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Abstract

The central theme of this thesis is to study the moments of certain exponential

sums, which we primarily capture by some asymptotic formulas. Our results are

conceptual advancements to previously known methods and results on Kloosterman

sums, generalized Gauss sums, and double exponential sums. Firstly, we introduce

some new techniques to find the number of solutions of certain congruence equations

modulo a prime p , which eventually allow us to obtain a sharper bound compared

to previously known bounds for the fourth power mean of the 3-dimensional Kloost-

erman sum. We further employ our techniques to find an asymptotic formula for the

fourth power mean of the 4-dimensional Kloosterman sum. Secondly, we study a

conjecture of Wenpeng Zhang on higher order moments of the generalized quadratic

Gauss sums weighted by L-functions. Previously known works on this conjecture

used Weil’s bound on curves, which seems to be insufficient to make further progress

in proving the conjecture. We estimate some complicated character sums involving

quadratic characters and find asymptotic formulas for such sums by relating these

sums to traces of cohomology sheaves. With the help of the new estimates, we es-

tablish Zhang’s conjecture upto weight 4. Thirdly, we study a problem on double

exponential sums. The problem of estimating double exponential sums in prime

fields is of a great interest in analytic number theory. We consider a double expo-

nential sum where the range of the summation depends on some subsets X and Y

v
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vi Abstract

of finite fields. As usually happens in this kind of sums, the problem is relatively

easy when one or both subsets are initial intervals of the form {1, 2, ..., N}, for some

integer N, as one can control the size of product of elements in the range. In our

work we consider intervals of arbitrary position and propose a new approach which

leads to a new estimate of the given sum.
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Introduction

In this thesis, we mainly study four different problems on exponential and charac-

ter sums. We study the asymptotic behaviour of certain exponential and character

sums, namely Kloosterman sums, quadratic Gauss sums, and double exponential

sums. The first part of the thesis is devoted to the study of Kloosterman sums.

Let q be any non-zero integer. For integers a and b, the classical Kloosterman sum

is defined by

S(a, b; q) =
∑

1≤x≤q
(x,q)=1

e

(
ax+ bx

q

)
, (1)

where e(y) = e2πiy and x denotes the multiplicative inverse of x mod q. In 1911,

such an exponential sum first appeared in an article of Henri Poincaré [34] on the

study of modular functions. In 1926, to study certain positive definite integral

quadratic forms, H. D. Kloosterman [27] reintroduced this exponential sum. Later

this sum was known as Kloosterman sum. H. D. Kloosterman had considerable

interest in the order of magnitude of S(a, b; q). He proved that

S(a, b; q) = O(q3/4+ε(a, q)1/4) (q →∞), (2)

1
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2 Introduction

for every positive ε. For primes q = p, the best possible bound till date is due to A.

Weil. In paper [37], Weil proved that

|S(a, b; p)| ≤ 2
√
p. (3)

Kloosterman sums play quite an important role in modern analytic number theory,

as well as the theory of automorphic forms, see for instance [20]. Indeed, H. D.

Kloosterman showed in [26] that any non trivial upper bound for S(a, b; q) gives a

corresponding improvement of Hecke’s upper bound for the Fourier coefficients of

certain cusp forms. In view of such connections, mathematicians were interested in

finding the order of magnitude of S(a, b; q) and its arithmetic properties. One of

the problems is to consider the moments of Kloosterman sums, namely

Vk(q) =
∑

a (mod q)

Sk(a, 1; q).

The original motivation to consider the moments directly follows from the work of

H. D. Kloosterman, who wished to gain non-trivial bound for individual sums. This

encouraged him to consider the problem in a global sense. It should be noted that

N. M. Katz [22] has studied the higher moments from a modern point of view. From

his result, one can deduce certain asymptotic formulas for any even power moments

of S(a, 1, q). In this thesis work, we mainly study asymptotic behaviour of mean

values of certain higher-dimensional Kloosterman sums modulo a prime p.

The second part of the thesis is devoted to the study of quadratic Gauss sums.

Let q ≥ 2 be an integer, and let χ be a Dirichlet character modulo q. For n ∈ Z,

we define the generalized quadratic Gauss sum G(n, χ; q) as

G(n, χ; q) =

q∑
a=1

χ(a)e

(
na2

q

)
, (4)

where e(y) = e2πiy. This sum generalizes the classical quadratic Gauss sum G(n; q),

TH-2337_156123024



Introduction 3

which is defined as

G(n; q) =

q∑
a=1

e

(
na2

q

)
.

The properties of G(n, χ; q) have been studied for a long time. The values of

G(n, χ; q) behave irregularly as χ varies. From a result of Cochrane and Zheng

[11], we can deduce

|G(n, χ; q)| ≤ 2ω(q)
√
q,

where ω(q) denotes the number of distinct prime divisors of q. In the case of prime

q, finding such bounds is due to Gauss. For further study, also see [37].

The Dirichlet L-function L(s, χ) is defined by

L(s, χ) =
∞∑
n=1

χ(n)

ns
,

where χ is a Dirichlet character modulo q and s is a complex variable with real

part greater than 1. In analytic number theory, at times problems become very

difficult to answer when specialised to L-functions. It has therefore been a common

theme of research to study families of L-functions and this point of view has led

to numerous insights. It has emerged from a series of results from last couple of

decades that while studying L-functions on average, a remarkable array of results

can be obtained if one has sufficiently strong information concerning the first and

especially the second moment of the values of the L-functions on the critical line.

More precisely, sometimes it is useful to study moments higher than the second

moment, which are often captured by some asymptotic formulas, together with some

basic information for individual L-functions. In this thesis work, we mainly study

higher order moments of quadratic Gauss sums weighted by L-functions. We make

progress in proving a conjecture of Wenpeng Zhang [40] on the product of quadratic

Gauss sums and classical L-functions. Our approach towards the problem is a

TH-2337_156123024



4 Introduction

conceptual advancement over earlier approaches to Zhang’s conjecture.

The last part of the thesis is devoted to the study of double exponential sums.

Let p be a prime. We denote the finite fields of p elements by Fp and denote the

group of units of Fp by F∗p. Given sets X ,Y ⊆ Fp, we define the following sums

Sa,r,s(X ,Y) =
∑
x∈X

∣∣∣∣∣∑
y∈Y

ep(ax
rys)

∣∣∣∣∣ , (5)

where

ep(z) = exp(2πiz/p),

r and s are integers, and the powers in the exponent are computed in Fp.

Clearly, in general settings without any restrictions on X and Y the presence of

powers r and s in the definition of Sa,r,s(X ,Y) is redundant, however they become

important for some special sets X and Y . In particular, these sums have been a

very active object of study, especially when one or both sets are intervals of the form

{A+ 1, . . . , A+N} ∈ [1, p− 1] (6)

of N consecutive residues modulo p. For example, when both X and Y are intervals,

for bounds on such sums, with (r, s) = (−1,−1), in which case they are called

incomplete double Kloosterman sums , see [6, 8, 7, 17] and for the case (r, s) =

(1,−2) , see [19]. The interest in such sums is instigated by the wealth of arithmetic

applications. For example,

• Bourgain and Garaev [8, 7] have used bounds on such sums to obtain stronger

versions of the Brun–Titchmarsh theorem on primes in arithmetic progressions;

• Friedlander and Iwaniec [17] have used these sums to derive new results on

the divisor function in arithmetic progressions;

TH-2337_156123024



Introduction 5

• Heath-Brown [19] has estimated such sums and applied them as a tool in

deriving new bounds on the smallest square-free number in an arithmetic pro-

gression.

Organization of the Thesis

We present the entire work of this thesis in five chapters as described below.

• Chapter 1: Preliminaries

• Chapter 2: Fourth power mean of the 3-dimensional Kloosterman sums mod

p

• Chapter 3: Fourth power mean of the 4-dimensional Kloosterman sums mod

p

• Chapter 4: Higher order moments of generalized quadratic Gauss sums weighted

by L-functions

• Chapter 5: Bounds on some double exponential sums

In Chapter 1, we define trace function and show how trace functions are related to

cohomology sheaves. In this chapter, we briefly give few examples of trace functions,

which will be used in subsequent chapters. We relate trace functions of more than

one sheaf by describing a notion called correlation sum of traces. Also we discuss

about few invariants related to sheaves like Swan conductors, conductors etc. Lastly,

we describe absolute irreducibility of a polynomial, which we will use in Chapter 2.

In Chapter 2, we study fourth power mean of a general 3-dimensional Kloost-

erman sum mod p. Recently, Zhang and Lv have found an asymptotic formula for

fourth power mean of a general 3-dimensional Kloosterman sum mod p. In this

chapter we prove an improvement of their asymptotic formula.

In Chapter 3, we study fourth power mean of a general 4-dimensional Kloost-

erman sum mod p. We prove an asymptotic formula for a fourth power mean of

TH-2337_156123024



6 Introduction

a general 4-dimensional Kloosterman sum. We use a result of P. Deligne, which

counts the number of Fp -points on the surface

(x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0, u 6= 0,

and then take an average of the error terms over u to prove the asymptotic formula.

We also find the number of solutions of certain congruence equations mod p which

we use to prove our main result.

In Chapter 4, we study higher order moments of the generalized quadratic Gauss

sums weighted by L-functions using estimates for character sums and analytic meth-

ods. We find asymptotic formulas for three character sums which arise naturally in

the study of higher order moments of the generalized quadratic Gauss sums. We then

use these character sum estimates to find asymptotic formulas for the 6th and 8th

order moments of the generalized quadratic Gauss sums weighted by L-functions.

In Chapter 5, we give a new bound of double sums with monomials over an

interval and an arbitrary set in finite fields. This bound generalizes and in some

cases improves previously known results.

TH-2337_156123024



1
Preliminaries

One of the most basic questions in number theory is to understand how vari-

ous sets of integers behave when restricted to congruence classes. Given an integer

q ∈ Z \ {0}, a congruence class modulo q is a subset of the shape a (mod q) =

a+ qZ ⊂ Z, for some integer a.

In number theory, specially in analytic number theory one is interested in studying

the behaviour of some given arithmetic functions along congruence classes, for in-

stance to determine whether a set of integers has finite or infinite intersection with

some congruence class. The analysis of such problem often involves certain specific

classes of functions on Z/qZ. While studying such functions it is natural to apply

7
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8 Preliminaries

the Chinese Remainder Theorem, which is given as

Z/qZ ∼=
∏
pα‖q

Z/pαZ,

where α is the highest power such that pα divides q. It largely reduces the study

to the case of prime power moduli. When the matter is as simple as possible, i.e.,

when q is a prime, then the ring Z/qZ is a finite field Fq and often the functions

that occur are what we call trace functions.

1.1 Characters

Trace functions modulo a prime p are special classes of C-valued functions on

Fp. The most significant example, beyond the constant function 1, is the Legendre

symbol, defined as

(
•
p

)
: x ∈ Fp →


0 if x = 0;

+1 if x ∈ (F×p )2;

−1 if x ∈ F×p \ (F×p )2.

On the way to proving the famous theorem on primes in arithmetic progression, P.

G. Dirichlet further enriched the class of trace functions. He introduced what we

now call Dirichlet characters. These are homomorphism of multiplicative groups

χ : (Z/pZ)× → C×,

with χ(0) = 0, for χ non-trivial. Another important example of trace functions are

the additive characters, i.e., homomorphisms from additive group to multiplicative

TH-2337_156123024



1.2 Algebraic exponential sums 9

group of complex numbers

ψ : (Z/pZ,+)→ C×.

It is well know that, these all are of the shape

x(∈ Z/pZ) 7→ ep(ax),

where a is fixed in Z/pZ and ep(x) = e
2πiax
p . Both additive and multiplicative

characters satisfy the orthogonality relations

∑
x∈Fp

ψ(x)ψ′(x) = pδψ∼ψ′ and
∑
x∈F×p

χ(x)χ′(x) = (p− 1)δχ∼χ′ ,

where for two functions f and g, the delta function is defined by

δf∼g =

1, if f = g;

0, if f 6= g.

It is important to note that such orthogonality relations can be generalized to arbi-

trary trace functions.

1.2 Algebraic exponential sums

In 1926, while studying the case of a positive definite homogeneous polynomial

of degree two in four variables and introducing a new variant of the circle method,

H. D. Kloosterman defined the so called Kloosterman sum, which is defined in (1).

This is another very important example of trace function, which is indeed defined

via Fourier transformation. The bound (2) proved by H. D. Kloosterman plays a

crucial role in the study of Diophantine equations. In 1948, this bound was improved

TH-2337_156123024



10 Preliminaries

by André Weil [21, Section 11.7], who as a consequence of his work on the Riemann

hypothesis for curves over finite fields proved the best individual upper bound as

given in (3).

A further important example of trace function is hyper-Kloosterman sums de-

noted as K(m, s; q) which were introduced by P. Deligne [13]. These are higher-

dimensional generalisation of classical Kloosterman sums and defined as

K(m, s; q) =

q∑′

x1=1

· · ·
q∑′

xs=1

e

(
x1 + · · ·+ xs +mx1 · · ·xs

q

)
(1.1)

for any fixed integer s ≥ 2 and any positive integer q ≥ 3. Here,
q∑′

x=1

denotes the

summation over all 1 ≤ x ≤ q such that gcd(x, q) = 1, e(y) = e2πiy, and x denotes

the multiplicative inverse of x .

Hyper-Kloosterman sums can be interpreted as an inverse of Mellin transforma-

tion of powers of Gauss sums and therefore can be used to study the distribution of

Gauss sums.

Now we are going to define some important terms and state some results, mostly

following [15], which will be required to prove our main results.

1.3 Formal definition of trace functions

1.3.1 Galois representations

Let P1
Fp be the projective line and A1

Fp ⊂ P1
Fp be the affine line and K = Fp(X)

be the functions field over Fp. Let Ksep ⊃ K be the separable closure of K and

Fp ⊂ Ksep denote the algebraic closure of Fp in Ksep. We denote by Ggeom and

Garith the geometric and arithmetic Galois group respectively, defined as

Ggeom := Gal
(
Ksep/Fp ·K

)
⊂ Garith := Gal (Ksep/K) .

TH-2337_156123024



1.3 Formal definition of trace functions 11

By restricting the action of an element of Garith to Fp, we have the exact sequence

1→ Ggeom → Garith → Gal
(
Fp/Fp

)
→ 1.

We denote by P1
Fp , the set of closed points of degree 1 and A1

Fp = P1
Fp \ {∞}. Note

that A1
Fp is identified with Fp by identifying x ∈ Fp with the degree one polynomial

X − x. A non-empty open set U ⊂ A1
Fp is the open complement of the closed set

ZQ ⊂ A1
Fp of the zeros of some polynomial Q and the set of closed points of degree

one in U is identified with the complement of the set of roots of Q contained in Fp :

U(Fp) ' {x ∈ Fp : Q(x) 6= 0}.

For x ∈ P1
Fp
, consider the ring of rational functions defined in a neighbourhood of

x and denote it by Ox , whose field of fraction is K . Let vx : K → Z ∪ {∞} be

the associated discrete valuation. We consider Ox = {f ∈ K : vx(f) ≥ 0} and

px = {f ∈ K : vx(f) > 0}, which is a maximal ideal. We denote by kx = Ox/px, its

residue field and by px, the size of kx, i.e., px = pdeg x where deg x is the degree

over Fp.

