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ABSTRACT

The coordination among a large number of autonomous mobile robots, also known as
swarm robots, has gained significant interest in recent years. Under the framework of Look-
Compute-Move cycles, the robots can perform various tasks such as exploration, gathering,
pattern formation, dispersion, scattering and others. This thesis mainly deals with three
different types of problems using a swarm of autonomous, anonymous and luminous mo-
bile robots. The first problem falls into the class of graph exploration problems where we
study the graph filling problem, named MIS Filling Problem. For an arbitrary connected
graph with specific vertices, called Doors, the problem aims to fill the vertices using robots
with limited visibility, entering the graph through the Door, such that the set of the occu-
pied vertices forms a maximal independent set (MIS) of the graph. We propose algorithms
for two versions of the problem: (1) Single Door under the asynchronous setting and (2)
Multiple Doors under the semi-synchronous setting. We also discuss the lower bound for
the problem for the single Door case.

The second problem in this thesis is one of the fundamental problems in swarm
robotics is the Mutual Visibility Problem. This problem is widely studied under various
constraints, such as axes agreement, fault tolerance, adversarial schedulers, etc. Opaque-
ness is one of the most interesting components in the model, which allows robots to ob-
struct the line of sight of other robots. The aim of the problem is to achieve a configuration
of the robots such that any two robots are visible to each other. We introduce a new flavour
to the model where we consider that the robots may exhibit inaccurate movement and
have an agreement on one coordinate axis. Inaccuracy is defined as an angular deviation
from the robot’s target point. More specifically, if the robot r chooses ¢, as its target point
for the movement, inaccuracy makes the robot, move to a point ¢ such that the distance
between r and ¢, is the same as the distance between r and .. We propose an algorithm
under the semi-synchronous setting, which is optimal with respect to the number of col-
ors. We extend the algorithm for the asynchronous setting using 3 colors. We also examine

the problem from the aspect of fault tolerance under the asynchronous setting in addi-
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tion to the inaccuracy in the robots’ movement. All the algorithms under this model take
O(N) epochs to achieve the goal, where N is the number of robots. We further discuss the
impossibility of the problem for the angular inaccuracy to be greater than 90°.

Another version of the model primarily investigates the mutual visibility problem from
the perspective of the mobility failure of the robots with no agreement on the coordinate
axes. No axes agreement adds up more challenges in tolerating mobility failure in the con-
text of mutual visibility. We show that the problem becomes unsolvable for a specific initial
configuration of the robots under this model where the initial configuration is symmetric.
We present an algorithm that tolerates any number of faulty robots when the robots are
operating under the fully-synchronous setting. The algorithm runs in O(N?) rounds. We
propose another algorithm in the presence of a single faulty robot that requires only 2 col-
ors in fully-synchronous and 5 colors in the asynchronous setting.

The third type of problem addresses the Uniform Partitioning for a given bounded re-
gion using a set of N of oblivious mobile robots. We initiate the study of partitioning a
region, taking inspiration from our daily life, where our natural tendency is to divide work
equally among ourselves to achieve faster results. The problem requires the robots to par-
tition the whole region into sub-regions of equal area, each of which contains exactly one
robot. Due to application-oriented motivation, we consider the region to be well-known
geometric shapes such as rectangle, square and circle. To the best of our knowledge, this is
the first attempt to study the Uniform Partitioning problem using oblivious opaque robots
working under asynchronous settings. We propose three algorithms considering three dif-
ferent regions. The algorithms proposed for rectangular and square regions run in O(N)
epochs whereas the algorithm for circular regions runs in O(N?) epochs. The algorithms
for the rectangular, square and circular regions require 2 (which is optimal), 5 and 8 colors,

respectively.
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Chapter 1

Introduction

1.1 Motivation

Distributed algorithms and their applications have permeated various facets of modern
life, ranging from our everyday interactions on social media platforms to critical domains
such as military operations and household chores, as well as advancements in nanotech-
nology. From single-processor systems to multi-processor systems, the journey was not
very long, and within this progression, the concept of robots was revolutionary. Develop-
ers are increasingly drawing inspiration from insects and animals, striving to create robots
that are not only compact but also cost-effective. Instead of a complex big-size robot, a
multi-robot system can perform efficiently. Different types of cost-effective robots, like
mobile agents, luminous robots, and Unmanned Aerial Vehicles (UAVs), are used in differ-
ent scenarios. They can collaboratively achieve some tasks like rescue operations, pattern
formation, gathering, building a structure, etc. What was once theoretical is now mani-
fest in practical applications. Autonomous programmable robot swarms like Kilobots [62]
and RoboBees [19] and innovations such as robotic valet parking [45] and dragon-inspired
autonomous drones [75] are a reality now.

A group of identical robots is called a swarm of robots, popularly known as swarm
robots [33]. Swarm robots are easy to manufacture, cost-efficient and have similar ca-

pabilities. Sometimes, these robots do not even need to be recovered after deployment
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2 Chapter 1. Introduction

to achieve some goal. Scalability is one of the primary reasons behind their popularity,
which makes the swarm robots resilient to faults to some extent. The motive is to design
distributed algorithms to solve a specific problem to ensure decentralization so that each
robot in the swarm can perform its task independently.

This thesis focuses on the LCM robot model, a widely studied swarm robot model that
has garnered attention from researchers over several decades. This model aims to strike a
balance between the capabilities of the robots and the solvability of specific problems. The
following section explains the characteristics of the model in detail, which are common for

all the subsequent chapters.

1.2 LCM Robot Model

Designing a robot model primarily focuses on achieving characteristics that closely resem-
ble those of the real world. We study different problems using these robots, taking certain

limitations into consideration.

1.2.1 Computational Model

Different models are proposed for swarm robots that are comprised of different capabilities
and constraints. We present a computational model for the problems considered in this
thesis. Here, we mention some facets of the robot model which are common to all the

problems.

General Characteristics of Robots

In this thesis, we model the robots as points on the Euclidean plane, which is quite popular

in the literature. Each of the robots in the swarm is
e autonomous: having no external control.
* anonymous: no external unique identifier.

* homogeneous: identical and runs the same algorithm.
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1.2. LCM Robot Model 3

* [uminous: having an externally visible light that can assume a color from a color set.

The light is a form of weak communication between the robots. Besides the externally

visible light, the robots do not possess any medium (wired or wireless) of communication.

Domain

We consider two different types of domains where the robots are deployed. First is the
discrete domain, where the robots are placed in a graph. The robots can traverse the graph
through the edges and occupy the vertices of the graph. Second is the continuous domain,
where the robots are distributed at distinct points on the Euclidean plane and free to move

anywhere from their current location.

Coordinate System and Orientation

Each of the robots has its own local coordinate system, the origin of which is the current
location of the specific robot. They perceive a specific point based on their local coordinate
systems. Two robots looking at the same point can have different coordinates. The robots
may or may not agree on a common direction, for example, the direction of the y-axis. If
they agree on one coordinate axis, we refer to it as one-axis agreement. In this case, all the
robots have the same positive and negative direction for the specific axis. Orientation, also
known as chirality, is a relative order of the positive x and y-axis on the Euclidean plane,
such as the clockwise or the counterclockwise direction. If the robots agree on a common

clockwise direction, we call them oriented. Otherwise, they are called disoriented.

Figure 1.1: Axis Agreement and Orientation

For example, the robots[] r1 and r, agree on the y-axis, whereas r3 does not agree on any

'We denote the robots as {rj, r2,-+ ry} if N robots are considered. We generally refer to a robot using
lower-case r.
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4 Chapter 1. Introduction

coordinate axis with the two robots, as depicted in Fig[L.1] The robots r; and r3 agree on the
clockwise orientation (have the same chirality), but the orientation of r, is different than

r; and rs.

Opaqueness

Non-transparent robots are said to be opaque robots. Opaqueness is a more realistic as-
sumption for the robot model than transparency. This allows the robots to obstruct the
line of sight of other robots. For example, two robots r; and r; cannot see each other if a

third robot ry lies on the line segment joining r; and r;.

Visibility

The robots can be modelled to have infinite visibility. However, if the robots are opaque, a
robot, even with infinite visibility, may not be able to see all the robots in the domain. This
is often referred to as obstructed visibility. The robots may also have a finite visibility range.
Such arobot is called myopicrobot. A robot can see all the robots within its visibility range,
which are not obstructed by other robots. It is common to assume that a robot is visible to

itself.

Notion of Distance and Angle

In this thesis, we explore the problems assuming the robots have a notion of distance. Each
robot has its own unit of measure depending on the local coordinate system. They can
accurately calculate the distance between two visible points in the domain with respect to
their local coordinate systems. Moreover, the notion of angle enables a robot r to compute

the angle Zp, r p;, for two points p; and p, within its visibility range.

Activation Cycles

A robot is either active or inactive. The robot executes a look-compute-move (popularly
known as LCM) cycle whenever it gets activated. Each cycle consists of three following

phases.
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1.2. LCM Robot Model 5

* look: The robot captures a snapshot of its surroundings to gather data.

* compute: It runs the algorithm and finds a target point for its movement based on
the data gathered in the look phase of its current cycle. If necessary, the robot also

changes the color of the light in this operation.

e move: It moves to the target point in the same cycle or remains in place.

Activation Scheduler and Run-time

In the literature, there are three main kinds of schedulers under which the robots are acti-

vated.

* Fully-Synchronous (FSYNC): Under this scheduler, the time is divided into discrete
global rounds. All the robots get activated simultaneously in each round and execute

an LCM cycle in sync.

» Semi-synchronous (SSYNC): This is the same as the FSYNC scheduler except for the
fact that a subset of robots gets activated simultaneously in SSYNC instead of all of
them. All the activated robots execute their LCM cycles in sync. Clearly, the FSYNC

scheduler is a special case of the SSYNC scheduler when all the robots are activated.

» Asynchronous (ASYNC): This is the weakest among all activation schedulers. There
is no notion of a global time under this scheduler. Any robot can be activated at any

time, with the fairness assumption that every robot is activated infinitely often.

Since a robot might be inactive for an arbitrarily large amount of activation cycles in both
SSYNC and ASYNC settings, time is measured in terms of epochs, which is the smallest time

interval in which every robot gets activated and executes its LCM cycle at least once.

Memory

The robots have their local memory to store the data gathered in the look phase of the
current LCM cycle. Note that the collected data for the current cycle is erased after the

end of the current cycle. The computation and movement of the robots rely only on local
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6 Chapter 1. Introduction

computations on the basis of snapshots taken in the current look phase. Such a robot is
called oblivious or a memoryless robot.

For luminous robots, the prefixed set of colors can be seen as a persistent memory. The
current color of the light does not get changed until the robot switches it to a different color
in the compute phase. Besides this, the robots do not possess any other persistent memory
to store the information from their past cycles. It is customary for a robot with a constant-
sized persistent memory to call it oblivious in the sense that when it transitions from one

cycle to another, all its local memory, except the light, is reset.

Multiplicity

When two or more robots are collocated at a point simultaneously, the point is termed as
multiplicity point. A multiplicity point leads to a collision between the robots. Detecting
multiplicity is an extra cost for the robot model. In this thesis, we do not allow collision or

crossing between robots’ paths during their move phase.

Faults

In the context of swarm robots, fault tolerance is one of the important parts, as au-
tonomous robots have drawn attention for their scalability. We are keenly interested in
examining the solvability of a problem in the presence of faulty robots. In literature, two

different types of faults are mainly considered.

* Crash Faults: The fault may occur at any time, which stops a robot from doing any-

thing further.

* Byzantine Faults: Byzantine fault makes a robot behave maliciously and unpre-

dictably.

* Mobility Fault: In the case of the luminous robot model, the crash fault is even more
categorized. A widely popular fault model is mobility fault, which makes the robots

immobile after the fault. However, the rest of the tasks remain unaltered.
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1.2. LCM Robot Model 7

Whenever we say fault in this thesis, we mean the mobility fault in the subsequent

chapters.

Movement of the Robots
There are two types of movement of the robots.

* Rigid Movement: In this case, a robot moves to its target point in the same LCM

cycle.

* Non-rigid Movement: A robot in motion might be stopped before reaching its desti-
nation. The robot can move at least a prefixed distance 6 in an LCM cycle. The robot
reaches its destination if the distance is less than a predefined distance 6. Otherwise,

it moves at least 6 towards the destination along its path in one cycle.

1.2.2 Common Problems

Autonomous mobile robots have a wide range of applications, which is why many standard
problems are explored under this model. We mention some of the popular problems as

follows.

* Mutual Visibility: Starting from any initial deployment of the robots, the aim of the
problem is to achieve an arrangement of the robots such that any two robots present

in the domain are visible to each other.

* Pattern Formation: The problem, which is extensively studied under this model,
requires the robots to form a given pattern from an initial configuration of the robots

within finite time.

* Gathering: The robot needs to gather at a point from any initial configuration. This

problem can also be seen as a point formation problem for a system of robots.

* Dispersion: The problem is generally studied in graphs and aims at an arrangement
of the robots such that every robot is placed at a distinct vertex from an arbitrary

placement on the vertices of the graph.
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8 Chapter 1. Introduction

e Patrolling: The task is to ensure that a border composed of segments with varying
priorities is consistently traversed, with each segment’s priority considered. The goal
is to minimize the longest duration during which high-priority points remain unvis-

ited while ensuring that low-priority points are visited continually.
* Leader Election: The task is to agree on a common leader.

* Flocking: This problem is an extension of the pattern formation problem where the

goal is maintaining a specific pattern while in motion.

1.3 Organization and Contributions of the Thesis

The rest of the thesis is organized as follows. We extensively discuss all the relevant works
in Chapter [2| for this thesis. Chapter [3| presents different models and preliminaries corre-
sponding to the four problems considered in this thesis. In Chapter[4} we study the prob-
lem MIS Filling Problem on arbitrary graphs with myopic robots. Chapter|5|addresses the
problem of mutual visibility in the presence of oblivious robots exhibiting angular inac-
curacy in their movements. Chapter[6|discusses the mutual visibility problem in another
model where the robots do not agree on any coordinate axes, along with the mobility fail-
ure of the robots. In Chapter[7] we present a relatively new problem, named uniform par-
titioning, using a swarm of oblivious, disoriented robots whose target is to collaboratively
partition the given bounded region. Finally, we conclude the thesis in Chapter[8|along with

the future scope of this thesis. We summarize the results presented in each chapter.

1.3.1 MIS Filling Problem on a Graph

We present a problem named MIS Filling Problem in Chapter 4| on a connected port-
labelled graph with special vertices called Door. We consider the robots to be myopic, and
they enter the graph through the door vertices. The aim of the problem is to fill a set of ver-
tices such that the set of occupied vertices forms a maximal independent set (MIS) of the
graph. In this chapter, we primarily investigate the power of myopic robots on the filling

problem. We present two algorithms: (1) for a single Door under the ASYNC setting and
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1.3. Organization and Contributions of the Thesis 9

(2) for multiple Doors under the SSYNC setting. Both algorithms require O(m?) epochs to
form an MIS of the given graph, where m is the number of robots that form an MIS of the
graph. For a single-door case, we present a lower bound on the time complexity. Further,
we give counterexamples to prove that the problem is not solvable if the robots have 2 hops
of visibility range. We show that 4 hops of visibility is insufficient for the multiple-door case

to achieve our goal. Chapter[4]is based on the publication [60].

1.3.2 Mutual Visibility Despite Angular Inaccuracy

Chapter 5 explores the fundamental problem in swarm robotics, which is popular as the
mutual visibility problem in the presence of oblivious luminous mobile robots. To the best
of our knowledge, this is the first work in the field of mutual visibility where we deal with
inaccuracy in robots’ movement. The inaccuracy is defined in terms of angular deviation
from the target point chosen by the robots. The inaccuracy does not allow the classical
solutions given in various literature to achieve mutual visibility among the robots. When
there is no faulty robot, we present two algorithms, a color optimal algorithm in the SSYNC
setting and a 3 color algorithm in the ASYNC setting. We extend the study to the mobility
failure of the robots. In this case, a robot can become faulty at any time along with the
inaccuracy in its movement. We propose an algorithm that tolerates any number of fault
which requires 10 colors to achieve mutual visibility. All the algorithms presented in this
chapter run in O(N) epochs, where N is the total number of robots. Finally, we also show
that after a certain extent of the angular inaccuracy, the problem becomes impossible to

solve. Chapter|[5]is based on the publication [58].

1.3.3 Fault-tolerant Mutual Visibility in Local Coordinates

In Chapter|[6} we revisit the problem of mutual visibility using a swarm of luminous mobile
robots deployed over the Euclidean plane. We investigate the problem of fault tolerance
under the microscope, assuming that the robots do not agree on any global coordinate
axes or orientation. Moreover, the robots are unaware about the total number of robots N

present on the plane. By fault, we mean mobility failure which makes the robots immobile
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10 Chapter 1. Introduction

after a fault. However, the light of a faulty robot remains unaffected. We show the impos-
sibility of the problem in case of a specific initial configuration of the robots which is sym-
metric. We propose an algorithm that tolerates f (< N) number of faulty robots and uses a
constant number of colors in the FSYNC setting. To be specific, the algorithm requires 21
colors and runs in O(N?) rounds. We present another algorithm that is much simpler than
the prior one but can tolerate a single faulty robot. This algorithm needs only 2 colors in

the FSYNC and 5 colors in the ASYNC setting. Chapter|is based on the publication [59).

1.3.4 Uniform Partitioning of a Bounded Region

In Chapter|[7} we deal with a problem named Uniform Partitioning where a given bounded
region needs to be partitioned into equal sub-regions using a swarm of oblivious luminous
robots. To the best of our knowledge, we initiate the study of partitioning a region uni-
formly using opaque robots under the ASYNC setting. Along with opaqueness and asyn-
chronous activation, the main challenge of the robots in this problem is the agreement
among the robots regarding the partitioning method, as a bounded region can be divided
in several ways. Because of the application-oriented point of view, we choose common
geometric shapes such as rectangle, square and circle to partition them using the robots.
We achieve a color-optimal algorithm for the rectangular region and a 5 color algorithm
for the square region. The proposed algorithms for these two regions require O(NN) epochs
in the ASYNC setting. We further present an algorithm for the circular region which needs
O(log(NN)) epochs using a constant number of colors. We discuss how we can think of the
trade-off between the number of colors required and the time complexity by proposing
another algorithm for the circular region that has a higher time complexity. Chapter[7|is

based on the publication [57].
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Chapter 2

Literature Review

In this chapter, we explore the relevant literature for this thesis. Additionally, we highlight
works that are of interest and closely aligned with the problems we are addressing in this
thesis. We first discuss the literature related to the filling problem in graphs. After that,
we explore the relevant work for the mutual visibility problem, and finally, we mention the

related work for the uniform partitioning problem.

2.1 Graph Properties and Graph Filling using Robots

Exploring a graph using autonomous robots has been of great interest to researchers for
many decades. In the recent past, many problems related to graph exploration have been
studied, such as dispersion [5,|44,46,|47], filling graph vertices [6,7,35},36], maximal in-
dependent set and dominating set [8,/18,30, 50, 55|, searching [12,/13,14,|15], etc. These
problems give us a comprehensive idea of designing movement strategies for a swarm of

autonomous robots on graphs.

2.1.1 Dispersion Problem

The dispersion problem was initiated by Augustine and Moses Jr. [5], where they studied
the trade-offs between the two metrics: (i) memory requirement for the robots and (ii) the

time to achieve the dispersion. They also provided the lower bound for both the metrics
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12 Chapter 2. Literature Review

of the problem. Later, the problem became popular among researchers and was studied
to improve the gap between the lower and upper bound of the memory required and the
time complexity under various models [40,41,42,43,70]. The problem is also studied in grid
graphs where Kshemkalyani et al. [44] provided algorithms that are optimal with respect to
time and memory complexity. The problem is also extended from the perspective of fault-
tolerance [46,47] where the byzantine fault is considered. A closely related work to our
problem is the distance-2-dispersion, proposed by Kaur and Mondal [40]. Starting from a
configuration where all the robots are collocated, the robots arrange themselves such that
none of the adjacent vertices are occupied by the robots. Their algorithm does not always
guarantee the formation of a maximal independent set (MIS) while achieving the goal of

dispersion.

2.1.2 Independent and Dominating Sets on Graphs

A closely related problem to a set of problems on graph such as maximal independent
set and dominating set is the scattering of robots [8,30,55]. Scattering of robots gives us
an extensive plan in designing the movement of a swarm of robots in a graph which re-
quires robots to place themselves on distinct vertices of the graph. Kamei and Tixeuil [39]
solve two variations of the maximum independent set (MAX_IS) placement problem for
grid networks under the ASYNC setting. The first one assumes knowledge of port num-
bering for each node. It uses three colors of light and a visibility range of two. The other
one removes the port-numbering assumption and uses seven colors and a visibility range
of three. Pattanayak et al. [50] presented algorithms for finding an MIS for different graph
classes, such as trees, grids, general graphs, etc., considering different initial configurations
of the robots. The robots operate under synchronous rounds. For the rooted configuration,
where the robots are placed at the same vertex, the proposed algorithm finds an MIS for a
general graph in O(INA) time and requires O(log N) bits of persistent memory, where N is
the number of robots deployed on the graph and A is the maximum degree of the graph.
For the dispersed configuration where the robots are at distinct vertices, the algorithm re-

quires O(NAlog N) time and O(log N) bits of memory.
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Another classical graph problem is the dominating set. In the recent past, Chand et
al. [18] studied the problem using autonomous mobile robots. Two algorithms, a O(m)
time algorithm and a O(I/Alog(A) + NI + m) time algorithm, were presented to place the
robots for creating a dominating set of a graph, where m is the number of edges, [ is the

number of clusters of the robots initially, A is the maximum ID-length of the robots.

2.1.3 Filling Problem

Another variation of graph exploration is the filling problem, which has a wide range of
applications in the real world. The problem is thoroughly explored under various models.
Barrameda et al. [6] proposed algorithms for uniform dispersal or filling problems on any
simply connected orthogonal space using identical asynchronous sensors. They present
two algorithms: one for the single door, where sensors have one unit of visibility range
and two bits of persistent memory, and the other for multiple doors, where sensors have
two units of visibility and a constant amount of persistent memory. They also prove that
oblivious sensors cannot solve the problem deterministically, even if they have unlimited
visibility. For multiple doors, they show that the problem is unsolvable if the visibility range
is less than two, even if sensors have unbounded memory. Further, even with unbounded
visibility and memory, they show that the problem is unsolvable if the sensors are identical.
Barrameda et al. [7] extended the problem of uniform dispersal for orthogonal domains
with holes. They solve the problem when robots have a visibility range of six without any
direct communication among themselves. Later, they solve the problem using direct com-
munication among robots to reduce the visibility radius without increasing the memory
requirement. Hideg and Lukovszki [35] solve the filling problem in orthogonal regions,
where the robots enter the region through entry points called doors. They propose two
algorithms with run-time O(n), one for single door and the other for multiple door case,
where 7 is the number of vertices of the graph. Later, Hideg and Lukovszki [36] presented
the Filling problem for arbitrary connected graphs in the ASYNC settings where the goal is
to fill the graph using myopic luminous robots.

We extend the filling problem further to a problem called the MIS Filling Problem, using
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Algorithm | Schedular| Problem | Topology | Number | Visibility| Memory (in | Number | Time
of Range bits) of Col- | Complex-
Doors ors ity
PACK [36] | ASYNC Filling Connected | Single 1 hop O(logA) A+4 0(n?)
Problem graph epochs
BLOCK ASYNC Filling Connect Multiple | 2 hops O(logA) A+k+4 | O(n)
[36 Problem graph (k) epochs
| Algorithm | ASYNC MAX_IS Grid net- | Single 2 hops o(1) 3 O(n(L+1))
1 [39] Place- work steps
ment
Algorithm | ASYNC MAX_IS Grid net- | Single 3 hops o) 7 O(n(L+1)
2 [39] Place- work steps
ment
IND ASYNC MIS Fill- | Connected | Single 3 hops O(logA) A+8 O(N?)
ing graph epochs
MULTIND | SSYNC MIS Fill- | Connected | Multiple | 5 hops O(og(A+k) | A+k+7 O(N?)
ing graph (k) epochs

Table 2.1: The state of the art of previous results PACK [36], BLOCK [36] and MIS placement
on grid [39] with our proposed algorithms IND and MULTIND. The steps represent the total
movement of robots throughout the execution of the algorithm. The number of nodes is n
and the grid has a dimension of L x [.

luminous robots with limited visibility. The problem requires the robots to enter the graph
and eventually get settled on the vertices such that all occupied vertices form a maximal
independent set (MIS) of the graph. The state-of-the-art results and ours’ are presented in

Table[2.1) where N is the number of robots that form MIS.

2.2 Mutual Visibility

The capabilities of the robots under LCM Robot model is examined for various problems
such as gathering [49}/52], pattern formation [23,34,51,|61], mutual visibility [10, 66,(72],
searching [14,15], etc. In the LCM Robot model, the mutual visibility problem is one of
the most common problems. The problem is studied with a swarm of autonomous mobile
robots having various abilities. The exploration of this problem extends across different
domains (continuous and discrete) and also includes strategies for tolerating faults in the

robots.

TH-3475_186123017
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2.2.1 Continuous Domain

Usually, the robots are modelled as points on the Euclidean plane [28,29,66,/69]. A point
robot is assumed not to occupy any space on the plane. However, a more realistic model
called fat robot model, is considered to inspect the mutual visibility problem. A fat robot is

modelled as a unit disk on the 2D plane [9}/17,56].

Point Robots

Di Luna et al. [29] introduced the problem of mutual visibility on the Euclidean plane using
luminous point robots under the SSYNC setting where N, the total number of robots, is a
global knowledge. Later in [28], they investigated the problem using luminous robots with
rigid and non-rigid movement under both SSYNC and ASYNC settings and proposed algo-
rithms for both cases. Their algorithms require 3 colors to achieve mutual visibility among
the robots. Using the same model as in [28], Sharma et al. [66] presented an algorithm
that improves the number of colors to 2 in SSYNC and ASYNC settings. Vaidyanathan et
al. [72] presented a O(log n) algorithm with FSYNC luminous robots considering a model
that assumes chirality and allows collision between robots. Later, a constant time algo-
rithm under the SSYNC setting is proposed by Sharma et al. [69] using robots with rigid
movement that is free from collision. Bhagat et al. [10] investigated mutual visibility with
semi-synchronous robots in FSTATE model [27] where the robots use a persistent mem-
ory to remember only the previous internal state. Sharma et al. [68] presented a constant
time algorithm with ASYNC luminous robots, where robots do not have any agreement on

coordinate axes.

Fat Robots

The problem of mutual visibility is also studied using fat robots in [9,/17,56]. Sharma et
al. [65] solved the mutual visibility using fat luminous robots under fully synchronous set-
tings. Bose et al. [17] proposed an algorithm for the mutual visibility problem using fat
luminous robots having both axes agreement under semi-synchronous settings where the

camera on the robot is slim in the sense that the camera is a disk with a smaller radius than
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the robot. Bhagat et al. [9] explored the problem using fat luminous robots with one axis

agreement among them and proposed a linear time algorithm under this model.

2.2.2 Discrete Domain

The problem is not restricted to the Euclidean plane. It is also studied in discrete domains,
such as grids, trees, and general graphs. Adhikary et al. [2] presented an algorithm for
luminous point robots where robots are deployed on an infinite grid and operate under the
ASYNC setting. Later, Sharma et al. [67] proposed a randomized algorithm using luminous
point robots on a grid domain of unbounded size. The problem is examined further in
finite grids and trees by Cicerone et al. [21] where the aim is to place the robots on distinct
vertices of the graph in such a way that there exists a shortest path between every pair of

robots with no third robot lying on it.

2.2.3 Fault-tolerance

The problem is also studied under the microscope of fault tolerance. Mainly, the fault is
considered to be mobility failure, which means that the faulty robots become immobile
after the fault. Aljohani and Sharma [4] presented an algorithm tolerating a single faulty
robot under the SSYNC setting and with the assumption of agreement on both coordinate
axes. Poudel et al. [54] gave an algorithm that tolerates a general number of mobile faulty
robots with an extra assumption that the robots agree on one coordinate axis. Sharma et
al. [64] solved mutual visibility for SSYNC luminous robots considering a different type of
fault, where the light of the robots becomes faulty, but the mobility of the robots is not

affected.

2.2.4 Inaccurate Movement

Few papers in the literature address the inaccuracy in robots’ movement, which is com-
paratively harder to handle in the case of the mutual visibility problem. Souissi et al. [71]
proposed an algorithm for the gathering problem using two ASYNC robots having inac-

curate compasses. They considered that the compasses of the two robots can diverge as
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Paper No. of | Inaccuracy | Scheduler | Global Colors Time
faults Knowl- Complex-
edge ity
Di Luna et al. [29] None No SSYNC N - -
Di Luna et al. [28] None No ASYNC None 3 -
Vaidyanathan et al. [72] | None No FSYNC Chirality 12 O(logn)
Aljohani & Sharma [4] 1 No SSYNC Both axes 3 -
Poudel et al. [54f f No SSYNC One axis 2 O(N)
Poudel et al. [54] f No ASYNC One axis 3 O(N)
Sharma et al. [68] None No ASYNC None 47 o)
SSYNC_MV_INACC None Yes SSYNC One axis 2 O(N)
ASYNC_MV_INACC None Yes ASYNC One axis 3 O(N)
FAULT_MV_INACC f Yes ASYNC One axis 10 O(N)
FAULT_MV,¢ f No FSYNC None 21 O(N?)
_ SSYNC 2
FAULT_MV{CI 1 No ASYNC None 5 -

Table 2.2: The state of the art of previous works related to mutual visibility problem on the
Euclidean plane

much as /4. Later, Yamashita et al. [74] extended the same problem, taking the angular
divergence between the compasses of the two robots to any angle less than 7.

This thesis studies the mutual visibility problem under two separate models. In the first
one, we explore the problem with point robots exhibiting inaccuracy in their movement.
We further integrate mobility failure in this model and solve the problem under the as-
sumption of one-axis agreement. In the second model, we assume that the robots do not
have any agreement on the coordinate axes and are susceptible to mobility failure. Table
provided a comparison between some of the major literature in mutual visibility and

our works.

2.3 Distributed Uniform Partitioning Problem

Partitioning a bounded region using an autonomous robot swarm is a relatively less ex-
plored area. The problem has a keen correlation with pattern formation that also deals
with repositioning a swarm of robots from any arbitrary initial configuration, although the

primary difference is the knowledge of N which is known to the robots.
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2.3.1 Pattern Formation

Pattern formation using the LCM robot model has grabbed a lot of attention for many years
now. In various literature [11}22,34,48,61,73], the pattern formation problem is studied
with mobile robots with different capabilities. Uniform circle formation (popularly known
as UCF) is one of the most popular problems in this area, and it can be useful for parti-
tioning a region of a specific geometrical shape. In the recent past, Feletti et al. [31] pre-
sented a linear time algorithm for the UCF problem using ASYNC luminous robots. Later
in [32], they proposed an improved algorithm that runs in O(log(N)) epochs using a con-
stant number of colors. Biswas et al. [16] explored the formation of multiple uniform circles

using robots with limited visibility working under the FSYNC setting.

2.3.2 Partitioning a Region

The uniform partitioning problem has a wide range of applications, such as surveillance of
a particular region, painting a bounded region and many more. Saha et al. [63] inspected
surveillance of uneven surfaces using drones, which falls into the category of coverage
problem. Their target is to provide compact coverage of the area so that the diameter of
the drone network is minimized. Das and Mukhapadhyaya [24] proposed an ASYNC al-
gorithm for distributed painting in a rectangular region with a robot swarm where robots
have agreement on a global line. The algorithm divides the region into uniform horizon-
tal strips, but one of the advantages of this paper is that the robots are transparent, which
enables them to see all other robots in the region in every activation. Later in [25], they
studied the distributed painting with robots having limited visibility and a global coordi-
nate system. Robots are not completely oblivious and transparent, so they can see all the
robots within the visibility range. Das et al. [26] extended the distributed painting when the
rectangular region has opaque obstacles in it. They consider the robots to be transparent
and work under SSYNC settings, having total agreement in the direction and orientation
of their local coordinate systems. Pavone et al. [53] proposed an algorithm for equitable
partitioning of an environment using synchronous mobile agents, where equitable par-

titioning means the load for every robot is similar for each agent. Their algorithm uses
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Papers Problem Region Scheduler| Opaque | Axis Number Time
Robots | Agree- | of Colors | Com-
ment plexity
Das and Mukha- | Distributed Rectangle | ASYNC No Both None -
padhyaya [24] painting axes
Das and Mukha- | Distributed Rectangle | ASYNC No Both None -
padhyaya [25] painting with axes
limited visibil-
ity
Das et al. [26] Distributed Rectangle | SSYNC No Both None -
painting with axes
obstacles
Acevedo et al. [1] Non-uniform Known FSYNC Yes Both None -
Partitioning Environ- axes
ment
Feletti et al. [32] Uniform circle | Euclidean | ASYNC Yes None 64 O(logN)
formation plane
RECTANGLE_ PAR- | Uniform Parti- | Rectangle | ASYNC Yes None | 2 O(N)
TITION tioning
SQUARE_PARTITION| Uniform Parti- | Square ASYNC Yes None | 5 O(N)
tioning
CIRCLE_PARTITION | Uniform Parti- | Circle ASYNC Yes None 17 O(logN)
tioning
CIRCLE_PARTITION | Uniform Parti- | Circle ASYNC Yes None 8 O(N?)
tioning

Table 2.3: The state of the art of some previous works related to uniform partitioning of a
bounded region

the Voronoi-based partitioning approach but does not guarantee equal partitioning of the
region. Acevedo et al. [1] gave an algorithm for partitioning a known region using aerial
robots, assuming the whole area is divided as grids, but the partitioning is not uniform.
We explore the Uniform Partitioning problem where the aim is to partition the given
bounded region into sub-regions of equal area using opaque ASYNC robots such that each
sub-region has exactly one robot at the end. Table |2.3|gives us an overview of the related

work to the uniform partitioning problem and provides a comparison with our work.
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Chapter 3

Models and Preliminaries

In this chapter, we formally list down the robot models and preliminaries required for the
problems in the subsequent chapters. As mentioned in Chapter |1} this thesis deals with
four problems, out of which one is on the discrete domain (arbitrary graph) and the other
three consider a continuous domain (the usual Euclidean plane). In this chapter, we are
going to mention the domain and any assumption related to the domain explicitly in the

following sections.

3.1 MIS Filling Problem on a Graph

We consider the MIS Filling Problem in Chapter |4} In this problem, we model the envi-
ronment as a graph. We say that the graph contains a set of vertices that are connected to
Doors from where robots can enter. The number of Doors in the graph is unknown to the
robots, but they are equipped with colors to distinguish themselves if they enter the graph
from different Doors. We assume a maximum of k Doors are attached to the graph. The
goal of the robots is to fill a maximal independent set of vertices of the given graph.

Graph: We consider an anonymous graph, i.e., the nodes of the graph are indistinguish-
able from each other. Each vertex v of the graph contains port numbers corresponding
to the incident edges from [1,2,...,0(v)], where 6 (v) is the degree of the vertex v. Given an
anonymous connected port labeled graph H = (V', E’), we construct a graph G = (V, E) with

k Doors, that adds two auxiliary vertices {d;, d;} corresponding to each Door that is con-
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nected to distinct vertices {vy, vy,..., vx} € V'. We have a path d; — dlf — v; corresponding
to each Door d;. The robots enter the graph through the Door, and a new robot appears at
the Door immediately after it becomes empty. We say a vertex is free if none of the vertices
adjacent to it are occupied by any robot. Since we add a buffer vertex corresponding to
each Door, all the vertices in the original graph H are free vertices in the beginning.
Robots: The focus is on completing the task using robots with minimal capabilities oper-
ating under certain adversarial conditions. The robots are autonomous, anonymous and
homogeneous. In this chapter, we consider the robots to be myopic which means that they
have a finite visibility range. Additionally, the robots are luminous and follow the LCM acti-
vation cycles. The light of a robot can be seen from any direction. Moreover, a robot moves
two hops in a single move phase.

Assumptions: We have the following assumptions regarding the knowledge of a robot and

the properties of the underlying graph.

* The robots have no knowledge of the graph but an upper bound of A, the maximum

degree of the graph.

» For arobot placed at v with a visibility range of z, the port numbers of all the vertices

in its visibility range are visible. We say that the robot has z hops of visibility.
¢ Movement of robots is non-instantaneous.

* Assoon as arobot appears at the Door, it is activated immediately and starts the look

phase.

* A robot recognizes all the colors corresponding to the doors, but it can only display
the color corresponding to the Door via which it enters the graph along with the col-
ors common to all robots. A robot entering through i-th Door cannot display the
colors corresponding to the j-th Door. Note that, at most one robot from the set of
robots that entered the graph from a given Door, shows the color of the Door at a

time. We use unique colors for each Door to determine a hierarchy among them.

Note that we use directions and port numbers interchangeably throughout this chap-

ter. Each port number corresponds to a DIR color, also the direction towards Successor or
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Predecessor.

3.2 Mutual Visibility Despite Angular Inaccuracy

Chapter [5|deals with a fundamental problem in swarm robotics, popularly known as the
mutual visibility problem, where the robots are required to arrange themselves so that no
three of them are collinear. The domain considered in this problem is the Euclidean plane.
In this chapter, we study the problem in the presence of robots exhibiting angular inaccu-
racy in their movement.

Robots: We consider a set of NV autonomous, anonymous and homogeneous point robots
R ={r1, s, ---rn} on the Euclidean plane, where r; denotes a robot for i = 1,2,--- N. They
are opaque and operate in LCM cycles. All the robots are oblivious. There are no means
of communication except for a persistent externally visible light on them, which can take
any color from a constant-sized color set. None of the robots have knowledge about N.
The robots perceive all the points on the plane by their local coordinate system. However,
we assume that the robots agree on one coordinate axis. Without loss of generality, we
consider the y-axis. This means that the robots know the positive and negative directions
of the y-axis, but they do not know the direction of the x-axis. The positive and negative
direction of the x-axis might be different for different robots. This enables a robot to deter-

mine the horizontal and vertical lines passing through it.

Figure 3.1: Illustrating the inaccurate movement of a robot r; which chooses to move to ¢,
but moves to ¢,

Inaccurate Movement: For any robot r, the inaccuracy in movement is defined as an angu-
lar deviation from the intended target to which it has chosen to move. As shown in Fig.
if r decides to move to the point ¢, it actually moves to the point ¢ due to the inaccuracy

in its movement. We call the angle 6, = £t rt, the angular inaccuracy of the robot r. The
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angle 0, is assumed to be less than 90°. Two robots don’t need to have the same angular
inaccuracy.

Configuration: We define a configuration C; to be the set {(r{,r{.color),(r;,r}.color),
-, (1 Ty-color)}, where rl.t is the position of the robot r; at time ¢ (= 0) and rl.t.color
is the color shown by the light on the robot r; at the time . Since the visibility of the robots
can be obstructed, all the robots might not be visible to a particular robot. So we define
the local configuration for a robot r; € R at any time ¢ to be set of all tuples of the form
(r ]t T Jt .color), where r; is a visible robot to r;. Since a robot is visible to itself, the local con-
figuration for the robot r; includes the robot itself. For simplicity, we write r; and r;.color
instead of r/ and r f .color respectively. We misuse the notation r; to represent the robot r;
and the current location of it.

Notations: Here, we mention the notations and conventions that we follow throughout

this chapter.
e The y-coordinate of the location of the robot r; is denoted by ;. Vcoord-

* For two robots r; and rj, 7;7; is the line segment joining them, whereas r;r; repre-

sents the infinite line passing through r; and r;.

* For any non-perpendicular line (a line which is not parallel to the y-axis) L passing
through the robot r, we call the open half plane delimited by the line L that contains
the positive y-axis of the local coordinate system of r as the upper half plane and
denote it by H g P, Similarly, the open half plane delimited by the line L that contains
the negative y-axis of the local coordinate system of r is called the lower half plane

and denoted by H-.

e The shortest distance between a point r; and a line AB is the perpendicular distance
between them and denoted by d(r;, }X_)B). We use the same notation d(r;, ;) to rep-

resent the shortest distance between the two points r; and r;.

¢ For convenience, we use the notation V.ARf "¢¥ to denote any variable VAR, in the

previous LCM cycle for any robot r.
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Collinearity: Any three robots r;, r; and r are collinear if they lie on the same line.
We denote this collinearity by 7;7;7¢. For three collinear robots r;,r; and ry, we call the
infinite line passing through them as the line of collinearity (we use LOC henceforth),
and it is represented by <r,r—]rf€ We classify collinearity into two types. The first one
is horizontal collinearity, where the LOC 7;7;7 is a horizontal line. The second type is
non-horizontal collinearity in which m is a non-horizontal line. In the latter case, if
I'i-Yeoord > Tj.Ycoord > Tk-Yeoord> then ry, rj and ry are called the first, middle and last robot
of collinearity, respectively. Notice that the middle robot r; of the collinearity 7;7; 7y is the
only robot that can detect the collinearity because both the robots r; and ry are visible to

it. This enables the middle robot to determine the LOC.

3.3 Fault-tolerant Mutual Visibility without any Axis Agree-
ment

In Chapter|6} we revisit the mutual visibility problem with a different model than the pre-
vious. The goal is to achieve mutual visibility among the non-faulty robots, i.e., any two
non-faulty robots should be visible to each other.

Robots: We consider N autonomous, anonymous, homogeneous and disoriented point
robots denoted by ry, 2, - ry on the 2D plane, each of which operates under LCM cycles.
These robots are opaque and do not know N. Robots have no agreement on the coordinate
axes or the orientation. By fault, we mean the mobility failure of the robots. When a fault
occurs, the robot is unable to move henceforth. The fault can occur at any time. A faulty
robot cannot be identified even by itself.

Configuration: The definition of a configuration C; of all the robots remains the same.
We denote the convex hull of all the robots by CH. Initially, the robots do not necessarily
know CH because of the obstructed visibility. We denote C;(r) to be the configuration of
all the robots that are visible to r at the time . The convex hull of the robots visible to r,

sometimes called the local convex hull of r, is denoted by CH.;.
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3.4 Uniform Partitioning of a Bounded Region

In Chapter 7, we introduce a problem, named as uniform partitioning problem of a
bounded region, where the goal is to divide the given region into N uniform partitions
with the help of N mobile robots so that each of the partitions contains exactly one robot.
Robots: A set of N disoriented and opaque luminous mobile robots {ry,r,,---rn} is de-
ployed at distinct points within a bounded region. This region can be thought of as a sub-
set of the Euclidean plane. The robots can detect the boundary of the region. All the robots
operate in LCM cycles and are activated under a fair ASYNC scheduler. A robot is visible to
itself but might be unable to see all the robots inside the region due to obstructed visibility.

Moreover, robots do not know N and have no agreement on their coordinate axes.

Region: We are given with a bounded region, denoted by R. The interior of the region R,
denoted by Int(R) is defined to be the part of R without the boundary. In this chapter, we
consider the region to be a standard geometric region such as a rectangle, square or circle.
Arobotlying on Int(R) is called an interior robot. A robot is a boundary robot when it lies
on the boundary of ® but not on the corners. When R has corners, robots lying on them
are called corner robots. The boundary of R is identifiable by the robots from any point
in the region, which enables them to identify whether the region is a rectangle, square or
circle. For any two points A and B in the region, AB denotes the line segment joining A
and B. AB is the line passing through the two points. The length of a line segment AB is
represented by len(AB). We denote the distance between two points A and B by d(A, B).
A similar notation d(p, L) is used to represent the shortest distance between a point p and

aline L.
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Chapter 4

MIS Filling Problem on a Graph

4.1 Introduction

The maximal independent set (MIS) of a network graph plays a significant role in decom-
posing the network into clusters of low diameter, which is often very useful in designing
and implementing a distributed divide-and-conquer algorithm. MIS vertices can also be
used as a network backbone for deploying communication infrastructure. For example,
information dissemination in a low latency system where all robots form a network should
be located at MIS vertices so that all other vertices are just one hop away.

