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S,=3m, S;=5m, S,=10m, S, =12m, S;=14m  and (a)
K, =2m/day, K, =0.5m/day, K, =1m/day, K, =0.25m/day, and (b)
K, =2 m/day, K, =0.5m/day, K, =0.5m/day, K, =0.125m/day, and
(c) K, =2m/day, K, =0.5m/day, K, =4m/day, K, =1m/day, and (d)

K, =2m/day, K, =0.5m/day, K, =8m/day, K, =2m/day

Y2

Plots of the steady state top discharge function with horizontal distance at
the surface of a two-dimensional ponded ditch drainage system when the
flow parameters of the problem are taken as S=15m, h=2m,

H,=1.35m, H,=H,=20m, £=0.05m, 6, =0m, 6, =0.04 m,
0,=0.08m, 5,=012m, 5,=0.08m, &,=0.04m,8,=0m, S, =1m,
S,=3m, S,=5m, §,=10m, §,=12m, S,=14mand (a)
K, =2 m/day, K, = 0.5 m/day, K, =1 m/day, K,, =0.25 m/day, and
(b) K, = 2 m/day, K, =05 m/day, K, = 0.5 m/day, K,, = 0.125 m/day,
and (c) K, =2 m/day, K, = 0.5 m/day, K,, =4 m/day, K,, =1m/day,
and (d) K, =2m/day, K, = 0.5m/day, K, =8m/day, K, =2 m/day
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Fig. 2.40

Fig. 2.41

Fig. 2.42

Fig. 2.43

Fig. 2.44

Fig. 2.45
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Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain when the
flow parameters of the system (Fig. 2.2) are taken as S=5m, h=1m,

H,=0.65m, H =H,=05m, £=0.05m, 6=0.05m, n, =7, =0.3, and
(@ K, =K, =05m/day, K, =K, =1m/day, and (b) K, =0.5m/day,
K,, =0.25 m/day, K,, =2 m/day, K,, =1m/day, and (c)
K, =0.25m/day, K, =0.1m/day, K, =2.5m/day, K, =1m/day, and
(d) K, =1m/day, K, =0.75m/day, K, =0.5m/day, K, =0.25m/day

y

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain when the
flow parameters of the system (Fig. 2.10) are taken asS=5m, h=1m,

H;=045m, H,=H,=09m,£=005m,7,=7,=03() K =K, =
0.5m/day, K, =K, =1m/day, 6=0.1m and (b) K, =15m/day,
K, =1 m/day, K, = 0.75 m/day, K,, = 0.5m/day, 6=0.1m

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to recipient drains when the
flow parameters of the system (Fig. 2.18) are taken as S=5m, h=1m,

H,=055m, ¢=005m, &=005m, 7=7,=03 K, =K, =
0.5m/day, K, =K, =1m/day, and (a) H,=0.65m, H,=0.45m, and
(b) H,=0.75m, H,;=0.35m

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain when the
flow parameters of the system (Fig. 2.10) are takenas S=5m, h=1m,

H;=03m, H,=H,=08m, 6=0m, 7,=7,=035 and K, =K, =
K,, =K,, = 0.1 m/day

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain when the
flow parameters of the system (Fig. 2.10) are takenas S=5m, h=1m,

H,=03m, H,=H,=08m, &6=0m, 17,=055 17,=0.35
K, =K, =0.005m/day and K, =K, =0.1m/day

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain and the
distribution of the top discharge function when the flow parameters of the

system (Fig. 2.2) are takenas S=6m, h=2m, H,=12m, H =H,
=1m, =045 n,=03, le = 0.5 m/day, Ky1 = 0.25 m/day, KXz =
2m/day and K, =1m/day. The top surface ponding distributions are
@ 6=0m and (b) 6,=0m, 5,=01m, 5,=02m, J,=04m,
0,=06m, 5,=04m, 6,=02m, §,=01m, 5,=0m, S, =0.2m,
S,=0.7m, S;=1.2m, S,=17m, S;=43m, S,=48m,
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Fig. 2.46

Fig. 2.47

Fig. 2.48

Fig. 2.49
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S;=53mand S;,=58m

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain and the
distribution of the top discharge function when the flow parameters of the

system (Fig. 2.2) are takenas S=6m, h=2m, H;=09m, H, =H,
=06m, 7=03 7,=045 K, =2m/day, K, =1m/day, K, =
0.5m/day and K, = 0.25 m/day . The top surface ponding distributions
are (@ s=0m and (b) 6,=0m, &,=01m, 6,=02m, 5,=04m,
5=06m, 5,=04m, 5=02m, §=01m, &=0m, S,=02m,
S,=0.7m, S;=12m, S,=17m, S, =4.3m, Sg=4.8m,
S;=53mand S;=5.8m

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain and the
distribution of the top discharge function when the flow parameters of the

system (Fig. 2.10) are taken as S=6m, h=2m, H,=12m,
H =H,=2m, m =045 17,=03 K =05m/day, K, =
0.25m/day, K, =2m/day and K, =1m/day. The top surface
ponding distributions are (a) 6=0m and (b) 6,=0m, o,=0.1m,
0,=02m, ¢6,=04m, 6=06m, 6=04m, 5, =02m,
0 =01m, 6,=0m, §,=02m, S,=07m, S;,=12m, S,=1.7m,
S;=43m, S;=48m, S, =53m and S, =58 m

Travel times (in days) of water particles starting from the surface of a
two-layered ponded ditch drainage system to a recipient drain and the
distribution of the top discharge function when the flow parameters of the
system (Fig. 2.10) are takenas S=6m, h=2m, H,=09m, H, =H,
=2m, n,=03 n,=045 K, = 2 m/day, K, = 1m/day, K =

X

0.5 m/day and K, = 0.25 m/day . The top surface ponding distributions
are @) 6=0m and (b) 6,=0m, 6,=01m, 5,=02m, 5,=04m,
0,=06m, 5=04m, 6,=02m, §=01m, 5,=0m, S, =0.2m,
S,=0.7m, S;=12m, §,=17m, S, =43m, S,=48m,
S;=53mand S;=58m

Comparison of transient hydraulic heads as obtained from the proposed
solution with corresponding values as obtained by MODFLOW at two
different times when the flow parameters of Fig. 2.10 are considered as
(@ S=50m, h=1.0m, H,=0.6m, H,=0.45m, H, =0.45m,

£=005m, 5=0m, K, =1m/day, sz =2 m/day, Ky1 = Ky2 =0.05
m/day, S,=00075m* and S, =0.015m® and (b) S=50m,
h=1.0m, H,=0.55m, H,=09m, H,=0.9m, ¢=0.05m, 6 =0m,
K, =1m/day, K, =2m/day, K, =K, =0.05m/day, S, =0.0075m"
and S, =0.015 m™
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Fig. 3.1

Fig. 3.2

Fig. 3.3

Fig. 3.4

Fig. 3.5

Fig. 3.6

Fig. 3.7

Fig. 3.8
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General geometry of a three-dimensional ponded ditch drainage system
subject to a variable ponding distribution at the surface of the soil

The cross sectional view of the flow domain along the axis x —x" of Fig.
3.1

The cross sectional view of the flow domain along the axis y—y" of Fig.
3.1

Three dimensional ditch drainage system for a three-layered soil when
height of water in the ditches is above the boundary between the top and
the middle soil layers

Comparison of steady state hydraulic heads as obtained from the
proposed solution at a vertical cross-section located half-way (i.e., at

S,/2) between the Northern and the Southern boundaries of Fig. 3.4

with the corresponding values as obtained from Kirkham’s (1965) single-
layered steady state solution of the problem for isotropic soils when the
flow parameters of Fig. 34 are S, =15m, S,=5m, h=1m,

H,=04m, H;=06m, H;=08m, 6=0m and K, =K, =K, =
K, =K, =K, =K, =K, =K, =1m/day

Comparison of transient hydraulic heads as obtained from the proposed
solution at a vertical cross-section located half-way (i.e., at S;/2)

between the Northern and the Southern boundaries of Fig. 3.4 at times
t=100s and 500 s with the corresponding values as obtained from Barua
and Alam’s (2013) single-layered transient solution of the problem for
anisotropic soils when the flow parameters of the problem are considered
as S, =15m, S,=5m, h=1m, H,=0.25m, H, =0.35m,

He=08m, o6=0m, K, =K, =K =K, =K =K, =15m/day,
K, =K, =K, =0.75m/day and S, =S, =S, =0.005m"

. Comparison of transient hydraulic heads as obtained from the proposed
solution at times t=100s and 500 s with the corresponding values as
obtained from Sarmah and Barua’s (2017) single-layered transient
solution of the problem for anisotropic soils when the flow parameters of

the problem (Fig. 3.4) are considered as S;=6m, S,=5m, h=1m,
H,=035m, Hy;=045m, H;=0.75m, §=0.02m, ¢, =¢,=0.05m,
K, =K, =K, =1m/day, K, =K, =K, =0.5m/day, K, =K, =
K, =0.002 m/dayand S, =S, =S, =0.01m™

Comparison of steady state hydraulic heads as obtained from the
proposed solution with corresponding results as obtained from
MODFLOW when the flow parameters of Fig. 3.4 are considered as

§,=10m, S,=5m, h=1m, H,=0.35m, H,=045m, H,=0.75m,
§=0.03m,, & =&, =0.05m, K, =1miday, K, =2 m/day,

K, =05m/day, K, =12m/day, K, =1.8m/day, K, =0.8m/day,
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Fig. 3.9

Fig. 3.10

Fig. 3.11

Fig. 3.12

Fig. 3.13

Fig. 3.14
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K, =14 m/day, K, =14 m/day and K, =1m/day

Comparison of transient hydraulic head contours as obtained from the
proposed solution at times t=100s and 500 s with the corresponding
values as obtained from MODFLOW when the flow parameters of Fig.

3.4 are considered as S, =10m, S,=5m, h=1m, H;=0.35m,
H;=045m, H,=0.75m, §=0.02m, ¢, =¢,=0.05m,

K, =075m/day, K, =05m/day, K, =15m/day, K, =1m/day,
K, =06m/day, K, =04m/day, K, =K, =K, =0.001m/day,
S, =001m™ S =002m™ and S_=0.008m™

Three dimensional ditch drainage system for a three-layered soil where
the height of water in the ditches is below the bottom boundary of the top
layer and above the top boundary of the bottom layer

Comparison of steady state hydraulic heads as obtained from the
proposed solution at a vertical cross-section located half-way (i.e., at

S, /2) between the Northern and the Southern boundaries of Fig. 3.10

with the corresponding values as obtained from Kirkham’s (1965) single-
layered steady state solution of the problem for isotropic soils when the

flow parameters of the problem are considered as S, =15m, S,=5m,
h=1m, H,=07m, H,=04m, H,=08m, §=0m and
K, =K, =K, =K, =K, =K, =K, =K, =K, =1m/day

Comparison of transient hydraulic heads as obtained from the proposed
solution at a vertical cross-section located half-way (i.e., at S;/2)
between the Northern and the Southern boundaries of Fig. 3.10 at times
t =100 s and 500 s with the corresponding values as obtained from Barua
and Alam’s (2013) single-layered transient solution of the problem for
anisotropic soils when the flow parameters of the problem are considered
as S =15m, S,=5m, h=1m, H,=07m, H;=035m,

H,=0.8m, 5-003m, K, =K, =K,_=15m/day, K, =K, =K,
=1.5m/day, K, =K, = K, =1m/dayand S, =S, =S, =0.01m*

Comparison of transient hydraulic heads as obtained from the proposed
solution at times t=100s and 500 s with the corresponding values as
obtained from Sarmah and Barua’s (2017) single-layered transient
solution of the problem for anisotropic soils when the flow parameters of
the problem (Fig. 3.10) are considered as S,=6m, S,=5m, h=1m,

H,=0.65m, H; =0.35m, H;=0.75m, 6=0.04 m, ¢, =&, =0.05m,
K, =K,, =K, =1m/day, K, =K, =K, =1.5m/day,

K, =K, =K, =0.002 m/day and S, =S, =S_ =0.01m"

Comparison of steady state hydraulic heads as obtained from the
proposed solution with corresponding results as obtained from

MODFLOW when the flow parameters of Fig. 3.10 are considered as
§=10m,, S,=5m, h=1m, H,;=06m, H,=0.35m, H;=0.75m,
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Fig. 3.15

Fig. 3.16

Fig. 3.17

Fig. 3.18

Fig. 3.19
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0=0.05m, £, =¢,=005m, K, =1m/day, K,, =2 m/day,

X

K, =15m/day, K, =12m/day, K, =0.8m/day, K, =0.9 m/day,
K,, =0.5m/day, K, =0.5m/day and K, =0.6 m/day

Y

Comparison of transient hydraulic heads as obtained from the proposed
solution at times t=100s and 500 s with the corresponding values as
obtained from MODFLOW when the flow parameters of Fig. 3.10 are
considered as S, =10m, S,=5m, h=1m, H;=06m, H,=0.35m,
H=0.75m, 6,=002m, &,=004m, g =¢ =005m, d, =1m,
d, =9m, d,=1m,d, =4m K =15m/day, K, =0.75 m/day,
K,, =2 m/day, K, =1m/day, K, =0.75 m/day, K, =0.375 m/day,
K, =K, =K, =0.001 m/day, S, =0.03m™, S_ =0.04 m™and

S, =0.015m"

Three dimensional ditch drainage system for a three-layered soil when the
height of water in the ditches is below the boundary between middle and
bottom soil layers

Comparison of steady state hydraulic heads as obtained from the
proposed solution at a vertical cross-section located half-way (i.e., at

S, /2) between the Northern and the Southern boundaries of Fig. 3.16
with the corresponding values as obtained from Kirkham’s (1965) single-
layered steady state solution of the problem for isotropic soils when the
flow parameters are considered as S;=15m, S,=5m,, h=1m,
H,=0.9 m, H,=0.4m, H,=0.8m, 0=0m and and
K, =K, =K, =K, =K =K, =K, =K, =K, =1m/day

Comparison of transient hydraulic heads as obtained from the proposed
solution at a vertical cross-section located half-way (i.e., at S,/2)

between the Northern and the Southern boundaries of Fig. 3.16 at times
t =100 s and 500 s with the corresponding values as obtained from Barua
and Alam’s (2013) single-layered transient solution of the problem for
anisotropic soils when the flow parameters of the problem are considered
as §;=15m, S,=5m, h=1m, H,=1m, H,=035m, H,=0.8m,

5=005m, K, =K, =K, =K, =K, =K, =K, =2m/day, K, =
K, =K, =08m/day and S, =S, =S, =0.01m™"

Comparison of transient hydraulic heads as obtained from the proposed
solution at times t=100s and 500 s with the corresponding values as
obtained from Sarmah and Barua’s (2017) single-layered transient
solution of the problem for anisotropic soils when the flow parameters of
the problem (Fig. 3.16) are considered as S,=6m, S,=5m, h=1m,

H,=09m, H;=035m, H,=07m, &=006m, K, =K, =
K, =1miday, K, =K, =K, =15m/day, K, =K, =K, =0.002
m/day and S, =S, =S, =0.01m™
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Fig. 3.20

Fig. 3.21

Fig. 3.22

Fig. 3.23

Fig. 3.24

Fig. 3.25
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Comparison of steady state hydraulic heads as obtained from the
proposed solution with corresponding results as obtained from
MODFLOW where the flow parameters of Fig. 3.16 are considered as
§,=10m, S,=5m, h=1m, H;=09m,, H,=035m, H,=0.7m,
4,=0.03m, ¢6,=006m, ¢ =¢ =005m, d, =2m, d, =8m,
dy1 =1m,, dyz =4m, K, =08 m/day, K, =1 m/day, K, =05 m/day,
K, =lm/day, K, =15m/day, K, =075 m/day, K, =1m/day,

K,, =2m/day and K, =1m/day

Comparison between transient hydraulic heads obtained from the
proposed analytical solution and heads for the same flow problem
obtained using MODFLOW model at (a) 100 s and (b) 500 s. The flow
parameters of Fig. 3.16 have been considered as S, =10m, S,=5m,

h=1m, H,=09m, H,=035m,, H,=07m, 6 =0.04m,
6,=008m, g =¢,=005m, dxl =2m, dx2 =8m, dyl =1m,
d, =4m, K, =08m/day, K, =12m/day, K, =0.001m/day,
K, =0.6 m/day, K, =09 m/day, K, =0.001 m/day, KX3 =1.2 m/day,
K, =18 m/day, K, =0.001m/day, S, =0.02 m, S, =0.015 m™
and S, =0.03m™

Plot of steady state top discharge versus ratio of hydraulic conductivities
of the top, middle and bottom soil layers when the parameters of a
ponded drainage setting are taken as S, =8m, S,=8m, h=15m,

H,=15m, H,=05m, H;=1lm, 5=0m, & =¢,=005m,
K, =K, =K, =K, =1m/day

Plot of steady state top discharge values versus anisotropy ratio
K, /K, =K, /K, =K, /K, =K, /K, =K, /K, =K, /K, of the soil
layers when the parameters of the flow problem are taken as S, =8 m,
S,=8m, h=15m, H,=15m, H,=05m, H;=1m, &6=0m,
K, = 0.5 m/day, K, =1m/dayand K, =1.5m/day

Plot of steady state top discharge values versus anisotropy ratio
K, /K, =K, /K, =K, /K, =K, /K, =K, /K, =K, /K, of the soil
layers when the parameters of the flow problem are taken as S, =8 m,
S,=8m, h=15m, H,=15m, H,=05m, H;=1m, &6=0m,
K, =1.5m/day, K, =1m/dayand K, =0.5m/day

z

Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when
the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,

S,=8m, h=15m,H,=15m, H;=05m, H;=11lm, ¢ =¢
=005m, o&=0m, 7 =1$=17=03 K =K, =K, =1m/day,
K, =K, =K, =2m/day and K, =K, =K, =3m/day
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Fig. 3.26

Fig. 3.27

Fig. 3.28

Fig. 3.29

Fig. 3.30
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Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when
the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,

S,=8m, h=1.5m, H,=15m, H,=05m, H,=11m,
& =¢,=005m, ¢6=0m, 6,=01m, 6,=025m, ¢,=04m,
d,=05m, d,=125m, d,,=2m, d,=6m, d, =6.75m,
de=75m, d,=05m, d,=125m, d,;=2m, d,6=6m,
d,=6.75m, d,=75m, n =1n,=1,=03 K, =K,
=K, =1m/day, K, =K, =K, =2m/day and K, =K =K, =
3 m/day

Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when

the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,
S,=8m, h=15m,H,=15m, H,=0.5m, H,=1.1m,
& =¢,=005m, 5=0m, nm=n,=n,=03 K, =K, =K, =
3m/day, K, =K, =K, =2m/day and K, =K, =K, =1 m/day

Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when
the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,

S,=8m, h=15m, H,=15m, H;=05m, H,=11m, ¢ =¢ =
0.05m, 6,=0m, 6,=01m, 6,=025m, ¢,=04m, d, =05m,
d,=125m, d,=2m, d,=6m, d,=675m, d,=75m,
d,=05m, d,=125m, d,=2m, d,=6m, d;=675m,
de=75m, 7,=17,=7,=03 K, =K, =K, =3m/day, K, =K, =
K, =2m/day and K, =K, =K, =1m/day

X;

Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when

the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,
S,=8m, h=15m, H,=15m, H;=0.5m, Hy,=1.1m,
& =¢,=005m, 6=0m, 7 =035 7,=1,=03 K, =K,, =
0.3m/day, K, =02m/day, K =K, =15m/day, K, =0.5m/day,
K, =K, =2m/day, K, =1m/day

Z

Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when
the flow parameters of the system (Fig. 3.10) are taken as S, =8 m,

S,=8m, h=15m, H,=075m, H,=05m, H,=11m,
& =¢,=005m, 6=0m, =035 =n=n=03 K, =K, =03
m/day, K, =02m/day, K =K, =15m/day, K, =0.5m/day,
K, =K, =2m/day, K, =1m/day
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Fig. 3.31

Fig. 3.32

Fig. 3.33

Fig. 3.34

Fig. 3.35

Fig. 3.36
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Travel times (in days) of water particles starting from the surface of a
three-dimensional ponded ditch drainage system to recipient drains when
the flow parameters of the system (Fig. 3.16) are taken as S, =8 m,

S,=8m, h=15m, H,=15m, H,=035m, H,=115m,
& =¢,=005m,6=0m, 7=035 7,=03 n=04 K =K, =
03m/day, K,=02m/day, K, =K, =15m/day, K, =1m/day,
K, =K,, =01m/day, K, =0.05m/day

Travel times (in days) of water particles starting from the surface of a
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ABSTRACT

In this work, an effort is being made to obtain an analytical solution to the problem of
groundwater flow into a network of equally spaced ditch drains in a stratified soil underlain
by an impervious barrier. The problem is being solved for a few of its variants resulting
from different locations of water level in the ditches. All these solutions can tackle both a
constant as well as a variable ponding distribution at the surface of the soil. Also, in the first
instance, solutions to the problem and its variants are obtained by assuming the flow as two-
dimensional in a defined drainage space; this supposition next is been relaxed and the
problem with its variants are then solved by considering all the three components of flow in
the defined flow space. The separation of variables method along with necessary Fourier
expansions are being used to solve all the problems considered for study — the separation of
variable method for obtaining solutions to the governing groundwater flow equation
corresponding to a problem and the Fourier runs for satisfying the boundary and initial
conditions pertaining to the problem. The accuracy of all the solutions is being checked by
comparing with the works of others for specific situations; numerical checks on them have
also been carried out. All the proposed steady state solutions are new, exact and are valid for
all possible variations of parameters associated with them; however, the corresponding
transient solutions are approximate in nature and are strictly valid only when the directional
conductivities and specific storage of a multi-layered soil satisfy certain pre-defined
relations among each other. As a large number of transient ponded drainage situations can
be studied even with these imposed restrictions, the proposed transient solutions are also
expected to find wide use in studying time dependent behavior of these situations as well.
From the study it becomes clear that ponded drainage in a stratified soil is highly influenced
by the directional conductivities and specific storage of the constituent layers and that
neglecting the stratifications of a layered soil column (i.e., assuming a stratified soil as a
single-layered one) may lead to a serious error in reading the hydraulics of flow associated
with such a system. It has also become amply clear from the study that ponded drainage of a
stratified soil is pretty sensitive to the water head of the recipient drains and also the nature
of the ponding distribution at the surface of the soil. A uniform depth of ponding at the

surface of the soil results in mostly unequal movement of water in a ponded drainage space
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with regions close to the ditch accounting for most of the flow to the drains and the regions
away from the ditches accounting for a very low proportion of it into the drains. Thus,
reclaiming a salt-affected soil with a uniform depth ponded drainage system would mostly
lead to non-uniform cleaning of the soil profile — regions adjacent to the drains will be
unnecessarily more cleaned and regions away from the drains less cleaned. However, by
providing a progressively increasing ponding head towards the half-way distance between
the drains, the uniformity of water movement in a ponded drainage system can be greatly
improved. Another important point that has come of the study is that the presence of a very
lowly conductive soil layer (like, say, the presence of plow-sole layer in a paddy field) over
that of relatively more pervious layer may help considerably in improving the uniformity of
water movement in a ponded drainage system, even when the soil is being subjected to a
constant depth of ponding at the surface of the soil. As soils in nature are mostly stratified
and heterogeneous, it is hoped that the general ditch drainage theories provided here for
stratified soils prove to be important tools towards understanding of subsurface water
movement into open drains under water logged conditions.

Keywords: Multi-layered soil; Hydraulic conductivity; Specific storage; Analytical
solution; Ponded ditch drainage; Constant and variable ponding distribution; Steady and

transient seepage
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CHAPTER 1
INTRODUCTION, LITERATURE REVIEW AND OBJECTIVES

1.1 Introduction

The population of the world is expected to cross the 9 billion mark by 2050 (Ritzema 2009) and
to meet this challenge, the global agriculture output must grow at about 60 percent of the
production level of 2005-2007 (FAO 2012, 2013). About 3 billion people of the world — roughly
around 50 percent of the world’s population — live in rural areas and about 2.5 billion out of them
rely on agriculture for their daily livelihoods (FAO 2013). Also, nearly 30 percent of earth’s land
is being currently used for crop production and pastures and about 70 percent of all abstracted
water is being directed towards irrigation for food production (FAO 2012, 2013; United Nations,
Water for Food 2013). The global area under agriculture, however, is expected to go down in
future as a result of mostly wide spread urbanization of existing agricultural lands (Ausubel et al
2013); also, bringing in more freshwater into agriculture in future will be a challenge as the
water demands by other competing sectors like municipality, industry and environment are also
likely to increase in future as well. Thus, efforts must be directed to augment agricultural
productivity per unit area of cultivable lands to meet the increasing food demand of an
expanding global population (Rengasamy 2006) and to meet this objective, improved irrigation
and drainage practices on existing agricultural lands is expected to play a leading part (Schultz
and de Wrachien 2002; Ritzema 2016). Irrigation, as a practice for augmenting agricultural
productivity, has been there for a long time now and its role in future for enhancing agricultural
outputs is only expected to increase (Khan et al. 2004). Currently about 18 percent of arable and
permanent cropped area throughout the world is being irrigated (ICID 2015), which accounts for
as much as 40 percent of the gross agricultural outputs of the world (FAO 2003; Faures et al.
2007; Ritzema 2016). Also, the area under irrigation is expected to increase by about 6.6 percent
over a period spanning from 2005/2007 to 2050, most of these being projected to be in the
developing countries (Alexandratos and Bruinsma 2012). Irrigated agriculture has been found
especially useful in the arid and semi-arid regions of the world, where its introduction has greatly
helped in enhancing the agricultural productivity of cultivated fields (Smedema et al. 2000;
Wichelns et al. 2002). Irrigation is also an essential ingredient for modern agriculture involving

high yielding crop varieties as cropping of these varieties often require a very favorable soil-
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water balance in the fields (Singh and Singh 1995; Carruthers et al. 1997). In India, about 34
percent of the arable land comprising of about 57 million hectares, is currently under irrigation
(ICID 2003; Ritzema et al. 2008) and this coverage is expected to increase considerably in future
for sustaining and supplementing the agricultural productivity of the country.

Irrigated agriculture, in spite of its many benefits in relation to crop production, has its
drawbacks as well — the most notable being the causation of waterlogging and salinity in
irrigated lands (Ghassemi et al. 1995; Martinez-Beltran 2002; Rhoades 1997; Wichelns et al.
2002; Martinez-Beltran and Manzur 2005; Ritzema et al. 2008; Boari et al. 2012; Ritzema 2016).
It is estimated that about 10-16 percent of irrigated lands of the world is being affected by
salinity and related waterlogging problems and the loss of productive land to salinity and
waterlogging amounts to about 0.5 million hectares per year (Smedema 2000; Ritzema 2016). In
India also, the story is no different — vast tracts of land in the country have also been reported
with the problems of irrigation-induced salinity and waterlogging in different parts of the country
(Wolde-Kirkos and Chawla 1994; Manjunatha et al. 2004; Ritzema et al. 2008; Ritzema 2016). It
is estimated that about 8.4 million hectares of irrigated lands in the country have been afflicted
with the problems of salinity and alkalinity and that 5.5 million hectares out of which have also
been estimated to be waterlogged (IDNP 2002; Ritzema et al. 2008). One of the most potent
ways of arresting irrigation-induced salinity and waterlogging is through introduction of
subsurface drains in the irrigated fields — several studies on the subject have proven the veracity
of this (Datta et al. 2000; Smedema et al. 2000; Datta and Jong 2002; Scheumann and Freisem
2002; Avyars et al. 2003; Manjunatha et al. 2004; Sharma and Gupta 2006, Ritzema et al. 2008;
Ritzema 2016; Tiwari and Goel 2017 — to name a few). Drainage has its importance in diverse
geo-climatic locations of the world ranging from very wet to very dry; in arid and semi-arid
regions, drainage helps in preventing waterlogging and salinity buildup, in humid and semi-
humid regions, drains are essential for removing excess water and in temperate regions, they can
be installed for reclaiming waterlogged and salt-affected soils; thus drainage helps to create a
favorable soil-air-water interface in agricultural lands in different hydro-climatic regions of the
world (Pearce and Denneke 2001; Ritzema et al. 2007; Ritzema 2016).

One of the most commonly adopted methods of reclaiming a salt-affected soil is to force good
quality water through it so as to remove the salt present in the soil profile to a desirable level and

then collecting and draining the salt-laden water via a network of subsurface drains installed for
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the purpose (Dielman 1973, Martinez-Beltran 1978, Rao and Leeds-Harrison 1991, Youngs and
Leeds-Harrison 2000; Mirjat and Rose 2009; Barua and Alam 2013; Barua and Sarmah 2016).
The head necessary to force water through the salt-laden soil is generally provided by
introducing a ponding head at the top of the soil. Subsurface drainage is now also becoming
increasingly important for maintaining proper aeration in the root zones of paddy fields (Ogino
and Murashima 1993; Tabuchi 2004, Darzi-Naftchally et al. 2013; Darzi-Naftchally and
Shahnazari 2014). Most importantly, controlled drainage of paddy fields has been found to
greatly reduce the emissions of methane and nitrous oxide from these fields — two atmospheric
trace gases which contribute greatly to the cause of global warming and ozone depletion
(Nishimura et al. 2004; Shiratori et al. 2007; Qui 2009; Xiaohong et al. 2011, Zhang et al. 2011;
Darzi-Naftchally and Shahnazari 2014; Yang et al. 2014 — to name a few). Subsurface drains
may be buried pipelines or open ditches but open drains are mainly preferred in locations where
the conductivity is low and the topography comparatively flat (Abrol et al. 1988). Ditch drains
are also most suitable for drainage of lowly conductive peat soils (Stewart and Lance 1983).
Ditch drains may also play a significant role in regulating the hydrologic, chemical and
biological processes of a watershed and the biodiversity of a catchment may be strongly
influenced due to their installation in the catchment (Youngs 1994; Bradbury and Kirby 2006;
Needelman et al. 2007; Marja and Herzon 2012; Marja 2013). Also, the component of the base
flow entering into a ditch drainage network in a watershed is an important hydrological entity as
this information may lead to a better understanding of hydraulics of flow and nutrient dynamics
of the watershed (Goswami and Kalita 2009, 2010). Thus, open drains are an important
hydrological entity in field and hence due emphasis need be given to study in detail the
hydraulics of flow associated with them. Most of the hydrological studies related to open drains
are done by assuming the flow to be either one or two-dimensional in nature and by assuming the
soil to be homogeneous and isotropic. But soils in nature are mostly stratified rather than uniform
and soil stratification may greatly affect the distribution and movement of water and contaminant
through them (Stephens and Heermann 1988; Sakellario-Makrantonaki 1997; Singh et al. 1999;
Zhao et al. 2010; Huang et al. 2011). The conductivity contrast of the soil layers may be noticed
in its extreme form in a paddy field where, very often, an extremely low conductivity top plow-
sole layer can be seen to exist over relatively more conductive layer(s). Also, numerous

modeling studies have categorically demonstrated that the conductivity and thickness of this

TH-2240_126104012



plow-sole layer plays a pivotal role in deciding overall subsurface water dynamics of a paddy
field (Liu et al. 2001; Chen et al. 2002; Haung et al. 2003; Liu et al. 2005 — to suggest a few).
Further, within a layer also, the conductivity of a soil may vary substantially with the direction of
flow (Maasland 1957; Bazaraa et al. 1986; Braun and Kruijne 1994) and layered (Kanwar et al.
1989) or compacted soils (Ddérner and Horn 2006; Petersen et al. 2008) may exhibit a higher
conductivity in the horizontal direction than that in the vertical direction. However, the situation
may be a reversed one for a well-structured soil, where the soil may instead exhibit a higher
conductivity in the vertical direction in comparison to the horizontal direction (Bouma 1982;
Barthke and Cassel 1991). It is worth noting that information on saturated hydraulic conductivity
and anisotropy of the comprising layers of a stratified soil column are fundamental for successful
modeling of two- and three-dimensional transport of water and contaminant in a heterogeneous
porous formation (Petersen et al. 2008).

Mathematical modeling of a hydro-geological process is mostly done in two ways — analytical
and numerical. Hybrid analytical and numerical models, combining the powers of both analytical
and numerical models, are also becoming increasingly common now-a-days for solving complex
problems involving flow and transport in porous formations and natural systems (McDermott et
al. 2009; Craig and Read 2010; Wang et al. 2012; Wang et al. 2013; Morel-Seytoux 2015;
Meunier et al. 2017). A mathematical model is often a much simplified representation of a real
hydro-system where a set of equations developed based on some fundamental facts of nature are
being solved subject to some well defined initial and boundary conditions (Wang and Anderson
1982). A numerical solution of a flow problem is an approximate algorithmic solution of a
differential equation pertaining to the system at a finer level; this is being done by splitting the
system into fine cells (grids) and then solving the concerned equation in each cell while taking
care to see that the initial and boundary conditions pertaining to the flow problem are being
satisfied at the same time (Walton 1979, 1989; Craig and Read 2010; Lewis 2013; Kuwayama
and Brozovi¢ 2012). The chief advantages of a numerical procedure are its ability to handle
complex irregular geometries of a flow system as well as the nonlinearities of the governing
equation(s) associated with it; further, a numerical model has the added advantage of tackling
highly complex initial and boundary conditions of a flow system as well (Craig and Read 2010,
Lewis 2013). However, numerical models are often computationally very demanding and the

really sophisticated ones often require a huge data set for their operation, a fact which may prove
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to be an impediment in their applications in many hydro-geo systems. Also, being approximate
in nature, the convergence and stability of a numerical method are important issues and these
must be checked and addressed before such a model is being actually applied in the field.
Analytical models, on the other hand, are relatively simple to operate as compared to numerical
models and solve the differential equation(s) pertaining to a flow problem in an exact way. Thus,
they do not have convergence and/or stability issues as do the numerical models. Even though
they are less general than the numerical models in their ability to include complex flow
geometries and nonlinearities of associated differential equation(s) of a flow system, nevertheless
they are more amenable for theoretical purposes than numerical models for many modeling
situations; also, most often, they are more flexible and offer a better physical insight of a hydro-
system as compared to numerical models (Haitjema 2001, 2006; Hunt et al. 2003; Lewis 2013;
Kuwayama and Brozovi¢ 2012). Also, with the advent of newer and more powerful analytical
methods in the last couple of decades like the CK method (Clarkson and Kruskal 1989),
homotopy analysis method (Liao 1992), Lie symmetry method (Olver 1993; Cantwel 2002),
Adomian decomposition method (Adomian 1994), homotopy perturbation method (He 1999) —
to name a few — the analytical methods now-a-days are also been exceedingly used to solve
pretty sophisticated problems involving hydro-geo-systems as well. Further, because of the
inherent mathematical exactness of analytical models, they are now also been increasingly called
upon to verify complex numerical codes pertaining to various groundwater flow systems (Elfeki
et al. 1997; Kacimov 1997; Haitjema 2006; Praveena et al. 2010).

In view of the importance of analytical models in understanding groundwater systems and also
noting the importance of open drains for control of salinity and waterlogging in irrigated soils
and further from observing what has been said before about the nature of a soil column in field
being more prone to be stratified rather than being uniform, an effort is being made in this study
to obtain a comprehensive analytical solution to the ponded ditch drainage problem for a
heterogeneous soil by assuming first the flow to be two-dimensional only and then relaxing this
assumption and solving the problem by considering all the three components of flow in a defined
drainage space. To become abreast of the various works already done on ponded ditch drainage
and on the use of subsurface drains for controlling salinity and waterlogging, a brief review

about these will now be presented.
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1.2 Literature Review

It has already been emphasized that subsurface drainage facilitated by ditch drains is proving to
be extremely beneficial in reclaiming waterlogged and saline soils in areas where the
conductivity of the soils is low and the topography relatively flat (Abrol et al. 1988). Leaching of
a saline soil by purging it with water having minimal salinity and then proceeding to remove the
washed salts with the help of a suitable ditch drainage system, has been a standard practice of
cleaning salt-affected soils for quite some time now (Dielman 1973; Martinez Beltran 1978; Rao
and Leeds-Harrison 2000). It is pertinent to note that over the years several ponded subsurface
drainage theories have been proposed by many investigators. However, very few of them have
accounted for layered soils — a situation which is most likely to be encountered in actual field
locations. Kirkham (1945) developed an infinite series steady state solution for predicting flow
into an array of parallel ditch drains resting on a gravel stratum and receiving water from a
horizontal field of infinite extent subjected to zero or a uniform ponding depth at the surface of
the soil. Yet again, Kirkham (1950) proposed a steady state solution to the ponded drainage
problem when the ponding depth is negligible while the ditch drains vertically reach to an
impervious stratum underlying the soil; he solved the problem by taking suitable limits to the
solution of the fully penetrating auger hole problem for a homogeneous and isotropic soil
(Kirkham and Van Bavel 1948). A conformal mapping solution to the steady state partially
penetrating ditch drainage problem was presented by Fukuka (1957); in this analysis, the ponded
depth at the surface of the soil is considered as zero and the ditches are assumed to run empty all
the time. Kirkham (1960) proposed a Fourier series based solution to the ponded ditch drainage
problem when the soil column is being drained by an array of equally spaced ditch drains
underlain by a gravel stratum. The solution assumes the flow to be steady, the soil to be
homogeneous and isotropic, the drains to be dug all the way upto the gravel stratum and soil to
be subjected to a uniform ponding distribution at the surface of the soil. The steady state ditch
drainage problem with unequal water levels in the adjacent ditches was analyzed by Kirkham
(1965) by taking resort again to Fourier series when the drains are fully dug in a homogenous
and isotropic soil overlying an impervious layer. This solution accounts for both zero as well as
non-zero ponding depths at the surface of the soil. For equally spaced ditch drains running full,
Warrick and Kirkham (1969) applied conformal mapping to predict seepage of drainage water

from a uniformly ponded field to the filled drainage ditches. They obtained analytical solutions

TH-2240_126104012



for different cases of the problem, namely, when an impervious layer is present at a finite depth
below the ditches and the ditches are a finite distance apart; when no impervious layer exists and
the ditches are at a finite distance from each other; when an impervious layer exists but the
separation between the ditches is infinite and when no impervious layer exists and the ditches
happen to be at an infinite distance apart. Miyamoto and Warrick (1974) studied the effect of a
partial impervious cover of a ponded field in the uniformity of movement of seepage water into a
drain tube being buried at a finite distance from the top of the field. They studied the problem
using a complex velocity expression derived by Warrick and Miyamoto (1974) in relation to a
similar mathematical problem involving steady gas flow from a buried porous pipeline in a
homogeneous soil column. Their study shows that by providing and suitably adjusting the length
of an impervious cover being placed at the surface of a ponded drainage system, the uniformity
of leaching of the drainage system can be considerably improved. Another conformal mapping
based analytical solution to the ponded ditch drainage problem was proposed by Youngs (1994)
for the situation where a ditch drain is been assumed to partially penetrate a homogeneous and
isotropic soil underlain by an impervious barrier. Also, in this solution, the ditch is assumed to be
of negligible width and the head to drive water to the drain is

from an infinitely large ponded field with zero depth of ponding at the surface of the soil.
Further, solutions are provided to the problem both for cases when the impervious barrier
touches the bottom of the ditch and when the impervious barrier lies at a very large distance
(theoretically infinite) from the base of the ditch. Barua and Tiwari (1995) provided a detailed
Fourier series solution to the problem of steady seepage of water into a network of equally
spaced parallel ditch drains receiving water from a ponded field of infinite horizontal extent, the
drains being partially penetrating a homogeneous and anisotropic aquifer underlain by an
impervious barrier. They obtained their solution by performing a domain discretization of one
half of the flow space in between the ditches — the portion of the flow space below the bottom of
the drain and up to the impervious barrier is considered as sub-domain one and the remaining
region as sub-domain two — and then solving the governing equations for both these sub-domains
while ensuring that all the necessary boundary and interfacial conditions get satisfied at the same
time. This is a comprehensive solution as it can handle finite width and depth of drains, a
uniform ponding field at the surface of the soil and also the horizontal and vertical hydraulic

conductivity variations of a drained soil column. However, this solution is unable to account for
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variations of horizontal and vertical conductivities with depth of a soil profile and is not valid
when the ponding field at the surface is a variable one. Bereslavskii (2006) made use of the
Riemann-Schwartz principle of symmetry to propose an analytical solution to the fully
penetrating ditch drainage problem being defined for a homogeneous and isotropic soil. Since his
solution only requires the knowledge of well-known special or elementary functions, he claims
that it is computationally superior to the previous solutions based on conformal mapping.
Solutions relying on conformal transformations were also proposed by Chahar and Vadodaria
(2008a, 2008b, 2012) for different variants of the ditch drainage problem. These solutions,
however, are limited to only single-layered soils and can account for only a uniform depth (this
depth can be zero also) of ponding at the surface of the soil. Romkens(2009), in his bid to study
the effect of subsurface drainage on gully erosion, revisited the partially penetrating ditch
drainage problem pertinent to a homogeneous isotropic soil overlying an impermeable layer
using conformal mapping. In his analytical treatment, the component of flow taking place
through the seepage faces of the ditches is being neglected and the component of flow through
the bottom of the ditches is being only considered; further the ditch bottoms are assumed as
circular in his analysis. Barua and Alam (2013) solved the transient ditch drainage flow problem
for a single-layered anisotropic soil overlying an impervious stratum using the separation of
variables method and Fourier series. Their solution can account for variable ponding atop the soil
and unequal water level heights in the ditch drains. Afruzi et al. (2014) revisited the partially
penetrating ponded ditch drainage problem for a homogenous and isotropic soil and provided
analytical expressions for different variants of the problem by making use of the Schwarz-
Christoffel transformation in the conformal mappings of the relevant physical and hodograph
planes. Sarmah and Barua (2015) provided a steady-state solution to the partially ponded ditch
drainage problem applicable to a soil with three anisotropic vertical layers and underlain by an
impervious layer. This solution is being developed by taking recourse again to a domain-
discretization procedure similar to the one as adopted by Barua and Tiwari (1995) while
obtaining solution to a similar problem based on a single-layered soil. The main strength of this
solution is its flexibility to include any depth of water level in the drains irrespective of this
depth falling in the first or second or third layer. However, while this solution considers the
layered nature of a soil profile, it cannot account for a variable depth of ponding at the surface of

the soil nor it can account for different depth of the open drains. Barua and Sarmah (2016)
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provided an analytical solution to the partially penetrating transient ponded drainage problem for
a homogeneous and anisotropic soil layer underlain by an impervious substratum. In this
solution, an analytical procedure is been suggested for solving the transient differential equation
relevant to a ponded ditch drainage system and since this methodology is of a general nature, it
can, with a little effort, may also be used to solve problems of similar nature as well. Sarmah and
Tiwari (2018) revisited the transient ditch drainage problem and provided an analytical solution
having considered the influence of a source/sink on the flow domain and flow characteristics.

Several studies on the uniformly ponded drainage system show that (Kirkham 1949, 1950, 1960,
1965; Luthin et al. 1965; Ortiz and Luthin 1970; Mulqueen and Kirkham 1972; Dielman 1973,
Martinez Beltran 1978; Rao and Leeds-Harrison 1991; Youngs 1994; Barua and Tiwari 1995;
Youngs and Leeds-Harrison 2000; Mirjat and Rose 2009; Romkens 2009; Chahar and
Vadodaria 2008a, 2008b, 2012; Siyal et al. 2010; Barua and Alam 2013, Sarmah and Barua 2015
—to name only a few) categorically show that the flow in such a system is mostly concentrated in
areas close to the drains and only a minimal flow to the drains is being contributed from
locations much away from the drains. Thus, leaching a salty soil profile with such a system
would not be very efficient as regions close to the drain would then be washed quickly as
compared to regions farther away from the drains. One way of overcoming this problem can be
by subjecting the soil to a sequential ponding whereby ponding for the whole space is first done
and then followed by progressively decreasing areas of ponding, all these areas being measured
with respect to an axis located half-way between two adjacent drains (Rao and Leeds-Harrison
1991). Another way of doing this can be to follow exactly a reverse order of ponding the
drainage space, namely, the ponding can be introduced at a fraction of an area in the midway
region between the drains and then this area can be progressively increased till the entire region
between the drains is being fully covered (Youngs and Leeds-Harrison, 2000; Mirjat et al. 2008;
Mirjat and Rose 2009; Siyal et al. 2010). Still, there can be an alternate way of tackling the
problem; a variable ponding distribution with progressively increasing depth of ponding towards
half-way distance between the drains may be introduced in a contaminated soil with the help of a
series of parallel bunds running parallel to the drains. The main advantage of this procedure over
that of the other two is that the entire soil is being subjected to a ponding distribution in one
single step and the soil is cleaned in one single stage itself (Barua and Alam 2013; Sarmah and

Barua 2015; Barua and Sarmah 2016). All these solutions of the ponded ditch drainage problem
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as mentioned above are based on the assumption of two-dimensional flow which intrinsically
means that the ponded field at the surface of the soil is being horizontally extended to a large
extent (theoretically infinite). Whereas this assumption loosely holds for large fields, it may fall
shy in many real field situations where the size of a field is fixed and relatively small. Subsurface
flow to a trench/stream is mostly three-dimensional in nature (Brainard and Gelhar 1991;
Murdoch 1994; Meigs and Bahr 1995) and serious error in the simulation results of a model may
be incurred if this aspect is not being considered in the model being developed for studying such
a system. This has also been the finding of Sarmah and Barua’s (2017) analytical works on the
subject, where it is found that for a finite sized ponded field, subsurface flow to the ditches will
mostly be three-dimensional in nature, particularly in areas close to the ditches. However, in a
large field, the flow in a vertical section located further away from the Northern and Southern
boundaries of a ponded ditch drainage system may show approximately two-dimensional
behavior and hence can be closely modeled using such an assumption (Sarmah and Barua 2017).
Nonetheless, even for this situation also, the pathlines near the drains may exhibit strong three-
dimensional behavior and hence it is always better to include all the three components of flow
and the relevant directional conductivity distributions while simulating such a system. Sarmah
and Barua’s (2017) solution for the ponded ditch drainage problem for a finite sized soil with an
impervious base can handle three-dimensional flow but this solution is for a single layered soil
only and hence will not be valid for a stratified soil.

From the above reviews, it is apparent that there currently does not exist any analytical solution
to the ponded multi-layered ditch drainage problem by considering all the three components of
flow in a finite sized drainage space even for the steady state situation. With the two-dimensional
flow assumption, a steady state solution to the problem exists (Sarmah and Barua 2015) but this
solution is strictly for situations where the drainage ditches are partially penetrating a ponded
drainage space underlain by an impervious base and not when the drains go all the way upto the
barrier. Also, most importantly, this solution is for situations where the level of water in the
ditches are all same and not for the general situation of unequal water level height in the ditches.
Further, a solution which can account for three-dimensional flow exists for the ponded ditch
drainage problem but this solution (Sarmah and Barua 2017), as mentioned before, is not for
layered soils and hence will not be able to accommodate stratification of a soil column in such a

system. Further, even by making use of simplified assumptions, a transient analytical solution to
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the ponded ditch drainage problem appears to be lacking for a stratified soil. Therefore, it can be

concluded that further research is needed to develop new analytical solutions using various

boundary and initial conditions to determine vertical and lateral seepage ratesfrom ponded fields

to open drains. In view of the same and keeping in mind that stratifications in a soil is mostly a

rule rather than an exception, an effort is being made in the present study to realize the following

objectives.

1.3 Objectives

(i) To develop an analytical solution to predict two-dimensional flow rates into a network of
equally spaced open drains from a ponded field of infinite horizontal extent with drains fully
penetrating a layered soil underlain by an impervious barrier.

(i) To develop an analytical solution to the drainage problem as mentioned in objective (i) by
considering three-dimensional flow with open drains extending finitely in both horizontal

and vertical coordinates.

11
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CHAPTER 2

SEEPAGE INTO DITCH DRAINS IN A TWO-LAYERED SOIL UNDERLAIN
BY AN IMPERVIOUS SUBSTRATUM

In this chapter, an analytical solution is being suggested for predicting seepage into an array
of ditch drains dug in a two-layered soil underlain by an impervious substratum and receiving
water from a ponded field of large extent. The proposed solution can account for finite width
and spacing of the drains, finite depth of the impervious substratum, anisotropy of individual
layers, disparate specific yields of the layers and both a constant and variably ponded surface
atop the soil layers. The proposed model for the steady state is complete but for the transient
case, it is based on the assumption that the vertical hydraulic conductivity of the layers are
the same in each layer and that this conductivity is of infinitesimal magnitude (but not zero)
and hence much smaller than the horizontal conductivities of the layers. The accuracy of the
proposed solution for the steady state case and when the flow domain is of a single layer, is
been checked by reducing the model to a single-layered one by considering the hydraulic
conductivities of the soil layers to be the same and then comparing the discharges as
predicted by this reduced model with corresponding values obtained by other investigators
through analytical or experimental means for a few drainage configurations. For the transient
case also, analytical verifications of the proposed solution for a few drainage scenarios
pertaining to the single layer soil have been carried out by first transforming the model to a
single layer anisotropic soil and then comparing the heads obtained form it with the
corresponding values obtained from the analytical works of Barua and Alam (2013). Further,
numerical verifications of the developed solutions have also been done for a few two-layered
ditch drainage configurations by drawing appropriate models utilizing the Processing
MODFLOW (Chiang and Kinzelbach 2001) environment and then comparing the analytical
outputs with their numerical equivalents.

2.1 Solutions for the Two-Dimensional Continuity Equation of Groundwater flow for a
Homogeneous and Anisotropic Soil

We now obtain a few general solutions of the continuity equation which describes flow of
groundwater in a saturated aquifer. We have gone along with the following assumptions
(@) The aquifer, within each layer, has been assumed to be saturated, homogeneous and
anisotropic.
(b) The flow of water in the aquifer has been assumed to be irrotational and
incompressible.
(c) The soil matrix has been assumed to be compressible while the porosity of each soil
layer has been considered as constant.
(d) The direction of the principal hydraulic conductivities have been assumed to coincide
with the horizontal and vertical directions of the flow domain.
(e) Darcy’s Law has been assumed to be valid for the analysis and
(f) We have assumed the flow to be two-dimensional in nature.
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The two-dimensional flow equation for aforementioned flow domain properties is expressed
as (Bear 1972)

2 2
K 20k, 905 %
OX oy ot
where ¢ is the hydraulic head, K, and K, are the hydraulic conductivities of the medium in

2.1)

the x— and y —directions, respectively, S_ is the specific storage of the aquifer and t is the

S

time variable. We divide both sides of Eq. (2.1) by S, to obtain the following simplified

form
0° ¢ 0° qzﬁ 6¢ 2.2)
S ox’ SS oy* ot
For the steady state, the equation governing flow for the studied system can be expressed as
o ¢ o oy =0. (2.3)
S ox’ Ss oy’

Henceforth, we consider u, (X, y,t) [Eq. (2.5)] to be a solution of Eq. (2.2) and u, (x,y) [Eq.

