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Abstract

In recent years, many research work on relay based process identification have been re-

ported. Still there is much scope for improvements and extensions of this method. Relay with

hysteresis has advantage of reducing the effect of noise as compared to ideal and asymmetrical

relays. In our proposed method this relay with hysteresis isutilized. In this thesis using describ-

ing function technique explicit expressions are derived and using state space method improved

results are obtained.

This thesis presents identification of single-input-single-output (SISO) and two-input-two-

output (TITO) process dynamics using relay with hysteresis. The analytical expressions are

derived based on describing function (DF) technique and state space method. The DF technique

is applied to develop off-line and on-line identification methods for SISO and TITO processes

whereas the state space method is applied for off-line identification of SISO processes. In

case of SISO processes a generalized second order plus time delay (SOPDT) process model

is realized in terms of a class of process models. The proposed DF technique is extended

for identification of TITO processes in terms of two SISO process models. Even though DF

technique is simple and gives explicit expressions but suffers from the limitation of approximate

results.

To overcome the limitations of DF technique, firstly the state space method is applied to

estimate the model parameters of SISO processes with all pole form of representation. The

state space method is further extended to SISO non-minimum phase (NMP) processes where a

SOPDT NMP process model is realized in terms of a class of process models. Relay with hys-

teresis is used in the closed loop to generate sustained oscillations or limit cycle output whose

frequency and amplitude are utilized to identify the process dynamics. As relay with hystere-

sis has advantage of mitigating the effect of measurement noise. Further, noise elimination is

carried out with the help of Fourier series based curve fitting technique which is applied dur-

ing identification of processes using DF technique. As the curve fitting technique is an off-line
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method hence, for state space based identification a closed loop structure consisting of the pro-

cess, relay with hysteresis and a denoising block is proposed for online mitigation of noise.

The combined effect of this denoising block and relay with hysteresis gives good results in the

face of measurement noise. The proposed state space method shows significant improvement

in results as compared with the conventional relay feedbacktechnique. In present work the

identification algorithms are developed for linear time invariant (LTI) process models.
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CHAPTER 1

INTRODUCTION

1.1 Research Background

There are many methods (e.g., derivation of model equationsby using first principles and then

utilizing the process data to estimate the model parameters, system identification using neural

networks and fuzzy logic based identification) available for identification of unknown process

dynamics. Still relay based process identification has gained wide acceptance in industrial

applications, as it is easy to implement and saves time. The relay feedback technique has

several attractive features [7–9] as mentioned below:

1. Relay feedback technique helps in identifying the process information around the impor-

tant frequency termed as the ultimate frequency (the frequency where the phase angle

corresponds to−π).

2. As it is a closed loop test, the process will not drift away from the nominal operating

point.

3. It is more time efficient as compared to conventional step or pulse testing, for processes

having a long time constant. The experimental time is approximately two to four times

the ultimate period.

4. Relay based autotuning method can be modified to deal with disturbances and perturba-

tions in the process.

1
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Chapter 1 Introduction

A. Process identification using describing function (DF) technique

Process identification plays a significant role for analysisof process operation and also de-

sign of model based controller. Process identification corresponds to mathematical modeling of

an unknown process in terms of transfer function form, utilizing the measurements of system’s

input and output signals. Recently, identification of process dynamics from relay feedback

technique has gained considerable attention for controller tuning in process industries. In early

eightiesÅström and Hägglund [10] proposed the use of relay feedback testing called autotune

variation (ATV) method for estimation of unknown process model parameters using describing

function (DF) technique. This ATV method identifies processinformation around the impor-

tant frequency called the ultimate frequency. Here in DF technique, the nonlinear device relay

is approximated by a gain, hence the estimated parameters will be approximate. Applications

of Åström and Hägglund autotuner are found throughout the process industries and the suc-

cess of this autotuner is attributed to the fact that the identification and tuning mechanisms are

so simple that operators understand how it works. Subsequently many variations to the origi-

nal method have been developed and used in a number of applications, like autotuning of PID

(proportional-integral-derivative) controller and process identification. Later, Luyben [11] used

Åström’s autotune method to obtain transfer functions of nonlinear and complex processes.

Luyben applied this method for obtaining a suitable linear transfer function model of nonlinear

distillation column using computer simulation. Luyben proposed two transfer functions and to

fit the data into these transfer functions, five different models are developed. Each model had

two equations for time constant parameter. After solving the two equations, if the values are

approximately equal then the predefined transfer function is used to fit the corresponding model

data. Hence, this method was more time consuming. A number ofrelay based identification

methods [10–16] using DF technique have been proposed to obtain process models in terms

of transfer functions. Chang et al. [17] developed analytical expressions for identification of

first order, second order and higher order processes using Z-transform method. Li et al. [18]

proposed estimation of unknown process model parameters for stable and unstable processes by

2
TH-1339_11610222



Chapter 1 Introduction

using two relay tests. But use of two relay tests increases the time as the number of experiments

doubled. Shen et al. [12] considered dual input describing function approach (DIDF) and an

input biased relay feedback experiment to identify two points on the Nyquist curve. But this

method can be applied only for stable processes. Liu et al. [19] presented a detailed tutorial re-

view on process identification from relay or step test, including the significance of DF method,

in the past three decades. Atherton [20] discussed the importance of relay in autotuning of con-

trollers and also highlighted about DF method. Hang et al. [21] presented a tutorial review for

auto-tuning of process controllers using relay feedback technique. Padhy and Majhi [14] pro-

posed an ideal relay based identification algorithm for stable and unstable first order processes

using DF method. Kumanan and Nagaraj [22] pointed out the significance of process identifi-

cation for controller design and proposed tuning of PID controllers, employing firefly algorithm.

B. Extension to two-input-two-output (TITO) processes

Multivariable or MIMO (multi-input-multi-output) processes are commonly used in many

process industries. Identification of these processes is a difficult task due to the interactions

between the loops and system variables. Identification of multivariable processes using relay

feedback testing can be done by three possible ways [23]: i) applying single relay feedback, ii)

employing relay in sequence and iii) applying decentralized relay.

In single relay feedback scheme, the relay input is applied to one loop at a time while keeping

the remaining loops open. In sequential relay feedback testing, the relay is applied to a loop to

extract the process information later this loop is closed with a controller and the same proce-

dure is repeated for the remaining loops. In the case of decentralized relay feedback scheme,

relay inputs are simultaneously applied to all loops to acquire the process information. This

decentralized relay feedback is the most preferred scheme [23] that is used for identification of

multivariable process dynamics. The TITO (two-input-two-output) processes are considered as

one of the most commonly used multivariable processes [24, 25]. Few researchers presented

algorithms for identification of multivariable processes.Wang et al. [23] proposed identifica-
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tion of TITO processes using decentralized relay feedback technique. Choi et al. [26] proposed

identification of multivariable processes (TITO) using sequential loop closing method. But ac-

curate time delay of the process can not be estimated here. Padhy and Majhi [27] have suggested

on-line identification of TITO processes using relay feedback with describing function approx-

imation. Grosdidier and Morari [28] defined a dynamic interaction measure, through which the

stability of decentralized control system can be predictedalong with performance loss caused

by the system. Methods [29–33] are presented for automatic tuning of PI or PID controllers for

multivariable processes.

C. State space based identification of SISO processes

Åström and Eykhoff [34] had given a detailed survey on process identification and also men-

tioned about the importance of identification for designinga control strategy. The parameters

estimated by describing function method are approximate hence researchers started working

towards development of exact expressions so that more accurate parameters could be estimated.

For SISO processes, Wang et al. [35] developed exact expressions for time period and amplitude

of the limit cycle under relay feedback for a first order plus time delay (FOPDT) process model.

Initially the authors used biased relay to get oscillatory waveforms to identify the process. But

using biased relay caused larger disturbances than unbiased relay, hence later the authors used

unbiased relay to improve the results. Jahanmiri and Fallahi [36] proposed algorithms for iden-

tification of SOPDT processes based on the open loop test and step input variable. Majhi and

Atherton [37] and Majhi [38], [39] developed relay based identification algorithms using state

space approach along with ideal relay. Majhi and Mahanta [40] have extended the work of [37]

and proposed novel identification method and control strategy for SOPDT integrating processes.

Srinivasan and Chidambaram [41] used Laplace transform approach and modified asymmetri-

cal relay feedback method to get improved FOPDT model parameters. But this method requires

appropriate selection of an extra parameterγ (displacement in the relay height) for accurate cal-

culation of process gain and ultimate frequency. Vivek and Chidambaram [42] also proposed

4
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improved identification algorithms using Laplace transform method and single symmetric relay

feedback test. Thyagarajan and Yu [3] and Panda and Yu [43] proposed waveform factor of

relay feedback response to estimate unknown process model parameters applying ideal relay

feedback. Panda [44] proposed time domain approach for estimation of SOPDT underdamped

processes using relay feedback test. Mehta and Majhi [45] have proposed on-line identification

of cascade control systems using relay with hysteresis. Using state space method and single

relay feedback test Majhi and Atherton [46] developed exactexpressions and suggested on-line

tuning of process controllers for an unstable FOPDT systems. Marchetti et al. [13] used two

relay tests for identification of open loop unstable processes. Liu and Gao [47] used Newton-

Raphson iteration method for obtaining exact expressions for integrating and unstable process

models. Recently Panda et al. [48] used single relay feedback test to estimate the process model

parameters of integrating and time delay processes. Fedele[49] suggested step response test to

obtain the FOPDT process model. Analytical expressions areproposed [50] to identify second

order underdamped processes, considering rectangular pulse inputs. Mei and Li [51] suggested

algorithms for identification of integrating processes with the help of step input test. Liu and

Gao [52] used closed loop step response test to identify the process dynamics of integrating and

unstable processes. But relay feedback method is more time efficient as compared to step or

pulse input test [7]. Mehta and Majhi [53] used state space technique to estimate the nonlinear

process model parameters. Recently Padhan and Majhi [54] utilized relay feedback method to

identify the process dynamics of power system and suggestedmodel based PID load frequency

controller. Vivek and Chidambaram [55] used an ideal relay to extract the process informa-

tion which is utilized to estimate the model parameters of critically damped SOPDT processes.

Ananth and Chidambaram [56] proposed step response based identification algorithms to es-

timate the parameters of an unstable FOPDT process model using the PID controller. This

method suffers from the stability problem which is pointed out by Cheres [57]. To overcome

the stability problem in [56], Padma Sree and Chidambaram [58] proposed modifications to the

method suggested in [56]. Luyben [59] presented identification of stable and unstable FOPDT

processes using shape factor technique and relay input. Boiko [60] suggested identification of

5
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FOPDT process dynamics using the locus of a perturbed relay system method. Sivakumar et

al. [61] used a saturation relay feedback test to identify the process dynamics of first order and

higher order processes with large time delay.

D. Extension to non-minimum phase processes

Relay feedback testing has gained wide acceptance for estimating unknown parameters of

transfer function models of industrial processes and theircontrol. The processes consisting

of zero on the right half of the s-plane (RHP) are termed as non-minimum phase (NMP) pro-

cesses. The NMP characteristics can be observed in some complex chemical systems [62],

Zhang et al. [63] described ship’s path control system in restricted waters as NMP system. Shen

et al. [64] presented frequency domain analysis for prediction of the existence of sustained os-

cillations for processes with RHP poles and zeros. Balagueret al. [65] used step response to

identify the inverse response models. Wang et al. [66] proposed identification of minimum and

non-minimum phase second and higher order process dynamicsby applying fast Fourier trans-

form (FFT) technique to find the frequency response of the process and inverse fast Fourier

transform (IFFT) to construct the step response of the process. But relay feedback testing has

got the advantage [7] of more time efficient for processes with long time constant. Panda et

al. [48] presented relay based algorithms for model parameter estimation of integrating pro-

cesses with time delay and also addressed about the transient response of the process with a

zero in the numerator. Atherton and Majhi [62] used asymmetrical relay feedback technique to

estimate the process model parameters, considering a second order system with zero in terms

of a class of process models. Majhi [1] proposed algorithms for identification of NMP pro-

cess dynamics using state space method. The author used ideal relay to extract the process

information and to remove the effect of measurement noise, Fourier series based curve fitting

technique is applied. Liu and Gao [67] considered asymmetrical relay with hysteresis for iden-

tification of NMP processes with time delay. The identification methods proposed by Majhi [1]

and Liu and Gao [67] can be applied to either FOPDT NMP processes or higher order NMP
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processes with repeated poles. Ramakrishnan and Chidambaram [68] applied an asymmetrical

relay test and Laplace transform technique to derive the analytical expressions for estimation

of process model parameters, considering a second order NMPprocess without time delay as

one of the case studies. Vivek and Chidambaram [69] used asymmetrical relay and Laplace

transform method to identify the process dynamics of an unstable SOPDT process with a zero

in the numerator.

1.2 Motivation

Relay feedback method is widely used for identification of various types of process models in

the process industry, still there is a scope for improvement. In the literature many authors used

ideal relay or biased relay for identification of process dynamics, with or without noise. Use

of biased relay generates an asymmetrical process output where it will be difficult to make out

the presence of load disturbance at the process input so, an unbiased or ideal relay is suggested.

As measurement noise is a common issue in practice, use of an ideal relay suffers from chatter-

ing leading to incorrect relay switching. To avoid this relay switching at wrong instants, relay

with hysteresis is generally preferred. Hence, in proposedwork we are using this relay with

hysteresis. Most reported methods employing DF technique,derived analytical expressions for

particular type of process model. This motivated us to develop the analytical expressions using

DF technique for a particular process model as well as generalized model which is realized

in terms of a class of process models. As DF technique gives approximate results hence ex-

pressions are derived using state space method to estimate the model parameters of a class of

processes accurately. The state space method is extended toidentify the process dynamics of

various types of NMP process models. In the literature many identification methods are avail-

able for SISO processes, few authors proposed algorithms for identification of TITO processes

using conventional relay. An attempt has been made to identify the process dynamics of TITO

processes using DF method. Since relay with hysteresis has the advantage of reducing the effect

of measurement noise, the identification methods are proposed using this relay. In process con-

7
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trol, the majority of the processes with time delay are oftenassumed to be stable and unstable

FOPDT or SOPDT process models. Hence, these process models are considered in proposed

identification method.

1.3 Contributions of this Thesis

Although relay feedback technique for process identification has been widely addressed, there

still exists a lot of scope to improve the results. In particular, in this thesis we have investigated

and contributed to the following areas:

I. Off-line and on-line identification of SISO processes

Simple analytical expressions based on describing function (DF) technique are derived for

identification of the class of processes in terms of transferfunction models. The explicit ex-

pressions are derived by considering individual process models as well as generalized process

model. A single relay with hysteresis is used in closed loop,to extract process information

and to reduce the effect of measurement noise. Explicit expressions are derived for off-line and

on-line estimation of stable and unstable process model parameters. Since measurement noise

is a critical issue in process industries, validity of the proposed method is illustrated under noisy

environment. As relay with hysteresis reduces the effect ofnoise, Fourier series based curve

fitting technique is appended to obtain noise free process output.

II. Off-line and on-line identification of TITO processes

The DF technique used earlier for identification of SISO processes is extended to identify

the process dynamics of TITO processes in terms of two SISO process models. The DF based

expressions are derived for on-line method which can also bemodified for off-line mode of

operation. For denoising Fourier series based curve fittingtechnique is utilized.

III. Relay with hysteresis and state space based identification

8
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As DF technique gives approximate results hence, state space method is used for off-line

identification of accurate process dynamics for SISO stableor unstable FOPDT and SOPDT

process models. A generalized SOPDT process model is realized in terms of a class of pro-

cess models and state space method is applied to derive the mathematical expressions. Relay

with hysteresis is used to extract the process information through limit cycle. The limit cycle

quantities are utilized in the analytical expressions to estimate the process model parameters.

The relay with hysteresis helps in generating sustained oscillations and also reduces effect of

measurement noise, which is an important issue in process identification. Different types of

processes in the form of transfer function models are considered to show the efficacy of the

proposed method and results are compared with available methods in the literature with and

without noise effect. To reduce the effect of measurement noise a denoising block is proposed

in the closed loop along with the process and relay with hysteresis.

IV. Identification of processes with non-minimum phase characteristics

As the time domain based state space method gives improved identification results, the

same is extended to derive the analytical expressions for estimation of NMP process model

parameters. A generalized stable SOPDT NMP process model isrealized in terms of a class of

NMP process models like FOPDT, SOPDT overdamped, underdamped, critically damped and

integrating process models. The denoising block proposed earlier is modified to recover the

noise free process output.

1.4 Thesis Organization

This thesis is divided into six chapters. A brief description of each chapter is presented in this

section.

• Chapter 2: In this chapter methods are proposed for off-line and on-line identification

of SISO process dynamics, employing simple and effective DFtechnique. The nonlinear

device relay with hysteresis is used to extract process information that helps in estimating

9
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the unknown process model parameters. Another advantage ofrelay with hysteresis is that

it reduces the effect of measurement noise. The validity of proposed method is illustrated

with the help of typical process transfer function models from the literature. To test the

robustness of the method, process dynamics are identified for different relay settings.

Results with and without noise are compared using Nyquist plots and estimation errors.

• Chapter 3: In this chapter the DF technique is extended to identify the process dynamics

of TITO processes in terms of two SISO process models. The expressions are derived for

both on-line and off-line mode of operation. Simulation results are illustrated to show the

usefulness of the proposed method even in the presence of measurement noise.

• Chapter 4: In this chapter state space based mathematical expressionsare derived for a

generalized SISO SOPDT process model which is realized in terms of stable or unstable

FOPDT, SOPDT overdamped, underdamped, critically damped and integrating process

models. The method proposed in this chapter gives accurate process model parameters.

Effect of measurement noise is reduced using relay with hysteresis and a denoising block

is proposed to further mitigate the noise effect. Well knownexamples are considered

to show the general usefulness of the proposed method. Results are compared using

estimation error values and Nyquist plots.

• Chapter 5: In this chapter state space method is extended to identify the process dynam-

ics of SISO NMP process models during off-line mode of operation. The mathematical

expressions derived for a stable SOPDT NMP process model arerealized for a class of

process models. The denoising block proposed earlier is modified to obtain noise free

limit cycle output. Simulation results are illustrated to validate the proposed method and

results are compared with recent methods.

• Chapter 6: In this chapter conclusions from the research work are drawnand suggestions

for further work are documented.
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CHAPTER 2

OFF-LINE AND ON-LINE IDENTIFICATION

OF SISOPROCESSES

2.1 Introduction

Process identification plays an important role in automatictuning of controllers in industries.

