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Abstract

This study is primarily [ocused on the development of explicil. jump high-order compact
linite diflerence immersed interface approaches or Lthe purpose of solving incompressible
viscous [lows thal are governed by the Navier-Stokes (N-S) equation on uniform and
non-uniform grids on a Cartesian mesh. In all, three basic schemes have been developed
in the process: one [or elliptic problems and the steady state of N-5 equations with
discontinuities in the solutions, source terms, and coeflicients across the interface; the
next one is the transient counterpart of the previously developed one uniform grids;
and lastly, a discrete level-set approach on non-uniform grids with complex interfaces.
The overall accuracy of the scheme is four in space and two in time. Throughout the
whole physical domain, a nine-point compact. stencil is maintained by incorporating
the jump conditions into the righlt-hand side of the matrix equation Az — b resulting
from discretization of the concerned equations. We use the streamfunction- vorticity
(14-C) Tormulation of the N-5S equation, and the jump conditions lor ¢ and { at the
irregular point across the interface are taken into account by using a new method based

on Lagrangian interpolation.
The main emphasis of the work is the simulation of flow around blull bodies by

employing the above mentioned schemes, which has many applications in industries
and day to day life. During the process, both the grid imdependence of the computed
solutions and the numerical rate of convergence of the schemes are determined on a
circular and star-shaped interface. High-quality simulations are carried oul over a wide
range of Reynolds numbers (Re) between 10 and 3000 for the stationary blufl bodies.
Detailed analyses of the [luid How are performed for How past stationary circular, ellipse
and cactus-shaped cylinders, NACA 0012 airfoil, a swimming fish and oscillating circular
cylinders. Furthermore, more specilically, the proposed approaches have been applied
to comprehensively investigate heat transfer owing to forced convection from a heated

elliptical eylinder in a uniform free stream with angle of inclination.
In all the cases, Lhe proposed schemes were seen Lo very elliciently caplure all the How

and heat characteristics associated with the problems under consideralion. Apart [rom
aplly resolving the [low separalion leading to secondary and terltiary vortex phenomena,
the von Karmdan vortex’s streets, a typical [eature of periodic lows under different How
situations have also been accurately captured by our simulation. Computations were
performed for not only flow past single bodies, but also those involving multiple and
moving bodies, thus exemplifying the robustness of the proposed approaches. For the
selected test cases where numerical and experimental results are already available, our
compulational results were extremely close to all of them.
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Introduction

1.1 The backdrop

There is no disputing the fact that the Navier-Stokes' (N-S) equations are the most
well-known and [requently used fluid How prediction model. Through momentum bal-
ance, Newton's second law of motion provides the backbone of these equations that
describes the movement of incompressible viscous flows. By exploiling its power fo
aptly capture the flow lield associated with Newtonian [luids, it may be used to anal-
yse a plethora of [ascinating scientific and engineering phenomena. These equations
are highly nonlinear coupled partial differential equations (PDEs), and except for a few
inslances where analytic solutions may be obtained in the most simplified conditions,
they are challenging to solve analytically. Therefore, in the majority of physical situ-
ations, scientists are left only with the option of using numerical methods in order to
solve the N-S equations. This has led Lo the advent of the Geld of Computational Fluid
Dynamics, also known as CFD, which refers Lo the use of solving fluid flow problems
and their subsequent analysis by means of numerical methods and algorithms, The very
first step in this direction is to convert the concerned partial derivatives appearing in the
N-5S equations in a continuons domain into equivalent algebraic expressions in a discrete
domain. The most popular strategies for ebtaining such discrete representations are
the finite difference (FD), finite element (FE), and finite volume (FV) methods. The
finite difference approach, which includes putting up a grid (preferably structured) and
using finite difference approximations to approximale the derivatives oceurring in the
governing equaltions, is the easiest and historically the oldest method. This leads lo an
enormous bul accepltable algebraie sysiem of equations thal can be resolved only by a

compuler.

'Some part of this chapter is published in |164).
1
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2 Chapier 1. Introduction

The Taylor series expansion of the variables at the grid points provides a [ramework
for the most widely used finite difference form of partial derivatives. The leading term
in the truncation error (TE) of the Taylor series expansion determines the order of
accuracy of the scheme. If the TE is asymplotically proportional to A7, a scheme is
said to be of order of aceuracy p, or simply O(h”), where h is the distance between the
iwo succeeding grid points. Due to their simplicity, central dillerence methods, which
are (O(h*) accurate, have been widely used to solve lincar PDEs. 1t is well known that
such methods can produce reasonably good resulis on appropriate meshes provided that,
the solution is well behaved, Nevertheless, unless the prid is sufliciently Gnely tuned,
such methods result in false oscillations in the solution when used to compute fuid-flow
problems governed by the N-S equations. On the other hand, grid refining necessarily
results in an increase in computing expense and time. Similarly, the band-width of
the coeflicient. matrix resulting from the discretization process is again increased by
discretization on a non-compact stencil, which is typically associated with higher-order
accurate techniques. In the end, more arithmelic operations result from mesh refinement.
and wider matrices. So neither a higher-order accurale approach on a non-compact
stencil nor a lower-order accurate one on a fine mesh may be computationally efficient.
These limitalions prompled Lthe development of higher order compact (HOC) systems,
which have successfully been used in the area of CFD throughout Lime.

Ome way of identiflying a compact stencil is that neighbouring grid poinis of the
node aboul which the differences are being sought, are only one step length away from
it, either in horizontal, vertical or diagonal direction. Compact FD schemes are defined
as linite dilferenee schemes which use these grid points, and higher order schemes are
defined as linile difference schemes with orders of accuracy more than two. Compared
il Lo non-compact systems, it yields significant computalional economy with a system
of linear algebraic equations as a result of compact diseretization leading Lo a coellicient
matrix with a lower bandwidth,

There are several approaches that can be adopled in order [or FI) schemes to accom-
plish higher-order compactiness. Applying series expansion to the differential equations
is what Gupta et al. [62] propose in order to achieve higher order compactness. Den-
nis and Hudson [40] use a transformation that entails increasing the exponential of a
defined integral of the convective coellicient, of the PDE, The series expansion is part
of such transformation. In order to obtain higher order compaciness, Gartland [56] ap-
plies the discrete weighted mean approximation approach, whereas Noye and Tan [123]
employ the weighted modified PDE method. Using the original differential equation as
a substitute for the leading truncation error (TE) compoenents of the traditional central
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1.2, Immersed Interfoce Method 3

dilference approximation is another approach to achieving higher-order compactness.
Lax and Wendroll [94] were the ones who initially proposed this concept for the time-
dependent. hyperbolic PDEs.  Later on, Sptoz and Carey [168], and, Kalita and his
group [74-T8] exiended this idea to equations of convection-dilfusion type. This par-
ticular mechanism is the one that has been used lor the entirety of the present study.
Being designed [or equations of the convection-dillusion type. they were ideally suited to

maodel incompressible viscous flows thal were poverned by the Navier-Stokes equalions.
For computing viscous incompressible lnid ows, the primitive variable and stream

function-vorticity (¢-¢) formulations of the N-S equations have historically been the
most frequently nsed methods. An account of the issues involved with these formulation
in Lhe context of incompressible fluid dynamies can be found m [60]. Due to its comput-
ing efficiency for flows in two dimensions (2D), the /- formulation is more often used
since it only involves the handling of two unknowns as compared Lo three in the case of
primitive variables. Additionally, it guarantees the mass conservation equation’s perfect
fulfilment. But, the primitive variable formulation is recommended in the easze of Hows
in three dimensions. There is also a three-dimensional version of the stream function
vorticity formulation in the literature |31], however it involves solving six equations with
six unknowns. The N-S equations govern incompressible viscous Hows, and the CFD
community has witnessed counsiderable application of both the primitive variable and
1= formulations over fime. Both of these formulations have comparative benefits and
drawbacks over one another. Over the years, rescarchers have designed HOC schemes [or
the ¢-C version ol the N-5 equations and applied them successfully for simulating [luid
flow problems with varied levels of eomplexity, both on uniform |61, 74-76,111, 169, 186]
and non-uniform |17,22, 77, 78,140, 147| grids.

1.2 Immersed Interface Method

Interface problems have been of great interest amongst researchers primarily because
of their multi-faceted applications, such as two-lliid interactions, multiphase llows with
fixed or moving interface al which states (Solid/Liquid/Gas) are different across the
interface, but allows the same material. For Example, water or air, water or ice, bub-
ble formation, free-surface flow, relaxation ol an elastic membrane, Ravleigh-Tayvlor
instability ol binary [lows. In the framework of unstable solidification, the govern-
ing equations are combined with interfacial dynamics. Likewise, [or resolving high Lip
curvalures and interdendritic phenomena, simulation of dendrite development during
solidification needs very precise interface capture approaches. Recent advancements in

composite manufacturing technologies focus on prelorm densification, which apart from
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1 Chapier 1. Introduction

using combined bulk phase, also uses interfacial chemistry.

1.2.1 The need

The main difliculty in simulating multiphase flow lie in handling the interface owing
to the fact that generating an excellent body-fitted grid is non-trivial and more time-
consuming. Computationally it is quite challenging 1o regenerate a good body-fitted
mesh in moving boundaries since it can undergo modification, merge and separation
throughout the course of simulation. In contrast, the construction of a Carfesian mesh
is trivial where the interface can gel eul by the grid lines, with no additional computa-
tional cost. Numerically the interface ean be computed by, amongst others, Lthe following
techniques: the boundary element method, the front tracking method (Lagrangian ap-
proach), the volume-of-fluid method and the level sel method (Eulerian approach). From
the point of view of Calculus, for those problems governed by N-S equations, such as flow
past blufl bodies, discontinuities occur in the coeflicients and the source term across the
interface may become singular, which leads to the discontinuous or non-smooth solution.
As a result, standard FD methods break down when applied to interface problems as
continuity is a pre-requisite for the Taylor series expansions that they rely upon. There-
fore, such problems pose great challenge to the Mathematicians and Enginecrs alike.
This is where the role of Immersed Interface Methods become crucial.

1.2.2 The method

Immersed Interface Method (1IM) was originally formulated as a sharp interface tech-
nique that can precisely capture discontinuities in the flux and the solution. If a
numerical approach possesses the properties mentioned below, we refer to it as an
1M |12, 20,96,179).

1. Instead ol a body-hitted prid, a uniform or adaplive grid or triangulation in Carte-

sian, polar, or spherical coordinates i1s emploved.

2. Physical reasoning or the governing differential equations provide prior knowledge
aboul jump conditions. More interface relations must frequently be developed
from the stated jump conditions and controlling PDEs.

3. Standard hnite diflerence or inite element methods are utilized in the diseretiza-

tion away [rom the interlace. Only at grid points or elements close or on the
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1.2, Immersed Interfoce Method 5

interface, numerical techniques updated specially based on the jump conditions
are used.

4. Emphasis is given on pointwise convergence, which means that we are more con-
cerned with errors in the infinity norm L™ rather than an average norm such as
L' and L%, This is due to the fact that an average norm cannot accurately reflect
errors at the interface. For moving interface and free boundary problems, the

precision of solutions at or at interfaces is of primary concern.

5. If the discontinuities in the coeflicients, solution, and flux disappear, the approach
becomes the standard one.

1.2.3 Literature review

The origin of IIM lies in the early work of Peskin |133], who developed the Immersed
Boundary Method (IBM) in 1972 primarily to handle interface discontinuity to solve
Navier-Stokes equations for simulating cardiac mechanics and associaled blood How
problems. Here, the geometry is handled as a sel ol Lagrangian [luid particles and these
particles constitute a loree unction o the fuid, which shows the eflect of the boundary
and Lhe main leature of IBM in modelling an interface was to add a source term in the
form of the Dirac delta unction to the N-5 equations, Standard FD discretization is
used on Cartesian grid that approximates the singular delta function in the interface’s
nearby region. The major disadvantage of Peskin's approach has been its first order
accuracy despite using higher-order approximation to the delta funetion, and being re-
stricted to problems having continuous solutions only. Subsequently, several researchers
endeavoured to improve upon IBM by using the [ront tracking and level set methods
in combination with Peskin'’s approach for tackling interface discontinuities. Depending
upon the type of the forcing function, IBM approach is further characterized as diserete
or continuous. In 1984 [112], Mayo developed a Cartesian mesh method to solve bihar-
monic and Laplace problems on the irregular region where second-order accuracy was
reported in maximum norm. In this formulation, Fredholm integral equation ol second

kind was used to extend the piccewise solution ol the remaining parl of the domain.
In 1994, Leveque and Li [96] achieved vital snceess in this area, and developed the

Immersed Interface Method [or solving the elliptic equations with disconlinuous co-
ellicients and singular sources. This method, which is a suceessor to the Immersed
Boundary Method of Peskin [133], improved upon both in dealing with the order of

accuracy as well with discontinuous coeflicients and singular source [unction simultane-
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6 Chapier 1. Introduction

ously. 1IM resolves irregularities by modifying numerical schemes in the neighbourhood
or on the interfaces. As interfaces are of dimensions one less than that of the solution
domain, such additions usually do not increase computing costs significantly. At an ir-
regular point, they accounted for the jump conditions in the solution and in the normal
derivative by using Taylor expansions of the discretization on both sides of the inlerface
with firsl-order aceuracy and standard second-order central linite diflerence were used
on regular points. Note that, for 2D or 3D inlerface problems, the jump conditions are
available in the normal direction to the interface, which necessilales the use of a local
coordinate system to approximate it. Ower the years, the 1IM has emerped as a very
powerful and eflective tool in numerically solving problems involving interfaces. They
have been extended Lo the polar coordinate system |104], and suecesslully implemented
to moving |45] and 3D interface problems [38] as well. Apart from FD, they can also be
accommodated into finite volume |20] and the finite element [100] approaches.

M generally leads to a non-symmetrie coeflicients matrix; however, the problems
are strictly elliptic and sell-adjoint. As such, traditional iterative solvers like Gauss-
Seidel may diverge or converge very slowly. In 1999, Huang and Li |67] exhibited that
the method in |96] is stable for one-dimensional problems and in two-dimensions, only
for problems having piecewise-constant coeflicients. In order to improve convergence, Li
et al. [102] construeted a new IIM approach where they implemented a maximum prin-
ciple preserving immersed interface method (MIIM) to achieve a diagonally dominant
linear system which allows the use of specially designed multigrid technigues to speed
up convergence. In 1997, the same group developed a second-order accurate method
for elliptic interface problems by roping in a Fast 1IM (FIIM) algorithm [99]. They
devised a mechanism which uses auxiliary unknowns revealing the normal derivative at
the interface for problems having piecewise constant coellicients. This generales a cor-
rection term and experts feel Lthat the suecess of the fast 1TM lies in modelling the jump
conditions for the dependent variable and its normal derivative using the standard linite
dilference (FD) scheme along with Lhis correction term. It enabled the application of
various standard fast Poisson solvers. Around the same time, in 1998, Fedkiw et al. |[48]
introduced a non-oscillatory sharp interface approach GFM (Ghost, Fluid Method) to
caplure discontinuities in the hyperbolic equations. The methodology involves develop-
ing Lthe function across the interface using fictitions points. Later on, they generalized
the GFM [49] to solve viscous N-8 equations by imposing the jump conditions implicitly.
In 2000, Liu et al. [107] extended this GFM for solving elliptic equations with variable
coellicients having discontinuous across the interface where order ol accuracy is reduced

to one while handling mutiphase Hows.
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1.2, Immersed Interfoce Method 7

In 2004, Berthelsen [12] constructed a second-order accurale decomposed immersed
interface method (DITM) on a Cartesian grid which includes more jump conditions to
improve accuracy. This method interpolates the jump conditions component-wise iter-
atively on a nine-point stencil and adds them fo the right-hand side of the difference
scheme near an interfacial node. It uses the level-sel function to capture the interface
and maintains the symmetry and diagonal dominance of the coellicient matrix. In 2005,
Zhou et al. [193] introduced a new higher-order Malched Interlace Boundary (MIB)
method [or 2D and 3D elliptic problems which is based on the use of hetitious points.
In order to accomplish higher-order accuracy, the MIB method compensates the by-
passing of the implementation of higher-order jump conditions by repeatedly enforcing
the lowest order jump conditions. While MIB demonstrated accuracy up to sixth order
in dealing with elliptic curves on irregular interfaces, for straight, regular interfaces, it
could go as high as 16th order. In 2007, Zhong [191] proposed an explicit, higher-order
finite dilfference method by approximating the derivative in jump condition using La-
grange polynomial with a larger stencil al an irregular node and achieved the aceuracy
up to O(h'). One of the drawbacks of the method is that it did nol, retain the original
finite difference expression in the absence of the interface’s jump. However, it was equiv-
alenl Lo a local higher-order spline approximation atl the interface. Although Zhou's and
Zhong's methods are higher-order, Zhou's method uses lielitions points and not explic-
itly derived, while Zhong’s approach is explicil and doesn’l use any auxiliary poinis. In
2012, Cistemino |32| presented a second-order Parallel Cartesian Method (PCM) based
on linite-dilference o solve the elliptic problems with the irregular interface. In addi-
tion, new unknowns were carried oul on the interface and parallelized with the PETSe
(Portable, Extensible Toolkit for Scientific Computation) library.

Employing a higher-order compact approach |75] at the regular points, Mittal et
al. |114| developed an at least a second-order accurate method to solve elliptic and
parabolic equations in 1D and 2D on circular interfaces with an HOC approach in
both Cartesian and polar grids in 2016. The scheme was on non-uniform grids and
employed clustering near the interfaces. In 2018 [115], they introduced a new second-
order interfacial points-based approach for solving 21> and 3D elliptic equations. They
modified Zhong’s |[191] idea in considering interfacial points to be one of the grid points
in approximating the derivative in jump conditions by a Lagrange polynomial. However,
al the irregular points, their stencil failed to maintain its compactness.

Recent advancement in 1M also includes Balam et al. [10], who introduced a fourth-
order compact immersed interface approach. This novel method is built from a few
adjustments to the central finite dilferemce close to the interface and is based on an
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implicit, formulation gained from generalised Taylor series expansions. The linear sys-
tem produced by the discretization has matrix cocflicients that are identical to those for
smooth solutions, and the right-hand side system is modified by the addition of compo-
nents referred to as jump contributions. Only the points where the nine-poini stencil
cuts the interface are taken into account for caleunlating these contributions. The con-
tribution formulas, however, call [or an understanding ol lourth-order Cartesian jumps.
The jumps [rom the known right-hand lunction of the Poisson equation and the principal
jump conditions were the primary jump sources used Lo derive them in their study. Feng
et al. |51] developed a Fast Fourier Transform (FFT) based method which is a natural
generalization of a Augmented Matched Interface and Boundary method (AMIB) for
non-staggered boundaries and obtained convergence of orders four, six and eight for 2D
and 3D problems. However, the validation of the above methods is performed only on
analytical problems, being restricted to the Poisson equation with singular source only.

1.3 Motivation

A close look at the works documented above reveals a broad range of problems
pertaining to numerical algorithms that were developed for the purpose of resolving a
variety of [uid interface problems. They include problems involving material interface,
free surface, fluid structure interaction, multiphase material and so on, For dilferential
equations with discontinuons coeflicients and singular source terms in domains involving
arbitrary shaped and fixed or moving interfaces, there are still ample avenues ol using
the HOC finite dillerence approaches, which have not been explored previously. While
working with problems of this form, tackling geometrical complexity at high numerical
order and computational efficiency become indispensable, concurrently achieving both
of which is quite challenging due to the characteristics of the problem. Till date. to
the best of our knowledge, the HOC method mentioned earlier has nol been applied
to complex [low problems like llow over arbitrarily shaped blufl bodies in grids that
use the cartesian coordinale system. PFurthermore, some of the diflienlties which can
still arise during simulations include the depiction of fluid interfaces, the management,
of discontinuous physical variables, and the maintenance of reliable caleulations ete.
These are the primary [actors of motivation behind the endeavour encompassed in the

present Phl) work.

1.4 Objectives

The work presented in the dissertation aims Lo provide novel muimerical methodolo-

gies that can be applied to a variety of complicated multi-phase [uid interface and heat
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tranafer problems on uniform and non-uniform grid. The following are the objectives of
the work:

1. Developing novel higher order accurate linite dilference explicit jump immersed
interface approaches Lo solve elliptic and parabolic interface problems on a compact

stencil in general.

2. Specilically, investigating the llow and loreed convection heal transfer characleris-
tics of an elliptical eylinder placed in a uniform free stream. In addition, exploring
the flow characteristics for both steady and unsteady states when the angle of
attack of the incoming lluid is varied from 0 to 180 degree, including the drag and
lift: forees.

1.5 The work

Broadly speaking, the work presenled in the dissertation can be divided into two
parts, Part one pertains to the development of some novel immersed interface approaches
in conjunction with HOC finite difference scheme and the level set formulation. The
second part deals with applying them to simulate luid lows and other real life problems.

As a part of developing immersed interface approaches, firstly, we propose a new
higher-order accurate finite difference explicit jump nmersed Interface Method for solv-
ing two-dimensional elliptic problems with singular source and discontinuous coeflicients
in the irregular region on a compacl Cartesian mesh. We propose a new strategy lor
discretizing the solution at irregular points on a nine-point. compact stencil such that
the higher-order compactness is maintained throughout the whole computational do-
main. Since the basie elliptic equation considered here is of convection-diflusion type,
it can also be extended to incompressible viscous [luid [low problems governed by the

steady-state N-S equations.
Az a natural follow-up, subsequently, we extend the above scheme Lo develop a novel

hybrid explicit jump immersed interface approach in eonjunction with a higher-order
compaet scheme for simulating transient, complex llows governed by the streamfunetion-
vorticity (1-¢) formulation of the N-S equations. A new strategy has been adopted
for the jump conditions at Lthe irregular points across the interface using Lagrangian
interpolation on a Cartesian grid. This approach, which starts with the discretization
of parabolic equations with discontinuities in Lthe solutions, source terms, and the coel-
ficients across Lthe interface, can easily be accommodated into simulating {low pasi blull
bodies immersed in the low. The superiority of the approach is rellected by the reduced

magnitude and [aster decay of the errors in comparison to other existing methods. Note
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10 Chapier 1. Introduction

that, both the above mentioned schemes were designed for uniform Cartesian grids for
geometrics possessing parametric representation only. Therefore, our next endeavour
is to develop a diserete Level Sel approach on nonuniform Cartesian grids to tackle
geometries which cannot be expressed analytically. Apart from enabling to tackle com-
plicated geomelries, this approach is seen to be computationally more economical than

the earlier approaches.
For the application part, the steady-state scheme is employed to solve four problems

embedded with circular and star-shaped interfaces in a rectangular region having analyt-
ical solutions and varied discontinuities across the interface in sonrce and the coelficient,
terms. We also simulate a plethora of [lnid flow problems past blufl bodies in complex
How situations which are governed by the N-S equations; they include problems involving
multiple bodies immersed in the [low as well. In the process, we show Lhe superiorily ol
the proposed strategy over the explicit jump hnite difference immersed interface method
and other existing immersed interface methods by establishing the rate of convergence
and grid independenee of the computed solutions. In all the eases, our computed results
are extremely close to the available numerical and experimental results.

On the other hand, the approaches developed for the unsteady N-S equations are
seen to handle several fluid fow problems having practical implications in the real world
very efficiently, including flows involving multiple and moving bodies. This includes the
flow past a stationary circular and a twenty-four edge cactus cylinder, flows past two
tandem cylinders, where in one situation both are lixed and in another, one of them is
oscillating transversely with variable amplitude in time. We also simulate flow around
hydraulic airfoils mimicking swimming fishes. To the best of our knowledge, the last
three examples have been tackled for the first time by such an approach employing the
- formulation in finite difference set-up on compact stencil. The extreme closeness of
our computed solutions with the existing numerical and experimental results exemplifies
the accuracy and the robustness of the proposed approach. As our last endeavour of
applying the proposed approaches to real life duid flow problems, we document the
simulation heat and {luid flow resulting from the forced convection of a heated elliptic

cylinder over a wide range ol angles of incidences.

1.6 Organization of dissertation

The present dissertation is organized into seven chaplers. Chapler 2 brielly deseribes
the development of the HOC explicit jump immersed interface method (HEJIIM) for
the elliptic interface problems on a Cartesian mesh. In Chapter 3, we validate and check

the robustness of the formulation by applying HEJIIM to seven test cases. Chapter 4
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explores the development of the transient version of HEJIM to incompressible viscous
flows involving multiple and moving bodies as well. Chapter 5 deals with discrete level
sel. approach for the incompressible viscous flows on non-uniform grid. In Chaptler 6, we
simulate heat and flnid fAow resulting from the forced convection over a heated elliptical
eylinder with an angle of incidence in a uniform flow. Finally, chapter 7 concludes the

entire work and provides the oullines the scope of uture work.
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A novel Higher Order Compact-immersed interface

approach for elliptic problems

In this chapler', we propese a new higher-order compaet, explicit jump finite difference
Immersed Interface Method (HEJIIM) for solving two-dimensional elliptic problems with
singular source and discontinuous coefficients in the irregular region on Cartesian mesh.
Contrary Lo the schemes in [114, 115], the proposed scheme maintains its compactness
on a nine point stencil at both the regular and irregular points. In order to treat the
jump across the interface, we modilied the explicit jump immersed interface strategy
of Wiegmann and Bube [179] in such a way that fourth order aceuracy is retained

throughout the whole computational domain,

2.1 Mathematical formulation

The conservative form ol an elliptic equation in two dimensions is given by
(Bug) et (Buy)y+r(z, y)u = fz, y)+ad{{z—a*)y—y")Hz,y) €2, (2°y*) €. (2.1)

where 1" is an interface embedded in a reetangular domain Q = [&g, 2] % [t yp] with
defined boundary conditions. The coeflicients §{z, y), «(x,y) and f(z,y) may be non
smooth [unctions or may have discontinuities across the interface 17 leading to disconti-
nuities in the solution and its derivatives al the interface. To solve an interface problem

we generally require two physical jump eonditions in the solution u and in the normal

* Published in [164].
13
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Chapter 2. A novel Higher Order Compact-immersed interface approach for elliptic problems

direction to the interface which is defined by:

[u] = gz gyre w(x, y) — im0 u(e, y) = ut —u =85, (2.2)
; ; T T
[F11] i e gy B (2, 9) — ling g0 Sualz, y) '“HE —8 B ol2.3)

where S and o are strength and flux of the variable u respectively. Here (2, y) — I'F
represents that interface is approaching from Q7 and vice versa for (x,y) — ',

In order to eapture the interface I', Osher and Sethian [125] conceived a funetion,
widely known as the Level-Set function. The interface divides €2 into two sub-domains
Q7 and Q1 and thercfore 2 = O~ UTUO". We use zero level set for a two dimensional
function ¢{x, y) to represent the interface, ie

dlz,y) < 0 il (z,y) € 1,
Me,y)=0 il (z,y) el (2.4)
dax,y) =0 if (z,y) € Q%

The schematic of the level-sel. fanction representing the interface and the sub-domains
in the computational plane can be seen in figure 2.1(a). Here {(n,£) represents the
local coordinate system al an interfacial point (z*, y*) with each of them representing
the tangent. and normal direction respectively al the point along the interface. For

] ] [p—
lﬁi—i [PEm——
I:: i :‘\:"" Ir
%R ] A
Tr"r \‘\ ,."'I
()] ns
st s S O o
() (b) (c)

Figure 2.1: (a) Schematic of the level-set lunction along with the local coordinates on an
interfacial point, {(b) the compact HOC nine point stencil and, (¢) regular and irregular
poinks.

approximating the jump conditions eq(2.3) on a Carlesian mesh at the point (=*, y*),
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8 1. Mathematical formulation 15

we have

£=  (z— x")cos(B) + (y — y*)sin(), (2.5)
= —(x—x*}sinll)+ (y — y")cos(d). (2.6)

where # is the angle between x-axis and £-direction. The jump conditions for the deriva-
tives up to third order can he caleulated by the following formmnlas.