(2.13)] to be a solution of Eq. (2.3). We can easily verify that ¢ =u +U_is also a solution of
Eqg. (2.2) since

K 82¢ -4 ﬁ ﬁ = & _azup 45 ﬁ azup e KX _azuc + & azuc =

s, Jox s, Joy s, Jax® s, Jay2 |s,)ox’ S, oy
o°u K, )ou

Ky 24| = —2”+O=%. (2.4)

s, Jox* 'S, ) oy at

We will now apply the separation of variables method (Kirkham and Powers 1972) to obtain
a solution for Eq. (2.2). For that, we consider

U, (% y,t) =X (x)Y (y)T(t) (25)
to be a solution of Eq. (2.2) where X (x),Y (y) and T (t) are functions of only X, y and t,

respectively. We substitute the value of u in Eq. (2.2). Then, we proceed to separate the
different variables in the resulting equation to obtain

(K_JX_(X)%ﬁJLV) /() (2.6)

S, ) X(x) LS, )Y(y) T(t)

ng [ ]2 e Ky KW O) (K
Equating (SJX(X)_ a (S ] and (SS]Y(y)_ B 5 | where o and g are

S S

constants, and then solving the abovementioned differential equations, we obtain

X (x)=c,sin(ax) (2.7)

and

Y (y)=c,sin(By), (2.8)
13

TH-2240_126104012



where c, and c, are arbitrary constants. Equating each term on the left hand side of Eq. (2.6)

K K,
to the constant terms —« [S ] and -’ ( j results in the following equation

S

()]

The solution for Eq. (2.9) can be expressed as

T(t)=c, exp{—[az [S—j+ B (S—VJH (2.10)

where c, is any arbitrary constant. Substituting the solutions enumerated in Egs. (2.7), (2.8)

and (2.10) in Eq. (2.5), we get the following expression for u, (X, y,t)

U, (x y,t):Esin(ax)sin(ﬂy)exp{{ [*;_j+ Ve [%]H (2.11)

where E is any arbitrary constant. The solution proposed in Eq. (2.11) is the general form of
a fundamental solution of the governing partial differential equation. By varying the values of
the arbitrary constants « and g, countless such solutions for the governing equation are

obtained. It can be noted that the sum of all these fundamental solutions thus obtained also
satisfies Eq. (2 2) Hence, a solution for the governing equation can be expressed as

(x,y,1) ZZE” sin (e x sm(ﬂ y)exp( — A ) (2.12)

i=1 j=1
K K . . I :
where ﬁﬁjz:l:aiz[s_x}rﬂjz(s_yﬂ’ E; are arbitrary constants, i and j are summation

indicesand | and J are positive integers with | — o and J > .
Analogous to u, (x,y,t), the solution of Eq. (2.3) can be expressed as

u. (%, y)=B(x)C(y), (2.13)
where B(x) and C(y) are functions of x and y only. Substituting the assumed value of
u. (x,y) in Eq. (2.3) and then separating the variables out, we are left out with

B (x) [Kyjc"(y)
—+ _ | —_—
B(x) (K, )C(y)

The second term on the left hand side of the Eq. (2.14) is equated to the product of the
following constants

X X

=0. (2.14)

where 7 is an arbitrary constant. Solving the ordinary differential equation, we have
C(y)=c,sin(ny), (2.16)

14
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where c, is another arbitrary constant. From Eq. (2.15), we also obtain the following
equation

B(x)_, (ﬁJ 2.17)

B(x) K,
The solution for Eq. (2.17) is

B(x):cssinh[[ 7 [%)H (2.18)

where c, is another arbitrary constant. Values for B(x) and C(y) lead to the following
expression for u, (x, y)

0, (x, y)=AsinhM nZ(E_in}in(ny), (2.19)

where A is any arbitrary constant. On assigning a summation index to the constant 7 so as

to sum up the several fundamental solutions of Eq. (2.14), we eventually arrive at the
following solution

u, (X, y):miAnsinh [[ an(%nx]sin(nmy), (2.20)

X

where A are arbitrary constants, m is an index and M is a positive integer with M — oo,

Similarly, we can obtain other solutions for u, (x,y) as

N K 1

u, (X, y):Zﬁcosh[{ 7.’ K—y X [sin(7,Y), (2.21)
n=1 X
3 K

u(x,y)=> Asinh|| [n.> K—X y |sin(77,x) (2.22)
p=1 y

and

u, (X, y):iﬂhcosh { nq{:zxny sin(7,X), (2.23)

y

where A, A, and A, are arbitrary constants, n, p and q are indices and N, P and Q are

positive integers with N — o0, P —o00 and Q — oo . Considering the solutions mentioned in

Egs. (2.12), (2.20), (2.21), (2.22) and (2.23), we can propose a few general solutions of Eq.
(2.2) as

15
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M I K
u, (%, y,t)=>_ A,sinh UmZ[K Nx]sm .Y ZA sinh UPZ(EX

m=1 y

j y sin (%)

Q ) K
+> A cosh | fn;?| £
g=1

y

|| ntag

+ii E; sin(ex)sin(B;y )exp(—4;’t), (2.24)

i=l j=1

Q K .
S (%, y,1) Zchosh UQZ(KXJ y |sin(7,x)

q=1 y

J

+zllz E; sin(;X)sin( B,y )exp(-4;’t) (2.25)

i=1 j=1
and

u, (x,y.1) = 3 A, sinh [ n[ﬁ—jj i (17,3 A, osh U{E

y

j y sin(n,)

¥ S E, sin(ex)sin(,y)exp(~4, ). 226

i=1 j=1

We are now going to utilize the solutions as mentioned in Egs. (2.24), (2.25) and (2.26) to
solve the two-dimensional multilayer flow problem under study for a few ditch drainage
scenarios.

2.2 Mathematical Formulation and Solution

Ed—Centra] Line
A4 £

S . .
H $ | — 2 o"”‘

X o x | H |C 0 T
A J v
) <« S —>| ACx.r.0) K H
g < Py H.
<52 K, v |v
H, «——— 5, —> s, 7 —
l <€ S(JNO_“ >

«———— =
&
=N
5
:
:
=

Impervious Layer JIB’
>l

7_>
.f;

Fig. 2.1. General geometry of a fully penetrating ditch drainage system in a two-layered soil
subjected to variable depths of ponding at the surface

Fig. 2.1 shows the geometry of the flow problem under study. As can be seen in the figure,
the flow domain is characterized by two vertical, anisotropic soil layers with different
specific storage. The bottom soil layer is underlain by an impervious stratum. A series of
equally spaced parallel ditch drains (theoretically, each of infinite length) are dug in the
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aquifer so that they reach the impervious stratum. The thickness of the top soil layer is taken
as H,, while the total thickness of the flow domain is denoted by h. The spacing between

the ditches is taken as S. As illustrated in Fig. 2.1, a coordinate system is assigned to the
flow domain with the x-axis taken positive towards right of the origin and the y-axis is taken
positive in the downward direction from the chosen origin. The level of water in the ditches is
measured from the origin O. The water levels in the left and right ditches are denoted by H,

and H,, respectively. The depth of water in the ditches results from an instantaneous

lowering of water levels at time t =0. A constant or variable distribution of ponding depths
is achieved on the surface of the field, aided by a series of bunds of negligible width which
run parallel to the ditch drains. The whole flow domain is considered to be fully saturated
before the inception of flow. It can be seen that the ponding surface comprises of N, distinct

segments with &, (1<i < N, ) representing the ponding depth of the i"" segment. The ponding
strips on the soil surface are constructed with the help of N, —1 inner bunds of negligible
width. The distance of the i inner bund from the origin has been denoted by
S, (1<i<N,-1).

The governing equations for the two soil layers of the flow domain based on the principle of
continuity can be expressed as (Bear 1972)

G o4 ;)
le 6X2J + KY1 8y21 = Ssl atj ! (227)
K 82¢2(j) LK 82¢2(j) =g 0fys) ’ (2.28)

% ox® 2oy %ot
where K, and K, are the directional hydraulic conductivities of the top soil layer, K, and
K,, are the directional conductivities of the bottom layer and S, and S, are the specific
storage of the first and the second layers, respectively. The hydraulic heads in the top and
bottom soil layers are denoted by ¢, ;, and ¢, respectively, where the bracketed subscript
j takes on the values 1, 2, 3 and 4 depending on the different boundary conditions resulting

from the depth of water in the ditches. Depending on the level of water in the ditch drains, we
encounter four distinct boundary value problems pertaining to the original flow problem.
Before dealing with the boundary conditions specific to each case, we enumerate the common
initial and boundary conditions for the two-dimensional flow problem at hand as

¢ (X, y,1=0)=0, 0<x<S, 0<y<H,, (1)

by (X, y,1=0) =0, 0<x<S, H,<y<h, (1

¢y (X, Y, 1>0) =gy (X, y,t>0), 0<x<S§, y=H,, (111a)
o, (X y,t>0 od, (X, y,t>0

K, ¢1(J)(6yy ):—Kyz ¢2(J)(ayy ) 0<x<S. y=H, (1lib)

¢, (X, y,t>0)=4, 0<x<§$, y =0, (1Va)
17
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hp(%y,1>0) =4, Sy <X<S, y=0,

(2<i<N,-1) (IVb)
Ay (X% Y,1>0) =46, Sing-1y <X<S, y=0, (IVc)
oo, (X, y,t>0
_ ¢2(J)( y,t> )20, 0<x<S, y=h V)
Y2 8}/

Next, we proceed to list the specific boundary conditions at the ditch drain boundaries for the
four different cases of the flow problem at hand and propose analytical solutions for Egs.
(2.27) and (2.28) while taking into account all the pertinent boundary conditions.

However, we would like to point out here that the solutions that have been proposed for the
transient ditch drainage problems under consideration are approximate and are valid only
when the flow parameters of the flow domain satisfy certain preconditions. They can be
expressed as follows

le KXZ (2.29)
Ssl S,

and

Ky1 = Ky2 — 0 but Kyl = Ky2 #0. (2.30)

It is obvious that boundary condition (I11b) will be always satisfied for any transient flow
situation of Fig. 2.1 so long Egs. (2.29) and (2.30) are valid for the concerned situation. Even
though the transient solution cannot account for variation in vertical hydraulic conductivity
between the soil layers, it still can accommodate a large range of disparate values as far as the
other flow parameters are concerned. However, all the proposed solutions for the
corresponding steady state flow problems are exact and are valid for all values of directional
conductivities of the two soil layers.

2.2.1 Level of Water in the Ditches is Different and Above the Boundary between the
Soil Layers

{4—Central Line
o, AV £

1 S (3_, 3 — — $ Jx Vo Oy ¥
| —— — [ = —= ]
|

- o "% H |C ﬁ
'3 2 X, .0
y S, ) B(x, p,1) K H,

x
Il
J\{
<)
i
-y
— T

Al Impervious Layer 1I‘ﬁ’
< S >
|

Fig. 2.2. Ditch drainage system for a two-layered soil when height of water in the ditches is above the
bottom surface of the top soil layer
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Fig. 2.2 illustrates the height of water, and consequently, the boundary conditions at the
drainage ditches for this particular case.The boundary conditions specific to the ditch drain

boundaries for this particular case are
By (X, Y, 1>0)=—y,

¢y (X, y,t>0)=—H,

¢2(1)(X, y,t>0)=—-H,

Gy (X, Y, 1>0)=—

¢ (X, y,t>0)=—H,

by (X, Y, 1>0)=—H,

Xx=0, O<y<H,, (Vlia)
x =0, <y<H,, (VIb)
x=0, <y<h, (v
X=S, O0<y<H,, (VIlla)
X=S§, H,<y<H, (Vllb)
X #S, H,<y<h (1X)

Taking into account the general solutions of the two-dimensional continuity equation as
expressed in Egs. (2.24), (2.25) and (2.26), we propose the following analytical solution for

the flow problem at hand
P smh[

N /K]
b (X Y1) = ZBpa) . [EN /K; sin(N,)

Q sinh[(Nq/Kf‘)(S—x)J _
+;Cq<1> sinh[(Nq/Kf‘)S] sm(NqY)

K sinh (N, K?y)
+kZ:1: e cosh(NkaHs)Sm(NkX)

R cosh[NrKf(H3—y)] _
+rZ:1:Dr(1) cosh (N, K H, ) sin(N.x)

M N

133" Ay SN )i N,y xp[ (2, )1

m=1 n=1
U Vv

+ZZZUV(1) Sin(NuX)Sin(va)eXp{—(%v )2 t]

u=1l v=1

N, = —qu z 1
2 H,
kr
N, =| — |,
%]
N, = r—”j,
S
o-[%)
1= ’
KYi
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(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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%}
mg Jol)

and B,y Cyays Exyr Dryyr A @nd Z,,, are constants and

L cosh[(NWKza)(h_y)]
G0y (X, Y, 1) = ; Huw sinh [( NWK;‘)(h - H3)j|

5l

sin(N,,x)

+mZ;nZ:;Am(1)S'”(N x)sin(N, y)exp[ () t}
+iizwmsm(N x)sm(NVy)exp[ (Av) J

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

and H,,,, are constants. It can be noted that in the hydraulic head expressions for both the

soil layers, the double Fourier series terms represent the transient part of the solution for the
flow problem under consideration. The double Fourier series term with coefficients A,

accounts for the transient flow in the top soil layer while the series with coefficients Z

uv(l)

describes transient flow in the bottom soil layer. However, it may be observed that these two
terms are written considering the whole vertical space of the flow domain and not on the

basis of the individual vertical extent covered by each of the layers.

We would like to reiterate here that the solution presented here for the transient situation is
valid only for situations where Egs. (2.29) and (2.30) hold, i.e., only when K, /S, =K, /S,
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and K, =K, —0 (butK, =K, =0) and not otherwise; however, so far as the steady state

is concerned, the proposed solution is correct for any possible combination of the flow
parameters of Fig. 2.2 without any imposed constraints on them.
For our convenience, let us denote the double Fourier series

M N

D A Sin(N,x)sin(N,y)=SR, (2.46)
m=1 n=1
and the double Fourier series

U Vv

> 37w sin(N,x)sin(N,y) = SR,. (2.47)
u=l v=1

As we proceed with our derivations for the transient case, we will ensure that the series SR,
exists for the top soil layer only and that SR, exists for the bottom soil layer only; that way,
as will be shown later, the coefficients A, and Z, can be readily determined by making

use of the initial conditions (1) and (I1).
Before deriving the values of the unknown Fourier series coefficients, we state the
expressions for velocity distribution in the X— and y— directions. For this, we apply the

Darcy’s law to the hydraulic head functions of the top and bottom layers, i.e.,

0d,, (X, Y,t

Vi =K, % , (2.48)
0 X, y,t

Vo =Ky, —%éy ! )' (2.49)
0@y (X, Y, 1

Voo =K, —Zﬂ)éx ) (2.50)

and

V. = M (2.51)

y2) = Ny
‘ oy
where V,,, andV,,, are the horizontal velocities of the top and the bottom layers and
Vi, and V,,,, are their respective vertical velocities. Performing the above differentiations,
we get
y < g (Np/Kf)cosh[(Np/Kf)x]
an T ; "0 sinh[(N, /K;)S]
. (N /K )cosh[ (Ng /KE)(S —x)]
o sinh[ (N, /K?)$ |
K sinh(N, Ky
* 2B cosh ((N kK;H))
k=1 k'™ s
+ZR:D cosh| N, K} (Hy—y)]
=Y cosh(NK?H,)

sin(N,y)

sin(N,y)

N, cos(N,x)

N, cos(N,x)
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M N

2.2 AnaNn COS(NmX)Sin(N”y)EXp[_(lm” )Zt}

m=1 n=1

+iizmeucos(Nux)sin(va)exp[—(ﬂuv)zt} : (2.52)
« <8 sinh[ (N, /K})x
2 (N, /Ks)s|

(

yuy T T Ny, p()
p

p=1 S|nh
Q sinh Nq/K"“ S x]

= Gy smh[(N /Kf‘)S] !
K
(N Kf)cosh(N,Ky) .
+kz=1:Ek(1) cosh(N,K;H,) sin(Nyx)

5 (N,K)sinh[ N Kf (Hy—y) |
: cosh(N,K{H,)

\Y

sin(N,x)

iA’m(l) Sin(NmX) Nn COS(Nny)eXp[_(imn )2 tj|

izwm sin(N,X)N, cos(NVy)exp[—(lw ) t]} (2.53)

u=l v=1

w cosh[(NWKza)(h_y)J
2wy Sinh[(NWKs‘)(h = Hs)}

+ii Ann(l)Nm COS(N X)Sm (Nny)exp[_(ﬁ’mn )2t

+ui:vilzw(1)Nucos(N x)sm(NVy)exp[—(zw)zt}} (2.54)
and
b e

733 Ay S0 (N,) N, 05(N,y)exp (4t

+ui:vizuvm sin(N,x)N, COS(NVY)eXp[—(;tW)Zt}}. (2.55)

2.2.1.1 Determination of Coefficients of the Steady State Solution (steady state solution
is exact and valid for all possible arrangement of parameters of Fig. 2.2)

It should be noted that the hydraulic head expressions of Egs. (2.31) and (2.43) pertaining to
the first and second layers, respectively of the drainage problem of Fig. 2.2 reduce to the
steady state situation when the time variable in them is allowed to go to infinity. As may be
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observed, this will knock out the exponential terms of these expressions leaving behind only
the steady state terms of these functions.

In order to determine the steady state coefficients of our hydraulic head functions, we now
proceed to utilize boundary conditions (V1a) and (V1b) in Eq. (2.31); this leaves us with

Q
D Cosin(N,y) =-, 0<y<H,
a1

Q -

2_Co Sin(Ngy) =—H;, H,<y<H,
o1

We expand the Fourier series (by letting Q — co in the above expressions) and evaluate C,
to obtain

Cuw :[Hiaj{f—ysin(qu)dy+ f—Hlsin(qu)dy}. (2.56)

On evaluating the integrals in the above expression, we get

Cq(l):[Hij {VCOS,(\Iqu)} {Sin,(\lquyq {Hl—cosl(\quy)} . (2.57)

4 0 0 4 H,

This, on further simplification, leads to

2 )| —sin(N H,
()

Similarly, based on boundary conditions (VIlla) and (VIlIb), we arrive at the following
relationship involving Fourier coefficients B,

p
;Bp(l)Sin(pr):_y’ 0<y<H,,
P

;Bpmsin(pr)=—H2, H,<y<H,.

Similarto C,,,, we proceed to derive the following expression for the coefficients B,

2 )| —sin(N_H,
Bow = (H_J[%] (2.59)

Now, on imposing boundary conditions (IVa), (IVb) and (I\Vc) on Eq. (2.31), we arrive at the
following relations

R
Y D,y sin(N,x)=4, 0<x<S, y =0,
r=1
R
D D, sin(N,x)=4, Siy <X<S,(2<i<N,-1) y =0,
r=1
R
D D, sin(N,x) =6, , Sinypy <X<S, y =0.
r=1
23
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The coefficients D, ,, can thus be evaluated by allowing R in the equations above to go to

r(1)
infinity and then performing a Fourier expansion in 0 < x < S; doing so, we get

s, 5,
D, =(§jhélsin(er)dx+ ! 8, sin(N,x)dx +....

5 S

+ [ sin(Nx)dx+...+ | 5Nosin(N,x)dx}. (2.60)
S(i-1) StNog1)

Solving the integrals in Eq. (2.60), we obtain

D,y =(§]{5{%(Nrsl)}52{COS(NrSl)l;COS(NfSZ)}r ............

r

5[cos(NrS(il))—cos(NrSi)]Jr ........... +5N0|:COS(NrS(Nol))_COS(NrS):l}. (2.61)

i Pdr

We now equate the steady state hydraulic head expressions for the top and the bottom layers
at y = H, so as to satisfy boundary condition (llla) at time t — co; this leads to the following
relationship
P sinh| (N _/K2)x Q sinh| (N, /K)(S—x
Bow — [( p 1) ]sm(N H )+2Cq(l) [( q 1)( )]
= sinh [(Np / Kf‘)S} = sinh [(Nq / Kf)S]

K sinh (N, K H,)

R
. 1 )

E sin( N, x E D sin( N, x
T cosh (N, K H, ) (N, )+r:1 " cosh (N, KH, ) (N-x)

- i H COSh[NWK; (h- H?’)] sin(NWx)+(—H2)[5j+(—H1)(Hj

o " sinh[ N KZ (h-H,)] S S

sin(Nqu)

then running a Fourier series along the line0 < x < S, we get
E.w tanh (N, KZH, )= H,, coth[ N, K3 (h—H,) |

--D sech(N. K:H )

r(1)
Ssmh (Np/

_ % ZBp(l)sm N H %(N /Ka));% ( )dx

0 smh ;

2\ &Q Ssmh[ /Ka) }
-5 qZ_;Cq(l)sm N H, .([ smh[ N /K"") ] sm(Nilx)dx

q

- g HZI( jsm(N x)dx (2) li(s_ jsm(N x)dx (2.62)
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where i, =k =r=w, N, =('1?”j and P=Q — o. We evaluate the integrals in Eq. (2.62) to

obtain

.S[s-inh:(Np/Kf‘)x]_sin(NiX)dx= Nilz 2 —cos(Nils) | (2.63)
 sinh (Np/Kf‘)S] ' Ni12+(Np/Kf) N;

jSinh_—(N“/Kl) S_X)}sin(Nix)dx: N, ~, (2.64)
o sinh| (N, /K?)s | 1 N2 +(N, / K})

I [ng‘”(NaX)dX - [W} (2.65)
j (%)Si”('\'ax)dx =(Nij (2.66)

Substituting the values of the integrals in Eq. (2.62), we get
E, tanh (N, KH, )= H, coth[ N K3 (h—H,) |

rmsech(N KH )

i

N2 +(N, /K: ;

2 Q L Ni1
N EJEC““) sm(NqH3)

N2+ (N /KR

O RYEHG

where i, =k=r=w and P=Q — 0.

In order to accommodate boundary condition (111b) at time t — oo, we now equate the steady
state hydraulic flux expressions in the y— direction for the two layers at y=H, — the

foIIowing relationship emerges

K ZEk(l)(N K. )sin(N,x) = K ZHW(D[ (NWK;)]sin(NWx).

On simplifying the above, we get

KYlEk(l)(NkKla)z_KyzHW(l)(NWK;)’ (2.68)
where k =w. Also, it is to be noted that K =W —oo. Coefficients E, ,, and H,,, can thus
be obtained by solving Egs. (2.67) and (2.68) pertaining to a ditch drainage scenario.
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2.2.1.2 Determination of the Transient Solution Coefficients [transient state solution is
approximate and is applicable only when conductivity and specific storage of the layers
of Fig. 2.2 satisfy K, /S, =K, /S, and K, =K, —0 (butK =K, +0)]

To ascertain that SR, only exists for the top soil layer and also satisfies the initial condition
(1) of the flow problem, we equate it to a piecewise smooth function F(x,y) in the two
spatial variables x and vy, i.e.,

D2 A sin(N,x)sin(N,y)=F (x,y). (2.69)

m=1 n=1
The aforementioned piecewise smooth function may be defined as
e sinh[(N, /K?)x]

F1(X, y) = _; Bp(l) sinh[(Np / Kla)S]

sin(N,y)

Q sinh:(Nq/Kf‘)(S—x)_Sin(N )

&S sinh (N, /K})s |
K sinh (N, K{y)

k(D)

I~ cosh (N, K;H; )

sin(N,x)

R cosh| N,K? (Hs—y) ]

- Z Df(l)

= cosh (N, KfH,)
F(x,y)=0, 0<x<S, H,<y<h. (2.70)

It can be noted that for the top soil layer of the flow domain, we have equated the transient
solution at time t =0 to the steady state solution. This way, the initial condition (1) pertaining
to the hydraulic head in the upper layer is being satisfied; also equating it to zero in the lower
soil layer ensures that the series ceases to exist for that layer.

Similarly, we equate the series SR, to another piecewise smooth function F,(x,y) which

sin(N,x), 0<x<S, 0<y<H,

helps us in satisfying the initial condition (1)

iizwm sin(N,x)sin(N,y)=F,(x,y). (2.71)

u=1 v=1

The function F,(x,y) can be defined as

i cosh[(NWKza)(h_y)}
F(xy)= —% Huw sinh [(NWKza)(h - Hs)]

+Hl[%j+|_|2(ﬁj, 0<x<S§, H,<y<h (272

F,(xy)=0, 0<x<S§, O<y<H,,
W
sin(N,x)

S
Since the functions F,(x,y) and F,(x,y) are piecewise smooth over the flow domain, the
Fourier series representing them will converge at any point within the flow domain. So, we
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can proceed to evaluate the coefficients A , and Z,,, of the two double Fourier series SR,
and SR, . The expression for A ., will be

Ssmh[ N /Kf)x} _ Hy _
A = ( j{ 2 p“!Slnh[N /Kf)s]sm(me)dXx!sm(pr)sm(Nny)dy

Q Ssmh[ N /Ka)(
2. Cq(l).([ smh[ N /Ka) }

< " sinh(NKy)
_ZEK(D'[ cosh(NkKle)

k=1

)} sin(me)dxxTsin(qu)sin(Nny)dy

S
sin(Nny)dyxjsin(ka)sin(me)dx
0

R "scosh| N K7 (H, —
2B co[sh(N1 I(<als—| )
r=1 0 3

We evaluate the integrals in the above expression to obtain the following results

)] sin(N,y)dy xjsin(er)sin(me)dx}. (2.73)

s sinh[ (N, /K2 2 _
Ism [( b l)XJsin(me)dx= N_ 2 { cos(Nmsl)] 2.7
osinh| (N, /K)S | N2 +(N, /KE) N,
H, ) . H3 ~
'([sm(pr)an(Nny)dz:(?j, N, =N,,
~|sin(N Hy =N H;) sin(N,H,+N_H,) N )75
|o2(N,-N) 2(NeN,) o # N, (275)
s sinh| (N, /K2)(S -
jsm_[( oK) X)}sin(me)dx: N | (2.76)
0 Slnh[(Nq/Kf)S} Nm2+<Nq/Kla)
e : H, -
J;sm(qu)sm(Nny)dz =(7] N, =N,,
_|sin(NgHs =N, H, ) sin(NyH +N H,) N 577
o2(N-N) 2(NgHN,) o * o (277)
j'sin(ka)sin(me)dx=O, N, =N,,
S
:(Ej’ N, =N, (2.78)
" sinh (N K?y) sin(N.y)dy

!cosh(Nka‘Hs)

- N,’ - x{tanh(NkaHg){_cos(Nan)}r[Nszla]sin(NnHﬁ}, (2.79)
N2 +(NK) N, N,

n
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S
Isin(N,x)sin(me)dx=O, N, =N,
0

:(Ej, N =N (2.80)

and
Ha cosh[N,Kl""(H3 - y)]
! cosh (N, K;H,)

i N2 | i{cos(Nan)} 1 | (2.81)
N2 +(NKEY | [N N, cosh (N, KiH,)

Substituting the values of the evaluated integrals in Eq. (2.73), we have the following final
expression for the coefficients A,

SO o { = )z]{w“s e

sin(N,y)dy

=z

J1 cos(N,H,) 1 , (2.82)
N, N, cosh (N, K H,)
where r=k=m, P=Q — o,
|(1>=[ij N =N
2 ’ p nt

{sin[(NpNn)HJ_sin[(NerNn)HJ}’ . 0583)

2(N,-N,) 2(N,+N,)

and
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1@ _ (_3] N, =N,,
2

] sl el N

2(N N) 2(N,+N,)

Similarly, we arrive at the following general expression for the coefficients Z,,,,

Zo = (ij{‘i i - cosh| (N,K3)(h-y)] sin(N.y)dy

sh . sinh[ (N,KZ)(h—Hy)]

isin N, x)sin(N,,x)dx

S
+H1_[( )sm (N,X) dx_[sm (N,y)dy
0

3

+H J’[ ]sm(N X) de'sm (N y)dy}

3

We evaluate all the integrals in the above expression; this gives us

S
Isin(NWx)sin(Nux)dx:O, N, #N,,
0

Substituting the values of the integrals in Eq. (2.85), we arrive at
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(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)



N 2
Zuv(l) :(ij _Hw(l) (Ej . 2
Sh 2)1 N2 +(N,K3)

x{coth [(NWKf)(h ) Hs)} coS(l\’\llvHs) N _<N|<,Vf§)]sm(NVH3)}

' \

" —cos(N,S
o, L ) CosNuHy )y fosN,H ) Zcos(NS) 1 (291)
Nu Nv Nv L Nu

where w=u. We now concern ourselves with determining the transient discharge function at
the top of the flow domain. We apply the Darcy’s law at the surface of the soil for the
hydraulic head expression ¢, . This yields

Qupey (1) =K, SI{W} dx, (2.92)

where, Q,,,, is the discharge rate at the surface of the soil per unit length of the ditches. We
proceed to evaluate the integral in Eq. (2.92). This leads to the following expression

5 K cosh[(Np/Kf)(s g} cosh[( oK )e ]}
e

| 2 i cosh[(Nq/Kf)(S—g)]—cosh[(Nq/Kf)g}
2, S { sinh[ (N /K?)s | }

K
+kzz; EvoKe Sech(Nk KlaHs){cos(ng)—cos[Nk (S _g)]}

&

—ZR: D, K? tanh(NrKf‘Ha){cos(N,g)—cos[Nr (S —g)]}

r=1

A Ty e
VIS

We now show that Qtop(l) diverges in case the depth of ponding for the first ponding strip, &,

happens to be non-zero, while the width of the ditch bunds ¢ is zero at the same time. In
order to show that, we first substitute the expression for D, , from Eqg. (2.61) in Eg. (2.93);

this leads, after some mathematical manipulations, the term involving D, ,, to be of the form

Z[ZgNKa)tanh(NrKst).

r=1 r

Since
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Lim tanh(N,K?H, )= Lim tanhK 5 )K H } LimE 8 __1 (2.94)

F—o r—oo oo ¥ —@7¢

20K}
where coz(%r] K/H,, { gN jt h(N K H ) can thus be expanded for higher terms
r=1

r

as

25 1 11
St
4 5 6

where, in view of Eq. (2.94), it is been assumed that tanh(N,K'H, ) reduces to 1 after the

summation of first three terms of the series. But then, as can be seen, this is a diverging
series; hence it can be stated that Q,,, (t) diverges when &, =0 and & =0.

Similarly, the expression for the time dependent top discharge function Q,,,,, which helps

us in estimating the discharge entering through the top of the soil in between the origin and
any location falling on the surface of the soil, can be estimated as

Qtopx(l) (X t)=-K II:W} dx. (295)

y=0
Solving the above integral, we obtain

cosh[(Np/Kf)xJ—cosh[(Np/Kf)g]}
zBp(l) 1{ sinh[(Np/Kf)S]

cosh[(Nq/Kf)(S —g)]—cosh[(Nq/Kf)(S X)]}
sinh[ (N, /K?)$ |

+i E,,K? sech (N, KfH, )[ cos(N, &) —cos(N, )]
k=1

Qtopx 1) X, t

Q
+Z;Cq(1) K{ {
q:

- ZR: D, »K{ tanh (N, K{H;)[ cos (N,&)—cos(N,x)]
r=1
M N

> Avey [:::—r:] [cos(N,,&)—cos( me)]exp[—(imn )t

m=1 n=1

+iizwm( j[cos (N,&)—cos(N,x) ]exp[ ( W)Zt} : (2.96)

u=1l v=1

Also, the discharge per unit length through the side of the left ditch can be obtained as

I Y, "o , (X, Y,
Qleftside(l) (t) = {le I [%}/t)} dy + sz I {%} dy} (2.97)

0 H,

Solving the integrals in the above equation, we get
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Qe (1)= s, {ZP: Pre [KifJ sinh ( Nt/Kf) s: [1_ cos(N pHS)]
coth| (N, /Kf)S ][ 1-cos(N,H,) ]

|
Mo
(@]

o)

=
N\
|-
N

K 1 )| cosh(N,KH;)-1
+;Ek(l)[Kfj[ cosh (N, KfH,) }
+ Dr(l)[ljlajtanh(NrKlaHg)

J[l c0s (N, Hs) Jexp| ~(4y,)'t |

>
Il
N

+
Me iM= 1M
Mz
>
/L\
= Z

5.5 2 e [ cosu oo -(a )

o, (B {0
5 A Jittyon] ()]
+§ézuv(1>[m—tjCOS(NvH eXp } (2.98)

Similarly, we evaluate the discharge per unit length through the side of the right ditch as

Qrightside(l) { K, I|:8¢1 X ik } dy—szi{W} dy} (2.99)

Hj

Solution of the above mentioned integrals [Eq. (2.99)] yields

Qugnscecy (1) = KXI{ZBF,(D[ ]coth[(Np/Kf)S}[l—COS(NpHs)]

Q

_qz_l:cq(l)[ 1 ]smh[( W ][1_cos(NqH3)]
e cos(N, s)[,ja]r"Sh(NkaHs)‘l]

cosh(N K2H )

+ZD,(l)cos (N,S) [ jtanh (NK; H

+iiAm(l)cos N S (

m=1 n=1

j [1-cos(N,H )]exp[—(/lmn)zt}
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u Vv

55 2 con(n5) s [-eon (s e -, |

u=l v=1

‘KXZ{ZHWG{ JCOS(N S)- {(HZ‘Hls)(h—Hs)}

w=1

M N

+22Ann(1)COS(NmS)(l:l—r:jCOS(NnH )eXp[ ( mn)zt:|

m=1 n=1

+ZZZW(1)COS (N,S) (II: JCOS(N H )exp[_(ﬁuv)zt}} (2.100)

u=1 v=1

It should be noted that all these expressions for the transient state reduce to the steady state
discharge expressions when t in them is allowed to increase to infinity — this, just like in the
hydraulic head expressions, will remove the exponential terms in them and leave behind only
the steady state terms in these expressions. Further, all the steady discharge expressions are
exact for all possible combinations of parameters of Fig. 2.2 and are not dependent on Egs.
(2.29) and (2.30) [i.e,, K, /S, =K,, /S, and K, =K, —0 (but K, =K, #0)] for their

correctness.

Volume of water seeping through the top surface of the soil per unit length of the ditches in
time T can also be estimated by integrating Eq. (2.93); the relevant expression for the same
IS

.
VOl = [ Qupgey () I, (2.101)
0

where Vol,, ., represents the volume of water in question. Carrying out the integration in Eq.
(2.101) after substituting Q,, (t) from Eg. (2.93), we get

| cosh[ (N, /KE)(S—&)|-cosh[ (N, /K )& ]
VOhoey ==K, ZB"(”K { sinh[ (N, /K?)s | }

cosh[( /K (S - ] cosh[(Nq/Kf)g]
smh[( q/Kf)S]

K
+k§‘ E, oK sech (N K7H, ) {cos (N, &) —cos[ N, (S —&) ]}

Q
+Z;Cq(l) K{ {
q=

—iDrme tanh(NrKng){cos(Nrg)—cos[Nr (S g)]}}
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N [ SRR &
{1—exp[—(ﬂw)2ﬂ}

(A)’

Similarly, the volume of water seeping into the left ditch drain per unit length of ditch in time
T can be evaluated as

(2.102)

T
VOIIeftside(l) = IQleﬂside(l) (t) dt, (2.103)

0
where Vol .., denotes the volume of water in question. Simplifying the above equation
using Eq. (2.98), we have

VOl ey = K, T{ZBM[ 1 ]Smh[( WK J[l—cos(NpHa)}
Y Klf coth[ (N, /Kz )8 J[2-cos (N,H, )]

q=1
K 1 )| cosh(N,K;H;)-1

E
+k§ O K2 [ cosh (N, K/ H, )

+ZR:Dr(1) Kl tanh(NrKst)}
r=1 1

+K, ii/\mm (E—:J[l—cos(Nan)]{l—eXp[—(ﬂmn) T}}

m=1 n=1 ( mn)2
OB 1( “j[l—cos(N H,)] e (1) T
F= AN, ” (A )

+iizwm [%j cos(NvH3){1exp[(/1uv) TJ} (2.104)

And water volume seeping through per unit length of the right ditch in time T can be
estimated as
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.

VO, gnsigeqy = J-Qrightside(l) (t) dt. (2.105)
0

Simplifying the above expression in relying on Eq. (2.100), we get

Vb =T 50 oo [, e,

Q

_;Cqm[ 1 ]smh[( N, K)S ][1—cos(NqH3)]
+2Ek(l)cos(N S)(éﬂ]!cosh(NkaHg,)—l}

cosh (N, K{H,)

%jtanh(NrKfm)}

1

R
+21:Dr(1)cos(NrS)(

M N

1-
75 ZZAﬂn(l)COS(NmS)(%j[l—COS(NnH exp[ m) }

m=1 n=1 imn

][1 cos(N,H,) . eXp[ J

+iizwmcos N S ( )

u=l v=1

g

w=1

=K, iiﬁ*ﬂnmCOS(NmS)[%Jcos(Nan) 1—exp[—(/1mn) TJ

m=1 n=1

1—exp[—(/1uv)2T}
(A)’

Before we end our theoretical analysis for the flow problem of Fig. 2.2, we would like to
point out that our proposed approximate transient solution for the two-layered problem would
become exact if the problem is being reduced to a single-layered one by equating the
directional hydraulic conductivities and specific storage of the layers as same, i.e., by making
K, =K, K, =K, and S, =S . In fact, with these substitutions in place, the problem of

(2.106)

U Vv
35z, con() R st )

u=1 v=1 v

Fig. 2.2 reduces to that of Barua and Alam’s (2013) ditch drainage problem; however, it
should be noted that the series involved in these two solutions of the same problem are quite
different — this is understandable because Barua and Alam’s solution is being inherently
developed for a single- layered soil only and not for a multi-layered one whereas the solution
presented here is for a two-layered soil and not for a single-layered one. Also, when our flow
domain is being reduced to a single-layered soil, the hydraulic head functions for the layers
[Egs. (2.31) and (2.43)] will then anyway satisfy the interfacial conditions (I11a) and (111b) for
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all time t for any combination of the directional conductivities and specific storage of the
drained soil. Thus, for such a situation, the requirements of Egs. (2.29) and (2.30) [i.e.,

K, 1S, =K, /S, and K, =K, —0 (butK, =K, =0)] are not necessary for the transient

solution to work.
2.2.1.3 Verifications of the Proposed Solution

In an attempt to verify our proposed solution for the steady state case, a few checks are now
being conducted with the experimental and theoretical results of others. In Fig. 2.3, we are
showing variation of top discharge with time for a single-layered soil, where, as may be
observed, the top discharges are expressed as ratios of hydraulic conductivity of soil and its
thickness. The hydraulic conductivity values are assigned so as to ensure that the soil is
isotropic and thereby reducing our multilayer solution to that of a single-layered one. Also, in
our analysis, the ponding field above the surface of the soil is taken as zero and to make sure
that the horizontal extent of the field is almost infinite, the spacing between the adjacent
ditches is taken as 100 m. Further, in all the cases, the ditches are kept nearly empty by
ensuring H, = H, =0.9h and H, =0.95h. Q,,, /2Kh ratios are then obtained for different

times by varying the thickness of the soil layer from 0.5 m to 3.0 m, incrementing it by 0.5 m
for each plot.

Q{a;}( I) /2Kh

i —— h=05m, H=H=045m
045 bigp —+— #=10m, H=H,=09m .
o h=15m H=H=135m
g h=20m, H;=H'= 1.8m
04 A h=25m, H=H=225m i
4 —g h=30m, HI:H;: 27m
0_35 1 1 T T T T 1 1
0 05 1 15 2 25 3 35 4 45 5
Time, t (s) x10°
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0.7
4

0.67

Q{a;}(f) /2Kh

i —— k= 05m H=H=045m 1
.' —— h=10m H=H=09m
4 4
0.45 & h=15m H=H=13m i
= A= 20m H}:H}Z 18m
0dt o h=25m H=H=225m _
[ —& h=30m HJ,=H3=2?m
0_35 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000
Time, t (3)
() ors . ;
PP ———
i
o
Q
)
0.35 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000
Time, £ (s)

Fig. 2.3. Variation of Qg /2Kh ratios with time as obtained from the proposed solution for

different h and H,=H, =0.9h values when the other parameters of the flow problem are
considered as S=100m, s=0m, H,=095h and (a) K, =K, =K, =K =0.05m/day,

-1
S, =S, =0.001m™, and (b) K, =K, =K, =K, = 05m/day, S

1
K, =K, = K, =K, =005 m/day and S, =S, =0.0001m
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We observe that Q,,,, / 2Kh attains a steady state value of 0.737 for all the studied drainage

configurations when the time variable in these ratios is allowed to increase continually. This
value, as may be seen, is independent of the values of hydraulic conductivity of the soil in
question. It is observed that this value is very close to the value of 0.743 as obtained from the
analytical works of Fukuda (1957) for the same situation (Fig. 2.3). A slight difference in the
value of this ratio vis-a vis ours is understandable as Fukuda (1957) solution is strictly valid
for a drainage system with perfectly empty ditches only and not when some water level is
there in them whereas in our comparison model of Fig. 2.3, the ditches, as may be noticed,
are having a water depth specified as H, = H, =0.9h and are thus not totally empty. Even

then, as mentioned before, our value of 0.737 is found to be in close agreement with those
obtained from the analytical model of Fukuda, differing in places of decimals only. It also is
close to the experimental result of 0.72 as obtained by Fukuda from his ditch drainage
experimental results related to steady subsurface drainage of a ponded ditch drainage system.

Plots of Q. /2Kh versus (h—H,)/h are also drawn for a few drainage situations of Fig.

2.2 and the same are then compared with the parallel plots obtained from Youngs’ (1994)
solution for the steady state case. Fig. 2.4 shows such a comparison. As may be observed,
here also a perfect matching of our results with those obtained from Youngs’ solution are
realized thereby showing that the proposed solution is being rightly developed. It is

interesting to note that as the level of water in the drains approach zero, Q,, /2Kh ratio as

obtained from Youngs’ solution also approach 0.743 (Fig. 2.4) when the spacing between the
drains is given a large value (here taken as 100 m).

08 -
—— = 30 s(proposed solution)
T —=— = 230 s (proposed solutiorn)
0.7 —— steady state (proposed solution)
. + Young's solution
06F
056+
o=
S
"o o04f
~H 03r
02r
01}
+
U | 1 | | 1 | | 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(h-H )/h

Fig. 2.4. Plots of Qg /1 2Kh versus (h— Hl) / h as obtained from the proposed solution for different

times of simulation of the system with the corresponding steady state plot as obtained from Youngs’
(1994) single-layered solution of the problem for isotropic soils when the ponding depth is considered
as zero and the other flow parameters of the problem are taken as S=100m, h=2.0m,
S, =S, =0.0001m™ and K, =K, = K, =K, =0.05m/day
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As a further check on our steady state solution, a comparison with Kirkham’s (1965) solution
is also being performed for a drainage setting as shown in Fig. 2.5. As can be seen, all our
predicted contours are in perfect agreement with those obtained from Kirkham’s solution,
thereby verifying once again, the correctness of the developed model.

3 [ 0y #0.01
[ 2, Q(o’*/
) 07
Q \\ / >
7 N ks 0.35m

® )
T AO]\‘(—// ’ l
J — \\ % S f
— # . - &
=

B £ %

\
2

8§ [ = 5

* Proposed solution heads (steady state) B Kirkham's solution head contours (steady state)

Fig. 2.5. Comparison of steady state hydraulic heads as obtained from the proposed solution with the
corresponding values as obtained from Kirkham’s (1965) single-layered steady state solution of the
problem for isotropic soils when the flow parameters of the problem are considered as S=5m,

h=1m, H,=045m, H,=035m, §=0m and K, =K, =K, =K, =0.5m/day

Finally, a comparison of the proposed solution for the transient situation is being carried out
with the analytical works of Barua and Alam (2013) for a drainage configuration as shown in
Fig. 2.6. Here also, as may be observed, the heads obtained from the developed model are
matching quite closely with the ones obtained from the analytical works of Barua and Alam
for both instants of time considered for study.
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Fig. 2.6. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from Barua and Alam’s (2013) single-layered transient solution of
the problem for anisotropic soils at two different times of simulation of the system when the flow

parameters for the problem are considered as S=5m, h=1m, H;=035m, H,=045m,
£=005m, 6=003m, K, =K = 015m/day, K =K, = 0075m/day and S =S_
=0.001m™

2.2.1.4 MODFLOW Verification of the Proposed Solution

As a further check on our solution, we now carry out a numerical verification of the same
utilizing the Processing MODFLOW (Chiang and Kinzelbach 2001) platform. Initially,
verification is carried out for the steady state flow problem pertaining to a specific
configuration of Fig. 2.2, where the flow parameters are considered as S=5m, h=1m,
H,=06m , H =045m , H,=040m , ¢=00om , 6=003m , K, =1m/day ,

K, =0.75m/day, K, =25m/day and K, =3.5m/day. A MODFLOW drainage model

was created considering a cuboidal flow domain of cross sectional dimensions 15 m by 5 m
and of thickness 1 m. It was subdivided into a grid mesh comprising of 151 rows, 101
columns and 22 layers. The row spacing assigned for the grid was 0.1 m, the column spacing
was 0.05 m and the thickness of each vertical layer was assigned as 0.05 m. The cells of the
bottommost layer, which happened to be the 22" layer, were made inactive so as to simulate
the impervious layer underlying the ponded field. The cells of the topmost layer were
assigned a constant hydraulic head value of 0.03 m to replicate the ponding water depth at the
top. The ditches were simulated by keeping the cells of 1% row, 151% row, 1% column and
101% column as fixed head cells for all the layers. The water level in the left ditch was
simulated by assigning a value of 0 m head to the cells in the 1% column for the first layer and
decreasing it by 0.05 m for every subsequent layers till it reached the 10" layer. After that, all
the cells falling on the ditch was given a constant head value of -0.45 m. In a similar way, the
heads for the right ditch were assigned to simulate a water level of 0.4 m in the ditch. In case
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of the Northern and Southern ditch boundaries of the flow domain, a similar procedure of
assigning heads is implemented for the 1t row and 151" row, other than from the 10™" layer,
a head of -0.425 m, the average of -0.45 m and -0.4 m is assigned for the consequent layers.
The top soil layer properties were incorporated in the model by assigning horizontal and
vertical hydraulic conductivities of 1 m/day and 0.75 m/day, respectively, for all the active
cells from the 1% layer to the 13" layer. From the 14" layer to the bottommost layer, the
horizontal and vertical conductivities were allotted as 2.5 m/day and 3.5 m/day, respectively.
With the above definition of the model in place, a MODFLOW simulation was carried out
and the heads in the vertical plane passing though the 75" row were noted. This plane was
considered because for the studied flow system, it was located farthest from the Northern and
Southern boundaries of the model and hence was most likely to exhibit a close approximation
of the two-dimensional ditch drainage scenario which had been proposed to be simulated.
These heads were then compared with the ones obtained from our solution; Fig. 2.7 shows
the comparison results. As can be seen, the analytically predicted heads are matching very
closely with those obtained by numerical means thereby validating, once again, our
developed solution for the steady state flow problem.

5=0.03m

T ;M e //,/"': ; I

N
|

R f
{ c

MODFLOW Head Contours * Proposed Steady State Solution

0.45m

l&

Fig. 2.7. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from MODFLOW when the flow parameters of the problem are
considered asS=5.0m,,h=1.0m, H,=06m, H, =045m, H, =04 m, §=0.03m, £ =0.05m,

K, =1.0 m/day, K, =0.75 m/day, K, =25m/day and K, =3.5 m/day

We now propose to ascertain the veracity of the proposed transient flow model by building a
MODFLOW model for a drainage scenario and then comparing the heads obtained from this
model with the ones obtained from our solution for the same drainage setting. In this context,
it is worth remembering that our transient solution is valid only when the conditions imposed
by Egs. (2.29) and (2.30) are being closely respected by a drainage scenario. The flow
parameters for the transient ditch drainage flow problem taken into consideration for the

MODFLOW simulation are as shown in Fig. 2.8. As can be seen, K, , K, , S, and S for
this drainage situation are respecting Eq. (2.29) in totality; further, as the vertical hydraulic
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conductivities K, and K, for this situation are equal to each other and are quite close to

zero (i.e., 0.001 m/day), Eq. (30) can then also be assumed to be approximately satisfied by

this drainage configuration as well. The MODFLOW model was built in the same way like in
the previous example. The topmost layer cells were assigned a constant hydraulic head value
of 0.02 m to replicate the ponding water depth at the top. The head values in the 1% row, 151
row, 1% column and 101% column were assigned for the different layers of the model so as to
simulate the depth of water in the drainage ditches. The initial value of hydraulic heads in all
the active cells of the model was taken as zero. The horizontal hydraulic conductivity and
specific storage values from the 1% layer till the 13" layer were assigned as 0.8 m/day and

0.003 m™, respectively. From the 14" layer to the 22" layer, the horizontal hydraulic
conductivity and specific storage values assigned to the model were 1.6 m/day and
0.006 m™, respectively. The vertical hydraulic conductivity for the whole model was kept as
K,, =K, =0.001 m/day). With these inputs in place, a transient MODFLOW simulation was

carried out and the numerically obtained heads on a vertical plane passing through the 75™
row (as this plane lies at the furthest distance from the Northern and Southern boundaries of
the model) at two different times of simulation (namely, 100 and 500 seconds, respectively)
of the system were then compared with the corresponding values obtained from our solution
of the drainage problem of Fig. 2.2. Fig. 2.8 shows the comparison details of the hydraulic
heads for this situation at two different times of simulation of the system. As may be
observed, at both the simulation times, the heads predicted by our solution are in very good
agreement with the corresponding values obtained by MODFLOW thereby showing that our
transient solution is also capable of giving accurate results so long as the constraints imposed
by Egs. (2.29) and (2.30) are being respected by a ponded drainage setting.