The Filling problem, introduced by Hsiang et al. [38], considers the robots enter via par-
ticular vertices and fill an environment (graph) composed of pixels (vertices), and robots
occupy every pixel (vertex). Later, Hideg et al. [36] presented the Filling problem for an
arbitrary connected graph. It is of interest to cover the entire graph but using a smaller
number of robots. Thus, forming an MIS by the robots that enter the graph becomes a nat-
ural extension. We call this problem the MIS Filling problem. In this problem, the robots
enter the graph one by one through a specific vertex called the Door and move in the graph
along the edges from one vertex to another while avoiding a collision. The objective is to
occupy only those vertices that form an MIS. We solve two flavours of the problem: graphs
with a single Door under an ASYNC scheduler and graphs with multiple Doors under an

SSYNC scheduler. Having multiple Doors instead of just one offers redundancy in situa-
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tions where a Door can be blocked. We define the model and the problem formally in the

subsequent section.

4.1.1 Contributions

In this chapter, we propose two algorithms, IND and MULTIND, corresponding to single

and multiple doors.

e Algorithm IND solves the MIS Filling problem in graphs with a single Door under
an ASYNC scheduler using robots with a visibility range of 3, A + 8 number of colors,
O(logA) bits of persistent storage in O(N?) epochs, where A is the maximum degree

of the graph, and N is the number of robots that form an MIS.

e Algorithm MULTIND solves the MIS Filling problem in graphs with multiple Doors
under an SSYNC scheduler using robots with a visibility range of 5, A + k + 7 number
of colors, O(log(A + k)) bits of persistent storage in O(N?) epochs, where k is the

number of Doors.

* We show a lower bound of Q(n) of the MIS Filling problem with single Door, where n
is the number of vertices of the graph. We also discuss the minimality of the visibility
range of a robot required for the problem which is 3 hops for the single Door case

and 5 hops for the multiple Doors case.

4.2 Model and Preliminaries

In this chapter, we model the environment as a graph. We say that the graph contains a set
of vertices that are connected to Doors from where robots can enter. The number of Doors
in the graph is unknown to the robots, but they are equipped with colors to distinguish
themselves if they enter the graph from different Doors. We assume a maximum of k Doors
are attached to the graph.

Graph: We consider an anonymous graph, i.e., the nodes of the graph are indistinguish-

able from each other. Nodes do not possess any computation power or memory. Each
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vertex v of the graph contains port numbers corresponding to the incident edges from
[1,2,...,6(v)], where 6(v) is the degree of the vertex v. Given an anonymous connected
port labeled graph H = (V', E), we construct a graph G = (V, E) with k Doors, that adds
two auxiliary vertices {d};, dlf } corresponding to each Door that is connected to distinct ver-
tices {v1, v2,..., vx} = V'. We have a path d; — d; — v; corresponding to each Door d;. The
robots enter the graph through the Door, and a new robot appears at the Door immedi-
ately after it becomes empty. We say a vertex is free if none of the vertices adjacent to it are
occupied by any robot. Since we add a buffer vertex corresponding to each Door, all the
vertices in the original graph H are free vertices in the beginning.

Robots: The focus is on completing the task using robots with minimal capabilities oper-
ating under certain adversarial conditions. The robots are autonomous, anonymous and
homogeneous. In this chapter, we consider the robots to be myopic which means that they
have a finite visibility range. Additionally, the robots are luminous and follow the LCM acti-
vation cycles. The light of a robot can be seen from any direction. Moreover, a robot moves
two hops in a single move phase.

Assumptions: We have the following assumptions regarding the knowledge of a robot and

the properties of the underlying graph.

* The robots have no knowledge of the graph but an upper bound of A, the maximum

degree of the graph.

* For arobot placed at v with a visibility range of z, the port numbers of all the vertices

in z hops distance are visible. We say that the robot has z hops of visibility.
* Movement of robots is non-instantaneous.

* Assoon as arobot appears at the Door, it is activated immediately and starts the look

phase.

* A robot recognizes all the colors corresponding to the doors, but it can only display
the color corresponding to the Door via which it enters the graph along with the col-
ors common to all robots. A robot entering through i-th Door cannot display the

colors corresponding to the j-th Door. Note that, at most one robot from the set of
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robots that entered the graph from a given Door, shows the color of the Door at a

time. We use unique colors for each Door to determine a hierarchy among them.

Note that we use directions and port numbers interchangeably throughout this chap-
ter. Each port number corresponds to a DIR color, also the direction towards Successor or
Predecessor. We now formally define the problem as follows.

Problem 1 (MIS Filling Problem): Given an anonymous connected port labelled graph
G = (V, E) with k Doors, the objective is to relocate robots that appear at Doors such that at
termination, the robots occupy a set of vertices V; (V; < V) that forms a maximal indepen-

dent set of G.

4.3 Algorithm for MIS Filling with Single Door

We now describe the algorithm called IND, which is inspired by the PACK algorithm [36]
and uses the concept of Virtual Chain Method [37]. The robot’s movement throughout the
graph is similar to the depth-first search (DES). We assume that the robots operate under
an asynchronous (ASYNC) scheduler, where time is measured in terms of epochs. Each
robot requires a visibility range of 3 hops, O(logA) bits of persistent memory, and A + 8

colors.

4.3.1 Algorithmic Preliminaries

Variables: Table[4.1|lists all the variables used by a robot r in our algorithms. Each robot r
has four states. r.State is set to None when r appears at the Door in the beginning. r.State
is set to Follower when r has a predecessor robot. r.State is set to Leader when r is the
current leader. r.State is set to Finished when r is stuck and transfers the leadership to
its successor. The variable r.Successor (resp. r.Predecessor) is a tuple (p1, p2) of port
numbers corresponding to the direction of the successor (resp. predecessor) robot from
the current location of r. The variable r.color represents the color of the robot r at any
time. Any robot r moves two hops to a vertex from its current location. If r needs to take

the port p; first and then p, to reach its target vertey, it stores p; in r.Target.One and p;
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in r.Target.Two. When the predecessor communicates its target using different colors, r
stores them in r.NextTarget in the same way as r.Tar get, so that it can follow the path

taken by its predecessor.

Variable Description
r.State State of the robot - None/Follower/Leader/Finished
r.Successor A tuple (p1, p2) of port numbers where if the robot takes the ports p; and p», in a

sequence it reaches the successor robot.

r.Predecessor | A tuple (pi, p2) of port numbers where if the robot takes the ports p; and py, in a

sequence it reaches the predecessor robot.

r.color Color displayed by robot’s light

r.Target Atuple (Target.One, Target.Two) of port numbers that corresponds to the direc-

tion of a vertex 2 hops away from the current position of the robot

r.NextTarget | Atuple (NextTarget.One, NextTarget.Two) of port numbers that corresponds
to the direction of a vertex to which the predecessor robot is moving (Used by robots

in the Follower state)

Table 4.1: List of variables used by a robot r in algorithms IND and MULTIND.

Colors: The colors used by the robots are described here.
e OFF - Used initially when a robot arrives at the door.
e DIR - A colors corresponding to a port number in [1, A].
e CONF - Used to confirm that first DIR color has been seen and received.
e CONFC - Used to confirm that CONF color has been seen and received.
* CONF2 - Used to confirm that second DIR color has been seen and received.
e CONF3 - Used to confirm that the Packed state is achieved.
e WAIT - Used by a Leader while waiting for the Packed State.
e MOVE - Used when a robot is in movement.

* FINISH - Used by a robot in the Finished state.
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During the execution of the algorithm, a robot r needs to know the color of its succes-
sor and predecessor to execute its next action. For any robot r/, we define Color,(r') as
the color of ' that r sees in its look phase. The variable r.color is clearly different from

Color,(r') as r.color is the variable used by the robot r to represent its own color.

Definition 4.3.1. (k hops Neighbourhood of a vertex v): For a vertex v, we define k-hops
Neighbourhood of v to be the set of all vertices that are exactly k hops away from v and

denote it by N¥,

Definition 4.3.2. (k hops Visibility Set of a robot r): For a robot r placed at a vertex of the
graph, we define the k hops Visibility Set of r to be the set of all vertices which are within k

hops from the current location of r. We denote it by VX,

Packed State: We define Packed state as the state of a chain where all the alternative ver-

tices are occupied by robots. We define it formally as follows:

Definition 4.3.3. (Packed state) Let L be a positive odd integer and P = {vy, vs,..., v1} be
a path starting from the Door at v; and the leader at vy such that every second vertex of
P,i.e., v1,vs,...,v 2 was visited by the Leader. A chain of robots is in a Packed state if the

vertices vy, v3,..., V1 are occupied by follower robots.

4.3.2 IND Algorithm

We now present the IND algorithm for MIS filling problem with a Single Door. We say
a vertex is free if none of its neighbours contains a robot. The first robot that enters the
graph becomes the first Leader robot. Any robot that enters the graph after the Leader is
a follower robot until the current leader is stuck and transfers the leadership. Every robot
r chooses a target vertex to explore the graph. Before moving to the target vertex, r com-
municates the direction of the target to its successor, so that the successor can follow the
path r takes. We describe the communication process in Section[4.3.2] After that, r moves
to the target vertex with color MOVE. After the movement, the chain of robots needs to con-

firm that the Packed state is achieved which is described in Section[4.3.2] the current leader
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initiates the next movement only if the chain of robots is in a Packed state. Section[4.3.2]
describes the actions taken by the current leader robot when it has no vertex to move to.
We first explain some of the important subroutines of the algorithm before going to the
main description for better comprehension of our algorithm. We demonstrate the com-
munication between the Predecessor and Successor and the restoration of the Packed state
after the movement with an example as shown in Fig.
Communicating the movement directions: The robots establish the Predecessor and Suc-
cessor relationship among them by their order of appearance from the Door. A Predeces-
sor r communicates its destination r.Target to a Successor by showing the colors corre-
sponding to the port numbers at the vertex. Suppose r1, r» and r3 are located at e, ¢ and a,

respectively as shown in Fig.

b c 0 _aumme — f g

Door

Figure 4.1: Communication of color from r; to r»

r1 determines that it will move to vertex g. Now, it has to communicate that to r,, so
that r, can follow r;. First r; shows the DIR color of port 1 corresponding to the edge ef
as it wants to take the path ef — fg, and r, responds by showing CONF color. Then r; sets
its color to CONFC to confirm that it has seen the CONF color. Now, r, also sets its color
to CONFC to inform r; that it is ready to receive the second color. (CONFC color is used to
distinguish between two DIR colors that can be the same.) Next, r; shows the DIR color of
port 1 corresponding to edge fg. r» confirms that it has seen the color by setting its color
to CONF2. Once r; sees CONF2, it can move to g after setting its own color to MOVE. Now
r» sets e as its target (which was the old position of r; Then, r» does the same process to
communicate DIR colors to r3.
Moving to a target vertex: If the robot r sets its target and storesitin r.Tar get, it first takes
the port r.Target.One to reach a vertex v, which is 1 hop away from the current location.
It then takes the port r.Target.Two from v to reach the target.

Restoration of Packed state after movement: We illustrate this module using Fig.
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Once the leader r; transitions to g with the MOVE color, e becomes vacant, causing the
Packed state to become distorted. So r; changes its color to WAIT. The WAIT color is utilized
by the Leader to signify that it is waiting for the chain to be in the Packed state. Now, r»
moves to e with color MOVE after communicating DIR colors to r3. So, ¢ becomes empty.
After that, r3 moves to ¢ with color MOVE without communicating DIR colors as it does not
have any successor at this movement. As soon as r3 leaves the Door, a robot r is placed at
the Door with color OFF. After r3 reaches c, it sees r, with color OFF and r3.color = MOVE. So,
it changes its color to CONF3. Now, r» also changes its color to CONF3 after seeing r3.color =
CONF3 and ry.color = MOVE. The leader r; sees r» with color CONF3 and r;.color = WAIT, so
it understands that the Packed state is achieved. Now, r; looks for new target to move to.
The WAIT color is necessary in scenarios like the one depicted in Fig. where r; can

select the vertex c as its target while r3 is yet to move to c.

Figure 4.2: r; chooses c if it does not wait for the chain to be in Packed state. In Packed
state, r3 is supposed to be at the vertex ¢

Transferring the leadership: The current leader r; transfers its leadership if either of the
two scenarios occurs. First, r; gets stuck, i.e. there are no other free vertices left to move to
from the current vertex of the leader. Secondly, for each free vertex v € Vrzl, r; finds at least
one vertex v’ € N5 N V3 with a robot not in the Finished state. In both of the above cases,
r1 transfers the leadership to its successor r, by communicating the direction that points
towards r,. We illustrate the process of transferring the leadership step by step in Fig.
of Lemmal4.3.13]

Detailed description: When a robot first appears at the Door, it initializes to the None state
and sets color OFF. Let r; be the first robot that appears at the Door. r; does not find a robot
on any adjacent vertices, so it changes its state to Leader. Now r; is the Leader and chooses

a target vertex two hops away and moves to it with r.color = MOVE. As soon as the Leader
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r1 leaves the Door, the next robot r, appears at the Door. At this time, r; is still in motion
and is nearest to r». r» sees this and becomes the followerE]of r; and sets ry.color = OFF.
After r) reaches its target, it first sets its successor by r.Successor.p; = r.Target.One and
r.Successor.p, =r.Target.Two. Then, it sets r;.color = WAIT to indicate that it is waiting
for the Packed state. Similarly, r, stores the port numbers corresponding to the direction
of r;. When r; finds Color,,(r;) = WAIT and rp.color = OFF, r, changes its color to CONF3.
r1 now chooses a new free vertex (if any) as r;.Tar get and communicate its directions to
o as described in Section When rj gets confirmation from r, (Color,, (r2) = CONF2),
r1 moves to ri.Target with rj.color = MOVE. It then updates r;.Successor and changes
ri.color to WAIT to indicate that it is waiting for the chain to be in the Packed state.

In general, when the chain is in the Packed state, the leader r; chooses a free vertex v
from V2 as the target if all v’ € N2V are either unoccupied or having robots at Finished
state. Then, r; communicates the directions of r1.Target to r, as follows: r; displays DIR
color corresponding to ry.Target.One by setting ry.color. r» sees this and stores the di-
rectionin ro.NextTarget.One. rp confirms that it has seen the first DIR color by displaying
CONF color. r; confirms that it has seen CONF on r» by setting ry.color to CONFC (confirma-
tion of confirmation). r» sees CONFC on r; and in turn, sets r».color to CONFC to show that it
is ready to receive the second DIR color. The second DIR color r;.Target.Two is displayed
by r; and is seen by r». ry stores this second direction in r,.NextTarget.Two and sets
r».color to CONF2 to send confirmation that the second direction of r; is received. Once
r1 has seen CONF2 in r,, it moves two hops to r;.Target in the move phase (which is ex-
plained in Section[4.3.2) by setting r;.color = MOVE. After reaching to r,.Tar get, r; updates
r1.Successor and sets ry.color = WAIT. Now ry sets ro.Target based on the information
stored in rp.Predecessor as r, needs to reach the old position of r;. It can start moving
towards ro.Target only if it is empty. After the movement, it also updates r,.Predecessor
and rp.Successor.

Finally, when the Leader r; can no longer find free vertices to move to, it communi-

cates this information to its follower r, using the DIR color that points towards r,. Then,

IThe robots are anonymous, and hence do not possess identifiers. The successor and predecessor rela-
tionship is established from the direction of movement and the variables essentially store the port numbers
corresponding to the location of the successor or predecessor.
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r1 changes its color to FINISH and goes into the Finished state, and r» becomes the Leader
and continues exploring the graph.

Example Execution of IND Algorithm: Now, we illustrate the execution procedure of Al-
gorithm IND with Fig. The location of the Door and the initial setting are shown in
Fig. The robot r first appears at the Door in Fig. As soon as r; moves away
from the Door, robot r, appears there and sets r; as its predecessor. This situation is shown
in Fig. In Fig. r reaches its target vertex but r» does not move until r; has
moved away from its current position. r; reaches a new vertex and r, follows it, r3 appears
at the Door and follows r, which is shown in Fig. Observe that r; is stuck so it trans-
fers its leadership to its follower, i.e., r». In Fig.|4.3(f)} r» reaches a new target vertex and its

followers follow.

4.3.3 Analysis of IND Algorithm

In this section, we present a few lemmas and theorems that establish the behaviour of the
robots and the correctness of the algorithm. We also analysed the time complexity of the

IND algorithm.

Lemma 4.3.4. There can be at most one Leader robot, and the Leader robot r; moves to a
free vertex v € V? such that every v' € N5 0 V3 is either unoccupied or occupied by robots in

Finished state.

Proof. In the rules for Transferring the Leadership, when a Leader r; signals to its successor
1o that it is stuck, r» can become the Leader only after the previous Leader r, has switched
to Finished state (recognized by FINISH color on r1). The first robot placed becomes the
Leader, and the robots appearing next can become a Leader only after the previous one
reaches the Finished state. Therefore, there can be at most one Leader at any time during
the dispersion.

A free vertex has none of its adjacent vertices occupied by a robot. As the current Leader
r1 can only move when the chain is in a Packed state, it chooses a vertex in Vrz1 thatis free by
checking all the vertices adjacent to potential target vertex are not occupied by any robot.

This can be done since the robots have a visibility range of 3. Further, there is no possibility
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Algorithm 1: IND

1
2
3
4

© 0 N e O

11
12

13
14
15

16
17
18
19
20

21
22
23
24
25
26
27
28

29
30

31
32
33

if r.State is Leader then
if r.Target is not set then
if Color,(r.Successor) = CONF3 then
if 3 a vertex v € V? such that all v' € V3 n N? is either unoccupied or
occupied with robots in Finished state then
rsets vasr.Target bysetting r.Target.One and r.Target.Two
COMMUNICATE()
UPDATE()
Setr.color = WAIT
r clears r.Target by clearing r.Target.One and r.Target.Two
PACKED_STATE()

else
L LEADERSHIP_TRANSFER()

elseif r.State is Follower then
if . NextTarget is not set then
t Receive()

else
if r.Target is set then
COMMUNICATE()
UPDATE()

PACKED_STATE()

else // r.State is None & r.color =0FF

if r does not find any other robot then

Change r.State to Leader

Find a vertex v € V?

Setvasr.Target by setting r.Target.One and r.Target.Two
Set r.color = MOVE

r moves to r.Target // r moves to r.Target.Two

Set r.color = WAIT

else

robot

Change r.State to Follower

if Color,(r.Predecessor) = WAIT & r.color =0FF then
L Set r.color = CONF3

r stores the port numbers in r.Predecessor corresponding to the nearest
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Algorithm 2: COMMUNICATE()

1 if r.Target is set & Color,(r.Successor) = CONF3 then
2 t Set r.color to match r.Target.One // Showing the first DIR color

w

elseif r.Target is set & Color,(r.Successor) = CONF then
Set r.color = CONFC // Confirming the confirmation sent by
successor

'

elseif r.Target is set & Color,(r.Successor) = CONFC then
t Set r.color to match r.Target.Two // Showing the second DIR color

[~ B}

N

else // r.Target is set and empty & Color,(r.Successor) =CONF2
Set r.color =MOVE // Moving towards the target
Moveto r.Target

© &

Algorithm 3: RECEIVE()

1 if r.color = CONF3 & Color,(r.Predecessor) is a DIR color then
2 L Store that shown color as r.NextTarget.One

3 Set r.color = CONF // Confirmation for the first DIR color

4 elseif r.color = CONF & Color,(r.Predecessor) = CONFC then
5 t Set r.color = CONFC // Ready to receive the second DIR color

else // r.color = CONFC & Color,(r.Predecessor) is a DIR color
L Store that shown color as r.NextTarget.Two

T

Set r.color = CONF2 // Confirmation for the second DIR color

=)

Algorithm 4: PACKED_STATE()
1 if r.color = MOVE & Color,(r.Successor) = OFF then
2 t Set r.color = CONF3 // For r.Successor being at the Door

elseif r.color = MOVE & Color,(r.Successor) = CONF3 then
L Set r.color =CONF3 // For any other pair of predecessor and

[

successor

else // r.color = WAIT & Color,(r.Successor) = CONF3
treturn // For the leader and its successor

S G

Algorithm 5: UPDATE()

1 r.Successor.py =r.Target.One
2 r.Successor.p, =r.Target. Two

3 if r.State # Leader then

4 r.Predecessor.py =r.NextTarget.One
5 L r.Predecessor.p; =r.NextTarget.Two

6 Clear r.NextTarget.One and r.NextTarget.Two
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Door

(a) Location of the Door ver-
tex and the initial setting of
the graph

(d) r; reaches its target vertex
after the movement from the
Door vertex

Door

(b) The robot r; appears at
the Door and becomes the
Leader

(e) r; transfers its leadership
to o as there are no free ver-
tex for it.

(g) r» keeps exploring the
graph.

(c) As soon as r] moves away
from the Door, 1, becomes its
follower

(f) r» is now the new Leader
and moves to new free ver-
tices and r3 follows 7o

Figure 4.3: An example execution of the IND algorithm

of this target vertex or any vertex adjacent to it being occupied by any other robot as the

Leader is allowed to move only when the chain is in the Packed state. If there is a free vertex

Ve Vrz1 as a potential target, then every 2 hop neighbour v’ of v (v' € N2n Vrsl), that is visible

to r; needs to be either free or occupied by robots in Finished state. Due to this condition,
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Algorithm 6: LEADERSHIP_TRANSFER()

if r.Successor is set then
r sets DIR color to point towards its Successor
r.color =FINISH
Change r.State to Finished

-

=W N

else
r.color =FINISH
7 | Change r.State to Finished

)]

a chain does not cross itself, as shown in Fig. If no such free vertex v is found, then r;

transfers the leadership to r» and switches to the Finished state. O

Corollary 4.3.5. The leader r moves to a free vertex v such that every vertex v' € N2NV3 is
either unoccupied or occupied by a robot in Finished state. Consequently, the chain never

crosses itself.
Lemma 4.3.6. The Robots do not collide.

Proof. The consecutive robots in the chain establish a predecessor-successor relationship
between them if they are not in the Finished state. Only the current leader has no predeces-
sor. Considering a predecessor and successor pair, the predecessor robot moves first after
communicating the movement direction. The successor starts moving towards the old po-
sition of its predecessor only if the vertex is empty. For any robot r, r.Successor stores the
port numbers corresponding to the direction of its successor, using which r avoids moving
in the direction of its successor. Hence, none of the predecessor-successor pairs can meet
a collision. Moreover, Corollary ensures that the chain of robots does not cross itself,

and hence the collision never happens. O
Lemma 4.3.7. No two robots in the Finished state occupy adjacent vertices.

Proof. A robot can go to the Finished state only from the Leader state. From Lemma4.3.4]
we know that a Leader robot moves only to free vertices. As only free vertices are occupied,

the robots are not present in adjacent nodes. O

From Lemma [4.3.7, we can say that when a robot enters the Finished state, none of
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the vertices adjacent to it are occupied by a robot, which means eventually, all the vertices

occupied by robots form an independent set.

Remark 4.3.8. If a vertex is occupied by a robot in the packed state, it remains occupied

thenceforth.
Theorem 4.3.9. Algorithm IND fills a maximal independent set.

Proof. From Lemma[4.3.7} the filled vertices form an independent set. Suppose the inde-
pendent set is not maximal. As the graph is connected, there exists a vertex v which is free
and has a robot r; in the Finished state two hops away since the execution of the algo-
rithms is done. Before the robot r; entered the Finished state, it was in the Leader state.
The Leader ry switches into the Finished state in two cases. First, it cannot find any free
vertex two hops away. Secondly, it finds a free vertex v such that there exists a neighbour
v of vin N2n V;Q; occupied by a robot not in Finished state. If all the neighbours of v in
Ng N Vf; are unoccupied or have robots in Finished state, r; has a clear path to v. Hence,
it cannot switch to Finished state, which leads to a contradiction. If the 2 hops neighbour
v’ of v has a robot not in Finished state, r; does not have a clear path to v. In that case, r;
transfers the leadership to its successor by communicating the direction pointing towards
its successor and eventually the robot on v’ will become the leader. Since v’ is 2 hops away
from v, the robot on v’ cannot switch to Finished state as it gets a clear path to the free

vertex v, which again leads to contradiction. O

Lemma 4.3.10. Algorithm IND fills an MIS of G with luminous robots having visibility
range of 3 hops, O(logA) bits of memory, and A+ 8 colors.

Proof. The visibility range of 3 hops for robots executing IND algorithms is necessary. Else,
the robots cannot check if the target vertex is free or not.

The robots require O(logA) bits of memory to store the following: State (4 states: 2 bits),
Target (directions to the target vertex: 2[logA] bits E]), NextTarget (directions to the vertex
to which the robot has to move after the Target vertex is reached: 2[logA] bits).

The colors used by the robots are A colors to show the directions to the target of the

robot, including the special color that points in the direction of the Follower to switch to

2Two port numbers are needed to be stored corresponding to the movement.
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the Finished state. Initially when the robot is placed at the Door, the robot sets its color
to OFF. There are four additional colors (CONF, CONFC, CONF and CONF3) for confirming that
the robot saw the signalled direction and confirmations of the Predecessor or the Successor
and the Packed state is achieved, one color WAIT used when the Leader is waiting for the

Packed State, one color MOVE used during the movement and the FINISH color. O

Now we analyze the time complexity of the algorithm in terms of epochs. To find the
total time required by the algorithm, we first individually establish the time-bound on the
movement of robots. Consider a chain containing i robots {r;,7,...,r;}, where r; is the
Leader and the foremost robot in the chain. The robots r1,1»,...,r; are on alternative ver-
tices on the path from the vertex occupied by the Leader to the Door vertex. Suppose the
chain is in the Packed state. We determine the time required for two consecutive move-
ments of the Leader. We first determine the time required for all the robots in the chain
to occupy the position of their Predecessor. As a result, a new robot appears at the Door,
increasing the size of the chain. Next, we find the time required for the robots in the chain
to set their colors to CONF, indicating that they have received the movement direction of
their Predecessor. We also find the time required for the chain to reach in the Packed state

again after the leader of the chain moves.

Lemma 4.3.11. Algorithm IND takes O(i) epochs for all the robots in a chain of length i to

perform one move operation.

Proof. Once the chain is in the Packed state, the leader robot r; communicates the move-
ment direction to its successor r, using colors and change its color to MOVE at the end of
the compute phase. It then moves to its target vertex in one epoch and r; sets its color to
WAIT. By the next epoch, r» observes that r; has left its previous vertex, so it moves to v
after communicating movement direction to its successor. In a cascading manner, all Suc-
cessors move to their Predecessors’ location. Thus in the worst case, it takes O(i) epochs

for all the robots in the chain to move. O

Lemma 4.3.12. Algorithm IND takes at most O(i) epochs for the robots in a chain of length

i to reach the Packed state after movement.
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Proof. As per the algorithm description, the communication between a Predecessor r, and
its Successor r,; by showing a series of seven colors: first DIR color at r,, CONF at r4, CONFC at
rp, CONFC at rg, second DIR color at rp,, CONF at r; and CONF3 at r,. A leader can only move
when the chain is in the Packed state. For a chain to be in the Packed state, the Successor
of the leader robot has to show CONF3 color. The process of communication of colors starts
from the new robot r;;; that appears at the Door. It takes at most seven epochs for the
communication between r; and r;;. Similar communication happens between all i pairs
of consecutive robots on the chain. So it takes at most O(7i) = O(i) epochs for the chain to

reach Packed state. O

Lemma 4.3.13. Algorithm IND takes at most 4 epochs to have a transfer of leadership from

a leader to its Successor.

Proof. Consider the situation where the Leader r; cannot find any free vertices two hops
away, as shown in Fig. If r; is at the Door, it sets its color to FINISH and switches to Fin-
ished state; the maximal independent set is filled. Otherwise, r; switches to the Finished
state by setting the DIR colors pointing towards its follower. r, sees the DIR color and sets
ro.color to CONF. r; sees the CONF color, it switches to color FINISH. r» becomes the new
Leader once it sees the color FINISH at r;. In total, this needs at most 4 epochs because of

the sequence of colors (DIR, CONF and FINISH) and final state change at r». O

Figure 4.4: Leadership transfer: (First figure from left) illustrating that r; is stuck and shows
DIR color pointing toward ry; (second) r» shows CONF color; (third) r; sets its color to
FINISH; (last) r» changes its state to Leader.

Theorem 4.3.14. The algorithm IND runs in O(N?) epochs.

Proof. For an MIS of size N, we can have a chain of length at most N. For each increase in

a chain of length i, it takes at most O(i) epochs from Lemma4.3.11|and|4.3.12| Also, we can

have at most N leadership transfers. From Lemmal4.3.13} each transfer of leadership takes
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at most 4 epochs. So in total we need, Zﬁil O(i) +4N = O(N?) epochs. Therefore, after at

most O(N?) epochs, an MIS of vertices of the graph becomes filled. O
The corollary below follows from Corollary 1 in [36].

Corollary 4.3.15. (i) Assume that there are no inactive intervals between the LCM cycles and
that every LCM cycle of every robot takes at most ty,qx time. Then the running time of the
IND algorithm is O(N?tpqyx). (ii) The IND algorithm needs O(N?) LCM cycles under an
FSYNC scheduler.

4.4 Algorithm for MIS Filling with Multiple Doors

The MULTIND is largely similar to algorithm IND with a few modifications. It works under
a Semi Synchronous (SSYNC) scheduler, where a subset of robots is activated in each round,
where each activated robot finishes its LCM cycle in the same round. We define an epoch
similarly as the minimum number of rounds where all robots are activated at least once.
Note that an epoch can have a variable number of rounds. The graph has a maximum of
k number of Doors. The robots do not have any knowledge about the number of Doors.
The visibility range of the robots is five hops. Each robot has O(log(A + k)) bits of persistent
memory, and A + k + 7 colors where A number of DIR colors, CONF, CONFC, CONF, CONF3,
MOVE, OFF, FINISH and k number of WAIT colors denoted by WAIT-1, WAIT-2, ..., WAIT-k
representing that a robot is waiting as well as their rank. All the robots entering from a
particular Door can only display the WAIT color corresponding to that Door. The WAIT
colors can be compared against each other to establish dominance between the robots.
Initially, a robot has color OFF when it is placed at the Door. The proposed MULTIND runs
in O(N?) epochs.

4.4.1 The MULTIND Algorithm

The Leader robots need to avoid collision with other Leader robots and the follower robots
in chains. The robots make use of the hierarchy among the k WAIT colors to avoid collision

with another Leader robot. The Leader robots also avoid cutting through a chain to avoid

TH-3475_186123017



4.4. Algorithm for MIS Filling with Multiple Doors 45

collision with follower robots in another chain. In the multiple Door situation, the Leaders
display the WAIT-i color instead of the WAIT color used in a single Door case. In the Look
phase, if a Leader robot r; with color WAIT-i sees any other Leader r; with color WAIT-j
such that j < i, then we say that the Leader robot r; dominates Leader robot r;. The Leader
robot r; is said to be the dominating and the Leader robot r; is said to be dominated. Note
that a dominating Leader robot can be dominated by another Leader robot at the same
time. If a Leader robot is not dominated by any other robot, it can choose a target.

The rest of the model is the same as in the Single Door case. The robots can be in any
one of these states during execution: None, Leader, Follower, Finished. When the robots
appear at the Door, they are initialized with the None state and with the color OFF. We
define Pr(v;, v;) as the set of vertices that are part of all the paths from v; to v; of length
k. Note that there can be multiple paths of length k, and we include vertices of all those
paths. The additional rules are applicable to the Leader as follows.

Movement of a Leader robot: If a chain is in a Packed state, the corresponding leader ry

chooses a free vertex in VrZL as the target in one of the following ways.

o If VrSL has a dominating leader r; of some other chain, then a free vertex v € V,ZL is
chosen such that v ¢ P5(ry, ri). If no such vertex v is found, then r; transfers the
leader to its successor by pointing the direction towards the successor and goes into

the Finished state by changing its color to FINISH.

/

e If ry is the leader dominating some other leader r;

in VT5L, then a free vertex v € VrzL
is chosen such that every vertex v’ € N2 n VrZL is either unoccupied or occupied with
robot in Finished state. If no such vertex v is present, r; transfers its leadership to its

SUCCeSSOr.

o If V,.5L does not have any other leader robot, then a free vertex is chosen as the target
such that every vertex v’ € N2n VrZL is either unoccupied or occupied with a robot
in Finished state. If no such free vertex is there, r; transfers the leadership to its

SUCCeSSOr.

After the target is fixed for a leader r;, it communicates the target to its successor using

DIR colors. After getting confirmation from its successor, it moves to the target with color
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Figure 4.5: Achainry—r,—r3—ry--- does Figure 4.6: Two chains of robots do not
not cross itself cross each other

MOVE and waits for the chain to be in the Packed state with the respective WAIT color. Ad-
ditionally, irrespective of whether a Leader robot is dominated or not, the target chosen is
such that the Leader robot does not cut through a chain while moving to that target vertex,
i.e., the vertex between the target vertex and the current vertex does not have more than
one of its neighbouring vertices occupied at least one of which is an active robot (a robot
not displaying FINISH color) other than the current Leader robot. As shown in Fig.
rr and r; are the dominating and dominated Leader at an instance and v is a free vertex
which is 2 hops away from 7. rg and ry, are some followers of some other chain. rz does
not reach to v even if r is the dominating Leader, as r, and ry, is not in Finished state. As
shown in Fig. a Leader ry sees a free vertex v two hops away. However, r; cannot reach
v (self cross) as the two hops neighbouring vertices are occupied by r3 and ;4.

Example Execution of MULTIND Algorithm: We use an example to illustrate the execu-
tion of the MULTIND algorithm. Consider the graph with respective Door positions in
Fig. Door 1 ranks higher in the hierarchy than Door 2, which ranks higher than Door
3. Assume that all the robots are activated in each epoch. The positions of the robots in
the next epoch are shown in Fig. Each Leader robot makes a move. Observe that
Leader-1 and Leader-2 are within the visibility range of each other. Similarly, Leader-2 and
Leader-3 are within the visibility range. Leader-2 is dominated by Leader-1 and hence, its
target vertex should not lie on the path to Leader-1. A similar argument applies to Leader-3,
which is dominated by Leader-2. Fig.[4.7(c)|shows the positions of the robots after the next
epoch. All the Leaders are now stuck and have to transfer their Leadership. The result of

that is shown in Fig.|4.7(d)| Leader-2 has no possible target vertices and has to transfer its
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leadership again. Leader-3 is dominated by Leader Leader-2. In the next epoch shown in
Fig./4.7(e), Leader-1 and Leader-3 make a move. Leader-2 is at its Door. In the next epoch,
Leader-2 goes into Finished state. Similarly, in the next epoch, Leader-1, and Leader-3

transfer their leaderships which is shown in Fig.[4.7(f)| Leader-3 makes one final move in
Fig.|[4.7(g)

4.4.2 Analysis of MULTIND Algorithm

Lemma 4.4.1. A Leader robot always moves to and occupies free vertices.

Proof. Since the robots have a visibility range of 5 hops, a Leader robot can choose a target
vertex such that none of its neighbouring vertices are occupied by a robot that is not a
Leader. Also, two leaders do not occupy adjacent vertices. For aleader ry, if there is another
Leader r; within 5 hops visibility of 7, one of them dominates the other. Let r; be the
dominating robot. MULTIND algorithm ensures that r; does not choose a vertex as its
target in the path where it is being dominated. So, either r; finds a target on some other
path where is not getting dominated or transfers the leadership (in case of no such target
is there). So, the dominating Leader r; can choose a free vertex as its target from the path

Ps(r1, ;). Hence, the robots cannot choose target vertices such that they are adjacent. [
Lemma 4.4.2. The Robots do not collide.

Proof. The proof for collision avoidance within a chain is same as Lemmal4.3.6|for a single
Door case. In the Look phase of the robots, if a Leader robot encounters another Leader
robot within its visibility range, one of the robots gets dominated and will choose a target
such that it does not lie on any path (of maximum length of 5 hops) connecting the two
Leader robots. Thus, any two Leader robots avoid collision with each other. A Leader robot
avoids collision with robots in another chain by avoiding cutting through a chain. When a
leader robot finds a free vertex v, it checks every vertices in N,% N VrZL. If at least one of the
vertex in N5 N V7 is occupied by a robot not in Finished state, the Leader does not move.
This prevents the crossover of two chains. Hence, a leader cannot collide with a follower

robot from another chain. O
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Algorithm 7: MULTIND

1 if r.State is Leader then

Set r.color =WAIT-i // Wait color corresponding to the Door-i
r clears r.Target by clearing r.Target.One and r.Target. Two
PACKED_ STATE()

2 | ifr.Target is not set then

3 if r.Entry issetand Color,(r.Successor) = CONF3 then
4 MULTIND_FINDTARGET()

5 COMMUNICATE()

6 UPDATE()

7

8

9

10 elseif r.State is Follower then
11 if -NextTarget is not set then

12 | RECEIVE()

13 | else

14 if r.Target is set then

15 COMMUNICATE()

16 UPDATE()

17 r clears r.Target by clearing r.Target.One and r.Target.Two
18 PACKED_STATE()

19 else // r.State is None & r.color =0FF
20 | if r does not find any other robot then

21 Change r.State to Leader

22 Set r.color = Wait-i // Wait color corresponding to the Door-i

23 MULTIND_FINDTARGET()

24 Set r.color = MOVE

25 Move to r.Target

26 Setr.color = WAIT-i

27 | else

28 r stores the port numbers in r.Predecessor corresponding to the nearest
robot

29 Change r.State to Follower

30 if Color,(r.Predecessor) = WAIT-i & r.color =0FF then

a1 | Setr.color = CONF3
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(a) Location of the Doors and initial setting
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Figure 4.7: An example execution of the MULTIND algorithm

Consequently, we can state following corollary.
Corollary 4.4.3. A chain does not cross itself. Moreover, two chains do not cross each other.

Lemma 4.4.4. No two robots in the Finished state occupy adjacent vertices.
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Algorithm 8: MULTIND_FINDTARGET()

1 if 3 a dominating leader r' € V; then
2 | if3afreevertex ve V? such that v ¢ P(r,r') then
3 | Setvasr.Target

4 else // No such free vertex to move to
5 L LEADERSHIP_TRANSFERO

6 else

7 | if3 afree vertex v e V? such that all v' € N> V? is either unoccupied or occupied
with robots in Finished state then

8 L Setvasr.Target

9 else
10 L LEADERSHIP_TRANSFER()

Proof. A robot goes into the Finished state only after becoming a Leader. According to
Lemma [4.4.1} a Leader only moves to and occupies free vertices. Hence, when a robot

enters the Finished state, none of the vertices adjacent to it are occupied. O

Theorem 4.4.5. Let G be a connected graph G with k Doors. Algorithm MULTIND fills an
MIS of vertices in O(N?) epochs of G under an SSYNC scheduler, without collisions, by mo-
bile luminous robots having the following capabilities: visibility range of 5 hops, persistent

storage of O(log(A + k)) bits, and A+ k + 7 colors.

Proof. By Lemmal4.4.2/and Lemma and the similar arguments described in Theorem
[4.3.9)for the single door case, the filled vertices in G form a MIS and the filling is done with-
out collisions. The robots require O(log(A + k)) bits of memory to store the following: State
(4 states: 2 bits), Target (directions to the target vertex: 2[logA] + [logk] bits), NextTarget
(directions to the vertex to which the robot has to move after the Target vertex is reached:
2[logA] bits).

The colors used by the robots are A colors to show the directions to the target of the
robot, which also acts as a special color to switch to the Finished state. Initially, when a
robot is placed for the first time at the Door, it is colored with OFF. There are k numbers
of WAIT colors - one for each Door. There are three additional colors (CONF, CONFC, and

CONF2) for confirming that the robot saw the signalled direction and confirmations of the
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Predecessor or the Successor, one color MOVE used during the movement, one color CONF3
to indicate that the chain is in Packed state and the FINISH color.

Consider a graph where all the k vertices that are connected to the Doors node form a
clique. In this case, only the Leader corresponding to the highest color Door would occupy
one of the nodes of the k-clique. In this particular case, only one of the Doors remains ac-
tive, and robots at all other Doors would go into the Finished state. So, the multi-door case
would behave as a single-door case and thus replicate the time-bound for a single-door
case. Thus, from Theorem it follows that, MULTIND solves the MIS Filling problem

in a graph with multiple Doors in O(N?) epochs. O

4.5 Discussion

4.5.1 Lower bound for MIS Filling with Single Door

Theorem 4.5.1. MIS Filling problem with Single Door takes at least Q)(n) time using robots
having 3 hops of visibility.

Proof. The robots enter the graph one by one. A new robot can enter the graph through the
door when the current robot at the door moves away. Since, each robot is equipped with 3
hops of visibility, robots need to visit at least n—3 vertices in worst case, to see whole graph.
For example, if the graph is a line graph with 7 vertices vy, v,,-+- v, and the door is placed
at one endpoint v; of the graph, then none of the robot can see v;, by visiting till the vertex
v,—4. Since, the robots enters the graph one by one, it takes at least n — 3 epochs to explore

the graph with robots having 3 hops of visibility. O

4.5.2 On the requirement of the colors

We need at least A colors. If there are less than A colors, there exists two ports that are
marked by the same color, resulting in a collision on movement to an already visited port,
or one port may never get visited. In the absence of k colors corresponding to the k Doors,
it may lead to a deadlock or collision between different chains. We use only a constant

number of colors for communicating the directions for the robot movements.

TH-3475_186123017



52 Chapter 4. MIS Filling Problem on a Graph

While we need A colors to communicate the port numbers, we can minimize the num-
ber of colors at the cost of increasing round complexity. We can use Hoffman encoding to
reduce the number of colors used for the port numbers from A to a constant number of
colors. Now, a sequence of colors would represent a port number instead of a particular

color and increases time complexity by a factor of the size of the largest encoding.

4.5.3 One hop vs Two hops movement

Our model considers that a robot moves two hops in one LCM cycle. While moving, the
color of the robot is set to MOVE. However, we can easily avoid this 2 hops movement of a
robot by replacing the color MOVE with two colors, MOVE1 and MOVE2. After a robot chooses
its target, it sets its color to MOVE1 for the first hop and then changes its color to MOVE2

before reaching the target.

4.5.4 Minimality of visibility range

For the single Door case, a robot having a visibility range of two fails to avoid placing robots
in adjacent nodes. Consider a graph as shown in Fig. Initially, a robot appears at the
Door vertex A; then it moves to C, a vertex two hops away. If the robots only have a visibility
range of two, then ry can go to E without realizing that £ and A are connected, resulting in
a configuration that is not an independent set. With a visibility range of two, a robot cannot
determine whether a robot is present at the neighbour of the target vertex. Hence, we need

a visibility range of three for a single-door case.

G d
a (ro) f
Door Door Door
(a) Single Door and 2 hops of visibility (b) Multiple Doors and 4 hops of visibility.

Figure 4.8: Robots occupies adjacent vertices with 2 and 4 hops visibility in Single and
Multiple Door cases respectively.

Similar to the single Door case, consider the graph in Fig.[4.8(b)|for the multi-Door case.

If the robots have a visibility range of four, then the robots at A and F may simultaneously
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move to occupy C and D and result in a configuration with robots occupying adjacent ver-

tices.

