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ABSTRACT

In a paper by Kodiyalam and Raghavan, they provided an explicit combinatorial descrip-
tion of the Hilbert function of the tangent cone at any point on a Schubert variety in the
Grassmannian, by giving a certain “degree-preserving” bijection between a set of mono-
mials defined by an initial ideal and a “standard monomial basis”. In this thesis, we have
proved that this bijection is in fact a bounded RSK correspondence. As an application,
we have proved that the bijection given in a paper of Ghorpade and Raghavan (for the
symplectic Grassmannian) is also a bounded RSK correspondence. In the PhD thesis
of Kreiman, he had given a bijection between the same two combinatorially defined sets
as in the paper of Kodiyalam and Raghavan. In this thesis, we have proved that the
bijection given in Kreiman’s thesis and the bijection given in the paper of Kodiyalam
and Raghavan are equivalent. Using the above results, we have given an explicit Grob-
ner basis for the ideal of the tangent cone at any 7-fixed point of a Richardson variety
in the symplectic Grassmannian. In this thesis, we have also provided formulae for the
multiplicity at any T-fixed point of a Richardson variety in the symplectic as well as the
orthogonal Grassmannians; together with an interpretation of the multiplicity in terms of

certain non-intersecting lattice paths.

x1
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CHAPTER 1

INTRODUCTION

1.1 Introduction

The work presented in this thesis arose as an extension of the work of Kreiman (see
[Kre08]) to the case of the symplectic Grassmannian. In [Kre08|, Kreiman provided an
explicit Grobner basis for the ideal of the tangent cone at any torus-fixed point of a
Richardson variety in the ordinary Grassmannian. In the same paper ( [Kre08|), Kreiman
also used the Grobner basis result to deduce a formula which computes the multiplicity of
a Richardson variety (in the ordinary Grassmannian) at any torus-fixed point by count-
ing families of certain non-intersecting lattice paths. In this thesis, we have extended
the above mentioned work of Kreiman to Richardson varieties in the symplectic Grass-
mannian. This work generalizes the work done in |[GR06| by Ghorpade and Raghavan,
where they considered similar problems for Schubert varieties. In this thesis, we have also
provided a formula for the multiplicity of a Richardson variety in the orthogonal Grass-
mannian at any torus-fixed point, and an interpretation of the multiplicity in terms of
certain non-intersecting lattice paths. This work has generalized the work done in [RU10|
by Raghavan and Upadhyay, where they considered similar problems for Schubert vari-
eties.

In [Kre08], the proof of the main theorem is based on a generalization of the Robinson-
Schensted-Knuth (RSK) correspondence, which Kreiman called the bounded RSK (BRSK).
The work done in [Kre08] is a generalization of the work done in [KRO03| by Kodiyalam
and Raghavan. In [KR03|, Kodiyalam and Raghavan provided an explicit combinatorial
description of the Hilbert function of the tangent cone at any point on a Schubert variety
in the ordinary Grassmannian, by giving a certain “degree-preserving” bijection between a
set of monomials defined by an initial ideal and a “standard monomial basis” (see |[LROS|

for the definition of a standard monomial basis). In Chapter [5| of this thesis, we have

1
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2 Chapter 1. Introduction

proved that this bijection, is in fact, a bounded RSK correspondence. As an application,
we have also proved here that, the bijection given in |[GR06| by Ghorpade and Raghavan
(for the symplectic Grassmannian) is also a bounded RSK correspondence.

In |Kre03|, Kreiman and Lakshmibai had given a bijection between the same two
combinatorially defined sets as in [KR03|. There is a comment in |[Kre08| to the effect
that the bijections constructed in [KRO3|, [Kre08|, and [Kre03| are all the same (although
there is no proof). This thesis has provided a proof of this fact. In some sense, the work
presented in this thesis provides more evidence of the ubiquity of the RSK correspondence.
Sturmfels [Stu90| and Herzog-Trung [HT92] also proved results on a class of determinantal
varieties which are equivalent to the results of [KR03|, [Kre03|, and [Kre08| for the case
of Schubert varieties at the torus-fixed point e;4 (where id denotes the “identity coset”).
The key to their proofs was to use a version of the RSK correspondence (see |[Ful97] for
the classical RSK) in order to establish a “degree-preserving” bijection between a set of
monomials defined by an initial ideal and a “standard monomial basis”.

Briefly speaking, the symplectic Grassmannian means the variety of isotropic sub-
spaces of maximum possible dimension of an even dimensional vector space endowed with
a skew-symmetric non-degenerate bilinear form. The definition of the orthogonal Grass-
mannian is similar, the only differences being that the bilinear form is symmetric (plus
non-degenerate), and the underlying field has characteristic # 2. These Grassmannians
have been defined in and of this thesis in details. A Richardson variety X in
any such Grassmannian is defined to be the intersection of a Schubert variety X” and an
opposite Schubert variety X, therein.

The study of Schubert varieties in different kinds of Grassmannians has a long and
rich history. Richardson varieties are a natural generalization of Schubert varieties. We
are interested in Richardson varieties in the symplectic and orthogonal Grassmannians.
In this thesis, we have considered initial ideals of tangent cones to Richardson varieties in
the symplectic Grassmannian. We have provided an explicit Grébner basis for the ideal
of the tangent cone at any torus-fixed point of a Richardson variety in the symplectic
Grassmannian. Similar work for the orthogonal Grassmannian was done in [Upal3| by
Upadhyay. In [KRO3|, Kodiyalam and Raghavan provided (with respect to certain con-
veniently chosen term orders) an explicit Grobner basis for the ideal of the tangent cone
at any torus-fixed point of a Schubert variety in the ordinary Grassmannian, thereby
proving the conjectures of Kreiman and Lakshmibai (made in [KL04a]). Then in [GRO6],
Ghorpade and Raghavan did the analogous work for Schubert varieties in the symplectic
Grassmannian. And finally in [RU09, RU10|, Raghavan and Upadhyay did the analogous
work for Schubert varieties in the orthogonal Grassmannian.

The above results on Schubert varieties do not admit a straight forward generaliza-
tion to Richardson varieties. The local properties of Schubert varieties at any torus-fixed

point determine the local properties at all other points, because of the B-action; but this
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1.1. Introduction 3

does not extend to Richardson varieties, since Richardson varieties only have a T-action.
However, in [Kre08|, Kreiman had extended the results of Kodiyalam and Raghavan to
Richardson varieties in the ordinary Grassmannian. The analogous work for the orthog-
onal Grassmannian was done by Upadhyay in [Upal3|. The case of Richardson varieties
in the symplectic Grassmannian has been addressed in this thesis.

We are motivated by a work of Knutson, Woo and Yong ( [KWY13|), where they
gave a short proof of the fact that essentially all questions concerning singularities of
Richardson varieties reduce to corresponding questions about Schubert varieties. We
are also motivated by the method used by Kreiman (in [Kre08]) to compute an explicit
Grobner basis for the ideal of the tangent cone at any torus-fixed point of a Richardson
variety in the ordinary Grassmannian. Our motivation from [KWY13| allows us to look
at [GRO6|, where Ghorpade and Raghavan had proved that in the case of Schubert varieties
in the symplectic Grassmannian, certain objects called “good admissible pairs” give rise to
a Grobner basis for the ideal of the tangent cone at any torus-fixed point. In this thesis,
we have defined “good admissible pairs” as a natural extension of the “good admissible
pairs” of [GRO6|. Thereafter, we have followed the techniques used by Kreiman in [Kre0§]
to obtain an explicit Grobner basis in our case. In this thesis, we have used the map
BRSK of |Kre08| to obtain our desired result about an explicit Grobner basis. The way in
which the map BRSK of [Kre08| has been used here to obtain an explicit Grobner basis
has been explained in of this thesis.

In the study of singularities of Schubert varieties, Woo and Yong investigated Kazhdan-
Lusztig ideals (see [WYO08|). These ideals encode coordinates and equations for neighbor-
hoods of type A Schubert varieties at torus-fixed points. In [WY12|, Woo and Yong
provided a Grobuner basis for the Kazhdan-Lusztig ideals. Also, in [BC12|, the authors
discussed three natural generalizations of Richardson varieties which they called pro-
jection varieties, intersection varieties, and rank varieties. In |[BC12|, they studied the
singularities of each type of generalization. In [KLS14|, Knutson, Lam, and Speyer had
shown that many of the geometric properties of Richardson varieties hold more generally
for projected Richardson varieties (by a projected Richardson variety, they had meant the
projection of a Richardson variety in G/B to G/ P); they are normal, Cohen-Macaulay,
have rational resolutions, and are compatibly Frobenius split with respect to the standard
splitting. One combinatorial analogue of a Richardson variety is the order complex of the
corresponding Bruhat interval in the Weyl group W; this complex is known to be an
EL-shellable ball. In |[KLS14], Knutson, Lam and Speyer had proved the projection of
such a complex into the order complex of the Bruhat order on W/Wp is given a shellable
ball. In the case that G/P is minuscule (e.g. a Grassmannian), they had shown that
its Grobner degeneration takes each projected Richardson variety to the Stanley-Reisner
scheme of its corresponding ball. In |[GK15|, Graham and Kreiman gave combinatorial

descriptions of the restrictions to torus-fixed points of the classes of structure sheaves
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4 Chapter 1. Introduction

of Schubert varieties in the T-equivariant K-theory of Grassmannians and of maximal
isotropic Grassmannians of orthogonal and symplectic types. Graham and Kreiman also
gave formulas for the Hilbert series and Hilbert polynomials at torus-fixed points of the
corresponding Schubert varieties. These descriptions and formulas are given in terms of
two equivalent combinatorial models: excited Young diagrams and set-valued tableaux.

The problem of finding the Hilbert function of the tangent cone to a Schubert variety in
the ordinary Grassmannian at any point x of it was first considered by Kreiman and Lak-
shmibai in [KLO4a|. When x is the “identity coset”, Kreiman and Lakshmibai had deduced
an expression for the Hilbert function in terms of the combinatorics of the Weyl group
(using well known results of Hodge-Pedoe |[HP54] and Musili [Mus72|). From this, they
recovered the interpretation of the multiplicity, due to Herzog and Trung ( [HT92|), as
the cardinality of a certain set of non-intersecting lattice paths. For points other than the
“identity coset”, they conjectured expressions for the Hilbert function and the multiplicity.
These conjectures were proved by Kodiyalam and Raghavan (see [KR03|), and indepen-
dently by Kreiman in his PhD thesis (see [Kre03| and also [KL04b|) for Schubert varieties
in the ordinary Grassmannian. Krattenthaler [Kra05| had also proved the multiplicity
conjecture of [KLO4a| independently. In the case of the symplectic and the orthogonal
Grassmannians, these conjectures were proved in [GR06| and [RU10| respectively.

An interpretation of multiplicity in terms of counting certain non-intersecting lattice
paths was first given by Krattenthaler in [Kra01| for points on Schubert varieties in Grass-
mannians. The work of Krattenthaler in [Kra0l| was an interpretation of the closed-form
determinantal formula for the multiplicity, given by Rosenthal and Zelevinsky in [RZ01],
for any point on Schubert varieties in Grassmannians. This closed-form determinantal
formula by Rosenthal and Zelevinsky, was in turn obtained from certain recursive for-
mulae given by Lakshmibai and Weyman in [LW90| for the multiplicity (at any point,
not just at the identity coset) and the Hilbert function in case of a minuscule G/P (and
also in the case of symplectic Grassmannians). An explicit closed-form formula for the
multiplicity at the point corresponding to the identity coset on any Schubert variety in
the Grassmannian was also given by Lakshmibai and Weyman in [LW90).

In |[GRO6|, Ghorpade and Raghavan computed the multiplicity at any point on a
Schubert variety in the symplectic Grassmannian. They also provided an interpretation
of the multiplicity in terms of certain non-intersecting lattice paths. Similar work for
Schubert varieties in the ordinary Grassmannian was done in [KR03| by Kodiyalam and
Raghavan. In Chapter [§] of this thesis, we have provided a generalization of the work of
Ghorpade and Raghavan [GR06| to Richardson varieties. However, we have provided the
multiplicity result for Richardson varieties in the symplectic Grassmannian only at torus-
fixed points (not at all points). In Chapter [§] of this thesis, we have applied techniques
similar to [KreO8| for obtaining the multiplicity result. In [Ball3|, Michaél Balan has

shown that in cominuscule partial flag variety G /P, the multiplicity of an arbitrary point
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1.1. Introduction 5

on a Richardson variety X is the product of its multiplicities on the Schubert variety
X" and opposite Schubert variety X,.

The work done in this thesis for the symplectic Grassmannian is also available as
pre-prints on the arxiv (see |[RU20|, [RU19|, and [RU22|). In addition to this, we have
also provided a formula in Chapter [9] of this thesis, which computes the multiplicity of
a Richardson variety at any torus-fixed point in the orthogonal Grassmannian. In the
same chapter, we have provided an interpretation of this multiplicity formula in terms of
certain non-intersecting lattice paths. The techniques that we have used for this work
are analogous to those in [RU10]. At this point, it is worth mentioning that in [Upal3|,
Upadhyay had provided an explicit Grobner basis for the ideal of the tangent cone at any
torus-fixed point of a Richardson variety in the orthogonal Grassmannian. But in [Upal3|,
there is no result on the multiplicity. In Chapter [J] of this thesis, we have provided the
corresponding results for the multiplicity.

In a nutshell, the work presented in this thesis is giving the solutions to the following
5 problems:

e Proving that the map 7 of [KR03]| is the same as the map BRSK of [Kre0§].
e Proving that the map 7 of [KR03]| is the same as the bijection ® of [Kre03].

e Providing an explicit Grobner basis for the ideal of the tangent cone at any torus-

fixed point of a Richardson variety in the symplectic Grassmannian.

e Providing a formula for the multiplicity of a Richardson variety at any torus-fixed
point in the symplectic Grassmannian in terms of certain non-intersecting lattice

paths.

e Providing a formula for the multiplicity of a Richardson variety at any torus-fixed
point in the orthogonal Grassmannian, and its interpretation in terms of certain

non-intersecting lattice paths.
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6 Chapter 1. Introduction

The table of contents indicates how the work in this thesis has been organized. We

have also provided a brief description of the organization of the thesis here.

1.1.1 Organization of the thesis

Here we have provided a chapterwise description of the thesis. To begin with, Chapter
has described our basic objects of interest, namely, the symplectic and the orthogonal
Grassmannians, and Richardson varieties in them. In Chapters 3] and [ we have de-
scribed the bounded RSK correspondence (given by Kreiman in [Kre08|) and the maps of
Kodiyalam-Raghavan (given in [KR03]) respectively. Then in Chapter [5, we have proved
that the maps BRSK (of [Kre08|) and 7 (of [KR03|) are equivalent. In Chapter |6 we have
proved that the map 7 (of [KR03|) and the map ® of Kreiman’s thesis ( [Kre03|) are also
equivalent. Chapter [7| has provided an explicit Grébner basis for the ideal of the tangent
cone at any torus-fixed point of a Richardson variety in the symplectic Grassmannian. In
Chapter [7, we have used the main result of Chapter [5| for computing the explicit Grébner
basis. In Chapters [§and [9] we have provided a formula for the multiplicity of a Richard-
son variety at any torus-fixed point in the symplectic and the orthogonal Grassmannians

respectively.

1.2 A comment about the figures

In the pdf file of this document, some figures might not appear correctly on a computer

screen. But all the figures appear correctly in a print-out.
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CHAPTER 2

THE SYMPLECTIC AND ORTHOGONAL
GRASSMANNTIANS, AND RICHARDSON VARIETIES IN
THEM

The following definitions and notation are written in the same way as in |[GRO6].
Given any positive integer n, we denote by [n] the set {1,2,...,n}. Given positive integers
|. Let
,n) be
Co T

r and n with r < n, we denote by I(r,n) the set of all r-element subsets of [n
a=(a1,...,0p) €I(r,n),where 1 <oy <...<a.<n. If = (0,...,5) € I(r
such that 1 < 8 < ... < B, < n, then we say that a < g if o; < §; for all ¢ =1,
Clearly, < defines a partial order on I(r,n).

We write I(d, 2d) for the set of all d-element subsets of {1, ---,2d}. There is a natural
partial order on I(d,2d): v = (v; < - < vg) < w = (w; < -+ < wy) if and only
if vy < w0y < wge For po= {pg, - pwa} € 1(d,2d), pn < -++ < pg, define the

*

complement of p as {1,---,2d} \ p and denote it by f.

2.1 The symplectic Grassmannian

The following definitions and notation are written in the same way as in |[GRO6].

A positive integer d will be kept fixed throughout this thesis. For j € [2d], set j* :=
2d+1—j. Let I(d) denote the set of all d-element subsets v of [2d] with the property that
exactly one of j, j* belongs to v for every j € [d]. Clearly, I(d) C I(d,2d). In particular,
we have the partial order < on /(d) induced from I(d, 2d).

Fix a vector space V' of dimension 2d over an algebraically closed field K of arbitrary
characteristic. A bilinear form (, ) : V x V — K is called skew-symmetric if (x,z) =
0V x € V. Note that if char(K) # 2, then the above definition implies that (z,y) =
—(y,z) ¥V z,y € V. Now, the bilinear form (, ) is called non-degenerate if (z,y) =

7
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8 Chapter 2. The symplectic and orthogonal Grassmannians, and Richardson varieties in them

0VyeV =2x=0. Fix a non-degenerate skew-symmetric bilinear form (, ) on
V.

Lemma 2.1.1. There exists a basis ey, ...,eaq of V such that

lifi=g"andi<j
(€ise;) =< —1ifi=j"andi>j

0 otherwise.

Proof. We will prove this theorem by induction on the dimension of V. Suppose V is a
vector space with dimension 2d and ( , ) is a non-degenerate, skew-symmetric bilinear
form on V. By definition of skew-symmetry, for any vector e; in V', we have (ey,e;) = 0.
Again, by definition of non-degeneracy of ( , ), it follows that there exists a non-zero
vector, call it egy such that (e, esq) = 1 (taking e; # 0). Let W be a subspace of V' given
by (span{e;, eaq})*. That is,

W ={v € V|{e1,v) = (eaq,v) = 0}.

Now, we know that for any vector space V and for any subspace W of it, W @ W+ =V
and dim(W) + dimW+* = dim(V). So dim(W) = 2d — 2 < 2d.
Fact: The bilinear form ( , ) restricted to W is non-degenerate.

Proof of the fact: Suppose for some wg € W,
(wo,w) =0V weW (2.1.0.1)

To show wy = 0.

Now, definition of W and together imply (wp,v) = 0V v € V, and (, ) is
non-degenerate on V = wy = 0. Hence, the fact is proved.

Since dim(W) < 2d = dim(V'), so by induction hypothesis on dim(V), there exists a basis
{ea, €3, -+, e94-1} of W such that

lifi=j "andi <y
(€i,e;) =< —1lifi=j*andi>j

0 otherwise.

Again, as W is a subspace of V', so the bilinear form ( , ) restricted to W is skew-
symmetric. Extend the basis {es, e3,- -, €24 1} of W to a basis of V' by adding e; and
e2q- Hence the proof. O

A linear subspace W of V' is said to be isotropic if the form ( , ) vanishes identically

on it. Let Sp(V) denote the group of all linear automorphisms of V' that preserve ( , ).

Lemma 2.1.2. Every mazimal isotropic subspace of V' has dimension d.

TH-2927_166123101



2.2. The orthogonal Grassmannian 9

Proof. Let W be a maximal isotropic subspace of V. Since W is isotropic, we have
W Cwt.

Claim: W = W+,

Suppose not. Then there exists wy € W\ W. Observe that W @ span{wy} is an isotropic
subspace of V' which contains W properly, a contradiction to the maximality of W. Hence
W = W+, This proves the claim.

Now, we know that, dimW +dimW+ = dimV, so 2 dimW = dimV. Hence dimW =d. O

Let

G4(V) = the Grassmannian of all d-dimensional subspaces of V'

and
My(V) = the set of all maximal isotropic subspaces of V.

Then My (V) is a closed subvariety of G4(V') and is called the symplectic Grassman-

nian.

2.2 The orthogonal Grassmannian

The following definitions and notation are written in the same way as in [Upal3|.
Fix a natural number d. For £ an integer such that 1 < k£ < 2d, set k* :=2d+ 1 — k. Let
O1I(d) denote the set of all d-element subsets of {1, - --,2d} of cardinality d satisfying the

following two conditions:
e for each k, 1 < k < 2d, the subset contains exactly one of k, k*, and
e the number of elements in the subset that exceed d is even.

Clearly, D1(d) C I(d,2d). In particular, we have the partial order < on 9I(d) induced
from I(d,2d).

Fix an algebraically closed field K of characteristic not equal to 2. Fix a vector space
V of dimension 2d over K and a non-degenerate symmetric bilinear form (, ) on

V. As in the case of symplectic Grassmannian, we can fix a basis ey, ..., esq of V such

that
1if7=k*
(eirex) = { 0 otherwise.

Denote by SO(V'), the group of linear automorphisms of V' that preserve the bilinear
form (,) and also the volume form. A linear subspace of V' is said to be isotropic if the
bilinear form ( , ) vanishes identically on it. As in the case of symplectic Grassmannian,
we can show that the dimension of a maximal isotropic subspace of V' is d. Denote by

M4(V) the closed sub-variety of the Grassmannian of d-dimensional subspaces consisting

TH-2927_166123101



10Chapter 2. The symplectic and orthogonal Grassmannians, and Richardson varieties in them

of the points corresponding to maximal isotropic subspaces. The action of SO(V) on V
induces an action on M,(V')'.

There are two orbits for this action. These orbits are isomorphic: acting by a linear
automorphism that preserves the form but not the volume form gives an isomorphism.
We denote by Mt;(V') the orbit of the span of ey, - -+, e4 and call it the even orthogonal
Grassmannian. One can define the orthogonal Grassmannian in the case when the
dimension of V' is not necessarily even. But it is enough to consider the case when the
dimension of V' is even, the reason being the following: Suppose that the dimension of V'
is odd, say dimension of V' = 2d+1. Let n := 2d+2 and V be a vector space of dimension

n with a non-degenerate symmetric form. Let e, - -, €5 be a basis of V such that

et 1if ¢ =k*
<€i,€k> :{

0 otherwise.

Put e := ¢4, and f := €445. Take X to be an element of the field such that \> = 1/2. We
can take V' to be the subspace of 1% spanned by the vectors ey, -+, €g, \e+Af, €413, -, €x,
and a basis of V' to be these vectors in that order.

There is a natural map from Mgy (V) to My(V): Intersecting with V an isotropic
subspace of V of dimension d + 1 gives an isotropic subspace of V' of dimension d, we
denote this map by N. The map N is onto, for every isotropic subspace of 1% (and hence
of V') is contained in an isotropic subspace of V of dimension d + 1. In fact, more is
true: the map N is two-to-one. the map N being two-to-one, it is also elementary to see

that the two points in any fiber lie one in each component of 94,1 (V). We therefore get
a natural isomorphism between 91 (V) and 9My(V). Therefore, now onwards we call
the even orthogonal Grassmannian 20,(V) (as defined above for a 2d dimensional vector
space V') the orthogonal Grassmannian.

Let M4 (V) C Go(V) = P(A*V) be the Pliiker embedding (Gg(V) denotes the Grass-

mannian of all d-dimensional, subspaces of V). Thus 24(V') is closed sub variety of the

projective variety G4(V'), and hence 9t;(V') inherits the structure of a projective variety.

2.3 Richardson varieties in the orthogonal (symplectic)

(Grassmannian

Richardson varieties were first defined by Richardson in [Ric92|. Here we recall Richardson
variety in the orthogonal (resp. symplectic) Grassmannian.

Let BT (resp. B™) be the subgroup of SO(V) (resp. Sp(V')) consisting of those elements
that are upper triangular (resp. lower triangular) with respect to the basis eq, - - - , €24, and

the subgroup 7" of SO(V) (resp. Sp(V)) consisting of those elements that are diagonal
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2.8.  Richardson varieties in the orthogonal (symplectic) Grassmannian 11

with respect to eq, - -+, eaq. It can be easily checked that 7" is a maximal torus of SO(V)
(resp. Sp(V)); B and B~ are Borel subgroups of SO(V') (resp. Sp(V')) which contain 7.

Theorem 2.3.1. The group SO(V') (resp. Sp(V')) acts transitively on My(V').
To prove Theorem we need Witt’s theorem (see [Lan84]).

Proof. If SO(V) (resp. Sp(V)) acts transitively on 9t;(V'), then for any two maximal
isotropic subspaces Uy, Uy € My (V) there exists T' € SO(V) (resp. Sp(V')) such that

T.U, = Us (2.3.0.1)

So, to prove Theorem [2.3.1] it is sufficient to prove (2.3.0.1). Since Uy, U, € My(V),

therefore any linear isomorphism T : U; — U, is an isometry, as for any uy,uy € Uy,
(ul, ul!y = (T, Tu) = 0.

So, using Witt’s theorem, we can extend T to the whole of V. Let T be the extension
of T to V. Since T is an isometry on V, so it preserves ( , ). Hence T' € SO(V) (resp.
Sp(V)) and T restricted to Uy is T, which is a mapping from Uy onto Us. So T.Uy = Us.
Hence the proof. n

The T-fixed points of M,(V) under this action are easily seen to be of the form
(€iy,- - ei,) for (iy,--+,iq) in OI(d) (resp. in I(d)).

The BT-orbits (as well as B~ -orbits) of 9,(V) are naturally indexed by its T-fixed
points: Each BYt-orbit (as well as B~ -orbit) contains one and only one such point. Let
a € OI(d) (resp. in I(d)) be arbitrary and let e* denote the corresponding 7-fixed
point of M, (V). The Zariski closure of the BT -orbit (resp. B~-orbit) through e®, with
canonical reduced scheme structure, is called a Schubert variety (resp. opposite Schubert
variety), and denoted by X (resp. X,). For o,y € OI(d) (resp. in I(d)), the scheme
theoretic intersection X} = X, N X7 is called a Richardson variety. Each BT-orbit
(resp. B~ -orbit) being irreducible and open in its closure, it follows that BT-orbit closures
(resp. B~ -orbit closures) are indexed by the B*t-orbits (resp. B~-orbits). Thus the set
OI(d) (resp. I(d)) becomes an indexing set for Schubert varieties in Mt;(V'), and the
set consisting of all pairs of elements of OI(d) (resp. I(d)) becomes an indexing set for
Richardson varieties in 9t;(V). It can be shown that X7 is nonempty if and only if
a < v; and that for 8 € OI(d) (resp. in I(d)), e’ € X7 if and only if a < 8 < . For
the rest of this thesis let us fix the elements «, §, and 7 of I(d) in the case of symplectic

Grassmannian and of OI(d) for orthogonal Grassmannian such that o < 5 < .
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CHAPTER 3

THE BOUNDED RSK CORRESPONDENCE

In this chapter we recall the map BRSK of [Kre08|. But for that, we first need to recall a

lot of definitions and lemmas from [Kre08|. Most of the sections in this chapter are taken

from [Kre08| except §3.2.2)

3.1 Multisets on N and N?

Let S be any set. A multiset F on S is defined to be a function F : S — {0,1,2,...}.
One should think of E as consisting of the set S of elements, but with each s € S occurring
E(s) times. Note that a set is a special type of multiset in which each element occurs
exactly once. We call E(s) the degree or multiplicity of s in E. The degree of a
multiset F on S is defined to be the sum of E(s) for all s € S. Define the multiset FUF
as follows:

(EUF)(s) = E(s) + F(s), se€ S (3.1.0.1)
Example 3.1.1. Let £ ={1,1,2,2,2,5,6}, FF={1,1,3,5,5}. Then
BUF ={1,1,1,1,2,2,2,3,5,5,5,6}.

Multisets on N:

Let N denote the positive integers. Let A = {ay,as,...} and B = {by, by, ...} be two
multisets on N of the same degree, with a; < a;11, b; < b;y1, for all i. We say that A is
less than or equal to B in the termwise order if a; < b; for all 7. We denote this by
A < B. We say that A is less than B in the strict termwise order if a; < b; for all 7.
We denote this by A < B.

If A, B, C, and D are multisets on N such that |AUD|= |BUC|, where |.| defines the

13
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14 Chapter 3. The bounded RSK correspondence

cardinality. Then we write
A —C < B — D to indicate that AUD < BUC. (3.1.0.2)

Note that, A — B < C — D is a transitive relation.

In general no meaning is attached to the expression A — C' by itself. However, if A
and C' are both sets, then
A—C:=AU(N\CO). (3.1.0.3)

In addition, if A C 8 and C' C $3, then
A—-C:=AU(B\O). (3.1.0.4)

Multisets on N?:
Let U = {(e1, f1), (ea, f2), . ..} be a multiset on N?. Define U1y and Upy) to be the multisets
{e1,€e9,...} and {f1, fa, ...} respectively on N. Define the nonvanishing, negative, and

positive parts of U to be the following multisets:

O — (e, /) € U [ e — i £ O
U™ ={(e fi) €U | e; = fi <0},
U+:{(6i,fz‘) EU|€i—fi>0}.

We say that U is nonvanishing if U C (N?)7°, negative if U C (N?)~, and positive if

U C (N?)*. Impose the following transitive relation on multisets on N?:
U<V «<— U(l) — U(Q) < V(l) — V(g). (3.1.0.5)

A chain in N? is a subset C' = {(e1, f1),-- -, (€ém, fm)} of N? such that ¢; < -+ < e,
and fi > --- > f,. Let T and W be negative and positive subsets of N? respectively.
A nonvanishing multiset U on N? is said to be bounded by T, W if for every chain C

which is contained in the underlying set of U, we have

Tr<Cc<w.

Definition 3.1.2. Let ¢ be the map on multisets on N? defined by,

L({(elafl)a (e2vf2)7 - }) = {(f17€1)7 (f2,€2), .. }

Then ¢ is an involution and it maps negative multisets on N? to positive ones and vice-

versa.
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3.2. The RSK correspondence 15

3.2 The RSK correspondence

3.2.1 Young tableau and ordinary insertion

Definition 3.2.1. A Young diagram is a collection of boxes arranged into a left and
top justified array. The empty Young diagram is the Young diagram with no boxes. A
Young diagram can not contain rows with no boxes, unless it is the empty Young diagram.
A Young tableau is a filling of the boxes of a Young diagram with positive integers. The
empty Young tableau is the Young tableau with no boxes. Let P a Young tableau. We
say that P is row strict if the entries of any row of P strictly increase as one moves to
the right. Again, the Young tableau P is semistandard if it is row strict and the entries

of any column weakly increase as one moves down.

Example 3.2.2. A semistandard Young tableau P,

2
4
5

ot
D

‘OJOJ[\DH

Let us now recall the ordinary Schensted insertion process from §3 of [Kre08|. It is
an algorithm which takes as input a semistandard Young tableau P and a positive integer
a, and produces as output a new semistandard Young tableau with the same shape as P
plus one extra box, and with the same entries as P (possibly in different locations) plus
one additional entry, namely a. To begin, insert a into the first row of P, as follows. If
a is strictly bigger than all entries in the first row of P, then place a in a new box on
the right end of the first row, and the insertion process terminates. Otherwise, find the
smallest entry of the first row of P which is greater than or equal to a, and replace that
number with a. We say that the number which was replaced, was “bumped” from the
first row. Insert the bumped number into the second row in precisely the same way as
a was inserted into the first row. This process continues down the rows until, at some
point, a number is placed in a new box on the right end of some row, at which point the

process terminates and we denote this process by P < a.

ot
D

W

Example 3.2.3. Let P = and a = 6. So after inserting a, P will be looking

DN DN ||
|| W |WNo
ot
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16 Chapter 3. The bounded RSK correspondence

W

W
|| Ot
(0ol @)}

like, P <+ 6 =

DD ||
| W W
ot

3.2.2 Ordinary RSK correspondence

Definition 3.2.4. A notched diagram is a collection of boxes arranged into left justified
rows. The notched diagram may contain rows with no bores. A notched tableau is a

filling of the boxes of a notched diagram with positive integers.

Definition 3.2.5. A notched bitableau is a pair (P, Q) of notched tableaux of the same

shape (i.e., the same number of rows and the same number of bozes in each row).

Definition 3.2.6. The ordinary RSK correspondence, RSK is a function which maps
negative multisets on N? to the set of all notched bitableauz (P, Q) such that

(1) the number of boxes in P (or Q) is equal to the number of elements in the multiset,
and

(i1) P is a semistandard Young tableau.

Definition 3.2.7. Let U = {(a1,b1),. .., (as, b))} be a negative multiset on N*. We say
that the entries of U are listed in lexicographic order, if (i) by > --- > b, and (i) if
b; = by, forany i € {1,---,t — 1}, then a; > a;4q.

