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ABSTRACT

In recent years, the fascinating phenomenon of quantum entanglement has garnered
significant interest in the scenarios of relativistic particles in flat and curved space-
times. It is well known that the vacuum of a quantum field is an entangled state

from a local observer’s point of view. This entanglement in the vacuum is key behind the
famous Hawking radiation and the Unruh effect. In these studies, one usually considers
two two-level UDW detectors or atoms, which do not interact with each other but interact
with the background quantum field. The detectors are initially unentangled; they can
get entangled through the interaction, popularly known as entanglement harvesting.
The nature of entanglement harvesting depends on the background spacetime, boundary
conditions, motion of the detectors, etc. Entanglement harvesting is possible even if the
atoms are in causally disconnected regions. Also, the detectors may lose entanglement if
they are initially entangled, a process known as entanglement leakage.

This thesis aims to understand the phenomenon of entanglement harvesting and
leakage in various inertial and non-inertial systems by considering different field proper-
ties and boundary conditions. First, we consider two accelerated detectors interacting
with the background massless real scalar field. Since reality is thermal in nature, we
consider the quantum field to be a thermal field. Through the interaction, the atoms get
entangled, and how the nature of entanglement varies with temperature is studied. Next,
we consider the situation where one or two reflecting boundaries are placed in the back-
ground space, which changes the field’s density of modes. We studied how the presence of
reflecting boundaries influences entanglement harvesting between the atoms. This aims
to determine if reflecting boundaries enhance entanglement harvesting compared to the
free space scenario. The higher the degree of entanglement, the higher the possibility of
operationally realising it. We then consider the scenario where the detectors move with
constant velocity and are coupled to a massless real scalar field. However, the field is in
an excited state. Since, in nature, it is not guaranteed that the quantum field will always
remain in the ground state. Therefore, it is important to investigate if one can extract
entanglement from a non-vacuum field state. We observed that entanglement from a
non-vacuum state is always less than the vacuum counterpart. It aligns with the earlier
known fact that the vacuum contains maximum entanglement content among all field
states. Finally, we have investigated what will happen if two static detectors are initially
entangled but interacting with the background quantum field. These detectors will lose
entanglement due to spontaneous emission and vacuum fluctuations.
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INTRODUCTION

In 1905, Einstein authored the foundation of the Special Theory of Relativity, which
was incompatible with Newton’s gravitational theory. This conflict led Einstein to
his groundbreaking masterwork; after a decade, he presented the world with the

General Theory of Relativity. It is considered one of the most outstanding intellectual
achievements of human history. The General Theory of Relativity grew from Einstein’s
remarkably simple thought experiment on the (local) equivalence of gravitation and
acceleration, known as the Equivalence Principle. It led him to conclude that, unlike
the other natural forces, gravity is a manifestation of the curvature of spacetime. It is
the physics of large and heavy objects. On the other hand, quantum physics – physics
of small and light objects, grew up by holding the hands of several experimental and
theoretical physicists. These are two of the most indispensable parts of the modern
physics. These branches of physics involve two realms – one meant for very large and
heavy, another meant for very small and light, which makes them entirely incompatible
from the fundamental level. Coupling these two pillars of modern physics is a notoriously
tricky challenge and has yet to produce a pretty acceptable solution. This dilemma has
led many physicists to turn to the field of quantum field theory in curved space. In this
approach, one studies quantum field theory imposed onto classical background geometry,
presuming the back-reaction of the field to be negligible. This profound approach is an
intermediate step towards the quantum theory of gravity and essential in understanding
the quantum nature of gravity until a complete quantum gravity theory arrives.

1
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1.1 Black holes and the equivalence principle

“The breakthrough came suddenly one day. I was sitting on a chair in my
patent office in Bern. Suddenly a thought struck me: If a man falls freely, he
would not feel his weight. I was taken aback. This simple thought experiment

made a deep impression on me. This led me to the theory of gravity.”
– Einstein

The foundation of Einstein’s General Theory of Relativity was led by a simple thought
experiment involving an observer in an elevator. He imagined two observers in two ele-
vators; one rests on the surface of the Earth and another uniformly accelerating upward
with acceleration g will not be able to distinguish whether they are in one situation or
the other. Einstein’s equivalence principle is the idea that says no experiment that can
distinguish a uniform acceleration from a uniform gravitational field. The two are fully
“equivalent”. This understanding of physics in accelerated frames revealed the physics of
gravity.

Einstein’s General Theory of Relativity (GR) is widely considered the most acceptable
theory for explaining gravity. Despite its complicated non-linear field equation, several
attempts have been made to understand the closed-form solution of Einstein’s field
equation. Just a few months after Einstein’s discovery, Karl Schwarzschild [1] discovered
an exact solution of Einstein’s vacuum field equations for a point mass. This solution
predicts the existence of supermassive compact astrophysical objects which features
peculiar singularity in the spacetime. John Archibald Wheeler named these peculiar
objects as ‘black holes’ and the research on black holes became one of the most active
fields of research till now. In a black hole, mass is compressed into a compact volume,
so the gravitational pull at the surface is so strong that nothing, even light, can escape.
After Schwarzschild, Johannes Droste [2], Hans Reissner [3], Gunnar Nordström [4],
John Lighton Synge [5], David Finkelstein [6], Christian Fronsdal [7], Martin D Kruskal
[8], György Szekeres [9], ID Novikov [10, 11] and Roy Kerr [12] contributed to the solu-
tion of Einstein’s theory. The major lessons learned during these studies revealed the
global features of the Einstein equation’s peculiar singularities, known as ‘black holes’.
Finkelstein identified that the very existence of such singularity comes with another
exotic character, constituted by a hypothetical null surface called event horizon, from
which nothing can come out, even the light. Any information that falls into the black
hole will be lost from the outside universe; no information inside the event horizon can

2
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reach an observer outside of it. In the scenario of a black hole, such global features
are connected with its topology and the causal structure. The formation of black holes
due to the gravitational collapse of supermassive objects has long been investigated.
Astronomers often found evidence supporting the presence of black holes. The recent
discoveries of gravitational waves [13–16] from the binary black holes merger in 2015
and the first-ever image of black hole produced by Event Horizon Telescope collaboration
[17] in 2019, have resolved the long-standing debate over the existence of black holes in
reality.

1.2 The Hawking radiation and the Unruh effect

“Consideration of particle emission from black holes would seem to suggest
that God not only plays dice, but also sometimes throws them where they

cannot be seen.”
– Stephen Hawking

It was Jacob Bekenstein, who first realised some similarities between black-hole
physics and thermodynamics. If an object with some temperature and entropy falls into
a black hole, the entropy of that object will be entirely lost from the outside universe.
This will lead to a violation of the second law of thermodynamics. It was Bekenstein’s
observation that black holes must have some entropy, which increases with the mass of
the black hole; only then the second law of thermodynamics will be preserved. His most
striking observation was that, like entropy, the area of the black hole always tends to
increase irreversibly. Indeed, the entropy of the black hole is proportional to the area
of the black hole [18]. Later, Hawking shows the proportionality constant is precisely
one-quarter of the horizon area in Planck units [19]. Hence, in SI units, the BH entropy
turns out to be

S = kB A
4 l2

p
, (1.1)

where A is the horizon area. This discovery of Bekenstein-Hawking entropy for black
holes led Hawking to his most profound insight about black holes. Black holes not only
have entropy, but also have temperature [19, 20]. Due to quantum vacuum fluctuations,
black holes emit particles with a Planckian thermal distribution upto a grey-body factor.
For a Schwarzschild black hole, the temperature associated with this distribution turns

3
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out to be

TH = ⊋c3

8πGkBM
. (1.2)

Here M is the mass of the black hole. This temperature can re-expressed in terms of the
surface gravity (κ) as

TH = ⊋κ
2πckB

. (1.3)

The original idea of Hawking was based on the properties of quantum field theory in
curved spacetime, and it is still one of the pioneering results of this theory. Near the event
horizon, quantum field’s vacuum after the black hole formation is compared with the
vacuum at the asymptotic past (before formation of black hole) through the Bogoliubov
coefficients. It turns out that the two vacuum states are not the same. Consequently,
an observer at the future null infinity will observe a flux of particles emitting out from
the immediate vicinity of the event horizon of the black hole. Hawking heuristically
explained this phenomenon utilising the concept of vacuum fluctuations. The quantum
field vacuum is known to spontaneously create particle-antiparticle pairs, which annihi-
late very rapidly after their emergence. However, in the vicinity of the event horizon, the
members of the virtual pair become separated by the existence of the horizon, and the
annihilation process is prevented. In that case, one member of that pair escapes away
from the black hole with positive energy, contributing to the Hawking radiation. At the
same time, the black hole absorbs the other one with negative energy. This phenomenon
of black hole radiation was quite astonishing since black holes are known only to absorb
and not emit particles. Along with this, it also leads to a problematic situation in the
quantum regime, known as “black hole information paradox”, which we will discuss in
the next section.

Let us now return to the equivalence principle, which says that accelerated frames can
mimic gravity locally. Even though this principle was originally introduced for classical
systems, there may be a counterpart in quantum regime, since the Hawking effect is a
frame-dependent phenomenon. It has a counterpart in accelerated system, known as
the Unruh effect. At the similar time frame of the discovery of the Hawking radiation,
Stephen Fulling observed non-uniqueness in the notion of particles in quantum field
theories, even in absence of a real gravitational field i.e., quantum fields in Rindler
frames [21]. Particle notion for a uniformly accelerating observer in Rindler coordinates
differs from the Minkowski counterpart. After that, Paul CW Davies [22] shows that the
procedure used by Hawking [19] to demonstrate the creation of particles by black holes
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can be implemented in the Rindler coordinate system in flat spacetime. He finds that a
uniformly accelerating observer apparently can see a fixed surface radiating thermally.
Subsequently, William G Unruh introduced the concept of particle detectors [23] to
realize the notion of particles. He examined the behaviour of particle detectors under
acceleration motion of the detector. He observed that an accelerated detector would detect
a thermal bath of particles in the vacuum even in flat spacetime. Later these detectors
are popularly known as the Unruh DeWitt detectors [24]. Moreover, this phenomenon
of particle production from the point of view of a Rindler observer is well-known as the
Fulling–Davies–Unruh effect or the Unruh effect. The temperature corresponding to the
Unruh thermal bath is

TU = ⊋a
2πckB

. (1.4)

Here the surface gravity of the black hole (κ) in Eq. (1.3) is replaced by the acceleration
of the detector (a). More specifically, from the point of view of a Rindler observer, the
Minkowski spacetime seems to have a horizon, known as Rindler horizon. The core of
the Unruh effect lies in the fact that in a non-inertial system, the background quantum
field can be quantized in a non-unique manner. Field quantization in different coordinate
systems leads to different vacua, which are generally not equivalent. Therefore, observers
in different coordinate systems will not agree on the particle content in the field. In the
context of the Unruh effect, the vacuum of an accelerated observer is not equivalent
to the vacuum of an inertial observer, the Minkowski vacuum. As a consequence, the
accelerated observer sees particles in the Minkowski vacuum. Similar non-uniqueness in
quantization is also present in gravitational fields. In the context of Schwarzschild black
hole spacetime, the vacuum of a far-distant, static observer is different from the vacuum
of a free-falling observer near the horizon. Here, the static observer sees particles in the
vacuum of the free-falling observer. Both of these effects are also consequence of lacking
the Lorentz symmetry of special relativistic quantum field. Furthermore, these effects
are closely related to each other by the equivalence principle. The accelerated observer
is analogous to the static observer far away from the black hole, and the Minkowski
observer is analogous to the free-falling observer near the black hole horizon. Therefore,
the similarity between these two effects is vividly discernible.

5
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1.3 The information paradox

There are various repercussions of the Hawking radiation. The temperature of the black
hole is inversely proportional to the mass of the black hole, as shown in Eq. (1.2). As the
black hole emits Hawking radiation, its mass decreases. Because the black hole loses
mass throughout the radiation process, it finally evaporates. However, as the black hole
shrinks and temperature increases. At the time when its mass reaches the Planck mass,
its temperature shall rise to a temperature near the temperature at the beginning of
the Big Bang (↑ 1032 K). At the last phases of black hole evaporation, no one can say
anything about what is supposed to happen, as the existing physical theories are likely
to fail when the black hole’s mass reaches the order of Planck mass.

As matters get absorbed by the black holes, the information (or quantum state) of this
matter disappears from the outside universe. Then black holes emits a radiation, which
is thermal in nature. This radiation is essentially a mixed state and does not contain
any imprint of the initial information. As the black hole eventually evaporates, this
information is irretrievably lost [19]. However, one of the most fundamental principles of
quantum mechanics – unitarity asserts that information cannot be created or destroyed;
it must be conserved. Thus, the Hawking radiation violates the unitarity principle of
quantum physics [25] and leads to a paradox known as “the black hole information
paradox”. This paradox, which came from Hawking’s discovery, puzzled physicists for
decades. One may think that no one will ever employ the Hawking radiation for any
practical purposes. Even worse, unlike elementary particle physics or astrophysics –
subjects which may never have any functional applications, the quantum radiation of
black holes will never lead to any exploratory observances. Then, why should one be
concerned if information is lost due to Hawking radiation? Furthermore, the evaporation
of black holes is so imperceptive that no one ever may witness any black hole shrinking.
The significance of the Hawking radiation lies in the history of the evolution of physics.
Maxwell’s electromagnetic theory of light was one of the most successful theories describ-
ing optics. However, the profound conflict between Maxwell’s theory and the principles of
Newtonian physics disturbs many physicists like Einstein. It was Einstein, who resolved
the conflict between these two theories, and a new paradigm of the special theory of rela-
tivity emerged. Thereafter, the apparent conflict between the special theory of relativity
and the Newtonian gravitational principle was found, which led Einstein to the general
theory of relativity, Einstein’s most splendid masterwork. Particularly, whenever there
is a clash of fundamental principles, a new paradigm comes out. For decades till now,
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many efforts are going on to resolve this paradox e.g., introducing concepts of firewalls
[26], fuzzballs [27, 28] and remnants [29, 30], black hole information loss but no paradox
[31], wormhole replica tricks [32–34], etc. It is believed that a fully quantum theory of
gravity is required to resolve this paradox, which is yet to come out. Till then, physicists
are employing the quantum field theory in curved space to uncover several quantum
attributes associated with gravity. It became unavoidable to understand how various
quantum information theory-related quantities behave under the influence of gravity.
Due to the equivalence principle, it is also essential to understand how acceleration
influences various information theoretic quantities, which is very important to us in
the context of comprehending quantum features on the gravitational backgrounds. In
this regard, it turns out that quantum entanglement phenomena in a gravitational
system can play a significant role in enlightening the quantum nature of gravity. Some
recent studies have shown that two objects can get entangled while interacting through
their gravitational potential. This implies that gravity may have an intrinsic quantum
nature [35, 36]. Moreover, this phenomenon became very important to understand the
quantum nature of gravity [35, 36], the black hole information paradox [19, 26, 37–40],
black hole thermodynamics [41, 42], etc. In this regard, it is essential to understand the
phenomenon of quantum entanglement in the context of gravity.

1.4 Quantum entanglement: ‘spooky action at a
distance’

“Those who are not shocked when they first come across quantum theory
cannot possibly have understood it.”

– Niels Bohr

Quantum entanglement, originally termed by Einstein as – “spooky action at a dis-
tance” – has turned out to be a resource of the quantum information theory. It is one
of the predictions of quantum theory, which shows fascinating non-local properties. If
two quantum subsystems are entangled, then the measurement of a physical observable
in one subsystem will immediately influence the measurement on the other subsystem,
even if they are space-like separated. Any entangled states violate the Bell’s inequalities
[43], which were mathematically formalized as a working hypothesis to test the paradox
of Einstein, Podolsky and Rosen (EPR) – that quantum description of physical reality
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is not complete [44]. Thus quantum entanglement fundamentally differs from classical
correlations, which satisfy the Bell’s inequalities. Since then, many precise experimental
tests have been conducted to confirm the violation of the Bell inequalities in systems
with photons and even with electrons [45–59]. All these tests strongly confirmed the
existence of such non-local quantum description. Due to these properties, entanglement
acts as a ground for the development of secure information transmission and is crucial to
many quantum information theoretic processes, such as quantum teleportation [60–63],
quantum cryptography [48, 64–66], and computation [67], etc.

Even though the fundamental non-local aspect of entanglement was recognized al-
ready after the famous EPR work [68], there was still no operational or generalizable
measure to qualify and quantify the entangled nature of a state for a long time. In the
1930s, von Neumann first introduced the idea of the von Neumann entropy to measure
the uncertainty of a quantum state. He generalized the Shannon entropy of classical
information theory in the context of quantum physics [69]. The von Neumann entropy
vanishes for pure state and non-zero for mixed state. A half-century later, in 1989,
Rainer Werner introduced an entanglement measure known as entanglement entropy
[70], using the idea of the von Neumann entropy. An entangled state cannot be written
as a product of the states of the individual subsystems and contains information about
the total system as a whole. If we consider a reduced density state of one subsystem,
we lose the information about how it is correlated with the other subsystem. Therefore,
individual subsystems are generally a mixed state and will have some non-zero von
Neumann entropy. For maximally entangled Bell states, measuring a single subsystem
gives maximum entropy. Moreover, for a separable state, this entropy becomes zero.
However this measure is primarily suited for pure entangled states. For mixed states, it
is insufficient to describe quantum entanglement. Later, [71, 72] demonstrated that for
2↓2 and 2↓3 systems, the positivity of the partial transposition of a general state is
necessary and sufficient for its separability. Furthermore, if the partial transposition of
the state has any negative eigenvalues, then the system is entangled. This criterion is
popularly known as the Peres–Horodecki criterion or the positive partial transpose (PPT)
criterion. Also, the sum of absolute values of all negative eigenvalues given a quantitative
measure of entanglement, known as negativity [73]. Another measure named logarithmic
negativity [73] is defined using the idea of negativity. At the same time, a generalization
of the entanglement entropy is introduced, known as entanglement of formation [74].
The entanglement of formation is the same as entanglement entropy for the pure states.
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For mixed states, it extends the idea of entanglement entropy. It utilizes convex roof
minimization over all possible pure-state decomposition of the mixed state. It provides
a meaningful path to quantify entanglement. However, this quantity is generally chal-
lenging to compute. William K. Wootters shows that the entanglement of formation
for a two-qubit system can be calculated using a computable quantity known as the
concurrence [75]. Later, concurrence [75–77] turns out to be an independent measure
of entanglement for two-qubit systems. For such systems, the concurrence is one of the
simplest and most widely applicable measures of quantum entanglement, whether pure
or mixed. We primarily utilize quantities like concurrence and negativity for the studies
discussed in this thesis. The relevant mathematical expressions will be discussed in
chapter 2. Let us now discuss the entanglement phenomena in the context of quantum
field theory.

1.4.1 Vacuum as an Entangled state

In free quantum field theory, we treat field as a sum of modes with wave-vector k.
Each modes behave as mathematical simple harmonic oscillators 1. The quantum field’s
vacuum state is a product of each oscillator’s ground state and corresponds to a field state
with no-particle or empty state. However in reality, vacuum is not ‘empty’. Even in the
absence of real particles, the quantum field undergoes continuous, random fluctuations
due to the Heisenberg uncertainty principle εEεt↭ ⊋. The vacuum energy fluctuations
manifest as the creation and annihilation of virtual particle pairs, which annihilate in a
very short-duration to conserve energy. This process is evident in the Schwinger effect
[78]. In the electric field, virtual particle and anti-particle pairs (electron and positron)
are created due to vacuum fluctuations. However, if the electric field is strong enough,
these pairs start to move apart and gain enough energy to become real particles. Even if
this process does not occur, the pairs remain virtual; they should conserve momentum,
spin, charge , etc. These conservation laws make the pairs to be highly correlated or
entangled, i.e., if the particle in the spin-up state (| ↔↗), then the anti-particle must be in
spin-down state (| ↘↗) and vice versa. Thus, the pair’s spin state is generally expected to

1 This is explicitly valid for free fields, not for any strongly interacting fields. For strongly interacting
fields it is not possible as mathematical simple harmonic oscillators as the interaction term in the
Hamiltonian couples all momentum modes strongly. In such a scenario, our obtained results will be
modified, as one has to consider the Greens’ functions for interacting field theory instead of the free-field
Greens’ functions. In such a case, one has to obtain the final density matrix and its elements by following
a similar procedure, as discussed in the thesis.
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be an entangled state [25, 79–81]

|spin↗pair = ς | ↔↘↗+
√

1→ς2 | ↘↔↗ . (1.5)

These entangled particle-antiparticle pairs are direct manifestation of the field’s vac-
uum fluctuations. This signifies that the vacuum state of a quantum field is inherently
entangled. This entanglement ensures that vacuum fluctuations exhibit long-range cor-
relations across space (≃0|φ̂(x)φ̂(y)|0↗ ⇐= 0). Indeed, Summers and Werner [82–85] showed
the maximal violation of the Bell-CHSH inequality in a vacuum of any quantum field
theory, which implies that a vacuum intrinsically includes the non-locality that cannot
be explained by any local realistic means.

This entangled nature of pair production due to the vacuum fluctuations also plays a
crucial role in understanding the Hawking effect and the Unruh effect. In the case of
Hawking radiation, there are two observers: a far-distant observer and a free-falling
observer near the horizon. The coordinate frame of a free-falling observer can cover the
whole black hole spacetime, and the vacuum of this observer is Kruskal vacuum (|0↗K ),
which is the global vacuum of the whole black hole spacetime. Whereas the distant
observer can access only the region outside the event horizon, hence vacuum corresponds
to this observer is different from the Kruskal vacuum. There are two such exterior
regions: one in right side of the black hole, and another is in left side of the black hole.
These exterior regions are causally inaccessible to each other. The global Kruskal vacuum
can expressed as entangled state of field modes of left-exterior (|nin

k ↗) and right-exterior
(|nout

k ↗) regions as [23, 24, 86]

|0↗K =
∏

k

1
√

Zk

∑
nk

e→πnk cϕk/κ|nout
k ↗⇒ |nin

k ↗ . (1.6)

where Zk is a normalization factor. In Hawking radiation, the distant observer in right-
exterior region sees the vacuum of the in-falling observer (|0↗K ). However, since the
observer in the right-exterior region cannot access the degrees of freedom in the left-
exterior region, these inaccessible modes has to be traced out, providing a thermal bath
over the degrees of freedom in the right-exterior region as

ϱout =
1

Zk

∑
nk

e→2πcϕknk/κ|nout
k ↗≃nout

k | , (1.7)

with temperature T = ⊋κ
2πkB c as already seen in Eq. (1.3). Here Zk is a normalization

factor. Similarly, in the case of Unruh effect, the accelerated observer sees the Minkowski
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vacuum (|0↗M), which is the natural vacuum state for an inertial observer in Minkowski
spacetime. However, for an accelerated observer whole Minkowski spacetime is not ac-
cessible. The structure of Minkowski spacetime in presence of an accelerating observer is
divided by the left-moving and right-moving null paths (also known as Rindler horizons)
that pass through the origin, known as Rindler wedges. An accelerating observer, moving
along positive x-direction remain confined in the region (x > |t|), known as right Rindler
wedge (RRW). While accelerating observer along negative x-direction remain confined
in the region (→x > |t|), known as Left Rindler wedge (LRW). These two regions, RRW
and LRW are causally disconnected. In Section 3.2, the Rindler coordinate systems will
be discussed in greater detail. The Minkowski vacuum, when expressed in the Rindler
frame, can be expressed in terms of the number-states (|nR/L

k ↗) of LRW and RRW as
[23, 87–90]

|0↗M =
∏

k

1
√

Zk

∑
nk

e→πnk cϕk/a|nR
k ↗⇒ |nL

k↗, (1.8)

where Zk is a normalization factor. Thus, the Minkowski vacuum is an entangled state
concerning a Rindler observer’s local modes. Since the degrees of freedom of LRW are
inaccessible for the accelerated observer in RRW, they shall be traced out. The reduced
density matrix is perceived as a thermal state as [87]

ϱR = 1
Zk

∑
nk

e→2πcϕknk/a|nR
k ↗≃n

R
k | , (1.9)

with temperature T = ⊋a
2πkB c as mentioned in Eq. (1.4). In this way, the Hawking radiation

and the Unruh effect arise due to the entanglement structure of the quantum vacuum.
However, both these effects involve multiple observers. One observer looks at the vacuum
associated with the other observer for the thermal effects. No thermallity or particles
will be evident if they look at their own vacuum. Therefore, these phenomena are highly
observer-dependent phenomena. The entanglement structure of the vacuum behind these
phenomena also depends on the point of view of a local observer [91]. Understanding
entanglement in the vacuum is crucial for studying observer-dependent phenomena like
Unruh and Hawking radiation. In this regard, the above-mentioned entanglement of
vacuum is unlike that of other quantum systems or particles in a lab. It involves particles
in regions inaccessible to a single observer. Therefore, a direct observation of vacuum
entanglement is extremely challenging.

Earlier, it was known that in non-relativistic quantum mechanical systems, entan-
glement does not depend on observers as a system’s quantum state has global validity.
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All observers will agree on a measure of an entangled system. However in relativistic
quantum systems, all observers may not agree on this global nature of the entangled
state, even for an inertial system [91, 92]. In the case of a spin-spin entangled state, this
observer-dependent feature is evident under transformations like Lorentz boost. Two
maximally entangled rest particles, the entanglement measure decreases as seen by a
Lorentz boosted observer [92–94]. This is because a spin state itself is not an invariant
quantity under Lorentz boost. Also, particle momentum is changed under Lorentz boost.
However, a combination of spin and momentum (p·ω) is a Lorentz invariant quantity [95].
For systems with much lower (non-relativistic) velocities, these effects seem negligible,
leading to global validation of spin-spin entangled state. Similarly, some other studies
[96, 97] shows that a maximally entangled state in an inertial frame loses entanglement
if the observers are relatively accelerated. Thus, we see that entanglement is observer-
dependent in relativistic regime.

1.5 Quantum entanglement in Relativistic set-up

The presence of entanglement within the quantum vacuum has far-reaching and pro-
found implications, affecting various physical and conceptual domains, including the
Unruh effect and Hawking radiation. The observer-dependent nature of vacuum entan-
glement reveals a fundamentally non-classical and context-dependent nature of reality.
It has significant implications for understanding the quantum nature of gravity and may
help to illuminate the black hole information paradox. Since entanglement is a major
resource in quantum information theory, entanglement in a relativistic framework is
crucial from both fundamental and practical perspectives. Despite having several pro-
found physical consequences, it was extremely challenging to probe this entanglement
structure of the vacuum directly.

The particle production in the Unruh effect is one of the direct consequences of
vacuum entanglement. It was Unruh [23] who conceptualized an idea to realize the
produced particles using external atoms operationally. These atoms are considered point-
like quantum systems with two energy levels. They are coupled to a background real
scalar field through monopole coupling, where a monopole operator corresponds to the
detector is coupled to the scalar field. Operationally, this coupling mimics the dipole
coupling, where dipole moment operators of an atom are coupled to the electric field. The

12

TH_3744_206121013



1.5. QUANTUM ENTANGLEMENT IN RELATIVISTIC SET-UP

coupling between the field and detector will promote a transition between two energy
levels of the detector along with excitation or de-excitation of the background quantum
field. An upward transition in the atom by absorbing a quantum of energy from the
field is interpreted as detecting a particle. These simplified two-level particle detectors
are popularly known as the Unruh-DeWitt (UDW) detectors [23, 24]. A more physically
intriguing circumstance appears when considering a system with two detectors; these
detectors are locally correlated with the background quantum field at different spacetime
points. Since the vacuum of the background field is entangled over the spacetime, this
entanglement may get transferred or swapped to the two initially uncorrelated detectors.
In this way, two mutually non-interacting detectors may extract entanglement from the
quantum field’s vacuum.

The seminal work of Antony Valentini [98] first analyzed this possibility of en-
tanglement extraction, and advanced our understanding of the fundamental role of
entanglement in relativistic quantum field theory. He utilized atoms locally coupled
to background electric field with dipole operators. Two atoms are initially considered
non-entangled and not allowed to interact with each other. Due to the local interaction
with the field, these atoms develop entanglement between them. The entanglement in
the vacuum of the background field is swapped into a system of two atomic detectors,
revealing operational insights into the vacuum entanglement. Valentini’s work inspired
further research into the play of entanglement in the relativistic setups. Later, the
pioneering works by Reznik [99, 100] solidified the formal and systematic approach to
articulate the phenomena of entanglement harvesting from the field’s vacuum state. In
these works, he explored entanglement extraction in a system of two accelerated atoms
by considering point-like two-level Unruh-DeWitt particle detectors interacting with
background massless scalar filed. He showed that entanglement extraction was possible
between two causally disconnected anti-parallelly accelerated detectors in the left and
right Rindler wedges. This emphasized that the vacuum can be a source of entanglement
generation between two space-like separated observers. This study gave an operational
interpretation to vacuum entanglement. His groundbreaking exploration of how entan-
glement contained in the vacuum can be harnessed through localized measurements,
inspired a large number of follow-up studies, where the focus is on understanding how
vacuum entanglement changes in different curved spacetimes, near black hole horizons,
or in cosmological expanding universes.
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Entanglement extraction by accelerated detectors from the Minkowski vacuum is
quite intriguing as an accelerated observer perceives the Minkowski vacuum as a thermal
bath. Earlier, it was known that thermality introduces randomness in a system, which
is counter to entanglement. However, in some specific occasions, a distinct class of heat
baths can enhance entanglement in a system [101–105]. The thermality in the Unruh
effect seems to have similar influences on entanglement [106], which is interestingly
much aligned with the entangling nature of field vacuum. This indicates that studying
quantum entanglement in the relativistic framework can provide a much deeper perspec-
tive towards reality and broaden our conceptual horizon. Furthermore, understanding
observer-dependent vacuum entanglement can deliver a testing ground for the interface
of quantum mechanics and general relativity.

Due to the unsurpassed consequences, investigations to understand quantum entan-
glement for relativistic particles have gained significant momentum. The formulation
of entanglement extraction by Reznik further improved in [107–109], where proper
time-ordering is introduced into the picture. The non-local term behind the entangle-
ment extraction became dependent on the Feynman propagator instead of the earlier
known Wightman function. These recent methods provide a meticulous and more general
formulation for understanding entanglement extraction from vacuum. This process of
entanglement extraction is now popularly known as ‘entanglement harvesting’. More-
over, if the detectors are already entangled, then due to the interaction with the field,
entanglement may be degraded [110]. This phenomenon is known as “entanglement
leakage”. Entanglement harvesting is possible even if the detectors are causally dis-
connected and independent of the internal structure of the detectors. This process of
swapping field entanglement to detectors turns out to be sensitive to the type of mo-
tion of the detectors [96, 107, 108, 111–125], the switching function of the interactions
[108, 126–128], the nature of the background fields [129–133], the presence of black
holes [134–145] and other curved spacetimes [142, 146–157], etc. These studies reveal
several intriguing characteristics of entanglement harvesting or extraction from the
vacuum. Entanglement harvesting acquires additional significance from the possibility
of its experimental verification and utilization of the extracted entanglement in quantum
information-related purposes [60, 61, 63]. The experimental verification of entanglement
in systems with photons and even in electrons makes these possibilities all the more
lucrative. In this regard, one should note that it is practically almost impossible to set
up for entanglement harvesting from any black hole vacuum or cosmological vacuum;
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however, for inertial and acceleration motion, it may be possible to create such a setup in
the future. For this reason, we primarily focus on both inertial and non-inertial systems
in the Minkowski spacetime, following the prescription presented in [108, 113], where a
concrete operational formalism of entanglement harvesting with initially uncorrelated
detectors is presented. Also, various measures of harvested entanglement are discussed.

In [113], the authors considered a set-up similar to [99]. They considered two initially
non-entangled, accelerating UDW detectors interacting with a real scalar field. In the
asymptotic future, the detectors get entangled for anti-parallel acceleration, not for par-
allel acceleration. Many studies have been done to understand entanglement harvesting
with accelerating detectors considering parallel and anti-parallel accelerations of the
detectors. For parallel motion of the detectors, they get entangled for finite time switching
function [107, 117–119], however they remain non-entangled for infinite time switching
function [113]. Therefore, the results varies with the choice of switching functions. Here,
it should be noted that the original idea of particle detectors was introduced to detect
particle production in the quantum field vacuum. In Minkowski spacetime, particle
production is only possible for acceleration motion; not for inertial motion. However,
considering finite time switching functions, the detector even clicks for inertial motion,
where there is no actual particle production. This is due to the fact that finite time
switching functions introduce oscillatory transient effects, which vanish for sufficiently
extended periods of interaction. Even for an accelerating detector, the transition rate
will have dominating contributions from transient effects compared to the contributions
due to particle production in the vacuum, failing the actual motivation of conceptual-
izing the UDW detectors [158]. For these reasons, we consider an infinite switching
function for our studies, following the original work on UDW detectors [23]. This helps
to suppress spurious transient effects [24, 89]. In reality, no interaction can persist for
an infinite time duration. This infinite interaction time in an actual set-up should be
an extensive time duration compared to the time associated with the energy gap of the
detectors (ετ>> ⊋/εE) (see [158]). In this situation, the transition rate (or rate of any
other relevant quantity) is a meaningful observable for the detector interacting with
the field. This consideration of much longer interaction time enables us to understand
the underlying physical processes in entanglement harvesting and to find out the roles
played by the vacuum of the field in different systems under consideration. We will also
study the phenomenon of entanglement leakage and try to understand the underlying
elementary physical processes with a simple inertial system, which can reveal some
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intriguing consequences of vacuum fluctuations on an entangled system of two detectors.

In our study, we consider two point-like, two-level Unruh-DeWitt (UDW) detectors
to investigate the entanglement content in the vacuum of a quantum field. These detec-
tors, labeled A and B, are carried by two observers, Alice and Bob, respectively. Since
gravitational systems are analytically challenging, we primarily focus on accelerated
systems, as acceleration can locally mimic gravitational effects. As previously discussed,
an accelerated observer perceives the Minkowski vacuum as an entangled state of field
modes in the left and right Rindler wedges (LRW and RRW). Motivated by this, we ex-
plore scenarios where the two detectors are accelerating in such a way that: one detector
is in the RRW and the other in the LRW, making them causally disconnected. Can they
still extract entanglement from the Minkowski vacuum? Also if both detectors move
within the same Rindler wedge (either RRW or LRW), how does this effect entanglement
harvesting? Since quantum fields in realistic environments are thermal in general, we
analyse how background temperature influences entanglement harvesting between the
accelerated detectors. Additionally, it is well known that the presence of reflecting bound-
aries in spacetime modifies the field’s density of modes. As a result, we expect significant
alterations in entanglement harvesting when boundaries are introduced. Depending on
the configuration, these modifications may either enhance or suppress entanglement
extraction. To explore this, we consider the effect of single or double reflecting boundaries
and comparatively analyse how these boundaries influence the entanglement between
the detectors. For simplicity, in this part of the study, we do not include a thermal
background.

So far, our analysis has focused on entanglement extraction from the vacuum state of
the quantum field. However, in realistic scenarios, the background field may not always
be in the ground state. To address this, we investigate how entanglement harvesting
changes if the background field is in a singly excited state rather than in vacuum. We
conduct this study with inertial detectors instead of accelerated systems to show the
effect of excited field states in a simpler way. We compare the entanglement content
in excited field states with that in the vacuum, providing insight into the feasibility of
entanglement harvesting in more general settings.

Until now, our analysis has focused on how two initially non-entangled detectors
become entangled via local interaction with the background field. Next, we shift our
attention to scenarios where the detectors are initially entangled. For simplicity, we con-
sider static detectors and examine how vacuum fluctuations and spontaneous emission
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influence their entanglement over time. We demonstrate that, due to these interactions,
the detectors gradually lose entanglement.

In a nutshell, the current thesis aims to investigate how a system of two uncorrelated
detectors interacting with a background quantum field can get entangled or lose entan-
glement due to vacuum fluctuations. The entire thesis consists of three parts, excluding
the introduction and conclusion. The first chapter introduces some well-known results of
black hole physics. Many of the topics discussed here are not directly connected with the
main subjects of this thesis. However, their purpose is to offer a comprehensive introduc-
tion to the contemplation of entanglement in the system of two detectors and connections
to the quantum field vacuum, which is the motivation behind the thesis. Now comes
Part I, which includes Chapter Two, in which we present the detailed formalism for
entanglement harvesting or leakage. Part II contains only three chapters (chapters three,
four and five), where we study the entanglement harvesting phenomenon. We try to
figure out how a thermal background and the presence of reflecting boundaries influence
entanglement harvesting between two accelerated detectors. We also try to understand
what happens to entanglement harvesting if the background field is in an excited field
state rather than the vacuum. Part III, which consists of one chapter (chapter six), stud-
ies the entanglement leakage phenomenon. Here, we try to understand what happens to
an initially entangled pair of detectors when they interact with the background quantum
field. Chapter seven presents a brief conclusion and future directions for our findings.
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1.6 Chapter-wise overview: Outline of the thesis

The results discussed in this thesis are based on the works in [159–162]. In this section,
we have outlined the research guidelines of the thesis as follows

Chapter 2:

This chapter begins with a brief overview of quantum field theory in Minkowski space
and curved space to highlight their key differences, including the vacuum space’s non-
uniqueness property. We briefly discuss the key concepts of the Unruh-DeWitt (UDW)
detector model, introducing the detector response function and the transition rate. Then
the whole formalism of entanglement harvesting or leakage is developed based on the
detector model. We discuss the time evolution of two detector systems locally interacting
with a background real, scalar field. For generality, here we start with an entangled
state of the detectors as an initial state, which gets reduced to a separable state with a
limiting condition. Then, we deduce the general conditions for entanglement between
the detectors from the later time density matrix. We finally discuss the quantitative
measures of quantum entanglement between two detectors.

Chapter 3:

We have already mentioned that the Minkowski vacuum is entangled concerning ac-
celerated frame modes. Many works have already been performed to understand the
entanglement extraction by uniformly accelerated detectors from the Minkowski vacuum.
However, the environment is always thermal. Furthermore, it is known that, in general,
background temperature has depreciating effects on quantum entanglement, except
for some specific cases [101–105]. This chapter aimed to understand how background
temperature influences entanglement harvesting between two uniformly accelerated
detectors. We observe that even in the presence of a thermal bath, the detectors can get
entangled only when they are in anti-parallel acceleration, as seen in [113]. We found
that background temperature depreciates the range of accelerations for which the parti-
cles get entangled. Depending on the temperature, entanglement harvesting is possible
after some finite value of primary detector acceleration. The amount of entanglement
also gets suppressed with increasing temperature. However, entanglement harvesting
increases with temperature after a specific (critical) acceleration value. There is only
one critical acceleration in the (1+1) dimension. In the (1+3) dimension, there is one
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(multiple) critical point(s) for both detectors having the same (different) magnitude(s) of
acceleration.

Chapter 4:

The higher the degree of entanglement, the higher the probability of experimental de-
tection. Therefore, asking how one may enhance the entanglement harvesting between
the accelerated detectors is natural. It is well-known that modifying the field’s density
of modes can significantly influence the detector’s transition rate, which may also influ-
ence the entanglement harvesting between two accelerated detectors. In this chapter,
we consider systems with – (i) double reflecting boundaries and (ii) single reflecting
boundaries and perform a comparative study of entanglement harvesting with respect to
a no-boundary system. We observe that the reflecting boundaries can play double roles.
In some parameter spaces, it causes suppression; in others, it can enhance entangle-
ment. However, whether it is enhancement or degradation, double boundaries have more
influence compared to single-reflecting boundaries.

Chapter 5:

The motivation for entanglement extraction from the vacuum arises from both foun-
dational and practical considerations in quantum field theory, quantum information
science, and the study of spacetime. This chapter considers a slightly different system for
understanding entanglement harvesting between two inertial detectors interacting with
the background field, which is initially in a non-vacuum field state. This venture gains
its motivation as, in nature, it is not guaranteed that the background field will be in a
vacuum state. Furthermore, if the background field state is indeed excited, how much
do the results concerning the entanglement harvesting change compared to the vacuum
fluctuations? Our main observation asserts that entanglement harvesting is suppressed
compared to the vacuum fluctuations in this situation. Our other observations confirm
a non-zero individual detector transition probability in this background and vanishing
entanglement harvesting for parallel co-moving detectors.