1.3.2 Decomposition group and inertia group

The valuation can be extended to a valuation on Ksep. We denote one such

extension as v{x} which determines a decomposition group D{x} and an inertia

group I{x} in the arithmetic Galois group, defined as

D{x} = {σ ∈ Garith| v{x} ◦ σ = v{x}},

TH-2337_156123024



12 Preliminaries

and

I{x} = {σ ∈ D{x}| σ(x) ≡ x (mod p{x}),∀x ∈ O{x}}.

From the definitions of D{x} and I{x}, we have

I{x} ⊂ D{x} ⊂ Garith.

Also these groups satisfy the exact sequence

1→ I{x} → D{x} → Gal(Fp/kx)→ 1.

Here Gal(Fp/kx) is topologically generated by the arithmetic Frobenius

u→ upx .

We denote the arithmetic Frobenius by Frobarithkx , which is defined over Fp. We call

its inverse as the geometric Frobenius and denote it as Frobgeomkx
. The lifts of the

geometric Frobenius defines an I{x} class in the decomposition group, which we

denote by Frob{x} ⊂ D{x}, and call as the Frobenius class at {x}.

Definition 1.1. Given x, a closed point of P1
Fp , a Garith -module V is unramified

(or lisse) at x if for any extension {x}, the corresponding inertia subgroup I{x} acts

trivially on V. Otherwise V is ramified at x.

If V is unramified at x, all the elements in the Frobenius class Frob{x} acts by

the same automorphism of V. We denote this automorphism by (Frob{x}|V ).

Fix some prime ` 6= p, consider Q`, the algebraic closure of the `-adic numbers

Q`. Trace functions modulo p are Q` -valued functions defined on the set of Fp -

points of the affine line A1
Fp . They are obtained from `-adic sheaves, often denoted

as F .

TH-2337_156123024



1.3 Formal definition of trace functions 13

Definition 1.2. Let U ⊂ A1
Fp be a non-empty open subset of A1

Fp defined over

Fp. An `-adic sheaf lisse on U, say F , is a continuous finite-dimensional Galois

representation

%F : Garith → GL(VF),

where VF is a finite dimensional Q` -vector space, which is unramified at every closed

point x of U. Here the dimension of the vector space VF is called the rank of F and

is denoted by rk(F).

1.3.3 The trace function attached to a lisse sheaf

For x ∈ U(Fp) , a closed point of degree one at which the representation %F is

unramified, we have a Frobenius conjugacy class (Frobx|VF), namely the union of all

the (Frob{x}|VF). By conjugacy the trace of all these automorphisms (Frob{x}|VF)

is constant within that class. We denote this common value by tr(Frobx|VF) and

call it the Frobenius trace of F at x.

Definition 1.3. Given an `-adic sheaf F lisse on U ⊂ A1
Fp , the trace function KF

is a function on U(Fp) given by

x ∈ U(Fp) 7→ KF(x) = tr(Frobx|VF).

These are Q` -valued functions, but often can be considered as complex valued

functions via the embedding

i : Q` → C.
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14 Preliminaries

1.4 Representations types

The definition of sheaves and trace functions in terms of Galois representations

enable to use the following terms from representation theory:

• An `-adic sheaf is irreducible if the representation %F is irreducible.

• An `-adic sheaf is geometrically irreducible if the restriction of %F to the

geometric Galois group Ggeom is irreducible.

• An `-adic sheaf is trivial if the representation %F is trivial. In this case the

trace function is constant 1.

One can also create new sheaves and trace functions from other sheaves. In the

following we discuss about such constructions:

• Given two sheaves F and G lisse on U and U ′ respectively, one can form the

direct sum sheaf F ⊕ G which is lisse on U ∩ U ′ and is of rank equal to the

sum of the ranks of F and G, and whose representation is %F⊕G = %F ⊕ %G.

Its trace function is given by the sum

KF⊕G(x) = KF(x) +KG(x),

for x ∈ U(Fp) ∩ U ′(Fp).

• Similarly, one can form the tensor product sheaf F⊗G which is lisse on U ∩U ′

with rank equal to the product of ranks of F and G, whose representation is

%F⊗G = %F ⊗ %G. The trace function for F ⊗ G is given by

KF⊗G(x) = KF(x)KG(x),

for x ∈ U(Fp) ∩ U ′(Fp).
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1.4 Representations types 15

• Let f ∈ Fp(X) be non-constant. We can view f as a non-constant morphism

from P1
Fp to P1

Fp . The Galois subgroup corresponding to this covering

Gal(Ksep/Fp(f(X))) ⊂ Garith

is isomorphic to Garith and therefore the restriction of %F to Gal(Ksep/Fp(f(X)))

defines an `-adic sheaf on P1
Fp lisse on f−1(U) which is denoted as f ∗F and

is called the pull-back of F by f. Its rank is equal to the rank of F and its

trace function is given by

Kf∗F(x) = KF(f(x)),

for x ∈ f−1(U)(Fp) \ {∞}. We will use this pull-back sheaf construction for

the following morphisms. These are special cases of fractional linear transfor-

mations.

Given γ =

a b

c d

 ∈ PGL2(Fp), the group of automorphism of P1
Fp , one

defines the automorphism

[γ] : x→ ax+ b

cx+ d
.

In particular, for

γ = n(b) =

1 b

0 1

 ,
we obtain the additive translation map x 7→ x+ b and for

γ = n(b) =

a 0

0 1

 , a 6= 0
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16 Preliminaries

we obtain the multiplicative translation map x 7→ ax. We denote the pull-back

sheaf by γ∗F .

Next we discuss the size of trace functions.

Definition 1.4. Let w ∈ Z. An `-adic sheaf F lisse on U is punctually pure of

weight w, if for any x ∈ U(Fp), the eigenvalues of (Frobx|VF) are complex numbers

of modulus pw/2x .

A sheaf is mixed of weights ≤ w if as a representation it is a successive extension

of sheaves punctually pure of weights ≤ w.

If F is mixed of weights w, one has for any x ∈ U(Fp)

|KF(x)| ≤ rk(F)pw/2.

It is always possible to reduce to the case of `-adic sheaves mixed of weights w ≤ 0.

For any w ∈ Z, there exists an `-adic sheaf Q`(w/2) of rank 1, lisse on P1
Fp , whose

restriction to Ggeom is trivial and Q`(w/2) is pure of weight −w. Given F of some

weight w′, the tensor product

F(w/2) := F ⊗Q`(w/2)

has weight w′ − w and the trace function is given by

x 7→ p−w/2KF(x).

1.5 Local monodromy representations

Given an `-adic sheaf F , let Dram
F ⊂ P1(Fp)\U(Fp) be the set of geometric points

where %F is ramified, that is, the inertia group I{x} acts non-trivially. The restriction

of the representations, %F|I{x} is called the local monodromy representation of F at

x.
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1.6 Some numerical invariants 17

This set of representations is fundamental to study F and its trace functions. Let

P{x} be the p-Sylow subgroup of I{x}. They sit in a standard short exact sequence

1→ P{x} → I{x} → I tame{x} → 1,

where I tame{x} is the inertia quotient I{x}/P{x}. For details, see [23, Chapter 1 ].

Definition 1.5. The sheaf F is called tamely ramified at x if P{x} acts trivially on

VF and is otherwise called wildly ramified.

1.6 Some numerical invariants

If the representation is wildly ramified, then one can talk about a numerical

invariant called the Swan conductor. There is a decreasing upper numeric filtration

I
(λ)
{x}, indexed by real numbers λ ≥ 0. Each I

(λ)
{x} is normal in D{x}, I

(0)
{x} = I{x} and

I{x} ⊃ P{x} ⊃ I
(λ1)
{x} ⊃ I

(λ2)
{x} for 0 < λ1 < λ2. Furthermore,

P{x} = the closure of
⋃
λ>0

I
(λ)
{x},

{1} =
⋂
λ>0

I
(λ)
{x} and I

(λ)
{x} =

⋂
0<t<λ

I
(t)
{x}.

We can decompose VF by a P{x} -stable direct sum as

VF =
⊕

λ∈Break(VF )

VF(λ)

indexed by a finite set of rational numbers Break(VF) ⊂ Q, the set of breaks of the

I{x} -module VF such that

VF(0) = V
P{x}
F ;

VF(λ)I
(λ)
{x} = 0, ∀ λ > 0;
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18 Preliminaries

VF(λ)I
(λ′)
{x} = VF(λ), ∀ λ′ > λ.

For more details see [23, Chapter 1]. The Swan conductor is defined as

Swanx(F) =
∑

λ∈Break(V )

λ dim(VF(λ)).

Using [23, Prop. 1.9] one can show that the Swan conductor is always an integer.

Now we define a numerical invariant which is a measure of complexity of a sheaf.

Definition 1.6. We define the conductor of F , denoted as C(F), via the following

formula

C(F) = rk(F) + |P1(Fp)− U(Fp)|+
∑

x∈DramF (Fp)

Swanx(F).

1.7 Some important cohomology sheaves

We now give few examples of cohomology sheaves which we will study or use as

a tool in our work in the thesis.

1.7.1 Trivial sheaf

The trivial representation Q` is everywhere unramified with pure weight 0, rank

1 and the conductor 1. Its trace function is KQ`(x) = 1.

1.7.2 Kummer sheaf

For any non-trivial Dirichlet character χ : F×p → C×, there exists an `-adic

sheaf Lχ, called as Kummer sheaf, of rank 1 with pure weight 0, unramified on

P1
Fp \ {0,∞}. Its trace function is KLχ(x) = χ(x) and conductor C(Lχ) = 3.

TH-2337_156123024



1.8 Quasi-orthogonality relations 19

1.7.3 Legendre sheaf

It is a non-trivial cohomology sheaf, denoted as F , associated to the Legendre

family of elliptic curves over the t-line

y2 = x(x− 1)(x− t),

where t ∈ Fp . It is of rank 2 with pure weight 1. The trace function associated to

F is given by

KF(t) =
∑
x∈Fp

(
x

p

)(
x− 1

p

)(
x− t
p

)
,

where
(
•
p

)
is the Legendre symbol. For a more detailed study, see [24, Chapter 15].

1.7.4 Kloosterman sheaf

In [12], P. Deligne gave a proof of the last Weil conjecture (Riemann hypothesis)

for algebraic varieties over finite fields and in [14] gave a generalisation to weights

of `-adic sheaves on such varieties. Another deep result is the construction of an

`-adic Fourier transform, corresponding to the discrete Fourier transform at the

level of trace functions, with a control of the weights. In particular he constructed

hyper-Kloosterman sums, which are defined in (1.1), as a trace functions of `-adic

sheaves. This sum was subsequently studied in depth by N. M. Katz in [23].

1.8 Quasi-orthogonality relations

Given two `-adic sheaves F and G both lisse on some non-empty open set U ⊂

A1
Fp and both pure of weight 0, consider the tensor product F ⊗D(G), where D(G)

is the dual sheaf of G. Here the dual-sheaf D(G) is the contragredient representation

D(%F) on the dual space Hom(VF ,Ql) . The sheaf F ⊗D(G) is also lisse on U and
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pure of weight 0. Moreover from the definition of conductors one sees that

C(F ⊗D(G)) ≤ C(F)C(G).

The trace functions of F ⊗D(G) are given by

x 7→ KF⊗D(G)(x) = KF(x)KG(x),

for x ∈ U(Fp). Therefore the trace formula can be used to evaluate the correlation

sums between the trace functions of F and G, defined as

C(F ,G) :=
1

p

∑
x∈Fp

KF(x)KG(x).

1.8.1 Decomposition of sheaves and trace functions

P. Deligne, on his way to the proof of the Riemann Hypothesis for projective

varieties over finite fields established that any `-adic sheaf, pure of weight zero,

is geometrically semi-simple, that is the representation %F|Ggeom decomposes into

a direct sum of irreducible representations of Ggeom. The irreducible components

occurring in the decomposition of %F|Ggeom are called the geometric irreducible com-

ponents of F . Considering semi-simplification, one can get

%F =
⊕
i∈I

%Fi

where %Fi are arithmetically irreducible and lisse on U. Since semi-simplification

does not change the trace functions, one obtains a decomposition of trace function

KF =
∑
i

KFi .

Theorem 1.1. [15, Theorem 5.2](Quasi-orthogonality relation) Suppose that F and
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1.9 Absolutely irreducible polynomials 21

G both are punctually pure of weight 0 and both are geometrically irreducible with

nF copies of the irreducible component Firr for F and nG copies of the irreducible

component Girr for G. Then we have

C(F ,G) =

(
nF ·nG∑
i=1

αi,F ,G

)
δF∼geomG +O

(
C(F)2C(G)2

p1/2

)
,

where αi,F ,G is a complex number of modulus 1. In particular, if F and G are both

geometrically irreducible, then there exists αF ,G ∈ S1 such that

C(F ,G) = αF ,GδF∼geomG +O

(
C(F)2C(G)2

p1/2

)
.

1.9 Absolutely irreducible polynomials

In this section we discuss a notion called absolutely irreducible polynomial which

we will use in Chapter 2 .

Definition 1.7. Let Fq be any field with q elements. A polynomial f(x1, x2, ..., xn) ∈

Fq[x1, x2, ..., xn] is called absolutely irreducible if it cannot be factored in a non-trivial

manner in any algebraic extension of Fq.

For prime p consider the congruence

f(x1, x2, ..., xn) ≡ 0 (mod p), (1.2)

where f(x1, x2, ..., xn) ∈ Fp[x1, x2, ..., xn].

S. Lang and A. Weil [30] showed that, if f is fixed and the prime modulus p

varies, then the number N of solution of the congruence (1.2) becomes arbitrarily

large as p increases and they even gave an estimate for the rate of increase of N.

Their result can be formulated precisely as follows.
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Theorem 1.2. The number N(f, p) of solutions of the congruence (1.2) satisfies

the inequality

|N(f, p)− pn−1| < A(f)pn−1−(1/2),

where A(f) depends only on the polynomial f, not on p.

Lemma 1.3. For a prime p, the polynomial f(x, y) = (x−1)(y−1)(1−xy)−uxy ∈

Fp[x, y], u(6= 0) ∈ Fp is absolutely irreducible over Fp.

Proof. Consider Fq, a finite extension of Fp. Let the given polynomial be factored

as,

(x− 1)(y − 1)(1− xy)− uxy = (S1(y)x+ T1(y))(S2(y)x+ T2(y)),

in Fq[x, y]. Then comparing the coefficients of x, we get

S1(y)S2(y) = y − y2,

T1(y)T2(y) = 1− y,

S1(y)T2(y) + S2(y)T1(y) = y2 − uy − 1.

