2.1 k distinct roots in 7Z

In our first theorem, we consider linear recurrence sequences whose characteristic
polynomials have distinct integer roots. In the proofs, we will use certain represen-
tation of the nth term of linear recurrence sequence in terms of the roots of the

characteristic polynomial. More details on such representations can be found in

[40].

Theorem 5.1. Let (2,,)n>0 be a linear recurrence of order k > 2 satisfying
Tp = blxn—l + ben—Q b i bkxn—ka

for all integers n > k, where by, ... by, xg, ..., xx_1 € Z, with by # 0 and xg,x1,. ..,

xy—1 not all zeros. Suppose that the characteristic polynomial of (xy)n>0 is given by
(x —a1)(z —ag)... (v — ag),

where a; € Z, a; # a; for 1 <i# j <k, and ged(a;,a;) =1 for alli # j. Let p be

a prime such that p t ajas - - ax. If xo = 0, then the quotient set of (x,)n>0 is dense
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in Q,.

Proof. For n > 0, the nth term of the sequence (x,) is given by

T, = coayl + cray + -+ + cpray,

where
t
C = Chp C1 ... Ck_1:|
is given by C = madj(/l) - X, where
- - 1 1 1
Lo
ai a2 Qg
I
Xo = A=1 a2  d} a;
Tk—1
L _ k=1 k-1 k—1

Let p > 2. We define a function f as
f(z) = det(A) [co exp, (zlog, af_l) + -+ cg-1exp, (zlog, ai_l)} )

Since p { a1as ... ay, f is defined for all z € Z, and f(n) = det(A)z,p-1) for all
n € Zso. Moreover, Zx>q is dense in Z,. Therefore, f is an analytic function from

Ly, to Z,. We have,
f(0) =det(A)(co+c1+ -+ cp_y) = det(A)xg =0

and
f'(0) = det(A)(colog, L log, ag_l + -+ cp-1log, ai_l).

Suppose that f'(0) = 0. Since ged(a;, a;) =1 for all @ # j, therefore, al o ,ai_l
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are multiplicatively independent i.e, (a?~")* (ab~")*2 ... (a?")* = 1 for some inte-

gers uy, Us, . . ., up only if uy = ug = -+ = up = 0. Hence,

1 1

p—1 p— p—
log,ay “,log,ay ... log,a

are linearly independent over Z. Thus, if f/(0) =0 then ¢y =¢; = =c¢,1 =0
which is not possible. Hence, f’(0) is nonzero. Therefore, 0 is a simple zero of f in
Zy. By Theorem 1.11, R(f(N)) = R((Znp-1))) is dense in Q,. Hence, the quotient
set of (z,)n>0 is dense in Q.

Suppose that p = 2. Then, we can consider an analytic function f from Z, to Z,
defined as f(z) := det(A) [coexp, (z1og,a}) + - - - + cx_1 exp, (zlog, a})] and show
that R(f(N)) = R((z2,)) is dense in Q,. [

Example 5.2.1. Suppose that p1,p2, and ps are distinct primes. Let (x,)n>0 be a

linear recurrence sequence defined by the recurrence relation

Ty = (1 + P2 + P3)Tn1 — (P1P2 + P1P3 + P2b3)Tn—2 + (P1P2P3) T3

for n > 3, where xg = 0, and x1 and x5 are any integers not both zero. The
characteristic polynomial is equal to (x — p1)(x — p2)(x — p3). Hence, by Theorem

5.1, the quotient set of (z,)n>0 is dense in Q, for all primes p # p1, pa2, ps.

5.2.2 Exactly two equal roots

In the following theorem, we consider kth order linear recurrence sequences whose

characteristic polynomials have exactly two equal roots.

Theorem 5.2. Let (2,)n>0 be a linear recurrence of order k > 3 satisfying

Ty = blxn—l + bZ:Bn—Q + -+ bkzn—ka
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for all integers n > k, where by, ... by, xo,...,T_1 € Z, with by # 0. Suppose that

the characteristic polynomial of (z,)n>0 is given by
(x —ay)*(x — ag)(x —as) ... (v —ap_y),

where a; € Z,a; #aj for1 <i# j<k—1, andxg =21 =+ =29 = 0,251 = 1.
Let p be a prime such that p { ajas---ap—1. If a; # a; (mod p) for all i # j, then

the quotient set of (xy)n>0 is dense in Q.
Proof. The nth term of the sequence is given by

xn = aj(co + cn) + coaly + czal + -+ + cp_1ap_,

= a"(co + cn + ca(aga; V)™ + cz(aza; )" + -+ - + cr_1(ap_1a;t)™),
where
t
O @y Cil ooo Ckfl]

is given by C = madj (A) - Xy, where

0 1 0 " 1

0 ay ax az ... Qg
Xo=1|:|,A=| a} 2a? a ... ad_,

0

1 "t (k=1 a5 ... oFd

Let p > 2. We define an analytic function f : Z, — Z, as

f(z) :=det(A) exp, (zlog, ()P Y (co+crz(p— 1) + ¢y exp,, (zlog, (aza; )P

+ -+ cpr exp, (zlog, (ar—1a; )P ).
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Then, f(n) = det(A)z,p-1) for all n € Z>y. Also, we have
f(0) =det(A)(co+co+ -+ cxg—1) = det(A)zg =0
and

f(0) =det(A)(ci(p— 1) + o log, (aga7 )P 4+ ey log, (ak_lal_l)p_l
+ (co + o+ -+ + cp-1) log, (a1)P )

= det(A)(ci(p — 1) + 2 log, (asay )P~ + -+ - + oy log, (ar—rag )P,

We find that det(A)c; = (—1)**! [Ticicj<(r_1y(@ — a;). By the hypothesis, we have
p{det(A)c;. Using the definition of log,(z), we obtain that p divides log, (a;a;")*~"
for 2 <i < k — 1. Therefore, p t f/(0) which implies f’(0) is nonzero. Hence, 0 is
a simple zero of f in Z,. By Theorem 1.11, R(f(N)) = R(z,-1)) is dense in Q,.
Hence, the quotient set of (z,,),>¢ is dense in Q,.

Suppose that p = 2. Then, we can consider an analytic function f from Z, to

Z,, defined as

f(z) == det(A) exp, (z1log, (a1)*)(co + 2¢1z + ¢y exp, (zlog, (aza; *)?)

| exp, (Z logp (ak—la;1)2))'

and show that R(f(N)) = R((x2,)) is dense in Q,. [

Example 5.2.2. Given an integer a, let (z,)n>0 be a linear recurrence sequence

defined by the recurrence relation
X, = dax, 1 — balx, o+ 2a3x, 5

forn >3, where xo = x1 = 0 and o = 1. The characteristic polynomial is equal to

(x —a)*(xz — 2a). By Theorem 5.2, the quotient set of (x,)n>0 s dense in Q, for all
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primes p t 2a.

5.2.3 A root repeated k£ times

We present sufficient conditions under which a kth order linear recurrence se-

quence, with a characteristic polynomial that has a root of multiplicity k, is dense

in Q,.

Theorem 5.3. Let (x,),>0 be a linear recurrence of order k > 2 satisfying
Tp =b1Tp 1+ boy o+ -+ bpxp g,

for all integers n > k, where by,... by, xo,...,xx_1 € Z, with by # 0. Suppose
that the characteristic polynomial of (z,)n>0 is given by (z — a)*, where a € Z, and
rog=2x1 =" =2xp_o=0,25_1 = 1. If p is a prime such that p { a, then the quotient

set of (Tn)n>0 s dense in Q,.