4.6 Conclusion

We presented two collision-free algorithms for solving two versions of the problem of filling
a maximal independent set of vertices in an arbitrary connected graph using luminous
mobile robots. The first algorithm, IND, for graphs with a single Door, works under an
asynchronous scheduler. It uses robots having three hops of visibility range, A + 8 number
of colors, and O(logA) bits of persistent storage and solves the problem in O(N?) epochs.
The second algorithm, MULTIND, works in graphs with k (> 1) Doors. It forms an MIS
under a semi-synchronous scheduler using robots with five hops of visibility range, A +
k +7 number of colors, and having O(log(A + k)) bits of persistent storage, completing in
O(N?) epochs. We explain both the algorithms by example execution with figures and give
the corresponding pseudocodes. We show a lower bound of Q(n) for the case of single
Door, where 7 is the number of vertices of the graph. We further discuss the requirement
of the colors and the minimality of the visibility range of the robots for both models. It
is open to extend the second algorithm to the generalized asynchronous scheduler. The
model of attaching splitting Doors to a graph is a new direction in multi-robot coordination

problems, and many other graph problems can be explored under the same model.
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Chapter 5

Mutual Visibility Despite Angular

Inaccuracy

5.1 Introduction

One of the fundamental problems in swarm robotics is the Mutual Visibility Problem. From
any initial configuration of the robots on the Euclidean plane, the problem aims to arrange
the robots in a configuration such that any two robots are visible to each other. This chapter
studies the problem using N opaque luminous point robots with inaccurate movements.
An inaccuracy of arobot is defined as an angular deviation from its target point. To the best
of our knowledge, this is the first work that considers inaccuracy in robots’ movement to in-
vestigate the mutual visibility problem. Along with obstructed visibility and obliviousness
of the robots, inaccurate movement adds up the challenge for the problem. Inaccuracy
may occur at any time due to some technical failure in robots (for example, misalignment
of the direction of motion). In addition to that, we also study the problem by considering
the mobility failure of the robots.

So far, the mutual visibility problem has been investigated under different models in the
literature but has not been studied under the assumption of inaccurate movement. Most
of the solutions provided heavily rely on the concept of the convex hull, where the aim is

to arrange the robots at the vertices of a convex hull. Starting from a configuration, robots
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either expand or contract the convex hull with their movements. When all the robots be-
come the vertices of a convex hull, three robots cannot lie on the same line, which leads
to mutual visibility. But, when the movements are not accurate, the concept fails to solve
the problem, as the inaccurate movement may distort the convex hull itself. In the pres-
ence of inaccurate movements of the robots, we cannot guarantee that all robots will be on
the vertices of a convex hull. A different type of solution is proposed by Poudel et al. [54]
under the assumption of one axis agreement, where robots find a polygonal region on the
plane, called visible area. The idea is to place a robot in its corresponding visible area while
others are stationary to avoid collinearities with other robots. This also does not solve the
problem in case of inaccurate movement of the robots, as a robot might move to a point
that is not a part of its visible area. The same logic applies when the problem is studied
under fault tolerance with inaccuracy. When we integrate inaccuracy with the fault model

defined in [54], the existing solution fails to achieve mutual visibility.

5.1.1 Contributions
Our contributions in this chapter are listed below.

* We propose an algorithm SSYNC_MV_INACC for the SSYNC setting that solves the
mutual visibility problem in the presence of robots with inaccurate movements un-
der one axis agreement. The algorithm uses 2 colors which are optimal in terms of

the number of the colors, and runs in O () epochs where N is the number of robots.

* We further present an algorithm ASynNnC_MV_INAcC in ASYNC settings, keeping all
other model components intact. This algorithm uses 3 colors and runs in O(N)

epochs.

* We propose a fault-tolerant algorithm FAULT_MV_INACC that can tolerate any num-
ber of mobility faults along with inaccurate movements. The algorithm takes O(N)

epochs using 10 colors in the ASYNC settings and 9 colors in the SSYNC settings.

* We also discuss the impossibility when the angular inaccuracy 0, is greater than or

equal to 90° for any robot r.
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5.2 Model and Preliminaries

Robots: We consider a set of N autonomous, anonymous and homogeneous point robots
R ={r1, s, ---ryn} on the Euclidean plane, where r; denotes a robot for i = 1,2,--- N. They
are opaque and operate in LCM cycles. All the robots are oblivious. There are no means
of communication except for a persistent externally visible light on them, which can take
any color from a constant-sized color set. None of the robots have knowledge about V.
The robots perceive all the points on the plane by their local coordinate system. However,
we assume that the robots agree on one coordinate axis. Without loss of generality, we
consider the y-axis. This means that the robots know the positive and negative directions
of the y-axis, but they do not know the direction of the x-axis. The positive and negative
direction of the x-axis might be different for different robots. This enables a robot to deter-

mine the horizontal and vertical lines passing through it.

Figure 5.1: Illustrating the inaccurate movement of a robot r; which chooses to move to
but moves to

Inaccurate Movement: For any robot r, the inaccuracy in movement is defined as an angu-
lar deviation from the intended target to which it has chosen to move. As shown in Fig.
if r decides to move to the point ¢, it actually moves to the point ¢ due to the inaccuracy
in its movement. We call the angle 6, = Zt|.rt, the angular inaccuracy of the robot r. The
angle 0, is assumed to be less than 90°. Two robots don’t need to have the same angular
inaccuracy.

Configuration: We define a configuration C; to be the set {(r{,r{.color),(r;,r}.color),
-, (ri, Ta-color)}, where 1/ is the position of the robot r; at time ¢ (= 0) and r/.color
is the color shown by the light on the robot r; at the time ¢. Since the visibility of the robots
can be obstructed, all the robots might not be visible to a particular robot. So we define

the local configuration for a robot r; € R at any time ¢ to be set of all tuples of the form
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(r ]t T Jt .color), where r; is a visible robot to r;. Since a robot is visible to itself, the local con-
figuration for the robot r; includes the robot itself. For simplicity, we write r; and r;.color
instead of r/ and rl.t .color respectively. We misuse the notation r; to represent the robot r;
and the current location of it.

Notations: Here, we mention the notations and conventions that we follow throughout

this chapter.
e The y-coordinate of the location of the robot r; is denoted by 7;.Vcoord-

* For two robots r; and rj, ;7; is the line segment joining them, whereas r;r; repre-

sents the infinite line passing through r; and r;.

* For any non-perpendicular line (a line which is not parallel to the y-axis) L passing
through the robot r, we call the open half plane delimited by the line L that contains
the positive y-axis of the local coordinate system of r as the upper half plane and
denote it by H g P, Similarly, the open half plane delimited by the line L that contains
the negative y-axis of the local coordinate system of r is called the lower half plane

and denoted by H-.

e The shortest distance between a point r; and a line AB is the perpendicular distance
between them and denoted by d(r;, :ﬁ). We use the same notation d(r;, 1) to rep-

resent the shortest distance between the two points r; and r;.

¢ For convenience, we use the notation V.ARf "¢¥ to denote any variable VAR, in the

previous LCM cycle for any robot r.

Collinearity: Any three robots r;, r; and ry are collinear if they lie on the same line.
We denote this collinearity by 7;7;r;. For three collinear robots r;,r; and ry, we call the
infinite line passing through them as the line of collinearity (we use LOC henceforth),
and it is represented by ‘r,r—’]rk We classify collinearity into two types. The first one
is horizontal collinearity, where the LOC <r,r—]rfC is a horizontal line. The second type is
non-horizontal collinearity in which m is a non-horizontal line. In the latter case, if

I'i-Yeoord > T'j.-Yeoord > Tk-Ycoords then rj, rj and ry are called the first, middle and last robot
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of collinearity, respectively. Notice that the middle robot r; of the collinearity 7;7;7y is the
only robot that can detect the collinearity because both the robots r; and ry are visible to
it. This enables the middle robot to determine the LOC.
Now, we formally define the problem statement as follows.

Problem 2 (Mutual Visibility with Inaccurate Movement): We are given a set of NV obliv-
ious opaque point robots on the Euclidean plane. Each robot operates in LCM cycles and
has a persistent light on it that can assume a fixed number of colors. They agree on one
coordinate axis. The movement of the robots can be inaccurate with an angular deviation
of less than 90° from their target position. Starting from any arbitrary configuration, the

robots must reposition themselves such that no three robots are collinear.

5.3 Mutual Visibility with Inaccurate Movement Under
SSYNC Settings

In this section, we present Algorithm SSYNC_MV_INAcCC that solves the mutual visibility
with robots having inaccurate movements. The algorithm is collision-free and runs under
the SSYNC setting. The algorithm is the same for every robot, and we describe the algo-
rithm for a robot r. There are two colors used in this algorithm: OFF (initial color) and

FINISH (used at termination).

5.3.1 Highlevel Idea of the Algorithm

In the initial configuration Cy, the robots are located at distinct points on the plane, each
with color OFF. A common approach in the existing literature addressing the mutual vis-
ibility problem involves arranging all robots on the vertices of a convex hull. However,
this approach is impractical when considering robots with inaccurate movements. To ad-
dress this limitation, we have developed a technique aimed at sequentially relocating the
robots to break the collinearities. In this process, we ensure that no robot inadvertently
creates new collinearities after its movements with two other robots with which it was not

collinear. Additionally, we assume y-axis agreement where robots are aware of the north
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(positive y-axis) and south (negative y-axis) directions. Upon activation, a robot r needs
to check whether it is eligible to execute a movement. This can be done by checking the
colors of all the visible robots located in the northward direction. If all of them exhibit the
color FINISH, r checks if it is a part of some collinearity or not. We take advantage of the
fact that a middle robot of a collinearity always detects the collinearity. If r finds itself as a
part of multiple collinearity, it chooses a target to move vertically northward from its cur-
rent location. It is possible that r remains collinear with two robots due to the inaccurate
movement. We make sure that r is a part of not more than one collinearity, after this move-
ment. When r detects itself in exactly one collinearity 7;77; for two other robots r; and r;,
it executes another movement with respect to the line ‘r,_r]' to break the collinearity. In case

r does not detect any collinearity, it changes its color to FINISH and terminates.

Terminal robots
Ly —c/o ° \ \o—

Figure 5.2: The horizontal lines L{’, L}/, LY, ---, L} pass through at least one robot in the
initial configuration. The robots r; and r; are neighbours of each other.

5.3.2 Description of the Algorithm

Initially, all robots are static and arbitrarily located at different points on the plane with
color OFF. As a result of an agreement on the y-axis, we can assume that all the robots lie
on k (< N) distinct horizontal lines L{’, L}!,---, L. Each line passes through at least one
robot on the plane. As shown in Fig. these k lines cover all the robots on the plane. We
call two robots r; and r; neighbours if they lie on the same horizontal line and are visible
to each other. A robot r is called a ferminal robot on a horizontal line L? if r has at most

one neighbour.
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Algorithmic Preliminaries: We list some of the important notations that we will use to

describe our algorithm in this chapter.
e L7 and L} are the horizontal and perpendicular lines passing through the robot r.

* Vy={ri€R|r;#rand A r;j € Rsuch that 77;r;} is the set of all visible robots to r.

NB,={r;eV,| Lff = Lf{ } is the set of neighbours of r. Note that there can be at most

two neighbours for any robot r.

M, = {m;,| m,, is the midpoint of the line segment 77; for r; € N'B,} is the set of

midpoints of the line segments joining r and its neighbours. For example, M, =

{m,, m,} in Fig.

* NCV, ={r; e V,\NB,| A r;j €V, such that 7;77;} is the set of all non-neighbour visi-
ble robots to r such that no two robots from this set forms a collinearity with r where

r is the middle robot of that collinearity. For example in Fig. 5.3} NCV, = {r¢}.

e CV,={rieV,\NB,| 3 r{ €V such that r,—Trf} is the set of all non-neighbour visible
robots to r such that for every r; € CV;, there exists a unique robot rlf’ € CV, where
r is the middle robot of the collinearity rlTrlc In this case, we call r{ the conjugate
robot of r; for the collinearity rlTrf Intuitively, CV, is the set of all visible robots with
whom r is non-horizontally collinear as a middle robot of collinearity. So, in this set,

robots appear in pairs. For example, CV, = {ry, rlc, I, r]?}, as illustrated in Fig.

since r is a middle robot of two collinearities r; rrlc and r; rr]?.

We now define an eligible robot as follows, who can execute a movement according to

the algorithm. Note that all other robots who are not eligible, wait till they become eligible.

Definition 5.3.1. (Eligible Robot): Any robot r is called an eligible robot if it satisfies all of
the following conditions. (1) All robots in Hglf are with color FINISH. (2) r.color is set to
OFF. (3) r is either a terminal robot or has two neighbours, out of which at least one is with

color FINISH.
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Table 5.1: List of Notations used in this chapter

Notation Specification

TiljTk The robots r;, r; and ry are collinear

TiljTk The line of collinearity for the robots r;, r; and ry

ng Open upper half plane delimited by a non-perpendicular line L passing
through r that contains the positive y-axis of r

HLL‘”" Open lower half plane delimited by a non-perpendicular line L passing
through r that contains the negative y-axis of r

d(r;, ITB) Shortest distance between r; and the line ﬁ

L, The horizontal line passes through r

Vr The set of all visible robot to r

NB;, The set of neighbors of r

M, The set of mid-points of the line segments joining r and its neighbors

NCV, {ri € V,\NB,| 4 rj €V, such that 7;77;}

CV, {ri e Ve \N'B;| 3 rf €V, such that rirrf}

R(r) min{d (r,7;7}) | ri #1j #1531 ENCV, UCY ;51 e NCV, U CV UM, )

D(r) min{d(r,L;,) | ri € V: \NB;}

N(r) min{d(r,m,) | my € M}

Radius, 5> min{R(r), D(r), N(r)}

The subsequent strategy is followed by a robot r in the compute phase of its LCM cycle
to calculate the distance (Radius,) of the target point from its current location.
Strategy FIND_TARGET_DISTANCE: Based on the data gathered from the snapshot taken in
the look phase of the current activation cycle, r computes three distances R(r), D(r) and

N(r) which are defined as follows.

T1 . r PN 1 N(r) . 9
R(r) D(r)
I - " rie T "
,r,' \ 4 & &
J
& @ \ 4 @

Figure 5.3: Illustrating R(r) by which r  Figure 5.4: Illustrating D(r) by which r
avoids moving to any of the blue lines not  avoids crossing horizontal red lines & N(r)
to create new collinearities for no collision with neighbour

R(r) =min{d(r,r;T;) | ri Z1j #1551 € NCV, UCV,51 € NCV, U CV UM, }. The robot
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r considers a line passing through any two non-neighbour visible robots r; and r;
which are not collinear with r. This is to avoid the possible collinearity 7;77;, after
the movement. It also avoids moving to a line that passes through r; and m, € M,
to prevent itself from getting collinear due to the simultaneous movement of another
robot ' from L. As shown in Fig. each blue line is a possible collinearity for r

and R(r) is the smallest of all distances from r to these blue lines.

D(r) = min{d(r, Lf{) | ri € V,\NB,}. r avoids the horizontal line passing through any
visible robot r; to ensure that it does not cross the line. This is to prevent r from
being a first or last robot of collinearity with a FINISH-colored robot. For example,
r and r’ are moving simultaneously to #, and #,» respectively, as shown in Fig.
Since the three points t;, r; and ¢+ lie on the same line, r becomes collinear with r;
and r' after the movement. To prevent this, D(r) is considered so that r does not cross
the horizontal line passing through r;. Fig. illustrates that D(r) is the minimum
among all distances from r to the horizontal red lines passing through the visible

robots. We also plan to make r a terminal robot after movement by considering D(r).

C # ’.—E
r _ = NP
¢ TR LE .
/\\ % 10 t \\
1) /<(/ ) e r \\
Pl N I'\ \0\\\ \\
7"1 '://‘ r =~ ~ /r-.’[/
My Mol- 2 -~
P "1’ /F\\ - Py S T i N - - — - - - — =
AT T S
L _/’/ \\ -~ _ r!
\ e | Radius, S -
1 N
@ / N
/rk F T ~
2 4 —&
'] /
J
@ @ 7,) T

Figure 5.5: r calculates Radius, which is  Figure 5.6: The movement of r to t, creates
the distance between the target point of r  a new collinearity if the horizontal line Lg
and its current position. is not taken into consideration.

N(r) = min{d(r,m,’) | m,» € M,} ensures that there is no collision between r and its

neighbour in case of simultaneous movement.

Finally, r computes the distance Radius, = %min{R(r), D(r), N(r)}, as shown in Fig
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We now define a line called reference line that r uses to execute its movement with re-
spect to the line. We explain later in this section how r computes this line in the current

LCM cycle.

Definition 5.3.2. (Reference Line): For a robot r in its current compute phase, a line L
passing through it, is called the reference line if r chooses L to execute its movement to the

target point ¢, in the same LCM cycle such that r, is perpendicular to the line L.

The movement of the robot r depends on the choice of the reference line in the current
LCM cycle and the target point in that cycle. The reference line can be either a horizontal
line or a non-horizontal line passing through the robot r. Based on this, we distinguish
following two types of movements for a robot r. The main difference in these two types
of movement is the choice of the reference line. When the reference line is horizontal, the
movement executed by r with respect to the line is called the Type I movement. When the
reference line is non-horizontal, the movement is called Type Il movement.

Type I Movement: When the reference line L, selected by r is the horizontal line L? , it
chooses a point - as the target point in the upper half plane HZ; such that the distance
of the target ¢, from r is Radius, and 7, is perpendicular to the reference line L. The
objective of r is to move to 7 by following the straight line segment 7 .. This movement is
referred to as the Type I movement.

Type II Movement: When the reference line (say L) selected by the robot r is a non-
horizontal line, r needs to check whether the reference line L is perpendicular to L or
not. If perpendicular, the target point ¢, is chosen such that it is Radius, distance away
from the current location of r in the left direction (local left with respect to the coordinate
system of r) and r¢, L L. If it is not perpendicular, the target point ¢, is chosen in the up-
per half plane H g P rather than in the leftward direction. Even in this case, the distance
between r and t, remains Radius, and r ¢, L L. Finally, r aims to move to ¢, by following
the straight line segment r ¢,. This movement is identified as a Type Il movement.

We will now describe how the robot r uses the above strategies to determine the refer-
ence line for its movement and the type of movement it executes in various scenarios.

After activation, r first determines whether it is an eligible robot or not. If it is not an
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eligible robot, it remains stationary and does not change its current color. When r finds

itself as an eligible robot, there can be two cases.

e Case 1 (CV, is empty): When this case arises, r might be a terminal robot or a non-

terminal robot on the current horizontal line L'rq . Since the set CV; is empty, r can

only be a part of horizontal collinearity with its neighbours. Our target is to move the

robot r when it is a middle robot of the horizontal collinearity. So, we differentiate

two sub-cases here.

— Case 1.1 (r is a terminal robot on L’rq ): In this scenario, the robot r is not a mid-

dle robot of some collinearity, as CV; = ¢ and it is a terminal robot on L. r

changes its color to FINISH and terminates with no change in its current posi-

tion.

— Case 1.2 (r is a non-terminal robot on L’rq): Even if CV, is empty, r is a

middle robot of the horizontal collinearity with its neighbours, as shown in

Fig Note that one of the neighbours of » must be with color FINISH in

this case, as otherwise, r would not be an eligible robot. r follows the strat-

egy FIND_TARGET_DISTANCE to calculate the distance Radius, and executes a

Type I movement by choosing the horizontal line L as the reference line. Dur-

ing the movement, it maintains the current color OFF.

T

t
Fal

Tt S T2
Refﬂeu(,e/ v Radius,
Radius,
N °
Tk. 7] T 7
b 9
° [}

Reference
line r

r

re
J

T

Figure 5.7: The horizontal Figure 5.8: The LOC is the Figure 5.9:
line is the reference line for reference line for a Type II collinear after
r to and it executes a Type I movement when r is termi- ment to ¢, instead of ¢,

movement to z,.
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e Case 2 (CV; is non-empty): Recall that the set C), always has even number of ele-
ments in it. So, depending on the number of elements in CV,, we change our strategy

for the robot r. We differentiate two sub-cases here.

- Case 2.1 (CV, has exactly two robots and r is a terminal robot): Let r; and
r]? be the two robots in CV, such that r is a middle robot of collinearity r jrr]?
(illustrated in Fig. In this case, the choice of the reference line for r is sim-

>

ple as the current CV; has exactly two elements. So, r sets the line L = r; r]? as
the current reference line. This line L is a non-horizontal line as r is a terminal
robot. Also, r follows the strategy FIND_TARGET_DISTANCE and finds Radiusy,
which is the distance of the target point from the current location of r. In con-

sequence, r executes a Type Il movement with no change in the current color

OFF.

— Case 2.2 (CV;, has more than two elements) or (CV, has two elements but r
is a non-terminal robot): In this case, r must be a part of multiple collinearity
as a middle robot. As shown in Fig. r is collinear with r; and r]? as well as
r; and rlc . In such a case, r chooses the horizontal line Lf’ as the reference line
and finds the distance Radius, by FIND_TARGET_DISTANCE. Then r executes
a Type I movement to the target point ¢, without changing the current color
OFF. This move eliminates horizontal collinearity of r, if any. In case r does not
detect any collinearity after getting activated again, which means CV, becomes
empty, it terminates by setting its color r.color = FINISH. But it is possible that
the movement might not be accurate enough that r actually reaches ¢,. Instead,
r might reach to a point ¢, after the Type [ movement, as illustrated in Fig.
Notice that r was a part of two collinearities (indicated by the green lines) before
the Type I movement and it remains collinear even after the movement, due to
the inaccuracy. At this point, the current CV, contains two robots r; and r]?.
In consequence, it sets the line L = (r]—rjé as the reference line, so that it breaks
the collinearity by executing another movement with respect to L. Since L is a

non-horizontal line, r executes a Type Il movement, if it is an eligible robot, as
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described in Case 2.1 with color OFF.

Algorithm 9: SSYNC_MV_INACC

1 if r.color = OFF A all robots in Hg,f are with color FINISH A r has either no neighbour or

one neighbour or both neighbours out of which at least one is with color FINISH then

2 Vy=1{ri€R|r;#rand A r; € R such that 77,7}
3 | NB ={rieV,|LE=L}
4 M, = {my,| m;, is the midpoint of the line segment 77; for r; e N B, }
5 | NCV,={rieV,\NB,|2ArjeV,suchthat7;77;}
6 CV; =1{ri €V, \NB;|3r{ €V, such that r;rr{}
7 if CV, is empty then
8 if  is a terminal robot on L then
9 L Change r.color to FINISH and terminate
10 else
11 Follow FIND_TARGET_DISTANCE() and choose L = L as the reference line
12 Follow MOVE_To0_TARGET() with color OFF
13 else
14 if CV; has two robots r; and r]? A 1 is a terminal robot then
15 Choose L=r; r]? as the reference line and follow FIND_TARGET_DISTANCE()
16 Follow MOVE_To0_TARGET() with color OFF
17 else // CV; has more than two elements or it has two elements but r
is non-terminal
18 Choose L = L’rq as the reference line and follow FIND_TARGET_DISTANCE()
19 Follow MOVE_To0_TARGET() with color OFF
20 else

21 t No change in color and no movement

5.3.3 Analysis of the Algorithm

In this section, we prove the correctness and the time complexity of SSYNC_MV_INACC

algorithm. We also show that the movements of the robots are free from collision.

Lemma 5.3.3. Any two robots moving simultaneously lie on the same horizontal line before

the movement.

Proof. Let r and r’ be the two robots lying on different horizontal lines. Without loss of gen-

erality, we assume ' lies below L. If the two robots are visible to each other and r.color #
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FINISH, r’' cannot move. If r.color = FINISH and the robots r and r’ are visible to each
other, r cannot move thenceforth. If they are not visible to each other, it means that there
is another robot " lying between them. Let r’ execute a movement. Then r”.color must
be FINISH, as otherwise r’ would not be eligible for movement. Since, r lies in H Uf and

r"" is with color FINISH, r must be with color FINISH. Therefore, r cannot move when r’ is

executing its movement. O

Corollary5.3.4. Ifr executes a movement in an LCM cycle, no robot from the set NCV,UCV,

executes a movement in the same LCM cycle.

Proof. Since, a robot r’ from the set NCV, UCV, does not lie on the horizontal line L? ,

both of r and ' cannot move simultaneously, by Lemma O

Algorithm 10: FIND_TARGET_DISTANCE() Algorithm 11: MOVE_TO_TARGET()

// The subroutine calculates the 1 if L= L then// Type I Move
distance between the target and 2 Choose a point ¢, in Hng such that
the current position of r | d(r,t;) = Radius, andr_trJ_LfI

1 Calculate R(r) = min{d(r, 7;7}) | ri # 1} #
réand r; e NCV,uCV, and ;€
NCV,u CV, UM}

2 Calculate
D(r) = min{d(r, L") | r; € V,\NB;}

3 elseif L L L then // Type II Move
4 Choose a point ¢, in the local left
direction such that
d(r,t;)=Radius, andrt, L L

3 Calculate 5 else // Type II Move
N(r) =min{d(r,m,) | m, € M,} 6 Choose a point ¢, in ng such that
4 Calculate | d(r,t;)=Radius,andrt, L L
Radius, = 3 min{R(r), D(r), N(r)} 7 Move to ¢, by following 7,

Lemma 5.3.5. If r; and r;j are two robots lying on the same horizontal line and r lies on a

different horizontal line, r cannot be on a point on <r,_r} after the movement.

Proof. By Lemmal5.3.3} neither of r; and r; cannot move while r is executing its movement.
We can assume that r; and r; both are visible to r. Since, the inequality Radius, < D(r) <
d(r, L) holds, r cannot move to the line L}’ = 7;7;. If r; or r; or both are not visible to r,

the above inequality holds true. O

Lemma 5.3.6. At most two robots can move simultaneously.
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Proof. We prove this by contradiction. Let r}, r» and r3 be three robots moving simultane-
ously. By Lemmal5.3.3] these robots must be on the same horizontal line. Let r, lie between
r1 and r3 and it has two neighbours r4 and r5. Since r; is eligible for movement, at least one
of ry and r5 is with color FINISH. Let us assume that r4.color = FINISH. r; being an eligi-
ble robot for movement, cannot have the color FINISH. So r; and r, must be two different
robots. Also r4 cannot be a terminal robot, as r; lies between r; and r3 and r» is a neighbour
of r4. When r, sets the color FINISH, r; and r» together cannot be on the same horizontal
line as ry4, by the eligibility criteria described in the algorithm. Without loss of generality,
let us consider that r; is the robot that lies on a different horizontal line. It is not possible
for r; to move to the line 7,74, which is a horizontal line, by Lemma This leads to a

contradiction. O

The purpose of a movement from the reference line is to break the existing collinearity.
We prove in the following two lemmas (Lemma and|5.3.8) that if r chooses a reference
line L in the current LCM cycle and executes a movement, it cannot move to a point on that

reference line, even if the movements are inaccurate.

Lemma 5.3.7. After a Type I movement, r cannot move to a point on L’rq even with inaccu-

racy, where the horizontal line passing through L is the current reference line.

Proof. Due to inaccuracy in the movement, r might move to a point ¢, whereas ¢, is its

Prev
Lr

chosen target such that 7z, is perpendicular to the reference line . Since, the angle

Zt,rt. <90° for any robot, £. cannot be on L. O

Lemma 5.3.8. After a Type Il movement, r cannot move to a point on the reference line

L=r; r]?, where r is collinear with rj and r]? as a middle robot.

Proof. By a similar argument as Lemma|5.3.7, we can prove this statement. O

Remark 5.3.9. If r is a part of a collinearity 7,777}, it can detect the collinearity only when it
is the middle robot of that collinearity. In that case, r;,7; € CV, and both are conjugates of

each other.
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Before proving that our algorithm SSYNC_MV_INACC eliminates any existing collinear-
ity for a robot, we prove in the subsequent lemmas (Lemma|5.3.1045.3.13) that r does not

create any new collinearity after a movement, even with inaccuracy.

Lemma 5.3.10. r cannot be collinear with any other two robots r; and r; after a movement,

wherer; # rf withr; e NCV,UCV; andrj e NCV, UCV,.

Proof. Note that r; and r; are stationary when r executes its movement by Corollary
Since, both r; and r; are visible to r, r considers the line ;‘l_r; and calculates the
distance d(r,(ri_r}). r chooses a point £, such that d(r,t;) = Radius,. By definition,
Radius, < R(r) < d(r,‘r,-_r}). So, we have d(trfri_r}) > 0, which implies ¢, does not lie on
<rl_r; Even if r moves inaccurately to a point ¢, instead of ¢, the above inequality holds true

asd(r,t.) = Radius;. O

Lemma 5.3.11. r cannot be collinear with other two robots r; and r; after a movement,

wherer; e NCV,UCV, and rj€ NB,, even if rj moves simultaneously with r.

Proof. Corollary ensures that r; does not move when r moves. Let r; be stationary
when r is moving. Since, d(r, mrj) = %d(r, rj) <d(r,rj) where my; € M is the midpoint of
the line segment 775, the inequality Radius, < min{d(r, r;m;.),d(r, L)} < d(r,7;7;) holds.
If r moves to a point ¢, it does not lie on <rl_r; as d(r, t;) = Radius,. In case of simultaneous

movement of r and rj, if r and r; move to # and tr; respectively, as shown in Fig. ‘

the inequality d(r,<rl-_t;) < min{d(r, rimrj),d(r,Lﬁ)} < min{d(r, Zﬁ),d(rj,Lff)} < d(r,<rl-_tr;)

holds. -
Corollary 5.3.12. Statement of Lemma|5.3.11| holds when r; is a non-neighbour robot of r

with L' = L.

Lemma 5.3.13. Fortwo robotsr; ¢V, andrj € R withr;, rj noton Lf[, r cannot be a middle
robot of a collinearity r;r7; after its movement if it was not collinear with both of them in

the previous LCM cycle.

Proof. Since, r; ¢ V;, there is a robot r € V; such that rrir;. The line segment 7;7; lies

on one side of the line 7;r; while r lies on the other side of 77 as shown in Fig.
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Figure 5.10: Concurrent move- Figure 5.11: r cannot move to any point on the line
ments do not create collinearity segment 7;7; because of rir; (left) and rir; (right)

(left). Since, r cannot cross ‘rk—r; as Radius, < R(r) <d(r, ?;C_r_}), the collinearity 7;7r; is not
possible. In case of r; ¢ V;, there must be a robot r; € V; lying between r and r; such that
777 holds, as described in Fig. (right). Since r cannot cross the line 77; to reach a
point on the line segment 7;7; as Radius, < R(r) < d(r, 7e1), the collinearity 7;77; is not

possible. In both account, r cannot be a middle robot of the collinearity 7;77;. O

Remark 5.3.14. Lemma [5.3.10} [5.3.11] and [5.3.13| ensure that r never becomes a middle

robot of collinearity with two robots after a movement, with whom it was non-collinear in

previous LCM cycle.

It is possible that r becomes collinear with two robots after the movement whom it was
collinear with, in its previous LCM cycle. There can be two such situations. As shown in
Fig. r remains a middle robot of a collinearity r]Tr]c after the movement whereas it was
non-horizontally collinear with the two robots r; and r]? in the previous LCM cycle. The
second situation is depicted in Fig. where r was a part of the horizontal collinearity
T 7 1; before the movement, but the simultaneous inaccurate movement of the two robots
r and r; to the points P and Q respectively, makes r again collinear with ry and r; after the
movement. The second situation may occur when a non-terminal robot moves simultane-
ously with a terminal robot. We prove in the subsequent Lemma that r becomes a

terminal after a movement.
Lemma 5.3.15. After a movement, r can never be a non-terminal robot.

Proof. We prove this by contradiction. Let r be a non-terminal robot after executing a
movement. Then r must have two neighbours r; and r;. If in the previous LCM cycle,
all three robots lie on the same horizontal line, they cannot be collinear again after the

movement, as three of them cannot move together (Lemma|5.3.6) and the movement of
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Figure 5.12: The simultaneous inaccurate movements of a terminal and a non-terminal
robot may create a collinearity with a third stationary robot.

rP"¢" breaks the collinearity rlp "Vrpre Ur]’.g 'Y "1f, they do not lie on the same horizontal line

in the previous LCM cycle, we can have two cases here. (1) All of them are collinear which
means that each of them lies on a different horizontal line, so these three robots cannot
move together in the previous LCM cycle to form a horizontal collinearity. (2) Three of
them are not collinear which means that r cannot move to ‘r,_r; by Remark In all of

the cases, we get a contradiction. O

We now show that the set CV, become empty for a terminal robot after at most two

movements.
Lemma 5.3.16. CV, < CVE"®" where r was a terminal robot in its previous LCM cycle.

Proof. IfCV; = @, we are done. Otherwise, let r; € CV,. Then there is r{ € CV;, such that

rirr{. If we assume r; ¢ CVPrev then we get r; ¢ V'"¢’. Now we can have either Lff #

L

HPrev
Lr

HPrev gPrev
r r

orLE:L

. By Lemma|5.3.13} the collinearity r;rr; is not possible when Lff #

. Since rP"¢" is terminal and r; ¢ CVE"¢, rjr7; does not hold for any r; € R. So
. P . . . I
even if Lg = Lff eV rPrev cannot be a middle robot of collinearity with r; and rlf: after the

movement by Remark|5.3.14] So, we find a contradiction for both of the cases. O

Lemma 5.3.17. After a Type I movement of a terminal robot r, CV, contains at most two

robots.

Proof. Letr;, rl? € CV, such that r; rrl? after the movement. We prove this by contradiction.

Let rj, r]? € CV; be another pair of robots such that rjrr]?. Let r°7¢" be the position of r

Prev

in the previous LCM cycle before the movement. Note that r # r even with inaccurate

movement, as Radius, # 0. By Lemma|5.3.16} r;, rl.c, rj, r]? € CVfre”. Hence, r;r{ and r; r]?
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Prev

intersect at r and r. This leads to a contradiction as two non-parallel lines intersect at

exactly one point. 0

Lemma 5.3.18. After Type Il movement of the robot r, CV, contains no robot.

Prev

Proof. Since r executes Type Il movement, r is terminal and CVlrD "¢V contains exactly

——

one pair of robots, say r; and r;. By Lemma|5.3.8) r cannot move to the line r;r;. Also by

Lemma CV, <CVE™ Thus CV, must be empty. O

Remark 5.3.19. For a robot r, Lemmal5.3.15} [5.3.17]and [5.3.18| guarantee that the set CV,

eventually becomes empty and r becomes a terminal which leads to the termination of r

with color FINISH.
Lemma 5.3.20. For a robotr withr.color = FINISH, CV, remains empty.

Proof. r sets its color to FINISH, when C); becomes empty. On the contrary, let a robot

r; move in such a way that CV; become non-empty for the first time. Then there exists a

Prev

robot rf for which r;rr;. Before r; moves, CV; =@, so r; "°"rr; does not hold. Then r;

cannot be collinear with both r and rl.c. This is a contradiction. O

L 3
~ X " .
. . s
E )mr% e o = < } mn
Pt Ty My, > 7 i ) < S Tj

Figure 5.13: The circles centered at r; Figure 5.14: The circles are disjoint even
and r; are disjoint in presence of a com- if there is no common neighbour, lead-
mon neighbour ri ing to no collision

Theorem 5.3.21. The movements of the robots are free from collision.

Proof. Let r; and r;j be any two robots in R lying on two different horizontal lines. By
Lemma 5.3.3} they cannot move together which means they cannot meet a collision with
each other. If r; and r; lie on the same horizontal line Lf{ = Lg = L, then they move si-
multaneously only if they both are eligible robots on L. If there is a robot r lying between

them on L, as shown in Fig ‘ then r; and r; move to two points #;, and Iy such that
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Radius,, = d(r;, t;,) <d(rj,m;,) and Radiusr]. =d(rj, trj) <d(rj, mr].), where m;, and my;
are the midpoints of 7;7; and 77 respectively. If no such robot ry exists, it means r; and
rj are neighbours on L, illustrated in Fig. Then, m;, = m;;. Even if both of them
move simultaneously, the above inequalities hold. Since, the circles of radius Radius;,

and Radius,; are disjoint, both the robots cannot collide. O

Theorem 5.3.22. Algorithm SSYNC_MV_INACC solves the mutual visibility under SSYNC
setting in O(N) epochs using 2 colors, where N is the number of robots which have one axis

agreement and might exhibit inaccuracy in their movement.

Proof. Let us assume that after termination, there are three robots r;, r; and ri such that
T;TrTj. Attermination, all robots are with color FINISH. Then, r¢.color = FINISH. AST;T¢T,
we have CV,, # @, contradicting Lemma

An eligible terminal robot r moves at most twice before termination. It is possible that
r moves thrice before setting its color to FINISH when it is a non-terminal robot. Under
the SSYNC setting, r executes a Type I movement if it detects any horizontal collinearity or
if it is a part of multiple collinearities as a middle robot. A non-terminal robot takes one
epoch to become terminal with a Type I movement with color OFF. A terminal robot takes

one epoch to execute a movement so that the number of the elements in the set CV; is

at most 2, by Lemma5.3.17|and [5.3.18, If CV; contains two robots, r needs to execute a

Type II movement to eliminate the collinearity, which needs one more epoch. Finally, it
takes another epoch to change its color to FINISH from OFF. So it takes at most 3 epochs
for a terminal robot to change its color to FINISH and 4 epochs for a non-terminal robot.
Let us consider an initial configuration where N robots lie on N different horizontal lines
LE,LY,... L and all of them are situated on the same non-horizontal line. In that case,
robots on LY to LY cannot move till the robot on L is with color FINISH. The robot on LY
terminates in one epoch and then the robot on Lﬁl gets the chance to move and ends up
with FINISH color with at most three epochs, being a terminal robot. Proceeding this way,
robots execute and reach to FINISH color one by one. Hence, it takes at most 3N epochs
for all robots to reach at termination.

We can prove that this is the worst case configuration, where the algorithm takes maxi-
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mum epochs. Since a non-terminal robot takes at most 4 epochs to terminate, one can as-
sume that the algorithm may take more than 3N epochs to reach the termination. But, an
eligible non-terminal robot r takes four epochs only if it has both neighbours, say r; and r»,
among them one (say r) with color FINISH, other moves simultaneously with r and 71772
holds after the movement, as referred in Fig. In that case, r; will reach to FINISH in
one epoch and in the same epoch r and r, will executes their movement simultaneously.
After the movement of r and r», it can happen that they form different horizontal lines, but
both of them are terminal robot by Lemma(5.3.15] After the movement r, must be above r
and CV,, contains at most two robots, by Lemma|[5.3.17 So r takes at most two epochs to
terminate while r waits at its position. r now takes at most three epochs to change its color
to FINISH. Thus, six epochs are required in total for r, r; and r» to terminate, whereas it
would take at most 9 epochs, if they lie on different horizontal lines. Therefore, if any ini-
tial configuration has a non-terminal robot, our algorithm will take less number of epochs

than the configuration with all terminal robots. O

5.4 Mutual Visibility with Inaccurate Movement Under

ASYNC Settings

This section discusses the Algorithm ASYNC_MYV_INACC that solves the problem under the
ASYNC setting. All other components of the model are the same as SSYNC settings, de-
scribed in Section There is a mechanism introduced by Das et al. [27], which can help
us obtain a protocol in the ASYNC setting from any given SSYNC protocol with 6 colors.
However, we propose an algorithm in this section that solves the mutual visibility problem
using just 3 colors. Instead of applying the mechanism proposed by Das et al. [27] on our
existing SSYNC algorithm, our target is to give an algorithm in the ASYNC setting that uses
an even lesser number of colors. First, we are going to discuss the difficulty in applying the
same algorithm SSYNC_MV_INAcCC in the ASYNC setting. Next, we describe the algorithm

and its correctness.
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5.4.1 Technical difficulties of ASYNC setting

The main difference between SSYNC and ASYNC schedulers is that a active robot operat-
ing under the ASYNC scheduler, might capture the snapshot in its look phase when some
other robot is still in its move phase, but this cannot happen in the SSYNC setting. In the
SSYNC setting, two active robots execute their respective LCM cycle together while an in-
active robot stays inactive till the current round is finished. Cicerone et al. [20] (see Fig. 1)
illustrates this difference between SSYNC and ASYNC settings for three robots.

/,170 (]

7
0’4 o4
t t,
r 9 r3 o TQ r3 o
T T3 e - T3
th, v,
T
®rs P i o6

Figure 5.15: (Left) lllustrating the configuration before the movement of r; and r3 where
they compute their target to be ¢, and %, respectively. (Right) ry starts moving towards ,,
but in between r;, gets activated and takes the snapshot, so r» thinks itself as eligible robot.

Consider the example shown in Fig. where r; is collinear with two robots r, and
r5. Similarly, r3 is collinear with other two robots rg and 7. So both of them choose their
respective reference lines 7475 and 7677 and choose their target points. Due to inaccuracy,
let us assume that r; starts moving towards the point #,, and r3 is about to move towards
tr,. At this moment, r, gets activated and captures the snapshot. It is not possible for r»
to understand that ry is still in a move, as r; is moving with color OFF according to the
SSYNC_MV_INACC algorithm. Since r; moves away from the line 7173, r» thinks of itself as
an eligible robot and finds its current CV, is empty. So, it changes its color to FINISH. Dur-
ing this process, both r; and r; reach to t,, and f,,. Since r; lies on the line segment 7, f,,
and is with color FINISH, it cannot eliminate the collinearity by executing a movement.
Moreover, 1 and r3 are unable to detect collinearity as neither of them is a middle robot.

To eliminate this possibility, we modify the previous algorithm with one more color.
The algorithm ASYNC_MV_INACC is similar to the previous algorithm SSYNC_MV_INACC.

We use 3 colors in this algorithm: OFF (used initially), MOVE (used while executing move-
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[ ] [ ]
P Q P Q
(FINISH] N [FINIsH] N
jiISH _#-_7-%_~>_#__7 G EiISH _#-_77:£,>\_#>_#__7 G
Tk r T Tk T
® ®

Figure 5.16: (left) illustrating the configuration before the movement of r. (right) illustrat-
ing the configuration when r has moved to P but r; is yet to reach Q. At this situation r
takes a snapshot after activation at P.

ment till termination) and FINISH (used at termination). Even if the two algorithms have
similarities between them, the algorithm SSYNC_MvV_INACC is not going to work in the case
of ASYNC setting if we just incorporate the MOVE color into it. This is when the configura-
tion is the same as the configuration depicted in Fig as it is possible in the ASYNC
setting that the robot r; is yet to reach Q, but the robot r has reached P. In this situation,
r, after activation at P, might take a snapshot while r; is still below Hfgw r cannot fig-
ure out from the snapshot that the robot r; is still in its move phase and determines itself
as an eligible robot. After computing the current CV,, r does not find itself as a part of
any collinearity which leads to the termination, but the collinearity 7x77; persists when r;
reaches to Q.

To deal with this situation, we change the eligibility conditions of a robot. In
SSYNC_MV_INACC, a terminal robot ry might terminate without any movement, as shown
in Fig. It is also possible that a non-terminal robot moves thrice (two Type I and
one Type II movement) when a situation, shown in Fig arises. In the algorithm

ASYNC_MV_INACC, we make sure that a robot moves only when it is a terminal robot. This

change ensures that a robot executes at most two movements.

5.4.2 Description of the Algorithm

Since we introduce a new color MOVE, we modify the definition of the eligible robot for this
algorithm to incorporate this new color and not to allow a non-terminal robot to move. We

change the Condition 2 and 3 in Definition while others remain the same.
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Definition 5.4.1. (Eligible Robot) Any robot r is called an eligible robot if it satisfies all of
the following conditions. (1) All robots in Hf,f are with color FINISH. (2) r.color is set to

either OFF or MOVE. (3) r is a terminal robot.

