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Abstract

Laminated composite structures are extensively used in aerospace vehicles, marine applications,
automotive and various other industries for their high specific strength, design flexibility and
requiring low maintenance. These structures with embedded or surface bonded piezoelectric
layers often called as smart or intelligent or hybrid structures offer additional advantage of sens-
ing and control apart from their primary structural responsibility. The smart structures are
extensively used in structural health monitoring, shape and vibration control applications, but
the presence of geometric and material inhomogeneity across the layers introduce complex elec-
tromechanical couplings inducing sharp stress variations near the non-simply supported edges.
So, the analysis of such structures with high accuracy demand special tools with greater com-
putational efficiency. Three dimensional (3D) analytical solutions are the most efficient tools
for analysis of smart or hybrid laminated structures which can compute the global as well as
local responses more accurately. In this thesis, three dimensional extended Kantorovich method
(3D EKM) is used to obtain the static and free vibration elasticity/piezoelasticity solution of
hybrid rectangular laminated plates and results from two dimensional (2D) zig-zag and third

order theory are assessed with respect to the 3D solutions.

The generalized coupled three-dimensional piezoelasticity solution for multi-layered com-
posite plates integrated with piezoelectric layers subjected to Levy-type boundary conditions is
presented using the mixed-field multi-term extended Kantorovich method (EKM) and Fourier
series expansion. A mixed formulation approach in which displacement as well as stresses are
taken as state variables in the solution domain is followed. The initial functions are not required
to satisfy the essential or natural boundary conditions and the solution converges very fast. The
convergence and accuracy of this method is established by comparing the results with the 3D

exact solution, wherever available, and with the 3D finite element (FE) solution for the rest

v
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for both pressure and potential loading cases. The anomalies and pitfalls of the FE solution in
predicting stress responses at or near to the edges are pointed out. The effect of adhesive layer
between the face and elastic substrate is also investigated and found that it eases out the sharp
stress variations at the layer interface. The method is further extended to the free vibration
analysis of finite dimensional elastic laminated plates. Results are presented for various laminate
lay-ups and boundary conditions and are extensively validated by comparing with the results
of other theories and 3D FE results. Benchmark natural frequencies and mode shapes are pre-
sented for laminated composite and sandwich plates. It is found that single term solution is
sufficient enough for obtaining accurate natural frequencies, but stresses near the clamped edge
are accurately predicted by multi-term (n=2) solution. The effect of span-to-thickness ratio and
in-plane modulus ratio on the natural frequency is also studied. The effect of adhesive modulus,
density and layer thickness on the free vibration behaviour of elastic laminated plates is also
investigated. The 3D EKM has also been extended to investigate the free vibration behaviour of
Levy-type hybrid laminated composite and sandwich plates integrated with piezoelectric actua-
tors and sensors. The accuracy and efficacy of this method is verified thoroughly by comparing it
with the existing results in the literature and FE solutions. The numerical results are presented
for bimorph, hybrid composites and sandwich plates. Effect of piezo-layer thickness, electric
circuit conditions and plate aspect ratios on the natural frequency are also investigated. Effect

of adhesive layer on the free vibration characteristics of a bimorph plate is also investigated.

Apart from the above 3D analysis, analytical solutions for the free vibration of Levy-
type rectangular elastic laminated plates based on efficient layerwise 2D zig-zag theory and the
third order theory (TOT) are also presented. The 2D results are assessed in comparison with
the 3D elasticity solution to estimate its accuracy. Further, the analysis is extended for the
piezoelasticity static and free vibration solution of hybrid rectangular plates. The improved
zig-zag theory (IZIGT) and its smeared counterpart, the improved third order theory (ITOT)
are developed to obtain the results and are assessed for the accuracy with respect to the 3D

piezoelasticity solution of 3D EKM.

TH-2037_136103018



Contents

Certificate i
Declaration ii
Acknowledgements iii
Abstract iv
Contents vi
List of Figures xi
List of Tables xvi
1 INTRODUCTION 1
1.1 PREFACE ... .. %. {31t T =t 08NS, .. L. 1
1.2 HISTORICAL BACKGROUND OF EKM . . . . . . ... ... ... ....... 3
1.3 LITERATURE REVIEW . . . . . . . e 4
1.3.1 Pioneered Researchers in the Field of Piezoelasticity . . . . .. ... ... 4

1.3.2 Piezoelasticity Solution for Static Analysis of Smart Hybrid Plates . . . . 6

1.3.3 3D Elasticity Solution for Dynamic Analysis of Elastic Plates . . . . . . . 8

vi

TH-2037_136103018



CONTENTS

1.3.4 3D Piezoelasticity Solution for Dynamic Analysis of Smart Hybrid Plates 11

1.3.5 Advanced 2D Laminate Theories for Static and Dynamic Analysis of Elas-

tic and Smart Hybrid Plates . . . . . . .. .. .. .. ... .. .. ... 12
1.4 OBJECTIVES OF THE PRESENT WORK . . . . . ... ... ... ....... 15
1.5 ORGANISATION OF THE THESIS . . . . . .. .. ... ... ... ....... 15

2 3D Piezoelasticity Solution for Static Analysis of Smart Hybrid Rectangular

Plates by Extended Kantorovich Method 18
2.1 INTRODUCTION . . . . . o s e e e e e 18
2.2 GOVERNING EQUATIONS . . . . . . . . . . e 19
2.3 FOURIER SERIES-GENERALIZED EKM SOLUTION . . . .. ... ... ... 23
2.3.1 First Iteration Step . . . . . . . . . . .. 25
2.3.2  Second Iteration Step . . . . . . . . ... 27
2.4 NUMERICAL RESULTS AND DISCUSSIONS . . . . . ... .. ... ...... 29
2.4.1 Stress Field at the Interface of Long Bi-material Strip . . . . . ... ... 29
2.4.2 Edge Effects in Piezoelectric and Smart Hybrid Laminated Plates . . . . 31
2.4.3 Single-Layer Piezoelectric Plate . . . . . . .. .. .. ... ... 33
2.4.4 Smart Hybrid Sandwich Plate . . . . . .. .. .. ... ... ........ 38

2.4.5 Effect of z-Location, Aspect Ratio and Thickness Ratio on the Response

2.4.6 Accurate Estimation of Interlaminar Stresses for the Adhesive Bonded

Smart Hybrid Sandwich Plates . . . . . . ... ... .. ... ... 47

2.5 CONCLUSIONS . . . . s s 51

vii

TH-2037_136103018



CONTENTS

3 3D Elasticity Dynamic Solution of Laminated Plates by Extended Kantorovich

Method 53
3.1 INTRODUCTION . . . . . e e e e 53
3.2 THEORETICAL FORMULATIONS . . . . . .. ... ... .. ... . .... 54
3.3 FOURIER SERIES-GENERALIZED EKM SOLUTION . . . ... ... ..... 56
3.3.1 Solution Along Thickness Direction (z) . . .. ... .. ... ....... 57
3.3.2  Solution Along In-plane Direction () . . . .. .. .. ... ... ..... 59
3.4 RESULTS AND DISCUSSION . . . . . .. .. et 60
3.4.1 Free Vibration Analysis of Cross-ply Laminated Plates . . . . . . . .. .. 61
3.4.2 Free Vibration Analysis of Soft Core Sandwich Plate . . . . . . ... ... 68

3.4.3 Accurate Estimation of the Influence of Adhesive Bonding on the Free

Vibration of Laminated Plates . . . . . . . . . . . . . ... ... ..... 77

3.5 CONCLUSIONS . . . . . e e e s e e 81

4 3D Extended Kantorovich Method for Free Vibration Analysis of Piezolami-

nated Plates 82
4.1 INTRODUCTION . . . . . . e e e e 82
4.2 THEORETICAL FORMULATION . . . . . . . . . .. ... .. . .. .. 83
4.3 FOURIER SERIES-GENERALIZED EKM SOLUTION . . . ... ... ..... 87
4.3.1 First Iteration Step . . . . . . . . . ... 88
4.3.2 Second Iteration Step . . . . . . . . ... 90
4.4 RESULTS AND DISCUSSION . . . . . . . . e 92
4.4.1 Validation with 3D Exact Results for Simply Supported (S-S) Case . . . . 95
viii

TH-2037_136103018



CONTENTS

4.4.2 Validation for Other Boundary Conditions . . . . . . . .. ... ... ... 98
4.4.3 Some New Benchmark Results . . . ... ... .. ... .......... 100
4.5 CONCLUSIONS . . . . . s e e 113

5 Advanced 2D Zig-zag Piezolaminate Theory for the Free Vibration of Levy-

type Hybrid Plates 115
5.1 INTRODUCTION . . . . e e 115
5.2 MATHEMATICAL MODELLING . . .. ... ... ... ... ... ..... 116
5.2.1  Geometry . . . ... e e e 116
5.2.2 The Strain-Displacement and Constitutive Relations . . . . . . . ... .. 116
5.2.3 Governing Differential Equations and Boundary Conditions . . . . . . . . 121
5.2.4 Levy-type Solution . . . . . . . .. ... 126

6 Assessment of Advanced 2D Piezolaminate Theories 133
6.1 INTRODUCTION . . . . . et e e e 133
6.2 FREE VIBRATION OF ELASTIC LAMINATED PLATES . . ... ... .... 134
6.2.1 Validation . . . . . . . ... 135
6.2.2 Assessment . . . ... ... e 136

6.3 STATIC ANALYSIS OF RECTANGULAR HYBRID PLATES . . ... ... .. 142
6.4 FREE VIBRATION ANALYSIS OF RECTANGULAR HYBRID PLATES . . . 150
6.4.1 Validation . . . . . . . .. 150
6.4.2 Assessment . . . .. ... 151

6.5 CONCLUSIONS . . . . . e 152

ix

TH-2037_136103018



CONTENTS

7 Conclusions

7.1 CONCLUSIONS FROM THE PRESENT WORK

7.2 FUTURE SCOPE OF WORK . . ... ... .........

Brief Biodata of the Author

List of Publications from the Thesis

TH-2037_136103018

156

176

178



List of Figures

1.1

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

General configuration of a rectangular hybrid plate. . . . . .. .. .. ... ... 3
Geometry and coordinate system of a L-layer smart hybrid plate. . . . . . . . .. 20
Geometry of bi-material strip. . . . . . . . ... oo 30
Stress distribution along the interface of bi-material strip . . . . ... ... ... 31
Configurations of (a) piezoelectric plate and (b) smart hybrid sandwich plate. . . 32
Longitudinal variations of displacements, stresses, electric potential and electric

displacements for square simply-supported (S-S) piezoelectric plate under pressure

logding. W . .S SIS . . . . 34

Longitudinal variations of displacements, stresses, electric potential and electric
displacements for square piezoelectric plate with C-C boundary condition under

pressure loading. . . . . . . . ... 35

Through-thickness distributions of stresses and electric potential for square piezo-

electric plate with C-C boundary condition under pressure loading. . . . . . . . . 36

Effect of b/a on through-thickness variations of stresses and electric potential for

square piezoelectric plate with C-C boundary condition under pressure loading. . 37

Longitudinal variations of displacements, stresses and electric displacement for

simply-supported (S-S) sandwich plate under pressure and potential loading. . . 39

xi

TH-2037_136103018



LIST OF FIGURES

2.10

2.11

2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

Longitudinal variations of deflection, stresses and electric displacement for smart
hybrid sandwich plate with C-F and C-S boundary conditions under pressure
loading. . . . . . . .. 40

Longitudinal variations of deflection and stresses for square smart hybrid plate

with C-F and C-S boundary conditions under potential loading. . . . . . . . . .. 41

Longitudinal variations of deflection and stresses for sandwich plate (b) with free-

free (F-F) boundary condition under potential loading. . . . . . . .. ... .. .. 42

Through-thickness variations of stresses for F-F boundary condition at different

&1 locations of square sandwich plate under potential loading. . . . . . . .. . .. 43
Effect of boundary conditions on &, under potential loading. . . . . .. ... .. 44

Effect of thickness on the through-thickness variations of 7., for C-F smart hybrid

sandwich plate under pressure and and potential loadings. . . . . . . .. ... .. 44

Effect of b/a on the through-thickness variations of inplane displacement and
shear stresses for C-F smart hybrid sandwich under (a) pressure and (b) potential

loadingSh. . . (SNSRI . LA . . . . 45

Effect of b/a and actuator thickness on the longitudinal variation of interlaminar

shear stress for F-F smart hybrid plate under actuation potential . . . . . . . .. 46
Configuration of adhesive bonded smart hybrid sandwich plate. . . . . . . .. .. 47

Effect of adhesive layer thickness on the through-thickness variation of stresses

under pressure loading. . . . . .. ..o Lo oL 48

Effect of adhesive layer thickness on the through-thickness variation of &, under

potential loading. . . . . . . . .. L Lo 49

Effect of adhesive layer thickness on the through-thickness variation of stresses

under potential loading. . . . . . . ... L Lo Lo 49

Effect of elastic modulus on the interlaminar stress. . . . . . . . . . . . ... ... 50

xii

TH-2037_136103018



LIST OF FIGURES

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

Geometry and coordinate system of the laminated plate. . . . . . . .. .. .. ..
Configurations of composite and sandwich plates. . . . . . .. .. ... ... ...

First three flexural mode shapes with the frequencies for thick (S=5) composite

plate (a) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F). .

Longitudinal variation of displacements and stresses of first two modes for thick

(S=5) composite plate (a) under C-F boundary condition. . . . . . ... ... ..

Longitudinal variation of displacements and stresses of first two modes for thick

(S=5) composite plate (a) under F-F boundary condition. . . . . . . .. ... ..

Through-thickness distributions of . and 7,. in the first flexural mode of com-

posite plate (a) under C-F and F-F boundary conditions. . . .. ... ... ...

Percentage decrement variation in natural frequencies of sandwich plate (b) for

F-F boundary condition against S-S and C-F boundary conditions. . . . . . . . .

First three flexural mode shapes with the frequencies for thick (S=5) sandwich

plate (b) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F).

Longitudinal variation of displacements and stresses of first two modes for thick

(S=5) sandwich plate (b) under C-F boundary condition. . . . ... . ... ...

Longitudinal variation of displacements and stresses of first two modes for thick

(S=5) sandwich plate (b) under F-F boundary condition. . ... ... ... ...

Through-thickness distributions of &, and 7. in the first flexural mode of sand-

wich plate (b) under C-F and F-F boundary conditions. . . ... ... ... ...

Through-thickness distributions of @, v and w in the lowest eight frequencies of
sandwich plate under (a) S-S and (b) C-C boundary conditions for m=1 (numbers

in parenthesis are the corresponding frequencies). . . . . . ... .. ... ... ..

The effect of adhesive layer thickness (¢,=0.0, 0.02, 0.04 ) on the flexural natural

frequencies of plate (c¢) for different boundary conditions . . . . . . ... ... ..

xiii

TH-2037_136103018

68

73



LIST OF FIGURES

3.14 Percentage increment of natural frequency for adhesive elastic modulus of 2.1Y

and 3Y for S-S, C-C, C-F and F-F boundary conditions. . . . . . ... ... ...
3.15 Percentage decrement of natural frequency for adhesive density of 1.5p and 2.5p
for S-S, C-C, C-F and F-F boundary conditions. . . . .. .. ... ........
4.1 Geometry and coordinate system of a L-layer piezo-laminated plate. . . . . . . .

4.2 Configurations of piezoelectric plate (a), smart composite plate (b), (d) and sand-

wich plate (c¢).fRef.[165] . . . . . . . ..o

4.3 3D FE mesh discretization of a thick (S=5) hybrid sandwich plate (g) for con-

vergence study. . . . . .. L e e

4.4 Validation of @, w and ¢ for mode 1 and 3 of an all round simply supported
single layer piezoelectric plate (S=1) for both close and open circuit condition.

FROL[166]; TREL.[I01] © o o o o e o e

4.5 Through-thickness distributions of in-plane displacements, deflection and electric

potential for C-C, C-F and F-F boundary conditions for first and third modes.

4.6 Configurations of bimorph plate (e), smart composite plate (f) and smart sand-

wich plate (g). TRef.[149] . . . . . . . . .. L

4.7 Through-thickness distributions of in-plane displacements, transverse deflection,
stresses and electrical variables for simply supported (S-S) bimorph plate (e) for

the first mode (&, = 6.084) for top close and bottom open condition. . . . . ..
4.8 First three flexural mode shapes with the frequencies for thick (S=5) smart com-
posite plate (f) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F,
4.9 First three flexural mode shapes with the frequencies for thick (S=5) smart sand-

wich plate (g) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F,

Xiv

TH-2037_136103018

94

. 101



LIST OF FIGURES

4.11 Effect of adhesive thickness (t,) on the natural frequencies of thick bimorph plate

for C-C, C-S, C-F and F-F boundary conditions. . . . .. ... ... ....... 112
5.1 Geometry and coordinate system of a hybrid plate. . . . . . . .. ... ... ... 116
6.1 Coordinate systems of EKM and Levy solutions. . . . .. ... ... ... .... 134
6.2 Distributions v, 7, and 7, for the first mode of all round simply supported (S-S)

square sandwich plate. . . . . . . .. L Lo Lo 140
6.3 Distributions v, ¢, and 7,, for the first modes of square sandwich plate for C-C

and C-F boundary conditions. . . . . . . . . . . . . ... ... 142
6.4 Configurations of piezoelectric plate (a) and hybrid sandwich plate (b). . . . . . 143
6.5 Longitudinal variations of displacements, stresses, electric potential and electric

displacements for square piezoelectric plate (a) under pressure loading. . . . . . . 144
6.6 Longitudinal variation of deflection, stresses and electric displacement under pres-

sure loading for sandwich plate (b) under top and bottom close circuit conditions 146
6.7 Longitudinal variation of deflection, stresses and electric displacements under po-

tential loading for sandwich plate (b) under top and bottom close circuit conditions147
6.8 Longitudinal variation of displacements and stresses under potential loading for

sandwich plate (b) with F-F boundary conditions under top and bottom close

circuit conditions . . . . . ..o 148
6.9 Through-thickness variation of transverse shear stresses under potential loading

for sandwich plate (b) with free-free boundary conditions under top and bottom

close circuit conditions . . . . . .. ... Lo Lo 149
6.10 Configurations of smart composite plate. . . . . . . ... ... .. ... ... ... 150
6.11 Configurations of smart composite plate (a) and smart sandwich plate (b).. . . . 152

XV

TH-2037_136103018



List of Tables

1.1

2.1

2.2

2.3

3.1

3.2

3.3

3.4

3.5

3.6

Authors pioneered in smart structure research . . . . . . ... ... )
Material properties . . . . . . ... 30
Comparison of order of stress singularity (A—1). . . . . .. ... ... ... ... 31
Material constants. . . . . . ... oL oL oL L 32

Comparison of the fundamental frequency parameter, @ for simply-supported (S-

S) cross-ply laminated composite plate . . . . . . .. ... o L. 62

Comparison of first five dimensionless frequencies w,, = wh/po/Y2 for a two
layer [0°/90°] laminated composite plate with material parameters: Y;/Ys =

30, G12/Y2 - G13/Y2 = 0.5, G23/1/2 = 0.35, V19 = V13 = 0.3, V93 = 049 ... .. .. 63

Comparison of dimensionless fundamental frequency (@) of a three layer [0°/90°/0°]

laminated composite plate . . . . . . ... L oo 64

Comparison of the effect of in-plane modulus ratio, (Y7/Y2) on the fundamen-
tal frequency parameter ((w,,, = why/po/Y2) of un-symmetric cross-ply laminates
[0°/90°/0°/90°] with different sets of boundary conditions:(S=10, veg = 0.49) . . 65

Comparison of dimensionless natural frequencies, @,, = (wa?/72)\/poh/D for a
three ply [0°/90°/0°] laminated plate . . . . . . .. . ... ... L. 66

Benchmark dimensionless natural frequencies (w,,) of symmetric thick (S=5)

composite plate (a) under five different boundary conditions (n=1, iter.=2) . . . 67

xXvi

TH-2037_136103018



LIST OF TABLES

3.7 Benchmark dimensionless frequency parameter(i,,) of sandwich plate (b) under

five different boundary conditions (n=1, iter.=2) . . . . .. ... ... ... ...
3.8 Lowest eight frequencies of sandwich plate for m=1and S=5 .. ... ... ...
3.9 Natural flexural frequencies of plate (c) for different boundary conditions for the
adhesive thickness, t,=0.0, 0.02 and 0.04 . . . . . . . . . .. ... ... ... ..
4.1 Material properties . . . . . . ..

4.2 Natural frequency (Hz) convergence study of 3D FE solution of a typical thick
(S=5) hybrid sandwich plate (g) . . . . . ... ... .. oo

4.3 Natural frequencies of simply supported (S-S) square hybrid single layer piezo-

electric plate under closed circuit (CC) and open circuit condition for S=1 and

4.4 Natural frequencies wy,, of simply supported (S-S) hybrid plate (b) and hybrid

sandwich plate (¢) with different S values . . . . .. . ... ... ... ... ..

4.5 Natural flexural frequencies w,, of a square hybrid sandwich plate (c) for boundary

conditions C-S and C-C (n=1, iter.3) . . . . . . . . . .. ... .. ... ......

4.6 Comparison of first three natural frequencies (Hz) for C-C and F-F for square

hybrid plate (d) for different S values . . . .. ... ... ... . ... ... ..

4.7 First three frequencies of a thick (S=1) piezoelectric plate (a) for m=1 with open

circuit condition (n=1.1iter. 3) . . . ... ... .. Lo oL

4.8 Non-dimensional flexural natural frequencies w,, of piezoelectric bimorph plate

(e) with S-S boundary conditions for S=10 . . . . ... ... ... ... ...

4.9 Non-dimensional flexural natural frequencies @, of piezoelectric bimorph plate

(e) with F-F boundary conditions for S=10 . . . . ... ... ... .. ... ...

4.10 The first ten non-dimensional flexural frequencies (w,,) of smart composite plate

(f) for different sets of boundary conditions . . . . . ... ... ... ... ...

xvii

TH-2037_136103018



LIST OF TABLES

4.11 The first ten non-dimensional flexural frequencies (w,,) of smart sandwich plate

(g) for different sets of boundary conditions . . . . . ... ... ... .. 107

4.12 The first ten non-dimensional flexural frequencies (w,,) of smart sandwich plate
(g) for different sets of boundary conditions with varying piezo-layer thickness

(hp)and S=5 . . . . .. 109

4.13 First five flexural frequencies (wy,) of a thick (S=5) square bimorph plate for

different adhesive thickness (¢,) and boundary conditions. . . . . . ... ... .. 111

4.14 Natural flexural frequencies w,, for a thick (S=5) square bimorph plate for S-
S and C-F cases with adhesive thickness (t,=0.04) for varying adhesive elastic

modulus Y,. . . . . . . 112

4.15 Natural flexural frequencies w,, for a thick (S=5) square bimorph plate for S-S

and C-F cases with adhesive thickness (¢,=0.04) for varying adhesive density p,. 113

6.1 Comparison of fundamental natural frequencies for all-round simply-supported

(S-S) boundary conditions . . . . . . ..o o 136

6.2 Fundamental natural frequency, @ = (wmna?)+\/poh/D1 of square and rectangular

single layer isotropic plate for S=5 and 10. . . . . . ... .. ... ... .. ... 136

6.3 Lowest five flexural frequencies @y, = wh+/py/Y2 for a two layer [90°/0°] lami-
nated composite plate (S=5) and the corresponding % error of ZIGT and TOT
frequencies (material parameters: Y7 /Y, = 30, G12/Y2 = G13/Y2 = 0.5, Go3/Ya =
035,19 =113 =0.3,03=0.49) . . . . . .. ... 137

6.4 Effect of span-to-thickness ratio (S) on the fundamental natural frequencies of a
three layer [90° /0°/90°] laminated composite plate: (material parameters: Y7 /Ys =
40,Y2 = YEJ, =6.9 GPa, G12 = G13 = 0.6}/2,G23 = 0.5Y2, Vi3 = V19 = 0.25,V23 =

6.5 Effect of inplane modulus ratio (Y7/Y2) on the fundamental natural frequency of

an unsymmetrical four layer [90°/0°/90°/0°] laminated composite plate(S=10). . 138

xviii

TH-2037_136103018



LIST OF TABLES

6.6 Lowest eight natural frequencies, @ = (w,a?/7%)\/poh/ D2 of the 3D EKM with
the % errors of ZIGT and TOT results for a three ply [90°/0°/90°] laminated

plate for S-S and C-C boundary conditions . . . . .. ... ... ... ......

6.7 The % errors of lowest five flexural natural frequencies of ZIGT and TOT with
respect to 3D EKM for a square sandwich plate under five different boundary
conditions for S=5, 10and 20 . . . . . . . . . ...

6.8 Natural flexural frequencies of simply supported (S-S) hybrid plate (b) with dif-

ferent S values . . . . . . e

6.9 The percentage errors of lowest five flexural natural frequencies of IZIGT and
ITOT with respect to 3D EKM for a square hybrid composite plate (a) under five

different boundary conditions for S=5, 10 and 20 . . . . . . .. .. ... ... ..

6.10 The percentage errors of lowest five flexural natural frequencies of IZIGT and
ITOT with respect to 3D EKM for a square hybrid sandwich plate (b) under five

different boundary conditions for S=5, 10 and 20 . . . . . . . . . ... ... ...

Xix

TH-2037_136103018



Chapter 1

INTRODUCTION

1.1 PREFACE

With the advancement of technology, one of the major ambitions in any modern technolog-
ical fields like aerospace and automobile industries, is to make the systems ultra-reliable with a
near-zero incidence of failure and to fulfill stringent performance requirements under challenging
environments. So being capable of detecting the damage or failure in advance is the key step in
this direction. This has led to the concept of advanced high-performance control systems and
multi-functional structures wherein multiple properties of materials are exploited in such a way
that besides its major designated functionality, the same structural components can accomplish
at least one more task of the host structure, such as active vibration control, health monitoring
etcetera. Composites and sandwich laminates with embedded or surface-mounted piezoelec-
tric sensors and actuators (hereafter called as smart hybrid plates and smart hybrid sandwich
plates) form a very important part of this new generation of smart structures for active vibration
control, acoustic control, shape control, damage identification and compensation (health moni-
toring) applications. The term hybrid denotes to the heterogeneous nature of laminated plates.
Recent developments of the piezoelectric fibre reinforced composite (PFRC) with high strength
(maximum strain of 2300 microstrain), toughness, operating range (-1500 to 2800 V) and life
(200 million cycles), conformability to curved shell surfaces and broadband have widened the

scope of its use as distributed piezoelectric sensors and actuators in smart structures [1].

Many structural elements in aerospace vehicles, automobiles, ships, submarines and process
equipment can be modelled as beams, rectangular plates, and cylindrical shells. Analytical three-

dimensional (3D) piezoelasticity solutions of hybrid beams, rectangular plates, and cylindrical
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shells are mostly available for simply-supported boundary conditions, in which case an assumed
series expansion in the in-plane coordinates which satisfy the boundary conditions (BCs) at the
edges identically, converts the partial differential equations (PDEs) into ordinary differential
equations (ODEs). Consequently, the advanced two-dimensional (2D) laminate theories are
commonly assessed for their accuracy in comparison with 3D solutions for simply supported
boundary conditions. however, such an assessment can at best provide an incomplete picture
since no special effects known as boundary effects are observed on the simply-supported edges [2]
as opposed to clamped (C) and free (F) edges. So, to accurately predict the stress fields near
the non-simply supported edges analytical solutions are most proficient the importance of which
has been shown by Pipes and Pagano [3]. In most practical applications, piezoelectric materials
as thin layers are surface mounted on a host structure as distributed sensors and actuators
for control and sensing purpose. In such smart hybrid plates, the edge effect is more complex
due to the presence of electromechanical coupling and can lead to the loss of actuation and
sensing authority of the piezoelectric layers. A 3D finite element analysis (FEA) results in
large problem size in proportion to the number of layers which often become computationally
intractable and also encounters challenges when the piezoelectric layers are thin compared to
the elastic substrate. Accurate estimation of the free edge stress field of both hybrid elastic
and smart hybrid piezoelectric composite and sandwich plates is thus an essential component in
composite and smart structure engineering, for achieving the reliable design of these structures.
In spite of the fact that the determination of interlaminar stresses at the free edges has been
one of the key issues of research since the year 1967 [4], no analytical 3D elasticity solution
satisfying all boundary and interface conditions at the free edges existed so far. This research
work proposes the development of accurate analytical 3D piezoelasticity solutions for smart
hybrid-rectangular plates integrated with monolithic piezoelectric/PFRC sensors and actuators,
subjected to arbitrary boundary conditions under electromechanical loading using a powerful
extended Kantorovich method (EKM). It is also proposed to develop 3D piezoelectric solutions
for the dynamic response of the same. Dynamic solution based on efficient and accurate zigzag
theory is also developed for Levy-type rectangular hybrid plates so as to assess the theory
for predicting dynamic response and boundary effects. The general hybrid rectangular plate
configuration considered for analysis in the present work is as shown in Fig. 1.1. The plate has

dimensions (a x b x h) as width, length and thickness, respectively and consists of L orthotropic
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layer with cross-ply (0° or 90°) lay-up.

Figure 1.1: General configuration of a rectangular hybrid plate.

1.2 HISTORICAL BACKGROUND OF EKM

In Ritz or Galerkin method, an approximate solution is usually assumed as series of prod-
ucts of unknown coefficients and a bi-variable function chosen along the coordinates where the
functions are assumed in such a way that it satisfies the kinematic boundary conditions in Ritz
case while both kinematic and kinetic boundary conditions in Galerkin case. Therefore, the
solution accuracy and convergence highly depend on the initial choice of functions. To eliminate
this dependence, the Russian mathematician and economist Leonid Vitaliyevich Kantorovich
(joint winner of Nobel Memorial Prize in economic sciences, 1975) proposed a method in the
year 1936 in his remarkable book Approximate Methods of Higher Analysis [5] with co-author
Vladimir Ivanovich Krylov, the English version [6] of which was published in 1958. In this
method, a bivariate function ¢, (z,y) is assumed in the form as, ¢.,(z,y) = fi(z) - g1(y), where
fi(z) is unknown function of z and g¢;(y) is a priori known function of y. Upon substitution
in variational equation and using the fundamental Lemms of variational calculus, an ordinary
differential equation along z-axis is obtained which is solved by satisfying the boundary con-
ditions exactly. Therefore, solution accuracy depends upon the initial choice of function along

y-direction only. This technique is known as Kantorovich method.

In year 1968, Kerr [7] modified the Kantorovich method by introducing the concept of
iterative step calculation to further eliminate the dependence along y-axis. In this technique,
instead of stopping the calculation after the other part of the function unknown is obtained, the

obtained function from the first step is taken as known a priori function for the next calculation
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step. This calculation steps continue iteratively until a desired convergence is achieved. After-
wards this method is known as extended Kantorovich method (EKM). In this method the initial
chosen function is not required to satisfy the boundary conditions of the problem and hence
can be selected arbitrarily. Besides the above advantage of EKM, the convergence in solution is

achieved very fast which is examined in the present work in successive Chapters.

1.3 LITERATURE REVIEW

A brief survey of literature concerning the specific analysis type is presented in this section
and in the succeeding subsections addressing the advancement of work done up to the date.
Based on the nature of displacement field approximation along the thickness, piezoelasticity
solutions of smart structures can be divided into two main categories: (a) two-dimensional
theories and (b) three-dimensional theories. The 2D theories though can predict results well in
acceptable accuracy for thin plates and shells only with low computational complexity, but for

high accuracy and for thick plates and shells, 3D theories are the foremost tools.

Some extensive reviews on different 2D and 3D theories for beams, plates, and shells can be
looked through the articles [8-11] for elastic and [12-20] for hybrid piezoelectric case, adding with
them the most recent review article [21] on bending, buckling, vibration, and 3D stress analysis
by extended Kantorovich method. A review of the literature on the free vibration analysis of
elastic laminates can be found in the recent review article presented by Sayyad and Ghugal [22].

In the succeeding subsections, literature relevant to the scope of this work is presented.

1.3.1 Pioneered Researchers in the Field of Piezoelasticity

Ever since the brothers Jacques and Pierre Curie discovered piezoelectricity, in the year
1880, which is the phenomenon of internal generation of electricity resulting from applied me-
chanical pressure, the research on piezoelectric materials and its applications have come a long
way though still remained a major research focus. This phenomenon of piezoelectricity is ex-
ploited in a number of useful applications in modern technology, such as piezoelectric inkjet
printing, sound navigation and ranging (SONAR), vibration control, structural damage de-
tection and health monitoring, to name a few. Accordingly, various theories are developed

accommodating the intermingling of elastic and electric effects of piezoelectricity. The research
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on piezoelectric smart structures are few decades old. Here, in this section, a list of the pio-
neering works on smart structural applications of piezoelectric materials especially as composite
beam/plate structures integrated with piezoelectric layers are presented. For active control of
structural vibration Hanagud et al. [23] and Baz and Poh [24] developed methods of numerical
simulations for a cantilevered elastic beam surface-bonded with piezoelectric actuators. By us-
ing the displacement based layer-wise theory Robbins and Reddy [25] analysed piezoelectrically
actuated beams. Tauchert [26] studied piezothermoelastic behavior of a laminated plate. The
vibration behaviour of smart plates are presented by Chandra and Agarwal [27] and Batra et
al. [28] whereas for shells Tzou and Zhong [29]. Ray et al. [30, 31] contributed the 2D exact
static analysis of smart laminated plate structures whereas Bisegna and Maceri [32] presented
3D exact solution for rectangular piezoelectric plates. The following Table 1.1 lists some more
number of pioneered researchers and their contribution to smart structural research.

Table 1.1: Authors pioneered in smart structure research

Author Contribution

Chandra and Chopra [33] Analytical and experimental investigation of composite beams
with induced-strain actuators.

Heyliger [34] Static analysis of laminated elastic/piezoelectric plates.

Tzou and Fu [35] Distributed vibration sensing and control of continua using
segmented distributed piezoelectric sensors and actuators.

Ghosh and Batra [36] Shape control of plates using piezoceramic elements.

Xu et al. [37] Thermoelectroelastic response of multilayered plates
(3D solution).

Saravanos and Hopkins [38] Local stresses in smart composite plates using discrete-layer
theory.

Ashida and Noda [39] Control of thermally induced normal elastic displacement of

piezolaminated isotropic plate.

Dumir et al. [40] Exact piezoelastic solution of circular cylindrical panel
Kapuria and Kumari [41] First time extended EKM to 3D piezoelasticity case
5
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1.3.2 Piezoelasticity Solution for Static Analysis of Smart Hybrid Plates

The localized stresses occurring within a short distance from the edges of laminated struc-
tures, caused by the widely different material properties in adjacent layers and the geometric
discontinuity, are often responsible for the initiation of delamination and crack in these struc-
tures. The concentrated stresses are also critical for the fatigue life of structures. This so-called
boundary layer stress field is truly three-dimensional (3D) in nature, and can not be predicted
accurately by the simple two-dimensional laminate theories. The need for obtaining accurate
analytical solutions for this 3D boundary layer stress field has been felt ever since Pagano and
Pipes [3, 42] showed its importance on the integrity of these laminates. In many smart struc-
tural applications, thin layers of piezoelectric materials are surface-bonded to or embedded in
the composite laminates to be used as distributed sensors and actuators, for achieving high-
performance objectives such as active vibration control, acoustic control, shape control, and
damage detection. In such smart hybrid plates, the edge effect is more complex due to elec-
tromechanical coupling and can lead to debonding of the piezoelectric sensors and actuators.
An accurate understanding of the strain/stress transfer mechanism between the piezoelectric
actuator /sensor and the host structure is also essential for the development and validation of

simplified models for the same [43, 44].

Near the clamped/free edges, the stress field changes sharply. For such cases, the general
purpose displacement based finite element may not be reliable in the vicinity of the edges [45, 46].
The limitations of the general finite element solution for addressing the edge effects have also been
pointed out in a recent review article by Mittelstedt and Becker [47]. Analytical/semi-analytical
three-dimensional solutions of piezoelectric plates with clamped/free support conditions can help

to understand the edge effects and effect of electromechanical coupling on the same [47].

Few approximate analytical solutions of the 3D elasticity /piezoelasticity solutions have been
reported for the elastic and piezoelectric laminated plates with non-simply supported edges, but
in all of them, the boundary and interfacial continuity conditions are satisfied in an approximate

sense.