Proof. The nth term of the sequence is given by

k-1
Tp=a"(co+en+ -+ cpn® ),

where
t
C = Chp C1 ... Ck—l]
is given by C' = madj (A) - Xo, where
0 1 0 0 0
0 a a a a
Xo= 1|1, A=] @& 2a? 222 k=142
0
1 a*t (k=1 (k=121 0 (k= 1)k lgb !
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We simplify C' = —1—~adj(A) - Xy and obtain

det(A)
- - ~ - -1 r -
Co 1 0 . 0 0
C1 1 1 o 1 0
co | = |1 2 . k=1 0
| Cr1] 1 (k—1) ..." (k- l)kfl_ _1/ak*1_

Let p > 2. We consider an analytic function f : Z, — Z, defined as

f(2) == det(A) exp, (zlog, (" 1)) (co + c1(p — 1)z + ca(p — 1)%2°+

4o (p— 1)),
Let
(=) = exp, (log, (@)
and
g(2) :=det(A)(co +ci(p— Dz +calp—1)%22 + - +cpi(p — DF 1.

We have ||a"||, = 1 and h(n) = @™~V for all positive integers n. Hence, ||h(2)|, = 1
for all z € Z,. Therefore, f(z) = 0 if and only if g(z) = 0 for some z € Z,. We
have, g(0) = det(A)cy = det(A)zp = 0 and ¢'(0) = det(A)cy(p — 1). Using Lemma
2.2 of [39], we find that

(=DF

Thus, ¢; # 0 for all k£ > 2. Therefore, 0 is a simple zero of f in Z,. By Theorem
1.11, R(f(N)) = R(zyp-1)) is dense in Q,, which yields that the quotient set of
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(n)n>0 is dense in Q.
Suppose that p = 2. Then, we can consider an analytic function f from Z, to

Z,, defined as

f(z) == det(A) exp, (zlog, (a®))(co + 2¢12 + (2)%ca2’+

4ot (2)k710k712k71).

and show that R(f(N)) = R((x2,)) is dense in Q,. |

Remark 5.2.1. Let a € Z. Consider the kth order linear recurrence sequence

(Tn)n>0 generated by the recurrence relation

k k k
T, = <1)axn_1 — <2) a*Tp_g 4 oo (=1)*1 (k:) a¥z, .

for n >k, where xg = -+ = xp_9 = 0,21 = 1. Then, the quotient set of (T,)n>0
is dense in Q, for all primes p not diwiding a. This generalises Theorem 4.10 for
the case k = 2.

Note that a linear recurrence sequence generated by a relation of the above form may
not always have a dense quotient set in Q,. For example, consider the p-th order

linear recurrence sequence (x,,) generated by the recurrence relation

Tpn = <}1)> ATnp—1 — (]2)) a2wn—2 + - o (_l)p_l (i) apxn—P

for n > p, where the initial values xy,...,x,1 € Z\{0} have the same p-adic
valuation. Then, the quotient set of (x,) is not dense in Q, which follows from

Theorem 4.13 of the previous chapter.

TH-3679-196123104



82 LINEAR RECURRENCE SEQUENCES- 11

5.3 Third order linear recurrence sequences

In case of third order recurrence sequences, we obtain a more general result where

we do not need to fix all the initial values.

Theorem 5.4. Let (x,,)n>0 be a third order linear recurrence sequence given by
Ty = blxn—l + b2£n—2 + ben—S)

for all integers n. > 3, where by, by, b3, xg, 21,22 € Z, with by # 0. Suppose that
the characteristic polynomial of (x,)n>0 is given by (x — a)(x — b)(x — ¢), where

a,b,c € Z. Let p be a prime such that p { abc. Then, the following hold.

(a) Suppose that a = b = c. Let a = 2@ If p*|ag and p | 4ax, — x5 — 3a’x,
then the quotient set of (xn)n>0 is dense in Q,. Moreover, if xo = 0, then the

quotient set of (x,)n>0 is dense in Q, if and only if 4axy # 5.

(b) Suppose thata = c # b. Let B = 3@ IfpPlag and p f (a — b) (13 — x1(a + b) + zoab),

then the quotient set of (xy)n>0 i dense in Q,.

Proof. We first prove part (a) of the theorem. For n > 0, the nth term of the

sequence is given by the formula
T, = a"(co + c1n + cyn?),
where

Co = Xy,

daxy — x9 — 3a’xg
C1 =
2a2 ’
Ty — 2a71 + @’z

2a2

Cy =
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Let p > 2. Then, a = 1. We define a function f as
f(2) == 2a%exp,(zlog, a” ") (co + c1(p — 1)z + co(p — 1)*2%).

Since p 1 a, f is defined for all z € Z, and f(n) = 2a*z,p-1) for all n € Zs.
Moreover, Zxq is dense in Z,. Therefore, f is an analytic function from Z, to Z,.
We have,

f(0) = 2a%cy = 2a*ro =0 (mod p)

and

f/(0) = 2a%c,(p — 1) = (dax; — 29 — 3a20)(p— 1) 0  (mod p).

Therefore, by Hensel’s lemma, f has a zero z in Z, such that zo = 0 (mod p). Since
f has a power series expansion with p-adic integral coefficients, we have f'(zy) =
f'(0) (mod p). Hence, 2 is a simple zero of f in Z,. Therefore, by Theorem 1.11,
R(f(N)) = R((n(p-1y)) is dense in Q,. Hence, the quotient set of (x,),>0 is dense
in Q,.

Suppose that p = 2. Then, o = 2. We define a function f from Z, to Z, as

f(2) == 2a® exp,(zlog, a®)(co + 2¢12 + (2)%c22?).

It can be shown that R(f(N)) = R((x2,)) is dense in Q, which follows same as the
p > 2 case.

Next, if zg = 0, then ¢g = 0 and ¢; = 4‘”;%”. We have f(0) = 0. Suppose that
4azry # 3. Then, f'(0) # 0 which implies that 0 is a simple zero of f. Therefore,
by Theorem 1.11, the quotient set of (x,),>0 is dense in Q,. Conversely, suppose
that 4ax; = xo. This gives ¢; = 0, and hence z,, = a"cyn?. If ¢ = 0, then z,, = 0
for all n. If ¢o # 0, then the quotient set of (x,),>0 is equal to the quotient set of

{a"n? : n € Zso}. Since v,(a"n?) = 2u,(n), the p-adic valuation of these elements is

even for all n € Z~g. Therefore, by Lemma 1.12, the quotient set of (x,),>0 is not
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dense in Q,. This completes the proof of part (a) of the theorem.
Next, we prove part (b) of the theorem. For n > 0, the nth term of the sequence

is given by
T, = coa™ + cna™ + b = a™(co + an + 62(ba_1)n)7

where

b*zy — 2abxy — x2 + 2a1

Co =

(b—a) ’
o = T2 z1(a + b) + xoab
a(a —b) ’
y Ty — 20z F @’z
(b — a)

Let p > 2. Then, § = 1. Since p 1 ab(a — b), we can define an analytic function
f 12y — 7y as

f(z) = exp,(zlog, & *)(co + c12(p — 1) + c exp,(zlog, (ba™")P ™)),

which satisfies the equation f(n) = z,¢—1) for all n > 0.

Now, we have
f0)=co+co=20=0 (mod p)
and
F(0) =ci(p— 1) + ealog,(ba™" )P~ + (co + c2) log,a? " # 0 (mod p).

Therefore, by Hensel’s lemma, f has a zero 2 in Z,, such that 2y = 0 (mod p). Since

f has a power series expansion with p-adic integral coefficients, we have f'(zy) =

f'(0) (mod p). Hence, 2 is a simple zero of f in Z,. Therefore, by Theorem 1.11,
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R(f(N)) = R(xyp—-1)) is dense in Q,. Hence, the quotient set of (x,),>0 is dense in

Qp.
Suppose that p = 2. Then, 8 = 3. We define a function f from Z, to Z, as

f(z) = exp,(zlog, a®)(co + 2¢12 + ¢ exp,, (2 logp(ba_l)Q)).