We inductively form a sequence of notched bitableaux (P©, Q©), ... (P® Q®), as
follows:
Let (P©, Q) = (0,0). Assume inductively that we have formed (P®, Q") using ordi-
nary Schensted insertion process. Define PUt1) = P « ¢, .,. Let j be the row number
of the new box of this insertion. Define @V to be the tableau obtained by placing b; 1
on the left end of row j of Q¥ (and shifting all other entries of @@ to the right end box).
Clearly, POt and QU*Y both have same shape. Also, P contains the elements a; and Q
contains the elements b;.
Note: If (P, Q) is a notched bitableau, we define (P, Q) to be the notched bitableau
obtained by reversing the order of the rows of (Q, P). If U is a positive multiset on N2,
then RSK(U) is defined to be ((RSK (.(U))).
Example below gives an illustration of the map RSK.

Example 3.2.8. Let U = {(2,1),(5,4), (6, 3),(6,9), (8,13), (11,13)} be a multiset on N
Now,
{(2,1),(5,4),(6,3)} ¢ ()"

and
{(6,9),(8,13),(11,13)} C (N?)".
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3.2. The RSK correspondence 17

Let U = {(2,1),(5,4),(6,3)} and U~ = {(6,9),(8,13),(11,13)}. So U = Ut UU".

Now, after arranging 1(U") in lexicographic order, we have
UUT) ={(3,6),(4,5),(1,2)}.
Let us first apply the map RSK on «(U"). Then
PO — ¢ 00 — g
p(l):(a(_g: Q(l):@

() _ _|1]4] (3 _|5]6]
PP =[3]4]«1 Q¥ =I5

3]
Therefore,
o Ay o (12l [3]
RSK(UT) = t(RSK (U )))-(5 6] [1 4>.

After arranging U~ in lexicographic order, we have U~ = {(11,13), (8,13),(6,9)}. Let us
now apply the map RSK on U~. Then

PO _ g QO — ¢

PO =« 11 =11 QW =013

() _ _[8] ) _[13]

P 11«8 1 Q 13

6] 13|

Po =18l _6_rg] QW_3

1 9

Therefore,

6] [13
6 8 13
RSK(WU™)=[[8], 13]| and RSK(U)=|[11] , |9
9 2 3
56| [1]/4]
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18 Chapter 3. The bounded RSK correspondence

3.3 The bounded RSK correspondence

3.3.1 Notched tableaux

Definition 3.3.1. Let P be a notched tableau, we say that P is row strict if the entries

of any row of P strictly increase as one moves to the right.

Example 3.3.2. A row strict notched tableau P,

314

O DN

= O DO | =

¥
7

8

Let P be a row strict notched tableau, and b be a positive integer. Since P is row
strict, its entries which are greater than or equal to b are right justified in each row. If we
remove these entries (which are greater than or equal to b) from P, then we are left with
a row strict notched tableau, which we denote by P<t. We say that P is semistandard

on b if P<?is a semistandard Young tableau.

Example 3.3.3. For the row strict notched tableau P in FExample|5.5.2, and b = 4, we

have

1/2]3]
5 :

However, for the same P, if we take b = 6, then

P<b —

2[3]4]
4

P<b _

= O DN | —

5]

Hence, P is semistandard on 4, but not on 6.

3.3.2 The bounded insertion

We now describe the bounded insertion algorithm, which takes as input a positive
integer b, a notched tableau P which is semistandard on b, and a positive integer a < b,
and produces as output a notched tableau which is semistandard on b, which we denote
by P <& a.

Bounded Insertion

Step 1. Remowve all entries of P which are greater than or equal to b from P,

resulting in the semistandard Young tableau P<’.
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3.8.  The bounded RSK correspondence 19

Step 2. Insert a into P<° using the ordinary Schensted insertion process (as de-

scribed above).

Step 3. Place the entries of P which were removed when forming P<° in Step 1
back into the Young tableau resulting from Step 2, in the same rows from

which they were removed.

This insertion process is effectively the ordinary Schensted insertion of a into P, but
acting only on the part of P which is “bounded” by b. The fact that bounded insertion
preserves the property of being semistandard on b follows immediately from the fact that

ordinary Schensted insertion preserves the property of being semistandard.

112]3]4]
Example 3.3.4. Let P = 2y

56,7

415]7]8]

a=3, and b=4. We compute P &oa.

Step 1. Remowve all entries of P which are greater than or equal to b, resulting in

<« _ |1]2]3]
B = .

Step 2. Insert a into P<° using the Schensted insertion process: a bumps 3 from the first

row, which is placed in a new box on the right end of the second row, to form

112]3]
23] -

Step 3. Place the entries removed from P in Step 1 back into the Young tableau resulting

from Step 2, in the same rows from which they were removed, to obtain

4]

N ENINJT

= O DO | =
G| W (DO

8

We define the bumping route of the bounded insertion algorithm to be the sequence
of boxes in P, from which entries are bumped in Step 2, together with the new box
which is added at the end of Step 2.

3.3.3 Semistandard notched bitableaux
Recall the definition of a notched bitableau from Definition [3.2.5

Definition 3.3.5. The degree of (P, Q) is the number of boxes in P (or Q). A notched
bitableau (P, Q) is said to be row strict if both P and Q are row strict. A row strict

TH-2927_166123101



20 Chapter 3. The bounded RSK correspondence

notched bitableau (P, Q) is said to be semistandard if

P—Q < <P—Q, (3:33.1)

where 1 is the total number of rows in P (or Q) and for each i € {1,...,r}, P; (resp.
Qi) denotes the i-th row (from the top) of P (resp. Q). A row strict notched bitableau
(P, Q) is said to be negative if P, < Q;, i = 1,...,r, positive if P, > Q;, i =1,...,r,
and nonvanishing if either

Pi < Ql or B > Qi, (3332)

foreachi=1,... r.

Example 3.3.6. Consider the notched bitableau

(P’Q):( 45[6|7] °

—_
[\
w
EN |
oo

%)
w
[
ot

———"

We have that
1. (P,Q) is row strict.

2. PUQy = {1,2,2,3,3,4,5} < {4,5,6,7,7,8,9} = P,UQ,. Therefore, P, — Q, <
Py — Qy. Thus (P, Q) is semistandard.

3. P, <@, and Py > Q3. Thus (P, Q) is nonvanishing.
Let (P, Q) be a semistandard notched bitableau. If, for subsets 7" and W of N?,
T1 i T(g) S P(l) - Q(l) and P(r) - Q(r) S W(l) = W(g), (3333)

then we say that (P, Q) is bounded by 7',J//. Note that [3.3.3.3| combined with |3.3.3.1
implies that

Thay —Tio) < Py — Py < ... < Py = Quvy < Wy — Wa).

3.3.4 The bounded RSK correspondence

Definition 3.3.7. The bounded RSK correspondence, BRSK , a function which maps
negative multisets on N? to negative semistandard notched bitableaus.

Let
U = {(al,bl)a cey (atabt)}
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3.8.  The bounded RSK correspondence 21

be a negative multiset on N2, whose entries we assume are listed in lexicographic order.

We inductively form a sequence of notched bitableaux
(P(O)v Q(O))a (P(1)7 Q(1)>7 Ty (P(t)a Q(t))7
such that P® is semistandard on b;, i = 1, - - -, ¢, as follows:

Let (P© Q©) = (p,0) and let by = b;. Assume inductively that we have
formed (P®, Q®), such that P is semistandard on b;, and thus on b, since
biv1 < b;. Define pltl) — p(@ b<1il a;+1. Since bounded insertion preserves
semistandardness on b;,1, P is also semistandard on b;;1. Let j be the
row number of the new box of this bounded insertion. Define QU+V) to be
the notched tableau obtained by placing b;,; on the left end of row j of Q)
(and shifting all other entries of Q@ to the right one box). Clearly, P*Y and

QU*Y have the same shape.
Then BRSK (U) is defined to be (P®, Q®). In the process above, we write
(P(H-l)’ Q(H-l)) _ (P(i), Q(i)) b<iil Gir1-
In terms of this notation,
BRSK(U) = ((0,0) & a1)--- & a,.

Note: If (P, Q) is a nonvanishing semistandard notched bitableaux, we define (P, Q) to
be the notched bitableaux obtained by reversing the order of the rows of (Q, P). If U is
a positive multiset on N?, then BRSK (U) is defined to be «(BRSK (.(U))).

Example below gives an illustration of the map BRSK.

Example 3.3.8. Let U = {(2,1),(5,3), (6,4), (6,9), (8,13), (11, 13)} be a multiset on N2
Now,
{(2.1),(5,3),(6,4)} ¢ ()"

and
{(6,9), (8,13),(11,13)} c (N?)".

Let U = {(2,1),(5,3),(6,4)} and U~ = {(6,9),(8,13),(11,13)}. So U = Ut UU".

After arranging «(U") in lexicographic order, we have

(UT) ={(4,6),(3,5),(1,2)}.

Let us first apply the map BRSK on «(U™). Then
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PO = QO = ¢
PO =p & 4=[yq] QW =[¢]
p<2>_<ig,:?l Q(2>:f53
p(3):<31:i3 0® —|2/6
Therefore,
BRSK(U+) = ((BRSK(:(U))) = (g - . )

After arranging U~ in lexicographic order, we have U~ = {(11,13), (8,13),(6,9)}. Let us

now apply the map BRSK on U~. Then

PO =

PO =9 & 11 =[11
@ 7 g 8]
P 1]+ 8 i
@ _[8]2 ¢_1[6]
P <—6 5 [11]

Therefore,

prsK(U) = (S Bhy) and BRSK(W) -

8111]” [9/13]

QO =0

Q(l):

@ _[13]

"=l

) _|13]

¢ 913
6] 13
8|11 |9/13]
5/ 1[4
216] |1]3]

Now, we will state [Kre08, Lemma 6.2], which is stated below as Lemma m

Lemma 3.3.9. If U is a negative multiset on N?, then BRSK (U) is a negative semis-

tandard notched bitableauz.

In [Kre08|, Kreiman had defined the inverse of the map BRSK, which he called
reverse of BRSK, or RBRSK. First we will recall RBRSK from |Kre0§|.
The map RBRSK: The bounded insertion used to form (P, QU+D) from (P, Q®),
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3.8.  The bounded RSK correspondence 23

i =1,---,t — 1, is reversible. In other words, by knowing only (P QU+1)) one can
retrieve (P®, Q™) a;;1, and b;y1. First Kreiman had obtained b, ; it is the minimum
entry of Q' Then, it is the lowest row in which b;,,; appears in QUTY, select the
greatest entry of PUt1 which is less than b;,;. This entry was the new box on the
bounded insertion. Kreiman began reverse bounded insertion with this entry, and he
retrieved P and a,,;. Finally, Q¥ was retrieve from QU+Y) by removing the lowest
occurrence of b;,1 appearing in QU+tY. This occurrence must be on the left end of some
row. All other entries of that row should be moved one box of the left, thus eliminating
the empty box vacated by b;,1.

It follows that one can reverse the entire sequence used to define BRSK by reversing
each step in the sequence. If someone generates (P Q") via BRSK, then he or she
can retrieve the negative multiset U using this procedure. Kreiman called the process of
obtaining (P¢~1, Q1) a;, and b; from (P®, Q™) described in the paragraph above, a
reverse step and denote it by (P01 Q0=V) = (PO Q) Y ;. Kreiman called the
process of applying all the reverse steps sequentially to retrieve U from (P® Q®), the
reverse of BRSK, or RBRSK.

If U is an arbitrary multiset on N2, then in Example [3.3.8) we have seen that how we
can apply the map BRSK on U. Similarly, someone can apply reverse BRSK on any
nonvanishing semistandard notched bitableaux.

Now, we will state |Kre08, Proposition 6.4|, which is stated below as Proposition

3.3.101

Proposition 3.3.10. The map BRSK is a degree-preserving bijection from the set of
nonvanishing (resp. negative, positive) multisets of N? to the set of nonvanishing (resp.

negative, positive) semistandard notched bitableauz.
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CHAPTER 4

THE MAPS OF KODIYALAM AND RAGHAVAN

In this chapter, we will describe two important maps 7 and ¢ from [KR03|. But before
going to the description let us first fix some notation and state some definitions and results
from [KRO3|.

4.1 Basic notation

For this subsection, let us fix an arbitrary element v of I(d, N) (defined in Chapter [2),
where d and N are positive integers such that 1 < d < N. We will be dealing extensively
with ordered pairs (r,¢), 1 < r,¢ < N, such that r is not and ¢ is an entry of v. Let R(v)

denote the set of all such ordered pairs, that is,
R(v) = {(r,c) | re{l,...,2d} \ v,c € v}.

Set
Nw) :={(r,c) € R(v) | r > c},

R(v) \ N(v) :={(r,c) € R) | r < c},

OR(v) == {(r,c) € R(v) | r < ¢},

OR(v) = {(r,c) € R() | r > ¢},
ON(v) = {(r,c) € ROW) | r > c,r < ¢} = OR(v) N N(v),
ON(v) = {(r.c) € RW) | r > c,r > ¢} = OR(v) NN(v),

o(v) = {(r.c) € R(v) | r =c"},
O(R(() \ NW)) := {(r,c) € REW) | r < ¢,r > '}

25
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26 Chapter 4. The maps of Kodiyalam and Raghavan

We will refer to 9(v) as the diagonal. Figure [4.1]in Example below gives a pictorial
look of the above sets.

Example 4.1.1. Let d =7, N =14, and v = (1,3,4,7,9,10,13).

134791013
e

<— boundary of N(v)
Figure 4.1: The grid representing R(v)

The points (including the dark circles) of the above grid represent the set R(v) for
v =1(1,3,4,7,9,10,13). The path sketched on the grid by some piecewise line segments
denote the boundary of M(v). The points on this grid which lie on the boundary of MN(v)
or to the left of it belong to the set M(v). The dark circles denote the diagonal elements.
Points above the diagonal belong to the set OR(v). Again, points which are towards the
left of the boundary of MN(v), and which also lie above the diagonal, are the points of
ON(v). Points towards the right of the boundary of N(v) belong to the set R(v) \ N(v).
Points below the diagonal belong to the set 559%(11) Points below the diagonal and towards
the left of the boundary of M(v) belong to the set 55‘)?(11). Points towards the right of the
boundary of M(v) and below the diagonal belong to the set O(R(v) \ N(v)).

We will be considering monomials in some of these sets.

Definition 4.1.2. A monomzial, as usual, is a subset with each member being allowed
a multiplicity (the multiplicity taking values in the non-negative integers). The degree
of a monomial also has the usual meaning: consider the underlying set of the monomaial
and look at the multiplicity with which each element of this underlying set appears in the

monomial, the degree of the monomaal is the sum of these multiplicities.

Let monR(v) denote the set of all monomials in J(v) and TV denote the set of all

monomials in 9(v).

Definition 4.1.3. The e-degree (where € = (1,---,d)) of an element x of 1(d) is the
cardinality of x\ [d] or equivalently that of [d]\ z. More generally, given any v € 1(d), the

v-degree of an element x of I(d) is the cardinality of x \ v or equivalently that of v\ x.

Example 4.1.4. Let d = 5. So 2d = 10 and ¢ = (1,2,3,4,5). Let x = (1,2,4,6,8).
Hence in this case, the e-degree of x is 2. Again let v = (1,2,3,4,6). So according to the

definition, v-degree of x is 1.
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4.1. Basic notation 27

Definition 4.1.5. A standard monomial in 1(d, N) is a totally ordered sequence 6; >

. > 0, of elements of I(d,N). Such a standard monomial is called v-compatible if
each 0; is comparable to v (with respect to the partial order <) but no 0; equals v; it is
anti-dominated by v if 6, > v. Let S/]\Zfﬁ’ denote the set of all v-compatible standard
monomials in 1(d, N) anti-dominated by v.

Example 4.1.6. Let d = 6 and N = 13. Then the totally ordered sequence 6, =
(4,7,8,11,12,13) > 6, = (3,5,6,9,10,11) > 03 = (1,2,3,6,7,10) is a standard mono-
mial in 1(6,13). Let v = (1,2,4,7,8,11). Then the above standard monomial (namely,
6 > 02 > 05) is v-compatible because each 0; (j = 1,2,3) is comparable to v but no 6;
equals v. In fact, in this case, we have 01 > 0y > v, v > 03 and none of the 0; (i =1,2,3)

equals v. Moreover, the standard monomial 61 > 05 is anti-dominated by v because 03 > v.

The standard monomial 81 > 05 is an element of SM?v.

Definition 4.1.7. Given any p = (r1,¢1), B2 = (re,ce) in N(v), we say that B =
f

=)

(r1i,c1) > Po = (r2,¢2) if r1 > ro and ¢4 < ca. A sequence fy > ... > [, of elements
MN(v) is called a v-chain. Given a v-chain fy = (r1,¢1) > ... > by = (14, ¢), we define

sgy ... 8,0 = ({vr,...,vaf \{e1,...,e}) U{r, ..., me}

We say that an element w of I(d,N) dominates the v-chain $; > ... > [ if w >

Sﬂl N Sﬁt’U.
Figure in Example shows a v-chain for v = (1,2,4,7,8,11).

Example 4.1.8. Let d =6, N =13, and v = (1,2,4,7,8,11).
The four dark circles in this grid denote a v-chain given by p1 > (o > P3 > B4, where

1247811

— =
Do uw

. e - -
Figure 4.2: A v-chain

B = (13,1), Ba = (12,2), B3 = (10,4), By = (9,8). If we take w = (8,9,10,11,12,13),
then this v-chain is dominated by w because sg, ...szv = (7,9,10,11,12,13) < w.

Definition 4.1.9. Two elements o and B in N(v) are said to be comparable if a« >
or B> a.
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28 Chapter 4. The maps of Kodiyalam and Raghavan

Definition 4.1.10. Let S be a monomial in R(v). By av-chain in &, we mean a sequence
1 > ... > By of elements of S N N(v). We say that w dominates & if w dominates

every v-chain in &.

Definition 4.1.11. A subset & of N(v) is called distinguished if it satisfies the following
conditions:

(A) for (r,c) # (r',c) in &, we have r # 1" and ¢ # ¢,

(B) if & = {(r1,¢c1),...,(rp,cp)} withry <1y < ...< 1y, then forj, 1 <j<p-—1, we
have either c; > cji1 or 1y < Cji1.

Condition (B) can be restated as follows:

(B*) for (r,c), (R,C) in & withr < R, either C < c orr < C.

Example 4.1.12. Forv = (1,2,4,7,8,11), the subset & of N(v) given by & = {(3,2), (5, 1),
(9,8),(12,7)} is distinguished.

Proposition [4.1.13| and Remark [4.1.14] below are taken in the same way as in [KR03|,
Proposition 4.3] and [KR03, Remark 4.4].

Proposition 4.1.13. There exists a bijection between elements w of 1(d,N) satisfying
w > v on the one hand and distinguished subsets of M(v) on the other hand. We denote

this bijective correspondence by w <> G, .

Proof. Given w > v, consider the sets {vy, -, v} \ {wy, -, wg} and {wq, -, wa} \
{v1,+-+,vq}. Both these have the same cardinality ¢ = v-degree(w) (stated in Definition
. The first set provides us with the column indices of elements of G,,, the second with
the row indices. If we arrange the row indices in an decreasing order, say r; < --- < 1y,
then there is a unique way to arrange the column indices such that condition (B*) stated
above is satisfied: proceed by induction, and if ¢, -, ¢; have been chosen, choose ¢;j;;
to be the maximum among the remaining column indices that are less than 7;;. This
defines the map w — &,,. It is clear that cardinality of &, equals v-degree(w).

For the converse part, given &, to obtain w, start with v = (vy,---,v,), delete those
entries that occur as the column indices in &, add those that occur as row indices in S,
and finally arrange the entries in increasing order. It is readily seen that the two maps

are inverses to each other. [
Remark 4.1.14. 1. Subsets of distinguished monomials are themselves distinguished.

2. If & is a subset of M(v) satisfying the condition (A), then we can still define a
corresponding element w of I(d, N) as in the proof of the Proposition . If
S C & are subsets of MN(v) satisfying condition (A) stated above, w and W being the
corresponding elements of 1(d, N), then w < .
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Definition 4.1.15. Let & be a non-empty monomial in N(v). If fy > -+ > By is a
v-chain i &, then we call By the head of the v-chain and B; its tail. We call t to be
the length of the v-chain. We say that an element  of & is t-deep in & (where t is a
positive integer) if B is the tail of a v-chain in & of length t. The depth of B in & is
defined to be t if B is t-deep in &, but not (t + 1)-deep in S.

Example 4.1.16. Let v = (1,2,4,7,8,11) and & = {(9,1),(6,2),(5,4),(13,8),(12,11)}
be a monomial in N(v). Let B = (5,4). Then it is easy to see that ( is 1-deep, 2-deep,
and 3-deep in &. But 8 is not 4-deep in S. In fact, (9,1) > (6,2) > (5,4) is a v-chain
in & and this is a v-chain in & of mazimum length having 5 = (5,4) as its tail. Hence,
the depth of B in & is 3 here.

Proposition 4.1.17. No two elements of the same depth in N(v) are comparable.

Proof. Let a and B be two elements in 91(v) of the same depth k. Without loss of

generality, suppose o > (3. Since the depth of « is k, so there exists a v-chain (r1,¢;) >

- > (rg_1,ck-1) > «, that is « is the tail of the v-chain of length k. Then (rq,¢;) >

- > (rp_1,c5-1) > a > [ will be the v-chain of length k + 1 and f is the tail of that
v-chain, a contradiction as the depth of § is k.

O

We will now recall the map 7 of [KR03].

4.2 Description of the map =

Let v be an element of I(d, N). Now, the map 7 is a function from T to I(d, N) x T"

(where TV denotes the set of all monomials in 91(v)). For any monomial & in 7%, set
m(8) = (w,6),

where w and &) are described after Definition [4.2.2] This map enjoys the following good

properties:
Proposition 4.2.1. 1. w > wv.
2. v-degree (w) + degree(GW) = degree(S).
3. w dominates W),
4. w is the least element of I(d, N) that dominates &.

Proof. The proof is given in [KR03|, §4.3|. Hence we omit the proof. O
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30 Chapter 4. The maps of Kodiyalam and Raghavan

Now, let us describe the map 7.

Let & be a non-empty monomial in the elements of 91(v). We partition & in two stages.
First we partition & into subsets &1, - - -, Sy, where k is the largest length of a v-chain in
S: B € G belongs to 6; if it is j-deep but not (j + 1)-deep.

Now, we partition each &; into subsets called blocks as follows. We arrange the
elements of &, in non-decreasing order of their row numbers (all arrangements are from
left to right; and elements occur with their respective multiplicities). Among those with
the same row number, the arrangement is by non-decreasing order of column numbers.
Two consecutive members (r,¢), (R, C) in this arrangement are said to be related (that

is they are in same block) if r > C.

Definition 4.2.2. The blocks are the equivalence classes of the smallest equivalence re-
lation containing the above relations. Let {(r1,c1), -, (rn,cn)} be a single block, where
M <rg< - <rypandcy <y <--- < ¢, Then (r1,c1) is called the first element of
the block and (ry, c,) is called the last element of the block. By a singleton block, we

mean blocks which contain only one element.
Let B be a single block of some &;. Let

(rlacl)a Ty (Tp7cp)

be the elements of 2B written in non-decreasing order of both row and column numbers
(in such an arrangement, the elements occur with their respective multiplicities). We set
w(*B) := (1, ¢1) and B’ to be the monomial

{(7"1, CQ)? (7’2, 03)7 ©009 (Tp—27 Cp—l)’ (rp—lv Cp)}‘

Set 6;1) := UyB’ (where the index B runs over all blocks of &;) and &) := U?ZIC‘S;D.
It follows from |[KRO03, Corollary 4.13] that the set

{w(*B) | B is a block of &}

is a distinguished subset of 91(v). Let w be the corresponding element of I(d, N) (under
the correspondence given in Remark [4.1.13)). Set

7(6) == (w,6W).

This finishes the description of the map 7 of [KRO3].
Example below gives a detailed illustration of the map 7 of [KR03].

Example 4.2.3. Let d = 6, N = 13, and v = (1,2,4,7,8,11). The dark circles in the

TH-2927_166123101
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grid in Figure represent a monomial & in N(v), where
S =1{(3,2),(5,4),(6,2),(9,1),(9,1),(10,7), (10,7), (10,7), (10, 8), (12,1), (13,4) }.

The numbers written near the dark circles denote the multiplicities of these elements in

the monomial &. For this monomial S, we have
S ={(9,1),(9,1),(12,1),(13,4)},

S, ={(3,2),(6,2),(10,7),(10,7), (10,7), (10, 8) },
and &3 = {(5,4)}.

Here &, and S3 are single blocks. And Sy has two blocks given by {(3,2),(6,2)} and
{(10,7),(10,7),(10,7),(10,8)}. The dark line segments on the grid show the block decom-
position of the monomial &. The set

{w(B)|B is a block of &} = {(13,1),(6,2),(10,7),(5,4)}.

Therefore, w = (5,6,8,10,11,13) and

3 -—01

5 1

6 01

9 02

10 . . 03—01

" 1 «— boundary of 9t(v)
® . . . .

13 —._.1 . . ]

Figure 4.3: A monomial &

M ={(9,1),(9,1),(12,4), (3,2), (10,7), (10,7), (10,8)}.

Using 7, we now recall the map 7 of [KRO03| from 7" to SMv. Proceed by induction
on the degree of an element & of 7. The image of the empty monomial under 7 is taken
to be the empty monomial. Let & be non-empty and suppose that 7(&) = (w, &), By
(1) and (2) of Proposition [4.2.1] the degree of &™) is strictly less than that of &, and
so by induction, 7#(&W) is defined. Suppose that 7(&")) = w’ > .... By induction we
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32 Chapter 4. The maps of Kodiyalam and Raghavan

also know that, the degree of &V is the same as that of w’ > ... and that w’ is the least
element of I(d, N) that dominates &), By (3) of Proposition [4.2.1, we have w > w’, and
we set 7(&) := w > 7(GW). This finishes the description of the map 7 of [KR03].

Example 4.2.4. For the monomial & in Example[}.2.3 above, we have 7(S) = (5,6, 8, 10,
11,13) > (3,4,8,10,11,12) > (2,4,7,8,10,11) > (1,2,7,8,10,11) > (1,2,4,8,9,11) >
(1,2,4,7,9,11).

4.2.1 Some necessary results

Before going to the description of the map ¢ of [KRO3| let us first state some results
from [KRO3| (the proofs of which can be found in [KR03|), which are needed to describe
the map ¢ of [KR03|.

Lemma 4.2.5. Let 51 = (ri,¢1) > -+ > By = (r,¢) be a v-chain, w an element of
I(d,N) with w > v, and S, the distinguished subset of M(v) associated to w. Then w
dominates 81 > -+ > B, if and only if there exists a v-chain a; = (Ry,Cy) > -+ > o =
(R, Cy) in 8y, such that C; < ¢; and R; > rj, for1 < j <t.

Lemma 4.2.6. Let 5 = (r,c) be an element of M(v) and w an element of I(d, N) such
that w > sgv. Then there exists an element (R,C') in the distinguished monomial S,
associated to w such that C' < c and r < R.

Corollary 4.2.7. Let w be an element of I(d, N) and &, the corresponding distinguished
subset of M(v). For a positive integer j, let &I denote the subset of &, of those elements
that are j-deep, and w’ the corresponding element of I(d,N). Let f; = (ry,c1) > -+ >

By = (ry, ¢t) be a v-chain.

1. If w* dominates B > -+ > B, then w** dominates B > - -+ > ;, w**? dominates
B3 > ---> B, and so on.

2. If for integers | > k, there exists (R,C) in &' such that C < ¢; and ry < R, and
wkt! does not dominate By > --- > B, then w**? does not dominate By > -+ > f3;,
wkt does not dominate B > --- > B, and so on until, finally, w'™' does not
dominate By_pyq1 > -+ > Py

4.3 Description of the map ¢

Let w be an element of I(d, N) with w > v. Now, before going to the description of the
map ¢ we need to fix a notation.
Notation: Let mon,s,M(v) denote the set of all monomials in 9%(v) which are

dominated by w.
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Now, ¢ is a mapping from {w} X mon,.s,M(v) to T. It takes a pair (w,¥) as input (
where ¥ is a monomial in Mmon,s,M(v)) and produces an element T’ in T as output.
That is

H(w,T) =%

Let &,, be a monomial in D(v) associated to w as in Proposition |4.1.13} and %k be the
maximum length of a v-chain in &,. For a positive integer 7, 1 < j < k, let &/ be
the subset of elements of &,, that are j-deep. Let w’ be the element associated by

Proposition [4.1.13[ to &7, we have, w = w! > -+ > w* > v (see Remark |4.1.14)). Clearly,
S,=6LD2...D6k.

For a positive integer j, 1 < j < k, let T/ be the subset of T of elements 3 such that
(—_—"

and every v-chain in T with head § is dominated by w?. Then ¥/ forms a partition of ¥

B is the head of a v-chain in ¥, dominated by w’ but not by w/*! (we set w**

(some of the T/ could be empty). Two distinct elements belonging to the same T/ are
not comparable: let 3, 3’ both are elements of T/ such that 3 > 3. Since ' belongs to
TJ 5o there exists a v-chain 8 > - - in T that is not dominated by w’™!, so by Condition
(1) of Corollary [4.2.7} the v-chain 3 > 8’ > -- - is not dominated by w/.

We now further partition each T/ into subsets called pieces as follows:
let &, ; denote the set of all elements of &,, that are j-deep but not (j+ 1)-deep. Clearly,

no two distinct elements of &,, ; are comparable.

Now, we will state [KR03, Lemma 4.1.7], which is stated below as Lemma and
the proof can be found in [KRO03|.

Lemma 4.3.1. For an element (r,c) of T | there exists a unique element (R,C) of &, ;
such that C' < c¢ andr < R.

We will index the pieces of T/ by elements of S, ;. Let = (R, C) be an element of
S,;. Then the corresponding piece ps of T/ consists of all those (r,¢) in T with r < R
and C' < ¢. Of course, some of these pieces could be empty. Let us arrange the elements
of ps in non-decreasing order of the row entries; among those with equal row entries the
arrangement is by non-decreasing order of column entries. Since no two distinct elements
of T/ are comparable, the column entries are also in non-decreasing order. Suppose the

arrangement is

(Tla Cl)a (T2a 02)7 Ty (rp7 Cp)'

Note that C' < ¢; and r, < R. Let pg denote the monomial

{(Th C)? (T27 cl)? Ty (Tpv Cp—1)7 <R7 Cp)}'
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Clearly, elements of pj also belong to 9t(v). Set

(@)= U

BEG Y,

o(w, ) = J(®)"
J
This finishes the description of ¢.
Now, we will state [KR03|, Proposition 4.2], which is stated below as Proposition ,
and the proof can be found in [KRO03|.

Proposition 4.3.2. The maps © and ¢ are inverses to each other.
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CHAPTER 5

‘—RELATION BETWEEN THE MAPS BRSK AND 7«

5.1 Relation between the maps BRSK and 7 for a mono-
mial in 91(v)

5.1.1 Statement of the main theorem

The main results of this chapter are Theorem and Corollary below.

Theorem 5.1.1. Let U be a finite monomial in N(v). Let 7(U) = (wp, UW), 7(UW) =
(wy,UP),--- and so on till 7(U™) = (wy,, D), where () is the empty monomial . Then
for each r € {0,1,---,m}, the following holds :

(1) all the row numbers of the distinguished subset &,,. (corresponding to w,) consist of
the ((m + 1) — r)-th row entries of the left hand notched tableau of BRSK(U).

(11) All the column numbers of &, comprise of the ((m + 1) — r)-th row entries of the
right hand notched tableau of BRSK (U).

Example below illustrates Theorem [5.1.1]

Example 5.1.2. Letd =6, N =13, andv = (1,2,4,7,8,11). Let U be a finite monomial
in N(v) given by

U =1{(3,2),(5.4),(6,2), (9,1), (9, 1), (10, 7), (10,7), (10,7), (10,8), (12, 1), (13, 4)}.
Then 7(U) = (wo, UMW), 7(UW) = (w, UP), ---, and so on till 7(U®) = (ws, D), where
wo = (5,6,8,10,11,13), wy = (3,4,8,10,11,12), ws = (2,4,7,8, 10, 11),
wy = (1,2,7,8,10,11), wy = (1,2,4,8,9,11), w5 = (1,2,4,7,9, 11)

35
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36 Chapter 5. Relation between the maps BRSK and 7

and
UD ={(9,1),(9,1), (12,4), (3,2), (10,7), (10,7), (10,8)},

U ={(9,1),(9,4), (10,7), (10,8)},U? = {(9,4),(9,7),(10,8)},

UD = {(9,7),(9,8)},U® = {(9,8)}.
9] 8]
9 7
Here m =5 and BRSK(U) = }—8 , %
31012 1]2]7
5061013 [1]2]4]7]

Also, Gy, = {(13,1), (6,2), (10,7), (5,4)}, Gu, = {(12,1), (3,2),(10,7)}, Gu, = {(10,1)},
Guw, = {(10,4)}, &4, =1{(9,7)}, and &,,, = {(9,8)}. For each r € {0,1,---,5}, condi-
tions (i) and (ii) of the above theorem hold true. For example, if we take r = 1, then all
the row numbers of the distinguished subset &, are given by {3,10,12}, which are the
((5+1) = 1)-th row entries of the left hand notched tableau of BRSK(U). Similarly, for
the column numbers of &,,, which comprise of the ((5+1) —1)-th row entries of the right
hand notched tableau of BRSK(U).