In early eighties,̊Aström and Hägglund [10] proposed the use of relay feedback combined with

describing function (DF) approximation as a simple means todetermine the ultimate gain and

ultimate frequency. Luyben [11] pioneered the use of relay feedback tests and describing func-

tion analysis for process identification. Many authors usedDF method to develop the analytical

expressions for estimation of process model parameters. Liet al. [18] proposed algorithms for

identification of stable and unstable process dynamics using two relay tests which takes more

time as the number of experiments doubled. Shen et al. [12] suggested an input biased relay

test to find out two important points on the Nyquist curve by applying dual input describing

function (DIDF) approach for the estimation of stable process model parameters. Marchetti

et al. [13] employed an ideal relay to identify unstable processes. Lee et al. [70] used relay

with hysteresis and DF method to obtain the process dynamicsof stable FOPDT processes.

Padhy and Majhi [14] derived analytical expressions based on DF method to calculate the pro-

cess model parameters of stable and unstable FOPDT processes employing ideal relay. As in

DF technique the nonlinear device relay is approximated by anonlinear gain (N) hence, the

estimated process model parameters are approximate. So, many identification methods are pro-

posed to obtain accurate process dynamics. Vivek and Chidambaram [6] employed Laplace
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transform approach for estimation of FOPDT process model parameters using symmetrical re-

lay test. Thyagarajan and Yu [3] proposed shape factor analysis of relay feedback response to

estimate unknown process model parameters. Majhi and Atherton [37, 46] and Majhi [39] de-

veloped relay based identification algorithms for different types of processes using ideal relay

and state space method. These techniques give accurate results but involve extensive calculation

and need to solve set of nonlinear equations simultaneously. In the literature, process identifi-

cation methods are available for particular type of processes in general and few authors have

considered the effect of noise. Under noisy environment an ideal relay is subjected to chattering

hence, to avoid incorrect relay switching, relay with hysteresis is applied for process identifica-

tion [19, 70]. Relay with hysteresis reduces the effect of measurement noise and further noise

elimination is carried out with the help of Fourier series based curve fitting technique [1, 39].

Generally, the hysteresis width is selected as twice the standard deviation of noise [7].

In this chapter, explicit expressions are derived based on DF technique to estimate the unknown

process model parameters of SISO processes during off-lineand on-line mode of operation. In

relay based process identification, DF method is widely adopted because of the ease of com-

putation involved and general usefulness of the method. Initially the expressions are derived

separately for stable or unstable FOPDT and SOPDT process models including underdamped

and critically damped process models. Later it is shown thatthese expressions can be obtained

by generalizing the expressions derived for SOPDT process model. The process information is

extracted using relay with hysteresis. Validity of the presented method, with and without mea-

surement noise, is demonstrated through simulation results which are compared with available

methods in the literature.

2.2 Identification method and analytical expressions

This section presents the procedures for identification of FOPDT and SOPDT processes by off-

line and on-line relay based closed loop tests. The conventional off-line identification structure

12
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Process
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u(t)e(t)r(t)
+
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Figure 2.1: Conventional off-line identification scheme

is shown in Fig. 2.1, which consists of a relay with hysteresis and the processG(s) in the

closed loop. In figure,r(t) is the reference or setpoint input,e(t) is input to the relay and

u(t) andy(t) are process input and output, respectively. It is assumed that the measurement

noise appears at the process output. During process identification, the reference inputr(t) is

made zero so that the system generates sustained oscillations or limit cycles. As shown in Fig.

2.2, the on-line identification structure consists of a PID controller connected in parallel with

the relay in the loop, the equivalent representation of thisfigure is shown in Fig. 2.3. It is

apparent from Fig. 2.3 that the relay sees a fictitious process Ḡ(s) (G(s) coupled with the inner

loop controllerGc(s)) in the loop. The process gets stabilizing signal from the inner feedback

controller thereby improving its stability during identification. Under noisy environment the

conventional relay experiment employing an ideal relay induces chattering in the process output

which is not preferred in real time applications. Hence, a relay with hysteresis is applied to

Process

Noise

u(t)e(t)r(t)
+
-

y(t)
+

Relay with
hysteresis

PID

controller

+
G(s)

G (s)
c

Figure 2.2: Conventional on-line identification scheme
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Process
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controller
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G(s)
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c
(s)

Figure 2.3: Equivalent representation of Fig. 2.2

minimize the correlation with high frequency noise. Therefore, to trigger the relay switching,

the feedback error must shift beyond the zero crossing line by substantial quantity relative to

the noise level.

The typical diagram of an ideal relay and relay with hysteresis is shown in Fig. 2.4 where±h

indicates relay height or amplitude and±ε is the hysteresis width which is generally set to twice

the calculated standard deviation of noise. Figs. 2.5 and 2.6 show the relay responses to the

process output for an ideal relay and relay with hysteresis,respectively.

Figure 2.4: Symmetrical relay diagrams

In DF method the nonlinear device relay with hysteresis is approximated by a gain (N) as

N =
4h
(√

A2
p− ε2− jε

)

πA2
p

(2.1)

(The detailed proof of (2.1) is given in Appendix A.1)

whereAp is peak amplitude of limit cycle.
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Figure 2.6: Process output and input signals for relay with hysteresis
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The condition to obtain sustained oscillations during off-line identification is

NGm( jω) = −1 (2.2)

whereGm( jω) is the process model in frequency domain.

Let the form of PID controller be

Gc(s) = KP

(
1+

1
TI s

+
TDs

αTDs+1

)
(2.3)

whereKP, TI , TD andα are the proportional gain, integral time constant, derivative time constant

and derivative filter constant, respectively. Normally,α is very small so, the derivative filter term

in (2.3) is neglected in the following derivations for ease in analysis. Hence, (2.3) is reduced to

Gc(s) = KP

(
1+

1
TI s

+TDs

)
(2.4)

Rewriting the above equation in frequency domain

Gc( jω) = KP

(
1+

1
jωTI

+ jωTD

)
(2.5)

Now, for on-line identification the condition to get a stablelimit cycle is

NḠm( jω) = −1 (2.6)

whereḠm( jω) is the fictitious process model in frequency domain, which isrepresented as

Ḡm( jω) =
Gm( jω)

1+Gm( jω)Gc( jω)
(2.7)

The following expression is obtained by using (2.7) in (2.6)

Gm( jω) [N+Gc( jω)] = −1 (2.8)

Eqs. (2.2) and (2.8) are utilized in Sections 2.4 and 2.5 to derive analytical expressions to esti-

mate the unknown process model parameters.

During on-line identification test to obtain the sustained oscillations the initial controller pa-

rametersKP = 0.01 (for stable processes) and 0.001 (for unstable processes), TI = 0.5 and

TD = 0.125 are chosen. The choice is decided from a number of simulation results.
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2.3 Issue of measurement noise and load disturbance

In process control systems, irrespective of accurate sensors, the process output is corrupted with

measurement noise generated from control valves, measuring devices or the process itself. This

noise causes multiple switching of relay at the zero crossing. Due to multiple switching at the

process input, the limit cycle will have number of measurements for time period and amplitude,

leading to inaccurate estimation of process model parameters. So, it is essential to eliminate

the effects of measurement noise. Therefore, to reduce chattering in the process output, a relay

with hysteresis is applied in the proposed identification method. To illustrate the effect of noise

in simulations, a white Gaussian noise of zero mean and certain variance (0,σ2
n ) is injected to

the output signal which induces noisy oscillations. The noise power is quantified by signal to

noise ratio (SNR) given by

SNR= 10log

(
σ2

y

σ2
N

)
(2.9)

measured in decibel (dB), whereσ2
y is the variance of the process output signal andσ2

N the noise

variance. To recover the noise free process output, Fourierseries based curve fitting technique

[1, 39] is employed. Any practical or noisy periodic signal is assumed to be represented by its

equivalent Fourier series expression which can be written as

D(t) =
8

∑
g=0

ζ1gcos(gωt)+
8

∑
g=0

ζ2g sin(gωt) (2.10)

whereζ1g andζ2g (for g = 0, 1, 2,....) are the Fourier coefficients,g is the number of terms,ω

is the frequency of the fitted signal andD(t) is denoised output signal. Here the value ofg is

restricted to 8 for computational complexity reduction. A noisy signal can be decomposed into

number of signals oscillating with multiples of fundamental frequency. From these number of

signals, one clean signal corresponding to the noisy signalis obtained.

To verify the efficacy of the proposed method under realisticconditions, process model pa-

rameters are estimated even in the presence of measurement noise. The proposed method is

also tested for noise with low frequency in fourth example. Simulations are not carried out with

several noise patterns but in real time scenarios the noise can be of various forms. Practical is-
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sues such as noise, effect of neglected dynamics etc. play a major role in model based controller

design. Our identification method provides a tool for model based controller design not aiming

at achieving a very accurate model at any working condition but just at those frequencies that

are interesting for control purposes.

In the presence of static load disturbance of magnitudeL, both the relay output and load distur-

bance serve as process input leading to a significant shifting in the limit cycle output. In order

to recover the original limit cycle a bias of magnitude−L̂ (as suggested in [39]) may be added

to relay amplitudes to nullify the shifting occurred in limit cycle output.

2.4 Process identification

2.4.1 FOPDT process model

Let the process in the off-line identification structure shown in Fig. 2.1 be represented by the

stable or unstable FOPDT process transfer function model

Gm(s) =
Ke−δs

τ1s±1
(2.11)

The above transfer function model in frequency domain becomes

Gm( jω) =
Ke− jωδ

jωτ1±1
(2.12)

where the unknown paramtersK, τ1 andδ are the steady state gain, the time constant and the

time delay of the process model, respectively. From the measurements of peak amplitude(Ap)

and time period(Tp) of the limit cycle output, the process model parametersτ1 andδ are esti-

mated for any non-zero settings of the relay. SubstitutingGm( jω) from (2.12) andN from (2.1)

in (2.2) results in

4h
(√

A2
p− ε2− jε

)
Ke− jωδ

πA2
p( jωτ1±1)

= −1 (2.13)
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Equating the magnitude on both sides of (2.13), one obtains

4hK

πAp

√
(ωτ1)

2+1
= 1 (2.14)

The above equation is further solved to obtain the followingexpression for stable or unstable

process model

τ1 =
1
ω

√(
4hK
πAp

)2

−1 (2.15)

Now, equating the phase angle on both sides of (2.13) for stable process we get

−ωδ − tan−1(ωτ1)− tan−1


 ε√

A2
p− ε2


= −π (2.16)

which is reduced to

δ =
1
ω



π − tan−1




ωτ1

√
A2

p− ε2 + ε
√

A2
p− ε2− εωτ1







 (2.17)

Similarly, equating the phase angle on both sides of (2.13) for unstable process

−ωδ + tan−1(ωτ1)− tan−1


 ε√

A2
p− ε2


= 0 (2.18)

on further solving we get

δ =
1
ω



tan−1




ωτ1

√
A2

p− ε2− ε
√

A2
p− ε2+ εωτ1







 (2.19)

whereω = π/Tp. Due to symmetrical relay input, the limit cycle output generated is also sym-

metrical hence, the time period (Tp) is measured from half limit cycle output.

Using the explicit Eqs. (2.15) and (2.17) and measurements made on the half limit cycle, the

process model parametersτ1 andδ of the stable process are estimated during off-line mode

of operation similarly, to estimate the parameters of unstable process model, Eqs. (2.15) and

(2.19) are utilized.
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For on-line identification, substitution ofGm( jω), N andGc( jω) given in (2.12), (2.1) and (2.5)

into (2.8) results in

Ke− jωδ (u+ jv)

( jωτ1±1)
= −1 (2.20)

where

u = KP+
4h
√

A2
p− ε2

πA2
p

(2.21)

and

v = KPωTD − KP

ωTI
− 4hε

πA2
p

(2.22)

Similar to off-line method, equating the magnitude and phase angle on both sides of (2.20) and

solving the following expressions are obtained

τ1 =
1
ω

[√
K2(u2+v2)−1

]
(2.23)

for stable or unstable processes.

δ =
1
ω

[
π + tan−1

(
v−uωτ1

u+vωτ1

)]
(2.24)

for stable process and

δ =
1
ω

[
tan−1

(
v+uωτ1

u−vωτ1

)]
(2.25)

for unstable process.

Hence, for on-line method Eqs. (2.23) and (2.24) are utilized to obtain the parameters (τ1

andδ ) of stable FOPDT process model similarly, for unstable process model Eqs. (2.23) and

(2.25) are used.

As the DF technique gives expressions for two parameters fora particular process model so,

the steady state gainK is assumed to be positive and estimated from steady state simulation [7]

for both stable and unstable process models.
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Example 1

Let us consider the following stable FOPDT process [18]

G(s) =
e−2s

10s+1
.

The relay test is conducted for off-line mode of operation using h = 1 andε = 0.025 to gen-

erate the limit cycle output with the parametersAp = 0.2017 andTp = 4.0909. The relay and

limit cycle outputs are as shown in Fig. 2.7. The steady stategainK = 1.0, is obtained from

the method as mentioned in subsection 2.4.1. Substituting this value along with relay and limit

cycle quantities in (2.15) and (2.17) the remaining processmodel parametersτ1 = 8.1167 and

δ = 2.0909 are estimated, respectively.
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Figure 2.7: Relay and limit cycle outputs
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Chapter 2 Off-line and on-line identification of SISO processes

During on-line identification test to obtain the sustained oscillations the initial controller pa-

rametersKP = 0.01, TI = 0.5 andTD = 0.125 are chosen. Hence, the limit cycle and other

parameters obtained during on-line test areAp = 0.2029,Tp = 4.0984 andK = 1.0. These

quantities are utilized in (2.23) and (2.24) to find outτ1 = 8.0995 andδ = 2.0915, respec-

tively. For the same process, Li et al. [18] used an ideal relay to estimate the process model

parameters. To show the efficiency of proposed method under noisy environment, the process

dynamics are identified during off-line mode of operation, in the presence of measurement noise

with SNR of 20 dB. This noise effect is achieved using a white Gaussian noise of zero mean

and 1.3526×10−4 variance. Using curve fitting technique the denoised signalis obtained. The

noisy process output and denoised limit cycle output are as shown in Fig. 2.8.

The performance evaluation is carried out by calculating the frequency domain estimation error

index (Ẽ) for each of the process models. This error is found by applying integral of absolute

error criterion as

Ẽ =
∫ ωcr

0

∣∣∣∣
Gm( jω)−G( jω)

Gm( jω)

∣∣∣∣dω (2.26)

whereG( jω) is actual process,Gm( jω) is proposed model defined both in frequency domain

andωcr the critical frequency of the process.

The identified process models and the model recommended by Liet al. [18] are given in Table

2.1 along with estimation error.

Table. 2.1: Comparison of process models for Example 1

Method Process model Error (Ẽ)

Off-line 1.0e−2.0909s

8.1167s+1 0.1381

Off-line with noise 1.0e−1.9374s

8.1065s+1 0.1483

On-line 1.0e−2.0915s

8.0995s+1 0.1393

Li et al. [18] 0.988e−2.0s

8.02s+1 0.1414
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Figure 2.8: Noisy and denoised limit cycle outputs

2.4.2 SOPDT process model

The transfer function model of a stable or unstable SOPDT process is given by

Gm(s) =
Ke−δs

(τ1s±1)(τ2s+1)
(2.27)

which in frequency domain becomes

Gm( jω) =
Ke− jωδ

( jωτ1±1)( jωτ2+1)
(2.28)
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whereτ1 andτ2 are the process time constants. Substituting (2.28) and (2.1) in the condition

given by (2.2) for off-line method, following expression isobtained

4hKe− jωδ
(√

A2
p− ε2− jε

)

πA2
p( jωτ1±1)( jωτ2 +1)

= −1 (2.29)

Taking magnitude of the above equation, one obtains

4hK

πAp

√(
(ωτ1)

2 +1
)(

(ωτ2)
2+1

) = 1 (2.30)

Further simplifying the above expression for stable or unstable processes, we get

ω2
(

ω2(τ1τ2)
2+(τ1± τ2)

2∓2τ1τ2

)
=

(
4hK
πAp

)2

−1 (2.31)

Above expression is rearranged to get

τ1± τ2 =

√√√√ 1
ω2

((
4hK
πAp

)2

−1

)
±2τ1τ2− (ωτ1τ2)

2 (2.32)

Hence, for stable processes

τ1+ τ2 =

√√√√ 1
ω2

((
4hK
πAp

)2

−1

)
+2τ1τ2− (ωτ1τ2)

2 (2.33)

and for unstable processes

τ1− τ2 =

√√√√ 1
ω2

((
4hK
πAp

)2

−1

)
−2τ1τ2− (ωτ1τ2)

2 (2.34)

Now, substituting (2.28) and (2.1) in (2.2) and equating thephase angles, following expressions

are obtained for stable and unstable processes, respectively

tan−1(ωτ1)+ tan−1(ωτ2) = π −ωδ − tan−1


 ε√

A2
p− ε2


 (2.35)

tan−1(ωτ1)− tan−1(ωτ2) = ωδ + tan−1


 ε√

A2
p− ε2


 (2.36)

On further simplifying (2.35) we get

ω (τ1+ τ2)

1−ω2τ1τ2
= tan


π −ωδ − tan−1


 ε√

A2
p− ε2




 (2.37)
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Above expression is rearranged to get the following equation for stable processes

τ1τ2 =
1

ω2


1− ω (τ1+ τ2)

tan

(
π −ωδ − tan−1

(
ε√

A2
p−ε2

))


 (2.38)

Similarly, simplifying (2.36) we get

ω (τ1− τ2)

1+ω2τ1τ2
= tan


ωδ + tan−1


 ε√

A2
p− ε2




 (2.39)

The following expression is obtained for unstable process after rearranging the above equation

τ1τ2 =
1

ω2




ω (τ1− τ2)

tan

(
ωδ + tan−1

(
ε√

A2
p−ε2

)) −1


 (2.40)

Using (2.33) and (2.38) and further solving, the following explicit expressions for stable SOPDT

process are obtained

τ1 =
2hKsinϕ1

πApω
+

1
ω

√(
2hKsinϕ1

πAp

)2

− 4hKcosϕ1

πAp
−1 (2.41)

τ2 =
2hKsinϕ1

πApω
− 1

ω

√(
2hKsinϕ1

πAp

)2

− 4hKcosϕ1

πAp
−1 (2.42)

where

ϕ1 = δω + tan−1



 ε√
A2

p− ε2



 (2.43)

Hence, the process model parametersτ1 andτ2 are estimated by solving (2.41) and (2.42) for

stable processes.

Utilizing (2.34) and (2.40) and further solving, the following explicit expressions for unstable

SOPDT process are obtained

τ1 =
2hKsinϕ1

πApω
+

1
ω

√(
2hKsinϕ1

πAp

)2

+
4hKcosϕ1

πAp
−1 (2.44)

τ2 = −2hKsinϕ1

πApω
+

1
ω

√(
2hKsinϕ1

πAp

)2

+
4hKcosϕ1

πAp
−1 (2.45)
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Now, Eqs. (2.44) and (2.45) are solved to find the process model parametersτ1 andτ2 for un-

stable processes during off-line identification.

