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ABSTRACT

Virtual element method (VEM) is a recently developed numerical technique that provides
accurate and flexible solutions to complex problems in various fields of engineering and
science. This thesis focuses on the development of VEM for the general second-order hy-
perbolic problems on polygonal meshes. The main objective of this research is to explore
the capabilities of VEM for solving various hyperbolic problems and to compare its per-
formance with other existing methods. These problems involve additional damping terms
(weak damping and/or strong damping terms) in addition to the standard wave equations

and require further analysis to derive optimal convergence results.

The collection of existing literature suggests that finite element methods (FEMs) are
the most suitable approximation techniques on simple geometries due to their wide appli-
cability. But, in the case of complex geometries that use general polytopal (polygonal or
polyhedral) discretization, implementing higher order methods becomes very complicated.
Use of general polytopal meshes provides greater flexibility in both numerical approxima-
tion and mesh generation. The polygonal FEM can handle hybrid meshes using generalized
non-polynomial shape functions. But the use of such non-polynomial shape functions re-
quires higher computational cost. Another method that can handle polytopal discretization
is the mimetic finite difference method, which uses only degrees of freedom and doesn’t have
test and trial functions inside the elements leading to complexity in analysis and imple-
mentation. The increasing popularity of polytopal elements in scientific and engineering
literature has encouraged the development of numerical methods which can efficiently deal
with such type of element discretization. In this race VEM has came out as a suitable

numerical technique for solving partial differential equations (PDEs) on polytopal meshes.

At first, we develop the virtual element methods for weakly damped wave equations
on polygonal meshes. In both the L? norm and the H' semi-norm optimal convergence
rates are established for the semi-discrete approximation. We employ the Crank-Nicolson

temporal discretization scheme for the fully discrete problem and derive the convergence
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analysis. Next, we proceed to discuss the virtual element method for pulsed electric field
model problems on polygonal meshes. We have presented both the spatially semi-discrete
approximation and Crank-Nicolson based fully discrete approximation, and derived the
convergence analysis for both the approximations. We define a new non-standard projec-
tion operator motivated from the finite element solution of the pulsed electric field model
problems. In our third and fourth problem, we design and analyse the virtual element
methods for second-order Sobolev equations and viscoelastic wave equations, respectively.
For these problems with distinct variable coefficients for diffusion and damping terms, ob-
taining optimal error estimates in L? norm is not possible without the use of the newly
defined non-standard projection operator. For the time discretization, we have used implicit
second-order Newmark scheme and optimal convergence rates in both the L? norm and the
H' semi-norm are established. Fully discrete virtual element methods with second-order
accuracy in temporal direction require to choose smaller time steps in order to preserve the
higher accuracy provided by spatial direction. To overcome this restriction higher-order
time stepping methods are needed. In our last work the general Newmark scheme for tem-
poral discretization is considered along with the virtual element discretization in space for
the wave equations on polygonal meshes. Rigorous analysis has been done on the stabil-
ity and convergence of the proposed method. Optimal convergence is obtained in spatial

direction along with up to fourth-order convergence in time for some special cases.

The research will include the development of algorithms and codes for the implemen-
tation of VEM, and several numerical experiments have been performed to demonstrate
the accuracy, efficiency, flexibility and robustness of each proposed algorithms. All the
mesh generations and computations are carried out using the MATLAB software. The
results of this research are expected to provide valuable insights into the use of VEM for
time-dependent hyperbolic problems and to contribute to the advancement of numerical

techniques in this field.

el
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Introduction

This chapter is introductory and includes a description of the problems, some notations,
and preliminary material. It also includes a brief survey of the relevant literature and
motivation behind the current study. The chapter-wise description of the thesis is reported

in the last section of this chapter.

1.1 Problem Description

In this work, we study and analyse the virtual element methods for general second-order

hyperbolic equations of the following form:
Y(@)uy + k(x)ug + 0(z)u — V.(0(2)Vu + e(z)Vu,) = f(x,t) for (x,t) € Q x (0,77, (1.1.1)
with initial and boundary conditions
u(z,0) = ug, ut(x,0) =wvy for z € Q & u(x,t) =0 for (z,t) € 02 x (0,7], (1.1.2)

where ) is a convex polygonal domain in R? with a Lipschitz boundary 09 and T' < oo is
the finite terminal observation time. Here, the physical coefficients 7, k,0,0,e € L>®(Q)
are positive real-valued functions on 2, and f denotes the forcing function. Further,
ug, vy : 2 — R are initial data. The physical coefficients, forcing function and initial
data are assumed to be smooth functions in their respective domains of definition. Addi-
tional regularity assumptions were made throughout the thesis to carry out the convergence

analysis.
Equation (1.1.1) is interesting as it represents different classes of physical problems for

different choices of the coefficients. Our objective will be to apply virtual element methods

for each problem separately.
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CHAPTER 1. Introduction 2

Weakly Damped Wave Equation: For v = 1 and 6 = 0 = ¢, we have the following

weakly damped wave equation:
uy + k(x)uy — V.(o(x)Vu) = f(x,t) for (z,t) € Q x (0,77, (1.1.3)
with initial and boundary conditions
u(z,0) = ug, u(x,0) =1y forz e Q & u(x,t) =0 for (z,t) € 9N x (0,7T].

Equation (1.1.3) also represents a special case of general second-order telegraph equation in
two-dimensional space which governs the models in telegraphic transmission and different
wave phenomena [21, 98]. More interestingly, equation (1.1.3) models the propagation of
heat in biological media [32, 130] and is well-known as Maxwell-Cattaneo equation or hy-
perbolic heat equation. The modeling of heat propagation in biological media has numerous

applications in biological and biomedical technologies [20, 23].
Pulsed Electric Field Model: For v = k = § = 0, we have the following pulsed electric

field model problem:
—V.(o(z)Vu+ e(x)Vuy) = f(z,t) for (x,t) € Q x (0,7], (1.1.4)
with initial and boundary conditions
u(z,0) = up for z € Q & u(z,t) =0 for (z,t) € 92 x (0,T].

Numerical solutions of the model (1.1.4)-(1.1) draw significant attention in a variety of fields
such as neural activation during deep brain simulations [27, 68|, debacterization of liquids,
food processing [136], bio-fouling prevention [113], and selective spectroscopic imaging of

the electrical properties of biological media [10].
Second Order Sobolev Equation: For v = 0 = 0 and x = 1, we have the following

second-order Sobolev equation:

uy — V.(o(z)Vu+ €e(x)Vuy) = f(z,t) for (x,t) € Q x (0,77, (1.1.5)
with initial and boundary conditions

u(z,0) = ug for x € Q & wu(z,t) =0 for (z,t) € 902 x (0,T].

Equation (1.1.5) comes to light in many mathematical physics models and mechanical engi-

neering. They are used to study moisture transport problems in soil [115], heat conduction
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CHAPTER 1. Introduction 3

problems in different media [125], homogeneous fluid flow in fissile materials such as soil

and rock [15], and other physical models.
Viscoelastic Wave Equation: For v = 1 and kK = 0 = 9, we have the following viscoelastic

wave equation:

uy — V.(0(2)Vu + e(x)Vuy) = f(z,t) for (z,t) € Q x (0,77, (1.1.6)

with initial and boundary conditions
u(x,0) = ug, u(z,0) = for x € Q & wu(z,t) =0 for (x,t) € 92 x (0,77,

Equation (1.1.6) represents the wave propagation through a viscoelastic medium [71, 85,
122] and hence called as viscoelastic wave equation. This equation arises in the field of
viscoelastic mechanics [83], nuclear reaction kinetics, biology mechanics [119], geophysics

[7] and so on.
Acoustic Wave Equation For v =1 and k = § = ¢ = 0, we have the following acoustic

wave equation:

uy — V.(o(x)Vu) = f(z,t) for (z,t) € Q x (0,77, (1.1.7)

with initial and boundary conditions
u(z,0) = ug, u(z,0) =v for x € Q & u(z,t) =0 for (x,t) € 9N x (0,71,

Wave equation (1.1.7) is of fundamental importance in the modelling of many real life
problems such as time dependent acoustic, electromagnetic [75], or elastic wave phenomena
[66]. In geophysics, it helps for the prediction of earthquakes and other seismic activity
[81, 87].

1.2 Preliminaries

1.2.1 Basic notations

In this section, we will introduce the basic notations and results that are used in this
thesis. Let x = (z1,22,...,2,) € R" and a = (ay, s, . .., a,), ; non-negative integers, be

a multi-index symbol with the notations

la] =1 +as+ -+ a, and 2% = z{'25? -+ - @

Qn
n
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We set ol
0'“lu
D = ———4 —.
0x{' 0x3? - - - Qxon
For |a| = m, D*u denotes the m-th partial derivatives of the function u = u(zy, xs, ..., x,).

For simplicity, we write only z for (zy,x,) € R2

Now, we introduce some function spaces which will be used frequently thorough out
the discussion. Let D be an open bounded domain in R? with smooth boundary 9D.
P,.(D), m > —1, denotes the space of polynomials of degree up to m restricted to D with
P_,(D) = {0}. For 1 < p < oo, we denote LP(D) to be the space of equivalence classes of

measurable functions u on D such that ||u||.»(p) is finite, where

1
D
|u|l o0y = (/ |u(x)|pdx> ;1 <p < ooand ||ul| () = esssup |u(x)|.
D

€D
Particularly, when p = 2, L*(D) is a Hilbert space with norm | - ||z2(p) and inner product

(+,-)r2(p) defined as

(u, v) £2(p) :/Du(x)v(x)dx.

For simplicity, we write || - || z2(p) by || - [|p and (-, ) z2(py by (-,)p. For m > 0, we denote
H™(D) to be the Sobolev space of order m, and is defined by

H™(D) := {u € L*(D) : D*u € L*(D), |a| < m},

—
-

with norm ||ullp = <Z|Oé|§m||D"‘ul|2D>2 and semi-norm |ul,p = <Z|a|:m ||Dau||%>2.

Again, Hj (D) C H*(D) such that
Hy(D) ={v e H' (D) :v =0 on dD}.
When D = ), we remove the subscript D in the notations of norms and inner products.

For more detail on Sobolev spaces, we refer to [5]. For a Banach space B of real-valued

functions and time interval J = [0,7], the Bochner spaces are given by

LP(T;B) ={u:J = B: ||ul|r(s:p) is finite},

1

. 1
where ||ul|Lr(7m) = (fo lu(t)|| dt)p, for 1 <p < oo and |[ul|L=(7m) = esssup, s [[u(t)| .

Similarly, for 1 < m < oo, we define

H™(J;B) ={u:J = B : ||ul|gmsmp) is finite},
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&9u(t)
oty

T 2 N3
where ||ul| gm(7;8) = (Z?:o N ‘ Bdt> :
Throughout this thesis, the generic constant C' is always positive and doesn’t dependent

on the mesh size and time step. However, it may change its value at different occurrence
and generally dependent on the physical coefficients. Whenever required, we shall use Cjs

to denote a constant depending on parameter 9.

1.2.2 Basic results

Now we shall recall some important inequalities for our subsequent use [74].
Young’s inequality: For a,b > 0 and € > 0, the following inequality holds

b < a? N eb?
a — i -
— 2¢ 2

An important consequence of the Young’s inequality is the Holder’s inequality. The

discrete version of Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ be such that %—I—% = 1. Then, for any real numbers

a;,bj e R, i =1,2,... n,

1 1
> labil < (Z |@z’|p> (Z \bz’|q> :
=1 =1 =1

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz
inequality in R".
The integral analogue of Holder’s inequality is as follows: Let p > 1 and ¢ be such that

+ = = 1. Then, for any measurable functions ¢, : Q@ — R

oY1y < [|@llLr) 1Pl Lag)-

For p = q¢ = 2, the above inequality is known as the Cauchy-Schwarz inequality.

1,1
P q

Poincaré inequality: Let (2 be a bounded open domain in R”. Then there exists a positive
constant C' = C'(2) such that

I8l < CIVell Vo € Hy().

In view of the Poincaré inequality, ||[V¢| defines a norm on HJ ().
Gronwall’s lemma: Let G(t) be a continuous function and H (t) a non-negative continuous

function on its interval ty <t < to + a. If a continuous function F'(¢) has the property

F(t) < G(t) +/tF(S)H(S)dS for ty <t <ty + a.

to
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e F(t) < G(@t) + /tG(S)H(S)exp (/:H(T)dT) dsforty <t <tota.

to

In particular, when G(t) = C, an non-negative constant, we have

t
F(t) < Cexp </ H(s)ds) for tg <t <ty +a.
to
Lemma 1.2.1. For any Banach space B, we have (cf. [110], Proposition 7.1)

sup [[o(t)ls < Cllvlan sy, v € HYJT;B). (12.1)
o<t<T

1.3 Background and Motivation

This section briefly explains the existing relevant literature, including our contributions and

the motivation behind the present study.
It has always been an interesting topic among scientists and numerical analysts devel-

oping advanced numerical techniques to solve various partial differential equations (PDEs)
arising in the field of science and engineering. Numerical solutions to such problems draw
significant attention in various fields of applied sciences, engineering and medicines like
acoustics, fluid mechanics, astrophysics, aerodynamics, and high-intensity focused ultra-
sound etc. The key features of a good numerical method are its cost efficiency and higher-
order accuracy. Several numerical methods, like finite difference methods (FDMs) and
finite element methods (FEMs) in the literature, are intended for numerical approximation
of such problems on simple geometry. FEMs are one of the most accurate, efficient and
reliable approximation schemes in scientific computing due to their significant applications
for real-world physical phenomena. However, in the case of polygonal or polyhedral (poly-
topal) discretization, it becomes very difficult to implement higher-order methods due to
the complexity in basis construction and requires various Gauss quadratures for the evalua-
tion of integrals. In recent years, the use of polytopal elements in scientific and engineering

literature has seen significant growth due to their wide applications.
Several attempts were made in order to generalize the traditional FEMs that allow the

use of arbitrary polygonal elements, rather than just triangles or quadrilaterals such as gen-
eralized FEM [12], composite FEM [73], rational function approach [132], extended FEM

[57], and others [22, 38, 90, 109, 124, 131]. Methods like polygonal finite element method
(PFEM) have been developed, which can handle polygonal or polyhedral meshes by using
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generalized non-polynomial shape function [120, 123]. Moreover, it can provide a more
accurate approximation of the solution for problems that exhibit singularities or disconti-
nuities. But the use of such a non-polynomial shape function leads to higher computational
cost as it needs to be integrated inside each local element, and that too approximately. Al-
ternatively, we can construct relatively simple (polygonal) discrete spaces by relaxing the
continuity requirements along the inter-element boundary. Discontinuous Galerkin (DG)
[29, 35] and weak Galerkin (WG) [92] FEM impose weak continuity requirements along the

inter-element boundary and are able to use general polygonal or polyhedral meshes.
Mimetic finite difference (MFD) is one of the promising techniques among the techniques

that can handle complex geometries [25, 43, 44]. It is a FDM that evolved from the classical
finite difference or finite volume method, along with some similarities to FEMs and is named
“mimetic” as it preserves the underlying mathematical structure of the PDE. Unlike FEM,
this method uses only the degrees of freedom and doesn’t have a trial function inside
the elements. Higher-order MFD has been introduced using some additional degrees of
freedom such as moments on faces, edges and elements [19, 45, 72]. However, the analyses
and implementation of the method become complicated due to the unavailability of test

and trial functions inside the elements.
The virtual element method (VEM) is a recent numerical technique developed for solving

PDEs which can efficiently deal with polygonal or polyhedral mesh discretizations. This
method is motivated by MFD and can be seen as the most suitable generalization of FEM
for complex geometries. In VEM, the local basis function space in each element contains
polynomials (as FEM) as well as some non-polynomial functions, which are the solution
of some PDE in that element. The explicit construction of the basis functions is not
required, and one needs to define suitable degrees of freedom to represent any function in
the space uniquely. The basic framework of VEM is to use suitable projections from the
local space onto the space of polynomials, which can be computed using the degrees of
freedom associated with the local space. Thus, for the computation of the stiffness matrix,
particularly the discrete bilinear form, we need only the integration of polynomials over
the element and a suitable stabilization term of the right order of magnitude. The method
was designed to handle arbitrarily shaped polygonal discretizations, which are convenient
for handling complex geometries. This is by far the most appealing feature of the method,
not only because VEM has been shown to be robust to mesh distortion but also because

it can handle non-conforming discretizations in standard FEM (i.e., meshes containing
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hanging nodes) in a straightforward manner. VEM simply interprets a hanging node in
a non-conforming mesh as a division of an edge at a 180° angle, effectively increasing by
one the number of edges in elements sharing this node. This requires no modification
whatsoever to the VEM formulation, and the element is treated normally, thereby resulting
in a conforming virtual element mesh. Handling non-conforming discretizations gives VEM
an edge over standard FEM. Another important property of VEM is that it satisfies the

patch-test required by engineers and scientists.
In literature, VEM was first introduced in 2013 by Beirao Da Veiga et al., where a

conforming method was discussed for the Poisson equation in two-dimension [16]. In [48] a
non-conforming VEM was presented by Dios et al.. Next, Ahmad et al. gave an alternative
construction of the discrete space using L? projection onto the space of polynomial of
degree m (where m is the order of accuracy of the method) instead of m — 2 (as in original
VEM [16]) [6]. This new formulation allowed us to extend the method to elliptic problems
involving lower-order differential terms, such as reaction-diffusion problems. Further, it was
extended to elliptic problems with variable coefficients [2, 46] and general elliptic problems
[18, 31]. The extension to the variable coefficient is not so trivial because the discrete
bilinear forms, in this case, do not satisfy the polynomial consistency and stability results as
in the case of constant coefficients. VEM has been successfully applied to solve a wide range
of stationary problems such as linear elasticity problems [41, 59], plate-bending problems
[26], eigenvalue problems [63, 91], system of equations [28, 30] etc. Some works on the

practical implementation of the method are presented in [17, 42, 121].
VEM is also being used as the discretizing tool for spatial direction in time-dependent

initial-boundary value problems. In [129], Vacca et al. developed the conforming VEM
for parabolic problems considering the standard time-dependent diffusion equations and
the non-conforming counterpart was developed by Zhao et al. in [139]. In addition to
the discrete bilinear form that approximates the grad-grad form in the elliptic case [16],
another discrete bilinear form is introduced to approximate the L? inner product using the
L? projection defined in [6]. The error analysis was worked out using an energy projection
onto the discrete space, which bridges the discrete and original grad-grad form. Vacca
also extended the previous work to hyperbolic problems in [128], where they considered the
standard wave equation as the model problem. Conforming VEMs for semi-linear parabolic
and hyperbolic problems were studied by Adak et al. in [3] and [4], respectively, where the

discrete counterpart of the non-linear source term was constructed using the modified L?
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CHAPTER 1. Introduction 9

projection.

In the majority of literature on time-dependent problems, the coefficients were taken
to be constant and hyperbolic problems with damping terms are not studied. The main
focus of the study is to develop the VEM for the general linear second-order problems
(1.1.1)-(1.1.2) with variable coefficients. In particular, we consider the different classes of
problems obtained for different choice of coefficients in (1.1.1) and develop the VEM for
each separately. These problems contain either weak or strong damping terms (or both),
making the convergence study more difficult and requiring additional analyses to obtain
optimal convergence estimates. Our first work discussed the VEM for the weakly damped
wave equations (1.1.3) with variable coefficients on polygonal meshes with homogeneous
Dirichlet boundary conditions. These are hyperbolic-type equations with an additional
weak damping term. Thus, these problems can be seen as a mixture of standard hyper-
bolic and parabolic problems, also known as hyperbolic heat equations. The coefficients are
assumed to be smooth enough to satisfy the necessary requirements in the convergence anal-
ysis. The virtual semi-discrete approximation of the model problem is constructed using
three approximated bilinear forms. The fully discrete scheme is obtained by first reformu-
lating the governing equation into a system of first-order equations and then employing
the Crank-Nicolson discretization. We present rigorous error analysis for the semi-discrete
and fully discrete schemes and derive optimal convergence estimates. Numerical examples
justifying the theoretical results for high-order VEM with different polygonal meshes show
the flexibility of the proposed method with respect to arbitrary mesh discretizations. Next,
we analyze the VEM for the pulsed electric field model problems (1.1.4) with variable co-
efficients on polygonal meshes. These problems contain the strong damping term and do
not come under the standard classification of time-dependent problems. Optimal error es-
timates are derived for both semi-discrete and fully discrete schemes in L? and H'! norms.
The fully discrete scheme can be reinterpreted as the Crank-Nicolson discretization of the
reformulation of the governing equation in the first-order system, as in Baker [13]. Further,
in support of our theoretical findings, some numerical examples are presented with different
meshes. The convergence analysis for the pulsed electric field model problems plays a vital
role while discussing the optimal order convergence in L? norm for our next two works.
In our next two works, we develop optimal order VEM for second-order Sobolev equation
(1.1.5) and viscoelastic wave equations (1.1.6). Recently, VEM has been discussed for the

second-order Sobolev equations (1.1.5) in [135, 138]. Error analysis in [138] uses an elliptic
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projection operator for constant coefficients. Then the convergence results in [138] have
been extended for variable coefficients by Xu et al. [135] assuming o = e. In [18], the
authors have shown that in the case of variable coefficients, the usual choice of approxi-
mated bilinear forms (as in the case of constant coefficients [128, 129, 138]) is insufficient
to produce optimal convergence results. Following the idea in [18], modified approximated
bilinear forms are used to construct the semi-discrete virtual element approximation of the
model problem. The modified discrete bilinear forms generally do not follow the poly-
nomial consistency property and stability estimates with respect to the original bilinear
forms. Thus, additional analysis is required to deal with the consistency error and its con-
sequences. It is observed that although the standard elliptic projection leads to an optimal
error estimate in the energy norm, it is difficult to achieve an optimal convergence rate in
the L? norm. This is due to the fact that the elliptic projection operator can only take
care of either V - (cVu) or V - (eVu,) in the error analysis. The approximation properties
of a newly introduced non-standard projection operator (motivated by the semi-discrete
solution of pulsed electric model problems) play a crucial role in the derivation of the a
priori error bound in the L? norm. We introduce an auxiliary variable to reformulate the
second-order governing equation into a first-order system. The fully discrete virtual ele-
ment approximation of the model problem is obtained by employing the Crank-Nicolson
discretization to the first-order system of equations. The temporal method can be seen as
a particular case of the Newmark method for wave equations (cf. [67]), which has been
used extensively in applications. Rigorous analysis has been carried out for semi-discrete
convergence and fully discrete schemes, and the optimal order of convergence is derived.
Numerical examples are presented with different types of meshes and different polynomial

degrees to support our theoretical findings.
In our final work, we present higher-order time-stepping VEMs for the wave equations

with variable coefficients on polygonal meshes. The VEM for the wave equation (1.1.7) with
constant coefficients on polygonal meshes in [128] mainly focuses on the semi-discrete error
analysis of the proposed method, while for the fully-discrete approximation, both Newmark
and Bathe method has been used. But a detailed analysis of stability and convergence for
the proposed methods is missing. Also, the methods are shown to be at most second-
order accurate in temporal discretization. While using the higher-order FEMs for spatial
discretization, second-order temporal schemes are insufficient to produce a higher-order

method together and require choosing smaller time steps in order to preserve the higher
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accuracy provided by spatial direction. To preserve higher accuracy, we should use higher-
order time schemes as well. Such a scheme can be obtained by the modified equation
approach, where appropriate modification is done on the existing second-order schemes by
looking at the truncation error [36, 37, 117]. In this work, we have developed a fully discrete
VEM using a general Newmark scheme and obtained up to fourth-order convergence in time
for some special cases. We present a full theoretical analysis for the semi-discrete error and
derive optimal convergence estimates. We analyze the stability of the fully discrete scheme
and show that the method converges the discrete energy. Further, in support of theoretical

findings, numerical examples are presented.

1.4 Virtual Element Framework

In this section, we will discuss the construction of virtual element approximation for nu-
merical solution of an elliptic problem with variable coefficients. We refer to the papers

[6, 16, 18] for more details. We consider the following elliptic boundary value problem

S(a)u— - (o(@)Vu) = f(@) for a € 9. (141)

u(z) =0 for z € 0N.
Here f(z) is the forcing function and the coefficients d(x), o(x) € L>°(2) such that
M < §(x),0(x) <M Vze

for some positive constants M and M.
Let {7} be a partition of the domain € into elements (arbitrary polygons) E. For any

element E, hg denotes the element diameter and h = rEna73<hE represents the mesh size of
€Th

Tr. Further, n(FE) and |E| are the number of sides and area of F, respectively, and V;’s are

the vertices of E. The discretization 7;, of domain €2 is demonstrated in Figure 1.4.1. We

assume the following regularity conditions on the mesh decomposition [16]:

Assumption 1.4.1.

Al. We assume that there exists a v > 0 such that, for all h, each element E in 7T}, is
star-shaped with respect to a ball of radius yhg.

A2. We assume that there exists a p > 0 such that, for all h, each element E in 7T, the

distance between any two vertices of F is phg.
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Figure 1.4.1: Partition of €.

The mesh assumptions for the family of meshes 7, in [16] implies the following mesh

regularity condition [33].

Assumption 1.4.2. There exists a uniformly shape reqular and quasi-uniform virtual tri-

angulation Tg of each element E in T;, with mesh size proportional to hg.

For any element E € T, with boundary 0F, we define the auxiliary local space V;"*(E)
by

Vir(E) = {ve H(E)NC%OE) : vlg € Py(€) for all edge £ € OF, Av € P, (E)}.
Here m > 1 is an integer and called as the polynomial order of accuracy of the method.
We define the elliptic projection operator IIY, 5 : H'(E) — Pp,,(E) by

(VIIY, v, Vq)g = (Vu,Vq@)p Vg € Pp(E),
PE(HZ,EU) = Pgl),

where Pf is the averaging operator

LS E ), m=1
Py = { "=

ﬁvadx, m > 1.

Then the virtual local space W}"(E) can be defined as

(IIy, pw)gdz = / wqdr Vq € Mm(E)/Mm_Q(E)} :

E

W) = {we v [

E
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Symbol M,,(F) represents the space of scaled monomials defined by

i ={(£522) =)

For a multi-index s, we write |s| := s; + s and z® := x7'23?. Again, M, (E)/M,,_»(FE)

denotes the scaled monomials of degree m on E that are L2- orthogonal to all the scaled

monomials of degree m — 2 on E.
Any w € W/(E) can be uniquely determined by the following degrees of freedom (D)

associated with local virtual space W' (E) (cf. [16]):
(D1) w(V5),
(D2) w(E;), where E;’s are the n(E) x (m — 1) distinct points on the edges of E,

(D3) for all u € M, »(E), the values |—]§| Jpw p de.
With the Assumption 1.4.2, we have the following inverse inequality [33].
Lemma 1.4.1. Forv € W;™(E), we have

IVo|le < Chip'||v]e. (1.4.2)

Next, we define the L* projection operators II, p : L*(E) — P, (E) and II)), |  :
[L2(E)]? — [Pm-1(E)]* by

(11, v, Qg = (v,q)r Vg € Py(E)

and
(I,_, ;Vv.Q)e = (Vu,q)p  Vq € [Py (E)]?,

respectively. It is easy to note that
L,y e Volle < [[Volle, Vo =I5, pVollp < Vo = VIIT golle. (1.4.3)
Also, for the projection operators II, 5, and IIY, 5, we have the following bounds:
ML pvlle < lolle, v =1, golle < lvlle, (1.4.4)
and
105 pvhe < hp v =10 pohe < e, (1.4.5)

respectively. We have the following estimates for the projection errors [24].
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Lemma 1.4.2. For m >0 and v € H™(E), it holds

lv — 11y, golle + hilo — L7 golie < ChE ™ olma,e,
lv =105, golle + hilv =TI, gohe < CE ol 5,

Vo —T1I),_, xVu|lg < ChE VUl E,

where C'is a positive constant independent of hg.

Following the standard way, we easily obtain the variational problem for the model
problem (1.4.1) as : Find u € H}(Q)) so that for all v € H} ()

m(u,v) + a(u,v) = (f,v), (1.4.6)

where m(u,v) = (§(z)u,v) and a(u,v) = (o(x)Vu, Vo) for all u,v € H}(Q).
The bilinear forms m(-,-) and a(-, -) can be splited into their local counterparts in the

following manner

m(u,v) = Z mP(u,v) & a(u,v) = Z a®(u,v) V u,v € H}(Q).

EeTy, EeTy

Remark 1.4.1. In the case of constant-coefficients, the following discrete bilinear forms

are usually considered in order to approximate the original bilinear forms (see, [16]):

CLE('U, U}) = (VHTVTL7EU7 VHXL,EU))E + ((I F HXL,E)Ua (I o HZ’E)’U])E ’
my (v, w) = (ng,EU7 H?n,Ew)E + (([ - H%,E)”? (I - ng,E)w) ;

forv,w € W*(E). For variable coefficients as in (1.4.1), a natural extension of the above

choices would suggest considering the discrete bilinear forms as
af(v, w) = (O’VHZEU, VHZ,EM)E + 5’5 ((I - HX,E)U, (I — HTV,L,E)w) ,
my, (v,w) == (6110, po, 110, pw) .+ S5 (I =110, v, (I =11}, p)w) (1.4.7)

for v,w € W™(E), where gf, §5E are stabilizer terms. For m = 1, this choice works fine.

However, for m > 2, it fails to deliver optimal order of convergence (see, [18]).

In order to overcome the sub-optimal convergence, we require to modify discrete bilinear
forms (1.4.7) according to [18]. For all E € T, by making use of I 5, IT), ; and IL),_, 5,
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we introduce the local bilinear forms af(-,-) : W(E) x W/(E) — R and m¥P(-,-) :
W (E) x Wi"(E) — R that approximate the exact forms a”(-,-) and m(, -) g, respectively,
in the following manner
GE(U,U}) = (UH?n—l,EVU7 Hgl—l,va)E + Sf ((—] - HZ,E)”» (I - HZ,E)U’) &
E

mpy (U7 w) = (5H?n,EU7 H?n,Ew>E + Sf ((I - Hgl,E)Uv (I - H(r]n,E)w) ’ (148>

where SZ, SF are symmetric positive definite bilinear forms such that there exist positive

constants ay, as, By, Bs independent of h satisfying

asa (w, w) < SE(w,w) < Bya” (w,w), (1.4.9)
for all w € Wi"(E) with II}, ;w = 0 and

asm® (w,w) < 8§ (w,w) < Bsm” (w, w) (1.4.10)

for all w € Wi™(E) with II), zw = 0.
We note that symmetric properties of S¥, SF and the relations (1.4.9)-(1.4.10) yield

SE (v, w) < (Sf(v,v))% (Sf(w,w))% < B, (aE(v,v))% (a”(w, w))% (1.4.11)
for all v, w € W;(E) with IIY, zo = IIY, zw = 0 and
SF (v, w) < (S5 (v, v))% (Sf(w,w))% < Bs (mE(v,v))% (mE(w,w))% (1.4.12)

for all v, w € Wy (E) with II), zv = II), zw = 0. We choose the stabilizing terms in (1.4.8)

as follows:

SE(w,w) = 5EZdof Ydof,(w) &

Sf(va w) = ﬁf‘E| Z dofr(v>d0fr(w>7
r=1

where 8F = Pi(0), fF = P&(5) and NE = dim W/™(F). Here, dof,(w) denotes the r-th
local degree of freedom of w in W*(E).

Next, we present some results for the modified bilinear forms (1.4.8) which are important
for our further analysis. The results are derived following the idea in [18] with necessary

modifications. We have presented the proofs for the completeness of this works.
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Lemma 1.4.3. For any v,w € L2(E), we have
a”(v,w) = (oTI),_, xVu,IL), | xVw)
< |oVu =11, (o V)|, ||[Vw —II),, xVu,,
+ [ Vo =105, o Vol|,, (M |V = 105, V|, + [|oVe = T, s(eVu)],)
Proof. Use projection operator IT),_; ; and Cauchy-Schwarz inequality to obtain
0 (v,w) ~ (010, _y V0,10, V)
= (oVo,Vw =11, zVw)  + (Vo —IL),_, zVu,0Il), | ;Vw),
= (oVo — 11, (o V), Vuw —II),_, zVw) .
+ (V=11 gVv,0lIL),_, xVw —TI), | g(oVw))
= (oVo—1IIL),_; x(cVv),Vw —II),_;, ;Vw)

E
+ (Vv 4 H?WLEVU, O'HE)YHLEVUJ — an)E
+ (Vo —1II),_, ;Vv,0Vw — H?nfl,E(va))E
< |oVu =11, (o V)|, [|[Vw —1I), ., zVu|,

+ |[vo =105, 5ol (M |V = T35, V|, + [|oVe = I, ., s(eVw)]l,)
which completes the proof of Lemma 1.4.3. O
The following consistency error estimate is a direct consequence of the Lemma 1.4.3.

Lemma 1.4.4. For v € H"(E) and w € W/"(FE), we have

GE(H%L,EU?U)) o= aﬂng,EU?w) < ChE|v|mer,plw e
Proof. Since IIY), pv € Pp,(E) implies IIY, p(IT), pv) = II), pv and II),_, pV(II), pv) =
V(II9, gv), we have

aE<H?n,EU7 w) — afa—[?n,Evv w) = aE(HSn,EU7w) - (O-Hgn—l,Ev(H(r)n,EvL Hg@—l,va)E
< HUV(H%,EU) - H(r)nfl,E(o-v(H?n,Ev))HE ||Vw - Hgnq,vaHE
< Ch [oV (110, g0, |Vl < CHEN ol mr o)y

Here, we have used the projection error estimates in Lemma 1.4.2. O
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For uw € H™1(Q), we define the interpolant u; € W™ of u as
dof.(uy) =dof.(u), r=1,2,... Ny,
where Nj, = dim W}". Then, we have the following interpolation error estimate [33].

||u — UIHE + hE|u 7 UI|1,E S C’hg+1]u|m+17E VE < 771 (1413)

Remark 1.4.2. In particular if w = uy, for some v € Hj(E) N H*(E), the above result

can be improved. We can have

a*(ILy, pv, ur) — ay (ITy, 5o, ur)

S ||UV(H9n,Ev) - H?n—l,E<UV<H21,EU>)HE HVU} - H(r)n—l,EvuIHE

< ChE oV, gv)| ||V — IT

m—LEV““E

m,E ‘

< ChE M |v|psa,p|uls,p-

Now, we define the global discrete space and the corresponding global bilinear forms by

assembling the local counterpart as
W = {w € H)(Q) : w|p € W/"(E) VE € Ty}
and

ap(v,w) := Z ar (v,w) & mp(v,w) = Z my (v,w) Vv, w € W

E€Ty, E€Th

Regarding the continuity and coercivity of the discrete bilinear forms, we have the

following result.

