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Preface

Integrable models have scen major advances in the the Iast four decades
bringing together various branches of mathematics and having diverse
physical applications. Of great interest is the realization that integrable
systems give rise to nondispersive, localised travelling wave solutions
called solitons. The task of constructing such solutions have resulled
in the development of many diflerent techniques to solve these systems,
which are nonlincar, partial dillerential cquations and dillicult to solve
analytically.

Another characteristic of integrable models is that they are Hamil-
tonian systems and their Hamiltonian structures are closely related to
the conformal algebras. This was made clear when it was shown that
the second Hamiltonian structure of the KdV hicrarchy is isomorphic to
nonlincar algebras known as the 1V, algebras. Later on, the symmetry
structures associated with the KP hierarchy, which includes the KdV
hicrarchy, have been investigated.

An important development in the study of integrable models came
with the extension ol these equations to include supersymmetric sys-
tems. It was found that many of the techniques in the study of ordinary
(or bosonic) integrable systems conld he applied to study supersymmet-
ric integrable systems. Ta this context, the study ol the IKP hicrawchy,
specially its Hamiltonian structures and associated symmetry algebras

has assumed great significance, Moreover, it is also important o oh=-
¥
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v PRISIACIS

tain the soliton solutions ol supcersymmetric integrable systems as the
existence ol soliton solutions is essential [rom the point, ol view of inte-
grability.

T'his work is concerned with the study ol the N = 2 nonstandard
flow KP system. The integrability of the system is studied via its
biHamiltonian structures. The algebraic structure of the hicrarchy is
investigated and a representation in ters of [ree ficlds is found. In the
latter part of the work soliton solutions are obtlained.

The thesis consists of nine chapters. Chapter |is an overview of in-
tegrable systems in general, and their supersymmetric extensions with
a discussion ol the technigues to obtain soliton solutions with particular
ciphasis on the Hivota bilinenr formalism, Chaptler 2 is areview ol the
N = 2 noustandard flow K hicrarchy. In chapters 3 to 5, the integra-
bility as well as the algebraic and field theoretic aspects of the N = 2
nonstandard low IXP systems are discussed. ‘T'he soliton solutions are
obtained in chapters 6 to 8 for some N = 1 and N = 2 supersymimetric
integrable systems using the Hirota bilinear formalisin. Chapter 9 will

be the concluding one.
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Chapter 1

Introduction

Integrable models have been an important field of study for over a pe-
riod of thirty years. During this time it has developed into an extraor-
dinarily rich field of study with applications ranging from condensed
matter physics to unification of fundamental interactions. In fact, it
would not be an overstatement to say that the integrable models en-
compass a wide range of ficlds in physics since some integrable systems
such as the KdV are required to describe motion in areas as diverse as
shallow water waves [1] to 2D quantum gravity [2, 3, 4, 5]. Integrable
models can be delined briefly as nonlinear differential equations with lo-
calized solutions called solitons. Though solitons are essentially waves,
they exhibit particle like behaviour as they propagate without disper-
sion and interact without change of form. There are, however, diverse
criteria for integrability and various techniques for solving nonlinear
differential equations have been developed. A necessary condition for
integrability is the Liouville condition which states that an integrable
ficld theoretical system possesses an infinite number of conserved quan-
tities which are in involution. Integrable systewms are also characterized
by their biHamiltonian structure, that is the equations of motion can

he gon(\.mto(l by at least two different Hamiltonian structures. An-
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2 CHAPTER . INTRODUCTION

other condition for integrability for an nonlinear system is related to
a method of finding solutions of such systems - the Lax method [6].
This method consists in determining a pair of diflerential operators for
the system under question and these operators, which are linear, are
used to determine the solutions of the system. It has been observed
that only for nonlinear systems which are solvable can such pairs of
operators be obtained and consequently the existence of Lax pairs is
considered to be yet another criterion for integrability.

The connection ol integrable models with supersymmetry was es-
tablished with the supersymmetrization of bosonic integrable models
such as the sine-Gordon equation [7], the KP hicrarchy [8],the KdV
cquation [8, 9], the Boussinesq cquation [10] and a few others. In addi-
tion, many ol the methods developed in the study ol integrable models
were generalized to the supersymmetric rcgim(; among which are the
Inverse Scattering Method [11, 12], Backlund transformation [11], Lax
formalism [8], 7 functions [13], Painleve analysis [14], Darboux trans-
formation [15], to mention some of them. The study of supersyminetric
systems has been in the forefront of theoretical physics since it is be-
lieved that a physical theory capable of unifying the four interactions
will possess supersymmetry. This is a continuous spacetime syminetry
relating bosonic fields with fermionic ones. Even though experimental
evidence for supersymmetry has been absent, its advantages are nu-
merous; one of them being that it is the only through supersymmetry
can the Coleman-Mandula theorem [16], which limits the number of
possible bosonic symmetrics be circumvented. In the context of inte-
grability, the most remarkable pioncering work was that of Manin and
Radul [8], who formulated the supersymmetric version of the IKP hier-
archy in NV = 1 superspace employing the supersymmetric extension of
the Lax formalism. The KP system [17, 18, 19] has assummed tremen-

dous importance as it incorporates the KdV system, which apart [rom
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possessing a rich symmetry structure has aquired additional significance
as it has been observed that the equations of motion and syminetrics of
2D quantum gravity [2, 3, 4, 5]can be formulated in terms of KdV-like
equations . This indicates the possibility that the KP hierarchy could
provide the underlying structure of 2D quantum gravity [20, 21]. Thus
supersymmetric extensions of the KP equation are of undoubted phys-
ical relevance. On the other hand, although the bosonic KP hierarchy
and their connection to matrix model have been studied extensively,
very little is known about the higher spin extension of N = 2 supercon-
formal symmetry. As conventional formulation of the supersymietric
matrix model failed to describe nonperturbative superstring theory —
it gives nothing but the ordinary matrix model [22] - the super KP
formalism may throw some light in this direction even if no supersyni-
metric extension of the matrix model can be formulated. Interest in the
study of V=2 and N = 4 supersymmetry in the context of quantum
gravity and their connections with integrable systems has lately been of
much importance and this has led to a series of studies relating to the
symmetry structures of N = 2 and N = 4 supersymmetric integrable
models [23, 24, 25, 26, 27, 28]. A major breakthrough in recent times is
the nonperturbative solution of N = 2 super Yang-Mills equation and
their connection with integrable systems [29, 30, 31]. Work has also
been done inrecent times to obtain 7 functions for supersymmetric
integrable hierarchies [32, 33, 35, 36, 37, 38].

A number of techniques of varying levels of applicability and diffi-
culty have been developed for determining the exact solutions of nonlin-
ear systems. An important method developed for solving such systems
was the Inverse Scattering Method which is undoubtedly the most gen-
eral one. This method was first applied by Gardner, Greene, Kruskal
and Miura [39] to obtain the soliton solutions of the paradigmatic KdV

equation. But it was only when Zakharov and Shabat [10] showed that,
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4 CHAPTER 1. INTRODUCTION

this method could be used to solve another nonlincar differential equa-
tion, namely the nonlincar Schrodinger equation, it was realized that
a powerful analytic method for the solution of nonlinecar partial dif-
ferential equations had been found. The fundamental idea hehind the
Inverse Scattering Method is: given the asymptotic form of the solu-
tion, to construct the potential. This method is a powerful one as it
can handle very gencral initial conditions.

Over the ycars other techniques of solution of nonlincar systems
have been developed and applied to a range of nonlinear partial differ-
ential equations. A method of solving certain classes of nonlinear partial
differential equations is associated with the Backlund transformations
which either connect two distinct solutions of the same cquation or clse
the solutions of two distinct equations. Thus one can proceed from
a simple solution such as one soliton solution to N soliton solutions
by repeated application of the transformation. Ilowever, the most cle-
gant and direct formalism of constructing soliton solutions is Hirota’s
method [41]. In this method, the nonlinear equation is cast into the
so-called bilinear form employing the gauge invariant Hirota, derivative.
This procedure is highly nontrivial, there being no algorithmn for choos-
ing the correct transformation for obtaining the form of the equation
which is amenable for bilincarization and relics heavily on intuition.
The advantage of this technique is that once this goal, 1.e. bilinon,rizing
the equation, is achieved, the existence of one and two soliton solu-
tions are guaranteed. The existence of three soliton solutions‘ usually
indicates the complete integrability [42] of the system and in this for-
malism it is possible to determine their existence by a simple algebraic
procedure.

Integrable systems are Hamiltonian systeins; that is, their cqua-
tions of motion can be written in Hamiltonian form. The Hamiltonian

structures of integrable systems are closely related to conformal al-
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gebras; more specifically the Hamiltonian structures of the integrable
hierarchies have been found to be isomorphic to the various higher spin
conformal algebras at the classical level. This was realized when it was
shown that the W, algebra, the higher spin extension of the Virasoro
algebra, incorporates in its classical limit thie Hamiltonian structure
of the nonlinear integrable systems i.e. the generalized n'* KdV hi-
crarchy [43, 44, 45]. Subscquently, the general lincar deformation of
the I, in the large n limit, namely the Wiyo [46, 47] and the W
[48, 49, 50] were formulated. These algebras consist of an infinite num-
ber of bosonic ficlds with the lowest ficld having conformal spins 1 and
2 for W40 and W algebras respectively and are isomorphic to the
first Hamiltonian structure of the KP hicrarchy [51, 52]. Being infinite
dimensional symmetry algebras, these were candidates for a universal
[V-algebra which was conjectured to contain all W,, algebras by reduc-
tion. This expectation however turned out to be without basis, as no
straightforward mechanism which could effectively truncate the spin
content of these algebras and produces the nonlincar features of Wy,
could be found. An infinite dimensional nonlincar realization of the
IV algebra, namely the W algebra was obtained by the bootstrap ap-
proach and identified with the 2™¢ Hamiltonian structure of the KP
hierarchy [53, 54, 55]. It is a universal W algebra containing all W,
algebras and was obtained by associating the symmetry algebra of the
SL(2, R)/U(1) coset model with the 1W,, algebra characterized by the
label & and then by showing that the symmetry algebra truncates to W,
algebra for & = —n [55]. The extension of these theories to the super-
symmetric framework has become significant in the light of superstring
theories. Certain N = 2 superconformal ficld theories have been used in
constructing the superstring vacuum, compactification, classification of
conformal field theories and a host of other problems [56]. As a result,

the task of establishing a firm foundation for the N = 2 superconformal
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6 CHAPTER 1. INTRODUCTION

symmetries has assumed importance. It is well known that Manin and
Radul provided the supersymmetric extension of the IKIP hierarchy, and
this was based on the odd parity superLax formulation. However, the
construction of the Hamiltonian structure for odd parity Lax opcra-
tor, following the Drinfeld Sokolov formalism, is not well understood
yet[57]. Later on, an even parity Lax operator associated with super-
symumetric KPP hicrarchy [58, 59] was obtained and a supersymmetric
extension of the linear W algebra was realized [60]. The connection of
the V = 2 super KKdV hicrarchies with afline Lic algebras was demon-
strated by Inami and Kanno [61, 62] which is a step [orward towards
an N = 2 super analogue of the Drinfeld Sokolov formulation, This
indicated that there ought to be consistent N = 2 superLax formu-
lation of the super KP hicrarchy which should be Hamiltonian with
respect to one of the super Gelfand-Dikii bracket and should reduce
to the Lax operators considered by Inami and Kanno under suitable
reduction. Consequently, the existence of a nonlincar realization of
the supersymmetric V. algebra was shown through the super KPP for-
mulation [63]. Another aspect of conformal algebras arce their free ficld
representations, the significance of which cannot be overestimated since
the underlying representation of a conformal ficld theory is essentially
a free field representation. Morcover it plays a major role in the clas-
sification of various conformal algebras. Further, the quantization of
classical synunetry algebras becomes straightlorward in terms of free
fields.

In the investigation of supersymmetric integrable systems, it is ob-
served that one of the Hamiltonian structures happens to be nonlocal
and may not be associated with a local conformal symmetry. The tech-
nique of obtaining classical conformal algebras through the integrable
hierarchies is indeed a powerful one and its importance was recognized

when the existence of a new higher spin conformal algebra was realized
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at the classical level [63]. It was seen that an even parity superLax op-
crator in combination with the standard flow equation results in a KP
hicrarchy where the 2"¢ Hamiltonian structure is nonlocal [59], while
the 1% is local [58]. This is a consequence of the fact that the stan-
dard flow produces trivial dynamics for the lowest spin supersymmetric
field. The presence of the lowest superfield in the superLax operator
is essential to obtain superLax operators forlV = 2 generalized super
KKdV hierarchies by reduction. This difficulty is overcome by choosing
a nonstandard flow equation. In this case, in contrast to the first, the
2" Hamiltonian structure turns out to be local [63]. The associated
Poisson bracket algebra among the superfields is the nonlinear realiza-
tion of the N = 2 super Wy, algebra. Significantly, this algebra has
the N = 2 supcrconformal algebra as a subalgebra and the bosonic and
fermionic components carry the appropriate conformal weights [63].
Although bosonic integrable models have been thoroughly investi-
gated, their supersymmetric extensions have not been widely studied.
The methodologies of obtaining soliton solutions vis a vis their inte-
grability are not developed or they have not been applied to many
supersymimetric systems to show their integrability. For example, the
biHamiltonian structures of a number supersymmetric integrable sys-
tems are known, but on the other hand, soliton solutions are not. This
is more so for NV = 2 supersymumetric integrable models, which although
very important, the existence of soliton solutions for these systems are
not known. Even for N =1 supersymmetric integrable equations, this
problem has not been addressed for a number of interesting systems due
to the intricate nature of the systems. From the conformal symmetry
point of view, in the case of bosonic algebras, the Wy is known to be a
universal algebra as it contains all other algebras as reductions. Such
type of classification for superalgebras is still unknown. In particular,

in the supersymuetric framework, an cquivalent superalgebra, which

TH-1864_984402



8 CHAPTER 1. INTRODUCTION

will have all bosonic and supersymmetric algebras as subalgebras has
not been constructed. This thesis aims to study sonie of the aspects of
supersymmetric integrable systems.

The thesis is concerned with various aspects of the N = 2 nonstan-
dard KP hierarchy. In the first part of the thesis we show that nonstan-
dard supersymmetric XP flows following the Gelfand Dikii method, are
billamiltonian [65]). We [urther show that one ol the [Hamiltonian struc-
tures is a candidate for a higher spin extension of N = 2 superconformal
algebra and has the required number of spin ficlds and the bosonic scc-
tor of the algebra has the right structure with two comumuting scts of
bosonic generators. We will also obtain the free field representation of
the generators which turns out to be nonlinear {65, G6]. "T'he generators
in the fermionic sector are exponential in the free fields. It will be ap-
parent that in the bosonic sector the representation of gencrators are
nontrivial generalizations of lincar representation. This brings us closer
to establishing that super W, is a universal symmetry containing all
finite dimensional bosonic and N = 2 supersymmetric W algebras. In
the latter half of the thesis we will bilinearize [64] the N = 2 super KP
equation associated with nonstandard flows, and its various reductions
both with N = 1 as well as N = 2 supersymmetry. Specifically, these
cquations are the N = 2 KdV, the N = 1 mKdV, the N = 1 mKdV
B and the N = 1 mKP [36, 67, 68]. The method will also be applied
to generate N soliton solutions of these nonlincar supersymmetric in-
tegrable systems.

The chapterwise breakup of the thesis is given below. In Chapter
2, we will review the nonstandard flow N = 2 supersymmetric ISP hi-
crarchy, particularly carlier relevant work in this direction. The ond
Hamiltonian structure, and Gelfand-Dikii formalism through which it
was obtained, of the above system will be discussed. In Chapter 3,

(Lo billamiltonian property of the nonstandard flow N = 2 KP will
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be obtained by showing the existence of its 1% Iamiltonian structure.
It will be seen that the 1% Hamiltonian structure is nonlocal and it
reproduces the correct dynamical equations. The existence of a bi-
Hamiltonian structure for the nonstandard flow N = 2 KP establishes
its complete integrability. It will be established in Chapter 4 that the
second Hamiltonian structure of the N = 2 super KP has the appro-
priate symmetry structure of a supersymmetric W, algebra. It will be
shown that the generators of the algebra possess the correct conformal
structure and the bosonic sector has the required W'H.oo @ W struc-
ture, which is essential in establishing its super Wy algebraic structure.
Chapter 5 will deal with the free field representation of the generators
of the algebra discussed in the previous chapter. The method of con-
struction of these nonlinear generators will be discussed. In Chapter
6, we will bilinearize the N = 2 KdV, N = 1 modifiecd KI” and the
N = 1 modilied KdV and N = 1 modified IKdV B systems. The soliton
solutions of the equations discussed in the previous chapter will be ob-
tained in Chapter 7 and the existence of IV soliton solutions for these
systems will be discussed. In Chapter 8, we will show that the /V soliton
solutions exist for the nonstandard flow N = 2 KP equation which are
found through the Hirota formalism and thereby establish the integra-
bility of the system from an alternate point of view. Chapter 9 will be

the concluding one.
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Chapter 2

Review of Non-standard
N =2 KP Flows

2.1 Introduction

A major development in the study of integrable models is their exten-
sion to include supersymmetric systems. This was done by extending
the ordinary space variable @ to a superspace variable (2, 0), where
g is an anticommuting Grassmann variable and hence 62 = 0. This
kind of supersymmetry with one Grassmann variable is referred to as
N = 1 supersymuetry. For instance, the supersymmetrization of the
KdV equation

oy + Ogu + 6ud;u =0 (2.1)

is done by extending the u field to a fermionic superfield
u(w) = p(a) = E(w) + Oulx) (2.2)

where € and w are fermionic and bosonic ficlds respectively ol spin
3/2 and 2 respectively. Here the extension may be also to a bosonic

superfield, but for the KdV the interesting extensions are provided by

11
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19CHAPTER 2. REVIEW OF NON-STANDARD N = 2 KP FFLOWS

(2.2). This leads to the supersymmetric equation [9]

8y + 30.(¢D¢) + 03¢ = 0 (2.3)
where D is the supersymmetric derivative defined by
0 0
D=— —
50+ 0 o (2.4)
with D? = d/dz. In component form the N =1 KdV reads
dyu + O3u + 6ud,u — 36026 =0 (2.5)
and
& + 026 + 30, (ug) =0 (2.6)

It is casily scen that the (2.5,2.6) arc invariant under the supersynmmeltry
transformation dyu = n0:€ and 6,6 = 10,u, where 7 is a constant
Grassmann number. The integrability of the the V = 1 KdV is now
well established on the basis of several diflerent criterion.