If S1(y) = T1(y) = (1−y) or S2(y) = T2(y) = (1−y), then we have that 1−y divides

y2 − uy − 1, which is a contradiction. Hence we must have S1(y) = T2(y) = (1− y)

or T1(y) = S2(y) = (1− y), which implies

(1− y)2 + y = y2 − uy − 1

i.e., y =
2

1− u
,

which is a contradiction. Hence the polynomial f(x, y) must be absolutely irre-

ducible over Fp. �
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2
Fourth power mean of the 3-dimensional

Kloosterman sum mod p

2.1 Introduction

In (1.1), we have defined hyper-Kloosterman sums K(m, s; q), which are also

called higher-dimensional Kloosterman sums. We define the general higher-dimensional
1The contents of this chapter have been accepted for publication in Funct. Approx. Comment.

Math (2020).
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24 Fourth power mean of the 3-dimensional Kloosterman sum mod p

Kloosterman sums K(m, s, χ; q) by

K(m, s, χ; q) =

q∑′

x1=1

· · ·
q∑′

xs=1

χ(x1 · · ·xs)× e
(
x1 + · · ·+ xs +mx1 · · · xs

q

)
.

Here,
q∑′

x=1

denotes the summation over all 1 ≤ x ≤ q such that gcd(x, q) = 1,

e(y) = e2πiy, and x denotes the multiplicative inverse of x mod q, χ is a Dirichlet

character mod q, m is any integer. Many authors studied the arithmetical properties

of K(m, s; p) and obtained a series of interesting results.

One such result is due to Mordell [33]. For odd prime p, he found the following

estimate

|K(m, s; p)| � p
s+1
2 .

Later P. Deligne [13] improved Mordell’s result and obtained the upper bound esti-

mate

|K(m, s; p)| ≤ (s+ 1)p
s
2 . (2.1)

There are many important applications of hyper-Kloosterman sums. One such is

their occurrence in the study of automorphic forms. For instance, in [32], W. Luo,

Z. Rudnick and P. Sarnak used the fact that powers of Gauss sums occur in the root

number of the fundamental equation of certain automorphic L-functions, the inverse

Mellin transform property and Deligne’s bound to obtain a trivial estimate for the

Langlands parameter of automorphic representations on GLn. In addition, as for

the classical Kloosterman sums, hyper-Kloosterman sums also occur in the spectral

theory of GLn automorphic forms. Later on many other results are obtained, see

for example [31, 35, 36, 38].
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2.2 Statement of the main result 25

In this chapter we will only concentrate on the general higher-dimensional Kloost-

erman sums. It is well known that for any principal character χ,

K(m, 1, χ; p) = −2
√
p cos(θ(m)),

for integer m , where the angle θ(m) is equidistributed in [0, π] with respect to

the Sato-Tate measure 2
π

sin2(θ)dθ. For example, see [23]. Thus moments can be

estimated by evaluating the corresponding integral

1

p− 1

p−1∑
m=1

| 2
π

sin2(θ)dθ|2` ≈ 22`p`
2

π

∫ π

0

cos2`(θ) sin2(θ)dθ,

where ` is any positive integer. It would be interesting to investigate whether

something similar is known for higher-dimensional generalized Kloosterman sums.

In this chapter we study fourth power mean value of the general s-dimensional

Kloosterman sum

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
x1=1

· · ·
p−1∑
xs=1

χ(x1 · · ·xs) · e
(
x1 + · · ·+ xs +mx1 · · ·xs

p

)∣∣∣∣∣
4

. (2.2)

2.2 Statement of the main result

In case of s = 1, it is easy to evaluate (2.2). It can be easily seen that

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
a=1

χ(a) · e
(
a+ma

p

)∣∣∣∣∣
4

= 2p4 − 8p3 + 10p2 − 3p− 1.

For s ≥ 2, Zhang and Li [41] first studied this sum and obtained an exact compu-

tational formula for (2.2) with s = 2. For prime p > 3, they proved the following
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identity

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

χ(ab) · e
(
a+ b+mab

p

)∣∣∣∣∣
4

= (p− 1)(2p5 − 7p4 + 2p3 + 8p2 + 4p+ 1).

Recently, Zhang and Lv [42] obtained the formula for s = 3. For example, for p > 3,

they prove that

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
4

= 2p8 +O(p
15
2 ). (2.3)

Here we improve the asymptotic formula (2.3). To be specific, we prove the following

theorem.

Theorem 2.1. For any prime p > 3, we have

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
4

= 2p8 +O(p7).

2.3 Proof of Theorem 2.1

In [42, Lemma 2.2], Zhang and Lv found an estimate of a character sum and

used it to prove the asymptotic formula (2.3). In the following lemma, we obtain

a better estimate of the sum. In the proof we take an average of the number of

Fp -points on (x− 1)(y− 1)(1−xy)−uxy = 0 over u, an idea due to Cochrane (see

for example [10]). We denote the principal character by χ0. The arguments in the

proofs given in this chapter are variants of [42].
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2.3 Proof of Theorem 2.1 27

Lemma 2.2. Let p be an odd prime. Then we have the identity

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1

x1x2x3≡y1y2y3 (mod p)
(x1−1)(x2−1)(x3−1)≡(y1−1)(y2−1)(y3−1) (mod p)

χ0 ((x1x2x3 − 1)(x1 − 1)(x2 − 1)(x3 − 1))

= p4 − 10p3 +O(p2).

Proof. Note that χ0(n) = 1 if gcd(n, p) = 1 and χ0(n) = 1 if p|n. Hence, we have

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

χ0 ((x1x2x3 − 1)(x1 − 1)(x2 − 1)(x3 − 1))

= M1 −M2 −M3, (2.4)

where

M1 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1;

M2 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi≡1 (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1;

M3 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1)≡0 (mod p)

χ0 (x1x2x3 − 1) .
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From [42, (2.4) and (2.9)], we know that

M3 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1)≡0 (mod p)

χ0 (x1x2x3 − 1) = 9(p− 2)3, (2.5)

M1 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1 = p4 − 9p2 + 5p+ 11. (2.6)

Next, we have

M2 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi≡1 (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1

=

p−1∑
u=0


p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1∏3

i=1 xi≡1 (mod p),
∏3
i=1(xi−1)≡u (mod p)

1


2

= (3p− 5)2 +

p−1∑
u=1


p−1∑
x1=1

p−1∑
x2=1∏2

i=1(xi−1)(x1x2−1)≡u (mod p)

1


2

= (3p− 5)2 +

p−1∑
u=1

−2 +

p−1∑
x1=0

p−1∑
x2=0

(x1−1)(x2−1)(1−x1x2)−ux1x2≡0 (mod p)

1


2

. (2.7)

We define M(u) as the cardinality of the set

{(x1, x2) ∈ F2
p| x1, x2 6= 0, (x1 − 1)(x2 − 1)(x1x2 − 1) = u}.

Consider the polynomial

f(x, y) = (x− 1)(y − 1)(1− xy)− uxy
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in Fp[x, y]. In Lemma 1.3, we have proved that the polynomial f(x, y) is absolutely

irreducible over Fp, for any fixed u ∈ Fp \ {0}. Hence from Theorem 1.2, we have

p−1∑
x1=0

p−1∑
x2=0

(x1−1)(x2−1)(1−x1x2)≡ux1x2 (mod p)

1 = p+ E(u),

where E(u) = O(
√
p). Thus,

M(u) =

p−1∑
x1=1

p−1∑
x2=1

(x1−1)(x2−1)(x1x2−1)≡u (mod p)

1 = p− 2 + E(u). (2.8)

Note that

p−1∑
u=1

M(u) = #{(x1, x2) ∈ F2
p| x1, x2 6= 0, 1; x1x2 6= 1}

= p2 − 5p+ 6. (2.9)

Hence (2.8) and (2.9) yield

p−1∑
u=1

E(u) = p2 − 5p+ 6− (p− 1)(p− 2)

= −2p+ 4. (2.10)

From (2.8) and then using (2.10) and the fact that E(u) = O(
√
p), we obtain

p−1∑
u=1

(M(u))2 =

p−1∑
u=1

(p− 2)2 + 2(p− 2)

p−1∑
u=1

E(u) +

p−1∑
u=1

(E(u))2

= (p− 1)(p2 − 4p+ 4) + 2(p− 2)(−2p+ 4) +O(p2)

= p3 +O(p2). (2.11)
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30 Fourth power mean of the 3-dimensional Kloosterman sum mod p

Hence from (2.7) and (2.11) we get

M2 =

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
y1=1

p−1∑
y2=1

p−1∑
y3=1∏3

i=1 xi≡
∏3
i=1 yi≡1 (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1 = p3 +O(p2). (2.12)

Combining (2.4), (2.5), (2.6), and (2.12) we obtain the required result. �

Lemma 2.3 (Lemma 2.3 [42]). Let p be an odd prime and χ be any character mod

p. Then for primitive character χ1 mod p, we have the identity

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= p4

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc)χ1((abc− 1)(a− 1)(b− 1)(c− 1))

∣∣∣∣∣
2

.

We now give a proof of Theorem 2.1.

Proof of Theorem 2.1. From the orthogonality property of characters mod p we

have

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= (p− 1)

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
4

. (2.13)

Also we have

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

=
∑

χ mod p

∑
χ1 mod p
χ1 6=χ0

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2
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+
∑

χ mod p

∣∣∣∣∣∣
p−1∑
m=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

. (2.14)

From (3.3) of [42] we get

∑
χ mod p

∣∣∣∣∣∣
p−1∑
m=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= (p− 2)(p4 − 2p3 − p2 − p)2 + (p4 − p3 − p2 − p− 1)2

= (p− 1)(p8 +O(p7)). (2.15)

Now using Lemma 2.2 and Lemma 2.3 we have

∑
χ mod p

∑
χ1 mod p
χ1 6=χ0

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= p4(p− 1)2(p4 − 10p3 +O(p2))− p4(p− 1)(p− 2)(p2 − 5p+ 7)2

= (p− 1)(p8 +O(p7)). (2.16)

Combining (2.14), (2.15) and (2.16) we obtain

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

χ(abc) · e
(
a+ b+ c+mabc

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= (p− 1)(p8 +O(p7)) + (p− 1)(p8 +O(p7))

= (p− 1)(2p8 +O(p7)). (2.17)

Finally using (2.13) and (2.17), we complete the proof of our main theorem. �
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32 Fourth power mean of the 3-dimensional Kloosterman sum mod p

2.4 Concluding remarks

The Kloosterman sum K(m, s, χ; q) is defined for any modulus q . However, in

the asymptotic formula (2.3) and Theorem 2.1, the Kloosterman sum is considered

for prime modulus only. It would be interesting to extend Theorem 2.1 to any

modulus q . It should be noted that the proof of Theorem 2.1 depends on the classical

estimate of the number of points on the curve (x−1)(y−1)(1−xy)−uxy = 0, u 6= 0

over a finite field, which comes from Theorem 1.2 using the absolute irreducibility

of the polynomial (x− 1)(y− 1)(1− xy)− uxy over a finite field. Therefore, it may

not be trivial to extend Theorem 2.1 to any modulus q .
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3
Fourth power mean of the 4-dimensional

Kloosterman sum mod p

3.1 Introduction and statement of the main result

In this chapter we study the fourth power mean value of the general 4-dimensional

Kloosterman sums

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
x1=1

· · ·
p−1∑
x4=1

χ(x1 · · · x4) · e
(
x1 + · · ·+ x4 +mx1 · · ·x4

p

)∣∣∣∣∣
4

. (3.1)

1The contents of this chapter have been published in Research in Number Theory (2020).

33
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34 Fourth power mean of the 4-dimensional Kloosterman sum mod p

For an odd prime p, using (2.1) with s = 4 and then taking summation over χ and

m, one can find that

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
4

≤ 54p10. (3.2)

Finding an asymptotic formula for (3.1) seems to be more difficult as the idea

used in [42] to derive (2.3) is not sufficient to get a better estimate than (3.2). In

the following theorem we find an asymptotic formula for (3.1). To be specific, we

prove the following.

Theorem 3.1. For any prime p > 3, we have

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣
p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
4

= 2p10 +O(p9).

Throughout this chapter,
∑
X

and
∑
X′

denote the sums
p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1

and

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

, respectively. Similarly, we use the notation
∑
Y

and
∑
Y ′

, where Y

denotes the 4-tuples (y1, y2, y3, y4) and Y ′ denotes the 3-tuples (y1, y2, y3) with

1 ≤ yi ≤ p − 1 for all i. We denote the principal character by χ0 which is defined

as χ0(n) = 1, if gcd(n, p) = 1 ; and χ0(n) = 0, if p|n.

3.2 Some congruence equations modulo p

In this section we find the number of solutions to some congruences modulo p.

Lemma 3.2. Let p be an odd prime. Let S1 be the set of solutions in (F×p )7 of the

following congruences modulo p:

x1x2x3x4 ≡ y1y2y3,

4∏
i=1

(xi − 1) ≡ 0,
3∏
i=1

(xi − 1) ≡
3∏
i=1

(yi − 1).
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3.2 Some congruence equations modulo p 35

Then the number of elements in the set S1 is given by

|S1| = 10p4 − 63p3 + 159p2 − 199p+ 107.

Proof. We have

|S1| =
∑
X′

∑
Y ′∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1 +
∑
X′

p−1∑
x4=2

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡0 (mod p)∏3
i=1(xi−1)≡

∏3
i=1(yi−1) (mod p)

1. (3.3)

From [42, (2.9)] we have

∑
X′

∑
Y ′∏3

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡
∏3
i=1(yi−1) (mod p)

1 = p4 − 9p2 + 5p+ 11. (3.4)

Also, the second sum can be written as

∑
X′

p−1∑
x4=2

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡0 (mod p)∏3
i=1(xi−1)≡

∏3
i=1(yi−1) (mod p)

1

= 3

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x4=2

∑
Y ′

x1x2x4≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1 + 3

p−1∑
x1=2

p−1∑
x4=2

∑
Y ′

x1x4≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1 +

p−1∑
x4=2

∑
Y ′

x4≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1. (3.5)

To calculate (3.5), we first note the following three sums:

p−1∑
a1=2

p−1∑
a2=2

p−1∑
a3=2

a1a2a3≡1 (mod p)

1 = (p− 1)2 − 3(p− 2)− 1, (3.6)
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36 Fourth power mean of the 4-dimensional Kloosterman sum mod p

which gives

p−1∑
a1=2

p−1∑
a2=2

p−1∑
a3=2

p−1∑
a4=2

a1a2a3a4≡1 (mod p)

1

= (p− 1)3 − 4[(p− 1)2 − 3(p− 2)− 1]− 6(p− 2)− 1

= p3 − 7p2 + 17p− 14, (3.7)

and it finally yields,

p−1∑
a1=2

p−1∑
a2=2

p−1∑
a3=2

p−1∑
a4=2

p−1∑
a5=2

a1a2a3a4a5≡1 (mod p)

1 = p4 − 9p3 + 31p2 − 49p+ 30. (3.8)

Using (3.6), (3.7) and (3.8) we find that

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x4=2

∑
Y ′

x1x2x4≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1

= 3

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x4=2

p−1∑
y2=2

p−1∑
y3=2

x1x2x4≡y2y3 (mod p)

1 + 3

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x4=2

p−1∑
y3=2

x1x2x4≡y3 (mod p)

1 +

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x4=2

x1x2x4≡1 (mod p)

1

= 3p4 − 24p3 + 73p2 − 101p+ 54, (3.9)

p−1∑
x1=2

p−1∑
x4=2

∑
Y ′

x4x1≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1 = 3

p−1∑
x1=2

p−1∑
x4=2

p−1∑
y2=2

p−1∑
y3=2

x4x1≡y2y3 (mod p)

1 + 3

p−1∑
x1=2

p−1∑
x4=2

p−1∑
y3=2

x4x1≡y3(mod p)

1 +

p−1∑
x1=2

p−1∑
x4=2

x4x1≡1(mod p)

1

= 3p3 − 18p2 + 37p− 26, (3.10)
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and

p−1∑
x4=2

∑
Y ′

x4≡y1y2y3 (mod p)∏3
i=1(yi−1)≡0 (mod p)

1 = 3

p−1∑
x4=2

p−1∑
y2=2

p−1∑
y3=2

x4≡y2y3 (mod p)

1 + 3

p−1∑
x4=2

p−1∑
y3=2

x4≡y3 (mod p)

1 = 3p2 − 12p+ 12. (3.11)

Employing (3.9), (3.10) and (3.11) into (3.5), we obtain

∑
X′

p−1∑
x4=2

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)∏3

i=1(xi−1)≡0 (mod p)∏3
i=1(xi−1)≡

∏3
i=1(yi−1) (mod p)

1 = 9p4 − 63p3 + 168p2 − 204p+ 96. (3.12)

We now complete the proof by combining (3.3), (3.4) and (3.12). �

Lemma 3.3. Let p be an odd prime and S2 be the set of solutions in (F×p )7 of the

following two congruences modulo p:

x1x2x3x4 ≡ y1y2y3,
3∏
i=1

(xi − 1) ≡
3∏
i=1

(yi − 1).

