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Abstract

Gearbox is widely used in industrial, transportation and military applications. The gearbox
vibrations and noise caused by variation of contact forces often causes failure in the
components of gearbox, which are then transmitted to the surrounding structures. The sources
of error between the mating gears while in the operation are the gear mesh deformation,
transmission error, and runout; resulting in dynamic forces, excessive vibration, and noise. To
avoid any undesirable effect on the gear-pair and other supporting structures, it is essential to
investigate these forced vibrations in time and frequency domain. The concept of active
control of gearbox vibrations with piezoelectric actuators at mounting points of the gearbox
is analysed earlier in several studies, then with certain limitations. The aim of this work is to
investigate the feasibility of active vibration control with Active Magnetic Bearings (AMBS),
being applied for supressing the transverse vibrations in a geared rotor system against
transmission error excitations at the gear mesh. The AMBSs are capable of suppressing the
vibration of the system (transients as well as steady-state) by controlled electromagnetic forces
considering the rotor vibrational displacement with a closed loop feedback system. A concept
of active vibration control by Active Magnetic Bearings (AMBS) on the shaft of a spur gearbox
has been introduced having conventional bearings as well. The AMB suppresses the response
of the system by generating controlled electromagnetic forces based on the gear shaft vibration
measurement. The AMB force is applied in two mutual perpendicular directions without any
physical contact as opposed to mechanical forces in conventional bearings. Hence, an
approach to monitor and control the transverse vibration of mating gears is presented with the
help of AMBs. To understand the system dynamics and prediction of vibration responses,
numerical models have been developed to carry out gear rotordynamic analysis of transverse
vibration, transverse vibration with gyroscopic effect and coupled torsional-lateral vibration
with geared rotor faults, like the mesh deformation, gear run-out, mass unbalance and
asymmetric transmission error. The dynamic transmission error has been modeled as the sum
of mean and varying components of error in two orthogonal transverse directions. With a
feedback PID controller, the vibration amplitude is observed to get suppressed. The frequency
domain analysis is done using a full spectrum, which shows that multiple harmonics of gear
mesh frequency is minimized simultaneously.

iii
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Due to high service load, harsh operating conditions, faults may develop in gears. If the gear
faults are not detected early, the health may continue to degrade, causing heavy economic loss
or even catastrophe. Early fault detection and diagnosisis much needed for properly
scheduled shutdowns to prevent any catastrophic failure and higher cost reduction. While
focusing upon the dynamics based gearbox fault modeling, detection and diagnosis,
identification algorithm has been developed to estimate the geared rotor fault parameters.
Considering full spectrum analysis of the geared rotor system, from rotor vibration and AMB
current information, estimation of system parameters, i.e. the equivalent mesh stiffness, mesh
damping, gear runouts, the mean and varying transmission error magnitude and phase angles,
and the current and displacement constants of AMBs has been performed. Gaussian noise in
responses and modeling errors in mathematical models have been added to test the robustness
of the proposed algorithm to comply with the experimental settings.

Based on the proposed model, an experiment test rig has been set up in the laboratory and the
effectiveness of the proposed model is compared with and without the application of AMBs.
The approach is based on an active control of the shaft transverse vibration with an
electromagnetic actuator. The control forces are applied to the rotor shafts supported on
conventional rolling element bearings by an eight-pole radial AMB, as an auxiliary
component and a closed-loop linear output feedback control is employed for stable, reliable,
and robust operation. A linear PD controller working on differential mode is used to generate
the appropriate control signals and the experimental results are presented. Simulation and
experimental results showed that there is considerable amount of reduction in the geared rotor

vibration levels and correspondingly in overall measured gear noise levels.

TH-2649 156103014


https://www.sciencedirect.com/topics/engineering/fault-detection-and-diagnosis
https://www.sciencedirect.com/topics/engineering/catastrophic-failure

Table of Contents

Acknowledgment

A G, . .

Table of Contents
List of Figures
List of Tables
Nomenclature

Abbreviations

CHAPTER 1

TH-2649 156103014

Introduction and Literature Review

1.1 Introduction .........ccoeveeeiiiiee...
1.2 State of the Art

1.2.1 Gear Dynamic Models ...........

1.2.1.1 Lumped Parameter Models ...........................

1.2.1.2 Finite Element Models ..

1.2.2 Evaluation of Gear Parameters ..
1.2.2.1 Mesh Stiffness Models ..

1.2.3 Sources of Transmission Error ..
1.2.4 Types of Transmission Error ....

1.2.4.1 Geometry Transmission Error ........................

1.2.4.2 Static Transmission Error ..........ccovnnnnnn...

1.2.4.3 Kinematic Transmission

Error ...

1.2.4.4 Dynamic Transmission Error .........................

1.2.5 Identification of Fault Parameters in Rotors..................

1.2.5.1 Diagnosis of Gear Faults

© © o h W W R

11
13
15
15
16
16
17
17
19



CHAPTER 2

TH-2649 156103014

1.2.6 Active Gear Vibration and Noise Control...................
L1.2.6.1 Struts.....oooeeiiii i
1.2.6.2 Piezoelectric Actuators............coeeveeeriennennnnn..

1.2.7 Smart Condition Monitoring of Rotors with AMBs .........
1.2.7.1 Active Magnetic Bearings..................oceeeennn..

1.2.7.2 Applications of Active Magnetic Bearings .............
1.2.7.3 Identification of Parameters in Rotor-AMB System.

1.3 Shortcomings of the EXisting Literature.................cccoooeenee.
1.4 Aim of the Present WOrK. ....oovveeeooeeeee e,
1.5 0Outline Of the ThesSiS. . .uuueeeeee et e e

Transverse Vibration Analysis of Geared Rotor-AMB System
2.1 INtrodUCION. .. .v et ettt et et
2.2 Geared Rotor System Configuration....................cooeeeinenn..
2.2.1 Mathematical Model of Meshing of Gear-Pair...............
2.2.2 Characteristics of Active Magnetic Bearings..................
2.2.3 Working Principle of Control of Active Magnetic
Seannts WA . W T S
2.2.4 Equations of Motion of Geared Rotor System with AMB..
2.3 Development of Identification Algorithm............................
2.3.1 Representation of Equations of Motion in Complex Form...
2.3.2 Formulation of Identification Matrix............................
2.4 Numerical Analysis of Geared Rotor AMB System.................
2.4.1 Stability Analysis using Nyquist Criterion ....................
2.4.2 Time Domain RESPONSE. .......oviniiriiiiieiiieeieeeeaea
2.4.3 Full Spectrum RespoNnSe..........ovvvviiiiiiiiiiiieeeen,
2.4.4 Estimation of Parameters with Addition of Noise and

Modelling error. ... ..oovvieiiiiii e

2.5 COnNCIUSIONS. oottt

21
22
23
25
25
26

31
32
33

35
35
35
37
39

41
43

45
45
50
52
55
57
58

60
65

Vi



CHAPTER 3

CHAPTER 4

TH-2649 156103014

Gyroscopic Effect on Transverse Vibration Analysis of Geared

ROTOr-AMB System.... ..o, 66
3.1 INtrodUCtioN. .. euviete et e 66
3.2 Proposed Geared-rotor AMB Model with Offset Gears............. 66
3.3 Mathematical Model of Offset Spur-Gear............................ 67
3.4 Dynamic Equations of the Geared-shaft-AMB System with
Gyroscopic Effect. ... 69
3.5 Development of Identification Algorithm........................... 74
3.5.1 Conversion of Equations of Motion into Complex Form... 75
3.5.2 Dynamic Condensation Method..........................o.. 76
3.5.3 Development of Transformation MatrixX....................... 78
3.5.4 Formulation of Identification Matrix........................... 81

3.6 Numerical Analysis of Geared Rotor-AMB System with

GyroscopiC Effect............oooiiiiii 85
3.6.1 Campbell Diagram.............ccoviiiiiiiiiiiiiiiiiiiieennn.. 88
3.6.2 Time Domain ReSponse. ..........coeevviviiiiiiiiiiniinieannnn.. 88
3.6.3 Full Spectrum Analysis...........cooveviiiieiiiiniiiiieninn. 90
3.6.4 Estimation of Parameters with Addition of Noise and

Modelling Error.........oooviiiiiii i 92
3.7 CONCIUSIONS. ... vttt ettt et et e e et e reeneeens 98

Coupled Torsional-Lateral Vibration Analysis of Geared Rotor-
AMB System with Gyroscopiceffect..................oooeeiiiinin. 99

4.1 IntroduCtion. ... .ooui i e e e 99
4.2 Mathematical Model for Coupled Torsional-Lateral Vibration

ANALYSIS. . 99
4.3 Equation of Motion for Coupled Torsional-Lateral Vibration
ANALYSIS. . et it e 102
4.4 Equation of Motion in Matrix Form................................. 105
4.5 Numerical Analysis of Geared Rotor AMB System with
GYroscopiC Effect........ooviiniiiiiiii 109
vii



4.5.1 Numerical Simulation Results........ccovvviiiiiiiii. .. 110

4.5.2 Time Domain Solution..................cooiiiiiiii ... 111
4.5.3 Frequency Domain Solution...............c.coeeiviiiiiiiiin.nn. 113
4.6 Representation of Equation of Motion in Complex Form.......... 115
4.6.1 Dynamic Condensation.............cceevuviriereenneenneannnnnn. 117
4.6.2 Development of Transformation Matrix....................... 119
4.7 Formulation of Identification Matrix...............cccoeeviiininnn 124

4.7.1 Estimation of Parameters with Addition of Noise and
Modelling Error.......c.oovvuieiiiiiii i 127
R 070 170 L L3 (0) 1 1 T 130

CHAPTER 5 Design and Experimental Investigation of active control of spur

gear tranSMISSIONS. ... ....uiuiiriit it 132
5.1 INtroduCtion. .. .enee et 132
5.2 Design of Geared Rotor (AMB) System...................ccceeeeen.. 132
5.3 Development of Laboratory Test Rig................cooooiiiiininn, 133
5.3.1 Components of TESERIQ..........coiviiiiiiiiiiiiiieean, 134
5.3.2 Instrumentation of Test Rig...................c.oiii. 136
5.4 Experimental Analysis..........ooovviiriiiiiiiiiiiiiiiiieniainannn 139
5.4.1 Two-Axis Control with Radial Active Magnetic Bearings... 140
5.4.2 Study of Rotor Free Vibration Responses...................... 143
5.4.3 Study of Experimental Forced Vibration Responses......... 144
5.4.4 Experimental Orbit Plot.................coooiiiiiiiiiinnn.. 146
5.4.5 Experimental Full Spectrum Analysis.......................... 147
5.5 Fault Identification from Experimental Responses.................. 154
5.5.1 Phase Compensation of Rotor Responses...................... 154
5.5.2 Prediction of Multiple Geared Rotor Fault Parameters...... 155

5.5.3 Validation of the Numerical model with Experimentally

Estimated Values. ......cooovviiiiiii e, 159
DB COnNCIUSIONS. .ot 162
viii

TH-2649 156103014



TH-2649 156103014

CHAPTER 6 Conclusions and FUtUIe SCOPE.........c.oiiiriniiiiiiieieeennns, 164
6.1 Summary of the Present Work................oooooiiiiiiiii, 164
6.2 Main Contribution of the Research Work............................ 166
6.3 Limitations of the Thesis Work...............ccoooviiiiiiiiiinnn... 168
6.4 Recommendations for Future Work............................ 169
Appendix A: Equations for Developing the Identification Algorithm.............. 171
Appendix B: Matrices of Identification Algorithm........................... 182
Appendix C: Nyquist Stability Criteria...........coooeoiiiiiiiii 191
Appendix D: Flow Chart of Identification Algorithm.................................. 192
References....s..02. . dF....... .. S . ... ......... 9 o0 b 193
Publications from the Present WOrkK........ ..o 204
List of Figures
Figure 1.1 Types Of QBar NOISE. .....c.oveuieininiieiiee e, 2
Figure 1.2 Modelling of gearbox system with six degrees of freedom ............ 5
Figure 1.3  TE curves of the gear pair with constant backlash....................... 7
Figure 1.4  TE curves of the gear pair with time-varying backlash (a) single gear
eccentricity, (b) double gear eccentricities. ..........oovveiiiiiiinn. 7
Figure 1.5  Square waveform to approximate gear mesh stiffness ................. 9
Figure 1.6 Amplitude loss of 50% due to a crack in the sun gear .................. 10
Figure 1.7 Definition of transmisSION €rror .............cocvieiieiiiiiiiineennnn. 12
Figure 1.8 Sources of transmisSion error ...........o.vveeeiriniiieiieeereeennen, 14
Figure 1.9  Gear noise transmissionpath ..., 15
Figure 1.10 (a) Eccentricity in a gear caused by manufacturing errors, (b)
Resulting errors in gear geometry ...........cccoeeviviiiiiiiiinninnann.n. 16
Figure 1.11 Harris map of TE of a pair of gears showing effect of varying load
onteeth deflection ... 20
Figure 1.12 Active shaft transverse vibration control model through piezoelectric
ETu LD 110) S PP 23
Figure 1.13  Schematic of two axis control.............ccoovviiiiiiiiiiiiiiniineannns 26
Figure 1.14 Magnetic bearing actuator ...........c.vuviriiirierinreieeeeanneneenens. 26
Figure 1.15 Schematic of chatter control experiment...................cccevuennnn... 27
iX



Figure 2.1
Figure 2.2
Figure 2.3
Figure 2.4
Figure 2.5
Figure 2.6
Figure 2.7
Figure 2.8
Figure 2.9

Figure 2.10

Figure 2.11

Figure 2.12

Figure 3.1
Figure 3.2

TH-2649 156103014

Proposed geared rotor-AMB SyStem ..............cooviiiiiiiiiiiinin,
Runout error in a gear caused by assembly error........................
Co-ordinate system of a gear pair at the pressure line ..................
Feedback control system of AMB actuator........................ooeeee.
Geared rotor with linearized AMB model with PID control loop.....
Simulink block of the proposed geared rotor AMB model ............
Closed loop feedback system of geared rotor with AMB..............
Nyquist plot of (a) Input shaft (b) Output shaft..........................

Time domain response at @, =30Hz , @, =15Hz,®, = 750Hz in

thex andy directions (a) displacement of input geared shaft (b)

displacement of output geared shaft (c) orbit plot of AMB controlled
transverse vibration from input geared shaft (blue coloured) (d) orbit
plot of AMB controlled transverse vibration from output geared shaft
(blue coloured) (e) Orbit plot for AMB control current from input
geared shaft (f) Orbit plot for AMB control current from output
geared shaft..........ooooiii

Full spectrum response generated at @, =30Hz, @, =15Hz,

o, = 750Hz (a) Amplitude of complex translational displacement

for input geared shaft (b) Phase of complex translational
displacement for input geared shaft (c) Amplitude of complex
translational displacement for output geared shaft (d) Phase of
complex translational displacement for output geared shaft............

Full spectrum plot for AMB control current at @, =30Hz,

@, =15Hz, o, =750Hz (a) Amplitude of complex current for

input geared shaft (b) Amplitude of complex current for output
geared shaft ..........ooiiiiii

Error percentage in estimated rotor-AMB physical parameters and
dynamic transmission error with respective phase angle taking (a)-
(b) various levels of noise at multiple spin speed (c)-(d) various
percentage of modelling error at multiple spin speed....................

Proposed geared rotor-AMB system with offset gear...................
Coordinate axes and positive conventions for rotational
displacements (a) tilting of shaft axis y-z plane (b) tilting of shaft axis
Z-XPlane. ...

36
36
38
40
41
52
55
56

57

59

60

64
67



Figure 3.3
Figure 3.4
Figure 3.5

Figure 3.6

Figure 3.7

Figure 3.8

Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4

Figure 4.5

TH-2649 156103014

Simulink block of proposed rotor AMB model .........................
Campbell diagram of geared rotor .............ccooeiiiiiiiiiniiennn.

Time domain response at ®,=50 Hz, ®,=25 Hz, ®,=1250 Hz (a)
displacement of input shaft (b) displacement of output shaft (c)
angular displacement due to titling of pinion (d) angular
displacement due to titling of gear (e) orbit plot of transverse
vibration from input shaft (f) orbit plot of transverse vibration from
output shaft (g) Orbit plot for AMB control current from input shaft
(h) Orbit plot for AMB control current from output shaft..............

Full spectrum response generated at @,=50 Hz, ®,=25 Hz, o,

=1250 Hz (a) Amplitude of complex translational displacement for
input shaft (b) Phase of complex translational displacement for input
shaft (c) Amplitude of complex translational displacement for output

shaft (d) Phase of complex translational displacement for output

Full spectrum plot for AMB control current at @,=50 Hz, @,=25

Hz, ®,=1250 Hz (a) Amplitude of complex current for input shaft

(b) Phase of complex current in input shaft (c) Amplitude of complex
current for output shaft (d) Phase of complex current in output shaft...

Error percentage in estimated rotor-AMB physical parameters and
dynamic transmission error with respective phase angle taking (a),
(b) various levels of noise at multiple spin speed (c), (d) various
percentage of modelling error at multiple spin speed (e), (f) various
levels of noise and modelling error.............c.ovviiiiiiiinnnn
Proposed geared-rotor-AMB model..............c.oooiiiiiiiiiinnL.
Gear mesh model with co-ordinate system...............................
Pictorial representation of the Simulink block...........................

Time domain response at @, =60Hz, @, =30Hz , @, =1500Hz (a) x,

y displacement of input shaft (b) x, y displacement of output shaft (c)
torsional displacement of motor, pinion, gear, load respectively.......

Full spectrum response generated atw,=60Hz, @, =30Hz |,

w, =1500Hz (a) Amplitude and phase of complex translational

displacement for input shaft (b) Amplitude and phase of complex
translational displacement for output shaft................................

85
88

89

91

92

97
99
101
110

114

115

Xi



Figure 5.1
Figure 5.2
Figure 5.3
Figure 5.4
Figure 5.5
Figure 5.6

Figure 5.7
Figure 5.8
Figure 5.9
Figure 5.10
Figure 5.11
Figure 5.12
Figure 5.13

Figure 5.14
Figure 5.15

Figure 5.16

Figure 5.17

Figure 5.18

Figure 5.19

Figure 5.20

Figure 5.21

Figure 5.22

TH-2649 156103014

CAD mModel Of teSt g, ..ot
Schematic of assembled test rig overview................cevvenenn...
(a) Servo motor (b) Variable frequency drive................c.ooveenne.e
AMB actuator model............oooiiiiiiii

(a) Permanent magnet brake (b) Front view..............................
(@) M45 rotary torque transducer (b) Datum universal transducer
INEETTACE. ... i,

(a) Proximity probe near gear-pair (b) Proximitor assembly..........

AC/DC Current probe. .......c.ooviii
(a) Power amplifier (b) D.C voltage supplier............................

(a) dSPACE 1/0O board (b) dSPACE ControlDesk......................

Line diagram showing signal conversion in the developed test rig.....
Control architecture of experimental rig....................ooiiiiin
Natural frequency of shaft (a) time domain response (b) frequency
dOMAIN TESPONSE. ... uveente et eeteeeete et et eaae et e aeeaaeenneeaneas
Campbell diagram with test rig configuration............................
Comparison of responses obtained after AMB control (in x and y
axes) (a) Vibrational displacement of pinion shaft (b) Control current
in pinion shaft (c) Vibrational displacement of gear shaft (b) Control
current in gear shaft........ ... i
Comparison of orbit plot after AMB control (a) Input end (a) Output

(@) Full spectrum plot before AMB control of input shaft (b) Full
spectrum plot after AMB control in input shaft (c) Full spectrum plot
before AMB control of output shaft (d) Full spectrum plot after AMB
control of output shaft................... i

(@) Comparison of variation in torque vs. time in input shaft with
AMB (b) FFT plot of torque variation in input shaft after AMB
control (c) Comparison of variation in torque vs time in input shaft
without AMB (d) FFT plot of torque variation in input shaft without
AMB (e) Comparison of variation in torque vs. time in output shaft
with AMB (f) FFT plot of torque variation in output shaft after AMB
control (g) Comparison of variation in torque vs. time in output shaft
without AMB (h) FFT plot of torque variation in output shaft
without AMB..... ..,
Comparison of overall reduction in radiated gear noise levels after
AMB CONtIol. ...
Reference signal of the system operating at approximately «, =28

Simulated full spectrum amplitude and phase response of (a) input
shaft (b) output shaft operating at spin speed @, =20 Hz, @, =10

Simulated full spectrum amplitude with 5% random noise addition
(a) input shaft (b) output shaft operating at spin speed @, =20 Hz,

133
134
134
135
136

136
137
138
138
139
140
141

143
144

146

147

148

151

153

154

160

161
xii



Figure 5.23 Simulated control current signal (a) input shaft (b) output shaft

operating at @, =20Hz, @, =10 Hz of spin speed..................

List of Tables

Table 2.1
Table 2.2
Table 2.3
Table 2.4

Table 2.5
Table 3.1
Table 3.2
Table 3.3

Table 3.4
Table 3.5

Table 4.1
Table 4.2
Table 4.3

Table 4.4
Table 5.1
Table 5.2
Table 5.3
Table 5.4
Table 5.5
Table 5.6
Table 5.7

Table 5.8

TH-2649 156103014

Assumed parameters for AMB actuator.....................ooonll.
Gear physical parameters assumed for numerical simulation.......
Tuning of PID controller gains................ccooviiiiieiiiiineann...
Identification of parameters with addition of noise at multiple spin

Tuning of PID controller gains................ccovvviiiiiiiiiniannnnn.
Identification of parameters with addition of noise at multiple spin

Identification of parameters with addition of modelling error.......

Identification of parameters with addition of both noise and
MOdelling €ITOT. ...ttt e
Assumed geared-rotor parameters. ............o.eveeriirenianiinaanann.n.
PID Controller Sains. ........ooevueiuiitiiiniiiiiiiineiieeae e
Identification of parameters with addition of noise at multiple spin

Experimental PD controller gain values......................coooiaen.
Experimental displacement amplitude values from full spectrum of
Jolelly. | R Ay S
Experimental displacement amplitude values from full spectrum of
output shaft..........o
Experimental values of torque variation from FFT of input shaft...
Experimental values of torque variation from FFT of output shaft..
Parameters of geared-rotor test rig...........ccoovvivriiiiiininnannnn..
Experimentally estimated parameters with AMB for different
SPEEU TANEES. ... vttt ittt ettt et e e
Experimental estimated parameters without AMB for different
SPEEA TANZES. ..o ueeteeet ettt

53
54
55

61
62
86
87

93
94

95
110
111
128
129
142
149
150
152
152
156
157

158

Xiii



Abbreviations and nomenclature

Nomenclature

A Area of flux in air gap between rotor and pole of actuator, mm?

C, Average mesh damping, Ns/m

Viscous damping coefficients of the input and output shafts, respectively, Ns/m
C, Constant for a particular bearing

e, Pinion and gear eccentricity, m

en Amplitude of mean transmission error, m

e (t) Amplitude of fluctuating dynamic transmission error under loaded condition, m
fy Magnetic force, N

i1, Control currents in the x and y directions, respectively, A

i, Total coil current, A

I Bias current, A

I, .1, Polar mass moments of inertia of input and output gear respectively, kg-m?

;. 1, Diametral moments of inertia of the pinion and gear, respectively, kg-m?

l,..], Polar mass moments of inertia of motor and load respectively, kg-m?

k,,K, Input and output shafts lateral stiffness, N/m

Ky, ki, Shaft torsional stiffness, Nm/rad

tp ?
kprpy , kwy Input and output shafts cross-coupled stiffness due to tilting of gear, N/rad

Kop.s, + Koo, INPUL aNd output shaft transverse rotational stiffness due to tilting of gear, Nm/rad

k. Average mesh stiffness, N/m
K, Proportional gain, A/m

K, Integral gain, A/m-s
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K,  Derivative gain, A-s/m

K, Displacement stiffness factor of electromagnetic actuator, N/m
k. Current stiffness factor of electromagnetic actuator, N/A

m,,m, Mass of pinion and gear, respectively, kg

N Number of windings in AMB

S Air gap between the electromagnetic actuator pole and rotor, mm

t Time, s

X, Y, Transverse displacement of pinion in the x and y directions, respectively, m

X,,Y, Transverse displacement of gear in the x and y directions, respectively, m

X,, Y, Transverse displacement of eccentric pinion in the x and y directions, respectively, m

X, Y, Transverse displacement of eccentric gear in the x and y directions, respectively, m
6,,6, Torsional displacement of pinion and gear about the z-direction, respectively, rad
6, ,0, Torsional displacement of motor and load about the z-direction, respectively, rad
T,,T,  Constant torque at pinion and gear, respectively, Nm.

« Half of the angle between two actuator poles, rad

o,,0, Component of gear-mesh deformation at pitch point in the x and y directions,
respectively, m.
0 Gear mesh frequency, rad/s

[3

@,, @, Pinion and gear angular velocities, respectively, rad/s

I, Magnetic permeability of free space, W/Am

@, ¢, Transverse rotational displacement of pinion due to tilting in z-x and y-z plane,
respectively, rad

@, ¢, Transverse rotational displacement of gear due to tilting in z-x and y-z plane,
respectively, rad

P, Phase of mean transmission error, rad
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¢fi

Phase of varying dynamic transmission error under loaded condition, rad

@y, @, Phase of pinion and gear runouts, respectively, rad

Matrices and vectors

A A, A Regression matrices

b
C
f

amb

f

mesh

f

r_out

f

unb

q;

Vector of known quantities
Damping matrix of geared rotor
AMB controlling force vector

Mesh dynamic force vector
Force vector due to gear runout
Unbalance force vector

force vector due to torque

Stiffness matrix of geared rotor
Mass matrix of geared rotor
Gyroscopic matrix of geared rotor

Vector co-ordinate of geared rotor

Abbreviations

AMBs Active magnetic bearings

DOFs

DTE

Degrees of freedom

Dynamic transmission error

EOM Equation of motion

PID
STE
GTE
KTE
TE

Proportional-Integral-Derivative
Static transmission error
Geometric transmission error
Kinematic transmission error

Transmission error

NLTE no load transmission error
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CHAPTER 1 Introduction and Literature Review

This chapter proposes a state of the art on the gear vibration problem and their consequences.
A review of literature has been done to show the different types of existing gear dynamic
models with different types of excitations generated at the mesh due to various gear fault
parameters, gear mesh stiffness evaluation, transmission error and fault diagnosis techniques,
and method validation. The concepts of active vibration control are introduced as key
parameter for this research study. The smart condition monitoring techniques practised these
days in rotating machineries are discussed. In the end, summary and objectives of this PhD

work is highlighted.

1.1 Introduction

Ever since the invention of machines, many rotating components are coupled through gearing
mechanisms. Gears are mechanical components used for transmitting motion and torque from
one shaft to another and are one of the most essential elements of rotating machineries. Gears
play a crucial role in our daily lives right from the applications in industrial machineries, power
transmission systems, electric vehicles, marine, aerospace, home appliances and so on.
However, sometimes unwanted vibration and noise are inevitable during gear operations. These
not only deteriorates the working environment, but also reduces the durability and reliability
of the machine.
Usually, the vibration excitations occur due to the resultant varying amplitude of contact forces
between the gears. In involute gears the force variation is due to the combination of small
variations of the tooth from a true involute profile or varying elastic deflection of the teeth,
which disrupts the smoothness of the drive. The variation in the direction of contact forces is
due to the friction effect although the effect is small and are usually neglected for normal gears.
The relative displacement variation between the gears acts via the system dynamics to give a
force variation resulting in vibration. Under normal driving conditions, a typical geared rotor
system is subjected to large dynamic loads and the noise radiated from the gear transmission is
directly related to the vibration level of the geared system (Smith, 1999).

Gearboxes are subjected to transmit power and produce high rotational speed changes
or change the direction of motion. Gearbox noise emission can be either structure born or

airborne. The majority of gear noise experienced in gear transmissions are classified into two
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distinct categories: rattle and whine. Generally, gear whine is the main concern for acoustic
comfort. Gear whine gives rise to a tonal noise, which is annoying to the human ears and
vibration disturbances causing damage to the gearboxes (Smith, 1999). Gear whine occurs
when vibrations driven by small fluctuations in rotation caused by the tooth profile or
manufacturing error are transmitted via the bearings that support the gear shaft to the housing,
resulting in vibration on the surface of the housing. These fluctuations in rotation are due to
errors in the rotational angle of the gear teeth as they get meshed, that is known as transmission
error. The noise characteristics varies with number of teeth and shaft rotational speed. A whine
noise is a high frequency noise and is mainly caused by small errors in the gear tooth profile

and tooth stiffness.

Error in tooth
profile, tooth
stiffness

Y 2L DDl

Load fluctuation,
Backlash

Gear Whine Noise Gear Rattle Noise

Figure. 1.1 Types of gear noise

Gear rattle in contrast is a low frequency noise (impulsive noise). the impact noise of
contacting gear tooth flank and is mainly caused by the fluctuating input load to the gear or
clearances between the teeth flanks (backlashes).

Other than the gear rattle, the impacts that occur in the gear contact are mainly due to the
occurrence of corner contacts. Corner contact between gear teeth mainly occurs when the teeth
just make contact or interfere with the root of the teeth. The corner contact promotes deviation
from the intended line of contact and can usually be avoided by good design. In most
applications, corner contact is avoided by applying the necessary relief to the teeth.

Interference is commonly avoided either by increasing the pressure angle, or providing
protuberance by applying long addendum and short dedendum on the pinion and gear
respectively (Townsend, 1991). In high-speed gearing, the excessive supply of lubricant is

another cause of gear noise. When the lubricant oil cannot escape fast through the backlash gap

2
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between gear teeth as the gears rotates while meshed, the oil is forced to expel axially from the
roots of the teeth, causing time varying forces. This is more common in spur gears as they have
variable backlash coefficients depending on applications, but not so common in helical gears
as the helix angle helps guide the lubricant oil out smoothly (Smith, 2003). These types of
lubrication issues in most of the gears are resolved by increasing the backlash and also
designing gear teeth with sufficient whole depth to provide sufficient clearance between tip
and root of the respective mating teeth. Sometimes gear noise also occurs due to air entrapment
or air pocketing, when air is rapidly squeezed through the gear teeth as gears mesh. In high
speed gearing applications, like the aircraft transmissions, air velocities can approach the speed
of sound and thus produces intense sounds at gear mesh frequencies.

Transmission error is considered as the main reason for the generation of gear noise.
(Munro, 1990) briefly stated that TE is the deviation in position of the driven gear (for any
given position of the driving gear), relative to the position that the driven gear would occupy if
both the gears are geometrically perfect and undeformed. A correctly spaced, rigid, perfectly
involute gears would have no vibration generated while meshing. In practice, this does not
happen and transmission error occurs for a variety of reasons i.e., usually due to manufacturing/
geometry errors, such as the gear tooth profile, mesh stiffness variation and shaft deflections
etc. (Smith, 1999).

1.2 State of the Art

The study on gear transmission in rotor system spans multiple domains although the following

section provides a literature review for the most relevant of them vital for this study.

1.2.1 Gear Dynamic Models

Over the last few decades, many attempts have been made by numerous authors to set up
mathematical and numerical models aimed at simulating the dynamic behaviour of gears. To
prevent gear vibrations and noise, it is essential to understand the dynamic behaviour of the
system consisting of the gears, shafts, bearings and supporting structures. Although, gear
transmissions are quite complicated and is difficult to model. According to Ozgiiven and
Houser (1988) the literature suggests that many different models have been developed
following the physical laws, i.e. simple dynamic factor models, models with tooth compliance,
models for gear dynamics, models for geared rotordynamics, models for torsional vibrations

and so on. For simple geared systems generally lumped parameter dynamic models with
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springs, masses and viscous damping are used keeping low computational burden. For more
complex models, i.e., which includes the gearbox casing and supports, finite element modelling
is often used. Lumped parameter model and finite element model are the two commonly used
techniques to model gear systems. The first the dynamic models were used to determine
dynamic loads on gear teeth, and they were developed in the 1920s, the first mass—spring

models were introduced in the 1950s.

1.2.1.1 Lumped Parameter Models

Ozgiiven and Houser (1988b) developed a lumped parameter model for the dynamic analysis
of a spur gear pair to calculate the dynamic mesh and tooth forces, dynamic factors based on
stresses, and dynamic transmission error from measured responses and calculated the static
transmission errors under different loading conditions. Kahraman and Singh (1990) used a two-
degree-of-freedom lumped parameter model of a spur gear pair with backlash, to investigate
the non-linear frequency response characteristics, for both internal and external excitations.
The transmission error due to variation in the mesh stiffness was used as the internal excitation
and the low frequency torque variations were used as external excitation. Two solution
methods, digital simulation technique and the method of harmonic balance, were used to
develop the steady state solutions for the internal sinusoidal excitation. Analytical predictions
were shown to match satisfactorily with experimental data available in the literature. A
parameter study was done to show that the mean load governs the conditions for no impacts,

single sided impacts and double-sided impacts.

Eritenel and Parker (2012) developed a three-dimensional lumped-parameter model for a pair
of helical gears considering the nonlinearity of the gear mesh due to partial contact loss of gear
teeth. The lumped-parameter model accounts the net force and moment arising from an
arbitrary load distribution including partial contact loss equivalent to a four-parameter model
defined by a translational stiffness and a twist stiffness. The twist stiffness generates a moment,
which is solely due to the spread of contact across the tooth face. The movement of the
translational stiffness across the tooth face generates an additional moment. The four
parameters in the model are the output quantities to track and interpret the gear mechanics and
the mesh forces and moments that develop under the static or dynamic conditions. The twist

stiffness fluctuates periodically with gear rotation generating fluctuating moments (shuttling)
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that can potentially excite vibrations. Tooth surface modifications smoothens the translational

stiffness profile and decreases the twist stiffness.

X

LTI IT IR

€ L]

Figure. 1.2 Modelling of gearbox system with six degrees of freedom (Walter, 2001)

The gear system in Fig. 1.2 is driven by electric motor moment M, and loaded with external
moment M, ; gear inertia |,, |, gear masses m,, m, ; gearing stiffness k, and damping c,,

gearing stiffness force F, and damping force F_, shaft stiffness and damping (k,, k;, ¢,

C, ), stiffness and damping parameters of upper and lower supports (ky, k,, ¢, c,), stiffness

and damping parameters of left and right supports (K, , K.,, C.;, C,,)

Velex et al. (2016) used a modular three-dimensional model of multi-mesh gears to
theoretically analyze the relation between dynamic mesh excitations and transmission errors. It
is demonstrated that dynamic mesh forces are mostly controlled by the local transmission errors
associated with each individual mesh. A design criterion is proposed, which can be used to
define the optimum tooth shape modifications minimizing the dynamic tooth loading. The
results from two examples of application on idler and planetary systems proved that the

proposed theory can be applied to a variety of gear geometries. Also, they discussed the limits
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of using transmission errors while modelling a single pinion-gear pair in the context of multi-

mesh gears.

1.2.1.2 Finite Element Models

The analytical methods using finite element method include more complete models of the
system components and geometry. Initially, the models were analysed consisting of only the
teeth in mesh, but it is now becoming common to include the remaining teeth, gear body, shaft
system, and bearings. In the research work carried out by Andrews (1991) the finite element
method was used for predicting the fillet stress distribution experienced by loaded spur gears.
Finite element modelling is quite flexible to model any shaped gear and gear fault. But it is
sensitive to contact tolerances, mesh density and the type of element selected, Lin and Liou
(1998). As the mesh density increases, the numerical accuracy is improved, while the

computational cost goes up, (Dudley, 1984).

To save the computation cost, Parker et al. (2000) proposed a combined element/contact
mechanics model to investigate the non-linear dynamic response of a spur gear pair. Later, this
model was extended to investigate the dynamic response of a planetary gear system. This finite
element/contact mechanics approach did not require a highly refined mesh at the contacting
tooth surfaces. In addition, the time-varying mesh stiffness and mesh contact forces were

evaluated internally at each time step.

Guangjian et al. (2017) presented theoretical formulas of no-load transmission error (NLTE)
and time-varying backlash, which can be used for double eccentric gear system, whose contact
ratio is random. The finite element model was developed to calculate the dynamic transmission
error (DTE), and was predicted in consideration of gear eccentricities and varying load. Under
three different cases (no backlash, constant backlash and time-varying backlash), the influence
of backlash on DTE was investigated with the gear pairs suffering from sinusoidal varying

loads.
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Figure 1.3 TE curves of the gear pair with constant backlash (Guangjian et al., 2017)
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Figure 1.4 TE curves of the gear pair with time-varying backlash (a) single gear eccentricity,
(b) double gear eccentricities (Guangjian et al., 2017)

It was found that the DTE curve jumps as the load direction changes, and the discontinuity
value are equal to the backlash size at that time. Also, if the frequency of load change is high
(here, mesh frequency), the DTE curve distributes in a certain region, whose lower outline are
approximately consistent with the NLTE curve and the upper outline are approximately
consistent with the curve of NLTE plus backlash.

In a study by Li and Kahraman (2010) a numerical non-Newtonian contact model of an
involute spur gear tooth was developed with respect to various contact parameters, such as the
surface velocities, normal load and radii of curvature. Maliha et al. (2004) presented a nonlinear
dynamic model for a gear-shaft-disc-bearing system with a spur gear pair coupled with linear
finite element models of shafts carrying them, and discrete models of bearings and discs. The

nonlinear elasticity term resulting from backlash was expressed by a describing function, and
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the multi-harmonic responses of nonlinear multi-degree-of-freedom systems was obtained. The
excitations considered in the model were external static torque and internal excitation caused
by mesh stiffness variation, gear errors and gear tooth profile modifications. The model
suggested the solution method combining the shaft-bearing-disc model that can have any
configuration without a limitation to the total degree of freedom, with the accuracy of a
nonlinear gear mesh interface model that allows to predict jumps and double solutions in
frequency response. With the developed model it was possible to calculate dynamic gear loads,
dynamic bearing forces, dynamic transmission error and bearing displacements altogether.

Literature published on the effect of varying contact conditions in gear tooth interactions
through finite element method, on the perceived transmission error from gear pair models is
quite sparse. Lin et al. (2007) proposed a finite element method for 3D dynamic contact/impact
problems of gears. This method is based on the derivation of the effective flexibility matrix
equation, which is very efficient in computation for gear drives as only very small contact

region is involved in tooth meshing at any time instant.

The models on gear dynamics are ample and comprises of several kind of varying complexity
depending on the objectives of the study. It can be seen that lumped parameter model and finite
element model are the two commonly used techniques to model gear systems. Since FEM
modelling is usually for detailed stress-strain analysis of gear teeth deformation or for complex
models, i.e., which includes flexible bearings, gearbox casing etc. and this study is focused on
dynamic vibration control and identification of fault parameters. Herein, the method of lumped
parameter dynamic models considering shaft flexibility with springs, masses and viscous
damping has been used for mathematical model of geared rotordynamics.