[12] e [t2e]

i“u] R, [u“]
[UII] ef 208 A7 [HE{]
il | = |5 =5 —cs | | el |
[ty s 25 ) \[ttg)

flua-m]\! ( & —3cs 3es? —g* \ ([“EE-E]\
18] s & —2e8® s 2% s [ttgeq]
[thryy] es? 2%s— 80 & —2e8? —es? | | [uen)

\ [t3] ) kss 3s%c 3c?s e ] [l )

where ¢ = cos(fl) and s = sin(f#l). The non conservative form ol equation (2.1) can be

wrillen as

-H{.uﬂ‘-i? i "‘w} f fll{.mry]“ﬂ‘- { d{xﬂf}”j‘; | H’{'T:y}” :.”.'r :'!J".:I' [2?]

where e(xz, y) = ﬁ%ﬁ and d{x, y) = gj‘;—ﬂ We diseretize Lhe domain £ by vertical and
horizontal lines passing through the poinis (z;,1;) given by

Ti=xo+h, yi=wm+J, 1=012,.. M and =012, . ,N (2.8)
The mesh length along z- and y-directions are defined as h I{;_ I;" and [ y;;r u E'{"

respectively (see ligure 2.1(a)). In order to a derive a higher-order finite dilference
scheme on a compact stencil, we divide the grid points into the two ollowing categories
s regular and irregular points. A point (1, 7) in the computational grid is said to be a

regular point il the interface I' does not eross Lhe standard five point steneil centered at
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Uhapter 2. A novel Higher Order Compact-immersed interface approach for elliptic problems

(¢, 7). In other words, il the grid points of the five point stencil share the same side of
the interface either in 07 or 7 then it is called a regular point, and il it shares both
sides, then il is an irregular point. We show the regular and irregular points in figure
2.1(c), where the grid points marked red are irregular points and all the other poinis
(marked black) are regular points. Mathematically, ¢f**¢7™ < (), where

(P:;m minf i, dioy, Gi1, G5k, (2.9)

= ar{ iy, Gia, i1, P51} (2.10)

As mentioned earlier, a compact inite difference scheme [62, 63, 75-77| utilizes grid
points located only one step length away from the pomt about which the hinite difference
is considered. Additionally, il the order ol aceuracy is more than two the scheme i1s
termed as a HOC scheme. For diseretizing equation (2.7) at regular points, we have
reconstructed the HOC formulation developed by Kalita et al. |75] on uniform grids on
a nine point stencil shown in figure 2.1(b), which is O(h* I'). AL the point (23, y;) on
the computational domain, this scheme is given by

[Ay0Z + B2 + G, + Dyly + Eyo202 + Hygdodl + Kij026, + Lijb.0, + M| ug = Fy;.
(2.11)
where 82, {5: B o Bypa OOy Exﬁﬁ, d28, and J:Eég are second order accurate central difference

operators along z- and - directions and,

2

_ h Cij f i
Ay =By + — 12 (zc,r+n1_, + Ben — ﬁ—ﬂfcﬂ + ,J,}) (ﬂ, +== ﬁw ) (2.12)
ds;
B

2
Bi-j =|"3i._-.i ( ﬂj ﬁr) ]IE (de + h':;r 5 Byy { 5] + ﬁy]) 1 (213}

+25— e, t ) ol (AN s, (2.14)
i-_'l E'I.J" HT fI IF'ill"l-j‘ I_'E w ﬁ:‘]‘{’ﬂ 1 it
+ 'Elz :'
1._1 dtj g ( ;J d, ) (Eﬁ_” + 2?‘% J N!.,,. + H@j}) F {2,15}
L ¥] 1}
=0 (12 12) (2.16)
H —E{zﬁ ]+E (2.17)
Y TgVere T Qi phan |
L bt 2 .
K _El!'-u + (3 By — diz), (2.18)
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8 1. Mathematical formulation 17

2 o ] i
Lis =.E (Zdj., ‘-"é‘%) | fz (zc,, ‘1‘5‘%) (2.19)
My =y 4 i{ﬁ--n k) 4 i{ﬂ“}’ﬁ dyjkiy) (2.20)
?-j 1] lzﬁu LW e 5 L lzﬁ:j L el LY | ]
F =I+Ef +£f _if‘..._i“rd.._ {2_21}
LT ST Sl 14 T St AT T i i

On expanding, (2.11) reduces to

C1iti—) 51 T Catty i1+ Calip gt F Gty 51-C5ti 5 + Colipy,j + Critio 541

}f.}q'ﬂf‘j+'|' i: Collit-1541 — (:{_-.;. {222]

where Gy; = Fj; and others coefficients are given by,

.En"ij H{ } Ki T .L'{J'

T R Y SR TR R T 2
By Dy 2k; | Ky ;

e e 2.94

259 Ty T e TR (224)

N

, i S s L4 9.2

R TR TN P TR TR TH )
_Ay Gy 255  Hy (2.26)

Wt 2h B2 R2]
94, 2Bi; A oo

e =My ——5" — —*+ rﬂg‘ (2.27)
Ay Gy 2By H,

& - (2.28)
"= i i o)
o =_?_;i r% %*;iﬁr L.%%, (2.30)

Because of the discontinuity in the solution u at the interface, such an approximation
doesn’t, work at irregular points. Therefore modification is required at these points. At
the irregular points, we can have irregularity either in the z- or in y-directions alone,
or both z- as well in y-directions al the same Lime. We modily the above HOCU scheme
al the irregular points il the inlerface crosses the finite difference grid in the z- or and
y-direction alone, and il 1t crosses in bolh the directions simultaneously, we adopl the

mechanisms deseribed in the [ollowing sections.
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2.1.1 TIrregular points lying on grid lines parallel to z-axis only

Consider the situation when the irregular point lies only on grid lines parallel to z—axis.
Suppose we have the interface between (i, ) and (i + 1, §) but there can be three pos-
gibilities (see Figure 2.2) the interface cut by the grid lines on three interfacial points
in the compact stencil i.e (27, y;41) lies between (z;, y;41) and (200, 4541) , (23, y;) lies
between (x;,y;), (#i41,y;) and (x5, y,,) lies between (x;, y;-1), (Ti41,¥5-1). Since all
gix points lie on left of the interface (refer to case 1 of figure 2.2) having same sign of ¢
[unetion, we need to approximate u(ziy, Y1), w(rip, ;) and w(ri ., ¥;-1) to the point
{x:, ;) using Taylor series expansions. We prove the lollowing lemma, which will allow
us Lo approximate higher-order derivatives ineluding mixed derivatives resulting from
diseretization.

Case 1 Case 2 Case 3

Figure 2.2: Stencils for irregular points lying on grid lines parallel to x-axis only,

Lemma 2.1.1. Consider the interface lie between (i, ) and (i + 1,7). Assume u~ €
{T‘?'H[g;“‘xﬂ X [ymy,l']s ut € {jkﬂ[f‘-'?af-f] x [yo. H,r]: h = i1 — 1 and hy =x; — z} then
we have the following mequality

kK k—p i k Bt i
hrpe grt ""n. ()" [,
u{:ci+|1yj+l EDZ FJ,cPt?yq T i) — Zﬂ '#lx-! [t’]‘:ﬂ“ (21, ijrl}jl ” =
p=0 q= <5
hk+l M

I{{kl D “H lj,|[|h|||.!| jerl, (2:32)

where K =max(maX e, z+) | 0¥ (2], y501) | » maxee@e 2000 | 05T (2] 951) |)-
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19
Proof. Using Taylor expansions for u' at (], y;41) in 2 direciion
(k] +yn jﬂ,m ) Gyt {h:f]"'“
u J-"1+]13|';T-|-'-] ; nl A 1ry_'i'+l} F Or ookl {‘Eﬁ:+hy_? H]Uf- 4 ” {233}
for some &1 € ({27, @), yi01)- Also, we know that
J"u+ i /i P ™ )
{‘Lhyj+l} Jrm (rﬂlsyj+l [ {J-'p 'Er'_g+l]j| {234}
I
substituting (2.34) in (2.33), we have
{.’ LT
(@1, Y1) = z T Y1) + %(fﬁnyj-n]
GhHl g+ (hiy+!
2.35
S d_ﬂh_l_] {£k+]:yj+lj{k_| 1}1: { IJII

Taylor expansions of u™ at (z;,y;41) yields for n =0,1,2, ..k

15‘"1.'.' ) & h- }t n d: = { I.!Il—jlt~—r1-+| ak-!-l e
Dan D H+1) :_E {:—113)7 az Eo¥in) F e e e (G Y )y (2:36)

for some &y, € ({&:,x7), 4541 ). Since this point lies on the left side of the interface, we

can replace w— simply by w. Making use of relation (2.36) in {2.35), therefore

awnp) = 3 U (S ) 1 3 O [P )

=0
{f:l'+ { ﬁ_ )k —ntl gty — I:fl+}k+|'fj""+|ﬂ |
+2n al (f—n T 1) 0t Cm i)+ (i e (Ghens )
(2.37)
Now
L =
{ —h ﬂa"ﬂ- h-+ (—ha :I u
E i (Z ¢ —l 1}:1}' d*r*l: s l}) u (z, i) + (1_1[ = 1!1 d“r{"El-!y_Tll}
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3 ({hﬂ" hi(—hi) | {h,‘}‘*) P

TSR 2 ) dr (%0 Yja) +
M (=h)* | BT(=RODF | (WP(=R)? (RO (=hy) | (RN
gk (i -“’f’“j( UG- Dr  agk—ay T G &)
(2.38)
h! h* §*u
='t.!-{n}{“5i:§j+lj+ 1 9z (h.%-ﬂ}"‘ R 1 J k':-51:5|'_1'+'|}: {2-39}

on applying the Binomial expansion, it becomes

- hy )" A hy Fu h®
Z —( r;_f (Z —{“ _1 3”! a.'lt"{ i Wit 1}) Z P! d,i!.'f’{ ir 154 ]} lf2.4|:]}

n={} i=n

using (2.40) in (2.37)

h?* 9"y B [6™u
H{mi+l-|3'.-‘j+l} Z —(zy; y_1+1} Z( 1) [ ( 1s‘f:+1:‘]
& 1l

_u' v oxn

_Fithl}n{_hl }k nt 1 ghtly, - l:h-i }k}i.._.}kll

o nl(k—n+1)! ogkt Gmtpn) b5 I)!amkﬂffhnmﬂi-

(2.41)

Now we apply the Taylor series expansion for the first part of the above equation in

y-direction and p + g < n Le

ko k—p

he P hPle getay "
_pz ;“ (j‘{’_h{ i1 yJ+l} Egpl ffTﬂﬂpan{ llyj} +{ + l]!U I:fj:l {242]

Suppose that all the partial derivative of u of order (k+ 1) is bounded by M,

k41 F
E+1 ki,
[t (= E prpetl—r___—____ < Mo(|R|4+|11)5H. 2.43
| (Tf}l ( T ) EjIrEjyjp_H_T{W} — ﬁ{| I+|“ (. :I

Substituting (2.43) into (2.42) and (2.42) into (2.41)

k k-p
hPla grteg
w(®ip1, Y1) = ZE (. ;)

= phyg! ﬂfr?du’l
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4-%“&““”#” +g n:l)" i!:(ﬂ H}Ii}]
+ ; %fﬁnn Yj+1) “:,E ]ll[:.(:j:__j: :;;r! i gk:: (€, y;+1}EifTL:1 (2.44)
Lotting K—mas(maae,sty | (58, 4511) | » Matatrea] | 97 (54, 501) |
ﬂL_ﬂ e R g S ) BV <
Hz “::'! ){::_ I:. }::t < F{;T;}!' (24%)
Substituting (2.45) into (2.44) and get the desired result. O

Remark 2.1.1. Lel h;’ = @y —xh and by =3;— 2% then we have the following imequalily

k k-p IIIP —I grta h'-l- [ gn
-ufiii.q-hﬂj 1 ZZ l ﬂmﬁa;jq{ iy U J] Z{ n!} [ﬂlﬁ{ Ty, Y 1}]

e e ?ﬂ ql
” E {){h-k_'-],ﬁk-l-l).

Remark 2.1.2. Similarly, for the other side of the interface.

k k—p
(—h)PlT grtay ()" [,
i1, Y541) ZZ plq! d:rrPﬂ'yﬂ{ ”*z al ~ [ "yf“}]

=0 g=il n=0

” _E (){hk+] , fk-l-] }_

k k-p k .
(—h)P(—1)7 9" (hy )™ [
wrngpon) - 303 D o iy + 3 B [ )|

I gl
p=At =0 rg n=[

” < U{I'Lk-'-l,ik-i-i}.
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Now, we approximate the mixed derivative ug, at the point (x;,y;) using the Lemma
(2.1.1) and Remark (4.2.1)

sy Czicts) Wi m+u—14h;n-|,_f+| P11 4” (Cyz — Cyz) + O(R?, 1P),
(2.46)

Wig—1 — Uijp | Uigyj Uit -1 T Wiy 41 — i1

u:r.ty(:ﬂi.-yj}: b h}g; I+ +1,241 +1,7 Ehzi o %]
2", 7] [C’l,x G:{.'ﬁ:] o lf;'lrh-z.,ﬁl {2,4?}
Ui 1,5 — Uikl § Ui ggug e 50 —Wigg1 — 191

u:w{:“i:yj} JIFLF +1.3 + +1.4 oJ ShEB u+ b
zma (Ciz—2C;z + Cya )+ O(R, ), (2.48)
41 2(ti1 i+ Uiy H )

uﬂyy{mhyj} o A 1.j h;}]; -1 g1

_l_“»u 1541 1 Wig1,g=1 + Uieq jp1 + ie1 -1
h#l#

7 4:?— (Ciz — 2Cm + Caz) + O(R*, 7). (2.49)

Similarly, other operators in equation (2.11) can also be approximated. Depending
on how the interface crosses the grid-lines as depicted in ligure 2.2, the right hand side
of equation (2.22) can be rewritten.

Case 1: Gy = Py + aCrx + 66Cax + c3Cs,

Case 2: Gy = Fy + aCiz + cgCax, and

Case 3: Gyj = Fjj + Caz + e3Cyr.

which shows that the jumps can be obtained explicitly at the irregular points, where
the jump corrections are given by

h d"‘u
tr;m=2{;,} T e, u;+1}] (2.50)
n=l) ’
- (ha )™ [0™u
e =3 8L [Pt ). (251)
n=i} ’
y : (ha ) [P 4
Cyx = Z 5 (23, 15-1) | - (2.52)
n=(] g

with hiy = 2, — 23, A close look al the equations (2.1.1)-(2.49) along with the above
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jump correction would reveal that by choosing & = 3 in those expressions, equation (2.11)
yields an O(R*,1*) approximation at the irregular points as well. The same conclusions
can be drawn from the irregular points across the other side of the interface as well as
would be seen in sections 2.1.2 and 2.1.3.

2.1.2 Irregular points lying on grid lines parallel to y-axis only

In this section we discuss the scenarios when Lhe irregularity lies only on points lying on
grid lines parallel to y-axis. Let the interface eutl between (1, 7) and (2, 7 + 1) points. Sim-
ilar Lo the cases related Lo z-axis, one can have three possibilities here also: the interface
being eut by the grid lines on three interfacial points in the compact stencil Le (2, 47)
lying between (z;_y,7;) and (ri, g0 ), (25, 98) lying between (i, y;), (25, 9;41) and
(2i41,93) lies between (zigq,5), (L, Y1), We approximate w(z;_y, 4i1), w(®g, y1)
and w(xi 1, ¥i41) to the point (z;, y;) by using following lemma:

Lemma 2.1.2. Consider the interface lie between (i,7) and (i,7 + 1). Assume u= €
C* M [zo, 2] X [yo, y1], wt € C*[mg, 24] x [yi,d], K = i1 — yi and ky =y; —yi then
we have the following inequality

=

ke k—p

(~hy1e dp—l-qu (ky ]" [ri“'u ]

‘H.L, 1.4 | Ly ] + {-ﬂt 'I1y:|
&t ;; plg! ﬁx”&gﬂ v1) X ! :

rT.i:+| M, %
Koo ™ s 1)!“""'” |

where K =max(maxyefy, o) | 0 (zion,91) |, maxgeq e | 45 (@m0, 0) )

Proof. Similar to the proofl of Lemma 2.1.1; firstly one has to apply Taylor series ex-
pansion in the y-direetion followed by an expansion along z-direction. ]

Other approximation can be derived in same way as in the previous section. With
these, the right. hand side of equation (2.22) can he writlen as
Case 4: Gy = Fy; — coChy — :Cay — 70y,
Case 5: Gy = Fy; — oChy — Cay, and
Case 6: Gy = Fij — coClay — esCay.
k

c=Y" (B [g’ﬁ{:ﬂi_hyﬂ} , (2.53)

{
ey
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cy=y 1, [an'”’{x,., 3 }] 1 (2.54)

ni! yn
k 2 -
k)" 0™
Cay Z : ?ilj H’U_"'{u:“ 1_-'9';}] : (2.55)
n=l . .

where k3 = y; — 45, k3 = ¥ — 15

Case 4 Case b Case 6

Figure 2.3: Stencils for irregular points lying on grid lines parallel to y-axis only.

A close look al equation (2.46)-(2.49) and the expressions for Cyx, Che and Cyz
would reveal that the jump conditions involve partial derivatives at Lhe three interfacial
points on dilferent y-levels with respect to @ only. Likewise, the jump conditions Chy,
Coy and Cyy above involve partial derivatives on dilferent, z-levels with respeet to i only.
On the other hand, the formula for the approximation of mixed derivatives for jump
conditions proposed in the EJIIM of Bube and Weigmann [179] used partial derivatives
in both # and y-directions simultancously. However in actual computations, they used
only a five point, central dilference stencil. This is probably the [irst, {ime that a nine
point. compact stencil has been used for the jump conditions at the irregular points
across the interface, unlike the SJIIM approach of Colnago et al. [33]. As a result, our
proposed scheme maintains its compaciness over a nine point stencil throughout the
whole computational domain. Additionally, it also maintains its fourth order accuracy

al both the regular and irregular points.
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8 1. Mathematical formulation 25

2.1.3 TIrregular points lying simultaneously on grid lines parallel

to both z-axis and y-axis

Here we have implemented the higher-order approximation at those points where irreg-
ularity lies in r-axis as well in y-axis. We have used above lemma in both the axes
simultancously and [ollowed it by taking the average of the correction terms. The two
diflerent. cases as depicted in figure 2.4 have the [ollowings in the right hand side of
(2.22):

Ljtz
=L -1

Case 7 Case 8

Figure 2.4: Stencils for irregular points lying on grid lines parallel to both z-axis and
§-axis.

CaseT: Gy =F; + co(Cay + Car) /2 + caCuayy + c6Cax + ca(Cor + Cax) /2,

CaseR : Gt] I.'Tij =} L‘g{clz'y + C;x);"? = L'chigy S E.‘HE"QI_

koo 2
: k)™ o™
where Cyx, Cya are same as defined in Seetion 2.1.1, and Cly E (k) [a—ﬁ{u‘.i, Yo ]]

with & = yj1 — 5. In a similar manner, il is casy to derive it for the other cases

nl

concerning the inferface.

TH-3125_186123012



Hhapter 2. A novel Higher Order Compact-immersed interface approach for elliptic problems

2.2 Solution of algebraic system

The matrix equation resulting from equation (2.22) can be written in the form
Au=Db (2.56)

where A is a nona-diagonal matrix whose structure as lollows.

Here one can see that nine non-zero coefficients corresponding to equation (2.22)
defined on the stencils shown in figures 2.1(b)-2.4. For a grid of size MN, the coeflicient
matrix A is of order MN and u and b are column matrices of order MN =% 1. Equation

eq(2.56) can be lurther decomposed as

Ag D U b

{0 J'l”,_' R h“_ -} hC

The structures of Ay and Ay, are similar to A, and ug and gy are MV — N and N
component, vectors, where Ny is the number of irregular points inside the computational
domain. Likewise the length of the vectors on Lhe right hand side. Here by corresponds
to the term Fj; appearing in the list of coeflicients following equation (2.22) and be
corresponds Lo the correction terms Oz, Cox, Cyz, Cyy, Cay, and Chy deseribed in
sections 2.1.1, 2.1.2 and 2.1.3. The matrix equation (2.22) is solved by the iteralive

solver biconjugate gradient stabilized (BiCGStab) |82], where the iterations are stopped
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when the Euclidean norm of the residual vector r = b — Au arising out of equation
(2.22) falls below 1072,

2.3 Conclusion

In this chapter, we propose a new [ourth-order accurate explicit jump Immersed
Interface method on a nine point compact stencil for solving two-dimensional elliptic
problems with singular source and discontinnous coeflicients in the irregular region on a
Cartesian mesh. A novel approach for discretizing the solution at irregular places that
can be applied to any and all types of irregularities. i.e. irregularities lying along grid
lines only parallel to the z-axis or only to the y-axis, or only when it lies on both the axes
simultaneously. The second order mix derivatives can also be derived in a manner that
is contingent on the nature of the irregularities. The matrix equation Au = b resulting
rom the discretization is such that if the nature of irregularities changes following a
change in the shape ol the interface, only the vector b is needed to be modified to
accommodale the new scenario, while the matrix A remains the same as presented in
the previous section. In the next chapler, we shall examine Lthe efliciency of the proposed

scheme by applying it to a wide variety of problems of different complexities,
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HOC simulation to steady state problems

In this chapter', we validate our algorithm resulting from the scheme proposed in Chap-
ter 2, and in the process, apply it to seven fest cases. Four of them have analytical
solutions while the remaining problems are governed by the highly non-lincar Navier-
Stokes (N-8) equations, viz., flow past blufl bodies including problems having multiple
bodies in the low domain. The problems have been chosen in such a way thal they
not, only check the robustness of the proposed scheme in terms of tackling the varied
nature of the interface geometry, but also in terms ol possible discontinuities in the
coellicients and the source terms. As the first four problems have analytical solutions,
Dirichlet boundary conditions are used for them, whereas [or the ones governed by the

N-5 equations, both Dirichlet and Neumann boundary conditions are applied.
3.1 Numerical examples

3.1.1 Test case 1

We consider the Poisson equation
Moy 'E' '”-yy — Efﬂ{? —= ?(H}}dﬁ (3-]}
i
where the source term has a discontinuity in the form of Dirac delta funetion along the

interface, '={(x,¥), 2* + y*=1/4}, which is a circle of radius 0.5. The jump conditions
are given by [u]=0, [u,]=2 and boundary conditions are derived from the analytical

29
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30 Chapter 5. HOC simulation to steady state problems

solution
w(z, ) ki PEL, (3.2)
| +log(24/22 + %), ¢ >0.
The level set unction ¢ is defined as ¢z, y)=2" +y* — 1/4.

The surface plots of the computed solution on a grid of size 80 x 80 is shown in
figure 3.1(a). This figure clearly demonsirates the ability of the proposed scheme in re-
solving the sharp interface. While Berthelsen's decomposed immersed interface method
(DITM) 12| found the use of higher-order differences at the interface complicating the
compulation owing to more grid points being roped in, our approach, despile using a
nine poini stencil was seen Lo caplure the solution very efliciently. In table 3.1, we
present. the results from our computation on grids of sizes NV x N with increasing values
of N and compare them with the numerical results of [12,96,114,179]. The maximum
error defined as || Ey||so, where || Ex||so= the — tpum 18 a function of the grid size h and
rate of convergence (ROC) is defined as

log(2)

Here || Ly || is the maximum error of the previous coarser grid having hall the
number of points in either direetion than the eurrent grid size. One can clearly see a
much reduced error, decaying al a convergenee rate close to four, which is much higher
than the ones reported in the existing literature. A graphical representation of the
convergence rates of the eurrent, scheme along with that of the EJIIM [179] is provided
in figure 3.1(b), where the slope of the least square fit line shows the order of accuracy
ol the respective schemes.

‘able 3.1: Grid relinement analysis of maximum error for Test Case 1.

N Present | ROC | DIIM [12] | ROC | EJIIM [179] | ROC | CIM [29] | ROC
20 | T1sx107Y | — [T78Rx107Y | — 1.4 x 1072 — |76hx107* | —
40 | 7THIx1075% | 324 | 201 x107% | 1.97 | 1.8x10~* | 295 | 256 %101 | 1.56
80 | 582%x107%| 369 [503x107° | 1.99 | 66x107° | 1.44 | 521 x 107% | 2.29
160 | 4.1T% 1077 | 3.80 | 1.26 x 107% | 2.01 | 1.9x 10 179 | 114 x 107% | 2.19
320 | 296 % 107% | 381 |318%x107% | 199 | 34x10°% | 248 [272%10°% | 2.06

o 5
5 5

In figure 3.2, we exhibit the surface plots of the errors resulting from the cearrent

compulation on a grid of size 80 x 80 along with the ones resulting from the EJIM |179).
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(a)

Figure 3.1: (a) Surface plots of the numerical solution and the error on grid size 80 x 80
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(b)

and (b) the convergence results for Test Case 1.

The relative smoothness of the error in the neighbourhood of the interface along with the
drastic reduction of the error clearly demonstrates the efficiency of the current approach
over |179|. Further in table 3.2 we have compared the CPU times consumed by the
current scheme with EJIIM [179] on different grid sizes for test problem 1. As one can
see, the CPU time loss because of the higher-order accuracy of the proposed scheme is
minimal. However, in terms of the accuracy of the results, our scheme scores huge gain
over EJIIM as the error resulting from our computation decays much faster, which can

he seen from ligure 3.2 and table 3.1.

Table 3.2: CPU time (in seconds) comparigon with EJIIM [179] for Test Case 1.

N [ Present | EJIIM [179]
20 | 0.002 0.002

40 | 0.004 0.004

s (0.01% .06
160 | 0.134 0.115
320 | 1.523 1.142
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32 Chapter 5. HOC simulation to steady state problems

() (b)

Figure 3.2: Error plots on a 80x 80 grid hy (a) The current approach and (b) EJIIM [179]
for Test Case 1.

3.1.2 Test case 2

Here the dillerential equation considered is
(Bucke + (Bug)y = S(w) + 8 [ 82 = R (3.4)

with f(zx,y) = 8(z* + y*) + 4 defined on €). § is the Dirac delta function, S is the
strength ol the point source at I' and coeflicient 5 is given by

-y + 1, <0,
B(z;y) il & (3.5)
b, ¢ = 0.

From the above, one can clearly see that the coeflicient [ is discontinuous across the
interface 2% + y? = +* with r = 1/2. The analytical solution to this problem is given by

¥, < 0,
gy ) i (3.6)
(1 — & — $)/4+ (5 +r?)/b+ Slog(2r/b), ¢ >0,

We show our numerical results for G = 0.001, 10 and 1000 in tables 3.3-3.5 and
figures 3.3-3.4. As in test case 1, when compared with established numerical results
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Figure 3.3: Surface plots of the numerical solution and the error on a grid size 32 x 32
for b= 1000 for Test Case 2.

[12,29,32,96, 102, 179, our results fare much better as the tabulated errors on different

grid sizes suggest.

Table 3.3: Grid relinement analysis of maximum error for Test Case 2 lor b = 1000,

N Present [115] CIM [29] PCM [32] | DIIM [12] | MIM [102]
32 | 210x 1077 | 198 x107° [ 273 =107 | 1.82 % 10°* | 208 %107 | 5.14 x 1071
64 | 265x10°% [ 369x 105 | 388 x10°° | 496 x 1075 | 530x10% | 824 x 1075
128 | 317107 | 6.72%x 1077 | 534 x107% | 130%x 1078 | 1.33%x 1079 | 1.87 x 1075
256 | 43210719 | 112 %1077 | 7241077 [ 333 10°% | 333 %< 10°°% | 4.03 x 10~°

Figure 3.4: Numerical solution and contour plot. of error on grid size 40 x 40 for b = 10
for Test, Case 2.
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Table 3.4: Grid relinement, analysis of maximum error for Tesl Case 2 with b = 0.001.

N Present [115] CIM [20] | PCM [32] | DIIM [12] | MIM [102]
32 12101077 [ 1.26%x 1077 [ 428 x 10T | 20310 | 497 x 10" | 9.35 % 107
61 | 195 %1072 | 212%x1072 | 1.26x 107! | 352%x 107! | L18x 10" | 2.01 x 107
128 [ 311 x 1073 | 385 %1073 | 377 % 1072 | 7.25 x 1072 | 2.90 x 10~ | 5.80 x 10!
256 | 432x 107 | 6421077 | 136 %1072 | 180 x 1072 | 7.08 x 1072 | 1.37 x 10~

Table 3.5: Grid refinement analysis ol maximum error for Test Case 2 with b = 10 and

S=01.
N Present | ROC [ PCM [32] | ROC | DIM [12] [ ROC [ EJIIM [179] | ROC
20 | 1.07Tx10°T] — [420% 107 — [536x107| — 7.6 % 101 —
40 [ 101 %1075 | 326 [ 1.16%x 107 | 1.85 | 1.38x10°* | 1.95 | 24x10°1 | 1.66
80 | 1.30x 107 % | 309 [ 3.75x107% | 162 | 34Tx107° | 1.99 | 790 x 10-% | 1.60
160 | 1.62x 1077 | 300 | 533%x10°% | 281 |870%10°%| 1.99 | 22x10°% | 1.84
(320 | 2.05x10°% | 2.98 | 1.58x10°% | 1.75 | 217x107° | 2,01 | 53%10°° | 2.05

Table 3.6: Comparison of maximum error for Test Case

gt =10, 8

=

2 with Feng et al |50] for

FPresent

AMIB [50

32
4
128
256

2.09 x 107°
2.65 x 10°°
317107
531 x 10°%

1.05 x 10—
2.02 x 1078
500 % 1074
1.04 x 108

Note that Feng et al. [50] had also solved the above problem with a combination of
the MIB [193], Augmented IIM |103] and EJIIM |179] and claimed to have produced

[aster results. However, apart [rom the pain in CPU (imes, they could nol improve the

order ol aceuracy and the error as can be seen [rom Lable 3.6,

3.1.3 Test case 3

This test case is an example where there are discontinuities both in the diffusion coeffi-
cients as well as the source funetion simultaneously. The equation is given hy

{-81'[-1‘.}: 2 {-8“‘11'}31 — Jr{-r: y}

(3.7)
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where the diffusion coellicient /4 is given by

5, ¢ <1,
Bz, y) = (3.8)
£ 148 @ > 0
and
4/8-, <0,
[(zyy) = / . g (3.9)
1672 /8%, ¢ = (.

The problem has the analytieal solution

zg'l'ﬂl ¢ =0

v = g i

-u(,c, i) {m'i+y‘3}2+3u;:g_[‘3ﬁ} 8 (_r%__ A= yﬂ}ﬂg.f,, IDE;{ZI"D}) , ¢ = ().
(3.10)

The interface is a star shaped closed curve as shown in figure 3.5 and can be described

Figure 3.5: The star shaped five, nine and twelve petal interface of Test Case 3 on a
grid of size 8() % 8().

by the level set function ¢ (r, #) = r—ry — 0.2sin(wf), where r= /(r — z.)? + (y — y.)?,
# = arclan({y — y.)/(x — z.)), and z.= y.— 0.2/+/20. We study this problem for ry=
(L5 and w= 5, 9 and 12, The boundary conditions are derived [rom analylical solution,

We compute the solution for different values of g% = 2, 5, 10 and 10000 with
A7 = 1 such that the robustness of the scheme can be tested for cases with low as
well as extremely high jump in the dillusion coellicients F. Our compuled solutions are

shown in figures 3.6-3.8 along with the surface error plots [or the three combinations of
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Figure 3.6: Surface plots of the numerical solution (left) and the error (right) for Test
Case 3 with 8% = 2 on grid size 80 x 8().

Table 3.7: Grid refinement analysis of maximum error for Test. Case 3 with % = 2,
A7 =1,5%=-01,5 =0, =05 and w=25.

