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Abstract

The central theme of this thesis is to study the moments of certain exponential
sums, which we primarily capture by some asymptotic formulas. Our results are
conceptual advancements to previously known methods and results on Kloosterman
sums, generalized Gauss sums, and double exponential sums. Firstly, we introduce
some new techniques to find the number of solutions of certain congruence equations
modulo a prime p, which eventually allow us to obtain a sharper bound compared
to previously known bounds for the fourth power mean of the 3-dimensional Kloost-
erman sum. We further employ our techniques to find an asymptotic formula for the
fourth power mean of the 4-dimensional Kloosterman sum. Secondly, we study a
conjecture of Wenpeng Zhang on higher order moments of the generalized quadratic
Gauss sums weighted by L-functions. Previously known works on this conjecture
used Weil’s bound on curves, which seems to be insufficient to make further progress
in proving the conjecture. We estimate some complicated character sums involving
quadratic characters and find asymptotic formulas for such sums by relating these
sums to traces of cohomology sheaves. With the help of the new estimates, we es-
tablish Zhang’s conjecture upto weight 4. Thirdly, we study a problem on double
exponential sums. The problem of estimating double exponential sums in prime
fields is of a great interest in analytic number theory. We consider a double expo-

nential sum where the range of the summation depends on some subsets X and )
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vi ABSTRACT

of finite fields. As usually happens in this kind of sums, the problem is relatively
easy when one or both subsets are initial intervals of the form {1,2,..., N}, for some
integer N, as one can control the size of product of elements in the range. In our
work we consider intervals of arbitrary position and propose a new approach which

leads to a new estimate of the given sum.
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Introduction

In this thesis, we mainly study four different problems on exponential and charac-
ter sums. We study the asymptotic behaviour of certain exponential and character
sums, namely Kloosterman sums, quadratic Gauss sums, and double exponential
sums. The first part of the thesis is devoted to the study of Kloosterman sums.

Let ¢ be any non-zero integer. For integers a and b, the classical Kloosterman sum

is defined by

ar + bz
Sta.ti) = 3 o), 1)
1<z<q q
(z,q)=1
where e(y) = €>™ and T denotes the multiplicative inverse of  mod ¢. In 1911,
such an exponential sum first appeared in an article of Henri Poincaré [34] on the
study of modular functions. In 1926, to study certain positive definite integral
quadratic forms, H. D. Kloosterman [27] reintroduced this exponential sum. Later

this sum was known as Kloosterman sum. H. D. Kloosterman had considerable

interest in the order of magnitude of S(a, b;q). He proved that

S(a,b;q) = O(¢** (a,q)""*) (¢ — o0), (2)
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2 INTRODUCTION

for every positive e. For primes ¢ = p, the best possible bound till date is due to A.
Weil. In paper [37], Weil proved that

|S(a, b;p)| < 24/p. (3)

Kloosterman sums play quite an important role in modern analytic number theory,
as well as the theory of automorphic forms, see for instance [20]. Indeed, H. D.
Kloosterman showed in [26] that any non trivial upper bound for S(a,b;q) gives a
corresponding improvement of Hecke’s upper bound for the Fourier coefficients of
certain cusp forms. In view of such connections, mathematicians were interested in
finding the order of magnitude of S(a,b;q) and its arithmetic properties. One of

the problems is to consider the moments of Kloosterman sums, namely

Vile) = D S*a 1;q).
a(mod q)

The original motivation to consider the moments directly follows from the work of
H. D. Kloosterman, who wished to gain non-trivial bound for individual sums. This
encouraged him to consider the problem in a global sense. It should be noted that
N. M. Katz [22] has studied the higher moments from a modern point of view. From
his result, one can deduce certain asymptotic formulas for any even power moments
of S(a,1,q). In this thesis work, we mainly study asymptotic behaviour of mean
values of certain higher-dimensional Kloosterman sums modulo a prime p.

The second part of the thesis is devoted to the study of quadratic Gauss sums.
Let ¢ > 2 be an integer, and let x be a Dirichlet character modulo ¢. For n € Z,

we define the generalized quadratic Gauss sum G(n, x;q) as

Gl xia) = gx(a)e (). )

where e(y) = ™. This sum generalizes the classical quadratic Gauss sum G(n;q),

TH-2337_156123024



INTRODUCTION 3

which is defined as

Gm@:iycg)

a=1
The properties of G(n,x;q) have been studied for a long time. The values of
G(n, x;q) behave irregularly as x varies. From a result of Cochrane and Zheng

[11], we can deduce

IG(n,x;9)| <2°9/q,

where w(q) denotes the number of distinct prime divisors of ¢. In the case of prime
q, finding such bounds is due to Gauss. For further study, also see [37].
The Dirichlet L-function L(s, x) is defined by

Lis,x) = xn),

nS

n=1

where y is a Dirichlet character modulo ¢ and s is a complex variable with real
part greater than 1. In analytic number theory, at times problems become very
difficult to answer when specialised to L-functions. It has therefore been a common
theme of research to study families of L-functions and this point of view has led
to numerous insights. It has emerged from a series of results from last couple of
decades that while studying L-functions on average, a remarkable array of results
can be obtained if one has sufficiently strong information concerning the first and
especially the second moment of the values of the L-functions on the critical line.
More precisely, sometimes it is useful to study moments higher than the second
moment, which are often captured by some asymptotic formulas, together with some
basic information for individual L-functions. In this thesis work, we mainly study
higher order moments of quadratic Gauss sums weighted by L-functions. We make
progress in proving a conjecture of Wenpeng Zhang [40] on the product of quadratic

Gauss sums and classical L-functions. Our approach towards the problem is a

TH-2337_156123024



4 INTRODUCTION

conceptual advancement over earlier approaches to Zhang’s conjecture.

The last part of the thesis is devoted to the study of double exponential sums.
Let p be a prime. We denote the finite fields of p elements by F, and denote the
group of units of F, by F7. Given sets X',V C F,, we define the following sums

Sara(X. V) =Y : (5)

zeX

Z e,(ax"y")

yeyY

where

e,(z) = exp(2miz/p),

r and s are integers, and the powers in the exponent are computed in F,.

Clearly, in general settings without any restrictions on X and )’ the presence of
powers r and s in the definition of S, (X, )) is redundant, however they become
important for some special sets X and ). In particular, these sums have been a

very active object of study, especially when one or both sets are intervals of the form

{A+1,... A+ N}el,p—1] (6)

of N consecutive residues modulo p. For example, when both X and ) are intervals,
for bounds on such sums, with (r,s) = (—1,—1), in which case they are called
incomplete double Kloosterman sums, see [6, 8, 7, 17| and for the case (r,s) =
(1,—2), see [19]. The interest in such sums is instigated by the wealth of arithmetic

applications. For example,

e Bourgain and Garaev |8, 7] have used bounds on such sums to obtain stronger

versions of the Brun—Titchmarsh theorem on primes in arithmetic progressions;

e Friedlander and Iwaniec [17] have used these sums to derive new results on

the divisor function in arithmetic progressions;
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INTRODUCTION D

e Heath-Brown [19] has estimated such sums and applied them as a tool in
deriving new bounds on the smallest square-free number in an arithmetic pro-

gression.
Organization of the Thesis

We present the entire work of this thesis in five chapters as described below.

e Chapter 1: Preliminaries

Chapter 2: Fourth power mean of the 3-dimensional Kloosterman sums mod

p

Chapter 3: Fourth power mean of the 4-dimensional Kloosterman sums mod

b

Chapter 4: Higher order moments of generalized quadratic Gauss sums weighted

by L-functions

Chapter 5: Bounds on some double exponential sums

In Chapter 1, we define trace function and show how trace functions are related to
cohomology sheaves. In this chapter, we briefly give few examples of trace functions,
which will be used in subsequent chapters. We relate trace functions of more than
one sheaf by describing a notion called correlation sum of traces. Also we discuss
about few invariants related to sheaves like Swan conductors, conductors etc. Lastly,
we describe absolute irreducibility of a polynomial, which we will use in Chapter 2.

In Chapter 2, we study fourth power mean of a general 3-dimensional Kloost-
erman sum mod p. Recently, Zhang and Lv have found an asymptotic formula for
fourth power mean of a general 3-dimensional Kloosterman sum mod p. In this
chapter we prove an improvement of their asymptotic formula.

In Chapter 3, we study fourth power mean of a general 4-dimensional Kloost-

erman sum mod p. We prove an asymptotic formula for a fourth power mean of

TH-2337_156123024



6 INTRODUCTION

a general 4-dimensional Kloosterman sum. We use a result of P. Deligne, which

counts the number of IF,-points on the surface

(x—1)(y—1)(z—1)(1 —zyz) —uzryz =0, u # 0,

and then take an average of the error terms over u to prove the asymptotic formula.
We also find the number of solutions of certain congruence equations mod p which
we use to prove our main result.

In Chapter 4, we study higher order moments of the generalized quadratic Gauss
sums weighted by L-functions using estimates for character sums and analytic meth-
ods. We find asymptotic formulas for three character sums which arise naturally in
the study of higher order moments of the generalized quadratic Gauss sums. We then
use these character sum estimates to find asymptotic formulas for the 6th and 8th
order moments of the generalized quadratic Gauss sums weighted by L-functions.

In Chapter 5, we give a new bound of double sums with monomials over an
interval and an arbitrary set in finite fields. This bound generalizes and in some

cases improves previously known results.

TH-2337_156123024



Preliminaries

One of the most basic questions in number theory is to understand how vari-
ous sets of integers behave when restricted to congruence classes. Given an integer
q € Z \ {0}, a congruence class modulo ¢ is a subset of the shape a (mod ¢) =
a + qZ C 7, for some integer a.

In number theory, specially in analytic number theory one is interested in studying
the behaviour of some given arithmetic functions along congruence classes, for in-
stance to determine whether a set of integers has finite or infinite intersection with
some congruence class. The analysis of such problem often involves certain specific

classes of functions on Z/qZ. While studying such functions it is natural to apply

TH-2337_156123024



8 PRELIMINARIES

the Chinese Remainder Theorem, which is given as

z/qz.= 1] z/p°Z,
p*llq
where « is the highest power such that p® divides ¢. It largely reduces the study
to the case of prime power moduli. When the matter is as simple as possible, i.e.,
when ¢ is a prime, then the ring Z/¢Z is a finite field F, and often the functions

that occur are what we call trace functions.

1.1 Characters

Trace functions modulo a prime p are special classes of C-valued functions on
F,. The most significant example, beyond the constant function 1, is the Legendre

symbol, defined as

;

0 ifz=0;

[ J
<]g) rx el = ¢ 4+1 ifze (FX)%;

~1 ifz e Fy\ ()2

\

On the way to proving the famous theorem on primes in arithmetic progression, P.
G. Dirichlet further enriched the class of trace functions. He introduced what we

now call Dirichlet characters. These are homomorphism of multiplicative groups
X : (Z/pZ)* — C¥,

with x(0) = 0, for x non-trivial. Another important example of trace functions are

the additive characters, i.e., homomorphisms from additive group to multiplicative

TH-2337_156123024



1.2 ALGEBRAIC EXPONENTIAL SUMS 9

group of complex numbers

v (Z/pZ,+) — C*.

It is well know that, these all are of the shape

x(€ Z/pZL) — ey(ax),

2miax

where a is fixed in Z/pZ and e,(x) = e » . Both additive and multiplicative

characters satisfy the orthogonality relations

Y v@ (@) =poyey and Y x(@)X'(2) = (0~ Doy,

z€l, z€F)

where for two functions f and g, the delta function is defined by

1, if f=g;

0, if f#g.

5f~g =

It is important to note that such orthogonality relations can be generalized to arbi-

trary trace functions.

1.2 Algebraic exponential sums

In 1926, while studying the case of a positive definite homogeneous polynomial
of degree two in four variables and introducing a new variant of the circle method,
H. D. Kloosterman defined the so called Kloosterman sum, which is defined in (1).
This is another very important example of trace function, which is indeed defined
via Fourier transformation. The bound (2) proved by H. D. Kloosterman plays a

crucial role in the study of Diophantine equations. In 1948, this bound was improved

TH-2337_156123024



10 PRELIMINARIES

by André Weil [21, Section 11.7], who as a consequence of his work on the Riemann
hypothesis for curves over finite fields proved the best individual upper bound as
given in (3).

A further important example of trace function is hyper-Kloosterman sums de-
noted as K (m,s;q) which were introduced by P. Deligne [13]. These are higher-

dimensional generalisation of classical Kloosterman sums and defined as

q q =
Klnsig) = 300 Y e (IR

r1=1 o=l 4

q
!/

for any fixed integer s > 2 and any positive integer ¢ > 3. Here, Z denotes the
=1

summation over all 1 < z < ¢ such that ged(x,q) = 1, e(y) = e*™, and T denotes

the multiplicative inverse of x.

Hyper-Kloosterman sums can be interpreted as an inverse of Mellin transforma-
tion of powers of Gauss sums and therefore can be used to study the distribution of
Gauss sums.

Now we are going to define some important terms and state some results, mostly

following [15], which will be required to prove our main results.

1.3 Formal definition of trace functions

1.3.1 Galois representations

Let P be the projective line and Ay C P be the affine line and K = F,(X)
be the functions field over F,. Let K*® O K be the separable closure of K and
E C K* denote the algebraic closure of F, in K*®. We denote by G9°°™ and

Gith the geometric and arithmetic Galois group respectively, defined as

G .= Gal (K*?/F, - K) C G := Gal (K*?" |K) .

TH-2337_156123024



1.3 FORMAL DEFINITION OF TRACE FUNCTIONS 11

By restricting the action of an element of G*" to E, we have the exact sequence
1 — G — GUith _ Gal (IF_p/IFp) — 1.