Chapter 6:

This chapter considers two initially entangled, static UDW detectors coupled with the
background field. They spontaneously lose entanglement when at least one is not isolated
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from the quantum field. For eternal interaction between the detectors and the field, the
spontaneous emission from the detectors’ exited states and vacuum fluctuations of the
field influence this adverse effect. Consequently, it suggests that two entangled qubits
become less communicated during their free fall towards the black hole horizon.

Chapter 7:

We dedicate this final chapter of our thesis to the possible extensions of the results
discussed in the thesis and a list of new problems that can be addressed in the future.
Also, we have highlighted several important conclusions related to our work.

From the next chapter onwards, we have a detailed analysis of the studies. Each
chapter of the thesis contains several appendices, added at the end of the respective
chapters. We shall use natural units c =G = kB = 1. Here c is the velocity of light, G is
the Newtonian constant of gravitation, and kB is the Boltzmann constant. Here, we will
consider the signature of the Lorentzian metric to be (→,+,+,+).
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2
THE FORMALISM: SYSTEM OF TWO DETECTORS

This chapter presents the formulation for understanding the possibility of two
uncorrelated atomic Unruh-DeWitt detectors getting entangled over time while
interacting with a general field state. Primarily, we are interested in finding

the condition for the detectors to be entangled and the quantification of entanglement
after time evolution is done. The whole analysis will be valid up to the second-order
perturbative series of the system’s density matrix, where the expansion is done order
by order in terms of interaction strength. Before proceeding, we briefly discuss the
differences between quantum field theory in flat and curved spacetime, from which the
non-unique nature of vacuum will be discussed. Then, we will discuss how to prove
this non-uniqueness of vacuum, introducing simplified two-level atoms (Unruh-DeWitt
detectors). Finally, we will understand how a system of two detectors evolves with time
while locally interacting with a background quantum field.

2.1 Scalar Fields in Minkowski Spacetime

Let us consider a real scalar field φ(t,x) defined at all points (t,x) of n-dimensional
Minkowski spacetime. The Lagrangian density is known as

L (x)= 1
2

(
ηϑεφ,ϑφ,ε→m2φ2

)
. (2.1)
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Here ηϑε = (1,→1,→1,→1) 1 and the quantity m is identified as mass of the field quanta.
For simplicity we define x as abbreviation of the spacetime point (t,x) throughout the
manuscript. From it one can construct an action

S =
∫

L (x)dnx , (2.2)

and demanding that for variations with respect to φ to be zero, i.e., ςS = 0, one obtain
the field equation

(ϖµϖµ+m2)φ= 0. (2.3)

One set of solutions of Eq. (2.3) is known as

uk(x)⇑ eik·x→iϕt , (2.4)

where ϕ⇓
(
|k|2 +m2) 1

2 and the Cartesian components of k can take the values →⇔< ki <
⇔, i = 1, . . . ,n→1. The modes in Eq. (2.4) are said to be positive frequency with respect
to t, being eigenfunctions of the operator ϖ/ϖt as

ϖ

ϖt
uk(x)=→iϕuk(x), with ϕ> 0 . (2.5)

Also the mode functions has to be orthogonal, which can be examined by using the
following definition of scalar product

(
φ1,φ2

)
= →i

∫

µ

{
φ1(x)ϖµφω2 (x)→φω2 (x)ϖµφ1(x)

}
dϑµ

= →i
∫

t
φ1(x)

↖↙
ϖt φ

ω
2 (x)dϑt , (2.6)

where dϑt denotes the integration over a spacelike hyper-surface of simultaneity at
instant t. Then the modes in Eq. (2.4) can be shown orthogonal if

(uk,uk∝)= ςn→1 (
k→k∝) . (2.7)

Using this condition one normalise the modes in Eq. (2.4), and the normalised modes
can be expressed as

uk(x)=
[
2ϕ(2π)n→1]→ 1

2 eik·x→iϕt . (2.8)

1In general we use the sign convention (→,+,+,+). Only here we use the convention (+,→,→,→), as we
follow the book by Birrell and Davies (1982). Use of different sign convention will not effect any results
obtained in the thesis.
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The field modes in Eq. (2.8) and their complex conjugates form a complete orthonormal
basis with scalar product Eq. (2.6). The quantum field φ̂(x) can be expanded using these
field modes as

φ̂(x)=
∑

k

[
âkuk(x)+ â†

kuωk(x)
]

, (2.9)

where, âk, â†
k are the annihilation and creation operators of the scalar field. The equal

time commutation relations for field (φ̂) and conjugate momenta (ϖ̂= ϖtφ̂) are given by

[φ̂(t,x), φ̂(t,x∝)]= [ϖ̂(t,x),ϖ̂(t,x∝)]= 0;

[φ̂(t,x),ϖ̂(t,x∝)]= iςn→1(x→x∝) . (2.10)

Using explicit expression of φ̂ from Eq. (2.9) in these relations leads to the commutation
relations for âk and â†

k, which are given by

[âk, âk∝]= [â†
k, â†

k∝]= 0

[âk, â†
k∝]= ςkk∝ . (2.11)

In the Heisenberg picture of quantum mechanics, the quantum states span a Hilbert
space. A convenient basis in this Hilbert space is given as the so-called Fock represen-
tation. The normalised basis ket vectors, denoted as |nk↗, can be constructed from the
state |0↗, called the vacuum or no-particle state. The state |0↗ has the property that it is
annihilated by all the ak operators

ak|0↗= 0, ′k . (2.12)

Since our Lagrangian satisfies the Lorentz invariance, the vacuum state is consistent
across all inertial frames. Hence all inertial observers will observe the vacuum as lowest
energy state or no-particle state of the field.

The state with n number of particles with momentum k (denoted as |nk↗) is obtained
from |0↗ with operation of

(
â†

k

)n
as

|nk↗=
1

∞
n!

(
a†

k

)n
|0↗ . (2.13)

The Hamiltonian for the quantum field turns out to be

Ĥ =
∑

k

(
â†

kâk+ 1
2


ϕk =

∑

k

(
N̂k+ 1

2


ϕk , (2.14)
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CHAPTER 2. THE FORMALISM: SYSTEM OF TWO DETECTORS

where N̂k = â†
kâk is known number operator. Expectation value of this operator with

respect to any state provides number of particles associated with the state. For the
vacuum state and n-particle state, expectation of this operator gives

≃0|N̂k|0↗= 0

≃nk|N̂k|nk↗= n. (2.15)

2.2 Quantum field theory in curved space

This section briefly discusses the generalisation of the Minkowskian (flat) quantum
field theory (QFT) in curved spacetime. Since we do not have a fully quantum theory
of gravity; therefore, we use the semi-classical QFT methods in curved spacetime. By
‘semi-classical’, one refers to the quantum fields are embedded on a background curved
spacetime. To a great extent, the features of quantum fields in curved spacetime have
direct correspondance to the quantum field theory in flat spacetime. However, there
are some discrepancies are also apparent, i.e., the quantum vacuum no longer remain
unique due to lack of global inertial frames (the Poincaré symmetry is broken). Different
observers in different coordinate systems in curve spacetime do not agree on the vacuum
state [21, 24, 163]. In other words, the vacuum of one frame can be perceived as many
particle state or thermal state in another frame.

Before we proceed to this topics, let us start with a Lagrangian density in gravitational
field background [24]

L (x)= 1
2

√
→g(x)

{
gµv(x)φ(x),µφ(x),v →

[
m2 +ξR(x)

]
φ2(x)

}
. (2.16)

Here the coupling between the real scalar field and the gravitational field is represented
by the term ξRφ2, where ξ is the coupling constant, and R(x) is the Ricci scalar curvature.
Again one can construct an action corresponding to this Lagrangian and one obtains the
scalar field equation by setting the variation with respect to φ equal to zero

[
↫x +m2 +ξR(x)

]
φ(x)= 0 (2.17)

where ↫=∈µ∈µ = (1/∞→g )ϖµ[∞→g gµνϖν]. Here we use two particular values of ξ: ξ= 0,
known as minimal coupling and ξ= (n→2)/4(n→1), known as conformal coupling. The
conformal coupling with consideration of massless scalar fields leads to mode functions
similar to flat spacetime modes except a conformal factor [24].

The solutions of this field equation has to form a complete set of basis vectors. Hence,
the solutions need to be orthogonal, which can be examined by utilising the definition of
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scalar product. If φ1, φ2 are two solutions of the field equation in Eq. (2.17), then the
scalar product is provided as

(φ1,φ2)=→i
∫

ϑ
φ1(x)

↖↙
ϖµφ

ω
2 (x)

√
→gϑ(x) dϑµ (2.18)

where dϑµ = nµdϑ, with nµ is a future directed unit vector orthogonal to spacelike hyper-
surface ϑ, dϑ is volume element in ϑ. There exists a complete set of mode solutions ui(x)
of (2.17), which are orthogonal in the inner product in Eq. (2.18), satisfying

(ui,u j)= ςi j, (uωi ,uωj )=→ςi j, (ui,uωj )= 0 . (2.19)

The field modes u j(x) and it’s complex conjugates form a complete orthonormal basis
with Eq. (2.19), hence the quantum field φ̂(x) can be expanded as

φ̂(x)=
∑

j

[
â ju j(x)+ â†

ju
ω
j (x)

]
(2.20)

where â j, â†
j are the annihilation and creation operators, satisfying the commutator

relations, [âi , â†
j] = ςi j, etc. The no-particle state or the vacuum state |0↗u associated

with the set of basis {u j}, is defined as

â j|0↗u = 0, for all j. (2.21)

Here also one can construct a n-particle state as constructed in Eq. (2.13). Number
operator is defined as N̂i = â†

i âi, provides ≃ni|N̂i|ni↗= ni, as observers in quantum field
theory in flat space.

In curved spacetime, the Poincaré group is no longer a symmetry group. The general
relativity is based on the principle of general covariance, thus no coordinate system
is more preferreble than any other. Hence, there can exist another complete set of
orthonormal modes ūi(x) for the expansion of field operator. The expansion of φ̂ in these
modes is expressed as

φ̂(x)=
∑

j

[
ˆ̄a jū j(x)+ ˆ̄a†

j ū
ω
j (x)

]
(2.22)

where ˆ̄a j, ˆ̄a†
j are annihilation and creation operators for this new set of basis vectors,

satisfying the commutator relations, [ ˆ̄ai, ˆ̄a†
j]= ςi j. The vacuum state corresponding to

this modes is defined by

ˆ̄a j|0↗ū = 0 for all j. (2.23)
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Both sets of mode functions are complete, and they span the same Hilbert space.
Hence, any later mode, ū j can be written as linear superposition of u j modes (or vice
versa) as a vector expressed in terms of basis vectors. Hence one can write

ū j =
∑

i

(
ϑ jiui +ε jiuωi

)
. (2.24)

Conversely one can write

ui =
∑

j

(
ϑωji ū j →ε ji ūωj

)
. (2.25)

These relations are known as the Bogolubov transformations [164]. The coefficients
ϑi j, εi j are called the Bogolubov coefficients, and by using Eq. (2.24) and Eq. (2.19) they
can be evaluated as

ϑi j =
(
ūi,u j

)
, εi j =→

(
ūi,uωj

)
. (2.26)

These Bogolubov coefficients always satisfies the following relations [24]
∑

k

(
ϑikϑ

∋
jk →εikε

∋
jk

)
= ςi j ,

∑

k

(
ϑikε jk →εikϑ jk

)
= 0. (2.27)

Equating the above two mode expansions of the field φ̂(x) in Eqs. (2.20) and (2.22)
and making use the Bogolubov transformations in Eqs. (2.24) and (2.25) and the or-
thonormality of the modes in Eq. (2.19), one obtains the relation between the creation
and annihilation operators associated with the basis sets as

âi =
∑

j

(
ϑ ji ˆ̄a j +εωji ˆ̄a†

j

)
, ˆ̄a j =

∑

i

(
ϑωji âi →εωji â

†
i

)
. (2.28)

It follows immediately from Eq. (2.28) that, the expectation value of the operator N̂i =
â†

i âi for the number of ui mode particles in the state |0↗ū is

ū≃0|N̂i|0↗ū =
∑

j

ε ji
2 △ 0, (2.29)

which is to say that the vacuum of the ū j modes contains ϑ j
ε ji

2 particles accord-
ing to an observer in the other frame. This means that, two observers quantising in
different frames even in flat spacetime will not in general agree about the particle con-
tent of the field, unless they are both in specially related frames – such as inertial frames.

For example, an observer uniformly accelerating through the Minkowski vacuum
observes a thermal bath of particles. This phenomenon is known as the Unruh Effect
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[21, 23, 24]. Similarly, in black hole spacetime, a static Boulware observer at spatial
infinity observes particles in the vicinity of the Horizon. This is known as the Hawking
Radiation [19, 20, 24]. The similar particle productions in flat and curved spacetimes
are also discussed in [165–171].

2.3 The Unruh-DeWitt Detectors

In the last section, we have seen that particle number in curved spacetime does not have
global significance. Vacuum of one observer is perceived as a multi-particle state from
another observer’s point of view. Now, one can try to understand how to operationally
realise these particles. Here, one can utilise the idea of measurement apparatus in
quantum physics. If state of a quantum system is unknown, one can get informations
about this system using a measurement apparatus, coupled with the system of interest.
One example is: an electric dipole interacting with electrostatic field (the light-matter
interaction). Observing transitions of the dipole (the pointer system), one can try to
understand excitation or de-excitation of the electric field. Since through the dipole, one
detects excitation or de-excitation of the field, one can call it as dipole detector.

In our works, we have considered the field to be scalar field. Thus the detectors in
our case will be scalar operators, known as monopole detectors. The original idea of
monopole detectors were introduced to provide an operational definition to the concept
of a particle [23, 24, 172]. These detectors are conceptualised as point-like, two-level
quantum systems. They have ground and excited states (|g↗ and |e↗) with a energy gap
εE. The monopole operator is given by

m̂(τ)= eiĤτ (|g↗≃e|+ |e↗≃g|) e→iĤτ . (2.30)

These monopole detectors are popularly known as the Unruh-DeWitt detectors. The
motion of a detector is described by a classical world-line. One can consider a detector
that is moving along a trajectory x(τ), where τ is the proper time of the detector. The
detector is coupled with the local quantum field via the interaction Hamiltonian, given
by

Ĥint = c m̂(τ)φ̂(x(τ)), (2.31)

where c is coupling constant. This interaction Hamiltonian mimics the light-matter inter-
actions like p̂ · Â (or µ̂ · Ê) when angular momentum is not involved [173]. The coupling
between field and detector will promote transition between two energy levels of detector
along with excitation or de-excitation of the background quantum field. Operationally,
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this interaction is the simplification of the well-known light-matter interaction for scalar
fields. When a detector detects a particle creation or destruction in the field, it beeps.

Let us consider the quantum field φ̂ is initally in the vacuum state |0↗ and the
detector is in ground state |g↗. Up to the first order in perturbation theory, the transition
amplitude from initial state |g, 0↗ to final state |e,ψ↗ is given by

A = ic ≃e,ψ|
∫

dτ m̂(τ)φ̂(x(τ))|g, 0↗= ic
∫

dτeiεEτ≃ψ|φ̂(x(τ))|0↗ ; (2.32)

where |ψ↗ is the state of the field after the interaction with the detector. We will have
quantity ≃e|m̂(0)|g↗ to be unity (in natural unit). In generally, this term only depends
on the internal structure of the detector, not on the motion or size of the detector. The
transition probability of the detector to all possible final states |ψ↗ of the quantum field
is given by

P (εE)= c2
∫⇔

→⇔
dτ

∫⇔

→⇔
dτ∝ e→iεEε(τ→τ∝) G(x(τ), x(τ∝))= c2

F (εE) . (2.33)

The function F (εE) is called the detector response function, can be expressed as

F (εE)=
∫⇔

→⇔
dT

∫⇔

→⇔
d(ετ) e→iεEετ G(x(τ), x(τ∝)) (2.34)

where, ετ= τ→τ∝ and T = (τ+τ∝)/2. Here G(x(τ), x(τ∝)) is the Wightman function, given by
≃0|φ̂(x(τ))φ̂(x(τ∝))|0↗. The detector response function only requires the positive frequency
Wightman function as an input, which carries the information of the background field
and the motion of the detector. For a uniformly accelerated detector with acceleration
a, we have the Wightman function G(ετ) = →a2/16π2 sinh2(a(ετ→ iε)/2). The detector
response function turns out to be [23, 24, 172]

F (εE)= ς(0)
2π

εE
e2πεE/a →1

. (2.35)

Thus, the accelerated observer sees a bath of thermal radiation at the temperature
kBTU = a/2π. This temperature TU is known as the Unruh temperature, and kB is the
Boltzmann constant (we use natural unit kB = ⊋= c = 1). Here the Dirac delta function
ς(0) appears because the interaction is on for infinite time. One can define detector
response per unit time F (εE)/T to avoid this delta function. Another possible way to
avoid this delta function is by allowing interaction only for some finite time, introducing
an interaction switching function [174–178]. However, for finite-time switching functions,
there is always some additional contributions due to switching effect. For example, in
case of inertial detector, excitation probability with eternal interaction is vanishing,
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which is consistent with the vanishing expectation value of number operator. However,
introduction of finite-time switching functions, the excitation probability is non-zero
[179, 180]. This Unruh-DeWitt particle detector models are extensively studied in
literature for various flat and curved spacetime backgrounds to operationally realise the
particle production phenomena [87, 175, 176, 179, 181–204].

2.4 Evolution of combined state of the detectors

In previous section, we have discussed interaction of a single detector with background
scalar field. In this section, we will consider the system of two detectors (say A and B)
locally interacting with the quantum field. However, these detectors do not interact with
each other. The interaction Hamiltonian is given by

Ĥint =
∑

j=A,B
c jm̂ j(τ j)φ̂(xj(τ j)). (2.36)

The interaction action Ŝint is given by

Ŝint =
∑

j=A,B

∫
c jχ j(τ j)m̂ j(τ j)φ̂(xj(τ j))dτ j (2.37)

where c j and m̂ j(τ j) are the coupling constant and the monopole operator of the jth

detector, respectively. χ(τ) is interaction switching function, which can restricts the
time-interval of the interaction. For eternal interactions, one uses χ(τ)= 1. For practical
set-ups this time-interval need not has to be infinite, it has to be much larger than
the time scale associated with the detector’s energy gap. Then, the spurious, oscillatory
finite-time switching effects become negligible compared to the actual transitions, and
one obtains the results corresponding to the infinite time switching [158]. Only then, the
experimental outcomes can be compared with the theoretical predictions. In our studies,
we will always use χ(τ)= 1 for this reason. Later, we will define the rate of quantities as
physical quantities.

Let us consider the initial state of the total system at the asymptotic past is given by

|in↗= |D↗|ϱ↗ , (2.38)

where |D↗ is the initial composite state of the detectors’ (A and B), and |ϱ↗ is the initial
state of the field (we will consider |ϱ↗ as vacuum state of the field |0↗, except in chapter
5). The final state at the asymptotic future can be expressed in terms of unitary evolution
in interaction picture as [205]

|out↗= TeiŜint |in↗ . (2.39)
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One can construct the final density matrix of the total system as |out↗≃out| (since the
state of the total system is a pure state). Tracing the field degrees of freedom, one obtain
the density matrix of two detector system as

ϱ̂AB = Trφ {|out↗≃out|} . (2.40)

Using the (2.39) and (2.40), we calculate ϱ̂AB up to second order in coupling constant as

ϱ̂AB =Trφ

[1+ iŜint →T(ŜintŜ∝ int)/2]|ϱ↗|D↗≃D|≃ϱ|[1→ iŜint →T(ŜintŜ∝ int)†/2]



=|D↗≃D|Trφ {|ϱ↗≃ϱ|}+Trφ
{
iŜint|ϱ↗|D↗≃D|≃ϱ|

}
→Trφ

{
|ϱ↗|D↗≃D|≃ϱ|iŜint

}

+Trφ
{
Ŝint|ϱ↗|D↗≃D|≃ϱ|Ŝ∝

int
}
→Trφ

{
T(ŜintŜ∝ int)/2|ϱ↗|D↗≃D|≃ϱ|

}

→Trφ

|ϱ↗|D↗≃D|≃ϱ|T(ŜintŜ∝ int)†/2


+O(c3) .

(2.41)

Trace on the first term yields unity, the second and the third terms will vanish (see
Appendix 2.A.1). The density operator ϱ̂AB become

ϱ̂AB = |D↗≃D|+ [R̂(1) + R̂(2) + R̂(2)†]+O(c3) . (2.42)

Here the first term represents the initial density matrix of the composite system of two
detectors. The next term is given as

R̂(1) =Trφ[Ŝint|ϱ↗|D↗≃D|≃ϱ|Ŝint]

=Trφ


∑

i=A,B

∫
ciχi(τi)m̂i(τi)φ̂(xi)dτi


|ϱ↗|D↗≃D|≃ϱ|


∑

j=A,B

∫
c jχ j(τ∝j)m̂ j(τ∝j)φ̂(x∝j)dτ

∝
j



=
∑

i, j=A,B
ci c j


dτidτ∝jχi(τi)χ j(τ∝j)

[
m̂i(τi)|D↗≃D|m̂ j(τ∝j)

]
≃ϱ|φ̂(x∝j)φ̂(xi)|ϱ↗ .

(2.43)

Consider the initial composite state of two detectors as

|D↗=ϑ|gA gB↗+γ|eA eB↗ , (2.44)

one can calculate the quantity inside the square bracket in Eq. (2.43). For these calcula-
tions, one can check Appendix 2.A.2. Using the results from Appendix 2.A.2, the quantity
R̂(1) turns out to be
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R̂(1) = |eA gB↗≃eA gB|{ϑ2c2
AP A(εE)+γ2c2

BPB(→εE)+ϑγcA cB(P̄ AB(εE)+ P̄
ω
AB(εE))}

+ |gA eB↗≃gA eB|{γ2c2
AP A(→εE)+ϑ2c2

BPB(εE)+ϑγcA cB(P̄ AB(→εE)+ P̄
ω
AB(→εE))}

+ |eA gB↗≃gA eB|{ϑγ(c2
AP̄ AA(εE)+ c2

BP̄BB(→εE))+ cA cB(ϑ2
P AB(εE)+γ2

P
ω
AB(→εE))}

+ |gA eB↗≃eA gB|{ϑγ(c2
AP̄ AA(→εE)+ c2

BP̄BB(εE))+ cA cB(ϑ2
P
ω
AB(εE)+γ2

P AB(→εE))}

= b1 |eA gB↗≃eA gB|+b2 |eA gB↗≃gA eB|+h1 |gA eB↗≃eA gB|+h2 |gA eB↗≃gA eB| ; (2.45)

where we have defined the following functions:

P j(εE) =


dτ jdτ∝jχ j(τ j)χ j(τ∝j)e
iεE jετ j≃ϱ|φ̂(x∝j)φ̂(xj)|ϱ↗ , (2.46)

P̄ j j(εE) =


dτ jdτ jχ j(τ j)χ j(τ j)eiεE j(τ j+τ j)≃ϱ|φ̂(xj)φ̂(xj)|ϱ↗ , (2.47)

P̄ AB(εE) =


dτAdτBχA(τA)χB(τB)eiεEAτA+iεEBτB≃ϱ|φ̂(xB)φ̂(xA)|ϱ↗ , (2.48)

P AB(εE) =


dτAdτBχA(τA)χB(τB)eiεEAτA→iεEBτB≃ϱ|φ̂(xB)φ̂(xA)|ϱ↗ . (2.49)

The expressions of b1, b2, h1 and h2 are given later (see Eq. 2.65). Here P j(εE), P̄ j j(εE)
are local quantities, depends on coordinates of only one detector. The quantity P j(εE) is
the transition probability of jth detector as discussed in Sec. 2.3. The other quantities
P̄ AB(εE), P AB(εE) are non-local, depends on coordinates of both detectors. Also note
that among these quantities, only P̄ AB(εE) is symmetric under exchange of (xA, xB) if
the detectors have equal energy gap εEA =εEB =εE.

The next term is obtained as

R̂(2) =→TrφT(ŜintŜ∝ int)/2|ϱ↗|D↗≃D|≃ϱ|

=→ 1
2

TrφT


∑

i=A,B
ci

∫
dτiχi(τi)m̂i(τi)φ̂(xi)


∑

j=A,B
c j

∫
dτ∝jχ j(τ∝j)m̂ j(τ∝j)φ̂(x∝j)



↓ |ϱ↗|D↗≃D|≃ϱ| .
(2.50)

After some rearrangement we obtain

R̂(2) =→
∑

i, j=A,B

ci c j

2


dτidτ∝jχi(τi)χi(τ∝j) m̂i(τi)m̂ j(τ∝j)|D↗≃D|

[
TrφT

(
φ̂(xi)φ̂(x∝j)|ϱ↗≃ϱ|

)]
.

(2.51)
Here before tracing out field degrees of freedom, we need to remove the time-ordering.
Thus we will use the following relation [205]

1
2


dτdτ∝T[Ô(τ)Ô(τ∝)]=


dτdτ∝Ô(τ)Ô(τ∝)θ(τ→τ∝). (2.52)
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After that we can simply take trace over field degrees of freedom using Eq. (2.A.5) from
Appendix 2.A.1. The quantity R̂(2) in Eq. (2.51) then becomes

R̂(2) =→
∑

i, j=A,B
ci c j


dτidτ∝jχi(τi)χ j(τ∝j)θ(τi →τ∝j)[m̂i(τi)m̂ j(τ∝j)|D↗≃D]≃ϱ|φ̂(xi)φ̂(x∝j)|ϱ↗

=→
∑

j=A,B
c2

j


dτ jdτ∝jχ j(τ j)χ j(τ∝j)θ(τ j →τ∝j)[m̂ j(τ j)m̂ j(τ∝j)|D↗≃D|]≃ϱ|φ̂(xj)φ̂(x∝j)|ϱ↗

→ cA cB


dτAdτBχA(τA)χB(τB)[m̂A(τA)m̂B(τB)|D↗≃D|]≃ϱ|Tφ̂(xA)φ̂(xB)|ϱ↗ .

(2.53)
Here in the last line we dropped prime (∝) symbol from the dummy variables. Also used
the property that m̂A(τA)m̂B(τB)|D↗≃D| = m̂B(τB)m̂A(τA)|D↗≃D| (see Appendix 2.A.3).
Here the time-ordered two-point function (the Feynman propagator) is appeared as we
know that

≃ϱ|Tφ̂(xA)φ̂(xB)|ϱ↗= θ(τA →τB)≃ϱ|φ̂(xA)φ̂(xB)|ϱ↗+θ(τB →τA)≃ϱ|φ̂(xB)φ̂(xA)|ϱ↗ . (2.54)

For our considered initial composite state of two detectors |D↗=ϑ|gA gB↗+γ|eA eB↗, we
have

R̂(2) =→|gA gB↗≃gA gB|{ϑ2(c2
AP A,+(εE)+ c2

BPB,+(εE))→ϑγcA cBE (→εE)}

→ |eA eB↗≃eA eB|{γ2(c2
AP A,+(→εE)+ c2

BPB,+(→εE))→ϑγcA cBE (εE)}

→ |gA gB↗≃eA eB|{ϑγ(c2
AP A,+(εE)+ c2

BPB,+(εE))→γ2cA cBE (→εE)}

→ |eA eB↗≃gA gB|{ϑγ(c2
AP A,+(→εE)+ c2

BPB,+(→εE))→ϑ2cA cBE (εE)} ;

(2.55)

where we have defined

P j(εE) = P j,+(εE)+P
ω
j,+(εE) , (2.56)

P j,+(εE) =


dτ jdτ∝jχ j(τ j)χ j(τ∝j)θ(τ j →τ∝j)e
iεE jετ j≃ϱ|φ̂(x∝j)φ̂(xj)|ϱ↗ , (2.57)

Mj = P j,+(εE j)+P
ω
j,+(→εE j)

=


dτ jdτ∝jχ j(τ j)χ j(τ∝j)θ(τ j →τ∝j)e
iεE jετ j≃ϱ|{φ̂(x∝j), φ̂(xj)}|ϱ↗ , (2.58)

E (εE) = →


dτAdτBχA(τA)χB(τB)eiεEAτA+iεEBτB≃ϱ|Tφ̂(xB)φ̂(xA)|ϱ↗ .(2.59)

In Eq. (2.57), there is a discontinuity of the Heaviside function at the limit τ j ↙ τ∝j. In
this coincidence limit (xj(τ) ↙ xj(τ∝)), there exists a distributional singularity of the
two-point function.
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Here the dummy integration variables τ j and τ∝j can be re-expressed in terms of new
variables u j = τ j →τ∝j and vj = τ j +τ∝j. Also, the two-point function of the jth detector can
be expressed as a function of u j. Then the integrals in Eq. (2.57) can be expressed as

P j,+ =Limitε↙0

∫⇔

→⇔
dvj

∫⇔

0+ε
du j eiεE ju jGϱ(u j) ; (2.60)

where Gϱ(u j)= ≃ϱ|φ̂(x∝j)φ̂(xj)|ϱ↗ and the switching functions χ j(τ j)= 1. In the integra-
tion limit, one introduces a minimal parameter ε (> 0), such that u j △ ε, and after the
integration takes the limit ε↙ 0. While performing the integrals, one also utilises the
iε-prescription in the two-point function. For example, in the case of the Minkowski
space, the two-point function usually can be expressed as [24]

Gvac(x, x∝)=→ 1
4π2

1
(t→ t∝ → iε)2 → |x→ x∝|2

. (2.61)

After the integrations are performed, one set ε↙ 0. In this way, the discontinuity of the
Heavisine function at u = 0 does not affect the integrations.

Following the earlier methods, we obtain R(2)† as

R̂(2)† =→|gA gB↗≃gA gB|{ϑ2(c2
AP

ω
A,+(εE)+ c2

BP
ω
B,+(εE))→ϑγcA cBE

ω(→εE)}

→ |eA eB↗≃eA eB|{γ2(c2
AP

ω
A,+(→εE)+ c2

BP
ω
B,+(→εE))→ϑγcA cBE

ω(εE)}

→ |eA eB↗≃gA gB|{ϑγ(c2
AP

ω
A,+(εE)+ c2

BP
ω
B,+(εE))→γ2cA cBE

ω(→εE)}

→ |gA gB↗≃eA eB|{ϑγ(c2
AP

ω
A,+(→εE)+ c2

BP
ω
B,+(→εE))→ϑ2cA cBE

ω(εE)} .

(2.62)

Thus adding the quantities R̂(2), R̂(2)† with initial reduced density matrix |D↗≃D|, we
obtain

|D↗≃D|+ R̂(2) + R̂(2)†

= |gA gB↗≃gA gB|{ϑ2 →ϑ2(c2
AP A(εE)+ c2

BPB(εE))+ϑγcA cB(Eω(→εE)+E (→εE))}

+|eA eB↗≃eA eB|{γ2 →γ2(c2
AP A(→εE)+ c2

BPB(→εE))+ϑγcA cB(Eω(εE)+E (εE))}

+|eA eB↗≃gA gB|{ϑγ→ϑγ(c2
AMω

A + c2
BMω

B)+γ2cA cBE
ω(→εE)+ϑ2cA cBE (εE)}

+|gA gB↗≃eA eB|{ϑγ→ϑγ(c2
AMA + c2

BMB)+ϑ2cA cBE
ω(εE)+γ2cA cBE (→εE)}

= a1 |eA eB↗≃eA eB|+a2 |eA eB↗≃gA gB|+d1 |gA gB↗≃eA eB|+d2 |gA gB↗≃gA gB|
(2.63)
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Therefore, from Eqs. (2.42), (2.45) and (2.63), we obtain the final reduced density matrix
of two detector system upto second order in coupling constant as [110]

ϱ̂AB =




a1 0 0 a2

0 b1 b2 0
0 h1 h2 0
d1 0 0 d2



+O(c4) ; (2.64)

with matrix elements obtained as follows

a1 = γ2 →γ2(c2
AP A(→εE)+ c2

BPB(→εE))+ϑγcA cB(Eω(εE)+E (εE)) ,

a2 =ϑγ→ϑγ(c2
AMω

A + c2
BMω

B)+γ2cA cBE
ω(→εE)+ϑ2cA cBE (εE) ,

d1 =ϑγ→ϑγ(c2
AMA + c2

BMB)+ϑ2cA cBE
ω(εE)+γ2cA cBE (→εE) ,

d2 =ϑ2 →ϑ2(c2
AP A(εE)+ c2

BPB(εE))+ϑγcA cB(Eω(→εE)+E (→εE)) ,

b1 =ϑ2c2
AP A(εE)+γ2c2

BPB(→εE)+ϑγcA cB(P̄ AB(εE)+ P̄
ω
AB(εE)) ,

b2 =ϑγ(c2
AP̄ AA(εE)+ c2

BP̄BB(→εE))+ cA cB(ϑ2
P AB(εE)+γ2

P
ω
AB(→εE)) ,

h1 =ϑγ(c2
AP̄ AA(→εE)+ c2

BP̄BB(εE))+ cA cB(ϑ2
P
ω
AB(εE)+γ2

P AB(→εE)) ,

h2 = γ2c2
AP A(→εE)+ϑ2c2

BPB(εE)+ϑγcA cB(P̄ AB(→εE)+ P̄
ω
AB(→εE)) .

(2.65)

Note that the elements a1, a2, d1 and d2 have contributions from both c0 and c2-orders.
However, the all other elements b1, b2, h1 and h2 have contributions from only c2-order.
This general analysis has been given in [110].

There is one more thing we need to check before we proceed further. We need to
ensure that the matrix ϱ̂AB is positive, as it is a density matrix [206]. Thus all the
eigenvalues of ϱ̂AB has to be positive.

For the density matrix in Eq. (2.64), the eigenvalues of are

λ1,2 =
1
2


a1 +d2 ±


(a1 +d2)2 +4(a2d1 →a1d2)


,

λ3,4 =
1
2


b1 +h2 ±


(b1 +h2)2 +4(b2h1 →b1h2)


.

(2.66)

These eigenvalues are all positive, provided the following conditions are satisfied

a1d2 △ a2d1, b1h2 △ b2h1 . (2.67)

2.4.1 Initially detectors are non-entangled

Now, if we consider the initial composite state of two detector system as non-entangled
state and the detectors are in their ground states |D↗= |gA gB↗, then the final reduced
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density matrix in Eq. (2.64) is simplified to [108, 109]

ϱ̂AB =




0 0 0 cA cBE

0 c2
AP A cA cBP AB 0

0 cA cBP
ω
AB c2

BPB 0
cA cBE

ω 0 0 1→ c2
AP A → c2

BPB



+O(c4) . (2.68)

It is obtained by setting ϑ = 1 and γ = 0 in Eqs. (2.65) and (2.64). Here the elements
always have the argument ‘+εE’, i.e., P :=P (εE) and E := E (εE). This implies that the
time evolution of detectors in this scenario is only related to the excitation of detectors.
When the initial state is entangled, the detectors are initially both in excited and
ground states, then elements of the later time density matrix will be related to both
excitation and emission of the detectors. In this thesis, we will focus more on the systems
where the initial state of the detectors is |gA gB↗, which is a separable state. We will
primarily investigate how in presence of different background spacetime and motion
of the detectors, this state get evolved in to an entangled state. Only in entanglement
leakage study (see chapter 6), we will consider the initially entangled state of the
detectors, where we will deal with density matrix in Eq. (2.64).

Up to c2-order perturbation, the density matrix ϱ̂AB in Eq. (2.68) has a1 = 0. However
this term will remain non-zero for higher order perturbations. We can take simply take
contribution from c4-order perturbation, a1 = c4χ⇓ ≃eA eB|ϱ̂AB|eA eB↗. Then both a1d2

and a2d1 from the first condition in Eq. (2.67) will be in c4-order. Therefore ϱ̂AB in Eq.
(2.68) can again satisfy the conditions in Eq. (2.67). This will be clear if we calculate the
eigenvalues of the density matrix in Eq. (2.68). The corresponding eigenvalues are given
by

1+O(c2), c4(χ→ |E |2)+O(c6),
c2

2


P A +PB ±


(P A →PB)2 +4 |P AB|2


+O(c4). (2.69)

Here the c4χ term is present in the second eigenvalue, which is in c4-order. Since our
whole calculation is done up to c2-order, this c4-order eigenvalue should not play any role
in our analysis. This term is only considered to make all eigenvalues of our density matrix
positive. Also note that as the quantities P A, PB’s are detector transition probabilities,
these are always positive. These eigenvalues are always positive, provided the following
conditions

c4 (
χ→ |E |2

)
△ 0, c2 (

P APB → |P AB|2
)
△ 0 . (2.70)

Here these conditions also can be directly obtained from Eq. (2.67).
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2.5 Entanglement in two detector systems

In the previous section, we discussed the time evolution of the composite system consist-
ing of two detectors. We considered two scenarios for the initial state of the detectors:
(i) an entangled state and (ii) a non-entangled state. Using these initial states, we de-
termined the state of the detectors at a later time. In this section, our aim to analyse
the entanglement between the detectors in their evolved state. To do so, we first briefly
discuss some well-known measures of entanglement for two qubit systems. A necessary
and sufficient condition for determining entanglement in such systems was introduced
by Peres. According to this criterion, the evolved state is entangled if there is at least
one negative eigenvalue of the partial transpose of the density matrix of the detectors
[72, 207]. However, Peres’s condition does not provide quantification of entanglement. To
measure the degree of entanglement, we consider the established measures - negativity
[207] and concurrence [75, 76]. Let us briefly discuss them.

2.5.1 Separability Criterion

In 1996, Asher Peres discovered a criterion [72], which is a necessary condition, for
the combined density matrix ϱ̂AB of two systems A and B, to be separable. If a density
matrix is not separable, then it is an entangled state. This condition is also known as
positive partial transpose (PPT) condition.

It is well-known that if a composite density matrix is separable, then we can write
the total state as

ϱ̂AB =
∑

j
p jϱ̂

A
j ⇒ ϱ̂B

j , (2.71)

where, ϱ̂A
j and ϱ̂B

j are density matrices of two subsystems. Applying partial transpose
(TA ⇒ IB) operation (transpose of only subsystem A), we obtain

ϱ̂
TA
AB := (TA ⇒ IB)ϱ̂AB =

∑

j
p j

(
ϱ̂A

j

)T
⇒ ϱ̂B

j . (2.72)

Since
(
ϱ̂A

j

)T
has same eigenvalues as ϱ̂A

j , the partial transposed matrix (TA ⇒ IB)ϱ̂ has

to be positive semidefinite. Therefore, all eigenvalues of ϱ̂TA
AB are positive if ϱ̂AB is a

separable state. In other words, if there is any negative eigenvalues of ϱ̂TA
AB, the state

ϱ̂AB is an entangled state or non-separable state [72, 207].
In arbitrary dimensions of the two subsystems the PPT criterion provides only a

necessary but not sufficient condition for separability. If instead the bipartite system has
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dimension of the type 2⇒2, 2⇒3 (or 3⇒2), then the PPT criterion provides a necessary
and sufficient condition for separability.

Here for our density matrix in Eq. (2.64), taking partial transpose will swap the
off-diagonal elements of the density matrix as

≃gA gB|ϱAB|eA eB↗▽ ≃eA gB|ϱAB|gA eB↗, ≃eA eB|ϱAB|gA gB↗▽ ≃gA eB|ϱAB|eA gB↗ .
(2.73)

The partial transpose of ϱAB is

ϱ̂AB =




a1 0 0 b2

0 b1 a2 0
0 d1 h2 0
h1 0 0 d2



+O(c4) ; (2.74)

The eigenvalues of this partially transposed density matrix are

λ1,2 =
1
2


a1 +d2 ±


(a1 +d2)2 +4(b2h1 →a1d2)


,

λ3,4 =
1
2


b1 +h2 ±


(b1 +h2)2 +4(a2d1 →b1h2)


.