Corollary 5.1.3. For any finite monomial U in N(v), 7(U) = BRSK(U).

Before we go into a proof of Corollary we have an important remark (namely,
Remark [5.1.4)), and an example (namely, Example [5.1.5)) below, which together illustrate

Corollary [5.1.3]

Remark 5.1.4. In Corollary[5.1.3 above, when we say that 7(U) = BRSK (U), we mean
the following: let BRSK(U) = (P,Q). Let Py,---, P, (resp. Q1,---,Q,) denote all the
rows of P (resp. @) from top to bottom. Then we mean that 7(U) equals the standard
monomial P, — Q, > +-- > Py — Q1 (where P, — Q; has to be interpreted as P;\J (v \ Q)

in the sense of §3.1)).

Example 5.1.5. For the monomial U in Ezample we have 7(U) = wy > wy >
- > ws, where wy, ..., ws are as given in Example . It is now easy to verify (using
Remark([5.1.4] above) that 7(U) = BRSK(U). BRSK(U) is given in Ezample[5.1.9 above.
Let Py, ..., Ps denote the rows (from top to bottom) of the left hand notched tableau of
BRSK(U). Similarly, let Qq,---,Q¢ denote the rows (from top to bottom) of the right
hand notched tableau of BRSK(U). Then observe that wy = Ps — Qg, w1 = P5 — Q5,ws =
Py — Q4w = Py — Q3,wy = Po — Q2, and ws = P, — Q. Hence 71(U) = BRSK(U).

Proof of Corollary [5.1.3: According to the notation used in the statement of The-
orem 5.1.1} we have 7(U) = wy > wy > -++ > w,. We need to show that 7(U) =
BRSK(U) for any finite monomial U in (v).
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Let BRSK(U) = (P,Q). In view of Remark and the notation used in the
statement of Theorem [5.1.1] it suffices to show that for each r € {0,1,---,m}, we have:

P(m+1)—'r - Q(m—i—l)—r = Wy,

where P,11)—, (respectively Qn41)—,) denotes the ((m+1) —r)-th row of P (respectively
@) from the top. But we can interpret Pp,i1)—p — Qmt1)—r 88 Pimt1)—r U (0 \ Q(nt1)—r)
(in the sense of §4 of [Kre08|). So in other words, it suffices to show that

P(m—l—l)—r J (U \ Q(m—l—l)—r‘) = Wy.

But from the statement of Theorem [5.1.1, we have that all row numbers of the distin-
guished subset &,, (corresponding to w,) consist of the entries of P, 41)—r, and all column
numbers of &, consist of the entries of Q(41)—r. Now, if we look at the proof of Re-
mark (the second paragraph of the proof, to be more precise), it follows from the

procedure given there that
(the row numbers of &, ) U (v \ the column numbers of &,, ) = w,.

But observe that the row numbers of &,,, are nothing but the entries of P, 41)—, and the

column numbers of &,, are the entries of Q(n41)—r O

Definition 5.1.6. Let 95,,...,B; be all the blocks of &;, where By contains the ele-
ment(s) of &; having the least row and column number. Then B, is called the topmost
block of & of depth j.

5.1.2 The strategy and the proof of Theorem [5.1.1

In this subsection, we will frequently use Definitions [£.2.2] and [5.1.6] The reader is urged

to recall these definitions.

Let n be a positive integer. Let U be a finite monomial in 9(v) of cardinality n. Then

U can be regarded as a positive multiset on N? of degree n . Now, we know from the note

of §3.2.7/that BRSK(U) = «(BRSK(¢(U))) (where ¢ has stated in Definition [3.1.2)). Let
(P™ . Q™) denote BRSK (1(U)). Tt then follows from the definition of ¢ that for proving
Theorem [5.1.1] it suffices to prove the following:

Theorem 5.1.7. With notation as in the statement of Theorem[5.1.1] the following two
statements hold true for each r € {0,1,--+ ,m}:

(1) the column numbers of the elements of &,,. consist of the (r + 1)-th row entries of
pn.

(ii) The row numbers of the elements of &, consist of the (r + 1)-th row entries of Q™.
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Observe now (with the notation used in Theorem [5.1.1]) that for each r € {0,1,- -, m},
we have 7(U™) = (w,,UV), and &,, is the distinguished monomial in 9(v) corre-
sponding to w,. It now follows from the description of the map 7 (on any finite monomial
in 9(v), as given in that it suffices to prove the following:

Theorem 5.1.8. With notation as in the statement of Theorem[5.1.1] the following two
statements hold true for each r € {0,1,--- ,m}:

(i) the least column numbers of all blocks of U™ consist of the (r + 1)-th row entries of
pn.

(i3) The largest row numbers of all blocks of U™ consist of the (r + 1)-th row entries of
QM.

We will prove Theorem by induction on the cardinality n of U.

The induction hypothesis: Theorem is true for all finite monomials U in Dt(v)

having cardinality < n — 1.

If n = 1, the theorem is obvious. So we assume that n > 1. Let ¢ be the involution
map which was described in Definition [3.1.2] Let U be a monomial in 9(v) of cardinality
n. Arrange ((U) in lexicographic order (which is stated in Definition [3.2.7), say, +(U) =
{(a1,b1), (ag,b2), -+, (an,by,)}. Let F = {(b1,a1), (b2,az), -, (bn_1,a,-1)}. Then b, <
b,—1 and if b, = b,_1, we have a,,_1 > a, (by the definition of lexicographic order). The
element (b,,a,) enters into F to make it U. Let BRSK («(F)) = (P™ Y, Q"1). Then
we have:

(P™, QM) = BRSK (1(U)) = (P, QD) & g,

To explain the strategy and the proof further, first we need a definition (see Definition
below) and a Lemma (see Lemma [5.1.11| below).

Definition 5.1.9. Let {(R;, Ch), (R2,Cs), - - -, (R,, Cp)} be a block B of some finite mono-
mial & of M(v). Let b, < Ry be such that b, € [N]\ v and b, > Cy. Let a, € v be such
that a, < Cy. Then we say that {(b,,an), (R1,Ch),- -, (R,, Cp)} is a left concatenation
of B by (by,an).

Example [5.1.10| below illustrates the above definition of left concatenation of a block.

Example 5.1.10. Let d =9, N =17, and v = (1,2,4,6,7,11,12,13,15). Let S be the

finite monomial in N(v) given by
S ={(8,2),(8,2),(8,6),(8,6),(8,7),(9,2),(10,1), (14, 13), (16, 12), (16, 13), (17, 11)}.

Figure[5.1] shows the monomial & and its block decomposition. The dark circles denote the

elements of the monomial S, and the numbers written near these dark circles denote the
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multiplicities with which these elements occur in the monomial &. The dark line segments
(in case of blocks consisting of more than one distinct elements) and the dark circles (in

case of blocks consisting of a single element possibly appearing more than once) are the

blocks of G.

10 11 12 13
14 P 15

1

17

Figure 5.1: The monomial & and its block decomposition

Consider the block B of & given by B = {(8,6),(8,6),(8,7)}. Thenp =3, (Ry,C}) =
(Rq, Cy) = (8,6), and (R3,C3) = (8,7). Let (by,an) = (8,4). Then b, < Ry, b, € [N]\ v,
and b, > Cy. Also, a, € v and a, < Cy. Observe that {(8,4), (8,6),(8,6),(8,7)} is a
left concatenation of the block B by (b, a,) = (8,4) (see Figure for an illustration).
The dark circles in Figure[5.9 denote the elements of the monomial S U {(8,4)}, and the
numbers written near these dark circles denote the multiplicities with which these elements
occur in the monomial & U {(8,4)}. The dark line segments (in case of blocks consisting
of more than one distinct elements) and the dark circles (in case of blocks consisting of a

single element possibly appearing more than once) are the blocks of G U{(8,4)}.

10 11 12 13
14 * 15

|

Figure 5.2: Left concatenation of a block
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Lemma 5.1.11. Let U = {(b1,a1), (bs,a2), -, (bn,a,)} be a finite monomial in N(v)
such that (U) is in lexicographic order (which is stated in Definition [3.2.7). Let F =
{(b1,a1), (ba,a2), -+, (bn—1,an-1)}. The element (b,,a,) enters into F' to make it U. Then
either the singleton set {(bn,a,)} is itself a block in U or the element (b, a,) left concate-
nates a block of F.

Proof. Suppose the singleton set {(b,,a,)} is not a block in U and the element (b,,a,)
does not left concatenate any block of F' as well.

Then there exists a block B of F' such that in the process of forming the monomial U
from the monomial F', the element (b, a,) gets added to the block 8 of F', but not at the
leftmost end. Observe now that b, is the least possible row number among all elements of
U. All these facts put together imply that there exists an element (b,,p) € B such that
p < a,. This in turn implies that there exist(s) element(s) in F' having row number b,.
So, we must have b,_; = b,. But then since (b,,p) € F, it follows from the definition of

lexicographic order that a, < p. This contradicts the fact that p < a,. ]

Recall that our goal is to prove Theorem above. Let F' and U be as in the
statement of Lemma [5.1.11 above. Then we can easily see (from the statement of
Lemma |5.1.11]) that we can divide the proof of Theorem into 2 cases:

Case I: when the singleton set {(b,,a,)} is itself a block in U.

Case II: when the element (b,, a,) left concatenates a block of F.
Case 1

In this case, we can easily see that all the blocks of U other than the block {(b,,a,)} are
same as all the blocks of F. In fact, the block {(b,,a,)} is the topmost block of U of
some depth (say, k). This is simply because b, is the least possible row number among
all elements of U.

Let U® = U and 7(UM) = (w,, U"V) for all r € {0,1,---,m} (where the integer m
is as given in the statement of Theorem . Similarly, it also holds true for F'. Then
it is easy to see that for each r € {0,1,---,m}, all the blocks of U*+Y are going to be
the same as all the blocks of F(*1),

Clearly, in this case, (b,, a,) becomes an element of &,,,. Hence we must have that a,
is an entry in the (0 + 1)-th row of P(™ and b, is an entry in the (0 + 1)-th row of Q™.
All other entries of (P™, Q™) remain the same as in (P™Y, Q1) (in the same rows).

So, to prove Theorem [5.1.8] all that we need to show is the following:

e during the process P~ & a, of bounded insertion, the element a,, gets placed in

the first row of P(®~1<b» and @,, bumps nothing.
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This is achieved by Lemma below and Lemmal5.2.1]is used in the proof of Lemmal5.2.3]
Lemma [5.2.1] is stated and proved in §5.2.1] below and Lemma [5.2.3] is stated and proved
in below. This finishes the proof of Theorem in this case.

Case 11

The proof in this case follows directly from the statement of Lemmal5.2.7 together with the
statement of Lemma . Lemmaprovides a precise description of what happens (at
each stage) to the blocks of a finite monomial F' in 91(v) (when the element (b, a,) enters
into it to make it U) under the procedure given by the map 7 of . Again, Lemma
provides the analog of Lemma in terms of the map BRSK of Definition [3.2.7] The
interrelation between Lemma and Lemma [5.2.7] is the following:

with notation as in Lemma |5.2.5, a block of F® is left concatenated by (b,,*) (during
the process of transition from F' to U) <= there is a bumping at the (¢ 4+ 1)-th row of
P where t € {0,1,---,k'}.

This interrelation is proved inside the proof of Lemma [5.2.7, which finishes the proof of
Theorem [0.1.8 in this case.

5.2 Lemmas needed to prove Theorem [5.1.8

In this section, we will frequently use Definitions [£.1.15] £.2.2] and [5.1.6] The reader is
urged to recall these definitions.

5.2.1 A general lemma

In this subsection, we are going to prove a lemma, which is crucial in the proof of
Lemma [5.2.3] which in turn is used to prove Theorem [5.1.8]in Case I.

Let k be a positive integer such that elements of depth k exist in the monomial F'.
Let {(r1,¢1),- -+, (1p,¢p)} denote the topmost block of F' of depth k, where the elements
of the block are written in non-decreasing order of both row and column indices. It then

follows from the induction hypothesis that ¢; is an entry in the first row of P"~1.

Lemma 5.2.1. The entries in the first row of P™~Y which are strictly less than ¢y, are

the column numbers of the first elements of some blocks (here we consider the blocks in

the sense of Deﬁnitz’on of F' of depth < k (here we consider the depth in the sense
of Definition [4.1.15).

Proof. Suppose not. Say, some py;/(< ¢1) is the column number of the first element of
some block B of F' of depth greater than or equal to k. Say, the first element of the block
B is (Rvplj’>'
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Case (i) : R>n

If R > rq, then we will have (R, p1j:) > (r1,¢1). As depth of (R,pyj) > k, so in this case,
(r1,c1) will have depth > k in F', a contradiction.

Case (ii) : R=n,

As R = ry and pyj < ¢, so if the depth of (R,p1;7) > k, then depth of (r1,¢1) > k (a
contradiction because the depth of (r,¢1) = k). Now, if depth of (R, pi1;) = k, then the
depth of (r1,¢;) > k. For the case when the depth of (rq,¢;) is greater than k, again we
get a contradiction. But if depth of (r1,¢1) = k then (rq,¢;) cannot be the first element
of the topmost block of F' of depth k (because we have p1;; < ¢; and we have arranged
the row and column indices of the topmost block of F' in non-decreasing order), again a
contradiction.

Case (iii) : R<r;

If (R,p1,;) is of depth k, then clearly, (r1,¢;) cannot be the first element of the topmost
block of F' of depth k (as we have taken p;;; < ¢; and we have arranged the row and
column indices of the topmost block of F' in non-decreasing order). If (R, p1;) has depth
s > k, then there exists a v-chain of length s having tail (R,p1;). Say, the v-chain is
(e1, f1) > (e2, f2) > -+ > (es, fs) = (R,p1j). Then (e, fr) will have depth k in F. If
er < ri, then actually (r1, c;) is not the first element of the topmost block of F' of depth
k, a contradiction. If e, > ry, then (e, fx) > (r1,¢1), a contradiction to the depth of
(r1,¢1) in F' (as both (r1,¢1) and (e, fi) are of depth k and by Proposition [£.1.17] no two
elements of same depth are comparable). ]

Example below illustrates Lemma

Example 5.2.2. Letd =9, N = 17, and v = (1,2,4,6,7,11,12,13,15). Let F be the

finite monomial in N(v) given by
F=1{(82),(82),(86),(86),(87),(9,2), (10, 1), (14, 13), (16,12), (16, 13), (17, 11)}.

Figure shows the monomaal F' and its block decomposition. The dark circles denote the
elements of the monomial I, and the numbers written near these dark circles denote the
multiplicities with which these elements occur in the monomial F'. The dark line segments
(in case of blocks consisting of more than one distinct elements) and the dark circles (in
case of blocks consisting of a single element possibly appearing more than once) are the
blocks of F. Let BRSK(.(F)) = (P, Q=Y),

Then

2[611[12[13]
13

1 9[10[14/16/17|
2
(‘P(n—l)7 Q(n—l)) _ l 7
6
7]
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9 1

10 11 12 13

14 * 15

16 ‘
1

17 !

Figure 5.3: The monomial F' and its block decomposition

Let k = 3. Then {(r1,c1), (r2,¢2), (13,¢3)} is the topmost block of F of depth k, where
(ri,¢1) = (r2,c2) = (8,6), and (r3,c3) = (8,7). Here ¢; = 6. Observe that, ¢; = 6 is an
entry in the first row of P™=1 . Also Observe that, the entries in the first row of P
which are strictly less than ¢y are 1 and 2. Note that 1 and 2 are the column numbers of
the first elements of some blocks of F' of depth < k = 3. In fact, 1 is the column number of
the first element of the block {(10,1)} of F', which is of depth 1. Similarly, 2 is the column
number of the first element of the block {(8,2),(8,2),(9,2)} of F', which is of depth 2.

5.2.2 Lemma for Case 1

Lemma 5.2.3. Let (b,,a,) enter into the monomial F to make it U in such a way that
the singleton set {(by,a,)} becomes the topmost block of U of depth k, and the next block
of U of depth k from the top being {(r1,c1), (12, ¢2),- -+, (rp,¢p)}. Then the entries in the
first row of P~ which are strictly less than b, are all strictly less than a,. Furthermore,

the largest row numbers of all blocks of F' are all strictly bigger than b,,.

Proof. Tt follows from the hypothesis of this lemma that b, < ¢; (as (by,a,) is an entry
of the first block of depth k and (r1,c1) is an entry of the second block of depth k),
b, <11 <ryg <---<ryand a, < ¢ < ¢y <--- < ¢, (as the second block of depth k&
lies in the below and right side than the first block of depth k). It also follows from the

n=1) contains the smallest column numbers

induction hypothesis that the first row of P!
of each block of F'. In particular, it contains the entry c;.

We will prove this lemma by method of contradiction. Suppose the conclusion of this
lemma does not hold. Say, some entry p;j, of the first row of P("~1) which is strictly less
than b, is greater than or equal to a,. Then we have a,, < pyj, < b, < ¢;. By induction

hypothesis, we know that py;, is the smallest column number of some block of F', say
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block ®. Since pyj, < ¢, it follows (from Lemma that the block © has depth < k.
Say, © is a block of depth s(< k). Now, since (b,,a,) is of depth k in U, there exists
an element (R,C) in U of depth s (< k) such that (R,C) and (b,,a,) form a v-chain.
That is, b, < R and C' < a,. Say, (R,C) lies in the block 8 of U. Clearly then, B # ©
(since (R, () lies in the block B of U, which is of depth s and C' < a,, it follows that the
smallest column number of the block B is less than a,; but the smallest column number
of the block ® is py;, which is greater than or equal to a,.). Let (R, C) be the last element
of the block B. Then R < R and C < C.

Hence, we have R>R> b, > p1j, = R > P1jo- That is, B and © are not two
different blocks of depth s, a contradiction.

It now remains to prove the last assertion of this lemma. We will prove it by the
method of contradiction. Suppose not, say there exists a block B of F' whose largest row

number R is less than or equal to b,,.

Since b, is the least possible row number among all elements of U, it follows that
R = b,, and that all the elements of the block 9B of F' will have row number b,,. Let (b, p)
denote the first element of 8. Since there exists an element in F' having row number
b, (namely, (b,,p)), it follows that b,y = b,. Then from the definition of lexicographic
order, it follows that a, < p.

Since the singleton set {(by,a,)} itself is a block in U, it follows that (b,,a,) and
(bn, p) cannot have the same depth in U. Let k be the depth of (b,,a,) in U and s be the
depth of (b,,p) in U. We have s # k.

If s < k, then there exists an element (e, f) in F' (and hence in U) such that (e, f) is
of depth s in F and (e, f) forms a v-chain with (b,, a,). But then, since a,, < p, we can
casily see that (e, f) will form a v-chain with (b,, p) as well. This contradicts Proposition
4117

If s > k, then by some similar arguments, we will either arrive at a contradiction to the
fact that no two elements of the same depth are comparable or arrive at a contradiction
to the fact that the singleton set {(b,,a,)} is a block in U. O

Example below illustrates Lemma [5.2.3]

Example 5.2.4. Let d, N,v, F be as given in Example above. Then (P"1, Q1)
is also given in Example above. Let (by,a,) = (5,4) and k = 3. Then (b,,ay)
enters into the monomial F' to make it U in such a way that the singleton set {(b,, a,)}
becomes the topmost block of U of depth k. Observe that, the entries in the first row of
P®=1) which are strictly less than b, =5 are 1 and 2. Both 1 and 2 are strictly less than
a, = 4 as well. Also observe that, the last assertion of Lemma also holds true in

this example.

TH-2927_166123101



5.2. Lemmas needed to prove Theorem 5,1.31 45

5.2.3 Lemmas for Case II

Lemma 5.2.5. Let {(r1,¢1),- -, (1p, )} be the topmost block of F of depth k. Let (b, ay)
enter into the monomial F' to make it U in such a way that {(bn,an), (r1,¢1), -+, (rp,¢p)}
becomes the topmost block of U of depth k. Let m be the positive integer as given in
the statement of Theorem [5.1.1, Let U©) := U, then there exists an integer k' where
0 <k <m—1 such that:

(i) for each t € {0,1,--- k'}, all the blocks of U except one are the same as the blocks
of F® . The one block of U that is different, is, in fact, a left concatenation of a block
of F® by (b, *), where  is some entry of v which is > a,.

(i) The set of all blocks of U+ is equal to the set of all blocks of F**Y union one
more block, which is of the form {(b,,*)}, where x is some entry of v which is > a,,.
(i) For each t € {k'+2,---,m}, the set of all blocks of U is the same as the set of all
blocks of F©®).

Proof. Clearly, all blocks of U except one (namely, {(b,,,a,), (r1,¢1),...,(rp,¢p)}) are the
same as all blocks of F', and the block {(b,, ay), (r1,¢1), ..., (rp, ¢p)} 1S a left concatenation
of the block {(r1,c1), ..., (rp,¢p)} of F by (b, ay).
Let B1,B,,---,DB,, denote all the other blocks of U or F (they are the same!). U®
contains the elements (b,,c;), (r1,¢2), -+, (rp_1,¢,), and all other elements of U are
given by B, -+, B/, . If {(bs, 1)} is a singleton block in UM, then &’ = 0.

Suppose now, {(b,,c1)} is not a singleton block in U®.
Claim: There exists a block in U™, which is a left concatenation of a block of F() by
(b, c1)-
Proof of claim: Suppose not. Then (b, c;) is not the first element of any block of U®).
Since (b,,c;) € UM, there exists some block (say, ) of UM such that (b,,c;) € D,
9D ={(rn,a), -, (")}, and (b,,c1) = (15,¢;) for some j € {2,---,k}. Since b, < b;

for all i € {1,---,n — 1} (we have taken b, in such a way), we have 17 = -+ =7, = b,,.
Also, since {(71,61), -+, (7, &)} is a block (of UMW), we have & < -++ < & = ¢;. Since
rn =---=7; =b, and (b,,c1) is not the first element of any block of UM we must

have & < ¢;. Observe that the element (77, ¢;) actually belongs to F() (because U™ and
FO differ only by one element, namely (b,,c;) and ¢ < ¢;). This implies that there had
existed an element (b,,p) in F such that p < ¢&. Clearly, p > a,, (because a, is the least

column number of any element in U having row number b,). So we have,
an <p<ér<er.
In particular, we have a,, < c;.

Case (I): If p = a,.
In this case, we have (b,,p) = (b,,a,) € F. Clearly then, b, = b,_1 and a, = a,_;1.
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Since b, < b; for all i € {1,---,n — 1} and a,_1 (= a,) is the least column number of
any element in F' having row number b, 1 (= b,), we must have that (b,,p) = (b, a,)
is the first element of the topmost block of F' of some depth. So, when (b,,a,) enters
into the monomial F' to make it U, it gets added to the same block of F' to which
(bn,p) = (by,ay) belongs. Therefore, the block {(r1,¢1),---, (1,¢,)} of F, to which
(b, a,) gets added, must have the property that (ry,c;) = (bn,an,). This implies that
a, = c1, which contradicts the fact that a, < c;.

Case (II): If p > a,,.

In this case, we have a,, < p < ¢;. Since {(by,ay), (r1,¢1),- -+, (rp,¢p)} is a block of U,
we have b, < ry and b, > ¢;. Now, since (b,,p) € F, b, < ry, p < ¢, and b, > ¢, we
must have that either (b, p) belongs to the same block (of depth k) of F' as (ry, ¢;) or the
depth of (b,,p) in F is not equal to k.

If (b,,p) belongs to the same block (of depth k) of F' as (r1,¢;), then since b, < rq
and p < ¢y, the element (b,, p) must come before the element (71, ¢;) in that block of F'.
But this is a contradiction because we already know that (ry,c;) is the first element of
some block of F.

If the depth of (b,,p) in F is less than k, then let s (< k) be the depth of (b,,p) in
F. Since (by,ay) is the first element of the topmost block of U of depth k, there must
exist an element (g, h) € F such that (g,h) > (bn,a,) and the depth of (g, h) in F is s.
Then g > b, and h < a,. This implies that g > b, and h < p, which in turn implies that
(g9,h) > (bn,p). This is a contradiction to Proposition

If the depth of (b,,p) in F is greater than k, then there must exist an element (e, f)
in F' of depth k such that (e, f) > (b,,D). So, we have e > b, and f < p. Since f < p
and p < ¢y, we have (e, f) # (r1,¢1). Also, b, > ¢, > p > f. So, (bs,a,) and (e, f) belong
to the same block of U of depth k and (b,,a,) comes before (e, f) in that block of U.
Note that if e > rq, then we will have (e, f) > (71, ¢;), which is impossible. Hence e < r;.
Since e < r; and f < ¢1, the element (e, f) comes before the element (71, ¢;) in the block
of U of depth k containing (71, ¢;). The above statement implies that (e, f) lies strictly
between (b, a,) and (r1,¢;) in this block of U, which is not possible. So, we arrive at a
contradiction.

This proves our claim.

So, the blocks of U) and F() are essentially the same except one block, which is a left
concatenation of a block of F(\) by (b,, c;). Let that block of UM be {(b,, c1), (71, ), - - -,
(ri-1,¢)} = € Then ¢ = {(by, ), (71,63),- -, (ri_2,¢)}, where ¢; < é&. Now, U®
contains the elements of €. If {(b,, cz)} is a singleton block in U®), take k' = 1. Otherwise
proceed similarly. This process will stop at a stage &’ < m — 1, because U is a finite
monomial, and at some stage, we will surely get a block consisting of a single element
{(bn,*)}, where % is some entry of v which is greater than or equal to a,. After the
(K’ + 1)-th stage, again the blocks of U®*) and F®) will remain same. O
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Example below illustrates Lemma [5.2.5]

Example 5.2.6. Let d, N, v, F be as in Ezample[5.2.4 above. Let k = 2. Then {(8,2),(8,2)
,(9,2)} is the topmost block of F' of depth k. Let (b,,a,) = (5,2). Then (by,a,) = (5,2)
enters into the monomial F' to make it U in such a way that {(5,2),(8,2),(8,2),(9,2)}
becomes the topmost block of U of depth k. Observe that 7(U) = (wo, UM), n(UW) =
(wy, UP), m(UP) = (wy, U®)), n(UB)) = ( @), and 7(UW) = (wy, ), where wy, wy,
wg,wg, wy are some elements of 1(9, 17) Ut = {(5 2),(8,2),(8,2),(16,13),(8,6),(8,7)},
={(5,2),(8,2),(8,6).(8,7)}, U® = {(572)7(876)7(8,7)}; and UY = {(8,7)}. So,

=4 here.

Observe that, there exists an integer k' = 2 € {0,1,2,3(= m — 1)} such that the fol-
lowing statements hold true:
(i) all the blocks of U (= U) except one are the same as the blocks of FO) (= F).
The one block of U that is different, is, in fact, a left concatenation of the block
{(8,2),(8,2),(9,2)} of FO by (5,2). Similarly, all the blocks of UM except one are
the same as the blocks of FM). The one block of UM that is different, is, in fact, a left
concatenation of the block {(8,2),(8,2),(8,6),(8,7)} of FY by (5,2). Finally, all the
blocks of U®) except one are the same as the blocks of F®). The one block of U® that is
different, is, in fact, a left concatenation of the block {(8,2),(8,6), (8,7)} of F® by (5,2).
(ii) The set of all blocks of U®) is equal to the set of all blocks of F'®) plus one more block,
which is {(5,2)}.
(i4i) The set of all blocks of U™ is same as the set of all blocks of F™

Lemma 5.2.7. With the same notation as Lemma bumping in the process (P(”_l),
Q" Y) & an of bounded insertion happens upto the (k' 4 1)-th row of P™~Y). At the
(k' + 2)-th row of P™=1) | the bumping stops.

Proof. Let k' be the integer as given in the statement of Lemma The statement
of part (i) of Lemma implies that during the process of transition from F' to U
(by adding the element (b,,a,)), for each ¢t € {0,1,---,k'}, the least column numbers of
all blocks of F® (except one block) remain the same as before. Also, the least column
number of the block for which it is different, is in fact, less than or equal to the least
column number of the corresponding block of F) as well as it is greater than or equal to
Q-

Now, from the induction hypothesis, we know that the least column numbers of all
blocks of F® consist of the (¢ 4 1)-th row entries of P™~Y. Similarly, the largest row
numbers of all blocks of F® consist of the (¢+1)-th row entries of Q=Y. In the language
of BRSK, this precisely means that during the process (P~ Q1) & a,, of bounded
insertion, a bumping happens upto the (k' + 1)-th row of P"~1.
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It follows from parts (ii) and (iii) of Lemma and the induction hypothesis that
the bumping stops at the (k' +2)-th row of P~ and b, is placed in a new box at the
leftmost end of the (k' + 2)-th row of Q=Y. From the (k' + 3)-th row onwards, there is
no bumping. All the entries of P and P~V from the (k' + 3)-th row onwards are the
same. Similarly, all the entries of Q™ and Q™= from the (k' 4+ 3)-th row onwards are

the same. n

Example below illustrates Lemma [5.2.7]

Example 5.2.8. Let d, N,v, F be as in Example above. Let BRSK(.(F)) =
(P=D QU=1). Then we know from Evample that

2]611]12[13]
13

1 9[1014/16/17|
2

(P(nfl)’ Q(nfl)) _al l ,
6
7]

Let (by,a,) = (5,2) be as in Example [5.2.6. The element (b,,a,) = (5,2) enters the
monomial F' to make it U. We can see from Example that k' = 2 here. Let
BRSK(1(U)) = (P™, QM) = (P~ Q(n-1) & a,. Then one can easily see that

1]2]611]12013] [8]9][1014]16/17]
2113 816
(p(n)’ Q(n)) — 9 7 ]
2(6] 58]
7] 8

Observe that, in the process (P~ Q1) 2 a, of obtaining (P™ . QM) from (P™1),
Q™Y and (b, ay), there is bumping upto the third row of P™=Y, and at the fourth row
of PV the bumping stops. Here k' = 2. Therefore, 3=k +1 and 4 = k' + 2.

5.2.4 An illustration of Lemmas [5.2.5 and [5.2.7] for the case k' = 0

With the same notation as in Lemma suppose k' = 0. Then we must have the

following statements hold true:

1. a, is an entry in the first row of P(™ and rp is an entry in the first row of QM. a,

bumps ¢; from the first row of P~ and ¢; is placed in the second row of P,

2. ¢; is the least column number of some block of UMW,
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3. In the process (P, Q1) i ay, if ¢; does not bump anything from the second
row of P"~Y then the singleton set {(b,,c;)} is a block in UW.

4. If the singleton set {(b,,c;)} is a block in UM then the largest row numbers of all
blocks of F(!) are strictly bigger than b,,.

5. If the singleton set {(b,,c;)} is a block in UM, then the least column numbers of

all blocks of F'") which are strictly less than b, are in fact, strictly less than c;.

Now, we will provide a proof of all these 5 statements now.

Proof of (1): By induction hypothesis, the first row of P! contains the smallest
column number of each block of F. In particular, it contains the entry ¢;, and the first
row of Q1) contains the entry 7p. In the process p=1) a, of bounded insertion,
firstly all entries of P™1 which are greater than or equal to b, are removed. Since
c1 < by, ¢ is not removed.

Claim: a,, bumps ¢; from the first row of P"=1.

Proof of claim: Clearly, a, < c¢;. It suffices to show that all the entries in the first row
of P»=1) which are less than ¢; are also strictly less than a,,.

Suppose not. Say, pij, is an entry in the first row of P™=1 such that a, < Dij, < C1.
By Lemma m it follows that p;;, is the column number of the first element of some
block € of F of depth s(< k). Say, the first element of the block € is (R, pj,). Now,
since (by,a,) is an element of depth &k in U and s < k, there exists an element (e, f)
in U of depth s such that (e, f5) > (by,ay). Clearly then, e; > b, and f; < a,, < puj,-
Also, e; < R, because if e; > R, then (es, fs) > (R, p1j,), a contradiction to the depth of
(R, p1j,) in U.