We denote by ]P’}FP, the set of closed points of degree 1 and Alp = IP’Ile \ {o0}. Note
that A}FP is identified with [F,, by identifying = € F, with the degree one polynomial
X — x. A non-empty open set U C Azlgp is the open complement of the closed set
Zg C A%Fp of the zeros of some polynomial ) and the set of closed points of degree

one in U is identified with the complement of the set of roots of ) contained in F,,:

U, ~{zeF,: Qx)#0}.

For z € ]P’Ilgfp, consider the ring of rational functions defined in a neighbourhood of
x and denote it by O,, whose field of fraction is K. Let v, : K — Z U {occ} be
the associated discrete valuation. We consider O, = {f € K : v,(f) > 0} and
p. ={f € K :v.(f) > 0}, which is a maximal ideal. We denote by k, = O, /p,, its
residue field and by p,, the size of k,, i.e., p, = p%& ® where deg z is the degree

over [,

1.3.2 Decomposition group and inertia group

The valuation can be extended to a valuation on K*®?. We denote one such
extension as vy, which determines a decomposition group Dy, and an inertia

group Iy,y in the arithmetic Galois group, defined as

Dy = {0 € G| vay 00 = vy},

TH-2337_156123024



12 PRELIMINARIES

and
Itsy = {0 € Diyy| o(x) = v (mod pyay), Vo € Oy ).
From the definitions of Dy, and Iy, we have
Iisy C Dygy C G,
Also these groups satisfy the exact sequence
1 — Iy — Dy — Gal(F,/k,) — 1.
Here Gal(F,/k,) is topologically generated by the arithmetic Frobenius
u — ub.

We denote the arithmetic Frobenius by Frobzzith, which is defined over F,. We call
its inverse as the geometric Frobenius and denote it as Frobj*". The lifts of the
geometric Frobenius defines an Iy, class in the decomposition group, which we

denote by Froby,y C Dy,y, and call as the Frobenius class at {z}.

Definition 1.1. Given z, a closed point of IP’]le, a G _module V is unramified
(or lisse) at = if for any extension {x}, the corresponding inertia subgroup I, acts

trivially on V. Otherwise V' is ramified at x.

If V' is unramified at w, all the elements in the Frobenius class Froby,, acts by
the same automorphism of V. We denote this automorphism by (Froby,|V').

Fix some prime ¢ # p, consider Qy, the algebraic closure of the ¢-adic numbers
Qy. Trace functions modulo p are Q,-valued functions defined on the set of F,-
points of the affine line A}FP. They are obtained from /-adic sheaves, often denoted

as F.

TH-2337_156123024



1.3 FORMAL DEFINITION OF TRACE FUNCTIONS 13

Definition 1.2. Let U C Alle be a non-empty open subset of Aﬁ-p defined over
F,. An (-adic sheaf lisse on U, say F, is a continuous finite-dimensional Galois

representation
OF : Gam‘th — GL(V]:),

where Vr is a finite dimensional Qq-vector space, which is unramified at every closed
point x of U. Here the dimension of the vector space Vr is called the rank of F and
is denoted by rk(F).

1.3.3 The trace function attached to a lisse sheaf

For x € U(F,), a closed point of degree one at which the representation or is
unramified, we have a Frobenius conjugacy class (Frob,|Vz), namely the union of all
the (Frobyy)|Vr). By conjugacy the trace of all these automorphisms (Froby,;|Vr)
is constant within that class. We denote this common value by tr(Frob,|Vr) and

call it the Frobenius trace of F at z.

Definition 1.3. Given an {-adic sheaf F lisse on U C A]le, the trace function Kr

is a function on U(F,) given by
z € U(F,) — Kx(x) = tr(Frob,|Vz).

These are Q,-valued functions, but often can be considered as complex valued

functions via the embedding

i:Qy— C.

TH-2337_156123024



14 PRELIMINARIES

1.4 Representations types

The definition of sheaves and trace functions in terms of Galois representations

enable to use the following terms from representation theory:
e An /-adic sheaf is irreducible if the representation pr is irreducible.

e An /-adic sheaf is geometrically irreducible if the restriction of or to the

geometric Galois group G9¢° is irreducible.

e An /-adic sheaf is trivial if the representation px is trivial. In this case the

trace function is constant 1.

One can also create new sheaves and trace functions from other sheaves. In the

following we discuss about such constructions:

e Given two sheaves F and G lisse on U and U’ respectively, one can form the
direct sum sheaf F @ G which is lisse on U N U’ and is of rank equal to the
sum of the ranks of F and G, and whose representation is oreg = 0r @ 0g-

Its trace function is given by the sum
Kreg(z) = Kr(x) + Kq(),

for v € U(F,) N U'(F,).

e Similarly, one can form the tensor product sheaf 7 ®G which is lisse on UNU’
with rank equal to the product of ranks of F and G, whose representation is

0reg = 0F ® og. The trace function for F ® G is given by

Krgg(r) = Kr(v)Kg(r),

for x € U(F,) NU'(F,).

TH-2337_156123024



1.4 REPRESENTATIONS TYPES 15

e Let f € F)(X) be non-constant. We can view f as a non-constant morphism

from IP’]le to IP’]le. The Galois subgroup corresponding to this covering
Gal(K* [F,(f(X))) C G

is isomorphic to G and therefore the restriction of o7 to Gal(K*®/F,(f(X)))
defines an (-adic sheaf on Pg lisse on f~'(U) which is denoted as f*F and
is called the pull-back of F by f. Its rank is equal to the rank of F and its

trace function is given by

Kpr(z) = K7 (f()),

for x € f71(U)(F,) \ {oc}. We will use this pull-back sheaf construction for
the following morphisms. These are special cases of fractional linear transfor-

mations.

a b
Given v = € PGLy(F,), the group of automorphism of ]P’%Fp, one
c d

defines the automorphism

b
[v]:x— Y .
cr+d
In particular, for
10
1= n(b) = )
0 1

TH-2337_156123024



16 PRELIMINARIES

we obtain the multiplicative translation map x — ax. We denote the pull-back

sheaf by v*F.
Next we discuss the size of trace functions.

Definition 1.4. Let w € Z. An (-adic sheaf F lisse on U 1is punctually pure of

weight w, if for any x € U(F,), the eigenvalues of (Frob,|Vr) are complex numbers

of modulus p;)/Q.

A sheaf is mized of weights < w if as a representation it is a successive extension

of sheaves punctually pure of weights < w.

If F is mixed of weights w, one has for any x € U(F,)
| K7 ()] < tk(F)p"’2.

It is always possible to reduce to the case of ¢-adic sheaves mixed of weights w < 0.
For any w € Z, there exists an £-adic sheaf Q,(w/2) of rank 1, lisse on Py , whose
restriction to G9°°™ is trivial and Q(w/2) is pure of weight —w. Given F of some

weight w’, the tensor product
Fw/2) .= F @ Qy(w/2)
has weight w’ — w and the trace function is given by

T p_w/QK;(x).

1.5 Local monodromy representations

Given an ¢-adic sheaf F, let D™ C PY(F,)\U(F,) be the set of geometric points
where o is ramified, that is, the inertia group Iy, acts non-trivially. The restriction
of the representations, oz, s called the local monodromy representation of F at

x.

TH-2337_156123024



1.6 SOME NUMERICAL INVARIANTS 17

This set of representations is fundamental to study F and its trace functions. Let

Py be the p-Sylow subgroup of I,,. They sit in a standard short exact sequence

tame

1— P{z} — I{Z} — [{x} — 1,

where If‘;?e is the inertia quotient Iy,y/P(,). For details, see [23, Chapter 1].

Definition 1.5. The sheaf F s called tamely ramified at x if Pp,y acts trivially on

Vr and is otherwise called wildly ramified.

1.6 Some numerical invariants

If the representation is wildly ramified, then one can talk about a numerical
invariant called the Swan conductor. There is a decreasing upper numeric filtration
I, indexed by real numbers A > 0. Each I} is normal in Dy, 1)) = I(; and

Itsy O Py O Ig;]{) D Igii) for 0 < \; < Ag. Furthermore,

P,y = the closure of U I

=
A>0
SNy o _ ()
(=g and Iy = [ Loy
A>0 0<t<A

We can decompose Vr by a P, -stable direct sum as

Vr= P VF)

A€Break(Vr)

indexed by a finite set of rational numbers Break(Vz) C Q, the set of breaks of the
I;y-module Vr such that

Vr(0) = Vs
™
Ve(\) @ =0, VA > 0;

TH-2337_156123024



18 PRELIMINARIES

it

Ve(A) =t =VE(N), VN > A
For more details see |23, Chapter 1|. The Swan conductor is defined as

Swan, (F) = Z A dim(VE(A)).

A€Break(V)

Using [23, Prop. 1.9] one can show that the Swan conductor is always an integer.

Now we define a numerical invariant which is a measure of complexity of a sheaf.

Definition 1.6. We define the conductor of F, denoted as C(F), via the following

formula

C(F) =1k(F) + [P'(F,) —U[E,)|+ >  Swan,(F).

weDyem Fy)
1.7 Some important cohomology sheaves

We now give few examples of cohomology sheaves which we will study or use as

a tool in our work in the thesis.

1.7.1 Trivial sheaf

The trivial representation Q; is everywhere unramified with pure weight 0, rank

1 and the conductor 1. Its trace function is Kg;(r) = 1.

1.7.2 Kummer sheaf

For any non-trivial Dirichlet character y : F; — C*, there exists an (-adic
sheaf L,, called as Kummer sheaf, of rank 1 with pure weight 0, unramified on

ngp \ {0, 00}. Its trace function is K (x) = x(x) and conductor C'(L,) = 3.

TH-2337_156123024



1.8 QUASI-ORTHOGONALITY RELATIONS 19

1.7.3 Legendre sheaf

It is a non-trivial cohomology sheaf, denoted as F, associated to the Legendre

family of elliptic curves over the t¢-line
y' =z - 1)(z 1),

where ¢t € F,,. It is of rank 2 with pure weight 1. The trace function associated to

ko= 2G5 5,

where (;) is the Legendre symbol. For a more detailed study, see |24, Chapter 15].

F is given by

1.7.4 Kloosterman sheaf

In [12], P. Deligne gave a proof of the last Weil conjecture (Riemann hypothesis)
for algebraic varieties over finite fields and in [14]| gave a generalisation to weights
of /-adic sheaves on such varieties. Another deep result is the construction of an
(-adic Fourier transform, corresponding to the discrete Fourier transform at the
level of trace functions, with a control of the weights. In particular he constructed
hyper-Kloosterman sums, which are defined in (1.1), as a trace functions of /-adic

sheaves. This sum was subsequently studied in depth by N. M. Katz in [23].

1.8 Quasi-orthogonality relations

Given two (-adic sheaves F and G both lisse on some non-empty open set U C
Aj and both pure of weight 0, consider the tensor product F @ D(G), where D(G)
is the dual sheaf of G. Here the dual-sheaf D(G) is the contragredient representation
D(o7) on the dual space Hom(Vr, Q;). The sheaf F ® D(G) is also lisse on U and
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pure of weight 0. Moreover from the definition of conductors one sees that

C(F® D(G)) < C(F)C(G).

The trace functions of F ® D(G) are given by

r— Krgpg)(r) = Kr(v)Kg(z),

for € U(FF,). Therefore the trace formula can be used to evaluate the correlation

sums between the trace functions of F and G, defined as

C(F,G) = ]19 S Kr(0) Ko ().

z€lF)y

1.8.1 Decomposition of sheaves and trace functions

P. Deligne, on his way to the proof of the Riemann Hypothesis for projective
varieties over finite fields established that any (-adic sheaf, pure of weight zero,
is geometrically semi-simple, that is the representation oz|gscom decomposes into
a direct sum of irreducible representations of G9°™. The irreducible components
occurring in the decomposition of gr|gseom are called the geometric irreducible com-

ponents of F. Considering semi-simplification, one can get

OrFr = @ OF;

i€l

where oz are arithmetically irreducible and lisse on U. Since semi-simplification

does not change the trace functions, one obtains a decomposition of trace function

Kr=) Kr.

Theorem 1.1. [15, Theorem 5.2/(Quasi-orthogonality relation) Suppose that F and

TH-2337_156123024



1.9 ABSOLUTELY IRREDUCIBLE POLYNOMIALS 21

G both are punctually pure of weight 0 and both are geometrically irreducible with
ng copies of the irreducible component Fi.. for F and ng copies of the irreducible

component Gy, for G. Then we have

nrng C(F)2C(G)?
C(F,G)= < Z Oéi,]—',g) 5f~geomg + 0 (%) ;
i=1

where o r g 15 a complex number of modulus 1. In particular, if F and G are both

geometrically irreducible, then there exists arg € S* such that

R 2
C(J—", Q) = Oé}‘g(stgeomg +0 (w) .

pl/2

1.9 Absolutely irreducible polynomials

In this section we discuss a notion called absolutely irreducible polynomial which

we will use in Chapter 2.

Definition 1.7. Let F, be any field with q elements. A polynomial f(xq,xs,...,x,) €
F,[x1, g, ..., 2] is called absolutely irreducible if it cannot be factored in a non-trivial

manner in any algebraic extension of F.

For prime p consider the congruence
fz1, 22, ...;2,) =0 (mod p), (1.2)

where f(x1, 22, ...,x,) € Fplzy, 2o, ..., ).

S. Lang and A. Weil [30] showed that, if f is fixed and the prime modulus p
varies, then the number N of solution of the congruence (1.2) becomes arbitrarily
large as p increases and they even gave an estimate for the rate of increase of N.

Their result can be formulated precisely as follows.
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Theorem 1.2. The number N(f,p) of solutions of the congruence (1.2) satisfies

the inequality

IN(f.p) —p* | < A(f)p -2,

where A(f) depends only on the polynomial f, not on p.

Lemma 1.3. For a prime p, the polynomial f(x,y) = (z—1)(y—1)(1—zy) —uzy €
F,lz,y], u(#0) € F, is absolutely irreducible over F,,.