Lemma 1.4.5. The bilinear forms a, and my, satisfies
an(v,w) < (1+ Bo)Mvhlwli & mp(v,w) < (1+ Bs)M|[v[l[lw] Vo,w € Wy
and

an(w,w) > min{l, ax M |w]? & my(w,w) > min{l, as}M|jw|? Yw € W™
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Proof. From (1.4.3), we have

(UH?nfl,EVU, I1° *Lva)E <M HHS%LEVUH ||H21717EVw||E < M|U!1,E|w|1,E.

m

Again from (1.4.11) and (1.4.5), we get

Sy (I =103, p)o, (I =TIy, p)w) < B M|(I =11, p)oh gl (I — 1LY, p)wl g
< 5UM|U|1,E|IU|1,E-
Combining the above two estimates, we obtain
ai?(“ﬁ w) = (Jngn—l,Evvv ng—l,va)E + S;E ((I - HTZ,E)U» (- HZ,E)U’)
< (14 B,)M|vh,plwh,s.
Now summing over E € T, results in

ap(v,w) = Z ar (v,w) < (14 B, )M|v|;|w]); Vv, w € W™
E€Th

Similarly, we have
my, (v, w) = (6H21,EU7 H(T)n,Ew)E + S5 ((I - ng,,E)Ua (I - H?n,E)w)
< (1+ Bs)M|jvll£l|wl|e-
Here, we have used the bounds in (1.4.4) and (1.4.12). Consequently,
mp(v,w) < (14 B5)M|v|||w]| Vv, w € W™
For the coercivity part using (1.4.9) and (1.4.3), we have

ay (w,w) = (o1L,_y pVw, IL,  pVw) o+ 87 (I =1y, plw, (I = 7 plw)
> M||TE,_, 5V, + oM |(I - HXME)w’iE
> M0, 5V, + e M |[Vo —TI, Vo[,
> min{1, a, } M| Vw3

= min{l,aa}M|w|iE.
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Now summing over E € Tj, results in

ap(w,w) = Z af (w,w) > min{1, a, }M|w|? Yw € W™,
EeTh

For m;, proceeding in a similar manner, we obtain
my (w, w) = (5H21,Ew7 H(r)n,Ew)E + 55 (([ - ng,E)wv (I - H?n,E>w)
> M|, olly, + as M [|(7 =115, gl
> min{1, oz } M ||wl [
Here, we have used the stability estimate (1.4.10). Hence,

mp(w,w) = Z mf (w,w) > min{1, a5} M|w|?® Yw € W
E€Ty

We set the discrete form of the source function f as

fo =101, (1.4.14)

with the notation (II),g)|g = IT), z(glg) for all g € L*(2) and VE € T,. Then, due to the

approximation property of H?m 5, we have the following result.

Lemma 1.4.6. Let f € H™(Q). Then, for f, defined in (1.4.14), we have

1fn = £Il < CR™ | flmsr.

Now, we can have the virtual element discrete problem to the variational problem (1.4.6)
defined by: Find u;, € W™ such that

mh(uh,wh) + ah(uh,wh) — (fh,wh) th c W}:n (1415)

We have the following theorem for the discrete problem.

Theorem 1.4.1. The problem (1.4.15) has a unique solution u, € W, and satisfies the

following error estimates:
‘uh - uh < Chm(’u‘erl + ’f’m) &
lun — ull < CR™(Julmrr + | Flmsr),

where C'is a constant independent of h but depending on the coefficients & and o.
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1.5 Projection Operators

In this section, we will define some projection operators that will be used in the analysis of

the proposed problems.
We will need the following elliptic projection operator Ry, : H}(2) — W™ defined by

ap(Rpu, w) = a(u, w) Yw € W (1.5.1)
For the estimate of the projection errors of the operator Ry, we have the following result.

Lemma 1.5.1. For u € H™(Q), we have

|Rpu — uly < Coh™|u|miq
and if ) is a conver domain

1Rhu — ull < Coh™ Ml 1.

Proof. The existence and uniqueness of Ry, follows from the fact that a; is continuous and
coercive and the continuity of a. Setting J;, := Rpu — u; and using the definition of R, we

derive

ah(éh, 6h> = ah(Rhu, 5h> — ah(ul, 6h)
— Z [aE(u,éh) — af(ul,éhﬂ

E€Ty,

= Z a”(u — H%,Euv On) + Z (aE(Hgn,Eua on) — G’E(Hgn,Euu 5h))
E€Th E€T

+ Z af(Hg%Eu — uy, 0p)
EcTy,

From continuity of @ and Lemma 1.4.2, we have

I < Z Mu — H7071,7Eu|1,E|5h|1,E < Z MCK U] mi1.600]1.8 < Coh™|ulmi1|0n]-
E€T, E€Ty,

(1.5.3)
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For I, using Lemma 1.4.4, we obtain

I <Y MO a1, 20018 < Col™ ulmi|04]1. (1.5.4)
E€T,

Again for I3, continuity of aj, Lemma 1.4.2 and interpolation error estimate (1.4.13) imply

I3 < Z (14 Bo) ML, pu — ug|,p|0n]1E
EeTy,

< Z (1+ Bo) MChg|ulmi1.21001 5
EcTh

< Coh™ |t ma1|0n]1- (1.5.5)
Plugging (1.5.3)-(1.5.5) in (1.5.2) and using the coercivity of aj, results in
|0n]1 < Coh™[u]m 1.
Thus by interpolation error estimate (1.4.13) and triangle inequality, we obtain
|Rru — uly < Coh™|u)me1- (1.5.6)

For the L? norm estimate, we will use the following dual problem: Find ¢ € H} () such
that

—Ap =u— Rpu.
If  is convex, we have the regularity result
lpl2 < Cllu — Rpul|. (1.5.7)
Let ¢y € W} be the interpolant of ¢. Then, we have
o — w11 < Chlply < Chllu — Ryul|. (1.5.8)
Again from the definition of R}, we derive
(o(u — Rpu),u — Ryu) = (0(u — Ryu), —Ap)
= a(u — Ryu, ¢)
= a(u — Ruu, o — 1) + alu — Ruu, pr)
= a(u — Ryu, ¢ — ¢r) + a(u, ¢r) — a(Ryu, 1)
= a(u — Rpu, o — ¢1) + an(Rpu, 1) — a(Rpu, ¢r)
=T +Ts. (1.5.9)
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For Ty, using (1.5.6) and (1.5.8), we have
Ty = a(u — Ryu, ¢ — ¢r) < Mlu— Ryuli|e — o7l < Coh™ Hul i llu — Ryull.
The second term 75 can be written as

Ty =an(Ryu, 1) — a(Ryu, o)

= Z laz; (Ruu, ¢r) — a” (Ryu, 1))

EeTh,

— 3 [af (Ruu — T, pu, 1) — a” (Ryu — T, s, 1))
Ee€T,

3 Z [GE(H&,EU’ 901) - aE(H(r)n,Eu’ 901)}
EeTy,

it (15.10)

For Jy, using Remark 1.4.2, Lemma 1.4.2 and (1.5.6)-(1.5.7), we have

Ji= Z [aE(Rhu — H?mEu, 1) — aE(RhU - Hgn,E% 901)]

EeTy,
< Co Z he|Ryu — H[r)n,Eu’LE’@b,E
EeTy,
< Cy Z WE s, 5l0l2,B
EeTy,

< Coh™ s |l

< Coh™ i |lu — Ryul|.

Similarly for .J5, using Remark 1.4.2 and (1.5.7), we obtain

Jy= 3" [aP (TS, pu, 1) — a®(I1S, pu, r)]
EE€Ty,

< Cp 3 W sl
E€T,,

< Coh™ Ml |l

< Coh™ |t lu — Ryul].
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Substituting the above two estimate in (1.5.10), it yields
Ty < Coh™ |t i || — Rpul|.
Plugging the bounds for 77 and Ts in (1.5.9), we get
lu = Ryull < Coh™ [l

This completes the proof. O

We will also require the L? projection operator Ly, : L?(2) — W™ define by
mp(Lpu, w) = (u,w) Yw € W™ (1.5.11)

The operator Ly has the following projection error [128].

Lemma 1.5.2. For u € H™(Q), we have

IZhu — ull < CH™ Hulmer.

1.6 Layout of the Thesis

This thesis is composed of seven chapters, which are listed below.
Chapter 1 contains the description of the problems, basic notations and preliminary

results to be used in the thesis. It also provides a brief literature survey on the numerical
techniques for the concern problems on polytopal meshes and the motivations behind the
present study. Finally, the basic frame work of VEM for an elliptic problem with variable

coefficients is discussed.
In Chapter 2, we describe the VEM for the weakly damped wave equations with

variable coefficients on polygonal meshes. Very general polygonal meshes are used for the
spatial discretization. In both L? norm and H' semi-norm, optimal order of convergence is
obtained for the spatially discrete approximation. We employ the Crank-Nicolson temporal
discretization scheme for the fully discrete problem and derive the convergence analysis.
Numerical experiments are illustrated to confirm our theoretical findings. Results and

findings of this chapter are published in [103].
Chapter 3 concerns with the VEM for pulsed electric field model problems with variable

coefficients on polygonal meshes. We have presented the spatially semi-discrete approxi-

mation and derive optimal order error estimates in L? norm and H* norm for the spatially

TH-3214_186123008



CHAPTER 1. Introduction 24

discrete approximation. We have also developed the fully discrete approximation based on
Crank-Nicolson temporal discretization and derived the convergence analysis. The numer-
ical experiments are consistent with the theoretical results. Results and findings of this

chapter are published in [102].
In Chapter 4, a VEM for second-order Sobolev equations on polygonal meshes is

discussed. We propose both semi-discrete and fully discrete schemes to numerically solve
the linear Sobolev equations. For the time discretization, we have used implicit second-order
Newmark scheme. Optimal convergence rates in both the L? norm and the H' semi-norm
are established using a new non-standard projection operator. Numerical experiments are
illustrated to confirm our theoretical findings. Results and findings of this chapter are

communicated in [100].
Chapter 5 is devoted to studying the VEM for viscoelastic wave equations on polyg-

onal meshes. We present both semi-discrete and fully discrete approximation to the linear
viscoelastic wave equations. We employed the implicit second-order Newmark method for
the time discretization. A new non-standard projection operator is used to establish the
optimal convergence rates in both the L? norm and the H' semi-norm. Numerical simu-
lations justify the accuracy, efficiency, and robustness of the proposed algorithms. Results

and findings of this chapter are communicated in [101].
In Chapter 6, we discuss the high-order time stepping VEMs for the wave equations.

Fully discrete VEMs with second-order accuracy in temporal direction require to choose
smaller time steps in order to preserve the higher accuracy provided by spatial direction. To
overcome this restriction, higher-order time stepping methods are needed. In this work, the
general Newmark scheme for temporal discretization is considered along with the virtual
element discretization in space for the wave equations on polygonal meshes. Rigorous
analysis has been done on the stability and convergence of the proposed method. Optimal
convergence is obtained in spatial direction along with up to fourth-order convergence in
time for some special cases. Numerical experiments are illustrated to confirm our theoretical

findings. Results and findings of this chapter are communicated in [99].
Finally, Chapter 7 discusses the critical interpretation of the results, trying to empha-

size the contributions made by this thesis and the scope of future studies.
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VEMs for Weakly Damped Wave Equations

This chapter provides a virtual element method for weakly damped wave equations with
variable coefficients on polygonal meshes. In both L? norm and H' semi-norm, optimal
order of convergence is obtained for the spatially discrete approximation. We employ the
Crank-Nicolson temporal discretization scheme for the fully discrete problem and derive
the convergence analysis. Numerical experiments are illustrated to confirm our theoretical

findings.
2.1 Introduction

We consider the following hyperbolic type equations with weak damping as our model
problem (cf. [76, 105])

uy + k(z)uy — V- (o(2)Vu) = f(x,t) for (z,t) € Q x (0,7] (2.1.1)
with ICs and BCs
u(z,0) =uy & uy(x,0) =g for x € Q; u(x,t) =0 for (z,t) € 02 x (0,7], (2.1.2)

where 0 C R? is a polygonal domain with smooth boundary 9Q and T < oo. Here, f
denotes the source function, k(z) and o(z) are the damping coefficient and the diffusion
coefficient, respectively. Further, we assume that there exists two positive constants M and
M such that M < k(z), o(x) < M a. e. in Q.

In the past years, many numerical methods has been developed for solving the hyperbolic
heat equation (2.1.1) (see [82, 86, 89, 93, 118] and references therein). Recently, a finite

Results of this Chapter are published in [103]
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element method (FEM) with interface is developed in [49, 50]. But, in case of polygonal
or polyhedral meshes employing FEM becomes very difficult task due to the complexity in
basis construction and it demands higher computational cost to evaluate the integrals using
Gauss quadrature. To avoid above difficulties associated with numerical approximation of

the model problem (2.1.1), we will propose a novel VEM.
The virtual semi-discrete approximation of the model problem is constructed using three

approximated bilinear forms. The fully discrete scheme is obtained by first reformulating
the governing equation into a system of first-order equations and then employing the Crank-
Nicolson discretization. We present rigorous error analysis for the semi-discrete as well as
fully discrete scheme and also derive optimal convergence estimates. Further, in support of
theoretical findings numerical examples are presented for high-order VEMs with different

polygonal meshes.
The remainder of the content is divided as follows. We present the semi-discrete virtual

element approximation in Section 2.2. Next, while Section 2.3 deals with the semi-discrete
error analysis, Section 2.4 discusses fully discrete approximation and its convergence. Nu-
merical examples and the conclusion are presented in Section 2.5 and Section 2.6, respec-

tively.

2.2 Semi-discrete Virtual Element Approximation

This section deals with construction of semi-discrete virtual element approximation for the

model problem (2.1.1)-(2.1.2).
The variational problem for the model problem (2.1.1)-(2.1.2) is given by : Find u €

L*(0,T; H3 () N H%(0,T; L*()) so that for a.e. t € (0,7

(utt, U) + S(Ut, U) + a(% U) = (fv U>a Vu € HO (Q)’ (2'2'1)

u(0) = ug, us(0) = v,

where s(u,v) = (k(z)u,v), and a(u,v) = (o(2)Vu, Vo) Yu,v € Hj(Q). The existence and
uniqueness of a solution to the continuous problem follow from the coercivity and continuity
of the bilinear forms s(-,-) and a(-,-) on H}(Q2). In the absence of forcing function f, the
continuous energy is given by

E(t) = 5 (e, wi) + alu, u)] .
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We recall that due to the symmetry and coercivity of the bilinear form a(-, -), the continuous

energy E(t) decreases when it is non-zero.
We recall the virtual element framework discussed in Chapter 1, Section 1.4. The

bilinear forms a(-,-) and s(-,-) can be split into their local counterparts in the following

manner:

a(u,v) := Z af(u,v), s(u,v) = Z sE(u,v) Y u,v € H(Q).

E€Th E€T,,
Asin (1.4.8), we now define the following local discrete bilinear forms on the local virtual

element space W™ (E):
ay, (v,w) := (o1l _, g Vo, 1L,y pVw) 4+ 87 (I =TIy p)o, (I — 117 p)w)
my, (v, w) = (H?n,EUaH%,Ew)E + 5y ((] y Hng)U’ (- Hgb,E)w) &
sy (v, w) == (kII), gv, H?me)E +S2((1 =11, g)v, (I = I, glw), (2.2.2)

where

NE
SP(v,w) = B2 dof(v)dof,(w),
=1l

Sy (v,w) = |E| > dof,(v)dof,(w) &

r=1

SE(v,w) = BE|E| Y dof,(v)dof,(w)

with 8 = Pi(0), 8P = Pi(k) and N¥ = dim W"(E).
The global bilinear forms on the global discrete space W} can be obtained by assembling

the local counterpart as: For all v,w € W;"

ap(v,w) = Z af (v,w), my(v,w) 1= Z mE (v, w), sp(v,w) = Z sP(v,w).

E€Ty, E€Ty, E€Th
Following the proof in Lemma 1.4.5, we can show that the global bilinear forms a;, m; and

sy, satisfies the following continuity and coercivity properties: For v,w € W;"
an(v,w) < (1+ Bo)M]vl|i|wly,
my (v, w) < (14 Bo)||vlllw] &

sn(v,w) < (1+ Bo) M| [Jwl|
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and for w € W}

an(w,w) > min{1, o, } M|w|7,
mp(w, w) > min{1, ap}Hw|* &

sp(w,w) > min{1, a,} M|jw|?,

where o, 85, g, B, Qx, B are some positive constants.
Now, we have the following semi-discrete virtual element approximation to (2.2.1): Find

up, € L*(0,T; W) N H%(0, T; W) such that for a.e. t € (0, 7]

My, (Whae, W) + Sp(Une, W) + ap(up, wy) = (fr, wn) Yw, € Wi, (2.2.3)

un(0) = Rpug, up(0) = Rpvo,

where f, is the discrete form of the source function f as defined in (1.4.14). Here, Ry, is

the elliptic projection as defined in (1.5.1).
We will need the following L?- projections L : L*(Q) — W™, ¢ = 1,2 defined by

mp(Ly pu, w) = (u,w), sp(Lopu,w) = s(u,w) Yw € W;". (2.2.4)

The operators L;p, ¢ = 1,2 has the following projection errors [128].

Lemma 2.2.1. For u € H™"(Q), we have
IZinu — ull < CR™ Hulsn,

where C' 1s a constant independent of h.

2.3 Error Analysis for the Semi-discrete Problems

This section is dedicated to the derivation of error estimates related to the semi-discrete

approximation (2.2.3) in both L? and H' semi-norm.
Before proceeding to the error estimates, we present the following results regarding the

stability of the semi-discrete solution wu, with respect to the initial data and the source

function.
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Lemma 2.3.1. Let ug € H}(Q)NH*(Q), vo € HY(Q)NH*1(Q), and f € H*1(H*2(Q)),
k=2,3,4. Then, we have

1D un(0)]] + 1D~ un(0) 1 < C(llwolli + llvolle—1 + Lf -1 ar-2)),

ak
where DF = ES

Proof. We taket — 07 in (2.2.3) and then using definition of the elliptic projection operator
Ry, we get

mp(une(0), wp) = —sp(upe(0), ws) — an(un(0), ws) + (fr(0), ws)
= —sp(Bnvo, wn) — an(Rpuo, wr) + (fr(0), wp)

= —sp(Rpvo, wp) — alug, wp) + (frn(0),wp,). (2.3.1)
From the continuity of the bilinear form s, and the H!-stability of Rj, we have
sn(Ruvo, wn) < (14 Be) M| Ryvolllwnll < Cllvoll[lwall. (2.32)
By using Green’s formula and boundary condition the second term can be bounded as
—a(ug, wp) = (V -« (a(x)Vug), wy) < Cllugl|a||ws]|- (2.3.3)
Again, from Lemma 1.4.6 and Lemma 1.2.1, we obtain
(fa(0), wn) < Cllf Nz w2 lwall- (2.3.4)

Now substituting wy, = wup(0), using the coercivity of my, and the estimates in (2.3.2),

(2.3.3) and (2.3.4) in (2.3.1) yields

[uner ()| < ClJuoll2 + l[voll + 1 £l (z2))- (2.3.5)
Again, from the H'-stability of Ry, we have
[une (0)][1 = [[ Rrvolly < Cllvolls,

This proves the result for k = 2. For k = 3, from (2.2.3) and (2.2.1) for ¢t — 0T, we have

mp (une(0), wp) — (u(0), wp) = s(ve, wp) — sp(Rpvo, wr) + (fr(0) — £(0), wp).
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Here, we have used the definition of R} operator. Now, from the definition of L2-projection

operators L; , t = 1,2, we obtain

mp,(ni (0) — L puge(0), wp) = sp(Lopvo — Rpvo, wr) + (fn(0) — f(0), ws).

Setting wy, = upu(0) — Ly pu(0), using coercivity of my, continuity of sj,, approximation

properties of operators Ry and Lg, and definition of f;, we obtain
[t (0) — Ly pun (0) || <C (| Lapvo = Brvoll + [|./2(0) — f(0)]]) (2.3.6)
<Ch(|lvolly + [1f [ zrr (1)) (2.3.7)
Estimate (2.3.7) along with inverse inequality (1.4.2) and H'-stability of L;, yields
[unee (0)]11 SCh™|unee (0) = L puee(0)|| + || L1,n1uee (0) |14
<C(llvolly + I ey + luee (0)1). (2.3.8)
From (2.1.1), we have
ui(0) = —k(z)vg + V - (a(z)Vug) + f(0). (2.3.9)
Now, using Lemma 1.2.1, we get
[ue (O)l1 < C(lluolls + llvolls + [l 2 camy)- (2.3.10)
Hence, using (2.3.10), (2.3.8) reduces to
[unee (0)[l1 < C(lJuolls + [lvolly + [[f o))

Next, differentiating (2.2.3) partially with respect to variable ¢ and then taking t — 07, we

obtain

mp (Untet (0), wr) = =55 (Unee(0), wp) — an(Rpvo, wr) + (fre(0), wy)
= —sp(up(0), wp) — alve, wy) + (fre(0), wp).

Following the arguments as in (2.3.5), we can easily derive

[enie Q) < Cllluollz2 + l[vollz + [ flla2z2))- (2.3.11)
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This proves the result for £k = 3. For k = 4, we first observe that

1y (Ungtt (0), wh)

= —n(unet(0), wn) — an(unee(0), wn) + (free(0), wa)

= —n(unet(0), wn) — an(unee(0) — Rrug(0), wn) — a(uw(0), wn) + (free(0), wn)

= —n(unet(0), wn) — an(unee(0) = Rpu(0), wn) + (V- (0(2) Vu (0), wa) + (fae(0), wa)
< C (luneee (O] + A~ e (0) — Buuee(0) 1y + lluee (0) |z + 11.f | s z2y ) [lwnll- (2.3.12)

Now using inverse inequality (1.4.2) and (2.3.6), we have
et (0) — Rpug (0)]ln SCh ™ Hune(0) — Ly pug (0)|| + || L1 ptss (0) — Rpug(0) |
<Ch(|lvoll2 + lflzr (zz2y + |luee (0)]]2).- (2.3.13)

Similar to (2.3.10) from (2.3.9), we have

[ue(0)]l2 < C(lluolla + [[vollz + [[flla(a2))- (2.3.14)

Substituting wy, = wupuu(0) and then using estimate (2.3.14) together with (2.3.11) and
(2.3.13) in (2.3.12), gives us

[uner (0) ]| < Cllluolla + llvollz + 1 F 1|z () (2.3.15)

Now, using the same argument employed in (2.3.8), we get
||Uhttt(0)H1 SChiluuhttt(O) - Ll,huttt(o)H 4 HLl,hUttt(O)Hl
<C([luolls + llvolls + [If 2cr))-
O
Lemma 2.3.2. Foruy € H}(Q)NH*(Q), vo € H}(Q)NH*Y(Q), and f € H*1(H*2(Q)),
k = 3,4, uy, satisfies
IDfunllZ2 2y < C(luolli + llvolliy + ILF s ge-2))-

Proof. Differentiating (2.2.3) twice with respect to ¢ and then substituting wy, = upu, we

obtain

1d 1d

Eamh (Untet, Unte) + Sh(Unetts Wnaer) + Eaah (Wntts Unat) = (fret, Unttt)-
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Now integrating from 0 to 7', application of Young’s inequality and coercivity of my, yields

T T
/ [nsee (t) || 2t < C(|luhttt(0>”2 + Jlune (0[] +/ ||fhtt(t)”2dt>~
0 0
Further, using Lemma 2.3.1 in the above equation, we have
[uneell72(z2y < C(lluoll3 + lvollz + 1 1l zrzany)-
This proves for £k = 3. For the case k = 4, proceeding in a similar manner, we obtain
||uhtttt”%2(L2) < C(HUOH?; o ||v0||§ o Hf”%z?»(m))-
m

We derive the following result for the error estimate of the semi-discrete approximation

(2.2.3) in H' semi-norm.

Theorem 2.3.1. Assume that ug € H™(Q) and u;, uy, f € L*(0,T; H"(Q)). Then for
all t € (0,T], we have

un(t) — u(®)y <CH™ (ol + el meny)
+ Chm+1(||ut||L2(Hm+1) -+ ||Utt||L2(Hm+1) -+ ||f||L2(Hm+l)).
Proof. Let us divide the error e, (t) = uy(t) — u(t) as
enlt) = () +$(2), (23.16)

where ¢(t) =: up(t) — Rpu(t) and ¥(t) =: Ryu(t) —u(t). Now, we have the following bounds
for ¢(t) due to Lemma 2.2.1:

(@)1 < Ch™ [u®)]m+1 < Ch™ ([uolmr1 + ([l rmer))- (2.3.17)

Therefore, we only need to estimate the bound for the term ¢(¢). From (2.2.3) and using
the definition of the projection operator Ry, we have the following error equation for ¢(t).
For all w, € W™ and for all t € (0, 7]

mp (P (t), wr) + sp(Pe(t), wp) + an(P(t), wy)
= (fh(t), wh) — mh(Rhutt(t), wh) — sh(Rhut(t), wh) — ah(Rhu(t), wh)
= (fh(t) — f(t), wh) + (Utt(t), wh) — mh(Rhutt(t), 'LUh) + s(ut(t), wh) — sh(Rhut(t), wh)
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For the term Tj, from Lemma 1.4.6, we have

Ty = (fu(t) = f(1),wn) < CR™HF(O) s ||wn]l (2.3.19)

Now for the term T5, using the definition of projection operator L; j, continuity of m; and

approximation properties of L, ; and R}, we obtain

Ty = (uy(t), wy) — mp(Rpug(t), wp)
= mp(Ly puse(t) — Rpuw(t), wy)
< (1 Bo)ll La,nuae (t) — Riuee(#)]] [ |
< CR"™ gy (8) g [Jwn - (2.3.20)
Using similar arguments, we can write
Ts = s(us(t), wn) — sp(Ruue(t), wp) < CR™ g () s ]|wn]]- (2.3.21)

Now, substituting the estimates for 7, 75 and 73 from (2.3.19)-(2.3.21) and putting wy, =
¢¢(t) in the error equation (2.3.18), we obtain

mp (1 (t), oi(t)) + 5n(P1(1), i(1)) + an((t), ¢ (1))
< R (Jue() s + Juee()lmgs + | O)lmas) 26D

The above equation can be rewritten as

limh(¢t(t)7 Gu(t)) + sn(e(t), du(t)) + 1iah(cb(t), (1))

2dt 2dt
< CR™ (g () m1 + [ () s + [FE) 1) [ 0e(2)]].

Integrating from 0 to ¢ and using the fact that ¢(0) = ¢;(0) = 0, we get

ma(Gr(t), de(t)) + 2/0 sn(@e(s), ¢e(s))ds + an(o(t), ¢(t))

t
S/ Ch™  (Jug(8)|m1 + [wee () lmar + 1 (8)lms1) |92 (s) || ds. (2.3.22)
0
Employing Young’s inequality in (2.3.22) and neglecting the terms ||¢;(¢)||* and || ¢4 (¢) H%Q(LQ),
we obtain
6(8)1F < CRA™ D ([Jugl| T2 grmery + lusell7zmery + 1 £ 172 (mery)- (2.3.23)
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Now plugging (2.3.17) and (2.3.23) in (2.3.16), we get
[un(t) = () SCH™ (s + Il 2y
+ Chm+1(||ut||L2(Hm+1) + HUtt||L2(Hm+1) + ||f||L2(Hm+1)).
0

Now, we will present the main result of this section. The semi-discrete approximation

(2.2.3) has the following error estimate in L? norm.

Theorem 2.3.2. Assume that ug,vg € H™"(Q) and u,, f € L*(0,T; H"(Q)). Then, we

have
lun(t) — u(t)| < Chm“(\uolmﬂ + |vo|my1 + ||U/t||L1(Hm+1) + Hf”Ll(H'nH—l)) vt € (0,T).

Proof. As in (2.3.16), let us split the error ej(t) = up(t) — u(t) =: ¢(t) + ¥(t). Applying

Lemma 2.2.1, we have the following bounds for () in L? norm
Il < CH™ (@) lmrr < CH™H (Juolmes + el prmsry). (2.3.24)

Now, in order to obtain the bounds for the term ¢(t), using the definition of projection
operators L;p, ¢« = 1,2 and then taking p = Ly ,u — Ryu, p = Lajpu — Rpu in the error
equation (2.3.18), we have the following relation. For all w;, € W}" and for all ¢t € (0,7

(), wn) = (B 0) wne) + T80, w0) = su(D(0),wne) + an(B(1), )
= ((0) = F(0), 0n) + (0 0) = (ae0), ne) — om0, )

+ my (Rpug(t), wne) + s(ug(t), wp) — sp(Rpug(t), wy)

= (fh(t) — f(t), U)h) + %mh([/l,hut(t), wh) — mh(LLhut(t), wht) — %mh(Rhut(t), ’LUh)

+ mh(Rhut(t), wht) + Sh(Lgﬁut(t), wh) — sh(Rhut(t), wh)

= (fu(t) — f(t),wn) + %mh(pt(t), wy) — mp(pe(t), wie) + sn(Pe(t), wh). (2.3.25)

Define,
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o~

Then, clearly ¢(-,¢) = 0 and ¢;(-,t) = —¢(-,t), 0 < t < T. Now, substituting w, = ¢(t) €
W™ in (2.3.25), we get

d

S (6(6), 50)) + malu(0), 6(0)) + sn(9(0),L0)) + 51 (8(0),6(0)) + an(9(2), 5(0)

~

= (50) = 70, 3(0)) + Smapu(0), (0)) + maoa(t), 6(0) + (), 3(0)

which can be rewritten as

1d 1d ~ ~

d »
5 77n(0(2), (1)) + —sn(6(1), 9(8)) + sn(6(1), ¢(1)) = 5 an(9(2), $(2))

= (0) = 70), 3(0)) + Zmn(ou(®) = 64(2). B0) + mnlor(1), 6(1)) + 51 (30, B(1)).

Integrating 0 to ¢ and using gzﬁ(-, ¢) =0, ¢(0) = ¢,(0) = 0, we get

1

¢ ~ ~
3D OO) + [ su((s),0(5))ds + 50n(5(0),5(0)

¢ P =
= [ (66) = 1(6).865)) ds = ma(p1(0).5(0)
/nmm @+/%@@@@m

=L+ L+13+ 1, (2.3.26)
Since ¢(t) is continuous in the variable ¢, we let

()] = sup [[o(t)].
0<t<T

Then, one can easily see that ||¢(t)|| < C||¢(¢)|| for all ¢ € (0,7]. Hence, Lemma 1.4.6

implies

n= [ () - 1160.56)) as

¢ -
< [ fa(s) = f(s)l llo(s)lds

0

¢ m+1 oy
g/ChLMMMWW@
0

¢
smW“w@wArﬂwmmw

< CR™ Y| fllprmny lo (O]
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Next, for I using the continuity of the bilinear form m,,, we get

Iy = mu(pi(0), $(0)) < CR™ |ug |t [6(C)]-

Similarly,

¢
B~ [ (). 6)ds < CH sy [9(O)]

and

¢ e
Iy= /0 sn(pe(8), $(s))ds < OB |y | L1 amny [ 9(C)]

Using all the estimates in (2.3.26), we get

le(ON* < CR™ ([olmas + [l prarmsry + el prrmsn)) SOl

Hence,

I < ()l < CH™ H([volmsr + 1l zrarmsny + [luael 1 rmsy)- (2.3.27)

Now, from (2.3.24) and (2.3.27), we get the theorem

lun(®) = w(t)] < CR™ (fuglmsr + [vplmsn + el amny + 1 llzagamsny).

2.4 Error Analysis for the Fully Discrete Problems

In this section, we will formulate the Crank-Nicolson based fully discrete approximation
to the model problem (2.1.1). We will show that for the fully discrete scheme the discrete
energy does not increase with time and also derive the optimal order error estimate in
L>(L?) norm.

Let us write ¥ = u;, where ¥ is an auxiliary unknown. Then, our model equation (2.1.1)

can be split into a first-order system of equations in ¢ as

Ut—ﬂZOiHQX (O,T],
(2.4.1)

U+ k) — V- (cVu) = fin Q x (0,77.
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We break the temporal interval [0,7] into equispaced sub-intervals [t,_1,t,] with time

step 7 = t, — t,_1, where n = 1,2,--- /N. Consider the sequence {U"}_, such that
" up(-,t,),0 <n < N. For any v € W, we define the following notations:

— " UnJrl + "

o' =—-"-- & V"2 =—"— n=0,1---,N—-1
T 2

N

We seek a suitable p such that
||U” — u(,tn)” S Olhm+1 + OQTP.

Here, p is called the order of the time scheme.
Now, employing Crank-Nicolson fully discrete scheme to both the equations in (2.4.1),

we obtain the fully discretized problem defined by: Find U™, 9" € W;" such that for
n=12-,N—1
(

O,U™ = 93

M (80", ) + sn (0™, w) + anUPE,w) = (M w) Vwe W, (24.2)

L{O = RhuO,ﬁO = Rh’Ug.

\

We have the following lemma regarding the existence of a unique solution U™ to the fully

discrete problem.

Lemma 2.4.1. There exist a unique sequence {U™}N_, which satisfies the problem (2.4.2).

Proof. From (2.4.2), for n > 0, 9" satisfies

2

my, (9" w) + (%) sp(0" w) + (%) an (9" w)

T T2

= my, (9", w) — <§> sp(9", w) — <Z> ap (V" w) — 7 ap(U" W) + T (f:%,w) Yw € W

This can be written as
cp (0" w) = 1"(w) Yw € W,
where ¢, is the bilinear form

cn(v,w) = my (v, w) + (g) sp(v,w) + <T£> ap(v,w) Yo,w € Wy
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and [" is the linear operator

T 7'2

"(w) = mp (9", w)— <§> sp (0", w) — (Z) ap (V" w)—1 ap(U",w)+T1 (f,:LJr%,w) Yw € W

Clearly, ¢y, is positive definite as the bilinear forms my,, s, and a;, are positive definite. Also,
the operator " is continuous. Hence, 9" exists uniquely, which along with the first part
of (2.4.2) implies that there exist unique "', n=0,1,--- , N — 1. m

Let us define the following notations:

_ n+l U™ n—1 _ n+l _ 7/n—1
@tun e Z/{ u +u y 8#1” = Z/%
T

72

The fully discrete approximation (2.4.2) can also be written by
M (0uld™, w) + s, (0 U™, w) + ah(un+%, w) = (f*"2,w) ¥V w e W™ (2.4.3)

We have the following result regarding the discrete energy for the fully discrete scheme
(2.4.3).

Theorem 2.4.1. The discrete energy

e W
Bps =5 [mh(aTun, AU + gsh(@un, a.U™) + ah(un+%,un+%)] .

does not increase with time.

Proof. In the absence of forcing function, equation (2.4.3) becomes
M (O™, w) + sp(O:U™, w) + an U2, w) = 0. (2.4.4)
It is easy to see that
T~ _
(9TU" == 581}152/{” -+ EM/I”
Thus from (2.4.4), we get
mp (O™, w) + gsh(éttun,w) + s (OU™, w) + ah(u’”%,w) = 0.
Now, substituting w = 9,U", we obtain

mh(gtt?/{", @U") + gSh(gttun, 6tun) + Sh(gtun, 515[/{”) + ah(un—’—%, 5tun) =0. (245)
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The first term in the above equation can be written as
B, 500 - 62008~ ).
Similarly,
su(Ould", OU") = % [sn(0;U™, 0.U™) — sp(O,U" ", 0. U™ )] .