Vel and Batra presented series solution using the Eshelby-Stroh formalism for the cylindrical

bending [48] and general bending [49] of hybrid piezoelectric plates with arbitrary boundary
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conditions. However, the boundary and interface conditions were satisfied in the sense of Fourier
series, leading to an infinite system of equations, and its truncation even after a large number
of terms (~400), was seen to yield extra oscillations in the through-thickness variations of
the out-of-plane stresses near the edge. Recently, Tahani and Andakhshideh [50] presented
a 3D elasticity solution using the extended Kantorovich method for the general bending of
rectangular laminated plates under arbitrary edge conditions. However, since they consider
displacements as the primary variables, all boundary and interface conditions involving stresses
are satisfied only in a weak integrated sense over the surface, and not exactly at all points.
Since the stress field in the vicinity of the boundaries, which is of particular interest here, is
highly sensitive to any such approximation, its prediction can not be reliable and therefore,
this solution is not suitable for boundary layer stress field prediction. Very recently, a stress
function based equivalent single-layer theory approach [51] has been employed to analyze the free
edge interlaminar stresses of symmetrical hybrid laminated panels under symmetrical applied
electric potential, without considering two-way electromechanical coupling [52]. Once again, the

out-of-plane stress distributions showed undesired oscillations and were not predicted accurately.

The EKM, proposed by Kerr [7, 53], is a very powerful and elegant semi-analytical method
for solving partial differential equations (PDEs). In this method, the PDEs of a bivariate
problem is converted into two sets of ordinary differential equations (ODEs) in two directions,
by approximating the solution as a series of products of two separable functions. The ODE in
a given direction is obtained by assuming the functions in the other direction as known from
initial guess or previous iteration. The iterative process converges fast (generally in two/three
iterations), even when the initial trial functions do not satisfy the boundary conditions, and
unlike in Ritz’s and Galerkin’s methods, the accuracy of the final solution is independent of the
initial guess. The method has been shown to yield accurate results for several problems of elastic
single layer [54, 55| and multi-layer plates [56-61], and shells [62, 63] subjected to arbitrary
boundary conditions. In the recent past, it has been successfully applied to obtain the bending
response of rectangular piezo-laminated plates using the classical laminate theory [64], and the
first order shear deformation theory [65] without considering the two-way electromechanical
coupling. The common feature of all these EKM solutions is that they are all based on 2D
plate/shell theories and not on the 3D elasticity theory, and involve only homogeneous boundary

conditions.
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Kapuria and Kumari presented first a single-term EKM solution [66] and later a multi-
term EKM solution [41] based on the 3D elasticity, for the cylindrical bending of anisotropic
laminated panels subjected to arbitrary boundary conditions. A mixed formulation approach
was followed, considering both displacements and some stresses as primary variables, which
not only allows for the exact satisfaction of all homogeneous and nonhomogeneous boundary
conditions, as well as interface continuity conditions at all points but also ensure the same order
of accuracy for both displacements and stresses. It was shown in comparison with other available
3D elasticity solution and detailed 3D finite element analysis that the multi-term solution yields
accurate results for all response entities including the stress field near the edges, with just two
to three terms in the solution. The method has been extended to multi-field problem of 3D
piezoelasticity solution for the cylindrical bending of hybrid piezolaminated panels with edge
effects, considering full electromechanical coupling [67]. Kumari et al. [68] applied the multi-
term EKM solution in conjunction with Fourier series to obtain the general bending response of

elastic rectangular laminated plates subjected to Levy-type boundary conditions.

The lack of a coupled 3D piezoelasticity solution by EKM for Levy-type hybrid-rectangular
plates, as reviewed from the literature, presented an opportunity to develop an accurate 3D
piezoelasticity solution for hybrid piezolaminated rectangular plates with Levy-type boundary

conditions under electromechanical loading using the mixed-field multi-term EKM is presented.

1.3.3 3D Elasticity Solution for Dynamic Analysis of Elastic Plates

The literature on free vibration of plates can be categorized into two broad categories as per
the type of theories i.e. 2D solution and 3D elasticity solution. In the earlier stages of research,
equivalent single layer models such as classical laminate [69], Mindlin plate [70, 71] and first
order shear deformation [72-74] and third order shear deformation [75-77] theories were used to
analyse the free vibration of composite plates. Navier and Levy approaches were used to obtain
the natural frequencies and mode shapes of the composite plates. A comprehensive review of
literature can be found in the recent review article presented by Sayyad and Ghugal [22]. These
theories overestimate the natural frequencies and are valid for only thin sections. To overcome
these issues, other layer-wise models are developed by researchers. But analytical solutions

can be developed only for simply supported boundary conditions. Therefore a large number
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of approximate (Ritz, Chebyshev Polynomials, Legendre Polynomials) and numerical solutions
(FEM, DQM) are also developed, details of which can be found in Ref. [22, 78, 79]. But these

numerical solutions have low efficiency, insufficient accuracy and slow convergence [80].

Recently, free vibration analysis of composite plate using dynamic stiffness method (DSM)
which take the advantage of both analytical and numerical technique is presented by Fazzolari
et al. [81] based on HSDT. Boscolo and Banerjee [82] presented free vibration analysis of lam-
inated composite plates extending the DSM with the use of first order layer-wise theory based
on Carrera unified formulation (CUF). Since it is a displacement based formulation and further
natural boundary conditions are satisfied in the average sense, therefore boundary layer effect or
stress variation near the clamped/free edge can not be predicted accurately. Very recently, Zuo
et al. [80] presented free vibration analysis of laminated plates based on higher order shear defor-
mation theory (HSDT) using wavelet finite element method. This method gives high accuracy,

but results are presented for simply supported boundary conditions only.

Three-dimensional (3D) solutions can provide more accurate local and global behaviour
of vibrating plates as compared to 2D methods [82-84]. Three-dimensional exact analysis for
vibration of rectangular plates and laminate composites are presented for isotropic [85], or-
thotropic [86] and anisotropic composite plates [87, 88] which served as benchmark solution for
assessing 2D theories and numerical solutions. The above 3D models are valid only for sim-
ply supported laminates. The boundary layer effects or the edge effects are absent for simply
supported case. The edge effects significantly affect the vibrating response of laminated plates
and further initiates the crack/damage to the structure. Therefore 3D analytical closed-form
solutions are required not only to address the above concern but also act as benchmark solu-
tion for assessing the 2D approximate and 3D numerical solutions. Messina [89] presented 3D
free vibration of isotropic and laminated rectangular plates using multi-segmented approach.
Displacement based approach is used by satisfying essential boundary conditions along the mid-
plane. Chen and Lii [90] presented the 3D vibration of Levy-type cross-ply laminated plates
using state space method (SSM) in combination with the differential quadrature method (DQM)
combinedly known as SSDQM. Using the same SSDQM, Lii et al. [91] carried out free vibration
analysis for generally laminated plates. Zhang et al. [92] presented a free vibration analysis of

composite laminates for simply supported and clamped boundary conditions by using the 3D
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theory of elasticity and the DQ discretization method. Very recently, Eftekhari and Jafari [93]
employing the DQM mixed with finite element method (FEM) presented the free vibration anal-
ysis of rectangular and skew Mindlin plates with general boundary conditions. However, DQM
is known to have limitations in handling complex boundary conditions and irregular geometries

pertaining to its global approach.

Very recently, Qu et al. [84] developed 3D free and transient vibration analysis of com-
posite laminated and sandwich rectangular parallelepipeds. Multilevel partitioning hierarchy
is employed to obtain the governing equations in terms of displacements. The functions are
expanded in terms of polynomial along x,y and z axis. Very informative detailed discussion
about the development of 3D free vibration solutions is given in this paper also. Hanukah and
Givli [94] presented a 3D free vibration analysis of isotropic elastic skewed parallelepiped using

Tailor’s multi variable expansion.

Initially, Kantorovich [6] developed a method to remove the inherent limitation of Ritz and
Galerkin methods i.e. satisfaction of natural and essential boundary conditions. This method
gives exact solution along one direction whereas it depends on the initial choice of the function
along second direction. Kapuria and Kumari [41] first time extended this method to the 3D
elasticity case, before that it was limited to two-dimensional case only. Kumari et al. [68] further
extended this method to develop 3D elasticity solution for laminated composite and sandwich
plates. Recently, Kapuria and Dhanesh [95] developed 3D solution for composite laminated
panels with interfacial imperfections. Bespalova [96] presented 3D free vibration analysis of
isotropic parallelepiped using the extended Kantorovich method. Very recently, Huang et al. [97]
studied the local stress concentrations at the vicinity of free edges in symmetrically layered

composite laminates subjected to uniaxial tensile load using EKM.

As per the author’s knowledge, 3D closed form free vibration analysis for composite and
sandwich plates subjected to arbitrary boundary conditions is not available [84]. Apart from

this, the following loopholes exist in the literature:

1. Fundamental lowest frequency is reported in the majority of works (numerical/analytical).
For practical designing of structures, at least three consecutive frequencies should be

known.

10
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2. Majorly results were presented for composite plates. Sandwich plate results are not avail-
able for different boundary conditions. Even in the very recent article presented by Qu et
al. [84], results for moderately thick simply supported sandwich plates are presented. No

results exist for thick sandwich plates under arbitrary boundary conditions.
3. Mode shapes of laminated plates with arbitrary supports are not presented completely.

4. Bending and shear stresses due to the unit amplitude of motion are not presented. This

information is very important for fatigue and fracture design of laminates.

1.3.4 3D Piezoelasticity Solution for Dynamic Analysis of Smart Hybrid
Plates

The behaviour of hybrid structures is very complex and pose a difficult challenge for analysis
because of coupling between electromechanical entities and stress concentration at interfaces
which causes delamination failure in such structures used in different applications where these
are subjected to heavy static and dynamic loads. Hence, an efficient tool is necessary to predict
the behaviour of such structures with great accuracy. The 3D piezoelasticity solution can predict
accurately the complex behaviour of piezoelectric laminated plates and also act as a benchmark
for assessing various approximate 2D theories and further, can help in making suitable kinematics
or kinetics assumptions for the development of 2D theories [18, 98]. A detailed review of 3D
mathematical modelling and solution techniques for laminated piezoelectric plates and shells

can be found in Ref. [15, 18-20].

Xu et al. [99] presented the vibration of initially stressed thermoelectroelastic multilayered
plates. Pan and Heyliger [100] presented the free vibration of multilayered magneto-electro-
elastic plates. Kapuria and Achary [101] developed a 3D harmonic analysis of piezoelectric
plate and Kumari et al. [102] presented the harmonic analysis of hybrid piezoelectric and mag-
netoelastic angle-ply panels. The above 3D analyses were applied to analyze the all-round simply
supported plates. There are very limited articles reported about the development of 3D analysis

of piezoelectric plates subjected to arbitrary boundary conditions [20].

Some articles are presented for the vibration analysis of hybrid plates based on different nu-
merical approaches i.e. 3D finite element [103], 3D differential quadrature [104] and 3D meshless

methods [105, 106]. Numerical techniques are very time consuming and do not provide contin-
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uous transverse stresses across the thickness of multi-layered structures and predict artificially
high natural frequencies [107]. Recently, Feri et al. [108], presented 3D static and free vibration
of piezo-layered cross-ply laminated plate using a DQM. Cupial [109] presented 3D natural vibra-
tion solution of piezoelectric simply supported rectangular plates using perturbation technique.
Messina [110] presented 3D free vibration analysis of multilayered piezoelectric plates using
adaptive global piecewise-smooth function. Kulikov and Plotnikova [111] presented a 3D exact
analysis of piezoelectric laminated plates via sampling surfaces method. Apart from EKM being
applied largely for rectangular plate configurations, has it been tried for other plate configura-
tions? Yes, it has also been employed for analyzing different other plate configurations by various
researchers. Bespalova [112] presented the bending vibrations of polygonal (L-shaped) plates
with different shapes and boundary conditions using Kantorovich-Vlasov methods. Joodaky and
co-researchers [113, 114] studied the static behaviour of thin skew plates on various foundations
like on Winkler and Pasternak foundations. Shufrin et al. [112] studied the nonlinear analysis
of trapezoidal plates. Aghdam et al. [115] used EKM for static analysis of thick FGM sector
plates. Fallah and Khakbaz [116] and [117] used EKM for the static analysis of functionally
graded annular sector plates. To the best of the author’s knowledge, 3D piezoelasticity solution
for the free vibration analysis of hybrid composite and sandwich plates for arbitrary boundary

conditions using multi-term EKM does not exist.

1.3.5 Advanced 2D Laminate Theories for Static and Dynamic Analysis of
Elastic and Smart Hybrid Plates

The 2D theories are preferred for design and optimization of smart structures as it is rel-
atively simple and easy to execute in comparison to 3D solutions with reasonable accuracy.
In recent years there has been much interest in higher order theories of plates. In the review
articles [19, 118-120] elaborate reviews of 2D plate theories are presented considering various
computational methods on static as well as free vibration analysis of different laminated elas-

tic/piezoelectric composite and sandwich structures.

Analytical solutions are preferred over numerical solutions for better accuracy and simplic-
ity. Leissa and his coworkers [121, 122] presented the free vibration analysis of plate based on
the classical laminate plate theory (CLPT), which is based on Kirchhoff’s hypothesis, where the

transverse normal and shearing effects are neglected. Hence, the CLPT provides good results for
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thin plates, while on the other hand it over-predicts the natural frequencies and under-predicts
the deflections for moderately thick isotropic/composite plates. Then, the first order shear de-
formation theory (FSDT) is proposed for moderately thick plates [123, 124] to overcome the
deficiency of CLPT. The FSDT does not satisfy the shear traction free conditions at the top
and bottom surfaces of the plates, therefore a shear correction factor is required in FSDT in
order to satisfy the transverse shear traction free conditions on the top and bottom surfaces of
the plate. Analytical solutions for elastic rectangular laminated plates with Levy-type boundary
conditions have been presented for the static response of symmetric cross-ply [125], antisymmet-
ric angle-ply plates [126] and vibration response of laminated composite plates [127-133] based
on FSDT.

Though FSDT is good in predicting the vibration responses with reasonable accuracy for
thin and moderately thick plates, its dependence on the appropriate choice of shear correction
factor makes it inconvenient for accurate analysis of thick plates. The limitations of FSDT are
overcome by the development of higher order shear deformation theories (HSDT) which involves
the transverse shear stress function. The HSDT is applied to study the behaviour of laminated
composite and sandwich plates for buckling and vibration [87, 134-139] cases. Brank [140]
studied the boundary layer effect in an isotropic Levy-type plate using Mindlin plate model.
Levy-type solutions of the FSDT and TOT for rectangular cross-ply laminated plates under
sinusoidal loading have been presented by Khdeir and Reddy [141]. Abdelnaser and Sing [142]
presented a levy type solution for the forced vibration response of antisymmetric angle-ply rect-
angular plates under random loading using the third order theory (TOT). Based on a global
HSDT, Matsunaga presented the free vibration analysis of cross-ply [77] and angle-ply [143] lam-
inated composite plates taking into account the effects of shear deformations and rotary inertia.
However, the above advanced two-dimensional (2D) laminate theories were assessed for their
accuracy against the 3D solutions of plates subjected to Navier-type supports (all round simply
supported boundary conditions). Such an assessment can not provide the complete evaluation
of theories because boundary effects are absent for the simply-supported edges [2]. Very limited
research articles have been published for both static and dynamic analysis of laminated plates
considering the Levy-type support conditions. Tahani and Nosier [144] presented a Levy-type
solution for uniformly loaded rectangular composite plates using a layerwise theory (LWT) and
studied the edge effects at the traction free edges of such laminates. Umasree [145] presented

13
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an analytical infinite series solution for a clamped rectangular cross-ply plate using the zig-zag

theory (ZIGT).

The dynamic analysis of functionally graded plate by using FSDT, TOT and Fourier-
Laplace transform method was presented by Akbarzadeh et al. [146] considering thermomechan-
ical loading. But they have presented results only for the simply supported case. Izadi and
Tahani [147] studied the edge effect in Levy-type piezolaminated plates using a second order
shear deformation plate theory, again without considering the electromechanical coupling due
to the direct piezoelectric effect. All Levy-type solutions presented above for smart piezoelectric
rectangular plates are based on the ESL theories and do not consider the two-way electrome-

chanical coupling.

The coupled efficient layerwise zigzag theory (ZIGT) proposed by Kapuria and cowork-
ers [148, 149] for hybrid plates structures, has emerged as the best possible compromise between
the accuracy and computation efficiency. The in-plane displacements in this theory are assumed
to have a layerwise linear variation with a global third order variation across the thickness. But
the number of displacement variables is reduced to only five, as in the smeared theory like the
first order shear deformation theory (FSDT) and third order theory (TOT), by enforcing the
conditions of transverse shear stress continuity at layer interfaces and zero shear traction at
the top and bottom surfaces. The electric potential is assumed to follow a quadratic variation
across the piezoelectric layer. The accuracy of the theory has been assessed by comparing its
analytical solutions for simply supported rectangular plates with the available exact 3D piezoe-
lasticity solutions [101]. Such assessment can at best provide an incomplete picture since no
boundary layer effects are observed on the simply-supported edges [2] as opposed to clamped
and free edges. The boundary layer effect also known as the edge effect, is often responsible for
the initiation of delamination damage in laminated structures. This theory has been applied by
Kapuria and Kumari [150] to get a Levy type solution for the rectangular elastic plate and piezo-
electric plate considering two-way electromechanical coupling under static bending. There is no
dynamic solution available for elastic/piezoelectric plate considering two-way electromechanical

coupling using higher order theory.
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1.4 OBJECTIVES OF THE PRESENT WORK

Based on the literature survey, the following objectives were identified for the present

research work:

1. To develop 3D piezoelasticity solutions of cross-ply rectangular smart hybrid laminated
plates integrated with PFRC layers subjected to Levy-type boundary conditions using
multi-term multi-field extended Kantorovich method (EKM) under electromechanical ex-

citation.

2. To investigate the effect of boundary layer stresses for the adhesively bonded piezo-
laminated plates and study the effect of aspect ratio and span-to thickness ratio on the

boundary layer effect in the inplane and interlaminar stresses.

3. To develop a closed form solution for dynamic analysis of cross-ply elastic laminates sub-

jected to Levy-type boundary conditions using multi-term EKM.

4. To investigate the effect of adhesive layer thickness, elastic modulus and density on the

natural frequency of adhesive bonded laminated plate using multi-term EKM

5. To further extend multi-term 3D EKM to develop the dynamic analysis of piezolaminated
plates subjected to Levy-type boundary conditions considering two-way electro-mechanical

coupling.

6. To investigate the effect of adhesive thickness on the free vibration behaviour of adhesively
bonded piezoelectric bimorph and assess the effect of adhesive layer thickness, elastic

modulus and adhesive density on the plate natural frequencies.

7. To present an analytical solution of an advanced efficient layerwise 2D theory for Levy-
type rectangular elastic/smart hybrid plates for free vibration analysis and to assess its

accuracy in comparison with the 3D elasticity /piezoelasticity solutions.

1.5 ORGANISATION OF THE THESIS

The complete work presented in this thesis has been organized into seven chapters. Chapter

1 is devoted to the literature survey and the proposed objectives of the present work. An overview
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of the contents of the remaining six chapters is presented below.

Chapter 2 presents a coupled 3D piezoelasticity solution for edge effects in the static analysis
of Levy-type rectangular hybrid composite and sandwich plates using mixed field extended
Kantorovich method (EKM). The effect of adhesive layers for the static response of smart hybrid
sandwich plates have also been investigated. The method is derived using Reissner’s variational
principle following a mixed formulation approach which takes displacements as well as stresses
into account as primary variables. In this method, the boundary and interface conditions are
exactly satisfied at all points ensuring the same order of accuracy for all the displacement
and stress variables. The accuracy in predicting the order of free edge stress singularity has
been verified. Numerical results are presented for thick single layer piezoelectric, smart hybrid
composite and sandwich plates subjected to the various type of boundary conditions. The
convergence and accuracy of the present method have been substantiated by direct comparison
with the 3D exact elasticity solution and 3D FE solution of ABAQUS. It is observed that

two/three term in the solution is sufficient enough to predict stresses accurately near the edges.

The 3D EKM developed in Chapter 2 for the static piezoelasticity solution of laminated
hybrid composite and sandwich rectangular plates is extended to the free vibration analysis of
elastic laminated plates in Chapter 3. In Chapter 3, the 3D EKM has been used to present the
free vibration analysis of elastic composite and sandwich plates along with the effect of adhesive
characteristics on the free vibration behaviour of composite plates have been investigated. The
accuracy and efficacy of the present method have been established by comparing the results with
the results from other theories published previously and with the 3D FE results of ABAQUS
wherever no other results are available. Benchmark natural frequencies and mode shapes are

presented for composite and sandwich plates for different types of boundary conditions.

In Chapter 4, the generalized 3D EKM presented in Chapter 3 for the dynamic analysis
of elastic laminated plates has been extended to develop the free vibration solution of bimorph,
smart hybrid composite and sandwich plates. The accuracy of the present solution is verified in
comparison with the results from other theories and with the 3D FE solutions of ABAQUS. The
effect of adhesive layer on the natural frequency of bimorph plate has also been investigated.
Benchmark natural frequencies are presented for bimorph, composite sandwich and smart hybrid

sandwich plates. Mode shapes for smart hybrid composite and sandwich plates for various
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boundary conditions are presented.

In Chapter 5, the formulation for exact Levy-type free vibration piezoelectric solution is
presented for rectangular plates using an efficient zigzag theory (ZIGT) and the third order
theory (TOT). The inplane displacements (uz,u,), in this theory, are approximated as a com-
bination of third order variation in z across the thickness and a layerwise linear variation of
slopes (ug 2, uy ) at the interface. The field variables in the solution scope are expanded in
Fourier series along the normal to the simply supported edge. The mixed formulation approach
is followed in deriving the solution process. This solution methodology can be used to obtain

the static and free vibration response of elastic/piezoelectric laminated composite plates.

The piezoelasticity exact Levy solution methodology using ZIGT and TOT presented in
Chapter 5 is used in Chapter 6 to predict the free vibration of elastic laminated plates as well as
static and free vibration response of smart hybrid laminated rectangular plates. The accuracy
of the 2D theories i.e. ZIGT and TOT are assessed with the 3D elasticity solution based on

EKM and in some cases with the 3D FE solution from ABAQUS.

Finally, the major conclusions of this work and suggestions for future research are summa-

rized in Chapter 7.
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Chapter 2

3D Piezoelasticity Solution for Static
Analysis of Smart Hybrid
Rectangular Plates by Extended
Kantorovich Method

2.1 INTRODUCTION

A coupled three-dimensional static piezoelasticity solution [151] for rectangular piezolami-
nated plates with Levy-type boundary conditions is presented in this chapter using the mixed-
field multi-term extended Kantorovich method (EKM) and Fourier series expansion. The piezo-
electric or PFRC layers are embedded or surface bonded on the elastic laminated substrates with
poling along the thickness direction. The formulation considers full electromechanical coupling,
and the piezoelectric layers can be modeled as both actuators and sensors. The solution con-
siders two-way electromechanical coupling, and satisfies all the essential and natural boundary

conditions as well as the continuity conditions at the interface exactly at all points.

In Sec. 2.2, modified constitutive relations of piezoelasticity are deduced and subsequently
expanded using the strain-displacement and electric field-potential relations. The solution
methodology is laid out in Sec. 2.3 following a mixed formulation approach expressing the govern-
ing equations with the help of mechanical (displacement and stress) and electrical (potential and
displacement) state variables. The state variables and the electromechanical loading functions
are expressed in terms of Fourier series in the span coordinate which satisfy the simply-supported
boundary condition on the pair of edges along the span direction. The variational principle is

implemented along the inplane (z) and thickness (z) directions which furnish 8» ODEs with
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constant coefficients and 5n algebraic equations in terms of x. In the first iteration step, the
trial function are assumed along the z-direction and are solved for the z-functions which in turn
serves as a priori function in the next step to determine the functions in x-direction. The pro-
cesses is repeated until a desired convergence is warranted. It is perceived that, in this method,
convergence in the results is achieved very fast just in two to three terms of the Fourier expansion

in the iteration process.

The objective in this analysis is to accurately characterize the edge effects and the effects of
adhesive in finite dimensional piezolaminated plates under mechanical and actuation potential
loading, and also to provide a benchmark for assessing the accuracy of the two-dimensional
laminate theories. The efficacy and eminence of the present method is ascertained by comparing
the present results with other previous results and with the 3D FE solution obtained from
ABAQUS and are presented in Sec.2.4. At first the accuracy in predicting the order of stress
singularity is examined taking long dissimilar bi-material strips and then results for rectangular
hybrid and sandwich plates are presented. Results of piezoelectric plates with F-F boundary
condition under electric potential loading are presented and effect of b/a on the interlaminar
stresses has been studied. The effect of electromechanical coupling and the electric boundary
conditions on the boundary layer effect is studied providing interesting insight into the behavior

of smart plates. The effect of adhesive thickness on the interlaminar stresses are also investigated.

2.2 GOVERNING EQUATIONS

A rectangular smart hybrid plate (Fig.2.1) of length a along z-axis, width b along y axis
and thickness h along z-axis is considered for the study. There are L orthotropic layers in
the laminate, which can be made of elastic or piezoelectric materials of class mm2 symmetry
with poling along the thickness direction z. The piezoelectric layers can be used as distributed
actuators as well as sensors. A perfect bonding is assumed at the layer interfaces. The presence
of electrodes on piezoelectric layers and its effect are neglected. The plate is subjected to Levy-
type boundary conditions with two opposite edges at y = 0 and b being simply-supported and
the other two edges under arbitrary boundary conditions. The thickness of the kth layer and
the z-coordinate of its upper surface are denoted as t* and z, respectively. The layer index k
over the entities is dropped, unless required for clarity.
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B PZT layers y
z [ Elastic layers

Figure 2.1: Geometry and coordinate system of a L-layer smart hybrid plate.

The normal strains ¢;, shear strains ;;, and the electric field components E; (i, = z,y, 2)

are related to the displacements u,v and w, and the electric potential ¢ by
1
gij = 5(uij tuia),  Ei=—d; (2.1)

where a subscript comma followed by i, for example, denotes the partial differentiation with re-
spect to z;. The linear 3D piezoelasticity constitutive equations for an orthorhombic/orthotropic

(for elastic layers) lamina are given by

€x = 8110z + 8120y + 5130, + ds1 E,, Vyz = S44Tyz + d24Eya Dy = di5T2 + €11 B,
Ey = 8120z + 5220y + 5230, + d32E,, 7Yoo = 8557z + di5Ez, Dy = douty, + €nE, (2.2)

€, = 51304 + 8230y + 8330, + d33E., Yay = S66Tay, D. = d310; +d320y+ d330, + €33E,

where o0, 7;; and D; denote the normal stress, shear stress and electric displacement compo-
nents, respectively. The elastic compliances s;;, piezoelectric strain constants d;; and dielectric
permittivities €;; (at constant stress field) can be expressed in terms of the engineering material

constants as given below:

si1 = 1/Y7, s44 = 1/Gas, sig = —101/Yo = —v12/Y1
so9 = 1/Ys, ss5 = 1/Ghs, s13 =—v31/Ys = —v13/Y1
s33 =1/Y3, se6 = 1/G12, So3 = —u32/ Y3 = —103/Y>

€11 = M1 + eisdis, €22 =Moo + eaadoy, €33 = 133 + €31d31 + e3ad3a + e33dzz (2.3)
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where
s11 S12 S13
[e31 €32 e33]=[ds1 ds2 dsz]|s12 S22 S23
513 S23  S33
€24 = doa/Sua, e1s = dis/ 55 (2.4)

where Y;, G;; and v;; denote Young’s moduli, shear moduli and major Poisson’s ratios, respec-

tively.

To ensure numerical stability in the solution process all entities are expressed in non-
dimensional forms as given in Ref. [67], which are obtained in such a way that, on substitution
of the dimensionless entities, the resulting governing equations appear identical to original equa-

tions and are reproduced below for ready reference.

S =a/h, (0> Ty O Tyes Togs Tayys Do) = (Os Oy Oy Tyzy Tay Ty Pa) S/ Yo
85; = 8i;Y0, (€35 €1 €25 Vyzs Vaws Voy) = (B, Eys €25 Vyzs Yous Vay) S

(v, 0", w*) = (u,v,w)/h, (G35, Vi) = (Gij, Yi)/ Yo 25)
[h*,t*®)] = [, t®)] /q, e}; = €ij/Yod3

(EL, By, E7) = (Ew, Ey, E)doS, (D7, Dy, D7, Dy, 75) = (Da, Dy, Dz, Do, 74)S/ Yodo

(9", b5, ©3) = (9, ¢a, Dg)do/h
where Yy and dy denote the value of the chosen Young’s modulus and the piezoelectric constant
used for non-dimensionalisation. In subsequent equations the above dimensionless forms are

used dropping the superscript * for simplicity.

Using the relation for D, in Eq.(2.2) in the relations for ¢,, ¢y, €, in the same equation,

we obtain

€x = 81104 + 8120y + 5130, + d31 D5, €y = 51207 + 8200y + 8230, + d32 D,

€ = 51304 + 5230 + 5330, + ds3D., E, = —dsio, — Jggay —ds330, +é3D.  (2.6)
where, €33 = 1/es3, 8i; = 8ij — d3idsj, ds; = dsifess, for (i,j) =1,2,3. Similarly, the

relations for vy, 7.e, Bz and Ey in Eq. (2.2) can be rewritten as

Yyz = 84aTyz + doa Dy, Yoz = 855Tz0 + d15 Dy, E, =enD,; — disTsn
Ey, = €Dy — douTys, 544 = Sa4 — doadou, 855 = s55 — disdis (2.7)
where
é11 = /e, €a2 = 1/e2, dag = das/ea2, di5 = dis/eq1.
21
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The Reissner-type variational principle [41] for the static analysis of the piezoelectric plate,

without any body force, can be expressed as

//b/h[du(aim + Tayy + Tonz) + 0U(Taye + Oyy + Tyz2) + 0W(Ton e + Tyzy + 022)
a
+003(ex — uz) + 00y(ey —vy) +00:(e2 —w2) + 0Ty (Yys — Ve — W) + 0Tez (Voz — Uz
—W ) + 0Tay(Yoy — Vo — Uy) + 00(Dyp + Dyy+ D, 2) — 0D (Ey + ¢0) — 0Dy (E,
+¢y) — 0D (E. + ¢ .)|dzdyde =0, V du;, ¢, doy, 9745, 0D; (2.8)
Equation (2.8) implies the following boundary conditions are satisfied exactly at surface bound-

aries

(a) where surface tractions 77" are specified: o;;n; — T = 0

(b) where displacements @; are specified: u; —@; =0
(c) where electric displacement DZ” are specified: D;n; — D,, =0
(d) where ¢ is specified: ¢ — ¢ = 0

The surface is denoted by its outward normal 7 = n;é;, where é; (i = 1,2,3) are the
unit vectors along x, y and z directions. Substituting the expressions of the strain and electric

components from Egs. (2.6) and (2.7) into Eq. (2.8) yields

/a /b/h[éu(m,z 0 o Tagy ) 0v(@se T Taye - 0y I OW(GE2 + Tpy: + Tyzty)
+6¢(Dyz + Dyy + Ds2) + 004(81104 + 5120y + 51305 + ds1Dx — uz) + 5oy (51204
+on0y T T dga D — Vy) — 00 (W, — 5130, — S230y — 5330, — d33D.)
67y (V2 + Wy — SaaTyz — doaDy) — 0Te(Uz + W o — 555720 — d15Da) + 07ay (S66Tay

Vg —Uy) = 0Do(¢0 + €11Ds — disTea) — 0Dy (S + 22Dy — doaty.) — 6D.(¢

—62310'5,; — g320y — Cz330'z + €33Dz)]dzdyda: = 0, v (5’U,i, (M), 50'1'7 5Tij, 5D1 (29)

Dimensionless inplane coordinates &1, & and a local thickness coordinate ¢¥) for the kth

layer are introduced, which vary from 0 to 1:

&1 =a/a, & =y/b ¢®) = (z = 20) /1 (2.10)

The bottom and top surfaces of the plate are subjected to applied pressure p; and ps, respectively,

with zero shear traction. If the piezoelectric layer is used as an actuator, ¢ is prescribed (close
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circuit condition) and if it is used as a sensor, D, is prescribed (open circuit condition) at the

outer surfaces. Thus, the boundary conditions at z = Fh/2 are
at z=-h/2: o,=-p, T3:=0, Tp=0, ¢=¢1 or D,=D;
at z=h/2: O, =—Dy, Tyz=0, To0u=0, ¢=¢2 or D, =Dy (2.11)

For perfect bonding, the continuity conditions at the interface between kth and (k + 1)th layers

are given by:
[(u, v, W, T2y Tyz, Tozs G5 D2)|e=1]® = [(u, v, w, 02, Tyzs Tozs &, Ds)|emo] FFV (2.12)

for k = 1,...,L — 1. The interfaces of the piezoelectric layers with the adjacent elastic lay-
ers are taken as grounded (¢ = 0) for effective actuation/sensing. At these interfaces, D, is

discontinuous, and the continuity condition for D, in Eq. (2.12) is replaced by the condition
[Ple=1]"" =0, g=1,...,Lq (2.13)
where L, is the interface where electric potential is prescribed (actuation potential).

The mechanical boundary conditions at the edges & = 0 and 1 can be prescribed for a

given support type, for example,

Simply supported (S) : oz =0, v =0, w=0
Clamped (C) : u =0, v =0, w=20 (2.14)
Free (F) : or =0, Toy = 0, Ter =0

Electrically, the ends may be subjected to closed circuit (CC) condition with prescribed potential
or open circuit (OC) condition with known D, (=0). The boundary conditions at the simply

supported edges at & = 0 and 1 are considered as

u =0, oy =0, w =0, o=0 (2.15)

2.3 FOURIER SERIES-GENERALIZED EKM SOLUTION

The solution is expressed in terms of Fourier series in gy, which identically satisfies the

boundary conditions (2.15) at two simply-supported edges y = 0, b.
oo
(ua W, Og,y Oy, Oz, Trx, ¢, Dy, Dz) = (ua W, Og, Oy, Oz, Tax, ¢, Dy, Dz)m sinmm§o,

m=1
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00
(U7 Txy, Tyz; Z U Txys Tyz, y)m COos mﬂfg, (2'16)
m=1

where (), denotes the mth Fourier component. The Fourier coefficients are functions of z and
z. The applied electromechanical loading functions, p;(£1,£2), ¢i(&1,&2) and D;(&1,&2) are also

similarly expanded in Fourier series in &£ direction as

pi61, &), ¢i&1, &), Di61, &) = D [Pim(&1), $im(&1), Dim(&1)]sinmnéy (i =1, 2) (2.17)
m=1

where

1
[Pim (&1), @im(§1), Dim(&1)] = 2/0 [pi(&1,82), ¢i(81,82), Di(&1,62)] sinmmés dés (2.18)

Substituting the expression from Eq. (2.16) into the variational Eq. (2.9), and using the orthog-
onality properties of cos mm&s and sin mn&s for m = 1,2, ..., oo, we obtain, for each Fourier term

m

/ /h [0t {72 8 + O e — R . oo SR ) O R, N Ty,
—MTyzm) + 0Gm(Dap .z — MDyp, + Dy 2) + 000 (811020 + 8120y, + 51302, +d31 D,
—Upy,z) + 00y (51202, + 5220y, + 52302, + d3o D, + mvy) — 60, (W2 — 5130 2m,
—5930y,, — 53302, — dssD.,,) — 0Ty (U, z + MWy, — 544Tyzm — J24Dym) — 0Tz (U 2
+ Wy, — 855Tsam — Q15D ) + ITaym (866 Tzym — Um.z — MUm) — 6 Dayy (G e + €11 Dapy
—d15T2am) — 0Dy, (Mbm + €22 Dy, — doaTyzy,) — 0D, (o = — d3104y, — d320y,,

—JggO'Zm 4+ €33DZm)]dZdSL' =0, V 5uim, OGP, 50‘1‘m, 57—ijm7 5D@m (2.19)
where m = mm /b.