It can be shown that R(f(N)) = R((z2,)) is dense in Q, which follows same as the

p > 2 case. [

Example 5.3.1. Let a € Z be such that p 1 a, and let (x,),>0 be a linear recurrence

sequence defined by the recurrence relation
=3 2 3
Tptl = ATy, — 34 °Tp_1 + A" Tp_o

form > 2, where xqg = 0, and x1 and xs are any integers satisfying ged(4a, x5) = 1.

Then, by Theorem 5.4 (a), the quotient set of (z,)n>0 is dense in Q,.
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p-Adic valuation of third order linear

IreCcurreice sequerces

6.1 Introduction

Understanding the p-adic valuation of sets is crucial for studying their denseness
in Q,. In this chapter, we will focus on the p-adic valuation of third order linear

recurremnce sequences.

!The contents of this chapter have been published in Results Math. 79 (2024).

87
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6.1.1 Tribonacci sequence

There are several generalizations of Fibonacci numbers. One of the most well-
known is the Tribonacci sequence (7),), which is defined by the recurrence 7,1 =
T, + Th—1 + T,—o, with initial values Ty = 0 and T} = T5 = 1. In [32], Marques and
Lengyel calculated the 2-adic valuation of the Tribonacci numbers 7T;,, and used their
result to solve the Diophantine equation 7, = m! in positive integers n, m. Later,
the 2-adic valuations of some other generalizations of Fibonacci numbers where
calculated, see for example [29, 50, 44]. Tripell sequences were also considered by
Bravo et al. in [4].

In [32, Conjecture 8], Marques and Lengyel conjectured that the p-adic valuation
of a Tribonacci number T, is either constant or is linearly dependent on the p-adic
valuation of the index n of the terms of the sequence for n in some congruence
class. However, in [2, Theorem 1.5] Bilu et al. showed that the conjecture fails for
a specific infinite set of primes of relative density 1/12. Our aim is to consider the

conjecture for any third order linear recurrence sequence.

6.2 A generalisation of the Marques and Lengyel
conjecture

For any third order linear recurrence sequence (), we restate the conjecture as

follows. We restate [2, Conjecture 1.2] which is equivalent to [32, Conjecture §].

Conjecture 6.1. [2, Conjecture 1.2] Let (x,) be a third order linear recurrence
sequence. Let p be a prime number. There exists a positive integer (Q such that for

every i € {0,1,...,Q — 1} we have one of the following two options.

(C) There ezists k; € Z>qo such that for all but finitely many n € Z satisfying n =i

(mod Q) we have vy(z,) = K;.
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(L) There exist

a; € Z, K; € Z, o7 € Z>0

satisfying

vp(a; — i) > v,(Q),

such that for all but finitely many n € Z satisfying n =i (mod Q) we have
Vp(Tp) = Ri + pavp(n — a;).

For a, b, c € Z, and a prime p, we consider a third order linear recurrence sequence

(x,,) for n € Z defined as
Ty = QTp_1 + bTy_9 + cxp_g With xg, 21,29 € Z and p 1 c. (6.1)

The characteristic polynomial of the linear recurrence sequence (6.1) is given by the

3 — ax® — bx — c. A linear recurrence sequence is said to be

polynomial P(z) = x
degenerate if its characteristic polynomial has a pair of distinct roots whose ratio is
a root of unity. Otherwise it is said to be non-degenerate. Suppose that (z,) is a
simple sequence, i.e, P(x) has distinct roots. Let K = Q, (A1, A2, A3) be the splitting
field of P(z) over Q,, where A, Ay, A3 are the distinct roots of P(x). Let O be the
ring of integers of K. Throughout the chapter, we consider primes p which do not
divide the discriminant of the characteristic polynomial so that K is unramified over
Qp.
For n > 0, the nth term of the sequence (z,) is given by the formula
3
T, = Zc,\i)\?, where ¢y, = q¢(\;)/P'(\i), (6.2)

=1

where ¢(z) := zox? + (z1 — Toa)x + (3 — 10 — 2ob). Since p does not divide the

discriminant of the polynomial, we have, c), € O. By our assumption, p does not
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divide ¢ which implies that the roots {1, A2, A3} C O*.

6.2.1 Twisted integral zero of a sequence

We consider non-degenerate third order linear recurrence sequences (z,) given

by (6.1) whose nth term satisfies the equation

3
ry=Y e\ forall neZ (6.3)

=

For n € Z, we say that n is a zero of (z,,) if

3
Z C)\l)\? = 0.
=1

Bilu et al. introduced the notion of a Twisted Integral Zero (TIZ), denoted by Z,

which is defined as the set of integers n such that

3
> Gea N =0
=1

for some roots of unity &7, &, &5. A systematic study of Twisted Zeros of the Tri-
bonacci sequence can be found in [3].

For a positive integer n, let N,» be the order of the subgroup (A1, A2, A3) in the
multiplicative group (O/p")*. For ¢ € {0,1,...,Ny» — 1}, consider the analytic
function f, : Z,, — Z, defined by

Zc,\ {exp,(zlog,(AY)), where N = Npn. (6.4)

Here, Z, denotes the ring of p-adic integers in Q,. We have,

fe(m) = 2pymy for allm € Z

TH-3679-196123104



6.2 A GENERALISATION OF THE MARQUES AND LENGYEL CONJECTURE 91

and it can be seen that N is the period of the sequence modulo p™.

It can be verified that the proof of the set of equivalent conditions of Conjecture
6.1 in [2] in terms of the zeros of the functions f;(z) holds true in the case of a
third order linear recurrence sequence (6.1) satisfying condition (6.3) as well. The

equivalent conditions are as follows.

Theorem 6.2. |2, Theorem 6.1] The following three statements are equivalent.
1. Conjecture 6.1 holds for the given p.
2. For every £ € {0,..., N — 1}, the zeros of the function fi(z) belong to N~'Z.
3. For every { the following holds: if b € Z, is a zero of fi(z) then { + Nb e Z.

Note that the equivalent statements hold for any N = Npn.

6.2.2 Tests to verify the validity of the conjecture

Using the equivalent conditions, we obtain two results that can be used to find

primes p for which the conjecture is true or false for sequences of the form (6.1).

Theorem 6.3. Let x, = ax, | + bx, o + cx,_3 be a third order linear recurrence
sequence with initial values o, x1, s satisfying equation (6.3). Suppose that the

characteristic polynomial P(z) := z*

— ax?® — bx — ¢ of (x,) is irreducible over Q
and A\, A2, A3 are the roots of P(x) in some extension of Q,. Also, assume that p

divides neither ¢ nor the discriminant of P(x). Then the following holds:

1. If p =2, then if there exists an £ € {0,1,..., N,p —1} such that p*|x,, To4N, —
zy Z0 (mod p?) and

Ty [ Te+N,2 — Lo -1
E — E (p—Q) Np2 ?é T (mod p)

for all r € Z, then Conjecture 6.1 does not hold for p.
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2. If p # 2, then if there exists an £ € {0,1,..., N, — 1} such that p|ze, T¢in, —
zp Z 0 (mod p?) and

) e <x£+N,, 7
p p

-1
Ve et
for all r € Z, then Conjecture 6.1 does not hold for p.

We prove a lemma which will be used in the proof of the theorem.

Lemma 6.4. Let (x,) be a linear recurrence sequence defined by (6.1) satisfying
equation (6.3). Suppose that N = Ny2. For f, defined by (6.4), if p* ¥ x,, then
fi(2) #0 for all z € Z,,.

Proof. Suppose that p? { zy. Since z,, = x, (mod p?) for n = ¢ (mod N), we have
vp(z,) < 2 for all n = ¢ (mod N). Therefore, |f,(m)], > p~2 for all integers m.