Then (2.4.5) can be written as

1
> [ma (U™, 0:U™) — my (0-U ", 0.U™ )]

1 _ . L
+3 (s (0;U™, 0-U™) — sy (O U1, 0-U™ )] + sp(OU™, BU™) + ap(U" T2, 0U™) = 0.

(2.4.6)
Again, since dU" = (U2 — U™ 2) /7, we have
an(U"TE + U2 QU™ = 7—1_ah(2/l"+5 UMY — Y
_ 1 [ah(un+%,un+%) — U U (2.4.7)

T

Now, from (2.4.7) and (2.4.6), we can easily derive

1 n+l n—1 = . - _
b <Eh+2 - Eh 2) + Sh(atun7atun) + gah(atun78tun) = 0

T

This shows that the discrete energy does not increase with time. O

The following approximation result can be derived using Taylor’s series and standard

arguments. Since there is no technicality, we left out the details of the proof.

Lemma 2.4.2. For v € H3(0,T; L*(Q)), we have

" — n+% 2 ~ C 3 ™ 2
1070 = v, 2" < O [lve (2) it
t

n

" we define the auxiliary functions £" :=

Towards estimating the error e} = U" —u
up —U", and n" = up, —0" forn =1,2,--- | N. Then for the term £", we have the following

estimate.

Lemma 2.4.3. Let u} and U™ be the solutions of (2.2.3) and (2.4.2), respectively. Then,

we have

T T
n||2 < 4 2 2 .
OglaéXN||§ I*<Cr (/o || wnetee (1) | dt+/0 | whee (2) ] dt)
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Proof. From (2.2.3), substituting the value of ¢ by tpy1, we get

1 1
+2

1 1
mp(O-up,, w) + sh(uZZFQ Jw) + ap(uy, e

cw) = (f, 2 w) +my (Y™, w) (2.4.8)

for all w € W}, where " = 0, uj, — uzt? Now, from (2.4.2) and (2.4.8), for any w € W}"
it follows that

mu (00", w) + s w) + an(€E,w) = mp (" w), 1<n < N —1. (2.4.9)
It can be easily observed using first part of (2.4.2) that for 1 <n < N — 1
n+%

8’r§n = 77n+% riid aTuZ —Up T = 77n+% + Una (2410)

1
where 0" = 0;up — uZ:r *. We can notice that
n—1 n—1
=1 Z oM and 0" =71 Z a-n™.
m=0 m=0
Hence, from (2.4.10), it follows that
- n n—1
o= 2[5 0+ Y o]+
m=0 m=0
. n n—1 i n n—1
nt+l m+ m+1 m m
Next, we introduce a sequence {a"})_, as

n—1
o =0; a"=7) E™In=12--,N

m=0

The fact £° = u) —U° = 0 gives

n n—1
a? = %51 and a2 = %{ngﬁ +mzofm+§} n=12-- N-—1 (2.4.12)

m=0

Also, since n° = uf, —9¥° = 0, from (2.4.10), it follows that

2
n' =2 —20°, (2.4.13)
-
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Hence, using the above identity (2.4.13) in (2.4.9) for n = 0, we obtain
2Y ety (Y st (L) aneto) — (e, (2) smno? :
2 h 7?,U)—|— - Sh(g ,’U))+ 9 ah(g ,’U)) - mh(l/} 7w>+ - mh(a 7w)+8h<g 7w)7
for all w € W;™. We now make the choice w = &' = 2a?, to obtain
2 1 ¢l 1 1 ¢l 2 11y 0 ¢1 2 0 ¢l 0 ¢1
2 mh(é- 75 )+ T Sh(g 75 )+ 72 CLh(Oé ¥ ) — mh(w 75 )+ - mh(a 75 )+Sh(a 75 )

By using continuity and coercivity of my, si, a and the fact that s, (&', &) > 0, the above

equation can also be written as

1€ + [[Vat]® SC( [0llIE )+ o llie ] + 5 Hffollllé II)

Now, using Young’s inequality, for suitable € > 0, we obtain
4 A
IS+ Vel < O IR + 2ol + ) < O S 1eP 4 21o%1P)- 210
Again, from (2.4.11) and (2.4.12), for any w € W;" and 1 <n < N — 1, we have

mp(0-€", w) + sh(§”+%, w) + ah(o/”r%,w)

n—1 n—1
= (@nn +2) 0", w) + ma(o™, w) + Ssn (n’”% +23 gt w)

2
m=0

m=0

n—1
—sh<a —1—220 )—i— ah(f’H? +22£m+2 w) (2.4.15)

m=0

Let us define
. n—1 - )
ENH E@D" + Tn;)@bm +o", &= 50” + TmE_:Oam.
Then using (2.4.9), equation (2.4.15) becomes, for any w € W}"
(06", w) + su (€772, w) + an (@2, w) = my(EF,w) + sn(EF,w).
Now, make the choice w = "2 = 9,a™ to have

mh<€n+1’€n+1) . mh(fn,fn) + 275h(£n+%,£n+%) + ah(anJrl’anJrl) _ ah(&",a")

— 27my (E], £"F7) + 278 (€5, €773).
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Since sh(§"+%,§”+%) > 0, using continuity and coercivity property of m;, s, and ay, we
obtain
1
1€ HZ = N1 + Va2 = [Var (| < Cr (el + 1€ 1) €= I.

Applying Young’s inequality and for 2 <[ < N, taking sum from n = 1ton =1—1 on the
right hand side, we find

-1 -1
€2 + Vel < c(uglu? IV 7S (P + E) +re Y |r§”+zr|2>

n=1 n=1

-1
1112 12 n||2 n||2 n||2
< O (I IVl #3851 + 1651 4 ¢ g 1€7IF)
Since ||[Val||? > 0, suitable choice of € > 0 gives

-1
n|2 112 112 n||2 ni2
o P < O (P + 19+ 3 (1E71E + leg1) )

Hence, from (2.4.14), the above equation is reduced to

-1
max_ €2 < c(f*nwn? F o S (1P + 1E1R) ) (2.4.16)
n=1

1<n<N

Now for the estimate of £7', using triangle inequality, we have

n—1 9 )
> o+ o)
m=0

2 n—1
T n m n
<0+ PN Y 10 + o)
m=0

n2 72 n2 2
EXF <O —lv"IIF +7
4

2 n—1
T n m n
<o( G+ 7T X 1m + 1o ).
m=0
Then, we use Lemma 2.4.2 to obtain

tnt1 T tn+1 9
e < 0(75 [ loaatlPar+ 7 [ P+ 7 [ o) dt).
tn tn

(2.4.17)
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Similarly, for £F', we have

tna1 T
IEM? < 0(75/ | peee (1) ||t + 7'4/0 ||uhttt(t)||2dt>. (2.4.18)
tn

Finally, using the above equation (2.4.17)-(2.4.18) in (2.4.16), it follows that

T T
max [|€"]]* < CT4</ Huhtttt(t)\|2dt+/ Huhttt(t)Hth)
0 0

1<n<N

Now, using Lemma 2.4.3, the following L? norm error estimate is obtained.

Theorem 2.4.2. Let u" and U™ solution of (2.1.1) and (2.4.2), respectively. Assume
that ug € H™(Q) N HYQ), vo € H™™H(Q) N H3(Q), vy € LY 0, T; H™(Q)) and f €
LY0,T; H™(Q)) N H3(0,T; H'(Q)), then for allt € (0,T], we have

n__ | < m~+1 2.
19523\7”“ u"|| < Ci(ug, ug, fh + Cs(uo, vo, f)T

where
C1(uo, u, f) 1= C(|uolmsr + [Volmsr + luellprmery + [ f 1 rgzmsn))
and
Ca(ug,vo, f) := é(||uo||4 + lvolls + 1|3 a)) -
Proof. We divide the error as
U" —u" = =" +up —u".

Now by triangle inequality, Lemma 2.4.3 and Theorem 2.3.2, we get

max " — | SCH™ (gl + [volmss + lellzi sy + 1l ameny)

1<n<N
+C’72</ |’uhtttt(t>”2dt+/ “uhttt(t)H2dt> :
0 0

Finally, from Lemma 2.3.2, we get

max " — | SCH™ (|uolms + [olmr + el arosry + 1 f o amen)

+ C72(||uolla + volls + | Fll sy -
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Figure 2.5.1: Sample meshes: Vy(left), Sp(center) and P (right) with 512 elements.

2.5 Numerical Results

Here, we illustrate some numerical examples to test the practical performance of the given
method. To show the flexibility of the method with respect to mesh discretization, we
have considered different types of polygonal meshes such as Voronoi (V},), distorted square
(Sn) and distorted polygon (Pp). The adopted polygonal meshes are shown in Figure
2.5.1. In Example 2.5.1, we have discussed convergence of proposed algorithm for a smooth
solution in a convex domain with all three types of meshes. Next, we have considered a
low regular solution in a convex domain in Example 2.5.2. Further, in Example 2.5.3 and
Example 2.5.4, we have tested our algorithm for smooth solutions in L-shaped domain and
circular domain, respectively. Finally, we have discussed a singularly perturbed problem

with boundary layers in Example 2.5.5.
We evaluated the rate of convergence for the fully discrete approximation with respect

to L? norm and H'! semi-norm. More precisely, we calculate the following errors

lu—unll = [ > llu—=T19, punls
EeTy,

lu— upl = Z u— HZ,EUH%,E‘
EeTy,

The experimental order of convergence (EOC) is computed using the formula

BOC() = 10g(6(hz‘+1)/6(hz‘))7 i=1.23

log(hiy1/hi)
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where h; is the mesh size and e(h;) is the corresponding error.
For the temporal discretization, we chose the time step 7 = O(hmTH) form=1,2,3 to

ensure the order of convergence O(h™™! + 72) = O(A™"!) in L? norm and O(h™ + 7%) =
O(h™) in H' semi-norm. In Example 2.5.1-2.5.4, we have considered the model problem
(2.1.1)-(2.1.2) with the coefficients ¢ = k = 1, and source function f, initial data {ug,vo}
are chosen according to the choice of exact solution. The spatial domain €2 is considered
to be (0,1) x (0,1) or else specified and time interval is set to be [0, 1].

Example 2.5.1. (Smooth solution with convex domain) We consider the following

smooth function as the exact solution
u(z,y,t) = t*sin(mx) sin(my).

We have implemented the virtual element algorithm with all the three kind of mesh dis-
cretizations V), S, and P, and the polynomial order of the method is consider to be
m=1,2,3.

Table 2.5.1 presents the numerical errors and experimental order of convergence (EOC)
in both L? norm and H' semi-norm at the final time 7" = 1 for the Voronoi mesh (V).
Exact and approximate solutions at final time are presented in Figure 2.5.2. Figure 2.5.3

clearly demonstrates the optimal order of convergence in L? norm and H' semi-norm.
In Table 2.5.2, we present the numerical errors and EOC in L? norm and H' semi-norm

at the final time 7" = 1 for the mesh distorted square mesh (S;). The exact solution and
approximate solution at final time are illustrated in Figure 2.5.4. Further, the log-log plots

are presented in Figure 2.5.5.
Table 2.5.3 depicts the numerical errors and EOC in L? norm and H'! semi-norm at the

final time 7" = 1 for distorted polygon mesh (P;). The exact solution and approximate
solution at 7' = 1 are illustrated in Figure 2.5.6. It is clear from Figure 2.5.7 that we have

achieved optimal order of convergence.
The above observations confirm the theoretical prediction for optimal convergence as

proved in Theorem 2.4.2.

Example 2.5.2. (Low regular solution) We consider the model problem for which the
exact solution possesses a corner singularity in spatial direction. We set the exact solution

as

u(x,y,t) = t?sint (1l —x)y(l — y)($2 i yz),H%’
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Table 2.5.1: L? and H* errors at 7 = 1 for the mesh V, in Example 2.5.1

order

h

lu —

EOC

|U—Uh|1

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

3.29994e — 02
1.49357e — 02
7.14353e — 03
3.50934e — 03
1.71607e — 03

2.2865
2.1282
2.0508
2.0636

7.72205e — 02
4.35894e — 02
2.70620e — 02
1.78692¢ — 02
1.21311e — 02

1.6494
1.3755
1.1975
1.1172

0.1768
0.1250
0.0884
0.0625
0.0442

1.16529¢ — 03
4.46865¢ — 04
1.51924e — 04
5.37903e — 05
1.88133e — 05

2.7645
3.1131
2.9957
3.0304

9.26114e — 03
4.18753e — 03
1.80323e — 03
7.03635e — 04
3.68326e — 04

2.2893
2.4312
2.7152
1.8672

0.1768
0.1250
0.0884
0.0625
0.0442

4.46966e — 04
1.05990e — 04
2.63877e — 05
6.36444e — 06
1.54509e — 06

4.1509
4.0122
4.1033
4.0836

5.77494e — 03
2.16169¢ — 03
7.73879¢ — 04
2.74277e — 04
1.00159¢ — 04

2.8342
2.9641
2.9928
2.9059
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Figure 2.5.2: Approximate solution for m = 3 (left) with Voronoi mesh (h = 0.0442) and
exact solution (right) at ¢ = 1 in Example 2.5.1.

10 —— v I 10% vl 10* —o—luu
o (h 296 ) —0 (h 4.09)

—o—luu |,
10% 0 (h2%)

6 8 10 12 14 16 18 20 22 6 8 10 12 14 16 18 20 22 6 8 10 12 14 16 18 20 22
log(1/h) log(1/h) log(1/h)

Figure 2.5.3: Log-log plots of the errors versus h at ¢t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) for the Voronoi mesh in Example 2.5.1.
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Table 2.5.2: L? and H! errors at T = 1 for the mesh S, in Example 2.5.1

order

h

lu —

EOC

lu — up|y

EOC

1/5
1/10
1/15
1/20
1/25

6.60504e — 02
1.70176e — 02
7.53787e — 03
4.22734e — 03
2.70095¢e — 03

1.9565
2.0083
2.0104
2.0075

2.12355e — 01
5.41042¢ — 02
2.34078e — 02
1.29691e — 02
8.23578e — 03

1.9727
2.0664
2.0526
2.0349

1/5
1/10
1/15
1/20
1/25

3.31787e — 03
4.35366¢e — 04
1.29070e — 04
5.45437e — 05
2.79591e — 05

2.9300
2.9986
2.9941
2.9948

3.84747e — 02
2.96027e — 03
1.78788e — 03
7.56017e — 04
3.87541e — 04

2.6905
2.9696
2.9919
2.9947

1/5
1/10
1/15
1/20
1/25

1.53670e — 03
1.28510e — 04
2.72297e — 05
8.84249¢ — 06
3.66703e — 06

3.5799
3.8270
3.9097
3.9445

1.64671e — 02
2.18415e — 03
6.43028¢e — 04
2.69618e — 04
1.37534e — 04

2.9144
3.0158
3.0213
3.0166
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N y
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\“\\\ 0.6

Figure 2.5.4: Approximate solution for m = 3 with distorted square mesh (h = 1/25) (left)
and exact solution (right) at ¢ = 1 in Example 2.5.1.
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Figure 2.5.5: Log-log plots of the errors versus h at t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) for the distorted square mesh in Example 2.5.1.
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Table 2.5.3: L? and H* errors at 7' = 1 for the mesh P}, in Example 2.5.1

order

h

lu —

EOC

|U—Uh|1

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

5.07343e — 02
2.23318e — 02
1.17906e — 02
5.82943e — 03
2.85423e — 03

2.3668
1.8430
2.0323
2.0599

1.83324e — 01
9.34209¢ — 02
5.63744e — 02
2.95997e — 02
1.98230e — 02

1.9444
1.4575
1.8588
1.1565

0.1768
0.1250
0.0884
0.0625
0.0442

2.59901e — 03
9.56562¢ — 04
3.43951e — 04
1.21152¢ — 04
4.38861e — 05

2.8830
2.9515
3.0106
2.9292

2.65365¢ — 02
1.26273e — 02
5.55455¢e — 03
2.95941e — 03
1.54433e — 03

2.1420
2.3697
1.8166
1.8761

0.1768
0.1250
0.0884
0.0625
0.0442

1.10888e — 03
2.59202e¢ — 04
7.36591e — 05
1.90696e — 05
4.76837e¢ — 06

4.1923
3.6305
3.8990
3.9983

1.32793e — 02
4.38927e — 03
1.59724e — 03
5.80208e — 04
2.13047e — 04

3.1930
2.9170
2.9217
2.8900
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Figure 2.5.6: Approximate solution for m = 3 with distorted polygon mesh (h = 0.0442)
(left) and exact solution (right) at £ = 1 in Example 2.5.1.
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Figure 2.5.7: Log-log plots of the errors versus h at ¢t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) for the distorted polygon mesh in Example 2.5.1.

TH-3214_186123008



CHAPTER 2. VEM for Weakly Damped Wave Equations 52

Table 2.5.4: EOC in L? norm and H'! semi-norm at 7' = 1 in Example 2.5.2

l k m=1 m =2
L?-order H'-order | L?>-order H!'-order

0 1 1.82 0.87 1.95 0.95
1| 1/2 1.46 0.49 1.37 0.46
2] 1/4 0.23 0.27 1.19 0.22
31 1/8 1.11 0.15 1.19 0.11
4| 1/16 1.05 0.09 1.09 0.11
511/32 1.03 0.05 1.03 0.01

where k € (0, 1]. Tt is easy to observe that u has a singularity at the corner point (0,0) and
u € C°(0,T; H*=9(Q)), but u ¢ C>(0,T; H**(Q)), for some positive number §. We
choose Voronoi mesh (V) for the spatial discretization and compute the EOC in respective
norms by setting k = (1/2)!, 1 =0,1,2,3,4,5.

From the Table 2.5.4, we can easily observe that the numerical order of convergence
at the final time 7" = 1 remains to be O(h*™*) in L? norm and O(h*) in H' semi-norm
for linear as well as higher-order methods, which is due to the low regularity of the exact

solution. Figure 2.5.8 presents the contour plot of the exact and approximate solution for
k=1/2att=1.

Example 2.5.3. (Smooth solution with non-convex domain) Consider a L-shaped
domain ©Q = (0,1) x (0,1) \ [1/2,1) x [1/2,1) with Voronoi mesh (V},) discretization. The
L-shaped domain with 512 Voronoi elements is shown in Figure 2.5.9. We set the exact

solution as

u(z,y,t) = t*sint sin(27x) sin(27y).

In Table 2.5.5, we show the numerical errors and EOC in L? norm and H'! semi-norm
at the final time T' = 1 for linear approximation. Figure 2.5.10 presents the contour plot
of the exact and approximate solutions at 7' = 1. The log-log plot is presented in Figure
2.5.11.
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Figure 2.5.8: Approximate solution (left) for m = 2 (h = 0.0442) and exact solution (right)

at t =1 with £ = 0.5 in Example 2.5.2.

Figure 2.5.9: L-shaped (left) and Circular (right) domain with 512 Voronoi elements.
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Table 2.5.5: L? and H! errors at 7' = 1 in Example 2.5.3

h

lu = ua|

EOC

[u — up|y

EOC

0.1690
0.1222
0.0874
0.0621
0.0441

7.56436e — 02
3.52973e — 02
1.61814e — 02
7.98003¢ — 03
3.92766e — 03

2.3477
2.3264
2.0742
2.0627

2.92561e — 01
1.43332¢ — 01
6.90200e — 02
3.68324¢ — 02
2.45672¢ — 02

2.1976
2.1798
1.8427
1.1784

0.9 1

0.8 ]

0.7 1

0.6 1

> 0.5

0.4 H

0.3

0.2

0.1

0.9 1

0.8 1

0.7

0.6 1

> 0.5 H

0.4 1

0.3

0.2

0.1

Figure 2.5.10: Approximate solution (left) and exact solution (right) at ¢ = 1 in Example

2.5.3.
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6 8 10 12 14 16 18 20 22
log(1/h)

Figure 2.5.11: Log-log plot of the errors versus h at ¢ = 1 in Example 2.5.4.

Example 2.5.4. (Smooth solution with circular domain) Consider a circular domain
) with center at (0,0) and radius 1 with Voronoi mesh (V},) discretization. The circular

domain with 512 Voronoi elements is shown in Figure 2.5.9. We choose the exact solution
u(z,y,t) = t*sint(l — z* — y®) sin(wz) sin(ry).

Table 2.5.6 shows the numerical errors and EOC in L? norm and H'! semi-norm at the
final time 7" = 1 for linear and quadratic approximation. The contour plots of the exact
and approximate solutions at 7' = 1 are presented in Figure 2.5.12. Figure 2.5.13 presents

the log-log plots.

Example 2.5.5. (Singularly perturbed problem with boundary layers) We consider

following singularly perturbed weakly damped wave equation
gy + ug — €Au = f(z,y,t), for (z,y,t) € Q x (0,7, (2.5.1)
where € is the perturbation parameter. We set the exact solution as
u(z,y,t) = 1074 sint w(x)w(y),

where w(p) = r; +r2p—|—exp(—%), ry =exp(—1/€), 1o = —1 —ry.
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Table 2.5.6: L? and H*' errors at T = 1 in Example 2.5.4

Order

h

lu — |

EOC

lu — uplq

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

1.46506e — 01
6.64965¢ — 02
3.10081e — 02
1.48670e — 02
7.29290e — 03

2.2792
2.2013
ol
2.0551

4.65785e — 01
1.82503e — 01
8.17590e — 02
4.30456e — 02
2.85357e¢ — 02

2.7035
2.3169
1.8510
1.1862

0.1768
0.1250
0.0884
0.0625
0.0442

1.27325e — 02
4.50406e — 03
1.53323e — 03
5.54304e — 04
1.91716e — 04

2.9984
3.1093
2.9356
3.0634

2.88080e — 01
1.55206e — 01
7.70855¢e — 02
3.99548¢ — 02
1.92289%¢ — 02

1.7846
2.0193
1.8962
2.1102

0.5

0.4

0.3

0.2

0.1

-0.1

-0.2

-0.3

-0.4

-0.5

Figure 2.5.12: Approximate solution for m = 2 with A = 0.0442 (left) and exact solution

(right) at ¢ = 1 in Example 2.5.4.
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Figure 2.5.13: Log-log plots of the errors versus h at t = 1 for m = 1 (left) and m = 2

(right) in Example 2.5.4.

The chosen problem has two boundary layers along x = 1 and y = 1. We choose the

Voronoi mesh (V) for the spatial discretization. In Table 2.5.7, we show the numerical

errors and EOC in L? norm and H' semi-norm at the final time T = 1 for ¢ = 1071° with

linear virtual element approximation.

When standard FDMs or standard Galerkin FEMs are used on uniform meshes, non-

physical and spurious oscillations occur unless meshes are taken sufficiently fine, which is

useless for practical purposes. To suppress most non-physical oscillations while maintain-

ing accuracy, the method adds an additional stabilization term in the upwind direction.

Table 2.5.7: L? and H! errors at T' = 1 in Example 2.5.5

h l|lu — ugl| EOC |u — upq EOC
0.0884 | 1.25615e — 04 — 3.62801e — 03 —
0.0625 | 4.57767e — 05 2.9126 | 1.56670e — 03  2.4229
0.0510 | 3.05630e — 05 1.9927 | 1.15076e — 03 1.5219
0.0442 | 2.34793e — 05 1.8331 | 1.01911e — 03 0.8447
0.0312 | 1.30867e — 05 1.6866 | 7.85759¢ — 04 0.7503
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Figure 2.5.14: Approximate solution (left) and exact solution (right) at ¢ = 1 in Example
2.5.5.

As demonstrated in existing literature that the standard discretization methods, such as
conforming FEMs can be used on layer-adapted meshes, but some minor oscillations still
show up in the discrete solution (cf. [111]). Here, we have demonstrated the boundary
layer behaviour of VEM solution for the equation (2.5.1) with e = 107'° and exact solu-
tion u(z,y,t) = t?*sint w(z)w(y). The surface plots of the approximate solution and exact
solution at final time with m = 1 and h = 0.0221 are shown in Figure 2.5.14. From Figure
2.5.14, for e = 107!% <« h, we observe that the numerical solutions do not exhibit unnatural

oscillations near the boundary layers x = 1 and y = 1.

2.6 Conclusion

In this chapter, we have proposed a virtual element method for weakly damped wave
equations. We have used polygonal meshes for the spatial discretization and obtained
optimal order of convergence, i.e., O(h™*!) in L? norm and O(h™) in H' semi-norm, where
m is the polynomial degree of the method, and h is the mesh size. For the temporal
discretization, we have employed the second-order Crank-Nicolson scheme and shown that
the discrete energy doesn’t grow with time. We have illustrated some numerical experiments
with polynomial degree m = 1,2, 3 and shown that the experimental order of convergence
agrees with the theoretical results. The use of different types of polygonal meshes for spatial

discretization shows the flexibility of the method with respect to mesh discretization.
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Virtual Element Methods for Pulsed Electric Field

Model Problems on Polygonal Meshes

In this chapter, we develop the virtual element method for pulsed electric field model prob-
lems on polygonal meshes. We have presented the spatially semi-discrete approximation
and derive optimal order error estimates in L? norm and H' norm for the spatially dis-
crete approximation. We have also developed the fully discrete approximation based on
Crank-Nicolson temporal discretization and derived the convergence analysis. Finally, we

illustrate some numerical experiments to confirm our theoretical findings.

3.1 Introduction

Let 0 C R? be a convex polygonal domain with boundary 99 occupied by the concerned
physical media having conductivity ¢ = o(z) and permittivity € = €(x). We consider

following pulsed electric field model for biological media [9, 107, 133]
=V - (o(x)Vu(z,t) + €(z)Vu(z,t)) = f(x,t) in Q x (0,T] (3.1.1)
with initial and boundary conditions
u(z,0) =ug inQ; w(z,t) =0 on I x (0,T], (3.1.2)

where u and f are the voltage potential and electric pulse of the model, respectively.

Further, ug is the initial voltage and 7' < oo is the finite terminal observation time and w,

Results of this Chapter are published in [102]

59
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denotes the weak derivative of u with respect to time variable. We assume that there exists

two positive constants M and M such that M < e(x), o(x) < M a. e. in .
Equation (3.1.1) is numerically interesting as it does not belong to the well-studied

classes of time-dependent equations and has applications in a variety of fields including but
not limited to biotechnology, food sciences, medicines and electromagnetism. Ammari et
al. studied the finite element methods for the model problem (3.1.1)-(3.1.2) on a physical
media with heterogeneous conductivity and permittivity, and homogeneous jump conditions
[9]. For the fully discrete approximation backward Euler temporal discretization has been
employed and optimal convergence order in both L*(H') and L?(L?) norms have been
obtained. Further, Deka et al. extended the analysis of Ammari et al. and achieved
optimal a priori error estimates in L>®(H!) and L*>(L?) norm for both homogeneous and
non-homogeneous jump for the derivative ([55], [51]). A weak Galerkin FEM for the model

with non-homogeneous jump conditions is developed in [52].
The main purpose of the current work is to analyze the VEM for the pulsed electric

field model problem (3.1.1). Optimal error estimates are derived for both semi-discrete and
fully discrete schemes in L? and H! norms. The fully discrete scheme can be reinterpreted
as the Crank-Nicolson discretization of the reformulation of the governing equation in the
first-order system, as in Baker [13]. Further, in support of our theoretical findings some

numerical examples are presented with different meshes.
The rest of the content of this chapter is divided as follows: We present the construction

of the virtual element semi-discrete problem in Section 3.2. Next, while Section 3.3 deals
with the semi-discrete error analysis, Section 3.4 discusses fully discrete approximation and
its convergence. Section 3.5 focuses on numerical examples. Finally, we conclude the work

in Section 3.6

3.2 Semi-discrete Virtual Element Approximation

This section deals with construction of semi-discrete virtual element approximation for the

model problem (3.1.1)-(3.1.2).
Following the standard way, we obtain the variational problem corresponding to the

model problem (3.1.1)-(3.1.2) as : Find u € L*(0,T; H} ()N H' (0, T; L*(Q2)) such that for
all v € H}(Q) and for a.e. t € (0,7

ar(u,v) + as(u,v) = (f,v) & u(0) = uy, (3.2.1)
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where
ar(u,v) = / o(x)Vu-Vudz, as(u,v) = / e(x)Vu-Vodr VYu,v € Hy(Q). (3.2.2)
Q Q

We recall the virtual element framework discussed in Chapter 1, Section 1.4. We split

the bilinear forms a;(-,+), i = 1,2, into their local counterparts as

a;(u,v) = Z af (u,v) V u,v € Hy(Q), i=1,2.

EeTh

Now, we define the following discrete bilinear forms on the local virtual space W (E):
ayy(v,w) = (o), V0,10 pVw) 4+ 87 (I =TI, g)v, (I =11y, pw) &
ag,h(%w) = (GHm 1Evv Hm 1va) + SeE ((I - HZ,E)Uy (I - HZ,E)U’) )

where

SP(w,w) = BEY " dof,(v)dofr(w) &

N
SE(v,w) = B> " dof.(v)dof,(w)

with E = Pi(a), BE = P&(e) and N¥ = dim W (E).
The global bilinear forms on the global discrete space W} are obtained by assembling

the local counterpart as follows:

a;p(v, w) E alhvw Yo, w e W™
E€Ty,

The global bilinear forms a;,, ¢ = 1,2 satisfies the following continuity and coercivity

properties: For v,w € W}

a1n(v,w) < (14 B7)Mvh|wh & azp(v,w) < (14 B)Mvh|wh
and w € W/

ayp(w, w) > min{1, a, }M|w|3 & agp(w,w) > min{l, o} M|wl3,

where a,, ae, B,, B are some positive constants. The proof can be done by following the
Lemma 1.4.5.
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We will need the modified elliptic projection operators R : H}(Q) — W i = 1,2
defined by

ain(Ryu, w) = a;(u,w) Yw € W (3.2.3)

The operators R;, i = 1,2 satisfy the following approximation properties (Lemma 1.5.1).

Lemma 3.2.1. Let R, i = 1,2, be defined by (3.2.3). Then, for any u € H™(Q),
there exist a generic constant C' independent of the mesh parameter h (but depends on the

coefficients o, €) such that
| Rhu — uly < Ch™|ufm1
and if € is a conver domain
[Ryu = ull < CA™ Hulmas.
Now, the continuous time virtual element approximation to (3.2.1) is stated as follows:

Find u;, € L*(0,T; W™) N H'(0,T; W;™) such that for all w, € W/ and for a.e. ¢t € (0,7

al,h(uh<t)7 wh> 2 Cl2,h(uht<t)vwh) — (fh(t)> wh)’ (3'2_4)

uh(O) = R%Uo,
where fj, is the discrete form of the source function f as defined in (1.4.14).

3.3 Error Analysis for the Semi-discrete Problems

This section is dedicated to the derivation of error estimates related to the semi-discrete
approximation (3.2.4) in both L? and H! semi-norm. Before proceeding to the error esti-
mates, we present the following results regarding the stability of the semi-discrete solution

up, with respect to the initial data and the source function.

Lemma 3.3.1. Let uy, be the solution of (3.2.4), ug € H(Q) and f € H¥(L*(Q)), k =
1,2,3. Then we have

| Dy un(0)]1 < C(Juolt + |1l merey),

ak
where DF = S
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Proof. We take t — 0% in (3.2.4) to get

ag,h(uht(O), wh) = _al,h(R}%uO? U)h) -+ (fh(O), wh). (331)

From Lemma 1.4.6 and Lemma 1.2.1, we obtain

(f1(0), wn) < Clfllare2llwall- (3.3.2)

Now substituting w;, = up(0), using the coercivity of ay j,, continuity of a; , and the estimate
(3.3.2), equation (3.3.1) yields

lune(0) 1 < C(Juoly + || fl 1(z2))- (3.3.3)

This proves the result for £k = 1. Now, for k£ = 2, differentiating (3.2.4) with respect to ¢

and then proceeding in a similar way, we get

i (0)l < C(lune(0) 1 + [ fell mrz2y)-

Using (3.3.3), we obtain

|[unet (0)]1 < Cluoly + || fllz2(z2y)-

Similarly, we can show that

|une (0)]1 < C(luoly + | fllasz2)).
This complete the rest of the proof. n
Lemma 3.3.2. Let u;, be the solution of (5.2.4), ug € H(Q)) and f € H*(L*(Q)), k =
0,1,2,3. Then we have
| Dfun(t)]} + ||Dfuh’|%2(H1) < C(luoli + ||f||%[’€(L2))'
Proof. Substituting wy, = uy, in (3.2.4), we obtain

1d

ay p(un(t), un(t)) + §Ea2,h(uh(t% un(t)) = (fn(t), un(t)).

Taking integration from 0 to ¢, the coercivity and continuity of @, and asj implies

[ s s + a0 < (O + [ 1A,
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Further, using H'-stability of R} and Young’s inequality in the above equation, we have

[un ()17 + lunllZaeny < C(luolf + 1f11E222))-

This proves for k = 0. For the case k = 1, differentiating (3.2.4) with respect to ¢ and then

choosing v, = uy;, we obtain

1d

arp(une(t), une(t)) + §%a27h(uht(t), unt(t)) = (fae(t), unt(t)).

Now, integration from 0 to ¢ yields

[ ) ids + o) < € (0 + [ L) Plands)lias)

Further, applying Young’s inequality and Lemma 3.3.1 in the above equation, we get
June(O)[F + lJunellZ2(y < C(luoli + 1l (z2))- (3.3.4)

Using, similar argument as in (3.3.4), we can show the result for ¥ = 2 and k¥ = 3. This

completes the rest of the proof. m

We will now present the error estimates for the semi-discrete approximation. We have

the following result for the optimal order error estimate in H' norm.