1.2.2 Evaluation of Gear Parameters

There are several gear parameters which needs to be addressed while performing the dynamics-
based modelling, fault detection and diagnosis of geared rotor systems. Here, the state of art
and challenges for evaluation of mesh stiffness and transmission error have been reviewed and

discussed in the next section.
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1.2.2.1 Mesh Stiffness Models

The mesh stiffness model forms the basis of a gear dynamic model. In early research, the mesh
stiffness of gear teeth was considered to be constant. The mathematical formulation ranges
from a single-degree-of freedom (SDOF) system to finite element three-dimensional ones.
Almost all gear dynamic models consider that transmission error (TE) and variations in mesh
stiffness are the primary sources of excitation. As the gears rotates, the number of teeth pairs
in contact through the mesh cycle and their points of contact or the contact ratio changes and
therefore the mesh stiffness varies with the rotation. The mesh stiffness varies due to
geometrical imperfections of the teeth, acceleration/deceleration of gears due to impact and
changing contact ratios of the gears. This is one of the main reasons TE of gear pairs in not a
single value, but rather a continuous variable through gear rotations, and should be measured
at different relative positions of the gear with its mesh cycle. Generally, four methods are
applied to evaluate time-varying gear mesh stiffness for gear fault diagnosis: square waveform
method, potential energy method, finite element method, and experimental method (Liang et
al. 2018).

Gear mesh stiffness is a periodic function for a healthy gear pair running at constant speed.
Some researchers have used a square waveform to approximate gear mesh stiffness (Liang et
al., 2018) as shown in Fig. 1.5. The period of a square waveform is called mesh period, which
equals to the time duration for one revolution divided by the number of teeth. The square
waveform can reflect the change of tooth contact number but ignores the change of tooth
contact position. As we know, a square waveform can be approximated using Fourier Series.
A few researchers used the first several terms of Fourier Series to represent the time-varying
mesh stiffness. When a fault occurs on a gear, gear mesh stiffness reduces due to increase in

vibrations caused by gear damage.

A —
% Double tooth | Single tooth | Deouble tooth | Single tooth
é contact contact contact contact
b= > >
=
w . 4
§ Mesh period T, Mesh period T,

Time

Figure 1.5 Square waveform to approximate gear mesh stiffness (Liang et al., 2018)
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Liang et al. (2014) used the potential energy method to analytically evaluate the mesh stiffness
of a planetary gear set. A modified cantilever beam model was used to represent the external
gear tooth. The time-varying mesh stiffness represented as a function of the angular
displacement of the gear, considering the Hertzian contact stiffness, bending stiffness, shear
stiffness and axial compressive stiffness. A crack propagation model was developed and the
reduction in mesh stiffness was quantified when crack occurs in the sun gear, the planet gear

(sun gear side) or the planet gear (ring gear side).
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Figure 1.6 Amplitude loss of 50% due to a crack in the sun gear (Liang et al., 2016)

Later Liang et al. (2016) extended this study to evaluate the time varying mesh stiffness of a
pair of external spur gears with the growth of gear tooth fault, i.e. the pitting. The mesh stiffness
amplitude changes and consequently the dynamic properties of the gear system changes. The
different severity of pitting levels were mimicked with the number of pits. The tooth pitting
influences the gear mesh stiffness and the relationship between pitting severity and mesh

stiffness was shown.

Rincon et al. (2013) described an advanced model for the analysis of contact forces and
deformations in spur gear transmissions. The deformation at each gear contact point was
formulated as a combination of global and local term. The former was obtained by means of a
finite element model and the latter was described by an analytical approach derived from
Hertzian contact theory leading to nonlinear equations. A numerical example was presented
where the quasi-static behaviour of a single stage spur gear transmission was discussed, to
obtain the loaded transmission error under several load levels as well as the load ratio or the

meshing stiffness.

Iwatsubo and Kawai (1984) studied the lateral and torsional vibrations of geared rotors, mainly

considering the effect of the periodic variation of the mesh stiffness. The combined mesh

stiffness of the two gears in mesh varies with the meshing position as the teeth rotate within
10
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the mesh cycle. In particular, the mesh stiffness decreases and increases dramatically as the
meshing teeth changes from the double pair of teeth in contact, to the single pair of teeth in
contact. (see Fig. 1.4). The combined mesh stiffness is defined as the ratio between the torsional
load and the angular rotation of the gear body. The mesh stiffness associated with elastic tooth
bending varies as the number of teeth in contact changes. The parametric excitation from the
time-varying mesh stiffness causes instability and severe vibration under certain operating
conditions.

Experiments conducted by Harris (1991) and Mark (1978) demonstrated that large amplitude
of vibration are induced by the parametric instability, where the gear meshing frequency is
equal twice the natural frequency. Furthermore, mesh stiffness variation directly affects the
tooth deflections and the transmission error. Kamaya (2005) suitably summarized that mesh

stiffness along with the transmission error are the primary causes of gear noise and vibration.

Frolov and Kosarev (2003) highlighted the importance of mesh stiffness under variable load as
one of the primary causes of gear vibrations, along with pitch error and profile error. They
concluded that the factors causing gear vibration can generally be eliminated by profile

modifications, adjustment of contact ratio and high-precision manufacture of gears.

The existing literature on gear mesh models depicts, gear mesh stiffness fluctuation excites
vibration and several approaches have been proposed to quantify mesh stiffness and its
fluctuations. Mesh stiffness models are developed to evaluate time varying gear mesh stiffness
for various gear fault diagnosis. Thereafter, for profile shifted gears addendum modifications
and tooth profile modifications (TPMs) are done to reduce transmission error and also to

identify the gear is in healthy or damaged condition.

1.2.2.2 Transmission Error Models
As it known the transmission error is the difference in torsional vibration of two matting gears,

scaled so as to represent linear motion along the line of action. The concept of transmission

. — R
error is illustrated in Fig. 1.7. TE =(9gear - R"'““’" Hpinion}

gear
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Figure 1.7 Definition of transmission error

Numerous works have been published on modelling of TE. One of the method for the
minimization of transmission error variations [27—-29] for low noise gears relies on tooth
modifications. Numerous studies have pointed out the correlation between transmission error
and gear whine and several of the key research publications by [28, 30, 31, 32, 33] has given a
very good overview and introduction into the area of transmission error in gears. The mean
mesh load has been used by several researchers in aid of formulating an expression for the
transmission error, including Gregory et al. (1963), who showed that even a gear with perfect
involute geometry will have a periodic transmission error due to the variation in the mesh
stiffness as the gears rotate through the mesh. They also summarized that the transmission error
can be decomposed into a steady component and a varying component. The steady component
of transmission error has an effect on the tooth meshing frequency and its harmonics, while the
varying component affects the remaining portion of the frequency spectrum. The vibratory
analysis conducted by Mark (1978) provided a good insight into the decomposition of the
transmission error into the components that make up the noise. He uses the decomposition of
the transmission error to derive an expression for TE and hence predicted the Fourier

coefficients of the transmission error.

12
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The work by Munro and Houser (2003) provided a fundamental insight into the
components of transmission error, which includes an analytical method for predicting the
transmission error. Although the measurements are made in terms of angular movements, the
errors generated are rarely given as angles as it is much more informative when converted to
linear displacement. Even though the transmission error is known to be time dependent and
relative to the respective position of the gear teeth in contact, it is almost always reported as a
single peak-to-peak value as given by Houser et al. (1999). Other researchers have looked into
the Fourier analysis of transmission error and identified the problem in the gear system by the
frequency content in the data. If there is a profile error on one of the teeth, it will show up on
the frequency spectrum at the tooth frequency and its harmonics, as the rest of the frequency

response from tooth to tooth will be consistent.

In practise, TE can be measured by different types of instruments and some commonly used
methods are: rotary encoders, putting strain gauge on the drive shaft, torsional vibration
transducers, magnetic signal methods, tachometers, tangential accelerometers. There are

several sources of TE which is briefly described in the next section.

1.2.3 Sources of Transmission Error
According to Smith (1983), the TE results from three main sources: (a) Gear geometrical errors,
(b) Elastic deformation of the gears and associated components and (c) Errors in mounting.

Fig. 1.8 illustrates the relationship between TE and its sources.

Mounting error Thermal distortions

/ Pinion and gear
Gear profile accuracy / distortions
\

Gearcase
distortions

Tooth spacing Transmission error

_— N

lead error Pinion and gear
tooth deflection

Quality of contact
surface finish

Figure 1.8 Sources of transmission error (Hiroaki and Nader, 2012)
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It was noted that TE may happen due to deviations in geometry of the combined tooth profiles
from the ideal involute, elastic deformation of the teeth being load dependent, inertial as well
as stiffness effects, and thus is speed and load dependent. Hence, the main sources of
transmission error originate from geometry, deflection and dynamics of the gears. The
geometry errors are mainly from manufacturing and practical assembly of gears within systems
that yield profile, lead, run-out and tooth spacing errors. The misalignment of gears and shafts
during assembly is also another important contributor to the generation of transmission error
stated by Athavale et al. (2001).

Deflections and deformations associated with the gear teeth, shaft and housing also contribute
in a way to the generation of transmission error. Another factor that has an effect is the mesh
stiffness, which varies as the gears rotate through the mesh, generating a time varying
deflection of the gear teeth in contact. If the pinion and the gear have ideal involute profiles
running with no loading torque, they should theoretically run with zero transmission error.
However, when these same gears transmit torque, the combined torsional mesh stiffness of
each gear changes throughout the mesh cycle as the teeth deflect, causing variations in angular
rotation of the gear body. Even though the transmission error is relatively small, these slight
variations can create noise at a frequency, which when coincides with a resonance of the shafts
or the gearbox housing, causing the noise to be enhanced. Considering the transmission error
as a major source of noise, the actual noise does not come directly from the angular speed
variations. The torsional accelerations cause vibratory bearing reactions that excite the gearbox

casing, which then propagates the noise through the pulsation of the casing walls.
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Figure 1.9 Gear noise transmission path (Townsend, 1991)

1.2.4 Types of Transmission Error

There are a few types of transmission errors that are frequently referred to in the literature and

they vary in small measures from one another. These are:

1.2.4.1 Geometry Transmission Error

This is quite simple to understand, as the gear tooth geometry directly influences the angular
position of the output gear for a given position of the input gear, so that any change in the tooth
contact point would give rise to transmission error. This change being due to the manufacture
of the gears is called manufacturing/geometry transmission error (GTE). This is the only kind
of transmission error that is a measure of a single gear error. Generally, the transmission error
relates to the meshing of two gears, and hence can be said to be the sum of the respective
transmission errors of the individual gears, Mark (1978). The manufacturing transmission error
(MTE) is measured under no load or lightly loaded conditions and can be used to test the
accuracy of gears on a production line, as used on single flank machines. An example is shown

in Fig. 1.10 to show the discrepancy in gear geometry due to manufacturing errors.

15

TH-2649 156103014



Tooth pitch/ spacing
-—-—+— error

Runout error

Desired gear geometry (Solid line) (Max eccentricity)

Gear with eccentricity (dotted line)

Figure 1.10 (a) Eccentricity in a gear caused by manufacturing errors, (b) Resulting errors in
gear geometry (Hiroaki and Nader, 2012)

1.2.4.2 Static Transmission Error

When two gears mesh under the presence of low load conditions, the gear teeth deform
elastically along with the gearbox casing, bearing, and the shafts. Hence, it is supposed that the
transmission error calculated at operating load is the static transmission error (STE), and also
takes into consideration stiffness of all the components in the system. The static transmission
error is measured at low speeds to avoid the dynamic effects of the system. The teeth of the
gear pair experience deformation due to loading in the form of bending and contact between
them, subsequently influencing the mesh stiffness. There have been several approaches to
approximate the variable mesh stiffness in the static case. Blankenship and Singh (1992)
suggested that the stiffness might also depend on the mesh load, and Mark (1978) has defined
the stiffness in terms of an area integral over the contact zone, while taking into account the

local surface irregularities.

1.2.4.3 Kinematic Transmission Error

The kinematic transmission error (KTE) is a derivation of the GTE, which takes into
consideration of the asperities present on the tooth surfaces. Asperities are local unevenness of
the surface, roughness and ruggedness that cannot be seen with the naked eye. When two
surfaces with such asperities come into contact these asperities deform until the contact area

increases and can support the load. Blankenship and Singh (1992) investigated this type of
16

TH-2649 156103014



subtle elastic deformations on the gear teeth surfaces that take place under low load. They
suggested that under low load, the contact deformations of the teeth are averages of the local
deformation of the asperities present on the working surfaces. As the asperities are not an
intentional design feature, they can be attributed to a manufacturing error. Practically, there is
very small difference between the GTE and KTE as the GTE is simply a special case of KTE

under no load.

1.2.4.4 Dynamic Transmission Error

The concept of dynamic transmission error considers that the gear system has components with
masses and variable stiffness. By taking into consideration of the masses of the gears, and their
rotations, the inertial forces of the system cause dynamic mesh forces. The dynamic factor is a
ratio of the dynamic load to the static load as a result of tooth geometry errors and are used for
gear life calculations. According to Kayama (2005) while the dynamic factor does not
accurately represent the dynamics of the tooth mesh, it shows that the dynamic loading in the
mesh is a result of the static transmission error. This static transmission error is the source of
excitation for the dynamic transmission error. The dynamic transmission error is speed
dependent and can be mathematically represented by multiplying static transmission error by

a transfer function.

In this section, literature elaborating the definition of transmission error, the causes of TE and
types of transmission error is presented that forms the basis of understanding and modeling the
gear dynamic transmission error in this work. In the next section, the vibration-based
monitoring techniques is elaborated for diagnosis of faults in rotors which is later extended to

gears.

1.2.5 Identification of Fault Parameters in Rotors

Vibration monitoring is one of the most popular condition monitoring techniques practiced in
rotating machineries. The vibration-based analysis is classified into three main categories, i.e.
the model and signal based, model properties based, and machine learning based. Different
authors have used different methods to estimate the system level parameters. In the present
work, the model-based fault identification approach has been taken into account. Model based
methods carry out the analytical procedures for modeling the state of the system.
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Understanding of the system dynamics gets better as it helps insight into the physics of the

problem so the model can be used for more complex issues.

Tiwari (2005) presented a model based identification algorithm for simultaneous estimation of
the residual unbalance along with bearing dynamic parameters for multi-degree-of-freedom
rotor-bearing systems. The identification algorithm was found to be highly ill-conditioned for
the conventional measurement techniques. The measurement of responses, while rotating the
rotor alternatively in clockwise or counter clockwise direction leads to a well-conditioned
identification algorithm. However, this was useful for educational and research experimental

set-ups.

Tiwari and Chakravarthy (2009) described two separate identification algorithms, for
the simultaneous estimation of the residual unbalance and bearing dynamic parameters in a
rigid rotor-bearing system, both by numerical simulations and experimental measurements.
The first method used the impulse response measurements of the journal from bearing
housings in the horizontal and vertical directions, for two independent impulses on the rotor in
these directions. Time-domain signals of the impulse forces and displacement responses were
transformed to the frequency domain for the estimation of the residual unbalance and bearing
dynamic parameters. The second method employed the unbalance responses from three
different unbalance configurations. Unbalance response measurements were taken for both the
clockwise and counter-clockwise rotations of the rotor. Then experimental measurement
responses were used to identify the residual unbalance and bearing dynamic parameters by both
the methods. To check the suitability of the identified parameters, they were substituted in a
numerical model of the test rig to generate the simulated responses. The identified unbalance
masses were found to get matched quite well with the residual masses taken in the dynamically

balanced rotor-bearing test rig.

Lees et al. (2004) did the identification of unbalance (both amplitude and phase) from machine
rundown vibration data and suggested that the unbalance can be estimated with the split
frequency range instead of dividing the whole frequency range into number of frequency bands

by judicious choice of weighing function.
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According to Hiroaki and Nader (2012), the fault detection and diagnostic techniques based on
vibration signal analysis are the ideal non-destructive machine health monitoring method, that
can be applied in a minimally intrusive manner; i.e., by attaching an accelerometer on a gearbox
casing. However, the dynamic interaction amongst the machine elements of a gearbox is often
complex and the vibration signals measured from the gearbox is not easy to interpret. The
diagnostic information that directly related to an emerging fault in a gear or a bearing is
typically buried in the dominating signal components that are driven by the mechanisms of the
transmission system themselves. For example, gear meshing signals. In the next section some

of the gear fault prediction and diagnosis techniques is presented.

1.2.5.1 Diagnosis of Gear Faults

As we know faults may develop in gears due to high service load, harsh operating conditions
or inevitable fatigue. If the gear faults are not detected early, the health will continue to degrade,
perhaps causing heavy economic loss or even catastrophe. Hence, early fault detection and
diagnosis is needed for proper scheduled shutdowns to prevent catastrophic failure and
consequently a safer operation and higher cost reduction. Many studies have been conducted
to understand the gear fault generation mechanism and develop an effective fault detection and
diagnosis method. While DTE is considered to be the most common factor for gear noise, it is
of course the most difficult to obtain, either by analysis or measurement. However, it has been
recognised that TE can be measured by phase demodulation of the signals of shaft encoders
rigidly attached to each of the gears in mesh, i.e., the GTE at low speed and low load, the STE
at low speed and higher load, and the DTE at higher speed and higher load. Since the dynamic
transmission error is excited by the static transmission error, it is fruitful to reduce noise by
addressing the static transmission error. The alternating component of the static transmission
error is reduced by specifying tooth modifications that compensate the stiffness variation. By
plotting transmission error curves for multiple loads on the same graph, one can easily see how
load affects the transmission error. This plot is called a Harris Map (Fig. 1.11). Munro and
Houser (2003) showed how the gear geometry can be used to synthesize no load transmission

error curves.
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Figure 1.11 Harris map of TE of a pair of gears showing effect of varying load on teeth
deflection. (Munro and Houser, 2003)

Fig. 1.11 depicts that at no-load, the shapes of the two gears meshing give the top curve labelled
"n" which shows the variations (in the y-axis) of movement from the idealised horizontal
dashed line which corresponds to perfect, rigid involutes meshing and with no transmission
error. The tip relief sections from S to C on one pair of teeth and C to S on the next pair give a
dip in the transmitted motion. The third curve, "h", is for half design load and shows how the
elastic deflections combine with the original profiles. At the design load, curve "d", the elastic
deflections have exactly cancelled the profile corrections and the TE is a straight line so no
vibration would be generated. The sixth curve, labelled "0" is for 25% overload and gives a
raised section where double tooth contact is occurring. This work by Munro and Houser (2003)
enabled gear designers to apply tip relief in a rational manner when designing gears.

Houser et al. (1994) showed that sound power measurements (sum of harmonics and sidebands)
can be correlated well with predicted transmission error in the parallel axis arrangement. They
compared spur, helical and double helical (herringbone) gears. They tested conventional and
high contact ratios and other tooth modifications. The transmission error was determined by
analysis using LDP (Load Distribution Program). They also stated that the transmission error
is less sensitive to the load at higher contact ratios. Loutridis (2006) proposed an energy-based
feature for the gear fault prediction and diagnosis. The instantaneous energy density was shown

to obtain high values when defected teeth were engaged. Three methods were compared, i.e.
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the Wigner—Ville distribution was contrasted to the wavelet transform and the empirical mode
decomposition scheme. It was shown that all three methods were capable of a reliable
prediction. An empirical law, which relates the energy content to the crack magnitude was
established.

Feng et al. (2012) summarized the spectral characteristics of planetary gear vibration signals
for the fault diagnosis of planetary gearboxes. By considering both the amplitude modulation
and frequency modulation effects due to gear damage and periodically time variant working
condition, as well as the effect of vibration transfer path, signal models of gear damage for fault
diagnosis of planetary gearboxes were given. Meanwhile, theoretical derivations using explicit
equations for calculating the characteristic frequency of local and distributed gear fault were
deduced and validated using both experimental and industrial signals. Using the derived
theoretical basis, they were able to detect and locate the manually created local gear damage of

different levels and naturally developed gear damage in a planetary gearbox.

Torsional vibration signals are theoretically free from the amplitude modulation effect caused
by time variant vibration transfer paths due to the rotation of planet carrier and sun gear, and
therefore their spectral structure are simpler than transverse vibration signals. Thus, it is
potentially easy and effective to diagnose planetary gearbox faults via torsional vibration signal
analysis. Feng et al. (2013) gave explicit equations to model torsional vibration signals,
considering both distributed gear faults (like the manufacturing or assembly errors) and local
gear faults (like the pitting, crack or breakage of one tooth), and derive the characteristics of
both the traditional Fourier spectrum and the proposed demodulated spectra of amplitude

envelope and instantaneous frequency.

These derivations are not only effective to diagnose single gear fault of planetary gearboxes,
but can also be generalized to detect and locate multiple gear faults. In this thesis, we will carry
out dynamic based modeling and analysis of gear vibration problem and fault identification in

a spur gear set.

1.2.6 Active Gear Vibration and Noise Control

In many cases, undesired vibrations are eliminated via a passive control, i.e. by using vibration

isolators, dampers etc. and is widely accepted in industries due to their ease of installation and
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efficiency at higher frequency. However, they have certain limitations, like poor restoring
capacity, residual vibration and so on, that is carried on to the support structure. Also, passive
devices are quite inefficient in low to mid-range frequencies due to space constraints and are
unable to provide the required amount of damping to reduce vibration to acceptable levels. In
recent years, a great amount of work has been done on the application of active control. The
main advantage of active control over passive control is the ease with which active control can
adjust to varying loading conditions. Other advantages of active vibration control include the
low weight, compact size, and versatile operating conditions.

1.2.6.1 Struts

The interior noise of modern helicopters is usually dominated by high frequency tonal noise
components generated mainly by the gear meshing. The frequency range for the gear meshing
tones generally lays between 500 Hz and 4 kHz [48]. Due to the high sound pressure level and
the high frequency, the gear meshing tones are very annoying to crewmembers and passengers.
Comprehensive analysis has shown that the transfer path for structure-borne noise is dominant.
Thus, the gear meshing noise is mainly caused by the vibrations of the gearbox, which are
transmitted to the cabin structure via the gearbox struts. Significantly improvements of the
comfort in helicopter cabins can be achieved with active vibration isolation by active gearbox
struts. Gembler et al. (1998) attached the inertial actuators to the gearbox strut system outside
of the gearbox of helicopter. The vibration measurement, transfer functions and interior noise
showed that structure-borne noise path characterised by the gear meshing frequency is a
dominant factor. An adaptive feedforward system was optimised and experimental trials were

conducted to show the reduction in the interior cabin noise with the active strut system.

Sutton et al. (1997) had set up a helicopter gearbox support strut in the laboratory under realistic
loading conditions to investigate the active control of longitudinal and lateral vibration
transmission to a connected receiving structure. They used three magnetostrictive actuators
clamped to a support strut in the gearbox to minimise the kinetic energy of vibration transmitted
through the strut by controlling the vibration at the interface between the gearbox and the host
structure. The tests confirmed that the active control of vibration transmission through a
helicopter strut is practical at frequencies up to at least 1250 Hz. Although these studies were

observed to be quite successful, the external actuation concepts can treat only the specific
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structure-borne path and as the control force is located quite far from the gear pair excitation

source, they have essentially no impact on the air-borne path.

1.2.6.2 Piezoelectric Actuators

Few researchers have introduced the concept of active vibration control of gear systems
through piezoelectric actuators. Montague et al. (1994) were among the first few researchers
to perform the active vibration control of gear transmission systems using piezoelectric
actuators, experimentally. A force was applied on the gearbox drive shaft using piezoelectric
actuators attached to the shafts supporting the gear pair and the high frequency gear mesh
vibration component were controlled with an analog feedforward controller. Their experiments

reported 70% vibration reduction at the fundamental gear mesh frequency.

Wang et al. (2018) developed a built-in piezoelectric actuator to generate the control forces,
which can be transmitted to the shaft through additional support bearings. They proposed an
adaptive fuzzy based proportion-integration-differentiation (PI1D) control algorithm to reduce

the transverse vibrations of the shaft. A line diagram has been shown in Fig. 1.12.
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Figure 1.12 Active shaft transverse vibration control model through piezoelectric actuator

Similarly, Barrett et al. (1995) with a feedback control mechanism used three piezoelectric
actuators applied at each of the two bearings of the rotor to suppress vibration at the interface

of machine and its host structure.
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A non-linear controller for an active vibration control of a single-stage spur gearbox was
proposed by Dogruer et al. (2017), which can modulate the input torque acting on the driving
gear that minimizes the dynamic transmission error and compensates the periodic changes in
mesh stiffness. The gearbox was analysed by a finite element software to calculate the mesh
stiffness curve. The change in mesh stiffness, which is nonlinear, was predicted and cancelled
by a feed-forward loop and the remaining linear dynamics was controlled by pole placement
techniques. Under these premises, it was claimed that any acceleration and velocity profile of
the input shaft can be tracked accurately. Thereby, dynamic transmission error can be kept to
a minimum possible value and a spur gearbox can be designed, which does not emit much noise

and vibration.

Rebbechi et al. (1999) made an improvement to the earlier study by developing an adaptive
feedforward controller suppressing the response of the fundamental gear mesh frequency along
with its first two harmonics. Their study utilized a pair of magnetostrictive actuators mounted
at one of the support bearing, actively isolating the vibrations occurring between the shaft and
the housing. They attained an attenuation of 20—28 dB in the vibration level at the fundamental
mesh frequency, while reductions of less than 10 dB were obtained at the second and third

mesh harmonics.

In a similar way, Guan et al. (2003) simulated a direct hybrid adaptive controller that can adapt
both the feedback and feed-forward gains, and only requires to know the fundamental gear
mesh frequency to tackle gear pair torsional and translational vibrations, simultaneously, by
using several inertial actuators on both gear bodies. Guan et al. (2004) also compared the
performance of four actuation concepts aimed at suppressing the gearbox housing mesh

frequency vibration due to transmission error (TE) excitation from the gear pair system.

The studies showed that the concept of active internal shaft transverse vibration control is the
most suitable approach for this application, which is the basis of the present study.
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1.2.7 Smart Condition Monitoring of Rotors with AMB

This section presents an introduction to Active Magnetic Bearings (AMBs) and its basic
principles that will pave a way for understanding of the subsequent literature review. The
demand for the use of active magnetic bearings (AMBS) in condition monitoring of rotating
machineries is increasingly growing for replacing the oil lubricated bearings as well as
retaining the vibration level at minimum such that the undue stresses that causes catastrophic

failures are minimum (Siva et al., 2018).

1.2.7.1 Active Magnetic Bearings

The function of AMBs is to suspend a spinning rotor with no contact, wear and lubrication,
and controlling its dynamic behaviour. The control law of the feedback is responsible for the
stability of the hovering state as well as the stiffness and the damping of such a suspension.
Fig. 1.13 presents the main components and explains the function for suspending a rotor in
radial direction. The stiffness and damping parameters of a flexible rotor support can be varied
actively during operation; hence it is possible to traverse through several transverse critical
speeds, which provides increased reliability of the system with a longer life. Despite ef the
many advantages, the application of magnetic bearings in the past has been limited by the large
size of the magnetic bearings, the complexity of integrating magnetic bearings into the
machine, the need of a large external control system, and the high cost, Tiwari (2017). Although
recent advances in magnetic bearing technology, including miniaturization, simplicity and
integration have overcome many of these limitations. The performance measurement of AMBs
are the dynamics, load, size, temperature, precision, speed and power losses. One important

aspect is the influence of the bearing control system.
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1.2.7.2 Application of Active Magnetic Bearings

The application of AMBSs is very much demanding with emphasis on turbomachinery, blood
pumps, centrifuges, machine drilling tools, energy storage flywheel, high-speed motors and
generators. Schweitzer et al. (2009) have demonstrated the design and development of a variety
of compact and simple structured AMBSs and their control systems.

The focus does not prevail only to high-speed, high-power density, or the control of rotor
dynamics but also on the prevention from contamination by lubrication and mechanical wear,

low energy consumption, extreme environment and low maintenance costs.

Maslen (2000) presented the design and dynamic analysis of both the axial and radial magnetic
bearings of rotors, and discussed the different elements along with control for the working of
active magnetic bearing systems, such as the position sensors, controllers and power amplifiers.
High-speed machining (HSM) offers substantial economic benefits as a result of increased
metal cutting productivity. Critical to realizing this technology's promise are the intertwined
challenges of spindle dynamic stiffness and cutting process stability. Active magnetic bearings
enable greater spindle dynamic stiffness through higher attainable bearing surface speeds, and

also provide a means for enhancing cutting process stability.

Knopse (2007) presented experimental results from two test rigs illustrating the potential of
magnetic bearings for the active suppression of machining chatter. AMBs hold considerable
promise for HSM applications and for that number of technical challenges need to be tackled,
including actuator design, sensor noise, and high-performance feedback control. Experimental
results demonstrated that model-based approaches to controller design can be highly effective
for this problem. Two approaches have proven effective in this regard: speed-independent
controllers where the delay element is treated as complex uncertainty and chatter suppression
is achieved through gain-stabilization; and speed-specified controllers where the delay element
is approximated by a high order, finite-dimensional system so as to capture its phase

information.
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Figure 1.15 Schematic of chatter control experiment (Knopse, 2007).

Li et al. (2006) developed a systematic approach to model an accurate analytical model of the
rotor and magnetic bearings, and compared it with the experimental data of a high-speed rotor
magnetic bearing test rig. Closed loop tests were conducted to identify parameters in the system
model. Zhong et al. (2014) utilized homo-polar type electro-magnetic (EM) actuators and
employed proportional-derivative (PD) type controller for the position control by AMB. They
used the multiple objective genetic algorithms (MOGAS) to optimize the control law and
geometrical features of homo-polar magnetic bearings (HOMB) supporting a generic flexible,
spinning shaft. The minimization objectives included the shaft dynamic response, actuator
mass and total actuator power losses. Levitation of the spinning rotor and dynamic stability
were taken as constraint conditions for the control law search along with nonlinearities, like
the magnetic flux saturation, and current and voltage limits. Pareto fronts were applied to

identify the best-compromised solution.

Imlach et al. (1991) developed closed-loop stiffness and load capacity (force) equations to
design a radial magnetic bearing actuator and manufactured two sets of bearings to be installed
in two canned motor pumps. They predicted the force and stiffness values from these equations
and compared them to experimental measurements to determine their validity with measured

current and displacement information from the magnetic bearing equipped machinery.

Kimman et al. (2010) presented the design and realization of a miniature milling spindle with
AMBs. Permanent magnet biased, reluctance type actuators position the rotor in five degrees

of freedom (DOF), leaving the rotation unconstrained. To reach higher rotational speeds, the
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rotor diameter must be decreased to lower the centrifugal stresses in the rotor. The reduction
of the spindle length will allow for the increase of the rotational speed while remaining below
the flexible resonances of the rotor shaft. A rotordynamic model was developed to expedite the
controller design, and enabled modelling of the spindle’s performance under the influence of
cutting forces. A PID controller model, with a negative stiffness compensation scheme, was
implemented. A cross-feedback controller partly compensated the gyroscopic effect and the

spindle could reach a maximum speed of 150 000 rpm.

Mushi et al. (2011) presented the framework of a model-based control design to ensure
efficient, reliable, and safe operation of turbomachinery on AMBs. This paper gave a detailed
description of the design, construction, and modelling process for a high performance AMB
test rig, which resembles a small industrial super-critical centrifugal compressor. Two
additional radial AMBs were used to allow the application of simulated destabilizing fluid or
electromagnetic forces to the rotor since these forces are difficult to predict and can lead to
rotordynamic instability. This test rig provided a realistic platform to evaluate stabilizing
control algorithms for high performance turbomachinery. A complete model of rotor, AMB
actuators and accompanying electronics, was constructed from individually verified
component models. Model validation was confirmed through the successful design and

implementation of a p-synthesis controller.

Barbaraci et al. (2013) proposed a method of varying the journal ratio to resolve the size issue
in implementing the AMBs on shafts rotating on conventional bearings. They stated that
variation of journal ratio does not produce a variation of the pole’s surface so the reaction load
does not change. The results were analysed by numerical analysis by mathematical
relationships involving the design parameters, magneto-static simulations and dynamic
simulation on the shaft when tested by disturbance rejection and reference tracking input in
order to analyze the differences on dynamic behaviour of the shaft on its suspended sections.
Results show that the displacement pattern of the suspended sections remains unchanged,
confirming that the reaction load, produced by pole expansion, remains the same varying the

journal ratio.

Polajzer et al. (2006) discussed a closed-loop decentralized control for active magnetic bearings

and presented a cascade connection of Pl and PD position controllers. It showed the advantages
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of applying the proposed PI/PD controls over the conventional PID controller and guaranteed

satisfactory high damping and stiffness of the overall system.

In this section, an overview of AMB technology and its applications has been given. In the
current topics of AMB research work, high speeds, control of elastic rotors, touch-down

dynamics, magnetic levitation and smart rotating machinery are addressed.

1.2.7.3 Identification of Parameters in Rotor-AMB System
Several methods have been described in the literature for identification of parameters on
different types of AMB systems in both the time and frequency domains.

In general, identification algorithms are obtained from the current and displacement
coefficients of a linearized AMB model. In recent years, it has been shown that predictor-based
subspace identification algorithms (PBSID) give consistent estimates of the parameters even
in the presence of feedback. A linear model of an experimental AMB system has been obtained
using a PBSIDgpt by Balini et al. (2010). However, the control synthesis based on the system
with flexible modes resulted in unstable controllers and could not be implemented in practise.
Instead, it was shown that a controller could be synthesised based on a reduced order model,
which were designed to be robust against the neglected flexible behaviour of the shaft. The
disadvantage of this kind of method, which is solely based on experimental data, is the limited
prediction capabilities of the resulting controller. For instance, such a model is generally unable
to predict what happens if a physical parameters changes, such as the rotational speed. In that
case, a new model must be identified for example, for a new speed, and these models must be
linked together. For the same reason, a perturbed plant representation using a parametric
uncertainty cannot directly be obtained, whereas it could be if the model was established with

parameters with physical meanings.

Another method by Gahler et al. (1997) identified the modal parameters, i.e. the natural
frequencies and damping, using a predefined model structure. Here, the system matrices are
represented using a two-stage optimisation. Li et al. (2006) presented a comprehensive
modelling and identification method with individual mathematical modelling and identification
of the subcomponents, followed by an overall identification of a closed loop transfer function.

The global system comprises the dynamics of a flexible rotor, a flexible substructure base, two
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radial AMBs and electronic components. The goal was to obtain a model for synthesising

robust controllers.

Vazquez et al. (2001) presented the identification of a long flexible rotor with three magnetic
bearing journals, experimentally. The rotor was hung horizontally with piano wire and
frequency response functions were measured between the magnetic bearing journals and the
sensor locations. Transfer functions were calculated from these frequency response functions
and used in the reconciliation method to modify a nominal model of the rotor. The frequency
response functions are then compared with the responses of a rotor model and a reconciliation
process was used to reduce the discrepancies between the model and the measured data, and
equivalent dynamic stiffness was calculated for the piano wire and the fit of the magnetic
bearing journals. The reconciliation process reduced the error between the model response and
the measured response by several orders of magnitude, demonstrating the effectiveness of the
method. The identified dynamics of the wire and the fit of the magnetic bearing journals show

the expected behaviour only at low frequency.

Ranjan and Tiwari (2020) developed an identification algorithm to execute high-speed
balancing of a flexible rotor system supported on conventional bearings. The system was
integrated with Active Magnetic Bearings (AMBSs) as a suppression actuator as well as an
excitation actuator. The AMB suppresses, the vibration of the system and identifies the
orientation and magnitude of the residual unbalances present in the system through virtual trial
unbalances. An Advanced Influence Coefficient Method (AICM) was developed that utilizes
the influence coefficients obtained at high speed and unbalances identified at the low speed to
effectively estimate the balance masses required for the high-speed flexible rotor balancing.
The influence coefficients are required to be obtained just once, whereas the balance masses
can be estimated periodically by identifying the unbalances at low speeds. After balancing, the
system can easily cross through its critical speeds with less vibration. The AMB also controls
abrupt change in vibration amplitude due to any uncertain faults, while operating at high
speeds. Additionally, the virtual trial unbalances as a magnetic force generated through AMB
reduces the mechanical effort involved in placing the trial masses for the unbalance
compensation. This method allows on-site condition monitoring of the system periodically to

reduce the impairment of high-speed machinery.
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The literature suggests that AMBs has been chosen as an efficient component in vibration
control and condition monitoring of flexible rotor-bearing systems. The proposed work
involves the novel use of AMB technology not for geared rotor support but rather as an actuator
for reduction of vibration and noise emanating from the system. The current study deals with
application of AMBs for vibration suppression and identification of faults in geared rotor

systems.

1.3 Shortcomings of the Existing Literature

The above literature survey portrays that there exists a lot of different techniques to model the
gear system dynamics. When considering the internal responses of the gearbox, forces
generated by the mating gears between the gear teeth continually results in subsequent vibration
and noise. The vibrations are transmitted from the gears to the shaft and through the bearings
to the gear case. Sometimes, it becomes quite expensive to take out this damaged gearbox and
replace it especially in offshore wind turbines, complex and large rotating machinery. As noted
above, a number of factors needs be considered in order to reduce the transmission error in
gears. The unmodified gear with less profile error provides better performance with regard to
transmission error fluctuation when the load torque is low whereas the gear with a modified
profile is better above a certain level of load torque. This shows how fluctuations in
transmission error can be minimized by modifying the tooth profile to suit the load applied to
the gear. So, usually tooth profile modification is suggested at the gear design stage or
manufacturing stage to control the DTE (most important factor for gear noise) however this
consumes time and is quite cumbersome. Evidently, gears are prone to failures and not much
literature can be found on the identification of dynamic transmission error with experimental
validation. For example, loaded transmission errors can be predicted by using software such as
the LDP (Load Distribution Program) from Ohio State University’s Gear Dynamics and Gear
Noise Research Laboratory (1994). Most transmission error analysis tools compute static
transmission error. Additionally, TE is modelled in a single direction, which does not give the

complete information, like its orientation and phase.

Addition of vibration isolators/struts is among the most common practices to reduce the
vibration transmitted to the support structure. However, even with a well-designed isolator,
there is always some residual vibration that is transmitted to the support structure. So, the

concept of active vibration control of geared rotor systems with piezoelectric actuators was
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introduced by few researchers. Unfortunately, there are also few limitations with piezoelectric
actuator technology, i.e., the structural vibrations intensify at frequencies close to the resonant
frequency, so the positioning speed of piezo-based systems is limited by the lowest structural
vibrational frequency, causing significant positioning errors. The major drawback of this
actuation concept is that the slip rings configured to transfer electrical power to the rotating
actuators are complex. Other practical limitations are the actuator’s limited strength in tension,
hysteresis in the movement and acceleration increasing exponentially with frequency, and the
power dissipation stemming from the mass of the actuators increases significantly at higher

frequencies. Furthermore, there are electrical limitations in piezoelectric actuators [79].