The solution of Eq. (2.19) is obtained using the mixed-field multi-term EKM proposed by

Kapuria and Kumari [67]. In this method, the field variables
X=[u v w o 0y 0 Tay Tyz Tew ¢ Dz Dy Dz]7Tn (2.20)

are expressed as the sum of n terms consisting of products of separable functions of £&; and (.
These functions fli(él) and gf(( ) are determined so as to satisfy the homogeneous boundary
conditions. To satisfy the non-homogeneous boundary condition for o, and ¢ as given by

Eq. (2.11), additional terms are added to the above solution. Thus, the solution of the ith
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variable X; of X for the kth layer takes the form:

Xi(61,Q) = D> f{(€0)91(C) + Sislpa + 2pa] + 110910 for 1=1,2,...,13 (2.21)
i=1

where the repeated index [ does not mean summation here. The underlined terms are used to

satisfy the non-homogeneous boundary conditions for o, and ¢, where d;, is Kroneckor’s delta,

Pa = —(P1m +P2im)/2, Pa = —(D2, — P1,n) /. and gig is given by

gio = #l ) or k=1 (2.22)
18 for k=1L

Functions f/(£1) are valid for all layers, whereas g}(¢) correspond to kth layer. These are

determined iteratively as follows.

2.3.1 First Iteration Step

In the first step, functions f;(&) are considered as known, while g/(¢) are determined for
each layer. As mentioned earlier, in the EKM, the initial trial functions are not required to

satisfy the prescribed boundary conditions. Here, in the first iteration, we assume fll as

f3(&1) = fi(&) = fi(&) = fi(&) = fi(&) = fi(&) = flo(&) = fia(&1) = fis(&) = siningy
fi&) = fi(&) = fi(&) = fi(&) = cosiréy. (2.23)

In the subsequent iteration, fli are taken as obtained from the second step (Sec.2.3.1) of the

previous iteration. From Eq. (2.21), the variation 0X; in this case is obtained as
n . .
0X1 = fi(&1)dgi (2.24)
i=1

Functions g{(¢) are divided into two groups

~ T
G=lgt...gV 93---9% 93---9% 95---9¢ 98---9% 95---98 9lo---9% 9i3z---9ls)

A T

G=1[gi.-..g% 95---95 97---9% gh---9f 9gis-- 9] (2.25)

where G contains the 8n primary variables that appear in Eqs. (2.11)-(2.12), while G contains the
remaining 5n dependent variables. After substituting Eqgs. (2.21) and (2.24) into the variational
expansion Eq. (2.19), its dependence on & is eliminated by performing the integration over &;

direction on the known functions of £;. Since the variations 5gli are arbitrary, the coefficients of
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5gli in the resulting expression must vanish individually. This process yields 8n ODEs of first

order and 5n linear algebraic equations for gi for the kth layer:

Il
g
]

MG . + Qp (2.26)

+AG
+Q, (2.27)

o
I

pd
Q1

K

where M, A, A, K and A are 8n x 8n, 8n x 8n, 8n x 5n, 5n x 5n and 5n X 8n matrices. The

load vectors Qp and Qp of size 8n and 5n, respectively, are linear functions of (. Defining

Ja = a fo .)d&1, the nonzero terms of above mentioned matrices are given by
Mgy = Migig = (f31)as Miyjy = Mic = (fiff)ar  Migjs = Myyiy = (fif3)a
Mo = Mjgig = = {fisfo)a> A = %(féfig&m Agje = t555(fof3)a
Ai1j4 = tdis (£ fi1)as . — —mt(fi f1)a, Aiyjs = t844(fifl)a
Aiyjs = tdoa(fifl)as Aiyjy = t533(fi f)as Aiyjs = tdss(fifis)a
Ay = t513(fif1)as Ajqjy = t523(fifL)as A; s = mt(fifd)a
Ai4j6 = _Tt<f§ g,§1>a7 Ai5j2 = _mt<f§fg>a7 ‘211'51'3 . _Tt<f§fg,£1>“
Aigiy = T fe)a Aigjg = mt(fif})a, Airiy = tds3{fi33)a
Airjg = —tE33(fis f3)as Aigjy = tdsi(fisf)a, Airjy = tdsa(fi313)a
12118]4 = %t<ffoff1,§1>a, Aigjg) =t fio fia)as Kij, = sulfifda (2.28)
Ki iy = 512(fifL)a, Kjyiy = Kiyjo, Kiyjy = 522 fifl)a,
Kigjs = s66(f1f)as Kiyjy = enlfiif)a, Kigjs = €2(fiafl2)a
Ailjl = %(fifi&)a, Ai1j4 = —513(fifl)as Ailjg = —ds1{fifls)a
Aigjy = =m{fif3)a. Aigiy = —52(fif3)a Aigjg = ~ds2(f3f3)a;
Aigjy = m(fif])a: Aigiy = 51l 6 )a Aigje = dis(f{1/3)a
‘Zli4j7 = _é<ff1ffo,§1>av Ai5j5 = Ci24<f1i2fg>av Ai5j7 = —m<ff2ff0>a
Qpyy = —t{f3)apa; Qpiz = t533(f8)a (0F + Ctpa),  Qpyr = tdss(fis)a (P + Ctpa)

Qpﬂ = _513<fi>a (Pg + Ctpd)) QpiQ = _523<f§>a (p]a,C + Ctpd)
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<f1i3>agz51 fork=1 —m(f{é)am(l —Q) fork=1
Qei? = _<f%3>a¢2 for k=1L Qei5 = —T?L(fli2>a¢gc for k=1L (2.29)
0 otherwise 0 otherwise

where i, = n(p — 1) + 1, j, = n(q — 1) +j for p,q = 1,2,...,13, and p} = p, + paz_1. Since
f{ are known analytical functions consisting of exponential and trigonometric functions, the

integrations (...), in the above elements have been evaluated in close form.
Eliminating G from Eq. (2.26) using Eq. (2.27) yields
G:=AG+Qp (2.30)
where A = M~'[A + AK'A] and Q, = M~'[Q, + AK~'Qp]. The general solution of the

system of first order ODEs with constant coefficients given by Eq. (2.30) is obtained, using the

procedure described in Ref. [66] in terms of real constants Cl-(k) (1=1,2,....8n) as

8n
G(Q) = Y_Fi(Q)C” + Up + Uy (2.31)
=1

where the elements of the column vector F;(() are expressed using the exponential and trigono-
metric functions of ¢ in terms of the ith eigenvalue and eigenvector of A. Ug and U; are the
particular solution vectors, corresponding to the constant and linear loading terms, respectively.
The boundary and interface conditions for g/ (¢) are obtained from Egs. (2.11)-(2.12) as
fork=1, at (=0: gi=0, gi=0, gs=0, gig or g5
fork=1, at(=1: g¢i=0, ¢gi=0, gi=0, gl or gi, (2.32)
(915 95, 95, 96s 98> 98 Ghos 913)lc=1]") = [(g1, 95, 95, G6» &+ 98 Gho» 9is)le=o] "™V (2.33)
fori=1,2,...,n. The 81 x L constants C’i(k) for L layers, are determined using the 8n boundary

conditions (2.32) and 8n x (L — 1) interface continuity conditions.

2.3.2 Second Iteration Step

Now that gf’s have been obtained in the previous step, these are considered as known, and
new estimates of f; are determined. In this case, the variation X is obtained from Eq. (2.21)

as

6Xi = gi(Q)of; (2.34)
=1
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Similar to the thickness direction, fli (&1) are divided into two groups : (i) F containing 8n
primary variables that appear in the boundary conditions (2.15), and (ii) F containing the

remaining 5n variables:

F=[fl o ff oo fs o fy Sl fi S S S8 foe flo Sl il
F=[f5. 8 Jo- 08 R f8 Jlo Sl flse i) (2:35)
Equations (2.21) and (2.34) are substituted into Eq. (2.19), and this time, it is integrated over

the thickness direction (. Since the variations & flz are arbitrary, their coefficients are individually

equated to zero, which yields the following system of differential-algebraic equations for ff:

BF + P, (2.36)

P (2.37)

where N, B, ]:3:, L and B are matrices of size 8n x 8n, 8n x 8n, 8n x bn, bn x bn and 5n X 8n,
respectively, and Py, and Py, are 8n x 1 and 5n x 1 load vectors. Using the notation (..0n=
Eé:l t(k) fol(. )R d¢ for integration across the laminate thickness, the nonzero elements of

matrices N, B, B, L, B, P, and Py, of Egs. (2.36)-(2.37) are given below

Niyjy = Nigiy = (949100 Nigjy = Nigis = (979)n> Nigis = Nigig = (9593)n

Nivjz = Nigis = (giogi1)n> Biyjy = (511059300, Biyjy = a(s120492)n
Biyjp = a(5136498) n, Biyjs = (ds1gigls)n,  Biyjy = —amigigl)n
Biyjs = (5669592 hs Bigj, = —a<g(§g{T’<>h, B 45 a(3559590)n
Biyjs = a{disghgii)n, By = am{gighn, Biyje = a<g§t’<g§>h
Bij, = —am{gigi)n, Bidss = a(g%’gg@h, Bigjy = —a<g§gé7’<>h
Bigjs = am(g5ghon, Biyjs = —a{engiigh)n, Bijg = aldisgligd)n
Bigjy = amigioglo)n:  Bigy = ~algio2n.  Liys, = (smaian
Liyjy = (5236598 )n, Liyjs = (dsaghgishn,  Lygiy = Liyjy

Liyjy = (5339598 )n, Liyjs = (d3395973)h, Ligjy = (514959800
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Ligj, = (doagsglo)ns Liyjy = Ligjy, Liyj, = —(€22912972)n
Ligj, = (ds2gi398)n: Ligjy = (d3sgisgi)n, Lisjs = —(€33913913)n
. o 5 o B g
Bile = _m<g%g‘;>h7 Bi1j4 = _<8129§)gi>h7 Bi2j3 = <gé%<>h7
j (2.38)
. L o . ,g
Bi2j4 - _<313g%gi>ha Bi3j3 — m<g§g§>h7 Bi3j2 = <gé%>h
. o . L g
B i = m(giag10)n, Bigjy = —(d3191394)h, Bigjr = (91375 )n
Py, = a(S13g5 (08 + patQO))ns Py = —a(pagi)n, Py = —(s23g5 (0% + patO))n
Prnyy = — (53395 (0% + patQ))n. Py = m{giad10)n (2.39)

Pz = HglsGio.c)n — (dssgis(F + patQ))n

Equations (2.36) and (2.37) are of the same nature as Egs. (2.26)-(2.27), and are solved
following the same procedure. The solution involves 8n constants, which are determined from

the boundary conditions given by Eq. (2.14), expressed in terms of f;.

The two steps described in Sec.2.3.1 and Sec. 2.3.2 complete one iteration. The iterations

are continued till the desired level of convergence is achieved.

2.4 NUMERICAL RESULTS AND DISCUSSIONS

2.4.1 Stress Field at the Interface of Long Bi-material Strip

To establish the accuracy of the present method in predicting the stresses near the edges, a long
bi-material strip under uniform tension (Fig.2.2) is analysed for which the analytical expressions
for the order of singularity in stress components at the interfacial point on the free edge have
been provided by Akisanya and Fleck [152]. Two groups of isotropic materials are considered
for the study, having a mismatch in the two Young’s moduli of elastic stiffness 3 and 100 times.
The material properties are listed in Table 2.1. It has been analysed as plain strain problem
with infinite length along y-direction. The breadth is taken as hA=10a so that the stresses at the
interface are independent of h. The singular stress distribution has been analytically predicted
in Ref. [152] as:

o, =Hr ! (2.40)
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where r is the distance from the free edge interface, H is the intensity of the singularity and

(A —1) is the order of the stress singularity.

t 111

Mat.2 5a
r
Free | Free
edge P ____Interface edgg
Ao, =Hr*!
Mat.1 >a

e

Figure 2.2: Geometry of bi-material strip.

Table 2.1: Material properties

Material group [153] Mat.1 Mat.2
1 Y(GPa),y 206,03  70.3,0.345
2 Y(GPa),r 100, 0.3 1,03

The distribution of the normal stress (&) along the interface (# = 0) obtained from the
solution is plotted in Fig. 2.3 for material groups 1 and 2. Converged results are obtained by
taking four terms in the trial function. It is seen in Fig. 2.3 that the normal stress is greater
than the applied traction load over the range 0 < r/a < 0.04 which can cause delamination
near the interface. The order of singularity in the stress distribution is calculated by fitting a
power law curve over the plot upto r/a=0.05, and these are compared in Table 2.2 with their
theoretical values computed from Eq. (A.9) of Ref. [152]. The coefficient of variation (R?) is
also mentioned in the Table 2.2 and it is nearly equal to 1 for both cases, indicating a good

fit to the power law. The comparison shows that the order of stress singularity near the free
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edge obtained from the present solution is in excellent agreement with the reference analytical
solution. Having established the accuracy of the mixed-field multiterm EKM for edge stresses,

we now present results for edge effects in piezoelectric and smart hybrid laminated plates.

LI o e o e e I B e e o 6 LB LA e e s e e e s o
1.6j+ ! ! —In:4,|iter.3_' :: ! ! —In/:4,|iter‘3:
8 K - —- n=4,iter.4 ] 8 H - —- n=4,iter.4 {
=3 N 1 o 4 R
g L4 S=0.1 1 v 5[ 1
S8 L 1] < r
G o19 F UL
= C =9 |
1) L ] I} L
LN [ T A T T e I D TR T
0.0 0.01 0.02 0.03 0.04 0.05 0.0 0.01 0.02 0.03 0.04 0.05
r/a r/a
Group 1 Group 2

Figure 2.3: Stress distribution along the interface of bi-material strip

Table 2.2: Comparison of order of stress singularity (A — 1).

Material group Analytical [152] Present (from Fig. 2.3)
1 -0.0930 -0.096 (R2 = .9939)
2 -0.2770 -0.271(R? = .9928)

2.4.2 Edge Effects in Piezoelectric and Smart Hybrid Laminated Plates

Numerical results are presented for (a) a single layer piezoelectric plate of PZT-5A, for sensory
applications, and (b) a smart hybrid soft-core sandwich plate integrated with piezoelectric fiber
reinforced composites (PFRC) layers at the top and bottom surfaces, as shown in Fig.2.4. The
interfaces between the PFRC layers with the host laminate in the hybrid plate are grounded

(¢ = 0). The material properties are listed in Table 2.3.
The following electromechanical load cases are considered.

Load case 1. Pressure py = pg sin &y applied on the top surface.

Load case 2. Actuation potentials applied to top and bottom piezoelectric surfaces, ¢1 = o =

(bo sin 71'52.

The results are presented in nondimensionalised form as given below:
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0.1h
face 0° 0.04h

face 90° ) 0.04h

/4
> core 0° > 0.64h
3 face 90° { 0.04h
h : face 0° ; 0.04h
0.1h

Piezoelectric plate (a) Hybrid sandwich plate (b)

Figure 2.4: Configurations of (a) piezoelectric plate and (b) smart hybrid sandwich plate.

Table 2.3: Material constants.

Material Yy Y b Gas3 G13 G2 V12 V13 V93

Facef 181.0 103  10.3 2.87 7.17 7.17 0.28 0.28 0.33
Coref 0.276 0.276 3.45 0.414 0.414 0.1104 0.25 0.02 0.02
PZT-5AT  61.0 61.0 53.2 21.1 21.1 22.6 0.35 0.38 0.38
PFRC! 38.87 13.68 13.20 3.0148 4.3541 4.3699 0.31080 0.41796 0.20079
Adhesive 4.2 4.2 4.2 1.59 1.59 1.59 0.32 0.32 0.32

Material d31 d32 d33 doy d15 i1 722 733

PZT-5At  -171  -171 374 584 584 15.3 15.3 15.0
PFRCT -263  -224 485 0 0 29.769  29.769  24.403

Units: Young’s moduli ¥; and shear moduli G;; in GPa;  piezoelectric strain coefficients d;;
in pm/V; electric permittivities 7;; in nF/m; TRef. [67]

Load case 1:

(a,w, ¢) = 100(Su, w, 102¢dyS?)Yy/pohS*, (D, Dy, D) = (D,/S, D,/S, D.)/dopo

-~ - = = 2
(Uwa Oy, Txy, Tzx, Tyz) = (Uxa Ty, 107—3&3/7 STz:c; STyz)/pOS
Load case 2:

(ﬂ,u_)) = (USa w)/S2d0q§0, (Dx7 Dya Dz) = (SDz;SDy;Dz)h/YZ)d%¢O

(5w7 Oy, Oz Trys Texs 7iyz) = (O'x) Oy, SQUz: Txy, SToe, STyz)h/%d0¢0

where S = a/h, Yy = 10.3 GPa, and dy = 374.0 x 1072 m/V for the PZT plate and dy =
100.0 x 107'2 m/V for the hybrid plate.
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The plates are designated in terms of their mechanical boundary conditions at the edges
at & = 0,1. For example, a plate which is clamped (C) at £ = 0 and free (F') at § = 1, is
called a C-F plate. The response of the piezoelectric plate is obtained for the pressure load case
1, while the smart hybrid sandwich plate is analysed for both pressure and potential load cases.
The EKM results are compared with the 3D exact piezoelasticity solution of Kapuria et al. [154]
for simply supported (S-S) plates under CC conditions, and with 3D FE solution obtained using
the FE software ABAQUS [155], for all other boundary conditions.

The 20-node hexahedral piezoelectric (C3D20RE) and elastic (C3D20R) solid elements with
reduced integration are used for the FE modeling. The converged FE results are obtained by
discretizing the piezoelectric plate with a 160 (length) x40 (width) x16 (thickness) mesh, and
the multi-layered hybrid plate with a 160 (length) x40 (width) x20 (thickness) mesh. A typical
convergence study for the 3D FE is shown in Fig.2.12 by comparing the results obtained using
80 and 160 elements along the length. The results show excellent convergence at all locations

except at the edges.

2.4.3 Single-Layer Piezoelectric Plate

Figure 2.5 presents the response of a thick PZT-5A square plate with S = 5 with simply
supported ends (S-S) that are electrically under OC condition (D, = 0). The top surface of the
plate is under OC condition (D, = 0), while the bottom surface is grounded. The longitudinal
variations of displacements @ and w, stresses 0, Tpy, T2z, Ty2, SeNsOry potential ¢, and electrical
displacements D, Dy and D, at z-locations where they are large, are plotted for one (n = 1)
and two terms in the trial functions. The 3D FE results are also plotted for comparison. It is
observed that the two-term EKM solution is in excellent agreement with 3D FE solution for all
the response entities, and even the one-term is very accurate for the S-S plate. Both one-term

and two-term solution converge in just two iterations.

Similar results for the plate under clamped-clamped (C-C) boundary conditions are pre-
sented in Fig.2.6. It is observed that the single-term solution is not so accurate for this non-
simply supported boundary conditions. The two-term solution, however, matches very well with
the 3D FE solution except at the clamped edges specifically for some entities like 5, and &,.
The reason of this mismatch will be explained through Fig. 2.7. The two term solution converges
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Figure 2.5: Longitudinal variations of displacements, stresses, electric potential and electric
displacements for square simply-supported (S-S) piezoelectric plate under pressure loading.

in two iterations.

The through-thickness distributions of 6, 0y, Tz, Tyz, ¢ and &, at various locations along
span direction x of the C-C plate are plotted in Fig. 2.7. The nature of the distributions changes
from near the support to the interior. For comparison, 3D FE results at the support (§; = 0.0)
and slightly away from the support (5 = 0.05) are also plotted in the figure. The plate is
subjected to the transverse pressure loading p, of magnitude -1 at the top of the plate and there
is no shear loading applied on the top and bottom surface of the plate. But it can be clearly seen
in Fig. 2.7 that the converged 3D FE solution does not satisfy the boundary conditions of &,
and T,, at the clamped edge. The through-thickness variation is highly nonlinear for this case.

The displacement based finite element solution can not capture this behaviour due to sharp
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Figure 2.6: Longitudinal variations of displacements, stresses, electric potential and electric
displacements for square piezoelectric plate with C-C boundary condition under pressure loading.

gradients across the thickness. The results confirm the limitations of the FE solution reported

in literature [45-47]

The through-thickness variations of stresses ¢, 0y, 7., and electrical potential ¢ in the
vicinity of the clamped edge of the C-C PZT plate are presented in Fig. 2.8 for five values of
b/a =1.0, 1.5, 2, 4 and 6. As the b/a ratio increases from 1 to 1.5, there is significant increase
in the magnitude of all entities. The nature of the distributions of the inplane stresses show
appreciable change with the aspect ratio (b/a). It can be seen in Fig. 2.8 that as the ratio b/a

increases, results become independent of b/a due to cylindrical bending effect.
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Figure 2.7: Through-thickness distributions of stresses and electric potential for square piezo-
electric plate with C-C boundary condition under pressure loading.

36
TH-2037_136103018



NUMERICAL RESULTS AND DISCUSSIONS

0.5 [ T T T T | T T T T | T T T | l',l!l".,' ] ™ T T T T | T T T T | T T T T /L{, 7T ]
F n=2, iter.2 ,,/:’.’{'/' 2{.”
r.S=5 ; R ]
L C-C 1 I ]

w00 F — b/a=1.0] [ E
wu A/ u bfa=15 71 | ]
C — b/a:2 0 ] i ‘; |
PN P AT A i R P <
-0.4 0.2 0.0 0.2 0.4 -0.2 -0.1 0.0 0.1 0.2
7,(0.05,0.5, ¢) 7,(0.05, 0.5, ¢)

0.5 e g ST

1 f S ]

4 L SNONL e 1

1 I NN

1 I oY AT

o 4 F A

C 1 VAR P

C 1 [ e

: 1 [ A ]

_O.r-..I....I....I....I....I.... Il et 10 v b b v by T

06 -05 -04 -03 -02 -01 00 O 10 20 30 40 50
7.-(0.05, 0.5, ¢) ¢(0.05, 0.5, ¢)

Figure 2.8: Effect of b/a on through-thickness variations of stresses and electric potential for
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37
TH-2037_136103018



Chapter 2

2.4.4 Smart Hybrid Sandwich Plate

A simply supported square smart hybrid sandwich plate with CC electric condition at
the edges is analyzed next. For such boundary conditions, exact analytical 3D piezoelasticity
solutions are available [156, 157]. Since Heyliger [156] presented results only for bi-sinusoidal
pressure and potential loadings, the results for the present loading have been obtained using the
computer program developed by Kapuria et al. [157] for the thermoelectromechanical analysis.
For converged results, 49 non-zero terms are taken in the Fourier series along the &;-direction,
in the exact 3D solution. The top and bottom surfaces of the plate are considered under CC
condition. The longitudinal variations of deflection w, stresses .., 7., and electric displacement
D, under the pressure and potential loading are plotted in Fig.2.9, and compared with the 3D
exact solution. It is observed that a two-term (n=2) solution is sufficient enough for accurately
predicting the response for the pressure load case, while three terms (n = 3) are needed for
accurately predicting sharp variations of stresses near the support, for the potential load case.
The present results are in excellent agreement with the 3D exact solution for both pressure and
potential load cases, where 49 non-zero terms were needed to obtain converged results. It is
revealed that under the actuation potential, the load transfer from the actuated piezoelectric
layer to the host structure occurs through the interlaminar shear stresses over a small region
near the ends of the actuator. The high interlaminar shear stresses at the interfaces may cause
debonding near the edges of the piezoelectric actuator, and its accurate prediction has been the

subject of many studies since long [43].

Figure 2.10 shows the longitudinal variations of the deflection, stresses and electric dis-
placement in a thick (S=5) square smart hybrid sandwich plate with C-F and C-S boundary
conditions under pressure loading. The EKM solution converges in two or three terms with
one or two iterations, even though the initial trial functions do not satisfy the given boundary
conditions. The EKM results are in very good agreement with FE results except at the clamped

edge.

The longitudinal variations of the response entities for the square smart hybrid plate un-
der potential excitation are presented in Figs.2.11 and 2.12, for C-F, C-S and F-F boundary
conditions, respectively. It is observed that for this load case, a three-term solution is able to

yield accurate prediction of the response entities, including the sharp variations of ¢, and 7.,
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Figure 2.9: Longitudinal variations of displacements, stresses and electric displacement for
simply-supported (S-S) sandwich plate under pressure and potential loading.

in the vicinity of clamped and free edges. The nature of distribution of the interlaminar shear
stress 7., at the actuator interface is similar for simply-supported and free edges, and is different
from the clamped edge where a stress singularity occurs at the support, which is similar to the
pin-force model commonly used for the load transfer mechanism [158]. Here too, the predicted
response is in excellent agreement with the FE solution except at the boundary. This mismatch
is because the FE solution does not satisfy the condition of zero shear traction at the top and
bottom surfaces, and interfacial continuity of transverse shear stresses at the clamped edge, and

the condition of o, = 0 and 7., = 0 at the free edge.
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Figure 2.10: Longitudinal variations of deflection, stresses and electric displacement for smart
hybrid sandwich plate with C-F and C-S boundary conditions under pressure loading.

2.4.5 Effect of z-Location, Aspect Ratio and Thickness Ratio on the Re-
sponse Profiles

The through-thickness distributions of 7., and 7,. at various locations along the span
direction z are plotted in Fig. 2.13 for the square smart hybrid plate with F-F boundary condition
for the potential load case. It is revealed that nature of the shear stress distribution in the

piezoelectric or face layers changes from near the supports to the interior.

Figure 2.14 shows the longitudinal and through-thickness variations of the peeling stress

o, for different boundary conditions of the square smart hybrid sandwich plate under potential
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Figure 2.11: Longitudinal variations of deflection and stresses for square smart hybrid plate
with C-F and C-S boundary conditions under potential loading.

loading. For better clarity of the edge effects, the longitudinal variation is plotted only for
half span. It is observed that there is a singularity in &, at the free and simply supported
edge conditions, which does not happen for the clamped support. The maximum &, under the
actuation potential loading occurs at the face-core interface, which can initiate debonding at
the free and simply-supported edges. For simply supported and free edge boundary conditions,
normal stress o, must vanish at the edge. Due to this sudden change of inplane normal stress
at the boundary, material particles are free to glide at this boundary and move in transverse

direction therefore other component of transverse stresses specifically peel stress o,, may become

very high.

Figure 2.15 shows the effect of span-to-thickness ratio S on the nature of through-thickness
distributions of transverse shear stress for the square C-F smart smart hybrid sandwich plate
under pressure and potential load cases. The variation of stress under the pressure load case is

asymmetrical along the mid-surface and the asymmetry is greater in a thicker plate. For the
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Figure 2.12: Longitudinal variations of deflection and stresses for sandwich plate (b) with
free-free (F-F) boundary condition under potential loading.

symmetrically applied potential loading, the through-thickness distributions are always sym-
metrical. Thick plate (S = 4) has a higher value of 7., at the piezo-elastic interface and it
decreases significantly with an increment of S but the central value of 7., increases with S for
both pressure and potential loadings. The sign of 7., is same throughout the laminate for both
thick to thin plate under pressure loading whereas it changes sign ( compressive to tensile in the

central zone of laminate) for potential case.

The effect of width to length ratio b/a on the through-thickness distributions of the inplane
displacement and transverse shear stresses is shown in Fig. 2.16 for a thick smart smart hybrid
sandwich plate with C-F boundary condition, under pressure and potential loadings. While the
magnitudes of @ and 7., increase with the increase in the b/a ratio until b/a < 4 for both pressure
and electric potential load cases, the magnitude of 7,. decreases as the b/a ratio increases. For
b/a > 4, there is little change in the response with the b/a ratio, as it approaches the cylindrical

bending case. But, the nature of through-thickness variations does not seem to change with b/a
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Figure 2.13: Through-thickness variations of stresses for F-F boundary condition at different
&1 locations of square sandwich plate under potential loading.

ratio. The effect of b/a on the longitudinal distribution of interlaminar shear stress 7., at the

piezoelectric layer-host laminate interface is shown in Fig.2.17 for an F-F smart hybrid plate

with § = 5 under electric potential loading. It is observed that the longitudinal variation of 7.,

is independent of b/a. The effect of the actuator thickness on the nature of longitudinal profile

of 7, is also examined in Fig.2.17 for the same smart smart hybrid plate, by changing the

actuator thickness to total thickness ratio (h,/h) while keeping the face thickness unchanged.

It is observed that the shear stress distribution gets sharper near the edge for lower actuator

thickness.
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2.4.6 Accurate Estimation of Interlaminar Stresses for the Adhesive Bonded
Smart Hybrid Sandwich Plates

The effect of adhesive layer on the interlaminar stresses of a smart hybrid soft-core sandwich
plate as shown in Fig. 2.18 is investigated here. The PFRC layers are surface bonded on the top
and bottom surfaces of the underneath face layers with the help of adhesive layers of thickness,
t,. Here, t, = 0 indicates the absence of adhesive layers. The interfaces between the PFRC
layers with the host sandwich laminate or the adhesive layers in the hybrid plate are grounded

(¢ = 0). The material properties for this test plate are given in Table 2.3.

N PFRC_ 121 0.1h
/ adhesive | tah
[ face 0° ) 0.04h
\ face 90° ( 0.04h
2 core 0° > 0.64h-2tah
L face 90° V4 0.04h

face 0° N\ 0.04h

N
>—adF1esive tah
P 0.14

Figure 2.18: Configuration of adhesive bonded smart hybrid sandwich plate.

Figure 2.19 presents the effect of adhesive layer thickness (¢, = 0.0, 0.02, 0.04) on the
through-thickness variation of different interlaminar stresses for C-C and C-F boundary condi-
tions under pressure loading. It is observed that for all the response entities (6, 7.z, 7y-), an
increased adhesive layer thickness suppressed the sharp stress variations at the layer interfaces
which is visibly more pronounced for the case of 7,,. Similar analysis for the potential loading
case is presented in Fig. 2.21, but the effect of the adhesive layer thickness on the interlaminar

stresses is less pronounced unlike pressure loading case.

In Fig.2.20 the variation of peeling stress 7, for C-C boundary condition under potential
loading at two locations i.e. one on the edge and other at the vicinity of that edge is presented.
It is to be observed that stress singularity occurs on the edge and the effect of adhesive layer
is not prominent but little away (x=0.05) from the edge it is quite convincingly suppressed the

stress concentration.

In Fig. 2.22 the longitudinal and through-thickness variation 7,, both for pressure and po-

tential loading is presented with different elastic stiffness of adhesive for C-C boundary condition.
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Figure 2.19: Effect of adhesive layer thickness on the through-thickness variation of stresses
under pressure loading.

From the plot it is clearly observed that when the elastic stiffness of the adhesive is increased,
counter-intuitively the stress concentration at the layer interface is increased, which is due to

the fact that increased stiffness has an adverse effect on the binding property of the adhesive.

48
TH-2037_136103018



NUMERICAL RESULTS AND DISCUSSIONS

0.5 ]

i n:3,iter.lf

S=5 1 ]

— t=0.0 ]

o 0.0 e t=0.02 1 G .
—— 1=0.04

05 L= e I :

-1800  -900 0 900 1800 -8 8

5.(0.0,0.5)

Figure 2.20: Effect of adhesive layer thickness on the through-thickness variation of &, under
potential loading.

e SRR RN A R
:\ : T
— t=0.0
% 4 - t=0.02 g
—— t=0.04 ]
i ]
v by b s b I....:\'

t
I
90 135-135 -90 -45 0 45 90 135

—————ce—rem =T
et T
——oor=

T—

e T e T e

—10 | .—8. N .—6. } .—4. | -2 0
7,.(0.5,0.0)
(a) C-C

Figure 2.21: Effect of adhesive layer thickness on the through-thickness variation of stresses
under potential loading.

49
TH-2037_136103018



Chapter 2

0.5 === I .
m=3, iter.1 s
(5= [¢ff ]
C-C B ]
> 00 F | 1 p—-
- £27
_0.51. L o s N PN R 1

n—2

, iter. 1I

-0.8 -0.6

-0.4 |
7.-(0.05, 0.5)
Through thickness variation

-0.2 0.0

T..(&1, 0.5, 0.0)

Longitudinal variation

Potential loading

Figure 2.22: Effect of elastic modulus on the interlaminar stress.

50
TH-2037_136103018

Pressure loading
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2.5 CONCLUSIONS

An accurate 3D piezoelasticity solution for rectangular piezolaminated plates with Levy-
type boundary conditions is presented using the mixed-field multi-term EKM, with a view to
study the edge effects and the effects of adhesive in finite dimensional plates under pressure
as well as electric potential loading. The accuracy of the method for stresses near the edge
is established by comparing the order of singularity obtained from the present solution at the
interface of a bi-material long strip with the available analytical solution. The solution would
also serve as a useful benchmark for assessing the accuracy of the 2D plate theories in predicting

such boundary layer effects in piezolaminated plates. The numerical study reveals that:

e The EKM solution converges within just two/three terms in the trial functions, for both
single layer piezoelectric plates and hybrid plates under electromechanical loading. A
single-term solution, though, is unable to predict the stresses near the edges accurately.
It is also shown that for a given value of m, the solution accurately converges generally

within two iteration cycles, for all boundary conditions studied.

e The nature of through-thickness distributions of displacements and stresses changes de-
pending on the z-location and thickness ratio. The distribution of in-plane stresses in the

piezoelectric layer is dependent on the aspect ratio (b/a).

e The solution provides an accurate means to understand the load transfer mechanism from
an actuator to the host structure under applied actuation potential. It is revealed that
the load transfer takes place over a small range from the edge of the actuator, leading to
a very large interlaminar shear stress near the edge. The nature of its variation along the
interface is similar for the simply-supported and free edge conditions. This distribution
clearly departs from the pin-force model usually adopted for perfectly bonded actuators,
wherein the shear transfer is assumed to take place only at the actuator edges. For the
clamped edge, however, a singularity of shear stress is observed, which is similar to the
pin-force model. On the other hand, the simply supported and the free edges show a
singularity in the peel stress ¢, which may lead to debonding, whereas the clamped edge

does not show the same behaviour.

e It is observed that the use of adhesive as binding layers in piezolaminated composites

51
TH-2037_136103018



Chapter 2

helped to smoothen the interlaminar stress concentrations for pressure loading

e But for potential loading case, the interfacial and central values of interlaminar stresses

slightly increase with adhesive layer thickness

e Lower elastic modulus gives significant reduction in interlaminar stresses for both pressure

and potential load cases
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3D Elasticity Dynamic Solution of
Laminated Plates by Extended
Kantorovich Method

3.1 INTRODUCTION

A closed form 3D free vibration solution [159] for Levy-type rectangular elastic laminated
composite and sandwich plates is developed first time in this chapter using recently developed
extended Kantorovich method (EKM). The momentum, strain-displacement and constitutive
equations are used to developed the mixed formulation in terms of displacements and stresses
as primary variables with the help of extended Hamilton’s principle as explained in Sec. 3.2.
The partial differential equations (PDEs) in this method are successively reduced to ordinary
differential equations (ODEs) and are solved exactly. The solution is built taking the initial
functions as a product of two separable functions along the inplane (x) and thickness (z) di-
rections and are expanded satisfying the surface traction free boundary conditions at top and
bottom of the plate as shown in Sec.3.3. The application of variational principle produces a
system of 6n ODEs and 3n linear algebraic equations. The algebraic equations are solved in
closed form satisfying the interface continuity and/or the other edge boundary conditions taking
the initial trial functions in z-direction and solving in z and z-direction iteratively until appro-
priate convergence. The coefficient matrix of the 6n ODEs contains the frequency (w) which
is obtained by first bracketing the root and then using the bi-section method. It is found that

single term solution is sufficient enough for obtaining accurate natural frequencies.
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The accuracy of the 3D EKM is established by extensive comparison study with results
from other theories and with the 3D FE solution of ABAQUS. The natural frequencies and mode
shapes are presented for various configuration and lay-ups. Benchmark natural frequencies are
tabulated for composite and sandwich laminates (first time) for different boundary conditions.
Effect of span-to-thickness (S) and in-plane modulus ratios on the natural frequencies are also
studied. The present solution will serve as a benchmark for assessing two-dimensional (2D)

theories and 3D numerical solutions.