N Present ROC
40 [182x100%| —

80 | 3.01 x 10~% | 2.50
160 | 287 x 1079 | 3.38
320 | 422 % 1077 | 2.76

FIIM [99] | ROC
OB x 1072 | —
522 x 101 | 2.12
1.26 x 107 | 2.05
2098 % 107 | 2.08

Table 3.8: Grid refinement analysis of maximum error for Test Case 3 with 41 = 10000,

B~ =1, 8 =—01,8 =0, = 0.5 and w = 5.

N Present FIIM [99]
40 | 3641077 | 6.55 x 10—
80 | 5.57x 1078 | 7.84 x 1078
160 | 2.16 x 107 | 5,98 x 1077
320 | 2.51 x 10~? | 5.85 x 10~7

A% and 7 mentioned above. The effect, of the jump in § can be clearly observed from
these fignres. We also compare the maximum error norm on different grid sizes with
N = 40, 80, 160, 320 for these combinations with those of [49,99,115] in tables 3.7-3.9.
Onece again, one can clearly see that our scheme [are much better than them not only
for small jump in 4 bul also for high jumps as well. The elfect of the parameter w

determining the number of petals can also be seen in ligure 3.7.
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Table 3.9: Grid relinement. analysis ol maximum error for Test Case 3 with 57
A =1,58=-—01,5=0,rg=05and w=>5.

— 10,

N Present | ROC |115] ROC [107| ROC
40 | 3.62 x 10°° = 7.20 x 10°° = 167 x 1071 .
2.04 | 735x107° | 1.18

80 | 6.01 x 107% | 2.59 | 1.76 x 107°
160 | 591 % 1077 | 3.34 | 4.21 x 1075 | 2,51

320 | LOBx 1077 | 245 | 835 x 1077 | 2.33 = —

Figure 3.7: Numerical solution on grid size 80 x 80 for Test Case 3 for the combinations
w=29,"=50andw=12, 7 = 2.

3.1.4 Test case 4
This is an example of a composite material problem with piccewise constant coeffi-
cients. This problem is of specific interest in checking the effectiveness of newly devel-

oped numerical schemes beeanse of the challenge posed by large difllerences in material

properties. Let

2
{,f,‘ ::| a2 (p-1) 7 "b <0, {3 | j]
Wotad 2lpi1)—s2p)r/(z2 1% '
: il Ij-?s"{p 1) 1 15.7:' > (.

where s=().5, the radius of the same cireular interface as deseribed in Test Case 1, and
p="/A*. The above is the solution to the Laplace equation V* = () with [u] = 0 and

[G1,] = 0 at the interface and exterior boundary as given in the analytical solution.
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(<) (d)

Figure 3.8: Surface plots of the numerical solution (left) and the error (right) for Test
Case 3 with (a)-(b) A% = 10 and (c¢}-(d) g+ = 10000 on grid size 40 x 40,

Figure 3.9: Surface plots of the numerical solution and the error for Test Case 4 for
p = 5000 on grid size 50 x 50.
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Table 3.10: Grid relinement analysis of maximum error lor composile material Test Case

4 with p = 5000.
N Present | ROC [ DIIM [12] [ ROC | FIIM [99] | ROC | EJIIM [179] | ROC
25 |15655x107% | - [980x107%| - 1.2 x 1072 - 1.4 x 1073 -
50 | 103x107% | 391 | 273x 1071 | 1.85 | 9.2 x 1072 — 351071 | 20
100 | 144 % 1077 | 283 | 484 10°° | 250 | 59x1072 | 06 | 9.0%x107% | 20
200 | 196%10°% | 287 | 126%10°% | 104 | 770% 1079 | 20 | 22%10°% | 20
A0D | 257 %1077 | 293 | 349 x 1079 | 1.85 — — — —

Figure 3.10: Surface plots of the numerical solution and the error for Test Case 4 for

i

1 /6000 on grid size 50 x 50.

Tahle 3.11: Grid refinement analysis of maximum error for composite material Test Case

4 with p = 1/5000.
N Present | ROC | DIIM [12] | ROC | FIIM [99] | ROC | EJIIM [179] | ROC |
25 |3.08x102 | ~ |[163x1072| = [52x102| = 1.9 x 10~# -
50 | 1.72x 107 | 416 | 455%x 1071 | 185 | 16x10%| 1.7 | 5.5x 107t 1.8
100 | 240 % 1075 | 284 [ B06x107% | 250 | 23x1071| 28 | 13x10" | 21
200 | 327=107% | 287 | 210% 1075 | 194 | 50%107%| 22 | 32%10°% 2.0
A0 | 123 x 1077 | 295 | 5.82x107% | 1.85 — — — —

We tabulate the maximum errors resulting from our computation corresponding fo
g = 5000 and p = 1/5000 in tables 3.10 and 3.11 respectively. We further compare our
grid refinement. studies with those of [12,99,114,179]. From the tables one can clearly

see the errors resulling from our computation decaying al a rate close to Lthree, which

is extremely close to the best convergence rate accomplished for this problem by other
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methods, In figures 3.9 and 3.10, we present the surface plots our computed solutions
and errors corresponding Lo p = 5000 and p = 1/5000 respectively . Once again one can
see excellent resolution of the sharp interface and relative smoothness of the error near

the interface on a grid as coarse as 50 x 50.

3.1.5 The two-dimensional (2D) steady-state Navier Stokes equa-
tion

The next sel of problems considered here are concerned wilth steady-state llows past
blufl bodies. The equations governing the flows are the steady-stale Navier-Stokes (N-S)
equations for incompressible viscous lows which do not possess analytical solutions. The
N-5 equations provide the mathematical framework [or incompressible viscous flows and
as such, are the backbones in both theoretical and computational luid dynamics studies.
In particular, the numerical solutions of the N-S equations has played an important role
in the recent advances in the flow past bluff bodies in the field of acrospace engineering.

We solve the N-S equations in streamfunection-vorticity (1»-¢) formulation. Here the

du
vorticity { is defined as - i 6_1:’ where V = (u,v) is the velocity field with « and

v being Lthe horizontal and vertical components of the velocity of the fluid. Defining the

velocities in terms of streamhmetion 1 as

o oy
iy g = du

(3.12)

=

facilitates the incompressibility condition, The primitive variable formulation of the 21D
N-S equations for incompressible viscous flows are given by

V-V =0 (3.13)
(V-V)V = —ivﬁ%"’v‘-*v (3.14)

where p, p and p are pressure, density and viscosity respectively. The main interest of
this study is to simulate flow lields for the different ixed single and multiple interfaces
in lwo-dimensional laminar [lows. Due to Lhe presence of the pressure term, Lhe direet
solution of (3.13)-(3.14) has been a costly aflair despite representing the [luid phenomena

accurately. In order to overcome [rom this, we define streamlunction-vorticity (y-)
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formulation. Taking curl of (3.14) yields

A ¢  p_y s
'ﬂ-a +'”ﬁ == E? g {-5-]-)}

Equation (3.15) is known as the vorticity transport equation. Making use of (3.12) in

the delinition of vorticity lirther yields

s Tty By
Vi = —— —_— = 3.16

3.1.6 Non-dimensionalization of the -{ form of the 2D N-S

equations

Defining the non-dimensional variables

s I it v L b [t
et F =T Y w V= Y i and ¢ 7
where L is some characteristic length and U the characteristic velocity, equation (3.15)
and (3.16) can be rewritten as

B 1 (3¢ B
" o o dy* Re (ﬁ;,—** ¥ d_'y*—z) (3.17)

Fyr Py . J

o T g T (3.18)

Here Re is the Reynolds number defined by Re = g which represents the ratio of
inertial and viscous forees acting on Lhe fuid. Dmppi.ng the asterisks lor convenience,
the non-dimensional form becomes what is known as the streamfunetion-vorticity (¢-C)
formulation of the steady-state N-S equations

o010 0 -
ué'w i ﬂfj'y ~Tee (&Ié i E}EZ (3.19)
&y Py : ;
g2 - i —i (3.20)
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3.1.7 Test case 5: Flow past a circular cylinder

du ht
ﬂ_i_ﬂv_w_ﬂ UIJ—FT—E
&
i)
oLl
Pp=u=v=>0 ax
=1 dv
E}—ﬂ'
=10 ht o0
= WS i
H_
L
¥ . = bt | 0% Ov=w=0
e 1\ Y =yg _E a}'r_ d _/I

g

Figure 3.11: Schematic for the flow past a circular eylinder and the boundary conditions.

The lirst, problem considered under this category is the 2D steady-state llow past a
circular eylinder in uniform stream |9, 20, 27, 73, 81,89, 95, 156, 170]. The schematic of
the problem along with the boundary conditions used is presented in figure 3.11. Here,
Reynolds number is defined as Re U%”g where [/, is the average inlet velocity, [ is the
eylinder diameter and v is the kinemaltie viscosity of the fluid. In all our computations
[ was sel as 1.0. Note that for the Reynolds numbers under congideration, the How is

always symmetric aboul the x-axis as the results would suggest.

As depicted in figure 3.11, the computational domain is considered as —x, < 2 < &g,

hi ;
—— <y < = where hi and xy are respectively the height and the length behind the

cylinder of the computational domain being considered, and x, is the entrance length.
The cylinder was placed at (x,y) = (0,0) as its center. On the surface ol the cylinder
w = v = 4 = 0; the same conditions were imposed inside the cylinder as well during
computation including that for the vorticity ¢. At the inlet, uniform How is considered

as uw — 1, v = 0 while at the outlet, Nenmann boundary conditions are prescribed as

- LT h hi
% = )= % = % = ET{;: AL the top and boltom ;}; =0, v =0, and v = % and
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y
=
P

A

2

Figure 3.12: A typical 121 x 61 grid with the cireular interface.

hi
s —% al the upper and lower boundaries respectively. For (, at the inlet, top and
hottom, a potential flow condition is used, viz., { = 0. In higure 3.12 a typical 121 x 61

grid along with the circular interface is shown.
On the surface of the cireular eylinder (or other blulf bodies that would be considered

the next examples), which constitutes the interface, jump conditions for 1) is straightfor-
ward |183] and hence its diseretization thereat. On the other hand, the approximation
of the vorticity on the interface is a tricky one, which we have accomplished through
a specilic interpolation strategy by mapping the ¢ values at the irregular and regular
points outside the cylinder onto the interface. One can see the schematic [or the jump
correction of vorticity on the circular interface in figure 3.13(a) for the firsi quadrant.
Here the points 1, 2 and 3, denoted by Lthe red solid circles, correspond to the types of
irregular points described in sections 2.1.1, 2.1.2 and 2.1.3 respectively.

For the point 1, firstly a one sided O(h?) approximation [134] is used to compute
by the discretizing — V%1, making use of the points to the right and top of this point
represented by the triangles as shown in the fgure 3.13(a). This is [ollowed by the
computation of —V?1 employing the repular five point central difference formula at the

next point right to 1. Making use of the approximations of —V?%¢ thus found at these
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14 Chapter 5. HOC simulation to steady state problems

points, the value of ¢ at the interfacial point to the lefi of 1 is calculated by fitting a
lincar Lagrange polynomial. Likewise, the value of { at the interfacial poinl below 2 is
calculated by fitting a linear Lagrange polynomial by making use of the values of — V%)

at the point 2 and the next point above il.
For point 3, after computing — V=1 on il by the same strategy used for 1 and 2, we

further compute it al the point 4 diagonally above it by the five point central difference
formula; it is then followed the computation of ¢ at the point on the surface intercepted
by the straight line joining the points 3 and 4 by litting a linear Lagrange polynomial once
again. Setting the { values inside the eylinder as zero, the jump condition lor vorticity
on the interlace is simply the interpolated values of { thereat. The same approach has
been adopled [or blull bodies of other shapes disecussed in subsequent seclions 3.1.8 and
3.1.9.1 as well. The boundary conditions on the top, bottom, left and right sides of the

compulational domain for these two problems are as in lgure 3.11.

() (b)

Figure 3.13: (a) Schematie for the jump eorrection of vorticity on the eircular interface
in the first quadrant and (b) flow parameters corresponding to table 3.12 for the flow
past an impulsively started circular eyvlinder: Py is the rear stagnation point, Py, the
wake stagnalion point, Ly, the wake length, S, the separation point and @, the angle of
separation.

We now discuss the solution procedure of the algebraic systems resulling [rom the
discretization the system of equations (3.19)-(3.20), which reduces to the form A® = b
with @ representing either 4 or { (see section 2.2).

The computation of Lthe steady-state solulions of fluid llow problems governed by

coupled equations such as (3.19)-(3.20) involves an outer-inner iteration procedure. Al
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ter initializing w, v, 1 and { with appropriate boundary conditions and interior values
(taken from the potential flow conditions), (3.20) is solved for 4. Once ¢ is compuied,
w and v are computed from equations (3.12) by employing a higher-order compact ap-
proximation as given by [77]| alter which ¢ is computed from (3.19). This constitutes
one ouler iteration. Making use of the updated values of {, 9 is computed again. This
process is repeated till maximum ¢-error reaches 5 x 107", The inner iterations involve
solving the malrix equalions al each outer iteralion by iterative solvers. We have used
biconjugate gradient stabilized method (BiCGStab) [82] with preconditioning, where
Incomplete LU decomposition is used as a pre-conditioner. Preconditioning has been
particularly useful for high Reynolds numbers on finest grids where we have used the Lis
library [1]. The inner iterations were stopped when the Euclidean norm of the residual
vector r = b — A® arising out of equation (3.19)-(3.20) fell below 10" as in section
2.2. We have used a relaxation parameter A for both inner and outer iteration cycles.
Larger the value of Reynolds number, smaller is the value of A

We have compuled solutions [or Re = 10, 20 and 40 on grid sizes ranging [rom
121 % 61 to 549 = 499, Once the data is available [or the lowest Fe considered here, the
flow is computed for the next Reynolds numbers by using the data [rom the previous He
ag the initial data. In figure 3.14, we present, the convergence history of the infinity norm
of the 1 and ¢ errors against Lthe outer iterations for the Reynolds numbers considered
here. Here the error is defined as the difference between the value at the eurrent and
the previous outer iteration levels. In all the cases, one ean observe a very smooth
convergence patiern.

In figure 3.15, we present our computed steady-state streamlines and vorticity con-
tours for Reynolds numbers 10, 20 and 40. One can see two symmetric vortices being
formed behind the eylinder, whose size increase with the increase in Reynolds num-
bers. Once again, our simulations are very close to the well-known numerical results
of |20,73,89,95]. A glimpse of this can be seen in the middle column of figure 3.15 where
the computed streamlines from [89] for the same Reynolds numbers are presented.

We have also computed the wake length L, which is the distance between rear end
point Py of eylinder and the end of the separation at the point P, and the angle #
belween the z-axis and the line joining the center of the cylinder and the separation
point S on the eylinder (refer to figure 3.13(b)), known as the separation angle. We
have further computed the drag coellicient C'p by utilizing the momentum balance along
the streamwise direction. All these llow parameters are tabulated in table 3.12 along
with some established numerical as well as the path-breaking experimental results ol

Coutancean and Bouard [35]. In all the cases, excellent comparison is observed between
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Figure 3.14: Effect of Reynolds number on the convergence history on the finest grid
(549 x 499) for the flow past cireular eylinder problem: (a) y-error and (b) {-error.

Table 3.12: Comaprison of wake lengths, separalion angles and drag coellicients for
different Reynolds numbers..

R [35] (oxp) [39] [53] [106] [183] [90] Prescut
L. 1D 0.530 (1531 0.5358
20 1.B6 1.880 1.820 1.860 1.840 1.874 1.921()
40 4.38 4.690 4480 456 4420 4278 4.540
Cp 10 - 2.846 — — - 2.600 2.58
20 — 2045 2.001 206 223 2160 2.04
40 1.522 1498 1.54 .66 1.576 1.64
7 10 e 29.6 — — — 20.69 0.8
20 44 .4 43.7 429 4350 4420 4266 456
A1) 534 p3.8 515 5360 53.50 5H3.08 oh.3

our computed results and the benchmark solutions.

3.1.8

Test case 6: Flow past two randomly spaced inclined el-

liptic cylinders

Here, we consider Lhe laminar low past two randomly spaced elliptic eylinders in uniform
stream inclined at dillerent angles to the stream for Be = 10.0). The low configuration is

same as in ligure 3.11 of the previous example, except that instead of one single eylinder,
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Figure 3.15: Simulation of flow past eircular cylinder problem by present method:
Steady-state Streamlines (left) and Vorticity contours (right) for (a) Re = 10, (b)
Re = 20 and (¢) Re = 40 on grid size 549 x 499. The simulated streamlines for
the corresponding Res from [89] are in the middle column.

two elliptic cylinders with centres (0,0.5) and (4, —0.5) with respective eccentricities

5 24/2 :
;d and ._\./__ are placed in the uniform stream. The ellipses make angles i} and

g respectively with the horizontal line. The rectangular region [-2.5,2.5] x [-3,7]

in xy-plane is chosen as the computational domain. In figures 3.16(a)-(b), we show
the steady-state streamlines and vorticity contours respectively, where one can see the
streamlines separating from the upper sides of the eylinder fronts to form a vortex lying
across Lhe imaginary line joining the centres of the ellipses.

In table 3.13, we present the vortex data on three dillerent prids depicling the co-
ordinates of the center of the vortex, the 1» and { values thereat and the maximum

vorticity value in the domain. For the same grids, we also present the distribution of u

TH-3125_186123012



18 Chapter 5. HOC simulation to steady state problems

(b)

Figure 3.16: Simulation ol flow past two randomly spaced inclined elliptic evlinders of
varied eccentricities in uniform flow for Re = 10.0: (a) Streamlines and (b) Vorticity

contonurs on a grid of size 799 x 3949,

Table 3.13; Grid independence study lor Test Case 6.

h | Vortex Centre (., y) 1) ¢ i
_‘#} (1.20293, 0.202020) | —0.028026 | —0.154637 | 21.61155
= (1,2?852,. (1.20 1342) —(.028087 | —0.152500 | 21.15219
;—u (] 28392, 0.201005) | —0.027970 | —0.152518 | 21.23926
5 0z
1L PR i
[ |
S ﬁ‘_— | > OfF | |-' :
| | | .
!' [
| | |
Amb L At
— | |
. |I II
e '.J W 2
b 5 - F 1 ‘“:':'14;:5;;;;:

(a)

Figure 3.17: Grid independence study lor the How pasi two randomly spaced inelined
elliptic cylinders: (a) w-velocity along the vertical line and (b) v-velocity along the
horizontal line through the vortex center.
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and v along the vertical and horizontal lines passing through the vortex center in figures
3.17(a)-(b) respectively. Both table 3.13 and the overlapping of the graphs in figure 3.17
clearly establish the grid independence of our computed results.

3.1.9 Test case 7: Simulation of the experimental visualization

by Taneda for Stokes flow [174]

In this section, we endeavour to replicate the experimental visualization by Taneda [174],
which he had performed in laboratory during the late sevenlies perlaining to Stokes

Nows. We consider the [ollowing two cases:

3.1.9.1 Case 1

The problem considered here is the flow past two circular cylinders in tandem subjected
to uniform flow for He = (101, Onee again the problem conliguration is similar to the
one described in test case 5, the only change being, instead of one, two circular cylinders
of unit diameters are placed in tandem at a distance ed apart, d being the diameter of
the cylinder. We have chosen the cases when € = 0.5 and 1.0, In figure 3.18, we present
our computed streamlines for these two cases and compare them with the experimental
visualization of Taneda [174]. As reported in Taneda's experiment, for ¢ = 1.0, two
vortex pairs appear while for e — 0.5, the two vortex pairs merge into one vortex pair.
Without resorting to the complicated mathematics that had been adopted in [37] for
transforming the physical plane and hence the governing equations, our simulation has
very elegantly and accurately captured the flow physics, as is evideneed by the extreme
closeness of our numerical results to the experimental ones.

3.1.9.2 Case 2

Here we consider the separation in a linear shear flow past a circular eylinder and a
plane [36] for fe = 0.011. The problem configuration is shown in figure 3.19 along
with the boundary conditions. In the original lab experiment of Taneda [174], eoloured
glyeerine was introduced into the working fluid along a straight line normal to a [lat
plate and the cylinder was placed above the plate maintaining a gap ed, d being the
diameter ol the cylinder. When the test body was sel in molion by slowly moving the
plate in the negative s-direelion, a linear shear layer How was seen to establish on the
at plate up to a height of approximately six times the eylinder diameter. As such, we

have chosen the computational domain and the boundary conditions as shown in figure
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50 Chapter 5. HOC simulation to steady state problems

(b)

Figure 3.18: Simulation of flow past two circular cylinders in tandem in uniform flow
for Re = 0.01: Computed (left) on a grid of size 659 x 479 and experimental Stream-
lines from Taneda [174] (©) [1979] The Physical Society of Japan (J. Phys. Soc. Jpn.
[46], |Visualization of Separating Stokes Flows/1935-1942[.) (right) when the distance
between the eylinders is (a) 1.0d and (b) 0.5d, d being the diameter of the cylinder.

3.19 so thal the same shear layer ellect could be accomphshed. Al the solid boundary
al the bottom, an O(h*) approximation of vorticily ;o can be oblained by the strategy
adopted in |75],

h?

; ho. . 5
{'ﬁ;'-lg.!'f,-ln = Ef,i.,n + Eﬂ;c{p =X [:.52[:]

Making use of the fact that ¢» = 0 on the bottom boundary, this reduces to

B f "
2o+ Gia = 5 (3.22)

Although the above i an implicil expression, il could be easily assimilated into the
malbrix equation lor (.

In figure 3.20, we present our computed streamlines side by side with the exper-
imental visualization of Taneda [174] for € = 0.0, which corresponds to the scenario
when the eylinder touches the plate and € = 0.1 corresponding fo a gap of one tenth

of the diameter between the cylinder and the plate. As can be seen [rom the ligures,
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Figure 3.19: Schematic for the shear fow past a eircular eylinder and a plane with the
boundary conditions.

our simulation is extremely close to the experimental resulis. Note that our lindings are
in conformity with the theoretical structures of the Stokes [low past a cireular eylinder
near a plane given by Davis et al. |36].

3.2 Conclusion

This chapter is specilically concerned with the application of the HEJIIM devel-
oped in Chapter 2 to real life problems. The scheme is employed Lo solve four problems
embedded with cireular and star-shaped interfaces in a rectangular region having analyt-
ical solutions and varied discontinuities across the interface in source and the coellicient
terms. In the process, the order of convergence of the computed solutions is also estab-
lished. Solutions are compared with numerical results from existing [IMs, and in all the
cases, much improved accuracy ol the solutions was observed. The robustness of the
proposed scheme is, however, better realized when applied to compute the flow in a host
of fluid llow problems past blufl bodies governed by the Navier-Stokes equations. They
include [lows not only past a stationary circular eyvlinder in unilorm and shear flow but
also multiple bodies of various shapes immersed in the low. In the process, we have
also established the grid independence of our computed results confirming the aceuracy

of the simulations performed. Our simulation of the llows was extremely close to well-
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(b)

Figure 3.20: Simulation of flow past circular cylinder placed near a plane in shear flow
for Re = 0L.011: Computed (left) on a grid of size 799 %299 and experimental Streamlines
from Taneda [174] (©) [1979] The Physical Society of Japan (J. Phys. Soc. Jpn. [46],
[Visualization of Separating Stokes Flows/1935-1942].) (right) when the cylinder is (a)
0.0d and (b) 0.1d above the plane, d being the diameter of the eylinder.

established numerical results and fows visualization rom laboratory experiments, In
all, we consider the proposed scheme to be an important addition to the already existing
immersed interface methods. In the next chapter, we will present a transient variant of

the method developed in Chapter 2.

TH-3125_186123012



An efficient explicit jump High Order Compact
immersed interface approach for transient

incompressible viscous flows

4.1 Introduction

Parabolic partial differential equations (pde) with discontinuous coeflicients play
significant roles in the ficlds of electrostatics, porous media, multiphase flows, material
science, underwater acoustics, biology (blood low models) and several other fields. For
example, one may consider the case ol wave propagation in a composite or irregular
medium with different material properties, which has numerous engineering applica-
tions. Besides, the parabolic equations can be suitably reconstructed in the shape of
the unsteady N-5 equations that models incompressible viscous llows. As such, devising
compulationally efficient numerical algorithms and obtaining highly accurate solutions
of the N-S equations is one of the primary goals of CFI). In order to deal with bodies
of complicated geometries or moving bodies immersed in [uid flows in Cartesian grids,
immersed interface methods have been of great eflicacy in the past three decades. In
chapters 2 and 3, we proposed a new higher-order accurate finite difference explicit jump
Immersed Interface Method (HEJTIM) for solving two-dimensional elliptic problems. In
the current chapter', we extend this idea to transient problems, viz., to parabolic prob-
lems with singular source and discontinuous coeflicients on a compact Cartesian mesh.

In most of the parabolic problems with discontinuities across some interface, they
are mostly expressed in terms ol natural jump conditions in the dependent variable
given by [u] = 0 and its normal derivative [fuy,) = 0 across the interface. For example,

* Published in [165].
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one may cite the process of conductive heat transfer over mixed media, which has been
extensively investigated in the existing literature.  Although many of the parabolic
equations possess analylical solutions, even for problems having homogencous jump
conditions, the discontinnity present in the diffusion coelficient doesn’t allow one to have
the analylical solution easily. To overcome these issnes, numerical approaches become
handy techniques [or such types of problems. However, as the solution is not smooth over
the whole physical and computational domains, standard numerical algorithms cannot,
be applied Lo attain accurale solutions. One must conceive specilic numerical procedures
in the neighbourhood of these discontinuities to achieve reasonable approximation of the

solutions thereat.
Several remarkably designed numerical approaches have already been developed in

the literature to solve the parabolic interface problems by incorporating the jump con-
ditions into the discretization process |97, 101, 126, 178, 190|. Nolwithstanding, most of
these involve linite element and linite volume methods where the interface is caplured
by body-fitted approach |6,28, 166], the grid required to be generated could be compu-
tationally expensive. In order to avoid this, Li et al. introduced second-order accurate
immersed interface method for moving interface problem on Cartesian mesh [98], by
nsing generalized Taylor series expansions to modify the standard D diseretization on
the irregular points to recover the loss of accuracy al the interface. Adams ef al. |2]
introduced the second-order maximum prineciple immersed interface method to solve
the linear parabolie equation. Firsi-order derivatives are approximated by an explicit
scheme and the diffusion part by Cranck Nicolson. Bouchon and Peichl [19] presented
a method to parabolic equations with mixed boundary conditions, where they applied
immersed interface algorithm Lo discretize Neumann condition and ShortleyWeller ap-
proximalion [or the Dirichlet condition. The most signilicanl and inherent aspect of
these approaches lie in Lheir elarity in achieving the solution on Cartesian mesh, which
can be generated very speedily and allows users to simulate Hows containing moving
objects with complex peometries with ease.

In this chapter, we propose a new higher-order compact finite dilference Immersed
Interface Method for solving two-dimensional parabolic problems, more specifically for
transient problems involving blull bodies immersed in incompressible viscous Hows on
Cartesian mesh. Such problems are governed by the unsteady N-5 equations which
are parabolic in nature with singular source and discontinunous coeflicients in irreg-
ular domains. ¢ form of the N-S equations has been utilized for this purpose as
in |20, 106, 144]. Note that Calhoun |20] presented a second-order finite volume ap-
proach in an unstable region and imposed no-slip flow condition to find the vorticity
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sources, while Linnack and Fasel [106] introduced a fourth-order compact difference
scheme based on Weigmann [179] approach. Russel and Wang [144] satisfied the no-
penefration condition in the streamfention by superimposing a homogenous solution
to Poisson’s equation for moving boundaries and a no-slip condition for the surface
vorticity of the objects. In 2008, Wang et al. |177] proposed a higher-order accurate
method to solve the 2D incompressible viscous flow in the velocity and vorticity for-
mmulation where they added the exerted [orce unetion into the primitive variable form,
and [ollowed it by by taking its curl to atiain a Poisson equalion [or the velocity. The
no-slip condition was assured by the presence of the derivative of the force unclion in
the vorticity equation as the source term. In 2012, Ren et al |142] introduced IBM
based on the ¥-¢ formulation. According to the requirement the velocity at the im-
mersed boundary interpolated from the corrected velocity field accurately satishies the
nonslip boundary condition, the approach performs an implicit velocily correction pro-
cess. Instead of using the vorticity transport equation, the streamfunction formulation
is used fo make the vorticity adjustment. Tt is calenlated vsing the velocity correction’s
first order derivatives. The approximation of velocily-correction derivalives is provided
using two straightforward and effective methods. One is predicated on FD approxima-
tiom, while the other is dependent on velocily correction & derivative expressions of the
Dirac delta lunction. Recently Ghasemkheli et al. |58] employed an immersed boundary
method to solve the ¢ form of the N-5 equations through an inverse source problem
approach. They converted the vorticily equation into the Helmholtz equation through
semi-implicit time diseretization, butl its order of accuracy was only one. Similar to
others HIMs approaches, to ensure the aceuracy of the numerical solutions, they adopted
special strategies close to the embedded boundary, resulting in the loss of compactness
of stencil. In contrast, the proposed scheme maintains its compactness on a nine point
stencil at. both the regular and irregular points. In order to treal the jump across the
interface, we modified the HEJHM in such a way that al each time step, the scheme

maintains fourth order spatial accuracy throughout the whole computational domain.
Using the proposed scheme, firstly we solve one problem with cireular interface in a
rectangular region having analytical solutions. Then we simulate flow past stationary
as well as moving blull bodies immersed in fluids governed by the N-S equations. Our
simulations include flow situations involving multiple and moving bodies as well. For
the problem having analytical solution, our results are excellent match with the ana-
Iytical ones and for the lluid llow problems, our simulations are extremely close to the

cxperimental and available numerical results.
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4.2 Mathematical formulation

A two dimensional Parabolic interface problem may be modelled as:
Auy =V-(8Vu) +ru— f+b6{{z —z*)y—2*)} in Ox(0,00), (z*,¢") €. (4.1)

with specified initial and boundary conditions. Here §2 is an open bounded subset in
R? and x = (z,y) is an interior point in the domain having an interface I' immersed
in it, and (z*,9*) € I' is an interfacial point. It is assumed that G(x, t) € C'(QH\])
and s(x. 1), fix,t) € C(2*\I") may have finite jump across the interface I". Moreover
b(x,t) € C(I") and all the parameter [, and §, are considered to be bounded, hence the
solution u(x, ) € C*HQ\I). If it = (ny,me)" is the unit outward normal vector to the
interface at a point (z*,y*) € I inside 02~ (see figure 2.1(a)) and a(x.t) € C*(I'), the

jump conditions in the solution and the [lux across the interface may be expressed as

[ulp =ut —u = a(x, 1), (4.2)

[ﬁ%]r = A*Vu' — f Vu = b(x,1). (4.3)

In other words, the jump conditions in the solution and flux are incorporated in the
numerical formulation across the interface to solve such problems, and are defined in
(4.2) and (4.3) respectively, where snbseripts + and — represents the subdomains QF
and £27 respectively.

