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Abstract

Noise removal from magnetic resonance (MR) images is an important area of research
that progresses towards developing efficient denoising methods that are also capable of
preserving the structural details in the MR image. In this thesis, a novel wavelet domain
bilateral filter (WD-BF) framework is proposed for noise reduction in MR images. The
method implements bilateral filtering in the undecimated wavelet domain and so exploits
the advantages of non-linear spatial filters and the wavelet transform. Adopting the wavelet
thresholding techniques in the WD-BF framework improved the denoising efficiency and
also ensured feature preservation. Therefore, an efficient approach using the NeighShrink
wavelet thresholding in the WD-BF framework is proposed for feature preserved MR image
denoising. One of the potential issues identified in the WD-BF framework was the choice of
the bilateral filter parameters. It demanded several experiments to find its optimal values.
Hence, a pixel-wise automatic parameter selection strategy based on the local statistics of
the image is proposed. This new adaptive bilateral filter provides significant improvement

over the standard bilateral filter.

Further improvements in the WD-BF framework are attained by exploiting the properties
of bilateral filter for denoising the detail sub-bands of the wavelet decomposition. The
first method proposed is the Adaptive VisuShrink and it is formulated by adapting the
universal threshold based on the spatial context of the wavelet coefficients. The spatial
context information of the coefficient is computed using the range component of the bi-
lateral filter. The adaptive universal threshold value is optimal than other conventional
threshold selection methods. The second approach projects bilateral filtering as an effective
alternative to the wavelet thresholding. The performance of the technique is better than
wavelet thresholding methods based on the inter-scale and intra-scale dependencies. The
proposed WD-BF and its variations improves the denoising efficiency and are effective in

preserving the desired structural details of the MR image.
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2.1 TIllustration of (a) Nuclei alignment: Initially the protons rotate about their axes in
random direction. Under the influence of a strong external magnetic field (By), slightly
more protons align parallel to By and produce longitudinal magnetization. (b) the
hydrogen nucleus precessing along the direction of By. Precession: The spinning proton

under the influence of an strong magnetic field begins to wobble (like an spinning top).

ool

This type of movement is called precession. . . . . . . ... ... ... ... ...,
2.2 Tllustration of the magnetization processes within a 3D coordinate system. (a) The
object being imaged lie on the x —y plane. The field By is applied along the z—axis and
hence, the resultant magnetization is also parallel to z—axis. (b) An RF pulse tips the
magnetization vector towards the transverse plane by an angle. This angle is known
as flip angle. The flip angle should be 90°, to induce a large transverse magnetization
Mgy. (c) Due to the 90° RF pulse, the magnetic field of the nuclei align perpendicular
to By and result in transverse magnetization. . . . . . .. ... ... [1d
2.3 (a) Occurrence of spin-lattice and spin-spin relaxation, after the RF pulse is removed.
In the absence of RF pulse, the spins get out of phase decreasing M, and involves
energy transfer between the neighboring spins. Hence, the name spin-spin relaxation.
As the spins regain M., the absorbed energy is dissipated to the surroundings (lattice)
leading to spin-lattice relaxation. During the relaxation process M, decreases and M,
increases. (b) T2 is the time taken by the spins to dephase in the transverse plane
returning the transverse magnetization to its equilibrium value, zero. T1 is the time

taken by the spins to realign with the magnetic field By. T2 is always shorter than T1 [IJ. [1d
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The gradient pulse does not cause spin reversal and hence, results in magnetization M, .

Spatial encoding of MR signals using the gradients. (a) Slice selection is achieved in
axial direction by temporarily inducing a linear magnetic field gradient along z—axis.
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slice is considered as a 2D object. Each point on the slice is spatially localized in = — y
plane using phase and frequency encoding gradients (b) Phase encoding is achieved by
creating a magnetic field gradient along y axis. The nuclei in each row is identified by a
unique phase. (c¢) Frequency encoding is achieved by creating a magnetic field gradient
along x axis. The nuclei in each column precess with different frequency. Each point
on the slice is represented by a unique phase and frequency. . . . . . ... ... .. ..
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1. Introduction

1.1 Denoising in Magnetic Resonance Imaging

Allied development in the fields of physics and medical imaging has spawned a productive imaging
modality known as the magnetic resonance imaging (MRI). The imaging method is used to generate
magnetic resonance (MR) images of the internal body parts and thus aids in studying the structural
features and the functional behavior (functional magnetic resonance imaging - fMRI) of human body.

The diagnostic and the visual quality of the MR images are affected by the noise added while ac-
quisition [2]. Therefore, post-acquisition image filtering techniques are employed to improve the image
quality. However, the difficulty in restoring the salient structures and the subtle tissue boundaries
leads to increasing demand for accurate image filtering or estimation methods. These methods can
be referred as feature-preserving denoising methods [3]. In this context, denoising methods utilizing
non-linear spatial filtering procedures and wavelet transform have evolved as efficient tools for feature
preserving denoising.

The non-linear filtering methods [4] are based on the local spatial activity and hence, adapt to the
spatial context in the image resulting in good denoising. In spite of this property, the performance
of these methods rely on the optimal choice of the control parameter values that has to be obtained
empirically or through extensive training. The wavelets provide an appropriate basis for differentiating
the noisy samples from the image samples and hence, offer accurate noise estimation procedures for
denoising. Three main properties of wavelets [5] are sparsity, locality and multi-resolution. These
properties promote the utility of the correlation between the pixels within and across the resolution
scales and directs towards novel advancement in feature preserving denoising techniques.

In this research work a wavelet domain non-linear filtering approach is proposed for improving
denoising efficiency. Accordingly, the work adopts the principles of non-linear filtering in wavelet sub-
bands to improve the existing threshold selection schemes. A comprehensive study and exploitation of
the proposed approach lead to novel wavelet domain non-linear filtering strategies for efficient feature

preserving denoising.
1.2 Motivation for the Present Work

The noise in MR image is signal dependent with its mean depending on the local intensities of the
image [6]. The wavelet based filtering techniques can automatically adapt to spatial variations in the

noise distribution and preserve important image features. Despite of this, the conventional methods
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1.3 Contributions of the Thesis

utilizing discrete wavelet transform (DWT) produces distinct artifacts such as low frequency noise and
edge ringing. Hence, this work opts for a non-decimated wavelet transform reducing the technique
to redundant sub-band decomposition. The method is referred as undecimated wavelet transform
(UDWT).

The bilateral filter proposed in [7] is a non-linear filter and is shown to be an effective alternative
to wavelet thresholding in image denoising applications [§]. MR image denoising using the non-linear
spatial filtering methods like anisotropic diffusion [9] and non-local means filtering [10] preserve the
dominant edge features. However, these methods completely smoothen the small structural details
and also reduce the contrast as the noise level increases which can be verified from the evaluation
results given in the chapters to follow in this thesis.

Unlike wavelet transform, these filtering methods do not exhibit properties that enable to highlight
the features of interest (e.g. edges) from the noise pixels. In other words, they do not have individual
access to the different frequency components of a signal. Conversely, the wavelet basis functions are
independent of the spatial context in the image. Hence, if the wavelet filters are modified to adapt
to the local spatial activity around a pixel as in non-linear filters, it can be expected to have better
feature preserving capability.

Hence, our research was motivated towards developing a UDWT based denoising framework that
utilizes bilateral filter to exploit the intra-scale dependencies of the scaling and the wavelet coefficients.
The proposed work associates the local spatial interaction with the wavelet properties to result in good

feature preserving denoising.

1.3 Contributions of the Thesis

Motivated towards developing a new feature-preserved denoising scheme for MRI, this research

work has proposed
(i) A novel wavelet domain bilateral filtering framework for Rician noise removal in MRI.
(ii) Coefficient-based automatic parameter selection for the bilateral filter.
(iii) An adaptive universal threshold selection scheme based on the spatial context.

(iv) Bilateral filtering of wavelet coefficients as an efficient alternative to traditional wavelet thresh-

olding approaches.
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1.4 Organization of the Thesis

This thesis presents the proposed wavelet domain bilateral filtering strategies that exploit the
neighborhood dependency of the wavelet coefficients within the sub-bands. The efficiency of the pro-
posed methods are validated and compared with some of the existing MR image denoising techniques.

The organization of the thesis is as follows

Chapter 2 explains the fundamentals of MR image formation and its characteristics. It discusses
about the essential imaging parameters and its influence on the quality of the output MR data. The
chapter concludes by providing the basis for considering noise reduction as a principle issue in MRI.

Chapter 3 presents in detail about the characteristics of noise in MR images. It also summarizes
about the noise estimation techniques that are used for MR image denoising.

Chapter 4 gives the overview of spatial and wavelet filters used for denoising MR images. It
presents a thorough review on the existing spatial and wavelet domain filtering methods established
for noise reduction in MRI. The chapter concludes with the proposal for combining the properties of
wavelets and the non-linear spatial filters for improved MR image denoising.

Chapter 5 and 6 elaborates the proposed wavelet domain bilateral filtering method for reducing
noise in MRI. It discusses the influence of bilateral filter parameters and the experiments performed for
optimal choice of these parameters. The experimental results validating the efficiency of the proposed
technique over the other denoising procedures are presented.

Chapter 7 explains the proposed method for adaptive and automatic selection of bilateral filter
parameters and hence, presents the improved wavelet domain bilateral filtering approach.

Chapter 8 discusses about the wavelet thresholding techniques and its improvements based on
the bilateral filter. It details the proposed method for pixel wise universal threshold selection. The
improvement in the performance of wavelet thresholding schemes utilizing the proposed threshold
over the conventional threshold selection strategies is analyzed. Another important denoising method
based on bilateral filtering of wavelet coefficients is proposed as an effective alternative to wavelet
thresholding. The choice of bilateral filter parameters based on the sub-band coefficients is explained.
The experimental results validate the efficiency of this approach.

Chapter 9 concludes this thesis, with the scope for future directions in the improvement of wavelet

domain bilateral filtering strategies.
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2. Principles of MRI

The imaging principle of the MRI scanner is based on the magnetic properties of the tissues that
constitute the human body. The anomalies in the mechanism creates image artifacts and hence,
reduces the visual and the diagnostic quality of the resultant MR data. Therefore, image processing
algorithms are usually employed for removing these artifacts and to improve the MR image quality.
As the imaging procedure strongly influences the output image characteristics, an insight in to MR

image formation is important for improving the versatility of the image processing methods.
2.1 Basics of MR Image formation

The basics about the physics of MRI and the essential information on imaging mechanisms are
explained proficiently in [I1HI8]. They have also dealt in detail about the fundamentals of MR image
formation and the imaging parameters that influence the quality of the resulting MR image. From
these references, this section presents concisely the MR imaging modality and the factors influencing
the characteristics of MR image.

The essential component of a MRI scanner is the hollow bore containing the primary magnet.
The magnet produces a very strong, static and homogeneous magnetic field (Bp). Besides the main

magnet, other important coils located inside the bore are [111[13,[14]

e Shimming coils - These are used to maintain/increase the homogeneity of the applied external

magnetic field (By).

e Radio frequency (RF) coils - They usually act as both transmitter and receiver. Therefore, it is
responsible for transmitting RF pulses in to the subject for magnetic excitation and collecting
the response of the excitation. These coils usually conform to the contour of the body part being

imaged.

e Gradient coils - These coils induce additional field to By and causes the field strength to vary so

as to achieve spatial localization.
2.1.1 Magnetization phenomenon

The human body is basically composed of large concentration of hydrogen atoms [11HI3]. The
nucleus of an hydrogen atom consists of a single proton that possess a spin (rotate about its axis)
and hence, it always induces a magnetic field. For these reasons MRI principally images the signal

from the hydrogen nuclei. The nuclei density variation among different tissues in the body affects the
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2.1 Basics of MR Image formation

magnetization [14,[16]. As a result they attain different intensity levels in the resultant image. The

body tissues that can be perceived distinctly in an MR image are [17],19,20]
e Fluids - cerebro-spinal fluid (CSF), oedema and synovial fluid.
o Water based tissues - cartilage, grey matter in brain, kidney, muscle.
e Fat based tissues - bone marrow, fat, white matter in brain.

Therefore, MR data is a result of the electromagnetic signals generated by these body tissues in

response to the magnetic excitation.
2.1.1.1 Nuclei alignment

The magnetic field of the spins in the body have random orientations and hence, the net magneti-
zation is zero. Under the influence of a strong external magnetic field (By), the spins orient themselves
parallel /anti-parallel to By. The proton pairs with opposing orientation gets canceled, resulting in
zero magnetic moments. A slightly large proportion of spins aligned parallel to By precess about
the axis of By with the frequency wy. The precession frequency is directly proportional to By and is

defined by the Larmor equation as [14H16]
wo = ’)’B(), (2.1)

where + is the gyromagnetic ratio. For hydrogen atoms v = 42.56 M Hz/Tesla. In an MRI scanner
with By = 1.5Tesla, the precession frequency of the hydrogen protons is 63.84 M H .

Figure 2.1 illustrates the alignment process. Consider a three dimensional (3D) space in which
the field By is oriented along the z—axis. The magnetic moments of the precessing protons induce a
net magnetization M, in the z—direction. As this magnetization is in direction longitudinal to the

external magnetic field, it is also called longitudinal magnetization.
2.1.1.2 RF excitation

The precessing protons are excited by a RF pulse of short duration. The pulse is applied at 90° to
By and its frequency is same as the precession frequency. This causes the hydrogen nuclei to resonate
(energy absorption from RF pulse) and flips the spin from parallel to anti-parallel state [1T],14}[17].
As a result the magnetization vector M, moves down towards the x — y plane. The z — y plane is

perpendicular to By and is also referred as the transverse plane.
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Figure 2.1: Illustration of (a) Nuclei alignment: Initially the protons rotate about their axes in random
direction. Under the influence of a strong external magnetic field (By), slightly more protons align parallel
to By and produce longitudinal magnetization. (b) the hydrogen nucleus precessing along the direction of
By. Precession: The spinning proton under the influence of an strong magnetic field begins to wobble (like an
spinning top). This type of movement is called precession.

The angle of rotation towards the 2 —y plane is defined as the flip angle («) and is a function of the
strength and duration of the RF pulse. At o = 90° the spins get oriented along the transverse plane
and continue to precess in phase with each other. This phase coherence results in a magnetization
vector My, and is known as the transverse magnetization. The RF pulse producing 90° flip angle is

referred as the 90° RF pulse [16].
2.1.1.3 T1 relaxation

The RF pulse is removed after achieving the transverse magnetization. As a consequence, the nuclei
emits the absorbed energy and the orientation of the spins reconvenes parallel to By. Therefore, the
net magnetization increases in the longitudinal direction inducing longitudinal magnetization. This
relaxation process is called T'1 recovery or spin-lattice relaxation and the time taken for relaxation is
referred as T1 [1114,16].

The energy emitted during the relaxation is the desired MR signal with frequency same as the
precession frequency. The MR image reconstructed from the T'1 recovery signal is known as the T'1

weighted image.
2.1.1.4 T2 decay

Prior to the T'1 recovery, the transverse magnetization decays due to the dephasing of nuclei. The

dephasing process is known as 72 decay and occurs due to two main reasons. They are

e interactions of intrinsic magnetic fields of the adjacent nuclei result in spin to spin energy transfer

and is known as spin-spin interaction [11114]16].
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2.1 Basics of MR Image formation

e inhomogeneities of the external magnetic field.

The dephasing with respect to time reduces the strength of the MR signal in the transverse direction
and the signal received during this phenomenon is called the free induction decay (FID) [11[12l14-16].
The time taken for the decay of transverse magnetization is referred as T2. Therefore, in order to
produce images from the transverse magnetization, additional pulse sequences are applied to rephase
the spins and compensate for magnetic field inhomogeneities [21].

The diagrams in Fig. [2.3 illustrates the entire magnetization phenomenon responsible for T1

recovery and T2 decay.
2.1.2 Pulse sequence mechanisms

A pulse sequence is a series of RF pulses and gradient magnetic fields that are required to bring
the protons in phase coherence. Two of the most representative pulse sequences for structural imaging

include the spin and gradient echo.
2.1.2.1 Spin echo sequence

At time t = 7 after the RF excitation, another short duration RF pulse at 180° to the trans-
verse magnetization vector is applied. The 180° RF pulse reverses the direction of the transverse
magnetization in such a way that the net magnetization vector is aligned in the —z direction. As a
result, the spins will rotate over to the opposite axis and will begin to rephase. Hence, it is known as
180° rephasing pulse. After the time t = 27 the precessing protons come in phase coherence and the
transverse magnetization My,, becomes strong [12,[14,[16]. The MR signal received at this instant is

known as the echo signal and the RF sequences are called spin echo (SE) sequences.
2.1.2.2 Gradient echo sequence

In this pulse sequence, a magnetic field gradient is induced instead of the 180° pulse. The magnetic
field gradient is switched ON for a short time. This results in even larger magnetic field inhomogeneities
and causes the protons to dephase faster [14116].

As the transverse magnetization reach to a minimum, the gradient is turned back ON with the
same strength, but in opposite direction. As a result, the protons in phase-lead becomes phase-lag
and vice versa (similar to SE sequence). At a particular time, the precessing protons gets in phase and

the transverse magnetization M,, increases and hence, the MR signal [I6]. The MR signal received
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Figure 2.2: Tllustration of the magnetization processes within a 3D coordinate system. (a) The object being
imaged lie on the x —y plane. The field By is applied along the z—axis and hence, the resultant magnetization is
also parallel to z—axis. (b) An RF pulse tips the magnetization vector towards the transverse plane by an angle.
This angle is known as flip angle. The flip angle should be 90°, to induce a large transverse magnetization Mg,,.
(c) Due to the 90° RF pulse, the magnetic field of the nuclei align perpendicular to By and result in transverse
magnetization.

<—— Tl recovery

T2 decay

Net Magnetization

time

(a) Relaxation process (b) Relaxation curves with respect to time

Figure 2.3: (a) Occurrence of spin-lattice and spin-spin relaxation, after the RF pulse is removed. In the
absence of RF pulse, the spins get out of phase decreasing M, and involves energy transfer between the
neighboring spins. Hence, the name spin-spin relaxation. As the spins regain M., the absorbed energy is
dissipated to the surroundings (lattice) leading to spin-lattice relaxation. During the relaxation process My,
decreases and M, increases. (b) T2 is the time taken by the spins to dephase in the transverse plane returning
the transverse magnetization to its equilibrium value, zero. T1 is the time taken by the spins to realign with
the magnetic field By. T2 is always shorter than T1 [IJ.
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2.1 Basics of MR Image formation

(a) Dephasing of Nuclei (b) Nuclei Rephasing (c) Recovery of transverse magneti-
zation

Figure 2.4: Illustration of nuclei rephasing through spin reversal in the spin echo sequence. (a) Dephasing of
spins occurs due to the variation in the magnetic susceptibility of the tissues. (b) Inducing the 180° pulse or
gradient pulse causes the spins to precess in phase. (¢) The spin echo pulse causes spin reversal and induces the
magnetization Mg, . The gradient pulse does not cause spin reversal and hence, results in magnetization Mg, .

is the echo signal and the RF sequences are called gradient echo (GE) sequences. The dephasing and
the rephasing of nuclei using the echo sequences is shown in Fig. 2.4

Echo time (TFE) is defined as the time from the center of the initial excitation of RF pulse to the
time where the signal (echo) reaches maximum. The time gap between two consecutive 90° RF pulses
is defined as the repetition time (TR) [22].

Thus, the pulse sequences serve to eliminate the effects of static magnetic field inhomogeneities.
As a result the signal from transverse magnetization is strong. This signal due to echo pulses is
defined as the echo signal. The MR image reconstructed from the echo signal in transverse direction
is known as the T2 weighted image. However, the inhomogeneities due to spin-spin interaction causes
the magnetization decay, but at a slow rate. This decay builds up the longitudinal magnetization.

Therefore, the SE and GE sequences are used to generate both the T1 and T2 weighted MR images [12].

2.1.3 Spatial encoding using gradients

A gradient imposes the magnetic field By to vary linearly with distance from the center of the
magnet. As a result, each point in the 3D plane experiences a different magnetic field strength. It
implies that the spins exposed to higher magnetic field strength precess faster than the spins in the
center, while spins on the other side exposed to lower magnetic field strength precess at a slow pace.

Therefore, by inducing a RF pulse of certain precession frequency, the desired point can be excited to
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Figure 2.5: Spatial encoding of MR signals using the gradients. (a) Slice selection is achieved in axial direction
by temporarily inducing a linear magnetic field gradient along z—axis. The nuclei in each slice along z axis
have different precession frequencies. The excited slice is considered as a 2D object. Each point on the slice is
spatially localized in 2 — y plane using phase and frequency encoding gradients (b) Phase encoding is achieved
by creating a magnetic field gradient along y axis. The nuclei in each row is identified by a unique phase. (c)
Frequency encoding is achieved by creating a magnetic field gradient along x axis. The nuclei in each column
precess with different frequency. Each point on the slice is represented by a unique phase and frequency.

receive the MR signal [12/[14]16]17].
Based on this principle, the MRI system uses three gradient coils for spatial localization. The

procedure for spatial encoding that is illustrated through Fig. is explained as follows.
2.1.3.1 Slice selection

A gradient field known as slice select gradient is used to select a cross section or slice of the
object being imaged. This causes the spins to precess with different frequencies along the gradient.
Therefore, RF pulses with different frequencies are used to excite each slice respectively. The slice
selecting gradient fields can be superimposed either in transverse or longitudinal direction [23]. Hence,

the choice for imaging the human body in axial, sagittal and coronal planes is made possible.
2.1.3.2 Phase and frequency localization

Having selected the slice, the two dimensional (2D) spatial image is generated from a 2D map
known as the k-space. The k-space is the 2D Fourier space formed by organizing the 1D MR signals
[12,[14,[16]. The 1D MR signals received as a response for varying the frequency and the phase of
the excited spins with in the slice constitutes each row of the k-space. Hence, k-space is a 2D data

with the phase values along the rows and frequency values along the columns. The dynamics in the
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2.1 Basics of MR Image formation

frequency and the phase characteristics of the spins are generated using the frequency and phase
encoding gradients respectively.

It is important to understand that these gradients are not used to selectively excite the protons,
but to encode the spatial information of the already excited protons in terms of the frequencies and
phases.

The phase encoding gradient is turned ON before the application of 180° RF pulse. The frequency

encoding gradient is switched ON for the duration when the echo signal is received.

(i) Phase encoding : The gradient is used to locate the signals along the shortest axis of the slice
being imaged [12[17]. As the phase encoding gradient is turned ON, the phase of the magnetic
moment of each nucleus changes and so, the precession frequency. The degree of phase shift in
a nucleus depends on its distance from the center of the gradient. When the gradient is turned
OFF, the nuclei returns to the precession frequency but their phase shift remains. The nuclei
in each row precess at different phase. This phase shift relative to the position in the gradient

gives signal localization along one dimension of the image.

(ii) Frequency encoding : The spatial localization along the longest axis of the slice is achieved
through the frequency gradient [12/[17]. The gradient applied in this direction alters the preces-
sion frequency of the spins relative to its distance from the center of the gradient. As a result,
the nuclei in each column exhibits different frequency. This process is called frequency encoding
and the frequency shift of the nuclei is used for signal localization along one dimension of the

image.

The slope of the gradients determines the resolution of the output MR image. Steeper gradients cause
large number of frequency and phase shifts resulting in more frequency and phase encoding steps

respectively [12,[14].
2.1.3.3 k-space encoding

The output measured is a composite time signal consisting of the sum of all frequency responses.
The response received for each encoding step is stored in a line or row of k-space. The frequency
and phase encoding procedure is repeated several times to fill the k-space. At each repetition, the
amplitude and the polarity of the phase encoding gradient has to be changed in order to encode all the

rows in the k-space. As a result, each nucleus along the row undergoes a unique phase shift depending
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2. Principles of MRI

on the strength of the gradient magnetic field. It is known that frequency is the rate of change of
phase. Hence, the phase shifts in phase encoding can also be interpreted as different frequencies along
the row. The row of k-space to be encoded depends on the amplitude and the polarity of the gradients.
The polarity depends on the direction of the current through the gradient coil. The basic principle

for encoding the rows of k-space is as follows [12}[14]

(i) The amplitude of phase encoding gradient gives the distance between the center of the k-space

and the row positioned above or below along the vertical axis.

(ii) The amplitude of frequency encoding gradient determines the distance to be traversed from the

center of the k-space to its left and \ or right along the horizontal axis.
(iii) The polarity of the gradients define the direction traveled through the k-space.

(a) If the frequency encoding gradient is positive, the k-space is traversed from left to right.

(b) For negative value of frequency encoding gradient, the k-space is traversed from right to

left.
(c) If the phase encoding gradient is positive, the upper half of the k-space is encoded.

(d) For negative value of phase encoding gradient, the lower half of the k-space is encoded.

Therefore, it can be understood that phase encoding gradients with shallow slopes are used to fill the
central row and the lines close to the central row. These encoding slopes do not produce a large phase
shift and therefore the output signal has a large amplitude. The steepness of the slope increases as the
rows deviate far from the central line. The outer lines are filled using the steep phase encoding slopes
resultant in signal of small amplitude. With respect to frequency encoding, the center of k-space
is encoded from the echo signal and hence, has the maximum signal amplitude. The rephasing and
dephasing portions of the echo are mapped to the left and the right of the frequency axis respectively.

Thus, the center of k-space contains data with the highest signal amplitude along both the phase
and frequency axis. The outer portions of k-space contain data with the lowest signal amplitude along
both the phase and frequency axis. The resultant k-space contains 2D frequency encoded information
of the excited slice [I2]. The desired MR image is obtained through inverse Fourier transform of the
k-space data. Figures and 2.7 illustrates the k-space traversal and reconstruction of MR image
from the k-space data respectively.

TH-1128 06610201

14



2.1 Basics of MR Image formation

Frequency axis

Phase encoding gradient signal

Outerlines| - ___________

Central lines

.
]
1
1
1
1
.
.
:
"
1
1
1
1
'
;
1
1
1
1
1
:
:
:
1
1
1
|
|
|
|
i

SIXE 9seyq

.
e
v

Outer lines

Figure 2.6: Illustration of k-space filling for the phase and frequency encoding gradient signals shown in right.
The k-space filling always starts from the centre. +A and +B are the positive amplitudes (—A and —B are the
negative amplitudes) of the phase and frequency encoding gradient signals respectively.
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Figure 2.7: Schematic representation of the MR image reconstructed from the k-space data using 2D inverse
fast Fourier transform.
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2. Principles of MRI

2.2 MR Image Characteristics

The spatial MR image reconstructed from the k-space is a grey scale image and is composed of
regions with three distinct intensity values. These regions correspond to the tissues that intensify the
human body. The signal intensity on the MR image is determined by: proton density, T1-relaxation
time, T2-relaxation time and flow. Long TR and short TE help in getting the proton density images.
Proton-density weighted images are not often required in MRI; the proton density does not differ very
much from one tissue to the next, and the contrast between tissues is low. The diagnostic and the

perceptual quality of the MR data are characterized in terms of [14]
e Contrast
e Spatial resolution
e Signal-to-noise ratio

The important parameters influencing these image characteristics are the TR and the TE timings

which eventually guide the T1 recovery and the T2 decay phenomena [14,16,[17].
2.2.1 Contrast

The image contrast is the fundamental and the most essential characteristic of the MR image. It
entirely depends on the T1 recovery and the T2 decay characteristics of the tissues.

Basically, the fluids possess the longest recovery and the decay times. The T1 and T2 for the water
based tissues are comparatively less than the fluids. The fat based tissues experience short T1 and its
T2 time is comparatively less than the water based tissues [17]. Accordingly, the grey level distribution

and the contrast characteristics are different for T1 weighted and T2 weighted MR images.

(i) T1 weighted MR image:
The contrast of a T1 weighted image is controlled by the repetition time (TR). When the TR
between the RF pulses is long, all the tissues would have regained its longitudinal magnetiza-
tion. Hence, the difference between the signal strengths emitted from the tissues are very small
resulting in poor contrast. In the case of short TR, the tissues with short T1 regain most of its
longitudinal magnetization, resulting to higher intensity values [I4]. Those tissues with longer

T1 attains less longitudinal magnetization resulting in small intensity values.
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(b)

Figure 2.8: Effects of TR and TE on the contrast of T1 weighted brain MR images. Illustration using
the images acquired using spin echo sequence with the parameters (a) TR=1100 ms,TE=10 ms (b) TR=650
ms, TE=10 ms. (¢) TR=200 ms,TE=10 ms. By comparing these images, it can be inferred that the tissue
contrast of the T1 weighted image is good for the choice TR=200 ms,TE=10 ms. The Typical parameters are:
TR-300 to 600 ms and TE-10 to 30 ms.

Figure 2.9: Effects of TR and TE on the contrast of T2 weighted images. Illustration using the images
acquired using spin echo sequence with the parameters (a) TR=2000 ms,TE=70 ms (b) TR=2000 ms,TE=120
ms. (¢) TR=2000 ms,TE=170 ms. By comparing these images, it can be inferred that the tissue contrast of the
T2 weighted image in (c) is superior to (a) and (b). The Typical parameters are: TR> 2000 ms and TE> 70
ms.
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Therefore, in a T1 weighted MR image the fluids appear dark, water and fat based tissues appear

grey. However, fat based tissues are brighter than the water based tissues [17].

(ii) T2 weighted MR image:
The contrast of a T2 weighted image depends on the echo time (TE). When TE is short, tissues
with short T2 decays faster and those with long T2 would not have completely decayed. Hence,
the contrast of the resulting image will be poor. If TE is long, the tissues with long T2 would

have completely decayed and appear brighter [14].

In the T2 weighted MR image the fluids appear brighter, while the other tissues attain grey

values, such that fat based tissues are darker than the water based tissues [17].

The details in the T1 and T2 weighted images for different values of TR and TE are illustrated
through Fig. 2.8 and 291 Also, the dynamic range of grey values in T2 weighting is greater than the
T1 weighting. This can be verified by comparing the histogram of the T'1 and T2 weighted images as
shown in Fig. 2.100

The tissue boundaries are very distinct in the T1 weighted images and hence, are particularly used
to study the anatomical details. The T1 weighted images are also known as anatomy scans. The
pathological details are very distinctively acquired in the T2 weighted images. Hence, they are also

known as pathology scans [17].
2.2.2 Spatial resolution

The spatial resolution of a MR image is the ability to distinguish two points as separate and
distinct [14]. Images with increased spatial resolution produces more details, those are diagnostically
very significant.

The resolution is increased by employing steeper gradients for slice selection, phase and frequency
encoding [I4]. As a result, improved resolution in slice select direction and in-plane resolution is

achieved.
2.2.3 Signal-to-noise ratio

Noise is an inevitable component that adds to the MR signal while acquisition. The level of noise
in the acquired data is measured in terms of signal-to-noise ratio (SNR). The noise induced in MRI

are due to the [16]
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Figure 2.10: Human Brain is composed of cerebro-spinal fluid (CSF), white matter and grey matter. CSF is
a fluid, white matter has higher fat concentration and grey matter has higher water concentration. Comparison
of (a) T1 weighted brain MR image and the histogram representing its grey level distribution. with (b) T2
weighted brain MR image and the histogram representing its grey level distribution. The contrast between
grey and white matter in T1 weighting is better than T2 weighting. Hence, T1 images are generally used to
study the anatomical details. The CSF appears bright in T2 weighting and hence the dynamic range of grey
levels in T2 weighting with respect to these three tissues is larger. The pathological tissues appear brighter
in T2 weighting and has better contrast than in T1 weighting. Hence, T2 weighted images are used to study
the pathologies. The darkest regions in T1 and T2 weighting are the no signal regions which correspond to air
(background) and tissues with very little or no hydrogen like bones.
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(i) random motion of electrons in the RF coils and the amplifiers.
(ii) magnetic field inhomogeneities caused by the gradient coils.

(iii) ions such as sodium, potassium and chloride present in the tissues. These ions generate fluctu-

ating magnetic fields which induce a noise voltage in the receiver coil.