Hence, | f¢(z)|, > p~2 for all z € Z,. This completes the proof. |
Having Lemma 6.4 showed, we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. Suppose that p = 2, N = N and £ € {0,..., N, — 1}. If
p* 1 xy, then by Lemma 6.4, fy(x) has no zero in Z,. Hence, we consider ¢ such that

p?|ze. We define an analytic function

g(z) == fo(z)/p* = Zﬁkxk.

Then, we have

2(k—1) 3 log AV k
_b ¢ [ 198p N
fe= " 2o < P )
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for k > 1. Note that v,(8;) > 0 for & > 2. Also,
d(x) =5+ Z kBt = B (mod p).
k=2

Now,

3 N
log, A;
g/(O) q ﬁl i ZC)\i)\f pQ
i=1 p
3 )\N -
= Z e 5 (mod p)
i=1
= 9U€+1;;2— e (mod p)

Therefore, xy, x — xp Z 0 (mod p*) implies ¢’(0) = B; £ 0 (mod p).
For by = — BB, (mod p), we get,

g(bg) =0 (mod p),g'(bo) =1 Z0 (mod p).

Therefore, by Strassman’s Theorem and Hensel’s Lemma, g has a unique zero b = b,
(mod p) in Z,. Hence, f,(z) has a unique zero b in Z,.

If 4+ byN % r (mod p) for all r € Z, then ¢+ bN ¢ Z. But we have,

-1
€+bONE£_$_§(MN—2ﬂ> N #r (modp) forall r € Z.
p p

Therefore, by Theorem 6.2, the conjecture fails for p.
For p # 2, the proof proceeds along similar lines to the proof of [2, Theorem
8.1]. ]

We now present the second result, which gives specific conditions under which

the conjecture holds true.

Theorem 6.5. Let x, = ax,_1 + bx,_o + cx,_3 be a third order linear recurrence
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sequence with initial values o, x1, o satisfying equation (6.3). Suppose that the
characteristic polynomial P(z) := 2* — ax? — bx — ¢ of (x,) is irreducible over Q
and A1, A2, A3 are the roots of P(x) in some extension of Q,. Also, assume that p

divides neither ¢ nor the discriminant of P(x). Then the following holds:

1. If p =2, then if for all ¢ € {0,1,..., N2 — 1}, p*|a, implies Te4N,, — Tp %0
(mod p?) then, Congecture 6.1 holds for p if ¢ = r (mod N,z2) for somer € Z.

2. If p # 2, then if for all € € {0,1,..., N, — 1}, pla, implies x¢yn, — x¢ # 0
(mod p?) then, Conjecture 6.1 holds for p if ¢ =r (mod N,) for somer € Z.

Proof. The proof proceeds along similar lines to the proof of Theorem 8.2 in |2,

Theorem 8.2], so we omit the details for reasons of brevity. |

6.3 Twisted integral zeros of some third order
linear recurrence sequences

As evident from the previous theorems, it is beneficial to have a way to find out
the twisted integral zeros of sequences. The result below gives certain conditions
which ensure that for certain linear recurrence sequences, zeros are the only possible
twisted integral zeros. Using the Skolem tool [1], zeros of non-degenerate linear
recurrence sequences can be easily calculated. Before stating the result, we state a

lemma by Bilu et al. which is used to prove the result.

Lemma 6.6. [2, Lemma 2.5] Let o be an algebraic number of degree 3. Assume
that Q(«) is not a Galois extension of Q. Let ay(= «), ag, as be the conjugates of o
over Q. Assume further that the field Q(ay, g, a3) does not contain primitive cubic

roots of unity. Let &, &, &3 be roots of unity such that

a1&1 + axés + asés = 0.
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Then & = & = &3 and hence aq + as + ag = 0.

Theorem 6.7. Let x, = ax, 1 + bx,_o + cx,_3 be a third order linear recurrence

sequence with initial values o, x1, o satisfying equation (6.3). Suppose that the

3 —az®—bx—c of (z,) is irreducible over Q and

A1, A2, Az are the roots of P(x) in C. Then, the set of Twisted Integral Zeros of ()

characteristic polynomial P(x) := x

is equal to the set of zeros of (xy,) if the following three conditions hold:

1. Q(N\;) is not Galois for some 1 < i < 3.
2. For the i satisfying condition (1), log |M

c(A))
3,J # 1.

/log‘i—” ¢ 7 for some 1 < j <

3. Q(A\1, A2, \3) does not contain primitive cubic roots of unity.

Proof. We define «o; := ];’,(g‘/\"?) A?. Then, an integer n is a Twisted Integral Zero of
(xy) if Zle &a; = 0 for some roots of unity &1, &, &3.

Suppose that Q()\;) is not Galois for some 1 < i < 3. Clearly, o; € Q()\;). If
Q(ay) # Q(N;), then «; € Q since [Q(N\;) : Q] = 3. Since Q();) is not Galois, we have
Gal(Q(\1, A2, A3)/Q) is isomorphic to the symmetric group S;. For o = (i, ) € S,

we have o(;) = «;. Since o fixes a; € Q, we have

which yields

n = log |%|/log |i—Z’ ¢ Z,

and this gives a contradiction. Therefore, Q(q;) is equal to Q()\;) which shows that
Q(ay) is not Galois. Also, since Q(ay, az,a3) C Q(A, A2, A3), by condition (3),
Q(aq, ag, a3) does not contain primitive cubic roots of unity. Therefore, by Lemma

6.6, we have

3 3
Z&O‘i = 0 implies Zai =0.
=1 i=1
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Hence, n has to be a zero of (z,,). [
We give some examples as applications of Theorem 6.7.

Example 6.3.1. The Tribonacci sequence is defined as
Tp =Tp1+Tp o2+ Ty 3,20=011=129=1.

In [2], Bilu et al. proved that the set of Twisted Integral Zeros of () is equal to
{0,—1, —4, =17} which is also the set of zeros of the sequence.

Example 6.3.2. The Tripell sequence is defined as
Zr, = 2Tp—1 + Tp_g + Tp-3,To = O,$1 = 17x2 = 2.

Let A\ be the real root of the characteristic polynomial P(z) = x* — 22% — x — 1.
We have, Q(A1) is not Galois. Here q(x) = x. The condition (2) of Theorem 6.7

reduces to
i) P(\;
IOg |q( ) /( .7)
q(A;) P (Ai)
Now, to show that Q(Ai, Aa, A3) does not contain primitive cubic roots of unity,

observe that P(z) = 2* — 22* —x — 1 = (z + 25)(x + 27)(x + 28) (mod 41). There-

)
|/ log |TJ| ~ 0.668 ¢ Z.

fore, by Hensel’s lemma, P(z) has three distinct roots, say, N, Ny, Ny in Qu i.e,
Q(N}, Ny, Ns) C Quy but 23 —1 does not split modulo 41. Hence, Q41 does not contain
primitive cubic roots of unity. Therefore, Q(N|, Xy, \;) does not contain primitive
cubic roots of unity. Since Q(Ay, Ao, A3) is isomorphic to Q(N}, Ay, \5), Q(Ar, A2, A3)
does not contain primitive cubic roots of unity. Also, the Tripell sequence satisfies
the equation (6.3). Hence, the set of Twisted Integral Zeros of (x,) is equal to the
set of zeros of (x,) = {—1,0}. The set of zeros is calculated by using Skolem tool

[1].
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Example 6.3.3. A slightly modified Tripell sequence is defined as
Ty =2%p 1+ 20 0+ Xy 3,20 =0,21 = 1,290 = 2.

Let Ay be the real oot of the characteristic polynomial P(x) = x* — 22% — 22 — 1.
We have, Q(A\1) is not Galois. Here q(x) = x. The condition (2) of Theorem 6.7

reduces to
q(Ni) P'(N))

| A
8P )

s
|/ log |)\—J| ~ 0.861 ¢ Z.