The domain is considered to be of rectangular shape Q0 = [zg, 2] % [y, y7]. The
steps for generating a grid with uniform step-lengths &, & in the spatial directions x and

y have already been described in seetion 2.1,
Recall that the level set lunction ¢z, y) is a smooth [unction delined in the two-

dimensional domain © = Q Ul'U2" as,

Hx,y,t) <0 if (z,y) €07,
dlz,y,t) =0 il (z,y) €l

Bz, y,£) >0 if (z,y) € 0

with the interface lying across ¢(r, y, 1) = 0.
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Figure 4.1: Sehematie of the unsteady HOC nine point steneil.

4.2.1 Discretization on the regular points

We have restructured the HOC finite difference scheme developed by Kalita el al. |76] for
the two-dimensional transient convection-diffusion equation to discretize equation (4.1)
at the regular points. Note that the last term on the right hand of equation (4.1) vanishes
al regular points and as such (4.1) may be recast in convection-dilTusion-reaction form
a8

Aty + Brtte + Bytiy + BV U + ku = f (4.4)

We use the methodology preseribed in [76] 1o obtain a high order compact finite
difference approximation of (4.4) by using a uniform time step Af. This is accomplished
by lirst substituting the high order gpatial derivatives appearing in the truneation error
terms of the central difference approximation ol (4.4) by lower order derivatives ob-
tained from suceessive differentiation of the original dilferential equation (4.4). Next,
the time derivative is approximated numerically by a Crank-Nicolson type of discretiza-
tion. These result in a spatially [ourth and temporally second order accurate linite
dillerence scheme on compact uniform grid requiring nine point. stencils both at the
(n)™ and (n + 1) time levels as shown in figure 4.1. As such, it is termed as a (9,9)

scheme |76]. Eventually, the HOC finite dillerence approximation ol (4.4) can be written
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where 62, L’i;f  Bs 3 Oy, 820y, 0,07, §24, and 5"62 are second order accurate central difference

operators along z- and - directions and,

h? 2 5 d—28
Aij =i + — (ﬁm‘ b2, + K+ (e ){ﬁ, 3 ]) (b’w ﬁyf *r_u}) ,
ﬁ 'I-_f n‘lj i

(4.6)
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T 5 (EdI + d%])u + % (zf.:y H%})q’ (4.13)
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Rewrite the equation (4.5) into

TH-3125_186123012



{.2. Mathematical formulation o4
i gt = i_: el 4 % (K5 - F3) (4.16)
i=l i=l

where ¢ = Am; — %ﬂi, c: Ay — ?i-n.,-, and oy 0,

r— i,

: 12
1 d 2 2
my =15 (1 {d~ 25,) ) (4.17)
ma _Eli (1 (e 2’5 ) (1.19)
g l—ig (1 e 2) iﬁ” ) (4.20)
a5 fiaz zh?ﬂ N Eh.ﬂi 4M’ L2l
Tiy - % —% = % fT“; (4.22)
ol
ns =My — ghﬂf — Eﬁﬁ 15;;, (4.25)
s+ 71 g (20
w4 g (125
i g i (@)

It is worth mentioning thal. the scheme developed in [76] was devoid of the reaction

term present in (4.4) and of any variable diffusion coeflicients.

4.2.2 Discretization on the irregular points

In this section, we explore several [easible scenarios for the irrepular points and the

discretization of the equation thereat.
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4.2.2.1 Irregular points lying on grid lines parallel to r-axis only

Here, we deseribe the case when the irregular point lies only on grid lines parallel to
r—axis. Let us assume that such a grid line meets the interface between (24, ;) and
(i1, 5) (i€ diy1; % @y < 0) at the interfacial point (x5, y;), with the possibility of
the interface cutiing the grid lines above and below y; level at the points (2], y;41)
and (x%,y; 1) respectively on a nine point compact stencil as shown in figure 4.2(a).
From this figure, it is clear that ¢ > 0 on these three points (z;1, ¥;01), (#ig1, y;) and
(#i41, ¥5—1), while the remaining six points lic on the other side of the interface where
g = ().

r — 4
¥ g [ 7 Ll 2l g
. 1y gl 4
b .- ff e | el | S|
4 o P a1 ] | —

(a) (b)

Figure 4.2: Stencils around the irregular poinis lying on grid lines parallel to (a) z-axis
only and (b) y-axis only.

For approximating the mixed derivatives appearing in (4.5), we apply Taylor series
expansion Lo approximate w1, Yy ), w{za o, yy) and w(z; 1, ;1) about the grid point
(#:, 4;) by including the jumps in the solution and the derivatives along the z-direction
at the interfacial points. This can be accomplished by firstly expanding the Taylor series
in the direction of irregularity i.e. along z- axis as indicated by the arrowheads in ligure
4.2(a) and then moving in the other direction along y-axis. The lollowing lemma ensures
the high order aceuracy of these approximations, detailed prool of which can be [ound
in the subsection 2.1.1 along with other possible scenarios.

Lemma 4.2.1. Letu~ € C*ag, x| xyo, vy, ut € CFF a}, zp) x [y, yyl, b = 2i1—25,
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h!' = i — x) and by =z — 2t then we have the following inequality

k k—p
hrle gty (fﬁ}r o
s Yp) = Zzwqrdmc}ye ZorYs) - Z " (#13541) I‘ + 1}‘
=0 q=0 r=i}

(Il

{k + l}'

where K —max(mix,ege,zt) | W28 gin) | 2 MBert g | 054 (28, 9500) |)

Remark 4.2.1, Let hi = ;. — 74 and hy =z; — x% then we have the following inequality

. i s i L i
ul:vi‘anh‘!h E}—ZE I} T%q{ £i, 1 JJ_ZU:_} {g;,. .;13'4'_? 1}] H

m—de plqr

< O(RF, 1" (4.30)

For k = 3, the above Lemma and Remarks guarantee that the approximation ol
(4.4) is [ourth order accurate in spatial direction (see table 4.1 for lest case 1), yielding

4 i, (h1) [Ou, , h+}" d’-u.
Sayts ~dxdy 4l (Z Iia'_ﬂr J+1}] )
+O(R2, 12), (4.31)
: e A 1 Y (hY [Eu, () [0, ,
Oz Oyl _Hﬂi}y { IR2] (2 Sl [”Ir T3: Y J—l]] 2 [r}.ﬂ" nyj-:-l}]
FOUR® T, (4.32)
, P 1 & (A [6ru (hi) [07u
{ixa‘wﬂﬂ d d 2 + W (Eg 'i"! |fdfr ] E rl [d,,ﬂrl: 1y j!] ]
1 o= (B [0 _
ETE Z { i‘ﬂ] [af:‘:{-'ﬂ.‘;!yj—l}] + O(h*, %), (4.33)
P 1 () [07u (h)" [ru
‘51'315 U5 = : % + (E A l. r{£r1y}:| - [ r{.ﬂ ) -r—|}|:|
L dzzdyz h21? Zﬂ I ; pl |8z
REY [ . ‘
gzp '{"';:."}' [E;{I.;,m .J] FO(K?, I%). (1.34)
=0} :
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With these, equation (4.16) at the irregular point (i, y;) reduces to

9 k i
hi—]:

E r:‘.i'u.;““—c;;é ( [l
.

i=1 =0

Ii_ a,.“ . (n+1)
l HZ( 1 |:d_£ Ly Y- 1)]

r=l

g
: - (hy ) d 1 [‘“} {h i
=1 r=0

I

. (1) ke A o (n+1)
u, hy o,
) —ad U [T )

Ggr 1l | T (%, s

r=H{}

2 T. {ﬂ_]
[ {gwﬂ
f.’"-}l

k
. (h)r (Tu - { e . ]
+L‘9 z ! -alr L3 U5 1} ¥J+ = ‘Pt_;:l (431}}

r=0

It is important to take note that the jump correction terms are introduced here af.
each of the time levels n and (n 4 1) in accordance with what the situation demands.

4.2.2.2 Irregular points lying on grid lines parallel to y-axis only

The Lreatment for irregular points lying only on grid lines parallel to y—axis is similar
to Lthe cases deseribed in the above section. The details of the spatial diseretizalions
of interfacial points lying between (i, y;) and (z;,y;41) as shown in figure 4.2(b) and
other possible cases including treatment of irregular points lying simultaneously on grid
lines parallel to both x-axis and y-axis can be found in subsection 2.1.3.

4.3 Streamfunction-vorticity formulation for transient

HAows

The streambunction vorticity formulation of Lhe 2D steady state Navier-Stokes equa-
tion was presented in section 3.1.5, The primitive variable formulation of the momentum

equation for transient [lows ig given by

AY

s +{(V-V)V —?p+—v?v (4.36)

fie

Following the same procedure in chapter 3, the horisontal and Lthe vertical components
ol the velocily V is delined as

ol
= ;—z and  © = —?—; (4.37)
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which allows the preservation of the incompressibility condition of the continuity equa-
tion (3.13). Taking curl of (4.36) reduces it into the vorticity transport. equation

B il

2
=V~ V. ¥E (4.38)

where | r!,]w 1-i3mt In the 2D flow field the vorticily vector & is given by ¥V x V = &

g k= (E SE }?:, k being the unit veclor normal to the zy-plane. From the definition
of streamfunction ¢ and the sealar vorticity ¢ above, one can get the following Poisson
equation for the streamfunetion

Vi = —C (4.39)

Let the surface of the blufl body be represented by Sy with curvilinear coordinates
s along it and #, @ be the outward unit normal and tangent vectors respectively (sce
figure 4.4a). If Vg(s,t) is the veloeity of the luid on the surface Sy, the corresponding
houndary conditions for ¢ is

% - 7 - Vg(s,t), % = —@-Vg(s,1). (4.40)

S S

The system of equations (4.37)-(4.40) completely deseribes what is known as the
unsteady Streamfunction-Vorticity (1-¢) formulation of the N-S equations. Note thal,
being parabolie in nature, equation (4.38) can be discretized using (4.16) and (4.35),
while (4.39) being elliptic, one may use the approach developed in chapter 2. Over the
past [ew decades, Lhis [ormulation has been employed [or 2D fuid flow computations
with greal suceess becanse of ils ease of implementation. In particular, larpe number of
researchers have utilized it in order to check the efliciency of newly developed methods
by numerical solving a variety ol challenging fluid How problems. However, owing to
the non-specification of vorticity values at the no-slip boundaries, one needs to devise
specific approach to approximate the vorticity values thereat. This task becomes more
trickier in the immersed interface framework over Cartesian grids for curved boundaries,
which is detailed in the next section.

4.3.1 Treatment of irregular points for » and (

A quick look at equation (4.35) reveals that evalualion of the solution at the (n 4 1)

level requires the correction terms on the interfacial points across the interface both at
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Figure 4.3: Schematie of the neighbourhood of the interface for the evaluation of cor-
rection terms.

(n+1)™ and (n)™ levels. However, such evaluation for the streamfunction and vorticity
across the irregular points is not that straightforward. Therefore, a specific interpolation
strategy is adopted to caleulate the jumps by mapping the values of w and its derivatives
at the regular and irregular points across the interface. Consider two interfacial points
o and {1 (denoted by the green solid squares) as shown in figure 4.3, which corresponds
to the classification of irregular points represented in the section 4.2.2.1 and 4.2.2.2
respectively. If ul™(a) denotes the n'™ order partial derivative of u at the point « lying
along r-axis, the jump invariably involyes [u] and [u™){a)] thereat from either sides of
the interface. However, for the test cases involving [luid lows under consideration here,

the physical constraints allow the solution to be zero inside the immersed boundary.
Note that for such eases, all these derivatives must be caleulated via evaluation of

the variable u(x) through the one sided finite dilference formula at an irregular point.
For example, in order to evaluate u al the interfacial point o, we employ a Lagrangian
interpolation polynomial by making use of the first irregular node p; on its right hand
side (One can choose either lelt or right side depending upon the location of the mter-

[acial point.) and the subsequent regular nodes py and py as shown in figure 4.3. A
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unique polynomial of degree two is
3 (1)
Plr) =3 ulp)(z) + = {f ) T H{ —m), (4.41)

i=l

where £(x) is some number lying in the interval (min{p:}, maz{p:}), ;=4 and
FOR | famid (442
i

In the correction of jumps, the suceessive one-direetional derivatives of the variables
arc also of utmost importance, which can be approximated by the successive differenti-
ation of (4.41). As can be seen from (4.41), it involves the differentiation of the basis
lunctions {; al each node p;. This can be accomplished by taking its logarithm

ffb' — i)
In(Li{x)) =In (H ) =Zin (— ,
i wimn) ) =\ )
Differentiating the above equation, we have:

5(@) e —p) 1
Li(z) th—mlf{pj—m-} z(:c—m}’

i i

which yields

2 (x l P:'}) ' )

= (=) (Z (z Jpal) (o) (Z#: (= IPT]') ’

i
1 1
=[x + Lz —_— . A
o(Satm) w0 (Sagy) o
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Substituting (4.43), (4.44) reduces to

%{m}—ﬂ,( (Z{:J‘ j:r;) (Z(I Iia}i) L (.35}

LES |

On the surface of the blufl bodies, which accounts for the interface, the jump condi-

tion [or 1 can be computed using

=0 |3 ==tl, [5] =1, (4.46)

o
[% = — [gﬂ and (4.47)

-]

ij.
In equation (4.47) which is utilized for interfacial points lying only on z-axis, d_: is
computed using the one-sided second order approximation y

1

= RGN (—h(26h + hyw(a) + (6 + h)*w(pm) — (Bh)*v(pa)) .

(4.49)
where dh = |pr — o] and v{a) is computed using equation (4.41). Likewise in (4.48),

s
i 7.4

which is typical of irregular points lying on y-axis, the roles of o, py and py in equation
(4.47) are carried oul by 3, p} and pf, respectively for computing — o . While exact jump

conditions are not, dificult to lind [or streamfunction because of L]:u:- availability ol exact
boundary eonditions on solid surfaces, no such conditions are available [or vorlicity.

For vorticity, at the point @, [(] = ({a") is evaluated at the current time level (n+1)
by making use of equation (4.41), which requires the value of { f_;ﬁ1][“"'1]'. However,
py being an irrepular point, C{p-]}f“"'” is nol readily available thereal. In order to
circumvent, this, a one-sided O(h*) approximation is utilized to compule ¢ by a one-
sided discretization of — V2 (p;) in x and y-directions, viz., making use of the nodes
next right and above py, denoted by blue and red dots respectively as shown in figure
4.3. We use

P

opz 1) = h'ig{z'r!}““} — 5h(pa) + 44(ps) — (pa)) + O(K*) (4.50)
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and likewise [or d—;’{p’,] Again Ei—(’ = '?E al v and | —| = iﬂ— al. f, the
hy? i 5 Ox|_; oy iy gt
procedure [or approximating which is similar to the ones for inding out the jumps of

first order derivatives described in equation (4.49). The approximations for the second

order jump condition is

2

52 52 |
[f ¢ (8 | _: m {full"){ﬂ'} = [:!'”L + h)!,"'{p;) 4 Jh""ﬂﬁ(pg” . {451}

o) = o

Likewise, jump conditions for higher order derivatives can also be estimated.

4.3.2 Fluid dynamic forces on the body

When a body is immersed into a fluid in relative motion, the Huid exerts a force on the
blull body which can be derived from the equations of motion (3.13) and (4.36). We have
utilized the momentum approach adopted by Noca et al. [122], who devised a formula
that does nol require explicit knowledge of the pressure Lerm. Note that Fquation (4.36)
is nothing but confirmation of Newton’s second law, which states that the time rate of
change within the control volume is equal to the net foree. The momentum balance is
writfen in inlegral form by considering an arbitrary time-dependent control volume V(1)
bounded externally by a control surface S(I) and internally by the body surface Sy(t)
as shown in figure 4.4(a). Thus V(f) is a simply connected region. The fluid dynamie
force F' in dimensional form acting on body enclosed by a fixed control volume can be

wrilien as

e —— pVdV + ﬁ 7 R — T f pi(V — ug) ds (4.52)
(0 Splt)

dt Sy s

where p is the density of the fluid, 7 1s a unit normal vecior, V is the flow velocily, u, 18
the velocity of the surface of the body. The term “0m 15 a Lensor accumulating several

terms evaluated on lixed control volume given by,

_ P2 gt — YN — W w3 2y ,,ﬁ__.@
f:rmm“—2|\-'rll+p[[a, V)V V{.;,xm)+c(J,xV}] ,ﬂ[(.i.. S

FE(V. T - ZV.T) + T (4.53)
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where 1 is the unit tensor and T is the viscous stress tensor T ;c{?i’ + ?i’T}, b

being the dynamic viscosity of the fluid.

i
Up | N
—0— A
BT Hekl | Comtrol Surface
fi - (:} i
' Control Yalume

e
= e

(a) | ®)

Figure 4.4: Schematic of (a) the domain of integration for body foree evaluation on a
bhafl body and (h) rectangular region representing the Control volume.

We choose V' to be a rectangular box of unit depth and net fluxes are calculated
across its boundary. For a 2D flow, V' reduces to a rectangular region and 5 reduces to
a counter-clockwise rectangular curve (ligure 4.4(b)). Under these assumptions, il Fip
and Fy, are the drag and lift forees and making use of the fact that fids = dyi — dzj,
making use of (4.53) in (4.52) and alter some complicated vector algebra (see Appendix

A), we arrive al

ﬂh 4 ,“_{J'n + H@)
Pff m oz T Uy Hooty
¥ 2 tull o ﬂ”)
jg p(—vl(u, —u) +vy¢ — y5r) + vyViu
+
S| p (—%{u?‘ et ) <l — =l = ";—:‘) (:n?‘!u + Eﬂ 9fu )

+¢' F‘( (u® +v? +u{m—u]—uy(—ym)—t—y(y??u-f-z““ '5’".,_&'_
s

p (w(vs — v) +ual +x2) — a2V

dy.

TH-3125_186123012



4.3, Streamfunction-vorticity formulation for transient flows 69

Normalizing the drag and it forees by the characteristic velocity U7 and characteristic
dimension [ ol the blull body under consideration, the drag and lift. coellicients, viz.,

Cp and O, respectively, reduces to

Cp _ Fur"r(%ﬂy%) (4.55)

.| | B/

Subsequently, under Lthe assumption of a solid blufl body and fixed control volume,
and making use of (4.54), equation (4.55) in terms ol the non-dimensionalized variables

can be wrilten as

& th
?l=-2 f / 2| dady
CL v i
5 j( (m} + vyl —ys ar) = ﬁvg-u ”
| ¥ T
s (.1 (v — u?) — vz — = 2) — & (:c"?ﬂu—k % +28 4 2%) |
vt —u?) —u 4 (?‘HH—E*’“ —-I—:ﬂ)_
'l'r“’}j{ ( { e — Ifm) j;_,. Y oy o ay.
] {—mr-l— urd + x9t) — Vi |
(4.56)

Both the line and surface integrals in the above [ormula are numerically computed

by Trapezoidal rule.

4.3.3 Solution of the system of algebraic equation

The N-8 equations (4.38)-(4.39) in ¢-{ formulation can easily be recast into the parabolic
equation (4.1). For example, (4.38) can be obtained [rom (4.1) by setting A = 1, u = {,
f=-~1/Re, [ =0, B, =uand §, = wv. Likewise, (4.39) is nothing but the steady-state
version of (4.1) with w =, [ = —( and 8, = §, = 0. Equation (4.38) is discretized at
regular points by employing (4.5) and at irregular points by the procedure deseribed in
sections 4.2.2.1 and 4.2.2.2. (4.39) is discretized by the procedure developed in chapter
2.

Onee vorticity ¢ and streamlunction 1@ have been computed, making use of equation
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(4.37), HOC approximation the velocities w and w are given by [75]

T o
wij = 8% + & (8, + 828,47) + O, 1), (4.57)
W T ¢ 3 5 .
vy = 0t — (6.C + 8,009) + O(R', 1Y) (4.58)

In matrix form, the discretized HOC form of the vorticity Lransport equation (4.38)

al the interior nodes is given by
S =g | ¢V 1 OV, (4.59)

where S, 5" is HOC matrix to the equation (4.38) and C?E”}, t’ﬂ.':fén“j are the vorticity
correction vectors at the irregular points corresponding to the (n)™ and (n+ 1)" time
levels respectively. Likewise, the HOC matrix representation of equation (4.39) at the
interior nodes is 5

Tyt [f +%T ¢ H) — g, (4.60)

where 7' and T are the HOC and CDS matrices corresponding to the interior nodes. On
the other hand, the boundary conditions (4.40) may be expressed

Naptn+D) | Gelodl) _ frinsl) (4.61)

g =1 (4.62)

where N is the matrix resulting from normal derivative boundary conditions, £ is the
vorticity boundary matrix, U™+ ig the current velocily veclor owing to (4.57)-(4.58),
and the subscript [, and 7 denotes the interior and boundary respectively. The following
matrix equations provide a complete picture of the discretized equations at the regular,
irregular and the boundary points simultaneously in concise and compact form

|:n.+t:|
o Vi @ (M
Th Tin Ti I+5 21 |4 2
C Wik = ey +1 . (4.63)
0o 0 1 o o |l 0

LIEIT,
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(n+1]
- & &7 5 (n41) . (n)
Sk Sk Sp - Wy ) )
2 : Cim - _ s . (4.64)
By O Bg N Ng| |¥s U
C
whore,
(n)
Cr
F=[o & 8] |tnl 7 HOE+00), (1.65
G

and the subscripts R, and [ represent the regular and irregular interior points respec-
Lively.

For a grid of size M x N, the matrices f}, 5”, T and T are of order MN and ),
Cntn) gp(m) gpfndl) i) @bl gre veetors of length M N in equations (4.59) and (4.60).
Aparl from the grid size of the computational domain, the size of the block matrices in
equations (4.63)-(4.65) depends on the geometry of the immersed body which determines
the number of regular and irregular points.

An mner-outer iteration procedure is essential for the Lime marching solutions of
trangient [luid dow problems poverned by (4.38)-(4.39). Once u, v, ¢ and ) are presented
with appropriate initial and boundary conditions, firstly (4.38) and then (4.39) is solved.
Omnee 42 is available,  and v are computed by utilizing (4.57) and (4.58). This completes
one outer time iteration.

The nner iterations are composed of solving (4.59) and (4.60) by ellicient, iterative
solvers at each time step. We have accomplished this in our computations by employing
the BiCGStab Stabilized |82] iterative solver along with Incomplete LU decomposition
as preconditioner with the help of the Lis Library |1]. The inner iterations were stopped
when the residual vectors arising out of equations (4.59) and (4.60) fell below 10, All
our computations were performed on a Intel Xeon processor-based PC with a 32 GB
RAM.

4.4 Numerical test cases

In order to demonstrate the elfectiveness of the proposed approach, it is applied
Lo several problems. The lirst of these has analytical solution and the remaining are
low pasi blull bodies immersed in [uids, for both the stationary and moving cases.
Also considered are (lows imvolving multiple bodies. In all the fuid problems under

consideration, the fow is governed by the unsteady N-5S equations [or incompressible
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viscous Hows.

4.4.1 Test Case 1: Interface problem having analytical solution

As our first test case, we validate our algorithm to solve the parabolic equation given

by
w = vV, (z,yt)€ R x(0,T) (4.66)

with initial and boundary conditions
u(e,y,0) =uolz,y),  (y) €D,

w(,y,0) = u(2,9,0),  (2,9,0) € 99 x (0,7].

The computational domain §2 is the square [0,1] x [0,1] and the solution has a
discontinuity across the the circular interface 1" of radins (.25 centered at the point
(0.5,05). The level set function and analytical solution are respectively defined by
¢ = (z — 0.5% + (y — 0.5)% — (0.25)* and

srtvnt{d 1kg) o eos(k, =)
e wleos( by )eos(kemy), =0,

u(z,y,d) = { eoslbery), 9 (4.67)
0, ¢=<0.

respectively, where (k,, k) are wave number and set the values of both are 2. The initial
and boundary conditions are obtained from the equation (4.67). We apply a no [lux
condition on the boundary ol the circular interface ie

— = Vi = —dwe” TSRk sin(kore) (s — 0.5) + kysin(kry) (y — 0.5)). (4.68)

where 7 = (& — 0.5, y — 0.5) is the normal vector to the cirele.

In table 4.1, we present. the maximum error (|| Ey ||o= max|ug — Ugym|) resulting
from our computation on gradually increasing prid sizes N x NV and show the ellect of the
parameter k deseribed in equation (4.35). Expectedly, a higher value of & yields a better
convergence rate (ROC). While the errors resulting [rom our computation corresponding
to k = 3 deeay al a rate close to four, the ones from the simulation of Calhoun |21]

cotld eblain an ROC close to two only.
We also present the surface plots of our numerical solution on a grid of size 80 x
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Table 4.1: Grid relinement analysis of maximum error lor Test Case 1 al § = 2.5 [or
v = 1/200 with At = 1073,

N | Present (k=2) | ROC | Present (k=3) | ROC
20 | 257x 101 — 3.96 x 1075 —

40 | TAlx10™® | 1.85 | 561 x10°% | 2.81
80 | 982%x10°% | 284 | 459x%1077 | 361
160 | 161 x107% | 260 | 321 x10°% | 3.83
320 | 225x10°7 | 283 | 238x 107 | 375

80 side by side with the surface plots of errors in figures 4.5(a)-(b). Figure 4.5(a)
clearly demonstrates that the sharp interface has been resolved very efliciently by our
approach. Note that the errors from our computation (see fignre 4.5(h)) are much lower
in magnitude the ones in |21].

(a) (b)

Figure 4.5: Surface plots of (a) the numerical solution and (b) error on a grid of size
80 x 80 for Test Case 1 for k = 3.

4.4.2 Flow past stationary bluff bodies

The study ol the How past blull bodies holds an important place in many engineering
applications, particularly in the field of naval architecture. Such llows are very complex
and are highly characterised by the generation and shedding of vortical structures [30,68,
79,81,90, 106, 116, 128,157, 183, 194]. Though in practical fields, the Reynolds number
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Figure 4.6: Schematic of the flow past blufl bodies in uniform How.

assumes a much higher value, yelt our simulation carried oul [or the laminar regime
could provide some insights for [urther studies. Because of both their theoretical and
practical implications, such Hows have attracted a lot of altention from the scientific
communily and been studied for quite a long period of time. Because there is no
slip at the boundary conditions, vorticily is ereated in the region near to the solid
surface. This llow phenomenon, along with the structure of the wake, is responsible
for greater levels of unsteadiness, pressure [luctuations, structural vibrations, and noise,
in addition to increased rates of heal and mass transler. One of the most exciting
topics in computational [luid dynamics iz trving to find ways to control or minimize
the unwanted behaviour associated with the generation and shedding of these vortices.
These attempls continue 1o be one of the hield’s primary areas ol locus. This in-depih
examination was justified by the fact Lhat the vast majorily ol the cylinder-shaped
blull bodies utilized in engineering and other applications are circular in shape. Simple
geometrical configurations have been used in most cases, such as yawed cylinders [141],
the usage of end plates |138], elliptic cross section |41, and tandem arrangements |175).

This seclion is concerned not only with the simulation of flow past stalionary blull
hodies, bul also with moving ones immersed in [lnids. Morcover [low situations involving
multiple bodies are also considered. The problems have been chosen in such a way thatl

the ability of the current approach in handling complicated geometry and varied [low
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situations can be established. As would be seen later on, while most of the previous
studies involved computations either by linite volume or finite element approach in
7,11,120, 127,136,153, 189| for this kind of flows, our approach
accomplishes the same in relatively coarse grids, that (oo, in FD set-up.

In figure 4.6, we show a schematic ol the computational domain along with the

extremely liner grids

boundary conditions used for the simulation. While choosing the dimensions, ample
care was laken so that the simulation is free rom any entrance ellects and there is no
hindrance in Lthe smooth shedding of Lthe vortices onee the vortices formed on the surlace
of the bodies start detaching [rom them. Besides, in all the computations time-steps
are chosen in the range 107% < At < 107* according to the How situation.

4.4.2.1 Test case 2: Flow Past a Stationary Circular Cylinder

In our first test ease for flow past stationary blull bodies, we consider the problem of flow
around an impulsively started circular eylinder in a free-stream with uniform velocity.
There exists an enormous number of numerical and experimental results for this problem
and as such, is a perfect fest case for examining the efficiency of the proposed approach
by comparing the results obtained [rom our computations with the benchmark results
available in literature. This problem also act as a prelude to tackling problems with
moving immersed interfaces.