All other definitions, notations and terminologies, defined in Section [5.3| are still the
same. The first task for an active robot r is to determine if it is an eligible robot or not. If
not, it waits till it becomes eligible. Once robot r is eligible, it needs to check its current
color, which serves as an indicator of whether the robot has executed a movement. Based

on the current color of r, two distinct cases can be distinguished.

* Case 1 (r.color is OFF): When r is activated with color OFF, it indicates that r has
not executed a movement before the current LCM cycle. Now, r selects the hor-
izontal line L as the reference line for the movement. It then identifies the sets
NB;, M, NCV, and CV, from the snapshot taken in the look phase of the current
LCM cycle and follows the strategy FIND_TARGET_DISTANCE to calculate the dis-
tance Radius, of the target point from the current location. At the end of the com-
pute phase, r sets r.color to MOVE. Finally, r executes a Type | movement to reach the

target point in the move phase of the same LCM cycle.

* Case 2 (r.color is MOVE): When r gets activated with color MOVE, it figures out that
it has already executed a movement and determines the set C), based on the data
gathered in the current look phase. If CV; is empty;, it terminates by setting its color
FINISH. But, it is possible that r remains collinear with two robots i.e., CV, # @
due to inaccurate Type I movement. Since r is an eligible robot, it is a terminal
robot. We prove in Lemma[5.3.17 that CV, contains exactly two elements after the
Type I movement of a terminal robot if it is non-empty. Let us consider that r;
and r]‘? are the two robots in CV, and L = <r]_r]E Now, r checks whether there is an-
other robot r; visible with color MOVE. If r; lies in Hi’; ,  does not qualify to be an
eligible robot. In that case, r waits till r;.color = FINISH. Otherwise, r selects L
as the reference line and needs to compute Radius, by FIND_TARGET_DISTANCE.

We modify the definition of M, for a MOVE-color eligible robot as fol-

lows. M, = {m,,| m,;,isthe midpoint of the line segment rr’ where ri.color =
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MOVE and r' is the point of intersection of Lfi and Lf }. So r calculates Radius, with
the new definition of M. Note that the reference line L is non-horizontal, as r;
and r]? belong to CV;. So, r maintains the current color MOVE and executes a Type II

movement to reach its target point.

Algorithm 12: ASYNC_MV_INACC

1 if r.color = OFF A all robots in HLLZj are with color FINISH A r is terminal robot then

2 Identify the sets Vr,./\/'Br,Mrr, NCV,andCV,
if CV, is empty and r has no neighbour then

4 L Change r.color to FINISH and terminate
else
6 Follow FIND_TARGET_DISTANCE() and choose L = Lf as the reference line
Change r.color to MOVE and follow MOVE_TO_TARGET()

8 elseif r.color = MOVE then
9 Identify the sets V,, N B, M, NCV, and CV;

10 if there are two robots r; and r]‘f inCV; such thatr; rr]? then

11 if r sees a robot r' with color MOVE in HiJHp then

12 t No change in color and no movement.

13 else

14 Follow FIND_TARGET_DISTANCE() and choose L = r; r]? as the reference line
15 Follow MOVE_TO_TARGET() with color MOVE

16 else

17 L Change r.color to FINISH and terminate

18 else

19 t No change in color and no movement

5.4.3 Analysis of the Algorithm

Here we explain the correctness and the time complexity of the algorithm

ASYNC_MV_INAcCC and prove that the movement of the robots is free from collision.
Lemma 5.4.2. All the eligible robots must be on the same horizontal line.

Proof. In contradiction, let us assume that r and r’ be two eligible robots, where r lies in

Hgf . From the eligibility criteria, if 7’ is an eligible robot and visible to r, then r.color must
rl

TH-3475_186123017



80 Chapter 5. Mutual Visibility Despite Angular Inaccuracy

be FINISH and thus r cannot be an eligible robot. So, r must not be visible to r/, implying

another robot r” exists with color FINISH on rr’. r".color = FINISH and r lies in Hf; ,

both implying r.color must be FINISH and thus r cannot be an eligible robot. Hence, we

arrive at a contradiction. O
Remark 5.4.3. A OFF-colored robot cannot be eligible if another robot is in its move phase.

Lemma 5.4.4. If any two robots lie on different horizontal lines, they cannot move to the

same horizontal line after the movement.

Proof. Let r and r’ be two robots lying on different horizontal lines. These two robots can-
not move together by Lemma If ¢, is the target point of r, calculated in the cur-
rent compute phase, it is not possible for # to be on Lf{ as Radius, = d(r,t;) < D(r) <

da(r,L). O

Lemma5.4.5. Ifr; and r, lie on the same horizontal line, they cannot form a non-horizontal
collinearity with another robot rs after their movement, where r3, lying on a different hori-

zontal line than that of ry and r», is stationary while the other two are executing a movement.

Proof. Since rj3 lies on different horizontal line than that of r; and r», it will be either in
NCV, uCV,, ornotin V. If r3 € NCV,, UCV,,, r cannot be collinear with r, and r3
after the movement, even if simultaneous movement of r,, by Lemma and Corollary
So, r; and r» cannot form the non-horizontal collinearity with r3 after a movement.
If r3 ¢ V,,, then there exists ry € NCV,, UCV;, such that 737477 holds and we can prove the
statement of the lemma by similar argument as above by considering the robot r4 instead

of r3. O
Remark 5.4.6. Two MOVE-colored robots cannot be collinear with a third robot.
Lemma 5.4.7. There can be at most two eligible robots.

Proof. By Lemmal5.4.2} all the eligible robots must be on the same horizontal line. Since an
eligible robot must be a terminal robot and a horizontal line can have at most two terminal

robots, there can be at most two eligible robots at the same time. O

TH-3475_186123017



5.4. Mutual Visibility with Inaccurate Movement Under ASYNC Settings 81

Lemma 5.4.8. There can be at most two robots with color MOVE at the same time.

Proof. Let us assume that there are three robots ry, r» and r3 with color MOVE at a point in
time. Let r; be the latest robot which changes its color to MOVE from OFF among the three
robots. Let t be the time just before the change in color. Then r, is eligible at ¢. If r».color =
OFF at t, at this time r; is also an eligible robot. By Lemma/5.4.2} both r; and r; lie on the
same horizontal line at ¢. If r».color = MOVE at ¢, we now prove that they lie on the same
horizontal line. On the contrary, we assume that r; and r, lie on different horizontal lines
at the time ¢. Since r; is eligible and r».color = MOVE at ¢, r» must not be visible to r; at
this time, by the definition of an eligible robot. So, there exists a robot r4 with color FINISH
lying between r; and r. Let ¢’ (< t) be the time just before r, changes its color to FINISH.
At ', 1, cannot lie on 7174. Let P and Q be the positions of r, at £ and t/, respectively. We
can prove that r, has to be MOVE at the time t'. If at ¢/, rp.color = OFF, r, never comes to
the line 71713, as r; and ry are stationary in between the time ¢’ and ¢, and r, avoids moving
to the line 7174 by the definition of Radius,. This is a contradiction to the assumption that
T17al> holds. So ro.color must be set to MOVE at ¢'. If r, does not lie on the horizontal line
Lg , r4 cannot become eligible at t’, as both of the robots r, and r4 are with color MOVE at
this time ¢’. Thus r, and r4 must lie on the same horizontal line at ’. After any movement,
r» and r4 cannot form a non-horizontal collinearity with r;, by Lemma So, 711472
must be a horizontal collinearity, as we have assumed that r, lies between r; and r» at the
time ¢. This is a contradiction to the assumption that r; and r, lie on different horizontal
lines at ¢. So, we proved that r; and r» lie on the same horizontal line at t when ry.color is
either OFF or MOVE. Similarly, it can be proved that r; and r3 lie on the same horizontal line
at ¢, which implies all three robots ry, r» and r3 lie on the same horizontal line and they are
eligible. This is again a contradiction to the Lemma|5.4.7} as there cannot be two eligible

robots at ¢. O
Lemma 5.4.9. A MOVE-colored robot r can see the other MOVE-colored robot, if exists.

Proof. We prove this by contradiction. Let us consider that r’ is the other robot with color
MOVE and it is not visible to r. It implies that there is a robot r; lying between them. Since,

Radius,preo < D(r?7¢") < d(rP7¢?, L})), it is not possible that LI and LY are same. So rr;r’
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is a non-horizontal collinearity. In addition, r and r' are two robots with color MOVE at the
same time, which means they initially must lie on the same horizontal line. If r; does not

lie on L2

“Prev» ANY of them cannot cross the line Lﬁf to form the non-horizontal collinearity

! H
rrir’ L,

H

= Lg , none of them can move downwards from Lbres

to form the collinearity

rrir’, as the movement is of Type I. This is a contradiction. O

As a summary of the above results, we can restate the following. There can be at most
two MOVE-colored robots at any time (Lemma . They can see each other (Lemma
5.4.9). They cannot form a collinearity after the movement (Remark and an OFF-
colored robot cannot become eligible at this time (Remark[5.4.3). These results aid to the
validity of all the lemmas from Lemma [5.3.16] to [5.3.20, mentioned in Section that

proves the correctness of the algorithm AsyNC_MV_INAcC. It can also be proved by the
argument presented in Theorem|[5.3.21|that the movement of the robots is free from colli-
sion.

In this algorithm, only the terminal robots move and each terminal robot moves at most
twice before termination. As proved in Theorem the worst case time complexity
stays the same, as the worst case scenario for this algorithm remains same as earlier. This

takes at most 3N = O(N) epochs to terminate. So we can state the following theorem.

Theorem 5.4.10. Algorithm ASYNC_MV_INACC solves the mutual visibility under ASYNC
setting and terminates in O(N) epochs using3 colors where the movement of the robots might

be inaccurate and the robots are assumed to have one axis agreement.

5.5 Fault-Tolerant Mutual Visibility with Inaccuracy

This section presents the algorithm FAULT_MV_INACC that tolerates mobility failure of the
robots along with inaccuracy in their movements under the ASYNC setting. This algorithm
uses 10 colors. Table[5.2]lists down all the colors used in this algorithm with their specifica-
tion. We also illustrate the transition between the colors by a flow chart in Fig. When
a fault occurs, this robot does not move thenceforth. However, it can change the color of

its light without any trouble. A robot can become faulty at any point of time. All other
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elements of the previous model in Section remain unchanged. We revise the formal

definition of the mutual visibility problem with inaccurate movement as follows.

Color Specification

OFF Used as initial color

MOVE1 Used when robot is executing first Type I movement

HALT Used to indicate that the robot is stationary

WAITING Used when the robot is asking for guidance from the FAULT-colored robots

MOVE2 Used when executing a movement after the initial one and CV, contains either 0
or 4 robots

MOVE3 Used when executing a movement after the first one and CV, contains 2 robots

FAULT Used when the robot finds itself as faulty

COLLINEAR Used by a FAULT-colored robot if it is collinear with a WAITING-colored robot

NON-COLLINEAR | Used by a FAULT-colored robot if it is non-collinear with every WAITING-colored
visible robot

FINISH Used by a robot at termination

Table 5.2: The list of colors used in the algorithms with their Specification

Problem 3 (Fault-Tolerant Mutual Visibility with Inaccurate Movement): N oblivious,
opaque, luminous point robots, each of which operates in LCM cycles, are situated at dis-
tinct points on the plane. They agree on one coordinate axis. The movements of the robots
can be inaccurate, with an angular deviation of less than 90° from their target position.
Some robot may become faulty which means that such robots remain stationary thence-
forth. The light of a robot remains functional even if it experiences fault. From any initial
configuration, the robots must rearrange themselves such that no three non-faulty robots
are collinear and no faulty robot lies between two non-faulty robots, even if f (< N) robots

become faulty.

5.5.1 Technical difficulty and Overview

The definitions of Type I and Type Il movements are same as earlier. Our target of reducing
the number of elements from the set CV, remains the same, but in case of mobility failure

of the robots, it is possible that the middle robot of a collinearity is a faulty robot. Since
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the faulty robots are unable to move and the middle robot is the only robot that can detect
the collinearity, it is not enough just to reduce the number of robots in CV;.. It may happen
that CV; is empty for the robot r, but r is still collinear with a faulty robot as the last robot
of collinearity and the first robot of the same collinearity is also a non-faulty robot. So in
this algorithm, whenever this situation occurs, we move the last robot of collinearity using
the guidance of the faulty visible robots. This is done using colors from a prefixed color
set. We still manage to use a constant number of colors to achieve our goal. Any non-
faulty robot r executes movement at most four times. The first movement is a mandatory
Type I movement with a specific color. There can be two situations after this movement.
First is when CV, might contain 4 robots after this movement, where the robot r needs to
execute two other movements in the worst case, one Type I and another Type II to make
CV; empty. Another movement is needed to make r non-collinear in case of r being a
last robot of collinearity with a faulty middle robot r;. In that case, the faulty robot r; acts
as a guiding robot for r and tries to make r understand about the collinearity using some
colors FAULT, COLLINEAR and NON-COLLINEAR. Second situation occurs when CV; has at
most two robots and r is collinear with a faulty robot. Here, r executes a Type Il movement
to make CV, empty, followed by another Type II movement if it is collinear with a faulty
robot. Same as earlier, we prevent r from making any new collinearity after any movement.
We use three colors (MOVE1, MOVE2 and MOVE3), each corresponds to a movement, with the

help of which a robot understands whether it is a faulty robot or not.

5.5.2 Description of the Algorithm

As described in the previous algorithm ASYNC_MV_INACC, we consider distinct horizontal
lines due to the assumption of y-axis agreement, shown in Fig[5.2] In that algorithm, a non-
terminal robot cannot be eligible for a movement. But, in this case, the terminal robots on
a horizontal line can be faulty, because of which a non-terminal robot keeps on waiting

forever, even if it is non-faulty. So, we revise the eligibility criteria for a robot.

Definition 5.5.1. (Eligible robot): A robot r is called an eligible robot if both the following

conditions are satisfied. (1) All the visible robots in Hflf are either with color FINISH or

TH-3475_186123017



5.5. Fault-Tolerant Mutual Visibility with Inaccuracy 85

FAULT. (2) r is a terminal robot or has two neighbours with one of them having color FAULT

or FINISH.

The set of all non-neighbour visible robots of r whose current colors are either FAULT
or COLLINEAR or NON-COLLINEAR, is represented by FV, and defined as FV, = {r; €
Vi \NB;| ri.color = FAULT or COLLINEAR or NON-COLLINEAR}. We modify the strategy
FIND_TARGET_DISTANCE as follows. However, the definitions of M, V,, NB,, NCV, and

CV, remain same.

Figure 5.17: P(r) prevents r moving to #,

Strategy MODIFIED_TARGET_DISTANCE: r computes four distances R(r),D(r), N(r)
and P(r), out of which R(r),D(r) and N(r) are calculated as described in
FIND_TARGET_DISTANCE. If FV, has exactly one element, r does not need to calcu-

late P(r). Otherwise,

e P(r) = min{d(r,L)| L || 77; and L passes through rj;Vr;,rj € FVp;ri # rj}. If r sees
any two robots r; and r; with color FAULT, it considers a line L which is passing
through r; and parallel to the line 77;. It then calculates the distance from its cur-
rent position to the line L. The minimum of all such distances is represented by
P(r). Fig. illustrates the significance of calculating P(r). In this particular ex-
ample, r;,rj, 1 € FV,. Since, rs € V; as r; lies between r and ry, the robot r might
move to the point ¢, which makes r collinear not only with r; and rg, but with r; and
rij. As both of the faulty robot r; and ri will become middle robots of the respec-
tive collinearity if r moves to ¢, r cannot figure out a unique reference line after the

movement to break both the collinearities.
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Finally, r calculates Radius, = %min{R(r),D(r),N(r),P(r)}.

First Movement: When r gets activated, it first checks whether it is an eligible robot with
r.color = OFF or not. If not, r does not move or change its current color. Otherwise,
it uses the strategy MODIFIED_TARGET_DISTANCE to calculate the distance Radius, and
chooses the horizontal line LY as the current reference line. It then executes a Type I
movement after setting r.color to MOVE1. Note that before this movement, /), consists of
all robots having color FAULT. At this moment, there is no robot with color COLLINEAR or
NON-COLLINEAR.

When r gets activated with r.color = MOVE1, it recognizes this as an indication of com-
pleting its first movement. If r finds that the set CV, has more than four robots, it implies
that r encountered mobility failure and so it changes its color to FAULT, as CV, of a non-
faulty robot r cannot contain more than four elements after any movement, by Lemma
Otherwise, it changes its color to HALT without any movement to indicate other visi-
ble robots that r is stationary. Since two robots can be eligible at any time, r may observe
another robot r’ at different positions on the plane under ASYNC activation setting. r with

the color r.color = HALT, maintains status quo if one of the two situations occurs.
* (S1) r finds r’ with the color MOVE1.
e (S2) r finds r’ in Hflf with r'.color € {HALT,WAITING,MOVE2, MOVE3]}.

In case of (S1), since r’.color = MOVEL, r lets r’ finish its movement which gets con-
firmed once r'.color becomes HALT. In case of (S2), r’ lies in the upper half plane Hg;
because of which r’ gets the priority to terminate before r. When r’ becomes a robot ei-
ther with color FINISH or FAULT, r gets the chance. If both of (S1) and (S2) do not occur,
it means that either no such r’ exists or r finds the HALT-colored robot ' lying on L or
in the lower half plane H é{’,“’ In this situation, r needs to figure out whether it is a middle
robot of some collinearity or not, by checking its current CV,. Depending on the number

of robot in the set CV;, we can distinguish three cases.

e Case 1 (CV;, contains four robots): This case occurs when two robots r and r’ have

executed the first Type I movement together from the line LY, but 7’ lying in H Uf
Ly
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terminates before r, as shown in Fig When r gets the chance to execute the
algorithm further, all other robots are either with color OFF, FAULT or FINISH and it
finds that r¢, 7/, I, r]? € CV,. In this case, we can prove in Corollary that r, being
a non-faulty robot, cannot be collinear with a FAULT-colored robot as a last robot of
collinearity. Our objective here is to make r execute at most two more movements
before termination. At this point, it is not possible for r to determine a unique ref-
erence line for movement. So, r follows the strategy MODIFIED_TARGET_DISTANCE
to find Radius, and takes the horizontal line L passing through r as the reference
line. It then changes its color to MOVE2 from HALT and executes a Type I movement
(see Fig[5.19). After this movement, when r gets activated with the color MOVE2, it is
still possible that CV; has two elements, as the last movement might be inaccurate.

Here, we identify three sub-cases.

® [FAULT]

® [FAULT] [ | # [FINISH]
FAULT] 4’
® [FINISH] //0
o [FAULT] r. J r
. FINISH 2
[FINISH] ’ o1 ] 0, ——
. J / [FINISH] ~ i
r; - 4 Or N == RIS / )
Jo TS~ [HALT] - vz A -
= 7@/ =
[F'INISH] \ i ) Tk [FINISH] \\\\\\ ,
, T~ 7“; [OFF] , = 7"5 [OFF]
o -

Figure 5.18: r and r’ both executed Type I Figure 5.19: r executes another Type I
movements after which CV; has 4 robots. r movement with color MOVE2 when CV’; has
now gets the chance after r’.color become 4 robots, so that CV, has at most two robots
FINISH after the movement

- Case 1.1 (CV; becomes empty): This indicates that r is not a middle robot of
any collinearity. Since the current color of r is MOVE2, r realizes that it is not
collinear with any of the FAULT-colored robot. So, it changes its color to FINISH

and terminates.

- Case 1.2 (CV;, contains two elements): At this stage, the current color of r is

MOVE2 and the choice of the reference line is simple for r, as the LOC is unique.

>

If r; and r]? are the robots in CV; as shown in Fig|5.20} r selects the line r; r]? as
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the reference line for the next movement and calculates Radius,. r executes a
Type Il movement after setting its color to MOVE3 from MOVE2. The robot r might
become faulty during this movement. So, we can again identify two sub-cases

here.

+ Case 1.2.1 (CV, contains two robots): After activation, when r finds this
with color MOVE3, it understands that r was a part of collinearity as a middle
robot in its previous LCM cycle. Since, r also finds two robots in CV; at the
current LCM cycle, it figures out that the movement was not successfully

executed and it has encountered mobility failure. So, it changes its color to

FAULT.
® FInTsH )
. a ] /" [FINISH]
[FAULT] . ° 4
[FauL) [FAULT] .
, ./ [FAULT]
. IF\INISH] / o [FINISH] /
r; Sy /,/ [FINI.SI:[] Tj Seog R 2 [FINISH]
=" [MOvE3] / p === / e ttev 9
RIAY RS Ssa  moterenee = 27
e Tk/,,ik:f(z}r[HALT] | ‘
T [FINISH  © T FINISH /’JT\* T
. % / First Type I Move ~ < _
R -C TR L .
S 7J - 7].
[OFF"® [0FFT®

Figure 5.20: r now executes a Type II Figure 5.21: After the first movement, r
movement with color MOVE3 to break the might move to a point where CV, con-

collinearity with r; and r]? when the ref- tains 2 robots and r is collinear with a
erence line is unique FAULT-colored robot

« Case 1.2.2 (CV; is empty): r changes the current color to HALT from MOVE3.
After this, r does not change its color and position till (S1) or (S2) holds.
Otherwise, it changes its color to WAITING to seek guidance from the FAULT-

colored robots, which is described in GUIDING_SUBROUTINE.

- Case 1.3 (CV; contains four robots): This happens when r is actually faulty
which means it could not executed the movement, but the color has been
changed according to the algorithm. So, when r is active with the color MOVE2,

it changes its color to FAULT.

* Case2 (CV; contains two robots): Since the set CV; has two robots, and r;, r]? eCVy,
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r uniquely determines the LOC which is taken as the reference line in the current
LCM cycle, as shown in Fig|5.21} So, r calculates Radius, and executes Type Il move-
ment after setting its color to MOVE3 from HALT. After this, there can be similar situa-

tion as described in Case 1.2.1 and Case 1.2.2 and r follows the respective strategy.

e Case 3 (CV, is empty): It is still possible that the robot r remains collinear with a
FAULT-colored robot. In this case, r detects the LOC with the help of the FAULT-
colored robot. When (S1) and (S2) do not hold, r changes its color to WAITING from

HALT and follows GUIDING_SUBROUTINE to terminate.

GUIDING_SUBROUTINE: When r is with color WAITING, it is possible that an other robot r’
also moved and changed its color to WAITING in sync with r. In this situation, L? = Lf,{ , as
otherwise the robot with lower y-coordinate would have not changed its color to WAITING
from HALT. They might execute the process to determine their respective LOCs and move.
Since r itself cannot understand whether it is a part of any collinearity or not, as CV, = @,
the robots with color FAULT act as guiding robots in determining the LOC by setting their
color either to COLLINEAR or NON-COLLINEAR. Until all FAULT-colored robots change their
color either to COLLINEAR or to NON-COLLINEAR, r maintains status quo. Since both r and
r’ are with the color WAITING, it is possible that two FAULT-colored robots change their

color to COLLINEAR, one for r and the other for r’. Consider a configuration, shown in Fig

1
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[ ) \ ’
1
1
19 )
N I
» [NON-COLLINEAR]
Tj '. // \\ Tk
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!

* rj ’
I

I
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| / @ [COLLINEAR]

Ti e '
_ [COLLINEAR]

[COLLTNEAR] "\ o o . | h T
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AY I 1 7/
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\ I
\ 1
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I
1
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’ \

1
1
1
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\
\\ ’ v ,
o r r
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X
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Figure 5.22: Two robots are with color Figure 5.23: Two robots with color
WAITING and two robots with the color WAITING and two with COLLINEAR, but r,’C

COLLINEAR is not visible

5.22, where r was apart of two collinearities rlf r;r and r;. rjr before the Type I movement

(which is also referred as the first movement). Similarly, we consider that r’ was a part
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of the collinearity r,’cr;C r’ before the first movement. All of r;, rj and ry have color FAULT.

— >

Due to inaccuracy, r and r’ moved to the points on r/r; and r,ri respectively after the first

movement. This makes r and r’ retain their collinearity rlf r;r and r,’C rier’. When r and r’ are
with the color WAITING, both r; and ry are able to detect the collinearities as middle robots,
because of which both of them change their color to COLLINEAR. The robot r; changes its
color to NON-COLLINEAR as it is not a part of any collinearity either with r or r’. At this
point, r sees two robots with color COLLINEAR and hence it has to distinguish that out of
77; and 77, which one is actually its own LOC. Depending on the number of robots with

color COLLINEAR, we distinguish the following five cases. We will explain each of them with

proper examples.

- CaseA (r sees 1’ with color WAITING and two other robots with color COLLINEAR): As

— —>

illustrated in Fig|5.22| if r sees a third robot r,’C on r'rg (or on r'r;), it recognizes that

the color COLLINEAR shown by 7y (or by r;) is the indication for r/, not for its own.

Therefore, it chooses the line 77; (or 77%) as its LOC. If r does not see any third robot

—>

on r'ri and r'r;, it understands that the third robot must be either on the intersection

«—>

of 77; and r'r or on the intersection of 77 and r'r;, as shown in Fig. [5.23| Since r

sees the intersection of 77 and r'r;, the third robot must be on the intersection of

>

77; and r'ry. So, r chooses the line 77; as its LOC.

1
N ,ri ’/ 7”_ ® //
w ' . ,
[NON-COLLINEAR] , ,
\ ’ 1 ,
P [ .,/
o' r; i .y
+° \ [COLLINEAR] [NON-COLLINEAR] ! L
X ,® T'j [COLLINEAR]
A

\
’ \ ”
4 \ ’
’ .
4 N 4
B
.

r 7!
WATTING] [WAITING] /"r' [WAITING] T./ (oFF]

%
I N !
\ 1

e 7']- ;
I
1
1
1
|
I

Figure 5.24: Two robots with color Figure 5.25: One robot with color
WAITING and one with COLLINEAR WAITING and one with COLLINEAR

- Case B (r sees r’ with color WAITING and exactly one robot with color COLLINEAR):

Let us consider a configuration where r and r’ are part of the collinearities r/r;r and

. Both r and r’ are with color WAITING while r; is with

ri'rir', as depicted in Fig. [5.24
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color COLLINEAR, indicating both of the collinearities r;r;r and r}'r;r’. The robot r;
is with color NON-COLLINEAR. In this case, r and r’ respectively consider rr;and r'r;
as the LOC. Note that even if r; is only collinear with 7/, r assumes the line 77; as its

LOC. Importantly, this action does not result in new collinearity of r.

- Case C (r sees no such r/, but a robot with color COLLINEAR): If the robot r; is with

the color COLLINEAR, r simply considers the line 77; as its LOC, as shown in Fig.

- Case D (r sees no robot with color COLLINEAR): This case appears when all the
FAULT-colored robots are not collinear with r. So, r changes its color to FINISH and

terminates.

- Case E (r sees no robot with WAITING but multiple robots with COLLINEAR) or (r
sees another robot with WAITING but more than two robots with COLLINEAR): We
prove in the Lemmal5.5.6|that a WAITING-colored robot can be collinear with at most
one FAULT-colored robot and so as at most COLLINEAR-colored robot. It means that
r must be faulty in this case. Since CV; is empty, r does not need to guide any robot

inits CV;. So, it changes its color to FINISH and terminates.

After the LOC is detected, r calculates the Radius, and considers the current LOC as
the reference line and executes a movement according to the type of the reference line (hor-
izontal or non-horizontal) with color MOVE2. Note that at the stage, C)/; is always empty. So,
r after its next activation, finds the set CV, as empty and r.color = MOVE2, so it terminates
after changing its color to FINISH from MOVE2, similar to Case 1.1.

Action of FAULT-colored robot: r having the current color FAULT, acts as a guiding robot for
non-faulty robots. Until r sees at least one WAITING-colored robot, it maintains its current
color with no movement. When it sees a WAITING-colored robot 1, it first checks whether
there is a HALT-colored robot on Lf{ . If such arobot r” exists, r waits till " changes its color
to WAITING or MOVE3. Now r changes its color to COLLINEAR from FAULT, if r is collinear
with r" or r” or both. In case of r not being collinear with both r’ and r”, it changes
its color to NON-COLLINEAR from FAULT. In case of r having either the color COLLINEAR

or NON-COLLINEAR and no visible robot with color WAITING, it changes its color to FAULT
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again. r being a FAULT-colored robot terminates when Vr’' € CV,, r’.color is either FINISH

or FAULT.
If collinear
with at least vr' € CVr,
one WAITING r/.color = FINISH/FAULT|

colored robot;

OFF

Type I | Movement

If non-collinear
with all WAITING Yy

lored robot P e
colored robo \CV \= \IC\\\C’\\K MOVE1 /L)/,// Ny
O

e Yo 144,
W ety ey, =4

NON-COLLINEAR

No Movement

\C\/‘T\ =2 No Movement

Type II Movement

[CV,| =0 No Movement
»|WAIT

ING

If collinearity is found [with a

[CVy| =4 COLLINEAR-colored|robot
Type I Movement

No robot
with color
COLLINEAR

[CV,[ =0

No Movement

[cvi[=2  Type II Movement

|CV;| =0 No Movement

Figure 5.26: The color transitions throughout the algorithm FAULT_MV_INACC

5.5.3 Analysis of the Algorithm

Here, we discuss the correctness and time complexity of FAULT_MV_INACC. We take the
help of the lemmas proved in the previous sections. Since we follow the same kind of move-
ment strategy discussed in previous sections, we can prove that the movement of the robots
are free from collision by a similar argument as Theorem[5.3.21] One of the main difference
in the eligibility criteria of a robot r between Section|5.4/and [5.5]is that some of the robots
in Hg; might have color FAULT and some might have the color FINISH. Since a FAULT-
colored robot remains stationary similar to a FINISH-colored robot, we only use a FAULT-
colored robot as a guiding robot for some non-faulty robots. The arguments we put forth
in Section [5.4| regarding FINISH-colored robots remain applicable even when the robots
are colored FAULT. In Section we have shown that some of the lemmas in Section
gets validated under ASYNC setting by introducing a new intermediate color MOVE. Here
in this section, we also introduce new intermediate colors. Let us summarize which Lem-
mas are still valid for a non-faulty robot in case of fault-tolerant mutual visibility. At most
two robots can move simultaneously (Lemma[5.3.6). A non-faulty robot r never forms a

new collinearity as a middle robot after a movement (Remark|5.3.14) and it does not be-
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Algorithm 13: FAULT_MV_INACC

1
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33
34

35

if r.color = OFF A all robots in Hgf are with color FINISH or FAULT A 1 has either no neighbour or
one neighbour or both neighbours out of which at least one is with color FAULT or FINISH then
Identify M, V;, NB;, NCV;, CV; and FV, and follow MODIFIED_TARGET_DISTANCE()
Choose L as the reference line and set r.color to MOVE1
Follow MOVE_T0O_TARGET()

elseif r.color = MOVE1 then
t Set r.color to HALT
elseif r.color = HALT then
if r finds a robot 1’ in Hglf with color either HALT or WAITING or MOVE2 or MOVE3 then

B
L r does not change its color or position.

else
Identify M, V;, NBr, NCV;,CV; and FV;
if CV; has more than 4 robots then

| Setr.color to FAULT

elseif CV, has exactly 4 robots then
Follow MODIFIED_TARGET_DISTANCE() and choose L? as the reference line
| Follow Move_TO_TARGET() after setting r.color to MOVE2

elseif CV, has exactly 2 robots rj and r]? then

Choose theline L = r; r]? as the reference line and follow MODIFIED_TARGET_DISTANCE()

Follow MoVE_To_TARGET() after setting r.color to MOVE3

else // CV, is empty
t Set r.color to WAITING

elseif r.color = MOVE2 then
if CV; has 4 robots then
L Set r.color to FAULT
else if CV; has two robots then
Choose the line L = r; r]? as the reference line and follow MODIFIED_TARGET_DISTANCE()
Follow MovE_To_TARGET() after setting r.color to MOVE3

else
L Set r.color to FINISH and terminate

elseif r.color = MOVE3 then
if CV; has two elements then
L Set r.color to FAULT

else
L Set r.color to HALT

elseif r.color = FAULT or COLLINEAR or NON-COLLINEAR then
L FAULT_COLOR_SUBROUTINE()
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37 elseif r.color = WAITING and all the FAULT-colored robot change their color to COLLINEAR or
NON-COLLINEAR then

38 FIND_LOC()

39 if LOC does not exist or LOC is not unique then

40 L Set r.color to FINISH and terminate

1 else

42 Choose the LOC as the reference line and follow MODIFIED_TARGET_DISTANCE
43 L Follow MOVE_ToO_TARGET() after setting r.color to MOVE2

14 else
45 L No change in color or position

Algorithm 14: MODIFIED_TARGET_DISTANCE()

// The subroutine calculates the distance between the target and the current
position of r

1 Calculate R(r) = min{d(r, ‘r,-_r}-) |ri#rj# 155 ENCV,UCV;1; e NCV, U CV, UM, }

Calculate D(r) = min{d(r, L)) | ri € V,\NB,}

Calculate N(r) = min{d(r, m;,) | m;; € M}

Calculate P(r) = min{d(r,L)| L || 77; and L passes through rj;Vri,rj € FVp;ri # 1)}

5 Calculate Radius; = %min{R(r),D(r),N(r),P(r)}

W N

come a non-terminal robot after a movement (Lemma [5.3.15). If r is a terminal robot,
CV, cCVP"™ (Lemmal5.3.16) and CV, contains at most two robots after a Type I move-
ment (Lemma5.3.17). For a non-faulty robot r, the set CV, becomes empty after a Type II
movement (Lemmal5.3.18). Additionally, we prove following lemmas for the correctness of

the algorithm FAULT_MV_INACC.

Lemma 5.5.2. Two non-faulty robots with color WAITING lie on the same horizontal line

and can see each other.

Proof. A robot sets its color to WAITING without any movement, when the current color is
HALT. Consider any two robots r and r’ with color WAITING. By similar arguments given in
Lemma for MOVE-colored robots, we can prove that two WAITING-colored robots are
visible to each other. So, r and r’ are visible to each other, even when they are with the
color HALT. At that time, they cannot change their color to WAITING, if they lie on different

horizontal lines. O

Lemma 5.5.3. After the first movement of a non-faulty robot r, CV, contains at most four

robots.
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Algorithm 15: FIND_LOC()

// This subroutine enables r to determine its LOC with the help of
FAULT-colored robots

1 if all robots in HLU,f are with color either FINISH or COLLINEAR or NON-COLLINEAR then

2 if there is no other robot with color WAITING andN'r; € FV;, ri.color # COLLINEAR then
3 | LOC does not exist
4 else if there is no other robot with color WAITING, but multiple robots with color COLLINEAR A
there is one robot r' with color ¥AITING and more than two robots with color COLLINEAR then
5 | LOCis not unique
6 else if there is at most one robot with color WAITING and exactly one robot r; with color
COLLINEAR then
7 L Choose 7;7 as the LOC.
8 else if there is one robot r' with color WAITING and two other robots r; and r j with color
COLLINEAR then
9 if a third robot ry. is visible to r on r;ir' then
10 t Choose ‘r]_r' as LOC
11 else if a third robot ry. is visible tor onr;r’ then
12 L Choose ;7 as LOC
13 else
14 P is the point of intersection of the lines 77; and r'r I
15 if P is visible to r then
16 L Choose 7;7 as LOC
17 else
18 L Choose ;7 as LOC
19 else
20 L LOC does not exist
21 else

22 L No change in color and position

Proof. We will prove this by contradiction. Note that the set CV; always contains robots in
pair. Let us assume that C), contains 6 robots r;, rl.c, I r]?, rr and rlg. Among these robots,
at most one, say r; has moved simultaneously with r, as shown in Fig (By Lemma
[5.3.6). All the other robots must be stationary at this moment. By Remark[5.3.14] r cannot
form a new collinearity as a middle robot. So, rj, r{, ri, 1 € CVETe? Thisis a contradiction,

— >

asr;j r]? and ryr; cannot intersect at two points r and rerev, O

Corollary 5.5.4. After the first movement of a non-faulty robot r, if CV, contains 4 robots, r

cannot be collinear with a FAUL T-colored robot which is not a member of CV ;..

Proof. It follows from the similar argument given in Lemma|5.5.3 O
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Algorithm 16: FAULT_COLOR_SUBROUTINE()
// This subroutine is for the FAULT, COLLINEAR and NON-COLLINEAR-colored

robots
1 if r.color is FAULT then
2 if r sees a WAITING-colored robot r' and there is no HAL T-colored robot on Lf‘,’ then
3 | No change in color
4 elseif r is collinear with at least one WAITING-colored robot then
5 t Set r.color to COLLINEAR
6 else if r is non-collinear with all WAITING-colored robots then
7 | Setr.color to NON-COLLINEAR
8 elseif Vr' € CV,, r'.color is either FINISH or FAULT then
9 L Set r.color to FINISH and terminate
10 else
11 t No change in color

12 else // r.color is COLLINEAR or NON-COLLINEAR
13 if no robot with color WAITING is visible then

14 | Setr.color to FAULT
15 else
16 t No change in color

Lemma 5.5.5. After at most three movements of the non-faulty robot r,CV, becomes empty.

Proof. Lemma5.5.3| proves that the set CV, has at most four robots, after the first move-
ment. By Lemma we prove that the robot r remains terminal after the first Type
I movement. As discussed in Case 1, if CV, contains 4 robots, r executes another Type I
movement. Lemma5.3.17]justifies that CV, contains at most two robots after this move-
ment. In worst case (CV; still has two robots due to inaccurate movement), a Type Il move-
ment is needed to make its C), empty, which is justified in Lemma[5.3.18} as mentioned in

Case 1.2 and Case 2. Thus at most three movements makes C), empty. O

Lemma 5.5.6. A WAITING-colored non-faulty robotr can be collinear with at most one robot

as the last robot of collinearity.

Proof. Since r.color = WAITING, r has already executed a movement and CV; is empty

at this point. We can prove this by contradiction. Let us assume that r; and r; are the

two robots such that r is collinear as a last robot of the collinearities rlf r;r and r]’. rir. Let

0 be the initial position of r. When r was at r, it must be collinear with both r; and
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— >

rj, as otherwise, r cannot be collinear to them again, by Remark[5.3.14 So, r/r; and r} rj

intersects at ro as well as at r. This is a contradiction. O

Lemma 5.5.7. Ifa WAITING-colored non-faulty robot r is a part of the collinearity rir;r, the

color of r; must be FAULT, COLLINEAR or NON-COLLINEAR.

Proof. Since r; lies above r, it must be of color either FAULT or COLLINEAR or
NON-COLLINEAR or FINISH. It is not possible for r to become collinear with r; if r was not
collinear with it earlier. Also rlf, r € CVy,. So, r; must have had the color FAULT earlier at
some point in time. r; cannot set its color to FINISH from FAULT, as r.color # FAULT or

FINISH at this time. So, r;.color must be FAULT, COLLINEAR or NON-COLLINEAR. O

Lemma 5.5.8. If r.color is FINISH for a non-faulty robot r, it cannot be either a middle

robot or last robot or be a part of horizontal collinearity.

Proof. The mandatory first movement eliminates the horizontal collinearity for r. Since
the current color of r is FINISH and it is a non-faulty robot, it must have the color MOVE2
and the corresponding CV; is empty at some earlier point of time (Case 1.1, 1.2.2 and 3).
So, r cannot be a middle robot of collinearity. Before Case 1.1 occurs, r must have had 4
robots in CV, after its first movement. By Corollary[5.5.4} r cannot be a part of collinearity
with a FAULT-colored robot as a last robot. It is also not possible for r to be a last robot
of collinearity with a FINISH-colored robot r;, as otherwise r; would have not changed its
color to FINISH. When Case 1.2.2 and 3 occur, r executes GUIDING_SUBROUTINE before

it changes its color to FINISH from MOVE2. So, at some point of time, r must have the

color WAITING. By Lemma|5.5.6/and [5.5.7, r can be collinear with at most one robot with

color FAULT. This collinearity gets eliminated by a movement after detecting the LOC, as
discussed in Cases A, B and C. So when r.color becomes FINISH, r cannot be a last robot

of some collinearity. O

Theorem 5.5.9. Algorithm FAULT_MV_INACC solves the mutual visibility among the non-
faulty robots under ASYNC setting in O(N) epochs using 10 colors, where N is the number
of robots, out of which some of them might exhibit mobility failure as well as inaccurate

movement and the robots agree on one coordinate axis.
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Proof. Let r and r’ be two non-faulty robots. There cannot be a non-faulty robot lying
between them, by Lemma Let us assume that there is a faulty robot r” for which
77" holds. This collinearity cannot be a horizontal collinearity by Lemma So, one
of r and r' has to be the last robot of collinearity which is also not possible by Lemmal5.5.8|
Hence, at termination, any two non-faulty robots can see each other.

A non-faulty robot might take at most 15 epochs before termination when it is a non-
terminal robot. A non-terminal robot r needs 3 movements if a configuration depicted in
Fig[5.18occurs, where another robot ' moves simultaneously with r and forms a collinear-
ity after the first movement. r and r’ complete their first movement with color MOVE1 in 1
epoch and change the color to HALT in 1 epoch. At this moment, CV; has four elements
including r'. r now waits till 7’.color becomes either FINISH or FAULT. In the worst case,
CV, might contain two robots after the first movement. So, r’ takes 1 epoch to complete
a Type II movement with color MOVE3 and another epoch to change its color to HALT. Al-
though at this point, CV,» becomes empty, it is possible that r’ is collinear as a last robot
with a FAULT-colored robot. r’ takes 1 epoch to change its color to WAITING and waits for 1
epoch in which all the visible FAULT colored robots convert their color either to COLLINEAR
or NON-COLLINEAR. Thereafter, r’ needs 1 epoch to execute a movement with color MOVE2
and one more epoch to change its color either to FAULT or FINISH. After this, it is still pos-
sible that r’ becomes faulty because of which r’ is still in CV,. r requires 1 epoch to execute
a Type I movement with color MOVE2, one more epoch to perform Type II movement with
color MOVE3 and another epoch to change its color to HALT. Afterwards, r might be collinear
with a FAULT-colored robot. So, r needs 4 epochs, similar as r’, to reach the termination.
In total, r needs 15 epochs to reach the termination.

If r is a terminal robot, the set C), contains at most two robots after the first move-
ment, by Lemma So, it takes fewer epochs than the earlier case for r to reach ter-
mination. Since there can be at most two robots that can execute movement at any time,
and each robot needs at most a constant number of epochs to terminate, the algorithm

FAULT_MV_INACC takes O(N) epochs to achieve mutual visibility. O
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5.6 Discussion

5.6.1 Fault Tolerant SSYNC Algorithm

As itis not possible for a robot in the SSYNC setting to execute its look phase while another
robot is still in the move phase, we can reduce the number of colors required for the al-
gorithm FAULT_MV_INAcC. The same algorithm can be applied in the case of the SSYNC
setting with 9 colors. The reason for using an extra color in ASYNC setting is to ensure that
the two eligible robots must be confirmed about the position of each other. We do not en-
counter this problem in SSYNC setting, they cannot see each other until the next round is

started and the next round starts when all active robots finish their current LCM cycle.

t t,

i 3

L
°
1 T2 T3

Figure 5.27: The robots always remain on the line L as the adversary chooses the angular
inaccuracy to prevent them from breaking the collinearity

5.6.2 Impossibility on Angular Inaccuracy

This chapter assumes that the angular inaccuracy 8, is less than 90°. If 8, = 90°, the prob-
lem becomes unsolvable. We can consider a simple configuration where r;, r» and r3 are
the three robots lying on a line L. The adversary can choose the angular inaccuracy so that
the robots never leave the line L. For example, if r; chooses to move to a point #,, such that
Lty 1112 < 90°, the adversary chooses 0, to be Zt,, r1 r» which makes r; to move on the line
L again. Even the parallel movements of multiple robots result in the same problem. Since

the problem is unsolvable for 8 = 90°, it is also unsolvable for 6 > 90°.