The level of thermal noise in a MRI system is constant throughout and its value depends on the area
under examination and the inherent noise of the system [12]. Noise occurs at all frequencies and
is random in time [12]. Conversely, the MR signal level is adaptable and it depends mainly on the
imaging parameters. The signal is therefore increased or decreased relative to the noise. The increase
in signal level increases the SNR and hence, the image quality. The imaging factors that affect the

SNR are the [14,[17]: field strength, coil type, TR, TE timings and flip angle.
2.2.3.1 Field strength

The SNR increases with the magnetic field strength. If the external field By is large, the net
magnetization increases thereby increasing the strength of the MR signal emitted during the relaxation

processes [I].
2.2.3.2 Coil type

Small RF coils result in high SNR. However, such coils provide less coverage restricting the cross
section being imaged. Conversely, larger coils provide more coverage but results in reduced SNR [16].
Therefore, phased array coils comprising of multiple small RF coils are used to increase both the
SNR and the coverage area. The MR signal collected from these coils are combined to produce an

image. This sytem is known as multi-coil imaging system.
2.2.3.3 TR

The signal level increases if there is large longitudinal magnetization. Hence, increasing the TR
results in more longitudinal and transverse magnetization. When the TR is short, the magnetization

decreases yielding less MR signal [24].
2.2.3.4 TE

The SNR increases, if the rate of dephasing in transverse plane is less. This requires TEs of short

duration. As the TE is large, the rate of dephasing increases reducing the signal emitted during T2
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relaxation [24].
2.2.3.5 Flip angle

The flip angle determines the amount of longitudinal magnetization being flipped to transverse

plane. Larger flip angle results in more transverse magnetization and thus, high SNR [14].
2.2.4 Significance of SNR and its trade-offs

The contrast and the resolution of the image can be directly improved by proper choice of imaging
parameters. Conversely, achieving the desired SNR is very complicated as it influences the contrast
and the resolution. For this reason SNR improvement is considered as one of the major issues in MR
imaging.

From the discussion on MR image characteristics, it can be understood that the signal level in-
creases for higher values of TR. However, large TR results in poor contrast T1 images. The T2
weighted images require long TEs for good contrast, but result in reduced SNR. Since short TE im-
proves the signal level, T'1 weighted images are acquired with short TR and TE. This results in good
contrast and better SNR than the T2 weighted images. Additionally, the MR signal from the tissues
with low proton density are less and, hence, SNR in these regions are low [14].

The spatial resolution of the MR image is increased by using steeper gradient field which results in
more magnetic field inhomogeneities, that increase the noise level in the MR, signal. However, reducing
the resolution conceals small details and subtle contrast changes.

Considering the discussion above, imaging parameters are not sufficient to ensure high SNR in
MRI. Hence, signal averaging based acquisition and image denoising algorithms are developed to
reinstate the signal values.

Signal averaging based acquisition involves increasing the number of excitations (NEX) [14}[16.17].
It is also referred as the number of signal averages (NSA). This parameter defines the number of
times frequencies in the signal are sampled with the same slope phase encoding gradient [14]. The
resultant MR signal is the average of these excitations. Hence, the received signal level increases
and the level of thermal noise decreases due to its random characteristic. Doubling the number of
signals to calculate the average, increase the SNR only by v/2 and proportionally increases the scan
time [I2L16]. Therefore, post acquisition image denoising methods became essential for MR images

affected by thermal noise [25].
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Research and advancements in the field of MR image denoising has made post acquisition image
denoising a most versatile approach to improve the SNR. Also, the technique absolves the restriction
on imaging parameters and facilitates MR image acquisition with good contrast and high spatial

resolution.

2.3 Summary

In this chapter, the principles behind the MR image formation are briefly discussed. The acquisi-
tion parameters influencing the characteristics of the T1 and T2 weighted MR images are explained
in detail. In MRI applications, there is an intrinsic trade-off between signal-to-noise ratio (SNR),
contrast-to-noise ratio (CNR), and resolution. Depending on specific diagnostic tasks, high spatial
resolution and high contrast may be required. But for precise diagnosis and further image processing
operations like segmentation, a high SNR is usually necessary because most of the algorithms are
very sensitive to noise [24]. Thus, the estimation and reduction of noise in MR images becomes a

mandatory procedure.
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3. Noise in MRI

3.1 Introduction

The MR data acquired from the scanner is complex in nature and is represented in k-space (fre-
quency domain). Hence, inverse Fourier transformation of the k-space data is performed to obtain the
MR image in spatial domain. Due to the linearity of the Fourier transform, the resultant MR image
in the spatial domain is also complex.

Consider the k-space data s(m, n) defined over a grid of size N x N, such that m = {0,1,--- N—1}

and n ={0,1,--- N — 1}. The MR data s(m,n) is complex and hence it can be represented as
s(m,n) = Spe(m,n) + i sim(m,n) (3.1)

where i = \/—1 is the imaginary number. The complex MR image in spatial domain f(z,y) for
x=4{0,1,---N —1} and y = {0,1,--- N — 1}, is obtained by computing the inverse discrete Fourier

transform of s(m,n). Therefore,

$ o) T S (o R (B e (PR) e

m=0 n=0

The above equation can be simplified as

N-1N-1
1 21 (xm + yn) , . (27 (xm +yn)
fz,y) = N2 Z s (m,n) cos <T> +is(m,n)sin <T (3.3)
z=0 y=0
By assuming the right-hand side of the Eq. (B3] as p(x,y) +iq (z,y), we can generalize as
f(@y)=p(xy) +iq(z,y). (3.4)

p and q are the real and imaginary parts of the spatial domain complex MR signal f. The magnitude

of the complex MR image used in practice is obtained as

@) = p @ y)? +a(2y)’ (3.5)

The noise added to the complex k-space data during acquisition is modeled as zero mean Gaussian
noise with variance 2. The Gaussian noise model is a good approximation for the noise in each
of the real and imaginary channels. The characteristics of noise upon inverse transformation do not
change because of the linearity and orthogonality of the Fourier transform. However, computing the

magnitude of the complex MR image alters the intensity distribution of the magnitude data. The

characteristics of the noisy MR image are also influenced by the number of RF coils used in acquiring
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3.2 Characteristics of Noisy MR image

the MR signal. Therefore, estimation of the noise variance is an important factor in developing noise
removal algorithms for MR images [26]. This chapter presents in detail the characteristics of the noisy

MR images and the review of existing noise variance estimation methods.

3.2 Characteristics of Noisy MR image

This section deals with the characteristics of noise in MR images acquired using both single and
multiple coil systems. The noise characteristics are analyzed based on the probability distribution
function (pdf) of the signal and the noise. The knowledge of the pdf is vital for estimating the noise

variance [27].
3.2.1 Characteristics of noise in single coil system

The noise-free MR data represented in Eq. ([3.6) can be generalized as

f=p+1q (3.6)

The noise added to the complex raw data is zero mean Gaussian noise with variance o2. The distri-

bution of noise is given by N(0,02). Therefore,

g = f + (771“@ 13 inim)
g = (p+1iq) + (Mre + Nim)

g =P+ nre) +i(q + 1im) (3.7)

where ¢ is the noisy MR image, .. and 7;,, are the real and the imaginary components of noise.
From Eq. (B.7) it is clear that noise in the image domain is still additive and Gaussian. In real
time, complex MR images are transformed to magnitude and phase images. Since the computation of
magnitude (or phase) image is a non-linear operation, the pdf of the MR image changes to Rician [2§].

The magnitude of the noisy MR image is computed as

9l = V(P + 1re)® + (g + 7im)? (3.8)

As mentioned earlier, the complex MR image is Gaussian distributed [29]. Due to the square-root

operation performed for computing the magnitude image the pdf of |g| becomes Rician [29H31] and is
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represented :

~(6*+f%)
alfoow = e = 10 () elo (3.9)

a2
where I, denotes the 0 order modified Bessel function of the first kind. The unit step heaviside
function €(.) is used to indicate that the expression for the pdf of g is valid only for non-negative
values of g. This distribution function does not give the distribution of noise in the image, it gives the
distribution of the observed pixel intensities in the presence of noise [32].
If the ratio % is zero, the Rician pdf given in Eq. (B.9) leads to Rayleigh distribution and it is
defined as follows

D)

g
plglon) = e > €(g). (3.10)
Un

Thus, we infer that noise in the image regions with no nuclear magnetic resonance (NMR) signal is
Rayleigh distributed. The image regions with large signal intensity approximates to Gaussian pdf [29]
and the distribution function is given by
—(9=1/2+03)?
]. 247%
p(glon) = e €(9) (3.11)

\/2mo?

Therefore noise in MR images behaves to be Gaussian distributed when the SNR is high and Rayleigh

distributed for low SNR. Hence it can be considered that the noise depends on the local intensity in
the image. Fig. Bl gives the illustration for the behavior of noisy MR images.
Similar to magnitude image, the phase MR image is also obtained through non-linear operation.
The formulation for obtaining the phase MR image is defined as
®, , = arctan (%) (3.12)
Therefore ® denotes the desired phase MR image. Since, the arctangent operation is a non-linear

function the distribution of phase MR image also tends to be Rician [29,33].
3.2.2 Characteristics of noise in multi-coil system

In case of multiple coil MR acquisition system, the acquired signal in each coil can be modeled as
the original signal corrupted by zero mean and equal variance additive Gaussian noise. The complex

MR data in the coil [ is given as,
9, = (p, +1g,) + (Tllre + inlim) (3.13)
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Figure 3.1: The distribution of noise in MR image obtained using single-coil MRI scanner.

where | = (1,2,...,L) and L represents the maximum number of coils. The magnitude image g, is

obtained using the sum of squares method [34],

L
9 =D lal” (3.14)
=1

accordingly we can write the original image as

(3.15)

E
AR
=1

Considering the noise to be independent and identically distributed, the pdf of the magnitude signal

g, is a non-central chi-squared distribution. The distribution is given as [35] below

f1-L 9l fg
p(gL ‘fLuo-an) = Z_Q gfe 2o IL—l <%> E(QL) (316)
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3. Noise in MRI

In regions with no NMR signal (background), the above distribution revises to a central chi-square

distribution and it is given as,

p(g, on, L) = T(L) o2L e €(g,,)- (3.17)

where I'(L) is the gamma function. For L = 1 the formulations of multi-coil system is same as the

single-coil system.
3.3 Noise Variance Estimation

The performance of the image denoising algorithms depends on the characteristics of noise. Hence,
it is essential to know the variance of the noise in the underlying signal. There are several methods
for estimating the noise variance from the noisy MR image. Most of these techniques rely on the
characteristics of the MR image. A complete survey of the noise estimation methods for single-coil
and multi-coil MRI systems is presented in [36]. This section presents the method proposed in [37],
for estimating the noise variance from the background regions of MR image.

Nowak [37] has shown that estimation of noise from the magnitude MR image is biased and it is
signal dependent. Hence, he proposed a noise estimation technique based on squared magnitude MR
images. Squaring the magnitude MR image makes the bias additive and signal independent. The

square of the noisy magnitude MR image |g| in Eq. (8.1)is written as
191 = (0 +mre)? + (@ + Mim)? (3.18)
Taking expectation of (B.I8) yields,
Elg’] = E[(p + nre)® + (q+ nim)°] (3.19)
The above equation can be simplified as
El¢®] = E[p’] + El¢*] + 207, (3.20)

Therefore the bias in square magnitude domain is 202. In the absence of NMR signal for which p = 0

and g = 0 the expected value in Eq. (.20 becomes

E[¢?] = 202

n

(3.21)

TH-1128 06610201

28



3.4 Summary

This implies
Elg?]
2

On = (3.22)

Under this condition, E[g?] specifies the mean value in the absence of signal. Generally, the
background regions of the MR image does not contain any NMR, signal. Therefore by considering
E[g?] as the mean value p computed from a portion of the background region, the noise standard
deviation is estimated as

7

= e 2
o 5 (3.23)

In all our denoising methods to be presented hereafter, the noise variance is estimated from the

background regions of the MR image using equation Eq. (3.23).
3.4 Summary

In this chapter, the characteristics of noisy MR images and their influence on single and multi-coil
MR imaging systems are discussed. The signal dependent characteristics of noise in MR images makes
it difficult to be estimated through simple procedures. An efficient method for estimating the noise

variance as proposed in [37] was presented.
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4. Review of MR Image Denoising Methods

4.1 Introduction

In this chapter, we discuss about the existing state-of-art methods for MR image denoising. Noise
reduction techniques for MR images can be categorized into two types: acquisition-based noise reduc-
tion methods and post- acquisition image filtering. Acquisition-based methods generally utilize longer
scan times, averaging over repeated measurements, enlarging the voxel volume that is being employed
or improvements in hardware [38-40]. Beside hardware improvements, these methods either increase
image acquisition time or sacrifice spatial resolution [38]. Hence, post-acquisition image filtering is
an inexpensive and effective alternative [39,[40] and will be discussed in detail. The vast literature
of MR image denoising algorithms can be widely classified under spatial domain and wavelet domain
methods. Spatial domain refers to the image plane, and techniques under this category are based on
direct manipulation of pixels in an image. The wavelet domain denoising methods can be termed as
transform domain point processing techniques. Popularity of wavelet domain methods in denoising

applications is mainly due to the energy compaction property [5] of the wavelet transform.

4.2 Basics of Spatial Filtering

Spatial domain filtering, involves convolving the original image with a mask that represents a low-
pass filter or a smoothing function. Low-pass filtering of an image is essentially a spatial averaging
operation. Low-pass filtering attenuates the high frequency contents in the signal and is equivalent to
integrating the signal [41]. The output image is a smooth version of the original image, without the

high frequency contents of the image. Considering an additive noise model,

g(z,y) = f(z,y) + n(z,y) (4.1)

where g(x,y) is the noisy image, f(x,y) the original image and n(z,y) is the noise. The output image
obtained using the spatial filter is given as,
g@y) = Y > h(mn)f(z—m,y—n) (4.2)
(m,n)eWw
where W is the neighborhood around the pixel and h(m,n) is the filter. The weights in the spatial
averaging filters are assigned equal values. The output of the spatial averaging filter is given as,

i) = X Y fa—my —n) +iey) (4.3)

(m,n)ewW
TH-1128_06610201

32



4.3 Spatial Filtering Techniques for MRI Denoising

where N is the number of pixels in the neighborhood W and 7(z,y) is the spatial average of the noise
component. Spatial averaging the noisy image reduces the noise power by a factor equal to N [41].
The filter weights used in spatial filtering approaches are independent of the contents of the image.
Thus, all the regions of the image are uniformly affected. This leads to over smoothing of edges and
features of interest in the denoised image.

The spatial filtering techniques can be divided into two types, linear filtering and non-linear fil-
tering. Gaussian filter is an example for linear filtering technique. Gaussian smoothing of images,
though suppresses the noise also causes blurring of edges [9]. Non-linear filtering techniques are more
popular for denoising applications because of their better denoising capability and edge preserving
characteristics. Median filter [42], is a best example for non-liner filters. Advantage of non-linear filter

is that they are able to discriminate the high frequency components of signal and noise.
4.3 Spatial Filtering Techniques for MRI Denoising

In this section, we will discuss about the existing spatial filtering methods specific to MR images.
4.3.1 Gaussian filtering

Henkelman et al. [43] was the first to discuss the characteristics of noise in the Fourier transformed
MR images and the effects of spatial and temporal filtering on the MR images. Noise considered in
their study was a normally distributed white noise mainly due to the RF receiver noise in the MR
system. The spatial domain filtering of MR images was done by convolving the original image with
a smoothing function. This resulted in elimination of high spatial frequency content of the image.
Convolution of the Fourier transformed image may also cause some artifacts to arise in the denoised
image [43]. The noise power spectrum of the noisy image is used to determine the shape of the
smoothing function. A simple low-pass filter with a frequency response similar to Gaussian was used
in spatial filtering. The temporal filters control the bandwidth of the sampled data. This choice of the
temporal filter depends on the sampling interval. An optimum temporal filter must be able to reduce
aliasing, caused due to the overlapping of the data. The authors concluded that spatial filtering was
not sufficient to remove the noise and artifacts completely and that the estimation of noise from the

background region is valid.
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4.3.2 Measurement dependent filtering

Brosnan et al. [44] have proposed a noise reduction technique based on measurement-dependent
filtering (MDF) applicable to multiple measurement systems. MDF combines the information from
multiple measurements and gives a single image suitable for human interpretation and analysis. MDF
algorithm is formulated by considering two images: ¢g; and gp,. ¢; is a low SNR image with desired
structures and g, a high SNR image of the same region. The image ¢; can be expressed in terms of

signal and noise as,

9= fi+mn (4.4)

where f; and 7; represent the signal and noise respectively. The estimate of g; using the Wiener filter
is given as,

Gi=gi*h (4.5)
where h is the filter function. The Fourier transformed expression of A is,

i
Ji=—3% (4.6)
Pfl + Pm

where Py, and P, represent the power spectrum of signal and noise respectively. Incorporating the
information from the image g5, improves the solution obtained in Eq. (A35]). The low spatial frequencies

of g; are combined with the high spatial frequencies in g, as,

9t = gu + Cgnn (4.7)

where C' is the control function and §; the denoised version of g;. The subscripts [, h represent the
low and high pass filters respectively. The low pass filter reduces the noise and the control function
determines the amount of high frequency information to be added to restore the edges in the estimated
image §;. The control function is determined using the statistical approaches. The value of C based

on the linear least square approach is obtained as,

A lezwglh(i)ghh(i)
“= > 9nn()gnn (i) (18)

ieW

where g;h is the high pass filter output of image g; and gy, the estimated high pass filtered result of
the image g,. W is the local region within which the local statistical estimation is done. The optimal

choice of g highly impacts the performance of MDF. The filtered output has the high-spatial frequency
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information preserved and shows improvement in SNR. The authors have shown the diagnostic utility
of the denoised images using this method. The major disadvantage of this technique is the need for

multiple measurements of the same image.
4.3.3 PDE based denoising

Second order partial differential equations (PDE) have been widely used in denoising applications
[45]. Frequently used PDE based denoising technique is the anisotropic diffusion filtering (ADF') [9.[46]
method, which aids in suppressing noise and in preserving the image features such as edges and lines.
Anisotropic diffusion is a non-linear and space-variant transformation of the original image [47]. ADF
is based on the multiscale representation of the image. The idea behind this filter is to embed the
original image in a family of derived images f(x,y,o), obtained by convolving the original image

2

fo(x,y) with a Gaussian kernel G(z,y, o) of variance o*, expressed as

f(z,y,0) = folz,y) * G(z,y,0). (4.9)

The family of derived images can be represented as a solution of the heat diffusion equation,

e = cV2f(m, Y) (4.10)

The initial conditions are f(z,y,0) = fo(z,y), where c is a constant known as conduction coefficient.
In [9], the conduction coefficient was considered as scale and space varying, which enables the diffusion

process to preserve the boundaries of the image. Thus, the anisotropic diffusion equation is given as,

fo = diV(C(ﬂj‘, Y, O')Vf(ﬂj‘, Y, J))

(4.11)
=cV2f 4+ VeV
The two conduction coefficients given by Perona et al. [9] are,
_<va)2
c(z,y,0)=e \ * (4.12)
and
(,9,0) = —— (113)
c(z,y,0) = ———5- .
14+ (IIVRfII)

From Eq. ({12 AI3), ¢ tends to be small when the gradient of the image is large yielding less
smoothing near the edges. The parameter x, known as the diffusion constant controls the sensitivity

of the edges and is chosen experimentally. If the gradient magnitude of the image (Vf) is greater
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35



4. Review of MR Image Denoising Methods

than x, then the corresponding edge is enhanced and if it is less than s then the homogeneous regions
are smoothened. In this section, we will discuss about the various ADF based MR image denoising
techniques in detail.

Gerig et al. [38] have proposed a MRI filtering algorithm based on ADF. Smoothing is expressed as
a diffusive process, performed over intra-regions and restricted at the region boundaries. The filtering
approach works on the assumption that the MR image data consists of smooth regions separated by
discontinuities. Two main functions that effectively control the performance of this technique are:
number of iterations and the diffusion function. The number of iterations required is determined on
visual comparison of the different filtered results. The parameter x, in Eq. (4I2) depends on the
noise level and the strength of the edges. The optimal value of k£ was found to lie within a range
1.50,, < k < 20y,. In this work, the number of iterations has been prefixed to be within three to five
iterations. This method has been made applicable to 3D MR data. The optimal parameters of the
diffusion function have to be determined manually, which is a notable disadvantage to this method.

Sijbers et al. [48] have proposed an adaptive anisotropic filtering method based on the local intensity
orientation and a measure to control the shape and extent of filter kernel. This method works on the
assumption that MR images consist of many regions in which the signal is stationary and ergodic in
the mean and variance [49]. The authors modified the anisotropic diffusion filtering [50] for filtering
magnitude MR images. Relationship between the local orientation direction and the Eigen vectors
are obtained, which enable in controlling the shape and extent of the filter kernel. This algorithm
ensures the preservation of corners and junctions by stopping the smoothing process when the value
of conduction coefficient (c) is large. The knowledge of Rician distribution of noise in magnitude
MR images are used in this approach to reduce the bias. The filter parameters are obtained using
the ML [51] estimation method. The bias reduction helps in retaining the spatial resolution of the
denoised image.

A new method called confidence based anisotropic diffusion for denoising MR images was proposed
in [39]. The conductance function proposed in [9] tends to completely remove fine structures in low
SNR images. Determining a better conductance function using knowledge-based approach [52] has
been under research. In this work, a new method for determining the conductance function using a
priori knowledge and a scale selection has been discussed. This mechanism assumed that any pixel

in a image lies either in a homogeneous region or on a slope of an edge. Diffusion should he high in
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homogeneous regions (¢(x,y, o) ~ 1) and moderate on a slope of a blurred edge (¢(z,y,0) ~0) . The
gradient of an image is used as a feature to derive the confidence of a pixel being in a homogeneous
region. Since, the significant features in an image exists over multiple scales, a multiscale approach is
used in gradient calculation. The minimum reliable scale at each pixel in an image is obtained using
local scale control [53], based on the prior knowledge about the noise. The gradient is estimated using

a steerable Gaussian first derivative filters given as:

@2+y?)
G:E(x)y)O-l) o —2%6 =i
= o (4.14)
Gy(@,y,01) = —5o0e >

where, o1 represents the scale of the Gaussian kernel. The gradient of the image is given by,

Vf = COS(e)fx(l',y,O'l) +Sin(9)fy(l',y,0'1) (415)

where, 6 is the gradient vector direction at (x,y). The functions f,(z,y,01) and fy(x,y,01) are defined

as,
r,y,01) = Gz (w,y,01) * f(,
fa(@,y,01) = Ge(z,y,01) * f(2,9) (4.16)
fy(l‘a Y, Ul) = Gy(l'a Y, Jl) * f(ﬂi‘, y)
The effect of noise in images, leads to a nonzero value of gradients in the homogeneous regions.

Hence, the gradient response of noise has to be estimated. The pdf of noise gradient is [53],

N ~32
Pvsi(m) = e 2 (4.17)
and s; is expressed as:
51 g (4.18)

_ n
- 2+/ 2#0%
where, o, is the standard deviation of the noise. From the pdf of the gradient of noise the critical

threshold function is defined as,

on [—In(ayp)
T _ 9n 4.19
) = 5o\ (£19)
where, «, is the type 1 error function defined as,
> _122_
o :/ —e *idn (4.20)
T 571

T represents the gradient threshold to determine the edge. T(o7) is directly proportional to the

standard deviation of noise (,,). The critical threshold map (C(z,y)) is represented using the gradient
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response of f(z,y),
C(x,y) = max{T(o1): |[Vf| > T(01)}. (4.21)

This critical threshold map is obtained from the scaled space technique [54], in which the white region
correspond to high threshold which indicates edges and black region corresponds to low threshold
indicating homogeneous region. The conductance function of the anisotropic diffusion is defined using

the critical threshold map (21),

T(min(o7)) — C(x,y)
T (min(oy)) '

c(z,y,01) = (4.22)

For values of the gradient response of a point, less than the critical threshold function, it is assumed
to be a homogeneous region and a conductance function of one is assigned to the point.

A new noise adaptive anisotropic diffusion filter was presented in [55] for denoising MR images
with spatially varying noise levels, where the conventional ADF [38] does not yield optimal results.
The noise adaptive characteristic of the filter is due to the priori knowledge of the spatial dependency
of the noise inducted in to it. The diffusion constant (k) in the conductance coefficient has to be
chosen based on the image noise properties. An ideal ADF should reduce the enhancement of the
noise and at the same time minimize the smoothing of the anatomical structure boundaries. In [9] the
value of x is chosen as constant for spatially uniform noise levels. Such an assumption in MR images,
yields optimal results. Two neighboring pixels u and v with intensities f,, and f, and predetermined
variance of 02 and o2 are chosen. Let, the difference between the two pixels be given as Ay, = f, — fu-

If, both the pixels belong to the same tissue, the distribution of A, is Gaussian, given by

Ayy € N(0,04) = V02 + 2. (4.23)

The difference A, across a tissue boundary is considered as an outlier as it is formed by values from
different population (AS, ¢ N(0,0y4y)). The value of the threshold for the rejection of such outliers
are chosen as the population standard deviation o, = oy,. The local conductance parameter is given

as,
Cuw = ko2 + 02 (4.24)

where, k is a constant. The value of k is found to be v/2, thus ¢ is made dependent on the local noise
properties. Experimental results prove that the new method produces a high SNR compared to the
traditional anisotropic filtering.
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An automatic selection of optimal parameters for denoising MR images using anisotropic diffusion
filter for denoising MR images was proposed in [56]. The optimization of the two main parameters:
number of iterations and diffusion function is done iteratively using a feedback output from an eval-
uation method. This automatic parameter selection method consists of three modules: the denoising
filters, the evaluation method and the adjustment rules. The denoising filter module uses the biased
ADF proposed in [57] and estimates the position of edges as described in [58]. The main component of
this method is the evaluation module, it gives feedback about the improvement or degradation of the
image during the processing. The feedback is done by using the noise information from the residual
image obtained by subtracting the original and the processed image. The evaluation module consists of
three steps: local variance operator, histogram and evaluation function. The local variance operation
measures the variance in a 3 X 3 neighborhood. The histogram, extracts the distribution information
from the variance image. The evaluation function analyzes the histogram obtained and yields higher
values when the histogram is closer to a Gaussian distribution, which reflects uniform distribution
of the local variance values. Finally, the adjustment rule module helps to optimize the parameters
diffusion constant and the number of iterations to be finally used in filtering the image. The authors
validate that this method performs well in comparison to the median and k-nearest neighbor filters.

A new Rician noise specific MR image denoising using an extended speckle reducing anisotropic
diffusion (SRAD) was proposed in [59], represented as Rician noise reducing anisotropic diffusion
(RNRAD) filter. SRAD [60] is a combination of the linear minimum mean square error (LMMSE)
estimation method [61L/62] and the anisotropic diffusion filtering (ADF) [9]. This method demands an
accurate estimation of the standard deviation of noise. The noise variance estimated using the local
sample variance is given as,

62 = mode{Var(W (zy))} (4.25)

where (W (zy)) is the local sample region. In this work, the authors have extended the PDE to use
a diffusion matrix which helps in better noise reduction at the contour location. The use of LMMSE
method to estimate the noise at each level of iteration helps in effectively reducing the total diffusion
time of the filter and in faster convergence of the filtering approach. This method does not depend on
the norm of the gradient for filtering as in the traditional ADF [9]. The advantage of the proposed
filtering method is that it does not require manual intervention in making the choice of contrast

parameter for the edges of the structures. The matrix extension of the SRAD filter [63], is based
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on the local orientation of the structures of the image. In this method [59], the matrix extension is
based on the statistical properties of the local structures in the image. To validate the performance
of this method the authors have compared it with the following techniques: conventional approach
(CA) [64], Koays method [65], wavelet domain denoising [66], ADF [9], NLM [67], unbiased NLM [6§]
using structural similarity index (SSIM) [69] and quality index based on local variance (QILV) [70] as
the quality metrics.

Image smoothing using a fourth order partial differential equation (PDE) model was proposed
in [25]. The proposed approach is similar to total variation (T'V) norm filters [71]. The parameters of
the PDE model used are adapted from [72]. The advantage of the proposed method is, it overcomes
the staircase effect present in the TV norm filter and it processes signals with a smooth change in
intensity value. Experiments performed over MR images, considering additive noise characteristics
at very low SNR provides good noise suppression without any harm to the anatomical details of the

image.
4.3.4 Neighborhood based filtering

A new multidimensional non-linear filter for restoration and enhancement of MR images was
proposed in [73]. The filter utilizes both temporal (interframe) and spatial (intraframe) information
to remove additive noise and preserve the partial volume information in MR image sequences. This
filtering algorithm begins by choosing a square neighborhood around the pixel to be estimated. The
Euclidean distance between each pixel vector in the neighborhood region with the center pixel is
estimated. Based on a fixed threshold (), if the distance is less than the threshold that pixel vector is
considered for pixel estimation else it is not used to estimate the center pixel. The value of A depends
on the standard deviation of noise o, in the image sequences. After, the estimation of pixel vectors
two methods: averaging and ML estimation has been used for estimation of the contributing pixel
vectors. The average of several estimates is obtained for a particular pixel vector to find the filtered
output of that pixel vector. The performance of the proposed filter depends on the noise power, the
contrast-to-noise (CNR) ratio between the tissues, the neighborhood size and the number of images in
the sequence. Depending upon on the choice of the neighborhood size the computational complexity
of this method varies. This method proposes a filter which has been used as a pre-processing step for
Eigen image filtering [74]. The authors have also compared the performance of their proposed method

with the existing spatial filtering methods and have observed that their method is superior.
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In [75], the authors have employed a local shape adaptive template filtering for improving SNR in
MR images. Instead of using a fixed template as in conventional filtering methods, various template
shapes are considered and an optimal shape chosen based on its similarity to the locally constant
region of the pixel under consideration. The local standard deviation of the templates is obtained and
is categorized as plain templates and edge templates based on a threshold. The filter coefficients are
obtained using the 2-D adaptive linear least square error (LLSE) filters [76] after an optimal template

is chosen. This method enables the minimization of edge blurring and an increase in SNR.
4.3.5 Bayesian denoising

Awate et al. [3] proposed a feature preserving MRI denoising based on Bayesian [77] denoising
technique. The proposed method performs by inferring the prior knowledge of the uncorrupted image
statistics, from the noisy input and the knowledge of the Rician noise model. The method models the
prior using a nonparametric Markov random field (MRF') [78] and then optimizes it using the expec-
tation maximization (EM) [79] algorithm. The results obtained by the proposed method illustrated
that the images denoised has all the important features preserved. Quantitative comparison in terms
of RMSE with other denoising algorithms [66},[80] depicts the advantage of this method. A natural
limitation associated with this nonparametric method, degrades the performance if the image regions

does not have many continual patterns.
4.3.6 Wiener filtering

Fernandez et al. [81] have proposed three different sequential Wiener filters [82], that is, isotropic,
orientation and anisotropic filter for denoising 3D MRI data. In the isotropic version of the filter the
neighborhoods used to estimate the local sample mean are of different orientations. Isotropic Wiener
filter is similar to the classical Wiener filter [83] used in a sequence over the data. The isotropic
filter performs well in homogeneous region of the image where local variance is less compared to the
noise variance (02), in regions of an image where there is a discontinuity the filter just returns the
original values without any change. Orientation Wiener filter depends on the oriented neighbors to
estimate the structure orientation present at each volume elements (voxel), thus helps in reducing the
noise in the regions with discontinuity. The anisotropic Wiener filter is a combination of the isotropic

and orientation Wiener filter. All the three filters are performed iteratively over the 3D data using

a regularization parameter. The results obtained, demonstrate that the anisotropic Wiener filter is
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found to be the optimum one for both denoising and segmentation approaches as it preserves the

boundaries and suppresses the noise.
4.3.7 AVREC based filtering

Luo et al. [84] have proposed a denoising approach based on averaging reconstructed images
(AVREC). The spectrum of the image to be denoised is divided in to different parts and from each par-
tial spectrum an image is reconstructed using a 2D singularity function analysis (SFA) model [85]86].
SFA is a mathematical tool used for both correcting and reconstructing images. Each of these re-
constructed images are expressed as sum of a single noise-free image and various small noise. The
denoising is obtained by averaging these reconstructed images. This method helps in recovering the

useful high frequency components and thus, yields images of good quality.
4.3.8 Non-local means filtering

Non-local means (NLM) filter based denoising of MR images was proposed by Manjon et al. [87].
Introduced by Buades et al. [I0] the NLM filter is based on the redundancy property of the images.
The NLM filter of an image f is defined as,

NLM(F@) = % w6, 1) fG),wli,g) € [0,1] (4.26)
vjef
where 7 is the pixel being filtered and j corresponds to each one of the other pixels in the entire image.
The weight function w(i,j) gives the similarity between the neighborhood region of pixels i and j
represented as W; and W; respectively. The weight function is given as,

_dGig)
1 h

w(i,j) = A0
a(i,j)

Z(1) = ;e_ h2

(4.27)

Z (i) is the normalization constant and h is the smoothing parameter which controls the decay of
the exponential function, thus it has an impact on the degree of filtering. d is a Gaussian weighted

Euclidian distance of all the pixels of each neighborhood given as,
d(i, j) = Gi | f(Wi) = F(W))IIR, (4.28)

where G; is a normalized Gaussian weighting function with zero mean and unit standard deviation

and N is the radius of the squared neighborhood window size. This function G; helps to give more
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weighting to pixels near the center of the neighborhood window. The proposed method was specific
to Rician nature of the noise and the experiments were conducted in the square magnitude domain of
the MR images. The authors determined the optimal values of all the parameters of the NLM filter
using experiments conducted on both clinical and simulated MR images.