The next extension of the supersymmetric KdV is by the addition
of an extra supersyminetry i.c. by increasing the number of anti com-

muting variables. Thus the ordinary space variable z is extended to

(2,01,02), with 02 = 02 = 0, 0,0; = —0,0,, and introducing the two
superderivatives
0 0 0 0
D =——+0— Dy=——+015- 2.7
Lo, Ou 2700, 02 du (2.7)

with D? = D} = 0y and D\ Dy = —D,D;. The N = 2 KdV equation
(69, 70, 71] can then be written as

(Y —

«

. , 1. ,
0,0 = 0% + 30, (AD, D202) + Oy (1)11)2522) + 3§220, (2.8)

In (2.8), the N = 2 KdV superficld §2 is a spin 1 bosonic supcriicld

which in terms of its component fields is given by

Q(x, 01, 02) = 0u0,u(x) + 0,8 () + 0,6, (x) + v(x) (2.9)

TH-1864_984402



2.1. INTRODUCTION 13

&1 and & are two fermionic fields and v is a new bosonic field of spin 1.
In the N = 2 super KdV cquation (2.8), « is an arbitrary paramecter
1 )

and it was found that (2.8) is integrable for exactly three values of «,

namely, a« = =2, 1,4. Of special interest in the context of this work, is
the NV =2 KdV with o« = =2, In N = 1 superspace the N = 2 KdV
equation with o = =2 is isomorphic to
(6] oy, &4 1 [2)
Oy +u’ +3( 1u0) 5 ( _1> =0 (2.10)

Qyug + u[ ! 3( u{,ll)[zl - g (u 2 >[ ] +3 (u LLMl)[ ] =0 (2.11)

In (2.10,2.11) u_y and wy are superliclds of conformal spin 1 and 3/2
respectively. (2.10) and (2.11) were obtained as the lowest cquations
of a N = 2 super KdV hicrarchy by Inami and Kanno [61] from the

nonstandard flow equation via the Lax operator
Ly = D'+ 2u_,D? + 2uyD (2.12)

and they have shown that this hicrarchy arises in connection with afline
Lie super algebras [61, 62]. The N = 2 KdV equations (2.10,2.11) were
then extended to include another bosonic coordinate and thereby the
N =2 KP equation [63]
Lo 1 (2 3 17\ (2 2
Oy — —1“[—] ) (“El) b (uou[ ]1> 85 [_1]
3 3 _
-3 lz]ay (- 2]+ 2u[1]a b z]+_ 00, u —3u08yu([) 2 _ g
(2.13)

4
> (= 3 3 1 _ 3
—Ea;‘lto 2 (U Oy u 10 2])[ ] Eu([flayu[_lz} - §U00yu_1 =0
(2.14)

Opteg — lUM % (u “[1])[2] + % ('11'()“[3]1>[2] + g‘ (‘11'()'1A.2_1)[2]
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14CHAPTER 2. REVIEW OF NON-STANDARD N =2 KP FLOWS

has heen formulated, Note that in the limit y coordinate is set to
zero, (2.13,2.14) become isomorphic to (2.10,2.11). (2.13,2.14) are the
equations of motion for the lowest superfields in the N = 2 super KP
hierarchy. In sections 2 and 3, we shall discuss the equations of motions

for the N = 2 IKP hicrarchy and the associated supceralgebraic structure

2.2 The Lax Operator and the Nonstan-
dard Flow

The first supersymmetric extension of the KP hierarchy was formu-

lated by Manin and Radul [8] on the basis of a odd parity superLax
operator. It was however not clear how to obtain the bosonic limit
of the Hamiltonian structures associated with this Lax operator. Sub-

sequently, the IKP hierarchy was obtained in terms of an even parity

superLax operator [58, 59]

o0
L=D%+> wu(X)D™" (2.15)
1=0
where D is the superderivative defined in (2.4). u;(X) are superficlds
in .\ = (x,0) space. The grading ol wi (X)) 15 Juil = i+ 1 so that u
ab Uy

and uy;4 are fermionic and bosonic superfields respectively. Note that

the superLax operator in (2.15) generates superfields with conformal
spin 3 (i +3). With the help of this operator the super KP hicrarchy is
obtained from the standard Lax equation

oL
Jty,

:[L’_L,L}:—[U_L,L] n=1223,... (2.10)

This produces a biHamiltonian structure in which the first Hamiltonian
structure is local [58] while the second is nonlocal 159]. The nonlocality

i the second Hamiltonian structure is due to the absence of the spin
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1 field in the superLax operator (2.15) which is essential to obtain the
N = 2 superconformal algebra.
The superLax operator (2.15) was modified to include the spin 1
ficld by the following choice of the even parity superLax operator (63],
viz. -
L=D*+3 w_(X)D™" (2.17)

i=0
The grading of w1 (X) is |u;_1] = 7 so that wug_; are bosonic super-
fields, whereas uy; are fermionic ones. As a result these superfields have

the following component form

uzi-1(X) = Ugi—l(ﬁ) + guéi—l(x),
Ugi (X)) = 'u,.fi(.'v) + Oub, () (2.18)

An interesting consequence of this choice of the superLax operator is
that under suitable reduction the superLax operator of the generalized
N = 2 KdV hierarchies of Inami and Kanno [61] are obtained. To see

this, the ny, reduction of L is defined as

L,=1L%, (2.19)

where > 0 implies the positive part of L™ without the D° term. Using
definition (2.19) for the superLax operator (2.17), L, can be expressed
in the following general form

- 2n—-2 .
Ly= L%y = D"+ Y UMD (2.20)

i=1
where, the superficlds L{i(") arc functions of u;_; (X') and their superderiva-
tives. L, in (2.20) is precisely the superLax operator considered by
Inami and Kanno in [61]. For example, for n = 2 onc obtains (2.12)
which is the N = 2 super KdV Lax operator. Similarly, for n =3
Ls - D“+3u_11)"+3'11.0D3+3(u1+u[;2]1+u2_1)D2+3(u-2 +'u,gz]+2u_1u0)D
(2.21)
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16CHAPTER 2. REVIEW OF NON-STANDARD N = 2 KPP FLOWS

is isomorphic to the Lax operator corresponding to N = 2 super Boussi-
nesq hierarchy [61]. ‘The importance of the presence of the field w_; will
be observed in the Poisson bracket structure. It makes the Gelfand Dikii
bracket of second kind local [63] whereas the absence of w_y makes the

same nonlocal [59]. This is achieved by defining the nonstandard Lax

cquation
(111

dt,
The nonstandard flow equation (2.22) in combination with the su-

[L1>LO) L] (2.22)

perLax operator (2.17) allows one to obtain the dynamical equations for
the fields. The evolution equations corresponding to the lowest three

time-flows of the hierarchy are given below.

dui-y 2
Tl L (2.23)
(____ll;"‘l = 2'115]1 + u[ ] -+ 211011[ ] + 2. [ ] -2 [ ‘ T ! ] 'Illi'“'[-ul
(ly

— i 14 [—m /2], [r+1)
2(1 +( UUU + Z l']}L-*—l } 1) Uj—qp—] Uy

i—1 .
i+1 [m/2] L [m+2]
————d“i*l =3 l£2|]3 + Ju“], -+ u[ ]1 + G lu[ ] + S 1{1[ ]
(“3
-3 ¢ T 3 (Lz+2U[1]1 +3 [ ¢ ; 3 } ui+1u[3]1 + 3 [ ¢ _g 3 } U; u[S]l

—3(1 + (“1)i)uo’ui+2 + 3u0u£ﬂll — 3(_1)inu£2] + 3u0u£'ﬂ1

+3 Z+2 (~1)111.i_HuL] -3 [ 232 } (—1)"u; HL]
+
I

l
L } 'H.,;(‘Ilyl -} '111[2.11 -+ 'll,%l)[i]

L

+3 0+ 2”[ b 'll.lz_l)""['zll -3 [ l[‘
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2.3. SECOND IHAMILTONIAN STRUCTURE 17

+3(uz + 2uruo + ufuldy = 3(1 + (—1)%) (u2 + 2u_yuo + uf)u;

1i—1 . 7
_3 Z 1+ 3 (_1)[7”/2]“1'—771—]“[17;—*_4]

m=0 L m. - | ]
-1 - - '
. L+2 -+[—m /- -
—3 Z—: 7”/'*‘3 (_‘l‘)”[ /Zlui—m—lugn{ ;]
m=0 L ]
-1 7 - -
i1 |
+3 Z m+ 2 (—1)[771/2]Ql:i—111—1('(Ll + 71’[_2]1 + 'u,2_1)[7”+2]

m=0 L

1—1
t i+[—-m
+3mZ:0 1] (—1)"mi2dy, g + 2u g + w2

(2.25)

With the identification ¢, = 2 and ¢, = v, (2.23) is the consistency
condition, while (2.24) is the constraint cquation. The time variables
may be therefore identified as t3,¢,... and so on. The equations of
motion for the lowest superfields w_y and gy can be found (rom (2.25)
by climinating all the other fields using (2.24) and arc preciscly the
equations (2.13,2.14).

2.3 Second Hamiltonian Structure

°

A significant consequence of the presence of the u_; superfield is that
in this case, unlike the standard flow super KP, the second Hamiltonian
structure is local, thus making it a right candidate for a universal sym-
metry algebra containing all finite dimensional bosonic as well as N = 2
supersymmetric algebras. To obtain the local Poisson bracket algebra
among the coeflicient fields w;—; (.X') the method of Gelfand and Dikii
[72, 73, 74] is employed. The super Gelfand Dikii bracket of second

kind is defined as

{Fp(L), Fo(L)}, = =T» [{L(PL)_(LP)_L} Q] (2.26)
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where, P, Q) are auxiliary fields. P, @ are chosen in the form

P= 5" Dip, ; Q= > Dy (2.27)

j:—2 _[:—2

with the grading |p;| = |¢;| = j so that the lincar functional [/5(L)
(and similarly I9(L)) becomes

Fp(L) = Tr(LP) Z/d\ D i (X)pic (X) (2.28)

1=0)

Consequently the LUILS. of (2.26) becomes

— d. ”J me Uim ) (X)) ui (V) g (Y
(Fp(L), Fo(L)) = ,,Zo/ ¥ [y (=) i (X) {nims (), w50 (V) g0 (V)
(2.29)

It is clear that (2.29) does not involve ters like p_y and ¢_y since the
superficlds in (2.17) starts from w_;(.\"). In order that this is consistent,
the coeflicicnts of p_y and g—y in the right hand side of (2.26) must be
identically zero. This requires that the cocllicient of the D term in
L(PL)_ — (L)L vanishes, This leads to the constraint,

p-1(X) = — i Zl { . : ] (=)D (1 (X )ty g (X))
r=0m:-=0 (230)
It is emphasized that the vanishing of the coellicient of the D term
ensures that the R.H.S. of (2.26) is independent of q_,. Using the
constraint (2.30) the coellicient of p_y can be made zero. Thus the
Poisson bracket algebra among the superficlds can be obtained by using
the relations (2.26)-(2.30). This has the explicit form

=0 m

. i+! J+1 (k
{'Uj_l(‘\ )’ “‘k—l(}’)}z — | _ Z [ ] (__1)]( +m+])+[m/2]“’j—l-k—mDm

k1
/\7 + J. 1 gk D)1 m
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2.3. SECOND HAMILTONIAN STRUCTURE 19

m=0 [{=0
m+14-1
XUj gy D™ Uk—1—2
A=lAh-—n-—1 [‘ A
= —1 :
1Y)+ D (et h-1), l
+1§ I—Z() l J( l) )“'7L—1D“j+k—-n—l—2

m=0 n=0 =

J=1 k-1 ( . .
J k j—1 k—1 m
+ i ( m+41 J ,: [+1 :, - [ m J [ :’) (= 1) For

Jtk—-n—l—-1k—-1k-n-1 1
_ Z Z Z [J - J [ n +/l -1 } (_1)j(7n+n+l+k+l)+n(l+])+[m/2]

{ ,
XI'Lj+k—-7ll—l—2D1,l+ un—l] A(J\ - ),)

The symmetry algebra (2.31) possesses the [ollowing fcatures of in-
terest.

1. The algebra is antisymmetric and satisfios the Jacobi identity.

2. The algebra is local. Thus it is possible to associate it with a
superconformal algebra. To make contact with the N = 2 supercon-
formal algebra consider the Poisson bracket, algebra among the lowest
superfields u_1 (') and ug(.X). This is obtained from (2.31) and is given

by

)} (=2u0(X) = u_y (X)Dy + Dyu_ (X))A(X — )
)} = (=Dxug(X) = u_ (X)D2)A(X = V)
)= () Dy + D u_ (X)A(Y = V)
)} (w0 (X) DY + D2 up(X))A(X — V) (2.32)

This brackets are closed and hence is a subalgebra of (2.31). To show
that (2.32) has the N = 2 superconformal structure it is convenient
to write (2.32) in terms of the component ficlds in (2.18). Further
redefining the fields as
b L b\ b .
T =y — E(“ Dy U=a',  Gr= Wl G =l =l (2.33)

leads to the following classical analogue of the N = 2 superconformeal

TH-1864_984402
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algebra
{T(z), T(y)} = QT(y)0y+T"(y))d(z —y),
(TE)LUWY = U@, +U' )5~ 1)
(T(@),G* W) = =G )0, + (G 1) — 1),
(G*(@),U)} = G*w)dlz ) |
(GH2),G" ()} = @) -V, é ()8l — ),
(G*(),G*(y)} = {U@),U@w)} = (2.31)

From the algebra (2.31) the Poisson brackets ol the component ficlds

ugi_l, ugi, 1L£i_1 and u{,i with the energy momentum tensor 7' defined

in (2.33) follow. They are

(T(2),uboy ()} = (G + Dby (1), + (uziy (1))

i—2 .
m t b -t
- (_J') ( m 4+ 2 ) Wi —2in— S(U)()y e

m=0

: ) 1 m ‘ . m
2 < m+ 1 ) Wiz ()0, ”) Y —y) (2.35)

{(T(x),ub (1)} = ((+ 2)ug; (1) + (3, (v))’

1—2 .
1+ 1 b m
- (—_1)1” ( m+ 2 ) u'li—'lm—'z(y)oy v

m=0

R A B »
+2 m= 0 ( m+ 1 uh 2m— l(y)()-'/ (5(‘1’ - U) (23())

(@), w0} = (4 D)0, + (i )
5__: (=)™ ( - :_ 9 ) “gi—zm-a(?/)a;nw

m=0

1 i— 1 1 i N
+~2 ” " < m + 1 ) 7I‘£i—’2m—3(y)0y +2> (S(‘,E - 7/) (237)

1= 0
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(T, i)} = (6 + b0, + ()

i-2 o
- 72::0(_1)1” ( 71112 ) “'.2[1'—2711—2(y)(‘);/WF2> §(z —y) (2.38)
(2.35,2.36,2.37,2.38) clearly indicate that the component fields u3;_,, u3;
and ud;_,, ul; are bosonic and fermionic conformal fields with respect
to the energy momentum tensor 77 The conlormal spins ol the odd
bosonic fields u3;_; and the even bosonic fields u; are 7 + 1 and 7 + 2
(i = 0,1,2,...) respectively, whereas the conformal spins of both even

and odd fermionic ficlds, uﬁi_l and ud; become 7+ Z‘ (i=0,1,2,...).

2.4 Conclusion

The discussion above makes it clear that the N = 2 nonstandard flow
KP hicrarchy has a 2"* Hamiltonian structure that is local with the
N = 2 classical superconformal algebra as subalgebra. Moreover, the
generators of the algebra are conformal fields with respect to the energy
momentum tensor. This leads to the clear possibility that its sccond
hamiltonian structure is a nonlinear realization of the super Wy, alge-
hra. In the chapter 4y we shall show the alpebra possess the propertics
of such an algebracas well as that it has the necessary characteristics of

a supersymmnetric integrable systemn.
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Chapter 3

The BiHamiltonian Structure

3.1 Introduction

Integrable systems are essentially Hamiltonian systems. For the bosonic
[KdV equation

Qo = udyu + Oju (3.1)
Gardner [75] showed that it could be written in Hamiltonian form with
respect to one of the conserved charges of the system that had been

known for some time. As a matter of fact, relative to the Poisson

bracket
{u(),u(y)}, = 0,6(z — y) (3.2)
and taking the conserved charge H; = [ dz (—31—,u3 ~1 (3Iu)2> as the

Hamiltonian, the KdV equation can be written in the Hamiltonian form

1 . SH.
O = {u(z), Hs}, = 0z (§u2 + 3§u> = uGpu+0iu = 0, <i5—£> (3.3)

Moreover, with respect to the bracket (3.2) all the conserved charges
1, arc in involution {IIiaI]j}l = 0, which makes the KdV equation
integrable in the formal sense. Interestingly, integrable models are bi-

Hamiltonian, that is, the dynamical cquations that reproduce the time

23
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24 CHAPTER 3. THE BIHAMILTONIAN STRUCTURLE

evolution of such systems can be obtained from at least two distinct
Poisson bracket relations. This was found first for the KdV equation
when Magri [76] discovered that the KdV equation could be written in
Hamiltonian form relative to a second Poisson bracket with a different

Hamiltonian. In this case the Poisson bracket is
1
{u(z),u¥)}, = (82 + 3 (Gau + u&)) 6(z —y) (3.4)

with the Hamiltonian given by Hy = 3 [ dz u?. Then one finds that
|
Ou = {u(z), Ha}, = <Di + 3 (Opu + '“0$)> u=udpu+dyu  (3.5)

In addition it was also found that that a linear combination of the
two Poisson brackets is also a Poisson bracket — a nontrivial condition
since the Poisson brackets have to satisfy the Jacobi identity. The
bilamiltonian structure of the KdV equation thus implics that the

conserved charges are related. In fact, foralln > 1

0H,
ou

6Hn+1
ou

9,2 n _ (ag + % (B5u + u(?z)> (3.6)

This relations can be used recursively to compute the conserved quan-
titics of the IKdV system. Another interesting fact that arises in this
context is that the second Hamiltonian structure of the KdV (3.4) is iso-
morphic to the Virasoro algebra. For other integrable models the same
connection was found with the higher spin extensions of the Virasoro
algebra.

Another very interesting feature of integrable systems is that such
nonlinear equations are associated with a linear equation which leads to

a Lax [0] representation of the original nonlincar equation of the form

%% = [L, 4] (3.7)
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where L and A are called the Lax pair and are pscudo dillerential
operators associated with the linear system. This leads to a systematic
procedure for determining the Hamiltonian structures starting from the
Lax operator for a given problem via the Drinfeld-Sokolov formalism
[72]. For a Lax operator

L=>a,0} (3.8)

an auxiliary field @ with the product
Tr(LQ) = /Res (LQ) = Fg (L) (3.9)

is defined with the residue indicating the cocflicient of the 07! term.
The first and second hamiltonian structures of the system can be then

obtained from the brackets
{Fp(L), Fo(L)}, = -Tr ([P,Q| L) = =Tr (L, P] Q) (3.10)

and
{Fp(L),Fo(L)}, = =Tr [{L(PL)_(LP)-L}Q] =~ (3.11)

which are called the Gelfand-Dikii brackets [73, 74] of the first and
second kind respectively. The second Gelfand-Dikii bracket (3.11) was
used to find the sccond Hamiltonian structure of the N = 2 KP> which
was discussed carlier in chapter 2. These brackets are antisymmetric
and satisfy the Jacobi identity.