Hence, we have b, < e; < R and fs < p1;,- Now, (es, fs) and (R, p1j,) are two elements
in U of depth s. Also, e; > b, > ¢1 > pyj,. Which implies e, > pyj,, that is, (es, f5) belongs
to the same block € as (R, p1j,). Since e, < R and f; < pyj,, we get a contradiction to
the fact that (R, pij,) is the first element of the block €.

This proves the above claim.

Now, since a,, bumps ¢; from the first row of P"~1 it follows that a,, is placed at the
position of ¢; in the first row of P™. Also, ¢; gets inserted in the 2nd row of PV, O
Proof of (2): Suppose not. Say, all the blocks of U() are having their least column
numbers different from ¢;. Then the element (b,,c;) of UM lies in a block of UM, which
has another element in it (to the left of (b,,c;)) of the form (b,,p) where p < ¢;. This
element (b, p) must have come from F(!). That means, there had existed an element of
the form (b,, ) in F such that § < p < ¢;, and the block of F' in which (b,, ) lies, is
different from the block {(r1,¢1),- -+, (rp, ¢,)} of F. Say, (b,, ) lies in the block B of F.

Now, (b, a,) enters the monomial F' to make it U in such a way that {(b,, a,), (r1,c1)
.-+, (rp, ¢p) } is the topmost block of U of depth k. It follows (from the fact that (b, 5) lies
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in F') that b,_; = b, and hence by the definition of lexicographic order, we have a, < (.
It then follows from the definition of blocks that B and { (b, a,), (r1,c¢1), -+, (1, ¢p) } are
two blocks in U of different depths. The depth of the block {(b,,a,), (r1,¢1),- -+, (rp, )}
in U is k. Let s denote the depth of the block B in U (or in F'). So, we have s # k.

If s < k, then there exists an element (R, C') in U of depth s such that (R, C') forms a v-
chain with (b, a,,). But then one can easily verify that (R, C') and (b,, 3) are comparable.
This is a contradiction to Proposition L.1.17

If s > k, then there exists an element (R, C’) in U of depth k such that it forms a

v-chain with (b,, 5). Since no two elements of the same depth in U are comparable (by

Proposition [4.1.17), so (R,C) does not form a v-chain with (b,,a,). In fact, we have
]% > b, and a, < é’ < f < ¢p. Now, (b, ) € N implies that b, > (, and this implies
that b, > 3 > é’ . This in turn implies that (b, a,) and (1%, é’) are two elements in U in
tAhe same blOC}{ of depth k, and (]%, é’) comes to the right of (b, aq) in that block. But

C' < ¢; and R > b,. This is a contradiction since the element (R,C) is distinct from

(r1,c1) and (by,a,), and it comes right in between the two elements (b,,a,) and (r1,¢)
of the block {(by,an), (r1,¢1), ..., (rp,¢,)} in U of depth k. O
Proof of (3): We know from part (2) of this illustration that ¢; is the least column
number of some block of UM, Let 9B be that block.
Claim: b, is the least row number of the block $B.
Proof of Claim: Suppose not. Say, R; is the least row number of the block 28 and
b, < Ri. Then (Ry,c;) is an element of the block B of UM, Since (b,, ;) also belongs to
UW | it follows that (b, c;) and the elements of the block B of U") have different depths.
Say, the depth of (b, ¢;) in UM is k and that of (Ry,¢;) is 3.

If § < k, then there exists an element (a,b) in UM of depth § such that (a,b) forms
a v-chain with (b,,c;). Since no two elements of the same depth are comparable (by
Proposition , we must have a < R;. Since a > b, and b, > ¢;, we have a > ¢;.
It then follows that (a,b) and (Ry,¢;) are in the same block 8. But since a < R; and
b < ¢1, we have that (a,b) and (Ry,c;) are two distinct elements of the same block B.
Also, b < ¢q implies that the least column number of the block B is less than or equal to
b (which is less than ¢;), a contradiction.

If § > k, then there exists an element (e, f) in UM of depth k such that (e, f) forms
a v-chain with (Ry,c¢;). Clearly then, (e, f) also forms a wv-chain with (b,,c;). This
is a contradiction to the fact that no two elements of the same depth are comparable
(Proposition [4.1.17).

This proves the claim.

It follows from the above claim that (b,,c;) is the first element of some block of UM,
Hence, ¢ is the least column number of that block of UM, So, ¢; must be placed in the

second row of P"~Y) during the process (P"~1, Q=) 2 a, of bounded insertion.
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We know from our hypothesis that ¢; does not bump anything from the second row of
P®=1_ Tt hence follows that b,, must be placed in the second row of Q"1 at the extreme
left. This implies that the set of all largest row numbers of all blocks of U™ must contain
the element b,. That is, b, must be the largest row number of some block of U, But
there is no smaller row number than b,, in the entire monomial U. This implies that b, is
the only row number of some block of UM (say, block D).

Claim: © must be the block containing the single element (b, c;).
Proof of claim: Suppose not. Then there exists at least one element of the form (b, p)
in ©, where p # ¢, and there are no elements in ® which lie between (b, p) and (b, ¢1).

If p < ¢;, then we arrive at a contradiction to the fact that (b, c;) is the first element
of some block of UM, If p > ¢y, then the element (b, p) must have come from F). Say,
(bn,p) lies in the block € of F(. Say, (b,,«) is the first element of the block € of F(1).
Clearly then, a lies in the second row of P~V If o > ¢y, then there is a bumping by
¢ in the process (P~ Q1) o a, of bounded insertion, a contradiction. Hence, we
must have o < ¢;.

Now, since (b, 1) is the first element of some block of U it follows that (b,, ) and
(b, ¢1) lie in two blocks of different depths in UM, Let k and § denote the depths of
(bn, 1) and (b, ) in UM respectively.

If k < 3, then there exists an element (&, §) of depth & in UM such that (#,7) forms a v-
chain with (b, «). Clearly then, (Z, ) also forms a v-chain with (b, ¢;). This contradicts
Proposition [£.1.17]

If 5 < k, then there exists an element (z,y) of depth § in U™ such that (z,y) forms
a v-chain with (b,,¢;). Since no two elements of the same depth are comparable (by
Proposition , we must have y > a. Observe that b, > y, because b, > ¢; and
¢y > y. Since b, > y, it follows that (b,,«) and (x,y) are in the same block (of depth
§) in UM, Now, (bp,a) lies in F® and (x,y) also lies in F( (this is because y < ¢
and (b, c;) is the only extra element in U™ which is not in F"). This implies that
(bn, @), (x,5) and (b, p) lie in the same block € of FM. This is not possible since z > b,
and a <y <c <p.

This proves our claim and this claim completes the proof. O
Proof of (4): Suppose not. Say, there exists a block B in F") whose largest row
number is less than or equal to b, (hence = b,, since b, is the smallest row number
in U). Then all the elements of that block B of F" are having row number b,. Say,
B = {(bu, p1), (s D2)s - (b 20}

Now, since the singleton set {(b,,c1)} is a block in UM we must have that B and
{(bn, 1)} are of different depths in UM, Let k and § denote the depths of (b,, ;) and B
in UM respectively.

If k > §, then there exists an element (R, C') in UM of depth § such that (R, C') forms
a v-chain with (b,, c;). That is, R > b, and C < ¢;. But then since b, > ¢;, we get that
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b, > C. This implies that (Z%, C’) belongs to 8. This is a contradiction because R >b,
and all elements in B have row number b,,.

If k < 3, then there exists an element (R, (C)) in UMY of depth k such that (R,C)
forms a v-chain with (b,,p;). That is, R > b, and C' < p;. If ¢; > C, then (R, C) forms
a v-chain with (b,,c;), which is a contradiction to Proposition . If ¢, < C, then
b, > C because b, > p; and p; > C. Hence, (bn, 1) and (R, C’) are in the same block of
UW. This contradicts the fact that the singleton set {(b,, c;)} is a block in U). O
Proof of (5): Suppose not. Say, there exists a block B of F") whose least column
number p is < by, and p is also > ¢;. Let k be the depth of (b,,c;) in UV, Let § denote
the depth of the block B in UM, Let (Ry, p) be the first element of the block B. If k=3,
then a contradiction to the fact that the singleton set {(b,,c1)} is a block in U, because
b, > p.

If k < &, then there exists an element (Ry, Co) in UM of depth % such that (Ry, Co)
forms a v-chain with (Ry,p). Clearly then, Ry > b,,p > ¢;,Cy < p and Ry > R;. Since
Ry > Ry > b,, therefore we must have Cy > ¢, for otherwise, no distinct elements in
UW of the same depth will become comparable. On the other hand, b, > Cj (because
b, > p and p > Cp). Hence, (b,,c;) and (R, Cy) are in the same block of UM of depth k.
Since b, < Ry, therefore (b,,c;) and (R, Cp) are two distinct elements of the same block
of UMW of depth k. This contradicts our assumption that the singleton set {(b,,¢1)} is a
block in UM,

If k> 3, then there exists an element (Roo, Co) in UMW of depth § such that (Rgo, Coo)
forms a v-chain with (b,,¢;). If Ryg > Ry, then it is easy to see that (Rgo, Cpo) forms
a v-chain with (R;,p), which contradicts the fact that no two distinct elements in U")
of the same depth are comparable. If Ryy < Ry, then (since Rog > b, and b, > p) we
have Rgo > p. This (together with the facts that Ryy < R; and Cyy < p) implies that
(Roo, Coo) and (Ry,p) are in the same block B of UM of depth 5. But Cyy < p implies
that the element (Ryg, Coo) is distinct from the element (Ry,p), and (R, Coo) comes to
the left of (Ry,p) in that block 8. So, (R, p) cannot be the first element of the block B,
a contradiction. ]

Example illustrates the statements (1) — (5) mentioned in this subsection.

Example 5.2.9. Let d =7, N =13, and v = (1,2,4,5,7,8,9). Let
F = {(10,4), (10,9), (11, 1), (11,2), (11, 7), (11,8), (12,2), (13,8)}.

Then

9] 01113
1012
11 : (5.2.4.1)

11

11

SIS

BRSK(i(F)) = (P, Q"V) =

‘oo‘oo‘w b [—
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Figure gives the block decomposition of F'. Let k = 2 (here k is as in Lemma .
Observe that {(10,4), (11,7),(11,8)} is the topmost block of F' of depth k = 2. Then (ac-
cording to the notation used in Lemma [5.2.5) we have (r1,c1)

and (ry,c,) = (r3, c3) = (11,8).

12
6 789

(10,4), (19, c2) = (11,7)

Figure 5.4: The block decomposition of the monomial F

Here FY) = {(11,2), (11, 2), (12,8), (10, 7), (11, 8)}. Figure gives the block decomposi-

tion of F(V.

12
6 789

Figure 5.5: The block decomposition of the monomial ')

Now, let (b,,a,) = (6,2). Then

U ={(6,2),(10,4),(10,9),(11,1),(11,2),(11,7),(11,8),(12,2),(13,8)},

and {(6,2), (10,4), (11,7), (11,8)} becomes the topmost block of U of depth 2. Now,

11219 10/11/13

21417 6 (10/12
BRSK(u(U)) = (P™,Q") = | [2] 11

8 11

8 il

Figure gives the block decomposition of U.

(5.2.4.2)

So, UM = {(11,2), (11,2), (12,8), (6,4), (10, 7), (11,8)}. Figure[5.7 gives the block decom-

position of UMW,

Observe that
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6 789

L9 Figure 5.6: The block decomposition of the monomial U

6 789

Figure 5.7: The block decomposition of the monomial /(")

e a, =2 is an entry in the first row of P™ and rp =13 = 11 is an entry in the first
row of Q™. a, =2 bumps ¢, =4 from the first row of P™Y, and ¢; = 4 is placed
in the second row of P"~1,

o ¢, =4 is the least column number of some block of UW.

e Since ¢; = 4 does not bump anything from the second row of P~V during the
process (P, Q1) b a, of bounded insertion, it follows that the singleton set
{(bn,c1)} = {(6,4)} is a block in UM,

e Since the singleton set {(by,c1)} = {(6,4)} is a block in U, it follows that the
largest row numbers of all blocks of FY) are strictly bigger than b, = 6.

e Since the singleton set {(b,,c1)} = {(6,4)} is a block in UM, it follows that the least
column numbers of all blocks of FV) which are strictly less than b, (= 6), are in

fact, strictly less than ¢y = 4.

5.2.5 For any monomial U in R(v) \ N(v), 7#(U) = BRSK(U)

Corollary [5.2.19 below states that for any monomial U in R(v)\N(v), 7(U) = BRSK(U).
This is a corollary to Theorem But before we state Theorem [5.2.17] and Corol-
lary [5.2.19) we need to define the map 7 on monomials in R(v) \ 9(v). But for doing so,

we need some preparation.

Definition 5.2.10. Let v = (vy,---,vq). Given p1 = (r1,c1) and By = (12, ¢a) in R(v) \
MN(v), we say that By > Po if r1 <19 and ¢y < ¢1. A sequence y > -+ > [ of elements of
R(v) \ N(v) is called an anti-v-chain. Given an anti-v-chain By = (r1,¢1) > -+ > [y =

(r, i), we define

Sy Sp U= ({Ulv"'ﬂvd}\{017"'7015})U{Tla"'7rt}'
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We say that an element w of I1(d, N) anti-dominates the anti-v-chain y > -+ > 0B if
w < sg, -+ spv. Let & be a monomial in R(v) \ N(v). We say that w anti-dominates

S if w anti-dominates every anti-v-chain in S.

Definition 5.2.11. We call distinguished the subsets & of R(v) \ M(v) satisfying the
following conditions:

(A) for (r,c) # (r',c) in &, we have r # 1" and ¢ # .

(B) If & = {(r1,¢1),- -+, (rp,cp)} withry > 19 > -+ > 1y, then for j, 1 < j <p-—1, we
have either c; < cji1 or 15 > Cji1.

Condition (B) can be restated as follows:

(B*) for (r,c), (R,C) in & withr > R, either c < C orr > C.

Remark 5.2.12. It can be proved similarly as in Proposition [{.1.13 that there exists a
bijection between elements w of I(d, N) satisfying w < v on the one hand and distinguished
subsets of R(v) \ N(v) on the other hand. We denote this bijective correspondence by
w > Gy

Proof. Given w < v, consider the sets {vy, -, v} \ {wy, -, wq} and {wq, -+, wa} \
{v1,++,vq}. Both these have the same cardinality ¢ = v-degree(w) (which is stated in
Definition . the first set provides us with the column indices of elements of &,,, the
second with the row indices. If we arrange the row indices in an decreasing order, say
ry > --- > 1y, then there is a unique way to arrange the column indices such that condition
(B*) above is satisfied: proceed by induction, and if ¢, - - -, ¢; have been chosen, choose
c¢j+1 to be the minimum among the remaining column indices that are greater than r;;.
This defines the map w — &,,. It is clear that cardinality of &,, equals v-degree(w).

For the converse part, given &, to obtain w, start with v = (vy,---,v,), delete those
entries that occur as the column indices in &, add those that occur as row indices in S,
and finally arrange the entries in increasing order. It is readily seen that the two maps

are inverses to each other. O

Example 5.2.13. Let d = 7, so 2d = 14. Let v = (4.6,7,10,12,13,14) and w =
(1,2,3,4,5,8,9). Clearly, v and w belongs to I(d,2d). Now, w \ v = {1,2,3,5,8,9} and
v\w={6,7,10,12,13,14}. So,

S, = {(97 10)? (87 12)7 (57 6)7 (37 7)a (27 13)7 (17 14)}'
Again, for the above v and &,, the corresponding element w of I(d, 2d) will be

w = ({4,6,7,10,12,13,14} \ {6,7,10,12,13,14}) U{1,2,3,5,8,9} = (1,2,3,4,5,8,9).

Definition 5.2.14. Let & be a non-empty monomial in R(v) \ N(v). If 51 > - > G

is an anti-v-chain in &, then we call By the head of the anti-v-chain and B, its tail. We
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call t to be the length of the anti-v-chain. We say that an element B of © is t-deep in
S (where t is a positive integer) if B is the tail of an anti-v-chain in & of length t. The
depth of 5 in & is defined to be t if 5 is t-deep in & but not (t + 1)-deep in &.

We will now define the map 7 on any monomial in R(v) \ DN(v). Let & be a non-empty
monomial in the elements of R(v)\ N (v). We partition & in two stages. First we partition
S into subsets &, - - -, &g, where k is the largest length of an anti-v-chain in &: € &
belongs to &; if it is j-deep but not (j + 1)-deep.

Now, we partition each &; into subsets called blocks as follows: We arrange the
elements of &, in non-increasing order of their row numbers (where elements occur with
their respective multiplicities). Among those with the same row number, the arrangement
is by non-increasing order of column numbers. Two consecutive members (r, ¢), (R, C) in

this arrangement are said to be related if r < C.

Definition 5.2.15. The blocks are the equivalence classes of the smallest equivalence

relation containing the above relations.

Let B be a single block of some &;. Let

(Tlacl)7 Ty (Tp7cp)

be the elements of B written in non-increasing order of both row and column numbers
(in such an arrangement, the elements occur with their respective multiplicities). We set

w(*B) := (1, ¢1) and B’ to be the monomial

{(r1,ea), (r2,¢3), =5 (Tp—2, ¢p-1), (Tp-1, ) }-

Set 6§~1) := Up®B’ (where the index % runs over all blocks of &) and &) := Ué‘?:l@(-l).
It follows (similarly as in [KR03, Corollary 4.13]) that the set

{w(B) | B is a block of &}

is a distinguished subset of (v) \ M(v). Let w be the corresponding element of I(d, N)
(under the correspondence given in Remark [5.2.12)). Set

(&) := (w, &8W).

This finishes the description of the map .

Definition 5.2.16. A standard monomial 01 > --- > 60, in I(d, N) is called dominated
by v if v > 0y. Let SMY denote the set of all v-compatible standard monomsials in
I(d, N) dominated by v.
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Using 7, we now define the map 7 from the set of all monomials in JR(v) \ N(v) to
ﬁ/l/g. We proceed by induction on the degree of a monomial & in R(v) \ 9(v). The
image of the empty monomial under 7 is taken to be the empty monomial. Let & be
non-empty and suppose that 7(&) = (w, &W). It can be shown (similarly as in (1) and
(2) of Proposition that the degree of & is strictly less than that of &, and so by
induction 7(&®W) is defined. Suppose that #(&") = w’ < ---. It can be shown (similarly
as in (3) of Proposition that w < w'. We set 7(&) := w < #(&W). This finishes
the description of the map 7 on the set of all monomials in R (v) \ DN(v).

The proof of Theorem below is similar to the proof of Theorem Hence

we omit the proof.

Theorem 5.2.17. Let U be a finite monomial in R(v) \ N(v). Let 7(U) = (wo, UMW),
(UM = (wy,UP), ... and so on till 7(U*)) = (wy, D), where § is the empty monomial.
Then for each r € {0,1,... k}, the following holds :

(1) all the row numbers of the distinguished subset &,,. (corresponding to w,) consist of
the (r + 1)-th row entries of the left hand notched tableau of BRSK (U).

(11) All the column numbers of &, comprise of the (r + 1)-th row entries of the right
hand notched tableau of BRSK(U).

Example [5.2.18 below illustrates Theorem

Example 5.2.18. Let d =5,N =11, and v = (3,6,8,10,11). Let
U={(9,11),(4,11),(7,10), (5,10),(7,8),(1,8),(4,6)}

be a finite monomial in R(v) \ N(v). Figure shows the monomial U and its block

11 10

N =~ Ot g ©

1
1

Figure 5.8: The monomial U in PR(v) \ 91(v) and its block decomposition

decomposition. The dark circles in the figure represent points in the monomial U with

their respective multiplicities (the multiplicity of each point in the monomial U is 1 here,

TH-2927_166123101



58 Chapter 5. Relation between the maps BRSK and 7

which is written near those points in the grid). The dark line segments (together with the
point (7,8)) denote the blocks of U.

For this monomial U, we have 7(U) = (wy, UY )), ’where wy = (1,3,4,6,7) and UM =
{(9,11),(4,8),(7,10),(5,6)}. Then n(UY) = (wy,U?), where w; = (3,4,5,8,10) and
U ={(9,10),(7,8)}. Finally, 7(U®) = (w, D), where wy = (3,6,7,9,11).

So we have k = 2, &, = {(1,11), (4,10),(7,8)}, &y, = {(4,11),(5,6)} and &,, =
{(9,10),(7,8)}. It is also easy to check that

114]7] [8]10[11]
BRSK(U)= | [4]5] ., |61
719 8110

Note that, for r =0, all the row numbers of S, are given by {1,4,7}, which consist of
the first row entries of the left hand notched tableau of BRSK(U). Also all the column
numbers of &, are given by {8,10, 11}, which consist of the first row entries of the right
hand notched tableau of BRSK(U). Similarly for r =1 and r = 2.

Corollary 5.2.19. For any monomial U in R(v) \ N(v), 7(U) = BRSK(U).
Corollary 5.2.20. For any monomial U in R(v), 7(U) = BRSK(U).

Proof. Follows from Corollary and Corollary [5.2.17] O

5.3 An application of the main theorem

In this subsection, we will provide an application of Theorem

5.3.1 Some necessary definitions and notation

The following definitions and notation are written in the same way as given in |[GROG6|
and [KRO3|.

Definition 5.3.1. An ordered pair vo = (x,y) of elements of 1(d) is called an admissible
pair if v > y and the e-degrees of v and y are equal. Sometimes x and y are referred as the
top and bottom of w and written as top(w) for x and bot(r) fory. Given an admissible
pair o = (z,y), we define the v-degree of w by v-degree(w) := 1(|z \ v|+|y \ v]).

Definition 5.3.2. Given any two admissible pairs vo = (x,y) and w' = (2',y'), we say
that o > w' if y > 2/, that is , if v >y > 2’ > y'. An ordered sequence (v ... 10;) of
admissible pairs is called a standard sequence if vo; > w;.1 for 1 < i < t. Sometimes
;> ... >ty is written to denote a standard sequence (v ..., 1;). Given any w € 1(d),
we say that a standard sequence w1 > ... > w,; is w-dominated if w > top(ro1). Given
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any v € I(d), we say that the standard sequence vo; > ... > w, is v-compatible if for
each vo;, either v > top(w;) or bot(to;) > v, and vo, # (v,v). Given v and w in I(d), we
denote by SM? the set of all w-dominated v-compatible standard sequences. For
any positive integer m, let SMY(m) denote the set of all w-dominated v-compatible
standard sequences of degree m, where the degree of a standard sequence v, >
... >y, is defined to be the sum of the v-degrees of v, ..., 10,. Let SM"" denote the set
of all v-compatible standard sequences that are anti-dominated by v: a standard

sequence 1oy > ... > 1y is called anti-dominated by v if bot(ro;) > v.

Example 5.3.3. Let d = 5. So, 2d = 10 and € = (1,2,3,4,5). Let 1 = (3,4,6,9,10),
and y1 = (2,4,6,8,10). Clearly, the e-degrees of x1 and y; are equal (which is 3), and
xr1 > y1. Hence, w0, = (z1,y1) is an admissible pair.

Let v, = (x9,y2), where xo = (1,3,6,7,9), yo = (1,2,6,7,8). Let to; = (3,y3), where
s = (1,2,5,7,8), y3 = (1,2,4,6,8). Then to, and w; are both admissible pairs such that
t, > to, > ;. Hence, o, > v, > 1o, is a standard sequence.

Letw = (4,5,8,9,10). Then clearly, w > top(to,). Hence, to, > to, > 1o, is dominated
by w. Again, for v = (1,2,3,4,6) € I(d), bot(r;) > v for all i € {1,2,3}, and ro; # (v,v)
for all i € {1,2,3}. So the above standard sequence is v-compatible. Hence, it belongs to
SMY.

Also, bot(w,) > v, sow, > 1o, > 1o, is anti-dominated by v. So, the standard sequence
belongs to SM"".

Fix an element v of I(d). Define

o R :={(r,c) € [2d]\vxv:r<c}

S? denote the set of all monomials in RY.

T" the set of all monomials in DN(v).

w be another element of I(d) such that v < w.

SY denote the set of all w-dominated monomials in R (where w-domination of a
monomial is defined as in Chapter {4)), and (for any positive integer m) let SY(m)

denote the set of such monomials of degree m.

Example 5.3.4. Let d = 5 and v = (1,2,4,6,8). Clearly, v is in I(d). Let & =
{(3,4)?,(3,6),(5,4),(7,2),(9,1)}. So, & is a monomial in R*. Now, degree of & is 6,
and By = (9,1) > By = (7,2) > B3 = (5,4) is a v-chain in &. Again, sg, ---Sg,v =
({1,2,4,6,8} \ {1,2,4}) U {5,7,9} = (5,6,7,8,9). Let w = (5,7,8,9,10). The v-chain
b1 > [Bo > [3 is dominated by w. Similarly, we can check that any other v-chain in & is

also dominated by w. Hence, & is dominated by w. So, & is an element of SY(6) .
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Definition 5.3.5. For an element a = (r,c) in R(v), define o = (¢*,1*), and for a
monomial & € R(v), let &* denote the set {(c*,r*)|(r,c) € &}. Again, & is symmetric
if & = 67,

Example 5.3.6. Let d = 7, v = (1,3,4,7,9,10,13). Let & = {(2,1),(6,4)2, (5,10)}.

Then & is a monomial in R(v). The underlying set of the monomial & is

{(2,1),(6,4), (5,10)}.

The degree of & is 4. The multiplicity of (2,1), (6,4), and (5,10) are respectively 1, 2,
and 1. Also, for the monomial &, &% = {(14,13), (11,9)?, (5,10)}.

Elements of the form (r,7*) of DM(v) are referred to as belonging to the “diagonal”,
and the set of all diagonal elements of 9(v) is denoted by 9(v).

Definition 5.3.7. A monomial & of T" is special if

(1) & = &% and

(2) the multiplicity of every diagonal element in & is even.

Equivalently, & is special if there exists T in TV with & = TUT#. The set of all special

monomials is denoted by €.

Example 5.3.8. Let d = 5, and v = (1,2,4,6,8). Let T = {(7,3),(6,5)}. So, T# =
{(8,4),(6,5)}. Hence, & =FTUT* = {(6,5)2(7,3),(8,4)} is a special monomial.

5.3.2 The result of Ghorpade and Raghavan

Theorem 5.3.9. Let v, w be elements of 1(d) withv < w. Let X™ be the Schubert variety
corresponding to w, e’ the T-fixed point in X* corresponding to v, and R be the coordinate
ring of the tangent cone to X" at the point €. Then the dimension as a vector space of
the m'™ graded piece R(m) of R equals the cardinality of S¥(m).

5.3.3 The application

Before going to the application, we first need to state [GR06, Proposition 4.1], which is
stated below as Proposition [5.3.10}

Proposition 5.3.10. There is a bijection between SM®" and T that respects domination

and degree.

The proof of Theorem [5.3.9 (as given in [GROG]) relies on a bijection between the
two combinatorially defined sets SMJ(m) and S, (m). And this bijection in turn, relies
upon a bijection between SM"* and T, which is stated in Proposition above. The
application of the main theorem here is to prove that the bijection between SM"" and
T% (as mentioned in Proposition above) is a bounded RSK correspondence.
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5.3.4 Proof of the application

For the proof of the application, we need a definition, which we state first.

Definition 5.3.11. Let v be an element of I(d,2d). A standard monomial in I(d,2d)
is a totally ordered sequence 61 > ... > 0, of elements of 1(d,2d). Such a monomial is
called v-compatible if each 0; is comparable to v but no 0; equals v; it is anti-dominated
by v if 8y > v. Let S/m} denote the set of all v-compatible standard monomaials in
I(d,2d) anti-dominated by v.

Proof of the application: There is a natural injection f : SM"" — M’ given by
f(roy > ... >1y) :=top(tvy) > bot(roy) > ... > top(ro,) > bot(ro,).

Composing this map f with the bijection ¢ (it is the inverse map of 7 given in [KR03, §4|)
from SMvv —» TY, we get an injection of SM"" into 7. It then follows from |[GROG,
Lemma 4.5] that under this composition, the image of SM"" in T is the set € of all
special monomials. On the other hand, there is a bijective map (call it ¢) from the set
¢ of all special monomials to T as given in [GR06, §4.1]: given any & in €, to get g(&),
replace those (r,¢) of & with r > ¢* by (¢*,7*) and then take the (positive) square root.
The composition n := g o b o f is the required bijection from SM"" to T".

Therefore, to prove that the composition map 7 is a bounded RSK correspondence, it
suffices to show that the map ¢ (of [KRO03, §4]) is a bounded RSK correspondence. But
the maps 7 and ¢ (of [KR03|) are inverses of each other. Hence, it now suffices to show
that the map 7 of |[KRO3| is equal to the map BRSK of |[Kre08|. This fact has been
proved in Corollary [5.1.3] above.
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CHAPTER O

THE BIJECTION OF KREIMAN’S THESIS

In [Kre03|, Kreiman and Lakshmibai provided a bijection between the same two combina-
torially defined sets as in [KR03|. In this chapter, we prove that the bijections of [Kre03|
and |[KRO3| are same. But for proving this, one needs to first observe that in [Kre03|,
7 plays the role of v (of [KR03|), and we need to state some definitions and notation
from |Kre03|.

Let N and d be positive integers such that 1 < d < N. Let

G:SLN(K)ande:{ AEG|A:< * *> }

Ov—dyxd *

where K is an algebraically closed field of arbitrary characteristic, SLy(K) is the set
of all N x N matrices over the field K with determinant 1, On_gyxn is (N —d) x d
zero matrix, and x can be any matrix with appropriate size. Let T" be the subgroup of
diagonal matrices in G, BT the subgroup of upper triangular matrices in G, and B~ the
subgroup of lower triangular matrices in G. Let W be the Weyl group of G relative to
T, and Wp, the Weyl group of P,;. Note that W = Sy, the group of permutations of a
set of N elements, and Wp, = 54 x Sy_4. Also note that, I(d, N) (where the notation
I(d,N) has been mentioned in Chapter [2)) can be identified with W/Wp,. In [Kre03],
Kreiman has identified I(d, N) with the set of “minimal representatives” of W/Wp, in
Sy; to be precise, a d-tuple a = (i1, --,iq) € I(d, N), is identified with the element

(i1, yia; 1,y Jn-a) € Sy, where {j1, -+, jn—a} is the complement of {iy,---,i4} in
{1,---, N} arranged in increasing order, and Sy denotes the set of all arrangements
of the integers in the set {1,...,N}. Kreiman has denoted the set of such minimal

representatives of Sy by W4,
Let R denote the root system of G relative to T, and RT the set of positive roots

relative to BY. Let Rp, denote the root system of Py, and R}, the set of positive roots.

63
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In [Kre03, §2.3|, Kreiman has described that R* \ R} can be identified with the set of
transpositions in Sy of the form s;;, 1 < j <d < ¢ < N. Kreiman has denoted this set
by R. It is easily seen that, for s; ;, s,/ € R, s;; > sy j (in the Bruhat order) <= i > ¢/
and 7 < j'. Thus R is an (N —d) x d distributive lattice. Kreiman defined the partial order
=onRbys>tifs>tand st =ts, s,t € R. Recall that s; ;s;; = sir.jv8;; <=1 #
and j # j'. Thus s;; > sy y <=1 > and j < j'.

For the rest of this chapter, fix w,7 € W/Wp,, w > 7.

Definition 6.0.1. A chain of commuting reflections is a nonempty subset {s1,---, s}
of R such that sy = --- = s;; t is referred to as the length of the chain. Again, an
antichain of commuting reflections is a nonempty subset of R whose elements are

pairwise incomparable and pairwise commuting.

Example 6.0.2. Let d = 6 and N = 13. In Figure the dots represent the lattice
of reflections s;;, 1 < j < 6 < i < 13. The dark circles form a chain of commuting

reflections, and the stars form an antichain of commuting reflections.

10
11 . . . *
12 Y . . . *

13 B . . . . *

Figure 6.1: Chain and antichain

Definition 6.0.3. A multiset is similar to a set, but with repetitions of entries allowed.
Define the cardinality (or order) |S| of a multiset S to be the number of elements in S,
including repetitions. If M, S are multisets, then by M C S we mean that every element
of M is also in S (although possibly a different number of times).

Example 6.0.4. Let d = 6 and N = 13. Then for 1 < 7 < 6 < i < 13, S =
{58.1, 58,15 S9.3, $10.2; S10.2, S10.2, S13.6} 1S @ multiset with cardinality seven. Again, if we con-
sider the multiset M = {sg1, So 3, S10.2; S10.2, S13.6}, then M C S.
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Notation: Let S = {s1,---, s;} be a chain of commuting reflections in a multiset M and
T= (71, ", Td) Tat1, -+, Tn). Let s; := s, 4. Then define
Ts1 s =1, Ta T T \ A Tas s T ) (6.0.0.1)

where 1 < ¢; <d <p; <N.