In the denoising approach proposed in [87] the main hindrance was the computational complexity
of the NLM filter and in determining the optimum value of the filter parameters. Coupe et al. [67]
proposed a method to fully automate and optimize the performance of NLM filter for denoising 3D
MR images. The main contributions of this work were: automating the choice of smoothing parameter
h, voxel selection based on local mean and variance of the neighborhood, block-wise implementation
of the algorithm and parallel computation. The 3D formulation of NLM filter is give as,

NL(f)(x:) = Y wlw,x;)f(x;), wlx,z;) € [0,1] (4.29)
z;€Q3

where, f(z;) is the intensity of the voxel ; and w(x;, ;) is the weighting function assigned to f(x;)
in the denoising of voxel z;. w(z;,x;) is computed as,

1 lswo—soml7,
R (4.30)
i

where W; and W; are the local neighborhoods of the voxels x; and x; respectively. Z; is the normal-
ization constant. The smoothing parameter h depends on the standard deviation of noise (0,,) and the
neighborhood size Wj;. In [87] the Gaussian weighting Euclidean distance was used in determining the
weighting function w(i, j), to reduce the computational time the authors propose the use of classical
Euclidean distance normalized by the neighborhood size. The modified weighting function is given as,

= | rovo-smp|2
o, Tp= . 26671 N;] (4.31)
Zi
where, 3 is a constant and 62 is the estimated standard deviation of noise. The computational com-
plexity of the NLM filter was reduced by adapting the algorithm in [88]. To reduce the computational
burden the authors have just considered the voxels inside a search volume V;. The voxels with maxi-

mum weights inside the search volume are preferred over the voxels with lesser weights, this improves

the result. This preselection of voxels was done using the local mean and variance. The choice of
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w(x;, ;) is given as,

lrwo-sowp |3

P L fWe) 1 Var(f(Wz)) 1
; Otherwise

where f(W;) and Var(f(W;) is the mean and variance of the local neighborhood W; of voxel x;.
Block-wise implementation of this algorithm is adapted from [10]. This implementation is a three step
process: divide the volume into overlapping blocks, perform NLM filtering of these blocks and restore
the voxel values based on the restored values of their blocks. For each block B;, the NLM filtering is

performed as,

NL(f)(Bi) = ) w(By,B;)f(B)) (4.33)
Bj€Vy,

where, w(B;, , Bj) is given as,

| #Bi)-18)||2
e 286E|W (4.34)

w(Biy, Bj) =

i
For voxel z; included in several blocks B;, , several restored values NL(f)(B;,) are obtained. These
estimated values are stored in a vector A;. The final restored intensity of voxel x; is expressed as,
NL(f)(z;) = Z Ai(p (4.35)
pEA
The optimization of the weighting function for the blockwise implementation is given as,
rmip-r@p|;

2863 |W;| f(Bi;)

Le ;i
w(By,, Bj) = ¢ Zix f(B )
0 ; Otherwise

Var(f(Biy)) _ 1
< Vmg@Ey <7 (4.36)

where, f(B;,) and Var(f(B;,) is the mean and variance of the intensity function of the block B;,
centered on the voxel x;. The non iterative nature of the NLM filter helps in executing the NLM
filter on several processors. The main advantage of this filter is that its not iterative as the ADF or
total variation minimization. Experimental results obtained illustrate that this method has a reduced
computational complexity, but still maintains the denoising quality of the standard NLM filters.
Manjon et al. [89] considered the intrinsic multicomponent nature of MR images for denoising
using NLM filters. The idea behind this work is, when multiple MR images acquired using various

parameters are available, and then the correlated information from these images can be used for
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denoising. The authors, have extended the NLM filter to multicomponent denoising by proposing a
multicomponent non-local means filter (MNLM). The similarity measure is obtained in this filter by
combining the information from both the neighboring pixels and the different components as in color
image processing [90]. Thus the multicomponent weighting function w(z;,z;) is given as,

C
1 (& et o) o)

70 (4.37)

where C'is the number of components and h' is the smoothing parameter related to standard deviation

of noise in each image component. Z(i) is the normalization function expressed as,

B (é (dtatty /i) / C> | (4.38)

Z@{i)=>) e

Vj
The radius of the search window is restricted to a local window 2 = 10 as in [67], to reduce the
computational burden. The radius of the neighborhood window is chosen as 3 x 3. The smoothing
parameter h was set to be 0,,;v/2, where o,,; is the standard deviation of noise in each image component.
In this work the authors have proposed a pixel preselection criteria based on the local image moments

[91] to reduce the complexity of the algorithm. The optimized weighting function is given as,

%e_d(i’j)*; if(\,ul-l N ,u]'l‘ < kO’nl/\/m) VI e [1,0]
0 ; Otherwise

w(z;, x5) = (4.39)

where, k is a constant and m is the number of pixels used to compute the mean. The Euclidean

*

distance d(i, j)* is expressed as,

Ma

d(zt, arzé-)/hl2
C

=1

d(i,7)" = max -1,0 (4.40)
This modification to the MNLM method is named as optimized MNLM (OMNLM). A principal
component analysis (PCA) [92] approach is used to remove noise using the information from the inter-
component domain. Thus, using the PCA as a post-processing approach after the OMNLM has been
applied helps in reducing the noise using both spatial and intercomponent domain. This OMNLM-
PCA approach yields better results in terms of RMSE and multicomponent RMSE (MRMSE) in
comparison to the MNLM and OMNLM approaches.

Manjon et al. [93] proposed a new method for denoising MR images based on the Rician nature of

TH-1128 06610201

45



4. Review of MR Image Denoising Methods

the data and the spatially varying noise levels, referred as adaptive Rician non-local means filter with
wavelet mixing (ARNLM). In this work, the optimized NLM method has been made adaptive to the
spatially varying noise levels of the image. The preselection approach used in Eq. (4£36]), is based on
the local mean which is intensity sensitive. To avoid such differences, in this method the preselection

is based on the original and the inverted means. The inverted mean is obtained as:

Inv(f(B,,)) = max(f) — f(By,) (4.41)

The proposed preselection method, leads to a modified weighting function given as,

| 7Bi )18

1 7 2meZiwil . i Inv(f(Bi)) _ 1 9 _ Var(f(Bi)) _ 1
w(Bi,B;)=1{ Z¢ M S im <@y < w < wmiE)y <o (442)
0 ; Otherwise

In making the NLM approach used in this method adaptive to Rician noise characteristics of MR
images the authors adapted the method used in [94], to restore the unbiased intensity values. The

NLM restoration of the voxel x; is given as,

NL(f)(x;) = |max Z w(zs, xj) f(z)? | —202,0 (4.43)
z;eV;

Wavelet mixing [95] is used to optimize the denoising over all the frequencies of the image. The main
advantage of this method is that it does not require a noise parameter to be estimated as it has been
made in-built in to the algorithm and it adapts itself to varying noise levels. Experimental results
using the proposed method exhibit good denoising results with the anatomical features of the denoised
image being well preserved.

A modified NLM based approach for denoising dynamic contrast enhanced MR images (DCE-
MRI) was proposed in [96]. This approach represented as the dynamic NLM (DNLM) is used in
DCE-MRI which consists of a volume of MR images acquired during and after the contrast agent
has been injected in to the imaging region. This technique utilizes the redundancy of information
in the temporal sequences of the images. The reason for modifying the traditional NLM [I0] is: the
similarity metric used does not account for local changes in intensity due to contrast enhancement

and the non-local property of the algorithm might eliminate the diagnostically important details of
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the MR images. In the proposed variation the similarity metric is expressed as,

d(V1,Va) = d(V1,C (W1, Va) - V&) (4.44)

= Vi = C(V1,Va) - Vol 3,
where, V; and V4 are the vectors from the temporal components ¢; and to respectively. C(Vi,V3) is

given as,

EVO. 4 £ty and |E(V}) — E(Va)| > o,
C(‘/l,‘/g): E(Va)’ 17’é 2 | ( 1) ( 2)| (445)
1;

Otherwise
where F (V') denotes the expected value and o, is the estimated noise in the image. The weighting

function w(i, j) is represented as,

wii, ) = SYWLWG) | —acrwo.sowp/m (4.46)
Z(i)

The algorithm is compared with other denoising methods such as Gaussian filtering, NLM, ADF,

traditional wavelet thresholding and adaptive multiscale product thresholding method. The proposed

method is evaluated both qualitatively as well as quantitatively.

4.4 Theory of Wavelet Transform

Wavelet transform in signal and image processing perspective has evolved from combining the
wavelet theory with the multi-resolution analysis. Wavelets are originally developed for representing
the signals in time-frequency domain. The compact support of the wavelets provides good time-
frequency localization and hence, are used for analyzing non-stationary signals [97].

Multi-resolution analysis involves exploring the properties of the image in more than one resolution
or scale. The representation at each scale is an approximation of the original image. However, the
information contained in the approximations at each scale characterize different physical structures of
the image [98]. At low resolution levels, these details correspond to the large structures or the overall
image context. The details in the high resolution levels characterize individual regions contained in
the image [42].

Multi-resolution methods that exist prior to wavelet decomposition are the Gaussian and the Lapla-
cian pyramids [99]. The Gaussian pyramid provides approximations at multiple scales, using simple
low-pass filtering and decimation techniques. The Laplacian pyramid provides a coarse representation

of the image as well as a set of detail images at different scales. These pyramidal representations are
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over-complete and lack sufficient methods for modeling the correlations between the data at successive
scales [99].

The wavelet representation introduced by Mallat [98] is a complete, orthogonal multi-scale decom-
position technique. The image is decomposed into sub-bands, that includes an approximation image
and the detail images obtained at different orientations in each scale. The basics of wavelets and the

formulation of wavelet transformation in multi-resolution point of view is presented in this section.
4.4.1 Wavelets and wavelet transform

A wavelet 1 (t) is a wave function of finite duration, compact support and zero mean value.

Therefore, for a period of time t; <t < tq

/ Y (t)dt =0 (4.47)

Representation of a signal as the linear combination of the set of basis functions derived from () is
known as the wawvelet transform.

The wavelet bases are obtained through time-scalings and translations of the original function v(t)

Wap () = % <’f = b) (4.48)

where « is the scaling parameter, b is the translation parameter and % is the normalization constant.

and are represented as

In general, ¢(t) is referred as the mother wavelet.

The wavelet transform of a signal f(¢) in the continuous domain is defined as

W (a,b) — \/La 70 £ (1) 6" (?) dt (4.49)

Using the orthogonality of the wavelet bases, the inverse continuous wavelet transform is computed

as
[oe}

f(t)zciw/
0

x 2
where, Cy = / de

Wy (a,b) ¢ <¥> Z—Zdb (4.50)

(w) is the Fourier transform of ¢(t). The constant Cy, has to be finite for the validity of the wavelet
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transform. Hence, Cy < oo is called the admissibility condition that implies
Y (w) =0 for w=0 and ¢ (w) -0 as w —

Equation (£50) implies that the continuous wavelet transform is an over-complete representation
and hence, it is highly redundant. The redundancy is reduced by using discrete values of a and b. The
parameters are chosen as

a=agy and b=nbyagy

where a¢ and by are the positive constants and ag > 1. m and n are integers.
By substituting the values of a and b in Eq. (4.48), the discrete wavelet bases can be written as
Vo (t) = ag 29 (ag™t — nby) (4.51)
The wavelet bases defined through Eq. (4.51]) forms a set of orthonormal basis functions if ag = 2 and
bop = 1. Therefore,

¢m,n (t) — 2_%1,[) (2_mt — TL) (452)

The choice of ag = 2 is known as the dyadic scaling. Given that m is an integer, the wavelet bases
can be redefined as

i,
2

Ymm (8) =229 (2™ —n) (4.53)

4.4.2 Wavelets as filters

The filter bank implementation of wavelet transform is possible through realizing wavelets as
bandpass filters [100]. The wavelet transform defined in Eq. ([@49) can be rewritten by replacing ¢

with 7 and b with ¢. Therefore,

a

Wy (a,t) = \/ia /oof(f) P* <T — t) dr (4.54)

The above equation can be written in terms of convolution as

1 —t
Wy (a,t) = f(t) % 4 —=* [ — 4,
e = { Zzv (7)) (4.55)
) 1 t L .
Assuming, h, (t) = 71/1 <E> the above equation is written as
a

Wy (a,t) = f(t)* hg (—t) (4.56)
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Therefore, wavelet transform can be considered as filtering the signal f(¢) with a bank of filters having

the impulse response h,(—t). Taking the Fourier transform of Eq. ([@.50]) gives
Wy (a,w) = F (w) * Hy (w) (4.57)

and H, (w) = vay (aw)

The support of the wavelet within its domain varies as a function of a. Accordingly, the center
frequency and the bandwidth of h,(t) also varies.
Let wy = 27 fp be the center frequency of the mother wavelet ) (¢). Then, the center frequency wy
of the scaled wavelet bases is given by
wo

y_ 4.
wa = = (4.58)

Similarly, if A fy is the bandwidth of v (t), the bandwidth of the wavelet bases is

Af, = % (4.59)

For a < 1, the wavelet is compressed in time and it acts as the high pass filter. For a > 1, the
wavelet is expanded in time and it passes the low frequency components. Therefore, the wavelet bases

acts as bandpass filters with center frequency w, and bandwidth A f, [100].
4.4.3 Formulation of Discrete Wavelet Transform

For representing a signal\image through wavelet transform, the filter H,(w) must span the whole
frequency space of the image. Since, the wavelet filters are either high-pass or bandpass, the low
frequency information of the image at different scales is obtained using a low-pass filter. The time
domain response of the low-pass filter is represented by the scaling functions. This framework leads
to multi-resolution analysis (MRA) using wavelet transform [98].

In MRA, a scaling function is employed to obtain a series of approximations of the function or
image, each differing by a factor of 2 from its adjacent scales. The difference in information between

the approximations at adjacent scales are encoded using the wavelets [42].
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4.4.3.1 Scaling functions

A scaling function (or approximation function) () € L?(R), is defined to generate a nested

sequence of subspaces {V,,,},. 5 of L*(R) such that

CVsCcVaecVoayacVyccWVicVoC Vs (4.60)
U Vi =L*(®) (4.61)
meZ

() Ve = {0} (4.62)
meZ

The subspace V,,, represents the coarse resolution and V;,, 11 denotes the fine resolution. For MRA,
the signal f(t) is represented by its projections on the function space L?(R) spanned by the set of
scaling functions {¢mn (£)}. {@mn (t)} is obtained through integer translations and scalings of ¢(t),
as given below

Pmn (1) =22 ¢ (2™t — n) (4.63)

At scale m = 0, the subspace Vj is spanned by (¢ — n). It means that ¢(t) is in V. Hence, Vj is
considered as the basic multi-resolution space.

The condition in Eq. (&60) explains the containment property of MRA [101]. It states that
the subspaces spanned by the scaling function at low resolution scales (V;,) are nested within those
spanned at the higher scales (Vj,,4+1). Intuitively, it implies that if ¢(t) € V,,, then ©(2t) € Vj41.
Therefore, the expansion functions of the subspace V;,, can be expressed as the weighted sum of the

expansion functions of the subspace V;,,11 and it is computed as
Pm, n Z h SOm-i-l k ( ) (4'64)
keZ
The coefficients h, (k) are called the scaling function coefficients. By expanding the scaling functions,
Eq. (£64) can be written as

(m+1) m
man (8) = Dby ()27 (20 — k) (4.65)

k

For m = 0 and n = 0, the above relation becomes
Zh ) V20 (2t — k) (4.66)

Equation (4.60) is fundamental to multi-resolution analysis and is called the refinement equation or
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the dilation equation [42].
4.4.3.2 Wavelet functions

The wavelet function 1(t) with its integer translates and scalings are defined to span the difference
between any two adjacent scaling subspaces V,,, and V,,+1. The set of wavelet functions generated

from the mother wavelet ¢ (t) is given by
Y () =22 ¢ (2™t — n) (4.67)

When the projections progress from the subspace Vi,+1 to V,, certain details are lost due to the
reduction in resolution. As V,, C V41, the lost details remain conserved in the orthogonal complement
of the subspace V,,, [102]. This orthogonal complement is called the wavelet subspace ‘W,,’. Therefore,

the higher resolution subspace V;,,+1 can be related as
Vine1 = Vi, @ Wy, (4.68)
‘@’ denotes the union of the spaces. For any (m,n, k) € Z3, the orthogonality condition is stated as

<90m,n (t) ¢m,k (t» =0 (4'69)

The wavelet spaces reside within the spaces spanned by the next higher resolution scaling functions.
Therefore, the wavelet function at scale m can be expressed in terms of the scaling function at scale

m+ 1 as

¢m n Z hw me—i-l k ( ) (4'70)

For m = 0 and n = 0, the wavelet function in basic multi-resolution space becomes
Z hy (k) V2 (2t — k) (4.71)

hy (k) are called the wavelet function coefficients. The coefficients of the wavelet function are related

to the scaling coefficients as

hy (k) = (=1)" by (1= k) (4.72)
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4.4.3.3 Wavelet series expansions

The properties of MRA in Eq. (£.60) and (4.61]) implies [100,101]
LPR)=--- Vo0V i0VoVioVed--- (4.73)

Substituting Eq. (468) in (£73]) gives
PR =V ®@W_c @ - OW_3 W2 @ W_1 @ Wo W1 O Wa @ -+ ® W) (4.74)

It implies that, any function in the space L?(R) can be represented using an approximation at the
lowest subspace and all the wavelet functions. Therefore, the wavelet series expansion of the signal

f(t) € L?(R) is formulated as

Z Cmo SOmO, Z Z dm ¢m n (t) (4.75)

m=mg n
where my is the arbitrary starting scale, ¢, are called the approzimation coefficients and d,, are the

detail coefficients. These expansion coefficients are calculated as

Cmg (1) = {f (), Pmon () = /f(t)somo,n (t) dt (4.76)
and
Omo.n(t) and ¥, () are defined in Eq. (@63) and (ZG67) respectively. These functions can be
recursively computed using the relations stated in Eq. (£.64) and (£10).

4.4.3.4 Discrete wavelet transform

Wavelet series expansions of the discrete function is known as the discrete wavelet transform
(DWT). The DWT representation of the discrete signal f(z) of length M defined for z = {0,1--- M — 1}

is given by

1
f(z)= \/—M Zn: W;no (n) Pmo.n Z Z Ww n) Y (T) (4.78)

mmon

W, and Wy, are the approximation and detail coefficients for the discrete representation respectively.

W (n) = Zf z) Pmo,n () (4.79)
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WE () = —— 3 £ (@) b (@) (4.80)

Conventionally, the minimum scale my is chosen as 0. If the number of decomposition level is fixed as
J, maximum scale is J — 1. Therefore, m = {0,1---J — 1} and length of the signal M must be chosen

as 27.
4.4.4 Filter bank implementation of DWT

Mallat [98] exploited the relationship between the DWT coefficients of adjacent scales and proposed
the iterative filtering scheme for computationally efficient implementation of DW'T. This realization
is known as the fast wavelet transform and it resembles the subband filtering technique [42].

The inter-scale relation between the coefficients is derived using the refinement equation. The

dilation equation defined for the discrete variable z is given as
Zh ) V20 (20 — k) (4.81)
By substituting x as 2/ — n, Eq. (48] becomes
Mx—n) Zh 22"z —n) — k) (4.82)
Letting » = 2n + k gives
o (2Mx —n) = Z hy (r—2n) V2p (272 — 1) (4.83)
Similarly, the recursive wavelet equation can be derived as
Y (2" —n) = Z hy (r — 2n) V2 (2™tlz —r) (4.84)
Substituting Eq. (£83) in

M 77L
wg' \/—_ zz: 2Mx —n)

gives

] M-l it -
n):;hw(r—%z) \/—M;)f(m > p (2 e — 1) (4.85)

Hence,
W2 (n) =Y hy (r—2n) W2 (r) (4.86)
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Therefore, the approximation coefficients at scale m are computed by convolving the approximation
coefficients at scale m + 1 with the scaling function h,(—n) and down-sampling the results.
Similarly, substituting Eq. (£.84) in
M—-1

W (n) = %M RICERIEE

and simplifying gives,

Wi (n) =Y hy (r—20) W2 (r) (4.87)

Therefore, the wavelet coefficients at the low resolution scale are obtained by filtering the high reso-
lution approximation coefficients with the wavelet filter h,(—n) followed by two-fold decimation.
The filter bank realization for the two level forward and inverse DWT is shown in Fig. [11l(a) and
MI(b) respectively. The filters employed for wavelet decomposition hy(—n) and hy(—n) are known
as the analysis filters. The decomposition coefficients computed using these analysis filters can be

consolidated as

WZ (n) = hy (—k) « W (k)|k:2n’n>0 (4.88)
Wit (n) = hy (=k) « WZIH (k)| Lo (4.89)

Conventionally, h, and h, are known as the low-pass and the high-pass filters respectively. These

filters are quadrature mirror filters (QMF) such that [100]

hu (n) = (~1)" hy (1 — ) (4.90)
The above equation in the frequency domain is given by

Hy(w) = e_j"JH;; (w+m) (4.91)

Similar to the forward transform, the inverse DW'T is realized using the synthesis filter bank. For
perfect reconstruction, the synthesis filters are chosen to be time-reversed versions of the corresponding

analysis filters [I00]. Therefore, the synthesis filters for reconstruction hy,(n) and hy(n) are given by

Fo(n) = o) (4.92)

hp(n) = hy(n) (4.93)
Fig. EII(b), details the structure of the synthesis filter bank. The approximation coefficients at
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Wi (a) Wi (a) -
hy (=)~ T 12 = le)
R
rm—2 ~ f(Z)%
() | o R —
Wnl(z)
el ¢ Wn(z)
W) - ¢
ho(—z) =2 —— @% 12 = hy(z)
Wn(z) .

ho(=2) =HE—=* == 12 = hy(a)

(a) ID-DWT analysis filter bank (b) ID-DWT synthesis filter bank

Figure 4.1: Filter bank representation of two level decomposition of the signal f(z) using 1D-DWT. (a)
Analysis filter bank corresponding to the forward DWT (b) Synthesis filter bank corresponding to the inverse
DWT. ff(z) denotes the signal reconstructed from the transform coefficients. m denotes the higher scale that
contains the high resolution image and lower scales (< m) contains the low resolution decompositions of the

input f(z).

the high resolution level m + 1 are reconstructed by up-sampling the approximation and the detail
coefficients at resolution level m and convolving with the synthesis filters. The formulation is defined

as
W (n) => W (r)hy (n—2r)+ Y W5 (r) by (n — 2r) (4.94)
The above equation can be written in terms of convolution as

WIH (n) = R (n) * W ()4 + g () % W (n)s (4.95)

Wz (n)1g and W (n),, denotes up-sampling of the decomposition coefficients W' (n) and W' (n)

respectively.
4.4.5 Two dimensional DWT

Using the separability property, the 1D scaling and the wavelet functions can be easily extended

for representing the two dimensional functions [42,[98]. The scaling function in 2D is defined as

o(z,y) = p()e(y) (4.96)

Therefore,

ke (T,y) =22 0 (2™ —n, 2™y — k) (4.97)

Similarly, the 2D wavelet functions are formulated as
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=2 — 12 %h@(l’) )
=he(=y)=1 12 _D% 12 %}Nlu(y)
Wi (e, y)y .
fla,y) = ~ian— —112 =hy(z)
ey, Sy~
Wiz, y)n - Wi(z.y)
=2 — —112 %hl(l’)
D112 ()

9hsa(_y)e 12

_1
Columns 5 Wi (z,y) i Columns
(along y) N B —112 =he(z) (along y)
Rows Rows
(along x) (along x)

(a) 2D-DWT analysis filter bank ——— (b) 2D-DWT synthesis filter bank ——=

Figure 4.2: Filter bank representation of two level decomposition of the image f(z,y). Using the separability
property of the basis functions, the 2D filter bank realization is possible through performing column-wise and
row-wise 1D filtering. f#(z,y) denotes the reconstructed image.

W (@,y) = p(x)o(y) (4.98)
Y (z,y) = o(z)v(y) (4.99)
WP (z,y) = ¥(2)Y(y) (4.100)
and hence,
Vi (3, y) =229 (272 — n, 2y — k) (4.101)

L = {H,V,D} identifies the directionality of the wavelets. The 2D wavelet measures functional
variations along three different directions. ¥ measures variations in the horizontal direction, vV
responds to variations in the vertical direction and 1 corresponds to the variations along the diag-
onals. Therefore, the 2D wavelet coefficients are capable of individually representing the horizontal,
vertical and diagonal edges of the image. This directional sensitivity is the natural consequence of the
separability and it does not increase the computational complexity of the 2D wavelet transform [42].

Given the basis function, the discrete wavelet transform of a 2D image f(x,y) of size M x N defined
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at x ={0,1,--- M — 1} and y = {0,1,--- N — 1} is computed as

M-1N-1

Wg (n, k) ke (2,9) (4.102)
z=0 y=0
M-1N-1

Wy (n, k) x(T,y) (4.103)
z=0 y=0

Therefore, the 2D inverse discrete wavelet transform is

f(l' y) szwmo(n k)(pmonk(l' y)

Y, S S SRR k) )

L=H,V,D m=mg n

(4.104)

The filter bank realizations for the 2D forward and inverse discrete wavelet transform are shown in

Fig.
4.4.6 Modifications of DWT

Two useful adaptations of the DW'T contributing to the development in the various fields of image
processing are the (i) Translation invariant wavelet transforms and the (ii) Wavelet packets. These
adaptations improve the efficiency of wavelet based algorithms in applications such as compression,

edge detection, pattern matching, and image denoising [99].

(i) Translation invariant wavelet transforms:
The conventional DW'T produces different wavelet coefficients for the translates of the input
signal. Hence, it is not translation invariant. The translation invariance is achieved by retaining
all the coefficients at each level of decomposition. The existing translation invariant methods

are discussed in chapter 5.

(i) Wavelet packets:
Wavelet packets are formulated to produce more sparser representation of the input signal. In
DWT, only the approximation coefficients are iteratively filtered. Conversely, in wavelet packets
both the approximation and the detail coefficients are iteratively filtered. It means that the

detailed coefficients are also passed through the low-pass and the high-pass filters at each level.
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4.5 Wavelet based MRI denoising

The DWT decomposes the image in terms of its low and high frequency contents. The low frequency
components can be considered as the local signal averages and hence, it is an approximation of the
original image. The high frequency components characterize the singularities in the image such as the
edges, texture and the noise. Thus, the wavelet decomposition decorrelates the image and leads to
a sparse representation [5]. This decorrelating property allows to define a threshold that shrinks the
noisy coefficients within the detail sub-bands. For, this reason wavelet denoising is commonly referred
as wavelet thresholding [5,103].

Further, the decomposition at several scales is useful in distinguishing the regular signal compo-
nents from the noise pixels. The magnitude of the wavelet coefficients corresponding to the image
singularities increases with the level of decomposition. Conversely, the noise pixels are uncorrelated
and hence, the magnitude of the transformed coefficients representing the noise singularities decrease
with the decomposition level [5,103,104].

Therefore, several wavelet thresholding methods based on these properties of the wavelet trans-
form are proposed for noise removal in MRI. In this section, the wavelet based MR image denoising
techniques will be discussed briefly.

Weaver et al. [105] were the first to propose the filtering of MR images using wavelet transform as
an alternative to Fourier transform. The wavelet transform used in this method is adapted from [98].
The maximum noise at each scale is obtained from the absolute value of the wavelet transform of five
lines at the edge of the image. This method was quite effective in reducing noise without eliminating
edges. Estimating the level of noise to eliminate from the signal in the wavelet transform was a
difficult task. The choice of this level was made in a trail and error means. Automating the choice of
this level, depending on the spatial characteristics will improve the performance of this method. The
disadvantage of this method is it tends to eliminate small structures of the image that are similar in
size to the noise pixels. Wavelet packet [I06] based denoising of MR images was proposed in [107].
The Gaussian characteristic of noise in the complex MR, images is used in this method. The wavelet
packet denoising algorithm employed in this method is adapted from [I08]. The three main steps of
this algorithm are: wavelet packet transformation, best basis selection and coefficient thresholding.
Coiflet wavelets were used for the wavelet packet transformation step. The best basis selection is based

on the minimum entropy criterion. Thresholding of the coefficients was done by ranking the wavelet
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coefficients in terms of their power level and choosing an optimum value as threshold [109] which
eliminates the noise from the signal. This approach was tested over both magnitude and complex MR
images. In low SNR images complex image denoising produced better preservation of edges compared
to the magnitude image denoising.

A study of wavelet domain denoising for filtering Rician noise in magnitude MR images was
proposed in [37]. Two wavelet domain methods for denoising MR images in both high and low SNR
instances were presented. In high SNR images, the Rician characteristics are well approximated to
be Gaussian in nature. Hence, the standard discrete wavelet transform (DWT) based denoising of
MR images is performed. Haar wavelet is preferred over the other wavelets as it preserves fine image
details. In low SNR images, the wavelet and the scaling coefficients are biased and in turn, it affects
the contrast of the image. To remove the bias the author proposed a novel idea of denoising the
MR images in its squared magnitude domain. It is shown that the bias becomes independent of the
underlying signal in the squared domain. As a result, unbiased estimates of the noise-free images are

obtained. The authors also developed a new wavelet domain filter a; which is data adaptive. The

B Wi([) — 307
e (714/5(1) >+ (4.105)

filter is expressed as,

where I € Z and W, (1) is the I th wavelet coefficient and o is its variance. The thresholding operation
given in Eq. (4J05]) operates by altering the square magnitude wavelet coefficients (sz (1)) with values
less than three times the estimated variance to zero and the larger values are unaltered. This filtering
operation has been effectively used in similar applications [I10,111]. Experiments were performed on
both clinical and simulated MR images with high and low SNR characteristics. The denoised output
from this method tends to preserve the vital image features, suppresses noise and also maintains the
contrast of the image. The proposed method has been efficiently used in the denoising of other MR
image modalities like magnetic resonance angiography (MRA) [112,113].

