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Abstract

In this work, the powerful Non-chiral bosonization technique (NCBT) is introduced, which is

a non-trivial modification of the standard Fermi-Bose correspondence in one spatial dimension

made in order to facilitate the study of strongly inhomogeneous Luttinger liquids (LL) where

the properties of free fermions plus the source of inhomogeneities are reproduced exactly.

The formalism is applied to obtain the correlation functions of translationally non-invariant

systems like LL with a cluster of impurities (barriers/wells) around an origin, a one step

fermionic ladder, slowly moving impurities in a Luttinger liquid, etc. The obtained correlation

functions are used to study various physical phenomena like Friedel oscillations, resonant

tunneling, dynamical density of states, conductance, mobility (in case of mobile impurities)

and so on. The results are validated using the Schwinger Dyson equation and perturbative

methods. The present method is superior to the conventional bosonization methods (g-ology

methods) which requires additional tools like re-normalization, etc. to deal with impurities.

vii
TH-2101_146121021



viii
TH-2101_146121021



Contents

Declaration i

Certificate iii

Acknowledgements v

Abstract vii

List of Figures xiii

List of Tables xvii

1 Introduction 1

1.1 One dimensional systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Failure of the Fermi Liquid theory . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Tomonaga model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.3 Luttinger model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.1.4 Physical realizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 Bosonization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.1 History of bosonization . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.2 Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.2.1 Field theoretical bosonization . . . . . . . . . . . . . . . . . . 15

1.2.2.2 Constructive bosonization . . . . . . . . . . . . . . . . . . . . 16

1.3 Impurity in a Luttinger liquid . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.1 Renormalization group . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.2 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Methodology 21

2.1 Critique to g-ology based chiral bosonization . . . . . . . . . . . . . . . . . . . 21

2.2 Working procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.1 Single particle Green’s functions . . . . . . . . . . . . . . . . . . . . . . 24

2.2.2 Density density correlation functions . . . . . . . . . . . . . . . . . . . 29

2.2.3 Field operator reconstruction (Bosonization) . . . . . . . . . . . . . . . 30

2.2.4 Including interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.5 Many body Green functions . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 The quantum steeplechase 37

3.1 System description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

ix
TH-2101_146121021



3.2 Green’s functions of free fermions . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.1 Density density correlation function . . . . . . . . . . . . . . . . . . . . 42

3.3 Bosonized version of the N-point Green’s functions . . . . . . . . . . . . . . . 43

3.4 Full two-point Green’s function . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4.1 Anomalous exponents . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.4.2 Limiting case checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.4.3 Spinless case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4.4 Technical clarification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5 Four-point functions (Friedel oscillations) . . . . . . . . . . . . . . . . . . . . . 51

3.6 Dynamical density of states . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Transport properties 57

4.1 Conductance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1.1 Kubo conductance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.1.1.1 Limiting cases. . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.1.2 Tunneling conductance . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.1.2.1 Derivation of RG equation for the tunneling conductance . . 63

4.2 Finite bandwidth conductance . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2.1 Numerical solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Comparison with the results of Matveev et al. . . . . . . . . . . . . . . 68

4.2.3 Anomalous conductance . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2.4 Analytical solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.2.5 Comparison of analytical and numerical solution . . . . . . . . . . . . . 73

4.2.6 Both forward and backward scattering . . . . . . . . . . . . . . . . . . 73

4.2.7 Comparison with Monte Carlo results . . . . . . . . . . . . . . . . . . . 75

4.3 Resonant tunneling across a double barrier . . . . . . . . . . . . . . . . . . . . 76

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 The one step fermionic ladder 79

5.1 Problem overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 Green’s functions of free fermions . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2.1 Density density correlation function . . . . . . . . . . . . . . . . . . . 81

5.3 Bosonized version of the two point Green functions . . . . . . . . . . . . . . . 82

5.4 Full two-point Green’s function . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.4.1 Anomalous exponents . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.5 Conductance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.6 Friedel Oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.7 Limiting checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.7.1 Non-interacting case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.7.2 No hopping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.7.3 Mandatory hopping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.7.4 Far away from hopping site . . . . . . . . . . . . . . . . . . . . . . . . 99

5.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 Ponderous impurities in a Luttinger liquid 101

6.1 System description and method of solution . . . . . . . . . . . . . . . . . . . . 102

6.2 Analysis and computations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

x
TH-2101_146121021



6.2.1 Single impurity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.2.2 Two identical impurities . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.3 Mobility of a single and two-impurity system in a Luttinger liquid . . . . . . . 107

6.4 Comparison with existing studies . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

7 Validating Non chiral bosonization technique 115

7.1 System description and Green functions . . . . . . . . . . . . . . . . . . . . . . 116

7.2 Necessary validation checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7.2.1 Commutation rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7.2.1.1 Fermi Language . . . . . . . . . . . . . . . . . . . . . . . . . 118

7.2.1.2 Bose Language . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.2.2 Limiting case checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2.3 Point splitting constraint . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.3 Perturbative comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7.4 Schwinger-Dyson equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

7.4.1 Homogeneous case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

7.4.2 Inhomogeneous case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

7.4.2.1 RR same side . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.4.2.2 RL same side . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.4.2.3 RR opposite side . . . . . . . . . . . . . . . . . . . . . . . . . 130

7.5 Functional bosonization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

7.6 Density matrix renormalization group (DMRG) . . . . . . . . . . . . . . . . . 133

7.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

8 Conclusions 135

Appendices 138

A Correlation functions using conventional bosonization 139

B Correlation functions using NCBT 141

C DDCF in presence of interactions 143

D Fermi Bose Correspondence 147

E Dynamical density of states 151

F Conductance 155

G Mathematica commands to verify Schwinger Dyson equations 163

H Derivation of the reflection and transmission amplitudes 165

Bibliography 169

List of publications 183

Curriculum vitae 187

xi
TH-2101_146121021



TH-2101_146121021



List of Figures

1.1 (a) Quasiparticles in 2D and 3D systems which can move nearly freely. (b)
Quasiparticles in 1D which can move only collectively. . . . . . . . . . . . . . . 3

1.2 (a) Luttinger liquid model having two distinct particles with separate energy
bands. (b) Tomonaga model having one particle whose energy band is vF |k|. . 7

2.1 NCBT flow-chart: Schematic diagram showing the different steps of the present
work from starting to end. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 The Quantum Steeplechase: Athletes (representing electrons) crossing/bounc-
ing off hurdles (potential barriers) and water-jumps (potential wells) while mov-
ing in both directions with the fastest athlete possessing the Fermi momentum
and rubbing shoulders with each other (representing forward scattering short-
range interactions) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 The black box: The back of each of the cards contains the black box (shown in
the central deck) and when they are flipped, the contents of the black box are
revealed as any one of the cluster of potentials near an origin. The formulas
for the revealed potentials are as follows: (1) V (x) = V0δ(x) ; (2) V (x) = V0(δ(x +

a) + δ(x − a)) ; (3) V (x) = V1δ(x + a) + V2δ(x − a); (4) V (x) = V0δ(x) + V1(δ(x ± a)) ;

(5)V (x) = V θ(x+ a)θ(a− x); (6) V (x) = −V θ(x+ a)θ(a− x) . . . . . . . . . . . . . . 39

3.3 Plots of anomalous exponents (L.E.) : (a) Exponents for 〈ψR(X1)ψ†R(X2)〉 on
the same side vs v0 (b) Exponents for 〈ψR(X1)ψ†L(X2)〉 on the same side vs v0

(c) Exponents for 〈ψR(X1)ψ†R(X2)〉 on opposite sides vs v0 (d) Exponents for
〈ψR(X1)ψ†R(X2)〉 on the same side vs V0 (e) Exponents for 〈ψR(X1)ψ†L(X2)〉 on
the same side vs V0 (f) Exponents for 〈ψR(X1)ψ†R(X2)〉 on opposite sides vs V0.
Here v0 is interaction strength and V0 is impurity strength. . . . . . . . . . . 48

3.4 (a) Density of state exponents(0 < ξ � 1) as a function of the interaction
parameter v0 for various values of reflection amplitudes |R| given in parenthesis.
(b) Density of state exponents(ξ � 1) as a function of the interaction parameter
v0.(vF = 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.1 Conductance as a function of the absolute value of the reflection amplitude |R|
as well the interaction parameter v0 (vF = 1) . . . . . . . . . . . . . . . . . . . 60

4.2 Conductance exponent η as a function of the absolute value of the reflection
amplitude |R| and the ratio β = vh

vF
. . . . . . . . . . . . . . . . . . . . . . . . 62

4.3 Conductance as a function of dimensionless temperature (kBT
D0

) for a weak bar-
rier (τ0 = 0.9) and weak interactions (g = 0.9 for repulsive and g = 1.1 for
attractive). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.4 Conductance as a function of dimensionless temperature (kBT
D0

) for a strong
barrier (τ0 = 0.1) and weak interactions (g = 0.9 for repulsive and g = 1.1 for
attractive). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

xiii
TH-2101_146121021



4.5 Conductance as a function of dimensionless temperature (kBT
D0

) for a strong
barrier (τ0 = 0.1) and strong interactions (g = 0.1 for repulsive and g = 10 for
attractive). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.6 Conductance as a function of dimensionless temperature (kBT
D0

) for a weak bar-
rier (τ0 = 0.9) and strong interactions (g = 0.5 for repulsive and g = 5 for
attractive). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.7 Conductance as a function of dimensionless temperature (kBT
D0

) for a weak bar-
rier (τ0 = 0.9) and various strength of repulsive interactions (g = 0.5 to 0.85).
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.8 Conductance as a function of dimensionless temperature (kBT
D0

) for weak inter-
actions (g = 0.9 for repulsive and g = 1.1 for attractive). The dots are numer-
ically exact solution of the transcendental equation obtained from NCBT and
the solid lines represent the analytical formula of Matveev et al. (a) strong
barrier (τ0 = 0.1) (b) weak barrier (τ0 = 0.9). . . . . . . . . . . . . . . . . . . . 68

4.9 Conductance as a function of dimensionless temperature (kBT
D0

) for a strong
barrier (τ0 = 0.1) and strong interactions (g = 0.1 for repulsive and g = 10 for
attractive) using Matveev et al.’s formula. . . . . . . . . . . . . . . . . . . . . 70

4.10 Conductance as a function of dimensionless temperature (kBT
D0

) for values of g
near g0 where conductance exponent η vanishes: (a) weak barrier (τ0 = 0.9)
with g0 = 0.74. (a) strong barrier (τ0 = 0.1) with g0 = 0.08 . . . . . . . . . . . 71

4.11 Conductance from analytical expression as a function of dimensionless tem-
perature (kBT

D0
) for weak interactions (g = 0.9 for repulsive and g = 1.1 for

attractive): (a) weak barrier (τ0 = 0.9) (b) strong barrier (τ0 = 0.1). . . . . . 72

4.12 Conductance as a function of dimensionless temperature (kBT
D0

) for weak inter-
actions ( vF = 1, v0 = 0.02 and v1 = 0.01) and a barrier of strength τ0 = 0.3.
The dots represent the NCBT numerical solution and the continuous line rep-
resents the analytical solution of Matveev et al. . . . . . . . . . . . . . . . . . 75

4.13 Anomalous exponents (L.E) vs impurity strength V0 for symmetric double bar-
rier: (a) Exponents of 〈ψR(X1)ψ†R(X2)〉 on the same side (b) Exponents of
〈ψR(X1)ψ†L(X2)〉 on the same side (c) Exponents of 〈ψR(X1)ψ†R(X2)〉 on oppo-
site sides. Explicit expressions of the exponents are given in equations (3.22)
and (3.23) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.14 Anomalous exponents for double barrier: The anomalous exponents (a) X and
(b) A as functions of impurity strength V1 and V2 for an asymmetric double
delta potential. Near resonance (the point of intersection of the cross lines),
the system has the same colour it has when both V1 and V2 are zero. . . . . . 77

5.1 The one step fermionic ladder: The two parallel tracks representing the two
Luttinger liquids, the athletes representing electrons moving in both the direc-
tions, with the fastest athlete possessing the Fermi momentum, while rubbing
shoulders against each other representing forward scattering interactions. One
athlete running between the tracks represents the hopping of electrons between
the Luttinger Liquids. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2 The one step ladder: Two Luttinger Liquids (1 and 2) placed parallel to each
other with a finite probability of hopping at x=0. . . . . . . . . . . . . . . . . 80

5.3 Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on the same pole and same side of the
origin (a) X (b) Y (c) Z. The other exponents are independent of the hopping
parameter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

xiv
TH-2101_146121021



5.4 Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on different poles and same side of the
origin (a) C1 (b) D1. The other exponents are independent of the hopping
parameter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.5 Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on the same pole and different sides of
the origin (a) A2 (b) B2. The other exponents are independent of the hopping
parameter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.6 Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on opposite poles and different sides of
the origin (a) A3 (b) B3. The other exponents are independent of the hopping
parameter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.7 Conductance measured across different ends of the ladder. . . . . . . . . . . . 92

5.8 Contour plot showing the variation of the conductance exponent as a function of
the hopping parameter ‘w’ and the strength of mutual interaction ‘v0’ (vF = 1).
(a) For η1 .(b) For η2(= η3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.9 An electron after hopping from pole 1 when just reaches pole 2 has equal
probabilities going to either sides due to identical environments. . . . . . . . . 99

6.1 Ponderous impurity in a Luttinger liquid: The huge athlete walking towards
right, representing the heavy particle, and the short athletes, representing elec-
trons, running in both directions while rubbing shoulders representing forward
scattering interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.2 Plot of the mobility vs phase φ for the general case of a finite number of heavy
particles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.3 µ
µ0

versus V0

vF
and ξ0 for a two-impurity system . . . . . . . . . . . . . . . . . . 106

6.4 Plot of FX
FXc

vs vX
vXc

where vXc = T
kF

is constant for a given temperature. The

dotted lines signify regions that interpolate between regimes that are easily
amenable to analytical approaches. . . . . . . . . . . . . . . . . . . . . . . . . 109

6.5 Variation of the cross-over force scale on temperature for different choices of
the sign of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.6 Ratio of mobility in the linear regime in presence of interactions to that without
interactions vs g (temperature). . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.7 Plots of the exponent α for (a) Single impurity system and (b) Two-impurity
system as a function of the impurity strenth V0 and the strength of the mutual
interactions v0 (setting vF = 1 and ξ0 = π/2 + nπ for two impurity case where
n is an integer). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.8 Ratio of mobility in the linear regime in presence of interactions to that without
interactions vs g (temperature) and the strength of the mutual interactions v0

when the strength of impurities diverge (no-tunneling case). . . . . . . . . . . 111

xv
TH-2101_146121021



TH-2101_146121021



List of Tables

3.1 Values of gγ,γ′(ν, ν
′) for the general case. . . . . . . . . . . . . . . . . . . . . . 41

4.1 Values of conductance τ for weak interactions as obtained by Matveev et al.
and NCBT for temperature very close to zero (kBT

D0
= 0.01). . . . . . . . . . . 69

4.2 Values of conductance τ for weak interactions as obtained by Matveev et al.
and NCBT for temperature much greater than bandwidth (kBT

D0
= 50). . . . . 69

4.3 Comparison of the values of conductance τ obtained numerically and analyti-
cally for kBT

D0
= 0.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.1 Luttinger exponents Qν1,ν2(ν, ν
′
; a) for x1 and x2 on the same side of the origin

and on the same pole. Explicit expressions are given in section 5.4.1. . . . . . 87

5.2 Luttinger exponents Sν1,ν2(ν, ν
′
; a; j) for x1 and x2 on the same side of the origin

and on different poles. Explicit expressions are given in section 5.4.1. . . . . . 88

5.3 Luttinger exponents Uν1,ν2(ν, ν
′
; a; j) for x1 and x2 on opposite sides of the

origin and on the same pole. Explicit expressions are given in section 5.4.1. . 88

5.4 Luttinger exponents Wν1,ν2(ν, ν
′
; a; j) for x1 and x2 on opposite sides of the

origin and on different poles. Explicit expressions are given in section 5.4.1. . 88

7.1 Choice of λ, λ′ for different cases of Green functions. . . . . . . . . . . . . . . . 129

xvii
TH-2101_146121021



TH-2101_146121021



Chapter 1

Introduction

The subject matter of many body physics revolves around the study of mutual interactions

between the constituent particles of a given system. The study of interactions provides insights

into various physical phenomena going on in the real life systems, which otherwise can’t be

explained using the non-interacting theory. The best way to quantify the study of interactions

is to compute the correlation functions of the mutually interacting particles of a given system

in the thermodynamic limit. An analytical approach for achieving this goal is often formidable

as interactions make the exact solutions impractical or rather impossible. Hence various

approximations are adopted so that the mathematics becomes doable keeping the physics

substantially intact. When it comes to fermionic systems, the well established Fermi liquid

theory is used to successfully deal with interactions, e.g. in metallic systems at sufficiently

low temperatures. But this theory breaks down for systems where the motion of electrons

is restricted to one dimension. In fact, the physics of one dimensional systems is drastically

but wonderfully different from that of the higher dimensions. This has led to an increasing

interest among the theoretical physicists in the one dimensional world. It is true that one

dimensional systems are taken as examples to illustrate some fundamental concepts like a

harmonic oscillator and particle in a box as one can get a deeper insight into the physics

involved using relatively easier mathematics. But those are all for a single particle system.

When it comes to many particle systems with mutual interaction between the particles, 1D

systems are no more the easier versions of the higher dimensional systems, but are rather a

distinct class of systems altogether. On the other hand, with the advent of nano-fabrication

techniques, physical realizations of such 1D systems has been made possible such as carbon

nano-tubes, semi-conducting quantum wire, cold atoms, etc. which hold a promising future

in terms of technology due to their fantastic properties. Hence 1D systems are no more mere

toys for theorists to play with. They indeed are a class of systems whose properties need to

be understood better and the present work is an attempt to do the same.

The study of strongly correlated electrons in one dimension has fascinated condensed matter

physicists since the middle of the last century. Due to the breakdown of the Fermi liquid
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theory in such systems, an alternative was proposed which was developed in the pioneering

works of Tomonaga [1], Luttinger [2], Mattis and Lieb [3] and many more and finally given

a proper shape by Duncan Haldane [4] who coined the term ‘Luttinger liquid’ in analogy

with ‘Fermi liquid’. The Luttinger liquid (LL) model is based on the linearization of the

energy momentum dispersion relation near the Fermi level so that the Hamiltonian can be

exactly solvable. The objective is to calculate the N-point Green functions of the given

fermionic system. Once these are obtained, one can use them to study a plethora of physical

phenomena going on in such systems.

The N-point particle (hole) Green function is the quantum overlap between two states of a

system where each state has N particles added (removed) at various locations and times. An

analytical study (as against a numerical one) of mutually interacting quantum particles is

beset with intimidate technical difficulties and various approximation techniques are used to

mitigate these problems. The obvious method that springs to mind is to expand in powers of

the interaction potential between the quantum particles. In one dimension, each term in this

perturbation series carried out in momentum space, diverges logarithmically at low momenta

(known as infra-red divergences). Moreover calculating the series up to a certain order of

the interaction potential and neglecting the higher order will be a controlled approximation

only when the interaction term is much smaller in magnitude then the rest of the terms in

the Hamiltonian (kinetic and potential energy terms). But this is not necessarily the case for

strongly correlated systems. Hence a “non-perturbative” method is called for where a fermion

field operator is expressed as a function of bosonic fields and hence called ‘bosonization’. For

translationally invariant systems, this method is well established (see e.g. Giamarchi [5]).

However the introduction of an impurity into the otherwise homogeneous system makes this

formalism, also known as ‘g-ology’ insufficient and one has to depend on renormalization

and/or numerical techniques for the computation of the correlation functions. In this work,

an alternative has been proposed which is able to provide closed formulas for Green func-

tions of translationally non-invariant systems without adhering to renormalization and other

techniques. We call this technique as ‘Non chiral bosonization technique’ or NCBT and it is

discussed elaborately in the second chapter. The present chapter is a general introduction to

this fascinating field of one dimensional physics and the theoretical tools employed for such

systems leading to the necessity of NCBT.

1.1 One dimensional systems

It has been known from Moore’s law [6] that the number of components in an integrated

chip doubles about every two years, which has led to the pursuit of finer and finer materials

and finally leading to the realization of systems which has one or more dimensions of the

order of the electron wavelength. One important category of such systems are 1D systems or

nano-wires. From the theoretical point of view, this reduced dimensionality offers interesting

2
TH-2101_146121021



Physics leading to some unique properties of the 1D systems. Novel theoretical tools and

techniques have been developed to understand these 1D systems, since the second half of the

last century. Physical realization also started appearing towards the end of the last century

which triggered the theorists to dig deeper into the physics of such wonderful systems.

1.1.1 Failure of the Fermi Liquid theory

The effect of interactions in high-dimensional (2D and 3D) fermionic systems is explained

by Landau’s Fermi liquid theory [7] which has been the centerpiece of our understanding of

interacting Fermi systems. Let us consider a system of electrons without mutual interactions.

In such a case, if an electron has to move to a different position, it can do it without any

obstruction. But if mutual interactions are introduced, then the movement of an electron

will be affected by the density of other electrons around its position. Now let us consider

electrons dressed with the density fluctuation around them and call these individual objects

as quasiparticles. The interactions preserve the total particle number, spin and momentum.

Moreover, the addition of density fluctuations around an electron are not going to affect the

fermion commutation rules. Hence the excitations which are made up of electron and density

fluctuations are also fermions with the same charge, spin and momentum. But certain other

quantities like mass, magnetic moment, etc. are renormalized to new values. In higher dimen-

sions, these quasiparticles can move more or less freely (see figure 1.1 (a)). This is the essence

of the Fermi liquid theory that the properties of the interacting fermions remain essentially

similar to those of free fermionic particles. This is however a very superficial explanation of

the theory and the actual situation is much more complicated. There exists residual inter-

actions between the quasiparticles. However, it will serve the purpose of understanding why

this theory breaks down in one dimension.

(a) (b)

Figure 1.1: (a) Quasiparticles in 2D and 3D systems which can move nearly freely. (b)
Quasiparticles in 1D which can move only collectively.

The above scenario gets completely changed in one dimension. In this case, if a quasiparticle

has to move, it has to push all the quasiparticles in front of it (figure 1.1 (b)) and thus any

individual movement is prohibited. This collectivization of excitations is the key difference

between one-dimensional and higher dimensional systems. Due to such collectivization, Fermi
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liquid theory does not work in one dimensional systems [5]. For fermions with spin, this

scenario is worse. Since only collective excitations can exist, a single fermionic excitation

has to split itself into a collective excitation carrying charge and another collective excitation

carrying spin. These excitations has to travel with different velocities and thus an electron has

to break into two elementary excitations namely holon (carrying charge) and spinon (carrying

spin). This phenomenon is called spin-charge separation and is a signature of 1D systems.

These properties are very different from those of the quasiparticles in the Fermi liquid theory.

The other alternative is to adopt a perturbative approach and expand the correlation functions

in powers of the interaction potential between the quantum particles. But in one dimension,

each term in this perturbation series carried out in momentum space, diverges logarithmically

at low momenta (known as infra-red divergences). Hence perturbative approach is also not

suitable to deal with interactions in such systems. Hence a non-perturbative technique is

called for which expresses a fermionic Hamiltonian in terms of bosonic operators to deal with

interactions in such systems.

1.1.2 Tomonaga model

Because of the failure of the Fermi liquid theory and the perturbative approach to deal

with the interactions prevailing in 1D systems, it was a challenging task at hand to solve

the Hamiltonian of such 1D correlated systems. Way back in the 1950’s Nobel laureate S.

Tomonaga suggested some approximations so that the Hamiltonian might be solvable [8].

The one dimensional fermionic Hamiltonian in presence of mutual interactions is not exactly

solvable. Consider the excitations in 1D fermionic systems. The basic approximation of

this model is that the particle hole excitations in such systems, consisting of two particle

states, are approximated as bosons based on the assertion that the wave-function of the two

fermion states has bosonic properties. This approximation is however criticized in the present

work as the the particle-hole excitations of the Fermi system that make the kinetic energy

of the Hamiltonian diagonal in these operators are not bosons even ‘approximately’ [9]. The

following Hamiltonian was considered in this model.

H = vF
∑
k,s

|k|a†k,sak,s +
1

2L

∑
k

Vk ρ(k)ρ(−k) (1.1)

where

ρ(k) =
∑
p,s

a†
p− k

2
,s
ap+ k

2
,s

where L is the length of the system and vF is the Fermi velocity. The other important

assumption, as can be seen from the Hamiltonian, is the linear dispersion relation where

energy ∼ |k| vF . The label s (= ±1) denotes spin, ρ(k) denotes the density operator and Vk

represents the mutual interactions between the particles. The basic step in the Tomonaga
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model was the division of the density operator into two parts.

ρ(k) = ρ1(k) + ρ2(k)

where
ρ1(k) =

∑
p>0,s

a†
p− k

2
,s
ap+ k

2
,s

ρ2(k) =
∑
p<0,s

a†
p− k

2
,s
ap+ k

2
,s

The full density operator ρ(k) commutes with other density operators ρ(k′) but the parts ρ1

and ρ2 do not commute with the same parts for different wave vectors. For an important

special case of k′ = −k, the commutation relations for k < 2kF come out to be the following.

[ρ1(k), ρ1(−k)] =

(
kL

π

)
[ρ2(k), ρ2(−k)] = −

(
kL

π

)
[ρ1(k), ρ2(−k)] = 0

(1.2)

The central approximation of this model is that these density operators obey the exact com-

mutation relations given as follows.

[ρ1(k), ρ1(−k′)] = δk,k′

(
kL

π

)
[ρ2(k), ρ2(−k′)] = −δk,k′

(
kL

π

)
[ρ1(k), ρ2(−k′)] = 0

(1.3)

Although the above relations are not exact, the expectation values of these commutators are

given exactly, which makes the approximation reasonable. Now the density operators ρ1(±k)

and ρ2(±k) can be expressed in terms of bosonic creation and annihilation operators such that

the commutation relations in equation (1.3) are obeyed. For positive k, they are as follows.

ρ1(k) = bk

√
kL

π
; ρ1(−k) = b†k

√
kL

π

ρ2(k) = b†−k

√
kL

π
; ρ2(−k) = b−k

√
kL

π

(1.4)
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where [bk, b
†
k′ ] = δk,k′ . Hence the interaction term in the Hamiltonian given in equation (1.1)

can now be written in terms of these boson operators as follows.

1

2L

∑
k

Vk ρ(k)ρ(−k) =
∑
k

V̄k(bk + b†−k)(b
†
k + b−k) (1.5)

where V̄k = |k|Vk
2π

. Hence the electron electron interaction terms has been represented in terms

of bosonic excitations of the electron gas. The kinetic energy term is also expressed in terms

of boson operators so that the necessary commutation relations are preserved approximately.

H0 = vF
∑
k,s

|k|a†k,sak,s ≈
∑
k

ωkb
†
kbk (1.6)

where ωk = kvF . Hence the Hamiltonian tooks the following form.

H =
∑
k

(
ωkb

†
kbk + V̄k(bk + b†−k)(b

†
k + b−k)

)
(1.7)

Thus the Hamiltonian which was quartic in the fermion basic becomes a quadratic one in the

boson basic and is exactly solvable. This is the basic idea of the Tomonaga model which was

a breakthrough in the subject of 1D interacting systems.

1.1.3 Luttinger model

A decade later after Tomonaga has proposed his model, Luttinger revived interest in the

subject and proposed his alternative model in 1963. His model is similar to the Tomonaga

model in some of its essential properties. However it has the advantage of being exactly

solvable using lesser number of approximations as compared to the Tomonaga model. The

major difference lies in the basic feature of the Luttinger model, viz. the system has two

types of fermions - right movers (having an energy spectrum given by εk = kvF ) and left

movers (having an energy spectrum given by εk = −kvF ). They are shown in figure 1.2 (a)

by the solid and dashed lines. On the other hand, in the Tomonaga model, the same kind of

particle is represented throughout the band of states. In the Luttinger model, the occupied

energy states stretches to negative infinity and hence there is an infinite number of each kind

of particles.

Designating the fermionic operator as ai,k,s where i = 1 for εk = kvF and i = 2 for εk = −kvF ,

k and s are the same as those in the Tomonaga model. The two bands are quite independent

which results in the fermion operators to anti-commute.

{ai,k,s, a†j,k′,s′} = δi,jδk,k′δs,s′ (1.8)

6
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(a) (b)

Figure 1.2: (a) Luttinger liquid model having two distinct particles with separate energy
bands. (b) Tomonaga model having one particle whose energy band is vF |k|.

The density and spin operators are defined as in the Tomonaga model as follows.

ρi(p) =
∑
k,s

a†i,k+p,sai,k,s

ρi(−p) =
∑
k,s

a†i,k,sai,k+p,s

σi(p) =
∑
k,s

sa†i,k+p,sai,k,s

σi(−p) =
∑
k,s

sa†i,k,sai,k+p,s

Hence

ρi(−p) = ρ†i (p) ; σi(−p) = σ†i (p)

The Luttinger model has the same kind of commutation relations as the Tomonaga model

given in equation (1.3) but now they are valid for all values of p (unlike p < 2kF in the earlier

model).

[ρ1(−p), ρ1(p′)] = δp,p′

(
pL

π

)
[ρ2(p), ρ2(−p′)] = δk,k′

(
pL

π

)
[ρ1(p), ρ2(p′)] = 0

(1.9)
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[σ1(−p), σ1(p′)] = δp,p′

(
pL

π

)
[σ2(−p), σ2(p′)] = −δp,p′

(
pL

π

)
[σ1(p), σ2(p′)] = 0

(1.10)

[σi(p), ρj(p
′)] = 0 (1.11)

But these commutation relations are valid under the assumption that there is an infinite

number of negative energy particles. The kinetic energy term of the Luttinger model in terms

of the fermion operators is as follows.

H0 = vF
∑
k,s

k(a†1,k,sa1,k,s − a†2,k,sa2,k,s) (1.12)

This Hamiltonian has the following commutation relations with the density and spin operators

(p > 0).

[H0, ρ1(p)] = vFpρ1(p) ; [H0, ρ2(p)] = −vFpρ2(p)

[H0, σ1(p)] = vFpσ1(p) ; [H0, σ2(p)] = −vFpσ2(p)

Using these, the kinetic energy term can be exactly represented by the operators as follows.

H0 =
πvF
L

∑
p>0

[ρ1(p)ρ1(−p) + ρ2(−p)ρ2(p) + σ1(p)σ1(−p) + σ2(−p)σ2(p)] (1.13)

The major advancement of the Luttinger model is that the restriction that the boson ap-

proximation applies only for excitations with small k is removed. The transformation to the

bosonic representation is however similar to the Tomonaga model.

ρ1(−p) = b1p

√
pL

π
; ρ1(p) = b†1p

√
pL

π

ρ2(−p) = b†2,−p

√
pL

π
; ρ2(p) = b2,−p

√
pL

π

(1.14)

σ1(−p) = c1p

√
pL

π
; σ1(p) = c†1p

√
pL

π

σ2(−p) = c†2,−p

√
pL

π
; σ2(p) = c2,−p

√
pL

π

(1.15)

The Hamiltonian (kinetic energy term) finally becomes the following.

H0 =
∑
p>0

pvF (b†1,pb1,p + b†2,−pb2,−p + c†1,pc1,p + c†2,−pc2,−p) (1.16)

8
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The density operator ρ1(p) (p > 0) represents a particle getting annihilated with momentum

k and created with momentum k + p. This operation leads to the generation of an electron

hole pair when k < kF and k + p > kF . The bosonic operator b†1p represents the summation

over all such electron hole pairs. On the other hand ρ2(p) (p > 0) takes a particle from the

occupied state k + p > kF (where k is negative) to the unoccupied state k < −kF . The

bosonic operator b†2,−p represents the summation over all such electron hole pairs.

Interaction terms, which are expressed as the product of four fermion operators or two density

operators, are dealt similar to the earlier model by using this bosonic representation and thus

converting the Hamiltonian from from quartic to quadrtic. Although the Luttinger model has

the advantage of being exactly solvable, it has the disadvantage of being unphysical since it

contains an infinite number of negative energy particles.

Mattis and Lieb [3] took the first step towards a correct solution of this model of interacting

1D fermions proposed by Luttinger [2]. This was followed by the contributions from Schotte

and Schotte [10], Luther and Peschel [11], Heidenreich [12], Haldane [4] and many more and

finally nurtured to maturity by Haldane [4, 13].

1.1.4 Physical realizations

One dimensional systems started gaining interests among the researchers because of its unique

properties which are drastically different from those of higher dimensional systems. From the

theoretical point of view, it was definitely an interesting problem to solve the 1D interacting

Hamiltonian by transforming it from the fermionic basis to a bosonic one. But it did not

remain merely of theoretical interest for long. With the advent of nano-fabrication techniques,

physical realizations of one dimensional systems were made possible. In the recent decades,

we have witnessed an explosion in the realization of real 1D systems.

Ishii et al. [14] have shown that at low temperatures single walled carbon nanotubes shows

Tomonaga-Luttinger liquid behavior. Auslaender et al. [15] measured the collective exci-

tation spectrum of interaction electrons in 1D by controlling the energy and momentum of

electrons tunneling between two closely spaced, parallel quantum wires thereby measuring

the conductance. Besides there are other examples of physical realizations of isolated one

dimensional systems like Josephson junction arrays [16], edge states in quantum hall systems

[17] and ultra cold atoms in 1D [18]. Besides with the progress of material science, it has

been possible to realize bulk materials with 1D structures inside. The prominent examples

in this regard are organic super-conductors [19] and spin ladder sytems [20]. The Luttinger

liquid model plays a crucial role in the study of these systems.

Hence 1D systems are no more mere toys for the theoreticians to play with. They hold a

promising future in terms of technology and it is of extreme importance to understand the

9
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underlying physics of these systems and an attempt to do the same has been done in the

present work.

1.2 Bosonization

In the previous section, we have seen how transforming a Hamiltonian from the fermion basis

to a bosonic one makes it exactly solvable. This is because of the fact that the interaction

term, which is quartic in terms of fermionic operators, becomes quadratic when expressed in

terms of bosonic operators and is trivial to diagonalize. Bosonization refers to the process of

expressing a fermion operator in terms of bosonic operators. Over the years, it has become

the most prevalent method to tackle strongly correlated electrons in 1D systems. In this

section we provide a detailed history of the subject of 1D many body physics in general and

bosonization in particular. This will be followed by a brief description of the formalism of

standard bosonization.

1.2.1 History of bosonization

The idea of Bosonization was comprehended somewhere around the later part of the 20th cen-

tury by particle physicists Sidney Coleman and Stanley Mandelstam and also independently

by the condensed matter physicists Daniel Mattis and Alan Luther. Coleman has drawn a

parallel between the massive Thirring model and the Sine Gordon theory by showing that the

fermion Green’s function has an independent description in terms of bosonic variables [21].

On the other hand, authors like Luther and Mandelstam took another step in this regard by

remarking that the Fermi field operator itself can be expressed in terms of bosonic variables.

The subject line of bosonization started somewhere along these lines.

The present work aims to apply bosonization techniques to deal with different types of one

dimensional systems with interacting fermions, or better called as the ‘Luttinger liquid’. The

subject has a long history of wide variety of work done and it is of utmost importance to have

a note of the related work done so that one can appreciate the importance and novelty of the

current research.

Before 1990

One dimensional systems grabbed a lot of attention in the second half of the last century

owing to its peculiar properties. As early as 1950, S. Tomonaga was able to show that an

assembly of Fermi particles in one dimension can be described by a quantized field of sound

waves in the Fermi gas, where the sound waves obey Bose statistics [1]. Later in 1963,

essential achievements to this model was reflected in the work of Luttinger [2] and a couple
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of years later, Mattis and Lieb provided an exact solution to this model [3]. A few years

later, Schotte and Schotte [10] first introduced a bosonic representation of a fermion field at

a single point (ψη(x = 0) ∼ e−iφη(x=0)) to calculate x-ray transition rates. In the year 1974,

this bosonic representation was extended from a single point to arbitrary x (ψη(x) ∼ e−iφη(x))

simultaneously by Mattis [22] and by Luther and Peschel [11]. A year later, Heidenreich et

al. [12] made this description complete by introducing the number-lowering Klein factors.

However, the explicit construction of the Klein factors in terms of bare fermionic operators

was described by Haldane in the year 1979 [13].

On the other hand, there were others like Dzyaloshinskii and Larkin [23] who tackled the

problem directly in the fermionic representation, which is considered a remarkable calculation

in dealing with the divergences of the perturbative approach. Similarly, there were other

works in the 70’s carried out by Anderson, Zawadowski and Solyom. [24, 25] who tackled the

problem in the fermionic representation and used renormalization group methods to extract

the main singularities from the perturbation theory and sum them. These approaches are

much more difficult as compared to bosonization, which is the easier alternative to do the

same.

Efetov and Larkin in the year 1975 [26] found the correlation functions of a 1D Fermi gas

with an infinitely strong attraction and showed that acoustic excitations make the major

contribution to the formation of the singularities of these correlation functions. On the other

hand, in the year 1979, the classical reviews by Emery [27] and Solyom [28] discussed the

use of renormalization group (RG) to treat the singularities that occurs when treating the

1D interaction problem perturbatively. Finally in the year 1981, Haldane laid the foundation

of modern bosonization in his famous work [4] where the term ‘Luttinger liquid’ was coined.

Erik and Herman in 1987 studied the bosonization of chiral fermion theories on arbitrary

compact Riemann surfaces and expressed the fermionic and bosonic correlation functions in

terms of theta functions and proved their equality [29]. In 1988, Lee and Chen applied a new

bosonization procedure, based on an exact method of functional integration, to one dimen-

sional Tomonaga-Luttinger model with forward scattering and got around the conventional

procedure where the fermion field operator is represented by charge and spin density(bosonic)

fields [30].

1990-2000

Kane and Fisher in 1992 dealt with the problem of transport in a one-channel Luttinger

liquid through a weak link where they discussed that the sign of interactions between the

particles (attractive or repulsive) has a role to play in their transport [31]. The same authors

in the same year studied resonant tunneling in an interacting one dimensional electron gas

through a double barrier structure, where they found some striking differences in terms of

temperature dependence on resonance as compared to the non-interacting case [32]. S. Eggert
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et al. in the same year studied how an isolated impurity affects the low energy properties

of a half-odd-integer-spin Heisenberg anti-ferromagnetic chain and tried to bring analogies

with the Kondo effect [33]. A year later, Matveev et al. [34] used a simple renormalization

group method to study conductance of a weakly interacting electron gas in 1D in the presence

of an impurity of arbitrary strength. Fabrizio and Gogolin in 1995 extended the Haldane’s

Luttinger liquid description to a one dimensional interacting electrons with open boundary

conditions and analyzed how presence of boundaries modifies various correlation functions

[35]. Whereas Leclair et al. showed that a single impurity in the one dimensional Luttinger

model creates a local modification of the charge density analogous to the Friedel oscillations

[36]. In the same year Schmitteckert et al. studied spinless fermions on a ring with near-

est neighbor interactions along with a disorder using density matrix renormalization group

algorithm [37]. The theoretical prediction of Kane and Fisher (1992) was later confirmed

in 1997 by Qin, Fabrizio and Yu by analyzing the finite size scaling behavior of low energy

spectrum. In this paper, they numerically investigated the behavior of a single impurity in

a one-dimensional Luttinger liquid by means of density matrix renormalization group [38].

Furusaki in 1997 revisited the orthogonality catastrophe in a Tomonaga Luttinger liquid with

an impurity where the dimensionless conductance or interaction parameter, g=1/2 [39].

Mattsson et al. used Bosonization techniques to calculate the exact finite temperature

single electron Green’s function of a spinful Luttinger liquid confined by open boundaries,

besides constructing and analyzing the corresponding local spectral density [40]. A. Komnik

et al. calculated the Fermi edge singularity exponent for correlated electrons in one dimension

in addition to studying a dynamic k-channel Kondo impurity via Abelian bosonization [41].

M. Bockrath et al. in 1998 studied the Luttinger liquid behavior in carbon nano-tubes and

found that the conductance and differential conductance scale as power laws with respect to

temperature and power voltage respectively [42]. V. Fernandez et al. in 1999 extended the non

local version of Coleman’s equivalence between the Thirring and sine-Gordon models to the

case in which the original fermion fields interact with fixed impurities [43]. Y. L. Liu in 2000

treated backscattering of electrons on an impurity in a one dimensional interacting spinless

electronic system using bosonization and phase shift representation, where they showed that

the correlation exponents of the system depend on a phase shift induced by back scattering

[44]. Whereas Schönhammer et al. in the same year studied the boundary effects on one

particle spectra of Luttinger liquids using variety of models [45].

2000-2010

Fernandez and Na’on in 2001 introduced a path integral approach that permits the calcula-

tion charge density oscillations in a Luttinger liquid with impurities and obtained an explicit

expression for the envelope of Friedel oscillations in the presence of arbitrary electron-electron
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potentials [46]. Meden et al. computed the flow of renormalized impurity potential for a single

impurity in a Luttinger liquid over the entire energy range from the microscopic scale of a lat-

tice fermion model down to low energy limit [47]. Cazalilla in 2002 put an effort to study the

ground state properties and low lying excitations of longitudinally confined interacting bosons

by extending Haldane’s harmonic fluid description to open boundary conditions. He obtained

the momentum distribution, boson density and one particle density matrix for finite size and

boundary effects, besides finding Friedel oscillations in the density [48]. In the same year,

Meden et al. presented the influence exerted by an impurity in the electronic properties of a

Luttinger liquid by using fermionic renormalization. They concluded that for large systems

the low energy properties close to the impurity are as if the chain is cut into two pieces with

open boundary conditions at the ends [49]. A year later, the same authors coupled an inter-

acting nano-wire containing an impurity to non interacting semi infinite leads and studied the

conductance G using a functional renormalization group method. Their results have shown

excellent agreement with the analytically known scaling function at Luttinger liquid parame-

ter K=1/2 and numerical density matrix renormalization group data [50]. Anfuso and Eggert

in 2003 studied Luttinger liquid in a finite one-dimensional wire with box like boundary con-

ditions by considering local distribution of a single particle spectral weight. They remarked

that for the non-interacting case, the probability of extracting a single electron at a given

place and energy can be interpreted as the square of the electron-wavefunction, whereas for

the interacting case the wavefunctions obtain additional structure with sharp depletion near

the edges and modulations throughout the wire [51]. In the same year, T. Stauber studied

the Tomonaga Luttinger model with impurity by means of flow equations for Hamiltonians,

where he formulated the system within collective density fluctuations, restricting himself from

the use of bosonization formulas [52]. In 2004, Andergassen et al. improved the functional

renormalization group (fRG) for impurities and boundaries in Luttinger liquids by including

renormalization of the two particle interaction, in addition to renormalization of the impurity

potential. Besides these, they also derived explicit flow equations for spinless lattice fermions

with nearest neighbor interaction at zero temperature and also presented a fast algorithm

to solve the same [53]. Grishin et al. used a functional integral formalism to find the ex-

act representation of the electron Green function of the Luttinger liquid in the presence of

a back-scattering impurity in the low-temperature limit, which allowed them to reproduce

results for the suppression of electron local density of states at the position of impurity and

for the Friedel oscillations at finite temperature [54]. In the same year, Nishimoto and Jeck-

elmann presented a dynamic density matrix renormalization group approach to the spectral

properties of the quantum impurity problems [55].

In 2005, Enss et al. studied transport through a one dimensional quantum wire of correlated

fermions connected to semi infinite leads. The wire contains either a single impurity or

two barriers, the latter allowing for resonant tunneling and using functional renormalization

group they calculated the linear conductance of wires of mesoscopic length and for all relevant
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temperature scales [56]. The same group in the same year studied resonant tunneling in a

Luttinger liquid with a double barrier enclosing a dot region.They showed the variation of the

conductance G as a function of temperature T within a microscopic model calculation [57]. A

year later, K. Kamide et al. studied the scaling of a single impurity potential in a Tomonaga-

Luttinger liquid for arbitrary impurity strength and introduced the boson representation for

the electron field operator including a phase shift by the impurity scattering [58]. R.Gezzi

et al. in 2007 extended the concept of functional renormalization for quantum many body

problems to non-equilibrium systems. They handled both stationary and time-dependent

situations by using suitable generating functional based on the Keldysh approach and thus

deriving a system of coupled differential equations for the m-particle vertex functions [59].

Jacobs et al. proposed a non-equilibrium version of functional renormalization within the

Keldysh formalism by introducing a complex valued flow parameter in the Fermi or Bose

functions of each reservoir and applied to non equilibrium transport through an interacting

quantum wire [60]. Trushin et al. calculated the tunneling density of states for a Tomonaga-

Luttinger liquid placed under a strong bias voltage and calculated both equilibrium and

non-equilibrium tunneling exponents and observed their differences [61]. The single impurity

problem in a spinful Tomonaga-Luttinger liquid is studied numerically by Hamamoto et al.

using Monte Carlo methods through which they could analyze charge and spin conductance in

the non perturbative regime [62]. In 2009, Kamide et al. developed a bosonization technique

to treat an impurity which can not only connect the ones for the strong and weak impurity

limits but reproduce exact scaling equation for the transmission probability in the weak two

body interaction limit [63].

2010 onwards

Gutman et al. in 2010 developed a Bosonization technique for one dimensional fermions out

of equilibrium in the framework of Keldysh action formalism. They employed the technique

to study an interacting quantum wire attached to two electrodes with arbitrary energy dis-

tributions [64]. Galda et al. took into account the influence of electron phonon coupling

on electron transport through a Luttinger liquid with an embedded weak scatterer or weak

link [65]. The Luttinger liquid theory which has served as the paradigm for one dimensional

systems in presence of interactions is based on linearization of the dispersion relations of the

constituent particles. Beyond the low energy limit, the non linearity becomes essential and

Imambekov et al. in 2012 used novel methods to tackle these systems which includes ideas

from Fermi edge singularity and Fermi liquid theory, perturbation theory, etc and thus studied

1D quantum fluids beyond the Luttinger paradigm [66]. On the other hand, Rozhkov in 2014

demonstrated that a suitable fine tuning of the interaction between the fermions can stabilize

a state in one dimension, which is neither similar to Fermi liquid nor to Luttinger liquid,

which they called quasi Fermi liquid [67]. In 2012, Atland et al. presented a paradigmatic

picture of an impurity in a Luttinger model, alternative to Kane and Fisher [31] picture. They
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addressed the problem of a Luttinger liquid with a scatterer the allows for both coherent

and incoherent scattering channels [68]. The same group in 2015 found that this model is

qualitatively different from the elastic impurity set-up analyzed by Kane and Fisher [31] and

also from the inelastic scattering studied by Furusaki and Matveev [69]. Thus they proposed

a paradigmatic picture of Luttinger liquid where they extensively studied the renormalization

group flows for this problem, the fixed point landscape, and scaling near those points [70].