3.2 THEORETICAL FORMULATIONS

A generally laminated plate of cross-ply lay-up with dimensions (a x b x h) as shown in
Fig. 3.1, is considered for the present analysis. The laminate has L perfectly bonded orthotropic
layers. The kth layer (counted from the bottom) has a thickness of t; = zj — z_1, where 2z and
z—1 are the thickness coordinate (i.e. z-coordinate) of the upper and lower surfaces of the layer.
Henceforth, the layer index k is dropped unless required for clarity. Displacement components
at any point in the rectangular laminated plate along x-, y- and z-axis are denoted as u, v and
w, respectively which are functions of z, y, z and ¢, where ¢ is a time variable. The plate is
subjected to Levy-type boundary conditions, i.e., simply supported at a pair of opposite edges

at y = 0 and b. The other pair of edges at x = 0 and a, are subjected to arbitrary support

conditions.
z
L™ layer
k™ layer
TO Sh h Zk . X
TO.Sh i
2% Jayer
1* layer
| a |

Figure 3.1: Geometry and coordinate system of the laminated plate.
The strain tensor €;;(i,j = x,y, z) is related to the displacement component u; by
€ij = 0.5(711'7]' + Ujﬂ') (3.1)

54
TH-2037_136103018



THEORETICAL FORMULATIONS

where a comma followed by index j denotes partial differentiation with respect to the position

xj. The 3D linear constitutive equations for a transversely isotropic cross-ply lamina can be

written as:
\ _ -
Eg s11812513 0 0 0 Og
Ey 512 S22 S93 0 0 O Oy
€2 s13 823833 0 0 0 o
= (3.2)
Vyz 0 0 0 sg4 O O Tyz
Yz 0 0 0 0 S55 0 Tz
\'ny) i 0 0 0 0 0 566_ Txy)

where [s], {¢} and {0} denote the elastic compliances, strain vector and stress vector, respec-
tively. For an orthotropic cross-ply lamina the compliance matrix contains only nine independent
elastic coefficients. The nine independent elastic compliances and their relations to the engi-

neering material constants are given in Ref. [160].

The modified Hamilton’s principle for rectangular elastic plate, without any body force,

can be expressed as:
// [(O’ij,j — piii)éui I (c‘Eij - O.5(u,~7j T Ujﬂ'))(SO'ij]dth =0, Vouy, 50@‘, (3.3)
tJV

with the variationally consistent boundary conditions at surface boundaries where displacements
u; are prescribed: u; — u; = 0. Here V(= a X b x h) is the volume of the plate. With the help
of Eq. (3.2), Eq. (3.3) can further be modified to yield

// [(Jij’j — puz)duz oin ([8] 045 — 0.5(ui,j + Uj7i))50ij]dth == 0, v (S’U,Z', 5Uij (3.4)
tJV

In-plane non-dimensional parameters (£1,&2) are defined as & = x/a and & = y/b, where &;
and & varies from 0 to 1. Local thickness parameter (%) is defined as (%) = (2 — z,_1)/ty,
where in k** layer (%) varies from 0 to 1. The top and bottom surfaces of the plate are shear
traction free. The boundary conditions on bounding surfaces at edges, & = 0 and 1 are simply
supported (u = w = o, = 0). The plate is subjected to arbitrary support conditions (simply
supported, clamped and free) at edges &, = 0 and 1. The interface continuity conditions at the

k™" interface between k™ and (k + 1)™ layers are:

[(U7 vy w7 0-2,’7 Tyz> TZZ)|C=1](k) == [(u7 Ua w7 UZ? TyZ7 TZ:L')|C:O](]€+1) (35)
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3.3 FOURIER SERIES-GENERALIZED EKM SOLUTION

The solution of the field variables for the k* layer is expressed in terms of Fourier series

in y direction so as to satisfy the simply-supported boundary conditions at edges y = 0 and b,

is given as:
[e.e]
(’LL, W, Og, Uyu Oz, TZJC) - Z §R [(u7 W, 0y, va Oz, sz)melwt} sin m7r§2
m=1
o0
(U, Tay, Tyz) = Z R [(v, Tay, 7y2),, €] cosmmés (3.6)
m=1
where (...),, denote the m‘"* Fourier term and is a function of  and z. R[...] is the real part

of the complex number (...). On substitution of the expansions given in Eq.(3.6) into the
variational Eq. (3.4), and noting that sine and cosine series functions are orthogonal, Eq. (3.4)

reduces to

/t/A[dum(Tsz + O,z — MTaym — pw2um) + 0Um (Tyzm.2 + Taym,z + MOy, — prUm)
+0Wm (T o,z + Trzme — MTyzm — PW2W) + 00 (81102, + $120ym, + 513020 — Up,.z)
+50'ym (512Uxm + 8220y, + S2302,, + mvm) - 6Uzm (wm,z — 8130z, — S230ym — SSSUzm)
_5Tyzm (Um,z + mwp, — 344Tyzm) B 57—zzm (um,z + Wy 2 — SSBszm) + 5Txym (SGGTwym
—Up,z — ﬁwm)]dAdt =0, \ (5uim, 5Uim, 67'ijm (3.7)

for each Fourier term m, where m = mn/b. Here A(= a X h) is the side area of the plate on

xz-plane. The solution of Eq. (3.7) for the field variables
X=[u v w o, 0y 0, Toy Tyz sz]gl (3.8)

for the m' Fourier term is obtained using the multi-term EKM proposed by Kapuria and
Kumari [41]. It is assumed in multi-term series of the products of separable functions in the two
coordinates &; and ¢. The solution of the I variable X; of X for the k*" layer is thus taken in

the form:
Xi(€1,¢) =Y fi(&)gi(¢) for 1=1,2,...,9 (3.9)
=1

where f{(&1) and g} (¢) are functions of &; and ¢ respectively, for the ith term of the n-term series
solution. While functions f}(&;) are valid for all layers, functions gj(¢) are determined for each
layer separately. These functions are to be determined iteratively, satisfying all homogenous

boundary conditions.
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3.3.1 Solution Along Thickness Direction (z)

For this case, functions f/(¢;) are taken as known, while functions g}(¢) are determined.

In the first iteration, fli are assumed as

[fi&),  fH&),  f§(&)] = cosinéy
[le(gl)v fé(gl)v fi(gl)a fé(fl)v fé(gl)’ fSl(gl)] = siniméy (310)

which corresponds to the simply supported boundary conditions at & = 0, 1. The trial functions
are not required to satisfy the prescribed boundary conditions. Since f; are known, the variation

0X; is obtained as

56X, = Zf;(gl)ég;, 1=1,2,...,9. (3.11)
=1

Only six variables can be solved at a time using the boundary and interface conditions. Functions

gi(¢) are divided into two sets i.e.

—~ T
G=lgi...q0 93-..95% 93-..95% G---98 9---9% gb...g%]

A T

G=lg;...9% 95---95 97---9%] (3.12)

where G contains the 6n variables that appear in boundary and interface along the z direction,
while G contains the rest 3n variables. Equation (3.11) is substituted in Eq.(3.7), and the
integration is performed over & direction on the known functions of £;. Since the variations 5gf
are arbitrary, the coefficients of (5gli (Il =1,...,9) in the resulting left hand side expression are
equated to zero individually. This process yields the following 6n first order non-homogeneous

ODEs and 3n linear algebraic equations for g/ for the k" layer:

Il
b
Qi

MG . +AG (3.13)

o
Il
B>t

K G (3.14)

where M, A, A, K and A are 6n x 6n, 6n x 6n, 61 X 3n, 3n x 3n and 3n X 6n matrices. Defining
(.)a=a fol(. ..)d&1, the nonzero terms of the above described matrices of Egs. (3.13)-(3.14) are

given as follows:
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Mi1j1 ]616 <f9f1> lz]g J515 <f8f2> 13]3 J4Z4 <f6f3>

Aijy = ZFifle)ar Angg =tsss(f5f)ar  Aigiy = —mt(fif])a

Ai2j5 = t844<f§f§>a, Ai3j4 = t833<féfg>a, Ai3j1 = t513<féfi>a

Aigjy = ts03(fif1)as Aiyjs = mt(f312)as Aiyjs = (S é,gl>a

Aigiy = —mt(fif)as  Aigiy = 23l edar  Aigh = 21 fe)a -
Ai6j3 = mt(fi L) a, Kij = s11(fifDa, Kjyiy = s12(fif2)a

Kjyiy = Kiyjo, Kiyjy = 522(fif2)as Kigjy = 566(f1f2)a

g = 3ifle)a  Angy=—sulfifde, Ay = —m{fif})e

Aigjy = —s3{fifl)ar  Aigsy = m{fif])a, Aigjy = 3(fif3)a

Ai4j3 3 _pw2t<f§f37>aa Aig,jg — *Pw2t<f5f§>aa Aiﬁjl . *Pw2t<ffff>a
where i, = (p—1)n+1, j, = (¢ —1)n+j for p,g = 1,2,...,9. Since f; are known analytical

functions, elements of the matrices defined above have been evaluated in close form.

Equation (3.14) is solved for G, which is substituted back into Eq. (3.13) to yield
G.=AG (3.16)

where A = M~! [A+AK‘1A]. Equation Eq. (3.16) represents a system of 6n homogeneous first
order ODEs with constant coefficients. Its complementary solution is of the form G(¢) = Y,

which on substitution in the homogeneous part of Eq. (3.16) yields an eigenvalue problem
AY =)Y (3.17)

Hence, the exponent A\ and Y are the 6n eigenvalue and eigenvector pairs of matrix A. The

eigenvalues A can be either real or occur in complex conjugate pairs. The general solution of

Eq. (3.16) is

6n
= Fi(Q)C; (3.18)
i=1

where F;(¢) are column vector of functions corresponding to the eigenpair \; and Y;. After
applying the traction free boundary condition at the top and bottom of the plate and satisfying

the interface continuity conditions, equation Eq. (3.18) yields
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6n
> Kail()Ci =0 (3.19)
=1

where, the coefficient matrix Kq depends on w = w,,. For non-trivial solution, it’s determinant is
zero and w can be obtained by finding roots of the equation |det(Kgq)|=0 using bisection method.
The undamped natural frequencies wg; = w, are obtained using the procedure of Kapuria and

Achary [101].

3.3.2 Solution Along In-plane Direction (x)

The solution of gli(C ) obtained in Sec. 3.3.1 is now taken as known a priori, whereas fli are

considered unknown. The variation 6X for this case is given by
L . .
0Xy=> gi(Q)8f, 1=1,2,...,9. (3.20)
i=1

Similar to the previous solution, the functions f(£;) are grouped into two sets : (i) vector F of
6n primary variables that appear in the arbitrary boundary conditions, and (ii) vector F of the

remaining 3n variables:

F=[fl..ff f...f8 .08 f.-08 f.0 6500
E=[f...f8 fo--f8 f-- M2 (3.21)

Equation (3.20) is substituted into the variational equation Eq. (3.7). This time, the integration
is performed over the thickness direction (, as functions g;(( ) are known. Applying the integra-
tion by parts over &1, wherever necessary, and equating the coefficients of ¢ f} to zero, since the

variations are arbitrary, we obtain the following system of differential-algebraic equations for f;

NF;, = BF + BF (3.22)

LF = BF (3.23)

where N, B, B, L and B are matrices of size 6n x 6n, 6n x 6n, 6n x 3n, 3n x 3n and 3n x
6n, respectively. Using the notation (...);, = Z£:1 t(F) fol(. )R d¢ for integration across the

laminate thickness, the nonzero elements of the matrices of Egs. (3.22)-(3.23) are given as follows:
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Niyjy = Njgig = (949100, Nigjy = Nigis = (9599)h, Nigjz = Nigis = (963)n

N ~

Bijj, = (s119490)h: Biyjy = (5129498 hs Biyjy = ($13949¢)n
_ PR _ Lo _ gl
Binl = 7m<g’17.g{>hv B’inLr) = <866g”b7.g%>h, Bigjl = 7<gélT’C>h
— . . — _ . . _ gz .
Bigjs = (555969%)h» Bijs = m{gigr)n, Bigje = (= 90)n
> S| » 93,4 J ® igé,C
Bi5j1 = _m<9295>h7 Bl'5j3 = < t 98>h> Biﬁjg = _<g3T>h
(3.24)
Bi6j3 = m<gégé>h) L’iljl — <8229ég%>h) Li1j2 = <523gégé>h
Liyjo = ($33969¢)h» Lijyiy = Liyjy, Ligjs = (5149598)h
Bile = _m<gégé>hv Bilj4 = _<512g%gi>hv Bi2j3 = <gé%>h
Biyj, = —(5139690)n,  Bigjs = m(g8g3)n, Bigjy = (95— )n
Biyj, = apw*(gign:  Bigjy = apw?(ghgi)n:  Bigjs = apw?(gigi)n

Since the functions g;(¢) are known in close form, the above integrations are computed in close

form. Using Eq. (3.23), F' is eliminated from Eq. (3.22) to yield
F .= BF (3.25)

with B = N71[B + BL”P’]. The same procedure is used for obtaining the natural frequency
wop1 = wy, as in Sec. 3.3.1. In this case, Eq. (3.25) is of the same nature as Eq. (3.16) and is solved
similarly satisfying the boundary conditions at & = 0,1. The two solution steps described
in Secs.3.3.1 and 3.3.2 complete one iteration. These are repeated till the converged natural
frequency is obtained. The similar treatment for handling the large positive eigenvalues is

adopted here as used in Ref. [41].

3.4 RESULTS AND DISCUSSION

In this section, the proposed analytical method is employed to analyse the free vibration
of Levy-type rectangular composite and sandwich plates. An exhaustive comparison of present
results with results available in literature is presented first. Since limited analytical solution

exists, therefore present results are compared with the three-dimensional finite element (3D FE)
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solutions obtained from FE software ABAQUS [161]. For this purpose, the 20-noded (C3D20R)
solid elements with reduced integration is used. The converged FE results are obtained by
discretizing the plate with a [50(length) x 50(width) x 20(thickness)] mesh for both composite

and sandwich plates.

The natural frequency @w,,, the modal displacements and stresses are non-dimensionalized

as:

Wm = waS+\/po/ Yo (3.26)

(a, v, W) = (u, v, w)/max(u, v, w) (3.27)

(&xa Oy, Oz, Tyz, 7__233) — (Umv Oy, Oz, Tyz, sz)S h/Yé max(u,v,w)

where S = a/h. The plates are denoted in terms of their boundary conditions at the edges at
&1 (or )=0, 1(or a). For example, a clamped-free (C-F) plate is clamped at & (or 2)=0 and free

at &1 (or z)=1(or a) where as the other pair of edges (§2=0, 1) are constantly simply supported.

3.4.1 Free Vibration Analysis of Cross-ply Laminated Plates

3.4.1.1 Validation

The orthotropic material parameters considered in the present study in dimensionless forms
are as follows: Y7/Yy = 40,Y, = Y3 = 6.9GPa, G2 = G13 = 0.6Y2,Gag = 0.5Y2, 103 = 113 =
12 = 0.25 . Any modification to the above material constants are mentioned in the respective
places. All the laminas under investigation have the same thickness and mass density, where the

value of density pp=1000 kg/m?>.

The accuracy of the present method has been established by comparing the fundamental
frequency parameter w,, for simply-supported square laminates with the un-symmetric and
symmetric schemes of [0°/90°] and [0°/90°/90°/0°] as listed in Table 3.1. The present results
are in excellent agreement with the results from the literature even for thick laminates having
span-to-thickness ratio, S(= a/h)=2. It is also observed that for both the cases an increase
in laminate thickness lowers the bending fundamental frequencies. It is also observed that for
various span-to-thickness ratios S, the present predictions(n=1, iter.=1) match exactly with the

3D exact solution.
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Dimensionless natural frequencies are compared with Boscolo and Banerjee [82] for different
boundary conditions in Table 3.2 for thick (S=5) composite plate of lay-up [0°/90°] with in-
plane modulus ratio Y7 /Y2=30 except for SS case where additional results for Y7 /Y2=3 are also
presented. For simply supported case present approach is exactly matching with 3D elasticity

solution of Noor and Burton [73]. The present results match excellently with Ref. [82] for all

boundary conditions.

Table 3.1: Comparison of the fundamental frequency parameter, w for simply-supported (S-S)

cross-ply laminated composite plate

Lay-up scheme  Theory o
2 5 10 20 50 100

[0°/90°] Present, n =1 4.953 8.526 10.336 11.036 11.263 11.297
Present, n =2 4952 8.544 10.341 11.048 11.271 11.284
3D Exact [101] 4.953 8.526 10.336 11.036 11.263 11.297
Chen and Li [90] 4.953  8.526 10.336 11.036 11.263 11.297
Nosier et al. [162] 4.953  8.518 10.333 11.036 11.263 11.297
Matsunaga [77] 4.956  8.530 10.337 11.037 11.263 11.297
Wu and Chen [76] 4.959  8.527 10.337 11.037 11.264 11.300
Cho et al. [163] 4.810 8388 10.270 11.016 11.260 11.296

[0°/90°/90°/0°] Present, n =1 5.314 10.682 15.068 17.635 18.669 18.835
3D Exact [101] 5.314 10.682 15.068 17.635 18.669 18.835
Chen and Lii [90] 5.314 10.682 15.068 17.635 18.670 18.835
Matsunaga [77] 5.321 10.687 15.072 17.636 18.670 18.835
Wu and Chen [76] 5.317 10.682 15.069 17.636 18.670 18.835
Cho et al. [163] 5.923 10.673 15.066 17.535 18.670 18.835
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Table 3.2: Comparison of first five dimensionless frequencies wy,, = why/pp/Y> for a two layer
[0°/90°] laminated composite plate with material parameters: Y;/Ys = 30,G12/Y2 = G13/Y2 =
0.5, Gog/Ys = 0.35, 12 = v13 = 0.3, 103 = 0.49

BCs Theory Mode sequences
1 2 3 4 5
S-S(Y1/Y2=3) Present 0.2392 0.5262 0.5262 0.7420 0.8980

3D Exact [73] 02392 - - _ _
DSM [82] 02398 - ; . _

S-S Present 0.3117 0.6361 0.6361 0.8532 1.0185
3D Exact [73] 0.3117 - e . .

DSM [82] 03135 - - - :
C-C Present 0.3782 0.6664 0.6772 0.8819 1.0345
DSM [82] 0.3830 0.6706 0.6908 0.8924 1.0400
3D FE 0.3822 0.6689 0.6890 0.8886 1.0371
C-F Present 0.2328 0.4260 0.5942 0.7107 0.7784
DSM [82] 0.2336 0.4313 0.5964 0.7153 0.7813
3D FE 0.2332 0.4305 0.5948 0.7138 0.7794
S-F Present 0.2179 0.3984 0.4320 0.5893 0.6970
DSM [82] 0.2183 0.3998 0.4322 0.5909 0.6996
3D FE 0.2179 0.3993 0.4321 0.5893 0.6981
F-F Present 0.2073 0.2438 0.4120 0.5138 0.5763
DSM [82] 0.2077 0.2446 0.4123 0.5144 0.5825
3D FE 0.2073 0.2442 0.4123 0.5135 0.5809
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The effect of span-to-thickness ratio (S) on the fundamental frequency parameters (wy,)
for arbitrary boundary conditions is presented in Table 3.3 for symmetric laminate [0°/90°/0°].
In this table, present results are compared with 2D analytical solution based on higher order
plate theory [75]. 3D FE results are also presented for comparison. It is observed that higher
order shear deformation theory [75] underpredicts the natural frequencies for C-C, S-C and S-S
supports, whereas it overpredicts the natural frequencies for F-C, F-S and F-F supports. Present
results are in good agreement with 3D FE.

Table 3.3: Comparison of dimensionless fundamental frequency (@) of a three layer [0°/90°/0°]
laminated composite plate

Theory S CC S-C S-S F-C F-S F-F
Present, n =1 5.332  5.203 5.183 3.456 3.067 2.712
Present, n = 2 b 5.331  5.201 5.192 3.481 3.072 2.715
Khdeir and Librescu [75] 5.198 5.163  5.158 3.577 3.214 2.910
3D FE 5.341  5.241  5.183 3.473 3.076 2.713
Present, n =1 11.467 10.670 10.245 5.827 4.414 3.906
Present, n = 2 11.426 10.679 10.246 5.810 4.401 3.911

Khdeir and Librescu [75] 5 11.164 10.576 10.240 5.897 4.518 4.025

3D FE 11.518 10.759 10.246 5.862 4.421 3.907
Present, n =1 19.697 17.118 14.703 7.283 4.872 4.260
Present, n = 2 19.660 17.108 14.702 7.135 4.876 4.241

Khdeir and Librescu [75] 10 19.500 17.069 14.725 7.310 4.906 4.334
3D FE 19.817 17.204 14.703 7.304 4.877 4.299

In Table 3.4 the effect of in-plane modulus ratio (Y;/Y2) on the fundamental frequency
parameter w, = whm is investigated for different sets of boundary conditions of moderate
thickness (S=10) un-symmetric cross-ply square laminate. The present results are compared
with Chen and Lii [90] and Qu et al. [84]. For this case also present results are in excellent
agreement for all boundary conditions and modulus ratios. It is worth to observe from the
table that as the in-plane modulus ratio (Y7/Y3) increased (keeping Ys constant) the frequency

parameter increase significantly because the overall plate stiffness increases.

64
TH-2037_136103018



RESULTS AND DISCUSSION

Table 3.4: Comparison of the effect of in-plane modulus ratio, (Y1/Y2) on the fundamental
frequency parameter (w,, = why/po/Y2) of un-symmetric cross-ply laminates [0°/90°/0°/90°]
with different sets of boundary conditions:(S=10, veg = 0.49)

Y1/Y, Theory S-S C-C C-S C-F
Present (n=1, iter.=2)  0.14501  0.18652  0.16490  0.10875
40 Chen and Li [90] 0.14501  0.18800  0.16554  0.10925
Qu et al. [84] 0.14501  0.18752  0.16550  0.10885
Present (n=1, iter.=2) 0.11653 0.16088 0.13738  0.08638
20 Chen and Lii [90] 0.11653  0.16161  0.13757  0.08265
Qu et al. [84] 0.116563 0.16123  0.13752  0.08611
Present (n=1, iter.=2)  0.09438 0.13627 0.11337  0.06869
10 Chen and Lii [90] 0.09439  0.13638 0.11334  0.06889
Qu et al. [84] 0.09438  0.13602 0.11326  0.06820
Present (n=1, iter.=2)  0.06719 0.09641 0.07992  0.04628
2 Chen and Lii [90] 0.06719  0.09552  0.07952  0.04264
Qu et al. [84] 0.06719  0.09495 0.07928  0.04476

The first eight bending frequencies are compared in Table 3.5 of a three layer symmet-
ric square laminate with S = 10 and 20. The non-dimensional frequency parameter w,, =
(wa?/7%)\/poh/D, where D = Esh3/12(1 — v12v91). The results are presented for SS and CC
boundary conditions. First order shear deformation theory [71] predicts natural frequencies for
lower modes accurately while erroneous predictions for higher modes. Three-dimensional FE
results are also presented for comparison and it is observed that present results are in excellent

match with 3D FE. In the subsequent sections, results are obtained by taking n=1, iter. 2.

3.4.1.2 Cross-ply Laminated Plate

The composite plate (a), as shown in Fig.3.2, made of graphite-epoxy with four layer
of equal thickness 0.25h with symmetric layup [0°/90°/90°/0°] is considered for study in this
section. The graphite-epoxy composite properties are given as: Y; = 181GPa,Y; = Y3 =
10.3GPa, G1p = Gi3 = 7.17 GPa, Ga3 = 2.87 GPa, 113 = 113 = 0.28, 193 = 0.33, po = 1578 kg/m>.
The non-dimensional frequency parameter, w,, = waS \/m . The results for sandwich plate
(b) and composite plate (c¢) with an adhesive layer are presented in Sec.3.4.2 and Sec. 3.4.3,

respectively.

Table 3.6 presents the first five flexural frequencies for m = 1 and the lowest four flexural

frequencies for m= 2 and 3, respectively. The lowest flexural frequencies (m=1) are significantly
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Table 3.5: Comparison of dimensionless natural frequencies, @y, = (wa?/m%)\/poh/D for a
three ply [0°/90°/0°] laminated plate

Mode sequences

BC S Theory 1 2 3 4 5 6 7 8
S-S 10 Present (nzl, iter.:2) 5.154 7.606 12.276 13.100 14.355 17.399 18.087 21.355
FSDT (Liew [71]) 5.166 7.757 12.915 13.049 14.376 17.788 19.502 21.051
3D FE 5.151 7.581 12.233 13.098 14.343 17.370 18.040 21.355
20 Present (nzl, iter.:2) 6.131 &8.841 14.845 19.320 20.618 23.287 24.202 30.426
FSDT (Liew [71]) 6.138 8.888 15.110 19.354 20.665 24.070 24.344 31.028
3D FE 6.131 &8.837 14.833 19.321 20.617 23.269 24.158 30.413
C-C 10 Present (nzl, iter.:2) 5.796 9.019 13.363 13.830 15.147 18.521 19.487 21.535
FSDT (Liew [71]) 5.871 9.454 13.340 14.878 15.340 19.229 21.231 21.275
3D FE 5.790 9.046 13.361 13.944 15.155 18.591 19.722 21.515
20 Present (nzl, iter.:2) 6.867 11.040 18.001 19.578 21.675 26.230 26.827 33.205
FSDT (LieW [71]) 6.890 11.246 18.664 19.619 21.801 26.689 28.260 34.348
3D FE 6.862 11.050 18.053 19.578 21.675 26.256 26.952 33.292
) face 0° ﬁ T0.25h
\  face 90° J]025h
/ face 90° \ 0.25h
5 face 0° ( 0.25h
Composite plate (a)
) face 0° ) T 0.05h T
[ face 90° / 1 0.05x 8 face 0° (0.5-ta/2) h
> core 0° > 0.8h y adhesive (T tah
9 face_90° 1\ | 0.05A i 2 0.5
T . -fu/z ]’l
) face  0° ) 1 0.05n face O° 7‘( )
Sandwich plate (b) Composite plate (c)

Figure 3.2: Configurations of composite and sandwich plates.

affected by boundary conditions for both thick and thin plates. For present case, first flexu-

ral frequency for F-F boundary condition is reduced by 48.68% with respect to S-S boundary

condition. The reduction factor further reduces to 13.7%, 5.7% for higher modes m=2 and 3
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respectively. For C-C and C-S case frequency increases slightly as compared with S-S case. The
boundary conditions have little effect on the flexural frequencies for higher modes.

Table 3.6: Benchmark dimensionless natural frequencies (w,,) of symmetric thick (S=5) com-
posite plate (a) under five different boundary conditions (n=1, iter.=2)

(m) S-S C-C C-S C-F F-F
1 8.561 9.739 9.003 5.526 4.398
17.508 18.046 17.763 11.773 6.010

27.440 28.247 27.652 21.509 15.625
37.889 38.254 38.067 31.550 24.361
48.599 48.890 48.739 42.385 35.724
2 15.879 16.346 16.036 14.194 13.692
22.231 22.552 22.388 18.129 15.066
30.813 31.186 30.976 25.608 21.083
40.512 40.821 40.662 33.613 28.718
3 25.616 25.800 25.672 24.466 24.152
30.077 30.260 30.166 27.215 25.260
36.965 37.237 37.083 32.745 29.397
45.452 45.702 45.574 40.139 35.185

The first three bending mode shapes are presented for five (S-S, C-C, C-S, C-F, F-F)
boundary conditions in Fig. 3.3 for a thick (S=5) laminated composite plate. Plate vibrates in

symmetric modes for S-S, C-C, C-S and F-F cases, whereas asymmetric mode for C-F case.

As there are no analytical results available in the literature, so 3D FE results obtained by
using ABAQUS software [161] are plotted for comparison of the displacements and stresses. The
plot in Fig. 3.4 shows the longitudinal variation of the displacements (%, w) and stresses (G, 7y-)
of first two flexural modes for C-F boundary condition. The present graph matches well with

the 3D FE results.

In Fig. 3.5, the longitudinal variation of field variables (u, w, 7, 7-) is shown for F-F bound-
ary condition. No significant edge effects are observed for this plate (a). The through-thickness
variation of stresses ¢, and 7, for C-F' and F-F boundary conditions are presented in Fig. 3.6
for the first mode. The normal transverse stress ¢, is maximum at the interface for both the
cases near the free edge (£ = 0.9), which can incite delamination damage in laminated plate
subjected to vibration. The distribution of shear stress 7. at three different locations are shown

for both the cases and are observed to be maximum at mid-interface.
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Figure 3.3: First three flexural mode shapes with the frequencies for thick (S=5) composite
plate (a) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F).

3.4.2 Free Vibration Analysis of Soft Core Sandwich Plate

A five layered [0°/90°/Core/90°/0°] symmetric soft-core sandwich plate (b) as shown in
Fig. 3.2 is considered for analysis in this section. The following material properties are considered

for face and core as, Face: Y7 = 181 GPa,Y> = Y3 = 10.3GPa, G2 = Gi13 = 7.17GPa, Gog =
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Figure 3.4: Longitudinal variation of displacements and stresses of first two modes for thick
(S=5) composite plate (a) under C-F boundary condition.
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Figure 3.5: Longitudinal variation of displacements and stresses of first two modes for thick
(S=5) composite plate (a) under F-F boundary condition.

69
TH-2037_136103018



Chapter 3

0.5

_I I T T T T T'~~ T T T T I I_ _I I T T T T T'N~,|~ T T T I I_
L S=5 T 1 - “ae. ]
C aﬁs‘\\ ] C ?sz?\ ]
pS N,
[ T 1 0 o]
L ’}’ ] L » ]
r g 1 - _on i
- P e E - o E
o 00 — —,—"" — — - e —
- ’—,.— . - ’—,‘— 4
- m - = m
F T 1 | & ]
S N,
i Mos ] L . ]
i <, + 3DFE i «, ]
~ . | N~ i
i T === n=1, iter. 2 1 i e ]
_0. 5 1 I 1 1 1 ‘T‘h-—l 1 1 I’ 1 1 1 I 1 1 1 1 ~~.l 1 1 1 1 I 1
-0.04 0.0 0.04 -0.04 0.0 0.04
5.(0.9,0.5) 5.(0.9,0.5)
O~5 | R\\!I T T T I T T T T ] | k T T T T I T T T T ]
- N, - - -
S WA A ;
[ W Nl 1 W )
- ‘\::~~~ -._&..-~ - - ~, . ~.:-:.1.--~ -
: o -~ 1 N S~ )
r é =0.6 \‘/?_O 8 3\‘ - L \‘ N \»\ i
- =0. 1 =0. — - — —
0.0 ¢ 1 . 1 )j: i T ¢,=04 /' §2—0.2/} ’}' ]
: z" ’,I o : : /’ "_—v—_.__—' :
- el 1 b e i
B ,';r‘ /':’— 1 0 0 0 ] L l" 'l— ]
LA 0,00 {1 i (10,00) |
o = s - m
L ¥ ¢ i L ! i
2,7
_05 -4 1 1 1 1 ] 1 1 1 1 ‘, 1 1 1 1 ] 1 1 1 1
0.0 0.5 1.0 0.0 0.4 0.8
Tyz(£17 02) Tyz(o'gv 52)
C-F F-F

Figure 3.6: Through-thickness distributions of &, and 7, in the first flexural mode of composite
plate (a) under C-F and F-F boundary conditions.

2.87GPa,v19 = 113 = 0.28,193 = 0.33,p = 1578kg/m3, Core: Y1 =Y; =0.276 GPa,Ys =
3.45 GPa,Gi3 = Gog = 0.414 GPa,Gia = 0.1104 GPa, vio = 0.25, 113 = 193 = 0.02
and p = 1000 kg/ m®. The frequency parameter w,, = wasS \/m, where py = 1578 kg/ m® and
Y; = 10.3 GPa.

The first ten flexural frequencies are calculated for S value of 5, 10 and 20 for five sets
of boundary conditions and are presented in Table 3.7. It is observed that as the S value is
increased from 5 to 20 (thick to thin plate) the frequencies also increased significantly for all
type of boundary conditions. The lower mode frequencies are significantly affected by boundary
conditions for thick, moderately thick and thin plates, while its diminishing effect is observed at

higher modes. For instance, the fundamental frequency for F-F boundary condition is reduced by
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Table 3.7: Benchmark dimensionless frequency parameter(iw,,) of sandwich plate (b) under
five different boundary conditions (n=1, iter.=2)

Mode sequences
S BCs 1 2 3 4 5 6 7 8 9 10
5 S-S 4807 7.921 8.367 10.479 11.505 12.316 13.417 13.855 15.357 16.225
C-C 5.041 8.036 8.397 10.507 11.564 12.360 13.447 13.894 15.389 16.262
C-S 4.876 7.958 8.388 10.497 11.525 12.323 13.433 13.865 15.369 16.239
C-F 3.605 6.162 7.232 8.890 10.079 11.019 11.925 12.248 14.322 14.615
F-F 3.181 3.829 6.997 7.637 7.972 10.220 10.848 11.406 11.578 13.257
10 S-S 7.677 14.164 15.078 19.228 21.437 23.130 25.084 26.026 28.860 30.607
C-C 8.821 14.702 15.469 19.508 21.726 23.333 25.285 26.191 29.026 30.740
C-S 8.201 14.406 15.296 19.381 21.567 23.222 25.192 26.102 28.934 30.669
C-F  5.597 10.323 13.005 15.915 18.388 20.663 21.994 22.743 26.471 27.328
F-F 4951 5.791 12.728 13.146 13.486 17.998 20.421 21.136 21.313 24.338
20 S-S 9.849 21.707 23.314 30.711 36.632 39.807 42.807 44.720 51.994 53.813
C-C 13.453 23.338 26.275 32.819 37.517 41.570 44.208 46.173 52.538 54.938
C-S 11.569 22.460 24.875 31.811 37.031 40.707 43.527 45.459 51.994 54.383
C-F 7.009 14.973 20.240 24.870 29.958 35.630 36.232 38.814 46.425 47.063
F-F  6.193 7.249 17.551 19.823 20.765 27.061 34.086 35.303 36.156 40.142

33.82% with respect to S-S boundary condition, while the reduction is 18.29% in the tenth mode
for thick plate. In a similar manner, it is 35.50% and 20.48% for moderately thick plate (S = 10)
and for thin plate (S = 20) it is 37.12% and 25.40% at the first and tenth mode respectively.
For C-C and C-S case, a gradual increment in frequencies are observed in comparison to other
boundary conditions. The boundary conditions have little effect on the flexural frequencies in
higher modes. The first lowest eight frequencies for m=1 of thick sandwich plate for different
boundary conditions are presented in Table 3.8 to explore the thickness stretching effects. It has
been observed that the thickness stretching occurs generally at higher modes. For this typical
case, 8th mode is the thickness stretching mode for all the boundary conditions except for F-F
case where it is the 7th mode. The percentage decrement variation in natural frequencies of
sandwich plate (b) for F-F boundary condition against S-S and C-F boundary conditions is
presented in Fig. 3.7. he maximum decrement in the frequency is observed for second mode and
it decreases with the increase of mode sequences. This information is very helpful in design and

construction of components made of sandwich laminate with more reliability.
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Table 3.8: Lowest eight frequencies of sandwich plate for m=1 and S=5

(m) S-S C-C C-S C-F F-F
1 4.807 5.041 4877 3.606 3.182
18.818 19.479 19.474 19.173 18.353
19.919 20.648 20.469 19.980 19.132
34.694 36.218 35.825 33.955 32.312
36.664 37.926 37.607 35.260 34.540
48.458 50.434 49.251 39.975 35.225
50.249 51.337 51.258 48.696 47.365
52.869 52.716 53.563 50.277 49.277
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Figure 3.7: Percentage decrement variation in natural frequencies of sandwich plate (b) for
F-F boundary condition against S-S and C-F boundary conditions.
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The first three flexural mode shapes with frequencies of thick sandwich plate (S=5) for
different boundary conditions are presented in Fig. 3.8. The sandwich plate also vibrates in the
symmetric mode for S-S, C-C, C-S and F-F case, while antisymmetric mode for C-F case. Here

also, longitudinal and through-thickness variations of entities are compared with 3D FE results.
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Figure 3.8: First three flexural mode shapes with the frequencies for thick (S=5) sandwich
plate (b) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F).
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The longitudinal variation of displacements v and w, normal stress ¢, and shear stress 7.
are presented in Fig. 3.9 and Fig. 3.10 for thick sandwich plate (S=5) under C-F and F-F case,
respectively. Converge results of single term 3D EKM with iter.=2 are in excellent agreement
with 3D FE results for both mode shapes and boundary conditions. Boundary effect is observed

near the free edge in the variation of &, for both C-F and F-F cases.

The through-thickness variation of transverse stresses . and 7,. for the first mode is
presented in Fig.3.11 for C-F and F-F cases. For this case also, present results are in good
agreement with 3D FE. Maximum transverse normal stress () is observed at the core-face

interfaces for both the C-F and F-F cases.
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Figure 3.9: Longitudinal variation of displacements and stresses of first two modes for thick
(S=5) sandwich plate (b) under C-F boundary condition.