A wavelet domain MR denoising algorithm based on the complex MR images was proposed in
[6,114]. Since, the characteristic of noise in complex MR image domain is Gaussian it is easier to
adapt any method that assumes an additive noise model. A shift invariant wavelet domain Wiener
type denoising algorithm similar to the one proposed in [37] was developed. The standard deviation of
noise was estimated using the MAD method [I15]. The proposed method tends to effectively reduce

the noise in the background (no signal) region of the image. This method has the advantage over
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separately denoising the real and imaginary parts as it reduces the phase and amplitude distortions
that occurs in the output images. The two main parameters of the algorithm: the level of wavelet
decomposition and the threshold has to be determined manually by the user. The adaptation of this
method to denoise MR image time sequences was discussed in [116]. Zaroubi et al. [I17] proposed a
complex denoising method for MR images. In this method, the denoising is done separately over the
two orthogonal components of a complex MR image. Noise reduction is done by applying the soft
thresholding rule [I18] over the wavelet coefficients obtained using DWT. The basic Gaussian noise
assumptions in MR images are satisfied in this approach. This complex denoising method improves
the SNR and contrast-to-noise ratio (CNR) compared to the magnitude domain denoising.

Pizurica et al. [66] proposed a versatile wavelet domain filtering technique for medical images. The
performance of this method can be varied using a single parameter, which depends on the preference of
the medical expert analyzing the image. This parameter helps in controlling the degree of smoothing
and the preservation of relevant features of the image. This algorithm is applicable to any type of
noise in images as it does not rely on the prior knowledge of its distribution. A shift invariant wavelet
transform with equal number of coefficients at each level of decomposition is used in order to exploit the
inter-scale and intra-scale correlation [119] among the wavelet coefficients. The inter-scale correlation
among the wavelet coefficients is used to classify the coefficients to be either in the signal of interest
or noise.

The non-decimated wavelet decomposition of the image using the spline wavelet bases is ob-
tained. For the wavelet coefficients ng at level m and of length N, let £ = {1,2...N} and W$ =
{wim,.s s, WNm}. For the wavelet coefficients corresponding to each detail sub-bands, a mask

X =A{Z1m» - ENm } is computed as [120],

O,Z'f’wk7 fk, 1 < Ko 2
Fom = mlfenis < (Kom) (4.106)

: B A2
17Zf wk,m‘fk,m—l—l > (Kam)
where &,, is an estimate of the standard deviation of noise in the detail image ng, fk’m+1 is the
estimate of the unknown noiseless wavelet coefficient and K is the tunable control parameter.
The estimate of the wavelet coefficient fk,m from the mask X,, uses the conditional proba-
bilities PWI Xom (wg,m|1) which represents the wavelet coefficients with the signal of interest and

PW | Xm (wg,m|0) representing the wavelet coefficients corresponding to the absence of the signal of
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interest. Therefore, fy ,, is given as,

A gk mMk,m
= —"—w 4.107
fk,m 1 +§k,mﬂk,m k,m ( )

Assuming 5" = [W,"| such that sgm, = |wg,m| the following are defined.

6 PS;’JJn\Xm(Sk,mll)
k m = —
, P m||0
sy ([0 (4.108)
_ P(Xm=1) Pe,,|x., (€x,ml1)
Hk,m = P(X,,=0) P | Xm (€k,m|0)

E, ={eim, - éNm} and ey, denotes the local spatial activity of the k" wavelet coefficient at

scale m and it is calculated over the neighborhood of wy, ., as [121],

1 k+1
Cm = 57T t_zk_l | W m| (4.109)

[ specifies the size of the neighborhood. This method has been applied to MR image denoising in the
square magnitude domain. The value of K was determined to be equal to two for MR images in terms
of the SNR. Pizurica et al. [122] have given a review of wavelet based denoising techniques and their
application in ultrasound and MR imaging. The shift invariant wavelet transform was employed along
with the thresholding technique given in [66].

Bao et al. [104] proposed a edge preserved denoising technique for MR images using the wavelet
based multiscale product thresholding scheme. This technique exploits the interscale dependencies
of the wavelet coefficients to enhance the important features and to suppress noise [123,124]. An
orthogonal wavelet transform (OWT) has been employed in this approach. Wavelet used in this
technique is the MZ wavelet adapted from [125] which approximates the first derivative of Gaussian.
The smoothing function #(x) is a cubic spline, which also approximates a Gaussian function. The
DWT obtained using these two wavelet and scaling function acts like a Canny edge detector. The

authors have considered an additive noise model,

g(z,y) = f(z,y) +n (4.110)

where g(z,y) is the noisy image, f(x,y) is the original image and 7 is the noise. The expression of

wavelet transformation of Eq. (&II0) is given as,

Wig(z,y) = W fz,y) + Win (4.111)
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where d = {z,y}. The multiscale product of the wavelet coefficients for an noisy image g(x,y) is given

as two components,

where Wy, g(z,y) and Wy,+19(x,y) are the wavelet coefficients at the decomposition level m and m+1

(4.112)

respectively. The estimated wavelet coefficients from the multiscale products after thresholding are
given by,
Wag(z.y), Pog(z,y) > to(m)

Wig(z,y) = ) :
0, Pgg(x,y) < ty(m)

(4.113)

where m = 1,.....M and tg(m) is the adaptive threshold function. Thresholding is done on the multi-
scale products compared to other wavelet based denoising techniques where the thresholding is applied
directly on the wavelet coefficients. The authors analyzed the distribution of the multiscale products
and developed the thresholding function (tg(m)) to remove the noise. The noise 7 is considered to be

Gaussian and its wavelet transform representation is given as,

Un, = Win(,y). (4.114)
The multiscale products of noise is
[ W (4.115)

The adaptive threshold function is given as,

d
pip(m)
td(m) = 5k, (1 + = ) (4.116)
where ,ujf(m) and ,ug(m) are expressed as,
d _ %4 d .o,,d r
ps(m) = pg(m) — pp(m); pn(m) = pmi1,momom+1 (4.117)

and K, is the standard deviation of V¢ obtained from,

Fom = \/ 1+ 202, 4 1 - OmOm1 (4.118)

The parameters ,ug, u‘} and uf] are expressed as expected value of the multiscale products of the noisy

image , the original image and the noise respectively. In Eq. (EII7, EIIS) the parameter pp41m
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represents the correlation coefficient of UZ and UZ,; given by,

ff ¢m(33, y)'wm—l—l (337 Z/)dxdy
IS R y)dady. [ 02, () dedy

Prtim = (4.119)

and o, is the standard deviation of noise. The adaptive threshold value varies depending upon the

ratio of ,ug(m)/,ujf(m) in Eq. (4I114).
4.6 Summary

In this chapter, a review of the various denoising methodologies applicable to MR images has been
discussed. The denoising methods are categorized into two types: spatial domain and wavelet domain
methods. The non-linear spatial filtering techniques are based on the local spatial activity and hence,
adapt to the spatial context in the image resulting in good denoising. In spite of this property, the
performance of these methods rely on the optimal choice of the control parameter values that have to
be obtained empirically or through extensive training which makes these algorithms computationally
complex. The wavelet based filtering techniques can automatically adapt to spatial variations in the
noise distribution and preserve important image features. The DWT based denoising technique leads
to artifacts such as edge ringing. The stationary wavelet transform based approaches tend to over-
smoothen the image because of their multi-resolution characteristics. Therefore, in order to exploit
the advantages of both the methods in a single framework, a denoising approach based on the non-
linear spatial filters and the wavelet decomposition can be formulated to yield good feature preserved

denoising results.
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

5.1 Introduction

The objective of this chapter is to introduce the proposed wavelet domain bilateral filter (WD-BF)
strategy and validate its applicability for MR image denoising. The detail coefficients of the wavelet
decomposition are denoised by wavelet thresholding. The proposed technique is validated by compar-
ing the denoising results of WD-BF representation with other existing wavelet decompositions that
includes DWT and translation-invariant wavelet transform. Also, this chapter includes the discussion
on a bias factor that affects signal estimation and suggests denoising the squared magnitude MR image

for bias removal.
5.2 Translation Invariant Wavelet Decompositions

The advantage of wavelet denoising methods over the spatial filtering techniques is due to their
spatial-frequency representation and multi-scale decomposition [126]. The wavelet decomposition
divides the input signal spectrum into its sub-spectra or sub-band. Hence, the image structures like
edges are reorganized in to a set of detail coefficients at different scales and orientations. Each sub-
band is processed individually such that the signal details localized within each frequency band are
well preserved. Despite these advantages, an important factor limiting the extent of denoising in the
DWT domain is its translation dependance. It means that the translations of input signal results in
different transform coefficients.

The translation dependency is an effect of down-sampling the coefficients at each scale. Con-
ventionally, decimation allows only the even samples to advance to the next level of decomposition.
As a result, some of the image structures get weakly defined and it may introduce artifacts in the
reconstructed image. This leads to the evolution of translation invariant wavelet transforms. These
methods are extensively utilized for developing efficient image denoising approaches.

The translation invariance is obtained through simple modifications in the DWT framework. The
main idea is to retain all the coefficients at each level of decomposition. Hence, such representations
are over-complete or redundant and are also referred as redundant wavelet transforms. The basic
algorithms utilized for constructing the redundant transforms are the (i) undecimated algorithm (ii)

a trous algorithm and the (iii) cycle-spinning algorithm [100].

(i) Undecimated algorithm:

In the DWT, only the even samples of the transform coefficients are iteratively filtered. The
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undecimated algorithm adopts the DWT for both the even and the odd samples individually.
Therefore, the transform coefficients at lower resolution level are computed separately from the
even and the odd samples of the approximation coefficients at the preceding higher resolution

level [127,128]. Thus, it preserves the multi-resolution character of the transform.

The reconstruction is achieved by computing IDWT of the even and the odd samples and aver-
aging their results. The analysis and the synthesis filter bank representations of the undecimated
method are shown in Fig. 5] and £33l The inverse or reconstruction illustrated through Fig.
is known as the average basis inverse method [129]. It is evident that the approach is more
complicated. However, the forward transform can be implemented efficiently using the a trous

algorithm [130].

(ii) a trous algorithm:
The translation invariance is achieved by omitting the down-sampling and the up-sampling
procedures. Instead of splitting the coefficients in to even and odd samples, the multi-resolution
is achieved by up-sampling the filters at each decomposition level [129H131]. For each level of
decomposition the filters are up-sampled by inserting zeros between the non-zero filter coefficients
«

[131]. Algorithms in which the filters are up-sampled are called & trous filters which means

with holes” [1,118]. Hence, the name & trous algorithm [131],132].

There are different approaches for constructing the inverse of the a trous method [129][131].
However, the average basis inverse method of the undecimated algorithm as explained by Nason
and Silverman [129] is the common implementation in practice [I31]. Their formulation of the

redundant transform is known as the stationary wavelet transform (SWT).

(iii) Cycle-spinning algorithm:
The cycle-spinning method proposed by Coifman [133] is to improve the denoising performance
of the conventional DWT by suppressing the visual artifacts that occur due to translation de-
pendency. The idea is to average out the translation dependance by computing DWT for more
than one shifted versions of the original signal. The cycle-spinning procedure is summarized as

follows:

(a) Given a signal f(z) of length M, generate n number of circulant shifts of f(z). Therefore,
for k = {0,1---n — 1} the shifted sequence f*(z) is defined as f ((x + k) mod M).
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(b) Perform DWT decomposition of each sequence f* (x) and denoise the transform coefficients

independently. Let us denote the set of denoised transform coefficients as T¥(f).
(¢) Unshift the coefficients T¥(f) corresponding to f* (z).

(d) Compute the average of the unshifted coefficients T¥(f) as given below
1 n—1
T(f)=->» T* 1
(== kZ_O (£) (5.1)

(e) Reconstruct the signal f(z) by taking IDWT on the average T(f).

Cycle-spinning over all the possible circulant shifts of the original signal is equivalent to denoising

using the stationary wavelet transform [133].

5.2.1 Stationary wavelet transform

As mentioned earlier, the translation invariance is achieved by omitting the decimation and the
up-sampling steps. The multi-resolution property is preserved by up-sampling the filters h, and hy,

at each scale by a factor of 27717 It is given by

" (52—) : if nisaninteger multipleof 2/-1-™
wn gy =4 () ° (5.2)
0 : Otherwise

where J denotes the maximum level of decomposition and m = {0,1---.J — 1}. Therefore, the filters

at lower scale m can be directly obtained by two-fold upsampling of the filters at higher scale m + 1.

hg”l (%) : if nisaninteger multiple of 2

R (n) = (5.3)

0 : Otherwise

The above definitions also apply for the wavelet filter hy. The up-sampling in time domain reduces
the bandwidth of the filters by a factor of two between subsequent resolution levels. The SWT
representation is consistent with the DW'T, in the sense that all the decimated coefficients are contained
in it [5]. The decomposition coefficients computed recursively using the analysis filters h,(—n) and
hy(—n) are given by
W (n) =Y hy (—n+ 2777 W (r) (5.4)
r

Wit (n) = Z hy (—n+27717m) W;”H (r) (5.5)
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Figure 5.1: Forward transform: Undecimated algorithm
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Figure 5.2: Filter bank representation of forward stationary wavelet transform (SWT)
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Figure 5.3: Average basis inverse method for computing the inverse of undecimated algorithm and SWT
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The inverse is same as the undecimated algorithm except that the SWT coefficients must be split in to
sub-sequences in order to be consistent with the number of undecimated coefficients allotted at each
level of synthesis.

From the discussion, it is easy to conclude that the SWT is a comparatively efficient method for
achieving translation invariance. Therefore, the reconstructed image is free from the visual artifacts
like blurring and ringing. Also, the non-decimation allows the complete signal characteristics to be
available at each level of decomposition. Hence, even the image structures with less spatial support
(refers to the area of a homogeneous region containing pixels with similar statistical and radiometrical
properties) can be well preserved. These characteristics of SWT are particularly useful in improving

the wavelet based denoising algorithms.
5.2.2 Proposed wavelet domain bilateral filter

While SWT is effective for noise removal in general images, it cannot be directly adopted for
denoising MR images. This is because, the MR images contain numerous structural variations and
SWT tends to over-smoothen these details. The over-smoothing occurs due to up-sampling of the
filters. Hence, in our method the filters are not up-sampled and the modified transform is referred as
undecimated wavelet transform.

A new denoising framework by coalescing the undecimated wavelet transform and the bilateral
filter is proposed for ensuring feature preserved MR image denoising. The decomposition is known as

the wavelet domain bilateral filter (WD-BF).
5.2.2.1 Undecimated wavelet transform

The proposed undecimated wavelet transform (UDWT) is formulated by eliminating the down-
sampling and the up-sampling steps as employed in DWT and SWT. Hence, UDWT is translation
invariant. The filters at each level are not scaled and thus, the technique recedes to redundant sub-
band decomposition. Also, this method does not sustain the multi-resolution characteristics. The
transform recursively decomposes the input into one global average plus difference signals at several
locations with different scales. Therefore, UDWT is a recursive filtering method. Since, the filters are
quadrature mirror filters and each step is invertible; the transform satisfies the perfect reconstruction
property.

Let hy(n) and hy(n) define the low-pass (scaling) and the high-pass (wavelet) filters respectively.
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Figure 5.4: Filter Bank representation of UDWT.
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Figure 5.5: Filter Bank representation of 2D-UDWT.

Then, the perfect reconstruction property is satisfied if [42]
Hy () (2) + Hy(= ) Hy(z) = 1. (5.6)

where H,(z) and Hy(z) represent the Z-transform of hy(n) and hy(n) respectively. The relation-
ship between the analysis and the synthesis filters are same as discussed for DWT. The filter bank
representation of UDWT is given in Fig. 54l The input of the system f(x) is decomposed into
approximation coefficient WJ'(z) and detail coefficient W;"(z) at each level m. The output sequence

ff(z) is obtained by subsequent recombination of the decomposed coefficients. Following the theory
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of DWT, the relationship between the adjacent scales are obtained as

Wi () = hy(—z) « W (2) (5.7)
Wi (@) = hy(—z) « W (2) (5.8)

Similarly, in the inverse transform

W;n"'l(a:) = W5 () x hy(x) + Wi (x) * hy (). (5.9)

The UDWT representation of the 1D signal f(z) of length M and x = {0,1--- M — 1} can be written

1 - 1 = ~
f(z) = v . Zk: W (k) by (x — k) + T m;no Zk: Wi (k) hy (z — k) (5.10)
Therefore,
f @) =Wge (@) xhy (@) + ) W (@)« hy (2) (5.11)

As in DWT, the separability property of the basis functions permits extension of the 1.0 UDWT for
2D functions. The filter bank realization of 2D UDWT is shown in Fig.

In the MR images, the transitions between the tissue regions are of wide importance. The tissue
regions are largely homogeneous and the transition refers to the boundary between the two homo-
geneous regions. The transition neighborhood represents the width of the boundary in terms of the
number of pixels. The transition neighborhood between the two regions-of-interest is obtained by
calculating the first order difference between the pixel values with in the desired region. The pixels
that belong to the transition region will have higher gradient value relative to other pixels that lie
with in the neighborhood of the homogeneous tissue regions.

An example illustrating the transition region that lie between the tissue regions in a MR image is
shown in Fig. and 5.7

The condensed smoothing in UDWT concedes the significant noise pixels into the approximation
sub-band. The magnitude of these noise pixels are different from the magnitude of the signal co-
efficients present with in its neighborhood. Hence, it is advantageous to have filters with adaptive
weights that depend on the magnitude of the approximation coefficients within a neighborhood. How-
ever, developing orthogonal filters with adaptive coefficients is an intricate task. Therefore, we suggest

to employ the non-linear filtering method for removing noise in the approximation sub-band of the
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

i

Figure 5.6: An example illustrating the transition between the tissue regions in a MR image. The transition
is explained by considering few pixels that lie along the line drawn through regions in the MR image.
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Figure 5.7: Plot of the intensity values of the pixels that lie along the line drawn in Fig. From the plot
we can infer that the gradient with respect to the pixels in the transition region are higher than the pixels in
the tissue regions that lie in the neighborhood.

coarsest level. This lead to the development of WD-BF.

5.2.2.2 Bilateral filter

Bilateral filter is a non-linear filter developed by Tomasi et al. [7] for edge preserved denoising.
The filter is a combination of the domain and the range filters. The weights of the domain filter is
proportional to the spatial distance of a pixel around its neighborhood. The range filter coefficients are
proportional to the radiometric (intensity) distance around the neighborhood of a pixel. The response
of the bilateral filter at a pixel location f (z,y) is given by

A 1 T+Rpeigh Yt Rneigh
flay) =5 > o Waliz, jiy)We(f (,5); £ (2,9))f (2,9) (5.12)

i:x_Rneigh j:y_Rneigh
where Ryeign is a non-negative integer such that (2Ryeign + 1) X (2Rpeign + 1) denotes the spatial

neighborhood window size. Wy and W,. are the domain and range components respectively and are

defined as
2

(i—2)*+(j—y)

Wa(isz, jiy) = exp | — 52 (5.13)
d

TH-1128 06610201

74



5.3 Wavelet Thresholding

and

(5.14)

Wilf (5,9); f (5,9)) = exp <_|f(m) ~ F () )

202

The normalization constant C' is given as

1
C - x"’_Rneigh y+Rneigh . ' o (515)
Wa(isz, 5;9)We (f (4,7) 5 f (2, y))

i:m_Rneigh j:y_Rneigh

The weight function W, decreases as the spatial distance between (x,y) and (7, j) increases and
similarly, the function W, decreases with the increase in the radiometric distance between intensities
f(x,y) and f(i,7). Thus, the spatial component decreases the influence of farther pixels to reduce
blurring. While, the radiometric component diminishes the influence of pixels with significantly dif-
ferent intensities to keep the edges of distinct image regions sharp. The parameters o4 and o, control
the behavior of the weights. As noise level varies, the parameters of the filter must be optimized to
provide good smoothing.

For the poor choice of parameters, the bilateral filter results in undesirable cartooning effect [7].
The cartooning effect eliminates the middle gray tones and introduces abrupt changes between the
gray values. In the case of MR images, the cartooning effect reduces the number of gray levels
constituting the image regions and hence, results in the loss of some structural details in the MR image.
However, the parameters of the bilateral filter can be optimized when the noise characteristics is well
elucidated. As mentioned before, undecimated wavelet domain representation gives a well allocated
set of frequency coefficients. As the noise characteristics can be studied from the detail wavelet
coefficients, performance of the bilateral filter can be optimized in the wavelet domain. Hence, the
combined properties of UDWT and the bilateral filter assists in reducing the noise and also prevents

blurring of image features.

5.3 Wavelet Thresholding

The approximation coefficients obtained at the coarsest scale are the result of iterative low-pass
filtering. Hence, it can be considered as an smoothened approximation of the original image. Unlike
approximation components, the detail coefficients at each scale are the result of high-pass filtering.
Therefore, the singularities like the edges and the noise at various scales and orientations are contained

in the detail coefficients [134].
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WT-Wavelet thresholding ff-Denoised image

Figure 5.8: Filter bank representation of the proposed WD-BF method.

Denoising in wavelet domain is performed by removing the noisy coefficients contained in the
detail sub-band. The term denoising should not be considered synonymous to smoothing because,
smoothing removes high frequencies and retains only the low frequency components. On the other
hand denoising attempts to remove the noise and retains all the signal components regardless of the
frequency content [134]. Hence, wavelet denoising is a thresholding operation in which the noise and
the signal coefficients are identified by comparing its magnitudes against a threshold. The schematic
representation of the WD-BF adopting the wavelet thresholding approach for noise removal in MR
images is given in Fig. (.8

Considering that noise is uncorrelated with the underlying image structure, the magnitude of the
wavelet coefficients corresponding to the signal will be large. Conversely, the noisy wavelet coeffi-
cients have small magnitudes and it decreases across the decomposition scale. Based on this princi-
ple, Donoho and Johnstone [I15] proposed wavelet thresholding in which the signal reconstruction is
achieved using only the wavelet coefficients with magnitude greater than a specified threshold value

A. This threshold is known as the universal threshold and is defined as

A =opy/2log (M) (5.16)
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where M is the length of the data and o, is the estimated noise standard deviation. Conventionally,
a good estimator for o, is the median of absolute deviation (MAD) from the wavelet coefficients at
highest scale [135]. However, for MR images a robust estimate of noise is obtained from the background
regions of the MR image as stated in Eq. (3.23).

The two basic rules of wavelet thresholding are the (i) hard thresholding and (ii) soft thresholding.
Hard thresholding is the keep-or-kill procedure [5,115], in which the coefficients with magnitude
less than the threshold A are set to zero. The hard thresholding of a 2D wavelet coefficient qu}”(m, Y)

at scale m is given by

. Wg‘(aj,y) : ‘qun(az,y)‘>/\

0" (z,y) = (5.17)

0 : ‘qu(m,y)‘ <\
The large noisy coefficients that pass the threshold appear as false structures in the reconstructed
image and it is the major limitation of hard thresholding.

Soft thresholding reduces the wavelet coefficients with magnitude less than the threshold A to
zero and shrunk the coefficients with large magnitude by the threshold value. As a result, the false
structures are eliminated in the soft thresholding method. The formulation for soft thresholding rule

is as follows
Wi (z,y) — A = Wit(z,y) > A
0" (z,y) =4 0 W @) < A (5.18)
Wi(z,y)+A  + Wi(z,y) < —A
This soft thresholding rule is also known as wavelet shrinkage. The soft thresholding rule utilizing the

universal threshold defined in Eq. (5.16) is known as VisuShrink and it is the standard method for

wavelet denoising.
5.4 Bias Removal in MR images

As discussed earlier, the noisy magnitude MR image is Rician distributed. Hence, estimation in
the magnitude domain introduces a bias [37]. Recalling from chapter 3, the noisy magnitude MR

image is represented as

gl =V (p + nre)? + (q + 1im)2-
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

where f = p+1q is the noise-free MR image and 7,. and 7;,, are the Gaussian random variables with

N(0,02). The Rician distribution of the magnitude image g is as follows

—(g* +f )
palfow = e = 1 (L2)

o2

Using the moments of Rician distribution, the mean of |g| is obtained as

2 2 2 2 2
sior=efien () L)) Lo (5)] om

where Iy and I; denote the Bessel function of the first kind of order 0 and 1 respectively. Thus, it

is evident that the expected value of |g| is not equal to the signal value |f| [37]. The bias is signal
dependent and is considerably higher in the low signal regions (f << 02). Also, it reduces the tissue
contrast of the MR image as the noise level increases. Due to the dependance of bias on the signal
intensity, bias removal in the magnitude domain is very complex.

Nowak in his work [37] has shown that computing the square of the magnitude MR image makes
the bias constant and independent of the signal intensity. Consider the square of the noisy magnitude
image |gl,

1912 = (@ + mre)® + (g + Mim)? (5.20)

The expected value of the squared magnitude image is

E <|g|2) — E(p?) + E(¢%) + 202 (5.21)

since f = p 4+ 1q, the above equation can be written as

E (1g1) = 1P + 202 (5.22)

The bias term is 202. Therefore, as stated in [37] the bias in the square magnitude domain is constant
and is independent of the signal intensity. Further, it is the function of noise variance o2 and can be
easily removed.

Considering the wavelet decomposition of the squared magnitude image, the wavelet basis functions
are not sensitive to the constant bias term. The wavelet coefficient computed for |g|? at any particular

scale and orientation is given by

M—

,_.

N—

,_.

1

Wy (z,y) g (2, 9)|* (z,y) (5.23)

=0

5

<

=0
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The expected value of the wavelet coefficient Wy (x,y) is

M—-1N-1

2

E Wy (2,y))

(5.24)
x=0 y= =0 x=0 Y=

Using the wavelet property,

M—1N—
Z Z (5.25)
Eq. (5:24) becomes,

M—-1N-1
E(Wy (z,9))

) (5.26)
z=0 y=0

Therefore, the wavelet coefficients of the squared magnitude image are unbiased estimators of |f|%.
Similarly, the expected value of the approximation coefficient W (x,y) of | g|? at a particular scale is

given by
M—-1N-1 o2 M—-1N-1

Z > () (5.27)
z=0 y=0

Thus, each scaling coefficient is biased from the noise-free coefficient by a shift in the mean equal to

E(th (z,y)

zOyO

the constant 202. Therefore, for a J-scale wavelet decomposition the bias term is 2(/*1s2 [37]. The
bias is removed by subtracting the bias term from the approximation coefficients at the coarsest scale.
Therefore, noise removal in the squared magnitude MR images preserves the denoising efficiency

and also restores the contrast of the MR, image.

5.5 Validation of WD-BF for MRI Denoising

Following the discussions in previous section, the wavelet decomposition is performed on the
squared magnitude image. The basis functions employed for wavelet representation are the Haar

wavelets. The 1D Haar wavelet function is defined as

/N

&

A
— N =

(5.28)

l\D'I' — O
N
S
AN

0 : Otherwise

The corresponding Haar scaling functions are
1 :0<x<1

p(z) = (5.29)
0 : Otherwise
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

The Haar wavelets have compact spatial support and are particularly useful in preserving the fine
structural details. For this reason, Haar wavelets are preferred over other wavelet basis functions for
denoising MR images.

For a noisy image function denoted by g, the summary of the WD-BF based denoising procedure

is as follows:
(i) Compute the square of noisy MR image |g| to obtain its square magnitude |g|*.

(i) Perform J-level decomposition of |g|? using UDWT to obtain the approximation and the detail

coefficients. In our experiments, the maximum level of decomposition is fixed as 3.

(iii) The bias in the approximation coefficients obtained at the coarsest level J is removed by sub-

tracting 27102,

(iv) These unbiased coefficients are passed through the bilateral filter.
(v) Denoise the detail coefficients using soft thresholding technique.

(vi) Compute inverse UDWT of the filtered approximation and detail coefficients to obtain the esti-

mate of |f|2.
(vii) The square root of the resultant gives the denoised magnitude MR image.

5.5.1 Validation strategies

The efficiency of the wavelet based denoising methods are verified quantitatively and qualitatively.
For quantitative assessment root mean squared error and structural similarity index are evaluated.
These metrics are computed with the noise-free MR image as the ground truth. Visual assessment of

the residual image and the contrast measure are employed for qualitative evaluation.

(i) Root mean squared error (RMSE):
RMSE is the objective quality measure that quantifies the deviation of estimated values from the
true value. The RMSE between the original image (f) and the denoised image ( f > is measured

as:

o 2

;% f(x7y)_ (‘Tay)

MSE =
RMS M x N

(5.30)

where M x N is the size of the image.
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(ii) Structural similarity index (SSIM):
Though, RMSE is the most commonly employed similarity metric, it is not optimal with respect
to the perceived quality [69]. Hence, measures that take into account the characteristics of human
visual system (HVS) are of interest. SSIM is the effective alternative that improvises the error
measures and is also consistent with the visual perception. As mentioned earlier, MRI consists of
delicate structural details, for which RMSE is not sufficient to quantify the restored information.
Therefore, SSIM is also employed to study the structural and the perceptual closeness between
the denoised and the original image. The SSIM index is estimated locally over a 11 x 11 window,
which moves pixel-by-pixel over the entire image. The final value of SSIM is the mean of the
SSIM index calculated over the R local regions. The SSIM between the images f and f is

evaluated from

<2,ufuf + cl> (2aff 13 02>
(u% < ,uf; + 01) (0? + 0? -+ 02)
where p is the mean intensity, o denotes the standard deviation and c¢; and co are constants

SSIM (f, f)R - (5.31)

chosen as given in [69)].

Therefore, the mean value of SSIM index representing the overall image quality is,

SSIM ( f, f) - % ZR: SSIM ( f, f)r (5.32)
=

The value of SSIM lies between [—1,1]. Alternately, the SSIM can also be given in percentage

(%). Larger value of SSIM means high similarity between the compared images.

(iii) Contrast:
Contrast is a measure of the difference in pixel brightness measured between two different tissues.
The contrast must be high in order to well perceive the image details. Noise in MRI, reduces
the image contrast [0,37]. Hence, it is important to ensure that the original contrast is restored

or improved while denoising.

In order to verify the ability of denoising methods in preserving the contrast of the structural
details, two homogeneous regions of interest (ROI) corresponding to the brightest tissue and
comparatively dark tissue are considered. The MR image contrast based on the ROI’s is mea-

sured as
Smax - Smin

¢= Smax + Smin

(5.33)
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where S;qz 18 the mean value of the ROI in the brightest tissue and S, is the mean value of

the ROI contained within the dark tissue area.

(iv) Residual image:
The residual image is obtained by subtracting the denoised image from the noisy image [87].
The residual image is required to verify the traces of anatomical information removed during
denoising. Hence, this reveals the excessive smoothing and the blurring of small structural details

contained in the image.
5.5.2 Experiments and results

The WD-BF strategy is compared with the DWT and SWT decompositions of the squared mag-
nitude MR image. The importance of adopting the bilateral filter in the undecimated wavelet de-
composition is verified by comparing the denoising results of WD-BF with the results obtained using
UDWT only. The experiments are also performed to verify the suitability of bilateral filtering in the
DWT domain. The approximation coefficients of the DWT obtained at the coarsest scale are passed
through the bilateral filter. The values of the bilateral filter parameters are chosen experimentally for
each MR image such that it yields the optimal result in terms of the quality metrics.

Thus, the denoising approaches compared with the WD-BF includes DWT, bilateral filtering (BF)
, bilateral filtering in DWT (DWT-BF), SWT and UDWT. As explained previously, the detail coef-
ficients are denoised using soft thresholding procedure and the bias in the approximation coefficients

are removed appropriately.
5.5.2.1 About the dataset

The experiments were conducted on two MRI dataset. The first dataset consists of simulated
MR images obtained from the Brainweb database [136]. The second dataset consists of high and low
SNR clinical MR images collected from Guwahati neurological research centre (GNRC), India. The
noise levels considered for evaluation are 1%, 3%, 5%, 7% and 9%. The percentage of noise level is
computed in accordance with the maximum intensity of the MR image |f|. For n% of noise level, the

noise standard deviation is computed as

n

n 5.34
100 (5.34)

o, = max (f)

(i) Simulated dataset:
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Simulated MR images are used collectively as the reference to evaluate and compare the validity
of our technique. It evicts the data dependency enabling precise comparative studies. The
dataset consists of T1 and T2 weighted MR images of resolution 217 x 181. The images were
simulated using spin-echo pulse sequence. The experiments were performed on various images
degraded by different noise levels. The denoising results of the following images are taken for

discussion.