Then we have

|S2| = p5 − 2p4 − 5p3 + 12p2 + 3p− 13.

Proof. For 0 ≤ u ≤ p− 1, let S(u) denote the number of solutions of

3∏
i=1

(xi − 1) ≡ u (mod p),

where xi ∈ F×p for i = 1, 2, 3. For u = 0 we count solutions with exactly one, two

and three of the xi = 1, to get

S(0) = 3(p− 2)2 + 3(p− 2) + 1 = 3p2 − 9p+ 7.
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For u = p− 1, x1 and x2 can freely run through p− 2 values, except for the p− 2

pairs (x1, x2) where solving for x3 gives x3 = 0. Thus

S(p− 1) = (p− 2)2 − (p− 2) = p2 − 5p+ 6.

Finally, for 1 ≤ u < p − 1, x1 and x2 can freely run through p − 2 values except

for the p− 3 pairs (x1, x2) giving x3 = 0. Thus, for 1 ≤ u < p− 1, we have

S(u) = (p− 2)2 − (p− 3) = p2 − 5p+ 7.

For any choice of x1, x2, x3, y1, y2, y3; x4 is uniquely determined by the first equation

x1x2x3x4 ≡ y1y2y3 (mod p). Therefore

|S2| =
p−1∑
u=0

S(u)2 = (3p2 − 9p+ 7)2 + (p2 − 5p+ 6)2 + (p− 2)(p2 − 5p+ 7)2

= p5 − 2p4 − 5p3 + 12p2 + 3p− 13.

This completes the proof of the lemma. �

3.3 A result of P. Deligne

The following lemma is due to P. Deligne. He communicated the proof to us

through an email. Here we present a brief sketch of the proof. His entire proof is

given in the Appendix.

Lemma 3.4. Let p be an odd prime and 1 ≤ u ≤ p − 1. Then the number of

Fp -points on the surface (x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0 is given by

|{(x, y, z) ∈ F3
p : (x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0}|

= p2 + Tr(Frob Vu) + 7.
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Here, Tr(Frob Vu) denotes the trace of the Frobenius endomorphism, where Vu is a

part of the cohomology on the surface

(x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0.

Also, |Tr(Frob Vu)| ≤ 4p.

Proof. On the surface

(x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0, u 6= 0, (3.13)

we have the six lines where one coordinate is 0, equivalently one coordinate is 1.

They meet in the six points which are S3 -conjugate of (0, 0, 1) or (1, 1, 0), where

two lines meet. The union of the six lines has hence 6p − 6 points. If we remove

them, and put t = 1
xyz
, we have the symmetric form in G4

m, defined as

xyzt = 1;

(x− 1)(y − 1)(z − 1)(t− 1) = u,
(3.14)

where the four coordinates play symmetric role. Here Gm = P1 − {0,∞}. In G4
m

we have the additional symmetry

τ : (x, y, z, t) −→ (
1

x
,

1

y
,
1

z
,
1

t
).

To compactify, preserving the symmetry, one should embed G4
m into (P1)4. If on the

i-th P1 we use projective coordinates (xi, x
′
i), then (3.14) is the trace on G4

m ⊂ (P1)4
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of the intersection of the hypersurfaces with the equations:

4∏
i=1

xi =
4∏
i=1

x′i;

4∏
i=1

(xi − x′i) = u
4∏
i=1

x′i.

(3.15)

In these coordinates, τ is xi ↔ x′i.

On P1, with homogeneous coordinates x, x′, x = 0 defines the point 0, x′ = 0

the point ∞ and x−x′ = 0 the point 1. If (P1, P2, P3, P4) ∈ (P1)4 is on the surface

(3.15), one Pi is 0 if and only if one other is 1 if and only if a third is ∞. One

obtains the surface (3.14) from the surface (3.15) by removing the P1 in the S4 -orbit

of {0}×{1}×{∞}×P1 ⊂ (P1)4. The set of twenty four P1 is a homogeneous space

under the symmetry group S4 × {1, τ}. To obtain the surface (3.13), one removes

only 18 of the 24 lines: one takes the intersection with

(P1 − {∞})× (P1 − {∞})× (P1 − {∞})× (P1 − {0}).

This means putting x′1 = x′2 = x′3 = x4 = 1 and one takes as coordinates x1, x2, x3, x′4.

The equations become

x1x2x3 = x′4;

(x1 − 1)(x2 − 1)(x3 − 1)(1− x′4) = ux′4,

which, eliminating x′4, gives (3.13). The lines among the twenty four P1 which

persist in (3.13) are those mapping to ∞ in the 4th P1.

The surface (3.15) is non-singular except for u = 16 or u = −4. In case of

u = 16, the singular point is (−1,−1,−1,−1), and when u = −4, ±(i, i, i, i) are

the singular points, where i =
√
−1. These points are contained in G4

m. This is

checked using the Jacobian criterion. Outside of G4
m, we have the 24 projective
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lines (P1, P2, P3, P4) ∈ (P1)4 where some three of the Pi are 0, 1,∞. They are

simply transitively permuted by S4. We also have the symmetry z 7→ z−1 on all P1.

To check non singularity outside of G4
m, it hence suffices to see it on the affine line

of (0, 1,∞, t), t 6=∞.

If in (P1)4, we take the intersection of two hypersurfaces of degree (1, 1, 1, 1), we

get a K3 surface (when non-singular). Hence the surface (3.15) is a K3 surface,

except for u 6= 16,−4. In the intersections, we have 36 points, the coordinates

0, 1,∞, all three occuring, one of them twice. Thus, over Fp, we have:

number of points on (3.13) = number of points on (3.14) + 6p− 6;

number of points on (3.15) = number of points on (3.14) + 24(p+ 1)− 36

= number of points on (3.14) + 24p− 12.

To find the number of points on the surface (3.15), we will now study certain coho-

mology groups. The action of the symmetry group S4 × {1, τ} breaks the second

cohomology group H2 of the surface (3.15) into pieces indexed by the irreducible

representations of the symmetry group. All the representations of S4 in H2 with a

fixed vector by S2 are contained in the span of the class of the 24 lines outside G4
m.

This span is the image of a regular representation of S4. The span of the 24 lines is

of dimension 18, and τ acts on it with trace 0 because τ has no fixed points on the

hypersurface (3.15) (for u 6= 16). As H0 and H4 contribute each 1 to the trace,

the part of cohomology H2 orthogonal to the 24 lines, as a representation, is

1×

(τ = 1)

+ 3×

(τ = −1)

(3.16)

To count points on the surface (3.15) over Fp, one then needs to know the eigenvalues

of the Frobenius. On the span of the 24 lines, the eigenvalue of Frobenius is p. On
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42 Fourth power mean of the 4-dimensional Kloosterman sum mod p

the class of the first representation appearing in (3.16), the eigenvalue of Frobenius is

±p. On the remaining orthogonal, we only know it is an orthogonal similitude with

the standard bilinear form multiplied by p2. Thus, the cardinality of Fp -points on

the given surface (3.13) is equal to p2 +Tr(Frob Vu) + 7, where Vu is the orthogonal

in H2 of the span of the 24 lines and |Tr(Frob Vu)| ≤ 4p. �

3.4 Some lemmas

Using the result of P. Deligne and cardinalities of the sets S1 and S2 we now

prove the next lemma. In the proof we take an average of the number of Fp -points

on the surface (x− 1)(y − 1)(z − 1)(1− xyz)− uxyz = 0 over u.

Lemma 3.5. Let p be an odd prime. Then we have the identity

∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

χ0 ((x1x2x3x4 − 1)(x1 − 1)(x2 − 1)(x3 − 1)(x4 − 1))

= p6 − 15p5 + 97p4 +O(p3).

Proof. We have

∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

χ0 ((x1x2x3x4 − 1)(x1 − 1)(x2 − 1)(x3 − 1)(x4 − 1))

= N1 −N2 −N3, (3.17)

where

N1 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

1;
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N2 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi≡1 (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

1;

N3 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1)≡0 (mod p)

χ0 (x1x2x3x4 − 1) .

Replacing x4 with x4y4 we see that the number of solutions in (F×p )8 of the con-

gruences
∏4

i=1 xi ≡
∏4

i=1 yi (mod p) and
∏4

i=1(xi − 1) ≡
∏4

i=1(yi − 1) (mod p) is

equal to the number of solutions of the congruences
∏4

i=1 xi ≡
∏3

i=1 yi (mod p) and

y4(x1x2x4+x1x3x4+x2x3x4−x1x4−x2x4−x3x4+x4−y1y2−y1y3−y2y3+y1+y2+y3−

1) ≡ −x1x2x3+x1x2+x1x3+x2x3−x1−x2−x3+y1y2y3−y1y2−y1y3−y2y3+y1+y2+y3
(mod p). Hence we get

N1 =
∑
X

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)

gcd(x1x2x4+x1x3x4+x2x3x4−x1x4−x2x4−x3x4
+x4−y1y2−y1y3−y2y3+y1+y2+y3−1,p)=1
gcd(−x1x2x3+x1x2+x1x3+x2x3−x1−x2−x3
+y1y2y3−y1y2−y1y3−y2y3+y1+y2+y3,p)=1

1 + (p− 1)
∑
X

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)

x1x2x4+x1x3x4+x2x3x4+x4+y1+y2+y3
≡x1x4+x2x4+x3x4+y1y2+y1y3+y2y3+1 (mod p)

x1x2+x1x3+x2x3+y1y2y3+y1+y2+y3
≡x1x2x3+x1+x2+x3+y1y2+y1y3+y2y3 (mod p)

1

= (p− 1)6 −N4 −N5 + pN6,

where

N4 =
∑
X

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)

x1x2x4+x1x3x4+x2x3x4+x4+y1+y2+y3
≡x1x4+x2x4+x3x4+y1y2+y1y3+y2y3+1 (mod p)

1;

N5 =
∑
X

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)

x1x2+x1x3+x2x3+y1y2y3+y1+y2+y3
≡x1x2x3+x1+x2+x3+y1y2+y1y3+y2y3 (mod p)

1;
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44 Fourth power mean of the 4-dimensional Kloosterman sum mod p

N6 =
∑
X

∑
Y ′∏4

i=1 xi≡
∏3
i=1 yi (mod p)

x1x2x4+x1x3x4+x2x3x4+x4+y1+y2+y3
≡x1x4+x2x4+x3x4+y1y2+y1y3+y2y3+1 (mod p)

x1x2+x1x3+x2x3+y1y2y3+y1+y2+y3
≡x1x2x3+x1+x2+x3+y1y2+y1y3+y2y3 (mod p)

1.

Note that the system of equations
∏4

i=1 xi ≡
∏3

i=1 yi (mod p), x1x2x4 + x1x3x4 +

x2x3x4 +x4 + y1 + y2 + y3 ≡ x1x4 +x2x4 +x3x4 + y1y2 + y1y3 + y2y3 + 1 (mod p) and

x1x2 +x1x3 +x2x3 +y1y2y3 +y1 +y2 +y3 ≡ x1x2x3 +x1 +x2 +x3 +y1y2 +y1y3 +y2y3

(mod p) is equivalent to the system of equations defining S1 in Lemma 3.2. The

system of equations
∏4

i=1 xi ≡
∏3

i=1 yi (mod p) and x1x2 + x1x3 + x2x3 + y1y2y3 +

y1 + y2 + y3 ≡ x1x2x3 + x1 + x2 + x3 + y1y2 + y1y3 + y2y3 (mod p) is equivalent to

the system of equations defining S2 in Lemma 3.3. Also, if we replace xi with x−1i

and yi with y−1i for all i, the system of equations
∏4

i=1 xi ≡
∏3

i=1 yi (mod p) and

x1x2x4+x1x3x4+x2x3x4+x4+y1+y2+y3 ≡ x1x4+x2x4+x3x4+y1y2+y1y3+y2y3+1

(mod p) becomes the system of equations defining S2. So we have N6 = |S1| and

N4 = N5 = |S2|. Hence, employing Lemma 3.2 and 3.3 we deduce that

N1 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

1 = (p− 1)6 − 2|S2|+ p|S1|

= p6 + 2p5 − 44p4 + 149p3 − 208p2 + 95p+ 27.

(3.18)

Next, we have

N2 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi≡1 (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

1

TH-2337_156123024



3.4 Some lemmas 45

=

p−1∑
u=0

 ∑
X∏4

i=1 xi≡1 (mod p),
∏4
i=1(xi−1)≡u (mod p)

1


2

= (4p2 − 14p+ 13)2 +

p−1∑
u=1


p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1∏3

i=1(xi−1)(x1x2x3−1)≡u (mod p)

1


2

= (4p2 − 14p+ 13)2 +

p−1∑
u=1

6− 6p+

p−1∑
x1=0

p−1∑
x2=0

p−1∑
x3=0∏3

i=1(xi−1)(1−x1x2x3)−ux1x2x3
≡0 (mod p)

1


2

(3.19)

We define N(u) as the cardinality of the set

{(x1, x2, x3)| xi 6= 0, 1 ≤ i ≤ 3, (x1 − 1)(x2 − 1)(x3 − 1)(x1x2x3 − 1) = u}.