Example 6.0.5. Let, d, N, and M be as in Example|0.0.4. Also, let T = (1,3,6,9,10,11;2,
4,5,7,8,12,13). Now, s1 = S192 > S2 = Sg3 is a chain of commuting reflections in M,

and for this chain of commuting reflections
Ts180 = {1,3,6,9,10,11}U{5,7} \ {6,3} = {1,5,7,9,10,11}.

Fix 7= (11, Ta; Taq1, - 7n) € WH where 1 <7y <+ <73 < N,and 1 < 741 <
- <71y < N. For j =1,---,d define f.(j) := d + 7;-j+0.5. Kreiman has defined the
7-line to be the path connecting the points (f;(j),7), j =1,---,d, as in Figure[6.2] Note
that the points (f;(j), ) do not lic on lattice points; they lie halfway between them. Let
d,N, and 7 be as in Example [6.0.5] Then Figure [6.2] shows the corresponding 7-line.
1 2 3 4 5 6

I —

« @ o

10

11

12

13
Figure 6.2: A 7-line

The 7-line divides R into two sets: Rf := {s;; | i > f-(j)} and R, = {s;; | 1 <
f-(7)}. Note that f,(j) is a non decreasing function of j. This implies that for s,s" €
Rt, sVs e€RI and for t,t' € R, t Nt € R.

Now, we will state and prove |[Kre03, Lemma 3.2.1], which is stated below as Lemma

0.0.6l

Lemma 6.0.6. R = RIUR,, where 7s;; > 7 if s;; € R, and 7s,; <7 if s;; € R;.

T 7 T

Proof. Writing 7 = (71, , 7a; Tat1, -+, Tn) € WFe, we have that 7s,; swaps 7; with 7.

Thus 7s;; > 7if 7, > 7 and 75, ; < 7 if 7, < 75.

TH-2927_166123101



66 Chapter 6. The bijection of Kreiman’s thesis

Fix j. The number of positive integers less than 7; is 7; — 1, and the number of entries

among 7y, - - -, 7q less than 7; is (7, —1) = (j —1) = 7; — j. Thus 7441, -+, Tar,—; are < 75
and Tgyr_jp1,- -, Tv are > 75 Thus s, E R <= i >d+71—j =7, > 7 <=7, , >
T. =

Next we will recall separably ordered set from |[Kre03].

Definition 6.0.7. For s € R, define the ball B, := {t € Rt | t < s}. Then s,t € R}
are separated if s N\t € R_, or equivalently if Bs and B, are disjoint. The multisets
M, M' C R} are separated if any s € M, t € M’ are separated, or equivalently if there
exist nonempty balls A, B such that M C A, M' C B, and AN B = (. In this case
ANM, BN M is said to be a separation of M U M'. If a multiset M C RI has no
separation then it is called connected. Again, a mazximal connected submultiset M' of M
18 called a connected component of M. It can be easily seen that M can be uniquely
written as the disjoint union of its connected components. A pairwise commuting subset
M of R} is said to be a separably ordered set of commuting reflections if for any
s,t € M, either s and t are comparable or they are separated.

Notation: Let S,, denote the unique separably ordered set {¢;,---,t,} such that 7¢, - - - ¢, =
w. (The existence and uniqueness of such a separably ordered set follows from Lemma

3.3.1 of |Kre03].)
Next we will recall the definitions of chainlength and depth from [Kre03|.

Definition 6.0.8. The chainlength of a multiset in R is the maximum length of a
chain of commuting reflections in the multiset. For M C RI a multiset and m € M,
define depthy(m) to be the chainlength of {m’ € M | m' = m}. If S C RS is a
multiset, then S > M if for every m € M, there exists s € S such that s > m, and
depthg(s) > depthy;(m). This defines a partial order among the collection of multisets in

Example 6.0.9. Let d = 6,N = 13, and M = {s131, 5112, 5103, 596, S8.6: S75}- No-
tice that s131 > S112 > S103 > S96, S131 ~ Si12 >~ 5103 = Ss6, and Si131 > Si12 >
s103 = S75 are all the chains of commuting reflections in M of maximum length 4.
So, chainlength of M is 4. Again, depthy(10,3) = 3. Now, if we consider the set

S = {313,1, 512,55 511,25 510,35 59,4, 58,65 58,55 37,4}; then clearly S > M.

Definition 6.0.10. Define SM _ to be the set of sequences ty > - -
such that w > 60y and 6; > 7, plus the singleton set {rt}. If S = 6,
element of SM;, ., then we define |S| to be the sum of the T-degrees of 0y,...,0;, where
for any 0 € WTa, we define the T-degree of 0 to be the cardinality of 6 \ 7. Define

Qt, 01 c WPd,

>
> - >0, is an

SMy (m):={S € SM;_ : |S|=m}.
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Example 6.0.11. Let d =6 and N = 13. Let w = (2,6,8,11,12,13;1,3,4,5,7,9,

10),6, = (2,4,6,8,10,12;1,3,5,7,9,11,13),60, = (2,3,5,7,9,11;1,4,6,8,10, 12,

13),05 =(1,3,4,6,8,11;2,5,7,9,10,12,13), and 7 = (1, 3,4,5,7,10;2,6,8,9, 11

,12,13).  Clearly, all of w,01,05,0s, and 7 are in Wi, Also, (2,6,8,11,12,13) >
(2,4,6,8,10,12) > (2,3,5,7,9,11) > (1,3,4,6,8,11) > (1,3,4,5,7,10). Hence, 6; >
O > 03 is an element of SM .

Definition 6.0.12. Define Sy, . to be the set of multisets S of R, such that for every
chain of commuting reflections sy > --- > s;, s; € S, we have that w > Ts1---8 > T

(note that the empty multiset is included); define
S (m) =S € 57, ¢ |SI=m)

Example 6.0.13. Let d =6 and N = 13. Let w = (2,6,8,11,12,13;1,3,4,5,7,9,

10),7 = (1,3,4,5,7,10;2,6,8,9,11,12,13), and S = {s112,5103, So6:S73}. Let s1 =
$11.2, S2 = S10,3, 53 = So.6, 54 = S7.3. Now, (i) s1, (i) s2, (iii) s3, (iv) s4, (v) $1 = S2, (Vi)
S1 > S3, (Vii) S1 > Sy, (Vitd) S3 > s3, and (iz) sy > sy > s3 are all the chains of commuting
reflections in S. Again, for the chain of commuting reflections si12 > S10.3 > S9.6 we have,
(1,3,4,5,7,10) < 7518983 = {1,3,4,5,7,10}U{8,9,11} \ {3,4,10} = {1,5,7,8,9,11} <
{2,6,8,11,12,13}. Similarly, we can check that the above condition is true for all the

chains of commuting reflections in S. So, S is an element of S, .

Now, using Lemma [6.0.6| and Definition [6.0.12], we can say the Remark [6.0.14]

Remark 6.0.14. Any reflection s in a multiset S of S, . must satisfy w > 7s > 7 (from
the definition of Sy, .); in particular, s € RF. Thus for any S € S}, = S C R}.
Svmilarly, S € S7, = S CR_.

The following definition is needed to describe the map ® below in

Definition 6.0.15. If Q = {s;, |k =1,...,t} is a multiset of reflections, then we define
the ordered multisets Row(Q) := {ix|k = 1,...,t} and Col(Q) := {jx|k = 1,...,t}, each

listed in non decreasing order (with possible repetitions of entries).

Next we are going to recall the map ® from [Kre03| which is going to be very important

for rest of this chapter.

6.1 The Map @ : 57 (m)— SM; _(m)

To describe ®, Kreiman began by defining a map ¢, which assigns to a multiset M two
multisets: M and Syp;. In |[Kre03, Lemma 3.4,1], Kreiman has proved that Sy, is a
separably ordered set. The map ¢ is used to define the map ®.
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Let M C R} be a multiset. Let Dy := Max{depth(m) | m € M}. For 1 < p <
Dy, let M, := {m € M | depth(m) = p}, and let M,,,---, M, be the connected
components of M,. Let M be the collection of all multisets M,,. Note that each
M, , € M is amultipath (where a multipath is defined to be a multiset in R of chainlength
1). For some p, q, if {iy, k =1,---,t} == Row(M,,) and {ji, k=1,---,t} := Col(M,,),
define s,4 := s;,5,. Define Sy := {s,4 | M,4 € M}. Define M/, to be the multipath
{Sixjurs K = 1,---,t —1}. Note that, M} C R since M,, is connected. Define
MFE .= UMp’qu M}fq. Define ¢ to be the map which produces from M the multiset M*
and separably ordered set Sy;.

The map & assigns to a multiset M € S;J(m) a sequence of decreasing separably
ordered sets Sy > Syr > S(MF)F > - > SFyFy.F in SM;,T(m). Next we will recall
the map ® from [Kre03| in detail.

To define ®, the map ¢ is first applied to the multiset M, producing multiset M and
separably ordered set Sy, (S is separably ordered set by [Kre03, Lemma 3.4.1]). Then ¢ is
applied to M ¥ producing multiset (M*)¥ and separably ordered set Sy;r. This process is
continued, applying ¢ in that way until (((M*)F) - - )F is separably ordered set, and at this
point, ¢ is applied once more to (((M%)F)--)F, producing multiset (((ME)F)-. ) =0
and separably ordered set S((yryry.r = ((M*F)F)---)F. Here the process terminates.
(M) is the sequence of separably ordered sets Sy > Syr > Saryr > -+ - S(((arFyFy..)F-
This sequence is descending by [Kre03, Lemma 3.4.2|. Also, since M € ST _, S, > M,

w,T?

thus Sw Z SM Thus SM 2 SMF Z S(MF)F Z S(((MF)F),,,)F is an element of SM{Z,T(TTL)

6.1.1 Proof of the equivalence of the bijections of Kreiman’s The-
sis ( [Kre03]) and Kodiyalam-Raghavan ( [KRO03|)

Observe first that in [Kre03|, 7 plays the role of v (of [KRO03|). After recalling necessary
definitions and notation from |[Kre03|, we can say that to prove the equivalence of the

bijections in |[Kre03| and [KR03|, one needs to show the following:

1. The set RS of |Kre03| (which is also defined at the starting of this chapter) is
equivalent to the set 9(v) of [KRO3| (D%(v) is also defined in of this thesis).

2. A chain of commuting reflections in R} of |[Kre03| (also mentioned in Definition
of this thesis) is equivalent to a v-chain in 9M(v) of [KR03| (also mentioned in
Definition of this thesis).

3. S5, (m) of [Kre03] (also mentioned in Definition [6.0.12| of this thesis) is equivalent
to SP(m) of [KRO3| (also mentioned in §5.3.1| of this thesis).

4. SM, (m) of [Kre03| (also mentioned in Definition [6.0.10] of this thesis) is same as
SM?Y(m) of [KRO3|.
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10.

11.

12.

13.

14.

. A multiset M in R} of [Kre03| (also mentioned in Definition of this thesis) is

equivalent to a monomial & in 9(v) of [KRO3| (also mentioned in Definition [4.1.2]
of this thesis).

. The depth of an element m in a multiset M of R} of [Kre03|(also mentioned in

Definition of this thesis) is equivalent to the depth (in the sense of [KR03|) of
an element £ in a monomial & of 91(v) (also mentioned in Definition 4.1.15|of this
thesis).

The notation Dy = Max{depth(m)|m € M} in [Kre03|] (also mentioned in of
this thesis) is analogous to the largest length of a v-chain in a monomial & in 91(v)
of [KRO3| (also mentioned in Definition of this thesis).

. For 1 < p < Dy, the notation M, of [Kre03| (also mentioned in of this thesis)

is analogous to the notation &; of [KR03| (also mentioned in of this thesis).

. The connected components M, , of M, of |[Kre03| (also mentioned in §6.1| of this

thesis) are equivalent to the blocks of &; of [KR03| (also mentioned in Definition

of this thesis).

The notation M} of [Kre03| (also mentioned in of this thesis) is equivalent to
the notation B’ of |[KRO03| (also mentioned in of this thesis). Similarly, the
notation M* of [Kre03| (also mentioned in §6.1| of this thesis) is equivalent to the
notation &1 of [KR03| (also mentioned in §4.2|of this thesis).

The concept of a “separably ordered set” of |[Kre03| (also mentioned in Definition
of this thesis) is equivalent to the concept of a distinguished subset on [KRO3|
(also mentioned in Definition [4.1.11] of this thesis).

The notation Sy, for a multiset M of [Kre03| (also mentioned in of this thesis)
is equivalent to the notation &, for the distinguished monomial corresponding to w
(where 7(&) = (w, &W)) of [KRO3| (also mentioned in the proof of the Proposition

4.1.13| of this thesis).

The map ¢ of [Kre03| (also mentioned in §6.1] of this thesis) plays the role of the
map 7 of [KRO3| (also mentioned in of this thesis).

The map ® of [Kre03| (also mentioned in §6.1| of this thesis) plays the role of the
map 7 of [KRO3| (also mentioned in of this thesis).

Proof. 1. Recall that,

RE={sij | i>f:(j), 1<j<d<i<n}
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where f;(j) :==d+ 71, —j+0.5.

So,i> f(j)<=i>d+17,—j+05<=i—d>T1 —].

Again we have,
N(r)={(7,7) [1<g<d<p<mn, 7,>7}

Now, the proof follows from the proof of Lemma [6.0.6l Hence, R} and 9N(7) are

equivalent.

2. Let sy > -+ > s; be a chain of commuting reflections in R}f. Let s; = s, 4,, 1 <

t < t. We know from the beginning of this section that
Si = 8j = Spiq; ™ Spra; < Di > Djs G < G- (6.1.1.1)

Observe that, p;,p; € {d+1,---,N} and ¢;,q; € {1,---,d}. Also observe that,
Pi > pj = Tp, > Tp, and q; < g <= T, < Ty;- Therefore, (6.1.1.1]) gives

8 = 85 = Tp, > Tp, and T, < Ty (6.1.1.2)

This precisely implies that s; = -+ = s <= (7,, 7g,) > -+ > (7,, 7, ) 1S & T-chain
in 9(7) in the sense of Definition [4.1.7]

3. Observe that any reflection s in a multiset S of S, must satisfy w > 7s > 7. This
in particular implies that s € R, that is, S C R.
Now, let S be an element of ST _(m) and s; > --- = s; (where s; € S) be a chain
of commuting reflections. For each i € {1,...,t}, let s, = s, ;, where 1 < ¢; < d <
pi < n. Let 5, = (7,,,7,). It is now easy to see that 7s;---s; is nothing but the
clement sg, - - - s, of I(d, N) (in the sense of Definition [1.1.7). The rest of the proof
now follows from the definition of S (m) (in the sense of §5.3.1)).

4. Obvious from definitions.
5. Obvious from definitions.

6. The proof follows from the simple observation that depth,,(m) (in the sense of
Definition [6.0.8]) is precisely the same as the maximum length of a 7-chain in the
monomial M(C 9(7)) (in the sense of Definition [4.1.15)).

7. Follows from (6) and definitions.

8. Follows from (6) and definitions.
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9. The proof follows from the observation that two consecutive elements (r,c) and
(R,C) in &, are said to be in different blocks (in the sense of if and only if
r < C, that is, if and only if (r, C') belongs to R . If we let s; ; and sy j denote the
elements (r,¢) and (R, C) respectively, then (r,C) is nothing but s;; A sy ;. The
rest of the proof follows from definitions.

10. We know from (9) that a block B of a monomial & in 9%(7) (in the sense of Definition
is equivalent to a connected component M, , of a multiset M in R}. Now,
if {(r1,¢1),...,(r,¢)} is an arrangement of the elements of B with r < .-+ <ry
and ¢; < .-+ < ¢, and if the corresponding connected component M, , equals
{Sipull <@ <t} (where iy < --- <74, and j; <--- < j;), then the element (r,c)
of M(7) is same as the element s,, (= s;,4,) of RS (as mentioned in §6.1| of this
paper).

With the help of the above facts together with some related definitions, the rest of

the proof follows easily.

11. For s;; and sy in R} (where i < '), they are comparable if and only if ¢ < i’ and
j > j'. Also, they are separated if and only if s; = s; ; A s/ j belongs to R, that
is, if and only if, i < j'.
Now, ¢ < ¢ and j > j" if and only if 7; < 7 and 7; > 7. Also, ¢ < j' if and only if
Ty < Tjr.
Therefore, if s; ; and sy j» are either comparable or separated, and if 7; < 7/, then
we have either 7; > 7 or 7; < 7. This is precisely the same as condition (B*) in
the definition of a distinguished subset of 91(7) (in the sense of Definition [4.1.11)).

12. Obvious from definitions.
13. Obvious from definitions.

14. Obvious from definitions.
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CHAPTER [/

INITTAL IDEALS OF TANGENT CONES TO
RICHARDSON VARIETIES IN THE SYMPLECTIC
GRASSMANNIAN

7.1 Term order

Let F' be a field. A term order on Flx;.---,x,| is a total order > on the set of all

an

monomials % = z{* - - - %

which has the following two properties:
1. It is multiplicative; that is, ¢ = 2® implies z2t¢ = z*¢ for all a, b, c € N".
2. The constant monomial is the smallest; that is, z* > 1 for all @ € N™\ {0}.

Here are some significant examples of term order. For the example we will take a =
(a1, ++,a,) and b = (by,-++,b,) for multi indices, and set p = 2% and ¢ = 2°. By
renaming the variables, we may always achieve x1 > x5 = --- > z,, and we will only

describe orders with this property.

Example 7.1.1. Lexicographic order: p -, q if and only if a; > b; for the first index
i with a; # b;. Forn = 2,

Rl o S i AT SRS S S

Example 7.1.2. Homogeneous lexicographic order: p =p;., q if and only if deg p >
deg q or deg p = deg q and a; > b; for the first index i with a; # b;.

Example 7.1.3. Reverse lexicographic order: p > iof and only if deg p > deg q

rlex 4
or deg p = deg q, and a; < b; for the last index i with a; # b;.
It is clear that,

3 2
] > hlex T1 7 hleg 172 and

73
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2

Ty >_T’Z€$ T1T9.

7.2 Grobner basis

Fix a term order > on Fxy,---,x,], then every polynomial f has a unique initial term
in, (f). This is the > largest monomial which occurs with nonzero coefficient in the
expansion of f. We write the terms of f in > decreasing order.

Suppose now, I is an ideal in F[zy,---,x,]. Then its initial ideal in, (I) is the ideal

generated by the initial terms of all polynomial in I:

in, (1) = (in.-(f) [ f € 1).

Definition 7.2.1. A finite subset G of I is a Grobner basis with respect to the term

order > if the initial terms of the elements in G suffice to generate the initial ideal:

iy (I) = (in-(g) | g € G).

7.3 Ideals of tangent cones to Richardson varieties

Let 3 be the element of I(d), which was fixed at the end of the Chapter 2l Consider
the matrix of size 2d x d whose columns are numbered by the entries of 3, the rows by
{1,...,2d}, the rows corresponding to the entries of § form the d x d identity matrix, and
the remaining d rows form a matrix whose entries are X, such that (r, c) € 93(3), where
X(re) = —X(eop if either 7 > d and ¢* < d or r < d and ¢* > d, and X, ) = X(c )
otherwise.

For d =4, g = (1,2,5,6), the 2d X d matrix is given in below:

1 0 0 0
0 1 0 0
T31 T32 X35 T36

Tg1 T42 T45 T35 (7 3.0 1)
0 0 1 0 o
0 0 0 1

X1 Ttz T2 —T32

Tg1r Tty T4 —I31

Let My(V) C Gq(V) — P(A*V) be the Pliicker embedding (where G4(V) denotes the
Grassmannian of all d-dimensional subspaces of V). For 6 in I(d,2d), let py denote the
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corresponding Pliicker coordinate. Consider the affine patch A of P( /\d V') given by ps # 0.
The affine patch A” := 9;(V) N A of the symplectic Grassmannian 9t,(V) is an affine
space whose coordinate ring can be taken to be the polynomial ring in variables of the
form X, ¢ with (r,c) € OR(S) (mentioned in §4.1)).

For 6 € I(d,2d), consider the submatrix of the above mentioned matrix given by the
rows numbered 6 \ 8 and columns numbered §\ 6. Let fyp denote the determinant of
this submatrix. Clearly, fy 3 is a homogeneous polynomial in the variables X, ), where
(r,c) € ONR(P).

Example below gives an illustration of fy s.

Example 7.3.1. Let d = 4, 8 = (1,2,5,6), and 6 = (1,3,4,5). So, 0 € 1(4,8). Now,
fop is the determinant of the submatriz whose rows are numbered by 0\ B = {3,4} and
columns are numbered by B\ 0 = {2,6}, that is

T32 T36

Jop =

— X32X35 — T36L42- (7302)

T2 T35
Clearly, fo 5 is a homogeneous polynomial in the variables X, ), where (r,c) € OR(B).

The e-degree of an element z of I(d) is defined as the cardinality of = \ [d] or equiva-
lently that of [d]\z. An ordered pair v = (z,y) of elements of I(d) is called an admissible
pair if x > y and the e-degrees of z and y are equal. We refer to z and y as the top and
the bottom of w and write top(iv) for x and bot(to) for y. Given any admissible pairs
t = (z,y) and ' = (2/,y), we say that o > w’ if y > 2/, that is, if x > y > 2/ > ¢/.
Let o = (x,y) be an admissible pair. Let 6 be the element (z N [d]) U (y N [d]°) of I(d,2d)
(as mentioned in [GRO6, Proposition 3.4]). For any admissible pair 1, let us denote the
polynomial fys by fu 3.

Example below gives an illustration of the admissible pairs.

Example 7.3.2. Let d =4, so e =(1,2,3,4). Let x = (1,4,6,7). The e-degree of x is 2.
Lety = (1,3,5,7). Clearly, the e-degree of y is also 2 and z,y € I(d) with x > y. Hence,
o = (x,y) is an admissible pair. Also, here top(w) = (1,4,6,7) and bot(r) = (1,3,5,7).
Again, let ' = (1,3,5,7) and y = (1,2,4,6). Then the e-degrees of both x' and vy’
are 1, and x',y" € I(d) with ' > y'. So, w' = (2/,y) is also an admissible pair. As
x>y >a >y, sow >w'. Again, for the above v, 0 = (1,4,5,7). So, for this 6 and
for B=1(1,2,5,6), (using the 8 x 4 matriz of (7.3.0.1)) we have,

Jop = fop = —T32T42 — T35T72.

Set Y (8) := X2 NAP (where X is mentioned in §2.3). From [LMS79] we can deduce

a set of generators for the ideal 1] , of functions on AP vanishing on Y2(3). The following
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equation gives the generators:

I3 5= (fwp | 0 = (7,y) is an admissible pair,a £ y or z £ 7). (7.3.0.3)

«

We are interested in the tangent cone to X at e’ or, what is the same, the tangent cone
to Y7(5) at the origin. Observe that fy s is a homogeneous polynomial. Because of this,
Y7 () itself is a cone and equal to its tangent cone at the origin. Therefore, the ideal of
the tangent cone to X at e is the ideal Igﬁ in 1)

7.4 Extended [-chains

Let 8 be the element of I(d), which was fixed at the end of the Chapter [2] For elements
A= (R,C), = (r,c) of R(B), we write A\ > p, if R > r and C < ¢ (note that these are
strict inequalities). A sequence A\; > --- > A of elements of JR([) is called an extended
fB-chain. Note that an extended f-chain can also be empty. Letting C' to be an extended
f-chain, we define Ct := CNN(B) and C~ := C N (R(B) \ N(B)). We call CT (resp.
(™) the positive (resp. negative) part of the extended S-chain C'. We call an extended
f-chain C' positive (resp. negative) if C' = C'* (resp. C'= C7). The extended (-chain
C' is called nonvanishing if at least one of its positive or negative part is non-empty.
Then clearly, every non-empty extended S-chain is nonvanishing.

An extended [-chain that lies completely in O9R(f) is called an extended upper (-
chain. We similarly define extended upper positive and extended upper negative
[-chains.

Example below illustrates an extended (-chain and an extended upper [§-chain.

Example 7.4.1. Let d = 7 and 8 = (1,3,4,7,9,10,13). Let \; = (14,1), Ao = (12,3),
A3 = (6,7), and Ay = (5,13). Then clearly, \y > Ay > A3 > A\y. So, this is an extended
B-chain in R(B). If we denote the above B-chain by C, then CT = X\ > Xy and C~ =
A3 > Ny, Again, A1 > Ay > A3 is an extended upper B-chain.

Definition 7.4.2. Let A C 3 (where 3, the complement of 3, which is defined in Chapter
[9) and B C 3. We define A— B as the set AU (B \ B).

Definition 7.4.3. Let C be an extended upper B-chain. Let (P, Q%) = BRSK(CUC¥).
Let (PF,QY) denote the topmost row of (P°,Q%) and (P°,QY) denote the bottom-
most row of (P%, Q). Let top(C") denote the element PC —QY of I(d,2d) and bot(C~)
denote the element PC — QY of 1(d,2d), where P¢ — QY and PE — QY are having the

meaning as given in Definition [7.4.3

Notation (A): Let u = (uy, ..., uq) be an element of 1(d, 2d). Define u* := (uj, ..., u})
and u* = [2d] \ u*.
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It is clear that, u = u® if and only if u € I(d).
Before going to the Theorem below, we will state [GR06|, Proposition 5.6], which
is going to be used in the proof of Theorem [7.4.5] [GR0O6, Proposition 5.6| is stated below

as Proposition [7.4.4]

Proposition 7.4.4. The map 7 respects # (the map 7 is defined in . More precisely,
if 7(8) = (w,8W), then (&%) = (w#, 8V#) (for a monomial &, &% is mentioned in

Definition .

Theorem 7.4.5. Given any extended upper [3-chain C, the elements top(CT) and bot(C™)
of 1(d,2d) in fact belong to 1(d).

Proof. Let (C'UC#)T and (C'UC#)~ denote respectively the positive and negative parts
of the multiset C'UC#. We know that, BRSK (C'UC¥) is equal to the notched bitableau
obtained by placing the notched bitableau BRSK ((C U C#)~) on top of the notched
bitableau BRSK ((C'U C#)™T).

Recall the map 7 from of Chapter 4 We know from Corollary of Chapter
Bl that BRSK((C U C#*)*) = 7((C U C#)*). Also, (C'UC#)* = ((CUCH)H)#. Tt
hence follows from Proposition and the above Notation (A), that all the elements
of I(d,2d) corresponding to all the rows of BRSK ((C'U C#)T) in fact belong to I(d).
In particular, the element P — QY = top(C™) also belongs to I(d). The proof of the
fact that bot(C~) belongs to I(d) is similar (we omit the proof here because it involves
proving that the maps BRSK and 7 are equal on negative multisets, and this proof is
similar to that in Chapter [5). O

The example below illustrates Theorem [7.4.5]

Example 7.4.6. Let d = 7 and § = (1,3,4,7,9,10,13). Clearly, 8 € I(d). Now,

g =1(2,5,6,8,11,12,14). Consider the upper extended B-chain
¢ = {(12’ 1)7 (117 3)7 (87 4)? (67 7)> (57 9)7 (27 10)}'

According to Chapter |3,

2[5]6] [9]10113
506/8) [7]9]10

BRSK(CuUC#) = S0l 3Tale (7.4.0.1)
11712014 [1[3]4

Now, top(C+) = PC — Q€ = {11,12,14} U (8 ~ {1,3,4}) = (7,9,10,11,12,13, 14), and
bot(C~) = PY — QY = {2,5,6} U (8~ {9,10,13}) = (1,2,3,4,5,6,7). Clearly both of
top(C*) and bot(C~) belong to I1(d).
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7.5 Grobner basis for ideals of tangent cones

We now specify the term order > on monomials in the coordinate functions { X, | (1, ¢) €
OR(B)} with respect to which the initial ideal of the ideal 1] , of the tangent cone is to
be taken.

Definition 7.5.1. Let > be the total order on OR(S) satisfying the following condition:
o Xio) > Xov o) if either (a) r>71"or (b)r=1r"andc<c.

Let > be the term order on monomials in ONR(3) given by the homogeneous lexicographic

order with respect to >.
Example below gives an illustration of the term order >.

Example 7.5.2. Letd =7 and § = (1,3,4,7,9,10,13). Now, all of (14,1), (12, 3), (11, 3),
(11,1) are elements in OR(B), and according to the above term order we have, X141y >
Xz3) > X1, > X(11,3)- Let Xg, = X5’1471)X(11,1)X(21173); Xg, = X(14,1)X(12,3)X(1173); and
Xg, = X(1471)X(211’1). Clearly, &1, &g, and &3 all are monomials in ONR(F). Now, the
degree of the polynomial Xe, s greater than that of Xg, and Xe,. So, Xe, > Xg, and
Xe, > Xg,. Though the degree of X, is equal to the degree of Xe,, but X123y > X1,
and in Xe,, the degree of X(123) is one and in Xs,, the degree of X123 is zero. So, ac-
cording to the definition of homogeneous lexicographic order, we have Xg, > Xg,. Hence,
Xe, D> Xg, > Xe,.

Now, recall that the ideal of the tangent cone to X7 at e is the ideal I; 5 given by
. Let > be as in . For any element f € I] 4, let iny f denote the initial term
of f with respect to the term order . We define in.. I ; to be the ideal (in. f | f € I 5)
inside the polynomial ring P := K[X, | (r,c) € OR()].

Definition 7.5.3. An admissible pair vo = (t,u) (where t > u) is called a good admis-
sible pair if it satisfies both of the following 2 properties:

L afuort£n.

2. Either iny f 5 forms a positive upper extended 3-chain C* such that C(Jg) - C(Jg) % 7
or ing fr.g forms a negative upper extended B-chain C~ such that C(E) — C(;) * .

Notation: Let G ; denote the set {fy s | to is good}.
Example below illustrates a good admissible pair.

Example 7.5.4. Let d = 4, o = (1,2,3,5), f = (1,2,5,6), and v = (2,3,5,8). Let
= (t,u) be an admissible pair, where t = (3,4,7,8) and u = (1,2,5,6). Clearly, t £ ~.
Now, in §[7.3, we have already defined that 6 = (t N [d]) U (u N [d]°), and fup = fozs-
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Hence, in this example 6 = (3,4,5,6) and from the matriz which is given in (7.5.0.1)), we

have
T31 T32
Ty Ty2
Observe that ing fr 3 = —2a1232. Clearly, iny fo g forms a positive upper extended B-chain

C* such that C ) — Clhy = {3,4} U (B~ {1,2}) = (3,4,5,6) £ 7. Hence, o = (t,u) is a

good admissible pair.

Definition 7.5.5. If S is any nonempty subset of the polynomial ring P := K[X(,¢) | (1,¢) €
ONR(B)] such that S # {0}. We define in..S to be the ideal (in.(s) | s € S).

The main result of this chapter is the following:

Theorem 7.5.6. The set Q;B is a Grobner basis for the ideal Ilﬁ.

7.5.1 Strategy of the proof
To explain the strategy of the proof of Theorem [7.5.6, we need the following definition.

Definition 7.5.7. We call f = fo, 8- fo.p € P = K[X(¢) | (r,¢) € OR(B)] a stan-

dard monomzial if

w; <---<to,, (7.5.1.1)
and for each i € {1,...,r}, we have
Fither § > top(w;) or top(w;) > £, (7.5.1.2)
and either bot(w;) > 3 or > bot(tv;) (7.5.1.3)
and v, # (3, B). (7.5.1.4)

If in addition, for o,y € I(d), we have
a < bot(toy) and top(w,.) <7, (7.5.1.5)

then we say that f is standard on Y] (f).
Example below gives an illustration of a standard monomial on Y.)(5).

Example 7.5.8. Let d = 4, a = (1,2,3,5), 8 = (1,2,5,6), and v = (3,4,7,8). For
this B, the 8 x 4 matriz is given by (7.3.0.1]). Let wy = ((1,2,4,6),(1,2,3,5)) and 1o, =
((2,4,6,8),(2,3,5,8)). Clearly, v, and to, both are admissible pairs. Let 0, and 0y be the
images of w1 and vy respectively, under the correspondence given by v = (x,y) — 0 =
(xN[d])U(yN[d]) as mentioned in (GRO6, Proposition 3.4]. So, we have, 0; = (1,2,4,5)
and 0y = (2,4,5,8). Now, using the 8 x 4 matriz of we have,
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fmhﬁ = f9175 = I35 € P
and fmg,ﬁ = f@g,ﬁ = —T41%31 — T3sxg1 € P.