Proof. Consider F,, a finite extension of [F,. Let the given polynomial be factored

as,

(z =Dy - 1A —2y) —uzy = (Si(y)r + T1(y))(S2(v)x + Ta(y)),

in F,[x,y]. Then comparing the coefficients of =, we get

If S1(y) =Ti(y) = (1—y) or Sa(y) = Ta(y) = (1—y), then we have that 1—y divides
y* —uy — 1, which is a contradiction. Hence we must have Si(y) = Ta(y) = (1 —y)
or T1(y) = S2(y) = (1 —y), which implies

(1-y) +y=y*—uy—1
2
1—u

ie., y=

Y

which is a contradiction. Hence the polynomial f(z,y) must be absolutely irre-

ducible over [, [}
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Fourth power mean of the 3-dimensional

Kloosterman sum mod p

2.1 Introduction

In (1.1), we have defined hyper-Kloosterman sums K(m,s;q), which are also

called higher-dimensional Kloosterman sums. We define the general higher-dimensional

!The contents of this chapter have been accepted for publication in Funct. Approx. Comment.
Math (2020).
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24 FOURTH POWER MEAN OF THE 3-DIMENSIONAL KLOOSTERMAN SUM MOD p

Kloosterman sums K(m, s, x;q) by

q q -
/ / x_i—_i_l’s_i_mxxs
K(m,&XKZ):Z"'ZX(fol"'iﬁs)X@( ! L )

q

r1=1 rs=1

q
/

Here, Z denotes the summation over all 1 < x < ¢ such that ged(z,q) = 1,
r=1

e(y) = €™, and T denotes the multiplicative inverse of  mod ¢, x is a Dirichlet

character mod ¢, m is any integer. Many authors studied the arithmetical properties
of K(m,s;p) and obtained a series of interesting results.
One such result is due to Mordell [33]. For odd prime p, he found the following

estimate
K (m, s;p)] < p°F .

Later P. Deligne [13] improved Mordell’s result and obtained the upper bound esti-

mate

|K (m, s;p)| < (s +1)p2. (2.1)

There are many important applications of hyper-Kloosterman sums. One such is
their occurrence in the study of automorphic forms. For instance, in [32], W. Luo,
7. Rudnick and P. Sarnak used the fact that powers of Gauss sums occur in the root
number of the fundamental equation of certain automorphic L-functions, the inverse
Mellin transform property and Deligne’s bound to obtain a trivial estimate for the
Langlands parameter of automorphic representations on GL,. In addition, as for
the classical Kloosterman sums, hyper-Kloosterman sums also occur in the spectral
theory of GL, automorphic forms. Later on many other results are obtained, see

for example [31, 35, 36, 38].
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2.2 STATEMENT OF THE MAIN RESULT 25

In this chapter we will only concentrate on the general higher-dimensional Kloost-

erman sums. [t is well known that for any principal character Yy,

K(m,1,x;p) = —2y/pcos(f(m)),

for integer m, where the angle 6(m) is equidistributed in [0, 7] with respect to
the Sato-Tate measure 2sin®(0)dd. For example, see [23]. Thus moments can be
estimated by evaluating the corresponding integral
1p712-2 2 2002 [T .2
— Z | —sin®(0)dO|=" =~ 2*°p"— [ cos™ (@) sin“(6)db,
p—1 —m T Jo
where ¢ is any positive integer. It would be interesting to investigate whether
something similar is known for higher-dimensional generalized Kloosterman sums.
In this chapter we study fourth power mean value of the general s-dimensional

Kloosterman sum

4

& e 2! T+ -+ Ts+mxTy T
> X X e e (MR LRI o)
m=1x mod p |z1=1 =l p

2.2 Statement of the main result

In case of s =1, it is easy to evaluate (2.2). It can be easily seen that

pilx(a).e(a—i-mE)

a=1 p

4
=2t —8p* +10p* — 3p — 1.

Sy

m=1x mod p

For s > 2, Zhang and Li [41] first studied this sum and obtained an exact compu-

tational formula for (2.2) with s = 2. For prime p > 3, they proved the following
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26 FOURTH POWER MEAN OF THE 3-DIMENSIONAL KLOOSTERMAN SUM MOD p

identity
p—1 4

p—1 p—1 —
a+0b+ mab)
ab) - e | ————
x(ab) < 5

m=1 x mod a=1 b=1

p
=(p—1)(2p° — Tp* +2p> +8p* +4p+1).

Recently, Zhang and Lv [42] obtained the formula for s = 3. For example, for p > 3,
they prove that

4

-1 p—1 p—1 — .
S 5 (S5 S o (Y gy 0p) 2
m=1yx mod p |a=1 b=1 c=1

Here we improve the asymptotic formula (2.3). To be specific, we prove the following

theorem.

Theorem 2.1. For any prime p > 3, we have

pz_iplp_l be) (a+b+c+m%>
X (abe)

a=1 b=1 c=1 p

4
=2p° + O(p").

Sy

m=1x mod p

2.3 Proof of Theorem 2.1

In [42, Lemma 2.2|, Zhang and Lv found an estimate of a character sum and
used it to prove the asymptotic formula (2.3). In the following lemma, we obtain
a better estimate of the sum. In the proof we take an average of the number of
[F,-points on (x —1)(y —1)(1 — 2y) —uzy = 0 over u, an idea due to Cochrane (see
for example [10]). We denote the principal character by xo. The arguments in the

proofs given in this chapter are variants of [42].
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2.3 PROOF OF THEOREM 2.1 27

Lemma 2.2. Let p be an odd prime. Then we have the identity

-1 p—1 p—1 p—1 p—1 p—-1

Z Z Z Z Xo (ZT172Z5 — 1) (21 — 1) (22 — 1) (23 — 1))

r1=122=123=19y1=1y2=1y3=1
T1T203=Y1y2y3 (mod p)
(z1=1)(w2—1)(z3—1)=(y1—1)(y2—1)(y3—1) (mod p)

=p* —10p° + O(p°).

hS]

Proof. Note that yo(n) =1 if ged(n,p) =1 and x¢(n) = 1 if p|n. Hence, we have

p—1 p—1 p—1 p—1 p—1 p—1

SN xo (@ — 1)(z1 — 1)(22 — 1)(z5 — 1))

z1=1z2=1 23=1 y1=1 y2=1 y3=1
i=1 @i=I1i, vi (mod p)
H? 1(371_1) Hz:l(yi_l) (mod p)
(2.4)

:Ml_M2_M37

where

—
S|

p—1 p—1 p—1 p— -1 p—1

Mi=3 % 2. 2.2 2.1
z1=122=123=1y1=1 y2=1y3=

? 1 Ti= Hz 1 Yi (mod p

H? 1(@i=1)= ]._[z 1(yi—1) (mod p)

p—1 p—1 p—1 p—1 p—1 p-1

Ma=3,3.0,2. 0.2 %

z1=122=123=1y1=1 y2=1y3=1
Hz 1 xz—H _1Yi=1 (mod p)
Hf 1(zi—1)= Hz 1(¥i—1) (mod p)

p—1 p—1 p—1 p—1 p—1 p-1

XD v@mm—1).

r1=1zo=123=1y1=1y2=1y3=1
[T 19%—1—[1 1 9i (mod p)
Hf 1(zi—1)= Hl 1(¥i—1)=0 (mod p)

sy
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From [42, (2.4) and (2.9)], we know that

r1=122=123=1y1=11y2=1y3=1
[ @=[l} v (modp)
H?:1($i_1)51_[?:1(yi_1)50 (mod p)
p—1 p—1 p—1 p—1 p—1 p—1
VD 5 35 35 3) ) DR ST et o
:E1:1 1‘2:1 333:1 y1:1 y2:1 y3:1
H?:1 JI71'51_1?:1 y; (mod p)
T (zi—D=[T}_, (yi—1) (mod p)

Next, we have

—_
fay

p—1 p—1 p—1 p—1 p—1 p-—
My = 1
r1=122=123=1y1=19y2=1y3=1
H?:1 xiEH?:1 y;i=1 (mod p)
H?:1($i—1)EH§:1(yi_1) (mod p)

2
p—1 p—1 p—1 p—1
3 2. 1
u=0 r1=1x9=1x3=1
H?:l z;=1 (mod p), H?:l(fﬂi—l)fu (mod p)
2
p—1 p—1 p—1
SHECTUES 1 D 5 DR
u=1 z1=1x2=1
[, (zi-1)@iFs—1)=u (mod p)
2
s p—1 p-1
= Gp=5P+) | -2+ >N 1. @7
u=1 x1=0 x2=0

(z1—1)(z2—1)(1—z122)—uz122=0 (mod p)
We define M (u) as the cardinality of the set

{(z1,220) €F2| w1, 00 #0, (w1 — 1) (22 — 1)(T772 — 1) = u}.

Consider the polynomial

fl,y) = (- 1)(y— 1)1 —2y) —ury
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in F,[z,y]. In Lemma 1.3, we have proved that the polynomial f(z,y) is absolutely

irreducible over I, for any fixed v € F,, \ {0}. Hence from Theorem 1.2, we have

1 =p+ E(u),

)=uz172 (mod p)

p=lgpal

M(u) = > 1=p—2+ E(u). (2.8)
x1=1x2=1
(z1—1)(z2—1)(T1T2—1)=u (mod p)

Note that
p—1
ZM(U> = #{(w1,22) € F2| 1,29 #0,1; z129 # 1}
u=1
=p?—5p+6. (2.9)
Hence (2.8) and (2.9) yield
p—1
Y E(uw)=p"—5p+6—(p—1)(p—2)
u=1
= 2% +4. (2.10)

From (2.8) and then using (2.10) and the fact that E(u) = O(,/p), we obtain

(M)* = (p—2°+20p—-2)> Eu) +> (E(u)’
= (-1 —4p+4) +2(p—2)(—2p +4) + O(p*)
=p* +0(p?). (2.11)
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Hence from (2.7) and (2.11) we get

p—1 p—1 p-1 p—1 p—1 p-1

My= > >33 3 > 1=p"+00". (2.12)

z1=1z9=123=1 y1=1y2=1y3=1
[[_, z=[l}_, vi=1 (mod p)
Hle(wi—l)fl_[f’zl(yi—l) (mod p)

Combining (2.4), (2.5), (2.6), and (2.12) we obtain the required result. |

Lemma 2.3 (Lemma 2.3 [42]). Let p be an odd prime and x be any character mod

p. Then for primitive character x1 mod p, we have the identity

p—1 p—1 p—1 p—1 e 2|2
a+ b+ c+ mabe
Z x1(m) Z x(abe) - e ( )
m=1 a=1 b=1 c=1 p
p—1 p—1 p=1 2
= by x(abe)xi((abe — 1)(a = 1)(b—1)(c — 1))
a=1 b=1 c=1

We now give a proof of Theorem 2.1.

Proof of Theorem 2.1. From the orthogonality property of characters mod p we

have
p—1 p—1 p—1 p—1 2\
- —~ b abc
> X am late) ¢ (TEEEEEIE)
x mod p x1 mod p [m=1 a=1 b=1 c=1 p
p—1 p—1 p—1 p—1 — |
b b
—p-nY Y abe) ¢ (EECERREY | (o)
m=1x mod p |[a=1 b=1 c=1 p
Also we have
p—1 p—1 p—1 p—1 — 2|2
— —~ b b
Z Z ZXl(m) X(abc)-e<a+ +c+ma C)
x mod p x1 mod p [m=1 a=1 b=1 c=1 p
p—1 p—1 p—1 p—1 — 2|2
— — a+ b+ c+ mabe
S IND D) SEVIEO) 9) 9) SRt )
x mod p x1 mod p |m=1 a=1 b=1 c=1 p

X17X0
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212

a+b+c+m%> (2.14)

From (3.3) of [42] we get

p—1 2|2

D

x mod p |m=1

p—1 p—1 p— 1X(abc).6<a+b+c+ma_bc>
b

a=1 b=1 c=1
=(p-2)0p" —20° = —p)’ + (' =P’ —p* —p— 1)
= (p— 1)(p* + O(p")). (2.15)
Now using Lemma 2.2 and Lemma 2.3 we have

22

— o a+ b+ ¢+ mabe
Z Z le(m) x(abe) -

x mod p x1 mod p |m=1 a=1 b=1 c=1 p
X17X0

=p'lp—1*(p* —10p° + O(p*)) —p'(p — 1)(p = 2)(p* —5p + 7)°
=(p—1(P*+0(")). (2.16)

fry
(v}

Combining (2.14), (2.15) and (2.16) we obtain

212

> X le ZZX(abc)~e<a+b+c+ma_bC>

X mod p x1 mod p [m=1 a=1 b c =
=(p-DE*+0@))+ -1+ 0K))
= (p—1)(2p° + O(p")). (2.17)

Finally using (2.13) and (2.17), we complete the proof of our main theorem. |
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2.4 Concluding remarks

The Kloosterman sum K(m, s, x;q) is defined for any modulus ¢. However, in
the asymptotic formula (2.3) and Theorem 2.1, the Kloosterman sum is considered
for prime modulus only. It would be interesting to extend Theorem 2.1 to any
modulus ¢. It should be noted that the proof of Theorem 2.1 depends on the classical
estimate of the number of points on the curve (z—1)(y—1)(1—zy) —uzy = 0,u # 0
over a finite field, which comes from Theorem 1.2 using the absolute irreducibility
of the polynomial (z —1)(y — 1)(1 — zy) — uzy over a finite field. Therefore, it may

not be trivial to extend Theorem 2.1 to any modulus q.
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Fourth power mean of the 4-dimensional

Kloosterman sum mod p

3.1 Introduction and statement of the main result

In this chapter we study the fourth power mean value of the general 4 -dimensional

Kloosterman sums

(3.1)

p—1 p—1 p—1 X1+ F+T4+Mmx - Ta !
Z Z Z”'ZX(M'“%‘)'G( 1 4 1 4)

m=1x mod p |x1=1 z4=1 p

!The contents of this chapter have been published in Research in Number Theory (2020).