Typical through-the-thickness distributions of modal displacements u, v and w are plotted
in Fig.3.12 for thick (S=5) sandwich plate under S-S and C-C boundary conditions for the
lowest eight modes for m = 1. The mode shapes indicate that the 1st mode is a bending mode
for both S-S and C-C case. The second mode is a higher order shear mode along z-axis for S-S
case and along y-axis for C-C case. The third mode is a higher order shear mode along z- and
y-axis for S-S case; it is along z-axis for C-C case. The fourth mode is a thickness shear mode
in z- and y-axis for S-S while it is in y-axis for C-C case. The fifth mode is a thickness shearing

mode in z-axis for both. The sixth and seventh modes are also thickness shear modes in -
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Figure 3.10: Longitudinal variation of displacements and stresses of first two modes for thick
(S=5) sandwich plate (b) under F-F boundary condition.
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Figure 3.11: Through-thickness distributions of 6., and 7, in the first flexural mode of sand-
wich plate (b) under C-F and F-F boundary conditions.
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and y-axis for S-S case. For C-C case the sixth one is thickness shearing mode in z-axis and
the seventh one is higher order shear mode also in z-axis. The eighth mode for both the cases

correspond to thickness stretching.

0.5 PR T T T
. 'E B ‘ \\\\\ 1 [ TRa ] R Badey 0
ol _ 1 Fo ™ A M NN T [ el I _.= 1
S 00 L e e assIs) JT [ (19019) M DRI 7
L l -——=w . Fo //z i _'I ////'/ i L - | *\‘_
CoL @son ] [ 1 b 1LY
_0.5 1 I\I 1 1 1 I 1 1 1 1 ‘ 1 1 1 111 I 1 1 1 1 I ’I 1 111 1 I 1 1 1 1 I I 1 1 1 1 l 1 1 1 1 I
00 05 10 00 05 1.0 00 05 1.0 -1 0 1
05 =T [T T [T T,
 (36.664) S T T2 1 AR "1 [~ \, (52.869) |
z’/ ] I — T =< T I > ] I \\ ]
L - ] |~ A ~~ae_ 4 L= 4 L ) 4
w00 /,1'——‘ 4 K7 (@858 T _(i\ \\\ 1 F \:;,\) _
[ T [~ ol 1t 1 o]
L ] F 7T =_7 [eo2a9) o] | NG
_0.5'|.\...\....|' SO L s S v U L Y s B TR AR
1 0 Ll 0 1 0 1 0
(a) S-S

0.5 l\‘l T T T I T T T T I I T T T T I I!I T T il I T T T T I T I T T T T T T I'I |I T II
) on=Liter2,] [~ W1 [ ‘ 1 [@36218), N ~]
R ooy BT I I 11 P, S
v 00F]  —=5 4 R (19479 ¢4 E( (20649 i 1 F ¥
Lo i LN, - F N i L PRt 4
o T B N T 11 K ]
o (5041) 1] 1] Aan s K ]
0.5 L ) S DA | Ll I . L [ P W L | Y B K W R |
00 05 10 -10 05 00 -1.0 -05 00 -1 0 1
0.5 o] ] [T TR
(37, 926)\ -(50.434){ ,,,,,, i \ 1 [e2716)) _
- ’,/- S - e E - X // E
i | 1 " 1t ™~ 1 T A 1
v 00 F 1T = Y — - (51337) ) — - l,)’ -
P | 1 [T | 1 I A N ]
K | 1 t T~~~ w 9 ‘:f" | I /Y ]
_0.5'|.\\...|....|' T R AT B e I DT B ¢ AN
-1 0 1 -1 0 1 -1.0  -0.5 0.0 -1 0 1

(b) C-C

Figure 3.12: Through-thickness distributions of u, v and w in the lowest eight frequencies of
sandwich plate under (a) S-S and (b) C-C boundary conditions for m=1 (numbers in parenthesis
are the corresponding frequencies).
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3.4.3 Accurate Estimation of the Influence of Adhesive Bonding on the Free
Vibration of Laminated Plates

The influence of adhesive layer sandwiching between the layers of laminated composite plate
(c), as shown in Fig. 3.2, is presented and discussed here. The adhesive property considered here
is as given in Table 2.3 of Chapter 2. In the Table 3.9, first eight natural flexural frequencies for
different boundary conditions are presented for adhesive thicknesses t,= 0.0, 0.02 and 0.04. The
same data are illustrated in graphical structure in the Fig. 3.13. It can be observed from the table
or from the figure that as the adhesive thickness increases, the frequency of the plate decreases
for all type of boundary conditions and the decrement is significant at higher modes. There is
a maximum decrement of 5.43% observed for S-S case for t,=0.04 at 4th mode, a maximum of
5.42% at 1st and 3rd mode for C-C case, 5.29% for C-F case at 8th mode and 4.60% for F-F
case at 6th mode. The percentage difference is calculated with respect the frequency of plate
without an adhesive layer (¢,=0).

Table 3.9: Natural flexural frequencies of plate (c) for different boundary conditions for the
adhesive thickness, t,=0.0, 0.02 and 0.04

Mode

S-S

C-C

C-F

F-F

t,=0

0.02

0.04

t,=0

0.02

0.04

t,=0

0.02

0.04

t,=0

0.02

0.04

O J O Ot = W N

9.410
13.358
19.759
22.174
24.354
27.232
28.536
34.230

9.205
13.167
19.558
21.481
23.697
26.996
27.953
33.652

9.030
13.007
19.388
20.971
23.215
26.794
27.475
33.222

11.537
14.637
20.432
22.891
24.907
27.614
28.940
34.530

11.269
14.351
20.179
22.219
24.265
27.351
28.339
33.961

10.912
14.149
19.993
21.771
23.833
27.145
27.929
33.563

4.786
10.057
14.079
17.422
17.557
23.055
25.455
27.379

4.726
10.000
13.672
17.156
17.329
22.693
25.307
26.536

4.678

9.950
13.362
16.788
17.247
22.401
25.175
25.930

2.639
4.976
8.917
11.338
16.666
18.768
18.773
21.830

2.644
4.972
8.906
11.279
16.609
18.302
18.658
21.350

2.648
4.969
8.896
11.218
16.557
17.906
18.557
21.422

Figure 3.14 illustrates the percentage variation of natural frequencies of 2.1Y and 3Y with

respect to the Y. It can be observed from the figure that as the elastic modulus of adhesive
increases the percentage difference plate natural frequency also increases and it is higher for S-S
and C-C cases. At higher modes for all types of boundary conditions, the percentage difference
is higher. In Figure 3.15, the percentage variation of natural frequencies of 1.5p and 2.5p is
illustrated. As can be seen from the figure that increasing the adhesive density decreases the
plate natural frequency and is seen maximum on the fundamental frequency. For higher modes

the % difference remain almost constant.
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Figure 3.13: The effect of adhesive layer thickness (¢,=0.0, 0.02, 0.04 ) on the flexural natural
frequencies of plate (c¢) for different boundary conditions
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Figure 3.14: Percentage increment of natural frequency for adhesive elastic modulus of 2.1Y

and 3Y for S-S, C-C, C-F and F-F boundary conditions.
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3.5 CONCLUSIONS

In this chapter, the free vibration analysis of rectangular laminated composite and sandwich
plates, of which a pair of opposite edges are subjected to Levy-type boundary conditions and the
other pair subjected to arbitrary boundary conditions, is presented using 3D EKM. The effect
of adhesive parameters on the natural frequency is also studied. Natural frequencies predicted

by single term EKM solution are in excellent match with literature.

e First time, lowest ten flexural frequencies for cross-ply laminated composite and sandwich
plates are presented for different sets of boundary conditions. Longitudinal and through-
thickness variation of stresses is also presented for C-F and F-F case. Present solution can

serve as benchmark to assess the other 2D and numerical results.

e Increasing the in-plane modulus ratio Y;/Ys2 (keeping Ys constant) increases the plate

natural frequency.

e Using adhesives as binding agent reduces the frequency response of laminated plates. As
the adhesive thickness increases, the frequency of the plate decreases. There is significant

decrement in the natural frequencies of the plate for higher modes

e Increasing the adhesive modulus increases the frequency response of laminated plates and

the increment is more pronounced in case of C-C boundary condition.

e The density increment of adhesives have a minor decreasing effect on the frequency re-

sponse of adhesive bonded laminated plates.
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Chapter 4

3D Extended Kantorovich Method
for Free Vibration Analysis of
Piezolaminated Plates

4.1 INTRODUCTION

The generalized mixed-field multi-term extended Kantorovich method (EKM) for piezoe-
lasticity solution for static case developed in Chapter 2 is further extended to 3D piezoelasticity
solution for free vibration [164] of Levy-type laminated plate integrated with piezoelectric actu-
ators and sensors in this chapter. The governing partial differential equations for the dynamic
case are reduced to ordinary differential equations in the thickness (z) and in-plane (x) directions
by applying the multi-term multi-field EKM in conjunction with Fourier series along y-direction
which satisfies the Levy-type support conditions along the y-axis. In this chapter, the multi-term
3D EKM has been used for the free vibration analysis of single layer piezoelectric and bimorph
plates and also for multi-layered composite and sandwich plates with integrated piezoelectric
layers at top and bottom. The formulation enables to provide independently both close circuit
(CC) and open circuit (OC) electric conditions at the outer and inner surfaces satisfying the
interface continuity. After thorough validation, some new benchmark results are presented for
both smart composite and sandwich plates investigating the influence of plate aspect ratio, var-
ious mechanical and electric boundary conditions and face thickness on the natural frequency
and stresses. The effect of adhesive layer thickness on the natural frequency of a bimorph plate
is also investigated. The present results can serve as benchmark versus various approximate

numerical or closed-form 2D piezolaminated solutions.
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4.2 THEORETICAL FORMULATION

For mathematical modelling a cross-ply laminated rectangular plate integrated with piezo-
electric layers (Fig.4.1) of dimensions (a x b x h) is considered. The displacement components
(u, v, w) and the electrical potential (¢) are the functions of z, y, z and t where ¢ is the time
variable. The laminate has L orthotropic layers made up of elastic and piezoelectric materials of
class mm2 symmetry with poling along the z direction. Presence of electrodes on piezoelectric
layers and its influence on response parameters are neglected. The plate is subjected to Levy-
type boundary conditions along y axis (y = 0,b) and arbitrary support conditions along z axis.
The thickness of the kth layer and the z-coordinate of its upper surface are denoted as t; and

2k, respectively. The layer index k over the entities is dropped, unless required for clarity.

B PZT layers
z [ Elastic layers

— _';1/2 ko 1f1yer
z, N
h _';1/2 Z c

Figure 4.1: Geometry and coordinate system of a L-layer piezo-laminated plate.

The strain-displacement relation for infinitesimal deformations and the electrical field-

potential relation in the rectangular cartesian coordinates is given by
1 T
e} =5(Vu+(Vu)'), E=-V¢ (4.1)

where {c} is the strain tensor, u is the displacement vector, E is the electric field vector for the

kth layer and V the gradient operator.

The linear 3D piezoelasticity constitutive relations for an orthorhombic/orthotropic (for

elastic layers) lamina are given by

{e} = [Si{o} + [d{E}, [D]=[dl{o} + []{E} (4.2)
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or in expanded form

where

with

Ex S11
Ey 512
Ez _ 513
Vyz 0
Yzx 0
| Yay | | 0
D, [0
D, =10
Dz_ _d31
s = 1/Y1,
So2 = 1/Y5,
s33 = 1/Y3,

S12
522
523

ds3o

€11 = N1 + e1s5dis,

[631

513 0 0
593 0 0
533 0 0
0 s44 O
0 0 S55
0 0 0
0 0 dis
0 dog O
dss O 0
s44 = 1/Gas,
ss5 = 1/Ghs,
se6 = 1/G12,

o O O o O

€22 = 122 + €24d24,

€32

€24 = doa/Sua,

e33] = [d31

d3o

Oy 0 0 ds
oy 0 0 dso
o n 0 0 dss gx
Tyz 0 dy O Ey ’
Tox dis 0 0 z
| Ty | O 0 0 |
Co T
Zy er 0 07 [E,
. ? + 0 €929 0 Ey
vz 0 0 €33 E,
Tzx -
Ty |

s12 = —1v21/Ya = —v12/Y1
s13 = —v31/Ys = -3/ Y1
So3 = —32/ Y3 = —13/Y>

€33 = 133 + e31d31 + e32d32 + e33d33

s511 S12 S13
dsz] | s12 S22 s23
513 S23 833

e1s = di5/ 55

(4.4)

(4.5)

(4.6)

where [S] is the compliance matrix, {E} and [D] are the electric field and electrical dis-

placement in the piezoelectric layer, respectively, [d] and [e] are the piezoelectric strain constants

and dielectric permittivities (at constant stress field), respectively and {o} is the stress vector.

Y;, G;; and v;; denote Young’s moduli, shear moduli and major Poisson’s ratios, respectively.

To ensure numerical stability in the solution process all entities are expressed in non-

dimensional forms which are obtained in such a way that, on substitution of the dimensionless

entities, the resulting governing equations appear identical to original equations.

relation for D, in Eq. (4.4) in the relations for €., €,, €. in the Eq. (4.3), we obtain

TH-2037_136103018

€2 = 51104 + 5120y + 5130, + d31 D>,

€2 = 51304 + 5230y + 5330, + d33D;,
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€y = 5120 + 5220y + 5230, + d32 D,

E. = —d310, — d320y — d330 + €33,

Using the

(4.7)



THEORETICAL FORMULATION

where
€33 = 1/€33, 8i; = 8ij — dsidsj, ds; =ds;/ess, for (i,j)=1,2,3

Similarly, the relations for v,., 7.., Ez and E, in Eq. (4.4) can be rewritten as

Yyz = 84aTyz + doa Dy, Yo = 855Tzz + d15 Dy, E, =enDy — disTen

Ey, = €2Dy — douTys, 844 = Saa — doadoa, 855 = s55 — d15d15 (4.8)
where

€11 = 1/en, €22 = 1/€90, dos = dau /€2, dis = dis/enn.

Using the modified Hamilton’s principle for piezoelasticity case, the free vibration analysis
for piezoelectric medium without any body force and charge source, the governing equation of

piezo-laminated plate can be expressed as
// [(Uij’j = pili)(Sui + (5ij = 0.5(ui,j + Uj,i))(SO'ij + Di,i(sd)
tJV

where V' stands for the volume (a x b x h) of the plate. Equation (4.9) implies the following

boundary conditions are satisfied exactly at surface boundaries
(a) where displacements u; are specified: u; — @; = 0
(b) where electric displacement D? are specified: D;n; — Dy, =0
(c) where ¢ is specified: ¢ — ¢ =0

The surface is denoted by its outward normal 7 = n;é;, where é; (i = 1,2,3) are the
unit vectors along x, y and z directions. Substituting the expressions of the strain and electric

components from Egs. (4.7) and (4.8) into Eq. (4.9) yields

/t / /b /h [0u(Tzz,z + Oxz + Tayy — pU) + 00(Tyz 2 + Taya + Oyy — PU) + 6W(022 + Toza

a

+Tyzy — p0) + 0¢(Dyz + Dyy + D, 2) + 604(51104 + 5120y + 51305 + ds1D, — uz)
+60y (51200 + 5220y + 5230 + d3o D, — v y) — 60, (w2 — 5130, — 5230y — 5330, — d33 D)
—67y2 (V2 + Wy — SaaTyz — doaDy) — 0Toe(Uz + W — 555720 — d15Dy) + 07ay (S66Tay — Vo
—Uy) = 0Dg(0 + €11 Dy — di5Tea) — 0Dy(¢y + E22Dy — doaTys) — 6D: (¢, — d3104

—Jggay — CZ330'Z + €33D,)]dzdydzdt =0, V du;, 0, 0oy, 57’1']', 0D; (4.10)
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Dimensionless inplane coordinates &1, & and a local thickness coordinate ¢®) for the kth

layer are introduced, which vary from 0 to 1:

&1 =z/a, §2=y/b (W = (2 — z_1)/tW (4.11)

The bottom and top surfaces of the plate are shear traction free. If the piezoelectric layer is
used as an actuator, ¢ is prescribed (close circuit condition) and if it is used as a sensor, D,
is prescribed (open circuit condition) at the outer surfaces. Thus, the boundary conditions at

z = Fh/2 are
at z=Fh/2: 0,=0, 7y.=0, 7% =0, ¢=0or D,=0 (4.12)

For perfect bonding, the continuity conditions at the interface between kth and (k + 1)th layers

are given by:
[(uv UV, W,y Oz, Tyz, Tzx, ¢a Dz)‘(:l](k) - [(ua U, W,y Oz, Tyz, Tzx, ¢7 DZ)‘C:O](k—i_l) (413)

for k = 1,...,L — 1. The interfaces of the piezoelectric layers with the adjacent elastic lay-
ers are taken as grounded (¢ = 0) for effective actuation/sensing. At these interfaces, D, is

discontinuous, and the continuity condition for D, in Eq. (4.13) is replaced by the condition
[Bl¢=1]") = 0, q=1,...,L, (4.14)
where L, is the interface where electric potential is prescribed (actuation potential).

The mechanical boundary conditions at the edges £ = 0 and 1 can be prescribed for a

given support type, for example,

Simply supported (S) : o =0, v =0, w=0
Clamped (C) : u=0, v=0, w=0 (4.15)
Free (F) : or =0, Tay = 0, Tuz =0

The ends may be subjected to closed circuit (CC) condition with prescribed potential or open
circuit (OC) condition with known D, (=0). The boundary conditions at the simply supported

edges at £& = 0 and 1 are considered as

u =0, oy =0, w =0, ¢=0 (4.16)
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4.3 FOURIER SERIES-GENERALIZED EKM SOLUTION

The solution is expressed in terms of Fourier series along ¥y, which identically satisfies the

boundary conditions (4.16) at two simply-supported edges y = 0, b.
oo
(ua W, Og, Oy, Oz, Tzx, ¢, Dy, Dz) = Z(u’ W, Oz, Oy, Oz, Tzx, ¢, Dy, Dz)m coswt sinmméo,

m=1

NE

(v, Tay, Tyz, Dy) = (v, Tays Tyzs Dy)m coswt cosmméa, (4.17)

1

3
Il

Substituting the expression from Eq. (4.17) into the variational equation (4.10), and using
the orthogonality properties of cosmn€s and sinmnés for m = 1,2, ..., 00, we obtain, for each

Fourier term m

/t/ /h[(sum(T:ch,z + Oz — My — PWO2Um) + 6V (Tyzm 2 + Togm.e + MOy — P,
a

+0W (O sz + Towmz — MTyzm — PW W) + 6Gm (D i — MDyy, + Dy, )

+002,, (51102, + 5120y, + 51302, + d31D.,, — Upp ) + 00y, (51200, + 5220y, + 52302,
+ds2 Dy, + M) — 602, (W2 — 81302y, — 5230y, — 53302y, — d33D.,,) — OTyzm (Vpy 2
+MWy, — 344Tyzm — d24Dy) — ez (U2 + Wi — 855Tzzm — A15Dam) + 6Taym (866 Tzym
—Upy 2 — MUm) — 0Dgp, (m.z + €11 D,y — d15Tszm ) — 0Dy, (Mom + €22Dy,, — CZQ4TyZm)
—6D,, (dm = — d3102,, — Jggaym — d330,,, + €33D,,,)]dzdzdt = 0,

N 5uima (5¢m, 5Oim7 6Tijm> 5Dlm (418)

where m = mmx /b.

Further, Eq. (4.18) is PDE in (« and z) which is converted to ODE in (x and y) by applying
the mixed-field multi-term EKM proposed by Kumari et al. [151]. In this method, the field

variables
X=[u v w o 0y 0 Tay Tyz Tew ¢ Dz Dy Dz],Tn (4.19)

are expressed as the sum of n terms consisting of products of separable functions of £&; and (.

Thus, the solution of the Ith variable X; of X for the kth layer takes the form:
Xi(€,0) =Y fi(&)gi(¢) for 1=1,2,...,13 (4.20)
i=1

where the repeated index [ does not mean summation here. Functions fli(fl) are valid for all

layers, whereas g} (¢) correspond to kth layer. These are determined iteratively as follows.
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4.3.1 First Iteration Step

In the first step, functions f{(&1) are considered as known, while g!(¢) are determined for
each layer. As mentioned earlier, in the EKM, the initial trial functions are not required to

satisfy the prescribed boundary conditions. Here, in the first iteration, we assume fli as

f3(&1) = f3(&) = fi(&r) = f3(&) = f5(&1) = fi(&) = flo(&r) = fia(&1) = fis(&1) = sinin&y
fi&r) = f3(&) = f5(&1) = fla(&) = cosiméy. (4.21)
From Eq. (4.20), the variation 0.X; in this case is obtained as
6Xi =" fi(€1)dg] (4.22)
i=1
Functions g;(¢) are divided into two groups
G=[gl...gf 9508 G595 96---95 9%---9% 95---95 9lo---9lo gls---9l]"
G=[gi-..g9f 9508 gt---9f -9t gbr---9B]" (4.23)

where G contains the 8n primary variables that appear in Eqs. (4.12)-(4.13), while G contains the
remaining 5n dependent variables. After substituting Eqgs. (4.20) and (4.22) into the variational
expansion Eq. (4.18), its dependence on & is eliminated by performing the integration over &;
direction on the known functions of &;. Since the variations 5gli are arbitrary, the coefficients of
5gli in the resulting expression must vanish individually. This process yields 81 ODEs of first

order and 5n linear algebraic equations for gf for the kth layer:

+AG

Il
b
Qi

MG ¢ (4.24)

[}
Il
B>t

K G (4.25)

where M, A, A K and A are 8n x 8n, 8n x 8n, 8n x bn, bn x bn and 5n x 8n matrices. Defining

.a:afo

.)d&1, the nonzero terms of the above matrices of Eqs. (4.24)-(4.25) are given

below.
Mi1j1 J616 <f9f1> Migjg J515 <f8f2> 1333 3414 <f6f3>
Migj, = Mjgis = (fisflo)as Aiyjy = T Mo Aigsg = t555(£3)a
A gy = tdis(f§ ), Aigjy = —t{fif3)a, Ay = t544{fifl)a

Ai2j5 = td24<f§ff2>a7

TH-2037_136103018
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Aigjl = t513(f¢f1)a Ai3j2 = t523(f¢ f2)a, 1‘_11‘43'5 = mt(fifl)a

>
>

Ai4j6 = %t<f§fg7£1>a7 i5jo — _mt<f2lfg>aa i5j3 — %t<f§f’?7£1>a

Y
s

Aiﬁjl = %t<fffi7€1>a; igJ3 — mt<f{f%>av i7j4 — tJBB(f%sf@a

>

Aije = —tEs3(fis fl5)as Ai?h = td31 (fisf])as Ainjo = tdso(fisfl)a

>

igjq — _ft<ff0f{1,gl>a7 Ai8j5 = tm<f%0f{2>a7 i1j1 — 511<fzifi>a

Kijy = 512(f112)as Kiyj, = Kijjo, Kiyj, = 520 (fif)as

Kigjy = ses(fif)ay  Kigjy = enlfiifi)ar Kigis = e(fiafls)a (4.26)
Aipjy = 3Fifl e Angy = =513Fif)ar Aiyjg = —dsi(fifls)a

Aigjy = =m{fifda,  Aigjy = —523(fifl)ar  Aigig = —dso(fifls)a,

Apgy =m{(fifl)a, Angp = 2Fifle)a  Aiggg = dis{fif))a

Aiir = —2(fh Ao e)ar Aigis = doalFfiafl)a,  Aigjy = —m(fizflo)a

Ai4j3 = _pw2t<f§f?z>av A’i5j2 = —pw2t<f2if§)a, Aiﬁjl = _Pw2t<fiiff>a

Eliminating G from Eq. (4.24) using Eq. (4.25) yields
G.=AG (4.27)

where A = M~} [A—l—AK‘lA]. Equation Eq. (4.27) represents a system of 8n homogeneous first
order ODEs with constant coefficients. Its complementary solution is of the form G(¢) = e*Y,

which on substitution in the homogeneous part of Eq. (4.27) yields an eigenvalue problem
AY = )\Y (4.28)

Hence, the exponent A and Y are the 8n eigenvalue and eigenvector pairs of matrix A. The
eigenvalues A can be either real or occur in complex conjugate pairs. The general solution of

Eq. (4.27) is
8n
G(¢) =D Fi(Q)C: (4.29)
=1

where F;(() are column vector of functions corresponding to the eigenpair A; and Y;. After

applying the traction free boundary condition at the top and bottom of the plate and satisfying
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the interface continuity conditions, equation Eq. (4.29) yields

8n
> Kail()Ci =0 (4.30)
=1

where, the coefficient matrix Kq depends on w = w,,. For non-trivial solution, it’s determinant
is zero and w can be obtained by finding roots of the equation |det(Kq)|=0 using bisection
method. The undamped natural frequencies wg; = w,, are obtained using the procedure of
Kapuria and Achary [101]. After obtaining the desired natural frequency, Eq. (4.30) is solved
for determining the unknown constants by solving the linear algebraic equations and then from

solving Eq. (4.29) the modal displacements, electric variables and stresses are obtained.

4.3.2 Second Iteration Step

Now that gli’s have been obtained in the previous step, these are considered as known, and
new estimates of f; are determined. In this case, the variation X is obtained from Eq. (4.20)

as

X1 =7 gi(Q)sf} (4.31)
a=1

Similar to the thickness direction, f/(&1) are divided into two groups : (i) F containing 8n
primary variables that appear in the boundary conditions (4.15), and (ii) F containing the

remaining 5n variables:

F=[fl.. ff fofp faoff b fom f oy et
F=[flfp foofe fofe flo fy fls... ful" (4.32)

Equations (4.20) and (4.31) are substituted into Eq. (4.18), and this time, it is integrated over
the thickness direction . Since the variations § fli are arbitrary, their coefficients are individually

equated to zero, which yields the following system of differential-algebraic equations for fli:
= BF + BF (4.33)
LF = BF (4.34)

where N, B, B, L and B are matrices of size 8n x 8n, 8 x 8n, 8n x bn, bn x bn and 5n X

8n, respectively. Using the notation (...), = 2521 t(k) fol(. ) ®) d¢ for integration across the
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laminate thickness, the nonzero elements of matrices N, B, B, L and B of Eqs. (4.33)-(4.34) are

given below

&

iri1 = Njgig = <939{>ha
Nigjr = Njgig = <9109{1>h,
i1y = a(5139590)h

injs = a<8669%9%>h7

Bigjs = a{d1595971)h;

Bigj, = —am{ghd)n.
Biﬁjg = Gm<g§g§>ha
Bi8j4 = arh(g%g{z)h,
Liyjy = (523950000,
Liyj, = (5339598 n,
Li3j4 — <J24géi39{2>h7
Ligj, = (d329i392)n,
Bile = —m<gég§>h,
Biyi, = (513950

Bi4j7 = m<9§29{0>h7

1471 = —a/p(UZ <gig{>h7

&=

272

lwa]

1174

oupS

175

wa]]

1371

S

1475

ool

i573

ool

1778

oulS

875
Li1j5
Li2j5

Li4j3

h

1579

o]l

1174

o]l

373

?

1574

By,

Njsis = (92930 n,
a(§1lgﬁgi>h,

<J3lgzilg{3>h7

—a<€119§19{1>h7

.l
_a<gi0 glgf >h7

= (d329Lg73) .

=L

(07339é9{3>h>
i34
(d3391398) -
—<§12gégi>h,
M{GEGE)
—(d319%397)n,

—apw*(ghgl)h,

N 373

o

os]]

1971

(ou]

v

1476

el

1672

o]

1776
L

L

Li3j3

Li4j4
Li5J’5

Bi23'3

o]l

1372
B

Biﬁj?)

i1J1 —

i3j6 —

Joil =

i5j7 —

- a<67159§19§>h

i1jp = (S

(4.35)
= <5449§9§>h

= —<€22911'29{2>h

= —(€339%39]5)n

,gj
= (96>

Equations (4.33) and (4.34) are of the same nature as Eqgs. (4.24)-(4.25), and are solved follow-

ing the same procedure. The solution involves 8n constants, which are determined from the

boundary conditions given by Eq. (4.15), expressed in terms of fli. The two steps described in

Sec. 4.3.1 and Sec. 4.3.2 complete one iteration. The iterations are continued till the desired level

of convergence is achieved.
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4.4 RESULTS AND DISCUSSION

The efficacy of the present 3D EKM approach is validated by comparing with the 3D exact
results for simply supported case and with 3D FE results for other boundary conditions. Four
configurations of plate (a), (b), (¢) and (d) as shown in Fig.4.2 are considered for numerical
study. The material codings (mat.1l, mat.2, mat.3...) enumerated in Fig.4.2 and Fig. 4.6 are as

per mentioned in Table 4.1.

0.1h
mat. 1 0° 0.084
( mat. 3 0° ( 0.12h
\ mat. 2 0° \ 102h
) mat. 2 90° ) L.0.2h
mat. 6 (PZT-4) h ( mat. 3 0° ( Lo.12k
mat. 1 0° 0.08%
0.1h
Plate (a) Plate (b)
0.17 T0.0834
mat. 4 0° 0.044 =
( mat. 4 90° ( "1.0.04n
\ mat.5  0° B 0.64% 0.834%
B ( mat. 4 90° { 7T.0.04n
mat. 4 0° 0.044 L
0.1%  0.083%
% Plate (¢) Plate (d)

Figure 4.2: Configurations of piezoelectric plate (a), smart composite plate (b), (d) and sand-
wich plate (c).fRef.[165]

Unless mentioned otherwise, the natural frequency @,,, the modal displacements, stresses

and electrical state variables are non-dimensionalized as:

©Om = waS\/po/Yo
(u, v, w) = (u,v,w)/max(u, v, w)
(Guy Oy, Oz, Tow, Tyz) = (On, Oys Oz, Tag, Tyz)S h/ Yo max(u, v, w)
D, = D.S h/dy Yo max(u,v,w)
¢ = ¢ do/max(u,v,w)
where S(= a/h) denote the span-to-thickness ratio and max(u, v, w) denote the largest value of

u,v and w through the thickness for a particular mode. Yy=81.3 GPa for plate (a), 6.9 GPa for
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plate (b) and (c) and 380.7 GPa for plate (d). pp=1 kg/m3 for plate (a), 1578 kg/m? for plate
(b), 1000 kg/m? for plate (c), 4000 kg/m? for plate (d) and 7600 kg/m? for plate (e). do = d33

pm/V for respective plates wherever applicable.

The 3D FE solution is obtained using the ABAQUS software [161]. In the 3D FE analysis,
20-node hexahedral solid elements of type C3D20RE for piezo-layers and C3D20R. for elastic
layers with reduced integration are used. The convergence study of the 3D FE solution for a
typical case of a thick (S=5) hybrid sandwich plate (g) is presented in Table 4.2 considering
three different mesh sizes (40 x 40 x 20), (50 x 50 x 20) and (60 x 60 x 20), respectively. The
mesh discretization presented inside the parenthesis are along the width, length, and thickness
of the plate respectively and is as shown in Fig.4.3. It can be observed from the table that
for simply supported case convergence in frequencies is observed for the whole five significant
digits while for C-C and C-F convergence is observed up to four significant digits and in some

frequencies up to five significant digits. Hence, it is fair to consider (50 x 50 x 20) mesh size

Table 4.1: Material properties

Ref.[149] PZT-4 PZT-5A Ref.[15]]
Property Unit Mat.1 Mat.2 Mat.3 Mat.4 Mat.5 Mat.6 Mat.7 Mat.8
Y GPa 6.9 224.25 172.5 131.1 0.0002208 81.3 61.0 181
Yo GPa 6.9 6.9 6.9 6.9 0.0002001 81.3 61.0 10.3
Y3 GPa 6.9 6.9 6.9 6.9 2.76 64.5 53.2  10.3
G2 GPa 138 56.58 3.45 3.588 0.01656  30.6 226 7.17
Gos GPa 138 1.38 1.38 2.3322 0.4554 25.6 21.1  2.87
Gs1 GPa 1.38 56.58 3.45 3.588 0.5451 25.6 211 7.7
V12 0.25 0.25 025 032 0.99 0.329 0.35 0.28
V13 0.25 0.25 025 0.32 3x107° 0.432 0.38 0.28
Vo3 0.25 0.25 0.25 049 3x107°  0.432 0.38 0.33
) kg/m3 1578 1578 1578 1000 70 1 7600 1578
ds1  pm/V d$, -171
ds2  pm/V d$, -171
ds3  pm/V d$, 374
d1s pm/V 496.875 584
doy pm/V 496.875 584
M1 nF/m 13.0537  15.3
722 nF/m 13.0537  15.3
733 nF/m 11.505 15.0

d$; = d§, = —123.0474784747847, dS; = 289.0604422323293
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without compromising the accuracy and stability which we have adopted for all the test cases
in the present investigation.

Table 4.2: Natural frequency (Hz) convergence study of 3D FE solution of a typical thick
(S=5) hybrid sandwich plate (g)

Mesh size (widthx lengthx thickness)
BCs Mode (40 x 40 x 20) (50 x 50 x 20) (60 x 60 x 20)

S-S 1 378.21 378.21 378.21
2 643.80 643.80 643.80
3 660.19 660.19 660.19
Cc-C 1 409.89 409.82 409.80
2 659.07 659.05 659.04
3 720.18 720.12 720.07
C-F 1 273.71 273.70 273.70
2 430.08 430.08 430.08
3 504.70 504.69 504.67

(40 x 40 x 20) (50 x 50 x 20) (60 x 60 x 20)

Figure 4.3: 3D FE mesh discretization of a thick (S=5) hybrid sandwich plate (g) for conver-
gence study.
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4.4.1 Validation with 3D Exact Results for Simply Supported (S-S) Case

The plate (a) with all round simply supported boundary conditions is considered for analysis
in this section. The top and bottom surfaces of the plate are both kept either in closed circuit
condition or in open circuit condition. The natural frequencies for m=1 are presented for S
value of 1 and 4 with a=1 m and compared with 3D exact [166] solutions in Table 4.3. The
present 3D EKM results show excellent match with the 3D exact solution.

Table 4.3: Natural frequencies of simply supported (S-S) square hybrid single layer piezoelectric
plate under closed circuit (CC) and open circuit condition for S=1 and 4

Mode Close circuit Open Circuit
sequence S Present 3D Exact[166] Present 3D Exact[166]
1 1 713062.7 713061.0  724602.0 724602.0
2 777020.5 777021.0  777020.5 777021.0
3 889901.3 889902.0  912911.4 912912.0
4 925431.5 925431.0  925431.5 925431.0
) 1243817.9 1243819.0 1270594.7 1270594.0
6 1270594.7 1270594.0 1293505.0 1293504.0
1 4 96929.9 96929.9 98231.7 98231.7
2 194254.8 194255.0  194254.8 194255.0
3 327662.5 327663.0  355110.0 355110.0
4 538884.4 538885.0  538884.4 538885.0
) 609185.3 609186.0  690766.8 690767.0
6 958922.3 958922.0  960103.9 960103.0

The through-thickness distributions of in-plane displacement (u), deflection (w) and electric
potential (¢) for first and third modes are shown in Fig.4.4 for S=1 for both closed and open
circuit conditions. Here, the electric potential is normalized by dividing with its largest value
only i.e ¢ = ¢/max(¢). For CC case, the plot is compared against the 3D exact solution of
Heyliger and Saravanos [166] and for OC case the plot is compared against 3D exact solution
of Kapuria and Achary [101] as it is not available in Ref. [166]. In both the cases the plotted
entities of the present results are matching exactly with the referred solution. The 3D exact

results, for the OC case, are obtained using the computer program developed by Kapuria and

Achary [101].
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0.5 pe

¢

-0.5 ™

0.5 pe

¢

-0.5 =
-0.5

(b) Open circuit condition

Figure 4.4: Validation of @, w and ¢ for mode 1 and 3 of an all round simply supported single
layer piezoelectric plate (S=1) for both close and open circuit condition. *Ref.[166]; tRef.[101]
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The natural frequencies for four S values 5, 10, 20 and 1000 are presented in Table 4.4 for
a square hybrid plate (b) of highly unsymmetrical lay-up and hybrid sandwich plate (c¢). The
natural frequencies are compared with the 3D exact [167] results for S=5, 10, 20 and also with
the additional results for S=1000 which are validated using the computer program of Kapuria
and Achary [101]. It is observed that the present EKM results are exactly matching with the

3D exact [101, 167] results for thick to thin plates.