More recently in 2015, Protopopov et al. explored the weak-strong-coupling Bose-Fermi dual-

ity in a chiral Luttinger liquid with non linear dispersion of bosonic and fermionic excitations.

They used bosonization, a unitary transformation and a refermionization to map the system

onto that of weakly interacting bosons at high temperatures and weakly interacting fermions

at low temperatures [71]. Besides quantum impurity problems, another class of interesting

problems in 1D constitutes the disordered systems where if the degree of randomness is suf-

ficient, it leads to Anderson localization [161–165]. Enormous work has been done on these

subjects of ‘Luttinger liquids’ and ‘bosonization’ and our survey of the literature is in no way

exhaustive. Nevertheless it manages to give an idea of how the subject was started as well as

its progress in the last seventy years or so.

1.2.2 Formalism

Bosonization, as the name suggests, is an attempt to recast theories involving entities which

are not bosons in terms of bosons. It is generally used for fermionic fields (it is also possible

to recast bosons in terms of other bosons) which are expressed as functions of bosonic fields

that are typically bilinears of the original fields. This is not merely a scrupulous activity, but

has proven to be extremely useful in studying intercting fermions in a 1D system, which is

otherwise intractable when formulated in terms of fermions. The Fermi field ψη is expressed

as an exponential of a bosonic field φη as ψη ∼ Fη e
−iφη . This is analogous to the polar

representation of a complex number. Here Fη is the Klein factor which maintains the number-

conservation rule. The formalism of bosonization is user-friendly once the bosonization rules

are understood. More than half a century of progress made on this subject, including works

of Tomonaga [1], Luttinger [2], Mattis and Lieb [3], Luther and Peschel [11], Heidenreich [12],

Haldane [4] and many others, has resulted in a bifurcation of bosonization into two somewhat

different approaches which has been discussed in the elaborate paper by Delft et al. [72].

Both these approaches, viz., constructive bosonization and field theoretical bosonization, has

been briefly discussed here.

1.2.2.1 Field theoretical bosonization

This has become the most widely used approach to bosonization because of its simplicity, one

famous example using this approach is that of Kane and Fisher [31]. One starts by defining

the boson fields φη(x) which obeys a set of prescribed properties. Using field theoretical tools,
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the commutation relations are calculated for these bosonic fields which are usually defined for

a system of infinite size. This is followed by the calculation of Green’s functions of e−iφη(x)

and eiφη(x), which turns out to be identical to those of the fermion fields ψη(x) and ψ†η(x).

Hence a formal correspondence between the two was suggested of the form given as follows.

ψη(x) ∼ Fηe
−iφη(x) (1.17)

The factor Fη is the so-called Klein factors which ensures that appropriate commutation rules

are obeyed by the Fermi fields expressed in terms of bosonic fields ({ψη, ψ†η′} = δη,η′). The

field theoretical approach, which is also adopted in the present work, demonstrates sufficiently

well that bosonization can be used to study interacting 1D systems. However, there is no

clarification as to why it works. The answer to this is provided by the more rigorous approach

to bosonization called the ‘constructive’ approach which is briefly discussed in the next sub-

section. The bosonic field φη(x) and the Klein factor Fη do not appear naturally from first

principle. They rather seem to be mere auxiliary quantities introduced and their properties

fine tuned to get things done. In other words, the way of expressing a Fermi field operator

in terms of bosonic variable as shown in equation (1.17) appear to be somewhat an arbitrary

co-incidence though demonstrably true and useful. Hence for a better understanding it is

necessary to dive deep into the more fundamental way of doing bosonization which is the

constructive approach [72].

1.2.2.2 Constructive bosonization

The constructive approach to bosonization is more rigorous as compared to the field theo-

retical approach and it justifies the fundamentals of the latter approach. It was used in the

remarkable works of Mattis and Lieb [3], Luther and Peschel [11], Emery [27], while Hal-

dane gave a proper shape to it in his famous work [4]. The formalism starts with the second

quantized expression of the Fermi field as follows.

ψη(x) =

√
2π

L

∑
k

e−ikxck,η (1.18)

Here L is the size of the finite system which quantizes the momenta. Thus the Hilbert space

consists of a countable set of states which is crucial in this approach. All further operators and

fields are constructed explicitly and naturally in terms of these initially given ck,η-operators.

This approach is described in details in the excellent article by Delft et al. [72]. It is possible

to derive the entire formalism of bosonization at a most elementary level as a set of operator

identities in Fock space using standard operator identities (e.g. Baker-Hausdorff lemma) to

manipulate functions of the ck,η-operators. Since all the ingredients of this approach are

constructed explicitly from the ck,η’s, their physical meaning is clear. For example, ∂φη(x)

represents local density fluctuations of the Fermi sea for a fixed total fermion number and
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Fη lowers the total number of η-fermions by one. On the other hand, in the field theoretical

approach, the Fock space of states being not explicitly defined, the relation given in equation

(1.17) merely has the status of a Fermi Bose correspondence. For example, the Klein factors

Fη is considered merely as a tool to ensure anti-commutation rules ignoring the fact that it

also lowers the number of η-electrons. This is necessary to balance the number of particles on

both sides of the equation (1.17) as the LHS is an annihilation operator and the exponential

term of the RHS is number conserving.

Most importantly the constructive approach also explains why it is possible at all to represent

a fermionic field in terms of bosonic fields - which is the essence of any kind of bosonization.

Consider the Fermi ground state |~0〉0. The state ψη|~0〉0 turns out to be an eigenstate of

the bosonic operators bqη from which the bosonic field φ = −
∑

q>0

√
2π
qL

(e−q(ix+a/2)bqη + h.c)

is constructed. Hence the Fermi state ψη|~0〉0 must have a coherent state representation in

terms of these bosonic operators b†qη’s and this turns out to be ∼ Fηe
−iφη(x)|~0〉0. Hence the

constructive approach reveals the trick that makes bosonization works [72]. However for

practical usage, one can adopt the field theoretical approach to yield correct results and rely

on the constructive approach for connecting the dots.

1.3 Impurity in a Luttinger liquid

While the peculiar nature of mutual interaction makes one dimensional systems unique, this

specialty is further enhanced by the response to an external impurity introduced into such

systems. It turns out that the relevance of a local impurity depends on the sign of interaction

(attractive or repulsive) between the constituent particles of a one dimensional system. This

was discussed in the seminal paper by Kane and Fisher [31]. As has been emphasized in the

present work that the standard bosonization methods are not sufficient in the study of im-

purities in 1D systems, although they are necessary. They require additional field theoretical

techniques like renormalization group or numerical techniques like DMRG, Monte-Carlo, etc.

These are briefly described below. The main advantage of non chiral bosonization technique

is that it can easily tackle certain classes of impurities in 1D systems without adhering to

such additional methods.

1.3.1 Renormalization group

Renormalization group or RG methods has been used extensively in the last few decades

to study fundamental interactions at the microscopic scale, whose otherwise straightforward

quantum field theoretical treatment would result in infinities. The perturbative treatment of

interacting electrons in 1D is one such example which is plagued with divergences. The RG

approach aims to extract the main singularities from the perturbative expansion and sum
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them. The basic idea of this approach is to formulate an effective Hamiltonian (or action)

which would capture the low energy physics of a system. In other words, it relates the original

problem to another which will be easier to solve, provided the low energy physics of both are

identical [5].

If one adopts the Kadanoff and Wilson formulation [73, 74], one starts by writing the partition

function of the system.

Z =
∑

all states

e−βH =
∑

all states

e−S

where H is the Hamiltonian, β is inverse temperature and S is the action which typically

contains degrees of freedom at wave-vectors up to certain cutoff Λ. As described above,

the goal is to reformulate this action and retain only those degrees of freedom which are

in the vicinity of |k| = kF . Consider a cut-off dependent action S(Λ). The first task is to

eliminate all degrees of freedom between Λ and Λ/s where s > 1 and obtain a new action

S(Λ = Λ/s). This is followed by a “scale change” k → sk which brings the cut-off back to its

original value and a new action S(Λ) is obtained. The coupling constants are now changed

because of the degrees of freedom being integrated out. A value of s infinitesimally close to

unity is chosen and the first two steps are performed iteratively. This eventually leads to

differential equations for the couplings, which may be integrated in favorable situations until

all non-interesting degrees of freedom (high momentum modes) have been eliminated [75].

The RG approach has been crucial in dealing with impurities in a Luttinger liquid. The

famous examples in this regard will be Kane and Fisher [31], Matveev et al. [34], Andergasses

et al. [53], etc. Kane and Fisher adopted an RG transformation which integrated out higher

frequencies from the action of a Luttinger liquid with an impurity and then rescaling the

frequency, leaving the action invariant. They treated the impurity as a perturbation in two

extreme limits - weak barrier and weak link and predicted the two famous phenomena -

‘cutting the chain’ and ‘healing the chain’ [31]. These phenomena are also endorsed by

NCBT without using any RG techniques. Matveev et al. [34] used a simple renormalization

technique to study conductance of a Luttinger liquid in presence of an impurity of arbitrary

strength. Their formalism could take into account backward scattering as well but it could

only deal with weak mutual interactions. Andergassen et al. [53] improved the functional

renormalization group (fRG) for impurities and boundaries in Luttinger liquids by considering

renormalization of both the two-particle interaction and the impurity potential. These studies

lead to really intricate calculations which are beyond the scope of the present work - whose

sole aim is to promulgate an easier alternative which is described in the next chapter.

1.3.2 Numerical methods

While analytical methods used to study Luttinger liquids confronts technical difficulties, which

are taken care by adopting various approximation schemes, there were others who tried to
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study the same problem using numerical methods. Prominent among them are density matrix

renormalization group, Monte Carlo, finite size scaling, etc.

Density matrix renormalization has been the method of choice for the numerical studies in

1D systems. When it comes to calculation of the correlation functions, there are some funda-

mental differences owing to the energy band structures of the systems. For gapped systems,

the correlation functions decay exponentially with the distance while correlation functions of

gapless models decay algebraically with distance [76]. DMRG is used to optimize the ansatz

wavefunctions called as Matrix Product States (MPS) and thus obtaining the correlation func-

tions. But matrix product states are proven useful only for describing the ground states of

gapped local Hamiltonians [77–79]. Every ground state of a gapped Hamiltonian in 1D can be

approximated by a tensor network state to arbitrary precision [80]. But M. Andersson et al.

investigated the convergence of DMRG for gapless systems in thermodynamic limit [81]. They

concluded that when DMRG is used to study a gapless systems of free fermions it gives the

wrong particle-hole and density density correlation functions. The expected correlation func-

tions must decay algebraically but the ones obtained from DMRG decay exponentially. The

difficulty in studying gapless systems using DMRG is that convergence is tough to achieve.

Some remedies such as increasing the number of DMRG sweeps, working with finite sized

systems are adopted to mitigate the problems.

The other numerical method frequently used to study Luttinger liquid is Monte Carlo. The

conductance of Luttinger liquids with impurities has been studied using Monte Carlo simu-

lations [62, 82, 83]. On the other hand, the finite size scaling method is a way of extracting

values for certain exponents (like correlation function exponents) by observing how measured

quantities vary as the size L of the system studied changes. Kawakami et al. [84] used this

method in a 1D fermionic system and studied the low energy behavior, thereby obtaining

exact formulas for correlation exponents. Qin et al. [85] analyzed the finite-size scaling be-

havior of the low energy spectrum of a Luttinger liquid with an impurity and confirmed the

theoretical prediction of Kane and Fisher [31] both for attractive and repulsive interactions.

1.4 Summary

In this chapter, a general introduction to the field of one dimensional fermionic systems is

given. Due to the collective nature of excitations in these systems the Fermi liquid theory

fails, which led to an alternative that goes by the name ‘Luttinger liquid theory’. The basic

idea was to express a fermionic Hamiltonian in terms of bosonic variables - a process called

bosonization which started with the path breaking works of Tomonaga, Luttinger, Mattis

and Lieb, Luther and Peschel, etc. and given a final shape by Haldane. A detailed history of

bosonization is provided along with a brief description of the formalism. The physical realiza-

tions of such 1D systems have triggered interests among the researchers and various numerical
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and analytical approaches are developed in the recent decades to explain the physical prop-

erties of such systems. On the other hand, the introduction of impurities into these systems

leads to interesting physics described in the seminal work of Kane and Fisher. However, the

conventional bosonization methods are insufficient to yield the full Green functions of such

inhomogeneous 1D systems with an impurity of arbitrary strength without adhering to other

methods like renomalization group. Hence we demonstrate a new way of doing bosonization

which can provide the Green functions of a certain class of strongly inhomogeneous systems

without using additional methods.

20
TH-2101_146121021



Chapter 2

Methodology

This chapter describes the technical aspects of the non chiral bosonization technique (NCBT)

which has been introduced and used throughout the work. NCBT uses a field theoretical

approach of doing bosonization where a fermion field operator is expressed as an exponential

of a bosonic field. The basic necessity for the development of NCBT is that the non-local

Fermi-Bose correspondence used in the standard bosonization techniques (also known as ‘g-

ology’ methods) is suitable to study only homogeneous systems or a half line. For anything

in between these two extremes, the g-ology techniques become insufficient and have to rely

on other techniques like renormalization group or other numerical techniques like Density

matrix renormalization group (DMRG) or Monte Carlo (MC), etc. But NCBT uses a version

of field operator which is ideally suited to study the inhomogeneous Luttinger liquids and

can produce the asymptotic Green functions of such systems. Before going to the formalism

of NCBT in details, it is important to illustrate the shortcomings of the g-ology methods so

that one can appreciate the necessity of a novel formalism.

2.1 Critique to g-ology based chiral bosonization

The conventional approach to bosonization (which is discussed in Giamarchi’s book [5]) in-

vokes the Dirac equation in 1+1 dimension with chiral ‘right -movers’ and ‘left-movers’. It

uses the plane wave basis to study one dimensional systems with translational symmetries.

It is undoubtedly a remarkable achievement in calculating the N-point correlation functions

of one dimensional interacting systems, where the well established Fermi liquid theory and

perturbation theory fails.

But difficulties arise when we use the same approach to deal with systems that are transla-

tionally non invariant, e.g. systems with a boundary or a system with an impurity in it. The

conventional bosonization technique requires a combination of renormalization group along

with bosonization/refermionization techniques, but unable to obtain a closed formula for the
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Green’s functions for such systems. Moreover there are certain other aspects of this technique

which needs to be rectified and this is exactly what NCBT does.

Coleman, way back in the 70’s [21] , showed that the fermion Green function of the Thirring

model has an independent description in terms of bosonic variables. On the other hand,

physicists like Luther and Mandelstam [86] asserted that the Fermi field operator itself can

be expressed in terms of bosonic variables. This assertion is quite stronger and is used

by researchers in condensed matter physics to generate Hamiltonians of fermions in one

dimensional systems. They claim this to be advantageous as the interaction Hamiltonian

remains quadratic in the boson basis (unlike quartic in the fermion basis) and is thus triv-

ial to diagonalize. But as a matter of fact, the particle hole excitations of the Fermi sys-

tem that make the kinetic energy diagonal in these operators are not bosons, thus making

the term bosonization a misnomer. The conventional bosonization treats the kinetic energy

(K =
∑

k εkc
†
kck =

∑
p>0 vF p b†p,Rbp,R +

∑
p>0 vF p b†p,Lbp,L + constant) as an operator iden-

tity whereas it is just a mnemonic for generating the correlation functions. To overcome these

issues, an alternative was proposed (in the book ‘Dynamics of classical and quantum fields’

[9]) involving an action for fermions in terms of hydrodynamic variables and a prescription

for generating the propagator of fermions that potentially also allows one to go beyond the

linear dispersion approximation and also the random phase approximation.

T. Giamarchy in his book ‘Quantum Physics in one dimension’ [5] proposes the following

formula for the field operator (Luther Haldane construction).

ψ†r(x) = lim
ε→0

ψ†r(x; ε) = lim
ε→0

1√
2εL

e−ir(kF−
π
L

)xeiφ
†
r(x,ε)+iφr(x,ε)U †r (2.1)

where r = ± corresponding to right and left movers, and

φr(x, ε) = −πrx
L
Nr + i

∑
p 6=0

(
2π

L|p|

) 1
2

e−
Lε|p|
2π Y (rp)bpe

ipx

In equation (2.1), the matrix elements of the right-hand side is not equal to those of the

field operator. Although Coleman in his paper on the equivalence of the massive Thirring

model and Sine Gordon equation [21] has shown that the Green’s functions comes out right

in both the cases, no such remark has been made on the correctness of the Field operator.

Thus the g-ology program which involves a literal interpretation of the Luther construction is

not supported very well. Replacing the operator description by a path integral version based

on Hubbard-Stratanovich transformation, as preached in some literature, may make things

appear admissible, but it leads to the manipulation of infinities under the name of ‘normal

ordering’. Moreover, Coleman’s assertion that ψ̄γµψ ≡ − β
2π
εµν∂νφ is a mere analogy because

the left hand side is a Grassman number and the right hand side is a real number and they

can at most be equivalent to each other.
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The central point of all the above discussion lies in the assertion that the Luther Haldane

construction given by equation (2.1), which is the backbone of standard bosonization, is

not necessarily an operator identity but rather a mnemonic for generating the correlation

functions. This distinction may seem scrupulous at first glance but its consequences are

far reaching. An operator identity is universal and absolute (model independent) whereas a

mnemonic can be model dependent and ad-hoc. Moreover a mnemonic can be modified under

certain circumstances, which gives the liberty of inserting additional terms into the bosonic

representation of the field operator and this is at the heart of the present work. After all,

the field operator in itself does not make much of physical sense, but it is rather a means to

obtain the correlation functions of the given system - which is the goal of this work.

Using Haldane’s harmonic analysis (HHA) of the field operator, the density operator can be

expressed in terms of the slow and rapidly varying parts as follows.

ρ(x, t) = ρ0 + ρ̃s(x, t) + ρ0 e
2ikF x e2πi

∫ x
−∞ dy ρ̃s(y,t) + ρ0 e

−2ikF x e−2πi
∫ x
−∞ dy ρ̃s(y,t) (2.2)

Here ρ̃s(x, t) is the slowly varying part of the density fluctuation while the rapidly oscillating

parts are given as follows.

ρf (x, t) = ρ0 e
2πi

∫ x
−∞ dy ρ̃s(y,t)

ρ∗f (x, t) = ρ0 e
−2πi

∫ x
−∞ dy ρ̃s(y,t)

(2.3)

Consider the fast part of the density density correlation function that oscillates as e2ikF (x−x′).

< ρf (x, t)ρ
∗
f (x
′, t′) >HHA= e2ikF (x−x′) < e2πi

∫ x
−∞ dy ρ̃s(y,t)e−2πi

∫ x′
−∞ dy′ ρ̃s(y′,t′) >

(2.4)

This quantity can be trivially calculated using the Wick’s theorem as follows.

< ρf (x, t)ρ
∗
f (x
′, t′) >Wick′s= − < ψL(x′, t′)ψ†L(x, t) >< ψR(x, t)ψ†R(x′, t′) > (2.5)

In absence of mutual interactions all the quantities present in the RHS of equations (2.4)

and (2.5) can be obtained trivially using Fermi algebra. It is observed that for a homoge-

neous system, both these equations give the same results. But the introduction an impurity

(let’s say a delta potential) leads to non-trivial exponents in the RHS of equation (2.4) while

those of (2.5) continue to be trivial. This tells conclusively that this harmonic analysis is not

suitable to study inhomogeneous systems. Moreover, the assertion in equation (2.2) can’t be

declared as an operator identity either, because the associated algebra makes sense in the

limit ρ0 → ∞ and in this limit none of the operators are meaningful. Thus it can be said

that both Luther’s construction and Haldane’s harmonic analysis of the field operator are at

best only mnemonics for the correlation functions and it should be forbidden to use them as

operators to construct Hamiltonians. So in summary, the critique to the conventional schemes

of bosonization can be presented as the the following set of judgemental characterizations in
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order.

1. Preposterous: Although the Fermi field operator has an expression in terms of bosons

constructed out of Fermi bilinears and Klein factors, we are unable to find a proof in the

existing literature that the matrix elements of the non-local combination of bosons is equal

to the corresponding matrix elements of the field operator.

2. Plausible but still untrue: It was never been proven that equal-time number conserv-

ing products of Fermi fields can be expressed in terms of Fermi bilinears that are bosonic in

character. Merely showing that the propagator comes out right is not enough, but instead all

the matrix elements must come out right.

3. Possible fact: N-point functions have a non local integral representation involving com-

muting variables that may be simply related to Fermi bilinears such as current and densities

[9].

To circumvent the problems associated with the conventional chiral bosonization, it is manda-

tory to declare the bosonization formulas as mnemonics to generate the N-point correlation

functions rather than treating them as operator identities. Mnemonics are not mandated

to be universal, unique and model independent. This gives the freedom to modify the field

operator, expressed in terms of currents and densities, accordingly so that the Green func-

tions of free fermions plus impurities comes out correctly - a quantity which is not obtainable

using the standard chiral bosonization alone. This is the essence of Non chiral bosonization

technique - a novel way of doing bosonization. In the next section, this whole procedure of

this method, from writing the Hamiltonian to obtaining the correlation functions is discussed.

2.2 Working procedure

The central goal of this work is to obtain closed analytical expressions of the correlation

functions of one dimensional system of electrons in the presence of certain sources of inhomo-

geneities like a cluster of impurities. This is done using the powerful tool, namely Non chiral

bosonization, which explicitly makes use of the translationally non-invariant single particle

wave functions. In this section the whole procedure of doing the same has been discussed,

giving due importance to the formalism of NCBT. To provide a bird-eye view of the procedure

a flow chart has been provided in the figure 2.1.

2.2.1 Single particle Green’s functions

Consider a one dimensional system of length L (L → ∞) which extends from −L to L with

an impurity (lets say a delta potential) at the origin. A more general version of this potential,

viz. a cluster of impurities consisting of delta potentials, potential barriers/wells, etc. is taken
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Figure 2.1: NCBT flow-chart: Schematic diagram showing the different steps of the present
work from starting to end.

into account in the next chapter. The first task is to calculate the two point Green function

of this system in absence of mutual interactions using the standard Fermi algebra.

Calculating the wavefunctions

Considering an impurity in a 1D system [31, 34, 52] modelled as delta potential of strength

V0, the Schrödinger equation reads as follows (note that Ψ represents wavefunction and ψ

represents fermionic opertor).

− ~2

2m

d

dx
Ψ(x) + V0δ(x)Ψ(x) = EΨ(x) (2.6)

This can be solved using elementary knowledge of quantum mechanics, which leads to two

normalized sets of wave-functions, one with the propagation starting from the left and moving

towards right (ΨR) while the other with that starting from the right and moving towards left

(ΨL) .

ΨR(x) =

 A1e
ikx +B1e

−ikx

A2 e
ikx

−L/2 < x < 0

0 < x < L/2
(2.7)

ΨL(x) =

 D1 e
−ikx

C2e
ikx +D2e

−ikx

−L/2 < x < 0

0 < x < L/2
(2.8)
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where,

A1 = D2 =

√
1

L

B1 = C2 =

√
1

L

− imV0

k~2(
1 + imV0

k~2

)
A2 = D1 =

√
1

L

1(
1 + imV0

k~2

)
Random Phase Approximation

For an analytical solution to be feasible when mutual interactions are included, it is neces-

sary to confine the study to the so-called random phase approximation (RPA). Under this

approximation we linearize the energy momentum curve near the fermi level.

E =
1

2
mv2

F + pvF = EF + pvF

where EF is the Fermi energy and pvF is the fluctuation around the Fermi energy. This is

similar in spirit to the Tomonaga and Luttinger models which are also based on linearization of

the energy momentum dispersion relations. Under the RPA limit [87], the Fermi momentum

and the mass of the fermion are allowed to diverge in such a way that their ratio is finite (i.e.

kF ,m→∞ but kF/m = vF <∞). Units are chosen such that ~ = 1, so that kF is both the

Fermi momentum as well as a wavenumber. Imposing the RPA limit to the wavefunctions in

equations (2.7) and (2.8) leads to the following.

ΨR(x) =

 A1e
i(kF+p)x +B1e

−i(kF+p)x

A2 e
i(kF+p)x

−L/2 < x < 0

0 < x < L/2
(2.9)

ΨL(x) =

 D1 e
−i(kF+p)x

C2e
i(kF+p)x +D2e

−i(kF+p)x

−L/2 < x < 0

0 < x < L/2
(2.10)

A1 = D2 =

√
1

L

B1 = C2 =

√
1

L

− iV0

vF(
1 + iV0

vF

)
A2 = D1 =

√
1

L

1(
1 + iV0

vF

)
(2.11)

Calculating the Green functions

Green functions are calculated using three different methods [88] which are as follows.
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a) Solving the Green function differential equation.

(E − Ĥ(x))G(x, y;E) = δ(x− y)

b) Summing up the spectral representation.

G(x, y;E) =
∑
n

Ψn(x)Ψ∗n(y)

E − En

c) Performing the Feynman path integral expansion of the Green function [89].

In this work, we adopt the second method for which we need a complete set of orthonormal

states. Now, we know from quantum mechanics that for different values of momentum k, any

two states of ΨR (or ΨL) will be orthogonal. The test is to check whether for the same value

of k, ΨR(k) and ΨL(k) are mutually orthogonal.

< ΨL(k)|ΨR(k) > =

∫ L
2

−L
2

Ψ∗L(x)ΨR(x)dx

=

∫ 0

−L
2

(
D∗1e

ikx
)(
A1e

ikx +B1e
−ikx

)
dx+

∫ L
2

0

(
C∗2e

−ikx +D∗2e
ikx
)(
A2e

ikx
)
dx

=
[
D∗1B1 + C∗2A2

]L
2

+ smaller terms

Using equation (2.11) we have [D∗1B1 + C∗2A2] = 0 and hence < ψL(k)|ψR(k) >≈ 0. Thus

they are already already orthogonal to each other. In some other examples, ψR and ψL need

not be orthogonal. In those cases we can use Gram Schmidt orthogonalization as follows.

Ψ1 = ΨR

Ψ2 = ΨL− < Ψ1|ΨL > Ψ1

Here ΨR and ΨL are normalized. Now Ψ1 and Ψ2 are orthogonal to each other as can be seen.

< Ψ1|Ψ2 >=

〈
Ψ1

∣∣∣∣(ΨL− < Ψ1|ΨL > Ψ1

)〉
= < Ψ1|ΨL > − < Ψ1|ΨL >< Ψ1|Ψ1 >

= < Ψ1|ΨL > − < Ψ1|ΨL >

= 0

We can calculate the Green’s function from them as follows.

G(x, x′, E) =
∑
n

Ψ(x)Ψ∗(x′)

E − En
=

L

2π

∫
Ψ(x)Ψ∗(x′)

~ω + iε− pvF
dE

=
L

2π

∫
Ψ(x)Ψ∗(x′)

vF (~ω+iε
vF
− p)

vFdp =
L

2π

∫
Ψ(x)Ψ∗(x′)

(~ω+iε
vF
− p)

dp
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We have a pole at p0 = ~ω+iε
vF

. Hence

G(x, x′, E) =
L

2π
2πiΨ(x, p0)Ψ∗(x′, p0) = iLΨ(x, p0)Ψ∗(x′, p0)

In this case, we have two orthogonal states for the same energy level, viz, ΨR and ΨL. Thus

the Green’s functions will be of the following form.

G(x, x′, E) = iL
[
ΨL(x, p0)Ψ∗L(x′, p0) + ΨR(x, p0)Ψ∗R(x′, p0)

]
The time dependent green’s function can be obtained by a simple Fourier transform of the

energy dependent one.

G(x, x′, t− t′) =
1

2π

∫
G(x, x′, E)e−iω(t−t′)dω

=
iL

2π

∫ [
ΨL(x, p0)Ψ∗L(x′, p0) + ΨR(x, p0)Ψ∗R(x′, p0)

]
e−iω(t−t′)dω

Now let us denote this full two-point Green function (also known as single particle Green

function) of the system before taking the RPA limit (i.e. with parabolic energy-momentum

relation) as < T ψ(x, σ, t)ψ†(x′, σ′, t′) > , where the time ordering decides whether it is particle

or hole Green function that is being studied and σ is the spin projection of the individual

fermions. In terms of this, the asymptotic or RPA Green function is defined by “smearing out”

the positions and times over the scale of the Fermi wavelength and Fermi times as follows,

〈T ψν(x, σ, t)ψ
†
ν′(x

′, σ′, t′)〉 = lim
m→∞

� 〈Tψ(y, σ, τ)ψ†(y′, σ′, τ ′)〉e−ikF (νy−ν′y′)eiEF (τ−τ ′ ) �
(2.12)

where,

� f(t)� =
1

2TF

∫ t+TF

t−TF
dτ f(τ)

� g(x)� =
1

2λF

∫ x+λF

x−λF
dy g(y)

(2.13)

with λF = 2π/kF and TF = 2π/EF , kF = mvF and EF = (1/2)mv2
F with vF < ∞ being held fixed.

Also, here ν, ν
′

= ±1 correspond to the right and left Fermi points. The full Green function

is a linear combination of different rapidly oscillating parts as follows.

〈
Tψ(x, σ, t)ψ†(x′, σ′, t′)

〉
=
〈
TψR(x, σ, t)ψ†R(x′, σ′, t′)

〉
eikF (x−x′) +

〈
TψL(x, σ, t)ψ†L(x′, σ′, t′)

〉
e−ikF (x−x′)

+
〈
TψR(x, σ, t)ψ†L(x′, σ′, t′)

〉
eikF (x+x′) +

〈
TψL(x, σ, t)ψ†R(x′, σ′, t′)

〉
e−ikF (x+x′)

(2.14)

The activity described in equation (2.12) simply extracts the envelope of a particular type of

rapidly oscillating term from the full Green function (e.g. < ψRψR > from < ψψ >). The var-

ious envelopes of the Green functions in absence of mutual interactions are obtained as follows.
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〈
TψR(x, σ, t)ψ†R(x′, σ′, t′)

〉
=

δσ,σ′

(x− x′)− vF (t− t′)

(
i

2π
− V0

2πvF

( θ(x′)θ(−x)(
1− V0

i
vF

) − θ(x)θ(−x′)(
1 + V0

i
vF

)))
〈
TψL(x, σ, t)ψ†L(x′, σ′, t′)

〉
=

δσ,σ′

−(x− x′)− vF (t− t′)

(
i

2π
− V0

2πvF

( θ(−x′)θ(x)(
1− V0

i
vF

) − θ(−x)θ(x′)(
1 + V0

i
vF

)))
〈
TψR(x, σ, t)ψ†L(x′, σ′, t′)

〉
=

δσ,σ′

−(x+ x′) + vF (t− t′)
V0

2πvF

(
θ(−x′)θ(−x)(

1− V0
i
vF

) − θ(x)θ(x′)(
1 + V0

i
vF

))
〈
TψL(x, σ, t)ψ†R(x′, σ′, t′)

〉
=

δσ,σ′

(x+ x′) + vF (t− t′)
V0

2πvF

(
θ(x′)θ(x)(
1− V0

i
vF

) − θ(−x)θ(−x′)(
1 + V0

i
vF

) )

(2.15)

2.2.2 Density density correlation functions

The density density correlation function (DDCF) is a special case of four point function which

is a crucial quantity in this approach. In absence of mutual interactions one can use the Wick’s

theorem to write the DDCF as follows.〈
Tρ(x, σ, t)ρ(x′,σ′, t′)

〉
=
〈
Tψ†(x, σ, t)ψ(x, σ, t)ψ†(x′, σ′, t′)ψ(x′, σ′, t′)

〉
=
〈
Tψ†(x, σ, t)ψ(x, σ, t)

〉〈
Tψ†(x′, σ′, t′)ψ(x′, σ′, t′)

〉
−
〈
Tψ(x, σ, t)ψ†(x′, σ′, t′)

〉〈
Tψ(x′, σ′, t′)ψ†(x, σ, t)

〉
=
〈
ρ(x, σ, t)

〉〈
ρ(x′, σ′, t′)

〉
−
〈
Tψ(x, σ, t)ψ†(x′, σ′, t′)

〉〈
Tψ(x′, σ′, t′)ψ†(x, σ, t)

〉
Subtracting the average density terms (so that this is really the deviation) the density density

correlation functions can be redefined as follows.〈
T ρ̃(x, σ, t)ρ̃(x′, σ′, t′)

〉
=
〈
Tρ(x, σ, t)ρ(x′, σ′, t′)

〉
−
〈
ρ(x, σ, t)

〉〈
ρ(x′, σ′, t′)

〉
=−

〈
Tψ(x, σ, t)ψ†(x′, σ′, t′)

〉〈
Tψ(x′, σ′, t′)ψ†(x, σ, t)

〉
(2.16)

In the RPA sense, the density ρ(x, t) may be “harmonically analyzed” as follows.

ρ(x, σ, t) = ρs(x, σ, t) + e2ikF x ρf (x, σ, t) + e−2ikF x ρ∗f (x, σ, t) (2.17)

where
ρs(x, σ, t) = ψ†R(x, σ, t)ψR(x, σ, t) + ψ†L(x, σ, t)ψL(x, σ, t)

ρf (x, σ, t) = ψ†R(x, σ, t)ψL(x, σ, t)

ρ∗f (x, σ, t) = ψ†L(x, σ, t)ψR(x, σ, t)
(2.18)
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The density density correlation function (DDCF) contains both slowly varying (ρs) and rapidly

oscillating (ρf ) terms. Out of these only the slowly varying part of the density density corre-

lation function is of importance to us. Using equations (2.16) and (2.18), we have the slowly

varying part of the DDCF of a single impurity system as follows:

< Tρ̃s(x, σ, t)ρ̃s(x
′, σ, t′) >=

1

((x− x′) + vF (t− t′))2

(
− θ(xx′)

(2π)2
− θ(−xx′)

(2π)2

v2
F

v2
F + V 2

0

)
− 1

(2π)2

V 2
0

v2
F + V 2

0

(
θ(xx′)

((x+ x′)− vF (t− t′))2
+

θ(xx′)

((x+ x′) + vF (t− t′))2

)
+

1

((x− x′)− vF (t− t′))2

(
− θ(xx′)

(2π)2
− θ(−xx′)

(2π)2

v2
F

v2
F + V 2

0

)

(2.19)

Here θ(xx′) = θ(x)θ(x′) + θ(−x)θ(−x′) and θ(−xx′) = θ(x)θ(−x′) + θ(x)θ(−x′) where θ’s

represent Heaviside step functions. It is easy to see that on setting V0 = 0 (no impurity), then

the same side (θ(xx′)) and opposite sides (θ(−xx′)) have the same functional forms which is

that of the homogeneous case, which is a necessary cross check.

2.2.3 Field operator reconstruction (Bosonization)

Having both the two point functions and the density density correlation functions in hand (in

absence of mutual interactions), the next task is to reconstruct the field operator and express

it explicitly in terms of currents and densities. Now the currents and densities are bilinears

in the field operator ψ as follows.

ρ(x) = ψ†(x)ψ(x)

J(x) = Im[ψ†(x)∂xψ(x)]
(2.20)

Bosonization is inverting these relations and expressing ψ in terms of J and ρ. This inversion is

accomplished by introducing the conjugate to the density π(x) through the following relation.

J(x) = −ρ(x) ∂xπ(x) (2.21)

Hence the conjugate to the density can be expressed explicitly as follows.

π(x) = −
∫ x

−∞
dy
J(y)

ρ(y)
(2.22)

To avoid singularities, it is assumed that ρ(x) = ρ0 + ρ̃(x) where ρ0 6= 0 is the uniform average

density and expanded in powers of ρ̃(x). In standard bosonization [5], the field operator is
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expressed in terms of currents and densities as follows.

ψν(x, σ, t) ∼ eiθν(x,σ,t) (2.23)

Here ν = R (+1) for right movers and ν = L (−1) for left movers1. The currents can be

expressed in terms of the densities using the continuity equation and hence the local phase

can be expressed as a function of densities alone as follows.

θν(x, σ, t) = π

∫ x

sgn(x)∞
dy

(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy
′
∂vF t ρs(y

′
, σ, t)

)
(2.24)

The prescription given by equation (2.23) is valid to obtain correlation functions only for

homogeneous systems (|R| = 0) and a half-line (no tunneling, |R| = 1). This is done by

clubbing together one annihilation and one creation field operator as follows (e.g. consider

< ψRψ
†
R >).

< ψR(x, σ, t)ψ†R(x′, σ, t′) ∼ < eiθR(x,σ,t)e−iθR(x′,σ,t′) > (2.25)

The symbol ‘∼’ has been used instead of equal sign because there are prefactors associated to

the Green functions which are not obtainable using bosonization techniques. These model de-

pendent pre-factors have to be fixed by a comparison with the non-interacting Green functions

obtained using Fermi algebra. The bosonization formulas are for calculating the dynamics

of the system (the part of the Green functions which are functions of both position x and

time t) and not for the pre-factors. Using a version of cumulant expansion (Baker-Campbell-

Hausdorff formula) equation (2.25) can be written as follows.

< ψR(x, σ, t)ψ†R(x′, σ, t′) > ∼ e
1
2
<(iθR(x,σ,t))2>e

1
2
<(−iθR(x′,σ,t′))2>e<(iθR(x,σ,t))(−iθR(x′,σ,t′))>

(2.26)

The third term in the above equation will lead to the correct term corresponding to the Green

function (see equation (2.15)).

e<θR(x,σ,t)θR(x′,σ,t′)> =
1

x− x′ − vF (t− t′)

while the first two terms (of the type < θR >2) become independent of time after proper

calculation and are incorporated into the pre-factors. Now the form of field operator prescribed

in equation (2.23) when applied to a system with an impurity, where there will be reflectional

terms like < ψRψ
†
L > and < ψLψ

†
R > along with translational terms like < ψRψ

†
R > and

< ψRψ
†
R >, will yield the following.

< ψR(x, σ, t)ψ†L(x′, σ, t′) > ∼ e<θR(x,σ,t)θL(x′,σ,t′)> =
1

(x+ x′ − vF (t− t′))|R|2

1When R appears as a subscript ( as ψR or θR) it means a right mover. And in all other cases it means
the reflection amplitude.
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But from equation (2.15) we can see that for a system with an impurity, the Green function

for RL (x and x′ on the same side of the impurity) goes as follows.

< ψR(x, σ, t)ψ†L(x′, σ, t′) > ∼ 1

(x+ x′ − vF (t− t′))

Hence the standard way of defining the field operator given by equation (2.23) is applicable for

system with an impurity only for the extreme case of |R| = 1. For all other cases (0 < |R| < 1),

it leads to a non-trivial exponent (|R|2) which is not acceptable. Hence the expression for the

field operator given in equation (2.23) needs to be modified so that the non-interacting Green

functions are reproduced correctly.

In NCBT, the field operator is modified to include the effect of back-scattering by impuri-

ties making it suitable to study translationally non-invariant systems such as the case of an

impurity in a 1D system. The modified field operator of NCBT may be written as follows

[90].

ψν(x, σ, t) ∼ Cλ,ν,γ e
iθν(x,σ,t)+2πiλν

∫ x
sgn(x)∞ ρs(−y,σ,t)dy (2.27)

Here θν is the familiar local phase given by equation (2.24). NCBT differs by the addition of

the optional term ρs(−y, σ, t) to this local phase that ensures the necessary trivial exponents

for the single particle Green functions for a system of otherwise free fermions with impurities

(which may also be obtained using standard Fermi algebra). The adjustable parameter λ can

take values either 1 or 0, which decides the presence or absence of the new term. In other

words, setting λ = 0 reduces the NCBT operator to standard bosonization operator given in

equation (2.23). The factor 2πi ensures that the field operator obeys the necessary fermion

commutation rules since this term does not change the statistics of the field operator. Cλ,ν,γ are

pre-factors (discussed earlier) which are fixed by comparison with the non-interacting Green

functions obtained from Fermi algebra. The field operator as given in equation (2.27) is to

be treated as a mnemonic to obtain the Green functions rather than an operator identity,

which avoids the necessity of the Klein factors that are conventionally used. The RHS of

equation (2.27) is a function of currents and densities. The current and density operators

contain one one annihilation and one creation operators and are hence number conserving

in nature. Hence the RHS, only comprising of such operators, is also number conserving.

But as we can see from equation (2.27) that the LHS is an annihilation operator. Since the

traditional bosonization calls this relation an operator identity, they have to ensure number

conservation and for this they introduce something called as Klein factors to settle this issue.

But the final Green functions or propagators, which are of physical significance and are to

be calculated, contain equal number of annihilation and creation operators. Hence the Klein

factors eventually cancel out. The field operators are merely an intermediate tool and hence

one can avoid using the Klein factors in them provided one does not call them as operator

identities. Hence the field operator given in equation (2.27) is a treated as a mnemonic and

not as an operator identity.
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Now using this new version of Fermi Bose correspondence given in equation (2.27) the Green

function for RL (x and x′ on the same side of the impurity) is given as follows.

< ψR(x, σ, t)ψ†L(x′, σ, t′) >

∼ e<(θR(x,σ,t)+2πλ
∫ x
sgn(x)∞ ρs(−y,σ,t)dy)(θL(x′,σ,t′)−2πλ′

∫ x
sgn(x)∞ ρs(−y,σ,t)dy)>

(2.28)

Choosing (λ, λ′) = (0, 1) (or (1, 0)) (in accordance with equation (3.19)) we have

e<(θR(x,σ,t)+2π
∫ x
sgn(x)∞ ρs(−y,σ,t)dy)(θL(x′,σ,t′))> =

1

(x+ x′ − vF (t− t′)) (2.29)

which matches with that obtained from the standard Fermi algebra. Hence using the Fermi

Bose corresponce prescribed by NCBT and given in equation (2.27), the two-point functions

for free fermions in presence of an impurity of arbitrary strength can be obtained correctly.

2.2.4 Including interactions

Using the explicit form of the field operator prescribed by NCBT, the two point functions

can be written in terms of the slow part of the density density correlation functions, called

the bosonized version of the Green functions. This has to be verified for the non-interacting

case by comparing with the Green functions obtained using standard Fermi algebra. Once

this is done, the only thing left is to replace the DDCFs with their interacting version. For

this the DDCF given in equation (2.19) has to be modified to include interactions. Now the

interaction part of the Hamiltonian can be written as follows.

Hint =
1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
) (2.30)

Here v(x− x′) = 1
L

∑
q vq exp [−iq(x− x′)] (where vq = 0 if |q| > Λ for some fixed bandwidth

Λ � kF and vq = v0 is a constant, otherwise) is the forward scattering mutual interaction.

In the present work, the temperature is assumed to be much less compared to the bandwidth

‘ΛvF ’ of the Luttinger liquid, which is equivalent to saying that we are dealing with the infinite

bandwidth case. In presence of this short ranged forward scattering mutual interaction, the

DDCF is obtained to be the following (derived in Appendix C).

< T ρs(x1, σ1, t1)ρs(x2, σ2, t2) >=
1

4

(
< T ρh(x1, t1)ρh(x2, t2) > +σ1σ2 < T ρn(x1, t1)ρn(x2, t2) >

)
(2.31)
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where

< T ρh(x1, t1)ρh(x2, t2) >=
vF

2π2vh

∑
ν=±1

(
− 1

(x1 − x2 + νvh(t1 − t2))2

− |R|2(
1− (vh−vF )

vh
|R|2

) vF
vh

sgn(x1)sgn(x2)

(|x1|+ |x2|+ νvh(t1 − t2))2

)

< T ρn(x1, t1)ρn(x2, t2) >=
1

2π2

∑
ν=±1

(
− 1

(x1 − x2 + νvF (t1 − t2))2
− sgn(x1)sgn(x2) |R|2

(|x1|+ |x2|+ νvF (t1 − t2))2

)

(2.32)

Here ρh(x, t) = ρs(x, ↑, t)+ρs(x, ↓, t) is the “holon” density and ρn(x, t) = ρs(x, ↑, t)−ρs(x, ↓, t)
is the “spinon” density. The holon velocity is given by vh =

√
v2
F + 2vF v0/π (v0 is the strength of

mutual interaction) whereas the spinon velocity is the same as the Fermi velocity vF since it

is the total density that couples to the short range potential. The presence of two different

velocities is a signature of spin charge separation which is typical to 1D systems.

2.2.5 Many body Green functions

The full Green functions of the system in presence of both impurity and mutual interaction is

obtaining by replacing the density density correlation functions in the bosonization formulas

with their interacting version given by equations (2.31) and (2.32). The full Green function

is the sum of all the parts (Notation: Xi ≡ (xi, σi, ti) and τ12 = t1 − t2).

< T ψ(X1)ψ†(X2) >= < T ψR(X1)ψ†R(X2) > + < T ψL(X1)ψ†L(X2) >

+ < T ψR(X1)ψ†L(X2) > + < T ψL(X1)ψ†R(X2) > (2.33)

and each part is a power law and takes the following form (νi = ±1).

< T ψν1(X1)ψ†ν2
(X2) > ∼ 1

(x1 − x2 − vhτ12)A(−x1 + x2 − vhτ12)B(x1 + x2 − vhτ12)C

1

(−x1 − x2 − vhτ12)D(ν1x1 − ν2x2 − vF τ12)0.5

(2.34)

where A, B, C and D are system dependent exponents which are functions of the strength of

interaction v0 and the strength of impurity V0 (and also the Fermi velocity vF ). On setting

v0 = 0, these Green functions takes the exact same form of the non interacting ones obtainable

using Fermi algebra (equation (2.15)). The above Green functions is for zero temperature.

The finite temperature versions of the formulas below can be obtained by replacing Z by

[βvF
π
Sinh[ πZ

βvF
]] where Z represents terms having the form [(ν1x1 − ν2x2)− va(t1 − t2)] (which
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are present in the denominator of equation (2.34)) and va can be either vh or vF signifying

holon or spinon velocity respectively.

2.3 Summary

In this chapter, the formalism of Non chiral bosonization technique is discussed. A few draw-

backs of the conventional bosonization technique are pointed out which highlights the need of

rectifying the technical aspects of g-ology based bosonization techniques by adopting NCBT.

The step by step procedure of calculating the correlation functions was discussed, which can

be summarized as follows. a) First the single particle two point functions is calculated in the

RPA limit in presence of the external impurity potential. b) From the two point functions,

the slow part of the density density correlation functions (DDCF) is calculated. c) The two

point functions in (a) is expressed in terms of the densities calculated in (b), which is now

called the bosonized version of the Green function. d) The DDCFs in (b) is modified to in-

clude interactions. e) In the bosonized version of the Green function obtained in (c), all the

densities are replaced by their interacting versions obtained in (d) to get the Green function

in presence of interactions as well as impurities.
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Chapter 3

The quantum steeplechase

The quantum steeplechase is the study of a Luttinger liquid in one dimension in the presence

of a finite number of barriers and wells clustered around an origin (figure 3.1). The powerful

non-chiral bosonization technique (NCBT) is used to write down closed formulas for the two-

point function of these systems in the sense of the random phase approximation (RPA). Unlike

g-ology based methods [5] that are tied to the translationally invariant, free particle basis, the

NCBT explicitly makes use of the translationally non-invariant single particle wavefunctions.