5.6.3 Requirement of the Colors in Presence of Fault

In just one movement, it is not possible for the robot r to become non-collinear with all

the robots due to inaccuracy in its movement. So, r needs to move at least two movements
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to become non-collinear with others. Recall that each robot is oblivious and does not have
knowledge of N, i.e., the total number of robots. If we restrict the number of colors to 2
(say OFF and FINISH), then a robot must look at some environmental parameter to reach
termination. Let r’ be another robot that has become faulty. Further, we consider a config-
uration that has a non-faulty robot r” such that r is a part of the collinearity r”/r'r. As the
robots are opaque, the robot r cannot understand the existence of r’”" and vice versa. As a

faulty robot, r’ is unable to break the collinearity by executing a movement. So at least one

of the robots r and r”" must execute a movement by considering rr'r" as a reference line,
as otherwise inaccuracy in the robots’ movement might bring the non-faulty robots again
on the line W’ For r and r” to consider the line W as the reference line, r’ needs to show
a third color (which is different than the prior two). Otherwise, the following happens. Let
the initial color of all the robots be OFF. If r’ does not change its color from OFF, it is not
possible for r to figure out the collinearity r”/7'r as there could be other visible robots to
r which also are with color OFF. So, r cannot choose the line <r77 as a reference line for
its movement to break the collinearity. This is why r’ must change it color to FINISH (as
we have only two colors). Now, there could be two other faulty robots r, and r, such that
rr'risa collinearity. In this case, r’ always maintains its color to FINISH to indicate the
collinearity. So, r always thinks that it is collinear with r’ and executes movement consid-
ering rr as a reference line. Hence r is unable to terminate even if it is not collinear with
two other robots. Similar arguments hold for the robot r”. So, more than two colors are
needed to terminate the algorithm.

We used three more colors WAITING, COLLINEAR, NON-COLLINEAR to tackle this issue.
When r shows the color WAITING to seek help from the faulty robot such as r/, the color
COLLINEAR is used by ' to indicate that r is collinear and the color NON-COLLINEAR is used

to indicate when r is not collinear with r’. That is how r understands when to stop execut-

ing movement to break collinearities.
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5.7 Conclusion

To the best of our knowledge, this is the first work that studies the problem of mutual vis-
ibility with robots that may exhibit inaccuracy in their movements. Inaccuracy may occur
due to multiple reasons, such as hardware or software malfunction, geomagnetic hazards,
etc. We consider luminous opaque robots that neither have any knowledge about the to-
tal number of robots nor agree on any global orientation. However, they agree on only
one coordinate axes. The main challenge is to solve the problem using a constant number
of colors and a constant number of movements for each robot. We present three algo-
rithms. The first algorithm SSYNC_MV_INACC requires 2 colors to solve the problem of
mutual visibility under the SSYNC setting when the movement of the robots can be inac-
curate. The number of colors used in this algorithm is optimal, as having one color for the
lights on the robots is the same as having no lights on them. A single color, shown through
the light does not indicate any status or information of a robot. Our second algorithm
AsYNC_MV_INACC solves the same problem under the ASYNC setting using 3 colors. The
last algorithm FAULT_MV_INACC solves the problem when the robots can be faulty as well
as exhibiting inaccuracy in movement. This algorithm uses 10 colors.

This study opens many interesting future directions. An immediate extension of this
work is to reduce the number of colors in the fault-tolerant algorithm. It will be interesting
to study the problem with no agreement on any coordinate axis. Tolerating fault with in-
accuracy in movement is another interesting direction where the number of colors can be
reduced. The problem can also be studied with fat robots, where a robot is considered as a

unit disk.
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Chapter 6

Fault-tolerant Mutual Visibility without

any Axis Agreement

6.1 Introduction

In this chapter, we continue our study of the mutual visibility problem under a different
model. Unlike the previous chapter, we assume no agreement on the coordinate axes
among all the robots. The previous chapter addresses angular inaccuracy in robots’ move-
ment, whereas this chapter considers the movement of the robots to be accurate, but they
are susceptible to mobility failure. However, the light of a robot remains functional.

So far, the mutual visibility problem is solved with the assumption of a one-axis (y-
axis) agreement in the presence of faulty robots. One-axis agreement provides us with a
serialization among the robots. For example, in case of y-axis agreement, the robots can
be serialized from the bottom-most to the top-most with the help of colors. This becomes
difficult when the robots have no agreement on coordinate axes, even in the FSYNC setting.
Moreover, in this scenario, the problem cannot be solved for any initial configuration of the
robots due to symmetry. If the total number of robots, N, is not known to the robots, the
challenge is increased further to solve the problem of mutual visibility. We highlight the

details of the model in the subsequent section.
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6.1.1 Contributions

The fault-tolerant mutual visibility is studied with robots having both [4] and single [3]
coordinate axes agreement. Relaxing the assumptions in the above-mentioned works, we
study the fault-tolerant mutual visibility problem under a relatively weaker model. Our

contributions are listed below in this chapter.

* We show an initial configuration of robots that makes the mutual visibility unsolvable

in the presence of one faulty robot.

* We present Algorithm FAULT_MV/ that solves the mutual visibility problem in the
presence of f (< N) faulty robots under the fully-synchronous setting where the
robots do not agree on any global coordinate system or orientation. The algorithm

requires 21 colors, runs in O(N?) rounds and is collision-free.

f=1

* We propose another algorithm FAULT_MV .,

which is simpler than the prior one
and tolerates a single faulty robot. This algorithm requires 2 colors in the FSYNC and

SSYNC setting and 5 colors in the ASYNC setting.

6.2 Model and Preliminaries

Robots: We consider N autonomous, anonymous, homogeneous and disoriented point
robots denoted by r1, 2, -y on the 2D plane, each of which operates under LCM cycles.
These robots are opaque and do not know N. Robots have no agreement on the coordinate
axes or the orientation. By fault, we mean the mobility failure of the robots. When a fault
occurs, the robot is unable to move henceforth. The fault can occur at any time. A faulty
robot cannot be identified even by itself.

Configuration: The definition of a configuration C; of all the robots remains the same. We
denote the convex hull of all the robots by CH. Initially, the robots do not necessarily know
CH because of the obstructed visibility. We denote C;(r) to be the configuration of all the
robots that are visible to r at the time ¢. The convex hull of the robots visible to r is denoted

by CH,.
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Now, we can formally define the problem as follows.
Problem 4 (Fault-tolerant Mutual Visibility): We are given N oblivious, disoriented and
opaque luminous robots, out of which f (< N) robots can be faulty. The fault is consid-
ered to be mobility failure. However, the lights of the faulty robots remain functional.
Robots neither have any agreement on the coordinate axes nor have any knowledge about
N. Starting from any arbitrary configuration of the robots where they are situated at dis-
tinct points on the Euclidean plane, the aim of the problem is to achieve a configuration
where none of the three non-faulty robots is collinear, and no faulty robot lies between two

non-faulty robots.

6.3 AnImpossibility Result

Here we explain a configuration where N is odd and (/N — 1) non-faulty robots are on the
vertices of a regular (IV —1)-gon, and the faulty robot is at the center of that, for which
mutual visibility is unsolvable. When N is odd, any diagonal of the (N —1)-gon connecting
the i-th and i + %-th vertices (1 <i < %) passes through the center of the polygon. In
that case, the center robot blocks the view of the robot on the i-th vertex, which cannot
see the robot on the i + #—th vertex. When N is even, this does not happen and mutual

visibility automatically gets achieved in such a configuration.

Theorem 6.3.1. For a regular (N —1)-gon, if N is odd and the faulty robot lies at the center
of the (N — 1)-gon and all other (N — 1) robot lie on the vertices of the (N — 1)-gon, then the
mutual visibility problem using N robots having no common coordinate system is impossi-

ble.

Proof. The schedule of activation of the robots is controlled by adversary. Also, since the
robots do not have access to a global coordinate system, the adversary has the power to
choose the initial configuration and the direction of the local coordinate axes of each robot.
For such a configuration, the adversary can choose the direction of the local coordinate
axes in such a way that every synchronous movement of the non-faulty robots makes the

convex hull of the robots again a regular polygon with the faulty robot in the center. One
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such choice of the local coordinate system is the following.
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Figure 6.1: For N = 5, the collinear con-  Figure 6.2: The symmetry of the (N —-1)
figuration is intact even after movement of  robots is maintained even after movement
non-faulty robots of them

Let the robots r1, 12, -+, ry-1 be situated on the vertices of (/N —1)-gon in the clockwise
order and ry is at the center. Let the initial configuration be denoted as Cy. A side S; =
(ri,ri+1),i €{1,2,---, N — 1} is a pair of consecutive robots r; and r;; in the ordering. Note
that the robots do not know this order. For a robot r;, the direction of positive y-axis is
along the side S; and the positive x-axis is along the outward direction of the convex hull,
as shown in the Fig. Let the configuration be C; after a synchronous movement of the
corner robots due to some deterministic algorithm .4 that solves the fault-tolerant mutual
visibility problem. In Fig[6.2] the movements of the robots are indicated in dashed lines
from the vertices of the polygon and the arrowhead lines are their respective coordinate
axes. Since Cj is a regular polygon (which is symmetric), the view of all the corner robots
are same before they reach to C;. Also because of the homogeneity, the robots execute
the same algorithm A. So all the robots behave identically as their views are identical.
When all the (IV — 1) corner robots get activated synchronously, their movements are also
identical. So, the configuration C;j is also identical with the previous configuration Cy and
robots cannot distinguish the current configuration C; from Cy, as they are oblivious. Also
the robot at the center cannot move as it is faulty. So the symmetry of the configuration
remains intact. Any pair of diagonally opposite robots are not visible to each other due to
the obstruction by the faulty robot even after the movements of the robots. The adversary

can keep repeating the synchronous movement of the corner robots so that the robots can
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never be in a configuration by which the symmetry can be broken. Hence, the mutual

visibility will never be achieved. O

6.4 Algorithm for Fault-tolerant Mutual Visibility

6.4.1 Technical Difficulty

Recall that the robots do not agree on any coordinate axis or orientation. When the robots
agree on one coordinate axis, it becomes easier to serialize them. For example, if the di-
rection of the y axis is the same for all the robots, we can start the algorithm for the robots
starting from north-most to south-most robots, considering virtual horizontal lines. In the
case of robots, without any agreement on the coordinate system, it becomes very difficult
to serialize them. Moreover, it is difficult to achieve the goal for the opaque robots if all
the robots are executing and moving simultaneously. In that case, the serialization of the
robots becomes useful in designing algorithms to achieve mutual visibility. We introduce
the concepts of layers (which are formally defined later in this section), which have a simi-
lar concept to the virtual horizontal lines in the case of y-axis agreement. We start moving
the non-faulty robots starting from the outermost layer (refer to Fig[6.4) towards the inner-
most layer. The challenge comes when all of the robots on a layer are faulty. In that case,
the robots on the next layer need to be made to understand that it is their turn to move to-
wards the innermost layer. In the following section, we present the algorithm FAULT_MV/¢
that solves the problem under the FSYNC setting. However, the algorithm cannot solve the
problem for a specific initial configuration when the innermost layer is composed of a sin-
gle faulty robot. We disregard this configuration while proposing an algorithm that can
tolerate any number of faulty robots using robots without any coordinate axis agreement.
In this section, we propose an algorithm FAULT_MV/ that runs under the FSYNC set-
ting, where all the robots are activated simultaneously and execute their LCM cycles in
sync. The movement of the robots in this algorithm is also free from collision. We take the
help of a strategy called visible area, proposed by Poudel et al. [54]. The intuitive idea of this

strategy is to reposition a specific robot to a point such that it can see all other stationary
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robots present on the plane. If the initial configuration of all the robots is a line, we can
make a non-linear configuration in one step as follows. After activation, if a robot r sees at
most two robots, then r can understand that all the robots are in a line. In that case, the
robots that see exactly two other robots will move. A robot r that sees exactly two robots
after activation moves to a small fixed distance 4 in the perpendicular direction of the line
77/, where 1’ is one the visible robot to . After this step, we get a non-linear configuration
of the robots.

We now define some notations and terminologies that will be used throughout the al-
gorithm.

Algorithmic Preliminaries:
¢ V), is the set of all visible robots to r.

* Layers: The boundary of the convex hull CH (refer to Fig[6.3) of all the robots present
on the plane, denoted by CH°, is the outer-most layer of the robots. For j =1, CH/
is the boundary of the convex hull of all the robots excluding the robots on CH° U
CH'U---UCHI™!. We refer to CH/ as the j-th layer. CH represents the inner-most

layer such that CH**! does not exist. This is illustrated in Fig

Corner 4~~~
Robots

Boundary
Robots

Interior Robots

Figure 6.3: Illustrating the convex hull CH  Figure 6.4: Illustrating the layers where CH°
of all the robots and corner, boundary and  and CH* are the outer and inner-most lay-
interior robots ers, respectively

* CH; is the boundary of the convex hull of all the robots in V;, such that none of them

has color FAULT.
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e We denote the convex hull of all the visible robots to r with the color #color as

#color
cHLieolor,

e For two points a and b, the line segment joining them is denoted by ab and the line

passing through the two points is denoted by ab.

e For a line segment LS, ei g and e% ¢ represent the two endpoints of it. We denote the

line containing LS by LS.

* Foraline L, H; and H; represent the two closed (including L) half-planes delimited

by L.

* On the convex hull CH,, two robots r and r’ are neighbours of each other if the line

segment 7’ lies on the boundary of C#, and there is no other robot lying on 7.

* Distance Metric: We use d(a, b) as the Euclidean distance between the two points
a and b. For a line L, we denote the Euclidean distance between the point a and
the line L as d(a,L). For a line segment LS, we denote the distance between the
point a and LS as d(a, LS) and define it as follows. If the foot of the perpendicular
from the point a to LS lies on LS, then d(a,LS) = d(a, FS). Otherwise, d(a,LS) =

min{d(a, eis), d(a, e%s)}.

* £(0, ae, be, L) denotes the ellipse whose center is O, the length of the major axis is 2a,

lying on the line L and the length of the minor axis is 2b,.

Note that the robots do not have any knowledge about the layers. We use these nota-
tions for our convenience. Table[6.1|lists down the notations which are going to be used
throughout this chapter.

High-level Idea of the Algorithm: First our aim is to identify the inner-most layer of the
robots. The concept of layers provides a serialization among the robots. Starting from the
outer-most layer, a robot r moves to a side of the subsequent inner layer Next_CH . Our
purpose is to eventually reach CH*~! (when the inner-most layer is linear) or CH* (when

the inner-most layer is non-linear). After this, the robots move in such a way that they
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Variables Specifications

L The target point of r

Vr The set of all visible robot to r

k The total number of layers

CH® The outer-most layer of robots

CH/ The j-th layer of robots

CHF The inner-most layer of robots

H i, Hf The two closed half planes delimited by the line L

CH; The boundary of the convex hull of all visible the robots to r
without the color FAULT

Next_CH; The boundary of the convex hull either of all INNER-colored
robots or of all the robots in V, \ CH; without the color FAULT

CHFeolor The convex hull of the robots in V), with the #color

ab The line segment with the endpoints a and b

ab The line passing through the points a and b

eis, e% S The two endpoints of the line segment LS

ar The halflength of the major axis of the target ellipse of r

b, The half length of the minor axis of the target ellipse of r

ceny The center of the target ellipse of r

E(ceny,ar, by, L) | The target ellipse of r whose major axis lies on L

TS, The target side of r

len(LS) The length of the line segment LS

d(a,L) The Euclidean distance between a and L

LIC The linear inner-most configuration

CHLC The convex hull of all the robots without the color FAULT lying
on the same half plane delimited by LIC where r is situated.

I'Nbri» TNbr, The two neighbours of r on its convex hull

Pmidy» Pmid, The midpoints of 77npr, and 77npr,

Table 6.1: The list of notations and conventions used throughout the algorithm

either become a corner of a common convex hull inside C#* or reach on some points on

an ellipse.

6.4.2 Description of the Algorithm

Initially, all the robots are situated at distinct points on the plane, and all of them have the

color OFF. We first define a corner, boundary and an interior robot (refer to Fig[6.3).

Definition 6.4.1. (Corner Robot, Boundary Robot, Interior Robot): A robot r is called a

corner robot if there exist two distinct lines, L] and L/, such that r is situated at the point
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Color Specification

OFF The initial color of all the robots

OUTER Used for all the robots does not lie on the inner-most layer

WAIT Used when a robots finds itself on the inner-most layer

INNER Used for all the robots lying on the non-linear inner-most layer

LINEAR Used for robots lying on the linear inner-most layer

INTERIM An interim color for detecting the middle robots on linear inner-most layer

NON-CENTER| Used for robots which are other than middle robots on the linear inner-
most layer

CENTER1 Used for middle robots on the linear inner-most layer with even number of
robots

CENTER2 Used for middle robot on the linear inner-most layer with odd number of
robots

CORNER Used for a corner robot which is moving to its visible area

MOVE-0 Used for movement of CORNER-colored robots not moving to the inner-
most layer

MOVE-I Used for movement of CORNER-colored robots moving to the inner-most
layer

FAULT Used when a MOVE-0 or MOVE-I-colored robot finds itself as corner robot

BOUNDARY | Used for MOVE-I-colored boundary robots

CORNER1 Used for a corner robot on the inner-most layer

BOUNDARY1 | Used for a boundary robot on the inner-most layer

MOVE-C Used for a CORNER1-colored robot moving inside the convex hull

MY-TURN Used for a BOUNDARY1-colored robot with a CORNER1-colored neighbour

CORNER2 Used for a robot before it moves to the ellipse in case of linear inner-most
layer

INSPECT Used for the movement of a NON-CENTER-colored robot to its visible area

FINISH Used at termination

Table 6.2: The list of colors with their specification

of intersection of these two lines and all other visible robots are on H il N Hiz for some
i,j € {1,2}. Otherwise, r is either a boundary or an interior robot. If there exists a line
L, passing through r such that all the visible robots lie either on H ir or on Hfr, then r is

categorized as a boundary robot. If no such line exists, the robot r is called an interior robot.

In other words, r is a corner robot if it lies on some vertex of CH,. First, we identify
the innermost layer using colors. Then, our target is to bring all the non-faulty robots to
the inner-most layer, starting from the outer-most layer CH°. We first discuss the strategy,

named DETECT_INNERMOST_LAYER for detecting the inner-most layer using colors of the
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robots.

OUTER OUTER

OUTER

OUTER

OUTER

OUTER

Figure 6.5: (Left) The robots on CH? switches their color to OUTER from OFF. (Right) After
finding no interior robots, the robot r on CH! changes its color to WAIT.

OUTER OUTER

OUTER

Figure 6.6: (Left) r corrects itself in the next round after seeing OFF-colored robots. (Right)
The robots on the innermost layer change their color WAIT.

Strategy DETECT_INNERMOST_LAYER: If r gets activated with the color OFF, it considers
the convex hull CHYF of all the OFF-colored visible robots. If r is an interior robot
on CHYF it remains stationary and maintains its current color OFF. Otherwise, if r
finds itself as a corner or a boundary robot with some interior robot on CH%¥, it sets
r.color to OUTER without any movement, as depicted in Fig. If no interior robot
is found on the convex hull CHY¥, r changes its color either to LINEAR or to WAIT
with no movement depending on the configuration of CH%" (linear or non-linear).
If CHYF is a linear configuration, r changes its color to LINEAR, otherwise it changes
to WAIT. In case of CHYF being a non-linear configuration, it is possible that the

robot r misinterpreted the convex hull CH%¥ as the inner-most layer, but there must
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be a robot ' on CH?FF in this round which does not change its color to WAIT, as it is
an interior robot on CH”* (refer to Fig. . When r is activated with the color WAIT,
it checks whether there is any OFF-colored robot in V), or not. If such a robot exists,
r changes the current color from WAIT to OUTER, as illustrated in Fig. Otherwise
(r.color = WAIT and does not find OFF-colored robots), r changes the current color

from WAIT to INNER.

Description of the Algorithm for Non-linear Inner-most Layer

In case of r being activated with color OUTER, it waits till it sees any WAIT and OFF-colored
robot in V,. Seeing such a robot signifies that the innermost layer is not yet detected.
Otherwise, we aim to bring all the corner OUTER-colored robots to the layer comprised of
INNER-colored robots. For this, a corner robot r on C; (we illustrate this convex hull by
the shaded region in Fig[6.7) first moves to a point so that all the stationary robots become
visible and then computes Next_C?H, to move to some point on it. The movement of the
corner robots creates new corners on C#, and the new corners eventually move to the

next inner layer.

[FAULT] r [FAULT]

Figure 6.7: The region with the red boundary is CH, whereas the green shaded region is
CH;

Movement of a Corner Robot r from C#; to Next Layer: For better comprehension, we

consider an example where r is a corner robot on CH; and, ryp, and ryyp,, are the two
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neighbours of the robot r on CH 7, as depicted in Fig. All of them are with color OUTER.
After activation, if r finds that it is a corner of CH; (note that initially CH, = CH}) with
r.color = QUTER and does not have any robot in V, with the color from the set {CORNER,
MOVE-0O,MOVE-I}, r computes its visible area (refer to Section 2.6 in [54]) Visible_Area(r,
C*H;y) and changes its current color to CORNER from OUTER. It then moves to a point in Vis-
ible_Area(r, CHy). Poudel et al. [54] proved that r remains a corner robot after this move-
ment (refer to Lemma 2.1). In the same round, ryp,, and ryy,,, after activation, determine
that they are boundary robots on CH;‘NMI and C?—[;‘Nbrl , respectively with color OUTER. The-
ses robots along with all other interior robots remain stationary with their current color
OUTER. Since we only move the corner robots on CH; and make the other robots stationary

in that round, r can see the boundary robots and the interior robots after the movement,

by Lemma 2.1 [54].

[CORNER]
k=1 T
k2=2

7; [OUTER] T Nbr [OUTER]

T'; [CORNER]

(faulty

faulty
robot) (faulty

robot)

[CORNER]
Lk

1 1 1
L EEREA

[OUTER] [ouTER]

[UUTEﬁ] ~[QUTER]
N

~

N
[OUTER]

Figure 6.8: r moves to a point inside its vis-
ible area Visible_Area(r, CH;) so that it can
see the next inner layer

[oUTER]

Figure 6.9: A CORNER-colored robot r moves
to the target side TS, on the next inner
layer Next_CH;

When r gets activated with color CORNER in the next round, it understands that it has
already moved to a point in the visible area of its previous position which indicates that it
is now able to see all the stationary robots without the color CORNER on the plane. In this
case, it waits till it does not see any WAIT or OFF-colored robots. In other respects, r first
compute Next_CH; as follows: If CH; contains at least one robot with the color INNER,
Next_CH; is the boundary of the convex hull of the all INNER-colored robots. Otherwise,
Next_CH; is the boundary of the convex hull of all the robots without the color FAULT,
excluding all the robots on CH;. Then it determines a target side TS, on Next_CH;, as

r

shown in Fig such that r lies on (H;MS N Hibl N Hi »,)» Where H% is the closed half plane
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delimited by the line TS, in which r is situated. Hibl (respectively H ibz) is the closed half
plane delimited by the line Llro ! (respectively Llroz) in V\rfhiCh r resides, wh:ere Lf ! (respectively
Llﬂz) is the bisector of the angle created by two adjacent sides of Next_C?H; with common
endpoint as e}T_S; (respectively e‘%r). In case of r having two such sides on Next_CH;, it
chooses any one of them as its target side. It now changes its current color either to MOVE-0
or to MOVE-I depending on the color of robots lying on the endpoints of TS;. So, we can
identify two following cases. (i) If the robots lying on the endpoints of TS, are with color
OUTER, r changes its color to MOVE-O0. (ii) If the robots lying on the endpoints of T'S, are with
color INNER, r then changes its color to MOVE-I. After that, r follows the movement strategy
MOVE_TO_NEXTLAYER (which is described later in this section) to move to the boundary
of the next layer Next_CH,.

In the next round, when r gets activated with the color MOVE-0, it changes its color ei-
ther to OUTER or FAULT. If r finds itself as a non-corner robot on C#7, then it changes its
color to OUTER. If r finds itself as a corner robot on CH, it changes its color to FAULT, as
the current color MOVE-0 indicates that it has executed a movement from its previous layer,
but it failed to move. Similarly, if r finds r.color = MOVE-I, it changes its color either to
BOUNDARY when it is a non-corner robot on C#; or to FAULT when it is a corner robot on
CH;y. After this round, ryp,, and ryp,, get activated with color OUTER and finds itself as
the corner robot of C’HﬁNbr1 and C?—[;‘Nbrz respectively with no robots in V, with the color
from the set {CORNER, MOVE-0, MOVE-0}. They calculate their respective visible areas Vis-
ible_Area(rNbrl,CHhorl) and Visible_Area(rNbrz,CH:NMZ) respectively, and move to some
points after changing their current color to CORNER. Similar to earlier, this movement cre-
ates new corner robots.

Strategy MOVE_TO_NEXTLAYER: r considers the convex hull CHS"™ER containing all the
CORNER-colored robots on H';—s; N Hifl N H;Ifz and the endpoints e} , e7¢ of the line seg-
ment T'S,. Let rj and r¢ be the two CORNER-colored robots on CHP™ER, which are neigh-
bours of the points elTS, and eZTS2 respectively. Let us also assume that k! (respectively k?)
represents the number of CORNER-colored robots excluding  on CHSP*NER start counting
from the robot r; (respectively ri) towards r in the opposite direction of r; to elT 5t (re-

spectively eZT 5r), as shown in Fig r chooses any one of the points elTSr and eszr as the
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reference point. Without loss of generality, we assume that r chooses the point elTS LIt

Len(TSD) Now r selects

then divides the side TS into k; + k7 + 1 segments, each of length ;77>

the (k! + 1)-th segment on TS, from the endpoint elTs, and moves to one of the points on
that segment (excluding the endpoints), which does not contain any robot. Note that if
I'Nbr, and rypr, do not exist, then k} = k? =0 and r moves to a point on T'S, where no other
robot is situated.

Movement of Robots Lying on the Inner-most Layer: If r is an INNER or BOUNDARY-colored
robot with at least one visible robot having the color from the set {OUTER, CORNER, MOVE-0,
MOVE-TI}, r does not change its color or position, as we want such a robot to move on the
boundary of the convex hull of the INNER-colored robots. If r.color = INNER and r finds all
the robots on the convex hull C# ; with the color {INNER, CORNER1, BOUNDARY, BOUNDARY1},
it changes its color either to CORNER1 ifit is a corner robot or to BOUNDARY1 if itis a boundary
robot on CH;. Similarly, if r.color = BOUNDARY and r finds all the robots on the convex hull
CH; with the color from the set {INNER, CORNER1, BOUNDARY, BOUNDARY 1}, it changes its
color to BOUNDARY1. Note that a BOUNDARY-colored robot can not be the corner robot of
CH;.

[INNER]

[CORNER1]

[FAULT]

° [INNER]

\
\_[OUTER]
[INNER] -9
i
\ \
. N
[FAULT]

[FAULT] [INNER] [INNER]

Figure 6.10: Some robots color themselves CORNER1 and BOUNDARY1 as they do not see
robots from the outer layers

Now, our target is to make all the non-faulty robots corner of the same convex hull.
When r gets activated with r.color = CORNER1 or BOUNDARY1, it first checks whether all
the robots on CH; also have the color either CORNER1 or BOUNDARY1. If not, it remains

stationary with the current color. This is because there can be a robot r’ with color {OUTER,
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MOVE-0, MOVE-I} which is not visible to r and it is yet to move to the inner-most layer, as
shown in Fig[6.10] The robot ' is not visible because of a robot r” lying on the inner-most
layer which must be with the color either INNER or BOUNDARY. Otherwise, we implement
the following strategy.

Strategy MAKING_CORNERS_NONLINEARCASE: We differentiate four cases depending on

the current color of the robot r and also demonstrate the process with a simple example in

Figp-1T]

 Case NL1 (r.color = CORNER1): If one of its neighbours ryp,, on CH; with color
BOUNDARY1, we want r to move to some point inside the inner-most layer such that it
remains a corner of the convex hull CH; and ryp,, also becomes a corner robot. In
this case, it follows the strategy MOVING_INSIDE_CONVEXHULL(r,CH) after chang-
ing its color to MOVE-C. If none of its neighbours is with color BOUNDARY1, it changes

its current color to FINISH.

» Case NL2 (r.color = BOUNDARY1): If r detects itself as a corner on C#;, it switches its
color to CORNER1. Otherwise, r changes its color to MY-TURN if r sees a neighbour with
color CORNER1. If both the neighbours of r are with the color BOUNDARY1, r does not
change its current color. It maintains its current color also when it has one neighbour

with color MOVE-C and r itself is a boundary robot.

* Case NL3 (r.color = MOVE-C): r waits if it finds one of its neighbour with the color
MY-TURN. If none of the neighbours has the color MY-TURN, but one of them is with
the color BOUNDARY1, r sets r.color to FAULT. If both of its neighbours are with the

color either CORNER1 or FINISH, r changes its color to FINISH.

e Case NL4 (r.color = MY-TURN): If r finds itself as a boundary robot on CH;, it
switches its color to BOUNDARY1. In case of r finding itself as a corner on CH;, it

changes its color to CORNER1.

Strategy MOVING_INSIDE_CONVEXHULL(r,CH(r)): A corner robot r considers its two

neighbours ryyp,, and ryp,, on the convex hull CH(r). Since both of these two robots

are visible to r, it computes the two midpoints p,;4, and pyiq, of TTNpr, and 77y,

TH-3475_186123017



118 Chapter 6. Fault-tolerant Mutual Visibility without any Axis Agreement
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Figure 6.11: Color transitions of all the robots after they present on the inner-most layer

with color {CORNER1, BOUNDARY1}

respectively. Finally, the robot r considers the triangle Ar p;,i4, Pmia, and moves to

the midpoint of the line segment p,;,;4, Pmiq,. For example, as demonstrated in Fig

6.11(a)l 75 moves to a point inside the convex hull.

Description of the Algorithm for Linear Inner-most Layer

In this case, an OUTER-colored robot moves to the next layer (which is not the inner-most

layer) similarly described in Section Recall that when an OUTER-colored robot r finds

itself on the corner of CH7, it first moves to the visible area with the color CORNER and then

moves to one of the sides of the next layer with the color MOVE-0. In this way, the non-faulty

robots move through the layers one by one until they reach the inner-most layer of the

robots. Clearly, when the inner-most layer is a linear configuration (i.e. a line segment),
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we cannot make the robots move to a side of the inner-most layer, as otherwise all the
non-faulty robots become collinear. In that case, we perceive a different strategy which we
describe in this section.

We call the robots lying on the endpoints of the linear inner-most configuration (we call
it LIC henceforth) the terminal robots. In this case, all the robots on the inner-most layer
switch their color to LINEAR. Now, we aim to find the robots with the color CENTER1 or
CENTER2 which are essentially the middle-most robot on the inner-most layer. The follow-

ing strategy discusses how these robots change their color either to CENTER1 or to CENTER2.

Strategy FIND_CENTER: If r is a terminal robot on LIC with the color LINEAR, it changes
its color to INTERIM. If r is a LINEAR-colored robot with one of its neighbour with
color INTERIV, then r also changes its color to INTERIM. If r.color = INTERIM and r
finds one of the neighbours with color LINEAR, it changes its color to NON-CORNER.
When r gets activated with the color INTERIM and also sees one of the neighbours
with the color INTERIVY, it sets r.color as CENTER1. In case of r getting activated with
the color INTERIM with both the neighbours having color NON-CENTER, r changes its
color CENTER2.

We now identify two conditions here, based on the existence of CENTER1 or CENTER2-

colored robots on the LIC.

e Case EVEN (There exists CENTER1-colored robots): This scenario happens when
there are even number of robots on the LIC. In this case, there must be a pair of

CENTER1-colored robots on the LIC.

e Case ODD (There exists CENTER2-colored robot): This happens when there are odd

number of robots on LIC. Only one CENTER2-colored robot can be there in this case.

Now, our target is to bring all the robots not lying on LIC to a common ellipse. The
robots first need to agree to a common ellipse for which they need to visible to each other
by following the strategy MAKING_CORNERS_LINEARCASE. After that, they move to the

agreed ellipse together in one round. It is possible that the robots lying on one half plane
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HL_C, delimited by the line Lic (the line containing the LIC) agree on a different ellipse
than that of the robots on Hi_c, , due to obstructed visibility. Even in that case, we ensure
that the two ellipses have the same center and the vertices. At last, we move the robots on
the LIC to the ellipse after all other non-faulty robots finish their movement. The detailed

description of this strategy is as follows.

Strategy MAKING_CORNERS_LINEARCASE: The robot r first checks whether either of the
following two conditions are satisfied. (1) Next_C?H is empty and one side of CH;
contains robots with color from the set {LINEAR, INTERIM, NON-CENTER, CENTER1,
CENTER2} (2) Next_CHj is made of robots with colors from the set {LINEAR, INTERIWN,
NON-CENTER, CENTER1, CENTER2}. If r.color = CORNER or OUTER and r is a corner
robot with either of the above conditions is satisfied, it changes its color to CORNER1.
If r.color = QUTER and r is a boundary robot with either of the above conditions
is satisfied, it changes its color to BOUNDARY1. In the next round, r considers the
convex hull CHL!C of all the robots without the color FAULT lying on the same half
plane delimited by LIC where r is situated. r waits till all the robots in CHLI ¢
color themselves with the color from the set {CORNER1, BOUNDARY1, LINEAR, INTERIN,
NON-CENTER, CENTER1, CENTER2}. After that, r follows the similar strategy to MAK-
ING_CORNERS_NONLINEARCASE with slight change. It considers CHL/C instead of
C*H; and also considers the color CORNER2 in place of FINISH. All other components

of the strategy MAKING_CORNERS_NONLINEARCASE remain intact.

Movement of the CORNER2-colored robots: After the above strategy, all the robots not ly-
ing on LIC color themselves with CORNER2. A CORNER2-colored robot r waits till it finds
a CENTER1 or CENTER2-colored robot. If r finds a CENTER1 or CENTER2-colored robot, it
first calculates the center cen, of its target ellipse, which is (i) the midpoint of the two
CENTER1-colored robots (for Case EVEN), as illustrated in Fig[6.12]and (ii) the midpoint of
the NON-CENTER-colored robots which are the neighbours of the CENTER2-colored robot
(for Case ODD), as shown in Fig We now describe how the robot r calculates the
length of the two axes (major and minor) of the target ellipse. Let a, and b, denote the

length of the major and minor axes of the ellipse for the robot r, respectively. a, is either the
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Figure 6.12: A CORNER2-colored robot r
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Figure 6.13: A CORNER2-colored robot r
moves to a point on the ellipse for Case
ODD

distance between the two CENTER1-colored robots for Case EVEN or the distance between
the two NON-CENTER-colored neighbours of the CENTER2-colored robot for Case ODD.
Also b, = %min{d(cenr,r’)lr’.color € {CORNER2,CENTER1, CENTER2, NON-CENTER} and r’ €
CH%IC and r’ # cen,}. r chooses the ellipse with a, and b, as the length of the major and
minor axes respectively and the major axis lies on the line passing through the two robots
with the color from the set {CENTER1, CENTER2, NON-CENTER}. Then, r moves to the point of
intersection of the computed ellipse and the line segment rcen, after changing the color
to FINISH. We proved in Lemma [6.4.16] that all the non-faulty robots with color CORNER2
lying on the same open half-plane delimited by LIC move to the common ellipse.

Movement of the robots lying on the LIC: If r is a NON-CENTER-colored robot, it waits
till it finds all the visible robots with the color from the set {FAULT, FINISH, NON-CENTER,
CENTER1, CENTER2}. r considers itself as a terminal robot on the LIC if it finds exactly one
robot r’ with the color from the set {NON-CENTER, CENTER1, CENTER2}. We segregate two

cases here for a terminal NON-CENTER-colored robot r with r’ as its neighbour on the LIC.

e CaseLl (r'.color = NON-CENTER or CENTER1): It computes the line L% which is per-
pendicular to rr’ and passing through itself. It now considers a set S consisting
all the robots lying on the open half plane delimited by the line L% where 1’ is
situated. Finally, it computes the convex hull CH— of all the robots from the set
S U {r} without color FAULT and moves to its visible area Visible_Area(r, CH,

with the color INSPECT, as shown in Fig If r is a non-faulty robot, it can see

all the CENTER1 and CENTER2-colored robot after its movement to the visible area, as

the CENTER1 and CENTER2-colored robots are stationary in this round. When it gets
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activated with the color INSPECT, it checks whether a CENTER1 or CENTER2-colored
robot r.(# r') is visible or not. If not, it changes its color to FAULT. Otherwise, it cal-
culates cen, and a, (similarly as a CORNER2-colored robot does). It further calculates

b, =min{b,,| r; € H‘l,—" and r;.color = FINISH}, where H},_, is the half plane delim-

rre rre
—

ited by the line r'r, such that r lies on it and 2b,, is the length of the minor axis of the

ellipse (cen;, ar, by, r'rc) passing through r; . Now r moves to the nearest empty

point on the ellipse & (cen;, ar, b, r'r;) with the color FINISH, as depicted in Fig[6.15

Case L2 (r'.color = CENTER2): In this case, r is already on a ellipse where the non-
faulty FINISH-colored robots are situated. So, it changes it color to FINISH and ter-

minates.

We now demonstrate the movement of the CENTER1 or CENTER2-colored robots to a

point, when they find all other visible robots with the color from the set {FINISH, FAULT,

CENTER1}. If r itself is a CENTER1-colored robot, it terminates with the color FINISH, as it is

already on a vertex of the ellipse. In case of r.color = CENTER2, r calculates a movable area

by avoiding the line r;7; for all r;,r; € V;. Now it moves to a point ¢, inside the movable

area such that 0 < d(r, t,;) < min{d(r, 7;7;)| r;,rj € V; and I;7; does not pass through r} with

the color FINISH.

Description of the Algorithm when the Inner-most Layer is a Point

Recall that we disregard the case if the inner-most layer is made of a single robot r and itis a

faulty robot. In case of r being a non-faulty robot lying on the inner-most layer, it changes
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its color to LINEAR by following the strategy DETECT_INNERMOST_LAYER. When all the
non-faulty robots position themselves on the layer C*~! and color with either CORNER1
(for corner robots) or BOUNDARY1 (similarly as described in Section [6.4.2), r moves to an
empty point on the boundary of the convex hull of all the CORNER1 and BOUNDARY 1-colored
robots after changing its color to BOUNDARY1. Afterwards, all the robots start following the

strategy MAKING_CORNERS_NONLINEARCASE to terminate themselves.

6.4.3 Analysis of the Algorithm

In this section, we analyze the correctness and the time complexity of the above algorithm.

We also prove that the robots do not meet any collision during the algorithm.

Lemma 6.4.2. Only the robots lying on the inner-most layer eventually color themselves as

INNER when the inner-most layer is a non-linear configuration.

Proof. If there is exactly one layer of robots, all the robots first change their color to WAIT in
one round. After this round when all the robots find no robot with color OFF, they change
their color to INNER.

We now discuss the proof of the above statement when there is more than one layer
of robots. Without loss of generality, we consider that there are exactly two layers CH° and
C#H!. In the first round, all the robots on CH° change their respective colors either to OUTER
or to WAIT. When a robot lying on CH° changes its color to OUTER, it must have found an
OFF-colored interior robot on its local convex hull which indicates that the robot correctly
identified that there is an inner layer of robots. A robot r on CH° which has changed its
color to WAIT, must have not found any interior robot on CH%¥, leading to an incorrect
detection of the layer. So, there exists a robot r’ on CH' which obstructed the line of sight
of r to see another robot " on CH?, as similarly shown in Fig Since r’ can identify itself
as an interior robot, it does not change its color to WAIT, when the robot r has changed its
color to WAIT in the same round. r’ maintains its color to OFF in that round. In the next
round, when r gets activated with the color WAIT and finds r’ with color OFF, it simply
changes its color to OUTER, which leads to the correct identification of the layers. After

this round, ' along with all other robots on C#?, changes their color to WAIT, as they do
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not find any interior robot on their respective convex hulls of all the OFF-colored robots.
Finally, all the robots on CH! change their color to INNER, as they do not find any OFF-

colored robot. O

Remark 6.4.3. Only the robots lying on the inner-most layer eventually color themselves as

LINEAR when the inner-most layer is a linear configuration.

Lemma 6.4.4. All the robots in the inner-most layer color themselves as INNER in O(N)

rounds when the inner-most layer is a non-linear configuration.

Proof. A robot changes its color to INNER when its current color is WAIT and does not find
any OFF-colored robot. A robot switches its color to WAIT, if it does not find any interior
robot on the convex hull made by all OFF-colored visible robots.

Let us assume that there are k(> 1) layers of robots CH°,C#',---CH* where CH° and
CHP¥ are the outer-most and the inner-most layer, respectively. In one round, all the robots
in CH° change their color to OUTER from OFF. The robots on CH/ (1 < j < k - 1) set their
color to OUTER in at most two rounds after all the robots lying on CH/~! with the color
OUTER. A robot r on CH/ changes its color WAIT from OFF after seeing no interior robot
on C?—[?FF. In the next round, it must finds at least one OFF-colored robot on CH/*! and
switches its color to OUTER. So, all the robots except on the inner-most layer changes their
color to OUTER in O(k) rounds. After that, the robot on the inner-most layer changes their
color to INNER in 2 rounds. Hence, all the robot on inner-most layer changes their color to

INNER in O(N) rounds, as in the worst case, k = O(N). O

Remark 6.4.5. All the robots in the inner-most layer color themselves as LINEAR in O(N)

rounds when the inner-most layer is a linear configuration.

Lemma 6.4.6. If a non-faulty OUTER-colored robot is a corner robot on CH; and it moves
to some point on its visible area Visible_Area(r, CH) ) with the color CORNER, it remains a

corner robot on CH; and sees all the stationary robots on the plane.

Proof. It follows from Lemma 2.1 in [54]. O

TH-3475_186123017



6.4. Algorithm for Fault-tolerant Mutual Visibility 125

Lemma 6.4.7. If a CORNER-colored non-faulty robot r decides to move on the side TS, of
Next_CHj (where Next_CH; is not a line), it can see all the other CORNER-colored robots

which are also eligible to moveon TS, .

Proof. Let H';—s; be the closed half plane delimited by the line ﬁ; that contains the robot
r. Let r’ be another non-faulty robot with color CORNER which has also chosen the side TS,
as its target side. Since all the corner robots on Next CH) are stationary, Next CH; =
Next_CH},, by Lemma Also, Next_C?Hj, being a non-linear, all the robot which
choose the side T'S; as their target sides must be on one of the half plane delimited by T'S,.
So, r and r' lie on the H}Sr.

Now we prove that r and r’ are visible to each other. On contrary, let us assume that
there exists a robot r” such that r” lies on the line segment r7’. Since r and 7' lie on the
same half plane H;_Sr., so is r” which indicates that r” is not a robot on Next CH). If
r".color = CORNER, the robot " must be a corner robot on C#?,, which lead to a contra-
diction to the assumption that 7 lies on the line segment r7’. If r”.color # CORNER, r”
must be stationary in the previous round when r and r’ decided to move to their respec-
tive visible region with the color CORNER. Without loss of generality, we further assume that
r" is a neighbour of r in the previous round. After the movement of r, the robot " must

have been a corner robot in this round, which again leads to a contradiction. O

Lemma 6.4.8. If two CORNER-colored robots r and r' choose the target sides TS, and TS,

respectively for their movement, then r and r' execute their movement without any collision.