(a) T1 weighted brain axial MR image with large structural variations and corrupted by 5% of
noise.
(b) T2 weighted brain axial MR image with less structural details and corrupted by 9% of

noise.

(ii) Clinical dataset:
The images are acquired using Phillips 1.5 Tesla scanner. This data set consists of high SNR
MR images obtained directly from the MRI scanner. The images are considered as high SNR if
the noise variance estimated from their background regions are almost zero. The noisy clinical

MR image is generated by adding Gaussian noise to the original data as follows [126],
g=1/(f +m1)*+n} (5.35)

where, f is the high SNR MR image, n1 and ny is the independent identically distributed random

variables with NV (0, o*,%). The results are discussed for the following clinical images.

(a) T2 weighted brain axial MR image containing structural variations with less spatial support
and corrupted by 3% of noise.

(b) T1 weighted brain axial MR image with less tissue contrast and structural details with less
spatial support. The image is corrupted by 7% noise.

(¢) T2 weighted axial MR image with severe multiple-sclerosis (MS) lesions and is corrupted

by 5% noise level.

5.5.2.2 Comparative evaluation

The MR images for evaluation are chosen such that it spans the entire possible structural variations
contained in the MR images. As a result, it is possible to study the effects of the denoising methods

in correspondence to the nature of the MR image.
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The denoising results of the T1 weighted simulated MR, image corrupted by 5% noise is shown in
Fig. The values of the quality metrics obtained for the denoising methods are given in Tabled. 1l
This image consists of large structural details and tissue areas with less spatial support. It implies
that the high frequency information content is more and hence, even small loss of these details strongly
degrades the quality of the denoised MR image. This is revealed in the DWT based denoising approach.
Due to the multi-resolution decomposition, the structural details get poorly defined at large scales.
These high frequency elements are considered as noise and are removed by wavelet thresholding. As
a result, the loss of these details introduce significantly large artifacts in the denoised image. Also,
BF in DWT domain, did not influence the quality of the denoised output. Conversely, in the case of
SWT the details are blurred and it is due to the up-sampling of the filters at each scale.

The denoising results of BF, UDWT and WD-BF is better than DWT and SW'T decomposition
in reference that the structural features are well preserved. Though the UDWT based denoising
preserves the structural details, the spatial support of the filters in UDWT domain is not sufficient for
smoothing the noise in the constant signal regions. As a result, the noise in the background regions are
not completely smoothened. Therefore, the WD-BF method combining the UDWT and BF is capable
of preserving the structural details and also smoothing the noise in the constant signal regions. The
RMSE and the SSIM values show that the performance of WD-BF is better than the BF and UDWT.
Through visual inspection it is clearly evident that the extent of smoothing is compensated in BF in
order to preserve the structural details. This introduces a grainy appearance in the denoised image.

The results show that the contrast is best preserved in the UDWT and WD-BF methods. Though,
the contrast value does not reflect the actual similarity between the images, it is necessary to com-
plement the efficiency of the denoising methods in restoring the intensity levels of the tissue regions.
The residual images shown in Fig. are used to quantify the loss in structural features and the
extent of blurring along the edges. It is evident from the result that the BF has restricted the extent
of smoothing along the structural details. The residuals of DWT and SWT based decompositions
shows significant loss in the structural details. The residual of UDWT, shows the traces of noise still
contained in the constant signal regions. The WD-BF method compensates for the noise in constant
signal areas and the smoothing in edges are more than BF. However, WD-BF did not blur the edge
details. The experiments on this T1 weighted simulated image is repeated for varying noise levels.

The plots in Fig. [B.11] gives the values of RMSE, SSIM and contrast obtained for denoising at different
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5.5 Validation of WD-BF for MRI Denoising

noise levels. From these plots we can infer that as the noise level increase, the performance of WD-BF
gets better than BF. It is expected; because as the noise level increase the spatial width of BF has to

be increased and it leads to blurred edges.

(f) Result of SWT (g) Result of UDWT (h) Result of WD-BF

Figure 5.9: Denoising results of simulated T1 weighted axial MRI corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.

Table 5.1: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image. The simulated noisy image contains 5% of noise.

BF DWT | DWT-BF SWT UDWT | WD-BF
RMSE 0.0533 | 0.1032 0.1021 0.0971 0.0527 0.0518
SSIM 0.7400 | 0.5434 0.5887 0.6603 0.7855 0.8101

Contrast | 0.1454 | 0.1387 0.1375 0.1292 0.1502 0.1503
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

(a) Residual image of BF (b) Residual image of DWT (c) Residual image of DWT-BF

(d) Residual image of SWT  (e) Residual image of UDWT (f) Residual image of WD-BF

Figure 5.10: Illustration of the extent of over-smoothing in the T1 weighted simulated image corrupted by
5% mnoise. The residual images are obtained by computing the absolute difference between the denoised images
and the noisy MR image.
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Figure 5.11: Comparative plot of denoising results obtained for the T1 weighted simulated MR image at

varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,, (¢) Contrast versus
the noise level o
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5.5 Validation of WD-BF for MRI Denoising

(f) Results of SWT (g) Results of UDWT (h) Results of WD-BF

Figure 5.12: Denoising results of simulated T2 weighted axial MRI corrupted by 9% noise level. The region
within the boxes represent the low intensity ROT and the high intensity ROI chosen for calculating the contrast.

Table 5.2: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial MR image. The simulated noisy image contains 9% of noise.

BF DWT | DWT-BF SWT UDWT | WD-BF
RMSE 0.0918 | 0.1215 0.1195 0.1144 | 0.0808 0.0774
SSIM 0.6904 | 0.4722 0.5373 0.5428 0.6329 0.7101

Contrast | 0.5523 | 0.5422 0.5339 0.5366 0.5576 0.5545

The evaluation of denoising performance on the T2 weighted simulated MR image corrupted by
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

(a) Residual image of BF (b) Residual image of DWT (c) Residual image of DWT-BF

(d) Residual image of SWT  (e) Residual image of UDWT (f) Residual image of WD-BF

Figure 5.13: Illustration of the extent of over-smoothing in the T2 weighted simulated image corrupted by
9% noise.
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Figure 5.14: Comparative plot of denoising results obtained for the T2 weighted simulated MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,, (¢) Contrast versus
the noise level o,
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5.5 Validation of WD-BF for MRI Denoising

9% noise is illustrated in Fig. In comparison with the T1 weighted simulated data, this image
contains less structural details and more smooth regions of constant intensity value. It can be ob-
served that the contrast of the noisy image is reduced by the underlying noise variance. Similar to the
previous denoising result, the DWT and the SWT based decompositions does not produce the optimal
results. The BF has succeeded in preserving the significant edges features like the tissue boundaries.
However, the small structural details corresponding to the high intensity values are blurred. Despite
this smoothing effect, the grainy artifacts are still persistent in the high intensity regions. The insuf-
ficient smoothing of noise in the constant intensity areas as restricted by the spatial support of the
UDWT filters are evident from the denoising result in Fig. [5.12(g). On the contrary, the denoised
image obtained using WD-BF is perceptually better than the other denoising procedures. The struc-
tural features are well-preserved than the BF and the noise in the smooth regions are also removed.
The values of the quality metric in Tabled5.2] , confirms that the proposed WD-BF provides better
denoising.

The residual images in Fig. shows that the image details are preserved well in the WD-BF
approach. The evaluations of the denoising methods on the T2 weighted simulated MR image for
varying noise levels are shown in Fig. 014l From the RMSE and the SSIM plot, it can be observed
that the error in WD-BF is more than the BF approach for noise levels < 5%. Because, the structural
details in this T2 weighted simulated MR are very distinct and hence the low noise levels, the BF
approach is efficient in preserving these image features. The limitation of the WD-BF approach in
this case is due to the wavelet threshold used for denoising the detail coefficients. However, this can
be compensated by employing more robust threshold selection methods [I37]. The contrast of the
denoised image is properly restored in the BF, UDWT and the WD-BF approaches.

Similar to the evaluations in simulated MR images, the experiments are also performed on the
diagnostically significant high SNR MR images collected from the MRI scanner.

The denoising results of a clinical T2 weighted axial MR image is presented in Fig. The
noisy MR image is simulated by adding the noise level of 3% to the high SNR image. It is observed
that the denoising in the DWT domain results in artifacts which is due to the loss of signal details.
Also, BF in the DWT domain is not significant in improving the denoising efficiency. The SWT results
in over-smoothing and hence, blurs the edge details. The BF preserves the edge features and it also

introduces grainy artifacts in the high SNR regions of the MR image. The performance of the UDWT

TH-1128 06610201

89



5. Framework of Wavelet Domain Bilateral Filter and its Validity

based denoising is limited by the noise contained in the constant signal regions. Hence, the proposed
WD-BF approach offers the feature preserving advantage of UDWT and also with the BF it smoothens
the noise in constant signal regions. The values of the quality metrics are given in Table5.3l

From the residual images in Fig. [5.16] we can observe that the edges are preserved in BF approach.
But it also retains some of the noise pixels in the high intensity regions. If the bilateral filter width is
increased for smoothing the high intensity regions, it also tends to blur the edges. Alternatively, the
WD-BF approach smoothens the noise in high intensity regions and also limits the extent of smoothing
in the edges. The experiments are repeated by varying the noise levels and the respective plots of the

quality metrics are given in Fig. 517

TH-1128 06610201

90



5.5 Validation of WD-BF for MRI Denoising

(f) Results of SWT (g) Results of UDWT (h) Results of WD-BF

Figure 5.15: Denoising results of clinical T2 weighted axial MRI corrupted by 3% noise level. The region
within the boxes represent the low intensity ROT and the high intensity ROI chosen for calculating the contrast.

Table 5.3: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted clinical MR image. The noisy image contains 3% of noise.

BF DWT | DWT-BF SWT UDWT | WD-BF
RMSE 0.0188 | 0.0341 0.0339 0.0292 0.0213 0.0189
SSIM 0.8785 | 0.7831 0.8035 0.8403 0.8274 0.8940

Contrast | 0.4823 | 0.4827 0.4794 0.4801 0.4830 0.4829
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(a) Residual image of BF (b) Residual image of DWT (c) Residual image of DWT-BF

(d) Residual image of SWT  (e) Residual image of UDWT (f) Residual image of WD-BF

Figure 5.16: Residual images illustrating the extent of smoothing in the clinical T2 weighted axial MR image
corrupted by 3% noise.
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Figure 5.17: Comparative plot of denoising results obtained for the T2 weighted clinical MR image at varying

noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (c) Contrast versus the
noise level o,
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5.5 Validation of WD-BF for MRI Denoising

(d) Results of DWT (e) Results of DWT-BF

(f) Results of SWT (g) Results of UDWT (h) Results of WD-BF

Figure 5.18: Denoising results of clinical T1 weighted axial MRI corrupted by 7% noise level. The region
within the blue box represents the low intensity ROI and the red box represents the high intensity ROI chosen
for calculating the contrast.

Table 5.4: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted clinical MR image. The noisy clinical image is generated by adding 7% of
noise.

BF DWT | DWT-BF SWT UDWT | WD-BF
RMSE 0.0466 | 0.0698 0.0672 0.0718 0.0464 0.0404
SSIM 0.8021 | 0.6918 0.7200 0.7644 | 0.6702 0.8206

Contrast | 0.1565 | 0.1468 0.1455 0.1520 0.1599 0.1578
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

(b) Residual image of DWT (c) Residual image of DWT-BF

(d) Residual image of SWT  (e) Residual image of UDWT (f) Residual image of WD-BF

Figure 5.19: Illustration of the extent of over-smoothing in the T1 weighted clinical MR image corrupted by
7% noise.
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Figure 5.20: Comparative plot of denoising results obtained for the T'1 weighted clinical MR image at varying
noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (c) Contrast versus the
noise level o,
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5.5 Validation of WD-BF for MRI Denoising

(d) Results of DWT (e) Results of DWT-BF

(f) Results of SWT (g) Results of UDWT (h) Results of WD-BF

Figure 5.21: Denoising results of clinical T2 weighted axial MRI consisting of pathology and is corrupted by
5% mnoise level. The region within the boxes represent the low intensity ROI and the high intensity ROI chosen
for calculating the contrast.

Table 5.5: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted pathological axial MR image. The noisy image is simulated by adding 5%
noise level.

BF DWT | DWT-BF SWT UDWT | WD-BF
RMSE 0.0462 | 0.0519 0.0499 0.0449 0.0364 0.0318
SSIM 0.7816 | 0.6688 0.7802 0.7391 0.6689 0.7988

Contrast | 0.4236 | 0.4190 0.4191 0.4193 0.4221 0.4233
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

(a) Residual image of BF (b) Residual image of DWT (c) Residual image of DWT-BF

(d) Residual image of SWT  (e) Residual image of UDWT (f) Residual image of WD-BF

Figure 5.22: Illustration of the extent of over-smoothing in the T2 weighted clinical MR image containing the
pathology and is corrupted by 5% noise.
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Figure 5.23: Comparative plot of denoising results obtained for the pathological T2 weighted clinical MR

image at varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (c)
Contrast versus the noise level o,
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5.6 Summary

Another example, illustrating the denoising of a T1 weighted clinical MR image is shown in Fig.
[B.I8 Similar to the previous observations, the DWT and the SWT based denoising methods introduce
artifacts. The considered image contains mainly regions of constant intensity value. Hence, the
improved performance of BF is obtained only for large values of the filter width. As a result, the edges
are blurred. In the case of UDWT, the insufficient smoothing of noise in constant intensity regions are
evident. Alternatively, the WD-BF method preserves the edges as well as smoothens the noise in the
constant intensity regions. The corresponding values of the quality metrics validating the denoising
results are given in Table5.4l

The residual image in Fig. [5.19] shows that the edges are well preserved in the WD-BF approach.
The experiments are repeated for varying noise levels and the values of the quality metrics are given
in Fig. In comparison with the previous image denoising results, the denoising efficiency of the
UDWT approach is reduced and it is due to the nature of the MR image.

The extent of denoising in affecting the pathological information contained in the MR image is
verified by conducting experiments on a clinical T2 weighted axial MR image consisting of multiple
sclerosis (MS) lesions. From the denoising results in Fig. [5.21l we can observe that the pathology is
well preserved in the UDWT and the WD-BF methods. Also, the quality metrics in Table{5.5] confirm
the validity of the denoising procedures. The applicability of UDW'T is limited by its performance
on the constant intensity regions. Though BF preserves the significant tissue boundaries, it retains
some of the noise pixels in the high intensity regions. This can be verified from the residual images
shown in Fig. As a result, it reduces the contrast of the pathological structure which is evident
through visual inspection. The DWT based methods introduce artifacts that reduce the diagnostically
significant information of the MR image. The SWT based denoising results in over-smoothening of
the structural details.

From these denoising results and the plots in Fig. [£.23] it is evident that WD-BF approach is

more suitable for achieving feature preserved denoising in the MR, images.

5.6 Summary

In this chapter a new wavelet domain bilateral filtering (WD-BF) framework is proposed for de-
noising MR images. The main objective of this study is to show that the combined features of wavelet

transform and the non-linear bilateral filter gives better performance then the traditional wavelet
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5. Framework of Wavelet Domain Bilateral Filter and its Validity

filtering approaches. It is shown that the undecimated wavelet transform adapted in the WD-BF
framework provides good denoising results in comparison to the DWT and SWT based filtering ap-
proaches. The approximation coefficients obtained from the UDWT is filtered using the bilateral
filter and the detail coefficients are subjected to simple wavelet thresholding. Bilateral filtering of
the approximation coefficients helps in preserving the edges and also reducing the noise in smooth
regions. Experiments are performed on both the simulated and the clinical MR images. The residual
image obtained from the denoised images depicts the good feature preserved denoising characteristics
of the proposed WD-BF framework. The contrast plot obtained for all the denoised images shows
that the contrast of the images are well preserved. The performance evaluation of all the techniques
is obtained using SSIM and RMSE as quality metrics. The performance measures showed that the
proposed method results in better denoising of MR images in comparison to the individual wavelet
domain and BF approaches. The next chapter presents an adaptation of the NeighShrink thresholding
in the WD-BF framework and the experimental evaluation for the optimal choice of bilateral filter

parameters.
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

6.1 Introduction

The MR image denoising based on the WD-BF framework is improved by applying the NeighShrink
thresholding method for removing noise in the detail coefficients. The NeighShrink technique is data-
driven and sub-band adaptive. As a result, it prevents excessive smoothing of the edges that is very
prevalent in soft thresholding. Further improvement is obtained by automating the choice of the
bilateral filter parameters. The optimal values of the filter parameters are proposed by conducting
experiments on a sufficiently large number of MR images at varying noise levels.

Therefore, the improved WD-BF method is capable of achieving the desired feature preserved MR
image denoising. The denoising performance of this method is compared with two of the efficient state-
of-the-art techniques, the unbiased non-local means (UNLM) algorithm [87] and Pizurica’s wavelet
denoising method based on the inter-scale dependencies [66].

This chapter presents in detail the NeighShrink wavelet thresholding method and the choice of
bilateral filter parameters for MR images. The discussion on the experiments and the results is
presented to validate the efficiency of the improved WD-BF technique for feature preserved MR image

denoising.
6.2 NeighShrink Wavelet Thresholding

Denoising using VisuShrink yields over-smoothened images. This is because; the universal thresh-
old is very large due to its dependence on the data size, that is the number of samples. Hence,
several other threshold selection methods were suggested to counteract the excessive smoothing in
VisuShrink [5]. One of such improvement is the threshold estimation using Stein’s unbiased risk esti-
mate (SURE) [138]. The SURE threshold selection procedure basically aims in obtaining an optimal
threshold value for each sub-band, such that the error is minimized.

Further improvements were achieved by exploiting the relationship between the wavelet coefficients
contained within a neighborhood. The thresholding rule suggested in [139] and [137], considers the
similarity between the wavelet coefficient and its corresponding neighbors. This approach is known
as the NeighShrink thresholding and it employs the universal threshold. For the wavelet coefficient

Wy (x,y) at any scale and orientation, the estimate using NeighShrink thresholding rule is defined as

A~

0 (z,y) =Wy (2,9) B (2,y) (6.1)
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6.2 NeighShrink Wavelet Thresholding

where (3 (x,y) is the shrinkage factor computed as

)\2
z+L y+L

> Y Wy(m,n)®

m=x—Ln=y—L

B(x,y) =max | 1— ,0 (6.2)

L x L defines the size of the neighborhood and A is the universal threshold. Dengwen et al. [135],
improved the NeighShrink algorithm by using SURE to find the optimal threshold value and the
neighborhood size L. The improved NeighShrink algorithm proposed by [135] is described in the
following paragraphs.

For ease of notation, let us rearrange the 2D wavelet coefficients of size M x N at scale m as a 1D
vector of length N; = M x N, such that w,, = {W&”(x,y)} For the n'* wavelet coefficient w,,(n),

let
n+L

Sm(n)= Y (wk (1) (6.3)

r=n—L

denote the sum of the squares of the wavelet coefficients within the neighborhood L. Then, the

expected risk in the estimate 6, is given by

; 2 .
E {Hem S 9mH2} = N1+ E{llg (wa)lly + 2.9 (wn) } (6.4)
where,
Ny
A N1 g (W, (n
g (wn) = {fn (1) ~wn ()} and Vg=3 8207(51)”
n=1 v
are defined respectively as
A2 9
g (wm (n)) = " (6.5)
— Wy, (N) : otherwise
Owyy, (n) '
{ -1 : otherwise
Thus, we can write
22 2
lg wa ()l = § > (6.7)
w2, (n)  : otherwise

The expected loss or Stein’s unbiased risk estimate for sub-band m and L x L neighborhood is defined
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

by N
SURE (wm, A 1) = N1 + 3 g (1m (n))ugmz%w (6.8)
n n=1 m
Therefore,
~ 2
E{Hﬁm—emHz} — E{SURE (wm, \, L)} (6.9)

Accordingly, the optimal threshold A" and neighboring window size L™ for sub-band m that minimize
SURE (wp, A\, L) is chosen as

(A", L™) = argmin SURE (wpm, A\, L) (6.10)
{\L}

6.3 Influence of Bilateral Filter Parameters

The parameters of the bilateral filter are the (i) kernel width R4, (ii) domain component o4 and
the (iii) range component o,. The smoothing effect of the bilateral filter is completely influenced by

the choice of these parameters.
6.3.1 Effect of R,

The kernel width R4, specifies the size of the neighborhood within which the weighted average
is computed. It can also be referred as the filter width. The width of the filter must be chosen such
that it is broad enough to smooth the noise contained in the large uniform regions and should be
narrower at edges in order to prevent blurring. However, in practice only the bilateral filters with
fixed width are employed. Hence, the width must be chosen such that there exist a tradeoff between
the extent of smoothing and the edge preservation. Also, as the filter width is large the number of
computations involved also increases. Therefore, computational efficiency is also an important factor

to be considered in the choice of neighborhood size.
6.3.2 Effect of o,

The domain component o4 also referred as the spatial parameter is chosen based on the size of
the neighborhood. In spite of this, there are no conditions specifying the relationship between oy
and Reign. For a large neighborhood, if the o4 value is small, only those neighborhood pixels at
close proximity to the center pixel are assigned higher weights. The pixels at utmost distance within
the neighborhood area does not influence the computed filter response. As a result the edges are

well preserved. Conversely, for large values of o4 the width of the domain filter increases thereby
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6.4 Experiments and Results

considering more distant pixels leading to excessive smoothing of edges. Thus, the domain standard

deviation o4 determines the amount of blurring.
6.3.3 Effect of o,

The range parameter o, is the most essential parameter inciting the adaptivity of the bilateral filter.
This parameter characterizes the intensity similarity between the pixels with in the neighborhood
and the center pixel. The weights assigned to the pixels in neighborhood decay with the intensity
dissimilarity. As a result, only those pixels belonging to the same region are contained while smoothing
and this prevents edge blurring.

From the dependency of the range parameter on the intensity values, it is obvious that the smooth-
ing properties of the bilateral filter can be controlled by directly relating o, to the noise level oy,.
Intuitively, for low noise level the intensity dissimilarity between the pixels belonging to the same
region is less and hence, the value of o, must be less. In the case of higher noise levels, the range
parameter must be sufficiently large to ensure proper smoothing. Therefore, the value of o, must be
chosen directly proportional to the noise standard deviation.

The smoothing effect due to the large values of R,c;qn and oq4 is limited by the choice of range
component o,.. Thus, the range parameter enforces a strict preservation of the contours and the edges.

From this discussion it is clear that the domain component is independent of the noise level o,,.
The neighborhood size Ry,ciq, must be sufficiently large to treat the higher noise levels. In the case of
low noise levels, the effect of large R,,¢i45 can be limited by the proper choice of o,. For these reasons,

o is considered as the most important parameter influencing the denoising efficiency of bilateral filter.
6.4 Experiments and Results

The dataset consists of T1 and T2 weighted MR images and experiments performed include images
degraded by noise levels 1%, 3%, 5%, 7% and 9%. The experiments for selecting the bilateral filter
parameters are conducted on a T2 weighted simulated MR, volume consisting of 142 images of resolution

217 x 181. The denoising results of the simulated images presented in the discussion are:
e T1 weighted axial MR image of normal brain.
e T2 weighted axial MR image of normal brain.

e T2 weighted axial MR image with multiple sclerosis (MS) lesion.
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

The clinical images contained in the experiments are as follows:

e T1 weighted axial MR image of normal brain with resolution 256 x 256.

o T2 weighted axial MR images of normal brain and tumor pathology. The resolution of the

images is 256 x 256.

o T2 weighted MR image of knee with resolution 512 x 512.

As explained in chapter 5, the denoising is performed on the squared magnitude images. Haar wavelet
is used for 3-level decomposition of the MR images. The wavelet coefficients are denoised using
NeighShrink thresholding.

The efficiency of this WD-BF method is compared with the unbiased non-local means (UNLM)
filtering and the wavelet denoising based on inter-scale dependency proposed in [66]. Also, the im-
provement in adopting the NeighShrink procedure in WD-BF approach is verified by comparing with
the VisuShrink approach proposed earlier.

UNLM is proved to be an efficient procedure for feature preserved denoising and they are shown to
outperform existing wavelet based denoising methods [87]. Bilateral filter has similar characteristics
as UNLM. However, UNLM are computationally expensive than bilateral filters.

The major advantage of UNLM is its exploitation of the intensity similarities. Similar exploitations
in the wavelet domain, where the data and noise can be efficiently discriminated provide better de-
noising. Hence, we have compared the performance of WD-BF with UNLM. The optimal parameters
of UNLM were chosen as given in [87].

The denoising technique proposed by Pizurica et al. [66] is one of the efficient wavelet based strategy
for denoising medical images. The method classifies the signal and the noisy wavelet coefficients by
exploiting the correlation between the coefficients across the resolution scales. This classification is
used to empirically estimate the statistical distributions of the coefficients based on which denoising is
performed. For this reason, the approach was capable of retaining the significant structural features
of the MR image while denoising. Hence, this wavelet denoising method is considered for comparing

with the proposed WD-BF approach.
6.4.1 Parameter selection

The optimal values of the bilateral filter parameters are determined by conducting experiments on

the simulated data sets, for different noise levels.
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6.4.1.1 Choice of R4

The value of Ry¢ign, gives the radii of the neighborhood window within which the weighted average
is computed. Its choice should remain a compromise between the (RMSE , SSIM) and the number of
computations. Here, RMSE quantifies the prediction error and SSIM gives the structural correlation.
As Ryeign increases, the computational complexity also increase.

The value of Rycign is chosen by evaluating for various combinations of (04,0r). The parameters
are chosen as; 1 < 04 <7, 0.10, < 0, < 70, and 3 < Ry, < 11. The experiments are conducted
for various noise levels.

For all the combinations of (o4,0,), the RMSE and the SSIM values are obtained. The RMSE
(SSIM) reaches its minimum (maximum) within the range 7 < Rpcign < 11. Also, the computed
values did not vary significantly over this range. This implies that the behavior of RMSE (SSIM) with
respect to Ryeign does not change for any values of (04, 0,). Hence, the optimal choice of R,,¢;gp, for a
particular value of (04, 0,) can be assumed to be valid for other combinations of (o4, 0, ).

The average results computed from the experiments conducted on a simulated T2 weighted MRI
volume are presented in Tablelt.Il It gives the average values of RMSE and SSIM obtained for
different choice of R,;4n and o,,. From the table, it can be verified that lower RMSE value implies
higher SSIM. Hence, the choice of R,¢;g, based on RMSE will hold true for SSIM.

For the values in Tabled6.I] the plot of variation in the RMSE (SSIM) values along Rycig for a
constant o,, is shown in Fig. The variation in RMSE (SSIM) values is computed as the first order
difference of RMSE (SSIM) with respect to Ryeign. This gives the rate of change in RMSE (SSIM)
values as Ryciqn increases. Thus, we can infer the critical value of Ry;s, beyond which it does not

influence the denoising performance.
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

Table 6.1: RMSE, SSIM values obtained for various (Rneigh,0n) and (o4 = 5,0, = 20,,).

" Bneigh 3 4 5 6 7 8 9 10 11
n
5 0.0041, | 0.0042, | 0.0042, | 0.0042, | 0.0042, | 0.0042, | 0.0042, | 0.0042, | 0.0042,
0.9753 | 0.9746 | 0.974 | 0.9735 | 0.973 | 0.9726 | 0.9722 | 0.9719 | 0.9716
10 0.0055, | 0.0056, | 0.0056, | 0.0056, | 0.0056, | 0.0056, | 0.0056, | 0.0056, | 0.0056,
0.9497 | 0.9521 | 0.9538 | 0.9556 | 0.956 | 0.9563 | 0.9564 | 0.9565 | 0.9566
20 0.0087, | 0.0086, | 0.0085, | 0.0085, | 0.0084, | 0.0084, | 0.0084, | 0.0084, | 0.0084,
0.8819 | 0.8893 | 0.8944 | 0.8981 | 0.9006 | 0.9023 | 0.9035 | 0.9043 | 0.9048
30 0.0115, | 0.0112, | 0.011, | 0.0109, | 0.0109, | 0.0108, | 0.0108, | 0.0108, | 0.0108,
0.8194 | 0.8326 | 0.8423 0.85 0.8601 | 0.8603 | 0.8634 | 0.8636 | 0.8640
10 0.0146, | 0.0141, | 0.0139, | 0.0137, | 0.0137, | 0.0136, | 0.0136, | 0.0136, | 0.0136,
0.772 | 0.7873 | 0.7989 | 0.8075 | 0.8157 | 0.8184 | 0.822 | 0.8236 | 0.8244
50 0.0217, | 0.0212, | 0.0208, | 0.0206, | 0.0205, | 0.0204, | 0.0204, | 0.0204, | 0.0204,
0.7305 | 0.7483 | 0.7617 | 0.7718 | 0.7853 | 0.7856 | 0.7882 | 0.7906 | 0.7921
70 0.0229, | 0.0224, | 0.0223, | 0.0222, | 0.0222, | 0.0221, | 0.0221, | 0.0221, | 0.022I,
0.6503 | 0.6697 | 0.6842 | 0.6944 | 0.7050 | 0.7073 | 0.7108 | 0.7132 | 0.7148
100 0.0355, | 0.0342, | 0.0334, | 0.033, | 0.0328, | 0.0327, | 0.0327, | 0.0327, | 0.0327,
0.5725 | 0.5926 | 0.6074 | 0.6178 | 0.6249 | 0.6299 | 0.6332 | 0.6335 | 0.6338
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Figure 6.1: Plot of variation in RMSE and SSIM for various combination of (Ryeigh,on) and (o4 = 5,0, =
20,,).

We can observe that the variation in R,,¢;gp, is not significant for lower o,,. However, as o, increases,
larger value of Rycigp is required in RMSE sense. As it is evident from Tablef6.1], Ry.cign > 8 is found
optimal, beyond which there is no significant change in the RMSE value. It can also be verified from
Fig. [61l(a). This is because, the spatial weight wg decreases for large Rycign- In practice, the size of
the window must be an odd number and hence, R,;s, must be 9. However, there is only negligible
difference in the performance of RMSE, for the choice of R,eg, = 7 and 9. In the case of SSIM,
there is no significant improvement for Ryc;q, > 7. Therefore, as a compromise between RMSE and
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6.4 Experiments and Results

computational complexity, Re;qn = 7 has been chosen.
6.4.1.2 Choice of ¢4 and o,

The parameters (o4, 0,) must be properly chosen to optimize the bilateral filter. o4 and o, are
the values at which the respective Gaussian weighting functions take their maximum derivatives, so
they serve as rough thresholds for identifying pixels that are spatially and radiometrically close. o4
characterizes the behavior of domain filter wg and o, influences the behaviour of the range filter wg.
The optimal choice of o4 and o, are evaluated by repeating the experiments for different combinations
of (o4, 0,) for a constant o,. The RMSE and SSIM value for each combination is calculated. The
combination of (o4, o) for which the RMSE is globally minimum (SSIM is high) under varying noise
level o, is chosen.

Larger values of o4 results in over-smoothing and decreases the RMSE. The experiments for various
combination of (o4,0,) at different noise levels are conducted on real high SNR MR images and
simulated MR images. The plots in Fig. and presents the results obtained for an T2 weighted
axial MR image. The 2-D plot in Fig. gives the average of RMSE and SSIM values estimated at
different noise levels for the simulated T2 weighted MRI brain volume consisting of 142 image slices
of thickness 1mm.

From the plot in Fig. [6:2] we can infer that the optimal value of o4 is 5. The choice of o, is directly
proportional to the noise variance o,. If 0. < 0, , noise pixels remain unfiltered. When o, > o, the
data is over smoothened. The optimal value of o, is identified to lie between (1.50,, — 20,,). The plot
in Fig. [6.3] gives the RMSE and the SSIM values obtained at different noise levels for constant oy
and varying o,.