1.4 Aim of the Present Work

This thesis work presents a novel concept of integrating active magnetic bearings into the
geared rotor system. The aim of the present study is to reduce the gear mesh vibrations by
applying actively controlled electromagnetic forces with AMBs placed on the geared shafts
and then identification of different types of geared rotor faults from the vibration responses of
the proposed rotor system. For that it is essential to have an accurate model representation of
the complete rotordynamic test facility and the model should describe the dynamic behaviour
of the rotor, mechanism of gear meshing, the flexible links with the motor, load, and the
characteristics of the electronics involved with magnetic bearing. There are various parameters
in geared rotors which are directly not measurable like the gear mesh damping, mesh stiffness,
gear runout, dynamic transmission error etc. In an attempt to estimate those parameters, an
identification algorithm has been developed. The desired goal is achieved by undertaking the

following objectives:

1. Develop the mathematical formulation for a single stage spur geared rotor system based on
lumped parameter gear dynamic models devising various faults and integrated with Active

Magnetic Bearings.

2. Conduct gear dynamic analysis of the proposed geared rotor-AMB system by taking the
following cases:
(a) Rotor with gears at mid span of the shaft and integrated with AMB generating the

vibrational displacement only in transverse direction.

32

TH-2649 156103014



(b) Rotor with gears placed slightly away from mid span of the shaft, integrated with AMB and
creating the vibrational displacement in transverse direction along with gyroscopic effect.

(c) Rotor with gears placed slightly away from mid span of the shaft and integrated with AMB
causing the coupled torsional-lateral vibrations along with gyroscopic effect.

3. Develop an identification algorithm from developed models using regression method for
identification of various geared rotor faults, like the gear runout error, unbalance, variable
transmission error with corresponding phases, AMB parameters like displacement stiffness and
current stiffness factors, thereafter solve the inverse problem with least-squares technique.
Random noise and modelling error is added to the simulated data to accurately model the

system performance and test the algorithm.

4. Design and fabricate the proposed geared-rotor AMB laboratory test rig for the experimental
validation and investigation of active internal shaft vibration control caused by rotor unbalance,
gear runout, transmission error, which usually resides within the gearbox with an aim of

minimizing the effects of transmission error to have quieter gear operation.

5. Utilize the full spectrum responses obtained experimentally from the developed rotor AMB
test rig as an input to the developed identification algorithm for prediction of the different rotor
faults that were considered in the mathematical model.

1.5 Outline of the thesis work

The thesis is divided into seven chapters. The introduction and literature review are presented
in Chapter 1. The mathematical modelling, numerical simulation for transverse vibration
analysis of the geared rotor AMB system in time and frequency domain has been carried out
in Chapter 2. Later, an identification algorithm based on mathematical model has been
developed and geared rotor faults, transmission error and AMB parameters are predicted by
undertaking the full spectrum of vibration responses. Chapter 3 discusses the mathematical
modelling considering offset gears and numerical simulation of the proposed system is carried
out for the transverse vibration analysis with gyroscopic effect. The identification algorithm is
developed accordingly and faults, AMB parameters are identified. Similarly, in Chapter 4 the
work is extended to numerical investigation of the coupled torsional-lateral vibration analysis
with gyroscopic effect. Based on the mathematical model the identification algorithm is
developed and parameters are estimated. The detailed description of the various components
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for design and fabrication of the laboratory test rig is given in Chapter 5. Furthermore, the
numerical results of the proposed model are compared with that of the responses obtained from
the experimental test rig. The practical design guidelines of the active control system of a
magnetic bearing in terms of sensors, actuators, power amplifiers and real-time controller
implementation is presented and its effectiveness in suppressing the gear induced housing
vibrations and noise are explicitly described. The identification of various rotor-AMB
parameters are experimentally obtained from the rotor test rig vibration responses and the
developed algorithm is validated. In the end, the conclusions, limitations, and future scope of

the current work is presented in Chapter 6.
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CHAPTER 2 TRANSVERSE VIBRATION ANALYSIS
OF GEARED ROTOR-AMB SYSTEM

2.1 Introduction

The dynamic analysis of a rotor with a single stage spur gear has been carried out using lumped
parameter model subjected to different types of geared rotor faults. AMB is applied to the
geared rotor dynamics as an auxiliary active support to see the effectiveness of the active
vibration control against the dynamic transmission error (DTE). The study of torsional
vibration of geared rotors is important, not only in high-speed applications and high-power
transmission. Torsional vibrations may occur due to torques related to gear mesh frequencies.
However, torsional vibrations in rotating machines may result not only from direct torsional
excitations, but also from common lateral mode excitations, as the torsional-lateral mode
coupling mechanism is related to the eccentricity of the bending and twisting centre along the
rotor. The torsional vibration travels across the driveline and becomes coupled to the lateral
vibrations at gear meshes, giving rise to undesired dynamic forces through the bearings and
support locations. With this assumption, at first transverse vibration analysis has been carried
out. A feedback PID controller has been used as a control scheme in AMB. DTE is modelled
as an asymmetric transmission error expressed in Fourier series consisting of both odd and
even harmonics in the full spectrum. An identification algorithm based on mathematical model
through least-square regression technique has been built and the prediction of geared rotor
faults, transmission error and AMB parameters are done using the vibration and current

responses obtained by undertaking the full spectrum of time domain signals.

2.2 Geared Rotor System Configuration

The most easily visualized common gears are the spur gear that transmits motion between two
parallel shafts. As shown in Fig. 2.1, a single pair of spur gear is considered at the middle of
two elastic shafts supported on two rolling element bearings (REBS) i.e., single row deep
groove ball bearings at shaft ends. The deformation of the tooth is neglected except at the pitch
point of the driving and driven gears. The damping is added as an equivalent translational
viscous mesh damping, connected in parallel by a linear spring model with equivalent mesh

stiffness added along the contact pressure line, i.e., tangent to the base circle of the driving and
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driven gears. The coupling between transverse and torsional vibration is ignored and only

transverse vibration is considered.
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Figure 2.1 Proposed geared rotor-AMB system

Herein, z-axis is taken along the shaft centreline, and translational displacements of the pinion
and the gear is defined along the x and y axes with appropriate subscripts. As a result of
assembling error, the gear eccentricity is added to the model, which contributes to the effect of

runout and unbalance onto the gear transmission system described in Fig. 2.2.

eccentricity
“(runout error)

Centre of gravity of
gear and shaft
centre

(Both coincide) Gear

Centre of
gravity of
gear

Shaft centre !
Figure 2.2 Runout error in a gear caused by assembly error

The rolling element bearing is considered as rigid, and shafts are of uniform cross-section and
flexible that allows transverse displacement only. The motor drives the input (driver or pinion)
gear and the load provides the brake torque to the driven (output) gear. AMBs are placed near
the input and output gears to control the vibratory motion. The couplings are flexible and the

angular twist due to motor and load is neglected while undertaking transverse vibration
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analysis. The AMB serves to perform as the condition monitoring device to characterise the

faults as well as attenuate the vibration of the rotor system.

2.2.1 Mathematical Model of Meshing of Gear-Pair
A mathematical formulation of spur gear system is developed with four degrees-of-freedom
lumped parameter model to carry out the transverse vibration analysis due to the gear mesh.

The model is defined by flexible shafts with lateral stiffness k, and k,, and damping ¢, and
¢, ; which can be considered as equivalent stiffness and damping due to shaft as well as support

bearings. On considering rigid bearings, the bearing stiffness and damping is ignored. It is
assumed that the centres of pinion and gear wheel is displaced from the respective shaft centres

by an eccentricity e, and e, respectively, causing runout, and ¢, , ¢, are the phase of pinion

and gear wheel runouts, respectively. Runout gives unbalance and also displacement to mating

gears. The base circle radii of pinion and gear are represented by r, and r,. The model has four

translational displacements in the vertical and horizontal directions of the pinion and the gear
due to meshing forces along the line of action. The displacements of the gear-shaft centres

during the meshing of gears in the x and y directions are given by X, Y;,X,, Y, and the lateral
displacements of the runout pinion (driver) and gear (driven) wheel centres are given by

Xo1 Yp1 Xg1 Y, respectively, as shown in Fig. 2.3. w, and w, are the angular velocities of pinion

and gear, respectively. Combining all geometrical parameters defined above, we can write the

displacement equation as

X, = xl+epcos(a)pt+¢p) b Y= Y1+ep5i”(a’pt+¢p) 2.1)
Xy =X, +€ cos(—a)gt+¢g); Yg = Y2 T € sin(—a)gt+¢g) .

The average meshing stiffness at the pitch point along the pressure line is given by K . and gear
mesh damping by €, as shown in Fig. 2.3. The tooth frictional effect on the shear stress, bending

stress and transmission error in gear meshing is neglected.
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Figure 2.3 Co-ordinate system of a gear pair at the pressure line

An external displacement or error excitation e(t) is applied at the gear mesh interface along

the line of action to model the transmission error. (Rao and Tiwari, 2020), detected the
asymmetric transmission error in geared rotor system for transverse vibration analysis with full
spectrum. Unlike the consideration of transmission error along the line of action in a single

direction, this study assumes the DTE in two orthogonal directions to study the forward and
backward harmonics of geared rotor. Hence, €, (t) and e, (t)indicate the horizontal and

vertical components of the static transmission error (STE), respectively, under the loaded
condition. The STE with n as the number of harmonics is modelled as the sum of static and
varying components of the transmission error. The components of the STE, in the x and y

directions, are expressed as

n

e (t)=e, + Zn: e (t) and e (t)=e, +> e, (t) (2.2)

i=—n i=—n

where in subscripts m and f refer to the mean and fluctuating components, respectively.

Maximum harmonics to be considered is represented by n with the negative refer to the
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backward whirl and the positive to the forward whirl. The gear mesh frequency is denoted by

®, and is dependent on the number of pinion/gear teeth and rotational speed of pinion/gear

respectively. It is found that multiple harmonics of exist in a geared rotor system due to
transmission error, not only in forward whirl direction but also in backward whirl direction.
The STE, in the x and y directions can further be written in terms of its magnitudes and phases

in expanded form as

e, (t)=¢,cosg, + Zn: e, cos(im,t +4y)
- (2:3)
e, (t)=¢,sing, + > e;sin(imt+g; )

i=—n

The component of gear mesh deformation at the pitch point of the mating gears in the x and y

directions are denoted by 6, and o, respectively. Then, from Fig. 2.3 displacement increment

along the pressure line due to the shaft deformation, gear runouts and transmission error in the

x and y directions, respectively, can be expressed as the dynamic transmission error (DTE)

8, =X, — X, —€,(t) =X =X, +e,cos(w,t +¢, ) —e, cos(-a,t +4, ) e, (t) 2
8, =Y, — Yy —& (1) =Y, - ¥, +&,5in (ot +4,)—e,sin(-ao,t+ 4, )¢, (1) |
2.2.2 Characteristics of Active Magnetic Bearings

The design of magnetic bearings has to consider two key elements, the magnetic bearing
actuator and its control system. In this section, from the literature available in [84-85] the
design characteristics of a radial active magnetic bearing has been briefly described. Fig. 2.4
shows the cross section, where the eight-pole AMB actuator has the stator and core made of

ferromagnetic material with 1, as the magnetic permeability of free space and ‘&’ as half

the angle between two poles about the mean position of rotor. The area between the stator poles

is * A, the cross-sectional area of flux in the air that is equal to the area of iron core and slots

are having ‘ N > number of coil windings. The stator yoke completes the magnetic paths of the
eight stator poles. The width of the stator yoke is designed to be wide enough to avoid magnetic

saturation and produce high mechanical stiffness in order to avoid vibration caused by radial

magnetic forces. The eight poles create four-pair of electromagnets and © S, * represents the air
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gap between the electromagnetic actuator pole and rotor at operating point. ‘i, is the bias

(0]
current to the coils. The design of the actuator depends upon the maximum load capacity, air

gap between rotor and stator, number of poles, power consumption and so on.

y
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Figure 2.4 Feedback control system of AMB actuator

For a precise motion control of the rotor, closed-loop control system [86-87] is employed as
the strength of the electromagnetic forces can be controlled proficiently even if the load on the
rotor is varied. When the rotor gets shifted from its equilibrium position, it is controlled by a
linear proportional-integral-derivative (PID) controller with differential driving mode. In Fig.

2.4 f_ is the difference of magnetic forces exerted by both the magnets on the rotor acting

radially. Both the magnetic forces are obtained by inserting currents i, . and i, to

corresponding air gaps s, + X, and s, —X, in x direction as given in egn. (2.5), where

subscript k = 1, 2 representing the input and output shafts, respectively. Thus, the resultant

magnetic force in x-direction is

I+ i —i
f o—=c|>—2%| |2 lcosa with ¢ =0.25, N2 2.5
m 1 [so"_xk] [So_xk] 1 HoN A (2.5)
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Here, c, is a constant calculated for a particular bearing configuration.

i 1 2 2 . . 2 n 2

o +1 So — X, — ly—1 Sy + X,

~ il cosa  (2.6)
So + Xy So — X«

Xy

Which can be combined as f —c,

. e . —4 i2—4 i2 44ii s2+4ii x?
After simplification, we get f —c, So%lo SOXK'“k;L '°'ka302+ Tolox, X COS v (2.7)
So+ X Sy — X,
Neglecting higher order terms of X,, since X, <<s,, we get
—4s,x, 05 +i2 + i, S
fm:cll e i 22 lcosa (2.8)
s
0
L —4s, X, iF +iZ 4ii s?
Which simplifies to f_ :Cll oX fo ™ ol S0 COS v (2.9
SO
-2 -
After rearrangement of terms, we get f — _[W]Xk +[4Cl'05$]icxk (2.10)
0 0

Thus the total instantaneous magnetic force f_as a function of displacement and current at the
operating point in linearized equation is given by f_ = —kx +Kki, (2.11)

The rotor position is detected by the displacement sensors and sent as an input to a digital
controller. The dynamic force suppression characteristics are examined by fine tuning the PID
controller gains, which stabilizes the rotor vibrations. The output current from the PID

controller is amplified by the power amplifiers, which is then sent to the actuator coils.

2.2.3 Working Principle of Control of Active Magnetic Bearings

The working layout of magnetic bearing control system is shown in Fig. 2.5. In this work two
radial magnetic bearings have been used to support and position the input and output shafts in
the radial direction. When the rotor position gets shifted from its equilibrium position, it is
controlled by a closed-loop feedback system. The electromagnets generate radial forces in
differential mode in the x and y directions. With ‘i, ’ as the total coil current, the general

magnetic force © f,, ’ acting on the rotor in an AMB (Tiwari, 2017) is given by

2

f = q[' cosa (2.12)

_m
So
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Figure 2.5 Linearized rotor-AMB model with PID control loop

The local displacements are detected from the shaft position sensors and the signals are sent as
an input to a digital controller. The controller processes these signals, and calculates how to re-
distribute the currents in the electromagnets to restore the shaft to its centred position. Power
amplifiers in the controller then amplifies the currents to be sent to the electromagnets. The
dynamic force suppression characteristics are examined with an adjustment of PID controller
gains given by K,,K, and K,, which is tuned digitally to stabilize the geared rotor
displacement. The current output from the PID controller is then sent to the actuator coils

accordingly. The expression of the control current i, and i, from the PID controller for two

perpendicular transverse directions, i.e. the x and y directions, with subscript k = 1, 2
representing the input and output shaft [62], respectively, are expressed as,

dx, (t)
dt 2.13
dyk(t) ( )

dt

i, ()= Kex, (1) +K, Jxk (t)dt + K,

i, (1) =Koy, (t)+ K,J‘yk (t)dt+ K,

According to the dynamics of AMB, assuming linear characteristics of the magnetic forces, the
total instantaneous radial magnetic force f, can be expressed in terms of a function of rotor

lateral displacementsx, andy, (deviation of rotor from mean position) and coil current
I and i, (control current). Thus, the balancing magnetic bearing force in x and y directions

Xy

can be written, respectively, as
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f —k, %, +K i
"k y, ki (2.14)

1 eyy

4cjiZ cosar

ss

_ 4cji cosa

2

with, k, =
sO

3 (2.15)

2.2.4 Equations of Motion of Geared Rotor System with AMB

The energy equation, i.e. the kinetic energy ‘T’, the potential energy ‘U’, the dissipation
function ‘D’ and the force vector ‘P’ considering transmission errors, and gear runouts (runouts
gives mass unbalances on shafts, and elastic and damping forces at the pitch point) of geared

rotor AMB system can be written as

T =2 {m (5 +y2)+m, (%5 + 5] (2.16)
=055 b 5 45 047 e
D= e (8595, (1 +33) 0 (67 2.18)

To derive the equation of motion of the given mechanical system, on using the extended
Lagrange’s formulation, we know that

gpob)_ ot D _pi-12.) (2.19)
dt{og, ) dq; oq,

With L=T -U

By substituting L in egn. (2.19), the equations of motion for the system is derived by using

Lagrange’s dynamics, which is given by the expression

dpor) dfed) or, o0, D _pi_gp ) (2.20)
dtlog, ) dt{aog, ) og, 0q, oG,

Noting eqn. (2.20) and energy equations given by (2.16), (2.17) and (2.18), subsequently the

equations of motion of the rotor corresponding to each DOF with forces due to the mass
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unbalance, gear runout errors, mesh dynamic force with corresponding transmission errors and
AMB controlling force is obtained directly by rearranging the mass, stiffness and damping

matrices, and can be put into matrix form as

M@ +Cq+Ka =fp +F; out +Finesn +Famp (2.21)
with
m 0 0 O c,+c, 0 -, 0 ] X,
" 0 m 0 0] c_ 0 c,+Cy, 0 —Cy | R
1o om o | -c, 0 c+¢c, 0 [ a= X, |
0 0 0 m, 0 —C, 0 ¢ +c, Y,
4k, O " 4 (me, o} )cos(m,t +4,)
| O krk,o0 k., . (me,o} Jsin(o,t+4,) |
K 0 kg +Kp, o [ unb (mzega)gz)cos(—a)gt+¢g) ’
-k k +k
0 F 0 g *¥n (e, @} )sin (-t +,) |
C,€,@, sin(a)pt +¢p) —k,e, cos(a)pt +¢p) —_|(le+kliCXi
—c,e,0,c08(w,t+4,) | |-k.e,sin(o,t+g,) —K,y, +k, g,
frou = i " T =
—cgega)gsm(—a)gt+¢g) —kgegcos(—a)gt+¢g) o,
Cy8,0,C08(~ao,t+4, ) | | —K,e,sin(-a,t+4, ) KoYkl |
e,@, i@t +¢, ) +e,0,sin(-a,t +4,)+6, (1) |
i —e,0,08(m,t + 4, ) - 0,c08(-w,t + ¢, )+ €, (1) X
mesh —e,0,5iN(w,t + @, ) e a0, sin(-a,t+4, )& (t)

_epa)pcos(a)pt + ¢, ) +8,0,008(-a,t + 4, )€, (t) |

e, cos(w,t+4, ) +e,c0s(~a,t+4,)+e,(t)]
(1)
e, cos(mt+4, ) —e, cos(-m,t +4, )¢, (t)

& sin(@,t+4, ) —e, sin(-o,t+4,)—e, (1)

_epsin(a)pt+¢p)+eg sin(—a)gt+¢g)+e (2_22)
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The right side of the eqgn. (2.21) shows the forces due to mass unbalance, gear run out error,
mesh dynamic force with corresponding transmission error and AMB controlling force. Further

the identification algorithm is developed from the above systems equation of motion.

2.3 Development of Identification Algorithm

In this section, the development of an algorithm for the model-based parameter identification
of geared-rotor-AMB system using the full spectrum of complex vibration signal from the
shafts has been done. The identification algorithm is obtained from developed EOMs in the
form of regression equations and the system parameters are estimated by using least-square

fitting technique from the full spectrum data of rotor vibration and AMB current.

2.3.1 Representation of equations of motion in complex form
The vibration response based on EOMs from egn. (2.22) can be generated in both time and

frequency domain. For easy of computation, translational displacements (X, Y;) and (X,, Y,) of

geared rotors are combined as complex vectors r, and r,, respectively, with j= J-1as
L=X+jy, and rL=X+]y, (2.23)

Likewise, the varying transmission error defined in egn. (2.3) along the line of action between

two mating gears with n number of harmonics in complex form can be written as

E=e(t)+]e, () =€, +> efiej(i%t+¢fi) (2.24)

i=—n

Differentiating equation (2.24) with respect to time, it can be expressed as

E=6,(1)+16, (1) =] ime e ™"

(2.25)

Similarly, the AMB control currents (i, ,i., ) and (i__,i., ) can be combined as complex

Cx ? ICYl ey ! ICYz

vectors i, and i_, respectively, as follows
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I =1y, + iy, and i, =i, +]iy, (2.26)

Taking into account egns. (2.21) through (2.26), time domain EOMs from (2.21) and (2.22)

transformed into the following complex form as

For input shaft:

. ; . 2 (@pt+4y)
mlr1+(cp+cm)r1—cmr2+(kp+km—ks)rl—kmr2:(mlepa)p—kpep—kmep)e P

_ . ' ‘ (2.27)
—i(c, + ¢ )o@, " ke € — e e e 4k E ¢ E -k,
For output shaft:
) y i-o,t+4,)
My +(C, +C, )8 =y + (kg + Ky =k )1, =K, 1 = (me,0f —kye, ke, )¢’ 2.28)

i(-agt+dg) (@pt+4y)

+jc. e m e —k E—c E-kii,

+j(c, + ¢, e, @,e +K€,8 5@,

From eqgns. (2.27) and (2.28), it can be observed that the input and output shafts are rotating in
opposite direction. The full spectrum due to mass unbalance is expected to have larger 1X peak
and smaller -1X peak. Hence, runout force vectors (including unbalance, elastic and damping
forces) in input geared shaft, which is rotating in anticlockwise direction is in the form

Fl(a)p)ej“’”t accordingly the runout force vectors in output geared shaft rotating in clockwise
direction is in the form Fz(a;g)e‘j”’g‘. The excitation forces due to gear meshing are multi-

harmonic in nature and are of the form F,(w,)e"*" for i=-n,...,=1,0,1,2..n harmonics. Herein,

gear meshing forces are common to both shaft but opposite in direction hence a forward
excitation in pinion will give a backward excitation in gear and vice-versa and since the systems
EOM are linear, thereby applying principle of superposition, the assumed basic solution for
eqns. (2.27) and (2.28) with three forcing frequencies are combined and added. Hence,

the complex

e’

considering the different excitation frequencies, ie. o =w, o ,and o
displacements r, (t),r, (t) and the complex current i, (t), i, (t) containing each harmonics from
the full spectrum can be represented in summation form as
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- y o viot - . .
L(t) =R 6" ++R e +R, e +R e +R e +R e+ - +R "™

(2.29)

_ —njest —jat —jo,t Oja,t jot
L(t) =R e "™ ++R e "™ +R, e’ +R, e +R e +R

Jost | . njw,t
—1ge —1g99 lgee + + Rngee

(2.30)

where, Rlpp,R_lpg,_Z R, and ngp’R-lgg’_z R, represent complex frequency domain

displacement response due to the individual effect of @, ,®,,®, on both input and output

shafts, and R, ,, R, represents the static deflection in complex form for the pinion and gear

0p?
shafts, respectively. Similarly, current harmonics should have the same frequency components
as that of displacement harmonics. So, at any instant of time the output current signals from a

PID controller can be expressed as

: il —nja,t —jot —Jjayt Ojapt joopt jat njaw,t
i (0) =1 e ™™ et e e 1 e + 1, e 1 e ] e

(2.31)
: a —njaw,t —jot —jayt 0joogt Jopt jart njaet
iy (1) =1 g€ "™ oot L /™ 1 e 1 e +1, " +1, e +...+1 e

(2.32)

i=n i=n
where, 1,1, Z lieand I, 1, Z I, represent the complex frequency domain current

i=—n i=—n

responses under the effect of o, o, and @, on the on both input and output shafts, and
l,, and I, represent the control current responses in complex form for the static deflection in

the pinion and gear shafts, respectively.

From eqgns. (2.29) to (2.32), upon differentiating the assumed solution R, (t) and R,

igL

(t), with
subscript L belonging to p,gand e depending upon the excitation frequencies w,, @, and a,,

respectively, taken at a time yields
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Ripl_ (t) = jiw, RipL (a)L )e“‘“Lt, ﬁipL ('[) _ —iza)E RipL (wL )ejith

Ra (1) =Jio Ry (@)™, Ry (t)=-I"0{Ry (@, )" (2.33)

Noting egns. (2.29) through (2.33) and substituting in egns. (2.27) and (2.28), the time domain

equations can further be converted into multi-harmonic frequency domain equations as follows

(@) Input shaft equation:

m, {—iza)f RipL (wL)ejiWLt} X (Cp +Cn ) {J ia)LRipL (C!)L)ejith } = {j ia)L RigL (a)L)e”(”L‘} +

2
(mlepwp - kpep - kmep )}e](wptﬂﬁp)

_j(cp +Ch )epa)p

(ky +kn =k, ) Ry (@) |~k {Ry (@)™} {

4 . n - n -
+(kmeg _ jcmeg a)g )ej(_[‘)gt+¢g) + km {emej¢m + Z (efiejl(a)et+¢f|) )} + Cm {Jz (Ia)eefiejl(wet+¢f|) )} _ kl Il

i=—n i=—n

(2.34)

(b) Output shaft equation:

m, {-i*ofRy (@ )" | +(c, +¢, ){iio Ry (@)™ | —c, {iio R, (@ )e" | +

(me o} —kye, ~k,e,) pICoty)
+j(cg +C, )ega)g

(kg Ky =k, ){RigL (a)L)ejith} -k, {RipL (a)L)ejimLt} = {

i H il ii 4 A ! . ji . -
+(kmep + jcmepa)p )ej(wpt+¢P) i km {emej¢m + Z (efiejl(wet+¢f|) )} _ Cm {JZ (Ia)eeﬁell(wet+¢f|) )} _ kl |2
i=—n i=—n

(2.35)

The frequency domain EOM are further expanded and arranged suitably to obtain the
regression equations. After expanding and separating the equations based on different forcing

frequency components, the so obtained complex regression equations are as follows:

(a) Considering equation (2.34) for input shaft:
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Case I. On extracting terms for i=0, equation representing the static deflection of the input
shaft

(Ko Ko =K ) (Rope™™ | =k (Roge™™ ) ==k, (156" ) (2.36)

Case Il. Wheni =1, excitation frequency @_= @, represents the forward whirl of the input

shaft since pinion is rotating in the anticlockwise direction.

m, (—a)ﬁ Rl;rlpejwpt ) + (Cp *+Ch )(J @, Rlppejwpt ) -C, (Ja)p ngpejw”t ) -k ( ngpejwpt )

ot} _ 2 iopted) (ogt+,)
+(kp+km—ks)(Rlppe “)_(mlepa)p—kpep—kmep)e (e, ey )epm,e” —k,(l

i(opt)
1pp€ )

(2.37)

Case I11. When i=-1, excitation frequency @, = w, represents backward whirl in input shaft

ml(—a)nglpge_ngt)-l-(Cp+Cm)(—j0)gR7 e‘j“’gt)—cm(—ngR e‘ng‘)—km(R

ei(*wgt))

—jogt
1pg ~1g9 -199® )

(2.38)

—1pg -1pg

(K + ki =k )(Riypge 7 ) = (kg — iCo8g, )&~k (1

Case IV. Wheni=-n,..,-1,0,1,...,n, excitation frequency @, = w,, i.e. represents both

forward and backward whirls in the input shaft can be taken up to n™ harmonics of the gear

mesh frequency in this work.

m, (—i° @Ry, e" )+ (c, + ¢, )(jio.Rye™™ )=, (iR )+ (K, +ky =k )(R

e ' ipe

Jiwgt
ipee )

n

_km (Rigeejiwet ) _ km {emejafm + Zn: (eﬁeji(wet+¢ﬁ) )} fc {JZ (ia)eeﬁeji(wet+¢n) )} _ k| (Iipeejiwet)

(2.39)
(b) Considering equation (2.35) for output shaft:

Case I. Similarly, extracting the terms for i=0 represents the static deflection of the output
shaft
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(kg + k=K, )(Rog€” " ) =Ky (Rope™™ ) ==k, (10g8”"™") (2.40)

Case Il. Fori=1, excitation frequency w, = w, , represents the backward whirl of the output

shaft since the gear has clockwise rotation direction.

2 jo,t - jo,t - jo,t jo,t
mz(—a)pngpe ’ )+(Cg +cm)(Ja)pRigpe G )—cm(ja)pRlppe G )—km(Rlppe G )

241
(kg +k, _ks)(&gpej”pt)z(kmep + jcmepwp)ej(wptwp) K, (I eja)pt) (2.41)

1gp

Case Ill. Wheni=-1, excitation frequency o, = w, , represents the forward whirl of the output

shaft

m, (—a)g Rflgge_ngt ) 4 (Cg +Cq )(_ng ngge_ngt ) —Cn (_ja)g Rlpge_jwgt ) —kn, (R—lpge_mgt )

+(kg +k, — K )(R_lgge*iwgt ) _ {(mzeg a;gz —kge, — ke, )+ j(Cg +c, )eg o, }ej(—fugtmg) K, (I_lggefngt)

(2.42)

Case IV. When, i=-n,..,-10,1,...,n, excitation frequency @, = «, represents both forward

and backward whirls of the output shaft can be taken up to n' harmonics of gear mesh

frequency in this work.

e ' ige e’ Vige e Vipe ige

-k, (Ripeejiwet ) =—k_ [eme% x zn: (eﬁeji(weﬁrﬁﬁ) )} —c, {JZ": (ia)eeﬁeji(weﬁtﬁﬁ) )} —K, (ligee,—i%t)

i=—n i=

mz(—iza)zR. e”‘”e‘)Jr(cg +cm)(jia) R e“”et)—cm(jia) R e”’”e‘)Jr(kg +k, _ks)(R‘ eji%t)

2.3.2 Formulation of Identification Matrix

For the identification of parameters of the geared-rotor-AMB system, the complex regression
equations are so arranged that the known and unknowns are separated and kept on either side
of equality. Both left and right sides of the equations contain multi-harmonic components

ranging in i=-n,..,.—10,1...,n. The complex responses R, , R, andcomplex AMB currents

LipL s i TOT i harmonic can be written in the form

R,

ipL

R,

= I:\)ipL,Re + J R igL = RigL,Re + J R

ipL,Im?
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and IipL = IipL,Re + J IipL,Im' IigL = IigL,Re + J IigL,Im (244)

Equations (2.36) through (2.43) are converted into real regression equations considering the
eqn. (2.44), by segregating the real and imaginary parts (refer Appendix Al). Thereafter, the
equations are rearranged suitably according to the forward whirl and backward whirl frequency
components that leads to 52 numbers of equation on considering n=5, and expressed in a
standard matrix form as

Ax=Db (2.45)
here, X denotes the unknown column vector, b the known matrix and A the regressor, are
provided in Appendix B1. There are 38 unknown parameters in eqn. (2.46), which are to be

estimated from the real regression equations (refer Appendix Al)

ko, C, K.,e,cosg, ke sing ke cosg, ke sing c.e cosg c.e, sing
.8, COSg, C.e,Sing, e ,cosg, e sing e cosg, e ssing ki k ke, cosg,
Kn€nsing, K.e;cosgy, ke ,cosg, K.e;cosd, K.er,cosd, K,eq;Cosds

Kn€r1SINgy; K¢, SiNgy, kmefssin¢f3 Kn€14 COSPy, kmefscos¢f5 Crn€1; COS Py,
Cmef2C05¢f2 Cmef3cos¢f3 Cmef4cos¢f4 Cmef5cos¢f5 CmefISin¢fl Cmef25in¢f2

| Cn€r3SINGrs C€,SiNgy, CsSiNgy,

{X}38><1 =

(2.46)

It should be noted that some of system unknown parameters are in multiplicative form i.e., in
multiples of two or more unknown parameters. The parameters so obtained from eqn. (2.46)
are further combined to determine the desired independent 20 identifiable system parameters,
i.e. the gear mesh stiffness, gear mesh damping, eccentricity in input, output gear with
respective unbalance phase, AMB displacement stiffness factor, AMB current stiffness factor,
magnitude and phase of mean transmission error, magnitude and phase of variable transmission
error corresponding to their respective harmonics (considering n=>5) and is given in egn. (2.47),

as

;
Lkm Ch € &, €& &, ke K €, &y €1 €, €5 €y €5 P By s P ¢f5J
(2.47)
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The identifiable parameters are solved by using least-square regression method and is given by

expression

x=(ATA) ATb (2.48)

The condition of the matrix is improved if the identification is done with combined spin speeds
taking cumulative data over N range of speeds with subscript L belonging to p,g ande

depending upon the excitation frequencies o,,0, and @, respectively, taken one at a time

and is given by the expression

Alo,) b(e, )

A@,)| |b@,)

X (2.49)

A(a)NL) b(wNL)

The identification algorithm developed in this section is numerically simulated and the results
obtained on the estimation of parameters given by 20 identifiable system parameters (eqn. 2.47)

is presented in the next section.

2.4 Numerical Analysis of Geared Rotor AMB System

This section creates, analyses and implements the algorithm for solving numerically the
identification problem. Initially the system’s time domain response from EOM given by eqgn.
(2.21) is obtained by using Simulink block in MATLAB™ environment as shown in Fig. 2.6.
The ‘clock’ time, and the pinion and gear spin speeds are the input to run the geared-rotor-
AMB Simulink model. The sub blocks, i.e. ‘transmission error’, ‘mesh dynamic force’,
‘unbalance force’ and ‘gear runout’ are the excitation forces, which give the displacement
responses from the geared-rotor-AMB system. The displacement reference signal is set to zero
at the nominal position. The vibration signals are directed to the PID controller, where it is
processed and the output current signals are sent to the actuator, which generates the

electromagnetic force of the same frequency as that of the excitation frequency.
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Figure 2.6 Simulink block of the proposed geared rotor AMB model

The parameters taken for the design of AMB actuator is shown in Table 2.1. The dimensions
of the actuator are based on design criteria, like the maximum load capacity, air gap and number
of poles. The assumed physical geared rotor parameters used in simulation have been

summarized in Table 2.2

Table 2.1
Assumed parameters for AMB actuator
Parameters Values Units
Iy 2-4 A
g 0.4-0.8 mm
1, 4nx 107 W/AM
a 22.5 deg.
N 100 -
A, 300 mm?
k 217573 N/m
K, 43.5 N/A
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Table 2.2
Gear physical parameters assumed for numerical simulation

Assumed values

Parameters
Diameter of input and output 0.012m
shaft
Span of input and output shaft 0.6m
Module 2
Gear ratio 2
Pressure angle (FDI) 20 deg.
Number of teeth (pinion) 28
Number of teeth (gear) 56
Shaft density 7860 kg/m?®
0.01

Damping ratio

2.068x10'! Pa

Young’s modulus
2.88 kg, 3.38 kg

m,,m,
@,, O, 30:2:38 Hz, 15:1:19 Hz
e,.€, 0.0003 m, 0.0004 m
C,.C, 49.63 N-s/m, 69.5 N-s/m
Cnm 250 N-s/m
K, 45.0257x10° N/m
K.k, 4.25x10° N/m, 6.62x10° N/m
w, 750:50:950 Hz
$,.9, 1.078 rad, 1.598 rad.
e, 31 nm
A, 0.5236 rad.
€5 30 nm, 25 nm, 35 nm, 11 nm, 12 nm
D 0.9471 rad, 0.5640 rad, 0.3283 rad, 0.3654 rad, 0.3954

rad.
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Since two AMBs are mounted near the input and output gears so the PID controllers working
on differential driving mode has been used. The control parameter has to be chosen suitably to
make the geared rotor-AMB system stable, which is stated in next subsection. The PID
controller gains are tuned suitably followed by the Nyquist stability criteria, which is listed in
Table 2.3 to provide the necessary control current to the AMB actuators, such that the vibration

levels of the system are minimised.

Table 2.3
Tuning of PID controller gains

Gains Values Units

K, 7000 A/m

AMB 1 Ko 9 As/m
K, 4000 A/m-s

<5 6000 A/m

AMB 2 Ko 8 As/m
K, 4000 A/m-s

2.4.1 Stability Analysis using Nyquist Criterion

The Nyquist stability criterion can be used to determine the stability of linear time-invariant
dynamical systems from its open-loop frequency response and open-loop poles (Tiwari, 2017).
The closed-loop geared rotor-AMB system with the sensor in the feedback loop is shown in
Fig. 2.7, where X gives the displacement of rotor from the centre position, which is an output

of the closed loop system. The control system containing transfer function, G_,, (s) , for geared-

rotor-AMB system and the transfer function, G_ (s), for sensor gain are connected in parallel.

Geared rotor-AMB
transfer function

Geen(s) >

G, (s) [——

Sensor gain
transfer function
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Figure 2.7 Closed loop feedback system of geared rotor with AMB

The characteristic equation of the system considering input and output rotational motion is
obtained by equating the denominator of the transfer function from equation (C1.5) given in

Appendix C to zero, as

m,s® +(c, +¢, + Kok Kok, )% + (K, +k, kg + Kk Kk, )s+ K kk,kg, =0 (2.50)
and

M,S* +(Cy + Gy + Kok Kok )87 + (K + Ky + K, + Kk KoKy, )5+ K k Kk, =0 (2.51)

The stability criterion can be expressed as

Z=N+P (2.52)

where Z is the number of zeros of 1+ G,,(s)G,,(s) inthe right half s-plane, N is the number
of clockwise encirclements of the (—1+j o) point and P is the number of poles of
Geea (5)G,, (s) in the right half s-plane.

0.8 T T T T T T T T T 0.8

o.6f E o6l

0.4 0.4

0.2 o2

o

Imaginary Axis
Imaginary Axis

0.2 o2k

-0.41

-0.4

_0.6F 0.6

-0.8

L L L L L
-0.8
1 -08 -0.6 -0.4 0.2 o 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 o 0.2 0.4 0.6 0.8 1

Real Axis Real Axis

(a) (b)
Figure 2.8 Nyquist plot of (a) Input shaft (b) Output shaft
As per the Nyquist plot shown in Fig.2.8 (a) and (b), there is no loop which encircles the critical
point (—1+ jO), hence N =0. By using the assumed system parameters listed in Table 2.1-

2.3, it was found that all the roots of characteristic equation as per eqn. (2.44) and (2.45) have
negative real parts so, P =0 (i.e., open loop stable system). Therefore, from the Nyquist

stability criteria,Z =0, i.e., no roots on right-hand side of s-plane. This ensures that the
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proposed geared rotor system is stable with the chosen PID controller parameters during

operation.