33

TH-2337_156123024



34 FOURTH POWER MEAN OF THE 4-DIMENSIONAL KLOOSTERMAN SUM MOD p

For an odd prime p, using (2.1) with s = 4 and then taking summation over x and

m, one can find that

p— 4

2 % g;;gﬂnxi)e<zilxi+mni1@>

m=1yx mod p |z p

<5 (3.2)

Finding an asymptotic formula for (3.1) seems to be more difficult as the idea
used in [42] to derive (2.3) is not sufficient to get a better estimate than (3.2). In
the following theorem we find an asymptotic formula for (3.1). To be specific, we

prove the following.
Theorem 3.1. For any prime p > 3, we have

4

p—1 p—1 p—1 p—1 p-1 $'+mH4T
> ([ (Bt nIaT) oo o)
m=1x mod p |x1=1z2=123=124=1 =1 p
p—1 p—1 p—1 p—1
Throughout this chapter, Z and Z denote the sums Z and
X X/ r1=1x2=123=124=1
Z Z Z respectively. Similarly, we use the notation Z Z, where Y
x1=1x2=123=1 v/

denotes the 4-tuples (y1,9s,¥3,94) and Y’ denotes the 3- tuples (y1,Y2,y3) with
1 <y, <p-—1 for all .. We denote the principal character by x, which is defined

as xo(n) =1, if ged(n,p) = 1; and xo(n) = 0, if p|n.

3.2 Some congruence equations modulo p

In this section we find the number of solutions to some congruences modulo p.

Lemma 3.2. Let p be an odd prime. Let Sy be the set of solutions in (IF;)7 of the

following congruences modulo p:

4 3 3

niwawsrs = yiyoys, | [(ei—1) =0, [J(@: - 1)

=1 i=1 =1

I
—
=2
|
=
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Then the number of elements in the set Sy s given by
|S;| = 10p* — 63p® + 159p* — 199p + 107.

Proof. We have

15| = » 1+ Z%Z 1. (3.3)

X' aYW X/ x4=2 Y’
, i @i=ITiy vi (mod p) i @=IT{_ v (mod p)
IT;- (xi—1)=IT;_; (yi—1) (mod p) Hle(xifl)zo (mod p)

?:1(331’_1)51_[?:1(91'_1) (mod p)

From [42, (2.9)] we have

SN 1=p*—9p® +5p+11. (3.4)
X' Y
[T_  z=[I}— v (mod p)
H?:1(95i_1)51_[§:1(yi_1) (mod p)

Also, the second sum can be written as

p—1
2.0, 1
X! x4=2 Y’
H;'l:l m2’51_[13=1 yi (mod p)
T2, (z;~1)=0 (mod p)
[T_1(@i—)=[1}_; (vi—1) (mod p)

p—1 p—1 p—1 p—1 p—1 p—1
=3) ) > > 1+3) > > 1+ Y > L (35

r1=2x90=224=2 Y’ r1=2x4=2 Y/’ r4=2 Y’

z12224=Y1y2y3 (mod p) r174=y1y2y3 (mod p) x4=y1y2y3 (mod p)

[17_1(yi=1)=0 (mod p)  TT;_;(yi~1)=0 (mod p) ~ IT;_; (yi—1)=0 (mod p)
To calculate (3.5), we first note the following three sums:
p—1 p—1 p—1

YYD 1=(p-1-3p-2) -1, (3.6)

a1=2as=2az=2
ajazaz=1 (mod p)
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which gives

p—1 p—1 p—1 p—1

)IDIPIPI

a1=2a2=2a3=2 aqs=2
ajazazas=1 (mod p)

=(p—1°—-4[(p-1)*-3(p—-2) -1 —-6(p—2)—1

=p® —Tp* + 17p — 14, (3.7)

and it finally yields,

p—1 p—1 p—1 p—1 p—-1

DD D> 1=pt =9 +31p° — 49p + 30. (3.8)

a1=2a2=2 a3=2 a4=2 a5=2
ajazazasas=1 (mod p

Using (3.6), (3.7) and (3.8) we find that

p—1 p—1 p-1

2.2 2.2 1

rx1=2x0=21x4=2 Y’
r1Z224=y1y2y3 (mod p)
?:1 (yi—1)=0 (mod p)

p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1
=32.2.2.2. 2. 132,33 > 1+ > > ) 1
T1=22x2=2 x4=2 Y2=2 y3=2 T1=2x2=2 x4=2 y3=2 x1=2x9=214=2
T12224=y2y3 (mod p) z12224=y3 (mod p) z12224=1 (mod p)
= 3p* — 24p® + 73p? — 101p + 54, (3.9)
p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1
PIDIPIEELDIDID IS DRI DD DD LD IO IE
r1=2x4=2 Y’ r1=2x4=2 y2=2y3=2 r1=22x4=2y3=2 r1=2x4=2
T421=y1y2y3 (mod p) T4z1=y2y3 (mod p) zaz1=ys(mod p)  x4x1=1(mod p)

[T2; (yi~1)=0 (mod p)
= 3p® — 18p* + 37p — 26, (3.10)
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and
p—1 p—1 p-1 p—1 p—1
ZZ 1=3 D 1+3> > 1=3p"—12p+12. (3.11)
r4=2 Y’ T4=2yp=2y3=2 r4=2 y3=2
T4=y1y2y3 (mod p) T4=y2y3 (mod p) z4=y3 (mod p)

i=1(4i—1)=0 (mod p)
Employing (3.9), (3.10) and (3.11) into (3.5), we obtain

p—1
XYY 1 = 9p" — 63p° + 168p” — 204p + 96. (3.12)

X' x4=2 Y’
H%l xiEH?:l yi (mod p)
T (2i—1)=0 (mod p)
[17_; (@i —1)=[T;_, (v;—1) (mod p)

We now complete the proof by combining (3.3), (3.4) and (3.12). [

Lemma 3.3. Let p be an odd prime and Sy be the set of solutions in (IF;)7 of the

following two congruences modulo p:

3 3

L1Z2Z3Ta = Y1Y2Y3, H(% o H(Z/z —1).

i=1 =1

Then we have
|Sy| = p° — 2p* — 5p® + 12p? + 3p — 13.

Proof. For 0 <u < p—1, let S(u) denote the number of solutions of

1_[(:1;Z —1)=u (mod p),

where z; € F)' for ¢ = 1,2,3. For u = 0 we count solutions with exactly one, two

and three of the z; = 1, to get

S(0)=3(p—2°+3(p—2)+1=3p" - +7.
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For u =p—1, x; and z5 can freely run through p — 2 values, except for the p — 2

pairs (z1,z3) where solving for x3 gives x3 = 0. Thus
Sp—1)=(p-2°-(p—2)=p"-5p+6.

Finally, for 1 < u < p—1, x; and 25 can freely run through p — 2 values except

for the p — 3 pairs (x1,x2) giving x3 = 0. Thus, for 1 <u < p — 1, we have
Su)=p—-2°-(p=3)=p"=5p+7.

For any choice of x1, x2, T3, Y1, Y2, y3; T4 is uniquely determined by the first equation

T1Tox3xy = Y1y2y3 (mod p). Therefore

p—1
|So] = " S(u)? = (3> =9+ 1)+ (p* = 5p+6)°+ (p— 2)(p* — 5p+ 7)°
u=0

=p° — 2% — 5p® + 12p* + 3p — 13.

This completes the proof of the lemma. |

3.3 A result of P. Deligne

The following lemma is due to P. Deligne. He communicated the proof to us
through an email. Here we present a brief sketch of the proof. His entire proof is

given in the Appendix.

Lemma 3.4. Let p be an odd prime and 1 < u < p — 1. Then the number of

[, -points on the surface (x —1)(y — 1)(z — 1)(1 — zyz) — uxyz = 0 is given by

{(@.y,2) €Fy: (= 1)(y — 1)(z — (1 — zy2) — uryz = 0}

= p* + Tr(Frob V) + 7.
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Here, Tr(Frob V,,) denotes the trace of the Frobenius endomorphism, where V,, is a

part of the cohomology on the surface
(x—1)(y—1)(z —1)(1 — zyz) —uzryz = 0.

Also, |Tr(Frob V,)| < 4p.

Proof. On the surface
(x—1)(y—1)(z—1)(1 —2yz) —uzyz = 0,u # 0, (3.13)

we have the six lines where one coordinate is 0, equivalently one coordinate is 1.
They meet in the six points which are S3-conjugate of (0,0,1) or (1,1,0), where
two lines meet. The union of the six lines has hence 6p — 6 points. If we remove

them, and put ¢t = %yzv we have the symmetric form in G2, defined as

xyzt = 1;

(=D -DE-DE-1) =u

(3.14)

where the four coordinates play symmetric role. Here G,, = P! — {0,00}. In G

we have the additional symmetry

Y

~& | =

1
o

SHE
<L |~

7 (x,y,2,t) — ( ).

Y

To compactify, preserving the symmetry, one should embed G2 into (P!)%. If on the

i-th P! we use projective coordinates (x;, z), then (3.14) is the trace on G  (P')?
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of the intersection of the hypersurfaces with the equations:

4 4
1= ]+
) =t T (3.15)
H(zz — ;) = UHZU;
i=1 i=1

In these coordinates, 7 is z; <> /.

On P!, with homogeneous coordinates z,2’, = 0 defines the point 0, 2/ = 0
the point oo and x — 2’ = 0 the point 1. If (P}, P, Ps, Py) € (P')* is on the surface
(3.15), one P; is 0 if and only if one other is 1 if and only if a third is co. One
obtains the surface (3.14) from the surface (3.15) by removing the P! in the S;-orbit
of {0} x {1} x {oo} x P! C (P')*. The set of twenty four P! is a homogeneous space
under the symmetry group Sy x {1,7}. To obtain the surface (3.13), one removes

only 18 of the 24 lines: one takes the intersection with

(P — {oo}) x (P — {o0}) x (P! — {oo}) x (P! — {0}).

This means putting ] = z, = 4 = x4 = 1 and one takes as coordinates x1, x9, x3, 2.

The equations become

/-
T1T2T3 = Ty,

(x1 — 1) (g — 1) (23 — 1)(1 — zy) = uxl,

which, eliminating z, gives (3.13). The lines among the twenty four P! which
persist in (3.13) are those mapping to oo in the 4th PL.

The surface (3.15) is non-singular except for v = 16 or u = —4. In case of
u = 16, the singular point is (—1,—1,—1,—1), and when v = —4, +(i,4,4,4) are
the singular points, where i = y/—1. These points are contained in G*. This is

4

m?

checked using the Jacobian criterion. Outside of G;,, we have the 24 projective
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lines (P, Py, P3, Py) € (P')* where some three of the P; are 0,1,00. They are

simply transitively permuted by Ss. We also have the symmetry z — z=! on all P!.

4

m?

To check non singularity outside of G, , it hence suffices to see it on the affine line
of (0,1,00,t), t # o0.

If in (P!)?, we take the intersection of two hypersurfaces of degree (1,1,1,1), we
get a K3 surface (when non-singular). Hence the surface (3.15) is a K3 surface,
except for u # 16,—4. In the intersections, we have 36 points, the coordinates

0,1, 00, all three occuring, one of them twice. Thus, over F,, we have:

number of points on (3.13) = number of points on (3.14) + 6p — 6;
number of points on (3.15) = number of points on (3.14) + 24(p + 1) — 36

= number of points on (3.14) + 24p — 12.

To find the number of points on the surface (3.15), we will now study certain coho-
mology groups. The action of the symmetry group S; x {1,7} breaks the second
cohomology group H? of the surface (3.15) into pieces indexed by the irreducible
representations of the symmetry group. All the representations of Sy in H? with a
fixed vector by Sy are contained in the span of the class of the 24 lines outside G .
This span is the image of a regular representation of S;. The span of the 24 lines is
of dimension 18, and 7 acts on it with trace 0 because 7 has no fixed points on the
hypersurface (3.15) (for u # 16). As H° and H* contribute each 1 to the trace,

the part of cohomology H? orthogonal to the 24 lines, as a representation, is

(r=1) (r=-1)

To count points on the surface (3.15) over IF,,, one then needs to know the eigenvalues

of the Frobenius. On the span of the 24 lines, the eigenvalue of Frobenius is p. On
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the class of the first representation appearing in (3.16), the eigenvalue of Frobenius is
+p. On the remaining orthogonal, we only know it is an orthogonal similitude with
the standard bilinear form multiplied by p?. Thus, the cardinality of F,-points on
the given surface (3.13) is equal to p? + Tr(Frob V,,) 4+ 7, where V,, is the orthogonal
in H? of the span of the 24 lines and |Tr(Frob V,,)| < 4p. |

3.4 Some lemmas

Using the result of P. Deligne and cardinalities of the sets S; and S; we now
prove the next lemma. In the proof we take an average of the number of F,-points

on the surface (x — 1)(y — 1)(z — 1)(1 — zyz) — uzyz = 0 over w.
Lemma 3.5. Let p be an odd prime. Then we have the identity

D o(@mmsTs — 1)(e1 — 1)(w — )(xs — 1)(24 — 1))

H?:1 wiEH?:l y; (mod p)
[T, (xi—1)=[1;—; (yi—1) (mod p)

=p% — 15p° + 97p* + O(p3).

Proof. We have

YD xo(@memsTs — (e — 1)(zz — 1)(as — )24 — 1)

H?:l %EH?:l y; (mod p)
[Ti—; (zi—D)=[T;_; (yi—1) (mod p)

:Nl—NQ—Ng, (317)

where

X Y

H?:l IiEH?ﬂ yi (mod p)
[T/, (zi—1)=]T}_; (y:—1) (mod p)
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N = 2.2
X Y
[Ti—) @=[1—, yi=1 (mod p)
H?:1 (xi_l)EH?:1 (yi—1) (mod p)
N3 —

22

X0 (.1]1372563274 — 1) .