Since P(x) = (x + 19)(x + 30)(x + 31) (mod 41), following the same argument as
given in Ezample 6.5.2, we find that Q(\1, A2, A3) does not contain primitive cubic
roots of unity. Hence, by Theorem 6.7, the set of Twisted Integral Zeros of (x,) is
equal to the set of zeros of (x,) = {—1,0}. We again calculate the zeros of (x,) by
using Skolem tool [1].

Using the above results, we run a program for primes upto 1000 for the recurrence

sequences defined in Examples 6.3.2 and 6.3.3 respectively, and obtain the following.

Theorem 6.8. (1) For the Tripell sequence as defined in Example 6.5.2, Conjecture
6.1 fails for

p € [5,1000]\{5, 19,29, 41,103, 137,151, 191, 283, 397, 487,491, 571, 709, 773, 787,

877,883,971, 983}

and Conjecture 6.1 holds for

p € {103,137,191, 397,487,491, 709, 773, 787,883,971, 983}
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i the form

vp(n+c¢)+1, ifn=—c (mod@,),—ce{0,—1}
0, otherwise,

where @, s given below.

p | 103 | 137 | 191 | 397 | 487 | 491 | 709 | 773 | 787 | 883 | 971 | 983
Qp | 102 | 136 | 95 | 198 | 486 | 245 | 708 | 772 | 262 | 882 | 970 | 491

(2) For the modified Tripell sequence as defined in Example 6.3.3, Conjecture 6.1
fails for

p € [5,1000]\{5, 7,23, 41,83, 131, 193, 227,293, 397,401, 659, 701, 787, 983}

and Conjecture 6.1 holds for

p € {5,23,41,131,193, 227, 293,401, 659, 701, 787,983 }

i the form

vp(n+¢)+1, ifn=—c (mod@,),—ce{0,—-1};
0, otherwise,

where @, s given below.

p | 5|23 41| 131|193 | 227 | 293 | 401 | 659 | 701 | 787 | 983
Qp | 822|401 130 | 192 | 113 | 292 | 400 | 658 | 350 | 786 | 982

Proof. In view of Theorem 6.7, we obtain Z = {—1,0} for the Tripell and modified
Tripell sequences. For both the sequences, we run a Python program for primes
p < 1000 and search for ¢ which satisfy the conditions of Theorem 6.3. This gives

primes for which the conjecture fails. Similarly, by running a Python program for
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6.4 THE DIOPHANTINE EQUATION z,, = m! 99

primes p < 1000, we check the conditions of Theorem 6.5 and obtain primes for
which the conjecture is true. In the cases where the conjecture holds, the p-adic
valuation can be calculated and the proof follows similar to the proof of Theorem

1.7 in [2, Theorem 1.7]. |

6.4 The Diophantine equation x,, = m!

To illustrate an application of p-adic valuation, we begin by explicitly calculating

the 2-adic valuation of the modified Tripell sequence, as defined in Example 6.3.3.

Theorem 6.9. Let (x,,) be the modified Tripell sequence. For n > 1, we have

0, ifn=1,4 (mod 6),
1, ifn=2,3 (mod 6),
VQ(In) =
2 + 1n(n), ifn=0 (mod 6),
\3+1/2(n-|-1), ifn=>5 (mod 6).

Proof. The period of the sequence modulo 22 is Ny2 = 6. It can be calculated that
vs(x,,) is constant 0 for n = 1,4 modulo 6 and is constant 1 for n = 2,3 modulo 6.
Now, we consider fy(x) for £ =0 and —1.

For n = (¢ (mod 6), z, = fi(z) where z = . Define

fe) = 22 - 5™ g,
k=0

where

Br, = =

k
_ IO ThaNlog00) 20 G~ g 00N
922k] 922k] -k o ’ '
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k
where 307 ey ! (bgg#?)) € Zy. We have fy =0 for £ =0, —1 and

5, F0) _ Lo Mlog, ()
1= 22 22

3
1 S — 1)2
=5 Zc)\i)\ié <)\? —1-— %) (mod 2%

1 -2
= — (flfg_,_g — 3y — (Teraxe 2$£+6 l xé)) (mod 2%).

It can be calculated that for £ =0, 8; = 2 (mod 2%). Hence, v5(53;) = 1. Similarly,
for £ = —1, we have 8; =4 (mod 2%). Hence, v5(5;) = 2.

Now,

1
By = = (Toraxe — 2Ter6 +2¢) =0  (mod 2°)

for both £ = 0 and ¢ = —1. Also, we have

1

2 % 3l (To43x6 — 3Tepaxe — Lo+ 32p16) =0 (mod 2°)

B3 =

for £ = —1. Moreover, by equation (6.5), we obtain

22(k—1)
k!

y2<5k>2y2< ):2(l<:—1)—yg(k!)>2(k:—1)—k:k:—2.

Therefore, v5(f8;) > 1 for k > 3 and v,(5;) > 2 for k > 4. Hence, for £ = 0, we have

vo(@n) = v2(fo(z)) =12 (22 (Z 5k:ﬂk)>

k>0

= I/Q(QQBLQT)

n
=3+ ()

=2+ 1p(n).

Similarly, vs(x,) = 3 + va(n + 1) for £ = —1. This completes the proof of the
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theorem. H

We state a lemma which gives bounds for the p-adic valuation of m! for any

positive integer m.

Lemma 6.10. [4, Lemma 2.1] For any integer m > 1 and prime p, we have

1

e 15 <y(m!) <
p—1 log p

where || denotes the largest integer less than or equal to x.

Theorem 6.11. For the linear recurrence sequence defined as x, = 2x, 1+ 2T, o+
Tn_3,T9 = 0,1 = 1,29 = 2, the only solutions of the Diophantine equation x, = m/!

in positive integers n,m are (n,m) € {(1,1),(2,2),(3,3)}.
Next, we prove a lemma which will be used in the proof of Theorem 6.11.

Lemma 6.12. Let (x,) be a linear recurrence sequence defined by x, = ax,_ i +
bx,_o + cx,_3,a,b,c > 0 such that the characteristic polynomial has a real root

~v > 1. Suppose that the initial values of the sequence satisfy the condition
T <@ <0 <ay <A <az <A

Then we have, forn > 1,

Proof. We prove the lemma using induction on n. The result holds for n = 1,2,3
by the hypothesis. Let n > 4. Suppose that "2 < z,, < 4™ ! holds for all m

where 3 < m <n — 1. Then,

cwm_Q + bvm_3 + ey <z, + b1 4 o < cwm_l + by 4 eym 3
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which implies
V"M@ + by A+ €) S @ <0y by + o). (6.6)
Since v is a root of the polynomial 2* — ax? — bz — ¢, so (6.6) gives
Y < Z < AP

This completes the proof. [ |
Having Lemma 6.12 showed, we are ready to prove Theorem 6.11.

Proof of Theorem 6.11. Suppose that z, = m! for some positive integers n and m.
For m < 5, it can be checked that the only solutions are (n,m) € {(1,1),(2,2),(3,3)}.
By Theorem 6.9, we have vy(z,) = va(m!) < 3+ max{ry(n),s(n+1)}. By Lemma
6.10, we have

{logm
iR

log2J — 1 < p(m!) < 3+ 2max{is(n), va(n + 1),

which yields

m logm 5
E = 2125)? — 5 S max{lj2(n), I/Q(n + 1)}

Therefore,

m logm 5

272 “2lgz 2 < Qmax{ra(n)2(nt} <y 4

and hence
—_—— - < = (6.7)

By Lemma 6.12, since v ~ 2.83 is a root which satisfies the conditions of Lemma
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6.12, we have 2.83"72 < z,, = m! < (2)™, for m > 5 which gives
(n — 2)log(2.83) < mlog %

Hence,
mlog 3

log 2.83 K

n <

Inserting this bound in equation (6.7), we get

which gives, m < 21 and hence n < 52. By a computational search, it can be

checked that {(1,1),(2,2),(3,3)} are the only solutions. |

In [44, Theorem 2], Sobolewski examined the Diophantine equation Hle T, =
m! for a general linear recurrence sequence (z,). He observed some properties for
(x,,) which guarantees that the equation has only finitely many solutions in positive
integers m,ni,...,nq. In the following theorem, we demonstrate that the Diophan-
tine equation x,, = m!, with (x,) satisfying a certain third order linear recurrence,

has only finitely many solutions if there exist a prime p for which Conjecture 6.1

holds.