Table 4.4: Natural frequencies wy,, of simply supported (S-S) hybrid plate (b) and hybrid
sandwich plate (c) with different S values

Plate (b) Plate (c)

S Entity Present 3D Exact[167] Present 3D Exact[167]

) w11 7.4148 7.4148  4.5233 4.5233

o1 14.714 14.714  7.8958 7.8958

W22 18.643 18.643  10.292 10.292

w31 23.621 23.621  11.837 11.837

10 iy 10.034 10.034  7.3390 7.3390
Wa1 22.397 22.397  13.880 13.880

woa  29.659 29.659  18.093 18.093

w31 37.741 37.741  21.231 21.231

20 w11 11.418 11.418  9.7440 9.7440
Wa1 29.024 29.024  21.357 21.357

woo  40.137 40.137  29.356 29.356

W31 53.580 53.580  35.693 35.693

1000 @iy 12.050 12.060  11.337 11.337
w1 33.615 33.615  28.836 28.836

oo 48.197 48.198  45.336 45.336

w31 69.932 69.932  58.690 58.690
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4.4.2 Validation for Other Boundary Conditions

The comparison of natural frequencies of a hybrid sandwich plate (c¢) for C-S and C-C cases
are presented in Table 4.5 for three different S values i.e. 5, 10 and 20. The hybrid sandwich
plate has PZT-5A layers at top and bottom, graphite-epoxy faces of cross-ply lay-up and a soft
core. The side surfaces and interfaces of both the PZT layers along with the top surface of
the top PZT layer are grounded. The bottom surface of the bottom PZT layer is kept in open
circuit condition. Since no analytical solution is available for the present case therefore present
results are compared with the 3D FE results. In Table 4.5 the present results show a very good

agreement with the 3D FE results of ABAQUS.

Table 4.5: Natural flexural frequencies w,, of a square hybrid sandwich plate (c) for boundary
conditions C-S and C-C (n=1, iter.3)

C-S C-C
S Entity Present 3D FE Present 3D FE
5 W 4.5990 4.6952  4.7716 4.9014
w9 7.7312 7.7855  7.7759 7.8821
w3 7.9946 8.2421  8.1539 8.6125
w4 10.370 10.553  10.497 10.841
w5 11.846 11.897 11.864 11.965

10 7.7032 7.7892  8.1126 8.2908
W2 13.356 13.411  13.489 13.587
w3 14.129 14.385  14.397 14.879
Wy 18.232 18.432  18.396 18.782
s 20.182 20.227  20.216 20.306

20 W 10.929 10.997  12.269 12.414
) 20.866 20.931  21.322 21.470
w3 22.697 22.889  23.955 24.340
Wy 30.081 30.255  30.823 31.159
w5 33.570 33.770  33.902 33.999

The results in Table 4.6 are presented for a three layer square hybrid plate (d) with alu-
minum oxide (AlpO3) core comparing with the analytical results those given in Ref. [165]. The
following material properties are considered for this plate as given in Ref. [165]:

[(C11,Ch2, Cs3, C13, Cs5), (€31, €33, €15), (M1, M33), p| =
PZT-4: [(132, 71, 115, 73, 26) GPa, (-4.1, 14.1, 10.5) C/m2, (7.124, 5.841) nF /m, 7500 kg/m3]
Al,O3: [(460.2, 174.7, 509.5, 127.4, 126.9) GPa, 4000 kg/m?]
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where C;; and e;; are the stiffness coefficients and piezoelectric stress constants. In the table,
ty and t. denote the face and core thickness, respectively. The frequencies are computed for
boundary conditions S-S, C-C and F-F with the major piezoelectric surfaces either in closed
circuit (CC) or open circuit (OC) condition. Depending on the total plate thickness, which in
case of here is (2t¢ + t.), the results are presented for four different S values i.e. 16.67, 14.29,
8.34 and 7.14. It is evident from the table that the present computed frequencies agree well
with the analytical solution of Farsangi et al. [165] for simple supported and free-free cases. The
deviation is more significant for thick plates as observed for C-C case owing to the 2D approach

(FSDT theorem) of Farsangi et al. [165].

Table 4.6: Comparison of first three natural frequencies (Hz) for C-C and F-F for square hybrid
plate (d) for different S values

Mode sequences
1st 2nd 3rd
BCs . ty EBCs | Present Ref.[165] | Present Ref.[165] | Present — Ref.[165]
S-S 0.05 0.006 CC 423.138  422.966 | 1040.276 1038.436 | 1637.615 1633.073
oC 430.028  429.818 | 1056.790 1054.813 | 1663.015 1658.196
0.01 CC 405.880  405.858 | 995.583  992.919 | 1564.153 1556.567
oC 419.071  418.993 | 1026.702 1024.066 | 1611.309 1604.047
0.1 0.01 CC 818.358  816.534 | 1930.069 1918.659 | 2934.954 2910.463
oC 831.037  829.094 | 1957.660 1945.644 | 2974.161 2948.553
0.02 CC 782.559  778.274 | 1833.640 1810.841 | 2775.467 2727.761
oC 806.219  802.005 | 1882.677 1860.773 | 2842.598 2797.491
C-C 0.05 0.006 CC 614.011 609.652 | 1146.421 1139.314 | 1422.047 1415.781
0oC 622.394  619.187 | 1163.075 1156.901 | 1442.594 1436.811
0.01 CC 591.517  583.692 | 1087.983 1087.968 | 1352.764 1348.827
0oC 606.859  601.821 | 1120.721 1121.272 | 1386.773 1388.307
0.1 0.01 CC |1147.362 1128.191 | 2080.422 2060.096 | 2486.073 2456.099
OC | 1158.738 1143.582 | 2102.651 2087.428 | 2514.855 2484.766
0.02 CC |1093.007 1068.626 | 1974.881 1939.224 | 2357.679 2299.904
OC |1108.143 1097.013 | 2017.612 1989.419 | 2359.680 2351.255
F-F 0.05 0.005 CC 206.766  206.189 | 338.674 337.986 | 766.857 763.342
oC 208.927  208.514 | 340.229 339.685 | 774.197  771.475
0.01 CC 198.969 198.324 | 325.650 325.041 | 736.322  730.608
oC 202.989  202.751 | 328.507 328.241 | 749.741  746.136
0.1 0.01 CC 404.720  404.375 | 651.027  649.789 | 1440.733 1421.432
oC 408.611  408.708 | 654.024  652.670 | 1452.443 1435.764
0.02 CC 388.322  387.512 | 621.593  620.529 | 1372.490 1341.602
oC 396.977  395.673 | 627.900 625.835 | 1368.923 1368.417
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4.4.3 Some New Benchmark Results

4.4.3.1 Single Layer Piezoelectric Plate (a)

First three frequencies for a very thick (S=1) piezoelectric plate (a) are presented in Ta-
ble 4.7 for m=1 for non-simply supported boundary conditions (C-C, C-S, C-F and F-F) with
top and bottom open circuit condition. The through-thickness distributions of in-plane dis-
placements (&, ©), transverse deflection (w) and electric potential (¢) for mode-1 and mode-3
are presented in Fig.4.5 for C-C, C-F and F-F boundary conditions and are compared with
the 3D FE solution of ABAQUS. In the figure, the numbers within the parentheses denote the
corresponding frequencies which are mentioned in Table 4.7. Here the electric potential is also
normalized by dividing with its largest value only. It can be observed from Fig.4.5 that the
first modes for all the boundary conditions are flexural modes. The third mode for C-C is an
inplane stretching mode (¢ maximum) in x direction whereas for C-F and F-F the third modes

are thickness stretching modes (w varies from -1 to 1).

Table 4.7: First three frequencies of a thick (S=1) piezoelectric plate (a) for m=1 with open
circuit condition (n=1. iter. 3)

Boundary conditions

Mode Sequence C-C C-S C-F F-F
1 735973.0 729634.5 468799.0 417230.1
2 927205.0 775038.9 700069.2 491310.2
3 1102446.9 930042.1 777898.7 736189.7

4.4.3.2 Piezoelectric Bimorph Plate (e)

A rectangular piezoelectric bimorph plate (e) consisting of two identical layers of PZT-4
piezometric with poling along z-direction is considered here. The material properties of PZT-4
considered here is taken as given in Ref. [149]:

[(C1, Ca2, C33, Ch2, Ca3, C31, Cua, Cs5, Ce] = [139, 139, 115, 77.8, 74.3, 74.3, 25.6, 25.6, 30.6]
GPa

[(e31, €32, €33, €15, €24), (M11, M1, M33)] = [(-5.2, -5.2, 15.1, 12.7, 12.7) C/m?2, (13.06, 13.06, 11.51)
nF/m]

and p=T7600 kg/m3. The interface between the two PZT layers is grounded. The natural
frequencies w,, (= waS \/m) are obtained for the plate of span-to-thickness ratio, S = 10, for
(i) top, bottom close circuit (¢ = 0) , (ii) top, bottom open circuit conditions (D,=0) and (iii)
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Figure 4.5: Through-thickness distributions of in-plane displacements, deflection and electric
potential for C-C, C-F and F-F boundary conditions for first and third modes.
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top close, bottom open circuit conditions.
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Figure 4.6: Configurations of bimorph plate (e), smart composite plate (f) and smart sandwich
plate (g). TRef.[149]

Poling
direction

The flexural natural frequencies for the first six modes determined by the present 3D EKM
for S-S case are presented in Table 4.8 and are compared with the 3D exact results of Kapuria
and Achary [101] confirming exact match. Here for S-S case the side surfaces at {1= 0, 1 are
also grounded. In the Fig.4.7, the displacements, stresses and electrical variables of simply
supported bimorph plate of case (iii) for the first mode (@, = 6.084) are presented along with
the 3D exact [101] solution and found to establish an exact match.

Table 4.8: Non-dimensional flexural natural frequencies w,, of piezoelectric bimorph plate (e)
with S-S boundary conditions for S=10

Mode top,bottom close top, bottom open top close, bottom open
Sequence 3D EKM 3D Exact[101] 3D EKM 3D Exact[101] 3D EKM 3D Exact[101]
1 5.937 5.937 6.250 6.250 6.084 6.084
2 14.109 14.109 14.684 14.684 14.381 14.381
3 21.589 21.589 22.280 22.280 21.918 21.918
4 26.264 26.264 26.984 26.984 26.609 26.609
5 32.891 32.891 33.608 33.608 33.235 33.235
6 41.123 41.123 41.789 41.789 41.444 41.444

The flexural natural frequencies for the first ten modes determined by the present 3D EKM
are produced in Table 4.9 for F-F case. The side surfaces at 1= 0, 1 of the plate are kept in
OC condition for the cases (ii) and (iii). The 3D FE results obtained from ABAQUS are also
presented for comparing the relative accuracy. The percentage difference (% diff.) is calculated
as: % diff. = (3D EKM frequency - 3D FE frequency)/3D EKM frequency. A maximum

difference of 1.58% is noted for the sixth frequency in case (i) for plate aspect ratio, b/a=2.

102
TH-2037_136103018



RESULTS AND DISCUSSION

R LS UL IS IR L N T
S=10 ' F
. [ .
! [
3D Exact ! [- -~
i [
u(0.0,0.5) P o
v(0.5,0.0) ! r
00505 1 F
: [
g [
|||||; VoA T IS ST BT T
04 06 08 1.0 -09 -06 -03 00 03 06 09
i (€15 §2) (&1, &2)
0.5 —perme— ———————
e~ C el S i
Sx - e i
N [ N ]
\“ ’\“
~ 00 F P 1 r P
X r X
A - A
e : - .
_0.5 [ L""*l"“‘ 1 1 1 ] : L""*I"“‘ 1 1 1
0.0 0.1 0.0 0.1
7.+(0.0, 0.5) f'yz(().5, 0.0)
0.5 [y T T N — % ]
5 % 5 * -
[ § [ i ]
I # [ i ]
- 5 z 5
< 0.0 it T 2 e — P — ‘ - o : .
i I : !
! $ [ +
[ i [ I
[ i [ i
Y S B B S S . J B
-0.4 -0.3 -0.2 -0.1 0.0 0.1 -0.1 0.0 0.1
D.(0.5,0.5) $(0.5,0.5)
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Table 4.9: Non-dimensional flexural natural frequencies w,, of piezoelectric bimorph plate (e)
with F-F boundary conditions for =10

top, bottom close

top, bottom open

top close, bottom open

b/a Entity Present 3D FE % diff.  Present 3D FE % diff. = Present 3D FE % diff.
1 w1 2.905 2.904 -0.03 3.007  3.008 0.02 2.957  2.953 0.14
W 4.649  4.647 -0.04 4.708 4.710  0.04 4.684  4.678 0.13

w3 10.490 10.371  -1.15 10.784 10.718  -0.62 10.522 10.532  -0.09

w4 11.195 11.182  -0.12 11.557 11.543  -0.12 11.389 11.356 0.29

w5 13.005 13.012 0.05 13.283 13.269 -0.11 13.248 13.139 0.82

W6 18.968 18.923  -0.24 19.571 19.338  -1.20 19.248 19.123 0.65

Wy 20.564 20.405  -0.78 21.158 21.108 -0.24 20.587 20.735  -0.72

wg 23.522 23.492  -0.13 24.044 24.022 -0.09 23.763 23.753 0.04

Wy 25.088 25.058 -0.12 25.48 25.460  -0.08 25.278 25.264 0.05

w10 28.485 28.305 -0.64 28.779 28.930  0.52 28.540 28.601 -0.21

2 w1 0.729  0.725  -0.55 0.749 0.748 -0.13 0.737  0.736 0.13
w2 1985 1.984 -0.05 1.994 1.994 0.00 1.990 1.988 0.10

w3 2.905 2.904 -0.03 3.007  3.008 0.03 2.958  2.953 0.17

Wy 4.649 4.647 -0.04 4.708 4.710 0.04 4.684  4.678 0.14

ws 6.454  6.446  -0.12 6.650 6.675 0.37 6.575  6.555 0.30

W6 7.850 7.728  -1.58 8.137 8.089  -0.59 7.985  7.891 1.18

wr 8.317 8314 -0.04 8.481 8.469 -0.14 8.387 8390 -0.03

ws 10.490 10.371  -1.15 10.784 10.718  -0.62 10.554 10.532 0.21

) 11.195 11.182  -0.12 11.557 11.543  -0.12 11.389 11.356 0.29

w10 13.005 13.012 0.05 13.283 13.269 -0.11 13.152 13.140 0.10
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4.4.3.3 Smart Composite Plate (f)

The benchmark frequencies of first ten flexural modes of a square smart composite plate
(f) of top and bottom PZT-5A layers bonded on symmetric cross-ply graphite-epoxy (mat.8)
substrate subjected to different sets of boundary conditions are presented in Table 4.10 for S
values of 5, 10 and 20. All the side surfaces of piezoelectric layers, piezo-elastic interfaces and
the outer surface of the top piezoelectric layer are grounded (¢ = 0) whereas the outer surface of
the bottom piezoelectric layer is kept in open circuit condition. It is observed that the boundary
conditions affect the lower mode frequencies significantly for the thick, moderately thick and thin
plates, while its diminishing effect is observed at higher modes. For instance, the percentage
difference in the natural frequency in first mode between C-C and F-F is 48.92% calculated
with respect to C-C frequency while it is 24.54% at the tenth mode for the thick plate, it is
60.89% and 26.62% at first and tenth mode for moderately thick plate and for the thin plate
the difference is 69.93% and 34.37% at the first and tenth mode frequencies. Similar trend can
be ascertained for other cases of boundary conditions also. The mode shapes for first three
flexural frequencies of thick plates for various boundary conditions are illustrated in Fig.4.8.
In the figure, the numerical figures side by to the mode numbers denote the corresponding
dimensionless frequencies.

Table 4.10: The first ten non-dimensional flexural frequencies (w,,) of smart composite plate
(f) for different sets of boundary conditions

Mode sequences
1 2 3 4 5 6 7 8 9 10
5 S-S T7.181 13.594 13.821 18.367 20.931 21.632 24.523 24.884 28.817 29.448
C-C 7.887 14.018 14.150 18.713 21.680 21.460 25.162 24.981 29.488 29.925
C-S 7476 13.901 13.838 18.514 21.160 21.656 24.708 25.057 28.890 29.513
C-F 4.715 9.449 12.284 15.409 16.202 20.582 20.570 22.746 23.434 26.774
F-F  4.028 5.514 11.314 11.851 13.081 17.234 17.745 20.330 21.135 22.581
10 S-S 9.369 19.614 21.236 28.724 34.047 35.019 40.796 40.876 49.491 50.098
C-C 11.589 20.427 23.266 29.903 34.352 36.461 41.391 41.954 50.215 50.675
C-S 10.551 20.000 22.251 29.292 34.187 35.716 41.076 41.375 50.156 50.047
C-F  5.651 13.601 16.956 22.849 26.523 31.843 33.382 36.450 40.121 44.519
F-F  4.532 6.706 16.120 16.659 17.666 25.695 30.240 31.422 32.679 37.183
20 S-S 10.433 22.930 27.833 37.474 43.185 51.659 54.923 59.448 68.796 73.865
C-C 15.723 25.333 34.516 42.574 44.202 57.712 57.814 64.273 69.431 77.225
C-S 12.830 24.007 31.336 40.042 43.650 54.750 56.289 61.887 69.065 75.548
C-F  6.059 17.450 19.164 28.383 37.857 39.798 46.499 47.271 62.376 62.516
F-F 4727 7.169 18.352 19.542 20.958 31.527 39.071 41.063 41.412 50.680

S BCs
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Figure 4.8: First three flexural mode shapes with the frequencies for thick (S=5) smart com-
posite plate (f) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F).
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4.4.3.4 Smart Sandwich Plate (g)

The natural frequencies for flexural modes of a seven layer soft core smart square sandwich
plate (g) is presented in Table 4.11 for plates of different span-to-thickness ratios (S=5, 10, 20)
and subjected to arbitrary boundary conditions. The smart sandwich plate has PZT-5A layers
embedded to the top and bottom surface of graphite-epoxy (mat.4) faces sandwiching a soft-core
material (mat.5). Similar electrical boundary conditions as considered for composite plate (f)
are taken for this case also. The mode shapes for first three flexural frequencies of thick plates
for various boundary conditions are illustrated in Fig.4.9. The numerical figures side by to the
mode numbers denote the corresponding frequencies.

Table 4.11: The first ten non-dimensional flexural frequencies (w,,) of smart sandwich plate
(g) for different sets of boundary conditions

S BCs Mode sequences
1 2 3 4 5 6 7 8 9 10
5 S-S 4523 7.700 7.896 10.292 11.837 11.950 13.871 13.875 16.626 16.750
C-C 4772 7.776 8.154 10.497 11.864 12.394 14.026 14.332 16.763 17.357
C-S 4599 7.721 7.995 10.370 11.846 12.129 13.935 14.038 16.755 16.935
C-F 3219 5.885 6.850 8.690 9.588 11.208 11.694 12.584 13.854 15.055
F-F 2794 3902 6.609 7.269 7.480 9.881 10.946 11.053 11.650 13.039
10 S-S 7.339 13.252 13.880 18.093 20.154 21.231 23.895 24.428 27.772 28.993
C-C 8113 13489 14.397 18.396 20.216 21.631 24.055 24.752 27.790 29.506
C-S 7.703 13.356 14.129 18.232 20.182 21.410 23.875 24.573 27.782 29.359
C-F 4783 9.755 11.668 15.063 16.736 18.956 20.634 21.574 24.166 26.214
F-F 4.234 5864 11.235 11.997 12.614 17.032 18.631 19.200 19.735 23.067
20 S-S 9.744 20.459 21.357 29.356 33.561 35.693 40.446 41.712 47.411 50.707
C-C 12269 21.322 23.955 30.813 33.902 37.504 41.200 42.993 47.558 52.073
C-S 10.929 20.866 22.697 30.081 33.570 36.610 40.831 42.347 47.482 51.444
C-F 6.265 14.087 17.759 23.676 27.021 31.393 34.199 36.181 41.449 44.651
F-F  5.240 7.433 16.521 17.073 18.732 26.312 30.519 30.995 32.943 37.890

The effect of varying piezo-layer thickness (h,=0.02, 0.05 and 0.25) on the natural frequen-
cies of a thick (S=5) sandwich plate is presented in Table 4.12 for different boundary conditions.
It is observed that the increase in piezo-layer thickness have suppressing effect on the natural
frequency. This inference is important and can serve as a vital input in the designing of hybrid

sandwich structures.
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Figure 4.9: First three flexural mode shapes with the frequencies for thick (S=5) smart sand-
wich plate (g) subjected to arbitrary boundary conditions (S-S, C-C, C-S, C-F, F-F).

4.4.3.5 Effect of Adhesive Thickness on the Natural Frequency of a Bimorph Plate

The natural frequencies are presented for a square bimorph plate bonded with epoxy ad-
hesive with adhesive thickness, t,= 0, 0.02, and 0.04 for different boundary conditions, the
configuration of which is shown in Fig.4.10. The interfaces, side surfaces and top piezoelectric
surfaces are grounded (¢ = 0). The bottom piezoelectric surface is kept open (D,=0). The plate
is made of PZT-4 material, the properties of which are taken from Ref. [149] and are reproduced
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Table 4.12: The first ten non-dimensional flexural frequencies (w,,) of smart sandwich plate
(g) for different sets of boundary conditions with varying piezo-layer thickness (h,) and S=5

Mode Sequences
(hp) BCs 1 2 3 4 5 6 7 8 9 10
0.02 S-S 7.275 12.107 13.004 16.235 17.619 19.088 20.693 21.427 23.481 24.971
C-C 7.783 12.250 13.092 16.310 17.629 19.138 20.739 23.348 25.013 25.094
C-S 7455 12171 13.056 16.271 17.637 19.101 20.713 21.448 23.485 24.990
C-F 5.214 9.327 10.603 13.623 15.447 16.671 18.372 18.769 21.676 22.483
F-F 4572 5.662 10.506 11.565 11.944 15.565 16.438 17.260 17.342 20.274
0.056 S-S 5.636 9.368 9.829 12.458 13.828 14.423 16.174 16.419 18.810 19.217
C-C 5.88 9.426 9.927 12.540 13.840 14.518 16.226 16.530 18.812 19.601
C-S 5734 9.391 9.999 12.493 13.833 14.468 16.195 16.466 18.811 19.278
C-F 4.016 7.215 8323 10.581 11.736 13.076 14.110 14.742 16.360 17.564
F-F 3509 4.660 8.059 9.063 9.170 12.056 12.875 13.125 13.616 15.789
0.25 S-S 3871 7492 7517 10.579 12.863 12.865 15.495 15.507 19.584 19.666
C-C 4477 7.775 8.819 11.504 13.017 16.134 17.007 19.676 21.074 21.834
C-S 4.084 7.590 8.058 10.969 12.924 13.720 15.778 16.190 19.623 20.463
C-F 2664 5304 6.541 8514 9.511 11.991 12.399 13.666 15.523 17.105
F-F 2293 3.295 6.319 7.053 9.534 10.593 11.825 12.352 13.533 14.530

in Sec. 4.4.3.2. The properties of epoxy adhesive is taken from Ref. [168] and are given as follows:

Modulus of elasticity, Y,= 4.39 GPa, Poisson’s ratio, » =0.34 and density, p,=2500 kg/m3.

CC (close circuit)

>3

PZT-4 g (0.5-a/2) h
) adhesive 7T tah

i PZT-4 2 (0.5-1a/2) h

OC (open circuit) ’

Figure 4.10: Configuration of bimorph plate with adhesive layer.

The lowest five flexural natural frequencies for thick (S=5) bimorph plate with adhesive
thicknesses t,=0.0, 0.02 and 0.04 are presented in Table 4.13 for boundary conditions S-S, C-
C, C-S, C-F and F-F. It is observed that as the adhesive layer thickness increases the natural
frequencies decrease for all types of boundary conditions and decrement is more pronounced at
higher modes as can be observed from Fig.4.11 where the frequencies are plotted against the
mode numbers for C-C, C-S, C-F and F-F cases. It is due the fact that adhesive being a lower

elastic modulus material acts as vibration suppressor upon increasing its layer thickness.
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Table 4.14 presents the effect of adhesive elastic modulus on the natural frequency of thick
piezoelectric bimorph plate for adhesive layer thickness, t,=0.04 for S-S and C-F cases. As
observed from table the plate natural frequencies decrease upon increasing adhesive modulus.
For simply supported case there is a 4.69% and 6.52% decrease in the fundamental frequency
upon increasing the adhesive modulus two times and three times, respectively. For C-F case the
decrement is 3.71% and 5.10% in the fundamental frequency. When we increase the adhesive
elastic modulus up to three times w.r.t its original, its contribution increases but still it is very
soft (1/8 times of PZT modulus) as compared to PZT. Therefore, overall, it helps to reduce
the natural frequency of plate and below 10%. The effect of adhesive density on plate natural
frequency is investigated and is presented in Table 4.15. Tt shows that the plate natural frequency
increases on increasing the adhesive density. A maximum increment of 1.35% is observed for
the fundamental frequency in case of C-F. As adhesive density become 3 times of the original
density, which is equal to the density of PZT-4A material, but elastic modulus of adhesive is
20 times less than that of PZT-4A. So slight increase in natural frequency is observed with the

increment of density.
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Table 4.13: First five flexural frequencies (w,,) of a thick (S=5) square bimorph plate for
different adhesive thickness (¢,) and boundary conditions.

BCs Entity t, = 0.0 t, = 0.02 t, =0.04

S-S w1 5.480 5.239 5.049
w9 11.804 10.957 10.387
w3 16.966 15.559 14.707
Wy 20.011 18.279 17.283
w5 24.163 22.010 20.848
C-C w1 6.626 6.406 6.012
) 12.247 11.272 10.654
w3 13.609 12.323 11.617
(04 17.813 16.241 15.368
ws 20.048 18.290 17.144
C-S w1 6.156 5.786 5.508
wa 12.007 11.097 10.505
w3 12.318 11.643 10.914
W4 17.388 15.889 15.019
w5 20.072 18.130 17.292
C-F w1 3.447 3.336 3.245
w2 7.679 7.459 7.0768
w3 10.026 9.359 8.894
Wy 13.649 12.553 11.860
ws 14.989 13.693 12.917
F-F w1 2.780 2.712 2.668
) 4.240 4.096 3.976
w3 9.059 8.664 8.306
Wy 9.566 8.958 8.534
ws 10.835 10.120 9.597
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Figure 4.11: Effect of adhesive thickness (t,) on the natural frequencies of thick bimorph plate
for C-C, C-S, C-F and F-F boundary conditions.

Table 4.14: Natural flexural frequencies w,, for a thick (S=5) square bimorph plate for S-S
and C-F cases with adhesive thickness (t,=0.04) for varying adhesive elastic modulus Y.

S-S C-F

Y, 2Y, 3Y, Y= 2Y, 3Y,

©Om % decrease ©Om % decrease
5.049 -4.69 -6.52 3.245 -3.71 -5.10
10.387 -6.49 -9.31 7.034 -5.32 -7.37
14.707 -6.76 -9.92 8.894 -6.27 -8.92
17.283 -6.76 -9.90 11.860 -6.89 -10.01
20.848 -6.40 -9.64 12.917 -5.83 -10.41
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Table 4.15: Natural flexural frequencies @, for a thick (S=5) square bimorph plate for S-S
and C-F cases with adhesive thickness (t,=0.04) for varying adhesive density p,.

S-S C-F
Pa 2pa 3pa Pa 2pa 3pa
WOm % increase Om % increase
5.049 0.66 1.32 3.245 0.68 1.35
10.387 0.66 1.31 7.077 0.59 1.18

14.707 0.66 1.31 8.894 0.65 1.30
17.283 0.66 1.31 11.860 0.63 1.25
20.848 0.66 1.30 12.917 0.65 1.29

4.5 CONCLUSIONS

In this work 3D piezoelasticity solution for the free vibration of hybrid laminated plates is
developed using multi-term EKM. The versatility of the present 3D EKM is verified by extensive
validation of its results for piezoelectric plate, smart composite and sandwich plates with the 3D
exact and approximate solutions and with the 3D FE results of ABAQUS wherever 3D analytical

results are not available and found to agree well.

e Benchmark natural frequencies are presented for very thick (S = 1) single layer piezo-
electric plate for different non-simply supported boundary conditions. The plots of state
variables (u, 7, w, ¢) for the first and third modes are observed to agree well with 3D FE

results.

e The results for bimorph plate with different electrical boundary (close and open circuit)

conditions and aspect ratios (b/a=1 and 2) show good agreement with 3D FE results of

ABAQUS.

e The benchmark natural frequencies for smart composite and sandwich plates subjected
to various boundary conditions and span-to-thickness ratios are presented. It is observed
that different boundary conditions influence natural frequencies more significantly at lower

modes than at higher modes.

e It is observed that increasing the piezo-layer thickness significantly reduces the natural

frequency as seen for a thick (S = 5) sandwich plate: 22.53% and 46.80% reduction in
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the fundamental frequency for all round simply supported case for piezo-layer thickness,

hp=0.05 and 0.25 respectively with respect to h,=0.02.

e Using adhesives as binding agent reduces the frequency response of piezoelectric bimorph
plates. The increase of adhesive thickness lowers the natural frequencies for all types of
boundary conditions.It is due the fact that adhesive being a lower elastic modulus material

acts as vibration suppressor upon increasing its layer thickness

e The increase in adhesive elastic modulus reduces the natural frequencies of the bimorph
plate. When we increase the adhesive elastic modulus up to three times w.r.t its original,
its contribution increases but still it is very soft (1/8 times of PZT modulus) as compared
to PZT. Therefore, overall, it helps to reduce the natural frequency of plate and below

10%

e The denser adhesives help in increasing the natural frequencies as can be seen for simply
supported and free-free cases. As adhesive density become 3 times of the original density,
which is equal to the density of PZT-4A material, but elastic modulus of adhesive is 20
times less than that of PZT-4A. So slight increase in natural frequency is observed with

the increment of density.
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Advanced 2D Zig-zag Piezolaminate
Theory for the Free Vibration of
Levy-type Hybrid Plates

5.1 INTRODUCTION

Two dimensional (2D) laminate theories which are traditionally being used for analysis of
plates for its simplicity and versatility with some compromise concerning the accuracy are still
remain popular because the 3D analytical piezoelasticity solutions are difficult to obtain and
constricted to some particular shapes and geometry whereas the finite element implementation
of 3D approaches are computationally too involved and inefficient for such purposes that often it
prove to be prohibitive for practical problems. The improved zig-zag theory (IZIGT) seems the
best one of such 2D theories proposed by Kapuria [148] for hybrid plates. The accuracy of such
advanced 2D theories are assessed by comparing their results with the 3D solutions, especially
for simply supported boundary case; but such an assessment is unable to present a clear picture
about the sharp variation of the boundary layer stresses as no boundary layer effect is observed
in simply-supported case [2] whereas it does develop in case of clamped and free edge boundary
conditions. This boundary layer effect also known as free edge effect which occurs near free edges
due to a mismatch in material properties between plies is responsible for delamination failure
of the composite laminates. These effects become more complex for piezolaminated plates due
to presence of electromechanical coupling. In this Chapter, static bending of Levy-type hybrid

plates based on zig-zag theory [150] is extended to the free vibration case for the first time.

115
TH-2037_136103018



Chapter 5

5.2 MATHEMATICAL MODELLING

5.2.1 Geometry

Let us consider, a multilayered orthotropic rectangular plate integrated with piezoelectric
layers of dimensions (a x b x h) along z, y and z-axis, respectively as illustrated in Fig.5.1. The
principal material direction x3 is parallel to reference axis z whereas other material directions
x1 and xo can make angle ¢ to the inplane reference axes x, y which in case of cross-ply lay-up
is either 0° or 90°. The plies are numbered from the bottom (1st layer) to top (Lth layer).
The z coordinate of the bottom and top surface of kth ply is denoted as z = zx_1 and z = 2z,
respectively. The plate is subjected to hard simply supported along z-axis (i.e x = 0 and = = a)
while along y-axis (i.e y=-b/2 and y=+b/2), any combination among clamped, free and simply
supported boundary conditions can be applied. The midplane (z-y) of the plate is chosen as a

reference plane (z = 0).

EPZT layers .
O Elastic layers l
z b2
_|;1/2 k™ layer
h| z, g
X
h _l;z/z z, .
\
\‘

Figure 5.1: Geometry and coordinate system of a hybrid plate.

5.2.2 The Strain-Displacement and Constitutive Relations

The linear strain displacement relations of the orthotropic laminate with respect to the

plate axis system (x-y-z) are considered as:

Ex = Ug x, Ey = Uy,y,
Yoy = Uzy T Uy (5.1)
Vyz = Uy,2 + Wy, Vzx = Uz,z + Wz,
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The linear constitutive equations of the cross-ply piezoelectric laminate with the assumption

that the transverse normal stress o, ~ 0 can be written as:

o1 Quu Q2 0 €1 €31
o2 | = | Q2 Q2 0 ga | — | é32| Es3
T12 0 0 Qe ] [12 0

{Tzn} _ [Q55 0 ] [731} _ [ém 0 } [E1:|
T23 0 Q] |23 0 éxu||Eo

[Dﬂ _ [A15 0 } [731] n [ﬁn 0 ] [E1]
Do 0  éaa] |23 0 2| | Eo
€1

D3 =[é31 é32 0] | e2 | +133E3
Y12

€3 = 51301 + S23092 + d33 L3

01, 09, T2 and €1, €9, 12 are the inplane stress and strain components, respectively, 73, To3

and 713, 723 denote the transverse shearing stress and strain components, and F; and D;, (i =

x,y, 2) denote the electric field and electric displacement components, respectively. Q;;, €;; and

7;; are the reduced elastic stiffnesses, piezoelectric stress constants and electric permittivities,

respectively, which can be expressed in terms of the engineering material constants, namely,

Young’s moduli, shear moduli G;;, Poisson’s ratio v;;, piezoelectric strain constant d;; and

electric permitivities 7;; as given as follows:

Qu =Y1/(1 —vigve1), Qi2 = v12Ya/(1 —viorv01), Q22 = Ya/(1 — vigvay),

Qs = Ga3, Q55 = G31, Qs = G2,

€31 = Qu1d31 + Q12d32, €32 = Q12d31 + Q22d32, €24 = Quadas, €15 = Qs5d15

M1 = M1, T2z = N22, 133 = €33 — d31€31 — d32€32

For the basis z, y, z with 3 = 2z and x1, x2 at an angle ¢ to the

constitutive equations (5.2) transform to

Oz Qll QlZ @16 €z €31
oy | = | Q12 Q22 Qa6 | | €y | — | €32
Try Qe Q26 Q66| | Yoy €36

Dac] _ [615 614] [’sz] [7711 7712] [Ex
=|_ _ + | _
D, €25 €24 | | Vyz 21 T2 | | By
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in-plane axes x, y, the

E.
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Ex
D,=[e3 e3 e36]| €y | +M33E.
Yy

€, = 51304 + 5230y + 536Tyy + d33E,

where

S36 = 268(813 — 823)

Q11 = Q11 + 2¢%52(Q12 + 2Qe6) + 5 Q22, -
- d33 = d33
_ 2

Q22 = s*Q11 + 2¢252(Q12 + 2Qe6) + c*Q22, a1 = 261 + 526

M 31 = €31 32
Q2 = 25*(Qu1 + Q22 — 4Qe6) + (s* + ¢*)Q12, ¢ 2, 25

v 5 3 €32 = s7€31 + c“€32
Q16 = >s(Q11 — Q12 — 2Qg6) + 5> (Q12 — Q22 + 2Q¢6), _ X 5
v 5 G €36 = cs(€31 — €32)
Q26 = cs(Q12 — Q22 + 2Q66) + ¢5°(Q11 — Q12 — 2Qs6), B & = coférs — é20)
M 14 = €25 = cs(é15 — €
Qes = ¢*s*(Q11 — 2Q12 + Q22) + (¢* — 5*)*Qs6, _ 25 24

M ) ) €15 = Cc“e15 + $%€a4

Qua = c“Qua + 5°Qss,

Qa5 = cs(Qs55 — Qua),

Q55 = $°Qua1 + 2 Qs5,

= _ 2 2
§13 = €“S13 + 5723,

(5.5)
Eoy = s%815 + *éxy
1 = i1 + %72
M2 = s%M11 + iz
_ 733 = 733

Sa3 = s?s13 + ?s23,
where s = sin, ¢ = cosp. Equation (5.4) is used to develop the 2D theories for piezoelectric
plates in this chapter. The constitutive equations for the elastic plates are obtained as a special

case of Eq. (5.4) with the piezoelectric constants being zero. For cross-ply lay-up ¢ is either 0°

or 90° and hence the elements (5.5) of matrices of Eq. (5.4) will be reduced accordingly.