2.4.2 Time Domain Response

The time domain response from the EOMs (2.21) and (2.22) are solved by fourth-order Runge-
Kutta method. The simulation is run for a duration of 7 sec. and the solution is obtained taking
a time step of 0.00006 s. To obtain the steady state response and avoid the effect of transient
response, the generated signals are considered from 6-7 s. The transverse vibration of geared
rotor is controlled predominantly by radial forces generated by the AMB actuator; hence the
rotor lateral displacement is suppressed effectively. This can be observed from the time domain
responses. Orbit plots are obtained from time domain responses and a comparison is made to
illustrate the rotor whirling behaviour in both geared shafts considering the transverse vibration
with and without the application of AMB, and is shown in Fig. 2.9. The response clearly
indicates the combined rotor transverse displacement characteristics in perpendicular
directions and the kind of controlled motion with the help of AMB.
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Figure 2.9 Time domain response at @, =30Hz, @, =15Hz,®, = 750Hz in thex andy

directions (a) displacement of input geared shaft (b) displacement of output geared shaft (c)
orbit plot of AMB controlled transverse vibration from input geared shaft (blue coloured) (d)
orbit plot of AMB controlled transverse vibration from output geared shaft (blue coloured) (e)
Orbit plot for AMB control current from input geared shaft (f) Orbit plot for AMB control

current from output geared shaft.

2.4.3 Full Spectrum Response

Time domain solutions are further utilized to carry out the full spectrum analysis. The full
spectrum is more complete in displaying the information contained in the frequency spectrum.
The full spectrum plot is obtained by first coupling the orthogonal vibration displacement
signals into a complex signal and then performing a Fourier transform. The complex data on
Fourier transform gives information of both the forward and backward whirl frequencies. In
this paper, the input geared shaft has an anticlockwise rotation and the output geared shaft has
clockwise rotation. The full spectrum shows multiple harmonics of excitation frequencies,
which is solely due to the gear meshing error causing the DTE. These can be observed from
the displacement and current peaks of full spectrum plot as given in Fig. 2.10 and Fig. 2.11,
respectively. The geared rotor has both forward and backward whirl frequency components
due to asymmetric transmission error, where the harmonics of forward whirl excites the rotor
in the same sense of rotation whereas the backward whirl harmonics excites the rotor in the

reverse sense of rotation, simultaneously, with respect to the rotational direction of input shaft.
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Figure 2.10 Full spectrum response generated at @, =30Hz, @, =15Hz, @, = 750Hz (a)

Amplitude of complex translational displacement for input geared shaft (b) Phase of complex

translational displacement for input geared shaft (c) Amplitude of complex translational

displacement for output geared shaft (d) Phase of complex translational displacement for output

geared shaft.
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Figure 2.11. Full spectrum plot for AMB control current at w, =30Hz, @, =15Hz,

o, = 750Hz (a) Amplitude of complex current for input geared shaft (b) Amplitude of complex

current for output geared shaft

2.4.4 Estimation of Parameters with Addition of Noise and Modelling Error

The multi-harmonic magnitude and phase information from the full spectrum are used in the
identification problem. The numerical responses generated from the full spectrum are fed into
the identification algorithm (refer egn. B1.1 to B1.3 given in Appendix B1). The rotor-AMB
physical parameters are considered to be known listed in Tables 2.1, 2.2, 2.3. Initially, the 38
unknown parameter values in the multiplicative form, i.e., egn. (2.46), are obtained from the
identification algorithm. Thereafter, the estimation of 20 required independent parameters, i.e.

equation (2.47), is performed by correlating the terms as

Amplitude=e, =+/Re*+Im?* = \/(eL cosg@ ) +(e sing ) ; (2.53)
1 Im [ e sing,

Phase=¢ =tan | — |=tan | ——— (2.54)
Re e, _CoS¢,

where, subscript L depicts p,g,m, fi for determining the amplitude and phase information of

the eccentricity, and the mean and fluctuating transmission error components present in the
system.

Since external noises are always present in the real system responses while measuring the
vibration signals. To obtain real measurement conditions and to ascertain robustness of the
identification algorithm against instrument and measurement errors, random noise of 1%, 2%
and 5% has been added to the generated response. Here, the Gaussian white noise is added to
time domain signals during the numerical simulation. It is defined as a statistical noise that has
its probability density function equal to that of the normal distribution. It is a random signal
with a flat power spectral density, uncorrelated and normally distributed with a mean zero and

unit variance. The noising response signal could be obtained as

100

Foise (1) = r(t)+{r(t)(Rand ~05) Np} (2.55)

60

TH-2649 156103014



Here, r(t) is the vibrational displacement as in Eqn. (2.55), R, is a random scalar value with

and

mean 0 and standard deviation 1 and N, is the noise %. Noisy response for AMB current is

obtained similarly.

Also, it is inevitable that real system properties, like the mass, stiffness and damping may differ
from the assumed values of the parameters, taken for the numerical analysis. So, in a similar
way bias errors are added to check the sensitiveness of the algorithm. This is done by
introducing the bias error in the density, length and Young’s modulus of the system. The
parameters so obtained from the developed algorithm after adding different noise level and
modelling error is shown in Table 2.4 and Table 2.5, respectively. To get a better accuracy of

the estimation a suitable range of multiple speeds, i.e., @, =30—38 Hz in step of 2 Hz,

@, =15-19Hzin step of 1 Hz, and @, =750-950 Hz in step of 50 Hz are taken for the

simulation.
Table 2.4
Identification of parameters with addition of noise at multiple spin speed
Parameters Assumed Estimated values with different percentage of noise
values 0% 1% 2% 5%
Cn 250 Nsmt 265 270 227 282
K, 45.2x10°Nm?*  45.3x10° 45.6x10° 45.11x10° 51.1x10°
e, 3x10%m 293.4x10°%  298.6x10°  282.1x10° 273.9x10°
e, 4x10™* m 399.3x10° 397.4x10°  442.11x10°  413.91x10°
¢p 1.078 rad 1.103 1.112 1.0971 1.082
¢g 1.598 rad 1.607 1.623 1.606 1.602
kS 217573 Nm* 242705 238629 200343 226793
kI 43.5NAT 42.9 44.12 51 59
e 31 nm 30.9 31 32 35
61

TH-2649 156103014



&, 0.5236 rad 0.526 0.531 0.512 0.581
€, 30 nm 4.0 3.9 4.1 4.8
e, 25 nm 2.5 2.95 2.8 2.4
€3 35 nm 3.5 3.8 3.0 3.6
€4 11 nm 1.1 12 15 18
€5 12 nm 13 1.6 1.5 13
b, . 0.9471 rad 0.941 0.926 0.945 0.974
b, 0.564 rad 0.564 0.583 0.636 0.789
., 0.3283 rad 0.329 0.333 0.383 0.423
b, 0.3654 rad 0.365 0.377 0.354 0.531
. . 0.3954 rad 0.395 0.356 0.426 0.309
Table 2.5
Identification of Parameters with addition of modelling error
Parameters Assumed Estimated values with different percentage of noise

values 0% 1% 2% 5%
C., 250 Nsm* 265 276 235 262
K., 45.2x10° Nm* 45.3x10° 45.5x10° 44.6x10° 47.1x10°
e, 3x10%*m 293.4x10° 297.3x10%  292.5x10° 283.3x10°
e, 4x10* m 399.3x10% 389.4x10° 420.11x10°  403.91x10°
¢p 1.078 rad 1.103 1.056 1.107 1.092
¢g 1.598 rad 1.607 1.577 1.602 1.709
K, 217573 Nm't 242705 218629 230343 254838
k 43.5NAT 42.9 45.12 49.1 52.3
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e 31 nm 30.9 321 30.8 35

m
o 0.5236 rad 0.526 0.535 0.527 0.519
e, 30 nm 4.0 4.1 3.6 45
e, 25 nm 25 2.6 25 2.8
e, 35nm 35 3.7 3.1 3.8
e, 11nm 1.1 15 13 1.2
e, 12 nm 13 15 1.1 13
s 0.9471 rad 0.941 0.962 0.973 0.921
& 0.564 rad 0.564 0.535 0.536 0.689
& 0.3283 rad 0.329 0.312 0.353 0.377
&, 0.3654 rad 0.365 0.386 0.384 0.431
& 0.3954 rad 0.395 0.369 0.326 0.409

It can be observed that all the estimated parameters are quite close to their assumed values at
0% noise level and modelling error. The range of spin speeds required for the identification
algorithm should be chosen so as to have a well-conditioned matrix. Having used the
cumulative data over a range of speeds can result in desirable effect on closeness of the
estimated parameters. In this paper three spin speeds are taken at a time for the identification
algorithm. With an increase in levels of noise in the vibration and current signals, the maximum
deviation of estimated values increases by approximately 57% and with an addition of different
amount of modelling error in system properties the estimated values get an approximate

maximum deviation of 42% in the chosen speed range. At moderate speed, i.e.

@, =30-34 Hz in step of 2 Hz, @, =15-17Hz in step of 1 Hz, and @, =750-850 Hz in

step of 50 Hz, the equivalent mesh stiffness, the amplitude and phase of the mean transmission

error, mesh damping, gear eccentricity with corresponding runout phase, suffers the least

deviation whereas the value of pinion eccentricity and corresponding runout phase, amplitude

and phase of varying transmission error has a moderate deviation. Of all the parameters, AMB

displacement stiffness and current stiffness have comparatively higher deviation from the
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assumed values. While the deviation of pinion eccentricity, runout phase and AMB parameters

declines with an increase in rotor speed, i.e. @, =34 -38 Hz in step of 2 Hz, @, =17 -19Hz

in step of 1 Hz, and @, =850-950 Hz in step of 50 Hz, however, the other gear parameter

values, like the equivalent mesh stiffness, amplitude and phase of varying transmission error
get affected. So, it is recommended to choose a suitable range of speeds for better
approximation of various estimated parameters. Table 2.4 and Table 2.5 shows the closest
approximate estimation obtained with different speed ranges. With an addition of 0%, 1%, 2%
and 5% levels of noise in the response and current data and 0%, 1%, 2%, and 5% addition of
modelling error in the system properties, a comparison is shown by representation of the trend

of error percentage in estimated values from the assumed values in Fig. 2.12.
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Figure 2.12. Error percentage in estimated rotor-AMB physical parameters and dynamic
transmission error with respective phase angle taking (a)-(b) various levels of noise at multiple
spin speed (c)-(d) various percentage of modelling error at multiple spin speed.
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2.5 Conclusions

The transverse vibration analysis of a geared rotor system with gear run-out and asymmetric
dynamic transmission error was done with help of lumped parameter model. The present case,
a time varying mesh stiffness is considered in the form of transmission error for a single pair
of teeth engagement. However, this model can be used to determine the DTE due to variable
gear mesh stiffness for different combinations of teeth pairs. With the introduction of new novel
concept of active vibration control by active magnetic bearings, the transverse vibrations in a
spur gearbox was controlled quite effectively. The DTE is modeled as a periodic function in
the form of asymmetric transmission error so full spectrum was chosen for spectrum analysis
and determines multiple harmonics of gear meshing error. Generally, the transmission error is
determined by knowing the output torque and input torque of the system, however, it is difficult
to quantify the amount and position of the dynamic transmission error. A novel identification
algorithm has been developed using regression equations from the mathematical model to
quantify the system fault parameters, i.e. the gear mesh stiffness, gear mesh damping, runout
of input gear and phase, runout of output gear and phase, AMB displacement stiffness constant,
AMB current stiffness constant, mean transmission error and phase, variable transmission error
corresponding to different harmonics and respective phase angles. This identification was done
using responses from full spectrum since it gives information about both the positive and
negative frequencies present in the spectrum. When the negative frequency is greater than their
positive counterpart, the precession happens to be in the reverse direction. This can provide
vital information in diagnosing a problem in real rotor systems. The estimated parameters were
also tested with different random noise and modelling errors to check the robustness of the
developed algorithm, which showed quite promising results.

Here, the analysis was limited having the rotor system with gears placed at mid-span of the
shaft. In the next chapter the rotor analysis with gears placed away from the mid-span of the
shaft will be discussed leading to gyroscopic effects. The identification algorithm will be

developed and its sensitivity will be tested through numerical simulation.
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CHAPTER 3 GYROSCOPIC EFFECT ON TRANSVERSE
VIBRATION ANALYSIS OF GEARED ROTOR AMB SYSTEM

3.1 Introduction

The present chapter explores a rotor bearing system with an axially offset spur gear. The rotor
configuration necessitates analysis with gyroscopic effects in 8-DOF model, which introduces
additional complexity in the form of skew-symmetry in the gyroscopic matrix. To overcome
this, dynamic condensation (Singh and Tiwari, 2015) has been applied to eliminate rotational
DOFs from EOMs before developing the identification algorithm. The algorithm has been
developed in frequency domain with the harmonics of vibration displacement and AMB current
as described in Chapter 2 which is based on inverse problem approach and the parameters are
obtained using the least-square estimation method. Numerical testing of the developed

algorithm is performed with noise in responses and bias error in system parameters.

3.2 Proposed Geared-Rotor AMB Model with Offset Gears

This chapter also deals with spur involute gears that transmits motion between two parallel
shafts since this type of drive dominates in the field of power transmission. Here, the geared
rotor is assumed to have lateral movement, i.e., having displacements perpendicular to the gear
axis due to bending of shafts with additional gyroscopic effect. A rotor system is shown in Fig.
3.1, where an axially offset spur gear pair is mounted on two elastic shafts supported by two
mechanical bearings at ends. It should be observed that the whirling of shaft takes place due to
runout of eccentric geared rotor. It would whirl at a frequency equal to the spin speed of the
rotor (synchronous whirl) or at any other excitation frequency (forward or backward whirl) due
to a variety of other faulty conditions. The deformation of the tooth is neglected except at the
pitch point of the driving and driven gears. Considering rigid bearings, the bearing stiffness
and damping is neglected and the model is assumed to have flexible shafts. The coupling
between transverse and torsional vibration is ignored and only transverse vibration with
gyroscopic effect is considered. As mentioned in Chapter 2, herein, z-axis is taken along the
shaft centreline, and translational displacements of pinion and gear is defined along the x and

y axes with appropriate subscripts.
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Figure 3.1 Proposed geared rotor-AMB system

As a result of assembling error, the gear eccentricity is added to the model, which contributes
to the effect of runout and unbalance onto the gear transmission system. The motor drives the
input gear and the load provides the brake torque to the driven gear. AMBs are placed near the
input and output gears to control the vibratory motion. The AMB serves to perform as the
condition monitoring device to characterise the faults as well as attenuate the vibration of the

rotor system.

3.3 Mathematical Model of Offset Gear-pair
Considering an offset spur geared rotor spinning at a very high speed with |, and!, as input and

output gear polar mass moments of inertia respectively then it has an angular momentum. Due

to flexibility of the shafts, the rotor has precession (slow or fast) about its transverse (diametral)

axes with I and |; as diametral mass moments of inertia. As a result, it develops a change in

angular momentum due to change in its direction. This leads to an inertia moment called the
gyroscopic moment, which basically develops due to the Coriolis acceleration component. The
geared rotor is assumed such that it is spinning and whirling about the z-axis in an inertial frame

x-y-z, fixed in space with an angular velocity of precession equal to spinning velocity at an

inclination/tilting angle ¢, iny-z plane and ¢, in x-z plane. As a result, there are four angular

displacements due to tilting of the gears on shafts given by ?y and ¢, in input gear and
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¢, and @, in output gear. It could be seen from Fig. 3.2 that the gyroscopic effect leads to

coupling of motions in the y—z and z—x planes. Hence, for both the shafts x and y represent two

orthogonal transverse displacements of the center of the gear disc/wheel and ¢, and ¢,

represents the tilting (transverse rotational displacement) of the gear disc/wheel about the x-

and y- axes. For the input shaft k, andk, —are the lateral stiffness coefficients,

Koo K

oxo, Kp,x: Koy, @NA K, are cross-coupled stiffness coefficients, k,

oo, and kW,y are the

transverse angular/rotational components of stiffness coefficients due to tilting of the pinion

wheel. Similarly, for the output shaft k, andk, are the lateral stiffness coefficients,

Koo o K

o, ' Kgox: Keyp, @NA K, are the cross-coupled stiffness coefficients and, kg,

o and kgwy are

the transverse angular/rotational components of stiffness coefficients due to tilting of the gear

wheel.
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;
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Figure 3.2 Coordinate axes and positive conventions for rotational displacements (a)

tilting of shaft axis y-z plane (b) tilting of shaft axis z-x plane

This gyroscopic moment on the gears, depends upon the spin speed, the precession velocity,

and polar mass moment of inertia of the geared rotor. In a similar way, while considering the

damping for the input shaft, C,,.C,y Cp +Cppx:Coyp:Cppy C,, , aNd Cppyp, 2T€ the viscous

Px
damping coefficients and for the output shaft, CyCoyy Coy 1 Cox1Coyp, : Cany Cyp, N €y,

are the viscous damping coefficients. The meshing of gear pair is shown in Fig. 2.2 in Chapter

2, accordingly the model has four translational displacements of the gear-shaft centres in the x
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and y directions during the meshing of gears given by X.,Y,,X, andy, and the lateral
displacements of the runout pinion and gear wheel centres given by x,,y,,x, andy,,

respectively. The tooth frictional effect on the shear stress, bending stress and transmission
error in gear meshing is ignored. Maximum harmonics to be considered is represented by n
with negative terms referring to backward whirls and positive terms to forward whirls. Due to
meshing of two mating spur gear teeth, there is a combined effect of one pair of teeth meshing
under loaded conditions. The modelling of the control forces acting upon the rotor by AMB

actuator is given in earlier Chapter 2 in Section 2.2.3

3.4 Dynamic Equation of the Geared-shaft-AMB System with Gyroscopic
Effect

An eight degrees-of-freedom lumped parameter model of spur gear rotor system has been
developed with gyroscopic effect to carry out the transverse vibration analysis considering
transmission errors, and gear runouts (runouts gives mass unbalances on shafts, and the elastic
and damping forces at the pitch point) with AMB and equations of motions are derived. For
that in inertial frame of reference, the energy equation of the geared-rotor with gyroscopic

effect, i.e. the kinetic energy ‘T’ is expressed by

1 . . . . i .
T = {m (56 +95)+ 16, @5 + 350+ 1,0, (2,0, 0,8, + 1,0
3.1)

2

1 ; . ; ) ) .
+§{m2 (X; + y§)+ Idz ((sz +¢52)+ |p2(()g (¢Xz¢yz _¢X2¢yz)+ Ipza)g}

The gyroscopic term could also be written as (because for the conservation of angular

momentum, we have %(gox(py):o or, (¢, )=(-.@, ). which implies

1 . . . - ;
T =§{ml(X,2)+y€,)+Idl(¢z+¢§1)+Iplwp(Z(pX1¢y1)+|P1wF2’} ( )
3.2

1 . . . . .
+E{m2(xs + yg)+ Idz (gofz +¢52)+ Ipza)g (2¢X2§0y2)+ Ipza)gz}

or,
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1 . . . : ;
T = E{ml(xi + y;2))+ Idl(q)fl +¢)51)_ I pla)p(q)xlqpyl)_F Ipla)ﬁ} (3 3)

1 , . . . .
+E{m2(x§21 + y§)+ Idz (q)fz +¢§2)_ Ipzwg (¢X2¢y2)+ Ipza)g}

The term for the potential energy ‘U’ is given as

1 2 2 2 2
U = E{kpxxxp + kpyyyp + kpX(/’y Xp¢y1 + kp(/’yx¢y1xp + kpyfpx yp¢X1 + kaXY¢X1yP + kp(ﬂxfpxgoxl + kp¢y¢y¢y1}
+E{k x2+k y2+k x@ +k X +k +k +k 2 1k 2}
2 gxx" g ayy yg gXo, g¢y2 g¢yX¢yZ g 9yo, yg ¢Xz g’ﬂxywxz yg 90,9, ¢X2 99,0, ¢yz (34)

1
+E{km (5X2 +5y2)}

It is assumed that for input shaft

Koo = Koy =Ky Kopg, = kpwywy ; knxwy =Koy, kpwyx =Ky (35)
Similarly, for the output shaft
Koue =Koy =Ky Koo,y & kwy ; kgxwy =Ky, ; kgwyx =Kypy (3.6)

Also, when in the linear range, with homogeneous and isotropic material for both shafts

k,, =K k. =k

po, — Npoyx 3 Koy, = Kppyand kgwy - kgf/)yx ; Koo, =Koy 3.7)
Hence, on taking the assumptions taken in egn. (3.5) through (3.7), and substituting in eqgn.
(3.2), it becomes

1
U =2k 0 70 4K, 050, +Y,0) 4K (0,5, +0,3,) 4K, (0 +0,)
1
+ E{kg (XS + ys) + kgxcoy (XQ(DVZ + yg(”xz ) + kg(pyx(%z Xg + Py, yg ) + kgmox (qoxzz + gojz )} (3'8)
1 2 2
+E{km (5x +9, )}

Likewise, the dissipative function ‘D’ due to the viscous damping can be written as
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D= E{Cpxxxp oy Yo T Co XKo@y, 0 Py X, TCo Yo @ +Cop (DY, +Co OO, F Cpaywy¢y1¢)yl}
+1 Y4c Vi4c X +C P X +C V@ +C O V. +C O @ +C @ ¢
2 gxx"'g ayy yg 9Xo, g¢Y; g(/’yxgoyz [¢} a9y, yg¢x2 g%ywxz yg gwx(px¢><2(0xz g@y¢y¢Y;¢Y2 (3-9)

1 . .
+§{Cm (62+8,)]
It is assumed that for input shaft

Cope =Coy =C =C (3.10)

poc = Coyy =Cp 3 Cogo, = Cogg, 5 Coup, = Cpyg, 5 pryx Py
Similarly, for the output shaft

=c (3.11)

oxx ay — g ngxcox _ngywy , ngwy _ngwx 1 ngyx 99,y

Also, neglecting the coupled and rotational components of damping terms and taking linear
range, in homogeneous and isotropic material, we get
=0

C =0: ¢

c 0w, ~ Capx v Cooo = Conn,

po, = Cppx =V =0 (3.12)

Hence, on taking the assumptions taken in eqn. (3.10) through (3.12), and substituting in egn.
(3.9), it becomes

D =Lo, (%3 +92)+ 50, (% +¥5) + 5, (82 +57) (3.13)

To derive the equations of motion of the given geared rotor system, on using the extended

Lagrange’s formulation, we know that

dfob) & D _p -12.) With L=T-U (3.14)
dt | o, i

where q is the column vector of generalised coordinates.
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T

q:{ql @ 0 4 O 9 9% qs}T:{Xi i @ P X Y2 @y, (sz}
(3.15)

So, according to extended Lagrange’s equation from eqn. (3.14), in time domain, the general
form of equations of motion of the geared rotor system, led to the following expression in the

matrix form

MG +(C-o,G)q+Kq=f, +f  +f (3.16)

r_out mesh  amb

where, M is the mass matrix, C is the damping matrix, K is the stiffness matrix, the gyroscopic

effect is characterised by a skew-symmetric matrix called G as gyroscopic matrix, f,,, (t) IS
the unbalance force vector,f (t) is the force vector due to gear runout, f, ., (t) is the

controlled magnetic force vector, f, ., (t)is the dynamic mesh force vector acting on the

system, and g is the generalised coordinate vector considering excitation at the pitch point of

the gear mesh, while the details of the matrices are given below.

m 0 0 0 0 0 0 O] %
0O0m O 0 O O 0 O Yi
0o 01, 0 0 0 0 O oy,
O 0 01, 0 0 0 O ?,
M = ' H q = b
0 0 0 0m 0 0 O X,
0 0 0 0 0 m 0 O Y,
0 0 0 0 0 0 I, 0 o,
0 0 0 0 0 0 O I 0,
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The force vector equation in simplified form is written as

X,

cy,

= = O o .. .5 o o
I 1
O O O O O O o o
O O O O © o o o
O O O O O O o
O O O O v O o o
O O O O o o o o
O O O O O O o o
O v O O O o o o
N O O O O o o o
L |
|T

I 1

— = < o~ = <
_Xn. >~ o 8 X N g @,_
M 1
O O O ©O © ©o o o
O O O O ©O O o o
O O O o o |,_ns o o
O O o o |/_n o O o
O O O O O o o o
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I (Mg, cos(w,t +4,) ]
(Mg} Jsin( @ t + @, )
0
f .= 0 ;
e (Myey?)cos(-m,t +4,) |
(Myeq05 )Sin(—,t + ¢, )
0
i 0 |
| ke, cos(@t+4,) | )
—kpepsin(a)pt+¢p) Co€p®p Sm(a)pt+¢p)
—k e, cos(a,t+g,) ~C;,0,008 (@, + ¢
pxo, O
-k e ;sinfot+g
o = oo, P ( p p) . | 0
ke, Cos(~a,t+4,) | | %% sin (~a,t + ¢, )
—kgegsin(—a)gt+¢g) Cgega)gcos(_wgt+¢g)
0
Ky, € COS(— 0yt + ) .
Ky 8 SIN(—0gt +6,) | i
e, cos(@,t+¢, 16, cos(~ayt+y e ()| [ e,mpsin(@td, e o, sin(-ooyt 146 (1) |
—8,5In (o,t+d,)+e,5in (-o5t+d, )+e,(t) —~€,0,C0S (@pt+ehy |-€,0,COS (-wgt+dy )+6,(t)
0 0
fmesh = k : +C . 0 :
| e,cos(mt+d, ) cos(—mt+d, )6,(t) | | —€,@,Sin(@,t+, )80, Sin(—wgt+y )-E,(t)
e,sin (@,t+4, )-e;sin (-o,t+4, )-e,(t) € 0,COS(@,t+4, )+8,@,COS(-wyt+¢, )€, (1)
0 0
| 0 | | 0

(3.17)

The geared rotor-AMB systems equation of motion for transverse vibration analysis with

gyroscopic effect has been derived in this section. Further the identification algorithm will be
developed in the next section.
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3.5 Development of Identification Algorithm

A model-based method is presented in this section that can be used for the development of an
identification algorithm for the parameter estimation of geared-rotor-AMB system by
captivating the full spectrum responses of the rotor vibration and the AMB current. The
algorithm is obtained after converting the time domain EOMSs into regression equations, and

system parameters are obtained by applying linear least-square fitting technique.

3.5.1 Conversion of Equations of Motion into Complex Form

The complex form of above EOMs, i.e. equation (3.16), with j=\/—_l are obtained by

converting the rotor vibrational displacements into complex variables form defined by

r, and r, representing complex transverse displacements, and complex angular displacements

by ¢, and ¢, due to titling of gear disc and the AMB complex control currents by i, and i,

defined for the input and output shaft, respectively, are given as
rl:X1+Jyl’ r2:X2+Jy2’ q)lzq)yl-i_jq)xl; ¢2:¢yz+j¢x2;ilzicxl+jicy1;i2:i0X2+jiCy2
(3.18)

While combining above equations into the complex form, the gyroscopic terms are also

combined as

(-1,0,0,)+i(1,0,0,)=il, 0,6 and (-1, 0,6, )+i(1, 0,0, )=]1, 0,0, (3.19)

Thus, the EOMs of geared rotor in the complex form taking gyroscopic effects in the inertial

co-ordinate frame is as follows

I\_/IV+(§—j0)LG)\'/+KV=f +f +f  —f (3.20)

unb r_out mesh amb

where the evaluated geared rotor AMB system matrices are defined below.
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m O 0 O _Cp +c, 0 —c, 0 0O 0 0 O
i o I, 0 O - 0 0 0 0;(_3:0 -1, 0 0 '
O 0 m O —C, 0 C, +C, 0 0O 0 O ©O
_0 o 0 I 0 0 0 0] _O o 0 -1,
kp + km kPX@y _km O rl mlepa)iej(pr%)
Qo P PO, 0 kK - 3 o 0 )
_km O kg + km kgxfﬂy r2 " mze Cl)zej( %H%)
g9
L 0 -k, 9xgy 900 | ¢ 0
—k e ej(wpt+¢p) - j(ot+d,) .
pp -Jjcewe " " I 1
p=p—p
k j(wpt+¢p) ! '
_ - px:pyepe 0 — 0 0
fr_out = i(—wgt+d, ) + 3 i—ogted) [ famb = _ks + ki (0
—k e,e” jce e I I,
i(~ogt+dy) 0 0
_kgxwyege & 0
. : _ n - _
_epel(a’pt+¢p) + egeJ(*a’g”%) + (ememfm " Z efiejl(w6t+¢fl)j
i=—n
— 0
fmesh = km 7
epej(wpt+¢p) _ egej(_w9t+¢9) _(emej¢m + z efiejl((oet+¢fi)j
i=—n
0
. . n ..
_jepa)peJ(wptW’p) _ jegwgel(*“’g”%) + (ja)e Z ieﬁeJ'(WeH(ﬁﬁ)J
i=—n
0
+ Cm
1 . n ..
jepa)pel(pr%) o jega)gel(*a’gt“ﬁg) _(ja)e Z ieﬁel|(a’et+¢fi)J
i=—n
0

3.5.2 Dynamic Condensation Method

(3.21)

Dynamic condensation methods have been employed in many structural health monitoring

processes. Meanwhile it is hard to take the experimental measurement of the tilting of gear disc

so this method is applied to eliminate the rotational DOFs for the convenience of parameter

estimation from the identification algorithm. In the dynamic condensation method, the original

DOFs of the model are separated into the retained and truncated DOFs, classified as masters
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and slaves, respectively. The truncated coordinates (slaves) correspond to points in the model,
which are non-critical, such as the rotational DOFs and intermediate locations on the shaft. The
structural matrices, i.e., the mass, stiffness, and damping matrices, and the state (displacement
vector) and force vectors, are partitioned into sub-vectors and sub-matrices relating to master
DOFs that are to be retained, and slave DOFs, which are to be eliminated. The frequency

domain EOMs, eqn. (3.20), can be partitioned as follows, where subscript m and S represent
the masters and slaves, respectively, and o, =o,,0,,®,, i.e., the three different excitation

frequencies. The eight DOFs of the system further reduces to four DOFs as given below

T T
{X1 Yi ¢, ¢, X% Y, @ (sz} :{le Qi Qyn st}

with, Qy, :{Xl yl}. Qs :{(Dyl (0x1}1 Qun :{Xz yz}, Q. :{¢y2 (sz} (3.22)

Further the final EOMs after separating the master and slave DOFs takes the form

(DM )+i(i0 ) Cojo SR [0, =F +F, o+ T, (3.23)
For which the matrices of EOMs i.e. Eqn. (3.23) are given as follows.
M,, 0 0 0 Com Cie €0 O 0 0 0 0
0 M 0 0 C.. © 0 0 0 G, 0 0
(Ia)L )2 1ss an J (Ia)L) 1sm 1ss _ ij 1ss
0 0 Mme 0 _le 0 Cme Cst 0 0 0 0 le fl
0 0 0 MZss 0 0 CZsm CZSS 0 0 0 GZss Q15 f1
Klmm Klms kmI 0 QZm fz
+ Klsm KlSS 0 0 QZS fZ
_kml 0 Kme Kst
0 0 KZsm KZss
(3.24)
in which
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0 0] c, +C,

0 0] k, +k 0 k, +k 0
Cie =G, :[ ’ mm—[p " }; Kmm—[g " };

70 0] 01 ko ik, | 0 K, +k,
k 0 k 0 k, O
Klss :|: P :|’ KZSs _I: gg‘/’x :|1 Klms = Klsm :l: p()(py k :l,
POy Py 9O P« Pxoy

k., O

K2ms = KZsm 2[ gc;oy k :l (325)
ey

3.5.3 Development of Transformation Matrix

The general method for derivation of the transformation matrix, from the equation are given as

follows: -
K, Qy + Ky Qy +100°G Q. — (i )’ M, Q. =0 (3.26)
K, Qo + Ky Q,e +100°G, Q. — (0, )’ M, Q,. =0

and
Qi = 1Q1m: Qo =1Q;, (3.27)

where 1 is the identity matrix and 0 is the null matrix. The transformation matrix is represented
by ‘T?’. A general method for derivation of ‘T"’ is available in literature, for instance —
Friswell and Mottershead (1995). This transformation is used in the same way as the static
transformation. This is a modified Guyan's method and represents the exact response of the
structure at any frequency. There is no apparent choice of frequency for the exact response. It
is suggested that the centre frequency in the range of interest can be selected or a geometric
mean. In rotordynamic application, this freedom to choose the frequency of reduction is an

advantage, since the reduction can be performed at the frequency of external forcing which in
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turn is a multiple/factor of the shaft spin frequency. The transformation matrix ¢ T*” is formed

including the inertia terms and assumption of negligible damping.

After the dynamic condensation eliminating the four rotational coordinates ¢, and ¢, and

¢, and ¢, from eight generalised coordinates holds the following form

Qi
le :-I—d {le}
Qzn Qzn
Q.
with,
I
T = _{Klss+|a)L 1ss ('C‘)L) Mlss}_l 1sm
0
0 K, +i0}G,,,
1 0 0 O]
O 1 0 O
t“ 0 0 O
or, T¢ — 0 t* 0 0
O 0 1 O
0O 0 0 1
0 0 t%= 0
|0 0 0 t*%]
with, t% = Ko, % = Ky

. 2 - 2
—(Ia)L) Idl +Ia)LIpl +kpqwx

- 2 - 2
_(Ia)L) Idz +Ia)|—lp2 +kg¢x§9x

(3.28)
0
0
|
(Ia)L) M Zss}il KZsm
(3.29)
(3.30)

On substituting the transformation matrix (egn. 3.30) into EOMs (egn. 3.13), we get reduced

order matrices with slave DOFs eliminated. The placement of reduced sub-matrices and vectors

yields the final obtained equations of motion expressed in terms of master DOFs as

79

TH-2649 156103014



{—(icoL)sz+ i(io,)(C*~jo G )+Kd}Qm=fd (3.31)

where the dynamically condensed matrices are defined as follows:

M,. O 0 0
Md — (Td )T 0 Mlss O 0 .
0 0 M, 0|
0 0 0 M,
m, +(t%)’1, 0 0 0
d
T _ 0 m, + (%) 1, 0 0
0 0 m, +(t%)" 1, 0
0 0 0 m, +(t%)"1,,
Klmm Klms _km I 0 kp 0 _km 0
Kd — (Td )T Klsm Klss 0 0 Td _ 0 k‘p 0 0
-k 0 K,. K. —k, 0 k, O
0 0 K K 0 o0 k

2sm

with, k, =(k, +k,)=2(t" )k

pXo,

Com Cie —C,0 O c, 0 -, O

ce :(Td )T Cowv C O 0 Ta_ 0 c, 0 0
-c,I 0 C,. C,. -, 0 ¢ O

0 0 C, C, 0 0 c,

with, ¢, =(c, +¢,); ¢, =(¢, +¢,)

80

TH-2649_156103014



0 (Y10, O 0
o o o (%) 1,0 0 0 0
Gd—(Td)T o, 0 Glss 0 0 Td _ PP
0O 0 0 O 0 0 0 —(tdz)zlpza)g
0 0 0 G, ,
0 0 (t) 1,0, 0
_ep (kpxwytdl - kp )ej(a)pH%)
-(a’p *%)
£ :(Td )Tf _ ep(kpxwytdl _kp)ej- : (3.32)
e, (kgxwytdz K, )el(_"’gt+¢g)
& (kgxwytdz 3 k9 )ej(“"g“¢9)

With all the variables in egn. (3.31) now associated with master DOFs, this equation will be
used further to develop regression equations for the identification of fault and AMB

parameters.

3.5.4 Formulation of Identification Matrix

The identification algorithm is derived and written in the matrix form in this section. As
mentioned in Chapter 2, the gears create vibrations at specific frequencies, related to number
of teeth and the rotational speed of gears. Hence, the excitation forces due to gear meshing are
the multi-harmonic in nature. Herein, gear meshing forces are common to both shafts but
opposite in direction so a forward excitation in pinion will give backward excitation in gear

and since the systems EOM are linear, thereby applying principle of superposition, the assumed

solution for Equations (3.31) considering three different excitation frequencies, i.e. ®,,®, and
o, are combined. Now taking only the complex transverse vibrational displacements I‘l(t)

and T,(t), the complex current i, (t) and i,(t), with dynamically condensed angular

displacements ¢, (t) and ¢, (t) containing each harmonics from i=-n,..,~1,0,1,2..n can be

summed up as provided in Eqn. (2.29) and Eqn. (2.30) in Chapter 2, Section 2.3.1, as follows
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n(t)= Z Ry =R "+ +R

i=—n

—jot —jayt Ojoo,t jopt jat nja,t
1pe€ e+Rflpge o +R0pe P +R1ppe P +R1pee e+---+Rnpee e

(3.33)

1=n

_ _ —njo,t —jat —jogt 0jayt jooyt jarpt njo,t

()= Ry =R ™™+ +R e +R, e’ +R e +R e +R ™ +-+R e
i=—n

(3.34)

1=n 1=Nn
In the above equations, Z R, and Z R, represent complex frequency domain displacement
i=—n i=—n

responses due to the effect of o, with subscript L belongsto P, 3,€ on the pinion and gear
shafts, respectively, and R, and R, represent the static deflection in the complex form for the

pinion and gear shafts, respectively.

Similarly, as the harmonics of current signals should have the same frequency components as
that of the rotor displacement signals, so at any instant of time the output current signals from

a PID controller can be expressed as given in Egn. (2.31) and Eqgn. (2.32) in Chapter 2, section

2.3.1,as
< i ' jogt Ojat gt ' '
_ _ —nja,t —jaot —Jo Jo, 1o jart njo.t
()=l =L ™™ et L™ e 1 e 1 e 41 " ] e
i=—n
(3.35)
~ ' ' joyt 0jat ot ' ]
: _ _ -niot | —japt —Jo, Jo o, jot njo,t
i (t)_z e = Dgel "™ ook g L e 1 e ! e e e

(3.36)

i=n i=n
In the above equations, Z l;, and z l;,. represent the complex frequency domain current

i=—n i=—n
responses under the effect of @, with subscript L belongs to p, g and e on the pinion and gear
shafts, respectively, and 1o, , log represent the control current responses in complex form for

the static deflection in the pinion and gear shafts, respectively. For the identification of
parameters from the geared rotor system, the complex regression equations are so arranged that

the known and unknowns are separated and kept on either side of equation. Both left and right
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sides of the equations contain multi-harmonic components ranging in i = —n,...,—1,0,1,...,n.