Theorem 6.13. Let (x,,) be a linear recurrence sequence defined by x, = ax,_ 1 +
bx,,_o+ cx,_3, with initial values xg, 1, xo not all zeroes such that the characteristic
polynomial has a root v with |y| > 1. If there exists a prime p for which Conjecture
6.1 holds for (x,,), then the Diophantine equation x,, = m! has finitely many solutions
in positive integers (n,m) and the solutions can be effectively computed when the

form of Conjecture 6.1 is explicitly known.

We state a theorem which will be used in the proof of Theorem 6.13.

TH-3679-196123104



104 p-ADIC VALUATION OF LINEAR RECURRENCE SEQUENCES

Theorem 6.14. [15, Theorem 2.4] For any integer non-degenerate linear recur-
rence sequence a of order n with r < 3 dominating characteristic roots (roots of the

characteristic polynomial with mazimum absolute value),
la(@)] > Jaa[*a™) 2 > ¢(a)

where k(a) and c(a) are effective constants depending on the sequence and oy is a

dominating characteristic root.

Proof of Theorem 6.13. Suppose that x,, = m! for some positive integers n and m.
If Conjecture 6.1 holds for p, there exists @ such that for i € {0,1,...,Q — 1},
either v,(z,) = ki + pi(vp(n — a;)) ie, (L) holds or v,(z,) = &; i.e, (C) holds for
n =i (mod @) except for finitely many n. Suppose that x = max;{|s;|}. Define
L = pmax;{v,(n — a;)} where u = max;{y;} if the set of i such that (L) holds is

nonempty and L = 0 otherwise. Then,
Vp(2n) = vp(m!) <k + L.

By Lemma 6.10,

m_ {logm

p—1 long —1<y,(m!) <k+ um?x{yp(n —a;)}, when L #0

and

m logm
e LOgPJ — 1 <wy,(m!) <k, when L =0.

For L # 0, we have

m _{longl_l—Hi

< max{V,(n —a;)f.
plp—1) [logp|p  n il )}
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Therefore,

L_Llogm 1_1+k max; {vp(n—as)}
pre=D " Llegp Ju™ 7w < p@awpin=aili < 4 g where a = | max{—a,}|
(2

which gives

1 11 1
m . \‘ Og mJ ol + K S Og(n + a)’ Where a = |max{—az}‘ (68)
plp—1) |logp | p  p logp Z
By Theorem 6.14,
Iy["n @ < |z, | for n > () (6.9)

where = denotes the sequence (z,) and v is a dominating characteristic root such
that |y| > 1. From inequality (6.9), we can calculate a bound for values of n for

which z,, = m! for m <5. Suppose that m > 5. We have

ol e (™
@ < |on| =2 =ml< (5)
which gives
m
nlog |y| — k(x)logn < mlog 5 (6.10)

Combining (6.8) and (6.10), we get an effective bound for m and n. Similarly, it
can be shown that m and n are bounded effectively in the case when L = 0 as well.

This completes the proof. [ |

6.5 An Example

In [2], Bilu et al. studied Conjecture 6.1 for Tribonacci sequences, and they

showed that the conjecture fails for a specific infinite set of primes of relative density

TH-3679-196123104



106 P-ADIC VALUATION OF LINEAR RECURRENCE SEQUENCES

1/12. Following the same approach, we now give an example of a set of third order

linear recurrence sequences for which Conjecture 6.1 does not hold.

Example 6.5.1. Consider linear recurrence sequences defined as
Ty =3Tp 1+ aTp_2+ Ty_3,00 = 0,21 = 17-172 = 37

where a € Z 1is such that the characterisitic polynomial P(x) = z* — 32? —ax — 1 is
irreducible over Q and has a root A € C such that ﬁ ¢ R. It can be shown that
Congecture 6.1 fails for an infinite set of primes with relative density 1/12. Suppose
that A = {1, A2, A3} is the set of roots of P in some extension of Q, where Ay and
A3 are complex conjugates. Now, consider primes p =2 (mod 3) for which A C Q,
and p does not divide the discriminant of P(x). By the Chebotarev density theorem
and Dirichlet’s theorem, we obtain that such primes have relative density 1/12. We

have, fi(m) = Xpymn for m € Zso, where N = N, and ¢ € {0,1,...,N — 1}.

Consider the function

F(z,y,2) =2 +y° + 2° — 3zyz

=(z+y+2)(x+Cy+(2)(z+Cy+Cz),

where ¢ and  are primitive cube roots of unity. Since p =2 (mod 3), Q(A1, Az, A3)
does not contain any primitive cube roots of unity. Moreover, every element of Z,
—2/3

has only a single cube root in Z,. Let oy = ¢;A\; *'~, where )\;/3 15 the cube root of

i € Zy. Since \i + Ay + A3 = 3, we have,

34+ M+ A+ A

F = =0.
Therefore, one of the following holds.
—2/3 —2/3 —2/3
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C1Af2/3 n CC2)\2—2/3 4 263A;2/3 —0, (6.12)

e A 4 CeaN P+ Gy = 0. (6.13)

If (6.12) holds, then applying o € Gal(Q,(¢)/Q,) where o(¢) = (, we obtain (6.13).
Hence, we get (¢ — Z)(cg)\z_z/g — cg)\§2/3) = 0, which yields P,(’\/\QQ)g = P,(’\;g)g,. This is
not possible since \/ P'(\)* ¢ R. Therefore, we have, clAf2/3+02)\2_2/3+03/\;2/3 = 0.
Now, let £ be such that —2/3 = ¢ (mod N). Then, there exists b € Z, NQ such that
=2 = (+bN. Similar to the proof of Theorem 1.5 in [2], we can show that f,(b) = 0.
Consider n € Zsq such thatn = —2/3 (mod p—1). Then, n = ¢ = —2/3 (mod N).

Therefore, n =€+ Nm for m € Zsq. Since fi(b) =0, we have

By Proposition 3.1 in [2], we have

vp(fe(m) = fo(b)) = vp(m — ) = vp(n + 2/3).

Therefore, for n € Zso, n = —2/3 (mod p — 1), we have v,(x,) > vp(n+ 2). Let
(nk) be a sequence of positive integers satisfying ny, = —2/3 (mod (p — 1)p*). If
Congecture 6.1 is true for p, then for some i € {0,...,Q — 1}, the residue class i
(mod Q) contains infinitely many ny. Since v,(ny,+2/3) — oo, we have v,(x(n)) —
oo. Hence, for this i we must have option (L) of Conjecture 6.1 i.e, v,(x,,) =
Ki + pivp(ng — a;) for some a; € Z. Therefore vy(ng — a;) — 0o. But we also have

that v,(ny, +2/3) — oo which gives a contradiction since a; # —2/3.