(2.75)

Here the eigenvalues can be negative if any of the following conditions are satisfied

b2h1 > a1d2 , (2.76)

or,

a2d1 > b1h2 . (2.77)

Combining Eq. (2.67) and Eq. (2.76), we obtain

b1h2 △ b2h1 > a1d2 △ a2d1 , (2.78)

which contradicts Eq. (2.77). However, if we combine Eq. (2.67) and Eq. (2.77), we obtain

a1d2 △ a2d1 > b1h2 △ b2h1 , (2.79)

which contradicts Eq. (2.76). Therefore, either Eq. (2.76) or Eq. (2.77) provides the
condition for entanglement between the detectors.

Here from Eq. (2.65), one can see that, the density matrix elements a1, a2, d1 d2

contains terms in both c0 and c2-orders. And the elements b1, b2, h1, h2 are only in
c2-order. Therefore, condition in Eq. (2.76) is impossible to be satisfied in a perturbation
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theory. Thus, condition in Eq. (2.77) is the only appropriate condition for entanglement
between the detectors. The only possible eigenvalue which can be negative is

λ4 =
1
2


b1 +h2 →


(b1 +h2)2 +4(a2d1 →b1h2)


. (2.80)

Similarly, the partial transpose of ϱAB in Eq. (2.68) is

ϱ
TA
AB =




c4χ 0 0 c2
P AB

0 c2
P A c2

E 0
0 c2

E
ω c2

PB 0
c2

P
ω
AB 0 0 1→ c2(P A +PB)




; (2.81)

which has eigenvalues

1+O(c2), c4 (
χ→ |P AB|2

)
+O(c6),

c2

2


P A +PB ±


(P A →PB)2 +4|E |2


+O(c4) .

(2.82)
Here the condition for the two detectors to become entangled can be found as [108]

P APB < |E |2 , (2.83)

or,
χ< |P AB|2 . (2.84)

Again combining Eq. (2.70) and Eq. (2.83), we obtain

|P AB|2 ̸P APB < |E |2 ̸ χ , (2.85)

which contradicts Eq. (2.84). However, if we combine Eq. (2.70) and Eq. (2.84), we obtain

|E |2 ̸ χ< |P AB|2 ̸P APB , (2.86)

which contradicts Eq. (2.83). Therefore, either Eq. (2.83) or Eq. (2.84) provides the
condition for entanglement between the detectors.

Here we will use the condition in Eq. (2.83) for our purpose since it contains terms,
which are in the c2-order only. Also it can be directly obtained from Eq. (2.77).

Therefore, the only possible eigenvalue which can be negative is [108]

c2

2


P A +PB →


(P A →PB)2 +4|E |2


+O(c4) , (2.87)

which also can be obtained directly from the eigenvalue in Eq. (2.80).
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2.5.2 Negativity

The PPT criterion only provides the condition for examining if two detectors entangled
or not. It does not provide any quantification of entanglement between the detectors.
However, a quantification of entanglement is defined as sum of absolute value of negative
eigenvalues of partial transpose of density matrix, known as negativity (N (ϱ̂AB)) [207].

For the density matrix in Eq. (2.64), negativity is obtained form Eq. (2.80) as [110]

N
(
ϱ̂AB

)
=→1

2


b1 +h2 →


(b1 +h2)2 +4(a2d1 →b1h2)


. (2.88)

For the density matrix in Eq. (2.68), negativity is obtained form Eq. (2.87) as [108]

N
(
ϱ̂AB

)
=→ c2

2


P A +PB →


(P A →PB)2 +4|E |2


. (2.89)

Larger the value of N
(
ϱ̂AB

)
, greater the degrees of the entanglement between the

detectors.

2.5.3 Concurrence:

Another independent measure of entanglement is concurrence [75, 76, 208, 209], which
was originally introduced to calculate entanglement of formation of 2⇒ 2 quantum
systems. Originally for 2⇒2 quantum systems, definition of concurrence is given in terms
of a special basis [76, 208]

| f1↗= |ς+↗, | f2↗= i|ς→↗, | f3↗= i|ϱ+↗, | f4↗= |ς→↗ , (2.90)

where the |ς±↗ = (|gA gB↗± |eA eB↗)/
∞

2 and |ϱ±↗ = (|gA eB↗± |eA gB↗)/
∞

2 are the well-
known Bell states [208]. The concurrence C (ψ) for a pure state |ψ↗ is defined as

C (ψ)=

∑

i
≃ f i|ψ↗2

 . (2.91)

Using Eq. (2.90), one can obtain
∑

i | f ωi ↗≃ f i| =→ωy ⇒ωy. Here ωy is the second Pauli
spin matrix, and (ω) is complex-conjugation operation. Thus C in Eq. (2.91) turns out to
be

C (ψ)=
≃ψω|ωy ⇒ωy|ψ↗

=
≃ψ̃|ψ↗

 , (2.92)

where the state |ψ̃↗ = ωy ⇒ωy|ψω↗ is known as spin-flipped (or time-reversed) state.
Similarly, for a density state ϱ̂, spin-flipped state is defined as ˆ̃ϱ = (ωy ⇒ωy)ϱ̂ω(ωy ⇒ωy).
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Then the concurrence is defined as [77]

C (ϱ̂)=max

{
0,


λMax →

∑

i ⇐=Max
λi

}
, (2.93)

where λ’s are square root of eigenvalues of operator ϱ̂ ˆ̃ϱ. Here λ2
Max is the largest eigen-

value. The concurrence C can have values from zero to one. For a maximally entangled
state, it is one.

For our density matrix in Eq. (2.64), we obtain

˜̂ϱ =




dω2 0 0 dω1
0 hω2 hω1 0
0 bω2 bω1 0

aω2 0 0 aω1




, as ωy ⇒ωy =




0 0 0 →1
0 0 1 0
0 1 0 0
→1 0 0 0




. (2.94)

Thus

ϱ̂ ˜̂ϱ =




|a2|2 +a1dω2 0 0 aω1 a2 +a1dω1
0 |b2|2 +b1hω2 bω1 b2 +b1hω1 0
0 bω2 h2 +h1hω2 |h2

1 +bω1 h2 0
aω2 d2 +d1dω2 0 0 |d1|2 +aω1 d2




. (2.95)

The eigenvalues of this matrix as

λ2
1,2 =

1
2

(
|a2|2 +|d1|2 +aω1 d2 +a1dω2

±


(|a2|2 +|d1|2 +aω1 d2 +a1dω2 )2 →4(|a2d1|2 →a1aω2 dω1 d2 →aω1 a2d1dω2 +|a1d2|2)
)

;

λ2
3,4 =

1
2

(
|b2|2 +|h1|2 +bω1 h2 +b1hω2

±


(|b2|2 +|h1|2 +bω1 h2 +b1hω2 )2 →4(|b2h1|2 →b1bω2 hω1 h2 →bω1 b2h1hω2 +|b1h2|2)
)

.
(2.96)

Here again note that (from Eq. (2.65)), the density matrix elements a1, a2, d1 d2 contains
terms in c0 and c2-orders. And the elements b1, b2, h1, h2 are in c2-order. Thus the
eigenvalue λ1 (with ‘+’ sgn) will the largest eigenvalue. Thus the concurrence is (using
Eq. (2.96))

C (ϱ̂)=max{0, (λ1 →λ2 →λ3 →λ4)} . (2.97)

For the density matrix in Eq. (2.68), we obtain

λ2
1,2 = c4(

∞
χ ±|E |)2 ;

λ2
3,4 = c4(

√
P APB ±|P AB|)2 .

(2.98)
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From the PPT condition in Eq. (2.85), we know that |E | and ∞
χ are both greater than√

P APB and |P AB|, and hence
∞

X +|E | >
√

P APB +|P AB| . In this case, the maximal
eigenvalue λMax is found to be λ1 = c2(∞χ +|E |). Thus, the concurrence is obtained as
[108, 109]

C (ϱ̂)=max

0, 2c2

(
|E |→

√
P APB

)
. (2.99)

This tells that two initially non-entangled detector will be entangled if |E | is greater
than

√
P APB , where P j is transition probability of jth detector. For this reason, the

element E is therefore known as the entangling term. The same physics is also described
by the negativity condition in Eq. (2.83). However, the negativity condition does not
provide any quantitative measure of the entanglement as concurrence. Also the other
measure, negativity in Eq. (2.89) has much complicated expression compared to the
concurrence. Therefore in the subsequent studies of entanglement harvesting, we will
mainly concentrate on the concurrence quantity C . We will study the features of quantum
entanglement between the detectors due the effect of different backgrounds and motions
of the detectors.

2.6 Conclusion

In this chapter, we provided a brief overview of the key concepts relevant to studying en-
tanglement harvesting or leakage in the presence of a general spacetime background and
detector motion. We began by discussing the phenomenon of particle production in the
vacuum of quantum fields in curved spacetime and how this effect can be operationally
realised using simple quantum systems known as Unruh-DeWitt (UDW) detectors.

We then extended the discussion to a scenario involving two detectors, each locally
interacting with the background quantum field. We explored how the interaction with
the field drives the evolution of the two-detector system, leading to a final state that
emerges from a given initial state of the composite system. Finally, we examined the
characterisation and quantification of entanglement in the final state of the two detectors.
In the following chapters, we will utilise the generalised expressions developed in this
chapter to various physical set-ups.
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Appendices

2.A Calculation of Later time density matrix

2.A.1 Calculation of traces of Eq. (2.41)

The trace quantities in Eq. (2.41) are elaborately calculated here.

Trφ|ϱ↗≃ϱ| =
∑
n
≃n|ϱ↗≃ϱ|n↗= ≃ϱ|

∑
n
|n↗≃n|ϱ↗= ≃ϱ|1̂|ϱ↗

= 1.
(2.A.1)

Trφφ̂(xA)|ϱ↗≃ϱ| =
∑
n
≃n|φ̂(xA)|ϱ↗≃ϱ|n↗= ≃ϱ|

∑
n
|n↗≃n|φ̂(xA)|ϱ↗= ≃ϱ|φ̂(xA)|ϱ↗

= 0;
(2.A.2)

Trφ|ϱ↗≃ϱ|φ̂(xA)=
∑
n
≃n|ϱ↗≃ϱ|φ̂(xA)|n↗= ≃ϱ|φ̂(xA)

∑
n
|n↗≃n|ϱ↗= ≃ϱ|φ̂(xA)|ϱ↗

= 0;
(2.A.3)

Trφφ̂(xi)|ϱ↗≃ϱ|φ̂(xj)=
∑
n
≃n|φ̂(xi)|ϱ↗≃ϱ|φ̂(xj)|n↗= ≃ϱ|φ̂(xj)

∑
n
|n↗≃n|φ̂(xi)|ϱ↗

= ≃ϱ|φ̂(xj)φ̂(xi)|ϱ↗;
(2.A.4)

Trφφ̂(xi)φ̂(xj)|ϱ↗≃ϱ| =
∑
n
≃n|φ̂(xi)φ̂(xj)|ϱ↗≃ϱ|n↗= ≃ϱ|

∑
n
|n↗≃n|φ̂(xi)φ̂(xj)|ϱ↗

= ≃ϱ|φ̂(xi)φ̂(xj)|ϱ↗.
(2.A.5)

2.A.2 Calculation of the R̂(1) term:

We consider the initial state of the composite detector system is |D↗=ϑ|gA gB↗+γ|eA eB↗.
Also the monopole operator is given as m̂ j(τ j)= eiεE jτ j m̂ j(0)e→iεE jτ j . Using these, one
calculate the quantities

[
m̂i(τi)|D↗≃D|m̂ j(τ∝j)

]
(with i, j = A, B) in Eq. (2.43).

m̂A(τA)|D↗≃D|m̂A(τ∝A)

= [ϑ eiεEAτA |eA gB↗+γ e→iεEAτA |gA eB↗][ϑ e→iεEAτ
∝
A≃eA gB|+γ eiεEAτ

∝
A≃gA eB|]

=ϑ2eiεEAετA |eA gB↗≃eA gB|+γ2e→iεEAετA |gA eB↗≃gA eB|

+ϑγ(eiεEA(τA+τ∝A)|eA gB↗≃gA eB|+ e→iεEA(τA+τ∝A)|gA eB↗≃eA gB|) ;

(2.A.6)
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m̂B(τB)|D↗≃D|m̂B(τ∝B)

= [ϑ eiεEBτB |gA eB↗+γ e→iεEBτB |eA gB↗][ϑ e→iεEBτ
∝
B≃gA eB|+γ eiεEBτ

∝
B≃eA gB|]

=ϑ2eiεEBετB |gA eB↗≃gA eB|+γ2e→iεEBετB |eA gB↗≃eA gB|

+ϑγ(eiεEB(τB+τ∝B)|gA eB↗≃eA gB|+ e→iεEB(τB+τ∝B)|eA gB↗≃gA eB|) ;

(2.A.7)

m̂A(τA)|D↗≃D|m̂B(τ∝B)

= [ϑ eiεEAτA |eA gB↗+γ e→iεEAτA |gA eB↗][ϑ e→iεEBτ
∝
B≃gA eB|+γ eiεEBτ

∝
B≃eA gB|]

=ϑ2eiεEAτA→iεEBτ
∝
B |eA gB↗≃gA eB|+γ2e→iεEAτA+iεEBτ

∝
B)|gA eB↗≃eA gB|

+ϑγ(eiεEAτA+iεEBτ
∝
B |eA gB↗≃eA gB|+ e→iεEτA→iεEBτ

∝
B |gA eB↗≃gA eB|) ;

(2.A.8)

m̂B(τB)|D↗≃D|m̂A(τ∝A)

= [ϑ eiεEBτB |gA eB↗+γ e→iεEBτB |eA gB↗][ϑ e→iεEAτ
∝
A≃eA gB|+γ eiεEAτ

∝
A≃gA eB|]

=ϑ2eiεEBτB→iεEAτ
∝
A |gA eB↗≃eA gB|+γ2e→iεEBτB+iεEAτ

∝
A |eA gB↗≃gA eB|

+ϑγ(eiεEBτB+iεEAτ
∝
A |gA eB↗≃gA eB|+ e→iεEBτB→iεEAτ

∝
A |eA gB↗≃eA gB|) .

(2.A.9)

2.A.3 Calculation of the R̂(2) term:

Here we calculate the quantities
[
m̂i(τi)m̂ j(τ∝j)|D↗≃D|

]
(with i, j = A, B) in Eq. (2.53).

We use |D↗=ϑ|gA gB↗+γ|eA eB↗ and m̂ j(τ j)= eiεE jτ j m̂ j(0)e→iεE jτ j .

m̂ j(τ j)m̂ j(τ∝j)|D↗≃D|

= [ϑ e→iεE jετ j |gA gB↗+γ eiεE jετ j |eA eB↗][ϑ≃gA gB|+γ≃eA eB|]

=ϑ2e→iεE jετ j |gA gB↗≃gA gB|+γ2eiεE jετ j |eA eB↗≃eA eB|

+ϑγ(e→iεE jετ j |gA gB↗≃eA eB|+ eiεE jετ j |eA eB↗≃gA gB|) ;

(2.A.10)

m̂A(τA)m̂B(τB)|D↗≃D|

= [ϑ eiεEAτA+iεEBτB |eA eB↗+γ e→iεEAτA→iεEBτB |gA gB↗][ϑ≃gA gB|+γ≃eA eB|]

=ϑ2eiεEAτA+iεEBτB |eA eB↗≃gA gB|+γ2e→iεEAτA→iεEBτB |gA gB↗≃eA eB|

+ϑγ(eiεEAτA+iεEBτB |eA eB↗≃eA eB|+ e→iεEAτA→iεEBτB |gA gB↗≃gA gB|)

= m̂B(τB)m̂A(τA)|D↗≃D| .

(2.A.11)
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Entanglement Harvesting
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3
ACCELERATED OBSERVERS IN THERMAL BACKGROUND

3.1 Introduction and Motivation

Accelerated frames are known to mimic features of gravity locally. The quantum
theoretical counterpart of this classical equivalence principle is featured by the
discovery of the Unruh effect [21, 23], where an accelerated observer perceives

a thermal bath of Rindler particles in the Minkowski vacuum. This effect is crucial in
understanding the particle content in quantum fields in curved spacetime. It is related
to the so-called Hawking radiation [19, 20] through the equivalence principle. The
accelerated observer is analogous to the static observer far away from the black hole, and
the static observer is analogous to the free-falling observer near the black hole horizon.
In this way, detecting the Unruh effect backs the existence of the Hawking effect. Hence
it may shed light on the quantum nature of strong gravity. On the other hand, this
effect can be understood as a consequence of entangled nature of the Minkowski vacuum
state. In Minkowski spacetime, the presence of an accelerated observer divides the whole
spacetime into four parts, known as the Rindler wedges. These wedges are right Rindler
wedge (RRW), left Rindler wedge (LRW), past Rindler wedge (PRW) and future Rindler
wedge (FRW). These wedges are shown in Fig. 3.1. Among these, only RRW and LRW
are physically accessible. These two wedges are also causally disconnected. Therefore the
quantum fields in these two regions are independent to each other. These two quantum
fields are usually expanded in terms of two independent sets of Rindler modes. Vacuum
of the Minkowski spacetime can be expressed in terms of left and right Rindler particle
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CHAPTER 3. ACCELERATED OBSERVERS IN THERMAL BACKGROUND

states as [88]

|0M↗=
∏

i
Ci

⇔∑

ni=0
e→

πniϕi
a |ni↗R ⇒ |ni↗L , (3.1)

where Ci =
∞

1→ e→2πϕi /a . Thus the Minkowski vacuum is an entangled state in terms of
field states of two disconnected regions. There have been several studies to understand
whether this entanglement can be extracted to two accelerated atoms or UDW detectors
through local interaction [99, 107, 113, 118, 210]. In initial works [99, 107] the authors
noted that entangle measures depend on quantities estimated from positive frequency
Wightman functions connecting different spacetime events of the same or different de-
tectors. However, recent rigorous investigations [108, 109, 113] have suggested proper
time ordering into the picture, which resulting in the inception of Feynman propagator
rather than Wightman function in estimating the entanglement measures. These recent
method described in Chapter 2 provide a meticulous and more general formulation
for understanding entanglement harvesting. However, even with these changes, most
previous perceptions regarding entanglement extraction corresponding to accelerated
observers eternally interacting with the background field – like one can harvest entangle-
ment between two anti-parallelly accelerated detectors but not for parallelly accelerated
observers – remain the same. Although, the individual contributions of the retarded
Green’s function and the Wightman function from the Feynman propagator remain an
interesting arena to venture further.

On the other hand, the effects of a thermal bath on entanglement harvesting remain
equally interesting (see [211, 212]). In nature, an environment with thermal background
is much more practical. Including the thermal nature in the model and investigating the
effects in the physical quantities will approach a more realistic situation and thereby
help to know the exact features of our surroundings. In this regard, one may mention
that the thermal nature of fields has already been included in various investigations
related to Unruh-De Witt detectors; like calculation of response functions in case of a
single detector, [190, 213–215], and two entangled detectors [216]. In [114, 211, 212] it is
predicted that the entanglement extraction gets depleted with increasing temperature of
the thermal field. Then it will be pretty fascinating to study the situation of entanglement
harvesting for accelerated observers interacting with thermal fields. In this regard, in
literature [108, 113] the Feynman propagators and the positive frequency Wightman
functions are necessary to understand entanglement extraction, are estimated in the
Minkowski position space. Then for the calculations relating to accelerated observers,
the relevant transformations to Rindler coordinates are made to those Green’s functions,
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and this method does not encounter any particular issue. However, consider a similar
description of the Feynman propagators and the Wightman functions for thermal fields.
The resulting Green’s functions do not remain time translational invariant with the
detectors’ proper times. In [216] the authors have discussed this issue and considered
Rindler modes with the vacuum for the Unruh modes to describe the Wightman functions
corresponding to accelerated observers in a thermal bath, which are time translational
invariant. This method circumvents the previously mentioned issue by expressing the
Green’s functions in terms of modes and their momentum space integrals rather than a
position space representation, in line with the chain of thoughts also presented in [109].

In this chapter, we are going to investigate the condition for entanglement harvesting
and study the concurrence [108, 113, 210], a measure of the harvested entanglement,
for two accelerated Unruh-DeWitt detectors interacting with a massless thermal scalar
field in (1+1) and (1+3) dimensions. In particular, we have considered the interaction
between the two-level point-like detectors and the scalar field to be of monopole type as
discussed in chapter 2. We consider the detectors to be initially in their ground states
and the field state |ψ↗ to be the Minkowski vacuum. We use the prescription as provided
in [216] for the construction of the Green’s functions and follow the formulation of ar-
ticles [108, 113] for entanglement harvesting. We arrive at the same assertions that
entanglement extraction is possible only for the anti-parallelly accelerated detectors and
not for the parallelly accelerated ones, and also encounter the phenomena of degrading
entanglement extraction with increasing temperature of the thermal bath [211, 212].
However, here the situation is a bit more involved as we have observed that this degrada-
tion is happening in the low acceleration regimes. Above, a specific value of acceleration
thermal bath enhances the entanglement harvesting for the two detectors with an equal
magnitude of acceleration in both (1+1) and (1+3) dimensions. Therefore, for the equal
magnitude of acceleration case of anti-parallel detectors, a notion of phase transition-like
phenomena is encountered around a critical value of acceleration. However, we found
that the range of acceleration in which entanglement harvesting is possible is always
decreasing with the increasing temperature of the thermal bath. We also observed a
non-vanishing contribution coming from the retarded part of the Feynman propagator
when the detectors have unequal magnitudes of accelerations. While in (1+1) dimensions,
these contributions do not result in any new visible consequence, in (1+3) dimensions,
we encounter multiple transition points in accelerations aA of the detector A, when aB

is fixed. Between these transition points, the nature of the measure of entanglement
extraction with the temperature of the thermal bath flips compared to the adjacent
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CHAPTER 3. ACCELERATED OBSERVERS IN THERMAL BACKGROUND

regions. In that case, entanglement harvesting becomes restricted to discrete ranges of
acceleration aA for a certain fixed temperature of the thermal bath, contrary to a single
range of aA for entanglement extraction of (1+1) dimensions. We have also investigated
the nature of mutual information M among the two detectors. We observed that M is
non-vanishing for parallel motion, whereas it vanishes in the anti-parallel situation. For
a non-vanishing case, M increases with the increase in temperature of the background
field. On the other hand, it decreases with the growth of acceleration of the first detector.

In Sec. 3.2 we elucidate on accelerated observers in a thermal bath and provide the
expressions of the Green’s functions for the situation of parallelly and anti-parallelly
accelerating observers, considering the Rindler field decomposition with the Unruh oper-
ators and Unruh mode vacuum. Subsequently, in Sec. 3.3 the condition for entanglement
harvesting is analyzed first for two parallelly and then for two anti-parallelly accelerated
observers in a thermal bath using the Green’s functions of Sec. 3.2. In this section, we
study the entanglement measure concurrence and, in Sec. 3.4 investigate the mutual
information between the two detectors to discuss the notable outcomes. We conclude this
article in Sec. 5.5 with a discussion of our results.

3.2 Accelerated observers in a thermal bath

This section discusses the relevant coordinate systems for our accelerated observers. We
realized that the whole analysis is more convenient under the decomposition of field
modes in the Rindler frame and writing the Rindler annihilation and creation operators
in terms of those of Unruh modes. Finally, all the required positive frequency Wightman
functions, both in (1+1) and (1+3) dimensions, for these fields will be evaluated with
respect to the Minkowski vacuum, which is also the vacuum for Unruh modes.

3.2.1 Coordinate systems

The motion of a uniformly accelerated object is described by the Rindler coordinates
which correspond to specific regions in the Minkowski spacetime, known as the Riddler
wedges [24, 88]. There are four Rindler wedges: left, right, past and future Rindler
wedges. Out of these, only left and right Rindler wedges are physically accessible. One
can move to these Rindler coordinates from the Minkowski coordinates (t, x, y, z) in (1+3)
dimensions, with the line element

ds2 =→dt2 +dx2 +d y2 +dz2 , (3.2)
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Figure 3.1: Trajectories of accelerated observers confined in right and left Rindler wedges
(RRW and LRW).

by a coordinate transformation relating the time t and the spatial direction in which
the object is accelerated. Without loss of generality we consider that particular axis of
acceleration to be along the x-direction. Then the other two coordinates (y, z) remain
unchanged by the Rindler transformation. The transformations to the coordinates (η,ξ)
in the right Rindler wedge (RRW), i.e., the region |t| < x in the Minkowski spacetime; and
to (η∝,ξ∝) in the left Rindler wedge (LRW), confined in a region |t| <→x of the Minkowski
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spacetime, are

t = eaξ

a
sinhaη, x = eaξ

a
coshaη in RRW ;

t =→ eaξ∝

a
sinhaη∝, x =→ eaξ∝

a
coshaη∝ in LRW. (3.3)

Both of these transformations lead to the same line-element corresponding to an acceler-
ated observer in terms of the Rindler coordinates, expressed as

ds2 = e2aξ [→dη2 +dξ2]+d y2 +dz2 . (3.4)

One can perceive that these transformations in (1+1) dimensions are trivially same as
in that case the coordinates (y, z) cease to exist. In RRW and LRW one can estimate the
proper times and proper accelerations to be

τ= eaξη, b = ae→aξ in RRW ;

τ∝ =→eaξ∝η∝, b∝ = ae→aξ∝ in LRW . (3.5)

Then the coordinate transformations in Eq. (3.3) in terms of proper time and acceleration
become

t = 1
b

sinhbτ, x = 1
b

coshbτ in RRW;

t = 1
b∝ sinhb∝τ∝, x =→ 1

b∝ coshb∝τ∝ in LRW. (3.6)

One can notice that η, →η∝ denote the proper times in RRW and LRW respectively while a
is the proper acceleration of the observer when ξ= 0= ξ∝. If both the detectors are moving
in same Rindler wedge, we call this as the parallel motion. While one detector is moving
in RRW and other one in LRW, we refer this as anti-parallel motion. The trajectories are
shown in Fig. 3.1, where (y, z) coordinates are suppressed.

These right and left Rindler wedges (RRW and LRW) are two causally disconnected
regions in global Minkowski spacetime, separated by two Rindler horizons (see Fig. 3.1).
No event in one wedge can be witnessed in the other wedge. Since the Pauli-Jordan
function, iε(x→ y)= [φ̂(x), φ̂†(y)] vanishes for any spacelike intervals, the quantum fields
in these wedges behave as two independent quantum fields [24]. These two quantum
fields are usually expanded in terms of two independent sets of Rindler modes. One set of
modes is only confined to RRW, and the other is confined to LRW. These quantum fields
in RRW and LRW have their own vacuum states (known as Rindler vacuums), which are
physically inequivalent to the Minkowski vacuum. Thus, an accelerated observer in RRW
(LRW) does not see particles in the right (left) Rindler vacuum but in the Minkowski
vacuum. This phenomenon is known as the Unruh effect [23, 87].
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3.2.2 Scalar field decomposition corresponding to an
accelerated observer

To understand the effect of temperature in accelerated systems, one usually utilises the
Minkowski mode decomposition of the quantum fields. One can consider expressing the
thermal two-point function in terms of the Minkowski modes and then make the Rindler
coordinate transformation from Eq. (3.6). Or one can express the Rindler modes in terms
of the Minkowski modes or vice versa, using the Bogoliubov coefficients [88]. Here, the
positive frequency Minkowski modes combine the Rindler modes with both positive
and negative frequencies. Therefore, the Wightman functions are not time translational
invariance in Rindler time [216]. In this situation, the system does not remain in
equilibrium. To avoid this situation, one can use the Unruh modes [23, 24], which are
constructed as linear combinations of Rindler modes such that positive and negative
frequencies do not mix. These modes are also analytic in the whole Minkowski spacetime.
Alternatively, one can express the Rindler creation and annihilation operators as linear
combinations of the Unruh operators. Therefore, one can write two quantum fields in
RRW and LRW in terms of the Unruh operators. Note that the Unruh quantisation [23]
is established such that the Unruh annihilation operators can annihilate the Minkowski
vacuum state (d̂1,2

k |0M↗= 0). Therefore, the Minkowski vacuum is the vacuum for both
Minkowski and Unruh fields. However, the Unruh and Minkowski particles are not
equivalent, even though they are excitations of the same vacuum [88]. To construct
the thermal Wightman functions, thermal ensemble average will be done utilising the
Unruh quantization. The thermal ensemble average of an observable φ̂(x)φ̂(x∝) at inverse
temperature ε will consist the expectation value the observable over all possible Unruh
particle states (including the Unruh vacuum), weighted by their Boltzmann factors (we
will discuss this elaborately in the later subsection). Hence, the thermal bath here is an
Unruh thermal bath, not a Minkowski thermal bath. However, this way of construction
preserves the proper time translation invariance, unlike the Minkowski thermal bath
[217]. Here we also mention that in ε↙⇔ limit, the thermal this ensemble average
will have only non-zero contribution from the Unruh vacuum (equivalently, Minkowski
vacuum), then the Wightman function will be equivalent to non-thermal Minkowski
Wightman function.

The procedure of decomposing the scalar field in terms of the Unruh operators is
elaborately discussed in [24, 218]. Here we give a brief recollection of the construction
and refer to the article [216] for further understandings. We first consider the case in
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(1+1) dimensions and the (1+3) dimensional result will follow accordingly. The equation
of motion for a minimally coupled, massless free scalar field φ is expressed as !φ= 0.

3.2.2.1 (1+1) dimensions

In terms of the Rindler coordinates in (1+1) dimensions this equation has solutions,
suggesting set of modes in the right and left Rindler wedges as [24, 218]

Ruk =
1

∞
4πϕ

eikξ→iϕη in RRW

= 0 in LRW ,
Luk =

1
∞

4πϕ
eikξ+iϕη in LRW

= 0 in RRW. (3.7)

The scalar field is expressed in terms of the Rindler modes and operators, see [24], as
φ̂(x)=∑⇔

k=→⇔

[
b̂R

k
Ruk + b̂R†

k
Ruωk + b̂L

k
Luk + b̂L†

k
Luωk

]
, where superscript L and R corre-

spond to the left and the right Rindler wedges respectively, and the annihilation operators
annihilate the Rindler vacuum |0R↗, i.e., b̂R

k |0R↗= 0= b̂L
k |0R↗. In the right or left Rindler

wedges where the field modes Luk = 0 or Ruk = 0, the scalar field takes the form

φ̂R(x)=
⇔∑

k=→⇔

[
b̂R

k
Ruk + b̂R†

k
Ruωk

]
,

or φ̂L(x)=
⇔∑

k=→⇔

[
b̂L

k
Luk + b̂L†

k
Luωk

]
. (3.8)

One can use this scalar field decomposition in terms of the Rindler modes and operators
to obtain a two-point function corresponding to an accelerated observer in Minkowski
vacuum. Here, it should be noted that the operators b̂R

k and b̂L
k in Eq. (3.8) do not

annihilate the Minkowski vacuum, and the operations of the Rindler ladder operators
on the Minkowski vacuum is obtained from the cumbersome calculations of Bogoliubov
transformation. However, there is a simpler way out of this situation as provided by
Unruh [23] in 1976, where he prescribed field modes out of these Rindler modes which
are analytic in the whole region of the Minkowski spacetime. These Unruh modes have
the positive frequency analyticity property with respect to the Minkowski time, same
as the Minkowski modes. This enables one to decompose the scalar field in terms of
these Unruh modes and operators, which annihilate the Minkowski vacuum. The Unruh
modes are obtained from the combination of the Rindler modes Ruk + e→πϕ/a Lu∋

→k and
Ru∋

→k + eπϕ/a Luk, see [24]. In terms of the Unruh modes and operators the scalar field is
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expressed as [24]

φ̂(x)=
⇔∑

k=→⇔

1


2sinh πϕ
a

[
d̂1

k

(
e
πϕ
2a Ruk + e→

πϕ
2a Luω→k

)
+ d̂2

k

(
e→

πϕ
2a Ruω→k + e

πϕ
2a Luk

)]
+h.c. ,(3.9)

where h.c. stands for Hermitian conjugate. The Unruh annihilation operators annihilate
the Minkowski vacuum d̂1

k|0M↗= d̂2
k|0M↗= 0 . To obtain the positive frequency Green’s

function using the field decompositions of Eq. (3.8), one needs a transformation between
the Rindler operators and the Unruh operators, see [24], which is

b̂R
k = 1


2sinh πϕ

a

[
e
πϕ
2a d̂1

k + e→
πϕ
2a d̂2†

→k

]
,

b̂L
k = 1


2sinh πϕ

a

[
e
πϕ
2a d̂2

k + e→
πϕ
2a d̂1†

→k

]
, (3.10)

and, it is similar to the Bogoliubov transformation. Then putting this transformation
in Eq. (3.8) one can get the expression of the field in the RRW and LRW in terms of the
Unruh operators as

φ̂R(x)=
⇔∑

k=→⇔

1


2sinh πϕ
a

[
d̂1

k e
πϕ
2a Ruk + d̂2

k e→
πϕ
2a Ruω→k

]
+h.c. ,

φ̂L(x)=
⇔∑

k=→⇔

1


2sinh πϕ
a

[
d̂1

ke→
πϕ
2a Luω→k + d̂2

ke
πϕ
2a Luk

]
+h.c. . (3.11)

Now these expression of the scalar fields in RRW and LRW can be used to obtain the
expressions of the positive frequency Wightman function corresponding to accelerated
observers in thermal bath.

3.2.2.2 (1+3) dimensions

Like the above analysis, in (1+3) dimensions also, one can proceed in a similar manner
to get the Scalar field in terms of the Unruh operators. In particular, from the equation of
motion !φ= 0 one can get the Rindler modes in the right and the left Rindler wedges as

Ruϕ,k⊥ = 1
2π2

√
sinh

(
πϕ
a

)

a
K


iϕ
a

,
|kp|eaξ

a


e→iϕη+ik⊥·x⊥ in RRW

= 0 in LRW,

Luϕ,k⊥ = 1
2π2

√
sinh

(
πϕ
a

)

a
K


iϕ
a

,
|kp|eaξ

a


eiϕη+ik⊥·x⊥ in LRW

= 0 in RRW , (3.12)
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where, K [n, z] denotes the modified Bessel function of the second kind of order n, and x⊥

is perpendicular to the direction of acceleration, i.e., in the y→ z plane, see [88, 90, 219],
and k⊥ denotes the transverse wave vector in the y→z plane. Like the (1+1) dimensional
case here also one can construct the Unruh modes [88] out of the Rindler modes, which
are analytic in the whole Minkowski spacetime and gives positive frequency mode
solutions with respect to the Minkowski time. Then in (1+3) dimensions the scalar field
in the RRW and LRW using the Unruh operators, see [88, 216] for a detailed description,
can be expressed in forms

φ̂R(x)=
⇔∑

ϕ=0

⇔∑

k⊥=→⇔

1


2sinh πϕ
a

[
d̂1
ϕ,k⊥

e
πϕ
2a Ruϕ,k⊥ + d̂2

ϕ,k⊥
e→

πϕ
2a Ruωϕ,→k⊥

]
+h.c. ,

φ̂L(x)=
⇔∑

ϕ=0

⇔∑

k⊥=→⇔

1


2sinh πϕ
a

[
d̂1
ϕ,k⊥

e→
πϕ
2a Luωϕ,→k⊥

+ d̂2
ϕ,k⊥

e
πϕ
2a Luϕ,k⊥

]
+h.c. .(3.13)

This is exactly same as the (1+1) dimensional expression with the Rindler field modes
Ruϕ,k⊥ and Luϕ,k⊥ are now given by different expressions, and the sum is now on ϕ and
two components of k⊥ rather than one wave vector k of the (1+1) dimensional case.

3.2.3 Two-point correlators for thermal field

Considering a scalar field φ̂(x)= φ̂(t, x) in equilibrium with a thermal bath of temperature
T( f ) = 1/(kBε), where kB is the Boltzmann constant (kB = 1 for our analysis), the thermal
Green’s (Wightman) function can be obtained by taking Gibbs ensemble average of the
operator φ̂(x2)φ̂(x1) as

Gε(x2; x1) = ≃φ̂(x2)φ̂(x1)↗ε

= 1
Z

Tr
[
e→εĤφ̂(x2)φ̂(x1)

]
, (3.14)

where, x1 and x2 are two events in the spacetime, Z =Tr[exp(→εĤ)] denotes the partition
function, and Ĥ denotes the Hamiltonian of free massless scalar field.

3.2.3.1 (1+1)-dimensions

In (1+1) dimensions to obtain the thermal Green’s function corresponding to accelerated
observers, with respect to Rindler modes, we consider massless scalar field where ϕ=
ϕk = |k|. The Hamiltonian related to the kth excitation corresponding to the Unruh
operators, which respect the Unruh vacuum, is Ĥk =

(
d̂1†

k d̂1
k + d̂2†

k d̂2
k

)
ϕ. To calculate the

trace in Eq. (3.14), we will utilise the Unruh particle states and express the observable
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Rindler fields (φ̂(x2)φ̂(x1)) in terms of Unruh operators. Using the above Hamiltonian
one will obtain the trace as Tr[e→εĤ d̂1,2†

k d̂1,2
k ]/Z = 1/(eεϕ→1). Then the thermal Green’s

function, defined by Eq. (3.14), corresponding to an accelerated observer, see [216], can
be expressed as

Gε
WR

(
εξ jl ,εη jl

)

= ≃0M |φ̂R(x)φ̂R(x∝)|0M↗ε

=
∫⇔

→⇔

dk

8πϕ


sinh πϕ
a j

sinh πϕ
al

↓


1

1→ e→εϕ

{
eikεξ jl→iϕεη jl e

πϕ
2

(
1

a j
+ 1

al



+ eikεξ jl+iϕεη jl e
→πϕ

2

(
1

a j
+ 1

al

}

+ 1
eεϕ →1

{
e→ikεξ jl+iϕεη jl e

πϕ
2

(
1

a j
+ 1

al



+ e→ikεξ jl→iϕεη jl e
→πϕ

2

(
1

a j
+ 1

al

}
, (3.15)

where, j, l denote different detectors, and εξ jl = ξ j,2 → ξl,1, εη jl = η j,2 → ηl,1. For ob-
servers in the left Rindler wedge immersed in a thermal bath the Wightman function
Gε

WL

(
εξ jl ,εη jl

)
is obtained from the expression of Eq. (3.15) with εη jl ↙→εη jl .

Similarly for observers with one in the right Rindler wedge and one in the left Rindler
wedge immersed in a thermal bath the Wightman function can be expressed, using the
appropriate field modes from Eq. (3.11), as

Gε
WLR

(
εξ jl ,εη jl

)

= ≃0M |φ̂L(x)φ̂R(x∝)|0M↗ε

=
∫⇔

→⇔

dk

8πϕ


sinh πϕ
a j

sinh πϕk
al

↓


1

1→ e→εϕ

{
eikεξ jl→iϕεη jl e

→πϕ
2

(
1

a j
→ 1

al



+ eikεξ jl+iϕεη jl e
πϕ
2

(
1

a j
→ 1

al

}

+ 1
eεϕ →1

{
e→ikεξ jl+iϕεη jl e

→πϕ
2

(
1

a j
→ 1

al



+ e→ikεξ jl→iϕεη jl e
πϕ
2

(
1

a j
→ 1

al

}
, (3.16)

where, we have considered the jth detector to be in the left Rindler wedge and the
detector denoted by l is in the right Rindler wedge. We also mention that the Wightman
function Gε

WRL

(
εξ jl ,εη jl

)
, where the detectors denoted by j and l are in right and left

Rindler wedges is obtained from the complex conjugate of the expression in the right
hand side of Eq. (3.16). It should be noted that from Eq. (3.15) the thermal Green’s
function corresponding to a single accelerated detector can also be obtained by making
a j = al .
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3.2.3.2 (1+3) dimensions

One can obtain the thermal Green’s function corresponding to accelerated observers,
with respect to Rindler modes in (1+ 3) dimensions in a similar manner. The field
decomposition is taken from Eq. (3.13) and the Hamiltonian corresponding to the Unruh
operators is Ĥϕ,kp =

(
d̂1†

ϕ,k⊥
d̂1
ϕ,k⊥

+ d̂2†

ϕ,k⊥
d̂2
ϕ,k⊥

)
ϕ. For simplicity, we consider εx⊥ = 0.