The present approach, which amounts to constructing the ‘restricted Hilbert space of states’

not for free fermions but for free fermions plus these barriers/wells or weak links, is able to

study the problem of Luttinger liquids in the presence of these imperfections more easily and

is able to provide analytical expressions for the most singular part of the Green functions and

so on that interpolate between the weak barrier and weak link cases.

Figure 3.1: The Quantum Steeplechase: Athletes (representing electrons) crossing/bounc-
ing off hurdles (potential barriers) and water-jumps (potential wells) while moving in both
directions with the fastest athlete possessing the Fermi momentum and rubbing shoulders

with each other (representing forward scattering short-range interactions)

The study of the effect of impurities in Luttinger liquids constitutes an important area of

theoretical condensed matter physics, especially during the last few decades. The detailed

study of transport in Luttinger liquid (LL) in the presence of a weak link was started by Kane

and Fisher [31] followed by the study of a LL near a double barrier [32]. Since then a number

of papers have appeared that have generalized these ideas using a variety of approaches which

include fermionic renormalization [49], path integral approaches [46], functional renormaliza-

tion [50, 53, 56, 59, 60], flow equations for Hamiltonians [52], functional integral formalism
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[54], Monte Carlo methods [62] and so on. Different physical phenomena are also studied

in Luttinger liquids with impurities: Friedel oscillations [91], conductance [92, 93], Kondo

effect [94, 95], etc. Experimental realizations of 1D systems give a motivational boost to

study quantum physics in one dimension. In this regard, Luttinger liquid behavior in carbon

nano-tubes [42, 96], experimental evidences of resonant tunneling in a Luttinger liquid [97]

are worth mentioning. But what is missing in the existing literature are explicit expressions of

the correlation functions of a Luttinger liquid with localized potentials of arbitrary strengths

in terms of elementary functions of positions and times. The best available are limiting cases

for a weak barrier [5] and an infinite barrier [40] which can be obtained using conventional

bosonization schemes.

In the present chapter [90, 98], we use the non chiral bosonization technique to provide the

most singular part of the asymptotically exact Green functions of a Luttinger liquid with

a cluster of impurities (of arbitrary strengths) and with the short-range forward scattering

between the fermions. The obtained two point functions are used to study the dynamical

density of states (DDOS) of the system which is a power law in case of a Luttinger liquid and

thereby calculating the DDOS exponent. The non standard harmonic analysis used in NCBT

is used to obtain the four point functions relevant to the study of Friedel oscillations.

3.1 System description

Consider a Luttinger liquid in one dimension with forward scattering short-range mutual

interactions [5] in the presence of a scalar potential V(x) that is localized near an origin. The

full generic-Hamiltonian of the system(s) under study (before taking the RPA limit) is (are),

H =

∫ ∞
−∞

dx ψ†(x)

(
− 1

2m
∂2
x + V (x)

)
ψ(x) +

1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
) (3.1)

where v(x− x′) = 1
L

∑
q

vq exp [−iq(x− x′)] (where vq = 0 if |q| > Λ for some fixed bandwidth

Λ� kF and vq = v0 is a constant, otherwise) is the forward scattering mutual interaction, L

being the size of the system. Also, V (x) is the external potential which represents the cluster

of impurities around a fixed point. This potential is denoted by a black box indicating that it

can be any finite sequence of barriers and wells. It can be as simple as a single delta potential

or rather complicated like three delta potentials lying close to each other. The situation is

described in figure 3.2 using playing cards. Assume that the cluster of potentials around the

origin is unknown to us and thus represented by the black box in the unflipped card. Let the

reflection and transmission amplitudes be called “R” and “T” respectively. The final Green

functions will be a function of these Rs and T s. At the end, one can replace the Rs and T s

with their explicit expressions for which one need to know the actual form of the potentials.

This is done by flipping the card and calculating T and R in terms of the potential of that

particular card.
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Figure 3.2: The black box: The back of each of the cards contains the black box (shown in
the central deck) and when they are flipped, the contents of the black box are revealed as any
one of the cluster of potentials near an origin. The formulas for the revealed potentials are as
follows: (1) V (x) = V0δ(x) ; (2) V (x) = V0(δ(x+a)+δ(x−a)) ; (3) V (x) = V1δ(x+a)+V2δ(x−a);
(4) V (x) = V0δ(x) + V1(δ(x± a)) ; (5)V (x) = V θ(x+ a)θ(a− x); (6) V (x) = −V θ(x+ a)θ(a− x)

The following potentials have been considered.

V (x) =



V0δ(x) (single delta)

V0(δ(x+ a) + δ(x− a)) (symmetric double delta)

V1δ(x+ a) + V2δ(x− a) (asymmetric double delta)

V0δ(x) + V1(δ(x± a)) (symmetric triple delta)

V θ(x+ a)θ(a− x) (finite barrier)

−V θ(x+ a)θ(a− x) (finite well)

(3.2)

Here θ(x) is the Heaviside step function. The density is given by ρ(x, t) = ψ†(x, t)ψ(x, t)− ρ0

(no point splitting is required before taking RPA limit). The central goal of this chapter is

to write down the Green functions of these systems at zero and at finite temperature in the

presence of the potentials described in equation (3.2) . For an analytical solution to be feasible

when mutual interactions are included, it is necessary to confine the study to the so-called

RPA limit which means, among other things, working in the limit where the Fermi momentum

and the mass of the fermion diverge in such a way that their ratio is finite (i.e. kF ,m → ∞
but kF/m = vF < ∞: units that make ~ = 1, so that kF is both the Fermi momentum as

well as a wavenumber, are used) [87]. This amounts to linearizing the energy momentum

dispersion near the Fermi surface (E = EF + pvF instead of E = p2/(2m)). Furthermore, if

‘w’ is the width of the cluster, it is then imperative to define how w scales in the RPA limit.

The assertion made is that in the RPA limit kFw < ∞ as kF → ∞. Similarly the heights

and depths of the various barriers are assumed to be in fixed ratios with the Fermi energy
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EF = 1
2
mv2

F even as m → ∞ with vF < ∞. The systematic procedure for calculating the

Green functions has been described in the previous chapter.

3.2 Green’s functions of free fermions

Denote the full two-point Green function (also known as single particle Green function) of

the system before taking the RPA limit (i.e. with parabolic energy-momentum relation) as

< T ψ(x, σ, t)ψ†(x′, σ′, t′) > where the time ordering decides whether it is particle or hole Green

function that is being studied and σ is the spin projection of the individual fermions. In terms

of this, the asymptotic or RPA Green function is defined by “smearing out” the positions and

times over the scale of the Fermi wavelength and Fermi times as follows,

〈T ψν(x, σ, t)ψ†ν′(x
′, σ′, t′)〉 = lim

m→∞
� 〈Tψ(y, σ, τ)ψ†(y′, σ′, τ ′)〉e−ikF (νy−ν′y′)eiEF (τ−τ ′ ) � (3.3)

where,

� f(t)� =
1

2TF

∫ t+TF

t−TF
dτ f(τ)

� g(x)� =
1

2λF

∫ x+λF

x−λF
dy g(y)

(3.4)

with λF = 2π/kF and TF = 2π/EF , kF = mvF and EF = (1/2)mv2
F with vF < ∞ being held fixed.

Also, here ν, ν
′
= ±1 correspond to the right and left Fermi points.

We start with the non-interacting Hamiltonian (after dropping the last term of equation (3.1))

and calculate the two orthonormal set of wavefunctions, one with the propagation starting

from the left and the other with that starting from the right. The wavefunctions are subjected

to the RPA limit discussed in the previous section. Using the spectral decomposition method

[99, 100] the two-point Green function is obtained in position and energy coordinates, which

undergoes a Fourier transform to yield the space-time two-point functions which has the

following form (at zero temperature),

〈T ψν(x, σ, t)ψ
†
ν′(x

′, σ′, t′)〉0 =
∑

γ,γ′=±1

θ(γx)θ(γ′x′) gγ,γ′(ν, ν
′)

(νx− ν ′x′)− vF (t− t′)
δσ,σ′ (3.5)

where θ(x) is Heaviside’s step function and the expressions for gγ,γ′(ν, ν
′)’s are given in table

3.1. Thus the above equation expresses the general Green functions of all the sub-cases in

figure 3.2 in terms of their reflection (R) and transmission (T ) amplitudes such that |T |2 +

|R|2 = 1.

The next task is to calculate the values of the transmission (T ) and reflection (R) amplitudes

for all the sub-cases of equation (3.2) which can be done using elementary knowledge of

quantum mechanics and are given below.
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Table 3.1: Values of gγ,γ′(ν, ν
′) for the general case.

g(γ,γ′)(ν, ν
′) γ=1,γ′=1 γ=−1,γ′=−1 γ=1,γ′=−1 γ=−1,γ′=1

(ν, ν ′) = (1, 1) i
2π

i
2π

i
2π
T i

2π
T ∗

(ν, ν ′) = (−1,−1) i
2π

i
2π

i
2π
T ∗ i

2π
T

(ν, ν ′) = (1,−1) i
2π
R i

2π
R∗ 0 0

(ν, ν ′) = (−1, 1) i
2π
R∗ i

2π
R 0 0

(a) Single delta-function

T =
1(

1 + V0
i
vF

) ; R = − iV0

vF

(
1 + V0

i
vF

) (3.6)

(b) Symmetric double delta-function

T =
1(

1 + V0
i
vF

)2

−
(
iV0

vF
eiξ0
)2 ; R = −

2i
V 2

0

v2
F

sin [ξ0] + 2iV0

vF
cos [ξ0](

1 + V0
i
vF

)2

−
(
iV0

vF
eiξ0
)2 (3.7)

(c) Asymmetric double delta-function

T =
1(

1 + iV1+V2

vF
+ i2V1V2

v2
F

)
+ V1V2

v2
F
e2iξ0

; R = −
2iV1V2

v2
F

sin [ξ0] + 2i
vF

(V1eiξ0+V2e−iξ0
2

)(
1 + iV1+V2

vF
+ i2V1V2

v2
F

)
+ V1V2

v2
F
e2iξ0

(3.8)

(d) Symmetric triple delta-function

T =
1(

1− iV0V 2
1

v3
F
− 2V0V1

v2
F
− V 2

1

v2
F

+ i V0
vF

+ 2i V1
vF

)
+ eiξ0

v2
F

(
2i
V0V 2

1
vF
− ieiξ0 V0V 2

1
vF

+ 2V0V1 + eiξ0V 2
1

)

R =−
2i
V0V 2

1

v3
F
− 2i

V0V 2
1

v3
F

cos [ξ0] + 2iV0V1

v2
F

sin [ξ0] + 2i
V 2

1

v2
F

sin [ξ0] + i V0
vF

+ 2i V1
vF

cos [ξ0](
1− iV0V 2

1

v3
F
− 2V0V1

v2
F
− V 2

1

v2
F

+ i V0
vF

+ 2i V1
vF

)
+ eiξ0

v2
F

(
2i
V0V 2

1
vF
− ieiξ0 V0V 2

1
vF

+ 2V0V1 + eiξ0V 2
1

)
(3.9)

Note: The expressions are derived in Appendix H. For the cases below λ = V
EF

is fixed while

taking the RPA limit. V is the well depth or barrier height. EF = 1
2
mv2

F is the Fermi energy.

ξ0 = 2kFa where kF is the Fermi momentum and the barrier (or well) goes from ‘−a’ to ‘a’.

(e) Finite barrier tunneling

T =
4ie−iξ0

√
λ− 1

4i
√
λ− 1 cosh [ξ0

√
(λ− 1)] + 2(2− λ) sinh [ξ0

√
(λ− 1)]

R =
e−iξ02λ sinh [ξ0

√
(λ− 1)]

4i
√
λ− 1 cosh [ξ0

√
(λ− 1)] + 2(2− λ) sinh [ξ0

√
(λ− 1)]

(3.10)
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(f) Finite well scattering (E > 0)

T =
4e−iξ0

√
λ+ 1

4
√
λ+ 1 cos [ξ0

√
(λ+ 1)]− 2i(2 + λ) sin [ξ0

√
(λ+ 1)]

R =
e−iξ02iλ sin [ξ0

√
(λ+ 1)]

4
√
λ+ 1 cos [ξ0

√
(λ+ 1)]− 2i(2 + λ) sin [ξ0

√
(λ+ 1)]

(3.11)

It can be shown that on taking proper limiting conditions, one can obtain one case from

another, for example, from finite barrier to singe delta, from asymmetric double delta to

symmetric double delta and so on. For potentials which lack inversion symmetry about any

chosen point, (e.g. asymmetric double deltas) the presence of nontrivial phases in T and R

contribute to the expected lack of inversion symmetry in the Green’s functions.

Note that in equation (3.5), the term [(νx− ν ′x′)− vF (t− t′)] appears in the denominator. In

general, in a Luttinger liquid with mutual interactions, this term appears with a non-trivial

system dependent exponent viz. as [(νx − ν ′x′) − vF (t − t′)]g. Listing these g’s and other

similar exponents is one of the main goals of this work since g = 1 is only when mutual

interaction between fermions are absent. It is easy to generalize these results to finite tem-

perature since for this a simple replacement, viz., 1
X
→ π

βvF
csch[ πX

βvF
] is sufficient where e.g.

X ≡ [(νx− ν ′x′)− vF (t− t′)] and β is inverse temperature.

3.2.1 Density density correlation function

The other main goal of this work to write down the density-density correlation function

(DDCF) of the system which is a special case of a 4-point function. In the RPA sense, the

density ρ(x, t) may be “harmonically analyzed” as follows.

ρ(x, t) = ρs(x, t) + e2ikF x ρf (x, t) + e−2ikF x ρ∗f (x, t) (3.12)

The slowly varying part of the density ρs (the average density is subtracted out, so this is

really the deviation) has an auto-correlation function which when mutual interactions are

absent, may be written down using Wick’s theorem as follows,

〈T ρs(x, t)ρs(x
′
, t
′
)〉0 = −

∑
γ,γ
′

=±1

∑
ν,ν
′

=±1

|gγ,γ′ (ν, ν
′
)|2 θ(γx)θ(γ

′
x
′
)

[(νx− ν ′x′)− vF (t− t′)]2 (3.13)

where gγ,γ′(ν, ν
′) are given in table 3.1. These three relations viz. equation (3.5), equation

(3.12) and equation (3.13) shall be used in the subsequent sections as input to the NCBT

scheme in order to enable an explicit evaluation of the Green functions.
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3.3 Bosonized version of the N-point Green’s functions

Just as the density may be harmonically analyzed, the field may also be harmonically analyzed

so that ψ(x) = eikF x ψR(x) + e−ikF x ψL(x). Bosonization involves inverting the defining

formulas for current and number densities viz. j(x) = Im[ψ†(x)∂xψ(x)] and ρ(x) = ψ†(x)ψ(x)

and rewriting ψ(x) in terms of j and ρ. Then the continuity equation ∂tρ+∂xj = 0 is invoked

to write ψ(x) purely as a (non-local) function of ρ and ∂tρ. It follows therefore, that the

the N-point function is some combination of the correlations of the density field with itself.

Bosonization may be thought of as the “inverse of Wick’s theorem”. While Wick’s theorem

- which is valid only for systems with no mutual interactions - seeks to express higher order

correlations in terms of lower order ones, bosonization seeks to express the single particle

Green function in terms of the higher order density-density correlations. The inversion of the

defining relation between current and densities in the standard bosonization scheme that goes

by the name g-ology (see the book by Giamarchi [5]) yields the following relation between

ψν(x, σ, t) (where ν = R(+1) or L(−1)) and the slowly varying part of the density (this is a

mnemonic for generating the N-point functions),

ψν(x, σ, t) ∼ exp
[
iθν(x, σ, t)

]
(3.14)

with the local phase given by the formula,

θν(x, σ, t) =π

∫ x

sgn(x)∞
dy

(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy
′
∂vF t ρs(y

′
, σ, t)

)
(3.15)

The above prescription in equation (3.14) is valid for nearly translationally invariant systems

(i.e. with possible external potentials with Fourier components small compared to the Fermi

momentum) and for systems with a half line (no tunneling across the barrier). In the present

approach, a modification of the correspondence of equation (3.14) is introduced wherein the

correlation functions of a system of free fermions plus barriers and wells with arbitrary heights

(depths) can be as easily computed in the bosonized language as it is in the original Fermi

language.

ψνi(xi, σi, ti)→
∑
γi=±1

∑
λi∈{0,1}

Cλi,νi,γi(σi) θ(γixi) e
iθνi (xi,σi,ti)+2πiνiλi

∫ xi
sgn(xi)∞

ρs(−yi,σi,ti) dyi

(3.16)

This ‘non-standard harmonic analysis’ is an alternative to the usual one invoked while using

g-ology methods which is valid for translationally invariant systems and half lines whereas

the harmonic analysis in equation (3.16) is valid for systems considered in this chapter. Cur-

rent algebra, point splitting constraints, etc. continue to be obeyed by this new Fermi-Bose

correspondence (see chapter 7).

An analogy with the anharmonic oscillator problem in undergraduate quantum mechanics

may be useful. One could either study this problem in the the translationally invariant plane
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wave basis or more conveniently in a basis closer to the real ground state of the system viz. the

states of the simple harmonic oscillator. While technically there is nothing wrong with using

the plane wave basis, this really makes the problem quite complicated. Using equation (3.14)

to study the problem of fermions in presence of barriers and wells is somewhat like using the

plane wave basis to study the anharmonic oscillator. It is much better to use equation (3.16)

which is analogous to using the harmonic oscillator basis to study the anharmonic oscillator.

The quantities Cλi,νi,γi(σi) are c-numbers and involve cutoffs and such, which, as in the tradi-

tional approach, are not obtainable using these techniques (see section 3.4.4 for more about

these c-numbers). The only quantities that have absolute meaning are the anomalous ex-

ponents i.e., numbers g when the term involved appears as [(νx − ν ′x′) − vF (t − t′)]g. The

operators that appear in the exponent in equation (3.16) are the ones that are really crucial in

this approach since they provide the right anomalous exponents. The crucial new ingredient

in the modified formula in equation (3.16) is the term involving ρs(−yi, σi, ti) that ensures

that the effects of backscattering from the external potentials are automatically and naturally

taken into account so that the mandated trivial exponents are obtained when equation (3.16)

is used to compute the N-point functions in the sense of the RPA. The addition of these new

terms does not spoil fermion commutation rules since there is a prefactor of 2πiνi next to

it which ensure that fermion commutation relations of the fields are respected. These new

terms also do not spoil the point-splitting constraints for the Fermi bilinears, which is an

opaque way of saying that when equation (3.16) is used to infer the currents and densities -

as the latter two are, after all, bilinears of the Fermi fields - the resulting expressions are in

accordance with expectations.

In order to extract the anomalous exponents of the system with mutual interactions, two

things remain. One is to generalize equation (3.13) to include mutual interactions. The other

is to derive a prescription for choosing the values of the crucial parameters λi = 0, 1 which

indicates when the traditional form of the field needs modification. It simply involves making

sure that the prescription (which is unique) leads to N-point functions of the system (without

mutual interactions) identical to what is given by Wick’s theorem. This is done subsequently

below. In addition to these λ′is, auto-correlation functions of the slowly varying parts of the

density when mutual interactions are present are needed.

Again in the spirit of the RPA, the density density correlation functions given in equation

(3.13) are modified to include mutual interactions and the following formula may be obtained

(ρh(x, t) = ρs(x, ↑, t) +ρs(x, ↓, t) is the “holon” density and ρn(x, t) = ρs(x, ↑, t)−ρs(x, ↓, t) is

the “spinon” density and a = h for holon and a = n for spinon, see Appendix C for details)

〈T ρa(x1, t1)ρa(x2, t2)〉 =
vF

2π2va

∑
ν=±1

(
−1

(x1 − x2 + νva(t1 − t2))2

−
vF
va

sgn(x1)sgn(x2) Za

(|x1|+ |x2|+ νva(t1 − t2))2

) (3.17)
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where a = n (spinon) or h (holon) and,

Za =
|R|2(

1− δa,h (vh−vF )
vh
|R|2

) (3.18)

Here the spinon velocity is just the Fermi velocity since it is the total density that couples

to the short-range potential: vn = vF , but the holon velocity is modified by interactions,

vh =
√
v2
F + 2vF v0/π where the interaction between fermions is the two-body short-range forward

scattering potential which just means the potential between two particles at x and x
′

is

V (x−x′) = 1
L

∑
|q|<Λ v0 exp [−iq(x− x′)], where Λ is held fixed as the RPA limit is taken. Finally,

〈T ρn(x1, t1)ρh(x2, t2)〉 ≡ 0. It can be shown that an expansion of equation (3.17) in powers

of v0 matches with the corresponding series obtained by standard perturbation theory so long

as one retains only the most singular terms.

3.4 Full two-point Green’s function

The two-point (single-particle) Green’s function may be written down using the correspon-

dence in equation (3.16). Only the anomalous exponents which refer to the constants g that

appear in terms of the form [ν1x1− ν2x2− vF (t1− t2)]g that emerge from this calculation are

of interest here. These g’s are uniquely pinned down once a prescription for deciding which

of the λ′is are zero or one and under what circumstances is given. This prescription follows

unambiguously by requiring that an evaluation (of the 2M-point function) in the Gaussian

(and RPA) sense leads to trivial exponents when mutual interactions between fermions are

absent. Of lesser importance are the coefficients C ′s which depend on the details of the poten-

tials and cutoffs and other such non-universal features, as is also the case in the conventional

approach. The prescription for obtaining the λ′is are simple. Consider a general 2M-point

function. Imagine mentally pairing up one annihilation operator with one creation operator

and create M such pairs. This is simply a mental activity since this pairing (Wick’s theorem)

is not valid when mutual interactions are present. Consider one such pair and let the two λ’s

of this pair be (λm, λk) where k > m. The constraints are as follows:

λm =

λk if (νm, νk) = (γm, γk) or (νm, νk) = (−γm,−γk)

1− λk if (νm, νk) = (−γm, γk) or (νm, νk) = (γm,−γk)
(3.19)

This (unique) prescription guarantees the right trivial exponents in the right places when

mutual interactions are turned off. The full Green’s function in presence of interactions

are as follows (Notation: Xi ≡ (xi, σi, ti), also, in order to remove ambiguities asso-

ciated with cutoff dependent quantities in translationally non-invariant systems, the no-

tion of weak equality denoted by A[X1, X2] ∼ B[X1, X2] is introduced which really means
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∂t1Log[A[X1, X2]] = ∂t1Log[B[X1, X2]] assuming of course, A and B do not vanish identically.

Furthermore the finite temperature versions of the formulas below are obtained by replacing

Log[Z] by Log[βvF
π
Sinh[ πZ

βvF
]] where Z ∼ [(νx1 − ν

′
x2) − va(t1 − t2)] and singular cutoffs

ubiquitous in this subject are suppressed in this notation for brevity - they have to be under-

stood to be present. The notion of weak equality is unable to pin down possible prefactors

in the Green functions that may even be spatially inhomogeneous (but time independent)

in addition to being singular. The inhomogeneous prefactors are nothing but terms such as

e
1
2
〈A2〉 and e

1
2
〈B2〉 that come about when when evaluating 〈eAeB〉 = e

1
2
〈A2〉e

1
2
〈B2〉e〈AB〉 where

〈AB〉 ∝ Log[(νx1 − ν
′
x2) − va(t1 − t2)]. It must be stressed that these inhomogeneous

prefactors are important for extracting the exponents associated with tunneling conductance

and the local dynamical density of states. Here τ12 = t1 − t2):

Case I : x1 and x2 on the same side of the origin〈
T ψR(X1)ψ†R(X2)

〉
∼ (4x1x2)γ1

(x1 − x2 − vhτ12)P (−x1 + x2 − vhτ12)Q(x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(x1 − x2 − vF τ12)0.5〈
T ψL(X1)ψ†L(X2)

〉
∼ (4x1x2)γ1

(x1 − x2 − vhτ12)Q(−x1 + x2 − vhτ12)P (x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(−x1 + x2 − vF τ12)0.5〈
T ψR(X1)ψ†L(X2)

〉
∼ (2x1)1+γ2(2x2)γ1

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Y (−x1 − x2 − vhτ12)Z(x1 + x2 − vF τ12)0.5

+
(2x1)γ1(2x2)1+γ2

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Y (−x1 − x2 − vhτ12)Z(x1 + x2 − vF τ12)0.5〈
T ψL(X1)ψ†R(X2)

〉
∼ (2x1)1+γ2(2x2)γ1

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Z(−x1 − x2 − vhτ12)Y (−x1 − x2 − vF τ12)0.5

+
(2x1)γ1(2x2)1+γ2

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Z(−x1 − x2 − vhτ12)Y (−x1 − x2 − vF τ12)0.5

(3.20)

Case II : x1 and x2 on opposite sides of the origin〈
T ψR(X1)ψ†R(X2)

〉
∼ (2x1)1+γ2(2x2)γ1(x1 + x2)−1(x1 + x2 + vF τ12)0.5

2(x1 − x2 − vhτ12)A(−x1 + x2 − vhτ12)B(x1 + x2 − vhτ12)C(−x1 − x2 − vhτ12)D(x1 − x2 − vF τ12)0.5

+
(2x1)γ1(2x2)1+γ2(x1 + x2)−1(x1 + x2 − vF τ12)0.5

2(x1 − x2 − vhτ12)A(−x1 + x2 − vhτ12)B(x1 + x2 − vhτ12)D(−x1 − x2 − vhτ12)C(x1 − x2 − vF τ12)0.5
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〈
T ψL(X1)ψ†L(X2)

〉
∼ (2x1)1+γ2(2x2)γ1(x1 + x2)−1(x1 + x2 − vF τ12)0.5

2(x1 − x2 − vhτ12)B(−x1 + x2 − vhτ12)A(x1 + x2 − vhτ12)D(−x1 − x2 − vhτ12)C(−x1 + x2 − vF τ12)0.5

+
(2x1)γ1(2x2)1+γ2(x1 + x2)−1(x1 + x2 + vF τ12)0.5

2(x1 − x2 − vhτ12)B(−x1 + x2 − vhτ12)A(x1 + x2 − vhτ12)C(−x1 − x2 − vhτ12)D(−x1 + x2 − vF τ12)0.5〈
T ψR(X1)ψ†L(X2)

〉
∼ 0〈

T ψL(X1)ψ†R(X2)
〉
∼ 0

(3.21)

The analytical expressions of the anomalous exponents in equation (3.20) and equation (3.21)

are listed in section 3.4.1. The highlight of this work are the formulas described in Case

II above. It is easy to see that even after setting |R| = 0, these Green functions do not

correspond to the translationally invariant Luttinger liquid. This implies that even a small

reflection coefficient changes the properties of the system drastically when the two points are

on opposite sides of the origin. The two-point functions in equation (3.20) and equation (3.21)

obey the Schwinger-Dyson equation and they agree to those obtained by standard fermionic

perturbation theory [101].

3.4.1 Anomalous exponents

The explicit expressions of the anomalous exponents that appeared in equation (3.20) and

equation (3.21) are listed below.

Q =
(vh − vF )2

8vhvF
; X =

|R|2(vh − vF )(vh + vF )

8vh(vh − |R|2(vh − vF ))
; C =

vh − vF
4vh

(3.22)

The other exponents can be expressed in terms of the above exponents.

P =
1

2
+Q ; S =

Q

C
(
1

2
− C) ; Y =

1

2
+X − C;

Z = X − C ; A =
1

2
+Q−X ; B = Q−X ;

D = −1

2
+ C ; γ1 = X ; γ2 = −1 +X + 2C;

(3.23)

All the anomalous exponents are plotted versus the interaction parameter v0 and the barrier

strength V0 for a single delta function potential in figure 3.3. The figure 3.3 (a-c) displays the

anomalous exponents (for holons) of the two-point functions as a function of the interaction

parameter v0 of a system with a single delta potential, the plots (a) and (b) showing those for

both the points x1 and x2 on the same side of the origin while the plot (c) showing the same

for the points on opposite sides. On the other hand, the anomalous exponents for spinons are

either 0 or ±0.5. For the two points on the same side of origin, only one combination out of
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(a) (b) (c)

(d) (e) (f)

Figure 3.3: Plots of anomalous exponents (L.E.) : (a) Exponents for 〈ψR(X1)ψ†R(X2)〉 on

the same side vs v0 (b) Exponents for 〈ψR(X1)ψ†L(X2)〉 on the same side vs v0 (c) Exponents

for 〈ψR(X1)ψ†R(X2)〉 on opposite sides vs v0 (d) Exponents for 〈ψR(X1)ψ†R(X2)〉 on the same

side vs V0 (e) Exponents for 〈ψR(X1)ψ†L(X2)〉 on the same side vs V0 (f) Exponents for

〈ψR(X1)ψ†R(X2)〉 on opposite sides vs V0. Here v0 is interaction strength and V0 is impurity
strength.

the four [(ν1x1 − ν2x2) − v(t1 − t2)] survives when v0 = 0 which is expected. But for points

on opposite sides of the origin, the rule for choosing λi in equation (3.19) causes two such

independent terms to be present in the final form of the two-point function in an additive

fashion, the denominator being the same in both. When mutual interactions are absent, the

numerators add up in such a way as to become time independent which can then be modified

by adjusting the c-numbers coefficients (which are both cutoff dependent as well as spatially

inhomogeneous) to obtain the proper form of the Green function known from elementary

considerations.

When mutual interactions are absent, this Green function becomes the translationally in-

variant one when |R| = 0. But when mutual interactions are present, this Green function

does not reduce to the translationally invariant one when |R| is made smaller and smaller

implying that when both v0 6= 0 and |R| 6= 0, the most singular part of the asymptotic Green

function is discontinuous in |R| near |R| = 0. This anomaly is the present work’s version

of the metaphor introduced by Kane and Fisher [31] who suggested that a v0 > 0 will “cut

the wire” when |R| > 0. They arrive at their conclusions in a rather convoluted manner by

invoking renormalization group methods and so on, but the closed formulas of the present

work are more compelling.

The figure 3.3 (d-f) shows the variation of the anomalous exponents for a single impurity as a

function of the strength of the impurity V0 , the interaction parameter v0 being held constant.

When V0 is made zero, the exponents take standard values of translationally invariant systems

that are obtained using conventional bosonization for the two points on the same side of the

origin (see Giamarchi [5]).
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Many who work in this field are puzzled by two features of our approach and results. The

first is that the Luttinger exponents depend on the reflection coefficient (|R|) of the cluster of

barriers and wells. The other is the fact we continue to use the bare reflection and transmission

coefficients in the final formulas whereas in other approaches these are scale dependent. The

first puzzle is easier to clear up. Physically speaking, the Green functions for a homogeneous

LL (|R| = 0) will only contain translational terms [±(x1−x2)− v(t1− t2)] and no reflectional

terms [±(x1 + x2)− v(t1 − t2)]. But for a half line (|R| = 1) both types will be present. It is

the |R| dependence of the Luttinger exponents which will tune this accordingly.

With regard to the reflection coefficients being the bare ones in our approach we have to point

out that the scale dependence in the conventional approaches comes about either because the

starting point is far removed from the actual situation or because curvature effects, etc. in

the free fermion dispersion are not neglected. The former case is when one tries to study a

LL in presence of impurity by treating the impurity as a perturbation or study it by treating

it as a weak coupling between two half lines. In both cases the various parameters are likely

to be scale dependent due to the poor choice of the starting situation in comparison with

the actual situation. To give an analogy, if one tries to study the harmonic oscillator Green

function using perturbative RG where the spring constant is a perturbation (analogous to

treating impurity as a perturbation), it is naturally going to be scale dependent as it is a

relevant perturbation. Conversely if one tries to model this as a sequence of particle in a

box with weak coupling between boxes (analogous to a weak link between two half-lines),

here too the couplings are going to flow. The present work on the other hand, treats the

impurity exactly and strictly neglects the curvature of the free fermion energy dispersion.

We also restrict ourselves to forward scattering interaction between fermions. Even with all

these qualifications and caveats our results are only able to provide the most singular part

(see section 3.4.4) of the asymptotic Green functions in a closed form in terms of elementary

functions of positions and times. This is the most important physics that is of interest and it

is gratifying that it may be obtained exactly.

3.4.2 Limiting case checks

No interaction. The obvious limiting check is to switch off the inter-particle interactions

between particles ( v0 = 0 ) and then compare with the respective single particle Green

functions obtained using Fermi algebra. In such a case, the holon velocity is equal to the

Fermi velocity (vh → vF ) and equation (3.20) and equation (3.21) will be identical to equation

(3.5)

No impurity. In absence of any impurity, there is no reflection (|R| = 0) and no concept

of opposite sides as its a homogeneous case. There will be no reflectional terms like 〈ψRψ†L〉
and 〈ψLψ†R〉 which is obvious from table 3.1. The only non zero terms are the translational
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terms 〈ψRψ†R〉 and 〈ψLψ†L〉 whose exponents takes the following form.

P =
(vh + vF )2

8vhvF
; Q =

(vh − vF )2

8vhvF
; X = γ1 = 0;

Using the above, one obtains the precise Green functions of the standard homogeneous Lut-

tinger liquid as given in books by Giamarchi [5].

No tunneling. In this case, R = −1 (half-line) and hence there is no need to consider the

two points to be on the opposite sides. The Green functions take the form that of an infinite

barrier for the points on the same side and vanishes when one of the points is at the location

of the impurity. The Green functions of a half line are calculated by Mattsson et al. [40]

for small values of interaction parameter which are in conformity with those obtained using

NCBT subjected to the same conditions.

Far from impurity. It can be observed that when both the points are on the same side

of the impurity but far away from it, then the translational terms 〈ψRψ†R〉 and 〈ψLψ†L〉 are

immune to the presence of impurity and takes the form of the homogeneous case. But the

reflectional terms 〈ψRψ†L〉 and 〈ψLψ†R〉 will certainly not be immune to the presence of the

impurity since in these cases the region where the impurity is present needs to be traversed.

3.4.3 Spinless case

The Green functions in equation (3.20) and (3.21) can be easily converted to the corresponding

spinless case. All one needs to do is to double all the holon exponents, viz., P to 2P, Q to 2Q,

γ1 to 2γ1, (1 + γ2) to 2(1 + γ2), etc. and let all the spinon exponents vanish (0.5, 0, -0.5, etc.

are set to zero). Thus there will be only one modified velocity given by vh =
√
v2
F + vFv0/π

indicating no spin-charge separation.

3.4.4 Technical clarification

C-numbers :

While using the modified Fermi Bose correspondence in equation (3.16) to write down the

general N-point function, care must be taken in handling the c-numbers. For example,

while computing the two-point function one encounters c-numbers which are of the type〈
Cλ1,ν1,γ1 (σ1)C∗λ2,ν2,γ2

(σ1)
〉

. Rather than thinking of these as products of complex numbers C

and its complex conjugate C∗, one is required to think of them as one single object as

F2(λ1, ν1, γ1;λ2, ν2, γ2).
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Most singular part :

While evaluating the Green functions using the Fermi Bose correspondence in equation (3.16)

we have used the Gaussian approximation as given in equation (2.25).

< ψR(x, σ, t)ψ†R(x′, σ, t′) > ∼ e
1
2
<(iθR(x,σ,t))2>e

1
2
<(−iθR(x′,σ,t′))2>e<(iθR(x,σ,t))(−iθR(x′,σ,t′))>

Here ‘θR’ is the local phase given by equation (3.15) which linearly depends on the densities.

Using the Gaussian approximation means that the higher moments of density fluctuations are

ignored. Although 〈T ρs(x1, t1)ρs(x2, t2)ρs(x3, t3)〉 = 0 , but the fourth order of density fluctuation

is not zero.

〈T ρs(x1, t1)ρs(x2, t2)ρs(x3, t3)ρs(x4, t4)〉 − 〈T ρs(x1, t1)ρs(x2, t2)〉 〈T ρs(x3, t3)ρs(x4, t4)〉−

〈Tρs(x1, t1)ρs(x3, t3)〉 〈Tρs(x2, t2)ρs(x4, t4)〉 − 〈Tρs(x1, t1)ρs(x4, t4)〉 〈Tρs(x2, t2)ρs(x3, t3)〉 6= 0

However the above term is less singular compared to the density fluctuation of the second

order viz. 〈T ρs(x1, t1)ρs(x2, t2)〉− 〈ρs(x1, t1)〉 〈ρs(x2, t2)〉. Similarly all the higher even order terms

are less singular compared to the second order density fluctuation terms while the odd orders

are zeros. In other words, using the Gaussian approximation means that we are calculating

the most singular part of the Green functions using the non chiral bosonization technique.

3.5 Four-point functions (Friedel oscillations)

The prescription of equation (3.19) for pinning down the form of λi in equation (3.16) leads to

the correct general four-point functions when mutual interactions are absent. However, the

general expressions for four-point functions with mutual interactions are quite formidable.

Fortunately, there is a special case viz. the density-density correlation function which is

much simpler and also more important physically. Friedel oscillations are the rapid spatial

variation ( ∼ e2ikF x) of the otherwise homogeneous density profile in a Luttinger liquid in

response to a spatially localized impurity. In the Kubo formalism it is given as the density-

density correlation function [102, 103]. Egger and Grabert have studied Friedel oscillations

in a Luttinger liquid with arbitrary interactions and arbitrary strengths of impurities [91].

Consider the slow part of the density density correlation functions given in equation (3.5). This

slow part of the DDCF can be used to obtain the fast part of the DDCF which corresponds to

Friedel oscillations, which is nothing but a term which oscillates with wavenumber 2kF such

as e2ikF (x−x′ ) < T ρf (x, σ, t)ρ
∗
f (x

′
, σ′, t

′
) >. This can be done using a non standard harmonic

analysis suited to study inhomogeneous Luttinger liquids like the one under study.

ρf (x, σ, t) ∼ e2iπ
∫ x
−∞(ρs(y,σ,t)+λρs(−y,σ,t))dy (3.24)
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The above equation is the basis of the NCBT using which equation (3.16) is derived. The

λ is the same as that of equation (3.16) taking values 0 or 1 and setting λ = 0 yields the

standard harmonic analysis of Haldane. The value of λ is first decided by calculating the

non-interacting DDCF using equation (3.24) and comparing with the same DDCF obtained

using Fermi algebra. After that, similar to the calculation of the two-point functions, the non

interacting DDCF in equation (3.5) is to be replaced by the interacting DDCF in equation

(3.17) to obtain the required four-point functions in presence of mutual interactions.

Define ρ̃f ≡ ρf− < ρf >. The prescription for choosing λi in equation (3.24) as discussed in

equation (3.19) leads to the unambiguous conclusion that λ1 = 1− λ2 (where λ1 and λ2 cor-

responds to the points x1 and x2 respectively) and the fast parts of the DDCF corresponding

to Friedel oscillations are obtained as follows.

〈
T ρ̃f (X1)ρ̃f (X2)

〉
∼ (Exp[

∑
ν,ν
′
=±1

a=h,n

Γ(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]− 1)

〈
T ρ̃f (X1)ρ̃∗f (X2)

〉
∼ (Exp[−

∑
ν,ν
′
=±1

a=h,n

Γ(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]− 1) (3.25)

One should remember that this really means the time derivative of the logarithms of both

sides are equal to each other. The values of the anomalous scaling exponents Γ(ν, ν
′
; a) can

be obtained from the expression below.

Γ(ν, ν
′
; a) =

(
vF
2vh

δa,h +
1

2
δa,n

)
(δν,ν′ − δν,−ν′) (3.26)

As mentioned in equation (3.12), the full density is given as follows.

ρ(x, t) = ρs(x, t) + e2ikF x ρf (x, t) + e−2ikF x ρ∗f (x, t)

Now ρf is the envelope of the rapidly varying part of the density profile which oscillates with

a wave-vector 2kF . Using equations (3.25) and (3.26), one can write

〈
T ρf (x1, σ, t1)ρf (x2, σ, t2)

〉
∼
(

[(x1 − x2)− vh(t1 − t2)][−(x1 − x2)− vh(t1 − t2)]

[(x1 + x2)− vh(t1 − t2)][−(x1 + x2)− vh(t1 − t2)]

) vF
2vh

(
[(x1 − x2)− vF (t1 − t2)][−(x1 − x2)− vF (t1 − t2)]

[(x1 + x2)− vF (t1 − t2)][−(x1 + x2)− vF (t1 − t2)]

) 1
2
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Substituting x1 = x, x2 = x+ ε (to avoid infinities/zeros) and t1 = t2 = t we obtain

〈
ρf (x)ρf (x)

〉
∼
(

(−ε)(ε)
[2x][−2x]

) vF
2vh

(
(−ε)(ε)

[2x][−2x]

) 1
2

∼ (x2)
− vF

2vh
− 1

2

Now, vF
vh

= g is the well known Luttinger liquid interaction parameter and thus we can write

〈ρf (x)ρf (x)〉 ∼ (x2)−(1+g)/2

Since for a non interacting system, the average density goes as the inverse of length < ρ(x) >∼
1
x

while the average of the density density correlation function goes as < ρ(x)ρ(x) >∼ 1
x2 ,

hence using the same argument one can write from the above relation for systems with forward

scattering interactions as follows.

〈ρf (x)〉 ∼ (x)−(1+g)/2 (3.27)

This is precisely the relation obtained by Egger et al. [91] for the envelope of the oscillatory

part of the density which oscillates with a frequency 2kF .

3.6 Dynamical density of states

In this section the results for the dynamical density of states (DDOS) Dx(ω) at location x

is presented. Physically, Dx(ω)dω is the number of quasiparticle states per unit length with

energy between ~ω and ~(ω + dω) relative to the Fermi energy. The idea of density of states

is generalized to interacting many body systems as follows:

Dx(ω) =

∫ ∞
−∞

dt

2π
eit(ω+EF ) 〈{ψ(x, t), ψ†(x, 0)}〉 (3.28)

The above local density of states can be related to the single particle Green function formulas

derived earlier to obtain a closed formula for Dx(ω) (see Appendix E for details) especially

in interesting limits viz. when x is far away from the cluster of barriers and wells and also

when x is near or at the location of barriers and wells. The final results are discussed below.

The detailed plots that help in visualizing these results are relegated to figure 3.4. First a

dimensionless parameter proportional to the location x is defined viz. ξ = 2ω|x|
vh

. The results

for DDOS at zero temperature may be written in general as (the static - i.e. at the Fermi

level - local density of states at finite temperature is obtained by simply replacing ω below

by kBT viz. the temperature),

Dξ(ω) ∼ ωα(ξ) (3.29)

where α(0 < ξ � 1) ≈ 2Q + 2X (Q and X are given in equation (3.22)) and α(ξ � 1) ≈
(vh−vF )2

4vF vh
= 2Q = 1

4
(Kρ + 1

Kρ
− 2) which is precisely the exponent found in the textbooks for
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fermions with spin (Giamarchi [5], equation (7.27)). In the case of the half line, Kane and

Fisher [31] have remarked that for spinless fermions the density of states is ρend(ε) ∼ ε
1
g
−1

where g = vF
vh

. For fermions with spin the exponent may be inferred as half of this as done

earlier viz. Dhalf−line(ω) ∼ ω
1
2

( 1
Kρ
−1)

. Setting |R| = 1 for half-line, α(ξ ≡ 0) = (vh−vF )
2vF

=
1
2
( 1
Kρ
− 1) since Kρ = vF

vh
. For repulsive interactions, vh > vF the exponent α(0 < ξ � 1) > 0.

But for attractive interactions, vh < vF and the exponent can take both positive as well as

negative values. Define a constant Rc1 such that when |R|2 = |Rc1|2 = vF−vh
3vF−vh

, the exponent

vanishes. Now, for |R| < |Rc1| the exponent α(0 < ξ � 1) > 0 and for |R| > |Rc1| the

exponent α(0 < ξ � 1) < 0.

(a) (b)

Figure 3.4: (a) Density of state exponents(0 < ξ � 1) as a function of the interaction
parameter v0 for various values of reflection amplitudes |R| given in parenthesis. (b) Density

of state exponents(ξ � 1) as a function of the interaction parameter v0.(vF = 1)

For the spinless case and strong impurity, the density of states has been exactly calculated

by Delft et al. [72] for the specific case of Kρ = 1
2

and obtained to be D(ω) ∼ ω. Redoing the

above for the spinless case and strong impurity, NCBT yields D(ω) ∼ ωα where α = 1
Kρ
− 1

and for Kρ = 1
2
, we have D(ω) ∼ ω which is in agreement with Von Delft et.al. [72], Fabrizio

& Gogolin [104], etc. The main advancement of the present work is being able to provide

simple analytical expressions for exponents such as these that interpolate between the no-

barrier and strong barrier cases. The novel technical framework that abandons the g-ology

framework in favor of a non-chiral bosonization method with non-standard harmonic analysis

of the field operator enables an exact treatment of free fermions plus impurity problem.

The exponent near the impurity becomes negative in some regions (see Appendix E) signifying

that the density of states diverges at low energies near the impurity i.e. the impurity together

with attractive interactions effectively brings back low-energy quasiparticles which ought not

to be there in a Luttinger liquid (“healing the chain” [31]). Note that contributions that are

analogous to Friedel oscillations (rapidly oscillating terms) have been ignored in the DDOS

calculations.
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3.7 Summary

In this work, the non-chiral bosonization technique (NCBT) is used to obtain the most sin-

gular parts of the asymptotically exact Green functions of a luttinger liquid with a cluster of

impurities around an origin. These formulas interpolate between the weak barrier and weak

link extreme cases that are studied in the literature. Unlike the competing methods that

can only study these extreme limits reliably, the present approach is able to connect the two

regimes using analytical means. The formalism is used to calculate the rapidly oscillating

parts of the density density correlation functions, also called Friedel oscillation terms, which

arises because of the presence of a localized impurity in an otherwise homogeneous Luttinger

liquid. The two-point functions obtained using the same technique are used to express the

local dynamical density of states as a power law and a closed analytical expression of the ex-

ponent is obtained as a function of the strength of impurities and that of mutual interactions.

The interesting limits of far away from the impurity as well as near or at the position of im-

purity is also discussed. A comparison is made with the existing literature for the dynamical

density of states in the special case of g=1/2 and an exact match is observed.
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Chapter 4

Transport properties

One of the most important physical phenomena studied in condensed matter systems is the

transport of electrons, especially when they are restricted to move in one dimension. This is

because of the unique nature of the inter-particle interactions in one dimension which leads

to interesting physics which is substantially different from that of the higher dimensions.

Secondly, the emergence of advanced technologies has made possible, the realization of one

dimensional systems that have unusual properties that hold a promising future - carbon

nanotubes [42], semiconducting quantum wires [97, 105] and so on. Most of the physical

phenomena of such systems can be systematically studied provided one has analytical forms

of the correlation functions - to obtain these is the stated goal in quantum many body physics.