5=0.02m
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Fig. 2.8 Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.7m,

H,=06m, H,=06m, §=002m, £=005m, K, =.8 m/day, KX2 =1.6 m/day, Kyl = Ky2 =
0.001 m/day, S, =0.003 m™ and S, =0.006 m*
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If we now relax the constraints imposed by Eq. (2.30) by a little bit and take
K,, =K, =0.01m/day instead of 0.001 m/day as in the previous case and the MODFLOW

model is again run by keeping all the other parameters of the system same as before, then the
head comparison contours would be as shown in Fig. 2.9. It is interesting to see from Fig. 2.9
that our approximate transient solution to the problem is predicting results very close to the
numerically obtained values, even when Eq. (2.30) — one of the essential requirements for its
validity — is been approximately satisfied, i.e., even when the vertical conductivity of the
layers is relatively much above zero (i.e., K, =K, =0.01 m/day).

5=0.02m
Wﬁ*—_— *0 02—y, . 00 MW
‘-”e@k D,La
06m \ / 07m
Y
| [ \ [

X Proposed solution (100s) MODFLOW heads (100s) * Proposed solution (500s) MODFLOW heads (500s)

Fig 2.9. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.7 m,

H,=0.6m, H,=06m, §=002m, £¢=005m, K _=08m/day, K, =16 m/day, K, =K =
0.01 m/day, S, =0.003 m™ and S, =0.006 m™

2.2.2 Level of Water in the Ditches is Different and Below the Boundary between the
Soil Layers

Fig. 2.10 illustrates the height of water, and consequently, the boundary conditions at the
drainage ditches for this particular boundary value problem.
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Fig. 2.10 Ditch drainage system for a two-layered soil when height of water in the ditches is below
the bottom surface of the top soil layer

The boundary conditions specific to the ditch drain boundaries for this particular case are

B (X, Y, 1>0) =y, x=0, 0<y<H,, (X)
Briy (X, Y, 1>0) =, x=0, H,<y<H, (Xla)
Py (X, Y, 1 >0)=-H,, x =0, H,<y<h, (Xlb)
Gy (X Y, 1>0) ==y, x=S, 0<y<H,, (X1
P2y (X Y, 1 >0) =y, X=S, H,<y<H,, (Xllla)
Briy (X, Y, 1 >0)=—H,, x=8, H,<y<h. (X111b)

In this case, the expressions for the hydraulic head functions for the top and the bottom
layers, in view of Egs. (2.24), (2.25) and (2.26), can be expressed as

sinh (Np/Kf‘)x}

= in( N
sinh_(Np/Kf)s}sm( )

P
¢1(2) (X, y,t) = Z Bp(2)
p=1

o sinh[(Ng/KF)(S-x)]
C Loy

+q:1 1(2) Sinh[(Nq/Kf)s} sm(NqY)

K sinh(N,Ky) .
o cosh(NkaHg)Sm(NkX)

R cosh[NrKla(H3—y)] _
+§Dr(2) cosh(N,KfH,) sin(Nx)

M N . . 2
+ZZAm(z)sm(me)sm(Nny)exp[—(/lmn) t}
m=1 n=1

U Vv
+ZZZUV(Z)sin(Nux)sin(va)exp[—(/lw)zt] (2.107)
u=l v=1

where
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COSh[( ) }sin N, X
() pr)
! smh[ N /Ka X

= '@ sinn[ (N /K3)s

w
¢2(2) (X, y,t) = Z Hw(g)
w=1

%sm[Ni(y—Hs)]
(

+iG smh[(N /K2 )

e smh[ )S]
(

M N

27D A Sin(N,x)sin Nny)exp[ ( m")zq

m=1 n=1
u Vv

+ZZZUV(2) Sin(NUX)Sin(NVy)eXp[_(%V )2'[},

u=l v=1
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02 Car Bk Drizyr Ame and Z,,,, are constants and

5-%) }sm[Nj(y—Hg)}—Hs

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)



N, = (?j (2.120)
2

)
)

)
K2 = : (2.123)

and H,.,, F and G, are constants. We proceed to obtain the expressions for velocity

distribution in the X— and y— directions as before. The directional velocity distribution
functions, namely V,,,, and Vv, , for the top soil layer remain identical to the ones
mentioned in Egs. (2.52) and (2.53); however, the relevant Fourier coefficients will now be
B2 Cur B D Am and Z,,,, (the expressions for these are given in the pages to
follow) instead of B, C,q, E(» Diyr Ama and Z,,,, as worked out for the previous

problem. Also, for the bottom layer, the directional velocity functions for this flow
configuration can be written as

= cosh[(N K;)( ] chos(NWX)

Vo =~ ;HW(Z) smh[(N Ks)(h-H }
L (NG/KS) cosh[( , x] _
+§Fi(2) Smh[( /K)] sin[ N (y—H,)]
) (Nj/Kza)cosh[(NJ/Ka)(S—x)J _
_,Z:‘Gj(z) sinh[(Nj/K;") ] sm[Nj(y—Hg,)}
+mi§l:Am(2)Nmcos(me)sin(Nny)exp[—(ﬂmn)zq
+iiZUV(Z)NUcos(Nux)sin(va)exp[—(/lw)zt} (2.124)
and
Y K —iH (NwKs)Sinh[(NwKs)(h_y)}sin(NWx)

y2(2) = T Ny, ~ w2 Sinh[(Nng)(h_H3)}

- sinh| (N, /K)x|

T4 sinh[ (N, /Kz)s ]|

N; cos[ N, (y—H,)]
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0, sinh| (N /K3)(S—x)]

= sinh[(N;/K;)S]

+ ii Aunzy SIN(NX)N, COS(NnY)eXP[—(lmn )zt}

m=1 n=1

+ Njcos[Nj(y—Hg)]

+iizw(2)sm N,x)N, cos(N, y)exp[ (4, )ZtJ . (2.125)

u=l v=1

2.2.2.1 Determination of the Steady State Solution Coefficients (steady state solution is
exact and valid for all possible arrangement of parameters of Fig. 2.10)

Substituting boundary condition (X) in Eq. (2.107), we have
Q

D "Cyz Sin(N,Y) ==Y, 0<y<H,,

g=1

We expand the Fourier series with Q — oo and evaluate C,,, to obtain

Cyr =(Hi3j{f—ysin(qu)dy}. (2.126)

Evaluating the integrals in the above expression, we get

N Hs in(N Hs
o) |

q

The final expression for C,,, is thus

a(2

2 )| —sin( N H,
Cq(2) = [H_?’J I:%] (2128)

Similarly, by making use of boundary condition (XII), we arrive at the following relationship
involving the Fourier coefficients B,

P
D By sin(N,y) =-y, 0<y<H,,
p=1

Expanding the Fourier series and evaluating for B, ,,, we get

2 )| —sin(N_ H,
Bp(2) = [E)I:%] (2129)

The expression for D, ,, will be the same as that of D, since it is evaluated based on the

same boundary conditions (IVa), (IVb) and (IVc). To determine G;,, we substitute
boundary conditions (Xla) and (XIb) in Eq. (2.119) — this results in the following expressions

ZGJ(Z)sm[ (y—H;)]-Hs=-y, H,<y<H,,
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ZGJ(Z)SIHI: (y=Hs)|-Hy=-H,, H <y<h

The coefficients G

2
Gie :(h_Haj

X{Hf(st)sin[Nj (y—He,)]dy+j—(Hl—Hs)sin[Nj (yH3)]dy} (2.130)

Hy H,

iz can thus be determined as

Evaluation of the above integrals gives G;,, as

Gj(z)z[ 2 j{_Sin[N"(Hl_H3)J}. (2.131)

h—H,

Similarly, by imposing boundary conditions (XlIla) and (XIlIb) on Eqg. (2.119), we get

ZF,(Z)sm[ y—H,)|-H,=-y, H,<y<H,,

Z ,(2)sm[Ni(y—H3)]—H3:-HZ, H,<y<h

A Fourier run on the above equations gives an expression for F

|(2)
2
e
3

X{T(y H,)sin|[ N, (y—H,) |dy+ T —(H,—H,)sin[ N, (y- Hs)]dy} (2.132)

H3 2

Working out the above integrals, we get the final expression for F,, as

F@{ : j{_sm[N‘ TZ_HB)J}- (2139
h—H, N,

We now equate the steady state hydraulic head expressions for the top and the bottom layers

at y = H, so as to satisfy boundary condition (I1la) — this leads to the following relationship

P sinh| (N_/K])x Q sinh| (N, /K*)(S—x
By [( /) ]Sin(NpH3)+ZCq(2> [( o) )]

o3 sinh[ (N, /KF)S ] = sinh[ (N, /K?)S |

inh (N, K H
+iEk(2) sinh (N, K, 3)sin(ka)+ZR:D

& 9 cosh (N, K H, ) =" cosh (N, KZH, )
W cosh[NWKg‘(h—Hg)]
- Wz; Moo sinh[ N,K3 (h—H;,)]

We expand the Fourier series as in the previous problem and eventually obtain the following
equation

sin(NyH;)

sin(N,x)

sin(N,,x)—H,
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Ee tanh (N, K7H, )= H,, coth[ N, K3 (h—H,) |
~D, , sech(N; KfH3)—(§j Hsjsin(Nilx)dx
0

p _ ssinh| (N, /K{)x |
_(éj;Bp(z)Sm(NpHs)!sinhﬁ p/Ka)s%sm(th)dx

o\ Q s sinh [ q/Kf")s x)]
=) C N H
(Sj; q(z)Sln q '3 E')‘ smh[ q/Kla) :|
Upon solving the integrals of the above equation, we get
E tanh (N, K{H, )= H,,, coth[ N, K3 (h=H,) |

h

—(%)pzp;Bpmsm(NpHs)[ N,? +(N|\;1:/Kf)2 M_COSN(i\Iils)]

2\ . N,
—| £ 1>C, sin (N H, L 2.135
(s ){Nh“(Nq/Kf) ] .

where i, =w=r =Kk and P =Q — c. With a view to now satisfy boundary condition (ll1b),

sin(Nilx)dx. (2.134)

we next equate the steady state hydraulic flux expressions in the y— direction for the two
soil layers at y = H, — this leads to the following relationship

K cosh[ (N, K2 H,
Kykzl:Ek(Z)( )cosh[(NkKla>H3}

=Kyzin(z)(NWKa)Sinh[(:WEZ) - 3]Sin(wa)

(h—H,)
= ’ sinh[ ;)(h—Hs)}
l sinh[(Ni/Kj) } ) smh[(Nj/Kj‘)(S—x)]

E .

—K,, > FN,

yzl“ @ sinh[ (N, /K ] Z Chy sinh[ (N /K3)s ]
After making a Fourier run in the above expression as had been done to obtain Eq. (2.134),
we find

K, (Nka)Ek(z) +K, (N Ka)Hw(a

5 | s sinh|[ (N, /K2 )x]
:(ngyziZ_;E(z)N"([smh[ N. /K;‘) }sm(th)dx

sin(N,x)
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sin(Nilx)dx. (2.136)

jsmh[ J/Ké‘)S x)}
. smh[ J./Kz'f‘)}

Evaluating the above the integrals, we finally have
K, (NK?)Epy + Ky, (NLKS ) Hy

2 J
+(§] KYz ZGJ(Z)NJ

j=1

| -N, cos(N S) J N,
N - i ’ 2.137
( ] v Z i2) "N +(Ni/K§) +; @'V Ni12+(Nj/K§)2 ( )

where i, =k =w and | =J >0,
On solving the linear equations resulting from Egs. (2.135) and (2.137), the coefficients E, ,,
and H,,, can then thus be worked out for a chosen drainage setting of Fig. 2.10.

2.2.2.2 Determination of the Transient Solution Coefficients [transient state solution is
approximate and is applicable only when conductivity and specific storage of the layers
of Fig. 2.10 satisfy K, /S, =K, /S, and K, =K —0 (butK, =K  #0)]

The expression for the coefficients A, (with the Fourier coefficients B, ,,, C,,,, E,

and D,,, ) is identical to that of A ,); however, coefficients Z,,, will now have a different

uv(2)
expression than that of Z,,, as the steady state head distribution of the bottom layer is now

different from that of the previous case. For this drainage setting, Z,,,, can be expressed as

(4 W h cosh[(NWKj)(h—y)} _
Ewe _(gj _WZ_;HW‘Z)H sinh[(NWK;)(h—Hg)} e

Jsm )sin(N,,x)dx

| Ssmh[( /K3 }

->F

= Imgsnh[( /K3)S ]

x j sin[ N, (y=H,)]sin(N,y)dy

- Ssinh[(N i K3 )( S—x)}
;Gj(z)j [( J/Ka) J

xJ'sm[ (y—-H )]sin(va)dy

sin(N,x)dx

sin(N,x)dx

+H '[sm (N,x) dxjsm (N y)dy} (2.138)

Hg
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We evaluate the integrals in the above equation and then substitute the same in Eq. (2.138)
above — this gives an expression for Z, , as

2
Zuv(2) :(i) _Hw(2) (E) NV 2
sh 2)) Nz +(N,K3)

x{coth[(NWKf)(hHS)]COS(NVHs){(NKIVES)]SM(NVHQ}
K N, —cos(N,S) L
;E({NUH(N,/K;)ZM N, } |

J N
_ G. u ><|(4)
; J(2)|:Nu2+(N J/K;)Zi

4 1-cos(N,S) || cos(N,H,)
s N, N, ! (2.139)
where u=w, | =J >,
© :{COS(NVHS)[h—HS +SIn(2NVH3)}
2 4N,
_Sin(NVH3){COS(2NVHZ)I\I—cos(ZNVh)}}, N =N

| sin(N;h=N;H,;—=N/h) sin(N H,)
_{ 2(Ni_Nv) +2(Ni_Nv)

L Sin(N,H;) _sin(Nh—NH, + th)}

N. =N 2.140
2(N;+N,) 2(N;+N,) i Ny ( )
and
| @ :{COS(NVHS){I‘]_ H3 + Sm(ZNVH:”)_Sm(ZNVh)jI
2 4N,
_Sin(NVHS){COS(ZNsz)N_COS(Zth)}}, Nj _N,,

_|sin(N;h—N;H;—N,h) , Sin(N,H;)
B 2(N;-N,) 2(N,—N,)
sin(N,H,) sin(N;h—N;H, +N,h)
+ - ,
2(N;+N,) 2(N;+N,)

We can easily note that the expressions for the functions Q,,, Qupz and Vol

N, =N, (2.141)

wopzy (With
the Fourier coefficients as B, ,), C,,, Eiz Dipy Ame and Z,,,,) will be identical to that
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of functions Q) Qupw and Vol in the previous case [i.e., as given by Egs. (2.93),
(2.96) and (2.100), respectively]. However, the expressions for Qg
VOl g2y @Nd VOU,igery Will differ from that of the previous situation as the velocity

expressions for the bottom layer are now different from that of the previous case and hence
need be estimated. They are determined as

P
1
Qleftside(z) (t) = le {Z Bp(Z) K2
p=1 1

Qrightside(Z) '

1—cos(NpH3)}

ot
sinh| (N, /K7)s |
—icq(z) Klf coth[(Nq/Kf)S][l—cos(NqHs)]
+iE 1 [cosh(Nka‘Hs)—ll

Kf)| cosh(N,KfH,)

+t§{;% Kl tanh (N, KZH,

A [1-cos 0 Jese ()
> 2 R - os( 1 o (4|
+KX2{§HW‘”( J Zl '“)[Ksjsmh[(Nil/KS)S]
3610 oz oo (M, /K2)]

35 A eos ez )

E ]COS(NvHs)EXP[—(%V)ﬂ}, (2.142)
Klljcoth[( »/K?)S |[1-cos(N,H,)]
_icqm[i}smh[( s )]

P
Qrightside(Z) (t) = _Kx1 {Z Bp(Z)

g=1
K cosh(N, K2H,)-1
+ZEk(2)cos(NkS)£ 1aJ ( K1 3)
= K )| cosh(N,KiH,)
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+2Dr(2) cos(N, s)(K1 ]tanh(N,KfHS)
+m§M_;gAm(z,COS )[ n][l cos(N,Ha)Jexp| (2 )t
+§ézw(z)cos (N,S) ( J[l cos ]exp[ )th}

K, {i Huo [%jcos(N S)+ zl: Fo (Kizajcoth [(N;/K3)s |

w=1 2

J ( J
j=1 @ Kza sinh (Nj / K;)S
I:I J (an |3)eXp (ﬂ“mn)zt

E“ jcos(NvHs)exp[—(ﬂw)th}, (2.143)

- 1 1
VOlsigezy = Ky T {pz; Bo [ Kstinh [(Np/Kla)S][l_COS(NpHS)]
Q
S (s oo
q= 1
K 1 )| cosh(N,KH, )1
+;Ek(2’[Kf‘J[ cosh (N, K;H;,) ]

+ZR: D,y (Kl jtanh(N,Kst)}

P 1-exp|—(4,. )T
+K, ;;%M( :‘}[1C05(Nn|_|3)]{ P(Emf)z ) }}
L N 1—exp[—(,1uv)2T}
+§;ZUV(2> {N—][l cos(N,H )]{ i H
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+K T{éme( ]+Z|1:F( jcsch[(Ni/Kg)s}
ilem( jcoth[(Nj/K;)S]}

S ]

(Zn)

+iizuv<2> U:ITJ cos(N,H ){Lexp[_(lW) T}H (2.144)

(Aw)
Bp(z)( ]coth[( p/Kla)S][l—cos(NpH3)]
3o esn( ) [, )

>

m=1 n

+K

Xz

and

Vo'rightside(Z) = _leT {

O ”M_U

q=1

1 | cosh(N K*H,)-1
+;Ek(z>cos<wks>(ﬁj{ L kit) ]
- 1

cosh (N, K{H,)

+2Dr(Z)COS(NrS)[KifJ“'}‘”h(NrKf‘Ha)}
][1 cos(N,H )]{19Xp[(,1mn)2q}

iiﬁwz) oS N S (

x m=1 n=1 (/,{mn)Z
b 1—exp|—(4, )T
:Z;‘Z:‘ZM) COS(NuS)(E_tJ[l_COS(NvHe,)] D(E ()2 ) }H

(Fm)

+iizw(2) cos(NuS)(E—tjcos(NVHS){l—eXp([ﬂ—u(;w) T}} . (2.145)

$5 s o[
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2.2.2.3 Verifications of the Proposed Solution

Like in the previous case, checks on the validity of the proposed solution are also being
performed by comparing with other’s analytical solutions for both steady as well as transient
situations. MODFLOW verifications of the proposed model have also been carried out. Figs.
2.11 -2.17 show these comparisons. As can be seen from these figures, the predictions from
our models are matching very closely with the corresponding analytical and numerical
outputs for all the studied drainage scenarios thereby proving the validity of the proposed

solution for the present case. Further, from Fig. 2.11 we see that here also Q,,,, / 2Kh ratio
attains a value of 0.742 at large times, a value which is in close agreement with the

corresponding value of 0.743 as obtained by Fukuda (1957) and Youngs’ (1994) analytical
models. This value can also be seen to be close to the value of 0.72 as obtained by Fukuda

from his experimental results.

7000

R
\\‘,__\
T
)
—— h=05m, H;=H = 05m
—— A=1.0m, H=H= 10m
04510 | o n=15m.  H=H= 15m .
! & h=20m  H~H= 20m
04k & h=25m, H=H=25m .
i o h=30m, H=H=30m
0.35 . . . . ' L
0 1000 2000 3000 4000 5000 6000
Time, f (s)
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Qm;} (2} /2K

¢
(©) 75 * 1 )
oy
A
S 1
=
0.5 5 —— h=05m  H=H= 05m .
—+ h=10m H=H=10m
i Fq
045 o h=15m Hi,=f{£= l.5m _
! g A= 20m, HJ,=H)= 20m
» —— h=25m  H=H=125m |
o e h=30m, H=H=30m
[]_35 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000
Time, t (s)

Fig. 2.11. Variation of Q,, /2Kh ratios with time as obtained from the proposed solution for
different h and H, = H, = h values when the other parameters of the flow problem are considered as

$=100m, §=0m, H,=0.95h and (a) K, =K, =K, = K, =0.05m/day, S, =S, =0.001m",
and (b) K =K, = K, =K, =05m/day, S =S =0001m” and (c) K =K, =K, =K =
0.05m/day, S, =S, =0.0001m™
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—4— = 50 s (proposed solution)
- —=— = 230 s (proposed solution)
07 —— steady state (proposed solution)
+ Young's solution
0.6
=
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~Jd
=
:_\,J% 0.4
03
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+
0.1 L ! ! ! L L L L [
0 01 02 03 04 05 06 07 0.8 09 1

(n-H ) /h

Fig. 2.12. Plots of Qg /2Kh versus (h—H,)/h as obtained from the proposed solution for

different times of simulation of the system with the corresponding steady state plot as obtained from
Youngs’ (1994) single-layered solution of the problem for isotropic soils when the ponding depth is
considered as zero and the other flow parameters of the problem are taken as S =100 m, h=2.0m,

K, =K, = K, =K, =005m/dayand S, =S, =0.0001m™

0.75
m 0.85m

B 1*N.\’\“‘\o. 7
4 5\éK '

i\

L

L

* Proposed solution heads (steady state)

Kirkham's solution head contours (steady state)

Fig. 2.13. Comparison of steady state hydraulic heads as obtained from the proposed solution
with the corresponding values as obtained from Kirkham’s (1965) single-layered steady state
solution of the problem for isotropic soils when the flow parameters of the problem are
considered as S=5m, h=1m, H,=075m, H,=085m, 6=0m, K, =K =K =K =

0.5 m/day, S, =S, =0.0001m™
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8=0.08m

N . M
%0 (!Q}ﬁ >?
2
0.85m k\ 0.75m
L N ok 0w
S &7 «
B b g e, S g ¥ «
N E / S F
v
w
' % c =} & gk N g
@ N S o 3 ; 8w = <
A A
Fof % ¥ SRR

Barua and Alam's solution (50s) %  Proposed solution(500s) Barua and Alam's solution (500s)

X Proposed solution (50s)

Fig. 2.14. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from Barua and Alam’s (2013) single-layered transient solution
of the problem for anisotropic soils at two different times of simulation of the system when the
flow parameters for the problem are considered as S=5m, h=1m, H, =0.85m, H,=0.75m,

&=0.05m, 0 =0.08m, KX1 = KXz = 0.15 m/day, Ky1 = Kyz =0.075m/day, and
S, =S, =0.001 m™*

2.2.2.4 MODFLOW Verification of the Proposed Solution

5=0.03m
L T
%0z,

- \ / ;o

MODFLOW head contours Proposed steady state solution

0.55m

Fig 2.15. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from MODFLOW when the flow parameters of the problem are
considered as S=50m, h=1.0m, H,=0.55m,,H, =0.8m, H, =0.8m, 6=0.03m, £=0.05m,

K, =3m/day, K, =4m/day, K, =1m/day and K, =0.75m/day
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8=0.05m

5=0.1m

5=0.05m

2
L B
2} &)

*g

0.55m

85

—-09
g0

X Proposed solution (100s)

ﬁt‘ox—*—//‘“

MODFLOW heads (100s) %

\\%\/ g*

—¢-0.1

Proposed solution (500s)

MODFLOW heads (500s)

Fig 2.16. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.55m,

H,=0.7m, H,=09m, ¢=0.05m, §, =0.05m, §,=0.1m, 6,=0.05m, S, =1.5m, S, =3.5m,
K, =1m/day, K, =25m/day, K, =K, =0.001m/day, S, =0.003m™and S, =0.0075m™

8=0.05m

3=0.1m

5=0.05m

0.55m

b ¢

x Proposed solution (100s)

MODFLOW heads (100s)

* Proposed solution (500s)

MODFLOW heads (500s)

Fig 2.17. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H, =0.55m,

H,=0.7m, H,=09m, £=0.05m, §,=0.05m, §,=0.1m, §,=0.05m, S,=15m, S,=3.5m,
K, =1m/day, K, =2.5m/day, K, =K, =0.01m/day, S, =0.003m™ and S, =0.0075m"
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2.2.3 Level of Water in the Left Ditch is Below the Boundary between the Soil Layers
while Level of Water in the Right Ditch is Above the Boundary between the Soil Layers

Fig. 2.18 illustrates the current flow situation under consideration, where as can be seen, the
water level in the left ditch is below the top layer and the water level in the right ditch is

above it.

i«—Central Line

= 0
A 4

Tes, +|

<S8,

H} (—S?

-

|e

i S(No-1)
v L 0.1)

h
l Ss;

— =

A
|

Impervious Layer JIB

[€ N

I

Fig. 2.18. Ditch drainage system for a two-layered soil where the height of water in the left ditch is
below the bottom surface of the top layer and height of water in the right ditch is above it

The boundary conditions specific to this ditch drain boundaries can be represented as

b (X y,1>0) =-y, x=0,
bry (X, Y, 1 >0) =y, x =0,
P (X, Y, 1>0)=—H,, x =0,
G (X, y,t>0) ==y, X=S8,
G (X y,t>0)=-H,, X=S,
Prz) (X, Y, 1 >0) =—H,, x=S,

O<y<H,,
<y<H,
<y<h,

O<y<H,,

H,<y<H,,

<y<h.

(XIV)
(XVa)
(XVb)
(XVla)
(XVIb)
(XVII)

The hydraulic head expressions for the top soil layer and the bottom soil layer, in view of the

ditch boundary conditions, can now be expressed as

P smh[(N /Ka)x]

By (X, Y1) = Z:; o ; [(N /Ka)S}
R sinh[(Nq/Kf)(S—

e 7 sinh[(N,/K})S ]

K sinh(Nkay)

+> Ew

@ cosh(N,KFH,)

R cosh[NrKf(H3—y)]
*2.Do cosh (N, K7 H,)

sin(N,x)

M N

sin(N,y)

X)Jsin(qu)

sin(N,x)

2.2 An Sin(NmX)Sin(’\|r13/)(e)(p[_(/1r“'“)ZtJ

m=1 n=1
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u Vv

> Zoe sin(Nux)sin(va)exp[—(/lUV )2 t},

=
e}
1l
VR
'—\
|
N o
o]
N
7\
e
N
| |

pzd
o)
Il
TN
[
|
N
0
~

XZ

Il
m|§
;*/ N

7\
Il
I___J

ﬂZ
Il
U’|§
~—

N

»

Il
V)
~<x ><x
= -b—‘

=2

3

Il
VR
[ 3
m‘a
N %_/

VR
N
>
N—

:Z

Il
1
=l S
I“—l

and B, Cya0 Evyr Drgyr A and Zuv(3) are constants and
w cosh[ N, KEl }
by (X, y,t)=ZHW(3) [( ) ]sm(NWx)
w=1
3 smh[ N /Ka }
+> G sin| N. (y—H
< i smh[(Nj/Kj)S} [ ,(y 3)]
S
5 (s)
M N . . 2
+ZZAm(3)sm(me)sm(Nny)exp[—(ﬂmn) t}
m=1 n=1
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(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)

(2.154)

(2.155)

(2.156)

(2.157)



+iizw) sin(Nux)sin(va)exp[—(ﬂw)zt] (2.158)

where o
Wi
N, = (?j (2.159)
N,—{(l_zjj[ i H (2.160)
2 )\ h—H,
Koo [ R 2.161
2 = K, (2.161)

and H,. and G, are constants. The velocity functions V,,, and V,,, for the top layer

remain identical to the expression mentioned in Egs. (2.52) and (2.53); however, the Fourier
coefficients to be used in this case are B ., C,;, E: Digr Ame and Z,, (to be

defined in the pages to follow). Also, in view of Eg. (2.158), the velocity functions for the
bottom layer in the X— and y— directions now work out as

Vo =K. {iH cosh[(NWKza)(h—y)] NWcos(NWx)—(HZ_HSJ

i " sinh[(N,K3)(h=H,)] S

o (Nj/KE)cosh| (N; /K3)(S—x

_261(3)

= sinh| (N /K3)$ |
M N

+ 2> ANy c0s(N,x)sin(N, y)exp[—(/lmn)zt

m=1 n=1 -

)}sin[Nj(y—Hs)}

+iizw(3)Nucos(N x)sin(N, y)exp[ (ﬂw) } (2.162)

u=1

and

) w o (NKE)sinh[(N,K2)(h-y)]
Visg =—K,, —; H, s sinh [(NWK;)(h— H3)}
s sinh[(N;7K2) (5~ x)]

2:Cio sinh[ (N /K3)$ ]

sin(N,,x)

+

Njcos[Nj(y—HS)]

N

+§:2Ann(3)sm N, X)N, cos(N, y)exp[ (A )Zt}

m=1 n=1
u Vv 2
+ 2> Zym Sin(N,X)N, cos(N, y)exp[ (Aw) t} : (2.163)
u=l v=1
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2.2.3.1 Determination of the Steady State Solution Coefficients (steady state solution is
exact and valid for all possible arrangement of parameters of Fig. 2.18)

Now, boundary condition (XIV) can be used to determine C,, — applying the same to Eq.
(2.146), we get

Q

D Co Sin(NY) =-Y, 0<y<H,,

g=1

A Fourier series expansion of the above equation gives C, as

Co :(H%,j ‘f—ysin(qu)dy}. (2.164)

Solving the above integral, we find C, , as

Co =[ij M} (2.165)

H, N,

Also, by introducing boundary conditions (XVla) and (XVIb) in Eqg. (2.146), we get the
following two equations

p
ZBp(B)sin(pr):—y, O<y<H,,
p=1
ZP:Bp(s)sin(pr):—Hz, H,<y<H,

A Fourier run on the above equation thus gives B a

2 | —sin(N H,
By = [H—J{%l (2.166)

The expression for coefficients D, , remains the same as D, but to get G;, boundary

conditions (XVa) and (XVb) can be used in Eq. (2.158); this leads to the following
expressions

ZGJ(S)sm[ (y—H,)]-H,=-y, H,<y<H,

ZGJG)S'”[ (y- H)] H,=-H,, H,<y<h

Now, performing a Fourier series expansion on the above equations and evaluating the
resulting integrals, we find

Gj(g):[ 2 H—sin[Nj(Hl—Hs)]}_ 2167

h-H, N,?
In order that head equality [boundary condition (Il1a)] happens at y = H,, we must have

P sinh[(Np/Kf)xJ _ Q sinh[(Nq/Kf)(S—x)] _
;Bp@)sinh[(Np/Kf)S]SIn(NpH3)+;Cq(3) sinh[ (N, /K})$ ] sin(N,H:)
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K sinh (N, K7H;) R
E N D
TLEe cosh(NkaHs)sm( kx)+; "® cosh(N,KSH,)

ZiH cosh[NWKza(h—Hg)]sin(NWX)_Hs(%j_Hz(ﬁj_

o " sinh|[ N,KS (h=—H,)] S
From the above, we must have then (using Fourier expansion)
E. tanh (N, K7H, )= H,q coth| N, K3 (h—H,)]

=—Dr(3)sech(NileH3)—(§jHsﬂssstm(Nilx)dx
—(%)HZI( jsm( )

_(éngp@)sin(NpH )j‘smh% p/Ka ]Sin(NhX)dX

v sinh p/Ka }
Smh[( o/ K2 ]sin(Nilx)dx (2.168)

_(éjgcq(3>5in(NqH3) smh[( q/Kla) }

Solving the above integrals, we finally get
E,s tanh (N, KfH, )~ H, coth| N, K5 (h—H,) |

=D, sech(N, Kst)—(éj H. [W]‘@j y LNLJ
e e

_(gjgcq@ sin(NqH3){ Ni12 +(:i;/Kf )2]

where k=w=r =i, and P=Q —o. Also, to achieve flux equality [boundary condition

sin(N,x)

O ey 0

(2.169)

(I1Ib)] at y = H,, we must have the relation
K

Ky, D" Eys (N KT )sin (N, x) =
k=1

w sinh| (N, /K7 )(S—x
Ky, " Hy (NLK3 )sin(N,x) - K ZGJ@) J SIEE}[(‘L/EZ)S})}

w=1

The above equation with the aid of Fourier series gives us
Ky, (NK?) By + Ky, (NLKS ) Hy) =
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5 ) Ssinh[(Nj/K;")(S—x)] _
(EJK”;G‘“’N’{ sinh[ (N, /K3)s | sin Ny, .

which, upon simplification, gives us the relation

a a 2 ’ N|1
Kyl(NkKl)Ek(3)+Kyz(NWK2)HW(3):[g]KyZZGj@Nj . — | (2.171)
= N,*+(N/K3)
where k=w=i, and J-—>o. Equations (2.169) and (2.171) can now be solved
simultaneously to evaluate the coefficients E, , and H,, .

2.2.3.2 Determination of the Transient Solution Coefficients [transient state solution is
approximate and is applicable only when conductivity and specific storage of the layers
of Fig. 2.18 satisfy K, /S, =K, /S, and K, =K, —0 (butK, =K,  =0)]

The expression for A, shall be identical to the one for A, [Eq. (2.73)] but the relevant
Fourier coefficients now will be B, ), C,4, Es and D, and not the constants mentioned
in the A, expression. For Z ., there will be a new expression since the steady state

hydraulic head expression for the bottom soil layer is now different than that of the previous
cases. For this case, it works out as

ay] @ v cosh| (N,KZ)(h-y)]
Zoe —(gj Dt | sinh[ (N K2)(h—H,)]

J 53|nh|:( J/Ka)x}
_jz_;‘Gj()os h[( J/Ka)S}
(

xjsin( i (y—H,))sin(N,y)dy

S
sin(va)dny.sin(Nux)sin(NWx)dx
0

sin (N, x)dx

+ |-|3j)'(%]sin(Nux)dxj1 sin(N,y)dy

Hs

+H j( jsm N,X) dx.[sm (N y)dy} (2.172)

3

Solving the above integrals, we finally get

4 S N,?
S .
x{coth [(NWKj)(h— Hs)} COS(NNVHs) +[(N&vf§)}sin(NvH3)}

\ \
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5 i N
-2.Gj } 7 |x1
= N, +(N/K3)
—cos(N,S
W, 1 )( cosN,H, TH, cosN H, (N,S) | (2.173)
NU NV NV NU

where W=U, J —>oo and the integral 1 is the same as that mentioned in Eq. (2.137). Here
also, the expressions of Q,;, Qs and Vol will be similar to those of the previous

cases but the Fourier constants now are B, ,, C, 4, Es, D.g» A and Z,,, and not the

constants pertaining to the earlier cases. Also, due to the difference in the velocity
expressions of the bottom layer in comparison to the previous cases, the expressions for
Qeettsive(s) » Qighisice(@) » VOlesicezy AN VOl iz Will be different from those of the previous

cases — for this drainage configuration, they turn out as

P

Qusisecsy (1) = K, {ZBM[ 1 Jsmh[ p/Ka S][1_cos(NpH3)]

(Ng/K7)S |[1-cos(NgH,) |
(N KSH,) - ]

cosh(NkKl H3)

S 1
->Cus < coth[
h

1
+> E
kZ:; k(3) Kla {

COsS

+Z:: D, 1 tanh (N, K{H,)

K
+z z A (E—:‘J[l—cos(Nan)] exp[ ()t

=z

Uu Vv
+2. 2 Zu (

u=1l v=1

Z

\'

Jia-oosu e -1,
e el e o
N,

Am(s{ ) JCOS(NHH3)exp[—(ﬂmn )Zt}

NU

+

Me iD=
M= iD= iDM-

+ Z

uv(3)

BP(3) (
1

_ECW) ( Kfjsinh[(Nq/Kf)S] [1—cos(NqH3)]

u v

— Z

jcos( VHs)eXp[_(ﬂuv)Zt}}, (2.174)
)

coth[(Np/Kla S][l‘COS(NpH3)]

Qrightside(3) (t) - le

.L

LN

p=!

LN
L}
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1 ][cosh(Nka‘He,)—l}

K
+>» E, . COS(N,S
kzll 0 05 (Ny )(Kf cosh (N, K/ H, )

n

+rzR;,Dr<3> cos(NrS)[Kif]tanh(N,KfHa)

J[l cos(N,H,) ]exp[ )Zt}
+iizw(3)cos N,S) ( J[l cos(N,H,) ]exp[ )th}
[

ZN:Am(3)cos(N S)(I:Im

+§:iAm(3)cos N S (
W J 1
~K, {WZ_;HW@( cos (N,S) JZG,@,[ jSInh[(Nj/K;’)S]
Jcos(NVHS)exp[—(ﬁ,w)zt]}, (2.175)

]cos(Nan)exp [—(/Imn )Zt}

J N
D Zu cos(NuS)[ N”

\

VOlsivesy = Ky T {ZP: B3 ( Kla jCSCh [(Np/Kla)S][l—COS(N pHS)}
1
Q
_zcm[Kllajcoth[(NQ/K;)S}[l_COS(NqHa)]
K 1 [ cosh(N,K?H, ) -1
+kz=;‘Ek‘3’£Kf]_ cosh (N, KZH,) }
R
+ZD“3>(K1;* tanh(NrKlaH3)}

YR 1-exp| =(Ay,) T
ZZAW(S)[m—:‘][l—cos(Nan)]{ p(g() ) }}

mn

ﬂ[lcos(NVHo]{l_exp[_(f““mﬂ

(//LUV)
W J
+K, T {Z Hug) [K%J—Zej(g, [Ki;jcoth[(l\uj /K3)s |
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(2.176)

and

-
VOl = Ko T {Z; B, [%jcoth [( N, /KS) S][l— cos(N,H,) |

1

!
LMo
@

g q(s)[ljfjsinh[(Nj/Kf)s][
+2 B cos(Nks)(KifJ[COSh(NkaH3)—1]

cosh (N, K{H;)

1—cos(NqH3)]

+ZR;D,(3) cos(NrS)(%]tanh(N,Kst)}

1

N, cos(N,S)

-K, {ig%({ T }[1—cos(NnH3)]
X{l—exp[—(/lmn )ZT}}

N, cos(N,S)

3520 | ) [ con( ]

A
) . J 1 1
el

N, /KS)S ]

u Vv 1- - ﬂ”uv 2T
+ZZZW(3)cos(NuS)(%jcos(NvHs){ exp[( ) }H (2.177)
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2.2.3.3 Verifications of the Proposed Solution

Here also, a few checks are being carried out to ascertain the accuracy of the proposed model
for the drainage setting as shown in Fig. 2.18. Figs. 2.19 - 2.22 shows analytical comparison
of our solution with the analytical works of Fukuda (1957), Youngs (1994), Kirkham (1965)
and Barua and Alam (2013) for a few drainage situations. As may be observed, predictions
from our model for this drainage setting can also be seen to be matching quite accurately with
the corresponding values obtained from the analytical models of Fukuda (1957), Youngs
(1994), Kirkham (1965) and Barua and Alam (2013) for both steady as well as transient
situations. Further, Figs. 2.23, 2.24 and 2.25 also show that predictions from our model agree
very closely with the corresponding values obtained by numerical means (MODFLOW). In

addition to that, we can also observe from Fig. 2.19 that the Q. /2Kh ratio here also
approaches 0.739 as the time of simulation of the system is allowed to increase continually;

in this context, it should be noted that this value is also quite close to that obtained by Fukuda
from his experimental studies conducted for similar drainage settings.
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0.75
T & &
o
Y
i
WJ-:\I -
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Qf-{;;} {3) /2Kh
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=135m
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Fig. 2.19. Variation of Q3 /2Kh ratios with time as obtained from the proposed solution for
different h and H, =h values when the other parameters of the flow problem are considered as
§=100m, §=0m, H;=0.95h and (a) K, =K, =K, =K =0.05m/day, S, =S_=0.001m™
and (b)) K, =K, =K =K =05m/day, S =S =0001m* and () K, =K, =K,
=K, =0.05 m/day, S, =S, = 0.0001m™*
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08 —4— = 30 s (proposed solution)

—=— t=250s (proposed solution)
—— steady state (proposed solution)
+ Young's solution

Qm;}{_?) /2Kh
o @ =

=
-
T

U 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

(h-F ) /h

Fig. 2.20. Plots of Qg /2Kh versus (h—H,)/h as obtained from the proposed solution for

different times of simulation of the system with the corresponding steady state plot as obtained from
Youngs’ (1994) single-layered solution of the problem for isotropic soils when the ponding depth is
considered as zero and the other flow parameters of the problem are taken as S =100m, h=2.0 m,

K, =K, =K, =K, = 0.05m/day and S_ =S, =0.0001m™
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*  Proposed solution heads (steady state) —— Kirkham's solution head contours (steady state)

Fig. 2.21. Comparison of steady state hydraulic heads as obtained from the proposed solution with the
corresponding values as obtained from Kirkham’s (1965) single-layered steady state solution of the
problem for isotropic soils when the flow parameters of the problem are considered as S=5m,

h=1m, H,=075m, H,=025m, §=0m,and K, =K, =K, =K, =0.5m/day
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Fig. 2.22. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from Barua and Alam’s (2013) single-layered transient solution
of the problem for anisotropic soils at two different times of simulation of the system when the

flow parameters for the problem are considered asS=5m, h=1m, H, =0.75m, H, =0.25m,
£=005m, §=0.05m, K =K, =0.15m/day, K, =K, =0.09m/day and S, =S_ =0.001m"

2.2.3.4 MODFLOW Verification of the Proposed Solution
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Fig. 2.23. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from MODFLOW when the flow parameters of the problem are
considered as S=50m, h=1.0m, H,=055m, H,=0.65m, H,=0.45m, J6=0.05m,

£=0.05m, K, =1.5m/day, K, =2.5m/day, K, =0.5m/day and K, =0.5m/day
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Fig 2.24. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.65m,

H,=045m, H,=0.55m, £=005m, 6=004m, K, =0.75m/day, K, =2.25m/day, K,6 =K
=0.001m/day, S, = 0.005m™and S, =0.015m™
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Fig 2.25. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.45m,

H, =0.65m, H,=0.55m, ¢=005m, 6=0.04m, le =0.75m/day, KXZ =2.25 m/day,
K, =K, =0.01m/day, S, =0.005m™" and S, =0.015m™
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2.2.4 Level of Water in the Left Ditch is Above the Boundary Between the Soil Layers
while Level of Water in the Right Ditch is Below the Boundary Between the Soil Layers

Fig. 2.26 illustrates the height of water, and consequently, the boundary conditions at the
drainage ditches for this particular boundary value problem.

i«—Central Line
AV £

—f—

el
<
A
=
[€— T—>

A Impervious Layer B
k< S >|

Fig. 2.26. Ditch drainage system for a two-layered soil where the height of water in the left ditch is
above the bottom surface of the top soil layer and the height of water in the right ditch is below it

The boundary conditions specific to the ditch drain boundaries for this particular case are

Gy (X, Y, 1>0)=-y, x=0, O<y<H,, (XVIlla)
Bay (X Y, 1 >0)=—H,, Xx=0, H, <y<H,, (XVIlIb)
Bray (X, Y, 1>0) =—H, x=0, <y<h, (XIX)
by (X, Y, 1>0) == x=S, 0<y<H,, (XX)
Bray (X, Y, 1> 0) ==y, x=8, H,<y<H,, (XXla)
By (X, Y, >0) =—H,, x=S§, H,<y<h (XXIb)

The hydraulic head functions for the top and bottom layers for this case can be expressed as
sinh (Np / Kf)x}

sinh _(Np/Kf)sfin(pr)

by (XY, 1) = ZBW)

Q sinh _(Nq/Kf)(S—x)]

o] )

2B cj:hh((nhnl:rglﬂys))sm(w)

PILH Cosffsﬁr(ﬂ?i)ms'”(N ‘!