Then in RRW the Green’s function corresponding to an accelerated observer in thermal
bath [216] is

Gε

W3D
R

(
εη jl

)
=

∫⇔

0
dϕ

∫ d2kp

(2π)4
2

∞a jal
↓




e→iϕεη jl e
πϕ
2

(
1

a j
+ 1

al



+ eiϕεη jl e
→πϕ

2

(
1

a j
+ 1

al



1→ e→εϕ
+ eiϕεη jl e

πϕ
2

(
1

a j
+ 1

al



+ e→iϕεη jl e
→πϕ

2

(
1

a j
+ 1

al



eεϕ→1




↓K


iϕ
a j

,
|kp|ea jξ j

a j


K


iϕ
al

,
|kp|ealξl

al


,

(3.17)
where, εη jl = η j,2 →ηl,1 and ξ j is the fixed Rindler spatial coordinate corresponding to
the jth detector. It should be noted that the above Green’s function is time translational
invariant.

On the other hand, the Wightman function corresponding to two observers with
anti-parallel acceleration is

Gε

W3D
LR

(
εη jl

)
=

∫⇔

0
dϕ

∫ d2kp

(2π)4
2

∞a jal
↓




e→iϕεη jl e
→πϕ

2

(
1

a j
→ 1

al



+ eiϕεη jl e
πϕ
2

(
1

a j
→ 1

al



1→ e→εϕ
+ eiϕεη jl e

→πϕ
2

(
1

a j
→ 1

al



+ e→iϕεη jl e
πϕ
2

(
1

a j
→ 1

al



eεϕ→1




↓K


iϕ
a j

,
|kp|ea jξ j

a j


K


iϕ
al

,
|kp|ealξl

al


.

(3.18)
Here also j and l denote detectors in left and in right Rindler wedges, and the Wightman
function Gε

W3D
RL

(
εξ jl ,εη jl

)
, with j and l denoting detectors in right and left Rindler

wedges, is obtained from the complex conjugate of the expression in Eq. (3.18). The
thermal Green’s function corresponding to a single accelerated detector can be obtained
by making a j = al in Eq. (3.17).

Having equipped with all the necessary results we will next investigate the role of
temperature of the field on the entanglement harvesting between the two uniformly
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accelerated detectors. We will have particular interest here on two situations – (i) both
the detectors are in right wedge and (ii) one is in right wedge and another one is in left
wedge. This will be done in the next section.

3.3 Entanglement harvesting

We Have already discussed the formalism for entanglement harvesting in Chapter 2,
which was originally introduced in [108, 109]. In this study, we consider the detectors are
in their ground states i.e., |D↗= |gA gB↗ and the background field is in the Minkowski
vacuum state. Therefore, the final density matrix is given by the matrix in Eq. (2.68).
The elements of the density matrix in terms of the Minkowski vacuum can be expressed
as (from Eqs. (2.46), (2.49) and (2.59))

P j(εE)=


dτ jdτ∝j eiεE j(τ∝j→τ j)GW (xj, x∝j) , (3.19)

P AB(εE)=


dτAdτB eiεEAτA→iεEBτBGW (xB, xA) , (3.20)

E (εE)=→


dτAdτB eiεEAτA+iεEBτB {iGF (xB, xA)} . (3.21)

Here in these expressions, we set the switching functions χ j(τ j)= 1; i.e. the detectors are
interacting with the background field all the time. On the other hand, the quantities
GW (xi, xj) and GF(xi, xj) denote the positive frequency Wightman function with ti > t j

and the Feynman propagator, respectively. Their expressions are

GW
(
xi, xj

)
⇓ ≃0M |φ̂ (xi) φ̂

(
xj

)
|0M↗ ,

iGF
(
xI , xj

)
⇓ ≃0M |T

{
φ̂ (xi) φ̂

(
xj

)}
|0M↗

= θ
(
ti → t j

)
GW

(
xi, xj

)
+θ(t j → ti)GW

(
xj, xi

)
. (3.22)

Now one can re-express the Feynman propagator as iGF
(
xi, xj

)
=GW

(
xi, xj

)
+θ(t j →

ti)
{
GW

(
xj, xi

)
→GW

(
xi, xj

)}
to simplify the calculation of the integral E . The quantity

θ(t j → ti)
{
GW

(
xj, xi

)
→GW

(
xi, xj

)}
is known as the retarded greens function iGR

(
xj, xi

)
.

We can now express this integral as

E =→
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA) [GW (xB, xA)+θ(tA → tB) {GW (xA, xB)→GW (xB, xA)}] .

(3.23)
However, for verification of the condition in Eq. (2.83) for entanglement harvesting, we
only need to evaluate the transition probability and the entangling term (P j and E ). If
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this condition (P APB < |E |2) is satisfied, then we can study the entanglement measures:
negativity (see Eq. (2.89)) or concurrence (see Eq. (2.99)). This quantities also depends
on only P j and E . In this analysis, we will only study the concurrence quantity. Since we
are interested to the entanglement between the detectors due to motion of the detectors
and background temperature, it is only relevant to study the nature of the quantity

CJ =
(
|E |→

√
P APB

)
. (3.24)

Particularly, by this we will be investigating the nature of entanglement harvesting with
respect to different parameters of our system.

3.3.1 Transition probability

In this subsection, we will calculate the transition probability in Eq. (3.19) in both (1+1)
and (1+3) dimensions. Due to our choice ξ∝j = 0 = ξ j, from Eq. (3.5) we have η∝j = τ∝j,
η j = τ j. We consider the change of variables vj = τ∝j +τ j, u j = τ j →τ∝j =εη j. Jacobian for
this transformation is obtained as 1/2. Thus from Eq. (3.19) and (3.15), we obtain

P j(εE j)= 1
2

∫⇔

→⇔
dvj

∫⇔

→⇔
du j e→iεE ju j

∫⇔

→⇔

dk
8πϕ sinh πϕ

a j

↓


1
1→ e→εϕ


e→iϕu j e

πϕ
a j + eiϕu j e

→ πϕ
2a j


+ 1

eεϕ →1


eiϕu j e

πϕ
2a j + e→iϕu j e

→ πϕ
2a j


.(3.25)

To evaluate the u j-integral we utilise the following relation

1
2π

∫⇔

→⇔
dq ei(εE±ϕ)q = ς(εE±ϕ) . (3.26)

Then the k-integral can be performed easily. Since both εE j and ϕ are positive quantities,
terms with ς(εE j +ϕ) will vanish. Another Dirac delta function will be obtained as
(1/2π)

∫⇔
→⇔ dγ j = ς(0), where γ j = a jv j is a dimensionless parameter characterising the

proper time of the detector. Therefore we obtain

P j(εE j) = ς(0)
π

2εE ja j

1

sinh πεE j

a j


e
→πεE j

a j

1→ e→εεE j + e
πεE j

a j

eεεE j →1


. (3.27)

On the other hand, in a similar manner in LRW also one can estimate the integral
P j(εE j) using the complex conjugate of the Wightman function from Eq. (3.15). Note
that the complex conjugate of the Wightman function with ξ∝j = 0 = ξ j and η∝j = →τ∝j,

η j = →τ j is same as the Wightman function in RRW i.e.,
(
Gε

WR
(εη j)

)ω
= Gε

WL
(u j) with
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εη j =→u j (in LRW). Thus in (1+1) dimensions this expression comes out to be the same
as the one obtained for the observer in RRW (Eq. (3.25)), i.e., we get P

L
j (εE j)=P

R
j (εE j).

Similarly, in (1+3) dimensions also one can find out the quantities P
R
j (εE j) and

P
L
j (εE j) using the Wightman function from Eq. (3.17). Here again, we first evaluate

u j-integral using Eq. (3.26) to get ς(εE j ±ϕ), which get integrated in ϕ-integral. Since
the integrand is independent of vj, the vj-integration gives ς(0). We finally obtain

P j (εE j) = 1
2

∫⇔

→⇔
dvj

∫⇔

→⇔
du j e→iεE ju j Gε

W3D
(u j)

= ς(0)
1

2πa2
j


e
→πεE j

a j

1→ e→εεE j +
e
πεE j

a j

eεεE j →1


ϕ

(
εE j,a j,a j

)
, (3.28)

where, in this case the quantity ϕ
(
εE j,a j,a j

)
= πa jεE j/(2sinh(πεE j/a j)) 1 , and it is

obtained from a general expression of integral

ϕ
(
ε̄,a j,al

)
=

∫⇔

0
kp dkp K


iε̄
a j

,
kp

a j


K


iε̄
al

,
kp

al


. (3.29)

As observed in (1+1) dimension, the transition probabilities in right and left Rindler
wedges will be same as in LRW εη j =→u j and

(
Gε

WR
(εη j)

)ω
=Gε

WL
(u j). Now it should be

noted that the integrals representing transition probabilities from Eq. (3.25), and (3.28)
can be multiplied on both sides by εE2

j to make them dimensionless. In this regard, we
define other dimensionless parameters of the system as

ϑ j =
a j

εE j
; ω j =εεE j . (3.30)

It will be much more convenient to represent the necessary diagrams in our subse-
quent analysis with respect to these dimensionless parameters and quantities. In our
subsequent analysis we specifically consider the situation of two observers accelerated
parallelly or anti-parallelly in a thermal bath, and in particular, going to estimate the
integrals E . Then we shall analyse the condition of Eq. (2.83), and verify the possibility
of entanglement extraction in those specific cases.

1Note that, Eqs. (3.27) and (3.28) represents transition probabilities of jth detectors in (1+1) and
(1+3) dimensions in thermal bath of inverse temperature ε. Here if one takes ε↙⇔, the expressions will
reduced to transition probabilities in non-thermal Minkowski vacuum with temperature a j/2π (consistent
with the Unruh effect [23]). On the other hand, Bisognano–Wichmann Theorem [220, 221] shows that
the Minkowski vacuum induces on a Rindler wedge appears as a thermal state with dimensionless
temperature 1/(2π). This difference is due to the fact that the evolution is done under the dimensionless
boost Killing vector xϖt + tϖx, where the boost parameter t is a dimensionless quantity, and does not
represent the physical proper time of the observer.
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3.3.2 Parallel acceleration: No harvesting

In this subsection we consider the two observers Alice and Bob to be accelerated parallelly.
We consider them to have the proper accelerations aA and aB and both of them to be in
the right Rindler wedge. For convenience of calculation, in this case we express integral
E from Eq. (3.23) as

E =→
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)[GW (xB, xA)+θ(tA → tB) {GW (xA, xB)→GW (xB, xA)}]

= E
W + E

R . (3.31)

Here the first integral E
W contains the Wightman function, while the second integral

E
R represents the contribution of the retarded Green’s function. We shall be using this

expression to evaluate the integral E separately in (1+1) and (1+3) dimensions in our
following studies.

3.3.2.1 (1+1) dimensions

For the evaluation of E
W and E

R in (1+1) dimensions we consider the positive frequency
Wightman function (3.15). In particular, in the expression of this Green’s function the
indices j and l correspond to the detector A and B respectively. The relation between
Rindler times and detector proper times are ηA = τA = tA and ηB = τB = tB, considering
ξA = 0 = ξB, i.e., assuming the accelerating detectors to be fixed at the origin of the
respective Rindler frames, while the proper accelerations are b j = a j. Then the first
integral E

W can be expressed as

E
W =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)Gε

WR
(xB, xA)

=→ς
(
εEA +εEB
∞aAaB


π

εĔ∞aAaB

1


sinh πεĔ
aB

sinh πεĔ
aA


 e

πεĔ
2

(
1

aB
+ 1

aA

)

1→ e→εεĔ
+ e→

πεĔ
2

(
1

aB
+ 1

aA

)

eεεĔ →1


 , (3.32)

where the expression of εĔ is given by εĔ = (εEB →εEA)/2. For the evaluation of
this integral we have considered a change of variables ṽ = τB + τA and ũ = τB → τA.
The Jacobian of this transformation from (τA, τB) to (ṽ, ũ) is 1/2. We first evaluated
the ũ-integral, followed by the ϕ-integral. The Dirac delta function comes from the
ṽ-integration as observed in the last subsection. Since εE j > 0, this delta function leads
to vanishing E

W . On the other hand, using the same Wightman function from Eq. (3.15)
with proper identification of the indices j and l to the detectors A and B, and only
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performing the ṽ-integral, we obtain the integral E
R to be

E
R =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)θ(τA →τB)


Gε

WR
(xA, xB)→Gε

WR
(xB, xA)



=→ς
(
εEA +εEB
∞aAaB

∫⇔

0

dϕ
ϕ
∞aAaB

sinh
[
πϕ
2

(
1

aB
+ 1

aA

)]


sinh πϕ

aB
sinh πϕ

aA

∫⇔

0
e→iũεĔ

(
e→iϕũ → eiϕũ

)
. (3.33)

Similar to Eq. (3.32), here also we have encountered expression ς((εEB +εEA)/∞aAaB ),
which definitely cannot give non-zero contribution when εE j > 0. Then we have E = 0
due to the contributions of E

W and E
R. Whereas from Eq. (3.25) we observe that P j

always are non-zero and also have ς(0) multiplied with them. This signifies that for two
observers accelerated parallelly the condition for entanglement harvesting Eq. (2.83) is
not satisfied in (1+1) dimensions.

3.3.2.2 (1+3) dimensions

We consider the positive frequency Wightman function in Eq. (3.17) for the estimation
of the quantities E

W and E
R in (1+3) dimensions. Furthermore, we have identified the

indices j and l with the detectors A and B respectively. Then proceeding like the earlier
way the first integral E

W becomes

E
W =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)Gε

W3D
R

(xB, xA)

=→ς
(
εEA +εEB
∞aAaB


1

πaAaB
ϕ

(
εĔ,aA,aB

)

 e

πεĔ
2

(
1

aB
+ 1

aA

)

1→ e→εεĔ
+ e→

πεĔ
2

(
1

aB
+ 1

aA

)

eεεĔ →1


 . (3.34)

Here expression of ϕ is given in Eq. (3.29). Using the same Wightman function from Eq.
(3.17) with the proper identification of the indices j and l to the detectors A and B, we
get the second integral E

R to be

E
R =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)θ(τA →τB)


Gε

W3D
R

(xA, xB)→Gε

W3D
R

(xB, xA)


=→ς
(
εEB +εEA
∞aAaB

∫⇔

0

dϕ
π2

sinh
[
πϕ
2

(
1

aB
+ 1

aA

)]

aAaB
ϕ

(
εĔ,aA,aB

)

↓
∫⇔

0
e→iũεĔ

(
e→iϕũ → eiϕũ

)
. (3.35)

Here also in both of the integrals from (3.34) and (3.35) we have ς((εEB +εEA)/∞aAaB )
multiplied, which always gives zero contribution when εE j > 0. Then none of the above
quantities E

W or E
R contribute to the non-zero expression of E . This signifies that for
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two observers accelerated parallelly, the condition for entanglement harvesting is not
satisfied in (1+3) dimensions.

In both (1+1) and (1+3) dimensions, considering parallelly accelerated detectors
in a thermal bath, we observed that the condition for entanglement harvesting is not
satisfied. This was also true in the case of accelerated detectors without a thermal bath,
see [99, 113]. Then one can deduce that here the thermal bath has no additional influence
to make the entanglement harvesting possible. One should also notice that, it is not
possible to distinguish between thermal and non-thermal scalar fields only by analyzing
the parallelly accelerated detectors using entanglement harvesting information.

3.3.3 Anti-parallel accelerations: harvesting possible

In this subsection we consider Alice (denoted by A) in right and Bob (denoted by B) in
left Rindler wedge so that they are anti-parallelly accelerated while interacting with
background thermal field. Here the relation between Rindler times and detector proper
times are ηA = τA = tA and →ηB = τB = tB, considering ξA = 0 = ξB. Here again we use
the coordinates transformation ṽ = τB +τA and ũ = τB →τA. However, in this case the
Green’s function depends on ṽ = ηA →ηB = τB +τA, not on ũ. We shall explicitly evaluate
the integrals E

W and E
R from Eq. (3.31) in (1+1) and (1+3) dimensions to understand

the possibility of entanglement extraction in our following studies.

3.3.3.1 (1+1)dimensions

Analytical results: – In (1+1) dimensions the first part E
W of the integral E , is estimated

using the expression of the Wightman function from Eq. (3.16). Then the integral E
W

becomes

E
W =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)Gε

WLR
(xB, xA)

=→ς
(
εEB →εEA
∞aAaB


1


sinh πεẼ

aA
sinh πεẼ

aB

π

εẼ∞aAaB


e
πεẼ

2

(
1

aB
→ 1

aA

)

1→ e→εεẼ
+ e→

πεẼ
2

(
1

aB
→ 1

aA

)

eεεẼ →1


,

(3.36)

where, εẼ = (εEB +εEA)/2. To evaluate the integral, we first perform the coordinate
transform, then evaluate the ṽ-integral, followed by the ϕ-integral. The Dirac delta
function ς

(
εEB→εEA
∞aAaB

)
is obtained by performing the ũ-integral. One also may have con-

sidered moving to dimensionless variables γ j = τ ja j, and then make change of variables
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v̄ = γB +γA and ū = γB →γA to obtain the same final result. The Jacobian corresponding
to both of these change of variables is 1/2. Similarly one can evaluate the second integral
E

R . Then using the Wightman function of Eq. (3.16) the integral E
R can be evaluated to

be

E
R =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)θ(τA →τB)


Gε

WRL
(xA, xB)→Gε

WLR
(xB, xA)



=
sinh πεẼ

2

(
1

aB
→ 1

aA

)

2εẼ
1


sinh πεẼ

aA
sinh πεẼ

aB

∫⇔

→⇔
e→

i
2 (εEB→εEA)ũ θ(ũ) dũ , (3.37)

where, εẼ = (εEA +εEB)/2. One can evaluate this last integral as
∫⇔

→⇔
e→

i
2 (εEB→εEA)ũ θ(ũ)dũ =

∫⇔

0
e→

i
2 (εEB→εEA→iε)ũ dũ

= 2
i(εEB →εEA → iε)

, (3.38)

where a multiplicative regulator of e→εũ/2, with ε> 0, is introduced in the integrand to
evaluate this otherwise diverging integral. It is to be noted that the limit ε↙ 0 provides
the actual value of the integral. One can express this quantity of Eq. (3.38) with the help
of a consequence of the Sokhotski-Plemelj theorem [24]

lim
ε↙0+

1
z→ iε

= iπ ς(z)+P
(
1
z


, (3.39)

where, P(1/z) denotes the principal value of (1/z), which is a finite quantity. Then the
quantity E

R is

E
R =

πsinh

πεẼ

2

(
1

aB
→ 1

aA

)

εẼ∞aAaB


sinh πεẼ

aA
sinh πεẼ

aB

[
ς

(
εEB→εEA
∞aAaB

)
→ i
π

P
( ∞aAaB
εEB→εEA

)]
. (3.40)

The second quantity inside the square brackets in the right hand side denotes the
principal value and it is a finite quantity. It should be mentioned that when εEB ⇐=εEA

the Dirac delta distribution from Eq. (3.40) vanishes and one is left out with only this
finite second term. In this particular situation the integral E

W also vanishes and the
whole E = E

W +E
R becomes finite. 2 However, from Eq. (3.25) it is observed that the

integrals P j still keeps the ς(0) terms in them. In that case it is obvious that the condition
2Note that the term E involves transition in both detectors, and has contributions from the two-detector

cross correlators, which involve acceleration of both detectors. Thus, two different proper accelerations
appeared in the expression. These terms are not directly related to any thermality as seen by individual
detectors..
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from (2.83) remains unfulfilled. On the other hand, when εEB = εEA only the Dirac
delta distribution contributes in the expression of E

R . In this situation, E
W is also non

zero, and there are multiplicative factors of ς(0) in E
W and E

R like the P j. Then it is
evident that only for εEB =εEA the condition (2.83) for entanglement harvesting may
get satisfied. Since both P j and E have multiplicative factors of ς(0), we can define a
quantity CI , which will represent concurrence per unit time when it is non-negative as

CI =
(
|E |→

√
P APB

)
/ς(0) . (3.41)

Let us now make a comment on the contribution related to the retarded Green’s
function. It is observed from (3.40) that the integral E

R in general vanishes when the
two anti parallelly moving observers have equal magnitude of accelerations i.e. aA = aB.
It is noticed that even in Green’s function level when the accelerations of the anti-
parallelly accelerated detectors are equal the quantity Gε

WRL
(xA, xB)→Gε

WLR
(xB, xA)= 0,

denoting the vanishing of retarded Green’s function in the integral of (3.37). This is
expected as left Rindler wedge is causally disconnected from the right wedge. However,
it remains non-zero for scenarios when aA ⇐= aB, although both are causally disconnected.
The retarded Green’s function with respect to Minkowski mode vanishes (or when
aA = 0= aB) when they are spacelike separated. It may be mentioned that when aA = aB

then they can be regarded as “similar frames” (as LRW is mirror image of RRW) and
hence since retarded Green’s function vanishes in Minkowski frame, it must vanish in
any other frame. Whereas for aA ⇐= aB we do not have such similarity and we may take
this as investigations of field operators from two “dis-similar frames”. In this case the
commutator of the fields may not be the same as it was earlier. In the above exactly this
thing has been reflected in E

R . In summary, the relative acceleration between the frames
introduces this non-triviality. We will see later that in (1+3) case, compared to (1+1)
dimensional analysis, this has a big role to give a distinct feature in the entanglement
harvesting.

From Eq. (3.36) and (3.40) we obtain the expression of the integral E corresponding
to two anti-parallelly accelerated observers as E = E

W +E
R . Also similar to P j, we shall

multiply εE2 with E to make it dimensionless. Since we have already discussed these
expressions are non-zero and comparable to P j only when εEA =εEB =εE (say), in
that case we also have εẼ =εE. The condition for entanglement harvesting from Eq.
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(2.83) becomes

(
e→

πεE
aA

1→ e→εεE + e
πεE
aA

eεεE →1

(
e→

πεE
aB

1→ e→εεE + e
πεE
aB

eεεE →1


<

4


e
πεE

2

(
1

aB
→ 1

aA

)

1→ e→εεE + e→
πεE

2

(
1

aB
→ 1

aA

)

eεεE →1
→sinh


πεE

2

(
1

aB
→ 1

aA

2
. (3.42)

From this expression (3.42) depicting the condition for entanglement harvesting for two
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Figure 3.2: In (1+1) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the inverse temperature ω = εεE for different
fixed ϑA = aA/εE. The other parameter is fixed at ϑB = aB/εE = 1.
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anti-parallelly accelerated observers, we see that contribution of the retarded Green’s
function exists when the detectors have different magnitudes of acceleration, i.e., aA ⇐=
aB.

Numerical analysis: – In Fig. 3.2 we have plotted the quantity CI of (3.41) signifying
the concurrence, with respect to ω, which is proportional to the inverse temperature of
the thermal bath ω= εεE, considering two anti-parallelly accelerated observers with
different accelerations in (1+1) dimensions. The curves in this figure correspond to fixed
ϑB = aB/εE = 1 and different fixed ϑA = aA/εE. It is to be noted that the dimensionless
quantity εE2CI plotted in the figure is obtained using the expressions from (3.25), (3.36)
and (3.40) when εEB =εEA =εE. Removing the delta function, the quantity CI can be
interpreted as taking a rate per unit proper time, like discussed in literature [113]. From
Fig. 3.2 we have the following observations.

• For low acceleration ϑA of the first detector (e.g. ϑA = 1/2) the quantity CI is
negative for very high temperature of the thermal bath, and it tends to increase
with increasing ε and becomes positive at some much larger ε or low temperature
of the thermal bath. Therefore thermal fields do not allow entanglement at high
temperature. Entanglement can start only from certain value of temperature of
thermal bath to lower values when the first detector moves with small acceleration.

• For high acceleration ϑA of the first detector (ϑA = 1/0.002) the quantity CI is
positive for very high temperature of the thermal bath, and it tends to decrease
with increasing ε but never becomes negative at much larger ε or low temperature
of the thermal bath. So for large values of acceleration, we will have entanglement
at any temperature of bath.

• With these it is observed that there is a characteristic change in the nature of
these curves depending on the value of ϑA – for low values of ϑA the entanglement
increases with increase of ε while after certain value of ϑA entanglement decreases
with increase of ε. We call the value of acceleration ϑA =ϑc as ‘critical acceleration’
value around which these curves have different nature. In Fig. 3.2 this is given by
the black dotted line (ϑA = 1/0.2074), which is almost a straight line.

To find this critical value note that the change is nature is prominent for very low value
of ε; i.e., at higher temperature of the bath. So it will be sufficient to investigate CI for
very low value of ω. Also in this regime the critical line (black dotted line in Fig. 3.2) is
straight. Therefore the vanishing of the slope of the curve in low value of ω will yield
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ϑc. One can series expand the derivative of CI with respect to ω in this case, in small ω
regimes and observe that it is of the form (ϖ/ϖω)CI(ϱAB)= (1/ω2)C1 +C2 +O (ω). Then in
high temperature regime one can predict about the transition point ϑc by making C1 = 0
(this is leading term) with ϑA =ϑc, which provides us with the expression

C1 =
π

√
sinh

(
π
ϑc

)
sinh

(
π
ϑB

)

√
cosh

(
π

ϑc


cosh

(
π

ϑB


→2cosh

(
π(ϑB →ϑc)

2ϑcϑB


= 0 . (3.43)

It can be checked that the above equation yields the value of ϑc as 4.82026 for our choice
of parameter value ϑB = 1. Note that this is exactly the value of ϑA for which the critical
curve (black dotted line in Fig. 3.2) was obtained numerically.

In Fig. 3.3 we have plotted CI signifying the concurrence with respect to the accel-
eration of the first detector ϑA for different fixed ω. From this figure one can observe
that the temperature of the thermal bath has a diminishing effect on the entanglement
measure for low values of the acceleration of the first detector ϑA. It is observed that for
smaller ϑA with low ε (if εE is kept fixed then ε changes in unison with ω), i.e., for very
high temperature, the condition for entanglement harvesting is failing, while for high ϑA

the condition again gets satisfied. We have also depicted the same curves as shown in Fig.
3.3 in lower regimes of 1/ϑA in Fig. 3.4. From this curve we observe that, above a certain
value of ϑA, which is the critical value ϑc, the thermal bath has an enhancing effect on
concurrence (denoted by CI). Then the plots depicted in Fig. 3.3 and 3.4 together predict
the same phenomena provided by Fig. 3.2, i.e., for low accelerations thermal bath has
a diminishing effect and for high accelerations thermal bath has an enhancing effect
on the entanglement measure, and there is a perceivable critical value of acceleration
separating these two regimes of accelerations. In Fig. 3.5 and 3.6 we have further plotted
the derivative of CI with respect to ω for varying ω and ϑA for the perception of ϑc. Fig.
3.5 shows that some curves contains negative slope while others have positive slope for
initial values of ε. Similarly Fig. 3.6 signifies that slopes of each curve become same at
the particular value of ϑA. All these reassured the existence the aforesaid critical value
of ϑA.

It is to be noted that in the equal magnitude of acceleration limit the second integral
from Eq. (3.40) coming from the retarded Green’s function vanishes and one is left with
only E = E

W . In this particular case we consider aA = aB = a, and the condition for
entanglement harvesting from Eq. (2.83) is then given by

e→
πεE

a

1→ e→εεE + e
πεE

a

eεεE →1
< 2

eεεE +1
eεεE →1

, (3.44)
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Figure 3.3: In (1+1) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the acceleration of the first detector ϑA for different
fixed inverse temperature of the thermal bath ω. The other parameters are fixed at
ϑB = 1.

which for the zero temperature of the thermal bath, i.e., in the ε↙⇔ limit, becomes
e
πεE

a > 1/2. This basically reinstates the fact that in the zero temperature case the en-
tanglement can be harvested for anti-parallelly accelerated detectors with any possible
equal acceleration, which is also observed from [99, 113] though considering the detec-
tors in (1+3) dimensions. In Fig. 3.7 and Fig. 3.8 we have plotted CI =

(
|E |→P j

)
/ς(0)

respectively with respect to varying ω and ϑ. From these figures also we observe the
same phenomena as perceived before. Here also we see that below a certain critical ϑ
entanglement harvesting is not possible for low ε or high temperature of the thermal
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Figure 3.4: In (1+1) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the acceleration of the first detector ϑA for different
fixed inverse temperatures of the thermal bath ω. The other parameters are fixed at
ϑB = 1. In particular we have depicted the curves of Fig. 3.3 in lower regime of 1/ϑA.

bath and the entanglement measure increases with increasing ε. On the other hand,
above this critical acceleration entanglement measure decreases with increasing ε, but
remains positive. In Fig. 3.8 this behaviorial change of the curves after a certain critical
acceleration ϑc is much more prominent than the previous ones with different accelera-
tions. It should be noted that in this equal acceleration case, by making the derivative
of the quantity CI with respect to ω equal to zero, one can obtain the critical value of
acceleration ϑc =π/ log[2+

∞
3 ], which is around ϑc ∀ 2.385 and is independent of ω. This

is depicted by a straight line (black dotted line) in Fig. 3.7. In Fig. 3.9 and 3.10 the
derivative of CI is plotted with respect to varying ϑ and ω, which also signifies the earlier
mentioned slope change about the critical value of ϑ. This reconfirms the existence of
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Figure 3.5: In (1+1) dimensions the derivative with respect to (ϖ/ϖω)
(
εE2CI

)
is plotted

for two anti-parallelly accelerating detectors for varying ω. The other parameters ϑB = 1
and ϑA are fixed.

the aforesaid criticality.

3.3.3.2 (1+3)dimensions

Analytical results: – From Eq. (3.23) we observe that there are two specific terms in the
integral E . One involving a Wightman function and another involving a retarded Green’s
function. The second term involving the retarded Green’s function is recently conceived
through rigorous analysis of the model for entanglement harvesting. Like the (1+1)
dimensional case in (1+3) dimensions also we shall explicitly evaluate these terms. We
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Figure 3.6: In (1 + 1) dimensions the derivative with respect to ω of the quantity
(ϖ/ϖω)

(
εE2CI

)
is plotted for two anti-parallelly accelerating detectors for varying ac-

celeration of the first detector ϑA. The temperatures of the thermal bath ω and other
parameter ϑB = 1 are fixed.

express the first quantity using the Wightman function of Eq. (3.18), i.e., considering the
observer B to be accelerating anti-parallelly in LRW with respect to observer A in RRW,
as

E
W =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)Gε

W3D
LR

(xB, xA)

=→ς
(
εEB →εEA
∞aAaB


1

aAaB

ϕ
(
εẼ,aB,aA

)

π


e
πεẼ

2

(
1

aB
→ 1

aA

)

1→ e→εεẼ
+ e→

πεẼ
2

(
1

aB
→ 1

aA

)

eεεẼ →1


,(3.45)

where, εẼ = (εEB+εEA)/2, and expression of ϕ is given in Eq. (3.29). For the evaluation
of this integral we have considered change of variables ṽ = τB +τA and ũ = τB →τA, and
we shall be using this same change of variables to evaluate the next integral also. Then
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Figure 3.7: In (1+1) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the inverse temperature of the thermal bath ω for
equal magnitude of proper accelerations, i.e., ϑA =ϑB =ϑ.

one can evaluate the second part of the integral E from Eq. (3.23) as

E
R =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτAθ(τA →τB) ei(εEBτB+εEAτA) [

Gε

W3D
RL

(xA, xB)→Gε

W3D
LR

(xB, xA)
]

= sinh

πεẼ

2

(
1

aB
→ 1

aA

 2ϕ
(
εẼ,aB,aA

)

(2π)2∞aAaB

∫⇔

→⇔
e→

i
2 (εEB→εEA)ũ θ(ũ) dũ . (3.46)
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Figure 3.8: In (1+1) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with same magnitude of acceleration for varying acceleration of
the detectors ϑ and different fixed ω.

Like the previous (1+1) dimensional case, using (3.39) the contributing part of this
expression here can be evaluated to be

E
R =

sinh

πεẼ

2

(
1

aB
→ 1

aA

)
ϕ

(
εẼ,aB,aA

)

πaAaB

[
ς

(
εEB→εEA
∞aAaB

)
→ i
π

P
( ∞aAaB
εEB→εEA

)]
. (3.47)

Like the (1+1) dimensional case here also we observe that when εEB ⇐= εEA the
integral E

R becomes finite, whereas E
W vanishes. On the other hand, from (3.28) we

observe that the integrals P j have ς(0) multiplied with them. Then in this situation
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Figure 3.9: In (1+1) dimensions the quantity (ϖ/ϖω)
(
εE2CI

)
is plotted for two anti-

parallelly accelerating detectors with respect to the equal magnitude of proper accel-
erations ϑA =ϑB =ϑ for fixed inverse temperature of the thermal bath ω. The critical
acceleration, where this quantity is ω independent, is ϑc = 2.3854.

one cannot harvest any entanglement. Entanglement harvesting may become possible
only when εEB =εEA. In that case we consider εEB =εEA =εE, which also results in
εẼ =εE. Then from Eq. (3.45) and (3.47) one can obtain the expression of the integral
E corresponding to two anti-parallelly accelerated observers in (1+3) dimensions as
E = E

W +E
R , and then get the condition for entanglement harvesting (2.83) to be

(
e→

πεE
aA

1→ e→εεE + e
πεE
aA

eεεE →1

(
e→

πεE
aB

1→ e→εεE + e
πεE
aB

eεεE →1


ϕ (εE,aA,aA)ϕ (εE,aB,aB)<

4


e
πεE

2

(
1

aB
→ 1

aA

)

1→ e→εεE + e→
πεE

2

(
1

aB
→ 1

aA

)

eεεE →1
→sinh


πεE

2

(
1

aB
→ 1

aA

2
ϕ (εE,aA,aB)2 .

(3.48)
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Figure 3.10: In (1+1) dimensions the quantity (ϖ/ϖω)
(
εE2CI

)
is plotted for two anti-

parallelly accelerating detectors with respect to the inverse temperature of the thermal
bath ω for equal magnitude of proper accelerations ϑA =ϑB =ϑ. The critical acceleration,
where this quantity is ω independent, is ϑc = 2.3854.

Numerical analysis: – In Fig. 3.11 we have plotted the quantity CI =
(
|E |→

√
P APB

)
/ς(0),

which signifies the rate of concurrence per unit proper time, with respect to ϑA for dif-
ferent fixed temperature of the thermal bath. On the other hand, in Fig. 3.12 and Fig.
3.13 we have plotted this CI with respect to the inverse temperature of the thermal
bath ω=εεE for different fixed ϑA. From both of these figures we observe that higher
temperature of the thermal bath results in a failure of the condition for entanglement
harvesting, which is in agreement with the understandings gained from the (1+1) di-
mensional analysis. However, the characteristics of the curves obtained from Fig. 3.11

79

TH_3744_206121013



CHAPTER 3. ACCELERATED OBSERVERS IN THERMAL BACKGROUND

0 10 20 30 40 50
-0.2

0.0

0.2

0.4

0.6

0.8

1 /αA

Δ
E2

C I

σ=2.5 σ=3.5 σ=5

σ=100 σ=∞

Figure 3.11: In (1+3) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the acceleration of the first detector ϑA for different
fixed ω. The other parameter is fixed at ϑB = 1.

are turbulent compared to the (1+1) dimensional curves of Fig. 3.3 in similar situation.
It is also noticed that unlike the (1+1) dimensional case there are multiple transition
points of ϑA in curves of Fig. 3.11. After crossing each of these transition points the
characteristics of CI flips with respect to ε, i.e., in some of the regions, in between these
transition points, CI increases with increasing ε, and in the neighboring regions CI

decreases with increasing ε. In Fig. 3.14 and 3.15 we have plotted the derivative of CI

with respect to ω for varying ω and ϑA to further confirm the positions of the transition
points. Another intriguing thing to notice is that in (1+1) dimensions for ϑA ⇐=ϑB we
observed that for a fixed temperature of the thermal field entanglement harvesting
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Figure 3.12: In (1+3) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the inverse temperature of the thermal bath ω for
different fixed accelerations ϑA. The other parameter is fixed at ϑB = 1.

is possible for any accelerations above a certain acceleration. However, here in (1+3)
dimensions this is not the case, as now entanglement harvesting is possible in discrete
ranges of ϑA for certain values of fixed temperatures of the thermal fields.

It is to be noted that in the equal magnitude of acceleration limit the second integral
from Eq. (3.47) coming from the retarded Green’s function vanishes and one is left with
only E = E

W . In this particular case aA = aB = a, and the condition for entanglement
harvesting from Eq. (3.48) becomes same as the one from the (1+1) dimensional case
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Figure 3.13: In (1+3) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the inverse temperature of the thermal bath ω

for different fixed accelerations ϑA, and ϑB is fixed at ϑB = 1. Here the set of fixed ϑA
is different than the ones considered in Fig. 3.12. However, here also one can observe a
transition in the nature of the curves as ϑA changes.

of Eq. (3.44). Then it is expected that the entanglement measure CI in (1+3) should
be qualitatively same as the one from (1+1) dimensions. However, it is quantitatively
different in the (1+3) dimensional case compared to the (1+1) dimensional case with
equal acceleration. In Fig. 3.16 and 3.17 we have further plotted this quantity CI

signifying the concurrence, in this case in (1+3) dimensions. Here also the concurrence
shows similar characteristics as was observed in the (1+1) dimensional case. From
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Figure 3.14: In (1+ 3) dimensions the derivative with respect to ω of the quantity
(ϖ/ϖω)

(
εE2CI

)
is plotted for two anti-parallelly accelerating detectors for varying ω. The

other parameters ϑB = 1 and ϑA are fixed.

Fig. 3.17 it is clear that the temperature of the thermal bath diminishes the range
of acceleration in which entanglement extraction is possible. However, it enhances
the amount of concurrence above a certain value of acceleration thus enhancing the
entanglement extraction in that region. Furthermore, in Fig. 3.18 and 3.19 we have
plotted the derivative of CI with respect to ω in this case for varying ω and ϑ for the
perception of ϑc. It should be noted that in (1+3) dimensions one is left out with only
one transition point, contrary to multiple transition points in ϑA from Fig. 3.11, when
equal accelerations are considered.
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Figure 3.15: In (1+ 3) dimensions the derivative with respect to ω of the quantity
(ϖ/ϖω)

(
εE2CI

)
is plotted for two anti-parallelly accelerating detectors for varying ac-

celeration of the first detector ϑA. The temperatures of the thermal bath ω and other
parameter ϑB = 1 are fixed.

3.4 Mutual Information

In the last section, we have studied the quantum correlation between two detectors in
terms of concurrence quantity. Now we will study the total correlation in the system i.e.,
the entirety of classical and quantum correlations, between the two detectors A and B
with the observers Alice and Bob is quantified by mutual information M , defined as

M (ϱAB)⇓ S(ϱA)+S(ϱB)→S(ϱAB) , (3.49)

where, ϱA ⇓ TrB(ϱAB) and ϱB ⇓ TrA(ϱAB) are the reduced density matrices correspond-
ing to the detectors A and B, and S(ϱ)⇓→Tr(ϱ lnϱ) is the von Neumann entropy corre-
sponding to the state with ϱ to be the density matrix. Using the expression of the density
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Figure 3.16: In (1+3) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to the inverse temperature of the thermal bath ω for
equal magnitude of proper accelerations, i.e., ϑA =ϑB =ϑ.

matrix at some later time from Eq. (2.68), and considering the couplings between the
detectors and field to be the same for the two detectors cA = cB = c, one can express the
mutual information of (3.49) as [212]

M (ϱAB)= c2[
P+ lnP++P→ lnP→→P A lnP A →PB lnPB

]
+O (c4) , (3.50)

where, the quantities P± are given by

P± = 1
2

[
P A +PB ±


(P A →PB)2 +4|P AB|2

]
. (3.51)
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Figure 3.17: In (1+3) dimensions the quantity εE2CI is plotted for two anti-parallelly
accelerating detectors with respect to 1/ϑ for fixed inverse temperatures of the thermal
bath ω for equal magnitude of proper accelerations, i.e., ϑA =ϑB =ϑ.