H?=1 mizH?:l y; (mod p)

[Ti—; (zi—D)=[T;_; (yi—1)=0 (mod p)

Replacing x4 with 24y, we see that the number of solutions in (IF;)S of the con-
gruences H?Zl T = H?Zl y; (mod p) and H?Zl(xi -1) = Hle(yi — 1) (mod p) is
equal to the number of solutions of the congruences [[;_, 2; = [[._, % (mod p) and
Ya(T1 2004+ 110304+ ToX3T4 — T1 T4 — ToTg—T3T4+To—Y1Y2—Y1Y3— Y2Ys+y1 +Y2+ys—
1) = —210903+ 2102 +21 23+ 2203 —T1 —Ta—T3+Y1Y2Y3—Y1Y2—Y1Y3—Y2Y3+Y1 +y2+ys3
(mod p). Hence we get

N = >0 L+ (p=1) 2D !
X Y X Y/
H?:l xiEH?:l yi  (mod p) 21:1 xiEH?:l yi (mod p)
gcd(x1x2x4+ac1x3:v4+x2:cgac4—$1x4—z2x4—$3w4 T1T2T4+T1T3T4+T2T3T4+Ta+Y1+Y2+Y3

+a4—y1y2—y1y3—yays+y1+ya+ys—1,p)=1 =r124+T224+23T4+Y1Y2+Y1Y3+y2y3+1  (mod p)
ged(— @1 Tow3+31 To+T1 T3 +ToT3 —T] —To—T3 12242123 +x223+Y1Y2Y3+Y1+y2+Yy3
Fy1Y2Y3 —Y1Y2—Y1 Y3 —Y2ys+y1 +y2+ys,p)=1 =zizoz3+21+re+es+yi1ye+yi1ys+y2ys  (mod p)

" 6

=(p—1)" — Ny — N5 + pNs,

where

N, = > L
X Y
H?:l wiEH?:l y; (mod p)
T1X2T4+T1T3T4+T2T3T4+T4+Y1+Y2+Y3
=z124+T2za+T3Ta+Y1Y2+y1y3+y2y3+1  (mod p)

2.2 L
. X Y

i=1 IiEH?:l y; (mod p)
r1T2t+x123+x223+Y1Y2y3+y1+y2+ys
=r1z223+z1+o2+r3+y1y2+y1ys+y2ys  (mod p)

N5:
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=
I

>N 1.

X Y/

H?:l IiEH?:l yi (mod p)
T1T2T4+T1T3T4+T2T3T4+T4+Y1+Y2+Y3
=r1@4+Tox4+2324+Y1Y2+Y1y3+y2y3+1  (mod p)
T1T2+2123+T223+Y1Y2y3+Y1+Yy2+y3
=zi1xox3+w1+22+r3+y1y2+y1y3+y2ys  (mod p)

Note that the system of equations H?Zl T; = H?Zl y; (mod p), x1x9my + 12374 +
ToX3Ty + Ty + Y1 + Yo + Y3 = X104+ To%s + T3Ta + Y1y2 + Y1Ys + y2ys + 1 (mod p) and
T1T2 +T1T3 + T2l3 +Y1Y2Ys + Y1 +Y2 T Y3 = T12223 + T1 + T2+ T3+ Y1Y2 +Y1Ys +Y2y3
(mod p) is equivalent to the system of equations defining S; in Lemma 3.2. The
system of equations H?Zl T = H?:1 y; (mod p) and zyxy + 123 + o3 + Y1Y2ys +
Y1+ Y2 + Y3 = 012273 + T1 + T2 + T3 + Y12 + Y1Ys + Yoys (mod p) is equivalent to
the system of equations defining S, in Lemma 3.3. Also, if we replace z; with x;'
and y; with y; ' for all i, the system of equations H?Zl T = H?:1 y; (mod p) and
L1904+ T1T3T4+ToT3Ta+Ta+Y1+Yo+Ys = T1T4+ToTa+T3Ta+Y1Y2+Y1Y3+Yoys+1
(mod p) becomes the system of equations defining S;. So we have Ny = |S;| and

Ny = N5 = |S;|. Hence, employing Lemma 3.2 and 3.3 we deduce that

N, = 3 1= (p—1)°—2|Ss| + p|Si|
X Y

H?:l wiEH?=1 y; (mod p)
[Ti—; (zi—D)=[T;_; (yi—1) (mod p)

= p% + 2p° — 44p* + 149p® — 208p + 95p + 27.
(3.18)

Next, we have

Ny = ;ZY: 1

[T}, zi=I17_, vi=1 (mod p)
[T (@i—1)=[T;—; (yi—1) (mod p)
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p—1
= > 1
u=0 X
H?:l ;=1 (mod p), Hle(xifl)zu (mod p)
2
p—1 p—1 p—1 p—1
SRRARUSSUES vl B 95 v DS
u=1 r1=1xz2=123=1
[T;_ (z:—1)(1Z2@3—1)=u (mod p)
2
p—1 p—1 p—1 p—1
IR 38 o] FECTE ) ok S
u=1 21=0 22=0 x3=0
[, (zi—1)(A—z12025) ~uz1 2273
=0 (mod p)

(3.19)

We define N(u) as the cardinality of the set

{(z1, 9, 23) 2 # 0, 1 < <3, (21 — 1)(w2 = 1) (w5 — 1)(717275 — 1) = u}.

Then from Lemma 3.4 and (3.19) we get

N(u) = p* — 6p + 13 + Tr(Frob V). (3.20)
Note that
p—1
N(u) = #{(x1, 2, x3)| T1, 29,23 # 0, 1; x12923 # 1}
u=1
=p* —Tp* +17p — 14. (3.21)

Hence combining (3.20) and (3.21) we obtain

p—1
Z Tr(Frob V) =p* —7p* +17Tp— 14— (p — 1)(p* — 6p + 13)

u=1
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=—2p—1. (3.22)

Thus from (3.20) and using the fact that |Tr(Frob V,)| < 4p from Lemma 3.4 we

obtain
(N (w))
= pi(p2 —6p+13)> +2(p* — 6p + 13 pZTr Frob V,,) + pi(Tr(Frob Vi))?
 (p— )0 — Gp+ 1374205 — 6p + 13)(~2p = 1)+ O
= (p—1)(p* - 6p+13)2+ O(p®). (3.23)

Now, (3.19) and (3.23) yield

Ny = > 1=17p°+3p* + 0(p®). (3.24)

[Ti—y z:=[Ti—, vi=1(mod p)
1= (zi—1)=[T;_, (yi—1) (mod p)

Finally, from the properties of reduced residue system mod p we have

N3 = > Xo (T1T575T1 — 1)
X Y

H;l 1Ti= Hz 1Yi (mOd p)
ITi=, (@ —1)=IT;_, (yi—1)=0 (mod p)
2

p—1
= 21
u=2
H?:l z;=u (mod p), H;l:1 (z;—1)=0 (mod p)
2
p—1 p—1 p—1 p-1 p—1 p—1
= DIDIDNED ISR Zl
u=2 ro=2 x3=2 x4=2 xr3=2 x4=2 r4=2
rox3x4=u (mod p) z3x4=u (mod p) z4=u (mod p)

TH-2337_156123024



3.4 SOME LEMMAS 47

2
p—1 p—1l p—1 p-1 p—1 p—1
= 433316 Y Y 1 -8 Zl
u=2 | w2=laz=las—1 w3=2 4=2 w4=2
rox3x4=u (mod p) r3ra=u (mod p) z4=u (mod p)
= (p—2)(4p® — 14p + 14)*. (3.25)
Combining (3.17), (3.18), (3.24) and (3.25) we obtain the required result. |

Lemma 3.6. Let p be an odd prime. Then we have

1 p—1 p—1 p—1 p—1 p—1 p—1 p—1

DD D DD xolwiwawazy — 1)

2x90=22x3=21x4=2Yy1=2 y2=2y3=2 ys=2
H?:l gciEH?ﬂ y; (mod p)
=p" — 16p° + 111p° — 434p* + 1035p® — 1508p? + 1245p — 450.

p

8

1

Proof. We have

—_

p—1
X0($1$2$3$4 - 1)
2

p—1 p—1 p—1 p-1 p-1 p—1 p—

21=222=2 x3=2 24=2y1=2 Yy2=2 y3=2 ya=

?:1 IiEH?:l y; (mod p)

- i (3.26)
u=2 xr1=2x90=22x3=2 x4=2
?:1 z;=u (mod p)
Notice that, for u # 1
p—1 p—1 p—1 p—-1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1 p—1
1= 1—1—45 E E 1+6E E 1—1—42 1
1=1 z2=12x3=1x4=1 r1=2x2=2 x3=2 14=2 r1=2x9=2 x3=2 r1=2 x2=2 xr1=2
H?:l z;=u (mod p) Hf:l z;=u (mod p) H?:l z;=u (mod p) Hf:l z;=u (mod p) T1=u (mod p)
and
p—1 p—1 p-1 p—1 p—1 p-1 p—1 p—1 p—1
)IDIDIREIDIDIDDELLID DD DI ELEND DI
r1=1x9=12x3=1 x1=2x9=2 x3=2 x1=2x9=2 r1=2
? 1 Ti=u (mod p) H,‘:’Zl z;=u (mod p) H?Zl z;=u (mod p) z1=u (mod p)
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Hence we get

r1=2x2=2 x3=2
H?:1 z;=u (mod p)

which yields

p—1 p—1 p—1 p—1

>N D D 1=p-1° 4" -5p+7)—6(p—3) —4

r1=2x0=21x3=214=2
H;l:1 z;=u (mod p)

=p® — Tp* + 17p — 15.

Thus from (3.26) we deduce that

p—1 p—1 p—1 p-1 p—1 p—1 p-1 p—1
2200220 D xolwmawsra — 1)
T1=222=213=2 24=2 Y1 =2 y2=2 y3=2 y4=2
H;l:1 xiEH?:l y; (mod p)
2

p—1 p—1 p—1 p-1

2.2.2. 2.1

-1
u=2 r1=2x9=2x3=2 14=2
H;lzl z;=u (mod p)

= (p-2)p" -7+ 17p—15)

P

= p" — 16p° + 111p° — 434p* + 1035p® — 1508p* + 1245p — 450.

This completes the proof of the lemma. |
The proof of the next lemma is very similar to [42, Lemma 2.1].

Lemma 3.7. Let p be an odd prime and x be any Dirichlet character mod p. Then
we have the identity

1 |p-1 p-1 2

Z ) i X(H z;)e (Zi:l zi+mliy E)

1 |z1=12z2=123=124=1 i=1 p

3
=
bS]

3
I
8
I
8
I

8
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p°—2p* —p* —p* —p, if X # Xo;

p’=pt=p'=p’—p—1, ifx=xo
Proof. We first note the following identity
r! (nm) p, if pn;
(& _— =
m=0 p 0, ifptn.

Using the above identity, we have

Z (H xz‘)e (le i +pm Hi:l E)
_ e N OO TED D R ) R § )
ZD«H e ( : )

_ . i= 1?/% i— 1) % = o mH?:l E(H?:lx_i_ 1)
Sl (Bt e (=)
=¥ Z X H%)Ze(z:ilyzgxi_l)>

2

rx1=2x9=22x3=2 Y
H§:1 z;=1 (mod p)

. 1(z — 1 o(T1 — 1
+6pzze<y( )—;y( ))
+pi i i i Yo (Zi:l y’;xi _ 1)> . (3.27)

r1=2x9=21x3=2x4=2 Y
[T, zi=1 (mod p)

We obtain (3.27) by dividing the set of solutions of the congruence Hle z, =1
(mod p) into four cases: all z;’s are equal to 1, exactly one of the z;’s is equal to 1,

exactly two of x;’s are equal to 1, and none of x;’s is equal to 1. We now evaluate
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the above three sums of (3.27). Firstly, we have

§ Sy (Shete)
2

rx1=2x2=22x3=2 Y
;- =1 (mod p)

=—(p-1) >

x1=2 x2=2 x3=2
Hle ;=1 (mod p)

p—1 p—1 p—1 p—1
= —(p—1) 1-3) 1-1
x1=1x2=12x3=1 r1=2

Similarly, we get

ZZG(ZA x1—1) —;yg(xl—l)> = 12p-2)

1= Y

=p> —4p® +5p — 2.

Finally,

5 Sy (R )

r1=219=213=2 14=2
[T, =1 (mod p)
p—1 p—1 p—1 p-1

=22 2.1

r1=2x9=21x3=21x4=2
Hf 1 z;=1  (mod p)
p—1 p—1 p—1 p-1 p—1 p—1 p-—1

S35 3) 3 SEETE 3) 35 DIEEID ST

r1=1x9=12x3=1 24=1 r1=2x9=2 x3=2 r1=2
H?leizl (mod p) Hlexizl (mod p)

TH-2337_156123024
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=(p—-1°—-4[(p—-17-3(p—-2)—1]-6(p—2)—1

=p* — T+ 17p — 14. (3.31)

Again, from the properties of Gauss sums we have

p*, if x # xo;
— (3.32)

1, if x = xo-

2
1+ 29+ T3+ 24
> X(@azawsws)e
X D

Now combining (3.27), (3.28), (3.30), (3.31) and (3.32), we readily obtain the re-
quired identity. [ |

Lemma 3.8. Let p be an odd prime and x be any character mod p. Then for

primitive character x1 mod p, we have the identity

2
p—1 A T
Z x1(m) Z X(x120324)E (x1 t T+ T3+ T4+ mx1m2x3x4)
m=1 X P
2
= p5 Zx(x1x2x3x4)ﬂ((m = 1)@1 r 1)(m2 . 1)(1:3 . 1)@4 Il 1))
X

Proof. The proof proceeds along similar lines to the proof of [412, Lemma 2.3| so we

omit the details for reasons of brevity. |

3.5 Proof of the main result

We now have all the ingredients to prove our main theorem.