33 Ay, s (5 o0 (1)
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Uu Vv
+ZZZUV(4) sin(N,x)sin(N,y)exp

A
v

N

®

Il
VT
~<x xx

= -H

=z

3

Il
7N\
N 3
Ak
N ——

=2

=1

Il
1
7~ N\
N |

>
o il B
(||

and B, Cyuyr Exayr Drgyr Anngay @nd Zuv(4) are constants and

cosh[(N K3)(h-

W
Goay (X, ¥, 1) = z Hw(4)
w=1

inh[ (N2 )(n-

| smh[ N /Ka ]

ﬂ

+i:1F smh[N/Ka }

N

+§12Am(4)sm N x)sm(Nny)exp[ (A ) }

m=1 n=1
U
+

M<

I
N

u=1l v
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()],

sin(N,,x)

sin[ N, (y—H,)]- Hl(

Z v sin(Nux)sin(va)exp[—(ﬂw)2 t]

(2.178)

(2.179)

(2.180)

(2.181)

(2.182)

(2.183)

(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)

(2.190)



N, = (%) (2.191)

N, { 1‘_22i][h_”H ﬂ (2.192)
KX

K2 (K] (2.193)

and H,,, and F,, are constants. Also, like in the last two cases, the expressions for the

directional velocity functions V,,,, and V,,,, for the top layer in this drainage situation will

also be similar to that of the first case, but here again the Fourier coefficients required to be
used in these expressions should be B, C,., E.u: Diwy Am@ and Z,, and not the

relevant Fourier coefficient of the earlier cases. Further, in view of Eq. (2.190), the velocity
functions for the bottom layer in the Xx— and y— directions for this case work out as

h > )(h—
Voo =K, {iH = [(NWKZ)( y)] N,, cos(N,,x)

3 Huo ST ke )

| (Ni/Kj)cosh[(Ni/Kf)x}

S sinn [(Ni / K;‘)SJ

_(@} iZN: ANy cos (N, x)sin (N, y)exp [_(ﬂmn % t}

m=1 n=1

+

sin[N;(y—H,)]

M<

3

u=l v

Z N, c0s(N, x)sm(va)exp[—(}Luv)zt} : (2.194)

Il
UN

and

) w (N,K;)sinh| (N,K3)(h-y)]
Vyz(“)K”{WZ;HW“" sinh[[(N,K2)(h—H,)] win(Nx)

L sinh[ (N 7KS)x]

+;F‘(‘” sinh[ (N, /K3)$ ]

)

m=1 n

N; cos| N (y—H,)]

M=

v SN (N )N, 005(N,y)xp| (%)t

I
[N

V
+ 2. Ziyw SIN(NX) N, cos(N, y)exp[ (4, )Zt} . (2.195)

v=1

MC

Il
i

u
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2.2.4.1 Determination of the Steady State Solution Coefficients (steady state solution is
exact and valid for all possible arrangement of parameters of Fig. 2.26)

Substituting boundary conditions (XVIlla) and (XVI1Ib) in Eq. (2.173), we have

Q

D CoaySin(N,Y) =-V, O<y<H,
g=1

Q -

D Cysin(Ny) =-H,, H,<y<H,
g=1

Hence, as in the first case, the final expression for C,,, comes out to be

q(4

2 )| —sin(NH,

Similarly, boundary condition (XX) yields

P
Y By sin(N,y)=-y, 0<y<H,
p=1
Expanding the Fourier series and evaluating for B, ,,, we get
2\ -sin(N,H;)
Bow :(H_sj{'\'—pz , (2.197)

The expression for D, ,, remains the same as in D, ,,. To determine the coefficients F,,, we

i(4)1
substitute boundary conditions (XXIla) and (XXIb) in Eq. (2.173); this results in

|

25(4)Sin[Ni(y—H3)]—H3:_y, H,<y<H,,

i=1

|

> Fwsin[ N, (y=H;)|-H, =—H,, H,<y<h

i=1
Running a Fourier series in the concerned domain and evaluating the resulting integrals, we
get

—sin| N.(H,—H
E(4)Z(h 2H j{ [ Ilslzz 3)]} (2.198)
i3 i

As before, we equate the steady state hydraulic head expressions for the top layer and the
bottom layer at y = H, so as to satisfy boundary condition (llla). In this case, it leads to the
following relationship
P sinh| (N_/KJ)x Q sinh| (N_/K2)(S—x
Bp(4) ) |:( d l) :|Sin(NpH3)+ZCq(4) [( — )( )]
= smh[(Np / Kf)S] = smh[(Nq/Kf)S]

K sinh (N, K{H,) R
E N D
+; K(4) COSh(NkKlaH3)Sm( kX)+rZ:1: r(4) COSh(NrKlaH3)

) cosh[NWKza(h—Hs)]sin(NWX)_Hl(%]_Hg(ﬁ)

o sinh| N, K3 (h—H;)] s)

sin(NyH;,)

sin(N,x)
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We eventually obtain the following equation after some mathematical manipulations
E, o tanh (N, K3H, ) = H,,, coth| N, KS (h—Hy) ]

~D,, sech (N, KfH3)—[§j Hj(é)sin(th)dx
0

2, 1 S-x)..
-5 Hlo(ijsm(Nilx)dx

_ é ZBp(4)Sin(Npm)IsinhﬁNp/Kla;S] |

_ % gcq(@Si”(NqHs)j sin(N, x)dx. (2.199)

Solving the above integrals, we get
Eee tanh (N, KH, )= Hyg, coth[ Ny K (h=—H,) [= =D, ,, sech (N, K{H, )

T e oG s P

_(éjicq(4)3in(NqH3)|: - 2}’ (2.200)

Ni12+(Nq/Kf)

where k =r =w=i, and P=Q — 0. Also, to satisfy boundary condition (I11b), the following

relationship should be met
K

—Ky, > Ey oy (N K7 )sin (N, x) =
k=1

w | sinh [(Ni/Kj‘)xJ

K, St (VI 300, S S

w=1
As in the previous problems, we arrive at the following equation
Ky, (N K ) Eyy + Ky, (NLKS ) Hy =
| s smh[ (N, /Kj)x] _
( j = F'(“N'!smh[ N, /KS)SJsm(N‘lX)dX' (2200

The integrals in the above equation have already been evaluated. Substituting their values in
Eq. (2.201), we get

! —N; cos(N; S
Kyl(NkKla)Ek(4)+Kyz(NWKa) w(4) ( JKyzlz IM)N[NhZ*‘(Ni(/K;))z]’ (2'202)

where k =w=i, and 1 —o. Now, on solving Egs. (2.200) and (2.202) simultaneously, the

coefficients E, ,, and H,,, can then be evaluated.
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2.2.4.2 Determination of the Transient Solution Coefficients [transient state solution is
approximate and is applicable only when conductivity and specific storage of the layers
of Fig. 2.26 satisfy K, /S, =K, /S, and K, =K —0 (butK, =K #0)]

As before, A, has an identical expression with A ., but again the concerned Fourier

coefficients in it would be different from that of the previous cases (i.e., these coefficients
now would be B,,, C,,, E. and D). In this case, the final expression for the

coefficient Z_,, can be expressed as

uv(4)

Zwm:(i] S oot (i) sin(N,y)dy

sh)| &35, sinh[ (NK3 ) (h=H,)

S
x.[sin(Nux)sin(NWx)dx
0

| Ssinh[(Ni/Kj)x}
_;E(A)osinh[(Ni/Kj‘)SJ

x } sin[ N, (y—H;)]sin(N,y)dy

sin(N,x)dx

+H I[ jsm N,X) desm ,y)dy

Hs

+H I( )sm N,X) dxjsm (N y)dy} (2.203)

3

Solving the above integrals, we get

4 S N,*
Zuv(4):(§) —Hwn(?j NV2+(NWK§)2 X
{Coth[(NwK;)(hH3)}COS(I\'\IIVH3)+[(N&vf;)}sin(NvHs)}

\

' N 2 —cos(N,S
> Fw - 2 { l\ﬁ )}xl(e’)

=N (N e LN

- N S
H, 1 )(cosN,H, TH, cos N,H, )| —cos(N,S) | (2.204)
NU NV NV NU

where u, =w, 1 —>oo and the integral 1 is the same as that mentioned in Eq. (2.136). The
expressions for Q,,), Quus and Vol ,, will remain the same as in Egs. (2.93), (2.96) and

(2.100), respectively except that here also we need to use the Fourier coefficients specific to
this case (i.e., B C E«s Diwr Am@ and Z,,) only and not the coefficients

p(4)! a(4)?
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pertaining to the earlier cases. Qo) » Quignisize(sy+ YOhetsice(ay N VOl igiqe(sy fOr this case

work out as

Qleﬁside(4)(t)le{ng(4) Klla sinh[(N /K) ][l COS(N H ):I
_gcm < eom[(, /)8 acos( b, )
R 1 )| cosh(N,KH,) -
;Ek“’ K? [ cosh (N, K{H,) }
+: D, Kil tanh (N, K{H,)
+m§;ni:Am(4)(E—:‘j[l—cos(NnH3)]exp[_(,1mn)2t]
+§ézuv(4)[m—:J[l—cos(NvH )]exp[ ( UV)ZtJ}

+KXZ{W§V:HW(4)[ ) ZGM)( Jcoth[(N IK3)s |
[ (Hy=H,)(h-H, )}
S

+gg%n(4)[m—:]cos(NnH )exp[ ( mn)th

+iizwm E“)cos(NVH3)exp[—(lw)2t}}, (2.205)

\

Quansisecsy (1) = —K, {EP; B, %}coth[(Np / Kf)S][l—cos(N Hs) ]

1

Q
—;Cq(“) K_lajsmh[(Nq/Kla)S:”:
) 1 cosh(Nka|'|3)_1
+2Ek(4)COS(NkS)[K_la][ COSh(NkKlaH3) ]
a]tanh(NrKlaHs)

R
+ Z Dr(4) COS( NrS)LKi
r=1

1

+iiﬁw4)cos N,S) (

m=1 n=1

Uu Vv N
2D Zoay cos(NuS)(N”

u=l v=1

1—cos(NqH3)]

“ -cos(n, . o (2 '
Jra- st s a1
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+mZi:iAm(4)COS(NmS)[E jCOS(NnH )exp[ ( mn)zt:|

N J s(N,H >exp[—<ﬂw>2t]},

\

Kfjsmh N, /K:)S ][1—COS(NpH3)]

Jcoth q/Ka 1 cos(N,H )J
cosh N, K} H
J cosh N, K} H

tanhNKH}

-K, ﬁ:HWm)[i]COS(NWS)—iG (4){ L j L
& K: = OUKS Jsinh[ (N 7K3)s |

M N = 0
Z::ZAnn(za) %j[l—COS(NnH { [ }

m=1 n=1 ﬂmn
1-
+ iizuvu) (N—j [1 CoS N H { exp[ }}
u=1 v=1 N )
W 1 ] 1 a
+K, T {WZ; H. (K_fj_,Z;Gj(") (K—;]coth[(Nj /K3 )S}

u=l v=1 Vi
and
b
VOl gigesy = —Ki T {lepw[ KlaJcoth[(Np /K?) }[1 cos(N,H )}
p= 1
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—iqu (Kl JSInh[(N::/Kf)S]|:1_COS<NQH3)]

g=1
h(N,KH,)-1
+ZEK(4)cos(N S)( 13} cosh(NK:H, )
K )| cosh(N,KfH,)
+ZR:Dr(4)cos(NrS)(%jtanh(N,Kf‘H3)}
r=1 1
M N 1—exp[—(ﬂ )ZTJ
—K A Ay C0s(N,S) L ][1 cos(N,H,)] oy
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2.2.4.3 Verifications of the Proposed Solution

Like in the previous cases, here also we perform a few checks to test the correctness of our
solution. Figs. 2.27 — 2.30 illustrate that the predictions from our model could successfully
capture the predictions obtained from other well established analytical models for a few
tested drainage situations thereby proving that the proposed analytical solution for the flow
problem of Fig. 2.26 has been rightly developed. Also, as can be observed from Fig. 2.27,

here also the Q,, /2Kh ratio attains a steady state value of 0.739 which is in close

agreement with the corresponding values obtained from the analytical and experimental
works of Fukuda (1957). Further, from Fig. 2.28 we see that the predictions from our solution
at large times (steady state) are matching perfectly with those obtained from Youngs’ (1994)
solution — this is the way it should be since Youngs solution is for the steady state only. Also,
Figs. 2.31, 2.32 and 2.33 show that the predictions from our model agree very well with the
corresponding ones obtained via numerical simulations (MODFOW) for the studied drainage
situations; this further adds to the veracity of our solution for the concerned drainage case of
Fig. 2.26.
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Fig. 2.27. Variation of Q,,, /2Kh ratios with time as obtained from the proposed solution for

different h and H, =h values when the other parameters of the flow problem are considered as
$=100m, §=0m, H;=0.95h and (a) K, =K, =K, =K =005m/day, S, =S, = 0.001m™

and (b) K, =K, =K, =K, =0.5m/day, S, =S, =0.001 m™ and (c) K, =K,, =K, =K, =0.05
m/day, S, =S, =0.0001m™
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Fig. 2.28. Plots of Qg4 /2Kh versus (h—H,)/h as obtained from the proposed solution for

different times of simulation of the system with the corresponding steady state plot as obtained from
Youngs’ (1994) single-layered solution of the problem for isotropic soils when the ponding depth is
considered as zero and the other flow parameters of the problem are taken as S =100m, h=2.0m,

K, =K, = K, =K, =005m/day and S, =S, =0.0001m"
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Fig. 2.29. Comparison of steady state hydraulic heads as obtained from the proposed solution with the
corresponding values as obtained from Kirkham’s (1965) single-layered steady state solution of the
problem for isotropic soils when the flow parameters of the problem are considered as

S=5mh=1mH,=025m H,=075m,6=0m and K, =K, =K, =K =0.5m/day
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Fig. 2.30. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from Barua and Alam’s (2012) single-layered transient solution of
the problem for anisotropic soils at two different times of simulation of the system when the flow

parameters for the problem are considered as S=5m, h=1m, H,=0.75m, H,=0.25m,
£=02m, §=005m, K =K, = 0.15m/day, K, =K, =0.075m/day and S, =S, =0.001m"

2.2.4.4 MODFLOW Verification of the Proposed Solution
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0.45m M /
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/ /

MODFLOW head contours * Proposed solution heads

Fig. 2.31. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding values as obtained from MODFLOW when the flow parameters of the problem are
considered as S=5.0m, h=1.0m, H,=0.55m, H, =0.45m, H, =0.65m, 6 =0.04 m, £ =0.05m,

K, =2m/day, K, =0.5m/day, K, =1m/day and K, =1.5m/day
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Fig 2.32. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H,=0.55m,

H,=0.45m, H, =0.65m, £=0.05m, 0 =0.06 m, K,, =4 m/day, K,, =1m/day,
K, =K, =0.001m/day, S, =0.04m™ and S_ =0.01m"
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Fig 2.33. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times of simulation of the system
when the flow parameters of the problem are considered as S=5.0m, h=1.0m, H, =0.55m,

H, =0.45m, H,=0.65m, £=0.05m, 0 =0.06m, K, =4 m/day, K,, =1m/day,
K, =K, =0.01m/day, S, =0.04m™ and S, =0.01m"
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2.3 Discussions

In this section, we will try to analyze a few flow situations of Figs 2.2, 2.10, 2.18 and 2.26 by
making use of the proposed analytical models for the same. We first investigate the steady
state hydraulic gradient distribution at the face of a ditch of a two-layered ditch drainage
system for different conductivity variations of the layers. The information regarding exit
gradients at the face of a ditch/trench receiving water from a flooded field is important as it
throws light on the possible locations where gully formation at the bank of the ditch/trench is
likely to occur (Rémkens 2009, 2010). From Fig. 2.34, we see that the maximum gradient
occurs at a location where the water level in a ditch meets the soil surface of a layered ponded
drainage system. The analytical works of Barua and Sarmah (2016) on the single-layered
ponded drainage problem has also led to a similar conclusion. Also, as can be seen from Fig.
2.34, the increase in the directional conductivities of the top layer has a tendency to shift the
falling limb of the hydraulic curve upward and reverse is the trend when the conductivity of
the bottom layer is made to increase over that of the top layer.
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Fig 2.34. Variation of steady state horizontal gradient with depth of water at the face of a ditch when
the parameters of the flow problem of Fig. 2.2 are taken as S=5m, h=15m, H,=0.75m,

H,=H,=05m, 6=0mand (a) K, =K, =K, =K =04m/day and (b) K, =K, =1m/day,
K,, =K,, =01m/day and(c) K, =K, =0.1m/day and K, =K, =1m/day

We next investigate how the directional conductivity differences of the layers affect the
steady state top discharge of a two-layered ponded drainage system. Towards realizing that,
we consider two drainage examples as shown in Fig 2.35. For the first example, we consider
the drainage parameters of Fig 2.10 as shown in Fig. 2.35 and then note the top discharge
variation for this scenario when the directional conductivities of the bottom layer — being
expressed as ratios with respect to the directional conductivities of the top layers — are

K
allowed to progressively increase from 0.0625 to 1 m/day (i.e., K—XzzK—yZ:O.0625,

X1 Y1

0.125,0.25, 0.5 and 1). For this simulation, K, and K, are taken as 4 and 1 m/day,

respectively. Fig 2.35 shows the variation of top discharge with change in hydraulic
conductivities of the bottom layer for the studied drainage example; as can be seen, the top
discharge, expectedly, increases with the increase in directional conductivities of the bottom
layer and for this scenario, this variation is close to linear. However, for the studied example,
when the situation is reversed (i.e., when K, and K, are taken as 4 and 1 m/day ,

K K
respectively and conductivity ratio K—XlzK—yl is then made to increase from 0.0625 to 1)

X2 Y2
then also the top discharge can be seen to increase with the increase in conductivities of the
top layer but now this change is much more prominent as compared to the former case,
particularly for situations where the conductivity ratio is low. This, thus tells that, among
other factors remaining the same, the top discharge is more sensitive to conductivities of the
top layer in comparison to conductivities of the bottom layer.
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Fig. 2.35. Plot of steady state top discharge versus the ratio of hydraulic conductivities of the top
and bottom soil layers when the other parameters of the flow problem of Fig 2.10 are taken as
S=5m,h=1m,,H;=055m, H,=H,=1Im and 6=0m

We also proceed to evaluate the variation of steady state top discharge with change in
thickness of the constituent soil layers by keeping the combined thickness of the soil layers as
same at the same time; Figs. 2.36 and 2.37 show such a variation for a typical drainage
setting of Fig. 2.10. As can be seen, for this drainage setting with higher directional
conductivities of the top layer as compared to that of the bottom layer, the top discharge
increases almost linearly with the increase in depth of the top soil layer. However, if the
situation is reversed and the conductivities of the bottom layer are made higher than that of
the top layer, the top discharge can then be seen to follow a reverse trend, decreasing now
almost linearly with the increase in thickness of the top layer for the considered drainage
situation.
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Fig. 2.36. Plot of steady state top discharge values versus the thickness of the top soil layer when the
other parameters of the flow problem of Fig. 2.10 are taken as S=5m, h=1m, H, =H, =1m,

6=0m, K, =1m/day, K, =2m/day, K, =0.5m/day and K =1m/day

Top Discharge (mzfs)

0.25 0.3 0.35 0.4 0.45 05 0.55 0.6 0.65 07 0.75
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Fig. 2.37. Plot of steady state top discharge versus the thickness of the top soil layer when the
other parameters of the flow problem of Fig. 2.10 are taken as S=5m, h=1m, H,=H, =1m,

6=0m, K, =0.5m/day, K, =1m/day, K, =1m/day and K, =2 m/day
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We next study the surface distribution of discharge of a two-layered ponded drainage system
under steady state. We consider different combinations of directional hydraulic conductivities
of the constituent soil layers. A particular configuration of Fig. 2.2 is considered with the
flow parameters as mentioned in Fig. 2.38. From the figure, it can be seen that the top
discharge function — expressed as a percentage of the total steady state top discharge —
becomes more evenly distributed at the surface of the soil with the increase in directional
conductivities of the lower layer, provided the other parameters of the concerned drainage
system remain the same. Thus, the presence of a more conductive soil layer below a
relatively less pervious layer automatically helps in achieving a more uniform distribution of
flow in a typical two-layered ponded drainage space. Also, when the upper soil layer has
considerably higher hydraulic conductivity than the bottom layer, then the top discharge
function curves indicate that bulk of the discharge to a ditch comes from regions close to the
ditch and that considerably less discharge contribution to the drains is being made from areas
lying further away from the drains. Similar behavior of the top discharge function could also
be observed if the ponded system of Fig. 2.38 is allowed to operate with the ditches running
empty. From this analysis, it is clear that to reclaim a salty two-layered soil using a uniformly
ponded system, considerably more water need to be provided for efficient cleaning of areas
lying further away from the ditches, particularly if the directional conductivities of the bottom
layer are less.
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Fig. 2.38. Plots of the steady state top discharge function with horizontal distance at the surface of a
two-dimensional ponded ditch drainage system when the flow parameters of the problem are taken as
S=15m, h=2m, H,=1.35m, H,=H,=10m, £¢=0.05m, 5,=0m, J,=0.04m, 5,=0.08 m,
0,=012m, 6,=0.08m, 6,=004m, &,=0m, S,=1m, S,=3m, S,=5m, S,=10m,
S;=12m, S;=14m and (a) K, =2m/day, K, =0.5m/day, K, =1m/day, K, =0.25m/day, and
(b) K,=2m/day, K, =0.5m/day, K, =0.5m/day, K, =0.125m/day, and (c) K, =2m/day,
K, =05m/day, K, =4m/day, K, =1m/day, and (d) K, =2m/day, K, =0.5m/day,

K,, =8m/day, K, =2m/day

Y;
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Fig. 2.39. Plots of the steady state top discharge function with horizontal distance at the surface of a
two-dimensional ponded ditch drainage system when the flow parameters of the problem are taken as
S=15m, h=2m, H;=135m, H,=H,=20m, £¢=0.05m, 6,=0m, §,=0.04m, J,=0.08m,
6,=0.12m, o,=0.08m, 0=004m, 6,=0m, S, =1m, S,=3m, S,=5m, S,=10m,
S;=12m, S;=14mand (a) K, =2m/day, K, =0.5m/day, K, =1m/day, K, =0.25m/day, and
(b) K,=2m/day, K, =0.5m/day, K, =05m/day, K, =0.125m/day, and (c) K, =2m/day,
K,, =0.5m/day, K, =4m/day, K, =1m/day, and (d) K, =2m/day, K, 6 = 0.5m/day,
K,, =8 m/day, K, =2 m/day

We now study the steady state travel time distribution in a two-layered ditch drainage system
for a few drainage situations of Figs. 2.2, 2.10 and 2.18. We start with some simulations
(Figs. 2.40 and 2.41) where we are keeping the water level of the right and left trenches as the
same. For a uniformly ponded situation this naturally will make the flow system symmetrical
with respect to a centroidal axis passing halfway between and parallel to the drains. Thus, for
such situations we need to consider only half of the flow domain as one half will be simply
the mirror image of the other. For estimating the travel time, we have followed a procedure as
proposed by Grove et al. (1970). In this method, the flow space is first divided into grids of
any desired size and then using the velocity distribution functions V,,, V,,, V,, and V a

x1?
particle at a location (x,y) in the i"" soil layer of the flow domain at time t is then traced to its
new location (X+AX,y+Ay) in time t+At by making use of the expressions Ax =V, At /7,

yL? y21

and Ay =V;At/7;, where 7, is the porosity of the i soil layer. All the pathlines of Figs.

240, 2.41, 2.42, 2.43 and 2.44 have been drawn by making use of this methodology. It
should be noted that since we are dealing with steady state flow here, all the pathlines shown
in these figures are also their respective streamlines. From Figs. 2.40 and 2.41, it is clear that
the travel time of a water particle in a layered ponded drainage system is highly sensitive to
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the directional conductivities of the constituent layers and its point of origin at the surface of
the soil. Increase in directional conductivities of the layers, expectedly, tend to lower the
travel times and decrease in conductivity of the layers tend to enhance it, irrespective of
whether the level of water in the ditches are above or below the boundary of two layers.
Further, with the increase in horizontal hydraulic conductivity of the layers, the streamlines
tend to get flattened out and with the decrease in horizontal conductivity of the layers, they
tend to get straightened out, this effect being more pronounced for pathlines originating from
surficial locations further away from the ditches. Higher values of horizontal hydraulic
conductivities of the layers cause the travel times along streamlines far away from the ditch
boundaries to decrease considerably while lower values of vertical conductivities of the
layers cause the travel times to increase noticeably, particularly for water particles traversing
along streamlines originating from surficial locations close to the drains. Also, when the
vertical hydraulic conductivity of the upper soil layer is much less as compared to that of the
lower soil layer, the streamlines in the upper layer are almost vertical; however, they may
show wide deviation as they move in the lower layer on their way to the recipient ditches. It
may also be noticed that the streamlines tend to unbuckle when they enter from the top to the
bottom layer when the horizontal hydraulic conductivity of the top layer is relatively less than
that of the bottom layer. These observations are in general agreement with those made by
Sarmah and Barua (2015) while analyzing flow behavior in a partially penetrating ponded
ditch drainage system.
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Fig. 2.40. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain when the flow parameters of the system (Fig. 2.2) are taken
as S=5m, h=1m, H,=0.65m, H,=H,=05m, £¢=0.05m, 6§=0.05m, n, =7,=0.3, and (a)
K, =K, =05m/day, K, =K, =1lm/day, and (b) K, =05m/day, K, =0.25m/day,
K, =2m/day, K, =1m/day, and (c) K, =025m/day, K, =0.1m/day, K, =2.5m/day,
K,, =1m/day, and (d) K, =1m/day, K, =0.75m/day, K, =0.5m/day, K, =0.25m/day

Fig. 2.41 shows that, if the level of water in the ditches is taken below the boundary between
the layers, then also the trends for streamlines would remain more or less the same like in the
previous cases where the water level of the ditches is kept above the boundary level.
However, as may be observed in Fig 2.42, even a small change in the water level heights of
the ditches may bring about noticeable changes in the travel times, particularly for water
particles starting their journey from locations further away from the ditches. Also, as can be
seen, an increase in water level height in the ditches is making the travel times to rise and a
decrease in water level is causing them to fall. This is understandable since, considering all
other flow parameters to remain constant, an increase in the level of water in a ditch results in
a relatively lesser head being available for driving water particles to the ditch and converse is
the case when the water level in a ditch falls.
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Fig. 2.41. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain when the flow parameters of the system (Fig. 2.10) are taken
as S=5m, h=1m, H;=045m, H,=H,=09m, £=005m, 7=7,=03 (a) K, =K, =

0.5m/day, K, =K, =1m/day, 6=0.1m and (b) K, =1.5m/day, K, =1m/day, K, =0.75m/day,

Kyz =0.5m/day, 6=0.1m
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Fig. 2.42. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to recipient drains when the flow parameters of the system (Fig. 2.18) are taken

as S=5m, h=1m, H;=055m, £=005m, 6=005m, n=n,=03 K, =K, =05m/day,
K, =K, =1m/day, and (a) H,=0.65m, H,=0.45m, and (b) H, =0.75m, H3 =0.35 m

The presence of a muddy and a plow sole layer in ponded paddy fields may greatly restrict
water movement in these fields (Chen et al. 2002; Huang et al. 2003; Liu et al. 2005). Figs.
2.43 and 2.44 substantiates this observation where it can be seen that the time of travel of
water particles in a ponded paddy field to subsurface drains may be extremely high in the
presence of a lowly conductive top soil layer, especially for regions closer to the ditches. In
this context, it is worth noting that drainage of paddy fields are now getting increasingly
important not only for enhancing productivity from these fields (Darzi-Naftchali and
Shahnazari 2014) but also for having a check on the emission of methane from paddy
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environments (Nishimura et al. 2004; Qiu 2009; Yang et al. 2014; Yvon-Durocher et al.
2014), a greenhouse gas which contribute greatly to global warming.

4626 11.99 . 65.511

K =01 m/day

K =01 m/dayi 1m

¥
Impervioys layer

A

25m

Fig. 2.43. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain when the flow parameters of the system (Fig. 2.10) are
taken as S=5m, h=1m, H;=03m, H,=H,=08m, §=0m, 7 =7,=035 and K, =K, =

K,, =K,, = 0.1 m/day

[ H &
[ 30.892 41.515 58.869 88.956
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Fig. 2.44. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain when the flow parameters of the system (Fig. 2.10) are
taken as S=5m, h=1m, H,=03m, H,=H, =08m, &6=0m, 7, =055 n,=0.35

K, =K, =0.005m/day and K, =K, =0.1m/day
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From Figs. 2.45, 2.46, 2.47 and 2.48, it can be seen that the effect of a variable ponding field
on the uniformity of travel times and streamline distribution of a two-layered ponded
drainage system is sensitive to the directional conductivities of the layers and is more
pronounced if the directional conductivities of the bottom layer are relatively lower than that
of the top layer. Figs. 2.45, 2.46, 2.47 and 2.48 also clearly show that the distribution of the
streamlines in a ponded drainage space can be markedly changed just by playing with
ponding distribution on its surface and/or adjusting the water level heights of the drains.
Thus, by merely providing an appropriate ponding field specific to a drainage situation,
considerable improvement in uniformity of cleaning of a salt-affected soil may be achieved in
comparison to cleaning of the same soil by utilizing a uniform ponded drainage system. This
is in line with the findings of Barua and Alam (2013) and Barua and Sarmah (2016) who also
obtained similar results from their analytical works related to the ponded ditch drainage

system.
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Fig. 2.45. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain and the distribution of the top discharge function when the
flow parameters of the system (Fig. 2.2) are takenas S=6m, h=2m, H;=12m, H,=H, =1m,

m=045 n,=03 K, =05m/day, K = 025m/day, K,_=2m/day and K =1m/day. The
top surface ponding distributions are () 6=0m and (b) 6,=0m, J,=01m, &,=0.2m,
0,=04m, 6,=06m, 6=04m, 6,=02m, 6 =01m, 5=0m, §=02m, S,=07m,
S;=12m, §,=17m, S;=43m, S,=48m, S,=53m and S;=58m
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Fig. 2.46. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain and the distribution of the top discharge function when the
flow parameters of the system (Fig. 2.2) are taken as S=6m, h=2m, H,=09m, H,=H,

=06m, 17=03 7,=045 K =2m/day, K, =1m/day, K, = 05m/day and K =
0.25 m/day . The top surface ponding distributions are (a) 5=0m and (b) 6,=0m, &,=0.1m,
0,=02m, 5,=04m, 5,=06m, 6=04m, 5,=02m, 5=01m, 5=0m, S =02m,
S,=07m, S;,=12m, §,=1.7m, S;=43m, S,=48m, S,=53m and S; =5.8m
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Fig. 2.47. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain and the distribution of the top discharge function when the

flow parameters of the system (Fig. 2.10) are takenas S=6m, h=2m, H,=12m, H, =H,
=2m, 7,=045 n,=03 K, =05m/day, K, = 025m/day, K
1m/day . The top surface ponding distributions are (@) 6=0m and (b) 6,=0m, 6,=0.1m,
5,=02m, 5,=04m, &=06m, 5=04m, &=02m, &=01m, §=0m, S =02m,
S,=07m, S,=12m, S,=17m, S,=43m, S,=48m, S,=53m and S, =5.8m
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Fig. 2.48. Travel times (in days) of water particles starting from the surface of a two-layered ponded
ditch drainage system to a recipient drain and the distribution of the top discharge function when the
flow parameters of the system (Fig. 2.10) are taken as S=6m, h=2m, H,=09m, H,=H,

=2m, n,=03 17,=045 K, = 2m/day, K, = 1m/iday, K, = 05m/day and K, =
0.25 m/day . The top surface ponding distributions are (&) =0m and (b) 5,=0m, &, =0.1m,
0,=02m, §,=04m, 6,=06m, 5=04m, 6,=02m, 5,=01m, 5=0m, S, =0.2m,
S,=07m, S;,=12m, §,=1.7m, S;=43m, S,=48m, S,=53m and S; =5.8m

It has already been stated that the proposed transient solutions for the ditch drainage problem
is an approximate one, valid only when directional conductivities and specific storage of the

layers satisfy the relation K, /S, =K, /S, and the condition

K, =K, —0(butK, =K, #0) at the same time. However, MODFLOW comparison

results for the drainage situations of Fig. 2.49 shows that even if the vertical hydraulic
conductivities of the layers are taken much higher than zero, then also our transient solution
may give pretty accurate results, provided the relation K, /S, =K, /S, is being strictly

respected while making use of this solution. This is mainly true for regions lying close to the
ditches. It should be noted that analytical solutions are frequently been made use of to test the
veracity of numerical codes and since our transient solutions for the different variations of the
ponded drainage problem considered for study will give accurate results so long the
assumptions inherent in them are being held true, these solutions are then may also be utilized
for that purpose as well. We would like to emphasize once again that though our transient
solution is approximate by nature [which becomes exact when the requirements
le/Ssl = KXZ/SS2 and K, =K, —0(butK, =K, #0) are being satisfied by a drainage

scenario], our steady state solutions for the different variants of the two-dimensional ponded
ditch problem are exact and are valid for any combinations of the flow parameters specific to
these problems.
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Fig 2.49. Comparison of transient hydraulic heads as obtained from the proposed solution with
corresponding values as obtained by MODFLOW at two different times when the flow parameters of
Fig. 2.10 are considered as (@) S=50m, h=1.0m, H,=06m, H,=0.45m, H,=0.45m,

£=0.05m, §=0m, K _=1m/day, K_=2m/day, K, =K =0.05m/day, S, =0.0075m™ and
S, =0.015m™ and (b) S=50m, h=10m, H,=0.55m, H,=09m, H,=09m, &=0.05m,
§=0m, K, _=1m/day, K, =2m/day, K, =K =005m/day, S, =0.0075m" and
S, =0.015m*

2.4 Conclusions

Analytical solutions have been worked out for predicting flow into a network of equally
spaced ditch drains fully penetrating a two-layered ponded soil underlain by an impervious
barrier when the level of water in both the ditches is above the boundary between soil layers,
when it is below the boundary between the layers, when the level of water in the left ditch is
below the aforementioned boundary and the right ditch above it and finally when the level of
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water in the left ditch is above the boundary between the layers and the right ditch below it.
The separation of the variables technique in conjunction with Fourier analysis has been made
use of to solve all the problems considered in this study. All the developed steady state
solutions are exact and are valid for all possible combinations of the flow parameters
associated with them; however, the corresponding transient solutions to these problems are
strictly correct only when the horizontal hydraulic conductivities and specific storage of the

constituent layers obey the relation le/Ss1 = KXZ/S52 and the vertical conductivities of layers

are equal and tend to zero at the same time (i.e., Ky1 = Ky2 —0). As the existing analytical

solution to the two-layered ponded ditch drainage problem cannot account for unequal water
level heights of the ditches as do the present solutions, all the developed solutions, even for
the steady state, can be taken as new. The correctness of all the developed solutions have
been extensively checked by comparing with the analytical works of others for specific
situations; further, MODFLOW checks for all these solutions have also been performed.

The study shows that the hydraulics of flow around a full penetrating ponded ditch drainage
system in a two-layered soil is widely influenced, among other factors, by the directional
conductivities of the constituent soil layers and the ponding field imposed on the surface of
the soil. A higher horizontal conductivity of the layers tends to flatten the flow lines and a
higher vertical conductivity of the layers tends to straighten them. A higher water level in a
drainage ditch causes comparatively less water to flow into it in comparison to a situation
when the level of water in the ditch is relatively low. Thus, considering all other drainage
parameters to remain the same, the flow into a ditch in a ponded drainage space can be
modulated by just changing the level of water in a ditch. This is an important observation
since it provides a way for controlling the amount of flow to the drains of a ponded ditch
drainage system. It has also come out of the study that the presence of a plow-sole layer in a
paddy field greatly inhibits the movement of ponded water through the field and that
considerable time may be required by a water particle to reach a subsurface drain in these
fields. It should be noted that drainage of paddy fields are now getting increasing important
owing to the ability of subsurface drains in bringing down emission of methane — a
greenhouse gas — from these environments. It has also become amply clear from the study
that ponded drainage of a stratified soil with a uniform ponding depth at the surface of the
soil would lead to non-uniform movement of water into the soil — regions close to the drains
will have a much higher share of flow through them as compared to regions away from the
ditches. Thus, cleaning of a soil profile via a ponded drainage system with a uniform ponding
field will lead to unequal cleaning of the soil profile with regions close to the drains over-
washed and regions further away from the drains under-washed. However, as analysis of our
analytical solutions have shown, by suitable adjusting the water level heights in the drains
and/or by introducing an appropriate ponding field at the surface of the soil specific to a
drainage requirement, considerable improvement in the uniformity of water movement as
well as time of travel of water particles in a stratified ponded drainage space can be brought
about. Thus, it is hoped that the solutions proposed here would prove to be more useful in the
design of subsurface drains for reclaiming salty and waterlogged soils than the available
solutions on the subject since, unlike the available drainage models on the subject, the
proposed solutions, apart from handling soil stratifications and a varying ponding field at the
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surface of the soil, can also accommodate unequal water level heights in the drains as well.
Hence, these solutions are expected to be more versatile in their applications in drainage
design than the existing solutions of the ponded drainage problem.

As mentioned at the beginning of the chapter, the main limitation of the analytical model that
has been developed is that it cannot account for unsaturated flow, nor the general variation of
the hydraulic conductivities of a soil profile in spatial and temporal dimensions. The other
limitation of the developed solutions is that the drains have been assumed to be dug all the
way up to an impervious barrier which, in actual field situations, is hardly the case. It should
also be noted that we have already assumed the inner bunds at the surface of the soil to be of
infinitesimally small thickness so as to reduce the surface boundary to strictly a Dirichlet
boundary for mathematical convenience. This, of course, is a limitation of our analytical
models as the inner bunds will be having some finite thickness even though this thickness
will be much smaller in comparison to the spacing between the open drains.

2.5 List of Notations

The following notations are used in this chapter

Biwy Cowr Bcwr Droy Huwy Amar Zuwr Bor Cor Bvr Dryr Hu Fir Giays
Amar Zwer Boar Comr B Prar Huwr Gimr Am@r Zwer Bowr Cawr Eeay
Diwy Huwyr By Amayr Zuw = constants with p=1,23,..,0, =123,...,©
k=123,....,0, r=123,....,0:, w=123,...., 0, i=12,3,....,0, 1=1,2,3,....
m=12.3,...,0, n=123,....,0, u=123,....,00 and v=1,2,3,....,0;

h = depth up to the impervious layer as measured from the surface of the soil [L];

H, = depth of water in the left ditch as measured from the surface of the soil [L];
H, = depth of water in the right ditch as measured from the surface of the soil [L];
H, = depth of the top soil layer as measured from the surface of the soil [L];

K, = horizontal hydraulic conductivity of the top soil layer as in Fig. 2.1 [LTY;

K

Y

vertical hydraulic conductivity of the top soil layer as in Fig. 2.1 [LT™Y];

K

x, = horizontal hydraulic conductivity of the bottom soil layer as in Fig. 2.1 [LTY;

K

Y2

vertical hydraulic conductivity of the bottom soil layer as in Fig. 2.1 [LT™];

(Kf‘)2 = (Kxi/Kyl) anisotropy ratio of the top soil layer (dimensionless);
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(K§)2 = (Kxi/Kyl) anisotropy ratio of the bottom soil layer (dimensionless);

P, Q K, R, W, I, J, M, N, U, V =number of terms to be summed in the infinite

series solutions, 1, 2, 3,....

N;= [(1-2i)z/2(h—H;)] with i=1,2,3,....,;

N, = (i,z/S) with i, =1,2,3,....,0;

=2
Il

[(1-2j)x/2(h—H,)] with j=1,2,3,....,;
N, = (kz/S) with k=1,2,3,....,0;

N,= (mz/S) with m=123,....,00;

N, = [(1-2n)z/2h] with n=1,2,3,....,0;

N, = [(1-2p)7/2H, ] with p=1,2,3,....,0;

N, = [(1-29)7z/2H, ] with q=1,2,3,....,;

N, = (rz/S) with r=1,2,3,....,;

N, = (uz/S) with u=123,....,;

N, = [(1-2v)7z/2h] with v=1,2,3,....,0;

\

N, = (wz/S) with w=1,23,....,0;
N, = number of divisions of the ponding surface at the top of the soil (Fig. 2.1);
Quersicey = discharge through the side of the left ditch for Fig. 2.2 problem [L°T];
Qensive(zy = discharge through the side of the left ditch for Fig. 2.10 problem [L3TY);
Qursicez) = discharge through the side of the left ditch for Fig. 2.18 problem [L3T™];
Qetsites) = discharge through the side of the left ditch for Fig. 2.26 problem [L*T];

Qrignsicery = discharge through the side of the right ditch for Fig. 2.2 problem [L3TY;

Quignsive(z) = discharge through the side of the right ditch for Fig. 2.10 problem [L3TY;
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Qugnsicesy) = discharge through the side of the right ditch for Fig. 2.18 problem [L3T];
Quigrsize(s) = discharge through the side of the right ditch for Fig. 2.26 problem [L°T™];
Qupwy = discharge through the top surface for the flow problem of Fig. 2.2 [L*T™;
Qup(zy = discharge through the top surface for the flow problem of Fig. 2.10 [L3T];
Qup(z) = discharge through the top surface for the flow problem of Fig. 2.18 [L3T;
Qup(sy = discharge through the top surface for the flow problem of Fig. 2.26 [L*T™;
Qo = top discharge function for the flow problem of Fig. 2.2;

Quu(z = top discharge function for the flow problem of Fig. 2.10;

Quuz = top discharge function for the flow problem of Fig. 2.18;

Qo = top discharge function for the flow problem of Fig. 2.26;

S = spacing between any two adjacent ditches for the flow problem of Fig. 2.1 [L];

S, = horizontal distance of the i inner bund from the origin ‘O’ for the flow problem of Fig.
2.1 [L];

S, = specific storage of the top soil layer [LY;
S, = specific storage of the bottom soil layer [L1;

t = time variable [T];

V4 = horizontal velocity distribution for the top layer of Fig. 2.2 [LT];
V,u(2) = horizontal velocity distribution for the top layer of Fig. 2.10 [LT™];
V@ = horizontal velocity distribution for the top layer of Fig. 2.18 [LT 9
V.. = horizontal velocity distribution for the top layer of Fig. 2.26 [LT];
V.20 = horizontal velocity distribution for the bottom layer of Fig. 2.2 [LT ;
V.2 = horizontal velocity distribution for the bottom layer of Fig. 2.10 [LT" ;

V.23 = horizontal velocity distribution for the bottom layer of Fig. 2.18 [LT" ;
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V.2 = horizontal velocity distribution for the bottom layer of Fig. 2.26 [LTY;

V., = vertical velocity distribution for the top layer of Fig. 2.2 [LT™];

y1(1)

V., = vertical velocity distribution for the top layer of Fig. 2.10 [LTY;
V., = vertical velocity distribution for the top layer of Fig. 2.18 [LTY;
V., = Vertical velocity distribution for the top layer of Fig. 2.26 [LT™];
V,,q = Vertical velocity distribution for the bottom layer of Fig. 2.2 [LT™;
V.. = vertical velocity distribution for the bottom layer of Fig. 2.10 [LTY;

V,, = Vertical velocity distribution for the bottom layer of Fig. 2.18 [LT];

V. ,., = vertical velocity distribution for the bottom layer of Fig. 2.26 [LT];

y2(4)

Vol 40y = Volume of water seeping through the side faces of the left ditch for the flow
problem represented by Fig. 2.2 [L®];

Vol ey = VOlume of water seeping through the side faces of the left ditch for the flow
problem represented by Fig. 2.10 [L°];

Vol e = Volume of water seeping through the side faces of the left ditch for the flow
problem represented by Fig. 2.18 [L®];

Vol 0y = Volume of water seeping through the side faces of the left ditch for the flow
problem represented by Fig. 2.26 [L®];

Vol ey = Volume of water seeping through the side faces of the right ditch for the flow
problem represented by Fig. 2.2 [L°];

Vol ey = VOlume of water seeping through the side faces of the right ditch for the flow
problem represented by Fig. 2.10 [L¥];

Vol sises) = Volume of water seeping through the side faces of the right ditch for the flow
problem represented by Fig. 2.18 [L];

Vol iies) = VOlume of water seeping through the side faces of the right ditch for the flow
problem represented by Fig. 2.26 [L];

Vol = volume of water seeping through the top soil surface of Fig. 2.2 [L°];

top (1)
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Vol ,, = volume of water seeping through the top soil surface of Fig. 2.10 [L3];

Vol ;) = volume of water seeping through the top soil surface of Fig. 2.18 [L3];
Vol ., = volume of water seeping through the top soil surface of Fig. 2.26 [L3];

X = horizontal coordinate [L];

y = vertical coordinate [L];

¢, = hydraulic head distribution for the top soil layer for the flow problem of Fig. 2.2 [L];

¢, = hydraulic head distribution for the top soil layer for the flow problem of Fig. 2.10 [L];
¢, = hydraulic head distribution for the top soil layer for the flow problem of Fig. 2.18 [L];
¢4 = hydraulic head distribution for the top soil layer for the flow problem of Fig. 2.26 [L];

¢, = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 2.2
[L];

¢,.,) = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 2.10
[L];

¢, = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 2.18
[L];

#,,) = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 2.26
[L];

n, = porosity of the top soil layer in Fig. 2.1 (dimensionless);

n, = porosity of the bottom soil layer in Fig. 2.1 (dimensionless);

5, = ponding depth of the i strip at the soil surface of Fig. 2.1 [L];

& = width of the ditch banks of Fig. 2.1 [L];
(A) = [No2(K, /8, )+ N2(K,, /8, ) |
(A)' = [N2(K, /5, )+N(K, /s, )
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CHAPTER 3

THREE-DIMENSIONAL SEEPAGE OF PONDED WATER INTO DITCH
DRAINS IN A THREE-LAYERED SOIL COLUMN UNDERLAIN BY AN
IMPERVIOUS SUBSTRATUM

In this chapter, an analytical solution is being suggested for predicting three-dimensional
seepage into ditch drains through a soil column comprising of three distinct vertical soil
layers and underlain by an impervious barrier. The drains are being fed by a distributed
ponding water head introduced at the surface of the soil column. As in the case of the
previous two-dimensional ditch drainage problem, the solutions proposed here for the three
variants of the three-dimensional ponded ditch drainage problem are also exact and valid for
any configuration of the flow parameters inherent in these problems for the steady state;
however, for the transient state, these solutions are strictly valid only when the directional
conductivities and specific storage of the layers obey certain rules (as specified in the text)
and not otherwise. All the derived solutions are being checked for their correctness by
comparing with analytical solutions of others for specific situations; numerical checks on
these solutions are also been carried out for a few drainage scenarios by making use of the
Processing MODFLOW (Chiang and Kinzelbach 2001) environment.

3.1 Solutions for the Three-Dimensional Continuity Equation of Groundwater flow for
a Homogeneous and Anisotropic Soil

We first proceeded to obtain a few general solutions pertaining to the continuity equation
which describes three-dimensional flow of groundwater in a saturated flow domain. For the
flow problem in question, we have made the following assumptions
(@) The aquifer, within each layer, has been assumed to be saturated, homogeneous and
anisotropic.
(b) The flow of water in the aquifer has been assumed to be irrotational and
incompressible.
(c) The soil matrix has been assumed to be compressible while the porosity of each soil
layer has been considered as constant.
(d) The direction of the principal hydraulic conductivities have been assumed to coincide
with the horizontal and vertical directions of the flow domain.
(e) Darcy’s Law has been assumed to be valid for the analysis and
() We have assumed the flow to be three-dimensional in nature.
The concerned governing equation for the aforementioned groundwater flow condition can
be expressed as (Bear 1972)

o’ o’ . OP_o 0f
K +K +K =S, —, 3.1
“ox> Yoyt ot ot 3D
where ¢ is the hydraulic head, K, K and K, are the hydraulic conductivities of the medium
inthe X—, y—and z—directions, respectively and S is the specific storage of the aquifer.

Dividing both sides of Eq. (3.1) by S, , the continuity equation is reduced to
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a¢ a¢ % _ o9 (3.2)
s ox? ss 8y2 s ot ot '

Let us consider up(x, y,z,t)[Eq. (3.5)] to be a solution of Eg. (3.2) and u, (X, y,z) [Eq.
(3.14)] to be a solution of the steady state portion of Eq. (3.2), that is

LS i RS (o 1. (3.3)
S, )ox’ ss 8y2 s o '

It is evident that ¢ =u_ +u_ happens to be a solution of the Eq. (3.2) since
K )&, (K, )% (K. \o% _
S, Jox* \'S, Joy® | 'S, )oz?
K )ou, (K,)ou, o', o’u, (K, \ou, (K,)o,
—x P+ L |— | = | =+ —X 4| L+ ==
S, ) ox S, ) oy S e S ox* S, ) oy S, ) oz

o°u K, \o%u o°u
K, 2| =L |—2+ LS —2"+0:%. (3.4)
S, ) ox S, ) oy S, ) oz ot

Employing the separation of variables method (Kirkham and Powers 1972), we proceed to
obtain a solution for Eq. (3.2). We conveniently assume that

u, (%, y,2,t)=X(x)Y(y)Z(z)T(t) (3.5)
is a solution of Eq. (3.2), where X (x),Y(y),Z(z) and T (t) are functions of only x,y,z

and t, respectively. Substituting the expression for u, in Eqg. (3.2) and separating the

variables out, we get

(&t (v 8270 o9
(

o s B (SR m 02

where a, g and y are constants, and then solving the abovementioned equations, we arrive
at

X (x)=c,sin(ax), (3.7)
Y (y)=c,sin(By) (3.8)
and

Z(z)=c,sin(yz), (3.9)

where ¢, ¢, and c, are arbitrary constants. Equating each successive term on the left hand

side of Eq. (3.6) to the constant terms —« s | S 5 and —y 5 , respectively,

S

we get

B )
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The solution for Eq. (3.10) can be expressed as

T(t)=c, exp{—[oz2 (z—:}ﬂz (:—:}ryz {:—:ﬂt} (3.11)

where c, is any arbitrary constant. Substituting Egs. (3.7), (3.8), (3.9) and (3.11) in Eq. (3.5),

we get U, (x,y,z,t) as

0, (% Y,2.1) = Esin(ax)sin(ﬂy)sin(yz)epoaz [z_} Ve (%} 7 [*S(_]H (3.12)

S S S

where E is any arbitrary constant. The solution proposed in Eq. (3.12) is the general form of
a fundamental solution of the governing partial differential equation. By varying the values of
the arbitrary constants «, £ and y, we can obtain countless such solutions for the governing

equation. As the sum of all these solutions will also satisfy Eq. (3.2), a solution of the
governing equation can thus be expressed as

u, (% y,z,t)= ZIZZJ:ZK: E; sin(a;x)sin(B;y)sin (7,2)exp| 4t |, (3.13)

i=1 j=1 k=1
2°_di=>2 & 2 ﬁ 2 & : .
where 4,° =|«a 5 +p 5 +y s || E;. are arbitrary constants, i, j and k are

summation indices and I, J and K (I,J,K —o0) are positive integers. We next proceed with
the assumption that the solution of Eq. (3.3) can be expressed as

u.(x,y,z)=B(x)C(y)D(z), (3.14)
where B(x), C(y) and D(z) happen to be functions of x, y and z only. Substituting the

assumed value of u_(x,y,z) in Eq. (3.3) and rearranging the variables, we get

m+(ﬁJm+£&jM:o_ (3.15)

B(x) (K,)C(y) (K,)D(z)
The second and third terms on the left hand side of Eq. (3.15) are equated to the following
constants
K, \C K
K, \C (y) _p[ & (3.16)
K, ) C(y) K,
and

22+

X X
where 5 and x are arbitrary constants. Solving the abovementioned ordinary differential
equations, we get

C(y)=cssin(ny) (3.18)

and

D(z)=c,sin(uz), (3.19)
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where ¢, and c, are arbitrary constants. In case we substitute the second and third terms in

K
the left hand side expression of Eq. (3.15) with —7 (K J and —u [E j then we get

X

()

X X

The solution for Eq. (3.20) can be expressed as

B(x)=c, sinhl[ \/772 (%} i (E_]H (3.21)

where c, is another arbitrary constant. On substituting Egs. (3.18), (3.19) and (3.21) in Eq.
(3.14), we obtain

0, (%Y,2) = Asinhﬂ \/772 (%} i (E—inx]sin(ny)sin(yz), (3.22)

where A is any arbitrary constant. Assigning summation indices to the constants » and

and then summing up several fundamental solutions of Eq. (3.15), we can have another
solution of the differential equation as

eS| Lo ot oz

where A, are arbitrary constants, m and n are indices and Mand N (M,N — o) are

positive integers. In a similar fashion, after dividing Eqg. (3.3) by K, and proceeding to

equate K8 (X):—nz K and I 12 (Z):—/f Ky , we attain the following
K, | B(x) K, K, ) D(2) K,

alternate expression for u, (X, y,z)

m=1n=1 y

(% Y,z %i,bm sinh [\/ (EX}%{%J]y sin (17, X )sin (1, 7). (3.24)

Analogously, the following solutions for u, (x, Y, z) can also be obtained

(xy,2) %i% sinh [\/Umzz[ix}“ﬂnzz(%nz sin(nmzx)sin(ynzy) (3.25)

m,=1n,-1 2 2
and
I (T« (<) _
U, (X, y,z):églﬁ% cosh [\/nm3 [sz+,un3 [K_an S|n(nm3x)3|n(un3y). (3.26)
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Thus, in view of Egs. (3.13), (3.23), (3.24), (3.25) and (3.26), a few general solutions of Eq.
(3.2) can be expressed as

(xy,2,t) iiﬁmsmhﬁ\/nm { Jx}ln (7,y)sin(,2)

m=1 n=1

£33 A, sinh [Jﬂmf( ﬂy Sin (1, X)sin 4,.2)

m=1n=1

+ZZ:ZZLAn2nzsinh \/ﬂmzz(%}Lﬂnzz(K—yJ z sm(n )sin(ynzy)

m,=1n,=1

M3 Ny o K, o[ K, A .
+rnZan_lAn3n3 cosh \/ﬂmz (K J+,unz (K_j z sm(nmzx)sm(ynzy)
=1

2

J

ZK:E,Jksm (erx)sin(B;y)sin(7,z)exp[ -2t ], (3.27)
k=1

J:

M; Ny
(x,y,2,t) :ZZA% cosh[[\/nm % + ] ]sm sm ,un y)

K

+Ziz Ej sin(e;x)sin( ,y)sin (y,2)exp| —2;t (3.28)

i=1 j=1 k=1

and
(% y.2t) minZN;AmS'nh[[\/ Liijz{i—} X]Sin(nmy)sm(ﬂnz)

LCRLY K K . .
+Y A, sinh UWZ(KX}WWZ{K_Z y |sin (r,, x)sin (4, 2)

—l n =1 y

mg=1n,=1 z

+%i%3n3 cosh [\/nmzz{%j+,unzz(% Jz]sin(nmzx)sin(unzy)

I J K

+0 Y Eyesin(agx)sin( By )sin (. z) exp| —4;’t | (3.29)

i=1 j=1 k=1
Egs. (3.27), (3.28) and (3.29) will now be made use of to solve the three different variants of
the three-dimensional multi-layered ponded ditch drainage problem considered in the present
study.

3.2 Mathematical Formulation and Solution

Fig. 3.1 shows an aquifer comprising of three vertical, anisotropic soil layers. As can be seen,
the flow domain is assumed to be a finite horizontal rectangular ponded field, S,xS, in

horizontal extent, being drained by vertical ditch drains on its four sides. The vertical
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thickness of the flow domain, which is underlain by an impervious stratum, is considered to
be h. The depth of the top of the middle soil layer from the ponded surface is denoted by H,

while the depth of the top of the bottom layer from the ponded surface is represented as H,.
The water level is assumed to be the same for all the ditch drains and is denoted by H,. A

specific coordinate system, with the origin located at O, is assigned to the flow domain. As
has been illustrated in Fig. 3.1, the x-axis is taken positive towards the Northern boundary
while the y-axis is taken positive towards the Eastern boundary. The z-axis is taken to be
positive in the vertically downward direction from the origin. The implementation of the
variable ponding pyramid atop the field is achieved by introducing a network of thin bunds
(theoretically of zero width) at the surface of the soil. N, denotes the number of ponding

strips over the surface of soil and ¢, (15 i< NO) denotes the ponding depth of the i strip.
Ditch bunds of width ¢, and ¢, are provided along the edges of the field so as to ensure that
the ponded water does not get directly rolled over to the ditches from the field. The distances
of the i bund, as measured from the origin O, are taken as d,; and d,; (1<i<(2N,-2)) in

the X-and y-directions, respectively. When N, =1, there are no inner bunds on the surface

of the aquifer and the ponding depth is then uniform. For a better clarity of the studied flow
situation, sectional views along two orthogonal axes (namely along x—x" and y—y" of Fig.