A more useful quantity for our analysis is mutual information per unit time, can be
defined as

MI(ϱAB)=
[
P+ lnP++P→ lnP→→P A lnP A →PB lnPB

]
/ς(0) . (3.52)

It should be mentioned that one may encounter situations when both the concurrence and
mutual information are not simultaneously non-zero for a certain system. In that case
when either only the concurrence or the mutual information is non-zero the correleation is
found to be of quantum or classical origin respectively. Therefore, it becomes interesting to
investigate both of these measures for the understanding of the nature of the correlation
between the two detectors.
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Figure 3.18: In (1+3) dimensions the quantity (ϖ/ϖω)
(
εE2CI

)
is plotted for two anti-

parallelly accelerating detectors with respect to the inverse temperature of the thermal
bath ω for equal magnitude of proper accelerations ϑA =ϑB =ϑ.

From Eq. (3.50) and (3.51) it is observed that the mutual information corresponding to
the two accelerated detectors interacting with background thermal field can be estimated
by estimating the quantities P j and P AB. From Eq. (3.25) and (3.28) one can find out the
expressions of P j in (1+1) and (1+3) dimensions corresponding to observers accelerated
parallelly or anti-parallelly. Then here we only have to find out the expression of P AB

to understand the nature of the mutual information for the considered detector pair.
In particular we have to estimate P AB in Eq. (3.20). If this quantity turns out to be
zero, then P± become P A and PB. Therefore, the mutual information M (ϱAB) in Eq.
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Figure 3.19: In (1+3) dimensions the quantity (ϖ/ϖω)
(
εE2CI

)
is plotted for two anti-

parallelly accelerating detectors with respect to the equal magnitude of proper accelera-
tions ϑA =ϑB =ϑ for fixed inverse temperature of the thermal bath ω.

(3.50) vanishes. We shall first consider the prallelly and then anti-parallelly accelerated
detectors to estimate these quantities.

3.4.1 Parallel acceleration

3.4.1.1 (1+1) dimensions

We consider the Wightman function of Eq. (3.15) corresponding to parallelly accelerated
detectors interacting with thermal fields, and consider a change of variables ṽ = τB +τA
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and ũ = τB →τA to evaluate the integral P AB as

P AB =
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEAτA→εEBτB) Gε

WR
(xB, xA)

= ς

(
εEA →εEB
∞aAaB


π

εẼ


aAaB sinh πεẼ
aB

sinh πεẼ
aA


 e→

πεẼ
2

(
1

aB
+ 1

aA

)

1→ e→εεẼ
+ e

πεẼ
2

(
1

aB
+ 1

aA

)

eεεẼ →1


 , (3.53)

where εẼ = (εEB +εEA)/2. To evaluate this quantity, we first performed the ũ-integral,
then ϕ-integral is performed. The Dirac delta function comes from the ṽ-integration. It
is to be noted that when εEB ⇐= εEA, due to the Dirac delta distribution ς

(
εEA→εEB
∞aAaB

)

in front of the expression (3.53), the quantity P AB vanishes. This leads to vanishing
mutual information.

One has non vanishing mutual information only when P AB ⇐= 0, i.e., when εEB =εEA.
We get εẼ =εE by considering εEB =εEA =εE. In that case it is observed that there
will be a multiplicative ς(0) term in the expression of P AB similar to the case of P j of
Eq. (3.25). Therefore, the final expression of the quantity MI can be evaluated using
Eq. (3.25), (3.53), (3.51) and (3.52). In Fig. 3.20 we have plotted the rate of mutual
information with respect to the temperature of the thermal field T( f ) (↑ 1/ω), which
shows that with increasing temperature the mutual information increases. From this
figure it is also observed that with increasing acceleration of the first detector (denoted
by ϑA) the mutual information decreases.

3.4.1.2 (1+3) dimensions

We consider the positive frequency Wightman function of Eq. (3.17) for the estimation of
the quantity P AB in (1+3) dimensions. Following the earlier analysis, we obtain

P AB =
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEAτA→εEBτB) Gε

W3D
R

(xB, xA)

= ς

(
εEA →εEB
∞aAaB


1

πaAaB
ϕ

(
εẼ,aA,aB

)

 e→

πεẼ
2

(
1

aB
+ 1

aA

)

1→ e→εεẼ
+ e

πεẼ
2

(
1

aB
+ 1

aA

)

eεεẼ →1


 . (3.54)

Here also εẼ = (εEB +εEA)/2, and for εEB ⇐=εEA Dirac delta distribution ς
(
εEA→εEB
∞aAaB

)

in (3.54) provides vanishing P AB. This leads to vanishing mutual information.
The mutual information is non vanishing only when εEB =εEA. The final expression

of the quantity MI can be evaluated using Eq. (3.28), (3.54), (3.51) and (3.52). We plotted
the rate of mutual information with respect to the temperature of the thermal field
T( f ) (↑ 1/ω) in Fig. 3.21. From this figure we conclude that in (1+3) dimensions also
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Figure 3.20: In (1+ 1) dimensions the quantity MI(ϱAB) is plotted, which signifies
the mutual information, for two parallelly accelerating detectors with respect to the
temperature of the thermal field T( f )(↑ 1/ω) for different fixed proper accelerations ϑA,
where ϑB = 1.

the mutual information increases with increasing temperature of the thermal field and
decreasing acceleration of the first detector (denoted by ϑA).
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Figure 3.21: In (1+ 3) dimensions the quantity MI(ϱAB) is plotted, which signifies
the mutual information, for two parallelly accelerating detectors with respect to the
temperature of the thermal field T( f )(↑ 1/ω) for different fixed proper accelerations ϑA,
where ϑB = 1.

3.4.2 Anti-parallel acceleration

3.4.2.1 (1+1) dimensions

We consider the Wightman function from Eq. (3.16) corresponding to two anti-parallelly
accelerated observers in (1+1) dimensional thermal bath, and a change of variables
ṽ = τB +τA and ũ = τB →τA to evaluate the quantity P AB. Following the earlier analysis,
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one can express this integral P AB as

P AB =
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEAτA→εEBτB) Gε

WLR
(xB, xA)

= ς

(
εEA +εEB
∞aAaB


π

εĔ


aAaB sinh πεĔ
aB

sinh πεĔ
aA


 e→

πεĔ
2

(
1

aB
→ 1

aA

)

1→ e→εεĔ
+ e

πεĔ
2

(
1

aB
→ 1

aA

)

eεεĔ →1


 , (3.55)

where εĔ = (εEB →εEA)/2. Then it is obvious that for εEA > 0 and εEB > 0 the Dirac
delta distribution sitting in front of this expression ς

(
εEA+εEB
∞aAaB

)
will provide a vanishing

contribution. Thus P AB vanishes. This leads to the expression of mutual information
from (3.50) to be vanishing upto O (c2). This result persuades one to conclude that
the mutual information corresponding to two anti-parallelly accelerated detectors in a
thermal bath is zero in (1+1) dimensions.

3.4.2.2 (1+3) dimensions

We consider the positive frequency Wightman function (3.18) corresponding to anti-
parallelly accelerated observers for the estimation of the quantity P AB in (1+3) dimen-
sions. Following the earlier analysis, we obtain

P AB =
∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEAτA→εEBτB) Gε

W3D
LR

(xB, xA)

= ς

(
εEA +εEB
∞aAaB


1

πaAaB
ϕ

(
εĔ,aA,aB

)

 e→

πεĔ
2

(
1

aB
→ 1

aA

)

1→ e→εεĔ
+ e

πεĔ
2

(
1

aB
→ 1

aA

)

eεεĔ →1


 . (3.56)

Here also εĔ = (εEB →εEA)/2 and similar to the (1+1) dimensional case the Dirac
delta distribution ς

(
εEA+εEB
∞aAaB

)
sitting in front of this expression will provide a vanishing

contribution. This leads to a vanishing P AB and in turn vanishing mutual information
upto O (c2) from (3.50). Then in (1+3) dimensions also one can conclude that the mutual
information corresponding to two anti-parallelly accelerated detectors in a thermal bath
is zero.

3.5 Summary and Discussions

The possibility of constructing a plausible experimental setup in contact with a thermal
bath is much higher, as, in nature, the background is thermal than a purely non-thermal
field vacuum. Therefore it is much more relevant to understand realistic situations in
our surroundings to study physical phenomena in the presence of a thermal bath or by
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considering the thermal fields. We have considered studying entanglement harvesting
with two accelerated Unruh-DeWitt detectors interacting with a background thermal
massless scalar field in this work. We have constructed the relevant Green’s functions
corresponding to accelerated observers in thermal bath considering the Rindler modes
with the vacuum for the Unruh modes to avoid dealing with Wightman functions which
are not time translational invariant. We used the prescription of [216] for constructing
the thermal Green’s functions. It is observed that for zero temperature of the thermal
bath, i.e., in the limit ε↙⇔, in both (1+1) and (1+3) dimensions considering the equal
magnitude of accelerations for the two observers but moving anti-parallelly, we always get
the condition for entanglement harvesting to be satisfied. It ensures that entanglement
extraction is possible for any finite non-zero acceleration in zero temperature background,
which is in fact known from the earlier works of [99].

Furthermore, for non-zero temperature of the thermal bath with equal magnitude
of acceleration of the anti-parallelly accelerated observers in both (1+1) and (1+3)
dimensions we get identical conditions for entanglement harvesting (Eq. (2.83)). The
quantity CI signifying concurrence also shows similar behavior in (1+1) and (1+3)
dimensions, which can be observed from Fig. 3.7, 3.8 and 3.16, 3.17. An interesting fact
we noticed from Fig. 3.8 and 3.17 is that with increasing temperature of the thermal bath
(decreasing ε or ω), the range of acceleration, in which entanglement can be harvested,
is decreasing, which is in agreement with the results of previous works [211, 212]. We
observe that with the higher temperature of the thermal bath, higher acceleration is
needed to initiate entanglement harvesting. However, once for a certain temperature,
entanglement harvesting starts with some initial acceleration in this system; it keeps
on harvesting for all other higher accelerations. On the other hand, above a certain
critical acceleration a = ac we see the amount of entanglement harvested, denoted by
concurrence, to be increasing with increasing temperature of the thermal bath, showing
a characteristic opposite compared to the region below a = ac, which is like a phase
transition.

We also observe in (1+1) dimensions from Eq. (3.36) and (3.40) that for aA = aB =
a and in the limit of a ↙ 0 the whole quantity E without the multiplicative delta
distribution vanishes, making the condition for entangle extraction to break down. Then
it is obvious that in the requirement of entanglement harvesting an accelerated observer
and a static observer in thermal bath do not act in equal footing.

In particular it is observed that for aA ⇐= aB, the Retarded Green’s function has a
non-zero contribution. However, when aA = aB the contributions from GF(x∝B, xA) and
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GW (x∝B, xA) are the same. Finally it is to be noticed that when aA ⇐= aB, by observing the
plots of CI with respect to the acceleration of the first detector, it is possible to distinguish
between the cases of (1+1) and (1+3) dimensions. Notably, in (1+1) dimensions the
curves of fixed ω (Fig. 3.3) shows monotonic nature, while in (1+3) dimensions (Fig. 3.11)
this is not the case with various peaks and valleys. In (1+3) dimensions this results in
multiple transition points of accelerations aA between which the nature of concurrence
with respect to the temperature of the thermal bath flips compared to the adjacent
regions, also restricting the entanglement harvesting to discrete ranges of acceleration
aA for certain fixed temperature of the thermal bath.

An investigation of mutual information among the detectors has also been done in
this chapter. We found that this vanishes for the anti-parallel situation whereas it is
non-vanishing for parallel case. In the later situation, mutual information increases with
the increase in background field temperature while it decreases with the increase of first
detector’s proper acceleration.

We want to mention here a nature of the curves in Fig. 3.8 and Fig. 3.17 which we did
not discuss in the main text. In the equal acceleration case aA = aB in both (1+1) and
(1+3) dimensions it is observed that in very high acceleration regime the entanglement
extraction rate tends to decrease with increasing acceleration. The possible reason can be
as follows. When the acceleration of the detector is very large (i.e. aA ↙⇔), the detector
moves very near to null surface denoted by x =→t and x = t and also feels a very high
temperature due to its acceleration (temperature is given by Unruh expression a/2π). In
this regime the thermal bath due to acceleration becomes equally relevant along with the
real thermal bath on the nature of entanglement harvesting. Since we already observed
that temperature can reduce the entanglement between the detectors, the presence of
both the temperatures may play the role in the decreasing nature of concurrence. This
is happening in very high acceleration regime as there the Unruh temperature also
becomes appreciable to affect entanglement harvesting. So in this regime acceleration is
showing its double standards – in one side it is helping in entanglement, but in other side
it is also suppressing this phenomenon. On the other hand in earlier accelerations, the
Unruh temperature is not so appreciable to give any effect on entanglement harvesting.
Therefore there the acceleration plays only the role in helping entanglement. In this
regard we point out that this reason is only a suggestive one. To find any conclusive
explanation further investigation is needed.

Finally we mention that in this paper we deeply investigated the effect of background
temperature on the harvesting of two uniformly accelerated detectors. As we mentioned
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this situation mimics much more realistic situation and hence the results have practical
importance. As we mentioned above, the background temperature introduces several
interesting noticeable features which are completely absent when the temperature is
taken to be zero. Therefore we feel that the present study is very important in the context
of entanglement harvesting between the observers through their interaction with the
background quantum fields and helps to progress the aforesaid subject.
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4
ACCELERATED OBSERVERS IN PRESENCE OF

REFLECTING BOUNDARIES

4.1 Introduction and Motivation

Quantum entanglement is one of the predictions of quantum theory, which shows
fascinating nonlocal properties. Two observers can be entangled, even if they are
spacelike separated. This phenomenon is crucial to many quantum information

theoretic processes, such as quantum teleportation [60–63], cryptography [64, 66], and
computation [67]. In the last chapter, we have seen that two initially uncorrelated detec-
tors can extract entanglement from the field’s vacuum state. We observed that for lower
accelerations, which are much more achievable in experimental setups, entanglement
harvesting due to acceleration is suppressed due to background temperature. It is known
that the higher the degree of entanglement between the atoms or detectors, the higher
the probability of experimental detection. Therefore, it is natural to ask how one may
enhance the entanglement harvesting between the accelerated detectors. It is well known
that modifying the field’s density of modes can significantly influence the detector’s tran-
sition rate [198, 222]. It can be done by using cavity systems or reflecting boundaries,
where the field modes satisfy the Dirichlet boundary conditions. Hence, it is natural to
ask how this boundary can influence entanglement harvesting. In this chapter, we will
investigate the influence of reflecting boundaries on entanglement harvesting between
two accelerated detectors. We will primarily focus on the possibility of enhancement
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of entanglement due to single and double boundaries compared to free space entan-
glement harvesting. In a recent study [117], the influence of a reflecting boundary on
entanglement harvesting between two UDW detectors has been studied, where it is
observed that entanglement between two UDW detectors can get suppressed or enhanced
in the presence of a reflecting boundary. However, in that study, the finite-time interac-
tion switching function is considered, where the harvested entanglement is not totally
extracted from the vacuum; it contain modifications due to the switching effect. Also,
the study is limited to a single boundary system. Understanding the role of reflecting
boundaries is crucial due to its applicability to cavity quantum optomechanical systems
(cavity QED) with numerous practical applications [223]. Reflecting boundaries also
plays an essential role in the context of holographic entanglement entropy [224], secure
quantum communication over long distances [225–227], the Casimir-Polder interaction
[228–230], the radiative properties of atoms [222, 231–237], the geometric phase [238]
and the modified entanglement dynamics [239, 240], etc.

As mentioned in the earlier work [117], presence of a reflecting boundary can suppress
or enhance entanglement harvesting between two detectors, depending on the parameter
space under consideration. One can ask whether the similar effect of boundary also
holds in presence of multiple boundaries. Will these effects – entanglement suppression
and enhancement due to the presence of a reflecting boundary be amplified if multiple
reflecting boundaries are present there? It will be much interesting if one finds more
enhancement in the harvested entanglement in presence of multiple boundaries. Till now,
there has been no studies done so far, analysing the entanglement harvesting phenomena
in presence of multiple reflecting boundaries. In this study, we have done a detailed
analysis of such a phenomena, considering multiple reflecting boundaries. We compare
the harvested entanglement in presence of double boundaries with the entanglement
harvested in single and no boundary systems. Here we consider the reflecting boundaries
are extended in the x-y plane and located at z = 0 and z = L. The detectors accelerate
along the x-direction. We use Green’s functions for two reflecting boundaries as provided
in [24, 222, 241] and follow the formulation for entanglement harvesting utilized in
[108, 113] (see chapter 2). To study the fate of entanglement between two detectors, we
investigate the concurrence [75, 76, 208], as a measure of the harvested entanglement.

Here we consider three types of arrangements for detector trajectories to apprehend
the effect of the boundaries.
Case I: We position one detector near the first boundary (at z = 0) and the other near
the second boundary (at z = L), ensuring identical separation from the boundaries. If
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detector A is zA distance away from z = 0 plane, then detector B is also zA distance away
from z = L plane. This symmetric configuration ensures that the reflecting boundaries for
the double-boundary system equally influence both detectors. Here, we studied different
zA-values.
Case II: We consider both detectors to be in the same z-plane (zA = zB) so that each
boundary each boundary influences them equally. Additionally, the perpendicular sep-
aration between the detectors remains fixed. Here, we studied for different values of
zA = zB.
Case III: Here, we chose one detector to be fixed on a z = constant plane and investigated
how the perpendicular separation between the trajectory of a second detector and the
boundaries affects entanglement harvesting.

We observe that entanglement enhancement and suppression are also possible is
presence of double boundaries. The enhancement and suppression of harvested entan-
glement due to the presence of boundaries is more perceptible for the double boundary
system.

This chapter is organized as follows. In Sec. 4.2, we discuss the trajectories and
the green functions of the two accelerated UDW detectors in the presence of reflecting
boundaries. Subsequently, in Sec. 4.3, we evaluate the necessary density matrix elements
and discuss the possibility of entanglement harvesting between the detectors in parallel
and anti-parallel motion. Also, the properties of the harvested entanglement are being
analysed. Finally, in Sec. 4.4, we conclude with the overall discussion of the results.

4.2 Accelerated system with reflecting boundaries

Let us now discuss the system under consideration. Since we aim to understand the
influence of reflecting boundaries on entanglement harvesting between two accelerated
detectors, we cannot study it in (1+1) dimensional spacetime. We shall only consider
(1+3) dimensional Minkowski spacetime with two parallel reflecting boundaries extended
in the x-y plane – one is at z = 0 and another at z = L. In the context of cavity quantum
electrodynamics, the quantity L is known as cavity length. Here for simplicity, we
consider the background field temperature to be zero. Hence we do not need to utilise
the Unruh modes as earlier (see chapter 3). Thus the field state is the Minkowski
vacuum state |0M↗. Also the massless real scalar field is constrained to vanish at the
surface of the boundaries, satisfying the Dirichlet boundary condition (φ(x, y, z = 0, t)=
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0 = φ(x, y, z = L, t)) [24]. Thus, without taking of the field decomposition, one may find
the Green’s function using the mirror image problem of classical electrodynamics. The
Green’s function may be computed as infinite sum of images due to reflections between
the planes [24]. Here all images are outside the mirrors at zn = (→1)nz∝ + 2nL. The
Green’s function can be expressed using the free space Green’s function as G(x,x∝) =
∑⇔

n=→⇔(1→)2G f ree(x→ x∝, y→ y∝, z→ zn, t→ t∝). The positive frequency Wightman function
for a massless scalar field in (3+1)-dimensional Minkowski spacetime in the presence of
reflecting boundaries is given by [24, 222, 241]1

GW (x, x∝) = → 1
4π2

⇔∑
n=→⇔

(
1

(t→ t∝ → iε)2 → (x→ x∝)2 → (y→ y∝)2 → (z→ z∝ →2L n)2

→ 1
(t→ t∝ → iε)2 → (x→ x∝)2 → (y→ y∝)2 → (z+ z∝ →2L n)2


. (4.1)

By construction, this green function vanishes at z (or z∝)= 0 or L. Considering only n = 0
term, one gets the Wightman function in presence of a single reflecting boundary at
z = 0. In this particular situation, among two terms – the first term corresponds to the
unbounded Minkowski space and the second term is due to the boundary effect.

The trajectories of the detectors uniformly accelerating along x-direction in terms of
their proper times are given in Eq. (3.6) as (see also [24, 113, 159])

tA = 1
aA

sinh(aAτA), xA = 1
aA

cosh(aAτA), yA = 0, zA = zA ;

tB = 1
aB

sinh(aBτB), xB =± 1
aB

cosh(aBτB), yB =εy, zB = zB , (4.2)

where 0< zA, zB < L. aA and aB are respectively the acceleration of the detectors A and
B. The “+(→)” sign in xB corresponds to motion of the detector B in the right (left) Rindler
wedge.

4.3 Entanglement harvesting

As in the earlier chapter, here we consider the detectors are initially in their ground
states |D↗= |gA gB↗. In that situation, we have already discussed that understanding
entanglement harvesting requires expression of two density matrix elements: P j and E

(see Eq. (3.19) and (3.21)). In this section we calculate these quantities and then check
the entanglement harvesting condition in Eq. (2.83). Let us first evaluate the transition
probability P j.

1In the book by Birrell and Davies [24], the factor of 2 with L in the green function of Eq.(4.1) is
missing (we feel it is a typo). The same factor can be found in the original work [241], and in a recent work
[222].
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4.3.1 Transition Probability

To evaluate the quantity P j, we use the trajectories in Eq.(4.2) to find out the Wightman
function in Eq. (4.1). The denominators of the Wightman function in (4.1) for a single
detector (i.e., any one of the detectors among A or B is moving either in left or in right
Rindler wedge) are evaluated below. Here we can drop the detector subscripts as these
quantities are same for any detector. We obtain the denominators of the first and second
terms in the parenthesis of (4.1) as

(t→ t∝ → iε)2 → (x→ x∝)2 → (y→ y∝)2 → (z→ z∝ →2L n)2 = 4
a2


sinh2(a(τ→τ∝)/2→ iε)→a2L2n2


,

(t→ t∝ → iε)2 → (x→ x∝)2 → (y→ y∝)2 → (z+ z∝ →2L n)2 = 4
a2


sinh2(a(τ→τ∝)/2→ iε)

→a2(z→L n)2


.

(4.3)

These two quantities have the same proper time dependence with different additional
constants. Hence one can write them in a combined way as 4

{
sinh2(a(τ→τ∝)/2→iε)→g2

n
}
/a2

with gn as L a n and a(z+L n) for the first and second denominators, respectively. To
calculate the transition probability, we need to perform time-integrations in Eq. (3.19)
by using (4.1) and (4.3). The two terms in the Wightman function provide identical
integrations and therefore performing the following form of integration is sufficient to
achieve the goal. We use coordinate transform u = τ→τ∝ and v = τ+τ∝ to simplify the
integrations. The Jacobian of the transformation is |J| = 1/2. We define two new variables
ϑ= a/εE and s = au/2. Then the transition probability becomes

→ a2

16π2

∫⇔

→⇔

∫⇔

→⇔

dτdτ∝ e→iεE(τ→τ∝)

sinh2(a(τ→τ∝)/2→ iε)→ g2
n
=→ a

16π2

∫⇔

→⇔
dv

∫⇔

→⇔

ds e→i 2
ϑ s

sinh2(s→ iε)→ g2
n

.

(4.4)
To perform contour integral over s-variable we evaluate the poles as

sn = iε+ iπn±sinh→1 (|gn|) . (4.5)

Taking all contributions from lower half of the complex s-plane (ϑ> 0), we obtain

→ 1
16π2

∫⇔

→⇔
d(av)

∫⇔

→⇔

ds e→i 2
ϑ s

sinh2(s→ iε)→ g2
n
= ς(0)

2
(
e

2π
ϑ →1

)
sin

( 2
ϑ sinh→1(|gn|)

)

|gn|


g2
n +1

, (4.6)
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where, the Dirac delta function ς(0) is obtained from the integral
∫⇔
→⇔ d(av). Then the

transition probability of jth-detector is obtained as

P j =
∫∫

dτdτ∝eiεE(τ→τ∝)GW (x∝, x)

= ς(0)

2
(
e

2π
ϑ →1

)
⇔∑

n=→⇔




sin
( 2
ϑ sinh→1(|L a n|)

)

|L a n|
√
|L a n|2 +1

→
sin

( 2
ϑ sinh→1(|a(z j +L n)|)

)

|a(z j +L n)|

|a(z j +L n)|2 +1


 .

(4.7)

This quantity will be needed for testing the validity of the entangling condition (2.83)
and the calculation of concurrence (3.24).

Before proceeding to this, few comments are in order. First of all, note that when
Ln/z j >> 1, two term in (4.7) will cancel each other. This can happen for large values of n
and therefore we may set a cut off on upper and lower limit of n in order to evaluate the
summation in (4.7). Therefore later in numerical calculation we choose max |n| to a large
finite value. Secondly, only n = 0 term in (4.7) refers to the transition probability of an
accelerated detector with single reflecting boundary. This corresponds to the only mirror
image at z0 = →z∝ due the mirror at z = 0 position along with the free space Green’s
function. In this case (n = 0), the first part reproduces the same in free or unbounded
Minkowski spacetime (see, [113]) as

P j =
ς(0)εE

a
(
e

2π
ϑ →1

) . (4.8)

4.3.2 Entangling term: parallel acceleration

In this subsection, we will evaluate the entangling term for the accelerated detectors.
First we will calculate it for the parallel motion of the detectors, i.e., the detectors are in
same Rindler wedge, namely in right wedge. Then in the next subsection we evaluate it
for the anti-parallel motion, i.e., one detector is in right wedge and other one is in left
wedge, will be considered.

The evaluation of the quantity E requires the Feynman propagator, which can be
expressed as

GF (xA, xB)= i
4π2

⇔∑
n=→⇔


1

(tA → tB)2 → (xA → xB)2 →ϱ2
n,→→ iε

→ 1
(tA → tB)2 → (xA → xB)2 →ϱ2

n,+→ iε


,

with ϱ2
n,± =εy2 + (zA ± zB →2L n)2 .

(4.9)
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We need to numerically analyse the final outcomes for our later purpose to compare the
concurrence quantity for different boundary systems. As mentioned earlier, we must have
0 < zA, zB < L. Now for a finite fixed value of εy, if we consider n is sufficiently large,
then the last term in ϱ2

n,± will dominate. Hence, one will have ϱ2
n,± ∀ 4L2n2. Therefore

the quantities inside the parenthesis of Eq. (4.9) corresponding to large n will cancel
each other. Thus the infinite summation in Eq. (4.9) effectively can be replaced by a finite
summation (the same is also true for the anti-parallel acceleration of the detectors).

The quantities in the denominators can be re-expressed using the detector trajectories
given in Eq. (4.2). For parallel motion of the detectors (with ‘+’ sign in xB), one obtains

(tA → tB)2 → (xA → xB)2 →ϱ2
n,±→ iε

= 1
aAaB


eaAτA→aBτB + e→aAτA+aBτB →

(
aA

aB
+ aB

aA
+aAaBϱ

2
n,±


→ iε

= 1
aAaB eτ̃A→τ̃B

(
eτ̃A→τ̃B →Mn,±+


M2

n,±→1 + iε
)(

eτ̃A→τ̃B →Mn,±→


M2
n,±→1 → iε

)

= 1
aAaB eτ̃A→τ̃B

(
eτ̃A→τ̃B → e→ωn,± + iε

)(
eτ̃A→τ̃B → eωn,± → iε

)
.

(4.10)

Here we defined τ̃ j = a jτ j ( j = A,B) and

ωn,± = log
(
Mn,±+


M2

n,±→1
)

; (4.11)

Mn,± =
(
aA/aB +aB/aA +aAaBϱ

2
n,±

)
/2 . (4.12)

Thus we can rewrite the entangling term from Eq. (3.21) as

E =→i
∫⇔

→⇔

dτ̃B

aB

∫⇔

→⇔

dτ̃A

aA
ei

(
τ̃A
ϑA

+ τ̃B
ϑB

)

GF (xB, xA) . (4.13)

For single term (nth term) of the Feynman propagator Eq. (4.9), we can write the integral
as

En,± = 1
(2π)2

∫⇔

→⇔

∫⇔

→⇔

dτ̃B dτ̃A ei
(
τ̃A
ϑA

+ τ̃B
ϑB

)

eτ̃A→τ̃B
(
eτ̃A→τ̃B → e→ωn,± + iε

)(
eτ̃A→τ̃B → eωn,± → iε

) . (4.14)

We can only evaluate this term and sum over n to obtain the entangling term as E =
∑⇔

n=→⇔(En,+→En,→). To evaluate En,±, we need to perform contour integral for τ̃A-variable.
The integral has poles at

τ̃A+ñ =
(
τ̃B ±ωn,±+2πiñ± iε

)
. (4.15)

Since ϑA > 0, only poles from upper half of the complex τ̃A-plane will contribute. We
obtain

En,± = i
4πsinhωn,±

{
⇔∑

ñ=0
e

i
ϑA

(ωn,±+2πñi) +
⇔∑

ñ=1
e

i
ϑA

(→ωn,±+2πñi)
}∫⇔

→⇔
dτ̃Bei τ̃B

(
1
ϑA

+ 1
ϑB

)

(4.16)
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The summation oven ñ can be done using
∑⇔

n=1 e→2πn/x = 1/(e2π/x →1). Then performing
τB-integration, one obtain the final expression for E as

E =
ς

(
1
ϑA

+ 1
ϑB

)

1→ e→
2π
ϑA

⇔∑
n=→⇔


i

2sinhωn,→


e

iωn,→
ϑA → e→

2π
ϑA e→

iωn,→
ϑA



→ i
2sinhωn,+


e

iωn,+
ϑA → e→

2π
ϑA e→

iωn,+
ϑA


.

(4.17)

The steps of the above calculation is not new. It has been followed from Sec. III of [113].
The expression in (4.17) contains the Dirac-delta function with argument 1

ϑA
+ 1

ϑB
, which

always vanishes as εEA,εEB, aA, aB all are positive quantities. On the other hand P j

is always positive and non-vanishing quantity with ς(0) multiplied. Since possibility of
entanglement harvesting requires to satisfy the condition (2.83), entanglement harvest-
ing is not possible for parallel motion of the detectors. This situation is similar to the
case where no reflecting boundary is considered [113, 159]. The same result is also valid
for the identical system with single reflecting boundary as well.

4.3.3 Anti-parallel acceleration

For the anti-parallel motion of the detectors, the trajectories are given in (4.2) with ‘→’
sign in the xB. Therefore we find

(tA → tB)2 → (xA → xB)2 →ϱ2
n,±→ iε

=→ 1
aAaB


eaAτA+aBτB + e→aAτA→aBτB +

(
aA

aB
+ aB

aA
+aAaBϱ

2
n,±


→ iε

=→ 1
aAaB eτ̃A+τ̃B

(
eτ̃A+τ̃B +Mn,±+


M2

n,±→1 + iε
)(

eτ̃A+τ̃B +Mn,±→


M2
n,±→1 → iε

)

=→ 1
aAaB eτ̃A+τ̃B

(
eτ̃A+τ̃B + eωn,± + iε

)(
eτ̃A+τ̃B + e→ωn,± → iε

)
.

(4.18)
For single term (nth term) of the Feynman propagator Eq. (4.9), we can write the integral
as

En,± = 1
(2π)2

∫⇔

→⇔

∫⇔

→⇔

dτ̃B dτ̃A ei
(
τ̃A
ϑA

+ τ̃B
ϑB

)

eτ̃A+τ̃B
(
eτ̃A+τ̃B + eωn,± + iε

)(
eτ̃A+τ̃B + e→ωn,± → iε

) . (4.19)

In this case the poles are at

τ̃A±ñ =→τ̃B ∃ωn,±+ (2ñ+1)iπ∃ iε . (4.20)
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Since ϑA > 0, only poles from upper half of the complex τ̃A-plane will contribute (all
ñ △ 0). We obtain

En,± =→
sin

(
ωn,±
ϑA

)

4πsinh
(
π
ϑA

)
sinhωn,±

∫⇔

→⇔
dτ̃Bei τ̃B

(
1
ϑB

→ 1
ϑA

)

(4.21)

Then performing the integration over the variable τ̃B, one obtain the final expression for
E as

E (εE)=→1
2

ς
(

1
ϑA

→ 1
ϑB

)

sinh
(
π
ϑA

)
⇔∑

n=→⇔




sin
(
ωn,→
ϑA

)

sinh(ωn,→)
→

sin
(
ωn,+
ϑA

)

sinh(ωn,+)




=→1
2

ς
(
εEA

aA
→ εEB

aB

)

sinh
(
πεEA

aA

)
⇔∑

n=→⇔




sin
(
εEAωn,→

aA

)

sinh(ωn,→)
→

sin
(
εEAωn,+

aA

)

sinh(ωn,+)


 .

(4.22)

Here again, the steps of Sec. III in [113] have been followed.
For numerical analysis, practically we do not have to sum over infinite terms. In fact

the terms up to n = N (i.e. terms from →N to N), where N is chosen to be sufficiently
large such that conditions mentioned below Eq. (4.9) are satisfied, will be enough to
consider. The reasons are as follows. First, notice that the entangling term contains the
terms like f (ωn,→)→ f (ωn,+) where f (ωn,±)= sin

(
εEωn,±/aA

)
/sinh(ωn,±). The numerator

of this function can have values between →1 and 1. However, the denominator is a
massive number for large value of Ln. Therefore the larger values of n, f (ωn,±) becomes
smaller and smaller, and ultimately can be negligible. Second, note that the quantities
ωn,± have n-dependence through ϱn,± (defined below Eq. (4.9)). Moreover we already
observed that ϱn,+ ∀ ϱn,→ for large value of Ln with εy, zA and zB satisfy the earlier
mentioned conditions (see the discussion after Eq. (4.9)). Thus, a finite summation will
be sufficient for the numerical analysis. We have also verified this feature numerically,
where it turns out that the quantity E becomes constant after a significantly large value
of N. For instance corresponding to our chosen fixed-parameters, we found that N = 2000
is enough for our purpose. This is because just below N = 2000 and above it E becomes
constant (see Fig. 4.8 in the Appendix 4.A).

As we mentioned earlier, only the n = 0 term provides us the effect of single reflecting
boundary at z = 0. Using this we obtain the entangling term in the presence of a single
reflecting boundary as

E (εE)=→1
2

ς
(
εEA

aA
→ εEB

aB

)

sinh
(
πεEA

aA

)




sin
(
εEAω0,→

aA

)

sinh(ω0,→)
→

sin
(
εEAω0,+

aA

)

sinh(ω0,+)


 . (4.23)
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Among the two terms of the above, the first term corresponds to the entangling term
for the unbounded Minkowski space. Therefore the same with no boundary situation is
given by

E (εE)=→1
2

ς
(
εEA

aA
→ εEB

aB

)

sinh
(
πεEA

aA

)
sin

(
εEAω0,→

aA

)

sinh(ω0,→)
. (4.24)

Like the entangling terms with single or double boundaries, it also depends on the
perpendicular separation between the detectors’ trajectories. All of the entangling terms
contain the Dirac-delta function with the argument of εEA

aA
→ εEB

aB
. Since we consider the

detectors to have same energy gap εEA =εEB =εE. Therefore, to harvest a non-zero
amount of entanglement, one must take aA = aB.

Note that when the entangling term is non-vanishing, it contains ς(0) (like P j in Eq.
(4.7)). Thus the quantity (CJ) in (3.24) can be expressed as CJ = ς(0)CI , where CI is a
finite quantity (also done in Eq. (3.41)). This is a well-known artefact of the choice eternal
interaction between the detectors and the background quantum field. However, in order
to quantify entanglement through concurrence it is legitimate to define concurrence
per unit time, which is given by the positive values of CI . This proposal is already well
known in literature [24, 113, 159]. In our later analysis, we only focus on the quantity
CI . Now it is time to study CI to understand the features of entanglement harvest-
ing. This will be done numerically. For that we introduce dimensionless parameters
z̄ j = z jεE, ε ȳ = εyεE, ϑ j = a j/εE, and L̄ = L0εE. Here we consider, L0 = L for the
double boundary system (where L is position of the second boundary); otherwise L0 is
just a numerical parameter, which determines the intra-distance between the detectors.
For our numerical analysis, we choose ε ȳ= 0.1 and use solid, dotted and dashed lines to
represent no boundary, single boundary and double boundary systems, respectively.

Numerical Analysis: We discuss the numerical results in three cases as:

4.3.3.1 Case-I

We consider that both detectors are accelerating in an anti-parallel manner along the
x-direction. The detector A is positioned near the boundary at z̄ = 0, and the detector
B is near the boundary at z̄ = L̄. Both detectors are equally distanced from the z̄ = L̄/2
plane, which is implemented by the constraint z̄A + z̄B = L̄. We also consider the same
positions of the detectors for the no-boundary and single-boundary systems to compare
the concurrence among them. Therefore we use the same constraint z̄B = L̄→ z̄A in
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Figure 4.1: We plotted CI with respect to the dimensionless inverse acceleration 1/ϑA
for L̄ = 1.0. Different colours are used for different fixed values of z̄A with the constraint
z̄A + z̄B = L̄. Here we used solid, dotted and dashed lines to represent no boundary, single
boundary and double boundary systems, respectively.

the expressions of CI for the single and no boundary systems with 0 < z̄A < L̄. Note
that L̄ = L0εE = LεE for the double boundary system and for single and no boundary
systems, L̄ = L0εE is just a numerical parameter.

In Figs. 4.1, 4.2 and 4.3, we plot CI with respect to the dimensionless inverse accel-
eration of the detector A (i.e., 1/ϑA) with L̄ = 1.0, L̄ = 5.0 and L̄ = 10.0, respectively. We
also choose different colours to describe the results with different z̄A values. In these
plots, one can see that entanglement harvesting is possible only in a particular range of
acceleration values, depending on the other parameters L̄, z̄A and number of boundaries
in the considered systems. For lower separation between the boundaries (L̄ = 1.0) in
Fig. 4.1, we observe that CI for any particular value of 1/ϑA and z̄A, has maximum
value for the no boundary system and minimum value for the two boundary system.
Also, for a particular value of z̄A, the allowed range of acceleration for entanglement
harvesting is much suppressed for the double boundary system and less suppressed for
the single boundary system. However, as L̄ increases, we can have different scenario. For
instance, with L̄ = 5.0 and 10.0 (see, Figs. 4.2 and 4.3), one observes that the allowed
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Figure 4.2: We plotted CI with respect to the dimensionless inverse acceleration 1/ϑA
for L̄ = 5.0. Different colours are used for different fixed values of z̄A with the constraint
z̄A + z̄B = L̄. Here we used solid, dotted and dashed lines to represent no boundary, single
boundary and double boundary systems, respectively.

range of accelerations for entanglement harvesting in the single and double boundary
systems are almost equal to that of the no boundary system. Also, suppression of the
peak of CI for any particular value of 1/ϑA and z̄A is very small for the single and double
boundary systems compared to the no boundary system. For L̄ = 5.0, Fig. 4.2 shows that
for any particular value of z̄A, the concurrence quantity has maximum suppression for
the double boundary system for a smaller 1/ϑA value. However, for a higher 1/ϑA value
(lower accelerations) and any fixed z̄A, there is enhancement in CI quantity compared
to the no boundary CI quantity. The maximum enhancement is always for the double
boundary system. The similar nature of enhancement in CI is also observed for L̄ = 10.0
(see, Fig. 4.3). Thus it appears that the presence of reflecting boundaries suppresses
entanglement harvesting between two detectors for small L̄ values. However, compared
to an unbounded situation, the entanglement harvesting can be enhanced by introducing
reflecting boundaries with a large separation between them.