Proof. Without loss of generality, we assume that r and r’ do not lie on any of the angle
bisectors L?l, L?Z, LI: ! and Llr’,z. If TS, # TS, the two robots r and r’ cannot collide as the
two regions H-_.nH!, nH!, and HL_.nH', nH', intersect at mostone of the bisectors
TS, L' L? TS, L} L7
and they move to their target sides within their respective regions.
We now prove the lemma when TS, = TS,.. By Lemmal|6.4.7, r and r’ can see each
other along with all other CORNER-colored robot whose target side is also T'S,. Moreover,

Next_CH, = Next_CH,. So, (k; + k7 +1) = (k}, + k%) + 1, which is the total number of

CORNER-colored robots all of whose target side is TS,. Thus r and r’ divide TS, into the

len(TS,)

L. Further, we assume that r and r’ neighbours
ky+ki+1

same number of segments of length
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1

of each other on CH; with r situated nearer to e;¢

than /. If r and r’ both choose elTS,
and er , as their reference point with ezg = ey , r selects the k; + 1-th segment on TS,
whereas ' selects k; +2-th segment on TS, from e} . On the other hand, if e;.¢ # el ,
,
kf, = k} + 1. In this case, r selects the k} + 1-th segment on T'S, from the point elTSr and r’
selects k!, + 1-th segment on TS, from e}, , which is the k? + 1-th segment on T'S, from
r
e:’%rsr, = elrs,- As k? =k} +1, we get k% + 1> k; + 1. Since r is nearer to elTs, than ' and the
chosen segment is also nearer to elTSr than that of r’, the paths followed by the two robots

do not cross each other. Hence the movement of the two robots are collision-free. O

Lemma 6.4.9. If the inner-most layer is a non-linear convex hull, then all the OUTER-colored
non-faulty robots eventually settle themselves on the boundary of the convex hull made by

all the INNER-colored robots without any collision.

Proof. 1f r is a non-faulty corner robot on CH°, by Lemma r eventually moves to the
next layer CH! without collision. If r is a non-faulty boundary robot on C#°, we can prove
that r eventually become a corner robot on CH; and eligible to move to the next layer
CH!. We assume that r’ is a corner robot on CH° with r as one of its neighbour. In one
round, r’ changes its color to CORNER and moves to a point in Visible_Area(r', CH},). If r'
is a non-faulty robot which executes the movement successfully, then r becomes a corner
robot on CH. Otherwise (' is a faulty robot), r’ eventually changes its color to MOVE-0 or
MOVE-I from CORNER. In the next round, when it finds itself as a corner robot on CH,, it
changes its color to FAULT. After this round, r becomes a corner robot on C; avoiding all
the FAULT-colored robot in ;. So, r eventually moves to C#' without collision by Lemma
Whenever r becomes a corner robot on CH; with Next_C#; as the boundary of
the convex hull made by the INNER-colored robots, it moves to the boundary of it with the
color MOVE-TI after finite rounds. Thus all the robots eventually settle themselves on the

boundary of the inner-most layer. O

Lemma 6.4.10. For two consecutive layers CH/™' and CH/ (j > 1), if CH/™! contains N’
robots, it takes O(N') rounds for the robots on CHI™ to move toCH/ after all the robots on

the inner-most layer change their color to INVER.
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Proof. We assume that all the robots on CHO,CH',---CH/? move to some points on
CH/™L. After that, all the corner robots on CH/~! move together to the layer CH/ in two
rounds with the color MOVE-0 or MOVE-1I. It needs one more round for them to change their
color either to FAULT, or OUTER or BOUNDARY. Some of the boundary robots on CH/™' has
now become corner robots and follow the same strategy to move to CH/. In worst case,
there can be O(N') many robots on one of the sides of C{/. So, it needs O(N') rounds for

them to become corner robots and in those many round, they move to CH-. O

Remark 6.4.11. All the non-faulty robots move to the inner-most layer CH* in O(N?)

rounds, when the inner-most layer is a non-linear configuration.

Lemma 6.4.12. If a non-faulty corner robot r follows the strategy
MOVING_INSIDE_CONVEXHULL(r, CHy), r remains a corner robot and the neighbour-

ing robot rypr, on CH; also becomes a corner robot after the movement.

Proof. Let ryyp,, be the neighbour of r on CH; other than ryy,,. Since r is a corner robot
before the movement, all the other robots must lie on the open half-plane delimited by
Dmid, Pmia, different from the one occupied by r. After its movement, r lies on i, Pmia,
whereas all the other robot are still on one of the open half-plane delimited by pia, Pmid,-
So, r remains corner after the movement. Now, if ryy,, is stationary when r executes its
movement, then ryj, must be boundary at that time and it becomes corner as r move
away from the line I'7yp;,. If rypr, and r move with sync, ryp,, being a corner robot, re-

mains corner after the movement. O

Lemma 6.4.13. If the inner-most layer is a non-linear convex hull, then all the non-faulty
robots eventually positioned themselves as the corner of the same convex hull without colli-

sion.

Proof. Lemma|6.4.9| proves that the non-faulty robots eventually place themselves on the
inner-most layer of the robots. After this, all the robots on the inner-most layer must be
with the color INNER or BOUNDARY. When a robot r with color INNER or BOUNDARY does not
find any robot with the color from the set {OUTER, CORNER, MOVE-0, MOVE-1I}, it changes

its color to CORNER1 (if it is a corner robot) or to BOUNDARY1 (if it is a boundary robot).
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It is possible that there exists at least one robot r’ (which has not yet changed its color
to BOUNDARY or FAULT) with r.color € {OUTER, MOVE-0, MOVE-I}. Due to this, some of the
robots on the inner-most layer have not changed their color to CORNER1 or BOUNDARY1.
In this case, r must see a robot r” on the inner-most layer with r”.color = INNER or
BOUNDARY, and r waits till all the robots in CH) are with the color either CORNER1 or
BOUNDARY1. Thus, all the robots on the inner-most layer eventually start the strategy MAK-
ING_CORNERS_NONLINEARCASE together with all the corner robots colored CORNER1 and
the boundary robot colored BOUNDARY1.

Now, we argue that the strategy MAKING_CORNERS_NONLINEARCASE successfully
place all the non-faulty robots on the vertices of some convex hull from the inner-most
layer. If r is a corner robot and both of its neighbours are also corner robots (colored with
CORNER1), it changes its color to FINISH. If r is a corner having one of the neighbours ryy;,
with the color BOUNDARY 1, it moves inside the inner most layer with color MOVE-C by follow-
ing the strategy MOVING_INSIDE_CONVEXHULL(r, CH;). By Lemmal6.4.12} both of r and
rnpr, become corner robots on CH; without any collision if r is a non-faulty robot. In the
same round, 7y, sets its color to MY-TURN. In the next round, r stays with the current color
MOVE-C after seeing one of its neighbour with MY-TURN whereas ryy,, changes its color ei-
ther to CORNER1 (if it finds itself as the corner of CH :,) or to BOUNDARY1 (if it finds itself as
the boundary of C?—[j,). In the next round, when r finds ryj,, with the color BOUNDARY1
and r.color = MOVE-C, it changes its color to FAULT, as it failed to execute the movement
to make the robot ryp,, a corner. Otherwise, when r.color = MOVE-C and ryy,,.color =
CORNER1, r changes its color to FINISH only if the other neighbour of r on CH; is with
color CORNER1 or FINISH. From next round onward, ryy,, follows the strategy similar to r

and eventually becomes a corner of some convex hull with the color FINISH. O

Lemma 6.4.14. If all the robots are settled on the inner-most layer, each with the color ei-
ther CORNER1 or BOUNDARY 1, they need O(N) rounds to terminate on the vertices of the same

convex hull.

Proof. If r is a CORNER1-colored robot on the inner-most layer, it needs 3 rounds to transi-

tioned through the colors to reach the termination with the color FINISH or FAULT, as we
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argue in Lemmal6.4.13] In the worst case, it is possible that the inner-most layer has exactly
3 vertices and one of the sides of it contains rest of the N — 3 robots. The [%1 -th robot on
that particular side needs O(N) many rounds to become a corner robot after all the other
robot becoming corner robots. Hence, it needs O(N) rounds to terminate on the vertices

of the same convex hull. O

Lemma 6.4.15. When the inner-most layer is a linear configuration, one of the following
two holds.

(i) If the LIC has even number of robots, there must be exactly two robots on the LIC which
color themselves with CENTER1 and visible to each other.

(ii) If the LIC has a odd number of robots, exactly one robot on LIC colors itself with

CENTERZ.

Proof. By Remark all the robots on the inner-most layer color themselves LINEAR.
For (i), if we assume that there are 2s robots on the LIC, the strategy FIND_CENTER finds
two CENTER1-colored robots in s + 1 rounds, as all the robots on LIC change their color to
INTERIMin s rounds, two at a time in each round, and then in one round the s and s+ 1-th
robots on LIC change their color to CENTER1. Moreover, there are no robots lying between
the s and s + 1-th robots on the LIC which implies that they are visible to each other. For
(ii), if there are 25+ 1 robots on LIC, the s+ 1-th robot changes its color to CENTER2 in s + 1

rounds. O

Lemma 6.4.16. All the non-faulty OUTER-colored robots lying on one of the open half planes
delimited by the LIC, eventually get settled on a common ellipse without collision, when the

inner-most layer is a linear configuration.

Proof. By the similar argument presented in Lemma we can prove that all the non-
faulty OUTER-colored robots eventually place themselves on CH*~! without any colli-
sion. After this, any robot r on CH¥ ! satisfies one of the following two conditions. (1)
Next_CH; is empty and one side of CH contains robots with color from the set {LINEAR,
INTERIM, NON-CENTER, CENTER1, CENTER2} (2) Next CH; is made of robots with col-
ors from the set {LINEAR, INTERIM, NON-CENTER, CENTER1, CENTER2}. The robot r fol-
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lows the strategy MAKING_CORNERS_LINEARCASE, which is similar to the strategy MAK-
ING_CORNERS_NONLINEARCASE. The movement of the robot is similar in these two strate-
gies. The main difference is that the robot r considers CH® in the former case instead of
CH; in the later one. So, by Lemmal6.4.13} we can conclude that all the non-faulty OUTER-
colored robots lying on one of the same half plane delimited by the Lic eventually become
corners with the color CORNER2 of the same convex hull without any collision. This enables
those robots to see each other along with the CENTER1 or CENTER2-colored robots. Such a
robot r calculates the ellipse £(cen;, a,, by, m) and any other robot r’, which are on the
same half plane delimited by the LIC same as r, agrees on the same ellipse as they are vis-
ible to each other. r now considers the point of intersection cern, 7 and the ellipse as its
target point. Since, cen, = cen,» and r # r', cen,r and W cannot meet at two points,
which implies r and r’ cannot collide during their movement towards their respective tar-

get points. O

Lemma 6.4.17. All the non-faulty robot lying on the LIC eventually see all the non-faulty

robots.

Proof. On the LIC, there are four types of robots. First, a robot can be a NON-CENTER-
colored robot which does not see the CENTER2-colored robot. When such a robot r be-
comes a terminal robot on the LIC, it moves to the visible area with the color INSPECT.
It is guaranteed that all the FINISH-colored robots (all are stationary now) are visible to r

after the movement, by Lemma 2.1 [54]. Let us now consider two robots r; and r; which

lie on the half plane HL_C. same as r. If they both are non-faulty, by Lemma[6.4.16, they

move to the common ellipse with b,, = brj. We assume that one of them is faulty. With-
out loss of generality, r; is the faulty robot among them before executing its movement.
Before the movement of r; and rj, by, = br]. < min{d(cen,;, r;),d(cen,r;)} holds. So they
must be outside their common target ellipse before the movement. Since r; has executed
movement but r; could not, r; must be on the ellipse whereas r; lies outside of it. It implies
b, < b,j holds for the robot r. So, r accurately calculates the 2b, which is also the length
of the minor axis of the ellipse where all the non-faulty FINISH-colored robots of H;[‘—c' re-

side. Since r can determine the ellipse, it can move to a point on the ellipse. So, all the
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non-faulty robots on the LIC with the color NON-CENTER, which do not see any CENTER2-
colored robot, eventually move to some points on a ellipse and color themselves FINISH.
After this, r can see all the FINISH-colored non-faulty robots except the robot lying on the
line 77, with r..color = CENTER2.

Second, a robot is with color NON-CENTER and sees a robot r, with the color CENTER2.
Such a robot r is a vertex of an ellipse where the non-faulty robots are situated. So, it can
see all the non-faulty FINISH-colored robots except the robot lying on 77.. Third, a robot
is with the color CENTER1. It is also lying on a vertex of an ellipse. So, they can see all the
non-faulty robots.

Fourth, arobotis with the color CENTER2. The robot r finds its movable area by avoiding
the line ‘r,_r]) forall r;, rj € V; and moves to a point in it. Since all the FINISH-colored robots

are stationary at this time, it can see all the non-faulty FINISH-colored robots. O

Theorem 6.4.18. Algorithm FAULT_MV|¢ solves the problem in O(N?) rounds without any

collision and requires O(1) colors.

Proof. Table[6.2lists down all the colors used in the algorithm FAULT_MV ¢ which is 21 in
total.

When the inner-most layer is a non-linear configuration, it needs O(N?) rounds by
Lemmal[6.4.4|Remark|[6.4.11]and Lemma[6.4.14] to solve the problem. When the inner-most
layer is a non-linear configuration, the algorithm is free from collision by Lemma [6.4.8|
6.4.9and6.4.13

When the inner-most layer is a linear configuration, Lemma [6.4.16| and [6.4.17| proves

the correctness of the algorithm with no collision between the robots. In this case, it needs
O(N?) rounds to reach the layer C#*~! by similarly argument presented in Lemma
It also needs O(N) rounds to color all the robots not lying on the LIC with CORNER2, by
the similar argument as in Lemma(6.4.14] Additionally, it requires only 1 round for all such
robot to reach on a common ellipse. A NON-CENTER-colored robot lying on the LIC takes
at most 2 rounds to reach on the ellipse after it becomes terminal on LIC and a CENTER1
or CENTER2-colored robot needs 1 round to terminate. Hence, the algorithm needs O(N?)

rounds. O
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T'Nbry

Figure 6.16: r moves to the midpoint of
Pmid, Pmid2 Figure 6.17: r moves to the midpoint of p| r;

6.5 Fault-tolerant Mutual Visibility in Presence of Single

Fault

If we restrict the number of fault to 1, we can propose a simpler algorithm that requires
much lesser number of colors. The algorithm is based on the contraction of the outer most
convex hull of the robots. The goal is to achieve a configuration where all the robots are
at the vertices of a convex hull. Every robot, when gets activated, checks if it is a corner,
boundary or interior robot. A corner robot finds a target point inside the convex hull based
on its neighbouring robot on the convex hull and moves to the point in the current LCM

f=1

[c isas follows.

cycle. The detailed description of the algorithm FAULT_MV

6.5.1 Description of the Algorithm

When the configuration is non-linear, r can determine whether it is a corner robot, bound-

ary robot or an interior robot on the convex hull CH,. We identify two cases here.

Case 5.1 (r is a corner robot): Let ryy,, and ryp,, be the two neighboring robots of r on
CH,. Also, rypr, and rypy, can be corner or boundary robots. Since both of 7y,
and ryy,, are visible to r, it computes two midpoints p,;4, and py,iq, of 77Ny, and
TTNpr, respectively. If there is no robot inside the triangle Arp i, Pmia,,  moves to
the midpoint of the line segment p,,i4, Pmia,, as shown in Fig. Otherwise, if

there exists at least one robot inside the triangle Arp,,iq4, Pmia,, let 1’ be the nearest
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interior robot to r inside A7 ppmia, Pmia,- Let L' be the line passing through the robot
r' and parallel to Py,iq, Pmia,- We further assume that the line L' intersects 7p,iq,
and 7piq, at the points p] and p, respectively. Moreover, r; and r; are the two

robots on p| p, such that both p]r; and p,r; do not have any robots on them. For

a single robot on the line segment p}p,, r; = rj = r’. The robot r moves either to
the midpoint of p}r; or to the midpoint of p,r;, whichever is closest to its current

location, as shown in Fig

Case 5.2 (risaninterior robot at the center of CH, and C?H, is a regular polygon having no
other interior robot): In this case, r selects the any of the sides of C*, and calculates

its midpoint p,;4. It finally moves to the midpoint of 7p ;4.

In all other cases, the interior and the boundary robots move until they become corners.

A simple execution of the above algorithm is illustrated in Fig|6.18, where we have taken

450

Figure 6.18: Illustrating execution of the algorithm: (left) the initial configuration with red
colored robot being faulty; (middle) 3 new robots become corners after the movement of
previous corners; (right) the faulty robot becomes a corner robot

8 robots, out of which one is faulty.

This algorithm requires 2 colors in FSYNC and SSYNC setting, which is optimal with respect
to the number of colors. All the robots start with the initial color OFF. A robot changes its
color to CORNER, when it finds itself as a corner robot. The boundary robots and the interior
robots maintains their color to OFF until they become corner robots. The algorithm finishes
for a robot when it sees all other robots with the color CORNER along with itself.

The same movement strategy can also be followed in the ASYNC setting, in the presence

of a single faulty robot, but with a little modification to ensure collision-free movement. In

TH-3475_186123017



134 Chapter 6. Fault-tolerant Mutual Visibility without any Axis Agreement

7" (coRNER]

7' [coRNER]

Figure 6.19: r and r' take the Figure 6.20: r moves before Figure 6.21: r waits until r’
snapshots before any move- r’ with the color MOVE, but completes its movement and
ment under asynchronous sees its neighbour r’ with eventually changes its color
activation color CORNER to MOVE-C

the ASYNC setting, it is possible that a robot r takes a snapshot but is yet to move. Mean-
while, the adversary can create a situation where the other robots might execute multiple
LCM cycles. This might compromise the collision-free movement of the robots. To tackle
this issue, we can use a few extra colors (BOUNDARY, MOVE and MOVE-C) to prevent the mul-
tiple movements of one of the two neighbouring corner robots, whereas the other is yet to
move with an outdated data. When a robot r gets activated and finds itself as a boundary
robot on CH,, it changes its color to BOUNDARY, whereas the corner robots change their
color to CORNER and the interior robots remains with the color OFF. If r gets activated with
the color CORNER, it follows the above movement strategy (Case 5.1) to move to its target
point with the color MOVE. The BOUNDARY and OFF-colored robots do not move until they
become corner robots. In the next cycle, when r is activated with the color MOVE and finds
at least one of its neighbouring robots ryj,, and ryp,, with the color CORNER, as shown in
Fig. it does not change its current color or move anywhere. Otherwise, it switches its
color to MOVE-C without any movement. This is to let the neighbouring robots know that
it has executed a movement. In case of r getting activated with color MOVE-C and seeing a
neighbouring robot with MOVE, as depicted in Fig. it does not change its current color,
as the neighbouring robot might be in its move phase and r allows it to change its color to
MOVE-C. When the neighbouring robots do not have the color MOVE, r changes its color to
CORNER and follows the same strategy as discussed above. In total, this strategy requires 5

colors in the ASYNC setting.
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6.5.2 Analysis of the Algorithm

First, we show that the movements of the robots described in the above algorithm,
FAULT_MV]LC;l are free from collision. We then show that the algorithm achieves the goal

of making all the robots corner of a convex hull.
Lemma 6.5.1. The movements of the robots are collision-free.

Proof. Let us consider two robots, r and r’. As long as one of them is a corner and the
other is a boundary or an interior robot, it is immediate that they cannot collide. Now,
we assume that both are corner robots. If they are not neighbours of each other, at least
two other robots, r” and ", exist on the boundary of the convex hull such that r and
r’ lie on the different half-planes delimited by the line passing through r” and r". It is
pretty immediate to see that they cannot collide as A7 ppia, Pmia, and Ar'p’, . i P 4, are
disjoint triangles and are separated by the line passing through r” and r"”, even in case of

asynchronous activation.

Figure 6.22: r’ takes the snapshot when r is at r;

Let us now discuss the case when r and r’ are neighbours of each other. If both of them
are with color CORNER and the look phase of r’ has started before the move phase of r,
the positions of r and r’ in the snapshot of r match with that of 1, as shown in Fig.
In this situation, the movement of r and r’ are restricted in the triangles Arpmid, Pmid,
and Ar'p) ., P4, Tespectively. These two triangles are disjoint except at one vertex. r’
might execute its LCM cycle multiple times due to asynchronous activation, but r has an

outdated position of 1’ (because r did not start its move phase). In this situation, if r and

TH-3475_186123017



136 Chapter 6. Fault-tolerant Mutual Visibility without any Axis Agreement

r’ become non-neighbours after the movement of r/, they do not meet a collision by the
previous argument. Otherwise, r’ does not change the current color MOVE until r starts its
movement with the color MOVE. So, it is not possible for r’ to execute multiple movements
while r is still having the outdated position of r’. Let us now consider the scenario where

r’ executes its look phase while r is in motion. Let r’ capture the snapshot when r is at r;.

As shown in Fig. |6.22} p] ., and p; ., are the midpoints of r'r; and r'r;

Pmid, Nbr, respectively,

!/
where "'Nbr,

«—>

and r'r;. Further, we denote the midpoint of r'r, by p),. Geometrically, it implies that

is the neighbor of 1’ other that r. Let r» be the point of intersection of 7p 4,

Pmid, P | 772, i€, Pmia, P | TPmia,- If P, lies inside the triangle Arpiq, Pmia,, then
Pmid, P cannot be parallel to 77, contradicting the previous statement. Thus, p/, must

lie outside the triangle A7 pyia, Pmia,- Since, p!, . & lies on the line segment ' p},, it also lies

!

outside the triangle A7 ppiq, Pmid,- SO, the two triangles A7 pyiq, Pmia, and Ar’p;m.d1 Prid,

are disjoint and hence the two robots do not collide. In the case where r’ being an interior
robot, finds itself lying on the center of a regular polygon C?#,+, r moves to the midpoint of

line segment pyia, Pmia, and r' to the midpoint of ' p,,;4. These two target points can not

be the same, as two lines pyiq, Pmia, and 1’ pmiq can only intersect at py; 4. O

Lemma 6.5.2. A corner robot r remains a corner robot after its movement, irrespective of its

neighbours being in the look, compute or move phase under ASYNC activation.

Proof. Let ryp,, and ryp,, be the two neighbours of the corner robot r on CH, before the

movement, as shown in Fig[6.23] Without loss of generality, let us consider that ryy,, is in

the move phase and rnyy, is stationary when r gets activated. Let 7., be the target point

of rypr,. We consider the cases when the robot r sees the neighbouring robot ryy,, at r{
!/

and r{’. Let us also assume that ry is an interior robot that lies between r and r{. If r sees

the robot ry,, on r{’ during its movement, r remains stationary as ryp,.color = MOVE.
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Figure 6.23: r cannot see r’ at r, as r; obstructs the line of sight

If r takes the snapshot when 1y, is at r}, r cannot see ryy, , because of the obstruction
by the robot rg, as shown in Fig. If r takes a snapshot at this time, it considers r; as one
of its neighbours in CH ;. So, r considers the triangle Ar p;n id, Pmids 1O find its destination,
where p’ . a4, 18 the midpoint of 77y. If Arp! . 4, Pmidy does not contain any interior robot,
r moves to the midpoint of p;n iq, Pmids- After the movement of r, it still remains a corner
robot, as there are no other robots on the line segment p’, . a4, Pmid and all the interior robot
maintain the status quo. If Ar p’m ia, Pmids contains at least one robot, r remains a corner
robot of the outer most convex hull even after moving to ¢, (the movement is indicated by
the arrow from r to ¢,). We have described the calculation of the destination point of r in

Section O
Lemma 6.5.3. The total number of the corner and boundary robots is monotonic increasing.

Proof. From Lemma|6.5.2) we can say that the total number of the corner and boundary
robots can never decrease as a corner robot remains corner. Moreover, a boundary robot
does not move until it becomes corner. The number increases when a corner robot r moves

to its target after finding an interior robot r; lying inside the triangle Ar pyia, Pmid, - O

Theorem 6.5.4. All the robots eventually becomes corner robots of a convex hull even if at

most one robot becomes faulty.

Proof. The fault may occur at any time. If the faulty robot r is a corner robot, it does not
move from that time. The robots ryp,, and ryp,, eventually become corner robots be-

cause of the movements of the neighbours (other than the robot r) of ry,,, and rypy,.
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If r is a boundary robot, it becomes a corner due to the movement of its neighbouring
robot. Finally if the faulty robot is an interior robot, it eventually becomes a corner robot
from Lemma|6.5.3} as the total number of corner robots monotonically increases with time.
Once arobot becomes corner, it remains as a corner robot from thereon, which leads us to

our goal. O

6.6 Discussion

We have proved in Section[6.3]that if all the non-faulty robots are positioned on the vertices
of aregular polygon and the faulty robot is placed at the center of the polygon, the problem
becomes impossible to solve. If there is exactly one faulty robot and an adversary places the
faulty robot very close to the center of the polygon, our propose algorithm FAU LT_MV{;l
poorly performs in terms of running time, although the algorithm is simpler and uses only
2 colors in FSYNC setting. In that case, if the number of non-faulty robots lying on the
boundary of the convex hull is very high, the contraction of the convex hull towards the
faulty robot can be very slow, because of which the purpose of making all the robots a
corner of some convex hull suffers. This algorithm works better if the interior robots are

placed near the boundary of the convex hull CH.

6.7 Conclusion

In this chapter, we studied the problem of mutual visibility of a swarm of autonomous
mobile robots. We assume that the robots do not have any agreement on coordinate axes.
Moreover, the robots are vulnerable to mobility faults. We devise a technique to achieve
mutual visibility among the non-faulty robots and propose an algorithm that can tolerate
any number of faulty robots under the FSYNC setting. So far the fault-tolerant mutual
visibility is studied under the one-axis agreement. We approach the problem with robots
having no consensus about the coordinate axes and no lights on them. Also, none of the
robots know about N. Under this model, we prove that the problem is not solvable for any

initial configuration. Our proposed algorithm needs O(N?) rounds in the FSYNC setting.
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However, the algorithm fails to achieve mutual visibility when the innermost layer has a
single faulty robot. As an immediate future work, we want to overcome this shortcoming.
We propose another algorithm that tolerates a single faulty robot and requires 2 colors in
the FSYNC setting and 5 colors in the ASYNC setting. This algorithm is far simpler than the
former one and can be applied in the presence of a smaller number of robots.

Many future possibilities are still open. It is open to study the problem with robots that
are susceptible to both mobility and light failure. One can further investigate the problem
under the ASYNC setting where robots have no axes agreement. Along with that, the prob-
lem can be examined using a lesser number of colors. It will also be interesting to study

fault-tolerant mutual visibility problems with fat robots.
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Chapter 7

Uniform Partitioning of a Bounded

Region

7.1 Introduction

The Uniform Partitioning of a bounded region is a problem that is inspired by our daily
life. For example, if a number of people are asked to paint a wall, the natural strategy is
to divide the region into equal parts and assign each person to a distinct part of the wall
for painting. Keeping the same motivation in mind, autonomous mobile robots can be
more useful in much more critical situations like cleaning spillage of liquid radioactive
waste in a laboratory. In such hazardous situations, robots are the safest options for us.
Uniform partitioning is equally applicable to another scenario where a city needs to be
well-covered with networks. A group of autonomous drones, each of which is equipped
with necessary instruments, can be deployed to serve the purpose, where drones should
position themselves in such a way that each of them covers a part of the whole city of the
same area as others.

In this chapter, we initiate the study of distributed uniform partitioning of a bounded
region using opaque luminous mobile robots. The activation schedule of the robots is
ASYNC. The primary motive is to use a swarm of mobile robots with assumptions as few

as possible. The problem aims to arrange the robots in such a way that the region gets di-
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vided into equal partitions, and each partition contains exactly one robot. We retain our
focus on this objective only, whereas the problem could even be extended to a version
where the robots have sufficient memory or some extra ability to store the coordinates of
the partitions. The problem gets challenging due to the oblivious nature of the robots. The
obstructed visibility of the robots adds to the challenge even more because it is not always
possible to count the number of robots present in the region. We also assume that the
robots do not have any knowledge about the total number of robots. Although mutual visi-
bility algorithms can be used to make any three robots non-collinear and robots can count
the total number of robots, the obliviousness of the robots disables them to keep the infor-
mation beyond the current LCM cycle. From the application point of view, we assume that
the robots can detect the boundary of the region. We propose algorithms for the robots
that consider the region to be a standard geometric shape, such as a rectangle, square, or

circle.

7.1.1 Contributions

Our contributions in this chapter are listed below.

* We propose Algorithm RECTANGLE_PARTITION when R is a rectangular region. The
algorithm requires 2 colors, which is optimal with respect to the number of colors.
The algorithm runs in O(N) epochs, where N is the total number of robots deployed
in R.

e We propose Algorithm SQUARE_PARTITION when R is a square region, which runs in

O(N) epochs and uses 5 colors.

» We propose Algorithm CIRCLE_PARTITION when R is a circle, which runs in O(N?)

epochs and uses 8 colors. All of our algorithms are collision-free.

* To the best of our knowledge, this is the first work towards the problem of distributed
uniform partitioning of a bounded region R using a swarm of N ASYNC oblivious

opaque mobile robots.
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7.2 Model and Preliminaries

Robots: A set of N disoriented and opaque luminous mobile robots {r;,r,, - ry} is de-
ployed at distinct points within a bounded region. This region can be thought of as a sub-
set of the Euclidean plane. The robots can detect the boundary of the region. All the robots
operate in LCM cycles and are activated under a fair ASYNC scheduler. A robot is visible to
itself but might be unable to see all the robots inside the region due to obstructed visibility.

Moreover, robots do not know N and have no agreement on their coordinate axes.

Region: We are given with a bounded region, denoted by R. The interior of the region R,
denoted by Int(R) is defined to be the part of R without the boundary. In this chapter, we
consider the region to be a standard geometric region such as a rectangle, square or circle.
A robotlying on Int(R) is called an inferior robot. A robot is a boundary robot when it lies
on the boundary of ® but not on the corners. When R has corners, robots lying on them
are called corner robots. The boundary of R is identifiable by the robots from any point
in the region, which enables them to identify whether the region is a rectangle, square or
circle. For any two points A and B in the region, AB denotes the line segment joining A
and B. AB is the line passing through the two points. The length of a line segment AB is
represented by len(AB). We denote the distance between two points A and B by d(A, B).
A similar notation d(p, L) is used to represent the shortest distance between a point p and

aline L.

Problem 5 (Distributed Uniform Partitioning): N oblivious, opaque, luminous point
robots are deployed at arbitrary distinct points on a bounded region . The robots nei-
ther have a global agreement on the coordinate axis nor knowledge of N. Each of them
operates in Look-Compute-Move activation cycles and has a persistent light attached to it
that can assume a color from a predefined color set. The objective is to divide the region R
into N uniform partitions using N mobile robots such that each partition contains exactly
one robot.

Partition Types: Depending on the positions and distribution of the robots over the region

R, robots decide the type of partitioning in a distributed manner. All the partitions should
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Figure 7.1: Illustrating different types of partitioning

have the same area. We identify four types of partitioning for the rectangular and square
regions, as shown in Fig. When the region R is a rectangle, robots follow either Type I or
Type II partitioning, whereas, in the case of a square region, robots terminate in one of the
four types (Type I, II, IIl and V). If &2, &%, ---, P are the sub-regions of equal area (i.e.,
partitions of R), then zrv] Z; is a point and we call it a vertex of Type III and IV partitioning.

i=1
In the case of a circular region, Type V partitioning is followed.

Region Color Specification
Rectangle OFF Initial color
FINISH | Used by robots at termination for Type I and II partitions
OFF Initial color
MONITOR | Used when the robot moves to the apex point to count the num-
Square ber of robots in case of robots are only on one or two opposite
sides of R

FINISH | Used by robots at termination for Type I and II partitions
FINISH1 | Used by robots at termination for Type III partition
FINISH2 | Used by robots at termination for Type IV partition

OFF Initial color of the robots
HEAD Used for the head of an eligible cluster
TAIL Used for the tail of an eligible clusters
MID Used for the middle robots of an eligible cluster
Circle MOVE-H | Used for the movement of the head towards the other cluster
when the head moves half of the excess distance
HALF Used after the color MOVE-H
FULL Used for the movement of the head towards the other cluster

when the head moves the excess distance completely
FINISH | Used byrobots at termination

Table 7.1: The list of colors for different regions with their specification
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7.3 Algorithm for a Rectangular Region

This section proposes the algorithm RECTANGLE_PARTITION when the region R is a rect-
angle. Initially, robots are deployed over distinct points on the rectangle  with color OFF.
Robots will follow either Type I or Type II partitioning, which our algorithm ensures. The
algorithm, in this case, uses 2 colors which are described in the Table Our strategy is
to bring the robots to the rectangle’s boundary first. Then, each robot will occupy a point
of a partition of the rectangle. We define some notations that will be used to explain the
algorithm. We must note that the variables are defined with respect to the local coordinate
system of a robot r. We mentions the notations and conventions used throughout this
chapter in Table A point visible to two different robots can be perceived differently,
depending on their coordinate system.

Notations: For any robot r, we define the following notations.

» S, is the nearest longest side of the rectangle R to r or it denotes the specific longest

side if r lies along one of them.
« S7PP denotes the side opposite to S, in the rectangle.
e L, is theline perpendicular to S, that passes through r.
* p,isthe point of intersection of the two lines L, and S;..
* The two endpoints of a side S of R is denoted by eg and e3.

e For two opposite sides S and S’ of R and a constant 0 < k < 1, kS is the line segment
of length len(S) parallel to the side S that satisfies d(kS, S) = kd(S, S’) and intersects

R at two points.

* For any two constants k and k' with 0 < k # k' < 1 and for a side S of R, [kS, k'S] is the
rectangular region bounded by kS, k'S and two adjacent sides of S. We denote the
interior of the region [kS, k'S] by (kS, k'S). We also denote (kS, k’'S) U k'S by (kS, k'S].

CH, is the local convex hull of all the visible robots of r.
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Variables | Specifications

R The given region

Int(R) The interior of the region

S, Nearest longest side to r when R is a rectangle or the nearest side to r when R is a
square

SS; One of the shortest side of the rectangular region

sorp The opposite side of R of the side S

len(S) The length of the side S

Vr The set of all visible robot to r

L, The line perpendicular to S, and passes through r

Dr The point of intersection of L, and S,

t Target point of r

eé, eé The two endpoints of the side S

d(a,b) The Euclidean distance between the points a and b

d(a,L) The Euclidean distance between a and the line segment L

kS The line segment parallel to S, insects R at exactly two points and satisfies
len(kS) =len(S) and d(kS,S) = kd(S,S°PP) for0< k< 1

kS, K'S] The sub-region of ® bounded by kS, k'S and two adjacent sides of S for 0 < k #
k<1

(kS,k'S) | The interior of the region [kS, k'S]

(kS,k’S] | The union of the region (kS, k'S) and the line segment k'S

CH, The convex hull of the visible robot to r

FNbr The neighbour of r on CH,,

c} Total number of robots on [S;, %S ] including r

c? Total number of robots on [S;””, £5;"" ]

C The center of the square region R

Sk, Sk Two sides of R other than S, and S;”” for the robot r

AS The side triangle ACegeg

D,;,D;P? | The two diagonals of R for the robot r

|S| The number of robot on the side triangle AS

Max, Set of all sides with the maximum number of robots lying on their respective side
triangles

ep The common corner of S, and Sf

eQ The common corner of S, and Sf

er The common corner of S‘,)p P and Sf

ex The common corner of S, and SF

0 The center of the circular region R

AB The segment of the circumference starting from the point Ato B

alen(AB) | The arc length of AB

rad The radius of the circular region

S One of the arc length of R after dividing the region into N equal parts

Cl The cluster of r

Table 7.2: The list of notations and conventions used throughout this chapter
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7.3.1 Description of the Algorithm

After activation with r.color = OFF, the target of r is to reach one of the two longest sides of
R and waits till all other interior robots, all the visible corner robots, and the robots on the
two shortest sides with color OFF reach on one of the two longest sides of R. Before moving
to one of the longest sides of R, r needs to choose a side of R as its target. Let us denote
this target side by S;. If r is already situated on one of the two longest sides of R, then it
selects that side as S;. If r is a corner robot, r chooses the longest side incident with it as
S,. If r is an interior robot or a boundary robot on one of the two shortest sides, it chooses
the nearest longest side as S;. In case of r being equidistant from both the longest sides, r
chooses any one of them as S;.

Strategy MOVE_TO_LONGESTSIDES: When r gets activated with r.color = OFF, r finds
tthehe target side S, in the current LCM cycle and calculates the point of intersection p, of
S, and L,. Now, r needs to consider its current position in the region provided the point p,
is visible to r. It maintains the status quo if the point p, is not visible to r. When p, is vis-
ible, we can differentiate the following four cases based on the different positions of r and
propose different strategies for r. (i) If r is an interior robot with p, empty, r simply moves
to p, with its current color OFF. (ii) If r is a boundary robot on one of the two shortest sides
of R and p, (which, in this case, is one of the corners of R) has a robot on it, r waits with no
change in its current color till p, gets empty. (iii) r is a boundary robot on one of the two
shortest sides of R, and p; is empty. (iv) r is either an interior robot with another robot on
pr or a corner robot. In the last two cases, (iii) and (iv), r needs to find a target point ¢ on
S, in such a way that it does not encounter any collision. In this process, r finds a set V),

that consists of all visible robots not lying on L,. There can be two sub-cases.

* V), is empty: In this case, r selects a target point ¢, on the side S, as shown in Fig.

such that d(py, t;) = %max{d(eér, pr), d(eér, pr}.

* V), is non-empty: As shown in Fig. r in this case, chooses the target point ¢, that

satisfies d(p;, t;) = }1 mgl{d(r’,Lr)}.
r'eV;

Finally, r moves to the point #, without changing the current color OFF. If r is already posi-
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Figure 7.2: The movement of r to ¢, when  Figure 7.3: r moves to ¢, that lies on the
all robots are on a line nearest longest side S,

tioned on one of the longest sides of R, it does not change its current position or color until
all the OFF-colored robots not lying on the longest sides reach on their nearest longest side.

Now, we need the following definitions to categorize the robots.

Definition 7.3.1. (Terminal Robot): Let L be a line segment with two endpoints ei and
e%. A non-corner robot r lying on L is called a terminal robot on L if at least one of line

segments re}J and re% is not occupied by any other robot.

Definition 7.3.2. (Monitor Robot): Let S, be the longest side of R where r is situated in the
current LCM cycle. r is called a monitor robot if it satisfies all the following conditions. (i)
r is a terminal robot on S;. (ii) (S;, %S,) has no robot and all the robots on (S(r)pp, %S‘,’pp] are
with color FINISH. (iii) There is no corner robot visible to r. (iv) There is no robot on both

the shortest sides of R.

After all the visible robots lying either on S, or on S;”? (where S, is one of the longest
sides of R), the robot r finds whether it is a monitor robot or not. The strategy is to move
the monitor robots at a particular distance (inside the region) from the longest sides of
R so that they can count the number of total robots present in the region and decide the
partition type of R. This is important because neither the robots possess any memory to
store the value of N nor are they transparent to see each other. It does nothing if r does not
qualify as a monitor robot. When r is a monitor robot on S;, it needs to move to a point
a, on %Sr, referred to as apex point, from where it can count the number of robots which
is necessary to decide the next action of r. The robot r moves to its apex point with color

FINISH. At this stage, our target is to gather all the robots on one of the longest sides of R if
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the number of robots lying on the two longest sides differs. In this case, our objective is to
relocate all the robots from the side with a smaller number to the side with a larger number
of robots. After all the robots have positioned themselves on one of the longer sides of R,
monitoring robots place themselves again at apex points with the color FINISH to count
N and then move to their final positions of the partitioning on %S r without changing their
color. Other robots decide their final positions based on these FINISH-colored robots on
%Sr. We refer to this kind of partitioning as Type I partitioning.

On the other hand, if the number of robots on both of the longest sides is the same, we
adopt a different strategy to partition the region. Here, the robots on the apex points first
place themselves in their respective final positions on L—ILS, without changing their color.
Other robots decide their final positions based on the FINISH-colored robots. We refer to
this as Type II partitioning.

In the following, we describe in detail the action of a monitor robot r lying on S, ..
Strategy MONITORROBOT_MOVEMENT_RECTANGLE: If each of S, and S;"” has exactly one
robot on it, r simply moves to the midpoint of the line segment iSr from S,, after changing
its color to FINISH. If S;”” has exactly one robot, but S, has multiple robots on it, r can
understand this scenario by confirming the existence of its neighbouring robot on §;. In

this case, r waits until the robot on S?p P moves to S;. If r is the only robot on S;, but S(r)p p

has multiple robots, r decides its target side as Sy’ "

and moves to a point on it with the
color OFF, following a strategy similar to the strategy MOVE_TO_LONGESTSIDES. Observe
that in all of the above scenarios, r does not need to compute and move to its apex point
on %Sr. We now focus on the case where both S, and S;”” have multiple robots, and the
monitor robot r moves to the apex point a,.

Movement to the Apex Point a,: When r finds no robot on S-77, it selects the point of
intersection of L, and %S r as its apex point a,. as shown in Fig When there is at least

SoPP

one robot on , r first selects the line L = rryy,, where ryp, is the neighbour of r on the

convex hull C#, lying on the side (S;"7, %S?p P1. Then, r chooses the intersection point of L
and %S r as the apex point a, (refer to Fig. The calculation of the apex point depends on
the positions of the robots on S;”” to confirm that r can see all other robots in %® and does

not become an obstruction between the other two robots after its movement, as depicted
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T S

Figure 7.4: If S;”” has no robot, a, is the  Figure 7.5: r moves to a, considering ryp;
intersection point of L, and S, on CH,, which isnoton S,

in Fig[7.6] Finally, r moves to a, after changing its color from OFF to FINISH.
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Figure 7.6: r remains a vertex of CH, after ~ Figure 7.7: Movement of the OFF-colored
the movement to apex point robot 1’ creates obstruction for r

We now identify two cases based on the position of r.
Case 1 (r lies on %Sr): In this case, if r gets activated and finds itself lying on %S,, then
r.color must be FINISH, as r must have moved to its apex point from the side S, in its
previous LCM cycle. Now, r identifies the nearest longest side of R as S;. It is possible for
r to encounter an 0FF-colored robot 7’ on Int(R), which might occur if 7’ is in its move
phase to allocate itself on one of the longest sides of R (either from §S, or from §5;."").
Fig.[7.7]depicts one such situation. This might occur due to the asynchronous activation of
the robots. Here r does not change its position and color. Otherwise (when no OFF-colored
robotisvisible in Int(R)), r can identify the other FINISH-colored robot r; within [S,, %S L

if exists (which might have been coming from S, to its apex point). Moreover, it can also

identify the robot with color FINISH on [%S - %S r] (this is possible when r; is moving to its
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final position either on 4115 r for Type II partitioning or on ;118 r for Type I partitioning and it is
observed by r). Similarly, r can easily identify the robots with color FINISH which are near-

est to S-’” by observing the region [S;

PP 187PP). If r finds all the FINISH-colored robots
on %S - and %S‘,)p P it calculates ¢! and c? where c! is the total number of the robots on the
band [S;, %Sr] including itself. c? is the total number of robots on the band (S7PP, %Sfp .