In one dimension, this goal is typically achieved using bosonization methods where a fermion

field operator is expressed as the exponential of a bosonic field [72]. This operator approach to

bosonization [5], is used to compute the N-point Green functions of a clean Luttinger liquid.

But in presence of impurities, the conventional method fails and one has to switch to Non

chiral bosonization technique which can successfully compute the Green functions of such

inhomogeneous systems. Possession of Green functions enables the study of different physical

phenomena and attributes of these systems, such as Friedel oscillations [91], temperature

dependence of conductance [92, 93], Kondo effect [94, 95], resonant tunneling [32, 106], etc.

The seminal work of Kane and Fisher [31] has shown how impurities can lead to drastic effects

on the conductance of the system at low temperatures which can be as severe as ‘cutting the

chain’ by even a small scatterer. Since then, the study of transport phenomena in a Luttinger

liquid with impurities has interested a number of researchers [107–110]. The conductance of a

narrow quantum wire with non-interacting electrons moving ballistically is given by e2/h. This

conductance is renormalized for a Luttinger liquid with no leads to a value, g e2/h, where g is

the Luttinger liquid parameter that depends on the mutual interaction strength of the particles

[31, 108, 111]. But no renormalization of the universal conductance is required when leads

are present if the electrons have a free behavior in the source and drain reservoirs [110, 112].

Matveev et al. used a simple renormalization group method to calculate the conductance of a
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weakly interacting electron gas in presence of a single scatterer [34]. Ogata and Anderson [113]

used Green’s functions to study conductivity of a Luttinger liquid and showed that if spin-

charge separation is taken into account, the resistivity has a linear temperature dependence.

Besides conductance, resonant tunneling is yet another important phenomenon studied in a

Luttinger liquid with double barriers [32, 106, 114, 115]. Kane and Fisher studied resonant

tunneling in a single channel interacting electron gas through a double barrier and found that

the width of the resonance vanishes as a power of temperature, in the zero-temperature limit

[32, 114]. Furusaki and Nagaosa studied the same for spinless fermions and calculated the

conductance as a function of temperature and gate voltage [106]. In another work, Furusaki

studied resonant tunneling in a quantum dot weakly coupled to Luttinger liquids [116] and

a few years later, this model was supported by experimental evidence [97]. More recently

conductance has been studied using numerical methods like Monte Carlo simulations [62, 82]

as well as quantum simulations [117]. Aseev et al. [118] recently studied how the combined

effect of multi-electron interaction and applied magnetic field leads to a gap in the spectrum,

which in turn affects the temperature dependence of fractional conductance of a quantum

wire. Other works on transport properties in 1D systems include study of long range disorder

[119], short range disorder [120, 121], thermal transport [122–124], spin dependent transport

[125], frequency dependent transport [126] and so on.

In this chapter [127, 128], the conductance of a Luttinger liquid in presence of a cluster

of impurities is calculated using the correlation functions obtained using NCBT - both in

the Kubo formalism as well as when it is treated as an outcome of a tunneling experiment.

It is stressed that these two are qualitatively different notions, despite carrying the same

name viz. ‘conductance’ - the former being related to 4-point functions and the latter to

2-point functions. All the necessary limiting cases like Landauer’s formula, conductance of

a clean Luttinger liquid, half-line, etc. are obtained. From the tunneling conductance, the

well-known concepts of ‘cutting the chain’ and ‘healing the chain’ are elucidated. The finite-

bandwidth conductance of a Luttinger liquid (LL) with a cluster of impurities is also studied

and its variation with respect to temperature is shown. The results are compared with those

obtained by Matveev, Yue and Glazman [34] who deal with a weakly interacting LL. By

contrast, NCBT correctly provides the conductance for all values of the interaction strength

(as well as the sign). The condition of resonant tunneling for a double impurity system is

obtained and the behavior of the correlation function exponents near its vicinity is explained.

4.1 Conductance

In this section, the conductance of a Luttinger liquid with an infinite bandwidth is discussed

while the subsequent section discusses the same with a finite bandwidth. The systems under

study remains the same as that of the previous chapter - a cluster of impurities in a Luttinger
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liquid. Let us recall the Hamiltonian given by equation (3.1) as

H =

∫ ∞
−∞

dx ψ†(x)

(
− 1

2m
∂2
x + V (x)

)
ψ(x) +

1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
) (4.1)

The first two terms represent the kinetic energy and the external potential energy respectively.

The third term is the mutual interaction term where v(x − x
′
) = 1

L

∑
q

vq exp [−iq(x− x′)]

(where vq = 0 if |q| > Λ for some fixed bandwidth Λ � kF and vq = v0 is a constant

otherwise) is the forward scattering mutual interaction. First we consider infinite bandwidth

of the system which effectively means that the temperature is much less than the bandwidth,

T � ΛvF .

The following sequence is maintained in each subsection. Firstly the method adopted is briefly

discussed with a mention of the starting equations. This is followed by a display of the main

results while the computational details are relegated to Appendix F. The next part will be

a discussion of the results and finally a comparison is made with well-known results in the

literature.

4.1.1 Kubo conductance

The general formula for the conductance of a quantum wire (obtained from Kubo’s formula

that relates it to current-current correlations) without leads but with electrons experiencing

forward scattering short-range mutual interactions and in the presence of a finite number of

barriers and wells clustered around an origin is obtained. Consider an electric field E(x, t) =
Vg
L

between −L
2
< x < L

2
and E(x, t) = 0 for |x| > L

2
. Here Vg is the voltage between

two extreme points. Thus a d.c. situation is being considered right from the start. This

corresponds to a vector potential,

A(x, t) =

{
−Vg

L
(ct), −L

2
< x < L

2
;

0, otherwise.
(4.2)

Here c is the speed of light. This means the average current can be written as (e is the

electronic charge),

< j(x, σ, t) >=
ie

c

∑
σ′

∫ L/2

−L/2
dx
′
∫ t

−∞
dt
′ Vg
L

(ct′) < [j(x, σ, t), j(x
′
, σ
′
, t
′
)] >LL (4.3)

Using the Green functions obtained in an earlier work [90], the current current correlation

functions are derived (see Appendix F) and they are used in turn to obtain the formula for

conductance (in proper units) as follows,

G =
e2

h

vF
vh

(
1− vF

vh

|R|2

1− (vh−vF )
vh
|R|2

)
(4.4)
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Here vF is the Fermi velocity, vh =
√
v2
F + 2vF v0/π is the holon velocity and v0 is the strength

of interaction between fermions. The Kubo conductance formula obtained in equation (4.4)

is plotted in figure 4.1 as a function of the absolute value of the reflection amplitude |R|
(square of this is the reflection coefficient) and the interaction strength v0. It can be seen

that when the reflection coefficient becomes unity (|R| = 1), then the conductance vanishes

irrespective of the interaction parameter. On the one hand, for any fixed value of |R|, the

conductance increases as the mutual interaction becomes more and more attractive (negative

v0) and decreases as the interaction becomes more and more repulsive (positive v0). On

the other hand for a fixed value of interaction parameter, the conductance decreases with

increase in the reflection strength. This is the most general version of the Kubo conductance

of a Luttinger liquid with arbitrary strength of interactions as well as that of impurities. The

literature mostly consists of the limiting cases of these results which, as discussed below, are

all in favor of this result.

Figure 4.1: Conductance as a function of the absolute value of the reflection amplitude
|R| as well the interaction parameter v0 (vF = 1)

4.1.1.1 Limiting cases.

No interaction. In absence of interactions v0 = 0 and hence vh = vF and thus from equation

(4.4),

G =
e2

h
(1− |R|2) =

e2

h
|T |2

which is the Landauer’s formula for conductance.

No impurity. In this case, there is no reflection and hence |R| = 0 and thus from equation

(4.4),

G =
e2

h

vF
vh

=
e2

h
g

which the renormalized conductance of an infinite Luttinger liquid (with parameter g).
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Infinite barrier. In the case of a half line, |R| = 1 and thus from equation (4.4),

G = 0

irrespective of the value of holon velocity vh.

4.1.2 Tunneling conductance

The Kubo conductance is the linear response to external potentials and is therefore related to

four-point correlation functions of fermions. Alternatively, conductance may also be thought

of as the outcome of a tunneling experiment [31]. Here fermions are injected from one end

and collected from the other end. In this sense, the conductance is related to the two-point

function or the single particle Green function. Thus we expect these two notions to be

qualitatively different from each other, even though both are called “conductance”. From

this point of view, the tunneling conductance is,

G ∼ e2

h
|vF
∫ ∞
−∞

dt < {ψR(−L
2
, σ, 0), ψ†R(

L

2
, σ, t)} > | (4.5)

This identification of the tunneling conductance with a properly defined effective tunneling

amplitude (when mutual interactions are included) is essentially the same as the approach

followed in the important work by Matveev et al. [34].

Now < ψR(−L
2 , σ, 0)ψ†R(L2 , σ, t) > is the probability amplitude of a particle being annihilated

at the extreme left as a right mover and being created at the extreme right also as a right

mover after time t, thus tunneling through the cluster of impurities situated at the origin.

Since the two points are on the opposite sides of the origin, the Green functions from equation

(3.21) have to be used. To avoid infinities in the term (x1 + x2)−1 one has to set x1 = −L
2

and x2 = L
2

+ ε and then taking the limit ε→ 0 while performing the summation of the two

terms in the Green function. Finally all the exponents associated with the length parameter

L that emerges while evaluating equation (4.5) are collected together to obtain the tunneling

conductance exponent. The length L has to be scaled by a cutoff Lω = vF
kBT

to preserve

the dimensionality of the conductance G since the exponents are some general non-integer

quantities. The final result (derived in Appendix F) is as follows.

G ∼
(
L

Lω

)4X−2Q

(4.6)

In this case the results depend on the length of the wire L and a cutoff Lω that may be

regarded either as inverse temperature or inverse frequency (in case of a.c. conductance).

Here X and Q are obtained from equation (3.22). It is important to stress that the present

work has carefully defined tunneling conductance and it is not simply related to the dynamical
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density of states of either the bulk or the half line. The dynamical density of states is equal-

space and unequal time Green function. For tunneling, an electron is injected at x = −L/2
and collected at x

′
= +L/2 as is the case here which is unequal-space unequal-time Green

function, i.e., the Green function of the electron traversing the impurity. Of particular interest

is the weak link limit where |R| → 1. The limiting case of the weak link are two semi-infinite

wires. In this case,

Gweak−link ∼
(
L

Lω

) (vh+vF )2−4v2
F

4vhvF

(4.7)

Hence the d.c. conductance scales as Gweak−link ∼ (kBT )
(vh+vF )2−4v2

F
4vhvF . This formula is consis-

tent with the assertions of Kane and Fisher [31] that show that at low temperatures (kBT → 0)

and for a fixed L, the conductance vanishes as a power law in the temperature if the inter-

action between the fermions is repulsive (vh > vF > 0) and diverges as a power law if the

interactions between the fermions is attractive (vF > vh > 0). Their result is applicable to

spinless fermions without leads Gweak−link−nospin ∼ (kBT )
2
K
−2. In order to compare with the

result of the present work, this exponent has to be halved Gweak−link−with−spin ∼ (kBT )
1
Kρ
−1

.

This exponent is the same as the exponent of the present work so long as |vh − vF | � vF i.e.
(vh+vF )2−4v2

F

4vhvF
≈ 1

Kρ
− 1 since Kρ = vF

vh
. In general, the claim of the present work is that the

Figure 4.2: Conductance exponent η as a function of the absolute value of the reflection
amplitude |R| and the ratio β = vh

vF
.

temperature dependence of the tunneling d.c. conductance of a wire with no leads and in the

presence of barriers and wells and mutual interaction between particles (forward scattering,

infinite bandwidth i.e. kF � Λb →∞) is,

G ∼ (kBT )η; (4.8)

62
TH-2101_146121021



and the exponent η is given by

η = 4X − 2Q =
(g − 1)(τ0 − g − 3g2(1− τ0))

4g(τ0 + g(1− τ0))
(4.9)

Here g = vF
vh

is the Luttinger liquid parameter and τ0 = 1−|R0|2 = |T0|2 is the bare tunneling

coefficient. When η > 0 the conductance vanishes at low temperatures as a power law

- characteristic of a weak link. However when η < 0 the conductance diverges 1 at low

temperature as a power law - characteristic of a clean quantum wire. Of special interest is

the situation η = 0 where the conductance is independent of temperature. This crossover

from a conductance that vanishes as a power law at low temperatures to one that diverges as

a power law occurs at reflection coefficient |R|2 = |Rc2|2 ≡ vh(vh−vF )

3v2
F+v2

h
which is valid only for

repulsive interactions vh > vF . For attractive interactions, η < 0 for any |R|2 which means

the conductance always diverges as a power law at low temperatures. This means attractive

interactions heal the chain for all reflection coefficients including in the extreme weak link

case. On the other hand for repulsive interactions, for |R| > |Rc2|, η > 0 the chain is broken

(conductance vanishes) at low temperatures. For |R| < |Rc2|, η < 0 and even though the

interactions are repulsive the chain is healed (conductance diverges).

4.1.2.1 Derivation of RG equation for the tunneling conductance

In the well-cited work of Matveev et al. [34], the RG equation for the tunneling conduc-

tance is derived which is valid for weak mutual interaction between fermions (they consider

both forward scattering as well as backward scattering but in the present work we consider

only forward scattering between fermions but of arbitrary strength and sign subject to the

limitation that the holon velocity be real). Both in their work and in the present work the

transmission amplitude of free fermions can vary continuously between zero and unity i.e.

it is not constrained in any way. Note that we have chosen an infinite bandwidth to derive

the power-law conductance in equation (4.8). Had we chosen a finite bandwidth while cal-

culating equation (4.5), the resulting expressions would be considerably more complicated as

Matveev et al. have also found. But for now we look at equation (8) of their paper rather

than equation (12) since we are interested in the large bandwidth case only for now. Since

G ∼ T in their notation, we may expand the conductance exponent 4X− 2Q in powers of v0,

the forward scattering mutual interaction between fermions, to the leading order as follows

(in the notation of Matveev et al. this is V (0) and V (2kF ) ≡ 0 in the present work),

δT
T0

≈ 4X log(ω) ≈ R0
v0

πvF
log(ω) (4.10)

Here |v0| � vF , R0 = 1−T0 (in the notation of the present work this would be |R|2 = 1−|T |2)

and ω → |k − kF |d ∼ kBT (where d is the characteristic spatial scale of the interaction

1A more careful study shows it saturates to a high value.
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potential in Matveev’s article). The equation (4.10) is precisely equation (8) of Matveev et al.

Thus mutually interacting fermions renormalize the impurities but isolated impurities do not

renormalize the homogeneous Luttinger parameters such as K = vF
vh

. Note that our results

for the conductance equation (4.8) is the end result of properly taking into account the

renormalizations to all orders in the infinite-bandwidth-forward-scattering fermion-fermion

interactions with no restriction on the bare transmission coefficient of free fermions plus

impurity. The final answers of equation (4.8) involve only the bare transmission and reflection

coefficients for the same reason why eg. the zero point energy of the harmonic oscillator

derived properly using Hermite polynomials (rather than using perturbative RG around free

particle, say) involves the bare spring constant (ie. 1
2
~
√

k
m

). Incidentally, even the final

answers of Matveev et al. such as their equation (13) involve the bare parameters only since

this formula is the end result of taking into account all the renormalization properly.

It is hard to overstate the importance of these results. They show that it is possible to

analytically interpolate between the weak barrier and weak link limits without involving

RG techniques, explicitly. It also shows that NCBT is nothing but non-perturbative RG in

disguise.

4.2 Finite bandwidth conductance

The proper way of studying the finite bandwidth conductance would be to re-derive the single

particle Green function for finite bandwidth. Also it is important to introduce a bias and

calculate the current flowing as a function the bias, temperature, bandwidth etc. and extract

the conductance as a linear response coefficient. This has proved to be formidable. However,

an alternative is to take the point of view that the transmission and reflection coefficients that

appear in η are not the non-interacting temperature independent values but the interacting

temperature-dependent values. This amounts to asserting that the equation (4.8) which is

strictly speaking valid only for temperatures small compared to the bandwidth is now valid in

general since η has now been reinterpreted as being temperature and interaction dependent.

Therefore, for electrons with a finite bandwidth D0, the tunneling conductance τ is given by

a transcendental equation viz.

τ = τ0

(
kBT

D0

)η(τ)

(4.11)

where τ0 is the tunneling conductance in absence of interactions and the exponents η is a

function of the conductance τ and is obtained by replacing the τ0 in equation (4.9) by τ .

η(τ) =
(g − 1)(τ − g − 3g2(1− τ))

4g(τ + g(1− τ))
(4.12)

As before, g is the Luttinger parameter given by vF
vh

which is greater than unity for attractive

interactions and less than unity for repulsive interactions. τ0, being the transmission coefficient
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of the non-interacting system, can be obtained from elementary quantum mechanics and its

value ranges from 0 to 1. An exact analytical solution of equation (4.11) can’t be obtained

due to its transcendental nature. However, numerical solutions and approximate analytical

solutions are possible, which are described in the subsequent sub-sections.

4.2.1 Numerical solution

The equation (4.11) for tunneling conductance may be solved numerically using appropriate

empirical values of the remaining parameters. Based on the transmission coefficient τ0 and

Luttinger liquid parameter g, there are four cases as follows.

(a) Weak barrier and weak interactions: For a weak barrier, there is maximum trans-

mission and hence τ0 is close to unity. Also for weak interactions, the holon velocity vh is close

to Fermi velocity vF and hence the following empirical values are chosen: τ0 = 0.9; g = 1.1

for attractive and g = 0.9 for repulsive interactions. For kBT
D0

ranging from 0.1 to 2, equation

(4.11) is numerically solved and the obtained values of conductance τ is plotted as a function

of temperature (kBT
D0

) and the graph in figure 4.3 is obtained.

Figure 4.3: Conductance as a function of dimensionless temperature (kBTD0
) for a weak

barrier (τ0 = 0.9) and weak interactions (g = 0.9 for repulsive and g = 1.1 for attractive).

From the figure 4.3 it can be seen that near zero temperature, the conductance is close to

unity for attractive interactions while it tends to vanish for repulsive interactions. This is

the signature of ‘cutting the chain’ by even a small scatterer in case of repulsively interacting

particles [31]. As the temperature increases, the conductance decreases from its maximum

value for attractive interactions while it increases from its minimum value for repulsive inter-

actions. One more observation is that for kBT < D0, the conductance is larger in the case of

attractive interactions while for kBT > D0, the conductance is larger in the case of repulsive

interactions, the transition taking place at the point when kBT = D0.

(b) Strong barrier and weak interactions: For a strong barrier, there is minimum

transmission and hence τ0 is close to zero. The following empirical values are chosen: τ0 = 0.1;

g = 1.1 for attractive and g = 0.9 for repulsive interactions as in the earlier case. For
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kBT
D0

ranging from 0.1 to 2, equation (4.11) is numerically solved and the obtained value of

conductance τ is plotted as a function of temperature (kBT
D0

) and the graph in figure 4.4 is

obtained.

Figure 4.4: Conductance as a function of dimensionless temperature (kBTD0
) for a strong

barrier (τ0 = 0.1) and weak interactions (g = 0.9 for repulsive and g = 1.1 for attractive).

Similar observations are made in figure 4.4 as in the earlier case, the only difference being

that for strong barriers, conductance is less than that for weak barriers.

(c) Strong barrier and strong interactions: When interactions are strong, the holon

velocity vh is quite different from the Fermi velocity vF and hence the following empirical

values are chosen: τ0 = 0.1; g = 10 for attractive and g = 0.1 for repulsive interactions. Using

these values the graph in figure 4.5 is obtained.

Figure 4.5 clearly signifies the ‘healing the chain’ phenomenon of Kane and Fisher [31]. It

shows that particles with strong attractive forces between them can tunnel through even the

strongest of barriers. This conductance however decreases sharply with an increase in the

temperature.

Figure 4.5: Conductance as a function of dimensionless temperature (kBTD0
) for a strong

barrier (τ0 = 0.1) and strong interactions (g = 0.1 for repulsive and g = 10 for attractive).

(d) Weak barrier and strong interactions: The following empirical values are used as a

representative of this case: τ0 = 0.9; g = 5 for attractive and g = 0.5 for repulsive interactions.

For kBT
D0

ranging from 0.3 to 2, equation (4.11) is numerically solved and the obtained values

of conductance τ is plotted as a function of temperature (kBT
D0

) and the graph in figure 4.6 is

obtained.

66
TH-2101_146121021



Figure 4.6: Conductance as a function of dimensionless temperature (kBTD0
) for a weak

barrier (τ0 = 0.9) and strong interactions (g = 0.5 for repulsive and g = 5 for attractive).

The plot in this case shows interesting results in the form of high conductance even for repul-

sive interactions at lower temperatures. It is well known that for a non homogeneous system,

the conductance vanishes at temperatures small compared to bandwidth if the particles are

repulsive even if the impurity strength is low, as in the case (a) above. This is believed to be

due to a conspiracy between the impurity and mutual interactions which tends to break the

chain. But from figure 4.6, it is clear that if the interactions are too strong compared to the

strength of the barrier, the system tends to exhibit high conductance at low temperatures

rather than exhibiting the well known ‘cutting the chain’ phenomenon discussed by Kane and

Fisher [31]. However at higher temperatures, they are similar to the earlier cases.

For a weak barrier, the transition from low conductance to high conductance at low tempera-

tures as we increase the strength of repulsions is shown in figure 4.7. This can be understood

using an analogy of the conductance of a diode. If one applies a reverse bias to a diode, the

conductivity is very less, but if one goes on increasing the reverse bias voltage, at one point it

enters into the breakdown region and there is a high flow of current in the reverse direction.

Similarly in this case, when there is weak repulsion, the weak barrier behaves like a weak link

with low tunneling across it. However, when the strength of repulsion is increased, it reaches

a stage when conductance increases greatly, as with the case with homogeneous LL.

Figure 4.7: Conductance as a function of dimensionless temperature (kBTD0
) for a weak

barrier (τ0 = 0.9) and various strength of repulsive interactions (g = 0.5 to 0.85).
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4.2.2 Comparison with the results of Matveev et al.

The finite bandwidth calculation of conductance as a function of temperature is calculated by

Matveev et al. [34] and is given in equation (14) of their paper as follows (setting e2/h = 1

to tally with our results).

G(T ) =
τ0

(
kBT
D0

)2α

1− τ0 + τ0

(
kBT
D0

)2α (4.13)

and using their terminology for forward scattering interactions only, we have

2α =
v0

πvF
(4.14)

Expressing α in terms of the Luttinger parameter g used in this work, 2α = 1
2

(
1
g2 − 1

)
. The

formula in the equation (4.13) is valid only for weak interactions, as claimed by the authors

[34]. So the comparison is done only for weak interactions and hence the empirical values

of Luttinger parameter g is chosen to be 0.9 for repulsive interactions and 1.1 for attractive

interactions. The conductance obtained for both strong barrier (τ0 = 0.1) and weak barrier

(τ0 = 0.9) obtained using the analytical formula in equation (4.13) and that obtained using

numerical solution of our results are plotted as a function of temperature (kBT
D0

) in figure 4.8.

(a) (b)

Figure 4.8: Conductance as a function of dimensionless temperature (kBTD0
) for weak in-

teractions (g = 0.9 for repulsive and g = 1.1 for attractive). The dots are numerically exact
solution of the transcendental equation obtained from NCBT and the solid lines represent
the analytical formula of Matveev et al. (a) strong barrier (τ0 = 0.1) (b) weak barrier

(τ0 = 0.9).

In figure 4.8, the continuous lines are obtained from the analytical formulas of conductance by

Matveev et al. while the dots represents the numerical solution of the conductance obtained in

the present work. It is seen that they are in good agreement with each other. For temperature

very close to zero (kBT
D0

= 0.01), the values of conductance obtained by both the methods

(Matveev et al. and NCBT) are also in good agreement with each other. The following

empirical values are chosen: τ0 is 0.9 for weak barrier and 0.1 for strong barrier while g is 1.1

for attractive and 0.9 for repulsive interactions. The comparison is shown in the table 4.1.
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Table 4.1: Values of conductance τ for weak interactions as obtained by Matveev et al.
and NCBT for temperature very close to zero (kBTD0

= 0.01).

Case Matveev et al. NCBT % difference

Weak barrier + attraction 0.930 0.937 0.75
Weak barrier + repulsion 0.840 0.854 1.64

Strong barrier + attraction 0.142 0.148 4.05
Strong barrier + repulsion 0.061 0.064 4.69

On the other hand, for temperatures much greater than the bandwidth (kBT
D0

= 50), the values

of conductance obtained by both the methods (Matveev et al. and NCBT) are again in good

agreement with each other. The same empirical values are chosen: τ0 is 0.9 for weak barrier

and 0.1 for strong barrier while g is 1.1 for attractive and 0.9 for repulsive interactions. The

comparison is shown in the table 4.2. As temperature is further increased the strength of

interactions has to be decreased for a more favorable comparison.

Table 4.2: Values of conductance τ for weak interactions as obtained by Matveev et al.
and NCBT for temperature much greater than bandwidth (kBTD0

= 50).

Case Matveev et al. NCBT % difference

Weak barrier + attraction 0.865 0.834 3.72
Weak barrier + repulsion 0.934 0.918 1.74

Strong barrier + attraction 0.073 0.070 4.29
Strong barrier + repulsion 0.150 0.140 7.14

The central equation of finite bandwidth conductance of Matveev et al. valid for weak in-

teractions as given by equation (4.13) can actually be obtained by considering the weak

interaction limit of the transcendental equation (4.11) obtained using NCBT which is valid

for any strength of interactions. Setting y = kBT
D0

, equation (4.11) reads as follows.

τ = τ0 y
η(τ)

Differentiating with respect to y,

dτ

dy
= τ0 η(τ) yη(τ)−1 + τ0 log[y] yη(τ)dη(τ)

dy

For weak interactions, η(τ) = v0

πvF
(1− τ) = 2α(1− τ),

dτ

dy
= 2α(1− τ)

τ

y
− τ log[y] 2α

dτ

dy
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For weak interactions, 2α is very small and hence one can write,

dτ

dy
=
τ(1− τ)

y

2α

(1 + 2α τ log[y] )
≈ 2α

τ(1− τ)

y

Using appropriate limits of integration,

log

(
τ

1− τ

) ∣∣∣τ
τ0

= 2α log(y)
∣∣∣y
1

which gives,
τ(1− τ0)

τ0(1− τ)
= y2α

which may be easily solved for τ (replacing y by kBT
D0

),

τ =
τ0

(
kBT
D0

)2α

1− τ0 + τ0

(
kBT
D0

)2α (4.15)

which is precisely equation (4.13) obtained by Matveev et al. [34] in their work.

As claimed by Matveev et al. [34], the formula as given in equation (4.13) is valid for

weak interactions. The breakdown of the Matveev et al.’s formula for conductance at strong

interactions can be seen from figure 4.9. Choosing empirical values for a strong barrier

(τ0 = 0.1) and strong interactions (g = 0.1 for repulsive and g = 10 for attractive), the

conductance is plotted as a function of temperature and the graphs in figure 4.9 are obtained.

In the case (c) of the previous subsection, it has been shown how NCBT conductance, for

the exact same case as above, supports the healing the chain phenomenon for attractive

interactions. But the figure 4.9 somewhat violates the cutting the chain phenomenon for

strong repulsive interactions, that too with a strong barrier.

Figure 4.9: Conductance as a function of dimensionless temperature (kBTD0
) for a strong

barrier (τ0 = 0.1) and strong interactions (g = 0.1 for repulsive and g = 10 for attractive)
using Matveev et al.’s formula.
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4.2.3 Anomalous conductance

It has been observed from the earlier plots that with an increase in temperature, conductance

typically decreases for attractive interactions and increases for repulsive interactions. This is

because the exponent η in equation (4.11) is typically positive for repulsive cases and negative

for attractive cases. But in absence of interactions (g =1), the exponent η vanishes and the

conductance becomes independent of temperature and is given by

τη=0 = τ0

However g = 1 is not the only condition for which η vanishes, the other condition being

g0 =
−1±

√
1 + 12τ0 − 12τ 2

0

6(1− τ0)

Since 0 ≤ τ0 ≤ 1, hence
√

1 + 12τ0 − 12τ 2
0 ≥ 1. But since g can’t be negative (g = vF/vh),

the only admissible value of g for η = 0 is

g0 =
−1 +

√
1 + 12τ0 − 12τ 2

0

6(1− τ0)

Here g0 is the value of g for which η vanishes. In presence of a strong barrier (τ0 = 0.1)

the conductance becomes temperature independent (η = 0) for g0 = 0.08 which indicates

very strong repulsion. On the other hand, for a weak barrier (τ0 = 0.9) this happens for

g0 = 0.74, which is also repulsive but less stronger. This can be thought of as a conspiracy

between the impurity and the repulsive interactions to give rise to a state that is similar to

the non-interacting one. In figure 4.10, the conductance is shown as a function of temperature

for values of g near g0. It can be seen that as g approaches g0, the temperature dependence of

conductance becomes weaker and weaker (the graph flattens) and finally becomes independent

(constant graph) for g = g0.

(a) (b)

Figure 4.10: Conductance as a function of dimensionless temperature (kBTD0
) for values of g

near g0 where conductance exponent η vanishes: (a) weak barrier (τ0 = 0.9) with g0 = 0.74.
(a) strong barrier (τ0 = 0.1) with g0 = 0.08
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4.2.4 Analytical solution

Equation (4.11) being transcendental in nature can’t be solved analytically. However using
the fact that the tunneling conductance τ is less than unity, the RHS of the equation can be
expanded in powers of τ and truncated after a certain order. Smaller the value of τ , sooner
can the series be truncated. Ignoring the third and higher powers of the series and solving
the rest of the equation, the following expression of tunneling conductance is obtained.

τ =
−4g2(kBTD0

)
1
4 (2+ 1

g )τ0

(g2 − 1)(kBTD0
)

1
4 (2+ 1

g )τ0 log(kBTD0
)− g2(kBTD0

)
3g
4 (2 +

√
C)

(4.16)

where
C =4− 4(

kBT

D0
)

1
4 (2+ 1

g−3g)τ0 log(
kBT

D0
)(1− 1

g2
)

− 1

g4

(
(1− g)2(1 + g)(

kBT

D0
)

1
4 (2+ 1

g−3g)τ2
0 log(

kBT

D0
)(8g + (1 + g) log(

kBT

D0
))
)

Using the analytical expression in equation (4.16) for weak interactions (g = 0.9, 1.1) the

conductance is plotted as a function of temperature (kBT
D0

) for both weak (τ0 = 0.9) and

strong (τ0 = 0.1) barriers in figures 4.11(a) and 4.11(b) respectively and they are in close

agreement with those obtained for the results of Matveev et al. depicted in figures 4.8(a) and

4.8(b) respectively.

(a) (b)

Figure 4.11: Conductance from analytical expression as a function of dimensionless tem-
perature (kBTD0

) for weak interactions (g = 0.9 for repulsive and g = 1.1 for attractive): (a)
weak barrier (τ0 = 0.9) (b) strong barrier (τ0 = 0.1).

The conductance equation of Matveev et al. given by equation (4.13) may be expanded in

powers of the interaction parameter, retaining the terms up to the first order (since it is for

weak interactions). On the other hand, the analytical expression of conductance from NCBT

given by equation (4.16) can also be expanded in terms of the interaction parameter and

terms up to the first order may be retained. In both cases, the following is obtained which is

an exact match for finite temperature conductance for weak interactions (g ∼ 1).

τ = τ0 +
(1− g2)τ0(1− τ0) log(kBT

D0
)

2g2
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4.2.5 Comparison of analytical and numerical solution

The analytical solution using the second order approximation to the conductance and the

numerical solution of the exact transcendental equation has to be compared so that one can

estimate how good the approximation is for various cases. Choosing the empirical values of

g = 0.9, 1.1 for weak interactions, g = 0.3, 3 for strong interactions and τ0 to be 0.1 for

strong barrier and 0.9 for weak barriers, the values of conductance are compared for different

combinations of g’s and τ0’s for the case kBT
D0

= 0.5 and the results are tabulated in table 4.3.

Table 4.3: Comparison of the values of conductance τ obtained numerically and analyti-
cally for kBT

D0
= 0.5

Case Numerical Analytical % difference

Strong barrier + strong attraction 0.285 0.285 0
Strong barrier + weak attraction 0.106 0.106 0
Strong barrier + strong repulsion 0.055 0.055 0
Strong barrier + weak repulsion 0.094 0.094 0
Weak barrier + strong attraction 1.032 1.183 12.76
Weak barrier + weak attraction 0.907 0.908 0.11
Weak barrier + strong repulsion 1.288 1.024 25.78
Weak barrier + weak repulsion 0.895 0.895 0

From table 4.3 it can be observed that for strong barrier (τ0 ∼ 0), the numerical and analytical

values are precisely matching as ignoring the higher powers of τ0 is a much better approxima-

tion in this case. For weak barriers (τ0 ∼ 1) ignoring the higher powers of τ0 is less accurate,

especially for attractive interactions which tends to mitigate the effect of the barrier (healing

the chain phenomenon as described by Kane and Fisher [31]) and make τ0 approach unity.

Thus there is a minor mismatch between the analytical and the numerical values for weak

attractions and a little more for strong attractions. On the other hand repulsive interactions

aggravate the effect of the barrier (cutting the chain phenomenon of Kane and Fisher [31])

and minimize the tunneling. Thus for weak repulsion, there is an exact match between the

two values inspite of weak barriers. However for strong repulsions and weak barrier, there is

some anomalous behavior as also depicted in figure 4.6 above, where the value of conductance

tends towards unity and hence the second order approximation is not a very good one for this

case.

4.2.6 Both forward and backward scattering

The transcendental equation given by the equation (4.11) and expression of the exponent η(τ)

given by equation (4.12) remains the same upon inclusion of backward scattering interactions

between fermions. The difference comes in the expression of the holon velocity vh (note that
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g = vF/vh), which is now modified to include the effect of backward scattering. Considering

v0 is the strength of forward scattering interactions as discussed in equation (7.2), the holon

velocity is given by vh = vF
√

1 + 2v0

πvF
. In presence of backward scattering (of strength v1) the

v0 is replaced by an effective v0 given by (in this work we only deal with fermions with spin)

v0,eff = g2(T )− 2g1(T ) (4.17)

where g1 and g2 are the renormalized values of backward and forward scattering interaction

strengths that can be derived using Parquet’s approximation [28] and are given by

g1(T ) =
v1

1 + v1

πvF
log [ D0

kBT
]

g2(T ) =v0 −
v1

2
+

v1

2(1 + v1

πvF
log [ D0

kBT
])

(4.18)

Hence the Luttinger parameter g used in equation (4.12) can be written for small values of

interactions as follows.

g =
1√

1 +
2v0,eff

πvF

≈ 1− v0,eff

πvF
(4.19)

Setting y = kBT
D0

, equation (4.11) reads as follows.

τ = τ0 y
η(τ)

Differentiating with respect to y,

dτ

dy
= τ0 η(τ) yη(τ)−1 + τ0 log[y] yη(τ)dη(τ)

dy

For weak interactions, η(τ) =
v0,eff

πvF
(1− τ). Setting

v0,eff

πvF
= 2αeff ,

dτ

dy
= 2αeff (1− τ)

τ

y
− τ log[y] 2αeff

dτ

dy

For weak interactions, 2αeff is very small and hence one can write,

dτ

dy
=
τ(1− τ)

y

2αeff
(1 + 2αeff τ log[y] )

≈ 2αeff
τ(1− τ)

y

Using equations (4.17) and (4.18),

αeff = α2 + α1

(
−1

2
− 3

2− 4α1 log [y]

)
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Hence the differential equation takes the form

dτ

dy
= 2

(
α2 + α1

(
−1

2
− 3

2− 4α1 log [y]

))
τ(1− τ)

y

which is solved and using appropriate limits of integration,

τ =
τ0

(
1 + 2α1 log ( D0

kBT
)
) 3

2
(
kBT
D0

)2α2−α1

1− τ0 + τ0

(
1 + 2α1 log ( D0

kBT
)
) 3

2
(
kBT
D0

)2α2−α1

which is the conductance for weakly interacting electrons with both backward and forward

scattering as also given by equation (21) of Matveev et al. [34].

It is interesting to see the interplay between the forward and backward scattering interactions.

For weak or no backward scattering, the conductance shows a monotonic behavior with respect

to temperature. When backward scattering is increased gradually, the conductance starts

showing a non-monotonic behavior such that with an increase in temperature, the conductance

first increases, reaches a maximum and then decreases. This is shown in figure 4.12 by

numerically solving the transcendental equation (4.11) for the empirical values of τ0 = 0.3,

vF = 1, v0 = 0.02 and v1 = 0.01. The solution (depicted by the dots) is in good agreement

with that of Matveev et al. (continuous line).

0.0 0.5 1.0 1.5 2.0

kB T

D0
0.299980

0.299985

0.299990

0.299995

0.300000

τ

Figure 4.12: Conductance as a function of dimensionless temperature (kBTD0
) for weak

interactions ( vF = 1, v0 = 0.02 and v1 = 0.01) and a barrier of strength τ0 = 0.3. The dots
represent the NCBT numerical solution and the continuous line represents the analytical

solution of Matveev et al.

4.2.7 Comparison with Monte Carlo results

The conductance of Luttinger liquids with impurities has been studied using numerical meth-

ods like Monte Carlo simulations [62, 82, 83]. In the work by Hamamoto et al. [62], where

path integral Monte Carlo methods are used, it has been found that the d.c. conductance

increases monotonically for Kρ > 1.025 (Kρ = g in our notation and hence weakly attractive)

with a decrease in temperature. Whereas for Kρ < 0.975 (weakly repulsive) it decreases

monotonically with a decrease in temperature. This is in good agreement with the plots in
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figures 4.3 and 4.4 which are also for weak interactions (g = 1.1 for attractive and g = 0.9 for

repulsive). Similar trends were earlier obtained by Leung et al. [83] for repulsive interactions

with g = 1/3 and g = 1/6.

4.3 Resonant tunneling across a double barrier

Resonant tunneling is well-known in elementary quantum mechanics. Typically, this phe-

nomenon is studied in a double-barrier system. When the Fermi wavenumber bears a special

relation with the inter-barrier separation and height, the reflection coefficient becomes zero

and the Green functions of the system behave as if they are those of a translationally invari-

ant system. Consider a symmetric double delta-function with strength V0 and separation d.

Define, ξ0 = kFd. The resonance condition in this case is well-known to be,

V0 sin [ξ0] + vF cos [ξ0] = 0 (4.20)

Resonant tunneling is studied for a square double barrier potential in one dimensions by Xiao

et al. [129]. After taking the limiting cases of the square barriers tending to delta potentials

and imposing the RPA limit, equation (4.20) is obtained.

(a) (b) (c)

Figure 4.13: Anomalous exponents (L.E) vs impurity strength V0 for symmetric dou-

ble barrier: (a) Exponents of 〈ψR(X1)ψ†R(X2)〉 on the same side (b) Exponents of

〈ψR(X1)ψ†L(X2)〉 on the same side (c) Exponents of 〈ψR(X1)ψ†R(X2)〉 on opposite sides.
Explicit expressions of the exponents are given in equations (3.22) and (3.23)

.

The anomalous exponents of the correlation functions given in equations (3.22) and (3.23) are

plotted in figure 4.13 in the vicinity of resonance to see the signatures of resonance tunneling

on the Luttinger liquid Green function of a symmetric double delta potential. It may be

seen that when the system is at resonance (depicted by the vertical line), all the anomalous

exponents take exactly the same values that they take when there is no barrier at all.

For an asymmetric double delta system, V (x) = V1δ(x + a) + V2δ(x − a), the anomalous

exponents can also be calculated using NCBT. The form of the exponents are the same as
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(a) (b)

Figure 4.14: Anomalous exponents for double barrier: The anomalous exponents (a) X
and (b) A as functions of impurity strength V1 and V2 for an asymmetric double delta
potential. Near resonance (the point of intersection of the cross lines), the system has the

same colour it has when both V1 and V2 are zero.

given in equations (3.22) and (3.23) but the expression of the reflection amplitude is now

different and is given by (here ξ0 = 2kFa) [90].

R =−
2iV1V2

v2
F

sin [ξ0] + 2i
vF

(V1eiξ0+V2e−iξ0
2

)(
1 + iV1+V2

vF
+ i2V1V2

v2
F

)
+ V1V2

v2
F
e2iξ0

(4.21)

In this case eg., resonance is achieved when both V1 and V2 becomes equal (V1 = V2 = V0)

and V0 obeys the same condition in equation (4.20). Two of the anomalous exponents X and

A (expressions given in equations (3.22), (3.23) and (4.21)) for the asymmetric double delta

system are plotted in figure 4.14. The point of intersection of the cross lines is the condition

for resonance and it can easily be seen that the exponent takes the same value (color) at

resonance point as it takes for the no-impurity system (V1 = V2 = 0).

4.4 Summary

In this work, the correlation functions of a Luttinger liquid with a cluster of impurities around

an origin obtained using the non-chiral bosonization technique (NCBT) are used to study

temperature dependence of tunneling conductance. This temperature dependence is shown

to be a simple power law when the forward-scattering mutual interaction between fermions is

short-ranged and has a large bandwidth (relative to temperature). Special attention is paid

to the nature of the exponent in this power law for situations close to resonant tunneling

(eg. in case of double barrier). A distinction is made between Kubo conductance which is

related to current-current correlation (a four-point function) and the tunneling conductance

which is the outcome of a tunneling experiment (related to two-point functions). In both
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the cases, closed analytical expressions for conductance are calculated at temperatures small

compared to the bandwidth and a number of interesting physical properties are discussed,

besides presenting a favorable comparison with existing literature. The novelty of this work

are the closed analytical formulas for the conductance exponents for arbitrary strengths of

impurities and mutual interaction between fermions.

The finite-bandwidth conductance of a Luttinger liquid (LL) with a cluster of impurities is

studied and its variation with respect to temperature is shown. The results are compared with

those obtained by Matveev et al. [34] who deal with a weakly interacting LL. By contrast,

NCBT correctly provides the conductance for all values of the interaction strength (as well as

the sign). In addition to finding perfect agreement with the results of Matveev et al. for both

weakly repulsive and weakly attractive mutual interactions, we are also able to probe novel

physics seen when the repulsion is strong - in the form of a weakly temperature dependent

conductance when there is a definite relationship between the transmission amplitude of the

non-interacting system and the holon velocity. Secondly, an unusual high conductance for

strongly repulsive mutual interactions is observed for a weak barrier at low temperatures.

Lastly, inclusion of backward scattering leads to the non-monotonic temperature dependence

of conductance when dealing with fermions with spin, which can be called as a deviation from

the usual Luttinger liquid behavior.
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Chapter 5

The one step fermionic ladder

In the previous chapters it has been shown how a modification of the field operator used in

standard bosonization can correctly produce the correlation functions of a Luttinger liquid

with a cluster of impurities, which are later used to study various physical properties. A

variant of this system is the one-step ladder, i.e., Luttinger Liquids (two ‘poles’/‘legs’ of the

ladder) lying close to each other with a non-zero hopping probability from one pole to another

at a specific location on each pole. In the present work, the same approach, known as the ‘Non

Chiral Bosonization technique’ or NCBT, has been employed to obtain the Green functions

for the well-studied one-step fermionic ladder. The system under consideration is described

in Fig. 5.1 in the form of a caricature.

Figure 5.1: The one step fermionic ladder: The two parallel tracks representing the two
Luttinger liquids, the athletes representing electrons moving in both the directions, with
the fastest athlete possessing the Fermi momentum, while rubbing shoulders against each
other representing forward scattering interactions. One athlete running between the tracks

represents the hopping of electrons between the Luttinger Liquids.

There have been numerous attempts made to compute the correlation functions of fermionic

ladder both numerically [130, 131] and analytically [132–135]. H. J. Schulz investigated the

phase diagram and excitation spectrum of two parallel Luttinger liquids coupled by single-

particle hopping [136]. Patrick et al. applied the Lieb-Schultz-Mattis theorem to spinful

electrons interacting on a ladder which allowed them to obtain a generalized Luttinger theorem

for such systems [137]. D.G. Clarke et al. demonstrated that there is no coherent single

79
TH-2101_146121021



particle hopping between two spin-charge separated Luttinger Liquids for hopping parameter

below a critical value and in such situations, the two Luttinger liquids will not exhibit split

Fermi surfaces [138]. S. Das et al. studied the transport of quasiparticles between two edges

of Quantum hall liquid via an anti-dot providing the local scattering [139].

In this chapter [140], we obtain the power law behavior of the correlation functions of the one

step ladder in the presence of forward scattering interaction among the particles. This happens

to be the most singular part of the asymptotic forms of the correlation functions under study.

This enables various studies including Friedel oscillations in the density correlation functions

and the finite temperature d.c. conductance of such systems.

5.1 Problem overview

Consider the one step ladder where two Luttinger Liquids are placed parallel to each other

such that there is a finite probability of hopping at x = 0. The Hamiltonian of the system

may be written as follows:

H =
∑
k

∑
j=1,2

εkc
†
kjckj +

w

L

∑
k,k′

c†k1ck′2 +
w

L

∑
k,k′

c†k′2ck1 +
1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
)

(5.1)

where v(x−x′) = 1
L

∑
q e
−iq(x−x′ )vq (where vq = 0 if |q| > Λ for some fixed Λ� kF and vq = v0

is a constant, otherwise) is the forward scattering mutual interaction. ‘L’ is the length of the

system and ‘w’ is the hopping parameter which determines the probability of an electron to

jump from one pole to another along the x = 0 line.

Figure 5.2: The one step ladder: Two Luttinger Liquids (1 and 2) placed parallel to each
other with a finite probability of hopping at x=0.

The study is carried out in the RPA (Random Phase Approximation) limit, which is a pre-

requisite in order to obtain closed expressions of the Green functions, and which means

allowing the the Fermi momentum and the mass of the fermion to diverge in such a way

that their ratio is finite (i.e. kF ,m → ∞ but kF
m

= vF < ∞) and thus linearizing the energy

momentum dispersion near the Fermi surface. Units are chosen such that ~ = 1, so that kF

is both the Fermi momentum as well as a wavenumber.
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5.2 Green’s functions of free fermions

The full two-point Green function (also known as single-particle Green’s function) of the

system before taking the RPA limit (i.e. with parabolic energy momentum relation) is denoted

as < T ψ(x, σ, t)ψ†(x′, σ′, t′) > . The time ordering decides whether it is particle or hole Green’s

function that is being studied and σ is the spin projection of the individual fermions. In terms

of this, the asymptotic or RPA Green function is defined by “smearing out” the positions and

times over the scale of the Fermi wavelength and Fermi times as follows,

〈T ψν(x, σ, t)ψ†ν′(x
′, σ′, t′)〉 = lim

m→∞
� 〈Tψ(y, σ, τ)ψ†(y′, σ′, τ ′)〉e−ikF (νy−ν′y′)eiEF (τ−τ ′ ) � (5.2)

where,

� f(t)� =
1

2TF

∫ t+TF

t−TF
dτ f(τ)

� g(x)� =
1

2λF

∫ x+λF

x−λF
dy g(y)

(5.3)

with λF = 2π/kF and TF = 2π/EF , kF = mvF and EF = (1/2)mv2
F with vF < ∞ being held fixed.