The schemaltic for this problem has already been shown in figure 4.6 where Lthe blulf
body is now the circular eylinder. Here, Reynolds number is deseribed as Re = %1
where [ is the eylinder diameter, Uy is the [ree stream velocity at the inlet, and » is
the kinematic viscosity of the fluid. For our simulations, we assume [ is to be 1.0 with
the center of eylinder fixed at (0,0). We have chosen 3 = 5.0, o = 10.0, and ~v = 25.0
in figure 4.6 such that the corresponding dimensions of the computational domain are
—5.0 < 7 < 25,0 and —5.0 < y < 5.0 as such yp,, = 5.0 and Yootiom = —H.0. The
boundary conditions af the far-field and on the surface of the cylinder are as follows:

e u=1,v=0 9=y and { =0 on the lell wall z = —5.0,

. j—: =, v =), ¥ = Yportom and = ) on the bottom wall y = —5.0,

du
. % 0, =0, 1) = Yqp and ¢ = 0 on the top wall y = 5.0,

thu i h th i (M) i il

— 4+ Uge— =0, —+Uhp— =0, — +Up=— =0and — + Up— =0 the
. ; i 0Ty T i 0% "ol I (e At o I 05 on the

3} x
right. wall = = 25.0.
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Figure 4.7: Simulation of flow past circular eylinder problem by present method: Stream-
lines (left) and Vorticity contours (right) for (a) Re = 50, (b) Re = 100 and (¢) Re = 200).

o u=uv=1)=0,{ =V on the surface ol the eylinder.

Literature suggests that the flow for an impulsively started stationary evlinder be-
comes unsteady beyond a eritical Reynolds number 45 < Ree < 48. In the following,
we present our computational results for Reynolds numbers e = 50, 100 and 200. Note
that in many studies, when the Reynolds number under consideration is slightly above
Re as in the case of Re = 50, the flow is artificially perturbed |44, 144] in order to
break the symmetry of the flow. However, in the computation through our approach,
asymmelry sets in naturally without the need of such perturbation. The [low [or the
range of He chosen, eventually becomes periodice and is franght with the vortex shedding
phenomenon characterised by the existence of von Karman vortex street. Once shedding

process starts some times after the flow symmetry is broken about y = 0 line, vortices
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Table 4.2: Comparison of Strouhal number, drag and Ll coeflicients of the periodic [low

for He = 100 and 200).

Fe 10 200
Reference Si C'n ', St | Cp | Cg
Frank et al. [54] - - - 0.194 1.31 +0.65
Williamson IlBﬂl 0.163 - - 0. 190 - -
Calhoun |20] 0.175 1.3304+0.014 40.295 | 0.202 1.172 4+ 0.058 +0.668
Le ef al [‘!]5] 0160 13740009 40323 | 0187 1.34 4+ 0.030  40.430
Berthelsen et al. [13] | 0.169  L38+0.010  4£0.340 | 0.200 137 + 0.046 -
Russel & Wang [Hfi] 0.169 1380 4 (0.007 40300 | 0,195 1.290 4 0022 H(.708
S.5en [148] 0.165  1.304 +0.007 40191 | 0.197 1.375 +0.038  40.500
Present Study 0.180 1402 +0.042  +0.232 | 0.210 1.288 +0.058 +0.425
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Figure 4.8: History of drag and lift coellicients for the flow past an mmpulsively started
stationary eylinder for (a) Re = 100 and (b) Re = 200.

arc shed alternatively from the either side of the y = 0 line in a regular fashion. We
depict this process in figure 4.7 where the left panel shows the instantaneous streamlines
and the right, the vorticity contours for He = 50 (top), 100 (middle) and 200 (bottom)
respectively. As these ligures indicate, shedding becomes more prominent with increase
in Re value.

We further compute the drag and lilt coellicients Cp and '), respectively by the
formulas (4.56) and the Strouhal number Si, which describes the mechanism of the

oscillatory flow during the shedding process. 1t is defined as 51 = , where f is

Uy

the dominant [requency ol the periodic Lift variations, extracted from a time sample of

Cys. In figures 4.8(a)-(b), we plot the time histories of the drag and lift coeflicients lor
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Fe = 100 and 200 respectively. We also compare our computed Strouhal numbers, drag
and lifl coeflicients for the same Heynolds numbers with established experimental and
numerical results in Lable 4.2 and obtain excellent comparison. In the next chapter, we

will establish the control volume independence of dynamic forces.

4.4.2.2 Test case 3: Flow past a cactus shaped cylinder

The study of How past cactus shaped cylinder is gradually gaining momentum amongst,
rescarchers in the last few years. The saguaro cactus, out of all the numerous species of
cactus, is the one thatl has attracted the most attention from the seientific community,
focusing particularly on its aerodynamics, These cacti can reach a height of up 1o 50
feet |64], yet their root systems are quite shallow and cover an area of less than 1 foot.
Saguaro cacti are able to tolerate extremely high wind velocities (Re ~ 10%), despite
the fact that their root systems are relatively shallow [57]. Niklas et al. [121] made
the observation that the i/ D aspect ratio, which is defined as the total height of cacti
above ground divided by Lhe largest diameter of the cross seclion, is proportional to the
height, of Lthe cactus. Saguaro cacti thal are more than 15 feel tall have a i/ D ratio that
falls somewhere between 12 and 23, while Saguaro cacli thal are much more slender
have a h/D ratio that is significantly lower (5-12). The diameters of these cacti, on
average, are roughly 1.5 feet. Additionally, the trunk of a saguaro has a cross section
that is defined by longitudinal cavities, and the spines of the cavities are located al the
tips of the cavities. According to Hodge's observations

64], the number of cavities on
the surface of the cactus can range anywhere from 10 to 30, depending on how old the
plant is and how tall it is. A cactus that is 5 leet tall has an average cavity depih of
0.07 £ 0.0015 [57], assuming that [ is the height of the spike. The number of cavities
and the cavity depth will alter as the cactus grows, butl the average cavity depth will
remain the same. Talley and Mungal [173] made the observation that the cavity depth
mighl grow in areas higher up the trunk.

Numerous researchers, like Talley et al. |172], Talley and Mungal [173], Lim et

al. [105], Babu et al. [7], and Liu et al. [108], have already conducted numerical and
experimental research on the effect that grooves have, yielding fascinating findings. Tt
wotlld appear thatl the cavities are able to lessen the effect of the luetuating forees and
bring about a reduction in the amount of drag. When the Reynolds number is betwoen
2 % 10" and 2 x 10, a reduetion in the drag coefficient is observed to be proportional to
the depth of the cavities. Additionally, it was determined through experimentation and

measurement that cavities prevent rapid oscillations in the drag coeflicient, which results
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in more stable strains on the structure {Talley and Mungal [173], Talley et al. [172]).
However, when the Reynolds number is (< 300), the cavities change the wake transition
effects thal are generally seen at such Reynolds number for a smooth eylinder. This
results in a remarkable reduction of the drag and lift forces (Babu and Mahesh |7]).
Recently Farhana and Sharil [3] consider triangular V-shaped, the U-shaped, and Rect-
angular shape valley and observed that the U-grooves resull in a significant reduction
in the average drag coellicient (by approximately 13% for Re = 200 and by 10% for
Re = 300 in comparison Lo the case of a smooth cylinder). Therclore, the reduction of
the dynamic forces is influenced by the shape of the cactus as well as the total number
of ils spikes. Additionally, the smoothness of the valley 15 another aspect that should
be considered.

In this pari of the low simulation, we have considered the flow over a more complex
geometry, .o a closed curve in the shape ol the eross-section of a cactus shaped eylinder.
The How configuration 18 similar (o the flow past an impulsively started eireular eylinder
except the fact that the cirele is now replaced by a closed curve in the shape of the eross
section of a cactus plant. To the best of our knowledge, all the earlier simulations [or
flows involving cactus shapes were earried out in the finite element. framework.

We have used the lollowing level set function for generating the cactus shape centered
ab (., y.) is given by

¢ (r,#) =r —ry — Lsin(wd) (4.69)

where 1= /(& — £.)2 + (y — y.)% 0= arctan((y — y)/ (& — z.)), ro, w are parameters
determining the base and the mumber of spikes and L is the maximum height of the
spikes. In all our simulations, the center of the cactus shaped region is assumed fo be
al the origin. The geometry of the cactus along with the mesh around the surface is
depicted in figures 4.9(a)-(b) respectively. We have chosen a spike ratio of value (1.105
for a 24 spike cactus which is nothing bul the ratio between the maximum height L of
the spike and the total diameter D (sel as 1 here) of the the eylinder. Note thal a spike

ratio zero corresponds Lo a smooth eylinder deseribed in section 4.4.2.1.
Computations were carried oul [or Fe = 100 and 300 along with that [or the smooth

cylinder i1l periodic vortex shedding stage is reached. Opposed Lo the smooth eylinder,
the flow paitern in the neighbourhood of the surface changes significantly for cactus
shaped eylinder. Figure 4.10(a)-(b) shows the instantanecous streamlines and velocity
vector plots respectively inside a cactus groove for Re = 300, These plots elearly
indicate the presence of recireulation zones inside the grooves; one can also see the

exigtence of a secondary zone which is consistent with the findings of |7]. In order
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Figure 4.9: (a) Schematic of the 24 spike cactus geometry and (b) the mesh around the
surface of the immersed cactus on a grid corresponding to step length h = [ = L0181

Table 4.3: Comparison of Strouhal number, drag and hift coeflicients of the periodic [low
for Cactus shaped and Circular Cylinders for Re = 100 and 300.

Re 100 300
Flow parameters | Cactus  Circular  Y%dif ference | Cactus  Cireular  Ydif ference
St (175 (0. 180 - (.220) {1.251 -
Cp 1.268 1.402 .56 (1.905 1.205 24.89
oy, | +£0.151  40.233 35.19 +0.451  +0.596 23.82

to gain Mrther insight into the fow [ield variation around the cactus cylinders, we
plot the streamfunction (left column) and vorticity contours (right column) in figures
4.11(a)-(e) at five different phases within a shedding cycle. Note that figure 4.11(c) is
a mirror image of 4.11(a) and 4.11(e) while figure 4.11(d) 1s a mirror image of lgure
4.11(b). This is because of the fact the shedding of vortices takes place from the upper
and the lower parts of the cylinder alternately during a hall-cycle period. It [urther
exemplilies the elliciency ol our approach in accurately capturing the phenomenon which
is obvious from the accompanying video "eyclavi”" depicting one complete eyele of the
vorticity contours (Multimedia View: https://doi.org/10.1063/5.0107308.1). The
time history of drag and lift coeflicients for these two Res, depicting the periodic nature
of the flow is shown in ligure 4.12.

In table 4.3, we compare the foree coeflicients and Strouhal numbers [or the periodic
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Figure 4.10: Instantaneous (a) streamlines and (b) velocily vector plots for llow past a
twenty four spike cactus eylinder for Re = 300 (h =1 = 0.01D).

flows for the cactus shaped and circular eylinders for Fe — 100 and 300. There seems
to be clearly a reduction in the unsteady loads for the cactus shaped eylinder compared
to the smooth circular eylinder. With increase in Reynolds number, the drag reduction
becomes more prominent. Our observations are consistent with the findings of Babu
and Mahesh |7]. The decrement in percentage difference from reference |7] may be
attributed to the fact that while their valleys were extremely sharp, the ones employed
in our computation are smooth (see figure 4.9(a)). The reduction in the unsteady loads
is also evident from the comparison of the power spectra of the cactus shaped and
circular cylinder shown in figure 4.13 which reflects the decrease in the higher requency
contenls of the loads. It is worth mentioning that while |7| had used 436 x 10* and
T % 10° hexahedral elements for flow computations for e = 100 and 300 respectively,
we have used only 110 x 10* nodes for both the cases. Moreover, while the elements
of the grid converged solution were 0.00520 in the azimuthal direction and 0.000602
radially on the surface of the cylinder in their case, we used a step length 0.0180 in
both the vertical and horizontal directions in our computation (see figure 4.9(h)).
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Figure 4.11: Streamfunction (left) and vorticity (right) contours for the flow past a 24
spike cactus for Re = 300: (a) t =0, (b)t =3, (¢}t =m, (d) t = 3 and (e) t = 2m.
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Figure 4.12: Time histories of drag and lifi coefficients for the cactus shaped cylinder
for Re — 100 and 300.
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Figure 4.13: Comparison of power spectra of the cactus shaped and cirenlar (smooth)
evlinders for Re = 300 based on the time histories of (a)drag and (b) lilt. coellicients.
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4.4.3 Flow past two tandem circular cylinders

Flow induced oscillations of multiple circular eylinders is an extremely complex flow
problem. It has garnered immense interest over the last few decades owing Lo ils real
life applications in the feld of ofl-shore oil drilling rigs and tall chimneys, heat exchanger
and riser tubes, cooling of nueclear fuel rods amongst others. In the same vein, the nexi
problems considered here are the flow past two tandem eylinders of equal diameter
[) separated by a distance P, where the downstream cylinder is stationary and the

upstream eylinder is either kept stationary or escillating transversely.

4.4.3.1 Test case 4: Stationary upstream cylinder

Figure 4.14: Comparison of (a)-(b) computed streaklines for P — 2.25 and 6.58 respec-
tively with the (¢)-(d) experimental visualization of Yang et al. [184] for Test Case 4.

Here the llow configuration is similar to the one shown in ligure 4.6 except the [act
that the single blufl body in the figure is replaced by a stationary circular eylinder at
the origin and another eylinder of same dimension is placed to its right at a distance
P aparl for He = 200. We have considered P = 2.25 and 6.58 which charactorises
the medium piteh and long-pitch regime categorized recently by Hoisseini el al [66).
The gap between the evlinders are chosen so as Lo compare our simulations with the
recent. experimental visualizations ol Yang et al. |184] and in the process validate our

simulations. The streaklines resulting [rom our computations are presented top and
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Figure 4.15: (a) Schematic of the upstream and downstream cylinders and (b) Displace-
ment of the upstream cylinder center for Test Case 5.

hottom along with the visualizations of Yang el al. [184] in ligure 4.14. Our simulations
are extremely close to experimental ones exemplifying the efliciency of our immersed
interface approach. From figure 4.14(a),(c), one ean spot that no shedded vortex is
visible in the gap between the eylinders in the medium pitched regime and wake behind
the downstream cylinder resembles that of an iselated eylinder. On the other hand, lor
the long pitch regime, vortex shedding reminiscent of an iselated cylinder is observed
in the gap as well as behind the downstream cylinder (see figure 4.14(b),(d)). Our
observations are consistent with the experimental results of [184] and the numerical
simulations of |66], thus establishing the robustness of the eurrent approach.

4.4.3.2 Test case 5: Oscillating upstream cylinder

Next, we consider the ease, where the stationary upstream eylinder in the above example
is now replaced by a transversely oscillating one. This study is similar to the third
experimental arrangement by Kim et al. [86] where a fixed eylinder was placed in the
wake of a transversely oseillating eylinder to suppress vortex induced vibration (VIV).
However, in our computation, we allow the vibrating amplitude of the upstream cylinder
to vary and evolve with time ¢ through the function A(t) = ag(l — e ™"); for ay = 0.0,
it. reduces to a stationary cylinder. Under the imposed oscillation, the displacement
of the y-coordinate of the center of this eylinder is given by A(L)sin(2x fi). In our
compiutations, we have chosen ay = (0626, a; = (L025, P = 2.495 and [ = (1L.182. The
schematic of the problem is similar to lgure 4.6 excepl the [act that the blull body
shown in that Hpure is now replaced by the upstream oscillating oylinder with veloeity
(u,v) = (0, 2A(t)7 [ cos(2x f1)) and another stationary cylinder of the same dimension

is placed to its right. The schematic of these two cylinders and the time history of the
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displacement of the upstream eylinder is shown in figures 4.15(a)-(b) respectively.

Figure 4.16: Streamlines (left) and vorticity contours (right) for flow past two tandem
circular cylinders from top to bottom at: { =1, 5, 20, 50, 100, and 300 respectively for
Test Case 5.

In figure 4.16, we show the evolution of the llow by plotting the streamlines and vor-
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Figure 4.17: History of drag and Iifi coefficients of the tandem cylinders lor case 5.

Figure 4.18: Vorticity contours for the tandem cylinders for case § at time { = 200.0.
The evolution of the same from time £ = () to { = 200 can be seen in the accompanying
video tandem.avi. Multimedia View: https: //doi. org/10. 1063/5. 0107308. 2.

ticity contours for this flow for fe = 100 at time stations £ = 1, 5, 20, 50, 100 and 300.
It is evident that the wake behind the cylinders settles into a periodic motion eveniu-
ally, which is also confirmed by figure 4.17, where we show the time history of the drag
and lift coelficients of the upstream cylinder. A 28 shedding mode, typical of this kind
of flow [11] is obvious here. This can be further observed in the accompanying video
"tandem.avi" where the eveolution of the vorticity contours during ) < ¢ < 200) is shown,
which is embedded in figure 4.18 at time § = 200.0. It is hearlening to note thal withoul
the inclusion of any external circles embedded into the figures, Lthe interfaces have been
capltured very smoothly by our immersed interface approach on a relatively coarse grid
with step-length i = [ = 0.0295.

In figure 4.19(a), we show time history of the displacement of the oscillating cylinder
side by side with the time history of the corresponding Lift coellicient for a very short
time range 480 < ¢ < 500. These ligures demonstrate that the primary vortex shedding
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Figure 4.19: (a) Time history of the y-coordinate of the oscillating eylinder and lift
coeflicient, and (b) Power speetra of the lift coeflicient, displaying the Strouhal number.
for Test Case 5.

frequency and the frequency of vibration of the eylinder is almost equal. Figure 4.19(b)
reconfirms the fact as the Strouhal number St (as defined in section 4.4.2.1) computation
from the Fast Fourier Transform of the lift coeflicient history results in a value of 0.1801,
which is extremely close to the frequency 0.182 of the upstream eylinder. Thus we
conclude that the How situation under consideration here exhibits the characteristics of

a lock-on regime.

4.5 Conclusion

The current, chapter is concerned with the development of a hybrid explicit jump im-
mersed interlace approach in conjunciion with a HOC scheme for simulating transient,
complex flows on Cartesian grids. Originally developed for parabolic equations with dis-
continuities in the solutions, source terms and the coellicients across the interface, this
approach was seen lo easily accommodate the N-5 equations lor simulating [low past
blull bodies immersed in the flow. - [ormulation of the N-5 equations for incompress-
ible viscous [lows has been utilized lor this purpose. A novel strategy has been adopted
for the jump conditions at the irregular points across the interface using Lagrangian
interpolation on a Cartesian grid. A compact and concise form of the matrix equations
resulting [rom the discretization of the b and { equations have also been provided.

Firstly a parabolic problem having a known analytical solulion is solved in order to

establish the spatial rate of convergence of the proposed approach. Our approach was
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seen o reduce magnitude of the error with a much faster decay rate of O(A?) in com-
parison to other existing methods, thus establishing the theoretical rate of convergence
in the way. Nexl, it was employed to simulate several complex [luid llow problems past
blull bodies having real life applications, including flows involving multiple and moving
bodies. This includes the flow past a stationary cireular and a twenty-four edge cactus
cylinder, Hows past two tandem eylinders, where in one situation hoth are fixed and in
anolher, one ol them is transversely oscillating in the How. Excepl [or the stationary
circular eylinder cases, opposed Lo most of the earlier computations which were per-
formed by either linite volume or linite element approach in extremely finer grids , our
approach accomplishes the same in relatively coarse grids in FD set-up. Moreover, to
the best of our knowledge, the tandem eylinder case, where one cylinder is oscillating
with variable amplitudes along with the stationary cactus, have heen tackled for the first
time by such an approach employing the - formulation of the N-S equations against
the primitive variable formulation in earlier simulations, Furthermore, in the process,
we also provide elaborate deseription of the steps to compute drag and lift coeflicients

in multiply connected domains.
In all eases, our computed solutions are extremely close Lo existing mumerieal and

experimental results. Thus, apart from exemplifying the aceuracy and the robustness
of the proposed approach, our simulations aptly demonsirate its ability in handling
complicated geometries and varied flow situations. In the next chapler, we will extend
the current approach to nonuniform grids along with the proposal ol a novel discrete
level sel, strategy.
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A discrete level set approach for transient

incompressible viscous flows on nonuniform grids

5.1 Introduction

In the field of computational [luid dynamies, the finite difference method is frequently
implemented. The procedure can be summarized as follows: first, a grid is established
in the problem domain; then, the governing equations are discretized with relerence to
the grid; and linally, the equations are solved numerically. The usage of a uniform grid
is standard procedure, despite the [act thal this particular structure might not be the
most effeetive one for faster computing. Grid points need to be clustered together in
arcas with significant gradients for the solution to be resolved accurately, bul in areas
with minor gradients, they need to be spread out for numerous reasons |65, 134]. As a
resull, a grid that is nol uniform is recommended for many dilferent, low conligurations.
The most common method is to commence by mapping the physical space, which has
a nonuniform grid, into a computational space, which containg a uniform grid. Next, a
transformed set of equations is solved, and only then is the solution mapped back onto
the physical space. Numerous problems may arise owing to the adoption of such an
approach. In the transformed version of the governing equation, there is a significant
increase in the nomber of terms thal need to be discretized, which results in additional
computational work. The modilication of the equations frequently leads to the addition
ol cross-derivalive terms, which increases the computational complexily of many of the
lechniques used to find solutions |65]. In addition, if the transformation is not explicitly
known, the grid may have to be erealed via Lhe numerical solution ol some dillerential

equation, which amounts to further error in the solution. In general, the technique lor

91
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finding & solution becomes more dillicult, more expensive, and [requently more prone to

eITOrS.
Note that in all the numerical methods mentioned in the previous chaplers for tack-

ling interfacial geomelry, the shape is known a priori in terms of either as a parametric
curve (surface) or the graph of a function. However, in many practical situations, for ex-
ample, the low around a NACA airfoil, the geometry of the body may not be expressible
this way. In the present study', we propose an approach to eircumvent this difficulty by
defining a discrete level-sel [unction arising oul ol the coordinates of the discrete points
defining the geometry. In the process, we also expand our recently developed HEJIIM
approach to transient problems on nonuniform grids. Our new approach is employed on
fow past cireular and cactus eylinders along with NACA 0012 airfoil and a swimming

lish, which involves interfaces ol varied complexity.

5.2 Mathematical formulation

Consider a rectangular shape domain given by §2 = [zg, 24| % [yg, 3] in zy-plane. The
interval [zy, 2] and [yy, ys] are partitioned into (M — 1) and (N — 1) sub-intervals
respectively, which are not necessarily ol equal lengths. Firstly, a block with a uniform
grid is generaled where the blufl body is implanted, and in the region surronnding these
blocks, a non-uniform grid is created according to the flow situation. For example, in
order to construel a centro-symmetric grid with clustering towards the walls, one may
make use of the stretching hinetion |78).

Ty = JTJI ;:r,‘;in (%;r) , D<A <1 in the z-direction, (5.1)
iy = J— :}" 2 sin %J—W 0< A <1 inthe y-direction (5.2)
<1 N D N 1 — .} . <k

Here, M and N are the number of grid points in x and y direction respectively. In
all of the computations thalt have been performed here, the value of Ay A = 0.85
has been applied. At the grid point (x;, ;) in the computational domain, we define the
forward and backward step-lengths zy, xy in the z-direction as follows:

Ly = Fjpq — &y and Ly =Ty — Tjq- |:=J3:|

"Wnder preparation in |163].
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Similarly, in y-direction,

Yr =Y Y, and g = -y (5.4)

Note that the grid is generated in such a way that all the irregular points lie on
the block containing the uniform grid, and we use the scheme proposed in chapter 4
thereat. In the remaining region covered by a non-uniform grid, the HOC scheme devel-
oped for transient convection-diffusion equations |78] has been used. The 2D unsteady
convection-diffusion equation for a flow variable ® can be expressed as

\2 o2 +:e[m,y,¢}‘ﬁ’

3 =+, }‘i’f — [E.1) (5:5)

The numerical approximation of the solution ¢ at grid point (z:,y;) at the (r)th
time level is given by |78]

;\[]. { [f]ﬂ | f.'.H-g]JI i [I{I |I ng}ﬂ,, l .H-g []E{If E;J{HI } l‘iH-;;Jll‘ji

FKy — 0.5(yy — yp) (K + dK2)0018, OF + [~ Ay;62 — Bijoy + Cijby + Dijé

‘Jﬂ‘ iy ity

G020y — Hijtfmfj - fﬂjﬁ:ﬁy JJ:SJ]"P!; =F;. (5.6)

where 8, represents the forward Ltime operator with uniform time step At and n denotes
the time level. The coeflicients Hy, Ha, Ky, Ko, Aij, By, Cij, Dij Gig, Hig, Kig, Lig and Fy;
can be found in [78] and the nommiform compact stencil that has been utilised for the
current computation is shown in fgure 5.1.

5.3 Discrete Level-Set approach

In the lollowing, we detail the steps for incorporating the discrete level-set approach
for complex geometries immersed in transient flows. For rectangular, cireular, elliptical,
and regular structures, the level set equation is explicitly defined, but not for arbitrarily
irregular geometries. As mentioned earlier, almost all the numerical methods tackling
interfaces having irregularly shaped geometries in the FD set-up, dealt only with geome-
tries with known parametric representations. As such, finding level sel lunetions lor the
points enclosing these geometries was straighilorward. On the other hand, [or arbitrary
peomelries representing blull bodies that are delined only by a few poinls across ils

boundary, estimating fluid How around it is extremely challenging.
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Figure 5.1: The unsteady (9,9) non-uniform compact stencil.
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Figure 5.2: (a) Representation of NACA 0012 airfoil through discrete points, (b) joined
by two parametric eurves, (¢) approximate the minitmm value from the grid points, and
(d) undulation of swimming fish geometry.
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In order to illugirate the procedure, we choose the interface 1" of a NACA 0012
airfoil. Here I' is a non-intersecting, closed €7 curve thal can be subdivided into many
portions, which are locally analytical everywhere (including at the segment. endpoints).
The coordinates (P, Q) of coertain number of points that are good enough to define the
houndary of the airfoil can be found in the website https://turbmodels.larc.nasa.
gov/naca0012_val .html, from where we have extracted them as shown in figure 5.2(a).
Firstly, we determine the coordinates ol the head and fail of the airloil along the - axis,
which are denoted as Pi..q and P respectively. Next, the poinls are cateporized as
upper or lower points across distance ( Byeag — Pian ) depending upon the ¢ coordinates of
the chosen points which represents the upper ((),) and lower (},,) parts of the interface.
Afterwards, two curves denoted ), (ecoloured in red) representing the upper surface and
', (coloured in blue) representing the lower one, are generated by nsing cubic spline
interpolation as shown in figure 5.2(b). We start at the point { Piead, Qhead ), move along
the upper surface along the red curve to reach the point (P, Qua) and then move along
the blue curve to reach back the poinl { Pioags @peas). This completes the generation of

the airfoil boundary.
Onee the interface is completely determined, the task of finding whether a grid point

in the computational domain lies inside or outside of it is pretty straightlorward. So,
the most important objective lor the diserete level sel is to speeify Lhe discrete unique
function values that should be assigned to each grid point in such a manner that it
satisfies the level set function characteristics. If a grid point O, is situated in 27, then
one must determine the distance to the eurves C, and C,,, in that order, and select the
value that is the smallest (sce figure 5.2(c)), which is the value of the diserete level set
[unction thereal. In a similar manner, for point (%, the only modifieation it undergoes
is the change ol sign, we simply take the negalive of the minimum distance. Figure
5.2(d)) is a demonsiration of the generation of a swimming fish from an airfoil by the
introduction of undulation as would be seen in seetion 5.4.4 which is known as swimming
fish. In the following, we provide the pseudo-code in algorithm 5.1 for the same, where
I]z] indicates the index of the variable z inside the computational domain.

5.4 Numerical examples

In order to validate the approach propesed in the previous section, firstly we have
implemented it the simulation ol llows past impulsively started cirenlar and cactus-
shaped cylinders. Although they have been simulated in our previous chaplers, we have
peneraled the level set inetion through the pseudo-code documented above. In the

process, it has provided us with an opportunity to compare its computational economy
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Algorithm 5.1 Pseudocode of discrete level set approach

I: fori+ 1 to M do

2 for J £— I'l.lnm-g] 1o .Ir[P[,,,;i;] do
&3 il FJ; < T & I = F’:-H_; Lthen
4
o

Cul7] ¢ cubiespline { Pyoug 10 Py, Q%)
Culi] ¢ cubicspline (Phogd 10 Piga, Q")

6: end if
7 end for
8: end for

9 for b+ lio N do
10: for j + 1 to M do

LL: if "['wami] 1 'C:J: & J S I[Fmﬂ] +1 & Cnlj] = Uk & Y = (-]!JU} then
12: P[1, k] « — minf{min(dist(X, C,)), min(dist(X,C,)) }

13: else:

14: dlj, k| < min{min(dist(X, C,)), min(dist(X, C,))}

15: end if

14: end for

17: end for

18: return ¢

with the results obtained on uniform grids. Next, the flows past a NACA0012 airfoil and
a swimming fish are taken by where the geometry of the bluff body under consideration
is defined only by a handful of discrete points.

5.4.1 Flow past an impulsively started circular cylinder

One of the most well-studied topics in computational fluid dynamies is the vortex dy-
namiecs characterised by the secondary and tertiary phenomena coupled with the typieal
von Karmaan vortex streel caused by an impulsively initiated cireular eylinder. It has
attracted the interest of researchers for nearly a century, owing to the fact that il ex-
hibits practically all of the fluid mechanical phenomena for incompressible viscous llows
in the most basic of geometric configurations. The llow structure, on the other hand,
is extremely complicated, especially for large Reynolds numbers, making llow calen-
lation much more dillicult and exciting. DBecause of its prominence, this subject has
a multitude ol experimental, theoretical, and numerical results available in the lilera-
ture |4,79, 88 137, 161,192|. The schematic and the boundary conditions have already

been deseribed in chapter 4.
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5.4.1.1 Re =200

Firstly, we utilize this problem to show the distinel advantage of the eurrent formulation
on nonuniform Cartesian grids (sec figure 5.3) over the formulation over equally spaced
grid points |[165] in terms efficiency of computation. For this, we simulate the low for
Reynolds number 200, which is franght with the presence of the so called von Karmann
vortex street in the periodie regime. In figure 5.4, we compare the vorticity contours at
time ¢ = 400.0 computed on uniform and nonuniform grids. The similarity between the
simulations on both grids, in which all of the llow characteristics have been captured in a
reasonably accurate manner, can be easily seen by everyone. However, it is heartening to
note that while the unilorm grid required 999 x 399 = 3898601 nodes [or the computation,
the same could be achieved by the nonuniform prid using 441 % 221 = 97461 nodes and

Al = 1072, which is a [our fold pain in space as well as in computational time,

Figure 5.4: Comparison of the simulation of flow past circular evlinder problem for
Re = 200 at time { = 400.0 by the formulation on a uniform 999 x 399 grid [165] (left)
and the present formulation on a nonuniform 441 x 221 grid (right): Vorticity contours.