Similarly, to obtain the expressions for on-line identification, Eqs. (2.28), (2.1) and (2.5) are

substituted in (2.8) to get

Ke− jωδ (u+ jv)

( jωτ1±1)( jωτ2 +1)
= −1 (2.46)

whereu andv are as mentioned in (2.21) and (2.22), respectively. Similar to off-line method as

given above, the following expressions are obtained after taking the magnitude and phase angle

of (2.46)

τ1+ τ2 =

√
K2(u2+v2)−1

ω
+2τ1τ2− (ωτ1τ2)

2 (2.47)

τ1τ2 =
1

ω2

[
ω (τ1+ τ2)

tan
(
δω − tan−1

( v
u

)) +1

]
(2.48)

Eqs. (2.47) and (2.48) are simplified to derive the followingexplicit expressions

τ1 =
K
√

u2+v2sinϕ2

2ω
+

1
ω

√
K2(u2+v2)sin2ϕ2

4
−K

√
u2+v2cosϕ2−1 (2.49)

τ2 =
K
√

u2+v2sinϕ2

2ω
− 1

ω

√
K2(u2+v2)sin2ϕ2

4
−K

√
u2+v2cosϕ2−1 (2.50)

where

ϕ2 = δω − tan−1
(v

u

)
(2.51)

Hence, the process model parametersτ1 andτ2 are estimated from (2.49) and (2.50) for stable

SOPDT processes.

For unstable process models, the below mentioned expressions are found by taking the magni-

tude and phase angle of (2.46)

τ1− τ2 =

√
K2(u2+v2)−1

ω
−2τ1τ2− (ωτ1τ2)

2 (2.52)

τ1τ2 =
1

ω2

[
ω (τ1− τ2)

tan
(
δω − tan−1

( v
u

)) −1

]
(2.53)
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Eqs. (2.52) and (2.53) are further solved to get the following explicit expressions

τ1 =
K
√

u2+v2sinϕ2

2ω
+

1
ω

√
K2(u2+v2)sin2ϕ2

4
+K

√
u2+v2cosϕ2−1 (2.54)

τ2 = −K
√

u2+v2sinϕ2

2ω
+

1
ω

√
K2(u2+v2)sin2 ϕ2

4
+K

√
u2+v2cosϕ2−1 (2.55)

Now, to estimate the parametersτ1 andτ2, Eqs. (2.54) and (2.55) are used for unstable processes

during on-line mode of operation. The steady state gainK is estimated using the procedure men-

tioned in subsection 2.4.1.

To estimate the process time delay (δ ) of SOPDT process model, Majhi [39] proposed a method

which involves measurement of two parameterst0 andt1 wheret0 is the time instant at which

relay switching takes place andt1 is the time where second derivative output of limit cycle suf-

fers discontinuity or sudden change so,δ = (t1 - t0). As the author used ideal relay wheret0 = 0

always, but in our method as relay with hysteresis is used where the relay switching takes place

at t0 which is non-zero. Hence, the method proposed by Majhi [39] is extended here to estimate

the process time delay using relay with hysteresis.

Example 2

This example demonstrates estimation of stable SOPDT process model parameters for the fol-

lowing process [49]

G(s) =
e−4s

(10s+1)(2s+1)
.

During off-line identification the relay with parametersh = 1 andε = 0.02, is applied to the

above process to generate limit cycle and its second derivative output as shown in Fig. 2.9.

The measured limit cycle parameters areAp = 0.353, Tp = 9.9722 andt0 = 0.2263 whereas

t1 = 4.2263 is measured from second derivative output of limit cycle. The process model param-

etersK = 1.0 andθ = 4.0 are estimated from the procedure explained in subsections2.4.1 and

2.4.2, respectively. Substituting these parameters alongwith limit cycle quantities in (2.41) and
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Figure 2.9: Limit cycle and its second derivative output

(2.42) and solved to estimateτ1 = 8.9312 andτ2 = 2.1515. Similarly, for on-line identification

using the controller parametersKP = 0.01, TI = 0.5 andTD = 0.125, the measurements made

from limit cycle and its second derivative output areAp = 0.3599,Tp = 10.0602,t0 = 0.2246

andt1 = 4.2246. The process model parametersK = 1.0 andθ = 4.0 are obtained using the pro-

cedure explained above in this example. The values ofK, θ and other limit cycle quantities are

substituted in (2.49) and (2.50) to estimateτ1 = 8.8556 andτ2 = 2.1712. Fedele [49] proposed

FOPDT model for this process using step input method. The identified process models during

off-line and on-line mode of operation, in the form of transfer functions are given in Table 2.2

along with the model proposed by Fedele [49] and the corresponding estimation error for each

process model. Even though the model suggested by Fedele [49] has less estimation error but
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the author has not considered on-line identification test.

Table. 2.2: Comparison of process models for Example 2

Method Process model Error (Ẽ)

Off-line 1.0e−4.0s

(8.9312s+1)(2.1515s+1)
0.0206

On-line 1.0e−4.0s

(8.8556s+1)(2.1712s+1) 0.0218

Fedele [49] 1.0015e−5.6474s

10.4495s+1 0.0143

Example 3

Estimation of process model parameters of the following unstable SOPDT process [6] is ex-

plained in this example

G(s) =
e−0.5s

(2s−1)(0.5s+1)
.

The off-line identification is carried out using the relay settingsh = 1 andε = 0.2 to generate

limit cycle and its second derivative output with the parametersAp = 0.857,Tp = 6.5192,t0 =

0.3646 andt1 = 0.8646. The limit cycle output is shown in Fig. 2.10. The parameters,K = 1.0

and δ = 0.50 are obtained as explained in subsections 2.4.1 and 2.4.2,respectively. These

parameters are utilized in (2.44) and (2.45) to find out the remaining process model parameters

τ1 = 2.0781 andτ2 = 0.6638. Similarly, for on-line mode (using controller parametersKP =

0.001,TI = 0.5 andTD = 0.125) the limit cycle parameters measured areAp = 0.8626,Tp =

6.6078,t0 = 0.3632 andt1 = 0.8632. Using these quantities withK = 1.0 andδ = 0.50 in (2.54)

and (2.55) the model parameters are estimated asτ1 = 2.0872 andτ2 = 0.6674. For this process

Vivek and Chidambaram [6] used Laplace transform techniqueand ideal relay to identify the

process dynamics in terms of FOPDT model as given in Table 2.3along with proposed models.
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Figure 2.10: Limit cycle output

Table. 2.3: Comparison of process models for Example 3

Method Process model Error (Ẽ)

Off-line 1.0e−0.50s

(2.0781s−1)(0.6638s+1) 0.1171

On-line 1.0e−0.50s

(2.0872s−1)(0.6674s+1) 0.1201

Vivek and Chidambaram [6] 0.7534e−1.0412s

(2.1642s−1) 0.3838

2.4.3 Underdamped SOPDT process model

The stable SOPDT process model given in (2.27) can be represented with the following transfer

function model for an underdamped SOPDT process

Gm(s) =
Ke−δs

ms2+ns+1
(2.56)
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wherem= τ1τ2 andn= τ1+τ2 with the conditionn2 < 4m for underdamped process. Rewriting

(2.56) in the following form

Gm(s) =
Ke−δsα1β1

(s−α1)(s−β1)
(2.57)

or

Gm( jω) =
Ke− jωδ α1β1

( jω −α1)( jω −β1)
(2.58)

where

α1 =
−2

n+ j
√

4m−n2
; β1 =

−2

n− j
√

4m−n2
(2.59)

For off-line mode, Eqs. (2.58) and (2.1) are substituted in (2.2) to get the following expression

4h
(√

A2
p− ε2− jε

)
Ke− jωδ α1β1

πA2
p( jω −α1)( jω −β1)

= −1 (2.60)

The magnitudes are equated on both sides of (2.60) and simplified to obtain

α1β1 = ωπAp

√
ω2 +α2

1 +β 2
1

(4hK)2− (πAp)
2 (2.61)

Similarly, equating the phase angles for (2.60) and the expression is shortened to

α1 +β1 =

(
α1β1−ω2

ω

)
tan


π +ωδ + tan−1


 ε√

A2
p− ε2




 (2.62)

As α1 andβ1 are in terms of the process model parametersm andn, Eqs. (2.61) and (2.62) are

further simplified to obtain the following expressions

m=
1

ω2


1+cos


ωδ + tan−1


 ε√

A2
p− ε2




 4hK

πAp


 (2.63)

n = sin


ωδ + tan−1


 ε√

A2
p− ε2




 4hK

ωπAp
(2.64)

Hence, the parametersm andn are calculated from (2.63) and (2.64), respectively for off-line

identification test.
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For on-line identification the corresponding equations aresubstituted in (2.8) to get

Ke− jωδ α1β1

( jω −α1)( jω −β1)
(u+ jv) = −1 (2.65)

Like off-line method considering the magnitude and phase angle of the above equation to get

α1β1 = ω

√
ω2 +α2

1 +β 2
1

K2(u2+v2)−1
(2.66)

α1+β1 =

(
α1β1−ω2

ω

)
tan
(

π +ωδ − tan−1
(v

u

))
(2.67)

Eqs. (2.66) and (2.67) are resolved to obtain the following expressions

m=
1

ω2

[
1+K

√
u2+v2cos

(
ωδ − tan−1

(v
u

))]
(2.68)

n =

[
K
√

u2+v2

ω

]
sin
(

ωδ − tan−1
(v

u

))
(2.69)

The parametersmandn are estimated from (2.68) and (2.69), recpectively during on-line iden-

tification test. The remaining parametersK andδ are obtained as explained in subsections 2.4.1

and 2.4.2, respectively.

Example 4

In this example an underdamped SOPDT process [2] is considered as

G(s) =
e−3s

s2+0.4s+1
.

For off-line identification the relay (h = 1 andε = 0.1) input to the process generates limit cy-

cle and its second derivative output with the parametersAp = 2.5716,Tp = 3.9601,t0 = 0.0443

andt1 = 3.0443. Similar to Example 2, the process model parametersK = 1.0 andθ = 3.0 are

estimated. These parameters are substituted in (2.63) and (2.64) with limit cycle quantities to

estimatem= 0.9991 andn = 0.4127, respectively. Similarly, for on-line identification(using

controller parametersKP = 0.01,TI = 0.5 andTD = 0.125) the measured limit cycle and its sec-

ond derivative parameters areAp = 2.59,Tp = 4.001,t0 = 0.0442 andt1 = 3.0442. So,K = 1.0

andθ = 3.0 are estimated and these parameters are utilized with limitcycle quantities in (2.68)

and (2.69) to estimatem= 0.9975 andn = 0.4125. The proposed models and the model sug-
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Figure 2.11: Nyquist plots for Example 4: (a) Actual process, (b) identified model (off-line)
and (c) model proposed by Lavanya et al. [2]

gested by Lavanya et al. [2] using an ideal relay are given in Table 2.4 along with the respective

estimation error. It can be observed that the proposed models have less estimation error than

the model suggested by Lavanya et al. [2]. The results are also compared using Nyquist plots

(for off-line method) as shown in Fig. 2.11. During off-lineidentification, a white Gaussian

noise of variance 0.00329 is added to the process output to get a noisy signal with SNR of 30

dB. Repeating the above procedure, estimated process modelparameters areδ = 2.9797,m =

1.0134 andn = 0.4158. As the white Gaussian noise is characterized with high frequency, the

process dynamics are also identified in the presence of low frequency noise with SNR of 30 dB,

asδ = 3.0209,m = 0.9871 andn = 0.4012. The low frequency noisy signal and the denoised
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Figure 2.12: Low frequency noisy signal and denoised limit cycle outputs

limit cycle outputs are as shown in Fig. 2.12. For same SNR values the process model parame-

ters estimated during on-line test arem= 1.0039,n = 0.4173 andδ = 2.9864 (for high frequency

noise) andm= 1.0041,n = 0.4204 andδ = 2.9721 (for low frequency noise).

Table. 2.4: Comparison of process models for Example 4

Method Process model Error (Ẽ)

Off-line 1.0e−3.0s

(0.9991s2+0.4127s+1)
0.0058

On-line 1.0e−3.0s

(0.9975s2+0.4125s+1)
0.0057

Lavanya et al. [2] 1.0e−3.0s

(1.326s2+0.68s+1)
0.1584
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Example 5

One more underdamped SOPDT process [71] is considered in this example to study the robust-

ness of the proposed method

G(s) =
e−s

9s2+2.4s+1
.

The off-line and on-line relay tests are conducted withh= 1 and different values ofε to identify

the process dynamics. The process model parametersK andδ are estimated from the procedure

mentioned in subsections 2.4.1 and 2.4.2, respectively. The corresponding expressions for off-

line and on-line method are solved using the known parameters to find outm andn. Chen [71]

suggested two different FOPDT models for this process. The process models identified for

different values ofε are given in Table 2.5 along with the models recommended by Chen [71].

The percentage (%) error of measured limit cycle quantitiesand estimated model parameters

for different SNR values are given in Table 2.6.

Table. 2.5: Comparison of process models for Example 5

Method ε Process model Error (̃E)

0.1 1.0e−1.0s

(9.0991s2+2.2857s+1)
0.0128

Off-line 0.2 1.0e−1.0s

(9.0991s2+2.2793s+1)
0.0135

0.3 1.0e−1.0s

(9.1157s2+2.2716s+1)
0.0144

0.1 1.0e−1.0s

(9.0991s2+2.2894s+1)
0.0124

On-line 0.2 1.0e−1.0s

(9.0991s2+2.2829s+1)
0.0131

0.3 1.0e−1.0s

(9.1075s2+2.2732s+1)
0.0141

Chen [71] – 1.0e−3.35s

(3.96s+1) 0.2948

– 1.0e−3.27s

(4.21s+1) 0.3196
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Table. 2.6: Effect of measurement noise on parameters in % error, for Example 5

SNR (dB) Ap Tp m n δ

15 −1.3268 0.0172 1.5715 −0.4958 −4.19

Off-line 20 0.3478 0.0141 −0.1802 −0.0219 0.62

25 0.1416 −0.0016 0.0011 0.1228 0.26

30 −0.0772 −0.0016 0.0011 0.6405 0.62

15 −1.2114 −0.059 1.3848 −0.5519 −3.95

On-line 20 −0.2872 −0.0047 0.0912 0.2146 −0.11

25 −0.0125 −0.0047 −0.2715 0.5256 0.98

30 −0.1249 −0.0124 0.0011 0.4029 0.26

2.4.4 Critically damped SOPDT process model

Let us consider the following transfer function model for critically damped SOPDT process

Gm(s) =
Ke−δs

(τ1s+1)2 (2.70)

For off-line method, substituting (2.1) and frequency domain of (2.70) in (2.2) to achieve

4h
(√

A2
p− ε2− jε

)
Ke− jωδ

πA2
p( jωτ1 +1)2 = −1 (2.71)

The following expressions for the process model parametersτ1 andK are obtained after con-

sidering the phase angle and magnitude of (2.71), respectively

τ1 =
1
ω

cot


ωδ + tan−1


 ε√

A2
p− ε2



/

2


 (2.72)

K =
πAp

[
(ωτ1)

2 +1
]

4h
(2.73)
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Hence,τ1 andK are estimated from (2.72) and (2.73), respectively for off-line identification

method.

For on-line identification the following expression is obtained by employing the required equa-

tions in (2.8)

Ke− jωδ (u+ jv)

( jωτ1 +1)2 = −1 (2.74)

Considering the phase angle and magnitude of the above equation to derive

τ1 =
1
ω

cot
(

ωδ − tan−1
(v

u

)/
2
)

(2.75)

K =
(ωτ1)

2 +1√
u2 +v2

(2.76)

Now, τ1 and K are estimated from (2.75) and (2.76), respectively for on-line identification

method and one more parameterδ is obtained from the method as mentioned in subsection

2.4.2.

Example 6

This example illustrates identification of critically damped SOPDT process dynamics for the

following process [3]

G(s) =
e−0.01s

(2s+1)2 .

Application of off-line relay (h = 1 andε = 0.1) feedback test generates the limit cycle and its

second derivative output with the quantitiesAp = 0.1555,Tp = 2.3291,t0 = 0.4889 andt1 =

0.4989. So, the time delay parameter,δ = 0.01 is obtained. Substituting the required parameters

in (2.72) and (2.73), the remaining process model parameters are estimated asτ1 = 1.9938 and

K = 1.0054. Similarly, the parameters obtained during on-line test (using controller parameters

KP = 0.01,TI = 0.5 andTD = 0.125) areAp = 0.1558,Tp = 2.3279,t0 = 0.4876 andt1 = 0.4976,

so,δ = 0.01. Utilizing these parameters in (2.75) and (2.76) the process model parameters are

obtained asτ1 = 1.9963 andK = 1.0085. These identified process dynamics are represented

in transfer function models in Table 2.7 along with the modelproposed by Thyagarajan and

Yu [3]. The results are also compared using Nyquist plots as shown in Fig. 2.13. The effect

of measurement noise on limit cycle parameters and estimated process model parameters in
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Figure 2.13: Nyquist plots for Example 6: (a) Actual process, (b) identified model (off-line),
(c) identified model (on-line) and (d) model proposed by Thyagarajan & Yu [3]

percentage (%) error is given in Table 2.8 for on-line identification.

Table. 2.7: Comparison of process models for Example 6

Method Process model Error (Ẽ)

Off-line 1.0054e−0.01s

(1.9938s+1)2 0.1109

On-line 1.0085e−0.01s

(1.9963s+1)2 0.1182

Thyagarajan & Yu [3] 0.8709e−0.013s

(1.8978s+1)2 0.4236
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Table. 2.8: Effect of measurement noise on parameters in % error for Example 6

SNR (dB) Tp Ap K τ1 δ

10 0.0301 -0.5135 -2.0129 -1.676 -3.0

15 0.0408 -0.3851 -1.2097 -0.8697 -1.0

20 0.0021 -0.0642 -0.2082 -0.1602 0

25 0.0064 -0.0642 -0.1784 -0.1502 -1.0

2.5 Generalized analytical expressions

In this section a generalized SOPDT process model is considered and the expressions are de-

rived for on-line identification method, further these equations can be used to get the expressions

for off-line method with some modifications. The generalized transfer function model of stable

or unstable SOPDT process is given by

Gm(s) =
Ke−δs

ms2+ns±1
(2.77)

or

Gm( jω) =
Ke− jωδ α2β2

( jω ∓α2)( jω −β2)
(2.78)

where

α2 =
−2

n+
√

n2∓4m
; β2 =

∓2

n−
√

n2∓4m
(2.79)

The model given in (2.77) is realized in terms of SOPDT (stable or unstable), underdamped

SOPDT, critically damped SOPDT, and FOPDT (stable or unstable) process models as de-

scribed in the following subsections.
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2.5.1 Expressions for SOPDT process model

The transfer function given in (2.77) can be realized as stable or unstable SOPDT process with

the conditionn2 > 4m. For on-line identification, substituting (2.78), (2.1) and (2.5) into (2.8)

and solved further to get

Ke− jωδ α2β2

( jω ∓α2)( jω −β2)
(u+ jv) = −1 (2.80)

Substituting forα2 andβ2 in the above equation and solved to obtain

Ke− jωδ

mω2− jωn∓1
=

u− jv
u2+v2 (2.81)

Equating the magnitude and phase angle on both sides of (2.81), the following explicit expres-

sions are obtained

m=
1

ω2

[
1+K

√
u2+v2cos

(
ωδ − tan−1

(v
u

))]
(2.82)

for stable SOPDT process.

m=
1

ω2

[
K
√

u2+v2cos
(

ωδ − tan−1
(v

u

))
−1
]

(2.83)

for unstable SOPDT process.

n =

[
K
√

u2+v2

ω

]
sin
(

ωδ − tan−1
(v

u

))
(2.84)

for stable or unstable SOPDT processes.