Also, here ν, ν
′
= ±1 correspond to the right and left Fermi points. When mutual interactions

between the fermions are absent it is easy to show that the two-point function has the form

(at zero temperature in the RPA sense) shown below (here ‘i’ and ‘j’ in the subscript denote

the pole number),

< T ψi(x, t)ψ
†
j(x

′
, t
′
) >0

= eikF (x−x′ ) i

2π

δi,j
(x− x′)− vF (t− t′)

+ e−ikF (x−x′ ) i

2π

δi,j
−(x− x′)− vF (t− t′)

+
w

2π

(vF δī,j + iw δi,j)

(v2
F + w2)

e−ikF (|x|+|x′ |)

|x|+ |x′ |+ vF (t− t′)
+
w

2π

(vF δī,j − iw δi,j)

(v2
F + w2)

eikF (|x|+|x′ |)

|x|+ |x′ | − vF (t− t′)

(5.4)

Note that in equation (5.4), the term [(νx− ν ′x′)− vF (t− t′)] (where ν = ±1) appears in the

denominator. In general, when mutual interactions are incorporated into the Luttinger liquid,

this term appears with a non-trivial system dependent exponent viz. [(νx−ν ′x′)−vF (t−t′)]g.
Listing these g’s and other similar exponents has been one of the main goals of the NCBT since

g = 1 is only when mutual interaction between fermions are absent. It is easy to generalize

these results to finite temperature since for this a simple replacement viz. 1
X
→ π

βvF
csch[ πX

βvF
]

is sufficient where e.g. X ≡ [(νx− ν ′x′)− vF (t− t′)] and β is inverse temperature.

5.2.1 Density density correlation function

In the RPA sense, the density ρ(x, t) may be harmonically analyzed as follows.

ρi(x, t) = ρis(x, t) + e2ikF x ρif (x, t) + e−2ikF x ρi∗f (x, t) (5.5)
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The slowly varying part of the density ρs (the average density is subtracted out, so this is
really the deviation) has an auto-correlation function which when mutual interactions are
absent, may be written down using Wick’s theorem as follows,

< T ρis(x, t)ρ
j
s(x

′
, t
′
) >0 = − δi,j

4π2

∑
ν=±1

1

((x− x′)− νvF (t− t′))2
θ(xx′)

−
w2(v2

F δī,j + w2δi,j)

4π2(v2
F + w2)2

∑
ν=±1

1

((x+ x′)− νvF (t− t′))2
θ(xx′)

−
v2
F (v2

F δi,j + w2δī,j)

4π2(v2
F + w2)2

∑
ν=±1

1

((x− x′)− νvF (t− t′))2
θ(−xx′)

(5.6)

5.3 Bosonized version of the two point Green functions

The inversion of the defining relation between currents and densities in the standard bosoniza-

tion scheme that goes by the name g-ology (see the book by Giamarchi [5]) yields the following

relation between ψν(x, σ, t) (where ν = R(+1) or L(−1)) and the slowly varying part of the

density (this is a mnemonic for generating the N-point functions),

ψν(x, σ, t) ∼ eiθν(x,σ,t) (5.7)

with the local phase given by the formula,

θν(x, σ, t) = π

∫ x

sgn(x)∞
dy

(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy
′
∂vF t ρs(y

′
, σ, t)

)
(5.8)

It has been argued in the previous chapters that the prescription in equation (5.7) is merely

a mnemonic valid only for nearly homogeneous systems and may not be thought of as an

operator identity and should not be used to generate Hamiltonians of systems with strongly

inhomogeneous external potentials. In order to validate the computation of N-point function

for a cluster of impurities in a Luttinger Liquid, it is necessary to slightly modify the above

prescription as follows [90],

ψνi(xi, σi, ti)→
∑
γi=±1

∑
λi∈{0,1}

Cλi,νi,γi(σi) θ(γixi) e
iθνi (xi,σi,ti)+2πiνiλi

∫ xi
sgn(xi)∞

ρs(−yi,σi,ti) dyi

(5.9)

For two Luttinger liquids with a finite probability of hopping at one point, the pole index ‘i’

(to which Luttinger liquid the field operator belongs to) also comes into the picture and the

prescription is given as follows.

ψiνi(xi, σi, ti)→ e−iXσie−iX
i
∑
γi=±1

∑
λi∈{0,1}

Ci
λi,νi,γi

(σi) θ(γixi) eiθ
i
νi

(xi,σi,ti) eiπ
∑
σ>σi

Nσ

eiπ
∑
j>iN

j

e
2πiνiλi

∫ xi
sgn(xi)∞

(
ρīs(yi,σi,ti)+

∑
i=i,̄i

ρis(−yi,σi,ti)
)
dyi

(5.10)
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where λi = 0, 1 only. Here N i is the total number of fermions (all spins combined) on the

i-th pole of the ladder and Nσ is the total number of fermions with spin projection σ on

both the poles combined. Also [Xσi , Nσj ] = iδσi,σj and [X i, N j] = iδi,j, [X i, Xj] = 0 and

[Xσi , Xσj ] = 0 are canonical conjugates. These additional global quantities ensure that the

up spin field anticommutes with the down spin field and different poles also anti-commute.

All these global quantities commute with the local operators in the exponent. Fortunately, as

far as practical calculations go, nothing is lost by treating these global objects as c-numbers

since doing so enables the correct correlation functions to be reproduced.

The quantities Ci
λi,νi,γi

(σi) are c-numbers which involves cut-offs, etc. and are as such not

obtainable using these techniques. They are fixed by a comparison with the non-interacting N-

point functions obtained using Fermi algebra. The term ρis(−yi, σi, ti), which is the signature

of NCBT [90] ensures that trivial exponents are obtained when equation (5.10) is used to

compute the N-point functions in the sense of RPA and in absence of interactions.

The first task is to derive a prescription for choosing the λ’s which would lead to the N-point

functions of the system (without mutual interactions) identical to what is given by Wick’s

theorem. The next task is to generalize the slow part of the density density correlation

functions in equation (5.6) to include mutual interactions, which when done in the spirit of

RPA gives the following results.

< ρ1
s(x1,t1, σ1)ρ1

s(x2, t2, σ2) >

= − 1

4π2

∑
ν=±1

[
vF
2vh

(
1

[|x1 − x2| − νvh(t1 − t2)]2

)
+ σ1σ2

1

2

(
1

[|x1 − x2| − νvF (t1 − t2)]2

)
+

(
vFw

2 sgn(x1x2)

2vh(vF vh + w2)
−

v2
Fw

2

2(v4
F + 2vF vhw2 + w4)

)(
1

[|x1|+ |x2| − νvh(t1 − t2)]2

)
+ σ1σ2

(
w2 sgn(x1x2)

2(w2 + v2
F )
−

w2v2
F

2(w2 + v2
F )2

)(
1

[|x1|+ |x2| − νvF (t1 − t2)]2

)]

(5.11)

< ρ1
s(x1, t1, σ1)ρ2

s(x2, t2, σ2) >= − 1

4π2

∑
ν=±1

[
σ1σ2

w2v2
F

2(w2 + v2
F )2

(
1

[|x1|+ |x2| − νvF (t1 − t2)]2

)
+

v2
Fw

2

2(v4
F + 2vF vhw2 + w4)

(
1

[|x1|+ |x2|+ vh(t1 − t2)]2

)]
(5.12)

Here vh =
√
v2
F + 2vF v0

π
is the holon velocity whereas the spinon velocity is just the Fermi velocity

since it is the total density that couples to the short range potential: vn = vF . The interaction

between fermions is the two-body short range forward scattering potential which just means

the potential between two particles at x and x
′

is V (x− x′) = 1
L

∑
|q|<Λ e

−iq(x−x
′
) v0, where Λ is

the bandwidth which is held fixed as the RPA limit is taken. Also the correlation of holon

density with spinon density is zero.

〈T ρn(x1, t1)ρh(x2, t2)〉 ≡ 0
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Equation (5.11) and equation (5.12) boil down to the density density correlation functions

of a clean Luttinger liquid when the hopping parameter ‘w’ is zero. It is easy to show that

equation (5.11) and equation(5.12) are the outcomes of a re-summation of the most singular

parts of the RPA terms in a perturbation series in powers of the mutual interaction v0 carried

out using Fermi algebra.

The notion of “the most singular part” of an expression such as the ones shown above may

be made sense of in the following manner. Think of these as function of the time difference

τ = t1− t2 (which they are). In the formulas that are encountered while expanding in powers

of the coupling, there are going to be terms of the form (e.g.)

A τ

(τ − a)2
+

B

(τ − a1)(τ − a2)
(5.13)

The first term is regarded as more singular than the second (if a1 6= a2) since the former is
a second order pole whereas the latter when partial fraction expanded are a sum of two first
order poles. In the perturbative expansion of the slow part of the density density correlations,
pretending that Wick’s theorem applies at the level of the density fluctuations is tantamount
to retaining second order poles and discarding poles of a lower order. The same rule applies
when deciding what to retain and what to discard in the perturbation expansion of the single-
particle Green function. The density density correlation functions as mentioned in equations
(5.11) and (5.12) is perturbatively expanded in powers of the interaction parameter v0. The
zeroth order term has an exact match with that of the non interacting density density cor-
relation function as mentioned in equation (5.6) of the main text. The most singular part of
the first order term of the density density correlation functions obtained from conventional
perturbation theory are as follows:
Case I : x1 and x2 are on the same pole and same side of the origin

δ < ρ1(x1, t1)ρ1(x2, t2) > =
1

4π3

(
(t1 − t2)

(|x1 − x2|+ vF (t1 − t2))3
− (t1 − t2)

(|x1 − x2| − vF (t1 − t2))3

+
w4

(w2 + v2
F )2

( (t1 − t2)

(x1 + x2 + vF (t1 − t2))3
− (t1 − t2)

(x1 + x2 − vF (t1 − t2))3

))
Case II : x1 and x2 are on same pole and opposite sides of the origin

δ <ρ1(x1, t1)ρ1(x2, t2) >=
v4
F

4π3(w2 + v2
F )2

(
(t1 − t2)

(x1 − x2 + vF (t1 − t2))3
− (t1 − t2)

(x1 − x2 − vF (t1 − t2))3

)
Case III : x1 and x2 are on opposite poles and same of the origin

δ <ρ1(x1, t1)ρ2(x2, t2) >=
v2
Fw

2

4π3(w2 + v2
F )2

(
(t1 − t2)

(x1 + x2 + vF (t1 − t2))3
− (t1 − t2)

(x1 + x2 − vF (t1 − t2))3

)
Case IV : x1 and x2 are on opposite poles and opposite sides of the origin

δ <ρ1(x1, t1)ρ2(x2, t2) >=
v2
Fw

2

4π3(w2 + v2
F )2

(
(t1 − t2)

(x1 − x2 + vF (t1 − t2))3
− (t1 − t2)

(x1 − x2 − vF (t1 − t2))3

)
It is easy to see that these are identical to the corresponding expansions of (5.11) and (5.12).
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5.4 Full two-point Green’s function

The two point (single-particle) Green function, in the sense of RPA, may be written down
using the correspondence in equation (5.10). The main focus is on the anomalous exponents
which refer to the constants g that appear in terms of the form [ν1x1 − ν2x2 − vF (t1 − t2)]g

that emerge from this calculation. The necessary step here is to formulate a prescription
for deciding which of the λ′is are zeros and which are ones and under what circumstances,
after which the g’s may be uniquely pinned down. This prescription follows unambiguously
from the condition that an evaluation (of the 2M-point function) in the Gaussian (and RPA)
sense leads to trivial exponents when mutual interactions between fermions are absent. The
coefficients C ′s which depend on the details of the potentials and cutoffs and other such non-
universal features are of lesser importance, as is also the case in the conventional approach.
The prescription for obtaining the λ′is are simple. One needs to consider a general 2M-point
function and then mentally pair up one annihilation operator with one creation operator and
create M such pairs. This is merely a mental activity since this pairing (Wick’s theorem) is
not valid when mutual interactions are present. Consider one such pair and let the two λ’s
of this pair be (λm, λk) where k > m. The constraints are as follows:

λm =

λk if (νm, νk) = (γm, γk) or (νm, νk) = (−γm,−γk)

1− λk if (νm, νk) = (−γm, γk) or (νm, νk) = (γm,−γk)
(5.14)

This (unique) prescription guarantees the right trivial exponents in the right places when

mutual interactions are turned off. The full Green function in presence of interactions

are as follows (Notation: Xi ≡ (xi, σi, ti). Furthermore the finite temperature versions

of the formulas below are obtained by replacing Log[Z] by Log[βvF
π

Sinh[ πZ
βvF

]] where Z ∼
[(νx1 − ν

′
x2) − va(t1 − t2)] and singular cutoffs ubiquitous in this subject are suppressed in

this notation for brevity - they have to be understood to be present).

Case I : x1 and x2 on the same side of the origin and on the same pole〈
T ψR(X1)ψ†R(X2)

〉
=

i

2π
eγ1 log [4x1x2]Exp[−

∑
ν,ν
′
=±1

a=h,n

Q1,1(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

〈
T ψL(X1)ψ†L(X2)

〉
=

i

2π
eγ1 log [4x1x2]Exp[−

∑
ν,ν
′
=±1

a=h,n

Q−1,−1(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

〈
T ψR(X1)ψ†L(X2)

〉
=

i

2π

w2

w2 + v2
F

1

2
(eγ1 log [2x1]e(3+γ2) log [2x2] + e(3+γ2) log [2x1]eγ1 log [2x2])

Exp[−
∑

ν,ν
′
=±1

a=h,n

Q1,−1(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

〈
T ψL(X1)ψ†R(X2)

〉
=

i

2π

w2

w2 + v2
F

1

2
(eγ1 log [2x1]e(3+γ2) log [2x2] + e(3+γ2) log [2x1]eγ1 log [2x2])

Exp[−
∑

ν,ν
′
=±1

a=h,n

Q−1,1(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

(5.15)

The values of the exponents ‘Q’ are mentioned in Table 5.1.
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Case II : x1 and x2 on the same side of the origin and on opposite poles

< T ψR(X1)ψ†R(X2) > = 0

< T ψL(X1)ψ†L(X2) > = 0

< T ψR(X1)ψ†L(X2) >

=
1

2π2

wvF
w2 + v2

F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 − x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

S1,1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
1

2π2

wvF
w2 + v2

F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 − x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

S1,1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

< T ψL(X1)ψ†R(X2) >

=
1

2π2

wvF
w2 + v2

F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 − x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

S−1,−1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
1

2π2

wvF
w2 + v2

F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 − x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

S−1,−1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

(5.16)

The values of the exponents ‘S’ are mentioned in Table 5.2.

Case III : x1 and x2 on opposite sides of the origin and on the same pole

< T ψR(X1)ψ†R(X2) >

=
i

2π2

v2
F

w2 + v2
F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

U1,1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
i

2π2

v2
F

w2 + v2
F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

U1,1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

< T ψL(X1)ψ†L(X2) >

=
i

2π2

v2
F

w2 + v2
F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

U−1,−1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
i

2π2

v2
F

w2 + v2
F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

U−1,−1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

< T ψR(X1)ψ†L(X2) > = 0

< T ψL(X1)ψ†R(X2) > = 0

(5.17)

The values of the exponents ‘U’ are mentioned in Table 5.3.
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Case IV : x1 and x2 on opposite sides of the origin and on different poles

< T ψR(X1)ψ†R(X2) >

=
1

2π2

wvF
w2 + v2

F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

W1,1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
1

2π2

wvF
w2 + v2

F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

W1,1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

< T ψL(X1)ψ†L(X2) >

=
1

2π2

wvF
w2 + v2

F

eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

W−1,−1(ν, ν
′
; a; 1) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

+
1

2π2

wvF
w2 + v2

F

e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 + x2)
Exp[−

∑
ν,ν
′
=±1

a=h,n

W−1,−1(ν, ν
′
; a; 2) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]

< T ψR(X1)ψ†L(X2) > = 0

< T ψL(X1)ψ†R(X2) > = 0

(5.18)

The values of the exponents ‘W’ are mentioned in Table 5.4.

Table 5.1: Luttinger exponents Qν1,ν2(ν, ν
′
; a) for x1 and x2 on the same side of the origin

and on the same pole. Explicit expressions are given in section 5.4.1.

Qν1,ν2(ν, ν
′
; a) ν=1 ; ν

′
=1 ν=−1 ; ν

′
=−1 ν=1 ; ν

′
=−1 ν=−1 ; ν

′
=1

ν1=1,ν2=1;a=h P Q X X

ν1=1 , ν2=1 ; a=n 0.5 0 0 0

ν1=−1 , ν2=−1 ; a=h Q P X X

ν1=−1 , ν2=−1 ; a=n 0 0.5 0 0

ν1=1 , ν2=−1 ; a=h S S Y Z

ν1=1, , ν2=−1 ; a=n 0 0 0.5 0

ν1=−1 , ν2=1 ; a=h S S Z Y

ν1=−1 , ν2=1 ; a=n 0 0 0 0.5
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Table 5.2: Luttinger exponents Sν1,ν2(ν, ν
′
; a; j) for x1 and x2 on the same side of the

origin and on different poles. Explicit expressions are given in section 5.4.1.

Sν1,ν2(ν, ν
′
; a; j) ν=1 ; ν

′
=1 ν=−1 ; ν

′
=−1 ν=1 ; ν

′
=−1 ν=−1 ; ν

′
=1

ν1=1 , ν2=1 ; a=h , j=1 A1 B1 C1 D1

ν1=1 , ν2=1 ; a=n , j=1 -0.5 0 0.5 0

ν1=1 , ν2=1 ; a=h , j=2 B1 A1 C1 D1

ν1=1 , ν2=1 ; a=n , j=2 0 -0.5 0.5 0

ν1=−1 , ν2=−1 ; a=h , j=1 A1 B1 D1 C1

ν1=−1 , ν2=−1 ; a=n , j=1 -0.5 0 0 0.5

ν1=−1 , ν2=−1 ; a=h , j=2 B1 A1 D1 C1

ν1=−1 , ν2=−1 ; a=n , j=2 0 −0.5 0 0.5

Table 5.3: Luttinger exponents Uν1,ν2(ν, ν
′
; a; j) for x1 and x2 on opposite sides of the

origin and on the same pole. Explicit expressions are given in section 5.4.1.

Uν1,ν2(ν, ν
′
; a; j) ν=1 ; ν

′
=1 ν=−1 ; ν

′
=−1 ν=1 ; ν

′
=−1 ν=−1 ; ν

′
=1

ν1=1 , ν2=1 ; a=h , j=1 A2 B2 C2 D2

ν1=1 , ν2=1 ; a=n , j=1 0.5 0 −0.5 0

ν1=1 , ν2=1 ; a=h , j=2 A2 B2 D2 C2

ν1=1 , ν2=1 ; a=n , j=2 0.5 0 0 −0.5

ν1=−1 , ν2=−1 ; a=h , j=1 B2 A2 C2 D2

ν1=−1 , ν2=−1 ; a=n , j=1 0 0.5 −0.5 0

ν1=−1 , ν2=−1 ; a=h , j=2 B2 A2 D2 C2

ν1=−1 , ν2=−1 ; a=n , j=2 0 0.5 0 −0.5

Table 5.4: Luttinger exponents Wν1,ν2(ν, ν
′
; a; j) for x1 and x2 on opposite sides of the

origin and on different poles. Explicit expressions are given in section 5.4.1.

Wν1,ν2(ν, ν
′
; a; j) ν=1 ; ν

′
=1 ν=−1 ; ν

′
=−1 ν=1 ; ν

′
=−1 ν=−1 ; ν

′
=1

ν1=1 , ν2=1 ; a=h , j=1 A3 B3 C3 D3

ν1=1 , ν2=1 ; a=n , j=1 0.5 0 −0.5 0

ν1=1 , ν2=1 ; a=h , j=2 A3 B3 D3 C3

ν1=1 , ν2=1 ; a=n , j=2 0.5 0 0 −0.5

ν1=−1 , ν2=−1 ; a=h , j=1 B3 A3 C3 D3

ν1=−1 , ν2=−1 ; a=n , j=1 0 0.5 −0.5 0

ν1=−1 , ν2=−1 ; a=h , j=2 B3 A3 D3 C3

ν1=−1 , ν2=−1 ; a=n , j=2 0 0.5 0 −0.5

5.4.1 Anomalous exponents

The explicit expressions of the anomalous exponents mentioned in Table 5.1, Table 5.2, Table
5.3, and Table 5.4 are listed below. For compactness, all the other exponents are written in
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(a)
(b) (c)

Figure 5.3: Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on the same pole and same side of the origin (a) X

(b) Y (c) Z. The other exponents are independent of the hopping parameter.

(a) (b)

Figure 5.4: Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on different poles and same side of the origin (a) C1

(b) D1. The other exponents are independent of the hopping parameter.

terms of the following five exponents.

Q =
(vF − vh)2

8vF vh
; B1 =

vh − vF
4vh

X =− (vF − vh)(vF + vh)w2(v4
F − v2

F v
2
h + vF vhw

2 + w4)

8vF vh(vF vh + w2)(v4
F + 2vF vhw2 + w4)

C1 =
(vh + vF )(2v4

F + vh(3vF + vh)w2 + 2w4)

8vh(v4
F + 2vF vhw2 + w4)

;

A2 =− (vh + vF )

8

(
− 2

vh
− (vh − vF )

vF vh + w2
+

w2(vh − vF )

v4
F + 2vF vhw2 + w4

)
(5.19)

Homogeneous Exponents

γ1 = X ; γ2 = X + 6B1 − 3 (5.20)
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Case I : x1 and x2 on the same side of the origin and same pole

P = Q+
1

2
; S =

Q

B1

(
1

2
−B1

)
; Y = X −B1 +

1

2
; Z = X −B1 (5.21)

Case II : x1 and x2 on same side of the origin and different pole

A1 = B1 −
1

2
; D1 = C1 −

1

2
; (5.22)

Case III : x1 and x2 on the opposite sides of the origin and on the same pole

B2 = A2 −
1

2
; C2 = B1 −

1

2
; D2 = B1 (5.23)

Case IV : x1 and x2 on the opposite sides of the origin and on different poles

A3 = C1 ; B3 = C1 −
1

2
; C3 = B1 −

1

2
; D3 = B1 ; (5.24)

Some of the anomalous exponents are plotted as a function of hopping parameter and inter-

action parameter (taking empirical value of vF to be 1) in the Figures 5.3, 5.4, 5.5 and 5.6.

Only those exponents which have a dependence on both the hopping parameter and mutual

interaction strength are plotted. Thus the exponents for spinons are omitted as they take

only trivial values even in presence of interactions as it is the total density which couples to

(a) (b)

Figure 5.5: Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on the same pole and different sides of the origin (a)

A2 (b) B2. The other exponents are independent of the hopping parameter.
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(a) (b)

Figure 5.6: Anomalous exponents vs hopping parameter w and interaction strength v0 for
a step ladder (vF = 1) with the points on opposite poles and different sides of the origin (a)

A3 (b) B3. The other exponents are independent of the hopping parameter.

the short range mutual interactions. The key observations from the plots may be summarized

as follows. When both interactions and hopping are absent, all the exponents take on trivial

values of zero or half (the other half comes from spinons to make the exponent unity). When

hopping is absent but interactions are present, the exponents take the exact values as that of

the standard (homogeneous) Luttinger liquid (see section 5.7).

5.5 Conductance

Conductance may be thought of as the outcome of a tunneling experiment [31]. In this case,

the results depend on the length of the wire L and a cutoff Lω = vF
kBT

that may be regarded

either as inverse temperature or inverse frequency (former in case of d.c. conductance at

finite temperature and latter in case of a.c. conductance at zero temperature). The result is

expressed as a power law with a system dependent exponent η.

G ∼
(
L

Lω

)η
(5.25)

In case of the quantum steeplechase, the electrons were injected from one end and collected

from the other end and the tunneling conductance was measured as the probability of this

tunneling. But in this case, as shown in figure 5.7, for a beam of electrons incident from the

left extreme of pole 1, electrons can be collected from the other three ends, and accordingly,

we have three varieties of tunneling conductance which are derived below.
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(a) (b) (c)

Figure 5.7: Conductance measured across different ends of the ladder.

Conductance measured across the same pole but opposite sides of

the origin

Consider the general Green function derived earlier for x1x2 < 0 and same pole (equation

(5.17)). From that it is possible to conclude (W = i
2π

v2
F

w2+v2
F

),

< TψR(x1, σ1, t1)ψ†R(x2, σ2, t2) >

=
eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 + x2)
W e−

1
2

log [(x1−x2)−vF (t1−t2)]e
1
2

log [(x1+x2)−vF (t1−t2)]

e−A2 log [(x1−x2)−vh(t1−t2)]e−B2 log [(x1−x2)+vh(t1−t2)]

e−C2 log [(x1+x2)−vh(t1−t2)]e−D2 log [(x1+x2)+vh(t1−t2)]

+
e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 + x2)
W e−

1
2

log [(x1−x2)−vF (t1−t2)]e
1
2

log [(x1+x2)+vF (t1−t2)]

e−A2 log [(x1−x2)−vh(t1−t2)]e−B2 log [(x1−x2)+vh(t1−t2)]

e−D2 log [(x1+x2)−vh(t1−t2)]e−C2 log [(x1+x2)+vh(t1−t2)]

Setting x = L
2

+ ε and x
′
= −L

2
so that x−x′ = L and x+x

′
= ε→ 0 is small and also t1 = t

and t2 = 0,

< TψR(
L

2
, σ, t)ψ†R(−L

2
, σ, 0) >=

eγ1 log [L]e(3+γ2) log [L]

2ε
g1,1

1,−1(1, 1)e−
1
2

log [L−vF t]e
1
2

log [ε−vF t]

e−A2 log [L−vht]e−B2 log [L+vht]e−C2 log [ε−vht]e−D2 log [ε+vht]

+
e(3+γ2) log [L]eγ1 log [L]

2ε
g1,1

1,−1(1, 1)e−
1
2

log [L−vF t]e
1
2

log [ε+vF t]

e−A2 log [L−vht]e−B2 log [L+vht]e−D2 log [ε−vht]e−C2 log [ε+vht]

=
e(3+γ1+γ2) log [L]

2ε
g1,1

1,−1(1, 1) e−
1
2

log [L−vF t] e
1
2

log [ε−vF t]

e(B2−A2) log [L−vht]e(D2−C2) log [ε−vht]e−B2 log [L2−(vht)
2]e−D2 log [ε2−(vht)

2]

+
e(3+γ1+γ2) log [L]

2ε
g1,1

1,−1(1, 1) e−
1
2

log [L−vF t] e
1
2

log [ε+vF t]

e(B2−A2) log [L−vht]e(D2−C2) log [ε+vht]e−B2 log [L2−(vht)
2]e−D2 log [ε2−(vht)

2]
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Now, D2 − C2 = 1
2

< TψR(
L

2
, σ, t)ψ†R(−L

2
, σ, 0) >=

e(3+γ1+γ2) log [L]

2ε
g1,−1(1, 1)e−

1
2

log [L−vF t]e(B2−A2) log [L−vht]

e
1
2

log [ε−vF t]e
1
2

log [ε−vht]e−B2 log [L2−(vht)
2]e−D2 log [ε2−(vht)

2]

+
e(3+γ1+γ2) log [L]

2ε
g1,−1(1, 1)e−

1
2

log [L−vF t]e(B2−A2) log [L−vht]

e
1
2

log [ε+vF t]e
1
2

log [ε+vht]e−B2 log [L2−(vht)
2]e−D2 log [ε2−(vht)

2]

lim
ε→0

1

2ε

[
e

1
2

log [ε−vht]e
1
2

log [ε−vF t] + e
1
2

log [ε+vht]e
1
2

log [ε+vF t]

]
→ vF + vh

2
√
vFvh

. (5.26)

< TψR(
L

2
, σ, t)ψ†R(−L

2
, σ, 0) > =

vF + vh
2
√
vFvh

e(3+γ1+γ2) log [L] g1,−1(1, 1) e−
1
2

log [L−vF t]

e(B2−A2) log [L−vht]e−B2 log [L2−(vht)
2]e−D2 log [−(vht)

2]

Since G ∼ |vF
∫∞
−∞ dt < {ψR(L

2
, σ, t), ψ†R(−L

2
, σ, 0)} > |2 it is possible to read off the conduc-

tance exponent as follows,

G ∼
(
L

Lω

)2(4+γ1+γ2−A2−B2−2D2− 1
2

)

(5.27)

Conductance measured across the different poles and on opposite

sides of the origin

In a very similar fashion as described above, the conductance exponent for this case can be

obtained as the following (using the two point functions from equation (5.18)).

G ∼
(
L

Lω

)2(4+γ1+γ2−A3−B3−2D3− 1
2

)

(5.28)

Conductance measured across the different poles but same side of

the origin

Consider the general Green function derived earlier for x1x2 > 0 and different poles (equation

5.16). From that it is possible to conclude (W = i
2π

wvF
w2+v2

F
),
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< TψR(x1, σ1, t1)ψ†L(x2, σ2, t2) >

=
eγ1 log [2x1]e(3+γ2) log [2x2]

2(x1 − x2)
W e−

1
2

log [(x1+x2)−vF (t1−t2)]e
1
2

log [(x1−x2)−vF (t1−t2)]

e−A1 log [(x1−x2)−vh(t1−t2)]e−B1 log [(x1−x2)+vh(t1−t2)]

e−C1 log [(x1+x2)−vh(t1−t2)]e−D1 log [(x1+x2)+vh(t1−t2)]

+
e(3+γ2) log [2x1]eγ1 log [2x2]

2(x1 − x2)
W e−

1
2

log [(x1+x2)−vF (t1−t2)]e
1
2

log [(x1−x2)+vF (t1−t2)]

e−B1 log [(x1−x2)−vh(t1−t2)]e−A1 log [(x1−x2)+vh(t1−t2)]

e−C1 log [(x1+x2)−vh(t1−t2)]e−D1 log [(x1+x2)+vh(t1−t2)]

Putting x = −L
2

+ ε and x
′

= −L
2

so that x+ x
′

= −L and x− x′ = ε→ 0 is small and also

t1 = t and t2 = 0,

< TψR(−L
2
, σ, t)ψ†L(−L

2
, σ, 0) > =

eγ1 log [L]e(3+γ2) log [L]

2ε
W e−

1
2

log [−L−vF t]e
1
2

log [ε−vF t]

e−A1 log [ε−vht]e−B1 log [ε+vht]e−C1 log [−L−vht]e−D1 log [−L+vht]

+
e(3+γ2) log [L]eγ1 log [L]

2ε
W e−

1
2

log [−L−vF t]e
1
2

log [ε+vF t]

e−A1 log [ε+vht]e−B1 log [ε−vht]e−C1 log [−L−vht]e−D1 log [−L+vht]

< TψR(−L
2
, σ, t)ψ†L(−L

2
, σ, 0) >=

e(3+γ1+γ2) log [L]

2ε
W e−

1
2

log [−L−vF t]e
1
2

log [ε−vht]

e(B1−A1) log [ε−vht]e(C1−D1) log [−L+vht]e−B1 log [ε2−(vht)
2]e−C1 log [L2−(vht)

2]

+
e(3+γ1+γ2) log [L]

2ε
W e−

1
2

log [−L−vF t]e
1
2

log [ε+vht]

e(B1−A1) log [ε+vht]e(C1−D1) log [−L+vht]e−B1 log [ε2−(vht)
2]e−C1 log [L2−(vht)

2]

Now, B1 − A1 = 1
2

< TψR(−L
2
, σ, t)ψ†L(−L

2
, σ, 0) >=

e(3+γ1+γ2) log [L]

2ε
W e−

1
2

log [−L−vF t]e(C1−D1) log [−L+vht]

e
1
2

log [ε−vF t]e
1
2

log [ε−vht]e−B1 log [ε2−(vht)
2]e−C1 log [L2−(vht)

2]

+
e(3+γ1+γ2) log [L]

2ε
W e−

1
2

log [L−vF t]e(C1−D1) log [−L+vht]

e
1
2

log [ε+vF t]e
1
2

log [ε+vht]e−B1 log [ε2−(vht)
2]e−C1 log [L2−(vht)

2]

Using equation (5.26) for ε→ 0,

< TψR(−L
2
, σ, t)ψ†R(−L

2
, σ, 0) >=

vF + vh
2
√
vFvh

e(3+γ1+γ2) log [L] g1,2
−1,−1(1,−1) e−

1
2

log [L−vF t]

e(C1−D1) log [−L+vht]e−C1 log [L2−(vht)
2]e−B1 log [ε2−(vht)

2]
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Since G ∼ |vF
∫∞
−∞ dt < {ψR(−L

2
, σ, t), ψ†L(−L

2
, σ, 0)} > |2 it is possible to read off the conduc-

tance exponent as follows,

G ∼
(
L

Lω

)2(4+γ1+γ2−2B1−C1−D1− 1
2

)

(5.29)

The explicit values of A’s, B’s, etc. are given in section 5.4.1. It is to be noted that η2 = η3

(see Fig. 5.9 for a diagrammatic explanation). Fig. 5.8 shows the variation of the conductance

exponent as a function of the hopping parameter and the strength of mutual interaction. It is

seen that for attractive interactions (v0 < 0), the conductance exponents are negative (η < 0)

indicating that the conductance diverges at low temperature as a power law. On the other

hand, for repulsive interactions (v0 > 0), the conductance exponents are positive (η > 0 ) and

thus conductance vanishes as a power law at low temperature. When mutual interactions are

absent (v0 = 0), then the conductance exponent vanishes (η = 0) which indicates that in such

cases, the conductance is independent of temperature.

(a) (b)

Figure 5.8: Contour plot showing the variation of the conductance exponent as a function
of the hopping parameter ‘w’ and the strength of mutual interaction ‘v0’ (vF = 1). (a) For

η1 .(b) For η2(= η3).

5.6 Friedel Oscillations

The presence of a localized impurity that weakly couples to the fermions causes Friedel oscil-

lations, which are the rapid spatial variation (∼ e2ikF x) of the otherwise homogeneous density

profile in a Luttinger liquid. In the Kubo formalism, it is given as the density-density corre-

lation function [102, 103]. In chapter 3, the expression for the rapidly oscillating part of the

DDCF was calculated for a luttinger liquid with a cluster of impurities. In a similar fashion,
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using a non standard harmonic analysis for the one step ladder, we write the fast part of the

density operator as follows:

ρif (x, σ, t) ≡ ψ†L,i(x, σ, t)ψR,i(x, σ, t) =
∑
λ=0,1

∑
γ=±1

θ(γx) Ri
λ,γ(σ) e2πi

∫ x
sgn(x)∞ dy ρis(y,σ,t)

e2πiλi
∫ x
sgn(x)∞ dy (ρīs(y,σ,t)+ρ

1
s(−y,σ,t)+ρ2

s(−y,σ,t))
(5.30)

The prescription for choosing λi in equation (5.10) leads to the unambiguous conclusion that,〈
T ρ̃if (X1)ρ̃jf (X2)

〉
∼ (Exp[

∑
ν,ν
′
=±1

a=h,n

Γ(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]− 1)

〈
T ρ̃if (X1)ρ̃j∗f (X2)

〉
∼ (Exp[−

∑
ν,ν
′
=±1

a=h,n

Γ(ν, ν
′
; a) Log[(νx1 − ν

′
x2)− va(t1 − t2)]]− 1)

(5.31)

One should remember that this (use of tilde “∼”) really means that the time derivative of

the logarithms of both sides are equal to each other. The values of the anomalous scaling

exponents Γ(ν, ν
′
; a) can be obtained from the expression below.

Γ(ν, ν
′
; a) =

(
vF
2vh

δa,h +
1

2
δa,n

)
(δν,ν′ − δν,−ν′) (5.32)

5.7 Limiting checks

5.7.1 Non-interacting case

The obvious limiting check is to switch off the inter-particle interactions (v0 = 0) and then

compare with the respective single particle Green functions obtained using Fermi algebra. In

such a case, the holon velocity is equal to the Fermi velocity (vh = vF ) and all the exponents

takes values as follows.

Homogeneous Exponents

γ1 := 0; γ2 := −3 (5.33)

Case I : x1 and x2 on the same side of the origin and same pole

P =
1

2
; Q = 0 ; S = 0 ; X = 0 ; Z = 0 ; Y =

1

2
(5.34)

Case II : x1 and x2 on same side of the origin and different pole

A1 =− 1

2
; B1 = 0 ; D1 = 0 ; C1 =

1

2
(5.35)
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Case III : x1 and x2 on the opposite sides of the origin and on the same pole

C2 =− 1

2
; D2 = 0 ; B2 = 0 A2 =

1

2
(5.36)

Case IV : x1 and x2 on the opposite sides of the origin and on different poles

C3 =− 1

2
; D3 = 0 ; B3 = 0 ; A3 =

1

2
(5.37)

Using the above exponents in all the subcases of the interacting two point functions in equa-

tions (5.15, 5.16, 5.17, 5.18), one recovers the non-interacting Green functions as given by

equation (5.4). For example, one of the subcases (same side and same pole as in equation

(5.15)) is explicitly shown.

〈
TψR(x1, σ1, t1)ψ†R(x2, σ2, t2)

〉
=

i

2π
eγ1 log [4x1x2]e−

1
2

log [(x1−x2)−vF (t1−t2)]e−P log [(x1−x2)−vh(t1−t2)]

e−Q log [−(x1−x2)−vh(t1−t2)]e−X log [(x1+x2)−vh(t1−t2)]e−X log [−(x1+x2)−vh(t1−t2)]

=
i

2π
e− log [(x1−x2)−vF (t1−t2)]

=
i

2π

1

(x1 − x2)− vF (t1 − t2)〈
TψL(x1, σ1, t1)ψ†L(x2, σ2, t2)

〉
=

i

2π
eγ1 log [4x1x2]|e−

1
2

log [−(x1−x2)−vF (t1−t2)]e−Q log [(x1−x2)−vh(t1−t2)]

e−P log [−(x1−x2)−vh(t1−t2)]e−X log [(x1+x2)−vh(t1−t2)]e−X log [−(x1+x2)−vh(t1−t2)]

=
i

2π
e− log [−(x1−x2)−vF (t1−t2)]

=
i

2π

1

−(x1 − x2)− vF (t1 − t2)〈
TψR(x1, σ1, t1)ψ†L(x2, σ2, t2)

〉
=

i

2π

w2

w2 + v2
F

eγ1 log [2x1]|e(3+γ2) log [2x2]| + e(1+γ3) log [2x1]|eγ1 log [2x2]|

2

e−
1
2

log [(x1+x2)−vF (t1−t2)]e−S log [(x1−x2)−vh(t1−t2)]e−S log [−(x1−x2)−vh(t1−t2)]

e−Y log [(x1+x2)−vh(t1−t2)]e−Z log [−(x1+x2)−vh(t1−t2)]

=
i

2π

w2

w2 + v2
F

e− log [(x1+x2)−vF (t1−t2)]

=
i

2π

w2

w2 + v2
F

1

(x1 + x2)− vF (t1 − t2)〈
TψL(x1, σ1, t1)ψ†R(x2, σ2, t2)

〉
=

i

2π

w2

w2 + v2
F

eγ1 log [2x1]|e(3+γ2) log [2x2]| + e(1+γ3) log [2x1]|eγ1 log [2x2]|

2

e−
1
2

log [−(x1+x2)−vF (t1−t2)]e−S log [(x1−x2)−vh(t1−t2)]e−S log [−(x1−x2)−vh(t1−t2)]

e−Z log [(x1+x2)−vh(t1−t2)]e−Y log [−(x1+x2)−vh(t1−t2)]

=
i

2π

w2

w2 + v2
F

e− log [−(x1+x2)−vF (t1−t2)] =
i

2π

w2

w2 + v2
F

1

−(x1 + x2)− vF (t1 − t2)
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Similarly, switching off interactions in the interacting version of the DDCF (equations (5.11) and

(5.12)) leads to the the non interacting density density correlation functions as given by equation

(5.6).

5.7.2 No hopping

When the hopping parameter vanishes (w = 0) then from equation (5.15), it is obvious that

< T ψR(x1, t1)ψ†L(x2, t2) >=< T ψL(x1, t1)ψ†R(x2, t2) >= 0

Moreover, in this situation,

P =
(vh + vF )2

8vhvF
; Q =

(vh − vF )2

8vhvF
; X = 0 ; γ1 = 0

Hence the only non-vanishing parts of the NCBT two-point function for points on the same
side the origin are,〈

TψR(x1, σ1, t1)ψ†R(x2, σ2, t2)
〉

=
i

2π
e−

1
2 log [(x1−x2)−vF (t1−t2)]

e
− (vh+vF )2

8vhvF
log [(x1−x2)−vh(t1−t2)]

e
− (vh−vF )2

8vhvF
log [−(x1−x2)−vh(t1−t2)]〈

TψL(x1, σ1, t1)ψ†L(x2, σ2, t2)
〉

=
i

2π
e−

1
2 log [−(x1−x2)−vF (t1−t2)]

e
− (vh−vF )2

8vhvF
log [(x1−x2)−vh(t1−t2)]

e
− (vh+vF )2

8vhvF
log [−(x1−x2)−vh(t1−t2)]

(5.38)

These are precisely the standard Luttinger liquid two-point functions of a translationally

invariant system. For points on the opposite sides of the origin, the most singular forms of

the asymptotic Green functions have a discontinuous dependence on the hopping parameter

w at w = 0 when mutual interactions between fermions are present.

5.7.3 Mandatory hopping

The other extreme limit is to allow the hopping parameter tend to infinity (w →∞), so that

the particle compulsorily travels through the connecting link without going to the other side

of the same pole. In such case, the two point functions of the ‘case III: Same pole opposite

sides’ (equation (5.17)) vanishes. Furthermore,

A1 = C3 = −vh + vF
4vh

; B1 = D3 =
vh − vF

4vh

C1 = A3 =
vh + vF

4vh
; D1 = B3 = −vh − vF

4vh

Therefore from equation (5.16) and (5.18) we have the following (see Fig. 5.9):〈
T ψ1

R(x1, t1, σ1)ψ2†
R (x2, t2, σ2)

〉
opposite sides

=
〈
T ψ1

R(x1, t1, σ1)ψ2†
L (−x2, t2, σ2)

〉
same side
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Figure 5.9: An electron after hopping from pole 1 when just reaches pole 2 has equal
probabilities going to either sides due to identical environments.

5.7.4 Far away from hopping site

Consider the situation when x1 > 0, x2 > 0. Set Rcm = (x1 + x2)/2 and y = x1 − x2. This

means x1 = Rcm + y
2

and x2 = Rcm − y
2
. If y is held fixed and Rcm → ∞, then this depicts

the region far away from the hopping site. In such a situation, it is expected that Green’s

functions such as < T ψR(x1, t1)ψ†R(x2, t2) > and < T ψL(x1, t1)ψ†L(x2, t2) > to be immune to

the presence or absence of the hopping sites. However the parts < T ψR(x1, t1)ψ†L(x2, t2) >

and < T ψL(x1, t1)ψ†R(x2, t2) >, that are non-zero only because of the hopping site, have no

such restriction. In passing, it is noted that while the opposite choice viz. holding Rcm fixed

while making y →∞ also makes the two points far from the impurity, since the region where

the impurity is present has to be traversed, this Green function certainly will not be immune

to the presence of the impurity.〈
TψR(x1, σ1, t1)ψ†R(x2, σ2, t2)

〉
∼ eγ1 log [4R2

cm−y2]e−
1
2

log [y−vF (t1−t2)]

e−P log [y−vh(t1−t2)]e−Q log [−y−vh(t1−t2)]e−X log [2Rcm−vh(t1−t2)]e−X log [−2Rcm−vh(t1−t2)]〈
TψL(x1, σ1, t1)ψ†L(x2, σ2, t2)

〉
∼ eγ1 log [4R2

cm−y2]e−
1
2

log [−y−vF (t1−t2)]

e−Q log [y−vh(t−t2)]e−P log [−y−vh(t1−t2)]e−X log [2Rcm−vh(t1−t2)]e−X log [−2Rcm−vh(t1−t2)]

(5.39)

where,

P =
(vF + vh)2

8vF vh
; Q =

(vF − vh)2

8vF vh
; γ1 = X;

X =−
(vF − vh)(vF + vh)w2(v4

F − v2
F v

2
h + vF vhw

2 + w4)

8vF vh(vF vh + w2)(v4
F + 2vF vhw2 + w4)

Now we have P − Q = 1
2

and γ1 = X. Performing the said limit Rcm → ∞ and holding

everything else fixed reduces equation (5.39) to,〈
TψR(x1,σ1, t1)ψ†R(x2, σ2, t2)

〉
∼e−

1
2

log [y−vF (t1−t2)]e−
1
2

log [y−vh(t1−t2)]e−Q log [y−vh(t1−t2)]e−Q log [−y−vh(t1−t2)]〈
TψL(x1,σ1, t1)ψ†L(x2, σ2, t2)

〉
∼e−

1
2

log [−y−vF (t1−t2)]e−
1
2

log [−y−vh(t1−t2)]e−Q log [−y−vh(t1−t2)]e−Q log [y−vh(t1−t2)]

(5.40)
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Since Q = (vh−vF )2

8vhvF
, equation (5.40) is precisely the Green function of a homogeneous Luttinger

liquid. In other words, these Green’s functions are immune to the presence of the impurity.

5.8 Summary

The “non-chiral” bosonization technique, which is based on a non-standard harmonic analysis

of the rapidly varying parts of the density fields, is used to obtain closed analytical formulas

for the two-point function and four point functions relevant to Friedel oscillations of a one

step fermionic ladder. Unlike g-ology based methods, the present approach treats the source

of inhomogeneities exactly. The analytical expressions for the correlation functions written

down are nothing but the re-summation of the most singular parts of the RPA terms in an

expansion in powers of the mutual interaction using Fermi algebra. To further validate the

results, various limiting cases are cross checked. Finally, the tunneling conductance of the

system is calculated across different ends of the ladder.
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Chapter 6

Ponderous impurities in a Luttinger

liquid

Impurities in solid state systems are commonly immobile and are considered as static pertur-

bations. On the other hand, mobile impurities are more typically studied in fluidic systems

[141]. The well-known example in this regard would be the motion of a heavy particle in

a three dimensional quantum fluid [142, 143]. The presence of an impurity can bring dras-

tic changes to interacting systems, especially if the systems are one dimensional [31], whose

physics is quite different from higher dimensional systems, described in the previous chapters.