It is also perceivable that for any particular L̄, as the value of z̄A goes from 0 to
L̄/2 (also z̄B goes from 0 to L̄/2), the distance between the detectors decreases. As a
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Figure 4.3: We plotted CI with respect to the dimensionless inverse acceleration 1/ϑA for
L̄ = 10.0. Different colours are used for different fixed values of z̄A with the constraint
z̄A + z̄B = L̄. Here we used solid, dotted and dashed lines to represent no boundary, single
boundary and double boundary systems, respectively.

consequence, the concurrence quantity for a particular 1/ϑA increase as z̄A goes from 0
to L̄/2 (in allowed parameter range, where CI > 0). After crossing the value of L̄/2, for
any z̄A = L̄/2+d (̸ L̄), the concurrence quantity at any particular 1/ϑA will have the
same value as it has for z̄A = L̄/2→d (see, Fig. 4.4). This symmetrical nature of CI around
z̄ = L̄/2 is expected due to the symmetry (z̄A, z̄B)= (z̄B, z̄A) in the Wightman function in
Eq. (4.1).

4.3.3.2 Case-II

After analysing the case where the detectors have a different perpendicular separation
between them, here we consider the situation where the detectors have a fixed perpendic-
ular separation (z̄A = z̄B;ε ȳ= 0.1). Again we consider the detectors to be accelerating in
an anti-parallel manner along the x-axis. Keeping the separation between the detectors
fixed, we take the z̄-coordinates of both detectors between 0 and L̄/2. Therefore, the
change in CI for different z̄A = z̄B is solely due to the influence of the boundaries.

Therefore, for the no boundary system, CI has the same value for a particular value
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Figure 4.4: We plotted CI with respect to z̄A with L̄ = 5.0 and z̄A + z̄B = L̄. Different
colours are used for different fixed values of 1/ϑA. Here we used solid, dotted and
dashed lines to represent no boundary, single boundary and double boundary systems,
respectively.

of 1/ϑA with any fixed z̄A. For smaller values of L̄ (say, L̄ = 1.0), CI will be suppressed
due to the presence of boundary. The suppression of the CI quantity for the single and
double boundary system is already observed for z̄A,B = L̄/2 (with L̄ = 1) in Fig. 4.1. The
suppression will be even higher for other z̄A,B values when z̄A,B < L̄/2. Note that, the
double boundary CI has symmetrical nature around z̄ = L̄/2 for any particular value of
1/ϑA (similar to the case-I). However, this is not true for the single boundary system as
both detectors keep moving away from the boundary at z̄ = 0. Further increasing z̄A, the
single boundary CI will eventually become the same for the no boundary system.

However, the enhancement in the concurrence quantity is only possible for larger L̄
values (L̄ ↭ 5.0). In Fig. 4.5, we have shown this no boundary CI quantity in a black solid
line, while the single and double boundary systems are shown in dotted and dashed lines,
respectively. Here we observe that as z̄A,B increases, the concurrence for single and double
boundary systems at any particular 1/ϑA increase for any fixed value of L̄. For fixed
z̄A = L̄/2 (= 2.5) and a higher value of 1/ϑA, there is enhancement in concurrence quantity
for the single and double boundary systems. However, the latter one enjoys slightly more.
Also, the allowed ranges of accelerations for entanglement harvesting increase with
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Figure 4.5: We plotted CI with respect to 1/ϑA with L̄ = 5.0 and z̄A = z̄B. Different colours
are used for different z̄A values. Here we used solid, dotted and dashed lines to represent
no boundary, single boundary and double boundary systems, respectively.

z̄A. In Fig. 4.6, we have plotted the concurrence quantity CI with respect to L̄ with
consideration that z̄A,B = L̄/2 (remember for double boundary systems L̄ = L0εE = LεE,
therefore both positions of the detectors and the second boundary is changing). Here we
again see that CI for single and double boundary systems increase with L̄ for a fixed
value of 1/ϑA. Entanglement enhancement is observed for a large value of 1/ϑA (= 1.0),
which is more for the double boundary system.

4.3.3.3 Case-III

Finally, we consider a situation where detector B is fixed at z̄ = 5.0(L̄ = 10.0) and different
z̄-positions for detector A has taken in the range of 0< z̄A < 5.0. Here again, we consider
the detectors to be accelerating in an anti-parallel manner along the x-axis. We observe
a boundary-induced enhancement in CI for any 1/ϑA value (in the allowed ranges of
accelerations) with all fixed z̄A values (see, Fig. 4.7). We also see that CI for double,
single and no boundary systems increase as z̄A is approaching z̄B for any choice of L̄. The
entanglement amplification due to the double boundary is more perceptible compared
to the single boundary system. Like the previous cases, enhancement in CI due to the
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Figure 4.6: We plotted CI with respect to L̄ with consideration of z̄A = z̄B = L̄/2. Different
colours are used for different fixed 1/ϑA values. Here we used solid, dotted and dashed
lines to represent no boundary, single boundary and double boundary systems, respec-
tively.

presence of boundary is only possible for larger L̄ values, not for smaller L̄ values.

4.4 Summary and Discussions

In this chapter, we have investigated the influence of multiple reflecting boundaries
on entanglement harvesting between two uniformly accelerated UDW detectors. In
literature, existing studies suggest that entanglement harvesting in the presence of a
single reflecting boundary can get suppressed or enhanced depending on the parameter
space. However, no studies have been conducted on whether increasing the number of
reflecting boundaries enhances similar features. Here we have done a comparative study
on entanglement phenomena between two detectors in the presence of double, single and
no reflecting boundaries. We considered the monopole coupling model with the eternal
switching function of the interaction to obtain a simple analytic expression of the concur-
rence quantity. Due to this choice of the switching function, we found that entanglement
extraction from the field vacuum is only possible for the anti-parallel motion of the detec-
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Figure 4.7: We plotted CI with respect to 1/ϑA and fixed values of z̄A. Here we used
z̄B = 5.0 and L̄ = 10.0. Different colours are used for different z̄A values. Here we used
solid, dotted and dashed lines to represent no boundary, single boundary and double
boundary systems, respectively.

tors. Since we considered identical detectors with the same energy gap, their acceleration
must have the same magnitude. We observe that detectors’ entanglement increases as
the vertical separation between them decreases for any number of boundaries. For the
single and double boundary systems, the entanglement gets suppressed if any one or both
of the detectors are near the boundary or boundaries. Entanglement degradation is much
higher for the double boundary system than the single boundary system. Entanglement
harvesting increases as the detectors move away from the boundary or boundaries. For
small separations between the boundaries, the influence of the boundaries is strong,
leading to higher degradation. As the separation increases, the boundary influence on
the detectors decreases; the concurrence approaches the same for no boundary system.
In some specific parameter spaces, the double boundary concurrence crosses the free
space as well as the single boundary situations. Similar nature of concurrence is also
found for the single boundary system, where the degradation and the enhancement of
the entanglement only depend on distance from the first boundary. One of the important
observations is – the double boundary concurrence degrades more whenever there is
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a degradation. The same also holds for the enhancement of entanglement harvesting.
Therefore an overall conclusion can be drawn that the presence of a more number of re-
flecting boundaries enhances the similar effect observed for a single reflecting boundary
system.

Several possible setups have been proposed for the experimental verification of
the Unruh effect. In these setups, a single accelerated atomic detector is considered,
interacting with the background field. The Unruh–DeWitt (UDW) detector model is
emulated using an atomic system restricted to two specific energy levels [198]. In such
cases, one may choose either an electrostatic field (Ê) or an electromagnetic field (Â) as
a substitute for the scalar field. The corresponding interaction terms can then be taken
as d̂ · Ê or p̂ · Â, where d̂ and p̂ represent the atomic dipole moment and momentum
operators, respectively. Our monopole interaction (m̂φ̂) is a simplified version of these
interactions.

One must consider two such atomic detectors instead of one for the experimental
verification of entanglement harvesting in similar setups. Large grounded conducting
planes can be placed parallel to the direction of the atoms’ acceleration to study the effect
of mirrors on entanglement harvesting. Initially, the atoms are prepared in their ground
states, and the interaction time is chosen such that εt ¬ εE→1, where εE denotes
the atomic energy gap [158]. After the interaction, standard quantum protocols can be
used to measure the entanglement between the detectors. Superconducting flux qubits
(effective two-level systems) can also serve as UDW detectors in such setups.

Another promising approach to implementing entanglement harvesting between
accelerated detectors involves superconducting circuit-QED models [242]. In this scheme,
a pair of superconducting qubits is coupled to a one-dimensional resonator mode, where
the “vacuum” is simulated by a superconducting transmission line prepared in its
ground state. The two superconducting qubits, acting as effective UDW detectors, couple
capacitively or inductively to the line at controllable positions xA and xB. The presence
of a mirror can be realized physically by introducing an open-ended or short-circuited
termination of the line, which imposes boundary conditions on the microwave field,
analogous to a scalar-field mirror [243].

In this setup, the superconducting qubits are not physically accelerated to relativistic
speeds. Instead, the coupling strength is modulated as λ(t)=λ0eikx(t), effectively repro-
ducing the same mathematical dependence as an accelerated detector [244]. After the
interaction time, chosen such that εt ¬εE→1, the amount of harvested entanglement
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can be quantified by computing the concurrence up to second order in perturbation
theory. A potential limitation of this setup is that it effectively simulates only a (1+1)-
dimensional background field, since the transmission line supports photon propagation
along a single spatial dimension.
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Appendices

4.A Finite summation for Eq. (4.22)
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Figure 4.8: In subfigures (a) and (b), we plotted |EN | = |E (εE)/ς(0)| with respect to N for
different εE/aA values. Here we used ε̄y= 0.1, z̄A = 2.0, z̄B = 3.0 and L̄ = 5.0. Different
colours are used for different 1/ϑA values.
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4.A. FINITE SUMMATION FOR EQ. (4.22)

After Eq. (4.22), we analytically argued why one can perform a finite sum over
n instead of the infinite sum. Here we give two plots in Fig. 4.8, which show how
the absolute value of the entangling term changes with respect to max{n} = N with
other parameters are fixed. Here we consider ε ȳ = 0.1, z̄A = 2.0, z̄B = 3.0, L̄ = 5.0 and
εE/aA = 0.5, 0.67, 1.0, 2.0. We used different colours to represent different ϑA values.
These plots show that the entangling term changes for small values of N, while it
remains constant for large N. Note that for N = 0, the quantity |E | corresponds to the
single boundary system.

The same is also true for the other fixed parameter values.
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5
ENTANGLEMENT FROM NON-VACUUM FIELD STATES

5.1 Introduction and Motivation

The vacuum of the quantum fields maximally violates Bell’s inequality [82–85]. In
other words, vacuum of the quantum field shows maximal entangling properties.
In the earlier chapters (chapter 2 and 3), we have already studied how this

entanglement can be extracted to two space-like separated, initially uncorrelated atomic
Unruh-DeWitt detectors, depending on system parameters. However, it is not guaranteed
that the background field will be in a vacuum state. And if the background field state
is indeed in some excited state, how much do the results concerning the entanglement
harvesting change compared to the vacuum fluctuations. If the field state is not the
vacuum, can we extract entanglement to two initially uncorrelated detectors? And if
that is possible, how will it depend on the choice of excited field state? One such area is
the possibility of entanglement harvesting from the non-vacuum quantum fluctuations,
which may be relevant from the practical point of view. The non-vacuum field states
also play very crucial roles in retrieving shock wave memory of spacetime [245] and in
constructing quantum information of initial state from the black hole radiation, which
can be a potential resolution to the black hole information paradox [246–249].

In this current chapter, we are going to investigate the entanglement harvesting
condition for two UD detectors in inertial motion interacting with the single-particle
background field states in (1+1) and (1+3) dimensions. This work is motivated from
the work [191], where the detector’s response function for an accelerated detector in
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single particle excited state has been studied. In principle the field can be in any excited
state; but here, following [191], we consider the simplest model where the fields are
in single-particle excited state. We will see that this becomes an analytically tractable
system. In particular, we have considered detectors in parallel inertial motion in (1+1)
dimensions, and in parallel and perpendicular inertial motions in (1+3) dimensions.
Our study involves detectors interacting for eternity with the background massless,
minimally coupled scalar quantum field through monopole-type couplings. Here we
aim to provide a rigorous formulation for entanglement harvesting with a background
non-vacuum field state. In this regard, we have followed the formalism presented in
chapter 2, where one can thoroughly understand entanglement harvesting conditions
with detectors interacting with the field in a state |ϱ↗. For our present study, we consider
this state to be a general single-particle field state.

In particular, our principal observation in this work is that the entanglement har-
vested with inertial detectors from the single-particle field states is lower than that
harvested from the field vacuum. In this regard, we consider normalizable single-particle
states with two specific types of distribution functions. Namely the exponential decaying
and the Gaussian distribution functions (see [191] for elaborate discussions on these field
states). We also observe that in both (1+1) and (1+3) dimensions, inertial UD detectors’
self transition probabilities are non-zero due to the non-vacuum background fluctuations.
In (1+1) dimensions, our observations suggest that one cannot harvest entanglement
between two comoving inertial detectors. In (1+3) dimensions, two parallelly moving
observers with equal velocity do not harvest entanglement. While in perpendicular mo-
tion, we do not confirm a similar situation. Furthermore, in this work, we elucidate the
different characteristics of entanglement harvesting and study its dependence on the
parameters of our considered system.

This chapter is organized as follows. In Sec. 5.2 we discuss the model consisting of
two UD detectors interacting with a minimally coupled, massless scalar field through
monopole couplings in the background of a non-vacuum field state. This section contains
the discussion on the general density matrix elements and choice of excited field state. In
Sec. 5.3 we shall consider two inertial Unruh-DeWitt detectors in (1+1) dimensions and
investigate the individual detector transition probabilities and entanglement harvesting
conditions. Subsequently, in Sec. 5.4, UD detectors are considered in (1+3) dimensions for
studying the same relevant quantities. There are two special cases for (1+3) dimensions;
one is for parallel motion, and the other is for the perpendicular motion of the detectors.
They constitute different subsections. We conclude by discussing our findings in Sec. 5.5.
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5.2 The model and working formulas

This section presents the formulation for understanding the possibility of two uncorre-
lated atomic Unruh-DeWitt detectors getting entangled over time while interacting with
an excited field state |ϱ↗. Here again we consider the detectors to be initially in their
ground state |D↗= |gA gB↗. Therefore, the final density matrix is given by the matrix in
Eq. (2.68). For eternal interaction between detectors and field (χ j(τ j)= 1) the elements of
the density matrix can be expressed as (from Eqs. (2.46), (2.49) and (2.59))

P j =


dτ jdτ∝j eiεE j(τ∝j→τ j)≃ϱ|φ̂
(
xj

)
φ̂

(
x∝j

)
|ϱ↗ (5.1)

P AB =


dτAdτB eiεEAτA→iεEBτB≃ϱ|φ̂ (xB) φ̂ (xA) |ϱ↗ , (5.2)

E =→


dτAdτB eiεEAτA+iεEBτB ≃ϱ|Tφ̂ (xB) φ̂ (xA) |ϱ↗ , (5.3)

where, ≃ϱ|φ(xi)φ(x∝j)|ϱ↗ is the two point function corresponding to an excited field state
with ti > t∝j. It is observed that one only needs the expressions of the integrals P A, PB

and E for verification of the condition (2.83) for entanglement harvesting (|E |2 >P APB).
The relevant concurrence quantity from Eq. (2.99) is (see also in Eq. (3.24))

CJ =
(
|E |→

√
P APB

)
. (5.4)

The general discussion regarding the entanglement harvesting condition as well as
measurement of harvested entanglement will exactly follow from chapter 2. We are
interested on excited states of field and so in principle |ϱ↗ can be chosen as any excited
field state or combination of all field states. For simplicity of calculation and analysis,
in this study, we will consider |ϱ↗ to be consisted of only single exited field states
corresponding to modes uk. Such choice is mainly inspired from [191] where the detector’s
response function for its accelerated motion has been investigated. In (1+d)-dimensions,
it can be expressed as [191]

|ϱ↗=
∫ ddk

(2π)d/2∞2ϕk
f (k)âk|0M↗ . (5.5)

where ϕk = |k| and f (k) denotes the normalised probability amplitude of the distribution,
which satisfies the normalization condition

∫ ddk
(2π)d2ϕk

| f (k)|2 = 1 . (5.6)
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In a singly excited state the two point function (for explicit derivation, see [24, 191]) is
given as

≃ϱ|φ̂
(
xj

)
φ̂

(
x∝j

)
|ϱ↗=GW

(
xj, x∝j

)
+ςeff

(
xj

)
ςωeff

(
x∝j

)
+ςωeff

(
xj

)
ςeff

(
x∝j

)
. (5.7)

Here, ςeff is called the effective field, defined by [191]

ςeff (xj)=
∫ ddk

(2π)d2ϕk
f (k)eik·x j . (5.8)

Now because of the fact that f (k) is a scalar distribution it is convenient to consider
f (k)⇓ f (ϕk). With this line of thought, one may express the time ordered field expectation
value as

≃ϱ|T φ̂
(
xj

)
φ̂

(
x∝j

)
|ϱ↗= θ

(
t j → t∝j

)
≃ϱ|φ̂

(
xj

)
φ̂

(
x∝j

)
|ϱ↗+θ

(
t∝j → t j

)
≃ϱ|φ̂

(
x∝j

)
φ̂

(
xj

)
|ϱ↗

= iGF
(
xj, x∝j

)
+ςeff

(
xj

)
ςωeff

(
x∝j

)
+ςωeff

(
xj

)
ςeff

(
x∝j

)
, (5.9)

where, θ(t j → t∝j) denotes the Heaviside Theta function, and we have used the expression
of Eq. (5.7) to arrive at the last form. One should also note that here GF

(
xj, x∝j

)
⇓

→i≃0M |Tς
(
xj

)
ς

(
x∝j

)
|0M↗ denotes the Feynman propagator associated with the Minkowski

vacuum. Thus one can easily observe that the expressions given in Eqs. (5.1), (5.2) and
(5.3) will contain two contributions – one from pure vacuum fluctuations and another
part is due to the effect of choosing non-vacuum state. Therefore the entanglement
harvesting phenomenon in this case effectively driven by vacuum fluctuation of the fields
as well as by an effective field configuration emerged due to the non-vacuum property
of field state. Hence we expect that the usual entanglement harvesting phenomenon
through vacuum fluctuation suffers modification if the background field is in excited
state.

Then one may express the density matrix elements relevant to entanglement har-
vesting: P j and E from Eqs. (5.1) and (5.3) as

P j =P
vac
j +P

nv
j , (5.10)

E = E
vac +E

nv , (5.11)

where the vacuum contributions are already known to us as (see chapter 3 and 4)

P
vac
j =

∫⇔

→⇔

∫⇔

→⇔
dτ j dτ∝j e→iεE(τ j→τ∝j) GW (xj, x∝j) , (5.12a)

E
vac =→i

∫⇔

→⇔

∫⇔

→⇔
dτBdτ∝A eiεE(τ∝A+τB)GF (xB, x∝A) . (5.12b)
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Furthermore, using the relation between Feynman propagator and the Wightman func-
tion iGF

(
x, x∝

)
= GW

(
x, x∝

)
+ iGR

(
x∝, x

)
= GW

(
x, x∝

)
+ θ(t∝ → t)

{
GW

(
x∝, x

)
→GW

(
x, x∝

)}
one

can simplify the calculation of the integral E
vac as

E
vac = E

vac
W +E

vac
R , (5.13)

with

E
vac
W =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA) GW (xB, xA) , (5.14a)

E
vac
R =→

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA ei(εEBτB+εEAτA)θ(tA → tB)

{
GW (xA, xB)→GW (xB, xA)

}
, (5.14b)

where, GR
(
x, x∝

)
⇓ iθ(t→ t∝)≃0M |

[
φ̂

(
x∝

)
, φ̂ (x)

]
|0M↗ signifies the retarded Green’s function.

The non-vacuum contributions can be expressed as

P
nv
j = |A (εE)|2 +|B(εE)|2 , (5.15a)

E
nv =→

∫⇔

→⇔

∫⇔

→⇔
dτBdτ∝A eiεE(τ∝A+τB)[ςeff (xB)ςωeff (x∝A)+ςωeff (xB)ςeff (x∝A)] . (5.15b)

where,

A (εE)=
∫⇔

→⇔
dτ∝j eiεEτ∝jςeff (τ∝j) , (5.16a)

B(εE)=
∫⇔

→⇔
dτ∝j eiεEτ∝jςωeff (τ∝j) . (5.16b)

We shall use these expressions for our purpose to obtain the explicit expression of P j

and E .

5.3 Entanglement harvesting: Motion in (1+1)

dimensions

Here we consider two atomic Unruh-DeWitt detectors in uniform velocity in (1+1) di-
mensional spacetime. We assume Alice and Bob to have velocities vA and vB respectively.
In this scenario one is able to express the Minkowski time t j and position xj of these two
detectors in terms of their respective proper times τ j as

t j = γ j τ j ,

xj = vj γ j τ j , (5.17)
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where, j denotes either A (corresponds to Alice) or B (corresponds to Bob), and γ j is the
Lorentz factor, γ j = 1/


1→v2

j .

Transition probability:
The integrals P j signify individual detector transition probabilities. We shall be first

evaluating these integrals. Note that in (1+1) dimensions the expression of the scalar
field mode function is given by uk(xj) = (1/

∞
4πϕk ) e→iϕk t j+i kx j and so the Wightman

function is

GW (xj, x∝j)=
∫⇔

→⇔

dk
4πϕk

e→iϕk (t j→t∝j)+i k (xj→x∝j) . (5.18)

Here note that, for a massless field, Eq. (5.18) is ill defined because of an infrared diver-
gence at small |k|. To avoid this divergence, we first insert this Wightman function in the
expressions of density matrix elements without performing the momentum integral. In
this way, one can easily perform the momentum integral without encountering the diver-
gence in the Wightman function. Utilizing this Wightman function with the coordinate
transformation from Eq. (5.17) one can find out the quantity P

vac
j from (5.12a) as

P
vac
j =

∫⇔

→⇔

dk
4πϕk

∫⇔

→⇔

∫⇔

→⇔
dτ j dτ∝j e→iεE(τ j→τ∝j)e→i (ϕk→k vj)γ j(τ j→τ∝j)

=
∫⇔

→⇔

πdk
ϕk

{
ς[γ j (ϕk →k vj)+εE]

}2

=
∫⇔

0

πdϕk

ϕk

[{
ς[γ jϕk(1→ vj)+εE]

}2 +
{
ς[γ jϕk(1+ vj)+εE]

}2
]

, (5.19)

where ϕk = |k| has been used. Here we obtained square of a Dirac delta functions
due to the two proper time integrals. In this calculation of ϕk-integral, one of the
delta functions is treated in the usual way, while the other is considered as a general
function. The integration is then performed over the delta function. The final expression
in Eq. (5.19) vanishes as we have 0 ̸ vj ̸ 1 and εE > 0. The reason behind is, in
that situation the argument of the Dirac delta distribution is always positive in the
considered integration range of ϕk. The transition probability can be also calculated using
the transition amplitude (see discussion in Sec. 3.3 of [24]). The transition amplitude
is A j = i≃e j,ψ|

∫
dτm̂(τ)φ̂(x)|g j,0M↗, where ψ is an excited field state. To calculate the

transition probability, one need to square the modulus of A j and sum it over all possible ψ.
For inertial motion of the detector, transition amplitude is obtained as (4πϕk)→1/2ς(εE+
γ j(ϕk →kvj)). Again the transition probability will have square of Dirac delta functions
with positive argument and it will vanish. This is expected as an inertial detector does
not experience excitations due to vacuum fluctuation of fields.
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On the other hand, if one uses the expression of ςeff (x) from Eq. (5.8) for (1+1)
dimensions, then the quantity A (εE), given by Eq. (5.16a), becomes

A (εE)=
∫⇔

→⇔

f (ϕk)dk
4πϕk

∫⇔

→⇔
dτ∝j ei[εE→ (ϕk→k vj)γ j]τ∝j

=
∫⇔

→⇔

dk
2ϕk

f (ϕk)ς[γ j (ϕk →k vj)→εE]

= 1
2εE

{
f (D jεE)+ f (εE/D j)

}
, (5.20)

where, D j =
√

1+vj /
√

1→vj . In a similar manner one can find out the other quantity
from (5.16b) as

B(εE)=
∫⇔

→⇔

f (ϕk)dk
4πϕk

∫⇔

→⇔
dτ∝j ei[εE+ (ϕk→k vj)γ j]τ∝j

=
∫⇔

→⇔

dk
2ϕk

f (ϕk)ς[(ϕk →k vj)γ j +εE]

= 0 , (5.21)

for εE > 0. Therefore, in (1+1) dimensions with two detectors in uniform velocities the
quantity P j from Eq. (5.10) is entirely given by A (εE), specifically as P j(εE)= |A (εE)|2.
Once the explicit form of distribution function f (ϕk) is given, then we will be able to
know P j(εE). One may look into Appendix 5.A.1 for the expressions of a few possible
distribution functions f (ϕk) in (1+1) dimensions. We choose them to be similar that
have been adopted in [191] to investigate the single detector’s response function in an
accelerated frame.

Note that the quantities P j denote the single detector transition probabilities. In
Fig. 5.1 and 5.2 we have plotted these quantities for the specific distribution functions
f (ϕk)= Cϕk e→ϑϕk and f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

respectively. Here C is the normaliza-
tion constant and its explicit form, which is imperative for obtaining the numerical value
of P j, is determined in Appendix 5.A.1.

From these figures, with both the exponentially damping and Gaussian distribution
functions, one can observe that in different regions of εE the transition probability
varies differently with the velocity vj of the detector. For example, the upper plots of Fig.
5.1 and 5.2 signify that for very low and high εE the transition increases with increasing
vj. While in the intermediate range of εE, transition decreases with increasing vj. The
behavior of the transition probability with respect to the velocity vj in different εE
regimes is further elucidated in the lower plots of the concerned figures. From those
plots, one further can observe that in the low and high εE regime, when εE/κ= 0.2 and
εE/κ= 4 (here κ can be ω or 1/ϑ depending on the considered distribution function), the
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transition rate initially increases with increasing velocity vj up to certain values of vj

and then decreases. While this characteristic is different in the intermediate transition
energy regimes, e.g., when εE/κ= 2. In the later case transition probability decreases
with the increase of vj.
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α Δ E 4.0

Figure 5.1: The dimensionless transition probability P j/ϑ2 is plotted as functions of
ϑεE and vj in the upper and the lower figures respectively in (1+1) dimensions with
the distribution function f (ϕk)= Cϕk e→ϑϕk . We mention that the upper inner and the
lower plots are presented in Log-Log fashion.

Let us now elucidate on the reasoning behind the specific features of the lower plots
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Figure 5.2: The dimensionless transition probability ω2
P j is plotted as functions of εE/ω

and vj in the upper and the lower figures respectively in (1+1) dimensions. For both the
cases we considered the distribution function f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

, with ϕ0/ω= 0.5.
Here also we have presented the upper inner and the lower plots in Log-Log fashion.

in Figs. 5.1 and 5.2, which is due to the appearance of two terms in Eq. (5.20). One is
providing red shift in εE while the other one induces blue shift. In order to understand
influence of these two effects in the transition amplitude, it is convenient to pay attention
on a particular distribution of f (ϕk). Here we consider the exponentially damping one,
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where A (εE) is given by

A (εE)= C
2

√
1+vj

1→vj
e
→ϑεE

√
1+v j
1→v j +

√
1→vj

1+vj
e
→ϑεE

√
1→v j
1+v j


. (5.22)

Since we have vj < 1, the above can be expanded in Taylor series. Keeping terms up to
leading order in vj (which is here v2

j ) one finds

A (εE); Ce→ϑεE
[
1+

(
ϑ2εE2 →3ϑεE+1

)
v2

j

]
. (5.23)

Therefore when
(
ϑ2εE2 →3ϑεE+1

)
> 0, the magnitude of the transition amplitude

will increase with the increase of vj. But if
(
ϑ2εE2 →3ϑεE+1

)
< 0, then second term in

the above expression provides diminishing effect in amplitude. As a result the transi-
tion amplitude decreases with the increase in vj. This discussion provides explanation
for the nature of curves for ϑεE = 0.2,2.0 and 4.0. But when vj is large, i.e., vj ↙ 1,
this approximation is not valid. In that case it is noted that the first term in (5.22)
decays exponentially with the increase of vj. Because of the pre-factor in the second
exponential, the whole term also decreases. Hence effectively the amplitude decreases
with the increase of vj. Furthermore, one can check by taking the limit vj ↙ 1 that
the transition amplitude A (εE) vanishes. Similar things are also happening for the
Gaussian distribution in the lower plot of Fig. 5.2.

Entangling term and the concurrence:
Let us now proceed to evaluate the integral E . We first consider the expression of E

from Eq. (5.11) and evaluate E
vac, which again is expressed as (5.13). In Eq. (5.13) the

term containing only the Wightman function can be expressed as

E
vac
W =→ 1

γAγB

∫⇔

→⇔

dk
4πϕk

∫⇔

→⇔
dtB

∫⇔

→⇔
dtA

↓ e→i(ϕk→k vB) tB+i(ϕk→k vA) tA eiεE(tB/γB+tA /γA)

=→ π

γAγB

∫⇔

→⇔

dk
ϕk

ς[(ϕk →k vA)+εE/γA]ς[(ϕk →k vB)→εE/γB] . (5.24)

This quantity vanishes due to the first Dirac-delta distribution for εE > 0 and 0̸ vA ̸ 1.
We also mention that here we have used the relation t j = γ j τ j from Eq. (5.17). On the
other hand, from Eq. (5.13) the term containing the retarded Green’s function can be
expressed as

E
vac
R = i

γAγB

∫⇔

→⇔

dk
2ϕk


ς[k(vA →vB)→εE(1/γA +1/γB)]

ϕk →k vB →εE/γB

+ ς[k(vA →vB)+εE(1/γA +1/γB)]
ϕk →k vB +εE/γB


. (5.25)
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See Appendix 5.B for an explicit derivation of this expression. Here for vA > vB this
expression leads to

E
vac
R = iγAγB(vA →vB)DADB

εE2(DA +DB)2 . (5.26)

On the other hand, for vB > vA the integral from Eq. (5.25) becomes

E
vac
R = iγAγB(vB →vA)DADB

εE2(DA +DB)2 , (5.27)

which is basically the same compared to the expression from vA > vB case with a change
in sign. From the previous sub-section we have seen that the integral of the form
∫⇔
→⇔ dτ eiεEτςωeff (τ) vanishes for detectors in uniform velocity in (1+1) dimensions (see

Eq. (5.21)). Then, one can perceive that the quantity E
nv from Eq. (5.15b) will also vanish

in this scenario. Therefore, in this case we have E entirely given by E
vac
R , i.e., E = E

vac
R .

Moreover, since there is only a sign change between the expressions from Eq. (5.26) and
(5.27), in both the cases vA > vB and vA < vB the quantity |E | appearing in (5.4) yields the
same feature. Also observe from Eq. (5.26) and (5.27) that when vA = vB the integral E

vanishes and so vanishes the concurrence. Thus in a situation when the two UD detectors
are co-moving in (1+1) dimensions there will be no entanglement harvesting. On the
other hand, when the velocity of detector A approaches the velocity of light, i.e., when
vA ↙ 1, the quantity |E vac

R | = 1/(2εE2). Therefore, in this limit there is an upper bound in
the value of the concurrence depending on the value of vB and εE. This expressions also
suggests that in this limit the amount of harvested concurrence (see Eq. (5.4)) should be
increasing with decreasing εE.

In Fig. 5.3 and 5.4 we have plotted the concurrence denoting quantity CJ as described
in Eq. (5.4) considering the exponentially damping and Gaussian distribution functions
respectively. For a discussion on these distributions in (1+1) dimensions see Appendix
5.A.1. We also mention that if the detectors were to interact with the field vacuum
rather than the singly excited field state, the quantities P j denoting single detectors’
transition probabilities would have been zero. In that scenario the concurrence is entirely
given by C

vac
J

= |E | = |E vac
R |, a depiction of which is also included in these plots. From

these figures, one notices that when vA = vB, the entanglement harvesting, like vacuum
field state, ceases to exist for non-vacuum field state as well. Fig. 5.3 and 5.4 also
confirms the possibility of entanglement harvesting between inertial UD detectors
even from the single particle field states in (1+1) dimensions. However, comparing
the plots for CJ and C

vac
J

from these figures, one can clearly see that entanglement
harvesting is reduced in the non-vacuum case. In the non-vacuum situation the reduction
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happens not only in magnitude of concurrence, also the range of velocity decreases. A
common feature observed with both the distributions (the exponential damping and
Gaussian distributions) is that the regime of low detector transition energy corresponds to
quantitatively higher entanglement extraction. One should also note that for large fixed
transitions energies there is no entanglement harvesting from the low velocity regimes.
However, the amount of the harvested entanglement in the high velocity regime keeps
decreasing with increasing εE. This is because in the very large vA limit the entangling
term varies as ↑ 1/(εE)2 and hence E increase more than P j with the decrease of εE.

5.4 Entanglement harvesting: motion in (1+3)

dimensions

Now we are going to investigate the same in (1+3) dimensions. Since there are three
spatial directions, the observers can move in more than one possible directions. We
mainly concentrate on following motions of the two detectors – both are moving along the
same direction and one is moving in the perpendicular direction of the other’s motion.

5.4.1 Parallel motion

In this part we we are going to consider Unruh-DeWitt detectors in parallel uniform
velocities in (1+3) dimensions. For simplicity we shall consider the detectors to be in
motion along the z direction. In particular, the observer with detector A is assumed to
have an inertial motion such that its coordinates are related to its proper time as

tA = γAτA; xA = 0; yA = 0; zA = γAvAτA. (5.28)

On the other hand, the trajectory of detector B is

tB = γBτB; xB = x0; yB = y0; zB = γBvBτB, (5.29)

such that r0 =


x2
0 + y2

0 is the perpendicular distance between the trajectories of two
detectors A and B. In (1+3) dimensions the effective field ςeff with respect to the
Minkowski modes is given as

ςeff(x)=
∫ d3k

(2π)3
f (ϕk)
2ϕk

eik·x , (5.30)

where, k ·x ⇓ kaxa =→ϕkt+k·x . We shall see that unlike the previous (1+1) dimensional
scenario, here the expressions of P A and PB are not the same due to a finite non-zero
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Figure 5.3: The dimensionless concurrence quantity CJ /ϑ2 (the solid lines) is plotted
as functions of ϑεE and vA in the upper and the lower plots respectively in (1+1)
dimensions with the distribution function f (ϕk)= Cϕk e→ϑϕk . Here the velocity of detector
B is fixed at vB = 0.55. We also mention that C

vac
I

/ϑ2, denoted by the dashed lines,
indicates the concurrence if the detectors were interacting with the field vacuum. In the
lower plot we have chosen the fixed parameter values for ϑεE conveniently as suggested
from the upper plot.

initial separation between the two detectors.

Transition probability:

Let us consider evaluating the integral PB first, and one may expect that the expres-
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Figure 5.4: The dimensionless concurrence quantity ω2
CJ (the solid lines) is plotted

as functions of εE/ω and vA in the upper and the lower plots respectively in (1+1)
dimensions. We have considered the distribution function f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

in
this case with ϕ0/ω= 0.5 and vB = 0.55. Here also ω2

C
vac
J

(the dashed lines) indicates
the concurrence if the detectors were interacting with the field vacuum.

sion of the integral P A will arrive as a special case when r0 = 0. For trajectory given
in (5.29) the integral PB can be evaluated considering the wave-vector in the spherical
polar coordinates such that

k · x =→ϕkt+k.x

=ϕk(→γBτB + x0 sinθ cosφ+ y0 sinθsinφ+vBγBτB cosθ) , (5.31)
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where we have used

k=ϕk
(
sinθ cosφ x̂+sinθsinφ ŷ+cosθ ẑ

)
,

x= x x̂+ y ŷ+ z ẑ , (5.32)

with ϕk = |k|. Then in this case one can obtain the quantity from Eq. (5.16a) as

AB(εE)=
∫1

→1

du
4π

εE f
(

εE
γB(1→vBu)

)

[
γB(1→vBu)

]2 J0

(
r0εE

∞
1→u2

γ(1→vBu)

)
,

(5.33)

where Jn(x) denotes the Bessel function of the first kind, and r0 =


x2
0 + y2

0 . A detailed
derivation of this expression is presented in Appendix 5.C. From this expression one can
easily find out the value of A (εE) for detector A by making r0 = 0 as is also evident from
the trajectories (5.28) and (5.29). When r0 = 0 and vB ↙ vA one may consider a change of
variables z =εE/γA(1→vAu) in the previous equation such that it reduces to

AA(εE)= 1
4πvAγA

∫DAεE

εE/DA

dz f (z) . (5.34)

where we have used the fact that J0(0)= 1. This expression matches exactly with the one
obtained explicitly for the detector A with trajectory (5.28), and is provided in Appendix
5.C. The relevant expression is derived in Eq. (5.A.8) of the Appendix. One should notice
that in Eq. (5.34) and (5.33) we have included subscript A and B to signify the specific
detectors. One may find out the respective P j from P j = |A j(εE)|2 as here also P

vac
j = 0

and B(εE)= 0 (see Appendix 5.C for details).
In (1+3) dimensions one may use the expressions of a few possible distribution

functions as given in Appendix 5.A.2 to obtain P j. In particular, in Appendix 5.A.2 the
explicit forms of the normalization constants (C) in the exponential damping and the
Gaussian distribution functions are obtained, which are essential for procuring a numer-
ical value for the above mentioned integral. Here also, these quantities P j correspond to
individual detector transition probabilities with a non-vacuum singly excited field state
in the background. We have plotted this transition probability in Fig. 5.5 and 5.6 for the
exponential decaying and Gaussian distribution functions, respectively. To be specific,
we have plotted the quantity PB with respect to the velocity vB (when r0 ⇐= 0), where
the special case of r0 = 0 produces the transition probability P A with vB now becoming
vA. The curves in these plots have somewhat similar features to the ones from (1+1)
dimensions. Specifically, for low and high transition energy εE, the transition probability
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increases with increasing velocity, and in the intermediate εE regimes this nature is
reversed. Also visible from these plots is that the transition probability decreases with
increasing r0.
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Figure 5.5: In the upper figure the quantity P A is plotted as a function of ϑεE for fixed
values of vA in (1+3) dimensions. On the other hand, in the lower figure P j is plotted
with respect to vj for different fixed values of ϑεE and r0/ϑ. In both of these figures we
have considered the distribution function f (ϕk) = C ϕk e→ϑϕk . It is to be noted that in
the lower plot r0/ϑ= 1 corresponds to detector B and r0/ϑ= 0 corresponds to detector A.
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Figure 5.6: In the upper figure P A is plotted as a function of εE/ω for fixed values of vA
in (1+3) dimensions. On the other hand, in the lower figure P j is plotted with respect to
vj for different fixed values of εE/ω and r0ω. In both of these figures we have considered
the distribution function f (ϕk) = C ϕk e→(ϕk→ϕ0)2/2ω2

with ϕ0/ω = 0.5. Here also in the
lower plot r0ω= 1 corresponds to detector B and r0ω= 0 corresponds to detector A.