Similarly from Fig. 64, we can conclude the range of o4 and o,. It can be observed that, the
minimum of RMSE and maximum of SSIM with respect to o, lies within the range (0.90,, —1.90,,) and
oq > b respectively. However, as the noise level increase the optimal range of o, narrows around 1.50,
and o4 > 5 remains optimal for all the considered noise level. Thus, the optimal values in reference

to RMSE and SSIM are chosen as 04 = 5 and o, = 1.50,,.
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Figure 6.2: Plot of o4 Vs. (RMSE, SSIM) for o, = 1.50,, and Rpeigh = 7.
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Figure 6.3: Plot of o, Vs. (RMSE, SSIM) for 04 =5 and Ryeigh = 7. 05 = 0y, is the estimated noise variance.
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Figure 6.4: 2D plot of the average of RMSE and SSIM(%) values obtained using WD-BF for different combi-
nations of (04, 0,). The experiments are carried on a simulated MR volume consisting of 142 images with slice
thickness 1mm. The results obtained at 1%, 5% and 7% of noise levels are displayed. o5 denotes the estimated
noise variance o,. The optimal range of RMSE and SSIM with respect to o, lies around 0.90,, to 1.90,, and for
oq > 5 for all the noise levels.

6.4.2 Denoising results - A comparative validation

The performance of the denoising methods is evaluated using RMSE, SSIM, contrast and residual
image. Additionally, in this chapter we introduce Bhattacharrya coefficient (BC) to measure the

correlation between the noise-free and the denoised MR image.

(i) Bhattacharrya coefficient (BC):
It is a correlation measure for finding the statistical similarity between two data samples. The
coefficient measures the closeness between two discrete probability distributions. In statistics,
BC is a measure of the statistical separability of classes, giving an estimate of the probability

of closeness. For the discrete probability distributions p and ¢ over the same domain X, it is

defined as [67,140]

(6.11)

= > Vp(x)q(x)

zeX
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

The range of the coefficient is 0 < BC' < 1. The value of BC closer to 1 indicates that the data

samples corresponding to the distribution p and g are similar.

For an 2-D image, its histogram gives the probability of distribution of the intensity values.
The correlation between two image histograms are estimated using the Bhattacharrya coefficient
(BC). It implies that the BC value characterizes the similarity between the grey level distribution
of the compared images. Also, spread of the histogram and the peaks in the histogram relates
to the contrast of the image. Therefore, unlike RMSE and SSIM, the BC is a global measure

computing the intensity similarity.
6.4.2.1 Evaluation on simulated dataset

A detailed evaluation of the denoising techniques is done by including MR images with different
structural characteristics. From the results, we observed that the Pizurica’s wavelet denoising method
is efficient for high structural MR images. But in the case of MR image with more smooth regions, the
method does not completely remove the noise in the very high intensity regions. Hence, it demands
high threshold values for which the significant signal details are also removed. Alternately, the WD-BF
approach based on VisuShrink performed well for MR images with large smooth regions. For the MR
data containing more details or the structural variations, the method yields over-smoothened images.

The UNLM algorithm proved efficient for MR images with varying structural characteristics. How-
ever WD-BF approach with NeighShrink yields comparatively better results. The performance of
UNLM decreases particularly at higher noise levels. This is because; as the noise value increase, the
level of smoothing in UNLM should also increase for ensuring noise removal. But, the smoothing
parameter in UNLM is not pixel adaptive and as a result it also removes the signal components. Con-
versely, the WD-BF method based on NeighShrink performed well for all the considered MR, images
and the denoising efficiency is comparatively high, as the noise level increase.

The denoising results of a simulated T1 weighted axial MR image corrupted by 5% of noise level is
shown in Fig. The values of the quality metrics corresponding to this image is given in Table{6.21
In order to ensure a comprehensive analysis, the results obtained for different noise noise levels are
shown in Fig. This T1 weighted MR image does not consist of large structural variations and for
this considerably low noise level, the denoising methods preserves the significant details of the image.
However, from the residual images the excessive smoothing along the edges introduced in the WD-BF

(VisuShrink) approach is clearly evident. However, it does not lead to loss in details and the value of
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SSIM suggest that WD-BF (VisuShrink) restored the structural details. In the Pizurica’s method some
of the strong noisy coefficients belonging to the high intensity regions are passed without thresholding.
Though not prevalent in the denoised image, such coefficients will introduce some unwanted blips like
artifacts in the reconstructed image. UNLM and WD-BF (NeighShrink) methods result in efficient
denoising. Though, UNLM efficiently perform smoothing along the edges, the smooth regions appear
over-smoothened and it also results in loss of small structural details. For these reason, WD-BF
approach has yielded better SSIM than the other techniques. The advantages of NeighShrink method
over the VisuShrink approach can be directly inferred from the denoising results. As we refer the BC
and the contrast plots in Fig. [6.6] it is evident that WD-BF approaches are efficient in restoring the

intensity distributions and thus, the contrast if the denoised image.
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (VisuShrink) (d) Pizurica’s method

(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.5: Denoising results of simulated T1 weighted axial image corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The computed value of contrast in the original image is 0.1608.

Table 6.2: Comparison of the denoising results based on the similarity metrics computed between the original
and the denoised T1 weighted axial simulated data. The simulated noisy image contains 5% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0253 0.0317 0.0233 0.0202
SSIM 0.9311 0.9218 0.9311 0.9517
BC 0.9810 0.9589 0.9655 0.9638
Contrast 0.1599 0.1601 0.1597 0.1603
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Figure 6.6: Comparative plot of denoising results obtained for the simulated T1 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.1608.

The denoising results of a simulated T2 weighted axial MR image corrupted by 5% of noise level

is shown in Fig. [6.7]

Except for the weighting, the axial section considered here is the same as in

Fig. The values of the quality metrics corresponding to this image is given in Tablel6.3l A

detailed analysis can be made from the results obtained for different noise noise levels and are shown

in Fig. This T2 weighted MR image consists of comparatively more structural variations. Hence,

the degradation in the visual quality of the denoised images obtained using WD-BF (VisuShrink) is

more prevalent and the results suggests that this approach performs poor even for low noise levels.

The UNLM performs better conveying the significance of the technique in edge preservation. The

residual images show that smoothing along edges in WD-BF (NeighShrink) is neither controlled as in

UNLM nor excessive as in WD-BF (VisuShrink). The extent of smoothing is balanced and hence, the

performance of WD-BF (NeighShrink) in terms of the quality metrics is better than UNLM.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(¢) WD-BF (VisuShrink) (d) Pizurica’s method (e) UNLM (f) WD-BF (NeighShrink)

RESIDUAL IMAGES

(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.7: Denoising results of simulated T2 weighted axial MR image corrupted by 5% noise level. The
region within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the
contrast. The original contrast measured is 0.4803.

Table 6.3: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial simulated MR image. The simulated noisy image contains 5% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0588 0.0479 0.0417 0.0398
SSIM 0.8636 0.8956 0.9242 0.9278
BC 0.9716 0.9655 0.9738 0.9761
Contrast 0.4804 0.4581 0.4815 0.4819
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Figure 6.8: Comparative plot of denoising results obtained for the simulated T2 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.4803

The plots in Fig. show that for varying noise levels, the performance of WD-BF (NeighShrink)
and UNLM are better than other considered methods. The BC value and the contrast of the denoised
image obtained using Pizurica’s method is comparatively inadequate. The denoising results of a
simulated T1 weighted axial MR image corrupted by 7% of noise level is shown in Fig. [6.91 The
considered image is pathological data containing severe multiple sclerosis (MS) lesions. The MS
lesions are considered as a white matter disease and its imaging characteristics are similar to the
characteristics of white matter. This data does consists of structural variations that are of diagnostic
importance. Hence, from the results obtained on this image it is possible to review the advantage of

these denoising methods in preserving the clinically significant information.
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(a) Original image (b) Noisy image
DENOISED IMAGES

(¢) WD-BF (VisuShrink) (d) Pizurica’s method (e) UNLM (f) WD-BF (NeighShrink)
RESIDUAL IMAGES

(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.9: Denoising results of simulated T1 weighted axial MR image with severe MS lesions corrupted by
7% of noise level. The region within the boxes represent the low intensity ROI and the high intensity ROI
chosen for calculating the contrast. The measured value of contrast is 0.0980.

Table 6.4: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image with severe MS lesions. The simulated noisy image contains
7% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0424 0.0551 0.0339 0.0268
SSIM 0.9168 0.8787 0.8932 0.9283
BC 0.9249 0.8249 0.8985 0.9367
Contrast 0.0899 0.0781 0.0876 0.0908
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Figure 6.10: Comparative plot of denoising results obtained for the simulated T1 weighted axial MR image
with severe MS lesions at varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise
level oy, (c¢) BC value versus the noise level o, (d) Contrast versus the noise level o,,. Original contrast =
0.0980.

The values of the quality metrics corresponding to this image are given in Tablel6.4l The results
obtained for different noise noise levels are shown in Fig. At lower noise levels, the UNLM
approach is better than the WD-BF (VisuShrink) method. As the noise level increase, UNLM results
in more smoothing of the structural features and also, the contrast is not restored. The blip-like
artifacts in the Pizurica’s method can be observed from the denoised image in Fig. [6.9(d) .

As we refer the BC and the contrast plots in Fig. [6.10] it is evident that WD-BF approaches are
efficient in restoring the intensity distributions and thus, the contrast of the denoised image. Thus,

these results prove the reliability of WD-BF (NeighShrink) for feature preserved MR image denoising.
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Figure 6.11: Results of experiments performed on a sequence of MR images collected from an simulated T2
weighted axial MR volume of slice thickness 1mm. (a) Plot of RMSE and SSIM values obtained at 1%, 3%, 5%
and 7% of noise level. (b) Plot of BC values, that represents the statistical correlation between the denoised
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The performance was also evaluated for the entire sequence of an MRI scan (at specific intervals) in
order to take into account the influence of structural variations on the efficiency of denoising methods.
The results obtained for denoising MRI slices (3 — 24) interleaved at interval of 3, for four different
noise levels are shown in Fig. It can be noted that, the performance of WD-BF with VisuShrink
is inferior to NeighShrink and UNLM with respect to RMSE and SSIM. The performance of WD-BF
with NeighShrink and UNLM in terms of SSIM and BC values are significantly close for low noise
levels and at higher noise levels, the performance of WD-BF with Neighshrink is notably better than
UNLM. The considered images have large structural details and hence, Pizurica’s denoising method
is better than WD-BF (VisuShrink). The RMSE plot shows that the prediction error is minimum for
WD-BF with NeighShrink and hence, the image characteristics are well preserved. However, in terms

of the BC value, WD-BF approaches show improved performance.
6.4.2.2 Evaluation on clinical dataset

Similar to the simulated images, the clinical dataset also includes images with different structural
characteristics and pathological importance.

The experiments are include a clinical T1 weighted axial MR image with very low structural
features. The denoising results for 5% noise level are shown in Fig. and the corresponding
values of quality metrics are listed in Tabled6.5l The plot in Fig. gives the denoising results at
different noise levels obtained for this clinical T1 weighted image. Due to the image characteristics,
the SSIM values for WD-BF (VisuShrink) is superior to Pizurica’s method and UNLM. However, the
difference in RMSE values sufficiently characterize the extent of smoothing in the denoising methods.
Accordingly, WD-BF with NeighShrink thresholding is superior with respect to RMSE, SSIM and also
has the higher BC value and the contrast value representing the similarity between the denoised and
the original image. The plots in Fig. explain the proficiency of WD-BF (NeighShrink) denoising

approach.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(¢) WD-BF (VisuShrink) (d) Pizurica’s method (f) WD-BF (NeighShrink)

RESIDUAL IMAGES

(g) WD-BF (VisuShrink) ) Pizurica’s method ) UNLM (j) WD-BF (NeighShrink)

Figure 6.12: Denoising results of clinical T1 weighted axial image corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The measured value of contrast in the original image is 0.2677.

Table 6.5: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image. The clinical noisy image contains 5% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0245 0.0212 0.0162 0.0128
SSIM 0.9675 0.9567 0.9567 0.9726
BC 0.9467 0.8943 0.9910 0.9942
Contrast 0.2528 0.2300 0.2399 0.2541
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Figure 6.13: Comparative plot of denoising results obtained for the clinical T1 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.2677.

The results obtained for a clinical T2 weighted axial brain image corrupted by 5% noise level are
shown in Fig. (.14l The image contains severe tumor pathology and hence, it shows large structural
variations and the structural details in this MR image has large spatial support. As a result, the WD-
BF (VisuShrink) does not yield over-smoothened results as in the case of Fig. The corresponding
values of quality metrics are listed in Tabled6.6l The plots in Fig. give the denoising results at
different noise levels obtained for this clinical T2 weighted image. At low noise levels, the performance
of Pizurica’s method and the UNLM is better than WD-BF (VisuShrink). From the plots in Fig. 6.15]
we can observe that the performances of the Pizurica’s and the UNLM methods are comparatively
less than the WD-BF approaches. Particularly, in the Pizurica’s approach, the noisy coefficients

corresponding to the high intensity regions are retained as the signal components.
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(a) Original image (b) Noisy image
DENOISED IMAGES

(c) WD-BF (VisuShrink) (d) Pizurica’s method (e) UNLM (f) WD-BF (NeighShrink)
RESIDUAL IMAGES

(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.14: Denoising results of clinical T2 weighted axial data containing severe pathology corrupted by 5%
noise level. The pathological information corresponds to the area containing high intensity masses. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The computed contrast value is 0.1957.

Table 6.6: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial MR image with severe pathology. The clinical noisy image contains 5%
of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0253 0.0296 0.0254 0.0177
SSIM 0.9383 0.9049 0.9242 0.9471
BC 0.9702 0.9516 0.9515 0.9738
Contrast 0.2056 0.1939 0.2080 0.2053
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Figure 6.15: Comparative plot of denoising results obtained for the clinical T2 weighted axial MR image with
severe pathology at varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,
(¢) BC value versus the noise level o,, (d) Contrast versus the noise level o,,. Original contrast = 0.1957.

The results obtained for an another clinical T2 weighted axial brain image corrupted by 7% noise
level are shown in Fig. The image contains large structural variations and the structural details
in this MR image has less spatial support. Hence, the WD-BF (VisuShrink) yields over-smoothened
results. The corresponding values of quality metrics are listed in Table{6.7l The plots in Fig. gives
the denoising results at different noise levels. As expected, the UNLM approach performs better than
the WD-BF (VisuShrink) technique. But, in comparison with the WD-BF (NeighShrink) method,
it is clearly evident that most of the structural information contained in the images are completely
lost in UNLM approach. In Pizurica’s method, despite the excess smoothing of the structural details
significant number of noisy coefficients in the high intensity areas are not completely smoothened.
Also, it is evident that the contour between the inter tissue regions are completely smoothened in
the UNLM and Pizurica’s approach. Instead, these significant details are preserved in the WD-BF

methods.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(¢) WD-BF (VisuShrink) (d) Pizurica’s method (e) UNLM (f) WD-BF (NeighShrink)
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(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.16: Denoising results of clinical T2 weighted axial MRI corrupted by 7% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
Measured contrast value is 0.2964.

Table 6.7: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial MR image. The clinical noisy image contains 7% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0506 0.0436 0.0368 0.0316
SSIM 0.8848 0.8768 0.8917 0.9199
BC 0.9740 0.9358 0.9511 0.9665
Contrast 0.2911 0.2547 0.2839 0.2922
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Figure 6.17: Comparative plot of denoising results obtained for the clinical T2 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.2964.

The results obtained for a high contrast T2 weighted knee MR image corrupted by 5% noise level
are shown in Fig. The image contains excessive structural variations that include structural
details with large and less spatial support. The corresponding values of quality metrics are listed
in Tabled6.8 The plots in Fig. give the denoising results at different noise levels. Due to the
high contrast nature of this MR image most of the structural details are preserved by the denoising
methods. However, Pizurica’s method fails to remove the noise contained in the high intensity regions
and creates blips like structures. For higher noise levels, most of these noise structures are passed in
to the denoised images and it results in poor performance in terms of the BC and the contrast. In
terms of the quality metrics, the WD-BF (NeighShrink) method is comparatively better and at higher
noise levels, the approach produced perceptually better denoising results than the other compared

techniques.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(¢) WD-BF (VisuShrink) (d) Pizurica’s method (e) UNLM (f) WD-BF (NeighShrink)
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(g) WD-BF (VisuShrink) (h) Pizurica’s method (i) UNLM (j) WD-BF (NeighShrink)

Figure 6.18: Denoising results of clinical T2 weighted knee MR image corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The original contrast is 0.4521.

Table 6.8: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted knee MR, image. The clinical noisy image contains 5% of noise.

WD-BF (VisuShrink) | Pizurica’s method | UNLM | WD-BF (NeighShrink)
RMSE 0.0408 0.0353 0.0340 0.0220
SSIM 0.8813 0.8249 0.8431 0.9020
BC 0.9742 0.9696 0.9771 0.9895
Contrast 0.4583 0.4147 0.4587 0.4581
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Figure 6.19: Comparative plot of denoising results obtained for the clinical T2 weighted knee MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.4521.

6.5 Summary

An improved WD-BF approach using the NeighShrink thresholding algorithm is proposed for
achieving feature preserved MR image denoising. Through the denoising results presented, we ex-
ploited the structural dependency of the denoising methods.

It is evident that the efficient denoising procedures like UNLM and inter-scale dependent wavelet
denoising proposed by Pizurica et al [66] are particularly well suited for MR images with high structural
variations. However, the smoothing parameters in UNLM is not pixel adaptive and so, for higher
noise levels the method lacks the sufficient information for differentiating the signal and the noisy
coefficients.

In contrast, Pizurica’s method based on coefficient classification benefits most of the

high magnitude noisy coefficients yielding artifacts in the reconstructed images. As the threshold for
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6. MR Image Denoising using WD-BF and NeighShrink Thresholding

coefficient classification is increased, large signal details are also removed as noise. Also, the contrast
of the denoised MR image is very poor for higher noise levels.

The proposed WD-BF approach is capable of efficiently discriminating the signal and the noisy
details. The WD-BF using soft thresholding, preserves the image structures but they are blurred.
Therefore, we have the proposed WD-BF with NeighShrink to exploit the neighborhood similarities
for improving the denoising of wavelet coefficients. Through experiments, we have successfully verified
that exploring the neighborhood similarities in the wavelet domain improves the denoising efficiency
by preserving the delicate structural details and not blurring the edge features. RMSE, SSIM, BC
and contrast are used as the similarity metrics. The valuation of contrast over the ROI, helps in
determining the perceptual quality of the denoised image. The BC values obtained indicate the

statistical validity of the proposed method over other considered denoising methods.
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7. WD-BF based on Pixel-Wise Adaptation of Bilateral Filter

7.1 Introduction

One of the main issues identified during the development of WD-BF method for MR image de-
noising is the optimization of the bilateral filter parameters. As explained in the previous chapter, the
width of the domain and the range filters are chosen experimentally to suit the application. It is also
shown that the range parameter (o) is more decisive than the domain parameter (o) and its width
should be directly proportional to the noise level (o,,) for better denoising. The best choice of o, for
MR images is empirically obtained as 1.50,. However, this choice need not be optimum for all the
MR images considered. The desired optimal choice can be achieved if o, depend on the characteristics
of the MR, image being filtered.

Therefore, with the incentive to eliminate the experimentation procedures required for choosing
the best value of 0., a method based on the local variances of the noisy MR image to be filtered is
proposed. The choice of o, is made proportional to the local statistics and thus, it led to pixel-wise
adaptation of the filter parameter o,.

In this proposed approach, the range parameter o, for each pixel is computed through power-law
scaling of the inverse of its local variance. Thus an adaptive range function that is narrow along the
edges and wide for smooth regions is obtained. As result, at higher noise levels the smoothing along the
edges remains condensed than in the conventional bilateral filter. But, this adaptation of bilateral filter
in most of the experiments did not yield very significant improvement in the WD-BF framework. This
is because; bilateral filtering in WD-BF is performed on the approximation coefficients at coarsest scale
in which the noise level is very less. Therefore, the main advantage it offered in WD-BF framework is
the automatic choice of o,.

However, this pixel-wise adaptation of bilateral filter in spatial domain performs better than the
conventional bilateral filter under Gaussian noise assumption. The evaluations on the standard test
images (general images) and the corresponding results are discussed in appendix [Al

This chapter explains this proposed approach for pixel-wise adaptivity of bilateral filter based on
the local variances and presents the denoising results obtained by employing the pixel-wise adaptive

bilateral filter in the WD-BF framework.
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7.2 Automatic Parameter Selection

Recalling from chapter Bl the range W, and the domain W, components of the bilateral filter are

defined respectively as

o =22+ (=9
Wa(i;z,j5y) = exp | — 557 (7.1)
d

and

.. 2
Wo(f (i,5) s £ (2,1)) = exp <_ |f (i) = f (z,9)] ) (7.2)

202
The parameters afl and o2 are the variances that specify the width of the domain and range kernels
respectively. The optimal performance of the bilateral filter depends on the choice of o4 and o, .
Hence, they are considered as the controlling parameters. From the definitions it can be inferred that
the domain component is independent of the image content. Its influence depends only on the spatial
distance between the pixels and not on their intensity values. Conversely, the range component
depends on the intensity values and hence, it decreases the influence of pixels at (i,7) when their
intensity values differ from f (x,y). This implies that the range component adapts to the structural
content of the image and therefore, the extent of filtering is more influenced by the choice of o, . It
can be inferred that large noise levels require higher values of o, and vice-versa. This dependency
leads to the proportionality,

or = Aoy (7.3)

A is the constraint parameter that determines the value of .. Large value of A will over smooth
the image and small values will not suppress noise properly. Generally, the optimal value of X is
chosen experimentally such that there remains a tradeoff between image smoothing and its sharpness.

However, this approach has the following setbacks:

(i) It demands several experiments to obtain an optimal A for image denoising. Since its choice
is independent of image characteristics it may not be optimal for all the images corrupted by

various noise levels.

(ii) A is a scalar resulting in a single choice of o,. It means that the level of smoothing is uniform
over the entire image. Thus it assumes that the influence of noise is independent of the image

content. But real images almost always violate this assumption.
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7. WD-BF based on Pixel-Wise Adaptation of Bilateral Filter

The noise in smooth regions is perceptually more dominant than in the edges and coarse texture
regions. This requires comparatively less smoothing along the edges and the coarse details [141]. This
problem can be handled by varying the control parameter o, (and so A) from pixel to pixel. This is
done using the local statistics of the image to be denoised.

The local mean (variance) of a pixel f (z,y) is computed locally over its neighborhood of size
(2Rpcigh + 1) X (2Rpeigh + 1). The mean of a pixel my, is defined as [142]

1 "E+Rneigh y+Rneigh

Myy = m Z Z ACY)) (7.4)

i:m_Rneigh j:y_Rneigh
Similarly, the variance of a pixel U%y is obtained from

1 x+Rneigh y+Rneigh
2 . 2
neigh i:x_Rneigh j:y_Rneigh
The pixels belonging to the high contrast regions such as edges and coarse texture regions have high

variance and those belonging to smooth regions have low variance values [141]. Since the objective is

to restrict A along the high contrast regions it is assumed that

P w (7.6)
o
xy

The locally computed variance varies directly as its mean and so there exists large variations in the
value of A corresponding to pixels in the low and high contrast regions. Hence, power-law transforma-
tion is performed to stabilize the dynamic range and scale the values of A [42]. Therefore, the value

of o, for each pixel at (z,y) is obtained as

(Ur);py = ()‘fcy)’y On, (7.7)

The choice of v controls the degree of smoothing. The resultant o, is a matrix of control values that
varies according to the pixel characteristics and is also properly balanced among the pixels belonging
to smooth regions, edges and coarse texture regions. The range component in Eq. (2) is adapted

pixel-wise and can therefore be redefined as,

(7.8)

WA (1.4): £ (@,y)) = exp <_|f(w) — f (,9)| )

Q(Uz)ry
The support of the bilateral filter varies with respect to the pixel characteristics and hence, the

adaptivity of the filter is improved. We refer the bilateral filter defined using the pixel-wise range
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Figure 7.1: Pixel-wise choice of o, obtained for a simulated T2 weighted MR image corrupted by 5% noise.
The 2D maps illustrates the pixel-wise o, values obtained with respect to the standard deviation o, of the
pixel. The neighborhood size for computing the o, and o, is chosen as 7 x 7.
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Figure 7.2: Pixel-wise choice of o, obtained for a clinical T2 weighted sagittal MR image corrupted by 5%
noise. The 2D maps illustrates the pixel-wise o, values obtained with respect to the standard deviation o, of
the pixel. The neighborhood size for computing the o,, and o, is chosen as 7 x 7.

component W;“ as adaptive bilateral filter (ABF). Accordingly, the WD-BF framework based on ABF
will be referred as WD-ABF.

7.3 Results and Discussion

The optimal neighborhood size for computing the local variance and the response of the filter is
experimentally determined as 7 x 7. The value of domain parameter o4 is fixed as 5. The wavelet
sub-bands are denoised using NeighShrink thresholding scheme.

The values of the range parameter o,, computed for each pixel of a simulated noisy T1 weighted axial
MR image and a clinical T2 weighted sagittal MR image are shown in Fig. [Tl and respectively.
It can be verified that the o, values corresponding to the edge pixels are less than the pixels in flat

regions and also the range parameter value for each edge pixel depends on its strength. This is because
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7. WD-BF based on Pixel-Wise Adaptation of Bilateral Filter

the strong edges are less influenced by noise than the weak edges. As a result the variance of the strong
edge pixels is high and weak edges are characterized by comparatively low variance values. Thus the
degree of smoothing along the strong edges is relatively less than the weak edges.

From the experiments, it is observed that as the noise level increases the local variance in the
flat regions increases substantially than in the edges. For this reason the slope of the power-law
transformation should be accordingly chosen such that the range of (o), values corresponding to the
pixels f(z,y) in the flat regions will be expanded to ensure sufficient smoothing. Therefore, v can be
varied to adjust the level of smoothing.

The advantages expected through this adaptive bilateral filter (ABF) strategy are the (i) automa-
tization and (ii) improvement in the denoising performance. Particularly, the improvements are very
significant in the spatial domain adaptive bilateral filtering. This is explained through the denoising
results obtained by performing experiments on general test images as presented in appendix [Al

In the WD-BF method, bilateral filtering is applied on the approximation coefficients at the coarsest
scale in which the noise level is very less. As a result, taking in the proposed adaptive bilateral filter
in wavelet domain did not yield any significant improvement over the conventional bilateral filter.
Thus, the advantage offered by the WD-ABF method is the automatization of parameter selection.
However, in the case of MR images for which the choice 1.50,, is not optimum, the WD-ABF strategy
has improved the denoising performance. Similar improvements are also observed for MR images
with more structural details that is corrupted by high noise levels. Therefore, the validity of the
proposed WD-ABF method is confirmed if it yields almost same or even better denoising efficiency
than the WD-BF approach in which the value of o, is chosen experimentally. Except for the additional
computations involved in calculating the local variances, the computational complexity of the adaptive
bilateral filter is same as the conventional bilateral filter.

The evaluation of the proposed method for automatic and pixel-wise adaptation of bilateral filter
is verified by conducting experiments on simulated and clinical MR, images. The empirically suitable
value of power variable v in Eq. (7.7) is estimated as 1.50,, for denoising MR images in the squared
magnitude domain. The denoising results of UNLM and Pizurica’s method are also included to

complete the discussion.
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(a) Original image (b) Noisy image
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(c) Pizurica’s method (d) UNLM (e) WD-BF (NeighShrink) (f) WD-ABF (NeighShrink)
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Figure 7.3: Comparison of the denoising results of a simulated T1 weighted axial image corrupted by 5%
noise level. The results illustrate the preciseness of the proposed automatic parameter selection approach for
bilateral filter. The region within the boxes represent the low intensity ROI and the high intensity ROI chosen
for calculating the contrast. The computed value of contrast in the original image is 0.1406.

Table 7.1: Comparison of the denoising results based on the similarity metrics computed between the original
and the denoised T1 weighted axial simulated data. The simulated noisy image contains 5% of noise.

Pizurica’s method | UNLM | WD-BF (NeighShrink) | WD-ABF (NeighShrink)
RMSE 0.0329 0.0313 0.03063 0.0305
SSIM 0.8949 0.9022 0.9337 0.9338
BC 0.9310 0.9305 0.9338 0.9352
Contrast 0.1317 0.1345 0.1444 0.1452
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Figure 7.4: Comparative plot of denoising results obtained for the simulated T1 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.1406.

The denoising results of a simulated T1 weighted axial MR image corrupted by 5% of noise level are
shown in Fig. The values of the quality metrics corresponding to this image are given in TabledZ.11
This T1 weighted MR image consists of large structural variations with good spatial support.

From the denoised images, it is evident that the WD-ABF method performs similar to WD-BF
which means that the automatically estimated pixel-wise o, fits the performance obtained using the
empirically chosen optimal value. In the Pizurica’s method, the image features especially the inter-
tissue boundaries are well preserved. Despite this advantage, some of the high magnitude noisy
coefficients appear as blips in the denoised image limiting its extent of smoothing. However, UNLM
offers better smoothing but it also results in excessive smoothing of the image structures. The WD-
BF approaches succeeds in achieving good smoothing along with preserving the image details. The

comparative plots of the denoising results obtained for different noise levels are given in Fig. [7.4
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(a) Original image (b) Noisy image
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Figure 7.5: Denoising results of a simulated T2 weighted axial image containing lesions and corrupted by 7%
noise level illustrating the efficiency of the WD-BF and the WD-ABF methods. The region within the boxes
represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast. The computed

value of contrast in the original image is 0.3361.
Table 7.2: Comparison of the denoising results based on the similarity metrics computed between the original

and the denoised T2 weighted axial simulated data containing lesions. The simulated noisy image contains 7%

of noise.
Pizurica’s method | UNLM | WD-BF (NeighShrink) | WD-ABF (NeighShrink)
RMSE 0.0589 0.0528 0.0471 0.0471
SSIM 0.8983 0.9028 0.9118 0.9120
BC 0.8512 0.8533 0.8901 0.8950
Contrast 0.3242 0.3389 0.3387 0.3393
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Figure 7.6: Comparative plot of denoising results of the simulated T2 weighted axial MR image containing
lesions obtained at varying noise levels. (a) RMSE versus the noise level a,, (b) SSIM versus the noise level oy,
(c) BC value versus the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.3361.

The results of a simulated T2 weighted axial MR image corrupted by 7% of noise level are shown in
Fig. and the corresponding values of the quality metrics are given in Table{Z.2l The image has less
structural variations but contains image details including the lesions with high contrast. Some of these
lesions have good spatial support and others exhibits poor support. Therefore, the denoising methods
should ensure to preserve most of these information while removing noise. From the denoised images
it is apparent that WD-BF approaches are superior to the other considered denoising methods. In
Pizurica’s method, the lesions with small spatial support are completely removed and also the noisy
coefficients retained in the high magnitude regions are clearly visible. Alternately, in the UNLM
approach the noise in the high magnitude regions are smoothened. But, the details are not completely

preserved.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) Pizurica’s method (d) UNLM (e) WD-BF (NeighShrink) (f) WD-ABF (NeighShrink)

RESIDUAL IMAGES

(g) Pizurica’s method (h) UNLM (i) WD-BF (NeighShrink)  (j) WD-ABF (NeighShrink)

Figure 7.7: Denoising results of a clinical T1 weighted axial image corrupted by 5% consisting of less structural
variations. The region within the boxes represent the low intensity ROI and the high intensity ROI chosen for
calculating the contrast. The computed value of contrast in the original image is 0.0710.

Table 7.3: Comparison of the denoising results based on the similarity metrics computed between the original
and the denoised T2 weighted axial clinical data containing lesions. The clinical noisy image contains 5% of

noise.
Pizurica’s method | UNLM | WD-BF (NeighShrink) | WD-ABF (NeighShrink)
RMSE 0.0277 0.0206 0.0128 0.0128
SSIM 0.9473 0.9496 0.9712 0.9702
BC 0.8688 0.9755 0.9872 0.9871
Contrast 0.0720 0.0748 0.0754 0.0753
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Figure 7.8: Comparative plot of denoising results of the clinical T1 weighted axial MR image obtained at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.0710.