3.1) are also provided (Figs. 3.2 and 3.3).

.x' Northern

/ Boundary

Western
Boundary

00.0f 4 /

Southern
Boundary

Fig. 3.1. General geometry of a three-dimensional ponded ditch drainage system subject to a variable
ponding distribution at the surface of the soil
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T t
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ez

Northern [—————— Southermn
Boundary Boundary
Impervious Layer
S
1
Fig 3.2. The cross sectional view of the flow domain along the axis X—X" of Fig. 3.1
Cross-secti vy &
ross-section aty’ - y ” 5, N, 3,
I a,
o i -y
[ = > n i t
‘_-[‘{,;_" Kw‘ H5
L) K, ’ _l_
H
I d,
b K, q,
h Zyax
Western K [ Eastemn
Boundary X, Boundary

Impervious Layer

Fig 3.3. The cross sectional view of the flow domain along the axis y—y" of Fig. 3.1

The governing equations for the three soil layers of the flow domain based on the principle of
continuity can be expressed as

2 2 2
K "¢y LK 4 LK ) _s %1 (3.30)
X aXZ Y1 ayZ 4 822 S at
2 2 2
L, Tl T g O 33y
2 aX Y2 ay 2 82 2 at
and
2 2 2
K, T TP g Tl s P (3.32)
T X Y3 ay : oz 2 ot
where K., K, and K,, K,, K and K, and K,, K, and K, are the directional

conductivities of the top, middle and bottom layers, respectively and S;, S, and S, the

specific storage of these layers. The hydraulic heads of the top, middle and bottom soil layers
are denoted by ¢, ), @,;, and ¢, ;), respectively where the subscript j takes the values 1, 2 or
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3 depending on the position of water level in the drains (this will be clearer in the pages to
follow) and t is the time variable.

Whereas all the steady state solutions proposed for the considered boundary value problems
are exact for all possible combinations of the flow parameters, the corresponding transient
solutions, like in the solutions of the two-dimensional ditch drainage problems of the
previous chapter, are strictly valid only when the directional conductivities and specific
storage of the layers satisfy certain relations among each other; they are as listed below.

KX KX KX

-2 =-_= (3.33)
Ssl SSZ 853
K K K

R R (3.34)
351 SSz 853
and
KZl = K22 = KZ3 — 0 but KZl = KZZ = K23 #0. (3.35)

However, if the three soil layers have the same corresponding directional conductivities and
the same specific storage (ie., if K, =K =K, , K =K =K , K, =K, =K, and

S, =S, =S, ) — which essentially means a single layer anisotropic soil — our transient
2 3

solution will then be applicable for all possible combinations of parameters of Fig. 3.1 and
the requirements [it is to be noted for these situations Egs. (3.33) and (3.34) and
K, =K, =K, would be automatically satisfied] K, =K, =K, —0 for its validity would
then be not needed.

Depending on the level of water in the ditch drains, we encounter three distinct boundary
value problems pertaining to the flow problem. Before dealing with the boundary conditions
specific to each case, we enumerate the common initial and boundary conditions for the
three-dimensional flow problem at hand; they are as expressed below.

¢ (X, y,2,6=0)=0, 0<x<S, 0<y<S,, O0<z<H,, (I
;) (X Y,2,t=0)=0, 0<x<S, 0<y<S,, H,<z<H,, ()
éy;y (%, y,2,t=0)=0, 0<x<§S, 0<y<S,, H,<z<h, (1)
dpy (%, y,2,8>0) =
boiy (.Y, 2,t>0), 0<x<3;, 0<y<sS,, z=H,, (IVa)
K ayﬁl(j)(x,y,z,t>0):

A oz

0dyv (X, Y,2,t>0
K, b ( ay ) 0<x<$, 0<y<S,, z=H;, (IVb)

2 z
by (%, y,2,1>0) =
)y (X Y,2,t>0), 0<x<S, 0<y<S,, z=H,, (Va)
K 8¢2(j)(x,y,z,t>0):

& 0z
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—K23 = , 0<x<§S,, 0<y<S,, z=H,, (Vb)
¢ (X, y,2,t>0)=6, 0<x<S, O<y<d,,, z=0, (Vla)
¢y (XY, 2,t>0)=6,, 0<x<S§, dyon,2 <Y <S,, 2=0, (VIb)
¢y (%Y, 2,t>0)=4, O<x<d,, dyy <y<dy o z=0, (Vlc)
¢y (X y,2,t>0)=46, don, 2) <X<Sy, dy <Y <d,y o z=0,  (VId)
) (X, y,2,t>0)=6, Oy <X <0 ), dy(ifl)<y<dyi, z=0, (Vle)
¢ (%, 2,t>0)=4, iy <X<Up 0 Gyon, 10y <Y <Ayon, 5 2=0, (VI
¢ (% y,2,t>0)=6, Ay <X<dy, dy <y<dyoy 0 2=0,  (VIg)
¢ (%Y, 2,t>0)=4, on, i) <X <Gy 0 dg<y<dyoy iy, 2=0,  (VIh)
¢y (% Y,2,t>0)=6 Oy, 0 <X <Oy Ay, <Y<y, z=0, (Vi)
K, 6¢3<1>(X’;’Z’t>0)=0, 0<x<S, 0<y<S,, z=h. (VI)

We will now make an effort to obtain solution to the first of our problems arising out of the
situation where the water level of all the drains lies in the top layer only both for cases when

the soil is subjected to a constant as well as variable ponding distribution at the surface of the
soil.

3.2.1 Level of Water in the Ditches is above the Boundary between the Top and the
Middle Soil Layers

Fig. 3.4 provides a representation of the transient ditch drainage problem under consideration
where the water level in the ditches is above the boundary between the top soil layer and
middle soil layer of the flow domain.
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Fig. 3.4. Three dimensional ditch drainage system for a three-layered soil when height of water in the

ditches is above the boundary between the top and the middle soil layers

The boundary conditions specific to the ditch drain boundaries for this particular case are

G (XY, 2,6 >0) =2,
Gy (XY, 2,t>0)==H,,
¢2(1)(X, y,2,t>0)=-H,,
By (X, Y, 2,t>0) = —H,,
¢1(1)(X1 y,z,t>0)=-2,

b (X, ¥,2,1>0)=-H,,
Gy (%, Y, 2,1 >0)=—H,,
Gy (X, Y, 2,6 >0)=-H,,
Gy (%Y, 2,1 >0) =2,

Gy (%Y, 2,1>0)=-H,,
by (X, ¥, 2,t>0)=—H,,
¢3(1)(X, y,2,t>0)=-H,,
Gy (X%, Y, 2,1 >0) =-2,

TH-2240_126104012

X =0,
x =0,
x =0,
X =0,
X=om
X=3,
X=S,,
X=3,,
0<x<S,
0<x<S,
0<x<S,,
0<x<S,

0<x<§,
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0<y<S,,
0<y<S,,
0<y<S,,
0<y<sS,,
0<y<S,,
0<y<S,,
0<y<S,,
0<y<S,,

0<z<H,,

H <z<H,

H.<z<H,,
H,<z<h,
O<z<H,,
H, <z<H,,
H. <z<H,,
H,<z<h,
O0<z<H,,

H, <z<H,,

H.<z<H,,

H,<z<h,

O<z<H,,

(V1lla)
(V111b)
(1X)
(X)
(Xla)
(XIb)
(X11)
(X111)
(X1Va)
(XIVb)
(XV)
(XVI)
(XVlla)



Gy (%Y, 2,1) =—H,, 0<x<S,, y=S,, H, <z<H,, (XVIIb)
Gy (%, Y, 2,8) =—H,, 0<x<S, y=S,, H. <z<H,, (XVI)
by (X, Y, 2,1) =—H,, 0<x<S§, y=S,, H,<z<h. (XIX)

Taking into account the general solutions of the three-dimensional continuity equation as
expressed in Egs. (3.27), (3.28) and (3.29), we propose the following analytical solution for
the flow problem at hand

R Q sinh(/lpq )

,V,Z2,t)= B _
Ay (x.¥:2.1) p;; P smh(/l 1Sl)

P Q sinh| A S, — X
+ Z Zcpzqz(l) I: pqu( : )]

p,=1q,=1 sinh (ﬂ Sl)

sm(N y)sm(N z)

sin(szy)sin(quz)

B & sinh(4,,Y) :
+§1;Dpsq3a)WSIn(N%X)sm(N%z)
& sinh| 2, (S,—Y
+z Frow Si[nhp(q/1 ( zs ) )]

ps=19,=1 Sin(NPAX)Sin(NqAZ)

+;|Z—1: K@) CZIthh((,iTI ))Sln(ka)sin(le)

+éé ) COS:OEﬁ“EE:;;)Z)J sin(N,x)sin(N,y)
iii mlnl(l)sm(N,lx)sin(Nmy)sin(Nmz)exp[—(/le)zt}
ii Imn(1)S|n(N x)sm(N y sm N z exp[ A, }
oo m, L,
+232323W|mn(1)sm(N x)sm(N y sm N z |: A :| (3.36)
where e
N, =(%ﬂ (3.37)
N, = {[1‘ quleiJ (3.38)
szz(%f , (3.39)
N, = Kl_;qz jHiJ (3.40)
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v ; j’
(Zog ) =(NZKZ+NZK2)
(Zog, ) =(N2 K+ NZK2)
(o) =[ (NG 1K)+ NZKS ]
(2o ) =[(N2 K2+ N2K: ]
() =[(NETKE)+(NF T3]
(A)’ =[(NZ/KZ)+(NZ 7K |
K
Ky = KV :
Kal — Kzl
Xz I()(1
K,
ke =] o
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(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
(3.50)
(3.51)

(3.52)
(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)



2_ 2 sz 2 KYs 2 KZ3
(213'“3”3) - le [S J—'_Nms (Ss +Nn3 ss

and B C

F

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

Baw: Quay» Amnar Rumn,@ @nd Wy, ) are constants

PO (D) TP TRt T Pt (1)
and
L cosh| 4 ]
by (XY, 2,) ;; '“1(1)cosh[[ © H}]sm(th)sm(Nhy)
P cosh[ (He - z)] _ _ )
+;;Hi2jz(l) cosh[i,zjz(H HS)]sm(Nizx)sm(szy) H,
+222Ammsm(N x)sm( mly)sin(Nniz)exp[—(/ihm)Zt]
=1 my=1n=

L M, N,

SR sin(N,Zx)sin(Nmzy)sin(anz)eX|O[—(ﬂ12m2n2 )2 t}

l,=1m,=1n,=1

+i %3: iw,smznz(l) sin ( lex)sin ( N, y)sin ( anz)exp[—(/ﬂsmsns )2 t},

la=1m;=1n,=1

(3.70)
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(4, )2 :[(Niz IK:2)+(N2 1 K;‘f)},

and G;; , and H, ; ,, are constants and

I3 Js

cosh| 4, (h-2)]

by (X y,2,1)=2 > R

) —
il jo=L =0 sinh [/?,I

N

3da (h_ He)]

sin(Nisx)sin(Njgy)—H1

"'i %2 Amnc sin(Nllx)sin(wa)sin(Nmz)eXp[—(Alm )2 t}

L=l m=1n=1
LZ M2 N2
.22 !
R'zmznz(l) sin
l,=1m,=1n,=1
L M;g Ng

+Z Z ZWlsmsr‘S(l) Sln

l3=1my=1ny=1

(N,zx)sin(Nmz y)sin(anz)exp[—(ﬂ,zmzn2 )2 t}

(ngx)sin(Nmsy)sin(Nnaz)exp[—(/hmgng )Zt]

(1) =[(NE 73+ (N 1) |

K2 = &
Xz KX3 1

TH-2240_126104012
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(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)



a3 KZ3
KiP =| 2 (3.84)

Y3
and P._. .. are constants.
i3J3(2)

It can be noted that in the hydraulic head expressions for all the soil layers, the three triple
Fourier series terms are common. They represent the transient part of the solution for the flow
problem under consideration. Thus, the transient portion of the solution can be written as

¢ = i%iﬁﬁmmm Si”(Nllx)sm(Nmy)Sin(Nmz)eXp[_(%m )Zt}

=1 m=1n=1
L M, Ny

I R, SIN ( N,Zx)sin(Nmzy)sin(NHZZ)eXp |:_(2'12m2n2 )2 t}

l,=1m,=1n,=1

L, M3 N3

3 D Win @ Sin ( N|3x)sin ( N, y)sin ( Nn3z)exp[—(ﬂ13m3n3 )2 t}. (3.85)

l=1my=1ny=1
We can also duly note that at time t =0, ¢ can be expressed as

L M N

¢f :ZZZANHW(D Sin(Nlix)Sin<Nm1y)Sin<anZ)
h=1m=1n=1
L, M, N,

+Z Z Z Rimn sin(lex)sin(Nmzy)sin(anz)

l,=1m,=1n,=1
+i %3: iw,amm sin(N, x)sin(N,, y)sin(N,z). (3.86)
;=1 my=1n;=1

For our convenience, let us denote the three triple Fourier series as
Ll Ml Nl

DO A sin(N,lx)sin(Nnhy)sin(anz) =SR,, (3.87)
L=1m=1n=1

> > > R sin(N,x)sin(N,, y)sin(N, z)=SR, (3.88)

l,=1m,=1n,=1

and
Ly My N

20D W Sin (N, x)sin(N,, y)sin (N, z) = SR, (3.89)

l;=1my=1ny=1

It should be noted here that SR, exists only for the top soil layer and is zero for the other two
layers; similarly, SR, exists only for the middle layer and is zero in the other two layers and
SR, is non-zero only for the bottom layer and is zero elsewhere. We would like to again

reiterate that the proposed transient solution for the flow problem of Fig. 3.4 will be valid
only when Egs. (3.33) and (3.34) and (3.35) are being satisfied by a drainage setting of Fig.

3.4 and not otherwise, i.e., only when the constraints le/SSl = sz/ssz = KX3/853 ,
K, /S, =K, /S, =K, /S and K, =K, =K, —»0but K, =K, =K, 0 are being

satisfied by a drainage scenario of Fig. 3.3. However, so far as the steady state solution is
concerned, it is valid for all possible drainage combinations of drainage parameters of Fig.
3.4.
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Before we proceed to work out the Fourier coefficients relevant to the problem, it is

imperative that we state the expressions for velocity distribution in the flow domain in the
—, Y—and z— directions.

Since the hydraulic head expressions for the three soil layers have already been evaluated, the

velocity distributions in the x—, y— and z— directions can be worked out for each layer

using the Darcy’s law; thus, we have
Oy (X, Y, 2,1)

Vap =Ky, P (3.90)
0 X,V,2z,t

Vi =-K,, —¢1(1)((Wy )’ (3.91)
Oy (%, Y, Z,1)

Vag =K, (DT (3.92)
0d,., (X, Y,2,1)

Voom =— Z‘DT (3.93)
0 X,V,zt

Ve =K, —¢2‘”(ayy ) (3.94)
0d, .y (X, Y, 2,1)

Vz2(1) = _Kzz Z(DTa (3.95)
Oty (X, Y,2,1)

Vx3(1) = _Kx3 MT, (3.96)
0 X,y,z,t

Vs =K, ¢3(1)(8yy ) (3.97)

and
0 X,V, 2zt

Vz3(1):_K M, (398)

% oz
where V4, Vi and Vi, (i=1 2and 3) are the velocity distributions in the layers in the
the x—, Y— and z— directions, respectively.

Performing the above differentiations using the relevant head expressions, we finally get the
velocity expressions for the Iayers as

cosh A X
xl(l) {Zz Py (1) ( )

P10y
p=1q;=1 S|nh (ﬂpﬂhsl)

sin(Nply)sin(quz)

h & Ao €O A (S, =X) | _
_p2:1q2:1 Pyt (1) = Sinh[(/lpq 31; ]Sm(NpZY)SIn(NqZZ)
P& sinh (4, Y)
+§1;DPS%(Dsnh(ﬂ,p Sz)N COS(N X)SII‘I(N%Z)
I sinh| A S, -y _
+2. 2. Foa Si[nh?%( - S,) ) N,, cos(N,, x)sin(N, z)
pa=1q,=1
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L sinh (4,2)
ZE““) cosh (4 Hs)

cosh[ 4, (H
“® " cosh (4, Hs)

A Ny cos(N,lx)sin(ley)sin(anz)exp[—(ﬂhm1n1 )zt}

+ ——C 2N, cos(N,x)sin(N,y)

I
=

Z)]Nu cos(N,x)sin(N,y)

O

_l_

+
Me M 1M

MF M= 1<
M~Z &MZ

Il
UN

1

5

+ RI @ N cos(lex)sin(Nmzy)sin(anz)exp[_(/hmznz )Zt}

H
3
II
=
,_\

n,=.

L

+ZZZW,M(1)N cos(N, x)sin(N,, y)sin(N, z)exp[ (A )Zt}}, (3.99)

la=1my=1n;=1

=

R Q sinh(A__x
Vyl(l) = _Ky1 {plZ:lqleplql(l) sinh ((l plqls )) Npl COS(Nmy)Sin(N%Z)
= 0= Py

2 & sinh /122(8 ~X) .
+;qzzlcpzqz(1) siEhp(q;tpzqzlsl) J N, cos(szy)Sln(quz)

&, & cosh(4,,Y) _
+§l(; Py (1) quInh(ﬂ( . ) )5|n(Np3x)S|n(Nq3z)

P Q& Ap,q, COSH /144(3 -y)] . _
_pz—llg—:ll:pmm - sinh[(ﬂpquAS:) }Sln(Np“X)sm(N%Z)

sinh(4,42)
“® cosh (4,H;)
cosh [J,UV(H5 4 z)]
cosh (4, Hs)

A i (1) sin(Nllx) N, cos(ley)sin ( anz)exp [_(ﬂmm )2 t}

+

= iMz EM< EM.—

E sin(N,x) N, cos(N,y)

K
2
k=1
U
)
u=1
L
3>
h=1
L

+z Z Z R, ) sin(lex) N, cos(Nmzy)sin(anz)exp[—(ﬂ12mzn2 )2 t}

l,=1m,=1n,=1

+

Qua sin(N,x)N, cos(N,y)

Mz

,P
™ i

L M; Ng

+z Z ZWI3m3n3(l) sin(ngx) A\ cos(ngy)sin(anz)exp [—(113%,13 )2 t}} (3.100)

l;=1my=1ny=1

sinh(A__ X
Vag) = {Zqul e S h((/lplqls))sm(Nply)N%cos(NUdz)
R Q Sll’lhl:ﬂypzq2 (Sl—X)]

+> > C

2 2 nanth sinh(/tpzqzsl) sin(szy)qucos(quz)

128
TH-2240_126104012



P& sinh(2,,Y) .

+Z_:1q_1 I03%(1)Wp‘:q‘:sz))sm(N3x)N cos(N z)
/RO Slnh[ﬂ,p4q4(sz— )]

+§_1q42_1|:pq(1) sinh(/lpquSz) sm(N x)Nq4 cos(N z)
K, & A cosh(4,2)

+kZ:;,|Z:1:Ek|(1) cé)sh(/ik,Hls) sin(N,x)sin(N,y)
U v Ay sinh| 4, (H;=2) | . .

_Z;;qu(l) COSIIEI(AU%/ 5) ):'Sln(NUX)Sm(NVy)

+i§:iA‘mmsm(N x)sin(N,, y)N, cos(N, z)exp[ (ﬂmlnl)zt}
=1 my=1n=

+Lz %%‘RI y (1)sm(N,2x)sin<N y)N cos(N z exp[ mznz)z }
l,=1m,=1n,=1

+Ziivvlmnmsm(N x)sm(N y N , COS N z [ A, }} (3.101)
h & cosh{ A . (z-H

View ==Ky, 1, ZGWD [[ Al I—i)}] N,lcos(Nilx)sin(Nhy)

=1 j=1
L % cosh[ (Hs—2)]

+;j2_1Hi2,-2(1) cosh| 4, (H6 H, ]Ni? cos(N, x)sin (N )

)
375" A, 205N, sy y)sin (4, 2)exp () 1
Lh=1m=1n=1

D D RN, cos(N,zx)sin ( N, y)sin ( N, z)exp [_(ﬂumznz )2 t}

l,=1m,=1n,=1

Ls M3 Ng

D D W Ny cos( Nlax)sin ( Nmay)sin ( anz)exp[—(;t,smzng )2 t}} (3.102)

L=l m;=1ny=1
cosh [/’t,lh (z- H5)]

y2(1) ZZ i (1) cosh |:ﬂ11jl (H6 _ HS):‘

=1 j,=1

sin(N, x)N;, cos(N; y)

L, 3 cosh [/1,21-2 (He - z)]
+; 2 Hi o cosh [/l,zjz (He— HS)}

+i%iﬁm(n sin(Nllx) N, cos(ley)sin(anz)exp[—(ﬂmnl)zt}

h=1m=ln=1

sin(Nizx)Nj2 cos(szy)

L M, N

D D R sin(N,zx) N, cos(Nmzy)sin(anz)exp[—(ﬂwan )2 t}

l,=1m,=1n,=1
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22(1)

Vx3(1)

Visw =

and

zS(l)

253 SUMEL T RN (V7 R PR T O YRR
=1 m;=1n;=1
{ZZ A smh[ (2 5)]
ijp (1)

o cosh| 4 (Hs —Hs)]
smh[ﬂ“(H6 z)]

sin(N, x)sin(N; y)

I, Jp IJ ' .
_;; ipJp (1) Cosh[,l HG_HS)] Sln(Nizx)sm(szy)

L oM N
+;ﬁ;;ﬁmmsin(N.lx)sin(ley)ancos(anz)exp[—(Am)zt}

+i %“ i R @ sin(lex)sin(Nmz y) N, cos(anz)exp [_(%mznz )Zt}

L,=1m,=1n,=1

+i %3: iw,smml) sin ( lex)sin ( N, y) N, cos( Nn3z)exp [—(1,3,”3”3 )2 t}} (3.104)

ly=1my=1n3=1

k. {IZSJZgP COSh|:/1.3jg(h—Z)] N. COS(Nisx)Sin(Nij)

3 i3=1 jp=1 i3 3 (1) sinh [/llsj3 (h_He)] i3

L M N
+§ﬁ;; AN, €08 (N, x)sin (N, y)sin (N, z)exp [—(Alm )2 t}
L M, N,

+Z Z Z RimnaNy, cos(N,zx)sin(Nmz y)sin(anz)exp [_(ﬂumznz )2 t}

L,=1m,=1n,=1

+2223W,3m3n3(1)N cos(N,gx)sin(Nmsy)sin(Nn3z)exp[—(ﬂ13m3n3)Zt}}, (3.105)

;=1 my=1n;=1

K, {iip COSh[ﬂ’Igjg(h—z)iI Sin(Nisx)st cos(NjBy)

=1 jo=1 L Sinh[ﬂ,lsj3 (h - HG)}

L M N
*'IZ_;g_:lnz;l'Aﬁlmlnl(l)Sin(N.lX)Nn11 cos(N%y)sin(Nmz)exp[—(Amm)Zt}
L M, N,

3D > R sin(lex) N, cos(Nmz y)sin(anz)exp[_(%nzn2 )2 t}

l,=1m,=1n,=1

+i %3: iwlamsnsm sin ( lex) N, cos( ngy)sin ( NnSZ)exp[—(/Lamsns )2 t}} (3.106)

l3=1 my=1ny=1

smh[ ., (- )J

Sin(Niax)Sin(Nj3Y)

I3 Js
{ zz i3j3(1) I3]3

i5=1 jo=1 Slnh[ (h H6):'
L M N
+§ﬁ;; Ao SIN(N, x)sin(N,, y )N, cos(anz)exp[—(Alm )zt}
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L M, N,

3 R sin(N,zx)sin(Nmz y) N, cos(anz)exp [_(ﬂumznz )2 t}

l,=1m,=1n,=1

L My N,

+2° 0> Wi SID ( NISX)sin ( NmSy) N, cos( Nngz)exp[—(/ﬂsmsns )2 t}} (3.107)

=1 my=1n;=1

3.2.1.1 Determination of Coefficients of the Steady State Part of the Solution (steady
state solution is exact and valid for all possible arrangement of parameters of Fig. 3.4)

Before determining the coefficients for the transient terms in the solution, let us first
determine the coefficients of the steady state terms of the solution. Introducing boundary
conditions (VIlla) and (VIIIb) in Eg. (3.36), we have the following relationships involving

the coefficients C

P29, (1)
PR 9
zZcpzqz(l)Sin(szy)Sin(quz):_Zy Xx=0, 0<y<S,, 0<z<H,
p2=10q,=1
R Q
zZCPZQZ(J-)Sin(szy)Sin(quZ):_Hl’ X=0’ 0<y<82’ H1SZSH5-
p=10q,=1

Expanding the double Fourier series, we have

2\ 2 %. e He _

Craw :[S—](H—jxj’sm(szy)dyx [ -zsin(N, z)dz+ [ -H,sin(N, z)dz | (3.108)
2 5 0 0 H,

After evaluating the integrals in the above expression, the final expression for C_ ., works

out as

c (22 1—cos(Np282) —sin(quHl) (3.100)
@ s, )\ Hs N, N, | '

Similarly, by considering boundary conditions (Xla) and (XIb), we obtain the following
expression for the coefficients B

P1ch (1)

(2 2 1-cos(N,S,) || —sin(NgH,)
BU[S—j[H—][ o " ! G110

Analogously, boundary conditions (XIVa) and (XIVb) yield the following equation for

FPAQA @

- :(S%j(Hilel—coL(NPASl)H—sin(NNqAHl)} o

G4

while, from boundary conditions (XVIla) and (XV1lb, we have the expression for D, , . as

Dy :(SEIJ[H%JFCOSN(N%Sl)HSin(NN%Hl)]- (3112)

Now applying boundary conditions (Vla), (VIb), (VIc), (VId), (Vle), (VIf), (VIg), (VIh) and
(Vi) to Eq. (3.36), we get
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Quw Sin(N,x)sin(N,y)=6,, 0<x<S, 0<y<d,,, z2=0,

Que SIN(N,x)sin(N,y)=68, 0<x<S$, dyon, 2y <Y <Sy 2=0,

Qu Sin(Nyx)sin(N,y)=6,, 0<x<d,, dy <Y <, 2 z=0,

Qu SIN(N,X)sin(N,y)=6,,  d, o <X<S, d,<y<d

y(2Ny-2)?

Qu Sin ( N X)SII‘I(N y) S, Oy <x< dx(zNofi)7 dy(i,l) <y<dy, z=0,

Quw SiN(N,X)sin(N,y) =6, d iy <x< Qongiy Dyongin <Y <Ayon, iy

QUV(l) Sln(N X)Sln(N y) 5 dX(ifl) <X< dxi’ dyi <y< dy(ZNO—i—l)’ z :O,

M M £ M SV e £ BV
M< EM< EM< EM< EM< EM< EM< EM<

Que SIN(N,X)sin(N,y) =6,  d,,n iy <x<dy ) d;<y<d

y(2Ng=i-1)?

=}
'L
<
'L

2<i<(Ny—

Mc
M<

Qu Sin(N,x)sin(N,y) =6,

()

dX(NO_l) <x<de0, d < y<d =

le

H
T
oL

u=.

We now make a double Fourier run in 0<x<S,, 0<y<S, for the above equations; this

yields an expression for Q. as

21 2
Quu = (S_J (3_2] &

{ ﬁdfsm N,x)sin(N,y) dxdy+'[1 JZ sin(N,x)sin(N,y )dxdy

0.dyzng-2)

dy dy(zno-2) S Yyene2)
+I J' sin(N,x)sin(N,y)dxdy + J I sin(Nux)sin(va)dxdy}

0 dyl dx(ZND—Z) dyl
1=(Ng-1) | Seno-i) dy dano-i) dyzno-i
+ _[ j sin(N,x)sin(N,y)dxdy + I J' sin(N,x)sin(N,y)dxdy +
i dyia) Gy dyia) dyangig

dy dyeng-i) dang-i) Iy(ang-i-g)
I I sin(N,x)sin(N,y)dxdy + j j sin(Nux)sin(va)dXdy}

dx(H) dyl d x(2Ng-i-1) dy|
dNo dy
+0y, I J. sin(N,x)sin(N,y)dxdy . (3.113)

K x(No-) dy(no-1)
On evaluating the integrals, we get
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N N

v \

{51 {{1cos( Nusl)}{lcos( N.d,) X cos(Nvdy(ZNO2))—003(NV82)]+

—Cos( N.d,,)- cos( NGy o2, )] )
N

\

N N

u u

1—cos(N,d,,) N COS(Nudx(2N0—2))_COS( NuSl)]}

+|:§,:—15 ﬂ COS(NUdX(il))_COS(Nudx(ZNOI)):IX

N

u

_l_
N N

Vv \

cos(N,d, ;) )—cos(N,d,;) COS(Nvdy(ZNO|l))_COS(Nvdy(2NOi))]+

N

v

COS( Nvdyl ) COS( Nde(ZNO*i’l) )] %

_cos(NudX(i ) —cos(N,d,;) N COS(Nudx(ZNoll))COS(Nudx(ZNOi))]}

N N

u u

Y {|:COS(Nudx(NO ) —cos(N,d,y, )]{cos(Nvdy(Nol))cos(NvdyNo)]H. 6110

N N

u \

In order to satisfy boundary condition (IVa), we next equate the expressions for hydraulic
head for the top and middle soil layers at z = H;; this results in the following equation

pliigplqlmsin(N,,ly)sin(quH ):::((j SX))
+§1§lcpzqzmsin(szy)sin(quH )Sm:,gh(liqzsl) !
+§41 :z“leAqA(l)sin(Np4x)5i”(NqAHS)Sin:i[nip&:z;z)y)]
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k=1 1=1

K L
+>° > Eqw sin(N,x)sin(N,y)tanh (4,H;)
\

+>°> Qe Sin(N,x)sin (N, y)sech (4, H;)

u=l v=1
1

| J
=2.2.Gysin ( Nilx)sin(Nhy)seCh [l‘lh (Hs - Hs)]

=1 j=1

+ZZ Hij e Sin(N, x)sin(N, y)—H

ip=1 j,=1

Now, making a Fourier run in 0<x<S, and 0<y<S, by multiplying both sides of above

equation by smH ]x}xsm{[\mjy}, we get
Sl SZ

1 1
tanh aH,,; osh(1 1)
B tanh(4,H;) -G wi® ook [ﬁm (Hq - Hs)] 10 T Qo cosh (4, Hs)

(22 et

2

+ZZqu(l)sm(N H )jsm(N y)sm(N y)dyx

p=10y=1

7 smh(/lplqlx)

Jsim (2,5,

+iicpqmsm(N H )J.sm(N y)sm(N y)dyx
P =10 =1
]zsmh[ pzqz(Sl_x)]sin(Nulx)dx

o sinh(4,,, s)

sin(Nulx)dx

+iiqumsm N, H Ism N x)sm(N x)dxx

pa=1g;=1
S S|nh(/1p3q3y)
Is,inh(/1 S,)
0 05 V2
+i2qu(1)5ln(N H )jsm N x)sm(N x)dxx

py=1q,=1

sin(NVly)dy

ISInz[r\h(/l s )y)] sin(Nvly)dy}, (3.115)

where Nulz(ué—”), Nvlz(vsl—”j, u=k=u=i=iand v,=l=v=j =j,.
1 2

On evaluating the integrals in the above equation, we finally arrive at the following result
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1

Ey tanh (4,H;) -G ~Hi o+ Qua

cosh (4, H;)
2\(2), 1-cos(N,S, ) || 1-cos(N,S,)
s ls )N, N,
2 N, —cos(N,S,)
B s_ Boacn SN (NoHi )| 77— N
Y P Y
2 j % { N, |
—| = Z sm ., H ) —
P20 (1) 5 2 2
S, |&= N, +szq2 |
2 N2 —cos(NVSZ)
- = D sin N H : -
S J(; el )_NV12+/1P3Q32_{ NV1
- | p
- JZqua)sm(N He ) ———= |, (3.116)
Sz q,=1 _Nvl +/1p4q4 i
where u, =k=u=i=l,=p,=p,, \,=l=v=j =], =p=p,and Q, =Q,=0Q,=Q, > x.

Also, to tackle boundary condition (IVb), we now equate the steady hydraulic flux
expressions for the top and the middle layers at z = H,; this yields the following relationship

—KzlzK:ZL: EwAa Sin(N x)sin(N,y) =

k=1 1=1
K, ZZ H,J(l)sm(N x)sm(N y) " tanh[/l (H6—H5)J.
i,=1 j,=1
Simplifying the above equation by again making a Fourier run in 0<x<S, and0<y<S,,
we get
K, 4B + Ky A5 Hij o N[ 4, (He—Hg ) | =0, (3.117)

12)2

where k=i, and | = j,. It also needs to be noted that K=L=1,=J, = . Also, the head
equality of the middle and the bottom layer [boundary condition (Va)] at z = H yields the

relation
, J, b4
3 Hi oo sin(Nizx)sin(Nj2 y)sech [;L,zjz (He - Hs)]*ZZGula) sin(Nilx)sin(Nhy)
iz—l j2_1 ;=1 =1

_ZZ N (1)sm(Nigx)sin(sty)coth[ﬂ,lgjs (h— HG)].

i3=1 j3=1

Carrying out again a double Fourier series expansion in 0<x<S, and0O<y<S, as before
and simplifying the resultant integrals, we get

G,y + Hyj0 SECH [’1-212 (He - Hs)] —R,,o coth [43,-3 (h- H6):| =0, (3.118)
where i, =i, =1, and J, = j, = j,. Further, equating the steady flux expressions for the

middle layer and bottom layer at z = H, [so as to satisfy boundary condition (VVb)] gives us
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I, Jo

K, > > "G sin(Nilx)sin(Nhy)ﬂ,,lh tanh [/1,1].1 (He— Hs)]

=1 j,=1
I Js
- KZ3 Zz F)i3j3(l) sin ( Nisx)Sin ( st y)/l'sjs
iz=1 j3=1
On simplifying the above equation, we get
K,.Gyj A, tnh[ 4 (He—Hg) |+ K, P w4, =0, (3.119)

i 70 iy s

where i, =i, and j, = j,.

The system of linear equations resulting from Eqgs. (3.116), (3.117), (3.118) and (3.119) can
now be solved to evaluate coefficients E,,, G;; ., Hi; o and B 4 specific to a drainage
configuration of Fig. 3.4. Thus, our steady state problem pertaining to Fig. 3.4 stands solved.

As mentioned before, this solution is exact and is valid for all possible combination of flow
parameters of Fig. 3.4.

3.2.1.2 Determination of Coefficients of the Transient State Part of the Solution
[transient state solution is approximate and is applicable only when directional
conductivities and specific storage of the layers of Fig. 3.4 satisfy the conditions
le/Ssi = KXZ/SSZ i Kxa/Sss’ Kyl/Ssl = KYz/Ssz - Kys/ssa and Kzl - KZz - Kzg -0 (bUt
K, =K, =K, #0)]

To ascertain that the triple Fourier series SR, only exists in the top soil layer of the aquifer,

we ensure that the sine bases associated with the series disappear for the middle layer and the
bottom layer. To achieve this, we equate it with the negative of steady state solution for the
top soil layer, while for the rest of the flow domain, we equate it with zero. This way, the
initial condition (I) for the flow domain is also satisfied. Thus, from Eqgs. (3.36) and (3.87),

we get

L M, N,
ZZZAMW&sin(Nllx)sin(ley)sin(anz):
=1 m=1n=1

R Q sinh(iplqlx)

-2, 2B

£y 2 Ppa msin(Nmy)sin(N%z)

ShS Sinh[/’ipzqz(sl_x)] . .
_;;szqzm Sinh(ipzqzsl) sm(szy)sm(quz)
R & sinh(ﬂ%qay)

-2.2.P

Pyl (1) -
Pyl 051 Slnh(ﬂquBSz)

P & sinh [im (S,- y)}

_Z Z FP4Q4 @

— = sinh(4,,,,S,)

sin(Npax)sin(ngz)

sin(dix)sin(quz)

KoL sinh(442) . _

— E, .,————=sin(N,x)sin(N

;é k'(l)cosh(ﬂleS) (N x)sin(N,y)
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_iiqu(l) cosh [%V(HS _ Z)] sin(N,x)sin(N,y),

u=l v=1 COSh (ﬂ’uv H5 )
0<x<§,, 0<y<s,, 0<z<H,,
L M, N
IZZZAHM(Dsin(Nllx)sin(ley)sin(anz):O,
L =1 m=1n=1
0<x<S, 0<y<S,, H, <z <Hg,
L M, N
ZZZAMMD sin(Nllx)sin(ley)sin(anz):O,
=1 m=1n=1
0<x<§,, 0<y<sS,, He <z<h.

Running a triple Fourier series in the specified domain, an expression for evaluation of the
coefficients A, can be expressed as

el g

p=lg=1 Slnh(
jsm(Nply)sm N y Fj sm )dz
0

! smh[ (S, —x)]

_ii pq(l)j

e . smh(i S )
jsin(szy)sin( ) Ism(N z)sm(anz)dz
_izs paqs(l)]Z Smh( = )Sln(ley)dyx

o snh(/l s)

sin(N,lx)dxx

Isin(Npax)sin(Nllx)dXxJ.sin( )sm(N z)d

Tsmh[ S,-v)]

P4 4
1
_1q_1 p“q“()o smh(/l S)

sin(ley)dyx
Tsin(NPAX)sin(N,lx)dxxj.sin(Nqaz)sin(anz)dz

sinh (4,2)
Ek"” j cosh (A, H

M
Mr—

;_x

sm(anz)dzx

'.—'(/')

sm(N x)sm(N x)dxxjsm Iy)sm(N y)dy

v s cosh| 4, (H
Zqu(l).[ Co[sh ﬂuv ) }sm(anz)dzx

=1

Me

c
I
N
<
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Sjlsin(Nux)sin(Nllx)dx><sfsin(NVy)sin(ley)dy. (3.120)

Evaluating the above integrals, we get the final expression for A ., as

2
A Z N, —cos(N,lsl) NEANT:
b (1) S S h = Pt (1) N +ﬂ, NI 2
- QZZ Coo —N h x [ij x|®
202 2 2
=l _NI1 + Ao, E
_ ) =

_iD N, _COS(NMSZ) X(S_J % |©@

= P30z (1) N 24+ ﬂp3q32 N 2

m m

Qq N i
_ZFp4q4(1)|: . my . X(ijx“m)
Ga=1 le +ﬂ‘p4q4 i 2
N, > S, \(S
i )5
n I

{%tmh(ﬂkﬁs) ’\/}k' sm(anH5)}

n m
N, ? S, \(S
e (2U3)
1 cos(Nn1H5) 1
{N_nl_ N,, ><cosh(}t )] ’ 120
where N, =N , N, =N, , N =N, N =N, N=N, N=N, N=N,
N —lele Q2 Q3 Q4—)ooand
H
|<7>=(75], N, =N,,
_Jsin](Ng =Ny JHs | sin[(Ng +N, ) H | SN =N, (3.122)
Z(qu_an) Z(qu+N”1) 1
H
| ©® (25)1 quanl’
_ Sin[(qu—Nm)Hs}_Sin[(qu+Nf‘1)H5:| ’ Nq ian’ (3123)
Z(qu—an) Z(Nq2+Nfﬁ) 2
|© (%) Ny, =N, .
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:smHN ~N, JHs | sin| (N, +N, )Hs | N =N (3.124)
Z(ng_an) Z(Nqs+N"1) | ’ i |
and
mcg(ij, Ny, =N
2 Us n
) sin[(N%—NW)HS}_Sin[(NqﬁNm)HS] N, %N (3.125)
2(N, N, 2Ny N, ) T |

Also, we need to ensure that the series SR, exists solely for the second layer and is zero

elsewhere (i.e., in the top and bottom layers); further, it must accommodate initial condition
(I1) at the same time. Thus, for SR, , we must have the following relations

i %2: i Ry sin(lex)sin(Nmzy)sin(anz) =0,

l,=1m,=1n,=1

0<x<§S, 0<y<sS,, 0<z<Hy,

i %2: i Ry mn, 1) sin(lex)sin(Nmzy)sin(anz) =

l,=1m,=1n,=1

L cosh| 4,; (2—Hs) ]
_ G h
ZZ iy (1) cosh |:/111j1 (H6 _ H5)]

il j-1
cosh| 4, (Hs—2)]

Sin(NilX)Sin(Nhy)

I J2
B Hi,; in(N. in(N. —(=H,),

;J; i2J2(1) cosh[ﬂ,lzjz(He_Hs)]sm( ,zx)sm( 12y) ( 1)
0<x<S, 0<y<S,, H, <z <H,,
L, M, N,

DD Rounw sin(N,zx)sin(Nmzy)sin(anz) =0,

l,=1m,=1n,=1

0<x<§S,, 0<y<S,, H,<z<h

Rimn,q Can thus be worked by running a triple Fourier series over the defined flow space;
the expression for the same can be written as

L3 Hs cosh| A . (z—H
R|2m2n2(1) (SS hJ{ ZZ Ilh(l)J‘COSh[I: ( 5” Sin(NnZZ)de

=t (Hs—Hs)]

fsin(th)sin(N,zx)dxx Isin(ley)sin(Nmzy)dy

lp & He cosh[ (Hq —z)] _
_;; 'ZJZ(l)ICOShI:/l (H H )]Sln(NnZZ)de

Tsin(Nizx)sin(lex)dxX jsin(szy)sin(Nmzy)dy
0 0
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+Hjsin(lex)dxszin<Nmzy)dy><Tsin(anz)dz} (3.126)
0 0 Hq

On evaluating the above integrals, we find R, . . ., as

8 S, \(S N, ?
RIzmznz(l) = [ SS hj{_eﬁh(l) (?1) (?ijl: N 244 .2 :lx
1-2 ny GV

N, H A i
[_cos(N \ 6)+(N1hz]tanh[i,lh(Ha—Hs)]S'”(anHG)

ny N,

N, cosh[/l,ljl(HrHs)

S, \(S N,
ol ) S

_cos(anHs) cos(anHG)
N

N, Ny

sech[l,zjz (He - HS):|+

%Jtanh[ﬂ,lzjz (He - Hs)}sin(anHS)}

ny

I, m;y N

ny
where i, =i, =1, and j, = j,=m,. We again need to make certain that the triple Fourier

series SR, exists solely for the bottom soil layer and is zero in the other two layers; further it

must tackle initial condition (II1) at the same time. Thus, the following relations must be

satisfied concurrently, namely
L3 M3 N3

DD Wenna sin(N,3x)sin(NmBy)sin(anz) =0,

L=1m;=1n,=1

0<x<S, 0<y<S,, 0<z<H,,

L M; Ng

DD W sin(N,3x)sin(Nm3y)sin(Nn32) =0,

;=1 my=1ny=1
0<x<S, 0<y<S,, Hy <z <Hg,

i %3: iw,sms%(l) sin(N,sx)sin(Nmsy)sin(anz) =

la=1my=1ny=1

i % cosh [2131.3 (h—z)]

_i3:1 2, Paso sinh [ﬂ,,sjg (h- He)] Sin(NiSX)Sin ( sty)_(_Hl)’

0<x<S,, 0<y<S,, H,<z<h.
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The Fourier coefficients W, . . ., can thus be worked out as

(8 B Js n cosh[ ] _
WI3m3n3(l)[@J{ Z .313(1)_.‘3“‘“’][%I (h H )}sm(Nngz)dzx

i3=1 j3=1

Jsm(N x)sm(N x)dXstm(N y)sm( y)dy

+ Hlfsin(ngx)dxxfsin(NmBy)dyx T sin(anz)dz} (3.128)
0 0 Hs

The above integrals, upon simplification, give W, , . ., as

8 s\ (S N
W _ _p 1 a2 | I B X
lsmsns (1) [Slszhj{ '313(1)( 2 j( 2 jl: N“sz +/L'31'32:|
_cos(NngH )

6 coth[/l.gjg(h_He)] [ﬁ3’3J5|n(NngHe)]

Ny

N3

-

N, N, N,

where i, =1, and j, =m,.

We now evaluate the expressions for the discharges through the different faces of the flow
domain under consideration when the top of the field is being subjected to a variable ponding
distribution as shown in Figs. 3.2 and 3.3. The expression for discharge of water entering the
flow domain from the top of the field, Q,,,(t). can be written as

Q. . (t)=—K T () g 3.130
top(l)()—_ y f _[ pe Xay (3.130)

&, &

X y z=0

On simplifying the above integral, we get Q. (t) as

LS N, )|cosh| A, (S, — cosh(,, &,
Qtop(l)(t):—Kz1 ZZBM@[l% J{ [ plql( _1 )] ( P )}X
Py

smh(ﬂplqlsl)

p=1q;=1
cos(N,, &, )—cos| N, (S, -2,)]
Npl
P Q cosh[/lpzqz(sl— )] cosh(/1pq X)
+;; pzqz(l)(ﬂ,pzqzj{ Sinh(/lpzqzsl) "
{cos(szgy)cos[sz(SZgy)]}
sz
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+ii psqs(l)(ﬂ HCOShV%(S_ y)] cosh()tpqu)}x
P3ds

S|nh(ﬂp3q382)

{cos(Npggx)—cos[NpB(Sl—gx)]}
Np3
b Q. N cosh[ﬂp4q4(82—g )] cosh (4., )
+§_:1g—:1 mm(l)(;t qAJ{ sinh(ip4q452) }x
{cos(ngx)—cos[NpA(Sl—é‘x)]}
Np4
+K L A COS(ngx)—COS[Nk(Sl_gx):l}x
;;Ekl(l){cosh(ﬂk| )}{ N,
{cos(N,gy) cos[ (Sz—gy)]}
Nl
_;VZqumvtanh AH ){COS(NU&X)_C;S;[NU(Sl_gX)]}x
{cos &,)-cos| N, (S, —gy)J}
N,
LM N COS(N|16‘X)—COS|:N|1(81_8X):'
+;n§; min, (1) nl{ N, ]
cos(N, &, )—cos| N, (S, ¢, 2
{ (Nys,) le[ o ﬂ}xexp[(%) ]

L My N cos(N, g,)—cos| N, (S, —¢,
+ZZZRlzm2n2(l)an{ ( |28) N[ |2( 1 5)}})(

l,=1m,=1n,=1

bt 0l

I,

N

m,

+23: 23: 23: Wignn, @ N, {COS(NISSX)_C;S[NB s )]}x

l3=1 my=1ny=1 Iy

{cos(Nmaey)cos[N% (52 —&, )J}xexp[—(ﬂhmsns )2 t}} (3.131)
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Similarly, the top discharge function Qt(f)p(l) (X, y,t) for any arbitrary point (X, y) at the flow
domain can be evaluated as

Qupey (X, ¥,1) ==K, H( %j dxdy (3.132)

Ex &y 72=0

Solution of the above integral yields Q. (X, y,t) as

h(A h(A,, &,
QL 9) K, {35000 7 ][ e ) ool )L

b sinh(4,,S,)
cos(N, &,)-cos(N, y)
Npl
P Q& ) [cosh[ 4, (S,=¢,) |-cosh[ 4, (S,-X)]
+§_1q22_lcpzqz<n [gpzqz J{ sinh (/Ipzq2 Sl) "
cos(N,,&,)—cos(N, )
sz
P Q 3 cosh (4, ¥)—cosh (2, , )
+§1§1 p3Q3(1)[ﬂp3q3Jl: sinh(/’tpaqasz) "
cos(NpagX)—cos(Npsx)
NPa
P O, N, )| cosh| A, (S, —2,) |-cosh[ 4, (S~ )]
* 2, 2 Fuo [ Al J{ Sinh (4., ’
cos(N,,&,)—cos(N, x) |
N, _
K L A [ cos(N,&,)—cos(N,x)
A ) e
cos(N,&, )—cos(N,y)
Nl

Il

LN
<
,_\

_iiQUszﬂV tanh (4, H ){cos( N,&, ?\l—u cos(Nux)}><
{cos(Nvgy)cos(va)]

N

v
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L M N cos( N, &, ] —cos( N, x
+zzzwm[ el )]x

h=1m=1n=1 I
o) el
my
L M, N cos(N, &, —cos(lex)_
+Z Z Z RIzmzn2 @ an N X
l,=1m,=1n,=1 [ ]
[cos(ng —cos(N,,y } zt—
2 Z xexp[ mznz

L, M3 Ng N N ]
8w n3{003( |3<9x cos( x) .
la=1m;=1ny=1 1
{cos(Nmssyzlmgcos(Nm3y)]xexp[_(ﬂ13m3n3)zt} | (3.133)

Here, we need to note that Qtf,p(l) happens to diverge when it is being calculated exactly at a

location separating two unequal ponding depths at the top of the field. To demonstrate the
same, we first substitute Q,,,, of Eq. (3.114) in Eqg. (3.133); then we will have, after some

mathematical simplifications, a term like

R R T

cos?(N,d )cos(va)cos(Nvdy(zNo_z))

ux1

2K
It is easily discernable that for any specified value of v, both \/{H EVZ LK—“H and

X

K K
tanh \/Nf {K—Xl}r N? (K_le H, + tend to 1 when we allow u, and consequently N, to

4 4

increase sans any upper limit. This can be mathematically represented as

(K
Lim \/l:l_}_(ﬂj [_ylljl =1
U—o ur le

and

(K K
Lim tanh \/(US—”J (K_le+NV{K_yIJ H, b = 1.
U—o0 1 z z
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2 le 2 K)’l N\;? KY1
If we assume that tanh{| [N m +N; m H,» and NZ| K reach

approximately 1 after the first four terms of u for a specified value of v, then the rest of the
aforementioned series, after some mathematical manipulations, can be expressed as

45, / Rl
(ﬂslj( ]us( VJCOS um)cos(va)COS(NVdV(ZNO‘Z))’

where o =d,, /S, (0<a <1). Itis to be noted that cos®(uza) will lie between 0 and 1 for

all possible values of u [i.e. OSCOSZ(Uﬂa)Sl,U6{5,6,7,...}:'. Thus, there can be two
possibilities for a chosen «, namely cos®(uza)=0 for any value of ue{56,7,..} or
cos’ (uza) =0 for a subset of positive integral values represented as {u,;,U,,,U,s,...} Which
belongs to the set u e {5,6,7,....} . For the first case, if we conveniently assume that M, =
minimum of cos’ (uza) for any ue {5,6,7,...}, then we can write

SE E N

u=5

u=5 u=5

uzr| cos® (ura : . Uoa : _
Z {#} However, since the series Z (1) diverges, we can safely infer that so
u u

does the series on the right hand side of the inequality.