Let us now evaluate the integral E for these two detectors which are in parallel iner-
tial motion. In this scenario the quantities E

nv and E
vac
W vanish. The detailed calculation

is provided in Appendix 5.C. The only non-vanishing contribution is given by the integral
E

vac
R . Using the representation from Eq. (5.14b) and with the help of Eqs. (5.28) and
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(5.29) one can express this integral as

E
vac
R =→

∫⇔

→⇔

∫⇔

→⇔

dp dq
2vAv∝BγAγB

eiεE(a1 p+a2q)θ(a3 p→ q)

↓
∫1

→1
du

∫⇔

0

ϕkdϕk

2(2π)2

[
e→iϕka4(a3 p→q)+iϕk


p2+r2

0 u → eiϕka4(a3 p→q)→iϕk


p2+r2

0 u
]
,

(5.35)

where we have considered the change of variables p = vAγAτA→vBγBτB and q = vAγAτA+
vBγBτB. The Jacobian of this transform is given by |J| = 1/(2vAvBγAγB). Whereas, the
other variable is u = cosθ, and we have considered the redefined parameters a1 =
1/(2vAγA)→1/(2vBγB), a2 = 1/(2vAγA)+1/(2vBγB), a3 = (vA +vB)/(vA →vB), and a4 = (vA →
vB)/2vAvB. One may notice that due to the Heaviside step function the upper limit of the
q integration transforms to a3 p. Then one may evaluate this entire quantity E

vac
R in a

step by manner with first carrying out the integration over q. Subsequently the integrals
over u and ϕk can be performed in a likewise manner. After carrying out all these steps
the integral looks like

E
vac
R =

∫⇔

→⇔
dp

i eiεEp(a1+a2a3) cos


a2εE


p2+r2

0
a4



8πvAvBγAγBa4


p2 + r2

0

. (5.36)

To perceive a detailed procedure to arrive at this expression one may look into Appendix
5.C.3.2. This integral can be carried out to give a further simplified expression with the
help of the integral representations of the modified Bessel function of the second kind
Kn(z) (see Eq. (3.876) of [250]), which are

∫⇔

0

cos
(
6
√
ξ2 +a2

)

√
ξ2 +a2

cos(εξ) dξ= K0

(
a

ε2 →62


;

∫⇔

0

sin
(
6
√
ξ2 +a2

)

√
ξ2 +a2

cos(εξ) dξ= 0, [ε> 6> 0]. (5.37)

Now one can observe that the exponential in the integral (5.36) can be written in terms
of sin and cos functions so that the previous forms of Eq. (5.37) can be perceived. In
our case, a comparison with Eq. (5.37) reveals ε=εE(a1 +a2a3) and 6= a2εE/a4. Then
from the consideration of a positive transition frequency εE (which is true in our case)
and the explicit expressions of a1, a2, a3, and a4 one can confirm the satisfaction of the
condition ε> 6> 0 even with the integral (5.36). In particular, the integral of Eq. (5.36)
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now becomes

E
vac
R = i

∫⇔

0
dp

cos
(

a2εE
a4


p2 + r2

0

)

2π(vA →vB)γAγB


p2 + r2

0

cos{εEp(a1 +a2a3)}

=
i K0

(
r0εE


(a1 +a2a3)2 → (a2/a4)2



2π(vA →vB)γAγB

= →i
2πγAγB(vA →vB)

K0


 r0εE

γB

√( 1
γA

+γB(1→vAvB)
vA→vB

2
→γ2

B


 , (5.38)

where we have used (5.37) along with the relation 2vAvBa4 = (vA →vB).
As a side remark and for comparison with the earlier result (given in [108]) we

mention that in the limit vB ↙ 0 we have (a1 +a2a3)2 → (a2/a4)2 = 2(1+γA)/v2
Aγ

2
A, and

thus the expression of E (which is entirely determined by E
vac
R ) is given by

|E | = 1
2πvAγA

K0

(
r0εE
vAγA

√
2(1+γA)


. (5.39)

This result matches correctly with the one from [108] (see Eq. (74) of [108] with θ =π/2,
where θ is the angle between v and x0), where one of the detectors was taken to be static.

We should emphasize here that in our present case the quantities E
vac
W and E

nv vanish
(see Appendix 5.C for detailed estimations of these integrals). Here one may notice that
in the limit of (vA→vB)↙ 0 Eq. (5.38) leads to vanishing result. Therefore, for two parallel
co-moving detectors the quantity dictating entanglement harvesting vanishes and one
can assert that in this situation there will be no entanglement harvesting. A similar
conclusion can also be made starting from Eq. (5.39), where one of the two observers is
static, that the quantity |E | vanishes in the limit vA ↙ 0.

In Fig. 5.7, 5.8, 5.9, and 5.10 we have plotted the concurrence denoting quantity CJ

for different distribution functions of the single particle field state. One can notice from
these figures (specifically Fig. 5.7 and 5.9) that with decreasing εE the concurrence
quantitatively increases, signifying an increase in the measure of the harvested entan-
glement. While from Fig. 5.8 and 5.10 it is evident that when vA ↙ vB the entanglement
harvesting vanishes. Moreover, when the detector transition energy εE becomes larger
we observe a wide region of no harvesting around vA = vB and this increases with the
increase of εE. When the εE value is very large the entanglement harvesting is hap-
pening only in high velocity regimes. From Eq. (5.39) one can observe that in the limit
vA ↙ 1 the quantity |E | vanishes, and this feature is apparent from these figures too.
One should also note that if the detectors were interacting with the field vacuum rather
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Figure 5.7: In (1+3) dimensions the quantity CJ , signifying the concurrence is plotted as
a function of ϑεE for different fixed values of vA with two detectors in parallel inertial
motion. In this plot we have considered the distribution function f (ϕk) = Cϕk e→ϑϕk .
Here the velocity of detector B is fixed at vB = 0.55 and the other parameter is r0/ϑ= 0.5
and r0/ϑ = 1 respectively in the upper and lower plots. The inner plots correspond to
C

vac
J

, the concurrence, if the detectors were interacting with the field vacuum.

than the non-vacuum state, the quantity P j would have been zero and the concurrence
would have been completely given by C

vac
J

= |E |. We have included the plots of these
C

vac
J

in the above mentioned figures. Here also, like the (1+1) dimensional case, the
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Figure 5.8: In (1+3) dimensions the integral CJ signifying the concurrence is plotted as
a function of vA for two detectors in parallel inertial motion. The upper and the lower
plots respectively correspond to r0/ϑ= 0.5 and r0/ϑ= 1. In both of these plots we have
considered the distribution function f (ϕk)= Cϕk e→ϑϕk and the velocity of detector B is
fixed at vB = 0.55. The solid lines denote the contributions from CJ , while the dashed
lines denote C

vac
J

.

entanglement harvesting is suppressed due to non-vacuum fluctuations as compared to
vacuum effect. Here both the magnitude of concurrence and valid region of the value of
vA for entanglement harvesting decreases. From these figures we also observe that en-
tanglement harvesting is decreasing with increasing distance r0/ϑ between the parallel
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Figure 5.9: In (1+3) dimensions the quantity CJ signifying the concurrence is plotted as a
function of εE/ω for different fixed values of vA with two detectors in parallel inertial mo-
tion. In this plot we have considered the distribution function f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

.
The velocity of detector B is fixed at vB = 0.55 and the other fixed parameters are
r0ω= 0.5 and r0ω= 1 (respectively for the upper and lower figures), ϕ0/ω= 0.5. The inner
plots correspond to C

vac
J

, the concurrence, if the detectors were interacting with the field
vacuum.

paths, and with increasing detector transition energy εE.
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Figure 5.10: In (1+3) dimensions the quantity CJ signifying the concurrence is plotted
as a function of vA for two detectors in parallel inertial motion. The upper and the
lower plots respectively correspond to r0ω= 0.5 and r0ω= 1. In both of these plots we
have considered the distribution function f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

. Here the velocity
of detector B is fixed at vB = 0.55, and the other parameter ϕ0/ω= 0.5. The solid lines
denote the contributions from CJ , while the dashed lines denote C

vac
J

.

5.4.2 Perpendicular motion

In this part we consider two Unruh-DeWitt detectors in motion perpendicular to each
other. We consider detector A with an uniform velocity along the x-axis and detector B
with an uniform velocity along the z direction starting from a constant displacement in

141

TH_3744_206121013



CHAPTER 5. ENTANGLEMENT FROM NON-VACUUM FIELD STATES

the y direction. The trajectory of detector A is

tA = γAτA; xA = γAvAτA; ; yA = 0; zA = 0 . (5.40)

On the other hand, the trajectory of detector B is given by

tB = γBτB; xB = 0; yB = r0; z = γBvBτB . (5.41)

These trajectories signify that the motion of the detectors are confined to the x→ z plane,
while there is a perpendicular initial separation between them in the y direction.

Transition probability:

One may observe that the trajectory of the detector A in this case and the previous
case of the parallel motion are physically the same. Therefore, the expressions of the
integral P A will also be the same. In fact this indeed comes to be true and one can look
into Appendix 5.D.1 for a derivation of the expression of P A with the trajectory (5.40).
Here we recall the expression of AA(εE) from Eq. (5.34), which is relevant to estimate
P A, as

AA(εE)= 1
4πvAγA

∫DAεE

εE/DA

dz f (z) . (5.42)

On the other hand, in a similar manner one can also find out the quantity AB(εE)
relevant for estimating PB with the trajectory (5.41) as

AB(εE)=
∫1

→1

du
4π

εE f
(

εE
γB(1→vBu)

)

[γB(1→vBu)]2 J0

(
r0εE

∞
1→u2

γB(1→vBu)

)
.

(5.43)

This expression can be obtained from Eq. (5.33) as the trajectories of detector B from
the parallel and perpendicular motion cases are physically equivalent. In this regard,
compare the trajectories of detector B from Eq. (5.29) and (5.41). Furthermore, one can
find that here also P

vac
j = 0 and B j(εE) = 0, see Appendix 5.D for details. Then the

previous integral signifying individual detector transition probability for the detectors A
and B are given by P j = |A j(εE)|2.

Here with the two detectors in inertial motion perpendicular to each other in (1+3)
dimensions, the integrals P j are the same as the previous parallel case (see Eq. (5.34)
and (5.33) and compare them with the expressions here). Therefore the individual detec-
tor’s response function will have the same features as shown in Fig. 5.5 and 5.6.
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Entangling term and the concurrence:

Now we shall evaluate the quantity E for two detectors in perpendicular inertial
motion with trajectories given in (5.40) and (5.41). In particular, here also one can observe
that the E

nv part of this quantity vanishes, so does the E
vac
W . Then E = E

nv+E
vac
W +E

vac
R is

completely given by E
vac
R . In Eq. (5.14b) we have seen that this integral is dependent on

the retarded Green’s function GR (xA, xB). This retarded Green function GR (xA, xB) for a
massless, minimally coupled, free scalar field in the Minkowski spacetime (see [108]) is
expressed as

GR (xA, xB)=→ 1
2π

θ (tA → tB)ς
(
(tA → tB)2 → |xA → xB|2

)

=→ 1
2π

θ (tA → tB)ς(g(tA, tB)) . (5.44)

For the considered trajectories of detector A and B from Eq. (5.40) and (5.41) one can
find the solution of g(tA, tB)= t2

A(1→v2
A)+ t2

B(1→v2
B)→2tA tB → r2

0 = 0 with respect to tB as

tB = γ2
B(tA ±u(tA))⇓ t± , (5.45)

with,
u(tA)=


t2

A(v2
A +v2

B →v2
Av2

B)+ r2
0(1→v2

B) , (5.46)

where, for 0̸ vj ̸ 1 one can confirm that,

γ2
B(tA +u(tA))> tA

γ2
B(tA →u(tA))< tA . (5.47)

Now it is imperative to use the property of Dirac delta distributions

ς(g(tA, tB))=


ς(tB → t+)
|g∝(tA, tB)|tB=t+

+ ς(tB → t→)
|g∝(tA, tB)|tB=t→



= 1
2u(tA)

[ς(tB → t+)+ς(tB → t→)] . (5.48)

Then the integral E
vac
R from Eq. (5.14b), with a change of variable from τ j to t j, can be

expressed as

E
vac
R = →i

2π

∫⇔

→⇔

dtA

γA

∫tA

→⇔

dtB

γB
eiεE

( tA
γA

+ tB
γB

)
ς(g(tA, tB))

= →i
4π

∫⇔

→⇔

dtA

γAγB u(tA)
eiεE

( tA
γA

+γB(tA→u(tA)
)

= →i
2πγAγB

∫⇔

0

dtA e→iεEγBu(tA )

u(tA) cos

εEtA

(
1
γA

+γB

)
.

(5.49)
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Furthermore, one can expand the exponential in this integral in terms of sin and cos
functions and then by comparing them with the integral representations of the Bessel
functions (5.37), can recognize

a = r0/γB; p = γBεE; b =
εE

(
1
γA

+γB

)


v2

A +v2
B(1→v2

A)
; (5.50)

and as one has 0̸ vj ̸ 1, this also satisfies the condition among the parameters from
(5.37), which is b > p . Thus, the integration in Eq. (5.49) can be evaluated. One can
provide the simplified form as

E
vac
R = →i

2πγAγB


v2

A +v2
B(1→v2

A)
K0


r0εE

√√√√√
(

1
γAγB

+1
)2

v2
A +v2

B(1→v2
A)

→1


 . (5.51)

Moreover, one can check that when vB = 0 (in that situation γB = 1), this expression
reduces to (5.39) as obtained in the parallel case. Here also the quantities E

vac
W and E

nv

vanish and we refer the reader to go through Appendix 5.D for detailed estimations of
these integrals.

The plots from Figs. 5.11 and 5.13 of CI with respect to the transition energy εE
in this perpendicular case represent nature similar to the parallel case (see Fig. 5.7
and 5.9). From these figures we observe that with increasing detector transition energy
εE the harvesting decreases (only when CI is positive). In Fig. 5.12 and 5.14 we have
plotted CI as functions of vA for fixed vB ⇐= 0. We have also plotted the quantity C

vac
I

=
|E | in these figures, which denotes the concurrence if the detectors were interacting
with the field vacuum rather than the non-vacuum state. From these plots one can
observe that entanglement harvesting from the single particle excited state is suppressed
compared to the vacuum fluctuations. Here also, one can observe that in the limit of
vA ↙ 1, the quantity |E | vanishes, leading to a vanishing concurrence, and this feature
is evident in these figures. When the εE value is large the entanglement harvesting
is happening in discrete intermediate and high velocity regimes. Like the parallel case
here also entanglement harvesting decreases with increasing distance r0/ϑ between
the perpendicular paths, and with increasing transition energy εE. Here when the two
detectors are in perpendicular inertial motion in (1+3) dimensions the integral E

vac
R

does not vanish in the vA ↙ vB limit unlike the parallel case. However, its expression
in the vB ↙ 0 limit is the same as the parallel case. We also observe that in the vB = 0
situation (plots corresponding to this situation are given in Fig. 5.15) the plots are the
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Figure 5.11: In (1+3) dimensions for perpendicular motion of the detectors the integral
CJ signifying the concurrence is plotted as a function of ϑεE for different fixed values
of vA. In this plot we have considered the distribution function f (ϕk)= Cϕk e→ϑϕk for the
singly excited background field state. Here the velocity of detector B is fixed at vB = 0.55
and the other parameter is r0/ϑ= 1. The inner plot correspond to C

vac
J

, the concurrence,
if the detectors were interacting with the field vacuum.

same as the parallel case (done in [108], where one detector is taken to be stationary).
While for vB ⇐= 0 they are much different.

5.5 Summary and Discussions

In the earlier chapters, we have studied entanglement harvesting, considering the
detectors interacting with the field vacuum. However, in nature, one cannot expect that
the background field will always be in a vacuum state. Then, the consideration of non-
vacuum field states in understanding entanglement harvesting becomes essential from
the practical point of view. The present work has considered single-particle background
field excitations to investigate the entanglement harvesting between inertial Unruh-
DeWitt detectors in (1+ 1) and (1+ 3) dimensions. Choice of single particle state is
motivated from the earlier work [191], and to build an analytically simple, tractable
model. We have presented a thorough formulation for understanding entanglement
harvesting from non-vacuum field states. Our main observation is that in both (1+1) and
(1+3) dimensions, the entanglement harvested due to the single-particle background
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Figure 5.12: In (1+3) dimensions for the detectors’ perpendicular motion the quantity
CJ , signifying the concurrence, is plotted as a function of vA. The upper and the lower
plots respectively correspond to r0/ϑ= 0.5 and r0/ϑ= 1. In both of these plots we have
considered the distribution function f (ϕk)= Cϕk e→ϑϕk and the velocity of detector B is
fixed at vB = 0.55. The solid lines denote the contributions from CJ , while the dashed
lines denote C

vac
J

.

fluctuations is reduced compared to the vacuum fluctuations. The transition probability
for inertial detectors interacting with the non-vacuum field state is non-zero and non-
trivial (see Figs. 5.1, 5.2, 5.5, and 5.6). This non-zero transition probability is expected
even if the detectors are inertial as they interact with non-vacuum field states. We
also observed, both in (1+1) and (1+3) dimensions with detectors in parallel motion,
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Figure 5.13: In (1+3) dimensions for perpendicular motion of the detectors the quantity
CJ signifying the concurrence is plotted as a function of εE/ω for different fixed values
of vA. In this plot we have considered the distribution function f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

for the singly excited background field state. Here the velocity of detector B is fixed
at vB = 0.55 and the other fixed parameters are r0ω= 1 and ϕ0/ω= 0.5. The inner plot
correspond to C

vac
J

, the concurrence, if the detectors were interacting with the field
vacuum.

that two detectors with the same velocity (vA = vB) do not harvest any entanglement
among themselves when interacting with the single particle field state. This phenomenon
was true even when the detectors interacted with the field vacuum. However, a similar
situation with detectors in perpendicular inertial motion in (1+3) dimensions is not
observed. One observes increasing entanglement harvesting with decreasing detector
transition energy in both these dimensions, for parallel and perpendicular motions,
and the considered system parameters. In particular, in (1+1) dimensions, there is
visible occurrence of entanglement harvesting in low detector transition energy and high-
velocity regimes (see Figs. 5.3 and 5.4). While in (1+3) dimensions (both with detectors
in parallel and perpendicular motion), one notices that entanglement harvesting stops
when the velocity of detector A approaches the velocity of light, i.e., when vA ↙ 1 (see
Figs. 5.8, 5.10, 5.12, 5.14, and 5.15). In (1+3) dimensions the entanglement harvesting
decreases with increasing perpendicular distance (r0) between the two detectors.

We want to provide a few final comments, which are as follows. First, we emphasize
that entanglement harvesting is possible only when |E |2 > P APB. The nonnegative
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Figure 5.14: In (1+3) dimensions for the detectors in perpendicular inertial motion, the
integral CJ signifying the concurrence is plotted as a function of vA. The upper and the
lower plots respectively correspond to r0/ω= 0.5 and r0/ω= 1. In both of these plots we
have considered the distribution function f (ϕk)= C ϕk e→(ϕk→ϕ0)2/2ω2

. Here the velocity
of detector B is fixed at vB = 0.55, and the other fixed parameter is ϕ0/ω= 0.5. The solid
lines denote the contributions from CJ , while the dashed lines denote C

vac
J

.

measure of CJ = |E |→
√

P APB quantifies the harvested entanglement. Interestingly
the local terms P j (with j being either A or B) denote individual detector transition
probabilities. These terms have a vanishing contribution to inertial detectors interacting
with the vacuum background scalar field. While for the background field in any excited
state, these local terms for the similar detector motion are finite and nonzero. Therefore,
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Figure 5.15: In (1+3) dimensions the integral CJ signifying the concurrence is plotted
as a function of vA for vB = 0. The upper and the lower plots respectively correspond
to r0ω = 0.5 and r0ω = 1. In both of these plots we have considered the distribution
function f (ϕk) = C ϕk e→(ϕk→ϕ0)2/2ω2

with ϕ0/ω= 0.5. It should be mentioned that with
the exponential decaying distribution function also one gets similar plots with the same
characteristics. The dashed lines denote the contributions from C

vac
J

, while the solid
lines denote CJ .

1

the harvesting from the nonvacuum states is always expected to be lesser compared to
the field vacuum if the entangling term E does not change much. In our current work, we
found that this is indeed the case with single-particle excited states, as the entangling
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term E remains the same for the vacuum and nonvacuum field states.

Furthermore, we found some additional distinct features with the single-particle
excited states compared to the vacuum field state. For example, for two inertial detectors
moving at different velocities, entanglement harvesting from the field vacuum always
seems possible as one varies the detector transition energy εE. While the same is not
true from the single-particle excited state as one can perceive ranges of no-harvesting in
εE. One observes this phenomenon in both (1+1) and (1+3) dimensions and for parallel
and perpendicular cases. In this regard, see the plots of concurrence as a function of εE in
Figs. 5.3, 5.4, 5.7, 5.9, 5.11, and 5.13. When examining the results with a varying velocity
vA of the detector A, one may point out a similarly interesting distinguishing feature
in the perpendicular motion case. In this scenario, one can observe discrete regions of
entanglement harvesting in vA from the single-particle field states for larger detector
transition energies. In comparison, in similar scenarios, entanglement harvesting from
the vacuum is possible in the whole range 0 < vA < 1, see Figs. 5.12 and 5.14. These
specific observations provide additional distinctions between the vacuum and single-
particle entanglement harvesting cases other than the expected diminishing phenomenon
observed for the latter case. Finally, one should notice that in nature, it is not guaranteed
that the background field state will be in a vacuum. In fact, it is natural to believe
that the fields will be in some excited state due to the presence of various constituents.
Then, these specific features of harvesting shall provide some valuable distinctions of
identification. Moreover, for the physical realization of entanglement harvesting from
the single-particle field state, there is a restriction in the range of system parameters
(prominently visible in εE), unlike the vacuum. Therefore, contrary to the vacuum case,
to observe the entanglement harvesting, one needs to construct a detector such that the
transition energy must live within the allowed range of values.

Entanglement harvesting from the non-vacuum field states with non-inertial de-
tectors remains an interesting arena to venture further. In particular, some of our
preliminary observations, corresponding to the uniformly accelerated linear motion of
the detectors, are as follows. The excess contribution due to the non-vacuum fluctuations
in the individual detector transition probability P j is finite for detectors with infinite
switching. In comparison, one observes that the same contribution P j due to the vacuum
fluctuation has a Dirac delta zero multiplying factor (see the transition probabilities
of non-inertial Unruh-DeWitt detectors from [113, 159, 216]), which results in a finite
transition rate for infinite time. Therefore, in concurrence per unit time, the different
effects of vacuum and non-vacuum fluctuations will not be evident. Considering detectors
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with finite time switching functions may be beneficial to circumvent this inconvenience,
which provides finite transition probabilities.
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Appendices

5.A Normalized distribution functions for singly
excited states

5.A.1 In (1+1) dimensions

One may consider qualitatively different distribution functions f (ϕk) (see [191]). In (1+1)
dimensions a few examples follow, and we also provide their respective normalization
constants. It should be noted that to evaluate the normalization constant in f (ϕk), here
one has to use the (1+1) dimensional form of the normalization condition (5.6).

Exponential damping, f (ϕk)= Cϕk e→ϑϕk :
In this case the distribution function is of the form f (ϕk)= Cϕk e→ϑϕk . Using the normal-
ization condition (5.6) of f (ϕk) for (1+1) dimensions one can find out the value of the
constant C as C = 2

∞
2π ϑ.

Gaussian distribution, f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2 :
In this case the distribution function is of the form f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2

. Using the
normalization condition (5.6) of f (ϕk) for (1+1) dimensions one can find out the value
of the constant C here, as C =

{
4
∞
π /

[
ϕ0ω

(
2→Q

(
→1/2,ϕ2

0/ω2))]}1/2. Here Q (a, z) denotes
the Regularized Gamma Function.

5.A.2 In (1+3) dimensions

In (1+3) dimensions also one may consider similar distribution functions f (ϕk). However,
here one has to use the (1+3) dimensional form of the normalization condition (5.6) to
find out the respective normalization constants. Naturally the normalization constants
C obtained here will be different than the ones obtained for (1+1) dimensional case.

Exponential damping, f (ϕk)= Cϕk e→ϑϕk:
Like the (1+1) dimensional case here also we consider the same exponentially damping
distribution function

f (ϕk)= C ϕk e→ϑϕk . (5.A.1)

However, here the normalization constant C is obtained from Eq. (5.6) by putting d = 3,
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which corresponds to three spatial dimensions of our present case. Then this constant C
is given by C = 4πϑ2∞2/3 .

Gaussian distribution, f (ϕk)= Cϕk e→(ϕk→ϕ0)2/2ω2 :
We consider the Gaussian distribution function for a singly excited state in (1+ 3)
dimensions as

f (ϕk)= C ϕk e→(ϕk→ϕ0)2/2ω2
. (5.A.2)

Here also one has to use the normalization condition (5.6) with d = 3 to evaluate the
value of the normalization constant C, which is given by

C = 4π
/∞

πϕ0
(
3ω2 +2ϕ2

0
)
ω

(
Erf

(ϕ0

ω

)
+1

)
+2ω2e→

ϕ2
0

ω2
(
ω2 +ϕ2

0
)1/2

, (5.A.3)

where, Erf(z) denotes the error function.

5.B Evaluations of the integrals in (1+1) dimensions

In this section of the Appendix we provide an explicit derivation of the integral E
vac
R . In

particular, we shall be obtaining its expression as provided in Eq. (5.25) for two inertial
detectors in (1+1) dimensions. In this regard we consider the form of the integral from Eq.
(5.14b) with the consideration that t j are now the Minkowski times. Then this integral
becomes

E
vac
R = 1

γAγB

∫⇔

→⇔

dk
4πϕk

∫⇔

→⇔
dtA

∫⇔

→⇔
dtB θ(tA → tB)

↓eiεE(tB/γB+tA /γA)
[
e→i(ϕk→k vB) tB+i(ϕk→k vA) tA → ei(ϕk→k vB) tB→i(ϕk→k vA) tA

]

= 1
γAγB

∫⇔

→⇔

dk
4πϕk

∫⇔

→⇔
dtA

∫tA

→⇔
dtB

↓eiεE(tB/γB+tA /γA)
[
e→i(ϕk→k vB) tB+i(ϕk→k vA) tA → ei(ϕk→k vB) tB→i(ϕk→k vA) tA

]

= i
γAγB

∫⇔

→⇔

dk
4πϕk

∫⇔

→⇔
dtA eiεE tA(1/γB+1/γA)

↓


e→i{k (vA→vB)+i ε} tA

ϕk →k vB →εE/γB
+ ei k{(vA→vB)→i ε} tA

ϕk →k vB +εE/γB


,

(5.A.4)

where one can observe that a eε tB regulator, with positive small ε, was introduced to
make the tB integral convergent in the lower limit of negative infinity. The actual integral
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is obtained in the limit of ε↙ 0. After performing the tA integration now one can obtain

E
vac
R = i

γAγB

∫⇔

→⇔

dk
2ϕk


ς
[
k(vA→vB)→εE

(
1
γA

+ 1
γB

)]

ϕk→k vB→εE/γB
+

ς
[
k(vA→vB)+εE

(
1
γA

+ 1
γB

)]

ϕk→k vB+εE/γB


. (5.A.5)

This expression is the same as the one presented in Eq. (5.25).

5.C Evaluations of the integrals in (1+3) dimensions
for detectors in parallel motion

5.C.1 Explicit evaluation of P A

Here we consider evaluating the necessary integrals for entanglement harvesting for
two detectors in parallel inertial motion in (1+3) dimensions. To derive the expression of
the quantity P A corresponding to detector A we consider the trajectory from Eq. (5.28)
and the A (εE) part of it becomes

A (εE)=
∫⇔

→⇔
dτA eiεEτAςeff(x)

=
∫⇔

→⇔
dτA eiεEτA

∫π

0

∫⇔

0

2πsinθϕ2
kdϕkdθ

(2π)3
f (ϕk)
2ϕk

e→iϕkγAτA+iϕkγAvτA cosθ

=→ i
2(2π)2γAvA

∫⇔

0
dϕk f (ϕk)

∫⇔

→⇔

dτA

τA
[eiτA(εE→ϕk/DA) → eiτA(εE→ϕkDA)] , (5.A.6)

where D j =
√

(1+vj)/(1→vj) and θ-integration is done to obtain the final result. Now it
is known that [251]

P
∫⇔

→⇔
dτ

eiτϑ

τ
= iπsgn(ϑ) , (5.A.7)

Here P stands for principal value. The value of sgn(ϑ) is ±1 depending on positive or
negative sign of the ϑ, or zero for ϑ= 0. Thus the expression of (5.A.6) is non-zero only
when, 1/DA ̸ϕk/εE ̸ DA, i.e., when (εE→ϕk/DA)> 0 with (εE→ϕkDA)< 0. Therefore
(5.A.6) becomes

A (εE)= 1
4πγAvA

∫DAεE

εE/DA

dϕk f (ϕk) . (5.A.8)

Similarly one can check that

B(εE)=
∫⇔

→⇔
dτA eiεEτAςωeff(x)

=→ i
2(2π)2γAvA

∫
dϕk f (ϕk)[iπ→ iπ]

= 0 . (5.A.9)
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5.C.2 Explicit evaluation of PB

The quantity A (εE) for detector B from Eq. (5.16a) can be evaluated as

A (εE)=
∫⇔

→⇔
dτBeiεEτBςeff(xB)

=
∫⇔

→⇔
dτBeiεEτB

∫2π

0

∫π

0

∫⇔

0

dφsinθϕ2
kdϕkdθ

(2π)3
f (ϕk)
2ϕk

↓e→iϕkγBτB+iϕk sinθ(x0 cosφ+y0 sinφ)+iϕkvBγBτB cosθ

=
∫⇔

→⇔
dτBeiεEτB

∫π

0

∫⇔

0

sinθdθϕkdϕk
(2π)2

f (ϕk)
2

↓e→iϕkγBτB(1→vB cosθ)J0(ϕkr0 sinθ)

=
∫1

→1
du

∫⇔

0

ϕkdϕk
(2π)

f (ϕk)
2

ς(εE→ϕkγB(1→vBu))J0

(
ϕkr0

√
1→u2

)

=
∫1

→1

du
4π

εE f
(

εE
γB(1→vBu)

)

{γB(1→vBu)}2
J0

(
r0εE

∞
1→u2

γB(1→vBu)

)
, (5.A.10)

where after the third equality we have defined u = cosθ. We can evaluate the integration
over u in (5.A.10) numerically using the expressions of f (ϕk) given in (5.A.1) and (5.A.2),
with the appropriate forms of the normalization constant C separately in (1+1) and
(1+3) dimensions.

5.C.3 Explicit evaluation of E

5.C.3.1 Considering the expression of the Green’s function in position space

Here we consider the position space representation of the Green’s function appearing in
the expression of the integral

E
vac
R =→i

∫⇔

→⇔
dτB

∫⇔

→⇔
dτA eiεE(τA+τB)GR (xA, xB) . (5.A.11)

The retarded Green function GR (xA, xB) corresponding to a massless, minimally coupled
free scalar field in the Minkowski spacetime is

GR (xA, xB)=→ 1
2π

θ (tA → tB) ς
(
(tA → tB)2 → |xA → xB|2

)

=→ 1
2π

θ (tA → tB)ς(g(tA, tB)) . (5.A.12)

For two detectors moving in parallel inertial trajectories (see Eq. (5.28) and (5.29)) in
(1+3) dimensions the argument of the Dirac delta distribution becomes zero when

g(tA, tB)= A2(1→v2
A)+ t2

B(1→v2
B)→2tA tB(1→vAvB)→ r2

0

= 0 . (5.A.13)
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This equation has solutions for tB as

tB = γ2
B(tA(1→vAvB)±u(tA))⇓ t±, (5.A.14)

where
u(tA)=


t2

A(vA →vB)2 + r2
0(1→v2

B) . (5.A.15)

Now, with the general condition 0̸ vj ̸ 1, one can check that

t+ > tA ,

t→ < tA . (5.A.16)

Then using the property of Dirac delta functions, we have

ς(g(tA, tB))=


ς(tB → t+)
|g∝(tA, tB)|tB=t+

+ ς(tB → t→)
|g∝(tA, tB)|tB=t→



= 1
2u(tA)

[ς(tB → t+)+ς(tB → t→)] . (5.A.17)

Therefore one may express the integral of Eq. (5.A.11) as

E
vac
R = →i

2π

∫⇔

→⇔

dtA

γA

∫tA

→⇔

dtB

γB
eiεE

( tA
γA

+ tB
γB

)
ς(g(tA, tB))

= →i
4π

∫⇔

→⇔

dtA

γAγB u(tA)
eiεE

( tA
γA

+γB(tA(1→vAvB)→u(tA))
)

= →i
2π

∫⇔

0

dtA e→iεEγBu(tA )

γAγB u(tA) cos
(
εEtA

(
1
γA

+γB(1→vAvB)
))

. (5.A.18)

Now expanding the exponential in (5.A.18) in terms of sin and cos functions and by
comparing with (5.37), we can recognise

a = r0

γB|vA →vB|
; 6= γB|vA →vB|εE;

ε=εE
(

1
γA

+γB(1→vAvB)

; (5.A.19)

as we know 0̸ vj ̸ 1, this satisfies the criteria for (5.37), i.e.,

ε> 6 or,
(

1
γA

+γB(1→vAvB)

> γB|vA →vB|

or,
1

γA(1→vAvB)
+γB > γB|vrel |. (5.A.20)

Thus ε> 6> 0 is satisfies as the relative velocity (vrel) between the detectors is always
less than one. Therefore, from (5.A.18), we obtain

E
vac
R = →i

2πγAγB|vA →vB|
K0


 r0εE

γB

√( 1
γA

+γB(1→vAvB)
vA→vB

2
→γ2

B


 . (5.A.21)
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If vA = vB then from (5.A.14) and (5.A.15), we obtain u(tA) is tA independent and
t→ = tA → r0γB. Therefore, the tA-integration after the second last line of (5.A.18) gives a
delta function of form ς

(
εE

(
1/γA +1/γB

))
. This is always zero for vA = vB, as both γA

and εE are always positive. One can also simply take the limit (vA →vB)↙ 0 and observe
that this quantity readily vanishes from Eq. (5.A.21).

5.C.3.2 Considering the expression of the Green’s function in momentum
space

On the other hand, considering the expression of the Green’s function in momentum
space on can express the integral E

vac
R from Eq. (5.A.11) as

E
vac
R =→

∫⇔

→⇔
dτA

∫⇔

→⇔
dτB eiεE(τA+τB)θ(γAτA →γBτB)

↓
∫π

0
sinθdθ

∫⇔

0

ϕkdϕk
2(2π)2

[
e→iϕk(γAτA→γBτB)eiϕk


(γAτAvA→γBτBvB)2+r2

0 cosθ

→eiϕk(γAτA→γBτB)→iϕk


(γAτAvA→γBτBvB)2+r2
0 cosθ

]

=→
∫⇔

→⇔

∫⇔

→⇔

dp dq
2vAv∝BγAγB

eiεE(a1 p+a2q)θ(a3 p→ q)

↓
∫1

→1
du

∫⇔

0

ϕkdϕk
2(2π)2

[
e→iϕka4(a3 p→q)+iϕk


p2+r2

0 u → eiϕka4(a3 p→q)→iϕk


p2+r2
0 u

]
.

(5.A.22)

As we have already discussed in sec. 5.4.1, here we defined a change of variables,
p = vAγAτA →vBγBτB and q = vAγAτA +vBγBτB. The Jacobian of the transform is given
by |J| = 1/(2vAvBγAγB). Under this transform the quantities (γAτA→γBτB) and (τA+τB),
can be expressed as

γAτA →γBτB = p+ q
2vA

→ q→ p
2vB

= p(vB+vA)+q(vB→vA)
2vAvB

= vA →vB

2vAvB

(
p

vA +vB

vA →vB
→ q


= a4(a3 p→ q);

τA +τB = p
(

1
2vAγA

→ 1
2vBγB

)
+ q

(
1

2vAγA
+ 1

2vBγB

)

= a1 p+a2q; (5.A.23)

In Eq. (5.A.22) the step function provides the upper limit of q-integration, which is a3 p.
After evaluating the q-integral, we obtain

E
vac
R =→

∫⇔

→⇔

dp eiεEa1 p

2vv∝γ∝γ

∫1

→1
du

∫⇔

0

ϕkdϕk
8π2

↓
[ eiεEa2a3 p

i(εEa2 +a4ϕk)
eiϕk


p2+r2

0 u → eiεEa2a3 p

i(εEa2 →a4ϕk)
e→iϕk


p2+r2

0 u
]

. (5.A.24)
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Then we perform the u-integral and after some re-arrangement we obtain

E
vac
R =

∫⇔

→⇔

dp eiεEp(a1+a2a3)

16π2vv∝γ∝γ


p2 + r2
0

∫⇔

→⇔

dϕk eiϕk


p2+r2
0

a4ϕk+a2εE
+

∫⇔

→⇔

dϕk eiϕk


p2+r2
0

a4ϕk→a2εE


. (5.A.25)

To evaluate the ϕk-integration we change the integration variable to a4ϕk ± a2εE for
first and second integration, respectively. The integration limit remain unchanged as
the quantities a4, a2εE are finite. Then we will use an identity from complex variable
theory, that is [251]

P
∫⇔

→⇔
dx

eiϑx

x
= iπ sgn(ϑ) , (5.A.26)

then the expression from (5.A.25) will become

E
vac
R = i

∫⇔

→⇔
dp eiεEp(a1+a2a3)

8πvAvBγAγBa4


p2+r2

0

cos


a2εE


p2+r2

0
a4



= i
∫⇔

0

dp cos
( a2εE

a4


p2+r2

0

)

2π(vA→vB)γAγB


p2+r2

0

cos(εEp(a1 +a2a3))

=
i K0

(
r0εE

∞
(a1+a2a3)2→(a2/a4)2

)

2π(vA→vB)γAγB
, (5.A.27)

where we have used the integral representation from Eq. (5.37).
In a manner similar to the previous case one can also express the integral E

vac
W as

E
vac
W =→

∫⇔

→⇔
dτA

∫⇔

→⇔
dτBeiεE(τA+τB)GW (xA, xB)

=→
∫⇔

→⇔
dτA

∫⇔

→⇔
dτBeiεE(τA+τB)

∫π

0
sinθdθ

↓
∫⇔

0

ϕkdϕk
2(2π)2 e→iϕk(γAτA→γBτB)eiϕk


(γAτAvA→γBτBvB)2+r2

0 cosθ . (5.A.28)

Using the previously mentioned coordinate transformation, related to Eq. (5.A.23), the
quantity from Eq. (5.A.28) can be evaluated as

E
vac
W

=→
∫⇔

→⇔

∫⇔

→⇔

dp dq eiεE(a1 p+a2q)

2vAvBγAγB

∫π

0
sinθdθ

∫⇔

0

ϕkdϕk
2(2π)2 e→iϕka4(a3 p→q)+iϕk


p2+r2

0 cosθ

=→
∫1

→1
du

∫⇔

0

ϕkdϕk
8π2

∫⇔

→⇔

dp eiεEa1 p

2vAvBγAγB
e→iϕka3a4 p+iϕk


p2+r2

0 u
∫⇔

→⇔
dq ei(a2εE+a4ϕk)q

=→
∫1

→1
du

∫⇔

0

ϕkdϕk
4π

∫⇔

→⇔

dp
2vAvBγAγB

eiϕk


p2+r2
0 u eip(a1εE→a3a4ϕk) ς(a2εE+a4ϕk)

= 0 . (5.A.29)
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5.D. EVALUATIONS OF THE INTEGRALS IN (1+3) DIMENSIONS FOR DETECTORS
IN PERPENDICULAR MOTION

5.D Evaluations of the integrals in (1+3) dimensions
for detectors in perpendicular motion

5.D.1 Explicit evaluation of P A

We will evaluate P
nv
A for trajectory (5.40). In particular, the A (εE) part of this quantity

becomes

A (εE)=
∫⇔

→⇔
dτA eiεEτAφe f f (xA)

=
∫⇔

→⇔
dτA eiεEτA

∫⇔

0

ϕkdϕk
2(2π)3

∫π

0
sinθdθ

∫2π

0
dφe→iϕktA+iϕkvA tA sinθ cosφ f (ϕk)

=
∫⇔

→⇔
dτA eiεEτA

∫⇔

0

ϕkdϕk
2(2π)2

∫1

→1
du e→iϕktA f (ϕk)J0

(
|ϕkvAtA

√
1→u2 |

)

=
∫⇔

→⇔

dtA

γ
eiεEtA /γA

∫⇔

0

ϕkdϕk
2(2π)2 e→iϕk tA f (ϕk)

2sinϕkvAtA

ϕkvAtA

=
∫⇔

0

dϕk f (ϕk)
i2(2π)2vAγA

∫⇔

→⇔

dtA

tA


ei(εE→ ϕk

DA
)tA /γA → ei(εE→ϕkDA)tA /γA



=
∫⇔

0

dϕk
i2(2π)2vAγA

f (ϕk) iπ [sgn(DAεE→ϕk)→sgn(εE/DA →ϕk)]

= 1
4πvAγA

∫εEDA

εE/DA

dϕk f (ϕk) . (5.A.30)

As all other quantities in P A are zero, one can express P A = |A (εE)|2. This expression
is same as the one from Eq. (5.A.8) for two detectors in parallel inertial motion in (1+3)
dimensions, as expected.