Electric potential ¢ is approximated as a piecewise quadratic between ng points at z = zé

across the thickness of the laminate as given in Ref. [150]:

$(@,y, 2, 1) = W (2)¢7 (9, 1) + U(2)¢%(2, y, 1) (5.6)

where ¢ (z,y,t) [= qﬁ(w,y,zé,t)] represents prescribed electric potential at the piezoelectric

layer surfaces/inter-faces at z = zé with j € [1,2,...,n4]. The quadratic component of electric

potential is denoted by ¢¢(z,y,t) at z = (2§ + zg+1)/2 with ¢ € [1,2,...,ny — 1]. Here z = 2}
is the z-coordinate of j¥* point from bottom for discretizing ¢. The summation convention is
used for repeated indices j and gq. \I/fz)(z) is a piecewise linear function and W{(z) is a quadratic
function, which are given as

+1 +1 . +1
wz<z>:{4<zi BRI IC A N SR }

] (5.7)
0 otherwise
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The deflection w contains two components, one for mechanical deformation and other for elec-

trical deformation, then finally improved approximation of deflection is expressed as

’UJ(LE7 Y, z, t) = U)O(CC, Y, t) - \I’é(Z)qb](I‘, Y, t) - \ilg(z)qﬁg(:p, Y, t) (58)
where \T!zb(z) =/ &33\112)12(2) dz and Wi(2) = [ d33Vl.(z)dz.

As per zig-zag assumption, the inplane displacements u, and u, are expressed by taking
cubic variation in z over the entire laminate thickness and a local layerwise linear variation
considering discontinuity in slopes u; . and u,, . (a subscript comma denotes differentiation) at

the layer interfaces:

u(l‘,y, Z,t) = uk(xa yvt) o ZWOd(xayat) + Z"vbk('rvyvt) + ZQ&(:E:yvt) + 2377(33»%15) (59)

where
_ [ue _ [wou _ [y _ wkx] _ |:€z:| . |:77$:|
u - b WO - ) uk - ) - b - ) -
o R e ER o Rl ol R 1 B
(5.10)
uy, is the translation component of the k™ layer and ), is its shear rotation components which

has piecewise linear variation across the layers. £ and n are the quadratic and cubic terms in z,

representing the global cubic variation across the thickness.

Using the 2(L — 1) number of conditions, each for the continuity of u and the transverse
shear stresses 7;; (i,j = x, y, 2) at the layer interfaces and the four shear traction-free conditions
at the top and bottom surfaces at z = 2, 21, the (4L + 4) variables ug, 1, £ and n in Eq. (5.9)

are expressed in terms of ug, ¥ and ¢’ to yield

u(z,y, 2,t) = ue(z,y,t) — 2wo, (2, y,t) + R*(2)¢q(z,y,t) + Rkj(z)(bgl (5.11)

where ¢7 = [¢:, ¢%,]T, and R¥(z) and R¥ (z) are 2 x 2 matrices of layerwise functions of z of
the form

RF(z) = RY + 2RS + 2R3 + 2°Ry (5.12)

RN(z) = R¥W 4 2RY + 2Ry + 2°R]  (j=1,2,... ny) (5.13)

f{]f , fig .Rs, Ry, I_{Ifj , f{’;j , 1:_{?,;, I_{i are 2 x 2 coeflicient matrices dependent on the material prop-

erties and the lay-up which are given as follows:
s kj ki Hkpkoi S ki ki Hkpkoi
Ry =Ry’ - RIfR20J> Ry =R, - RSRQOJ
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R} = R} - RyR)Y, R} = R} - R4R)"
k
Ry’ =Ry’ — Ry, Ry =Yz (R —RY)
=2
Rkj _ kR] k N Ak‘Ijj \I;j I
y) = aiR} + ajRy) + (Q")'[C] o (20)] + Wy ()12
R} = —A~'(2:3CE +4cCkCl), R} = A~ (420C¥; + 4CFCl)/3 (5.14)
k
Ch =D [6{ W (z1) — ¥(zi1)} — QT () — T(zi-1)}]
=1

Cl = W/, (20)T2 — (Q") '8! ¥/ (20)

and the matrices R}, R}, R3, Ry, a¥, a5, A, CI and C¥ corresponding to the elastic case are

as given below.

(RF, R Rs, Ry) = [RY]7Y(RE, RS, R3, Ry)

RE= RS- RY, RS =Y (my - R)
=2
RS = a’Rs3 + abRy, R; =4A~!Ck
R, = —4A7'C{/3, at = 2[(Q")7'CY — 2412 (5.15)
3@k - 1), =3 @ =)
! =1
=" Qi - 22 )/2, A = 422CF — 85, CL

In the smeared ITOT, the layerwise terms uy and 1, in Eq.(5.9) are replaced by ug
and 1. After satisfying the traction free condition at the top and bottom surfaces, u can be
expressed using Eq. (5.11) by replacing layerwise matrix functions R¥(z) and R¥ (z) with the

global functions R(z) and R/(z) for all layers

R(z) = [z — 423 /3h%|1,, (5.16)

R(z) = [2%/2h — 223 /3h%| 198" + [—22 /2R + 223 /3h?| T, (5.17)

where I is a 2 x 2 unity matrix. Matrix é* for the k™ layer is given by &% = [QF]1é*.

Substituting Egs. (5.8) and (5.11) into the linear strain-displacement relations, and Eq. (5.6)

into electric field-potential relations, the strain and electric field components €, v, E and E, can
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be expressed as

e =&+ 26" + B ()9, + B (2)pl, v =REg, + (RY - UT,)¢)
E = —U(2)¢} — U(2)$¢ , B, =—U¢/ — 0l ¢! (5.18)
with

el = [U0z0  Uoyy “0x7y+u0yw]T’ R,O - [,wo’” Wy 2w0j$y]T

%d:[%z,x wOm,y wa,m ¢Oy,y]Ta Zld:[d)?xw Cb?ry ¢,Jy:t d)?yy]T
5k 5k

. Rf, 0 Ry 0 y Ry —9:' Ry _96' (5.19)

i P U ) S e R R
Ry Riy Ry R Ryl Rl Rs} R}
q = q P ]T
cd C,x cy

where pr denotes (i, p)th term of R¥, RZ{ denotes (i, p)™" term of R™.

5.2.3 Governing Differential Equations and Boundary Conditions

The Extended Hamilton principle for the piezoelectric medium can be expressed, using the

notation (...) = Z£=1 f;’f_ (...)dz for integration across the thickness, as
k—1

t
/ / [(pligdug + piiyduy + pdw + 040eg + 0ydey + Tay0Vaoy + Tyz0Vyz + Tex0Vex + Dpdd 4

0 JA
+Dy5¢,y wr. Dz5¢,z> - piéw(x7 Y, 20, t) - pgd?ﬂ(l’, Y,zL, t) + Dz(.flf, Y, 20, t)6¢1 . DZ<JZ’, Y, 2L, t)6¢n¢

‘ ¢
—qji&bji] dAdt — / / (On0Up + TrsOts + Tnz0w + Dypde) dsdt = 0 (5.20)
0 JrL

for all dug, dwg, 61y, 0¢7, 6 and ¢, where A and I';, are the reference plane surface area of
the plate and the boundary curve of the midplane, respectively having normal 7 and tangent
5 to the planes. The plate is subjected to pressure loading with p! and p? on bottom and top
surfaces, respectively. Further plate is subjected to electric potential loading ¢’ at interfaces
and surfaces of piezolayers and total number of such prescribed potentials is 7i5. At the piezo-
interfaces, electric displacement D, will be discontinuous, so the jump in electric displacement
D, across the interface z = zéj is denoted as ¢;;,. The variational equation is expressed in terms

of dug, dwg, 01g, 6¢7 and d¢l to yield the governing equations and boundary conditions.
5.2.3.1 Inertia Matrices
Eq. (5.11) and Eq. (5.8) for u,w can be expressed as

u = fl(z)ﬂl, w = fg(z)ﬂg, (5.21)
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ou = fi(z)ouy, ow = fo(z)0us (5.22)

- 1T , .

w=|ul —wl vl ¢) | =lue wy —wor —woy Yoo Yoy Pu Syl

iy =[wy —¢/ —¢1]", fi(z2)=[L =2 Rz RM(2)]", falz)=[1 ¢, ¢,
where elements with index j means a sequence of elements with j = 1 to ng. The inertia terms

in Eq. (5.20) can be expressed as
(pouii + pdwiv) = (pdui f1 (2) f1(2)in + pdis f3 (2) fo(2)ii2
= dal (Itiy) + oul (Tiio) (5.23)

where the inertia matrices I and I are defined as

I={pfl () i(2)), I=(pfi(2)fa(2)) (5.24)

Iin 0 ILis 0 Iis L Ii; I{S
0 Iy 0 Iy Ip Ly I, I
Iy 0 I3 0 I3z Iz I3, Iig i.. 77

i Iy Iy Iy

ro |0 T2 0 Tu L D Ly D | 0 7y i p 5.95
Isy Isz Iss Isa Iss Ise Iy g g 74 jad
/ 4 ‘[73 ‘[76 I77

Ien Teo Iss Iea Ies Ies I Iég
Ly Iy Iy Iy, Ing Ig Iyp Iy
Ay 0 B |

5.2.3.2 Stress and Electric Displacement Resultants

Substituting Eq. (5.6), Eq. (5.8) and Eq. (5.11) for ¢, w and u, and Eq. (5.18) for €, v, E
and E, into Eq. (5.20) yields

t . .
/ [ / (041 Tiiy + 6ty Liig + 681 F1 + 08, Fa + 03 F3 4 6&; Fq — Psdwo — PJo¢/|dA
0 Q

B / [Nndtg, + Nstig, — Mudtwom + (Vi + Mus.s)wo + Padthe, + Prsdtho,
Iy}

+(H), = V] = Si, )06 + 6¢7,5) + (HL — Vi )d¢d)ds]dt

— Z AM,,(s3)0wo(s;) — AST (5:)8¢7 (s;) = 0 (5.26)

where the boundary has corners at s = s;. In this equation, &1, &2, £5 and &4 are the generalized

strains given by

S DU Y S BT
51—[50 ko %o, Paa | o 2= % ¢ cd (5.27)

g =[¢h oy oL, ol,]", er=[¢ o1]"
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F; and F5 are the stress resultants, and F3 and F4 denote the electric displacement resultants,

defined by
=[NT MT PT s =[(f()0)],Fs= [ @] =[(£](z)D)]
Fo=[QT Q7 Q'] =[E )],  Fi=[¢ Gq] = [(f](2)D2)]
with
N=[N, N, NI, M=[M M, M, Q=[Q Q,F
P:[P wa Pwy ]T S/ = [S% S?Zm S:%y S?J;.]T,Qj:[ig" QzJJ]T
Q =[Q¢ Q3" W =[ml Hj", = [a¢ A"
and
fi(z) =[I3 z2I3 ®%(2) @M (2)I4], f3(2) = [W(2)Iy Wi(2)I3]

f(z) = [RE(2) RY(2)= W (2)Iy —Ulp], fa(2) = [Wh(z) Wi.(2)]

(5.29)

(5.30)

where I, is a n X n unity matrix. P3 and Pj; are the mechanical and electric loads defined as

P3 — pi +pz, Pj; = —pi@é(z()) = pg@é(z,;) + DzL53n¢ DZO(Sﬂ + jS(sjjl.

where §;; is Kronecker’s delta. The generalized stress resultants Fq, Fo, F3 and Fy

(5.31)

can be

expressed in terms of the displacement and potential variables by substituting the expressions

of o, 7,D and D, from Eq. (5.2) into Eq. (5.28) and using Egs. (5.6), (5.8) and (5.11):
Fi = A& + Béy, Fy, = A&, + B&3, Fs=p & —E&, F,=(%¢ — Eé,

with
A=(I(EQhE),  A=EEAE) A= (:)elh()
B = (f) (2)ef3(2)), E = (ff(2)ifs(2)),  E= (£ (2)7msfa(2))

(5.32)

(5.33)

where A and A are [(10+4n,) x (1044n,)] and [(2+2n¢+2n ) X (2+2n¢+2n35)] stiffness matrices

with nf, = ny—1; B and B are [(10+4ny) x (ng+ng)] and [4ng x (2ng +2n7)] electro-mechanical

coupling matrices, and E and E are [(2ny + 2ng) x (2ng + 2ng)] and [(ng +ng) x (ng +nj)]

dielectric matrices of hybrid plate. The explicit forms of Egs. (5.32) are given as follows:

NI U0y,
N. i L4 7’ i 7' | Yozy Tt Uoya
ry An A o Aro A1,11 A1,12 A1,13 A1,14 v
Mx i Pl Pl 3 —Wo,zx
M A Agg . A2,10 A2,11 A2,12 A2,13 A2,14 —Wo,yy
y 9 '
: . . . . . —ow
M, : : : : ;i ;i J ; s 0,zy
Py _ AlO,l A10,2 s A10,10 A10,11 A10,12 AlO 13 A10,14 wowﬁ
P, o J J J 35’ 35’ 5’ 35’ 0z,y
Pyx A11,1 A11,2 s A11,10 A11,11 A11,12 A11 13 A11,14 Voo
: 5 3 - - - Y,
zy J J J JJ JJ Jj JJ
P A12,1 A12,2 A12,10 A12,11 A12,12 A12 13 A12,14 @/Joy,y
Y Al Al Ad 497 497 497 497 3
SJ 13,1 132 -t 13,10 13,11 13,12 13,13 13,14 gb,m;
Sj Aj Aj Aj Ajj/ Ajj/ A 35’ Ajj/
Yz L A74,1 14,2 - 14,10 14,11 14,12 14,13 14,14 4 a:y
S 7’
]y Yz
S Vi
Ly L Yy
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— j q -
uo P
J q
Bor B
By Bl | 167
J
101 Pio2 | [¢
+ IB]/ qu, |: q/:| (534)
11,1 P11,2 c
I /
B B
12,1 P122
/Bj/ q/
13,1 P13,2
-/ !
J q
—514,1 514,2—
- —/ — — — 1 =
J J q q
- — — — ! — ! — — /=
L J J q q - A 11 12 Bz Bia
Qz An A Ay Ay Ay A Yo, S
_ _ 7‘7-/ 7‘7-/ 7!1/ 7q/ J J ﬁq q j/
Qy Aoy Ao A23 A24 A25 A26 w()y 21 22 23 24 QS,:L"
o o 4i o i qiit xid o zad i’ gii" il pid  pid 5’
T | _ Az Asy Az Asy Asg Agg ¢7f§ 4+ |7 32 33 34 by
Y| T\ x xid oqii qid o qid J 7ii’  @ii  @id  @id q
~(11/ Ay Ay A43, A44, A45/ A46, qv}/ 41 42 43 44 Gz
A4 A4 79 A4’ x99 faq T q
dT Az, As, Ay Any Ass Asg e qj qj aq qq .y
_Qq_ Aq Aq qu/ qu/ Aqq/ A‘lq, q 51 52 53 54
Y L 161 62 63 64 65 66 1 LYoy qu’ qu’ qu’ 249’
L P61 62 63 64
(5.35)
Bl Ay - dit pid mid mid q g T
. J J W 7' J q'j q'j FE E E F
HI u B B3 Bai Bsi Per | | o, . - Vi
7 2 7 @ili ald gl Add 57 pii  pii gt pid i’
Hy r 512 22 532 492 /852 62 ¢,ﬂf . E21 E22 E23 E24 ¢,y
HY 29 3a pi'a  pi'la pda pd'a g mai’ e’ pad pad q
1o 13 B2 B3z Big Bss  Des Y E31  Ejy B3y By ¢,z
HY _ ~ — = =y q
T Bq Bq ) 4 7 4 qq q4q c,x =qj’ =qj' —qq’ —qq' q
!
14 P2a P3a Py Psa Pea 7 LBy B Eis Ei l Locyd
(5.36)
qu,CC
uoy’y
u0x7y+u0y7x
—Wo,zx
—Wo,yy
—2w0,zy
, : : . . . .
; J J J g’ J'J J'J J'J
[QJ - Bi1 By - 10,1 511,1 121 P131 Plda Zov"’x
Ga| q q q q J'q J'q 7'q 0,y
Bia B --- 510,2 511,2 12,2 513,2 14,2 W
Oy,.’lf
¢Oy7y
-/
QS,]x:E
j/
¢,?;y
j
,ym
-/
j
L Y J
Y ~ gl v
Jj Jq
_ Ell E12 (z)jl (5 37)
qul qu/ ¢q .
E21 22 ¢

The area integral in Eq. (5.26) is expressed in terms of dug,, duo, ,dwo, %o, , 3oy, d¢¢ and
5¢7, by using Green’s theorem if required, and the terms involving duq,, dugy,, 6oy, 0oy, 0w 2

dwo,y, 0¢e and 8¢’ in the integrand of I';, are expressed in terms of components n, s. It yields
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the following coupled equations of equilibrium for the laminated piezoelectric plate

—Iiyiiog + T3to,s — Li5tor — I{’/?¢Ja/c + Nzg + Nayy =0,

—Iosiioy + Toatioy — Tasthoy — gl + Naya + Nyy = 0,

—I31iog o + 33000 20 — I35%02,0 — Iéééf)y;ﬂz — Lugiioy,y + T1atio,yy — L1600y — Iz{/gg.b'?;y — Igzio + —fgééj/
HILGY + My o + 2Mopy gy + My + P3 = 0,

—Isviiog + Isgtio.s — Issthos — 5/705];; + Pro+ Pyay — Qu =0,

—Igailoy + Tgatio,y — Testoy — Iéé% + Pryo + Pyy —Qy =0,

gt — T &7 — I3 32 + Q7 , + Q1 + HI, + HI, — G =0,

I%lul):c,x - Igsz,m + I;5¢0x,cc o I%/d’j:;a: + Igzul)y,y - Ig4w0,yy + I§6¢0y7y + Igg,é{;y + —fgéwo - —fgé/&j

~IGH+ QL+ Q) +HI +H — 8], —280, . S, —GI+P]=0 (5.38)

for j = 1,2,...n4 and ¢ = 1,2,. ..ng),. Using the fundamental Lemma of Variational
principals in Eq. (5.26), coefficients of duq,,, Suog, dwo, 5w n, 50, 6o, ¢, 5¢fn and J¢f in

the boundary integral equated to zero since these variations are arbitrary:

Uug,, = %o, OT N, =N, = Nmn?c + Nynz + 2Ngyngny,
upy = oy or Ng= Ng = NyngSsy + Nynysy + Nuy(nzsy + nysa),
wo =@y or (Vo + Myss) = (—Isiiios + Isatio e — Insthor — Iééwx)nx — (Ly2tioy + T44%0 2
_1461L0y - Iiéé%)"y + (Mzz + Mayy)ng + (Mayz + My y)ny + Mps s,
wo,n = Wo,n O M, = M, = Mxni + Myni + 2Mypyngny,
Yo, =0, or Pn=Puni+ (Pay+ Pya)nany + Pynz,
Yo, = Yo, OF Pos = Pug = Puingsy + Payngsy + Pyrnyse + Pynys,,
¢ =¢ or (H — Vgn - Sg;,s,s) = ?ﬂow - Igswow + Ig5¢0w + I%/W;x)”x + (Igzﬁoy - I§4w0,y
+ Loy + I8 &))ny + Qdna + Qiny + Hing + Hiny — (S, + S} )
*(Sg{,y + Sgy,x)ny - S%s,s?
¢, =¢, or S5 =5 =5n2+ (Sl + 5, )neny, + Sin’
¢t =¢f or H

and at corners s; :
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¢ (si) = ¢ (si) or AS)(si) = AS)(si) (5.39)
The electromechanical boundary conditions at the edges y = Fb/2, considered for the
present study, are

1. Mechanical

Hard-simply supported (S) : N, =0, ug, =0, wo =0, M, =0, P, =0, 1o, =0

Hard-clamped (C) : ug, = 0, up, =0, wo = 0, wo, = 0, Yo, =0, Yo, =0  (5.40)

Free (F) : Ny =0, Ny =0, Vy + Mypo =0, M, =0, P, =0, Py =0
2. Electric

Close circuit condition (CC) : ¢pl=0

Open circuit condition (OC): HY — ngy = (5.41)

5.2.4 Levy-type Solution

For the Levy-type solution, we consider a cross-ply plate for which Qi = Q26 = Q45 =
€14 = €95 = €36 = 712 = 0. Also, the applied pressure loading pi and electric potential ¢/ at
surfaces of the piezoelectric layers are considered to be independent of the y— coordinate. For

this case, ¢, = 0 and the last equation of the family of Egs. (5.38) reduces to
7y

q, . - F sl ey I ijj/ . 4 ,q/ .4
Hsiione — I9500,00 + I5osa + 177 ¢Ppy + Igztho — Igh ¢’ — 16; 02

+Ql, +H), — 8, —G +P]=0 (5.42)

and the boundary conditions involving ¢’ in Eq. (5.39) do not exist. The supports at z = 0, a

are hard-simply supported (S-S), and under close circuit condition (CC):
N, =0, wup, =0, wy=0, M,=0, P,=0, to,=0 ¢%=0 (5.43)

For the cross-ply laminate, the loading as well as the solution, satisfying the boundary condition

in Eq. (5.43), can be expanded in terms of Fourier series in x:

(UOya wo, waa Nza Nya sz My7 P:m Pya Sgya Gj7 éqv gbja ¢ga pi) an Qy? f{g) =

[e's)
Z §R[(’UJwaw WO, » Q)Z)OymaNxma Nyma Mwmv Myma mea Pyma Sém’ nga ngv

m=1

. . ~ ~ it
3717 ngma p;ma Qyma Qym7 H;]m)ezw ]Slnmﬂ-g
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(UOxa 1/}0357 nya M:cyy nya Qz, _?m Hgm gm Hg) =

o0
> R[(wrms Yorm s Neyms Mayms Poyms Qe Qs Hi o Q1 HE )e™"| cos mmg(5.44)

m=1

where R]...] is the real part of the complex number (...),, and £ = z/a.

A mixed formulation approach is followed to get the solution in y direction. Unlike in dis-
placement formulation approach where the entire governing equations at the end are expressed
in terms of the displacement and electric potential variables, the advantage of the mixed formu-
lation approach is that it naturally leads to first order differential governing equations and the
boundary conditions in terms of the mixed primary variables which consists of displacements,
stress resultants and electrical state variables. Thus, the solution in the y direction is developed

in terms of 12 mechanical and Qni electrical primary variables given by

Xm = [UOxm U0y, Wom WO,ym ¢0xm wam Nym N:cym (Vym + Macy,xm) Mym

Py Pyam (Qf + H)m ¢%,]7  (5.45)

m

which appear in the boundary conditions at edges y = Fb/2. Using Eq. (5.45) in the equilibrium
equations (5.38) and the plate constitutive equations (5.32) yields the following system of 12+2n3§

first order ODEs and ngy algebraic equations for the variables Xy, for each Fourier component

m:
H"X,,, = K"X,, + P + C" ™ (5.46)
F"®" = H'X,,, + KJ'X,, — P (5.47)
where (ﬁm = [Qﬁl ¢2 ¢n¢];£“ PZL = [P¢1) PQ% Pgd)}TTn, and
127

TH-2037_136103018



Chapter 5

T Az 0 0 0 A3 g
0 Az 0 —Ass 0
0 1 0 0
0 Asp 0 —Asp 0
Ag3 0 0 0 Ass
0 A2 0 —Ajpgs 0
— 0 . 0 0 70 0
0 mAis 0 —mAis 0
0 —m*Asy 0 m*Ayp 0
—omAgs 0 0 0  —2mAgg
— mAg 3 0 0 0 —mAg g
0 mAzs 0 —mArs 0
0 8% 0 B 0
L 0 0 0 0 0
K™ = [K* K|
r 0 —mAsz3 0 2mAs g
mAs1 0 —m2Asy 0
0 0 0 1
nAs, 0 —m%As 4 0
0 —mAg 3 0 2mAg
mA10.1 0 —m?A10.4 0
0 0 0 0
K = m2 A1 0 —m3A1 4 0
—m3A4, 0 mtAy 4 0
0 22 Ag 3 0 —4m?*Ag 6
0 m2Ag 3 0 —2m?*Ag g
m? Az, 0 —in3 Az 0
—mpY, 0 M, 0
0 0 0 0
with
m=mn/a, T'1= —Ag/()- - 53;, Iy = _Aggl -

The non-zero elements of K part of K™ are

Kig=Ko7=Ky10= K512 = Kg11 = K199 = 1,

_ q’ _ q
K> 1919 = — B9, Ky1242¢ = —Bss,

! /

_ = nq _ 52 A
Kg 19424 = =M, K9 19124 = m" By,

_ 7q/ _ —q/ _ q/
K12712+2q/ = mA15 + mﬁlS — 7715772,
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aq dq aq
61 — Poa T Eyq

Krg =m,

_ q
K6,12+2q’ - _510,2

Kia12¢1142¢ = —1

0 0 0 0 07
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 00 0 O
0O 0 0 0 O
0O 00 0 O
0O 0 0 0 O
1 0 0 0 O
01 0 0 Iy
0O 01 0 O
0O 001 0
0 0 0 0 TIgl
—mAsyg

0

0

0
—mAgyg

0

0

0

0
2m? Ag
m?Agg + Agg
0

0
Ag2+Bg:1—

o A4 ~ 24 =~ 24
Ki149q5 = mAgzy +mfPis —mpby,
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_72‘qq’ m23 qq 72‘qq’ /qq
Ki149¢,1242¢ = M~ Azg + 5 m-E3; — Eg

The nonzero elements of matrices P™ and C™

m o m o 2 j/ j/ j/
Py' = —h;, 0273" =m A2,11 — Pa1 04]' =m A5 11— P51
= Sy Cy = mPAY | —mpl,

6 =m Ay 11 — Blo1s 8.4 = 1,11 11

m . _4 j/ _ 2 j/ m o 3 j/ _ j/ _ j/ _ 7‘]‘/

Coy = —m"Ay 11 +m" By, Ciy o =m Az 1y — mﬁm + mﬁn + mAj;

m — m2AY L5239 L3239 _ m2EY9 _ 52

Claqqy =M Agy + m"B5y +m°B33 —m L3 — 5112

Matrices H'", Kg"” and F™ are given by

6 =10 __QA{1,2+B%1 0 m*Af;; — By 0 _mzA{1,10+ﬁ{0,1 0000000 0]
mo=[m*A], —mply O —m4A{174 +m?8);, 0 T4 00 0 0000 0 IY]
Fii =1[- 74A11 1+ 11t 511 1) —m2 A — w2 (Bl + ) + mPEY + Bl
where
F?’; = 777314{1,7 + mAél + mgﬂ - mﬂ%,l

J _ 2 _213q¢ | -224d5 - 27id riq | =2737q
Iy=-m 5112+m Ay +m”Bs —m B3 — By +m” B33

The non-zero elements from dynamic terms with addition to the above

2 2 2 2

K?:LQZ—W 122 K§74:w ]'247 K;CLGZ—LU IQG, Kg'fl:—w IH,

K’m_— 2[ Km_ 2[ Km_— 2[ Km_ — 2 2[ QI
8,3 — mw 113, 8,5 — —Ww 115, 9,1 — mw-131, 9,3 — —m w 133 — W 133,

Km = 2[ Km _ qu Km _ 2[ Km A 2[

95 = mwIss, 9,12+42¢ — W37, 10,2 = ~W 142, 104 = W l4d,

KM  — 2[ KM, — 2] Km o — 2[ Km . — 2]

10,6 — —W 146, 11,2 — —Ww 162, 11,4 — W 1le4, 11,6 — —w"1gg,

Km _ 2]'_61 Km 2[ Km . — _ 2[ KM . — g7 2[
1142¢,3 = W 1735 1142¢,1242¢ = 77 12,1 = —w 51, 13,3 = mw=I53,
m__ 2 m _ = 277 m _ =2 277 27] 275’

K1275 = —Ww I55, 087]‘ = —mnmw 117, 097]' =m w I37 +w 1367 012] —mw 157,
m 2 my _ . 27] m( _ 2717 m(; _ . 27]

Cll+2q7j 17(3’ H¢j(172) = w’ g, H¢j(]74) = —w gy, H¢j(]a6) = w” g,

K7 (j,1) = —mw?T K(5,3) = m*w Iy + W T2, K7 (4,5) = —mw?I3
oY) Js - 71> %) Js - 73 63> o) J5 - 759
m( 27 m 2 ]] 2

Kyi(5,12 4+ 2¢) = —w I67, = = m’w Iss + m2w I72a

Equation (5.47) is an algebraic equation. In a general actuation-sensory response, some of

the piezoelectric layers act as sensors wherein the induced electric potential is unknown, and
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others as actuators where voltage is prescribed. ®™ is partitioned into a set of unknown (sensor)

output voltages ®7* at locations z = 2 where ®™ is not prescribed and a set of known input
s ¢

m
S

.
matrices F™, Hgl, Kg"“ and PZL are also partitioned accordingly. Accordingly, Eq. (5.47) can be

actuation voltages ®]' at the actuated surfaces z = z;i, ie. @ = { } The corresponding

partitioned as

FL Fo[®0] | Hé b Py
sa aa a (ba (;5(1 ¢a
which is solved for ®7" as
o, =F} [HE. Xy + Kg X — F @5 — P7 | (5.49)

Substituting ®7" from Eq. (5.49) into the partitioned equation (5.46) yields

H"X,,, = K"X,, + P™ (5.50)
where
H" =H™ - CJ'(FZ,) 'HY., K" =K" + CI"F]) 'K},
P" =P" 4+ C'®) — CI'(F) 'PJ. — CI'(F.) 'FL.& (5.51)

For free vibration case P™ in Eq. (5.50) will be zero. So Eq. (5.49) reduces to

H"X,,, = K"X,,

= Xy — [H?] 'K™X,,, =0 (5.52)

The general solution of the non-homogeneous, linear ODEs with constant coefficients given
by Eq. (5.50) is obtained as the sum of the complementary and particular solutions X¢, and
XP,. Let the complementary solution be X¢, = eMY,,. The homogeneous part of Eq. (5.50) i.e.
Eq. (5.52) yields

K™Y,, = \H"Y,, = M™Y,, = \Y,, (5.53)

with M™ = (H™)"'K™. Hence A and Y,, are eigenvalue and eigenvector pairs of the (12 +
QnZ)) x (12 + 2n35) real matrix M™. The eigenvalues and eigenvectors are obtained by the QR
algorithm after first reducing to Hessenberg form. The complementary solution is the sum of

(12 + 2n3)) solutions for the (12 + 2n?¢) eigenvalues of M.
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The eigenvalues of the real matrix M"" are either real or occur in complex conjugate pairs.
For complex conjugate eigenvalues A = o i with the complex eigenvector Y,,; corresponding

to a + 3, the complementary solution in terms of real arbitrary constants C7" and C3" is
X5 = F(y)CT" + F5' (y) &y (5.54)
with
1" = €R(Ym1) cos(By) — I(Ym)sin(By)],  F3' = e [R(Y 1) sin(By) + (Y1) cos(By)]

where R and & indicate the real and imaginary parts of a complex number. The complementary
solution for distinct real eigenvalue A = p with eigenvector Y,,3, in terms of arbitrary constant

cy, is

X: =F5'(y)C5" with F3'(y) = Ymze?? (5.55)

m

The complementary solution for repeated eigenvalues require special treatment. For example,
for a double eigenvalue p of M™ with eigenvector Y,,4, the complementary solution is given

by [169]:
Xe, = YuetC + (yYma + Zipa) etV CF? (5.56)

where Z,,4 is a solution of (M™ — uI)Z,,4 = Y 4. Thus, the general solution of Eq. (5.50) is

q
12+2n¢

Xm= > FyD+X? (5.57)
j=1

where the functions F7*(y) are of the forms given by Eq. (5.54) or Eq. (5.55) depending on the

nature of eigenvalue, \; of M™.

The particular solution X%, depends on the form of the function f’m(y) In this study, p’
and ¢’ are independent of y coordinate, for which P™ is a constant and the particular solution
is given by

XP = —(K™)~lp™ (5.58)

m

The (6 + ng)) boundary conditions each at the edges y = Fb/2 yield (12 + ZnZ)) linear
algebraic equations for the (12 + Qn;) arbitrary constants D7 in the general solution (5.57).

After solving for D", the variables X,, are obtained from Eq. (5.57). Now substituting the
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obtained solution X,, into Eq. (5.49), gives the sensory potential ®7'. The displacements, stress
resultants, electric potential, stresses and electric displacement at any point of the plate can be
computed by using Egs. (5.44), (5.8), (5.11), (5.27) and (5.4) by taking a finite number of terms,
say M, in the Fourier series. A convergence study will determine the appropriate value of M to

be used for the given distribution of mechanical and potential loads along x—direction.

The transverse shear stresses are obtained by the Cauchy’s equilibrium equations as

Top = —/ (Op.g + Tayy)dz, Tysj= —/ (Oyy + Tayaz)dz (5.59)
—h/2 —h/2

For free vibration case the particular solution part (X%,) will not be there in Eq. (5.57)
making it a homogeneous algebraic equation and its coefficient matrix F7" depends on w. For
non-trivial solution, its determinant is zero. First w is bracketed taking initial guess and can be
found by root finding of the equation det(FT) = 0 using the bisection method. This methodology
was adopted by Heyliger and Saravanos [166], but as reported by them this method leads to
roots which do not satisfy the condition of zero transverse shear stresses at the bottom and
top surfaces. This problem has been overcome by adopting the method used by Kapuria and

Achary [101].

For elastic case the deflection w in Eq.(5.8) contains only the mechanical deformation
whereas for piezoelectric case it contains additional electrical deformation terms along with the
mechanical. Hence, the 2D theories are termed as ZIGT and TOT for elastic case while they

are called IZIGT and ITOT for piezoelectric case.
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Chapter 6

Assessment of Advanced 2D
Piezolaminate Theories

6.1 INTRODUCTION

In this Chapter, analytical solutions of zig-zag theory (ZIGT) and its smeared counterpart
improved third-order theory (ITOT) are obtained for elastic/hybrid rectangular plates and are

compared with 3D elasticity/piezoelasticity solution obtained by 3D EKM [151, 159].

In Sec. 6.2, the free vibration response of elastic laminated rectangular plates are presented
and the effect of different boundary conditions, inplane modulus ratios, span-to-thickness ratios
and laminate lay-ups on the plate natural frequencies are investigated. The 2D elasticity results
are assessed for its accuracy by comparing its results with the 3D EKM [159] results presented
in Chapter 3 and also with other first and higher order theory results. In Sec.6.3, the static
response of single layer piezoelectric and hybrid sandwich plates under electromechanical loading
is presented and assessed in comparison with the 3D piezoelasticity solution based on EKM [151]
presented in Chapter 2. Further, the 2D IZIGT and ITOT free vibration response of hybrid
composite and sandwich plates are assessed in comparison with the 3D EKM solution presented
in Chapter 4 in Sec.6.4. The effect of various electromechanical boundary conditions on the

plate natural frequencies of hybrid plates are investigated.
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6.2 FREE VIBRATION OF ELASTIC LAMINATED PLATES

The best way to assess the accuracy of 2D theories is by comparing with the 3D analytical
solutions which do not make any a priori assumptions of field variables through the thickness.
Hence, The effectiveness of the present ZIGT in estimating the free vibration behaviours has
been investigated for Levy type cross-ply plates by comparison with the other 2D and 3D
solutions. The TOT solution can also be obtained using the same number of displacement
state variables without requiring any shear correction factor and hence the TOT results are also
compared. Unless mentioned otherwise, the non-dimensional frequency parameter @ considered
in the present analysis is as follows: W = w,,,aS \/m , where w, is the calculated frequency, S is
the span-to-thickness ratio, pg is the mass density in Kg/m? and Ej is the minor elastic modulus
in N/m2. The dimensionless material parameters used in the present investigation are as follows:
Y1/Yy =40,Y; = Y3 = 6.9GPa, G1a = G13 = 0.6Y3, Gag = 0.5Y5, 193 = 113 = v19 = 0.25. Any
modification to the material constants mentioned above is clearly specified in the relevant places.
The plates are designated as per the boundary conditions subjected on the edges at y = Fb/2.
A C-S plate, for instance, designates a plate subjected to clamped (C) boundary condition at
y = —b/2 and simply supported (S) at y = b/2. For comparison purpose, the EKM results
are transformed to Levy model coordinate system as shown in Fig.6.1. Hence, the laminate

sequence in Ref. [159] is altered to match with the present model.