Although the use of the Gelfand-Dikii brackets is straightforward for
the IXdV hierarchy, it was seen that in case of the bosonic KP hierarchy
the second Gelfand-Dikii bracket does not reproduce the equations of
motion correctly [53]. This was esscntially duc to the fact that the
Lax operator for the (P is not a pure differential operator but involves
both positive and negative powers of 9,. This required a modification of
the second Hamiltonian structure in order to reproduce the equations

of motion correctly. In case of the N = 2 KP system, however, for
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the second Hamiltonian structure modification is not required as was
seen in chapter 2, but it is for the first Hamiltonian structure that
modification becomes essential.

In this chapter, we shall show the existence of a first Hamiltonian
structure for the NV = 2 nonstandard flow KP. For this systcim also, the
same problem arises as the first Hamiltonian structure following the
definition (3.10) leads to equations of motion inconsistent with those
obtained from the second Hamiltonian structure. Here we redefine the
first Hamiltonian structure in order to get back the equations of motion
correctly. As reviewed in chapter 2, the sccond llamiltonian structure
of the N = 2 KP hierarchy under consideration is local which allows
us to associate it with the N = 2 superconformal algebra. It is gen-
erally observed for supersymmetric integrable models that one of the
Hamiltonian structures are nonlocal. In this chapter, the 1°* Hamilto-
nian structure of the nonstandard flow N = 2 K is explicitly derived
and is found to be nonlocal as well as nonlinear. The fact that the
N = 2 supersymmetric KP lliOI‘ﬂ,I‘C}\ly is biHamiltonian demonstrates
that dynamical equations associated with the non-standard flows are

completely integrable.

3.2 The First Hamiltonian Structure

In the Gelfand Dikii bracket of the first kind (3.10) we define the aux-
iliary fields P and @ by
P=3 Dy 5 Q=3 D (3.12)

j=-2 j=-2
with the grading |pj| = |q;| = j so that the linear functional Fp(L)
(and similarly Fy(L)) becomes

FplL) = Tr(LP) = 3 [N () us(Opa(X) (3.13)
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Consequently the L.H.S. of (3.10) becomes

(Fe(L), Fa(D)} = 3 [ X [ a¥ (~1)"1pi(X) {uis(X), w1 (1)} gy (V)
e (3.14)
Notice that (3.14) does not involve terms like p_, and g_, since the
superfields begin from u_;(X) in the Lax operator (2.17) defined in
chapter 2, which has the form
oo
L=D+3 u_(X)D™ (3.15)
i=0
As in the case for the 2™ Hamiltonian structure this consistency is
ensured by setting the coefficient of the D term in the commutator
[L, P] to zero. This leads to the constraint

_ ~J+2] m]
P-1 = Z Poj1 Z “’1 1])z+2m +1
Jj=-1 1,1n=0

+Z Z [ ] D0 (g na)™(3.16)

J=0m=0
Using the constraint (3.16) we obtain from (3.14) the following Poisson

bracket among the superfields

{U: 1( ) Uy 1( )}1 [ UDJH ( 1)“/2](53',01)“1

_ Z J+m+l) +{m/2] { g . ] '“'i-l-j-m—zj)m
m=
_ Z m(z+l)+] (m+1) [ J . :| Dmui—{»j—m—2 A(X _ Y)
m=
(3.17)

To check the consistency of the Poisson bracket structure (3.17), we

consider one of the conserved charges [63], namely

H2 = / (_i,\’(’u? + 'U,_luo) (318)
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which provides the consistent equation of motion (2.23) with respect to
the second IHamiltonian structure and is in involution. Iowever, with
respect to the Poisson bracket structure (3.17) the equation of motion

turns out to be

-1
duii-) = {uj_1, Ho}, = u?_]f 12 (—l)m(iﬂ)ﬂm/z](ui_m_zuO)[m]
dtl m=0
it : 1—1 [ 2
- Z (_1)1(771+1)+[7”/2] l: m :l ui—m—2'U:()m] - (Si,()u[_ll
m=0
1—1 .
i(m m 1— 1 nL- )
+ ZO(—l)‘ e/ [ 1 ]ui_mu[_’i“] (3.19)
m=

Clearly (3.19) does not reproduce the correct equation of motion vz,
(2.23). This inconsistency arises because the superLax operator consid-
ered is not a pure differential operator and was observed also in other
situations involving pseudo-differential operators [53]. This indicates,
like in previous cases with the same inconsistency, one can cither modify
the Hamiltonians or alternately devise a different Hamiltonian struc-
ture. Since the Hamiltonians are the couserved quantitics, we chose
to go in for a modification of the Hamiltonian structure. If we modify

Hamilton’s equation of motion to the form given below,

du;—1(X) <
T = {Ui-—l(/\ ), }I7L+1}1

—(—1)i/(l)’ (i1 (X), usy (V) sResL™(Y)

_(—1)i/dy {t-1(X), ug(Y)}, sRes (L*D7H(Y))  (3.20)

where
> oH
sResL™(X) = §j0—2t
oo j—1
J—1 1—1 - Hp
D T o a(X 3.21
S 1T P gt e
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and
j’ (5]_'[7L+1
X, (X)

{1772 a0y Dl + e ]

sR.esL"D_1 (X) = > (-1)D

Il
,Mg

5Hn+1
(S’U,j_j (X)
it reproduces the equations of motion correctly. Substituting (3.21) and
(3.22) in (3.20), the equation of motion can be rewritten in the form
dui_l(X) -
o = {ua (X), Hu)s (3.23)

which eventually leads us to the correct form of the first Hamiltonian

structure as
{Ui_l(z\’), uj—l()/)}i =

i+5—1 i—1
— Z {{ nl’ :l (__1)7-(.7+771.+1)+[m/2]ui+j_m_2Dm

m=0

X (1)U DR, (X) ) (3.22)

j -1 —1)mGE+1)+5(n- m
" [ m J (=1) D Uitj—m—2

i

-1 71
J—=1 , . :
+ Z { [ :l l)m(H-l)+_7+[m/2]IJmUi_m_Ql)l—luj_l_2

m=01=0 I+1
[ i—1 _
ol (_1)[ m/zlui—m—:2Dm—1Uj_[_2Dl

i—1][j-1 " .
+ ( - J l: l+]_ ] (_1)J+z(m+1)+[m/2]Ui_m_sz-H_1Uj_l_2

[ i—1 j—1 .
_1\U+D) G+ +[—=m/2
+ m+1} [ [ J( DA

Xttiome2 D"y Y AX —y) (3.24)

(3.24) correctly reproduces the dynamical equations of the hierarchy

associated with the super Lax opcrator (2.17) and the nonstandard
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flows (2.22). It is evident that the above Hamiltonian structure is

manifestly antisymmetric and satisfies the Jacobi identity.

3.3 Conclusion

The first Hamiltonian structure (3.24), unlike the second Hamiltonian
structure (2.31), is nonlocal and hence cannot not be associated with a
local conforinal symmetry. As mentioned earlier this feature is noticed
in other supersymmetric integrable hierarchies also that one of the two
Hamiltonian structures becomes nonlocal [59]. The existence of two
Hamiltonian structures, nonctheless, confirms the complete integrabil-

ity of the even parity super KP hierarchy.
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Chapter 4

Super Weo Algebra

4.1 Introduction

The close relationship between the conformal algebras and the rich _
synunetry associated with integrable systems is well understood. The
Hamiltonian structures of the integrable hierarchies have been-found
to be isomorphic to the various higher spin conformal algebras at the
classical level. This was realized when it was shown that the W, al-
gebra incorporates in its classical limit the Hamiltonian structure of
the nonlinear integrable systems i.ce. the generalized nt* KdV hicrar-
chy [43, 44, 45]. The technique of obtaining classical conformal alge-
bras through the integrable hierarchies is indeed a powerful one and
its importance was recognized when the existence of a new higher spin
" conformal algebra was realized at the classical level [63]. Prior to this
all the known conformal algebras were obtained first in terms of free
ficlds via the bootstrap approach and subsequently their relation to the
symmetries of the integrable hierarchics was obtained.
It was initially believed that the large » limit of Wy, algebra, namely
4o [46, 47] and W, [48, 49, 50] algebras would provide the univer-

sal algebras which would include all other algebras as subalgebras. The

31
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naive approach to the large n limit, however, gives rise to Linear alge-
bras which are truly infinite dimensional symmetry algebras containing
all the conformal spins [49, 77, 51]. The infinite dimensional algebras
have been interpreted as area preserving diffeomorphisms (77, 78] but
the fact that they are linear prevents them from being the right candi-
dates for universal algebras, there being no straightforward mechanism
which effectively truncates the spin content of these algebras and pro-
duces the nonlinear features of W,,. A nonlinear realization of the W
algebra namely W. algebra was obtained by the bootstrap approach
and identified with the 2"¢ Hamiltonian structure of the KP hierar-
chy [55, 53, 54]. It is a universal W algebra containing all W, alge-
bras. This was obtained by associating the symmetry algebra of the
SL(2, R);/U(1) coset model with the We algebra characterized by the
label & and then by showing that the symmetry algebra truncates to
W, algebra for k = —n [55].

For supersymmetric systems, the supersymmetric KP hierarchy based
on the odd parity superLax operator L = D + ¥, u;(X)D 7"~ was
first obtained by Manin and Radul [8]. However, because of an inver-
sion of the even-odd parity of the conserved supercharges, the super
Hamiltonian formalism of the Manin-Radul KP cannot be reduced to
the Hamiltonian structure of the bosonic KP. Meanwhile, the linear
super We, algebra was obtained through the bootstrap approach [60].
The bosonic sector of the super Wy, algebra was the combination of
the Wi, algebra, realized in terms of bilinears of the free fermion ¢
and its conjugate ¥*, and the W, algebra, which was realized via bilin-
cars of the free complex scalar boson ¢ and its conjugate ¢ s0 that the
bosonic sector possesses the WHOOEBI/VOO structure. On the other hand,
its fermionic sector was constructed using the boson-fermion pairs )¢
and 1*¢. Later on, the KP hicrarchy, based on the even parity su-

perLax operator L = D? + 32, ui—(X)D7 and associated with
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the standard flow was obtained and its first Hamiltonian structure was
found to be isomorphic to the super W, algebra [58]. Its 2™¢ Hamil-
tonian structure [59], although nonlincar is nonlocal and hence cannot
be associated with any symmetry algebra.

This nonlocality of the 2*¢ Hamiltonian structure of the super KP
hierarchy is overcome by the use of the nonstandard flow equation which
results in a nonlinear but local 2"¢ [Lamiltonian structure [63] reviewed
in chapter 2, where it was scen that the 2"¢ Hamiltonian structure
of the N = 2 nonstandard flow KP hicrarchy includes the NV = 2
superconformal algebra as a subalgebra. In this chapter we go [urther
in demonstrating that the 2"¢ Hamiltonian structure is a candidate for
a higher spin extension of N = 2 superconformal algebra and has the
required number of spin fields and the bosonic sector of the algebra
has the desired Wiieo @ W., structure with two commuting sets of
bosonic generators. Moreover it will be secen that while one of the
bosonic sectors is represented by a linear basis the other is represented
by a nonlincar one, the nonlinear set of bosonic generators being closely
connected to the generators of the Wy, algebra. It will also be shown

that a consistent nonlinear basis for the fermionic sector also exists.

4.2 The Bosonic Sector

Since the superfields wy;— and wuy; are bosonic and fermionic superficlds
respectively, they can be expressed in component form as

wgioy (X)) = ub,_ (2) + Oufi_ (),

wn(X) = uly(w) + Ouby(2) (4.1)
From the Poisson bracket of the component ficlds with the cnergy-

momentum tensor (2.35,2.36,2.37,2.38) in chapter 2, we find that that

the odd bosonic fields w4, () have conformal weights i+1, whercas the
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even bosonic fields u3;(z) have conformal weights i +2 (1 = 0,1,2,...),
with respect to the energy-momentum tensor
T(z) = u(x) - ‘10..,,11,1'_1 (z) -(4.2)
2
On the other hand, both odd fermionic ﬁclds ub;_, (z) and even fermionic
fields u.zz( ) have conformal weights ¢ + 3 5 (1=0,1,2,...) with respect
to the same stress tensor (4.2). The stxess tensor T'(z) belongs to the
N = 2 conformal algebra being a subalgebra of (2.31). This cnsures
the presence of a nonlinear supcrsymmctric conformal algebra in the
Hamiltonian structure (2.31) of the N = 2 super KP hicrarchy. The
Poisson brackets among all the component fields are given in appendix
A in a basis which will be defined later.

The Wit @ We structure of the bosonic sector, however, is not
apparent in our case from the Poisson bracket between two types of
bosons, u4,_, and ub;. This is in contrast to the other supersymmetric
algebra [58]. We shall establish that the bosonic sector of this algebra,
indeed, has the required W00 ® Woo structure [60]. This step is crucial
in obtaining the free field representation of the gencrators. To carry
out this program, a suitable basis is required Notice that the odd
bosons uy;—; themselves form a closed algebra (A.5) and conscquently
for the odd bosons a suitable set of generators may be constructed from

a lincar combination of the ficlds as considered in [58], namely
- 27l & n+l\ bm-y
1/1/11,-}-1 = (2 n — 1 ” ZZZO ( ) ( [ u2[—1 (43)

Since the odd bosons form a closed algebra among themselves, the
algebra of the new set of generators are also closed and constitute (he
W oo algebra. Using the Poisson hracket amongst the component, fields

given in Appendix A (A.5), we obtain [ollowing Poisson brackets [or (he
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lower ordef odd boson generators.

{ﬂ"[, li’l} =0
(I, 111} = W00 (e —v)
(W2, 112} = [2W20 + W3] 6(x — v)
(W3, Wy} = 21%65(3; — )
S (o5 SR PP
(W5, 172} = [31750 + 175 + -éwla-fJ 5(z —y)

- - [~ - 3 - I -~
(W3, W3} = 4W48 + 2] + gW"a + 2W, W0 — %W{’Wla
—2W20 + ~W28 + W30? + 3W 30° + —W”’

HIVITY, — —IV”'W — WA, + WaW! + 514/{'151'/{] 5(z — )

3 -~
) = [311/0 —1/” — — ? 3] —
{(Wy, W1} = + 5o mwa 0W10 §(z —y)
o , 7 .
(17, 1V3) = {411/40 W+ S50 6 — ) (4.4)

) L ~ . L S . 3
In the even boson, uy; scctor, however, the Poisson bracket relation

is complex and it appears that the gencrators neither form a closed
algebra nor do they commute with the odd bosons. Apparently, there-
fore, the direct sum structure is not maintained as required for the
supersymmetric W algebra. This problem can be circumvented and for
the even bosons also a suitable basis with these desirable properties can
be obtained. The first step in making them commute is to redeline the
even bosons as a linear combination of odd and even bosons of equal
spin as in [58].

b b (4_5)

Vyj = Uyjyy + uzj

and similarly we choose a lincar combination of generators for the odd
fermions
! (4.6)

foo . f
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In the linear super Wy, algebra, this is sufficient to ensure commutation
between odd and even bosons, and thereby establish the Wijeo @ Weo
structure, but in this case we find from the Poisson bracket of uzj_1

with 'ugj, ViZ.

{Ug]‘—1($),vgk =

j=1 k ] /
E : 1n ml, [
B )" 920" Va1
m=0[=0

j-1k
— Z ( o+ 1 > ( 41 > 1)mugJ — 38"L+l+1l)3,
k—1Ahk—n-—1
—n—1
- Z ( l ) 27L0’U2]+2k 2n—20—3
jtrk—n—=I=1 k k-n .
J—1 n+l—1
S { EiS I G

! m+l, S o
X(—l)”ug]qLZk amzn—21-20"" U‘Zn—l] o(z —y) (4.7)

that only the lincar terms vanish. Consequently, the odd bosons com-
mute with ouly the lowest spin even boson generator i.c.
b by
{ug;—1,v0} =0 (4.8)
b

and the Doisson brackets with higher even bosons vs;, (j # 0) are

nonzero. Another feature of the nonlinear superaigebra which distin-
guishes it from the linear once is the nature of the fermion brackets
{ufj( ), ugk(z/)} and {UZ] (&), v, 1(U)} given below

Sk J k f +1,.f
- < m+1 ) ( [+1 ) (_1)mu2j—2m—2am+ Tlug oo

l
k-—lk—ll—] Il\:—”/'— J. l
! “znd u2_]+2k Y
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jrhk—mn—l-1k—-1k—-—n-1 .
J 7+ [
S n Dy ()

m=0 n=0 [=0

. x(_1)mugj+2k—2m—2n—2l—2am+[u£n] 6(z —y)

and

—1\y™m m+4l+1
x 1) U?j—2m—36 U{k_zl_g
k=1khk-n-1 '
A—n—1
/ L,.J
+ > ( ! Uon-10"V3j 4ok —2n—21-3

j+hk—n—l-1k—-1k-—n— .
_]+ klkzl J—1 n+1l—-1
m=0 n=0 [=0 m l

/
X (_1)mv2j+2}c—2111—271—2[—36m+l02fn—1] (5(:1’ - y)

37

(4.9)

(4.10)

(4.9) and (4.10) clearly show that the fermion ficlds uéj and v{j_l are

noncommuting for all 7 > 0. The noncommuting nature of the fermion

brackets will be responsible for the necessity of a nonlincar free field

representation of the generators of the nonlinear superalgebra.

Interestingly, nonlinear combinations of bosons and fermions exist

which commute with all odd bosons. This may be achieved, as the

second step, by taking the most general combinations of the ficlds of

the appropriate conformal spin and the cocllicient of the terms may be

determined by allowing them to commute with the odd bosons. This

procedure can be carried out for all even boson generators thereby yield-

ing the mutually commuting set of generators. The explicit expressions

of a few even boson generators are given below.

Wy =
Ly
Wy = v+ 5118 +ul vl + uév{l
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1

+“oUl + 08 u’, +Uéu p + Ul)”—l + ! 1u(f)ufl (4.11)

and so on. The distinguishing character of this set is that spin 3 and
higher generators are nonlinear. For the spin 3 gencrator it is a bilincar
combination of bosonic as well as spin 3 3 generators. For the spin 4 gen-
erator, this combination is more involved, having terms trilinear in the
ficlds. This indicates that for higher spin generators, the basis becomes
more and more nonlinecar. But most importantly, these generators ave

such that the desired property is exhibited, namely

{up;_;, W} = 0
{U‘ZJ 1,”/3} = 0
{up;_, Wi} = 0 (4.12)

L.e. the new sct of even boson gencrators commute with all the odd
hosons. Morcover the W boson generators produce the requisite form
of Wy algebra as can be observed [rom the following Poisson bracket

relations.