But the external potentials described till now, eg. single delta potential, finite barrier, one

step ladder, etc., are all static. In this chapter we take into account a potential which has a

time dependence. It physically resembles a mobile impurity in a Luttinger liquid.

More recently, the study of mobile impurities in one dimensional quantum liquids has been

an active area of research [144–149]. Neto and Fisher [144] studied the dynamics of a heavy

particle in a Luttinger liquid with repulsive interactions, besides analyzing the temperature

dependence of the mobility of the particle. Caldeira and Neto computed the damping constant

of a heavy particle, coupled to fermionic and bosonic environments in 1D [145]. Tsukamoto

et al. obtained the exact critical exponents of various correlation functions of a TL liquid

with a mobile impurity as functions of the impurity mass and momentum [146]. Fukuhara et

al. studied the quantum dynamics of a spin impurity as it propagates in a 1D lattice [147].

Astrakharchik and Pitaevskii [148] predicted a power-law dependence of the drag force on a

moving heavy impurity within Luttinger liquid on its velocity for small velocities. Girardeau

and Minguzzi studied the problem of a moving impurity of finite mass in a 1D gas of hardcore

bosons, also known as the TG (Tonks-Girardeau) gas [150]. In the work done by Mathy et

al. [149], a phenomenon called quantum flutter was described for an impurity injected with

finite momentum into a 1D quantum liquid. Schecter et al. realized that a constant force

acting on an impurity in a 1D liquid leads to Bloch oscillations of the impurity around a fixed

point, followed by energy release in the form of phonons [151]. Lychkovskiy studied mobile
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impurities in a 1D quantum fluid at zero temperature and concluded that the velocity of the

impurity at infinite time does not vanish at zero temperature, which is not the case at finite

temperature [152, 153].

Figure 6.1: Ponderous impurity in a Luttinger liquid: The huge athlete walking towards
right, representing the heavy particle, and the short athletes, representing electrons, running

in both directions while rubbing shoulders representing forward scattering interactions.

In this chapter [154], the Green functions of a Luttinger liquid in presence of a slowly moving

heavy particle (or a pair of them) is calculated using a combination of perturbative ap-

proaches and the Non chiral bosonization method [90, 140]. Using the Green function, the

force acting on the heavy particle is calculated in terms of its terminal velocity, both in the

linear and non-linear regime. Mobility is calculated for the linear regime, shedding light on

temperature dependence and mutual interaction strength between the fermions. Our results

are qualitatively consistent with the highly cited work on the subject [144] both at low and

high temperatures. Our findings are also consistent with the impenetrable impurity moving

ballistically (mobility diverges) at low temperatures so long as the fermions are mutually re-

pelling. At higher temperatures small compared to the Fermi energy the mobility saturates

to a constant value.

6.1 System description and method of solution

Consider a Luttinger liquid in one dimension with forward scattering short range mutual

interactions [5] in the presence of a heavy particle (classical impurity) moving with speed

small compared with the Fermi velocity vF . The full generic-Hamiltonian of the system(s)

under study (before approaching the RPA limit) is (are),

H =

∫ ∞
−∞

dx ψ†(x)

(
− 1

2m
∂2
x + V0δ(x−X(t))

)
ψ(x) +

1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
)

(6.1)

where V0δ(x − X(t)) is the potential due to the impurity at position X(t) and v(x − x′) =
1
L

∑
q e
−iq(x−x′ )vq (where vq = 0 if |q| > Λ for some fixed Λ � kF and vq = v0 is a constant,

otherwise) is the forward scattering mutual interaction. It is necessary to confine the study

to the so-called RPA limit which means, among other things, working in the limit where the

Fermi momentum and the mass of the fermion diverge in such a way that their ratio is finite

(i.e. kF ,m → ∞ but kF/m = vF < ∞: units that make ~ = 1, so that kF is both the
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Fermi momentum as well as a wavenumber, are used). This amounts to linearizing the energy

momentum dispersion near the Fermi surface and thereby leading to a feasible analytical

solution.

The obvious method for studying this system is to observe that a mobile impurity moving

with a speed much lower than the Fermi velocity may be regarded as being stationary to the

lowest order approximation. The fermion Green function (with or without mutual interactions

between fermions) is computed with this assumption. In order to incorporate the effects

of the non-zero speed of the impurity, an iteration of the relevant equations is performed

wherein the zeroth order stationary Green functions are employed in order to compute leading

corrections due to the finite speed of the impurity. The general Dyson’s equation for the full

Green function denoted by G(x, x′; t, t′) ≡< T ψ(x, t)ψ†(x′, t′) > in terms of its counterpart

GSCh(x, x
′; t, t′) that assumes the impurity(s) is(are) stationary at (near) the origin is (the

subscript SCh stands for steeplechase which represents the static impurity discussed in chapter

3),

G(x, x′; t, t′) = GSCh(x, x′; t− t′)

+ V0

∫
C
dt
′′
(
GSCh(x,X(t

′′
); t− t′′)G(X(t

′′
), x′; t

′′
, t′)−GSCh(x, 0; t− t′′)G(0, x′; t

′′
, t′)
)
(6.2)

Here C is the Keldysh contour. Keeping in mind that the speed of the mobile impurity is

small compared to the Fermi velocity, the leading approximation to the above full Green

function would be,

G(x, x′; t, t′) ≈ GSCh(x, x′; t− t′) + V0

∫
C
dt
′′

×
(
GSCh(x,X(t

′′
); t− t′′)GSCh(X(t

′′
), x′; t

′′
, t′)−GSCh(x, 0; t− t′′)GSCh(0, x′; t

′′
, t′)
)
(6.3)

Having obtained this, the force acting on the impurity may be computed as follows,

FX =− V0

(
d

dx

)
x=X(t)

< ρ(x, t) > = V0

(
d

dx

)
x=X(t)

G<(x, x; t, t) (6.4)

where G> and G< are the advanced and retarded Green functions respectively and

G(x, x′, t, t′) = θ(t− t′)〈ψ(x, t)ψ†(x′, t′)〉 − θ(t′ − t)〈ψ†(x′, t′)ψ(x, t)〉

The RPA Green function with and without mutual forward scattering interactions between

fermions with stationary impurities has been computed in an earlier chapter using the non

chiral bosonization technique [90].
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6.2 Analysis and computations

The analytical expressions for the Green functions of a Luttinger liquid in presence of one

and two scalar impurities obtained in the cited central work [90] is heavily relied upon in

the present work. The technique of non-chiral bosonization used in this work provides an

analytical expression for the most singular part of the RPA Green function of such systems

which also happens to exhibit power law behavior analogous to homogeneous Luttinger liquids.

In the RPA limit, the assertion is: X(t)→ 0 even as kF →∞ so that |kFX(t)| <∞. Hence

quantities such as eikFX(t) that appear repeatedly in the calculations now make sense. The

ansatz that amounts to asserting that the impurity executes a simple harmonic motion about

the origin X(t) = vX
ω
sin(ωt) is used where vX is the maximum drift (steady state) velocity

of the particle in response to an weak external force that is applied on it. The frequency

ω could represent one of two things - a) if the applied force is sinusoidal in time, it is the

frequency of the applied force b) if the force is independent of time, then |~ω| ∼ T which is

the temperature of the system. When the particle is moving very slowly i.e. |kFX(t)| � 1 in

other words kF vX
T
� 1, calculations are done using the approximation eikFX(t

′′
) ≈ 1+ikFX(t

′′
)

which is inserted into the right hand side of equation (6.3). This shows that the terminal

speed is proportional to the applied force and the coefficient of proportionality is a power law

in the dominant energy scale in this problem viz. temperature T, in this case.

When the particle is not moving slowly i.e. kF vX
T
� 1, it is not possible to expand in this

fashion, but since eikFX(t
′′

) = ei
kF vX
T

sin(Tt
′′

) where T is temperature in frequency units, this

term rapidly oscillates and averages out to zero unless t
′′ � 2π

T
. In this case we may write,

eikFX(t
′′

) ∼ eikF vX t
′′

and rescaling t
′′

while performing the integral means the integrals in

equation (6.3) are going to be a power-law in the dominant energy scale in the problem

which is now kFvX rather than temperature. This is the reason for the nonlinear power-law

dependence of the force on the terminal velocity when kFvX � T .

6.2.1 Single impurity

For a single mobile impurity, the externally applied force FX on the impurity may be related

to the drift velocity vX quite easily. Using equations (6.4) and (6.3), the force can be related

to the Green functions of the static impurity, which are given in Appendix B. When fermions

are not mutually interacting with one another, the force takes the following form.

FX =
2V 2

0 k
2
F

π (V 2
0 + v2

F )
vX (6.5)

where V0 is the strength of the coupling between the heavy particle and the fermions. Mobility

µ is defined as the ratio between the terminal velocity of the impurity and the force acting
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on it so that,

µ =
π (V 2

0 + v2
F )

2V 2
0 k

2
F

(6.6)

The mobility diverges when the coupling between the impurity and the fermions vanishes

(V0 → 0), implying ballistic motion of the impurity, i.e., the impurity accelerates in response

to the external force rather than reaching a terminal velocity. Conversely, when the coupling

diverges - which means no tunneling of fermions through the impurity is permitted (V0 →∞),

the mobility saturates to its minimum value of µ0 = π
2k2
F

[144].

6.2.2 Two identical impurities

Two mobile impurities may be studied by observing that since both are slowly moving, the

leading approximation would have only one of them moving and the other fixed so that the

applied force would be proportional to the drift velocity of the moving impurity. In general it

may be surmised that F = const.vX+const.v2
X where the second term is the small correction to

the mobility of one of the moving impurity in response to the motion of the second impurity

which may be neglected. The mobility of a moving impurity in presence of another at a

distance a = ξ0
kF

(where ξ0 is a tunable dimensionless parameter) is (using equations (6.4),

(6.3) and the Green functions of two impurity system mentioned in Appendix B),

µ =µ0

v2
F

(
(2V 2

0 sin2[ξ0]− v2
F )2 + 4V 2

0 (V0 sin(ξ0) cos(ξ0) + vF )2
)

V 2
0 (2V 2

0 sin2[ξ0]− v2
F )2

(6.7)

where µ ≥ µ0
v2
F

V 2
0

and the fermions are not mutually interacting.

In presence of a finite number of identical impurities, the reflection and transmission ampli-

tudes of fermions may be parametrized as follows: R = sin(θ)eiφ and T = i cos(θ)eiφ which

is consistent with known identities such as |T |2 + |R|2 = 1 and RT ∗ = −R∗T . The mobility

Figure 6.2: Plot of the mobility vs phase φ for the general case of a finite number of heavy
particles.
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then evaluates to a simple expression (µ0 has been defined previously),

µ = µ0 csc2 φ (6.8)

The dependence of the mobility on the phase (φ) is depicted in figure 6.2. The minimum

mobility is µ0 which corresponds to the situation where no tunneling across the impurities

is allowed. The maximum mobility is infinite which corresponds to the ballistic motion of

the impurity which happens in the trivial situation when the coupling between the impurity

and the fermions vanishes. The interesting question is, does it also happen when there are

appropriate resonances? In the two impurity case, an examination of the formula in equation

(6.7) suggests that ballistic motion of the impurities in response to an applied force may be

expected to be seen when V0 = vF√
2|sin(ξ0)| , in which case the mobility diverges, but for the

most part, the motion of the impurities is heavily damped by the fermions in the background.

Also, when sin(ξ0) = 0, the two-impurity system resembles the single impurity system where

there is no possibility of ballistic motion of impurities for non-zero V0. The other extreme is

when the strength of the impurities tends to infinity (V0 →∞) when the mobility tends to a

non-zero minimum value of π
2k2
F

for a single impurity. Of special interest is the double impurity

system where the mobility vanishes when V0 →∞, provided sin(ξ0) 6= 0 as may be seen from

equation (6.7). This means that when tunneling through the impurities is forbidden, their

mobilities vanish except when the distance between them is an integral multiple of half a

Fermi wavelength.

Figure 6.3: µ
µ0

versus V0
vF

and ξ0 for a two-impurity system

Since the dependence of the phase angle φ on V0 and ξ0 in the two-impurity case is complicated,

it is better to visualize the dependence of the mobility on these variables more directly through

the following 3D plot in figure 6.3. The explicit dependence of the phase angle φ on V0 and

ξ0 for a two impurity system may be expressed as follows.

sin2(φ) =
(2V 2

0 sin2(ξ0)− v2
F )2

(v4
F + 4V 2

0 (vF cos (ξ0) + V0 sin (ξ0))2)
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6.3 Mobility of a single and two-impurity system in a

Luttinger liquid

When mutual interactions between fermions are absent, it is well known that the mobility

is infinite (ballistic motion) for a homogeneous system. Upon introducing an impurity, the

mobility gradually diminishes with increasing strength of the impurity and saturates to min-

imum non-zero value when tunneling across the impurity is forbidden. The NCBT is able to

interpolate between these two extremes. The interesting question is how these expectations

are modified upon inclusion of mutual interactions between fermions. It is well-known that the

low temperature properties of the interacting systems are qualitatively different from those

of free fermions. They form what is known as a Luttinger liquid. In earlier works [90, 140], it

have been shown that the most singular part of the RPA Green function of Luttinger liquids

in presence of barriers or wells is a discontinuous function of the height of the barriers for

small barrier heights. Thus the limit of small barriers (large tunneling amplitudes) may not

be usefully studied by the traditional approaches that invoke a perturbation theory around

the homogeneous Luttinger liquid starting point. In fact, the present approach which is based

on a non-standard harmonic analysis of the fast part of the density fluctuations is uniquely

suited to study impurity systems as it allows for an analytical interpolation between the weak

link and the weak barrier extreme limits unlike the traditional approaches that fall well short

of providing explicit expressions for the exponents associated with the mobility in the general

cases and instead rely on tentative renormalization flow analyses.

It suffices to state that the analytical expressions for the Green functions for Luttinger liquids

in presence of barriers and wells derived in a recent work [90] are borrowed and used as input

to compute the mobility of one and two impurities using the algorithm outlined in section 6.1

of the present work. This leads to the following formula for the external force acting on the

impurity FX in terms of the drift velocity vX .

FX ∼ µ−1
∗ ωα vX

where µ∗ is the mobility of the corresponding system with no mutual interactions between

fermions. The notion of weak equality (∼) is used because the force is actually a linear

combination of terms (F = const ωα1 + const ωα2). Now the energy scale ω being rescaled

by some cut-off (bandwidth ΛvF which is very large) to become dimensionless and magnitude

much less than unity and thus the leading order term will be the one with the smallest

exponent. Hence,

α = Min(α1, α2)

The explicit values of α1 and α2 both for single impurity are as follows.

α1 =
(vh − vF )(2V 2

0 + vF (vh − vF ))

2vF (V 2
0 + vhvF )

;α2 =
v2
h − v2

F

2(V 2
0 + vhvF )
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where vh = vF
√

1 + 2v0

πvF
, V0 is the strength of the impurity and v0 is the strength of forward

scattering interactions such that v0 < 0 for attractive interactions and v0 > 0 for repulsive

ones. For two identical impurities with strength V0, the values of α1 and α2 are given below.

α1 =
vh − vF
vF

+
v2
F (v2

F − v2
h)

2(4V 2
0 (V0 sin(ξ0) + vF cos(ξ0))2 + v3

Fvh)

α2 =
v2
F (v2

h − v2
F )

2(4V 2
0 (V0 sin(ξ0) + vF cos(ξ0))2 + v3

Fvh)

with ξ0 = kFa where a is the distance between the two impurities and kF is the Fermi

momentum. In both the cases, α1 is the dynamical density of states (DDOS) exponent at

the origin when the two (spatial) points of the two-point function are assumed to merge with

the origin from the same side while α2 is that from the opposite sides. Both these appear in

the analysis since in the defining equation for the Green function viz. equation (6.3), even if

x = x′, the heavy particle can be found on either side of x = x′.

As pointed out earlier, ω is the dominant energy scale that corresponds to temperature as long

as kF vX
T
� 1 but ω would correspond to the energy scale set by the drift velocity viz. vXkF if

kF vX
T
� 1. Roughly speaking, it should not matter whether the drift velocity or the externally

applied force is used to pin down the second energy scale (other than temperature), these two

notions are interchangeable as long as |α| � 1. The present study is limited to regions where

this condition is obeyed. Thus the force acting on the heavy particle is explicitly expressed

as follows.

FX = µ−1
∗

[
Max

(
kFvX
vFΛ

,
T

vFΛ

)]Min(α1,α2)

vX (6.9)

Here vX is the drift velocity of the heavy particle(s) when acted upon by a force FX . The

cross-over speed which provides a scale that separates the regime of linear dependence on the

applied force and the nonlinear regime is clearly, vXc = T
kF

. The force on the particle moving

with this cross-over speed is the cross-over force

FXc = µ−1
∗

[
T

vFΛ

]Min(α1,α2)

vXc

where ΛvF is the band-width mentioned earlier. Figure 6.4 shows the variation of the force

on the heavy particle as a function of the drift velocity (rescaled appropriately to make them

both, dimensionless). From figure 6.4, it is clear that when vX � vXc = T
kF

, the force varies

linearly with drift velocity, the ratio being the inverse of mobility. On the other hand, when

vX � vXc , the force varies non-linearly with the drift velocity and the curvature is decided

by the sign of the exponent α.

The dependence of the cross-over scales themselves on temperature may also be studied.

Consider the dimensionless quantities
kF vXc
ΛvF

and
kFFXc
ΛFvF

where FvF is the hypothetical force

extrapolated from the above formulas which would naively correspond to the force acting on

a heavy particle whose drift velocity is the Fermi velocity vF (there is no valid physics here -
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Figure 6.4: Plot of FX
FXc

vs vX
vXc

where vXc = T
kF

is constant for a given temperature. The

dotted lines signify regions that interpolate between regimes that are easily amenable to
analytical approaches.

this is just a scale to render dimensional quantities, dimensionless). It is pertinent to examine

the dependence of these quantities on the dimensionless temperature g = T
ΛvF

. From the

above formulas it is clear that,

kFFXc
ΛFvF

= g1+α;
kFvXc
ΛvF

= g (6.10)

These formulas may also be described diagrammatically as in figure 6.5. An examination of

Figure 6.5: Variation of the cross-over force scale on temperature for different choices of
the sign of α.

figure 6.6 shows that for negative values of α, the mobility decreases from a maximum value

with an increase in temperature while for positive values of α, it increases from a minimum

value with an increase in temperature, while both of them tend to converge to the value

of the non-interacting case. As mentioned earlier, the force acting on the heavy particle is

expressed as a power-law in terms of the energy scale ‘ω’ which is expressed in units of the

bandwidth ΛvF such that ω
ΛvF

is dimensionless and is always less than unity. The expression

for force obtained from the Green function is originally a linear combination of terms with
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Figure 6.6: Ratio of mobility in the linear regime in presence of interactions to that
without interactions vs g (temperature).

different powers of ω
ΛvF

and thus the dominant term is the one with the smallest exponent,

which explains the choice of α as the minimum of α1 and α2 in equation (6.9).

It is important to analyze the exponent α since earlier plots show that the sign of α is

quite important in determining the qualitative behavior of the applied force versus terminal

velocity. In general, α can be positive or negative or even vanish altogether while its absolute

value is sufficiently less than unity. From the plots in figure 6.7 it is observed that both for

single and double impurity, α tends to take positive values for repulsive interactions and thus

the mobility, as observed from figure 6.6, decreases with an increase in temperature which

is consistent with the literature [144, 155]. On the other hand for attractive interactions, α

(a) (b)

Figure 6.7: Plots of the exponent α for (a) Single impurity system and (b) Two-impurity
system as a function of the impurity strenth V0 and the strength of the mutual interactions

v0 (setting vF = 1 and ξ0 = π/2 + nπ for two impurity case where n is an integer).
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Figure 6.8: Ratio of mobility in the linear regime in presence of interactions to that
without interactions vs g (temperature) and the strength of the mutual interactions v0

when the strength of impurities diverge (no-tunneling case).

takes negative values which indicates an increase in mobility with an increase in temperature.

The two-impurity system shows some interesting physics in the behavior of the exponents as

well. The plot in figure 6.7 b is given for ξ0 = π/2 but it is observed that the exact same plot

is obtained for ξ = π/2 +nπ where n is an integer. This indicates that the mobility oscillates

as a function of ξ0 with a period of π.

Finally the mobility is studied when tunneling through the impurities is forbidden (V0 →
∞). In this case the exponent α vanishes for repulsive interactions and becomes equal to

(vh − vF )/vF for attractive interactions both for the double and the single impurity. The

double impurity is of lesser importance here because, as already discussed earlier, the mobility

vanishes for double impurity in this situation except when ξ0 = nπ. The variation of mobility

is shown in figure 6.8 as a function of the forward scattering strength v0 and temperature g

(= kT
ΛvF

).

Generally, fermions that are mutually attracting tend to mitigate the effect of an impurity

[31] (“heal the chain”). A weak impurity in turn implies a tendency toward ballistic mobility

or at least increased mobility. At higher temperatures, attractive fermions become better at

mitigating the effect of the impurity hence the mobility increases when temperature increases.

Conversely for fermions that are mutually repelling, there is a tendency to aggravate the effect

of the impurity [31] (“cut the chain”). However, when the impurity strength is already strong

enough to prevent tunneling through the impurity, the mutual repulsion of the fermions do

not do anything to the mobility as it is already the minimum value it can be. Hence in

this situation the mobility is independent of temperature. When tunneling is allowed in the

repulsive case, mobility decreases with increasing temperature as it would have done had the

barrier strength increased instead.
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6.4 Comparison with existing studies

The highly cited work on the subject by Castro Neto et al. [144] considers a.c. mobility.

When the applied force is a.c., the terminal velocity is also a.c. and proportional to the

applied force right down to absolute-zero temperature. This is not the case in the present

work where we consider a d.c. applied force. At temperatures small compared to the Fermi

energy when fermion-fermion interactions are ignored, it is well-known that the mobility of a

heavy particle is temperature independent. This is clearly stated in [144], and their µ0 is the

same as ours - indeed we simply borrowed this well-known result. At very low temperatures

the main prediction of [144] is that the a.c. mobility (d.c. limit of a.c. mobility is not the

same as d.c. mobility: this is clearly stated in [144]. We have calculated d.c. mobility and

not the d.c. limit of a.c. mobility) diverges as the 4-th power of temperature whereas at high

temperatures it is approximately independent of temperature as long as the heavy particle

is impenetrable by the mutually repelling fermions. In order to study this limit as best as

we can using our manifestly d.c. formulas, we first observe that the terminal velocity vX is

related to applied d.c. force FX at very low temperatures in the following nonlinear way:

FX = µ−1
∗ v

1+c
X

where c = (v2
h− v2

F )/(2V 2
0 ) for vh > vF (repulsion between fermions) and c = (vh− vF )/vF for

vh < vF (attraction between fermions), both for an impenetrable impurity (V0 → ∞). Now

the differential mobility is

µ =
dvX
dFX

= (1 + c)−1µ∗v
−c
X

The linear mobility is defined as the vX → 0 limit of the differential mobility.

µdiff = lim
vX→0

(1 + c)−1µ∗v
−c
X =∞ since c > 0 (repulsion)

This is consistent with [144] which says that at very low temperatures the mobility of an

impenetrable heavy particle with mutually repelling fermions diverges (motion is ballistic).

Conversely at high temperatures, both [144] and our results predicts a roughly temperature

independent linear mobility as long as the impurity is impenetrable by the mutually repelling

fermions. The particular result of [144] namely the T−4 law is derived by them by treating the

time-dependent spatially inhomogeneous impurity potential as a small perturbation around

the homogeneous Luttinger liquid background. This is because their RG equations show that

at low temperature the impurity behaves effectively as if it were much lighter and much more

penetrable. Since our formalism is identical to theirs for the homogeneous system, discussing

this T−4 law would be a simple duplication of their analysis. Our results are only valid for a

fully d.c. externally applied force and hence this is qualitatively different from the situation

they consider in the latter half of their paper. Even so, our results also confirm their con-

clusions namely that the impurity tends to be much more mobile at low temperatures when
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fermions are mutually repelling than when they are non-interacting.

6.5 Summary

In this chapter, the Green function of slowly moving impurities in a Luttinger liquid is obtained

using a combination of perturbative approach and the non-chiral bosonization technique. The

force acting on the heavy particle is calculated as a function of the drift velocity for the

non-interacting case and the expression for mobility is calculated. Both the linear and non-

linear dependence of the force on the drift velocity has been analytically obtained for systems

with forward scattering interactions between the fermions with one or two mobile impurities.

Peculiar resonances that are seen in the two-impurity system have been mapped out. The

unique feature of this work is the analytical closed expressions for the exponents in terms of

the coupling strengths in the problem that interpolate between the ballistic regime on the one

hand and the no-tunneling regime on the other.
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Chapter 7

Validating Non chiral bosonization

technique

Any novel technique needs validation. A usual way of doing this is to compare its results with

those obtained using well established techniques. But the very fact that the same results can

be obtained using other techniques would lessen the importance of a novel approach. In this

regard, as already mentioned, the standard g-ology method is unable to produce the two-point

functions of even free fermions with an impurity without resorting to renormalization meth-

ods. Another validation route would be to adopt a perturbative approach and calculate the

Green functions up to a certain order of the interaction term and compare with conventional

fermionic perturbation theory. But the most convincing validation would be to insert the

putative best Green functions obtained by any technique into the Schwinger-Dyson equation

[156, 157] which are the equations of motion of the Green functions and show that the result

is an identity. This route is much more convincing than any other analytical or numerical

comparison.

There is an alternative to the operator method of bosonization, which we also briefly discuss

here is based on the idea that the Green functions of systems with mutual interaction between

fermions may be expressed as functional averages of the Green functions of free fermions

interacting with arbitrary external potentials. The averages are performed by treating the

external potentials as Gaussian random variables with a mean determined by the actual

external potentials present in the problem and the standard deviations related to the forward

scattering strength of the short-range interaction between fermions. This approach, originally

suggested by Fogedby [158], was elaborated by Lee and Chen [30]. This approach was further

expanded in [46] and [159] where it was used to deal with impurities in a Luttinger liquid.

When it comes to numerical validation, the obvious tools that springs to mind are density-

matrix renormalization group (DMRG) [160], finite-size scaling, etc. But performing numeri-

cal validation of an analytical result is somewhat like asking a high-school pupil to prove the

analytical formulas for the solution of a quadratic equation by solving the latter numerically.
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The pupil would rightly argue that it is much more convincing and easier to simply insert

the putative analytical solution back into the defining equation and show that the result is

an identity. This is precisely what Schwinger Dyson validation does. Moreover for gapless

systems such as the ones under consideration in the work, DMRG has its own shortcomings

which is discussed in a later section.

In this chapter [101], it has been emphasized that inserting the Green functions into the

Schwinger-Dyson equation and checking for an identity is superior to any other methods

of validation. Section 7.1 describes the systems under study and their respective Green

functions. Section 7.2 illustrates the necessary validation checks the Green functions must

obey. In section 7.3, the perturbative comparison is discussed whereas section 7.4 elaborates

the Schwinger Dyson validation. The subsequent sections briefly describes the functional

bosonization method and the DMRG method as to why they are not suitable in this regard.

7.1 System description and Green functions

The Green functions for the homogeneous Luttinger liquid have been calculated by Mattis and

Lieb [3] and are explained for example, in the textbook by Giamarchi [5]. On the other hand,

those of strongly inhomogeneous Luttinger liquids such as a cluster of impurities around a fixed

point are calculated by the recently developed Non chiral bosonization technique [90]. In this

chapter, the procedure to validate these Green functions has been illustrated. It is, of course,

redundant to validate the well-established results of homogeneous LL. However this is done

to demonstrate the validation method itself which is then used for the results obtained by the

recently developed approach to bosonization - the NCBT. Consider once again the generic

Hamiltonian for Luttinger liquid with short ranged forward scattering mutual interactions

between the fermions.

H =

∫ ∞
−∞

dx ψ†(x)

(
− 1

2m
∂2
x + V (x)

)
ψ(x) +

1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
) (7.1)

The first term represents the kinetic energy while the second term represents the potential

energy which is set to zero for homogeneous systems. For strongly inhomogeneous systems, it

can be modeled as a finite sequence of barriers and wells clustered around a point (taken to be

the origin, x = 0) as discussed in chapter 3. The last term represents the forward scattering

mutual interaction and can be written as

v(x− x′) =
1

L

∑
q

vq e
−iq(x−x′ ) (7.2)

where vq = 0 if |q| > Λ for some fixed bandwidth Λ� kF and vq = v0 is a constant, otherwise.
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Now the Green functions of these systems are obtained using bosonization, where a fermionic

field is represented as an exponential of a bosonic field. This involves inverting the defining

formulas for current and number densities viz. j(x) = Im[ψ†(x)∂xψ(x)] and ρ(x) = ψ†(x)ψ(x)

and rewriting ψ(x) in terms of j and ρ. Then the continuity equation ∂tρ+∂xj = 0 is invoked

and ψ(x) is written purely as a (non-local) function of ρ and ∂tρ. Thus the N-point function

is some combination of the correlations of the density field with itself.

The inversion of the defining relation between current and densities in the standard bosoniza-

tion scheme that goes by the name g-ology [5] yields the following relation between ψν(x, σ, t)

(where ν = R(+1) or L(-1) for right and left movers respectively) and the slowly varying

part of the density (this is a mnemonic for generating the N-point functions),

ψν(x, σ, t) ∼ eiθν(x,σ,t) (7.3)

with the local phase given by the formula,

θν(x, σ, t) = π

∫ x

sgn(x)∞
dy
(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy
′
∂vF t ρs(y

′
, σ, t)

)
(7.4)

Here ρs is the slow part of the density operator ρ which can be harmonically analyzed as

shown in equation (7.13). The prescription in equation (7.3) is valid only for homogeneous

systems and for a half line (no tunneling across the barrier) and the Green functions in both

cases are provided in Appendix A.

Analogous to conventional bosonization schemes [5], the fermionic field operator in NCBT

is also expressed in terms of currents and densities. But in NCBT, the field operator is

modified to include the effect of back-scattering by impurities making it suitable to study

translationally non-invariant systems such as the ones mentioned in the last section. The

modified field operator of NCBT may be written as follows [90].

ψν(x, σ, t) ∼ Cλ,ν,γ e
iθν(x,σ,t)+2πiλν

∫ x
sgn(x)∞ ρs(−y,σ,t)dy (7.5)

Here θν is the familiar local phase given by equation (7.4). NCBT differs by the addition of

the optional term ρs(−y, σ, t) to this local phase that ensures the necessary trivial exponents

for the single particle Green functions for a system of otherwise free fermions with impurities

(which may also be obtained using standard Fermi algebra). The adjustable parameter λ

can take values either 0 or 1, which decides the presence or absence of the new term. In

other words, setting λ = 0 reduces the NCBT operator to standard bosonization operator

given in equation (7.3). The factor 2πi ensures that the field operator obeys the necessary

fermion commutation rules since this term does not change the statistics of the field operator.

Cλ,ν,γ are pre-factors which are fixed by comparison using the non-interacting Green functions

obtained from Fermi algebra. The field operator as given in equation (7.5) is to be treated as

a mnemonic to obtain the Green functions rather than an operator identity, which avoids the

necessity of the Klein factors that are conventionally used. The field operator (annihilation) is
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clubbed together with another such field operator (creation) and after fixing the C’s and λ’s,

one obtains the non-interacting two-point functions in terms of density-density correlation

functions of the system. Lastly, these density correlation functions are replaced by their

interacting versions to obtain the many-body Green functions for the strongly inhomogeneous

LL under study are given in Appendix B. The details are described in an earlier work [90]

(chapter 3).

7.2 Necessary validation checks

First let us examine the necessary rules which the Fermi Bose correspondence used and the

Green functions obtained must satisfy. However, these are not sufficient to declare them

as correct. The next section describes some cross-checks which can conclusively declare the

correctness of the results.

7.2.1 Commutation rules

The Green functions under consideration in the present chapter have been obtained using

standard g-ology methods [5] and the recently developed NCBT [90] both of which are a

field-theoretic approach to bosonization. In both these approaches, the fermion field operator

is expressed as a function of currents and densities. It is necessary that these operators obey

the necessary commutation rules, which is the first mandatory step in validating the results.

7.2.1.1 Fermi Language

Fermi fields: Let there be N species of fermions ψj(x) where j = 1, 2, ...., N . By definition

we have,

{ψj(x, t), ψk(x
′
, t)} = 0 ; {ψj(x, t), ψ†k(x

′
, t)} = δj,k δ(x− x

′
) (7.6)

Forward relation: The currents and the densities are defined in terms of the fields as follows

(no point splitting etc. are needed in this general approach which makes no approximations

at the outset of any sort - RPA or otherwise).

jk(x, t) = Im[ψ†k(x, t)∂xψk(x, t)] ; ρk(x, t) = ψ†k(x, t)ψk(x, t) (7.7)

Current Algebra: The densities and the currents obey current algebra.

[ρk(x, t), ρl(x
′
, t)] = 0

[ρk(x, t), jl(x
′
, t)] = i δl,k ρl(x

′
, t)∂x′δ(x− x

′
)

[jk(x, t), jl(x
′
, t)] = −i δk,l jl(x

′
, t)∂xδ(x− x

′
) + i δk,l jk(x, t)∂x′δ(x− x

′
)

(7.8)
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Field-Current/Density commutators: The fields and the currents/densities obey the

following equal-time commutation rules.

[ψk(x, t), ρl(x
′
, t)] = δk,l δ(x− x

′
) ψk(x, t);

[ψk(x, t), jl(x
′
, t)] =

1

2i
(δk,lδ(x− x

′
) (∂x′ψl(x

′
, t))− δk,l(∂x′δ(x− x

′
))ψl(x

′
, t))

(7.9)

7.2.1.2 Bose Language

Boson Fields: Define self adjoint πj(x, t) and ρj(x, t), j = 1, 2, 3, ..., N obeying canonical

commutation rules.

.[ρj(x, t), ρk(x
′
, t)] = 0 ; [πj(x, t), πk(x

′
, t)] = 0 ; [πj(x, t), ρk(x

′
, t)] = iδj,k δ(x− x

′
) (7.10)

Forward relation:

jk(x, t) = −ρk(x, t)∂xπk(x, t) (7.11)

Equation (7.11) together with equation (7.8) implies equation (7.10) provided ρk(x, t) does

not vanish anywhere since division by this quantity is needed.

Conjecture: Fermi-Bose Correspondence:

ψk(x, t) =eiπ
∑
l<k

∫∞
−∞ dy ρl(y,t) 1√

N0

∑
p

nF (p) eiξ(p) e
iπsgn(p)

∫ x
sgn(x)∞ dy ρk(y,t)

e−iπk(x,t)
√
ρk(x, t)

(7.12)

where nF (p) = θ(kF − |p|) and N0 =
∑

p nF (p). The equation (7.12) inserted into equation

(7.7) leads to an identity together with equation (7.11) provided the following identification is

made, eiξ(p) e−iξ(p
′
) = δp,p′ , which can be justified as follows. Imagine, for example, ξ(p) 6= ξ(p′)

when p 6= p′ to be a real quantity that tends to infinity for all p. This means that we can

write

eiξ(p) = lim
λ→∞

eiλφ(p)

where φ(p) is a finite function of p. Thus we can also write

eiξ(p)e−iξ(p
′) = lim

λ→∞
eiλ(φ(p)−φ(p′)) = lim

λ→∞
eiλθ

where θ = φ(p)− φ(p′) and thus when p = p′ then θ = 0. Now we define the following.

“ eiλθ ” =


1

∆θ

θ+ ∆θ
2∫

θ−∆θ
2

eiλθ
′
dθ′

1

θ 6= 0

θ = 0
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Now.

1

∆θ

θ+ ∆θ
2∫

θ−∆θ
2

eiλθ
′
dθ′ =

1

iλ∆θ

(
eiλ(θ+ ∆θ

2
) − eiλ(θ−∆θ

2
)
)

= eiλθ
sin
(
λ∆θ

2

)(
λ∆θ

2

)
Now when we use the limit λ→∞, the numerator is bounded but the denominator diverges

and hence for θ 6= 0 (and ∆θ 6= 0), which implies p 6= p′, we have the following.

lim
λ→∞

“eiλθ” = 0

Hence the assertion that eiξ(p)e−iξ(p
′) = δp,p′ .

Theorem: The conjecture in equation (7.12) obeys fermion commutation rules in equation

(7.6) in conjunction with equation (7.10) and eiξ(p) e−iξ(p
′
) = δp,p′ .

The proof of the above theorem is given in Appendix D. The central NCBT relation between

the slow part of the Fermi field and current/densities viz. equation (7.5) may be obtained

from the conjecture in equation (7.12) using harmonic analysis of the density operator, which

goes as follows.

ρ(x, σ, t) = ρ0 + ρs(x, σ, t) + e2ikF x ρf (x, σ, t) + e−2ikF x ρ∗f (x, σ, t) (7.13)

Here ρs is the slow part and ρf is the oscillating part of the density. According to Haldane’s

harmonic analysis [4], the fast part can be expressed in terms of the slow part as follows.

ρf (x, σ, t) ∼ e2iπ
∫ x
−∞ ρs(y,σ,t)dy (7.14)

Using Haldane’s harmonic analysis in equation (7.13) and inserting to the conjecture in equa-

tion (7.12) and extracting the slow part, one can obtain the expression of the field operator

used in standard bosonization, given by equation (7.3). On the other hand, NCBT uses a

non-standard harmonic analysis which is ideally suited to study systems with a cluster of

impurities [90]. Non-standard harmonic analysis means the replacement,

ρf (x, σ, t) ∼ e2iπ
∫ x
−∞(ρs(y,σ,t)+λρs(−y,σ,t))dy (7.15)

Using this non-standard harmonic analysis in equation (7.13) and inserting it to the conjec-

ture in equation (7.12) and extracting the slow part, one can obtain the expression of the field

operator used in non chiral bosonization, given by equation (7.5). Note that the variable λ in

equation (7.15) can take values only 0 or 1, as also discussed in the last section and the the

non-standard harmonic analysis reduces to the standard one when λ = 0.
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Field-Current/Density commutators: Lastly, the identities in equation (7.16) below are

obeyed regardless of whether these commutators are evaluated in the usual Fermi language or

using the conjecture equation (7.12) and the canonical commutators equation (7.10). However,

division by ρk(x) should be permissible to prove the same.

[ψk(x, t), ρl(x
′
, t)] = δk,l δ(x− x

′
) ψk(x, t);

[ψk(x, t), jl(x
′
, t)] =

1

2i
(δk,lδ(x− x

′
) (∂x′ψl(x

′
, t))− δk,l(∂x′δ(x− x

′
))ψl(x

′
, t))

(7.16)

It must be stressed that the addition of the extra term ρs(−y, σ, t) in equation (7.5) of the

NCBT scheme does not violate any of the commutation rules above because of the constant

‘2πi’ in it and the integration of the density is just a natural number. It is also to be noted

that there are some additional global quantities that are needed to be incorporated into the

C-numbers in equation (7.5) to make sure the up-spin field anti-commutes with the down

spin field, the left leg of the ladder anti-commutes with the right leg (in case of a one step

fermionic ladder) and so on. They are described in an earlier work [140].

7.2.2 Limiting case checks

Another necessary criterion to be obeyed by the correlation functions are the limiting case

checks. For the homogeneous case, there is just one limiting case, viz., switching off mutual

interactions between the particles. Under this condition the LL Green functions must reduce

to the free particle Green functions. In absence of interactions, the holon velocity becomes

equal to the Fermi velocity (vh → vF ) and thus the Green functions in equation (A.2) takes

the form of that of a free particle.〈
T ψR(x1, σ, t1)ψ†R(x2, σ, t2)

〉
∼ 1

(x1 − x2 − vF (t1 − t2))〈
T ψL(x1, σ, t1)ψ†L(x2, σ, t2)

〉
∼ 1

(−x1 + x2 − vF (t1 − t2))

On the other hand, for the strongly inhomogeneous systems, the Green functions obtained

using NCBT can be subjected to various limiting cases as follows.

No interaction. By switching off the inter-particle interactions between particles (v0 = 0),

one obtains the Green functions for free fermions plus impurities which can also be obtained

using Fermi algebra. In such a case, the holon velocity is equal to the Fermi velocity (vh → vF )

and equation (B.2) and equation (B.3) will take the form of single particle Green functions

of such inhomogeneous systems.

No impurity. In absence of any impurity, there is no reflection (|R| = 0) and there is no

concept of opposite sides of the origin as it is a homogeneous case. There will be no reflection
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terms such as 〈ψRψ†L〉 and 〈ψLψ†R〉 in this case. The only non-zero terms are the transmission

propagators 〈ψRψ†R〉 and 〈ψLψ†L〉 whose exponents takes the following form:

P =
(vh + vF )2

8vhvF
; Q =

(vh − vF )2

8vhvF
; X = γ1 = 0;

Using the above, one obtains the precise Green functions of the standard homogeneous Lut-

tinger liquid as given in equation (A.2).

No tunneling. For an infinite barrier (|R| = 1), there is no need to consider the two points

to be on the opposite sides of the impurity. While the Green functions for points on the same

side of the origin as given in equation (B.2) takes the form that of a half line as given in

equation (A.7). Also in this case, the full Green function vanishes when one of the points is

at the location of the infinite barrier.

Far from impurity. Lastly it can be observed that when both the points are situated far

away from the impurity and on the same side of it, then the transmission propagators 〈ψRψ†R〉
and 〈ψLψ†L〉 become immune to the presence of impurities and takes the form of the homo-

geneous case (equation (A.2)). But the reflection terms viz. 〈ψRψ†L〉 and 〈ψLψ†R〉 continue to

be affected by the presence of the impurity since in these cases the region where the impurity

is present needs to be traversed (in order for reflection to take place).

7.2.3 Point splitting constraint

It is mandatory that the field operators as in equation (7.3) and equation (7.5) do not violate

the point splitting constraints, which is a crucial self-consistency check. Point splitting con-

straint is the assertion that the NCBT Green functions are consistent with current algebra.

The use of the non-local expression for the field gives back the currents and densities which

were used to exponentiate the commutation rules and write down the non-local expression in

the first place.

lim
a→0

(ψ†ν(x, σ, t)ψν(x+ a, σ, t)− < ψ†ν(x, σ, t)ψν(x+ a, σ, t) >)

=
1

2ν
(ν ρs(x, σ, t)−

∫ x

sgn(x)∞
dy
′
∂vF tρs(y

′
, σ, t))

(7.17)

Here the subscript ν represents a right mover or a left mover and takes values 1 and −1

respectively. It may be seen below that it leads to constraints on the form for the product of

the coefficient Cλ,ν,γ in equation (7.5) and its complex conjugate which is to be regarded as

one single object rather than a product of two complex numbers as the non-local expression

for the field is merely a mnemonic - not be be taken literally. After some straightforward
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algebra which is given briefly below, the following constraints emerge from equation (7.17)

(here Cλ,ν(x, σ) ≡
∑

γ=±1 θ(γx)Cλ,ν,γ(σ)),

lim
a→0

∑
λ,λ
′∈{0,1}

< C†
λ′ ,ν

(x, σ)Cλ,ν(x+ a, σ) > e
1
2

[Qν(x,σ;λ
′
),−Qν(x+a,σ;λ)]

×
(
eQν(x,σ;λ

′
)−Qν(x+a,σ;λ)− < eQν(x,σ;λ

′
)−Qν(x+a,σ;λ) >

)
=

1

2ν
(ν ρs(x, σ, t)−

∫ x

sgn(x)∞
dy
′
∂vF tρs(y

′
, σ, t))

where Qν(x, σ;λ
′
) = −iθν(x, σ, t)− 2πiνλ

′ ∫ x
sgn(x)∞ ρs(−y, σ, t) dy.

When λ and λ
′

are unequal,

< C†1,ν(x, σ)C0,ν(x, σ) > lim
a→0

e
1
2

[Qν(x,σ;1),−Qν(x+a,σ;0)]

=< C†0,ν(x, σ)C1,ν(x, σ) > lim
a→0

e
1
2

[Qν(x,σ;0),−Qν(x+a,σ;1)]

where [Qν(x, σ;λ
′
),−Qν(x+ a, σ;λ)] = −π νi− 2πνλiθ(2x+ a) + 2πνλ

′
iθ(2x+ a).

When they are equal however, the following results emerge,

lim
a→0

∑
λ∈{0,1}

< C†λ,ν(x, σ)Cλ,ν(x+ a, σ) > e
1
2 (−π νi) (−a) ∂xQν(x, σ;λ)

=
1

2ν
(ν ρs(x, σ, t)−

∫ x

sgn(x)∞
dy
′
∂vF tρs(y

′
, σ, t))

Note that ∂xQν(x, σ;λ) = −i∂xθν(x, σ, t)− 2πiνλρs(−x, σ, t) hence,

lim
a→0

∑
λ∈{0,1}

< C†λ,ν(x, σ)Cλ,ν(x+ a, σ) > e
1
2

(−π νi) (−a) (−2πiνλρs(−x, σ, t)) = 0

This means,

< C†0,ν(x, σ)C0,ν(x+ a, σ) > =
e
i
2
π ν

2πiνa

Since ν = ±1 , hence e
i
2
πν = i ν and we can write

< C†0,ν(x, σ)C0,ν(x+ a, σ) > =
1

2πa

and also,

< C†1,ν(x, σ)C1,ν(x+ a, σ) >= 0

These may be compactly written as follows. Define

< C†
λ′ ,ν′

(x
′
, σ
′
)Cλ,ν(x, σ) >→ C2(λ

′
, ν
′
, x
′
, σ
′
;λ, ν, x, σ)
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so the final point splitting constraints take the following form,

C2(0, ν, x, σ; 0, ν, x+ a, σ) =
1

2πa

C2(1, ν, x, σ; 0, ν, x+ a, σ) = C2(0, ν, x, σ; 1, ν, x+ a, σ)

C2(1, ν, x, σ; 1, ν, x+ a, σ) = 0

(7.18)

This is the reason why, in the evaluation of the two-point function, the possibility of both

λ = λ
′
= 1 was never considered (the corresponding C’s are zero). Thus the NCBT formulas

for the Green functions obey the point splitting constraints (so does standard bosonization).

7.3 Perturbative comparison

The Green functions of a homogeneous Luttinger liquid obtained using g-ology method (given

in Appendix A) can be verified by a comparison with those obtained using standard fermionic

perturbation. For this, the Green functions are expanded in powers of the interaction param-

eter v0 (see equation (7.2)). Note that the holon velocity vh is related to the Fermi velocity

and the interaction parameter v0 by the relation vh = vF
√

1 + 2v0/(πvF ). On the other hand,

the zeroth and the first order terms of the perturbation series can be calculated as follows

(Notation: Xi ≡ (xi, σi, ti)).

The two point functions in presence of interactions can be written in terms of the non-

interacting ones as follows.

〈Tψν1(X1)ψ†ν2
(X2)〉 =

〈TS ψν1(X1)ψ†ν2
(X2)〉0

〈TS〉0
(7.19)

Here T represents the time ordering and the action S can be written as follows.