3D EKM coordinate system Levy solution coordinate system

Figure 6.1: Coordinate systems of EKM and Levy solutions.

134
TH-2037_136103018



FREE VIBRATION OF ELASTIC LAMINATED PLATES

The percentage errors are calculated with respect to the reference results and is as follows:
% error = [((2D frequency)-(reference frequency))/(reference frequency)]x100. The modal dis-

placement and stresses are non-dimesionalized as:

Sh(oy, Ty-)
Yo x max(wy)

ug
1= —2; (Gy, Tyz) =
max(w)

6.2.1 Validation

The accuracy of the present ZIGT result has been verified by direct comparison with the 3D
exact [101] and 3D EKM [159] results for all round simply supported (S-S) case in Table 6.1 and
with the results of FSDT [170] and third order shear deformation theory (TSDT) [171] for other
type of boundary conditions in Table 6.2. In Table 6.1, the dimensionless fundamental natural
frequencies (@) of an un-symmetric two layer [90°/0°] and a symmetric four layer [90° /0°/0°/90°]
lay-up cross-ply laminated plates subjected to S-S boundary conditions are presented for S value
of (5, 10, 20, 50, 100) and are compared against the reference 3D EKM and 3D exact results. As
can be seen from the table that for thin plates the 2D theories have predicted frequencies quite
accurately, but for thicker plates, these theories over predict the frequencies. The maximum error
being 7.74% for ZIGT and 6.58% for TOT in case of the two-layered thick plate (S=5). The
error percentage is 1.33% and 0.99%, respectively, for ZIGT and TOT for the four-layered thick
plate. The flexural fundamental frequency of Levy-type single layer isotropic plate is presented
in Table 6.2 and are compared with the TSDT [171] and FSDT [170] results for different types
of boundary conditions. For this table, the frequency parameter @ = (wmna®)y/poh/D;1 where
Dy = Eh3/12(1 — v?) is the flexural rigidity of the plate. The isotropic material constants are
E= 6.9 GPa and Poisson’s ratio, ¥=0.3. The results are presented for square and rectangular
plates for S= 5 and 10. It is observed from the table that the ZIGT results are in excellent
agreement with the TSDT [171] results for all type of boundary conditions, whereas the FSDT

results except for S-S case are erroneous as compared to the higher order theory results.

Hereafter, the dimensionless natural frequencies of 3D EKM are given for reference whereas

the percentage errors of the present ZIGT and TOT are given for ready assessment.
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Table 6.1: Comparison of fundamental natural frequencies for all-round simply-supported (S-S)

boundary conditions

Laminate scheme Theory

) 10 20 50 100

90°/0° Z1GT 9.187 10.606 11.116 11.277 11.301
TOT 9.087 10.568 11.105 11.275 11.300

3D EKM [159] 8.526 10.336 11.036 11.263 11.297

3D Exact [101]  8.526 10.336 11.036 11.263 11.297

90°/0°/0°/90° Z21GT 10.830 15.125 17.652 18.673 18.836
TOT 10.787 15.107 17.647 18.672 18.836

3D EKM [159] 10.682 15.068 17.635 18.669 18.835

3D Exact [101] 10.682 15.068 17.635 18.669 18.835

Table 6.2: Fundamental natural frequency, @ = (wa?)\/poh/D1 of square

single layer isotropic plate for S=5 and 10.

and rectangular

b/a S Theory S-S C-C S-C F-C F-S F-F
1 5 ZIGT 17.447 22.526 19.763 11.370 10.697 8.983
TSDT [171] 17.452 22.536 19.770 11.374 10.700 8.984

FSDT [170] 17.449 21.584 19.388 11.573 10.921 9.082

10 ZIGT 19.060 26.703 22.396 12.249 11.371 9.441
TSDT [171] 19.065 26.708 22.402 12.252 11.374 9.442

FSDT [170] 19.065 26.333 22.270 12.366 11.474 9.482

2 5 ZIGT 11.369 12.291 11.780 9.659 9.571 9.089
TSDT [171] 11.372 12.294 11.783 9.661  9.573 9.090

FSDT [170] 11.371 12.177 11.736 9.741  9.652 9.150

10 ZIGT 12.065 13.272 12.591 10.199 10.086 9.551
TSDT [171] 12.068 13.275 12.594 10.200 10.087 9.555

FSDT [170] 12.067 13.239 12.580 10.237 10.122 9.577

6.2.2 Assessment

In this section, the veracity of ZIGT and TOT in predicting free vibration characteristics

are assessed against the 3D EKM solution for multilayered composite and sandwich plates.

The lowest five flexural frequencies for an un-symmetric two layer [90°/0°] laminated thick

(S=5) plate is presented in Table 6.3 for different combination of boundary conditions. The

material parameters considered for this table are as follows: Y;/Y, = 30,G12/Ys = Gi3/Ys =

0.5,Go3/ Y2 = 0.35, 12 = v13 = 0.3, 193 = 0.49 with Y5=6.9 GPa. It is observed from the table

that at lower modes, the % error for S-S case is less as compared to other boundary conditions.

The C-C boundary support shows the highest % error i.e. 18.3% and 17.5% for ZIGT and TOT,
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respectively.

Table 6.3: Lowest five flexural frequencies w,, = wh+/po/Y>2 for a two layer [90°/0°] laminated
composite plate (S=5) and the corresponding % error of ZIGT and TOT frequencies (material
parameters: Y1/Ys = 30,G12/Y2 = G13/Ya = 0.5,Ga3/Ys = 0.35,v12 = v13 = 0.3, 193 = 0.49)

BCs Theory Mode sequences
1 2 3 4 5
S-S 3D EKM [159] 0.3117 0.6361 0.6361 0.8532 1.0185
ZIGT (% error) 6.23 5.72 13.7 4.14 17.1
TOT (% error) 4.33 5.72 13.7 4.14 13.1
C-C 3D EKM [159] 0.3782 0.6664 0.6772 0.8819 1.0345
ZIGT (% error) 15.9 16.4 18.3 0.76 15.3
TOT (% error) 11.4 11.2 17.5 0.76 14.1
C-F 3D EKM [159] 0.2328 0.4260 0.5942 0.7107 0.7784
ZIGT (% error) 6.67 4.28 13.5 13.6 19.2
TOT (% error) 4.77 4.28 7.97 9.36 13.6
S-F 3D EKM [159] 0.2179 0.3984 0.4320 0.5893 0.6970
ZIGT (% error) 6.60 5.05 14.5 11.7 8.12
TOT (% error) 4.69 3.95 9.21 7.86 12.5
F-F 3D EKM [159] 0.2073 0.2438 0.5138 0.5763 0.6120
ZIGT (% error) 7.33 4.82 7.31 16.9 13.6
TOT (% error) 5.22 3.30 5.28 11.9 9.10

The effect of the span-to-thickness ratio (S) on the fundamental natural frequencies of a
three-layer [90°/0°/90°] rectangular plate for boundary conditions C-C, S-C, S-S, F-C, F-S and
F-F is presented in Table 6.4. As observed in Table 6.4, here also, the % error with respect to 3D
EKM frequency is maximum for C-C boundary condition irrespective of plate span-to-thickness
ratios (S=2, 5, 10). As S value increases, the frequency % error decreases: for S-S case it reduces
to 0.03%, whereas for C-C case it reduces to 3.83% for moderately thick (S=10) plate in case

of ZIGT prediction.

Effect of inplane elastic modulus ratio (Y1/Y2) on the fundamental natural frequency of
an unsymmetrical four layer [90°/0°/90°/0°] moderately thick (S=10) plate is presented in
Table 6.5. It is observed from the table that as the ratio (Y;/Y2) decreases thereby making the
plate material closer to isotropic condition, the error percentage of 2D theories is decreased, for
instance, for (Y1/Y2)=40, the ZIGT and TOT % errors are 1.83% and 2.38% respectively, while
for (Y7/Y2)=2 the corresponding errors decreased to -0.14% and -0.11%. Hence, it suggests that

the 2D theories perform well for plates made of isotropic materials. The ZIGT results are more
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closer to 3D EKM results than the TOT results for (Y;/Y2)=40, 20, 10 and for (Y1/Y2)=2, the

TOT results seem superior than ZIGT.

Table 6.4: Effect of span-to-thickness ratio (S) on the fundamental natural frequencies of a
three layer [90°/0°/90°] laminated composite plate: (material parameters: Yi/Ys = 40,Y; =
Y3 =6.9 GPa, G12 = G13 = O.GYQ, G23 = 0.5Y2, V13 = V12 = 0.25, V93 = 0.49)

Theory S CC S-C S-S F-C F-S F-F
3D EKM [159] 2 5331 5201 5192 3.481 3.072 2.715
HSDT [75] (% error) -0.48  -2.51 -0.77 350 479 7.30
ZIGT (% error) 340 189 547 921 435 5.99
TOT (% error) 26.7 14.5 330 6.94 273 3.73
3D EKM [159] 5 11.426 10.679 10.246 5.810 4.401 3.911
HSDT [75] (% error) 0.05 264 -088 119 236 3.03
ZIGT (% error) 6.11 5.75 0.53 3.20 225 295
TOT (% error) 6.11 4.57 019 259 166 221
3D EKM [159] 10 19.660 17.108 14.702 7.135 4.876 4.241
HSDT [75] (% error) 0.15 -1.00 -0.20 0.37 069 1.72
ZIGT (% error) 3.83 2.17 0.03 089 0.7 0.77
TOT (% error) 314 181 000 0.76 059 0.57

Table 6.5: Effect of inplane modulus ratio (Y;/Y2) on the fundamental natural frequency of
an unsymmetrical four layer [90°/0°/90°/0°] laminated composite plate(S=10).

Theory Y1/Ys S-S C-C C-S C-F
3D EKM [159] 0.14501 0.18652 0.16490 0.10875
ZIGT (% error) 1.83 5.30 3.58 1.98
TOT (% error) 2.38 6.37 4.40 -6.32
3D EKM [159] 0.11653 0.16088 0.13738 0.08638
ZIGT (% error) 079 297 175 057
TOT (% error) 1.10 3.72 2.26 0.86
3D EKM [159] 0.09438 0.13627 0.11337 0.06869
ZIGT (% error) 0.22 0.98 0.49 -0.41
TOT (% error) 0.38 1.44 0.78 -0.26
3D EKM [159] 0.06719 0.09641 0.07992 0.04628
ZIGT (% error) -0.14 -1.94 -1.08 -3.41
TOT (% error) -0.11 -1.85 -1.02 -3.38

The percentage errors of the lowest eight flexural frequencies for a three-layer [90°/0°/90°]

composite laminated plate is presented in Table 6.6 for S-S and C-C cases with S= 10 and

20 along with the reference 3D EKM results. The non-dimensional frequency parameter w =

(wna?/72)\/poh/Da, where Dy = Eoh3/12(1 — v1a191). Here in the table, we can see, the 2D

theories predict quite accurate results for S-S case and the error percentage is more for C-C
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case with maximum error 7.36% for the moderately thick plate. The TOT results come more
accurate as compared to the ZIGT results both for S-S and C-C cases.

Table 6.6: Lowest eight natural frequencies, @ = (wna?/7%)\/poh/Ds of the 3D EKM with
the % errors of ZIGT and TOT results for a three ply [90°/0°/90°] laminated plate for S-S and
C-C boundary conditions

BCs S Theory Mode sequences
1 2 3 4 5 6 7 8
S-S 10 3D EKM [159] 5.1564 7.606 12.276 13.100 14.355 17.399 18.087 21.355
FSDT [71] (% error) 0.22 198 521 -0.39 014 224 7.82 -142
ZIGT (% error) 0.07 150 394 036 0.64 203 572 0.58
TOT (% error) 0.04 1.11 289 0.09 0.31 1.35 4.08 -0.22
20 3D EKM [159] 6.131 8.841 14.845 19.320 20.618 23.287 24.202 30.426
FSDT [71] (% error) 0.12 053 1.79 0.18 023 336 059 1.98
ZIGT (% error) 0.01  0.41 1.46 0.03 0.07 269 035 1.50
TOT (% error) 0.01  0.31 1.12 0.02 0.04 205 0.21 1.11
C-C 10 3D EKM [159] 5.796 9.019 13.363 13.830 15.147 18.521 19.487 21.535
FSDT [71] (% error) 1.30 4.82 -0.17 7.58 127 382 895 -1.21
ZIGT (% error) 097 391 051 6.14 153 342 736 -0.27
TOT (% error) 0.74 3.05 021 477 1.02 252 566 -1.05
20 3D EKM [159] 6.867 11.040 18.001 19.578 21.675 26.230 26.827 33.205
FSDT [71] (% error) 0.33 1.87 3.68 0.21 058 1.75 534 3.44
ZIGT (% error) 0.21 1.55 3.06 006 037 135 437 281
TOT (% error) 0.16 122 241 0.04 027 1.04 343 2381

The ZIGT and TOT frequency percentage errors for the lowest five flexural frequencies
are presented in Table 6.7 with respect to the 3D EKM results for a five layered sandwich
plate [90°/0°/Core/0°/90°] under five boundary conditions (S-S, C-C, C-S, C-F and F-F) for
S = 5,10 and 20. The material constants those follow are considered for face and core layers,
Face: Y7 = 181 GPa, Y, = Y3 = 10.3GPa, G13 = G113 = 7.17GPa, Go3 = 2.87GPa, v = 113 =
0.28, 193 = 0.33,p = 1578kg/m*, Core: Y] = Y3 = 0.276 GPa, Y3 = 3.45GPa, G13 = Goz =
0.414 GPa, G2 = 0.1104 GPa, w19 = 0.25, 113 = vo3 = 0.02 and p = 1000kg/m3. The
frequency parameter w = wmasm, where pg = 1578 kg/m3 and Yo = 10.3GPa. From
Table 6.7, it is clear that the frequency increases with the increase in S value i.e. the thinner the
plate, higher the plate frequency. The lowest frequencies are noted for F-F boundary case, while
the highest frequencies are noted for C-C boundary case for all the plates. It is to observe that
ZIGT predicts quite accurate results for S-S and F-F boundary conditions, but for other type

of boundary conditions it gives more errors and the maximum (4.41%) being for C-C boundary
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case. It is observed that for sandwich plate ZIGT predicts superior results than TOT for all

types of boundary conditions and plate categories.

The distributions of inplane displacement ¥, normal stress &, and shear stress 7,. for S-
S boundary condition are illustrated in Fig.6.2 for moderately thick (S=10) and thick (S=5)
sandwich plates for the first mode (m=1). The ZIGT and TOT predictions are compared with
the 3D exact and 3D EKM predictions and found that ZIGT has fairly accurate predictions
while the TOT overpredicts ¥ for the thick plate and 7,. for both thick and moderately thick
plates. Figure 6.3 displays the variation of displacement and stress variables for (a) C-C and
(b) C-F boundary conditions. From the figures, it is observed that ZIGT and TOT predict

erroneous results while the ZIGT predictions are superior to the TOT predictions.
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Figure 6.2: Distributions v, , and 7, for the first mode of all round simply supported (S-S)

square sandwich plate.
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Figure 6.3: Distributions v, &, and 7,. for the first modes of square sandwich plate for C-C

and C-F boundary conditions.

6.3 STATIC ANALYSIS OF RECTANGULAR HYBRID PLATES

The results of IZIGT and ITOT are assessed both for single layer piezoelectric plate (a) and

hybrid sandwich plate (b), as shown in Fig. 6.4, for various boundary conditions under electrical

and mechanical loadings. The interfaces between the PFRC layers with the host laminate in the

hybrid plate are grounded (¢ = 0). The material properties are listed in Table 2.3.
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Figure 6.4: Configurations of piezoelectric plate (a) and hybrid sandwich plate (b).

The plate is subjected to the following load cases,
1. Pressure ps = pgsin (my/b) acting on top surface.
2. Actuation potentials of ¢; = ¢ = ¢¢sin (7y/b) applied on both top and bottom surfaces.
The results are nondimensionalized as follows:
Load case 1.
(0,, @) = 100(Sv, w, 10*¢dyS?) Yo /pohS*; N 1) — (Um,dy,STyz,Ssz)h/p()SQ
(DIaDy) — (Dany)/dopOS
Load case 2.
(0, W) = (Sv,w)Yy/S?*dopo; (G, Gy, Tyzs Tow) = (0, Oy, STyzy STz )b/ Yodogo

where S = a/h,dy = 374.0 x 10~ 2mV 1Yy = 10.3GPa for plate (a) and for plate (b) dy =
100.0 x 10~2mV~1. The plates are designated in terms of their mechanical boundary conditions
at the edges at y = Fb/2. For example, a plate which is clamped (C) at y/b = —0.5 and free
(F) at y/b = 0.5, is called a C-F plate. The response of the piezoelectric plate (a) is obtained
for the pressure load case, while the hybrid sandwich plate (b) is analyzed for both pressure and

potential load cases.

The longitudinal variations of displacements, stresses, sensory potential and electrical dis-
placements at z-locations where they are large, are plotted in Fig. 6.5 for the square thick (S = 5)
piezoelectric plate under clamped-clamped (C-C) boundary conditions along y-axis. The 3D FE
(ABAQUS) results are also plotted for verification of the results obtained by 3D EKM. It is
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observed that the two-term EKM solution is in excellent agreement with 3D FE solution for all
the response entities. The displacements are accurately predicted by the IZIGT over the range
and are in good agreement with 3D EKM. The error in the value of 7, is more than that of the
o, near the clamped edge. Similar trend is observed for shear stresses, in which 7. is the least
accurate near the edge. Electric displacements D, and Dy and electric potential ¢ is also not
accurately predicted by 1ZIGT near the clamped edge. It has been found that for the simply

supported case, all the entities are accurately predicted by IZIGT and ITOT.
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Figure 6.5: Longitudinal variations of displacements, stresses, electric potential and electric
displacements for square piezoelectric plate (a) under pressure loading.

Figure 6.6 shows the longitudinal variation of w, 5, 7. and electric displacement D, under
pressure loading for sandwich plate (b) with clamped-free (C-F) and clamped-simply supported
(C-S) boundary conditions. Transverse deflection w is accurately predicted by IZIGT for both
C-F and C-S cases whereas I'TOT under predicts the deflection with large error. In-plane normal

stress 0, is predicted very accurately by the IZIGT as compared to the ITOT in the interior
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part of the plate but near the clamped support, prediction is poor by both the theories. Both
the theories give inaccurate results for the transverse shear stress and electric displacement near

the clamped-supports.

Longitudinal variations of deflection, stresses and electric displacement under potential
loading for moderately thick sandwich plate with C-F and C-S boundary conditions are pre-
sented in Fig. 6.6. For C-F case, I[ZIGT produces accurate results for whole range except at the
boundaries (clamped and free supports) whereas ITOT gives erroneous prediction of stresses
even in the interior part of the plate. For C-S case, IZIGT over predict the deflection whereas
ITOT under predict it. A mismatch in normal stress value is observed by both the theories in
the interior as well as at boundaries of the plates. Both the theories fail to satisfy the boundary

conditions at the edge (i.e. zero stress at free and simply supported edge).

Longitudinal variations of v,w, 6,0y, 7., and 7,. under potential loading with free-free
(F-F) support conditions is plotted in Fig. 6.7 for moderately thick sandwich plate. Transverse
displacement is very accurately predicted by both IZIGT and ITOT whereas a slight mismatch
is observed for in-plane displacement near the free support. The results of IZIGT are in close
agreement with 3D EKM for both in-plane normal and transverse shear stresses. However, ITOT
results are erroneous even in the interior part of the plate specifically for 6,. Transverse shear
stresses are accurately predicted both by IZIGT and ITOT except at the edge. For transverse
shear 7., at the free edge, both IZIGT and ITOT under predict almost four times less than the
exact value predicted by 3D EKM. This high value of free edge stresses which cause delamination

in the structures are not predicted by these two-dimensional theories.

Through-thickness variations of transverse shear stresses 7., and 7,. at three location of
y/b (0.025,0.05, and 0.1) are plotted in Fig. 6.8. It is observed that IZIGT produces more close
predictions of the stresses as compared to ITOT. However, both the theories produce erroneous

results at the piezo-interface and through the core in the sandwich.
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Figure 6.6: Longitudinal variation of deflection, stresses and electric displacement under pres-
sure loading for sandwich plate (b) under top and bottom close circuit conditions
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Figure 6.7: Longitudinal variation of deflection, stresses and electric displacements under
potential loading for sandwich plate (b) under top and bottom close circuit conditions
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Figure 6.8: Longitudinal variation of displacements and stresses under potential loading for
sandwich plate (b) with F-F boundary conditions under top and bottom close circuit conditions
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Figure 6.9: Through-thickness variation of transverse shear stresses under potential loading
for sandwich plate (b) with free-free boundary conditions under top and bottom close circuit
conditions
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6.4 FREE VIBRATION ANALYSIS OF RECTANGULAR HY-
BRID PLATES

In this section, the accuracy of the 2D theories in free vibration of hybrid plates is assessed
by comparing the results with 3D piezoelasticity EKM solutions presented in Chapter 4. Unless
mentioned otherwise, the non-dimensional frequency parameter w considered in the present
analysis is as follows: @ = w,aS \/m , where wy, is the calculated frequency, S = a/h, is the
span-to-thickness ratio, pp is the mass density in Kg/m? and Y5 is the minor elastic modulus in

N/m?.

6.4.1 Validation

The frequencies predicted by the advanced 2D theories IZIGT and ITOT are compared with
the 3D exact and 3D EKM results for validation purpose. Table 6.8 presents the frequencies
for hybrid sandwich plate (Fig.6.10) for S-S boundary condition. The material properties of all
the layers are given in Table 4.1. The piezoelectric-elastic layer interfaces along with the top
surface of the top piezoelectric layer are electrically grounded and the bottom surface of the
bottom piezoelectric layer is kept in open circuit condition. As can be seen from the table that
1ZIGT results are more closer to accurate 3D results while the ITOT results are far away from
the accurate 3D results. As we move from thick to thin plates the accuracy of the 2D theories

increase and for plate with S=1000, 2D theories almost predict accurate results.

0.1h
mat. 4 90° 0.04h
(- mat. 4 0° ( 71.0.04n

\ mat. 5 90° \ 0.64h
mat. 4 0° ( 70.04n

€
mat. 4 90° 0.04h
0.1h

Figure 6.10: Configurations of smart composite plate.
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Table 6.8: Natural flexural frequencies of simply supported (S-S) hybrid plate (b) with different
S values

S Entity IZIGT ITOT 3D EKM[164] 3D Exact[167]

5 w11 4.4866 5.5113 4.5233 4.5233
wa1 7.9003 9.6754 7.8958 7.8958

w22 10.377 12.550 10.292 10.292

w31 12.078 14.375 11.837 11.837

10 w11 7.2033 8.2553 7.3390 7.3390
wa1 13.733 16.464 13.880 13.880

w22 17.947 22.044 18.093 18.093

w31 21.114 25.814 21.231 21.231

20 w11 9.4685 10.016 9.7440 9.7440
wa1 21.250 23.174 21.357 21.357

w22 28.813 33.021 29.356 29.356

w31 35.169 40.690 35.693 35.693

1000 w11 10.931 10.931 11.337 11.337
w1 27.837 27.839 28.836 28.836

w22 43.715 43.720 45.336 45.336

w31 56.723 56.734 58.690 58.690

6.4.2 Assessment

The accuracy of the advanced 2D theories IZIGT and ITOT are assessed with a comparison
to 3D piezoelasticity based EKM solution for hybrid composite (a) and sandwich plate (b), as
shown in Fig.6.11, in predicting the free vibration response. The material properties of the
plates mentioned in Fig.6.11 are given in Table 4.1. All the plates considered are having a span,
a=1m. The interfaces between the piezoelectric layer and elastic substrate and the top surface
of the top piezoelectric layer are electrically grounded (¢=0). The bottom surface of the bottom

piezoelectric layer is kept electrically open (D,=0).

The lowest five flexural frequencies in percentage errors with respect to the 3D EKM results
of hybrid composite plate (a) are presented for S value of 5, 10 and 20 for various boundary
conditions in Table 6.9. It is seen from the table that the prediction of natural frequencies by
IZIGT and ITOT are highly erroneous. However, IZIGT results are in overall superior than the
ITOT results for all types of boundary conditions. Similarly, the lowest five flexural frequencies
for hybrid sandwich plate (b) are presented in Table 6.10 for S= 5, 10 and 20 for various
boundary conditions. In this case also the IZIGT predictions are far superior than the ITOT
predictions. The ITOT predictions are highly erroneous and the error percentage is highest for

C-C boundary condition.
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Figure 6.11: Configurations of smart composite plate (a) and smart sandwich plate (b).
6.5 CONCLUSIONS

The assessment of 2D zigzag and third order theories for the free vibration of elastic lam-
inated and static/free vibration of hybrid laminated plates have been carried out for different

cross-ply lay-ups and electromechanical boundary conditions. The analysis reveals that:

e The 2D theories predict accurate frequencies for the simply supported case, but for other
boundary conditions, 2D theories predict erroneous results even in the first mode fre-
quency. The percentage error is observed maximum for C-C boundary condition for all
plate configurations. The error in the ZIGT results for natural frequencies is large for

thicker plates.

e [t is observed that TOT produces better natural frequencies than ZIGT for symmetric
laminates, but for unsymmetrical laminated and sandwich plates, ZIGT predicts the fre-
quency for different boundary conditions within 3% error with respect to 3D elasticity

solution while TOT gives 10 % error.
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Table 6.10: The percentage errors of lowest five flexural natural frequencies of IZIGT and ITOT with respect to 3D EKM for a square hybrid
sandwich plate (b) under five different boundary conditions for S=5, 10 and 20

S-S

C-C

C-S

C-F

F-F

3D EKM IZIGT ITOT

3D EKM IZIGT ITOT

3D EKM IZIGT ITOT

3D EKM IZIGT ITOT

3D EKM IZIGT ITOT

S Mode| [164] % error % error| [164] % error % error| [164] % error % error| [164] % error % error| [164] % error % error
) 1 4.523 -0.81 21.8 4.772 3.00 24.7 4.599 1.77 24.2 3.219 1.40 23.8 2.794  -0.58 23.1
2 7.700 0.06 23.4 7.776 1.88 24.4 7.721 1.09 24.1 5.885 2.90 22.8 3.902 0.59 20.0
3 7.896 0.06 22.5 8.154 7.27 25.8 7.995 3.88 24.7 6.850 0.77 25.1 6.609 0.05 25.0
4 10.292 0.83 21.9 10.497 5.24 23.8 10.370 3.11 23.1 8.690 3.40 24.7 7.269 1.89 224
) 11.837 2.05 19.4 11.864 3.13 20.0 11.846 2.59 19.8 9.588 4.99 24.0 7.480 1.15 24.0
10 1 7.339  -1.85 12.5 8.113 1.24 19.4 7.703  -0.30 16.1 4.788 3.79 17.4 4.234  -0.99 11.7
2 13.252 -1.18 21.5 13.489  -0.16 22.9 13.356  -0.63 22.2 9.755 0.81 17.3 5.864  -0.02 12.7
3 13.880  -1.06 18.6 14.397 3.03 234 14.129 1.13 21.3 11.668  -3.73 19.3 11.235  -0.75 22.9
4 18.093 -0.81 21.8 18.396 1.77 24.2 18.232 0.52 23.1 15.063 0.44 22.3 11.997  -0.38 14.4
) 20.154  -0.73 24.6 20.216  -0.16 25.2 20.182  -0.45 24.9 16.736 2.13 21.7 12.614  -0.10 22.0
20 1 9.744  -2.83 2.79 12.269  -0.80 9.67 10.929  -1.79 6.06 6.265  -0.05 5.10 5.240  -1.45 3.00
2 20.459  -2.11 10.7| 21.322 -1.16 12.7|  20.866  -1.68 11.6 14.087  -0.24 8.83 7433  -0.47 4.83
3 21.357  -2.05 8.51 23.955 0.26 15.5| 22.697 -0.83 12.2 17.759  -0.91 8.48 16.521  -1.43 5.49
4 29.356  -1.85 12.5| 30.813 -0.30 16.1 30.081  -1.06 14.3| 23.676  -0.89 12.7)  17.073  -1.22 11.6
) 33.561  -1.57 9.76| 33.902 -1.18 18.3| 33.558  -0.90 9.77| 27.021 -0.42 12.8 18.732 1.14 14.1
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e As the inplane elastic modulus ratio decreases, thereby making the plate material closer
to isotropic condition, the frequency percentage errors of 2D theories with respect to the

3D EKM also decrease.

e The comparison of displacement and stresses for sandwich plate shows that ZIGT predicts
quite accurately than the TOT for S-S case, but for C-C and C-F cases both theories
estimate highly erroneous results. The displacement profile predicted by TOT is far from

the exact prediction.

e Stresses predicted by the IZIGT and also by ITOT are not accurate in the close vicinity of
the clamped support in the pressure load case, and near the clamped, soft-simply supported

and free supports in case of potential loading case.

e 2D theories also prove to be inefficient in predicting stress which does not satisfy the zero

stress condition at the simply supported and free edges for potential loading case.

e The natural frequencies predicted by the 2D theories for hybrid composite and sandwich
plates are highly erroneous. For hybrid composite and sandwich plates IZIGT results are
superior than the ITOT results in overall for all type of boundary conditions. For sandwich

plates ITOT results are highly erroneous.

The natural frequencies tabulated in this chapter will be handy for the research community
to evaluate the accuracy of the different finite element models and 2D laminate theories. The
present zig-zag theory can be recommended for dynamic analysis of composite and sandwich

plates for its firmness, accuracy and reasonable computational efficiency.
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Chapter 7

Conclusions

7.1 CONCLUSIONS FROM THE PRESENT WORK

The major outcomes of this research work and the scope for future research are summarized

in this Chapter. Here, the major conclusions are encapsulated as follows:

1. The static coupled 3D piezoelasticity solution for edge effects in Levy-type rectangular
piezolaminated plates using the mixed field extended Kantorovich method under pressure

as well as electric potential loading reveals that:

(i) The 3D EKM solution converges within just two/three terms in the trial functions,

for both single layer piezoelectric and hybrid plates under electromechanical loading.

(ii) The present method is accurate in predicting the free edge stresses near the edges
which is established by comparing its order of singularity at the interface of a long

bi-material strip with the available analytical solution.

(iii) The nature of through-thickness distributions of displacements and stresses change
depending on the x-location and thickness ratio. The distribution of in-plane stresses

in the piezoelectric layer is dependent on the aspect ratio (b/a).

(iv) It is revealed that the load transfer takes place over a small range from the edge of the
actuator, leading to a very large interlaminar shear stress near the edge. The nature
of its variation along the interface is similar for the simply-supported and free edge
conditions. The simply supported and the free edges show a singularity in the peel
stress &, which may lead to de-bonding, whereas the clamped edge does not show the

same behaviour.
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(v) The use of adhesive as binding agent between layers in piezolaminated composites
helped to smoothen the interlaminar stress concentrations for pressure loading, but
for potential loading case, the interfacial and central values of interlaminar stresses
slightly increase with adhesive layer thickness. The low elastic modulus adhesives
significantly reduce the interlaminar stresses for both pressure and potential load

cases.

2. The 3D free vibration analysis of Levy-type elastic laminated plates using multi-term

extended Kantorovich method for various boundary conditions led to following conclusions:

(i) It can predict natural frequencies for very thick plates accurately for symmetric and

un-symmetric laminates as compared with the 3D exact solution.

(ii) As the in-plane modulus ratio Y;/Y> increases (keeping Y> constant) the frequency

parameter increase significantly because the overall plate stiffness increases.

(iii) Thickness stretching mode generally occurs at higher modes as seen to occur at eighth

mode for S-S and C-C case for thick sandwich plate S = 5.

(iv) The benchmark natural frequencies, mode shapes, stresses and displacements profiles
presented for composite and sandwich plates would serve as valuable assets for further

scientific investigation and assessment of numerical 3D solutions and 2D theories.

(v) Using adhesive as binding agent in composite plates lowers the frequency response.
As the adhesive thickness increases, the frequency of the plate decreases. There is

significant decrement in the natural frequencies of plates at higher modes.

(vi) Increasing the adhesive modulus, increases the plate natural frequency thereby sta-
bilize the structures whereas as the variation of adhesive density has negligible effect

on plate natural frequency.

3. The results of the 3D piezoelasticity solution for the free vibration analysis of Levy-type
piezolaminated plates using the EKM for arbitrary boundary conditions leads to the fol-

lowing inferences.

(i) The benchmark natural frequencies presented herein for hybrid bimorph plates, hy-

brid test plates with cross-ply composite and sandwich substrates cover a wide range
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of possible cases, which would be useful for assessing numerical 3D solutions and 2D

theories for hybrid plates.

(ii) The varying piezoelectric layer thickness has significant effect on the natural frequen-
cies of thick hybrid sandwich plates. The thicker piezoelectric layers help drop the
plate natural frequencies, while on the other hand the thin piezoelectric layers raise

the fundamental frequencies thereby stabilize the structure.

(iii) Using adhesives as binding agent reduces the natural frequencies of piezoelectric bi-
morph plates. The increase of adhesive thickness lowers the natural frequencies for all
types of boundary conditions. The increase in adhesive elastic modulus reduces the
natural frequencies of the bimorph plate. The denser adhesives facilitate increasing

the natural frequencies as can be seen for S-S and F-F cases.

4. Assessment of the advanced 2D laminate theories with the 3D elasticity/piezoelasticity
solution for static and free vibration response of Levy-type rectangular elastic and piezo-

laminated plates for different mechanical and electrical boundary conditions reveal that:

(i) The error in the prediction of natural frequencies of elastic composite plates by ZIGT
and TOT are large for thicker plates. For thin plates 2D theories predict natural

frequencies quite accurately.

(ii) Displacement and stress assessment show that ZIGT results are more closer to the

accurate 3D solution than the TOT results.

(iii) The TOT results are marginally superior than the ZIGT for elastic composite lam-
inated plates, but for sandwich plates ZIGT yields marginally accurate results than
the TOT. The 2D theories are quite accurate and competent for thin plates, but for

thick plates 2D theories may not be recommended for practical design and analysis.

(iv) From the predictions of static piezoelasticity response it is observed that the IZIGT
and ITOT are not able to predict the sharp variation of stresses at the edges or at
the piezo-elastic layer interface accurately as have been observed for C-S, C-F and
F-F boundary conditions. However, IZIGT predictions are superior than the ITOT

predictions in all the cases investigated.

(v) Stresses predicted by the IZIGT and also by ITOT are not accurate in the close

vicinity of the clamped support in the pressure load case, and near the clamped,
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soft-simply supported and free supports in case of potential loading case.

(vi) The prediction of natural frequencies of hybrid plates by both the IZIGT and ITOT
are highly erroneous with IZIGT results being superior in overall than the ITOT
results. For hybrid sandwich plates ITOT predictions of natural frequencies are highly

erroneous.

7.2 FUTURE SCOPE OF WORK

The multi-term multi-field 3D EKM which has been used for the static and free vibration
analysis of elastic/hybrid rectangular plates can be extended on the following aspects for the

future studies:

1. The present 3D elasticity /piezoelasticity solution can be extended to the thermoelectrome-
chanical analysis of elastic/hybrid plates of different plate geometry incorporating geomet-

rical complexity.

2. Buckling and transient vibration analysis of Levy-type rectangular plate can be developed

based on the 3D EKM.

3. The present 3D EKM can be extended to develop methodologies to analyze the stress

singular problems.

4. Methods can be developed to analyze the static and dynamic behaviour of shell structures

based on 3D EKM.

5. The effect of presence of electrodes on piezoelectric layers on the static and dynamic

response of plate can be studied in future.

In the present work, the material damping is not considered. The present work can be extended
by considering material damping/ shunting the piezoelectric layers for effective vibration control.
Loss factor associated to stiffness and mass can be considered to calculate the effective damping
coefficient (extra matrix corresponding to damping matrix). Viscoelastic material model may

be used for analyzing the material damping and its effect on vibration can be studied.
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