(Wa, Wa} = [-2Wo0 — W) 6(z — y)
{”/3,1/1/2} = [—31V3 14 ](S(IL —y)

(W, 1) = [—zulqa ~ 220 - E%wga —2W] — (W2
1 3 , 1 ,
—m”/z/” — —'”/ZIOZ - ‘—‘/Vzad} (S(T — 7/)
(W) = [—zm/',,a W - —HQO ] S(x — ) (1.13)

This algebra is isomorphic to classical analogue of the W, algebra [55].
The procedure outlined above, although straightlorward, becomes ex-

tremely diflicult to use in obtaining the still higher spin generators and
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to show the closure of the algebra explicitly. To obtain the genenerators
of higher spin we employ a different strategy. The Wy generator, for ex-
ample, may be obtained straightforwardly from the {W3, W3} Poisson
bracket algebra (4.13) by ensuring the closure of the algebra following
the classical analogue of the W, algebra [55]. Importantly the Wy gen-
erator thus obtained matches with that of (4.11), which commutes with
the odd bosons (4.12) and the form is unique. Similarly, the explicit
form of the Wy generator may be obtained fromn the Poisson bracket
relation, {Wy, W3}

{Way, W3} = [-5W50 — 5Wi — AW3W,0 — 4W5 W,

_gwga - gwg" - gwga? - gwsaS Sw—y)  (4.14)
by ensuring the closure of the algebra following the classical analogue of
11 algebra. 1t is found that the leading term of the {Wy, W3} algebra
becomes vg. This, indeed, ensures the presence of the Wy generator in
the algebra. The Wy generator exhibits the explicit form
g v | G

Uy 111)0 +3“—1“4 311_17)24—311 uz

3 " 1 1"
+2ub ’UO + u? lvg il vo L4 1v8 +? (u"_lvg)

3
Wy, = vg+ 2"—+—14

3 A 1 4
+u£v{ -+—ul{vfl +u0v3 + 2uév1 - §u0 ulf + 2uf vfl

Iy b IS Ly

2 2

3 ! 2 )
+2ub luéufl + u"_lugufl + ‘.2ul’_1u£‘ufl + 2ub_1ué’U1f + Uflu({'U{l

It is found by explicit caleulation that the Wy generator commutes with

the odd bosons, u.g]»_l, 1.e.
{ug;_, W5} =0 (4.16)

The spin six generator 1, in a similar way, may be obtained from
1C S} G )

the Poisson bracket relation, {Wy, W4}, whose leading term turns out
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-

to be v§. Thus the first three generators may be obtained by the boot-
strap approach and from spin four onwards all the generators may he
found following the above procedure. This strategy of obtaining bosonic
higher spin generators evidently guarantees the closure of the algebra
being isomorphic to the classical Weo algebra. But to obtain the ex-
plicit forms of all higher generators becomes very diflicult, although the
strategy is quite clear. Moreover, this strategy also ensures that in the
bosonic limit the super W reduces to the Weo algebra. In this way,
we may establish the WHOO ® Woo structure in the bosonic scector of

the super W algebra.

4.3 The Fermionic Sector

In the fermionic sector both the fermions, uj; and v2fi~1 form closed
algebras (4.9,4.10) separately. This reveals that a linear representa-
tion such as the one in [68] always exists for the fermions. We shall,
however, show the existence a nonlincar basis for both the fermions
in conjunction with the odd bosons. This [ollows [rom the observa-
tion that the even fermions, w); as well as the odd fermions, vl and
the odd bosons also satisly separately a subalgebra (sce (A.L,A.3) in
appendix A). Nonetheless, it turns out that nonlincar basis has an in-
teresting consequence. Both the fermions satisly identical algebras in
the nonlinear basis with an added advantage of generating the minimal
algebra.

The new basis for the even fermion generators may be construceted
as a suitable nonlincar combination of even [ermions 'u,.ﬁi and odd bosons

'u,g_i_l in the form

.]3/2 = ——'Ur(j)-
R S R
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7 f f’ o f v S b, f v, f b2 f

Jrpp = —uy —up; — Zuu +u_ Uy +upuy = u_ Uy — U U
(4.17)

Thus the new sct of generators become more and more nonlinear as in

the even boson case. But it is seen that the nonlincar basis for the even

fermions (4.17) can be recast in terms of the bilinears of the gencrators

only as
Jypp = —uf
js/'z = "'“'ﬁ + jﬁ/z — W j:s/').
iy = = o+ 3T = Widoya + 2Wh
Wy + %’ﬁf{.f]/z (1.18)

This demonstrates that all the even fermions, in general, can be written
as bilinears in J and W having the form

~ 27" (n — 1)1t L+1 Y\ 50—
_ _f n n+ L+ (n—1)
.]n+3/2 - Uy, + (2“ _ 1)” Z ( l ) < l + 1 l+3/2

=0
n—1 n—m-=1 mn

=2 2 BRCH (=DM I (4.19)

m=0 k=0 [=0

(n = 0,1,2,...), where By and C}, are the c-number cocflicients.
While the values of €7, can be casily extracted from (4.3) by determin-
ing uj;_; in terms of Wit1, it appears that there is no straightforward
procedure to determine the explicit expressions of the By for arbitary
spins. The closed algebras among the even fermions and odd bosons
strongly corroborates the existence of a nonlincar basis for all higher
spin generators and thereby ensuring the coeflicients By, can always be
determined for all higher spin generators.

The even fermions of higher spins may be obtained from (A.1) and

(A.9) through the Poisson brackets of the even fermions uik with the
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W, and W, generators,

7 f f u k+1 m+1, f
{Wo, upe} = —Ugpq2 — Z m+1 O™ g gn (4.20)
m=0
and
oS f Ly L1y
{Wa,up} = —Uppin — 5 Y2k + 5“%8
ok fal b k b oAl S
+ Z I uOugy gy = I ul Oy (4.21)
(=0 =0

The presence of the '““ﬁk+2 term in (4.20,4.21) clearly confirms that
the next higher spin generator can be generated [rom the preceding
one. Finally, (4.20) and (4.21) together with the closure of the Poisson
brackets of the fermion generators determine the higher spin generators
explicitly. As a consequence, the closure of the algebra among the even
fermions is ensured even in the nonlinear basis. To explicitly show the
closure property, the algebra among a few cven fermion generators are

given below.

{jzi/'z, -i:;/z} =0

{j5/2,j3/2} =0

{J5/2> Js/z} = 2j§/2j3/25(:1: —y)

{j7/21 j3/2} = —j§/2j3/2‘5($ - y)

{Jr2s T2} = ["3j5/2j1’i/2 =3 Jsj2J3720 + 2J§/2J3/20] 6(z —y)

4 7 717 7o o7 3 5 71
{J7/'z, J7/2} = [6-]5,,/2']5/2 - 3']5/2']3/2 + 3']5/2' él/'z + 4781273)2
o _ <O - 5 - -
—iJ;gl/,QJg/z - %Jél/zja/'za - §J§/2J3/202 0(z —y) (4.22)

It is interesting to note that unlike the linear algebra, the fermionic
generators do not commute ainolg themselves. This is a signilicant

departure from the linear representation and has a major clfect on the
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free field representation: the free field representations ol the generators
of the algebra have to be nonlinear as will be observed in chapter 5. The
difference between this algebra and the linear one becomes evident from
the spin 5/2 genarator onwards. For example, the Poisson bracket of
the j5/2 generator with itself becomes nonzero. In lact, the self brackets
of the generators, in general, cannot be made to zero by any change
of basis. Thus the nonlincar algebra cannot be reduced trivially to the
lincar one. A few Poisson bracket relations of W and W bosons with
even fermions are given in appendix B.

The arguments regarding the existence of the nonlinear basis for the
even fermion generators stated above hold good for the odd fermions
as well since the odd fermions v{i_l and the odd bosons ub,_, form
a closed algebra among themselves (A.3,A.4,A.5). We can therefore
generate a nonlinear basis for the odd fermions v, | as well in terms
of odd fermions and the odd bosons u}; ,. For example a consistent

nonlinear basis for a few odd fermions may be identified as

Jyp2 = vl

b
Jsj2 = —'u{ + U_l‘Ufl

1 5 " 1 2
Jrj2 = vj + i + Z"’{l —ulof —ufol, —u ol +ulil

(4.23)

It is straightforward to observe that the gencrators in (4.23) can be
rewritten as bilinear combinations of W and J like the even fermions.
This can also be argued from the fact that odd fermions and odd bosons
form a subalgebra and thus can be generalised for other higher spin
generators. The higher spin generators, however, may be obtained from
the lower ones following the Poisson bracket relations resulting from
(A.3,A.8)

{1V, ?’;{A:—l} = v'{k-i-l - '“;{k—la + '“'b—l‘“'fk—-l - ""‘[z‘k—l“{l (1.24)
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k=1
k—=1\ o o f
{1V, 05} = vzk+l ) ( ) w0 kg1

1=0

k;l ke 1 k 4 S
TR (L) (4] s 0

m=0 =

and by demanding the closure of the algebra among the odd fermions.
To demonstrate the identical algebra among the odd fermions and the
even fermions in the nonlinear basis, we give below the algebra among

a few odd fermion generators explicitly.

{Jaj2, Jap2} =0

{Js5/2, J3j2} =0

{Jsy2, Js 2} = 2']:';/2']3/25(-'15 - )

Urjas Jape} = = Jypudaped (e =)

{Jrjs Jaja} = [=3Tsp2 sy = 352320 + 2 ];/ng/QO] 5(z — )

{17/2, Juja} = [GJ, Jojp = 3Tty + 352l + J3/2JW
r 5 , ) ' =
- J(/zt]l/Z ~]:I;I/2']3/20 - 5'/:;/2'/3/202} 6(z—y) (4.26)
The algebra of odd fermions with even fermions as well as with the

bosons are also given in appendix B.

4.4 Conclusion

The super W, algebra, in its own right, deserves to be a candidate for a
universal algebra, unifying all finite dimensional hosonic W algebras as
well as supersymmetric W algebras. The presence of classical analogue
of V., algebra and a direct sum basis in the bosonic sector guarantees
that all finite dimensional bosonic W algebras can be obtained under
suitable truncation. Since the super Woo algebra is a higher spin ex-

tension of N = 2 conformal algebra, it is expected to contain all finite
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dimensional N = 2 supersymmetric W algebras, like the bosonic uni-
veral algebra. But a systematic analysis of the truncation of super W
algebra through some non-compact cosct model is yet to be studied

“and could provide the basis for a future study.
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Chapter 5

Iree Field Representation

5.1 Introduction

It is well known that the underlying representation of a conformal field
theory is essentially a free field representation. The free field represen-
tation in fact, is significant in a number of ways. Apart from playing
a role in the classilication of conformal algebras, the importance of the
free field representation lies in the fact that the quantization of classical
symmetry algebras becomes straightforward in terms of the [ree ficlds.

The simplest conformal algebra is the Virasoro algebra which can
he viewed as the algebra of the spin 2 field 7'(2) and can be realized
in terms ol a single real boson licld as 1'(z) = 0¢d¢. The Virasoro
algebra, later on has been extended by the inclusion of generators of
higher spin. The simplest higher spin extension of the Virasoro algebra
is the 1V3 algebra found by Zamolodchikov [43]. The W3 comprises two
generators, the energy momentum tensor 7°(z) of spin 2 and a spin 3
generator 117(z). Subsequently, higher spin generalizations known as
115, algebras were constructed [44, 45]. These consist of the energy
momentum tensor 7°(z) together with higher spin generators cach of

spin 3 < s < no A characteristic feature of all the W, algebras with
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2 <n < oois that they are nonlincar. All VW, algebras are realizable in
terms of n—1 free scalar fields. Lixtension of the W, algebras to infinite
number of spin fields i.e. n = oo have also been constructed. This is
the 1V, algebra [49, 50] generated by currents with spin 2 < s < oo.
The W is a linear algebra and another related linear algebra, the
Witeo [46, 47], with generators of all spins in the range 1 < s < oo is
also known. A feature of great significance in this conncection is that
the We algebra and its nonlinear deformation, namely the W algebra
can realized in terms of a complex scalar hoson O¢ and its conjugate
0¢ 48, 55]. On the other hand, the Wi s algebra has a representation
in terms of a pair of free fermionic fields ¥ and %* [79]. While the
representation of the gencrators of the nounlinear W algebra in terms
of ¢ and d¢ can be found only iteratively and cannot be written in a

closed form, that for the linear Wy has the following closed form

27+ ¢ [ i+1 T B N

7= k i—k+1 7 Ak+1

! (71+1)(2i+1)!!§)(‘1)< J 1 )0 0T
(5.1)

where the generators V* have conformal spin s =4+ 2 (¢ > 0). An-

other sequence of higher spin generators V', which constitute the Wiieo
12 1 12 ) t

algebra can be constructed from the fermion bilincars as

- 27+ ) e Y o
VA ERAL ik, *()A., 5.9
i+ )1 ?__:0( Y ( g )OO (5:2)

The free complex bosons, ¢(x, ) and @2, 1) and free fermions (a, £)

and *(z,t), satisfy the fundamental Poisson bracket algebras

{(/,*(:1?),‘(/}(;1/)} =d(x—y) (5,3)

and

{0p(), 0h(y)} = V.d(x = y) (h.1)
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The infinite dimensional linear algebras Wy, and Wi, although pos-
sessing an infinite number of generators are not universal algebras as
the nonlincar W, algebras cannot be obtained {rom them in a natural
way. However the nonlinear W, algebra is a universal bosonic algebra
containing all other algebras as subalgebras and is realizable by non-
lincar combinations of the [ree complex scalar boson and its conjugate
in contrast to the W, which has a linear represeutatibn (5.1).

By combining the fermionic realization of the Wi . algebra (5.1)
and the complex boson realization of the Wy, algebra (5.2) the N = 2
superalgebra was constructed whose bosonic component is Wiy oo @ Weo
- a requirement which holds for all superalgebras. Its fermionic sector
is constructed from bilinears of the complex scalar bosons and fermions
and their conjugates [60]. The two types of fermionic generators G*(2)

and G*'(z) with conformal spin 4 4 5‘ may be constructed as

i 27+ L i 0\ niekt1 T Ak
&= Tmrr 2 ( k ) ( S )8 ooty (55)
and
27+ 1) ) R A A
=G g(“l)k“ >< k )0 ooty (56)

The T 4oo generators Vi (i > —1), the Wy generators V(i > 0) and
the fermionic generators G* and G* (i > 0) close on a superalgebra
which is called the NV = 2 super W, algebra. Moreover, the fermionic

generators are such that they commute, that is,
{G',G'} =0={G G} (5.7)

The super Wy algebra discussed above is obviously a linear algebra
realizable with a basis bilinear in the free ficlds. The nonlinear super-

algebra discussed in chapters 2 and 4 however is not realizable from
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a combination whicl is bilincar in [ree fields. In this chapter we con-
struct a consistent nonlinear free field representation of the generators
discussed in chapter 4. The nontrivial Poisson bracket algebras among
the even fermions .]~,L+3/2 (4.22) as well as odd fermions Jy43/2 (4.26)
ensure a significant difference of the free field representations consid-
ered here from the linear ones (5.1,5.2,5.5,5.6). In fact, representations
of the fermion generators become not only nonlincar, and in general
exponential, but also a suitable combinations of both types of bosons
and fermions. This makes the free field representation distinet and im-
portant. In the bosonic scctor such a nontrivial change in the free field
representation is not apparent from the Poisson bracket algebras of the
generators. But it will be observed that the nontrivial Poisson bracket
algebras of the fermions become responsible for an important change
in the free field representation of the bosons over the lincar ones. The
bosonic scctor is no longer such that one set ol generators can be writ-
ten in terms of bilinears of free fermionic fields while the other set in
terms of free complex bosons. The free field represention is now such
that free fermions and free bosons get mixed up in a nontrivial mamn-
hor at the same time correctly reproducing the desived We, () Wy

structure.

5.2 TIree I'ield Representation of IFermions

The representation of the lowest fermion generator Jyjp is similar to
the one for the linear super Wy, algebra, except for a exponential term

which makes the representation general. Explicitly,
Jaja = 4" Opei* (5.8)

I 7 . o , , :
where ¢y = E(d) — ¢) and € is a real parameter. However, in order to

reproduce the Poisson brackets for the even fermion generators of higher
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spin, the free field representation of all the generators turns out to be
nonlinear. This is essentially because of the noncommuting nature of
the even fermion generators of spin higher than 3/2. If we compare this
with the lincar superalgebra, we find that this results in a completely
different representation. The representation for the J5/2 generator is
found by a simple procedure. Consider the Poisson bracket of the Wy
generator with the J5/2 generator.

{12, Jypa} = [—.1},/2 + 1j-'s/z D0 = Widip] S —y)  (5.9)

4 - 2

Comparing (5.9) with the Poisson bracket algebra between the free field

representations of W, (obtained in the next section) and j3/2, namely

(W, Jypa} = = [¢7'0¢ + v" (a0 + b0B) g — bipep™p* |ei“#?]
1 * l( v 3 ! 1 * y ~

5 100 ]+ 5y d‘/ﬂf"”’”f?} Sz —y) (5.10)
we find the free field representation of the j5/2 generator,

.is/z = [l/’*’(?(/) + " (Db + bOP)Op — bapap*op* ]2 (5.11)

where, a, b and € are real parameters. The same result will be obtained
by replacing W, by Ws.

Apart from the nonlinearity of the representation, a significant de-
parture from the linear representation is the presence of terms with the
fermionic field 1 and the bosonic field ¢. In fact, the presence of both
kinds of fermions, % and ¢* is inevitable to reproduce the nonzero alge-
bras consistently in the even fermion sector. This is in constrast to the
linear super Wy, algebra where the even fermion sector was constructed
using bilinears of the fields ¥* and ¢ [60]. The procedure outlined above
can be used to find the next higher spin generator .]7/2 {rom the Poisson

bracket between Wy and js/'z. This yiclds

]
| v

(‘(/’*0(/)(31.((/)2)” _ ,(/1,*’(0(/)(,_1'“/&)’ + 1),(/”/)*[{/)*' ((fif(/)z)/

Jipg =

—
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+’(/)*’ (CL(9¢ + ba&)a(peicd)z _ 'l/)* ((,L(')(,b + 1)(9(,5)(0(/)6“(1)2)/
4 (0D + bAP)2Depe P - b't/)l'l/)*'(/)*'(:'i"/’“
207 p* p* Opei e - Babypp*ep™ Ocpe 2 (5.12)

It is important to note that in order to reproduce the even fermion alge-

bras (4.22), the consistency condition demands that all the parameters

arc not independent, but are related by

1)_6 ae
ViV

Evidently, two more parameters still remain arbitrary, which cannot be

—ab=1 (5.13)

fixed at the classical level, The quantization of the algebra may fix the
arbitrary parameters through its central charge. The relation (5.13)
dictates that all the parameters a, b and e cannot be set to be zero
simultancously. This implies the non-lincar free ficld representation
cannot be reduced to the lincar one [60] trivially, which is a crucial
observation and will also be seen in the odd fermion sector.