S = e−i
∫
HI(t)dt = 1− i

∫
HI(t)dt+ .... (7.20)

Hence the zeroth order term is simply 〈Tψν1(X1)ψ†ν2(X2)〉0 and the first order perturbation

term can be written as follows.

δ〈Tψν1(X1)ψ†ν2
(X2)〉1 = −i

∫
〈THI(t1)ψν1(X1)ψ†ν2

(X2)〉0dt1 (7.21)

From equation (7.1) the interacting part of the Hamiltonian can be written as

HI =
1

2

∫ ∞
−∞

dx

∫ ∞
−∞

dx
′
v(x− x′) ρ(x)ρ(x

′
) (7.22)

Hence the terms in the perturbation series up to the first order can be written as follows.
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δ〈Tψν1(X1)ψ†ν2
(X2)〉0 = 〈Tψν1(X1)ψ†ν2

(X2)〉0

δ〈Tψν1(X1)ψ†ν2
(X2)〉1 = − i

2

∫
dτ

∫
dy

∫
dy
′
v(y − y′)〈T ρs(y, τ+)ρs(y

′
, τ)ψν1(X1)ψ†ν2

(X2)〉0
(7.23)

Here v(y − y′) = v0δ(y − y′) is the short ranged mutual interaction term, the ν’s represent

either a right mover (νi = 1) or a left mover (νi = −1) and ρs = ψ†RψR+ψ†LψL is the slow part

of the density function. The symbol 〈..〉0 on the RHS indicates single particle functions. Using

equation (7.23), the Green functions of a homogeneous LL up to the first order in interaction

parameter can be obtained as follows:

GRR(x1, x2, t1 − t2) =
i

2π

1

(x1 − x2)− vF (t1 − t2)
+

i(t1 − t2)

4π2((x1 − x2)− vF (t1 − t2))2
v0

This is precisely the same as that obtained by expanding equation (A.2) obtained using

standard bosonization in powers of v0 and keeping up to the first order.

The Green functions obtained from NCBT technique (given in Appendix B) are claimed to

be the most singular part of the full Green function [90]. Similar to the case above, the Green

functions of strongly inhomogeneous systems (with reflection amplitude R and transmission

amplitude T) are calculated perturbatively using equation (7.23), while treating the source

of inhomogeneities exactly. After retaining the most singular terms in the first order (the

zeroth order is a single term), the following results are obtained (the R and T on the RHS

are reflection and transmission amplitudes respectively).

GRR : x1, x2 > 0

GRR(x1, x2, t1 − t2) =
i

2π

1

(x1 − x2)− vF (t1 − t2)
+

i(t1 − t2)

4π2((x1 − x2)− vF (t1 − t2))2
v0

GRL : x1, x2 > 0

GRL(x1, x2, t1 − t2) =
iR

2π

1

(x1 + x2)− vF (t1 − t2)
+

iR(t1 − t2)

4π2((x1 + x2)− vF (t1 − t2))2
v0

GRR : x1 > 0, x2 < 0

GRR(x1, x2, t1 − t2) =
iT

2π

1

(x1 − x2)− vF (t1 − t2)
+

iT(t1 − t2)

4π2((x1 − x2)− vF (t1 − t2))2
v0

These are precisely the same as those obtained by expanding equation (B.2) and equation

(B.3) obtained using NCBT in powers of v0 and retaining up to the first order and also

discarding the less singular terms at this order. The notion of “the most singular part” of

an expression may be made sense of in the following manner. Think of these as function of

the time difference τ = t − t′ (which they are). In the formulas that are encountered while
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expanding in powers of the coupling, there are going to be terms of the form (e.g.)

A τ

(τ − a)2
+

B

(τ − a1)(τ − a2)

The first term is regarded as more singular than the second (if a1 6= a2) since the former is

a second order pole whereas the latter when partial fraction expanded are a sum of two first

order poles. In the perturbative expansion of the single-particle Green function, pretending

that Wick’s theorem applies at the level of the density fluctuations is tantamount to retaining

second order poles and discarding poles of a lower order.

7.4 Schwinger-Dyson equation

The Schwinger-Dyson equation relates the two-point Green functions to certain four-point

functions as follows:

Gfull
ν,ν′ (x, x

′; t− t′) = G0
ν,ν′(x, x

′; t− t′)− i
∑
ν1

∫
dx1

∫
dt1 G

0
ν,ν1

(x, x1; t− t1)

×
∫
dy v(x1 − y) < T ρ(y, t1)ψν1(x1, σ, t1)ψ†ν′(x

′, σ, t′) >full

(7.24)

where ρ(y, t1) = ρ(y, ↑, t1) + ρ(y, ↓, t1) is the total density (sum of up spin and down spin

density) and v(y−y′) is the mutual interaction. After operating the equation by (i∂t+iνvF∂x)

and (−i∂t′ − iν ′vF∂x′) we get (only for x, x′ 6= 0 and x 6= ±x′ and t 6= t′)

(i∂t + iνvF∂x)Gfullν,ν′ (x, x
′; t− t′) =

∫
dy v(x− y) < T ρ(y, t)ψν(x, σ, t)ψ†ν′(x

′, σ, t′) >full

(−i∂t′ − iν ′vF∂x′)Gfullν,ν′ (x, x
′; t− t′) =

∫
dy v(x′ − y) < Tρ(y, t′)ψν(x, σ, t)ψ†ν′(x

′, σ, t′) >full

(7.25)

The next task is to examine whether the Green functions obtained using g-ology and those

obtained using NCBT obey the above set of equations.

7.4.1 Homogeneous case

The Green functions for homogeneous LL can be calculated using the standard bosonization

technique (equation (7.3)) where the local phase is given by equation (7.4) as follows.

θν(x, σ, t) = π

∫ x

sgn(x)∞
dy
(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy′ ∂vF t ρs(y, σ, t)

)
(7.26)
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Using standard bosonization one can write

ψν(x, σ, t)→ eiθν(x,σ,t) ; ψν′(x
′, σ, t′)→ eiθν′ (x

′,σ,t′) (7.27)

Now,

lim
ε→0

eερ − 1

ε
= ρ.

Hence the four point function in equation (7.25) can be written as

< ρ(y, t) ψν(x, σ, t) ψ
†
ν′(x

′, σ, t′) >= lim
ε→0

<
eερ(y,t) − 1

ε
eiθν(x,σ,t) e−iθν′ (x

′,σ,t′) >

= lim
ε→0

1

ε
< eερ(y,t) eiθν(x,σ,t) e−iθν′ (x

′,σ,t′) − eiθν(x,σ,t) e−iθν′ (x
′,σ,t′) >

Choose,

A = ερ(y, t) ; B = iθν(x, σ, t) ; C = −iθν′(x′, σ, t′)

Using Baker-Campbell-Hausdorff formula,

< eAeBeC >= e
1
2
A2

e
1
2
B2

e
1
2
C2

e<AB>e<BC>e<AC>

Now e
1
2
B2
e

1
2
C2
e<BC> is the Green functions < ψν(x, σ, t) ψ

†
ν′(x

′, σ, t′) > and e
1
2
A2

can be ignored

as ε is tending to zero. Hence we can write,

< ρ(y, t) ψν(x, σ, t) ψ
†
ν′(x

′, σ, t′) >

= lim
ε→0

[
e<iερ(y,t) θν(x,σ,t)> e<−iερ(y,t) θν′ (x

′,σ,t′)> − 1

]
< ψν(x, σ, t) ψ

†
ν′(x

′, σ, t′) >

ε

= lim
ε→0

[
1+ < i ε ρ(y, t)θν(x, σ, t) > − < i ε ρ(y, t)θν′(x

′, σ, t′) > −1

]
× < ψν(x, σ, t) ψ

†
ν′(x

′, σ, t′) >

ε

=

[
< i ρ(y, t)θν(x, σ, t) > − < i ρ(y, t)θν′(x

′, σ, t′) >

]
< ψν(x, σ, t) ψ

†
ν′(x

′, σ, t′) >

Using equation (7.26),

< ρ(y, t) ψν(x, σ, t) ψ†ν′(x
′, σ, t′) >

=

(
< iπν

∫ x

sgn(x)∞
dz ρh(y, t)ρh(z, t)− iπ

∫ x

sgn(x)∞
dz ∂vF t

∫ z

sgn(y)∞
ρh(y, t)ρh(z′, t)dz′ >

− < iπν ′
∫ x′

sgn(x′)∞
dz ρh(y, t)ρh(z, t′)− iπ

∫ x′

sgn(x′)∞
dz ∂vF t′

∫ z

sgn(y)∞
ρh(y, t)ρh(z′, t′)dz′ >

)
< ψν(x, σ, t) ψ†ν′(x

′, σ, t′) >
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Using the density density correlation functions from equation (A.5), the following form of the

Schwinger Dyson equation is obtained.

(i∂t + ivF∂x) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >

=v0
i

4πv2
h

(
vh(vh − vF )

−vh(t− t′)− x+ x′
− vh(vF + vh)

vh(t− t′)− x+ x′

)
< T ψR(x, σ, t)ψ†R(x′, σ, t′) >

(7.28)

Substituting the two point function from equation (A.2),

−i
(

P (vh − vF )

vh(t− t′)− x+ x′
+

Q(vF + vh)

vh(t− t′) + x− x′

)
= v0

i

4πv2
h

(
vh(vh − vF )

−vh(t− t′)− x+ x′
− vh(vF + vh)

vh(t− t′)− x+ x′
)

Upon inserting the explicit expressions of the anomalous exponents from Eq (A.3) into the

above equation, one obtains an identity. Thus the correlation functions obtained by g-ology

methods satisfy the exact Schwinger Dyson equation, which is a non-perturbative validation

of the same.

7.4.2 Inhomogeneous case

The Green functions of a Luttinger liquid with a cluster of impurities around a point can be

calculated using the powerful Non chiral bosonization technique (equation (7.5)) where the

familiar local phase undergoes modification and is given by the following (λ = 0, 1).

Θν(x, σ, t, λ) = π

∫ x

sgn(x)∞
dy
(
ν ρs(y, σ, t)−

∫ y

sgn(y)∞
dy′ ∂vF t ρs(y, σ, t)

)
+ 2πνλ

∫ x

sgn(x)∞
dy ρ(−y, σ, t) (7.29)

Similar to the homogeneous case, the four point functions on the RHS of equation (7.25) can

be derived as follows.

< ρ(y, t) ψν(x, σ, t) ψ†ν′(x
′, σ, t′) >=

(
< iπν

∫ x

sgn(x)∞
dz ρh(y, t)ρh(z, t)

− iπ
∫ x

sgn(x)∞
dz ∂vF t

∫ z

sgn(y)∞
ρh(y, t)ρh(z′, t)dz′ + 2νλ

∫ x

sgn(x)∞
dz ρh(y, t)ρh(−z, t) >

− < iπν ′
∫ x′

sgn(x′)∞
dz ρh(y, t)ρh(z, t′)− iπ

∫ x′

sgn(x′)∞
dz ∂vF t′

∫ z

sgn(y)∞
ρh(y, t)ρh(z′, t′)dz′

+ 2ν ′λ′
∫ x′

sgn(x′)∞
dz ρh(y, t)ρh(−z, t′) >

)
< ψν(x, σ, t) ψ†ν′(x

′, σ, t′) >

Using the density density correlation functions from equation (B.7) and then inserting the

above four point function into the RHS of equation (7.25), the necessary Schwinger Dyson
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equations are obtained. We take into account three cases, viz. RR same side (of the origin),

RL same side and RR opposite sides. The remaining three cases: LL same side, LR same

side and LL opposite sides are very similar to the former three cases respectively. The choice

of λ, λ′ is discussed in an earlier work [90] and also explicitly given in Table 7.1 for the cases

discussed.

Table 7.1: Choice of λ, λ′ for different cases of Green functions.

Green’s function part λ λ′

RR sameside 0 0

RL1 sameside 1 0

RL2 sameside 0 1

RR1 oppositesides 1 0

RR2 oppositesides 0 1

7.4.2.1 RR same side

Equation of motion: (here Zh = vh|R|2
vh−|R|2(vh−vF )

)

(i∂t + ivF∂x) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >

= v0
i

4πv2
h

(− 2vFZh (vF (x+ x′) + v2
h(t
′ − t))

(x+ x′ + vh(t− t′))(x+ x′ + vh(t′ − t))
+

vh(vh − vF )

−vh(t− t′)− x+ x′

− vh(vF + vh)

vh(t− t′)− x+ x′
+
v2
FZh
x

) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >

(7.30)

Substituting the two point function from equation (B.2),

−i
(

P (vh − vF )

vh(t− t′)− x+ x′
+

Q(vF + vh)

vh(t− t′) + x− x′
+

X(vF − vh)

−vh(t− t′) + x+ x′
+

X(vF + vh)

vh(t− t′) + x+ x′
− γ1vF

x

)
=v0

i

4πv2
h

(−
2vFZh

(
vF (x+ x′) + v2

h(t′ − t)
)

(x+ x′ + vh(t− t′))(x+ x′ + vh(t′ − t))
+

vh(vh − vF )

−vh(t− t′)− x+ x′

− vh(vF + vh)

vh(t− t′)− x+ x′
+
v2
FZh
x

)

Upon inserting the explicit expressions of the anomalous exponents from equations (B.4) and

(B.5) into the above equation, one obtains an identity.

7.4.2.2 RL same side

Now for this case we have,

< T ψR(x, σ, t)ψ†L(x′, σ, t′) >=< T ψR(x, σ, t)ψ†L(x′, σ, t′) >1 + < T ψR(x, σ, t)ψ†L(x′, σ, t′) >2
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Equations of motion are:

(−i∂t′+ivF∂x′) < T ψR(x, σ, t)ψ†L(x′, σ, t′) >1

=v0(−
ivFZh

(
−vF (x′ + x)− v2

h(t′ − t)
)

2πv2
h(−x− x′ + vh(t− t′))(x+ x′ + vh(t− t′))

+
ivF

2πvh(−vh(t− t′) + x+ x′)

+
ivF

2πvh(vh(t− t′) + x+ x′)
− i(vh − vF )

4πvh(vh(t− t′) + x− x′)

− i(vh + vF )

4πvh(vh(t− t′)− x+ x′)
+
iv2
FZh

4πv2
hx
′ ) < T ψR(x, σ, t)ψ†L(x′, σ, t′) >1

(7.31)

and

(i∂t+ivF∂x) < T ψR(x, σ, t)ψ†L(x′, σ, t′) >2

=v0(
ivFZh

(
vF (x′ + x) + v2

h(t′ − t)
)

2πv2
h(−x− x′ + vh(t− t′))(x+ x′ + vh(t− t′))

+
ivF

2πvh(vh(t− t′) + x+ x′)

+
ivF

2πvh(vh(t′ − t) + x+ x′)
− i(vF + vh)

4πvh(vh(t− t′) + x− x′)

− i(vh − vF )

4πvh(vh(t− t′)− x+ x′)
+
iv2
FZh

4πv2
hx

) < T ψR(x, σ, t)ψ†L(x′, σ, t′) >2

(7.32)

Substituting the two point functions from equation (B.2),

i(
−S(vF + vh)

vh(t− t′)− x+ x′
+

S(vF − vh)

vh(t− t′) + x− x′
− Y (vF − vh)

−vh(t− t′) + x+ x′
− Z(vF + vh)

vh(t− t′) + x+ x′
+
γ1vF
x′

)

= v0(−
ivFZh

(
−vF (x′ + x)− v2

h(t′ − t)
)

2πv2
h(−x− x′ + vh(t− t′))(x+ x′ + vh(t− t′))

+
iv2
FZh

4πv2
hx
′ +

ivF
2πvh(−vh(t− t′) + x+ x′)

+
ivF

2πvh(vh(t− t′) + x+ x′)
− i(vh − vF )

4πvh(vh(t− t′) + x− x′)
− i(vh + vF )

4πvh(vh(t− t′)− x+ x′)
)

i(
S(vF − vh)

vh(t− t′)− x+ x′
+

S(vF + vh)

−vh(t− t′)− x+ x′
− Y (vF − vh)

−vh(t− t′) + x+ x′
− Z(vF + vh)

vh(t− t′) + x+ x′
+
γ1vF
x

)

= v0(
ivFZh

(
vF (x′ + x) + v2

h(t′ − t)
)

2πv2
h(−x− x′ + vh(t− t′))(x+ x′ + vh(t− t′))

+
iv2
FZh

4πv2
hx

+
ivF

2πvh(vh(t− t′) + x+ x′)

+
ivF

2πvh(vh(t′ − t) + x+ x′)
− i(vF + vh)

4πvh(vh(t− t′) + x− x′)
− i(vh − vF )

4πvh(vh(t− t′)− x+ x′)
)

Upon inserting the explicit expressions of the anomalous exponents from equations (B.4) and

(B.5), both the above equations are satisfied.

7.4.2.3 RR opposite side

Now for this case we again have,

< T ψR(x, σ, t)ψ†R(x′, σ, t′) >=< T ψR(x, σ, t)ψ†R(x′, σ, t′) >1 + < T ψR(x, σ, t)ψ†R(x′, σ, t′) >2
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Equations of motion are:

(−i∂t′−ivF∂x′) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >1

=v0(
ivFZh

(
vF (x− x′)− v2

h(t− t′)
)

2πv2
h(−x+ x′ + vh(t− t′))(−x+ x′ + vh(t′ − t))

− i(vh − vF )

4πvh(vh(t− t′) + x− x′)

− i(vF + vh)

4πvh(vh(t− t′)− x+ x′)
+

ivF
2πvh(−vh(t′ − t) + x+ x′)

+
ivF

2πvh(vh(t′ − t) + x+ x′)
−
iv2
FZh

4πv2
hx
′ ) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >1

(7.33)

and

(i∂t+ivF∂x) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >2

=v0(−
ivFZh

(
vF (x− x′)− v2

h(t− t′)
)

2πv2
h(−x+ x′ + vh(t− t′))(x− x′ + vh(t− t′))

− ivF
2πvh(−vh(t− t′) + x+ x′)

− ivF
2πvh(vh(t− t′) + x+ x′)

− i(vh − vF )

4πvh(vh(t− t′) + x− x′)

− i(vF + vh)

4πvh(vh(t− t′)− x+ x′)
+
iv2
FZh

4πv2
hx

) < T ψR(x, σ, t)ψ†R(x′, σ, t′) >2

(7.34)

Substituting the two point functions from equation (B.3),

i(
A(vF − vh)

vh(t− t′)− x+ x′
+

B(vF + vh)

−vh(t− t′)− x+ x′
+

C(vF + vh)

−vh(t− t′) + x+ x′
+

D(vF − vh)

vh(t− t′) + x+ x′
− γ1vF

x′
)

= v0(
ivFZh

(
vF (x− x′)− v2

h(t− t′)
)

2πv2
h(−x+ x′ + vh(t− t′))(−x+ x′ + vh(t′ − t))

− iv2
FZh

4πv2
hx
′ −

i(vh − vF )

4πvh(vh(t− t′) + x− x′)

− i(vF + vh)

4πvh(vh(t− t′)− x+ x′)
+

ivF
2πvh(−vh(t′ − t) + x+ x′)

+
ivF

2πvh(vh(t′ − t) + x+ x′)
)

i(
A(vF − vh)

vh(t− t′)− x+ x′
+

B(vF + vh)

−vh(t− t′)− x+ x′
− C(vF + vh)

vh(t− t′) + x+ x′
− D(vF − vh)

−vh(t− t′) + x+ x′
+
γ1vF
x

)

= v0(−
ivFZh

(
vF (x− x′)− v2

h(t− t′)
)

2πv2
h(−x+ x′ + vh(t− t′))(x− x′ + vh(t− t′))

+
iv2
FZh

4πv2
hx
− ivF

2πvh(−vh(t− t′) + x+ x′)

− ivF
2πvh(vh(t− t′) + x+ x′)

− i(vh − vF )

4πvh(vh(t− t′) + x− x′)
− i(vF + vh)

4πvh(vh(t− t′)− x+ x′)
)

Upon inserting the explicit expressions of the anomalous exponents from equations (B.4) and

(B.5), both the above equations are satisfied. Note that the term ( 1
x+x′

) in RR opposite sides

(equation (B.3)) belongs to the pre-factors which are treated as constants in both sides of the

Dyson equation. This is tantamount to the assertion that prefactors are not correctly given

by bosonization - only the exponents are. The prefactors in the present context are spatially

dependent and have been adjusted to recover certain limiting behavior - they are to be ignored

while one is examining the crucially important Luttinger exponents. A more convincing way

of saying this is - one only looks to equate the time derivative of the logarithms of the two

sides of the Schwinger-Dyson equations which forces these prefactors to drop out.
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There is one puzzling feature of the arguments that has been presented till now that requires

clarification. Instead of verifying the Schwinger-Dyson equation (SDE) for the Green function

(for RR opposite sides and RL same side) as a whole, we have first written the latter as a sum of

two pieces labeled as < ... >1 and < ... >2 and verified the SDE that involves (x, t) derivatives

for the piece labeled < .... >2 and verified the SDE that involves (x′, t′) derivatives for the

piece labeled < .... >1. This is the same as asserting that the (x, t) operator (i.e. i∂t+ iνvF∂x)

acting on eiθν(x,t) behaves as expected but not when it is acting on eiθν(x,t)+2πiν
∫ x ρ(−y,t) dy.

That is, anomalous extensions of the bosonized fields, mandatory for strongly inhomogeneous

systems such as the ones being studied here, do not obey the free field equations. Note that

while equating two sides of these equations, the left hand side is purely a power law but for

RR opposite sides and RL same side the right hand side has a term of the same functional

form as the left hand side plus a term which has a similar but not identical functional form. At

the very least we may expect that the two terms whose functional forms match exactly should

be equal to each other. It is remarkable that this is indeed the case. Note that for RR and

LL same side, the two sides match perfectly without any need for further qualifications. This

is important for example to reproduce the dynamical density of states close to the impurity.

It is amply clear and quite remarkable that the explicit formulas for the exponents of the most

singular part of the asymptotic Green function of a Luttinger liquid in presence of barriers

and wells clustered around an origin as predicted by the non-chiral bosonization method is

consistent with the exact Schwinger-Dyson equation of motion for the Green functions. Not

only that, the Green functions of NCBT obey the Schwinger-Dyson equation if and only if the

anomalous exponents have the precise analytical forms given in equations (B.4) and (B.5).

This is a clear vindication of the non-standard harmonic analysis of the density fields and a

non-perturbative validation of the NCBT.

7.5 Functional bosonization

In functional bosonization [30, 158], one imagines a slowly varying time dependent external

potential of the form
∑

q,n e
−iqxe−wntu(q, wn) to be present along with the cluster of barriers

and wells. When u(q, wn) ≡ 0 and mutual interaction between fermions are absent, the av-

erages are denoted by < .... >SCh. It may be shown that the Green function of the system

(denoted by < T ψν(x, t)ψ
†
ν′(x

′, t′) >full) with barriers and wells and including mutual inter-

action between fermions but without u , i.e. u(q, wn) ≡ 0 may be obtained by first obtaining

the Green function with barriers and wells including u but without mutual interaction be-

tween fermions (denoted by < T ψν(x, t)ψ
†
ν′(x

′, t′) >) and averaging this Green function over

u with a weight W [u] as given below,

< T ψν(x, t)ψ
†
ν′(x

′, t′) >full=

∫
D[u] W [u] < T ψν(x, t)ψ

†
ν′(x

′, t′) > (7.35)
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where the weight is,

W [u] ≡ e
β

2L

∑
q,m

u(q,wm)u(−q,−wm)
vq < TSU >SCh∫

D[u] e
β

2L

∑
q,m

u(q,wm)u(−q,−wm)
vq < TSU >SCh

(7.36)

and,

< TSU >SCh=< e−
β
L

∑
q,m u(q,wm)ρq,m >SCh (7.37)

The nonequilibrium free particle Green function may be related to the equilibrium free particle

Green function through the following relation,

< T ψν(x, t)ψ
†
ν′(x

′, t′) >=
< TSU ψν(x, t)ψ

†
ν′(x

′, t′) >SCh

< TSU >SCh

(7.38)

This method, like the g-ology methods works well for systems with translational symmetry

and can be used to obtain the Green functions of such systems given in equation (A.2).

But when applied to systems with impurities, they gives rise to some anomalous terms of

the type log [( x
vh
− x′

vF
− (t− t′))] not seen either in conventional perturbation theory nor

in the Schwinger Dyson equation. Therefore Green functions obtained are inconsistent with

perturbation theory which makes the study of functional bosonization not suitable for strongly

inhomogeneous systems.

7.6 Density matrix renormalization group (DMRG)

Density matrix renormalization has been the method of choice for the numerical studies in

1D systems. When it comes to calculation of the correlation functions, there are some funda-

mental differences owing to the energy band structures of the systems. For gapped systems,

the correlation functions decay exponentially with the distance while correlation functions of

gapless models decay algebraically with distance [76]. DMRG is used to optimize the ansatz

wavefunctions called as Matrix Product States (MPS) and thus obtaining the correlation

functions. But matrix product states are proven useful only for describing the ground states

of gapped local Hamiltonians [77–79]. Every ground state of a gapped Hamiltonian in 1D can

be approximated by a tensor network state to arbitrary precision [80]. But M. Andersson et

al. investigated the convergence of DMRG for gapless systems in thermodynamic limit [81].

They concluded that when DMRG is used to study a gapless systems of free fermions it gives

the wrong particle-hole and density density correlation functions. The expected correlation

functions must decay algebraically but the ones obtained from DMRG decay exponentially.

The difficulty in studying gapless systems using DMRG is that convergence is tough to achieve.

Some remedies such as increasing the number of DMRG sweeps, working with finite sized

systems are adopted to mitigate the problems. However even if such problems are taken care

of, it is less likely that such numerical methods can capture the most singular part of the Green
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functions which NCBT claims to provide. Nevertheless, it will be a challenging problem for

researchers working in the field of DMRG and other numerical techniques to verify the results

of NCBT, which are already validated analytically using the Schwinger Dyson equation.

7.7 Summary

In this chapter, the correlation functions obtained using standard bosonization (g-ology) tech-

niques for homogeneous systems as well as those obtained using the recently developed non-

chiral bosonization technique (NCBT) for strongly inhomogeneous systems are validated.

Firstly, it has been shown that the correlation functions obey the necessary requirements like

current algebra, limiting cases and point splitting constraints. Secondly, a favorable com-

parison with the results of standard fermionic perturbation is shown. Thirdly, the Green

functions are inserted into the Schwinger-Dyson equation which is the equation of motion of

the Green functions resulting in an identity. This serves as a non-perturbative confirmation

of these ideas. Lastly, we have discussed that competing analytical approaches such as func-

tional bosonization and numerical ones such as DMRG etc. are not suitable for reproducing

the correlation functions obtained easily by NCBT.
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Chapter 8

Conclusions

The study of strongly correlated electrons in one dimension fascinates condensed matter

physicists due to the unusual nature of the mutual interactions. Well established theories

like the Fermi liquid theory or perturbative techniques fails to explain the interactions in

such systems where the excitations are of collective nature. The first soluble model in this

regard was proposed by Tomonaga [1] who expressed a fermionic Hamiltonian in terms of

bosonic operators using the assumption that particle hole excitations in 1D are bosonic in

nature. Later, Luttinger [2] proposed a similar model where he assumed two types of fermions

(one having energy spectrum ε = kvF and the other ε = −kvF : linear dispersion relations)

and each type being infinite in number. The key idea of these models is that interaction

Hamiltonian which is quartic in terms of fermionic operators becomes quadratic in terms of

bosonic operators and hence trivial to diagonalize. Mattis and Lieb [3] provided an exact

solution to this model after which substantial progress has been made in understanding the

properties of the 1D electron systems in the works of Dzyaloshinkii, Larkin, Efetov, etc.

[23, 26] and later Haldane in his famous work [4] developed the fundamentals of modern

bosonization. In the mean time, with the progress of nano-technology, physical realization of

1D systems was made possible and prominent examples in this regard were carbon nanotubes,

semiconducting quantum wire, ultra cold atoms and so on which have fantastic properties.

Hence the study of interactions in 1D systems became important both from the theoretical

and technological point of view.

The field theoretical approach to bosonization, also known as g-ology, has been widely adopted

as it was able to provide explicit expressions for the N-point functions of a homogeneous

Luttinger liquid [4] in presence of forward scattering interactions. However, this method

fails when the translational symmetry is broken by an impurity and has to rely on other

methods like renormalization group, etc. [9, 90], yet are unable to provide closed analytical

expressions of the Green functions of such systems. On the other hand, the study of impurities

in a quantum system constitutes a major theme in many body physics, and 1D system is no

exception [31]. Hence the present work introduces and promulgates a new way of doing
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bosonization, which overcomes the shortcomings of the conventional bosonization techniques

and is ideally suited to study strongly inhomogeneous systems. This approach, which goes

by the name “Non Chiral Bosonization technique (NCBT)”, has been successfully applied to

yield the most singular part of the Green functions of different categories of systems like a

cluster of impurities around an origin [90], one step fermionic ladder [140], one and two slowly

moving impurities in a Luttinger liquid [154], etc. The formalism of NCBT is discussed in

the second chapter.

The third chapter describes the seminal work done using NCBT, which is metaphorically called

as ‘the quantum steeplechase’ [90]. The system includes a cluster of barriers or wells around a

fixed point, which can be as simple as a delta potential or quite complicated as an asymmetric

double delta potential. The system is subjected to the RPA (random phase approximation)

which linearizes the energy momentum dispersion relations near the Fermi surface which is

necessary to obtain analytical expressions of the correlation functions. The NCBT is then

used to obtain the most singular part of the Green functions of such systems, which exhibits

a power law with non trivial exponents. The results are obtained for the fermions with spin,

which exhibits spin charge separation. Moreover, the systematic procedure for going to the

spinless case is also elaborated.

The four point functions relevant to the study of Friedel oscillations are also calculated using

the non standard harmonic analysis of NCBT [98]. The two-point functions obtained using

the same method are used to calculate the dynamical density of states (DDOS), which exhibits

a power law in energy and closed analytical expressions for the DDOS exponent is calculated.

These results interpolates between the weak barrier and weak link cases which are typically

studied in the literature. The dependence of the DDOS on the nature of interactions and the

strength of the impurity clusters are highlighted. Finally the special case of the Luttinger

parameter g=1/2 is studied and compared with existing results [72].

In the fourth chapter, the transport properties like conductance and resonant tunneling are

discussed [127]. Conductance is studied both in the Kubo formalism, which relates it to

current-current correlations (four-point functions), as well as the outcome of a tunneling

phenomena (two-point functions). Using the correlation functions obtained using NCBT, the

Kubo conductance is obtained for arbitrary strengths of mutual interactions as well as that of

impurities. On the other hand, the tunneling conductance of a Luttinger liquid with infinite

bandwidth is obtained as a power law which throws light into the temperature dependence

of conductance. This endorses the well known results of Kane and Fisher [31], viz., ‘cutting

the chain’ and ‘healing the chain’. Besides, the tunneling conductance result obtained by

Matveev et al. [34] is also derived from the NCBT conductance for infinite bandwidth.

The finite bandwidth conductance is also calculated for the same class of systems and its

dependence on temperature has been elucidated [128]. A thorough comparison has been

done with the results of Matveev et al. which deals only with weakly interacting electrons.

But NCBT provides conductance for all values of interaction strength as well as sign. Novel
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Physics in the form of a weakly temperature dependent conductance is seen when the mutual

repulsion between fermions is large and the holon velocity bears a certain well-defined relation

to the bare transmission coefficient of the system. Deviations from the cutting the chain

phenomenon is observed for a weak scatterer when the strength of repulsion is strong, leading

to an unusual high conductance at lower temperatures, similar to breakdown current in a

diode. Upon inclusion of backward scattering, there occurs an interplay between the forward

and backward scattering such that the monotonic temperature dependence which dominates

for forward scattering starts showing non-monotonic behavior when backward scattering is

gradually increased. The condition of resonant tunneling is also obtained and the behavior of

the correlation function exponents near resonance is described.

The fifth chapter deals with a one step fermionic ladder - two parallel Luttinger Liquids (poles

of the ladder) placed such that there is a finite probability of electrons hopping between

the two poles at a pair of opposing points along each of the poles. The many-body Green

function for such a system is calculated in presence of forward scattering interactions using

NCBT. The Friedel oscillation terms are calculated for the system, which is a special case

of four point function. The tunneling conductance in this case is interesting as for a jet of

electrons inserted into one end of the ladder can be collected from the other three ends with

different probabilities. The dependence of conductance on the temperature and the nature of

interactions is described [140].

In the sixth chapter, a Luttinger liquid with one or two mobile impurities (heavy particles)

are considered. Using a combination of bosonization and perturbative approaches, the Green

functions of these systems are calculated in the RPA limit [154]. The force acting on the heavy

particle(s) is studied as a function of its terminal velocity, both in the linear and non-linear

regime. Linear mobility (which is valid for impurities moving much slower than a certain cross-

over speed) has a power-law temperature dependence whose exponent has a closed algebraic

expression in terms of the various parameters in the problem. This expression interpolates

between the ballistic regime of no-coupling with the fermions and the no-tunneling regime.

When the speed of the impurity is much larger than this cross-over speed, the applied force

depends non linearly on the speed and this too is a power-law with a closely related exponent.

The results are consistent with the work of Castro Neto et al. [144] which says that at very

low temperatures the mobility of an impenetrable heavy particle with mutually repelling

fermions diverges (motion is ballistic). Conversely at high temperatures, both [144] and this

work predicts a roughly temperature independent linear mobility so long as the impurity

is impenetrable by the mutually repelling fermions. The case of two mobile impurities is

also studied whose mobility exhibits peculiar resonances when their mutual separation is

appropriately chosen.

This seventh chapter discusses the necessary and sufficient cross-checks to validate the NCBT

[101]. Firstly the fermion commutation rules are checked for the field operator, followed by

all the limiting case checks. It is also checked that NCBT does not violate the point-splitting
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constraints. The Green functions obtained using NCBT are then expanded in powers of the

interaction parameter and retained up to the first order. The same quantities are obtained

using standard fermionic perturbation and compared favorably with those of NCBT, keeping

in mind that NCBT provides the most singular part of the full Green functions. Finally the

putative Green functions are inserted into the Schwinger-Dyson equation which is the equation

of motion of the Green functions. The explicit expressions of Green functions obtained using

NCBT indeed satisfy the Schwinger-Dyson equations which is a non-perturbative validation

of the same. The functional bosonization method gave rise to some anomalous terms when

applied to strongly inhomogeneous systems which are inconsistent with perturbation and

hence can’t be used to compare with the results of NCBT.

When it comes to a numerical validation, the obvious methods that springs to one’s mind are

DMRG [160], finite scaling, etc. But this is somewhat like asking a high-school pupil to prove

the analytical formulas for the solution of a quadratic equation by solving the latter numer-

ically. The pupil would rightly argue that it is much more convincing and easier to simply

insert the putative analytical solution back into the defining equation and show that the result

is an identity. This is precisely what Schwinger Dyson validation does. Moreover for gapless

systems like the ones under consideration in the work, DMRG has its own shortcomings.

Future direction

Non chiral bosonization is novel way of looking into bosonization and it differs both mathe-

matically and philosophically from the traditional methods. It facilitates the study of diverse

systems using bosonization. Besides the ones studied in the present work, one may think

of using similar ideas to deal with magnetic impurities like the Kondo model. Besides, the

NCBT can also be tested to deal with other static potentials like the potential step, linear

potential, harmonic oscillator, etc. The conductance of Luttinger liquids with impurities in

presence of a magnetic field can also be studied following Matveev et al. [34]. It would also be

interesting to explore whether it can be used to deal with disordered one dimensional systems

where Anderson localization occurs, systems with quenched disorder, etc.

It will be challenging task to see how NCBT can be used beyond the low energy limit, where

non-linearity becomes essential and one has to go beyond the Luttinger paradigm. Moreover,

it will be a challenging job to generalize these ideas to higher dimensions. It is also important

to study the same problems using numerical methods.
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Appendix A

Correlation functions using

conventional bosonization

The conventional bosonization method that goes by the name ‘g-ology’ can only yield the cor-

relation functions for the extreme cases of homogeneous LL (|R| = 0) and half line (|R| = 1).

Case I: Green functions for |R| = 0.

The full Green function is the sum of all the parts. The notion of weak equality is intro-

duced which is denoted by A[X1, X2] ∼ B[X1, X2] . This really means ∂t1Log[A[X1, X2]] =

∂t1Log[B[X1, X2]] assuming that A and B do not vanish identically. Notation: Xi ≡ (xi, σi, ti)

and τ12 = t1 − t2.〈
T ψ(X1)ψ†(X2)

〉
=
〈
T ψR(X1)ψ†R(X2)

〉
+
〈
T ψL(X1)ψ†L(X2)

〉
(A.1)

where〈
T ψR(X1)ψ†R(X2)

〉
∼ 1

(x1 − x2 − vhτ12)P (−x1 + x2 − vhτ12)Q(x1 − x2 − vF τ12)0.5〈
T ψL(X1)ψ†L(X2)

〉
∼ 1

(x1 − x2 − vhτ12)Q(−x1 + x2 − vhτ12)P (−x1 + x2 − vF τ12)0.5
(A.2)

and

P =
(vh + vF )2

8vhvF
; Q =

(vh − vF )2

8vhvF
(A.3)
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On the other hand, the density-density correlation functions (DDCF) in presence of interac-

tions is given by

〈T ρs(x1, σ1, t1)ρs(x2, σ2, t2)〉 =
1

4
(〈T ρh(x1, t1)ρh(x2, t2)〉+ σ1σ2〈T ρn(x1, t1)ρn(x2, t2)〉)

(A.4)

where ρh(x, t) = ρs(x, ↑, t) + ρs(x, ↓, t) is the “holon” density, while the “spinon” density is

given by ρn(x, t) = ρs(x, ↑, t)− ρs(x, ↓, t). Now,

〈Tρa(x1, t1)ρa(x2, t2)〉 =
vF

2π2va

∑
ν=±1

(
−1

(x1 − x2 + νva(t1 − t2))2

)
(A.5)

where a = n (spinon) or h (holon).

Case II: Green functions for |R| = 1.〈
T ψ(X1)ψ†(X2)

〉
=
〈
T ψR(X1)ψ†R(X2)

〉
+
〈
T ψL(X1)ψ†L(X2)

〉
+
〈
T ψR(X1)ψ†L(X2)

〉
+
〈
T ψL(X1)ψ†R(X2)

〉

(A.6)
where

〈
T ψR(X1)ψ†R(X2)

〉
∼

1

(x1 − x2 − vhτ12)P (−x1 + x2 − vhτ12)Q(x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(x1 − x2 − vF τ12)0.5〈
T ψL(X1)ψ†L(X2)

〉
∼

1

(x1 − x2 − vhτ12)Q(−x1 + x2 − vhτ12)P (x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(−x1 + x2 − vF τ12)0.5〈
T ψR(X1)ψ†L(X2)

〉
∼

1

(x1 − x2 − vhτ12)X(−x1 + x2 − vhτ12)X(x1 + x2 − vhτ12)P (−x1 − x2 − vhτ12)Q(x1 + x2 − vF τ12)0.5〈
T ψL(X1)ψ†R(X2)

〉
∼

1

(x1 − x2 − vhτ12)X(−x1 + x2 − vhτ12)X(x1 + x2 − vhτ12)Q(−x1 − x2 − vhτ12)P (−x1 − x2 − vF τ12)0.5

(A.7)

and

P =
(vh + vF )2

8vhvF
; Q =

(vh − vF )2

8vhvF
; X =

(v2
h − v2

F )

8vhvF
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Appendix B

Correlation functions using NCBT

The full single particle Green function of a Luttinger liquid in presence of impurities of
arbitrary strength (0 < |R| < 1) has been recently derived using the NCBT [90]. The full
Green function is the sum of all the parts. The notion of weak equality is introduced which is
denoted by A[X1, X2] ∼ B[X1, X2] . This really means ∂t1Log[A[X1, X2]] = ∂t1Log[B[X1, X2]]
assuming that A and B do not vanish identically. Notation: Xi ≡ (xi, σi, ti) and τ12 = t1−t2.

〈
T ψ(X1)ψ†(X2)

〉
=
〈
T ψR(X1)ψ†R(X2)

〉
+
〈
T ψL(X1)ψ†L(X2)

〉
+
〈
T ψR(X1)ψ†L(X2)

〉
+
〈
T ψL(X1)ψ†R(X2)

〉
(B.1)

Case I : x1 and x2 on the same side of the origin

〈
T ψR(X1)ψ†R(X2)

〉
∼

(4x1x2)γ1

(x1 − x2 − vhτ12)P (−x1 + x2 − vhτ12)Q(x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(x1 − x2 − vF τ12)0.5〈
T ψL(X1)ψ†L(X2)

〉
∼

(4x1x2)γ1

(x1 − x2 − vhτ12)Q(−x1 + x2 − vhτ12)P (x1 + x2 − vhτ12)X(−x1 − x2 − vhτ12)X(−x1 + x2 − vF τ12)0.5〈
T ψR(X1)ψ†L(X2)

〉
∼

(2x1)1+γ2 (2x2)γ1

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Y (−x1 − x2 − vhτ12)Z(x1 + x2 − vF τ12)0.5

+
(2x1)γ1 (2x2)1+γ2

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Y (−x1 − x2 − vhτ12)Z(x1 + x2 − vF τ12)0.5〈
T ψL(X1)ψ†R(X2)

〉
∼

(2x1)1+γ2 (2x2)γ1

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Z(−x1 − x2 − vhτ12)Y (−x1 − x2 − vF τ12)0.5

+
(2x1)γ1 (2x2)1+γ2

2(x1 − x2 − vhτ12)S(−x1 + x2 − vhτ12)S(x1 + x2 − vhτ12)Z(−x1 − x2 − vhτ12)Y (−x1 − x2 − vF τ12)0.5

(B.2)

Case II : x1 and x2 on opposite sides of the origin

〈
T ψR(X1)ψ†R(X2)

〉
∼

(2x1)1+γ2 (2x2)γ1 (x1 + x2)−1(x1 + x2 + vF τ12)0.5

2(x1 − x2 − vhτ12)A(−x1 + x2 − vhτ12)B(x1 + x2 − vhτ12)C(−x1 − x2 − vhτ12)D(x1 − x2 − vF τ12)0.5

+
(2x1)γ1 (2x2)1+γ2 (x1 + x2)−1(x1 + x2 − vF τ12)0.5

2(x1 − x2 − vhτ12)A(−x1 + x2 − vhτ12)B(x1 + x2 − vhτ12)D(−x1 − x2 − vhτ12)C(x1 − x2 − vF τ12)0.5〈
T ψL(X1)ψ†L(X2)

〉
∼

(2x1)1+γ2 (2x2)γ1 (x1 + x2)−1(x1 + x2 − vF τ12)0.5

2(x1 − x2 − vhτ12)B(−x1 + x2 − vhτ12)A(x1 + x2 − vhτ12)D(−x1 − x2 − vhτ12)C(−x1 + x2 − vF τ12)0.5

+
(2x1)γ1 (2x2)1+γ2 (x1 + x2)−1(x1 + x2 + vF τ12)0.5

2(x1 − x2 − vhτ12)B(−x1 + x2 − vhτ12)A(x1 + x2 − vhτ12)C(−x1 − x2 − vhτ12)D(−x1 + x2 − vF τ12)0.5〈
T ψR(X1)ψ†L(X2)

〉
∼ 0〈

T ψL(X1)ψ†R(X2)
〉
∼ 0

(B.3)
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where (|R|2 is the reflection coefficient)

Q =
(vh − vF )2

8vhvF
; X =

|R|2(vh − vF )(vh + vF )

8vh(vh − |R|2(vh − vF ))
; C =

vh − vF
4vh

(B.4)

The other exponents can be expressed in terms of the above exponents.

P =
1

2
+Q ; S =

Q

C
(
1

2
− C) ; Y =

1

2
+X − C;

Z = X − C ; A =
1

2
+Q−X ; B = Q−X ;

D = −1

2
+ C ; γ1 = X ; γ2 = −1 +X + 2C;

(B.5)

On the other hand, the density density correlation functions (DDCF) in presence of interac-

tions is given by

〈T ρs(x1, σ1, t1)ρs(x2, σ2, t2)〉 =
1

4
(〈T ρh(x1, t1)ρh(x2, t2)〉+ σ1σ2〈T ρn(x1, t1)ρn(x2, t2)〉)

(B.6)
where ρh(x, t) = ρs(x, ↑, t) + ρs(x, ↓, t) is the “holon” density while the “spinon” density is
given by ρn(x, t) = ρs(x, ↑, t)− ρs(x, ↓, t).

〈Tρa(x1, t1)ρa(x2, t2)〉 =
vF

2π2va

∑
ν=±1

(
− 1

(x1 − x2 + νva(t1 − t2))2

− |R|2(
1− δa,h (vh−vF )

vh
|R|2

) vF
va

sgn(x1)sgn(x2)

(|x1|+ |x2|+ νva(t1 − t2))2

)
(B.7)

where a = n (spinon) or h (holon).
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Appendix C

DDCF in presence of interactions

The density density correlation functions (DDCF) in absence of mutual interactions is given

by equation (3.13) as follows.

〈T ρs(x1, σ1, t1)ρs(x2, σ2, t2)〉0 = −δσ1,σ2

∑
γ,γ
′
=±1

∑
ν,ν
′
=±1

|gγ,γ′ (ν, ν
′
)|2 θ(γx1)θ(γ

′
x2)

[(νx1 − ν ′x2)− vF (t1 − t2)]2

The space time DDCF is related to the momentum frequency DDCF as follows.

< T ρs(x1, t1;σ1)ρs(x2, t2;σ2) >0=
1

L2

∑
q,q′ ,n

e−iqx1e−iq
′
x2e−wn(t1−t2) < T ρs(q, n;σ1)ρs(q

′
,−n;σ2) >0

From this we can obtain the DDCF in momentum and frequency space as follows (here β is

the inverse temperature which comes into the calculation because of converting summation

to integration which is allowed in the zero temperature limit:
∑
n

f(zn) = β
2π

∫
f(z)dz where

zn = 2π(n+1)
β

).

< T ρs(q, n;σ1)ρs(q
′
,−n;σ2) >0 =

δσ1,σ2

β

(2vF q
′
)(2vF q)|g1,1(1,−1)|2|wn|(2π)

((vF q)2 + w2
n)((vF q

′)2 + w2
n)

+
δσ1,σ2

β

2q2vF
w2
n + (qvF )2

δq+q′ ,0
L

(2π)

(C.1)

Now the generating function for an auxiliary field U in presence of mutual interactions between

particles given by v(x1 − x2) can be written as

Z[U ] =

∫
D[ρ]eiSeff,0[ρ]e

∑
q,n,σ ρq,n,σUq,n,σe−i

∫−iβ
0 dt

∫
dx1

∫
dx2

1
2
v(x1−x2)ρ(x1,t1;.)ρ(x2,t1;.) (C.2)

where S0 is the action of free fermions and

ρ(x1, t1; .) =
1

L

∑
q,n

e−iqxewnt ρq,n;.
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v(x1 − x2) =
1

L

∑
Q

e−iQ(x1−x2)vQ

ρ(x1, t1; .) = ρ(x1, t1; ↑) + ρ(x1, t1; ↓)

Thus the generating function can be written as follows.