Proof of Theorem 3.1. From the orthogonality property of characters mod p we

have

912

S Y S am

x mod p x1 mod p |[m=1

X i=1 p
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4

p—1 4 4 4
i Ti+m]] T
=(p—1 X xi)e = = 3.33
( )mzlxmodp ; (111 ) ( p ( )
Also we have
p—1 4 24 . + mH4 - 2 2
X vt e (Bt L)
x mod p x1 mod p [m=1 X i=1 p
p—1 4 24 LL'—f—mH4 — 912
- X 3 5 [ Cad e ()
x mod p x1 mod p |m=1 X =1 p
X17X0
a - St ai+m[[, T 2’
+ X(| | zi)e | == = (3.34)
Using Lemma 3.7 we obtain
— . S+ mIlL T il
5 (5[ (B dla)
x mod p |m=1| X i=1 p
.\ p —4p —p —p — P p —=—p —p —Pp —D—
( 2)( 5 9 4 3 2 )2 +( 5 4 3 2 1)2
=(p—1)(@" +0@"). (3.35)

Now using Lemmas 3.5, 3.6 and 3.8 we have

Z X(H z;)e <Zzl Li "‘pm [Tios E)

912

S Y S

x mod p x1 mod p |m=1
X17X0

4 4

2D DIED DR SRTY § ERReL() § ESVN § (CARRY)

x mod pxi modp| X =1 i=1

X17X0
D DD SIS | Evrall § Rl | (R
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93

=0 > 2 x(T=ow 7 - D] @ -1)
SYRUREUND 5 DENNNNNI() | 1) | (CRE0)

H?:l fiEH;'l:l Yi (mOd p)
ITi— (@i—1)=IT;_, (vi—1) (mod p)

p—1 p—1 p—1 p-1 p—1 p—1 p—

n A DIPIDID IO IS

1
r1=22x2=223=2x4=2Yy1=2Yy2=2y3=2 ya=2 i=1
4 _1T74
[Ii=1 z:=IT;=; yi (mod p)

=p°(p — 1)*(p® — 15p° + 97p* + O(»*))

—p°(p—1)(p" — 16p° + 111p° — 434p™* + 1035p® — 1508p* + 1245p — 450)

= (- 1DE’+0@0"). (3.36)

Hence from (3.34), (3.35) and (3.36) we obtain

Z Z Z Y1 (m) (H z)e (Zi—l T; —l—pm [Ties f_z>
=@p-1)E°+0@")+@-1)E"°+0(")
= (p—1)(2p"° +O")). (3.37)

Using (3.33) and (3.37) we complete the proof of our main theorem.
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Generalized quadratic Gauss sums

weighted by L-functions

4.1 Introduction and statement of the result

Let ¢ > 2 be an integer, and let x be a Dirichlet character modulo ¢. For n € Z,

we recall the generalized quadratic Gauss sum G(n, x;q) which is defined as

Cln.v:q) = aﬁ;xme (%),

!The contents of this chapter have been accepted for publication in the Asian Journal of Math-
ematics (2020).
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56 GENERALIZED QUADRATIC (GAUSS SUMS WEIGHTED BY L-FUNCTIONS

where e(y) = ™. This sum generalizes the classical quadratic Gauss sum G(n;q),

which is defined as

- e (1)

a=1 q
The properties of G(n,x;q) have been studied for a long time. The values of
G(n, x;q) behave irregularly as x varies. From a result of Cochrane and Zheng
[11], one can find an upper bound of |G(n,x;q)| for any positive integer n with
ged(n,q) = 1. Let p be an odd prime and L(s, y) denote the Dirichlet L-function
corresponding to the character y mod p. Let xo denote the principal character
modulo p. For a general integer m > 3, whether there exists an asymptotic formula

for

> G x;p)P™ and Y |G (n, x; p)IP" - [L(1, )]

x mod p XFX0

is an unsolved problem. In [40], Zhang conjectured the following.

Conjecture 4.1. For all positive integers m,

Y G xsp)P" L0l ~C Y G, p— oo,

X#X0 X (mod p)

where

C = H 2) (3) 4ot (27:}) 4. (4.1>

42 2 44 .p4 42m .p2m

1s a constant and Hp denotes the product over all primes.

For an analogous study on central value of moments of twisted L-functions, see
[4]. For a fairly general family of L-functions, V. Blomer, E. Fouvry, E. Kowalski, P.
Michel, D. Mili¢evié¢ and W. Sawin surveyed the known consequences of the existence

of the asymptotic formulas with power saving error term for the twisted first and
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4.1 INTRODUCTION AND STATEMENT OF THE RESULT 57

second moments of the central value of the family. Their works also contribute to
many arithmetic consequences regarding L-functions. For further study related to
moments of twisted L-functions see [3, 5, 39].

Zhang [40] showed that G(n, x;p) enjoys many good weighted mean value prop-
erties. He used estimates for character sums and analytic methods to study the sec-
ond, fourth and sixth order moments of generalized quadratic Gauss sums weighted

by L-functions. To be specific, he proved that for any integer n with ged(n,p) =1,

> G x:p)P - IL(L,x)| = C-p* + O(p*? - In p)

XFX0

and

> G, xip)* - IL(1L,X)| =3-C - p* + O(p°* - I p),

XFX0
where C' is given by (4.1). He also found the following asymptotic formula for the
6th order moment of the generalized quadratic Gauss sums. He proved that, for an

odd prime p =3 (mod 4) and for any fixed positive integer n with ged(n,p) = 1,

> G x:p)l° - [L(L,x)] =10 - C - p* + O(p"/ - In* p).

XFX0
Finding asymptotic formulas for the 6th order moment in case of p = 1 (mod 4) and
for the higher order moments seem to be more difficult. To find asymptotic formulas
for the higher order moments, one needs to estimate more complicated character
sums, and the ideas used in [40] are not sufficient to estimate such character sums.
In this chapter, we employ certain ideas from algebraic geometry to estimate the

following three character sums.
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Theorem 4.2. Let p be an odd prime, and let a € F, \ {0,%£1}. Then we have

-1 p—1

1<b2 —pa c ) <b2;1) (dQ;CQ) (d2p—1> o),

The proof of Theorem 4.2 does not hold for a = £1. In the following theorem

p—1

”6
"B

b=1 c=1

i

we find an asymptotic formula for the above sum in case of a = +1.

Theorem 4.3. Let p be an odd prime. We have

p—1 p—1 p—1

b — -1\ (d? -\ (& —1

(5 (5 (59) (57) =ar 0w,
b=1 c=1 d=1 p p p

Theorem 4.4. Let p be an odd prime. For a € F), we have

5 (5 (5 (5) om

We use the above three estimates to find an asymptotic formula for the 6th

,_.

H

p

o
Il

order moment in case of p = 1 (mod 4) and an asymptotic formula for the 8th
order moment of generalized quadratic Gauss sums weighted by L-functions. To be

specific, we prove the following two main theorems.

Theorem 4.5. Let p be an odd prime satisfying p =1 (mod 4). For any integer n
with ged(n,p) = 1, we have the asymptotic formula

X7X0

where C' is as given in (4.1).

Theorem 4.6. Let p be an odd prime. For any integer n with ged(n,p) = 1, we
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4.1 INTRODUCTION AND STATEMENT OF THE RESULT 59

have the asymptotic formula

XFX0

where C' is as given in (4.1).

Combining the results proved in [18, 40], it readily follows that Conjecture 4.1 is
true when m = 1,2. He and Liao |18, Theorem 2| evaluated the sum Z |G(n, x;p)|°

x mod p

for any integer n with ged(n,p) = 1. They proved that

(p — 1)(10p* — 25p® — 16p — 1) + (py/p(p — 1)N
> Gl = 18— 12pyp—6y5) (), ifp=1 (mod )
i (p—1)(10p* — 25p> — 4p — 1), if p=3 (mod 4),

where
—2 p—1

v=23 (59) (5 (57): 12

a; C

S
3

||
N

In this chapter we find an asymptotic formula for the character sum N and obtain

an improved estimate of He and Liao’s result as given below.

Theorem 4.7. Let p be an odd prime and n be any integer with ged(n,d) = 1.

Then we have

10p* + O(p™/?), ifp=1 (mod 4);

> G, x:p)|° =

x mod p (p—1)(10p> — 25p* —4p—1), ifp=3 (mod 4).

From the works of He and Liao [18] and Zhang [40], it follows that Conjecture
4.1is true when m = 3 and p =3 (mod 4). Using Theorem 4.5 and Theorem 4.7 we

now readily find that Conjecture 4.1 is also true when m =3 and p =1 (mod 4).
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He and Liao [18, Theorem 3| also evaluated the sum Z |G (n, x;p)|® for any
x mod p

integer n with ged(n,p) = 1. They proved that

> G, x:p)P

X mod p

([ (p— 1)(34p* — 999 — 65p% — 20p — 1)

) H(565° B+ 87 B — 56p/B — 8B + 8 /Blp — 1N) (%)

+p*(p — DT, ifp=1 (mod 4);
| (@ —1)(34p* = 99p® +Tp® —5p — 1) +p*(p— DT, ifp=3 (mod 4),

where N is the same as (4.2) and

- PSS (S (BN () (5w

In this chapter we find an asymptotic formula for the character sum 7" and obtain

M

[|
N

an improved estimate of He and Liao’s result as given below.

Theorem 4.8. Let p be an odd prime and n be any integer with ged(n,d) = 1.

Then we have

> G, xip)I° = 359" + O(p°?).

x mod p

Combining Theorem 4.6 and Theorem 4.8 we find that Conjecture 4.1 is also

true when m = 4.

4.2 Proof of Theorems 4.2, 4.3, and 4.4

In this section we prove Theorems 4.2, 4.3, and 4.4. These three results play
crucial role in the proof of our main results. Our proofs rely on certain techniques

from algebraic geometry. Throughout this section, we set p(t) := (%) , where (;)
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is the Legendre symbol.

Proof of Theorem 4.2. Let

S=Y3"3 " p(t” = a’)p(b® — 1)p(d® — )p(d® — 1),

where a € F,, \ {0, £1}. We can rewrite the above sum as

S
L
=
L
=
\

S= p(b—a*)p(b = D)p(d® — )p(d* — )#{x 1 a* = b}
b=1 c=1 d=1
p—1 p—1 p—1
= p(b = a’)p(b — 1)p(d® — A)p(d® = 1)(1+ p(b))
b=1 c=1 d=1
=51 + 5,
where
p—1 p—1 p—1
Sy = p(b — a*c)p(b — 1)p(d* — c*)p(d* — 1)
b=1 c=1 d=1
and
p—1 p—1 p—1
Sy = p(b— a*c)p(b — 1)p(b)p(d* — ¢*)p(d® = 1)
b=1 c=1 d=1
Now
p—1 p—1 p—1
Sy = p(d® = )p(d* =1) Y p(b—a*c*)p(b—1)
e=1 d=1 b=1
p—1 p—1 p
= p(d® = )p(d® = 1) p(b—a’®)p(b—1)
e=1 d=1 b=1
p—1 p—1
- p(d* —*)p(d® = 1)
c=1 d=1
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=YD (@ =)p(d = 1)) p(b—a’P)p(b— 1)+ O(p*?).

The inner sum is —1 if ac # +1 and p — 1 if ac = £1, and hence

p—1 p—1 p—1
==> " D pld®=A)p(d® = 1) +2(p—1) Y p(d® —a?)p(d® - 1) + O(p*?).
c=1,ct+a=1 d=1 d=1

Both the sums are O(p*?) because neither (d? — ¢?)(d? — 1) nor (d*> —a=2)(d* — 1)

is a perfect square in F,[c,d]. So we obtain
S = 8,4+ 0(*?).

Now we repeat the same argument with ¢ and d on S5, and deduce that
§=5+0@1"?),

where

5 = o(b — ae)p(b — 1)p(B)p(d — c)p(d — )p(d)p(c)
=ip(0)<_ p(b—a*c)p(b —1)p( ) ( p(d —1)p (d)>
— 3" p(0)é(a)é(0)

considering ¢(t) = S22=1 p(b — t)p(b — 1)p(b). Here 4(t) is the trace function of the
self-dual, rank 2, irreducible sheaf F, which is a non-trivial cohomology sheaf of

the Legendre family of elliptic curve

v =x(x —1)(z —t)
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and p(c) is the trace function of the rank 1 Kummer sheaf £,, associated to the
quadratic character p. Here F is not isomorphic to a twist of G := a*F, where the
map « is the multiplicative translation by a* and a € F, \ {0,£1}. Both F and
G are of weight 1 and we consider trace functions of weight less than or equal to 0.
Hence we normalise both trace functions of F and G dividing by ,/p. Here G and
F ® L, both are geometrically irreducible. Here F ® L, is geometrically irreducible
because tensoring with one dimensional sheaf preserves geometric irreducibility. In
any odd characteristic 7 ® £, has non-trivial (in fact unipotent) local monodromy
at 1, but is lisse at 1/a?, whereas the multiplicative translate G has non-trivial (in
fact unipotent) local monodromy at 1/a?, but is lisse at 1. Note that G is a self-dual
sheaf. Hence F ® L, is not geometrically isomorphic to the dual of G. Hence from

Theorem 1.1 we find that

1

1« ¢(a’c) g(c) _  ((C(F))*(C(9)*(C(£,))?
P e Al G s}

where C(F), C(G) and C(L,) are the conductors of the sheaves. We have C(L,) =
O(1). Now F is of rank 2 and is at most tamely ramified at 0, 1 and oo and lisse

elsewhere, so all the Swan,(F) are zero and the conductor is bounded by 5. So we

have C(F) = C(G) = O(1), which implies

> plepptateiole) o (EEDAEL) — 0 ().