The similar Poisson bracket structures (4.22,4.26) of the odd fermions

Joys and the even fermions J, s, however, indicate the similar free ficld
representations of the generators for the odd fermions. We give below
the representations of the odd fermions upto spin % The other higher
spin generators can be constructed in a similar fashion as in the even

fermion case. The representations ol the odd fermions may given as

Jyp = —dge i (5.14)
Js 2 = (=)' 0 + P(adp + bOP) O -+ appep Je (5.15)
T (LR I A e U A )

— (a0 + bOF)OPe P = p(adp + bOD) (Dpe™ ")

—1p(ad¢ + 00P)*Ope ™" — app* ) eI

+2a2pp ) Dpe ™92 — Sabypip*ep Ope (5.10)
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5.3 [ITreelield Representation of Bosons

In the bosonic scctor, the [ree field representations become more in-
volved. To be precise, in the linear representation [60], the Wite alge-
bra was realized in terms of the bilinears of a free fermion field and its
conjugate whereas the W, algebra was realized [rom the bilincars of a
free complex scalar field and its conjugate. This had the advantage of
automatically ensuring the direct sum basis of the generators of these
algebras. But such a simple representation cannot be considered in
the present case as it leads to an inconsistency in the fermionic sector.
Thus a signilicant change in the free field representations in the bosonic
scctor 1s required so that the representation is consistent in all sectors.

For the odd bosons we have the following consistent representation.
The lincar part of the representation may be written in terms of the
fermion bilinears. Thus the lowest one is identical to that of the linear
representation, namely

W, = —h* ) (5.17)
On the other hand in spin 2, we have trilinear terms,
s, 1, . , _
I, = -E(’l/) Y= ) — P p(add + bOP) (5.18)

where @ and b are the same paramecters, alrcady introduced in the
fermionic sectors. Note that linear representation [60] consisted of only
the first two terms which involved the free fermion field and its con-
jugate. The Poisson bracket of W, with itself is found employing the

fundamental bracket (5.3,5.4) to be
T I 1 ' ! -
{Wa, Wa} = [2 [-5(1/;* =P ) — P ip(add + bOd))J 0

[ , -1 .
=} ["5(‘/’* S= ) = Pprpadd -l /)()(/))] ] S —y) (5.19)
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thus correctly reproducing the Poisson bracket of the W, generator in
(4.4). The term ¢*ih(ad¢ + bOP) in (5.18) is the most general form
of the spin 2 gencrator, but involving complex boson ficlds. From spin
three onwards the representation becomes complicated having more and
more nonlinear combinations of the free ficlds. We will therefore follow
a different strategy from spin three onwards.

Following a similar procedure as in the odd boson case, we can
obtain the spin 2 generator of the other sector. The most gencral form

of the 1V, generator is
Wy = =0¢p0d — p*1p(adep + bIP) (5.20)
For Wy also we find that

(W, 1V} = [_2 [~060b = p*p(adp -+ b0F)] 0
_ [—qu(')q; — P p(adp + ba(/;)]l] 3z —vy) (5.21)

i.e. the Poisson bracket structure of the Wa given in (4.13) is correctly
maintained and it also commutes with the odd boson gencrator W,.
Explicitly

{(Wy, Wa} =0 (5.22)

Thus for both the spin 2 gencrators the last term turns out to be tri-
lincar and more so this is the only possible term that exists at the
spin 2 level being a mixture of bosonic and fermionic ficlds. We also
emphasize that since the diflerence Wy — Wy is the the cnergy motnen-
tum tensor T, we find that the Virasoro algebra can be obtained from
(5.19,5.21,5.22) and is therefore realizable in the basis (5.18,5.20).

For higher spin generators, however, the representations of both
types of the bosonic generators may be obtained from the leading order

terms of the Poisson brackets, {Jy4a/2, J3/2}, the Jugase being given in
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(4.17). This will immediately follow from the Poisson bracket relation

(A7),

n .
(e vli} = | (s = vh) = 30 ( e ) (=1)" b1 0" | 6(z—)

- (5.23)
The leading order terms in (5.23) evidently will be a combination of
(Iri’j” — Wij42) term and the suitable combinations of lower order spin
terms. The representation of W,,, generator and consequently the
IT’HQ generator may be obtained explicitly by exploiting the commuting
property of W and W generators and from the Poisson bracket relation
{Wj42, Wa}. The consistency of these representations may be checked
by comparing the algebra among the other bosonic generators.  For
example, the free field representations 1y and 1y generators may he
obtained as follows. The Poisson bracket {.]~5/2,J3/2} using the free
field representations of the fermion generators .fs/g and Js;, (5.11,5.14)

is found to be
{Jsy2, Ja2} = [—aw% + —\;—58(;50&(0(/) — 0¢) — 0p0P(adP + bIP)
—0*'y — 209"y 9 — b 0 + ¥ Y0P
+a76_§1/1*1/)(6q5)2 - b%d)*d)(&&)'z — b 0
— (0006 + "' + 29" (adg + b0P)) 9] 6(x — y)
(5.24)
comparing the same with the Poisson bracket of gencrators .]~,r,/2 and
J3/2
{Jsjas Jap2} = [4% + Wy + éw.; + WLy — 2WL W,
6(z —y)
(5.25)

L 1 - . 1 - .
—%W{ Wt g+ <W2 +Wo + W - WE) )
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allows us to determine the free ficld representation of Wy — Woy from the
leading ovder term since the [ree field representation of the non leading

order terms are already known. Explicitly,

,/',_-',f__]'_\? b — 0692 _ € P € 952
Wy = 1V = 5[0°600 = 0003 + (—a + —5)(09)*06 — (b -+ —5)09(09)

+éq’)'l/)((102¢ — bI*P) — P P(adp + bOP)* + 20hpDPrp* )
_ 1 , , _
+%¢*¢[a(8¢)2 - 0(09)°] - S W+ 9"y (a0 — 009)
+é(u*"¢ — 4"y Y)Yl + b0)
+(W" Y — 9"Y) (a0 + 0OP) (5.26)

Next, we determine the Poisson bracket between Wy — W/;; and Wa.
Since the odd and even boson generators commut.e (1.12), this aperation

allows one to lind Wy [rom the Poisson bhracket
(W =15, ) = (W, 1) = (=850 = Wil §(w —y) (527

and hence Wy, This procedure eventually leads to the following explicit
form of the free field representation of the spin 3 generator Ws
Lino  ns 9 - c
Wy = =[0%00¢p — 0pd*P| + (—a + —=
1 o N2 7 o 7y oy Tl
-i-;(/}*'l/)(u()“)(/) — b)) = PP -1 bDp)* + 20pDpyp* )

00~ 0 -

)(09)20 — (b + %)04)(0&)’

| —

(- P ) (add — bOP)
(5.28)

¢

[\

Cosequently the representation for the spin 3 generator in the odd boson

sector, namely 1y is obtained from (5.26,5.28) to be

Ifﬂ’;; = ——%(’l/)*” P — /1'1/)*1'1/)1 + 'z/)*'l/)”) — 1 p(adp + I)Or/_))'2
)
— (" p = P ) (add + bOP) (5.29)
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Notice that the spin 3 generators acquire a complex structure and pos-
sess terms quadrilinear in free fields. In a similar manner both the spin
four generators may be obtained [rom the Poisson bracket {.j7/2, 32}
This constitutes an algorithmic procedure by means of which free field
representations ol the higher spin gencrators may be constructed. An
interesting consequence of the free field representations considered here
is that in the bosonic limit the generators in the cven boson sector
reduce to that of the bosonic super I'i/oo algebra thus lending weight
to the possibility that the sccond Hamiltonian structure of the N = 2

nonstandard flow KP is truly a supersymmetric universal algebra.

5.4 Conclusion

Thus we see that free field vepresentation of the nonlinear super alge-
bra is not a trivial extension of the linear one [60]. This is essentially
because the relation (5.13) dictates the both the parameters ¢ and b
cannot be set to be zero simultancously, making the representation
essentially nonlincar. The presence of an admixture of the bosonic
and fermionic terms, on the other hand, makes the representation of
bosonic sector nontrivial, unlike the lincar case. Importantly, even with
the presence of the fermionic and bosonic fields together, we obscrve
that the odd bosons commute with the even bosons.  All the higher
spin generators may be constructed from the algebra amongst the even
and odd fermionic generators (5.23) and consistency of these represen-
tations may be checked by comparing the algebra among the bosonic
generators.  But the explicit forms of the higher spin gencrators in
terms of the free fields become more and more complicated as observed
from the spin 3 generators (5.29,5.28). lowever, the strategy is quite

obvious.
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Chapter 6

Bilinearization

6.1 Introduction to the Hirota Formalism

The integrability of the N = 2 nonstandard flow KP equation has been
established from various viewpoints among them being the existence of
the biHamiltonian structures which was shown in chapter 3 and also
from the existence of the Lax pair. Another aspect of integrability of
a nonlinear system is the existence of nondispersing wavelike solutions
called solitons. In fact, the existence of soliton solutions is an indispen-
sible criterion for determining the integrability of a nonlinear evolution
cquation. Soliton solutions can be generated by various methods such
as the inverse seattering transform, the Backlund transformation, the
trace method, and other methods of varying applicability. These tech-
niques have also been extended to include supersymmetric equations
in their purview [11, 13, 14, 15]. However, a powerful and general
method of generating soliton solutions in bosonic nonlinear differential
cquations, namely the Hirota bilinear method [41] has been applied to
supersymmetric extensions of only a few nonlinear systems; these have
been mainly N = 1 supersymmetric equations [32, 33, 35, 37, 38]. But

the bilinear method for N = 2 supersymmetric equations are yet to be
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studied.
The direet method for constructing multisoliton solutions of noulin-

car evolution equations was introduced by Hivota in 1971 [41]. This is
based on a transformation of the dependent variable(s) so that in thesce
new variables the multisoliton solutions appear in a simple form. While
the inverse scattering method is more powerful as it can handle general
initial condition, the direct method is casier Lo usc as it is algebraic,
rather than analytic. The effectivencss of this method, also called the
Hirota method, was demonstrated when soliton solutions of a number
of nonlinear differential cquations were obtained using this technique
(sce for example [80, 81, 82, 83, 84, 85, 86, 87, 88, 89]). It was later
shown that the transformed variables, called 7 [unctions [90, 91, 92]
possess nice properties as they play the role of the effective action in
field theories. The Iirota method essentially consists of casting the
equation in a form that involves the bilincars of the 7 functions. This
is called the bilincar form of the cquation and procedure is given the
name bilincarization and requires the introduction of a novel diflerential
operator. The main difficulty in the Hirota method is that the bilin-
earization process is not algorithmic and this problem is made more
diflicult as one cannot predict beforchand how many dependent vari-
ables will be required for bilincarization. It is important to note that
bilincarization is intimately related to the notion of integrability.
As an example of the bilinearization process in the Hirota formalism
we consider the KdV equation
Oyu + Obu + 6udzu =0 (6.1)
In order to bilinearize (G.1) the required transformation is

w=20%logT (6.2)

| ot oY in (G and after one integration over z, we fi
Substituting (6.2) in (6.1), and all bl r, we lind
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that
20,0, log T + 205 log T + 12 (02 log 7')2 =0 (6.3)

Using the IHirota operator D [41] defined by
D3 f.g = (0r — 0u,)" f(21)9(22) |21 =20=x (6.4)
the transformed IKdV equation (6.3) can be cast in the bilinear form
(DD, + D3)(r.7) =0 (6.5)

The Hirota operator acts on a product of two functions like the Leibnitz
rule, except for a crucial sign difference. From (6.4) the Leibnitz rule
for the Hirota operator follows as

n

D!fg=> < 7; ) (—1)'0y " fOby (6.6)

i=0
Note that the choice of the transformation (6.2) is a non algorithmic
process and is a mixture of guesswork and intuition.

An important property of equations in Hirota’s bilincar form is their
gauge invariance. It can be shown that for quadratic expression homo-

. . : : n .
gencous in the derivatives, d.e. of the form 3701 < | 0y [0y, the
= 0

requirement of gauge invariance under f — e**f, g — ek*g implies
that ¢; = (—1)" [93]. Any equation that can be written in the bilinear
form pbssesses two soliton solutions. The situation for three and higher
soliton solutions is more complicated. From a study of the integrability
of nonlinear evolution equations via the Painleve analysis, it appears
that the existence of three soliton solution goes hand in hand with the
Painleve property thereby indicating that the three soliton solution imm-
plies complete integrability [12]. This is also shown by the example of

the bilinear equation given in [85], namely

(D} + DD, + DY) 7.7 =0 (6.7)
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which passes the Painleve test for only & = —% and posscsses three
soliton solution only for that value.

The extension of the Iirota method to supersymmetric systems
was provided by McArthur and Yung [32] who bilincarized the N =1
KdV equation of Manin-Radul-Mathieu (8, 9] and thus extended the
Hirota method to the supersymmetric regime. Later on, /N soliton
solutions of this cquation were also constructed by the super Hirota
method [33]. Several other equations with N-= 1 supersymmetry,
such as supersymmetric Sawada-Kotera-Ramani, the supersymmetric
Burgers equation have been bilincarized with the super Hirota method
[34]. The bilinearization is carricd out in manner similar to the bosonic
case, but by using the supersynnetric extension of the Ilirota operator

[32] defined by

SD"f.g = (Do, — Do) (s, = 0ua)"f (21, 0)9 (w2, 02)| .

| =Ty =1
0y =0,=0
(6.8)

where D is the supersymmetric derivative (2.4) and 0 is the Grassmann
odd coordinate. The super Hirota operator S is super gauge invariant

so that

SD! (9 f.c%y) = c*°SD" [ .g (6.9)

where © = kx + (0, ¢ being a Grassmann odd paramecter. Following
McArthur and Yung [32], we will demonstrate the bilinearization of the

N = 1 supersymmetric KdV equation
O+ D¢+ 3D*(pDg) = 0 | (6.10)

where ¢ is a spin 3/2 superficld. The superlield can bhe written in terms

of a spin 0 super 7 function through the transformation

¢ =2D"logT (6.11)
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Substituting (6.11) in (6.10) we obtain the N = 1 super KdV in the

form
2D, log T + 3[(2D%log 7)(20% log 7)] + 2D log T = 0 (6.12)

Using the super Hirota operator defined in (6.8), (6.12) can be cast in

the bilincar form

(SD, + SD2)r.7 =0 (6.13)

In this chapter, the extension of the Hirota formalism in N = 1
superspace will be utilised to bilinearize several supersymmetric equa-
tions. We will first consider the N = 2 KdV equation in N = 1 super-
space [36]. In addition, several supersymimctric equations with N =1
supersymmetry, namely the NV = 1 mKdV equation, N = 1 mKdV B
cquation and the V = 1 mIKP, which have not been studied carlicr, will
also be bilinearized [67, G8].

6.2 The N =2 KdV Equation

A supersymmetric system of special interest is the N = 2 KdV equation
obtained from the non-standard superLax representation by Inami and
Kanno [61]. This system is essentially the N = 2 superspace KdV
cquation proposed by Labelle, Laberge, Mathicu and Walton [69, 70,
71],

«—1

01 = =322+ 30, (2D, D,Q) + 0 (D1D20%) +3002°0,Q (6.14)

with the value of the free parameter a = —2, and §2 is spin 1 superfield
in N = 2 superspace. It was later shown that this system could be
obtained from the reduction of a N = 2 superIK hicrarchy [63] arising

out of the non-standard flow equation. In N = 1 superspace the N = 2
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KdV equation [69, 70, 71, 61] has the explicit form

. ) 1, 4 \I[2
Oy 4 ul® 43 (71.[_1]1“0) -3 (’”i* |>[ =0 (6.15)

2

Oyug + uE)G] -3 (uouy])lzl — % (uou2_1>[2] + 3 (uuu[_z]l) =0 (6.16)

In (6.15,6.16) u_1 and up are superfields of conformal spin 1 and 3/2
respectively. It is clear from the form of the equations that they are
two coupled N =1 supersymunetric cquations which in two dillerent
limits, namely u-1 =0 and 1 = 0 reduce to the N =1 KdV cquation
8, 9] and the N =1 mIKdV B cquation respectively. Interestingly, in
yet another limit, namely wy = Du—a both the cquations (6.15,6.16)
acquire an identical form and ultimately reduce to the N = 1 mKdV
B cquation. All these reductions are hilincarizable and N soliton solu-
tions exist for each of them. On the other hand, the bosonic limit of

(6.15,6.16) gives risc to a sot of coupled equations ol the lorm
l A3, b 1 03 . -
OL'“’)—I + 0 w_| — "2‘()“,_1 = () (()17)
and
. 3 ) b2 )
oy + 0l — 30ty — 50 (ubul') + 90 [ug(0u)] =0 (G.18)
where the super ficlds are written in the component forms as
, b ) 2
w_y = u_, +0ul, (6.19)

and ' '

= uf + 0ul
Uy = Uy + g (620)
The first equation, (6.17) 18 nothing but the mKKdV equation, whereas
the second one, (6.18) is a coupled one and reduces to the KdV equation
if u® | is set to zcro. These bosonic equations (6.17,6.18) can be shown

to be bilincarizable and possess N soliton solutions.
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In order to cast the supersymmetric equations (6.15,6.16) in the

bilinear form, we transform the superfields as
T
u_y = 2D?log = (6.21)
T2
for u_, and
up = 2D%log 7y (6.22)
for ug. 7 and 7, are independent bosonic suverfields. Notice that in
(6.22), up depends only the superfield 7, whercas the other superficld
u—p is a function of both 7, and 7. Substituting for u_; and wug in
(6.15), we have

. T , .
20,0 log 7+ 20 og ™+ 302 [ (2D% og ) (2D% 108 7,)|
T2 Ty T2

)3

After operating on (6.23) by D' we find that (6.23) can be rewritten

Lpe [(Dz log 2t
2 Ty

=0 (6.23)

in the form
20,Dlog +2D"log 7, +12D" log 7, D? log 7,
_ (QOtD log s + 2D  log 7y + 12D" log 1, D° log 7'2)
12 {D“ log(m7m2) + <D2 log T—lﬂ [D3 log, — D*log Tg] =1
" (6.24)
(6.24) can now be cast in a form involving only bilincars. Explicitly,

(SD: +SD3)(r1.71) _ (SD¢ + SD3)(2.72)

2 2
I 72
—GDi(TI.TQ) ,:SDI(Tl.’ﬁ) B SDz(;'z-Tz)} -0 (6.25)
T Ty T2 )
A similar procedure applied to the (6.16) yiclds
(8D +SDY)(r.m) _ (Di(rim) SDu(rim) _ |, (6.26)

)
Tr T Ty
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Thus in terms of the supersymmetric TTivota derivative S (6.8), the

N = 2 super KdV equations can be cast in the following bilincar forni:

(SD; + SD2)(r,.71) = 0 (6.27)
Dg:(Tl-TZ) =0 (6.29)

6.3 The N =1 mKdV Equations
In this scction, we consider the N = 1 mKdV cquation [9, 94, 95, 96]
involving spin 1/2 super field 4 (z,0,t),
Oy + D% — 3 DPpDyp — 3(Deh)2 D4 = 0 (6.30)
and N = 1 mKdV B equation having spin 1 super ficld ¥(z, 0, 1)
o,V + DO — 2D*T° =0 (6.31)

and show that these equations can he bilinearised following the super-
symmetric extension of the Hirota method. It will be seen that these

two equations have different bilincar forms.