5.D.2 Explicit evaluation of E

Now let us evaluate E
vac
W for two detectors in perpendicular inertial motions. For tA > tB,

we have positive frequency Wightman function

GW (xA, xB)=→ 1
4π2

1
(tA → tB → iε)2 → |xA → xB|2

=→ 1
4π2

1
g(tA, tB)→ iε

. (5.A.31)

No contribution for tB > tA, will be taken. Now, solving for g(tA, tB)→ iε= 0 gives, tB =
γ2

B(tA ± u(tA)(1+ iε)) = t±(1± iε). We already know that tB = t+ > tA and tB = t→ < tA.
When tA > tB satisfied, we have pole in the lower half of the complex tB-plane. Thus

E
vac
W =→

∫⇔

→⇔

∫⇔

→⇔
dτAdτBeiεE(τA+τB)GW (xA, xB)

= 0 . (5.A.32)
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Part III

Entanglement Leakage
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6
SPONTANEOUS LEAKAGE OF ENTANGLEMENT

6.1 Introduction and Motivation

Study of quantum entanglement in the relativistic framework can provide a
broader perspective towards the reality. Interestingly the existence of entan-
glement in vacuum state of a quantum field is capable of harvest entanglement

between a pair of two-level atomic detectors. This process of swapping field entanglement
to two initially-uncorrelated detectors is extensively discussed in chapters 3, 4 and 5,
where we observed that this process is sensitive to the type of motion of UDW detectors
[96, 107, 108, 113, 152] as well as the nature of the background fields [133, 149, 159],
etc. Moreover, the quantum entanglement phenomenon appears to be frame dependent –
the measure of entanglement changes as one describes with respect to other reference
frames [92–94, 96, 97, 110, 253].

In this chapter we intend to address a fundamentally important question – whether
entanglement between systems remain intact when they are not isolated from the envi-
ronment? In our environment the background fields always contain vacuum fluctuation
energy and as the entanglement in vacuum state of the background fields swaps to a
pair of UDW detectors (see e.g. [100, 107, 108, 113, 126, 133, 134, 138, 139, 141, 142,
147, 149, 150, 152, 159])), it is natural to investigate whether the swapping of vacuum
entanglement has any influence on entangled systems. To get the answer to this we con-
sider a relativistic model where two initially entangled UDW detectors are individually
interacting with the background fields. For simplicity the fields are chosen to be real
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CHAPTER 6. SPONTANEOUS LEAKAGE OF ENTANGLEMENT

scalar ones and the interaction is monopole type. In order to avoid the effect of motion
we consider both the detectors to be static eternally with respect to the lab frame in
Minkowski spacetime. Also, to avoid transient switching effects and to simplify the calcu-
lations, we choose eternal interaction between the field and detectors. The investigation,
like earlier various analysis, is done till second order in perturbation series.

We observe that even if the detectors are eternally static with respect to the lab frame,
they lose entanglement communication while interacting with the environment (here
the background scalar field). This feature is a bit unexpected as previous results are in
favour of entanglement harvesting due to entanglement swapping (like mentioned in
[100, 107, 108, 113, 126, 133, 134, 138, 139, 141, 142, 147, 149, 150, 152, 159]). Therefore,
if two entangled qubit are left open in the environment, they will lose entanglement. We
find that such leakage of entanglement within this simple model is caused by collective
effects of spontaneous emission of the individual detector and vacuum fluctuation of
quantum field. Moreover, we argue that the leakage is unavoidable even for other type
of switching function related to interaction. In the latter situation other effects (like
excitation of detectors, etc.) may also contribute. Interestingly, if any one of the detectors
is kept shielded from the environment (while the other one is open to environment
quantum field) then also the composite system suffers from entanglement degradation.
But in the latter situation the same will be less than the situation where both the
detectors are switched on.

This chapter is organized as follows. In Sec. 6.2 we discuss the model consisting of
two static UDW detectors interacting with a minimally coupled, massive scalar field
through monopole coupling. This section contains the discussion on the general density
matrix elements for two initially entangled detectors. In Sec. 6.3 we shall consider two
entanglement measures negativity and concurrence to study the fate of entanglement
at later times. We have discussed how spontaneous emission and vacuum fluctuations
lead to entanglement leakage of the system. Subsequently, we conclude by discussing
our findings and implications in Sec. 6.4.

6.2 Density matrix elements

Consider a pair of UDW detectors, A and B, with energy gap εE j ( j = A, B). The detectors
are at rest in (3+1)-dimensional Minkowski spacetime and hence their trajectories are
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6.2. DENSITY MATRIX ELEMENTS

denoted as

tA = τA, xA = 0 ;

tB = τB, xB =d , (6.1)

where d is a constant vector (measures the distance between the detectors) and τ j is
proper time of jth detector. The detectors are initially entangled and the initial quantum
state is taken to be (see Eq. (2.44))

|D↗=ϑ|gA gB↗+γ|eA eB↗ , (6.2)

with ϑ and γ are chosen to be real and satisfy ϑ2 +γ2 = 1. Here |g j↗ and |e j↗ are the
ground and exited states of jth detector, respectively. Therefore the density matrix is (see
Eq. (2.64))

ϱ̂AB =




a1 0 0 a2

0 b1 b2 0
0 h1 h2 0
d1 0 0 d2



+O(c4) ; (6.3)

The general density matrix elements are given in Eq. (2.65) and the integral quantities
are given in Eq. (2.46), (2.47), (2.48), (2.49), (2.58) and (2.59).

Considering the detectors are identical (i.e., εEA = εEB = εE) and the coupling
strength is equal of both detectors (i.e., cA = cB = c), we have P A(→εE)=PB(→εE)=P→

and MA(εE)= MB(εE)= M. Therefore, we obtain the density matrix elements as (with
χ j = 1)

a1 = γ2(1→2c2
P→) ;

b1 = γ2c2
P→ = h2 ;

a2 =ϑγ(1→2c2Mω)= dω1 ;

b2 = γ2c2
P
ω
AB(→εE)= hω1 ;

d2 =ϑ2 ,

(6.4)

where

P j(→εE j)=
∫∫

dτ jdτ∝j e
→iεE j(τ j→τ∝j)GW (x∝j, xj) ;

P AB(εE)=
∫∫

dτAτBei(εEAτA→εEBτB)GW (xB, xA) ;

Mj(εE)=
∫∫

dτ jdτ∝j e
iεE j(τ j→τ∝j)θ(τ j →τ∝j)

(
GW (x∝j, xj)+GW (xj, x∝j)

)
. (6.5)
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Here, GW (x∝j, xj) is the positive frequency Wightman function. These quantities are
evaluated in Appendix 6.A, and the final expressions are obtained as

P j(→εE j)= ς(0)
2

√
εE2 →m2 ⇓P→ ;

Re{Mj(εE)}= ς(0)
4

√
εE2 →m2 ⇓Re{M} ;

P AB(→εE)= ς(0)
d

sin
(
d
√
εE2 →m2

)
, (6.6)

where ‘Re’ denotes the real part only. These expressions are obtained under the as-
sumption that εE △ m. If 0 < εE < m, the de-excitation probability (P j) will become
imaginary, hence the whole analysis will not be valid anymore.

Since P j(εE j) signifies the excitation probability of jth detector from the ground
state to the excited state (|g j↗↙ |e j↗) [24]. Here, the quantity P j(→εE j) corresponds to
the de-excitation of it. Since the detectors are static, therefore P j(→εE j) does not have
any contribution due to the relative motion of the detectors. Therefore it is completely
denoting the spontaneous emission probability [254]. On the other hand, GW (x∝j, xj)+
GW (xj, x∝j) in the second term can be realised as ≃0M | {φ̂(x∝j), φ̂(xj)} |0M↗. Therefore Mj is
determined from the anti-commutator of the scalar field and as the expectation value
of anti-commutator depends on the field state under consideration (contrary to the
commutator of field, whose expectation value is independent of state), Mj arises purely
due to the vacuum fluctuation of field.

6.3 Entanglement leakage

There are two well established quantities, negativity and concurrence, which fruitfully
measure the entanglement between two qubits. The relevant expressions of these quan-
tities for our density matrix in Eq. (6.3) are already discussed in chapter 2. Here we will
use the final expressions obtained in chapter 2.

6.3.1 Negativity

Negativity is defined as absolute value of the sum of negative eigenvalues of the partially
transposed density matrix, derived from the PPT criterion [72]. The analysis in chapter 2
shows that the only negative eigenvalue for ϱ̂TA

AB = (T̂A ⇒ 1̂B)ϱ̂AB can be λ4 with negative
sign, which is given by (2.80)

λ4 =
1
2


b1 +h2 →


(b1 +h2)2 +4(a2d1 →b1h2)


. (6.7)
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Hence Negativity is given by (2.88) can be expressed as (see Appendix 6.B)

N = max
{
0, |ϑγ|→ c2 (

γ2
P→+2|ϑγ|Re{M}

)}
. (6.8)

Note that since P→ and Re{M} are non-vanishing, even though the detectors are static,
hence negativity will decrease. Therefore if an entangled pair of two-level detectors
are kept at rest in the environment, there will be entanglement leakage and that
phenomenon is driven by two effects – spontaneous emission of individual detector and
the vacuum fluctuation of the background field.

6.3.2 Concurrence

Another independent measure of entanglement is concurrence [75]. The importance of
this quantity is due to its connection with the entanglement of formation. The concur-
rence is (using Eq. (2.96))

C (ϱ̂)=max{0, (λ1 →λ2 →λ3 →λ4)} . (6.9)

where the λ’s are the square-root of eigenvalues of the matrix ϱ̂AB(ω̂y ⇒ ω̂y)ϱ̂ωAB(ω̂y ⇒ ω̂y)
and λ1 is the largest of them. For our density matrix (2.64), λ’s are calculated in Appendix
6.C. The final expression of concurrence is obtained as

C (ϱ)= max

0, 2|ϑγ|→ c2

(
(|ϑγ|+2γ2)P→+2|ϑγ|Re{M}

)
. (6.10)

It decreases from the initial value. So again it is confirmed that there will be leakage
of entanglement between the two UD detectors when they are not isolated from the
environment and such is due to two phenomenon – spontaneous emission of individual
detector and vacuum fluctuation of quantum field.

Note that for this model both P→ and M contain Dirac-delta function ς(0) and
therefore are divergent. This is due to consideration of interaction for infinite time and
such issue always arises naturally for the choice of switching function as unity. The same
has also appeared in the original calculation for transition probability of an accelerated
detector. In this situation, making an analogy with the Fermi’s golden rule, the transition
probability per unit time (known as detector’s response function) is considered to be
the relevant physical quantity (see for example section 3.3 of [24]). In the same sprit to
tackle the present situation we define the change in negativity or concurrence per unit
time as follows. Using the fact (6.8) and (6.10) one defines the change in negativity and
concurrence per unit time as

ςṄ = (finite quantity)↓ lim
T↙⇔

1
2πT

∫T/2

→T/2
du , (6.11)
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and

ςĊ = (finite quantity)↓ lim
T↙⇔

1
2πT

∫T/2

→T/2
du , (6.12)

respectively, where the “finite quantity” in ςṄ is determined from c2(γ2
P→+2|ϑγ|Re{M})

by removing the common factor ς(0) in it and so on. In this case to make the perturbative
calculation viable we satisfy the condition – initial negativity and concurrence per unit
interaction time is greater than their rate of change. Then non-vanishing positive value
of ςṄ or ςĊ can be regarded as the signature of degradation of initial entanglement (the
same has been proposed earlier in [110] as well). Introduction of this idea of measuring
the entanglement for the present model then shows the unavoidable leakage of initial
entanglement which here depends on the energy gap εE of the detectors and mass of
the scalar field m under the condition εE > mc2 (c is taken to be 1) . Moreover, the
entanglement leakage will decrease with increasing mass (m) of the scalar field till
m ↑εE. Also note that such is independent of the intra-distance (|d| = d) between the
detectors and hence situation remains same even if they sit together. Moreover no change
will occur when εE = m. Interestingly, for massless field one finds degradation for all
values of εE. The latter discussion seems to indicate that when two entangled detectors
are illuminated by photon, that will lead to decrease of quantum communication between
them. Additionally it may also be noted that if only one detector (say, A) is switched on
while other one (say, B) is shielded from environment, then also entanglement degra-
dation will happen. But in this case PB(→εE) and MB will not contribute and hence
degradation will be half of the earlier one.

6.4 Discussion and implications

Within this simple model we observed that two static entangled UD detectors looses
communication when they are open to environment. This has been confirmed through
negativity as well as concurrence of the two detectors system. Such phenomenon is driven
by the spontaneous emissions of the individual detectors and the vacuum fluctuation of
the background quantum fields. In this regard it may be mentioned that in literature it is
already pointed out that in open quantum systems, the environment causes decoherence
for the quantum systems (e.g. see [255, 256]). Therefore, it is natural to expect that
this may cause entanglement leakage (e.g. see [257]), which is observed here as well.
On the other hand in the detector context, it is well known that coupling with the
background scalar field favours the generation of entanglement between two initially
non-entangled detectors due to entanglement swapping from the field vacuum (see
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e.g. [100, 107, 108, 113, 126, 133, 134, 138, 139, 141, 142, 147, 149, 150, 152, 159]).
Interestingly here we observe the negative effect of vacuum fluctuation which was
observed to be providing entanglement harvesting between two un-entangled UD detector.
This degradation can be decreased by shielding one of the detectors from the environment.
Although the calculation has been done for eternal interaction between the detector
and fields, but other types of switching function should not change the nature of the
result. In the latter situation other terms in (6.A.1) will contribute, but in any case
one can always find a negative eigenvalue and so negativity will decrease. For example,
Gaussian type switching function yields non-vanishing value for P j(εE) and in that
case the leakage will be driven by transition of detectors from ground state to excited
state as well. Hence the phenomenon of entanglement leakage is quite unavoidable and
therefore two entangled systems will suffer a spontaneous drainage of communication
due to their surroundings.

Finally, we mention that the present model can have significant impact to understand
more about black hole spacetimes. A Minkowski observer is equivalent to a freely-falling
observer in black hole spacetime. Therefore the present result indicates that two initially
entangled qubits’ communication gets fade during their free-fall towards the horizon.
Since the quantum nature of a black hole (particularly the black hole information paradox
problem) is now being investigated in the light of quantum information, we feel that
the present observation can be important in this field of study. This is not more than a
suggestive one.
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Appendices

6.A Elements of the time evolved density matrix Eq.
(6.3)

The explicit forms of the elements of the later time density matrix (6.3) (also (2.64)), upto
second order perturbation expansion, are already calculated in chapter 2. The elements
are given in Eq. (2.65) as

a1 = γ2 →γ2(c2
AP A(→εE)+ c2

BPB(→εE))+ϑγcA cB(Eω(εE)+E (εE)) ,

a2 =ϑγ→ϑγ(c2
AMω

A + c2
BMω

B)+γ2cA cBE
ω(→εE)+ϑ2cA cBE (εE) ,

d1 =ϑγ→ϑγ(c2
AMA + c2

BMB)+ϑ2cA cBE
ω(εE)+γ2cA cBE (→εE) ,

d2 =ϑ2 →ϑ2(c2
AP A(εE)+ c2

BPB(εE))+ϑγcA cB(Eω(→εE)+E (→εE)) ,

b1 =ϑ2c2
AP A(εE)+γ2c2

BPB(→εE)+ϑγcA cB(P̄ AB(εE)+ P̄
ω
AB(εE)) ,

b2 =ϑγ(c2
AP̄ AA(εE)+ c2

BP̄BB(→εE))+ cA cB(ϑ2
P AB(εE)+γ2

P
ω
AB(→εE)) ,

h1 =ϑγ(c2
AP̄ AA(→εE)+ c2

BP̄BB(εE))+ cA cB(ϑ2
P
ω
AB(εE)+γ2

P AB(→εE)) ,

h2 = γ2c2
AP A(→εE)+ϑ2c2

BPB(εE)+ϑγcA cB(P̄ AB(→εE)+ P̄
ω
AB(→εE)) .

(6.A.1)

The positive frequency Wightman function in Minkowski spacetime this is given by

GW (x, x∝)= 1
16π3

∫ d3k
ϕk

e→iϕk(t→t∝)+ik·x . (6.A.2)

Whereas iGF (x, x∝) is the Feynman propagator and it is related to GW (x, x∝) by the relation
iGF (xA, x∝B)= θ(t→ t∝)GW (x, x∝)+θ(t∝ → t)GW (x∝, x). For our choice of trajectories (see (6.1)),
GW (x, x∝) is time translational invariant with respect to detector’s proper time. Using
infinite switching χ j(τ j)= 1, we can evaluate the expressions of the integral quantities
as follows:

P j(εE j)=
∫∫

dτ jdτ∝j e
iεE j(τ j→τ∝j)GW (x∝j, xj)

= 1
16π3

∫ d3k
ϕk

∫∫ du dv
2

eiεE jueiϕku

= 1
16π3

∫ d3k
ϕk

∫ dv
2

2πς(εE j +ϕk)= 0 (6.A.3)
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Here we used the coordinate transform u = τ j →τ∝j and v = τ j +τ∝j, with |J| = 1/2. The
same is also used for the following integral.

P j(→εE j)=
∫∫

dτ jdτ∝j e
→iεE j(τ j→τ∝j)GW (x∝j, xj)

= 1
16π3

∫ d3k
ϕk

∫∫ du dv
2

e→iεE jueiϕku

= 1
16π3

∫ d3k
ϕk

∫ dv
2

2πς(εE j →ϕk)

= ς(0)
8π

∫⇔

0

4πk2dk
∞

k2 +m2
ς(εE j →

√
k2 +m2 )

= ς(0)
2

∫⇔

0

k2dk
∞

k2 +m2

ς

(
k→

(
εE j

)2 →m2



(εE j)2→m2

εE

= ς(0)
2

((
εE j

)2 →m2
2

εE
1


(εE j)2→m2

εE

= ς(0)
2

(
εE j

)2 →m2 ; (6.A.4)

P̄ j j(±εE j)=
∫∫

dτ jdτ∝j e
±iεE j(τ j+τ∝j)GW (x∝j, xj)

= 1
16π3

∫ d3k
ϕk

∫∫ du dv
2

e±iεE jveiϕku

= 1
16π3

∫ d3k
ϕk

1
2

(2π)2ς(εE j)ς(ϕk)= 0; (6.A.5)

P AB(εE)=
∫∫

dτAτBei(εEAτA→εEBτB)GW (xB, xA)

= 1
16π3

∫ d3k
ϕk

∫∫
dτAτBei(εEAτA→εEBτB)eik·d→iϕk(τB→τA)

= 1
16π3

∫ d3k
ϕk

eik·d (2π)2ς(εEA +ϕk)ς(εEB +ϕk)= 0 ; (6.A.6)
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P AB(→εE)=
∫∫

dτAτBe→i(εEAτA→εEBτB)GW (xB, xA)

= 1
16π3

∫ d3k
ϕk

∫∫
dτAτBe→i(εEAτA→εEBτB)eik·d→iϕk(τB→τA)

= 1
16π3

∫ d3k
ϕk

∫∫ du dv
2

e
→i

(
(εEA→εEB)v

2 + (εEA+εEB)u
2



eik·d+iuϕk

= 1
16π3

1
2

∫ d3k
ϕk

eik·d (2π)2ς

(
εEA →εEB

2


ς

(
εE→ϕk

)

= 1
4
ς

(
εEA →εEB

2

∫π

0

∫⇔

0

sinθdθ k2dk
ϕk

eikd cosθ
ς

(
k→


εE

2 →m2


(
εE

2 →m2

/εE

= 1
2
ς

(
εEA →εEB

2

∫⇔

0
kdk

sin(kd)
ϕkd

ς(k→

εE

2 →m2 )
(
εE

2 →m2

/εE

=
sin

(
d

εE

2 →m2


2d
ς

(
εEA →εEB

2


. (6.A.7)

where εE = εEA+εEB

2 .

P̄ AB(εE)=
∫∫

dτAτBei(εEAτA+εEBτB)GW (xB, xA)

= 1
16π3

∫ d3k
ϕk

∫∫
dτAτBei(εEAτA+εEBτB)eik·d→iϕk(τB→τA)

= 1
16π3

∫ d3k
ϕk

eik·d (2π)2ς(εEA +ϕk)ς(εEB →ϕk)= 0 ; (6.A.8)
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Mj(εE)=
∫∫

dτ jdτ∝j e
iεE j(τ j→τ∝j)θ(τ j →τ∝j)

(
GW (x∝j, xj)+GW (xj, x∝j)

)

= 1
16π3

∫ d3k
ϕk

∫∫ du dv
2

eiεE juθ(u)
(
eiϕku + e→iϕku

)

= 1
16π3

∫ 4πk2dk
ϕk

1
2

∫⇔

→⇔
dv

∫⇔

0
du

(
ei(εE j+ϕk+iε)u + ei(εE j→ϕk+iε)u

)

= ς(0)
4π

∫ k2 dk
ϕk

(
PV

(
i

εE j +ϕk


+πς(εE j +ϕk)+PV

(
i

εE j →ϕk


+πς(εE j →ϕk)



= ς(0)
4

∫ k2dk
ϕk

ς(εE j →ϕk)+ i
ς(0)
4π

∫⇔

0

k2 dk
ϕk

PV


2εE j

(
εE j

)2 →ϕ2
k



= ς(0)
4

(
εE j

)2 →m2 + i
ς(0)
4π

∫⇔

0

k2 dk
ϕk

PV


2εE j

(
εE j

)2 →ϕ2
k


; (6.A.9)

where PV
(1

x
)

represents the principal value of 1
x . Here we used the coordinate

transform u = τ j →τ∝j and v = τ j +τ∝j, with |J| = 1/2. We only need real part of Mj to
calculate negativity and concurrence.

E (εE)=→
∫∫

dτAdτBei(εEBτB+εEAτA){iGF (xA, xB)}

=
∫∫

dτAdτBei(εEBτB+εEAτA)


1
16π2

∫ d3k
ϕk

↓ [θ(τB →τA)eik·d→iϕk(τB→τA) +θ(τA →τB)e→ik·d→iϕk(τA→τB)]


= 1
2

∫∫
dv du ei

(
εEB+εEA

2 v+εEA→εEB
2 u

) 
1

16π2

∫ d3k
ϕk

↓ [θ(→u)eik·d+iϕku +θ(u)e→ik·d→iϕku]


= 2πς
(
εEB +εEA

2


1
2

∫
du eiu

(
→εEB+εEA

2

) 
1

16π2

∫ d3k
ϕk

↓ [θ(→u)eik·d+iϕku +θ(u)e→ik·d→iϕku]


= 0; (6.A.10)

as εEB > 0 and εEA > 0. Here we used the coordinate transform u = τA → τB and
v = τA +τB, with |J| = 1/2.
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6.B Negativity

The only eigenvalue of ϱ̂TA
AB = (T̂A ⇒ 1̂B)ϱ̂AB, that can be negative, is given by (see Eq.

(2.80))
λ4 =

1
2


(b1 +h2)→


(b1 →h2)2 +4a2d1


. (6.A.11)

We know |a2|2 = |d1|2 = a2d1 and |b2|2 = |h1|2 = b2h1. Thus the eigenvalue becomes

λ4 =
1
2


2γ2c2

P→→2|ϑγ|
√

(1→2c2Mω)(1→2c2M)


= γ2c2
P→→ |ϑγ|


1→2c2Mω→2c2M+O

(
c4

)

; γ2c2
P→→ |ϑγ|


1→ 1

2
(
2c2Mω+2c2M+O

(
c4))



; c2 (
γ2

P→+|ϑγ|Re{M}
)
→ |ϑγ| .

(6.A.12)

6.C Concurrence

The square-root of the eigenvalues of ϱ̂AB(ω̂y⇒ω̂y)ϱ̂ωAB(ω̂y⇒ω̂y) are given as (see Eq. 2.96)

λ1,2 =
(
|a2|2 +a1d2 ±2|a2|

√
a1d2

)1/2
;

λ3,4 =
(
|b2|2 +b1h2 ±2|b2|

√
2b1h2

)1/2
.

(6.A.13)

λ2
1,2 =

(
|a2|2 +a1d2 ±2|a2|

√
a1d2

)
;

=
(
|ϑγ(1→2c2M)|2 +ϑ2γ2(1→2c2

P→)±2ϑ2γ2|(1→2c2M)|


(1→2c2P→)


;ϑ2γ2 (
|(1→2c2M)|2 + (1→2c2

P→)±2|(1→2c2M)|(1→ c2
P→)

)
(6.A.14)

λ1,2 = |ϑγ|

|(1→2c2M)|2 + (1→2c2P→)±2|(1→2c2M)|(1→ c2P→)

= |ϑγ|


(2→4c2Re{M}→2c2P→+O (c4))±2(1→2c2Re{M}→ c2P→+ Õ (c4))

; 2|ϑγ|
(
1→ c2Re{M}→ 1

2
c2

P→


, 0 .

(6.A.15)

and
λ2

3,4 =
(
|b2|2 +b1h2 ±2|b2|

√
2b1h2

)

=γ4c4 ((
|P AB(→εE)|2 +P

2
→
)
±2P→|P AB(→εE)|

)

=γ4c4 (P→±|P AB(→εE)|)2

(6.A.16)
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Since we always have |P AB(→εE)| ̸ P→ as sin x
x ̸ 1 (see Eq. (6.A.4) and (6.A.7)). The

eigenvalues λ3,4 are obtained as

λ3,4 = γ2c2 (P→±|P AB(→εE)|) . (6.A.17)
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7
CONCLUSIONS AND OUTLOOK

7.1 Conclusions

In recent years, there has been growing interest in understanding the entangling
nature of background field states in connection with entanglement extraction from
the background field into a composite system of two atomic detectors. These studies

reveal several characteristics of entanglement harvesting or extraction from the vacuum
of the field, depending on atoms’ motions, nature of background fields and spacetime,
boundary conditions, etc. However, the results obtained for a particular situation (say,
accelerating motion) vary among the studies upon consideration of models for the detector
(two-level atom, harmonic oscillator, etc), consideration of the switching functions, etc.
At later times, the atomic detectors are found to be entangled in some cases but not
entangled in others, depending on the models under consideration. Therefore, one can not
clearly understand the elementary physical processes behind the various entanglement
harvesting or leakage phenomena. In this thesis, we aimed to understand the elementary
physical processes behind this. In this regard, we consider a simplistic Unruh DeWitt
atomic detector with two energy levels. This detector is coupled to the background
field such that any transition in the field’s state will be reflected as a transition in the
detector atom’s state (in other words, detectors will beep). Since the spatial profile of
the detector does not play in atom-field interactions, we choose the detector atom to
be point-like. From the path integral formalism, we know that the classical trajectory
of a particle mostly dominates over other possible trajectories. Here, we consider the
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detectors following classical paths. In many entanglement harvesting-related works,
people have considered finite time switching functions (χ) for the interactions since,
in reality, no interaction can continue for infinite periods. However, considering these
finite time switching functions introduces transient effects. Consequently, the detector
can beep even if there is no transition in the field’s state, e.g., the inertially moving
detector will beep for a finite time switching function even though there is no particle
production in the background field. Also, two parallel accelerated detectors can extract
entanglement for finite time switching functions, which vanishes for a much larger period
of interaction. To avoid this kind of transient effects, one can start with an adiabatic
interaction switching function χ j(τ j)= e→s|τ j | to build up a model (e.g., see [24, 89]). This
helps to suppress spurious transient effects. The interaction is switched on for duration
τ j ↑ s→1 with the restriction s <<εE. Moreover, the interaction is switched on and off
in an infinitely slow process to satisfy the adiabatic condition. Then if the interaction
starts at tin = τin

j =→τ0 and ended at t = τ
f
j = τ0, one must take the limits τ0 ↙⇔ and

s ↙ 0. In that case, the limits of integrations are from →⇔ to ⇔, and χ j can be chosen
to unity. Using this spirit, we have chosen χ j = 1 in our analysis so that the interaction
starts at the asymptotic infinite-past (same has also been done in [24]). Therefore, in this
thesis, we have tried to understand the underlying physical processes in entanglement
harvesting or leakage phenomena and to find out the roles played by the vacuum of the
field in different systems under consideration. The chapter-wise findings of the thesis
are the following:

Starting with the second chapter, where we have briefly reviewed the quantum field
theory in Minkowski and curved spacetimes. Due to the non-uniqueness of the vacuum
in curved spacetime, two observers quantising in different frames will not generally
agree on the particle content of the field. This is the reason behind the Unruh effect
and the Hawking radiation. One observer can see particles in the vacuum of another
observer. The idea of atomic Unruh DeWitt detectors was introduced to realise these
particles operationally. The main focus of this chapter is to discuss the formalism of
entanglement harvesting or leakage. We considered two atomic detectors that are initially
uncorrelated or correlated and coupled to the background field. Due to this coupling,
the initial composite state of two detectors will evolve, and their reduced density state
after a sufficiently large time is discussed. Once we have the final density matrix, we
can study the conditions for the entanglement harvesting or leakage phenomena. We
finally discussed the quantitative measures of entanglement, such as the negativity and
concurrence for our systems under consideration.

178

TH_3744_206121013



7.1. CONCLUSIONS

In the second chapter, we learned about the formalism of entanglement harvesting.
In the third chapter, we apply this formalism to accelerated systems. Since it is almost
impossible to exclude the thermal effects completely from a realistic setup, we consider
a background thermal bath (by considering the thermal fields). This chapter studied
entanglement harvesting with two accelerated detectors interacting with a background
thermal massless scalar field. Now, let us summarize the results of this chapter.

• We have constructed Green’s functions corresponding to accelerated observers in
a thermal bath considering the Rindler modes with the vacuum for the Unruh
modes instead of the Minkowski vacuum. This consideration is due to the fact that
the Green’s function for accelerated observers in thermal bath with Minkowski
vacuum will not be time translational invariant. Then using the Green’s functions,
we calculated the density matrix elements.

• We found that entanglement extraction from the field to the detectors is not
possible for parallel accelerations of the detectors. Even though the thermal bath
can influence the individual detectors’ transition probabilities, the entangling term
remains vanishing for any temperature of the thermal bath.

• Entanglement harvesting is possible for the detectors in anti-parallel motion. For
equal magnitude of accelerations, entanglement harvesting is always possible
at a temperature of zero. However, as background temperature increases, the
magnitude of the harvested entanglement decreases, and also requires higher
accelerations to satisfy the condition for entanglement harvesting (2.83), which is
expected as thermal fluctuations are known to have a demoting effect on quantum
entanglement in low acceleration regime [211, 212]. However, after a specific (criti-
cal) acceleration, the magnitude of the harvested entanglement increases due to
the interplay between the background and Unruh thermal baths. However, the Un-
ruh thermal bath dominates for extremely large accelerations, and entanglement
harvesting is suppressed due to Unruh thermality. This is true for both (1+1) and
(1+3)-dimensions as contributions of the retarded Green’s function in entangling
term vanishes.

• For different magnitudes of accelerations of the detectors, we observe the monotonic
nature of entanglement in the (1+1)-dimension. However, in (1+3)-dimension,
there are multiple critical accelerations (ϑc), and around a ϑc-point nature of entan-
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glement under the influence of bath temperature is the opposite. Also, in this case,
entanglement harvesting is possible for various discrete ranges of accelerations.

• We have also studied the quantity known as mutual information, which increases
with background temperature for parallel motion of the detectors and vanishes for
anti-parallel motion.

We learned in the third chapter that two uniformly accelerated detectors can harvest
entanglement from the vacuum only when they are in anti-parallel motion. In that
case, the detectors are in two causally disconnected regions. We have seen that for
equal accelerations of the detectors, thermal effects depreciate entanglement extraction
in lower accelerations, which is more achievable in actual experimental setups. It is
always desirable to achieve higher degrees of entanglement at lower accelerations. In
this chapter, we aim to understand if one can harvest more entanglement in the presence
of multiple (single and double) reflecting boundaries than in free space. The findings
from the fourth chapter are listed below;

• As in the previous chapter, we found that entanglement harvesting is only possible
for the anti-parallel motion of the detectors. Here, the acceleration of identical
detectors with the same energy gap must have the same magnitude.

• Here, we studied for only the (1+3)-dimension. We observe that detectors’ entan-
glement increases as the perpendicular separation between them decreases. This
is true for any number of boundaries.

• For the single and double boundary systems, the entanglement gets suppressed if
any one or both of the detectors are near the boundary or boundaries. As the separa-
tion increases, the boundary influence on the detectors decreases; the concurrence
rate approaches the same for no-boundary system. Entanglement degradation is
much higher for the double boundary system than the single boundary system.

• There is enhancement in harvesting for some specific parameter values compared
to the free space case. In that case, enhancement for a double boundary system is
higher than a single boundary system. Due to reflecting boundaries, this enhance-
ment is more favoured in lower acceleration regimes.

Therefore, the presence of reflecting boundaries can both enhance or suppress entan-
glement harvesting. Enhancing or suppressing is higher for double boundaries than for

180

TH_3744_206121013



7.1. CONCLUSIONS

a single boundary.

In the earlier chapters, we have studied entanglement harvesting in accelerated
systems, considering the background field is in the vacuum state. However, in nature, it
is not guaranteed that the background field will always be in a vacuum state. Then, un-
derstanding how entanglement harvesting is influenced by consideration of non-vacuum
field states becomes crucial. The fifth chapter considers single-particle background field
states to investigate the entanglement harvesting between inertial Unruh-DeWitt detec-
tors in (1+1) and (1+3) dimensions. This analysis has been concluded with the following
results;

• When the detectors interact with the non-vacuum field states, the density matrix
elements have contributions due to non-vacuum as well as vacuum fluctuations.
The vacuum contributions for the transition probability of inertial detectors vanish.
However, the total transition probability remains due to non-vacuum contributions.
The entangling term has only non-zero contributions from vacuum fluctuations.

• Since the entangling term remains the same and the transition probabilities are
enhanced compared to the vacuum counterpart, the harvesting from the non-
vacuum states is always expected to be less compared to the field vacuum.

• When the field is in a vacuum state, entanglement harvesting is possible for all
energy gaps of the detectors (εE), although it decreases with increasing εE. How-
ever, when the background field is in a non-vacuum state, there are disconnected
ranges of εE for which entanglement harvesting is possible.

• We observe that in both (1+1) and (1+3) dimensions with detectors in parallel
motion, two detectors with the same velocity (vA = vB) do not harvest any entangle-
ment. However, a similar situation with detectors in perpendicular inertial motion
in (1+3) dimensions is not observed.

• For a fixed vB, there are discrete ranges of vA for entanglement harvesting from the
single-particle field states for larger εE. In comparison, in similar scenarios, en-
tanglement harvesting from the vacuum is possible in the whole range of velocities
0< vA < 1.

• In high-velocity regimes vA ↙ 1, there is visible occurrence of entanglement har-
vesting with lower εE in (1+1) dimensions. While in (1+3) dimensions, entangle-
ment harvesting stops in the limit vA ↙ 1.
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These specific observations provide distinctions between entanglement harvesting
from vacuum and single-particle field states.

In the previous chapters, we have studied the phenomenon of entanglement harvest-
ing from the background field state to two initially uncorrelated detectors. In the sixth
chapter, we studied the degradation of entanglement of two initially entangled atomic
detectors open to the environment (coupled to the background scalar field). This analysis
has been concluded with the following results;

• Two initially entangled, static detectors lose entanglement when they interact with
the background (massive) scalar field provided the mass of the scalar field (m) is
less than the energy gap of the detectors (εE) i.e., εE > m. If εE = m, then the
entangled state of detectors will remain the same.

• For our simple model with an infinite switching function, we investigated the
elementary physical processes behind this phenomenon. We observe that the spon-
taneous emission probability of the individual detectors and vacuum fluctuations
of the background field lead to this entanglement leakage. Both of these quantities
are local in nature and specific to the individual detectors.

• Entanglement degradation between the detectors shall also happen even if one con-
siders finite time switching functions. However, in that case, some additional terms
in the density matrix elements will arise due to the switching effects. Also, one
would be unable to figure out the fundamental processes behind the entanglement
leakage phenomenon.

In earlier chapters, we observe that the vacuum fluctuations of the field favour the
generation of entanglement between two initially non-entangled detectors. In contrast,
we observe the negative effect of vacuum fluctuation, which was observed to provide
entanglement harvesting between two un-entangled atomic detectors.

In this scenario, where researchers seek to understand gravity’s influence on quantum
information systems (especially on quantum entanglement), which can reveal several
intriguing features of the quantum nature of gravity, it also may shed some light on
the famous black hole information paradox. A significant amount of effort has been put
into uncovering the entangling nature of the vacuum of quantum fields in the context of
two atomic detectors, which were initially introduced to capture the notion of particle
production in non-inertial or gravitational systems. It was known that a vacuum is a

182

TH_3744_206121013



7.1. CONCLUSIONS

maximally entangled state from a local observer’s point of view. In accelerated systems,
the Minkowski vacuum is an entangled state of the left and right Rindler field states
(3.1). In our considered simple model setup, we also observe that entanglement extraction
is only possible when one detector is in the left and another in the right Rindler wedge.
Also, we notice that for excited field states, entanglement harvesting is suppressed
compared to vacuum, which also supports the fact that vacuum is the maximally entan-
gled state. Additionally, we observe that for two static entangled detectors, the effect
of vacuum fluctuations on individual detectors leads to leakage in entanglement. In
this case, non-local terms do not play any roles. The way we have studied here revealed
the elementary physical process behind this phenomenon. With the progress of these
present investigations, the role of the field’s vacuum in entanglement phenomena may
be revealed, and further exploration in this direction may uncover various quantum
signatures of gravity. In the following, we provide the areas where people can explore
further to better understand the subject.
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7.2 Scope for future works

7.2.1 Role of Horizon in entanglement harvesting

Since accelerating systems are related to local gravitational systems, entanglement
phenomenon in accelerating systems attract a lot of attention in recent years. This
phenomenon of entanglement harvesting has been studied in accelerated systems with
various set-ups under considerations. There another possible configuration for entangle-
ment harvesting with one observer in the right Rindler wedge and another observer in
the future Rindler wedge. This set-up closely resembles the black hole scenario where
one particle in outside of event horizon and another particle moving inside the horizon.
Studying entanglement between these two observers or particles can help us to under-
stand the role of horizon in quantum entanglement.

7.2.2 Entanglement harvesting or leakage between two
accelerated detectors in cavity systems

There has lots of studies to capture how non-inertial effects can influence a quantum
system. In this regard, utilization of cavity systems is known to modify the quantum
field’s density of modes significantly. A recent study [198] has shown that considering a
cylindrical cavity magnificently amplifies the transition rate of an accelerated detector
at much lower accelerations. On the other hand, entanglement harvesting is related
to particle production or absorption in the background quantum field. Hence one may
expect that two initially non-entangled detectors, accelerating inside a cylindrical cavity
can get sufficiently entangled at lower accelerations.

7.2.3 Can accelerated observers harvest entanglement from
Rindler vacuum?

In Chapter 5, we studied that two inertial observers can harvest entanglement from
the Minkowski vacuum. They can harvest entanglement from it when there is relative
velocity between them. Similarly, one can ask for an equivalent set-up with accelerated
observers. Can two uniformly accelerated observers confined in a particular Rindler
wedge harvest entanglement from the Rindler vacuum? This became interesting because
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accelerated observers do not see particles in the Rindler vacuum in the same way as
inertial observers do not see particles in the Minkowski vacuum. The possibility of
entanglement harvesting from the Rindler vacuum can broaden our understanding of
the equivalence between these two systems.
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