We identify the following four sub-cases for the robot r lying on %S » based on ¢} and c?.

r Waiting for FINISH-colored

to go back to their original side

N —
Ao4 23 c.=4,¢c.=5
is, [FINISH] 7" [FINISH] 18, r
S, I . ?\tr S, [FINISH] ’ [FINISH]‘
Figure 7.8: The FINISH-colored robot r Figure 7.9: r moves to t, on Sy ” when 0 <
moves back to the side S, from its apex ¢} < ¢ with no FINISH-colored robot on
pointon 3S,, when ¢} > ¢Z >0 [S77P,387PP]

* Case 1.1 (0 < ¢? < c!): It means that there is a lesser number of robots near S;”” than
that of S;, as shown in Fig. In this case, our aim is to relocate all the robots lying
on [S?pp, iS?pp] to S;. r also moves back to S; in this case. If the point of intersection

pr of L, and S; is visible to r and contains no robot, r moves to p, with r.color =

OFF. Otherwise, it chooses a target point 7, on S, such that d(p,, t;) = }1 r,ngg air', L),

where V; is the set of all visible robots not lying on the line L,. Then, r moves to i,

with current color FINISH.

* Case 1.2 (0 < ¢! < ¢?): It means that there are fewer robots near S, than that of S;””

(Fig. In this case, r needs to move to S?p P Before the movement to S?p P it first
checks whether there is any FINISH-colored robot in (S."”, %Sfp P1. If such a robot r,
exists, then in ASYNC settings, the movement of r; might lead to a miscount of the
number of the robots for r, as shown in Fig In this situation, r waits until these
robots allocate themselves on S;””. Whenever r does not find any FINISH-colored
orp. i S°PPY,

robots in (S; it decides to move on S;”” by finding the target point ¢, on
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S?PP. 1t needs to consider p,;"?, which is the point of intersection of L, and S;"”.

Using the same strategy described in Case 1.1 (instead of S,, r considers S;°7), r

finally moves on ¢, after changing its current color to OFF.
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N T \

N 7 [FInIsH]

[FINISH] 35S, \

[ ]
o
o
[ ]
®

Figure 7.10: r miscalculated c? if a robot Figure 7.11: r moves to f, on iSr because

SOPP

lies on [S; ,%S?p 1 moving to its target of same number of robot around S, and

point on

If
(3Sr

o
S?pp Srpp

Case 1.3 (0 < ¢! = ¢?): In this case, we aim to make the robots follow the Type II
partitioning. r first identifies the shortest side of R, denoted as SS;, which either
lies on or intersects the half plane delimited by the line 77; where no other robots

of R are present. Here r; is the neighbour of r on CH, whose nearest longest side

len(S;)

T a8

is S;PP. Now, it computes a target point ¢, on iSr such that d(t,,SS;) =
shown in Fig. Finally, r moves to ¢, from its current position with the current

color FINISH.

Case 1.4 (0= c? < c}): This case arises when there is no robot lying on S‘r)p P and the
robot r has moved from S; to a point on %Sr, as shown in Fig In this case, we
want the robots to follow the Type I partitioning. So, r first identifies SS;, which lies

on the half plane delimited by L, where no other robot in R resides. It then calculates

len(S;)
2c}

a target point £, on %Sr such that d(¢,,SS;) = . It then moves to ¢, with the

current color FINISH.

r is activated on %Sr with its color FINISH and sees one FINISH-colored robot r’ on
7

3Sr), it moves back to S, with color FINISH by following similar movement strategy

as described in Case 1.1. This is because the position of r’ (which is in its move phase
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towards the final point) might mislead to the wrong calculation of ¢! and c2. If r sees a

FINISH-colored roboton [S;, %Sr) u[SPP, éSfpp), it does nothing.

1 =8.c2=0 Sv(')pp
SS., S 5o S8,

——————————————————————————— - - @ - - - - - - —i-p- -0---0---@-
/ [FINTSH] [FINTSH] [FINTSH] [FINTSH]

oo o . —oce S
Figure 7.12: r moves to %Sr from its apex Figure 7.13: r is on S, with color OFF and
point on %Sr by following the Type I par- utilizes the position of the FINISH colored
titioning. The green box shows a partition robots on %S, to reach its final position in
of the region a partition

Case 2 (r lies on S,): If r gets activated with color FINISH on S;, it understands that it has
moved back to S, from its apex point in its previous LCM cycle. So, it changes its color to
OFF. The positions of the FINISH-colored robots in /n£(R) help the OFF-colored robots on
S, to decide their final positions inside R. If r is a non-terminal robot on S;, r waits till it
becomes terminal on S;. If r becomes a terminal robot with color OFF and all the robots
on Int(R) are with color FINISH, we list down the following three sub-cases based on the

different positions of FINISH-colored robots, where r decides to move to a target point ¢,.

e Case 2.1: r finds a FINISH-colored robot on iSr and some robots on [S?pp, is?””])

e Case 2.2: r finds a FINISH-colored robot on iSfpp, but not on [S;, }LSr]
* Case 2.3: r finds a FINISH-colored robot on %Sr

In the above cases, r first identifies the sides SS, and SS;)p P 8S, is the shortest side of
R for which the intersection point of S, and SS, is visible to r. SS;”” is the opposite side
of SS,. Afterwards, r sets L = %S, when Case 2.3 occurs, as depicted in Fig Otherwise
(for Case 2.1 and Case 2.2), it sets L = isr, as shown in Fig. r now considers a set
Fr, that consists of all the FINISH-colored robots lying on }lSr, iS?pp, and %Sr. It now

calculates d = mifn{min{d(r',SSr),d(r',SSfpp)}}. Let ry,1o,...1x be a sequence of robots
r'eF,
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of maximum length on L starting from the robot r; with d(r;,SS;) = d till the robot ry
such that two consecutive robots in the sequence are exactly 2d distance apart from each
other. When no robot is on L, we consider k = 0. Finally, r moves to ¢, on L such that
d(tr,SS;) = (2k + 1)d after changing its color to FINISH from OFF. In all other situations, it
is possible that a FINISH-colored robot is in its move phase towards its target point or it is

on its apex point. In those cases, r maintains the status quo.

bt opp
50
i
r3 T2 A
- @& - - - - - - - - - - - o---0---0-
[FINISH] 1 qopp [FINISH] il [FINISH] [FINISH]
opp 4ST
S0 SS,
1
ZST tT
—————————————————————————— /'o—
[oFF)
r S,

Figure 7.14: r moves to iSr from S, by taking help of the FINISH-colored robots on iS?pp
When r gets activated with the color FINISH and finds itself on either }lsr or %Sr, it

terminates.

7.3.2 Analysis of the Algorithm

Here, we analyse the algorithm RECTANGLE_PARTITION. We prove the correctness and the
time complexity of this algorithm. We also show that the movement of the robots is free
from collision. For our convenience, we refer to the rectangular region ® as ABCD with two

longest sides AB and CD throughout the analysis of RECTANGLE_PARTITION algorithm.

Lemma 7.3.3. All the robots not lying on one of the two longest sides of R, move to one of the

longest sides of R without any collision.

Proof. Let EF divide the rectangle into two halves, as shown in Fig. The robots lying
inside the rectangle ABFE choose the side AB as their target and move to some points on
it. Similarly, the robots inside the rectangle CDEF move to some point of the side CD. The
robots on EF choose any of the two sides AB and CD as the target side and move to it. Let

us consider a robot r on EF that chooses the side AB as the target side, but there are robots
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on the line segment 7p, which are nearer to AB. In this case, r waits until all these robots
reach some point on AB. So, eventually, r gets the chance to move to a point on AB.

Now we choose another robot 1’ lying inside ABFE, but not on L,. We show that r and
r’ do not collide in their way to AB. For both r and r’, if the two points p, and p, remain
empty, they follow the path 7p; and r'p, to move to AB. Since, 7p;||r' p,s, r and r’ cannot
collide in this movement. Let us assume that p, and p,s are non-empty and r’ is the nearest

robotin V. So, r calculates a point , on AB such that d(p;, t;) < 3d(r',L,) < 3d(r', L,).

Algorithm 17: RECTANGLE_PARTITION
1 if r.color = OFF then

2 Follow RECTANGLE_TARGET_SIDE() to calculate S,

3 | if r isnota boundary robot on S, then

4 Follow TARGETPOINT_ON_SIDES() to find a target point

5 Move to the target point with the current color OFF

6 | else// r lies on one of the longest sides of R

7 if r is a monitor robot on S, then

8 if Each of S, and S;"" contains only one robot then

9 Change r.color to FINISH

10 L Move to the midpoint of iS -
11 elseif S'”? has exactly one robot, but S, has more than one robot then
12 L No change in color and position
13 elseif S, has exactly one robot, but S?PP has more than one robot then
14 Set S(r)pp as the target side and follow TARGETPOINT_ON_SIDES() to

find the target point

15 Move to the target point with the current color
16 else

17 Follow MoVE_To_APEXPOINT() and calculate the apex point a,

18 Change r.color to FINISH from OFF

19 Move to the point a,
20 elseif r is a terminal robot on S, with a FINISH-colored robot on %S, or %Sr

or iS‘r’p " then

21 Follow MOVE_To_FINALPOINT() to compute the target point
22 Change r.color to FINISH
23 Move to the target point
24 else
25 t No change in color and position
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26
27
28

29
30
31
32
33
34

35

36
37
38

39
40

41

42
43
44

45
46

47

48
49

50
51

52
53

elseif r.color = FINISH and r lies on %Sr then
if there is an OFF-colored robot visible in Int(R) then
t r does not move and change its current color

else
if r finds all the FINISH-colored robot on S, and 3S,"" then
c} «—— Number of robots on [S;, %S ] including itself
¢2 — Number of robots on [S;"”, 1577"]
if 0 < ¢? < ¢! then
S, is the target side and follow TARGETPOINT_ON_SIDES() to find a
target point
Move to the target point with the color FINISH
elseif 0 < ¢! < ¢ then
if there is a FINISH-colored robot on [S.F”, %S?pp] then
L r does not change its color or position
else
S?P? is target side and follow TARGETPOINT_ON_SIDES() to find
the target point
Change its color to OFF and move to the target point

else // 0<cl=c% or 0=c><c}
Follow MoVE_To_FINALPOINT() to find a target point
| Move to the target point with color FINISH

else if a FINISH-colored robot on (S, £S) then
S, is the target side and follow TARGETPOINT_ON_SIDES() to find a target
point

| Move to the target point with the color FINISH

else
L No change in color and position

elseif r.color = FINISH and r lies on S, then
t Change r.color to OFF without any movement

else // r.color = FINSH and r lies on %S, or iSr
t r terminates.

Eve

n if 7’ calculates its target point ¢» on the line segment AB, we have d(py, ty) <

Yd(r',Ly). Thus, d(t,t) = d(py,py) — d(py, &) — d(pp, t) = d(r',L;) — 1d(r',L;) -

id (r',L;) > 0. Moreover, the line L passing through the midpoint of ¢, t, separates the two

paths 7 ¢, and r't,s, as depicted in Fig So, the two robots r and r’ cannot collide. In

TH-347

5 186123017



7.3. Algorithm for a Rectangular Region 157

the case of r and r’ lying on the same line, they move sequentially to the side AB, because

of which they cannot meet a collision.
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Figure 7.15: Collision free movement of

the robots r and r’, even in simultaneous
execution

Figure 7.16: Montior robots move to their

respective apex points to see all the robots
present in the region

Algorithm 18: RECTANGLE_TARGET_SIDE()
1 if r is an interior robot then
2 t Choose one of the nearest longest side of R as S;

w

else if r is a corner robot then
4 L Choose the incident longest side of i as S,

5 elseif r is a boundary robot on one of the shortest sides of R then
t Choose one of the nearest longest sides of i as S,

else

[=2]

® N

t Choose the side where it is currently situated as S,

Lemma 7.3.4. A monitor robot r lying on S, selects its apex point a, on %Sr so that all the

robots on R are visible to it after its movement.

Proof. We want to take advantage of the properties of the convex hull. Let us consider a
convex hull CH® of N points where all the points lie on the boundary of CH°. If a point v
and its two neighbours are three vertices of CHC, then no two points on CHE are collinear
with v. By the definition of a monitor robot, r must be a terminal robot on S,. Let us
denote the convex hull of all the robots of by CHE. Let us further assume that r’, r; and
r» are the other monitor robots in R, where r’ lies on S, and both r; and r, lie on S‘,’p P

(Fig. [7.16). Observe that all of r, 1/, r; and r, are vertices of CH® (shaded region with red
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Algorithm 19: TARGETPOINT_ON_SIDES()

1
2
3
4

5
6

10

11
12

13
14

15
16
17
18

19
20

V, — The set of all robots not lying on L,
if the target side of r is S, then
if p, is not visible to r then

t No change in color and position

else
if (r is a boundary robot not lying on one of the sides S, and S;"" of R with no
roboton p;) Vv (r is an interior robot with another robot on p,) v (r isa
corner robot) then
if V, is empty then
Choose the point ¢, as the target point on the side S, such that
L d(py, t;) = ymax{d(e} ,p,), d (€5 , pr)}

else
L Choose the target point £ on S, such that d(p,, t;) = i milgl{d(r’,Lr)}
r'eV,

else if r is an interior robot with no robot on p, then
t r chooses the point p, as the target point

else
t r does not move or change its current color

else
pyF? < The point of intersection L, and S;"”
if p?’? has no robots on it then

t Choose the point p;”? as the target point

else
Choose a point £, on S-7” as the target point such that
d(p;"?, ) = mind(r',L,)
r'eV;,

Algorithm 20: MOVE_To_APEXPOINT()

[

w

if S°PP has some robots on it then
rNpr — The neighbour of r on C#, lying on (5277, %S?pp]
Choose the point of intersection of %Sr and the line rryy, as the target point a,

else
L Choose the point of intersection of %Sr and L, as the target point a,

boundary), and r; is one of the neighbours of r. After activation, r chooses the point of

intersection of the line 777 and %S r as its apex point a,. Since r follows a path to a, on the

line 771, it remains a vertex of CH after the movement. If the other neighbour (lying on
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Algorithm 21: MOVE_TO_FINALPOINT()

1 if r.color = FINISH then

2
3
4

10

11

12
13

14
15
16

17

18

19

20

21

22

if0 < c} = c? then

rnpr — The neighbour of r on CH, whose nearest longest side is S;””

SS, «— The shortest side of ® which either lies on or intersects the half
plane delimited by the line rryj, where no other robot in R is present

Compute the target point £, on iSr such that d(t,,SS;) = Len(S,)

L 2¢;
Ise // 0=c?<c}
SS; < The shortest side of R which lies on the half plane delimited by L,
where no other robot in R resides
Calculates the target point ¢ on %S » such that d(¢,,SS;) = Len(Sy)

20}

(«]

else

S§S, < The side of R for which the intersection point of S, and SS; is visible to r
$S?PP — The side of R opposite to SS,
if r finds a FINISH-colored robot on iSr but no robot on [S;"?, L—llsfpp] then

t r does not change its color and position

else
if there is a FINISH-colored robot on %Sr then
L Choose L = %Sr

else // (a FINISH-colored robot on iS, and some robots on
[Sfpp,iS?pp]) or (a FINISH-colored robot on iS?pp, but not on
S, 51

t Choose L = iSr

JF — Set of all FINISH-colored robots

Calculate d = mi]rrl{min{d(r’, SS,),d(r',SS7PP
r'eF,

r,Tr2,---, I is the sequence of robots of maximum length on L starting from
ry with d(r1,SS;) = d till r; such that two consecutive robots in the
sequence are exactly at 2d distance apart from each other
Choose the target point #, on L such that d(z,,SS,;) = 2k +1)d

S,) of ris r”, then r”’ becomes a vertex of the convex hull CHC as r has moved to a,. If the

robot r; stays on So7”, it remains a vertex of CH . In simultaneous movement with r, r;

also follows a path on 77, leading r; to remain a vertex of CHO. Similarly, if 7’ and r, move

to their respective apex points, they remain as vertices of CH® (shaded region with blue

boundary). So, no two robots become collinear with r after moving to its apex point.

When all the robots lie on one side S, (r; and r, do not exist), a;, is the point of inter-
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section of éS » and L,. If another monitor robot r’ moves simultaneously with r to its apex
point a,» on %S,, all other robots lie between L, and L,» and on S,. Hence, r can see all the

robots on S, after moving to the apex point a,. O
Lemma 7.3.5. A robot r moves to its apex point a, on éS, without any collision.

Proof. When all the robots are positioned on one longest side, say CD of &, two monitor
robots lie on CD. In this case, if r and r’ be the monitor robots, they choose their respective
apex points a, and a,» on %CD (as it is the same as %S, and %Srr) such that 7a, L. CD and
r’_ar/ 1 CD. This implies 7a; || r’_a,/, which means that the two robots cannot collide.
When both the longest sides have some robots, there can be at most four monitor
robots. Without loss of generality, we assume that r; and r, are the two monitor robots
on S-PP along with r and r’ being the monitor robots on S,. As depicted in Fig r is
a neighbour of r on the convex hull CHEC. r cannot meet a collision with 7 and r; even in
case of simultaneous movement because a; lies on %S, whereas a,, and a;, lie on %S?p p
(which is same as %S r). Tt is also not possible for r to collide with 7/, as r and r’ follow the

paths 777 and 1'r» which are two different sides of the convex hull CHC, as described in

Lemmal7.3.4] O

Remark 7.3.6. When neither there is a OFF-colored robot in Int(®) nor a FINISH-colored

robot on (éSr, %S,), a FINISH-colored robot lying on %Sr accurately calculates c} and cf,
where c} is the total number of the robots on S, and on the band [S;, %S ] including itself.

c? is the total number of robots on S;”” and on the band [S;7”, iS(r’pp].

Lemma 7.3.7. If the longest side AB of R contains less number of robots than the other

longest side CD, all the robots on AB move to CD without collision.

Proof. Let r be a robot on AB which means S, = AB and CD = S;"”. Let us assume that r
is a terminal robot on S,. If there exists a OFF-colored robot r’ in Int(R), either r’ is moving
towards one of the longest sides from its apex point, or it is still in its initial position. In both
situations, r’ eventually allocates itself on one of the longest sides of R, by Lemma [7.3.3]
So r eventually becomes a monitor robot. It then moves to its apex point a, and checks

whether there is any FINISH-colored robot r” in [SF7, %S(r’pp]. When r” finds c;,, > cf,,, it
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moves back to S;””. After this, r accurately computes c! and c? by Remark By the
assumption of this Lemman cl < c?, so it finds p;"?. r moves to p;”?, if it is empty.
If not, r finds a point ¢, on S-P” such that d(¢,, p;’") = 1/4??3 d(r',L;) and moves to
the point #,. By similar arguments presented in Lemma thris type of movement is
collision-free even if there is another robot simultaneously moving towards S;" . If r is not
a terminal robot on §;, it eventually becomes a terminal robot and thus, every robot on AB

moves to some point on CD. O

Remark 7.3.8. Eventually, either one of the longest sides contains all of the robots of R, or

both the longest sides contain an equal number of robots.

Lemma 7.3.9. For a FINISH-colored robot r lying on §S, with0 < c} = ¢ or0=c? <c},

when there is no robot on (l Sy, LS,), it terminates to a unique partition of R and the move-

r;8

ment is collision-free.

Proof. We first prove the lemma when r satisfies 0 < clr = cf. In this situation, r first checks
whether any OFF-colored robot exists in Inf(R). If such a robot r’ exists, it must be in the
move phase towards its target position. Since r lies on %Sr in the current LCM cycle, it
must have been qualified for the monitor robot when it was situated on S; and did not
find OFF-colored robots in Int(R). Thus, in the current LCM cycle of r, the robot r’ must
be in the compute or move phase, aiming towards one of the longest sides of R from its
apex point a,.. Therefore, r eventually finds no OFF-colored robots in Int(R). After this,
according to our strategy, one of the shortest sides is selected as SS,. There can be another
robot r” exists that satisfies all the conditions similar to those of r. Then, if it is activated
simultaneously with r, it also chooses SS;~. Let’s consider r; as the neighbour of r on the
convex hull CH,. If the shortest side AD lies within or intersects the half-plane defined by
the line 771, where no other robot of R resides, then r assigns SS, = AD, and r” assigns

SS,» = BC. Otherwise, SS, = BC and SS,» = AD. Thus, the selection of SS, and SS,~ are
len(S,)

r

Similarly r” chooses its destination point on 7 S (as it is same as 1S 1) at le"(S’) distance

different. Then, r chooses its destination point on 1S at

distance away from S§;.

len(Sr

r

away from SS,». These two destination points are len(S;) - ) distance apart from each
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other, and the movement is free from any collision. So r and r” both move to separate

len(SSy) % len(Sy) — len(AC)-len(AB)

partitions, each with an area —; A 5ol
r r

We now prove the lemma when 0 = ¢? < ¢;. Similar to the previous arguments, r must
eventually see no OFF-colored robot on Int(R). If another robot r” satisfies conditions

similar to those of r, they find SS, and SS,» individually. According to our algorithm, r

len(S;)
2 1

chooses its destination point on %S, at distance away from SS, and r” chooses its

legc(f’) distance away from SS,~. By a similar argument, it can
1

be proved that r and r” reach different partitions, each with the area len(SS,) x %

destination point on %S rat

Now, we prove that the movement of r is free from the collision. Without loss of gener-
ality, we assume that " lies on the right half plane delimited by L,. Then SS, must lie on
the left half plane delimited on L,. Since d(¢,,SS;) < d(t,,SS;) for ¢,,t» lyingon L = %Sr
(or }ISr), t;n lies on the right of ¢, on L. If ¢,,;4 and r,;,;4 are the midpoints of the line seg-
ments 7, f,» and rr", respectively, the line Tmid T mid separates the two paths 7, and 7' f,.

Hence, the movement of r is free from collision even if 7"’ simultaneously moves with . [

Lemma 7.3.10. A OFF-colored robot r, which lies on S; and satisfies one of the following
conditions, terminates to a unique partition of R, and the movement is collision-free.

(i) r finds a FINISH-colored robot on iSr and some robots on [SyF?, iS‘r’pp].

(ii) r finds a FINISH-colored robot on is‘;p’”, but noton [S;, %Sr].

(iii) r finds a FINISH-colored robot on %Sr.

Proof. If r satisfies (i), it first identifies the side SS;, as described in Case 2, and r follows
the Type II partitioning. Another robot r’ on S, might exist that satisfies conditions similar
to those of r. It also chooses SS,- if it is simultaneously activated with r. If the point of inter-
section of S, and AD is visible to r, it selects AD as SS, and r’ selects BC as SS, . Otherwise,
SS; = BC and SS,» = AD. Thus SS; and SS, are different. r sets L = iSr and computes the
number £k, d, its target point ¢ on L such that d(z,,SS;) = (2k + 1)d, as explained in Case
2. Similarly, r’ can find its target point ¢,» on L such that d(t,/,SS,") = 2k’ + 1)d, where k'
is the length of the sequence of robots on L considered by the robot r’ with respect to SS,.
Observe that d(t,,t) = len(S;) —2(k+ k' +1)d >0, as len(S;) = 2(k+ k')d + 4d and d # 0.

Hence, r terminates at a unique partition of . When r satisfies (ii) and (iii), by similar
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arguments as above, we can prove that it terminates at a unique partition of R.
Using analogous reasoning as presented in the proof of collision freeness in Lemma

we can demonstrate that the movement of r is also free from collisions. O

Theorem 7.3.11. Our algorithm RECTANGLE_PARTITION solves the uniform partitioning
without collision for the rectangular region in O(N) epochs, where N is the total number

of robots in R.

Proof. By Remark [7.3.8} eventually, either all the robots lie on one of the longest sides of
R, or both of the longest sides have an equal number of robots. On both accounts, a robot
r must qualify as a monitor robot, which later moves to its apex point and finds either
0<cl=c?or0=c?<cl ByLemmal7.3.9 itis ensured that r terminates at a unique
partition of R (it lies either on %Sr for Type I partitioning or on iSr for Type II partitioning).
After termination of r, if there is an OFF-colored robot r’ on one of the longest sides, the
position of r helps it find its destination point either on %Sr or on isr. Lemma
ensures that r’ terminates at a unique partition of ).

In the worst case, initially, all robots lie on a line inside R. It takes O(/N) epochs for
all the robots to reach the boundary, as the movement of the robots will be sequential.
Monitor robots on the sides of R move to their apex point in one epoch. Moreover, if the
two longest sides of R have different numbers of robots, the robots move from the longest
side with fewer robots (say AB) to the other longest side (CD) of R. A monitor robot r on
AB gets activated and moves to its apex points in one epoch. Since the number of robots
on CD is more, r needs to wait till all the robots on [S'r)p R %S?p ] move back to CD, which
requires four epochs, as each of the two FINISH-colored robots lying on %CD might take
one epoch to reach CD and one epoch to change its color to OFF. It might also need to wait
for one epoch if there is another robot on (%S £S,) moving towards CD. When no such

mg
robot exists on (%Sr, %Sr), r calculates c} and c% (by Remark and decides to move to
CD which takes one epoch. So, it needs seven epochs for r to move to CD from AB. In the
worst case, it is possible that the robots on AB sequentially execute the movement to CD.
So, this process takes O(N) epochs to complete. So, all the robots reposition themselves

on exactly one longest side or get distributed equally among the two longest sides of R
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takes O(IN) epochs. When all the robots are on one longest side CD of R, there can be two
monitor robots r and r’. They reach their respective apex points in one epoch. In the worst
case, r' gets activated first and moves to its final position on %CD. While r’ is executing
its movement, r gets activated and finds 1’ on (%CD, ICD) (as S, = CD). So, it decides to
move back to CD with color FINISH, which needs one epoch. When it reaches CD, it needs
another epoch to change its color to OFF. When r is again activated and finds 7’ on %S it
calculates and moves to its final position on %S r in one epoch. Thus, r needs at most four
epochs to reach its final point. In the worst case, the other OFF-colored robot on CD moves
to their final point one by one, requiring O(NN) epochs. On the other hand, if the robots are
distributed equally on both the longest sides, by similar arguments as above, we can prove
that the robots need O(N) epochs to terminate. So, overall, the algorithm requires O(N)

epochs to achieve uniform partitioning when the region is rectangular.

Lemmal7.3.3}(7.3.5(7.3.7} and|[7.3.10|ensure that the movements of the robots are

collision-free. O

7.4 Algorithm for a Square Region

The region R is considered to be square in this section. Our proposed algorithm

SQUARE_PARTITION uses 5 colors described in the Table[7.1]with their specification.

7.4.1 Description of the Algorithm

From any initial deployment of the robots inside R, our target is to move the interior
and corner robots to the boundary. A robot r, after activating with color OFF, determines
whether it is a corner, boundary or interior robot. In case of r being a corner or an interior
robot, it finds a target side S, and moves to a point on it with maintaining its color OFF.
Then r waits for other interior robots and the visible corner robots to move to one of the
sides of R.

If r is a corner robot, it chooses any of the incident sides as S,. In the case of r being

an interior robot on R, it selects one of the nearest sides from its current position as S;.

TH-3475_186123017



7.4. Algorithm for a Square Region 165

The strategy is the same as the rectangle. Since there is no shortest side in a square, the
difference here is when r is a boundary robot in R, it does not move. In all other cases, a
target point ¢, is calculated on S,, and the robot r moves to it with color OFF by following a
movement strategy similar to the strategy MOVE_TO_LONGESTSIDES.

After this, the outline of the strategy for the square region has similarities with the algo-
rithm RECTANGLE_PARTITION. In rectangular regions, we ask the monitor robots to move
at a particular distance from the longest sides and make them compare the number of
robots near the two longest sides of the region. If the number is not the same, we bring the
robots from the side with fewer robots to the side with a larger number of robots. In the
case of the square region, we follow a similar strategy, but here, the robots can be situated
on any side of R. If all the robots are distributed among the two sides S, and S;"”?, the robot
r follows the Type I or the Type II partitioning. For other cases, r follows Type III and Type
IV partitioning. We define some new notations and conventions to describe the algorithm

for the square regions.
e (Cisthe center of the square R.

* The triangle ACege%, denoted by AS, is called the side triangle of the side S where e

and eg are the endpoints of the side S.

* When we say that r lies on AS, we mean that r lies either on the side S or strictly

within the triangle ACege2, but not on C_eé or C_eg.
* |S| denotes the number of robots lying on the side triangle AS of S.
« For the robot r, St and S® represent the sides of R other than S, and S;"”.
S, is the nearest side of the square R for the robot r.
e D, and D;"? are the two diagonals of R for the robot r.

* Max, represents a set of all sides with the maximum number of robots lying on their

corresponding side triangle.
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Max, helps r to decide which side triangles contain the maximum number of robots. For
example, Max, = {S;,S;"P} if |S,| = |S;PP| > |SE|, |SR|. Here, the sides S, and S;"” have
the maximum number of robots. Our aim is to move all the robots from the sides not in
Max, to the sides in Max,. When Max, contains all the sides of R, all the four sides have
% robots.

Now, we redefine the monitor robot for the square region. A robot r on S, is called a
monitor robot (refer to Fig. if all the four conditions are satisfied. (i) r is a terminal
robot on S,. (ii) ((Sr,%Sr) NAS;) U ((%S,,%Sr) N (%Sf,%Sf)) has no robots (shown as the

shaded region). (iii) All the robots on (S;””,187""1uU (S, 3SE1 U (SR, 3SR are with color
MONITOR. (iv) There is no visible corner robot.
We differentiate the rest of the algorithm into three major cases for a terminal robot r

lying on the side S,
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Figure 7.17: r qualifies to be a monitor Figure 7.18: r moves to its apex point a,
robot considering the convex hull CH,

Case 1 (r is a monitor robot and I/7nt(R) has no robot with color FINISH or FINISH1 or
FINISH2): Computing Max, is possible when r moves to a point in Int(R), referred to as
apex point, to calculate the number of robots on each side. The apex point must be chosen
so that r gets to see all the robots in R, and it does not obstruct the visibility of any other
robot after the movement. Also, we want r to lie within AS; so that it can choose S, easily.
If S; has no other robot, it does not need to move to an apex point. Rather, it can find out

M ax, without moving from S, and directly follow the movement strategy for the MONITOR-
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colored robots lying on (S, %S +], which is described later in this case. We now discuss the
movement strategy of a monitor robot r lying on S, to its apex points where |S,| = 2.
Strategy MONITORROBOT_MOVEMENT_SQUARE: If the robot r does not find any robot on
AS?PP nor ASE nor ASE, it chooses the point of intersection of L, and %Sr as its apex point
ar and moves to it with color MONITOR. Otherwise, r finds the neighbour ryy,, on the con-
vex hull CH,, which does not lie on the side S,. r also finds the neighbour ryy,, on CH,
other than ryj,, which lies on S;, as shown in Fig It calculates the apex point a, on
the line segment rryy,,, such that d(r, a,) = %min{d(r, D,),d(r,D;FP), d(r, iSr), d(r, rnpr)}-
The point a, is chosen on 77y}, to ensure that r does not become an obstruction for other
monitor robots after its movement. Moreover, it also ensures that r does not cross D, and
D(r)p P allowing r to accurately determine S, (so that it remains the nearest side to r) after
moving to the apex point. We also want r to lie on or below the line segment %Sr, as our
aim is to terminate r either on %S . iS - %S r O %S . Additionally, we do not cross the line
Lyy,,, after the movement to ensure that all other robots on S, must be on one side of the
half-plane delimited by L. Finally, r changes its current color to MONITOR and moves to a,.
Next, we explain how a MONITOR-colored robot r lying on (S,, %Sr], decides its destina-
tion based on Max;,. It moves from its apex point either to one of the sides or to the final
position.
Movement of a MONITOR-colored Robot r lying on (S;, %Sr]: If r sees any OFF-colored robot
in Int(R), r does not change its color or position. Otherwise, before calculating Max,, r
checks whether there is any visible FINISH or FINISH1 or FINISH2-colored robot. These
three colors are used when a robot moves to its final position. Such a robot might lead to
the miscalculation of Max;,, as it can become an obstruction for r. We explain the rest of
the algorithm using a proper example and figures for better comprehension. We consider
a square with corners ep (common corner of §; and Sf), eq (common corner of S, and Sﬁ),
er (common corner of S;”” and S¥) and ey (common corner of S;”” and S), as depicted

in Fig. We now identify four sub-cases.

e Casel.l (r sees aFINISH-colored robot): r waits till all FINISH-colored robots reach

%S, or iS, or %S,. The robot r now moves to its final position on L = %S, or iSr
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with color FINISH by following the same movement strategy as an OFF-colored robot,
described in Case 2 of RECTANGLE_PARTITION algorithm (Section[7.3). The only dif-
ference is the choice of SS,, which, in this case, belongs to {Sf, Sf} (as there is no

shortest side in a square).

e Case 1.2 (r sees a FINISH1-colored robot): r waits till all FINISH1-colored robots
reach %Sr or %S where S € {Sf,Sf}. Let ¢ be number of FINISH1-colored robot on
%S . Note that ¢ < 1 in this case. Let us also assume that ¢’ is the number of robots
lying on AS, without the color FINISH1. Without loss of generality, let us assume

S = SE. r first chooses the corner ey, as the vertex of Type III partitioning and then

len(S;)
c+c’

calculates two points A and B on S, which are distance away from ep and
eq, respectively, as shown in Fig. If S°PP lies on the half plane delimited by
L, where other robots on AS; lie, r chooses the triangle 7 = A Aepeg. Otherwise, it
chooses 7 = ABegegr. r moves to the centroid of the triangle 7 after changing its

current color to FINISH1 from FINISH.

ex | er ex et Sorp : eR
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[ ]
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1 [ J
® D, DrE N
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T
ep e ep Sr A [MONITOR] 8 B eo

Figure 7.19: The movement of r for Type Figure 7.20: The movement of r for Type IV
III partitioning when r.color = MONITOR partitioning when r.color = MONITOR

e Case 1.3 (r sees aFINISH2-colored robot): r waits till all the FINISH2-colored robots

0]
pp’sfj

lie on %S where S € {S;, S, ,SB}. Afterwards, r computes the two points A and B

len(S;)
ISy

If ep and all the other robots on AS, lie on the different half plane delimited

on S; which are

distance away from ep and e, respectively as shown in Fig.

by L,, the triangle 7 is chosen that satisfies 7 = AAepC. Otherwise, it chooses T =
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ABeqpC. Then r moves to the centroid of the triangle 7 after changing its current

color to FINISH2 from FINISH.

e Case 1.4 (r does not see any FINISH or FINISH1 or FINISH2-colored robot): In this
case, r considers Max, to understand the type of partitioning of the region ®. We
identify ten sub-cases, out of which the first four sub-cases discuss the process of
choosing the type of partitioning and the movement of r to the final position in its

respective partition.

— Case 1.4.1 (Max, = {S,} and AS contains no robot for all S € {S;"”, St SF}):
Similar to Case 1.4 in the algorithm RECTANGLE_PARTITION (in Section|7.3), r

moves to the final position on %Sr with color FINISH by considering SS; from

{SE, S5y

~ Case 1.4.2 (Max; = {S;,S;""} and no robots on AS for all S € {St, SF}): Similar
to Case 1.3 in the algorithm RECTANGLE_PARTITION (in Section[7.3), r moves to

the final position on iSr with color FINISH by considering SS, from {Sf, Sf}.

- Case 1.4.3 (Max, = {S,,S} and both AS;”” and AS°P” contain no robot where
S € {SE, SB}): Without loss of generality, let us assume that S = St. Similar to
Case 1.2 of SQUARE_PARTITION algorithm, r calculates two points A and B on
Sy, as illustrated in Fig[7.19] It selects the triangle 7 and moves to the centroid
of 7 after changing its color to FINISH1 from MONITOR.

— Case1.4.4 (Max, = {S;,S;"?, Sk, SB}): Similar to Case 1.3 of SQUARE_PARTITION
algorithm, r finds the triangle 7 and moves to the centroid of the triangle 7, as

depicted in Fig after changing its current color to FINISH2 from MONITOR.

For the remaining six sub-cases, r chooses a target side before its movement. Our
aim is to gather all the robots to one of the four sides of R. If, due to symmetry,
it is not possible, robots should be gathered on two sides of ®. When Case 1.4.1,
Case 1.4.2, Case 1.4.3 and Case 1.4.4 do not hold, the following cases may occur for

different Max,. r decides a side as its target for its movement based on Max;.
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— Case 1.4.5 (Max, = {S;y, S?pp, S} where S € {Sf, Sf}): Without loss of generality,
if S = SL, the side S has the minimum number of robots. We target to move r
to the side S, which is opposite to the side having minimum number of robots.

So, r sets the side S as its target side.

— Case 1.4.6 (Max, = {S} or {S, S'}, where S, S’ € {SL, SB} with S # S'): In this case,
either one or two adjacent sides to S, contain maximum number of robots. So

r targets to move on one of them accordingly. The target side is chosen to be

the side S.
— Casel1.4.7 (Max, = {Sf,Sf,S‘,)pp} or {S?pp}): The target side is the side Sfpp.

— Case1.4.8 (Max, =S, S‘,)pp}, where S € {Sf, Slf})): The target side for r is S.
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Figure 7.21: r moves back to S, from its Figure 7.22: The movement of r to Syg;
apex point a, considering the convex hull when the half plane delimited by L, has no
CH, MONITOR-colored robot

- Case1.4.9 (Max, ={S;} or {S;, Sf, Sf}): In this case, r chooses S; its target side.

- Case 1.4.10 (Max, = {S,S,} where S € {S;"7, SL, SB}): S, is the target side of r.

Let Stg; be the target side of r and L), be the line passing through r and parallel to Stg;.
If Srg: = Sy, then r considers the line m (ref. Fig where ryy,, is the neighbour
of r on the convex hull CH, not lying on AS;. It moves to the point of intersection ¢, of
S; and m with the current color MONITOR. If r gets activated again with color MONITOR
on §;, it changes its color to OFF with no movement. When S7g; # S;, r waits until there

is no MONITOR-colored robot lying on the half plane delimited by L) that contains Srg;, as
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shown in Fig. r moves with color OFF to the target side Stg;, by following the similar
movement strategy as MOVEMENT_TO_LONGESTSIDE. The above cases can interchange-
ably occur in different LCM cycles of a robot r.

Case 2 (Int(R) hasFINISH-colored robots): r understands that the partitioning of R would
be of Type Il after seeing a FINISH-colored robot. r figures out its final position by looking
at the positions of the robots with color FINISH. r follows the movement strategy similar to
Case 2 in RECTANGLE_PARTITION algorithm (Section [7.3) to move to the final position on
%Sr (for Type I) or on iSr (for Type II) with color FINISH.

Case 3 (Int(R) has FINISH1-colored robots): r understands the partitioning would be of
Type III after seeing FINISH1-colored robots. r figures out its final position by looking at

the positions of the robots with color FINISH1.

« 1St has FINISH1-colored robot: r chooses the side S = S
. %Sf has a FINISH1-colored robot: r chooses S as S.
« Arobot lying on the side triangle of ASL: r chooses the side St as S.

« Arobot lying on the side triangle of AS%: The side S¥ is chosen as S.

The robot r waits till all the FINISH1-colored robots lie either on %S , Or on %S. Without
loss of generality, we assume S = St. At this point, r understands that the partitioning is
of Type IIL. It chooses the point of intersection of S;”” and S°PP (i.e., the corner ey in this
scenario) as the vertex of Type III partitioning. D, is the diagonal of the region R passing
through the vertex of Type III partitioning and D’"” is the other diagonal of R. Now it

computes the length of the base bl of each triangular partition depending on the positions

of the FINISH1-colored robots, as shown in Fig. So, there could be two sub-cases.

¢ Case 3.1 (There is a FINISH1-colored robot on %Sr): Let ' be a terminal robot on
%ST with color FINISH1. Let bl; be the length of the base of the triangle whose one
side is D, and the centroid is 7. bl, is the length of the base of the triangle whose one

side is S°PP and the centroid is at r’. So, r computes bl such that bl = min{bl;, bl,}.
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¢ Case 3.2 (There is no FINISH1-colored robot on %S +): In this case FINISH1-colored
robot (say ') must be on %S. Like the previous case, bl is computed by finding bl;
and bl,. The definition of bl; is the same as in the previous case (Case 3.1). We

SOPP

calculate bl, by considering the triangle with one side of and the centroid at r’.

Let u; be the point of intersection of %S, and the diagonal D,. u, is the point of inter-
section of %S, and S°PP. If the side S°P? lies in the half plane delimited by 7er, where the
other robots on S, reside, r finds the number of FINISH1-colored robots ¢ on %Sr starting
from the robot bl/3 distance apart from u; towards u, such that two consecutive robots are
at 2bl/3 distance away from each other, as depicted in Fig. Then, it changes its color
to FINISH1 and moves to the point ¢, on %Sr such that ¢, = Centroid(Aeyegrez), where ey
and ez are the points on S, satisfying d(ey,ep) = c- bl and d(ez,ep) = (c+1) - bl. Other-
wise, ¢ is calculated as the number of robots on %S, starting from the robot bl/3 distance
apart from u, towards u; to a robot such that two consecutive robots are at 2bl/3 distance
away from each other. r moves to £ on %Sr such that ¢, = Centroid(Aeyegey), where ey

and ey are the points on S, satisfying d(ey, eg) = ¢- bl and d(ez, eq) = (c +1) - bl with color
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Figure 7.23: r’s movement for Type III par- Figure 7.24: r’s movement for Type IV par-
titioning for r.color = OFF titioning for r.color = OFF

Case 4 (Int(R) has FINISH2-colored robots): In this case, r understands that the parti-
tioning would be of Type IV after seeing FINISH2-colored robots. r waits till any robot with
color FINISH2 lying on the side triangle of a side S reaches %S, where S € {S;, Sfpp, Sf, Sf}.

It now needs to calculate the base length bl of the triangular partition. Let 7’ be a FINISH2-
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colored terminal robot on %S,/, in Fig. Let us also consider that bl is the length of
the base of the triangle whose centroid is 7/, and the two vertices are C and eér,. bl, is the
length of the base of the triangle whose centroid is ' and the two vertices are C and e%r,.
Now, r calculates the base length bl = min{bl;, bl>}. D, and D‘r)pp are the two diagonals
of passing through ep and e respectively. Let us further assume u; (and uy) is the point
of intersection of %Sr and D, (and D;”?). If the line segment C_eQ lies on the half plane
delimited by the line (r_C), where other robots on S, reside, r finds the number of FINISH2-
colored robots c on %Sr starting from the robot bl//3 distance away from u; towards u, such
that two consecutive robots are 2bl/3 distance apart from each other. Finally, r changes
its color to FINISH2 and moves to the point ¢ such that ¢, = Centroid(ACeyeyz), where
ey and ey are the points on S, satisfying d(ep,ey) = ¢c- bl and d(ep,ez) = (c+1) - bl. Oth-
erwise, if the line segment C_eQ lies on the other half plane delimited by the line <r—(:‘, where
other robots on S; reside, r finds the number of FINISH2-colored robots ¢ on éS r starting
from the robot bl/3 distance away from u, towards u; such that two consecutive robots are
2bl/3 distance apart from each other. Finally, r changes its color to FINISH2 and moves to
the point ¢, such that ¢, = Centroid(ACezey), where ez and ey are the points on S, sat-

istying d(eg,ez) = c-bl and d(eg,ey) = (c+1) - bl.