Now, we need to prove the divergence of the series for the second case, where cos® (uzc)
=0 for ue{uy,u,, Uy;,...;. For our convenience, we divide the series into two parts as
follows

) & ey 0.

Uni L

DY —

us5 | u

where the summation index u of the second term of the series belongs to the set
{5,6,7,.. ) \{Uy;,Upp Upg, .o} = ue{5,6,7,...}\{unl,unz,un3,...}:{upl,upz, 031 } (say). If we

now take M,;, =minimum value of cos®(uza) for all u e{upl,upz,up3,...}, we will then

have the inequality

) I M bof e ey S CR R (A

u=5

{ *(ura)

PIES

} But even in this case, the series in the right hand side of the above
u=5
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inequality diverges. Hence, we can state with conviction that Qt:)p(l) diverges at this bund

location. In an analogous fashion, it can be proved that Qtrpr(l) happens to diverge at other

inner bund locations too where they divide two unequal ponding depths at the surface of the

soil.
The expression for discharge through the Northern ditch face of the flow domain can be

expressed as

S, Hs ¢1 S, Hg ¢
ydz + K, ydz

[ ) e ][]
00 x=0 0 H =0

S,

.|

0

j‘( ¢3(1’j dydz. (3.134)

QNorth(l)

Solving the above integrals, we get Qe (t) as

A 1-cos(N,,S, ) || 1-cos(N, Hs)
Queriny (1) {;%zl plq“l)Lmh(l S)H N, M N,

Shy 1-cos(N,S,) || 1-cos(N,_H
_chpzqzmﬂpzqz COth(’lpzqzsl){ N( . Z)H ’\(l . 5)]

p;=1q,=1

P Q& o _cosh(l%qgsz)—l—_1—COS(Nq3H5)—
+;;Dp3q3(1)(/1p3q3 i Sinh(ﬁpgqasz) ] N,

P Q. [ cosh(4,,,S,)-1 || 1—cos(N, Hs)
+pzlqzl pA%(“(prqA sinh(4,,5,) || N,

Sl gy

éZiQUVm( ]tanh(;t ){P‘”T\IM}

u=l v=1 \

+Z Z Z A‘1ml”1(1) N|1 N N

h=1m=1n=1 my n

eXp[_(ﬂhmﬁ )2 t]
L M, N, 1-cos(N,,S,) || 1-cos(N, H,
+ZZZR|2”‘2”2(1)N|2[ N( ):l[ |\(] )]X

l,=1m,=1n,=1 m, n,

exp|:_(ﬂ'lzm2n2 )2 t:l
L M; N 1-cos(N, S 1-cos(N, H
+ZZZ\N|3m3n3(1)NI3[ l\f mg 2)][ l\(j 3 5)]x

l3=1 my=1ny=1 mg L
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exp [—(/113% )zt

et

I J2
+Z Z i2J2 (1)

=1 j,=1

|

tanh[/lllj1 (He —Hs

> 36,

=1 j=1

( 'zlz

L M N
2.2 2 AnnoN,

tanh[ﬂ,lzh(Her))]F ©

1-cos(N;S,)
N

)]{ }

- s(szsz)
N

h

|

cos(anHs)—cos(anHG)

J2

|

1—cos(Nm282)

h=1m=1ln=1

exp [_(ﬂhmlm )2 t]

an

| )

cos(anHs)—cos(anHs)

L M, N,
+Z Z Z R'zmznz () N'z

l,=1m,=1n,=1

1—cos(le82)
N
exp[—(ﬂazmznz ) t}

m;

1-cos(N,,S, )

N

Ny

| )

cos(N,, Hs)—cos(N,, Hy)

N
+z z Z lsm3n; (1) |3

m
I;=1 my=1ny=1 [
K{

( ] 1—cos(Nj382)
|3J3 L

N

mg

exp [_(ﬂumgns )2 t

Z Z P'sls (5]

i3=1 j3=1

N

Ja

|

N

L]

}l )

L oM N 1- N_S N, H
+ZZZAMN|1[ cosN( . Z)HCOS(NW 6)]X
h=1m=1n=1 m L
exp[—(/ﬂmnl)zt]

Ji:%:i&mzw'\'b ll_COL(NmZSZ)HCOS(SnZHG)}(

l,=1m,=1n,=1 m, n,

eXp |:_(X12m2n2 )2 t:l

L Ms N 1-cos(N, S cos(N, H
+zzzw.3mgn3mN.3[ N( 3 )H <N3 6)}

l3=1m;=1n;=1 my ng
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exp [—(ﬂ,zmsng ) t}} (3.135)

Also, the discharge expression, Qg,uq (t), for the Southern ditch face of the flow domain

can be expressed as

Q K, SjHj[ %j dydz - K, SjHj[ %j dydz
South(l)
X=S;

S, h
-K, j j [ %] dydz. (3.136)
0 Hg X=S

1

Evaluation of these integrals gives Qg,uq (t) as

PR Q 1-cos(N_S 1cosNH
QSouth(l) {Zlqupﬁh(l) Pty COth(ZquS )l: ( - ) [ l\(l — ]

P Q 2 1-cos(N, S,) || 1-cos(N, H,
“ C P20z P2 9z
Z Z szz(l) [Sinh (ipzqzsl)}[ N ] N ]

p,=1q,=1

P Q N cos(N S cosh(/l S) 11~ cos N H
+ D P3 p3 <1 P33 ;5
;:1(; P3Q3(1)! /193% :l[ Sinh(l%qssz) }[ Nq3 ]
P 4

i Z [

)

FP4Q4 @

==t . sinh(2,4,S, ) N,
N L N, cos(N,S,) || cosh(A,H)—1 || 1-cos(N,S,)
e e e

u v N N.S . NS
+ZZQUV(1) {W} tanh (AUVHS){%}

u=l v=1 uv v

L M N
+Z Z Z A‘l”hnl(l)Nll COS(Nllsl)

=1 m=1n=1

exp [—(ﬂhm )2 t}
L M, N,
3 RNy cos( N, Sl)

l,=1m,=1n,=1

EXp |:_(;tlzm2n2 )2 t}
L, My N,
+> ZW|3m3”3(1) N, cos ( N, Sl)

L=l my=1ny=1

N, N,

R

m,

N

my ng

148
TH-2240_126104012



exp[—(&gmsna )Zt]}

N, cos(N; S, ) 1—cos(leSZ)}

| : ]tanh[ﬂ,hh(HGHS)J{ N

I, J, Ni2 Cos NiZS1 1-cos NJ.ZS2
+ZZ Hizjz(l) {#]tanh [ﬂszz (H6 - HQ][%}

ip=1 jo=1 iz J I2
{1—cos(Nm182)]
BN ek P A PV

o
+K,, {ZZGM(D [

=1 j=1 h

+222Ama)|\' COS( S)

=1 m=1n=1

{COS(N”IHS)_COS(N“HS)}eXp[(ﬂmnl)zt}

N

m

N,

L M, N, L-cos(N_S
+'Z1 n;an::lR'ZmZ”Z(l)N'z COS(lesl)[%}

{cos(anHs)—cos(anHﬁ)}(exp[_(ﬂ1 )Zt_

N
llcos(Nmssz)

Ny

L My N,
+z Z ZW|3m3”3(1) N'z COS( N'a Sl)

;=1 m3=1n;=1

sl ]

N,
3. & N; cos(N; S 1l1-cos N, S
+KX3 {ZZ '313(1)[ //L( l) |: N( J 2)]
i3=1 j=1 133 a I3
LM N 1—cos(leSZ) cos(anHe)
2.2 2 AnnoN, COS(NhSl) N N x
h=1m=1n=1 m n

eXp[_(ﬂmm )zt}
$EEe N, cos,(N.zsl)[l_wSN(N”SZ)HCOS(NN”ZHG)]X

l,=1m,=1n,=1 m, n,

SEINE

+z323 2W|3m3n3(1)N COS(Nlasl)l:l_COT\l(Nm382)][COS(NNn3H6):|X

;=1 my=1ny=1 m,

M§

3
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exp [—(%m ) t}} (3.137)

The discharge expression, Q. (t), pertaining to the Eastern ditch face of the flow domain

can be expressed as

QEast(l) J. J. ( ¢l(l) j ) dxdz + Kyz j.l T [%j dxdz

0 Hyg y=0

H( %j dxdz. (3.138)

y=0

Evaluation of these integrals yields Q. (t) as

cosh(/iplqlsl)_l 1_COS(N%H5)
QEast(l) {;;Bpﬂlmt plqul sinh(i Sl) :l[ qu

P Q cosh /1 S 1-cos{N_ 6 H
+zchzqz(1) Jl: Slnh /1 S ][ N( * 5):|

pp=10,=1 G2

P Q I y 1-cos(N_S 1-cos(N_H
+ZZDP3Q3(1) Sinh(F’s% )]{ N( - l)][ |\(| : 5)]

p3=103=1 Ps a3

Lo

P Q
L Z Z Fp4Q4 (l)/’{’p4q4 COth (/lpthz; Sz)

py=1q,=1

N N

Pa Gs

ENRY S e
’ii%m( Jtanh(ﬁ 5){1‘%('\%31)}

u=1l v=1 u

Lo M N 1-cos(N,S,) || 1-cos(N, H
+zzzwm[ d )H (N, )]x

=1 m,=1n,=1 n

exp [—(ﬂhm )2 t}
L M, N, 1—cos(N,281) 1—cos(anH5)
+Z Z z R'zmznz @ NmZ N N g

l,=1m,=1n,=1 I, Ny

eXp|:_(ﬂ'lzm2n2 )2 t:|
L M; N, 1—COS(N,351) 1—COS(Nn3H5)
+Z Z ZW'3m3”3(1)Nm3 N N g

l3=1mz=1n;=1 I3 n3

L
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[exp—(&msns ) t}}

L3 N
+K,, {ZZGM(D [ﬂ/—’}tanh

=1 j=1 j

+iiHi2jz(1)[ ) }tanh (H —H )]{%(lesl)]

i,=1 j,=1 iy

My N 1-cos(N, S,
+ZZZA1WH”1(1) m[#]x

h=1m=1n=1 Iy

i)

N”1

L M, N, 1-cos(N, S
+Z Z Z R'zmznz(l)Nmz {#] r

l,=1m,=1n,=1 I,

o)

v g U }exp[(ﬂhmznz)zt}

N,

la=1m;=1n;=1 Iy

bl i

N3

3 1- cos N, S
+KY3 {ZZ i3j3 (1) L { :I
'3J3

i=1 jo=1

L M N 1 COSNS COSN H
2.2, 2 AnnaNn, M ]

L My Ng 1-cos(N,S
+Z Z Zlemsns () Nma l:%] y

h=1m=1n=1

exp[—(ﬂhm)zt}
+ZZ:ZZ:ZZZ R mzF—_COIS\I(NIZSl)][COS(SHZHe)]X

l,=1 my=1n,=1 I, n,

EXp |:_ (ﬂ'lzmzn2 )2 t:|
L M3 N 1-cos(N,S cos| N, H
+Zzzwl3m3n3(1)Nm3[ N( [ 1)}{ (N 3 6)]X

l,=1my=1ny=1 I3 Ny
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exp [—( Do) t}} (3.139)

Finally, the discharge expression, Queq (t), related to the Western ditch face of the flow
domain can be represented as

S, Hs 4 He y
QWest(l) -K _[ j ( - ] dxdz - K J. J. { 20 j dxdz
y=S, y=S,

0 Hjg
S h a
-K,, j j [ %j dxdz. (3.140)
0 Hg y=S,
By carrying out these integrals, we find QWest(l) (1)
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|1

1—COS(N|381):l!1_COS(N”3H5)}<

N

Iy Ny

152
TH-2240_126104012



exp[—(ﬂusmsns )Zt}}
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exp[—(ﬂ%ms% ) t} . (3.141)

3.2.1.3 Verifications of the Proposed Solution

We now proceed to check the veracity of the proposed solution by comparing with relevant
analytical, experimental and numerical outputs for a few specified drainage situations of Fig.
3.4. 1t should be noted that all our transient hydraulic head expressions of Egs. (3.36), (3.70)
and (3.79) reduce to that of the steady state if the time variable in these equations is allowed
to extend to infinity. As may be observed, this will make the exponential terms to vanish
from these equations leaving behind only the steady state portions of the hydraulic head
functions. We would also like to point out that if one of the horizontal dimensions of Fig. 3.4
is taken much larger (theoretically infinite) than the vertical and the other horizontal
dimension then flow in a vertical section located half-way between the boundaries lying at
the extremities of this long dimension will closely be two-dimensional in nature; thus, the
three-dimensional solution provided here for the drainage problem of Fig. 3.4 can also be
applied, after appropriate modification, for predicting two-dimensional flow to a ponded
ditch drainage system in a stratified soil as well. Adopting such a procedure, we next
determine the Q,, /2Kh ratio at a vertical section located 500 m from the Northern and

Southern boundaries of the flow domain for a drainage situation with the flow parameters of
Fig. 3.4 taken as S =1000m, S,=100m, h=3m, H,=255m, H,=27m,

Hy=2.85m, 6=0m and K, =K =K, =0.05m/day. From our solution, we find this

ratio as 0.7197 for the considered flow situation. For a parallel situation but with the drains
running totally empty, this value from Fukuda’s (1957) and Youngs’ (1994) solutions, works
out as 0.743 and 0.742, respectively. In this context it should be noted that the water level in
our computation for the concerned flow situation is taken as 2.55 m from the top and not 3 m
since the proposed drainage solution of Fig. 3.4 is only valid for situations where the level of
water in the ditches is above the bottom of the first layer and not when this level is below it.

Even then, as may be observed, our Q,,,, / 2Kh ratio for the concerned situation is matching

very closely with the ones obtained from Fukuda’s and Youngs’ solutions thereby showing
the correctness of our proposed solution. Further, from his experimental results, Fukuda
(1957) found this ratio as 0.72, which again can be seen to agree very closely with the value
predicted from our analytical solution. Thus, this matching of our result with the
experimentally observed results of Fukuda can also be treated as an experimental verification
of our solution.

As a further check of our analytical solution, we again compare our steady state hydraulic
heads for a two-dimensional flow situation of Fig. 3.4 with the corresponding results obtained
from the analytical works of Kirkham (1965) when the flow parameters are as shown in Fig.
3.5. Here also, like in the previous case, we have first reduced our model to a two-
dimensional situation by considering a section half-way in between the Northern and the
Southern boundaries of the flow domain and then studying the head distribution in this
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section. As can be seen from Fig. 3.5, the steady state hydraulic heads as predicted by our
reduced two-dimensional model are in a good agreement with those obtained from Kirkham’s
solution for the studied drainage scenario thereby showing once again the rightness of the
proposed solution.

— 0.0 6
‘ W 2

TN ‘\///

1

=3 o
2 ‘

| % ¥

Impervious layer

1.0m

A

*  Hydraulic heads as obtained from the proposed solution

——— Hydraulic heads as obtained from Kirkham's solution

Fig. 3.5. Comparison of steady state hydraulic heads as obtained from the proposed solution at a
vertical cross-section located half-way (i.e., at S,/2) between the Northern and the Southern
boundaries of Fig. 3.4 with the corresponding values as obtained from Kirkham’s (1965) single-
layered steady state solution of the problem for isotropic soils when the flow parameters of Fig. 3.4 are
S;=15m, S,=5m, h=1m, H,=04m, H;=0.6m, H;=08m, §=0mand K, =K =K, =

K, =K,, =K, =K, = K, =K, =1 m/day

As mentioned earlier, the transient solution of Fig. 3.4 as provided here would remain valid
provided Egs. (3.33), (3.34) and (3.35) are being concurrently satisfied by a flow situation;
however, if the three-layered soil is being reduced to a single layer one, these conditions are
then not needed for the validity of this solution. Thus, if K, =K, =K, , K =K =K,

K, =K, =K,and S, =S, =S

combinations of the parameters of Fig. 3.4. As for such a situation, Barua and Alam (2013)
have already provided an analytical solution to the problem for a two-dimensional flow
domain, this solution then can be compared with the reduced two-dimensional solution of our
problem of Fig. 3.4; Fig. 3.6 shows such a comparison for a particular flow setting of Fig.
3.4. As may be seen, the hydraulic heads predicted by our model for both the simulation
times are in close agreement with the ones obtained from the analytical works of Barua and
Alam (2013) for the concerned drainage situation thereby providing us with a further
verification of the proposed solution. At this stage, we would like to add that Sarmah and

the transient solution is then exact for all possible

S3!
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Barua (2017) obtained an analytical solution for the flow problem of Fig. 3.4 for the single-
layered soil and hence our reduced solution for such a situation can then also be compared
with this solution; in Fig. 3.7 such a comparison is being shown for a drainage scenario of
Fig. 3.4 for two times of simulation of the system, namely for t=100s and 500 s,
respectively. As may be observed, the hydraulic heads as predicted by our solution are in
perfect agreement with those obtained from the analytical works of Sarmah and Barua
(2017), for both the times of simulation of the studied systems. All these further reinforce the
fact that our solution for the flow situation of Fig. 3.4 is being correctly developed.

]

2

L

3]
3

L J

Impervious layer

X Hydraulic heads as obtained from the proposed solution (100 s)
—  Hydraulic heads as obtained from Barua and Alam's solution (100 s)
X Hydraulic heads as obtained from the proposed solution (500 s)

— Hydraulic heads as obtained from Barua and Alam's solution (500 s)

Fig. 3.6. Comparison of transient hydraulic heads as obtained from the proposed solution at a vertical
cross-section located half-way (i.e., at S, /2) between the Northern and the Southern boundaries of

Fig. 3.4 at times t =100 s and 500 s with the corresponding values as obtained from Barua and Alam’s
(2013) single-layered transient solution of the problem for anisotropic soils when the flow parameters
of the problem are considered as S,=15m, S,=5m, h=1m, H;=0.25m, H,=0.35m,

He=08m, 6=0m, K, =K =K, =K, =K =K, =15m/day, K, =K, =K, =0.75m/day
and S, =S, =S, =0.005 m™
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Contour surface for ¥
(a) g=01matt=100s

25 3 Boundary

#  Transient hydraulic heads generated using proposed solution

Contour surface for (0.0,0)
(b) Southern ¢=0.1mandt=500s b

Boundary

0.2 -
0.4 -]
0.6~

0.8~

Eastern Northern

25
Boundary 25y Boundary

#  Transient hydraulic heads generated using proposed solution

g= 0.05m = 005m
x y

—f b 5 —o0im —

|1 8 =002m

Fig 3.7. Comparison of transient hydraulic heads as obtained from the proposed solution at times
t=100s and 500 s with the corresponding values as obtained from Sarmah and Barua’s (2017)
single-layered transient solution of the problem for anisotropic soils when the flow parameters of the
problem (Fig. 3.4) are considered as S,=6m, S,=5m, h=1m, H;=035m, H,=0.45m,

H;=0.75m,6=002m, ¢ =¢,=005m, K, =K, =K, =1m/day, K, =K =K  =0.5m/day,
K, =K, =K, =0.002 m/day and S, =S_ =S =0.01m"

157
TH-2240_126104012



3.2.1.4 MODFLOW Verifications of the Proposed Solution

As a further check of our analytical model for both steady as well as transient states,
numerical models were also drawn for two typical drainage settings of Fig. 3.4 utilizing the
Processing MODFLOW environment (Chiang and Kinzelbach 2001). To perform a
MODFLOW simulation of the flow situation of Fig. 3.4, a flow domainof 10mx5m x 1m
was first considered and then it was subdivided into a network of grids containing 101 rows,
101 columns and 22 layers. A row spacing of 0.1 m was considered while the column spacing
for the grid was kept at 0.05 m. The thickness of each vertical layer of the grid was assigned
as 0.05 m. For simulating the impervious layer underlying the flow domain, all the cells of
the 22" layer were kept inactive. The cells of the 1% row, 101% row, 1 column and 101%
column were kept as fixed head cells to model the ditch drains. The cells of the topmost layer
were made as fixed head cells and assigned a value of 0.03 m to replicate the constant
ponding atop the field. All the other cells in the model were assigned as active and the head
value for them was kept as 0 m. The water level in the ditches were simulated by assigning a
0 m head to cells in the 1% column, 101% column, 1% row and 101% row and then proceeding
to decrease it by 0.05 for every next layer encountered in the vertical direction till it reached
the 8" layer where a head value of -0.35 m was assigned. The horizontal and vertical
hydraulic conductivities of the cells of the first layer and extending upto the 10" layer were
assigned values of 0.5 m/day and 2 m/day, respectively and the anisotropy ratio of these cells
was assigned a value of 0.5; all these provided the conductivity information for the first soil
layer of the model. The middle soil layer was made up of MODFLOW layers starting from
the 11" layer and extending up to the 16" layer. For these layers, the horizontal and vertical
hydraulic conductivities were inputted as 1.8 m/day and 0.8 m/day, respectively, and the
anisotropy ratio as 0.6666. To simulate the conductivities of the bottom soil layer, a value of
1.4 m/day was assigned for the horizontal hydraulic conductivity and a value of 1 m/day for
the vertical hydraulic conductivity to all the MODFLOW layers starting from the 17" layer
and up to the 22" layer while maintaining an anisotropy ratio of unity in these layers. With
these settings in place, a steady state MODFLOW run was carried and the hydraulic head
contours obtained for a few numerical figures compared with the corresponding contours
obtained from our proposed solution. Fig. 3.8 shows such a comparison. As may be observed,
here also the predictions from our solution are matching very closely with the corresponding
MODFLOW results thereby providing a numerical verification to the steady state part of our
solution.
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25 5 : Boundary
#*  Steady state hydraulic heads generated using proposed solution

g= 005m &= 005m

— b & =003m — 3 =003m

= §,=5m —I

S=10m >

Fig 3.8. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding results as obtained from MODFLOW when the flow parameters of Fig. 3.4 are
consideredas S;=10m, S,=5m, h=1m, H,=0.35m, H,=045m, H,=0.75m, §=0.03m,,
&, =¢,=005m, K, =1m/day, K, =2 m/day, K, =0.5m/day, K, =1.2m/day, K, =1.8 m/day,

K, =08 m/day, K, =14 m/day, K, =14 m/day and K, =1m/day

In order to numerically verify our transient solution, a MODFLOW model was also
constructed with the flow parameters as shown in Fig. 3.9 using the same methodology as has
been described for the steady state model; here however, in order to simulate the initial
condition, an additional input in the form of 0 m head was also imposed to all the active cells
of the model in Processing MODFLOW interface. Further, as our transient solution requires a
flow setting of Fig. 3.4 to satisfy Egs. (3.33), (3.34) and (3.35) for its validity for a stratified
soil, the directional conductivities and specific storage of the layers in the MODFLOW model
were chosen the way as has been shown in Fig. 3.10. With these inputs in place, a transient
MODFLOW run was carried out and the hydraulic head contours of -0.1 m strength were
observed at two times of simulation of the system, namely 100 s and 500 s. These contours
were then compared (Fig. 3.9) with the ones obtained from our analytical solution for the
same flow setting; as can be seen, for this drainage setting also our solution could mimic
quite accurately the heads as predicted by MODFLOW for both the simulation times of the
system thereby proving that the proposed transient solution, within the restriction imposed by
Egs. (3.33) to (3.35), is also correctly developed.
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Fig 3.9. Comparison of transient hydraulic head contours as obtained from the proposed solution at
times t=100 s and 500 s with the corresponding values as obtained from MODFLOW when the flow

parameters of Fig. 3.4 are considered as S;=10m, S,=5m, h=1m, H,=0.35m, H,=0.45m,
H;=0.75m, 6=0.02m, ¢, =¢,=0.05m, K, =0.75 m/day, K, =0.5 m/day, K, =1.5 m/day, K
=1m/day, K, =0.6 m/day, K, =04 m/day, K, =K, =K, =0.001m/day, S, =0.01m™,

Y3
S, =0.02m™ and S, =0.008 m™
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3.2.2 Level of Water in the Ditches is below the Boundary between the Top and the
Middle Soil Layers and above the Boundary between the Middle and the Bottom Soil
Layers

The flow problem for the present configuration is as shown in Fig. 3.10 where the water level
now can be seen to be located in the middle soil layer in between the base of the top layer and
the top boundary of the bottom layer.

y ]
K 7 /
K,
| IS S, #(x,p,2,0) /{{H/
K, H, h /
AV /K,
I‘;‘ 2y /S]
K\
f K,
A-.'.

s, B,(x,y,2,1)

Fig. 3.10. Three dimensional ditch drainage system for a three-layered soil where the height of water in
the ditches is below the bottom boundary of the top layer and above the top boundary of the bottom
layer

The boundary conditions specific to this drainage situation can be represented as

G (X, Y, 2,1 >0) =2, x=0, 0<y<S,, O0<z<H,, (XX)
Gy (X, Y, 2,1 >0) =2, Xx=0, 0<y<S,, H,<z<H, (XXla)
Gy (X, Y, 2,6 >0)=-H,, x=0, 0<y<S,, H, <z<H, (XXIb)
By (X, Y, 2,1 >0)=-H,, x =0, 0<y<S,, H,<z<h, (XXI11)
G (X, Y, 2,6 >0) =2, x=S,, O<y<S,, O0<z<H,, (XXI111)
by (X, Y, 2,1 >0) =2, ER 0<y<S,, H.<z<H, (XX1Va)
¢2(2)(x, y,z,t >0)=-H,, x=S, 0<y<S,, H, <z<H,, (XXIVb)
By (X, Y, 2,1>0)=—H,, X=S, O<y<S,, Hs<z<h, (XXV)
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G (%Y, 2,1>0) =2, 0<x<S, y =0, 0<z<H,, (XXVI)
Gy (X, Y, 2,1 >0) =7, 0<x<§,, y=0, H.<z<H, (XXVlla)
Gy (X%, Y, 2,t>0)=—H,, 0<x<S, y =0, H <z<H,, (XXVIIb)
By (X, Y, 2,6 >0)=-H,, 0<x<S§, y =0, H,<z<h, (XXVIII)
G (%Y, 2,1>0) =2, 0<x<S, y=S,, O0<z<H,, (XXIX)
Gy (%, Y, 2,1) =2, 0<x<S$,, y=S,, H.<z<H, (XXXa)
Gy (%, Y, 2, ) =—H,, 0<x<S,, y=S,, H, <z<H,, (XXXb)
By (X, Y, 2,t) =—H,, 0<x<§, y=S,, H,<z<h. (XXXI)

Taking into account the general solutions of the three-dimensional continuity equation as
expressed in Egs. (3.27), (3.28) and (3.29), the hydraulic head expressions for this boundary
value problem can be expressed
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(3.186)

(3.187)

(3.188)

(3.189)
(3.190)
(3.191)
(3.192)
(3.193)

(3.194)

(3.195)

(3.196)

(3.197)

Koq @ and L, ) are constants and

sin(N, x)sin(N; y)-H,

+i%“i A2 SIN (N, X)sin (N, y)sin (N, z)exp [—(Am )2 t}

h=1m=1n=1
L M N,

+Z Z Z Rlzmznz(z) Sln

l,=1m,=1n,=1
L, M3 N,

;=1 my=1n,=1
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(lex)sin(Nmz y)sin(NnZZ)exp[_(%mznz )2 t}
203D W Sin(Ny x)sin(N,, y)sin (N, z)exp

[—(Am ) t}, (3.198)

(3.199)



N, = (S_zj (3.200)

(2) =[(NZrrE)+ (N2 1K), (3.201)

K3 _[KzaJ (3.202)
Xz T K ’ .

K _ { K, ] (3.203)
g KYs

and P . ., are constants.
i3 J3(2)

As can be seen, the hydraulic head expressions for the top and the bottom layers for this
drainage situation are similar to those of the previous case. This thus means that the Darcian
velocity functions expressions for the top and the bottom layers for this flow situation (i.e.,
Vae Vae: Vao: Ve Vise and Vo) would also be similar to the corresponding

V V V

z1(1) ! x3(1) !

functions of the previous case (i.e., t0 V,,,, V4, 430
must be noted the relevant Fourier coefficients to be used in these expressions are now
Boa Cra@ Pruo Fane Buer Quer Amn@r Rumne and Wy, ) instead of

Brow' Crewr Prewr Fraor Eior Quer Amner Rumne a@nd Wi, q and B o),

Amn Rimn@ and Wy o, instead of B ), A

and V,,); however, it

@ Romn,) @Nd Wy o o), respectively.

As the hydraulic head function of the middle layer for the drainage situation of Fig. 3.10 is
different from that of the previous case, naturally then, the directional velocity expressions
for this layer would also be different from those corresponding to the previous case; for this
problem, they work out as

]

)

L cosh [/lhh (z—Hy)
H, - H.
)

Voo ==K, ;;th(z) oo Mm ( N, cos( Nilx)sin (ley)

5=

]

H

+Z Jz Hy oo szzh[gil,(il F(':s_ HZ}] N,, cos(N, x)sin(N, y)
B S il
P R A LG
+§:1§:71Kp7q7(2) % N, cos(N,, x)sin[ N, (z—H,)]
PO sm:i[nlh?qﬁ;)m N, c05(N, xJsin[ Ny (z=Hs)]
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+i§iAmMaNh cos(N,lx)sin(Nnhy)sin(anz)exp[—(Alm )Zt}

h=1m=1n=1

+i %2: i Rimn, Ny, cos(N,zx)sin(Nmzy)sin(anz)expli—(ﬂbmZrlz )zt}

lb=1m,=1n,=1

+i i iwlgms%(z) N, cos( N,Sx)sin ( N, y)sin ( Nn3z)exp[—(/113m3n3 )2 t}} (3.204)

;=1 my=1n;=1

cosh[ ]
Vi =K, {Z;; 1@ sh[ﬂm (H —-H )]

b & cosh[ (He— z)]
+i22=1 jzleizjz(Z) cosh[ (HG = H5)}

RO smh( X

2.2

p5=1q5:1|p5q5(2) S (7 S))Npscos( LY)sin[ Ny (2=H,)]

+i§: Smh[ ps%(sl_x):'

p6:1q6:1Jp6qs(2) sinh (ﬂ S )

fL& cosh(4,, Y
3 S G,

2 2 smh(ﬂ S) sm(Np7x)sin[Nq7(z—H5)]

R & o Coshl 4, (S,—Y)
_Zz PgCs (2) I: = - :|

Pg=1gg=1 sinh (ﬂ“pgqssz) Sin(NPsX)SinI:NqE (Z_HS):I

sin(N, )N, cos(N; y)

sin(N, x)N; cos(N, y)

N, cos(NpGy)sin[Nqs (z—HS)]

+i§:i,ﬁmm(2) sin(N,lx) N, cos(Nnhy)sin(anz)exp[_(%mlnl)Zt}
h=1m=1n=1
L, M, N,

I Rone sin(N,Zx) N, cos(Nmz y)sin(anz)exp[_(&zmznz )2 t}

l,=1m,=1n,=1

Ls M3 N;

23D Wiz SIN ( lex) N, cos( N, y)sin ( Nnaz)exp [—(/113m3n3 )2 t}} (3.205)

la=1my=1ny=1

and
L& A,;, sinh (z—H,)| . _
Vi =K, {;;th(?) césh[ [(lHG H:)]]Sln(N,lx)ﬂn(Nhy)
L 3, IJ smh[ﬂ,, (H6 z)] _ _
_i2:1j2:1Hi2j2(2) cosh[ﬂ, (He_Hs):' SII‘I(NiZX)SIn(Nij)
R & smh(ﬂpsqsx)

PN
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R Q& sinh [ﬂpeqe (Sl—x)]

+Z Z J Psds (2)

Po—l gl sinh(ﬂpeqesl)

sin(NpGy)NqB cos[qu (z- Hs):'

P& sinh(/lp7q7y)

+2. 2K

24 2 Cenea msin(Np7x) N, cos[ N, (z—Hs)]

LI sinh[ 2, (S,-Y)] .
+g:1qu:l Lpgqﬁ(z) siE]hp[ziq:Sz} )} sin ( N pBX) ng CosI:NqB (Z _ Hs)]

L M, N
+§n§; Amn 2 Sin(N.lx)sin(ley) N, Cos(anz)exp[_(%m )2t:|
L M, N,

33 S R SN ( lex)sin(Nmzy) N, cos(anz)exp [_(ﬂumznz )2 t]

L=1m,=1n,=1

L, M3 N

D D Wi SIN ( N,sx)sin(NmB y) N, cos(Nngz)exp [—(/113% )2 t]} (3.206)

L=1my=1n,=1

where V,,., V0

the flow problem of Fig. 3.10 along the x—, y— and z— directions, respectively.

and V,,,, are the directional velocity expressions for the middle layer of

3.2.2.1 Determination of Coefficients of the Steady State Part of the Solution (steady
state solution is exact and valid for all possible arrangement of parameters of Fig. 3.10)

Introducing boundary conditions (XX) in Eqg. (3.142), we get a relationship involving the
coefficients C_ , ) as

PZ QZ
> > Cruimsin(N, y)sin(N,z)=-z, x=0, 0<y<S,, 0<z<H,.

pp=10,=1

Thus, C, ., can be determined by performing a double Fourier run in 0<y<S, and

0 <z <Hj; after carrying out the concerned integrals, we find C_ . , as

e _(2)2 1-cos(N, S, ) || —sin(N, H,) (3,207
P02 (2) 32 H5 sz qu 0 .

Similarly, imposition of boundary condition (XXII1) on Eq. (3.142) gives

R Q
> 2 Boasin(Nyy)sin(Nyz)=-z,  x=s,,  0<y<s, 0<z<H,,
p=1q=1

=1lq;=

from which B, ,, works out as

2\ 2 )| 1-cos(N,S,) || —sin{N,H;
Boac _(S_ZJ[H_J[ ,\E )H f\l )] (3.208)

Py G

Also, application of boundary condition (XXV1) to Eq. (3.142) leads to the relation

P4 Q4
ZZFPAQA(Z)sin(Np4x)sin(quz)=—z, 0<x<S, y=0, 0<z<H,.

p,=lq,=1

169
TH-2240_126104012



Solving the concerned integrals, we find the Fourier coefficients F, , ,, as

P44 (2

- :(S%][H%jll-cols\l(N,,Asl)"—sing\quAHS)}_ 3209

Similarly, from boundary condition (XXIX), we get

iiDp3q3(2)Sin(Np3X)Sin(Nq3Z)=—Z, 0<x<S, vy

p3=103=1

S 0<z<H,

2

and consequently D, , ,, as

- Z(S%][Hisj[l—cols\l(Npgsl)H—sinf\lN%Hs)]. 6210)

It is to be noted that Q,,,, will have an identical expression as Q,,, in the previous problem

since the boundary condition at the top of the field is the same as in the previous problem.
Also, by applying boundary conditions (XXla) and (XXIb) to Eq. (3.176), we get

B Q
zZJpsqs(z)sin(Npﬁy)sin[N%(z—H5)}=—(z—H5), x=0, 0<y<S, H.<z<H,

Ps=10s=1
B Qs

ZZJpeqe(z)sin(NpGy)sin[Nqs (z—Hs)]:—(Hl—HS), X

Ps=10s=1
Performing a double Fourier run in the concerned domains, we get the relevant integrals for
evaluating J,, . ) as

2 2 \%.
o :{S_ZJ(HG _ HSJ!.S'n(NDGY)dyX

{T—(L—HQSM[N%(z—Hsﬂdz+T—(Hf—HQSM[N%(z—HSHdzL (3.211)

Hs

0, O<y<S,, H;<z<H,.

Solving the above integrals, we get

‘]peqe(z) - (3_22][ H6 f Hs ]F—COT\I(N%SZ)H_Sin[quN(Hl = HS)J} (3.212)

Ps s

Similarly, from boundary conditions (XXIVa) and (XXIVb) and Eqg. (3.176), we have

B O

> > hewsin(N, y)sin| N, (z=Hy)|==(z-H,), x=S, 0<y<S,, Hy<z<H,

ps=105=1

B
ZZIpsqs(z)sin(Npsy)sin[Nqs(z—Hs)]z—(Hl—Hs), x=S,, 0<y<S, H,<z<H,.
1

Ps=105=

The final expression for | ,Is obtained as

Psds (2

2oy e e B

Ps 3

Also, from boundary conditions (XXVIlla) and (XXVIIb) and Eq. (3.176), we get
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R Q&
ZZLMS(Z)sin(Npsx)sin(N%(z—HS))z—(z—Hs), 0<x<S,, y=0, H,<z<H,

pg=10g=1

B Q&
> > L sin(N, x)sin(N, (z—Hy))=—(H,—H,), 0<x<S, y=0, H,<z<H,

pg=10g=1

Performing the necessary Fourier expansions, we get L, . ,, as

Lo =[S%j[ . E HS]ll—cosN(Npgsl)H—sin[Nqal\f H, - Hs)jl}. (3.214)

Pg s

Further, by incorporating boundary conditions (XXXa) and (XXXb) in Eg. (3.176) and
carrying out the necessary Fourier expansion on the resultant equations, we get K, . ,) as

Ko :[S%][ . E é ){100;(Np751)H—sin[Nq}\l( H, - Hs)}} (2.215)

p7 G

Also, by equating the hydraulic heads for the top and the middle layers at z = H, [boundary
condition (1VvVa)], we find

sinh ﬂ, o X

Z_;%Z_;qu(z)sm(N y)sm(N H )smh(( ))

ShN sinh
+;q§lcp2qz(z)sin(szy)sin(quH ) 3|E1h(gp(zngl) )]
& . . sinh ﬂ,“y
+§lqslep3q3(2)sm(Npsx)sm(N%Hs)W
AN : _ sinh| 4, (S,—
+;;Fp4q4(2)sm(l\lp4x)$ln(NqAHS) Sighp(;iqjsz) ):'
+§;IZ:EK,(Z)sin(ka)sin(le)tanh(ﬂles)

Uu Vv ] . 1
+UZ=1:VZ=1:QW(2,Sln(Nux)sm(va)m

A _ -
ZHZ;;Giljl(z)sm(N‘lX)Sm(Nhy)Coshpm(He—Hs)J
+iiHizjz(z)Sin(NiZX)Sin(szy)_H

i,=1 j,=1

Performing a double Fourier expansion in 0<x<S, and 0<y<S, in the above equations,
we get the expression

1 1
Euq tanh(4,H;) -G

- ~H, ; —
iy (2) cosh |:2’|1j1 (He _ Hs)] i2J2(2) +qu(2) cosh (j‘uvHS)

171
TH-2240_126104012



_ _[SEJ[S%HHSTsin ( Nulx)desin(Nvly)dy

S sinh( A
+p121q28p1q1(2)sm (NgHs) _[sm (N, y)sin(N,y) dyj%sinm%x)dx
il Py 1
+iicpq(2)sm(N H Ism N y)sm(N y)dyx
p;=1¢,=1
%sinh| 4, . (S,—x)| .
! si[nhp(q/l 1s) Jsm(N”lX)dX
+§§qu(2)sm(N H )Ism(N x)sm(N x)dxt%smm y)dy
+i2qu(2)sm(N H )_[sm(N x)sm(N x)dxx
p,=1q,=1
Sf Sm:i[n/:upzq;(szs_)y)] sin Nvly)dy} (3.216)
0 Pads 2
Solving the above integrals, we finally arrive at the following equation
1 1

Eu tanh(4,Hy) -G

wh(2) Coen [’11111 (He _ Hs):l i2J>(2) +qu(2) cosh (ﬂst)

(4 ) 1—cos(NU1SI) 1—cos(Nv182)
Slsz i Nu1 Nv1
2195 sn(N H N, 2 —cos(N, S,
o sin 4 !
S1 %Z—l e ( . 5) NU12 + ﬁ'pl%z NU1
2 Q, J " l
- = C sinfN_ H L
Squfl P29 (2) ( q S)I:Nu 2 _,_ipquZ
2\ [ N2 ]| -cos(N,S,)
o D sin(N_, H !
SZJ; P33 (2) ( 0 5)_Nv12+/1pq2 { X
2 Q, . i Nv
| = |2 Fru@ SN, Hs )| =5——= | 3.217
SZJ; P404(2) ( G4 5)_Nvlz+ﬂ'p4q42_ ( )
where u =k=u=i,=i,=p,=p,, w=l=v=j=j,=p=p, and Q=Q,=Q,=Q, > .

Also, flux equality at z = H, [boundary condition (I'\Vb)] gives us the relation

-K, ZZEk.(Z)ﬂk,sm(N x)sm( Iy):

k=1 1=1
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, J,
K, {—ZZ Hij e Sin(Ny x)sin(N y) 4, tanh [2,,2,.2 (He - Hs)]

i,=1 j,=1

S h(2
+Zz|pq(2)Nq sm(NpSy)M

Ps=1q5=1 sinh (ﬂpsqssl)

+i % J e @ Nog Sln(N Y) il [ipsqs (8- X)]

b0l o sinh(/lpeqesl)

poQ sinh(imq?y)
+;;Kp o@Ng, S'n(me)m

+i§:qu(2)Nq sm(Nsx)Smh[ % (S z—Y)]

bol go1 smh(ﬂ S )

Psds
from which, using again a Fourier expansion in 0<x<S, and 0<y<S,, gives us the
relation

K,
( ] kI(Z)ﬂ'kI "‘H. i (2)2“.1 tanh[i (He _Hs)]:

Shy % smh( . )
( Jlequ pqsqusjsm (N, y)sin(N, y)dyjmsm(N X
B Qe
(343 ]ZZ o2 N, ISIn N y)sm(N y)dyx
192 ) pe=1ge=1
sinh [ ]Sln(Nulx)dx

smh(i Sl)

% sinh (2,4 Y)

|
(B Ko anl s ] S o)
|

<la;=1 smh(/l

R Q 5,
Sszjg_llqzleqa(z) % !5”‘ N x)sm(N x)dx><

5 smh[ y)] _
) smh(,1 s) sin(N,y) . (3.218)

Solving the above integrals, we finally get the equation

KZ
(K_l] Evy A +Hi 4, tanh [ﬂ"ziz (He - HS)] -
AISTNRY N, —cos(N,S,)
S_1 ; PR () N +/1P5%2 N“l
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]Qﬁ J Nu
+ - 1
66(2) b
1 ~ Ped q Nu12 +/1p6q62
Q N 2 —cos(N, S
+ SE]ZKD7Q7(2)NQ7|:N 2 Vl;t z} ,E, : 2)
2 7 Vi + P70z

2 %L NN (3.219)
SZ = Pgls (2) " " dg NVlZ_*_ZquBZ ! '

where u, =K=i,=p,=p;, V,=1=J,=p;=p, and Q; =Q; = Q, =Q, —> 0. In the same way,
equating the hydraulic head expressions of the middle and bottom layers at z = H, [boundary

o

o
Il
LN

condition (\Va)] gives us the relation

iith(z) sin(Nilx)sin(Nhy)

=1 =1
L, J, ; ) 1
+;§Hizj2(z)sm(Nizx)sm(NjZY)cosh szz (.= Hs)]

» [ - sinh( A, X
+;q§llpsq5(z) sin(N,, y)sin[ N, (H, ~H; ]ﬁ
sinh[ 2, (S,~X)]

P Qs
+Zz‘]psqs(Z)Sin(Npey)Sin[N%(HG_HS):I Sinh(}u S)
Psls 1

P=10g=1

sinh(4,,,Y)

P Q
+Z Z vaqy(Z) Sin(vax)Sin[N‘h (H6 - Hsﬂm
Pty <2

3 sinh[ 4,., (S,-)]

R
+;qu:_le3%(2)Sin(NPsX)SinI:ng(H6_ 5 Sinh(lpsqssz) —H;
_ZZ N (z)sm(N x)sm(N y)coth[i (h—HG)]—Hl.

=1 jo=1

Performing a double Fourier expansion in 0<x<S, and 0<y<S, on the above equation
will now yield the expression

=Gy~ Hipy Sech[ A, (He—Hy) [+ By o coth[ 4, (h—H,) | =
&L i
fanw, (. dyTj,';‘:((jf;f)sm< o
X3 duucnsin[ N, (Hy —Ho ]

Ps=10s=1
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Ssinh| A, (S, —X
J'sm(N y)sin(N, y)dy!. SIE]h"(ﬁq;:q 5,) .

P7 7
+2. 2 Koweo sin[Nq7 (He- H5)]><

p;=1q;=1

sin(Nulx)dx

Ism(N x)sin(N, x)dxsj' %sin(my)dy

B Qs
+Z Z Lpa%(z) Sin[Nqs (H6 - H5):|x

Pg=10g=1

S, smh[lpsqg(sz—y)] _
Ism(N x)sin(N, x)dx! S (£,.5.] sin(N,,y)dy

+(H, - HS)fsin(Nulx)dxfsin(Nvly)dy}. (3.220)

Solving the above integrals, we get
Gy — Hijioy 56N [ 4, (Hg—Hy) |+ P

i3J3(2)

coth [/1,31.3 (h— HG)] =

iLj1(2)

2\ & _ N,’ —cos(N, S
" S_lJZIPSQS(z)SIn[NqS(HG_HS):II:Nulz +12vp5%2:|[ l\(l 1)}

Uy

i2J2(2)

1/ =1 Uy

2 \& N, —cos(N,S,)
+ S_ 1qu(2)5|n[Nq (H6 HS)] N2+, 2 N

2 /) 9= Vi P79 Vi

2 Qg . T NV1
* S_J leBqB(z,Sln[Nqs(m—m)_[w}

2/ Gg= Vi Ps

N

Uy

[ 4 ](Hle)ll_cos(N“ﬁlq 1—cos(NV182)] c.220)

Vi

where U=p,=p= i1:i2 :is =Ps=Ps = J = jz = j3 and Qs =Q5 = Q7 =Q3 — o, Also,
boundary condition (\VVb) leads us to the relation

Il 1
K, ZZG, . (z)sm(N x)sm(N y)ﬂ,,“.1 tanh[;tllj1 (He - Hs)]

Il jl—
{ IZ:JZE; ”3(2) L sm(Nigx)sin(Njgy)}.

Simplifying the above equation, we get

Z3

K,
K Giljl(z)ﬂiljl tanh [ﬂu (H6 - Hs)] + F’|313(2)2,|313 0 (3.222)
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where i, =i, and j =j,. Egs. (3.217), (3.219), (3.221) and (3.222) can now be solved

simultaneously to evaluate the Fourier coefficients E,,), G, 5, Hi,, and B,
corresponding to a ditch drainage scenario of Fig. 3.10; thus, our boundary value problem of
Fig. 3.10 corresponding to the steady state situation stands solved. We would again like to
emphasize here that our steady state solution is exact for all possible combination of the flow

parameters of Fig. 3.10 and does not depend on any predefined conditions for its validity.

3.2.2.2 Determination of Coefficients of the Transient State Part of the Solution
[transient state solution is approximate and is applicable only when directional
conductivities and specific storage of the layers of Fig. 3.10 satisfy the conditions

le/Ssi - sz/Ssz - sz/Sss’ KY1/851 T KYz/Ssz - Kys/ssa and Kzl - KZz - Kzs -0 (bUt
K,=K, =K, # 0)]

Since the head expression of the steady state solution for the top soil layer remains identical
(but with the exception that the Fourier coefficients to be used now are B, ,, C

D

P,0,(2)?

na@ Mpa2r Euae and Qupy and not the corresponding coefficients of the previous

problem) to that of the previous problem, the coefficients of the triple Fourier series A,
will also have a similar expression as that of A, . ., (Eg. 3.121). The same is also true for the

coefficients W, . ,, associated with the bottom layer since for this layer also the steady state

head expression for the present problem is identical (again with the exception that the
coefficients to be used for this expression are now B, ,, instead of P, ;). However, as the

head expression for the middle layer is now different from that of the previous problem, the
coefficients R, . ,, for this drainage setting (i.e., for the flow problem of Fig. 3.10) will

have a different expression from that of the previous problem; an expression for the same, in

view of initial condition (11), can be written as
LZ MZ N2

DD Rne sin(N,Zx)sin(Nmzy)sin(anz) =0,

l,=1m,=1n,=1

0<x<S,, 0<y<S,, 0<z<H,,

L M, Np

DI Rme sin(N,Zx)sin(Nmzy)sin(anz)

l,=1m,=1n,=1

L cosh| 4; (2-Hs)]

=_ZZGU1(2) ]Sin(NhX)Sin(Nhy)

=1 j=1 cosh I:/llljl (Ha - Hs)

L & cosh| 4 ; (He—2)| _
_;;Hizb(z) cosh |:|£1'IZJ:(H66— H5%|j| Sln(NiZX)Sln(szy)
R sinh(ipsqsx)

— ;qszl e 2 Wpsqssl)Sin(Npsy)sin[Nqs (z- Hs)]
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R Q& sinh [ﬂpﬁqﬁ (Sl—x)]

_Z‘Z‘]pﬁq“(z) sinh(i S)

sin(Npey)Sin[qu (z- HS)]

Ps=10s=1

& & sinh(4, . Y _
_Z_lqu_:l m%(@ﬁsm(Np?x)sm[Nq?(z—HS)]
R Q Slnh[lpgqg(sz—y)]_ _
_g—:lq;—ll_pa%(z) sinh (4, S, ) sin(N,, x)sin[ N, (2—Hs) |- (-Hs),
0<x<S,, 0<y<S,, Hy <z <Hg,
ZZZRmn(Z)SIn(N x)sin(N,, y)sin(N,,z)=0,
l,=1m,=1n,=1
0<x<S, 0<y<S,, H,<z<h

This allows us to evaluate the coefficients R, . . ,, by running a triple Fourier series in the
concerned domain; the required expression thus for the determination of the same can be
expressed as

8 1 1 e cosh| 4, (z—Hg)| |
R|2m2n2(2) (SShH _ Ilh(z)'[cosh[[ (HGHj]sm(anz)de

ISin(Ni1X)Sin(N|2X)dXX J‘sin(Nhy)sin(Nmzy)dy

b, J, Hs cosh[ (He —z)]

_ZZH'Z’Z(Z)J.cosh[ (H, H)]

i,=1 j,=1

sin(anz)dzx

Tsin(Nizx)sin(lex)dxx I sin(szy)sin(Nmzy)dy
0 0

B & 5 sinh (/1 X)

- Psds
R

e sl)
_[sm(N y)sm(N y)dy}sm[ (z—HS)]sin(anz)dz

5 smh[ x)] _

PE 6
sin( N, x)dxx
pq(Z)I ( ' )
ps—l%—l o smh( 1) ‘

Sfsin(Npsy)sin(Nmzy dyj' sin N, (z—H,)sin(N,, z)dz
H5

Sz S|nh(/1p7q7y)

P9
_ZZ pq(Z)I inh(4 82)

p;=1qg,=1

Sin(lex)dXx
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Simplifying the above integrals, we finally get R, . . ,, as
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H
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le Nmz an
where |, =p,=p, and m, = p, = p; and Q, =Q, =Q, =Q, — . The discharge and volume
expressions pertaining to this problem can also be determined by following exactly the same
procedures as have been done in the previous problem. The expressions for Q. (t) and
Qt;p(z)(x, y,t) shall remain identical to Q,,, (t) and Qt(f)p(l)(x, y,t) of the previous problem

[Egs. (3.131) and (3.133)]. However, the Fourier coefficients are to be B, ,, C

P,0,(2)?
Doar Fra@ Buer Quer Amn@r Runne @d Wi, o) in place of By, Cpq ),
Diww Fraw Buwr Quos Amnw s Runne and Wi, o - The discharge expressions for
the four different ditch faces for the current problem now work out as
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where Quoinzr Qsaunz)r Qeastzy @Nd Queq(z) are the discharge expressions pertaining to the
Northern, Southern, Eastern and Western boundaries of the flow problem of Fig. 3.10.