Theorem 3.3.1. Assume that v € HY(0,T; H™(Q)), f € L*(0,T; H™(Q)) and uy €
H™Y(Q). Then for all t € (0,T], we have

un(t) = u(®) i < CR™ (|uolm+1 + lullmrmery + [ £l 2qam)).
Proof. Let us split the error e, (t) = up(t) — u(t) as
en(t) = (un(t) — Rpu(t)) + (Ryu(t) — u(t)) = o(t) + (1) (3.3.5)
Applying Lemma 3.2.1, the following bounds for (t) is obtained as
[W(t)]1 < Ch™|u(t)|me1 < CR™(|uolmer + ||wellprgrmery)- (3.3.6)

Therefore, we need to estimate the bound for the term ¢(¢) only. From (3.2.4), using the

definitions the projection operators R, i = 1,2, and the fact that the time derivative
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commutes with R:’s, we have the following error equation for ¢(t): For all w, € W;™ and

for all t € (0,7

ar,n((t), wn) + azn(@e(t), wr)
= ayn(un(t), wn) + as(une(t), wn) — [avn(Rpu(t), wn) + asp(Bu(t), wy)]
= (ful(t) = f(t), wn) + a1 (u(t), wn) + az(ue(t), wn)
= larn(Ryu(t), wn) + azp(Ryue(t), wn) + arp(Ryu(t) — Ryu(t), wy)]
= (fu(t) = F(£),wn) + arn(Ryu(t) — Ryu(t), wn)
=T+ T. (3.3.7)

For the term T}, from Lemma 1.4.6, we have

= (fa(t) = f(£), wn) < CHf(E)]m[e0n]] (3.3.8)

Again, for the term 75, using the continuity of a; 5, and approximation properties of R} and

R2, we obtain
Ty = ayu(Ryu(t) — Rju(t), wn)
— arn(REu(t) — ult), wn) — anu(Ru(t) — u(t), un)
< (14 Bo)M(|Rpu(t) — u(t)l + | Ryu(t) — w(t)]1)|wnls
< Ch™u(t) et |wnli- (3.3.9)

Now, substituting the estimates for 7 and 75 from (3.3.8) and (3.3.9) and putting wy, = ¢(¢)

in the error equation (3.3.7), we obtain

arn(9(t), 6(1)) + azn(du(t), ¢(t)) < CR™ (Ju(t)[mir + [ (E)m)| o)1

Due to the symmetry property of as; the above equation can be written as

1d

a1n((t), $(t)) + 5 7 a2n(0(1), 6(1)) < CR™ (Ju()lmr + £ (E)]m)E(E)]1-

Integrating from 0 to ¢, and using the coercivity of a;; and asp, we get

téW@ﬁ®+wwﬁﬁcéhWW@mH+WﬂMW@h®+W®ﬁ (3.3.10)
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Since, ¢(0) = u;,(0) — R2u(0) = 0, using Young’s inequality in (3.3.10), we obtain

t t
[ 19060 ds+ 60 < COR™ [l + 1) + Co [ 165 s
For suitable § > 0, neglecting the term [} |¢(s)[? ds, we have
6] < CH™ullzqameny + 1 Fllz2gms). (33.11)
Finally, plugging (3.3.6) and (3.3.11) in (3.3.5), we get

|un(t) = w(t) L SCh™(Juolm+1 + llullgrgrm+ry + [ fl|z2cm))-
L]

For the error estimate in L? norm, we will use a dual problem. Consider the following
problem: Find w € H'(J; H}(Q) N H(Q)) such that

ar(w(t),v) — ag(wy(t),v) = ((t),v) Vv € Hy(S) (3.3.12)

and w(r) = 0 for some 7 € J. We assume that there exists a unique solution w €
HY(J; HJ () N H?(Q)) satisfying (cf. [9])

w2y < Cll@llz2(z)- (3.3.13)
Now, substituting v = ¢(t) in (3.3.12) and then integrating from 0 to 7, we get
SIS = 16017 = [ (@a(w(®). 6(0)  ax(uslt) 61(0) . (3:3.14)
Since w(7) = 0 and ¢(0) = 0, we observe that
| antwte)00) at = = [ a0, 00) dt + an(w(e). o) = ar(w(0).0(0)
- /0 " an(wi(t), 6(t)) dt. (3.3.15)

Now, using the above equation (3.3.15) in (3.3.14), we obtain

SOOI = = [ (@), 6(0) + awi (). 6(0) .
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Using the definition of R} and R?, we have

100N == [ (ana( b0, 000) + o (Roun(e). (0)

—— [ (@ Run@), 0(0) + aaa(Fwn(t) 0.(0)
+ [ annBo) - B0, o00) .
Now, from the error equation (3.3.7), we get
SOOI == [ (aun(Bu(o) ~ Bu), Bu8) + (a(t) — F10) Rn(e))
+ /OT arn(Rawy(t) — Rpwq(t), p(t)) dt. (3.3.16)

We can easily observe that

/Or arn(Ryu(t) — Rau(t), Riw(t)) dt

—/T ay(Ryu(t) — Riu(t), wy(t)) dt +/0 arn(Ryu(t) — Ryu(t), Ryw(t) — Ryw,(t)) dt

/ / Ryu(t) — Ru(t)) V. (o(x)Vwy(t)) dzdt

+ / avn(Ryu(t) — Rou(t), Riwy(t) — Rhwi(t)) dt.

Now rewriting (3.3.16), and using the continuity of the bilinear forms a;; and asp, we

obtain
)17 <C [ [ WRju(®) - Bu@llw®le @t + [ IO = FOINFwi 0] d
+ [ 1Bhantt) — Rhan0l (1Rhate) — Riuto)l + loto)h) ],
Using the approximation properties of R} and R, Lemma 1.4.6 and (3.3.11), we get

lo(r)II* SC/O R (@) lmas + 1 Olmsr + Nl g2y + 11f 22 ) @)z dt.

Applying Young’s inequality in the above equation, we have

m i 2
lo(T)[I* <C(6)n* “)/0 (@) lmsr + [F Ol + Nullzgzmeny + [ fllz2gm))” dt

+ C(;HwH%l(Hz), (3317)
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for some ¢ > 0. Now, from the a priori estimate (3.3.13), we have

lp(7)[|* <C(6,T) K+ (HUH%Q(H"’“) + HfH%Q(Hm“)) + Csll ol 7212y (3.3.18)

Now, we select 7 such that ||¢(7)|| = maxe 7 ||¢(t)| and hence Hng%Q(LQ) < T||¢(7)||*. Thus,
for suitable 0 > 0, from the estimate (3.3.18), we obtain

lo(m)l < CR™ (lwllzaamesy + 1 fll2grmsny) - (3.3.19)

Finally, with the above estimate (3.3.19), the L? norm error estimate for the semi-

discrete approximation can be given by following theorem.

Theorem 3.3.2. Assume that w € H'(0,T; H"(Q)), f € L*(0,T; H"™(Q)) and uy €
H™(Q). Then for allt € (0,T], we have

lun(t) = w(t)[l < CAH™ (|uolmr + l|ullm amsny + [ fll2qamy).
Proof. As in (3.3.5), we split the error into two parts as
up(t) — u(t) =: o(t) +(t). (3.3.20)
Applying Lemma 3.2.1, we have the following bounds for (¢)
[l < CR™ Hu()|mr1 < CH™ ([uolimr + [[uel| 1 ms)).- (3.3.21)
Now, from (3.3.19), we have
O < 16(r) < CH™ (algagmsny + | Fllzzqmos) (3:3.22

Thus, applying triangle inequality and using the estimates (3.3.21) and (3.3.22), equation
(3.3.20) yields

un(t) = w(®)]] < CH™ (Juolmss + lull s aomeny + 1 aamn).
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3.4 Error Analysis for the Fully Discrete Problems

This section deals with the formulation of a fully discrete scheme to approximate the solu-
tion to the model problem (3.1.1). We consider the Crank-Nicolson based temporal discrete
scheme and will establish both H! and L? norm error estimate for the fully discrete virtual

element approximation.
We recall the discretization of the time domain [0,7] and notations from Chapter 2,

Section 2.4. Now, employing Crank-Nicolson scheme to the equation (3.2.4), we obtain the
fully discretized problem defined by: Find U™ € W};" such that forn =1,2,--- /N —1

1 n 1
ar (U2, w) + agp(O-U™, W) = (fh+2,w) YV we W,
(3.4.1)
Z/{O = R%UO

The existence and uniqueness follows immediately from the Lax—Milgram theorem. In the
later discussion, we will require the following approximation result. It can be proved using

the Taylor’s series and standard arguments.

Lemma 3.4.1. For any v € H*(0,T; L*(2)), we have

n+l tn+l
0,0" — ot Ry < OT/ e () 1.
.9
Towards estimating the error e} := U" — u", we split the error as
ep = 0"+ p",

where 0" = U" — v} and p" = u} —u" forn =1,2,--- | N. For the term 6", we have the

following result.

Lemma 3.4.2. Let ujl and U™ solution of (3.2.4) and (3.4.1) at time t = t,, respectively.

Then, we have
T
10" < 072/ |Uneet ()] 1,
0

T
10" < 07'2/ |tuntee (t)|1dt.
0

Proof. From (3.2.4), substituting the value of ¢ by ¢; and ¢;,; and then adding, we get

43 ! 43 ! +1
arn(uy, 2, w) + agp(0ruy, w) = (f, 2, w) + agp(0-uy, — up, *, w) (3.4.2)
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for all w € W}*. Now, subtracting (3.4.2) from (3.4.1) and then substituting w = 02, we

obtain
+1 il Lgitdy _ I gyl _
a1 p(0772,072) + ag,(0,0',6072) = —ag p(Oruy, —uy, 2,072), 1<I< N —1.
On solving, we get for 1 <[ < N —1
I+3

1
aLh(G”%,QH%) + Z (a27h(91+1’91+1) N alh(él,ﬁl)) - _a2,h(aTulh . uht279z+§>.

Now, using the coercivity and continuity of the bilinear forms a;, ¢ = 1,2 and neglecting

positive term on left hand side, we obtain
1
0], — |6Y), < CTlovul, —uy 2. (3.4.3)

Taking sum from [ = 0 to n — 1 with 2 < n < N and using §° = 0, we find

n—1
+1
67y < O [0-uh, — w21

=0

Again, substituting [ = 0 in (3.4.3), we obtain
1
0], < C7|0-up — ul,ls. (3.4.4)

Combining (3.4.3) and (3.4.4), we get

N

ax |07 < 073 |01, — up?

max 1 S0T7 Uy, — U 1-

e . TUp, — Upy
n—=

Finally, using Lemma 3.4.1, we have

1<n<N

T
max |0"]; < CTQ/ |unte (t) 1t
0
Again, by Poincafe’s inequality, we obtain
T
107 < €107, < 072/ fanaee ().
0

]

Now, Lemma 3.4.2 along with Theorem 3.3.1 and Theorem 3.3.2 gives us the following

estimates for the fully discrete approximation.
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Theorem 3.4.1. Let u" and U™ solution of (3.1.1) and (3.4.1) at time t = t,, respec-
tively. Assume that ug € H™(Q), w € H'(0,T; H"(Q)) and f € L*(0,T; H™™(2)) N
H3(0,T; L*(9)), then for all t € (0,T] we have

max (U ="y < CR™ (Juolmsr + [full sy + | fllz2rm) + Cr2([uoly + 1 fllmsz2))

max [U" — (| < Ch™ (Juglmis + ullgrgamery + | Fll2men) + O (Juols + | fllas(z2)) -

1<n<N

Proof. From Theorem 3.3.1 and Theorem 3.3.2, at t = t,,, we have

" = fug ="l < CR™ (Juolmsr + llull ey + [ fll2m)),

"l = lluyy — u™ll < CR™H (Juolmr + Nl macarmssy + [ f | z2garmes )

Again from Lemma 3.3.2 and Lemma 3.4.2, we get

T
max (/0" + 10"|1) < CT2/ |t (t) |1dt < Cr’T (|Uo’1 + ||f||H3(L2)) )
0

1<n<N

Finally, applying triangle inequality to e} := 6" 4 p", we get the result. O]

3.5 Numerical Results

In this section, we illustrate numerical examples to test the practical performance of the
proposed method. In all the examples, we consider the spatial domain 2 = (0,1) x (0,1)
and the time interval J = [0,1]. We have implemented the second-order Crank-Nicolson
scheme as the time scheme for the fully discrete problem. To illustrate the flexibility of
the method with respect to mesh discretization, different types of polygonal meshes are
considered such as square (Q},), non-uniform quadrilaterals (A},) and Voronoi (V),) meshes.

The adopted polygonal meshes are shown in Figure 3.5.1.
In all the examples, we have considered the model problem (2.1.1)-(2.1.2) and the source

function f, initial data {ug,vo} are chosen according to the choice of exact solution. In
Example 3.5.1, we have discussed the convergence of proposed algorithm for scalar coeffi-
cients in a convex domain with all three types of meshes. We also compared the CPU time
for FEM and VEM with different polygonal meshes and shown the cost-efficiency of the
proposed method. Further, we have tested our algorithm for matrix coefficients in Example
3.5.2.
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Figure 3.5.1: Sample meshes: Qj,(left), Ny (center) and Vy(right) with 400 elements.

Example 3.5.1. (Constant coefficients) We select the exact solution to be
u(z,y,t) = sin(t) sin(rz) sin(ry)

and the coefficients o = ¢ = I in the model problem (3.1.1)-(3.1.2).
We have implemented linear VEM with the three types of meshes Qj, NV} and V;, and

different time steps 7. The numerical errors and convergence rates both in L? norm and
H' semi-norm at the final time 7' = 1 with 7 = 10~* are shown in Table 3.5.1. Here, we
notice from Figure 3.5.2 that for all the meshes, we have achieved the expected order of

convergence, i.e. second order for the L? norm and first order for the H' semi-norm.
Next, we applied the standard FEM with the triangular meshes and different time steps

7 for the given model problem. Table 3.5.2 shows the CPU time for FEM and VEM with
different types of meshes for different values of 7. This reflects that even for complex meshes

like non uniform quadrilateral meshes or voronoi meshes, VEM is more cost-efficient than

the standard FEM.

Example 3.5.2. (Matrix coefficients) We select the exact solution to the model problem
(3.1.1)-(3.1.2) as

u(z,y,t) = sin(t) sin(rz) sin(ry)
with coefficients

4 2 2 1
o= and € =
2 3 1 3

We have implemented linear VEM with the meshes A}, and V, with time step 7 = 1074,

Table 3.5.3 shows the numerical errors and convergence rates both in L? norm and H*
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Table 3.5.1: L? and H* errors at 7' =1 with 7 = 10~* in Example 3.5.1

mesh

h

lenll

EOC

|€h\1

EOC

o)

1/5
1/10
1/20
1/40

7.3392e — 03
1.7505e — 03
4.3373e — 04
1.0821e — 04

2.0679
2.0129
2.0030

3.2770e — 02
1.5632e — 02
7.7195e — 03
3.8476e — 03

1.0679
1.0179
1.0045

Ni

0.3484
0.2033
0.1083
0.0554

7.8302e — 03
2.4730e — 03
6.3862e — 04
1.5721e — 04

2.1393
2.1496
2.0951

4.3209e — 02
2.4150e — 02
1.2094e — 02
9.1260e — 03

1.0798
1.0981
1.2830

Vi

0.3171
0.1531
0.0812
0.0416

1.0128e — 02
2.6253e — 03
6.7738e — 04
1.9109e — 04

1.8549
2.1364
1.8936

5.6697¢e — 02
2.4589%¢ — 02
1.1856e — 02
6.2519¢ — 03

1.1477
1.1503
0.9575

—s—L2 error

- —-0(h?)
—e—H" error
——-o)

|-—-om)

—&—L2 error 10°F
—-—-0(h?)
—e—H" error

—+—L2 error
- —-0(h?
—=—H" error
- -0l

0.15

0.2 025 0.3 0.35 0.40.450.5

0.1

0.15 0.2
h

025 03

0.1

h

0.15

0.2 025 03

Figure 3.5.2: Log-log plots of the L? and H' errors versus h at t = 1 for S (left), N,

(center) and V, (right) in Example 3.5.2.
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Table 3.5.2: CPU time for FEM and VEM in seconds in Example 3.5.1

FEM VEM
On N Vh

h 7.293 0.975 - -
1072 | 9.052 1.477 1.793 3.543
1073 | 75.627 | 9.726  12.739  27.934
107* | 899.504 | 92.967 126.389 276.405

semi-norm at the final time 7' = 1. Figure 3.5.5 reflects that, we have achieved optimal
order of convergence in both L? norm and H! semi-norm. The surface plot of approximate

solution and contour plot of error at T" = 1 are depicted in Figure 3.5.3-3.5.4.

3.6 Conclusion

In this work, we have developed a virtual element framework for the pulsed electric field
model problem. We have obtained optimal order of convergence i.e. O(h™ "' +72) in L>°(L?)
norm and O(h™ + 72) in L*°(H"') norm. The agreement of the theoretical findings with
the numerical results for different types of polygonal discretizations reflects the flexibility
of the method with respect to shape of mesh polygons. It also shown that even for complex
meshes, VEM is more cost-efficient than the standard FEM. We believe that this work can
be used to develop virtual element methods for various problems that includes the strong

damping.
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Approximate Solution

0.9 0.2
0.8 S 0.8
ARSI 0
AN
0.6
06 -0.2
304 05
-0.4
0.4
0.2
0.3 -0.6
0 0.2
-0.8

0 1 0.1
0.5 0.5
1 0
X y

Figure 3.5.3: Approximate solution (left), and error plot (right) at ¢ = 1 with 7 = 1074
and A = 0.3796 in Example 3.5.2.

Approximate Solution

0.8
0.9
0.6
0.8
0.4
0.7
0.2
0.6
0
0.5
0.2
0.4
-0.4
03
0.2 -0.6
0.1 -0.8

Figure 3.5.4: Approximate solution (left), and error plot (right) at ¢ = 1 with 7 = 1074
and h = 0.0416 in Example 3.5.2.
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10°

1078

104

Table 3.5.3: L? and H" errors at 7' =1 with 7 = 10~* in Example 3.5.2

h

el

EOC

\€h|1

EOC

N

0.3372
0.1708
0.7952
0.3796

8.3355¢ — 03
2.7728e — 03
6.7135e — 04
1.6496e — 04

1.6196
1.8532
1.9014

9.3259%¢ — 02
4.3066e — 02
1.9855e¢ — 02
7.8666e — 03

1.1369
1.0117
1.2542

Vi

0.3171
0.1531
0.0812
0.0416

1.2558e — 02
3.8006e — 03
9.9992e — 04
2.6240e — 04

1.6415
2.1055
2.0003

1.2991e — 01
2.9711e — 02
2.6513e — 02
1.3542e — 02

1.0676
1.2802
1.0045

- / —— 2 error
-=-0(h?)

—s—H" error
——-0fh)

0.1
h

0.15 02 025 03

108

—s—12 error
__ *O(hz)
—=—H! error
-—-0fh)

0.05 0.1

h

0.15

02 025 03

Figure 3.5.5: Log-log plots of the L? and H'! errors versus h at t = 1 for N}, (left) and V),

(right) in Example 3.5.2.
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Optimal Convergence Analysis of the VEM for

Second-order Sobolev Equations

We develop a virtual element method for second-order Sobolev equations on polygonal
meshes. We propose both semi-discrete and fully discrete schemes to numerically solve the
linear Sobolev equations. For the time discretization, we have used implicit second-order
Newmark scheme. Optimal convergence rates in both the L? norm and the H'! semi-norm
are established using a new non-standard projection operator. Numerical experiments are

illustrated to confirm our theoretical findings.

4.1 Introduction

Our goal of the current work is to develop a virtual element method for second-order
Sobolev equations with variable coefficients. We consider the following problem as our

model problem
w(z,t) — V- (o(x)Vu(x,t) + e(x)Vuy(x,t) = f(z,t) in Q x (0,7 (4.1.1)
with ICs and BCs
u(z,0) =ug in Q, wu(z,t) =0 on I x (0,T], (4.1.2)

where 0 C R? is a polygonal domain with smooth boundary 9Q and T < oo. Here, f
denotes the source function, €(z) and o(z) are the damping coefficient and the diffusion
coefficient, respectively. Further, we assume that there exists two positive constants M and
M such that M < e(z), o(z) < M a. e. in .

7
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In recent years, many numerical methods have been studied extensively to solve the
Sobolev equation via finite elements such as conforming FEMs [56, 96], mixed FEMs [97,
116], the weak Galerkin FEMs [60, 62], the local Discontinuous Galerkin (DG) methods
[61] and the penalty DG method (PDG) [1]. But, in case of polygonal or polyhedral meshes
employing FEM becomes very difficult task due to the complexity in basis construction and

it demands higher computational cost to evaluate the integrals using Gauss quadrature.
Recently, Zhang et al. developed a virtual method for the Sobolev equations with

constant coefficients [138] and Xu et al. gave a conforming virtual element method for
Sobolev equations with non-homogeneous boundary condition [135]. Error analysis in [138]
has been carried out using an elliptic projection operator for constant coefficients. Then the
convergence results in [138] have been extended for variable coefficients by Xu et al. [135]
assuming o = ¢. However, in the case of variable coefficients with o # €, we will have two
different bilinear forms: one for V - (¢Vu) and another for V - (eVu,). It is observed that
although the standard elliptic projection leads to an optimal error estimate in the energy
norm, it is difficult to achieve an optimal convergence rate in L? norm. This is due to the
fact that the elliptic projection operator can only takes care either V- (6Vu) or V - (eVuy)
in the error analysis (see, Remark 4.3.1). The derivation of the a priori error bound in L?
norm heavily depends on the approximation properties (cf. Lemmas 4.3.4-4.3.5) of a newly

introduced non-standard projection operator.
In this study, we develop a VEM for the second-order Sobolev equations (4.1.1). The

virtual semi-discrete approximation of the model problem is constructed using three ap-
proximated bilinear forms. The fully discrete scheme is obtained by employing the Crank-
Nicolson discretization. In fact the time discretization method is the well-known Newmark
method for wave equation when we adopt the particular choice for the parameters in the
Newmark scheme (cf. [67]), which has been used extensively in applications. We present
rigorous error analysis for the semi-discrete scheme as well as fully discrete scheme and
derive optimal convergence estimates. Further, in support of theoretical findings numerical

examples are presented with different types of meshes and different polynomial degrees.
The remainder of the content is divided as follows. We present the construction of

the virtual element semi-discrete problem in Section 4.2. Next, while Section 4.3 deals
with the semi-discrete error analysis, Section 4.4 discusses fully discrete approximation and
its convergence. Numerical examples and the conclusion are presented in Section 4.5 and

Section 4.6, respectively.
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4.2 Semi-discrete Virtual Element Approximation

In this section, we construct the semi-discrete virtual element approximation to the model

problem (4.1.1)-(4.1.2).
Following the standard way, we easily obtain the variational problem corresponding to

the model problem (4.1.1)-(4.1.2) as : Find v € L*(0,T; H}(2)) N H'(0,T; H'(Q2)) such
that for all v € H}(2) and for a.e. t € (0,7

(ur, v) + a1 (u,v) + az(ug, v) = (f,v), (4.2.1)

u(0) = uo,

where a;(u,v) and ay(u,v) are bilinear forms on Hj () defined as in (3.2.2).
We recall the virtual element framework discussed in Chapter 1, Section 1.4. The

bilinear forms a;(+,-), i = 1,2 can be splited into their local counterparts in the following

manner

a;(u,v) = Z al (u,v) YV u,v € Hy(Q), i=1,2.

E€T,

Then the discrete bilinear forms on the local virtual element space W/ (E) can be defined

as:
aﬁh(v, w) = (UH?n—l,EVU’ H?n—l,va)E + Sf ((I - HZ,E)'Uv (I - HX,E)M) )
a’2E:h<U7 U)) = (EH?n—l,EVU7 H(r)n—l,va)E + SeE ((I 2 HZ,E)Ua (I - HTVYL,E)w) )
my, (v, w) = (H?n,Evvn(r)n,Ew>E + 5y ((I - HaOn,E)Ua (- HEn,E>w) (42.2)
where

NE

SE(v,w) = B2 dof.(v)dof,(w),
o

SEw,w) = BEY dof.(v)dofr(w) &
r=1

NE
Sy (v,w) = [E]Y_ dof.(v)dof,(w)
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with BF = Pi(c), BF = Pi(e) and N¥ = dim W™(E).
Now the global bilinear forms on the global discrete space W}" can be obtained by

assembling the local counterpart as:

a;p(v,w) : Zazhvw)z—12&mhvw thvw Yo, w e Wi
E€T,, E€Ty,

The global bilinear forms a; s, ¢ = 1,2 and m;, satisfies the following continuity and coer-

civity properties (Lemma 1.4.5): For v,w € W;"
an(v,w) < (1+ By) Mlv|y]wl,
az(v,w) < (1+ B)Mvhi|w) &
ma(v, w) < (1+ Bo) o]l [|w]

and w € W)
arp(w, w) > min{l, o, } M |wl3,
agn(w,w) > min{1, a } M|w|] &
mp(w,w) > min{1, g} |Jw]|?,

where o, a., ag, By, Be, o are some positive constants.
We have the following semi-discrete virtual element approximation to (4.2.1): Find

up, € C1(0, T; W) such that

mp(Unt, wr) + ay p(up, wp) + aop(Une, wp) = (fr,wn)  Vw, € WP, (42.3)

Uh(O) = R%UJU,

where fj, is the discrete form of the source function f as define in (1.4.14). Here, R: i = 1,2
are the modified elliptic projection operators as defined in (3.2.3). In addition, we also need
the L? projection operator L; defined in (1.5.11).

4.3 Error Analysis for the Semi-discrete Problems

This section is dedicated to the derivation of error estimates related to the semi-discrete

approximation (4.2.3) in both L? and H'! semi-norm.
Before proceeding to the error analysis, we present following result regarding the stabil-

ity of the semi-discrete solution u;, with respect to the initial data and the source function.
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Lemma 4.3.1. Suppose uy € HY(Q) and f € H*(L*(Q)), k = 1,2,3. Then, we have
1D un(0) 1 < € (Juoly + [1f laxcz2)).

8k
where Df = P

Proof. Taking t — 07 in (4.2.3) and then using definition of the elliptic projection operator
R}, we get

mp(unt(0), wp) + agp(une(0), wp) = —ay p(un(0), wy) + (fn(0), ws)
= —ay n(Riuo, wn) + (fr(0), wp). (4.3.1)

For the first term in (4.3.1), using the continuity property of a;; and H'-stability of RZ,
we have
—ay p(Rjuo, wn) < Clug|s|whls- (4.3.2)

From Lemma 1.4.6 and Lemma 1.2.1, we obtain

(fn(0), wn) < Cllf e (z2)llwll- (4.3.3)

Now, substituting w, = upt(0) in (4.3.1), using the coercivity of m; and asy, and the
estimates (4.3.3), (4.3.2) yields

[unt(O)lr < C(fuoly + ([ fll a1 (zey)- (4.3.4)

This proves the result for £ = 1. Now, for the case k = 2, differentiating (4.2.3) with

respect to t and then proceeding in a similar way, we get
[unt () [l < C(lune(0) | + [ fell v z2))-
Using (4.3.4), we obtain
[unee (0)[x < Cluoly + [l a2(22))-
Similarly, we can show that

|untee (0) |1 < C(luoly + || f||a3(z2))-
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Lemma 4.3.2. Let ug € H} () and f € H*(L*(Q)), k =0,1,2,3. Then, we have

1D unll} + 107wl L2y < C(luolli + 1[I (z2))-
Proof. Substituting wy, = uy, in (4.2.3), we obtain

1d 1d

5%mh<uha up) + ay p(up, up) + Qaazh(umuh) = (fn, un).

Now, integrating from 0 to ¢, the coercivity and continuity properties of my, a1, and agy,

imply
o)1 + [ s < € (O + [ 15300 (o) s ).

Further, using H' and L*-stability of R and Young’s inequality in the above equation, we

have

lunll§ + llunliZa gy < C(lluolly + 11222 -

This proves for £ = 0. Now, for k = 1, differentiating (4.2.3) with respect to ¢ and then

substituting wy, = up, we obtain

1d 1d

§Emh<uhta Unt) + a1 p(Unt, Une) + éaa2,h(uht7 Unt) = (fut, Unt)-

Following similar way as the previous case, we have
lunell + llunellZ2cmy < C(lluolli + 1 F1Z2(22))-
For the cases when k = 2, 3, proceeding in a similar manner, we obtain the results. O

Next, we derive the following convergence result in H' semi-norm for the semi-discrete

approximation (4.2.3).

Theorem 4.3.1. Assume that v € H*(0,T; H"(Q)), f € L*(0,T; H™(Q)) and uy €
H™Y(Q). Then for allt € (0,T], we have

|un(t) — @)y SCA™([uolm+r + lull grcrmery + [Lf [ L2gm))-

Proof. Let us split the error e, (t) = up(t) — u(t) as

en(t) = ¢(t) + ¥ (1), (4.3.5)
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where ¢(t) =: uy(t) — Riu(t) and (t) =: Riu(t) — u(t). Applying Lemma 3.2.1, we have
the following bounds for 1 (t)

[W(®) < CR™Mu(t)msr < Ch™([uolmr1 + [luellLrmny)- (4.3.6)

Therefore, we need to bound the term ¢(t) only. From (4.2.3), using the definitions of the
projection operators R:, i = 1,2 and L;, we have the following error equation for ¢(t). For

all wy € W™ and for all £ € (0,T], we obtain
mu(@e(t), wn) + arp(d(t), wn) + agn(@e(t), wn)
= mn(une(t), wn) + ayp(un(t), wn) + agn(une(t), wn)
— [mn(Rpue(t), wn) + arp(Riu(t), wy) + agp(Ryu(t), wy)]
= (/a(t) = F (), wn) + (ue(t), wn) + az(u(t), wn) + az(ue(t), ws)
— [mn(Rjui(t), wn) + ayp(Ryu(t), wn) + ag p(Riu(t), wn) + arp(Rpu(t) — Ryu(t), wp)]
= (fult) = f(t),wn) + arp(Byu(t) = Ryu(t), wn) + mu(Lpue(t) — Rpu(t), wa)
=Ty + Ty + Ts. (4.3.7)
For the term T, from Lemma 1.4.6, we have
= (fu(t) = f(t), wn) < CR™|f(t)|mllwnll. (4.3.8)
Next, using the continuity of a, ;, and approximation properties of R} and R7, we obtain
Ty = an(Ryu(t) — Rpu(t), wy)
= ap(Ryu(t) — u(t), wy) — ayp(Ryult) — u(t), wy)
< (14 Bo) M(IRyu(t) — u(t)h + | Ryu(t) — w(t)]1)|wn|s
< Ch™|u(t)|ma1|wnl1. (4.3.9)

Also, for the term T3, using the continuity of m; and approximation properties of L; and

R2, we have
ma(Lnue(t) — Ryuy(t), wr) = mp(Lpug(t) — we(t), wn) + map(ue(t) — Rypuq(t), wy)
< (14 Bo) (1 Lnue(t) — we(t)]| + lue(t) — Riue(t)]]) Jlwn
< CH™ g ()] [0n] (4.3.10)
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Now, combine the estimates (4.3.8)-(4.3.10) with the identity (4.3.7) and set w;, = ¢(t) to

obtain

mi(@1(t), (1)) + ar.n(9(t), (1)) + azn(:(t), ¢(1))
< CR™([u(t)mr + [we(@)]m + [ (E)]m)|o(E)]1,

which yields

1d 1d

5 77(0(1), &(1)) + a1n(9(t), 6(t)) + 5 a2 ((t), 4(t))

< O™ ([u(@)lms1 + |we(t)m + LF () ]m) o)1

Integrating above estimate over [0,¢] and then using the coercivity of bilinear maps my,

ay, and agp, we get

16| + / 6()[2 ds + 6(0) 2
<c / B () s + [1() |+ () O()1 ds + [|BO)]7 T $OF.  (43.11)

Since, ¢(0) = 0, employing Young’s inequality in (4.3.11), we obtain
t
let)I* +/0 [6(s)Ii ds + o)]T < CR™ ([[ullZ2qgrmery + el Zogamy + 11 Z2qamy)-
Neglecting the terms [|¢(¢)[|? and [ |¢(s)|? ds, we arrive at

Finally, plugging (4.3.6) and (4.3.12) in (4.3.5) leads to the desire result. O

For the L? norm error estimate, we define the following non-standard projection oper-
ator: For v € H'(0,T;X), where X = H}(Q) N H*(Q), define &, : X — W™ by

arn(Env, wp) + ag p ((Epv)e, wy) = (fo, wn) Yw, € Wi (4.3.13)
with (£,v)(0) = R2v(0) € W™ and

fo ==V - (cVv+eVu). (4.3.14)
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From (4.1.1) and (4.3.14), we note that

f=fu+u. (4.3.15)

We have the following result regarding the well-posedness of the non-standard projection

operator &j,.

Lemma 4.3.3. For v € X there exists a unique solution v, € W™ to the problem

(Ll,h(?}h,w> + a2,h(Uht7w) = (fvvw) Vw € W;zn7 (4 3 16)

Uh(O) = R%U(O)
Proof. Let {¢;}", be the basis functions of the finite-dimensional space W;". Then, we

can express v, € W) as

vp = Z ci(t)dis

i=1
where ¢; : (0,T] — R are coefficient functions. We denote by C° = [¢1(0), ..., cp, (0)]7 the
components of the given initial approximations v;,(0). Then the problem (4.3.16) can be
written as: Find C(t) = [e1(t),. .., en, (8)]F, t € (0,T] such that

AC(t) + BC'(t) = F(t), (4.3.17)

C(0) = CY,
where A = [A;;] and B = [B; ;] are N x N, matrix with A;; = a1,(¢;, ¢;) and B, ; =
a27h(¢i,¢j), ’L,j = 1, 2, . ,Nh and F = [Fl, e FNh]T with F} = (fv, (bj)a ] = 1, 2, ce >Nh-
Due to the coercivity and continuity of the bilinear forms ay (-, -) and agp(-,-), it is
easy to show that the matrices A and B are well-defined and invertible. Also, the right

hand side matrix F' is well-defined since
Fo @) < Iullls < 1l = 9 - (@150 + 0Tl < Fllellms oy 5]
Hence, the matrix equation (4.3.17) can be written as
C'(t)+ B tAC(t) = BT'F(t) (4.3.18)

with initial condition C'(0) = C°. Now, from the standard theory of ODE, we can show
that the IVP (4.3.18) has a unique solution. Consequently, there exists a unique vy, in W;*
satisfying (4.3.16). ]
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Now, we need to find the bounds for the projection error £,u — u in both L? and H!

semi-norm. To do this, it is enough to derive the bounds for ¢, := E,u — Riu.