Hence, the expressions given in (2.82) and (2.84) are used toestimate the process model pa-

rameters (m andn) for stable SOPDT process and (2.83) and (2.84) are utilizedto obtain the

parameters of unstable SOPDT process. The remaining parametersK andδ are obtained as

explained in subsections 2.4.1 and 2.4.2, respectively.

The stable SOPDT process model given in (2.77) becomes an underdamped process for the

conditionn2 < 4m as described earlier in subsection 2.4.3 hence,α2 andβ2 are replaced with

α1 andβ1 as mentioned in (2.59). It is observed that substituting these values ofα1 andβ1

in (2.80) for stable condition, the expressions obtained for m andn are as given in (2.82) and

(2.84), respectively.
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Now, a critically damped SOPDT process model is representedas

Gm(s) =
Ke−δs

(
√

ms+1)
2 (2.85)

which is obtained by substitutingn = 2
√

m in (2.77) which is considered as stable process.

Hence, this value ofn, is put in (2.79) to getα2 = β2 =−1/
√

mwhich are utilized in (2.80) and

reduced to

Ke− jωδ (u+ jv)

( jω
√

m+1)
2 = −1 (2.86)

Again, equating the magnitude and phase angle on both sides of the above equation we get

√
m=

1
ω

[
cot
((

ωδ − tan−1
(v

u

))/
2
)]

(2.87)

K =
mω2+1√

u2 +v2
(2.88)

Eqs. (2.87) and (2.88) are employed to estimate the process model parameters (
√

m andK) of

critically damped SOPDT process. The process time delay (δ ) is obtained from the method as

described in subsection 2.4.2.

2.5.2 Expressions for FOPDT process model

The following stable or unstable FOPDT process model is obtained by makingm= 0 in (2.77)

Gm(s) =
Ke−δs

ns±1
(2.89)

Usingm= 0 in (2.79), one can getα2 = −1/n andβ2 = ∞ which are substituted in (2.80) and

solved to obtain

Ke− jωδ (u+ jv)

( jωn±1)
= −1 (2.90)

Considering the magnitude and phase angle on both sides of the above equation the following

explicit expressions are obtained

n =

√
K2(u2+v2)−1

ω
(2.91)
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for stable or unstable process.

δ =
1
ω

[
π + tan−1

(
v−uωn
u+vωn

)]
(2.92)

for stable process.

δ =
1
ω

[
tan−1

(
v+uωn
u−vωn

)]
(2.93)

for unstable FOPDT process.

Hence, to estimate the FOPDT process model parameters (n andδ ), Eqs. (2.91) and (2.92)

are utilized for stable processes and Eqs. (2.91) and (2.93)for unstable processes. The steady

state gainK is obtained by using the method as explained in subsection 2.4.1.

As mentioned earlier during off-line mode of operation, therelay test is conducted in the ab-

sence of controller. Hence, the expressions derived in subsections 2.5.1 and 2.5.2 can be modi-

fied with the following changes to identify the process dynamics during off-line mode

u = (4h
√

A2− ε2)/πA2; v = −4hε/πA2 (2.94)

It can be observed that the expressions derived for FOPDT andSOPDT process models by

considering the individual process in Section 2.4 and the expressions obtained for generalized

process model in Section 2.5 are the same.

2.6 Summary

A simple DF technique is used to derive explicit expressionsin terms of relay and limit cycle

parameters to estimate the unknown process model parameters during off-line and on-line mode

of operation. Relay with hysteresis is applied to get process information in the form of limit

cycle. Different types of processes are considered and expressions are derived for individual

process model to estimate the parameters. These process models are also generalized using a

second order process model with time delay and accordingly expressions are derived. Examples
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are considered in the form of transfer function models and parameters are estimated to show

efficacy and robustness of the proposed method. Process dynamics are also identified in the

presence of measurement noise.
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CHAPTER 3

OFF-LINE AND ON-LINE IDENTIFICATION

OF TITO PROCESSES

3.1 Introduction

Process identification plays an important role in automatictuning of controllers in industries.

In the literature a plenty of identification methods [3, 13, 35, 37, 39, 41, 48, 62, 72–75] are avail-

able for SISO processes using different types of relays and algorithms. Many of the indus-

trial processes consist of multi-input-multi-output (MIMO) processes. The TITO (two-input-

two-output) processes are one of the most commonly used categories of multivariable pro-

cesses [24, 25]. As identification of TITO processes is generally a difficult task due to the

interaction between the loops, it is desirable to identify TITO processes in terms of two SISO

process models [76] for easier field implementation. Few methods are available for identifi-

cation of multivariable processes. Wang et al. [23] proposed identification of TITO processes

using decentralized relay feedback technique. Here the authors used biased relay and standard

relay in the dominant loop and other loops, respectively. Choi et al. [26] proposed identification

of multivariable processes (TITO) using sequential loop closing method. Padhy et al. [4] and

Padhy and Majhi [27] proposed on-line identification of TITOprocesses using DF technique.

Here the authors used ideal relay to acquire the process information. Li et al. [77] proposed

identification of TITO processes applying step test.

In this chapter simple explicit expressions are derived using DF technique to identify the TITO

process models during on-line and off-line mode of operation. Measurement noise is an impor-
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tant issue in an identification problem. During the relay feedback experiments, amplitude of the

limit cycle output is often corrupted with noise due to whichthe test may fail. To overcome

the possible failure, a relay with hysteresis is consideredin the proposed identification method.

Simulation examples are included to illustrate usefulnessof the proposed method.

3.2 Identification method

This section presents the procedure for on-line identification of TITO processes by relay based

closed loop tests. The conventional on-line TITO system is shown in Fig. 3.1 which consists

of the TITO process, two relaysN1 andN2, and PID controllers in the closed loops. The TITO

process is represented by the following transfer function matrix

G(s) =




G11(s) G12(s)

G21(s) G22(s)


 (3.1)

This TITO process is approximated by two SISO process models. The DF technique proposed

in Chapter 2 is extended here to identify the TITO process in terms of the following model

transfer function matrix

Gm(s) =




Gm1(s) 0

0 Gm2(s)


 (3.2)

whereGm1(s) andGm2(s) are the SISO transfer function models as given below

Gmi(s) =
Kie−δis

(1+ τis)
2 ∀ i = 1,2 (3.3)

or in terms of frequency domain

Gmi( jω) =
Kie− jωδi

(1+ jωτ i)
2 (3.4)

whereKi , τi andδi are the steady state gain, the time constant and the time delay of the process

model, respectively. These process model parameters (Ki , τi andδi) are unknown and that are

to be estimated.

It can be observed in Fig. 3.1 that the relays (N1 andN2) are in parallel with the controllersGc1

andGc2. Equivalent representation of Fig. 3.1 is redrawn in Fig. 3.2. It can be seen from Fig.
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3.2 that the controllers are in the inner feedback paths and help in stabilizing the process during

identification. In describing function analysis, the relays with hysteresis are approximated by

gains of

Ni =

4hi

(√
Api

2− εi
2− jεi

)

πApi
2 ∀ i = 1,2 (3.5)

wherehi is the amplitude of relay,εi the hysteresis width of relay andApi the peak amplitude

of limit cycle for corresponding loops 1 and 2. The relay parameters (h1, h2, ε1 andε2) are user

defined and the peak amplitude of limit cycle (Ap1 andAp2) is measured from the corresponding

limit cycle output. LetGc(s) be the PID controller matrix given by

+
-
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+

e
+
-
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+
1
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1
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Figure 3.1: Conventional TITO system with relay and controller

Gc(s) =




Gc1(s) 0

0 Gc2(s)


 (3.6)

where

Gci (s) = KPi

(
1+

1
TIi s

+
TDis

αiTDis+1

)
(3.7)
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Figure 3.2: Equivalent representation of Fig. 3.1

In the above expressionαi is the derivative filter constant of theith loop. Since this derivative

filter constant is very small, it is neglected for ease in analysis in the following derivations.

Hence, the above expression can be written as

Gci (s) = KPi

(
1+

1
TIi s

+TDis

)
(3.8)

or

Gci ( jω) = KPi

(
1+

1
jωTIi

+ jωTDi

)
(3.9)

The controller parameters (KPi, TIi andTDi) are pre-specified to obtain the sustained oscillations.

Let the describing function matrix be

N =




N1 0

0 N2


 (3.10)

whereN1 andN2 are the gains of the relays with hysteresis for loops 1 and 2, respectively. The

estimation of process model parameters is described in the following section.
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3.3 Estimation of process model parameters

The peak amplitudeApi and half time periodTpi of the limit cycle outputs are measured assum-

ing that both the loops under limit cycle condition have the same frequencies. The auto-tuning

test results in stable limit cycle outputs for any non-zeroh1 andh2 subject to the condition

NiḠmi( jω) = −I (3.11)

where

Ḡmi( jω) =
Gmi( jω)

I +Gmi( jω)Gci( jω)
(3.12)

andI is an identity matrix of the order ofGmi( jω). Then, (3.11) becomes

Gmi( jω)(Ni +Gci( jω)) = −I (3.13)

Substituting forNi, Gmi( jω) andGci( jω) from (3.5), (3.4) and (3.9), respectively in the above

equation and resolving we obtain

Kie− jωδi (u+ jv)

(1+ jωτi)2 = −1 (3.14)

where

u =
4hi

πA2
pi

(
√

A2
pi − ε2

i )+KPi (3.15)

and

v = ωKPiTDi −
KPi

ωTIi
− 4hiεi

πA2
pi

(3.16)

Equating the magnitudes of both sides of (3.14) and further simplifying we get

ωτi =

√
Ki

√
u2+v2−1 (3.17)

which is represented in terms of the process model parameterτi as

τi =

√
Ki
√

u2+v2−1
ω

(3.18)
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Similarly, equating the phase angles of both sides of (3.14)and solving

ωδi = π + tan−1
(v

u

)
−2tan−1(ωτi) (3.19)

or in terms ofδi ,

δi =
π + tan−1

( v
u

)
−2tan−1(ωτi)

ω
(3.20)

Thus, using the explicit expressions (3.18) and (3.20), theprocess model parametersτi andδi

are estimated, respectively.

Since, using DF method only two parameters can be estimated hence, the steady state gain

Ki of the process is obtained from the method proposed by Padhy et al. [4].

The expressions derived for on-line identification are modified to get the equations for estima-

tion of process model parameters during off-line mode of operation with the following changes

in u andv

u = (4hi

√
A2

pi − ε2
i )/πA2

pi; v = −4hiεi/πA2
pi (3.21)

Hence, substituting foru andv in (3.18) and (3.20) the following expressions are obtained

τi =
1
ω

[√
4hiKi

πApi
−1

]
(3.22)

δi =
1
ω



π −2tan−1(ωτi)− tan−1



 εi√
A2

pi− ε2
i







 (3.23)

Now, Eqs. (3.22) and (3.23) are used to estimate the process model parameters (τi andδi) during

off-line mode of operation.
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3.4 Simulation results

Two examples are considered in this section to illustrate usefulness of the proposed iden-

tification method. For on-line identification the initial PID controller parameters are set to

KPi = 0.1,TIi = 1 andTDi = 0.25, for i = 1, 2. These values are decided from a number of simu-

lation results. To test the proposed method in the face of measurement noise, a white Gaussian

noise of zero mean and certain variance is added at the outputs of loops 1 and 2 simultaneously

to create noisy oscillations. Fourier series based curve fitting technique [1,39] is used to recover

the noise free limit cycle output. The process is decoupled completely by using the decoupler

obtained by Wang et al.’s method [78] assuming that the full matrix transfer function model of

the process is known.

Example 1

Let us consider the following transfer matrix of a TITO process [4,79]

G(s) =
1

den(s)




1 −2.4
1+0.5s

0.5
1+0.1s 1




whereden(s) = (1+0.1s)(1+0.2s)2.

For on-line identification, relay (h1 = h2 = 1 andε1 = ε2 = 0.1) inputs are simultaneously ap-

plied to both the loops 1 and 2 to obtain the limit cycles. The limit cycle generated from loop 1

is as shown in Fig. 3.3, similar output is generated from loop2. The parameters measured from

these limit cycles areAp1 = 0.2903,Tp1 = 0.3272 for loop 1 similarly, for loop2Ap2 = 0.2576,

Tp2 = 0.3273.

The steady state gainsK1 = 2.2 andK2 = 2.2 are obtained from the method proposed by Padhy

et al. [4]. Using the corresponding values in (3.18) and (3.20), the process model parameters

τ1, τ2, δ1 andδ2 are estimated. Similarly, the process dynamics are identified in the presence of

measurement noise of 20 dB SNR. Using curve fitting technique[1,39] the denoised limit cycle

is obtained, Fig. 3.4 shows the noisy and denoised limit cycle outputs from loop 1. Hence, the

identified process models are given below
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Figure 3.3: Limit cycle output from loop 1

Gm(s)without noise=




2.2e−0.0374s

(1+0.3072s)2 0

0 2.2e−0.0279s

(1+0.3277s)2




Gm(s)with noise=




2.2e−0.036s

(1+0.3064s)2 0

0 2.2e−0.0254s

(1+0.3316s)2




During off-line mode of operation the following process model is obtained by repeating the

above procedure and using (3.22) and (3.23)
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Gm(s) =




2.2e−0.036s

(1+0.3051s)2 0

0 2.2e−0.0269s

(1+0.3263s)2




The process model suggested by Padhy et al. [4] using an idealrelay is

Gm(s) =




2.2e−0.0412s

(1+0.3163s)2 0

0 2.2e−0.0404s

(1+0.3226s)2



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Figure 3.4: Noisy and denoised limit cycle outputs from loop1
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The decoupled model obtained by using Wang et al.’s [78] method is

Gm(s) =




250s2+3000s+11000
s5+32s4+385s3+2150s2+5500s+5000

0

0 250s2+3000s+11000
s5+32s4+385s3+2150s2+5500s+5000




The Nyquist plots of first and second equivalent diagonal elements of the above process models

are shown in Figs. 3.5 and 3.6, respectively and it can be observed that the plots are close to

each other. The error analysis (usingH∞ norm) of the proposed models, the decoupled model

and the model suggested by Padhy et al. [4] is given in Table 3.1.
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Figure 3.5: Nyquist plots: (a) proposed model, (b) proposedby Padhy et al. [4] and (c) decou-
pled model
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Figure 3.6: Nyquist plots: (a) proposed model, (b) proposedby Padhy et al. [4] and (c) decou-
pled model

Table. 3.1: Error analysis usingH∞ norm

Proposed method H∞ norm

On-line without noise 0.1886

On-line with noise 0.1886

Off-line without noise 0.1886

Padhy et al. [4] 0.1886

Decoupled by Wang et al. [78] 0.1475
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Example 2

The following TITO process [27,79] is considered in this example

G(s) =
1

den(s)




(1.5s+1) 0.2(0.75s+1)

0.6(0.75s+1) 0.8(1.2s+1)




whereden(s) = (1+s)(1+2s)2(1+0.5s).

Here also the limit cycles are generated by applying relay inputs simultaneously to loops 1

and 2 on-line. The relay settings used areh1 = h2 = 1 andε1 = ε2 = 0.1 and the limit cycle

quantities measured from loop 1 areAp1 = 0.2652,Tp1 = 2.7381 and from loop2Ap2 = 0.2566,

Tp2 = 2.7382. Similar to Example 1 the steady state gainsK1 = 0.849 andK2 = 0.678 are

obtained. Eqs. (3.18) and (3.20) are solved utilizing the required values to calculate the process

model parametersτ1, τ2, δ1 and δ2.The process model parameters are also estimated in the

presence of measurement noise of 20 dB SNR. The noisy and denoised limit cycle outputs from

loop 1 are as shown in Fig. 3.7. Hence, the proposed process models are

Gm(s)without noise=




0.849e−0.5517s

(1+1.5526s)2 0

0 0.678e−0.6408s

(1+1.3621s)2




Gm(s)with noise=




0.849e−0.4592s

(1+1.618s)2 0

0 0.678e−0.5447s

(1+1.4092s)2




Similarly, the process model identified during off-line test is

Gm(s) =




0.849e−0.5519s

(1+1.5544s)2 0

0 0.678e−0.6411s

(1+1.3635s)2




The process model suggested by Padhy and Majhi [27] using an ideal relay is

Gm(s) =




0.849e−0.4370s

(1+1.6698s)2 0

0 0.678e−0.4272s

(1+1.5343s)2




The decoupled model obtained by using Wang et al.’s [78] method is

Gm(s) =




17.1562s2+24.75s+8.5
24s5+116s4+206s3+171s2+67s+10

0

0 5.49s2+7.92s+2.72
12s5+56s4+95s3+75s2+28s+4



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Figure 3.7: Noisy and denoised limit cycle outputs from loop1

The estimated process model parameters are compared with parameters suggested by Padhy

and Majhi [27] and the error analysis is given in Table 3.2.