3.2.2.3 Verifications of the Proposed Solution

Like in the previous solution, here also a battery of checks has been carried out to determine
the validity of the proposed solution both for the steady as well as transient situations.
Further, the current three-dimensional solution can also be made applicable for a two-
dimensional situation by following exactly a similar procedure as has been mentioned in the
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previous problem. The Q. /2Kh ratio for a two-dimensional flow situation located at a

section 500 m mid-way between the Northern and Southern boundaries of Fig. 3.10 is now
working out as 0.732 when the other flow parameters of Fig. 3.10 are taken as S, =1000 m,

S,=100m, h=3m, H,=27m, H;=25m, H;=28m, 6=0m and K, =K,
=K, = 0.05 m/day . As this ratio from Fukuda’s (1957) and Youngs’ (1994) solutions for the

same flow setting are turning out to be 0.743 and 0.742, respectively, values quite close to the
one predicted by our model, the developed solution thus can be considered as correctly
developed. It is worth noting that Fukuda found this value experimentally to be 0.72 and the
close matching of this value with our predicted value can then also be taken as an
experimental verification of the developed solution. Figs. 3.12, 3.13 and 3.14 also show
comparison of our solution with the analytical works of Kirkham (1965), Barua and Alam
(2013) and Sarmah and Barua (2017) for a few drainage settings of Fig. 3.10. As can be seen,
in all these cases, the predictions from our solution are found to match closely with the
corresponding values of others, thereby showing that the proposed solution is a correct one.
Further, like in the previous model, MODFLOW models were also drawn and checks were
carried out on the proposed solution for both steady as well as transient state of simulations of
the system; Figs. 3.15 and 3.16 show comparisons of numerically obtained heads with the
ones obtained by our solution when the parameters of Fig. 3.10 are taken as shown. Here
also, our analytically obtained heads can be seen to be matching very closely with the
corresponding values obtained by numerical means, thereby providing us with a further
verification about the validity of the proposed solution.
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Fig. 3.11. Comparison of steady state hydraulic heads as obtained from the proposed solution at a vertical
cross-section located half-way (i.e., at S,/2) between the Northern and the Southern boundaries of Fig.
3.10 with the corresponding values as obtained from Kirkham’s (1965) single-layered steady state solution
of the problem for isotropic soils when the flow parameters of the problem are considered as S, =15m,
S,=5m, h=1im, H;=07m, H;=04m, H;=08m, 5=0m and K, =K, =

K, =K, =K, =K, =K, =K, =K, =1m/day

X3 Y1 Y2 Y3 4
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3=0.03m

0.7m

Fig. 3.12. Comparison of transient hydraulic heads as obtained from the proposed solution at a vertical
cross-section located half-way (i.e., at S, / 2)) between the Northern and the Southern boundaries of Fig.
3.10 at times t=100s and 500 s with the corresponding values as obtained from Barua and Alam’s
(2013) single-layered transient solution of the problem for anisotropic soils when the flow parameters of
the problem are considered as S;=15m, S,=5m, h=1m, H,=0.7m, H.=035m, H;=0.8m,
6=0.03m, K, =K, =K, =15m/day, K, =K =K =15m/day, K, =K, = K, =1m/day and
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Fig 3.13. Comparison of transient hydraulic heads as obtained from the proposed solution at times
t =100 s and 500 s with the corresponding values as obtained from Sarmah and Barua’s (2017) single-
layered transient solution of the problem for anisotropic soils when the flow parameters of the problem
(Fig. 3.10) are considered as S,=6m, S,=5m, h=1m, H,=0.65m, H,=0.35m, H, =0.75 m,
6=004m, ¢ =¢,=005m K, =K, =K, =1m/day,K, =K, =K =1.5m/day,

K, =K, =K, =0.002 m/day and S, =S_ =S_=0.01m"
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3.2.2.4 MODFLOW Verifications of the Proposed Solution

Contour surface for

25
*  Steady state hydraulic heads generated using proposed solution

e= 005m
— § =005m

§,=10m |

Fig. 3.14. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding results as obtained from MODFLOW when the flow parameters of Fig. 3.10 are
considered as S, =10m,, S,=5m, h=1m, H,=06m, H,=035m, H,=0.75m, §=0.05m,

&, =¢&,=005m, K, =1m/day, K, =2 m/day, K, =1.5m/day, K, =1.2 m/day, K, =0.8 m/day,
K, =09 m/day, K, =0.5m/day, K, =0.5m/day and K, =0.6 m/day
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Contour surface for
d=-02matt=100s

(@) Southern
Boundary

02 "
¥
4] A
N
0.6~ SR

!

Hk

08-~F-

Northern
45 Boundary

25 g

#* Transient hydraulic heads generated using proposed solution

Contour surface for (0,0,00

(b) Southern g=-02matt=500s ¥ x

0.2 -

0427

0.6~

080

Northern
45 Boundary

25 g
* Transient hydraulic heads generated using proposed solution

£= 005m

£= 005m
&,=004m _'4 h_ 5_ =0.04m
570.02m = §=002m §,=002m §=002m
473‘_3:1 m-—» “*5}.,= 1m—»
-~ § =4m — SL: o9m
| 5,=5m = I §=10m —I

Fig 3.15. Comparison of transient hydraulic heads as obtained from the proposed solution at times
t=100s and 500 s with the corresponding values as obtained from MODFLOW when the flow
parameters of Fig. 3.10 are considered as S, =10m, S,=5m, h=1m, H,=0.6m,

Hy=0.35m, H,=075m, 6,=0.02m, 6,=004m, & =g =005m, d _=1m, d_=9m,
d, =1m,d, =4m, K, =15m/day, K, =0.75 m/day, K, =2 m/day, K, =1m/day, K, =0.75
m/day, K, =0.375 m/day, K, =K, =K, =0.001m/day, S, =0.03m™, S, =0.04 m"and

_ -1
S, =0.015m ™
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3.2.3 Level of Water in the Ditches is below the Boundary between the Middle Soil
Layer and the Bottom Soil Layer

We have now come to the last of the cases of the drainage problem of Fig. 3.1 where the level
of water in the ditches lies in the bottom layer. Fig. 3.16 shows such a configuration where
the level of water can be seen to be below the top horizontal boundary of the bottom layer.
Like before, the soil is being introduced to a variable ponding distributing at the top of the
soil with the help of a network of inner bunds.

s, ¢(x,,2,1) % /
K, / h /
{ K, Hl
K, Asw1
L/

- &y
NS
=
\‘;‘

s, $,(x,3,2,1)
x| "k s
et N s, B.(%, 5551 —

S,

Fig. 3.16. Three dimensional ditch drainage system for a three-layered soil when the height of water in
the ditches is below the boundary between middle and bottom soil layers

AN

The boundary conditions specific to this problem can be represented as

¢1(3)(x,y,z,t>0):—z, x =0, 0<y<s,, O0<z<H, (XXXII)
bz (X, Y, 2,6 > 0) =2, x=0, 0<y<S,, H.<z<H,, (XXXII)
By (%, Y, 2,t>0) =~2, x =0, 0<y<S,, H,<z<H,, (XXXIVa)
Bya (X, Y, 2,1>0)=-H,, x =0, 0<y<S,, H, <z<h, (XXXIVh)
Bz (X, ¥,2,1>0) =~ x=S, 0<y<S,, O0<z<H,, (XXXV)
By (X, Y, 2,1>0) =~2, X=3S, O<y<S,, H, <z<H,, (XXXVI)
By (%, Y, 2,6 >0) =2, X=S, 0<y<sS,, Hi<z<H, (XXXVlla)
¢3(3)(x, y,z,t>0)=-H,, X=S, 0<y<S,, H,<z<h, (XXXV1Ib)
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by (X Y,2,t>0) =7,
by (X, Y,2,1>0) =7,
By (X Y, 2,t>0) ==2,
bys (XY, 2,1>0)=—H,
Gz (XY, 2, >0) =2,
By (X, Y, 2,1) =2,

By (X, Y, 2,1) =2,

By (%, Y, 2,t) =—H,,

0<x<S, y=0, 0<z<H,, (XXXVII)
0<x<S, y =0, H.<z<H,, (XIL)
0<x<S§, y =0, H,<z<H,, (XLa)
: 0<x<§, y=0, H,<z<h, (XLb)
0<x<S,, y=S,, O0<z<H,, (XLI)
0<x<S, y=S,, H.<z<H,, (XLII)
0<x<S§, y=S,, H,<z<H,, (XLIlla)
0<x<§, y=S,, H, <z<h. (XLI1Ib)

The hydraulic head expressions for the top and middle layers will now be identical to those in
the previous flow problem; however, for the bottom layer, the head function, in view of Egs.
(3.27), (3.28) and (3.29), will be different. The head expressions for this flow problem can be

expressed as
R Q

b (xy.2t)=> > B

p=lcy=1

R Q

+>.>C

p,=10,=1

P, Qs

+>.>'D

p3=1q;=1
P Qs

+>. > F

py=10,=1

sinh(/lplqlx)

" sinh (4, S,)
sinh [ﬂpzqz (S, —x)]
sinh(4,,,,S; )
sinh(ﬂpgqay)
"9 sinh (4,4, )

sinh [xlm (S,— y)]
sinh (ﬁpAqASz)

sin(Nply)sin(quz)

P20 (3)

sin(szy)sin (quz)

sin(Npax)sin(N%z)

sin(dix)sin(NqAZ)

P44 (3)

K 3 sinh(A4,z) . ’
+;é W —cosh((j:HZ)Sm(NkX)Sm(N'y)

u v cosh| 4, (Hs—2)] _
+§VZ=;QW(3) cosh (g Hs sin(N,x)sin(N,y)
+222Almlnl(3)sin(N,lx)sin(ley)sin(anz)eXp[_uhmlnl)Zt}
L=1m=1n=1

+2.2. 2 R @sin

l,=1m,=1n,=1

L

TH-2240_126104012

M; Ng

DI I sin(lex)sin ( ngy)sin(N%z)exp

l3=1 my=1n,=

(N,Zx)sin(Nmz y)sin (anz)exp [_(’Rmznz )2 t}

)

(3.229)

1

(3.230)
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Np = p27z.j!
2 SZ
N, =_[l‘2q2]i ,
=l 2 JH,
N,, = pS”j,
3 Sl
Nq :_(1_2(13]1 1
: 2 JH,

2 2 1 al 21 al
/1%) =(NZKZ+N2KE),
2 1 al 2 1, al
ﬂ’pzqz = NPzKXy+NQ2KXZ)’

TH-2240_126104012
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(3.231)

(3.232)

(3.233)

(3.234)

(3.235)

(3.236)

(3.237)

(3.238)

(3.239)

(3.240)

(3.241)

(3.242)
(3.243)
(3.244)

(3.245)
(3.246)

(3.247)

(3.248)

(3.249)



K = [ Ky ] (3.250)
KY1
N, =£'l—”J (3.251)
1 Sl
N,, =(ml” , (3.252)
1 SZ
1-2n \x
N = L=, 3.253
)] (3259
N, —('2—” , (3.254)
1
N, :(mzﬁ (3.255)
2 SZ
N = (1‘2”2]5 | (3.256)
2 2 h
N, :['3—”} (3.257)
3 Sl
N, :[mS” (3.258)
3 S2
N = [1‘2” jﬁ , (3.259)
3 2 h
K K
(AM)Z{NH [—“} Nmf( J+N [ H (3.260)
51
2
(Azmzﬂz) = ( ] ( J J:l (3261)
2
(213“13”3) = [ J [ j ]:l (3262)
and Bplq @ Cnoue Pruer Frae: Eier Quer Amne: Rimne and Wi, o are
constants and
b COSh[ :|
X,¥,z,t)= G, sin( N, x)sin(N.
by (XY, 2,) hZ_;hZ_l “1(3)cosh[ (H H )} ( 1) ( hy)
b 3 COShI: ( Z):I
+ H, . sin(N; x)sin(N;y
Izz_ljzz_l 252 (3) OShI: I2j2(H6_H5):| ( 2 ) ( J )

TH-2240_126104012
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+§:§:|ps%(3) %sin(N%y)sin[N% (z-H,)]
38 M B an( sl v
o 20 )
P Sm:mi?&)y)]Sin<Npsx>sin[N%<z—H5>]—H5

L M N
DIDIP I
=1 m=1n=1

o Sin(N, x)sin(N,, y)Sin(N”lZ>eXp[_(ﬂ'1”“ )Zt}

+i Z i R, sin(lex)sin(Nmzy)sin(anz)exp[—(ﬂbman )2 t}

l,=1m,=1n,=1

L M; Ng

DD I I sin(ngx)sin(Nm3y)sin(Nngz)exp[—(ﬂgms% )2 t}’

L=l my=1ny=1

N [ Per
6 SZ
N [ Br
7 S]_
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(2.263)

(3.264)

(3.265)

(3.266)

(3.267)

(3.268)

(3.269)

(3.270)

(3.271)

(3.272)



o =:(1_§q7j(H67—TH5H’

Np = MJ1
8 Sl

Y ::(1_22%}(H67—IH5H’

[(N.2/K322)+(N121/K;2)],

o~
=
S~
[N
I

“=[(NE k)N K],
=[(~;

NZ /K:2)+ N2 Kﬂ,

Gg Yz

Kaz KZZ

Xz KX2 !
K

a2 [
-[1)

Y2

K a2 KYz

Xy sz

and G,j ), Hije |

Ps0s (2) * J Peds (2) *

I cosh[ﬂ,,j (h—z)}
t 313
¢3(3) X Yz, ;; '313(3) nhl:/l _ (h_ HG):'

R smh(/lpgqg )

3 M, msin(N%y)sin[ng (z- HG)}

Po=L1gp=1

Py Qu sinh[ 4, 4. (S:=X)]

Koq @ and L, ) are constants and

Sin(Ni3x)Sin(N1-3Y)

N
+,§1qu_1 Puotho (3 sinh(/’tp i S)

sinh(A_ .y
+ZZqul<a> (pq )

sin(pry)Sin [qu (z- H6)]

sm(anx)sin[NOlil (z- He)}

by smh(/ip1 " )
Re. Q sinh[ 4, 4. (S, - )]
¥ g‘l q;lvpﬂqﬂ(?’) sinh (/Ipuqlzsz)
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(3.273)

(3.274)

(3.275)

(3.276)
(3.277)
(3.278)
(3.279)
(3.280)

(3.281)

(3.282)

(3.283)

(3.284)

sin(N,,x)sin| N, (z—H,)|-H,



L M N
+§ mz—lnlzlA m,m, (3) Sil"l(N|1X>Sin(ley)sm(anZ)eXp|:_(ﬂ'llmln1 )th|
L, M, N,

+ZZ RImznz(s)sin(N,Zx)sin(Nmzy)sin(anz)exp[—(42m2n2)Zt}

l,=1m,=1n,=1

L; M

+Z 2 ZW|3m3n3(3) sin ( lex)sin ( N, y)sin ( anz)exp [—(213,“3”3 )2 t}, (3.285)

la=1my=1n,=1

where
Ni :('3_”} (3.286)
3 Sl
N; =(Jg—”j (3.287)
3 Sz
N, =(Mj (3.288)
9 Sz
1-2q T
Ny, = : 3.289
® K 2 jh—HJ (3.289)
N, =(—p1°ﬁ]’ (3.290)
10 SZ
1-2q Vd
Ng, = 1 3.201
o ( 2 ]h H } (3.291)
Np, = —p”ﬂ} (3.292)
Sl
1-2q T
N, = = 3.293
o ( 2 jh H } (3.293)
N, =(M} (3.294)
12 Sl
1-2q T
Ny, = . , 3.295
e [( 2 jh—HJ (3.295)
2_ 2 a3 2 a3
(2.;) —[<N,3/KXZ)+(NJ /KX )} (3.296)
(Ane ) =NZ K +N2KE (3.297)
(ipwao) NG, K+ Ng, K&, (3.298)
(/1P11Q11) =|:(an/ij3)+Nun;Z3:|, (3299)
(Z’pu(hz )2 = |:(N §12 / K3y3)+ N‘iz K323:|’ (3300)
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Ka3 — Z3 ’ 3301
<7 K, (3.301)
a3 KZ

Ky =|—" | (3.302)

Kys
K
3 _ Y3

Ky = K, (3.303)

and P o Moo Noa@r Ypae aNd V, . are constants. Also, the Darcian velocity

expressions for the top layer, V., V.,

Egs. (3.99), (3.100), (3.101) for the first problem; however, the Fourier coefficients to be
used now in these expressions are Bq @), Cpqe0 Dogey Frae Eier Quer Amne:

and V,,;, will be identical to those as mentioned in

R,mn and W, .. and not the corresponding coefficients pertaining to the first problem.

Similarly, Darcian velocity expressions for the middle layer, represented by V,,, V,,, and

y2(3)
V., Will be identical to the expressions mentioned in Egs. (3.204), (3.205) and (3.206). But
again, it should be noted that the Fourier coefficients to be used now for these velocity

functions are G, ), Hij 0 | J Ko Lagwe Amner R and

Wima, 3 @nd not the corresponding coefficients pertaining to the second problem. But, for the

Psds (3) ! P (3) ! 1,myn;, (3)

bottom layer, the velocity distribution functions, V4, V35 and V,,,, along x —, y —and
z —directions, respectively for the present case may be expressed as

B I s cosh [/1,31.3 (h—z)] _
Ve =K, {;;&hm o [113,-3 (h- H6):| N, cos(Niax)sm(sty)

, Cosh (/lpgqg )

R
o Z z Pgdy (3)

sin(N,, y)sin[ N, (z-H,)]

e =1 mh(lpgqgsl)
UL LNEY)
13 S o, (v, s (2]

8 S s P i g, e
+Z mlz Z Aoy 005(Nyx)sin(N, y)sin(N, 2)exp (4., ) t]

L M, N,

DN RN, cos( lex)sin ( N, y)sin ( anz)exp[—(ﬂhmzn2 )2 t}

l,=1m,=1n,=1
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+i ﬁ iw,smsw) N, cos( lex)sin ( A\ y)sin ( N, z)exp [—(/Lsmsns )2 t}} (3.304)

l=1 my=1ny=1

Iy s cosh| 4, (h-2)| .
Vo =K, {;;pizm — [E : J(h— HG)]]sm(Nin) N;, cos(N; y)

R Q smh(/i x)

+ZZM Pgaly

Pgdy (3)
Pe=1qy=1 sinh (lpgng )

. Qo inh| A S, —
+PZ le Npm‘ho(s) il |: ploqm( . X)] NplO COS(Nploy)Sin[quo (Z_HG)]

Pro=1Go=1 sinh (lpm%osl)

h(A4
Sop TN - | ”)”sm(mnx)sm[wwHeﬂ
Py =l =1 2

N, cos(Npgy)sin[ng (z—HG)]

_§1§1 Prathz (3) p12q12 Csc:nI;E i )2 ):'sm(NpuX)Sin[Nqu(z_HG):'
+§§§Alm(3)5in(NhX) ( )S.In(anz)exp[_(jnmm1 )zt}

2 MZ NZ

+i D D R sin(N,zx) N, cos(Nmz y)s.in(anz)exp[_(%m2n2 )2 t}

l,=1m,=1n,=1
L3 M3 N3

+Z Z ZW|3m3n3<3> sin ( ngx) N, cos( ngy)sin ( anz)exp[—(/hmsns )2 t}} (3.305)

la=1my=1n;=1

T e
+pilqi Mo slm:((qu;()) sin(N,, y)N, cos[ N, (z=H,)]
) B LRI
O U NS
S U L LN,
533 A ()N, o5, ) ()

+i %“ i R @) sin(lex)sin(Nmz y) N, cos(anz)exp |:_(212m2n2 )2 t}

l,=1m,=1n,=1
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L M, N

D D W 5 8iN ( lex)sin ( Nmsy) N, cos( Nn3z)exp [—(/1,3m3n3 )2 t}} (3.306)

l,=1m,=1n,=1

3.2.3.1 Determination of the Steady State Solution Coefficients (steady state solution is
exact and valid for all possible arrangement of parameters of Fig. 3.16)

As mentioned before, all our transient head expressions will reduce to steady state if the time
variable in them is allowed to extend to infinity; as may be observed, this will make the
exponential terms in these expressions to go to zero leaving behind only the steady state parts

of head functions. The Fourier coefficients B, ), C, o 5+ Dpqe @and F, ) have the same

expressions as in the previous case for B, ., C,. ),
expressions are as mentioned in Egs. (3.208), (3.207), (3.210) and (3.209), respectively. The
expression for the coefficient Q. will also remain the same as that of Q,,,, since boundary

DP3Q3(2) and Fp4q4(2) and thell’

conditions atop the field remain the same.
Now from boundary condition (XXXII1) and Eq. (3.263), we have the following relationship

P Q
zZJ%@)sin(NpGy)sin[Nqs(z—HS)]z—(z—H5), x=0, 0<y<S, H.<z<H,.

Ps=10g=1

Thus, the coefficients J, ., can be determined by making a Fourier run in the concerned

Pl (3
domain; the resulting equations works out as

2 5 5 He _
o :[5_2]( H, - Hles'n(NpGY)dyX[J‘ —(z- H5)S|n(N%Z - N%Hg,)dz}. (3.307)

Hs

Solving the above integrals, we get

b :(8_22]( ; E H5JF_COS’\I(NPSSZ)H_SM[N%JH6 - Hs)J} (3.308)

Ps s

Similarly, by applying boundary condition (XXXV1) in Eg. (3.263), we get

B Qs
zzIp5q5(3)sin(Np5y)sin[Nq5(z—HS)]:—(z—HS), x=S, 0<y<S, H.<z<H,.

ps=105=1

Fourier expansion in the relevant domain gives the final expression for | ) as

P50 (3

Ps Os

Also, from boundary condition (XIL) and Eq. (3.263), we obtain

R G
ZZLpsqa(s)sin(Npsx)sin[ng(z—HS)}z—(z—HS), 0<x<S, y=0 H,<z<H,.

pg=10g=1
Solving for the coefficients L via Fourier expansion, we get
Pg s (3)

e :(S%]( . f HSJ[l—coil(NpaSl)H—sin[ngl\fH6 - Hs)]} (3310)

Pg Os
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Similarly, by incorporating boundary condition (XLII) in Eq. (3.263) and performing the
necessary Fourier expansion, we obtain K . ., as

Km%wfzﬂé}(Hﬁngjll_anNMSJ]{gn[Nn§H6HSH}' (3.311)

p7 Gz

Implementation of boundary conditions (XXXIVa) and (XXXIVDb) in Eqg. (3.285) lead to the
following relations

Po Qo ) )
z NP10Q10(3) Sln(Npm y)SIn[qu (Z - HG)] =_(Z - HG)’
Pio=1 =1
x=0, 0<y<S,, Ho <z<H,
Po Qo . )
Z Nplooao(s) Sln(pry)SlnI:quo (Z - H6):| = _(Hl - H6)’
Po=10y=1
x=0, 0<y<S,, H,<z<h
Solving for N, . . utilizing Fourier expansion, we get

N oo =(S%](h—2H6 j,fSin(Nme)dyX
{]’ ~(z—Hg)sin[ N (z—H,) dz+ T —(H,—Hg)sin|[ N, (z- HG)]dz}. (3.312)

He

Carrying out the above integrals, we find expression for N . as

L o e

Pio Gio

Also, substitution of boundary conditions (XXXVIla) and (XXXVIIb) in Eq. (3.285) give us

the relations
PQ Q9

pZ::qu::lM”gqg sin(N,, y)sin[ Ny, (z—H,)]=~(z—H,),
x=0, O<y<s,, H,<z<H.,
R Q

;(Z;Mpgqg Sin(Npgy)sin[ng (Z_He)J=—(H1—H6),

x=0, 0<y<S,, H, <z<h.

By performing a Fourier expansion in the concerned domain and solving the ensuing
integrals, we get M, 5 as

Ot e e e T

Pg Gy

Next, we implement boundary conditions (XLa) and (XLb) in Eq. (3.285); this gives us the
following relations
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P Qi

D D Vo sin(Npux)sin(Nqu (z— Hﬁ)):—(z—He),

Po=10q;=1

0<x<S§,, y =0, H,<z<H,,
R Qi

Z vaufhz Sln(Nplzx)Sln(quz (Z_ HB)):_(Hl_ HG),

Po=10,=1

0<x<S§S, y=0, H,<z<h.

Solving for V, . Vvia Fourier expansion, we get

v (22 )[1cos(N,,S:) | |=sin[ Ny, (Hi—H;)] (3.315)
Prathp (3) s, \h—H, N N ' |

P2 G2
Similarly, from boundary conditions (XLIIla) and (XLIIIb) and Eqg. (3.285), we find U
as

(2 2 l—cos(NpMSl) —sin[N%(Hl—HG)]
Upuqn(S)_(S_lj(h_Hﬁj{ N H k. . (3.316)

Piy Gy

Pr10h (3)

Now, by equating the hydraulic heads of the top and the middle layer at z=H, [boundary
condition (I\VVa)], we get the relation

giB%@sin(Nply)sin(quH ):::(( X))
+§l§lcpzqz(3)sin(szy)sin(quH )S'":Eh (ﬂp(zqzsl) )]
+§:1§1Dp3q3(3)sin(Np3x)sin(Nq3H5)%
+pilqi o SiN(N, X)sin(N, Hs)Sin:i[ni"& p(:‘zs z)y)]
+§IZL1:EK,(3)sin(ka)sin(le)tanh(ﬂk,Hs)
+§:éQW(3)sm (N,x)sin(N, y)m

L3 _ _
) '1: ;th(s) o ( NIlX)SIn(N hy) COSh |:ﬂ/|1j1 (HG - H5)]
L, J,

+ZZH,J(3)sm(N x)sm(N y)

ip=1 j,=1
Performing a double Fourier expansion in 0<x<S, and 0<y<S, in the above equations
and solving the integrals that emerge, we get the expression
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1 Ho4+Q. A
W@ Losh [ﬂ% (Hs B Hs)] iz 2 (3) W@ ~ogh (iuvHs)

(4 ]Hsll—cos(Nulsl)]{l—cos(Nvlsz)}
S.S, N N
2\& _ N,° —cos(N, S
_ingmql‘s’S'n(quHs){N2+1%qu ﬁ 1)}

Eu@ tanh(44H;) -G

2 Q NU1 |

— S_l ;Cpq(3)S|n(quH5)|:Nu12+ﬂp2q22
2\ & N2 ][ -cos(N,S

) S_zjt;qu(S)sm(Nq HS)_Nv12+/1pq2 [ (v1 )]
2 )& ) N,

_ S_J;Fm%@ S|n(Nq4H5)_m_, (3.317)
where u =p,=p,=k=i=i,=u, v,=p=p,=l=j=j,=v and Q=Q,=Q;=Q, > .
Equating the fluxes of the top and the middle layers at z = H, yields

K L
—KZII(ZIZEM)AKI sin(N,x)sin(N,y) =
=1 1=1
L, J,
{ ;;H'J(s)SIn(N x)sm(N y) - tanh[ (HG—HS)]
B Q Slnh(ﬂpq )
+ I N —_
;; P55 (3) QSSIn( psy)Sinh(ﬂ/psqssl)
B Qe Slnhl:/l (Sl—X):|
+ J N N Pess
P& sinh(}t y)
+ K N N P74z
;'1;‘1 o Sn( p7X)s.inh(/1p7q7sz)

33,0 N, sin(N, x) o]y (5 y)]}

Peda (3) '\ ) 5
ps=10g=1 sinh (lpaanZ)

From the above, we get

K,
(K_l] Ek|ﬂkl(3) + Hizjz(3)ﬂ12j2 tanh[ﬂizjz (H6 a HS):I B

N, —cos(N,S,)
( 1](;_1 p5q5(3) s Nu12+ﬂ“p5q52 Nu1
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N
+ Z 5 5(3) 5 >
1 ]‘16‘1 Pt ! |: N + lpe% j|
23 $K N N, —cos(N,S, )
Sz &= P47 (3) " Ty NVl2 +ﬂ’p7q72 Nvl

2 N,
s L 1 3318
82 J Z Ps%(3) g |: N + /’Lp8q8 } ( )

Og=1

where u, =k=i,=p,=p;, v,=l=j,=p,=p, and Q;=Q,=0Q, =Q; - .. Equating the
hydraulic heads of the middle and the bottom layer at z = H, [boundary condition (Va)], we

get
Izlljzle,,@sm(N x)sin(N, y)
Fi=
+§§Hizjz@Sin(Nizx)S‘”(szy)CoshM | (1H6—H5)]
+g§|psqs(3) sin(Npsy)sin[Nqs(HeHs)]%
+pilqu o SIN(N, y)sin[ N, (Hy = Hs)] Sin:i[nip(ﬁq;:lsl))()]
+§:1:Z7:1KW3)sin(Np7X)sin[Nq7(HeHsﬂ%
+§;§;L%@ sin (N, x)sin[ N, (Hs —Hs)] Sin:i[n/:]pzq;iqusz)y)] “H,

_ZZ @) S|n(Ni3x)sin(sty)coth[ﬂ,,1j1 (h—He)]_He'

ig=1 j3=1

A double Fourier run on the above equation gives us the relation
Gy~ Hijw 5ech| 45 (Hg—Hg) [+ R, o coth[ 4 (h—H,) =

i (3) ibj3(3

st

Ps=105=1

i (3

5, smh(/1psqs )
Ism(N y)sin(N, y)dylsmh 2aS:)

(
PG 6
+ZZ‘]peqe(3)Sin[ :'X

Ps=105=1
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SlSInh[ﬂvpsqe(Sl_X):I )
Jsin(N,y)sin(,y)oy] Sinn (7,5,

+ZZqu(3)Sm[ (HG_HS)]X

pr=lg,=1

Ism(N x)sm(N x)dx}:::( kil y))SIn(N y)dy

Pg=10g=1

(%0
+P2828 Lpaqs(3) Sin[ ]
[

S2sinh| A
ISIH(N xJsin(N, X)dxl nh(/l S)

+(H6—HS)jsin(Nulx)dxjsin(Nvly)dy}

0 0

Solving the integrals, we finally get

Gy~ Hi o 5eeh| 4,5 (Hg—Hg) [+ P,  coth[ 4, (h -

N, ? —cos
ljZ'pq@)S'”[ (H6_H5)] N 2+1/1 2:| ]

]sm(Nvly)dy

05 =1 L W Pss
2 Qs . 3 Nul i
* S—]ij sin| N, (Hs = Hs) | {W
1/ 0= Uy Peds |
2 | & _ N, —cos(N, S
+ S_J 1KP7Q7(3)SIn|:NQ7(HG_HS)][N 2+ﬂ, 2:|[ IEI 2)]
2 /) U= Vi P79 Vi
) Qg Y [ Nv1
T S_ 1Lpaqa(3) SInI:Nqs(HS_HS):I N 2+l 2
2 /) Gg= L v Pgg
4 Vo 1-cos(N,S,) || 1-cos(N,S, )
" S182 ( ° 5) Nul Nv1 ’

where u1=p7:p8:i1=i2=i31 V1=p5:p5=j1=j2:j3 and Q5=Qe=

sm(Nulx)dx

(3.319)

(3.320)

=Q, > . Finally,

equating the fluxes at z = H, [boundary condition (Vb)], we get the following relation

(AN
_KZZZ;Z‘IGMS)sin(Nilx)sin(Nhy)ﬂ,,lh tanh[/l,lh(HG—HS)]
I1= j1:
|3 3
{ 2.2 Pk S|n(Ni3x)sin(Nj3y)

i3=1 j;=1

P Q sinh(;tpgqu)
+§lqu M, oo Ne, S|n(Np9y)m
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Py Qu sinh[ 4, 4 (S;=X)]

+ Z Z Npmqm(S)qu Sin(N Pio y)

Pio=10yo=1 sinh (ﬂ“pmq10 Sl)

R Qu inh(4
+> DU, oNg, sm(anx)w

Pl =l sinh (ﬂpuqu S, )

Prothz (3) " "o :
Pro=10,=1 Slnh(lplzoazsz)

As before, by carrying out a double Fourier expansion in the relevant domain, we arrive at the
following equation

5,5, 1) Ka,
(%j{[K_]Glﬂl(mﬂfﬁh tanh l:ﬂ"ljl (H6 B HS):I " PI3]3(3)21313}

+i %‘,V N sm(N X)Sinh[ipuqu(szy)]}

Z3

>3m pqe>qgfﬂn (N, y)sin(N,, y)dy}s"m(ﬂ%% )ﬁn(N%x)dx

= 2 sinh (2,4 S,)

+§: %prqm@ qloJ'sm(N y)sm(N y)dyj‘smh[ p1q°(Sl_x)]sin(Nulx)dx

e o Sinh(2,.4.5:)

P % sinh(4,.,.Y)

+z zupnqu@) Qn.[sm(N X)Sm(N X)dxj.smh(l S)
2

pr=10y,=1
+i %Vpuqu(S) qlszIH(N X)SII’](N X dxsj' Smh[}“mzoﬂz(sz—

et o sinh(Z,,.S,)

Solving the above integrals, we finally get the expression

Kz
[K_ZJGilh(?a)ﬂhh tanh liﬂilh (H6 N H5):| + Pi31-3(3)ﬂial-3 4

Q N, 2 —Cos(N, S
( 4 j szg%(g)NQQ[Szj ( 1 l)
S.S, ) |aa 2 N +/1 N
+% N N (i
b Piotho (3) " " thio 2 N + /1
s\ N2 —cos
+Z N (_lj Y
1 11(3) 11
o P2 _N12+i 2_[ }

S N ]

+E \Y N (—11—“
2012 (3) 2

ot Przfh 42 { 2 N12+z 2_

where U=p;=Pp,=L= .3’ Vi=Pg =Py = Jl = 13 and Q=0Q,=Q,=Q, > EQs. (3-317),
(3.318), (3.320) and (3.322) can be used to determine all the coefficients of the steady state
part of the solution pertaining to any ditch drainage scenario of Fig. 3.16. We would like to

sin(Nvly)dy

y)J sin(Nvly)dy.
(3.321)

(3.322)
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again emphasize here that our steady state solution for the flow problem of Fig. 3.16 is exact
and is valid for all possible combination of parameters of the problem.

3.2.3.2 Determination of Coefficients for the Transient Part of the Solution [transient
state solution is approximate and is applicable only when directional conductivities and
specific storage of the layers of Fig. 3.16 satisfy the conditions
KXI/SSI - sz/Ssz - KXS/SSS’ KYl/Ssl = KYz/Ssz - KY3/853 and KZ1 = Kzz - Kzs -0 (bUt
K, =K, =K, #0)]

Since the steady state hydraulic head expression for the top soil layer remains identical to that
of the previous problem, the expression for evaluation of the Fourier coefficient A, 5 will

be identical to that of the one as given in Eq. (3.121) except that now we need to use the

Fourier coefficients B C D F Eve and Qs instead of the

P (3)° P,02(3) ! P30 (3) ! P49 (3)?

coefficients mentioned in this equation. Similarly, the expression for R . . . will be

identical to that of R, . . ,, of the previous problem owing to the similarity of the steady state
hydraulic head function of the present problem with that of the previous one but here also
care must be exercised to ensure that the Fourier coefficients pertaining to this flow problem
(e, Gier Hipor oo Jna@r Koge aNd Lyge) be only used while analyzing
transient flow behavior of the drainage situation of Fig. 3.16. The steady state head
expression for the bottom layer is now different as compared to the solutions of the previous
two problems and hence, naturally, the coefficients W, . . will now not have a similar

expression as W .., and W, An equation describing W, .. o, in view of initial

3Mgns (2) *
condition (111), can be expressed as
L Ms N
D W Sin ( N|3x)sin ( N, y)sin ( anz) =0,
l3=1m3=1n;=1
0<x<§, 0<y<S,, 0<z<H;g,

L M; Ng

DD W sin(ngx)sin(N%y)sin(anz) =0,

L=l my=1ny=1

0<x<S, 0<y<S,, H, <z<H,,

L My N,

DI DI W sin(lex)sin(Nmzy)sin(Nnaz) =

la=1my=1ny=1

I, 3, cosh 2"3'3(h_2) _ -
_;;Pigjg@) sinh [E’g,-:(h— He)]] sin(N, x)sin(N, y)
LI sinh (4, X)

pg=1qg=lM Pyl (3) msin(Npgy)sin[ng (Z _ HG)]

Py, Qo sinh|[ 4, 4 (S;=%)]
_,;1 = Moot sinh (4,,.4,5:)

sin(pry)Sin[qu (z- HG)}
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i Qu Slnh(ﬂ,pq1 )

—Z Z Pratha (3) )

= sinh (4, ,
sinh [sz%z ]S|n(Np12 X)Sin|:Nq12 (Z - HG)] _(_H6)’

- \Y
Pr2th2 (3) -
e smh(/Ip nS2 )

0<x<S, 0<y<S,, H,<z<h.

— P Ssin (N, x)sin| N, (z—H,) ]

Performing a triple Fourier run in the concerned space, we get an expression for W . . . as

L h cosh[ (h—z)] _
Wiy = LSS hJ{ ZZ '3'3(3)I5|nh[i (h 0 )]sm(N%z)dzx

i3=1 j3=1

!Sin(Ni3X)Sin(N|3X)dXX !sin(Njay)sin(NmSy)dy

R Q S sinh( A, X
_;qu_l pgqg(g)j%sin(mx)dxx

stin(Npgy)sin(N%y)dyJ' sin[ng (z- HG)]sin(anz)dz

Bo. Qo S sinh| A S, —X
S

po—lqo— 0
Isin(pry)sin(ngy)dyIsm[ - z H )]sin(Nngz)dz

S sinh (/Ipnqn )

_Zzuplqlw)jsnh(l 2)

jsm(N x)sm(N x)dxﬁ[ sm[N -H )]sin(anz)dz

sin(N,,, y)dyx

B, Q2 S2sinh| A
_Fg_:lq;l p12Q12(3)'[ SlE‘hpEZZQqH ) ]Sln(ngy)dyx

Ism(N x)sm(N x)de'sm[ 0 (z—H6)]sin(anz)dz

6

+ HGISin(Nl3X)dXX J‘sin(ngy)dyx j. sin(anz)dz} (3.323)

He

Evaluating the above integrals, we get

8 S, \(S e
W|3m3n3(3) :(S S h]{_Pi3j3(3) (Elj(?zj|: N 2 ) 2 :|X
1=2 N3 i J
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N, H A o

Ny

o N|32 —cos(NIssl) S
_qu‘:lM Pa (3) |: N|32 +/1p9q92 :l{ N, ](?ij
{sin[Nnah N, (h- He)]—S‘”(anHe) +

2(N, —Ng )

sin(N,, H)—sin[ N, h+N, (h-H)]
2(N,, +N, )

Qo N, S
- qzl N 0@ {NIZWL—,W] (?Zj *
sin[Nngh— N, (h- He)]_Sin(anHﬁ)
2(N, =N, ) '

N Yo

sin(N, Ho)—sin[ N, h+N, (h—H,)]
2(N,, +N,, )

2 N? ] —cos(N,S,) (s
T z U Pt (3) 2 3 A 3 (ijx
;=1 N|3 + /1911(111 NI g

3

sin| N, h—N, (h—H,)]|-sin(N, H,) N
2(N, =N, )

sin(N, H)=sin[ N, h+N, (h-H,)]
2(N,, +N,,)

Qo N, S
Sl
sin[ N, = Ng, (n=H;)]-sin(N,,Hq)
2(N, -N,_) '

% G2

sin(anHe)—Sin[Nn3h+ N, (h—HG)]
2(N,, +N,,)

N, N N

m, L
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The expressions for Q. (t) and Qt(f)p(g)(x, y,t) remain the same as derived before for

Quopy () and Qg (X, y,t) [Egs. (3.131) and (3.133)]; however, the Fourier coefficients
needed to be used in these expressions should correspond to the present problem only (i.e.
Boa@ Cra@r Prae Frae Ewer Quayr Amne Rinne ad Wi, o) and not to
those associated with the earlier problems. Further, for this case also, it can be shown in a
similar way as has been shown for the first problem that thp(3)(x, y,t)will diverge when

being calculated exactly at an inner bund separating two dissimilar ponding depths at the
surface of the soil. Also, the discharge expressions for the four ditch faces of the current
problem can be written as

_1—cos(N HS)}

RQ I Qg 1-cos(N_S
QNorth(S) ZZBplql(S) )}I‘ N( E 2):l

ol gl smh }Lpzqzsl b I

PO 45 1-cos(N 82)7 1—cos
- C P29, P2

;; P20 (3) tanh (/I Sl)][ N . |

P Q N cosh(/l S )—1 11— cos N H
+ D P3 psg; <2 5
;_1%2_1 P\ 7 I Sinh(ﬂmasz) ) N,, }

Py Q 5
N z z Fp4q4 (3) :

N, [ cosh(2,,5,)-1] 1cos(Nq4H5)]

Pa=1,-1 Ao, I sinh(/l S) | N

K L cosh(4,Hs)—11| 1-cos(N,S,)
+;IZ:1: Ekl(3)(/’{kl j{ COSh(/L(, 5) :|{ N, }
+22Qw(3>[% jtanh(/lu H )[l‘COSN—(Nsz)}

L M N 1—cos(leSZ) 1—COS(anH5)
+ZZZAlmlnl(3)Nll N N X

h=1m=1n=1 m, n

exp [—(ﬂ,lmlnl )2 t}
Lo 1 1-cos(N,,S,) |[ 1-cos(N, H,)
+Z Z Z Rlzm2n2(3)NI2 N N X

l,=1m,=1n,=1 m, n,

exp[_(ﬂlzmzn2 )2 t:|
L My N 1-cos(N,S,) || 1-cos(N, H;
+z z Z lsmgn, (3) I3 [ N( )][ N( ):l X

l3=1 my=1n;=1 m, ng

exp| ~(Zns, )Zt}}
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|1 1
ZZGI h(@3)

=1 j=1

|

2 2
+> 2 Hie

i,=1 j,=1

A

Ps9s

( }tanh[i (HS—H5)][
(ﬂﬁﬂjtanh[/l (He—

1—cos(Np582)

1—cos(NhSZ)
N

|

1-cos(N; S, )
N

h

e

iz

B O
+Z Z P55 (3)

Ps=105=1

)

inh(2,,S,)

N

Ps

}

1-cos| N, (Hg—Hs)]
NQs
8, & o 1-cos(N, S, )
_;%Z_l R gy tanh (4, S,) N, "
1-cos| N, (He—H,)]
NQe
b2 1-cos| N, (He=Hs) ]| cosh(2,,S,)-1
+pzlqzl p7q7‘3)£ﬂp7q7]{ N,, sinh(4,, S, )
8 1—cos[Nq8(H6—H5)] cosh(/ipgqgsz)—l_
+;q§l""8%“)£z J{ N, sinh (2,,S;) |
L M N 1-cos(N_S cos(N_H.)—cos(N_H ]
o e .
h=1m=1n=1 my M &
exp[—(ﬂhm)zt}
L My N, 1-cos(N, S N, H, )—cos(N, H
+Zzlezm2n2(3)NI2[ COT\I( 2 Z)HCOS( i s)N cos(N,, Hs)
l,b=1m,=1n,=1 m, n,
eXp |:_ (ﬂﬂzmzn2 )2 t:|
Ly Mg Ng 1-cos(N, S cos{N, H.)—-cos(N, H
+ZZZVV|3m3n3(3)N|3[ N( : Z)H ( : 5)N ( : 6)
l;=1my=1ny=1 m, n
exp[_(ﬂgmma )2 t:|}
I3 J3 1—cos(N. S
i3=1 13—1 |3J3 js
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1—cos(N S )

+i§:M lpg% Py 2 %
] Pgdy (3) sinh (ﬂ’pgqgsl) Npg
{1cos[Nq9(hH6)]}
N

o

Po Qo A 1-cos(N_S
_ 2 Z p10q10(3)[ P1o%ho 5 )H N( P1o 2)]><
1

Pro=1gy=1 tanh ( ﬂpmlho Pio

1-cos| N, (h—H,)]
=

o

Ry N, )|1-cos| N, (h—H,)
+Z ZUPMQMB)(i = ]{ [ |3| 6 ]}X
P1=10y =1 P11t G
!cosh(/lpnqnsz)l}

sinh(/lpnqusz)

P, Qp N , 1-cos| N 2(h—H )]
+Z vauqlz(s)(ﬁ . j{ I: |\q]1 : }X
4

Pr2=1 =1 P12Gh2 2
cosh (ﬂ,puqu S, ) i
sinh (lpuqu Sz)
L M N, 1_COS(leSz) COS(anHe)
+Z Z Z Almlnl(’o’) Nh N N 8
h=1m=ln=1 my Ny

exp[—(ﬂhm)zt]
L M, N, 1-cos(N,S,) || cos(N, H,
+2. 2. 2 RameN, ! N( )H (N )}

l,=1m,=1n,=1 m, n;

eXpI:_(ﬂlzmznz )2 t:l
+i§:§V\43m3n3(3)N|3 l_COS(NmBSZ) COS(N”3H6) X
l3=1 my=1ng=1 N N

my N3

exp [—(413% ) t}} (3.325)

1-cos(N_S l1-cos(N_ H
QSouth(S) {ZZBM@) - COth(/lplqlsl)l: N( P 2):l! |\(| & 5)}

=lg=1 Py G
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o J
+KX2

TH-2240_126104012

1—

cos(leSZ)

1-cos(N, H,)

PO 1-cos(N,,S,) || 1-cos(N, H,)

_ C P29, ) g, '5
;q; pzqz(3)[sinh(ﬂp2q281)" sz ﬂ ]
iiD _Npscos(Npgsl) cosh(l S) 1][1- cos Nqs 5
+
ps=103=1 p3q3(3)_ P3ds | sinh (/,i’p3q352) L Nqs
ii': N, cos(Np481)__cosh(/IpAqASz)—l_ 1-cos(N, H,)
+
Ps=10,-1 MA(S)_ 0adl 1 sinh(/i Sz) ] N,
K& N, cos(N,S,) || cosh(A4H)—1 || 1-cos(N,S,)

E k k™1 |

PR H cosh(LH) || N
J Y N, cos(N,S 1-cos(N,S
+UZ_;VZ_1:Q”V(3){ u ( u 1)}tanh(/1WH5)[ N( v 2)}

L M N
2.2 2 AnnaN, COS( Nllsl)

h=1m=1n=1 l:
exp [_(ﬂhmlnl )2 t}
L M, N,

+§ mz=1nZ=;L Rlzmznz ®) le COS( N|2 Sl)

expl:_(ﬂ'lzmzn2 )2 t:|
L M; N
2,22 Wi N, cos(N, Sl)

L=l my=1ny=1

oo ]

|
|

N, cos(NhS )

&

()l

22,60

=1 j=1

1-cos(N,,S,)

Nm1

|

1—cos(NmZSZ)

1—cos(Nn2H5)

N”1

]x

N

m;

|

1—cos(N,, H;)

]x

Ny

Mg

L, J, _Ni cos(N. S -l 1—cos(N.S
+ZZHUZ(3) M}tanh[%ﬂ%—&)_[#}
i,=1 j,=1 i iy J b

RO i A 1-cos(N,S,)
+;qsz_l a0 tanh (4, Sl)" N, "
1-cos| N, (Hg—Hs) ]

NQs
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1—cos(Np682)]
X

i % J //Lps%
e Peds (3) sinh (Z'psqs Sl) N P
{1cos[Nqs (He - Hs)]}

N

s
cosh(4,,S,)-1

P N
+zzKP7Q7(3)[1_‘)7\]COS(NP781){ Siﬂh(/{7 82) ]X
P7G7

p;=1q;=1 P70z

{l—COS[N%(Hs_Hs)]}

G

cosh (4, S,) -1

R Q N
+ZZLPSQS(a)LA_pSJCOS(NpSSl)[ Sinh(;a SZ) :|x
Pgdg

Po=10g=1 Pacl
1-cos[ N, (Hg—H,)]
NQ&
LM 1-cos(N,,S,)
2,22 AnnoN, COS(NhSl) N
h=1m=1n=1 m
cos(N, Hg )—cos(N,, H, ) 2
- xexp[—(ﬂhm) t}
L3
L M, N, 1—cos(Nm282)_
+z Z Z R|2m2n2 ©) I\||2 COS( N|2 Sl) N—
l,=1m,=1n,=1 m, i
[COS(N"ZHS)N_COS(N"ZH6)}exp[—(ﬂ12m2nz )2t:
Ly Mg N 1—cos(Nm3SZ)_
+IZ;‘ Z‘l;V\I%M(s)N,s cos(NhSl) .