The complex responses Ri, Rig , and complex AMB currents i, lig. for i harmonic can
be written in the following form

=R .. +]R

ipL ipL,Re

ipL,Im; RigL = RigL,Re + J RigL,Im

and IipL = IipL,Re + J IipL,Im; IigL = IigL,Re + J IigL,Im (337)

and upon differentiating the assumed solution R, (t) and R, (t), with subscript L belonging

to p,g,e depending upon the excitation frequencies , @,,®,,®, respectively, taken at a time
yields

Ry () =jio Ry (@ )™ Ry ()=’ &R, (o )™

Ro ()= jio Ry (@ )e™™; Ry (t)=—*0fRy (o )e"™ (3.38)

Taking into account the egns. from (3.33) through (3.38), the dynamic condensed EOM (eqn.
(3.31)) is changed into the complex form with multi-harmonic frequencies and can be written

as
(a) For the input shaft:

—(iw,)? {ml +<td1 )2 |d1} + jio, {(cp +Cp)+ il @ (tdl)z}

RioL ) — jio.C,, + K, Rig plient
)20t o+ (R )=l ko) (Ra ) ()

_ 2 e L . (5t+y) . oytdy)
~ {(mlepa)p + Kty €, — K e, ko€, )= j(c, + cm)epwp}e +(Kyey = jCregm, )e

TR\ jiot+dr) Y jiCot+h) o \ ot

19m Wel+ 05 H H Wl +05 jio jio,

+k,, | e, + > {(eﬁ)e f } +Cplim, Y {(leﬁ)e f } + KRy €74 =k, D1 et
i=—-n i=—-n i=—-n

(3.39)
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(b) For the output shaft:

—(im,)? {m2 +(tdz )2 Iy, } + jlo, {(Cg +Cy) + 11,0, (tdz )2}

Ky +ky )= 2(t% )y + (1) K,

gla

(Rau) (06, ko) (Roc ) ()

_ 2 - iCogtedy) - (@5t+,)
_{(mzega)g +Kyate, € — ko€ —Kns )+ i(C, +cm)ega>g}e 1 ke, + jCae,m, )
THR N ji(ot+d5) C i(ogt+dg) . n y
16 Wy i H H [ON i Jiot Jiot
kK, | eqe"% + {(eﬁ)e * } —c,{jo, > {(leﬁ)e * } + KRy € =k, D 1 e
i=—n i=—n i==n
(3.40)

Thus, by following the same procedure as mentioned in Chapter 2. The real regression
equations are obtained by segregating the real and imaginary parts (refer Appendix A2).
Subsequently, there are 52 number of equations obtained considering n=5 and rearranged
separating the rotor forward and backward whirl frequency components and expressed in the

matrix form as
Ax=Db (3.41)

Here, x denotes the unknown column vector, b the known matrix and A the regressor, as given
in Appendix B2. There are 38 unknown parameters, which needs to be estimated from the real

regression equations (refer Appendix A2)

The values so obtained from eqn. (2.46) as given in Chapter 2 are recombined suitably to
determine the final looked-for 20 identifiable system parameters (i.e. the gear mesh stiffness,
gear mesh damping, eccentricity of input, output gear with respective unbalance phase, AMB
displacement stiffness factor, AMB current stiffness factor, amplitude and phase of mean
transmission error, amplitude and phase of variable transmission error (considering n=5)

harmonics), as

_
[Kn Co € B, & &, ko K € 8 €y €, €y €, €4 By by bis B Bis |
(3.42)
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The identifiable parameters are solved by using the least-square regression method, which is

given by the expression
x=(ATA) ATb (3.43)

The condition number of the identification matrix is improved with combined spin speeds

taking cumulative data over wide range of speeds so depending upon the excitation frequencies

0,,0,,0, taken one at a time equation (3.43) is given by the expression

Ao, ) b(e,,)

A(C:)ZL) g b(ci)zL) (3.44)

Aoy, ) b(ay,)

where subscript L belongs to p,g and e. The analysis of simulated responses from the proposed
rotor-AMB model with offset gears and identification of parameters from the developed

algorithm is illustrated numerically in Section 3.6

3.6 Numerical Analysis of Geared Rotor-AMB System with gyroscopic
effect

The numerical analysis of the mathematical model of geared rotor AMB system taking the
gyroscopic effect into account is approached in this section. Later, the parameter estimation is
done by solving the identification problem using the developed algorithm.
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Figure 3.3 Simulink block of proposed rotor AMB model

Initially from the system’s EOM stated in eqn. (3.16), time domain solution is found by using
Simulink block in MATLAB™ environment, which is shown in Fig. 3.3. To run the Simulink
model, the input given is the ‘clock’ time. The external forces to the model are the mesh
dynamic force, unbalance, runout error, and transmission error, which causes vibrational
displacement in the geared-rotor. The model output signals are directed towards the PID
controller, where the gains are adjusted to obtain the desired output current and the signals are
sent to the actuator, which should be at the same frequency as that of the excitation frequency
of the system. This creates an electromagnetic pull in order to bring back the rotor to the

reference position, which is set to zero at the nominal position.

The dynamic response of the one-stage spur gear with the gyroscopic effect is obtained for the

selected parameters given in Table 3.1.

Table 3.1

Gear physical parameters assumed for numerical simulation

Parameters Assumed values

86

TH-2649 156103014



Diameter of input and output 0.012m
shafts
Length of input and output 0.6 m
shafts
Gear-pair module 2
Gear ratio 2
Gear-pair pressure angle (FDI) 20 deg.
Number of teeth (pinion) 28
Number of teeth (gear) 56
Shaft material density 7860 kg/m?®

Young’s modulus

2.068x10" Pa

m,, m, 2.88 kg, 3.38 kg
W,, 0, 50:2:60 Hz, 25:1:30 Hz
€€, 0.0003 m, 0.0004 m
C,C, 49.63 N-s/m, 69.5 N-s/m
Cn 250 N-s/m
K., 45.0257%x10" N/m
K, K, 4.25x10° N/m, 6.62x10° N/m
oo, Koo, 4.5x10° N/rad, 5.5x10° N/rad
N . 1.7x10° Nm/rad, 1.5x10° Nm/rad
o, 1250:50:1500 Hz
¢p,¢g 1.047 rad, 1.545 rad.
w 0.0048,0.0088 kg-m?
1y oL, 0.0024,0.0044 kg-m?
e, 31nm
. 0.5236 rad.
e 30 nm, 25 nm, 35 nm, 11 nm, 12 nm

TH-2649 156103014
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¢ﬁ 0.9471 rad, 0.5640 rad, 0.3283 rad,
0.3654 rad, 0.3954 rad.

Here two AMBSs, one each, are placed near the input and output gears to control the
displacements due to gear meshing error and PID controllers, working on differential driving
mode, has been used. The control parameters are chosen such that geared rotor-AMB system
remains stable. The tuning of PID controller gains is done on trial basis and checked with
Nyquist stability criteria (refer Chapter 2). Table 3.2 shows the adjustable controller gain
values, which gives the desired control current to the actuator poles, such that the vibration

levels of the system are minimised.

Table 3.2
Tuning of PID controller gains

Gains Values Units

K, 7000-9000 A/m

AMB 1 Ko 9 As/m
K, 4000 A/m-s

< 6000-10000 A/m

AMB 2 Ko 8 As/m
K, 4000 A/m-s

3.6.1 Campbell Diagram

The Campbell diagram gives the plot of the spin speed versus the whirl frequency. It can be
observed that due to the gyroscopic effect on the geared rotor, the splitting of whirl frequencies
takes place into the forward and backward whirling motions. The distinction between the rotor
spin speed, the whirl natural frequency, and the critical speed is shown in the Campbell diagram
(Fig. 3.4). For the estimation of geared rotor parameters from the identification algorithm, the
range of spin speeds are chosen in such a way that it is away from the critical speeds by looking
into the Campbell diagram, since it is often accompanied with transients during the

measurement of responses.
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Figure 3.4 Campbell diagram of geared rotor

The natural frequencies are split into two flexural natural frequencies. The first critical speeds
are at around 413 rad/s (65.7 Hz) in the (1BW) backward whirling and 486 rad/s (77.3 Hz) in
the (1FW) forward whirling, respectively. This is due to curve veering phenomenon. When two

eigen values are trying to coincide, the forward and backward whirl tends to intersect each

other. Hence, speed range of @,=50-60 Hz in steps of 2 Hz and @, =25-30 Hz in steps of 1 Hz

has been taken for the analysis.

3.6.2 Time Domain Response

The solution of equation (3.14) is obtained by using the fourth-order Runge-Kutta integration
method. To obtain a steady state response, the transient part is removed and the response is
taken from 6-7 s with a time step of 0.00006 s. The transverse vibration is controlled by a linear
PID controller. From the time domain responses, it is observed that the rotor lateral

displacement is suppressed effectively by the radial forces generated by actuator poles. The
plot of X(t) versus Y(t) gives the orbit plots, which illustrates the rotor whirling behaviour

from the pinion and gear displacements with and without the application of AMB, shown in
Fig. 3.5. The response visibly shows the combined rotor displacement characteristics in

transverse plane and the motion attained after the application AMB.
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Figure 3.5 Time domain response at @, =50 Hz, o, =25 Hz, ®,=1250 Hz (a) displacement of

input shaft (b) displacement of output shaft (c) angular displacement due to titling of pinion (d)
angular displacement due to titling of gear (e) orbit plot of transverse vibration from input shaft
(F) orbit plot of transverse vibration from output shaft (g) Orbit plot for AMB control current
from input shaft (h) Orbit plot for AMB control current from output shaft.

3.6.3 Full Spectrum Analysis

To obtain the full spectrum the response data taken for a period of 1 second is considered, i.e.
a complete one cycle. The amplitude and phase from the full spectrum display the
characteristics of vibration level at each frequency. The relative amplitude between the forward
and backward components indicates the orbit eccentricity and the direction of precession.
Later, the signals from full spectrum analysis are used for estimation of fault parameters, where
amplitude and phase spectrum of the fault is required from rotor. The full spectrum plot is
obtained by coupling the orthogonal vibrational displacements into a complex form followed
by the Fourier transform. Here, the pinion shaft has anticlockwise rotation whereas the gear
shaft has clockwise rotation. The full spectrum displays multiple harmonics of excitation
frequencies, which is solely due to the gear meshing error causing the DTE. The spectrum
shows number of peaks at the mesh frequency (®,) of the gear pair and its harmonics (Na, ).
These can be observed from the displacement and current spectrum shown in Figs. 3.6 and 3.7,
respectively. The geared rotor has both the forward and backward whirl frequency components
due to asymmetric DTE, where the harmonics of forward whirl excites the rotor in the same
sense of rotation whereas the backward whirl excites the rotor in reverse sense of rotation,
concurrently, with the rotation of pinion shaft. The amplitudes of full spectrum are shown on

a logarithmic scale to emphasize the low amplitudes.
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Figure 3.7 Full spectrum plot for AMB control current at @, =50 Hz, @, =25 Hz, ®,=1250 Hz

(a) Amplitude of complex current for input shaft (b) Phase of complex current in input shaft

(c) Amplitude of complex current for output shaft (d) Phase of complex current in output shaft

3.6.4 Estimation of Parameters with Addition of Noise and Modelling Error

The parameter estimation is done by using the multi-harmonic amplitude and phase
information from the full spectrum in the identification problem. The identification algorithm
obtained from the regression equation is given in Appendix B2. Here the assumed rotor-AMB

physical parameters listed in Tables 3.1 to 3.2 are known values for the identification problem.

Due to external factors some noises are always present in the signals of real system while
measuring the vibration levels, so random Gaussian noise is added to time domain solution
obtained from the numerical simulation to check the robustness of the identification algorithm.
Also, it is expected that the assumed physical parameters, taken for the numerical analysis, like
the mass, stiffness and damping will differ from the actual system properties. Hence, the
sensitiveness of the identification algorithm is checked with the addition of bias errors in the
density, length and Young’s modulus of the system. The parameters so obtained from the
developed algorithm after addition of different noise levels and modelling error is shown in

Tables 3.3 and 3.4, respectively. For the estimation, a suitable range of multiple speeds, i.e.

@, =50—60 Hzin step of 2 Hz, », =25-30 Hz in step of 1 Hz, and &, =1250-1500 Hz

in step of 50 Hz is defined for the simulation.
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Table 3.3

Identification of parameters with addition of noise at multiple spin speeds

Parameters Assumed Estimated values with different percentage of noise
values 0% 1% 2% 5%
Cn 250 Nsm'! 253 270 227 296
K., 45.2x10°Nm?*  45.3x10’ 45.5x107 48.11x10’ 51.1x10’
e, 3x10%*m 299x10°® 291x10°® 314.1x10° 273.9x10°
e, 4x10* m 400%x10°® 394.7x10°  441.1x10°® 419.5x10
¢p 1.047 rad 1.047 1.012 1.109 1.241
¢g 1.545 rad 1.545 1.593 1.614 1.659
K, 217573 Nm? 219026 226491 251741 306484
k, 43.5NA1 43.45 45.7 52 55
€, 31 nm 31 31 33 40
& 0.5236 rad 0.525 0.543 0.527 0.596
e, 30 nm 31 35 33 41
e, 25 nm 20 25 28 29
€ 35 nm 33 38 39 35
€, 11 nm 12 14 15 13
e 12 nm 14 15 13 17
b, . 0.9471 rad 0.946 0.935 0.978 0.986
b, 0.564 rad 0.564 0.573 0.536 0.689
b, 0.3283 rad 0.329 0.345 0.393 0.413
b, 0.3654 rad 0.365 0.367 0.375 0.431
b, < 0.3954 rad 0.395 0.386 0.326 0.429
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Table 3.4

Identification of parameters with addition of modelling error

Parameters Assumed Estimated values with different percentage of
values modelling error
0% 1% 2% 5%
Cn, 250 Nsm't 253 260 272 289
K., 45.2x10"'Nm™*  45.3x10’ 44.9x107 41.2x107 49.1x107
e, 3x10“m 299x10°® 298.3x10°  295.5x10°  273.3x10°
e, 4x10* m 400x10°® 396.4x10° 412x10°° 422x10°
¢p 1.047 rad 1.047 1.056 1.007 1.098
¢g 1.545 rad 1.545 1.567 1.502 1.609
K, 217573 Nm* 219026 284285 251363 297538
K, 43.5NA1 43.45 47.2 49.6 58.3
e 31 nm 31 34 30 29
& 0.5236 rad 0.525 0.545 0.537 0.591
€y 30 nm 31 32 26 23
e, 25nm 20 26 25 28
€3 35 nm 33 37 31 38
€4 11 nm 12 15 13 12
€ 12 nm 14 15 11 13
b, , 0.9471 rad 0.946 0.952 0.983 0.941
b, 0.564 rad 0.564 0.535 0.556 0.619
b, , 0.3283 rad 0.329 0.322 0.350 0.387
b, 0.3654 rad 0.365 0.371 0.382 0.423
95
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b, . 0.3954 rad 0.395 0.387 0.363 0.459

Table 3.5
Identification of parameters with addition of both noise and modelling error

Parameters Assumed Estimated values with different percentage of
values noise and modelling error
0% 1% 2% 5%
C, 250 Nsm* 253 267.27 167.7 126
k, 45.2x10" Nm* 45.3x10"  38.87x10’ 55x107 73.7x10’
e, 3x10%*m 299x10°  334.2x10°  288x10° 366x10°
e, 4x10* m 400x10°  4147x10°  379x10°  459x10°
9, 1.047 rad 1.047 1.0508 1.0467 1.045
9, 1.545 rad 1.545 1.5405 1.5401 1.5401
K, 217573 Nm* 219026 2.4x10° 2.5%x10° 2.89x10°
k, 43.5NAT 43.45 69.5 52 71
e, 31 nm 31 26 23 19
B 0.5236 rad 0.525 0.525 0.516 0.605
€y 30 nm 31 20 19 24
€, 25 nm 20 17.61 13.79 13.6
e, 35nm 33 21 26.73 25.3
e, 11nm 12 13 15 17
e 12 nm 14 16 13 18
b4 0.9471 rad 0.946 0.996 1.0312 1.0708
b:, 0.564 rad 0.564 0.553 0.685 0.684
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/3 0.3283 rad 0.329 0.471 0.517 0.4183

by 0.3654 rad 0.365 0.3007 0.295 0.2932

9. 0.3954 rad 0.395 0.364 0.30 0.435

The range of speeds taken for the identification problem should be suitably chosen so that the
identification matrix is a well-conditioned matrix. Using the cumulative data over a range of
speeds results in desirable approximation of the estimated parameters. In this paper, a range of
five speeds has been taken for the identification. At 0 % noise and modelling error, the
estimated values have good approximation with respect to the assumed values. With the
addition of 5% noise in the vibration and current data, the maximum deviation of estimated
values increases by approximately 45% and with an addition of different amount of modelling
error in system properties, the estimated values get an approximate maximum deviation of 40%
in the chosen speed range. It was observed that the approximate values of pinion and gear
eccentricities with corresponding phase angles, AMB displacement stiffness and current
stiffness can be determined quite effectively by taking less range of speeds. High-speed ranges
are required for determining the values of rotor faults, which are multi-harmonic in nature. At

speed range, i.e. @,=50-58Hz in step of 2 Hz, @, =25-29 Hzin step of 1 Hz, and

@, =1250-1450 Hz in step of 50 Hz, the amplitude and phase of the mean transmission error,

mesh damping, phase of varying transmission error, suffers the least deviation. Of all the
parameters, AMB displacement stiffness have comparatively higher deviation from the
assumed values. It can be observed that with addition of both noise and modelling error, the
mesh stiffness as well as the AMB current stiffness factor are the most varied values. Tables 4
through 6 show the closest approximate values obtained with different speed ranges. A
graphical comparison is shown with addition of 0 %, 1 %, 2 % and 5 % noise in the response
and current data, and 0 %, 1 %, 2 %, and 5 % addition of modelling error in the system
properties, by trend of error percentage in estimated values from the expected values in Fig.
3.8.
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Figure. 3.8. Error percentage in estimated rotor-AMB physical parameters and dynamic
transmission error with respective phase angle taking (a), (b) various levels of noise at
multiple spin speed (c), (d) various percentage of modelling error at multiple spin speed (e),
(f) various levels of noise and modelling error
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3.7 Conclusions

A mathematical model has been developed for the transverse vibration analysis of a geared
rotor system including the gyroscopic effect considering gear run-out and asymmetric dynamic
transmission error. Here, the simplified model with case of transverse vibration as given in
Chapter 2 is updated by adding the complexity due to the gyroscopic effect. If the gear disc is
not placed in the middle, in addition to bending of shaft, the gear disc at higher spin speeds can
exhibit wobbling effect. Input parameters were assumed in the numerical model. So, the effect
is not much visible in simulated responses except the shift in natural frequency which is shown
with help of Campbell diagram. Continuing with the mesh stiffness to be modeled in the form
of dynamic transmission error for a single pair of teeth engagement, the DTE is modeled as a
periodic function with multiple forward and backward harmonics in the form of asymmetric
DTE. The dynamic transmission error is predicted under loaded condition as this excitation
determines the vibration levels in a gear operation along with other rotor faults. In the present
scenario, it is quite difficult to measure the rotational DOFs hence, dynamic condensation
scheme has been applied to eliminate the rotational DOFs and an identification algorithm is
developed from the mathematical model using regression equations to quantify the system and
gear fault parameters, i.e. the gear mesh stiffness, gear mesh damping, amplitude and phase of
pinion runout error, amplitude and phase of gear runout error, AMB displacement stiffness
constant, AMB current stiffness constant, mean transmission error and phase, variable
transmission error corresponding to different harmonics and respective phase angles. Like in
Chapter 2, the identification was done using the vibration and current full spectrum responses
since it gives information about both the positive and negative frequencies present in the
spectrum. The estimated parameters were tested in a similar way with different percentage of

random noise and modelling errors and sensitivity of the developed algorithm has been tested.

This work is further extended to conduct the coupled torsional-lateral vibration analysis with a
desire to suppress the torsional vibration and development of fault identification algorithm to

be continued in the next Chapter 4.
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CHAPTER 4 COUPLED TORSIONL-LATERAL VIBRATION
ANALYSIS OF GEARED ROTOR AMB SYSTEM WITH
GYROSCOPIC EFFECT

4.1 Introduction

In the previous chapters, transverse vibrations in spur geared rotors integrated with Active
Magnetic Bearings was studied and identification algorithm was developed to estimate the
various geared rotor-AMB system fault parameters. In the present chapter, with similar
assumptions of rotor components the analysis is extended to coupled vibrations along with
gyroscopic effect where the torsional vibrations due to torques related to gear mesh frequencies

are coupled with lateral vibrations.

4.2 Mathematical Model for Coupled Torsional-Lateral Vibration
analysis

v Proximity probes

i ; Torque sensor 2
Drive Driven
Torque sensor 1 .
shaft shaft Magnetic Brake
/‘ > 7 AiMB ! AMB 2 —X \ \

X Induction Motor L\L‘ _\E‘ U ﬁ | E

—_——H - - = = |_|_|_ _I__T__ ..... - = =1=}-. —.
—HSH- - . <H- E=——= : &=
; ! —
| | | | J'I [ |VL J'I| 1 VL | | I l
; Test Rig Bed
» Spur gear pair
Flexible ¢ Flexible
couplings couplings

Rolling element bearings

Figure 4.1 Proposed geared-rotor-AMB model

A mathematical model is developed to study the geared rotor system dynamics. The pinion and

gear is modelled as wheels with angular velocity @, and @, , and polar mass moment of

inertia 1, and I, , respectively. The motor drives the input gear and the load provides the
1 2
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brake torque to the driven gear. The input motor torque is named as T, and the brake (load)
torque as T, with mass moment of inertia |, and I, respectively. The input and output shafts

are flexible with torsional stiffness k,, k,, and lateral stiffness k ,k_, damping coefficients

tp? prg?

C,.C,, respectively. Along the contact pressure line, the mesh damping C, is added to the
model as an equivalent translational viscous damping coefficient, connected by spring with

mesh stiffness K, which is tangent to the base circle radii r,and r,of the gear pair.

Component of torsional damping is neglected since it is usually very small. The reason for this
lies in the extremely low damping in the rotor torsional mode. In comparison to the damping
in lateral modes, the torsional damping is about 10 times lower (Muszynska 2005).
Contributions to the lateral mode damping consists of material internal damping, structural
damping (energy dissipated as between a rigid disk and elastic rotor), and finally, external
damping. In the torsional mode, there exists only the single internal material damping
mechanism (internal friction). The rotor while in running condition tends to have gear runout

error due to the eccentricities e,and e, existing in the input and output gear giving rise to

unbalance into the system.

For a simple analysis, the bearing stiffness and damping is ignored. x and y with subscripts p

and g are the total translational DOFs of the pinion and geared shaft due to shaft flexibility and
eccentricity in gears, respectively; while @ with subscripts mm, pp , 99, L is the total rotational

DOF about the z-axis of the motor, pinion, gear and brake load respectively. The input shaft

has X,Y, and output shaft has X,,Y,translational displacements and four torsional
displacements due to gear meshing 6,,,6,,6,,6, as shown in Fig. 4.2 in schematic diagram.

Hence, the displacement equation with phase angles of pinion and gear runout defined by ¢,

and ¢, can be written as

X, =X +€, cos(a)pt+¢p) Yo = y1+ep3in(60pt+¢p)
Xy =X, +€, COS(—ayt+4,); Y, =Y, +e,sin(-o,t+4,) (4.1)
O =6y +0,t; O, =0, + ot

0, =0, — ot 0, =0 —ot
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Driving Gear

Driven Gear

Figure 4.2 Gear mesh model with co-ordinate system

The static transmission error is modelled as an asymmetric STE as stated in Chapter 2, given
by egn. (2.2) and (2.3) with vibrational error excitation, e(t), defined as small deviations in a
smooth periodic signal during meshing of gears, while in operation. The deviations are like

small undulations mathematically represented as the sum of mean transmission error €, which
is constant, and varying transmission error,e,, changing with time, where

i=-n,..—10,1,...,n, n=number of harmonics, fluctuating about the mean.

If gears were rigid bodies, perfectly aligned and with perfectly conjugate tooth surfaces (e.g.,
involute profiles), the TE would be zero and the transmission of motion could be described
analytically by the gear ratio. In reality, a variety of causes introduces deviations from ideal
conditions and generates a variable TE that can be expressed as an angle or as a linear
displacement. The angular definition is useful for torsional vibrations analysis, since it provides
the relationship between the actual angular position of the driven shaft with respect to an input

shaft rotation r,6, —r,0, . Given for each gear the rotation angle ¢, and 6, the base radius r,

and r, (refer Fig. 4.2).
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The teeth deformation at the pitch point of the mating gears in the x and y directions are as a
result of the vibrational displacement due to shaft deformation and gear runout. As indicated
in Fig. 4.2, DTE along the mesh line of action with pressure angle y , due to the combined
effect of shaft deformation, gear runouts and STE, in the x and y directions, can be expressed

as

5, =% —X,+e,cos(m,t +4, ) —e, cos(-a,t+g, )+1,0,cosy —r,0, cosy —e, (t)

8, =Y,-Y, +e,sin(m,t+4,)—e,sin(-a,t+4, )+ 1,0,siny 1,0, siny —e (1) 42)

4.3 Equation of Motion for Coupled Torsional-Lateral Vibration

Analysis

The linear equation of motion for a pair of spur geared rotor integrated with radial active
magnetic bearing considering gyroscopic effect is developed with a lumped parameter model
having twelve degrees-of-freedom (DOFs) to carry out the coupled torsional-lateral vibration
analysis. In inertial frame of reference, the energy equation of the geared-rotor AMB system
with gyroscopic effect, i.e., the kinetic energy ‘T’, potential energy ‘U’, and Rayleigh’s

dissipation function ‘D’ and the force vector ‘P’ considering planer motion can be expressed

as
L1 ml(xp+y )+ 14, (@F +02) + 1, 0,00, —0,9,)+ 1,0} +1y005, +1,0%, w3
2 mz()'(§+yg) o (00 +0; )+, 0,0 0, 0.0, )+, O +Ip9gzg+l 02 .
On substituting eqgn. (4.1) into (4.3), we get
_ml{xl—epa)psin(a)pt+¢p)}2 +ml{yl+epa)pcos( g, )}2 + ]
T—l +Id1(¢f1+¢y)+Ip1a)p(¢x1¢)’1_¢X1¢y1)+lp1a)§+lM(eM+a)p)2+l (0 to )2 (44)
2l m, {)‘(2 +e,m, sin(-o,t + ¢, )}2 +m, {yz —e,0,c05(~m,t + g, )}

_+Idz (¢fz +¢§z)+ Ipzwg (gbxﬁay2 _¢X2¢YZ)+ Ipza)g2 + Ip2 (09 _a)g) + IL(éL — )2
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Similarly, the term for potential energy can be written as

2
1 kDXXXP + k yyyp + kpxcﬂ X (0 + k Poy Xq)y X + kpyfﬂx yp¢xl + kP(ny¢X1yP + kp¢xwx¢X1¢X1 + kp(/’y(ﬂy¢h¢)ﬁ +
2
U= E kgxxxg + kgyyyg + kgxw ggpy + kgw x(oy X + kgyf/)x yg(oxg + kgwxy(DXz yg + kgcox(ﬂx(DXz(sz + kgwy¢y¢y2¢yz +
2
k_ (5X2 +5y2)+ Ky (epp — O, ) +ky (egg —49LL)

(4.5)
We know that for input shaft
Koo =Koy =Ko Kogo =Kog o1 Ko, =Ky Ko =Kpy (4.6)
Similarly, for output shaft
Koo =Koy =Ko Kgpo =Ko Ko =Ky s Koo =Ky 4.7)
For the linear range, in the homogeneous and isotropic material,
kpxsoy = kwyx » Koy, =Kpy,y @nd kgwy E kg«pyx » Koy, =Kgoy (4.8)

Rearranging and on substituting eqns. (4.6), (4.7), (4.8) in (4.5), we get

kp{x1+ep cos(a)pt+¢p)}2+kp{y1+epsin(a)pt+¢p)}2+2kpla{x1+epcos(a)pt+¢p)}¢>y1
2k, 0, [y, +e,sin(a,t+g, )l +K, (0f +02)+ky (6, -0, )

+k, {x, e, cos(~at+ 4 )}k, [y, + e sin(~ot vy )} 2k, [x, +e, cos(~wm,t 44, )l g,
12k, @, 1Yo+ ey sin(~ooyt+ )L+ kg (02 +02 ) +ky (6,-6,)

{x1 X, +€, CoS(w,t+4, ) —e, cos(—ayt+ g, )+1,0, cosy —1,0, cosy — ex(t)}2

N |-

k { —y,+e,sin(o,t+¢, ) —egsin (—at+4, )+ 1.0, siny —1,0, siny — e, (t)}2

(4.9)
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Likewise, the Rayleigh’s dissipative function due to viscous damping can be written as

Cpxxxp TCpyYp Cpxwy Xo®y, + pryxgowxp FCop YoPu T Crpy®@x Yo T Cpp, PP, + Cp(ﬂyrﬂyq)ylg)yl
D= E ngxxg +tCqyYg + ngwy X0y, + Cgcoyx(pyz X3 T Coyp YoPx, T Ca0y P, Yo T Copyp, P, P, * Cgr/wy Py, Py, +

ca (87 +3,%)

(4.10)
Also, assuming that for input shaft
Coxk = Coyy =Co Conp =Con, + Coxg, = oo, s Cogx = Cppyy (4.11)
Similarly, for the output shaft
Cox =Cay =Cq3 Copp, = Conp, + Coxp, = Coyp, 5 Cwyx =Cypy (4.12)

while, neglecting the coupled and rotational components of damping terms and taking linear

range, in homogeneous and isotropic material, we get
CPX(”y - pryx 3 0 ’ CgX(/’y 3 Cg(ﬂyx = O ’ Cp(Px‘ﬂx = Cg(/’xq’x = 0 (4'13)
So eqn. (4.10) becomes

C, 1% —€,0, sm w t+¢ )}2+cp{yl+epa)pcos (a)pt+¢p)}2+

p

N |-

C

m

. . 2
¥ — X, —€ 0 sm(a)t+¢) €,@, sin(—cogtJr(/ﬁg)—rpé?psinz//Jrrgeg sinl//—éx(t)} +

C

m

<

C, {x2+ €, @, s|n —w,t+4, )}2 +C, {)’/2 —€,,C0S (—a)gt+¢g )}2 +
{
{

. . 2
Jy =V, +€,0,008 (@t + ¢, ) + € 0,008 (~eo,t + ¢y ) + 1,0, cosy 1,0, cosy —&, (1)}

(4.14)
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4.4 Equation of Motion in Matrix Form
The governing differential equation of the geared rotor system with the gyroscopic effect is

derived using the extended Lagrange’s equation and can be put into matrix form as

Mij+(C—(oLG)Q+Kq=funb+f +f  +f —f (4.15)

r_out mesh tor amb

The generalised coordinate q is given by
T T
q= {ql q12} = {X1 Yi @n Pa Oy ‘9p X, Y, @p @ ‘99 ‘9L} (4.16)

where, M is the mass matrix, C is the damping matrix, K is the stiffness matrix, the gyroscopic

effect is characterised by a skew-symmetric gyroscopic matrix G, f,, (t) is the unbalance force

vector, fr_out (t) is the force vector due to gear runout, f, (t) is the controlled magnetic force

vector, f_ ., (t) is the dynamic mesh force vector acting on the system, f,, (t) is the force

due to external torque applied and q(t) is the generalised coordinate vector considering

excitation at the pitch point of the gear mesh, while the details of the matrices are given below.
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C,+Cp 0 0 0 c,r,cosy —C, 0 0 0  -c,r,cosy
0 ¢, +Cy 0 0 0 c,rysiny 0 -C, 0 0 =C, [, siny
0 0 0 -ol, 0 0 0 0 0 0 0
0 0 ol, 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
(C-0,G)= Car,CO8y  cyrpsing 0 0 0 crf —C,r,cosy  —c.rsing 0 0 =C, 1K,
' -, 0 0 0 0 —crcospy  c,+C, 0 0 0 c,rcosy
-C, 0 0 0 —c,r,siny 0 Cy+Cy 0 0 Coly Siny
0 0 0 0 0 0 0 0 -ol, 0
0 0 0 0 0 0 0 0 agl, 0 0
. . 2
—C,r,cosy —c rsiny 0 0 0 -crr CalyCOSY  C,fSiny 0 Caly
0 0 0 0 0 0 0 0 0 0
k, K, 0 K, O 0 k,rcosy -k 0 0 0 —k,r cosy
0 k, +k, 0 Ky, 0 krsiny 0 ., 0 0 —k,rsiny
Ko, 0 Ky O 0 0 0 0 0 0 0
0 Ko, 0 Ky, O 0 0 0 0o 0 0
0 0 0 0k -k, 0 0 0 0 0
K< k,rcosy  krsing 0 0 -k, k,+kr? —krcosy —krsiny 0 0 -k, rr
-k, 0 0 0 0 —krcosy k +k 0 Ko, O KT, COSY
0 -k, 0 0 0 —krsiny 0 k, +K, 0 Ky, kI siny
0 0 o 0 0 0 Kaio 0 % B0 0
0 0 o 0 0 0 0 Koo 0 Ky, 0
. - 2
—k,r,cosy —k rsiny 0 0 0 =k, 1. k,r,cosy  krsing 0 0 k,+kr
0 0 0 0 0 0 0 0 0 0 K,

The force vector equation in simplified form is written as: -
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unb ~

rout —

| (mlepa)ﬁ)cos(a)pt + ¢p)

(me,@f Jsin(w,t +4,)

O O O o

(405 |cos

—

—o,t +¢g)

(mzega)gz)sin —a)gt+¢g)

—

O O O o

—k,&, cos(wt+d, )
—k,&,5in (w,t+d, )
—k
-k

o, & cos(a)pt+¢p)

o, €SN (0, + 4, )
0
0
—k, e, COS(-w,t+d,)
—k,e,Sin (—wyt+dy )
-k

-k

50,8 cos(—a)gt+¢g)

o0, 3 sin (—a)gt +4, )
0

| c.e,0,sin(o,t+4,)

0
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O O o o

—

o

tor = amb

o O O o o o

p=p—p

—C,€,,C08 (w,t+4,)
0
0
0
0

—C,8,®, Sin(—w,t+d, )

C,€,9,C0S (—w,t+d, |

0

0
0
0
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—e, cos(a,t + ¢, ) +e, cos(-m,t+4, ) +e,(t)
—e,sin (w,t+4,)+esin (-o,t+4,)+e,(t)
0

0
0

)}+ r, {eX (t)+e, (t)} +e, rp{

o {cos(a)pt +4,)

P +sin(@,t +4,

cos(-w,t+¢, ) }

+sin (-t + ¢, )

f =k
mesh = 7m e, cos(w,t +4, ) —e, cos(-a,t+4, )—e,(t)
e,sin (ot +4,)—esin (—ayt+d,)—e (1)
0
0
N cos(a,t+ ¢, ) e fe ()8, ()t cos(-w,t+4, )
+sin(w,t +4,) +5in (@t + 4, )
0
e,0, sin(w,t+4, ) +e o, sin(-o,t + 4, ) + &, (t)
—e,@,c08 (@t +4, )—e,0,c08 (- t + ¢, ) +€,(t)
0
0
0
sin(@,t+4, ) sin(~,t + ¢, ) é(t)
—r|—ew —e o =
Pl =’ —cos(,t + ¢, ) 2 —cos(—w,t +¢, ) {+éy (t)}
m —epa)psin(a)pt+¢5p)—ega>g sin(—a)gt+¢g)—éx(t)
€,0,C05 (@t +, ) +e,0,c08 (—a,t+d, -6 (t)
0
0
sin(w,t+4,) sin(—,t +4, ) e (1)
Iy| =€, — €@, IR
—cos(m,t+4, ) —cos(-aw,t+4, ) {+ey (t)}
. (4.17)

Subsequently, numerical studies are performed with the equations expressed within a matrix-

vector form, used to obtain the dynamic responses of the geared rotor AMB system.
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4.5 Numerical Analysis of Geared Rotor AMB System with gyroscopic
effect

The numerical simulation of the developed model for analysis of coupled vibrations in a geared
rotor AMB system taking gyroscopic effect into account is performed using the system’s EOM
stated in eqn. (4.10). The input to the PID controller is the displacement at the sensor points
itself. The time domain solution is obtained by using Simulink in MATLAB, which is shown
in Fig.4.3. The time-step for the simulation is taken as 0.00006 s, and fourth-order Runge-Kutta

(RK4) is taken as the solver, same as the previous case.

ftOl’ > +
» T >
d q System
> o, > > Y
@_ I> fr—"”t i —’D ] ] response
clock
N fmesh <

A A

| fambl -
I PID B
i Controller [~
f 2

amb2

»| Reference signal

Figure. 4.3 Pictorial representation of the Simulink block

4.5.1 Numerical Simulation Results

The vibration response based on EOMSs given in eqgn. (4.15) are generated in both time and
frequency domain. The dynamic response obtained for the selected parameters are given in
Table 4.1.
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Table 4.1

Assumed geared-rotor parameters

Parameters Assumed values
Diameter of input and output 0.012m
shafts
Length of input and output 04m
shafts
Gear-pair module 1.5
Gear ratio 2
Gear-pair pressure angle 20 deg.
(FDI)
Number of teeth (pinion) 25
Number of teeth (gear) 50
Shaft material density 7860 kg/m?®
Young’s modulus 2.068x10" Pa
m,, m, 2.88 kg, 3.38 kg
0,,0, 50:2:60 Hz, 25:30 Hz
€,,€, 0.0003 m, 0.0004 m
€8y 49.63 N-s/m, 69.5 N-s/m
C., 150 N-s/m
k. 12.0257x108 N/m
k,.k, 4.25x10° N/m, 6.62x10° N/m

4.5x10° N/rad, 5.5x10° N/rad

Pxpy ! Xpy

1.7x10% Nm/rad, 1.5x10% Nm/rad

PoPx ' OPxPx
- 4.5x10* Nm/rad, 5.5x10> Nm/rad
o, 1250:50:1500 Hz
.4, 1.047 rad, 1.545 rad.
N 0.0048,0.0088 kg-m?
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Iyl 0.0024,0.0044 kg-m?

0.021, 0.0105 kg-m?