From the residual images in Fig. [[.6] we can infer that the smoothing along the details is slightly
more in WD-BF approaches. Despite this excessive smoothing, the details are preserved better in
the WD-BF and WD-ABF methods comparatively. The plots of the denoising results obtained for
different noise levels are given in Fig. It can be observed that the WD-ABF approach has shown
slight improvement over the WD-BF method in terms of the BC value.

The denoising results of a clinical T1 weighted axial MR image corrupted by 5% noise level are
presented in Fig. [.7l The obtained values of the image quality metrics is given in Tablel7.3l This
MR image mostly consists of smooth regions and less structural details. Also, the structural details
have less spatial support (like the edges). From the results it is evident that as the Pizurica’s method

tend to preserve the details, the smoothing along the detail structures is not sufficient.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) Pizurica’s method (d) UNLM (e) WD-BF (NeighShrink) (f) WD-ABF (NeighShrink)

RESIDUAL IMAGES

(g) Pizurica’s method (h) UNLM (i) WD-BF (NeighShrink)  (j) WD-ABF (NeighShrink)

Figure 7.9: Denoising results of a clinical T2 weighted sagittal image corrupted by 7%. The image contains
high structural variations and also exhibits good inter-tissue contrast. The region within the boxes represent
the low intensity ROI and the high intensity ROI chosen for calculating the contrast. The computed value of
contrast in the original image is 0.3323.

Table 7.4: Comparison of the denoising results based on the similarity metrics computed between the original
and the denoised T2 weighted sagittal clinical data. The clinical noisy image contains 7% of noise.

Pizurica’s method | UNLM | WD-BF (NeighShrink) | WD-ABF (NeighShrink)
RMSE 0.0422 0.0374 0.0307 0.0270
SSIM 0.8562 0.8511 0.8889 0.9246
BC 0.9367 0.9608 0.9502 0.9613
Contrast 0.3153 0.3352 0.3359 0.3359
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Figure 7.10: Comparative plot of denoising results of the clinical T2 weighted sagittal MR image obtained at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.3323.

Hence, the contrast with respect to the edges have reduced. While, the UNLM method yields
over-smoothing in the flat regions despite preserving the image structures. The denoising results of
WD-BF approaches are comparatively better and clearly, the details are preserved well and sufficient
smoothing is achieved in the flat regions. The comparative plots of the denoising results obtained by
repeating the experiments for varying noise levels are given in Fig. [[.8

The results of the experiments performed on a clinical T2 weighted sagittal MR, image corrupted
by 7% of noise are shown in Fig. This image consists of high structural variations and particularly,
the image details with low spatial support has high contrast. The denoising results suggests that the
denoising efficiency of WD-BF approaches are better than the other techniques. As expected, the

Pizurica’s method has introduced blips in the denoised image.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) Pizurica’s method (d) UNLM (e) WD-BF (NeighShrink) (f) WD-ABF (NeighShrink)

RESIDUAL IMAGES

(g) Pizurica’s method (h) UNLM (i) WD-BF (NeighShrink)  (j) WD-ABF (NeighShrink)
Figure 7.11: Denoising results of a clinical T2 weighted axial image corrupted by 7% noise level. The region

within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The computed value of contrast in the original image is 0.1786.

Table 7.5: Comparison of the denoising results based on the similarity metrics computed between the original
and the denoised T2 weighted axial clinical data. The clinical noisy image contains 7% of noise.

Pizurica’s method | UNLM | WD-BF (NeighShrink) | WD-ABF (NeighShrink)
RMSE 0.0455 0.0438 0.0331 0.0329
SSIM 0.8631 0.8749 0.9198 0.9211
BC 0.9128 0.9518 0.9841 0.9839
Contrast 0.1563 0.1709 0.1684 0.1684
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Figure 7.12: Comparative plot of denoising results of the clinical T2 weighted axial MR image obtained at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o, (¢) BC value versus
the noise level o, (d) Contrast versus the noise level o,,. Original contrast = 0.1786.

While UNLM resulted in excessive smoothing of some of the image features. From the values of
the quality metrics, we can infer the actual advantage offered by the WD-ABF approach over WD-BF
method. As mentioned earlier, the empirically determined choice of o, will not be the optimal choice
for all the MR, images. Under such conditions, the value of o, may be less resulting in poor smoothing
or it would be high yielding excessive smoothing. For this particular MR image, the fixed choice of
o was not sufficient to smooth the noise in the high contrast regions. Though the difference between
the denoised images obtained from WD-BF and WD-ABF is not perceivable, the advantage can be
confirmed from the values of the quality metrics in Table{7.4l The results obtained by repeating the
experiments for varying noise levels also proves the improvement in the denoising efficiency achieved
by utilizing the ABF in the wavelet domain.

Similarly, an other clinical T2 weighted axial MR image with high contrast and fine structural
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details is considered in the experiments. The denoising results of this MR image corrupted by 7%
noise are given in Fig. [LIIl The corresponding values of quality metrics are tabulated in Table{7.5l
The evaluations from the experiments performed for varying noise levels are shown in Fig. [.121 It
is clearly evident that the proposed wavelet domain bilateral filter strategy exhibits good denoising
efficiency and the proposed method for automatic parameter selection clearly attains the optimal

performance.

7.4 Summary

Fundamentally, the bilateral filter in its standard form itself is an optimal filter for image de-
noising. Inspite of all the possible modifications of bilateral filter, it should be understood that the
conventional bilateral filter will be optimum for a particular choice of its filter parameters. Therefore,
any improvements in bilateral filter suggested for noise removal can be attained by properly choosing
the filter parameters. This inference is logical in the sense that the standard form of bilateral filter
is itself pixel-adaptive due to its dependence on the intensity similarities. Therefore, an important
advancement for bilateral filter will be the automatic choice of optimal filter parameter o,.. Such an
advancement will eliminate the need for several experiments in finding the optimal value of o,..

In this chapter a very simple and an intuitive approach for automatically finding the values of filter
parameter o, has been proposed. The computation for automatically tuning the control parameter
o based on the local variance has also led to the pixel-wise adaptation of WD-BF. An important
advantage offered by the proposed approach along with the automatization is the improvement in
the denoising performance. Conversely, in the WD-BF strategy the bilateral filter is applied on the
approximation coefficient at the coarsest scale in which the noise level is very low. As a result, there was
no plausible improvement in the denoising performance of WD-ABF. However, the objective towards
developing an automatic parameter selection procedure turned prolific. Alternately, in spatial domain
the proposed adaptive bilateral filter method offer some improvements and hence, its applicability in

denoising general images under Gaussian noise assumption is discussed in the appendix [Al

TH-1128 06610201

145



7. WD-BF based on Pixel-Wise Adaptation of Bilateral Filter

TH-1128 06610201

146



Applicability of Bilateral Filter in
Wavelet Thresholding

Contents
8.1 Imtroduction . ... ... . ... i e e e e [148
8.2 Wavelet Thresholding Approaches . . . ... ... ... ... [148
8.3 Adaptive VisuShrink - Proposed method . . . ... ... .......... 152
8.4 Bilateral Filtering as an Alternative to Wavelet Thresholding . ... .. [154
8.5 Experimentsand Results . . . ... ... ... ... ... ... 00000 156
8.6 SUMIMATY . . v v v v v v v v v et e e et e e e e e e e e e e e e e e e e e e 182

TH-1128 06610201

147



8. Applicability of Bilateral Filter in Wavelet Thresholding

8.1 Introduction

The proposed WD-BF as discussed through the previous chapters has successfully exploited the
characteristics of bilateral filter in improving the efficiency of wavelet domain denoising techniques.
The WD-BF approach is capable of preserving the image details, while smoothing the noise contained
in the image. Therefore, wavelet thresholding in the WD-BF domain has evolved as an efficient feature
preserving denoising method for MR images. In WD-BF, bilateral filter is employed for smoothing the
approximation coefficients obtained at the coarsest scale. Similarly, we consider that the properties
of bilateral filter can also be exploited for denoising the detail coefficients obtained at each scale in
wavelet decomposition. Accordingly, we proposed two basic approaches based on the bilateral filter
for denoising the detail coefficients.

The first method is named as Adaptive VisuShrink and it is formulated by modifying the universal
threshold based on the spatial context of the wavelet coefficients. The spatial context information of
the coefficient is computed using the range filter W,.(z,y) employed in the formation of bilateral filter.
The second approach projects bilateral filtering as an effective alternative to the wavelet thresholding
methods.

The chapter begins with the formulations of conventional threshold selection and thresholding
rules utilized in wavelet denoising. With these fundamentals, the proposed adaptive VisuShrink and
wavelet denoising based on bilateral filter are explained. The results obtained through the experiments

are included for confirming the significance of these methods.

8.2 Wavelet Thresholding Approaches

The properties of wavelet decomposition forming the basics in wavelet denoising are the (i) sparsity
(ii) locality and (iii) multi-resolution [5]. The sparsity is the common characteristic of wavelet decom-
position and it indicates the singularities of the image represented in the detail sub-bands. Locality
refers to the spatio-frequency representation achieved in wavelet transforms. The wavelet bases gives
exact information on the frequency and the spatial location. Hence, each wavelet coefficient carries
a local information. Due to its multi-resolution or the multi-scale characteristics, it offers several
possibilities for noise removal based on the inter-scale correlation of the detail coefficients.

Wayvelet denoising through thresholding requires a threshold selection strategy and a thresholding

rule. The threshold selection gives an optimal threshold value for differentiating the signal and the
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noise components. The thresholding rule specifies the shrinkage function that controls the extent
of smoothing. Most of the formulations are already presented in chapters Bl and [0l However, those

formulations are re-summarized in this chapter to maintain the continuity.
8.2.1 Thresholding rules

Wavelet thresholding is a non-linear technique which removes or shrink the wavelet coefficients
based on a threshold. It is basically based on the decorrelating property of the wavelet transform.
The magnitude of the wavelet coefficients corresponding to the noise pixels are smaller than the
signal coefficients. Therefore, by shrinking coefficients smaller than a particular threshold, the noise
pixels can be eliminated while preserving the signal details. The basic thresholding rules are (i) Hard
thresholding (ii) soft thresholding and (iii) Neighblock thresholding.

For ease of notation, let us rearrange the 2D wavelet coefficients of size M x N at scale m as a
1D vector of length Ny = M x N, such that w,, = {Wg”(aj, y)} The thresholding rules for denoising

w,, are summarized as follows
8.2.1.1 Hard thresholding

Recalling from chapter [, the hard thresholding rule is defined as follows

G () = W (M) wp ()] > A ®.1)
0 D wm (R)| < A

Hard thresholding introduces discontinuity between the wavelet coefficients that appear as artifacts

in the reconstructed image.
8.2.1.2 Soft thresholding

The formulation for soft thresholding rule is as follows

W () =X 1wy (n) > A
0 (n) =14 0 Cwg (n)] < A (8.2)
Wy () + A 1wy (n) < =X

This thresholding approach removes the noisy coefficients and also shrinks the magnitude of the
remaining wavelet coefficients by threshold value. Therefore, it eliminates the discontinuities and

results in a smoother reconstruction.
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8. Applicability of Bilateral Filter in Wavelet Thresholding

8.2.1.3 Neighblock thresholding

Neighblock shrinks each wavelet coefficient by incorporating the information on its neighboring
coefficient. This thresholding operation is performed either for each wavelet coefficient or for the
group of adjacent coefficients known as a block. However, coefficient-wise thresholding is better in
preserving the important details of the image.

In order to shrink a wavelet coefficient wy,(n), its adjacent coefficients contained within the neigh-
borhood distance d are obtained to form a block. The average energy of this block S is computed

as
n+d

1
S = 2 Z wy, (r) (8.3)

r=n—d

Given a threshold A, the coefficient-wise Neighblock shrinkage rule based on this block average energy

)\2
<1—§> D if S <N

0 : Otherwise

is formulated as

Om (n) = (8.4)

where, 0,,,(n) is the estimate from the noisy wavelet coefficient w,,(n). The Neighblock thresholding
procedure is particularly useful to eliminate blurring of the edges which is prevalent in soft thresholding

rule.
8.2.2 Threshold selection

The threshold selection methods can be grouped in to global thresholds and sub-band adaptive
thresholds. Global threshold means that a single threshold value is applied for denoising all the detail
coefficients obtained at each scale. Sub-band dependent thresholds specifies a different threshold
for each sub-band at the scale of decomposition. This threshold is data-driven and obviously, they
yield better denoising than the global thresholds. Some of the important threshold selection methods

considered are as follows.
8.2.2.1 Universal threshold

As already given in chapter [, the universal threshold Ay, defined by Donoho and Johnstone [115]
is computed as

Auniv = 0py/21log (Nl) (85)
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where N7 is the length of the data and o, is the estimated noise variance. The universal threshold is
a global threshold utilized for denoising all the wavelet coefficients. The universal threshold is made

level-dependent by multiplying it with a scale factor and the formulation is given as

m
unv

= Aunip x 27717m) (8.6)

where J is the maximum level of decomposition and m = {0,1,--- ,J — 1}. Soft thresholding using

universal threshold is known as the VisuShrink.
8.2.2.2 SURE threshold

Donoho and Johnstone [I38] proposed a sub-band adaptive threshold, computed by minimizing the
Stein’s unbiased risk estimate (SURE). For any particular choice of threshold A the SURE is computed
as

Ny
SURE (wp, A) = Ny — 24 {n : [wm (n)| < A} + > [min (w, (n)], )] (8.7)
n=1

# denotes the cardinality. The SURE threshold for level m is obtained as

m
)‘sure

= argmin SURE (wy,, \) (8.8)
{A\}

The threshold above assumes that the data has unit noise variance. For data with non-unit noise
variance, the coefficients are normalized by the non-unit data variance. The soft shrinkage rule with

the SURE threshold is known as the SureShrink.
8.2.2.3 Bayes threshold

Bayes threshold proposed in [I43] is an adaptive data-driven threshold for image denoising via
wavelet soft-thresholding. The formulation is based on modeling the wavelet coeflicients as generalized
Gaussian distributed (GGD). Therefore with GGD as the prior, the average mean square error in a
sub-band is approximated by the Bayesian squared error risk estimate.

Let 6,, and x,, denote the m!" scale wavelet coefficients of the noise-free data f and the noise n

respectively. Assuming an additive noise model, the wavelet coefficients w,,, can be expressed as
W, (’I’L) = O (’I’L) + Xm (n) (8.9)

Accordingly,

o2 =05 +o0n (8.10)
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The variance of w,, is calculated as below

1 &
Ty = Ezwgn (n) (8.11)
n=1
For a known noise variance o2, the value of oy, is given by
0e,, = \/max (02, —02,0) (8.12)

Therefore, the Bayes threshold for the sub-band m is formulated as

b, In
b ==
ayes =

m

(8.13)

For 02 > J?Um, 06,, is taken to be 0 and Apgyes is taken as max (Jwy,|). The threshold Aygyes minimizes

the Bayesian risk estimate defined as
. 2 . 2
r Ovayes) = (B = 0m) " = B Om) Bunio, (O — ) (8.14)

where, 6,, is the estimate of 6,, obtained by soft thresholding. Therefore, Bayes threshold with soft
thresholding is known as the BayesShrink. In practice the Bayes threshold is multiplied by a factor
§ that is usually assigned to lie between [1,5]. It controls the extent of smoothing and therefore, the
Bayes threshold in reference with  is defined as

2

On
)\bayes =3 /BJ (815)

m

8.3 Adaptive VisuShrink - Proposed method

The choice of threshold in wavelet denoising is very critical. If the threshold is too large, the
thresholding functions tends to remove signal details and hence, underfits the data. Conversely, if the
threshold value is too small, noise coefficients remains unfiltered and it means that the thresholding
functions overfits the data [144]. The VisuShrink technique aims towards noise-free reconstruction and
doing so, it usually underfits the data. The most effective alternatives proposed were the SureShrink
and the BayesShrink techniques and it aims towards minimizing the MSE between estimated and
the original value. These methods are particularly useful in preventing the blurring of image details.
Despite its guarantee towards minimum MSE, it does not ensure noise-free reconstruction as in the
universal threshold. Therefore, at high noise levels it introduces few blips in the reconstructed image.

In this context, VisuShrink turns advantageous and is optimal when the underlying data is sufficiently
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smooth.

In recent years, there are several advancements in these wavelet thresholding procedures based
on the intra-scale and inter-scale relation of the wavelet coefficients. One such advancement is the
NeighShrink procedure and its denoising efficiency was made clearly evident through the discussions
in chapter [fl The NeighShrink method exploits the intra-scale correlation between the wavelet co-
efficients. Alternately, a wavelet thresholding method based on classifying the coefficients through
inter-scale correlations proposed in [66] was also discussed. From such improvements, it is understood
that employing the spatial context information improves the wavelet denoising methods.

With this motivation, we proposed a simple modification of the universal threshold by incorporating
the spatial context information. As a result, the new universal threshold is made adaptive with respect
to the characteristics of the wavelet coefficient to be shrinked. The approach is named as Adaptive
VisuShrink.

The universal threshold as in Eq. (8.3]) shows that the threshold is proportional to the data length.
It means that the threshold assumes the data to be sufficiently smooth with in its range and aims
towards adapting to that smoothness. Hence, universal threshold is optimum in asymptotic sense.
For this reason, the universal threshold holds good for smooth regions and strong edge structures like
region boundaries. The small and the weak edge structures refutes the asymptotic assumption and
S0, the threshold remains too high to pass these coefficients.

The basic idea in adaptive VisuShrink is to limit the universal threshold based on the spatial
support of the wavelet coefficient to be denoised. The information on the spatial support is obtained
by computing the radiometric similarity between the approximation coefficients at the coarsest scale.
Therefore, the spatial context of a coefficient is the number of radiometrically similar coefficients
within its neighborhood. The radiometric similarity is computed using the range filter defined in
the bilateral filtering approach. The advantage of domain component is mimicked by considering
a reasonably small neighborhood but sufficiently large for finding the pixels belonging to the same
intensity region. The mathematical formulation of finding the spatial context is as follows

Consider the 2D approximation coefficient at the coarsest scale m, ng(ac, y) and it is of size M x N
such that x = {0,1,--- ,M —1} and y = {0,1,--- , N —1}. For a 2d+ 1 x 2d + 1 neighborhood around
W' (x,y) assume, i = {z —d, -~z +d} and j = {y —d,---y+d}. The radiometric similarity between

the coefficient W'(z,y) and its neighbor W' (i, j) is computed as
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. WE (i j) = W, y)|
W (WZH(i, 3); W3 (2, y)) = exp (—‘ z 53 . | (8.16)
Therefore, the spatial context of the coefficient at (x,y) is computed as
S(a,y) = #{(6,5) : Wo(WJ'(i,5); W' (2,y)) > e} (8.17)

where # denotes the cardinality and ¢ is the limiting factor that specifies the maximum permissible
value of the radiometric weight for coefficient selection. Using Eq. (8IT), the universal threshold is

modified as
/\adap (:L', y) =opV/2 IOg(g (l’, y)) (8'18)

The threshold defined in Eq. (818 is the adaptive universal threshold and soft thresholding of wavelet
coefficients based on the adaptive threshold is defined as the adaptive VisuShrink. Additionally, the

level dependency of the threshold is improved by assigning
A;Tzlap = Aadap X 2_(J_1_m) (8.19)

The empirical value of the range parameter o, is chosen as fo,. B is the scaling factor and it’s
value should be > 0. As the noise level increase, the value of 5 can be adjusted to achieve the optimal

performance. Through our experiments § is fixed as 1 and therefore, o, = g,.
8.4 Bilateral Filtering as an Alternative to Wavelet Thresholding

Another novel approach to exploit the bilateral filter in wavelet domain is the smoothing of wavelet
coefficients using the bilateral filter. The classical wavelet thresholding approaches are on the basis
of selective reconstruction in which the coefficients less than the threshold are removed [5]. It means
that these schemes assume that the wavelet sub-bands consists of purely noise coefficients, that can
be well discriminated from signal coefficients. These methods adhere to the decorrelation between the
wavelet coefficients. Additionally, it also important that the wavelet thresholding method must be
spatially adaptive.

The desired adaptiveness is the inherent characteristics of the bilateral filter and hence, it is capable
of varying the degree of smoothing depending on the characteristics of the coefficient. Therefore, for
wavelet coefficient corresponding to any image structure like edges the smoothing is limited. In flat

regions, the degree of smoothing is maintained sufficiently large to remove the noisy wavelet coefficients.
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The proposed idea of using bilateral filter is based on the assumption that, all the wavelet coef-
ficients should be considered to contribute to the unknown signal of interest. Each detail sub-band
is explicitly considered as an image with distinct characteristics. The absolute value or the squared
value of the wavelet coefficients is correlated [66] and hence, it is possible to find the radiometric
weights required for bilateral filtering. Alternately, the radiometric weights can be calculated from the
approximation coefficients at the coarsest level and are utilized for weighting the wavelet coefficients.
Through experiments, we verified that calculating the radiometric weights using the approximation
coefficients yields better results.

For a J-level wavelet decomposition, assume m = {0,1--- ,J — 1} such that m denotes the high
resolution (finest) scale and m — 1 denotes the low resolution (coarsest) scale. Then, the response of

the bilateral filter for a wavelet coefficient W$($, y) is given by,

. 1 "E+Rneigh y+Rneigh
(@) =5 D D Walisa, s y)We (Wi, 5); We (2,9) Wik (i, 5) (8.20)

1=2—Rpeigh J=Y— Rneigh

W, (.) is the approximation coefficient at the coarsest scale. This approach in UDWT domain is named
as the wavelet domain all band bilateral filtering and will be referred as WD-all-band-BF. The block
diagram representation of the proposed WD-all-band-BF for 3 level decomposition is shown in Fig.
BIl The important parameter determining the extent of smoothing in bilateral filter is the width of
the range kernel o,.. As mentioned earlier, o, is directly proportional to the noise variance o,,. Since,
bilateral filtering is performed on the detail sub-bands its value must be chosen proportional to noise
variance of the sub-band.

Yuan et al [145] has shown that the noise variances of the wavelet sub-bands at each level follows

the exponential function. Accordingly, the noise variance at level m is estimated as

02 =02 exp(l —m!?) (8.21)

2
n

where o2 is the noise variance calculated from the finest scale detail coefficient. In our case, o2 is
estimated from the background regions of the MR, image. Therefore, the width of the range filter is
made level-dependent by choosing it as

O = Om (8.22)

Intuitively, application of bilateral filter is similar to spatially adapting the wavelet thresholding

through context modeling. However, bilateral filtering approach does not rely on selective recon-
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Figure 8.1: Filter bank representation of wavelet domain all band bilateral filtering method

struction and hence, even the noisy coefficients with higher energy are also equally smoothened.
8.5 Experiments and Results

The MR image dataset considered for experimentation includes simulated and clinical images
corrupted at different noise levels. The experiments and the denoising results of the adaptive Vis-
uShrink and WD-all-band-BF are presented separately. Denoising of MR images using the above two
approaches are performed in the squared magnitude domain.

MR image denoising using the considered thresholding methods is performed in the WD — BF
framework. The number of decomposition levels is chosen as 3. The wavelet bases used for decompo-

sition are the Haar wavelets.
8.5.1 Evaluation of adaptive VisuShrink

The extent of denoising in adaptive VisuShrink method depends on the choice of the neighborhood
size and the limiting factor €. The idea in adaptive VisuShrink is to threshold a coefficient based on

the spatial support of the region within which the coefficient is contained.
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Accordingly, if the value of ¢ is small it allows most of the wavelet coefficients within the considered
neighborhood and so ¢ increases leading towards more smoothing. Conversely, if the value of € is high
only few coefficients with large radiometric similarity are chosen and so ¢ decreases to preserve the
sharpness of the data. Similarly, the size of the neighborhood (2d + 1 x 2d + 1) chosen around the
coefficient to be denoised also influences the smoothness of the function. If a large neighborhood is
chosen then there will be many coefficients that pass the limiting factor and hence ¢ increases. Within
a small neighborhood the number of coefficients passing the limiting factor is less and so ¢ decreases
to control the extent of smoothing.

If the value of ¢ is very small then the noisy coefficients remains unfiltered, introducing blips in the
reconstructed image. On the contrary, large value of ¢ results in excessive smoothing. Therefore, it
is important that the limiting factor € and the neighborhood size must be chosen appropriately such

that there exists a good tradeoff between the smoothness and the sharpness in the denoised image.
8.5.1.1 Choice of ¢ and neighborhood

The values of adaptive universal threshold calculated for a simulated T1 weighted MR, image for
different values of € and neighborhood size are illustrated in Fig. and B3l From the results in
Fig. B2 it is evident that for lower values of € the regions with fine details gets merged and mimics
like a flat region. Thereby the value of \,4,, becomes large and results in excessive smoothing of the

structural details as in VisuShrink.
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(a) e =0.05 (b) e =0.25 (c) e=0.50 (d) e=0.75

Figure 8.2: Coeflicient-wise adaptive universal threshold values calculated for a simulated T1 weighted MR
image corrupted by 7%. Illustrating the effect of varying the limiting factor € for a fixed neighborhood size
23 x 23.

(a) Neighborhood=7 x7  (b) Neighborhood= 11 x 11  (¢) Neighborhood= 15 x 15 (d) Neighborhood= 23 x 23

Figure 8.3: Illustration of adaptive universal threshold values computed for the simulated T1 weighted MR
image by varying the neighborhood size (2d + 1 x 2d + 1). The image is corrupted by 7% and the value of ¢ is
fixed as 0.95

Table 8.1: Empirical choice of the limiting factor e and the neighborhood size (2d + 1 x 2d + 1) for achieving
optimal denoising at different noise levels.

Noise level oy, in % | Values of ¢ | Choice of neighborhood
1 0.95 3x3
3 0.85 7TXT
5 0.75 15 x 15
7 0.75 19 x 19
9 0.65 23 x 23

From the results in Fig. B3l we can understand that large neighborhood size results in large
value of Aggep. It should also be noted that increasing the neighborhood size does not result in
region merging as in the case of €. Instead, large value of neighborhood implies that the underlying
coefficient is sufficiently smooth over the considered area and this is exactly same as the assumption
in the universal threshold. However, the extent of smoothing can be limited by choosing a large ¢.

The adaptive VisuShrink method reduces to VisuShrink if neighborhood is large and ¢ is small

respectively. Table{8.1] gives the experimentally obtained optimal values of ¢ and the neighborhood
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size for varying noise levels. It can be observed that as the noise level increases the value of € decreases
and neighborhood size increases to ensure sufficient smoothing. This shows that for higher noise levels

the number of samples should be sufficiently large for estimation.
8.5.1.2 Denoising results

The performance of the wavelet thresholding methods is evaluated in terms of RMSE, SSIM, BC
and contrast. The performance of the proposed adaptive VisuShrink is compared with the conven-
tional VisuShrink, SureShrink, BayesShrink and Neighblock methods. The Neighblock method utilizes
the level dependent universal threshold given in Eq. (8.0]) for thresholding the wavelet coefficients.
Similarly, the VisuShrink and the adaptive VisuShrink methods considered in our experiments utilize
the level dependent thresholds defined in Eq. (86) and Eq. (8I9) respectively. The optimality of the
BayesShrink method is maintained by experimentally choosing the value of 8 for which the technique
gives better denoising.

The denoising results of a simulated T1 weighted axial MR image corrupted by 3% of noise level
are shown in Fig. B4l This MR image is considered to be highly structural, but not with respect to
the high frequency details. The structure in this image refers to the frequent intensity variations that
constitutes the flat regions in the image. Therefore, it is important for the inter-tissue contrast to be
maintained while denoising.

From the denoised images in Fig. B4l it can be observed that the VisuShrink approach has resulted
in excessive smoothing and so the image looks blurred. In comparison with the VisuShrink, the extent
of smoothing is controlled in the Neighblock thresholding method. But the inter-tissue contrast desired
for this image has become less which means that the sharpness between these regions are compensated.
The denoised images obtained using the SureShrink and the BayesShrink methods are comparatively
sharper. However, due to the limits in the extent of smoothing some of the noisy coefficients remain

unfiltered.
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(a) Original image

(f) Neighblock-Denoised image and its residual

(g) Adaptive VisuShrink-Denoised image and its residual

Figure 8.4: Comparison of the results obtained for the noisy simulated T1 weighted axial MR image obtained
using wavelet thresholding methods. Original image is corrupted by 3% noise level. The region within the box
represents the low intensity and the high intensity ROI’s chosen for calculating the contrast. The contrast in
the original image is 0.0987.
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Table 8.2: Values of the similarity metrics obtained for 3% noise level. The denoised T1 weighted axial MR
images are shown in Fig. R4l

VisuShrink | SureShrink | BayeShrink | Neighblock | Adaptive VisuShrink
RMSE 0.0322 0.0216 0.0242 0.0225 0.0188
SSIM 0.9400 0.9467 0.9344 0.9433 0.9522
BC 0.9780 0.9885 0.9887 0.9835 0.9882
Contrast 0.0965 0.0968 0.0964 0.0962 0.0968
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Figure 8.5: Comparison of wavelet thresholding methods in denoising the simulated T1 weighted axial MR
image at varying noise levels. The original image is shown in Fig. B4la). (a) RMSE versus the noise level o,
(b) SSIM versus the noise level o,, (¢) BC value versus the noise level o,, (d) Contrast versus the noise level o,.
Original contrast = 0.0987.

This is particularly more in BayesShrink method and hence, the SSIM value has decreased. The
selection of neighborhood in adaptive VisuShrink technique has varied the extent of smoothing in each
region and hence, it resulted in a sharp as well as a smooth image. The above can be implied from the
values in Tabled82l The comparative plots of the denoising results obtained for different noise levels
are shown in Fig. Cumulatively, the performance of adaptive VisuShrink is better than the other

considered wavelet thresholding methods.
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(g) Adaptive VisuShrink-Denoised image and its residual

Figure 8.6: Comparison of the results obtained for the noisy simulated T2 weighted axial MR image obtained
using wavelet thresholding methods. Original image is corrupted by 5% noise level. The region within the box
represents the low intensity and the high intensity ROI’s chosen for calculating the contrast. The contrast in
the original image is 0.5026.
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Table 8.3: Values of the similarity metrics obtained for 5%

images are shown in Fig.

noise level. The denoised T2 weighted axial MR

VisuShrink | SureShrink | BayeShrink | Neighblock | Adaptive VisuShrink
RMSE 0.0457 0.0438 0.0437 0.0485 0.0406
SSIM 0.8921 0.9171 0.9013 0.8909 0.9137
BC 0.9748 0.9743 0.9773 0.9728 0.9796
Contrast 0.5013 0.5017 0.5012 0.5018 0.5017
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Figure 8.7: Comparison of wavelet thresholding methods in denoising the simulated T2 weighted axial MR
image at varying noise levels. The original image is shown in Fig. B6la). (a) RMSE versus the noise level o,
(b) SSIM versus the noise level o,, (¢) BC value versus the noise level o,, (d) Contrast versus the noise level o,.

Original contrast = 0.5026.

The results of a simulated T2 weighted MR image corrupted by 5% of noise level are given in Fig.

This image consists of high contrast structural details and they can be used as the reference regions

to perceive the difference between the denoising results. The excessive smoothing in VisuShrink has

blurred the image details.

The SureShrink and the BayesShrink methods performed comparatively better. Particularly,

SureShrink method has given good denoising performance and it is due to its suitability to the high

structural characteristics of the image. However, some of the noise coefficients with large magnitude
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contained in the high intensity regions are retained without filtering. In the case of BayesShrink,
despite the smoothing in flat regions, noise coefficients in the high intensity regions were not filtered.
Alternately, the Neighblock method has also resulted in excessive smoothing. A good compromise is
obtained in the adaptive VisuShrink method and it can be observed that the high intensity regions are
sufficiently filtered as in VisuShrink and the details are also preserved as in SureShrink. The values
of the quality metrics computed for 5% noise level is given in Table8.3]

The experiments are repeated for varying noise levels and the results are given in the plots in
Fig. B1 From these plots, we can infer that the denoising performance of adaptive VisuShrink is
consistent and is better than the other techniques.