Table. 3.2: Error analysis for estimated parameters for Example 2

Proposed method τ1 τ2 δ1 δ2

On-line without noise 0.0702 0.1122 0.2625 0.5

On-line with noise 0.0310 0.0815 0.0508 0.2750

Off-line without noise 0.0691 0.1113 0.2629 0.5007
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3.5 Summary

In this chapter an on-line and off-line identification of TITO processes using describing func-

tion of relay with hysteresis is presented. A relay with hysteresis is applied simultaneously to

both the loops to extract the process information through limit cycle output. Two well-known

examples are considered to show the usefulness of the proposed identification method even in

the presence of measurement noise. Simulation results are verified with the help of Nyquist

plots. Further, based on the identified models the PID controller parameters can be updated on

demand when the PID tuning rules are available in terms of themodel parameters.
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CHAPTER 4

RELAY WITH HYSTERESIS AND STATE

SPACE BASED IDENTIFICATION

4.1 Introduction

Identification of accurate process dynamics plays significant role in design of model based con-

trollers. As it is seen in Chapter 2 that process identification can be done by using DF method

which gives approximate process model parameters. In the literature many authors [12–16, 80]

used DF technique to estimate unknown process model parameters of various processes. In

DF technique, approximations are made on the gain of a relay which acts as a static nonlinear

device. Hence estimated process model parameters are approximate and maximum two pa-

rameters can be estimated. To overcome these limitations researchers started working towards

development of exact methods so that accurate process modelparameters are obtained. Kaya

and Atherton [72] proposed identification of stable and unstable FOPDT and SOPDT process

dynamics based on exact asymmetrical limit cycle analysis.Srinivasan and Chidambaram [41]

used Laplace transform approach and modified asymmetrical relay feedback method to get im-

proved FOPDT model parameters. Their method requires selection of an extra parameterγ

(displacement in the relay amplitude) for accurate estimation of process gain and ultimate fre-

quency. Wang et al. [35] developed exact expressions for time periods and amplitudes of the

limit cycle using relay with hysteresis for a FOPDT process model. Initially the authors used bi-

ased relay to get oscillatory waveforms to identify the process dynamics. But using biased relay

caused larger disturbances than unbiased relay, later the authors used unbiased relay to obtain
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improved results. Chang et al. [17] developed analytical expressions for identification of first

order, second order and higher order processes using Z-transform method. Atherton and Ma-

jhi [62] proposed on-line identification of stable and unstable FOPDT and SOPDT processes,

using asymmetrical relay feedback test. Panda and Yu [81] developed process model equations

in time domain to estimate the unknown parameters of overdamped, critically damped and un-

derdamped process models. Panda et al. [48] proposed algorithms for estimation of integrating

and time delay process model parameters using single relay feedback test. Majhi [39] devel-

oped analytical expressions for parametric identificationof first order, second order and higher

order processes using ideal relay. The author used Fourier series based curve fitting technique

to obtain clean limit cycle from noisy process output. In theliterature many authors used ideal

relay or asymmetrical relay for identification of process dynamics, with or without noise. But

the effect of measurement noise can be reduced using relay with hysteresis [10]. Generally, hys-

teresis width is set to twice the standard deviation of noise[7]. So, in proposed method a new

control structure which comprises of relay with hysteresis, the process and a denoising block,

is used to increase the robustness of process dynamics identification under noisy environment.

The approaches proposed in [39] are extended in this work to develop mathematical expressions

for estimation of unknown process model parameters using relay with hysteresis.

Process identification algorithms are also proposed based on relay with hysteresis [5,16,35,47,

82]. Our proposed method has the following advantages as compared with other algorithms: a)

derivations of more number of exact equations, b) measurement of more number of limit cycle

parameters for symmetrical relay feedback tests, c) on-line elimination of measurement noise

with the help of a new control strategy and d) generalized expressions to estimate the unknown

parameters of a class of process models.

In this chapter, identification of stable or unstable first order, second order overdamped, under-

damped, critically damped and integrating process dynamics is presented. Relay with hysteresis

is used to induce a limit cycle output and using this information, unknown process model param-

eters are estimated. State space based generalized analytical expressions are derived to achieve

accurate results. Expressions are derived for off-line identification of SISO process dynamics.
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In real time systems, measurement noise is an important issue during identification of process

dynamics. A relay with hysteresis reduces the effect of measurement noise, in addition a de-

noising block is proposed to recover the original limit cycle. Simulation results are included to

validate the effectiveness of the proposed method.

4.2 Identification method

In this section a new control structure as shown in Fig. 4.1 isproposed to identify the unknown

process dynamics and to mitigate the effects of measurementnoise. This structure consists of a

relay with hysteresis in series with the unknown process anda denoising block. The functioning

of this denoising block is explained in subsection 4.2.1. InFig. 4.1 application of relay input

to the process generates limit cycle output. This limit cycle output consists of process informa-

tion in the form of various parameters. These limit cycle quantities and relay parameters are

substituted in the expressions derived for corresponding process models to identify the process

dynamics.

Process

Noise

u(t)e(t)r(t)
+
-

y(t)
+

Relay with
hysteresis

G(s)
y(t) Denoising

block

Figure 4.1: Proposed relay feedback identification scheme

The generalized transfer function model of a stable or unstable SOPDT process is given as

Gm(s) =
Ke−δs

(τ1s±1)(τ2s+1)
(4.1)

whereτ1 and τ2 are the time constants,K the steady state gain andδ the time delay of the

process. It is assumed thatτ1 is larger thanτ2 and K is positive. The above expression is

rewritten in terms off1 and f2 as

y(s)

u(s)e−δs
=

±K f1 f2
(s− f1)(s− f2)

(4.2)
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where f1 = ∓ 1
τ1

and f2 = − 1
τ2

. The process model considered in (4.1) is realized in terms

of FOPDT, SOPDT including overdamped, underdamped, critically damped, integrating and

unstable process models.

4.2.1 Measurement noise and denoising

In process industries generally, the process output is corrupted with measurement noise. Hence,

a noise free output can be obtained with the help of an integrator at the process output or by

using an off-line method such as curve fitting technique. Butaddition of an integrator at the

process output changes the order of actual process leading to inaccurate measurements. The

design of an integrator is dependent on process frequency which will not be known due to

unknown process dynamics. These issues motivate us to propose the on-line denoising block as

shown in Fig. 4.2 which consists of a derivative block (D1) followed by a closed loop sequence

of an integrator and one more derivative block (D2). The expression forD1 andD2 is written as

D1 = D2 =
TDs

αTDs+1
(4.3)

whereTD is the derivative time constant andα the derivative filter coefficient. Normally,α is

very small (�1). Generally, information signal and the measurement noise are considered as

uncorrelated while carrying out their additive addition.

ȳ(t) = cx(t)+ rand(size(x(t))) (4.4)

When the differentiation of contaminated signal is carriedout, the rate of change of signal and

measurement noise is yielded. Further, to recover the actual response, the output ofD1 is passed

through a closed loop control having an integrator and a differentiatorD2 as shown in Fig. 4.2.

D 1/s
y(t)

+
-

y(t)
1

D2

Figure 4.2: Denoising block
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The function ofD2 is to find out the variation of signal and noise content followed by filtering

and forward to adder where difference between the actual variation of noisy signal fromD1 and

D2 is obtained. Further, those variations are finally mitigated by an integrator which also helps

in removing the higher order harmonics present at the derivative (D1) output, assuming zero

initial conditions. Hence, the process of denoising is carried out to obtain a noise free limit cy-

cle outputy(t). Lee et al. [83] proposed an identification method to suppress significant effects

of higher order harmonic terms of process output using integrals of relay feedback responses.

Lee et al. [70] used high pass filter to remove slow drifts and alow pass filter to eliminate the

high frequency noise from the noisy process output. Then, Kim et al. [84] used an integrator at

the process output to obtain chattering-free response. Their method can not be implemented for

identification of lower order processes, since the integrator which is connected at the process

output, will change the order of the actual process dynamicsand also yields inaccurate ultimate

period. Our proposed denoising block is advantageous in retaining the order of the unknown

process during identification.

Remark: As the output of derivativeD1 is in terms of the rate of change of the noisy limit

cycle with reference to time. This rate of change is bounded with unknown amplitude. The

absolute value of this bound could be enormously high or maintained at an acceptable level by

varying the sampling time. With reference to real time applications this sampling time can be

defined by the user corresponding to a tolerable derivative output. However, in the proposed

structure, a sampling time of 0.01s yields satisfactory results in noise removal, while increasing

the upper bound of the derivative output which may not be acceptable in the context of practical

applications. This limitation can be overcome by an addition of a derivative gain which should

be less than unity (up to two digits of precision).
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4.3 Derivation of analytical expressions

The limit cycle output (y(t)), its second derivative output for SOPDT process and the delayed

relay output are shown in Fig. 4.3. The parameters indicatedin Fig. 4.3,h andε are relay

parameters as amplitude and hysteresis width, respectively Ap, Tp andtp are limit cycle param-

eters as peak amplitude, half period and peak time, respectively t0 is the time instant at hysteresis

value where actual relay switching takes place andt1 is the time where the second derivative

output of limit cycle shows abrupt change andδ = t1− t0. In case of FOPDT processes,t1 is

measured from first derivative output of limit cycle.

r s t u v w x y z { | } ~ � � � � � � � � � � � � � � � � �� �� � � � �� � � �� � �
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Figure 4.3: Limit cycle output and its second derivative forSOPDT process

The mathematical derivations are carried out using state space technique. The standard form of

state space equations of a system when the process contains atime delay,δ are given by

ẋ(t) = Ax(t)+bu(t−δ ) (4.5)
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y(t) = cx(t) (4.6)

whereA is a 2×2 square matrix,b is 2×1 column vector,c is 1×2 row vector. Transforming

(4.2) from transfer function to the following state space representation

ẋ(t) =




f1 0

0 f2







x1(t)

x2(t)


+




a

−a


u(t −δ ) (4.7)

y(t) =

[
1 1

]
x(t) (4.8)

(Detailed derivation of Eqs. (4.7) and (4.8) is given in Appendix A.2)

Comparing (4.7) and (4.8) with the state space Eqs. (4.5) and(4.6), respectively the matrices

A, b andc are given as

A =




f1 0

0 f2


 ; b =




a

−a


 ; c =

[
1 1

]
(4.9)

where f1 and f2 are the eigenvalues ofA and

a =
±K f1 f2
( f1− f2)

(4.10)

Assume that there exists a symmetrical limit cycle with halfperiodTp as shown in Fig. 4.3

which is obtained with the initial conditionx(t0). It can be observed from Fig. 4.3 that even

though relay switching from+h to −h, takes place at timet0, the delayed relay output pro-

vides two piecewise constant input signals to the process for positive or negative limit cycle

output. Hence, the solution of (4.5) for time rangest0 ≤ t ≤ t1 andt1 ≤ t ≤ (Tp + t0) becomes,

respectively as

x(t) = eA(t−t0)x(t0)+A−1(eA(t−t0)− I)bh (4.11)

x(t) = eA(t−t1)x(t1)−A−1(eA(t−t1)− I)bh (4.12)

whereI is 2×2 identity matrix. Due to equal half cycles the limit cycle issymmetrical hence,

it follows thatx(Tp+ t0) = −x(t0). Substitutingt = Tp+ t0 in (4.12), the following expressions
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are obtained

x(Tp+ t0) = eA(Tp+t0−t1)x(t1)−A−1(eA(Tp+t0−t1)− I)bh (4.13)

x(Tp+ t0) = eA(Tp−(t1−t0))x(t1)−A−1(eA(Tp−(t1−t0))− I)bh (4.14)

As δ = (t1− t0), above equation reduces to

x(Tp+ t0) = eA(Tp−δ )x(t1)−A−1(eA(Tp−δ ) − I)bh (4.15)

Puttingt = t1 in (4.11) one obtains

x(t1) = eA(t1−t0)x(t0)+A−1(eA(t1−t0)− I)bh (4.16)

or

x(t1) = eAδ x(t0)+A−1(eAδ − I)bh (4.17)

Substituting the above equation in (4.15) the following expression is obtained

x(Tp+ t0) = eATpx(t0)+A−1(eATp −2eA(Tp−δ ) + I)bh (4.18)

But x(Tp+ t0) = −x(t0) hence, above equation reduces to the initial condition given by

x(t0) = (I +eATp)−1A−1(2eA(Tp−δ )−eATp − I)bh (4.19)

These Eqs. (4.11), (4.12), (4.17) and (4.19) are used to get the expressions for relay and limit

cycle parameters as described in the following subsections.

4.3.1 Expression forε

The condition for sustained oscillations using relay with hysteresis is

y(t0) = cx(t0) = ε (4.20)

Simplifying the initial condition given in (4.19), the following expression is obtained

x(t0) =




ah(2ef1(Tp−δ )−ef1Tp−1)

f1(1+ef1Tp)

−ah(2ef2(Tp−δ )−ef2Tp−1)

f2(1+ef2Tp)


 (4.21)
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Substituting (4.21) andc =

[
1 1

]
in (4.20) and resolving we get

ε = ah

(
2ef1(Tp−δ )−ef1Tp −1

f1(1+ef1Tp)
− 2ef2(Tp−δ )−ef2Tp −1

f2(1+ef2Tp)

)
(4.22)

Using (4.10) in the above expression and further simplifying one obtains

ε =
±Kh

( f1− f2)

(
f2

(
2e− f1δ

1+e− f1Tp
−1

)
− f1

(
2e− f2δ

1+e− f2Tp
−1

))
(4.23)

4.3.2 Expression fortp

The expression fortp is achieved using (4.12) as follows. Substitutingt = tp in (4.12) gives the

following expression

x(tp) = eA(tp−t1)x(t1)−A−1(eA(tp−t1)− I)bh (4.24)

Now, x(t1) from (4.17) is solved to get

x(t1) =




ahef1δ (2ef1(Tp−δ )−ef1Tp−1)

f1(1+ef1Tp)
+

ah(ef1δ−1)
f1

−ahef2δ (2ef2(Tp−δ )−ef2Tp−1)

f2(1+ef2Tp)
− ah(ef2δ−1)

f2


 (4.25)

On further simplification one obtainsx(t1) as

x(t1) =




ah
f1

(
ef1Tp−1
ef1Tp+1

)

−ah
f2

(
ef2Tp−1
ef2Tp+1

)


 (4.26)

Substituting (4.26) in (4.24) and resolving yields the expression forx(tp) as mentioned below

x(tp) =




ahef1(tp−t1)(ef1Tp−1)

f1(1+ef1Tp)
− ah(ef1(tp−t1)−1)

f1

−ahef2(tp−t1)(ef2Tp−1)

f2(1+ef2Tp)
+

ah(ef2(tp−t1)−1)
f2


 (4.27)

which is reduced to

x(tp) =




ah
f1

(
−2ef1(tp−t1)

1+ef1Tp +1
)

ah
f2

(
2ef2(tp−t1)

1+ef2Tp −1
)


 (4.28)

Since the first derivative of peak amplitude is zero, which isrepresented as

ẏ(tp) = cẋ(tp) = 0 (4.29)
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or

cAx(tp)−cbh = 0 (4.30)

Sincecb = 0, above equation reduces to

cAx(tp) = 0 (4.31)

Substituting forc, A from (4.9) andx(tp) from (4.28) in the above expression and solving gives

the following expressions

e(tp−t1)( f1− f2) =
1+ef1Tp

1+ef2Tp
(4.32)

or

tp = t1+
1

( f1− f2)
ln

(
1+ef1Tp

1+ef2Tp

)
(4.33)

4.3.3 Expression forAp

The expression forAp is obtained by substituting forc andx(tp) in the following expression

y(tp) = Ap = cx(tp) (4.34)

Ap =
ah
f1

(
−2ef1(tp−t1)

1+ef1Tp
+1

)
+

ah
f2

(
2ef2(tp−t1)

1+ef2Tp
−1

)
(4.35)

Using (4.33) the following expressions are obtained

ef1(tp−t1) =

(
1+ef1Tp

1+ef2Tp

) f1
f1− f2

(4.36)

ef2(tp−t1) =

(
1+ef1Tp

1+ef2Tp

) f2
f1− f2

(4.37)

Now using (4.10), (4.36) and (4.37) in (4.35) and further simplifying one obtains the expression

for Ap as given below

Ap = ±Kh

(
2
(

1+ef1Tp

) f2
f1− f2

(
1+ef2Tp

) − f1
f1− f2 −1

)
(4.38)

These derivations forε, tp andAp are used to get the expressions for stable or unstable SOPDT

process model parameters as given in Section 4.4.
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4.3.4 Estimation ofδ

Initially, Majhi [39] proposed a method to find the process time delayδ from the measurements

of t0 andt1. There the author used ideal relay in which caset0 = 0 always, but in our proposed

method since relay with hysteresis is used hence,y(t) = ε at t = t0 which is non-zero. From the

graph shown in Fig. 4.3 it can be observed thatt1 = t0+δ , due to non-monotonic characteristic

of the limit cycle output. Hence, the method proposed by Majhi [39] is extended here to estimate

the process time delayδ . For FOPDT processest1 is measured from first derivative output of

y(t) similarly, for SOPDT processes it is measured from second derivative output ofy(t).

4.4 Process identification

4.4.1 SOPDT process model

In this subsection expressions are derived to estimate the unknown process model parameters of

stable or unstable SOPDT process model as given in (4.1). Expressing (4.23), (4.33) and (4.38)

in terms ofτ1 andτ2 as

ε = ±Kh


 −τ1

τ1∓ τ2


 2e

±δ
τ1

1+e
±Tp
τ1

−1


± τ2

τ1∓ τ2


 2e

δ
τ2

1+e
Tp
τ2

−1




 (4.39)

tp = t1+
τ1τ2

τ1∓ τ2
ln


1+e

∓Tp
τ1

1+e
−Tp
τ2


 (4.40)

Ap = ±Kh


2

(
1+e

∓Tp
τ1

) −τ1
τ1∓τ2

(
1+e

−Tp
τ2

) ±τ2
τ1∓τ2 −1


 (4.41)

Rearranging (4.39), (4.40) and (4.41) in the following formof equations for stable or over-

damped process model

(τ1− τ2)−
Kh
ε


τ1


1− 2e

δ
τ1

1+e
Tp
τ1


+ τ2


 2e

δ
τ2

1+e
Tp
τ2

−1




= 0 (4.42)
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(τ1− τ2)−
τ1τ2

(tp− t1)
ln


1+e

−Tp
τ1

1+e
−Tp
τ2


= 0 (4.43)

Kh


2

(
1+e

−Tp
τ1

) −τ1
τ1−τ2

(
1+e

−Tp
τ2

) τ2
τ1−τ2 −1


−Ap = 0 (4.44)

Similarly for unstable processes

(τ1+ τ2)−
Kh
ε


τ1


 2e

−δ
τ1

1+e
−Tp
τ1

−1


+ τ2


 2e

δ
τ2

1+e
Tp
τ2

−1




= 0 (4.45)

(τ1+ τ2)−
τ1τ2

(tp− t1)
ln



 1+e
Tp
τ1

1+e
−Tp
τ2



= 0 (4.46)

Kh


1−2

(
1+e

Tp
τ1

) −τ1
τ1+τ2

(
1+e

−Tp
τ2

) −τ2
τ1+τ2


−Ap = 0 (4.47)

Therefore substituting forε, δ , h, Tp, Ap, tp andt1 and solving simultaneously the set of Eqs.

(4.42), (4.43) and (4.44) the stable SOPDT process model parametersK, τ1 andτ2 are estimated.