Lemma 4.3.4. For u € L*(0,T; H"(Q)), we have

1Cu(t) |1 < Ch™ [[ul| L2 (prmery,

Gl < OB ul sy

Proof. Using the definitions of the projection operators R (i = 1, 2) and (4.3.13), we have

the following error relation for ¢,(t). For any wy, € W}, we have

a1,h(Cu(t), wn) + azp(Cur(t), wh)
= a1 p(Epu(t), wp) + agp(Epue(t), wy) — [alﬁh(RfLu(t), wy) + ag’h(Riut(t), wh)}

= ayp(Ryu(t) — Riu(t), wp). (4.3.19)

Now, using the continuity of a;; and approximation properties of R} and R?, we obtain

arp(Cu(t)s wn) + ag,p(Cur(t), wn) = arp(Ryu(t) — Ryu(t), wy)
= ayp(Ryu(t) — u(t), wn) — arp(Rpu(t) — u(t), wy)
< (1 + Bo)M(|Rypu(t) — u(t)h + | Ryu(t) — u(t)]1)|wn s
< CH™u(t) e [1n s (4.3.20)

Then, set wy, = (,(t) in the above equation (4.3.20) to have

a1, (Cu(t), Cu(t)) + az.n(Cut(t), Cu(t)) < Ch™ [u(t)m1]Cu(t) 1

As an immediate consequence of above estimate, we obtain

/0 [Cu(s)]T ds + [Cu(t)[f < C </0 h™ [u(s) lm41]Cu(s)]1 ds + ICu(O)If) : (4.3.21)

For any 0 > 0, apply Young’s inequality in (4.3.21) to have

t t
[Cu(s)1 ds + [Cu()]} < CEOR ™ ullLmeny + Cs | 1Culs)]] ds.
0 0
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Here, we have used the fact that ¢,(0) = &u(0) — R2u(0) = 0. Now, for suitable § > 0,

neglecting the term [ [C,(s)[? ds, we arrive at

1Cu()]1 < CR™ |l g2z, (4.3.22)

For the L? norm estimate, we choose the following dual problem: Find w € H'(J; X)
satisfying

ar(w(t),v) — ag(w(t),v) = (Cu(t),v) Yo € Hy(Q) (4.3.23)

and w(7) = 0 for some 7 € J. Then, there exists a unique solution w € H'(J;X) such
that (cf. [9])

lwll g2y < CllCullz2(r2)- (4.3.24)

Substituting v = (,(t) in (4.3.23), we get

1d .
L ICADI? = an(w(®). () — aa(un(d),Gul1))
Integration from 0 to 7 yields
SUGOI = 16O = [ (@w0),6u0) = alune). e, (4325

Since w(7) = 0 and (,(0) = 0, we observe that
| anCwt®) Gatedt = = | an(un), Gt e+ arfulr). ) - anw(0),,(0))
_ /0 " an(wn(t), Ca(t))dt. (4.3.26)

Then, combine (4.3.25)-(4.3.26) to obtain

S == [ (@), Ge) + anlun(®), ()

Using the definitions of projection operators R} and R%, we have
1 T
G = [ (o (R0 Gu0) + asaRhae). Gul0)
0
= [ (o (R0), G0 + a0, Gu)
0

+ /OT al,h(Ri’wt(t) — Rilzwt(t),cu(t))dt,
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Now, from the error equation (4.3.19), we get

1617 == [ analBhu) = Riute), Reud ) + [ ava(Rhad) = Ria), Gt

It is easy to observe that

/07- ayn(Rpu(t) — Rou(t), Rowy(t))dt

= / Can(Rhu(t) — REut), wy(t))dt + / arn(Rbu(t) — R2u(t), Fw,(t) — Rbwi(t))dt
/ / Ryu(t) — Riu(t)) V. (o(x)Vw(t)) dedt
+ / arn(Rhu(t) — R2u(t), Riw(t) — Rbwy(t))dt,
which together with continuity properties of the bilinear forms a, 5 and asj, leads to
.ol <cf | | Rbu(t) — Reu(t)l|fwe()]ads
+ [ Bui(t) — Buol (Rl = Reut) + IGu(0):) de]-

Using the approximation properties of projection operators R; and R?, and (4.3.22), we

obtain
IGu(r)II* <C /OT W (lu()lmr + el 2 grminy) [we(t)]2dt.
Employing Young’s inequality in the above equation, we get
IGu()]* <C(8)R*m+Y /OT () lmts + Nl z2qamen)” dt + Csllewllin gz,
for some § > 0. Further, from the a priori estimate (4.3.24), we have
I (P1? <C8,T) W™ V|l Zagpmsry + CollCullZoray- (4.3.27)

Now, we select 7 such that [|(,(7)]| = maxscs ||¢u(t)]] and hence ||§u||L2 12y < T||Cu(T)]]2.
Thus, for suitable 6 > 0, from the estimate (4.3.27), we obtain

G < 1G]] <€ CR™ || L2 gpm).

This completes the proof. O
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Similarly, with the modified dual problem: Find w € H'(7; X) such that

a1 (w(t),v) — az(wi(t),v) = (Cu(t),v) Vv € Hy(Q)
and w(7) = 0 for some 7 € J, we get the following estimate.
Lemma 4.3.5. For u € L*(0,T; H""(Q)), we have
ICut (@)l 22y < CR™ |l parme).

Now, we will present the main result of this section. The semi-discrete approximation

(4.2.3) has the following error estimate in L? norm.

Theorem 4.3.2. Assume that v € HY(0,T; H"(Q)), f € L*(0,T; H™(Q)) and uy €
H™Y(Q). Then for all t € (0,T], we have

Huh(t) - u(t)|| S Chm+1 (|u0|m+1 + ||u||H1(Hm+1) + ”f||L2(Hm+1)) .

Proof. We split the error term e;, = u, — w into two standard components ¢ and p using

the following relation

en(t) =: 0(t) + p(t), (4.3.28)

where 6 = up — Eu and p = Eyu — u. From Lemma 4.3.4 and approximation property of

R?, we have the following bounds for p(t):

e < N6 + [1RRu(t) — u(®)] < CR™ (uolmerr + [lullz sy ). (4.3.29)

Using the definition of projection operator &, and L, and equation (4.3.15), we arrive at

the following important identity: For all wy, € W
mp(0e(t), wn) + arp(0(t), wn) 4 azn(0e(t), wr)
= mp(une(t), wa) + a1p(un(t), wn) + agpn(un(t), wn)
— [mn((Enult))e; wn) + arn(Enu(t), wn) + azn(Enult)), wn)]
= (fa(t) = fu(®), wn) = mu((Enult))e, wn)
= (fult) = f(t), wn) + (we(t), wn) — mn((Enult))e, wn)
= (fu(t) = f(£),wn) + mn(Lpue(t) — (Enult))e, wn)

= I, + L. (4.3.30)
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For the term [, from Lemma 1.4.6, we have

(ult) = F(2)wn) < 1ult) = SO anll < CR™ | F(D) ] (43.31)
Desired bound for the term I follows from the following estimate:
ma(Lna(t) — (Enu(t))ecwn) < (1+ Bo) | Lnue(t) — (Enu(t))e] o
< (1 B0) (1wt (8) — we(0)]) + 1| Enea(t))r — ) ) o
< © (W™ Mt @) + llpe(0)]) | (43.32)

Plugging (4.3.31)-(4.3.32) in (4.3.30), and substituting w, = 6(t), we obtain

1d 1d
5 77(0(2),0(1)) + a1n(0(2),6(2)) + 5 a2 (6(2), 0(2))

< C [P (Jue®)lmsr + 1 F @)lmrr) + o:@)11] [16)]I-

Now, using coercivity properties of my, and a;, ¢ = 1,2, we have

%% %%w(tm < C A (Jus(®) s + @) lmrr) + @] [0)])-

Integrating over [0, ], and then using the fact 6(0) = 0 and Young’s inequality, we get

1O()11* + lo@)Ir +

lo)1* +/0 ()17 ds + [0(t);
< 0(5)/0 [ (e (8) s + 1f (8)lmen)” + e (D)%) d8+05/0 16(s)]1* ds.

Now for suitable § > 0, applying Gronwall’s inequality and neglecting the terms [ [6(s)? ds

and [0(t)|?, we obtain
16 < O [0 (s Bagarmeny + 17 Baamen) + IorOaen) ] (4339
Again, from Lemma 4.3.5 and triangle inequality, we have
oz < 1@ s + IBu(t) = ult) 2w < CF™ al goamon.
Hence, equation (4.3.33) becomes
16 < CR™ (Jfulls sy + 1 L2y (43.34)

Finally, from the estimates in (4.3.29) and (4.3.34) along with (4.3.28), we get the theorem.
[
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Remark 4.3.1. The non-standard projection operator &, : X — W} is motivated by the

finite element approximation for the following pulsed electric model (cf. [9])
~V - (oVi+ eViy) = f,

u is the electric voltage, and o and € are the conductivity and permittivity, respectively.
For the L? norm estimate, we have used &, as an intermediate operator and which simplifies
the error analysis. Suppose, we split the error term e, = uj, — u into two components 6 and

p using following relation

en(t) =: 6(t) + (1),
where § = u;, — Rpu(t) and p = Ryu(t) — u with R, = R} or R, = R2. Then, for R, = R}
and o # ¢, identity (4.3.30) reduces to
M (0:(t), wn) + aru(0(t), wn) + azn(G(t), wn)
= mp(une(t), wn) + ap(un(t), wn) + azn(une(t), wn)
ma((Byu(t)), wn) + ayp(Byu(t), wn) + azp((Ryu(t))e wa)]
), wn) — [ma((Byu(t))e, wn) + ar(u(t), wn) + azn((Byu(t))e wa)]
(t) = F(£),wn) + (ue(t), wn) — mu((Ryu(t))e, wn) + az(ug(t), wn) — az((Ryu(t))e, wr)
) —

fu(®) = f (&), wn) + mn((Lyu(t)e — (Ryu(t))e, wn) + azn(Rpu(t))e — (Ryu(t))e, wr).

;ﬁ

ol
= (
= (
= (

It is important to note that the term ayp,((Riu(t)); — (Riu(t))s, wy,) contains the elliptic
type bilinear form as ;. Due to presence of asp, it is not possible to recover the optimal
order of convergence, i.e., O(h™*1) for the L? norm estimate of 6. Because, we cannot shift
the spatial derivative from Rju(t) — Riu(t) to wy, in a standard way. To overcome this
difficulty, we have introduced the non-standard projection operator &, to deal with this

term.

4.4 FError Analysis for the Fully Discrete Problems

In this section, we will formulate the Crank-Nicolson scheme (implicit second-order New-
mark scheme) based fully discrete approximation to the model problem (4.1.1)-(4.1.2) and

derive the optimal order error estimate in both L>(L?) and L*°(H") norm.
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We recall the discretization of the time domain [0,7] and notations from Chapter 2,
Section 2.4. Now, employing Crank-Nicolson fully discrete scheme to the equations in
(4.2.3), we obtain the fully discretized problem defined as : For n = 1,2,--- /N — 1, find
U™ € Wi such that

n+%

(0", w) + a1 (U™ R, w) + a (DU, w) = (fi 2, w) ¥ w € W, (4.4.1)

Z/{O = R}QLUO
Regarding the existence of a unique solution " to the fully discrete problem, we have the

following lemma.

Lemma 4.4.1. There ezist a unique sequence {U™}_, which satisfies the problem (4.4.1).

Proof. From (4.4.1), for n > 0, U™ satisfies

maUw) + (5) ann@*w) + asn @ w)
T .
=mu(U", w) — (§> ar (U™, w) + as, (U™, w) + 7 (fh+2,w) Yw € W
Since, the bilinear forms my, and a; p,, i = 1,2 are positive definite, Y™, n =0,1,--- ,N—1
exists uniquely. O

The following approximation result can be derived, which will be required later.

Lemma 4.4.2. For a Banach space B and for v € H3(0,T;B), we have

tn+1
41
o~ b < 07 [ fuun(e)
ln
Towards estimating the error e} := U" — u", we define the auxiliary functions {" =
U" —up and p" =up —u" forn=1,2,--- | N.

Lemma 4.4.3. For the term £" = U™ — u}, we have the following estimate
T

|uhttt (t) | 1dt) .

1<n<N

T
mwuww+wmscﬂ(éuwmmw+l

Proof. From (4.2.3), for t = tip1, we get

my, (Orub, w) + al,h(ul}ji,w) + agp (Opul, w) = (f}lfﬁ, w) + mp(9, w) + ag (9, w)  (4.4.2)
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for all w € W™, where ¥' = d,u} — thr%. Now, from (4.4.1) and (4.4.2), for any w € W},

it follows that

M (0,6 w) + ayn (€77, W) 4 agp (0,6 w) = —mp (0, w) — agp (P, w), 1<T< N — 1.

We choose w = §l+% in the above equation to obtain

1

o (mh(§l+17£z+1) . mh(él,él)) + alyh(£l+%7£l+%) =t % (a27h<§l+17£l+1) o

—mp (9, E73) — ap, (9, €72), 1< IS N — 1.

az,n (élv gl))

Using the coercivity and continuity of the bilinear forms mj, and a;, ¢ = 1,2, we arrive at

1 1 1
€411 = NEUIP + 2rlg 3 + €1 — €13 < O (I I3 + 1Bl 3 )

Now, applying Young’s inequality, we get
€411 = NEUP + IR = I < Coyr (1911 + 19'F)
for some suitable § > 0. Here, we have used the Poincaré’s inequality
€2 < Cle" 2.

Summing from [ = 0 to [l =n — 1 with 2 < n < N and since £° = 0, we find

n—1
1”12 +1€"3 < €7 > (1912 + [9'3) -

=0

Substituting = 0 in (4.4.3), we obtain
IE' 2 + 1€ < O ()17 + 19°13) -

Now, combining (4.4.4) and (4.4.5), we get

N—
max_(|[¢"]” + €"[?) Z 19" [1* + [9"]3) -
n=0

1<n<N

Finally, using Lemma 4.4.2, we have

1<n<N

T T
m (1612 + 168) < 07 ([ ol + [ (o).
0 0

(4.4.3)

(4.4.4)

(4.4.5)
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Now, by Theorems 4.3.1-4.3.2, Lemma 4.3.2 and Lemma 4.4.3, we derive the following

error estimate in L>°(L?) and L>(H") norm.

Theorem 4.4.1. Let u"™ and U™ solution of (4.1.1) and (4.4.1) at time t = t,,, respectively.
Assume that uw € H(0,T; H"(Q)) and f € L*(0,T; H™(Q)) N H3(0,T; L*(Y)), then
for all t € (0,T], we have

e U — u) < CH™ (Juolynss + lullas ity + | fllzgainy) + O7 (uohs + 1 liany).

1<n<N

128;)%\[ \U" - u”]l < Cch™ (]uo|m+1 + ”UHHI(Hm+1) + HfHLQ(Hm)) + CNYTQ(‘UQh + HfHHi‘(LQ))-

4.5 Numerical Results

This section includes some numerical experiments conducted to test the practical perfor-
mance of the proposed algorithm. To show the method is flexible to handle any polygonal
discretization, several forms of polygonal meshes, including Voronoi (V),), distorted square
(Sp) and distorted polygon (P,) have been taken into consideration. In Example 4.5.1,
we implement the proposed virtual element algorithm with all three types of meshes by
considering a smooth solution to test the optimal convergence. Again, in Example 4.5.2,
we show that the discrete bilinear forms in (4.5.1) produce sub-optimal convergence. Next,
we have considered a low regular solution in a convex domain in Example 4.5.3. Further,
in Example 4.5.4 and Example 4.5.5, we have tested our algorithm for smooth solutions in
L-shaped domain and circular domain, respectively. Finally, we have discussed a numerical

example with high-contrast coefficients in Example 4.5.6.
In all the examples, we have consider the model problem (4.1.1)-(4.1.2) and source

function f, initial data uy are chosen according to the choice of exact solution. The time
interval set to be [0, 1] and the spatial domain € is considered to be (0,1) x (0,1) or else
specified.

Example 4.5.1. (Smooth solution with convex domain) We set the exact solution
to the model problem (4.1.1)-(4.1.2) as

u(z,y,t) = tsin(mx) sin(mwy)

and coefficients 0 = z +y + 1 and € = 2° + > + 1. We have implemented the VEM
algorithm with all the three kind of mesh discretizations V,, S, and Pj, and polynomial

order m = 1,2, 3.
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Table 4.5.1: L? and H* errors at T = 1 for the mesh V), in Example 4.5.1

order h llu — | EOC |u — up| EOC
0.1768 | 3.08240e — 02 - 7.75091e — 02 -

m=11]0.1250 | 1.57508e — 02 1.9373 | 4.37357e¢ — 02 1.6511
0.0884 | 7.55517e — 03 2.1198 | 2.91824e — 02 1.1674
0.0625 | 3.75129¢ — 03 2.0202 | 1.84470e — 02 1.3234
0.0442 | 1.84871e — 03 2.0417 | 1.2507%9e — 02 1.1211
0.1768 | 1.80177e — 02 - 8.82435¢ — 02 -

m =2 0.1250 | 6.56264e — 03 2.9141 | 4.64632¢ — 02 1.8508
0.0884 | 2.43029e — 03 2.8663 | 1.92991e — 02 2.5351
0.0625 | 8.60933e — 04 2.9943 | 8.02536e — 03  2.5318
0.0442 | 2.99273e — 04 3.0489 | 3.94643e — 03 2.0480
0.1768 | 3.74984e — 04 - 4.86042e — 03 -

m =3 | 0.1250 | 9.38621e — 05 3.9964 | 1.68819¢ — 03 3.0512
0.0884 | 2.24492e — 05 4.1278 | 6.15544e — 04 2.9111
0.0625 | 5.44045e — 06 4.0897 | 2.16750e — 04 3.0117
0.0442 | 1.32813e — 06 4.0687 | 7.75599e — 05 2.9653

Table 4.5.1 presents the numerical errors and EOC in both L? norm and H! semi-norm
at T'= 1 for the mesh V). Exact and approximate solutions at 7' = 1 are shown in Figure

4.5.1. Figure 4.5.2 depicts the log-log plots.
In Table 4.5.2, we present the numerical errors and EOC for the mesh S;,. The exact

solution and approximate solution are illustrated in Figure 4.5.3. Further, the log-log plots

are presented in Figure 4.5.4.
Table 4.5.3 depicts the numerical errors and EOC for the mesh P,. The exact solution

and approximate solution are illustrated in Figure 4.5.5. Figure 4.5.6 shows the log-log
plots. The above observations confirm that we have achieved optimal order of convergence

as per the theoretical prediction as proved in Theorem 4.4.1.
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Figure 4.5.1: Approximate solution for m = 3 (left) with Voronoi mesh (h = 0.0442) and

exact solution (right) at ¢ = 1 in Example 4.5.1.

2
—e—luu || 10

—o— |lu-u ||
0 (n2%)

—— 0o (408
—o—luuyly

—— v

6 8 10 12 14 16 18 20 22 3 4 5 6 7 8 9 10 11
log(1/h) log(1/h) log(1/h)

Figure 4.5.2: Log-log plots of the errors versus h at t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) for Voronoi mesh in Example 4.5.1.
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Table 4.5.2: L? and H* errors at T = 1 for the mesh S, in Example 4.5.1

order

h

[ — |

EOC

lu — up |y

EOC

1/5
1/10
1/15
1/20
1/25

5.42362e — 02
1.59321e — 02
7.34057e — 03
4.18403e — 03
2.69477e — 03

1.7673
1.9112
1.9540
1.9716

1.63733e — 01
4.86620e — 02
2.23908e — 02
1.27409e — 02
8.19693¢e — 03

1.7505
1.9145
1.9599
1.9766

1/5
1/10
1/15
1/20
1/25

3.14003e — 03
4.37026e — 04
1.30381e — 04
5.49857e — 05
2.81271e — 05

2.8450
2.9831
3.0012
3.0041

2.75012e — 02
5.65103e — 03
1.93969¢ — 03
8.71653e — 04
4.61239¢ — 04

2.2829
2.6372
2.7805
2.8523

1/5
1/10
1/15
1/20
1/25

1.51538e — 03
1.30091e — 04
2.75497e — 05
8.93906e — 06
3.70496¢e — 06

3.5421
3.8283
3.9125
3.9470

1.51247¢ — 02
2.06263¢ — 03
6.11223e — 04
2.57241e — 04
1.31501e — 04

2.8744
2.9997
3.0083
3.0070
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y

Figure 4.5.3: Approximate solution for m = 3 with distorted square mesh (h = 1/25) (left)
and exact solution (right) at t = 1 in Example 4.5.1.

10 E
T —e—llu-u |l 10
—e—luuy, 293
. ——0(h2%)
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10 ——o0(h'¥) u
——luu |, 1072
102

5 10 15 20 25 5 10 15 20 2E 5 10 15 20 25
log(1/h) log(1/h) log(1/h)

Figure 4.5.4: Log-log plots of the errors versus h at ¢t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) for distorted square mesh in Example 4.5.1.
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Table 4.5.3: L? and H" errors at T = 1 for the mesh P}, in Example 4.5.1

order

h

[ = |

EOC

lu — up |y

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

4.42154e — 02
2.04910e — 02
1.12866e — 02
9.65985¢ — 03
2.81779e — 03

2.2191
1.7208
1.9915
2.0124

1.62012e — 01
8.90899%¢ — 02
5.50352¢ — 02
2.89688¢ — 02
2.01445¢e — 02

1.7255
1.3898
1.8517
1.0482

0.1768
0.1250
0.0884
0.0625
0.0442

2.55365¢ — 03
9.55207e — 04
3.46966e — 04
1.21800e — 04
4.41005e — 05

2.8373
2.9220
3.0206
2.9313

2.48531e — 02
1.17839¢ — 02
5.98151e — 03
3.14527e — 03
1.76831e — 03

2.1513
1.9565
1.8546
1.6616

0.1768
0.1250
0.0884
0.0625
0.0442

1.04565e — 03
2.55598¢e — 04
7.50386e — 05
1.94974e — 05
4.84741e — 06

4.0649
3.5363
3.8887
4.0160

1.16950e — 02
4.08281e — 03
1.57336e — 03
5.67805e — 04
2.03518e — 04

3.0365
2.7514
2.9408
2.9605
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Figure 4.5.5: Approximate solution for m = 3 with distorted polygon mesh (h = 0.0442)
(left) and exact solution (right) at ¢ = 1 in Example 4.5.1.
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Figure 4.5.6: Log-log plots of the errors versus h at ¢t = 1 for m =1 (left), m = 2 (center)
and m = 3 (right) for distorted polygon mesh in Example 4.5.1.
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—e—lu-u I —e—luu ||
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Figure 4.5.7: Log-log plots of the errors versus h at t = 1 for m = 1 (left), m = 2 (center)
and m = 3 (right) in Example 4.5.2.

Example 4.5.2. (Sub-optimal convergence)

Remark 4.5.1. In the case of constant-coefficient the following discrete bilinear form ay,
is usually considered in order to approzimate the original bilinear form (see. [16]):

CLE(U7 w) = (VHTVn,Evu vl_IXm,EU))E + ((I r HZ,E)“? (I L HTVn,E)w)E )

forv,w € W™(E). For variable coefficients, a natural extension of the above choice would

suggest considering the discrete bilinear forms a;p, i = 1,2 as

aﬁh(v, w) = (O‘VHZJE’U, VHZ7EQU)E -+ SlE ((] — H,Z’E)v, (I — HWV%E)w) ,

ay (v, w) = (eVILy g, VIT), gw) 4+ Sy (I =11, g)v, (I =TI}, 5)w) (4.5.1)

forv,w € W*(E). For m = 1, this choice coincides with (4.2.2). However, for m > 2 it

fails to deliver optimal order of convergence.

In this example, we use the discrete bilinear forms given by (4.5.1) in place of (4.2.2)

for the computation. We consider all the inputs as in Example 4.5.1.
We display the errors and convergence orders for m = 1,2,3 in Table 4.5.4 for the

Voronoi mesh (V},). Figure 4.5.7 presents the log-log plots at 7' = 1. We can observe from
the Table 4.5.4 that for m = 1, the order of accuracy is preserved, but for m = 2 and
m = 3, there is a loss in the convergence order in both the L? norm and the H! semi-norms

as predicted in the above remark.
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Table 4.5.4: L? and H" errors and convergence orders for Example 4.5.2

order

lu — |

EOC

lu—unh

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

2.19271e — 01
1.05323e — 01
2.29038e — 02
2.58778e — 02
2.58778e — 02

2.1158
1.9868
2.0633
2.0442

3.81965e — 01
2.25164e — 01
1.29639¢ — 01
8.24794e — 02
5.09768e — 02

1.5249
1.5929
1.3048
1.3884

0.1768
0.1250
0.0884
0.0625
0.0442

3.12799¢ — 03
1.38022¢ — 03
6.90224e — 04
3.35167e — 04
1.67947¢ — 04

2.3607
1.9995
2.0844
1.9937

7.79999¢ — 02
2.28180e — 02
3.65327e — 02
2.58502¢ — 02
1.83382¢e — 02

1.1249
1.0637
0.9980
0.9907

0.1768
0.1250
0.0884
0.0625
0.0442

2.87517e — 03
1.33055e — 03
6.75045e — 04
3.31262e — 04
1.67341e — 04

2.2233
1.9579
2.0540
1.9704

7.64253e — 02
5.10892¢ — 02
3.58453¢e — 02
2.52706e — 02
1.81192e — 02

1.1621
1.0225
1.0087
0.9599
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Table 4.5.5: EOC in L? norm and H! semi-norm at 7' = 1 in Example 4.5.3

) k m=1 m =2
L?-order H'-order | L*-order H'-order

0 1 1.88 0.94 1.88 0.96
1] 1/2 1.60 0.56 1.59 0.54
2] 1/4 1.38 0.32 1432 0.30
3] 1/8 1.24 0.20 1.19 0.17
4 |1/16 1.15 0.14 1.14 0.11
51 1/32 1.09 0.10 1.15 0.08

Example 4.5.3. (Low regular solution) We consider the model problem (4.1.1)-(4.1.2)
on a two-dimensional domain, for which the exact solution possesses a corner singularity in

spatial direction. We set the exact solution as

u(z,y,t) = tsint z(1 — 2)y(1 — y)(2® + y2)_1+§,
where k € (0,1] and the coefficients ¢ = € = 1. It is easy to see that u has a singularity
at the corner point (0,0) and u € C=(0,T; H**79(Q)) but u ¢ C=(0,T; H**(Q)), for
some positive number 6. We choose the Voronoi mesh (V) for the spatial discretization
and compute the EOC in respective norms by setting k& = (1/2)!, 1 =0,1,2,3,4,5.

From Table 4.5.5, we can easily observe that the numerical order of convergence at the
final time 7' = 1 remains to be O(h'™) in L? norm and O(h*) in H' semi-norm for linear
as well as higher order methods, which is due to the low regularity of the exact solution.
Figure 4.5.8 presents the contour plot of the exact and approximate solution for k = 1/2
at t = 1.

Example 4.5.4. (Smooth solution with non-convex domain) For this numerical
experiment, we consider a L-shaped domain 2 = (0,1) x (0,1) \ [1/2,1) x [1/2,1). We
choose the Voronoi mesh (V) for the spatial discretization. We set the exact solution to
the model problem (4.1.1)-(4.1.2) as

u = tsintsin(2rx) sin(27y)
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Figure 4.5.8: Approximate solution (left) for m = 2 (h = 0.0442) and exact solution (right)
at t = 1 with £ = 0.5 in Example 4.5.3.

and the coefficients 0 = € = 1.
In Table 4.5.6, we show the numerical errors and EOC in L? norm and H' semi-norm

at the final time T" = 1 for linear and quadratic approximations. Figure 4.5.9 presents
the contour plot of the exact and approximate solutions at T' = 1. The order of accuracy
obtained to be O(h™™!) in L? norm and O(h™) in H' semi-norm. The log-log plots are
presented in Figure 4.5.10.

Example 4.5.5. (Smooth solution with circular domain) In this example, we consider
a circular domain €2 with center at (0,0) and radius 1. We choose Voronoi mesh (V},) for the
spatial discretization. We choose the exact solution to the model problem (4.1.1)-(4.1.2) to
be

u = tsint(1 — 2 — y?) sin(7z) sin(ry)

and the coefficients 0 = ¢ = 1.
In Table 4.5.7, we show the numerical errors and EOC in L? norm and H' semi-norm

at the final time 7" = 1 for linear and quadratic approximations. Figure 4.5.11 presents
the contour plot of the exact and approximate solutions at 7' = 1. The order of accuracy
obtained to be O(h™™') in L? norm and O(h™) in H' semi-norm. The log-log plots are
presented in Figure 4.5.12.
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Table 4.5.6: L? and H* errors at 7' = 1 in Example 4.5.4

lu — |

EOC

|u — uplq

EOC

0.1690
0.1222
0.0874
0.0621
0.0441

7.18839¢ — 02
3.49862¢ — 02
1.63971e — 02
8.20723e — 03
4.09242¢ — 03

2.2179
2.2605
2.0307
2.0248

2.60757e — 01
1.42172e — 01
7.20476e — 02
3.85717e — 02
2.54238e — 02

1.8682
2.0275
1.8333
1.2129

0.1690
0.1222
0.0874
0.0621
0.0441

4.06743e — 03
1.60966e — 03
9.51263e — 04
1.97476e — 04
6.93784e — 05

2.8551
3.1963
3.0122
3.0437

4.54247e — 02
1.86356e — 02
8.08752¢ — 03
3.40738¢ — 03
1.43303e — 03

2.7443
2.4899
2.5362
2.5203

0.9 {

0.8 1

0.7 H

0.6 [

> 0.5

0.4

0.3

0.2 {

0.1H

0.9

0.8 |y

0.7 |

0.6 ||

> 0.5

0.4 1

0.3 1

0.2 {

0.1¢

0.2 0.4 0.6
X

0.8

Figure 4.5.9: Approximate solution (left) for m = 2 (h = 0.0441) and exact solution (right)

at t =1 in Example 4.5.4.
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o
o

—e— [lu-u || —o— |lu-u |
—— 0 (h21) 4

——D0 (h 3.04)

——luu TN —o—luu

10" <<<<<<<<<< o' 2| NSNS~ . |

6 8 10 12 14 16 18 20 22 6 8 10 12 14 16 18 20 22
log(1/h) log(1/h)

Figure 4.5.10: Log-log plots of the errors versus h at ¢ = 1 for m = 1 (left) and m = 2
(right) in Example 4.5.4.

Table 4.5.7: L? and H' errors at T = 1 in Example 4.5.5

h lu — | EOC [|u — up| EOC
0.1768 | 1.46506e — 01 - 4.65785e — 01 -
m =1 [0.1250 | 6.64965e — 02 2.2792 | 1.82503e — 01 2.7035
0.0884 | 3.10081e — 02 2.2013 | 8.17590e — 02 2.3169
0.0625 | 1.48670e — 02 2.1211 | 4.30456e — 02 1.8510
0.0442 | 7.29290e — 03 2.0551 | 2.85357e — 02 1.1862
0.1768 | 1.23339¢ — 02 - 4.56535e — 02 -
m =2 | 0.1250 | 4.41018e — 03 2.9674 | 2.36235¢ — 02 1.9010
0.0884 | 1.56553e — 03 2.9884 | 1.26268e — 02 1.8075
0.0625 | 5.98096e — 04 2.7764 | 6.09017e — 03 2.1039
0.0442 | 2.15650e — 04 2.9434 | 2.97930e — 03 2.0630
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Figure 4.5.11: Approximate solution (left) for m = 2 (h = 0.0442) and exact solution
(right) at ¢ =1 in Example 4.5.5.

10° 101
—e—|lu-u |l —e—|lu-u ||
——0(h2%) ¢ ——0oh2)
——luu T e —o—luu

6 8 10 12 14 16 18 20 22 6 8 10 12 14 16 18 20 22
log(1/h) log(1/h)

Figure 4.5.12: Log-log plots of the errors versus h at t = 1 for m = 1 (left) and m = 2
(right) in Example 4.5.5.
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Example 4.5.6. (Heat transport in metallic films) We consider the following problem
from [54]
Yug + Pug + ou — V- (cVu + eVuy) = f in Q x [0, 1],

where Q = (—1,1) x (=1, 1). This problem arises commonly in the study of heat transport
in metallic films during ultrafast laser heating [104, 127]. With v = § = 0, we get the

following Sobolev equation:
Bu, =V - (oVu+ eVu) = f in Q x [0,1].
We select the exact solution to be
u = texp(—t)sin(mx) sin(my).

The physical coefficients /3, o and e are chosen as [126]

2
(B,0,¢) = <%,a6,6%> = (1.2 x 10",1.2 x 107*,1.44 x 10%),
ap

where C'g represents the equivalent thermal wave speed, where as a, and ag stand for

electron and equivalent thermal diffusivity, respectively of the material.
In Table 4.5.8, we show the numerical errors and EOC in L? norm and H' semi-norm

at the final time 7' = 1 for m = 1,2. Figure 4.5.13 presents the contour plot of the exact
and approximate solutions at T' = 1. The order of accuracy obtained to be O(h™*!) in L?

norm and O(h™) in H' semi-norm. The log-log plots is presented in Figure 4.5.14.

4.6 Conclusion

In this chapter, we have proposed a virtual element method for second-order Sobolev equa-
tions with variable coefficients. We have obtained optimal order of convergence, i.e., O(h™)
in H! semi-norm and O(h™*!) in L? norm, where m is the polynomial degree of the method,
and h is the mesh size. A new non-standard projection operator is used to derive the opti-
mal convergence estimate in L? norm. For the temporal discretization, we have employed
the second-order Crank-Nicolson scheme and derived the optimal convergence estimates for
the fully discrete scheme. We have illustrated some numerical experiments with polynomial
degree m = 1,2,3 and shown that the experimental order of convergence agrees with the
theoretical results. The use of different types of polygonal meshes for spatial discretization

shows the flexibility of the method with respect to mesh discretization.
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Table 4.5.8: L? and H! errors at T' = 1 in Example 4.5.6

h

lu = ua|

EOC

[l = ]|

EOC

0.3536
0.2500
0.1768
0.1250
0.0884

1.73257e — 01
5.90302e — 02
2.14328e — 02
8.12301e — 03
3.31517e — 03

3.1068
2.9233
2.7995
2.5859

5.60085¢ — 01
2.13977e — 01
8.51907e — 02
3.98674e — 02
2.36739e — 02

2.7764
2.6574
2.1910
1.5038

0.3536
0.2500
0.1768
0.1250
0.0884

1.92957e — 02
5.60325e — 03
1.84692¢ — 03
5.61565e — 04
1.66199¢ — 04

3.5679
3.2023
3.4352
3.5131

3.73776e — 01
1.77208e — 01
8.25805¢e — 02
3.25714e — 02
1.17394e — 02

2.1535
2.2031
2.6844
2.9445

Figure 4.5.13: Approximate solution (left) for m = 2 (h = 0.0884) and exact solution

(right) at ¢ = 1 in Example 4.5.6.
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—o—|luu |l ‘ ‘ ‘ ‘ ‘ —o—llu-u I
<-‘v_ 0 (h28) 4 —— 0 (h341)
——luu T T ——lu-u

3 4 5 6 7 8 9 10 M
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Figure 4.5.14: Log-log plots of the errors versus h at ¢ = 1 for m = 1 (left) and m = 2
(right) in Example 4.5.6.
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VEMs for Viscoelastic Wave Equations

We develop a virtual element method for viscoelastic wave equations on polygonal meshes.
We propose both semi-discrete and fully discrete schemes to numerically solve the linear
viscoelastic wave. For the time discretization, we have used implicit second-order Newmark
scheme. Optimal convergence rates in both the L? norm and the H' semi-norm are estab-
lished using a new non-standard projection operator. Numerical experiments are illustrated

to confirm our theoretical findings.

5.1 Introduction

Our goal of the current work is to develop the virtual element method for hyperbolic type

equations with strong damping. We consider the following problem as our model problem
u(x,t) = V- (o(z)Vu(z,t) + e(z)Vu(z,t)) = f(a,t) in Q x (0,7 (5.1.1)

with ICs and BCs
w(z,0) =ug & u(z,0) =vy in Q; u(x,t) =0 on 9N x (0,7, (5.1.2)

where  C R? is a polygonal domain with smooth boundary 9Q and T < oo is the finite
terminal observation time. Here o,e € L>(£2) are the diffusion coefficient and the damping

coefficient, respectively such that
M <o(x),e(z) <M VreQ

for some positive constants M and M.

111
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Many numerical methods have been developed to solve the equation (5.1.1) mostly using
finite difference method or classical finite element methods [84, 85, 122, 134, 137]. But, in
case of polygonal or polyhedral meshes employing FEM becomes very difficult task due to
the complexity in basis construction and it demands higher computational cost to evaluate
the integrals using Gauss quadrature. To avoid above difficulties associated with numerical
approximation of the model problem, we will propose a newly introduced numerical method
known as the virtual element method (VEM), which will be simple to implement and also

cost-efficient.
In this chapter, we develop a novel VEM for the viscoelastic wave equation (5.1.1).