Z[U ] =

∫
D[ρ]eiSeff,0[ρ]e

∑
q,n,σ ρq,n,σUq,n,σe−

∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;. (C.3)

If one denotes the generating function in absence of interactions as Z0, then

Z0[U ] =

∫
D[ρ]eiSeff,0[ρ]e

∑
q,n,σ ρq,n,σUq,n,σ

⇒eiSeff,0[ρ] =

∫
D[U

′
]e−

∑
q,n,σ ρq,n,σU

′
q,n,σ Z0[U

′
]

Inserting in equation (C.3),

Z[U ] =

∫
D[ρ]

∫
D[U

′
] Z0[U

′
] e
∑
q,n,σ ρq,n,σ(Uq,n,σ−U

′
q,n,σ)e−

∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;.

Set,

ρq,n,σ =
1

2
ρq,n;. +

1

2
σ σq,n ; Uq,n,σ =

1

2
Uq,n;. +

1

2
σ Wq,n ; U

′
q,n,σ =

1

2
U
′
q,n;. +

1

2
σ W

′
q,n

(C.4)

Using these relations the generating function can be written as

Z[U ] =

∫
D[ρ]

∫
D[U

′
] Z0[U

′
] e

1
4

∑
q,n,σ(ρq,n;.+σ σq,n)((Uq,n;.−U

′
q,n;.)+σ (Wq,n−W

′
q,n))

× e−
∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;.

where in the RPA sense (for the homogeneous system, this choice corresponds to RPA, for

the present steeplechase problem this choice corresponds to the most singular truncation of

the RPA generating function)

Z0[U
′
] = e

1
2

∑
q,q
′
,n;σ

<ρq,nρ
q
′
,−n>0 U

′
q,n;σU

′

q
′
,−n;σ

where < ρq,nρq′ ,−n >0 is equation (C.1) with σ1 = σ2. It is to be noted that we have

neglected the higher moments of ρ in Z0[U ′] beyond the quadratic. The reason for this is the

following. The connected parts of the odd moments ρ vanish identically (in the RPA limit)

and the fourth moment is much less singular than the second moment, etc. For example, the

connected 4-density function,

< Tρ(x1)ρ(x2)ρ(x3)ρ(x4) >c

∼ < Tψ(x1)ψ∗(x2) >< Tψ(x2)ψ∗(x3) >< Tψ(x3)ψ∗(x4) >< Tψ(x4)ψ∗(x1) >

+ permutations
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has only first order poles and no second order poles. The NCBT does not claim to provide the

asymptotic Green functions of strongly inhomogeneous interacting Fermi systems exactly but

it does claim to provide the most singular part of the asymptotic Green functions of strongly

inhomogeneous interacting Fermi systems exactly. Now,

Z[U ] =

∫
D[ρ]

∫
D[U

′
] e

1
2

∑
q,q
′
,n;σ

<ρq,nρ
q
′
,−n>0

1
4

(U
′
q,n;.+σ W

′
q,n)(U

′

q
′
,−n;.

+σ W
′

q
′
,−n

)

e
1
4

∑
q,n,σ(ρq,n;.+σ σq,n)((Uq,n;.−U

′
q,n;.)+σ (Wq,n−W

′
q,n))e−

∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;.

=

∫
D[U

′
] e

1
2

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0

1
2

(U
′
q,n;.U

′

q
′
,−n;.

+W
′
q,nW

′

q
′
,−n

)∫
D[ρ] e

1
2

∑
q,n(ρq,n;.(Uq,n;.−U

′
q,n;.)+σq,n(Wq,n−W

′
q,n))e−

∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;.

=

∫
D[U

′
] e

1
4

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0 Wq,nW

q
′
,−n e

1
4

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0 U

′
q,n;.U

′

q
′
,−n;.∫

D[ρ] e
1
2

∑
q,n ρq,n;.(Uq,n;.−U

′
q,n;.)e−

∑
q,n

βvq
2L

ρq,n;.ρ−q,−n;.

Also,

ρ−q,−n;. =
L

2βvq
(Uq,n;. − U

′

q,n;.)

Thus,

Z[U ] =

∫
D[U

′
] e

1
4

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0 Wq,nW

q
′
,−n e

1
4

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0 U

′
q,n;.U

′

q
′
,−n;.

e
1
4

∑
q,n

L
2βvq

(U−q,−n;.−U
′
−q,−n;.)(Uq,n;.−U

′
q,n;.)

After doing the integration using the saddle point method, we obtain the following form of

the partition function,

Z[U ] =e
1
4

∑
q,q
′
,n
<ρq,nρ

q
′
,−n>0 Wq,nW

q
′
,−n e

∑
q,n

L
8βvq

Uq,n;.U−q,−n;.
(qvh)2−(qvF )2

w2
n+(qvh)2

e

∑
q,n

L
8βvq

1
L

∑
q
′

(2vF q
′
)Uq,n;.U

q
′
,−n;.(

1−
4vqvF

(vh+vF )vh
|g1,1(1,−1)|2(2π)

)
(w2

n+(q
′
vh)2)

(2vF q)
2vq |g1,1(1,−1)|2|wn|(2π)

(w2
n+(qvh)2)

(C.5)

Here

vh =

√
v2
F +

2vFvq
π

Since we have,

ρq,n;. = ρq,n;↑ + ρq,n;↓ ; σq,n = ρq,n;↑ − ρq,n;↓ (C.6)

Thus,

1

4
< ρq,n;.ρq′ ,−n;. > = +δq+q′ ,0

L

4βvq

(qvh)
2 − (qvF )2

w2
n + (qvh)2

+
1

2β

(2vF q)(2vF q
′
)|g1,1(1,−1)|2|wn|(2π)(

1− 4vqvF
(vh+vF )vh

|g1,1(1,−1)|2(2π)
)

(w2
n + (q′vh)2) (w2

n + (qvh)2)

(C.7)
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1

4
< σq,nσq′ ,−n > =

(2vF q
′
)(2vF q)

2β((vF q)2 + w2
n)((vF q

′)2 + w2
n)
|g1,1(1,−1)|2|wn|(2π)

+
q2vFL

2πβ(w2
n + (qvF )2)

δq+q′ ,0

< σq,nρq′ ,−n;. > = 0

(C.8)

Finally, the full density density correlation functions in momentum frequency space can be

written as,

< ρq,n,σρq′ ,−n,σ′ >=
1

4
< ρq,n;.ρq′ ,−n;. > +

1

4
σσ
′
< σq,nσq′ ,−n > (C.9)

Doing an inverse Fourier transform of the above we get the DDCF in real space time.

< T ρs(x1, t1;σ)ρs(x2, t2;σ
′
) >=

− v2
F

v4
h

sgn(x1)sgn(x2)

(
β

2π

1

[(t1 − t2) + |x1|+|x2|
vh

]2
+

β

2π

1

[(t1 − t2)− |x1|+|x2|
vh

]2

)

× 1

2β

|g1,1(1,−1)|2(2π)(
1− 4vqvF

(vh+vF )vh
|g1,1(1,−1)|2(2π)

)
− sgn(x1)sgn(x2)

v2
F

(
β

2π

1

[(t1 − t2) + |x1|+|x2|
vF

]2
+

β

2π

1

[(t1 − t2)− |x1|+|x2|
vF

]2

)
1

2β
|g1,1(1,−1)|2(2πσσ

′
)

− vF
4πβv3

h

(
β

2π

1

[(t1 − t2) + |x1−x2|
vh

]2
+

β

2π

1

[(t1 − t2)− |x1−x2|
vh

]2

)

− σσ
′

4πβv2
F

(
β

2π

1

[(t1 − t2) + |x1−x2|
vF

]2
+

β

2π

1

[(t1 − t2)− |x1−x2|
vF

]2

)
(C.10)

From this we obtain the equation (3.17) of the main text as follows:

〈T ρh(x1, t1)ρh(x2, t2)〉 =
vF

2π2vh

∑
ν=±1

(
− 1

(x1 − x2 + νvh(t1 − t2))2

− |R|2(
1− (vh−vF )

vh
|R|2

) vF
vh

sgn(x1)sgn(x2)

(|x1|+ |x2|+ νvh(t1 − t2))2

)

〈T ρn(x1, t1)ρn(x2, t2)〉 =
1

2π2

∑
ν=±1

(
− 1

(x1 − x2 + νvF (t1 − t2))2
− sgn(x1)sgn(x2) |R|2

(|x1|+ |x2|+ νvF (t1 − t2))2

)

The full density density correlation functions is given as follows.

〈T ρs(x1, σ1, t1)ρs(x2, σ2, t2)〉 =
1

4
(〈T ρh(x1, t1)ρh(x2, t2)〉+ σ1σ2〈T ρn(x1, t1)ρn(x2, t2)〉)

(C.11)
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Appendix D

Fermi Bose Correspondence

The Fermi Bose correspondence is given by equation (7.12) of the main text as follows.

ψk(x) = eiπ
∑
l<k

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρk(y)e−iπk(x)

√
ρk(x) (D.1)

where nF (p) = θ(kF − |p|) and N0 =
∑

p nF (p).

Theorem: The correspondence equation (D.1) is compatible with fermion commutation rules

equation (7.6) in conjunction with equation (7.10).

Proof: Observe,

ψj(x) = eiπ
∑
l<j

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)e−iπj(x)

√
ρj(x)

ψk(x
′
) = eiπ

∑
l<k

∫∞
−∞ dy ρl(y) 1√

N0

∑
p′

nF (p
′
) eiξ(p

′
) e

iπsgn(p
′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπk(x

′
)
√
ρk(x

′)

ψ†k(x
′
) =

√
ρk(x

′) eiπk(x
′
) 1√
N0

∑
p′

nF (p
′
) e−iξ(p

′
)e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)

This means,

ψj(x)ψk(x
′
) = eiπ

∑
l<j

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)e−iπj(x)

√
ρj(x)

eiπ
∑
l<k

∫∞
−∞ dy ρl(y) 1√

N0

∑
p′

nF (p
′
) eiξ(p

′
) e

iπsgn(p
′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπk(x

′
)
√
ρk(x

′)
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ψj(x)ψk(x
′
) =

1√
N0

∑
p

nF (p) eiξ(p)
1√
N0

∑
p′

nF (p
′
) eiξ(p

′
)

eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)e

iπsgn(p
′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
eiπ

∑
l<k

∫∞
−∞ dy ρl(y)

eiπ
∑
l<j

∫∞
−∞ dy ρl(y)

√
(ρj(x) + δ(0))(ρk(x

′) + δj,kδ(x− x′) + δ(0))

e−iπj(x)−iπk(x
′
) eiπ

∑
l<k δj,l eiπsgn(p

′
) δj,kθ(x

′−x)

Also,

ψk(x
′
)ψj(x) =

1√
N0

∑
p′

nF (p
′
) eiξ(p

′
) 1√

N0

∑
p

nF (p) eiξ(p)

e
iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
eiπsgn(p)

∫ x
sgn(x)∞ dy ρj(y)eiπ

∑
l<j

∫∞
−∞ dy ρl(y)

eiπ
∑
l<k

∫∞
−∞ dy ρl(y)

√
(ρk(x

′) + δ(0))(ρj(x) + δj,kδ(x− x′) + δ(0))

e−iπj(x)−iπk(x
′
) eiπ

∑
l<j δk,l eiπsgn(p) δj,kθ(x−x

′
)

Now,

(ρj(x) + δ(0))(ρk(x
′
)+δj,kδ(x− x

′
) + δ(0))

= (ρj(x) + δ(0))(ρk(x
′
) + δ(0)) + δj,kδ(x− x

′
)(ρj(x) + δ(0))

= (ρk(x
′
) + δ(0))(ρj(x) + δj,kδ(x− x

′
) + δ(0))

= (ρk(x
′
) + δ(0))(ρj(x) + δ(0)) + δj,kδ(x− x

′
)(ρk(x

′
) + δ(0))

Hence,

{ψj(x), ψk(x
′
)} =

1√
N0

∑
p′

nF (p
′
) eiξ(p

′
) 1√

N0

∑
p

nF (p) eiξ(p) e
iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)

e
iπsgn(p)

∫ x
sgn(x)∞ dy ρj(y)

eiπ
∑
l<j

∫∞
−∞ dy ρl(y)eiπ

∑
l<k

∫∞
−∞ dy ρl(y)√

(ρk(x
′) + δ(0))(ρj(x) + δj,kδ(x− x′) + δ(0))e−iπj(x)−iπk(x

′
)(

eiπ
∑
l<k δj,l eiπsgn(p

′
) δj,kθ(x

′−x) + eiπ
∑
l<j δk,l eiπsgn(p) δj,kθ(x−x

′
)
)

But,

(
eiπ

∑
l<k δj,l eiπsgn(p

′
) δj,kθ(x

′−x) + eiπ
∑
l<j δk,l eiπsgn(p) δj,kθ(x−x

′
)
)

= 0

always. Hence,

{ψj(x), ψk(x
′
)} = 0

Now,
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ψj(x)ψ†k(x
′
) =

eiπ
∑
l<j

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)e−iπj(x)

√
ρj(x)

×
√
ρk(x

′) eiπk(x
′
) 1√
N0

∑
p′

nF (p
′
) e−iξ(p

′
)e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)

ψ†k(x
′
)ψj(x) =√
ρk(x

′) eiπk(x
′
) 1√
N0

∑
p′

nF (p
′
) e−iξ(p

′
)e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)

× eiπ
∑
l<j

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)e−iπj(x)

√
ρj(x)

Or,

ψj(x)ψ†k(x
′
) = e−iπj(x)eiπ

∑
l<j

∫∞
−∞ dy ρl(y) 1√

N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy ρj(y)

√
ρj(x)

×
√
ρk(x

′)
1√
N0

∑
p′

nF (p
′
) e−iξ(p

′
)e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)eiπk(x

′
)

ψ†k(x
′
)ψj(x) = e−iπj(x)

√
ρk(x

′)− δj,kδ(x− x′)
1√
N0

∑
p′

nF (p
′
) e−iξ(p

′
)

e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy (ρk(y)−δj,kδ(x−y))
e−iπ

∑
l<k

∫∞
−∞ dy (ρl(y)−δj,lδ(x−y))

eiπ
∑
l<j

∫∞
−∞ dy (ρl(y)−δk,lδ(x

′−y)) 1√
N0

∑
p

nF (p) eiξ(p) eiπsgn(p)
∫ x
sgn(x)∞ dy (ρj(y)−δk,jδ(x

′−y))

√
(ρj(x)− δk,jδ(x′ − x))eiπk(x

′
)

Or,

ψ†k(x
′
)ψj(x) =e−iπj(x) 1

N0

∑
p,p′

nF (p)nF (p
′
) e−iξ(p

′
)eiξ(p)

√
ρk(x

′)− δj,kδ(x− x′)

√
ρj(x)− δk,jδ(x′ − x)e

−iπsgn(p
′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)

eiπ
∑
l<j

∫∞
−∞ dy ρl(y) eiπsgn(p)

∫ x
sgn(x)∞ dy ρj(y) eiπk(x

′
)

eiπsgn(p
′
) δj,kθ(x

′−x)eiπ
∑
l<k δj,le−iπ

∑
l<j δk,le−iπsgn(p) δk,jθ(x−x

′
)

ψj(x)ψ†k(x
′
) =e−iπj(x) 1

N0

∑
p,p
′

nF (p)nF (p
′
) e−iξ(p

′
)eiξ(p)

√
ρj(x)

√
ρk(x

′)

eiπ
∑
l<j

∫∞
−∞ dy ρl(y)eiπsgn(p)

∫ x
sgn(x)∞ dy ρj(y)

e
−iπsgn(p

′
)
∫ x′
sgn(x

′
)∞

dy ρk(y)
e−iπ

∑
l<k

∫∞
−∞ dy ρl(y)eiπk(x

′
)
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After setting e−iξ(p
′
)eiξ(p) = δp,p′ it is possible to conclude that,

{ψj(x), ψ†k(x
′
)} = δj,kδ(x− x

′
)
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Appendix E

Dynamical density of states

In elementary physics, the dynamical density of states (DDOS) at zero temperature relative

to the Fermi energy is defined through the correspondence,

D(ω) =
1

V

∑
k

δ(ω − εk + EF ) (E.1)

D(ω)dω is the number of states between ω and ω+ dω per unit volume. In one dimension for

example, this yields the following result for ω small compared to Fermi energy,

D(ω) =
1

πvF
(E.2)

This is the standard result that the density of states near the Fermi energy is constant for a

Fermi liquid. This is also the case in higher dimensions. But for a Luttinger liquid, the DDOS

D(ω) ∼ ωα where α is the density of states exponent. α depends on the forward scattering

interaction strength and vanishes when this is zero. To prove this, it is important to generalize

the idea of density of states to interacting many body systems. The generalization is given

below.

Dx(ω) =

∫ ∞
−∞

dt

2π
eit(ω+EF ) 〈{ψ(x, t), ψ†(x, 0)}〉

Thus the density of states for translationally non-invariant systems becomes the local density

of states (for fermions with spin, it is calculated for one spin projection and the answer is

then doubled). The above local density of states has been successfully related to the single

particle Green function formulas for which have been derived earlier. From the main text it

may be concluded that (upon inserting the pre-factors back in) for points on the same side of

the cluster (choose right side) (sgn(t1 − t2) ≡ θ(t1 − t2)− θ(t2 − t1) where the Heaviside step

function is involved in the time ordering on the left hand side and Zh is given in equation

(3.18) ),
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〈
T ψR(X1)ψ†R(X2)

〉
=

i

2π
e
−
∑
a=n,h

vF
8va

∑
ν=±1( νva

vF
−1)2 Log(x1−x2+νva(t1−t2))

e
− vF

8vh

∑
ν=±1 Zh Log(x1+x2+νvh(t1−t2))

(
vh
vF
− vF
vh

)
e
vF
8vh

Log(4x1x2) Zh(
vh
vF
− vF
vh

)〈
T ψL(X1)ψ†L(X2)

〉
=

i

2π
e
−
∑
a=n,h

vF
8va

∑
ν=±1( νva

vF
−1)2 Log(−x1+x2+νva(t1−t2))

e
− vF

8vh

∑
ν=±1 Zh Log(−x1−x2+νvh(t1−t2))

(
vh
vF
− vF
vh

)
e
vF
8vh

Log(4x1x2) Zh(
vh
vF
− vF
vh

)〈
T ψR(X1)ψ†L(X2)

〉
=
(
eLog(2x1) i

4π
R e

∑
a=n,h

vF
8va

Log(2x1) (Za( va
vF
− vF
va

)−4)
e
vF
8vh

Log(2x2)Zh (
vh
vF
− vF
vh

)
+

eLog(2x2) i

4π
R e

vF
8vh

Log(2x1) Zh(
vh
vF
− vF
vh

)
e
∑
a=n,h

vF
8va

Log(2x2)(Za ( va
vF
− vF
va

)−4)
)

Exp
[
−
∑
a=n,h

vF
8va

∑
ν=±1

(Za(
va
vF
− vF
va

)− 2ν
va
vF

+ 2) Log(x1 + x2 + νva(t1 − t2))

− vF
8vh

∑
ν=±1

[(
νvh
vF
− 1)(

νvh
vF

+ 1)] Log(x1 − x2 + νvh(t1 − t2))
]

〈
T ψL(X1)ψ†R(X2)

〉
=
(
eLog(2x1) i

4π
R∗ e

∑
a=n,h

vF
8va

Log(2x1) (Za( va
vF
− vF
va

)−4)
e
vF
8vh

Log(2x2)Zh (
vh
vF
− vF
vh

)

+eLog(2x2) i

4π
R∗ e

vF
8vh

Log(2x1) Zh(
vh
vF
− vF
vh

)
e
∑
a=n,h

vF
8va

Log(2x2)(Za ( va
vF
− vF
va

)−4)
)

Exp
[
−
∑
a=n,h

vF
8va

∑
ν=±1

(Za(
va
vF
− vF
va

)− 2ν
va
vF

+ 2) Log(−x1 − x2 + νva(t1 − t2))

− vF
8vh

∑
ν=±1

[(
νvh
vF
− 1)(

νvh
vF

+ 1)] Log(−x1 + x2 + νvh(t1 − t2))
]

These are sufficient to extract the local DDOS including terms that corresponding to Friedel

oscillations since in the present case,

Dx(ω) =

∫ ∞
−∞

dt

2π
eitω (〈{ψR(x, t), ψ†R(x, 0)}〉+ 〈{ψL(x, t), ψ†L(x, 0)}〉)

+

∫ ∞
−∞

dt

2π
eitω (e2ikF x 〈{ψR(x, t), ψ†L(x, 0)}〉+ e−2ikF x 〈{ψL(x, t), ψ†R(x, 0)}〉)

In the present work one shall be content at evaluating the slow contributions to the local

DDOS. Far from the cluster of barriers and wells these formulas predict, D∞(ω) ∼ ωα and

α = (vF−vh)2

4vF vh
= 1

2
(Kρ + 1

Kρ
− 2). This is the same density of states exponent one gets when

external potentials are absent which is the standard result predicted by Luttinger liquid the-

ory. Hence an important consistency check has been verified.

Now the important next step is to see how Dx(ω) depends on x. The parameter that deter-

mines this is the dimensionless quantity ξ = 2ω|x|
vh

. The limit that has already been studied

is Dξ�1(ω) ≈ D∞(ω). The other limit of interest is D0<ξ�1(ω) i.e. close to the cluster of

barriers and wells. Set ξ = 2ω|x|
vh

, 2|x| = ξvh
ω

. From the above propagators it is straightforward
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to deduce,

D0<ξ�1(ω) ∼
(vh
ω

) 1
4
Zh(−1+

v2
F
v2
h

)− v
2
F+v2

h
4vF vh

+ 1
2 ∼ ωα

where α(0 < ξ � 1) ≈ (vh−vF )(vFZh(vF+vh)+vh(vh−vF ))

4vF v
2
h

and Zh is given by

Zh =
vh|R|2

vh − (vh − vF )|R|2
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Appendix F

Conductance

In this section, the conductance of a quantum wire with no leads is obtained first using Kubo’s

formula and next using the idea that it is the outcome of a tunneling experiment.

Kubo formalism

The electric field is E(x, t) = Vg
L

between −L
2
< x < L

2
and E(x, t) = 0 for |x| > L

2
. Here Vg

is the Voltage between two extreme points. Thus a d.c. situation is being considered right

from the start. This corresponds to a vector potential ( c is the velocity of light),

A(x, t) =

{
−Vg

L
(ct), −L

2
< x < L

2
;

0, otherwise.

This means (since j ≈ js, the slow part) ,

< j(x, σ, t) >=
ie

c

∑
σ′

∫ L/2

−L/2
dx
′
∫ t

−∞
dt
′ Vg
L

(ct′) < [j(x, σ, t), j(x
′
, σ
′
, t
′
)] >LL (F.1)

Clean wire: |R| = 0 but v0 6= 0

Using the Green function from equation (B.2) and setting |R| = 0, the current current com-
mutation relation can be calculated as,

< [js(x, σ, t), js(x
′, σ′, t′)] >= − v2

F

8π2

∑
ν=±1

(2πi)∂vF t′ (δ(x− x′ + νvh(t− t′)) + σσ′ δ(x− x′ + νvF (t− t′)))

(F.2)
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Inserting equation (F.2) into equation (F.1), the following is obtained.

< j(x, σ, t) >=
ie

c

∑
σ′

∫ L
2

−L2
dx
′
∫ t

−∞
dt
′ Vg
L

(ct′)
(−v2

F

8π2

∑
ν=±1

(2πi) ∂vF t′
(
δ(x− x′ + νvh(t− t′))

+ σσ′δ(x− x′ + νvF (t− t′))
))

Finally,

< j(x, σ, t) >= − Vg
e

(2π)

vF
vh

or,

I = (−e) < j(x, σ, t) >= Vg
e2

(2π)

vF
vh

This gives the formula for the conductance (per spin) for a clean quantum wire with interac-

tions,

G =
e2

2π

vF
vh

or in proper units,

G =
e2

2π~
vF
vh

=
e2

h

vF
vh

A comparison with standard g-ology with the present chosen model gives the following iden-

tifications (equation (2.105) of Giamarchi [5]).

g1,⊥ = g1,‖ = 0

g2,⊥ = g2,‖ = g4,⊥ = g4,‖ = v0

gρ = g1,‖ − g2,‖ − g2,⊥ = 0− v0 − v0 = −2v0

gσ = g1,‖ − g2,‖ + g2,⊥ = 0− v0 + v0 = 0

g4,ρ = g4,‖ + g4,⊥ = 2v0

g4,σ = g4,‖ − g4,⊥ = 0

yρ = gρ/(πvF ) = − 2v0

πvF

yσ = gσ/(πvF ) = 0

y4,ρ = g4,ρ/(πvF ) = g4,ρ/(πvF ) = 2v0/(πvF )

y4,σ = g4,σ/(πvF ) = 0

uρ =vF

√
(1 + y4,ρ/2)2 − (yρ/2)2

=vF
√

1 + 2v0/(πvF ) ≡ vh

Kρ =

√
1 + y4,ρ/2 + yρ/2

1 + y4,ρ/2− yρ/2
=

√
1

1 + 2v0/(πvF )
=
vF
vh

uσ = vF

√
(1 + y4,σ/2)2 − (yσ/2)2 = vF
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Kσ =

√
1 + y4,σ/2 + yσ/2

1 + y4,σ/2− yσ/2
= 1

This gives,

G =
e2

h

vF
vh

=
e2

h
Kρ

which is the standard result for a clean quantum wire.

The general case: |R| > 0 and v0 6= 0

Again, using the Green function from equation (B.2) for general value of |R|, the current

current commutation relation can be calculated as,

< [js(x, σ, t), js(x
′, σ′, t′)] >

=− (2πi)
vF v

2
h

8π2vh
∂vht′

∑
ν=±1

(
δ(ν(x− x′) + vh(t− t′))− vF

vh
Zh δ(ν(|x|+ |x′|) + vh(t− t′))

)
− (2πi)

σσ′v2
F

8π2
∂vF t′

∑
ν=±1

(
δ(ν(x− x′) + vF (t− t′))− |R|2δ(ν(|x|+ |x′|) + vF (t− t′))

)
where,

Zh =
|R|2(

1− (vh−vF )
vh
|R|2

)
Thus,

< j(x, σ, t) > = ie
∑
σ′

∫ L/2

−L/2
dx
′
∫ t

−∞
dt
′
∂vht′

Vg
L

(2πi)
vF
8π2

×
∑
ν=±1

(
θ(−ν(x− x′)− vh(t− t′))−

vF
vh

Zh θ(−ν(|x|+ |x′|)− vh(t− t′))
)

therefore,

< j(x, σ, t) >=
2ie

vh
Vg(2πi)

vF
8π2

(
1− vF

vh
Zh

)
The conductance of a quantum wire without leads but in the presence of barriers and wells

is,

G =
e2

(2π)

vF
vh

(
1− vF

vh
Zh

)
Hence the general formula for the conductance of a quantum wire without leads but with

electrons experiencing forward scattering short-range mutual interactions and in the presence
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of a finite number of barriers and wells clustered around an origin is (in proper units),

G =
e2

h

vF
vh

(
1− vF

vh
Zh

)
(F.3)

The above general formula agrees with the three well known limiting cases.

(i) when vh = vF , Landauer’s formula G = e2

h
|T |2 is recovered.

(ii) when |R| = 0, the formula G = e2

h
Kρ is also recovered.

(iii) when |R| = 1, G = 0 regardless of what vh is.

Conductance from a tunneling experiment

If the conduction process is envisaged as a tunneling phenomenon as against the usual Kubo

formula based approach which involves relating conductance to current-current correlation,

a qualitatively different formula for the conductance is obtained. We regard the tunneling

conductance as being proportional to the absolute value of an effective tunneling amplitude

G ∼ |T |. This point of view is also the one advocated by Matveev et al. [34]. Now the

single particle Green functions of the system (switching off interaction in equation (B.2) and

equation (B.3)) are as follows.

〈T ψν(x, σ, t)ψ
†
ν′(x

′, σ′, t′)〉0 =
∑

γ,γ′=±1

θ(γx)θ(γ′x′) gγ,γ′(ν, ν
′)

(νx− ν ′x′)− vF (t− t′)
δσ,σ′ (F.4)

where gγ,γ′ (ν, ν) are functions of the reflection (R) and the transmission (T) amplitudes of

the system and is given explicitly as follows.

gγ1,γ2(ν1, ν2) =
i

2π

[
δν1,ν2δγ1,γ2 + (Tδν1,ν2 +Rδν1,−ν2)δγ1,ν1δγ2,−ν2

+ (T ∗δν1,ν2 +R∗δν1,−ν2)δγ1,−ν1δγ2,ν2

] (F.5)

Using equation (F.4) and equation (F.5) the following is obtained

vF

∫ ∞
−∞

dt < {ψν(x, σ, t), ψ†ν(x′, σ, 0)} >= −(2πi)
∑

γ,γ′=±1

θ(γx)θ(γ
′
x
′
)gγ,γ′ (ν, ν)

⇒vF
∫ ∞
−∞

dt < {ψν(−ν
L

2
, σ, t), ψ†ν(ν

L

2
, σ, 0)} >= −(2πi)g−ν,ν(ν, ν)

⇒vF
∫ ∞
−∞

dt < {ψν(−ν
L

2
, σ, t), ψ†ν(ν

L

2
, σ, 0)} >= −(2πi)

i

2π
T ∗ = T ∗
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Setting ν = 1 and taking the absolute value we have

|vF
∫ ∞
−∞

dt < {ψR(−L
2
, σ, t), ψ†R(

L

2
, σ, 0)} > | = |T |

Hence conductance can be written as

G ∼ e2

h
|vF
∫ ∞
−∞

dt < {ψR(−L
2
, σ, 0), ψ†R(

L

2
, σ, t)} > | (F.6)

Choosing the tunneling conductance to be proportional to the magnitude of the transmission

amplitude allows perfect agreement with the RG equations of Matveev et al. [34] as we have

seen in the main text (|T | is the magnitude of the transmission amplitude of free fermions

plus impurity).

Homogeneous case

Now using the equation (F.6) we calculate the tunneling conductance of a homogeneous
Luttinger liquid. For this the Green functions are taken from equation (B.2) and the reflection
coefficient |R| is set to zero (which is equivalent to the homogeneous case).

〈
TψR(−L

2
, σ, 0)ψ†R(

L

2
, σ, t)

〉
=

i

2π
e−

1
2 log [L−vF t]e−

1
2 log [L−vht]e

− (vh−vF )2

8vhvF
log

L2−(vht)
2

L2
ω

Hence,

〈
{ψR(−L

2
, σ, 0), ψ†R(

L

2
, σ, t)}

〉
=

i

2π
e−

1
2 log [L−vF (t−iε)]e−

1
2 log [L−vh(t−iε)]e

− (vh−vF )2

8vhvF
log

L2−(vh(t−iε))2

L2
ω

− i

2π
e−

1
2 log [L−vF (t+iε)]e−

1
2 log [L−vh(t+iε)]e

− (vh−vF )2

8vhvF
log

L2−(vh(t+iε))2

L2
ω

while integrating over t the only regions that contribute are L − vF t ≈ 0 and L − vht ≈ 0.
When vh 6= vF these two are different regions. Set L− vF t = y then L− vht = L− vh

vF
(L− y)

and L+ vht = L+ vh
vF

(L− y). The implication is, integration over t is now integration over y

and this is important only when y is close to zero. Next set L−vht = y
′
then L+vht = 2L−y′

and L− vF t = L− vF
vh

(L− y′) and the integrals are important only when y
′

is close to zero.
This means,

vF

∫ ∞
−∞

dt
〈
{ψR(−L

2
, σ, 0), ψ†R(

L

2
, σ, t)}

〉

=

∫ ∞
−∞

dy
i

2π

(
e−

1
2 log [y+vF iε] − e− 1

2 log [y−vF iε]
)
e
− 1

2 log [L(1− vh
vF

)+
vh
vF
y]
e
− (vh−vF )2

8vhvF
log

L2−
v2h
v2
F

(L−y)2

L2
ω

+
vF
vh

∫ ∞
−∞

dy
′ i

2π

(
e−

1
2 log [y

′
+vhiε] − e− 1

2 log [y
′
−vhiε]

)
e
− 1

2 log [L(1− vFvh )+
vF
vh
y
′
]
e
− (vh−vF )2

8vhvF
log

y
′
(2L−y

′
)

L2
ω
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Only the dependence on L is of interest. Write y = L s and y
′
= L s

′
. Hence,

vF

∫ ∞
−∞

dt
〈
{ψR(−L

2
, σ, 0), ψ†R(

L

2
, σ, t)}

〉
∼ e

− (vh−vF )2

8vhvF
log L2

L2
ω

This means the tunneling conductance of a clean (no barrier) quantum wire scales as,

Gclean ∼
e2

h
e
− (vh−vF )2

4vhvF
log L

Lω ∼
(
Lω
L

) 1
4

(Kρ+ 1
Kρ
−2)

(F.7)

where Lω = vF
kBT

is the length scale associated with temperature (or frequency since kBT is

interchangeable with ω). It says that at low temperatures, the tunneling d.c. conductance of

a clean quantum wire with no leads but with interactions (vh 6= vF ) diverges as a power law

with exponent 1
4
(Kρ + 1

Kρ
− 2) > 0.

With the impurities

The homogeneous case is well handled by standard bosonization (g-ology) techniques. But

the addition of impurities of arbitrary strength makes this technique inadequate and it has

to rely on renormalization or other numerical techniques. But these techniques fall well short

of proving closed analytical expressions of the correlation function exponents which, as we

can already see, are crucial for the calculation of conductance exponents. On the other hand

NCBT provides closed analytical expressions for these exponents for the general case with the

barriers and wells. Consider the general Green function for the points on the opposite sides

(equation (B.3)).

< TψR(x, σ, t)ψR
†(x′, σ, t′) >

=
1

2(x+ x′)
e(X+2C) log [2x]eX log [2x′] g−1,1(1, 1) e−

1
2

log [(x−x′)−vF (t−t′)]e
1
2

log [(x+x′)+vF (t−t′)]

e−( 1
2

+Q−X) log [(x−x′)−vh(t−t′)]e−(Q−X) log [(x−x′)+vh(t−t′)]

e−C log [(x+x′)−vh(t−t′)]e−(− 1
2

+C) log [(x+x′)+vh(t−t′)]

+
1

2(x+ x′)
eX log [2x]e(X+2C) log [2x′] g−1,1(1, 1) e−

1
2

log [(x−x′)−vF (t−t′)]e
1
2

log [(x+x′)−vF (t−t′)]

e−( 1
2

+Q−X) log [(x−x′)−vh(t−t′)]e−(Q−X) log [(x−x′)+vh(t−t′)]

e−(− 1
2

+C) log [(x+x′)−vh(t−t′)]e−C log [(x+x′)+vh(t−t′)]

Hence (x = −L
2

and x
′
= L

2
+ ε and x+ x

′
= ε→ 0 is small),

< TψR(
L

2
,σ, t)ψ†R(−L

2
, σ, 0) >=

1

2ε
e(X+2C) log [L]eX log [L] g1,−1(1, 1) e−

1
2

log [L−vF t]

e
1
2

log [ε+vF t]e−( 1
2

+Q−X) log [L−vht]e−(Q−X) log [L+vht]e−C log [ε−vht]e−(− 1
2

+C) log [ε+vht]
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+
1

2ε
eX log [L]e(X+2C) log [L] g1,−1(1, 1) e−

1
2

log [L−vF t]

e
1
2

log [ε−vF t]e−( 1
2

+Q−X) log [L−vht]e−(Q−X) log [L+vht]e−(− 1
2

+C) log [ε−vht]e−C log [ε+vht]

Hence,

< TψR(−L
2
, σ, 0)ψ†R(

L

2
, σ, t) >=

1

2ε
e(2X+2C) log [L] g1,−1(1, 1) e−

1
2

log [L−vF t]e−
1
2

log [L−vht]

e
1
2

log [ε+vF t]e
1
2

log [ε+vht]e−(Q−X) log [L2−(vht)
2]e−C log [ε2−(vht)

2]

+
1

2ε
e(2X+2C) log [L] g1,−1(1, 1) e−

1
2

log [L−vF t]e−
1
2

log [L−vht]

e
1
2

log [ε−vF t]e
1
2

log [ε−vht]e−(Q−X) log [L2−(vht)
2]e−C log [ε2−(vht)

2]

Taking the limit ε→ 0,

< TψR(
L

2
, σ, t)ψ†R(−L

2
, σ, 0) >=

vF + vh
2
√
vFvh

g1,−1(1, 1) e(2X+2C) log [L]

e−
1
2

log [L−vF t]e−
1
2

log [L−vht] e−(Q−X) log [L2−(vht)
2]e−C log [−(vht)

2]

Since G ∼ |vF
∫∞
−∞ dt < {ψR(−L

2
, σ, 0), ψ†R(L

2
, σ, t)} > | it is possible to read off the conduc-

tance exponent as follows,

G ∼
(
L

Lω

)4X−2Q

(F.8)

where Q = (vh−vF )2

8vhvF
and X = |R|2(vh−vF )(vh+vF )

8vh(vh−|R|2(vh−vF ))
as given in equation (3.22). It is easy to see

that for a vanishing barrier |R| → 0, the earlier result of the conductance of a clean quantum

wire is recovered.
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Appendix G

Mathematica commands to verify

Schwinger Dyson equations

For verifying any of the Schwinger Dyson equations given in section 7.4, define two variables,

say ‘LHS’ and ‘RHS’ and type both sides of the equation in Mathematica software as follows:

LHS := −i
(
P

(vh − vF )

vh(t− t′)− x+ x′
+ .....

)
RHS :=

v0 i

4πv2
h

(
vh(vh − vF )

vh(t− t′)− x+ x′
+ .....

)
Method I:

Define all the variables.

Q :=
(vh − vF )2

8vhvF
; P :=

1

2
+Q

and so on from the section 3.4.1 (Anomalous exponents) in the main text. Check

LHS −RHS

to get zero.

Method II:

Use the command

SolveAlways[LHS == RHS, {x, x′, t, t′}]

This leads to expressions for the anomalous exponents (denoted by upper case letters of the

alphabet) which can then be matched with those in the section 3.4.1 (Anomalous exponents)

in the main text.
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Appendix H

Derivation of the reflection and

transmission amplitudes

(a) Single delta-function Consider a single delta potential at the origin (V0δ(x)) and a

wave propagation towards the right. Then the wavfunction can be written as follows.

ψR(x) =

 A1e
ikx +B1e

−ikx

A2e
ikx

−L/2 < x < 0

0 < x < L/2

Now using the continuity condition of the wavefunction at the origin, integrating the Schrödinger

equation around the delta potential and performing box (of length L) renormalization of the

wavefunction, one can fix the three unknowns which are obtained to be the following:

A1 =

√
1

L
; B1 =

√
1

L

(
−

imV0

k

1 + imV0

k

)
; A2 =

√
1

L

(
1

1 + imV0

k

)
(H.1)

Under the RPA limit, where m, k →∞ but k
m

= vF is finite, we have the following.

A1 =

√
1

L
; B1 =

√
1

L

(
−

iV0

vF

1 + iV0

vF

)
; A2 =

√
1

L

(
1

1 + iV0

vF

)
(H.2)

Thus we have

T =
A2

A1

=
1(

1 + V0
i
vF

) ; R =
B1

A1

= − iV0

vF

(
1 + V0

i
vF

) (H.3)

(b) Symmetric double delta-function Consider two delta potentials at distance ±a from

the origin (V0(δ(x − a) + δ(x + a))) and a wave propagation towards the right. Then the
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wavfunction can be written as follows.

ψR(x) =


A1e

ikx +B1e
−ikx

A2e
ikx +B2e

−ikx

A3e
ikx

−L/2 < x < −a

−a < x < a

a < x < L/2

Now using the continuity condition of the wavefunction at the points ±a, integrating the

Schrödinger equation around the delta potentials and performing box (of length L) renor-

malization of the wavefunction, one can fix the five unknowns which are obtained to be the

following:

A1 =

√
1

L

B1 =

√
1

L

−iz[4k cos (2ka) + 2z sin (2ka)]

4k(k + iz) + z2(e4ika − 1)

A2 =

√
1

L

2ki(−z + 2ki)

4k(k + iz) + z2(e4ika − 1)

B2 =

√
1

L

2ikze2ika

4k(k + iz) + z2(e4ika − 1)

A3 =

√
1

L

4k2

4k(k + iz) + z2(e4ika − 1)

where,

z =
2mV0

~2
; k =

√
2mE

~
;

Under the RPA limit, where m, k → ∞ but k
m

= vF is finite. Also we take the limiting case

of a → 0 along with k → ∞ so that the factor 2ka = ξ0 is a finite constant. Imposing these

limits to the above coefficients we obtain

T =
A3

A1

=
1(

1 + V0
i
vF

)2

−
(
iV0

vF
eiξ0
)2 ; R =

B1

A1

= −
2i
V 2

0

v2
F

sin [ξ0] + 2iV0

vF
cos [ξ0](

1 + V0
i
vF

)2

−
(
iV0

vF
eiξ0
)2 (H.4)

(c) Asymmetric double delta-function Proceeding similar as above we obtain the follow-

ing for two unequal delta potentials of strengths V1 and V2 at position a and −a respectively.

T =
1(

1 + iV1+V2

vF
+ i2V1V2

v2
F

)
+ V1V2

v2
F
e2iξ0

; R = −
2iV1V2

v2
F

sin [ξ0] + 2i
vF

(V1eiξ0+V2e−iξ0
2

)(
1 + iV1+V2

vF
+ i2V1V2

v2
F

)
+ V1V2

v2
F
e2iξ0

(H.5)

(d) Symmetric triple delta-function Proceeding similar as above we obtain the following

for two equal delta potentials of strengths V1 at position ±a along with another delta potential
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of strength V0 at the origin.

T =
1(

1− iV0V 2
1

v3
F
− 2V0V1

v2
F
− V 2

1

v2
F

+ i V0
vF

+ 2i V1
vF

)
+ eiξ0

v2
F

(
2i
V0V 2

1
vF
− ieiξ0 V0V 2

1
vF

+ 2V0V1 + eiξ0V 2
1

)

R =−
2i
V0V 2

1

v3
F
− 2i

V0V 2
1

v3
F

cos [ξ0] + 2iV0V1

v2
F

sin [ξ0] + 2i
V 2

1

v2
F

sin [ξ0] + i V0
vF

+ 2i V1
vF

cos [ξ0](
1− iV0V 2

1

v3
F
− 2V0V1

v2
F
− V 2

1

v2
F

+ i V0
vF

+ 2i V1
vF

)
+ eiξ0

v2
F

(
2i
V0V 2

1
vF
− ieiξ0 V0V 2

1
vF

+ 2V0V1 + eiξ0V 2
1

)
(H.6)

(e) Finite barrier tunneling

Consider a rectangular barrier of height V extending from x = −a to x = a such that the

energy of the particle is less that then height of the barrier. The wavefunction is given as

follows.

ψR(x) =


A1e

ikx +B1e
−ikx

A2e
κx +B2e

−κx

A3e
ikx

−L/2 < x < −a

−a < x < a

a < x < L/2

Using continuity conditions of the wavefunction and its first derivative at points ±a along

with renormalization will yield the following expressions of the coefficients.

A1 =

√
1

L

B1 =

√
1

L

e−2iak(e4aκ − 1)(k2 + κ2)

−(k − iκ)2 + e4ak(k + iκ)2

A2 =

√
1

L

−2ea(κ−ik)k(k − iκ)

−(k − iκ)2 + e4ak(k + iκ)2

B2 =

√
1

L

2e−iak+3aκk(k + iκ)

−(k − iκ)2 + e4ak(k + iκ)2

A3 =

√
1

L

4ie2a(−ik+κ)kκ

−(k − iκ)2 + e4ak(k + iκ)2

where,

k =

√
2mE

~
; ; κ =

√
2m(V − E)

~
;

Now take λ = V
EF

to be fixed while taking the RPA limit where EF = 1
2
mv2

F is the Fermi

energy. ξ0 = 2kFa is finite kF →∞ and the width of the barrier a→ 0. Under this limit we

obtain the following.

T =
A3

A1

=
4ie−iξ0

√
λ− 1

4i
√
λ− 1 cosh [ξ0

√
(λ− 1)] + 2(2− λ) sinh [ξ0

√
(λ− 1)]

R =
B1

A1

=
e−iξ02λ sinh [ξ0

√
(λ− 1)]

4i
√
λ− 1 cosh [ξ0

√
(λ− 1)] + 2(2− λ) sinh [ξ0

√
(λ− 1)]

(H.7)
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(f) Finite well scattering

Consider a rectangular barrier of depth V extending from x = −a to x = a with the energy

of the particle E > 0. The wavefunction is given as follows.

ψR(x) =


A1e

ikx +B1e
−ikx

A2e
ik′x +B2e

−ik′x

A3e
ikx

−L/2 < x < −a

−a < x < a

a < x < L/2

Using continuity conditions of the wavefunction and its first derivative at points ±a along

with renormalization will yield the following expressions of the coefficients.

A1 =

√
1

L

B1 =

√
1

L

e−2iak(e4iak′ − 1)(k2 − k′2)

−(k + k′)2 + e4iak′(k − k′)2

A2 =

√
1

L

−2e−ia(k−k′)k(k + k′)

−(k + k′)2 + e4iak′(k − k′)2

B2 =

√
1

L

2e−ia(k−3k′)k(k − k′)
−(k + k′)2 + e4iak′(k − k′)2

A3 =

√
1

L

−4e−2a(k−k′)kk′

−(k + k′)2 + e4iak′(k − k′)2

where,

k =

√
2mE

~
; ; k′ =

√
2m(V + E)

~
;

Now take λ = V
EF

to be fixed while taking the RPA limit where EF = 1
2
mv2

F is the Fermi

energy. ξ0 = 2kFa is finite kF → ∞ and the width of the well a → 0. Under this limit we

obtain the following.

T =
A3

A1

=
4e−iξ0

√
λ+ 1

4
√
λ+ 1 cos [ξ0

√
(λ+ 1)]− 2i(2 + λ) sin [ξ0

√
(λ+ 1)]

R =
B1

A1

=
e−iξ02iλ sin [ξ0

√
(λ+ 1)]

4
√
λ+ 1 cos [ξ0

√
(λ+ 1)]− 2i(2 + λ) sin [ξ0

√
(λ+ 1)]

(H.8)
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