Similarly, to estimate the parameters of unstable process model, Eqs. (4.45), (4.46) and (4.47)

are solved simultaneously. The simultaneous solution of these nonlinear expressions is carried

out by using the MATLAB functionfsolveassuming suitable initial values. The details of using

fsolvefunction is given in Appendix A.4.

Example 1

Let us consider a stable SOPDT process [12,42,82]

G(s) =
e−2s

(10s+1)(s+1)
.

A single relay with the settingsh = 1 andε = 0.2 is applied to the above process to generate

the limit cycle output. The measurements made on the limit cycle and its second derivative

output aretp = 4.6436,t1 = 4.2536,t0 = 2.2536,Tp = 8.7198 andAp = 0.3566. Fromt1 and

t0, the process time delay is estimated asδ = 2.0. Now, using the relay parameters, limit

cycle quantities andδ in (4.42), (4.43) and (4.44) and solving these expressions simultaneously,

the estimated process model parameters areK = 0.9923,τ1 = 9.8997 andτ2 = 1.0105. The

performance evaluation is carried out by calculating the estimation error (̃E) index as described
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in Chapter 2. The proposed model is compared with the models identified by Shen et al. [12],

Liu et al. [82] and Vivek and Chidambaram [42] with estimation error (̃E) in Table 4.1. To show

the usefulness of the proposed method, relay test is conducted under noisy environment where a

white Gaussian noise of zero mean and certain variance for different values of SNR, is injected

at the process output. As mentioned earlier, the denoised block shown in Fig. 4.1 is used to

recover the noise free limit cycle output. And process modelparameters are again estimated

from the measurements of denoised limit cycle quantities. The noisy and denoised limit cycle

outputs for 10 dB SNR are as shown in Fig. 4.4. The percentage errors of parameters, measured

and estimated in the presence of measurement noise which varies from 10 dB to 30 dB SNR,

are given in Table 4.2.
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Figure 4.4: Noisy and denoised signals
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Table. 4.1: Comparison of process models for Example 1

Method Process model Error (Ẽ)

Proposed 0.9923e−2.0s

(9.8997s+1)(1.0105s+1)
0.0006

Shen et al. [12] 0.998e−2.0s

(9.14s+1)(1.044s+1) 0.0369

Liu et al. [82] 1.0122e−2.0037s

(10.1178s+1)(0.992s+1) 0.0028

Vivek and Chidambaram [42] 1.03e−2.84s

(11.98s+1) 0.0378

Table. 4.2: Effect of measurement noise on parameters in % error, for Example 1

SNR (dB) Ap Tp t1 t0 tp K τ1 τ2 δ

10 0.028 0.001 -0.004 -0.008 -0.019 -0.40 -0.574 0.680 0

20 0.028 0.006 -0.018 -0.035 -0.015 -0.570 -0.793 0.950 0

30 0.028 0.004 0.007 0.008 -0.032 0.020 0.005 0.050 0.005

It can be observed from Table 4.1 that the presented technique yields process models with less

estimation error as compared with other methods. Table 4.2 indicates that the measured limit

cycle parameters and estimated model parameters are within1% error for different SNR values.

Example 2

In this example the following unstable SOPDT process [5,6] is taken

G(s) =
e−0.5s

(2s−1)(0.5s+1)
.

Applying the above procedure with relay settingsh = 1 andε = 0.1, the limit cycle parameters

obtained aretp = 1.551, t1 = 0.691, t0 = 0.191,Tp = 4.0325 andAp = 0.6394 hence,δ =

0.50. Using these parameters in (4.45), (4.46) and (4.47) and solving them simultaneously the

following process model parameters are estimatedK = 1.0069,τ1 = 2.0152 andτ2 = 0.5057.

The FOPDT model suggested by Liu and Gao [5] using relay with hysteresis is given in Table
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4.3 along with the model proposed by Vivek and Chidambaram [6] with the corresponding

estimation error values. These results are compared using Nyquist plots as shown in Fig. 4.5

and it can be observed that the proposed method gives good results.

In the presence of measurement noise of 1% standard deviation, Vivek and Chidambaram [6]

suggested FOPDT model with the parametersK = 0.5332,τ = 1.3524 andδ = 0.8807, our

proposed method gives the model parameters asK = 0.9947,τ1 = 1.9872,τ2 = 0.4980 andδ =

0.4981. Hence, application of single relay feedback testing and proposed expressions helps in

achieving improved results for unstable SOPDT processes.
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Figure 4.5: Nyquist plots for Example 2: (a) Actual process,(b) proposed model, (c) model
proposed by Liu and Gao [5] and (d) model proposed by Vivek andChidambaram [6]
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Table. 4.3: Comparison of process models for Example 2

Method Process model Error (Ẽ)

Proposed 1.0069e−0.50s

(2.0152s−1)(0.5057s+1)
0.002

Liu and Gao [5] 1.0097e−1.36s

(2.74s−1) 0.2159

Vivek and Chidambaram [6] 0.7534e−1.0412s

(2.1642s−1) 0.3838

4.4.2 FOPDT process model

A stable or unstable FOPDT process model is obtained by puttingτ2 = 0 in (4.1) as

Gm(s) =
Ke−δs

τ1s±1
(4.48)

Hence, the SOPDT process model expressions obtained in subsection 4.4.1 are framed to

achieve the equations for estimation of FOPDT process modelparametersK andτ1. Substi-

tutingτ2 = 0 in the expressions (4.39) and (4.41) and further simplifying we get

ε = ±Kh


1− 2e

±δ
τ1

1+e
±Tp
τ1


 (4.49)

Ap = ±Kh

(
2

1+e
∓Tp
τ1

−1

)
(4.50)

Rearranging Eqs. (4.49) and (4.50) for stable processes as

Kh


1− 2e

δ
τ1

1+e
Tp
τ1


− ε = 0 (4.51)

Khtanh

(
0.5Tp

τ1

)
−Ap = 0 (4.52)

Substituting forε, δ , h, Tp and Ap and solving simultaneously (4.51) and (4.52) the stable

FOPDT process model parameters (K andτ1) are estimated.
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Representing Eqs. (4.49) and (4.50) for unstable processesas

Kh


 2e

−δ
τ1

1+e
−Tp
τ1

−1


− ε = 0 (4.53)

Khtanh

(
0.5Tp

τ1

)
−Ap = 0 (4.54)

Now, substituting the required quantities in (4.53) and (4.54) and solving simultaneously the

unstable FOPDT process model parameters (K andτ1) are estimated. The process time delayδ

is obtained from the measurements oft1 andt0 as explained in subsection 4.3.4.

Example 3

Consider the following stable FOPDT process [5,41,42]

G(s) =
e−2s

10s+1
.

A single relay with parametersh = 1 andε = 0.1 is applied to the above process to generate

the limit cycle output. Soδ = 2.0 is obtained from the measurements oft1 = 3.0536 andt0 =

1.0536. SubstitutingTp = 5.3897,Ap = 0.2631 andδ = 2.0 in (4.51) and (4.52) and solving

simultaneously the model parameters are estimated asK = 0.9994 andτ1 = 9.9957. Table 4.4

shows the comparison of these results along with estimationerror (Ẽ) for the proposed model

and the models identified by Vivek and Chidambaram [42], Srinivasan and Chidambaram [41]

using asymmetrical relay and Liu and Gao [5] using unbiased relay with hysteresis.

To identify the process dynamics in the presence of measurement noise, a white Gaussian noise

of variance 0.0023 which gives SNR of 10 dB, is added at the process output. The noisy out-

put signal and the denoised signal are as shown in Fig. 4.6. Using the denoised limit cycle

quantities in corresponding expressions as mentioned above in this example, the process model

parameters are estimated asK = 0.9986,τ1 = 9.9923 andδ = 2.0. For measurement noise of

0.5% S.D., Srinivasan and Chidambaram [41] suggested the model parameters asK = 0.9336,

τ1 = 9.3638 andδ = 2.03, whereas our proposed method yieldsK = 1.0017,τ1 = 10.0206 and

δ = 1.9994. This example shows that the proposed method gives more accurate process model

parameters even under noisy environment.
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Figure 4.6: Noisy and denoised signals

Table. 4.4: Comparison of process models for Example 3

Method Process model Error (Ẽ)

Proposed 0.9994e−2.0s

9.9957s+1 0.0002

Srinivasan and Chidambaram [41]1.03e−2.3s

10.3s+1 0.1132

Liu and Gao [5] 1.0048e−2.0024s

10.049s+1 0.0019

Vivek and Chidambaram [42] 0.9467e−2.0s

9.5028s+1 0.0156
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Example 4

Here, the following unstable FOPDT process [5, 13, 47] is taken for process dynamics identifi-

cation

G(s) =
e−0.4s

s−1
.

Using single relay feedback test with relay parametersh = 1 andε = 0.1, the limit cycle pa-

rameters obtained aret1 = 0.4953,t0 = 0.0953,Tp = 1.5198 andAp = 0.641. Henceδ = 0.40

is obtained, substituting forδ , Tp andAp in (4.53) and (4.54) and solving simultaneously,K =

1.0 andτ1 = 1.0 are obtained. Further the results are compared with themodels identified by

Marchetti et al. [13] and Liu and Gao [5,47] in Table 4.5 alongwith estimation error. For noisy

environment, the percentage errors of measured parametersand estimated model parameters are

tabulated in Table 4.6 for SNR values varying from 10 dB to 30 dB.

Table. 4.5: Comparison of process models for Example 4

Method Process model Error (Ẽ)

Proposed 1.0e−0.40s

1.0s−1 0

Marchetti et al. [13] 0.928e−0.392s

0.757s−1 0.3716

Liu and Gao [47] 1.0001e−0.40s

0.9954s−1 0.0106

Liu and Gao [5] 0.99e−0.4022s

0.9891s−1 0.0265

Table. 4.6: Effect of measurement noise on parameters in % error, for Example 4

SNR (dB) Ap Tp t1 t0 K τ1 δ

10 -0.187 0.032 0.061 0.314 -0.180 0.050 0

20 0.093 0.052 -0.061 -0.209 -0.060 -0.160 -0.025

30 0.031 0.065 -0.040 0 -0.150 -0.190 -0.050

76
TH-1339_11610222



Chapter 4 Relay with hysteresis and state space based identification

4.4.3 Underdamped SOPDT process model

Considering (4.1) in the standard stable SOPDT transfer function form as

Gm(s) =
Kqe−δs

ms2+ns+q
(4.55)

wherem = τ1τ2, n = τ1 + τ2 and assumingq = 1 without loss of generality. Hence, the above

transfer function is reduced to the following underdamped process model

Gm(s) =
Ke−δs

ms2+ns+1
(4.56)

or

y(s)

u(s)e−δs
=

K
ms2+ns+1

(4.57)

Here it is to be noted that for underdamped processesn2 < 4m with reference to (4.56). Ex-

pressing (4.57) in terms off1 and f2 as follows

y(s)

u(s)e−δs
=

K f1 f2
(s− f1)(s− f2)

(4.58)

where f1 = γ1+ jγ2 and f2 = γ1− jγ2

where

γ1 =
−n
2m

(4.59)

and

γ2 =

√
4m−n2

2m
(4.60)

Solving (4.59) and (4.60) form andn, the following expressions are obtained

m=
1

γ2
1 + γ2

2
(4.61)

n =
−2γ1

γ2
1 + γ2

2

(4.62)

Sincem = τ1τ2 andn = τ1+ τ2, so,τ1 andτ2 in terms ofγ1 andγ2 become

τ1 =
−γ1 + jγ2

γ2
1 + γ2

2

(4.63)
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τ2 =
−γ1− jγ2

γ2
1 + γ2

2

(4.64)

Using τ1 andτ2 in SOPDT expressions (4.42), (4.43) and (4.44) and solving these equations,

following expressions are obtained.
(

Kh
(

2eγ1(Tp−δ )

1+2eγ1Tp cos(γ2Tp)+e2γ1Tp

(
γ1
γ2

sin(γ2(Tp−δ ))−cos(γ2(Tp−δ ))

− eγ1Tp

(
γ1
γ2

sin(γ2δ )+cos(γ2δ )
))

+1
)
− ε
)

= 0
(4.65)

γ2−
1

(tp− t1)
tan−1

(
eγ1Tp sin(γ2Tp)

1+eγ1Tp cos(γ2Tp)

)
= 0 (4.66)

γ1−
1

(tp− t1)
ln




√
1+2eγ1Tp cos(γ2Tp)+e2γ1Tp

2

(
Ap

Kh
+1

)
= 0 (4.67)

Now, γ1, γ2 andK are obtained by solving (4.65), (4.66) and (4.67) simultaneously. Substituting

γ1 andγ2 in (4.61) and (4.62) and solving them,m andn are estimated. Process time delayδ is

obtained from the measurements oft1 andt0.

Example 5

This example considers an underdamped process [2] as

G(s) =
e−0.01s

s2+0.6s+1
.

Relay (h = 1 andε = 0.25) feedback testing generates the limit cycle with quantitiestp = 0.8471,

t1 = 0.2571,t0 = 0.2471,Tp = 1.8098 andAp = 0.5575, henceδ = 0.01. Expressions (4.65),

(4.66) and (4.67) are solved simultaneously using the relayand limit cycle parameters to obtain

γ1 = -0.2995,γ2 = 0.9557 andK = 0.9954. Now, usingγ1 and γ2 in (4.61) and (4.62) and

solving these two equations the model parametersm= 0.9969 andn = 0.5972 are obtained. The

process model parameters obtained by Lavanya et al. [2] areK = 1.0, δ = 0.01, m= 0.8953

andn = 0.922. The estimation error for our proposed model isẼ = 0.0108, where as Lavanya

et al.’s [2] model has 0.8069. Considering the effect of measurement noise in the range of 10

dB to 30 dB SNR, the % error of measured and estimated parameters are presented in Table 4.7.
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Table. 4.7: Effect of measurement noise on parameters in % error, for Example 5

SNR (dB) Ap Tp t1 t0 tp K m n δ

10 0.017 0 0.038 0.040 0 1.060 0.70 1.0 0

20 0.017 0 0.038 0.040 0 1.060 0.70 1.0 0

30 0 0.005 0.038 0.040 0 0.810 0.530 0.80 0

4.4.4 Critically damped SOPDT process model

The expressions obtained for underdamped SOPDT process model in subsection 4.4.3 are uti-

lized here to derive the equations for identification of critically damped SOPDT process model.

The following transfer function for critically damped SOPDT process model is obtained by

substitutingm= τ1
2 andn = 2τ1 in (4.56).

Gm(s) =
Ke−δs

(τ1s+1)2 (4.68)

Using the corresponding values ofm andn in (4.59) and (4.60) givesγ1 = −1/τ1 andγ2 = 0,

respectively. Hence, usingγ2 = 0 in (4.65) to (4.67), we obtain the expressions in terms ofτ1,

K andδ as follows.

Eq. (4.66) is reduced to

tan(γ2(tp− t1)) =
sin(γ2Tp)

e−γ1Tp +cos(γ2Tp)
(4.69)

which is again modified as

tp− t1 =
eγ1Tp

1+eγ1Tp

(
sin(γ2Tp)

γ2

)
(4.70)

Using L’Hôspital’s rule above equation is further simplified to obtain the following expressions

tp− t1 =
Tp

1+e−γ1Tp
(4.71)

79
TH-1339_11610222



Chapter 4 Relay with hysteresis and state space based identification

−γ1Tp = ln

(
Tp

tp− t1
−1

)
(4.72)

Replacingγ1 = −1/τ1 in the above equation we get

τ1 =
Tp

ln
(

Tp
tp−t1

−1
) (4.73)

Now, Eq. (4.67) is solved to get

Ap = Kh

(
2eγ1(tp−t1)

√
1+2eγ1Tp +e2γ1Tp

−1

)
(4.74)

or

Ap = Kh

(
2eγ1(tp−t1)−eγ1Tp −1

1+eγ1Tp

)
(4.75)

Substituting forγ1 in the above expression and simplified to

K =
Ap

(
1+eTp/τ1

)

h
(
2e(Tp+t1−tp)/τ1 −eTp/τ1 −1

) (4.76)

Similarly, the expression forε is obtained from (4.65) as

ε = Kh

[
2eγ1(Tp−δ )

1+2eγ1Tp +e2γ1Tp

(
γ1sin(γ2(Tp−δ ))

γ2
−1 −eγ1Tp

(
γ1sin(γ2δ )

γ2
+1

))
+1

]
(4.77)

Putting the corresponding values ofγ1 andγ2 the above equation is further simplified

Kh




2eδ/τ1

(
eTp/τ1(δ −Tp− τ1) −τ1+δ )

τ1
(
1+eTp/τ1

)2 +1


− ε = 0 (4.78)

Hence, the unknown process model parametersτ1 andK are estimated from explicit expressions

(4.73) and (4.76), respectively similarlyδ is obtained from (4.78) using MATLAB function

fzero.
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Example 6

This examples considers the following SOPDT critically damped process [3]

G(s) =
e−0.01s

(2s+1)2 .

Using relay with parametersh = 1 andε = 0.1, the measured limit cycle parameters areAp =

0.1555,Tp = 2.3291, t1 = 0.4989 andtp = 1.0529. These parameters are substituted in the

explicit expressions (4.73) and (4.76) to estimate the unknown process model parametersτ1 =

2.0 andK = 0.9999, respectively and using these parameters in (4.78),δ = 0.010 is obtained.

Similarly, the process model is identified in the presence ofmeasurement noise of 10 dB SNR.

The proposed models are given in Table 4.8 along with the model suggested by Thyagarajan

and Yu [3].

Table. 4.8: Comparison of process models for Example 6

Method Process model Error (Ẽ)

Proposed without noise 0.9999e−0.010s

(2.0s+1)2 0.0009

Proposed with noise 0.9999e−0.0099s

(2.0s+1)2 0.0051

Thyagarajan and Yu [3] 0.8709e−0.013s

(1.8978s+1)2 0.4236

4.4.5 Integrating SOPDT process model

Now, let us consider (4.55) as an overdamped (stable) process and assumeKq = K̄ to represent

in the following form

Gm(s) =
K̄e−δs

ms2+ns+q
(4.79)

which is converted to the following integrating SOPDT process model by makingm= τ1, n= 1

andq = 0

Gm(s) =
K̄e−δs

s(τ1s+1)
(4.80)
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Assuming f1 → 0, f2 = −1/τ1 andK = K̄ in the expressions obtained in subsections 4.3.1 -

4.3.3 for stable process model, the following equations arederived to estimate the unknown

process model parameters̄K, τ1 andδ . Utilizing (4.32) in (4.23) and solving gives the follow-

ing expression

ε =
K̄h

( f1− f2)

[
f2

(
2 f1Tp−2 f1δ − f1Tp

1+ef1Tp

)
− f1

(
2ef2(Tp−δ−tp+t1)−2

1+ef1Tp

)]
(4.81)

Further simplification leads to

ε =
K̄h
f2

(
0.5 f2Tp− f2δ −ef2(Tp−tp+t0) +1

)
(4.82)

Replacingf2 by (−1/τ1) in the above equation and rearranging we get

K̄h

(
0.5Tp−δ + τ1e

(tp−t0−Tp)
τ1 − τ1

)
− ε = 0 (4.83)

To obtain the expression for̄K, (4.32) is utilized in (4.38) and further simplified to get

Ap = K̄h

(
2ef1(tp−t1)

1+ef1Tp
−1

)
(4.84)

The corresponding value off1 is substituted in the above equation and solved to

Ap = K̄h(0.5Tp− tp+ t1) (4.85)

or

K̄ =
Ap

h(0.5Tp− tp+ t1)
(4.86)

Now, using f1 → 0 in (4.32) gives

e− f2(tp−t1) =
2+ f1Tp

1+ef2Tp
(4.87)

which is further reduced to

(
1+ef2Tp

)
e− f2(tp−t1) = 2 (4.88)

or

2ef2(tp−t1)−ef2Tp −1 = 0 (4.89)
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Chapter 4 Relay with hysteresis and state space based identification

Representing the above equation in terms ofτ1 as

2e
(t1−tp)

τ1 −e
−Tp
τ1 −1 = 0 (4.90)

Hence, substituting the parameters of relay and limit cyclein expression (4.86),̄K is estimated,

similarly other parametersτ1 andδ are obtained from simultaneous solution of Eqs. (4.83) and

(4.90).