TH-3125_186123012



Chapter 5. A discrete level sct approach for transient incompressible viseous flows on
a8 nonuniform grids

7 -1 0 1 2

Figure 5.5: Nop-uniform grid enclosed around a cirenlar eyvlinder along the various
control vohimes.

A detailed perspective of the area close to the immersed boundary is presented in
the figure 5.5, which also serves Lo deline the various control volumes (CV) used in
the calculation of the unsteady loads., In order to establish that the Huid dynamic
forces computed by using the approaches developed in chapter 4 are independent of
the control volumes chosen, three diflerent CVs are considered. We define CV1 as the
square |[—d, d] x [—d, d] with d = 1 and its center coinciding with the cylinder’s centre,
i.e. origin. In a similar manner, CV2 and CV3 are the squares with o = 1.25 and d — 1.5
respectively. In figure 5.6 and table 5.1, we present the drag and lift coellicienis [or these
various UVs for He = 200 on the same grid. The overlap of the graphs in figure 5.6 and
table 5.1 both establish the control volume independence of our computed forees. As
a result, all of the computational dynamics lorce simulations [or this work have been

performed on CV2.

5.4.1.2  He = 1000 and 3000

AL higher Reynolds values, flow around a eylinder becomes three-dimensional and tur-
bulent, and we will not explore that regime. We confine our eomputation Lo the carly
stages ol llow development when the two-dimensional laminar assumplion is still valid.

Another distinguishing [eature ol this How range is that it exhibits the so called o phe-
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Figure 5.6: Control volume independence study for the flow pasi cireular cylinder on
(a) drag and (b) lift. forces for e = 200.

Table 5.1: Drag and lift coeficients for the various control volumes lor the [low past
circular eylinder for Re = 200.

(8474 Ch Oy

CV1 | 1.29535 4 0.05065 | +0.43401
CV2 | 1.20412 4 0.05193 | £0.42320
CV3 | 1.20193 £ (.05137 | £=0.42019

nomenon. This secondary phenomenon has been reported in the literature at the initial
stage of flow |18, 79-81,90| when the secondary vortex beging to appear [rom the sur-
face of the eylinder after the formation of two symmetrical primary vortices behind the
eylinder. Initially, the streamlines close to Lhe eylinder deviate from the surface giving
rise to a bulge pattern and eventually form a secondary eddy. This eddy grows in size to
such an extent that il touches the boundary of the primary eddy, thereby splitting the
primary one into two parts and isolating the region of the wake next to the separation
point where another secondary eddy becomes visible. When these two secondary eddies
are equal in size and strength, the flow is said to undergo the o-phenomenon. Accord-
ing to experimental data |[18], the a-phenomenon is clearly observable in the region of
Reynolds numbers 800 < Re << 5000. For our simulation, we have chosen He = 1000
and 3000 to demonstrate the ocenrrence ol this phenomenon. The computational do-

main and non-uniform grid of 485 x 485 = 235225 nodes with clustering near to the
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0
X

(a) (b)
Figure 5.7: Cartesian grid for the flow around (a) cirenlar eylinder for Re = 1000 and

(b) zoomed view of the grid near the an airfoil for Re — 3000.

area of interest are as shown in figure 5.7(a), and time step Af = 1072 is taken for the

simulation.

Figure 5.8: Streamlines for Re = 1000 at (a) t = 1.25, (b) I = 1.75, (e) t = 2.5, (d)
t = 3.50, (e) t = 4.50 and () t = 6.00.
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(d) (e) (f)

Figure 5.9: Vorticity contours for Re = 1000 at (a) { = 1.25, (b) t = 1.75, (¢) { = 2.5,
(d) t = 3.50, (e) t — 4.50 and (£) ¢ — 6.00.

Figure 5.8(a) reveals that the secondary vortex has yet to develop al ¢ = 1.25 and
it makes its appearance at £ = 1.75 (figure 5.8(b)). When the primary vortex remains
stable, the secondary vortex expands to the point where its outer surface meets the main
recirculating zone boundary (figure 5.8(c) and (d)). As a result, the primary eddy is
split into two halves, and the region in the wake around the separation point is isolated,
forming another secondary eddy. These two secondary eddies are comparable in strength
and size, forming a pair of secondary eddies (figure 5.8(e) and (). This is nothing but
the c-phenomenon described above. Figure 5.9 (a)-(I) depicts the matching vorticity
patterns for the same time period, and they are remarkably similar to those presented
in [4,79,88, 137, 161

In figure 5,10, we describe the development of streamlines for Ae — 3000, and com-
pare the computed solutions with the findings of Bouard and Coutanceau [109] obtained
through experimental visualization. Once again, the computational resulls and the ex-
perimental data are extremely close to one another.
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Figure 5.10: Comparison of numerical (left) and experimental (right) [109] streamlines
for He = 3000 at §{ = 1, 1.5, 2, and 2.5 from top Lo botiom respectively.
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(c) ()

Figure 5.11: Streamlines (left) and vorticity [.'_rightj' contours for the flow past cactus
shaped cylinder in a uniform flow for Re — 200, (a) w = 8, (b) w — 16 and (¢) w — 24
spikes.

5.4.2 Flow past a cactus cylinder

In the previous chapter 4, we simulated the flow over a eactus shape cylinder for w = 24
spikes but there we utilized an explicit formula of level sel unetion. Here, we analyze
the flow over a cactus for the values of w equal to 8, 16, and 24 in order to demonstrate
that the diserete method is effective. The computational domain is the same as the
one shown in the ligure 5.3, with the exception of the cirele being replaced by a eactus
eylinder with a grid of 501 x 401 with At = 107, We depict, instantancous streamline
and vorticity contours in figure 5.11 for Re = 200. As can be observed, the number
of Von-Karman vortices increases as the number ol spikes increases. We plot the time
histories of the drag and lLift coeflicients in figure 5.12. The [ollowing table 5.2 presents
a comparison of the oree coellicients and Strouhal numbers for periodic llows involving
cactus-shaped and circular cylinder. As the spikes on the cactus continue to grow,
it appears that there is a clear reduction in the unsteady loads for the cactus-shaped
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Figure 5.12: Time histories of (a) drag and (b) lifi coeflicients lor the cactus shaped
eylinder for e = 200.

L=]

Table 5.2: Comparison of Strouhal number, drag and lift coeflicients of the periodic [low
[or Cactus shaped and Circular Cylinders for w = 16 and w = 24 spikes at He = 200.

Flow Parameters | Circle | 16 Spikes | % Difference | 24 Spikes | % Difference
St 0210 0218 - (.225 =
(&7 1.295 1.220 6i.64 1.08 1660
£ +0.430 | 0420 232 .30 20,30

eylinder in comparison to the smooth cirenlar eylinder. Onee again, the findings of Babu
and Mahesh |7] are in agreement, with the observations that we have made.

5.4.3 Flow past an airfoil

The study of unsteady incompressible flow in complicated geometric confligurations
adopting curvilinear coordinate system is considered to be one of the most important,
challenges in the field of CFD. This has been done for the llow past a cireular cylin-
der in a greal number ol investigations, mostly due to the fact that its geometry is so
straightforward. Since engineering applications [requently include flows over compli-
cated objects like wings, blades, missiles, and so on, it would be worthwhile Lo explore
other blull bodies like airfoils in our study. When il comes to these types ol flows, the
thickness of the llow along with the angle of attack have a significant impact on the na-

TH-3125_186123012



5.4. Numerical cramples 105

ture of separation and the structure of the wake. According to Nair and Sengupta |152],
the flow around airfoils thal corresponds to a relatively high Reynolds number is char-
acterized by four primary low phenomena when the angle of attack is high. They are:
(a) the instability of unsteady flow, (b) the forming of a bubble over the airfoils, ()
the interaction of vortices in the wake, and (d) the ereation of an alleyway, which is the
cause of flow accelerating over the lower surlace of the airfoil and wrapping around the
vortices over the top surface of the wing. Flows around airloils, in addition to demon-
straling the alorementioned physically [ascinaling phenomena, serve as appropriate test

cases for confirming the robustness of numerical techniques.
The investigation of the unstable [low that occurs behind the symmetric airfoils

NACA 0012 and NACA 0015 is of particular interest. In this context, "NACA" refers
to the National Advisory Committee for Aeronautics, which was the organization that
came before the National Aeronantics and Space Administration (NASA). In the pub-
lished research, resulls from both traditional |55, 124, 158] and contemporary [152, 167]
experiments have been reported in relation to incompressible flow through airfoils, The
work of Mehta and Lavan |113] represents one of the carlier instances of a computa-
tional approach to [low past an airfoil. In 1975, they investigated the case ol laminar
flow past an impulsively initiated Joukowski airfoil for a Reynolds number 1000, In the
experimental study that Freymuth [55] condueted in 1985, he examined the impact of
uniform aceeleration on flow via a NACA 0015 airfoil at a variety of Reynolds numbers
and angles of attack by using the [low visualization approach. He defined the Reynolds
number by referring to the airfoil’s chord lengih in conjunction with the uniform accel-
eration. Ohmi et al. [124] reported their computational and experimental observations
for a NACA 0012 airfoil in 1991. The airfoil was analysed with an angle ol attack of
30 degrees and a Re= 3000. In 1995, Shen and Loe [158] used a domain decomposition
method that coupled a vortex method and a FD method to earry out numerical simula-
tions for external [lows around NACA 0012 for Re= 1000 and 10000 at angles of attack
200 and 340. In the same year, Morikawa and Gronig |[117] examined experimentally
as well as computationally the leading edge vortex system around NACA 0015 as a
resull of both airfoil escillation and the unsteady motion. The exploratory work of the
flow field around an airfoil was resumed in 2003 by Soria et al. |[167], who applied the
multigrid cross-correlation digital particle image velocimetry (MCCDPIV) approach to
determine the flow field around a NACA 0015 airfoil at 30" attack angle, in which the
flow is accelerated to a constant velocity from a resting state. In the same manner,
numerous studies have been carried oul over a long period of Lime, both experimentally

and numerically, [or a variety of Reynolds numbers and angles of atlack.
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Following the completion of a successful validation of the How over a circular eylinder,
a further benchmark case for the [low over a NACA 0012 airfoil is examined here. There
is a sharp corner on the trailing edge of the airfoil, in addition to the leading edge of
the airfoil having a small radius in comparizson to a chord length. This presents quite a
challenge for some interpolations thatl are performed using immersed boundary methods.
Researchers have been successlul in accomplishing this objective by using body litting
and translormation [87,135, 149, 182] rather than the approach deseribed here.

We have considered the [low past the NACA 0012 airfoil at an angle of attack of
34" which is generated using a discrete level set approach coupled with a Cartesian
technique (see fgure 5.7(b)). In the fgures 5.13-5.14, we show comparisons of the
sireamlines demonstrating excellent matches between the computed results and those
reported in [159] for Re = 1000 ai angle attack 34. Our numerical simulations are
able to capture all of the primary and secondary vortices that have been identilied by
the experimental visualization, In addition, the time progress of the llow structures is
accurately reproduced by the simulations. The post-processed vorticily contours that
correspond to each ol the dillerent times are provided in the figure 5.15.

(a) (b) ()

Figure 5.13: Comparison of munerical (top) and experimental visualizations (boiiom)
[159] streamlines for NACA 0012 airfoil at 34" angle for Re = 1000 at {(a) { = 1.6, (b)
=28, and (¢) t = 3.2.
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(a) () (c)

Figure 5.14: Comparison of munerical (top) and experimental visualizations (bottom)
[159] streamlines for NACA 0012 airfoil at 34" angle for Re = 1000 at (a) t = 4.0, (b)
t =48, and (¢) L = 5.6.

TH-3125_186123012



Chapter 5. A discrete level sct approach for transient incompressible viseous flows on
108 nonuniform grids

z5
z5
hs 0 05 i i3 3 _1_'.5 45 5 s ; i3 7 Z5
n x
(e) (f)

Figure 5.15: Evolution of vorticity contours for NACA 0012 airfoil at 34" angle for
Re= 1000 at (2) £ = 1.6, (b) t = 2.8, (c) t = 3.2, (d) £ = 4.0, (e} t = 4.8, ([} t = 5.6.

5.4.4 Flow past a swimming fish

Researchers are perpetnally motivated by nature to examine natural events and make

use of the mechanisms uncovered via their investigations in order to create more elfective
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and robust technologies. Since the development of micro-aerial and swimming robots,
which have promising future applications in both civilian and military settings, a variety
of research efforts have been foeused on the creation of methods that can improve the
performance of these robots. Ulilizing the surrovmdings around them as a source of
elfeclive propulsion is an important parl of the swimming process for fish. As a conse-
quence of this feature, many diflerent kinds ol hsh tend Lo swim together in groupings
that are referred to as schools [59, 83,84, 119, 154].

5.4.5 Geometry

The undulating motion is utilized to represent the body motion for the lish-like propul-
sion, which changes to the pitching motion with bigger wavelengths of rearward traveling
wave A, which is employed as a parameter to preseribe the undulation. This motion is
prescribed by the undulation. The action of the candal fin and tail is modelled through
the adoption of the pitching motion to create the fish-like propulsion.

NACA 0012 depicts an initial shape of the hydrofoil at the beginning of fish-like
locomotion that mimics the undulating shape of a fish’s body. This shape allows the
hydrofoil to move like a fish. The straight hydrofoil can be converted into the wave-
shaped hydrofoil by using a non-dimensional lateral displacement. Y displacement
that varies over the length of the hody as a lunction of position i.e.

4y = A(X)sin (2«%) (5.7)

where X is a non-dimensional representation of the distance from the head and A is
a non-dimensional representation of the wavelength of a wave that is moving across
the hydroloil. In addition, A(X) represents the chordwise flexure amplitude of the
undulation, which is modelled in this case by a static head linear motion (SHLM) kind
of kinematics as

AX) = 40X (5.8)

with A, denoting the maximum non-dimensional lateral displacement, also relerred
to as the amplitude of undulation. For the purpose of modelling the periodic undulatory

motion, a time-wise variation is added to (5.7).

For motion with undulation: dY = A(X)sin |i2ﬁ (% = 2;1& )] (5.9)
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where § is the non-dimensional time and 5S¢ denoted the Stroubal number, also known
as the non-dimensional frequency of undulation f. The previous equation for the undu-
lating molion corresponds to the pitching motion about the horizontal centre line when
the wavelength of the undulation is very large and A — oo,

LSt
Pitching motion: dY = A{X)sin | —27—— 5.10
g (X) ( 5 ) (5.10)
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Figure 5.16: (a) Close view of the grid near the hydrofoil and (b) vorticity contours for
stationary hydrofoil for Re = 500 at A = 0.8 and A,,,. = 0.1.

The zoomed-in view of the grid near the stationary hydrofoil is depicted in figure
5.16(a), where parameters A = 0.8 and Apax = 0.1 are considered. The vortieity
contours can be seen for a Reynolds number of 500 once the flow setiles in the wake
hehind the hydrofoil as shown in (b). The fignre 5.17 (a)-(l) present the temporal
variation of vorticily contours for one time period "T" of undulating hydroloil at St = 0.4
and file = 500, where 25 shedding mode is obvious in a manner that is similar to prior
rescarch [83,84,154|. Our contours in this case are not satislactory; nevertheless, we are

working toward enhancing them, and this is our main focus for the future plan.

5.5 Conclusion

We introduce a discrete level set approach [or simulating transient incompressible

viscous [lows on a non-uniform grid based on a Cartesian mesh in streamfunction vortic-
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Figure 5.17: (a)-(f) Temporal variation of instantancous vorticity contours, within one
time period "T" of undulating hydrofoil at A = 0.8, A__,,..‘,', = 0.1, 51 = (1.4 and Re = 500).

ity lormulation. The purpose of this method is to specifically treal irregular geometries
in a lluid low for which an explicit level set lunction is not available. We present a
detailed description of how such a function can be generated on a complicated interface
from a set of discrele points. In order to validate our approach, we lirst investigate the
llow over a circular eylinder al, moderalely high Reynolds numbers {Rg) Lo demonstrate
the efliciency over a uniform mesh, and also establish control volume independence lor
unsteady loads. Moreover, we aceurately capture the o phenomena lor a high Re = 3000
in the laminar regime. We lurther investigate the effects of the shape of a cactus eylin-
der for 8, 16, and 24 spikes using our novel discrete technique, yielding the conclusion
that Drag is reduced as the number of apikes on the cactus increases. In addition, we
generate the boundaries of a the NACA 0012 and stationary fish, and the findings of the
simulation are found to be impressively consistent with those obtained from previous
numerical and experimental research. The sirategy of using nonunilorm grid in this
chapter has been thoroughly implemented in the next chapter.
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Comprehensive study of forced convection over a
heated elliptical cylinder with varying angle of

incidences to uniform free stream

6.1 Introduction

Bodies immersed in fluid flow can be characterized as being streamlined or blunt /blufl,
depending on its overall shape and structure, A blull body can be defined as a body
that, as a result of its shape, has separated flow over a substantial part ol its surface |34];
any body, which when kept in fluid flow, the [uid does not touch the whole boundary
of the object. Roshko [143] defined a blufl body as one that resulted in a wide extent of
separated flow and is associated with significant drag force as well as vortex-shedding,.
Flow past blull bodies is commonly found in nature and engineering applications, lor
instance [low past an airplane, a submarine, an automobile, or wind blowing past a
high-rise building. Thus, over the years, massive research efforts have been undertaken
to gain a comprehensive understanding of the [luid llow and heat transfer phenomena
past blull bodies of various cross-sectional geometries. Although much efforl has been
devoted to analyzing the complex flow physics and thermo-fluid transport phenomenon
for a variety ol cross-sections (circular, rectangular, square, and elliptical), most of the

literature deals with cireular geometry, A thorough review of this topic can be found in

the works of Williamson [181], and the books of Zdravkovich |187, 188].
It is well known thatl, in peneral, beyond a eritical Reynolds number [low around

slender eylindrical bodies exhibils periodic vortex shedding as a resull. of the Bénard-
von Karmén instability which then leads to alternale vortex structures known as the

von Karman vortex street. This phenomena is responsible for Huctuating forces on

113
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the body that may cause structural vibrations, acoustic noise emissions, and at fimes,
resonance, which would trigger the failure of structures |91]. Examples of such cylindrical
structures in engineering applications include skyscrapers, towering structures, long-
spanned bridges, and wires. The frequency associated with the periodic wake, the
forces and moment acting on the body, as well as the heal transfer parameters, are a
strong [unelion of Lthe body shape and size, Reynolds number of the low, and the angle
of attack [139]. Thus, [rom an engineering point of view, it is crucial Lo investigate llow

around slender bodies with diflerent shapes.
Over the years plethora of studies, both numerical and experimental, have been un-

dertaken to investigate loreed convection heal transfer over a circular cylinder. Notable
among the early studies are the ones earried out by Dennis et.al. [42], Apell and Led-
wich |5], and Jafroudi and Yang |70]. Subsequent numerical investigations of impact
were undertaken by Lange et.al. [93], Kieft et.al. [85], Shi et.al. [160], Bharti et.al. [14],
Sarkar et.al. [146]. More recently, Cao et.al. |23] numerically analyzed foreed convection
heat transfer around a heated eireular eylinder in laminar flow repime (Re = 20 - 180,
Fr = 0.7) from the Lagrangian viewpoint. They computed the Lagrangian coherent
struetures and employed them to study the convection features around the eylinder at
different. Re's. Among the experimental studies, the works of Dumouchel et.al. [46],

Wang et.al. [176], Kieft et.al. |85], Nakamura and Igarashi [118] stand ont.
The most commonly studied geometry after the circular eylinder is that of a square/

rectangular cylinder. Thus, several studies - mostly numerical - exist for the forced
convection heat transfer phenomena over a square geometry as well. Notable among
them are the works of Sharma and Eswaran [155], Dhiman el.al. |43], Ranjan et.al. [139],
Sahu et.al. [145], Sen et.al. [150], Bai and Alam [8]. Other unusnal shapes such as a
triangular cylinder (De and Dalal |92]), semi-cirenlar cylinder (Chandra and Chhabra
[25], Chatterjee et.al. |26], Bhinder et.al. [15]), cam-shaped cylinder (Chamoli et.al. |24]),
blunt-headed cylinder (Pawar et.al. [132]) have also garnered the attention of researchers

in recenl years.
The bluff body, on which the [low and heat transfer phenomena has been investigated

the most over the years is the circular cylinder. Dennis et.al. [42] numerically investi-
gated steady laminar [oreed conveclion from a circular eylinder at low Reynolds numbers
(Re). They carried oul computations for (.01 < Re < 40), and found thai the mean
and local Nussell numbers ealculaled via their numernical approach compared favourably
wilth then available experimental results, Later on, similar studies were also undertaken
by Apelt and Ledwich |5], and Jafroudi and Yang |70]. Lange et.al. |93 carried out a nu-

merical investigation ol 2D How around a healed cireular eylinder in laminar crossilow.
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They presented results, in terms of Nu and Cp variations with Reynolds number lor
107" < Re < 200 and temperature loadings of 1.003 - 1.5. Dumouchel el.al. |46] carried
oul an experimental study of the heated wake downstream ol a circular eylinder at low
Re's. They found that the Aow regime downstream of the eylinder can be characterized
by an effective Re caleulated at an effective temperature Ty = T + 0.24(Ty — T ),
where T,,, and T, are temperalures ol the cylinder and upstream llow respectively.
Wang el.al. [176] experimentally studied the laminar vortex shedding of airflow behind
a circular eylinder with diflerent heating temperatures, emphasizing on the relationship
of wake [requency and Re, Kieft et.al. |85] studied both numerically and experimentally
the effect of heat input on the wake characteristics and vortex structure from a hori-
zomtal circular cylinder in cross flow. For He = 75 and a range of Richardson number
(0 < Ri < 1) they analyzed the different vorfex characteristics and production of baro-
clinic vorticity production terms. Shi et.al. [160] numerically investigated the effect of
cylinder heating on the flow and heat transfer characteristics in a 2D horizonial laminar
flow of air past a heated cireular eylinder for 0.001 < Re < 170, considering the variation
of lnid properties with temperature. Nakamura and Igarashi [118] reported that, for a
circular cylinder in crossflow, the Nussell. number in the rear stagnation point increases
with Reynolds number in the laminar shedding regime (Re < 150). Bharti el.a. [14]
simulated forced convection heal transfer from an unconfined circular cylinder in the
steady cross-llow regime (10 < Re < 45, 0.7 < Pr < 400) and presented correlations for
Nusselt number as a [unction of the pertinent dimensionless variables. They reported
15 — 20% increase in the heal transler coellicient for uniform heal flux condition than
the sothermal condition ol the eylinder, given the Reynolds and Prandi]l numbers re-
mained same for both. Sarkar et.al. [146] used an SUPG based finite element method
to mimerically investigate the combined effect of Prandt]l number (0.7 < Pr < 100} and
Richardson mumber (0 < R < 2) on the wake dynamics and heatl transfer past a circular
cylinder in crossllow. For foreed convection, they found that the average Nussell num-
ber (Nu) increases with increasing Re and Pr. They also proposed a new correlation
for Nu using least square technique (Nu = 0.459 Re™>® P37 [or 80 < Re < 180 and
0.7 < Pr < 100), and a correlation on Colburn heat transfer factor (j. = .521 Re™52
for 80 < Re < 180). Recently, Cao et.al. [23| numerically analyzed forced conveciion
heat transfer around a heated circular cylinder in laminar [low regime (Re = 20 — 180,
Pr = (.7) [rom the Lagrangian viewpoini. They computed the Lagrangian coherent
structures and employed them to study the convection features around the cylinder at
different Re's.

The investigation ol heal transler phenomena over a square eylinder has also been
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carried out over the years. Sharma and Eswaran |155] carried out a numerical inves-
tigation of the flow and heal transfer characteristics of a square cylinder (isothermal
and constant, heat flux conditions) in a cross flow for 1 < Re < 160 and Pr = (.7
Dhiman ef.al. [43] investigated the flow and heat transfer characteristics in the steady
flow regime of an isolated square eylinder in crossflow placed symmetrically in a planar
slit for the range of conditions as 1 < Re < 45, (0.7 < Pr < 4000 and blockage ratio
= 1/8, 1/6 & 1/4. Ranjan et.al. [139] carried out. a numerical investigation of flow and
heat transfer phenomena over a square cylinder al incidence (o« = ()’ — 457) for a range
of Re’s (60 < Re < 150) using a linite volume approach on unstructured grids. They
reported and analyzed the dependence of Strouhal number (51), drag and lift coefli-
cients, moment coellicient and average Nusselt number on Reynolds number, and angle
of incidence for a fixed blockage ratio. Sahu et.al. [145] carried oul a mimerical investi-
gation of the effects of Re and Pr on the rate of heat transfer [rom a square cylinder in
the unsteady two-dimensional periodic low regime, for the range of 60 < Be < 160 and
(.7 < Pr < 50. They oblained simple heat transler correlations for the isothermal and
constant, heat fMlux conditions on the solid square eylinder, in addition to demonstraling
the role of Prandt]l number in heat transfer characteristics in the unsteady flow regime.
Sen et.al. [150] used a stabilized finite-element formulation to investigate the flow past
a square cylinder al zero incidence for Be < 150. Bai and Alam [8] investigated the
wake of a square eylinder for Re < 107. Two-dimensional (2D) laminar simulation and
three-dimensional (3D) large-eddy simulation were conducted at Re < 107, while exper-
imments ol hotwire, particle image velocimetry, and lorce measurements were carried oul,
al a higher Re range of 10 < Re < 4.5 x 107,

A number of studies have been reported on some uncommon shapes of blull bodies

as well. De and Dalal |92 employed a second order aceurate finite volume method to
simulate 2D laminar How and heat transfer past a heated triangular eylinder placed
in a channel for 80 < Re < 200 and blockage ratio 1/12 < 8 < 1/3. They reported
that overall Nussell number remains almost unchanged for different blockage ratios,
and at lower blockage ratios, llow is found to be similar to the unconfined flow and
is more prone to wake instability. Chandra and Chhabra |25 carried out a numerical
investigation of momentiom and heat transfer characteristics ol a semi-cireular eylinder
immersed in unconfined lowing Newtonian fluids in the steady llow regime. Chatterjee
ef.al. |26] reported results for numerieal simulation of laminar forced convection heat,
transfer for [low past a semi-circular eylinder in an uneonfined medinm (e = 50 — 150,
Pr = 0.71). They observed substantial differences in the in the global flow and heat

transfer quantities lor the two dillerent conlipurations of the obstacle chosen in the
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study. The wake dynamics and foreed convective heal transfer characteristics past a
semi-circular eylinder at incidence (07 < o < 180") were studied by Bhinder ef.al. [15]
for 80 < Re < 180 with air as the working fluid. Chamoli et.al. |24] studied the effect of
shape modification on heat transfer and drag for fluid flow past a cam-shaped cylinder
for Re = 100, 200. They showed that the cam-shaped cylinder alters wake size, controls
and suppresses vortex shedding, inhibils shear layer interaction, and enhances convective
heat transfer rate. Pawar et.al. [132] studied the foreed convective llow and heat transler
charactoristics past a blunt-headed eyvlinder in crosstlow. Compulations were carried oul
for Re = 40— 160 and o = 0" — 1807, with air as the working fluid. They observed that a
blunt headed cylinder exhibits an enhanced heat transfer rate compared to a rectangular
cylinder. They also carried oul an entropy generation analysis Lo study the ellects of
Ite and angle of incidence on the efficiency of thermolluid transport characteristics.
Among the various cross sections,/shapes of blufl bodies (cirular, rectangular /square,
elliptical) the elliptic geometry has been considered the elementary shape of interest [or
wings, submarines, rolor blades, and missiles [185]. The problem of flow past an elliptical
eylinder hag received infermittent attention over the years from scientific community.
Lugt and Haussling |110] numerically investigated laminar flow past an elliptic eylinder
at 45 angle of incidence. The solutions were shown to approach steady and quasi-steady
states al e = 15 and Re = 30 respectively, while a Kanmén vortex street developed at
Re = 200. Patel |130] studied the development of Karman vortex street for flow past an
mmpulsively started elliptic eylinder for Re = 200 at. dilferent angles of incidence (o = (0,
307, 457, 907) and presented semi-analytical solutions in terms of flow characteristics such
as surlace pressure and vorticity distributions, Lthe transient development ol streamlines
and equivorticity lines, and drag coellicient. Jackson |69, while investigating the critical
Heynolds number [or the onset ol vortex shedding lor 2D laminar llow past blull bodies
of different shapes reported that, for an elliptic eylinder, the values of the eritical Re and
the corresponding Strouhal number decreased as the angle of incidence increased. Park
et.al. [129] studied the effect of angle of incidence on the unsteady laminar flow past
an impulsively started, slender elliptic eylinder for 25 < Re < 600. They identified live
distinet [low regimes - two steady How regimes which were demareated by Lthe presence of
a sleady separation bubble, and three unsteady regimes which were characterized by the
frequency and amplitude of the periodic variations of force coeflicients. Johnson et.al.
|72| investigated the vortex structures behind 2D elliptic eylinders for 30 < Re < 300
and aspect ratio (AR) in the range 0.01 — 1. They reported that as the AR is decreased,
the shedding behind the elliptic eylinder changes from steady Kérméan vortex shedding

Lo llow with two distinet regions. The lirst region is siluated directly behind the eylinder
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and contains two rows of vortices rolling up from the cylinder with a region of relatively
dead flow in between. The second region is located further downstream consisting of
secondary vortices that results from a strong interaction of the two rows of vortices due to
a convective instability. Faruquee el.al. [47] examined the effect of AR on the How feld of
an elliptic eylinder for 0.3 < AR <1 al Re = 40 with the eylinder placed with the major
axis parallel to Lthe [ree-stream, and reported various wake parameters, drag coellicient,
pressure and veloeity distributions in terms of AR. They also reported a critical AR of
().34 below which no vortices form behind the cylinder. Sen et.al [151] caleulated the
laminar separation Reynolds number (Re,) for Re < 40, 07 < o < 907, and AR = 0.2,
0.5, L8, and 1. Paul et.al. |[131] presented a numerical study on predicting onset of
flow separation and vortex shedding in fow past unconfined 2D elliptical cylinders for
various AR's and a wide range of Angles of Attack (AOA). They employed a variely of
methods to estimate fe,, eritical Reynolds number ( Re.. ), and critical Strouhal number
(Sl ), and proposed functional relationships for Re., and Sl in terms of AR and AOA.
Yoon et.al. [185] investigated the How around an elliptic cylinder for 20 < Re < 100,
0" <o <907, and AR = 0.2. They reported that the Strouhal number decreased as
the angle of incidence increased, and the rate of decrease in the values of the Strouhal
number was [aster when Lhe value of Re increased. While measuring the variation of
the stagnation point, they found thal il moved downstream along the lower surface of
the eylinder as the angle of incidence increased, and the lime-averaged stagnation point
is strongly dependent on the angle of incidence and weakly dependent on Re. Thus,
we see that a number of important studies have been carried oul to understand the
flow phenomena over an unconflined elliptic ¢ylinder. However, there is a distinet lack
of comprehensive studies dealing with heat transfer phenomena w.r.t. fo llow past an
elliptic eylinder. The current chapter! is attempt to address this issue.