The N = 1 mKdV Equation

(6.30) is related to the N = 1 KdV (6.10) cquatior? through the

super Miura transformation [9, 94]
¢ =D’ + Dy (6.32)

The superfield 9 is fermionic having spin 1/2. The N =1 mKdV also
follows as an N = 1 reduction of the N =2 mKdV system [61]

. 1 . 3 ,
Oy = =D | DY, + 3y D, Dy — E(D'(/),)“ — ED'I/), (Dpy)*
(6.33)
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. 1 5 3
Oups = —D | D%y + 39, D% Doy — §(D'(/)2)" - §D‘l/)2(D’l/)[)2]
(6.34)
which is connected to the N = 2 IKdV (6.15,6.16) through the Miura

transformation
u_y = D(hy +1b2) — 12 ug = D*thy — po Dy (6.35)
By imposing the constraint ¢, = —t, = 1, (6.33,6.34) immediately

reduce to (6.30).
In order to cast the NV =1 mI{dV equation in the bilinear form the
superfield 1 is written in terms of the 7 functions as

Y = Dlog ﬁ (6.36)
T2

In terms of the supersymmetric Hirota derivative S (6.8) the NV =1

mIidV cquations can be cast in the following bilincar forms:

(SD; + SD3)(mi.71) = 0 (6.37)
(SD; + SD3)(72.73) = 0 (6.38)
D2(m.72) =0 (6.39)
SD,(11.72) =0 (6.40)
In obtaining the bilincar cquations above, use has been made of the
identities Y
D?(7.
D*log(mm) + (D2 log 3) - D(nm) (6.41)
T2 T1Ty
and
. : SD(7,.7.
D log(rimy) + D?log LD log 1 = SR(TT2) (6.42)
T2 T TITy

It is interesting to note that in spite of carlier claims that the N =1
mIiKdV is not super bilincarizable [33, 34], the contrary scems to be the

case as we have seen above.

TH-1864_984402




68 CHAPTER 6. BILINEARIZATION

The N =1 mKdV B equation

Just as the N = 1 mIKdV equation (6.30) is related to the N =
1 KdV equation of Manin-Radul-Mathicu (8, 9] through super Miura
transformation (6.32), the N = 1 mKdV B equation (6.31) is related
to the N = 1 KdV B equation [97, 98]

8,® + D°® + 6D*PDD =0 (6.43)
®(x,0) being a spin 3/2 superficld, through a Miura tranformation,
Do = D*W — v? (G.44)

Note that the Miura transformation (6.44) is nonlocal. Interestingly,

in the bosonic limit (6.31) also reduces to the modificd KdV equation

and is invariant under the supersymietric transformation

sub =0/ oW =00, T’ (6.45)

As mentioned carlier, the cquation (6.31) directly results [rom N = 2
KdV equations [61] in the limit uo = 0 by identifying u_; = ¥. Inter-
estingly, in yet another limit, namely wy = Du_; both the equations
(6.15,6.16) acquire the same form which is identical to the N = 1 mKdV
B equation. One can also obtain the NV =1 mKdV B equation form

the N = 2 mKdV B proposed by Popowicz [99], namely

o,U + U +2(0:U)° = 6 (D1DpU)* 0,U =0 (6.46)
which reduces to the N =1 mIdV B in the limit U/ = 0, where
U = U+ 0,Uf, U/ and UY being N = 1 superficlds and under the
redefinition ¥ = 9,U°.

With the following dependent variable transformation

W = D?log — (6.47)
P
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the N = 1 mKdV B can be cast in the bilinear equations

(DD, + D} (r.7) =0 (6.48)
(D;D; + D) (1.72) =0 (6.49)
D2(11.13) =0 (6.50)

The bilinearization for N = 1 mKdV B, however, is not unique. It

possesses an alternate, but important set of bilincar forms
(D; + Dg)(11.72) = 0 (6.51)

D (r1.m) =0 (6.52)

The equations (6.51,6.52) become useful to show its connection with
bosonic mKdV equation. Both the equivalent bilinear equations of the
N = 1 mKdV B equation do not involve the supersymmetric Hirota
operator leading different types of solitons solutions than thosc of N =1
mKdV equation. This is essentially because the field involved, though

supersymmetric, is a bosonic superfield.

6.4 The N =1 mKP Equation

The cvolution equations for the lowest spin fields u_; and ug of the
N = 2 KP hierarchy constitute the N = 2 KP equations (2.13,2.14)
where the superfield u_; is a spin 1 bosonic superfield while g is a
fermionic superfield of spin 3/2. Imposing the constraint ug = Du_;
in the N = 2 KP equation both these equations reduce to a single

cquation, the N =1 mKP cquation and ultimately becomes

1
Bru_y +u% — 3 (u? ){ Ly 1202l 4+ 69, =0 (6.53)
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with the scaling of t = —4t, y = —3y and u_; = —su-1. Consider the
dependent variable transformation
.
u_, = 2D%log — (6.54)
T2

Substituting (6.54) in (6.53) leads to the following Hirota form for the
N =1 mKP equation

(DD, + D} + 12D3)(ry.71) = 0 (6.55)
(DD, + D + 12D7)(7y.72) = 0 (6.56)
(Dz - 2Dy)(7'1.7'2) =0 (657)

In the case of the N = 1 mKP, as with the N = 1 mIKdV B, the Ilirota
forms do not involve the super Hirota operator S and reduces to those

for the N = 1 mKdV B cquation if the ficlds become y independent.

6.5 Conclusion

The N = 2 supersymmetric KdV equation is thus bilinearizable in the
Hirota formalism in N = 1 superspace. This system is intimately re-
lated to the N = 2 nounstandard {low KI’ hicrarchy. Morcover threc
different N = 1 supersymmetric evolution equations, to which the Hi-
rota formalism was not applied carlier, have also been bilincarized.
Bilinearization automatically implies the existence of one and two soli-
ton solutions. In the next chapter i.e. 7, we shall show the existence of
one, two and higher soliton solutions of these supersymmetric nonlinear

evolution equations.
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Chapter 7

Soliton Solutions

7.1 Introduction

The Hirota method can be used to construct multisoliton solutions by
an algebraic procedure in contrast to other techniques which are are an-
alytic. Most partial differential equations have travelling wave solutions
but only in exceptional cases do they have solutions that where these
travelling waves scatter elastically 7.e. are true solitons. An important
advantage of the IHirota method is that if the equation is bilincariz-
able, it will always have at least two soliton solutions. As an example,
consider once again the KdV equation (6.1) and its form in terms of 7
functions (6.3). Notice that 7 = 1 is trivially a solution; it corresponds
to w = 0. If this solution is altered by adding the exponential of a linear
tern: T = 14 ¢ with 9 = ka + wt, then we find that this is a solution
of (6.3) provided w = —&% which is the KdV dispersion relation. A
two soliton solution can be attempted by adding another term so that
r=14¢n+e” with 1 = ko — k3t (i = 1,2). We find that this is not
a solution as the terms with e’ cancel but the mixed terms e do

Tly1 1 - . / L1 1) )
not. This term can be cancelled by adding a term Ape™ ¥ to the 7

71
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function with some constant Ay, Remarkably, the modified 7 function
Ti=1+e" ™+ Apehtn (7.1)

is a solution of (6.3) provided

Lo\ 2

This procedure can be carried further so that N soliton solutions can
be constructed. However, the existence of three and higher soliton solu-
tions is not guaranteed as these give rise to certain nontrivial conditions
which have to be satisfied by the one and two soliton parameters.

In this chapter, we shall construct the three soliton solutions of the
equations bilinearized in chapter 6 and discuss the existence of IV soliton
solutions for these equations. It will be observed that for the v = 1
mKdV B and the N =1 mIP equations the fermionic parameters play
a trivial role at all levels of soliton solutions. On the other hand, for the
N = 2 KdV and the N = 1 mIdV cquatious, constraints imposed on
the fermionic parameters from the two soliton level onwards arc crucial

in demonstrating the the existence of higher soliton solutions.

7.9 (QOne Soliton Solution

For the one soliton solution of the N'=2 KdV, the N = 1 mIKdV and

the N = 1 mKdV B equations, we use thie the following forms of the 7

functions:
71 =14 «ae” (7.3)

and

Ty =1+ fe! (7.4)
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o and A in (7.3,7.4) are nonzero bosonic paramecters. The parameters a

and S can be determined from the initial value conditions. In (7.3,7.4),
1= kv + wt+ (O (7.5)

where & and w are the bosonic parameters and ¢ is the Grassmann odd

parameter. We shall now consider cach equation separately below,

The N =2 KdV LEquation

Substituting (7.3) and (7.4) back into third cquation of the Hirota
form of the N = 2 KdV equation (6.29), we find the non-trivial solutions
exist provided

g = —a. (7.6)
The dispersion relation, however, follows from (6.27,6.28) as

w+ k=0 (7.7)

which is identical to that for the bosonic KAV or mKdV equations. In
obtaining the dispersion relation the following property of the super

Hirota opcrator has been used.
SD" (e".e™) = (ky — k)" [~ (¢ — o) + 0 (ky — ko) Mt (7.8)

The fermionic parameter, ¢, however, remains arbitrary at the one
soliton level. o

The explicit forms of the the soliton solutions for the superfields
w o and wg may he found by substituting the 7 functions in (6.21) and

(6.22) respectively. This yields -

w_y = —(2&)coscch(p 4 v9) — 0(2k¢)cosh(¢h - vo)eosech? (¢ + vo) (7.9)
and T 2 .
wy = —5hkGsech 5((/) + ) + ()—2—50('11 5((/) + o) (7.10)
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where we have chosen ¢ = kz' — k3t and @ = —f8 = €™, , being
nonzero, real parameter. The bosonic and fermionic components of
the superficlds are casily found by comparing (7.9) and (7.10) with the
component form of the superfields w_; and wgy, (6.19) and (6.20). It
is observed that the soliton solution of u® | becomes isomorphic to the

mI<dV soliton and u‘() to the KdV soliton as expected.

If we choose « to be negative in (7.3), the solutions for u_; and wug

become
w_y = (2k)coscch(p + v0) -+ 0(2kC)coshi(h + vy )cosceh® (¢ + vy) (7.11)
and

1 51 k? 51
ug = §k§c0360112§(¢ + 7)) — 07cosechz§(d) + Y0) (7.12)

Interestingly, the solutions (7.9,7.10) and (7.11,7.12) arc counccted

through the transformations

U] = —U-) (7.13)

and

ug = ug — Du_y (7.14)
On the other hand, at the equation level, the N = 2 KdV equation
remain invariant with respect to the transformations (7.13,7.14). Evi-
dently, @ — —a is a symmetry of the cquations of motion. At the 7
functions level (6.21,6.22), in fact, this symmetry is manifested in the
tranformation 7, — T2 and vice versa and thus will be observed at the

N soliton solutions.

The N = 1 mIKdV and mKdV B Equations

For the N = 1 mKdV and the V. =1 mKdV B, we choose the same
form for the 7 functions viz. (7.3,7.4,7.5). Substituting (7.3) and (7.4)
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in the Hirota forms of the NV ="1 mIKdV ecquation (6.39) and (6.40) and
that of the N =1 mIKdV B equation (6.50), we find that for nontrivial
solutions of these two equations the constraint (7.6) has to be satisfied.
Morcover, from (6.37) and (6.38) for the N = 1 mKdV and (6.48) and
(6.49) for the N = 1 mKdV B, we find that the dispersion relation is
identical to that of the N = 2 KdV i.e., w = —k*. Though the one
soliton 7 functions for the N = 2 KdV, the N = 1 mIKdV and the N =1
mIKdV B are identical, the explicit one soliton solutions themsclves are
not so. This is clear from the one soliton solutions of the N =1 mIKdV
and the N = 1 mIKdV B, which are obtained by substituting (7.3) and
(7.4) in (6.36) and (6.47) respectively. Thus for the N = 1 mKdV

Y = Ccosech(p + 7vy) — Okcosech(¢ + o) (7.15)
and for the N =1 mKdV B
W = —kcosech(¢ + o) — O(kC)cosh(p + vo)cosech? (¢ + vo)  (7.16)

are the explicit one soliton solutions where, ¢ = kx— k3t and v = —f3 =
€™, 7y 1s a nonzero, real parameter. Notice that the bosonic component
in (7.16) becomes identical with that of (7.15), as expected, since both
the equations reduce to the mIKdV equation in the bosonic limit. But

the fermion components are quite different.

The N =1 mKP Equation

For the N = 1 mKP, we choose (7.3) and (7.4) as the 7 functions,
but as it involves an additional space dimension, namely y, the phase

7) 1S NOW
1=k + kyy+wt+ 0 (7.17)

1t is casily shown that plugging these back in lirst two equations, namely

(6.55) and (6.56) ol the Hirota form of the N = I mKP, the dispersion
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relation may be obtained as
why 4 k& + 12k, =0 (7.18)

From the third equation of this set (6.57), ky is related to k. through

1(a+B),2
e = —— Lk 7.19
v=3@-h) " (7:19)
This imposes the following constraint between o« and B paramecters like
B+ (7.20)
Notice that for the N =1 mIP equation the condition on a and

[ parameters are less restrictive. However, if the further restriction
f=—ais imposed on the parameters, evidently £, 1n (7.19) becomes
zero and as a conscquence the one soliton solution 7 function reduces
to that for the N =1 KdV B equation. This reduction, in fact, will
be observed for all the IV soliton solutions. The components of the one
soliton solution of the N = 1 mKP equation are obtained by putting

back (7.3) and (7.4) in (6.54) to get

1 1 1
ub | = kzsinh 5 (70 — d0) scchi (¢ + Y0) SCChi (¢ + do) (7.21)

. 1 . 1 1
wl = —%Asz sinh 5 (70 — S0) sucha (¢ =4 70) H(s(:hE (b + o)
x [tanl (¢ 4 7o) + tank (¢ + do)]  (7.22)

Here o = ¢”° and f = ed ~y and Jy being nonzero, real parameters
¢ = koo + Fkyy + wt.

It is clear from the derivation of the one soliton solutions above that
the fermionic parameter ¢ is not significant; but in the next section, it
will be seen that for the two soliton solution of the N = 2 KdV and
the N = 1 mKdV equations the fermionic paramecters play an essential

role in proving their existence.
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7.3 Two Soliton Solution

The two soliton solution of the N = 2 KdV, the NV =1 mKdV and the
N = 1 mlsdV B equations may be obtained by choosing the 7 functions

in the form

2

=14+ ae™ + ajapAdpe™ ™ (7.23)
and
7o =14 Bie™ + Boe™ + [ Bo Broe (7.24)
where
n = kix + wit+ o (7.25)
1y = kyx -+ wat + (20 (7.26)
In (7.25,7.26) the parameters by, Ay, w; and wy arc bosonic, while ¢

and ¢, are fermionic ones, as before.

The N = 2 KdV Equation

For the two soliton solutions of the N = 2 IKKdV equation, the third
bilinear form (6.29) yields oy = —f; and ap = —f2 in order that the
solutions to be nontrivial. These are obtained by setting the cocflicient
of the first order terms e (i = 1,2) to zero. On the other hand from
the coefficient of e we find that the interaction term to be

| ky — ko)

Ay = Byp = <m> (7.27)
which is the same as that for the bosonic KdV equation (7.2). Substitut-
ing the two soliton solutions (7..23) and (7.24) in the bilinear equations
(6.27) and (6.28), on setting the cocflicient of the linear terms to zero,

we obtain the dispersion relations

w4+ kY =0 (7.28)
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and

wy -k =0 (7.29)
[Towever in order that the coeflicient of the sccond order term et
consistently vanish, in addition to (7.27) it is required that the ollowing

constraint be imposed on the fermionic parameters ¢; and (o

ki1Co = k2C1 (7.30)

The N = 1 mKdV and mKdV B Equations

For the N = 1 mKdV cquation the choice of (7.23) and (7.24) as
(he two soliton 7 functions loads to the same results as in the case of
Cthe N = 2 NdV, that is we obtain identical interaction term (7.27)
from (6.39) and [rom (6.40) provided the condition (7.30) is satisfied.
Moreover, the dispersion relations are the same as (7.29,7.30). Lor the
N = | mKdV B cquation the bilincar equations (6.48,6.19,6.50) en-
sure the nontrivial two soliton solutions invoking the sct of identical
results as in N =1 mIdV equation but for the last condition (7,30)_
In particular, the conditions on the parameter o; and f;, the disper-
sion relations (7.28,7.29) and the interaction terms A and By (7.27)
become identical in both the cases. However, in contrast to the V =1
mlvdV, the relation among the fermionic and bosonic parameters doces
not arise for the N =1 mKdV B cquation. This fact is reflected in the
structure of the bilinear equations, which are expressed only in terms
of the bosonic Hirota operator D and will be observed for all higher

soliton solutions also.

The N =1 mKP Equation

For the two soliton solution for the N = 1 mKD cquation, the 7

functions may be written once again as (7.23) and (7.24), with 7, and
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1), being now dependent on the y coordinate. The explicit forms of
. } G ’ S 71

and 12 arve given by
= kit + kyy +wit + G0 (7.31)

M2 = Ale + kay + wot + CQ() (732)

IFor nontrivial soliton solution we find as for the one soliton case
Bi# o i=1,2 (7.33)

We will obtain two dispersion relations corresponding to the the pa-
rameters 11 and 1. The dispersion relations resulting from (6.55) and
(6.56) are
. A : :
wikiz + ki + 12k =0,  1=1,2 (7.34)
The expressions for A, and By may be obtained from (6.57) by cquat-

ing the coeflicient of e *"2 to zero. It turns out that

(o1 B2 + a2f) (kiz — kow)? — 2(001 B2 — a2 fr) (k1y — k2y)

.*'112 = Bl'Z =
(arog + B152) (kiz + k2e)? — 2(araz — B182) (kiy + koy)
(7.35)

Quite clearly, (7.35) reduces to the analogous expression for KdV in

the limit 8; = —Qi (1=1,2).

7.4 N Soliton Solution

It is well known that the existence of one and two soliton solutions

do not ensurce the exact integrability by Hirota method. In fact the

method of obtamingone and two soliton solutions considered in the pre-

vious sections always leads to the nontrivial solutions if the equations

of motion can be cast in the bilincar forms. This method determines

the unknown parameters involved in the trial solutions upto two soli
S ) SO11-

ton solutions. It is thus necessary to show the existence of atlcast three
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soliton solution, which checks the consistency of the solution. In this
section we discuss the N soliton solutions and obtain the three soliton
solutions in particular. The 7 [unction for the N soliton for all four

cquations discussed carlier may he written as
N N
L= Y exp (Z o (i, 7) iy + 2 (i + log ) (2 <J)
1=1

1i=0,1
(7.36)

and A;; = c?(id) | For 15 we replace by 3 and A;; by Bi;. It is impor-

'L,j:l

tanit Lo note that in a recent work [37] amore general solution for N =1
IKdV is proposed by dressing the fermionic part of the soliton solutions
through the interactions. But the presence of the bilincar forms (6.29)
for the N = 2 IKdV and (6.39) lor the N = 1 mKdV cquations with
only bosonic Hirota derivatives ensures that the IV soliton solution will
be of the form (7.36). Conscquently the dressing of the [ermionic part
will not be effective in the solutions for N = 1 mKdV and N =2 KdV
cquations.