.7, 5, 10 Nm
e 31 nm
. 0.5236 rad.
e 30 nm, 25 nm, 35 nm, 11 nm, 12
nm
b 0.9471 rad, 0.5640 rad, 0.3283
rad, 0.3654 rad, 0.3954 rad.
Table 4.2
PID Controller gains
Gains Values Units
K, 1800 A/m
AMB 1 Ko 5 As/m
K, 1500 A/m-s
K, 1800 A/m
AMB 2 K, 4 As/m
K, 1100 A/m-s

As explained in Chapter 2, the tuning of PID controller gains is selected by trial-and-error
method and checked with Nyquist stability criteria. Table 4.2 shows the adjustable PID
controller gain values, which gives the desired control current to the actuator poles, such that

the vibration levels of the system are minimized.

4.5.2 Time domain solution

On solving the differential egn. (4.15) by using fourth-order Runge-Kutta integration method,
the performance of AMB can be obtained. The response for initial 5 sec. is discarded for a
steady state response. The initial transient part is removed and the response recorded from 6-7
sec is shown in Fig. 4.4 since with a PID controller greater settling time is required. From the

time domain numerical responses, it can be observed that the rotor transverse vibration is
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suppressed efficiently by the radial forces generated by the AMB actuator. Since the geared
rotor is subjected to have coupled torsional-lateral vibration so this tends to reduce the torsional

vibration as well as shown in Fig. 4.4(c).
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Figure 4.4. Time domain response at @, =60Hz , @, =30Hz , @, =1500Hz (a) x, y

displacement of input shaft (b) x, y displacement of output shaft (c) torsional displacement of

motor, pinion, gear, load respectively.

4.5.3 Frequency domain solution

Full spectrum is constructed by taking complete cycles of time domain data. The amplitude
and phase from full spectrum display the characteristics of vibration level at each frequency.
The full spectrum displays multiple harmonics of excitation frequencies, solely due to the gear
meshing error caused by the DTE. The relative amplitude between the forward and backward
components indicates the ellipticity and the direction of precession. The spectrum shows
number of peaks at mesh frequency (®,) of the gear pair and its harmonics. These can be
observed from the spectrum diagram shown in Fig. 4.5. The geared rotor has both forward and
backward whirl frequency components due to asymmetric DTE, where the harmonics of
forward whirl excites the rotor in the same sense of rotation whereas the backward whirl excites
the rotor in reverse sense of rotation, simultaneously, with the rotation of driving shaft. The

amplitudes of full spectrum are shown on a logarithmic scale to emphasize the low amplitudes.

)

10 10 r r r r T -
— — Without AMB | ___ ——Without AMB
§ ....... With AVB é """" With AMB
o e e v e AR S
\?—1 fel
= 3\
B P e
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© 2 1 © 2
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~ Of . 4~ 0
S ﬁ I S
'\DH 2 ! 1O 2
QY
<, . A S R
-6000 4000 2000 2000 4000 6000 -6000 -4000 -2000 0 2000 4000 6000
a)(HZ)  (Hz)
(a) (b)

Figure 4.5. Full spectrum response generated at @, =50Hz , o, = 25Hz , @, =1250Hz (a)

Amplitude and phase of complex translational displacement for input shaft (b) Amplitude and

phase of complex translational displacement for output shaft
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4.6 Representation of Equation of Motion in Complex Form
The vibration response based on EOM (4.15) can be generated into both time and frequency

domain. For easy of computation translational displacements X, Y;; X,,Y, and ¢,,,0,; ¢,5,0,,

of geared rotor and the AMB control currents I, ey, I, » 1., are combined as complex vectors
TR 1 2" Y

N0, ¢,0,, icl and iCZ respectively as shown in Chapter 3 from eqn. (3.18).

While combining above equations into complex form, the gyroscopic terms are combined as
mentioned in Chapter 3, eqn. (3.19).
Thus, the EOMs of geared rotor in complex form taking gyroscopic effects in inertial co-

ordinate frame is as follows

MV+(C-jo,G)v+Kv=Ff +f +f +f —f (4.18)

u ut mesh tor amb

While the matrices of time domain EOMs of evaluated geared rotor AMB system in complex

form are defined as follows:

m O 0 O O 0 0 O r
o1, 0 0 0O 0O 0 O o
o 0 1, 0O 0 0 O O
_ |0 0 0 I, 0O 0 0 O 0,
M = V=
o 0 0 0 my, 0 O O r,
o 0 0 0 0 I, 0 O ®,
o 0o 0 o 0 o0 I, © 0,
|0 0 0 0 O 0 I ] o
¢, +c, 0 0 c,re" -C, 0 —C,r,e"” 0]
0 —jo,I, 0 0 0 0 0 0
0 0 0 0 0 0 0 0
_ _ iy 2 _ v _
(C— joaHG) _| Calp® 0 0 «c,r, Cnl€ 0 cmrp_rg 0
—C, 0 0 -c,re” c,+c, 0 c.re’” 0
0 0 0 0 0 —jo,l, 0 0
—C, 1,8 0 0 —c,rr,  cre 0 Cfy 0
|0 0 0 0 0 0 0
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k +km pxp, kmrpej‘// _km O _kmrgejl// O
Ppy oo 0 0 0 0 0 0
0 0k, -k, 0 0 0 0
5 k,r.e'"” 0 —k, kp+ kmrj —k,re” 0 —kmrp.rg 0
—K., 0 0 —kyre” ky+k, Ky, o Kpre" 0
0 0 0 0 Xy 9PxPx 0 0
—kre” 0 0 —kyrr, k,rev 0 ky+k,rp —k
o 0 0 0 0 0 ke Ky
il oote - (o t+¢,) ) N
mlep ;ej(wpt ¢P) kpepe P ’ i, jcpepa)pel(wpt ¢p)
0 _kpx¢yepe1(wpt+¢lﬂ) O
0 0 0
_ 0 _ 0 0
unb = ) j(—a) " ) ; fr_out = HCmted,) + " iCagtedy)
me ae’ —k,e,e jce,me
j(_wgt+¢g)
0 Ky, €58 0
0 0 0
0 0 0
h icl [0 |
0 0 0
0 0 0
_ 0 0 T
— : p
o =Ky r, 4 i | for =| g
0 0 0
0 0 —T,
0 0 0 |
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n
i(wpt+dy) i(~agt+dy) i#m ji(out+gq)
—e e g g +[eme + eqe j
i=—n
0
0
ej([‘)pt+¢p) + e_j(wpt+¢p) N ej(_a)gt+¢g) + e_j(_(‘)gt+¢g) N
2 2
oo i) _daptey (T e (t)+e, () +eyr, Qo) _ goiogted)
_ 2] 2j
fmesh = km n
i(@pt+d,) i(~wgt+dy) i#n ji(out+gq)
I Y W B —(eme + ege J
i=—n
0
ej(wpt+¢p) + efj(wpt+¢p) + ej(fwgt+¢g) + efj(fwgt+¢g) +
2 2
€l ol(@pt+hp) _ omi(@pt+dy) —h {ex (t) +e, (t)} —&f ity _ q-iogtedy)
2j 2j
0
. . n L
— jepwpel(wpt+¢p) _ Jeg a)gel(_wgt+¢g) + [J o, Z ieﬁel|(%t+¢ﬁ) j
i=—n
0
0
ej(wpt+¢p) _ efj(wpt+¢p) ej(fwgt+¢g) _ efj(fwgt+¢g)
2j 2 & (1)
1| =€, ; ; — &0, - : < | L&
e]((’)pt+¢p) + e_J(wpt+¢p) eJ(_wgt+¢g) + e_](_wgt+¢g) +ey (t)
. 2 - 2
+cC,
. . n .
jepa)pel(‘”pt*%) + jega)gel(*“’g”%) _(jwe z ieﬁel'(wet*%))
i=—n
0
pl@pt+dp) _ g-i@ptidy) pl(-aatid) _ gil-agtidy)
2] 2 & (1)
r| —€,2, _ _ — €, _ _ -9 .
pil@nttdy) | oiloptedy) piCodt+hy) | omiCagtedy) +é, (1)
2 2
0
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4.6.1 Dynamic Condensation

The dynamic condensation method has been applied to eliminate the rotational DOFs for the
convenience of parameter estimation from the identification algorithm as stated in Chapter 3
in section 3.5.2. The mass, stiffness, and damping matrices, and the displacement and force
vectors are partitioned into sub-vectors and sub-matrices relating to master DOFs that are to be
retained, and slave DOFs, which are to be eliminated. The frequency domain EOMs (4.18) can

be partitioned like the subscript m and s representing the master and slave DOFs, respectively,

and o, =o,,0,,0, i.e., the three different excitation frequencies. The twelve DOFs of the

system further reduces to eight DOFs as given below

T T
{X1 Yi ¢, ¢ Oy 0p X, Yo 0, @, 09 gL} :{le Qi O ‘9p Qun Qs ‘9g HL}

with, Q=% Wi}, Qu=1{0y @} Qu={% ¥}, Qu={0, 0.} (4.20)

Further the final EOMs after separating the master and slave DOFs takes the form

[(—(izco;)M)ﬂ(icoH)(c‘:—ijé)m}v=f +f  +f  +f -f (4.21)

i unb  rout "mesh tor "amb

For which the matrices of EOMs i.e., eqn. (4.21) after separation of master and slave DOFs are

written as: -
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E a2 S S &
o k-,
(O SN O AN O 0
1 1
o o o o o o o 2
000000|,_nkm
Wl oS
[<5) o = N o - - N o
S
©O O oo o o o L2 O = %o R o = s =
£ Ol o @ rPe X 2
J il = _ 0 o % Ko § X
~ £ 4
©O o oo oo _& S e © ¢ I £ F
g g o o o o o
” o o OCmCa_OO .
N 1S a
OOOOOMO o o o OM OOOOKZKZOO
We £ = ©
c —_ e S
£ E = E g3 9 o o o o o >
R L T RPN ST
M P_u (&) o O o o O x O O = N N o O
[ kaKkm
©O oo fFo o o - - > © o o o o !
- S > —
— S — =3
[¢}] _ D } - o~
O o o oo o v b a o 0G10 © o 3 L ER =
—_ I & T Do XDV o = o
o o o o o = N My ~
17 e o £
OMROOOOO o o © O o o o | ~ F _
I
o S
£ & ©O o o o o = =
c g O | © o F¥ oo oo
MmOOOOOO
£ > _.wmc = o o o o oo
~ [%) — — —
\IW mC1m. ”_IuPCan rMO Y X
S o E | J
— | S
h _ R o
—~ £Efo B Fo o
I Y XY s | =
3 x ¥
N—" |
T +

(4.22)
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kgw 0
K2ms = KZsm = ' (4-23)

4.6.2 Development of Transformation Matrix

The general method for derivation of the transformation matrix, from the equation as per given
in egn. (4.21) is as follows

KisnQium + Ky Qps + ia)liGlssle — (i, )2 M, Q=0

e i (4.24)
KZSmQZm + KZSSQZS + IwHGZSSQZS - (Ia)H) MZssQZS =0

and

le = Ile! Q2m 3 IQZm (425)

The transformation matrix is represented by ‘ T*” and after dynamic condensation eliminating
the four rotational coordinates ¢, ,¢, and ¢, ,¢, from eight generalised coordinates holds

the following form
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Qin
Qi
HM
ep
Qzm
Qys
09
HL
While,
i |
K +i0’ G, — (iw,) M F*
0
T = 0
0
0
0
I 0
1 0 0 0 0 00O
0 1 00 0 00O
t“ 0 0 0 0 0O
0t 0 0 0 00
0 000 0 00O
Or,szo 0 00 0 00
0 001 0 00
0 000 1 00
0 0 0t2 0 00
0 0 0 0 t%= 00
0 000 0 00O
0 0 00 0 00O
With, t% = Kow,

TH-2649 156103014

=T

K

1sm

O O O O O OO oo oo o

o O O o

_{Klss + IwIiG _(ia)H )2M
|
0

0

1ss

O O O O O O o o
O O O O O O o o

1ss

(4.26)

}FK

1sm

(4.27)

(4.28)

O O O O O o o o

O O O O O o o o




On substituting the transformation matrix (eqn. 4.28) into EOMs (4.15), we get reduced order
matrices with slave DOFs eliminated. The placement of reduced sub-matrices and vectors

yields the final obtained equations of motion expressed in terms of master DOFs as
{—(i(oH ) M9+ (i, )(Cd—ijGd)+Kd}Qm —fd (4.29)

Where the matrices of dynamically condensed EOMs (4.29) are defined as follows: -

Mpyz 0 O O 0O 0 0 0
0 M, 0 0 0 0 0 0
o 0 1, 0 0 0 0 O
v =) 0 0 01, 0 0 0 0
0 0 0 0 M, 0O 0 0
0 0 0 0 0 M, 0 0
0o 0 0 0 0 0 I 0
0 0 0 0 0 0 O I
m, +(t%) 1, 0 0 0 0 0 0 0
0 m+(t4)1, 0 0 0 0 0 0
0 0 ly O 0 0 0 0
0 0 0 1, 0 0 0 0
0 0 0 0 m+(t%) 1, 0 0 0
0 0 0 0 0 m,+(t%) 1, 0 0
0 0 0 0 1, 0
0 0 0 0 0 0 0 1|
122

TH-2649 156103014



Kim K 0 kel =kl 0 —k,re”l 0
K., Ks 0 0 0 0 0 0
0 0k, -k, 0 0 0 0
K =(Td )T kore” 0 —k, kg +k¢rp2 —k,re!” 0 kmrprg 0 -
k1 0 0 kel Ko Koms  Kor”l 0
0 0 0 0 K Ko 0 0
—k,re"” 0 0 —k,rr, ke 0 kg+kr? —kg
0 0 o0 0 0 0 K, K,
Kk 0 0 Kk,re" K., 0 —k,re* 0]
0 k'p 0 0 0 0 0 0
0 0 k, -k, 0o 0 0 0
R U S kn_qrp2 —k,re"” 0 -k, foy 0
k. 0 0 k,re" K, 0 k,re" 0
0 0 O 0 0 kg 0 0
j j 2
—k,re” 0 0 —krr kre” 0 k +kr -k
0 0 0 0 0 0 -k, Kk
While K, = (K, 4K, )= 2(t% Ky +(t%) Ko s Ky = (kg 40 ) =2(8% VK +(£%) Ky

Clmm Clms 0 Cm rpej‘/’ I _Cm I O _Cm rgejw | 0_
Clms Clss 0 0 0 0 0 0
g e 0 0 0 0
’ . .
ce =(Td )T le‘pelw 0 O Cnl, —le’pe”’ 0 _Cmrprg 0 .
_le O 0 c rPeWI C2mm Cst Cmrgel'/’| 0
0 O O 0 CZsm CZSs 0 0
- i 2
_le’gelw 0 0 mn Cmrgell// 0 C, 1 0
¢, 0 0 gre” ¢, 0 —cre” 0]
0 c, 0 0 0 0 0 0
0 00 0 o o 0o o
i 2 i
— C rpe . 0 0 Cn rp- —C, r.pe Y 0 —C,, rp.rg 0
<, 0 0 c,re” C, 0 cre” o0
i j )
_Cmrge Y 0 0 _Cmrprg Cmrge v 0 le’g 0
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while ¢, =(c,+c,); ¢, =(c, +C,)

0 0 000 O 00
0 G, 000 0 00
0 0 000 O 00
S 00 000 0 00,
"lo. 0o 000 0 00
0 0 000 G,, 00
0 0 000 O 00
0 0 000 0 0 O
0 (t) 1w, 0 0 0 0 0 0
d 2
(t") 1,0, 0 0 0 0 0 00
0 0 00 0 0 00
B 0 0 00 0 0 00
0 0 00 0 (t%) 1,0, 0 0
0 0 0 (t%)1, 0, 0 0
0 0 0 0 0
I 0 0 0 0 0 0]
ep( Proy dy p)ej(wpt+¢p)
e, ( ks K, ) ollopt+s)
0
0
£ =(T0) f= |
eg( oxpy iy g)ej(iwgt%)
e, ( o s, kg )ej(*wgtmg)
0
L O -
(4.30)
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4.7 Formulation of Identification Matrix

The identification algorithm can be derived and written in matrix form. As mentioned in
Chapter 2, gears create vibrations at specific frequencies, related to number of teeth and the
rotational speed of gears. Hence, the excitation forces due to gear meshing are multi-harmonic
in nature. Herein, gear meshing forces are common to both shafts but opposite in direction so
a forward excitation in pinion will give backward excitation in gear and since the systems EOM

are linear, thereby applying principle of superposition, the assumed solution for egns. (4.21)

considering three different excitation frequencies, i.e., @, @, and @, are combined. Now taking

only the complex transverse vibrational displacements r, (t) andr,(t), the complex current

i,(t)and i,(t), with dynamically condensed angular displacements (pl(t) and g, (t)

containing each harmonics from i=-n,...,—1,0,1,2...n can be summed up as shown in Eqn.

(2.27) and Eqgn. (2.28) in Chapter 2. Since the harmonics of current signals should have the
same frequency components as that of the rotor displacement signals. So, at any instant of time
the output current signals from a PID controller can be expressed as given in egn. (2.29) and
eqn. (2.30) in Chapter 2. It is known that for identification of parameters from the geared rotor
system, the complex regression equations have to be so arranged such that the known and
unknowns are separated and kept on either side of equation. Both left and right sides of the
equations contain multi-harmonic components ranging in i =-n,...,—1,0,1,...,n

The dynamically condensed EOM (eqn. (4.29)) is changed into complex form with multi-

harmonic frequencies. Taking the torsional-lateral coupled equation we get: -

(a) For input shaft: -

—(io,,) { (t"l)2 }+]I0)H{(C +C)+ 1, (t )}
#(ky ) =2t g, (1) Ky

+{k ( i T, HIgH)+J|a)H m(r anH rggigH )}(eiint)eW

(R"’H )_(jia)H Con + km)(RigH ) (ejint)

{(me @ +kPX<ﬂ 0,€p -k ep_kmep)_j(cp+Cm)epwp}ej(wp”¢p (k e, —-jc.e g g)ej(fwgt%)
+km {emejvﬁm + Z {(eﬁ )eji(a)et+¢fi)}:|+cm {Ja)e Zn: {(ieﬂ )eji(met+¢f. }}+ ks RlpHeuwH kl Zn: |ipH ejint
(4.31)
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007 (1)} i i} )~ i ) o))

ki (G = O )+ (Kl (7o G1s = 1,00 )+ 510 €, (1,0 =10 )} (€7

pl@tdy) | omi(@ptedy) plC@atthy) | omiCagtedy)

2 2 '
= km _eprp ej(a)pt+¢p) —eij(wpt+¢p) + rp {ex (t) + ey (t )} * eg rp ej(—wgt+¢g) - eij(iwgtﬂﬁg)

2] 2]

ej(mpt+¢p) _e—j(mpt+¢p) ej(—wgt+¢g) _e—j(—wgt+¢g)
2i 2j . .
—Cpl, | —€,0, _ J _ —€,0, ' : . _{ex (t)+ey (t)} +TP
ej(wpt+¢p) n e-](wpt+¢,,) ej(—rugt+¢g) : - e—J(—wgt+¢g)
2 2

(4.32)

(b) For output shaft: -

—(iw,,)? {m2 +(tdz )2 Id2}+jia)H {(Cg +C,)+]l, @, (td2 )2}
Ky k)= 2(8% kg, +(t%) K

i (7 =T )~ §160,€1 (1,0 — 1 ) (67 ) &'

}(RIgH )_(j io,C, K, )(RipH )](e““’Ht )

gX¢’y 9PxPx

_ 2 e - iCogtidy) - i(opt+,)
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(4.34)

For the formation of identification algorithm, the real regression equations can be obtained
from the above equations (egn. 4.31 to 4.34) by segregating the real and imaginary parts.
Although there can be 78 real regression equations considering n=5. Herein, for the
identification procedure, the coupled vibration equations in transverse direction 4.31 and 4.33
has been taken since the AMB force has been applied in those directions that leads to 52 number
of equations (refer Appendix A3). The equations 4.32 and 4.34 depicting torsional component
of coupled vibration does not contain AMB force vector and hence neglected. It was found that
these 52 equations are able to estimate the 38 unknown parameters. As done in earlier chapters,
these real regression equations are rearranged according to the rotor forward and backward
whirl behaviour which is then expressed into the matrix form as

Ax=b (4.35)

where, X denotes the unknown column vector, b the known matrix and A the regressor, shown
in Appendix B3. The unknown parameters, which needs to be estimated from the real
regression equations are shown in Appendix B3. The identifiable parameters are then solved

by using least-square regression method, which is given by the expression
x=(ATA) ATb (4.36)

The values obtained from eqgn. (4.36) are recombined suitably to determine the final looked-

for 20 identifiable system parameters (i.e., the gear mesh stiffness, gear mesh damping,
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eccentricity of input, output gear with respective unbalance phase, AMB displacement stiffness
factor, AMB current stiffness factor, amplitude and phase of mean transmission error,

amplitude and phase of variable transmission error (considering n=>5) harmonics), given as

i
(Ko Coo€& 6, €& 6 K K & 4, €, €, ey ey ey by b, By b Bis |
(4.37)

The values obtained by identification of parameters from the developed algorithm is illustrated
numerically in Section 4.7.1

4.7.1 Estimation of Parameters with Addition of Noise and Modelling Error

The parameter estimation is done by using multi-harmonic amplitude and phase information
from the full spectrum in the identification problem. The identification algorithm obtained from
the regression equation is given in Appendix B3. Here the assumed rotor-AMB physical

parameters listed in Tables 4.1 and 4.2 are known values for the identification problem.

As done in earlier cases, to simulate the real measurement condition, Gaussian noise is added
to time domain signals and random solution is obtained from numerical simulation to check
the robustness of the identification algorithm. Also, the physical parameters like the mass,
stiffness and damping taken for the numerical analysis may differ from the actual system
properties. Hence, the sensitiveness of the identification algorithm is checked with the addition
of bias errors in the density, length and Young’s modulus of the system. Results of the
estimation based on two speed ranges taken for the identification problem with clean and
corrupted signals are summarised in Table 4.3 and 4.4. For the estimation a suitable range of
multiple speeds, i.e. @, =50-60 Hz in step of 2 Hz, ; =25-30Hz in step of 1 Hz, and

o, =1250-1500 Hz in step of 50 Hz has been taken for the simulation.
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Table 4.3

Identification of parameters with addition of noise at multiple spin speeds

Parameters Assumed Estimated values with different percentage of noise
values 0% 1% 2% 5%
C, 150 Nsm'! 158 146 186 166
k. 12.03x106 10.8x10° 15.2x10°  18.4x10° 19.4x10°
Nm?
e, 3x10%*m 307x10° 301x10° 295x10° 320%x10°
e, 4x10* m 409x10°® 405x10°  401x10°  4155x10°
b, 1.047 rad 1.032 0.921 1.098 1.132
4, 1.545 rad 1.596 1.516 1.614 1.659
K, 217573 Nm* 213986 213926 215743 209631
K, 43.5NAT 4457 4457 45.6 43.8
en 31x10®% m 244x10°  219x10°  232x10°® 319x10°
, 1.5236 rad 1.563 1.575 1.527 1.875
e, 30 nm 15 18 21 16
e, 25 nm 21 23 22 26
e, 35 nm 27 23 25 31
e, 11 nm 8.5 12 15 18
e 12 nm 9.4 16 16 14
.. 0.9471 rad 0.761 0.804 0.961 1.161
/2 0.564 rad 0.658 0.443 0.536 0.689
/. 0.3283 rad 0.360 0.407 0.393 0.413
. 0.3654 rad 0.440 0.405 0.375 0.431
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d.. 0.3954 rad 0.485 0.385 0.326 0.429
Table 4.4
Identification of parameters with addition of modelling error
Parameters Assumed Estimated values with different percentage of noise

values 0% 1% 2% 5%
c, 150 Nsm™* 158 160 172 189
k., 12.03x10° 10.8x10° 14.9%10° 11.2x10° 19.1x10°

Nm*

e, 3x10%m 307x10°  298.3x10° 295.5x10°  273.3x10°
e, 4x10* m 409x10°  396.4x10°  412x10° 422x10°
b, 1.047 rad 1.032 1.056 1.007 1.098
4, 1.545 rad 1.596 1.567 1.541 1.602
K, 217573 Nm* 213986 211285 205543 220894
K, 43.5NA1 44.57 45.3 48.8 48.3
e, 31 nm 244x10 234x10 230%x10° 229x10°°
A 1.5236 rad 1.563 1.554 1574 1.564
e, 30 nm 15 32 26 29
e, 25 nm 21 22 25 27
€4 35nm 27 35 33 39
e, 11 nm 8.5 11 10 15
e, 12 nm 9.4 16 12 16
&4 0.9471 rad 0.761 0.883 1.034 1.102
b:s 0.564 rad 0.658 0.603 0.658 0.712
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/. 0.3283 rad 0.360 0.322 0.350 0.387

&4 0.3654 rad 0.440 0.482 0.395 0.523

4. 0.3954 rad 0.485 0.473 0.547 0.538

As it is known that for identification the range of speeds should be chosen judiciously so to get

the best fit. It was observed that when the range of speed is taken i.e., @, =50-52 Hz in step

of 2 Hz, @, =25-26 Hzin step of 1 Hz, and @, =1250-1300 Hz in step of 50 Hz, the

estimated gear mesh stiffness and mesh damping, AMB displacement and current stiffness,
amplitude of varying transmission error have good approximate values and pinion, gear
eccentricity, phase angles have moderate variation from assumed values . However, when three
speeds are taken gear eccentricity, runout phase angle, the phase angles of mean transmission
error are improved. Although the value of gear mesh stiffness, amplitude and phase of varying

transmission error are completely distorted.

4.8 Conclusions

An improved model has been developed for coupled torsional-lateral vibrations in a geared
rotor AMB system along with gyroscopic effect considering gear run-out and asymmetric
dynamic transmission error. An important source of torsional excitation is coupling with lateral
mode of vibration. This coupling may occur due to rotor unbalance, unidirectional lateral
constant forces acting on a rotor, through tangential forces (like those generated by rotor-
surrounding fluid), and through gyroscopic effect. Uneven tooth mesh stiffness and tooth
profile errors in gear-boxes, misaligned gears and/or couplings, or faulty rolling element
bearings are other sources of torsional vibration excitations. Here, we have considered linear
system with nominal torque in order to keep the gears in contact and no slip, no backlash.
Therefore, not much effect due to torsional vibrations is observed. But in real systems there
can be gyroscopic effect, coupled torsional-lateral effect, so the identification algorithm is
further extended from mathematical model of coupled geared-rotor dynamics such that it can
better estimate the faults. While developing the algorithm, since the transverse vibrations occur
in radial directions i.e., X, y whereas the torsional displacements act about the z-axis i.e., rotor’s
central axis. Hence, the torsional displacements cannot be combined in complex form like that

of transverse displacements. Also, the forward and backward whirl amplitudes of rotor
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undergoing pure torsional vibrations are equal. Hence, plotting the full spectrum for rotor
undergoing torsional-lateral (almost uncoupled) vibrations is of no significance and half
spectrum of torsional vibrational displacements can be considered. The parameters have been
estimated from the coupled vibration equations in transverse direction only since AMB force
is applied in radial directions. The equations depicting torsional component of coupled
vibration does not contain AMB force vector and hence neglected. From there the dynamic
transmission error under loaded condition is predicted along with other rotor AMB system
parameters and faults in similar manner as done in earlier chapters. The identification was done
by taking the full spectrum information from various harmonics of frequencies present in the
spectrum of transverse vibration and current responses. The estimated parameters were tested
with different percentage of random noise and modelling errors to check the robustness of the
developed algorithm. The experimental validation of the proposed method has been done by

fabricating a laboratory test rig which is presented in the next Chapter 5.
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CHAPTER 5 DESIGN AND EXPERIMENTAL
INVESTIGATION OF ACTIVE CONTROL OF SPUR GEAR
TRANSMISSIONS

5.1 Introduction

This chapter is focused on the investigation of experimental feasibility of active vibration
control with Active Magnetic Bearings (AMBSs), being applied to suppress the transverse
vibrations in a geared rotor system against transmission error excitations at the gear mesh. An
experiment test rig of the proposed spur geared rotor-AMB system has been set up in the
Advanced Dynamics Laboratory at IT Guwahati. The effectiveness of the dynamic model
developed in the previous chapter is compared with and without the application of AMBSs. The
approach is based on an active control of the shaft transverse vibration with an electromagnetic
actuator similar to the numerical simulation. The control forces are applied to the rotor shafts
supported on conventional rolling element bearings by an eight-pole radial AMB, as an
auxiliary component and a closed-loop linear output feedback control is employed for stable,
reliable, and robust operation. A linear PD controller working on differential mode is used to
generate the appropriate control signals and the experimental results are presented. It was found
that there is considerable amount of reduction in the geared rotor vibration levels and
correspondingly in overall measured gear noise levels. Further the responses so obtained from
the experimental rig are computed suitably for parameter estimation from the developed rotor

fault identification algorithm.

5.2 Design of Geared Rotor (AMB) System

A laboratory test rig has been designed and developed in 11T Guwahati and a real-time active
control has been implemented considering a system of single staged spur gear mounted on
shafts supported by conventional bearings at both ends as shown in Fig. 5.1. The distributed
shaft inertia has not been considered in the present formulation due to relatively thin shaft. The
rolling element bearings are assumed rigid in transverse direction and frictionless. Two AMBs
are positioned at the input and output shafts next to the gear-pair in order to control the
vibrations during the gear meshing. The shafts are flexible and of uniform cross-section,

allowing both transverse and torsional displacements. The gear-pair deformation due to tooth
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contact is neglected, except at the mesh line of action. The shaft centreline is defined along the

Z-axis and X, Y-axis is positioned at the gear centres.

AMB

AMB block 2

block1 Input
shaft

Torque
Motor sensor 1

block

l

Torque
Base sensor 2
plate Bearing
Sensor \ block 4
utput
Bearing stand shaft

block 3

Figure 5.1 CAD model of test rig

The pinion is driven by a motor and the output gear is loaded with a brake load. Because of the
flexible coupling, effect of transverse vibration is almost negligible at the motor and brake
ends, and both of them are mounted on rigid pedestal/foundation. Hence, the motor and brake
end are expected to undergo torsional vibrations. There might be a possibility of assembling
error in the gear transmission systems. So, the dynamic transmission error due to eccentricities
present in the geared rotor system has been discussed considering gear runouts (i.e., runouts
lead to mass unbalances on shafts, and elastic, damping forces at the pitch point) along with
AMBs.

5.3 Development of Laboratory Test Rig

The full configuration of AMB consists of a combination of mechanical, electrical, and
electronic components, i.e., rotor, sensors, an electromagnetic actuator, power amplifiers, data
acquisition system, and digital controller representing complex mechatronics system which is

demonstrated in the subsequent sections.
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5.3.1 Components of Test Rig

In the present section the different components i.e., actuator, motor, sensors, power amplifiers,
controller which were used when designing the laboratory test rig is briefly described. For
performing the laboratory test a schematic representation of the built geared rotor-AMB set up
is shown in Fig.5.2. The rotor test rig consists of a pair of spur gear having centre distance of
56.25 mm. The pinion and gear have 25 and 50 number of teeth mounted on the input and
output shafts of 450 mm length and 12 mm diameter supported by SKF rolling element
bearings. The pinion and gear mass are 0.182 kg and 0.623 kg, respectively.

Il &Y ll-A‘ _ N

- AMB Actuator i ‘
Magnetic brake | Spur_Gear pair @B Ball bearing |\

AR
Y

A

Bellow

" - coupling

Torque
. transducer |

Figure 5.2 Schematic of assembled test rig overview

(1) Motor
A 1.5 kW CNC spindle servo motor of maximum speed limit 24000 rpm is used to drive the

input shaft of the geared rotor with 400 Hz Variable frequency drive (VFD) for a precise motion

control.

|

( ASVHAE/L Aotz

Figure 5.3 (a) Servo motor (b) Variable frequency drive
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(2) Couplings

As it is known that bellow couplings have high torsional rigidity, good for angle preserving
torque transmissions, can mitigate all forms of misalignment so they are used to connect the
different rotor components, i.e., the input and output shafts to the motor spindle and the

permanent magnetic brake (load capacity 0~1 Nm) and to the rotary type torque transducer.

(3) Active Magnetic Bearing Actuator

5.02 mm

Figure 5.4 AMB actuator model

Two radial magnetic bearing actuators are placed on either side of the geared shafts next to the
input and output gears and close to the ball bearings. The radial magnetic bearing actuator and
the core is fabricated with laminated silicon steel sheets, i.e., the CRGO (Cold Rolled Grain
Oriented) steel built as a stack of punched circular laminated sheets so as to keep the core losses
and eddy-current losses low. The actuator consists of eight poles each uniformly spaced at an
angle of 22.5 degrees from the pole pair centre line, and 8 mm length and 3 mm width. The
core is fixed onto the geared rotor shafts via. interference fit and an air gap of 0.6 mm is

maintained between the stator (actuator) and the rotor (core). Each pole pair has 100 number
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of copper wire turns with specification 20 AWG (American wire gauge) and current density of

9.6154x10% Am™. So, the maximum current carrying capacity of the coil per pole is 5 A.

(4) Magnetic Brake

-
ui-q| 0+-50

D40) uois)oeid

373 YINYVM

Figure 5.5 (a) Permanent magnet brake (b) Front view

Here, Precision Tork permanent magnet brake has been used to provide constant torque
independent of slip speed. Its advantage is that it offers overload and jam protection for all
drivetrain components and also provide soft starts with zero slip when a pre-set torque is

reached. Here the permanent magnet brake is of hollow bore configuration.

5.3.2 Instrumentation of Test Rig
(1) Torque Sensor

The Datum Electronics Series M425 non-contact rotary torque transducers has been used for
the rotary torque measurement.

Figure 5.6 (a) M425 rotary torque transducer  (b) Datum universal transducer interface
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It is supplied as a complete transducer with bearings to support the stator unit on the rotating
shaft. A separate sensor stand was made to mount the torque transducer that makes it fit in line
with the drive train/test bed. It is then connected to the rotating shafts through bellow couplings
using standard keyway shafts. A non-contact transmission system provides data directly
proportional to torque. The transducer utilises a strain gauged shaft for torque measurement.
The digital signals are transmitted to the stator providing the torque measurement. The datum
universal transducer interface accept signals and display data from the rotary torque tranducer
considering the effect of inertial load i.e. brake.

(2) Eddy Current Sensor

Proximity probes are noncontacting transducers that measure distance to a target. These sensors
are used in rotating machinery to measure the vibration of a shaft. The vibrational displacement
is measured by eddy current proximity sensor (as shown in Fig. 5.6 (a)). A proximitor assembly
that contains five proximitor units are used as the proximitor voltage supplier cum proximitor
output for the proximity sensor. The vibrational amplitude is measured by adjusting the gap of
the sensor and the surface of the shaft in the linear range of —5.75+0.5 Vdc with proximity
sensitivity (200 mV/mil ~ 7.874 VV/mm) used to find the displacement from voltage. The eddy
current sensors are placed in between the gear and AMBs and near to the gears since the
vibrations occur due to gear meshing error, transferred to the flexible shaft and then to the
entire system. Hence, the displacement vectors obtained from proximity probes are used to

construct the AMB forces such that the geared shaft lateral vibrations can be minimized.

Figure 5.7 (a) Proximity probe near gear-pair (b) Proximitor assembly
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(3) Current Probe

NSISEY W ISOPT B 2N 45 356 10 58 \
m ‘

A

Figure 5.8 AC/DC current probe

The 1146B KEYSIGHT current probe is a 100A 100kHz instrument which has been used to
measure the current flowing through the actuator coil. It can provide measurement of currents
from 100mA to 100A rms, DC to 100kHz, without breaking the circuit and uses hall-effect

sensor principles to measure AC and DC signals.

(4) Power Amplifiers

Figure 5.9 (a) Power amplifier (b) D.C voltage supplier

The power amplifier converts control signals to control currents. Here, the pulsewidth

modulation (PWM) switching amplifier has been used to generate a high frequency signal,

continuously switching in between a low voltage (-V) and a higher voltage (+V) with a variable

duty cycle. By varying the duty cycle of the PWM, one gets a desired resultant voltage between

-V and +V. A current controlled PD controller is used in the test rig. Advantages of current

control is that simple PD or PID control is enough and for smaller systems, current control is
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satisfactory. The amplifier in the current control is a voltage-to-current amplifier, which is

suitable for the test setup.

(5) Digital Controller

Figure 5.10 (a) dSPACE 1/0O board (b) dSPACE ControlDesk

Experiments were conducted on dSPACE DS1202 controller with 10 kHz sampling frequency.
A dSPACE single-board hardware was used for building a real-time control system with the
controller board. The hardware was programmed from Simulink via real-time interface. A set
of Simulink blocks gives access to the dSPACE 1/O boards. Dialog for altering simulation
parameters, such as solver options and simulation time, and for generating C code, are directly
accessible from the Simulink environment. ControlDesk provided a variety of virtual
instruments for building and configuring virtual instrument panels according to the needs and
a platform to perform a seamless experiment. The software provided a powerful layout for
measurement and post-processing. All necessary tasks were performed in a single working
environment from start to finish. The deviation in vibrational responses due to coupled effect
is not much visible due to the low torque/load variation and is also influenced by the geometric

parameters of the rotor. These results are experimentally verified in the subsequent sections.

5.4 Experimental Analysis

An experimental analysis has been done with practical demonstration of the proposed model.
Since AMBs are open loop unstable system therefore feedback control is needed for a stable

operation of the rotor, which is discussed in the following section.
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5.4.1 Two-Axis Control with Radial Active Magnetic Bearings

The line diagram is shown in Fig. 5.11 and the whole active magnetic bearing control system
is shown in Fig. 5.12

- D/A - Power Analog output/
converter amplifier current signal Current probe
C=
A
Magnetic bearing
dSPACE actuator
Controller

Control

Analog input/ force

A/D sensors B

Y

Geared rotor
testrig

converter

Torque | Torque
sensors

Figure 5.11 Line diagram showing signals in the developed test rig

The eddy current proximity probes are connected to a 5-channel proximitor assembly box,
which is used as a voltage supplier and the output from the proximitor is connected to the
ADC/DAC panel of controller board. The rotary torque transducer is connected to a datum
universal interface (DUI), which functions as power supplier as well as interfacing with the
PC, storing and displaying the data.
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Oscilloscope probe

D.C power source

V4

DUI J3 W (U e N
dSPACE Proximitor B} Cent probe

MicroLab box Assembly

Figure 5.12 Control architecture of experimental rig

The two axes, i.e., the vertical and horizontal direction can be controlled independently. For
that the differential driving mode is enabled for the linear control and real-time stabilization of
the unstable AMB system. The signal acquired by eddy current sensors and torque sensors are
sent to the dSPACE MicroLab box, which has I/O interfaces. dASPACE Control Desk version
6.3 is used for implementation of real-time feedback control algorithm, execution, and data
acquisition. The two facing magnetic pole pairs make a bearing axis producing forces in the
positive and negative axis directions. The AMB actuator is given same amount of bias current
in both the transverse axis taking into account of the magnetic saturation and the desired
suppression to be acquired.