The virtual semi-discrete approximation of the model problem is constructed using three
approximated bilinear forms. The fully discrete scheme is obtained by first reformulating the
governing equation into a system of first-order equations and then employing the Crank-
Nicolson discretization. In fact time discretization method is the well-known Newmark
method for wave equation when we adopt the particular choice for the parameters in the
Newmark scheme (cf. [67]), which has been used extensively in applications. We present
rigorous error analysis for the semi-discrete scheme as well as fully discrete scheme and
derive optimal convergence estimates. Further, in support of theoretical findings numerical

examples are presented with different types of meshes and different polynomial degrees.
The remainder of the content is divided as follows. We present the semi-discrete virtual

element approximation in Section 5.2. Next, while Section 5.3 deals with the semi-discrete
error analysis, Section 5.4 discusses fully discrete approximation and its convergence. Nu-
merical examples and the conclusion are presented in Section 5.5 and Section 5.6, respec-

tively.
5.2 Semi-discrete Virtual Element Approximation

This section deals with construction of semi-discrete virtual element approximation for the

model problem (5.1.1)-(5.1.2).
Following the standard way, we easily obtain the variational formulation corresponding

to the model problem (5.1.1)-(5.1.2) as: Find v € L*(0,T; H3(Q)) N HY(0,T; H'(2)) N
H?(0,T; L*(Q)) such that for all v € H}() and for a.e. t € (0,T]

(uge, v) + a1 (u, v) + az(ug,v) = (f,v) Yo € Hy(), (5.2.1)

u(0) = up, ut(0) = vy
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where a;(u,v) and ay(u,v) are bilinear forms on Hj () defined as in (3.2.2).
We recall the virtual element framework discussed in Chapter 1, Section 1.4. Let {7}

be a partition of the domain (2 into elements (arbitrary polygons) E. The bilinear forms

a;(+,+), © = 1,2 can be splited into their local counterparts in the following manner

a;(u,v) = Z af(u,v) V u,v € Hy(Q), i=1,2.

E€Ty

Then the discrete bilinear forms on the local virtual element space W;*(E) can be defined

as:
afh(%w) T (UHBn—l,EV’U?Hgm—l,va) + Sf (([ - anm,E)Uv (P HZ,E)W) )
afh(v,w) = (eH?n_l,EVv,Hgl_LEVw) + SZ ((I HZ g0, (I = HZ )W ) &
mf(v, )= (HO EU; Hm pW)E + SE ((I H?n B)v, (I — H?n,E)w> )

where

52 (v, w) = EZdofr )dof,(w),
SE(w,w) = 6E2dof Yydof.(w) &

(0. = B3 dofs(0)dofs )

with 87 = Pi(0), BF = Pi(e) and N¥ = dim W;"(E).
Now the global bilinear forms on the global discrete space W;" can be obtained by

assembling the local counterpart as:

a;n(v,w) = Z aly(v,w), i=1,2 & my(v,w) = Z my (v,w) Yo,w € W™
E€T,, E€T,

The global bilinear forms a;;, @ = 1,2 and my, satisfies the following continuity and

coercivity properties (Lemma 1.4.5): For v,w € W"
arp(v,w) < (14 B,)Mlvh|wly,
az (v, w) < (1+ B)Mlv|i|wh &

mp(v, w) < (1+ Go)[[vll[[wl]
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and w € W;*
ayp(w, w) > min{1, a, } M|wl3,
agp(w,w) > min{1, a } M|w|? &
my(w, w) > min{1, ao}||w]?,

where a,, ., ag, By, Be, Po are some positive constants.
We have the following semi-discrete virtual element approximation to (5.2.1): Find

up, € C*(0,T; W;™) such that

mp, (Wne, Wh) + a1 p(un, wp) + aop(ne, wp) = (fr,wp)  Ywy € Wi, (5.29)

up(0) = Riug, up(0) = Riv,
where fj, is the discrete form of the source function f as define in (1.4.14). Here, R: i = 1,2

are the modified elliptic projection operators as defined in (3.2.3). In addition, we also need

the L? projection operator L, defined in (1.5.11).
5.3 Error Analysis for the Semi-discrete Problems

This section is dedicated to the convergence analysis of semi-discrete approximation (5.2.2).
Optimal convergence rates in both the H' semi-norm and the L? are established on polyg-

onal meshes.
Before proceeding to the error analysis, we present the following result regarding the

stability of the semi-discrete solution wu, with respect to the initial data and the source

function.

Lemma 5.3.1. Let ug,vg € H}(Q)NH*72(Q) and f € H*1(H?**~*(Q)), k = 2,3,4. Then,

we have
IDFun(0)]| < C(Juolze—2 + [volze—2 + || Ik (e

1Dy un (0) 1 < C(|uolan—s + [volon—s + || fllzre—2(zrze—y),

ak
where DY = P

Proof. Taking t — 0% in (5.2.2), we obtain

mp, (U (0), w) = ay p(Rjug — Riug, w) — a1 (ug, w) — as(ve, w) + (f(0), w). (5.3.1)
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Here, we have used the relation
a;p(Riv,w) = a;(v,w) Yw € W, i =1,2.

For the first term in (5.3.1), using continuity property of a; , and approximation properties

of projection operators R}, i = 1,2, we have
arn(Rpuo — Riug, w) < Clugla||w|. (5.3.2)
Again, we have

(fn(0), w) < ClIf [ llwll- (5.3.3)

Here, we have used Lemma 1.4.6 and Lemma 1.2.1. Now, we substitute w = uz(0), and
combine the estimates (5.3.2) and (5.3.3) in (5.3.1) to have

[unet(0)]] < C(luolz + [vol2 + || fll 1 (z2))-
H'-stability of the projection operator R} gives
|unt(0) 1 = |Ryvol1 < Clugls

This proves for k = 2. For the case k = 3, subtracting (5.2.1) from (5.2.2) and setting

t — 0T in the resulting equation, we get
i (tnia (0) = B (0), w) = ayn(Rouo — Rhuo,w) + (fu(0) = f(0),w).  (5.3.4)

Choosing w = upi(0) — R2uyu(0) in the above equation (5.3.4), we have the following

estimate. For s > 0
lunee (0) — Rhus (0)| < Ch* (Juolsiz + 1 f 1 ars)) - (5.3.5)
Again, the above estimate (5.3.5), together with inverse inequality yields
e (0) — Ry (0)]s < Ch™Hup(0) — Riuw (0)]| < CR* (|uolsrz + 1 f laras)) - (5.3.6)
For s =1 in (5.3.6), we get

lune (0)1 < C (Juols + | fllmnrarry) + | Ry (0)]1 < C (Juols + ||| ey + we(0)]1) -
(5.3.7)

TH-3214_186123008



CHAPTER 5. VEM for Viscoelastic Wave Equations 116

From (5.1.1), as t — 0" we have
[t (0) |1 = |V - (0Vu(0) + eVue(0)) + f(0)lr < C (Juols + lvols + | fllrarmy) - (5.3.8)
Now, plugging (5.3.8) in (5.3.7), we obtain
un(0)11 < C (luols + |vols + 1 fll g a)) -
Differentiate (5.2.2) with respect to ¢ and then take ¢ — 0% to have
M (neee (0), w) =(fne(0), w) — arn(Rivo — Ryyvo, w) = agp(un(0) — Ryu(0), w)
— a1 (vg, w) — as(uy(0), w). (5.3.9)
Using the same argument as (5.3.2), we have
arn(Rivg — Rpvo, w) < Cluglallw])- (5.3.10)
Also, using (5.3.6) with s = 2, we get

s (0) — Bury(0), w) < Clunes(0) = Ru(O)|afeoly < C (ol + £ lscars) ol
(5.3.11)

Again, we can easily obtain that
(fre(0), w) < ([ fl| 22 1wl (5.3.12)
and
ua(O)]2 = |V - (0Vu(0) + eVu0)) + F(0)]2 < C (Juola + vola + | fllaem)) - (5.3.13)

Substituting the above estimates (5.3.10)-(5.3.13) in (5.3.9) and choosing w = up(0), we

obtain
[uneee ()| < C (fuola + [vola + 1]l mr2care ) -
For the case when k = 4, proceeding in a similar way we get
|Uhttt(0)|1 <C (|U0’5 + |UO|5 + Hf”HQ(HS)) &

[tnee (0)]| < C (Juole + [vols + || || 2 (rs)) -
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Lemma 5.3.2. Let ug,vo € HY(Q) N H*72(Q) and f € H* Y (H*4Q)), k = 3,4. Then,

we have

t
1D un(t)]* + / | Dfun($)[tdt < C (Juol3n—a + [vol3e—s + 171 (gr2e-sy) -
0

Proof. We differentiate (5.2.2) twice with respect to ¢ then substitute w = up(t), to have

1d 1d

§Emh(uhttt(t)7 Upe (1)) + éaal,h(uhtt(t), Unet (1)) + 2, n (Uit (1), Uneee (1)) = (free (1), wneee (t)).

Integrating the above equation over [0, ¢], and then using Young’s inequality and coercivity

properties of the bilinear forms, we obtain

t t
@I+ [ funsa@)frdt < O (a0 + a0 + [ ft) )
0 0

Further, using Lemma 5.3.1 in the above equation, we have

t
I+ [ )t < CCuold + ol + 111y )
0

This proves for kK = 3. Analogously, for k£ = 4 we can show

©
[l +/ |un(B)[3dt < C(|uolg + volg + Iz ray)-
0
]

Next, we derive following convergence result in H' semi-norm for the semi-discrete

approximation (5.2.2).

Theorem 5.3.1. Assume that v € H*(0,T; H"(Q)), f € L*(0,T; H™(Q)) and ug €
H™ Q). Then for all t € (0,T), we have

() = u(®)ly CR™(tolmss + ltlrarmesy + £l o).
Proof. Let us split the error e, (t) = up(t) — u(t) as
en(t) = o(t) + (1), (5.3.14)

where @(t) =: uy(t) — Riu(t) and 9(t) =: Riu(t) — u(t).
Now, due to Lemma 3.2.1, we have the following bound for ()

()] < CH™u()|mer < CR™([tolmss + 1uell 1 (zrmery)- (5.3.15)
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Therefore, we need to bound the term ¢(t) only. From (5.2.2), using the definitions of
projection operators R (i = 1, 2) and L, we have the following error equation for ¢(t).
For all w, € W™ and for all t € (0,77, we obtain
mp(u(t), wn) + arn(d(t), wn) + az,p(e(t), w)
= 1 (unse(t), wn) + axp(un(t), wn) + azn(un(t), wn)
— [mn(Riuw(t), wr) + arn(Ryu(t), wy) + asp(Rau(t), wy)]
= (fn(t) = f(t), wn) + (wa(t), wn) + a1 (u(t), wp) + az(w(t), w)
— [ma(Riuw(t), wi) + arn(Ryu(t), wy) + asp(Raug(t), wr) + a1 p(Riu(t) — Ryu(t), wy)]
= (fa(t) = f(t),wn) + avu(Ryu(t) — Rpu(t), wn) + mu(Lpuw(t) — Ryus(t), wn)

For the term 77, from Lemma 1.4.6, we have
Ty = (fult) = f(t),wn) < CR™|f(t)]mllwal- (5.3.17)

Next, using the continuity of a;; and approximation properties of R} and R?, we obtain

< CR™ () |mst [l (5.3.18)

Also, for the term T3, using the continuity of m, and approximation properties of L, and
R?, we have
mh(Lhutt(t) — R}%Utt (t), UJh) = mh(LhUtt (t) — Uyt (t), wh) + mh(utt (t) — Riutt(t), U)h)
< (14 Bo) (1 Znun(t) — wa(®)]| + llun(t) — Riua(t)]]) [lwall

< CR™ gy (t) ][] (5.3.19)

TH-3214_186123008



CHAPTER 5. VEM for Viscoelastic Wave Equations 119

Now, combine the estimates (5.3.17)-(5.3.19) with the identity (5.3.16) and set wy, = ¢(t)

to obtain

M (D (t), oi(t)) + arn(d(t), ¢u(t)) + az.n(¢e(t), 4i(t))
< CR™ ([ult) [t + [ (@) + [ () m) |2 (01,

which yields

1d 1d

§Emh(¢t(t), ¢i(t)) + §%a1,h(¢(t)a o(t)) + azn(@:(t), d:(t))

< CR™(Ju(®)msr + e (8) lm + 1 (E)m) [0 (E)]1-

Integrating above estimate over [0, ¢] and using the coercivity of the bilinear maps my, a; p,

1 = 1,2, we obtain

IO + 16(0) + / 6e(s) 2 dis
<c / B (ja(5) e+ [12e(8) o+ LF Sl e(5) 1 s + 61(O)] + [(O)F.  (5.3.20)

Since ¢(0) = 0 = ¢;(0), employing Young’s inequality in (5.3.20) results in

t
eI + |o(®)]F +/0 [6e(s)[1 ds < CH*™ (ullZogrmeny + el z2rmy + 112 arm))-
Neglecting the terms ||¢:(¢)||? and fot |oe(s)|? ds, we arrive at

|o(t)[1 < Ch™(|ul|mzcam+ry + || fll 2eamy)- (5.3.21)
Finally, plugging (5.3.15) and (5.3.21) in (5.3.14) leads to the desire result. O

For the L? norm error estimate, we will use the non-standard projection operator &,
defined in equation (4.3.13). From (5.1.1) and (4.3.13), we note that

= fut . (5.3.22)

Now, we will present the main result of this section. The semi-discrete approximation

(5.2.2) has the following error estimate in L? norm.
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Theorem 5.3.2. Assume that f € L'(0,T; H™(Q)), w € H'(0,T; H™(Q)) and ug, v €
H™ Q). Then for all t € (0,T], we have

Huh(t) — u(t)H < Chm—H (|U0‘m+1 + ’UQ’m+1 + HUHHl(Hm+1) + HfHLl(Hm“'l)) .

Proof. We split the error term e, = u, — u into two standard components 6 and p using

the following relation

en(t) =: 0(t) + p(t), (5.3.23)

where 6 = u, — Eu and p = Eyu — u. From Lemma 4.3.4 and approximation property of

R?, we have the following bounds for p(t):

eIl < N6l + [1RRu(t) — u(®) ] < CR™ (ol + [lullzrazrmsay). (5.3.24)

Using the definitions of projection operators &, and Ly, and equation (5.3.22), we arrive at

the following important identity: For all w;, € W™

M (0 (t), wn) + arp(0(t), wn) 4 az,n(0:(t), wr)

= ma(une(t), wn) + ayp(un(t), wn) 4 azn (une(t), wn)
— [mn((Enuult))ie, wn) 4 a1,n(Entu(t), wa) + azn((Enult))e, wn)]
= (fa(t) = fu(t), wn) — mn((Entult))ee, wh)

= (fult) = f(8), wn) + (wee(t), wn) — mn((Epult))se, wn)

= (fu(t) =

fu(t) = (), wn) + ma(Lyu(t) — (Enu(t))uw wn).

Now, setting n = Lyu — E,u and rearranging the above equation, we obtain

%mh(@( ) wh) — mh(@t(t), wht) + CLLh(@(t), wh) + ag,h(ﬁt(t), wh)
= (fu(t) = £ (&), wn) + mn(0u(t), wn)
= (fu(t) = F(t), wn) + imh(m(t), wp) = ma(1(t), whe). (5.3.25)

Next, for some ¢ € [0, T], we define
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-~

Then, clearly 6(-,<) = 0 and 6,(-,¢t) = —0(-,¢), 0 < t < T. Substitute w, = 6(t) € W™ in
(5.3.25) to have

d - - -

Zrma(0:(2), 0(0)) +ma(0:(2), 0(0)) + a1 n(0(1), 0()) + a2,1(0:(2), (1))
- d -

= (fn(t) = (1), 0(8)) + —mn(me(2), 0(8)) + ma(me(t), (1))
Since 1,(t) — 0,(t) = Lruy(t) — une(t), the above equation reduces to

1d 1d ~ o~ d ~

5 77"(0(t),0(t)) = 5—a1n(6(2),0(2)) + — azn(6(2), (1)) + a2 (0(2), 0(t))

~ ~

= (fu(t) = £(2),0(2)) + —mn(Lnue(t) = une(t), 0(t)) +ma(ni(t), 0(2)).

Integrating above equation from 0 to ¢, and then using the facts 6(0) = 0 = 6,(0) and
é\(g) = 0, we obtain

3 (0(6),9) + 500(B0,50) + [ aan(6(0). (0
= /Og(fh(t) — f(®),0(8))dt + mp(upe (0) — Ly, (0), 6(0)) + /0g m(me(t), 0(¢))dt

Since 6(t) is continuous in ¢, we set ¢ in such a way that

16()I] = sup [|6(2)]], (5.3.27)
0<t<T

-~

which yields ||0(t)]] < C||6(s)]| for all ¢t € (0, T].
Next, we try to bound each of the term appeared in the right side of (5.3.26). For the

term [;, from Lemma 1.4.6, we have

(fa(t) = F(),00)) < |1 fa(t) — FOINOD < CR™ Y F ()| 0],

which together with (5.3.27) yields

~

/Og(fh(t) — f(t),0(t))dt < Ch™* /Og )l [0 1At < CR O]l 1 zrms).-
(5.3.28)

TH-3214_186123008



CHAPTER 5. VEM for Viscoelastic Wave Equations 122

Desired bound for the term Iy follows from the following estimate

-~ -~

mi (unt(0) = Lpur(0),6(0)) <(1+ Fo)l[une(0) = Lunui (0)|[[[6(0)]
<C||Ryvo — Luvoll[|6(<)]]
<CR™ [vom+1 10(5)]]. (5.3.29)

Then for the term Is, Lemma 4.3.5 leads to
[ matao.ona < ¢ [ pnionar
< AN [ (Maal®) =B + €)= o))
< 10 (17 [ aa@mnc + 1 Exn(6) ol

< CH™M0() | (Jtolmar + lleellzr azmsny) - (5.3.30)

Plugging the estimates (5.3.28)-(5.3.30) in (5.3.26), and using coercivity property of my,

and a; (i = 1, 2), we obtain

166511 + 16(0) [} + /0C 16(t)|7dt
< Ch™ ([uolmar + [volmer + Nl msry + || fllzrmsny) 18],
which yields
18I < CR™ ™ (Jolmsr + [volmrr + lull s mery + ([ Fllorrmery) -
Hence,
10()]| < 116()]] < CR™ ™ (Juolmsr + [volmar + [ullarmery + [ fllrameny) - (5.3.31)

Finally, from the estimates in (5.3.24) and (5.3.31) along with (5.3.23), we get the theorem.
[l

5.4 Error Analysis for the Fully Discrete Problems

In this section, we will formulate the Crank-Nicolson scheme (implicit second-order New-

mark scheme) based fully discrete approximation to the model problem (5.1.1)-(5.1.2) and
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derive the optimal order error estimate in L>°(L?) norm. For the error analysis, we closely

follow the technique used in Baker [13] with a modification to include the damping term.
Let us write ¥ = u;, where ¢ is an auxiliary unknown. Then, our model equation (5.1.1)

can be rewritten as the following system of first order equations in t.

ut—ﬁ:OinQX(O,T],
(5.4.1)

U — V- (o(z)Vu+e(x)VI) = f in Q x (0, 7.

Now, employing Crank-Nicolson fully discrete scheme to both the equations in (5.4.1),
we obtain the fully discretized problem defined as: Forn =1,2,--- /N — 1, find U™, 9" €
W™ such that

;

AU = ",

mp (0,97, w) + ap (U2, 0) + as (9772, w) = (f, 2, w)Ywe W,  (5.4.2)

U® = R2uq,9° = Riup.

\
Regarding the existence of unique solution U™ to the fully discrete problem, we have the

following lemma.

Lemma 5.4.1. There exists a unique sequence {U"}\_, which satisfies the problem (5.4.2).
Proof. From (5.4.2), for n > 0, 9" satisfies

2

mh(ﬁ”“,w) + (Tz) al,h(ﬂ”“,w) aF (%) G27h(19n+1, w)

T2 T

= my, (", w) — (Z) arn (0", w) — Tay , (U™, w) — <§> asp (V" w) + T(f:+5,w) Yw € W

Since, the bilinear forms my, and a; , @ = 1,2 are positive definite, 9" exists uniquely and
hence from the first part of (5.4.2), there exists unique U"*', n =0,1,--- ,N — 1. O

Towards estimating the error e} := u" — U", we define the auxiliary functions £" :=
up —U" and " =up, — V" forn=1,2,--- | N.

Lemma 5.4.2. Let u}! and U™ solution of (5.2.2) and (5.4.2) at time t = t,,, respectively.

Then, we have

T T T T
max ||s"||23074( | Wt [ oot Pat [ s | |uhttt<t>|%dt).
0<n<N 0 0 0 0
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Proof. From (5.2.2), for t = tny1, we get

M (O, w) + ayn(uy, 2, w) + agp(up, w) = (f72,w) + ma(y", w) (5.4.3)

for all w € W}*, where " = 0, u}, —u:;? Now, from (5.4.2) and (5.4.3), for any w € W},
it follows that

mp (00", w) + alyh(fn%, w) + agyh(n’”%,w) =mu(Y",w), 1<n<N-—1. (5.4.4)
It can be easily observed using first part of (5.4.2) that
n—i—%

8T§n - 77n+% ar aTuZ _ uht = 77n+% + Ona (545)

"
where 0" = 0,u} — uh?, 1 <n < N — 1. Again, note that
n—1 n—1
=1 Z 0 and " =1 Z an".
m=0 m=0
Hence, from (5.4.5), we obtain
- n n—1
06" = 7| S0+ Y 0| + o
m=0 m=0

n n—1 n n—1
€n+% - % {z:onm‘*‘é + z:()nm‘%} e % {Z o Z am} X (5.4.6)

: n1N
Next, we introduce a sequence {a"},_, as
n—1
1
a®=0,a" =1 E &2 . n=1,2---,N.
m=0

Then, using the fact that £ = u) —U° = 0, we observe that

n n—1
az = %fl and a2 = %[Z{Wé —{—mz:of””é], n=12---,N—1. (5.4.7)

m=0

Using n° = Y, —9° = 0, from (5.4.5), it follows that

2
n' =2 —20°, (5.4.8)
-
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Hence, for n = 0, above identity (5.4.8) together with (5.4.4) leads to

2

<§> mp (€1, w)—i—%al’h({l, w)+ <%) agn (€ w) = my (Y°, w)+ (%) mp (0%, w)+agn (0, w),

for all w € W;™. We now make the choice w = ¢! = 2a' to obtain
2 2 1
(g) ma(€,€Y) + (;) aip(a’, o) + (;) az (€', €)
2
=mu(¥°,€') + <;) mi(0°, &) + azn(0”, €).

Using the continuity and coercivity properties of my, a;, and asp, and then employing

Young’s inequality, the above equation yield
12 12 112 T opel 011 ¢1 T o e
71 +fa L+ 71€7E < O S IIIETN + Tlia” 1171 + 1o al€ h
T4 72 T4 )
<ol a2 = o012 + 1602 - sietiz + 2iet2 )
< (G 071P + Z510°12 + g5laVF + SE1IP + e
Then, for suitable § > 0 using and the fact [£!|? > 0, we obtain

IEHI* + |atfF < C<T4||¢0||2 + 72|02 + T4|a°|§>. (5.4.9)

Again, from (5.4.6) and (5.4.7), for any w € W/*, and 1 <n < N — 1, we have

N|—=

ma(0:E", w) + ar (a2, w) + ag (€772, w)

n-1 n—1
T T ) il
= —Mp (87'77“ +2 Z amm, UJ) + mh(on,w) + 5&17}1 (é‘n-i-é + 2 Zf +§7w)

2
m=0 m=0
- n—1 - n—1
ntl m—+1 n m
+§a2,h(n 2+2mzzon 2,w> +§a2,h<a +2mzzoa ,w). (5.4.10)

For our convenience, we define
- n—1 - n—1
&= 5@/}” +T7;:01/)m +o" & & = 50" +T7§:Oam.
Using (5.4.4), for any w € W}, equation (5.4.10) becomes

mh(ann, w) + G17h<06n+%, w) + ag,h(£”+%, ’LU) = mh(f/'f, ’LU) =+ agyh(Eg, w)
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In particular, for w = {”‘Fé = 0,a", we obtain
ma (€, €) — mn(€0,€7) + 274 (€3, € 4 ar (0", ™) — an (0", 0”)

1 1
= 27mh(5f‘,£”+5) =+ 27'0/27}1( §’€n+§).

Using the continuity and coercivity properties of my, a;; and asj, and then employing

Young’s inequality, we get
le™+4[2 — |7 + Tlen*2 2 + a2 — |om 3
< Cr (IEe™3 ) + Ezhle™ 3 )
< 0r (g5 IETIP+ SR+ gelen + ZieR )
Now, setting suitable d, > 0 and then neglecting [&"*é\% > 0, we get
e+ I2 = Y€ + Jo+ 12 = o} < O (NIERIP + 133 + dulle™*312)

For 2 <[ < N, taking sum from n =1 to n =1 — 1, we arrive at

-1

-1
I1E'N” + 1ot < IEMP + |t ff + C7 (Z (IEPN + |E517) + 61 ) |!€"+2H2>
n=1
< IR + o+ O ( (€017 + 185) + b ma Hé"lP) .
Since |ot|? > 0, a suitable 0 yields

-1
max [l€"]]? < c(uglu? FlatB S (1€ + (&) )
n=1

2<n<N

Hence, from (5.4.9), the above equation is reduced to

-1
s I O (I o+ 3 (I 3 ). G

Now, we need to derive the estimates for both £ and £F. For the term &', using triangle
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inequality, we have

2

T n
et < ¢ TP+ o

n—1 9
> o o)
m=0
n—1
SOQﬂww2+#N§jwww%wwwﬁ
m=0
n—1
sc<%www2+TT§juww2+Wﬂw).
m=0
Then, we use Lemma 4.3.2 to obtain

tni+1 T ) tn+1 5
HQWSOQ{/ o) Pt +7* [ o017+ 7 [ Mmﬂmﬂ)
tn 0 G,
(5.4.12)

Proceeding in a similar manner, we have the following estimate for the term &}

tn+1 T
’gg’% S O (T5 / ‘Uhttt(t)ﬁdt -+ 7'4 / ‘Uhttt(t)ﬁdt) ] (5413)
tn 0

Finally, using the above estimates (5.4.12)-(5.4.13) in (5.4.11), it follows that

T T T T
max [|€"* < 074(/ Huhtttt(t)HthJr/ Huhttt(t)HthJr/ ]uhtttt(t)ﬁdt—k/ |Uhttt(t)ﬁdt>'
lsnsN 0 0 0 0

This completes the derivation of the desired estimate. O]

Now, we are in a position to discuss the main result of this section.

Theorem 5.4.1. Let u™ and U™ solution of (5.1.1) and (5.4.2) at time t = t,, re-
spectively. Assume that ug,vg € H™(Q) N HYQ), w € HY0,T; H"(Q)) and [ €
LY0,T; H™H(Q)) N H3(0,T; H4(Q)), then for all t € (0,T], we have

max [|u" = U"[| SCR™ (Juolmsr + [volmsr + [l ameny + 12 arminy)
+ C72(Juols + |vols + | fll ) -

Proof. We divide the error as

u" —U" =u" — g + £
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Now, by triangle inequality, Lemma 5.4.2 and Theorem 5.3.2, we have

max ||u" — U"||
1<n<N

< Chm™H (|u0|m+1 + |vo|ma1 + ||u||H1(Hm+1) + ||f||L1(Hm+1))

T T T T
+Cr? (/ [ tneeae (£)||*dt + / [ unee (8) || *dt + / |wpeees (£) [Tt + / ’Uhttt(t)ﬁdt)
0 0 0 0

1
2

Finally, from Lemma 5.3.2, we obtain

e (4" — | CH™H (luglner + olwn + lull gty + 1 Lzt e

+ C7([uols + [vols + | fll recare)) -

5.5 Numerical Results

This section includes some numerical experiments conducted to test the practical perfor-
mance of the proposed algorithm. To show the method is flexible to handle any polygonal
discretization, several forms of polygonal meshes, including Voronoi (V},), distorted square
(Sp) and distorted polygon (P,) have been taken into consideration. In Example 5.5.1,
we implement the proposed virtual element algorithm with all three types of meshes by
considering a smooth solution to test the optimal convergence. Next, we have considered
a low regular solution in a convex domain in Example 5.5.2. Further, in Example 5.5.3
and Example 5.5.4, we have tested our algorithm for smooth solutions in L-shaped domain
and circular domain, respectively. Finally, we have discussed a numerical example with

high-contrast coefficients in Example 5.5.5.
In all the examples, we have consider the model problem (5.1.1)-(5.1.2) and source

function f, initial data {ug,vo} are chosen according to the choice of exact solution. The
time interval set to be [0, 1] and the spatial domain €2 is considered to be (0,1) x (0,1) or

else specified.

Example 5.5.1. (Smooth solution with convex domain) We set the exact solution
to the model problem (5.1.1)-(5.1.2) as

u(z,y,t) = t*sin(mx) sin(ry)
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Table 5.5.1: L? and H* errors at T = 1 for the mesh V), in Example 5.5.1

order h

lu — |

EOC

|u — uplq

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

2.61748e — 02
1.25773e — 02
6.30157e — 03
3.17611e — 03
1.58552¢ — 03

2.1147
1.9941
1.9769
2.0046

9.70000e — 02
4.94816e — 02
3.73415e — 02
2.48356¢e — 02
1.73213e — 02

1.9422
0.8122
1.1767
1.0397

0.1768
0.1250
0.0884
0.0625
0.0442

1.15631e — 03
4.11688¢ — 04
1.51656e — 04
5.38738¢ — 05
1.88562¢ — 05

2.9798
2.8768
2.9909
3.0291

1.06699¢ — 02
4.90870e — 03
2.65949¢ — 03
1.20649¢ — 03
6.09103e — 04

2.2403
1.7684
2.2807
1.9721

0.1768
0.1250
0.0884
0.0625
0.0442

3.82548e — 04
8.95659¢ — 05
1.51901e — 04
5.35002¢ — 06
1.30602e — 06

4.1892
4.0435
4.0871
4.0687

4.71982e — 03
1.61077e — 03
6.16064e — 04
2.17125e — 04
7.77034e — 05

3.1020
2. 7432
3.0091
2.9649

and coefficients 0 = 2 +y + 1 and € = 22 + y*> + 1. We have implemented the VEM

algorithm with all the three kind of mesh discretizations V), S, and P, and polynomial

order m =1, 2, 3.

Table 5.5.1 presents the numerical errors and experimental order of convergence (EOC)

in both L? norm and H' semi-norm at the final time 7" = 1 for the Voronoi mesh (V).

Exact and approximate solutions at final time are presented in Figure 5.5.1. Figure 5.5.2

shows the log-log plots.

In Table 5.5.2, we present the numerical errors and EOC for the distorted square mesh

(Sh). The exact solution and approximate solution are illustrated in Figure 5.5.3. Further,

the log-log plots are presented in Figure 5.5.4.
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Figure 5.5.1: Approximate solution for m = 3 (left) with Voronoi mesh (h = 0.0442) and
exact solution (right) at ¢ = 1 in Example 5.5.1.

T ‘ ‘ ‘ R =TT
—0¢h 4.09)
—— i,

. O (h 295)

=TT

——0(h2%) J—, ——0(n?%®)

3 4 5 6 7 8 9 10 1
log(1/h) log(1/h) log(1/h)

Figure 5.5.2: Log-log plots of the errors versus h at time ¢ = 1 for m = 1 (left), m = 2

(center) and m = 3 (right) for Voronoi mesh in Example 5.5.1.
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Table 5.5.2: L? and H* errors at 7' = 1 for the mesh S, in Example 5.5.1

order

h

[ — |

EOC

lu — up |y

EOC

1/5
1/10
1/15
1/20
1/25

4.67166e — 02
1.31993e — 02
6.01407e — 03
3.41316e — 03
2.19373e — 03

1.8235
1.9387
1.9691
1.9809

1.65063¢e — 01
4.84775e — 02
2.20540e — 02
1.25085¢ — 02
8.03640e — 03

1.7676
1.9425
1.9712
1.9827

1/5
1/10
1/15
1/20
1/25

3.16781e — 03
4.37745e — 04
1.30419e — 04
5.49871e — 05
2.81262¢ — 05

2.8553
2.9864
3.0021
3.0043

2.88455e — 02
5.78713e — 03
1.97029¢ — 03
8.82478e — 04
4.66187e — 04

2.3174
2.6573
2.7920
2.8598

1/5
1/10
1/15
1/20
1/25

1.50179¢ — 03
1.28654e — 04
2.72339¢ — 05
8.83515e — 06
3.66159¢ — 06

3.5451
3.8293
3.9131
3.9474

1.51458e — 02
2.06526¢e — 03
6.12509¢ — 04
2.57918e — 04
1.31889¢ — 04

2.8745
2.9977
3.0065
3.0056
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Figure 5.5.3: Approximate solution for m = 3 with distorted square mesh (h = 1/25) (left)
and exact solution (right) at t = 1 in Example 5.5.1.

107 T T 10
—e—luu —e—lluu —e—luu
1ot [ om'%) ——0(h2%) ——0 (3™
’ —o—luuyly —o—luuyl
. O (h I.BS) ~ T . fe) (h256)

5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
log(1/h) log(1/h) log(1/h)

Figure 5.5.4: Log-log plots of the errors versus h at time ¢ = 1 for m = 1 (left), m = 2
(center) and m = 3 (right) for distorted square mesh in Example 5.5.1.
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Table 5.5.3: L? and H" errors at T = 1 for the mesh P}, in Example 5.5.1

order h

lu — |

EOC

|u — uplq

EOC

0.1768
0.1250
0.0884
0.0625
0.0442

3.83448e — 02e
3.83448e — 02
9.54295e — 03
4.79751e — 03
2.38308¢e — 03

2.2321
1.7809
1.9843
2.0189

1.87811e — 01
1.19431e — 01
6.50830e — 02
3.48073e — 02
2.53114e — 02

1.3062
1.7516
1.8058
0.9192

0.1768
0.1250
0.0884
0.0625
0.0442

2.56280e — 03
9.56241e — 04
3.47052e — 04
1.21800e — 04
4.40927e — 05

2.8446
2.9244
3.0213
2.9318

2.51635e — 02
1.19214e — 02
6.03260e — 03
3.17480e — 03
1.77272e¢ — 03

2.1556
1.9654
1.8522
1.6814

0.1768
0.1250
0.0884
0.0625
0.0442

1.03409¢ — 03
2.52917e — 04
7.40454e — 05
1.92577e — 05
4.78150e — 06

4.0633
3.5444
3.8859
4.0198

1.17179e — 02
4.07680e — 03
1.56346e — 03
5.65798e — 04
2.02913e — 04

3.0464
2.7654
2.9328
2.9589

Table 5.5.3 depicts the numerical errors and EOC for distorted polygon mesh (P},). The

exact solution and approximate solution are illustrated in Figure 5.5.5. The log-log plots

are displayed in Figure 5.5.6.

The above observations confirm that we have achieved optimal order of convergence as

per the theoretical prediction as proved in Theorem 4.4.1.