Finally, applying the estimate for S" in S, we complete the proof. [

1

p—1p-1p

Proof of Theorem /.3. We observe that

>33 (50 (5 (59 ()

2(p—3)* + T, (4.4)

S
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where

S S (b? - 02) (b2 - 1> <d2 - 02> <d2 - 1>
b=1 c=2 d=1 p p p p
is the same as given in (4.3). Proceeding similarly as shown in the proof of Theorem

4.2 we write

=
L
S
&
S
L

T = p(b* = )p(b® — 1)p(d® — *)p(d® — 1)
b=1 c=2 d=1
p—1 p—2 p—1
= p(b—)p(b = 1p(d® = A)p(d® = 1)(1 + p(b))
b=1 c=2 d=1
=T+ 1T,
where
p—1 p—2 p—1
T, = p(b = )p(b = 1)p(d* = ¢)p(d® = 1)
b=1 c=2 d=1
and
p—1 p—2 p—1
Ty = p(b— )p(b = 1)p(b)p(d® — *)p(d* — 1)
b=1 c=2 d=1
We find that
p—2 p—1 p—1
Ty = p(d® = )p(d* —1) Y p(b—c*)p(b—1)
=2 d=1 b=1
p—2 p—1 P
= p(d® = )p(d® = 1) p(b—)p(b—1)
=2 d=1 b=1
p—2 p—1
- p(d* = c*)p(d® = 1)
c=2 d=1
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65

—2 p—

p—2 1
=23 ) p(d* = A)p(d® — 1)
c=2

=2 d=1

= 0(p™?).

Now we use the same argument on 75 for d, which gives

=) p(b—c)p(b = 1)p(b)p(d — ¢*)p(d — 1)(1 + p(d))
b=1 c=2 d=1
— T+ T,
where
p—1 p—2 p—1
T, = p(b—c*)p(b— 1)p(b)p(d — ¢*)p(d — 1)
b=1 c=2 d=1
and

T, = 2.2 p(b—=c)p(b = 1)p(b)p(d — *)p(d = 1)p(d)
We first find that
:Ziip b—c)p(b—1)p (b)zp(d— ?)p(d —1)
§§p<b — @)oo~ o) Z o~ )p(d— 1)
J o6 — A)ofb — 1)p(b)
=2 :i; 2 p(b—c)p(b —1)p(b)
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Now

= i i i p(b—c)p(b—1)p(b)p(d — c)p(d — 1)p(d)(1 + p(c)) + O(1)

=Y 3 ob—)pb = 1)p(b)p(d = c)p(d — 1)p(d)p(c)

+ 375 b - DpB)p(d = 1pld) 3 ple — byple — d) + O(1)

Hence we have

T = T1 +T2
=0 + Ty + Ty

=T+ (p—1)(p—2)+ O0(p*?),

where

T = p(b = c)p(b=1)p(b)p(d — ¢)p(d — 1)p(d)p(c)
=300 ( " ob— (b — 1>p<b>> ( "~ o(d — pld 1>p<d>>
=37 p(@é(0)

Here ¢(t) = S0 p(b)p(b — 1)p(b — t). Note that ¢(t) and p(c) are the trace func-
tions of the cohomology sheaf F and L, as defined in the proof of Theorem 4.2. We

TH-2337_156123024



4.2 PROOF OF THEOREMS 4.2, 4.3, AND 4.4 67

normalise the trace function of F dividing by ,/p. Note that F® L, is geometrically
irreducible, as tensoring with one dimensional sheaf preserves geometric irreducibil-
ity. Also 7 ® L, is not geometrically isomorphic to the dual of F, which can be
checked using the local monodromy representation at 0. For the Legendre family, it
is unipotent as the reduction is semi-stable, but for tensoring with Kummer sheaf

L,, it is non-unipotent. Hence from Theorem 1.1 we obtain

¢*(c) _ , ((CENHC(L,)?
p c=1 p N O ( \/]_) ) 7

where C(F) = C(L,) = O(1), which finally implies
> " ple)¢*(c) = O(p*).
Replacing the estimate for 7" in T we have
T = p* +0(p*?). (4.5)

Combining (4.4) and (4.5) we complete the proof. |

Proof of Theorem /./. We consider

p—1 p—1
R = p(b* — a*c)p(b® — 1)p(c* — 1)
b=1 c=1
p—1 p—1
= p(b—a*c®)p(b —1)p(c* = 1)(1 + p(b))
b=1 c=1
= Ry + Ry,
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where
p—1 p—1
Ri=) "> plb—a*)p(b—1)p( - 1)
b=1 c=1
and
p—1 p—1
R =33 plb— a2)pb — 1)p(b)p(c? — 1)
b=1 c=1
We write
p—1 p—1
Ri=) p(c*=1)) p(b—a’c®)p(b—1)
c=1 b=1
p—1 p p—1
=Y o =1)) plb—a*P)p(b—1) =) p(c* = 1)
c=1 b=1 c=1
p—1

Then inner sum is —1 if ac # £1 and p — 1 if ac = £1, hence we have

p—1

Ri=2(p—Dpa®-1)— > p(c=1)+0(p),
c=1,c#+a~!
which implies R; = O(p). So we get
R = R2 an O(p)

Repeating the same argument with ¢ on Ry we obtain

R =R +0O(p),
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where
R =3 ple—1p(0) 3 plb — a*c)ps ~ Do(h)
= 30l - )ola’e)

where ¢(t) = 32071 p(b—1t)p(b—1)p(b). Here we are working with the trace function
¢(a’c) of G, which is defined in the proof of Theorem 4.2 and the trace function
p(c® — ¢) of the pull back of the Kummer sheaf £, by the map ¢ — ¢* — ¢. Let
K = B*L,, where the map /8 is multiplicative translate by ¢ — 1. We divide the
trace function of G by ,/p. Note that G is a geometrically irreducible sheaf of rank
2. So the geometrically irreducible, rank 1 sheaf K is not geometrically isomorphic

to the dual of G, which is self dual. Hence form Theorem 1.1 we have

L o ol ) ((C@PCK)
p;p( ) VP _O( pl/? )

which implies

p—1
> p(@ = 0)¢(a’c) = O(p),
c=1
as both conductors are of O(1). This completes the proof. |

4.3 Proof of Theorem 4.5 and Theorem 4.6

In this section we prove our main results Theorem 4.5 and Theorem 4.6. Through-
out this section, C' stands for the constant given by (4.1). We first recall three

lemmas from [40] which will be used to prove our main results.
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Lemma 4.9. [0, Lemma 2| For any odd prime p, we have the asymptotic formula

/ 1
Zx(—l):1|L(1’ X)| - 5 -C- P+ O(p1/2 : 1np)7 (46)

denotes the summation over all non-

where C' is given by (4.1) and Z/x(—

1)=1

principal even characters mod p.

Lemma 4.10. [/0, Lemma 1] For any odd prime p, we have

-1

>

a=1

> x(@)L(1, x)|

XFX0

=O(p-Inp).

Lemma 4.11. [/0, Lemma 4] Let p be an odd prime, x be any non-principal even
character mod p. Then for any integer n with ged(n,p) = 1, we have the identity

G (n, x;p)I? *2p+< > (1;p) pzix <a _1>,

where <;> 1s the Legendre symbol.
The next important result is due to Gauss.

Lemma 4.12. [1, Theorem 9.16] For any integer ¢ > 1, we have

Vv, if  g=1 (mod 4);

o 0, iof =2 (mod 4);
G(1§Q):%\/§(l+i)(l—l—e ) = 9 (mod 4)
W, iof ¢g=3 (mod 4);

(L +9)va, if  ¢=0 (mod 4).

Proof of Theorem 4.5. We first note that if x is an odd character modulo p, then

G(n, x;p) ZX ( ):o.
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Thus, for any n with ged(n,p) = 1 we have
D G - [LLX) = Y |G, x:p)[* - L1, ). (4.7)
X7FX0 XFX0
x(-1)=1
Using Lemma 4.11 we have
> G, x;p) |- |L(1, x|
X#X0
= Y |G x;p)[* - [L(1, X))
XFX0
x(-1)=1
[ n\ 22 a®—1 ’
= 5 | (2) D ( )] L0, )
Y2 p
X#xo L a=1
x(=1)=1
[ n\ & a?—1
= > |8 +12p°G(1;p) (—) x(a) ( )
x#xo L P/ = p
x(=1)=1
. a’—1 4
+6pG(1; p)? (Z x(a) ( 2 ))
a=1
n\ (2= a?—-1
rattip? (2) (Sx (“50) ) | 120
a=1
The above sum can be written as
> |G, x;p)|° - |L(1, x)|
XFX0
=8p° Y |L(1,x)| +12p°G(1;p) (2> A1+ 6pG(1;p)* As + G(1;p)° (ﬁ> As,
XFXO0 p p
x(=1)=1
(4.8)
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where

and

=X () T d@lzai-o (410)

Also, we have the Weil estimate

p—1 (bz_a2> <b2—1) <35 %1 (mod p). (4.11)

b1 D p
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Applying Lemma 4.10 we directly get
Ay =0O(p-Inp). (4.12)

Next using (4.9), we rewrite Ay as

XFX0
x(=1)=1
p=2p-l /2 32 2
a”—b b*—1
ns ( ) ( ) S x@IL(L, )]
a=2 b=1 p p XFX0
x(=1)=1
-1
—2(Z) -3 X 1zal
XFX0
x(=1)=1
p—2
+0(#5 X watstnv | (113
a=2 |x#xo
Hence Lemma 4.9 and Lemma 4.10 yield
-1
Ay =C"- (—) p? + O(p?’/2 Inp). (4.14)
p

Next we rewrite As as

A=Y (pixm) (a2;1)>3~L(17X)

X7FX0 a=l
x(=D=1
S\ 2o
=2<p—3>(—) ( )Z OIL(L )
= b XFX0
x(=1)=1
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Now using Lemma 4.10 and Theorem 4.4 we obatin

> (59) (59) (57) 2 vl

= X7#X0
p=2 |p-1 p-1 2 2 2 2 2
a” — bec b* —1 cc—1
< z( )( )( ) S w@IL ()
a=2 | b=1 c=1 p p p XFX0
<p*-Inp

Using Lemma 4.9, Theorem 4.4 and the above estimate we obtain
As = O(p* - Inp). (4.15)

Finally, combining (4.8), (4.12), (4.14) and (4.15) for all the prime p satisfying
p=1 (mod 4), and then employing Lemma 4.9 we deduce the required asymptotic

formula. [ |

Proof of Theorem /.6. Similarly as (4.7), for any n with ged(n,p) = 1 we have

Do 1Gn )P IL(L ) = Y G- [L(L X)),

XFX0 XFX0
x(=1)=1
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Lemma 4.11 yields

S G, i p)F - 1L(L )|

S
= > Gnxp)l* - 1L, x)|
— X%il _2p+G(1;p) (g) p: x(a) (a2p_ 1)] -[L(1, x|
— X%};OI :16194 + 32p°G(1;p) (g) : x(a) <a2p_ 1)
+24p*G(1;p) (ZX ( p )>2
+8pG(L;p) (g) (gx(a) (a2p_ 1))3
+G(1;p)* (gx(a) <a2p_ 1>>4 | L(1, )
We write

n
E |G(n, x;p)|® - |L(1, x)| = 16p* E 1X\+32p5G(1p)()Bl
XFX0 XFX0 p
x(=1)=1

+24p*G(1; p)* By + 8pG(1; p)° (g) Bs+ G(1;p)' By,  (4.16)

where
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X#X0 a=1
x(—=1)=1
p—1 a?—1 ’
B= Y X(a)( ) L)l
— p
XFX0 a=1
x(=1)=1
p—1 2 4
a® —1
Bi= Y ( x(a)( - )) L1, )]
a=1

Notice that A; = B;y. Hence from (4.12) we readily obtain
By =O(p-Inp). (4.17)
Similarly, we have A; = B,. Hence from (4.14) we find that

C-p*+0@p*?-Inp); ifp=1 (mod 4);
By = (4.18)

—@ ']72 - O(p3/2 . ]np); ifp=3 (mod 4).

Again we have A3 = Bs, thus from (4.15) we readily obtain
By = O(p® - Inp). (4.19)

Finally, using (4.9) we rewrite By as

Bi= Y (pixw) (a2p1)>4~L<1,x>1

XFX0 a=1
x(=1)=1
=4(p—3)° > [L(Ly)]
XFX0
x(=1)=1
S\ PR a2 2N /21
Fap-3) (—)Z ( ) ( ) S x(@)|L(L )]
a=2 b=1 p p XFX0
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X7#X0
x(=1)=1
By e Sy A Ny
Lo 3) (_) ( )( )Z X(@IL(L )|
L S p p X#X0
p—2 p—1 p—2 p—1 9 2 2
a? — b’c b* —1 c—d
e (5) () () (5B
a=2 b=1 ¢=2 d=1 D p p XFX0

(4.20)

where T is the same as (4.3). From Theorem 4.2 it is easy to see that

S () (P) (S (L) oy

for any a € F, \ {0,%+1}. Using Lemma 4.10 with the above estimate we obtain

( o) () (55 1);0X(a)|L(1,x)!

X

p—1p

o
I
Il
)

1c

[\

p—2 p—1 p—

2
a=2 b=1
< P’ Z

=2

M

C

wll
o

a)|L(1, x)|

XEX0
< p*% - Inp. (4.21)

Finally using Lemma 4.9, Lemma 4.10, (4.20) and (4.21) we find that
Bi=2-C-p+C-T-p+0(p*?Inp). (4.22)

Combining (4.16), (4.17), (4.18), (4.19) and (4.22), and then employing Lemma 4.9

and the estimate (4.5) we deduce the required asymptotic formula. |
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4.4 Proof of Theorem 4.7 and Theorem 4.8

In this section we prove Theorem 4.7 and Theorem 4.8. The proofs are immediate

consequences of Theorem 4.3 and Theorem 4.4.