Then from Lemma 3.4 and (3.19) we get

N(u) = p2 − 6p+ 13 + Tr(Frob Vu). (3.20)

Note that

p−1∑
u=1

N(u) = #{(x1, x2, x3)| x1, x2, x3 6= 0, 1; x1x2x3 6= 1}

= p3 − 7p2 + 17p− 14. (3.21)

Hence combining (3.20) and (3.21) we obtain

p−1∑
u=1

Tr(Frob Vu) = p3 − 7p2 + 17p− 14− (p− 1)(p2 − 6p+ 13)
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46 Fourth power mean of the 4-dimensional Kloosterman sum mod p

= −2p− 1. (3.22)

Thus from (3.20) and using the fact that |Tr(Frob Vu)| ≤ 4p from Lemma 3.4 we

obtain

p−1∑
u=1

(N(u))2

=

p−1∑
u=1

(p2 − 6p+ 13)2 + 2(p2 − 6p+ 13)

p−1∑
u=1

Tr(Frob Vu) +

p−1∑
u=1

(Tr(Frob Vu))2

= (p− 1)(p2 − 6p+ 13)2 + 2(p2 − 6p+ 13)(−2p− 1) +O(p3)

= (p− 1)(p2 − 6p+ 13)2 +O(p3). (3.23)

Now, (3.19) and (3.23) yield

N2 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi≡1 (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

1 = p5 + 3p4 +O(p3). (3.24)

Finally, from the properties of reduced residue system mod p we have

N3 =
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1)≡0 (mod p)

χ0 (x1x2x3x4 − 1)

=

p−1∑
u=2

 ∑
X

1

∏4
i=1 xi≡u (mod p),

∏4
i=1(xi−1)≡0 (mod p)


2

=

p−1∑
u=2

4

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

1

x2x3x4≡u (mod p)

+6

p−1∑
x3=2

p−1∑
x4=2

1

x3x4≡u (mod p)

+4

p−1∑
x4=2

1

x4≡u (mod p)


2
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=

p−1∑
u=2

4

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1

1

x2x3x4≡u (mod p)

−6

p−1∑
x3=2

p−1∑
x4=2

1

x3x4≡u (mod p)

−8

p−1∑
x4=2

1

x4≡u (mod p)


2

= (p− 2)(4p2 − 14p+ 14)2. (3.25)

Combining (3.17), (3.18), (3.24) and (3.25) we obtain the required result. �

Lemma 3.6. Let p be an odd prime. Then we have

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

p−1∑
y1=2

p−1∑
y2=2

p−1∑
y3=2

p−1∑
y4=2∏4

i=1 xi≡
∏4
i=1 yi (mod p)

χ0(x1x2x3x4 − 1)

= p7 − 16p6 + 111p5 − 434p4 + 1035p3 − 1508p2 + 1245p− 450.

Proof. We have

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

p−1∑
y1=2

p−1∑
y2=2

p−1∑
y3=2

p−1∑
y4=2∏4

i=1 xi≡
∏4
i=1 yi (mod p)

χ0(x1x2x3x4 − 1)

=

p−1∑
u=2


p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2∏4

i=1 xi≡u (mod p)

1


2

. (3.26)

Notice that, for u 6= 1

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1∏4

i=1 xi≡u (mod p)

1 =

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2∏4

i=1 xi≡u (mod p)

1 + 4

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2∏3

i=1 xi≡u (mod p)

1 + 6

p−1∑
x1=2

p−1∑
x2=2∏2

i=1 xi≡u (mod p)

1 + 4

p−1∑
x1=2

x1≡u (mod p)

1

and

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1∏3

i=1 xi≡u (mod p)

1 =

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2∏3

i=1 xi≡u (mod p)

1 + 3

p−1∑
x1=2

p−1∑
x2=2∏2

i=1 xi≡u (mod p)

1 + 3

p−1∑
x1=2

x1≡u (mod p)

1.

TH-2337_156123024



48 Fourth power mean of the 4-dimensional Kloosterman sum mod p

Hence we get

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2∏3

i=1 xi≡u (mod p)

1 = (p− 1)2 − 3(p− 3)− 3 = p2 − 5p+ 7

which yields

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2∏4

i=1 xi≡u (mod p)

1 = (p− 1)3 − 4(p2 − 5p+ 7)− 6(p− 3)− 4

= p3 − 7p2 + 17p− 15.

Thus from (3.26) we deduce that

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

p−1∑
y1=2

p−1∑
y2=2

p−1∑
y3=2

p−1∑
y4=2∏4

i=1 xi≡
∏4
i=1 yi (mod p)

χ0(x1x2x3x4 − 1)

=

p−1∑
u=2


p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2∏4

i=1 xi≡u (mod p)

1


2

= (p− 2)(p3 − 7p2 + 17p− 15)2

= p7 − 16p6 + 111p5 − 434p4 + 1035p3 − 1508p2 + 1245p− 450.

This completes the proof of the lemma. �

The proof of the next lemma is very similar to [42, Lemma 2.1].

Lemma 3.7. Let p be an odd prime and χ be any Dirichlet character mod p. Then

we have the identity

p−1∑
m=1

∣∣∣∣∣
p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
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=

p
5 − 2p4 − p3 − p2 − p, if χ 6= χ0;

p5 − p4 − p3 − p2 − p− 1, if χ = χ0.

Proof. We first note the following identity

p−1∑
m=0

e

(
nm

p

)
=

p, if p|n;

0, if p - n.

Using the above identity, we have

p−1∑
m=0

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2

=
∑
X

∑
Y

χ(
4∏
i=1

xiyi)

p−1∑
m=0

e

(∑4
i=1 xi −

∑4
i=1 yi +m(

∏4
i=1 xi −

∏4
i=1 yi)

p

)

=
∑
X

∑
Y

χ(
4∏
i=1

xi)e

(∑4
i=1 yi(xi − 1)

p

)
×

p−1∑
m=0

e

(
m
∏4

i=1 yi(
∏4

i=1 xi − 1)

p

)

= p
∑
X∏4

i=1 xi≡1 (mod p)

χ(
4∏
i=1

xi)
∑
Y

e

(∑4
i=1 yi(xi − 1)

p

)

= p
∑
Y

1 + 4p

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

∑
Y∏3

i=1 xi≡1 (mod p)

e

(∑3
i=1 yi(xi − 1)

p

)

+6p

p−1∑
x1=2

∑
Y

e

(
y1(x1 − 1) + y2(x1 − 1)

p

)

+p

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

∑
Y∏4

i=1 xi≡1 (mod p)

e

(∑4
i=1 yi(xi − 1)

p

)
. (3.27)

We obtain (3.27) by dividing the set of solutions of the congruence
∏4

i=1 xi ≡ 1

(mod p) into four cases: all xi ’s are equal to 1, exactly one of the xi ’s is equal to 1,

exactly two of xi ’s are equal to 1, and none of xi ’s is equal to 1. We now evaluate
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the above three sums of (3.27). Firstly, we have

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

∑
Y∏3

i=1 xi≡1 (mod p)

e

(∑3
i=1 yi(xi − 1)

p

)
(3.28)

= −(p− 1)

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2∏3

i=1 xi≡1 (mod p)

1

= −(p− 1)


p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1∏3

i=1 xi≡1 (mod p)

1− 3

p−1∑
x1=2

1− 1


= −(p− 1)[(p− 1)2 − 3(p− 2)− 1]

= −(p3 − 6p2 + 11p− 6). (3.29)

Similarly, we get

p−1∑
x1=2

∑
Y

e

(
y1(x1 − 1) + y2(x1 − 1)

p

)
= (p− 1)2(p− 2)

= p3 − 4p2 + 5p− 2. (3.30)

Finally,

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

∑
Y∏4

i=1 xi≡1 (mod p)

e

(∑4
i=1 yi(xi − 1)

p

)

=

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2∏4

i=1 xi≡1 (mod p)

1

=

p−1∑
x1=1

p−1∑
x2=1

p−1∑
x3=1

p−1∑
x4=1∏4

i=1 xi≡1 (mod p)

1− 4

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2∏3

i=1 xi≡1 (mod p)

1− 6

p−1∑
x1=2

1− 1

TH-2337_156123024



3.5 Proof of the main result 51

= (p− 1)3 − 4[(p− 1)2 − 3(p− 2)− 1]− 6(p− 2)− 1

= p3 − 7p2 + 17p− 14. (3.31)

Again, from the properties of Gauss sums we have

∣∣∣∣∣∑
X

χ(x1x2x3x4)e

(
x1 + x2 + x3 + x4

p

)∣∣∣∣∣
2

=

p
4, if χ 6= χ0;

1, if χ = χ0.

(3.32)

Now combining (3.27), (3.28), (3.30), (3.31) and (3.32), we readily obtain the re-

quired identity. �

Lemma 3.8. Let p be an odd prime and χ be any character mod p. Then for

primitive character χ1 mod p, we have the identity

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(x1x2x3x4)e

(
x1 + x2 + x3 + x4 +mx1x2x3x4

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= p5

∣∣∣∣∣∑
X

χ(x1x2x3x4)χ1((x1x2x3x4 − 1)(x1 − 1)(x2 − 1)(x3 − 1)(x4 − 1))

∣∣∣∣∣
2

.

Proof. The proof proceeds along similar lines to the proof of [42, Lemma 2.3] so we

omit the details for reasons of brevity. �

3.5 Proof of the main result

We now have all the ingredients to prove our main theorem.

Proof of Theorem 3.1. From the orthogonality property of characters mod p we

have

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2
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= (p− 1)

p−1∑
m=1

∑
χ mod p

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
4

. (3.33)

Also we have

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

=
∑

χ mod p

∑
χ1 mod p
χ1 6=χ0

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

+
∑

χ mod p

∣∣∣∣∣∣
p−1∑
m=1

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

. (3.34)

Using Lemma 3.7 we obtain

∑
χ mod p

∣∣∣∣∣∣
p−1∑
m=1

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= (p− 2)(p5 − 2p4 − p3 − p2 − p)2 + (p5 − p4 − p3 − p2 − p− 1)2

= (p− 1)(p10 +O(p9)). (3.35)

Now using Lemmas 3.5, 3.6 and 3.8 we have

∑
χ mod p

∑
χ1 mod p
χ1 6=χ0

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= p5
∑

χ mod p

∑
χ1 mod p
χ1 6=χ0

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)χ1((
4∏
i=1

xi − 1)
4∏
i=1

(xi − 1))

∣∣∣∣∣
2

= p5
∑

χ mod p

∑
χ1 mod p

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)χ1((
4∏
i=1

xi − 1)
4∏
i=1

(xi − 1))

∣∣∣∣∣
2
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−p5
∑

χ mod p

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)χ0((
4∏
i=1

xi − 1)
4∏
i=1

(xi − 1))

∣∣∣∣∣
2

= p5(p− 1)2
∑
X

∑
Y∏4

i=1 xi≡
∏4
i=1 yi (mod p)∏4

i=1(xi−1)≡
∏4
i=1(yi−1) (mod p)

χ0((
4∏
i=1

xi − 1)
4∏
i=1

(xi − 1))

−p5(p− 1)

p−1∑
x1=2

p−1∑
x2=2

p−1∑
x3=2

p−1∑
x4=2

p−1∑
y1=2

p−1∑
y2=2

p−1∑
y3=2

p−1∑
y4=2∏4

i=1 xi≡
∏4
i=1 yi (mod p)

χ0(
4∏
i=1

xi − 1)

= p5(p− 1)2(p6 − 15p5 + 97p4 +O(p3))

−p5(p− 1)(p7 − 16p6 + 111p5 − 434p4 + 1035p3 − 1508p2 + 1245p− 450)

= (p− 1)(p10 +O(p9)). (3.36)

Hence from (3.34), (3.35) and (3.36) we obtain

∑
χ mod p

∑
χ1 mod p

∣∣∣∣∣∣
p−1∑
m=1

χ1(m)

∣∣∣∣∣∑
X

χ(
4∏
i=1

xi)e

(∑4
i=1 xi +m

∏4
i=1 xi

p

)∣∣∣∣∣
2
∣∣∣∣∣∣
2

= (p− 1)(p10 +O(p9)) + (p− 1)(p10 +O(p9))

= (p− 1)(2p10 +O(p9)). (3.37)

Using (3.33) and (3.37) we complete the proof of our main theorem. �
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4
Generalized quadratic Gauss sums

weighted by L-functions

4.1 Introduction and statement of the result

Let q ≥ 2 be an integer, and let χ be a Dirichlet character modulo q. For n ∈ Z,

we recall the generalized quadratic Gauss sum G(n, χ; q) which is defined as

G(n, χ; q) =

q∑
a=1

χ(a)e

(
na2

q

)
,

1The contents of this chapter have been accepted for publication in the Asian Journal of Math-
ematics (2020).
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56 Generalized quadratic Gauss sums weighted by L-functions

where e(y) = e2πiy. This sum generalizes the classical quadratic Gauss sum G(n; q),

which is defined as

G(n; q) =

q∑
a=1

e

(
na2

q

)
.

The properties of G(n, χ; q) have been studied for a long time. The values of

G(n, χ; q) behave irregularly as χ varies. From a result of Cochrane and Zheng

[11], one can find an upper bound of |G(n, χ; q)| for any positive integer n with

gcd(n, q) = 1. Let p be an odd prime and L(s, χ) denote the Dirichlet L-function

corresponding to the character χ mod p. Let χ0 denote the principal character

modulo p. For a general integer m ≥ 3, whether there exists an asymptotic formula

for

∑
χ mod p

|G(n, χ; p)|2m and
∑
χ 6=χ0

|G(n, χ; p)|2m · |L(1, χ)|

is an unsolved problem. In [40], Zhang conjectured the following.

Conjecture 4.1. For all positive integers m,

∑
χ 6=χ0

|G(n, χ; p)|2m · |L(1, χ)| ∼ C
∑

χ (mod p)

|G(n, χ; p)|2m, p→ +∞,

where

C =
∏
p

[
1 +

(
2
1

)2
42.p2

+

(
4
2

)2
44.p4

+ · · ·+
(
2m
m

)2
42m.p2m

+ · · ·

]
(4.1)

is a constant and
∏

p denotes the product over all primes.

For an analogous study on central value of moments of twisted L-functions, see

[4]. For a fairly general family of L-functions, V. Blomer, É. Fouvry, E. Kowalski, P.

Michel, D. Milićević and W. Sawin surveyed the known consequences of the existence

of the asymptotic formulas with power saving error term for the twisted first and
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second moments of the central value of the family. Their works also contribute to

many arithmetic consequences regarding L-functions. For further study related to

moments of twisted L-functions see [3, 5, 39].

Zhang [40] showed that G(n, χ; p) enjoys many good weighted mean value prop-

erties. He used estimates for character sums and analytic methods to study the sec-

ond, fourth and sixth order moments of generalized quadratic Gauss sums weighted

by L-functions. To be specific, he proved that for any integer n with gcd(n, p) = 1,

∑
χ 6=χ0

|G(n, χ; p)|2 · |L(1, χ)| = C · p2 +O(p3/2 · ln2 p)

and

∑
χ 6=χ0

|G(n, χ; p)|4 · |L(1, χ)| = 3 · C · p3 +O(p5/2 · ln2 p),

where C is given by (4.1). He also found the following asymptotic formula for the

6th order moment of the generalized quadratic Gauss sums. He proved that, for an

odd prime p ≡ 3 (mod 4) and for any fixed positive integer n with gcd(n, p) = 1,

∑
χ 6=χ0

|G(n, χ; p)|6 · |L(1, χ)| = 10 · C · p4 +O(p7/2 · ln2 p).