N

L]

W [N,3 cos(N,ssl)llcos(Nhqu

'COS(anHs)_COS(NHSHG)]XeXD[‘(%mn )Zt}

+KX3 zz Pi3j3(3) A

iy=1 jy=1 i3 3

R Q ﬂ,pgqg | 1_COS(N9982)
+ZZMp9q9(3)[tanh(gpgqgsl) [ ]x

Pg=10y=1
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{1cos[ng(hH6)]}

ng
b & Ao 1-cos(N, S, )
— 10410 %
p%—:lq; Puto® | ginh (ﬂpwqmsl) Nplo
1—cos[qu(h—H6)]
Nq.w
R Qu N, 1—cos[Nqu(h—H6)]
+2. 2. Y000 /1—1 COS(NpMSl) N x
Pr=L =1 P11%h1 0t

[cosh (250.5:) —1}

sinh (ﬂpnqnsz)

R, Qo N . . Y
+Z va12q12(3) [ﬁ} COS(NpuSl){ COS[ ’\qllz ( G)J}X

Pi2=10,=1 Protho %2
cosh(4,,4.S,) -1
sinh (/Lplquzsz)
LM 1-cos(N,,S,) || cos(N, H,)
222 2 Ann@N, €05(N, S, ) 1
=1 m=1n=1 le N”1

exp[—(ﬂmm )2 t}
L M, N, 1_COS(Nm282) COS(anHG)
+Z Z Z Rlzmznz 3) le COS( N|2 51) N N X

l,=1m,=1n,=1 m, "

2
exp|:_(/‘i12mz”z) tjl

Ly My N 1—cos(Nm3SZ) cos(Nn3H6)
+z Z ZW|3m3n3(3) N|3 COS( NI3 Sl) N N X

l3=1 my=1nz=1 m, e

]

R Q N, )| cosh(4,,S,)-1]| 1-cos(N,Hg
Q(){zzm[ (£2s5) H i q

plg-1 " sinh (/Iplqlsl) o

R Q N cosh(A_ S, )-1|/1-cos(N_H
+chpzqz<3)(gpz j[ ( - l) " I\(I - 5)}

P,=10,=1 Pty sinh (/Ipzqz 51) 0
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+i§D Aoa 1—C05(Np381)__1—cos(|\jq3|_|5)
Py P33 (3) Slnh (ﬂp SZ) N b, il Nq3
_iiF Ao, 1—cos(Np481)_ 1—cos(Nq4H5)
b=l tanh( ) N, N,
'S COSh(ﬂm 5)—-1|[1-cos(N,S,)
E
X km)[ﬂmj{ cosh (2,Hs) }[ N,
U Vv 1_ N S
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where Quomner Qsounzyr Qeastmy @A Quesz are the discharge expressions related to the
Northern, Southern, Eastern and Western boundaries of the flow problem of Fig. 3.16.

3.2.3.3 Verifications of the Proposed Solution
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The validity of the current solution has also been extensively tested, like in the previous two
solutions, by making comparisons with the works of others for a few drainage situations of
Fig. 3.16. Also, numerical checks on the proposed solution for both steady as well as
transient states of simulation of the system have also been carried out for a drainage setting of
Fig. 3.16 utilizing the Processing MODFLOW platform. Figs. 3.17, 3.18, 3.19, 3.20 and 3.21
show these comparisons. As can be seen, in all the tested situations, our predictions are found
to match closely with their analytical and numerical counterparts, thereby establishing that
our solution for the drainage problem of Fig. 3.16 has been correctly developed. It is worth
noting here that, like in the previous two solutions, here also the solution can be closely
reduced to a two-dimensional flow situation in the y—z plane by assigning a large

separation distance (theoretically infinite) between the Northern and Southern boundaries of
the model and then considering a y—z section located further away from both these

boundaries.  Considering such a reduced two-dimensional model, the steady state
Qupz / 2Kh ratio at a vertical section located mid-way between the Northern and Southern

boundaries of Fig. 3.17 has been worked out as 0.744 when the flow parameters of the
problem are taken as S, =1000 m, S, =100 m, h=3m, H,=3m, H,=2m, H,=25m,

60=0m and K, =K, =K =K =K =K =K, =K, =K, =0.05 m/day. For the

same drainage configuration, as mentioned before, this ratio has been predicted as 0.743 and
0.742, respectively by Fukuda’s (1957) and Youngs’ (1994) solutions — values very close to
our predicted value of 0.744. Also, Fukuda (1957) found this ratio as 0.72 from his
experimental results; thus, the close matching of this result with our value of 0.744 can also
be taken as an experimental verification of our proposed solution for the flow problem of Fig.
3.16. In this context, we would like to point out that for the drainage configuration of Fig.
3.16, simulating a drainage system with the drains running totally empty is a possibility since
for this system we have assumed the water level of the drains to be lying below the upper
boundary of the bottom layer. However, simulating a drainage system with the ditches
running totally empty cannot be done using our solutions for the previous two configurations
of the system as in both these systems, the water level in the ditches is assumed to lie either in
the top or middle layer of the stratified soil and not the bottom layer. Nevertheless, simulating
a system with the ditches running nearly empty (but not totally empty) is still possible with
our previous solutions since we can always take the thickness of the bottom and/or the middle
layer to be appreciably small (but not totally zero and that is what we have done in the
previous cases) while imitating such a system.
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Hydraulic heads as obtained from the proposed solution

Hydraulic heads as obtained from Kirkham's solution
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Fig. 3.17. Comparison of steady state hydraulic heads as obtained from the proposed solution at a
vertical cross-section located half-way (i.e., at S,/2) between the Northern and the Southern
boundaries of Fig. 3.16 with the corresponding values as obtained from Kirkham’s (1965) single-
layered steady state solution of the problem for isotropic soils when the flow parameters are
considered as S, =15m, S,=5m,, h=1m, H;=09m, H,=04m, H,=08m, §=0m and

and K, =K, =K, =K, =K =K, =K, =K, =K, =1m/day
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Impervious layer

X Hydraulic heads as obtained from the proposed solution (100 s)

——— Hydraulic heads as obtained from Barua and Alam's solution (100 s)

X Hydraulic heads as obtained from the proposed solution (500 s)

—— Hydraulic heads as obtained from Barua and Alam's solution (500 s)

Fig. 3.18. Comparison of transient hydraulic heads as obtained from the proposed solution at a vertical
cross-section located half-way (i.e., at S, /2) between the Northern and the Southern boundaries of

Fig. 3.16 at times t=100s and 500 s with the corresponding values as obtained from Barua and
Alam’s (2013) single-layered transient solution of the problem for anisotropic soils when the flow
parameters of the problem are considered as S, =15m, S,=5m, h=1m, H,=1m, H,=0.35m,

H,=08m, &=005m, K, =K, =K, =K, =K, =K, =K, =2m/day, K, =K, =K, =
0.8 m/day and S, =S, =S =001m™
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Fig 3.19. Comparison of transient hydraulic heads as obtained from the proposed solution at
times t=100s and 500 s with the corresponding values as obtained from Sarmah and Barua’s
(2017) single-layered transient solution of the problem for anisotropic soils when the flow
parameters of the problem (Fig. 3.16) are considered as S,=6m, S,=5m, h=1m,

H,=0.9m, H,=035m, H,=07m, §=006m, K, =K, =K, =1m/day, K, =K, =
K, =15m/day, K, =K, =K, =0.002 m/day and S, =S_ =S_=0.01m™
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3.2.3.4 MODFLOW Verifications of the Proposed Solution

Contour surface for
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Fig. 3.20. Comparison of steady state hydraulic heads as obtained from the proposed solution with
corresponding results as obtained from MODFLOW where the flow parameters of Fig. 3.16 are
considered as S,=10m, S,=5m, h=1Im, H;=09m,, H,=035m, H;=07m,

6,=0.03m, ¢6,=006m, g =¢ =0.05m, dxl =2m, dxz =8m, dyl =1m,, dyz =4 m,
K, = 0.8 m/day, K, =1 m/day, K, =0.5 m/day, K,, =1 m/day, K, =15 m/day, K, =0.75
m/day, K, =1m/day, K, =2m/day and K, =1m/day

Y3
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Fig 3.21. Comparison between transient hydraulic heads obtained from the proposed analytical
solution and heads for the same flow problem obtained using MODFLOW model at (a) 100 s and (b)
500 s. The flow parameters of Fig. 3.16 have been considered as S,=10m, S,=5m, h=1m,

H,=09m, H;=035m,, H;=0.7m, 6,=004m, &,=008m, ¢ =¢ =005m, d, =2m,
d,=8m, d =Im, d =4m, K =08m/day, K, =12m/day, K, =0.001m/day,
K,, =06 m/day, K,, =0.9 m/day, K, =0.001 m/day, sz =1.2 m/day, Ky3 =1.8 m/day,
K, =0.001m/day, S, =0.02m™, S =0.015m™ and S_ =0.03m™

3.3 Discussions

We will now make use of our developed solutions to study a few three-dimensional ponded
situations. Firstly, we look into the variance of the top discharge for a flow configuration
depending on the hydraulic conductivities of the three soil layers of the flow domain. For this
purpose, we have considered a situation where the ditches are running dry and the soil layers
are isotropic. Since the soil layers have been considered to be isotropic, for our convenience,
we can denote the hydraulic conductivities of the top, middle and bottom soil layers as

K, =K, =K, =K, K, =K, =K, =K, and K, =K, =K, =K;, respectively. Keeping
the hydraulic conductivity of the middle soil layer as 1 m/day (sz =K, =K, =K, =

1m/day), we vary the hydraulic conductivities of the other soil layers so that K, /K, =

K, /K, and evaluate the top discharges for the flow situations that emerge; Figs. 3.22(a) and
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3.22(b) show variations of top discharge with conductivity ratio K, /K, = K, /K, for such

scenarios when the other flow parameters of Fig. 3.16 are taken as has been mentioned. As
can be seen from these figures, the top discharge for the studied situations is varying mostly
non-linearly with the increase of conductivity ratio K, /K, = K, /K, when this ratio is less

than unity but for higher values of this ratio, the top discharge can be observed to follow
approximately a linear trend with the increase of this ratio. It should be noted a similar
observation has been obtained regarding variation of top discharge with conductivity ratio

while studying two-dimensional ponded drainage scenarios with our solutions developed in
the previous chapter.

4
x 10
@ T

a~]
w
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Qmp{i’) (mg’{S)

1 1 | 1 1 1
%.2 03 04 05 06 07 08 09 1
Ratio of hydraulic conductivities (K /K =K/K))
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Fig. 3.22. Plot of steady state top discharge versus ratio of hydraulic conductivities of the top,
middle and bottom soil layers when the parameters of a ponded drainage setting are taken as

S;=8m, §,=8m, h=15m, H,=15m, H;=05m, H,=1m, 6=0m, & =¢,=0.05m,
K, =K, =K, =K, =1m/day

Next, we study the relationship between the top discharge and the anisotropy of the soil
layers of the flow domain. Towards realizing that, we consider a particular flow configuration
of Fig. 3.16 where the soil layers are of equal thickness and the ditches are running dry and
where the vertical hydraulic conductivities of the layers are taken as a progressively
increasing one with depth with K, K, and

K, as 0.5 m/day, 1 m/day and 1.5 m/day, respectively. We then vary the anisotropy ratio

) K K, K, K, K, y .
(ie., =—=—"*=—2=—=—=2) of the soil layers from 0.2 to 4 and note the
K K K K K K

variation of the top discharge for the corresponding situations. Fig. 3.23 shows such a
variation. As may be observed, for the considered flow scenarios, the top discharge is more
sensitive to change in the anisotropy ratio of the layers at low values of this ratio and the
slope of the discharge variation curve tends to decrease with the increase in the anisotropy
ratio of the soil layers. If we, however, reverse the order of vertical hydraulic conductivity of
the layers (i.e., take K, =1.5 m/day, K, =1m/day andK, =0.5m/day) and then proceed

to trace the variation of top discharge with anisotropy ratio of the layers for the above flow
scenarios, the top discharge can then be seen [Fig. (3.24)] to be much more affected with the
change in anisotropy ratio of the layers as compared to the previous situation. Thus, a mere
change in the vertical conductivity of the layers alone may result in a considerable change in
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the top discharge of a multi-layered ponded ditch drainage system, particularly if the vertical

conductivity of the top layer is much higher than the vertical conductivities of the lower
layers.

3.5

g
w
T

Qtop{j') (m3 /8)

15+

1 | | |

! ! ! !
0 0.5 1 1.5 2 2.5 3 3.5 4
Anisotropy ratio of soil layers [(K /K J=(K /K J=(K /K )=(K /K J=K /K J=(K /K 3}]

Fig. 3.23. Plot of steady state top discharge values versus anisotropy ratio K, / K, =K, /Kzl =
K, /K, =K, /K, =K, /K, =K, /K, of the soil layers when the parameters of the flow problem
are taken as S, =8m, S,=8m, h=15m, H,=15m, H;=05m, Hy=1m, 6=0m, K, =
0.5 m/day, K, =1m/dayand K, =1.5 m/day
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Fig. 3.24. Plot of steady state top discharge values versus anisotropy ratio K, / K, =K, / K, =
K, /K, =K, /K, =K, /K, =K, /K, of the soil layers when the parameters of the flow problem
are taken as S,=8m, S,=8m, h=15m, H,=15m, H,=05m, H,=1m, J=0m,
K, =1.5m/day, K, =1m/dayand K, =0.5m/day

Next, we now investigate the travel times of water particles in their journeys starting from the
surface of the soil to the recipient ditches of a few steady state three-dimensional ponded
ditch drainage scenarios. We again make use of Grove et al.’s (1970) procedures to do the
same as has been done in the previous chapter while estimating travel times of water particles
for a few two-dimensional ponded drainage situations. From Figs 3.25 and 3.27, we see that
when hydraulic conductivities of the soil layers decrease with depth then the travel times of
water particles from regions away from the ditch faces are considerably higher than the
corresponding values for drainage situations where the hydraulic conductivities of the soil
layers increase with depth. However, travel times of water particles closer to the ditches are
generally not affected to the same extent when the vertical conductivity distributions of the
layers get reversed. Also, it can be inferred from the Figs 3.27 and 3.28 that implementing a
staggered variable ponding atop the flow domain, in situations where the hydraulic
conductivities of the constituent soil layers decrease in the vertically downward direction,
leads to a drastic decrease in the travel times of water particles originating from central
locations of the field and traveling all the way up to the recipient ditches. On the other hand,
Figs 3.25 and 3.26 seem to indicate that adopting a similar measure results in a much lesser
decrease in travel times from similar locations when the hydraulic conductivities of soil
layers tend to increase with depth.
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Fig. 3.25. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16)
are taken as S, =8m, S, =8m, h=15m, H,=15m, H,=05m, Hy=11m, ¢ =¢ =0.05m,

6=0m, n=n=n=03 K, =K, =K, =1m/day, K, =K, =K, =2m/day and K, =
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Fig. 3.26. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16)
are takenas S, =8m, S,=8m, h=15m, H,=15m, H;=05m, H,=11m, g =g =0.05m,
6,=0m, 5,=01m, §,=025m, §,=04m, d,=05m, d,,=125m, d,;,=2m, d,=6m,
d,s=6.75m, d,=75m, d,=05m, d,=125m, d,=2m, d,=6m, d =6.75m,
de=75m, n,=n,=1,=03 K, =K, =K, =1m/day, K, =K =K, =2m/day and K, =
K,, =K, =3 m/day
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Uniform depth of ponding at the
X top of the soil, §=0m

0 ™

™~
(35500~ (4550) (5.5,4.5,0)
5§53.58)

Fig. 3.27. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16)
are taken as S$,=8m,S5,=8m, h=15mH =15m,  H;=05m, H;=11m,

£=¢,=005m,6=0m, n=1n3=1=03 K, =K, =K, =3m/day, K, =K =K, =
2m/day and K, =K, =K, =1m/day

(7,6.5,0)

<3.5,5B  4550) (5.5,4.50)
(25,4.50)

0 Boundary
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Fig. 3.28. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16) are
taken as S, =8m, S,=8m, h=15m, H;=15m H;=05m, Hy=11m, ¢ =¢ = 0.05m,
6=0m, 5,=01m, 6,=025m, 5,=04m, d,=05m, d,,=125m, d,=2m, d,=6m,
d,;=6.75m, d,=75m, dyl =0.5m, dy2 =1.25m, dy3 =2m, dy4 =6m, dy5 =6.75m,
de=75m, n=n,=1n,=03 K, =K, =K, =3m/day, K, =K, =K, =2m/day and K, =
K,, =K, =1m/day

Further, as can be inferred from Figs. 3.29 and 3.30, the level of water in the drains plays a
crucial role in determining travel times of water particles in a three-dimensional ponded ditch
drainage system — the travel times of the particles to a ditch for the same ponded drainage
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scenario increase considerably when the water head in the ditch is allowed to increase; this is
all the more prevalent if the comparison is being made with respect to a situation where the
ditch is running dry. This finding is in tune with that observed for the two-dimensional
ponded drainage situation where, as have been previously stated, among other factors
remaining the same the flow to a ditch drain may be greatly influenced by the level of water
in it. It can be also inferred from the pathlines in Fig. 3.30 that water from regions closer to
the ditch faces in a ponded layered drainage system may mostly traverse only on the top
layers of the soil before being discharged to the collecting drains.

Uniform depth of ponding at
X the top of the soil, § =0m

o (7.65,0)

Fig. 3.29. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16)
are taken as S,=8m, S, =8m, h=15m, H,=1.5m, H;=05m, H;=11m, g =¢ =0.05m,

o=0m, 7, =035 n,=17,=03, K, =K, =03m/day, K, =02m/day, K, =K, =15m/day,
K, =0.5m/day, K, =K, =2m/day, K, =1m/day
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Uniform depth of ponding at
Northern cp P gz
© X the top of the soil, §=0m

(7650

(4550)  (554.50)

Boundary

Fig. 3.30. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.10)
are taken as S, =8m, 5,=8m, h=15m, H;=0.75m, H;=05m, Hy=11m, ¢ =¢ =0.05m,
0=0m, 7, =035n,=n,=03 K, =K, =03m/day, K,=02m/day, K =K, =15m/day,
K, =0.5m/day, K, =K, =2m/day, K, =1m/day

Next, we consider two drainage situations where the thickness and the directional
conductivities of the middle soil layer are much higher than the other two layers. As can be
seen from Figs. 3.31 and 3.32, the effect of the level of water in the ditches on the travel
times is not very significant for these cases. Also, int may be mentioned that very miniscule
amount of water actually gets infiltrated into the third soil layer if the conductivities and
thickness of the bottom layer are relatively much lower than the corresponding values of the
upper layers.
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Uniform depth of ponding at
the top of the soil, & =0m

(4.55,0) (6.5,4.5,0)

Fig. 3.31. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16) are
taken as S, =8m, S,=8m, h=15m, H,=15m, H;=035m, H;=115m, ¢ =¢, =0.05m,

o=0m, =035 n,=03 n=04 K =K, =03m/day, K, =02m/day, K =K, =
15m/iday, K, =1m/day, K, =K =0.1m/day, K, =0.05m/day

Uniform depth of ponding at
x the top of the soil, §=0m

(455,0) (55450)

.
(3.5,5,0%,
(25,450)

Fig. 3.32. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.10) are
takenas S;=8m, S,=8m, h=15m, H;=0.75m, H,=035m, H;=115m, ¢ = £,=0.05m,

o=0m, 7,=035 n=03 n=04 K =K =03m/day, K, =02m/day, K =K, =
15m/iday, K, =0.5m/day, K, =K, =0.1m/day, K, =0.05m/day
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The presence of muddy and plow sole layers in paddy fields may greatly inhabit movement
of infiltrating water in these fields (Chen et al. 2002; Huang et al. 2003; Liu et al. 2005) and
their effect on the hydraulics of a two-dimensional ponded drainage system has already been
touched upon in the previous chapter. In the flow situations of Figs. 3.33 and 3.34, an attempt
is being made to study how the presence or absence of a plow sole layer in a ponded paddy
field affects the movement of drainage water in a three-dimensional ditch drainage system.
As may be observed from these figures, here also, like in the two-dimensional ponded
situations, the occurrence of muddy and plow sole layers close to the surface of a drained
field may greatly extend the travel times of water particles to the drains, particularly for those
originating from surficial locations close to the drains. However, the presence of these layers
does not seem to affect the travel times of particles starting from areas close to the centre of
the field in a major way.

Northern x N\ Uniform depth of ponding at
the top of the soil. & =0m

3’

_~—  Eastern
- Boundary

A — Fraveltime
e in days
| 169.22 ~

35 4
3 :
9 25 Southern

Boundary

Fig. 3.33. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16) are
taken asS,=5m,S,=5m,h=1m, H,=08m, H;=025m, H;=035m, g =¢ =0.05m,

o=0m, n=n,=055 n,=045 K, =K, =K, =0.005m/day, K, =K, =K, =0.003 m/day,
and K, =K, =K, = 0.03 m/day
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Uniform depth of ponding at
the top of the soil, § =0m

Western : __ — %~ — Travel time
in days
119 29 .

Fig. 3.34. Travel times (in days) of water particles starting from the surface of a three-dimensional
ponded ditch drainage system to recipient drains when the flow parameters of the system (Fig. 3.16)

are taken as $;=5m,S,=5m,h=1m, H,=08m, g =¢ =005m,6=0m, 7, =055
n, =055 1n,=045 K, =K =003m/day, K, =0.03m/day, K =K =003m/day, K, =
0.03 m/day, K, =K, =0.03m/day, K, =0.03 m/day

We next study the top discharge distributions for a few three-dimensional ditch drainage
scenarios of Fig. 3.16, where now the top discharges within predefined surficial locations are
being expressed as a percentage of the total discharge through the top surface of the soil. A
few stream surfaces corresponding to these situations have also been plotted [(Figs. 3.35,
3.36(a), 3.36(b), 3.37(a) and 3.37(b)] to illustrate in detail the flow patterns for each of these
cases. From Figs 3.35, 3.36(a) and 3.37(a), we can conclude that top discharge distribution in
a three-dimensional ponded ditch drainage system is profoundly impacted by the layeredness
of a soil profile and that neglecting this stratification may lead to an erroneous understanding
of movement of drainage water through such a soil column. Also from Figs. 3.36(b) and
3.37(b), we see that introduction of a gradually increasing ponding pyramid towards the
centre of a three-dimensional ponded ditch drainage system may result in a considerable
improvement in the uniformity of water movement in such a system as compared to a
situation where the ponding head at the surface of the field iskept as a constant. This finding
is in tune with what has been observed in a two-dimensional ponded ditch drainage system as
well, where also the introduction of a progressively increasing ponding head towards half-
way distance between the drains at the surface of the soil has been found to improve the
uniformity of water movement in such a system to a great extent as compared to a situation
where the surface of the soil is being imposed with a constant depth of ponding. These
examples also seem to suggest that when the hydraulic conductivities of the upper soil layer
is lower than that of the other soil layers, uniformity of top discharge distribution of a three-
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dimensional drainage system is more in comparison to the case where the top soil layer has
the same or larger hydraulic conductivity values than the lower layers - this is been observed
to be true even when such a system is being imposed with a uniform depth of ponding at the
surface of the soil.

| | |

Fig. 3.35. A few stream surfaces and percentage distribution of the top discharge Q,,, s When the flow
parameters of Fig 3.16 are taken as S,=8m, S,=8m, h=15m, H,=12m, H,=05m,
He=1m, 6=0m, ¢ =¢ =005m, K, =K, =K, =2m/day, K, =K =K =2m/day and
K, =K, = K, =1m/day
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0.2 m _ 0.2 m
0.1 m — 0.1 m
0m —_— T - p— 0 m z=0m
[+ 0.5 m —»
1.5m
25m
55m
6.5m
7.5m
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04 m
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0.1 m I 0.1 m
0 m — - 7 — 0 m z=0m
[+ 0.5 m—
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2.5m
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6.5m

7.5m
S, =8m

Fig. 3.36. A few stream surfaces and percentage distribution of the top discharge Q. When the flow
parameters of Fig 3.16 are takenas S,=8m, S,=8m, h=1m, H,=12m, H,=05m, H,=1m,
e, =¢,=005m, K, =15m/day, K, =1.5m/day, K, =0.5m/day, K, =2m/day, K, =2 m/day,
K, =1m/day, K, =3m/day, K, 6 =3m/day, K, =2m/day and (a) 6=0m and (b) 6,=0m,
6,=01m, 6,=02m, 6,=04m, d,=05m, d,=15m,d;=25m, d,=55m, d,,=65m,
d=75m,d,=05m,d,=15m,d,;=25m,d,=55m,d;=65mand d,=75m
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0.2 m _ 0.2 m
0.1 m 0.l m
0m —_— — p— 0 m z=0m
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1.5m
25m
55m
6.5m
75m
Sz=8m
04 m
02 m _ 02 m
0.1 m I 0.1 m
0 m — 0 m z=0m
[+ 0.5 m—|
1.5m
2.5m
55m
6.5m
7.5m
SI:SI{'

Fig. 3.37. A few stream surfaces and percentage distribution of the top discharge Qs When the flow
parameters of Fig 3.16 are taken as S,=8m, S,=8m, h=1m, H,=12m, H,=05m, H,=1m,
g,=¢,=005m, K =3m/day, K, =3m/day, K,=2m/day, K, =2m/day, K, =2m/day,
K, =1m/day, K, =15m/day, K, 6 =15m/day, K, =0.5m/day and (@) 5=0m and (b) 6,=0m,
6,=01m, 6,=02m, 6,=04m, d,=05m, d,=15m, d,;=25m, d,,=55m, d,=65m,
dy=75m, dy1:0.5 m, dy2 =15m, dy3 =25m, dy4 =55m, dy5 =6.5m and dy6 =75m
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3.4 Conclusions

Analytical solutions have been worked out for predicting groundwater seepage into a network
of subsurface ditch drains in a three-layered soil, the soil being assumed to be underlain by an
impermeable barrier at a finite distance from the surface of the soil. Solutions have been
obtained for three different cases of the problem, namely, when the water level in the drains
lie in the top soil layer, next when it lies in the middle layer and finally when the water level
in the drains lies in the bottom layer. In all these solutions, it has been assumed that the level
of water in the drains remains same in all the drains. Further, all these solutions can handle
both a uniform as well as a non-uniform ponding distribution at the surface of the soil. The
separation of variables method along with appropriate Fourier expansions has been made use
of to solve all these problems. These solutions are all new; however, whereas the steady state
solutions are valid for all possible combination of the flow parameters associated with them,
the corresponding transient solutions are strictly accurate only when the directional
conductivities and specific storage of the soil layers respect some predefined relations among
each other. From the study, it becomes clear that subsurface drainage of a ponded finite size
stratified soil is mostly three-dimensional in nature and is highly dependent on the soil
hydraulic properties of the constituent layers of the soil. However, for a large sized ponded
field, flow in a vertical section located far away from the boundaries may be closely
approximated using the two-dimensional flow assumption but even here the pathlines may
exhibit strong three-dimensional characteristics in regions close to the drains. The volume of
water captured by a ditch is quite sensitive to the level of water in it — a low water head in it
would result in comparatively much higher water flow into it than when the level of water in
it is high. An increase in the horizontal hydraulic conductivity of the layers tends to flatten
the streamlines and an increase in the vertical conductivity of the layers tends to make them
straight. The presence of a plow sole layer in a ponded paddy field may greatly impede
movement of subsurface water into drains in such a field and the journey times of water
particles from the surface of the soil to the drains may be quite high in such a drainage
setting, particularly for water particles moving from surficial locations located further away
from the ditches. In this context, it is worth noting that controlled drainage of paddy fields are
now getting increasing importance since drainage not only helps in maintaining a proper air-
water balance in these fields but also helps in having a check on the emission of methane
from these environments — a potent greenhouse which global warming potential is only next
to carbon dioxide as measured with respect to mass (Qiu 2009; Xiaohong et al. 2011, Zhang
et al. 2011; Darzi-Naftchally and Shahnazari 2014; Yang et al. 2014 — to mention a few).

It has also come out of the study that, similar to the two-dimensional ponded drainage
situations, flow in three-dimensional ponded drainage system with a constant ponding depth
at the surface of the soil is also mostly restricted to areas close to the drains with minimal
contribution of drainage taking place from areas located further away from the drains.
However, by providing a progressively increasing ponding distribution towards the centre of
the field, considerable improvement on the uniformity of water flow can also be brought
about in a three-dimensional ponded ditch drainage system as well in comparison to a
drainage scenario when the field is being imposed with a constant ponding depth at the
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surface of the soil. Also, similar to two-dimensional ponded drainage situations, for three-
dimensional ponded drainage situations as well the very presence of a very lowly conductive
layer close to the surface may greatly help in improving the uniformity of water movement in
such settings; however, if the situation is reversed and the drains are installed in soils where
the conductivity of the layers are now decreasing with depth, then a variable ponding field at
the surface of such a soil column is generally required to achieve a desired degree of
uniformity of subsurface water movement to drains in such soils. Also, it has come out from
the study that the travel times of water particles in a ponded ditch three-dimensional drainage
system are pretty sensitive to the directional conductivities of the layers and an increase in
these values may lower the travel times substantially, particularly for water particles
traversing from locations close to the ditches. As soils in nature are mostly stratified and the
groundwater flow to drains in most of the field settings is mostly three-dimensional in nature,
it is hoped that the new and comprehensive analytical solutions proposed here would lead to
better design of subsurface drains for reclaiming waterlogged and salt affected soils than
designs based on existing solutions developed by taking recourse to more stringent
assumptions.

As mentioned at the beginning of the chapter, the main limitation of the three-dimensional
model that we have proposed is that it can neither account for unsaturated flow and nor the
general spatio-temporal variation of the hydraulic conductivities of a soil profile. Also, in
case the solutions developed, the drains have been assumed to be dug all the way up to an
impervious barrier which need not be true for actual field situations. It should also be noted
that we have already assumed the inner bunds at the surface of the soil to be of infinitesimally
small thickness so as to reduce the surface boundary to strictly a Dirichlet boundary for
mathematical convenience. However, in actual field conditions, the inner bunds will be
having some finite thickness even though this thickness will be much smaller in comparison
to the spacing between the open drains. Thus, even this assumption induces limitations in out
three-dimensional analytical models.

3.5 List of Notations

The following notations are used in this chapter

Amn@r Amner Amner Brawr Boaer Braw Crawr Crauer Crne@' Poawr Pruer
Dow@ Euwr Euey Buer Fouor Foae Fuuer Cuer Gier Cuer Huaor Hies
Hiior e T dne@ Inee Knwer Kea@ Lua@ Lae@ Mua@r Nogo@:
R Rier Pie Quar Quer Quer Ruwnwr Runner Rumner Ynawer Voo
wW W, W constants with i, =1,2,3, ..., i,=12,3, ....,0, i,=12,3,

Ismgnz (1) * Ismgng (2) 1 Ismgng (3)

wn©, ;=123 ..., },=123 ..,0 },=123 ..,0 k=123 ..o 1=1273,
w0, =123 ..,0, |,=123 ..,0 1,=123..,0, m=123 ..o m=123
w0, My=123 ....,0, N =123 ..,0 n,=123 ..,0 n,=123 ..,0 p =123
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v, P, =123 .., p,=123 ...,0, p,=123 ...,0, p,=123 ..,0, p;=1273,
ceey OO, p, =123, ..., pe=123, ..., 0, P, =123, ....,0, Po=123 ....,0,
Py, =123, ..., p,=123 ..,0 =123 .., 0,=123 ..,0, 0;=123, ....,0,
9,=123 ..,0 0=123 ...,0, ¢,=123 ..,0, @,=123 ...,0, =123, ..., o,
9,=123 ...,0, 0,=123, ...,0, ;=123 ..,0, 0,=123 ...,0, u=123, ....,0,
v=123, ....,0,

d,, d,; = distances of the i inner bund from the origin O as illustrated in Figs. 3.1 [L];

Xi 1

h = depth up to the impervious layer as measured from the surface of the soil [L];

H, = depth of water in the ditches as measured from the surface of the soil [L];
H, = depth of the top soil layer as measured from the surface of the soil [L];
H, = depth of the middle soil layer as measured from the surface of the soil [L];

|11 |21 |31 J]_! ‘]21 ‘J3a Ka La Liy L21 L3) M11 Mzs Mga N]_v N2) N31 H_! P2| P31 P4!
I:)57 PG’ P77 P8’ P97 I:):I.O’ Pll’ P12’ Ql’ QZ’ Q3’ Q4’ QS’ QG’ Q7’ QS’ Q9’ Q10’ Qll’ QlZ’ U’

V = number of terms to be summed in the infinite series solutions, 1, 2, 3,....

K, = horizontal hydraulic conductivity of the top soil layer in the North-South direction as
inFig. 3.1 [LTY;

K,, = horizontal hydraulic conductivity of the middle soil layer in the North-South direction
asin Fig. 3.1 [LTY;

K,, = horizontal hydraulic conductivity of the bottom soil layer in the North-South direction
as in Fig. 3.1 [LTY;

K, = horizontal hydraulic conductivity of the top soil layer in the East-West direction as in
Fig. 3.1 [LTY;

K,, = horizontal hydraulic conductivity of the middle soil layer in the East-West direction as
inFig. 3.1 [LTY;

K,, = horizontal hydraulic conductivity of the bottom soil layer in the East-West direction as
inFig. 3.1 [LTY;

K, = vertical hydraulic conductivity of the top soil layer in Fig. 3.1 [LT;
K, = vertical hydraulic conductivity of the middle soil layer in Fig. 3.1 [LT1;
K, = vertical hydraulic conductivity of the bottom soil layer in Fig. 3.1 [LT1;
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Kyl/le) anisotropy ratio of the top soil layer (dimensionless);
Kyz/sz) anisotropy ratio of the middle soil layer (dimensionless);
K /KXS) anisotropy ratio of the bottom soil layer (dimensionless);

Kzl/le) anisotropy ratio of the top soil layer (dimensionless);

K23/KX3) anisotropy ratio of the bottom soil layer (dimensionless);

Kzl/Kyl) anisotropy ratio of the top soil layer (dimensionless);

Y3

(
(
(
(
K:2 = (K, /K,, ) anisotropy ratio of the middle soil layer (dimensionless);
(
(
(
(

K;"f = KZZ/KyZ) anisotropy ratio of the middle soil layer (dimensionless);
/K ) anisotropy ratio of the bottom soil layer (dimensionless);
N, = (iz/S,) with i, =1,2,3,....,00;

N, = (i,7/S,) with i, =1,2,3,....,;

N, = (iy7/S,) with iy =1,2,3,....,0;

N, =(Jz/S,) with j; =1,2,3,....,0;
N, = (j7/S,) with j,=1,2,3,....,00;
N, = (J7/S,) with j;=1,2,3,....,00;

N,

(kz/S,) with k=1,2,3,....,0;
N, = (I7/S,) with 1=1,2,3,....,;

N,

(Lz/S,) with 1, =1,2,3,....,oc;

N, = (I,7/S,) with I, =1,2,3,....,00,

N, = (Iz/S,) with 1, =1,2,3,....,;

N, = (mz/S,) with m =1,2,3,....,0;
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N, = (m,z/S,) with m, =1,2,3,....,o0,

N, = (myz/S,) with m; =1,2,3,....,0;

N, =[(1-2n,)7/2h] with n, =1,2,3,....,0;
N, =[(1-2n,)z/2h] with n,=1,2,3,....,,
N, =[(1-2n,)z/2h] with n,=1,2,3,....,;
N, = (p7/S,) with p,=12,3,...,;

N,, = (p.7/S;) with p,=1,2,3,...,;

N, = (Py7/S,) With py;=1,2,3,....,0;

N, = (p,7/S,) with p, =12,3,....,c0;

N, = (ps/S;) With p,=1,2,3,....,00;

N, = (p7/S,) With p;=1,2,3,....,00;

N, =(p,7/S,) with p,=12,3,....,c0;

N, = (Py7/S,) With py=1,2,3,....,;

N, = (Pe/S;) With p,=1,2,3,....,00]

N, =(Pr/S,) With py=12,3,....,.;

N,, = (Pu7/S;) with p,=123,....,0;

N, =(py7/S,) with p,=12,3,...,,

N, = [(1-20,)7/2H, ] with ¢, =1,2,3,....,;
N, = [(1-20,)7/2H, ] with g, =1,2,3,....,c;
N, =[(1-20,)7/2H, | with ¢, =1,2,3,....,

N, =[(1-2q,)7/2H,] with g, =12,3,....,0;
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N, =[(1-20,)7/2(Hs - Hg)] with ¢, =1,2,3,....,0;
N, =[(1-20,)7/2(H, - Hg) | with ¢ =1,2,3,....,00;
N, =[(1-20,)7/2(H,—H) | with g, =1,2,3,....,05;
Ng, =[(1-20,)7/2(H; —H;) ] with g, =1,2,3,....,0;
N, =[(1-20,)7/2(h—H,)] with ¢, =1,2,3,....,;

N, =[(1-20)7/2(h—Hg)] with g, =1,2,3,....,;
N, =[(1-20,)7/2(h~H,)] with g, =1,2,3,.....%;
N,, = [(1-20,)7/2(h—H;)] with q,, =1,2,3,....,;

NU

(ur/S;) with u=1,2,3,....,00;

NV

(vzr/S,) with v=1,2,3,....,%;

N,, = (uz/S;) with u,=1,2,3,....,;

N, = (Vlﬂ/SZ) with v, =1,2,3,....,;

N, = number of divisions of the ponding surface at the top of the soil (Figs. 3.1, 3.2 and 3.3);
Qe.qwy = discharge through the Eastern ditch face for the flow problem of Fig. 3.4 [L3T];
Qeast2y = discharge through the Eastern ditch face for the flow problem of Fig. 3.10 [L3T);
Qgasi(sy = discharge through the Eastern ditch face for the flow problem of Fig. 3.16 [L°T™];
Quoriny = discharge through the Northern ditch face for the flow problem of Fig. 3.4 [L3T];

Quorthz) = discharge through the Northern ditch face for the flow problem of Fig. 3.10 [L3T
1];
Quornzy = discharge through the Northern ditch face for the flow problem of Fig. 3.16 [L*T-
17-
I;

Qsouny = discharge through the Southern face of the flow problem in Fig. 3.4 [L3TY;
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Qsoun(zy = discharge through the Southern face of the flow problem in Fig. 3.10 [L3TY;
Qsoun(zy = discharge through the Southern face of the flow problem in Fig. 3.16 [L*T™;
Qupy = discharge through the top surface of the flow problem in Fig. 3.4 [L3T™;
Qup() = discharge through the top surface of the flow problem in Fig. 3.10 [L*T];
Qupe) = discharge through the top surface of the flow problem in Fig. 3.16 [L3T™];
Qup = top discharge function for the flow problem of Fig. 3.4;
Qup(py = top discharge function for the flow problem of Fig. 3.10;
Qups) = top discharge function for the flow problem of Fig. 3.16;
Questry = discharge through the Southern face of the flow problem in Fig. 3.4 [L3T];
Quest(zy = discharge through the Southern face of the flow problem in Fig. 3.10 [L3TY;
Questzy = discharge through the Southern face of the flow problem in Fig. 3.16 [L3TY;
= the horizontal extent of the flow domain in the North-South direction in Fig. 3.1 [L];
S, = the horizontal extent of the flow domain in the East-West direction in Fig. 3.1 [L];
S,, = specific storage of the top soil layer [L™];

S

)

specific storage of the middle soil layer [L™];

S

S3

specific storage of the bottom soil layer [L];
t = time variable [T];

V,u@ = horizontal velocity distribution in the North-South direction for the top soil layer of
Fig. 3.4 [LTY;
V) = horizontal velocity distribution in the North-South direction for the top soil layer of

Fig. 3.10 [LTY];

V,u = horizontal velocity distribution in the North-South direction for the top soil layer of
Fig. 3.16 [LTY];
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V,2q) = horizontal velocity distribution in the North-South direction for the middle soil layer
of Fig. 3.4 [LTY;

V, 2y = horizontal velocity distribution in the North-South direction for the middle soil layer
of Fig. 3.10 [LT;

V.23 = horizontal velocity distribution in the North-South direction for the middle soil layer
of Fig. 3.16 [LT™];

V,sw = horizontal velocity distribution in the North-South direction for the bottom soil layer
of Fig. 3.4 [LTY];

V,a2) = horizontal velocity distribution in the North-South direction for the bottom soil layer
of Fig. 3.10 [LT];

V,a3 = horizontal velocity distribution in the North-South direction for the bottom soil layer
of Fig. 3.16 [LT™];

V,,q) = horizontal velocity distribution in the East-West direction for the top soil layer of Fig.
34[LTY;

V12 = horizontal velocity distribution in the East-West direction for the top soil layer of
Fig. 3.10 [LT™Y;

V.3 = horizontal velocity distribution in the East-West direction for the top soil layer of
Fig. 3.16 [LT™];

V., = horizontal velocity distribution in the East-West direction for the middle soil layer of
Fig. 3.4 [LTY;

V. = horizontal velocity distribution in the East-West direction for the middle soil layer of
Fig. 3.10 [LT™Y;

V.. = horizontal velocity distribution in the East-West direction for the middle soil layer of
Fig. 3.16 [LT™];

V.30 = horizontal velocity distribution in the East-West direction for the bottom soil layer of
Fig. 3.4 [LTY;

V.2 = horizontal velocity distribution in the East-West direction for the bottom soil layer of
Fig. 3.10 [LTY];
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V.33 = horizontal velocity distribution in the East-West direction for the bottom soil layer of
Fig. 3.16 [LT™];

V. = vertical velocity distribution for the top layer of Fig. 3.4 [LTY;
V,z) = Vertical velocity distribution for the top layer of Fig. 3.10 [LTY;
V.3 = vertical velocity distribution for the top layer of Fig. 3.16 [LTY;
V., = vertical velocity distribution for the middle layer of Fig. 3.4 [LTY;

V.22 = Vertical velocity distribution for the middle layer of Fig. 3.10 [LTT;

V.. = Vvertical velocity distribution for the middle layer of Fig. 3.16 [LTY;

V,30) = Vertical velocity distribution for the bottom layer of Fig. 3.4 [LTY;
V.32 = Vertical velocity distribution for the bottom layer of Fig. 3.10 [LT;
V.35 = Vvertical velocity distribution for the bottom layer of Fig. 3.16 [LTY;

X = horizontal coordinate along the North-South direction [L];
Y = horizontal coordinate along the East-West direction [L];
z = vertical coordinate [L];

$q) = hydraulic head distribution for the top soil layer for the flow problem of Fig. 3.4 [L];
2y = hydraulic head distribution for the top soil layer for the flow problem of Fig. 3.10 [L];
¢ = hydraulic head distribution for the top soil layer for the flow problem of Fig. 3.17 [L];

$,) = hydraulic head distribution for the middle soil layer for the flow problem of Fig. 3.4
[L];
.,y = hydraulic head distribution for the middle soil layer for the flow problem of Fig. 3.10
[L];
$,3) = hydraulic head distribution for the middle soil layer for the flow problem of Fig. 3.17
[L];
¢y1y = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 3.4
[LI];
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5y = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 3.10
[L];
53 = hydraulic head distribution for the bottom soil layer for the flow problem of Fig. 3.17
[L];

n, = porosity of the top soil layer (dimensionless);
n, = porosity of the middle soil layer (dimensionless);
n, = porosity of the bottom soil layer (dimensionless);

5, = ponding depth of the i strip at the soil surface for the flow problems of Figs. 3.4, 3.10
and 3.17 [L];

g, = width of the ditch banks in the North-South direction for the flow problem of Fig. 3.1
[L];

¢, = width of the ditch banks in the East-West direction for the flow problem of Fig. 3.1 [L];

(4,) =[(NZ 7Kz +(N2 7Kz

(NZ/K:2)+ (N2 /Kaz)],

) =[(n:
Aoy ) =[(NZ 1K) (N2 1K) :

“[(nerwz)e(n /K]
() =[N (K /5, )+ NG (K, /8, )+ N, 2 (K, /5, )
(A ) =[ N2 (K /84, )# Ny 2 (K, /S )+ N, 2 (K, /S, )

(A ) =[N3 (K, /8, )+ No 2 (K, /8, )+ N, 2 (K, /S, )

(Fs ) = N2KE+NZKE,

G “xz!?

(ﬂpzqz) =N2 K& +N2KZ;

Xz 1
(Zoe) =[(N2 /K2y NzKE];
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() =[ (N 75+ N
(ipsqs )2 =N2 K2+ N2K?2?:

Ps Xy Os " Xz

(Aaa) = NEKS + NZKE

(s >2 - [(Ni K3 )+Ng Kj‘f];
(Ane ) =[(N2 1K)+ NZK22];
(o) = NZKY +NZKE

(Fpa ) = N2 K+ N2 KE;

Pwo " XY

(e, ) =[ (N2, 1K)+ NE K |

(e ) =[(NG 7 K)+NEKE |

() =[(N272)(NE 13
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CHAPTER 4
CONCLUSIONS

In this study, a few analytical solutions have been worked out for studying subsurface drainage
of stratified soils under ponded conditions. Solutions for a few variants of the problem have been
first obtained by assuming the flow in a ponded drainage space as two-dimensional and later on
this assumption has been dropped and the problem has been tackled by considering all the three
components of flow in a chosen drainage space. The outcomes of the study have already been
provided in details in the earlier chapters, but for ready reference, we are now again running
through the salient outcomes of the study as under.

1. The ponded drainage problem for a three-layered soil has been solved for a few variants of the
problem by assuming the flow as two-dimensional in a ponded drainage space. These solutions
can account for both a uniform as well as a variable ponding field at the surface of the soil. The
separation of variables technique along with appropriate Fourier expansions has been utilized to
obtain solutions to all these problems. The steady state solutions are all exact and new and can
handle both equal as well as unequal water level heights in the drains. However, their transient
counterparts are strictly valid only when the horizontal hydraulic conductivities and specific
storage of the constituent layers of a stratified soil column obey a pre-defined relation among
each other. The validity of all these solutions has also been checked by comparing with the
analytical works for a few simplified drainage scenarios; also, numerical checks on them have
also been carried out utilizing the processing MODFLOW environment.

The study shows that flow in a ponded ditch system in a layered soil is highly sensitive to the
directional conductivities of the constituent layers, the level of water in the ditches and the
imposed ponding distribution on the surface of the soil. A higher horizontal conductivity of the
layers tends to wound the pathlines and a higher vertical conductivity of the layers tends to
unwound them. A lower water level in a ditch causes more water to flow into the ditch as
compared to a situation when the water level in the ditch is high. It has also come out of the
study that ponded drainage with a uniform ponding head at the surface of the soil is mostly
restricted to areas close to the drains with relatively much lesser contribution of water coming to
drains from locations located further away from the drains. However, if the imposed ponding

head is a variable one with increasing depth of ponding towards the semi-spacing distance
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between the drains, then the uniformity of water movement in a two-dimensional ponded
drainage space may be considerably improved. Another point that has come of the study is that
the mere presence of a very low conductive top soil layer over the bottom layer of a two-layered
ponded drainage system may lead to significant improvement in the uniformity of water
movement in the drainage space of such a system even when the surface ponding distribution
over such a drainage setting is kept as uniform. This is an important observation since, as
mentioned before, this type of hydraulic scenarios may be frequently encountered in the drainage
of paddy fields, where the hydraulic conductivity of the top soil layer may be substantially lower
than that of the layers below it.

2. Analytical solutions in the form of infinite series have also been obtained for the ponded ditch
drainage problem for a stratified soil for different locations of water level in the drains without
resorting to the two-dimensional flow assumption as has been made for the earlier solutions.
Here also, like in the previous solutions, the separation of variables method along with
appropriate multi-dimensional Fourier expansions has been made use to solve all the three
variants of the three-dimensional-multi-layered ponded problem considered for study. All these
solutions are new; however, whereas the steady-state solutions are valid for all possible
combinations of the flow parameters associated with them, the corresponding transient solutions
are valid only when the directional conductivities and specific storage of the layers of a stratified
soil satisfy some well defined relations among each other.

From the study, it has become clear that ponded drainage of a finite-sized field with
stratifications is mostly three dimensional in nature and that the soil hydraulic properties of the
constituent layers of a stratified soil have a noticeable influence on the hydraulics of flow
associated with such a system. The three-dimensional affect is more pronounced in areas close to
the recipient ditches where, depending on a flow situation, curvature of the flow lines can be
quite appreciable. However, if the length of the drainage lines on one side is much longer than on
a side orthogonal to it, then the flow in a vertical section located further away from the longer
boundaries of the flow domainmay be closely approximated (i.e., without introducing
appreciable error) using the two-dimensional flow assumption.It is also observed that a higher
horizontal conductivity of the layers has a tendency to flatten the pathlines and a higher vertical
conductivity of the layers has a tendency to make them more vertical. This is because an increase

in the horizontal and lateral conductivities of a layer, allowing all other factors to remain the
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same, results in a proportionate increase in the components of the velocity vector in these
directions in relation to its vertical component thereby causing the pathlines to tilt more towards
the drains when measured with respect to its initial state. The situation, however, gets reversed
with the increase in the vertical conductivity of a layer as in such a situation, the share of the
vertical component of the velocity vector gets proportionally increased with respect to the other
two components of the velocity vector thereby causing the pathlines to straighten up within the
layer. In this context, it should also be noted that, just like the two-dimensional ponded case, here
also the very existence of a very lowly conductive surface soil layer — say, the presence of a
plow-sole layer in a paddy field — may greatly improve the uniformity of water movement in
such soils even when the imposed ponding head over their surface is a uniform one. This is due
to the fact that when the conductivity of the top layer is low, the water particles are not getting
readily infiltrated into the soil even from closer locations to the drains thereby resulting in
relatively less volume of water to seep through a surface area close to the ditches as compared to
seepage through the same area when the conductivity of the top layer is high. Thus, the
conductivity contrasts of a multi-layered soil alone may have a significant effect on the overall
dynamics of ground water movement of a ponded ditch drainage system in a stratified soil.
Further, like in the two-dimensional situations, three-dimensional ponded drainage in a stratified
soil with a uniform ponding field is mostly restricted to areas close to the drains with minimal
seepage taking place in regions away from the drains. However, by providing a progressively
increasing ponding distribution away from the ditches and towards the centre of the ponding
field, a considerable improvement on the uniformity of water movement in a stratified ponded
space can be brought about in comparison to a situation where the imposed ponding head over
the field is a uniform one. As the three-dimensional solutions provided to the multi-layered
ponded drainage problem for its different variants are quite comprehensive in nature, it is hoped
that these solutions will lead to a better understanding of flow behavior in such systems as

compared to available solutions to the problem based on more restrictive assumptions.
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