Note that, in Example 6.5.1, for almost all positive integers a, P(z) has 3 real
roots, providing a method that mostly works for negative a. One could consider

flipping the sign of a.
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Remark 6.5.1. In [2, Theorem 1.8], it was shown that the conjecture can be par-
tially, but not completely, rescued by allowing rational twisted zeros in addition to
integral tunsted zeros. It would be interesting to explore the same for the Tripell and
modified Tripell sequence. Also, in view of Theorem 6.13, it would be interesting to
know, given any third order linear recurrence sequence, does there exist a prime p

for which the conjecture holds?
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Direction Sets

7.1 Introduction

Very recently, Leonetti and Sanna [30] introduced the notion of direction sets,
which generalizes the notion of ratio sets in R>(. For an integer £ > 2 and ) # A C

N, they considered the following sets:

Shi={z € [0,1)°: ||lz]| = 1}, DM(A) == {p(a) : a € A"}

!The contents of this chapter have been published in Integers 22 (2022).

109
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and

DX(A) = {p(a) : a € A},

where p : R*\ {0} — S*7! is the map defined by p(z) = a7 and Ak = {a € AF:
a; # aj for all i # j}. The sets D*(A) and DE(A) are called the k-direction sets
of A. We note that, for k¥ = 2, we can identify S' with [0, 4+o00] via a bijective
map and thus the question of denseness in R, can be translated into that in S?.
Therefore, direction sets are indeed generalizations of ratio sets. Leonetti and Sanna
[30, Theorem 1.2] proved a necessary and sufficient criterion that determines whether
aset X C S*! can be realized as the set of accumulation points of D%(A) for some
A C N. Moreover, they proved a sufficient condition (cf. [30, Theorem 1.5]) that
asserts whether D¥(A) is dense in S*~!. In this chapter, we further generalize the

notion of direction sets and introduce generalized k-direction sets as follows.

7.2 k-generalized direction set

Definition 7.1. Let k > 2 be an integer and let Uy, ..., U, be non-empty subsets
of N. We define the k-generalized direction set for the k-tuple (Uy,...,Uy) to be
DUy, ..., Uy) == {pus,...,ux) : u; € U; forj = 1,....k}. Also, we define the
distinct k-generalized direction set to be DE(Uy, ..., Uy) == {p(us,...,ux) : uj €
U; forj=1,...,k and u; # u; for all i # j}.

Our first theorem is an analogue of Theorem 1.2 of [30] for distinct k-generalized
direction sets. For any set X C S* !, we denote by X' the set of accumulation
points of X. Also, we denote by Sy the symmetric group on k elements {1,... k}.
For a permutation 7 € Sy, we define 7(x1,...,21) = (Tr1), ..., Tr)) for all z =
(21,...,x) in S¥~1. Also, for any subset I of {1,...,k}, we define p;(z) := p(y)

where y = (y1,...,yx) is defined as y; := x; if i € [ and y; := 0 if i ¢ I. We say that

I meets z if x; # 0 for some 7 € [.
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Our theorem provides a necessary condition for a set X C S*~! to be realized as
the set of accumulation points of DX(Uy, ..., U;). This indeed extends the necessary
conditions of Theorem 1.2 of [30] when all the U;’s are equal. It would be interesting
to investigate whether the necessary conditions of the following theorem are also

sufficient. We state our first theorem as follows.

Theorem 7.1. Let k > 2 be an integer. For subsets Uy,..., Uy of N, let X =
DEUY, ..., U)'. Then, we have:

(i) X is a closed subset of S*1.

(i) If Ui, = --- = U, for some {i1,...,im} C {1,...,k}, then for m € Sy with
w(j) =g for all j & {iy,... i}, we have w(x) € X for every x € X.

(iii) If |U;| > k for eachi € {1,...,k}, then for every I C {1,... k} that meets z,
we have p;(z) € X.

Proof. Since X is the set of accumulation points of a subset of S¥~!, we immediately

conclude that X is closed and (i) is satisfied.

To prove (ii), let U;, = --- = U;, for some {iy,... i} C {1,...,k} and let
x = (x1,2,...,75) € X = DE(U,,...,U;)". Then there exists a sequence p(a™) €
DE(UL, ..., U) converging to x such that p(a™) # x for infinitely many n, where

k
a™ € HUi' For 7 € Sj, with 7(j) = j for all j & {iy,...i,}, we consider b :=

i=1
k

m(a™) € H U;. Then p(b™) converges to m(z). Consequently, we have m(z) € X
i=1
for every z € X and thus (ii) is satisfied.

Now, assume that I is a non-empty subset of {1,...,k} that meets z. We
)

can consider a subsequence of @™ such that each a§” is non-decreasing for each
ie{l,...,k}. If je{l,...,k} \ I, then we can choose distinct ¢; € U; such that
for sufficiently large positive integer ng, a sequence d™ e Uy x - - x U, with distinct

coordinates can be defined for all n > ng with d™ := o™ for i € I and d™ := ¢;
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for i ¢ I. This choice is possible because of the assumption |U;| > k for each i. It
then follows that p(d™) converges to p;(z). Thus (iii) holds. This completes the
proof of Theorem 7.1. [

We recall that for a non-empty set A C N, the natural density of A is defined
#{neA:n< X}

as d(A) = )}im e , provided the limit exists. The next theorem
—00
provides a sufficient condition for D*(Uy, ..., Uy) to be dense in S¥~1.

Theorem 7.2. Let k > 2 be an integer and let Uy, ..., U, C N be such that d(Uj;)
k
exists and equals 0; > 0 for allt =1,... k. Assume that ﬂ U; is an infinite set.

i=1

Then D*(Uy, ..., Uy) is dense in S*1.

Proof. Let x € (x1,...,7;) € S¥ ! and let I; = (a;, b;) be open intervals such that
k

x; € I; for each i € {1,...,k}. Then H(ai, bi) N S*~! is a basic open set in SF!
i=1

containing z. For a real number X > 1, let Ui(X) == #{w; € Ujju; < X}. By

the hypothesis, we have that limx_, Ui)((X) = 9; > 0. This implies that U;(X) =
9;X + o(X). Therefore,
Ul(alX) — (5Za1X aF O<CL,L'X) a;

= =— <1
Xboo Uy(0iX)  Xooo 60X +o(b:X) b

Thus for every sufficiently large real number X, there exists uw; € U; such that
k

a; X <wu; < bX. That is, a; < § < ;. Since ﬂ U; is an infinite set, we can choose
. i=1
a large enough element u € ﬂ U; such that a;u < u; < bu for all i = 1,... k.
This, in turn, implies that % g%ai, b;). Using the fact that p(a) = % is continuous
k
function, we see that p(uq,...,ux) € H I; N S*1. In other words, D*(Uy, ..., Us)
is dense in S¥1. . [ |

The next theorem extends Theorem 1.5 of [30], which asserts that if for a set

. . . . . Qp,
A C N, there exists an increasing sequence {a,}>2, C A with lim
n—oo aT’L+1

=1, then
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D*(A) is dense in S¥~1. We generalize this for D¥(Uy, ..., Uy) as follows.

Theorem 7.3. Let k > 2 be an integer and let Uy, Us, ..., Uy be non-empty subsets

of N. If there exist increasing sequences uz(»n) C U foralli € {1,...,k} such that
(n—1)

lim 4 — 1, then D*(Uy, ..., Uy) is dense in S¥~1.
n—00 ugn)

Proof. Let x = (x1,...,2;) € S¥1 with z; > 0 for all i € {1,...,k}. We pick

)
an integer m such that m > u—x} for all ¢ € {1,...,k}. By the choice of

min{z1,...,zx

ul?) . (n) . . . e
m, we have —— < m. Since u; ’ is an increasing sequence of positive integers,
1

G
7

> m. Therefore, for
(m;—1) (m;)

all i € {1,...,k}, there exist m; such that Zi — < m < ux . That is, x; <

(my4) ()

for each i, there exists a smallest integer m; such that

(m;) )

“— < i, Since m; — 00 as m — oo, it follows that lim —— = ;.
u; g m—oo 1M

Consequently, tu = (%ugml), . %u,&m’“)) converges to z. Since p is a continuous

map, we conclude that p(u) = p(+u) converges to z. Consequently, D¥(Uy, ..., Uy)

1
is dense in S¥1. |
Remark 7.2.1. For an integer k > 2 and for each i € {1,...,k}, let a; and m;
be integers with ged(a;,m;) = 1. Let Py, := {p € P : p = a; (mod m;)}. For
Ui, = P,,,, using Dirichlet’s theorem for primes in arithmetic progressions, we see
that the hypotheses of Theorem 7.9 are satisfied. Therefore, DF(Pp,, ..., By, ) is

dense in SF1.