Finding asymptotic formulas for the 6th order moment in case of p ≡ 1 (mod 4) and

for the higher order moments seem to be more difficult. To find asymptotic formulas

for the higher order moments, one needs to estimate more complicated character

sums, and the ideas used in [40] are not sufficient to estimate such character sums.

In this chapter, we employ certain ideas from algebraic geometry to estimate the

following three character sums.
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Theorem 4.2. Let p be an odd prime, and let a ∈ Fp \ {0,±1}. Then we have

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

(
b2 − a2c2

p

)(
b2 − 1

p

)(
d2 − c2

p

)(
d2 − 1

p

)
= O(p3/2).

The proof of Theorem 4.2 does not hold for a = ±1. In the following theorem

we find an asymptotic formula for the above sum in case of a = ±1.

Theorem 4.3. Let p be an odd prime. We have

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

(
b2 − c2

p

)(
b2 − 1

p

)(
d2 − c2

p

)(
d2 − 1

p

)
= 3p2 +O(p3/2).

Theorem 4.4. Let p be an odd prime. For a ∈ F×p , we have

p−1∑
b=1

p−1∑
c=1

(
b2 − a2c2

p

)(
b2 − 1

p

)(
c2 − 1

p

)
= O(p).

We use the above three estimates to find an asymptotic formula for the 6th

order moment in case of p ≡ 1 (mod 4) and an asymptotic formula for the 8th

order moment of generalized quadratic Gauss sums weighted by L-functions. To be

specific, we prove the following two main theorems.

Theorem 4.5. Let p be an odd prime satisfying p ≡ 1 (mod 4). For any integer n

with gcd(n, p) = 1, we have the asymptotic formula

∑
χ 6=χ0

|G(n, χ; p)|6 · |L(1, χ)| = 10 · C · p4 +O(p7/2 · ln p),

where C is as given in (4.1).

Theorem 4.6. Let p be an odd prime. For any integer n with gcd(n, p) = 1, we
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have the asymptotic formula

∑
χ 6=χ0

|G(n, χ; p)|8 · |L(1, χ)| = 35 · C · p5 +O(p9/2 · ln p),

where C is as given in (4.1).

Combining the results proved in [18, 40], it readily follows that Conjecture 4.1 is

true when m = 1, 2. He and Liao [18, Theorem 2] evaluated the sum
∑

χ mod p

|G(n, χ; p)|6

for any integer n with gcd(n, p) = 1. They proved that

∑
χ mod p

|G(n, χ; p)|6 =


(p− 1)(10p3 − 25p2 − 16p− 1) + (p

√
p(p− 1)N

+18p2
√
p− 12p

√
p− 6

√
p)
(
n
p

)
, if p ≡ 1 (mod 4);

(p− 1)(10p3 − 25p2 − 4p− 1), if p ≡ 3 (mod 4),

where

N =

p−2∑
a=2

p−1∑
c=1

(
a2 − c2

p

)(
c2 − 1

p

)(
a2 − 1

p

)
. (4.2)

In this chapter we find an asymptotic formula for the character sum N and obtain

an improved estimate of He and Liao’s result as given below.

Theorem 4.7. Let p be an odd prime and n be any integer with gcd(n, d) = 1.

Then we have

∑
χ mod p

|G(n, χ; p)|6 =

10p4 +O(p7/2), if p ≡ 1 (mod 4);

(p− 1)(10p3 − 25p2 − 4p− 1), if p ≡ 3 (mod 4).

From the works of He and Liao [18] and Zhang [40], it follows that Conjecture

4.1 is true when m = 3 and p ≡ 3 (mod 4). Using Theorem 4.5 and Theorem 4.7 we

now readily find that Conjecture 4.1 is also true when m = 3 and p ≡ 1 (mod 4).
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He and Liao [18, Theorem 3] also evaluated the sum
∑

χ mod p

|G(n, χ; p)|8 for any

integer n with gcd(n, p) = 1. They proved that

∑
χ mod p

|G(n, χ; p)|8

=



(p− 1)(34p4 − 99p3 − 65p2 − 29p− 1)

+(56p3
√
p+ 8p2

√
p− 56p

√
p− 8

√
p+ 8p2

√
p(p− 1)N)

(
n
p

)
+p2(p− 1)T, if p ≡ 1 (mod 4);

(p− 1)(34p4 − 99p3 + 7p2 − 5p− 1) + p2(p− 1)T, if p ≡ 3 (mod 4),

where N is the same as (4.2) and

T =

p−2∑
a=2

p−1∑
b=1

p−1∑
d=1

(
a2 − b2

p

)(
b2 − 1

p

)(
a2 − d2

p

)(
d2 − 1

p

)
. (4.3)

In this chapter we find an asymptotic formula for the character sum T and obtain

an improved estimate of He and Liao’s result as given below.

Theorem 4.8. Let p be an odd prime and n be any integer with gcd(n, d) = 1.

Then we have

∑
χ mod p

|G(n, χ; p)|8 = 35p5 +O(p9/2).

Combining Theorem 4.6 and Theorem 4.8 we find that Conjecture 4.1 is also

true when m = 4.

4.2 Proof of Theorems 4.2, 4.3, and 4.4

In this section we prove Theorems 4.2, 4.3, and 4.4. These three results play

crucial role in the proof of our main results. Our proofs rely on certain techniques

from algebraic geometry. Throughout this section, we set ρ(t) :=
(
t
p

)
, where

(
•
p

)
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is the Legendre symbol.

Proof of Theorem 4.2. Let

S :=

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b2 − a2c2)ρ(b2 − 1)ρ(d2 − c2)ρ(d2 − 1),

where a ∈ Fp \ {0,±1}. We can rewrite the above sum as

S =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− a2c2)ρ(b− 1)ρ(d2 − c2)ρ(d2 − 1)#{x : x2 = b}

=

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− a2c2)ρ(b− 1)ρ(d2 − c2)ρ(d2 − 1)(1 + ρ(b))

= S1 + S2,

where

S1 =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− a2c2)ρ(b− 1)ρ(d2 − c2)ρ(d2 − 1)

and

S2 =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− a2c2)ρ(b− 1)ρ(b)ρ(d2 − c2)ρ(d2 − 1).

Now

S1 =

p−1∑
c=1

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

p−1∑
b=1

ρ(b− a2c2)ρ(b− 1)

=

p−1∑
c=1

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

p∑
b=1

ρ(b− a2c2)ρ(b− 1)

−
p−1∑
c=1

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)
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=

p−1∑
c=1

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

p∑
b=1

ρ(b− a2c2)ρ(b− 1) +O(p3/2).

The inner sum is −1 if ac 6= ±1 and p− 1 if ac = ±1, and hence

S1 = −
p−1∑

c=1,c 6=±a−1

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1) + 2(p− 1)

p−1∑
d=1

ρ(d2 − a−2)ρ(d2 − 1) +O(p3/2).

Both the sums are O(p3/2) because neither (d2 − c2)(d2 − 1) nor (d2 − a−2)(d2 − 1)

is a perfect square in Fp[c, d]. So we obtain

S = S2 +O(p3/2).

Now we repeat the same argument with c and d on S2, and deduce that

S = S ′ +O(p3/2),

where

S ′ =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− a2c)ρ(b− 1)ρ(b)ρ(d− c)ρ(d− 1)ρ(d)ρ(c)

=

p−1∑
c=1

ρ(c)

(
p−1∑
b=1

ρ(b− a2c)ρ(b− 1)ρ(b)

)(
p−1∑
d=1

ρ(d− c)ρ(d− 1)ρ(d)

)

=

p−1∑
c=1

ρ(c)φ(a2c)φ(c),

considering φ(t) =
∑p−1

b=1 ρ(b− t)ρ(b− 1)ρ(b). Here φ(t) is the trace function of the

self-dual, rank 2, irreducible sheaf F , which is a non-trivial cohomology sheaf of

the Legendre family of elliptic curve

y2 = x(x− 1)(x− t)
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and ρ(c) is the trace function of the rank 1 Kummer sheaf Lρ, associated to the

quadratic character ρ. Here F is not isomorphic to a twist of G := α∗F , where the

map α is the multiplicative translation by a2 and a ∈ Fp \ {0,±1} . Both F and

G are of weight 1 and we consider trace functions of weight less than or equal to 0.

Hence we normalise both trace functions of F and G dividing by √p. Here G and

F ⊗Lρ both are geometrically irreducible. Here F ⊗Lρ is geometrically irreducible

because tensoring with one dimensional sheaf preserves geometric irreducibility. In

any odd characteristic F ⊗Lρ has non-trivial (in fact unipotent) local monodromy

at 1, but is lisse at 1/a2, whereas the multiplicative translate G has non-trivial (in

fact unipotent) local monodromy at 1/a2, but is lisse at 1. Note that G is a self-dual

sheaf. Hence F ⊗ Lρ is not geometrically isomorphic to the dual of G. Hence from

Theorem 1.1 we find that

1

p

p−1∑
c=1

ρ(c)
φ(a2c)
√
p

φ(c)
√
p

= O

(
(C(F))2(C(G))2(C(Lρ))2√

p

)
,

where C(F), C(G) and C(Lρ) are the conductors of the sheaves. We have C(Lρ) =

O(1). Now F is of rank 2 and is at most tamely ramified at 0, 1 and ∞ and lisse

elsewhere, so all the Swanx(F) are zero and the conductor is bounded by 5. So we

have C(F) = C(G) = O(1), which implies

p−1∑
c=1

ρ(c)φ(a2c)φ(c) = p2O

(
C(F)C(G)C(Lρ)√

p

)
= O

(
p3/2

)
.

Finally, applying the estimate for S ′ in S, we complete the proof. �

Proof of Theorem 4.3. We observe that

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

(
b2 − c2

p

)(
b2 − 1

p

)(
d2 − c2

p

)(
d2 − 1

p

)
= 2(p− 3)2 + T, (4.4)

TH-2337_156123024



64 Generalized quadratic Gauss sums weighted by L-functions

where

T =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

(
b2 − c2

p

)(
b2 − 1

p

)(
d2 − c2

p

)(
d2 − 1

p

)

is the same as given in (4.3). Proceeding similarly as shown in the proof of Theorem

4.2 we write

T =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b2 − c2)ρ(b2 − 1)ρ(d2 − c2)ρ(d2 − 1)

=

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(d2 − c2)ρ(d2 − 1)(1 + ρ(b))

= T1 + T2,

where

T1 =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(d2 − c2)ρ(d2 − 1)

and

T2 =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(b)ρ(d2 − c2)ρ(d2 − 1).

We find that

T1 =

p−2∑
c=2

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

p−1∑
b=1

ρ(b− c2)ρ(b− 1)

=

p−2∑
c=2

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

p∑
b=1

ρ(b− c2)ρ(b− 1)

−
p−2∑
c=2

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)
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= −2

p−2∑
c=2

p−1∑
d=1

ρ(d2 − c2)ρ(d2 − 1)

= O(p3/2).

Now we use the same argument on T2 for d, which gives

T2 =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(b)ρ(d− c2)ρ(d− 1)(1 + ρ(d))

= T ′2 + T ′′2 ,

where

T ′2 =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(b)ρ(d− c2)ρ(d− 1)

and

T ′′2 =

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(b)ρ(d− c2)ρ(d− 1)ρ(d).

We first find that

T ′2 =

p−1∑
b=1

p−2∑
c=2

ρ(b− c2)ρ(b− 1)ρ(b)

p−1∑
d=1

ρ(d− c2)ρ(d− 1)

=

p−1∑
b=1

p−2∑
c=2

ρ(b− c2)ρ(b− 1)ρ(b)

p∑
d=1

ρ(d− c2)ρ(d− 1)

−
p−1∑
b=1

p−2∑
c=2

ρ(b− c2)ρ(b− 1)ρ(b)

= −2

p−1∑
b=1

p−2∑
c=2

ρ(b− c2)ρ(b− 1)ρ(b)

= O(p3/2).
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Now

T ′′2 =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− c2)ρ(b− 1)ρ(b)ρ(d− c2)ρ(d− 1)ρ(d)− 2

p−1∑
b=2

p−1∑
d=2

ρ(b)ρ(d)

=

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− c)ρ(b− 1)ρ(b)ρ(d− c)ρ(d− 1)ρ(d)(1 + ρ(c)) +O(1)

=

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− c)ρ(b− 1)ρ(b)ρ(d− c)ρ(d− 1)ρ(d)ρ(c)

+

p−1∑
b=1

p−1∑
d=1

ρ(b− 1)ρ(b)ρ(d− 1)ρ(d)

p−1∑
c=1

ρ(c− b)ρ(c− d) +O(1)

=

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− c)ρ(b− 1)ρ(b)ρ(d− c)ρ(d− 1)ρ(d)ρ(c)

+ (p− 1)(p− 2) +O(p).

Hence we have

T = T1 + T2

= O(p3/2) + T ′2 + T ′′2

= T ′ + (p− 1)(p− 2) +O(p3/2),

where

T ′ =

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ρ(b− c)ρ(b− 1)ρ(b)ρ(d− c)ρ(d− 1)ρ(d)ρ(c)

=

p−1∑
c=1

ρ(c)

(
p−1∑
b=1

ρ(b− c)ρ(b− 1)ρ(b)

)(
p−1∑
d=1

ρ(d− c)ρ(d− 1)ρ(d)

)

=

p−1∑
c=1

ρ(c)φ2(c).

Here φ(t) =
∑p−1

b=1 ρ(b)ρ(b− 1)ρ(b− t). Note that φ(t) and ρ(c) are the trace func-

tions of the cohomology sheaf F and Lρ as defined in the proof of Theorem 4.2. We

TH-2337_156123024



4.2 Proof of Theorems 4.2, 4.3, and 4.4 67

normalise the trace function of F dividing by √p. Note that F⊗Lρ is geometrically

irreducible, as tensoring with one dimensional sheaf preserves geometric irreducibil-

ity. Also F ⊗ Lρ is not geometrically isomorphic to the dual of F , which can be

checked using the local monodromy representation at 0. For the Legendre family, it

is unipotent as the reduction is semi-stable, but for tensoring with Kummer sheaf

Lρ, it is non-unipotent. Hence from Theorem 1.1 we obtain

1

p

p−1∑
c=1

ρ(c)
φ2(c)

p
= O

(
(C(F))4(C(Lρ)2√

p

)
,

where C(F) = C(Lρ) = O(1), which finally implies

p−1∑
c=1

ρ(c)φ2(c) = O(p3/2).

Replacing the estimate for T ′ in T we have

T = p2 +O(p3/2). (4.5)

Combining (4.4) and (4.5) we complete the proof. �

Proof of Theorem 4.4. We consider

R =

p−1∑
b=1

p−1∑
c=1

ρ(b2 − a2c2)ρ(b2 − 1)ρ(c2 − 1)

=

p−1∑
b=1

p−1∑
c=1

ρ(b− a2c2)ρ(b− 1)ρ(c2 − 1)(1 + ρ(b))

= R1 +R2,
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where

R1 =

p−1∑
b=1

p−1∑
c=1

ρ(b− a2c2)ρ(b− 1)ρ(c2 − 1)

and

R2 =

p−1∑
b=1

p−1∑
c=1

ρ(b− a2c2)ρ(b− 1)ρ(b)ρ(c2 − 1).