The reference is set by bringing the displacement signal obtained from proximity probes to a
mean (or reference) position. Simulink is used for building the model and controller values are
set such that it is within the range of stable operation. Further, the stable region of operation of
the rotor is acquired by applying external disturbances at different locations until the desired
damping characteristics is obtained. The optimal gain values were obtained by the following

procedure: Initially, the minimum gain values obtained from numerical simulations, i.e., K,
K, and K, were set as an input keeping the rotor in stationary position. With an impact

hammer test the rotor stability is checked and the maximum-minimum limit/range of gains

were obtained experimentally keeping the rotor within the stable region. The procedure is
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checked by increasing the K, and K, values within the range. This causes increase in the natural

frequency of the rotor with AMB on account of the stiffening effect with proportional gain and
the damping factor increases with increase in the derivative gain. The controller receives two
position commands corresponding to the desired position of the rotor in the X, y directions and
separately adjusts electrical currents in multiple electromagnets. Such a system is Multiple-
Input-Multiple-Output (MIMO) control system. The linear PD control parameters are digitally
tuned via. the hit and trial method. Often the transient response of the control system exhibits
damped oscillations before reaching steady state.

The downside of the test rig was that the rotor could be operated up to 32 Hz since on increasing
the speed the rotor vibrational displacement was also increasing and in turn touching the stator
(AMB core), which can destabilize the system. Hence, the controller gains mentioned in this
work can be used up to 29 Hz of operating speed. The rotor response is controlled using the

digitally tuned K., K, and K, values (refer Table 5.1).

Table 5.1
Experimental PD controller gain values

Gains Values Units

K. 2000 A/m

AMB 1 K, 2.5 As/m
K, 0 Alm-s

K, 3500 A/m

AMB 2 K, 3.5 As/m
K, 0 Alm-s

Eight power amplifiers, i.e., servo A25100 PWM (pulse width modulation) amplifier, were
used during the experimentation, which has 20 kHz switching frequency, (10~25 VDC, 15A).
Two amplifiers are required for each transverse axis control, which is done via the current
control mode. It is used to amplify the low power digital output voltage signal from the
controller to a high-power analog voltage signal to be sent to the actuator coils with a gain
setting of ~1 V/A. The magnified current signal energises the AMB actuator producing

electromagnetic forces and controlling the disturbances coming from the geared rotor at
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selected locations. Four 1146B KEYSIGHT AC/DC current probes (AC current accuracy 100
mV/A, and 10 mV/A with sensitivity 0.2 to 0.5 V/div) were used for measuring the control
current in the coils of the actuator.

5.4.2 Study of Rotor Free Vibration Responses

In the experimental analysis, impact tests were performed on stationary shaft. The rotor is
excited with an impulsive force with an impact hammer on geared shaft in still condition to
obtain the corresponding natural frequency of the rotor system configuration described above
with AMB. For time domain plot, the impact was given such that the first natural frequency is
excited. However, noise at higher frequencies can be seen. But, amplitudes of these noises are
very small to be visible in time domain data. The natural frequency of the rotor system is found

to be approximately 109 Hz) as shown in Figure 5.13 (a, b). So, the first natural frequency of
the system is 6600 rpm.
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Figure 5.13 Natural frequency of shaft (a) time domain response (b) frequency domain
response
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Figure 5.14 Campbell diagram with test rig configuration

The theoretical first natural frequency obtained by taking test rig configuration from Campbell
diagram is 706.8 rad/s ~ = 112 Hz (Fig.5.14). The natural frequency obtained from the test rig,
via. the impact hammer test is approximately 109 Hz (Fig. 2). So, model is very close to the

actual system with some difference due to flexibility of bearing in test setup.

5.4.3 Study of Experimental Forced Vibration Responses

The response of the rotor vibration measured from the test rig are analysed in both time and
frequency domain. The time domain vibration responses are recorded by first switching on the
AMB and after running for 12 sec switching it off. After switching off the AMB, the amount
of increase in vibrational amplitude can be observed which is shown in Fig. 5.15(a) and (c).
This helped to view the difference in displacement amplitude with and without the effect of
AMB. Equal bias current of 0.75A was given to both the axes of actuator coil of the input shaft
and 0.85A was given to both the axes of the actuator coil of output shaft. The saturation limit
of the current to be supplied to the actuator coil is set at 2A. It can be observed from Fig. 5.15(a)
and (c) that as the gear is mounted in the vertical plane so, due to the inherent unbalance force,

the 1/0 shaft displacement (X, X,) i.e., experimentally taken as displacement in vertical
direction is more than the corresponding I/O shaft displacement (Y,,Y,) i.e., experimentally
taken as displacement in horizontal direction. The rotor experiences very less displacement in
horizontal direction in the driving motor end because of not as much of the misalignment that
might inadvertently have happened in the driven output end while assembling the test rig
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components. This might be due to the bending of the flexible shaft due to dynamic forces
exerted by the output gear onto the input pinon. Also, the sinusoidal vibration signals are having
multiple harmonics due to transmission error. Consequently, the controller acts in such a way
that it suppresses the vibration more in those direction which has experienced larger amplitude.
Therefore, from Fig. 5.15(a) it can been observed that the vibration is reduced by almost 50 %
in x-direction (vertical) of input shaft whereas very less reduction in amplitude has occurred in
the y-direction (horizontal) of input shaft. Similar kind of behavior in responses of x-direction
(vertical) and y-direction (horizontal) can be seen in output shaft (Fig. 5.15(c)) where AMB
control has led to almost 40 % amplitude reduction. The control current recorded while
suppressing the vibrational amplitude in both input and ouput shaft are shown in Fig. 5.15(b)

and (d), respectively.
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Figure 5.15 Comparison of responses obtained after AMB control (in X, y axes) (a)
Vibrational displacement of pinion shaft (b) Control current in pinion shaft (c) Vibrational
displacement of gear shaft (d) Control current in gear shaft
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5.4.4 Experimental Orbit Plot

Orbit plot is drawn to give a visual representation of the motion of the rotating shaft. The
comparison of the orbit plots (Fig. 5.16) illustrates the rotor whirling behavior during operation
before and after the application of AMB. The response visibly shows the amount of reduction

in the vibrational displacement of the rotor and the change in shaft position versus the angle of
rotation.
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Figure 5.16 Comparison of orbit plot after AMB control (a) Input end (a) Output end

5.4.5 Experimental Full Spectrum Analysis

Full spectrum is the spectrum of an orbit. It is generated from the output of a pair of proximity
sensors placed at right angles. Dynamic forces are generated due to unbalance and constant
torque loading, which give rise to gear meshing error resulting in dynamic transmission error.
The forward and backward whirl multiple peak frequencies can be seen in Fig. 5.17. With the

implementation of AMB, the amplitude is reduced substantially in both the shafts. The
148

TH-2649 156103014



rotational speed of input end is 20 Hz and output end is 10 Hz while the gear mesh frequency
is 500 Hz. A comparison in full spectrum plots up to 5X harmonics of the gear mesh frequencies
are shown before and after AMB control. The 0 Hz frequency depicts the static deflection of
the geared shaft. When considering the gear mesh frequencies, the full spectrum shows with
AMB control in input shaft the reduction in vibrational amplitude is at 1X, 2X, -4X, 5X, -5X

harmonics of @, whereas in output shaft the reduction can be seen at all 1X, -1X, 2X, 3X, -3X,

4X, -4X, 5X, -5X harmonics of @,. The difference in the reduction is due the fact that at

present effect of AMBs on the overall vibration levels has been observed. Two AMBs are
placed at input and output shaft which controls the vibration levels independently. We are

considering rigid body mode of the rotor here. The AMBs are not positioned at antinodes

targeting different mode shapes of the rotor. The different harmonics of @, may differ

depending on shaft spin speed. The full spectrum plots are shown below in Fig. 5.17
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Figure 5.17 (a) Full spectrum plot before AMB control of input shaft (b) Full spectrum plot
after AMB control in input shaft (c) Full spectrum plot before AMB control of output shaft
(d) Full spectrum plot after AMB control of output shaft

From above Fig. 5.17 the different amplitude responses obtained by full spectrum of input shaft
are tabulated in Table 5.2 and for output shaft in Table 5.3.

Table 5.2
Experimental displacement amplitude values from full spectrum of input shaft

Without AMB full spectrum With AMB full spectrum

No. of harmonics response response
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Displacement amplitude (m)

Displacement amplitude (m)

0 7.989x10°7 1.466x10°7

1X w, (20 Hz) 5.691x10°° 1.561x10°7
~1X @, (-20 Hz) 2.059x10°" 2.039x10°8
1X e, (500 Hz) 1.858x10°® 1.593x10°8
2X w, (1000 Hz) 2.466x10°8 1.96x10°®
5X w, (2500 Hz) 1.184x10°® 6.869x10°°
—4X @, (-2000 Hz) 1.676x10°8 6.551x10°°
—5X e, (-2500 Hz) 3.912x10°° 3.773x10°°

Table 5.3

Experimental displacement amplitude values from full spectrum of output shaft

No. of harmonics

Without AMB full spectrum

response

With AMB full spectrum

response

Displacement amplitude (m)

Displacement amplitude (m)

0 4.947x10°7 1.07x10°7

1X w, (10 Hz) 2.071x10°® 7.182x10°8
~1X @, (-10 Hz) 3.536x10°7 9.123x10°®
1X e, (500 Hz) 1.545x10°® 1.989%107°
2X w, (1000 Hz) 1.613x10°® 1.028x10°®
3X w, (1500 Hz) 1.406x10°® 5.164x107°
5X w, (2500 Hz) 3.441x10°® 2.485x10°®
~1X w, (-500 Hz) 1.205x10°® 2.134x107°
—3X o, (-1500 Hz) 6.798x10°8 8.512x10°°
—4X e, (-2000 Hz) 6.588x10°® 3.359x10°°
—5X e, (-2500 Hz) 8.244x10°® 2.34x10°8

To analyze the torsional vibration characteristics of the geared rotor, the dynamic torque

developed in the shaft and couplings of the system was measured. The load required to keep
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the system running is kept same at all speeds. Even though the torque is uniformly varying, it
fluctuates from the dynamics point of view. The variation in torque before and after the
application of AMB is compared and has been shown in Fig. 5.18. The FFT plot shows small
variations in dynamic torque with AMBs at all the gear mesh frequencies when plotted up to
5X harmonics of w, . This partially indicates less reduction in torsional vibration of the system.
A radial AMB with linear controller will have minimal effect on torsional vibration unless

effect of the coupled torsional-lateral vibrations is large.
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Figure 5.18 (a) Comparison of variation in torque vs. time in input shaft with AMB (b) FFT
plot of torque variation in input shaft after AMB control (c) Comparison of variation in torque
vs time in input shaft without AMB (d) FFT plot of torque variation in input shaft without
AMB (e) Comparison of variation in torque vs. time in output shaft with AMB (f) FFT plot of
torque variation in output shaft after AMB control (g) Comparison of variation in torque vs.
time in output shaft without AMB (h) FFT plot of torque variation in output shaft without
AMB

From Fig. 5.18 the different amplitude responses obtained by the FFT plot of torque variation
of input shaft are tabulated in Table 5.4 and for output shaft in Table 5.5.

Table 5.4. Experimental values of torque variation from FFT of input shaft
With AMB FFT response Without AMB FFT response

No. of harmonics Torque variation (Nm) Torque variation (Nm)
1X w, (500 Hz) 0.0008031 0.001147

2X w, (1000 Hz) 0.0002488 0.0003333

3X @, (1500 Hz) 0.0002747 0.001698

4X o, (2000 Hz) 0.0003564 0.001284

5X @, (2500 Hz) 0.0002106 0.001464

Table 5.5. Experimental values of torque variation from FFT of output shaft

With AMB FFT response Without AMB FFT response

No. of harmonics Torque variation (Nm) Torque variation (Nm)
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1X w, (500 Hz) 0.00104 0.001155

2X v, (1000 Hz) 0.000283 0.0006353
3X o, (1500 Hz) 0.0004045 0.001211
4X v, (2000 Hz) 0.0004294 0.001887
5X , (2500 Hz) 0.0001606 0.002424

To check the noise levels of the system, smartphone was used and is measured by iNVH
application developed by Robert Bosch engineers. This app has a sound level meter that uses
in built microphones and accelerometers to measure the different quantities. But the application
can only log the data for dB values not for peak values or average values useful for the data
interpretation. It has octave band calibration that allows user to do a sensitivity correction in
each frequency band. The app has default time step of 0.09 s and saving every 11 samples per
sec. then we are sampling every 0.99 s and then sampling frequency will be 1/ (0.09x11) ~=1
Hz. Hence, it seems to show some periodicity in the fluctuations of the noise level i.e., almost
1 Hz amplitude modulation. The recorded value showed ~4 dB reduction in overall noise levels
during operation and is shown in Fig. 5.19.
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Figure 5.19 Comparison of overall reduction in radiated gear noise levels after AMB control.

5.5. Fault Identification from Experimental Responses

The identification of the geared rotor parameters from the measured signals of the laboratory

test rig is explained for various speed ranges in the present section. The measured displacement

responses are utilized as per the same methodology as described in the previous chapters of the
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numerical experiment for estimation of multiple faults associated with the geared rotor
integrated with AMB in the laboratory. The above estimation requires large data to be handled
in time domain so the FFT based full spectrum has been applied. But it gives a phase shift that
needs to be corrected and described in the next section.

5.5.1 Phase Compensation of Rotor Responses

The phase correction is required for consistency of phase angles of signals captured from rotor
vibrations. To remove the uncertainty in phase difference, which is due to picking of time
domain signals at different instant of time, phase compensation has been done, such that the
measurements taken at random times can be synchronized with respect to a common reference
signal. On the motor shaft, two different depth slots are available at 180° apart and the reference
signal is measured corresponding to one of them. The measured reference signal compensates
the phase lag or lead of the acquired vibration signals in the orthogonal direction for each spin
speed. An eddy current sensor was placed close to the motor from which the reference signal
was triggered once per revolution of the slot in the motor spindle like key phasor. The reference

signal in vertical direction at spin speed @, =28 Hz is shown in Fig. 5.20

B
g |

t(s)

Figure 5.20 Reference signal of the system operating at approximately @, =28 Hz.

Due to the two slots present on spindle of the motor the reference signal is collected from the
higher peaks corresponding to which transverse displacement and control current signals

measured for different operating speeds are digitally processed further.

Since the responses from geared rotor-AMB system has multiple harmonics so a multi-
harmonic phase reference signal is envisaged corresponding to a measured reference signal.

Then the phase of displacement signals at each harmonic is subtracted with the phase of
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corresponding harmonic of reference signal to get a corrected phase of displacement signal
even when it has been captured at different times. The displacement signals were acquired

considering multiple complete cycles of shaft rotation, w? = 2z n, where n is the number of

complete cycles. This is to ensure minimum leakage errors during FFT. Here |Ri (a))| is full-

spectrum amplitude response at different frequencies and &, is the phase of i" harmonic of the
displacement response, where i is an integer (positive or negative). The time domain

quadrature reference signal is converted to frequency domain using FFT process. v; is phase

of complex reference signal. Deducting y; from the phase 6, compensates for the phase shift

in the full-spectrum displacement response obtained through FFT. Displacement phase after
subtraction from the reference phase is known as the phase compensation, and are used for the
identification of system fault parameters.

R (w): IR ()| Z(‘9| ~y;) (5.1)

where, R; (@) = R, g, + JR;; , IS the corrected full-spectrum complex displacement. Subscript ¢

will not be used further to represent the phase corrected signal in the present analysis. The

identification of system parameters is performed in the subsequent section.

5.5.2 Prediction of Multiple Geared Rotor Fault Parameters

The full spectrum amplitude and phase compensation responses are utilized in the developed
identification algorithm for different speed ranges to identify the fault parameters associated
with the test rig. In the present identification procedure, five harmonics of the vibration
response and current signal are chosen for the analysis. To get more data sets and maintaining
consistency with a high degree of accuracy, identification of parameters is done for combined
speed cases, such as from 24 Hz to 26 Hz, 30 Hz to 32 Hz of the spin speed of rotor system

with parameters summarized in Table 5.6. The above mentioned two speed cases measured
data are fed to the regression matrix {A}s,.ss and the known matrix {b},, as stated in Chapter

2 in eqn. (3.49) for the quantitative estimation of multiple faults.

156

TH-2649 156103014



Table 5.6

Parameters of geared rotor test rig

Parameters Assumed values
Diameter of input and output 0.012m
shafts
Length of input and output 0.4m
shafts
Gear-pair module 1.5
Gear ratio 2
Gear-pair pressure angle (FDI) 20 deg.
Pitch diameter (pinion) 37.5 mm
Pitch diameter (gear) 75 mm
Face width 15 mm
Gear thickness 25 mm
Number of teeth (pinion) 25
Number of teeth (gear) 50
Shaft material density 7860 kg/m3

Young’s modulus

2.068x10! Pa

m,, m, 0.2944 kg, 0.8944 kg
@, , 0, 20:28 Hz, 10:15 Hz
Kk, .k, 1.6032x10° N/m, 1.6082x10% N/m
C,.C, 49.63 Ns/m, 69.3 Ns/m
Ko, Kosg, 3.8x10° N/rad, 3.8x10° N/rad
oo Koo, 2.85x10° Nm/rad, 2.85x10% Nm/rad
o, 500:700 Hz

6.08x10°,0.0011 kg-m?

3.04x107°, 5.5x10* kg-m?

TH-2649 156103014
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Table 5.7

Experimentally estimated parameters with AMB for different speed ranges

Estimated parameters @, =20 Hz, 21 Hz, ®, =26 Hz, 27 Hz,

22 Hz 28 Hz
C, 276 Nsm™ 188 Nsm™*
K, 5.89x10° Nm* 4.7x106 Nm?
e, 2.33x10°m 1.9x10°%m
e, 3.4x10° m 3.16x10° m
¢p -1.992 rad -2.389 rad
¢g -0.513 rad 1.903 rad
ks1 1.306x10° Nm* 1.623x10°Nm*
ki1 12.74 NA1 10.05 NA?
ks2 1.8x10°Nm'? 1.23x10°Nm*
ki2 9.64 NA™ 8.91 NA!
e, 2.55x107" m 2.3x10" m
& 1.734 rad 1.509 rad
e, 1.313x10%m 9.16x10% m
e, 2.663x10° m 2.396x10% m
€5 1.018x10% m 1.073x108 m
€4 2.35x107" m 5.138x107" m
€5 4.148x10% m 1.435x10®% m
b, . -1.638 rad -2.366 rad
b, -2.549 rad 1.175 rad
é.. -0.655 rad -2.292 rad
b, -2.492 rad 0.609 rad
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¢f5 0.865 rad -2.186 rad

Table 5.8

Experimental estimated parameters without AMB for different speed ranges

Estimated parameters @, =20 Hz, 21 Hz, @, =26 Hz, 27 Hz,

TH-2649 156103014

22 Hz 28 Hz

(o 186 Nsm'* 164.6 Nsm'
K 3.4x10°Nm? 2.8x10° Nmt
e, 1.63x10°%m 1.59%x10°%m
e, 3.72x10" m 3.69x107" m
¢p 2.225 rad 2.203 rad
¢g 0.154 rad -0.711 rad

- 4.13x10" m 4.5%10"m
@, -0.055 rad 0.455 rad

L, 1.34x10% m 4.12x10% m
€t 6.22x10° m 3.31x10% m
e, 3.89x107 m 1.37x107 m
e, 1.08x10° m 6.84x10° m
€ 1.82x10% m 5.7x10° m
b, . 2.881 rad 2.927 rad
b, 0.711 rad -2.521 rad
b, 2.661 rad 0.353 rad
b, 2.192 rad 1.161 rad
b, . -2.787 rad -1.208 rad
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The gear mesh stiffness, gear mesh damping, runout of input gear and phase, runout of output
gear and phase, AMB displacement stiffness constant, AMB current stiffness constant, mean
transmission error and phase, variable transmission error corresponding to different harmonics
and respective phase angles has been identified experimentally with and without the application
of AMB and is shown in Table 5.7 and Table 5.8. It can be observed from the estimated
parameters that the mesh damping taking all the speed ranges is found to be between 150 to
300 Nsm™. The gear mesh stiffness parameter is found to be in the range of 10° Nm™ to 10’
Nm. The eccentricity in both the input and output gear is found to be quite small i.e., in
microns which shows that there is not much alignment error. The force-displacement factor
and force-current factor of AMB is in the range of the analytically calculated values given in
the numerical simulation section (refer Chapter 2, egn. (2.9)) which is around 1.9x10° Nm*
and 12 NA, respectively. With the suppression of vibration, the transmission error is also
found to be lessened by the application of AMB. This can be assessed from the magnitude of
the mean and varying transmission error. Thus, preventive measures can be taken with the
identification of faults while maintaining the health of the machinery. The estimated parameters

are also validated indirectly using the numerical simulation, which is shown in the next section.

5.5.3 Validation of the Numerical Model with Experimentally Estimated
Parameters

The experimental results are verified with the numerical model as there might be uncertainties
present in the laboratory test rig and the data acquisition system, which might be falsifying the
estimated parameters. To check the cogency of the numerical model, instead of assuming the
gear-rotor parameters, the parameters so obtained by running the identification algorithm with
test rig signals are used into the numerical model and the responses are obtained and the

simulated response operating at a spin speed of @, =20 Hz, @, =10 Hz is shown in Fig. 5.20.

The amplitude of multiple harmonics in full spectrum response obtained experimentally from

the test rig at the same spin speed of @, =20 Hz, w, =10 Hz given by Fig. 5.16 is then

compared with this response in Fig. 5.20 which shows similar response pattern.
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Figure 5.20 Simulated full spectrum amplitude and phase response (a) input shaft (b) output
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shaft operating at spin speed @, =20 Hz, @, =10 Hz

161



00T T T T T T T T T T T
[ ]
x:0 X: 20
Y:1.271e-06 VBB
-6
10 [~ =1
X: -2000 X: 1000 X: 1000 X: 2000
VB ECAED) Y:3.772e-08 X: -500 X: 500 Y: 3.64e-08 Y:4.337e-08
R u B ™ Y:1.77e-08 Y:1.512e-08 [ ] u X: 2500
= 10 8 |  v:5.820e-00 Y: 5.289e-09 L N | ] — v:5.322¢-00 _|
= ™ n Y:2113e-09 | M Y:1.714e-09
— [
—
-10
10
10 [ [ [ [ [ [ [ [ [ [ [
2500 -2000 -1500 -1000 -500 o 500 1000 1500 2000 2500
Frequency (Hz)
-4
w0 m T T T T T T T T T T
i x: 10
¥:1.271e-06 | y. 1 e32e.05
-6
10 — —
X: -2000 X: 1000 X: 2000
’g X: -2500 v:1.203e-08 500 X: 500 Y:1.425e-08 Y:1.619e-08
~ 1078 | Y 6559009 | Y: 6.105e-09 n X: 1500 < 2500
— u u Y: 1.896e-09
~ " M.
o~
= ULty W‘ |
-10
10 [
107 [ [ [ [ [ [ [ [ [ [ [
-2500 -2000 -1500 -1000 -500 o 500 1000 1500 2000 2500

Frequency (Hz)

(b)

Figure 5.21 Simulated full spectrum amplitude with 5% random noise addition (a) input shaft
(b) output shaft operating at spin speed @, =20 Hz, @, =10 Hz
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Figure 5.22 Simulated control current signal (a) input shaft (b) output shaft operating at

@, =20 Hz, @, =10 Hz of spin speed

Following the full spectrum responses 5% random noise has been added into the numerical
model with exact input parameters obtained from test rig and shown in Fig. 5.21. Consequently,
the variation of control current with time is also obtained and shown in Fig. 5.22. By comparing
first Fig. 5.16 (b), (d) with Fig. 5.20, 5.21 and second Fig. 5.14 (b), (d) with 5.22 it can be
observed that the measured responses and the simulated responses are close enough and the
pattern of the responses in the two cases are very similar, which verifies the identification

methodology.

5.6 Conclusions

In this work a method for suppressing the vibrations caused by variations during gear meshing
and rotor faults has been presented. A mathematical model has been developed for the
numerical simulation of the proposed geared rotor AMB system and experimentally verified
by a laboratory test rig. A classical PD controller employing linear control theory is used to
achieve the desired control of the geared rotor by magnetic actuators working in differential
driving mode. With feedback of the displaced rotor position, the controller values were adjusted
suitably to achieve the desired stiffness and damping characteristics of the AMBs. The
maximum attenuation that could be attained was nearly 50% after fine tuning of the controller
gains. Although founding a consistency between the simulated and experimental responses
shows the proposed method's operational feasibility, the manual tuning process used in this
work is cumbersome since separate adjustments have to be done for different operating speed
ranges. Here the experiments were conducted under constant loading condition. An
improvement can be made by deploying a more automated active control scheme involving an
adaptive controller, which can be more effective for reducing the coupled vibrations
irrespective of the speed and load variation. It can be seen from the full spectrum that the
amplitude of vibration at the various gear tooth meshing frequencies between 500 Hz to 2500
Hz was reduced quite efficiently. The experimental results have yielded about overall ~4 dB
reduction in noise owing to vibrations by gear meshing. Hence, this study can significantly
contribute to the prevent of damage of gearbox mountings with the help of AMBs.
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Further, the experimental signals of rotor vibrational displacement and AMB control current
signals, are utilized to validate the numerical model of the developed identification algorithm
to estimate the fault parameters, such as the mesh damping, eccentricity with phase, mesh
stiffness, mean and variable transmission error with phase and AMB parameters associated
with the test rig. With real-time active control of vibrational amplitude achieved by the radial
magnetic bearing mounted onto the geared shafts, the correlation of the estimated parameters
between the numerically tested results with the experimental ones provides a clear perspective
of the influence of different faults onto the others during operation of the machine. It would be
a good practice to identify the sources of multiple harmonics due to various faults associated
with the rotating machinery and the same methodology can be implemented to diagnose the
health of a machine as a preventive measure for condition monitoring. From the present
analysis, it can be concluded that the developed identification algorithm can approximate the

system dynamics and quantify the different multiple faults in a geared rotor system.
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CHAPTER®G CONCLUSIONS AND FUTURE SCOPE

6.1 Summary of the Present Work

The aim of this research work is to reduce the gear mesh vibrations by applying actively
controlled electromagnetic forces with AMBs placed on the geared rotor shafts. It is known
that geared rotors are assumed to vibrate torsionally however due to bearings and shaft
deflections, any gear dynamic analysis must include the lateral vibrations as well (i.e.,
movement perpendicular to the gear axis). With this perspective, it has been envisioned that if
the gearbox internal shaft transverse vibration can be controlled effectively with the help of
active magnetic bearings, then the gears and the surrounding support structures can be
prevented from failure due to vibrations. Gear mesh vibrations can propagate through the shafts
to the rolling element bearings and the gearbox casing to become a source of radiated noise.
This gets characterized by high-amplitude tones emerging from broadband noise whose
frequencies lie in the range of maximum human ear sensitivity. In the context of continuous
improvement in the acoustic comfort of passengers, it is therefore necessary to analyse and
optimize gearbox vibrations in order to reduce casing noise radiations. In addition, itis difficult
to obtain the magnitude and phase information of varying transmission error, which is a major
concern for the gear noise. Hence, an identification algorithm based on least-squares regression
technique has been developed to quantify the transmission error values and other rotor fault

parameters.

With this frame a transmission error-based gear dynamic model was developed. The common
assembly errors comprise of position errors of the centres of the pinion and gear or deviations
between the axes of rotation and the principal polar axes of inertia of the pinion and the gear.
These errors generate eccentricities and runout characterised by strong once-per-revolution
excitations.

Initially a 4 DOF model for the transverse vibration analysis of a geared rotor system with gear
run-out and dynamic transmission error is carried out with help of lumped parameter model.
This 4 DOF model served the purpose of benchmarking various procedures, which was used
later in the next models addressing greater complexities. A time varying mesh stiffness was
considered in the form of transmission error for a single pair of teeth engagement. With the
help of active magnetic bearings, the novel concept of active vibration control of transverse
vibrations in a spur geared rotor was done effectively. The transmission error is modeled as an
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asymmetric dynamic transmission error so full spectrum was chosen for spectral analysis. A
novel identification algorithm was developed using regression equations from the
mathematical model which estimated the system fault parameters, i.e., the gear mesh stiffness,
gear mesh damping, runout of input gear and phase, runout of output gear and phase, AMB
displacement stiffness constant, AMB current stiffness constant, mean transmission error and
phase, variable transmission error corresponding to different harmonics and respective phase
angles. This identification was done using full spectrum responses as the rotor has multiple
harmonics due to gear meshing error. The estimated parameters were tested with different

random noise and modelling errors to check the robustness of the developed algorithm.

Next, gyroscopic effect on transverse vibration of geared rotor AMB system is analysed if the
gears may be offset from mid-span of the rotor. So, the model is updated to 8 DOF by adding
rotational DOF i.e., angular displacement of gear wheel about the diametral axes, arising from
gyroscopic effect due to offset gears. Since angular displacements pose practical difficulty of
accurate measurement, a dynamic reduction scheme was implemented to eliminate the
rotational displacements in identification equations and the regression equations were obtained
to develop the identification algorithm. So, it will better estimate the transmission error and
other parameters. The same procedure follows and full spectrum of AMB current signals in
conjunction with vibration displacements was used for the estimation of parameters, tested with

different percentage of random noise and modelling errors.

A real system will have all the effect including the torsional one. Hence, the mathematical
model is improved to 12 DOF system so that it can approximate the real system behaviour.

In actual scenario there can be gyroscopic effect, coupled torsional-lateral effect, hence the
algorithm is updated such that it can estimate the parameters more efficiently in real systems.
Relative to the torsional vibration, the lateral vibration of the gear pair is more easily affected
by the gyroscopic effect. A nominal torque is applied in order to keep the gears in contact
hence, there was not much torsional effect in the system. The simulations showed that in case
of coupled torsional-lateral vibrations, controlling the transverse vibration with linear PID will
have small effect on torsional vibration reduction unless a better control system is designed.
The parameters were estimated from half spectrum of torsional component and full spectrum

of transverse vibration component of coupled system. The algorithm development becomes
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complex with addition of torsional vibrations and subsequently estimation. Hence, the

identification method works better in case of transverse vibration.

The numerical model of the proposed geared rotor AMB system is experimentally verified by
a laboratory test rig. The experiments successfully suppressed the vibrations by 40-50% with
a classical PD controller working in differential driving mode. The limitation was rotor could
be operated up to 32 Hz since on increasing the speed, the rotor vibrational displacement was
also increasing and in turn touching the stator (AMB core) which can destabilize the system.
Hence, the controller gains mentioned in this work can be used up to 29 Hz of operating speed.
At present the experimental measurement of torsional displacements was not done because of
some issue in laser vibrometer. However, we tried to show the effect of AMBs on torque
variations which showed little difference in torque variations due to low brake load applied.

Further, no significant work has been done on the controller design to suppress higher

harmonics of o, . Hence, there is difference in the reduction in vibrational amplitude of

different harmonics of «, in input/output shaft. From the present outcome, further studies can

be conducted for the design of an adaptive controller aiming at suppressing the amplitude of
gear mesh frequencies. The experimental signals of rotor vibrational displacement and AMB
current signals, were utilized to validate the identification algorithm. The experimental data
helped in understanding the system dynamics and test the efficiency of the developed

algorithm.

6.2 Main Contributions of the Research Work

1. Different Mathematical models of spur geared rotor system comprising of effects of
gyroscopic moments, gear mesh deformation, runout error, dynamic transmission error
integrated with active magnetic bearings was developed. Based on the proposed model, linear
equations of motion have been derived using Lagrange’s principle and the vibration analysis

were conducted.

2. Transmission error was modeled as an asymmetric TE, which is the sum of mean and
fluctuating value as a Fourier series function. This was useful to obtain the full spectrum
responses containing both multiple forward and backward whirl frequency components and
phase information.
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3. With the help of active magnetic bearings significant amount of geared rotor transverse
vibrational displacement are suppressed considering effects of unbalance, gear runout error and
variable transmission error. The active control was done quite effectively with a closed loop

PID controller numerically and later demonstrated experimentally.

4. The transverse vibrational amplitude (m) versus gear mesh frequencies (Hz) plot using full
spectrum was checked up to 5X gear mesh frequencies and from numerical simulation it was

found to get attenuated at all the gear mesh frequencies.

5. Identification algorithm was developed using the regression method taking different types
of forced vibration cases i.e., transverse, gyroscopic effect and coupled torsional-lateral
dynamics in geared-rotor-AMB system and quantification of faults was done, such as the mesh
damping, eccentricity with phase, mesh stiffness, mean and variable transmission error with
phase and AMB parameters associated with the test rig. Measurement noise and modelling
errors were added to check the robustness of the algorithm which gave favorable results.

6. A test rig was fabricated based on the proposed model to check the feasibility and practical
implementation of the proposed model that can control the gear vibration and noise. The
numerical results of the proposed model of geared rotor AMB system was compared with that
of the responses obtained from the experimental test rig. The practical design guidelines of the
active control system of a magnetic bearing in terms of sensors, actuators, power amplifiers
and real-time controller implementation has been presented and its effectiveness in suppressing
the gear induced housing vibrations and noise was explicitly described.

7. With a simple linear PD controller the maximum attenuation that could be attained was
nearly 50% after fine tuning of the controller gains. Experimental full spectrum responses
showed that the amplitude of vibration at the various gear tooth meshing frequencies were
reduced quite efficiently except for few harmonics. The experimental results have also yielded

about ~4 dB reduction in overall noise owing to vibrations by gear meshing.

8. Experimental data collected from the geared rotor AMB test rig was used to validate the

developed identification algorithm. It was seen that with the suppression of amplitude of
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vibration at various gear mesh frequencies the transmission error got lessened. Thus, it can be
concluded that AMBs can effectively prevent the damage of the gearbox components with

active vibration control.

6.3 Limitations of the Thesis Work

1. Since a radial magnetic bearing acts in radial direction so there was not much effect seen on
torsional vibration of the system numerically. Although good consistency was found between
the simulated and experimental responses showing the operational feasibility of the proposed
method. The manual tuning process used in this work is cumbersome since separate
adjustments has to be performed for different operating speed, and also operation was done
under constant loading condition. An improvement can be made by deploying a more robust
active control scheme involving an adaptive controller, which can be more effective for

reducing the coupled vibrations irrespective of the speed and load variation.

2. The identification algorithms are model-based and developed using a linear mathematical
model with constant mesh stiffness and damping. The non-linear factors like friction in
meshing and backlash error were neglected. The rolling element bearings were considered
rigid. The modelling parameters required in the identification needs to be considered
accurately.

3. Due to inadequate sensors, the torsional vibrations could not be measured and the effect of
AMBs on gear torsional vibration could not be comprehended experimentally. Due to which
the numerical results obtained from the identification algorithm developed in case of coupled
torsional-lateral vibration could not be validated experimentally.

4. All the identification algorithms require measurements in two orthogonal directions. In
reality, the measurement locations on the shaft may not be accessible because of other

mountings over the shaft.
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6.4 Recommendations for Future Work

Some recommendations to extend the modelling approach and design of the experimental set
up follow from the presented research:

1. In the current study simple modelling approaches were used for initial estimations. More
advanced modelling of the geared rotor AMB system would be significant in simulating
rotordynamic behaviour. It is recommended to include nonlinearity like friction in meshing,

backlash and examine time varying mesh stiffness, dynamic forces and so on.

2. Besides, an adaptation to operating conditions can be made by an adaptive active control
scheme with AMBs in a multi gear transmission system under transient operating conditions

with varying load and varying speeds.

3. In order to prepare a model to simulate the experimental setup the support structure should
be included. In the present research, equivalent support models consist of springs and dampers
depicting shafts, gears but bearing forces were excluded. It is suggested to investigate the whole
system with a detailed finite element modelling and identification of support parameters to
improve the accuracy of the model.

4. In the present research an experimental setup has been designed. As an improvement to the
current experimental setup, the drive system and bearings that operate at higher speeds can be
investigated. In this way gyroscopic effect on the stability of proposed geared rotor-AMB

system at higher speeds can be examined experimentally.

5. In helicopters noise measurements have shown that main gearboxes highly contribute to the
overall cabin noise. Helicopters are known to be particularly noisy with cabin noise levels
above 90 dB hardly endurable without appropriate ear protections. Helicopter noise reduction
is therefore a serious concern for designers. On-board noise measurements highlight that the
prominent contributions of main gearboxes which generate high-amplitude peaks in cabin noise
spectra, exceeding broadband noise by up to 30 dB are located in the frequency range of
maximum human ear sensitivity (between 1000 Hz and 5000 Hz). With active control of gear
mesh vibrations, the results can be further used for active noise control which can have a great

significance in reducing the helicopter cabin noise.
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6. Under impact load conditions, an adaptive control method for dynamic load suppression
based on torque compensation can be proposed. The key design parameters that influence the
system dynamic performance such as stiffness of axles, inertia, etc., can be identified for further

enhancement in vibration suppression and shock resistance.

7. Assembly or mounting errors like if the shafts are not perfectly parallel, misalignments arise
and the contact zones between the mating teeth can be significantly altered. This can lead to
substantial amount of gear meshing error. Thus, the present analysis can be extended by

considering the effect of different types of coupling misalignment on gear transmission error.