Example 5.5.2. (Low regular solution) We consider the model problem (5.1.1)-(5.1.2)

on a two-dimensional domain, for which the exact solution possesses a corner singularity in

spatial direction. We set the exact solution as

u(x,y,t) = t?sint (1l —z)y(l — y)($2 i yz),H%’
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Figure 5.5.5: Approximate solution for m = 3 with distorted polygon mesh (h = 0.0442)

(left) and exact solution (right) at ¢ = 1 in Example 5.5.1.
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Figure 5.5.6: Log-log plots of the errors versus h at time ¢ = 1 for m = 1 (left), m = 2

(center) and m = 3 (right) for distorted polygon mesh in Example 5.5.1.
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Table 5.5.4: EOC in L? norm and H! semi-norm at 7' = 1 in Example 5.5.2

]k m=1 m = 2
L?-order H'-order | L*-order H*'-order

0| 1| 185 0.90 1.92 0.95
13| 153 0.52 1.49 0.50
2| 11 130 0.29 1.29 0.26
3] s 117 0.17 1.17 0.14
4|5 | 110 0.12 1.12 0.11
5|4 | 106 0.07 1.07 0.04

where k € (0,1] and the coefficients 0 = € = 1. It is easy to see that u has a singularity
at the corner point (0,0) and u € C°°(0,T; H**=9(Q)) but u ¢ C*(0,T; H**(Q)), for
some positive number 6. We choose the Voronoi mesh (V) for the spatial discretization
and compute the EOC in respective norms by setting k = (1/2)!, 1 =0,1,2,3,4,5.

From Table 5.5.4, we can easily observe that the numerical order of convergence at the
final time 7' = 1 remains to be O(h'*™*) in L? norm and O(h*) in H' semi-norm for linear
as well as higher order methods, which is due to the low regularity of the exact solution.
Figure 5.5.7 presents the contour plot of the exact and approximate solution for k = 1/2
at t = 1.

Example 5.5.3. (Smooth solution with non-convex domain) For this numerical
experiment, we consider a L-shaped domain © = (0,1) x (0,1) \ [1/2,1) x [1/2,1). We
choose the Voronoi mesh (V},) for the spatial discretization. We set the exact solution to
the model problem (5.1.1)-(5.1.2) as

u = t*sint sin(27z) sin(27y)

with coefficients 0 = exp(x + y) and € = exp(z — y).
In Table 5.5.5, we show the numerical errors and EOC in L? norm and H' semi-norm
at the final time T" = 1 for linear and quadratic approximations. Figure 5.5.8 presents

the contour plot of the exact and approximate solutions at T = 1. The order of accuracy
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Figure 5.5.7: Approximate solution (left) for m = 2 (h = 0.0442) and exact solution (right)
at t = 1 with £ = 0.5 in Example 5.5.2.

obtained to be O(h™™) in L? norm and O(h™) in H' semi-norm. The log-log plots are
presented in Figure 5.5.9.

Example 5.5.4. (Smooth solution with circular domain) In this example, we consider
a circular domain 2 with center at (0, 0) and radius 1. We choose Voronoi mesh (V},) for the
spatial discretization. We choose the exact solution to the model problem (5.1.1)-(5.1.2) to
be

u = t*sint(1 — 2* — y?) sin(7x) sin(7y)
with coefficients o = sin(z + y) + 3 and € = cos(z + y) + 3.

In Table 5.5.6, we show the numerical errors and EOC in L? norm and H' semi-norm
at the final time T = 1 for linear and quadratic approximations. Figure 5.5.10 presents
the contour plot of the exact and approximate solutions at 7' = 1. The order of accuracy
obtained to be O(h™*') in L? norm and O(h™) in H' semi-norm. The log-log plots are
presented in Figure 5.5.11.

Example 5.5.5. (Heat transport in metallic films) We consider the following problem
from [54]
U + Puy + ou — V- (cVu + eVuy) = fin Q x [0, 1],

where Q = (—1,1) x (=1, 1). This problem arises commonly in the study of heat transport
in metallic films during ultrafast laser heating [104, 127]. Taking 5 = § = 0, we get the
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Table 5.5.5: L? and H*' errors at T = 1 in Example 5.5.3

order h

[u = un|

EOC

|u — up|q

EOC

0.1690
0.1222
0.0874
0.0621
0.0441

6.43252¢ — 02
3.20003e — 02
1.49289¢ — 02
7.44547e — 03
3.70905e — 03

2.1505
2.2742
2.0413
2.0276

2.34265e — 01
1.39463e — 01
8.41951e — 02
4.31186e — 02
3.03787e — 02

1.5975
1.5053
1.9635
1.0190

0.1690
0.1222
0.0874
0.0621
0.0441

4.09895¢ — 03
1.62075e — 03
5.54743e — 04
1.99082¢e — 04
6.93271e — 05

2.8578
3.1980
3.0069
3.0695

4.83320e — 02
2.10437e — 02
9.69457¢ — 03
4.64121e — 03
1.88311e — 03

2.5610
2.3118
2.1613
2.6248
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Figure 5.5.8: Approximate solution (left) for m = 2 (h = 0.0441) and exact solution (right)

at t = 1 in Example 5.5.3.
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Figure 5.5.9: Log-log plots of the errors versus h at time t = 1 for m =1 (left) and m = 2
(right) in Example 5.5.3.

Table 5.5.6: L? and H' errors at 7' = 1 in Example 5.5.4

h luw — | EOC |u — up|1 EOC
0.1768 | 1.04274e — 01 - 6.05100e — 01 -
m =1 |0.1250 | 5.12754e — 02 2.0481 | 3.66079¢ — 01 1.4500
0.0884 | 2.56913e — 02 1.9940 | 2.05113e — 01 1.6715
0.0625 | 1.24411e — 02 2.0923 | 1.34633e — 01 1.2148
0.0442 | 6.39399¢ — 03 1.9206 | 7.77335e — 02 1.5848
0.1768 | 1.22424e — 02 - 4.89415e — 02 -
m =2 | 0.1250 | 4.43330e — 03 2.9309 | 2.64050e — 02 1.7805
0.0884 | 1.62139¢ — 03 2.9023 | 1.41753e — 02 1.7949
0.0625 | 6.39371e — 04 2.6850 | 7.18102¢ — 03 1.9622
0.0442 | 2.35928e — 04 2.8766 | 3.54101e — 03 2.0401

TH-3214_186123008



CHAPTER 5. VEM for Viscoelastic Wave Equations 139

Figure 5.5.10: Approximate solution (left) for m = 2 (h = 0.0442) and exact solution
(right) at ¢ =1 in Example 5.5.4.
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Figure 5.5.11: Log-log plots of the errors versus h at time t = 1 for m = 1 (left) and m = 2
(right) in Example 5.5.4.
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Table 5.5.7: L? and H! errors at T' = 1 in Example 5.5.5

h

lu — |

EOC

lu — uplq

EOC

0.3536
0.2500
0.1768
0.1250
0.0884

9.26667e¢ — 02
4.45558e — 02
2.24323e — 02
1.10125e — 02
5.40927e — 03

2.1129
1.9801
2.0529
2.0513

1.82903e — 01
9.47960e — 02
4.50057e — 02
2.50633e — 02
1.44628e — 02

1.8964
2.1494
1.6891
1.5865

0.3536
0.2500
0.1768
0.1250
0.0884

6.51046e — 03
2.38503e — 03
8.86910e — 04
3.15313e — 04
1.09812¢ — 04

2.8975
2.8543
2.9840
3.0435

2.76175e — 02
1.24913e — 02
5.02222¢ — 03
2.03924e — 03
9.47558e — 04

2.2893
2.6291
2.6006
2.2115

following viscoelastic wave equation.

ug — V- (6Vu+eVu) = fin Q x [0,1].

We set the exact solution as

u = t* exp(—t) sin(mz) sin(7y).

The physical coefficients o and € are chosen as [126]

(0,€) = (@, C}) = (1.2 x 1074, 1.44 x 10%)

where Cg represents the equivalent thermal wave speed and a, stand for electron thermal

diffusivity, respectively of the material. In Table 5.5.7, we show the numerical errors and
EOC in L? norm and H' semi-norm at the final time 7' = 1 for m = 1,2. Figure 5.5.12

presents the contour plot of the exact and approximate solutions at 7" = 1. The order of

accuracy obtained to be O(h™™!) in L? norm and O(h™) in H' semi-norm. The log-log

plots are presented in Figure 5.5.13.
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Figure 5.5.12: Approximate solution (left) for m = 2 (h = 0.0884) and exact solution
(right) at ¢t = 1 in Example 5.5.5.
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Figure 5.5.13: Log-log plots of the errors versus h at time ¢t = 1 for m = 1 (left) and m = 2
(right) in Example 5.5.5.
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5.6 Conclusion

In this chapter, we have proposed a virtual element method for viscoelastic wave equations
with variable coefficients. We have obtained optimal order of convergence, i.e., O(h™!) in
L? norm and O(h™) in H' semi-norm, where m is the polynomial degree of the method and
h is the mesh size. A new non-standard projection operator is used to derive the optimal
convergence estimate in L? norm. For the temporal discretization, we have employed the
second-order Crank-Nicolson scheme and derived the optimal convergence estimates for the
fully discrete scheme. We have illustrated some numerical experiments with polynomial
degree m = 1,2,3 and shown that the experimental order of convergence agrees with
the theoretical results. The use of different types of polygonal meshes for the spatial

discretization shows the flexibility of the method with respect to mesh discretization.
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Higher Order Time Stepping VEMs for Wave Equations

This chapter is devoted to high-order time stepping methods for the wave equation. A
general Newmark scheme for temporal discretization is considered along with the virtual
element discretization in space on polygonal meshes. Rigorous analysis has been done on
the stability and convergence of the proposed method. Optimal convergence is obtained
in spatial direction along with fourth-order convergence in time for some special cases.

Numerical experiments are illustrated to confirm our theoretical findings.

6.1 Introduction

We consider the following wave equation as our model problem
uy — V- (o(x)Vu) = f(z,t), for (z,t) € Q x (0,7 (6.1.1)
with ICs and BCs
u(z,0) =up & uy(z,0) = v for x € Q; u(x,t) =0 for (x,t) € 02 x (0,7],  (6.1.2)

where Q2 C R? is a polygonal domain with smooth boundary 0Q and T < oo. Here
o(z) € L®(Q) is the diffusion coefficient such that for some positive constants M and M

M<o(x) <M Vre.

It has always been an interesting topic among scientists and researchers to develop
efficient and accurate numerical approximation for the wave equation. In the past years,
many numerical methods has been developed for solving the wave equation using FDMs
([8, 36, 80, 117]), classical FEMs ([13, 14, 37, 53, 64, 88, 106, 112]), discontinuous Galerkin
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methods ([69, 70, 78, 108]) and mixed FEMs ([39, 40, 65, 77]). In [128] Vacca developed a
virtual element (VEM) approach for the wave equation (6.1.1) with constant coefficients on
polygonal meshes. The work mainly focuses on the semi-discrete error analysis of proposed
method while for the fully-discrete approximation both Newmark and Bathe method has
been used. But the detail analysis of stability and convergence for the proposed methods
are missing. Also, the methods are shown to be at most second-order accurate in the

temporal discretization.
While using higher order methods for spatial discretization second-order temporal schemes

are insufficient to produce a higher order method together. To preserve the accuracy pro-
vided by the spatial direction, we should use higher order time schemes. Such scheme can
be obtained by the modified equation approach, where appropriate modification is done on

the existing second-order schemes by looking at the truncation error [36, 37, 117].
In this chapter, we develop a fully discrete VEM associated with the wave equation

(6.1.1) using general Newmark scheme. We present a full theoretical analysis for the semi-
discrete error as well as fully discrete and derive optimal convergence estimates. We analyse
the stability of the fully discrete scheme and show that the method conserves the discrete
energy. Further, in support of theoretical findings, we presented some numerical examples

with different two-level and three-level Newmark schemes.
The remainder of the content is divided as follows: We present the construction of the

virtual semi-discrete approximation in Section 6.2 while the corresponding error analysis
in Section 6.3. Next, Section 6.4 and 6.5 deal with the fully discrete approximation and its
convergence analysis. Numerical examples and the conclusion are presented in Section 6.6

and Section 6.7, respectively.

6.2 Semi-discrete Virtual Element Approximation

This subsection deals with construction of virtual element framework for the model problem

(6.1.1)-(6.1.2).
Following the standard way, we easily obtain the variational problem for the model

problem (6.1.1)-(6.1.2) as : Find u € L*(0,T; H}(Q)) N H*(0,T; L*(Q?)) so that for a.e.
te (0,7

(s, v) + alu,v) = (f,v), Vv Hy(Q), (6.2.1)

u(0) =up & uy(0) = v,
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where a(u,v) = (o(x)Vu, Vv) Yu,v € Hy(Q).
The existence and uniqueness of a solution to the continuous problem follow from the

coercivity and continuity of the bilinear form a(-,-) on H}(Q). In the absence of forcing

function f, the continuous energy is given by

E(t) = 5 [(ur, w) + alu, u)].

We recall that due to the symmetry and coercivity of the bilinear form a(-, -), the continuous

energy F(t) conserves for all time.
We recall the virtual element framework discussed in Chapter 1, Section 1.4. The

bilinear form can be splited into its local counterparts in the following manner

a(u,v) = Z a®(u,v) ¥ u,v € Hy(Q).
E€Th

We introduce the following local discrete bilinear forms on the local virtual element
space W/"(E):
af(uw) = (UH[r)n—LEVU» Hgl—l,va)E + SJE ((I - HZ,E)”? (I - HZ,E)“}) &

mE(Ua w) = (Hgn,E,U? Hgn,Ew)E + Sé; ((I 1 H?n,E)”? (I - H?n,E)w) )

where

NE
S¥(v,w) = BEY " dof,(v)dof,(w) &
r=1

NE

So (v, w) = |E| Y _ dof(v)dof,(w)

with 87 = P&(c) and N¥ = dim W;(E).
The global bilinear forms on the global discrete space ;" can be obtained by assembling

the local counterpart as:

ap(v,w) := Z a¥ (v,w);  mp(v,w) == Z mp (v,w) Yv,w € W

EeT,, E€Ty,

Regarding the continuity and coercivity of the discrete bilinear forms, we have the following
result (Lemma 1.4.5).
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Lemma 6.2.1. The bilinear forms a, and m;, satisfies

an(v,0) < (1+ Bo)Mvhlwl & ma(v,w) < (1+ Fo)l|vllwl] Yo, w e W
and

ap(w,w) > min{l, o, }M|w|} & mpy(w,w) > min{l, ap}||w|* Yw € W,

where oy, By, g, Bo are some positive constants.
Now, we have the following semi-discrete virtual element approximation to (6.2.1): Find

up, € L*(0,T; W) N H?(0, T; W;™) such that for a.e. t € (0,T]

mp (Upse, Wh) + ap(up, wp) = (fr, w Yw, € W*,
n(Unte, W) + an(up, wy) = (fr, wn) h h (62.2)

uh(()) = Rhuo, uht(O) = Rh’UO

where f, is the discrete form of the source function f as define in (1.4.14). Here, Ry, :

H{(2) — W™ is the elliptic projection operator defined by
ap(Rpu, w) = a(u,w) Yw € W (6.2.3)
In addition, we need the L? projection operator Ly : L*(Q) — W™ given by

mp(Lpu, w) = (u,w) Yw € W (6.2.4)

6.3 Error Analysis for the Semi-discrete Problems

This section is dedicated to the derivation of error estimates related to the semi-discrete

approximation (6.2.2) both in L? and H' semi-norm.
We have the following result for the error estimate of the semi-discrete approximation

(6.2.2) in H' semi-norm.

Theorem 6.3.1. Assume that ug € H™(Q) and us, uy, f € L*(0,T; H"(Q)). Then for
all t € (0,71, we have

lup(t) —u(t)]y < Ch™(Juglmer + ||Ut||L1(Hm+1)) + Chm+1(||utt||L2(Hm+1) + ||f||L2(Hm+1)).
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Proof. Let us divide the error e, (t) = up(t) — u(t) as

en(t) = o(t) +¥(1), (6.3.1)

where ¢(t) =: up(t) — Rpu(t) and () = Rpu(t) — u(t). We have the following bounds for
¥ (t) due to Lemma 2.2.1:

(W) < Ch™u(®)[msr < CA™ (Juolmr + [luellLrcameny)- (6.3.2)

Therefore, we only need to estimate the bound for the term ¢(¢). From (6.2.2) and using
the definition of the projection operator Ry, we have the following error equation for ¢(t):
For all w, € W;™ and for all ¢ € (0, 7]

M (Qu(t), wp) + an(d(t), wn) = (fa(t), wn) — mn(Brun(t), wn) — an(Rau(t), ws)
= (fu(t) = F(t), wn) + (us(t), wn) = ma(Rutiz(t), wh)
—; T} 22T, (6.3.3)
For the term T}, from Lemma 1.4.6, we have

Ty = (fu(t) — f(&), wn) < CR™ T f ()l [ wnll- (6.3.4)

Now for the term 75, using the definition of projection operator L, continuity of m; and

approximation properties of L;, and Ry, we obtain
Ty = (uw(t), wn) — mp(Ruug(t), wy)
= mp(Lpuy(t) — Rpug(t), wy)
< Bol|Lnua(t) — Bpue ()| ||wn]|
< CR™ g (8) | er [|wn |- (6.3.5)

Now, substituting the estimates for 77 and 75 from (6.3.4)-(6.3.5) and putting w;, = ¢(t)

in the error equation (6.3.3), we obtain

mi(Gu(t), (1) + an(6(t), de(t)) < CR™H(Juee()mr + 1 (O)lmen) | @B

The above equation can be rewritten as

1d 1d

5 77"n(0(8), 6(t)) + 5 an((), &) < Ch™ (g (8) lmar + 1 () [ms) 190 ()]
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Integrating from 0 to ¢ and using the fact that ¢(0) = ¢;(0) = 0, we get

mi((t), ¢u(t)) + an(o(t), (1)) S/O CR™ ([t (5) 1 + [ (8)lms1) [ de(s)ds. (6.3.6)

Employing Young’s inequality in (6.3.6) and neglecting ||¢;(¢)||* and || ¢ (¢ )HLQ(L2 we obtain

()} < CR™ Y ([fugel T2 (gmsny + 1 F 172 garmsry)- (6.3.7)
Now plugging (6.3.2) and (6.3.7) in (6.3.1), we get the desired result. O

Now, we will present the main result of this section. The semi-discrete approximation

(6.2.2) has the following error estimate in L? norm.
Theorem 6.3.2. Assume that ug, vy € H™™(Q) and ug, f € L*(0,T; H™ (). Then, we
have

lun(t) = u(@)]] < CA™ ™ (Juolmt + Vol + luellzacarosry + [ fllzrarmen) - ¥t € (0,7,
Proof. As in (6.3.1), let us split the error e(t) = up(t) — u(t) =: ¢(t) + ¥(t). Applying
Lemma 2.2.1, we have the following bounds for ¢ (¢) in L? norm

[ @I < CR™ Hu(t)lmrr < CH™H ([tolmer + lluellprarmsy). (6.3.8)

Now, in order to obtain the bounds for the term ¢(¢), using the definition of projection
operator L, and then taking p = L,u — Rpu in the error equation (6.3.3), we have the
following relation: For all w;, € W™ and for all ¢ € (0,7

L (1), wn) — (), ) + an (6(0), wn)

= ((0) = (00 ) + 51 a0 0n) = Cwe0), ) — R0 ) + i (Rua(1), wre)
= (fu(t) = f(t),wn) + %mh(pt(t), wp) — M (pi(t), Whe)- (6.3.9)
Define,

/¢ ds, 0<t<T.

Then, clearly 5(, ¢) =0 and qbt( = 1), 0 <t <T. Now, substituting w, = ¢(t) €
W™ in (6.3.9), we get

Comu(0u(1), 30) + mu(0u(2), (1)) + (o (1), 3(1)
= (t) = 70, 3(0)) + Sma(pu(0), 3(6)) + maou(t), 6(1)
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which can be rewritten as

1d 1d ~ o~
5 mn(8(8), 6(8)) = 5 7an(B(0),5(0)
= (Falt) = F(00,50) + maou(t) = 64(1),30) + ma(pu(6), (1)

Integrating 0 to ¢ and using gg(, () =0, ¢(0) = ¢(0) =0, we get

S (9(0), 6(0)) + 5 (3(0), 5(0))
¢ 223 A
= [ (306 = £6):59)) s = mu((0). 500 /“mhm (5))ds
=L+ L+]15 (6.3.10)

Since ¢(t) is continuous in the variable ¢, we let
()N = sup [[o(@)].
0<t<T

Then, one can easily see that ||p(t)|| < C||¢(¢)|| for all ¢ € (0,7]. Hence, Lemma 1.4.6

implies
h:AXﬁ@—ﬂ$ﬁ@yw§mﬂﬂ[u@mﬂw@ws

< CR™ | fllpamny 1o (-

Next, for I using the continuity of the bilinear form my,, we get

Iy = mu(pi(0), 6(0)) < Ch™ v i1 [|0(O) |-
Similarly,
I /mwt (5))ds < CH™ gl aggrmsny [ SO

Using all the estimates in (6.3.10), we get

IO < CR™ ([volmerr + [l armeny + lluell zrarminy) 1S

Hence

le@®ll < (Il < Ch™ H([volmsr + I llzagarmesy + Nutellagarmes))- (6.3.11)

Now, from (6.3.8) and (6.3.11), we get the theorem. O
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6.4 Fully Discrete Virtual Element Approximation

In this section, we will formulate the fully discrete approximation to the model problem
(6.1.1) using the general Newmark scheme. We will show that the scheme satisfies the
energy conservation law for v = % We also analyse the stability and convergence of the

proposed scheme.
We recall the discretization of the time domain [0,7] and notations from Chapter 2,

Section 2.4. In addition, we define the following notations: For any v € W;*

1 n n—1 n+1 n—1
"t — 20" v = —v
& (9,521" =

O™ = _— =0,1,---,N —1.
(1A% 7_2 27_ ) n ) - )

6.4.1 Three-level schemes

The discrete time virtual element approximation to the problem (6.1.1) based on Newmark

scheme can be given by: Find a sequence U™ € W;" such that forn =1,2,--- /N —1
mh(éttun,wh) + ah<un,9,77 wh) = ( ;:’0’7, wh) Y wy, € Wf:n7 (641)
where

1 1
o0 — gyntl 4 (5 —20 + 7) "+ (5 +6 — 7) v

with 4 > 0 and 0 € [0, 0.5] are arbitrary parameters.
For different choices of @ and -y in (6.4.1), we get different classes of schemes. By Taylor

series expansion, it is easy to show that the scheme (6.4.1) is second-order accurate for

vy = % and only first-order accurate for v # % For v = %, (6.4.1) reduces to
mp (O™, wp) + an (U™ wy) = (f°,wy) Y wy, € Wi, (6.4.2)
where
o™ = @™+ (1 —20)v" 4 O™t

Again, the scheme is explicit if @ = 0, and implicit if @ # 0. For example, when ~v = % and
0 =0, (6.4.1) becomes the second-order explicit leapfrog scheme given by

mh(@tb{", wh) + ah(L{”, wh) = (f,?,wh) A Wy, € W}:n (643)
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3

Similarly, choosing v = 3

and 8 = 1, we obtain the following first-order implicit scheme

mh(éttun,wh) + ah(U"“,wh) = ( n+1, wh) A wp, € W;Ln (6.4.4)

For the three-level scheme (6.4.1), we require suitable initial conditions U% U' € W™
We choose Uy = Rpuo and U as the solution of the following equation
2
mp (U — U wy) + 720a, (U — U wy) = T (vo, wy) + %(Uo,wh) (6.4.5)

for all wy, € Wi, where
(Z;{O?wh) = (foawh) — (uo, wp).
For the special case @ = 1/12, a higher-order approximation has to be considered. We

choose U! as follows

muU* —U° wy) + 720a, (U — U, wy,)
2 3 3 4

TS - T T T
= 7 (vo, wp,) + ?(Z/{O,wh) — Ea(vo, wy) + E(fto,wh) + ﬂ(fg, wp), (6.4.6)

for all w, € W/". The fully discrete problem is now defined by (6.4.1) and (6.4.5) if
0 # 1/12 and by (6.4.1) and (6.4.6) for @ = 1/12. We have the following lemma regarding

the existence of a unique solution ™ to the fully discrete problem.

Lemma 6.4.1. There exist a unique sequence {U™}N_, which satisfies the fully discrete
problem given by (6.4.1)-(6.4.5) or (6.4.1)-(6.4.6).

Proof. Tt can be clearly seen from (6.4.5) and (6.4.6) that U°, U € W™ are defined uniquely
for any value of 8. From (6.4.1), for n > 1, U™ satisfies

my, (U wy) + 720 ap (U wy) =72 ( ,?’9’771%) +my, (U™ = U wy)

1 1
—T2&h ((5—204—’7)[/{”"’ <§—|—0—7>L{”1,wh>

for all w € W}, This can be written as
ch(U"H,wh) = lh(wh) th € W}T,
where ¢, is the bilinear form

cn(v,w) = mp (v, w) + 720 ap(v, w) Yo, w € W™
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and [, is the linear operator

In(w) =72 ( e, w) +myp, (2U" = U w)

— Ty ((%—29—1—7) U + (%—i—@—’y)bl”l,w)

for all w € W}". Clearly, ¢, is positive definite as the bilinear forms m;, and ay, are positive
definite. Also, the operator [, is continuous. Hence, U™ for n = 0,1,--- , N — 1 exists

uniquely. [

6.4.2 Two-level schemes

Let us write ¥ = u;, where ¢ is an auxiliary unknown. Then our model equation (6.1.1)

can be split into the following system of first-order equations in ¢:

ur — v =01in Q x (0,77,
(6.4.7)
Uy — V- (o(z)Vu) = fin Q x (0,77

We construct the discrete time virtual element approximation to the system (6.4.7) in the
following way: Find U",9" € W}" such that forn =1,2,--- /N —1

B,U™ — 9B =0,
(6.4.8)

mp (09", wy) + ap (U™, wy) = (f;7%, wn) Y wy, € Wi,
where 0 < a, 3 < 1 are parameters and for any parameter §
™ =" 4 (1 = 6", v e W

The expression (6.4.8) represents various temporal discretization on choosing suitable
values for the parameters a and 3. The scheme (6.4.8) is unconditionally stable for o, 3 >
1/2. It represents the well-known Crank-Nicolson scheme for the choice (e, 3) = (1/2,1/2).
This is an unconditionally stable implicit scheme and one need to solve a linear system
of equations in order to obtain U"! 9"+ from U™ 9" for each n. From Taylor’s series
expansions, we can see that the scheme is of second-order accurate in time. The better

accuracy rate and unconditional stability makes the Crank-Nicolson scheme interesting and
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hence widely used for second-order hyperbolic problems with first-order system formulation
[13].
For (e, 3) = (0,1), it coincides with the central scheme

mp (O U™, wp) + an U™, wy,) = (f,wp)  Ywy, € W

This is an explicit second-order scheme with no artificial viscosity. It performs very well for
smooth exact solution. But for the case when the initial data ug has a jump discontinuity,

severe spurious oscillation occurs.
With (a,8)=(1,1), we get a first-order accurate implicit scheme with better stability

properties but with heavy artificial viscosity.
For the two-level scheme (6.4.8), we choose the initial values as

U’ = Ryug, 9° = Ryvp. (6.4.9)

Regarding the existence of unique solution U™ to the fully discrete problem, we have the

following lemma.

Lemma 6.4.2. There exist a unique sequence {U"}_, which satisfies the problem (6.4.8)-
(6.4.9).

Proof. It can be clearly seen from (6.4.9) that U°,9¥° € W are defined uniquely for any
value of a and 3. From (6.4.8), for n > 0, 9" *! satisfies

mp (9" wy) + 2B an (9" wy)

= mu (9", wp) — T°a(l — B) an(9", wy) — 7(1 — 2a) an (U™, wp) + 7 (f+*, wy)
for all wy, € W™, This can be written as

cn(9" wy) = 1, (wy) Yy, € Wi,
where c¢;, is the bilinear form
ch(v,w) = my(v,w) + 2B ap (v, w) Yo, w € W

and 1, is the linear operator
1, (w) = mpu (9", w) — (1 — B) an(¥",w) — 7(1 = 2a) ap, U™, w) + 7 (i, w) Vw € W

Clearly, c;, is positive definite as the bilinear forms m; and a; are positive definite and
o, 3 > 0. Also, the operator 1, is continuous. Hence, 9"t for n = 0,1,--- , N — 1 exists
uniquely. Now, from the first part of (6.4.8), it is easy to see that there exist unique U™,
n=01--,N—1. O
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6.4.3 Stability analysis

We now analyse the stability of the fully discrete scheme (6.4.1) in the absence of forcing

function. We have the following result regarding the discrete energy.

Theorem 6.4.1. For the scheme (6.4.1) the discrete energy

B = @01y +7 (0 = D) ay@ur 0.7) + an (w0t )]

does not increases with time and is conserved when ~y = %

Proof. In the absence of forcing function, i.e., f = 0, the equation (6.4.1) becomes
(O™, w,) + ap U™ wy,) = 0. (6.4.10)

It is easy to see that

_ 1 1
U = 7209,U" + (5 + 7) U+ (5 - 7) Ut
= 2 (9 - 1) O™ +~ (u”+% + U"‘%> 4 (1 — 29U, (6.4.11)
2
Thus from (6.4.10), we get
mp (O™, wy) + 72 (0 - %) an(Oud™, wy,) + ~yay (U”*é +U e, wh>
-+ (1 — 2’7)CLh (Z/{"*%, ’LUh> = 0.
Now, substituting w;, = 9", we obtain
2 n 91 /m 2 N /) n 971/m
ma(Duld”, ") + 7% (8 — 5) an (O™, BU™)
+~ay, (u“% +uUns, aun) + (11— 27)an (u"*%, au”) ~0. (6.4.12)

The first term in the above equation can be written as

A 1
mh(attun7 atun> = Z [mh(a‘runa aTun) - mh(aTz/{n_l7 a‘run—l)} .
Similarly,

a'h(gttun7 5tun) = 21 [ah(aTun7 aTun) - ah(aTun_la a‘run—l)} .

T
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Again, since O™

= (Z/[”JF% —L{"‘%)/T, we have
_ 1
an (U2 + U2 QU = ;ah(u“% LU UM — Y 2)
]. 1 1 1 1
=~ @t U — )|

-
Also, we have

an (u"—%,un+% —u”—%) <

DO |

U U = g @ U
Thus, for v > %

(1= 2y)ay (U3 U —urh) > S [ @, U — a0 U )|

as 1 — 2+ < 0. Then (6.4.12) can be written as

L@ ) — annt b <
+2T[ah(u UMY — a5 U )]_o.

1
Now, from the definition of EZ+2, we can easily derive
1 n+l n—1
;(Eh F-ETT) <0,

This shows that the discrete energy does not increase with time.
Again, for v = %, we can derive

1 n+i n—i
2 (EM:_ g 2):0.
T(h h

This imply that the discrete energy is conserved.

Theorem 6.4.2. The scheme (6.4.1) is stable if v > % and

Tz(1_9) sup 2w g
2 wewy My (W, w)

(6.4.13)

It s unconditionally stable for 20 > ~ >

DN | —
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1
Proof. The scheme (6.4.1) is stable if and only if the discrete energy EZ+2 is positive semi-

1 1
definite. When 20 > ~ > 2’ E,Trz is positive semi-definite since each term in EZ+2 is

1
positive semi-definite. For the case when v > % and 6 < g, for E,:L+2 to be positive

semi-definite it is enough to require the bilinear form
— 2 2
c(v,w) :=my(v,w) +7° (0 — r) an(v, w),
to be positive semi-definite, that is
2 il m
mp(w, w) +7° (0 — 5 ap(w,w) >0, Yw € W".
Equivalently, the above condition can be expressed as

72<1_9)M§1, Yw € Wi

2 mp(w, w)

or

72 (Z - 0> sup n(w, w) <1.
2 weWm mh(waw)

Corollary 6.4.1. The scheme (6.4.2) is stable if

1
-2 (__9) sup 2rlww)
4 weWm mh(w7 ”LU)
Consequently, the scheme (6.4.3) is stable if

72 an(w, w)

— sup

— < 1.
4 wewm mp(w, w)

The scheme (6.4.4) is unconditionally stable.

6.4.4 Equivalence between the three-level and two level schemes

In this subsection, we will see that the two-level scheme (6.4.8) and the three-level scheme

(6.4.2) are equivalent for some particular choice of parameters.
For the purpose of comparing the two-level scheme (6.4.8) and the three-level scheme

(6.4.2), we need to eliminate 9" and 9" from (6.4.8). First, multiplying 723 to the second
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part of (6.4.8) and then adding with the first part, we obtain
mh(U”H, wh) + T2aﬁah(un+1, U}h)
= mu(U", wp) — 7*B(1 — a@)an U™, wy) + Tmu (9", wy) + (BFT, wy). (6.4.14)

Again, multiplying 7(1 — 3) to the second part of (6.4.8) and then subtracting the first part

from the resulting equation, we have
mp (9", wy,)
unJrl —Uu" n+1 n n+oa
= o () = (0 Ban (a2 + (1= U wn) +7(1 = B )

(6.4.15)

Now to eliminate ¥" from (6.4.14), substituting the value of m;, (9", wy) from (6.4.15) in
(6.4.14), yields

mp(Ould", wy) + ap, (@BU™ + (a+ B — 2aB8)U" + (1 — a)(1 — B)U™ ", wy,)
= (Bfi+ (L= B)f "% wn) (6.4.16)

for all w, € W/". The initial condition for the scheme (6.4.16) is given by U° = Rjuy,
9 = Rpvp and

ul il u(]
mp < - ,wh) + TaBay, (Ul —U°, wh) + 78ay, (Uo,wh) — mp (9o, wp) = 7B, wp).
Comparing (6.4.2) and (6.4.16), we can observe that both scheme are equivalent if
af=0and o+ 3 = 1.

Here, we must point out that this equivalence does not mean that (6.4.16) and (6.4.2)
produce the same sequence of approximation solutions {U"}"_,, as they may not have
the same value for U'. Indeed, for (6.4.16), U' is computed from the scheme itself, and

it can be different from that chosen for (6.4.2). Thus, the condition e + 3 = 1 (except

when a = 8 = %) does not imply that (6.4.16) is second-order accurate. Also, claiming
that (6.4.16) becomes fourth-order accurate in time when o + 3 = 1 and a3 = % is not

correct. Indeed, the temporal accuracy of the scheme cannot exceed two according to the
first Dahlquist barrier [47].
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To extract further properties, we rearrange (6.4.16) in the following form

mu(Ould"™, wp,) + an (@BU™ ! + (1 — 2a8)U™ + aBU™ ", wy)
+(a+B—La, (U —U""wp) = (B> + (1 =B8) 77 wy) . (6.4.17)

Hence, the scheme can be seen as a natural first-order fully discrete approximation of the

modified wave equation

If o+ 3 > 1, then (6.4.18) represents a strongly damped wave equation. The term
T(a + B — 1) works as an artificial viscosity and the energy decreases strictly when it is
non-zero. We remark that Euler Schemes and the Crank-Nicolson scheme do not introduce

a dissipation error into the time integration as we have o + 3 = 1 in these cases.
We now rearrange (6.4.1) in the following form
1

mh(éttl/{",wh) “H (lh(un’e, wh) =4F ("Y — 5) ah(U” — L{”_l,wh) = ( n,07 wh). (6419)

So, it appears as a first-order fully discrete approximation of the modified wave equation

Uy — T (’y — %) V- (oVu) =V - (cVu) = f. (6.4.20)

. . 1 . 1
which represents a strongly damped wave equation when « > 5. Hence, taking v > 5

introduces an algorithm damping into the time integration. For long time integration, it

is then preferable to choose v > % In this case, the scheme is first-order accurate and

unconditionally stable provided that 8 > 3 (see Theorem 6.4.1).
Finally, by examining the three-level schemes (6.4.19) and (6.4.17), we find that the two

schemes (6.4.1) and (6.4.8) are equivalent when
1
a,@z@andoH—,B:E—l—'y.