Similarly to the simulated images, two clinical MR images with different characteristics are consid-
ered for evaluation. The denoising results obtained for the clinical T1 weighted MR image corrupted
by 5% of noise level are presented in Fig. 88 The values of the quality metrics obtained for this
image are tabulated in Tabled84. Though the values of RMSE show significant difference, the SSIM
value obtained for the thresholding methods suggests that the denoised images does not show any
perceptual difference. The same can be verified from the denoised and the residual images illustrated
in Fig. B8 This is expected because; the clinical T1 weighted MR image considered has more flat
regions and so, it is sufficiently smooth. Similar to RMSE, the value of BC also shows significant dif-
ference. The value of BC is high for adaptive VisuShrink and it implies that the intensity distribution
of the denoised image is close to the original noise-free image.

However, as the noise level the performance of adaptive VisuShrink in terms of BC has reduced
drastically and is due to the choice of € and neighborhood size. The image is sufficiently smooth
within its range and so the value of ¢ has to be high. Through experiments, we verified that for large
values of ¢ the value of BC increased almost maintaining the same value of SSIM. The experiments
are repeated for varying noise levels and the denoising results are presented through the plots in Fig.
1.9

The denoising results of the clinical T2 weighted MR image corrupted by 5% noise level are given
in Fig. 810 This image consists of more structural variations and hence, SureShrink and adaptive

VisuShrink methods yields better denoising results.
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a) Original image

(¢) VisuShrink-Denoised image and its residual

(f) Neighblock-Denoised image and its residual

(g) Adaptive VisuShrink-Denoised image and its residual

Figure 8.8: Comparison of the results obtained for the noisy clinical T1 weighted axial MR, image obtained
using wavelet thresholding methods. Original image is corrupted by 5% noise level. The region within the box
represents the low intensity and the high intensity ROI’s chosen for calculating the contrast. The contrast in
the original image is 0.1709.
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Table 8.4: Values of the similarity metrics obtained for 5% noise level. The denoised T1 weighted axial clinical
MR images are shown in Fig. B8l

VisuShrink | SureShrink | BayeShrink | Neighblock | Adaptive VisuShrink
RMSE 0.0180 0.0157 0.0198 0.0154 0.0143
SSIM 0.9752 0.9752 0.9726 0.9749 0.9752
BC 0.9626 0.9454 0.9601 0.9723 0.9752
Contrast 0.1723 0.1723 0.1724 0.1722 0.1722
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Figure 8.9: Comparison of wavelet thresholding methods in denoising the clinical T1 weighted axial MR image
at varying noise levels. The original image is shown in Fig. B8(a). (a) RMSE versus the noise level o, (b)
SSIM versus the noise level o, (¢) BC value versus the noise level o, (d) Contrast versus the noise level oy,.
Original contrast = 0.1709.

BayesShrink technique performs well for low noise level and as the noise level increase the Bayes
threshold attempts to extent the limit of smoothing. This causes most of high magnitude noisy
coefficients to remain unfiltered. The VisuShrink and the Neighblock methods resulted in excessive
smoothing.

The denoising results so far confirms the validity of the adaptive VisuShrink method for denoising
under different noise conditions. From the discussion, it is clear that the adaptive VisuShrink method

performs better than the conventional wavelet thresholding techniques.
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(f) Neighblock-Denoised image and its residual

(g) Adaptive VisuShrink-Denoised image and its residual

Figure 8.10: Comparison of the results obtained for the noisy clinical T2 weighted axial MR image obtained
using wavelet thresholding methods. Original image is corrupted by 5% noise level. The region within the box
represents the low intensity and the high intensity ROI’s chosen for calculating the contrast. The contrast in
the original image is 0.2886.
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Table 8.5: Values of the similarity metrics obtained for 5% noise level. The denoised T2 weighted axial clinical
MR images are shown in Fig. BI0l

VisuShrink | SureShrink | BayeShrink | Neighblock | Adaptive VisuShrink
RMSE 0.0402 0.0336 0.0417 0.0398 0.0326
SSIM 0.9121 0.9216 0.9030 0.9113 0.9240
BC 0.9637 0.9524 0.9567 0.9648 0.9534
Contrast 0.2848 0.2845 0.2886 0.2850 0.2847
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Figure 8.11: Comparison of wavelet thresholding methods in denoising the clinical T2 weighted axial MR
image at varying noise levels. The original image is shown in Fig. BI0(a). (a) RMSE versus the noise level o,
(b) SSIM versus the noise level o, (¢) BC value versus the noise level o,, (d) Contrast versus the noise level o,.
Original contrast = 0.2886.

The method adapts like SureShrink in the case of low noise levels and it is made equivalent to
VisuShrink as the noise level increase. Therefore, for lower noise level adaptive VisuShrink is optimal
in sense of MSE and for higher noise level it becomes optimal with respect to smoothness.

The other important advantage of adaptive VisuShrink is its simplicity. The extent of smoothing
in adaptive VisuShrink can be easily controlled by varying the neighborhood size and the limiting

factor .
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8.5.2 [Evaluation of bilateral filtering over wavelet thresholding

This section discusses about MR image denoising using the WD-all-band-BF. The acronym WD-
all-band-BF refers to bilateral filtering of all the sub-bands obtained in the undecimated wavelet
decomposition. The performance of the method solely depends on the choice of the bilateral filter
parameters o, 0q and Rycign. Also, the optimal values of these parameters are different for the
approximation and the detail sub-bands. The choice of these parameter values for approximation and

the detail sub-bands and the denoising results are discussed subsequently.
8.5.2.1 Parameter selection

The optimal choice of the bilateral filter parameters for smoothing the approximation coefficients
at the coarsest scale was already discussed in detail in chapter [0 Accordingly the filter parameters
are chosen as 0, = 1.50,, 04 = 5 and Ryeign = 7.

The same values cannot be assigned for smoothing in the detail sub-bands, because the detail
sub-bands are sparse and obviously the noise contained in the detail sub-bands varies at each scale.
The bilateral filter parameter o, depends on the amount of noise contained in the sub-band to be
smoothened. Hence, a level dependent choice of o, based on the statistical model of noise at each
scale is chosen according to Eq. (821I)) and (8:22)). The neighborhood size is fixed as Rycigr, = 7. The
value of the domain parameter o4 for smoothing the detail sub-bands must be chosen carefully. Due
to the sparsity of detail sub-bands, large values of o4 will result in excessive smoothing and loss of

image details. Hence, the optimal choice o4 = 1 is employed.
8.5.2.2  Denoising results

The experiments are performed on simulated and clinical MR images with varying structural char-
acteristics and under different noise conditions. The performance of WD-all-band-BF is compared
with WD-BF (NeighShrink) and the adaptive VisuShrink thresholding discussed in the previous sec-
tion. It should be remembered that adaptive VisuShrink thresholding is also performed in the WD-BF
framework.

The results of the experiments performed on a simulated T1 weighted axial MR image corrupted
by 3% noise level are shown in Fig. 812 and the corresponding values of quality metrics are tabulated

in TableB.6l From the denoised images it can be observed that bilateral filtering of detail subbands
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.12: Denoising results of simulated T1 weighted axial MR image corrupted by 3% noise level. The
region within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the
contrast. The original contrast is 0.0940.

Table 8.6: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image. The simulated noisy image contains 3% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0180 0.0172 0.0131
SSIM 0.9701 0.9659 0.9722
BC 0.9255 0.9445 0.9564
Contrast 0.0839 0.0837 0.0865
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Figure 8.13: Comparative plot of denoising results obtained for the simulated T1 weighted axial MR image
at varying noise levels. (a) RMSE versus the noise level o,, (b) SSIM versus the noise level o,, (c) BC value
versus the noise level o,, (d) Contrast versus the noise level o,,. Original contrast = 0.0940.

has preserved the sharpness of the image better than the thresholding based WD-BF approaches.
Also, it has ensured smoothing of all the noise coefficients. The residual images illustrates the effects
of smoothing on the structural details of the MR image. It is clearly evident that the WD-all-band-
BF offers comparatively more controlled smoothing in the high frequency regions. As a result, the
structural features of the MR image are better preserved in WD-all-band-BF.

The experiments are repeated on this image by varying the noise level. The plots in Fig. give
the comparisons of the considered methods. It can be observed that WD-all-band-BF is superior with
respect to RMSE. This MR image consists of mostly smooth regions and hence, the values of SSIM
obtained for WD-all-band-BF and WD-BF (NeighShrink) are almost same. Also, it should be noted

that the performance of the proposed adaptive VisuShrink method is also comparable.

TH-1128 06610201

171



8. Applicability of Bilateral Filter in Wavelet Thresholding

(a) Original image (b) Noisy image

DENOISED IMAGES

(¢) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.14: Denoising results of simulated T1 weighted axial MR image corrupted by 5% noise level. The
region within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the
contrast. The original contrast is 0.1435.

Table 8.7: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image. The simulated noisy image contains 5% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0310 0.0317 0.0252
SSIM 0.9230 0.9205 0.9316
BC 0.8841 0.8514 0.9333
Contrast 0.1383 0.1380 0.1396
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Figure 8.15: Comparative plot of denoising results obtained for the simulated T1 weighted axial MR image
at varying noise levels. (a) RMSE versus the noise level o,, (b) SSIM versus the noise level o,, (c) BC value
versus the noise level g,, (d) Contrast versus the noise level o,,. Original contrast = 0.1435.

The denoising results of an other simulated T1 weighted axial MR image corrupted by 5% noise
level are shown in Fig. [B.14] and the corresponding values of quality metrics are tabulated in Table-
B7 The considered MR image consists of large structural variations and hence, there is considerable
difference in the performance of the denoising methods. Through visual inspection of the denoised
and the residual images, it is clear that WD-all-band-BF performs better in preserving the image
structures and the inter-tissue contrast.

Except for the decrease in the values of BC, the adaptive VisuShrink method is almost good
as WD-BF (NeighShrink). The value of BC is very sensitive to slight variations in the intensity
distribution. The variations may be due to excessive smoothing or insufficiency in smoothing. In this
case the decrease of BC in adaptive VisuShrink is due to the insufficiency in smoothing for increasing

noise levels.
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.16: Denoising results of simulated T2 weighted axial MR image corrupted by 7% noise level. The
region within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the
contrast. The original contrast is 0.1981.

Table 8.8: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial MR image. The simulated noisy image contains 7% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0402 0.0448 0.0328
SSIM 0.9304 0.9242 0.9391
BC 0.9139 0.8536 0.9426
Contrast 0.1954 0.1849 0.1942
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Figure 8.17: Comparative plot of denoising results obtained for the simulated T2 weighted axial MR image
at varying noise levels. (a) RMSE versus the noise level o,, (b) SSIM versus the noise level o,, (c) BC value
versus the noise level o,, (d) Contrast versus the noise level o,,. Original contrast = 0.1981.

The experiments are repeated on this image by varying the noise level. The denoising results are
given in the plots in Fig. From these results, we can confirm the supremacy of WD-all-band-BF
in feature preserved MR image denoising.

The denoising results of a simulated T2 weighted axial MR image corrupted by 7% noise level are
shown in Fig. and the corresponding values of quality metrics are tabulated in Tabled88 This
MR image is considerably smooth and it consist of high contrast detail structures that constitutes
the high frequency regions. Denoising using WD-all-band-BF is superior to the other two considered
approaches. Particularly, for higher noise levels WD-all-band-BF shows the comparatively significant
improvement in the denoising performance. Further evaluations are done by repeating the experiments

for different noise levels. The plots of the denoising results are shown in Fig. BI7
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.18: Denoising results of clinical T1 weighted axial MR image corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The original contrast is 0.3156.

Table 8.9: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T1 weighted axial MR image. The clinical noisy image contains 5% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0153 0.0154 0.0133
SSIM 0.9602 0.9618 0.9611
BC 0.9855 0.9860 0.9883
Contrast 0.3191 0.3190 0.3196

TH-1128 06610201

176



8.5 Experiments and Results
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Figure 8.19: Comparative plot of denoising results obtained for the clinical T1 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,, (¢) BC value versus
the noise level g, (d) Contrast versus the noise level o,,. Original contrast = 0.3156.

The evaluations of the denoising methods on a clinical T1 weighted axial MR image corrupted by
5% noise level are shown in Fig. BI8 The values of the quality metrics obtained for these results are
tabulated in Tabled89 This clinical MR image is considerably smooth and hence, the performance of
WD-BF (NeighShrink),adaptive VisuShrink and WD-all-band-BF are almost same in terms of RMSE
and SSIM. However, for higher noise levels, the performance of WD-all-band-BF is superior. The
comparative plots for the denoising results obtained by varying the noise levels are shown in Fig.

The denoising results of a clinical T2 weighted coronal MR image corrupted by 3% noise level
are shown in Fig. The values of the quality metrics obtained for these results are tabulated in
TableR810
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8. Applicability of Bilateral Filter in Wavelet Thresholding

(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.20: Denoising results of clinical T2 weighted coronal MR, image corrupted by 3% noise level. The
region within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the
contrast. The original contrast is 0.4298.

Table 8.10: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted coronal MR image. The clinical noisy image contains 3% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0188 0.0236 0.0180
SSIM 0.9348 0.9192 0.9562
BC 0.8413 0.8759 0.8570
Contrast 0.4287 0.4286 0.4287
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Figure 8.21: Comparative plot of denoising results obtained for the clinical T2 weighted coronal MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,, (¢) BC value versus
the noise level g, (d) Contrast versus the noise level o,,. Original contrast = 0.4298.

This clinical MR image has high structural variations and and hence, the performance of adaptive
VisuShrink with respect to the RMSE and the SSIM values are comparatively poor.

As expected, WD-all-band-BF performs even better than WD-BF (NeighShrink). From the resid-
ual images, it is clearly evident that adaptive VisuShrink and WD-BF (NeighShrink) have resulted
in excessive smoothing. While, WD-all-band-BF has preserved the sharpness of the structural details
in the MR image. Despite the RMSE, SSIM and contrast obtained, the BC value for adaptive Vi-
suShrink is very much better than the other two methods. Generally, the value of BC favors with
respect to the smoothness of the compared distributions. In this case, adaptive VisuShrink provides
better smoothing in the flat regions and hence higher the BC value. The comparative plots for the

denoising results obtained by varying the noise levels are shown in Fig. B.21l
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(a) Original image (b) Noisy image

DENOISED IMAGES

(c) WD-BF (NeighShrink) (d) Adaptive VisuShrink (e) WD-all-band-BF

RESIDUAL IMAGES

(f) WD-BF (NeighShrink) (g) Adaptive VisuShrink (h) WD-all-band-BF

Figure 8.22: Denoising results of clinical T2 weighted axial MR image corrupted by 5% noise level. The region
within the boxes represent the low intensity ROI and the high intensity ROI chosen for calculating the contrast.
The original contrast is 0.4148.

Table 8.11: Comparison of the denoising techniques based on the similarity metrics computed between the
original and denoised T2 weighted axial MR image. The clinical noisy image contains 5% of noise.

WD-BF (NeighShrink) | Adaptive VisuShrink | WD-all-band-BF
RMSE 0.0197 0.0202 0.0153
SSIM 0.9561 0.9541 0.9680
BC 0.9496 0.9426 0.9600
Contrast 0.4149 0.4150 0.4161

TH-1128 06610201

180



8.5 Experiments and Results

1 3 5 7 9 % 3 5 7 9
Noise level S, (%) Noise level S, (%)

(a) (b)

0.422

&

'y

fuary

[
T

Contrast

0.41

0.92 : : : 0.41 : : :
1 3 5 7 9 1 3 5 7 9
Noise level c, (%) Noise level o, (%)

(c) (d)

—o— WD-BF (NeighShrink) == Adaptive VisuShrink =-® - WD—all-band—BF

Figure 8.23: Comparative plot of denoising results obtained for the clinical T2 weighted axial MR image at
varying noise levels. (a) RMSE versus the noise level o, (b) SSIM versus the noise level o,, (¢) BC value versus
the noise level g, (d) Contrast versus the noise level o,,. Original contrast = 0.4148.

The denoising results of another clinical T2 weighted axial MR image corrupted by 5% noise level
are shown in Fig. The values of the quality metrics obtained for these results are tabulated in
Table{8TTl This clinical MR image has high structural variations and and hence, the performance of
WD-all-band-BF is superior to other denoising methods.

The residual images of WD-BF (NeighShrink) and adaptive VisuShrink shows some traces of
the details that are excessively smoothed. It can also be observed that the performance of both these
methods are almost comparable. Therefore, this aids as an additional validity for adaptive VisuShrink.
The comparative plots for the denoising results obtained by varying the noise levels are shown in Fig.
B23l Clearly, WD-all-band-BF provides the desired smoothing as well as preserves the structural

features.
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8. Applicability of Bilateral Filter in Wavelet Thresholding

8.6 Summary

In this chapter, we have proposed two novel approaches based on bilateral filter for denoising the
detail coefficients of the wavelet decomposition.

The first approach is the adaptive VisuShrink, which is proposed as an improvement of the con-
ventional VisuShrink method. The adaptivity in universal threshold is achieved by computing it in
terms of the spatial context of the pixel. The spatial context of a pixel is calculated as the spatial
support of the region within which the pixel is contained. The range component as defined in the
bilateral filter is used for finding the spatial support in terms of intensity similarities. As a result, the
adaptive VisuShrink method provides the advantages of both VisuShrink and SureShrink. At higher
noise levels, it behaves like VisuShrink aiming towards the smoothness of the function. Conversely, at
lower noise levels, it behaves like SureShrink aiming towards minimizing the MSE. The experimental
results validates the efficiency of the proposed adaptive VisuShrink in denoising MR, images.

The second approach is the WD-all-band-BF method, in which wavelet thresholding is replaced
by bilateral filtering. This approach is a breakthrough in the field of wavelet denoising. The denoising
efficiency of the WD-all-band-BF is even superior to WD-BF (NeighShrink) method, which is proved
to be efficient than the UNLM spatial filtering and wavelet thresholding based on inter-scale and
intra-scale dependencies.

We have proved the efficiency of the proposed methods through sufficient experiments on simulated
and clinical MR images. However, we did not derive any mathematical framework for the optimality
of these two approaches. Hence, an essential development to mathematically prove the efficiency of
adaptive VisuShrink and WD-all-band-BF methods is required and it may possibly lead to its several

other advantages.
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9. Conclusions and Future Work

In this chapter, the main contributions of this research work are summarized and a few directions

for future research are outlined.
9.1 Concluding Remarks

The main objective of this research was to develop an efficient MR image denoising method that is
capable of preserving most of the diagnostically significant structural information. The research work

carried out in this thesis resulted in the following contributions:

(i) A novel wavelet domain bilateral filtering framework was developed for improving the effi-
ciency of wavelet denoising techniques. Accordingly, wavelet domain bilateral filtering based

on NeighShrink thresholding is proposed for Rician noise removal in MRI.

(ii) An adaptive pixel-wise parameter selection strategy for automatically computing the optimal

values of bilateral filter parameters is developed.

(iii) A new strategy for improving the VisuShrink wavelet thresholding is proposed. The universal
threshold is made pixel-wise adaptive based on the spatial support of the region within which

the pixels are contained.

(iv) Bilateral filtering for denoising the wavelet coefficients is proposed as an alternative to wavelet

thresholding schemes.

The performance of the proposed denoising methods are verified by conducting experiments on a
large dataset consisting of simulated and clinical MR images.

The study in Chapter Bl shows that the combined features of wavelet transform and the non-linear
bilateral filter gives better performance than the traditional wavelet filtering approaches. It is shown
that the undecimated wavelet transform adapted in the WD-BF framework provides good denoising
results in comparison to the DWT and SWT based filtering approaches.

With this motivation, an improved WD-BF approach using the NeighShrink thresholding algorithm
was developed for achieving feature preserved MR image denoising and it is presented in Chapter
[l The proposed WD-BF approach is capable of efficiently discriminating the signal and the noisy
details. The NeighShrink thresholding technique exploits the neighborhood similarities for improving
the denoising of wavelet coefficients. The optimal choice of bilateral filter parameters in the WD-BF

framework is determined experimentally.
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9.2 Suggestions for Future Research

Chapter [ presented the proposed adaptive bilateral filter in which the optimal value of the filter
parameter o, is chosen automatically. The computation for automatically tuning the control parameter
o, based on the local variance led to the pixel-wise adaptation of WD-BF. An important advantage
offered by the proposed approach along with the automatization is the improvement in the denoising
performance. Also, the improvement due to adaptive bilateral filter in denoising general images under
Gaussian noise assumption is also discussed in the appendix [Al

In Chapter®l two different denoising approaches based on the bilateral filter are presented. The first
approach is the adaptive VisuShrink, in which the universal threshold is made adaptive by computing
it in terms of the spatial context of the pixel. The spatial context of a pixel is calculated as the spatial
support of the region within which the pixel is contained. The range component as defined in the
bilateral filter is used for finding the spatial support in terms of intensity similarities. The adaptive
VisuShrink method provided the advantages of both VisuShrink and SureShrink. The second approach
is the WD-all-band-BF method, in which wavelet thresholding is replaced by bilateral filtering. The
denoising efficiency of the WD-all-band-BF is even superior to WD-BF (NeighShrink) method, which
is proved to be efficient than the UNLM spatial filtering and wavelet thresholding based on inter-scale
and intra-scale dependencies.

Through this research we have successfully verified and proved that exploring the neighborhood
similarities in the wavelet domain improves the denoising efficiency by preserving the delicate structural
details and not blurring the edge features. Accordingly, the results obtained for the proposed wavelet

domain bilateral filtering strategies validates the same.

9.2 Suggestions for Future Research

In this section we will provide some suggestions for further improvements.

(i) The 3D implementation of the WD-BF framework will be an effective tool in dynamic MR

imaging systems and in functional MRI.

(ii) The comparison of WD-BF framework is made only at coarse level. A study on the limitations
and the advantages of this method in comparison with other redundant decompositions like
wavelet packets and complex wavelet transforms is very essential and it may lead to several

improvements.
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9. Conclusions and Future Work

(iii)

The adaptive bilateral filter can be further improved by using adaptive neighborhoods of variable
size and shape in order to estimate the local variances and the filter response. Also at higher
noise levels, the power variable v becomes > 1. As a result, the power-law transformation
reduces the value of o, allotted for the edges. Hence, the level of smoothing along the edges is
decreased and it retains few noise pixels. This problem limits the advancement of the proposed
approach for very low signal to noise ratio images with o, > 0.1. Hence, an improvement in the

adaptive strategy is required to make it suitable at high noise levels.

In WD-all-band-BF method, the values of o4 and R, are chosen experimentally and is kept
fixed for all the sub-bands. However, wavelet denoising using bilateral filter is strongly influenced
by the choice of the domain parameter o; and the neighborhood size R,.;4,. Hence, more
evaluations are required to study the level dependency and find the optimal values of these

parameters.

The optimality of the proposed methods was verified through several experiments on the simu-
lated and clinical MR images. However, we did not derive any mathematical framework for the
optimality of these approaches. Hence, an essential development to mathematically prove the
efficiency of these methods is required and it may possibly expose the concealed advantages of

these methods.
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A. General Image Denoising Using Adaptive Bilateral Filter

The significance of the proposed adaptive bilateral filter (ABF) based on the automatic parameter
selection strategy as explained in chapter [T is verified for image denoising in spatial domain.

The performance of this ABF as a spatial filter is verified by conducting experiments on the
standard test images corrupted by additive white Gaussian noise. The experiments were performed
on gray scale and colour images that are shown in Fig. [A.Dl The evaluations are also performed
on magnetic resonance (MR) images in order to validate the application of the proposed method in
medical image denoising. The noisy image f is generated by adding white gaussian noise of variance

02 to the original image f and is simulated using MATLAB as follows
f=f+[on x randn(size(f))] (A1)

The value of o, is assumed to lie within the range [0.01 — 0.1]. The optimal neighborhood size for
computing the local variance and the response of the filter is experimentally determined as 11 x 11.
The optimal value of domain parameter og is evaluated as 3. The empirical value of power variable

is estimated as 90, for gray scale images and 40, for color images.

JITTTIT—

aaaaaaadd

(c) Pattern (d) MR image

(e) Mandrill (f) Lena (g) Peppers (h) House

Figure A.1: Test images used in the evaluation.

The values of the range parameter o, computed for each pixel of the noisy Barbara image is shown
in Fig. [A.2(a)l It can be verified that the o, values corresponding to the edge pixels are less than the
pixels in flat regions and also the range parameter value for each edge pixel depends on its strength.

This is because the strong edges are less influenced by noise than the weak edges. As a result the
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Figure A.2: Results for Barbara image: (a) Illustration of pixel wise allocation of o, values for o,, = 0.05 (b)
Plot of local standard deviation o4, estimated for different noise levels. (c) Plot of range parameter values o,
estimated corresponding to the o,, values in (b).

variance of the strong edge pixels is high and weak edges are characterized by comparatively low
variance values. Thus the degree of smoothing along the strong edges is relatively less than the weak
edges.

From the experiments it is observed that as the noise level increases the local variance in the flat
regions increases substantially than in the edges. This can also be verified from the plot in Fig. [A.2
For this reason the slope of the power-law transformation should decrease for high values of o,,. As
a result the range of (0;)4y values corresponding to the pixels in the flat regions will be expanded to
ensure sufficient smoothing. Fig. gives the plot of control values (o,)s, obtained for the local
variances shown in Fig. From these plots it is obvious that for high noise levels the increase
in range values (o, )4, for the edges and coarse texture regions are well regulated. Similarly, the range
values for the smooth regions are sufficiently boosted to ensure proper smoothing.

The effectiveness of the proposed technique for improving the bilateral filter is validated using the
root mean square error (RMSE) and the structural similarity (SSIM) index. The value of SSIM index
lies between [—1,1]. Minimum values of RMSE and large values of SSIM index means high similarity
between the compared images.

The results of parameter selection obtained for the experiments performed on the test images
for various noise levels are given in Table- [A.Dl The best choice of fixed o, value is determined
experimentally for each noisy image. Through the results it can be understood that the values of o,
(both in fixed and adaptive) increases with the noise level to ensure sufficient smoothing. In the case
of fixed o, as employed in standard bilateral filter [7], the increase had to be limited to retain the

image sharpness. As a result smoothing in flat region will be compensated. Conversely, the adaptive
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A. General Image Denoising Using Adaptive Bilateral Filter

Table A.1: Fixed and adaptive range parameter (o,) values estimated for different test images. [a,b] denote
the interval of adaptive o,..

Range parameter values for gray scale images

Barbara Cameraman Pattern MR image
on Fixed o, Adaptive o, Fixed o, Adaptive o Fixed o, Adaptive o Fixed o, Adaptive o,
0.01 0.015 [0.01,0.0137] 0.0075 (0.01,0.0141] 0.0150 [0.01,0.0156] 0.015 [0.01,0.0178]
0.03 0.0525 [0.03,0.0609] 0.045 [0.03,0.0652] 0.0525 [0.03,0.0857] 0.0675 [0.03,0.0741]
0.05 0.0975 [0.05,0.1393] 0.0975 0.05, 0.1506] 0.1375 [0.05,0.2194] 0.125 [0.05,0.1827]
0.07 0.1505 [0.07,0.2226] 0.175 [0.07,0.2827] 0.2100 [0.07,0.4562] 0.175 [0.07,0.3215]
0.10 0.25 [0.10, 0.4260] 0.275 [0.10,0.5755] 0.35 [0.10, 1.0050] 0.275 [0.10,0.7307]

Range parameter values for color images

Mandrill Lena Peppers House
on Fixed o, Adaptive o, Fixed o, Adaptive o Fixed o, Adaptive o, Fixed o, Adaptive o,
0.01 0.01 [0.01,0.0112] 0.01 [0.01,0.0114] 0.01 [0.01,0.0118] 0.0125 [0.01,0.0119]
0.03 0.03 [0.03, 0.0406] 0.0375 [0.03,0.0402] 0.0375 [0.03,0.0449] 0.045 [0.03,0.0408]
0.05 0.05 [0.05,0.0770] 0.075 [0.05,0.0745] 0.075 [0.05,0.0805] 0.075 [0.05,0.0754]
0.07 0.07 [0.07,0.1177) 0.1225 [0.07,0.1305] 0.1225 [0.07,0.1242] 0.1225 [0.07,0.1147]
0.1 0.1 [0.10,0.1930] 0.2 [0.10,0.2024] 0.2 [0.10,0.2022] 0.2 [0.10,0.1767]

Table A.2: Comparison of RMSE and SSIM values obtained for denoising different test images using fixed
and adaptive choice of o,..

Results for gray scale images

Barbara

Cameraman

Pattern

MR image

Fixed o,

Adaptive o

Fixed o,

Adaptive o

Fixed o,

Adaptive o,

Fixed o,

Adaptive o,

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

0.01
0.03
0.05
0.07
0.1

0.00980.9867
0.0268|0.9426
0.0408|0.8949
0.0555|0.8477
0.0678]0.7891

0.0094|0.9863
0.0235(0.9422
0.0346|0.8995
0.046810.8579
0.0605|0.8084

0.0090|0.9883
0.0228]0.9526
0.0348|0.9144
0.0520|0.8788
0.0710|0.8234

0.0084|0.9879
0.0194|0.9553
0.0287(0.9199
0.0385|0.8834
0.054910.8297

0.0046|0.9968
0.0098|0.9860
0.0158]0.9697
0.0242|0.9544
0.0410|0.9209

0.0049|0.9960
0.00980.9887
0.0152|0.9774
0.0205|0.9576
0.0300{0.9359

0.00760.9914
0.0201|0.9543
0.0296 |0.8974
0.0385|0.8279
0.05940.7656

0.0071|0.9909
0.0182]0.9550
0.0275|0.9005
0.0384|0.8280
0.0536|0.7776

Results for color images

Mandrill

Lena

Peppers

House

Fixed o,

Adaptive o

Fixed o,

Adaptive o

Fixed o,

Adaptive o

Fixed o,

Adaptive o,

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

RMSE SSIM

0.01
0.03
0.05
0.07
0.1

0.0098|0.9950
0.0248|0.9659
0.0351|0.9264
0.0433|0.8833
0.0543|0.8152

0.0099|0.9949
0.0252(0.9643
0.0358|0.9216
0.0442|0.8752
0.0552|0.8064

0.0081{0.9905
0.0159|0.9600
0.0214|0.9350
0.0260|0.9144
0.0322|0.8880

0.0081|0.9904
0.0158|0.9603
0.0211{0.9352
0.0253|0.9160
0.0308|0.8909

0.0096|0.9900
0.0208(0.9541
0.0266|0.9285
0.0308|0.9099
0.0359|0.8860

0.0099|0.9896
0.0205|0.9542
0.0260|0.9287
0.0299(0.9093
0.0345|0.8866

0.0093|0.9909
0.0188]0.9537
0.0231|0.9360
0.0281(0.9171
0.0355(0.8881

0.0090|0.9914
0.0175|0.9601
0.0226|0.9367
0.0268]0.9174
0.0333|0.8885
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‘ Results of denoising MR image (o, = 0.03) ‘

2o

Results of denoising Mandrill image (o, = 0.1)

Figure A.3: Illustration of image denoising results. In column: (a) Original images (b) Noisy images (c)
Denoising results using bilateral filter with fixed o, (d) Denoising results using bilateral filter with automatically
estimated pixel wise o, values.
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A. General Image Denoising Using Adaptive Bilateral Filter

choice allocates higher o, in the flat regions inspite of limited o, in the edges. Thus it achieves good
smoothing and retains image sharpness. Also, for low noise levels the range between o, for edges and
flat regions is well controlled, such that there is no excess smoothing.

This improvement is confirmed by comparing the values of quality metrics RMSE and the SSIM
index given in Table{A.2l It can be verified that the proposed adaptive parameter estimation strategy
yields better results for most of the test images and is particularly higher for increasing noise levels. In
the case of Mandrill image the improvement is not as expected. This is because most of the regions in
this image are coarse texture regions. Due to the dependance of the proposed method on local variance
values, the estimated o, for the pixels in these regions were slightly higher. However, the minimal
difference in the values of SSIM indicate that the variations will not be perceptually significant. The

image denoising results obtained for some of the test images are shown in Fig. [A.3|for visual inspection.
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