6.2 Problem statement and governing equations

Consider a heated elliptical cylinder of aspect ratio AR(= 2/3) placed in a uniform
[ree stream (figure 6.1). The [uid How is two-dimensional, incompressible and laminar
with constant properties. Additionally the effect of gravity is neglected. The free stream
velocity is Uy and the fluid Prandtl number ( Pr) is taken to be 0.71. The surface of the
cylinder is maintained at a constant temperature of T, whereas the [ree stream has a
temperature T, It is assumed that the temperature difference AT(= T, — T,,) has a
negligible effect on the luid properties.

Wnder review in |162].
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Figure 6.1: Schematic and boundary conditions for forced convection over an inelined elliptic
cylinder.

Under these assumptions the 2D incompressible N-5 equaiions, in streamfunction-
vorticity (¢ ) form and the energy equation in dimensionless lorm, are given by

Vi = —( (6.1)

i ¢ ¢ L 4 .
il Raic 2 e o ,2
51 -I-Hd +TIdy RE? e (6.2)
0 4 uﬁ +v£ g VAT (6.3)

at dr dy  RePr

Here Re = L is the Reynolds number (U and L being characteristic velocily and
15

v
length respectively), and Pr = — is the Prandtl number, where v and o are the dynamic
e’
viscosity and thermal dillusivity of the [luid respectively.
The streamfunction (1) and vorticity ({) are defined as follows:

s M dv  du
S hidii i1 d af : 6.4
¥ dy ¥ dr w = Oz rh; (64)

For the purpose of determining the immersed boundary, we have employed the level set
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function developed by Sethian and Osher [125]. The level set function for an inclined

ellipse is defined as

—(x — ze)eos(f) + (y — yt.'}sm{ﬁ})z I ({:n — xe)sin(f) + (y — yr:}ms{ﬂj)ﬂ i

f.'ﬂ‘(j*'!yfﬁ.} = ( = b

(6.5)
where a and b are major and minor axis, and (xe, ye) is the center of the ellipse, and @
is an angle which varies from 0 < < 27, The normal vector is defined as

Vo dai+ i

Vel — (6.6)

n = (1,1 =

6.2.1 Initial and boundary conditions

The following initial and boundary conditions are applied on the non-dimensional vari-

ables as follows (ligure 6.1)

1. Initial condition: At time t =0, u=1, v =0, and T = .

2. At the inlet of the domain, the fluid How is uniform with constant temperature
e, u=1,v=0 and T =1).

3. Conveclive boundary conditions are applied on the outlel of the domain, ie.
r}' pﬂ 1 7

b dd
— + Uy— = 1), where ¢ s uoth, (T,
. Yox U Yt
4. Free slip and adiabatic boundary conditions are applied on the top and bolttom
wall, ie, u=v = = (), 3—1 = (), 1 = yr al the top boundary and 1» = yp at
F .

the bottom boundary. Here the subseripts 7' and B denote "Top’ and "Bottom’

respectively.

H. On the surface of the eylinder, no-slip boundary conditions are applied along with

constant temperature, ie, v =v =y =0and T = 1.

In order to compute the fluid flow and heat transfer characteristics governed by
equations (6.1)- (6.3), We used the methodology deseribed in chapter 4, including the
additional equation (6.3), which is again in the convection diffusion form. The dis-
cretization is similar to that of the equation (6.2), where the coellicients are adjusted

accordingly.
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6.2.2 Solution of system of equations

The set of equations that result from discretizing equations (6.1) - (6.3) can be writien

1 malrix lorm as

Ap™t = (¢, Cp) (6.7)
AxC™ = f(C" ™ 0™ Re, C7*, C7) (6.8)
AT = LT, u™ o™, Re, Pr, G, 1) (6.9)

In above equations, the coeflicient matrices Ay, As and Ay are asymmetric sparse
matrices containing a maximum of nine non-zero values on the diagonals in each row.
(04 5 If'l':"' "and O, CptY are the streamfunction, vorticity and temperature correction
vectors respeelively at the irregular points corresponding to the n'™ and (n + 1)'™ time
level. For a grid of sive M x N, the matrices A;, A; and Ay are of order MN and ™',
TGP G & R B e e :W C:’c“, }EH, {'_LT.}*., fi’;H are vectors of length MN.

Note that the discrete values of the velocities at the (n+1)'" time level are contained
in the equations (6.8) and (6.9). However, they are accessible alter computing stream-
function from equation (6.7). The fourth order approximation of the velocities u, v are
obtained by the method outlined in the work of Kalita ef.al. [?]. An outer-inner itera-
tion procedure is used Lo caleulate the solutions to the problems governed by equations

(6.1) - (6.3). The lollowing steps deseribe this computational algorithm:
1. Initialize w, v, ¢,  and T" and apply the appropriate boundary conditions.
2. Caleulate streamfunction jump correction i
3. Solve equation (6.7) to oblain 4.
4. Compute u and v by Thomas algorithm from equations (6.4) [71,78,89|.
5. Caleulate vorticity and temperature jump corrections lf‘(, Cy.,

i. Use (6.8) and (6.9) to determine ¢ and T
This comprises an ouler iteration.

7. Once the discrete values of uw, v, b, ¢ and T are updated, repeat the steps 2-6.

Sinee Ay, As and Ay are sparse matrices, solving them requires the use of iterative

techniques. Using traditional iterative techniques like Gauss-Seidel is not worthwhile
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since the coellicient maltrices Ay, Az, Az are not diagonally dominant, The inner iter-
ations consist of solving the mairix equations (6.7) - (6.9) al each outer iteration by
ilerative solvers. The inner iterations are made up ol efficient iterative solvers solving
equations (6.7)- (6.9) al each time step. In our computations, we employed the Bicon-
jugale gradient stabilized (BiCGStab) |82] iterative solver, along with Incomplete LU
decomposition as a preconditioner, with the help of Lis Library [1]. When the residual
vectors resulting from equations (6.7)- (6.9) fell below 107, the inner iterations were
terminated. We performed all of our calculations on a computer with a 32 GB RAM

and an Intel Xeon processor.

6.3 Calculation of Nusselt number

The Nussell. number characterises the rate ol heat transfer across the [luid around the
heated elliptic eylinder. On the other hand, drag and lift coellicients are dimensionless
quantities that is related to the drag and lift generated by a blull body across the [haid
in its neighbourhood. As such they are vital parameters yielding useful information
aboul the heat and fluid How characteristies for the problem under consideration. In

this section, we describe in briel the procedure for caleulating the Nussell number.
The quantitative parameter indicating heat transfer, i.e. the local Nusselt number

(Nu), is defined as

a

Al
Nuy——— g
10 o (6.10)

where n is Lhe direcltion normal o the eylinder surface.

Contrary to the usual approach of resorting {o grid-transformation for calculating
Nusselt. number of blull bodies, we have caleulated it using the following approach,
where merely gathering flow information along the normal direction to the boundary of
the blull body sullices. We have divided the inlerface, 1.e., the surlace of the cylinder,
into Np number of interfacial poinls. Now, in order to identily Lthe inlerfacial points on
the interface, we require the polar coordinates of the inclined ellipse, which is obtained

as follows:
Lot

(& — xc)eos(B) + (y — ye)sin(f) =  acos(y) (6.11)
(& — zc)sin(f) + (y — ye)eos() bain(yw) (6.12)

Add both equations (6.11) and (6.12) after multiplying by cos(#) in (6.11) and (—sin(8))
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Figure 6.2: Schematic of Nusselt number computation along the boundary an inclined elliptic
cylinder.

in (6.12), we gel
r = zc — acos(@)cos(ip) + bsin(d)sin(p) (6.13)

Similarly, add both equations (6.11) and (6.12) after multiplying by sén(#) in (6.11) and
cos(f) in (6.12), we get

y = ye + asin(f)cos(p) + beos()sinfip) (6.14)
Let Q*(xz*, y*) be an interfacial point on the bluff body’s boundary, and ¢, (x,y) be

a point in the normal direction of Q*(2* »*) with An being the distance between Q*
and )y along the direction normal to the interface ai Q* (sec ligure 6.2). Then

iz, y) = Q(z*, 4*) + (ny,n2)An

Thus, the local Nu at a point Q*(x*, y*) is given hy

al x
Nttlgages ) = — oo — (6.15)
L] I".‘H"
__ T(@i(zy) — T(Q*(z* y")) (6.16)

An
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Although the approximation of the value of 7' at the point Qi(x,y) in the normal
direction, it does nol have to be a grid point in the computational domain, hence
T(Q1(x,y)) is unknown. As such, we compute the value of T(Q(x,y)) using a lincar

bivariale inlerpolating polynomial, which is given as [ollows:
Let pla, b) be a linear bivariate interpolation polynomial in two variable is defined by

pla,b) = py + pra+ pab (6.17)

Given three points Fy(ay, by), Pi(ai,bi), Pa(as,bs), the Vandermonde matrix on these

three nodes is delined as

1 ap by
P 1 {1 1] Eﬂ
1 {la Eiz

Lemma 6.3.1. Inlerpolating of T' by polynomials pla, b) on the poinls By, Py and Py is
always possible if and only if detP # 0

Proof. Let us represent. the vector of T values at the three poinis by F = [fg, {1, la]”
and define X = [pg. p1,po]”. Considering the fact that p(a, b) satisfies p(a;, b;) = {; for
i€ {0,1,2} ean be expressed as PX = F which provides a solution for an arbitrary X
il and only il detP # (). ]

Remark 6.3.1. If Fy, P, and P; are lies on a same line then milerpolation by linear

polynomials s nol possible on these points.

In the above linear interpolation, Lthe unknown coeflicients gy, p; and ps are explicitly

provided by

o = (foarby — tpagly — braghs + Liaghy + faaghy — ta,by) /A
I (Lobn — babg — Loba + Laby + Ll — Loy )/ A

1 — l:.'ﬂ.ﬁ] — By — Lgaie 4 laig + T ite — faiy :”IA

where A = (aghy — a;by — agby + agzby + a1ba — ashy).

We determined the local Nussell number at the point @ (x, y) using the above in-
terpolation formula (6.17) by selecting three nearest grid points. Thus, the local Nu
is caleulaled at Np points. Nole Lthat in our computation of local Nu, we have taken
Amn = 0.1 and Np = 201.
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The surface averaged Nusselt number is given by
Nu,, = l f NudS (6.18)
W Jw

where W is the surface area of the cylinder. The integral in equation (6.18) is calculated

using Simpson's 1/3 rule.

6.4 Code Validation and Grid Independence

6.4.1 Code validation

In order to validate our code, lirstly we simulate lorced eonvection over a horizontal
circular cylinder at low Reynolds numbers. As will be seen shortly, the results [rom
the present computation are an excellent match with well established results in the
literature. Note that the computational domain as well as the boundary conditions for
this case is the same as shown in figure 6.1. The only difference is that the elliptical
cylinder has been replaced by a circular eylinder of characteristic length (diameter)

D= 1.

w=n.'.*'=l~\ :

p*

L

Figure 6.3: Schematic of wake-bubble geometry for the cireular eylinder.

Figure 6.3 shows the typical wake-bubble geometry of the [low. Points A, I3, and
C denole wake stagnalion point, back stagnation point, and [ront stagnalion point
respectively. The eddy length L, is the distanee from the rear of the cylinder to the

wake stagnation point.,
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Table 6.1: Comparison of eddy length (L,)

L,
Re Present | Biswas and Sarkar [16] | Takami and Keller [171] | Dennis and Chang [39]
15 1.224 1.189 1.162
: 1.831 1865 1.844 1.88
430 | 3.225 3.226 4.223
35 | 3.8D9 3.793
40 4.455 1.424 4.650 41.69

(e) Re =30 {d) Re =40

IMigure fi.4: Steady state streamlines for (a)Re = 10, (b)Re = 20, (e¢)Re = 30, and (d)Re = 40.
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Table 6.2: Comparison of surface averaged Nusselt number (N, )

Nitigy
Re ["Present | Biswas and Sarkar [16] | Jafroudi and Yang [70] | Apelt and Ledwich [5]
15 | 2.2103 2.18049 2,176 2.193
20 | 24617 24483 2.433
30 | 2.0287 2.8877 2.850
35 | 3.1281 30772
A0 | 3.2492 3.2351 3.2 3.255

[] 2

(c) ke = 30

Figure 6.5: Steady state isotherms for (a)Re = 10, (b)Re = 20, (¢)Re = 30, and (d)Re = 40..

For this comparison exercise, simulations are carried out for Re = 15, 20, 30, 35,
and 40. Previous works (Takami and Keller [171], Dennis and Chang [39], Apelt and
Ledwich [5], Jalroudi and Yang |70]) have shown that the flow is steady for these values

ol Re's.

In the presenl case sleady-stale has been reached through time marching.

The values of eddy length (L,), and surface averaged Nussell number (Nu,,) [rom the

present, computation have been compared with well established results in tables 6.1, and

6.2 respectively. One can see that in all the cases, excellent match has been obtained.
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Figures 6.4 and 6.5 (a)-(d) show the streamlines and isotherms for Be — 10 — 40. One
can clearly see [rom the figures 6.4 (a)-(d) that the eddy lengih increases linearly with
Re. The isotherms are symmetrical about the r-axis in the wake region. Figures 6.5
(a)-(d) also reveal that the isotherms become steeper with Re in the near wake region.
This implies thalt with an increase in [luid velocily sels a higher temperature gradient,
resulting in enhanced heal transfer [rom the cylinder surface. This is evident from the
values of Nu,, in table 6.2 as well. The streamlines and isotherms resulling [rom our
computlation are very similar to the simulations of [16].

The second case of our validation consists of the eomparison of the streaklines for
the flow past an elliptic eylinder of AR = 0.67 at Reynolds number 107 from the
experimental visualization of Fonseca et al [52| with the current numerieal simulation
in lipure 6.6. One can clearly see the closeness between them where our simulation has

been able to capture all the Huid flow characteristies obgerved in the experiment.,

Eirs ] 1 o :d [/ —
(a) (b)

Figure 6.6: Comparison of the streaklines for the How past an elliptic eylinder of AR = (L67 at
Re = 107 from : (a) the experiment of Fonseea et al [52] and (b) present numerical simulation.

6.4.2 Grid independence

In order to establish grid independence of the computed data, we compare the steady
state streamlines and isotherms at three different grid sizes for Re = 40, and # = 0", The
three dilferent grid sizes used for this exercise are 319 x 161, 463 x 265, and 621 x 353.
As seen from fligure 6.7, the overlapping of contours for streamlines and isotherms at
prid sives 463 x 265, and 621 x 353 clearly indicale grid independence of the computed
data. Thus, all our computations in Lhis work have been carried out on a grid of size
463 x 265.
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Figure 6.7: Steady state (a) streamlines and (b) isotherms for # = (0 and Re = 40, at three
different grids viz. 319 x 161, 463 % 265, and 621 x 353,

6.5 Results and discussion

In this section, we document our results from extensive computations that we have
carried out and simultaneously, the analysis of the same. For the problem considered
in this work, there are two parameters viz. angle of attack (#) and Reynolds number
(Re), which are crueial for the study. Their values have been varied and the subsequent
elfects on the low and heat transfer characteristics have been investigaled thoroughly.
While the angle of attack is varied in increments of 15" in the range 0° < # < 180", the
Reynolds number is varied in increments of 10 in the range 10 < He < 130, Firstly, we

present. the steady state results, and then the transient ones.

6.5.1 Steady state

Computalions are carried out for 0" < # < 180", and 10 < Re < Re,., where Re, denotes
the critical Re at which the [low transitions [rom steady to unsteady state. As the angle

ol attack changes, the value of Re, also changes.
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(d) Re =40 (e) Re = 50 (F) Re =59

Figure 6.8: Steady state streamlines for @ = 0 and (a)Re — 10, (b)Re = 20, (¢)Re — 30,
(d)Re = 40, and (e)Re = 50, and () Re = 50.

Figures 6.8 and 6.9 show the streamlines and isotherms respeetively for 8 = 0,
Re. for # = 0 is in the range 59 < Re < 60. For all the Re’s considered in this
range, the steady recireulation bubble, consisting of two counter-rotating vortices that
elongate as e is increased, remains symmetric about the z-axis (fgures 6.8 (a)-(0)). The
upper vortex rotates in clockwize direction, whereas the lower vortex rotates in counter-
clockwise direction. The isotherms are more evenly spread oul at Re 10 (figure
6.9 (a)) denoting negligible convective heal transfer. As Re inereases, the isotherms
become more clustered both upstream and downstream of the eylinder, and one can
observe the [ormation ol thermal boundary layer on the surface ol the cylinder which
becomes thinner with inereasing Re (figures 6.9 (b) - (I)). The thinning of the thermal
houndary layer is most prominent near the leading edge of the eylinder. Finally, a slight.
distortion in the isotherms can be seen when Re = 40 (ligure 6.9 (d)), which increases
as Re increases (ligures 6.9 (e) - ([)). Note that the isotherms also appear symmetric

about the r-axis since the {low is symmetric about the line y = 0 for # = 0.
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(d) (e) (£)

Figure 6.9: Steady state isotherms for ¢ = 0" and (a)Re = 10, (b)Re = 20, {c)Re = 30,
(d)Re = 40, (e)Re = 50, and () Re = 59.

(d) Re =10 (e) Re =50 (f) Re =59

Figure 6.10: Steady state streamlines for # = 15 and (a)Re = 10, (b)Re = 20, (¢)Re = 30,
(d)Re = 40, (e)Re = 50, and (f) Re = 59.
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Bt —

(d) Re = 40 (¢) Re =50 (f) Re = 59

Figure 6.11: Steady state isotherms for # = 15" and (a)Re = 10, (b)Re = 20, (c)fe = 30,
(d)Re = 40, (e)Re = 50, and (f) Re = 59.

Figures 6.10 and 6.11 show the streamlines and isotherms respectively for # = 157
Re, for # = 15 is in the range 5% < Re < 6l). Note that as the eylinder now occupies a
position asymmetrie to the incoming flow, the low in the wake of the eylinder also loses
its symmetry, which is refleeled in the streamlines and isotherms. At Re = 10 (figure
6.10 (a)), low separation does not happen and the tiny recireulation bubble seen for
0 = 0 (figure 6.8 (a)) vanishes, although a slight bulge in the sireamlines can be seen
at the rear end of the eylinder. Al Re = 20 (figure 6.10 (b)), flow separates from the
surface of the eylinder and a clockwise rotating recireulation region appears attached
on the upper part of the eylinder. A counter-clockwise rotating vortex appears as well
on the lower part of the eylinder at Re = 30 (figure 6.10 (¢)). This vortex, however,
remains detached from the eylinder surface. Both vortices grow in size and strength as
the Re increases (figures 6.10 (d) - (). Due to the asymmetric nature of the flow w.r.t
the eylinder, these vortices are also ol unequal strengths and sizes. This asymmetry is
reflected in the isotherms as well (ligures 6.11 (a) - ([)). A better insight into the nature
of heat transfer characlteristics can be pleaned rom the plot of surface Nussell number,

which is presented in a subsequent section.
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Figure 6.12: Steady state streamlines for # = 30" and (a)Re = 10, (b)Re = 20, (c)Re = 30,
(d)Re = 40, and (e) Re = 49,

Figures 6.12 and 6.13 show the streamlines and isotherms respectively for 6 = 30,
where the Re,. is in the range 49 < Re < 50. The barely discernible bulge when ¢ = 15
al fte = 10 (figure 6.11 (a)) is more noticeable when 0 = 30" (figure 6.12 (a)) implying
that the Aow is on the brink of separating [rom the eylinder surface. The clockwise
rotating vortex attached on the upper surface of the cylinder grows in size at ffe — 20,
and a counterclockwise rotating vortex begins to form near the lower surface ol the
eylinder (figure 6.12 (b)). Flow pattern for the rest of the Re's follow a similar paticern
to the previous configuration. The isotherms also [ollow a similar pattern, except that
the distortions in the isolherms appear at a much lower Fe as # is increased, He = 40
for this case (figure 6.13 (d)) compared to Re = 50 for # = 15 (figure 6.11 (e)). This
would indicate that the overall heat translor rate lor the same He is comparably higher

(see section 6.5.1.1).
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(d) Re = 40

Figure 6.13: Steady state isotherms for # = 30" and (a)Re = 10, (b)Re = 20, (c)fe = 30
(d)Re = 40, and (e)Re = 19.

(¢) Re =30 (d) Re =38

Figure 6.14: Steady state streamlines for # = 45 and (a)Re = 10, (b)Re = 20, (¢)Re = 30,
and (d) Re = 38.
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Figure 6.15: Steady state isotherms for # = 45" and (a)Re = 10, (b)Re = 20, (c¢)Re = 30, and
(d)Re = 38.

Figure 6.16: Steady state streamlines for # = 60" and (a)Re = 10, (b)Re = 20, (¢)Re = 30,
and (d)Re = 31.
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(d) Re = 31

Figure 6.17: Steady state streamlines for # = 60" and (a)Re = 10, (b)Re = 20, (¢)Re = 30,
and (d)He = 31.

Steady state streamlines and isotherms for # = 45 are shown in figures 6.14 and
6.15 respectively where the Re, is in the range 38 < He < 39. Here, in sharp contrast
to the previous two cases, flow separation oceurs at Re = 10 and we see the appearance
of a recirculation region on the upper surface of the cylinder (figure 6.14 (a)). Also,
distortions in the isotherms appear at a lesser Re (ligure 6.15 (¢)) compared o the
previous two cases. The evolution of streamlines [ollow a similar pattern - the size and
strength of the vortices increase with e, However, note that the value of Re, decreases

when # is increased.

(b) Re =20

Figure 6.18; Steady state streamlines for @ = 75 and (a)Re = 10, (b)Re = 20, (c) Re = 28,
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(a) Re = 10 (h) Re = 20

Figure 6.19: Steady state isotherms for @ = 75" and (a)Re = 10, (b)Re = 20, (¢) Re = 28.

Figures 6.16 and 6.17 show the steady state streamlines and isotherms respectively
for @ = 60°. Here, the Re, is in the range 31 < Re < 32. At Re = 10 (figure 6.16 (a)),
the recirculation region that formed at @ = 45 increases in size. As seen previously there
is a gradual increase in the sizes of the vortices formed on the surfaces of the c¢ylinder
as fe is increased, and the value of Re. also drops to fe = 31 at # = 60°. One can also
notice that the flow is gradually becoming symmetric as # is increased. The distortions
in the isotherms appear al a much lower Re (figure 6.17 (b)) than for 6 = 45",

(a) Re =10

Figure 6.20: Steady state streamlines for 6 = 90" and (a)Re = 10, (b)Re = 20, (¢) Re = 25.

Steady state streamlines and isotherms for ¢ = 75 are shown in figures 6.18 and
{i.19 respectively. The Re, in this case is in the range 28 < Re < 20. Al Re = 10,
we observe the formation of two recirculation regions on the surface of the cylinder as
opposed to only one for # = 45", 60" and none for # = 15", 30°. The wake region appears
nearly symmetric as # is increased. This tendency of the llow to approach symmetry
is observed in the isotherms as well. Distortions in the isotherms in case appears at
Re = 20 (ligure 6.19 (b)), which is the same as for # = 60°, but a closer look reveals
that the distortion seen at # = 75 is more pronounced than that observed at 8 = 607

TH-3125_186123012



Chapter 6. Comprehensive study of forced convection over a heated elliptical cylinder with
138 varying angle of incidences to uniform free stream

(a) Re = 10 (b) Re = 20

Figure 6.21: Steady state isotherms for 8 = 90" and (a)Re = 10, (b)Re = 20, (¢) Re = 25.

As # is increased to %) and incoming flow is symmetric w.r.l to the eylinder, we
observe the flow becoming symmetrie again in the cylinder wake, as evident from the
streamlines and isotherms in Lgures 6.20 and 6.21 respectively. The Be. is in the range
25 < Re < 26. Again, distortion in the isotherms al Ae = 20 is more pronounced than
that observed at @ = 75 (ligure 6.21(b)).

The wake lengths for @ = 07, 907 are tabulated in 6.3 lor reference. As we can see
from the table also the wake lengths at @ = 907 are markedly higher than the wake
length at 8 =0,

Table 6.3: Wake length for # = 07, 90°

g
Re v—Tag

10 | 0.085 | 1.307
20 [0.643 | 2.795
25 | 0.922 | 3.457

30 | 1.141

40 | 1.693 | -
al) | 2,262 | -
09 | 2.848 | -

6.5.1.1 Average Nusselt number and Drag coefficient

The local and surface averaged Nussell numbers are caleulated from equations (6.10)
and (6.18) respectively. We then plot the variation of the local Nu along the surface
of the eylinder. Fipure 6.22 shows the schematic [or measuring the perimeter ol the
ellipse. When # = (), we start al poinit P and then move clockwise along the points (),
R, 5, W. Note that W coincides with P. Lel I denote the perimeter ol the eylinder
measured along PQRSW. When 8 £ 0, the perimeter is measured along P'Q'R' S'W".
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Figure 6.22: Schematic showing the eylinder orientation for Nusselt number computation.
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Figure 6.23: Variation of local Nusselt number along the surface of the eylinder for (a) 8§ =0,
(b) 0 =15, (c) @ =307, (d) # =45, (e) # =60, (F) # =75, (g) & =90".

Figure 6.23 shows the variation of local Nu along the surface of the eylinder [or

6 =10

90°. For every value of # we observe that Nu increases with Re. For 8 = ()

(figure 6.23 (a)), the variation in Nu is observed to be symmetrie, with the maximum

Nu at the leading edge ol the cylinder, i.e., at point P shown in the schematic (figure
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6.22). AL 8 = 15 (figure 6.23 (b)), Nu decreases first along the surface P'Q'R'. In the
vicinity of the point i’ we observe a global minima and a local maxima of Nu. As one
moves from the point B, i.e., the trailing edge of the eylinder, to the point W' along
the surface R'S'W’, an increase in Nu is observed. The variation of Nu for § = 30
(figure 6.23 (c)) follows a similar pattern as that of # = 15. However, two important
differences stand out. First, the maximum value of Nu for any Re al = 30 is greater
than the maximum value of Nu for the same Re al # = 15", This is due to the fact
that How separation happens al a lower Re lor # = 307, which leads Lo greater mixing
of the fluid thus increasing the rate of heat transfer. Thus, max(Nu) al. Be = 40 lor
# = 30" = max({Nu) at Re = 40 for § = 15, and so on. Secondly, there is slight shift
in the locations of the local maxima and minima of Nu in the clockwise direction. For
# = 45 (figure 6.23 (d)) also, the variation in Nu follows the pattern we observed for
# = 30°. We also observe that the variation of Nu along the surface P'Q'R' assumes an
almost parabolic shape. At @ = 607 (figure 6.23 (e)), similar to the previous two cases,
the locations of the local maxima and minima shift in the clockwise direction along the
surface of the cylinder. At # = 75 (ligure 6.23 (f)), there is a significant, reversal in
one of the patterns observed in the previous four cases. Here, one can observe that the
maximum value of Nu for a particular He 15 less than (he maximum value ol Nu for the
same Re al 6 = 60, L.e., max max(Nu) at. Re = 10 for § = 75 < max(Nu) at Re = 10
for § = 60°. Nole that, at @ = 90" (figure 6.23 (g)), the maximum value of Nu for a
particular Re is again less than the maximum value of Nu for the same Re at 0 = 75,
Interestingly, the minimum value of Nu keeps on decreasing [rom ¢ = 157 — 90, and it
occeurs on the surface P'Q'R'. Note thal for the variation of Nw is smoother along the

surface on the part P'Q' R for all values of .

The variation of surface averaged Nusselt number, Nu,,, with the Reynolds number
for different values of @ is shown in figure 6.24 (a). Apart from # = (', the variation
of Ny, lollows a similar pattern for all values of #. For # = (), we observe that the
value ol Ny, for a particular Re is markedly higher than the corresponding Ny, values
al other values of #. For the rest of # values considered, the average Nusselt number
increases with He due an inerease in low strength as fe is increased. Note that the
value of Nu,, also increases as 1 is inereased. Thus, the value of Nu,, al Re = 10 lor
=30 is greater than the value of Nu,, al He = 10 lor f§ = 15 and so on. Also, the
value of Nu,, is mininmm at 8 = 15,

Figure 6.24 (b) shows the variation of drag coeflicient C'p with Re for different
values of #, which is computed by using (4.56). We can see that for a particular 8,
C'p decreases with Re, which is on the expecled line, as with increase in Fe, inertial
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forces start dominating the viscous ones. Two cases, however, stand out viz. @ = (0" and
fl = 90", For a given Re, the values of C'p at. # = 07, 907 are greater than the value of Cp
at the rest of # values. Further, the drag forced experienced by the body at § = 90 is the
highest of all for a given Re. Also, as # is increased [or a particular Re, llow separation
ocenurs, which leads to an increase in the pressure dillerence between the front and rear
half of the eylinder, thereby cansing an increase in the pressure drag [orce. Thus for a

lixed Reynolds number, C'p increases as # is increased.
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Figure 6.24: Variation of (a) Surface Averaged Nusselt number (N, ) and (b) Average drag
O with Re for different values of 8.