Theorem 7.4. Let k > 2 be an integer. For eachi € {1,... k}, let f;{(X1,...,Xn) €
Z[X1, ..., X,] be polynomials of total degree d; such that the sum of the coefficients
of degree d; terms is positive. Let U; := {fi(n1,...,nn)|(n1,...,nmn) € N?} NN,
Then D*(Uy, ..., Uy) is dense in SF1.

Proof. For a fixed integer ¢ € {1,...,k}, we consider the polynomial g;(X’) obtained
by replacing all the variables of g; by the variable X. We get, ¢:(X) = aq, X% +
ag, 1 X4 1+ +ag € Z[X]. Since a4, > 0, we conclude that for a sufficiently large
positive real number X, we have ¢;(X) > 0. Let B; := {gi(n)|n € N} N N. We
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G(X—1) _ aq,(X-1)% +--+ag

have 9i(X) ag; X %i4-+a,

which tends to 1 as X tends to co. Also, since g;(X)
is a polynomial in one variable, the sequence {g;(n)}2, is eventually increasing.
Therefore, by using Theorem 7.3, we obtain that D¥(B;) is dense in S*~!. Since
B; C U;, we conclude that D¥(Uy, ..., Uy) is dense in S¥~1. [

In [8], it is proven that there is a 3-partition of N = AU BUC, such that none of
R(A), R(B) and R(C) is dense in Rs(. That is, none of D?(A), D*(B) and D*(C) is
dense in S'. In [30], Leonetti and Sanna asked for a possible generalization of this
result for & > 3 [30, Question 1.9]. We give a partial answer to their question in the

next theorem.

Theorem 7.5. Let k > 3 be an integer. Then there exists a 3-partition N = AUBUC
of N such that none of D¥(A), D*(B) or D¥(C) is dense in S*1.

Proof. We consider the following three sets as in [8] (see also [5]).

A= J[s%2-5") NN,
k=0

B:=|J[2-5"3 55NN,
k=0

Lo O[3-5k,5-5’f)mN.
k=0
It is clear that A, B and C indeed give a partition of N. If D*(A), D*(B) or D*(C)
is dense in S*7!, then by Theorem 1.4 of [30], which states that if D¥(A) is dense
in S for some A C N, then D*"1(A) is dense in S*~2, we see inductively that
D?(A) (or D*(B) or D?*(C)) is dense in S', which is false (cf. [5, Proposition 3]).
Therefore, we get a 3-partition of N such that none of D*(A), D¥(B) or D*(C) is
dense in S*~!. This completes the proof of Theorem 7.5. [

Remark 7.2.2. In view of Theorem 7.5, it remains to be seen whether for a 2-

partition N = AU B, either D¥(A) or D*(B) is dense in S*~! or not. We note
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that Theorem 7.3 cannot be directly applied to resolve this issue. In other words,

we exhibit a 2-partition of N, none of which contains a sequence with the ratio of

consecutive terms converging to 1. This can be seen by considering A = U[Sk, 2.

k=0
3*)NN and B = U[Q-Bk, 3FHYAN. For, if {a, )}, C A is an infinite sequence, then
k=0

there are infinitely many indices i for which a; € [3%,2-3%) and a;, € [3%,2-3%) for

k < L. Then it follows that -2 < BY & % Therefore, the elements of the sequence

;41 3['

{aZL}SLO:l cannot get arbitrarily close to 1. Similar argument works for B as well.

This itself is an interesting question to decide whether D*(A) or D*(B) is dense in
Sk1

One of the interesting questions in the literature of fractionally dense sets is to
look for sets A C N such that the ratio set R(A) is dense in R-( but A contains no
3-term arithmetic progressions. One such set is A = {2 : m > 2} U {3" : n > 2},
which is known to be fractionally dense in R.q but A contains no 3-term arithmetic
progressions (cf. [5, Proposition 6]).

We shall see in the following theorem that we can obtain infinitely many sets
A C N having no arithmetic progression of length 3 such that D*(A) is dense in
Sk,

Theorem 7.6. There exists a set A C N such that A contains no 3-term arithmetic

progressions and D*(A) is dense in S*.

Proof. In [13], it has been proven that the equation 2" +y™ = 22" has no non-trivial
solution in Z if n > 3. In other words, the set A := {m" : r,m € Z,r > 3} does

not contain any 3-term arithmetic progressions. Since for a fixed value of » > 3, we

r

have = — 1 as m — oo, by Theorem 1.5 of [30], we conclude that DE(A) is

dense in S*~1. [ |
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7.2.1 Examples of dense direction sets

We discuss the denseness of some particular type of sets whose properties have
been recently considered in [17]. For an arithmetic function f : N — N and a
positive real number X let fx := #{n < X :n = kf(k) for some k € N}. Keeping
this notation, we state the results of [17] as follows.

Theorem 7.7. [17] (i) Let w(n) = Z L be the prime divisor function. Then

pln
peP

X N X
wx = 0 .
X log log X log log X

(i1) Let p(n) = #{1 < k < n : ged(k,n) = 1} be the Euler’s totient function.
Then

1
wherec:H<1+ >~1.365....
3 p(p—1++/p*>—p)

Now, we state our result as follows.

Theorem 7.8. Let A = {nw(n):n € N} and B = {n¢(n) : n € N}. Then for any
integer k > 2, we have that both D*(A) and D*(B) are dense in S¥1.

k

Proof. Let x = (x1,...,7;) € S* ! and let H(ai, b;) be a basic neighborhood of z.
i=1

Then by Theorem 7.7, we see that

” . X log log b; X i . .
limle:hm a L0806 :a—<1f0raHZW1th1§Z§k.
X—00 Wy, X X—o00 log log CL,-X bZX bl

Therefore, for sufficiently large X, there exists a; € A such that ;X < a; < b; X
k

for all i. That is, (%,,%) € H(%‘Jh’)- Hence p(aq,...,ax) = p(%, . ,%) €
i=1

k
H(ai, b;). Consequently, D*(A) is dense in S¥1.

=1
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Similarly, for D*(B), we note that

lim %—fX:@aforauz‘witmgigk

X—o00 ¢biX \/b_l
and thereafter it follows a similar line of argument. [ |

Remark 7.2.3. It is interesting to extend the notion of direction sets in the set
up of number fields and formulate analogous questions for the same. Let K C R
be a number field of degree d > 2 and let Oy be its ring of integers. Let O% :=
{a € Ok : Trgg(a) = 0} be the set of elements in O with trace 0. Since O s
a free Z-module of rank d and Tr is an additive group homomorphism from Ok to
Z, we see that O = O% @& Z. In particular, O% is a free Z-module of rank d — 1.
Therefore, O% itself is dense in R whenever d > 3. Also, for d = 2, we see that
the ratio set of O% is Q. Consequently, the direction set of O% is dense in S*~ for
any integer k > 2. We note that O% NN = (. In view of this, we ask the following

question.

Question 7.2.1. Let d > 2 and k > 2 be integers and let K be a number field of
degree d. Characterize the sets A C O such that ANN is finite and D*~1(A) is

dense in SF1.
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