Thus the explicit forms of 7, and 7, for the three soliton solution
become

=1+ (\/1(27“ + (),’2@”2 + ze’ + (Yl(lf2/112(37“+”2 + (}{I(V.’ifll;;(37“+”3

FrguyAgge™ ™ + vy gy A Ay Agge izt (7.37)
and
7y = 1+ fie™ + Bae™ + Bae™ + BLB2Brae™ ™ 4 BB Biyem e
By By Base™ " A BiB2PsBra By Bage™ 0 (7.38)
where A
1 = kigt +wit + GO (i =1,2,3) © o (7.39)

for the N = 2 KdV, N = I mKdV and the N = | mKdV B cquations,

but for the N = L mID, it is also a function of the y coordinate so that

i = ki + 'I‘7i3/;1/ + w;il + G0 (1 =1, 2, 3) (74())
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Notice that (7.37,7.38) do not contain any new unkiiown parameter; it
is expressed in terms of the parameters of the two soliton solutions only.
Three soliton solutions thus verifies the consistency of the paramcters
determined by one and two soliton solutions. Substitution of the three
soliton solutions in the bilinear equations gives rise to a set of nontrivial
relations among the parameters, which determine the consistency of the
solutions. In the three soliton solution we find the conditions f; = —aq;
and the dispersion relations w; + & =0 (¢ = 1,2, 3) hold good for the
N = 2 IKdV, the N = 1 mRKdV and the N = 1| mIKdV B cquations.
The interaction terms for the three equations become '

(ks — k;)*

kit )2 (i, =1,2,3; @ %) (7.41)
Ptk

Aij = Bij =

The N = 2 KdV and N = 1 mKdV cquation however admits additional

constraint as in the two soliton solution on the fermionic parameters:
kG =kiG (5,5 =1,2,3; i# ) (7.42)

which are not found for the N = I mIKdV B cquation. The constraints
(7.42) arc essential to ensure the cocflicients of the terms e, ¢h*m,
et it en+2m+ns an emtmt2 ¢o vanish. Apart from de-

terming the unknown parameters, three soliton solutions provide a non-
trivial relation among the parameters. This identity follows from the
cooflicient of the term em2+m iy (6.27,6.28) or (6.37,6.38) to be zero

and is given by
ApAids(w) +wy + wy) + (A + kb + k3)®]
X[=(Cr Gl C;,)'-| O(ky - by - k)]
+Aaa((Wr = wy = wy) + (k1 = ko — )]
X[=(C1 = G2 = C3) + O0(ky — ky — k)]
A (ws = Wy = wy) - (kg = k= hy)?
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X[=(C2—C — C3) + 0(k2 — Ky — k3))
+Ap[(wy —wi — wa) - (ks — k1 — ks )?)

x["‘((il - ¢ - Cy) 1 0(hy — ky — /~7'.).)] == {} (7.13)

and interestingly 1s satisfied by using the dispersion relations and the
parameters in (7.41,7.42). In fact, (7.43) makes the three soliton so-
lution nontrivial. For the N = 1 mKdV B, however the nontrivial
coefficient i.e. the coefficient of em*m+m which follows from the bilin-
ear equations (6.48) and (6.49) is the same as that for the bosonic IKdV

or mixdV equation, that is

A A AW + w2 + wy) + (ky 4 Ko+ k) (y bz -+ Fy)
+Ags[(wr — w2 — ws) + (k1 — k2 — ks)® (ke — k2 — ks)
+413[(wz —wi — ws) + (k2 — ki — k)] (k2 — ki — ks)

4 Apllws —wi —w2) (ks = k= 02)? (s — ki — k2) =0

(7.44)

Note that the constraint (7.42) implies that (2 = %Cl and (3 = %“}Cl 50
that (7.43) and (7.44) are identical upto a multiplicative factor which
makes it easy to realize that the constraint on the fermionic parameters
are essential in establishing the integrability of the equations. From the
bilinear form D2(71.72), which is common to the Hirota forms of all the
three cquations discussed above, the cocllicient of ezt isidentically
7.010.

For N = L mikP cquation, with the 7 functions for the three soliton
solution given by (7.37,7.38), and 7 from (7.40), we find that if we

substitute the form of Ajj fori < 4 corresponding to (7.35) as

(i + a]-/ji)(/\:m — l;jl.)‘l — 2(if3; — ;i Bi) (Kiy — kjy

_ )
(cvirj + Bif;) (kie + kje)? — 2(cvay — Bif3i) (kiy + kijy)
(7.45)

xlij‘ == ]3,']'
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and the dispersion relation corresponding to each 7; from (7.34) as

Wikie + k) A 1287 =0 (7.46)

iy
in the cquations (7.37) and (7.38), 7 and 7, cventually satisly the
equations (6.55,6.56,6.57), provided ki and k;y are related as carlier
like | (o + )
- .
Lo = — ot T P g2 7.47
Yy 2 (a’i _ /Bz) 1T ( )
This, indeed, ensures the existence of three soliton solution for the
N = 1 KD equation and is scen [rom the vanishing ol the cocllicient of
e+t iy the Hirota equations (6.55,6.56,6.57). The explicit form of

the coefficient in first two equations (6.55,6.56) is
A Ag[(w) + ws + ws) (kie + Koz + ksg) + (k1o 4 Koz + kisz)"
+(kyy + Koy + kay)?]
+Ags[(wy — wa — w3)(kiz — k2z — ksz) + (Kiz — Koz — kaz)"!
+(Kiy = kay = hay)’]
+As[(we — w1 — wy) (ke — bz — kaz) + (Foe — F1z — kse)"
+(hoy — K1y — k3y)2] _
+An(ws = wi — w) (kse — ke — kaw) + (Fae — Kiz — Kou)"
+(k3y — b1y — /»'2;,)2] (7.48)
while from the third Hirota equation (6.57) we get for the coellicient of
em+m2+n3 the following expression
A A Ag[(ag g + B1B2s) (ke + Eoz + ksz)?
—2(a e + /51/32.[33)(/”3, + Koy + Fesy))
+ A (1 B2Bs + cpasfr) (k1w — Fow — ke )?
—2(a1 8283 — 04203151)(7‘»'1§ — koy — ksy)]
+A[(va i By + apay o) (Bow — Kia — by )
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—2(&2,51/53 h L\Jlu’;;/jz)(llﬂzy - ,Ii}ly - li13y)]
'F/\lz[(“’sﬁlﬂz + (\fl(Yzﬁ:s)(/ﬁ:;m — Fyy — %?z;.;)z
—2(asPiB2 — a2 fBs) (kay — kiy — Kay)] (7.49)

It follows from (7.47) straightforwardly that B; # « for a consistent
solution. The three soliton solution for the N = 1 mIKdV B equation
may be obtained from (7./15—7./17) by imposing the conditions y =
—f3;, which make the solutions independent of the y coordinate. This

procedure of obtaining three soliton solutions can be extended to N

soliton solutions.

7.5 Conclusion

ster we oxtracted soliton solutions of the N = 2 KdV and
(ric cquations, the mIKdV, mlKdV B and mKP,

In this chaj
three N = 1 supersymnie
All these systems call be shown to posscss IV soliton solutions. It was

that for the N = 9 KAV and N = 1 mKdV equations, the
odd parameters in the 7 functions play a major role in the

liton solutions, while for the N =1 1mKdV

also found

Grassmanil

existence of two and higher so
B and the N =1 Il equations, they do not. I'his is essentially due

to presence
N = 2 KdV and the N = 1 mKdV equations. This was also a first

of the super tHirota operator in the bilincar forms for the

attempt to solve a N = 2 supersymmetric system, namely the N = 2
KdV through the Hirota method and we believe it is worth mentioning
that carlier attempts to hilincarize the N = 1 mKdV cquation were
unsuccessful [33, 34]. The integrability of both these systems were
known via the Lax method; the N soliton solutions considered in this

chapter establishes their integrability from an alternate point of view
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Chapter 8

The N =2 super KP
Equation

8.1 Introduction

The dynamical equations for the lowest spin superficlds u—; and ug of
the N = 2 KP hierarchy (2.13,2.14) constitute the N = 2 supersym-
metric KP equations. In this chapter, the IV = 2 super KP equation is
bilinearized following the IHirota method and the existence of IV soliton
solutions is shown. Unlike the N = 2 KdV equation, we are unable to
bilinearize the N = 2 super KP equation using the super analogue of
the Hirota operator as the N = 2 superKI> equation, in contrast to the
N = 2 super KdV equation, involves the space-time dependence in a
complicated way. However, in terms of the component fields, the N =2
super IKP equation is in fact bilinearizable and is found to pgssess N
soliton solutions. In the next section, 4.e. section 2, the bilincarization
of the N = 2 super KP equation is discussed. In section 3, we obtain
its one soliton solution. In section 4, the existence of higher soliton

solutions is discussed. Section 5 is the concluding one.
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86 CHAPTER 8. THIE N =2 SUPER KI” EQUATION
8.2 Bilinear Forms of N =2 KP Equation

The N = 2 KP cquations can be rewritten in a convenient form alter
. 1 1 N

a rescaling of t = —4t, y = —5¥, -1 = —zu_y and uy = —%Uo so that

from (2.13) and (2.14), we obtain

1, . 2 2 .
- L (2) 4 5 ()" + 12250t

Qu_y + u ]1

+6u,lf]1 O,Ju.[:lz] — G'u,[_llli)_,,'(/{fz] - G’ILU(')y’ll,[_‘lll + 12'11,00,‘,/',,{)*% -0

(8.1)
] TN A VT AN C RS L, A\ (2]
Oz’llu + “H] -3 ('u,U'u,{) ]) + 3 (uuu_,) — E ('u,o’u,il)
. _on [ D3 PR L.
' —{—1205'11&‘2] + 6 (’“’()Oy“‘([) 4) -+ ("“'E)]‘).'/“[—lZJ + Gugdyu_; =0
(8.2)

Here the superfields w_y is a hosonic superfield, while 1 is a [ermionic
one, having conformal spins 1 and 3/2 respectively.

It is interesting to note that if the superficlds are made independent
of the y coordinate in (8.1,8.2), the N = 2 superlKP equations reduce o
the N = 2 supersymmctric KAV equation [69, 70, 71, 61]. In chapter 6,
it was shown that N = 2 supersynumnetric IKdV equation is bilincarizable
in N = 1 superspace and possesses N soliton solutions. The bilinear

forms of the N =2 IKdV equation were obtained by translorming the

superficlds as
9172 71
w_y; = 2D log — (8.3)
T2
for u_, and . |
wy = 2D% log ) ~ (84)

for g, In (8.3,8:4) 7 and 72 are bosonic superficlds which can be

written in the component forms as

=140t (i=1,2) (8.5)
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8.2. BILINEAR FORMS OF N =2 KP EQUATION 87

77 and 77 being the bosonic and fermionic component ficlds respec-
tively. We find however that the NV = 2 super KP equation cannot be
bilinearized in terms of the 7 functions defined in (8.3,8.4), although
identical 7 functions (without y dependence) allow us to bilinearize the
N =2 KdV cequation. This difliculty arises due to the nonlocality as
well as the y coordinate dependence present in the cquations of motion
(8.1,8.2) in an intricate way. On the other hand, it is important to
observe that if the evolution equations of its component ficlds are con-
sidered, the system is amenable to bilinecarization through the Hirota
method.

The superfields w_) and uy have the [ollowing component [orm
ol
iy = ul 4+ 0ul | (8.6)
and
U — f . b ~
0=y + Ouy (8.7)

The time evolution of the component ficlds o 2 1 “£1s ug and u} conse-

quently can be obtained from the (
fields (8.1, 8.2) to give

ynamical equations for the super-

a b R 4
Jpuly + dpu? | — ~0 ( 1) + 30, ( 1“0) -+ 12()y0.L — G’u,£10y0;1u6
a b . ) ,
6 (0-1?“—1) 0310;1: u—l - 6“’(j).0yag;—1“_1 + 12“’({03/0;1“’0 — 0 (88)
f 3,.f

Ol | + Pl | — —0 (u?ud L) + 30, [CX ubl)ug] — 30, (uful,)
1202 —1, ’f p

+120,0; v, +6(0 u? )0, 0 uly 4+ 6(0,0f )00 b | + Gulo,ul

—Gul 10,0 b — Guo() oyt L —6(0, ubl)dy('),;l'u,(f,—F 12'“18%0;1“({
——l_u()d,,() ub =0 (8.9)

Oould + OBl — 30, (”u“o) + 30, ('u,lf,a_,:ub_l) — —0 ( 171(};)
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12020; " uf + 6ubd, 05 uf — 6ufd,07 ul + 6 (Duub) 0,07 ul |
+6uidub =0 (8.'1())

Ouuly + 02l — 30, u{;“ + 30, (uf0eud ) + 80 (whouly)

—30, (U({arufl) - ——3 ( Uyl _1) — 30, ( Lul 1“0) + 12050, !

+6(0,ud) 0,07 uf + Guéc') ul + 6(0,ub)0,07 b | — 6(9,uf )aya; u,{l
+6updyu’ | — 6u00 wl, =0 (8.11)

To bilinearize the above equations, consider the following transfor-

mations of the component fields

. ' ;

Wb =20, log =4 wl, = 260% log = (8.12)
T2 T2

u[{ = 260 log 7y ug = 20%log 7y (8.13)

wlhere € is a spin —% Grassmann odd paramecter. Note that the Grass-
mann paramcter is required in order that the ficlds have the correct
conformal dimension. The 7 functions in (8.12,8.13) are bosonic ficlds
in contrast to those in (8.3,8.4) where the 7 functions are bosonic su-
perfields.  Substituting (8.12,8.13) in (8.8,8.9,8.10,8.11) leads to the

following bilinear forms

(DD, + D} + 12D2)(7.71) = 0 (8.14)
(D,D; + D! + 12D2)(7.72) = 0 (8.15)
(D5 = 2D,)(71.72) = 0 (8.106)

To compare the bilincar forms for N = 2 KdV equation we observe that

if the above equations become y independent, bilinear forms reduce to

(DD + DY) (7.7) = 0 (8.17)
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D:(7.7) =0 | (8.19)

Notice that the above bilinear equations for N = 2 KdV equation do not
involve super Hirota operator (6.8) in contrast to the forms (6.27,6.28,
6.28). But both the Hirota forms for I(dV equation give rise to identical
soliton solutions. This allows us to identify (8.12) and (8.13) with (8.3)
and (8.4) provided

f Pale ] .

Ti = &0, T T-f = {‘.().,,7‘.3 (8.20)
where 73 are given in (8.5). The relation between the fermionic and
. M . “ J ¢ N . .
bosonic components (8.20), however, become evident [rom the soliton

solutions.

8.3 One Soliton Solution

For the one soliton solution of the N = - - :
ution of the N = 2 superkk cquation we consider

the following forms for the 7 functions

T =1+« (8.21)
Ty =1+ fBe" (8.22)

with
N=kow+k,y+ wt (8.23)

. back in first fwo equa-
tions, namely (8.14) and (8.15) of the Hirota form of the N = 2 KP
equation, the dispersion relation may be obt

It is casily shown that substituting (8.21,8 22)

ained as

Why + k3 + 1242 = 0 (8.24)
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90 CHAPTER 8. THE N =2 SUPER KNP EQUATION

The dispersion relation is identical to that of the hosonic KPP equation.

From the third equation of this set (8.16), Ay is related to &, through

s __l(a_i—ﬂ),.? r
Y2 (o = /ﬁ)k‘r (8.25)

This imposes the following constraint between v and /3 parameters like
g

B« (8.26)
and consequently reduces to the soliton solution of N = 2 IKdV equation
(T.3-7.6), il v = — /8 "T'his is obvious from (8.25) ns under this condition
k, becomes zero.

T'he explicit forms of the one soliton solution for the N = 2 KI” equa-
tion are casily found by substituting the 7 functions from (8.21,8.22)
in the transformation equations (8.12,8.13). For the components of the

bosonic superfield w_;, we have

| 1 1 _
u” | = kysinh 5 (70 = do) sech§ (¢ + ) sccan (¢ + dy) (8.27)

1 1 1
u£1 = ~§/uf.§ sinh é (70 — o) S(,‘(:ll§ () + ) scch§ (¢ + dp)
x [tanh (¢ + Y0) + tanh (¢ + d)]  (8.28)

Similarly for the fermionic superficld ug, the components arce

1. ;
ul = §A:i£se(:hz (& + ) (8.29)
1. ,
uy = §k£scchz (¢ + v0) (8.30)
8o

where we have chosen ¢ = ke + kyy 4+ wt, o = ¢ and = ¢ vy and

dp are nonzero, real parameters.”
It is straightforward that (8.27,8.28,8.29,8.30) reduce to (7.9,7.10)

provided = —« and if we identify

f—-t (8.31)
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In fact, both sets of bilinear forms of N = 2 KdV equation, namely
(6.27,6.28,6.29) and (8.17,8.18,8.19), will give rise to identical higher
soliton solutions. As observed in chapter 7, the fermionic parameter
¢ does not play a nontrivial role at the one soliton solution level but
the fermionic parameters obey a set of relations among themselves for
two soliton solutions onwards. As a result the identification of soliton
solutions for higher solitons obtained from both the bilinear forms is

not straightforward for V. =2 KdV cquation.