Proof of Theorem /.7. Recall from (4.2) that

=28 (5 ()

Il
=N
b~

[

> (5) ()5

a=1 c=1

T 2

We take a = 1 in Theorem 4.4 and find that N = O(p). Putting this estimate of N

in [18, Theorem 2|, we readily obtain the required result. [ |

Proof of Theorem /.8. Recall from (4.3) that

=2 S (5 EN )

From (4.5) we have

T =p*+0@"?).

Putting this estimate of 7" in [18, Theorem 3|, we obtain the required result. [ |

4.5 Concluding remarks

We note that the error terms of our theorems are dominated by the error terms
of Theorem 4.2, 4.3, 4.4 and Lemma 4.9, 4.10. Hence no further improvements of
our results are possible until this part is refined.

We also hope that our new approach can be used to find new higher order
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moments of the generalized quadratic Gauss sums, which may be helpful to establish

Zhang’s conjecture for m > 5.
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Bounds on some double exponential sums

5.1 Introduction

In the last chapter we generalize a result of Heath-Brown for double exponential

sums. Given sets X, Y C IF,, we define the following sums

Sars(X, V)=

TeX

Zep az"y®)

yey

as defined in (5), for any prime p and integers r and s. Heath-Brown [19] used

this sum to give new upper bounds for the first occurance of a positive square free

!The contents of this chapter have been accepted for publication in Journal of Number Theory
(2020).
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82 BOUNDS ON SOME DOUBLE EXPONENTIAL SUMS

integer in an arithmetic progression. There is also a large variety of approaches and
results about such sums.

For example, in the case of (r,s) = (—1,—1), that is, for incomplete double
Kloosterman sums, among other results, Bourgain [6], using methods of additive
combinatorics, has given a non-trivial bound of the form O(XYp~°) provided the
length of intervals satisfy XY > p'/?*¢ for some fixed £ > 0, where § > 0 depends
only on ¢. Here cardinalities of X and )Y are X and Y respectively.

Below that square-root threshold for the number of terms XY, Bourgain and
Garaev [3, Theorem 7], have given a nontrivial estimate of the same form O(XYp~?)

under the conditions
X > pl/18 and Y > p5/12+€.

Note that in [6, 8] the saving § has never been explicitly evaluated as a function of
e > 0, but there are no principal difficulties to do this.

One can also easily verify that for s = —2 and any fixed integer r, using the
Holder inequality, the inequality [19, Equation (21)] and [19, Lemma 1], for an
arbitrary set X C F, of cardinality X = X and Y = {1,...,Y}, with Y < p(t+1)/2¢

one derives that for any fixed integer ¢ > 1 we have the bound

p 12
|Sar—2(X, V)| < XY (W) b 2 (5.1)

In this chapter we propose a new approach to bounding such sums. The bound
we obtain is always weaker than (5.1) however it applies to more general sums, where

Y is not necessary an initial interval but can be in an arbitrary position.
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5.2 General notation

For complex weights a = {a;}ses, supported on a set S, we define the norms

1/o
letl[oo = hex || and ello = (Z |asla> 5

where o > 0.

We use ¥* to indicate that the poles of rational functions involved are eliminated
from the summations domain.

Throughout the chapter, as usual A < B is equivalent to the inequality |A| < ¢B
with some constant ¢ > 0, which occasionally, where obvious, may depend on the
integer parameters ¢, and s. The letter p always denotes a prime number. Finally,
to simplify the notation, especially in the exponents, we write 1/ab to mean the

fraction of the form 1/(ab) rather than b/a as the canonical convention requires.

5.3 New bounds of double exponential sums

We consider the following generalisation of the sums S, (X, )). Namely given

a sequence of complex weights

o = {ax}xEXa

we consider the sums

Sa,r,s(a; X, y) = Z Oy Z (S (axrys) .

zEX yey

One can certainly write

|Sa,r,s(a; X7y)‘ S Ha”OOSCL,T',S(X7y)'
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However we obtain an estimate which is slightly more precise with respect to a.
In our argument we consider arbitrary sets & (and arbitrary intervals )), hence

we can always assume that » = 1, and thus it is convenient to define
Sas(o; X, Y) = Su1:(0; X, )).

Theorem 5.1. Let X C IF; be an arbitrary set of cardinality X and let ) C ]F;
be an interval as in (6) of Y consecutive elements. For any fized nonzero integer s
and any complex weights o = {ay feex, for any fived integer £ > 1 if s <0 and for

any fized integer 1 < ¢ < s if s > 0, we have
[Suslos X V)| < el a2y (v 0/ 4 1) e,
For the weights with |ct||sc = p°® the bound of Theorem 5.1 takes the form
14170 1\ Y2
P

Sas(; X, V) < XY | s + — o)
‘ 7(@, 7:)))’ (XY2 +X) p 9

which is nontrivial when for example, s < 0 and for some fixed € > 0 we have

XY? > plte and X >p°.

For Y < p*1)/2¢ this bound becomes

1+1/0\ 1/2¢
p 3
1S, 4 (s X, V)| < XY ( Aty ) o0

which is always weaker than (5.1) if s = —2, however it applies in a wider range

and of course to more general sums.
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5.4 Multiplicative congruences with intervals

We need the following simple statement given in |9, Theorem 4.1.|, which is based
on a result of Ayyad, Cochrane and Zheng |2, Theorem 1|, see also [25] for a slightly

more general statement.

Lemma 5.2. Let U,V C Ty be two intervals as in (6) containing U, V' consecutive
residues modulo p, respectively. Then for any fixed nonzero integers r and s we

have

2772

#{ (w1, ug, v1,v2) €U* x V? 1 ujvf = uhwy (mod p)} < + UVpeW.

We now derive a version of an estimate, which was obtained and used in |28,

Section 4.2] and |29, Section 2.2| for initial intervals.

Lemma 5.3. Let U,V C Fy be two intervals as in (6) containing U, V' consecutive
residues modulo p, respectiwely, and let YW C F, be an arbitrary set of cardinality

W. Then for any fixed non-zero integers v, s and t we have

#{(ul,UQ,Ul,'UQ,U)l,wg) S Z/{2 X VQ X W2 :

uivf = uhvy  (mod p) & vwiw, = ubws (mod p)}

<UVW (ﬂ + 1) p°,
p

Proof. When a solution to the congruence ujv] = ulvy (mod p) is fixed, for each w,
there are at most one possible value for ws, which satisfies ufw; = ubws (mod p).

The result now follows from the bound of Lemma 5.2. [ |
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5.5 Proof of the main result

We fix two positive parameters U and V with
Uv LY. (5.2)

Let U and V be the sets of integers in the intervals [U/2,U] and [V/2,V], respec-
tively.

We write

A+2Y

Says(a; X,y) i m Z ZZ Z* Oy ep(x(y B u@)S)’

reX uel veEVy=A-Y
Yy—uveY

where we recall that »* always indicates that the poles of the rational function in
the exponent are eliminated from the summations (in this particular case the values
of y with ged(y — uv,p) > 1).

Applying the same transformation as in the work of Fouvry and Michel |16,
Equations (4.3) and (4.4)] and see that for some real £ we have

log p r
UV ZZ Z |al‘|

reX uelUy=A-Y

Sas(o; X, Y) < D eplaly —uv)) e(v)] .

veY

Using our choice u € F,; we now further write it as

log p
v

Sesla: X,)) < Blg (5.3)

where
A+2Y

=22, 2 lal

reX ueld y=A-Y

Z* e, (u'z (yu™' —v)°) e(&w)

veY

Now, similarly to [28], we collect together the triples (u,x,y) with set same

1

values A\ = u°z (mod p) and pu = yu~" (mod p). More precisely for (A, u) € F we
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define

v\ ) = o> o).

z€X, uel, ye[A-Y,A+2Y]
(vz,yu~1)=(\u) (mod p)

Hence we have

S< Y v | Y e (A=) elEv)]. (5.4)

(A p)€F2 veEV

We trivially have
> v < e uY. (5.5)

(A p)EFZ

Furthermore, by Lemma 5.3 we have

vy
> v < fafoxy (S5 4 1) g (5.6)

(AR)€EF

for any set X.
Let us fix some integer ¢ > 1. Writing (5.4) as,

> e (A (u=0)") eé)

veY

&< Y v W A

(A\,p)€FZ

Y
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by the Holder inequality, and also using (5.5) and (5.6), we obtain

1-1/¢ 1/2¢
s<| D v > v p)?
(A p)€FZ (Ap)€EF2
o\ 1/2¢

S e (A (- v)) elév)

(A u)€EF? | vey

IN

el ™ ]| Uy ) U XY )
(U1/24Y1/2ep—1/2é + 1) Wl/Qﬂpo(1)7

- ”a H 1_1“Hchl)éZUl_l/%Yl/%Yl—l/%

(U1/25Y1/2zp71/2e i 1) W1/2€po(1)’

where
2

3 ey (A (1 —v)") el€v)

veY

we ¥

(A R)€EFF

Opening up the inner sum, changing the order of summation and using the orthog-

onality of exponential functions, we obtain
20 2
LR B 9 (59 EN b 95 S (5 S SRR B
V1., V2p EV o="1T peFy AeF), 7=1
Since the inner sum over A € I, vanishes unless

20

D (=1 (n—v)" =0 (mod p) (58)

j=1

(in which case it is equal to p), we obtain
W < pT, (5.9)

where T is the number of solutions to (5.8) in variables p € F,, and vy,...,v9 € V.
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Counsider the rational function

F(Z)=) (-1 (Z —v;)" € F,[2].

Jj=1

We now notice that if s < 0 or s > 0 and ¢ < s, then F(Z) vanishes identically

only if the vectors
(v1,v3,. .., V20-1) and (V2, V45 -+, V2p)

are permutations of each other. Indeed, if s < 0, then we can see this from examining
the poles of F(Z). If s > 0 and ¢ < s, then F(Z) vanishes if and only if

2

j=1

and using the Newton formulas relating power sums to elementary symmetric func-
tions we see that vy, vs, ..., v _1 and vy, vy, ..., vy are roots of the same polynomial
of degree ¢ and thus are permutations of each other.

If F(Z) vanishes, then there are p admissible values for u to satisfy (5.8).

Otherwise there are O(1) choices for u. Hence
T < pV 4V, (5.10)

We now choose

V = pl/* and U=Yp (5.11)

thus the condition (5.2) is satisfied. Now, with the choice (5.11) the bound (5.10)
becomes T' < V?*. Therefore, from (5.9) we obtain

W < pV*.
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Substituting this bound in (5.7), we derive

&< Ha“i—l/eHaH¥£U1—1/2£VX1/%Y1—1/2£p1/2£+o(1) (Ul/%Yl/Mp_l/% +1).
Recalling (5.3), we derive
|Sa,s(a;X,y)| < ||a||i_l/é||a||Cl,éeU_l/%Xl/”Yl_1/%]91/2“0(1) (U1/24Y1/zep—1/24 + 1) :

and with the choice (5.11), we conclude the proof.
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Affine line over F,

Set of complex numbers
Finite field of g elements
Set of natural numbers
Projective line over [F,
Set of rational numbers
(-adic numbers

Set of real numbers

Set of integers
Arithmetic Frobenius
Geometric Frobenius
Frobenius class at {z}
Swan conductor of F at x

Conductor of F

99

List of symbols



100 LIST OF SYMBOLS
C(F,G) Correlation sum between traces of F and G
D™ Set of geometric points where or is ramified
Dyay Decomposition group

G(n, x;q) Generalized quadratic Gauss sum

G(n;q) Classical quadratic Gauss sum

Garith Arithmetic Galois group

Goeom Geometric Galois group

Ity Inertia group

K(m,s,x;q) General s-dimensional Kloosterman sum
K(m,s;q) Hyper-Kloosterman sum

ky Residue field

Kr Trace function associated to F

L(s,x) Dirichlet L-function

R[X] Polynomial ring over a ring R

S(a, b;q) Classical Kloosterman sum

Sars(X,Y)  Double exponential sum

Uy Discrete valuation

Zg Closed set, set of zeroes of some polynomial ()
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(-adic numbers, 12

(-adic sheaf, 12

absolute irreducible polynomial, 21

arbitrary interval, 84
arithmetic Frobenius, 12
arithmetic function, 7
arithmetic Galois group, 10

asymptotic formula, 26, 34

classical quadratic Gauss sum, 2, 56

closed set, 11
conductor, 18
congruence class, 7

correlation sum, 20

decomposition group, 11
direct sum sheaf, 14
Dirichlet L-function, 3
Dirichlet character, 3, 8
discrete valuation, 11

double exponential sum, 4, 81
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exponential sum, 1

Frobenius class at a point, 12

Frobenius trace, 13

general s-dimensional Kloosterman sum,
25

general higher-dimensional Kloosterman
sum, 24

generalized quadratic Gauss sum, 2, 55

geometric Frobenius, 12

geometric Galois group, 10

geometric irreducible component, 20

geometrically irreducible, 14

geometrically isomorphic, 63

higher-dimensional Kloosterman sum, 2

hyper-Kloosterman sum, 10, 23

incomplete double Kloosterman sum, 4,
82
inertia group, 11

inertia quotient, 17
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initial interval, 82

irreducible sheaf, 14

Kloosterman sheaf, 19
Kloosterman sum, 1

Kummer sheaf, 18, 63

Legendre sheaf, 19
Legendre symbol, 8

local monodromy representation, 16, 63
moments, 2, 25

Newton formula, 89

non-unipotent, 67

open set, 11

orthogonality relation, 9

poles, 89
pull-back, 15

quasi-orthogonality relation, 20

ramified at a point, 12
rank of a sheaf, 13
residue field, 11

Sato-Tate measure, 25
self-dual, 62
semi-stable, 67

Swan conductor, 17

symmetric function, 89
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tamely ramified at a point, 17

tensor product sheaf, 14

trace function, 8

trace of the Frobenius endomorphism, 39

trivial sheaf, 14, 18

unipotent, 67

unramified at a point, 12

weight, 16
wildly ramified at a point, 17
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