Hence, f = fu, gfrop € P. Clearly, vo; < wy. Again, 5 > top(to,) and § > bot(r,).
Also, f < top(w,) and B < bot(w,), and w; # (8,8) foralli € {1,2}. Again, «,
v € 1(d) are such that o < bot(t,) and v > top(tv,). Hence, f is standard on Y ().

Definition 7.5.9. Let f = fyu, 5 [, 3 be a standard monomial on Y (). We define
the degree of f to be the sum of the B-degrees of w1,...,10,, where given any admissible
pair vo = (x,y), the f-degree of vo is defined to be 3(|z\ B|+]y \ B]).

We now briefly sketch the proof of Theorem m (the details can be found in .
Clearly, G, ; is contained in the ideal I} 5. So, in.G] 5 C in. 1] 5. Hence, to prove Theo-
rem , we only need to show that in any degree, the number of monomials of mbgg, 8
is at least as great as the number of monomials of inDI;B (the other inequality being
trivial). Equivalently, we need to prove that in any degree, the number of monomials of
P\ inDQZﬁ is no greater than the number of monomials of P\ inblgﬁ. Both the mono-
mials of P\ in.1] ; and the standard monomials on Y,J () (the definition of a standard
monomial on Y () is given in Deﬁnition form a basis for P/1] 5, and thus agree in
cardinality in any degree. Therefore it suffices to prove that, in any degree, the number
of monomials of P\ in. Q;” 8 is less than or equal to the number of standard monomials on
Y7 (/). In this chapter, we consider two sets, namely, the set of all “nonvanishing special
multisets on 3 x B (bounded by T, W.,)”, and the set of all “nonvanishing semistandard
notched bitableaux on (8 x 8)* (bounded by T,, W,)”. The meaning attached to these
two sets is given in below. In §7.7 below, we will first show that there exists a degree
doubling injection from the set of all monomials of P \mbgg, 5 to the former set. Then we
will show that, there exists a degree-halving injection from the later set (namely, the set
of all “nonvanishing semistandard notched bitableaux on (3 x 8)* (bounded by T, W,)")
to the set of all standard monomials on Y7 (/). And then we will prove that the map
BRSK of Chapter [5|is a degree preserving bijection from the former set to the later. This
will complete the proof.

Example below gives an illustration of a Grobner basis.

Example 7.5.10. Let d =4, a = (1,2,3,5), 8 = (1,2,5,6), and v = (2,3,5,8). Then
from Example we know that, v = (t,u) is a good admissible pair, where t =
(3,4,7,8) and u = (1,2,5,6). For the above a, 3, if we consider all the admissible pairs
which satisfying both the conditions of good admissible pair, then we will get the set ggﬁ
which is given by { fug | W0 € G}, where G is the following set (of all good admissible pairs):
G ={((1,2,3,4),(1,2,3,4)),((1,4,6,7),(1,2,5,6)), ((2,4,6,8),(1,2,5,6)), ((3,4,7,8), (1
,2,5,6)),((1,5,6,7),(1,5,6,7)),((2,5,6,8),(1,5,6,7)),((3,5,7,8),(1,5,6,7)),((4,6,7,8)
,(1,5,6,7)),((2,5,6,8),(2,5,6,8)),((3,5,7,8),(2,5,6,8)), ((4,6,7,8),(2,5,6,8)),((5,6,7
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,8),(5,6,7,8))}. As in Example we can easily find the initial term of the above
good admissible pairs. In this case, we have

: Yo
m>gaﬁ = <{ZC7136327 T71, T72, X41732, T41, 42, T45236, L81L72, T81L42, L81L32, L81, $71£C42}>-

7.6 The two sets

As mentioned towards the end of the previous subsection, the two sets under consideration
are “nonvanishing special multisets on 3 x 8 (bounded by T, W,)” and “nonvanishing
semistandard notched bitableaux on (3 x 3)* (bounded by T, W,)”. We will now explain

the meaning of these two sets.

Let o, 8,7 be as before (Chapter [2). Let I be the set of all pairs (R, S) such that
R C 3,5 C B, and |R|=|S|. Let I} be the subset of I consisting of all pairs (R, S)
such that R = S*. Clearly then, the map (R,S) — R — S is a bijection from I} to I(d)
(indeed, the inverse map is given by 6 — (6 \ 5,8\ 0)). Let (R.,S,) and (R,,S,) be
the preimages of o and 7 respectively under the bijection from I to I(d). Define T;, and
W., to be any subsets of f x 3 such that (To)y = Ra, (Ta)2) = Say (W5)1y = Ry, and
(W,)@2) = S5. Note that there always exist subsets T,, and W, of # x f such that T, is
negative and W, is positive [this is because 5 < 7, apply Propositionto ~ (which is
> ) to get a distinguished monomial corresponding to . This distinguished monomial
will serve as a positive subset W, of B x 3. Similarly, we can get a negative subset T}, of
B x B corresponding to a (which is < 8)]. Hence, we can choose T, and W, in such a

way that the former is negative and the later is positive.

Example below gives an illustration of the above paragraph.

Example 7.6.1. Let d = 7 and 8 = (1,3,4,7,9,10,13). So, B = (2,5,6,8, 11,12, 14).
Let o = (1,2,3,5,7,9,11) and v = (4,5,6,7,12,13,14). So, o < 8 < . Now, Iz is
the set of all pairs (R, S) such that R C (2,5,6,8,11.12.14), S C (1,3,4,7,9,10,13), and
|R|=|S|. Let R =(2,6,8,11) and S = (4,7,9,13). Clearly, |R|= |S| and R = S*. So,
according to the definition of I, (R, S) € I;. Now, R—S = (1,2,3,6,8,10,11) is in I(d).
Again, both of

(Ra, Sa) = ((2,5,11), (4,10,13)) and (R, S,) = ((5,6,12,14), (1,3,9,10))

are in Ij. Let T, = {(2,4),(5,10),(11,13)} and W, = {(5_, 1),(6,3),(12,9), (14,10)}.
Then clearly, T, is a negative and W, is a positive subset of 5 x 3.
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7.6.1 The first set

A nonvanishing multiset on 8 x 3, bounded by T, W, has the same meaning as in .
Such a multiset & is called a nonvanishing special multiset on 3 x 3 (bounded by

T,, W.,,) if moreover, the following two properties are satisfied:
1. 6 =6%.
2. the multiplicity of any diagonal element in & is even.
Example below gives an illustration of the first set.

Example 7.6.2. Let d =7 and 5 = (1,3,4,7,9,10,13). Let o = (1,2,3,5,7,9,11) and
v =(4,5,6,7,12,13,14). Let & = {(2,3), (12,13),(5,10), (5,10)}. Clearly, & = &% and

the multiplicity of any diagonal element in & s even. The only B-chains in & are
C1 ={(2,3)}, Cy ={(12,13)}, and C3 = {(5,10)}.

Let us take T,, = {(2,4), (5, 10), (11,13) } and W., = {(5,1), (6, 3), (12,9), (14, 10)}. Clearly,
(To)1 — (Tw)2 = a and (W,)1 — (W,)2 = 7. We have to check that T, < C; < W, for all
ie{1,2,3).
Now,

(2} — {3} = {21 U (B\ {3}) = (1,2,4,7,9, 10, 13).

So, T, < Cy < W,. Similarly, one can check that T,, < Cy < W, and T, < C5 < W,.

Hence, G is a special multiset.

7.6.2 The second set

A nonvanishing semistandard notched bitableau on 3 x 8 bounded by T,, W, has the
same meaning as in §3.3.3 Such a notched bitableau (P, @) is said to be a nonvanishing
semistandard notched bitableau on (3 x 8)* (bounded by T,,W,) if moreover, the

following 5 conditions are satisfied:
1. P, = @} for every row number i of (P, Q).
2. (P,Q) doesn’t contain any empty rows.

3. The total number of rows in P (or ) is either even, or it is odd but

P—-h < <P, —Qn<B<Py1—Qni1 << Poip— Qnip,

where n + p is the total number of rows in P (or @), and (P, Q;) (for 1 <i <n) is
the negative part of (P,Q), and (P44, Qn1i) (for 1 <14 < p) is the positive part of
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(P, Q).
Notation: Let us denote by 6; < -+ < 4,41 the sequence P, — @; < --- <
Py—Qn<B< Py — Qni <+ < Poyp — Qnyyp, where n + p is odd.

4. Either the total number of rows of P (or () is even, and the e-degrees (where
e=(1,2,...,d) € I(d)) of P; —Q; and Pj;1 — Qj;1 are equal for each j odd, or the
total number of rows in P (or ()) is odd (say, n + p), and the e-degrees of §,; and
d;4+1 are equal for each j odd, where the §;’s are as mentioned in item (3) above.

5. The total number of boxes in P (or @) is even.
Example below gives an illustration of the second set.

Example 7.6.3. Let d =7 and f = (1,3,4,7,9,10,13). Let

211 4113
(P,Q) = 512/, 310
6|14 119

Clearly, (P,Q) is a notched bitableau, on B x 3. Let
a=(1,2,3,5,7,9,11) and v = (4,5,6,7,12,13, 14).
Let us take
T, = {(2,4), (5,10), (11, 13)}
and W’Y o {<57 1)7 (6> 3)7 (127 9)) (14, 10)}

Observe that
P —Q1=(1,2,3,7,9,10,11),

P2 - QZ = (1a4757 7797 127 13)7
and Py — Q3 = (3,4,6,7,10, 13, 14).

Since Py < Qq, P» > Q2, and P3 > Q3, we have (P, Q) is nonvanishing. Also, Py — Q1 <
Py — Qs < P3 — Q3. Hence, (P,Q) is semistandard. Again,

(Tw)ay — (Ta)@ = a < P —Qy and

Py — Qs <v=W;)0) — (W)
So, (P,Q) is bounded by T, and W.,. Observe now that,
1. P,=Q foralli e {1,2,3}.

2. (P,Q) does not contain any empty rows.
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3. The total number of rows in P (or Q) is 3, which is odd, but
P—Q1<B<P—0Q:<P3—Qs.

4. The e-degrees of P, — @)1 and [ are the same (both are 3). Also, the e-degrees of
Py — Q2 and P; — Q3 are the same (both are 3).

5. The total number of bozes in P (or Q) is 6, which is even.

Hence, (P,Q) is on (B x B)*.

7.7 The proof

The main result (Theorem [7.5.6) of this chapter will be obtained as a consequence of

Theorem [7.7.6], Theorem [7.7.9] and Theorem [7.7.13] For this subsection, we fix «, 8, and
v in I(d) such that o < 5 < . Also, we will recall the definitions of SM"" and special

monomial from Chapter [5 which we will state first.

Definition 7.7.1. An ordered sequence (v, ..., 1) of admissible pairs is called a stan-

dard sequence of admissible pairs if w; > w, . for 1 < i < t. We often write

tw; > .-+ > 1w, to denote the standard sequence (101, ...,10;) of admissible pairs. Given
any v € I(d), we say that a standard sequence w1 > --- > 1w, of admissible pairs is
v-compatible if for each w;, either v > top(w;) or bot(w;) > v, and w; # (v,v). A
standard sequence w0, > --- > 1o, of admissible pairs is called anti-dominated by v if
bot(wy) > v. Let SM"" denote the set of all v-compatible standard sequences of admissible

pairs that are anti-dominated by v.
Example below gives an illustration of SM"".

Example 7.7.2. Let d = 4 and v = (1,2,3,5). Let vo; = ((2,4,6,8),(2,3,5,8)) and
we = ((1,2,4,6),(1,2,3,5)). Then vy > wq is an element of SM".

Definition 7.7.3. A monomial & of T? ( which is mentioned in is spectal if
1. & =6% and
2. the multiplicity of any diagonal element in & is even.
Example below gives an illustration of the special monomial.

Example 7.7.4. Let d =4 and 5 = (1,2,5,6). Then the monomial

6 ={(81),(8,1),(7,1),(8,2)}

is a special monomial of T? (the notation of T” is mentioned in §5.5.1)).
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Now, we recall |[GRO6, Proposition 4.1], which has been used in the proof of the
Theorem [7.7.6, [GRO6, Proposition 4.1] is stated below as Proposition [7.7.5|

Proposition 7.7.5. There is a bijection between SM?? and TP that respects domination

and degree.

Before we start the proof of the Theorem let us recall the notation P and in..9S,
which will be used in the proof of the Theorem [7.7.6]
Notation: If S is any nonempty subset of the polynomial ring P := K[X(.. | (r,c) €
ONR(B)], such that S # {0}. We define in. S to be the ideal (in.(s) | s € S), where in;
is as in Definition [.5.1]

Theorem 7.7.6. There exists a degree doubling injection from the set of all monomials
of P\ mbggﬁ to the set of all nonvanishing special multisets on 3 x 3 (bounded by T,,
w,).

Proof. Clearly,
inDQgﬁ = (ing frop : W is good) = (GT UG™),

where
G = {xc+ : C* a positive upper extended B-chain such that C(J{) - C’(Jg) £ v},

and G~ = {z¢- : C” a negative upper extended [-chain such that o € Ca) — C(;)}.

Let
Gt = {zc+ : O a positive upper extended S-chain such that C* <« W, },

and G'” := {xc- : C™ a negative upper extended [-chain such that T, « C~}.
It is then easy to observe that G*= G'" and G~ = G'~. Therefore
ineGl, = (G UGT).

The definition of a generating set for an ideal will now imply that z; is a monomial in
mbgg’ g if and only if zy is a multiple of some x¢+ or some xc-, where C* is a positive
upper extended S-chain such that C* £ W, and C~ is a negative upper extended j-chain
such that T,, £ C~. Therefore

zy is a monomial in P\ in.G,

& xyp is not divisible by any z¢+ (where C't is a positive upper extended [-chain such that

Ct £ W,) or by any zc- (where C™ is a negative upper extended -chain such that T, £
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c7)

= U contains no extended upper S-chains C' such that 7,, £ C~ or CT £ W,

Observe now that, as the bijection of Proposition [5.3.10| respects domination, and Corol-
lary [5.2.20] holds true, so C* £ W, implies that top(CT) & 7. A similar argument will
show that T,, £ C~ implies a £ bot(C™). So, we now have:

U contains no extended upper (-chains C' such that T, £ C~ or C* £ W,

= U contains no extended upper -chains C' such that @ £ bot(C™) or top(C™) £ v
& a < bot(C™) and top(C") < 7 for any extended upper S-chain C' in U
& C'UCH is bounded by Ty, W, for any extended upper (-chain C' in U,

where the last < follows because bot(C™) and top(C™) are the two elements of I(d) (as
mentioned in Definition obtained by applying the map BRSK to the monomial
C U C#, and the map BRSK preserves domination.

Observe now that, given any extended -chain D in U UU?, we can naturally get hold
of an extended upper S-chain C' (in U) from it in the following way:

If D= (ri,c1) > > (re,¢) and (r4,, ¢4 )y -+ o5 (T35 i), ) (Where 4 < i < -+ < ij) are
such that T g c;*j for all 1 < 5 < k, then it is easy to check that the monomial formed
by replacing all (ri;,c;;) (1 < j < k) in D by (¢ ,r;) forms an extended upper f-chain
in U. Call this extended upper f-chain in U as C.

Note that D is an extended (-chain in the monomial C'U C#. So, if the monomial
C' U C? is bounded by T,, W, then T, < D < W,.

Therefore
C UC? is bounded by T, W., for any extended upper S-chain C'in U
= T, < D < W, for any extended (-chain D in U U U#

& U U U is bounded by Ty, w,.

The map U + U U U?# from the set of all monomials of P\ in.G, 5 to the set of all
nonvanishing special multisets on 3 x 8 (bounded by T,, W,) is the required degree-
doubling injection. O

Example below gives an illustration of Theorem [7.7.6]

Example 7.7.7. Let d =4 and «, 8,7 be as given in Example|7.5.10, Here T, = {(3,6)}
and W., = {(3,1),(8,6)}. Take the monomial U = {(3,1),(3,2),(3,5)} in P\in.G] 5. It
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18 now easy to verify that
UuU* ={(3,1),(3,2),(3,5),(8,6),(7,6), (4,6)}

is a nonvanishing special multiset on B x 3 (bounded by T, w,).

The following result (Proposition [7.7.8)) follows easily from [BLO03| Propositions 6 and
7| followed by a proof similar to the proof of [GR06| Proposition 3.9|:

Proposition 7.7.8. The standard monomials on Y (3) form a basis for K[Y.)(5)].

Theorem 7.7.9. There exists a degree-halving injection from the set of all nonvanishing
semistandard notched bitableauz on (8 x B)* (bounded by T,, W.,) to the set of all standard

monomials on Y. ([3).

Proof. Given any nonvanishing semistandard notched bitableau (P, Q) on (8 x 3)*, let
Pi,..., P, (resp. Q1,...,Q,) denote the rows of P (resp. @)) from top to bottom. If r is
even (say, r = 2s), then let us denote the sequence P, — Q1 < -+ < Pog — Q25 by

<o < g,

If r is odd (say, r = 2s — 1), then let us denote the sequence P, — Q1 < --- < P, — @, <
B<Poy1 — Qnir < - < Poy g — Qa1 by

pr < v < log,

where (P;,Q;) (for 1 < i < n) is the negative part of (P,Q), and (P;,Q,) (for n +1 <
j < 2s—1) is the positive part of (P, Q). We can then form the monomial

I = Fan) 8  ais) B Fpasins—1).65

which belongs to K[X(,..) | (r,¢) € OR(B)].

The notched bitableau (P, Q) is nonvanishing which implies that, any p; (1 <i < 2s)
which is not equal to § is such that either pu; < 8 or p; > . And this in turn implies that
(7.5.1.2), (7.5.1.3), and are satisfied by f(u.u1),8°** f(usepos_1),3- The notched
bitableau (P, Q) is semistandard = p1 < pg < -+ < pios1 < figs. Further, (P, Q) is
a notched bitableau on (8 x 3)* which implies that the pairs (pg2, it1), ..., (fi2s, fos—1)
are all admissible pairs. These two facts together imply that is satisfied by
Jtua)8* fluospas_),5- 1f in addition, (P, Q) is bounded by T, W, then it is implied

that (7.5.1.5) is satisfied by fiu, u0),8 "« f(usess_1),5- It is now easy to verify that (P, Q)
is a nonvanishing, semistandard, notched bitableau on (3 x 3)* (bounded by T,, W) =

Stuo) 8 (wapi) B+ Jluospas—r),p 18 standard on YJ(B). Moreover, the degree of (P, Q)
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equals the total number of boxes in P (or Q). The total number of boxes in P clearly

equals X7_;|(P; — @Q;) \ B], which in turn equals ¥2%,|u; \ 3|, which in turn equals twice

the degree of f(,, 110,68+ f(uzs pos_1),8-
The map (P, Q) = fiuopun),8 " fiuse,use_1),3 15 the required degree-halving injection. [

Example below illustrates Theorem [7.7.9

Example 7.7.10. Letd = 4 and «, 8, be as given in Example|7.5.10 Here T, = {(3,6)}
and W, ={(3,1),(8,6)}. Let

(P,Q) =

6
6

Now, (Ta)(l) - (Ta>(2) - (L 27375)7 (Wv)(l) - (W’7>(2) = (2737 578); R < Ql 5 (17 27375)7
Py —Qy=(1,2,4,6), Py — Q3 =(1,3,5,7), and P, — Q4 = (2,3,5,8).
Since P; < Q; fori = 1,2 and P; > Q; for i = 3,4, so (P,Q) is nonvanishing. Again,
Pi—Q1 < Po—Q2 < Ps—Q3 < Py—Q4, s0 (P, Q) is semistandard. Also, (To)1y—(Ta)2) <
Py — Q1 and Py — Qs < (W,)a) — (W5) ), so (P,Q) is bounded by T, and W.,.

Observe now that, (P,Q) is on (B x B)* because:

1. P, = Q7 for every row number 1.
2. (P,Q) does not contain any empty rows.
3. The total number of rows in P (or Q) is 4, which is even.

4. The e-degrees of both P, — Q1 and Py — Qg is 1. Also, the e-degrees of both P3 — (3
and Py — Q4 1s 2. That 1s, the e-degrees of P; — Q); and Pyqy — Q11 are equal for

every 1 odd.
5. The total number of box in P (or Q) is 6 that is even.

So, (P,Q) is on (3 x B)*. Hence, (P,Q) is a nonvanishing semistandard notched bitableau
on (B x B)* (bounded by T, W.,).

Here py = (1,2,3,5), 2 = (1,2,4,6), us = (1,3,5,7), s = (2,3,5,8). Under the degree-
halving injective map of Theorem (P, Q) maps to fiuy ui),af(uaps),z, which is a stan-
dard monomial on Y (f3).

Before we start with the last theorem of this subsection, we will state [Kre08, Lemma
7.2] and we will recall Proposition [3.3.10, which are going to be used in the proof of the
Theorem [7.7.13] |Kre08, Lemma 7.2] and Proposition [3.3.10| are stated below as Lemma

[7.7.11) and Proposition respectively.
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Lemma 7.7.11. If a nonvanishing multiset U on N? is bounded by T, W (which is defined
in §3.1), then BRSK(U) is bounded by T, W.

Proposition 7.7.12. The map BRSK 1is a degree-preserving bijection from the set of
nonvanishing (resp. negative, positive) multisets on N? to the set of nonvanishing (resp.

negative, positive) semistandard notched bitableauz.

Theorem 7.7.13. The map BRSK of Chapter|[3 is a degree-preserving bijection from
the set of all nonvanishing special multisets on 3 x 3 (bounded by T,, W.,) to the set of all
nonvanishing semistandard notched bitableauz on (B x B)* (bounded by T,, W.,).

Proof. The fact that the map BRSK of Chapter [3|is degree-preserving is obvious from
Proposition itself. For the rest of this proof, we will follow the notation and
terminology of [GR06, §4.1] as well as the notation and terminology of Chapter

There exists a natural injection from SM?# to SMP# as given in |[GR06, §4.1|. Let
ABB denote the image of SM?A# in S/]\Zﬁ/ﬁ under this injection. Let € denote the set of
all special monomials in 77 (mentioned in . The map 7 of Chapter |4]is a degree
and domination preserving bijection between the sets € and ABB_ The set € is the same
as the set of all positive special multisets on 3 x 3, and the set APB is in a natural
bijection (induced by the bijective map from Ij to I(d)) with the set of all positive
semistandard notched bitableaux on (f x (8)*. Also, we know from Corollary that
the map BRSK of Chapter [3] and the map 7 of Chapter [4] are the same on positive
multisets on B x 3. Moreover, it follows from Lemma and the fact that inside the
proof of [Kre08, Proposition 2.3|, the inequality b is actually an equality) that a positive
multiset U on 8 x /3 is bounded by @, W,, if and only if BRSK(U) is bounded by 0, W.,.
Therefore, we can now conclude that the map BRSK of Chapter [3]is a degree-preserving
bijection from the set of all positive special multisets on 3 x 3 (bounded by 0, W.,) to the
set of all positive semistandard notched bitableaux on (3 x 3)* (bounded by 0, W.,).

The proof for the negative part is similar. For the negative part, the multisets (as well
as the notched bitableaux) will be bounded by T, @) instead. O]

Example [7.7.14] below illustrates Theorem [7.7.13]

Example 7.7.14. Letd = 4 and «, 8,7 be as given in Example|7.5.10] Here T, = {(3,6)}
and W, ={(3,1),(8,6)}. Let

S ={(31),(3,2),(3,5),(8,6),(7,6), (4,6)}.

Then & is a nonvanishing special multiset on B x 3 (bounded by T, w,).

BRSK (&) = (P,Q) =

N |
(@)
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By Ezample[7.7.10, BRSK (&) = (P, Q) is a nonvanishing semistandard notched bitableau
on (B x B)* (bounded by T, W.,).

The proof of Theorem now follows easily from Theorems [7.7.6], [7.7.9], and [7.7.13]
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CHAPTER 8

\_MULTIPLICITY AT ANY TORUS-FIXED POINT IN A
RICHARDSON VARIETY IN THE SYMPLECTIC
GRASSMANNIAN

8.1 Multiplicity
In this subsection everything is taken from |Eis95| except Remark

Definition 8.1.1. A chain of sub-modules of a module M is a sequence { M}, of sub-
modules of M such that,

M =My,D> M, D...D> M,=(0) (strict inclusions).
The length of the chain is n (the number of “links”).

Definition 8.1.2. A composition series of M is a maximal chain, that is, one in which

no extra sub-modules can be inserted.

Definition 8.1.3. Let A be a commutative ring with unity. By a chain of prime ideals

of A, we mean a finite strictly increasing sequence
@()C 321 C @n;

the length of this chain is n.
We define the dimension of A to be the supremum of all the lengths of all chains of
prime ideals in A.

It is an integer >0 , or oo (assuming that A #0).

Definition 8.1.4. A graded ring is a ring A together with a direct sum decomposition
A=A P A D... as abelian groups such that A;A; C Aiy; Vi, j > 0.

91
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Definition 8.1.5. Let I be an ideal of a ring A. We define the associated graded ring
of A with respect to I, written grrA to be the graded ring

grA=AJIDIIPDI/PD. ...

We will now define what is meant by the multiplicity of a maximal ideal on a local

ring.

Definition 8.1.6. Let R be a local ring with maximal ideal IN. The Hilbert-Samuel
function of R with respect to M is defined as

mn
Hop r(n) = length (W) :

where by length (%), we mean the length of a composition series of (%) There
exists a polynomial Py g such that Pmpg(n) = Hwmg(n) for n sufficiently large. The
_eOnR) (dimR denotes the dimension of the
(dimR—1)!

local ring R) for some positive integer e(IM, R). This positive integer e(IM, R) is called

the multiplicity of 9N on R.

leading coefficient of Poy g is of the form

Remark 8.1.7. Let o, 3, and ~y be the elements of I(d), which were fized at the end of
the Chapter @ In our case, R is the local ring Oxy s of germs at e of function on the

Richardson variety X, and 9N is its unique maximal ideal M, s.

o’

8.2 Some necessary definitions and notation

In this subsection we will recall some definitions and notation from [Kre0§].

Let (e, f), (g,h) € N?, both negative, then (e, f) < (g,h) if f < hand e > g, (e, f)<(g, h)
if f<hande>g. Let (c,d), (e, f) € (N?)7, then define (c,d) A (e, f) = (max(c, e),min
(d, f)) € (N*)~.

If T = {(e1,€2),...,(€m,emys1)} is a subset of N?, then T is said to be completely
disjointed if e; # e; when 7 # j. A negative twisted chain is a completely disjointed
negative subset of N? such that for any u,v € T, either u < v, or v < u, or u Av ¢ (N?)~.
If T is a positive subset of N2, then T is called a positive twisted chain if +(T) is a
negative twisted chain. A twisted chain is a subset of N? which is either a positive or a
negative twisted chain.

Let T = {(e1, f1),---,(ém, fm)} be a completely disjointed negative subset of N?
such that fi < ... < f,,. For ¢ € §,,, the permutation group on m elements, define
o(T) = {(eo1); [1), - -+ (€a(m), fm)}. Let 7 ={o(T)| 0 € Sy, o(T') negative}. Impose the
following total order on 7 : If both

R={(a, f1),,(am, fm)}
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and S = {(blyfl)a T (bm>fm)}

1 1
belong to 7, then R e<X S if, for the smallest ¢ for which a; # b;, a; > b;. Since e<X is

total order, 7 has a unique minimal element, which Kreiman has denoted by T in [Kre08].
From |Kre08, Lemma 9.2, we know that, T is a negative twisted chain.

In |[Kre08|, for R a negative subset of N* and =z € (N?)~, Kreiman has defined
depthpr(x), which is maximum r such that there exists a chain u; < ... < u, in R with
u, <z, and for any two negative subsets R and S of N?, R<S (or S R), if depthg(z) >
depthg(z) for every negative z € N?, which is equivalent to depthg(z) > depthg(x) for
every z € S. If R and S are positive subsets of N2, then S > R if «(S) < «(R). If Ris a
negative subset of N? and S is a positive subset, then R <.S. Also, from [Kre08, Lemma
9.4 | we know that, if R and S are twisted chains then

RIS <«<= R<S, (8.2.0.1)

where the relation < on multisets on N? is defined in of Chapter

Let R and S be negative and positive twisted chains respectively. Then a multiset U
on N2 is said to be chain-bounded by R, S if R<U~ and UT < S, or equivalently, if
for every chain C'in U, R<C~ and CT < S.

For the rest of this chapter let 8 be an arbitrary element of I(d) and let § =

{1,...,2d}\ B.

8.3 Some necessary definitions and lemmas

Definition 8.3.1. A multiset U in 3 x (3 is called a star set if

(i) (r,c) € U and r # ¢ = (¢, r*) € U and

(i1) Multiplicity of every (r,c) € U is one.

A star set U in (< B)~ is called a negative star set. Similarly, a star set U in (8 x 3)*
is called a positive star set.

Example 8.3.2. Let d = 7, 8 = (1,3,6,8,10,11,13). So, B = (2,4,5,7,9,12, 14).
Let U = {(2,3),(5,8),(9,6), (12,11),(12,13),(7,10), (4,3)}. Since multiplicity of every
element of U is one, and for every (r,c) € U with r # ¢*, (¢*,r*) € U. Hence, U is a
star set.

Again, {(2,3),(5,8),(7,10),(12,13)} is a negative star set and {(4,3), (9, 6),
(12,11)} is a positive star set.
Definition 8.3.3. A multiset U in § x 5 is called »x-multiset if
(i) (r,c) e U = (¢*,r*) € U and
(11) multiplicity of every (r,c) € U is one except the diagonal elements and for the diagonal

elements, multiplicity of every element is two.
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Example 8.3.4. Let d and B are same as in Fxample|8.3.2| Let
U =1{(2,3)(58),(9,6)2 (7,10)(12,11)}.

Since for every (r,c) € U, (¢*,r*) € U. Also, multiplicity of every (r,c) € U is one
except the diagonal element (9,6), and the multiplicity of (9,6) is two in U. Hence, U is

a *x-multiset.

Let v be a fixed element of I(d, N), where d and N are positive integer with d < N,
and w be any element of I(d, N).

We will now prove Lemma [8.3.7] But to prove Lemma we need [KR03, Propo-
sition 4.3] and [GR06| Proposition 5.7|. We first state these propositions below as Propo-

sition and Proposition respectively.

Proposition 8.3.5. There exists a bijection between elements w of I(d, N) satisfying w >
v on the one hand and subsets & of N(v) satisfying both the conditions of distinguished
subset (Definition [{.1.11). If &, be the subset of M(v) corresponding to w under this
bijection, then the v-degree of w equals the cardinality of G, .

Proposition 8.3.6. The association w > &,, respects #, that is, (S,)" = Gux. In
particular, w® = w (for an element w € I(d), w” is defined in if and only if
(&))" = &, (for an monomial & in N(v), &% is mentioned in Definition .

Lemma 8.3.7. Let o, 5,7 € I(d) with « < B < =, then T, is a negative star set in
(B x B) and W., is a positive star set in (B8 x ).

Proof. Tt is enough to show that Wv is a star set in 3 x 3 (for T, the proof is similar).
Now, our claim is, WW is the distinguished monomial corresponding to « in the sense of
Proposition [8.3.5]

Since v € I(d), so v = y*. Hence, if we assume the claim, then the proof of the lemma
follows from Proposition [8.3.6]
Proof of the claim: Since f/[\//,y is a positive twisted chain, therefore L(WW) is a negative
twisted chain.

Say, «(W,) = {(c1,71),- .-, (cm,rm)} with ry < ... < r,. Hence, «(W,) is a completely
disjointed negative subset of 3 x 3 such that for any (c;, ), (¢c;,7;) € L(Wﬂ,) with ¢ # 7,
we have :
either (a) (¢;,7;) < (¢j,7;), that is, r; <r; and ¢; > ¢;
or (b) (¢;,rj) < (¢i,1;), that is, r; < r; and ¢; > ¢
or (€) (c6,) A (¢5,75) & (N?)".

Without loss of generality, let us assume 7; < r; (proof will be similar for r; > ;).
Then either (a) or (c) holds. That is, either by (a), ¢; > ¢; or by (¢), (¢;,m:) ¢ (N?)~.
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—~

Now, (¢j,r;) ¢ (N?)” means ¢; &£ r;, that is ¢; > r;. But here «(IW,) is completely
disjointed, so equality cannot happen. So, ¢; > r;. So, we have if r; < r;, then either

¢; > ¢j or r; < ¢;. This is nothing but the condition for distinguished monomials. O]

Example 8.3.8. Let d and (8 be as in Ezample [8.3.9 Let o = (1,2,4,5,7,9,12) and
v = (2,4,7,9,10,12,14). Clearly, « < 8 < 7. Now, 8\ v = {1,3,6,8,11,13} and
v\ B =12,4,7,9,12,14}. So,

() = {(1,2), (3,4), (6,7), (8,9)(11,12), (13, 14)}.
Since L(W,y) is a negative twisted chain in 3 x 3, so

W, = {(2,1), (4,3),(7,6), (9,8), (12,11), (14, 13)}

18 a positive twisted chain. Again, ”MZ satisfies both the conditions of distinguished subset.
As vy € I(d), so W., = (W,)#. Hence, W,, is a positive star set in (3 x ).