8.4 N Soliton Solution

For the N = 2 KDP equation, we choose tlhe same scet, of trial functions
as in chapter 7, namely (7.36). Then for the 7 functions for the bwo

soliton solutions, in particular, we have

T =1+ ae™ 4 qye 4 pauy Ayt (8.32)
and
T2 =14 Bie™ + Bhem 4 B1 By Byye 2 (8.33)
where
m = lli'rl;,;.’IT + A;ly',(/ + wt (834)
and
e = ko + koyy + wot (8.39)

and oy, f; (¢ = 1,2) and Ay, By,
e ) " i . . y g

rameters «; and §; follow the Same relation as in one soliton solution,
but oA, By ave additional pay

are unknown parameters. The pa-

1 .
ameters Lo he determined at the two

soliton level. As for the one soliton solution, we find that for nontrivial

solutions we must have

Bi#ar (i=1,2) (8.306)
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We will obtain two dispersion relations corresponding to the space timne
dependent parameters ), and 1,.  The dispersion relations resulting
from (8.14) and (8.15) are given by

wikiz + ki + 1262 =0,  i=1,2 (8.37)
The two soliton interaction terms A, and Bj, are obtained by substi-
tuting the 7 functions (8.32,8.33) in the bilincar cquation (8.16) and
we find that

Az = By (8.38)

and Aj, is given by

(alﬁz + a251)(k11 - k21:)2 - 2(C¥1ﬂ2 - azﬁl)(kly — k2y)

Ay = — — AT/
A= T g BuB) (Rig + kg)? — 2(ctiay — BiB2) (by - % 39

Also one finds from (8.16) that ki, and ki (¢ = 1,2) arc connccted

through the relation
Lot i) (8.40)
2(w—pi) ™

The two soliton solution of NV = 2 KdV equation obtained from the
bilinear forms (8.17,8.18,8.19) immediately follows from above solutions

if 3; = —a; with (i = 1,2) and as a result dispersion relations hecome

kiy =

wi+ kL =0, i=1,2 (8.41)

and the interaction terms reduce to

(kl:n - k'Z:n)z
('1‘713; + /‘72:):)2
To compare the above result (8.41,8.42) with those obtained in chap-
ter 7, we note the bilinear forms (6.27,6.28,6.29) result an additional

condition on the fermionic parameters (7.30); namely

(8.42)

A =Dy =

kiGy = kG (4,7 = 1,20 # J) (8.43)
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where the spin 1/2 parameter ¢ is introduced in (7.5). The condition
(8.43) makes the two soliton solutions of N = 2 IKdV cquation appar-
ently inconsistent. But notice that (8.43) ensures the ratio Kg_ to be
same for both the solitons and explicit form of one soliton dictates that

the ratio will be same as —¢€ (8.31) i.e.
f=_S1__& (8.44)

This condition also follows from the expressions of u_; and uy when
written in terms of two soliton solutions. Importantly, with this iden-
tilication two soliton solutions of N = 2 KdV equation obtained from
both the bilinear forms become consistent, although a condition such
as (8.43) does not arise separately when the equations of motions are
written in the component ficlds. This strongly indicates that the bi-
lincarization of the N =2 KP cquation in terms of the bosonic Hirota
operator by using the 7 functions defined in (8.12,8.13) is cquivalent to
bilincarization in terms of the super Hirota operator in N = 1 super-
space.

Let us now consider three soliton solution to check the consistency
of the parameters determined in one and two soliton solutions. The

explicit forms ol the 7 functions for thyee soliton solution of the N =2

KP are obtained from (7.36) to be

7 =14 ae™ eoe'l? 13 :
1 167+ e™ + ye™ 4 ey Ape T 4oy Aye™ T
Qg Agse’2 s  veey , "t

tazazdas T o104 1y A g Agge Hi2 b (8.45)

and

To = 14 fie" + ™ 4 Byems 4 B1BaBiae™ 2 4 By By Biae™ T
+ a3 Byt 4 1524 Byy B3 By et Frretn (8.46)

with

i = Kt by +wit Q= 1,2,3 (8.47)
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If the 7 functions are substituted in the bilincar forms (8.14,8.15,
8.16), then one would get conditions which were already obtained from
the one soliton and two soliton solutions as well as some additional
relations which should be satislied. In fact as belore from the bilincar

form (8.16) we obtain the condition
Bi#a; 1=1,2,3 (8.48)

by setting the cocllicient of €™ and Bt (4 =1,2,3) to zero and the

interaction terms from the vanishing of the cocllicients of ¢ (i # J)

(B + ;i) (kiw — ki) — 2(ciff — oy Bi) (Kiy — kiy)

(“"i“"j + /ji/jj)('l"'i:z: + /‘:j.'v)z - 2(“’1'“} /j l[j )( "1y + /'J’/)
(8.49)

The parameters obtained from (8.49) are those alrcady found in the two

A,’j = B,’j = —

soliton solution. The only nontrivial condition at three soliton solution
arising from (8.16) is the coeflicient of e +7+7 ‘namely

A A Ap[(oiages + B1023) (B + ko + ki)t — 2(cvycrpevy + 1 B2P3)

X (k1y + koy + Kay)]

+Ags[(01 B + 23 Bi) (kig — oz — kaz)® — 2(a1f2fBs — a3 1)

X (kiy = hzy = hay)]

+ A (2B Bs + cnasfy) (kaw — ke = kag)? — 20021 By — crcesfi2)

X (kay = kiy = hay)]

+Apa[(3B1 B + 1) (kg — ke — kag)? — 2(ctsfi B2 — c1ceafa)

X (kyy — kiy — kay)] (8.50)
and is found to be zero with the l(:hoice Ajj in (8.49).

Similarly from the first two bilincar forms (8.14,8.15), we obtain the

the dispersion relation

wikic K A 12K, =0 i=1,2,3 (8.51)
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by equating the coefficient of ¢” and e*%+%, (i = 1,2, 3) to zero. With
the dispersion relation (8.51) and (8.49) we find that the only nontrivial
term arising [rom the bilinear forms (8.14,8.15), namely the coellicient

of em+m2*1 which is given by

A A Ags[(wr + wo + wy) (Bry + kog + k) + (ki + koo + kag)®

A (kiy + Koy + kay)?)

+ Ags[(w1 — w2 — w3) (k1z — kay — ksz) + (K1z — kow — ksz)"

+(kiy = kay — hay)?]

+As[(w2 — wr — wa)(kaz — ki — kag) + (kow — b1z — kaz)?

(kyy = kiy — k)]

+Ap((ws —wi —wy)(kae — kip — ko) + (ksg — K1z — koz)*

+(kay = Ky — kay)”] (8.52)

vanishes and thereby ensures the existence of three soliton solutions for
the NV = 2 KP cquation.

It is seen that upto three soliton solution, the only condition that

is not trivially satisfied comes from the coefficient of erV:I 7 The

coeflicients ol all other exponents will be zero identically by ensuring the

A} e A} Y ' ] 1 . H 5 . s s
existence of soliton solutions of lowey order. Consequently, for N soliton

solution, the vanishing of the cocllicient, of ¢2oi=1 indeed confirms the

existence of IV soliton solution. From tl
solution (7.36), we find
N
=1 oy v . . .
v alter being actod on by the Hirota operator D

1c 7 function for the N soliton

5 that in the product 1.7y, the terms that will
generate only e

can be written as -
N N N
. el
b H ﬁchab * Z i €71 H 5CA(LI)67]C
a.b.c?l 11=1 B e
a < c<h
Toaybe #ay
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N N
7) +7 e
+ D v, Qy Ay T2 11 BeAwc™
i1, 1 =1 a,byc=1
1 < ig a<b
a,byc# iy, g
N N
) . ) o o iy F1ig i g 5
+ Z gy gy gy Ay iy Ay g Adgig ™ 2 s H BeAwec™
11,02,i3 =1 Jb,e=1
i1 <2 < i3 a< ”
c # 1 ,13
N
i Z “’il”'iz“’i;;---(ViN/"ilizA'il'i:;A'izi:s'"A'iN—l'iN

11,12,13 ...y =1
i1 <i2<i3<...<iyn

X eTIil +77i2 +7]i3 +"~+7]iN .1

(8.53)

Using (8.53), we obtain the nontrivial coefficient of the term e2im1 ip

the Hirota equation (8.16) to be of the form

({2kiz — X}* = {Zhay = Y}

N N N
H BeAu[X?—2Y]+ > 11
a, f 11=1 aq, b;f
c# A

T:

a,

N

N
xog, AaBe + D T H2(kiyz + ki) — X}
g, lg=1 a,b,c =1
—2{2(/€in + ki'zy) - Y}]ailalz 112 ab:Bc
N N
+ > 11 [{2(ki @ + kiyw + kiyx) — X})?
WS Ma<h

a,b,c#1i1,1i2,13

—2{ki,y + kigy + kigy) — Y How, 0, 0ti Aiyiy Ay iy Aiyig AaPe

N

ot >

11,112,193 ...
i <z <iz<...

=2(kiyy -+ kiy F by

[(kilx + kiz.T + k’iaiL’ + ...+ kiN.’E)z

iy =1

< iy

Ry y) Jov vy e Qi
(8.54)

x«‘lilizAilisAizia cee AiN—liN

where X = S0 _) ke and Y = Nk, 1L s casily seen that (8.54)

reproduce the nontrivial condition coming from the Hirota cquation
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(8.16) at all orders of soliton solutions. For caxample, at the one soliton
level with N=1, we get (8.25) and with N=2, we get (8.39). At the
three soliton level, with the substitution N=3, the condition (8.50) is
obtained.

For the other two bilinear forms for the N = 2 KP cquation, nanely
(8.1.1,8.15), the expression equivalent to (8.54) 4.¢. the coellicient of the

N . . . .
corm 2=t is found to have the form

N
H Aub[/\’Q + X1 + 12),2]
"“, ln<:bl
N N

+ 50 TT U2k — X 2w, — Q) + {2kyo — X} +12{2k;y — YV} ]Aw

,'l—-l a, =1
a<b

a,b#10
N N
+ > II {2k + ko) = X3H2(w;, +wiy) — O
R S
a, b #£ iy, 09
,I_{‘_Z(]\jil;l,‘ -I- ,l\fi.zllf) — .4\’}4l -+ 12{2(1\“!/ -} lli:i,z'_lj) —_ )’}2]/\i|i2A"'l’
N N
-+ Z H [{2(/‘t'11:1/+lb12-’1»+k13$) —X}{Q(UJ“ +UJ1'2 +w7'3) —Q}
ip,i2,i3 =1 ab=1
iy < iz < i3 a<b

a,b #iy,ig,13

H{2(hi e+ b 4 Rigx) = X34 120k g+ by + kiy) — YV

X Aiyig Aiyig Aigiz Aap
N
+. .+ > [(Riy 2 + hiye + kw4 ... + kiy2)

i1,12,13 ...y =1
11 <12 <i3 <... <y

X (Wi, + wiy +wiy 4. Wiy ) + (ki + kiyw + ke + ..+ kiN:I,')'1
+12(Riy + Kiyy + kigy + . ki) A, Ay s A

t119 4134 igig -+ - AiN'—liN

(8.55)

— 5N . . .
where £ = 25- wa. It is casily checked that (8.55) also consistently

pives the the nontrivial coellicient, at cach level ol soliton solution,
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8.5 Conclusion

In this chapter, we have shown that the N = 2 nonstandard flow KPP

cquation is bilincarizable in component form, although we were unable

to bilincarize it in N = 1 supcrspace. By comparing with the N =2

KAV equation, it is seen that the right choice ol 7 [unctions cnsures

that this is equivalent to bilincarization via the
ovident from the Hirota

super Hirota formalism

in N = 1 supcrspace. Though this is not

cquations themselves, it becomes obvious from the soliton solutions

that in fact the methods are equivalent and it is expected that this will

also be valid for the N = 2 KP equation, although the exact comparison

may be made only if it is bilincarized in N = 1 superspace.
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Chapter 9

Conclusion

This work has been mainly concerned with the study of the N = 2
supersymmetric KP hierarchy - its Hamiltonian structures and soli-
ton solutions. We have shown that the IV = 2 KP obtained from the
nonstandard flow equation has a sccond Hamiltonian structure which
is local and the superalgebra comprises an infinite number of gener-
ators with the appropriate conformal spins. In a suitable nonlinear
basis, it was found that bosonic scctor consists of two infinite towers
of bosonic generators which mutually commute so that this sector has
the Wieo @ Woeo structure similar to that found in the lincar super Weo
algebra of Bergshoell et al. However due to the highly nonlinear na-
ture of the Weo sector, the generators cannot e written in closed form
but an algorithmic procedure for finding the all higher spin gencrators
11&1\’0‘ been indicated. Moreover in the bosonic limit, the algebra of the
11(‘)1111110111‘ gml@ljflthors is isomorphic to the classical bosonic Weo algebra
of Bakas and Kiritsis. We therefore helieve that the super Weo algebra
is a (‘.nn(ll(lat,(", for a universal algebra, unifying all bosonic and super-
synunetric Wooalgebras, Sinee the elassical o algebra is present in
the algebra it is guaranteed that all finite dimensional bosonic algebras

can be obtained from it under suitable truncation. As the super We
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100 CHAPTIIR 9. CONCLUSION

algebra contains the N = 2 superconformal algebra as a subalgebra, it
is reasonable to expect that it contains all finite dimensional N = 2
supersymumetric W algebras as was the case for the bosonic universal
algebra. This may be done by analysing the truncation of the super

. W algebra through some noncompact coset model and could prove to
be the basis of future work.

The fermionic seetor of this algebra also posseses some unigue prop-
erties. Although it can be written in terms ol a lincar hasis, we find
that a nonlinear basis for the fermionic scctor also exists. The dif-
ference of the nonlincar super Weo algebra with the lincar super Weo
algebra lies also in the fermionic sector as the (ermionic generalors in
nonlinear algebra do not commute among themselves in any basis. This
results in a drastic change in the freclicld representation ol the nonlin-
car super Ve algebra. The consistent representation turns out to be
nonlinear in free complex bosons and free fermions and the nonlincar

representation cannot he reduced to the linear one trivially. Morcover,

the representations of the bosonic generators possess a structure much

more complex than the lincar super We, algebra as they are HOW an

admixture of complex bosons and fermions. At the same t11¢, the two
types of bosonic generators mutually commute with cach other main-
taining the 1o @ Woe structure. This is a nontrivial g(su(:ruli%étti()ll
when compared to the lincar representation of the N = 2 super Woo al-
gebra. In the fermionic sector the most general representation becomes
exponential in terms of the free fields.

The second part of the work has been involved with finding the
soliton solutions of N = [ and N = 2 supersymmetric syst,(nns.through
the supersymmetric extension of the IHirota method. In this regard,
the method adopted was the generalization of the IHirota method to
N = 1 superspace by MacArthur and Yung.  Using this technique

N soliton solutions of an N = 2 KdV equation, the N =1 mikdV,
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N = 1 mKdV B, and N = 1 mKP equations were obtained. Howevever,
for the N = 2 KP we were unable to bilincarize the equation using
the above mentioned formalism, but we could obtain the /V soliton
solutions for it after applying the Hirota method to the component
equations of this supersymmetric system. Bilincarization of the N =2
IKP using the Hirota formalisim in N = 1 superspace constitutes another
problem to be addressed in future. But of greater significance, in this
connection, is the lack of the Hirota formalism in N = 2 superspace.
We believe that generalization of this elegant and direct method to
N = 2 superspace would result in a major advance in the study of

supersymmetric integrable models.
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Appendix A

Poisson Brackets of
Component Fields

Poisson bracket algebra amongst the component fields vb,, ub._ 1, ugz

and ’u.zfi_l.

7 .
{“’gj"l(:v)’ugk(y)} = [— Z ( ]I ) (_1)7”'(1,£j+2k—2m6m

m

= Y
—1\mg,f m+l, b
+m:oz:Zo m ( [ ) ( 1)71“21'—%:1—20% Ugk—21-1
J—1 k-1

Sk j k
- Z ( m+1 ) ( [+ 1 ) (“1)m“gj—2m—30m+l+lUﬁk—m—z
: c—n—1
k—n—1
f al
+ Z < [ > U3, 0 ugj+2k~2n—2!—3
C k k—n .
- J - 1 n+ [ — 1 m
s (7 )( ) -

f
Xu‘zj+2k-—2771—2n—21—28m+lugn-1] (5(3; - y) (Al)
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SRS ()

m=0 n=0 (=0

X (—1)m"’2f.i-|~'zk—2m—2u-2l— xamﬂuzn] 6(z —y) (A.8)
k+1
E+1
(k) = = 5 (F 1) 0l
m=0 ’

-1 k= 1( ) L P
— > (=)™, 500 Uy, oy

1?:(110 m+1 <l+1> ) 2rmame2 ’

k k ; k k
+Z< / )Uz]auzk 20-1 z< ! )ub—lalugj+2k—2[

=0 =0

A—-l k -n—1 A — ) — 1

!

- Z Z ( )“zn‘) W ok —2m—20—2

n=0 =0

N Lt A I SR I TR | -/

n |-
n [
m=14 7;) E ( > < ! )
m, b 7

‘X(—l) lUZJ—i—Qk 2m—-2n—-2— 20”+l“£n] 6(1‘ - :1/) (Ag)

~j_l -1 L
[_ I,L:ouz%( m )( ! >(_1)m'“éj—2m—20m+lvfk 20-1
A .
A: n, b mAL, b
[+ 1 (=1) Uy Y Vppe—ni—2

k=1 khk=-n-—1
- k= — | ;
- u
l zu‘) “zJ b2k 20203

n=0 (=0
JHk-n—l-1 r r_y .
DY ZZ("” nated
m=0 n=0 = n /
m, [
X(—l)”“zj +2h—2m—2n—y— 20 IHUZf“ 1]()(1 — (/) (Al())

TH-1864_984402



Appendix B

Poisson Brackets of
Generators

The Poisson brackets between odd bosons and even fermions are

{H'l, -i:l/'l}
(W2, Jay2}
(0, Jsge}

(119, Js/2}

The Poisson brackets betwe

{Wi, Jay2}
(W, Jagz )
{1V, Jsy2}

{If'g, Js/2}

TH-1864_984402

_-7:5/25(:1.‘ - ) (13.1)

roL 1 _ I o
-J5/2 + §J3/2 + §J3/20 - If’V1J3/2J (5(1 - y)(B.Z)

__']‘5/2 + 'j:’{/z -1 -j;;/z(')J (5(.’1,' = I/) (133)
[ & L 3., o
|2t S0y + 1732 = Wids
N B
Fgdond = B0 = S o —y)  (B4)

cn odd bosons and odd fermions arc:

Japad(a — ) (13.5)
e gl 1 1 W] 5= ) (B0
:JS/'Z - ‘]:;/2 - Jg/ga] dx —y) i (B.7)
L—J7/2 + %Jé/z + ?l— 30+ Wids

%-%-15/20 = J3,0 — %./;;/202] (2 =) (B.8)
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The Poisson brackets hetween even bosons and even fermions are:

{1V, j;;/-z} = [—js/-z - j:5/20 - les/z] 0w —y) (3.9)
. ) ] D 1 ] 1 ‘ 1
(W, daj2 = [‘-/7/2 = Jypa g8 Wiape = 20 O —y)
(B.10)

The Poisson brackets Letween even bosons and odd fermions arc:

(W, Japp) = |~Jsrz = Japp0+ Wisza] 6(2 =) (B.11)
{1, Jspp} = [—-/7/2 - .:,/2 + I'/:;’/z + Widspe — '/5/20] (e =)
(13.12)

The Poisson bracket between even fermions 21,;1(1 odd fermions arc:

(Jajas Jaj} = [4\2 PV I WIU} 5 — y) (13.13)
. = . -, 1 <~ -

{Jspar Jap2} = {W:s — Wy =1V, - §W£ — Wy W, + 2We W
3o [ - , | - -

51 V) :'3”‘ - (Hz Iy = Qn',' - w,’-) u} (e —y) (1B1)
- - N D -

{'/.’)/27'/3/2} = [*“(i -1 ”JS -} 5”2‘ H’znl - 2“/'2”/|
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and so on.
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