This system of two equations has a solution (a, 3) only if
1/1 2
0<e< - |- .
<0< (2 ' 7>

Hence, we deduce that the Newmark scheme (6.4.1) is more flexible in choosing the algo-

rithm parameters than (6.4.8), and has better stability properties. To see this, consider for
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instance the special case where both schemes are equivalent to the three-level scheme (6.4.2).

11
In this case, the choice (a,,@):( —

Y 2) is the only case for (6.4.8) to be unconditionally

stable, whereas (6.4.1) is unconditionally stable for all 8 > 7

6.5 Error Analysis for the Fully Discrete Problems

The following approximation result can be derived, which will be required later.

Lemma 6.5.1. For v e H*(0,T; L*(Q)), we have

||5ttvn —3 UZﬂNH < ")’ —

1 tn 1 tn+1
[ it + (5 +6) [ 10k
lgp—1l tn—1

2| Ji,

k

0
where DF = g Moreover, when 0 = 5, for v € H®(0,T; L*(2)), we have

00" — v || < ‘7 -5

1 tn 3 1 1 3 b1 6
/ | D3u(s)|lds + (5 + 5) ; / | DSu(s)||ds.
i :

2 tn—1 -1

Proof. We have the following identity

T

= 1
Ouv" = vy, + @/ (7 — |s|)2Div(-, t* + s)ds. (6.5.1)

=7

Again, using Taylor’s expansion we can derive

T 1 0
O = o7+ 0/ (1 — |s|)Div (-, t" + s)ds + <’y — 5) / D}v(-,t" +s)ds.  (6.5.2)

—T

Subtracting (6.5.2) from (6.5.1), yields

(1 — |s])3DfU(-,t" + s)ds — 9/ (1 — \3\)Df‘v(-7t" + s)ds

—T

3 n na977 1 T
67 J_,

1 T
— <'y — —) / Djv(-,t" + s)ds.
2/ Jo
Using triangle inequality and since 7 — |s| < 7, s € |1, 7], we have
a ,.n n,0,y 1 ’ 4 n 1
| 0™ — v 7| < gt 0 )7 | | Doo(t"+s)|ds+ |v— 3

1 n L [t
< (6 + 9) 7'/ Hva(s)HdS + "y ~3 / Hva(s)Hds.
tn—1

tn—1

/ IDPo(t" + s)||ds
0
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For 6 = 1—12, we need higher order Taylor’s expansion. We have following refinement of

(6.5.1) and (6.5.2)

a9 .n n 7—2 n 1 ! n
Oyv thﬂrEDfU == (7 = |s|)>Dfv (-, t" + s)ds

T

and

T

0 7? 1 1\ [°
ol ®T = 7 ED?U” + 75 (1 — |s])3Dv(-, t" + s)ds + (’y - 5) / D}v(-,t" + 5)ds.

Now following similar steps as the previous case, we obtain

_ y i 1 .
o - 7 < (5 + 75) [ 1) as.

tn—1

g [ e 1
o [ Dt lds + - 5

tn—1

]

Towards estimating the error e} := U" — u”, we define the auxiliary functions " :=
U™ — Rpu™ forn =1,2,--- , N. We define a sequence ¥, n > 0 such that

(4, wp) = %mh(fl — &% wp) + 0 an(&' — €%, wp)

and forn > 1
(V" wn) = ( ;?’9’7 — ™97, wy) + (U:Lt’e"y, wy) — my (O Ryu™, wy,)
for all wy, € W;". We set
U=y
n=0

Then, we have the following estimate for the term £".

Proposition 6.5.1. It holds

N-1
max [|€"] < Cr ) |[v].
0<n<N —

Proof. Considering (6.1.1) with ¢ = t"~*, ¢ = t" and ¢ = t"™, multiplying with 8, ; —260+~
and % + 6 — ~, respectively, and then adding, we obtain

(up® wy) + an(Ryu™  wy) = (f%7, wy), Ywy, € W™ (6.5.3)
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Here, we have used the definition of projection operator Rj,. Now subtracting (6.5.3) from
(6.4.1), for any w, € W)™ it follows that

mp (O™, wy) + ap (M%7, wy) = (W™ wy), 1<n < N — 1.
Using (6.4.11), the above equation can be rearranged as
m(Oug” wn) +7 (0 = 3 ) an(Bu”s wn) +yan(€"H wn) + (1= man(§H wn) = (0", wn),

for 1 <n < N — 1. Now summing over n = 1 to n = r and multiplying by 7, we obtain

r+1 _ ¢r T L .
mh (%,wh) +7 <9 = g) an(E — € wn) + Tzlah(’yﬁ”“ + (1= )§" 2, ws)

1
= TZ ”lb wh + mp (5 g h) + T (0 — %) ah(£1 — §O,wh). (654)
Let us define
r—1
a’ = —~v€°, o = —~£° + Zf”*é. (6.5.5)
n=1

It can be easily derived that

r

> (v -7 = e (1) - T - ), o - a7 =g

n=1

The expression (6.5.4) can be written as: for all w, € W and 1 <r < N —1

r+1 T
my, (5 T — h) i (9 - %) an(§ — € wn) + %ah(’YO/drl + (1 =)o, ws)
= (\I/T,wh).

Now by substituting w;, = £ +£" and multiplying with 7, the previous equation yields

mh(§r+17 §T+1) - mh<€r7 57“) + 7—2 (0 N %) [ah(gr—i_la §T+1) - ah(gr’ gn)}

+27% [yap (" + o o — @) + (1= 2y)ap(a”, @™ — )] = (U, T 4 £,
(6.5.6)
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1
for 1 <r < N —1. Again, since 1 — 2y <0 and (z,2 —y) < 5[(x,m) — (y,y)], we have

1 -2+
2

[ah(ofﬂ, arﬂ) —ap(a”, of)} < (1 —=2v)ap(a”, ot — a’).
Thus (6.5.6) can be written as

mal€ ) = (€€ 7 (0= ) [anl€ ) — an(€ )]

_‘_7_2 [ah(OéT—H,OéT—H) 4 ah(ar7ar):| S T(\Ifr,f“—l +fr), 1 S r S N —1.
Taking summation fromr =0tor=n—1,1<n < N, we get

mp(E",€") —mp(€°,€°) + 7 (9 —~ %) [&h(fna §") — &h(foafo)} + 7 [@h(&na o) — ap(a’, 040)]

—_

< rn (U7, &+ 8.

r=0
Using (6.5.5), above equation implies
ma(€",€") + 2 (8 = 3 ) an(€",€") + (0", a")

n

S T (‘I/T,£T+1 4 é-r) 4 mh(é;O’é-O) =+ 7_2 (0 _|_,_Y2 . %’) ah(g(]’é—()).

[y

\3
I
o

Ignoring positive terms on left hand side, we get

<YW ) () + 7 (097 — T ) an(€”, ).

3
|

%
I
=)

Now using the coercivity and continuity of my and a; and the fact £ = U° — uf) = 0, we

have
B n—1 n—1
Cler P < Cr) (B + &) < Cr ) W)l [lg + <71,
r=0 r=0
where

il G G 2.0}
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From the stability condition (6.4.13), it is easy to verify that C'is positive. Taking maximum

over n =0 to n = N, the above equation becomes

2C’7’
ni|2 < n n
max €72 < Z2 max |l¢ HZW I

0<n<N

This gives us

v 2CT p
max "] < —ZH‘I’ B

0<n<N

[]

In order to obtain the bound for the term ¥" = 73" 4", we need the bounds for ¢°
and ¥", r > 1. For ¢°, we have the following result.

Lemma 6.5.2. We have for 68 # %

Tl < C [hm+1||ut||0(j;Hm+1(Q)) +7° (HD?UHC(j;LQ(Q)) + ”ft”C(j;L?(Q)))]

and for @ = %

Tl < C [herl”utHC(j;Hm'*‘l(Q)) + 7! (HD?UHC(j;B(Q)) ni HDS’fHC(j;m(Q)))] .

Proof. From the definition of 1°, we can write

70 wn) =ma(€' = € wn) + 770 an (€' — £°, wh)
=my,(U" = U, wy) — (u' =’ wp) + 770 [ap U — U, wy,) — a(u' — u® wy,)]

+ mh((Lh — Rh)(ul — uo), wh). (657)
Taking n = 0 and n = 1 in equation (6.1.1), and then subtracting, we get
a(u' —u® wy) = (ff — 2 wn) — (uf, — udy, wy), Ywy, € Wi (6.5.8)

Again from Taylor’s formula with integral remainder, we have

2

I
(u' —u®,wp) =7 (vo, wp) + = (ugy, wy) + 5/ (1 — 8)*(D}u(-, s), wy)ds, Ywy, € W™

? tO
(6.5.9)
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Adding 726 times (6.5.8) with (6.5.9), then subtracting from initial condition (6.4.5), results

m

mp U = U wy) — (u' =’ wp) + 720 [an (U — U wy) — alu' — u®,wy)]

1 [t
= D) /0 (7 - 5)2(D?U(',S)7wh)ds + 720 (U%t — ugt,wh) — 729 (fl _ fo,wh), Yy, € W,
!

Here, we have used the fact
(f°, wn) = aluo, wn) = (upy, wn).

Substituting the above estimate in (6.5.7), we obtain

1M
7—2(1/}07 wh) y 5 / (T - S)Q(Dgu('v 8)7 wh)ds + 7—20 (uit - ugﬁ wh)
to

— 7'20 (fl — fO, wh) + mh((Lh — Rh)(ul — UO), wh)

=L+ L+ L+, (6.5.10)

For the term [;, we have following bound

,7_2 t1
< T [ 10kt 5),wlds < O 1D lqg.iznllonl

to

%/to (1 — 8)2(Ddu(-, s), wp,)ds

(6.5.11)

Similarly, I and I3 can be bounded as

t1
726 (ul — o un)] <70 [ [(DRuCes),wn)lds < CrONDuleq g lunl] - (65,12

to

and
t1
726 (11 = un)| 78 [ lma(Ales)wn)lds < CF0 fllegaey lunll (65,13
to

respectively. For I, using Lemma 2.2.1, we have

|m«m—me—w»mns/W@w4mwm@wmm

to

< CThm+1HUtHC(j;H'mnFl(Q))Hwh”. (6514)
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Using the estimates (6.5.11)-(6.5.14) in (6.5.10) yields
72 |mh(1/)0,wh)| <C [hm+17-||ut||0(j;Hm+1(Q)) + 7 (||D£Q’U||C(j;L2(Q)) + ||ft||C(j;L2(Q))>} l|wn |-
Hence, we obtain

Tl[W°l < O [W™ el ogzimma oy + 77 (|1 DFull o) + I felloizz@n)] -

For 6 = 1—12, we consider the higher order Taylor’s formula with integral reminder to obtain

(u1 —u®, wy)
72 0 7 3.0
= 7-(UOv wh) + ?(uttv wh) + E(Dtu 7wh) +

7_4

1 t
24(Dfu0,wh) + —/ (1 — 3)4(Dt5u(-, s),wp,)ds

24 J,,

for all wy, € W}™. Proceeding similarly as previous case with the initial condition (6.4.6),

we obtain

mpU' = U, wy) = (u' =, wp) + 720 [an (U — U wy) — alu' — u®, wy)]

1 ¢ 2 [t
- _ﬂ (7—5)4(Dfu('7‘9>7wh)ds+ﬂ (T_S)2<D?u('75)7wh)d8
t0 to
72 72
+E (Tff+3f3—f1+f°,wh)

for all wy, € W;". Here, we have used the facts
(ftoa wh) = a(v()? wh) = (D?uov wh)

and
2

T 1, Yy
(uh = e wn) = 7 (D) + T (Diown) 5 [ (= (DRl 5), )
to

for all wy, € W;. Substituting the above estimate in (6.5.7), we obtain

1 t! 2 t1
PO wn) =~ o | (1) (D}ul-,s),wn)ds + — [ (7 — s)2(Dlul- ), wp)ds
24 J0 24 J,,
72 0 72 0 1 0 1 0
‘|‘E Tft +§ftt_f + 7w +mh((Lh—Rh)(u —u )7wh)
=J1+ Jo+ J3+ J4. (6.5.15)
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Asin (6.5.11), we can derive

5
T
Jl, JQ S ﬂHD?uHC(j,LQ(Q)) (6516)

For J3, using the Taylor’s formula with integral reminder, we obtain

72 72 2 t!
Ty <\ R+ Shi— 1+ w)| =5 / (1 — $)2(D3f(-,5), wy)ds
+0
i
= ﬂHDt flle@iz2@))- (6.5.17)

Now, plugging the estimates (6.5.16)-(6.5.17) and (6.5.14) in (6.5.15) yields

7 ’mh(¢0: wh){

< C[W" 1 llwell o mmeiy +7° (1D ulleg.2 ) + 1D fllow:c2 @) ] lwall-
Hence, we obtain

Tl <C [hmHHUtHC(J’;HmH(Q)) + 7! (”DtsuHC(j;L?(Q)) + HD?JCHC(j;L?(Q)))} -

Again, for r > 1, ¢" satisfies the following estimate.

Lemma 6.5.3. For 1 <r < N — 1, we have

1 tri1
[l <C | Am (HfHle;HmH(m) + ;/ \“tt(s)‘deS)
tr—1
1 tr 1 t7‘+1
3 4
tlr=g| [ ot s (o) [ ip
2 tr—1 6 tr—1

for @ # % and

1 try1
[o7|| <C|hm <Hf||H1(J;Hm+1(Q)) + ;/ |Utt(5)|m+1ds>

tr—1

1 1T 1Y\ 4 [ e
tr=g| ) D@+ (5+5)" [ IDu)lds

for @ = =.
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Proof. We have
(W wp) = (f7%7 = 10 wp) + my (O R’ wy) — (u®7, wy,)
= (frO7 — 1797 wy) 4+ mp (B Ruu” — Oy L, wy) + (O’ — ul? wy)
=T+ T, + T;.
For T}, using Lemma 1.4.6 and Lemma 1.2.1, we have
Ty = (757 = 707 wn) < O g fanl] < A f s gsomos o el
Similarly for 75, from Lemma 2.2.1, we obtain

Ty = mu (O Rpu” — Oy Lpu”, wy) <Ch™H0uu” |1 |wh|

hm+1 try1
[ ) ads s

tr—1

<C

Since,

_ 1 T
3ttuT = ﬁ/ (T — |8Dutt(',tT == 5>d8.

=7

From Lemma 6.5.1, we have

Ty < | Orwu” = g | [fewn |

1 tr L 1 try1 A
< (P3| [ 1otu@as+ (5 +8) 7 [ IDtute)las ) sl
tr—1 tr—1

for@;«ré1—12andfor0:1—12

= ; /tr I ; (s)]] 1 1 3/tT+1 | : (s)ll [[wall
v D;u(s)||ds + + T D}u(s)||ds | ||wn]|-
5= 2 t’r‘fl t 5! 72 t’r*l 3 h
Now, combining the estimates for T, T5 and T3, yields the desired estimate. O

Plugging the estimates from Lemma 6.5.2 and Lemma 6.5.3 in proposition 6.5.1, the

following bound can be obtained for the term £".

Lemma 6.5.4.
Jmax [I€"[| SCH™ (|luglleqgimmey + 1 lm g + Tl g @)
1
+ CT Y — 5 ||D§u||L1(J;L2(Q))

+Or? (”D?“HC(J‘;LQ(Q)) + [ fell ez + | D} u(t)] 11 (7.020)
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for @ # % and

Jmax [I€"[| <Ch™ (|luglleqgimmey + 1 lmgamea) + el g @)

+Cr

1
Y- 5‘ ”D?UHLl(];L?(Q))
+ Cr* (|1 DYulleos + 1D} fllez + | Dfu®) |z g:z2@))
T t YIlC(T;L2()) tJ C(T;L2()) t LY(T;L2(2))
_ 1
Jor 0 = 1.

Proof. From the previous lemma, we have

N-—1
T Z [0 < C R (1|l o gimmrr@)) + el o smme @)
r=1
1
+7|y— 5‘ 1D ull 1 (7502 (<)) + 72||Dfu||L1(J;L2(Q)>}
for 6 # % and
N-1
- Z [ < C [hmH (Lf e s mmer ) + Nl L zsmmer )
r=1

+ 7

1
Y — 5‘ | D} ull 1 (7:22(0)) + T4|\Dfu||Ll(J;L2(ﬂ)>]

for @ = % Using triangle inequality, we can write

0<n<N-1 0<n<N-1

n N—-1
max [|¥"]| <7 max (II@DOII +) II%WII) <7l +7 Y el
r=1 r=1
From the estimates in Lemma 6.5.2 and previous estimates, we have

max || "]
0<n<N-1

S C hm+1 (||Ut||c(j;Hm+l(Q)) + ||f||H1(j;Hm+1(Q)) + ||utt||L1(j;Hm+1(Q)))

+ 7

1
v - 5‘ 1 DJull 72y + 7° (1DYullogz.p2y) + 1 fellozinz@) + 1Dfu)| 7020y
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for 6 # 1—12 and

L b [hmH (ludllomms@y + 1 L@@ + Il g @)

+ 7

1
o [P
+ 7 (||Dt5u||c(j;L2(Q)) + HD?fHC(j;L?(Q)) < ||Dt6u(t)||L1(J;L2(Q)))
for 6 = % Now the proof follows from the fact

N-1
TY T max [0
n=0

0<n<N-1

and Proposition 6.5.1. O
Now using Lemma 6.5.4, the following L? norm error estimate is obtained.

Theorem 6.5.1. Let u™ and U™ solution of (6.1.1) and (6.4.1), respectively. For all t €

(0,7, we have

max |[U" —u"|| < CLh™! + Cor?
0<n<N

for 0 # % and
max [[U" —u"|| < Csh™ + Cyrt
0<n<N

1

1 1
for @ = whenever v = 5. For vy # 5, we have

127

max [[U" —u"|| < Csh™ + Cyr
0<n<N

for all 8. Here, the constants C;, i =1 : 6, are dependent on ug, u, f and their derivatives
and independent of mess size h and time step T.
Proof. We divide the error as
U" — " = gn +77n,
where 1" = Rpu"™ — u”. By triangle inequality, Lemma 6.5.4 and Lemma 2.2.1, we get the

desired results. O
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6.6 Numerical Results

We illustrate some numerical experiments to verify the theoretical results discussed in
the previous section. In particular, we will focus on the temporal orders of the proposed
schemes (both two-level and three-level schemes) for the fully discrete approximation to
the wave equation with high-order virtual element spatial discretization. For the spatial
discretization, we have considered the Voronoi (V) polygonal meshes. We show the three
level scheme (6.4.1) for @ = 1/12 and ~ = 1/2 with initial approximation (6.4.6) produces
a fourth-order accurate approximation, which is desired for higher order virtual element

methods.
To ensure the order of convergence O(h™1)+O(7%) = O(h™!) in L? norm and O(h™)+

O(7%) = O(h™) in H* semi-norm, we choose the time step 7 = O(h™>"). Here, m = 1,2, 3 is
the polynomial degree of accuracy of the method and s = 1, 2, 4 is the order of the temporal
scheme. In all the examples, we have consider the given model problem (6.1.1)-(6.1.2) with
the coefficient o = I, and the source function f and the data {ug, vo} are chosen according
to the choice of exact solution. The spatial domain (2 is considered as (0,1) x (0,1) and

the temporal domain is taken to be [0, 1].

Example 6.6.1. (Two-level schemes) We choose the exact solution to the model problem
(6.1.1)-(6.1.2) as
u(z,y,t) = t*sin(t) sin(7z) sin(7y).

We have considered the VEM algorithm with m = 3 for the spatial direction and the two-
level schemes (6.4.8) with different value of (o, ) for temporal discretization. We get a un-
conditionally stable second-order accurate (in time) implicit scheme for (e, 8)=(1/2,1/2).
Thus, for optimal convergence, we select the time step 7 = h? so that O(h*)+O(7%) = O(h?)
for L? norm and O(h3) + O(7?) = O(h3) for H' semi-norm. For (a,3) = (0,1) and
(e, B)=(1,1), the scheme (6.4.8) is only first-order accurate in time and hence the time

step 7 is chosen to be 7 = h* for optimal convergence.
The history of errors and experimental orders of convergence (EOC) in both L? norm

and H' semi-norm for different values of (a, 3) are shown in Table 6.6.1. It can be observed
from the convergence plots in Figure 6.6.1 that the optimal convergence rates are obtained,
that is, fourth-order in L? norm and third-order in H' semi-norm. This corroborates the

theoretical prediction established in the last section.
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Table 6.6.1: L? and H* errors at T = 1 for the two-level schemes in Example 6.6.1.

(o, B)

h

T

[ =

EOC

lu — upy

EOC

(0,1)

0.2500
0.1768
0.1250
0.0884
0.0625

3.9000e — 03
9.7656e — 04
2.4414e — 04
6.1035¢ — 05
1.5259¢ — 05

2.95789¢ — 03
7.83219¢ — 04
1.94802¢ — 04
4.87774e — 05
1.25016e — 05

3.8342
4.0148
3.9954
3.9282

1.74835e — 02
5.53811e — 03
1.78905e — 03
6.27854e — 04
2.16127e — 04

3.3171
3.2604
3.0214
3.0771

(1,1)

0.2500
0.1768
0.1250
0.0884
0.0625

3.9000e — 03
9.7656e — 04
2.4414e — 04
6.1035¢ — 05
1.5259¢ — 05

5.84773e — 03
1.42758e — 03
3.57158¢e — 04
8.73198¢ — 05
2.17715e — 05

4.0686
3.9979
4.0644
4.0077

2.82509¢ — 02
7.65092¢ — 03
2.23358¢e — 03
7.08439¢ — 04
2.30416e — 04

3.7692
3.5525
3.3133
3.2408

(1/2,1/2)

0.2500
0.1768
0.1250
0.0884
0.0625

6.2500e — 02
3.1200e — 02
1.5500e — 02
7.8000e — 03
3.9000e — 03

2.09897e — 03
4.92310e — 04
1.22349¢ — 04
2.95606e — 05
7.20311e — 06

4.1841
4.0171
4.0985
4.0740

1.47766e — 02
4.82494e — 03
1.66202¢ — 03
6.03665e — 04
2.11253e — 04

3.2295
3.0752
2.9222
3.0295
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—e—luu

—— |lu-u || —a—|lu-u ||

o4
RIS 0 (n4%)
-

5 6
4 6 8 10 12 14 16 4 6 8 10 12 14 16
log(1/h) log(1/h)

Figure 6.6.1: Log-log plots of the errors versus h at time ¢ = 1 for (o, 3) = (0,1) (left),
(e, 3) = (1,1) (center) and (e, 8) = (1/2,1/2) (right) in Example 6.6.1.

Example 6.6.2. (Three-level schemes) We consider the following smooth function as
the exact solution to the model problem (6.1.1)-(6.1.2)

u(z,y,t) = t*sin(t) sin(rz) sin(7y).

We have considered the VEM algorithm with m = 3 for the spatial direction and
the three-level Newmark schemes (6.4.1) with different value of (v, 0) for temporal dis-
cretization. We get a unconditionally stable first-order accurate (in time) implicit scheme
for (v,0)=(3/2,1). Thus, for optimal convergence, we select the time step 7 = h* so
that O(h') + O(7) = O(h?) for L? norm and O(h3) + O(7) = O(h3) for H' semi-norm.
For (v,0) = (1/2,0), the scheme (6.4.1) is conditionally stable second-order accurate in
time and hence the time step 7 is chosen to be 7 = h?/2 for optimal convergence. For
(7v,0) = (1/2,1/12), the scheme (6.4.1) is conditionally stable fourth-order accurate in
time. We choose the time step to be 7 = (0.1/48)h in order to satisfy the stability condi-

tion.
The history of errors and experimental orders of convergence (EOC) in both the L? norm

and H' semi-norm for different values of (v, @) are shown in Table 6.6.2. It can be observed
from the convergence plots in Figure 6.6.2 that the optimal convergence rates are obtained,
that is, fourth-order in L? norm and third-order in H' semi-norm. This corroborates the

theoretical prediction established in Theorem 6.5.1.
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Table 6.6.2: L? and H* errors at 7" = 1 for the three-level schemes in Example 6.6.2.

(7, 0)

h

T

[ =

EOC

lu — up |y

EOC

(3/2,1)

0.2500
0.1768
0.1250
0.0884
0.0625

3.9000e — 03
9.7656e — 04
2.4414e — 04
6.1035¢ — 05
1.5259¢ — 05

2.31231e — 03
6.34597e — 04
1.57872¢ — 04
3.97882¢e — 05
1.02001e — 05

3.7308
4.0142
3.9767
3.9275

1.98548¢ — 02
7.02075e — 03
2.44891e — 03
9.07579e — 04
3.23030e — 04

2.9996
3.0390
2.8641
2.9807

(1/2,0)

0.2500
0.1768
0.1250
0.0884
0.0625

3.1500e — 02
1.5500e — 02
7.8000e — 03
3.9000e — 03
1.9000e — 03

1.78212¢ — 03
4.26714e — 04
1.04393e¢ — 04
2.54335e — 05
6.17970e — 06

4.1245
4.0625
4.0744
4.0822

1.87559¢ — 02
6.70451e — 03
2.39557e — 03
8.97547e — 04
3.21037e — 04

2.9683
2.9695
2.8326
2.9665

(1/2,1/12)

0.2500
0.1768
0.1250
0.1000
0.0625

5.2083e — 04
3.6828e — 04
2.6042e¢ — 04
2.0833e — 04
1.3021e — 04

1.65991e — 03
5.80883¢ — 04
9.71528e — 05
3.91559¢ — 05
5.74314e — 06

3.0296
0.1598
4.0724
4.0841

1.85333e — 02
6.92627¢ — 03
2.38943e — 03
1.23962¢ — 03
3.20874e — 04

2.8399
3.0708
2.9410
2.8755
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—a—|lu-u || —e—|lu-u |

io(hﬁg\?)
—o— i,
e ome)

4 6 8 10 12 14 16 4 6 10 12 14 16

8
log(1/h) log(1/h) log(1/h)

Figure 6.6.2: Log-log plots of the errors versus h at time ¢ = 1 for (v, 0) = (3/2,1) (left),
(7,0) = (1/2,0) (center) and (v,0) = (1/2,1/12) (right) in Example 6.6.2.

6.7 Conclusion

In this chapter, we have proposed a fully discrete virtual element method based on the
general Newmark temporal discretization scheme for the wave equations. Optimal con-
vergence results are derived for the semi-discrete virtual element approximation in both
L? norm and H' semi-norm. We have presented both three-level and two-level Newmark
based fully discrete schemes for the model problem and analysed the stability and conver-
gence of the proposed schemes. Numerical experiments shows that the experimental order
of convergence agrees with the theoretical results for all the proposed schemes. We have
obtained a conditionally stable fourth-order algorithm by choosing (v,80) = (1/2,1/12) in
the three-level scheme (6.4.1). This will be helpful for higher-order VEM to preserve the

accuracy obtained in the spatial direction.
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Conclusion and Future Work

In this chapter, we highlight the significance of current thesis work and the corresponding
results and techniques to derive them. We also provide information for the scope of possible

extensions and future investigations.

7.1 Critical Review of the Results

In this work, we have presented newly introduced virtual element methods (VEMs) for
various classes of problems obtained by choosing different values to the coefficients in the
general linear second-order hyperbolic problems on polygonal meshes. The VEM for the
general linear second-order hyperbolic problems can be constructed easily by following the
ideas from the works presented in this thesis. We stress that the existing contributions
on VEM dealing with hyperbolic problems with strong damping term either consider the
damping coefficient to be constant or same as the diffusion coefficient. But, the case of
variable coefficients when the damping coefficient is different from the diffusion coefficient,
the standard elliptic projection operator is not sufficient to achieve an optimal convergence
rate in L? norm as it can handle either the damping term or the diffusion term in the
error analysis. Therefore, in this work, we have introduced a new non-standard projection

operator which can handle the whole grad-grad part.
In Chapter 2, we have attempted to solve weakly damped wave equation with variable

coefficients by introducing three discrete bilinear forms. The discrete bilinear forms in gen-
eral do not satisfy the polynomial consistency and stability results. Additional analysis has
been carried out to derive the consistency error estimates and the projection error estimate

for the elliptic projection Rj, . We have proved the stability of the semi-discrete solution

175
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with respect to the initial data and the source function and derived the corresponding es-
timates which are very crucial to prove the optimal convergence rate of the fully discrete
solution. Optimal order of convergence in both H* norm and L? norm is obtained for the
semi-discrete approximation . For the fully discrete approximation, we have employed the
Crank-Nicolson scheme to the first-order formulation of the model problem. It is shown
that for the fully discrete scheme the discrete energy does not grow over time. Optimal
convergence estimate is derived for the fully discrete approximation. Numerical examples
with different types of domains and different types of polygonal meshes has been presented

which shows the flexibility of the proposed method.
Chapter 3 deals with the virtual element approximation to the pulsed electric field model

problems. These problems doesn’t belongs to the well-known classes of partial differential
equation and contains an additional strong damping term as compare to the Poisson prob-
lems. Optimal error estimates are derived for both semi-discrete and fully discrete schemes
in L? and H' norms. The fully discrete scheme can be reinterpreted as the Crank-Nicolson
discretization of the reformulation of the governing equation in the first-order system, as
in Baker [13]. We have shown through some numerical examples that VEM is more cost-

efficient than classical FEM by comparing the CPU time.
In Chapter 4, a new non-standard projection operator is defined in order to deal the

whole grad-grad part of the second-order Sobolev equation. The new projection is moti-
vated from the pulsed electric field problem and projection error estimate can be derived by
following the idea of semi-discrete error analysis in the previous work. We have obtained
optimal order of convergence, i.e., O(h™) in H' semi-norm and O(h™!) in L? norm, where
m is the polynomial degree of the method, and A is the mesh size. For the optimal conver-
gence estimate in L? norm the non-standard projection operator is used. For the temporal
discretization, we have employed the second order Crank-Nicolson scheme and derived the
optimal convergence estimates for the fully discrete scheme. We have illustrated some nu-
merical experiments with various polynomial degree and shown that the experimental order

of convergence agrees with the theoretical results.
Further in Chapter 5, we have extended the analysis in Chapter 4 to the viscoelastic wave

equations and obtained optimal order of convergence for both the semi-discrete and fully

discrete approximations. Numerical example with high-contrast coefficients is discussed.
In the last chapter, we have discussed a higher-order time stepping method for the

standard wave equations along with virtual element discretization in spatial direction. We
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have proposed the fully discrete schemes based on general Newmark method and detailed
analyses on the stability and convergence of the proposed method has been carried out.
The stability analysis is based on the energy method and we have shown that the discrete
energy either converges or doesn’t increase with time. The convergence analysis shows that
we have up to forth-order convergence in time which is required for higher order methods.

The theoretical results have been verified by numerical experiments.

7.2 Extensions and Remarks

In this section, we have mentioned some potential extensions of our findings. Here, we are
briefly proposing some unexplored problems which can be considered as future scope of the

thesis work.
VEM for Westervelt’s quasi-linear acoustic wave equation: The Westervelt’'s wave

equation, for the acoustic pressure u, is given by
(1 — 2ku)ug — Au — bAu; = 2ku?. (7.2.1)

In (7.2.1), the constant ¢ denotes the speed of sound, b is the sound diffusivity, and
k = B./\, A = oc? is the bulk modulus, g is the mass density and 3, the coefficient of
nonlinearity of the medium. Our proposal is motivated by a increasing number of nonlinear
ultrasound applications in medicine and industry. For more detailed discussion, we refer
to [11, 95, 114] and references therein. Although substantial work has been dedicated to
their analytical studies [58, 94] and their numerical treatment via finite element procedure
(cf. [11, 58, 79, 114] just to name a few), rigorous error analysis for finite element methods
of nonlinear acoustic phenomena is still largely missing from the literature. Recently, a
priori error estimates for the classical finite element approximation of Westervelt’s quasi-
linear strongly damped wave equation (7.2.1) with linear elements have been discussed in
[95]. Then, a high-order discontinuous Galerkin (DG) method for the equation (7.2.1) has
been carried out in [11]. Tt is worthwhile to note that only the semidiscrete scheme (space
discretization) has been discussed in [11, 95]. The fully discrete scheme (space-time dis-
cretization) error analysis is still open. In future, we would like to develop higher order

virtual finite element schemes for the following initial boundary value problem (IBVP)
uy — A — bAuy = 2k(uuy +u?), in Qx (0,7], T < oo,
u=0, on 9 x (0,71, (7.2.2)
(u, uy) = (ug,uy), on Q x {t=0}.
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Here, 2 C R?, is a convex polygonal domain with a Lipschitz boundary 99.
A priori error analysis in [95] for the IBVP (7.2.2) heavily depends on a linearized

problem

a(z, t)ywy — AAw — bAw; + B(z, t)w, = f(z,t), in Qx (0,T], T < oo,
w=0, on 09 x (0,7, (7.2.3)
(w,wy) = (ug, uy), on Q x {t =0},

where 0 < ap < a(z,t) < a; in Q x (0,7] and f is a source function defined on Q x (0,7].
For the linearized Westervelt’s equation (7.2.3), we can borrow the error analysis that has

been discussed in Chapter 5. Then, we can try to extend the convergence analysis technique

that has been discussed in [95] for the IBVP (7.2.2).
Higher-order time stepping VEMs for time-dependent Maxwell’s equations:

In this thesis work, we primarily focus on scalar-valued problems. We can extend our
methodologies and techniques to solve vector-valued problems as well. Consider the time-

dependent Maxwell’s equations of the following type (cf. [34]):

£(x)Ey + o(x)E; + curl <$cuﬂ E) = Ji(x,t) in Q x (0,7

with initial conditions
E(x,0) = Bo(x) & BEy(x.0) = E(x)
where E;(x) = g(x)™ (J(x,0) + curl Hy(x) — 0(x)Eq(x)) and boundary condition
Exn=0o0n09dQx(0,7T]

Here, E(x,t) is the electric field, e(x), o(x) and u(x) are the dielectric coefficient, con-
ductivity and magnetic permeability of the medium, respectively. Again, J(x,t) is the
applied current density, Eo(x) and Hy(x) are the initial electric field and magnetic field,
respectively. Maxwell’s equations model many problems arising in science and industry,
such as the diffraction of electromagnetic waves, microwave devices and plasma physics.
The extension to vector-valued from scalar-valued will introduce additional complexities in

both analysis and implementation.
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