We write

R1 =

p−1∑
c=1

ρ(c2 − 1)

p−1∑
b=1

ρ(b− a2c2)ρ(b− 1)

=

p−1∑
c=1

ρ(c2 − 1)

p∑
b=1

ρ(b− a2c2)ρ(b− 1)−
p−1∑
c=1

ρ(c2 − 1)

=

p−1∑
c=1

ρ(c2 − 1)

p∑
b=1

ρ(b− a2c2)ρ(b− 1) +O(p).

Then inner sum is −1 if ac 6= ±1 and p− 1 if ac = ±1, hence we have

R1 = 2(p− 1)ρ(a−2 − 1)−
p−1∑

c=1,c 6=±a−1

ρ(c2 − 1) +O(p),

which implies R1 = O(p). So we get

R = R2 +O(p).

Repeating the same argument with c on R2 we obtain

R = R′ +O(p),
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where

R′ =

p−1∑
c=1

ρ(c− 1)ρ(c)

p−1∑
b=1

ρ(b− a2c)ρ(b− 1)ρ(b)

=

p−1∑
c=1

ρ(c2 − c)φ(a2c),

where φ(t) =
∑p−1

b=1 ρ(b− t)ρ(b−1)ρ(b). Here we are working with the trace function

φ(a2c) of G, which is defined in the proof of Theorem 4.2 and the trace function

ρ(c2 − c) of the pull back of the Kummer sheaf Lρ by the map c → c2 − c. Let

K = β∗Lρ, where the map β is multiplicative translate by c − 1. We divide the

trace function of G by √p. Note that G is a geometrically irreducible sheaf of rank

2. So the geometrically irreducible, rank 1 sheaf K is not geometrically isomorphic

to the dual of G, which is self dual. Hence form Theorem 1.1 we have

1

p

p−1∑
c=1

ρ(c2 − c)φ(a2c)
√
p

= O

(
(C(G))2(C(K))2

p1/2

)

which implies

p−1∑
c=1

ρ(c2 − c)φ(a2c) = O(p),

as both conductors are of O(1). This completes the proof. �

4.3 Proof of Theorem 4.5 and Theorem 4.6

In this section we prove our main results Theorem 4.5 and Theorem 4.6. Through-

out this section, C stands for the constant given by (4.1). We first recall three

lemmas from [40] which will be used to prove our main results.
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Lemma 4.9. [40, Lemma 2] For any odd prime p, we have the asymptotic formula

∑′

χ(−1)=1
|L(1, χ)| = 1

2
· C · p+O(p1/2 · ln p), (4.6)

where C is given by (4.1) and
∑′

χ(−1)=1 denotes the summation over all non-

principal even characters mod p.

Lemma 4.10. [40, Lemma 1] For any odd prime p, we have

p−1∑
a=1

∣∣∣∣∣∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣ = O(p · ln p).

Lemma 4.11. [40, Lemma 4] Let p be an odd prime, χ be any non-principal even

character mod p. Then for any integer n with gcd(n, p) = 1, we have the identity

|G(n, χ; p)|2 = 2p+

(
n

p

)
G(1; p)

p−1∑
a=1

χ(a)

(
a2 − 1

p

)
,

where
(
•
p

)
is the Legendre symbol.

The next important result is due to Gauss.

Lemma 4.12. [1, Theorem 9.16] For any integer q ≥ 1, we have

G(1; q) =
1

2

√
q(1 + i)(1 + e

−πiq
2 ) =



√
q, if q ≡ 1 (mod 4);

0, if q ≡ 2 (mod 4);

i
√
q, if q ≡ 3 (mod 4);

(1 + i)
√
q, if q ≡ 0 (mod 4).

Proof of Theorem 4.5. We first note that if χ is an odd character modulo p, then

G(n, χ; p) =

p∑
a=1

χ(a)e

(
na2

p

)
= 0.
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Thus, for any n with gcd(n, p) = 1 we have

∑
χ 6=χ0

|G(n, χ; p)|6 · |L(1, χ)| =
∑
χ 6=χ0

χ(−1)=1

|G(n, χ; p)|6 · |L(1, χ)|. (4.7)

Using Lemma 4.11 we have

∑
χ 6=χ0

|G(n, χ; p)|6 · |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

|G(n, χ; p)|6 · |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

[
2p+G(1; p)

(
n

p

) p−1∑
a=1

χ(a)

(
a2 − 1

p

)]3
· |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

[
8p3 + 12p2G(1; p)

(
n

p

) p−1∑
a=1

χ(a)

(
a2 − 1

p

)

+6pG(1; p)2

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))2

+G(1; p)3
(
n

p

)(p−1∑
a=1

χ(a)

(
a2 − 1

p

))3
 · |L(1, χ)|.

The above sum can be written as

∑
χ 6=χ0

|G(n, χ; p)|6 · |L(1, χ)|

= 8p3
∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|+ 12p2G(1; p)

(
n

p

)
A1 + 6pG(1; p)2A2 +G(1; p)3

(
n

p

)
A3,

(4.8)
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where

A1 =
∑
χ 6=χ0

χ(−1)=1

p−1∑
a=1

χ(a)

(
a2 − 1

p

)
· |L(1, χ)|;

A2 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))2

· |L(1, χ)|;

A3 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))3

· |L(1, χ)|.

We will now evaluate A1, A2 and A3 one by one. We have the identities

p−1∑
a=1

p−1∑
b=1

χ(ab)

(
a2 − 1

p

)(
b2 − 1

p

)

=

p−1∑
a=1

p−1∑
b=1

χ(a)

(
a2b

2 − 1

p

)(
b2 − 1

p

)

=

p−1∑
a=1

p−1∑
b=1

χ(a)

(
a2 − b2

p

)(
b2 − 1

p

)

= 2

(
−1

p

)
(p− 3) +

p−2∑
a=2

p−1∑
b=1

χ(a)

(
a2 − b2

p

)(
b2 − 1

p

)
(4.9)

and

p−2∑
a=2

(
a2 − b2

p

) ∑
χ(−1)=−1

χ(a) |L(1, χ)|

=

p−1∑
a=1

(
a2 − 1

p

) ∑
χ(−1)=−1

χ(a) |L(1, χ)| = 0. (4.10)

Also, we have the Weil estimate

p−1∑
b=1

(
b2 − a2

p

)(
b2 − 1

p

)
≤ 3
√
p, a2 6≡ 1 (mod p). (4.11)
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Applying Lemma 4.10 we directly get

A1 = O(p · ln p). (4.12)

Next using (4.9), we rewrite A2 as

A2 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))2

· |L(1, χ)|

= 2

(
−1

p

)
(p− 3)

∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|

+

p−2∑
a=2

p−1∑
b=1

(
a2 − b2

p

)(
b2 − 1

p

) ∑
χ 6=χ0

χ(−1)=1

χ(a)|L(1, χ)|

= 2

(
−1

p

)
(p− 3)

∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|

+O

(
p1/2

p−2∑
a=2

∣∣∣∣∣∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣
)
. (4.13)

Hence Lemma 4.9 and Lemma 4.10 yield

A2 = C ·
(
−1

p

)
p2 +O(p3/2 · ln p). (4.14)

Next we rewrite A3 as

A3 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))3

· |L(1, χ)|

= 2(p− 3)

(
−1

p

) p−1∑
c=1

(
c2 − 1

p

) ∑
χ 6=χ0

χ(−1)=1

χ(c)|L(1, χ)|
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+

p−2∑
a=2

p−1∑
b=1

p−1∑
c=1

(
a2 − b2

p

)(
b2 − 1

p

)(
c2 − 1

p

) ∑
χ 6=χ0

χ(−1)=1

χ(ac)|L(1, χ)|

=

p−2∑
a=2

p−1∑
b=1

p−1∑
c=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − 1

p

) ∑
χ 6=χ0

χ(a)|L(1, χ)|

+ 2

(
−1

p

) p−1∑
c=1

p−1∑
b=1

(
c2 − b2

p

)(
b2 − 1

p

)(
c2 − 1

p

) ∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|.

Now using Lemma 4.10 and Theorem 4.4 we obatin∣∣∣∣∣
p−2∑
a=2

p−1∑
b=1

p−1∑
c=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − 1

p

) ∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣
≤

p−2∑
a=2

∣∣∣∣∣
p−1∑
b=1

p−1∑
c=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − 1

p

)∣∣∣∣∣
∣∣∣∣∣∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣
� p2 · ln p.

Using Lemma 4.9, Theorem 4.4 and the above estimate we obtain

A3 = O(p2 · ln p). (4.15)

Finally, combining (4.8), (4.12), (4.14) and (4.15) for all the prime p satisfying

p ≡ 1 (mod 4), and then employing Lemma 4.9 we deduce the required asymptotic

formula. �

Proof of Theorem 4.6. Similarly as (4.7), for any n with gcd(n, p) = 1 we have

∑
χ 6=χ0

|G(n, χ; p)|8 · |L(1, χ)| =
∑
χ 6=χ0

χ(−1)=1

|G(n, χ; p)|8 · |L(1, χ)|.
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Lemma 4.11 yields

∑
χ 6=χ0

|G(n, χ; p)|8 · |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

|G(n, χ; p)|8 · |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

[
2p+G(1; p)

(
n

p

) p−1∑
a=1

χ(a)

(
a2 − 1

p

)]4
· |L(1, χ)|

=
∑
χ 6=χ0

χ(−1)=1

[
16p4 + 32p3G(1; p)

(
n

p

) p−1∑
a=1

χ(a)

(
a2 − 1

p

)

+24p2G(1; p)2

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))2

+8pG(1; p)3
(
n

p

)(p−1∑
a=1

χ(a)

(
a2 − 1

p

))3

+G(1; p)4

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))4
 · |L(1, χ)|.

We write

∑
χ 6=χ0

|G(n, χ; p)|8 · |L(1, χ)| = 16p4
∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|+ 32p3G(1; p)

(
n

p

)
B1

+24p2G(1; p)2B2 + 8pG(1; p)3
(
n

p

)
B3 +G(1; p)4B4, (4.16)

where

B1 =
∑
χ 6=χ0

χ(−1)=1

p−1∑
a=1

χ(a)

(
a2 − 1

p

)
· |L(1, χ)|;
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B2 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))2

· |L(1, χ)|;

B3 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))3

· |L(1, χ)|;

B4 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))4

· |L(1, χ)|.

Notice that A1 = B1. Hence from (4.12) we readily obtain

B1 = O(p · ln p). (4.17)

Similarly, we have A2 = B2. Hence from (4.14) we find that

B2 =

C · p
2 +O(p3/2 · ln p); if p ≡ 1 (mod 4);

−C · p2 +O(p3/2 · ln p); if p ≡ 3 (mod 4).

(4.18)

Again we have A3 = B3, thus from (4.15) we readily obtain

B3 = O(p2 · ln p). (4.19)

Finally, using (4.9) we rewrite B4 as

B4 =
∑
χ 6=χ0

χ(−1)=1

(
p−1∑
a=1

χ(a)

(
a2 − 1

p

))4

· |L(1, χ)|

= 4(p− 3)2
∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|

+ 4(p− 3)

(
−1

p

) p−2∑
a=2

p−1∑
b=1

(
a2 − b2

p

)(
b2 − 1

p

) ∑
χ 6=χ0

χ(−1)=1

χ(a)|L(1, χ)|
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+

p−2∑
a=2

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

(
a2 − b2

p

)(
b2 − 1

p

)(
c2 − d2

p

)(
d2 − 1

p

)∑
χ 6=χ0

χ(−1)=1

χ(ac)|L(1, χ)|

= (4(p− 3)2 + 2T )
∑
χ 6=χ0

χ(−1)=1

|L(1, χ)|

+ 2(p− 3)

(
−1

p

) p−2∑
a=2

p−1∑
b=1

(
a2 − b2

p

)(
b2 − 1

p

) ∑
χ 6=χ0

χ(a)|L(1, χ)|

+

p−2∑
a=2

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − d2

p

)(
d2 − 1

p

)∑
χ 6=χ0

χ(a)|L(1, χ)|,

(4.20)

where T is the same as (4.3). From Theorem 4.2 it is easy to see that

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − d2

p

)(
d2 − 1

p

)
= O(p3/2)

for any a ∈ Fp \ {0,±1}. Using Lemma 4.10 with the above estimate we obtain

∣∣∣∣∣
p−2∑
a=2

p−1∑
b=1

p−2∑
c=2

p−1∑
d=1

(
a2 − b2c2

p

)(
b2 − 1

p

)(
c2 − d2

p

)(
d2 − 1

p

)∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣
� p3/2

p−2∑
a=2

∣∣∣∣∣∑
χ 6=χ0

χ(a)|L(1, χ)|

∣∣∣∣∣
� p5/2 · ln p. (4.21)

Finally using Lemma 4.9, Lemma 4.10, (4.20) and (4.21) we find that

B4 = 2 · C · p3 + C · T · p+O(p5/2 ln p). (4.22)

Combining (4.16), (4.17), (4.18), (4.19) and (4.22), and then employing Lemma 4.9

and the estimate (4.5) we deduce the required asymptotic formula. �
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4.4 Proof of Theorem 4.7 and Theorem 4.8

In this section we prove Theorem 4.7 and Theorem 4.8. The proofs are immediate

consequences of Theorem 4.3 and Theorem 4.4.

Proof of Theorem 4.7. Recall from (4.2) that

N =

p−2∑
a=2

p−1∑
c=1

(
a2 − c2

p

)(
c2 − 1

p

)(
a2 − 1

p

)

=

p−1∑
a=1

p−1∑
c=1

(
a2 − c2

p

)(
c2 − 1

p

)(
a2 − 1

p

)
.

We take a = 1 in Theorem 4.4 and find that N = O(p). Putting this estimate of N

in [18, Theorem 2], we readily obtain the required result. �

Proof of Theorem 4.8. Recall from (4.3) that

T =

p−2∑
a=2

p−1∑
b=1

p−1∑
d=1

(
a2 − b2

p

)(
b2 − 1

p

)(
a2 − d2

p

)(
d2 − 1

p

)
.

From (4.5) we have

T = p2 +O(p3/2).

Putting this estimate of T in [18, Theorem 3], we obtain the required result. �

4.5 Concluding remarks

We note that the error terms of our theorems are dominated by the error terms

of Theorem 4.2, 4.3, 4.4 and Lemma 4.9, 4.10. Hence no further improvements of

our results are possible until this part is refined.

We also hope that our new approach can be used to find new higher order
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moments of the generalized quadratic Gauss sums, which may be helpful to establish

Zhang’s conjecture for m ≥ 5.
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5
Bounds on some double exponential sums

5.1 Introduction

In the last chapter we generalize a result of Heath-Brown for double exponential

sums. Given sets X ,Y ⊆ Fp, we define the following sums

Sa,r,s(X ,Y) =
∑
x∈X

∣∣∣∣∣∑
y∈Y

ep (axrys)

∣∣∣∣∣ ,
as defined in (5), for any prime p and integers r and s . Heath-Brown [19] used

this sum to give new upper bounds for the first occurance of a positive square free
1The contents of this chapter have been accepted for publication in Journal of Number Theory

(2020).
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integer in an arithmetic progression. There is also a large variety of approaches and

results about such sums.