Lemma 8.3.9. There exists a bijection from the set of all xx-multisets in 3 x B to the
set of all star sets in 3 x 3.

Proof. Consider the map 1 from the set of all #x-multisets in 8 x B to the set of all
star sets in B x (3 given by 9(U) = the underlying set of U. Clearly, this map 1 is a
bijection. O]

Example 8.3.10. Let 8 be same as in Example|[8.5.8 Let
U =1{(2,3),(5,8),(9,6)% (12,10), (7,10)}.

Then from Ezample[8.3.4, we know that, U is a xx-multiset. Take

P»(U) ={(2,3),(5,8),(9,6),(7,10), (12,10) }.
Then clearly, 1(U) is a star set. Again, let

U=1{(23),(4,3),(5,38),(9,6),(7,10), (12,11), (12,13)}.
So clearly, U is a star set. Take
v (U) ={(2,3),(4,3),(5,8),(9,6)% (7,10), (12, 11), (12, 13)}.

Clearly, v~ (U) is a »x-multiset.
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8.4 The main theorem

In this subsection, we prove one of the main theorems of this chapter, namely Theorem
8.4.5. But before going to the proof of Theorem we need to prove Theorem and
Theorem [8.4.3] and to prove Theorem [8.4.2] we need [Kre08, Lemma 8.5]. This lemma is
stated below as Lemma [8.4.T]

Lemma 8.4.1. Let R = Fxq,...,xy] (F is an algebraically closed field) be a polynomial
ring, let I C R be a homogeneous ideal, and let G = {g1,...,gx} be a Grobner basis for I,
such that in - (g;) (> is mentioned in Definition[7.5.1) is square-free, i = 1,..., k. Let M
be the maximal degree of a square-free monomial in R\ in -(G). Then dim(R/I) = M,
and deg(R/1I) is the number of square-free monomials of degree M in R\ ins(G).

Theorem 8.4.2. Degree Y] (3) (= mult.,X]) is the number of square free monomials of
mazimal degree in P\ in.G, 5, where P := k[X(¢ | (r,c) € OR(B)]

Proof. Since the initial term of fy, 3 (where w is good) is a positive or negative upper
extended [ chain, therefore it is square free. Then by Lemma we have the proof. [J

Theorem 8.4.3. There exists a degree doubling bijection from the set of all monomials in

P\ mbg;ﬁ to the set of all nonvanishing special multisets on B x 8 bounded by T, W..

Proof. Let a := cardinality of all degree m monomials on P\ inbgg’ 8-
b := cardinality of all degree m monomials on P \ ins 1.
¢ := cardinality of all degree m standard monomials on Y;'(5).

d := cardinality of all degree 2m nonvanishing semistandard notched bitableaux on (f x

B
e := cardinality of all degree 2m nonvanishing special multisets on 8 x 3 bounded by
Ty, W, .

So, we have to prove a = e. Now, gg’ﬁ C I (this follows from Theorem [7.5.6)), which

implies in.G] 5, C ins1. So,
P\in.G), O P\insI. (8.4.0.1)

Again, both the monomials of P\ in./ and the standard monomials of Y (/) form a
basis for P/I, and thus agree in cardinality in any degree. Therefore, b = c¢. Again,
from Theorem [7.7.13] we have d = e. Also, from Theorem [7.7.9] we have d < ¢. Now,
we want to show d > c¢. Using we have, a > b. Again, by Theorem , we
have, a < e. Therefore, d = e > a > b = ¢, hence d > c¢. Therefore, d = ¢ and hence,

a>b=c=d=e. We also have, a < e. Hence, a = e. O

Remark 8.4.4. It follows from Theorem[8.4.3 that the number of square free monomials

of mazimal degree in P\ mbggﬁ equals the number of xx-multisets in [ x B which are of

TH-2927_166123101



8.5. Path families and multiplicities 97

mazimal degree among those bounded by Ty, W, (because, the bijection of Theorem
above is given by the map U — U U U#).

Theorem 8.4.5. Mult., X7 is the number of star sets U in B x 3, which are of mazimal
degree among those which are chain-bounded by fa and W,.

Proof. Recall from |[Kre08| that, if U is a multiset on 3 x 3, then the monomial Xj; is
square-free if and only if U is a subset of 5 x 3, that is each of its elements has degree
one. By Theorem , Mult., X7 is the number of square free monomials of maximal
degree in P\ mbg; 5- By Remark , this equals the number of *x-multisets in 5 x 3,
which are of maximal degree among those bounded by T}, W,. Again, by Lemma [8.3.9]
this equals the number of star sets in 3 x 3, which are of maximal degree among those
bounded by Ta, W,. However, a subset of S x B is bounded by T, W, if and only if it is
bounded by T,, and W if and only if it is chain bounded by T,, and an where the last

equivalence is due to (8.2.0.1)). O

8.5 Path families and multiplicities

In this subsection the write up is same as the write up of [Kre0§|.
For this subsection, let R and S be fixed positive and negative twisted chains contained

in B x 3 respectively. Let

Mg = max {U C (8 x B)” | R<Uand U is a star set },
M?® = max {V C (BxB)" | VS and V is a star set },
M3 = max {W C (BxB)| RAW ™ and W <8 and W is a star set },

where in each case by ‘max’ we mean the star sets U, V, or W respectively of maximal
degree. For example, M?%, consists of the collection of all star sets W of (3 x 3) which
are of maximal degree among those which are chain bounded by R, S. When R = T,
and § = Ww M3, consists precisely of the star sets U of Theorem m In order to give
a better formulation of Theorem , we study the combinatorics of M7, . Clearly,

MG ={U0V | U € Mg, V€ M°}, (8.5.0.1)

where UUV is defined in of Chapter |3l To study M3, just like in [Kre08|, we
begin by considering Mz, and thus restricting attention to negative star sets of (3 x (3).
Just like in [Kre08|, a subset P C (3 x 3)~ is depth-one if it contains no two-element
chains and if P is depth-one, then it is a negative-path if the consecutive points are ‘as

close as possible’ to each other, so that the points form a continuous path on (3 x )~
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which moves only down or to the right. For any r = (e, f) € (8 x 8)~, define |r| and [r]
are just like in |[Kre08]|, that is

[7] = (e, f), where f' = min {y € 8| (e,y) € (B x )7},
[7] = (¢/, f), where ¢ = max {x € B | (z,f) € (Bx )" }.

Now, we form the path P, as follows:

1. it begins at |r|, and ends at [r] and

2. if r = (ey, f1), ' = (¢}, f}) and r = (#')#, then P, = P.*. Also, if r = (e, f) and
e = f*, then P, is a negative star set in (3 x 3).

It is clear that if R is a twisted chain and if v/ # r then B. N P, = (), where by () we
mean the empty intersection. Furthermore, R d |, .z P> Define dg = > _p|P:|. Now,

the following lemma is a straight forward consequence of the definitions.

Lemma 8.5.1. Let Q be a depth-one negative star set in B x 3 such that P, < Q. Then
|Q|< | Py|, with equality if and only if Q is a negative-path from |r] to [r].

If U C (3 x () is astar set, R < U, and r € R, then define
Ury :={u € U| r <wu, depthy(u) = depthy(r)}.

It follows from the definition that Ug, is depth-one. Indeed, if v and «’ are two elements
of U which form a chain, then without loss of generality let « < /. Thus depth; (u) <
depth; (u'), and in particular, depth;,(u) # depthy (). Thus u and «’ cannot both lie in
Ur,r

Proof of Lemma [8.5.2 below is same as the proof of [Kre08, Lemma 10.2], so here we

are omitting the proof.
Lemma 8.5.2. Let U C (B x B)~ be a star set. Then
1. if RQU, then U = U, yUn.r-

2. If R A U, then |U|< dg, with equality if and only if U = UreRQw where Q. is a
negative-path from |[r] to [r].

3. Let U = UTGRQT C (B x B), where Q, is a negative-path from |r| to [r]. Then
RAU.

Condition 2, of Lemma implies that any U € M, is a disjoint union U = UTGRQT,
where @), is a negative-path from |r] to [r]. Condition 3, of Lemma implies that

any disjoint union U = |J, ., where @, is a negative-path from |r] to [r], is an element

of Mpg. Consequently we have,
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Corollary 8.5.3. Mg consists of the set of all possible disjoint unions U = UreRQT?
where Q. is a negative-path from |r| to [r].

Similar analysis can be done for positive star sets on 3 x . Here the notion of a
positive-path is as follows:
if P € (8 x )T is depth-one, then it is a positive-path if the consecutive points are ‘as
close as possible’ to each other, so that the points form a continuous path on (3 x 3)*
which moves only up or to the left.

Likewise, the notions of || and [r] for s € (3 x 8)* can be defined as follows:
if r = (e, f) € (B x B)*, then we define

lr] = (e, f'), where f' = max {y € 8 (e,y) € (3 x )"} and
[r] = (¢, f), where ¢ = min {z € 3| (z,f) € (3 x 5)"}.

Corollary 8.5.4. M?® consists of the set of all possible disjoint unions V = USeSQS,
where Qs is a positive-path from |s| to [s].

Corollary Corollary [8.5.41 and (8.5.0.1) together imply the following corollary.

Corollary 8.5.5. M2, consists of the set of all possible disjoint unions W = UreRUSQT?
where Q, is either a negative-path or a positive-path from |r| to [r] depending on whether

T 18 negative or positive.

The star sets U of Theorem are pre(nsely the elements of M3, when R = T,
and § = Wy. Therefore, combining Theorem and Corollary [8.5.5, we obtain the
following theorem.

Theorem 8.5.6. Mult., X is the number of disjoint unions UTeT U, P,., where P, is
either negative-path or a positive-path from |r| to [r|, depending on whether r is negative

or positive.

Example 8.5.7. Let d =5, that is, 2d = 10. Let o = (1,2,4,6,8),5 = (2,4,5,8,10),v =
(3,5,7,9,10). Clearly, o, 8,y € I(d), and o < B < 7. Again, as o, 5,y € I(d) so by
Lemma |8.3.7 Ta,W both are star sets. We want to compute Mult.,X]. The followmg
two diagrams show the megative and positive twisted chains T = {7“1,7"2} and W
{s1,80,83} in B x B; and the set of |r|’s and [r]’s for all v € T, U W Note that,
s1=[s1] = [s1] and s3 = [s3] = [s3].
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2 4 5 8 10 2 4 5 8 10
1 - . ro. . 1 LTIJ . . .
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g s 9 o] o
6 - . . . o 6 . FSQ . 2
7. So . . . 7 . .LSZJ . .
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3

There are four non intersecting path families from |r| to [r], r € Ty U Ww as shown
below. Thus Mult., X7 = 4.

2 4 5 8 10 2 4 5 8 10
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CHAPTER 9

‘—MULTIPLICITY AT A TORUS-FIXED POINT IN A
RICHARDSON VARIETY IN THE ORTHOGONAL
GRASSMANNIAN

A Richardson variety is the intersection of a Schubert variety and an opposite Schubert
variety. In |Upa0§|, Raghavan and Upadhyay have already found the multiplicity at any
torus-fixed point in a Schubert variety in the orthogonal Grassmannian. In this chapter,
we define and elaborate everything only for the opposite Schubert variety in the orthogonal
Grassmannian and then merge the two results.

For the rest of this chapter, let d be a positive integer and w’ < v < w be elements of
OI(d). Also, recall the notation O(R(v) \ N(v)) from .

9.1 Vertical and horizontal projections of an element «
in O(R(v) \ N(v))

Let a = (r,¢) be an element in O(R(v) \ M(v)), then the element p,(a) := (c*, ¢) is called
the vertical projection of o and pp(«) := (r,7*) is called the horizontal projection
of a. The lines joining « to its projections are called the legs of a. For a monomial € of
MR(v), we define

¢(down) = € N (DR(v) Ud(v)).

Example 9.1.1. Let d =7 and v = (4,6,7,10,12,13,14). Let the monomial
S = {(9,10)?,(8,14),(11,6), (5,7), (2,12)*}.

Then
& (down) = {(9,10)%, (8,14), (11,6)}.

101
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9.2 A connected anti-v-chain and the subset f)mono in
O(R(v) \ N(v))

Let C' : a; = (r1,¢1) > -+ > oy = (14, ¢;) be an anti-v-chain (mentioned in Definition
5.2.10) in O(R(v) \ MN(v)). Two consecutive elements a; and o,y of C are said to be
connected if the following conditions are satisfied:

*
® Cjit Z Tj‘

e the point (r;,1,77) belongs to O(R(v) \ N(v)).

The above relation generates an equivalence relation on the elements of C'. The equiv-
alence classes of C' corresponding to this equivalence relation are called the connected
components of C.

Example below illustrates the definition of connected components.

Example 9.2.1. Let d =7 and v = (4,6,7,10,12,13,14).

4 6 710121314

U T
%)
g b :93“l (o7
8 b2. o2 .
3l _o03 ..
191 N . _&3 boundary of 9(v)

Figure 9.1: Illustration of the grid representing 9(v)

The anti-v-chain C : oy > ag > a3 in Figure[9. ] has {c, an} and {os} as its connected
components. Here a; denotes the vertical projection of o; and b; denotes the horizontal

projection of «;.

Corresponding to a connected anti-v-chain €' in O(R(v) \ N(v)), we will now define a
subset Omone of R(v) \ N(v).

Definition 9.2.2. For a connected anti-v-chain C : oy = (r1,¢1) > -+ > ap = (14, ¢)
in 5(9‘{(1)) \ N(v)) it is clear that, if the horizontal projection py(a;) does not belong to
R(v) \ N(v), then j =t. Define

) {po(a), -, pu(cn)} if t is even
Omonc = ¢ {ps(a1), -+, po(ay)} U{pn(ay)} if t is odd and pp(ay) € R(v) \ N(v)
{pu(ar, -+, po(ae1))} Uaw, af } if t is odd and pu(on) & R(v) \ N(v).
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Remark 9.2.3. Suppose C' is not connected, let C' = C; U Cy U --- be the connected

components of C. Then we define
{)monc = f)muncl U {)monc2 U---

Example 9.2.4. Let d and v be as in Example[9.2.1 Also, from Ezample we know
that, the anti-v-chain C = oy = (5,13) > ay = (8,12) > a3 = (9,10) has two connected
components Cy = {ay,as} and Cy = {ag}. Then

Omone, = {(2,13),(3,12)} and Omone, = {(9,10), (5,6)}.

So
Omone = {(2,13), (3,12),(9,10), (5,6)}.

Remark 9.2.5. [t is obvious from Deﬁnition that Omong is symmetric in the sense
of Definition[5.3.5 and has evenly many elements on the diagonal. It is also distinguished
in the sense of Definition|5.2.11,.

9.3 Definition of anti-9O-domination

Definition 9.3.1. For any two elements v and w' of OI(d), we say w' anti-dominates v
if w <.

Definition 9.3.2. An element w' of DI(d) is said to anti-O-dominate an anti-v-chain C
if w' anti-dominates the monomial Omone in the sense of Definition|5.2.1),

Definition 9.3.3. An element w' of OI(d) is said to anti-O-dominate a monomial C' of
O(R (W) \ N(W)) if it anti-O-dominates every anti-v-chain in O(R(v) \ N(v)).

Definition 9.3.4. We say that a monomial & in ON(v)UD(R(v)\N(v)) is O- dominated
by w as well as anti-O-dominated by w' if & N ON(v) is O-dominated by w and S N
O(R((v)\N(v)) is anti-O-dominated by w', where w',v, and w are defined at the beginning
of this chapter.

9.4 An element Ow}, of OI(d) attached to an anti-v-
chain C

Recall the definition of u# for an element u in I(d, 2d) from notation (A) of §7.4] In this

case, it is clear that u = u# if and only if u is an element of O1(d).
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Lemma 9.4.1. An element w' (< v) of I(d,2d) belongs to OI(d) if and only if the
distinguished subset (stated in Definition |5.2.11]) S, of R(v) \ M(v) corresponding to it
as described in Remark is symmetric (stated in Definition and has evenly

many diagonal elements.

Proof. The proof of the above lemma is analogous to the proof of |Upa0O8, Proposition

5.2.1]. Hence we omit the proof. O

Notation: We denote by Ow/,, the element of O1(d) associated to Omone (using Remark

9.2.5] and Lemma [9.4.1]).
Remark 9.4.2. It follows from Definition that an element w' of OI(d) anti-O-

dominates an anti-v-chain C in O(R(v) \ N(v)) if and only if w' anti-dominates in the
sense of Definition the monomial Omone, that is, if and only if w' < bw’c

9.5 The main theorem of this chapter

The main theorem of this chapter is the following:

Theorem 9.5.1. Let V' be a vector space of dimension 2d with symmetric non-degenerate
bilinear form (over an algebraically closed field of characteristic not equal to 2). Let X,
be a Richardson variety in the orthogonal Grassmannian 9y(V), and e the torus fixed
point of X\, corresponding to v. Then for any non-negative integer m, the Hilbert function
of RY/(v) equals the cardinality of the set S (v)(m), where

e RY (v) denotes the co-ordinate ring of the tangent cone to XY at the point €.

e SV (v) denotes the set of w-dominated, w'-anti-dominated monomials in ON(v) U

O(R(v) \ N(w)).

e SY(v)(m) denotes the set of w-dominated, w'-anti-dominated monomials in ON(v)U

O(R(W) \ N(W)) of degree m.
Corollary 9.5.2. The multiplicity of Meo on Oxw () equals the number of monomials
in ON(W) U D(R(w) \ N(v)) of mazimal cardinality that are square-free, as well as O-
dominated by w, and anti-O-dominated by w', where Mo is the unique mazximal ideal of

the local ring Oxw, ().

9.6 Reduction of the proof to combinatorics

In this section, we will see how some well known results of [LMS79] and |[Upa08§| allow us
to reduce the proof of Theorem to the solution of a combinatorial problem.
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9.6.1 Standard monomial theory

Let My(V) C Gg(V) < P(AYV) be the Pliicker embedding (where G4(V) denotes the
Grassmannian of all d-dimensional subspaces of V'). The pull-back to 9t;(V') of the line
bundle O(1) on P(AYV) is the square of the ample generator of the Picard group of
My(V). Let L denote the ample generator. There exists a section gy of the line bundle
L on 9M,(V) such that g2 = pp, where py denotes the corresponding pliicker coordinate.
These gy are called Pfaffians.

Definition 9.6.1. A standard monomial is a totally ordered sequence 61 > --- > 6,

(with repetitions allowed) of elements of O1(d). Such a standard monomial is said to be
o w-dominated for w € OI(d) if w > 6.
e w'-anti-dominated for w' € OI(d) if 0, > w'.

e v-compatible if for each k, 1 < k < t, either 6, > v or v > 6, and none of 0y is

equal to v.

Notation: Given v, w, and w' € DI(d), we denote by SMY (v) the set of all w-dominated,
w'-anti-dominated, and v-compatible standard monomials.

To a standard monomial ¢; > --- > 60, in ODI(d) we associate the product gy, - - qy,,
where gy are the sections defined above of the line bundle L. Such a product is also called
a standard monomial and it is said to be dominated by w and anti-dominated by w’ for
w,w" € DI(d) if the underlying monomial in D7(d) is dominated by w and anti-dominated
by w’. From Brion, Lakshmibai [BL03|, standard monomial theory for 9t,(V') says:

Theorem 9.6.2. Standard monomials qg, - - - qo, of degree r form a basis for the space of
forms of degree r in the homogeneous coordinate ring of My(V') in the embedding defined
by the ample generator L of the Picard group. More generally, for w,w' € OI(d), the
w-dominated and w'- anti-dominated standard monomials of degree r form a basis for the

space of forms of degree r in the homogeneous coordinate ring of the Richardson variety
X,Z)U/ Of Md(V)

Let AV be the affine patch of P(AYV) given by ¢, # 0, and set Y%(v) := X% N A®.
The point e” is the origin of the affine space A”. The functions f, := q./q,, v € OI(d),
provide a set of co-ordinate functions on A¥. The co-ordinate ring K[Y,%(v)] of Y.%(v) is
a quotient of the polynomial ring K|[f,|u € OI(d)], K being the underlying field. Now,

we want to find a basis for K[Y5(v)] as a K-vector space.

Proposition 9.6.3. As 6, > --- > 0, varies over SM},(v), that is, over all w-dominated,

w'-anti-dominated, and v-compatible standard monomials, the elements fo, - - fo, form a
K -vector space basis of K[Y."(v)].
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Proof. The proof is similar to the proof of Proposition 3.2.1 of [Upa08§|. ]

For § € OI(d), define the v-degree of 6 to be the cardinality of the set 8 \ v (as a
subset of {1,2,---,2d}). The proposition above tells us that the graded piece of degree m
of K[Y¥(v)] is generated as a K-vector space by elements of SM (v) of degree m, where
the degree of a standard monomial fy, --- fp, is defined to be the sum of the v-degrees of
01, -+, 0;. To prove Theorem it therefore suffices to show that the set SMY (v)(m)
of w-dominated w’-anti-dominated v-compatible standard monomials of degree m is in
bijection with S¥ (v)(m), which is stated in Theorem below.

Theorem 9.6.4. The set SMY,(v)(m) of standard monomials in O1(d) of degree m that
are v-compatible, dominated by w, and anti-dominated by w' is in bijection with the set
S®.(v)(m) of monomials in ON(v) U D(R(v) \ N(v)) of degree m that are O-dominated

by w as well as anti-O-dominated by w'.

9.7 The proof

In this subsection, we will show that SMY (v)(m) and S¥ (v)(m) are naturally bijective.
As we saw in the previous subsection, this serves to complete the proof of our main
Theorem [0.5.1] In [Upa08], there was a theorem (Theorem 3.2.2), which is similar to
Theorem Theorem 3.2.2 of [Upa08| was proved by means of two maps Om and D¢
described for the set D9(v). We also had two propositions, namely Proposition 4.1.1 and
Proposition 4.1.2 in |[Upa08| which stated some good properties for the set O91(v). Now,
we will define the maps O and D¢ for monomials in O(R(v) \ N(v)).

Let monO(R(v) \ M(v)) denote the set of all monomials in O(R(v) \ N(v)). The
map O is a function from monO (K@) \ N(v)) to OI(d) x monO(R(v) \ N(v)). For any
monomial & in monO(R(v) \ N(v)), set

On(6) = (v, &).
The map O enjoys the following good properties:
Proposition 9.7.1. 1. w <w.
2. v-degree (w') 4 degree(&') = degree(S).
3. w' anti-O-dominates &'.

4. w' is the largest element of OI1(d) that anti-O-dominates &.

Proof. The proof of this proposition is analogous to the proof of of Proposition 4.1.1
of [Upa08|. Hence we omit the proof. O
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Notation: Let mon, s O (R (v) \ M(v)) denote the set of all monomials in O(R(v) \
M(v)) which are anti-O-dominated by w'.

Now, O¢ is a mapping from {w'} X monesw O (R(v) \ N(W)) to monO(R(v) \ N(v)). It
takes a pair (w',¥) as input (where ¥ is a monomial in MONes O(R(v) \ N(v))) and

produces an element T in monO (R(v) \ N(v)) as output. That is
Op(w', %) =%

Proposition 9.7.2. The maps O and D¢ for monomials in O(R(v) \N(v)) are inverses

to each other.

Proof. The proof of this proposition is analogous to the proof of of Proposition 4.1.2
of [Upa0§|. Hence we omit the proof. O

Now we will prove Theorem [9.6.4L For that, first we will show that there exists a
bijection between the sets SM?, (v)(m) (where SM?Y, (v)(m) denotes the set of all stan-
dard monomials in O7(d) of degree m that are v-compatible, dominated by v, and anti-
dominated by w’) and U,s(m), where U, denotes the set of all monomials in O(R(v) \
M(v)) which are anti-O-dominated by w’ and U,/(m) denotes such monomials of degree

m.
Let S, T, U denote respectively the set of all monomials in O9(v) U O(R(v) \ N(v)),

ON(v), O(R(v) \ N(v)) (please note that for the sake of convenience, we are using the
notation U for monO(R(v) \ M(v))). We define the anti-domination map from U to
1(d) by sending a monomial in O(R(v) \ N(v)) to the greatest element that anti-O-
dominates it. Define the anti-domination map from SM"(v) to OI(d) (where SM"(v)
denotes the set of all v-compatible standard monomials which are dominated by v) by
sending 0; < --- < 6; to 6.

Again, repeated application of O7 (for monomials in O(R(v) \ N(v))) gives a map
from U to SM"(v) that commutes with anti-domination and preserves degree. Repeated
application of D¢ (for monomials in O(R(v) \ N(v))) gives a map from SM*(v) to U.
These two maps are inverses to each other (Proposition and so we have a bijec-
tion between SMY(v) and U. In fact, since anti-domination and degree are respected

(Proposition 9.7.1)), we get a bijection
SM?, (v)(m) X Uy (m).

Now, from |[Upa08| we know there exists a bijection between the sets SMY(v)(m) and
T%(m), where T denotes the set of all monomials in O9t(v) which are OD-dominated
by w and T"(m) denotes such monomials of degree m. This bijection is analogous to
the bijection between SMY, (v)(m) and U, (m), the only differences being that anti-O-
domination is replaced here by O-domination, O(R(v) \ MN(v)) is replaced by ON(v),
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and the word “greatest element” is replaced by the word “least element”. Putting these

bijections together, we get the desired result:
SME (v)(m) = | ) SM (k) x SMY,(m — k)
k=0

=T"(k) x Uy/(m — k)
= Sy (m).

9.8 Description of the map O for monomials in O(9R(v)\
N(v))

9.8.1 The type of an element a in an anti-v-chain C

For a connected anti-v-chain C': g > -+ > ay in O(R(v) \ N(v)), define the type in C
of an element o, 1 < j <, of C to be:

1. Vif j#t, or j =t and t is even,
2. Hif j=t, tisodd, and py(ay) € R(v) \ N(v),
3. Sif j=t, tisodd, and pp(aw) & R(v) \ N(v).

The type of an element in an anti-v-chain that is not necessarily connected is defined to

be its type in its connected component.

9.8.2 O-depth of an element in a monomial in O(R(v) \ N(v))

The O-depth of an element  in an anti-v-chain C' in O(R(v) \ N(v)) is the depth in
Omone of p,(a) in case a is of type V or H, and of « (equivalently o) in case a is
of type S. It is denoted by O-depths(a). The O-depth of an element « in a monomial
S of O(R(v) \ N(v)) is the maximum over all anti-v-chains €' in & containing «, of the
O-depth of ain C. It is denoted by O-depthg ().

Finally, the O-depth of a monomial & in O(R(v) \ M(v)) is the maximum of the
D-depth in & of all the elements in &.

9.8.3 Description of the map On

Recall that O7 is a mapping from monO(R(v) \ N(v)) to OI(d) x monO(R(v) \ N(v))
such that for a monomial & in monO(R(v) \ N(v))

On(6) = (v, &),

TH-2927_166123101



9.9. Description of the map O¢ for monomials in O(R(v) \ N(v)) 109

where w' and &' are satisfying the conditions of Proposition [0.7.1]

If & is empty, no output will be produced (by definition). Suppose now, & is non-
empty. We first partition & into non-empty subsets according to the D-depth of its
elements. Let &} be the elements of & of O-depth k. Let ay, denote the last element
of &} if its elements are arranged of their non-increasing order of their row and column
indices. Let j be an odd integer. We set

6., =6uel

g+l Jj+1-

we say that & is truly orthogonal at j if py(a;) € R(v) \ M(v). Define:

(6751 \ {a}) U (6750 \ {ay ) U{pu(ay), palay)} if o is truly

orthogonal at 7,

Sjj+1 =
(65,1) U (65, ,)* otherwise.

It is clear that no two elements of 61]‘-”" are comparable, so O-depth of any element of
&', is atmost 2. It is also clear that depth of any element of &; ;4 is also atmost 2.
Let &; (resp. &,41) be the subset (as a multiset) of elements of depth 1 (resp. 2) of
Sjjt-

Now, for every positive integer k, we apply the map 7 of [KR03| as defined in §5.2.5/to
Sy to obtain a pair (w'(k), &},), where w’(k) is an element of I(d, 2d) and &), is a monomial
in R(v) \ N(v). Let Sy be the distinguished monomial in NR(v) \ N(v) associated to
w'(k). Now, we want to define the image (w',&’) of & under Or. We let w’ be the
element of I(d,2d) associated to the distinguished subset Uy &, (1) of R(v) \ 9(v). Since
UpGur(x) is symmetric and has evenly many diagonal elements, it follows from Lemma
9.4.1] that w' is in fact an element of OI(d). And we take

=& N OR(v) \ N(w)).
Define

T(8501) = (W1, 00) and & 1= 65,00 DOw) \ ().
ded

9.9 Description of the map D¢ for monomials in O(R(v)\
N(v))

In this section, we mainly describe the map O¢ for monomials in O(%R(v) \ M(v)). But

before going to the description of D¢ we need to state some lemmas and a corollary which
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are given below in §9.9.1. The proofs of these lemmas and corollary are similar to the
proofs given in [KRO3| of Lemma 4.5, Lemma 4.6, and Corollary 4.7 respectively. The

lemmas and the corollary are needed to describe the map O¢.

9.9.1 Some important lemmas

Lemma 9.9.1. Let ag = (r1,¢1) > -+ > oy = (1, ¢) be an anti-v-chain. Let w' be an
element of 1(d,2d) with w' < v and &, the distinguished subset of R(v)\ N(v) associated
to w' as defined in Remark[5.2.19. Then w' anti-dominates oy > -+ > «ay if and only if
there exists an anti-v-chain By = (Ry,Cy) > -+ > [y = (R, Cy) in &y such that R; <r;
and C; > ¢j for1 < j <t.

Lemma 9.9.2. Let § = (r,c) be an element of R(v) \ M(v) and w' be an element of
I(d,2d) such that w' < sgv. Then there exists an element (R,C) in the distinguished

monomial S, associated to w' such that R <r and C > c.

Corollary 9.9.3. let w' be an element of I(d,2d) such that w' < v and S, the cor-
responding distinguished subset of R(v) \ N(v). For a positive integer j, let &, denote
the subset of S, of those elements that are j-deep, and w'" the corresponding element of

I(d,2d). Let oy = (r1,¢1) > -+ > ay = (14, &) be an anti-v-chain.

1k+1

1. If w'* anti-dominates Qp > - >y, then w anti-dominates ag > -+ > oy and

k+2 . .
W' anti-dominates o > -+ - > oy and so on.

2. If for positive integers m > k, there exists (R,C) in 8T, such that R < r, and
C > ¢, and W™ does not anti-dominate Qp > - >y, then w2 does not anti-
dominate ag > -+ > oy and w*3 does not anti-dominate a3 > - > and so on

until, finally, w'™ " does not anti-dominate un_jpq > -+ > Q.

9.9.2 Description of D¢

Before describing the map ¢, first we need to define a map ¢ in a similar way as
in [KRO3].

Consider a monomial ¥ in R(v) \ 9(v) which is anti-dominated by w’. Let &, be the
distinguished monomial corresponding to w’ as in the sense of Remark Since w’
belongs to OI(d), so &, is distinguished as well as symmetric and has evenly many
elements on the diagonal (by Lemma[0.4.1]). The map ¢ is described in the following way:
Let k be the maximum length of an anti-v-chain in &,,. For a positive integer 7, 1 <
j <k, let GZU, be the subset of elements of &, that are j-deep. Let w” be the element
associated to Gf;},. Since w' < v, so we have, v’ = w' < w? < ... < w® < . Clearly,
Sy =6, 2...26k,.
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For a positive integer 7, 1 < j <k, let TZU, be the subset of T of elements 5 such that

f is the head of an anti-v-chain in ¥ which is anti-dominated by w” but not by w"” ™

kL — v), and every anti-v-chain in ¥ with head J is anti-dominated by w" .

(we set w
Then ‘E{U, forms a partition of T (some of the T{U, could be empty). Two distinct elements
belonging to the same TZU, are not comparable: Let 3,5 both be elements of ‘ZZU, such
that 8 > p’. Since 8’ belongs to ‘ZZU, so there exists an anti-v-chain f’ > --- in ¥ that is
anti-dominated by w” but not w”’*, so by Lemma the anti-v-chain § > ' > --- is
not anti-dominated by w”’, a contradiction because § belongs to TZU/.
We now further partition each ‘E{U, into subsets called pieces as follows:
Let &,/ ; denote the set of all elements of &, that are j-deep but not (j + 1)-deep.