8. Other research topics may include determining gear teeth crack initiation points, crack
propagation path, and evaluation of various fault growth indicators using laboratory vibration

signals and comparing them with field vibration signals.
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Appendix A Equations for Developing the Identification
Algorithm

Appendix Al: Conversion of complex regression equations into real
regression equations for 4 DOF geared rotor-AMB system

Segregation of real and imaginary terms from complex regression eqn. (2.36) to (2.43)
(a) For the input shaft:

Case I. For i=0, regression equations after separating the real and imaginary parts are

(Ko Ko =K, ) (Rop re€” ™ ) =K (Rogmee”™™ ) ==K, (1op 8™ ") (AL.1)

(ky + K=k )(Ropn™ )=k (Rogan™") = =k (1™ (A12)

Case Il. For i=1, i.e. excitation frequency is w_= @, then equations after separating the real

and imaginary parts are

( @ Rlpp Re prt)_(cp +Cm)(a) Ripp.im® e’ t)_'_Cm (wp&gp,lmejwpt)_'_(kp +k, _kS)(Rlpp,Reejwpt)

—Kn (ngp,aeewp ) - (mla)ﬁ —k, =k, )e (e, cosg, ) + (cp +C, )wpe"‘”Pt (e,sing,) -k, (|1ppyReei<%t>)
(A1.3)

( @ Rlpp m )+ (CP +Cn )(mp Ripp,Reejwpt ) ~Ca (a)p Rigp,Reej%‘ ) 2 (kp +Ky —Kq )(Rlpp,lmejmpt)

_km (ngp,lmejwp ) = (mla)i - kp L I(m )ejwpt (ep sin ¢p) - (Cp +Cn )a)pejwpt (ep Cos ¢p) - kl (Ilpp,lmej(wpt) )

(Al.4)

Case IIl. When i = -1, i.e. excitation frequency is @_= @, then equations after separating the

real and imaginary parts are

—jo,t —jo,t —jagt —jo,t
( 2R o ref )+(Cp +cm)(a)g Roypgm€ )—cm (a)g Rogm€ )—km(Rflgg'Ree " )

+(kp + km - ks )(R—lpg,Reeingt ) = (km) et (e COS¢ )+( )eingt (eg Sin¢g)_ I(I (I—lpg,Reeij(wgt))
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(AL.5)

J(ot —jaoyt —jayt —jaout
( 2R 1€ " )—(cp +cm)(a)g Ropg e )+cm(ng_lgg,Ree 9 )—km(R_lgg,,me y )

+(kp +Ky — K, )(R,lpg‘lme‘iwgt ) = (k. )e-iwgt (e, sin ¢g)_(0mwg )e—iwgt (e, c0s,) —k (LlngIme—j(wgt))

(Al1.6)
Case IV. When i=-n,..,—1,0,1,...,n, i.e. excitation frequency is ®_=®, then equations after
separating the real and imaginary parts are

jiwgt Jiagt Jiagt

m, (—i* @Ry, r8" )= (c, + ¢, (Ia) ZR,pe e j+c (io.Rye ime™™)

(AL7)
+(kp+km_ks)(Ripe,Reeji%t)_km( " Reejlwt k |:e em“ +Z Jl(wt+¢1 ):| k (Iipe'Reeji%t)
m, (—i* @/ Ry 1me™ ) +(c, +¢, (Ia) ZRlpeRee“‘“j Co (i, R pe8" )

(AL.8)

(k +k —k ( |pe Imejla)l) km nge Imejlwt —c {Iwez eflejl(wt+¢f )} k (Iipe,|meji%t)

(b) Similarly considering the output shaft:

Case I. Fori =0, regression equations after separating the real and imaginary parts are
(kg + km - ks)(ROQ,Reeongt)_ I(m (ROD,Reerwg ) _k ( 0g,Re ijgt) (Alg)

(g Ko =k, ) (Rog.m€™ ™ ) =K (Ropan€”™ " ) ==k, (Tog.n€™ ") (A1.10)

Case Il. When i =1, i.e. the excitation frequency is w_= w, then equations after separating

the real and imaginary parts are

2 jopt Jwt jo,t jo,t
mz(—a)pngp'Ree " )—(cg +cm)(a) Rigp.im® )+cm(a) Ry m€™” )—k (Ripp € )

| (A1.11)
(kg + Ko =k, ) (Rigp.ae€”™" ) = (K )& (e, COS ) = (Co2y )& (8, 5N ,) — K, (1165 "
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(o ™)
(kg +k, —ks)(Rigpy,me"‘”"t):(km)e " (e, sing,) +(c,o, )e" (e, cosg,) -k, ( o ) '

Case Ill. When i =1, i.e. excitation frequency is @, = w, then equations after separating the

real and imaginary parts are

( DR 1y e J“"’t)+(cg +C )(a)gR 1g0.m€ ""g‘)—cm (a)g R_lpgylme”'“"v‘t)+(kg +k, —ks)(R_lgg,Ree ey )

_k (Rflpg'Ree ! ):(mza)g B kg - km)e ! (eg COS¢9) _(ngg +Cma)g )e_ngt (eg Sin ¢g) - k| (I,lgg‘Ree_ngt)
(A1.13)
( a)gR 109, m° o t)_(cg TC )(%R 109 ke® - ) (a)gR ~1pg,Re® R t)+(kg +k, _ks)(R_lgg,lme_ngt)
—k (R 1pg,Im€ ~logt ):(mza)g2 -k, —km)e jogt (e, sin qﬁg)+(cga)g +cma)g)e*iwgt(eg cosg,) -k, ('—1gg,|m97’w )

(Al.14)

Case IV. When i=-5,..,-1,0,1,..5, i.e. the excitation frequency is @_= @, then equations after
separating the real and imaginary parts are
M, (—i* @7 Ry 18" ™ ) = (Cy + Gy ) (1. Rige 1€ ™ ) + €y (10, Ry €™ ) + (K + Ky — K, )(Rige €™ )

—k

i ji(@et+dy) jiogt
{ e +Z(eﬁe ' )}—k,(ligme )
i=—n

_km ( ipe, Reejlwt)
(A1.15)

M, (1% R 1m€" ™ ) +(c, +C )(Ia)e Riere€"™ ) =y (iR ™™ ) 4 (K + Ky =K, )(Rgein€™™ )

b (R ) =00 10,30 )k (1)

(A1.16)
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Appendix A2: Conversion of complex regression equations into real

regression equations for 8 DOF geared rotor-AMB system

The real regression form by separating real and imaginary quantities, from complex regression
equations (3.20) to (3.21) fori™ harmonic is:

’ d \2 ’ d, \2 ' '
m =m+(t%) 1, m =m,+(t%) 1, ¢ =c +c,. ¢ =¢,+C,.

kp,:kp_z( )kpla +( ) kPa . kg,:kg_z( )kgla+( )2 kga

(a) For the input shaft:

Case I. For i=0, regression equations after separating the real and imaginary parts are

(kp' Tk, )(Rop’ReeOJw”t)— K (Rog ™) =K, (Rop ™) K, (105 ) (A2.1)

(ko' + 0 ) (Ropan€”™ ) =K (Ropn”™ ) = i (R € )=k, (Top ™) (A2.2)

Case 1. when excitation frequency is @ =, then equations after separating the real and

imaginary parts are

=i, m =001, (), | (Repie) =160, (Rogn) + (00 )(Repn) =k (Rese) (6"

jo,t ’ jopt jlw t Jiwyt
= (M@ + Koty — Ko —k, )e' (e, cOs ) + ¢, @, (e, Sin ) + K,Rpp "™ — K, I €™

(A2.3)

i, m =01, () 1, | (Repin) #1608, (Ryp) = (100 )(Rep) = i (Resin) (6"

= (@2 + K.ty —k, —k, )e" (e, sing,) ¢, @, (€, COs ¢, ) + KR in€™ ™ —K; 1 €™

(A2.4)

Case I1l. When excitation frequency is o, =®, then equations after separating the real and

imaginary parts are
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[(—(ia)g)z ml, B ia)gzl Py (tdl )2 + kp')(Ripg,re)_ iwgcp/ (Ripg,im)+ iwgcm (Rigg,im ) -k, (Rigg,re )}(ejiwgt)

jiwgt

(ky)e " (e, cos ) +(com, )" (e, sin gy ) + KRy o€ =K, 1 0

s 'ipg,re I Vipg,re

(A2.5)

[(—(ia)g ym —iofl, (tdl )2 +k,’ )(Ripgvim ) +imgc, (Ripg,re ) —la,C, (Rigg,re ) -k, (Rigg,im )}(ejiwgt)

(km )e’j”’gt (eg sin ¢g )— (Cma)g )e’ngt (eg COS¢g) +k R eii“’g‘ —k 1 jiogt

s Nipg,im 1 Lipg,im®

(A2.6)

Case IV. When excitation frequency is @ =, then equations after separating the real and

imaginary parts are

l:(_(iwey ml' = ia)92| Py (tdl )2 + kp’ )( Ripe,re ) - iweCP' (Ripe,im ) = ia)ecm (Rige,im ) - km (Rige,re ):|(ejia)et )

n
_ it Ji(ogt+d5) jiogt jio,t
=k, [eme + Z(eﬁe ' )}rksRipe,ree —K, L c®
i=—n

(A2.7)
‘:(_(ia)e)z ml' - iwezl P (tdl )2 + kp, )( Ripe,im ) + ia)ecp, (Ripe,re ) B ia)ecm (Rige,re ) - I(m (Rige,im ):|(ejiwEt )
—c, {ia)e ii_n(eﬁeji(wetwm )}+ ks Ripe,imeji%t _ kl Iipe,imeji%t (A28)
(b) Similarly considering the output shaft:
Case I. For i=0, regression equations after separating the real and imaginary parts are
(kg, )( ROg,reeojwgt ) - km (RO p,reeongt ) = ks (ROQ,reeongt ) - kI ( IOg,reeongt ) (A29)
(kg' )(Rog’imerwgt )k (Ropime”™ ™) =K, (Ragme”™ ) =K, (Tog me™™) (A2.10)
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Case 1. When the excitation frequency is @, =®, then equations after separating the real and

imaginary parts are

[(—(ia)p)zmzl—ia)pzl (dZ) +k, )( ngpre)_ia’pcg,(Rigp,im)*'ia’pcm(Ripp,im)—km(Rippvre)}(e“‘”pt)

. . . n .
=(k, )" (e, cosg,) —(c,@, )&’ (e, sind,) + KRy " =k > 1, &

(A2.11)

[(—(iwp)zmz’ —ioy’l, ( dz) +kq )( igp, im)+ia)pcg,(Rigp,re)—ia}pCm(Ripp,,e)—km(Ripp,im )}(eji“’"t)

( ) Jwt(e S|n¢)+( ) Jzut(e COS¢)+k lept_kl

igp, |m 1 Vigp,im

Jiopt

e

(A2.12)

Case Ill. When excitation frequency is ®_= @, then equations after separating the real and

imaginary parts are

(0, m) i1, (1 41 )Ry ) =104 (R + 0,60 (Rogin) o (Rege) (")

(m a) +kg)<(p kg —km)e*Jwg (e COS¢5 )— c, a) g et (e 5|n¢ )+kR - gliont K, Iigg,re

jiwgt

e

(A2.13)

l:(_(iwg)zmz’ - ia)gzl » (td2 )2 + kg’)(Riggvim )+ iwgcg, (Rigg,re ) - ia)gcm (Ripg,re)_ Kn (Ripg,im )} (ejiwgt)

¥l i ' gt le le t
(m @y + Ky by, =K, —km)e " (e, Sing,)+C, 0, (6, COSA,) +K Ry i€ " —K Ly i€

(A2.14)

Case IV. When the excitation frequency is o= @, then equations after separating the real and
imaginary parts are
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[(—(ia)e)z m, —io/’| b, (td2 )2 kg )(Rige,re ) —ioc, (Rige,im ) +ioc, (Ripe,im ) -k, (Ripe,re )}(eji”’et )
— _km {emej@n + Zn: (eﬁeji(we[+¢f|) )} " ks Rige’reeji(uet _ k| Iige’reeji(oet

=-n

(A2.15)

n
_ H Ji(@pt+dg) Jiot jiogt
=—Cqy {Iwe z (efie )} + ks Rige,ime '} kI lige,ime

I=—n

(A2.16)
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Appendix A3: Conversion of complex regression equations into real

regression equations for 12 DOF geared rotor-AMB system

The real regression form by separating real and imaginary quantities, from complex regression

equations (4.31) to (4.33) fori" harmonic is:
m, :ml+(td1)2 Iy, | m, :m2+(tdz )2 ly, .

!
C, =C,+C,.C

'
D g —Cq+Cp.

+ (td1 )2 kpawx 3 kg, = kg - Z(tdz )kgxtﬂy + (tdz )2 kg‘/’xq’x

(a) For the input shaft:

k, =k, —2(t" )k

Xy

Case I. For i=0, regression equations after separating the real and imaginary parts are

(kp' + km)(ROpyReeOJ”pt)— K (Rog 8™ )+ (e (7o bop.e — Toog.re )} (€7 )OS o
=k, Cosg, +k, (ROp,ReeO‘.“’pt ) —k, (Iop’ReeOJ“’Pt)
(kp' +k, )(Ropl,me(’j“”)t ) —k, (Rog],me(’j“’"t ) + {km (rBop.m = Ty og.im )} (er“’Pt )sin %

(A3.2)
=k, e,sing. +Kk, (Ropylmeojwpt ) -k, (Iop,.meOprt)

Case Il. when excitation frequency is @, = o, then equations after separating the real and

imaginary parts are

[{‘(iwp fm =i, (1) +k, + km}(Ripp,Re)— i, (¢, €, ) (Ropm )+ (19,60 ) (Rgpin )~ Ko (R ):|(ejiwpt)
J{km {rp Cosl//(eipp,Re)_ ry (eigp,Re )} - iwpcm {rp sin l//(eipp,lm ) -, (ngm )}J(ejiwpt)

2 jo,t jo,t . jot jo,t
=(m1wp+kpwytd1—kp—km)e " (e, 0054,)+(C, +C, ) 0,€" (e, 5In ) + KRy o€ =K 1 o 8"

(A3.3)
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i) i1, () k4 (R #1604 6, 60) Reg) (14,6, (Ra) Ko (R (€
+[—k {r sinl//(gipp,lm)—rg (Higp,lm)}'Fia)pCm{rp cosvx(aippﬂe)_rg (gigp'Re)”(ejiwpt)

(mla) P b K, —km)ej“’pt (e, sing, )—(c, +¢, )™ (e, COs, )+ k,Ryp 1€ =K,

1 Vipp, Im

(A3.4)

Case I1l. When excitation frequency is @, = @, then equations after separating the real and

imaginary parts are

[(_(iwg)zml' - ia)QZI g (tdl )2 4 kp’ +a )(Ripnge)_ ia)g (CP +Cy )(Ripgylm)"_ ia)gcm (Rigg,lm)_ Kn (Rigg,Re )}(eji%’t)

[k {r cosW(Hlpg Re) I (Qgg Re)} ia)gcm{r sinz//(eipg .m)—rg (@gp Im)}:|(ejimgt)

(kn)e "™ (&, Oy )+ (o, )& ™ (8 SINGy ) +K,Rig el "™ =k 11 o8

(A3.5)
[(—(iwg)Zml' i1, (1) +k, K, )(Ripg,.m)+ i, (C, +Cp ) (Rig e )~ 1, Co (Rigg e ) ~Km (Rigg.im )J(en%t)
+[—km {rp Sinlr//(eipg,lm)_ fy (@gg o )}+ia) C, {r Cosw(eipg Re)_ r, ((9igg " )}:|(ejiwgt)

= (k) """ (&, sing,) —(c @, )e " (e, cosd,) + KRy e "™ =k g e

(A3.6)

Case IV. When excitation frequency is @, = @, then equations after separating the real and

imaginary parts are

[(—(ia)e)zml'—ia)ezl (dl) +k, +k )( Rpee )~ 10, (Cp+Cm)(Ripe,lm)+ia)eCm(Rige,lm)_km(Rige’Re):|(ejiwet)
+[km{rp COSY (Bperre )~ Ty (QgeyRe)}—ia)ecm{rp SINY (Operm )~ 1y (e ,m)}} m{zn:(eicos;bﬁ)e“”’et}

i=—-n

+k R let —k 1. jla)t

s" 'ipe, Re I ipe, Re

(A3.7)
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+[km sin W{rp (eipe"m)_ "y (Hige-'m )}+ lo,Cp, COsy {rp (ape,Re)_ Iy (eige.Re )}}(eji%t)

= Cm {ia)e z (efi Sin ¢fi )}eji%t + ks Ripe,lmeji%t - kI Iipe,lmejiwet
(A3.8)

(b) Similarly considering the output shaft:

Case I. For i=0, regression equations after separating the real and imaginary parts are

(kg' +k_ )( Rog """ ) A (Roplreeo"“’gt ) - {km (roBopre = TyOng e )} (eongt )cosv/

A3.9
eOJ“’gt)— K, (I e°j‘”gt) (A39)

=—k e, cosg. +Kk, (ROQ,re w

(kg' + km)(Rog',meO"“’gt)— k., (Ropy,me‘”“’gt)jt {km (rBhppe — rgeog'Re)}(eOJ“’gt)sinw

(A3.10)
=k. e, sing +k (Rogylmeoj(ogt ) K (I eongt)

0g,Im

Case I1. When the excitation frequency is @, = e, then equations after separating the real and
imaginary parts are

(R R R A A e e
Ko 03w {1y (B )1y (B )} 60,0 5109 {1, (8 ) =1 (B ) ()

(k)€™ (e, cosg,) —(c,m, J&"™ (e, SiNg,) + kR, €™ =K, Iy c,8""

(A3.11)

I:(_(ia)p)z mzl B ia)p2 I P2 (td2 )2 + kg’)(Rigpylm )+ ia)ng' (Rigp,Re)_ ia)pcm (Ripp,Re)_ km (Ripp,lm )jl(ejiwpt)
_[km siny {rp (po.im ) =T (O )} ~la,C, cosy {rp (e ) =T (Cup )}}(ejiwpt)

jot H jo,t jo,t jo.t
= (k, )" (e, sing,) +(C @, )&’ (e, C0S 4,) + KRy 1m€" ™ =K, ligy 1n€"™"

(A3.12)
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Case I1l. When excitation frequency is @, = @, then equations after separating the real and

imaginary parts are

[(—(ia)g)zmz' B iwgzlpz (tdz )2 + kg’)(Rignge)_ iwgcg! (Rigg,lm)+ lwyC,, (Ripg,lm)_ Kn (Ripg’Re)}(eji%t)
_[k COSl//{r (@pnge)_ Iy (Hignge)}+ia)ng Sim//{rp (Hipg Im)_ Ty ('9igp Im )}}(eji%t)

:(ma) Ky b, kg—km)e’ngt(egcos¢g)—(cg+cm) (e, sing,) + kR,

—jwt
199, Re |(I Ilgg Re

(A3.13)

(o m =i 1, () 4, ) (R ) #1608 (R ) 1040 (R )~ (R (€
_[k Sy A1, (Big.n) =15 (Ogs.m )} =160, COSYAT, (G ) =, (G, Re)ﬂ(eji%t)
(ma) + K, Lo, kg—km) (e, sing, ) +(c, +C, ) o0 " (e, cos ) + kR k1 ot

igg, Im 1 igg, Im

(A3.14)

Case V. When the excitation frequency is @, = @, then equations after separating the real and

imaginary parts are
l:(_(ia)e)zmz' W ia)ezl P2 (tdz )2 . kg, )(Rige.Re)_ ia)ng’ (Rige,lm)+ ia)ecm (Ripe,lm)_ km (Ripe,Re )} (ejiwet)
_|:km cosy {rp (Hipe,Re ) - rg (aige,Re )}+ ia)eCm sin 4 {rp (Hipe,lm ) - rg (gige,lm )}:|(eji%t)

= —km {i (eﬁ Ccos ¢ﬁ )} 4F ks nge Ree“ st kl |Ige Reejm)et

i=—n

(A3.15)
I:(_(in)zmzl B ia)ez I P2 (td2 )2 + kgr)(RigeJm )+ ia)e (Cg +C, )(RiQE,Re ) - ia)ecm (Ripe,Re ) - km (Ripe,lm )J (ejimet)
_[k sin l//{ (elpe Im) r (nge,lm )} —iw,C,, cosy {I’p (eipe,Re ) — I (Hige,Re )}}(ejiw"t)

g
jiot Jiwgt
=—C {IC{) z €5 S|n¢fl }—'— k nge im€ kl Ilge m€

(A3.16)
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Appendix B Matrices of Identification Algorithm
Appendix Bl: Identification Algorithm for 4 DOF geared rotor-AMB

system

Considering the equations given in Appendix (Al.1) to (A1.16), column matrix with known

quantities {b},,, and vector of identifiable parameters {x}.,,, used in the estimation of various

system fault parameters are as follows

I(m
Cn
kmepRe
I(meplm
k.e 2
mgRe mla)pRlpp,Re F kpRlpp,Re + wPCDRlppv'm
ke 2
m<gIm mza)p RingRe - kg R1gp,Re + wpcg R1gp,|m
C.€ H i
Re 2 2
| mlwe Ripe,Re B kpRipe,Re v |weCpRipe,|m
C €
m>~plm i2 2 i
"M@, Rge re =Ky Rige re 10,6, Rie 1
Cmeg Re
_kpROp,Re
Cmeglm k R
o “RgMog,Re
pRe m w’R k R c. R
. 1a)g —1pg,Re = "“p'‘-1pg,Re a)g p’ -1pg,Im
plm 2
€yr M@y R 14 re = kg Roigore = @5CqRaggm
gRe
-2 2 1
€ym MR e e =KpR e re —10C R e 1
-2 2 1
ks . b I'm,a, R—ige,Re - kg R—iQERG —10,C, R‘ige"m
{X}38X1 = ) { }52x1 = 2 k
kl mla)pRipme B pR1pp,Im a a)pchmp,Re
2
kmemx mza)p ngme - kg Rigp,lm a a)ng RingRe
k_e i’m o’ i
mmy 1Mu; Rige in = Ko Rige im =109, Rie e
ke im, w? [
m. fx1 "M, @, Rige,lm - kg Rige,lm - Ia)ecg Rige‘Re
i _kpROp,Im
€
km &5 _kg ROg,Im
e
m™ fyl 2
. mlng—lpg,lm _kpR—lpgylm +wQCPR*1”9'Re
. 2
kmefys m, @, R—lgg,lm Ll kg R—lggylm +0,Cq Rflgnge
-2 2 i
C€a I'mao, R—ipe,lm - kpriPSv'm + IweCpR’ipe’Re
. MR K R o +0,C,R (B
2We M_ige,Im g —ige,Im e”g  '-ige,Re
Cmefxs
Cmefyl
Cmefys
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Writing the regressor {A}., .. , the columns 1 through 12 and the regressor{A},.,, the columns

12 through 38, while, {A}y,..s = [{Al, {AB.),,.,, are givenas

Ripp,Re - ngpvRe

ngp,Re - Ripp.Re
R R

npe,Re ~ ' 'ngeRe

R -R

nge,Re npe,Re

R

0p,Re ROg,Re
-R

Rog,Re 0p,Re
Ripgre ~ Roggre
R_]_gg,Re - R—lpgyRe

—npe,Re — R_nge,RE

R

—nge,Re anpe,Re

{Al}slez =
R1pp,|m [ ngp.lm
R1gp,|m B Rippylm
R -R

npe,Im nge,Im

nge,Im ' ‘npe,Im

R
R

-R
-R

0p,Im 0g,Im

0g,Im el
R_lpg,lm

R

-1gg,Im

-R
-R

—1gg.Im —1pg,Im

—npe,Im R_nge,lm

—nge,Im anpe,lm

TH-2649_156103014

a)p (R1gp,|m - pr,lm)
@, (R1pp,lm - Rigpvlm)
ia)e ( Rnge,lm - RﬂPeJm )

ia)e ( Rnpe,|m - Rngex'm )

R
R

o (R
o (R

—1pg,Im -1gg,Im )

—1pgrlm)

i(()e (anpe,lm i ange,lm)

—1gg,Im

i(()e ( R—nge,lm - anpe,lm)

), (Rj[pp,Re - ngpvRe)
w, (R;[gp,Re - Rlpp,RE)
ia)e(R -R

npe,Re ngeyRe)

ia)e(R

nge,Re Rnpe.RE)
0
0

Ct)g (R_]_gg,Re - R—lpnge)

a)g (R - Rflgg,RE)
ia)e (R,nge,Re - anpe,Re)

-1pg.Re

i, (R_npe,Re - R—nge‘RE)

1 0
-1 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 1
0 -1

0 0
0 0
0 O
0 0
0 0
0 0
0 0
0 0
184

O O O o o

- O O o o o

O O O o o

- O O O o o

- O O O O o

O O O o o

- O O O o o

O O O o o

O O O o o

O O O o o

O O O o o

O O O o o

(B1.2)




{A2}52><26 =
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0 _Rlpp‘Re
0 _ngp,Re
0 _Rnpe,Re
0 _Rnge,Re
0 _ROp,Re
0 _ROQ,Re
0 _R—lpg,Re
Cy@y _R—lgg,Re
0 _R—npe,Re
0 —R—nge,Re
0 _Ripp,lm
0 _ngp,lm
0 _Rnpe,lm
0 _Rnge,lm
0 _ROp,Im
0 _ROQ,Im
0 _R—lpg,lm
ky = mza)g —R iggm
0 _R—npe,lm
-R

—nge,Im

1pp,Re
1gp,Re

npe,Re
nge,Re

Op,Re
0g,Re
—1pg.,Re

—1gg,Re

I—npe,Re

—nge,Re

1pp,Im
1gp,Im

npe,Im
nge,lm
Op,Im
0g,Im
—1pg,Im
—1gg,Im

—npe,Im

—nge,Im

185

nNw,

—No,
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Appendix B2: Identification Algorithm for 8 DOF geared rotor-AMB system

Considering the equations given in Appendix (A2.1) to (A2.16), the regression matrix {A}:,, s

, column matrix with known quantities {b},., and vector of identifiable parameters {X};.

used in the estimation of various system fault parameters are as follows

m
Cm
_ ) _
2 ’ [ 2 d '
Knore (@M, =K, + @ (t* ) 1, )Ripp e + @,C, Rigg i
k e 2
m>~plm 2 r ! 2 (4d . ’
o (a)pm2 kg + o, (t 2) IpZ)R—lgp,Re ®,C, ngp',m
m~gRe '22’k"2d12| R . ,R
kme m (I w,m, — p t+la, (t ) P1) ipe,Re +Ia)ecp ipe,Im
9
2
2 2 1 2(.d - '
Cyre (Polm, —k,' +iw] (t 2) |, )Rige re +10,C4 Rige 1
c e ’
m=pim _kp RpO,Re
CmegRe k rR
ce “Rg Mgo,Re
m~gim ) , k' . tdl 2| R ’
€oRe (a)gml —Kp T pl) 1pg,Re ~ @gCp Ripg,lm
2
2 ' ’ 2 (od ’
Coim (wng _kg — (t z) Ipz)R—lgg,Re — 0yCq R—lggvlm
e 2
gRe -2 2 1 12 - 2 d - ’
(I @, m, _kp —la, (t 1) Ipl)R—ipe,Re _Iwecp R—ipe,lm
e
o i2o2m,’ —k ' —iw? (t* )1 )R iwc R
ks ) (I o, M, — g —lo, pz) —ige,Re_Ia)e g —ige,Im
{X}38><1 = k ’ {B}52><1 E .0 , 2 (vd \2 .
! (wpml _kp + o, (t 1) Ipl)Rlpp,lm —0,Cy Rlpp,Re
k e 2
m“mx 2 r_ ] 2 (+d, i ’
k e (a)pmz kg T, (t ) Ipz)ngpylm @,Cq ngp,Re
mmy
2
2 2 1 2(.d . '
K €, (iPaim, =k, +ie? (t%) 1, )Ry 1 — 10,6, Rig e
2
2 2 ros 2. : '
(IFo;m, -k, +iw; (t 2) I, )Rige.im — 10:.C4 Rige e
kmef>(5 ’
k _kp RpO,Im
mefyl ,
: _kg RgO,Im
2
2 ! ’ 9, d ’
Kn€iys (@M, =K, = @ (t%) 1, )R 4pg 1n + @,Cy Ry e
Crn€ia 2 1 ' 2 (1+d, \? '
—_ —_ 2
) (wym, —k, a)g(t ) Ipz)Rflggy,mJra)gcg R 1g0.re
2
2 2 1o 2(.d . '
Cmefx5 (I @, ml _kp —lw, (t 1) Ipl)R—ipe,Im +IweCp R—ipe,Re
2
ce 12 2. rox 2(+d H !
€ | (Polm, —k, ~io; (1) 1R o +i0,C, Roigere
CmefyS
(B2.1)
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Writing the regressor {A}:,. .5 , the columns 1 through 12 are given as

Ripp,Re -

Rigp‘Re -
R

npe,Re

R

nge,Re

R
R

0p,Re -
0g,Re -

R—lpg,Re -

R—lgg‘Re -

R

—npe,Re

R

—nge,Re

{Al}slez =
Ripp‘lm =
Rigp,lm .
R

npe,Im

R

nge, Im

ROp,lm -

R

0g,Im
R—lpg‘lm 5
R—lgg.lm &

R

—npe, Im

—nge,Im
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-R

B

-R

-R

Rigp‘Re

Rlpp‘Re
R

nge,Re

R

npe,Re

R
R

0g,Re

0p,Re
R—lgg,Re
R—lpg,Re

R

—-nge,Re

R—npe,Re

Rigp,lm
Rlpp‘lm

nge,Im

npe, Im

ROg,Im
0p,Im

Rflgg,lm
R—lpg‘lm

—nge, Im

R—npe,lm

@, (Rigp‘lm - Ripp-lm)

@, (Ripp,lm - ngp-lm)
ia)e(R R

nge,Im — " npe,Im )

iwe (Rnpe‘lm - Rnge‘lm )
0
0
(oM (R-lpg‘lm o R—lgng)
Wy (R-lgg,lm D R-lpg‘””)
ia)e(R—npe‘lm - R—ﬂgev““)
iwe(ange‘lm i R—ﬂpe-”")
@, (Rlpp,Re - R1gp,Re)
[0 (ngp,Re - RiPPvRe)
iwe(Rnpe,Re w Rnge‘Re)

iwe(Rnge,Re - Rnpe‘Re)
0
0
@, (R—lgg,Re - R—lpg‘Re)
@, (Rflpg,Re - Rflgg‘Re)
iwe (R_nge,Re = R—npe.Re)
ia)e (R,npe,ne = R—nge,Re)

1

O O O o o

o o o

O O O o o

- o

O O O o o

O O O o o

0 0
0 0
0 0
0 0

0
0

-10
10
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 -1
0 1
0 0
0 0
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O O O o o

O o o o o

—@

O O O o o

O O O o o

-0 O o o o

0k, +kyl, ~ma? €,
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
o, 0 0
o, 0 0
0 0 0
0 0 0
0 prp kp + kpla
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

(B2.2)
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Continuing with writing the regressor {A}.,. ., the columns 12 through 38 are given as

{A2}52x26 =

—C

«

kg+k

gla

o

2
tdz -m,w;

0

_Rlpp,Re

_ngp,Re
-R

npe,Re

-R

nge,Re

_ROp,Re
R

0g,Re

-R

—1pg,Re

R—lgg,Re
_R—npe,Re
_R—nge,Re
_Rlpp,lm

_Rigp,lm
-R

npe, Im

-R

nge, Im
_RO p.Im
_ROQ,Im
_R—lpg,lm
_R—lgg,lm
_R—npe‘lm

-R

—nge, Im

While, {A}52X33 = [{A1}52><12 {A2}52x26 ]52><38
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1pp,Re
1gp,Re

npe,Re
Inge,Re

Op,Re
0g,Re
~1pg,Re

-1gg,Re

—npe,Re
-nge,Re

1pp,Im
1gp,|m

npe, Im
nge, Im

0p,Im
0g,Im
-1pg,Im
-1gg,Im

—npe,Im

-nge,Im

0 - 0
0 - 0
0 0
0 0
0 0
0 0
0 0
B 50
0
0
-1 N,
1 Na,
0 0
0 0
0 0
0 0
=l na,

(B2.3)
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Appendix B3: ldentification Algorithm for 12 DOF geared rotor-AMB
system

Considering the equations given in Appendix (A3.1) to (A3.16), the regression matrix{A}.,. .,

, column matrix with known quantities b}z and vector of identifiable parameters b used

in the estimation of various system fault parameters are as follows

km
C - .
; a)zm'—k'—i-a)z(tdl)zl R +w,C,'R,
kmepRe Pl p p p. | lpp.Re p~p ' lpp,Im
Ko m) k' +a? (%) 1 R, .. —@c'R
P Gl ), p, | o1gp.Re T @ply Roagpm
kmegRe 2 2 1 ' - 2 (.d 2 . ’
Kot Fo;m -k, +iaw; (t 1) I, |Rigere T10,C5 Rige 1
. . 2 .
Crn€ore (lza)jmz' —k, +ia? (t"?) I, ) Rigere T10,C, Rig i
Cmeplm ,
-k 'R
CmegRe P PORe
’
Cmeg m _kg RgO,Re
2
e 200" I ! 2 (¢d _ ’
PRe (wgml kp @ (t 1) Ipl)Rlpg,Re @4Cy Rypg im
€ 2
plm 2 ' 2 2 d '
e (a)gmz _kg — @ (t 2) Ipz)Rflgg,Re — @Gy Rflggylm
gRe 2
-2 2 ’ r - 2 d - ’
eg ¥ (I @, m, _kp —lw, (t 1) Ipl)R—ipe,Re _Ia)ecp R—ipe,lm
k PR S d2)2 s '
Do = ks . (B}, =| (C@im, K, i (1) 1R igere — 10,6, R ige 1
| 2.1 ! 2 (+d 2 '
k (a)pml _kp +ay, (t 1) Ipl)Rlpp,Im —@,C, Rlpp,Re
memx 2
200 0 2 (+d, _ '
Koy (@3m,' =k, + @} (%) 1, )R 1 10 =@, R s e
. . 2 .
kmeml (Izwezml' - I(p, + Ia)ez (tdl) Ipl)Ripe,Im - Ia)ecp’Ripe,Re
: 2 o 1 12 (1d, \2 ; '
ke, (Paim, —k, +ic? (t%) 1, )R 1n = 10,6 R e
’
|(m€‘fyl _kp RpO,Im
. '
_kg RgO,Im
k e
m™ fy5 2 1 ' 2 (od 2 ’
(a)gm1 —kp -y (t 1) Ipl)R—lpg,Im +o,c, R—lpg,Re
Cmefxl 2
. 2 " r2 d, ’
(a)gm2 kg @, (t ) Ipz)R—lgg,Im+wgCg Rflgnge
c.e 2 2 PRy AL ; '
m€ixs (iPolm -k, —ie] (t 1) LR e +10,6, R e e
c,e
fyl -2 2 ' ' - 2 (.d 2 - [
: (Polm, —k, —ie; (1) 1R o +ie0,C, Rlige.re |
Cmefys

(B3.1)
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Considering the following terms as
r-p (9ipp,Re ) - rg (eigp,Re )} = tp,Re _ia)p {rp (gipp,lm ) - rg (0igp,lm )} = ttp,Re
+ia)p {rp (eipp,Re ) - rg (6igp,Re )} = ttp,Im

—-iw C, { eigp,lm )} :ttg,Re

g.Re 9 -

) ) =1

, )}:tg',m +ia)gcm{rp o) T (Cog e )} =t i

Oere )| =tore 0L {1, (Cpuin) =T (Ogean )| = e
)

+ia)ecm {rp (Hipe,Re ) - rg (0ige,Re )} = tte,lm

And writing the regressor {A}., .., the columns 1 through 12 are given as {A1},,,, =

R

1gp.Re
R

npe,Re

R

nge,Re

R
R

R
R
R

-1pg,Re
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—nge,Re

Rlpp‘lm

R

nge, Im

R
R

R
R

—-1pg,Im
-1gg,Im

—npe,Im
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-R
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nge,Re

-R
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- ngp‘lm -t
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1pp,Im
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npe,Im
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glm

- tne,lm sin 14

re COSY/
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cosy
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e
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1 0 0
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Continuing with writing the regressor {A},, ., , the columns 12 through 38 are given as

0 _Rlpp,Re Ilpp,Re
0 _ngp,Re Ilgp,Re

0 _Rnpe,Re Inpe,Re 0 o -1 .- 0 - 0 nwe

0 0 _Rnge,Re Inge,Re 0 0 1 0 - 0 o —Na,
0 _ROP,Re IOp,Re -1 0 0 0 0 0
0 0 _ROg,Re IOg,Re 1 0 0 0 0 0
° “Ripgre lipgge 0 0 0 0 0 0
kg + kgx¢ td mza); Cg(()g _R—lgg‘Re I—lgg‘Re 0 0 O 0 0 0

0 0 _anpe,Re I—npe,Re 0o 0 -1- 0 0 N,

0 0 _R—nQEVRE I—nge,Re 0 0 1 0 0 nwe

A2 = : . g . : : . . .
{ }52><26 0 _Ripp‘lm Ilpp‘lm o o o0 - 0 --- 0 0
v _ngpvlm I1gp‘|m o 00 - 0 - 0 0
0 _Rnpe‘lm Inpe,lm 0 0 0o - -1 - —na)e 0
0] 0 _Rnge,lm Inge,lm o o o .- 1 .. na, 0
0 _ROp,Im IOp,Im 0 -1 0 0 0 0
J —Roygim gm0 1 0 0 0 0
0 _Rflng,lm |—1pg,|m 0 0 0 0 0 0
Gy kg & kgwy tdz B mzwgz _R—lgg,lm I—lgg,|m 0 0 O 0 0 0
S 0 _anpev'm Ifnpevlm 0 0 0 - =1 . N, 0
0 0 _R—nge,lm I—nge,lm 0 0 o - 1 .- —na)e 0
(B3.3)
While, {A}s,.0 = [{A1}52x12 {AZ}s,, ]52><38 (B3.4)
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Appendix C: Nyquist Stability Criteria

Let G. be the transfer function of the controller, G; be the transfer function of actuator
(magnetic bearing), G, be the transfer function of amplifier gain K,, G,, be the transfer

function of the overall sensor correction gaink, . We have the following transfer functions for

a system with PID controller (Tiwari, 2017):

K K, +K.s?
GC={ A s'+ Dsj (C.1)

_ki _ B
GB_msz+(cp+cm)s+(kp+km—ks)’GA_kA'G =k (C2)

The closed loop transfer function of the proposed geared rotor-AMB model, as shown as in

block diagram in Fig. 5. is given by

_ Geaa (s)
)= 6o (96, ) ©3)

The open loop transfer function of the proposed geared rotor-AMB model is, G, (s)G,,(s)

K,s+K, +K,s’ K,

s J{msz+(cp+cm)s+(kp+km+k5) e (€4)

where, Ggga () = G.G;G, = [

Therefore, for the negative feedback of the proposed geared rotor-AMB system, the overall

closed loop transfer function is given by

G(s)= (C.5)

(Kps+K, +Kps*kk,
ms® +(c, +Cy + Kok KoKy, )5” + (K, + Ky, +k, + Kk KKy, )s + Kk Kk,
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Appendix D: Flow chart of identification algorithm

Select spin speeds (a)1 S0y O, )

L Add modelling error to system
parameters (optional)
) J
Solve the equation of motion with e Directly take experimental data from
assumed values of system parameters test rig
\J A J

Time domain responses (displacement. current)

Add random noise to
simulated data (optional)

K

' A

Full spectrum of time domain responses

Phase compensation
(experimental data)

A

\
Segregate the real and imaginary coefficients of harmonics of
displacement and current responses

'

Build the regression matrix Ax=b by separating the known
and unknown parameters

'

Identification algorithm: Solve for estimation of faults and
unknown geared-rotor parameters
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