Example 7

Let us consider a second order integrating process with timedelay [48]

G(s) =
e−0.2s

s(s+1)
.

A relay with parametersh= 1 andε = 0.2 is applied to the above process to generate limit cycle.

The measured limit cycle and it’s second derivative parametersAp = 0.5895,Tp = 2.3898,t1 =

0.4612,t0 = 0.2612 andtp = 1.0666 along with relay parameters are substituted in expression

(4.86) to estimatēK = 1.0. Similarly, the remaining parametersτ1 = 0.9999 andδ = 0.20 are

obtained from solving (4.83) and (4.90) simultaneously. Toshow the validity of the proposed

method, the process dynamics are also identified in the presence of measurement noise of 20

dB SNR. The proposed models in the absence of measurement noise and with noise are given

in Table 4.9 along with the model proposed by Panda et al. [48]without noise effect. From

Table 4.9, it can be observed that the proposed method can be successfully used to identify the

process models under noisy environment also.

Table. 4.9: Comparison of process models for Example 7

Method Process model Error (Ẽ)

Proposed model without noise 1.0e−0.20s

s(0.9999s+1) 0.0001

Proposed model with noise 1.001e−0.1996s

s(1.0013s+1)
0.0008

By Panda et al. [48] 1.0e−0.20s

s(0.9998s+1)
0.0003

Above simulation results show that the proposed identification scheme gives better results even
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Chapter 4 Relay with hysteresis and state space based identification

in the presence of measurement noise as compared to other methods. From the procedure

explained in Section 4.5, the proposed algorithm can be usedin real time applications to identify

the process dynamics.

4.5 Implementation of proposed method in real plants

The procedure to implement the proposed method for identification of the process dynamics of

real plants is detailed in this section. A simple dc motor canbe assumed as a real process whose

dynamics is characterized by the ratio of motor speed to input voltage. Referring to Fig. 4.1, a

relay with hysteresis induces a limit cycle output when connected in series feedback to the plant

or process. Relay with an operational characteristics, acts as an electrically operated switch. In

the literature [9], it has been reported that a solid state relay can be implemented in order to

achieve an accurate plant dynamics as compared to conventional electro-mechanical relay. A

relay can be implemented either by using a FPAA (Field Programmable Analog Array) [85] or

op-amps (Operational Amplifiers) by setting the sampling time, relay amplitude and hysteresis

values in the range of milliseconds, volts and millivolts, respectively. These relay parameters

are user defined and can be modified in order to control the amplitude of limit cycle output.

The relay is connected in such a way that it would bring a periodic and oscillatory behavior

in the plant output characteristics. The denoising block consisting of derivative blocks and an

integrator can be implemented using a set of op-amps or FPAA.Therefore, a denoised limit

cycle can be yielded with reduced noise effect and also the multiple switching at relay output

gets mitigated. A recovered limit cycle and the relay outputcan be observed on oscilloscope

connected at the plant output and relay output terminals, respectively. The limit cycle and other

parameters as shown in Fig. 4.3 can be measured by making simple observation. Using these

parameters in the corresponding expressions derived, the process can be modeled. The summing

point and comparator at the forward and feedback paths, respectively can be designed using op-

amps. The flowchart as shown in Fig. 4.7 facilitates in understanding the above explained

procedure in a simple way.
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Figure 4.7: Flowchart for implementation procedure
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4.6 Summary

Methods are proposed for identification of accurate processdynamics of stable and unstable

first order, second order overdamped, underdamped, critically damped and integrating pro-

cesses with time delay. Generalized SOPDT process model is considered and expressions are

derived to estimate the unknown model parameters. State space method is used to develop the

expressions so that accurate model parameters are estimated. To estimate the process model

parameters in the face of measurement noise, the process output is corrupted with noise and

for denoising, a simple but effective closed loop denoisingblock is introduced in proposed re-

lay feedback control structure. To show the efficiency of theproposed method, well known

examples are considered and simulation tests are carried out under noisy environment.
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CHAPTER 5

IDENTIFICATION OF PROCESSES WITH

NON-MINIMUM PHASE CHARACTERISTICS

5.1 Introduction

Some complex chemical processes exhibit non-minimum phase(NMP) characteristics and these

processes may provide erroneous information if the identification is not accurate. In the lit-

erature, initially identification methods are developed using describing function (DF) tech-

nique [10–12, 18]. In this DF method the nonlinear device relay is approximated by a gain

hence, the process model parameters estimated are not exact. In process identification accuracy

of the estimated parameters is important to design controller for satisfactory performance of

the process. Hence, many authors developed exact methods [3, 35, 37, 39, 42, 43, 47, 49] gen-

erally for all pole processes with time delay. A process withtime delay or with RHP zero can

be considered as NMP process. These NMP characteristics canbe observed in some complex

chemical systems [62], Zhang et al. [63] described ship’s path control system in restricted wa-

ters as NMP system. The drum-boiler dynamics [86] representone of the real time examples for

NMP process. To mention few more examples are a valve controlsystem, a telescope azimuth

angle control system [9] and water level in boiler drum [48, 87]. Few methods are available

for identification of NMP process dynamics. Panda et al. [48]addressed about the transient

response of the process with a zero in the numerator. Padhy and Majhi [88] derived state space

based analytical expressions for identification of time delay and NMP process dynamics using

ideal relay. But the authors have not considered the effectsof measurement noise in the pro-
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cess output. Ramakrishnan and Chidambaram [68] suggested algorithms for identification of

SOPDT process dynamics employing an asymmetrical relay test and Laplace transform tech-

nique. Here, the authors have considered a second order NMP process without time delay as one

of the case studies. Many a times in process industries the output is distorted with measurement

noise leading to chattering in the process output. So, the estimated process model parameters

will not be accurate which in turn affect the design of controller and performance of the process

operation. In proposed method a noise free limit cycle is obtained with the help of a modified

denoising block and relay with hysteresis in the closed loop. Hence, presented technique works

well in real time scenarios. In the literature identification methods are available for particular

type of process, few authors have considered more than one type of processes but without noise.

The method suggested in this chapter can be applied to more than one type of process model in

the presence of measurement noise.

In this chapter time domain based generalized analytical expressions are derived to estimate

exact process model parameters of a class of stable NMP processes with time delay using a

single relay with hysteresis in closed loop. Analytical expressions are derived for off-line iden-

tification of SISO NMP processes with time delay. The processmodels are considered for

FOPDT, SOPDT overdamped, underdamped, critically damped and integrating processes. Re-

lay as an input to the process generates sustained oscillations or limit cycles whose parameters

are utilized in the expressions to identify the unknown process model dynamics. In practice

measurement noise is an important issue which can corrupt the process output causing multiple

switching and finally leads to erroneous process identification. Relay with hysteresis reduces

the effect of noise and further mitigation of noise is achieved with the help of a denoising block

so that a clean process output is obtained. Processes modeled in the form of transfer functions

are considered to test the presented technique. Results areanalyzed and compared with recent

methods available in the literature to demonstrate the effectiveness and validity of the suggested

method, which also holds true for process output with chattering caused due to measurement

noise.
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5.1.1 Contributions compared to the reference [1]

This subsection highlights the contributions of this chapter as compared to [1]. Using ideal re-

lay, Majhi [1] derived set of expressions applying state space method for estimation of process

model parameters of NMP processes with time delay consisting of single or multiple poles and

applied Fourier series based curve fitting technique to mitigate the effects of measurement noise

from limit cycle output. Majhi’s [1] method can be used to estimate maximum three parameters

at a time among four unknowns of the transfer function model.Liu and Gao [67] considered the

process model suggested by Majhi [1] and proposed algorithms to estimate all four parameters

of the transfer function model. But the process model considered by Majhi [1] and Liu and

Gao [67] has repeated poles and this model cannot be generalized to process models like un-

derdamped and integrating. The methods proposed in [1, 67] motivated to further generalize a

second order NMP process model with time delay to FOPDT and SOPDT NMP process models

with repeated and non-repeated poles. Using our proposed method four unknown parameters

are estimated at a time.

5.2 Identification method

The closed loop identification scheme as shown in Fig. 5.1 consists of a relay with hysteresis,

the NMP process and a denoising block. This denoising block consists of a single derivative

and an integrator in the closed loop. Here also the derivative block generates first derivative

output in terms of the rate of change of noisy limit cycle ¯y(t) with reference to time and the

integrator removes higher order harmonics present in the derivative output, assuming zero initial

conditions. Hence, a clean limit cycle outputy(t) is generated. During process identification,

with relay input the system generates sustained oscillations hence, the reference inputr(t) is

made zero. The user defined relay parameters and the measuredlimit cycle parameters are

substituted in the corresponding analytical expressions to estimate the unknown process model

parameters of NMP processes.
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Figure 5.1: Relay feedback block diagram with denoising block

The generalized transfer function model of a stable NMP process with time delay is given as

Gm(s) =
Kq(−zs+1)e−δs

ms2+ns+q
(5.1)

which consists of the unknown parameters to be estimated asK (steady state gain),δ (process

time delay),z (the zero on the right half of the s-plane),m, n (process parameters) andq is

assumed to be 1 here without loss of generality for deriving expressions but for an integrating

process model it is taken as zero. The transfer function mentioned in (5.1) can be realized

in different types of NMP process models like FOPDT, SOPDT overdamped, underdamped,

critically damped and integrating. The relay input causes the process to generate limit cycles,

which are in the form of sustained oscillations and carry theprocess information. Also the

delayed relay output provides two constant piecewise linear inputs to the process for the time

rangest0 ≤ t ≤ t1 andt1 ≤ t ≤ (Tp+ t0), whereTp is the half period of limit cycle,t0 is the time

at which the relay switches from+h to −h (h is relay height or amplitude),t1 is the time at

which the second derivative output of limit cycle experiences instant change, in case of FOPDT

processes,t1 is measured from first derivative output of limit cycle.

5.3 Analytical expressions for parametric estimation

In this section the state space method used in Chapter 4 is applied to derive the analytical

expressions which are used to estimate the unknown process model parameters with the help

of relay and limit cycle information. Hence, the detailed derivations shown in Section 4.3 and

subsections 4.3.1 - 4.3.3 are not repeated here but for convenience few equations are rewritten
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as follows.

The standard form of state space equations for processes with time delay are given by

ẋ(t) = Ax(t)+bu(t−δ ) (5.2)

y(t) = cx(t) (5.3)

whereA is a 2×2 square matrix,b is 2×1 column vector,c is 1×2 row vector. The expressions

derived forx(t0), x(t1) andx(tp) are rewritten as

x(t0) = (I +eATp)−1A−1(2eA(Tp−δ )−eATp − I)bh (5.4)

x(t1) = eA(t1−t0)x(t0)+A−1(eA(t1−t0)− I)bh (5.5)

x(tp) = eA(tp−t1)x(t1)−A−1(eA(tp−t1)− I)bh (5.6)

Now, the NMP process model given in (5.1) is represented as

Gm(s) =
K f1 f2(s+ f0)e−δs

f0(s− f1)(s− f2)
(5.7)

where

f0 = −1/z (5.8)

f1 =
−2q

n+
√

n2−4mq
(5.9)

f2 =
−2q

n−
√

n2−4mq
(5.10)

Transforming the transfer function given in (5.7) to state space form as

ẋ(t) =




f1 0

0 f2







x1(t)

x2(t)


+




a1

−a2


u(t−δ ) (5.11)

y(t) =

[
1 1

]



x1(t)

x2(t)


 (5.12)

(Detailed derivation of Eqs. (5.11) and (5.12) from (5.7) isgiven in Appendix A.3.)

Comparing (5.11) and (5.12) with (5.2) and (5.3), respectively the matricesA, b andc are given
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as

A =




f1 0

0 f2


 ;b =




a1

−a2


 ;c =

[
1 1

]
(5.13)

where f1 and f2 are the eigenvalues ofA and

a1 =
K f1 f2( f0+ f1)

f0( f1− f2)
and a2 =

K f1 f2( f0+ f2)
f0( f1− f2)

Now, Eqs. (5.4), (5.5) and (5.6) are simplified, respectively to

x(t0) =




a1h(2ef1(Tp−δ )−ef1Tp−1)

f1(1+ef1Tp)

−a2h(2ef2(Tp−δ )−ef2Tp−1)

f2(1+ef2Tp)


 (5.14)

x(t1) =




a1h
f1

(
ef1Tp−1
1+ef1Tp

)

−a2h
f2

(
ef2Tp−1
1+ef2Tp

)


 (5.15)

x(tp) =




a1h
f1

(
−2ef1(tp−t1)

1+ef1Tp +1
)

a2h
f2

(
2ef2(tp−t1)

1+ef2Tp −1
)


 (5.16)

These expressions (5.14), (5.15) and (5.16) are further utilized to obtain the equations for relay

parameterε (hysteresis width at which relay switching takes place), limit cycle parameterstp

(peak time),Ap (peak amplitude) andAd (amplitude at discontinuity in limit cycle output) as

follows.

The necessary condition to generate sustained oscillations is given by

y(t0) = cx(t0) = ε (5.17)

Substituting forc andx(t0) in (5.17) and resolved to get

ε − Kh
f1− f2

[
f2

(
2
( f0+ f1)ef1(Tp−δ)

f0
(
1+ef1Tp

) −1

)
− f1

(
2
( f0 + f2)ef2(Tp−δ)

f0
(
1+ef2Tp

) −1

)]
= 0 (5.18)

To get the expression fortp, the first derivative of peak amplitude is represented as

ẏ(tp) = cẋ(tp) = 0 (5.19)

Expansion of the above equation leads to

cAx(tp)−cbh = 0 (5.20)
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Substituting (5.16) and other corresponding expressions in (5.20) and simplified to obtain

tp− t1−
1

( f1− f2)
ln

[
( f0 + f2)

(
1+ef1Tp

)

( f0 + f1)
(
1+ef2Tp

)
]

= 0 (5.21)

The expression for peak amplitude (Ap) is obtained as follows

Ap = y(tp) = cx(tp) (5.22)

Equations forc andx(tp) are utilized in (5.22) and reduced to

Ap−Kh


2

(
f0 + f1

f0
(
1+ef1Tp

)
) − f2

f1− f2
(

f0+ f2
f0
(
1+ef2Tp

)
) f1

f1− f2

−1


= 0 (5.23)

In the given process model apart from time delayδ as there are four unknown parameters so,

one more new expression is derived as follows.

The half limit cycle output of SOPDT NMP process is as shown inFig. 5.2. LetAd be the

amplitude at timet1 or discontinuity in limit cycle output therefore,

y(t1) = Ad = cx(t1) (5.24)
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� � � �
Figure 5.2: Half limit cycle output
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Substituting forc andx(t1) in (5.24) the following expression is derived

Ad =
a1h
f1

(
ef1Tp −1

1+ef1Tp

)
− a2h

f2

(
ef2Tp −1

1+ef2Tp

)
(5.25)

Utilizing the corresponding values fora1 anda2 in the above equation and further simplifying

we get

Ad−
Kh

f1− f2

[
f2

( f0 + f1)
(
ef1Tp −1

)

f0
(
1+ef1Tp

) − f1
( f0+ f2)

(
ef2Tp −1

)

f0
(
1+ef2Tp

)
]

= 0 (5.26)

Hence, the expressions (5.18), (5.21), (5.23) and (5.26) are further explored to derive the corre-

sponding equations for different types of process models asmentioned in the following section.

5.4 Process identification

5.4.1 FOPDT NMP process model

The following FOPDT NMP process model is obtained withm= 0 andq = 1 in (5.1)

Gm(s) =
K (−zs+1)e−δs

ns+1
. (5.27)

Hence, for this modelf0 = −1/z, f1 = −1/n and f2 → −∞ which are substituted in (5.18),

(5.21), (5.23) and (5.26) and solved, respectively to get

2
( z

n
+1
)

+
( ε

Kh
−1
)(

e(
Tp−δ)

/
n
+e−δ /n

)
= 0 (5.28)

tp− t1 = 0 (5.29)

Ap

Kh
− 2(1+z/n)

1+e−Tp
/

n
+1 = 0 (5.30)

Ad

Kh

(
1+e−Tp

/
n
)

+e−Tp
/

n
(

2z
n

+1

)
−1 = 0 (5.31)

The above Eqs. (5.28) - (5.31) are solved simultaneously to estimate the unknown process

model parametersK, δ , z andn. These nonlinear expressions are solved simultaneously by

using the MATLAB functionfsolveassuming suitable initial values. The details of usingfsolve

function is given in Appendix A.4.
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Example 1

Let us consider a FOPDT NMP process with the following transfer function

G(s) =
(−s+1)e−s

2s+1
.

Applying single relay (h = 1 andε = 0.3) input to the above process generates limit cycle as

shown in Fig. 5.3. The limit cycle and its first derivative output parameters measured aretp =

1.7133,t1 = 1.7133,t0 = 0.7133,Tp = 3.6054,Ap = 1.5754 andAd = 0.5754. These quantities

are substituted in (5.28) - (5.31) and solved simultaneously to estimate the exact process model

parameters asK = 1.0, δ = 1.0, z= 1.0 andn = 2.0.
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Figure 5.3: Process output
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5.4.2 Overdamped SOPDT NMP process model

Let us consider the model given in (5.1) as an overdamped SOPDT process model withq = 1

as mentioned below

Gm(s) =
K (−zs+1)e−δs

ms2+ns+1
(5.32)

Eqs. (5.9) and (5.10) are simplified for the process model parametersm andn as

m=
1

f1 f2
(5.33)

n =
−( f1 + f2)

f1 f2
(5.34)

Eqs. (5.18), (5.21), (5.23) and (5.26) are solved simultaneously to calculate the parameters in

terms ofK, f0, f1 and f2. Hence, apart fromK the process model parameterz is obtained from

f0 andm andn are obtained from (5.33) and (5.34), respectively.