Clearly, no two distinct elements of &, ; are comparable.

Lemma 9.9.4. For an element (r,c) of ¥’

1, there exists a unique element (R, C) of G,y
such that R<r and c < C.

Proof. The proof of this lemma is analogous to the proof of [KR03, Lemma 4.17|. Hence

we omit the proof. O

We will index the pieces of Ii, by elements of &,/ ;. Let 8 = (R, C) be an element of
S, j. Then the corresponding piece pg of ‘Ii, consists of all those (r, ¢) in SZU, with R <r
and ¢ < C. Of course, some of these piece could be empty. Let us arrange the elements
of ps in non-increasing order of the row entries; among those with equal row entries the
arrangement is by non-increasing order of column entries. Since no two distinct elements
of (Zi/ are comparable, the column entries are also in non-increasing order. Suppose the

arrangement is

(Tb Cl)7 (T27 62)7 Ty (rp7 cp)'

Note that C' > ¢; and r, > R. Let pg denote the monomial

{(Tlv C)a (7“2, Cl)a B (rpa Cpfl)v <R7 Cp)}'

Clearly, the elements of pj also belong to R(v) \ M(v). Set
((Ziﬂ)* = Uﬁesw@jp’é’

¢(w/7 fS) = Uj(fsiﬂ)*-

This finishes the description of ¢.

We now describe the map 9¢ for monomials in O(R(v) \ N(v)). Let w’, v, and &S,y
be as in above. Let T be a monomial in O(R(v) \ 9M(v)) which is anti-O-dominated by
w’. For an odd integer j, let 6{1], (respectively &,y j j+1) denote the subset &, consisting

of those elements that are j-deep (respectively that are j-deep but not (j + 2)-deep, or
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equivalently of depth j and (j+1)) in &, in the sense of . Since &, is distinguished,
symmetric, and has evenly many elements on the diagonal, so Gf;, and G,y ;41 too have
these properties. In fact, the number of diagonal elements of &, ;41 is either 0 or 2
(in the latter case, the elements have to be distinct, since &, is distinguished and so is
multiplicity free). Let us denote by w” and w’;;; the elements of OI(d) corresponding

to GZU, and &,y ;41 in the sense of Remark [5.2.12]

Let %, ;41 denote the subset of ¥ consisting of those elements « such that

e every anti-v-chain in ¥ with head « that is anti-O-dominated by w’,

e there exists an anti-v-chain in ¥ with head « that is not anti-O-dominated by w'’/*2.
It is evident that the subsets T, ;;+1 are disjoint (as j varies over the odd integers) and
that their union is all of ¥ (w’ = w'" anti-O-dominates all anti-v-chains in ). In other

words, T, ;+1 forms a partition of .

#

Lemma 9.9.5. 1. The length of an anti-v-chain in Ty j ;1 UL, o0y is at most 2.

/ 1 )
2. Wi anti-O-dominates Ty j jt1.

Proof. The proof of this lemma is analogous to the proof of [Upa08, Lemma 8.1.1]. Hence

we omit the proof. O

#

Corollary 9.9.6. wj ;1 anti-dominates Ty jjp1 U TL .00 in the sense of Definition

19.3. 3.

Proof. The proof of this corollary is analogous to the proof of [Upa08, Corollary 8.1.2]|.
Hence we omit the proof. O
We now apply the map ¢ to the pair (w; i1, Ty jj+1 U St,mﬂ) in R(v) \ N(v) to
obtain a monomial (T, ;11 U ‘Iﬁ,’ i +1)" According to the description of ¢, it is clear
that
(Fur g U Sﬁﬁju‘ﬂ)* =Uses, ;1. P5-

Suppose that (Ty ;1 UT? )* contains the pair (a,a*), (b, b*) of diagonal elements

w’,j,5+1
with a* > b*. We call the pair (b, a*), (a, b*) the “twists”, and set §; := (b, a*) (if (T j j+1U
‘It,m +1)" has diagonal elements: §; exists; then we say w' is diagonal at j).

With this notation, define the new monomial:
(T jjr1 U Ti,7j7j+1)* if w’ is not diagonal at j

{(Zwrjjs1 U Tﬁ,7j7j+1)* \o(v)} U {dj, (5;#} if w’ is diagonal at j,

(Tw’,j7j+1u‘zif,j,j+1);/ = {

where 9(v) denotes the diagonal.
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This new monomial is symmetric and contains no diagonal elements. Its intersection
with O(9R(v) \ M(v)) is denoted by T* The union of T, ; ., over all odd integers j

w’,j,5+1°
is defined by T ,, the result of O¢ applied to (w’,¥). This finishes the description of the
map Oa¢.
Example below elaborate that Om o D¢ = identity.

Example 9.9.7. Let v = (4.6,7,10,12,13,14) and v’ = (1,2,3,4,5,8,9). Clearly, v and
w' belongs to OI(d). Now, w'\ v={1,2,3,5,8,9} and v\ w' = {6,7,10,12,13,14}. So,

S = {(9,10),(8,12), (5,6), (3,7),(2,13), (1,14)}
Now &, = &L, = {(9,10), (8,12), (5,6), (3,7), (2,13), (1, 14)},
&2, ={(5,6),(3,7),(2,13),(9,10), (8,12)},
&, = {(5,6),(3,7),(9,10), (8,12)},
&s, = {(5,6),(9,10)}.
Then

w =w'=(1,2,3,4,538,9), w?=(2,3,4,5,8,9,14), w® = (3,4,5,8,913,14),

and w* = (4,5,7,9,12,13, 14),

where GZU, denotes the elements of Sy of depth-j and w' denotes the associated element
in OI1(d). Clearly, w' < w? < w?® < w™. Let

T = {(3,14), (5,13), (8, 13), (11,12)}.
Clearly, T is a monomial in O(R(v) \ N(v)).

In Figure the open circles denote the points of &,., the dark circles denote the
points of T, and d; denotes the depth of the corresponding elements of &, and O-depths
of the elements of T. Clearly, T is anti-O-dominated by w'. Now,

Twaz2=1{(3,4),(5,13),(8,13)}, T34 ={(11,12)}, and

611/,1,2 = {(17 14)a (27 13)}7 6w’,3,4 = {(97 10)7 (87 12)’ (57 6)7 (37 7)}

Again,
P13) = {(87 13)7 (57 13)7 (27 1O)a (27 7)}7

Paa) = {(37 14)7 (17 12)}7
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4 6 7 10 12 13 14

1 . le

2 ®

3 e dy
5 e g

8 Yoy

9 G

11 dy

Figure 9.2: The monomials &, and ¥.

P6) = @:
bEn = {(37 4)},
P9,10) = Q)’

peaz) = {(11,12)},

where () denotes the empty set. So,
p>(k2,13) = {(87 13)7 (57 13)7 (27 13)7 (27 10)7 (27 7)};

Plagy = {(3,14),(1,14), (1,12)},
P = 1(5,6)},
Pan =13,7),3,49)},
Plooy = {(9,10)},
Pisan = {(11,12),(8,12)}.

Therefore,
(Twi2UTh ) = U 7

,366“)/’172
= {(8,13), (5,13), (2, 13), (2,10), (2, 7), (3,14), (1, 14), (1,12)},
and (Tyr 34U EZ&CBA)* = U p}}
666“’/,374

= {(11,12),(9,10),(8,12), (5,6),(3,7), (3,4) }.
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Now, (Ty12U Ti&,?m)* contains the pair (1,14) and (2,13) of diagonal elements with
14 > 13, so §; = {(2,14)}. So,

(Twa2UTH )h = ({(8,13),(5,13),(3,14), (2,13), (2, 10), (2,7), (1, 14), (1,12)}

\{(1,14),(2,13)}) U{(2,14), (1,13)}
={(8,13),(5,13), (3, 14), (2,14), (1,13)},
and (Tw 34U T, 5 )5 = {(11,12),(9,10), (8,12), (5,6), (3,7), (3,4)}.
Therefore Tiy 5 = (T 12U TH | )5 NOR(v) \ N(v))
={(3,14), (2,14), (8,13), (5,13)}
and Ty 54 = (Twrza UTE )5 NO(R(v) \ N))
= {(11,12), (8,12), (9,10)}.

Hence,

T, ={(3,14),(2,14), (8,13), (5, 13), (11,12), (8, 12), (9, 10) }.

Now, we want to apply the map O on T, and see that Om o O¢p = identity. Let us
denote

T, ={(3,14),(2,14), (8,13), (5, 13), (11,12), (8,12), (9, 10)} by &.

The monomial & is shown in Figure [9.3. The dark circles indicate the elements that
occur in & with non-zero multiplicity and the stars indicate the diagonal elements. For
every element we are considering multiplicity one. The D-depth of & is four. Figure
shows the monomials &Y'y and &%',. Solid dots and open circles indicate elements of
these monomials respectively. Since the horizontal projection of oy (here oy = (2,14))
€ R(v) \ N(v) but the horizontal projection of as (here ag = (8,12)) ¢ R(v) \ N(v), so
the monomial & s truly orthogonal at 1 but not at 3. Figure shows the monomials
S12 and S34, and also their decomposition in blocks. Figure shows the monomials
&, and &3 ,.

From Figure we can say,

S ={(1,14),(2,13),(3,7),(8,12),(5,6), (9,10)}.
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46 710121314

1 *

92 . *x ®

3 . [ ]

5 - °

] - °

191 N +— boundary of R(v) \ N(v)

Figure 9.3: The monomial &
4 6 7 10121314

*x @

«— boundary of R(v) \ N(v)

[S—
H@oocnoaw.—
Tl ;

Figure 9.4: The monomials &', and &%,

Hence,
w' = (1,2,3,4,5,8,9).

46 710121314

© 00 Tt W b =

—_
—_

Figure 9.5: The grid representing the monomials &, and &3 4

Now, we know

= |J &),11 nO®R(v) \ Nw)).
i odd

So in this case,
&' ={(3,14),(5,13),(8,13),(11,12)},

which is clearly equal to T. Hence, On(T},) = On(6) = (w',T). That is Om 0o D¢ =
identity.
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4 6 710121314

1 N

2 . o o *x .

3 . e

5 . [

8 . [

191 N o < boundary of R(v) \ N(v)

Figure 9.6: The monomials & , and &5,

9.10 Multiplicity counts using certain lattice paths

Using Corollary below we show that the multiplicity of the Richardson variety X,
in M,(V) at the point e’ can be interpreted as the cardinality of a certain set of non-

intersecting lattice paths.

9.10.1 Description and illustration

We will illustrate the above on the sets O0N(v) and O(R(v) \ N(v)). On the set ON(v)
the illustration is already given in [Upa0O8|. So, we will illustrate the above on the set
OR(v) \ N(v))-

The points O(R(v) \ N(v)) can be represented in a natural way, as the lattice points
of a grid. The column indices of the points of the grid are the entries of v and the row
indices are the entries of {1,---,2d} \ v. Let &, denote the distinguished monomial in
R(v) \ N(v) associated to w’. From any point § of &, (down) let us draw a vertical line
downwards from 8 and let S(start) denote the bottom most point of O(R(v) \ N(v)) on
this line. In case ( is not on the diagonal draw also a horizontal line leftwards from [
and let A(finish) denote the left most point of O(R(v) \ N(v)) on this line. In case 3
is on the diagonal, then S(finish) is not a fixed point but varies subject to the following

constraints:
e ((finish) is one step away from the diagonal.
e The column index of S(finish) is less than or equal than that of £.

e If depthg ,3 is odd, then the horizontal projection of 3(finish) is the same as the
vertical projection of y(finish), where v is the diagonal element of &, of depth 1
more than that of 5.

A lattice path in O(R(v) \ M(v)) between a pair of points S(start) and B(finish) is a
sequence aj,---,q, of elements of 5(‘}{(1}) \ D(v)) such that oy = [(start) and o, =
f(finish), and for 1 < j < ¢ —1, a1 is either the next point on the right of «; or below
a; in the grid.
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Consider the set Paths!, of all tuples (Ap) ses,, (up)us,, (down) (recall the notation
N(v), ON(v), and d(v) from §4.1] then for a monomial & of N(v), S(up) = SN (ON(v)U
0(v))) of paths, where

e Aj is a lattice path between [(start) and S(finish) (if 5 is on the diagonal, then

B(finish) is allowed to vary in the manner described above).

e Ag and A, do not intersect for 8 # 7.

The number of such p-tuples, where p := |S,/(up) US,,(down)| is the multiplicity of X,

at e’.

Example 9.10.1. Let v = (4,6,7,10,12,13,14), w = (5,6,7,11,12,13,14) and w' =
(1,2,3,4,5,8,9). Clearly, w' <v < w andv,w,w" € OI(d). Now, v\w" = {6,7,10,12,13, 14},
v\w={4,10}, w\v=(511), and w' \ v ={1,2,3,5,8,9}. So,

Sy = {(5,4), (11, 10)}.
And
S (up) = {(5,4)}-
&, = {(9,10), (8,12), (5,6), (3,7), (2,13), (1, 14)}.

And
&', (down) = {(1,14), (2,13), (8, 12), (9,10)}.

11
Figure 9.7: An element of Paths},.

In Figures and the zigzag line which starts from (5,4) and ends at (11, 10)
denotes the boundary of M(v). The solid dots indicate the points on the diagonal. The
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11+ e-essb s o2l

Figure 9.8: Another element of Paths},.

circles denote the points B;, 1 < i < 5, where 3;, 1 < i < 4 denote the points in S, (down)
and (5 denotes the point in &, (up). Here a; denote the points [;(start) and b; denote
the points B (finish) for 1 < i < 4. If we draw the boundary of R(v) \ N(v), then we can
see that the point By = (9,10) lies the boundary of R(v) \ N(v), so it is the only possible
path originating from By. Since &, (up) is a singleton point which lies on the boundary
of M(v), the point s = (5,4) itself is the only possible path in N(v) originating from Bs.

So, in this case, multiplicity is 2.

9.10.2 Justification for the interpretation

We now justify the interpretation of the multiplicity of Corollary 9.5.2] Corollary
says that the multiplicity is the number of monomials in O (v) U O(R(v) \ N(v)) of
maximal cardinality that are square-free, O-dominated by w, and anti-O-dominated by
w'. We now establish a bijection between the set S, of such monomials and the set
Pathsy, of non-intersecting lattice paths.

Each element A of Paths!, can be thought, as a monomial in O91(v) UD(R(v) \N(v)).
Let us denote the corresponding monomial by A. It is clear that the monomial A is
square-free and that all such monomials A have the same cardinality (in particular, that
if Ay C A, for two such monomials then A; = Aj). So, to establish the bijection it

therefore suffices to prove the following.

Lemma 9.10.2. 1. w is the element of OI(d) obtained on application of O to the
monomial ANON(v) and w' is the element of O1(d) obtained on application of On
to the monomial A N O(R(v) \ N(v)).

2. Given any monomial T of elements of ON(v) UD(R(v)\N(v)) that is square-free as
well as O-dominated by w, anti-O-dominated by w', there exists A such that T C A.
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Proof. The proof of the above lemma is analogous to the proof of |Upa0O8, Proposition
11.2.1]. So, here we omit the proof. O
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CHAPTER 10

FUTURE PLANS

10.1 Future Questions

Problem 10.1.1. To compute multiplicity at any point on a Schubert variety in G/P,
where G = Sp(2n) and P is any parabolic in G.

Problem 10.1.2. In [AIJK20], Ikeda and his co-authors have computed the multiplicity
of any Schubert variety in the symplectic flag variety. I plan to extend this work to the
orthogonal flag variety.

Problem 10.1.3. In the paper [BC12], the authors discuss three natural generalizations
of Richardson varieties, which they call projection varieties, intersection varieties, and
rank varieties.

I am planning to compute the following:
1. The singular loci of projective varieties of Type B and Type C' Grassmannian.
2. The multiplicity of intersection varieties in a non-minuscule partial flag variety.

3. The multiplicity of rank varieties in any partial flag variety.

121
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INDEX

>, the Bruhat order, 64

<, partial order on I(r,n), 7

>, partial order on R, 64

>, term order, 73, 74

ez 19

= hlexs 13

= rlexs 19

>, 78

.|, the cardinality, 13

A, affine patch ps # 0 of P(A*V), 75
AP 75

A", the affine patch of P(AYV) given by
g # 0, 105

A ={ay,ay,- -}, a multiset on N, 13
A < B, in the strict termwise order, 13
A < B, in the termwise order, 13

A— B, 76
APB 89
A—C, 14

a (= (r,¢)), an element in O(R(v) \ N(v)),

101
a=(r,c), 60
ay, e, 0, 117

a = (c¢*,r*), 60

a= (i1, - ,1q)(€ I(d,N)), 63
a, B,y (€ I(d) or OI(d)), 11
g, 109

(a,a*), 112

(a,b*), 112

admissible pair, o = (z,y), 58
antichain of commuting reflections, 64
anti-dominates, 55, 103
anti-O-dominates, 103

anti-v-chain, 54

associated graded ring, 92

B = {by, by, -}, a multiset on N, 13

B~, 63

BT, 63

B~, the lower triangular borel subgroup of
SO(V) (resp. Sp(V)), 10

BT, the upper triangular borel subgroup of
SO(V) (resp. Sp(V)), 10

B, 30, 56

B’, 30, 56

BRSK(U), 21

B, 93

B, a point in & (down), 117

B x 3, 80

(B x B)*, 80

[-degree of 1o, 80

blocks, 30,56

(b, %), 45

bottom of 1, 75

129
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bot(C™), 76

bot(tv), 58

p1 > P2 in N(v), 27

(b,0%), 112

B(finish), 117

B(start), 117

bounded by T, W, 14

bounded RSK correspondence, 20

bumping route, 19

C, a chain in N2, 14

¢, a monomial of R(v), 101

C, extended [-chain, 76

C~, negative part of the extened -chain C,
76

O, positive part of the extened (-chain C,
76

¢(down), 101

¢, the set of all special monomials, 60
(c,d) A (e, f), 92

Col(Q), 67

cardinality (or order) of a multiset, 64
chain-bounded by R, S (a multiset U), 93
chainlength of a multiset in R, 66

chain (of sub-modules), 91

chain of commuting reflections, 64
composition series, 91

completely disjointed (subset of N?), 92
connected components of an anti-v-chain,
102

connected consecutive elements of an anti-
v-chain, 102

comparable elements in N(v), 27

Dy, 67

d, a fixed positive integer, 7, 9
dn(= ¥,cnl P 98

0 <o < dpyprr, 83

9; (= (b,ar)), 112
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o(v), 25, 60

degree of a monomial, 26

degree of a multiset £ on S, 19

degree of f, a standard monomial on Y (),
80

degree of a standard sequence, 59

degree of (P,Q), 19

degree of Y)(3), 96

deg(R/I), 96

depthg(x), 93

depth of g in &, 29, 56

depthe , 3, 117

depthy, (m), 66

diagonal, 26

dimension (of a commutative ring with
unity), 91

dim(R/I), 96

distinguished subsets of 9t(v), 28
distinguished subsets of R(v) \ DN(v), 55

E, a multiset on S, 13

E(s), the degree or multiplicity of s in F,
13

EUF, 13

e-degree, 75

ey, -+, eaq, a specific basis of V', 8, 9

€1, -+, en, a specific basis of ‘7, 10

(€iy,- -, €4,), the T-fixed points of M, 11
e®, the T-fixed point corresponding to «, 11
e?, a point in X7 11

(e, f) < (g,h), 92

(e, f) 2 (g, h), 92

e(M, R), the multiplicity of M on R, 92
e’, 104

0, 35, 57

empty Young diagram, 15

empty Young tableau, 15

extended upper (-chain, 76

extended upper negative S-chain, 76



extended upper positive -chain, 76

F', an algebraically closed field, 96
F, field, 73

F={(b1,a1), -+, (bp-1,an-1)}, 38
F® 45

Flzy, -+, x,], 73, 74

f = f(M%Ml)an(M%M:&)»ﬁ e f(u287M28—1)757 87

f, standard monomial, 79
f, standard on Y(53), 79
f=(3), 65

fo, 75

foy -+ fo,, 105

ful= qu/qv), 105

fm,ﬁa 75
first element of the block, 30

G(={g1, " 9x}), 96
G (= SLy(K)), 63
G, 85

G, 85

Gt, 85

G, 85

G4(V), the Grassmannian of all

dimensional subspaces of V', 9
0 18
G, Grébner basis, 74
~(finish), 117
good admissible pair v = (t,u), 78
graded ring, 91

head of a v-chain, 29
head of an anti-v-chain, 55
Hilbert function, 104
Hilbert-Samuel function, 92

I, a homogeneous ideal in R, 96

Is, 81
I3, 81
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1 5, 75,76

I(d), 7

I(d,2d), 7, 61

I(d,N), 25, 63

I(r,n), 7

(i1, id; 1,7 -5 JN—d), 63
(i1,---14), an element in OI(d) (resp. in
I(d)), 11

(T, 92

¢, the involution on multisets on N2, 14
(U) ={(a1,b1), -, (an,bn)}, 38
in, (f), 74

in,(g), 74

in, (1), 74

ing f, 78

ing fg, 78

in. (G), 96

in.G, 5, 80

in.(g;), 96

inDIZﬁ, 78

in..S, 79

isotropic subspace of V', 8, 9

d- jx ((=2d+1—3§), 7

{jh U 7jN—d}7 63

K, an algebraically closed field of arbitrary
characteristic, 7, 63

K, an algebraically closed field of charac-
teristic # 2, 9

K|fu|u € OI(d)], 105

KIYZ(9)), 87

K[Y%(v)], 105

k, a positive integer such that elements of
depth k exists in F', 41

k, the maximum length of a v-chain in &,,,
33

k', 45



L, the ample generator of the Picard group
of My(V'), 105

Ag, 117, 118

A, 118

A (an element of Paths?,), 119

last element of a block, 30

left concatenation of a block, 38

legs of a, 101

length (of a chain of sub-modules), 91
length of a chain of commuting reflections,
64

length of a v-chain, 29

length of an anti-v-chain, 56

lexicographic order (on an negative multiset
on N?), 16, 21

M, 67

Mg, 97

M?, 97

M3, 97

M, maximal ideal, 92

M4 (V), the symplectic Grassmannian, 9
Ma(V), 9

9M4(V), the even orthogonal Grassmannian,
10

My (V), the orthogonal Grassmannian, 10
M5, 92

M, the maximal degree of a square-free
monomial in R\ in.(G), 96

mult? X)), 96

M., 104

M C S (for two multisets M and 5), 64
M¥ | 67, 68

M (R}), a multiset, 67

M,, 67

My,otyy s 67

M, ,, 67

p,q>

MF,, 67

((MF)F)--)F, 68
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m, 35

monomial, 26

monO(R(v) \ N(v)), 106
monR(v), 26

MONeswIN(V), 32
MONesw O (R(v) \ N(v)), 107
multiset, 64

o < e < p2s, 87

it, the complement of p, 7

N, the set of all positive integers, 13
N(p), 76

N(v), 25

[n], 7

n(:=2d+ 2), 10
negative-path, 97
negative strict notched bitableau

(P,Q), 20
negative star set, 93

Irow

negative twisted chain, 92
new box, 19
nonvanishing extended (-chain, 76

nonvanishing row strict notched bitableau

(P ) Q)? 20

nonvanishing semistandard notched
bitableau (P, Q) bounded by 7', W, 20
nonvanishing semistandard notched

bitableau on (8% 3)* (bounded by T,,, W),
82

nonvanishing special multiset on § x f
(bounded by T, W), 82

notched bitableau, 16

notched diagram, 16

notched tableau, 16

OXg,eBa 92
Oxw (v, 104
O(1), the line bundle on P(A4V), 105

9-depth of an element in a monomial in



O(R(v) \ N(v)), 108

$-depth of an element in an anti-v-chain C
in O(R(v) \ N(v)), 108

O-depth of a monomial & (in O(R(v) \
N(v))), 108

$-dominated by w as well as anti-O-
dominated by w’, 103

9OI(d), 9

ON(v), 25

D¢, 106

Op(w', %) (=), 107

O, 106

on(6) (= (v, &), 106

ONR(v), 25, 75

ﬁmonc, 102

ON(v), 25

OR(v), 25

O(R(w) \ N(v)), 25

Owl,, 104

P(A\“V), 10

(C (B x B)7), a depth-one subset, 97
(C (B x B)F), a depth-one subset, 99
Pathsy,, 117

P a, bounded insertion, 18

P (c(
P (c(

P < a, ordinary Schensted insertion, 15
P<t 18

P, P, 36

P(= K[Xg0 | (1,0) € OR(B))), 78

Py, 63

P, Q) bounded by T, W, 20

(PC,Q°), 6

(PO QW) 0<i<t, 21
(PD), QW " a4y, 21
(p(n—l), Q(n—l))7 38
(P(
(

(
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Pfaffians, 105

P\ in.G1(B), 96

P,., a path, 98

P/, a path, 98

p (:=|6,(up) U S, (down)|), 118

ps, 111

Ps, 33

D3, the piece of T/ coresponding to 3, 33
pg, the piece of Tzu, corresponding to 5, 111
pe, 74

o(w,T), 34

B, D) (= Uj(T,)"), 111

1, the map from the set of all xx-multisets
in B x /3 to the set of all star sets in 5 x f3,
95

positive-path, 99

positive row strict notched bitableau (P, @),
20

positive star set, 93

positive twisted chain, 92

pr(a), the horizontal projection of a, 101
po(B), the vertical projection of «, 101

@, a depth-one negative star set in 5 x f3,
98
Q1+, Qr, 36
@Q., a negative-path from |r| to [r], 98
Qs, a positive-path from |s| to [s], 99
¥, 82
6, * -+ Go,, 105
gy, a section of L, 105

R, a fixed positive twisted chain in 8 x S,
97

R (= {(a1, 1)y (@ms fu)}), 92

Raw(Q), 67

R (= Flxy, -+, x,]), 96

R, local ring, 92

R, the root system of G relative to T', 63



R 16<X S. 03 Sy, the symmetric group of permutations

R<S. 93 of a set of N elements, 63
(Ra, Sa), 81 o Eﬁsﬁ’ 93
(R'ya S’y)a 81 )?\],\45:5’ 89
RBRSK, the reverse of BRSK, 22 SM ., 89
Rt 63 SMv’U, 59 84
RP 63 SMU’U, 27, 61
Rj,d 63 SM®(v), 107
d’ —

(R,S)— R— S, 81 SMy, 57
RSK(U), 16 SMy, 59
RY,(v), 104 SM;(m), 59
R, 64 SM,,(v)(m), 107
Rr 65 SM,., 66
R(B) \ N(B), 76 SM,, . (m), 66
m(v), 25 SM;;’/(U), 105
MY, 59 SMy(v)(m), 106
R(v) \ N(v), 25 SO(V), 9
{(r1,c1),- -+, (rp,¢p) }, the topmost block of Sp(V), 8
F of depth k, 41, 45 o, o
[r], 98, 99 Sy, 59
[r], 98, 99 Si(m), 59
row strict Young tableau, 15 Sue 67
row strict notched tableau, 18 Sy (m), 67
row strict notched bitableau (P, @), 19 S 119

S®(v), 104
57 107 S;”,(v)(m), 104
S, a fixed negative twisted chain in 8 x §3, Sp.a(= Sing), 67
97 o (€ Sn), 92
S’ any set, 13 J(T)v 925 (: {<b1a fl)a R (bma fm)})a 93
5], for an clement S of SMT _, 66 v, 63
Sus. 67 ’ &, a special monomial of 77, 84

’ !/
S < M, for two multisets M and S in R}, &', 109
66 G(up), 118
#

68 S, the distinguished subset of 9(v) corre-
Sm, the permutation group on m elements, sPonding to w, 28, 33
99 S, 28

W, 29, 30, 56
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S,, 30, 56

&Y, 30, 56

S; (resp. G41), 109

S, +1, 109

&’ ;41,109

&', (for an odd integer j), 109
Sy, 109

S, 109

Sy, 109

Sy, the distinguished subset of R(v) \ N(v)
corresponding to w, 55

&7, 33

Sy,j, 33

&7, 110, 111

Sy, 111

Sy jjt+1, 111

Gu,, 35, 57

S (r), 109

Sy (down), 117

sV s, 65

semistandard notched bitableau (P, @), 20
semistandard on b, 18
semistandard Young tableau, 15
separably ordered set of commuting reflec-
tions, 66

Si(:= Sp;.q:), 64

sij (1<j<d<i<N),64

Sy, 64

singleton block, 30

special monomial, 60

symmetric monomial, 60
standard monomial in I(d, 2d), 61

standard monomial in I(d,2d) anti-
dominated by v, 61

standard monomial in I(d, N), 27
standard monomial in [I(d,N) anti-

dominated by v, 27
standard monomial dominated by v, 57
standard monomial 6; > --- > 0;, 105
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standard sequence, 58

standard sequence anti-dominated by v, 59
standard sequence (1, --, ;) of admissi-
ble pairs, 84

standard sequence of admissible pairs anti-
dominated by v, 84

star set, 93

*x-multiset, 93

T. 63, 107

T, a negative subset of N, 14

The ball B, 66

T (={(e1,€2)," -, (€m, €mt1)}), 92

T (= {(e1, f1); -, (ems fm)}), 92

The map m, 29, 56

The map 7, 31

The map ¢, 32

The map ¢, 67

The map ¢, (of Kreiman’s thesis), 67

T, the maximal torus of SO(V) (resp.
SP(V)), 11
T, 26, 59

T 107
T%(m), 107
T, 81

T, 93

1., 94

T Sl

T | 33

(%4,)%, 34

T, 111
(%70, 111
Tosirs®s 113
Ty i, 112
(FTwrirn USh i
(FTwr gt USH i
T+, 113

T=(T1, ", Td; Tas1, "+ TN ), 64
T-degree of 6, 66

), 112
), 112



T-line, 65

TSy S, 64

7 (={o(T)|o € Sy, o(T) negative}), 92
tail, 29

tail of an anti-v-chain, 55

t-deep in G, 29, 56

0(e I(d,2d)), 74

top(C™), 76

topmost block, 37

topto, 58

top of 1o, 75

truly orthogonal at j, 109

tAt, 65

twisted chain, 92

type (V, H, S) of an element « (in an anti-
v-chain), 108

U, a finite monomial in MN(v), 35

U, a finite monomial in R(v) \ N(v), 57

U, a monomial in R(v) \ N(v), b4

U, a multiset of N2, 14

U <V, a transitive relation on multisets on
N2, 14

U (= monO(R(v) \ N(v))), 107

Uy, a multiset of N?, 14

U2), a multiset of N2, 14

Uryr, 98

Uy, 107

Uy (m), 107

U790, a multiset of N2, 14
UO(:=U), 45

U(l), ... U("‘), 57

U(l), e U(m)7 35

U~, a multiset of N2, 14
U™, a multiset of N2, 14
U# (for U € I(d,2d)), 76
U* (for U € I(d,2d)), 76
U®, 45
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4 (: USESQS)7 99

V', vector space of dimension 2d, 7,9
‘7, a vecror space of dimension 7, 10
v, 63

v(e I(d,N)), 25

v, a fixed element of I(d), 59
v-chain, 27
v-compatible  standard monomial in
I(d,2d), 61

v-compatible standard monomial in I(d, N),
27

v-compatible standard monomial in O1(d),
105

v-comatible standard sequence, 59
v-compatible standard sequence of admissi-
ble pairs, 84

v-degree, 26

v-degree of tv, 58

W, a positive subset of N2, 14

W (: UrERUSQ?’)? 9

W, the Weyl group G relative to T', 63
W+, for a maximal isotropic subspace W of
V,9

W, 81

W,, 94

Wp,, the Weyl group of F;, 63

W/Wp,, 63

Wta 63

w(*B), 30,56

w’, 33

Wg, Wi, - -+, Wk, DT

c Wiy 30

v, admissible pair, 75

w, an element of /(d) such that v < w, 59

w-anti-dominated standard monomial, 105

Wp, W1, *

w dominates a v-chain, 27
w-dominated standard monomial, 105

w-dominates standard sequence, 58



w dominates &, 28 x* =i T3

w’(k), 109 X(T’C), 74
w110, 112 Xv, 104
w’ iy, 109, 112 xo-, 85

w’ is diagonal at j, 112 To+, 85

w, 28 xy, 85

w >, 75

w(e W/Wp,), 64 Y (B), 75
w <v<w (e OI(d)), 101 Y (v), 105

Young diagram, 15
X, opposite Schubert variety, 11 Young tableau, 15
X%, Schubert variety, 11
X7 (X, N X7), Richardson variety, 11, 75
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