7.4.2 Analysis of the Algorithm

In this subsection, we analyse the algorithm SQUARE_PARTITION. The movement of the
robots is free from collision. The following lemmas and theorems provide the correctness

and time complexity of the algorithm.
Lemma 7.4.1. All interior and corner robots move to the boundary without collision.
Proof. The proof of this lemma follows from Lemma(7.3.3 O

Lemma 7.4.2. A monitor robot r lying on S, selects its apex point a, on (Sy, %Sr] NAS; so

that all the robots on R are visible to it after its movement and moves to it without collision.

Proof. When r qualifies as a monitor robot on S;, it finds the apex point a, such that

d(r,a;) <d(r,D;) and d(r, a,;) < d(r,Dfpp). So, a, cannot lie on D, or D,opp or outside
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AS;. Also, d(r,a,) <d(r, éSr). Thus a, must be on (S, %Sr]. Hence a, lies on (S;, %Sr] NAS;.
The point a, is chosen on the line segment r ryy,,, where ryy,, is the neighbour of r onCH,
which does notlie on S,. By the similar argument as presented in Lemmal7.3.4} we can con-
clude that r remains a vertex of CH (which is the convex hull of all the robots in R) after
its movement which enables it to see all the robots in R after reaching to its apex point.

Observe that even if r and ryj,, move simultaneously on 77yy,,, they do not collide as

Algorithm 22: SQUARE_PARTITION
C — The center of R

-

2 ep — The common corner of S, and SZ,
3 eq < The common corner of S, and S¥
4 ep — The common corner of S;”” and S®
5 ex — The common corner of S;”” and S%
6 if r.color = OFF then
7 Choose one of the nearest sides of ® as S,
8 | ifr isnota boundary roboton S, then
9 Follow TARGETPOINT_ON_SIDES() to find the target point
10 Move to the target point on S, with color OFF
11 else
12 if r is a monitor robot and Int(R) has no FINISH or FINISH1 or
FINISH2-colored robot then
13 Follow APEX_POINT_INSQUARE() to find the target point ¢,
14 Change r.color to MONITOR
15 Move to the point ¢,
16 elseif r is a terminal robot and Int(R) has FINISH-colored robots then
17 Follow MoOVE_To_FINALPOINT() to find a target point
18 Change r.color to FINISH
19 Move to the target point
20 elseif r is a terminal robot and Int(R) has FINISH1-colored robots then
21 Follow PARTITIONTYPE_III to find a target point
22 Change r.color to FINISH1
23 Move to the target point
24 elseif r is a terminal robot and Int(R) has FINISH2-colored robots then
25 Follow PARTITIONTYPE_IV to find a target point
26 Change r.color to FINISH2
27 Move to the target point
28 else
29 L No change in color and position
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30 elseif r.color = MONITOR then

31 if r lieson S, then

32 | Change r.color to OFF

33 else

34 if r finds any OFF-colored robot in Int(R) then

35 t r does not change its color and position

36 else

37 L Follow MONITORTOFINAL_INSQAURE() to find the target point and move
to it

38 else // r.color = FINISH or FINISH1 or FINISH2
39 t r terminates

their respective apex points are separated by either D, or D;””. Additionally, another mon-
itor robot lying on a different side triangle other than AS; cannot collide with r as its move-
ment to its apex point is restricted within its respective side triangle. If r’ is another mon-
itor robot on S, moving simultaneously with r, they move to their respective apex points
by following two different sides of the convex hull CH° similar to Lemma(7.3.5, resulting in

no collision. O

Remark 7.4.3. When r finds itself on (S;, %Sr] with color MONITOR and does not see any OFF
or FINISH or FINISH1 or FINISH2 robot in Int(R), it accurately calculates Max;.

Remark 7.4.4. Let r be the first robot to set its color to FINISH. Then, all the robots are
positioned on one side of R or the two opposite sides of i before the movement of r with
color FINISH, according to our strategy described in Case 1.4.1 and 1.4.2.

Remark 7.4.5. Let r be the first robot to set its color to FINISH1. Then, all the robots are
positioned on the two adjacent sides of R before the movement of r with color FINISH1,
according to our strategy described in Case 1.4.3.

Remark 7.4.6. Let r be the first robot to set its color to FINISH2. Then, all the robots are
distributed equally on the four sides of R before the movement of r with color FINISH2,

according to our strategy described in Case 1.4.4.

Lemma 7.4.7. All robots form either a one-side configuration (where all robots gather on

one side), or a two-side configuration (where robots gather on either two adjacent or two
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Algorithm 23: APEX_POINT_INSQAURE()

1 if r does not find any robot on AS;”” nor AS: nor AS® then
2 L r chooses the point of intersection of L, and %Sr as the apex point a,

3 else
4 rnpr, < The neighbor of r on CH, that does not lie on S,
5 'Nbr, < Another neighbor of r on CH, thatlieson S,
6 Compute the target point ¢, on 77yy,, such that
d(r, t;) = $min{d(r, D;),d(r,D;"),d(r, 1S;), d(r, Tnbr, )}

Algorithm 24: MONITORTOFINAL_INSQAURE()

if r finds FINISH-colored robots and all of them lying on %Sr, or iSr or %S, then
t Follow MoVE_To_FINALPOINT() to find a target point and set r.color = FINISH

N

elseif r finds FINISH1-colored robots and all of them lying on %S r or %S where
S {SL, SR then
L Set k = 1 and follow PARTITIONTYPE_III() to get the target point
Change r.color to FINISH1

w

o e

6 elseif r sees FINISH2-colored robots and all of them lying on %Sr oron éS where
Se{S;PP, SLSR} then
L Set k = ¢ and follow PARTITIONTYPE_IV() to get the target point

[<-JEEN |

Change r.color to FINISH2

else if (r finds a FINISH-colored robot, but not on %Sr, iSr or %Sr) V (r finds a
FINISH1-colored robot, but not on 1S, or S where S € {Sk, S8 v (r finds a
FINISH2-colored robot, but not on S, or on ¢S where S € {S;"”,SESR}) then

10 t No change in color or position

©

11 else
12 t Follow FINALPOSITION_WITHM ax; ()

opposite sides), or a four-side configuration (where robots are equally distributed on four

sides).

Proof. After reaching all the robots on the boundary, a robot r will move to the apex point
to calculate Max,. r first checks whether there is any OFF-colored robot in Int(R). If yes,
it means that the OFF-colored robot is in its move phase towards one of the sides from its
apex point. So r eventually finds no robot with color OFF in Int(R). We assume that there

isneither a FINISH, nor FINISH1 nor a FINISH2 robotin Int(R). If such a robot exists, then

the lemma holds from Remarks|7.4.4},(7.4.5|and|7.4.6| If M ax, has only one element (side),
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r moves towards the side with maximum robots (follows from Case 1.4.6 and Case 1.4.9),
which leads to gathering all robots on one side. If Max, contains two sides, then r moves
to one of those two sides in Max, (follows from Case 1.4.6, 1.4.8, and 1.4.10), leading all
the robots lying on two sides of R. If Max, has three sides, our target is to move r to the
side opposite to the side having minimum robots (follows from Case 1.4.5, 1.4.7, and 1.4.9)
and eventually Max, contains exactly one side, leading to the gathering of all robots on

one side. Otherwise, M ax, contains all the sides. O

Remark 7.4.8. A MONITOR-colored robot r with no robot with color OFF, or FINISH, or
FINISH1, or FINISH2 eventually satisfies one of the following conditions.

(i) Max, ={S;} and AS contains no robot where S € {S(r)pp, Sf, Sf} (Case 1.4.1, Section
(i) Max, = {S;, Sy”"} and no robots on AS for S € {S%, SE} (Case 1.4.2, Section[7.4)

(ili) Max, = {S;, S} and both AS;”” and AS°PP contain no robot where S € {SE, SF} (Case
1.4.3, Section[7.4)

(iv) Max, =1{S;,S;"?,SE, SR} (Case 1.4.4, Section.

Lemma 7.4.9. The robot r moving from the apex point to one of the sides of R does not

collide while moving.

Algorithm 25: FINALPOSITION_WITHM ax; ()

1 Max, — The set of all sides with maximum number of robots lying on their
corresponding side triangle

2 if Max, =1{S;} and AS has no robots for all S € {S?pp, Sf, Sf }then

3 Follow PARTITIONTYPE_I_II() with k = % to find the target point and change

r.color to FINISH

1 elseif Max, = {S;,S;""} and no robots on AS for all S € {St, S¥} then

5 Follow PARTITIONTYPE_I II() with k= i to find the target point and change

r.color to FINISH
6 elseif Max, = {S,,S} and both AS,”” and AS°PP contain no robot where S € {St, S¥}
then
7 | Follow PARTITIONTYPE_III() with k = % to find the target point and change
r.color to FINISH1

s elseif Max, = {S;,S;"", SL, SR} then
9 Follow PARTITIONTYPE_IV() with k = % to find the target point and change
r.color to FINISH2
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10 else

u | if Max, =1{S,,S;"?, S} where S € {SE, SR}) v (Max, = {S} or{S, S'}, where
S,S' € {SL, SRy with S# S') v (Max, = {S,S;""}, where S € {SE, SF1)) then

12 L Set S as the target side Stg;

13 | elseif (Max, =1{S,} or{S,,SL,S®Y) v (Max, = 1S, S} where S € {S;F?,SE, SF})
then

14 | Set S, as the target side Srg;

15 | else// Max, ={SL, SR S?PPy or {S;FP}
16 t Set S(r)pp as the target side Stg;

18 rnbr, < The neighbour of r on C'H, notlying on S,
19 B Select the point of intersection of rryp,, and S, as the target point ¢,
20 else
21 L), — The line parallel to St¢; passing through r
22 if there is a MONITOR-colored robot lying on the half plane delimited by L.
that contains Stg; then

23 t r does not change its color or position
24 else
25 L} — The line passing through r and perpendicular to S Tgt
26 Prrg: < The point of intersection of L;- and Srg;
27 if pr,,, has no robots on it then
28 t Choose the point p;,,, as the target point
29 else
30 Choose a point ¢, on Stg; as the target point such that

1 3

APrrge tr) = 3 mind(r', L)

31 | Change r.color to OFF

Proof. Let Stg, be the target of r, calculated based on Max,. If Stg; = S;, r considers
ITNbr, to move back to S, where ryyp,, is the neighbour of r on CH,, not lying on AS,. By
the similar argument presented in Lemma we can argue that the movement of the
robot r is free from collision. When Sy, # S;, the movement of r is similar to the strategy

MOVEMENT_TO_LONGESTSIDE which is collision-free by Lemma O

Lemma 7.4.10. A MONITOR-colored robot r on (Sy, %Sr] satisfying one of the conditions in

Remark|[7.4.8 terminates to a unique partition of R and the movement is collision-free.

TH-3475_186123017



7.4. Algorithm for a Square Region 179

Algorithm 26: PARTITIONTYPE_I_II()

1 ¢! — The number of robots on AS,

2 if k=1 then
3 S§S, < The side which lies on the half plane delimited by L, where no other
robot resides

4 Calculate the target point ¢, on %Sr such that d(¢,,SS;) = le;l—c(f’)
— r

5 else

6 rnpr < The neighbour of r on CH, whose nearest side is Sfp P

7 SS, — The side which either lies on or intersects the half plane delimited by
the line rryp, where no other robot is present
8 Compute the target point ¢, on %S, such that d(¢t;,SS;) = Len(S,)

2c}

Proof. 1f r satisfies (i), it follows Type I partitioning, whereas if r satisfies (ii), it follows Type
II partitioning. The movement strategy for both cases is similar to the algorithm RECTAN-
GULAR_PARTITION (in Section[7.3). So, the statement of the above lemma holds from the
Lemmal7.3.9] If r satisfies (iii), it follows Type III partitioning. It first calculates two points
Aand B on S;, which are lencﬂ distance apart from ep and e respectively, where ¢’ is the
number of robots on AS, including itself and ep and e are the common endpoints of S,
Sand S,, S°PP, respectively. It then chooses two triangles 7; = AAeper and T, = ABeger
where e, is the vertex of the Type III partitioning. If another robot r’ satisfies the conditions
similar to those of r, it also chooses the above-mentioned two triangles. The choice of the
apex point for r (as described in the strategy MONITORROBOT_MOVEMENT_SQUARE en-
sures that S°PP must lie on either the same or different half-planes delimited by L, where
other robots of AS, lie. If S°PP lies on the half plane delimited by L, where other robots
on AS; lie, r and r’ choose the centroid of 77 and 7 as their final positions, respectively.
Otherwise, r and r’ choose the centroid of 7; and 7; as their final positions, respectively.

So, r and r' select different triangles for their termination and their two final positions are

%l en(S,) — & 63"6(,5’) distance apart from each other, and the movement is free from any col-

lision. Thus, r and r’ both move to distinct partitions, each having eg as the vertex and
2
f (lenz(f,r))

with an area o . If r satisfies (iv), it follows Type IV partitioning. It calculates A

and B on S, and chooses the centroid of one of the triangles AAepC and BeC as its final

point. Based on similar arguments presented above, r moves to a unique partition without
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collision. O

Lemma 7.4.11. AMONITOR-colored robotr on (S, %Sr] seeingeithera FINISH or FINISHI or

FINISHZ2-colored robot, terminates to a unique partition of R and the movement is collision-

free.

Proof. If r sees a FINISH-colored robot r” in Int(R), it waits till r” reach either on 18, or
on %S r Oron %S r. Since r” is in its move phase to its final position, r eventually finds all the
FINISH-colored robots lying on %Sr or iSr or %ST. Then it moves to its final position in a
partition by following a similar strategy as an OFF-colored robot, described in Case 2 of the
algorithm RECTANGLE_PARTITION (in Section[7.3). In this case, the statement of the above
lemma follows from the similar arguments in Lemma

If r sees a FINISH1-colored robot in Int(R), it waits for all FINISH1-colored robots to

reach on either %S r OT %S where S € {SE, SB} and eventually sees all those robots reach their

Algorithm 27: PARTITIONTYPE_III()
1 ifk= % andr.color = MONITOR then

2 ¢ «— The number of all FINISH1-colored robots on %S,
3 ¢’ «— The number of robots lying on AS, without the color FINISH1
4 | ifS= St then
5 A, B — The two points on S, which are lec'fff,’) distance away from ep and
eq, respectively
6 if S°PP lies on the half plane delimited by L, where other robots on AS, lie
then
7 t Choose the triangle 7 = AAeper
8 else
9 | Choose T = ABeqer
10 | else
11 A, B — The two points on S, which are % distance away from eg and
ep, respectively
12 if S°PP lies on the half plane delimited by L, where other robots on AS; lie
then
13 | Choose the triangle 7 = AAeqex
14 else
15 t Choose T = ABepey
16 Set the centroid of the triangle 7 as the target point
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17 else // k:% and r.color = OFF
18 | if (3SE has a FINISH1-colored robot) v (a robot lying on ASE) then
19 | | ChooseS= St

20 else

21 t

Choose S = S&

22 | if thereisa FINISH1-colored robots not lying on %Sr oron %S then

s ||

No change in color or position

24 else

25
26
27
28
29

30
31
32

33
34
35
36
37
38

39

40

41

42

43

44

Choose the point of intersection of S¢”7 and S°P” as the vertex v,

D, — Diagonal of R passing through v,

if thereis a FINISH1-colored robot on %Sr then

r’ — Terminal FINISH1-colored robot on %Sr

bly, bl, — The length of the base of the triangle whose one side is D,
(resp. S°PP) and the centroid is at r’

else
r’ — Terminal FINISH1-colored robot on %S
bly, bl, — The length of the base of the triangle whose one side is D,
| (resp. SyPP) and the centroid is at 7’
bl =min{bly, bls}
u; — The point of intersection of %S » and the diagonal D,
up — The point of intersection %Sr and the diagonal S°PP
ep — The endpoint of D, other than v,
eq — The endpoint of S, other than ep
if SOPP lies in the half plane delimited by 7 v,, where the other robots of S,
reside then
¢ <— The number of FINISH1-colored robots on %S r starting from the

robot % distance apart from u; towards uy such that two consecutive
robots are %hl distance away from each other

ey, ez — The points of S, satisfying d(ey, ep) = c- bl and
d(ez,ep) =(c+1)-bl

else

¢ — The number of FINISH1-colored robots on %Sr starting from the
robot % distance apart from u, towards u; such that two consecutive
robots are szl distance away from each other

ey,ez — The points of S, satisfying d(ey,eq) = c-bl and
d(ez,eq) =(c+1)-bl

Calculate the target point ¢, such that it is the centroid of Aeye v,
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final positions. Since the FINISH1-colored robot on %S » may reach to another side triangle
than AS, while executing its movement to the final position, we separately count ¢’ (which
is the number of the robot on AS, without color FINISH1) and ¢ (which is the number of
FINISH1-colored robots on %Sr). Similar to Lemma r selects A, B which are %
distance apart from ep and eq, respectively and the centroid of one of the two triangles
AAepeg and ABegeg as its final position. By Lemma this final position of r lies in a

unique partition of  and the movement is collision-free. Similarly, we can prove that if r

sees a FINISH2-colored robot, it terminates to a unique partition without collision. O

Lemma 7.4.12. An OFF-colored robotr on S, terminates to a unique partition of R, and the

movement is collision-free.

Proof. By Remark|7.4.8] there exists a terminal robot r” on one of the sides, which moves

to its apex point on (S, %S 1 with color MONITOR and satisfies one of the four conditions as

described in the remark. By Lemma(7.4.10/and|7.4.11} " reaches to a unique partition of

with color either FINISH or FINISH1 or FINISH2. Let us assume that r is a terminal robot
of S;. If r".color = FINISH, r follows a similar strategy as presented in Case 2 of RECTAN-
GLE_PARTITION. By Lemma|7.3.10} r terminates to a unique partition without collision.
Let r".color = FINISH1. So, r understands that it needs to follow Type III partitioning.
In this case, r must have seen some robots on AS (S # S;) and calculates the distance bl,
the two points ey and ez and the number ¢, as described in Case 3 (Section[7.4). It then
selects two points ey and ez and moves to the centroid of the triangle Aeyegey. If r' is
another terminal robot on S, which simultaneously gets active with r, then it selects the
centroid of the different triangle than that of r, as described in Case 3 (in Section. The
choice of the triangles ensures that the two robot r and r’ terminate at ¢, and t,. Let u; be
the point of intersection of %S, and D, and u; be the point of intersection of %Sr and S°PP,
If we consider that k (and k') is the number of FINISH1-colored robots on %S r starting from
the robot % distance apart from u; (u,) towards u, (u#;) such that two consecutive robots
are %bl distance apart from each other, where d(t,, t,/) = %len(S,) - %(k +k'+1)bl >0 as
len(S;) = (k+ k")bl + 2bl. Hence, r and r’ terminate at distinct partitions of the region .

The movement of the two robots is free from collision, by the similar arguments presented
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in Lemmal7.3.9

For r”.color = FINISH2, we similarly prove that r terminates at a unique partition. [

Theorem 7.4.13. Algorithm SQUARE_PARTITION solves uniform partitioning for the square

region in O(N) epochs without collision.

Proof. By Lemma(7.4.1} starting from any initial configuration, all the interior and corner
robots become boundary robots in R. After this, all the robots eventually form either a
one-side, two-side, or four-side configuration by Lemma Thereafter, monitor robots
terminate to distinct partitions of R by Lemma 7.4.10} and all the other robots ter-
minate to distinct partitions by Lemma|7.3.10. Hence, SQUARE_PARTITION solves uniform
partitioning for the square region.

In the worst case, all robots may lie on a straight line on Int(R), in which it takes
O(N) epochs for all robots to reach the boundary. After moving to the boundary, it takes
one epoch for monitor robots to move to apex points. In the worst case, there may be 8
MONITOR-colored robots in Int(R), each lying on a different line parallel to S, and r is the
farthest robot from Sy . If Max, = {S;""}, r needs to wait for seven epochs to reach S;"”
because the other seven robots move to S;”” one by one. Then r needs one more epoch to
reach S-P”. Thus, r takes nine (O(1)) epochs so that the whole configuration of the robots
becomes a one-side configuration. Hence, reaching a one-side configuration takes O(IN)
epoch. Similarly, we can prove that if Max, contains more than one element, we can reach
a two-side or a four-side configuration. After this, if r is again a monitor robot, it needs
one epoch to reach its apex point, waits for another seven epochs for other seven MONITOR-
colored robots to reach their respective final positions, and needs one more epoch to reach
its final position in a partition. Thus, r terminates in nine epochs. After seeing r at its final
position, all the other OFF-colored robots on the sides position themselves at their respec-
tive final positions one by one in O(N) epochs, as each of them needs O(1) epoch to reach

their final position. Hence, SQUARE_PARTITION solves the uniform partitioning problem in

O(N) epochs.

The algorithm is free from collision by Lemma [7.4.1} [7.4.2} [7.4.9} [7.4.10} [7.4.11} and
7412 O
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Algorithm 28: PARTITIONTYPE_IV()

1 ifk= é andr.color = MONITOR then

2 A, B — The two points on S, which are
respectively

if ep and all the other robots on AS; lie on the different half plane delimited by L, then
t Choose the triangle 7 = AAepC

len(S,)

5] distance away from ep and eq,

else
t Choose T = ABepC
7 r chooses the centroid of 7 as the target

8 else // kzé and r.color = OFF

9 if there is a FINISH2-colored robot not lying on éSfor Se{S,, S?pp, Sf, Sf} then

10 t No change in color and position

11 else

12 r’ — A FINISH2-colored terminal robot on éSr/

13 eé ,,eg , < Two endpoints of S,/

14 D,,D}PP — Two diagonals of R passing thorugh ep and eq respectively

15 bl; — Length of the base of the triangle whose centroid is r’ and two vertices are C
and e |

16 bl, — Length of the base of the triangle whose centroid is r" and two vertices are C

2

and es,

17 bl = min{bll, blz}

18 u; — The point of intersection of %S, and D,

19 up < The point of intersection of ¢S, and DJPP

20 if Ceq lies on the half plane delimited by rC where other robots of Sy reside then

21 ¢ — The number of FINISH2-colored robots on éS r starting from the robot

bl/3 distance away from u; towards u, such that two consecutive robots are
2bl/3 distance apart from each other

22 ey,ez — The points on S, satisfying d(ep,ey) = c-bland d(ep,ez) = (c+1)-bl
23 B Choose the centroid of ACey e as the target point

24 else

25 ¢ <— The number of FINISH2-colored robots on %S r starting from the robot

bl/3 distance away from u, towards u; such that two consecutive robots are
2bl/3 distance apart from each other

26 ey,ez — The points on S, satisfying d(eqg,ez) = c-bl and d(eq, ey) = (c+1)- bl
27 Choose the centroid of ACey e as the target point

7.5 Algorithm for a Circular Region

This section considers the region R as a circle of radius rad. We follow the Type V parti-

tioning for circular regions. Our target in this process is to form a regular N-gon inscribed
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in the region using the robots. In this section, we discuss two techniques to achieve the
target.

We can use an algorithm for the widely popular Uniform Circle Formation (UCF) prob-
lem, presented by Feletti et al [32]. They proposed a O(log(NV)) algorithm for the ASYNC set-
ting. The algorithm relies on the mutual visibility algorithm, proposed by Sharma et al [68],
where the robots first position themselves on the vertices of a convex hull. Taking advan-
tage of the mutual visibility, robots then place themselves on the smallest enclosing circle,
which later gets translated to a uniform circle configuration using a subroutine, named
as Uniform Transformation that runs in O(log(N)) epochs. The mutual visibility algo-
rithm in [68] requires 47 colors to achieve the goal in O(1) epochs. Regarding the uniform
partitioning problem in a circular region, we can achieve the same goal of repositioning
the robots on the boundary of ® using no colors in O(1) epochs. From the application-
oriented point of view, we can take advantage of the bounded region where the robots can
detect the boundary of the region. Robots can be placed on the boundary using the move-
ment strategy MOVE_TO_BOUNDARY (which is described later in this section), maintaining
the initial color OFF throughout the strategy. The detailed steps of the technique Uniform

Transformation are not repeated here to keep the section concise.

7.5.1 Description of the Algorithm

Initially, all robots are with color OFF. Before going into the details of the algorithm, we
define the following notations that we will use in the future to comprehend the algorithm
better.

Notations: For a robot r,

e O is the center of R. p, and p,’” are the two diametrically opposite points of in-
tersection of the line O and the boundary of R, out of which p, is the nearest to

r.

* AB represents the segment of the circumference of R, starting from the point A to

B such that the segment has no robot except on the endpoints. In the case of AB
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having no robots in both clockwise and counter-clockwise directions, AB is chosen

to be the arc with the shortest arc length.
* alen(AB) is the arc length of AB.

Strategy MOVE_TO_BOUNDARY: If r is a boundary robot and there is at least one OFF-
colored interior robot visible to it, r does not move or change its current color. If r is an
interior robot and lies on the center O, it waits till all other interior robots with color OFF
reach the boundary of R. When there are no other interior robots left, r does not change its
color and moves to any target point ¢, on the boundary that does not contain a robot. Oth-
erwise (r is an interior robot not lying on O), r considers the point p, and checks whether
the point p, is visible or not. If p; is visible and no robot lies on it, r simply moves to p,
with current color OFF. On the other hand, r computes the set ), that consists of all visible

robots to r not lying on the line 0. We identify two sub-cases.

Figure 7.25: The target point ¢, of r depends on the distance of r from the point p,

* V), is non-empty: r calculates d, = }Lmin{alen(prpr/)l r' €V, and p’r-};r/ is defined},

as shown in Fig.

* V), is empty: It happens when all the robots lie on one line passing through O. Here,
r calculates d, = ialen(prpfpp).

dy

md(r, pr) and moves to ¢,

Finally, r finds the target point ¢, such that alen(t,p,) =
with the current color OFF, as illustrated in Fig
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Observe that the above strategy does not require any change in color to displace the
robots on the boundary from the interior of R. From now on, we can use the Uniform

Transformation sub-problem proposed in [32] to achieve a configuration of the robots

such thatalen(rirj) = 2& X,“d for any two neighbouring robots r; and r; in O(log(N)) epochs

under ASYNC setting. The above technique uses more than 17 colours to achieve a uniform
circular configuration.

Although the number of colors required in Uniform Transformation is a constant, if
we turn our focus on reducing the number of colors, we can propose another technique

to achieve the same goal of repositioning the robots in such a way that the neighbouring

2n-rad

robots are 7

distance apart from each other. Observe that when all robots are on the
boundary of R, they all can see each other, as no three robots are collinear. We will turn this

to our advantage. We now define a cluster that will be useful for the rest of the algorithm.

Definition 7.5.1. (Cluster) A sequence of robots Cl = {ry,12,:--,1¢} (k = 1) lying on the

boundary of R, is called a cluster if the following conditions hold. (i) r; and r;;; are consec-

utive robots on the boundary. (ii) alen(r;ri+1) = W. (iii) alen(ry r{Vbr),alen(rkrfCVhr) #
2nrad where ri¥’" and r’" are the neighbors of r; and ry respectively such that

r{Vb’,r,]CVbr ¢ Cl.

For convenience, we denote (27 -rad)/N by s. Any robot can detect its own cluster,
as it is able to see all the robots on the boundary. A robot r is called the head of a cluster
Cl, if alen(rr’¥?") = s and alen(rrN?"2) > s for two neighbours Vo™, rNPT2 of r such that
rNbri e Cland rVP"2 ¢ Cl. The robot r is called tail of the cluster Cl, when alen(rr¥0') =
for rNb1 € Cl and alen(rrNb2) < s for rNb2 ¢ CI. Tt is possible that the head or tail of a
cluster does not exist. Moreover, a cluster can be made of a single robot r. In such cases, if
alen(rrN?") > s and alen(rr’N?72) < s, r itself is called the head and tail of the cluster. An
example is given in Fig. Note that a cluster having no head and tail contains all the

robots in R.

Definition 7.5.2. (Eligible Cluster) A cluster is eligible for movement if it satisfies the fol-
lowing two conditions. (i) The cluster has both head and tail robots. (ii) All the robots in

that cluster are with color OFF.
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cl

(Non-eligible cluster)

I

(Eligible cluster)

T 4 (Tail of C1)

(Head = Tail)

T/

Figure 7.26: Illustrating eligible clusters with head and tail

In other words, clusters that only have heads or tails are not eligible for movement. In
an eligible cluster, the head initiates the movement along the perimeter of . By movement
of a cluster Cl = {ry,r2,---, i}, we mean that all the robots in C/ move in the direction of
the head sequentially. Note that the robots do not have identifiers. We use ry,73,---, 1y for
better comprehension. The movement of a cluster is explained below.

Movement of an Cluster Cl: Let us consider that r; is the head, ry is the tail of C/ and r{
is neighbor of r;, not in CI. Let CI’ be the cluster of r{, as shown in Fig. When r;
gets activated with color OFF with all other robots in C/ having color OFF, and finds C! as
an eligible cluster, it changes its color to HEAD and waits till all robots in its cluster change
their color either to MID or TAIL. When r finds r; in its own cluster C! with color HEAD
and determines that all the other robots in C! lies between r; and ri on the boundary of
R, it sets its color to TAIL. All other robots in CI/ change their color to MID after seeing r;
with the color HEAD. After this, r; determines the eligibility of C!'. If any robot lying on the
boundary sees another interior robot with color other than OFF, it waits as the robots are in
their move phase toward their target points through the interior of R. Otherwise, we have
two cases.

Case 1 (C!' is eligible and r{.col or = OFF or HEAD): In this case, our strategy is to move
each head of C! and C!’ a distance %(alen(rl r{) — s) towards each other so that the dis-
tance between them becomes s after movement. All other robots of the respective clusters

sequentially move in the direction of the head’s movement. The process is as follows and
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r
[HALF]

[HALF]

T MID] N
[MID] cr (TaL) \< s

(Eligible Cluster)

T2
[M1D]

T3
[MID]

T3
[M1D]

(Eligible Cluster) (Eligible Cluster)

74 [TAIL] T4 [TAIL]

Nor Nbr
) 7y

Figure 7.27: Movement of Figure 7.28: Movements of Figure 7.29: Two clusters are
the heads of the eligible clus- the robots with color MID & merged with each other after
ters TAIL the movement

illustrated in Fig. The head r; changes its color to MOVE-H and moves towards r{
to a point ¢, such that alen(t;, ) = %(al en(r; r{) — 5). After getting activated with color
MOVE-H, it changes its color to HALF. It waits till the tail of the cluster (if it exists) rj sets its
color to OFF. At this moment, r; and all MID-colored robots do not change their position
or color. After seeing r; on the boundary of R with the color HALF and alen(ry,r2) > s, 12
starts moving towards r; without changing its current color to a point #,, on the bound-
ary such that alen(t,,r2) = alen(r1r) —s. Other robots in C/ except r, remain in place
at this time. Similarly, for any robot r; (3 < i < k), if r;_; lies on the boundary of R with
alen(ri—1r;) > s and alen(r;,_1r;—2) = s, r; moves to f,, towards r;_; with its current color
such that alen(t,,r;) = alen(r;_1r;) — s, as shown in Fig. After the movement, rj
finds the cluster C! with its head r; having color HALF. It changes its color to OFF. The
MID-colored robots in Cl change their color to OFF after seeing the tail with color OFF. The
head r; changes its current color to OFF from HALF as illustrated Fig. when both of its
neighbours are s arc-length away from it and all the robots in its cluster are with color OFF.
Case 2 (C!' is eligible and r|.color = HALF) or (C!' is non-eligible): Here, we move the
head r; with color FULL towards r{ to a point on the boundary ¢, such that alen(t, ) =
(alen(r r{) — ), as shown in Fig. The rest of the strategy is the same as the previous
case (Case 1) for other robots in the cluster. Finally, CI gets merged with Cl’, as shown in
Fig. When r; is with color FULL and finds all the robots in C! with color OFF, it sets its

color to OFF.
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T4 [TAIL]

Nbr
Ty

Figure 7.30: Clis an eligible clusterand CI’ Figure 7.31: The two clusters got merged
is the non-eligible cluster after the movement of C/

When any robot r finds itself with color OFF and all robots are in one cluster, i.e., every
two consecutive robots on the boundary are at s distance apart from each other, it moves
to the point #, on the line segment 70 such that d(r, t;) = %d (r, O) with color FINISH. Even
if a boundary robot r sees a FINISH-colored robot in Int(R), it follows the same strategy.

In all other cases, r maintains status-quo.

7.5.2 Analysis of the Algorithm

In this subsection, we discuss the correctness and the time complexity of the above-
mentioned algorithm for circular regions. We also prove that the robots do not meet colli-

sion during any movement.

Lemma 7.5.3. Any interior robot in R with color OFF moves to its boundary without colli-

sion.

Proof. Let us consider two robots, r and 7/, lying in Int(R). We can identify two cases here.
Case 1 (r' lies on (r_O)): In this case, we investigate two sub-cases. When p, = p,, it signifies
that r and r’ lie on Op,. Without loss of generality, let us assume that r is farther from
pr than r’. So, d(p,,r") < d(p,,r). We further assume that p, has a robot on it. If both
of them get activated simultaneously, they find each other in the same radius. Both of

them calculate d, and d, respectively, such that d, = d,.. If they choose ¢, and ¢,/ as their

dr d,
rad rad

respective target points on the boundary, where alen(t, p,) = da(r,py) > air',py) =
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alen(t, p,) = alen(t,, p;). We also have d(r, p,) > d(r', p;). Both of the above inequalities
imply that the line passing through r,,;4 (the midpoint of rr’) and tr,.4 (the midpoint of
T, 1) separates the paths of r and r’ towards their respective target points. In case of p, #
p,, if we assume that V), is non-empty with r” € V,, then the line % separates the two
target points ¢, and ¢,.». If V, is empty, the line m separates 7, and r't,» where Prmia
is the midpoint of p,p, . So, the movement paths of the two robots r and r’ do not cross
each other. Hence, the movements of r and r’ are free from collision.

Case 2 (1’ does not lie on Ri): In this case, p, # p,. By the similar argument presented

above, the movements of the robots are free from collision. O
Lemma 7.5.4. There always exists an eligible cluster or all the robots are in the same cluster.

Proof. 1f all the robots are in the same cluster, the statement of the lemma follows trivially.

Algorithm 29: CIRCLE_PARTITION

1 if r.color = OFF then
2 if r is an interior robot then

3 Follow MOVETOBOUNDARY_INCIRCLE() to find a target point on the
boundary
4 Move to the target point with the color OFF
5 else if r is a boundary robot with at least one OFF-colored robot in Int(R) then
6 t r does not change its color or position
7 | else// r is a boundary robot with no OFF-colored robot in Int(R)
8 Cl — The cluster of r
9 if Cl is eligible then
10 if r is the head of Cl then
1 | Change r.color to HEAD
12 elseif r is the tail of Cl then
13 L Change r.color to TAIL
14 else
15 | Change r.color to MID
16 else
17 t r does not change its position or color

18 elseif r.color = MOVE-H then
19 | Change r.color to HALF
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elseif r.color = HEAD then
r’ — Head of the neighbouring cluster C!" and the neighbour of r
if (r'.color = HALF and Cl' is eligible) v (Cl' is non-eligible) then
Change r.color to FULL

Move to a point ¢, on rr' such that alen(rty)=alen(rr’)—s

else // r'.color = OFF or HEAD with CI' being eligible
Change r.color to MOVE-H

Move to a point £, on rr’ such that alen(rt,) = Talen(rr')—s)

elseif r.color = MID then

I'Nbr» TNbr, < Neighbours of r in CI with ryy,, nearer to the head of C/ than
I'Nbr,

if alen(rrypr,) = alen(rrypr,) = s then
t r does not change its color or position

else
t r moves to a point ¢, on 7ryy,, such that alen(rt,) = alen(rrypy) — s

elseif r.color = TAIL then
I'npr, < Neighbour of rin CI
ifalen(rrypr,) = s then

t r does not change its color or position

else
L Move to a point f, on 7ryyp,, such that alen(rt,) = alen(rrypy,) — s with
color TAIL

elseif r.color = HALF or FULL then

I'Nbry» TNbr, < The two neighbours of r

ifalen(rrypr,) = alen(rrypr,) = s then
| Change r.color to OFF

else
t r does not change its color or position

else // r.color = FINSH and r lies on %Sr or iSr
| r terminates.

Let us assume that there are at least two clusters. If all the clusters are non-eligible, then

all the arc-length between two consecutive clusters is always either greater or lesser than s,

which is a contradiction to the fact that the sum of the distances between two consecutive

robots on the boundary is 27w -rad = s- N. O

Lemma 7.5.5. After all the robots in a cluster complete their movement, they remain as a

TH-3475_186123017



7.5. Algorithm for a Circular Region 193

cluster.

Proof. For an eligible cluster Cl = {ry, r2,--- ¢}, the head r; executes its movement towards
another cluster. After that, alen(rirs) > s, since r» is a member of Cl. When rj reaches its
final position and changes its color to either HALF or FULL, r, moves to a point f, towards
r1 such that alen(r; t;,) = s. All other robots in C!/ sequentially execute the same process
which leads to the completion of one movement of the whole cluster. Hence the statement

follows. O

Algorithm 30: MOVETOBOUNDARY_INCIRCLE()

if r lies on O and there is at least interior robot other than r then
t r does not change its color or position

[

3 elseif r liesin Int(R), but not on O then

4 pr — The point of intersection of the line rO and the boundary of R
5 pyP? — The point diametrically opposite to p, on the boundary of ®
6 | if p, does not have any robot on it then
7 t r chooses p; as its target point
8 else
9 V, — The set of all visible robots to r not lying on the line O
10 if V, is non-empty then
11 L Calculate d; = imin{alen(prprf)lr’ € Vy and p; p, is defined}
12 else
13 | Calculate d, = ;alen(p,p;"")
14 T finds a target point on the boundary ¢, such that alen(t, p,) = r‘jl—’dd(r, pr)

Lemma 7.5.6. Let k (< N) be the length of an eligible cluster Cl. The length of Cl gets in-

creased at least by one without collision in O(k) epochs.

Proof. First the head of an eligible cluster having all robots with color OFF, changes its color
to HEAD. Upon seeing this, all other robots in the cluster change their color to either MID or
TAIL. This operation takes total 2 epochs. For a cluster Cl = {ry,1,,---r¢} with r; as head
and ry as tail, r; moves first in the direction of the another cluster. Then MID-colored robots
move sequentially (first r, moves in the direction of ry, then r3 and at last the tail r¢). This

step takes O(k) epochs. If the cluster CI moves towards another cluster Cl’, the heads of
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the two clusters become s arc-length apart in just one epoch (either both the heads move
towards each other or one head moves towards the other). After the movement of the whole
cluster, the tail of that cluster changes its color to OFF, then the MID-colored robots change
their color to OFF and finally the head changes its color to OFF when both of its neighbors
are s arc-length apart from it and all other robots in its cluster are with color OFF. This
process takes 3 epochs. So, the movement of a cluster of length k takes O(k) epochs. After
the movement, both the neighbor of r; are s distance apart from each other. Therefore the

length of the cluster gets increased at least by one. Hence the proof. O

Theorem 7.5.7. Our algorithm solves uniform partitioning for the circular region in O(N?)

epochs.

Proof. The robots lying on Int(R), moves to the boundary. The process of moving all the
interior robots to the boundary takes O(1) epochs. In the worst case, it is possible that the
length of an eligible clusters gets increased only by one in every movement of the cluster.
Lemmal7.5.6)proves that the movement of an eligible cluster takes O(k) epochs, where k is
the length of the cluster. So, it takes Z;cvz_ll O(k) = O(N?) epochs for all robots to become one
cluster. Finally, all robots moves to their final positions in one epochs. Thus, our algorithm

takes overall O(N?) epochs to partition the region. O

7.6 Conclusion

We studied the distributed version of uniform partitioning of a bounded region using mo-
bile robots. The problem becomes interesting and challenging due to the robot model that
is considered in this chapter. The robots are opaque and do not have enough memory to
store the past information except for a persistent memory in form of a light. We solved this
problem when the region is either a rectangle, a square or a circle. The reason behind this,
is the application oriented point of view, as the regions, we deal with in our daily life, are
known geometric figures. We believe that the problem can be extended to other convex
regions under the same model. Also, the problem can even be studied when some of the

robots become faulty.
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Chapter 8

Conclusion and Future Works

In this thesis, we have studied different problems under the classical LCM Robot model. We
have considered luminous robots throughout the thesis to explore all the problems. The
primary reason behind using this model is its scalability and feasibility in solving problems
in the distributed setup. Our goal has been to strike a balance between the capabilities of
the robots and the solvability of specific problems. Many problems, such as pattern forma-
tion, exploration, gathering, etc., have been studied under this robot model. In Chapter
we have addressed a variation of graph exploration that requires the robots to settle on the
vertices of a port-labelled graph such that the set of occupied vertices forms an MIS of the
graph. The graph has some specific vertices called Doors through which robots enter the
graph and fill out an MIS of the graph. Finding the MIS of a connected graph is a natural
extension of the literature on filling problems.

In Chapter[5] we have considered a fundamental problem in the field of swarm robotics,
which is called the mutual visibility problem. We have introduced the concept of inaccu-
racy in the movement of the robots, which makes the process of making any three robots
non-collinear more difficult. The problem is classically considered with a swarm of lu-
minous robots. The two major components of the problem are the obliviousness and
the opaqueness of the robots. We have achieved the optimal number of colors under
the SSYNC setting for the problem. The algorithm for the ASYNC setting uses 3 colors to

achieve the goal. We have also studied the robustness of the model considering the mobil-
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ity failure of the robots along with inaccuracy. In this case, we have presented an algorithm
that solves the problem using a constant number of colors. All the algorithms under this
model need O(N) epochs to achieve mutual visibility.

In Chapter 6} we have reconsidered the problem of mutual visibility and investigated
it from the aspect of fault tolerance using the robots having no axis agreement. We have
shown that the problem is not solvable for any initial configuration of the robots when the
robots do not agree on any coordinate system or orientation. More specifically, we have
proved the impossibility in the case of a symmetric initial configuration. Besides this initial
configuration, we have proposed a collision-free algorithm that tolerates any number of
faulty robots and requires O(N?) rounds in the FSYNC setting. The algorithm uses 21 colors
to achieve mutual visibility. We have further explored a simpler algorithm that tolerates
a single faulty robot using only 2 colors in the FSYNC setting and 5 colors in the ASYNC
setting.

Chapter [7| deals with a relatively new problem, called the uniform partitioning prob-
lem, which has been explored with ASYNC opaque luminous robots. The problem has a
wide range of applications in the real world. Our target is partitioning a given bounded
region into equal sub-regions where every sub-region contains exactly one robot. We have
considered three standard geometric shapes as regions: rectangle, square and circle. The
algorithm proposed for the rectangular region is optimal with respect to the number of
colors, whereas the algorithm for the square region requires 5 colors to achieve the goal.
These two algorithms run in O(N) epochs. Further, we have studied a trade-off between

the number of colors and the time complexity for the circular region.

8.0.1 Future Plan

We believe that the thesis opens up many interesting directions. The solution for the MIS
Filling problem for the multiple Doors is limited to the SSYNC setting. We want to extend
it to the most general ASYNC setting. The model can also be applied to different graph
problems, such as dominating sets, vertex cover, etc.

Secondly, the problem of mutual visibility still needs new solutions for more realistic
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fat robots. We want to introduce inaccuracy in the fat robot model to solve the mutual
visibility problem. Our target is not just restricted to the mutual visibility problem but
also to explore the pattern formation problem. Moreover, the mutual visibility under the
ASYNC setting for the robots having no axis agreement is still open which is the weakest
among all in the point robot model.

Third, we want to extend the uniform partitioning for any bounded convex regions.
We believe that the problem of uniform partitioning can even be extended to faulty robot
models, where it would be interesting to see the feasibility of the problem under such con-

ditions. We also want to see whether the problem can be solved using robots without lights.
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