6.5.1.2 Heat and fAuid fow beyond # = 90
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.
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i
i
=
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Figure 6.25: Schematic showing mirror image of the two configurations corresponding to #
and 6 =180 —f for 0" < # < 90,
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0

Re=10,0 =135

|
Re =10, =45" Re=108=135"

Figure 6.26: Comparison of streamlines (top) and isotherms (bottom) for Re = 10 with
f = 45 (left) and # = 135 (right)

Figure 6.27: Comparison of streamlines (top) and isotherms (bottom) for Re = 20 with
# =60 (left) and # = 120" (right)

We carried out continued our computations for 90° < § < 180" as well. However, in
this range of #, we observed Lhat, about an & = constant line, the [low in the wake

of the eylinder is a mirror image of the flow in range of 0° < 8 < 907, e, llow for
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f (90" < @ < 1807) is a mirror image of flow for 180" — @ (0" < # < 90°). In other
words, flow pattern for # = 105" is a mirror image of flow pattern for # = 75, thati of

f = 120 is a mirror image of # = 60" and so on. In figure 6.25 the schematic on the left
represents the configurations in the range (" < # < 90°. On the right, the configuration
for the range 907 < 6 < 180 is represented. As shown in the figure, the schematic on
the right with an angle of attack (= 180 — #) is the mirror image about the y- axis of
the schematic on the right. To demonstrate this inleresting phenomena, we have chosen
three How confipurations at different # and Re, and compared them with their 180" — @
counterparts (see ligure 6.27- 6.28). This particular symmetry results from the geometry
of the cylinder, as well as the particular assumption of negligible pravity on the flow
(see section 6.2). As a resull of this particular symmetry there is no marked difference
in the quantitative parameters as well, Thus there is no difference in the values of the
average Nussell number (Nu,,) as well as the average drag (Cp) for the configuration
# — 45 and its mirror image @ = 135, and so on as can be seen from tables 6.4-6.6.

Re = 10,0 = 75° 1Re = 10,0 = 105"

Figure 6.28: Comparison of streamlines (top) and isotherms (bottom) for Re = 10 with
8 =75 (left) and # = 105" (right).
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Table 6.4: Comparison ol surface averaged Nussell number Nu,, and drag coeflicients

Cpfor # =45 and § = 135

I ’ﬁ"rurm C'U
Re|8=45 0=135 |0=45 G=135
10 | 1.798 1.802 2913 2.907
20 | 2.349 2.356 2.173 2083
30 | 2.759 2. 768 1.702 1.692
38 | 3.032 3.041 1.598 1.591

Table 6.5: Comparison ol surface averaged Nussell mimber Nu,, and drag coellicients
Cp for @ = 60" and = 120,

Nitso Cp
Re|#=60 #=120 [8=60 6=1200
L0 1.815 1,821 3.017 2,958
20 | 2.366 2.373 2.311 2.317
S0 2779 2.794 2.027 2.034
31| 2.816 2.898 1.996 2.013

Table 6.6: Comparison of surface averaged Nusselt number Nu,, and drag coeflicients
Cp for # =75 and = 105

Nitbgy Cp
Rel0=T75 #8#=105 |#=75 O6=105
10 1.756 1.761 2.961 2016
20) 2.283 2.911 2.454 2.433
28 2.610 2619 1.965 1.946

6.5.2 Transient state

In this section, we present the resulis for transient state low phenomena in terms ol
streamlines, vorticity contours, isotherms, as well as the force coeflicients (Cp, C),
surlace averaged Nussell numbers, and Strouhal numbers. Computalions were carried
for Re, < Re < 120, and (0 < § < 180". However, as we noled in section 6.5.1, the flow
phenomena for 90" < @ < 180 is a mirror image of the flow phenomena for ()" < 8 < 90

Hence, we present resulls only for 07 < 6 < 90,
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Figure (6.29: Transition to unsicadiness, flow in the vicinity of Critical Reynolds number:
Streamlines (left), vorticity (middle) and isotherms (right) for the combinations (), Re),
(a) = (07, 60), (b) = (157, 60), (¢) = (30°,50), and (d) = (45", 39), respectively.

In general, in the unsteady regime, two rows of well defined vortices are formed with
clockwise vortices being shed from the upper side of the eylinder and connterclockwise
vortices from the lower side. This is the well known von Karman vortex street that
stretches over the entire downstream region in the wake ol the cylinder. Sinee the
mechanism of vortex shedding remains same lor all values of ¢ considered, we take
He = 100 as the representative Reynolds number [or which we present our analysis.
Quantitative parameters like Strouhal number, Drag and Lift forces, and Nussell number
will be discussed at length subsequently. Note that the [low becomes unsteady beyvond

the critical Reynolds number, Re.. However, it is not necessary that vortex shedding
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commences immediately after Re.. Thus, for some cases even though the flow becomes
unsteady al Re,, vortex shedding is seen to commence for Reynolds numbers slightly
higher than Re.. To exactly pinpoint the critical Reynolds number at which vortex
shedding commences would require a separate study. Therelore, in order to have a fair
enough idea about Re, for dilferent inclinations of the elliptic eylinder, we plot the
streamlines, vorticity contours and the isotherm contours for the (#, Re) combination
in figure 6.29-6.30 such that the llow for (f, Re — 1) is always steady. These ligures
clearly demonstrate the unsteady nature of the flow and as such Re. € (Re — 1, Rel, lor
the Reynolds numbers considered in these fipures, Interestingly, the mirror phenomena
described above holds true for the critical Reynolds number as well, that is, He, is same
for # and 180" — @ for all 0" < § < 90.
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Figure 6.30: Transition to unsteadiness, flow in the vieinily of Critical Reynolds number:
Streamlines (left), vorticity (middle) and isotherms (right) for the combinations (0, Re),
(e) = (60",32), (/) = (75,20), and (g) = (90°,26), respectively.

6.5.2.1 Flow feld and isotherms

Figure 6.31 shows the instantancous streamlines, vorticity contours, and isoltherms [or

Re = 100 and # = 07 at different instants of time in a complete vortex shedding cyele.
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Here 7" represents the time period of vortex shedding, and the flow patterns are shown
at equal infervals of T'/4 within a vortex shedding eycle. We can see that the growth
of the upper vortex is accompanied by the lormation of a lower vortex in the flow field
(Agure 6.31 (a)). While the upper vortex begins to decay, the lower vortex grows and
attaches itsell to the trailing edge (figure 6.31 (b)). Subsequently, the upper vortex
reappears around the leading edege and grows in such a way that il suppresses the lower
vortex, which starts to gel smaller (figure 6.31 (¢}, 6.31 (d)). This process is repeated
for the shedding cycle.

(d) t+T

Figure 6.31: Instantancous streamlines (left), vorticity contours (middle) and isotherms (right)
within a vortex shedding period for Be = 100 and # = (0"
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(d) ¢+ 7

Figure 6.32: Instantaneous streamlines (left ), vorticity contours (middle) and isotherms (right)
within a vortex shedding period for e = 100 and # = 45",

Figures 6.32 and 6.33 show the instantaneous streamlines, vorticity confours and
isotherms for Re = 100, and # = 45, 75 respectively. We see that as the angle of
incidence is inereased, the undulations in the streamlines become progressively complex.
Also, vortex shedding oceurs al a shorter distance from the trailing edge of the eylinder,

becoming considerably wider as # 15 increased.
The instantaneons isotherms also depict vortex shedding (figures 6.31 - 6.33 ). Figure

.34 shows the instantancous vorticity contours and isotherms for Re = 100 and () <
# < 90°. Note that the vorlicity eontours are structurally similar to the corresponding
isoLherms, which implies that the shedding vortices carry the heal away with them [rom
the heated eylinder. The core of Lhe vortex contains most of the heat, and the heat gets

diffused into the free stream as the vortices are convected away from the cylinder. One
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can observe thal the hot fluid is captured in the core of the shed vortices, as can be seen
from the existence of local maxima ol the contour values al the vortex centers. Also,
one can see the heat being dilfused into the free stream in the far wake. One of the other
ways o demonsirate the dilfusion of heatl into the free stream is o carry out a FF'T of
the transverse component of velocity and temperature al different locations downstream
of the eylinder. Figure 6.35 shows the FF'T of the y-velocity v at six dillerent locations
vig. £ =10, & = 20, x = 30, # = 40, & = 5), and = = 60 for Re = 100 and # = 15", The
primary [requency [p is the vortex shedding [requency. One can observe thal the value
of fp remains same in all the locations. However the amplitude decreases as one moves

from z = 10 to & = 6). This shows the diffusion of energy downstream of the eylinder.

(d) t+T

Figure 6.33: Instantancous streamlines (left), vorticity contours (middle) and isotherms (right)
within a vortex shedding period for Be = 100 and ¢ = 75 .
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r‘lll- ------

Figure 6.34: Instantaneous vortieity contours (left) and isotherms (right) for He = 100 and
(a) 8 =0, (b) 0 =15, (c) =30, (d) 0 =45, (e) 0 =60, (f) # =75, and (g) § = 90’
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Figure 6.35: Power spectra of the time history of v-velocity at six spatial locations.

Another interesting characteristic of the flow lield is that the vortices shed from the
eylinder are not of equal and opposite strength (and size) as the angle of incidence is
increased. At # = 0 (figure 6.34 (a)), counter-rotating vortices of equal and opposite
strengths are shed from the cylinder. As ¢ increases, the upper vortex is stronger and
more dominant than the lower vortex. For () < 6 < 45 (figures 6.34 (a)-(d)) the lower
vortex is not strong enough to overcome the suppression induced by the upper one.
Thus, the growth of the lower vortex is suppressed by the upper vortex, which pushes
the lower one to move slightly downstream of the flow. For # > 60" (figures 6.34 (e)-(I)),
the lower vortex gradually gains enough strength to balance the upper vortex, nntil at
# = 90" (figure 6.34 (g)) when the lower vortex balances the upper one completely, and

vortices of equal sizes are shed from the eylinder,

6.5.2.2 Drag and Lift coellicients

The drag and lift coellicients, Cp and C,, are caleulated from equation (4.56). Figure
6.36 shows the time history of Cp, Oy, for Re = 100 and 0° < # < 90", Sinee the flow
field is oscillatory in nature at this value of He, the force coelficients also exhibit an
oscillatory behaviour. Cp and ), can written as Cp = Cp + C),(1), Cp = Cp + C.(1),
are the fluetuating components. It can be observed from figures 6.36 (a), 6.36 (b) that
the drag force first decreases as # changes [rom (0 to 15", Note that a magnified view of
'y 18 provided in the insel of figure 6.36 (a) [or clarity. The value of Cp then increases
for # = 15" — 45 (figures 6.36 (b) - 6.36 (d)). It again drops as # is increased Lo 60,
after which it inereases till @ = 907, The value of '}, is positive only for # = (0, 45", For
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the rest of the values of ¢, we witness negative lilt values.
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Figure 6.36: Time variation of C'p and ', for Re = 100 and (a) § = 0", (b) 8 = 15, (c)
8=30", (d) 8 =45, (e) # = 60", () 8 =75, () 6 = 90"

6.5.2.3 Strouhal Numhber

The Strouhal number (St) is a measure of the vortex shedding phenomenon, which is

defined as

fa

SJ’.U—U

(6.19)
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where [ is the vortex shedding frequency which is determined as the peak [frequency
derived from the FFT of the time history of C'p. Note that the FFT is taken after
discarding an initial period of at least 300 non-dimensional fime units. U is the [ree
stream velocity, and a is the semi-major axis of the ellipse. Figure 6.37 shows the
variation of St with # for two values of Re. We can see that the frequeney of vortex
shedding decreases as @ is increased. Also, lor a particular value of #, the vortex shedding

[requency increases with Re.
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Figure 6.37: variation of the Stouhal number St against the angle of inclination @ for Re = 100
and 120,

6.5.2.4 Nusselt number

The surface averaged Nusselt number Nu,, is ealeulated from the equation given by
(6.18). Figure 6.38 shows the time history of Nu,, for Re = 100 and 0" < 6 < 90’
For ¢larity, the time history is shown only for { = 350 to [ = 400. Similar to C'p and
O, the surlace averaged Nussell number also exhibils a periodic behaviour w.or.t. time.
In figure 6.38 (a) - (g), we have shown the time period Ty, for each of the angles of
incidence considered. It is clear that as # increases, Ty, also increases. Note that this

periodicity in the variation of Nu,, commences concurrent to vortex shedding, since the
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vortex shedding phenomena is invariably linked to the heat being convected away from
the cylinder. One can also observe a curious co-relation between the vortex shedding
phenomena and variation of Nit,,. Consider the two angles of incidence viz. @ = (' and
f = 40", The Strouhal number for these two configurations are 0.175008 and 0.136621
respectively. Now, from figure 6.38 (a) and 6.38 (g), we see thal Ty, for # = (7 and
# = 90 are 2.857 and 3.7049 respectively. Thus, the frequency of oscillation of Ny,
(fna = 1/Tny) are 0.35001 and 0.269912 respectively. Thus we see that [y, == 251, This
relationship is true for all values of ¢ and all values of Re. As mentioned previously,
the isotherms and vorticity contours are struturally similar owing to the fact that the
shed vortices convect the heat from the eylinder downstream, Vorticity values alternate
between positive and negative, whereas the temperature always remains positive, Thus,
it. can be expected that the frequency of isotherms being shed would be twice the vortex
shedding frequency. The above exercise simply demonsirates this.

The time-varying average Nussell number can be written as the sum of a mean value
Nitg, and a fluctuating eomponent N u:w, ie., Nt = Nug, + N 'u,:w, The value of N'u.:w
is nothing but the amplitude of N, w.rt the Nu,, value. Table 6.7 shows the breakup
of Ny, for Re — 100 at dillferent, values of . We see that for € = 0" there is an increase
in the value of Nu,, with 0. At # = (0, value of the lluctuating eomponent, N-u.:w 18
the lowest. TL increases gradually with an increase in the angle of incidence. Thus, in
general the value of Nug, increases with #. Also, the amplitude of oscillation increases

as f1 increases.

Table 6.7: Surface averaged Nusselt number for different values of @ at Be = 100

g | Nu, =Nu, +N u:w
07 | 4.709005 £ 0.000965 |
157 | 4.232025 + 0.002285
307 | 4.553334 4 0.002459
45" | 4.625938 + 0.008026
60° | 4.813349 + 0.012608
7 4.807956 + 0.025163
90" | 4.892274 + 0.025311
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Figure 6.38: Time variation of surface averaged Nusselt number (N, ) for Re = 100 and (a)
B=0,(b)#=15,(c) 8 =30, (1) # =45, (e) # =60", (F) 8 =75, (g} # = 90".

6.6 Conclusions

In this chapter, we have made a comprehensive investigation of the phenomena of
[orced convection heal transfor over a heated elliptical eylinder inclined to a uniform
[ree stream of incompressible viscous lows. The Immersed Interface Method developed
in chapter 4 has been employed to simulate the flow in conjuction with the strategy

of using nonuniform grid of chapter 5. Numerical simulations were carried out for the
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range of Reynolds number 10 < Re < 120, inclination angle 0" < 8 < 180", with air as
the working fluid (Pr = (.71) and the aspect ratio is taken 2 : 3. In the process we also
proposed a novel way to caleulate the Nusselt number. To the best of our knowledge, no
other comprehensive study exists for forced convection heat transfer over an elliptical
eylinder where such wide varialion of angles of inclination and Reynolds numbers are
considered. Hence, code validation is carried out by simulating foreed conveclion over a
horizontal circular cylinder at low Reynolds numbers, and excellent malch is obtained
with well established resulls in the literature.

Results [or both steady and unsteady regimes have been reported in terms ol stream-
lines, vorticity contours, isotherms, drag and lift coellicients, Strouhal number, and Nus-
sell number. In the process, we have also proposed a novel method ol estimating the
Nusselt number by showing how the [low variables could be computed along the normal
al a point to the ellipse boundary, The flow ficld for 180" — @ was lound oul to be a
mirror image of Aow for @ (0" < # < 907),

For the steady regime, How in the wake of the eylinder exhibited a symmetry about
the z-axis for # = (7, 90°. Thus the streamlines as well as isotherms are symmetric for
these two angles of incidence. As the angle of incidence increases, low separation and
formation of recirculation bubble were found to oceur at a lower value of e, Also, the
value of the critical Reynolds number Re, decreases with 8. For 00 < # < 90, it was
observed that the size and strength of the upper vortex was greater than the lower one.
This differenee in size and strength was pronounced for lower values of #, and it was
seen to decrease gradually as 0 — 90°. As # increased further, this trend was reversed.
Heat transfer phenomena was demonstrated via the local and surface averaged Nusselt
nimber. The variation in the loeal Nussell number was plotted along the surface of
the eylinder, and the trends observed could be satisfactorily correlated to the flow field.
The surface averaged Nusselt number was observed to increase with e for a given f.
Further, for a particular Re, thee maximum value was seen to attain at # = (. On the
other hand, the drag [orce acting on the cylinder decreased with the inerease in Re |
which however, was seen to increase with f for a given Fe.

Sinee the unsteady laminar regime is characterized by periodic vortex shedding,
results [or only a single Fe was demonstrated as a representative case. Streamlines,
vorticity contours, and isotherms were shown for a vortex shedding eyele at dillerent
values of 6. In a shedding eyele, il was seen that the growth of the upper vorlex is
accompanied by the formation of a lower vortex in the flow lield. While the upper
vortex beging to decay, the lower vortex grows and attaches itsell to the trailing edge.

Subsgequently, the upper vortex reappears around the leading edge and grows in such a
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way that il suppresses the lower vortex, which starts to gel smaller. As # increases, the
undulations in the streamlines were seen o grow more complicated and vortex shedding
occurring al a shorter distance from the trailing edge of the cylinder, becoming much
wider as f is increased. On account of the shed vortices carrying away the heat from the
cylinder, the isotherms were also seen to depict vortex shedding as they are structurally
similar. The core of the vortex contained most of the heal and it gotl. diflused inlo the
[ree stream. This dilfusion process is demonstrated by the contour plots ol temperature
and vorticity, as well as a FFT of the y- component of the velocily al dillerent. locations
in the domain, A plot of the Strouhal number showed that vortex shedding [requency
increases with e, and decreases with @ for a given Re. The surface averaged Nusselt
number showed a periodic variation with time, its time period being hall the time period
of vortex shedding. The mean value of Nug, as well as the amplitude of oscillations were

also observed o increase with 0,
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CONCLUSION

7.1 Observations and remarks

This dissertation is concerned with the development of several HOC numerieal for-
mulations in order to solve immersed interface problems on irregular regions in two di-
mensions on Cartesian grids. The proposed methods were seen to achieve higher-order
accuracy, enabled by implementing a modified explicit immersed interface technique on
a compact stencil in uniform and non-uniform grids. Jump corrections are incorporated
in such a way that a nine point steneil is maintained throughout the computational
domain. In order to evaluate their robustness, eliciency and accuracy, Lthe schemes were
applied Lo solve a variety ol challenging physical problems, either with or withoutl the
presence of heat transfer. The computed resulls were compared with analytical, numer-
ical, and experimental results, whenever available, In the following, we present a briel
deseription of the work accomplished in this thesis, which paves the way for making
some pereeplive remarks on Lhem later on.

e We proposed a Hybrid Explicil Jump Immersed Interface Method (HEJIIM) for
the elliptic interface problems on uniform grids, where the jump conditions are
devoid of any mixed partial derivatives of the solutions. This approach is com-
pletely distinet from that of Weigmann [179] approach. For the validation of our
approach, we tested it on seven dillerent test cases, some of which possess analyt-
ical solutions. Such problems are selected in such a way that the discontinuities
in the ecoellicients., the loree lunction, or the add Dirac delta inetion vary in
conjunction with the problems. The interfaces are chosen [rom a wide variety ol
shapes that include both the cireular and the five, nine, and twelve-petal stars.
In each of the test cases, not only a higher order of accuracy was achieved, but

159
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the magnitude of the error also reduced significantly in comparison to the results
from other previously known methods.

e Next, we simulated some incompressible viscous lluid flow problems poverned by
the Navier-Stokes (N-8) equation by using its streamlunction-vorticity (1»-¢) for-
mulation. A novel strategy is proposed [or approximating the jump corrections for
¢. In this manner, ow past a circular eyclinder as well as How past two inclined
ellipses at different angles of incidence in a uniform flow are simulated. More-
over, we modelled and replicated Taneda’s experimental visualizations [174] which
accounted for both uniform and the shear layer How in the Stokes’ slow regime
of Reynolds numbers. Ewvery aspect of the flow phenomenon has been properly
captured, and there are excellent matches between the experimental resulis and

the numerical ones in each instance.

e We then expanded HEJHM to solve problems involving transient incompressible
viscous [lows on uniform grids. A new approach has been derived [or the jump
conditions al the irregular nodes across Lthe mterface with the use of Lagrangian
interpolation on a Cartesian grid. A detailed description of the computation proce-
dures for drag and lift coelficients in multiple connected domains is also provided.
The matrix equations that follow from discretizing the ¢ and { equations have
also been presented in a compact and straightforward form. To determine the
spatial rate of convergence of the proposed methodology, first solve a parabolic
problem with a known analytical solution. In comparison to other approaches,
our method was observed to reduce error magnilude with a substanlially faster
O(h") decay rate, establishing the theoretical rate of convergence in the procedure.
After that, il was used to simulate a wide range ol complex fluid How problems
past blull bodies with real-world applications, including flows with multiple and
moving bodies. This includes flows past a stationary circular and a twenty-four
edpge cactus cylinder, as well as flows past two tandem cylinders. In one case, both
are lixed; in another situation, one is fixed and the second is transversely oscillat-
ing in the flow. To the best of our knowledge, the flow around a cactus cylinder
with 24 spikes is analyzed for the first time using a FD setup of the streamfunction
vorticity formulation.

e Also in a significant development, we proposed a discrete level sel immersed inber-
[ace method [or solving transient incompressible viscons lows on a non-uniform

grid to investigate [low involving irregular geometries. This endeavour is specifi-
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cally designed to serve the situations, when there is no level sel. funetion to describe
the geometry of the blull body. An improvement in both the mesh distribution
and the compulation time in comparison with the uniform one was observed.
Computations were carried oul for higher Reynolds number [lows as well, up to
the point where the flow does not become turbulent and continue to maintain its
lwo-dimensionality. In addiltion, the independence of the computed drag and Ll
coellicients in terms ol the size the control volume was also established. Simula-
lions were performed for llow around a cireular eylinder, a cactus-shaped cylinder
with eight, sixteen, and twenty-four spikes, the NACA 0012 airfoil, and swimming
fish, All of the computed results showed good agreement, with both the numerical

and experimental results, whenever available.

e Lastly, the immersed interlace method developed on nonunilorm grid was applied
lo investigale the heat and fluid low characteristics ol a heated inclined elliptical
eylinder with an aspect ratio 2 : 3 placed in a uniform free stream. A new approach
has been conceived in order lo direetly compule the Nussell number using llow
data in the normal direction of the ellipse boundary. The flow and heal transfer
propertics have been closely examined for a wide range of He and the angle of
attack #, where He is varied in increments of 10 in the range 10 < He < 130,
and @ is varied in inerements of 15" in the range 00 < @ < 180", Following are the
highlights of our steady and transient state results:

— Steady State - The llow that was left behind by the cylinder showed a
symmetric pattern aboul the x-axis for # = (0 and 90°. Hence, both the
streamlines and the isolherms are symmetrical al these two different angles
of incidence. The flow field for # (90" < # < 180") is a mirror reflection
of Nlow for 180" — @ (0" < # < 90Y). Flow separation and the development
ol recirculation bubbles both oecur al a lower value of He when the angle
ol incidence becomes increasingly acute. Moreover, the value of the critieal
Reynolds number e, gradually deereases when 0 increases. The value of Re,
is the same for both @ and 180 —#. . was determined that when (0 < 6 < 90",
the top vortex had a larger size and stronger force than the lower one did.
This disparity in size and strength was most noticeable for smaller values of
f. and it eventually decreased as @ — 90" was approached. An increase in Re
al a piven value of # resulls in a rise in the surface-averaged Nussclt number
(Nu,,). The drag foree exerled on the eylinder reduces when Re increases.

On the other hand, it increases with # for given Re.
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Transient State - The isotherms exhibit vortex shedding since the shed
vortices release heat from the cylinder due to their structural similarity. The
majority of the heat is concentrated in the vortex’s core, where il is dis-
persed into the free stream. For a given value of Re, the Strouhal number
demonstrated that the frequency of vortex shedding increases with inereasing
e and decreases with increasing §. The Nu,, observed a periodic llucin-
ation over time with a hall-time period compared to the vortex shedding
time period. The amplitude of oscillations and the mean value of Nu,, both

increased with #.

As ecan be seen from the discussions above, all the poals thal were outlined at the
beginning of this thesis have been successfully accomplished. Along with that, it has
also opened up a plethora of other fascinating study opportunities, some of which are
summarised in the next section.

7.2 Future work

1. All the schemes proposed in the dissertation were developed on a linite dillerence
framework, However, with some modifications, it might be possible to expand if,
for the use in the finite volume set-up that work on a similar principle. This would
definitely enhance the scope of implementation of such methodologies.

2. Although the transient schemes proposed in this work has been applied on prob-
lems involving only laminar flows, its potential to implement on the simulation
of turbulent flows through direct numerical simulation has not been explored. It
would be interesting to see how these approaches would handle problems involving
turbulent flows and also compressible ones.

3. A thorough analysis of shear layer stability and [low instability for dilferent blufl
bodies in transition is another arca worth exploring.

4. Extension of the HEJIIM to mulliphase [low problems and in three dimensions
on non-uniform grids could be another important and interesting area of research.
Moreover, the proposed schemes have nol been implemented to its full potential
in tackling problems involving delormed interfaces. This could be another area

worth pursuing,.

H. It would also be interesting to explore how clubbing of the biharmonic form of
the Navier-Stokes equations (both in iwo and three dimensions), and the EJIIM

perlorms on problems involving irregular interfaces.

TH-3125_186123012



Procedures for calculating dynamic forces

We have &= xi + yJ, V = ui+ uj and 4, = us1 + v,j. Nole that & = ¢k here so that

{a(& x V)}.nds = (& x V){Ck.dyi — dzj} = 0. (A1)
Also, B
& VdV = ﬁn‘ﬂr" -I—f ALV ds + ALV ds. (A2)
A fyi viy 9t S() Si(t)

Il the surface is fixed, the surface integral over S reduces to zero. Likewise, for a lixed
volume, viz., when V(1) is independent of time, the surface integral over Sp(l) vanishes.
A sufficient (although the necessary) condition [or this surface integral to vanish is for
.1 to be equal 1o zero. With all these assumptions, (4.52) reduces to

Fo_d VdV 4 55. TN oo 5. (A3)
dt Jyq s(1)

for control volume enclosing solid bodies as the last term in (4.52) vanishes for such

bodies, under these assumptions.

e R Vs T ¥ - e *ﬂ _;-:"jﬂi:ir
Frivm 2|V|I+;3[Eu, V)V V{.txw]] p!(,t. ar,] T

HE(VDI— VT +T.  (Ad)

We will evaluate the second term on the RHS of (A3) using each of terms on the RHS
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of (A4) (for the cases considered in our study).

|V|‘I fuls = —{u + v%)dyi — l{u +v¥)dxj. (A5)
(i, — V)V.iids = {{u, — u)(udy — vdz)i + (v, — v)(udy — vdz)j}. (AG)
— V(& x &) }.ids = (—udy + vde)(yCi — 2C5). (AT)
LoV _aV \ i Ov du. D
[(J‘EI ~ J"E)] fiuds =(dyi — dxj) (J:: + ydf) + (ady — ydx) ( df )
i Fe il i (i L A
(l‘.fxﬂa + dy— m ) 3 — ((fJ'T dydt) (A8)

Now F = Fpi + Fyj, we gel

f[ (—+u— -I—v%) dx dy
a0

H 1
ﬁ{:; (—'n{ — u) +uyl — yijl) dix + (2(1:, +0%) + wuy — u) — uy — ym) dy
(A9)

I fg{r}( é{u"g F o) — (v, = v) = vl 4 rj%)ri:c | (n(w, v) + uz | :n%?)ffﬂ
(A10)

and when the body is stationary then u, = 0. Define V. T = u(V*ui + v’!-u;}} and
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T (22 2 2N (21 2 22) 5, the
= [ A EH; B H ay 5 ay g unen

}{ [7(V.T)I — #(V.T) + T}irds j{ (@ -+ y3) (V2 + V203 (dy — da)
s S

—p 55 (wdy — ydz) (Vi + Vi3)
(0

i E}u .rh' i
) 2— —- ):i 11
F ff‘:‘{!]( dr iy thr

du oo i i
= A b} 0 All
“ ?gm (dy 70 T2y ) ! LA

{(zV?u + yV2v)dy}i
S(t)

—{(&Vu + yVi)de}i — (2 Viudy — yViude)i — (2 Viedy — yViudz)j

du  Ou v - (El1] Ej'u ﬂ :
¥ (254_%4-5) tlayi — (c}y e )ti:.r_j, (A12)

. T 5 T [
= vﬂudx+(v%+2{—+—+, )d}
uf;ﬂ_} {y y 5 "oy "o )Y

- = i @ @ ihe )
{J:"F vy + (J:"F' w+ 9 4 5 + fj'y) tLtr} (A13)
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