For example, in the case of (r, s) = (−1,−1), that is, for incomplete double

Kloosterman sums, among other results, Bourgain [6], using methods of additive

combinatorics, has given a non-trivial bound of the form O(XY p−δ) provided the

length of intervals satisfy XY ≥ p1/2+ε for some fixed ε > 0, where δ > 0 depends

only on ε. Here cardinalities of X and Y are X and Y respectively.

Below that square-root threshold for the number of terms XY, Bourgain and

Garaev [8, Theorem 7], have given a nontrivial estimate of the same form O(XY p−δ)

under the conditions

X ≥ p1/18 and Y ≥ p5/12+ε.

Note that in [6, 8] the saving δ has never been explicitly evaluated as a function of

ε > 0, but there are no principal difficulties to do this.

One can also easily verify that for s = −2 and any fixed integer r, using the

Hölder inequality, the inequality [19, Equation (21)] and [19, Lemma 1], for an

arbitrary set X ⊆ Fp of cardinality X = X and Y = {1, . . . , Y }, with Y ≤ p(`+1)/2`

one derives that for any fixed integer ` ≥ 1 we have the bound

|Sa,r,−2(X ,Y)| ≤ XY
( p

XY 2`/(`+1)

)1/2`
po(1). (5.1)

In this chapter we propose a new approach to bounding such sums. The bound

we obtain is always weaker than (5.1) however it applies to more general sums, where

Y is not necessary an initial interval but can be in an arbitrary position.
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5.2 General notation

For complex weights α = {αs}s∈S , supported on a set S, we define the norms

‖α‖∞ = max
s∈S
|αs| and ‖α‖σ =

(∑
s∈S

|αs|σ
)1/σ

,

where σ > 0.

We use Σ∗ to indicate that the poles of rational functions involved are eliminated

from the summations domain.

Throughout the chapter, as usual A� B is equivalent to the inequality |A| 6 cB

with some constant c > 0, which occasionally, where obvious, may depend on the

integer parameters `, r and s. The letter p always denotes a prime number. Finally,

to simplify the notation, especially in the exponents, we write 1/ab to mean the

fraction of the form 1/(ab) rather than b/a as the canonical convention requires.

5.3 New bounds of double exponential sums

We consider the following generalisation of the sums Sa,r,s(X ,Y). Namely given

a sequence of complex weights

α = {αx}x∈X ,

we consider the sums

Sa,r,s(α;X ,Y) =
∑
x∈X

αx
∑
y∈Y

ep (axrys) .

One can certainly write

|Sa,r,s(α;X ,Y)| ≤ ‖α‖∞Sa,r,s(X ,Y).
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However we obtain an estimate which is slightly more precise with respect to α.

In our argument we consider arbitrary sets X (and arbitrary intervals Y ), hence

we can always assume that r = 1, and thus it is convenient to define

Sa,s(α;X ,Y) = Sa,1,s(α;X ,Y).

Theorem 5.1. Let X ⊆ F∗p be an arbitrary set of cardinality X and let Y ⊆ F∗p
be an interval as in (6) of Y consecutive elements. For any fixed nonzero integer s

and any complex weights α = {αx}x∈X , for any fixed integer ` ≥ 1 if s < 0 and for

any fixed integer 1 ≤ ` ≤ s if s > 0, we have

|Sa,s(α;X ,Y)| 6 ‖α‖1−1/`1 ‖α‖1/`∞ X1/2`Y
(
Y −1/`p(`+1)/2`2 + 1

)
po(1).

For the weights with ‖α‖∞ = po(1) the bound of Theorem 5.1 takes the form

|Sa,s(α;X ,Y)| 6 XY

(
p1+1/`

XY 2
+

1

X

)1/2`

po(1),

which is nontrivial when for example, s < 0 and for some fixed ε > 0 we have

XY 2 ≥ p1+ε and X ≥ pε.

For Y ≤ p(`+1)/2` this bound becomes

|Sa,s(α;X ,Y)| 6 XY

(
p1+1/`

XY 2

)1/2`

po(1),

which is always weaker than (5.1) if s = −2 , however it applies in a wider range

and of course to more general sums.
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5.4 Multiplicative congruences with intervals

We need the following simple statement given in [9, Theorem 4.1.], which is based

on a result of Ayyad, Cochrane and Zheng [2, Theorem 1], see also [25] for a slightly

more general statement.

Lemma 5.2. Let U ,V ⊆ F∗p be two intervals as in (6) containing U, V consecutive

residues modulo p, respectively. Then for any fixed nonzero integers r and s we

have

#{(u1, u2, v1, v2) ∈ U2 × V2 : ur1v
s
1 ≡ ur2v

s
2 (mod p)} � U2V 2

p
+ UV po(1).

We now derive a version of an estimate, which was obtained and used in [28,

Section 4.2] and [29, Section 2.2] for initial intervals.

Lemma 5.3. Let U ,V ⊆ F∗p be two intervals as in (6) containing U, V consecutive

residues modulo p, respectively, and let W ⊆ Fp be an arbitrary set of cardinality

W. Then for any fixed non-zero integers r, s and t we have

#{(u1, u2, v1, v2, w1, w2) ∈ U2 × V2 ×W2 :

ur1v
s
1 ≡ ur2v

s
2 (mod p) & ut1w1 ≡ ut2w2 (mod p)}

≤ UVW

(
UV

p
+ 1

)
po(1).

Proof. When a solution to the congruence ur1vs1 ≡ ur2v
s
2 (mod p) is fixed, for each w1

there are at most one possible value for w2, which satisfies ut1w1 ≡ ut2w2 (mod p).

The result now follows from the bound of Lemma 5.2. �
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5.5 Proof of the main result

We fix two positive parameters U and V with

UV 6 Y. (5.2)

Let U and V be the sets of integers in the intervals [U/2, U ] and [V/2, V ], respec-

tively.

We write

Sa,s(α;X ,Y) =
1

#U#V
∑
x∈X

∑
u∈U

∑
v∈V

A+2Y∑∗

y=A−Y
y−uv∈Y

αx ep(x(y − uv)s),

where we recall that Σ∗ always indicates that the poles of the rational function in

the exponent are eliminated from the summations (in this particular case the values

of y with gcd(y − uv, p) > 1).

Applying the same transformation as in the work of Fouvry and Michel [16,

Equations (4.3) and (4.4)] and see that for some real ξ we have

Sa,s(α;X ,Y)� log p

UV

∑
x∈X

∑
u∈U

A+2Y∑∗

y=A−Y

|αx|

∣∣∣∣∣∑
v∈V

ep(x(y − uv)s) e(ξv)

∣∣∣∣∣ .
Using our choice u ∈ F∗p, we now further write it as

Sa,s(α;X ,Y)� log p

UV
S, (5.3)

where

S =
∑
x∈X

∑
u∈U

A+2Y∑
y=A−Y

|αx|

∣∣∣∣∣∑∗

v∈V

ep
(
usx

(
yu−1 − v

)s)
e(ξv)

∣∣∣∣∣ .
Now, similarly to [28], we collect together the triples (u, x, y) with set same

values λ ≡ usx (mod p) and µ ≡ yu−1 (mod p). More precisely for (λ, µ) ∈ F2
p we
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define

ν(λ, µ) =
∑

. . .
∑

x∈X , u∈U , y∈[A−Y,A+2Y ]
(usx,yu−1)≡(λ,µ) (mod p)

|αx|.

Hence we have

S 6
∑

(λ,µ)∈F2
p

ν(λ, µ)

∣∣∣∣∣∑∗

v∈V

ep (λ (µ− v)s) e(ξv)

∣∣∣∣∣ . (5.4)

We trivially have ∑
(λ,µ)∈F2

p

ν(λ, µ)� ‖α‖1UY. (5.5)

Furthermore, by Lemma 5.3 we have

∑
(λ,µ)∈F2

p

ν(λ, µ)2 � ‖α‖2∞UXY
(
UY

p
+ 1

)
po(1) (5.6)

for any set X .

Let us fix some integer ` > 1. Writing (5.4) as,

S 6
∑

(λ,µ)∈F2
p

ν(λ, µ)(`−1)/`ν(λ, µ)1/`

∣∣∣∣∣∑∗

v∈V

ep (λ (µ− v)s) e(ξv)

∣∣∣∣∣ ,
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by the Hölder inequality, and also using (5.5) and (5.6), we obtain

S ≤

 ∑
(λ,µ)∈F2

p

ν(λ, µ)

1−1/` ∑
(λ,µ)∈F2

p

ν(λ, µ)2

1/2`

 ∑
(λ,µ)∈F2

p

∣∣∣∣∣∑∗

v∈V

ep (λ (µ− v)s) e(ξv)

∣∣∣∣∣
2`
1/2`

≤ ‖α‖1−1/`1 ‖α‖1/`∞ (UY )1−1/`(UXY )1/2`(
U1/2`Y 1/2`p−1/2` + 1

)
W 1/2`po(1),

= ‖α‖1−1/`1 ‖α‖1/`∞ U1−1/2`Y 1/2`Y 1−1/2`(
U1/2`Y 1/2`p−1/2` + 1

)
W 1/2`po(1),

(5.7)

where

W =
∑

(λ,µ)∈F2
p

∣∣∣∣∣∑∗

v∈V

ep (λ (µ− v)s) e(ξv)

∣∣∣∣∣
2`

.

Opening up the inner sum, changing the order of summation and using the orthog-

onality of exponential functions, we obtain

W =
∑

. . .
∑

v1,...,v2`∈V

e

(
ξ

2∑̀
j=1

(−1)jvj

)∑
µ∈Fp

∑
λ∈Fp

ep

(
λ

2∑̀
j=1

(−1)j (µ− vj)s
)
.

Since the inner sum over λ ∈ Fp vanishes unless

2∑̀
j=1

(−1)j (µ− vj)s ≡ 0 (mod p) (5.8)

(in which case it is equal to p), we obtain

W 6 pT, (5.9)

where T is the number of solutions to (5.8) in variables µ ∈ Fp and v1, . . . , v2` ∈ V .
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Consider the rational function

F (Z) =
2∑̀
j=1

(−1)j (Z − vj)s ∈ Fp[Z].

We now notice that if s < 0 or s > 0 and ` ≤ s, then F (Z) vanishes identically

only if the vectors

(v1, v3, . . . , v2`−1) and (v2, v4, . . . , v2`)

are permutations of each other. Indeed, if s < 0 , then we can see this from examining

the poles of F (Z). If s > 0 and ` ≤ s , then F (Z) vanishes if and only if

2∑̀
j=1

(−1)jvij = 0, i = 1, . . . , s,

and using the Newton formulas relating power sums to elementary symmetric func-

tions we see that v1, v3, . . . , v2`−1 and v2, v4, . . . , v2` are roots of the same polynomial

of degree ` and thus are permutations of each other.

If F (Z) vanishes, then there are p admissible values for µ to satisfy (5.8).

Otherwise there are O(1) choices for µ. Hence

T � pV ` + V 2`. (5.10)

We now choose

V = p1/` and U = Y p−1/`, (5.11)

thus the condition (5.2) is satisfied. Now, with the choice (5.11) the bound (5.10)

becomes T � V 2`. Therefore, from (5.9) we obtain

W 6 pV 2`.
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Substituting this bound in (5.7), we derive

S 6 ‖α‖1−1/`1 ‖α‖1/`∞ U1−1/2`V X1/2`Y 1−1/2`p1/2`+o(1)
(
U1/2`Y 1/2`p−1/2` + 1

)
.

Recalling (5.3), we derive

|Sa,s(α;X ,Y)| 6 ‖α‖1−1/`1 ‖α‖1/`∞ U−1/2`X1/2`Y 1−1/2`p1/2`+o(1)
(
U1/2`Y 1/2`p−1/2` + 1

)
,

and with the choice (5.11), we conclude the proof.
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List of symbols

A1
Fp Affine line over Fp

C Set of complex numbers

Fq Finite field of q elements

N Set of natural numbers

P1
Fp Projective line over Fp

Q Set of rational numbers

Q` `-adic numbers

R Set of real numbers

Z Set of integers

Frobarithkx Arithmetic Frobenius

Frobgeomkx
Geometric Frobenius

Frobx Frobenius class at {x}

Swanx(F) Swan conductor of F at x

C(F) Conductor of F
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100 List of symbols

C(F ,G) Correlation sum between traces of F and G

Dram
F Set of geometric points where %F is ramified

D{x} Decomposition group

G(n, χ; q) Generalized quadratic Gauss sum

G(n; q) Classical quadratic Gauss sum

Garith Arithmetic Galois group

Ggeom Geometric Galois group

I{x} Inertia group

K(m, s, χ; q) General s-dimensional Kloosterman sum

K(m, s; q) Hyper-Kloosterman sum

kx Residue field

KF Trace function associated to F

L(s, χ) Dirichlet L-function

R[X] Polynomial ring over a ring R

S(a, b; q) Classical Kloosterman sum

Sa,r,s(X ,Y) Double exponential sum

vx Discrete valuation

ZQ Closed set, set of zeroes of some polynomial Q
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Index

`-adic numbers, 12

`-adic sheaf, 12

absolute irreducible polynomial, 21

arbitrary interval, 84

arithmetic Frobenius, 12

arithmetic function, 7

arithmetic Galois group, 10

asymptotic formula, 26, 34

classical quadratic Gauss sum, 2, 56

closed set, 11

conductor, 18

congruence class, 7

correlation sum, 20

decomposition group, 11

direct sum sheaf, 14

Dirichlet L-function, 3

Dirichlet character, 3, 8

discrete valuation, 11

double exponential sum, 4, 81

exponential sum, 1

Frobenius class at a point, 12

Frobenius trace, 13

general s-dimensional Kloosterman sum,

25

general higher-dimensional Kloosterman

sum, 24

generalized quadratic Gauss sum, 2, 55

geometric Frobenius, 12

geometric Galois group, 10

geometric irreducible component, 20

geometrically irreducible, 14

geometrically isomorphic, 63

higher-dimensional Kloosterman sum, 2

hyper-Kloosterman sum, 10, 23

incomplete double Kloosterman sum, 4,

82

inertia group, 11

inertia quotient, 17
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102 Index

initial interval, 82

irreducible sheaf, 14

Kloosterman sheaf, 19

Kloosterman sum, 1

Kummer sheaf, 18, 63

Legendre sheaf, 19

Legendre symbol, 8

local monodromy representation, 16, 63

moments, 2, 25

Newton formula, 89

non-unipotent, 67

open set, 11

orthogonality relation, 9

poles, 89

pull-back, 15

quasi-orthogonality relation, 20

ramified at a point, 12

rank of a sheaf, 13

residue field, 11

Sato-Tate measure, 25

self-dual, 62

semi-stable, 67

Swan conductor, 17

symmetric function, 89

tamely ramified at a point, 17

tensor product sheaf, 14

trace function, 8

trace of the Frobenius endomorphism, 39

trivial sheaf, 14, 18

unipotent, 67

unramified at a point, 12

weight, 16

wildly ramified at a point, 17
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