Example 2

This example considers an overdamped SOPDT NMP process [88]

G(s) =
(−s+1)e−s

10s2+7s+1
.

The relay test is carried out with the parametersh = 1 andε = 0.35, without noise to obtain the

limit cycle and its second derivative output parameters astp = 4.6683,t1 = 3.4565,t0 = 2.4565,

Tp = 9.0675,Ap = 0.6194 andAd = 0.4604, soδ = 1.0 is obtained. Substituting these parameters

in expressions (5.18), (5.21), (5.23) and (5.26) and solvedsimultaneously to find the parameters

K = 1.0002, f0 = −1.0, f1 = −0.5001 andf2 = −0.1999. Hence,z= 1.0, m= 10.0030 and

n = 7.0021 are obtained fromf0, f1 and f2 using the procedure as explained in subsection

5.4.2. Similarly, a relay test is carried out in the presenceof measurement noise of 20 dB SNR,

the noisy and denoised limit cycles are as shown in Fig. 5.4. The measurements made on the

denoised limit cycle and its second derivative output aretp = 4.6686,t1 = 3.4557,t0 = 2.4559,

Tp = 9.0673,Ap = 0.6194 andAd = 0.4604. Applying the the procedure as mentioned above

in this example the process model is identified. For this process, Padhy and Majhi [88] used

an ideal relay to estimate the process model parameters without considering noise effect. The
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Figure 5.4: Noisy and denoised limitcycles

identified models and the model suggested by Padhy and Majhi [88] are given in Table 5.1. The

% error for corresponding model parameters is given in Table5.2.

Table. 5.1: Comparison of process models for Example 2

Method Process model

Proposed without noise
1.0002(−1.0s+1)e−1.0s

10.0030s2+7.0021s+1

Proposed with noise
0.9983(−1.0003s+1)e−0.9998s

10.0049s2+6.9876s+1

Padhy and Majhi [88]
1.0001(−1.0002s+1)e−1.0s

10.0079s2+7.001s+1
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Table. 5.2: Comparison of model parameters in % error

Model K z m n δ

Proposed without noise -0.02 0 -0.03 -0.03 0

Proposed with noise 0.17 -0.03 -0.049 0.1771 0.02

Padhy and Majhi [88] without noise -0.01 -0.02 -0.079 -0.0143 0

5.4.3 Underdamped SOPDT NMP process model

Let us consider (5.1) as an underdamped SOPDT process model with q = 1 as given below

Gm(s) =
K (−zs+1)e−δs

ms2+ns+1
(5.35)

For underdamped processesn2 < 4m, so, f1 and f2 become

f1 = γ1+ jγ2; f2 = γ1− jγ2 (5.36)

where

γ1 =
−n
2m

(5.37)

γ2 =

√
4m−n2

2m
(5.38)

Solvingγ1 andγ2 for m andn we get

m=
1

γ2
1 + γ2

2

(5.39)

n =
−2γ1

γ2
1 + γ2

2

(5.40)

The below mentioned expressions are derived using (5.36) in(5.18), (5.21) and (5.26)

Kh

[
2eγ1(Tp−δ )

1+e2γ1Tp +2eγ1Tp cos(γ2Tp)

(
γ1

γ2

((
f0 + γ1

f0

)(
sin(γ1(Tp−δ ))−eγ1Tp sin(γ2δ )

)

+
γ2

f0

(
cos(γ2(Tp−δ ))+eγ1Tp cos(γ2δ )

))
−
((

f0 + γ1

f0

)
(cos(γ2(Tp−δ ))

+eγ1Tp cos(γ2δ )
)
− γ2

f0

(
sin(γ2(Tp−δ ))−eγ1Tp sin(γ2δ )

)))
+1

]
− ε = 0 (5.41)
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γ2(tp− t1)− tan−1

[
( f0+ γ1)eγ1Tp sin(γ2Tp)− γ2

(
1+eγ1Tp cos(γ2Tp)

)

( f0 + γ1)
(
1+eγ1Tp cos(γ2Tp)

)
+ γ2eγ1Tp sin(γ2Tp)

]
= 0 (5.42)

Kh
[
2eγ1Tp

(
γ2
1 + γ2

2 + γ1 f0
)

sin(γ2Tp)− γ2 f0
(
e2γ1Tp −1

)]

γ2 f0
[
1+e2γ1Tp +2eγ1Tp cos(γ2Tp)

] −Ad = 0 (5.43)

Expressions (5.42) and (5.43) are utilized to get

Kh
[
2eγ1Tp

(
γ2
1 + γ2

2 + γ1 f0
)

sin(γ2Tp)− γ2 f0
(
e2γ1Tp −1

)]
(tp− t1)

f0Ad
[
1+e2γ1Tp +2eγ1Tp cos(γ2Tp)

]

− tan−1

[
( f0+ γ1)eγ1Tp sin(γ2Tp)− γ2

(
1+eγ1Tp cos(γ2Tp)

)

( f0 + γ1)
(
1+eγ1Tp cos(γ2Tp)

)
+ γ2eγ1Tp sin(γ2Tp)

]
= 0 (5.44)

The parametersK, f0, γ1 andγ2 are estimated by solving (5.41) - (5.44) simultaneously. From

f0, γ1 andγ2 the remaining process model parametersz, mandn are calculated andδ is obtained

from measurements oft1 andt0 asδ = (t1 - t0) as explained in subsection 4.3.4.

Example 3

Let us consider the following underdamped SOPDT NMP process[66,89]

G(s) =
(−4s+1)e−s

9s2+2.4s+1
.

Application of relay with hysteresis as an input to this process generates limit cycles in the

absence of measurement noise. The relay parameters used areh = 1, ε = 0.4 and measured

limit cycle parameters areAd = 0.9964,Tp = 9.1399,t0 = 0.5831,t1 = 1.5831 andtp = 4.2412.

These relay and limit cycle parameters are substituted in (5.41) - (5.44) and solved simultane-

ously to obtainK = 1.0001, f0 =−0.250,γ1 =−0.1333 andγ2 = 0.3055. From thesef0, γ1 and

γ2 the remaining process model parametersz, m andn are estimated. The process time delayδ

is found asδ = (t1 - t0) = 1.0. The proposed method is tested in the presence of measurement

noise of 20 dB SNR, Fig. 5.5 shows the noisy process output anddenoised limit cycles. Now,

the measured limit cycle parameters areAd = 0.9964,Tp = 9.14, t0 = 0.5831,t1 = 1.5831 and

tp = 4.2413 which are again substituted in (5.41) - (5.44) andδ = (t1 - t0) to identify the process

dynamics. Hence, the identified process models in transfer function form and the models sug-

gested by Liu and Gao [89] and Wang et al. [66] are given in Table 5.3 and the corresponding
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% error for model parameters is mentioned in Table 5.4.
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Figure 5.5: Noisy and denoised limitcycles

Table. 5.3: Comparison of process models for Example 3

Method Process model

Proposed without noise
1.0001(−4.0s+1)e−1.0s

9.0009s2+2.3997s+1

Proposed with noise
0.9999(−3.9984s+1)e−1.0s

9.0009s2+2.3997s+1

Liu and Gao [89] without noise
0.9998(−3.9997s+1)e−1.0s

9.0183s2+2.3951s+1

Wang et al. [66] without noise
1.0(−3.98s+1)e−1.07s

8.86s2+2.39s+1
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Table. 5.4: Comparison of model parameters in % error

Model K z m n δ

Proposed without noise -0.01 0 -0.01 0.0125 0

Proposed with noise 0.01 0.04 -0.01 0.0125 0

Liu and Gao [89] without noise 0.02 0.0075 -0.2033 0.2042 0

Wang et al. [66] without noise 0 0.5 1.5556 0.4167 -7.0

5.4.4 Critically damped SOPDT NMP process model

A critically damped SOPDT process model is represented as

Gm(s) =
K (−zs+1)e−δs

(ms+1)2 (5.45)

The expressions obtained in subsection 5.4.3 are used here to derive the equations for critically

damped process model. Hence, comparing (5.45) with (5.35),γ1 andγ2 in (5.37) and (5.38) are

modified to

γ1 = −1/m ; γ2 = 0 (5.46)

Using above values ofγ1 andγ2 along with f0 in (5.41) - (5.44) the below mentioned expressions

are obtained

ε
Kh

− 2eδ /m

m2
(

1+eTp
/

m
)2

[
mz
(

1+eTp
/

m
)

+(m+z)eTp
/

m
(
(δ −m)

(
1+e−Tp

/
m
)
−Tp

)]
−1 = 0

(5.47)

(
1
z

+
1
m

)[
Tp

1+eTp
/

m
− tp+ t1

]
+1 = 0 (5.48)
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Kh
[
1−e2Tp

/
m+2TpeTp

/
m(z+m)

/
m2
]
+Ad

(
1+eTp

/
m
)2

= 0 (5.49)

Kh(tp− t1)
[
2TpeTp

/
m(z+m)+m2

(
1−e2Tp

/
m
)]

+m2Ad

[
Tp

(
1+eTp

/
m
)

+zm
(

1+eTp
/

m
)2
/

(z+m)

]
= 0 (5.50)

Simultaneous solution of Eqs. (5.47) - (5.50) leads to estimation of critically damped process

model parametersK, δ , z andm.

Example 4

Now, a second order critically damped NMP process without time delay studied by Padhy and

Majhi [88] is considered as

G(s) =
5(−3s+1)

(2s+1)2 .

The relay withh = 1 andε = 0.4 generates limit cycle with parametersAd = 0.4, Tp = 5.4098,

t1 = 0.2559 andtp = 1.795. Similarly, in the presence of measurement noise of 25 dBSNR,

the limit cycle parameters measured areAd = 0.3999,Tp = 5.4099,t1 = 0.2558 andtp = 1.795.

These parameters are substituted in (5.48) - (5.50) and solved simultaneously to estimate the

process model parametersK, z andm with and without noise effect. The proposed models are

given in Table 5.5 along with the model suggested by Padhy andMajhi [88], where the authors

have not considered the effect of measurement noise. The % error of model parameters is given

in Table 5.6.

Table. 5.5: Comparison of process models for Example 4

Method Process model

Proposed without noise
5.0001(−3.0s+1)

(2.0s+1)2

Proposed with noise
5.0002(−2.9994s+1)

(2.0s+1)2

Padhy and Majhi [88] without noise
5.0002(−2.9999s+1)

(2.002s+1)2
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Table. 5.6: Comparison of model parameters in % error

Model K z m

Proposed without noise -0.002 0 0

Proposed with noise -0.004 0.02 0

Padhy and Majhi [88] without noise -0.004 0.0033 -0.1

5.4.5 Integrating SOPDT NMP process model

Let us assumeKq = K̄ in (5.1) which is represented as

Gm(s) =
K̄ (−zs+1)e−δs

ms2+ns+q
(5.51)

which is converted to the following integrating SOPDT process model by makingn = 1 and

q = 0

Gm(s) =
K̄ (−zs+1)e−δs

s(ms+1)
(5.52)

With reference to (5.52) the following expressions are derived assumingf1 → 0, f2 = −1/m,

f0 = (−1/z) andK = K̄ in (5.18), (5.21), (5.23) and (5.26)

K̄h(0.5Tp+ t1− tp+z)−Ap = 0 (5.53)

m
(

1+eTp
/

m
)
−2(m+z)e(

Tp+t1−tp)
/

m
= 0 (5.54)

(
δ +z−0.5Tp+ ε

/
K̄h
)/

m−e(
tp−t0−Tp)

/
m

+1 = 0 (5.55)

0.5K̄h

[
Tp+m

(
e(

tp−t1−Tp)
/

m−e(
tp−t1)

/
m
)]

−Ad = 0 (5.56)

Hence, the process model parametersK̄, δ , z andm are estimated by solving (5.53) - (5.56)

simultaneously.
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Example 5

In this example a second order integrating NMP process without time delay [48] is considered

as

G(s) =
0.25(−s+1)

s(2s+1)
.

Again, from simulation test, the limit cycle quantitiesAp = 0.8921,Ad = 0.45,Tp = 9.4970,t1 =

1.8804 andtp = 4.0604 are measured utilizing a relay with heighth = 1 and hysteresis width

ε = 0.45. The process dynamics are identified from simultaneous solution of (5.53), (5.54) and

(5.56). Similarly, the process model parameters are estimated in the presence of measurement

noise of 10 dB SNR, where the measured quantities of limit cycle areAp = 0.8921, Ad =

0.45,Tp = 9.4969,t1 = 1.8804 andtp = 4.0604. The identified process models and the model

proposed by Panda et al. [48] are mentioned in Table 5.7 and the corresponding % error in

model parameters are given in Table 5.8.

Table. 5.7: Comparison of process models for Example 5

Method Process model

Proposed without noise
0.250(−1.0s+1)

s(2.0s+1)

Proposed with noise
0.250(−1.0001s+1)

s(2.0s+1)

Panda et al. [48] without noise
0.252(−1.0s+1)

s(2.0s+1)

Table. 5.8: Comparison of model parameters in % error

Model K̄ z m

Proposed without noise 0 0 0

Proposed with noise 0 -0.01 0

Panda et al. [48] without noise -0.8 0 0
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Example 6

This example considers an integrating SOPDT NMP process [88] with the transfer function

G(s) =
(−s+1)e−3s

s(2s+1)
.

Repeating the procedure of above examples, the relay is set to h= 1 andε = 0.7, the limit cycle

parameters measured areAp = 5.4711,Ad = 3.6734,Tp = 13.3316,t0 = 0.7147,t1 = 3.7147

andtp = 5.9094. Substituting these parameters in (5.53) -(5.56) and solved simultaneously to

estimate the process model parametersK, δ , zandm. Similarly in the presence of measurement

noise of 20 dB SNR the model parameters are obtained using thelimit cycle quantitiesAp =

5.4711,Ad = 3.6734,Tp = 13.3316,t0 = 0.7147,t1 = 3.7147 andtp = 5.9094. The process

models identified and the model suggested by Padhy and Majhi [88] are given in Table 5.9.

Similar to above examples, Table 5.10 indicates the % error in process model parameters.

Table. 5.9: Comparison of process models for Example 6

Method Process model

Proposed without noise
1.0(−1.0s+1)e−3.0s

s(2.0s+1)

Proposed with noise
1.0(−1.0s+1)e−3.0s

s(2.0s+1)

Padhy and Majhi [88] without noise
1.0(−1.0s+1)e−3.0s

s(1.9992s+1)

Table. 5.10: Comparison of model parameters in % error

Model K z m δ

Proposed without noise 0 0 0 0

Proposed with noise 0 0 0 0

Padhy and Majhi [88] without noise 0 0 0.04 0
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5.5 Summary

State space based analytical expressions are derived to identify the process dynamics of NMP

processes with and without time delay. A single relay with hysteresis is applied as an input to the

process in closed loop to extract process information. The novelty of presented technique lies in

generalizing a SOPDT NMP process model and its derived expressions to identify the process

dynamics of FOPDT, SOPDT overdamped, underdamped, critically damped and integrating

NMP processes. The derived expressions are employed to estimate four accurate parameters

at a time. Efficacy of the proposed method is shown with the help of examples taken from

the recent literature. Results are tabulated and compared using the percentage error of process

model parameters. Robustness of the suggested algorithms is illustrated in the presence of

measurement noise.
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CONCLUSIONS ANDFUTURE WORK

6.1 Conclusions

In recent years, many research work on relay based process identification are presented in the

literature. Still there is much scope for improvements and extensions of this method. Briefly,

the results are summarized as follows

A. Off-line and on-line identification of SISO processes

A single relay with hysteresis is used in closed loop, to get process information. Using DF

method explicit expressions are derived to estimate the SISO process model parameters during

off-line and on-line mode of operation. Expressions are derived for generalized process model

as well as individual process models. For on-line identification, controller parameters are ini-

tially chosen and once the process model is known, suitable controller can be designed. Since

measurement noise is a critical issue in process industries, validity of the proposed method is

illustrated even under noisy environment. Results are verified with the help of estimation errors

and Nyquist plots. These plots indicate good match neighboring the critical point. To test the

robustness of the method, process dynamics are identified for different relay settings.

B. Off-line and on-line identification of TITO processes

An attempt is made to identify the process dynamics of TITO processes using DF technique

and relay with hysteresis. Identification methods are proposed for on-line as well as off-line

mode of operation. The TITO processes are modeled in terms oftwo SISO process models.
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Simulation results are illustrated to show the general usefulness of proposed method.

C. Relay with hysteresis and state space based identification As DF method gives approxi-

mate results and estimation of two process model parameters. The corresponding time domain

based state space technique is used to derive the expressions ensuring accurate results. Expres-

sions are derived for off-line identification of SISO process dynamics. A generalized SOPDT

process model is realized in terms of class of process modelsand accordingly analytical ex-

pressions are derived. As relay with hysteresis reduces theeffect of measurement noise, further

noise elimination is achieved by using a denoising block in the closed loop with the process and

relay. Well known examples are considered to show the efficacy of the presented work. Results

are compared using estimation error values and Nyquist plots.

D. Identification of processes with non-minimum phase characteristics

State space technique is extended to identify the process dynamics of SISO NMP processes

during off-line mode of operation. Mathematical expressions are derived for stable SOPDT

NMP process model which is realized in terms of FOPDT, SOPDT overdamped, underdamped,

critically damped and integrating NMP process models. Proposed method is tested even in the

face of measurement noise. Simulation results are comparedwith recent methods using % error

of process model parameters.

6.2 Suggestions for further work

Following the design methods described in this thesis, there are several directions in which the

presented work can be extended and further investigated. Some of them are enumerated below:

• In the proposed work DF technique is used to identify the process dynamics during off-

line and on-line mode of operation and state space method is used for off-line identifica-

tion. Hence, state space method can be extended for on-line identification so that accurate

process dynamics are identified.
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• Similarly, presented work can be extended to identify TITO processes using time domain

approach.

• In the present work for on-line identification, initial controller parameters are chosen

based on many simulation results. Hence, a model based controller design can be carried

out.

• It will be interesting if the proposed expressions which arederived by using state space

method can be extended to explicit form.

• The identification methods proposed in this thesis are applicable to linear processes.

Hence, the proposed work can also be extended to nonlinear processes.
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APPENDIX A

SUPPLEMENTARY MATERIALS

A.1 Detailed derivation of the expression (2.1)

u(t)e(t)r(t)
+
-

y(t)
N G(s)

Figure A.1: Nonlinear feedback scheme

Let us consider a nonlinear feedback scheme as shown in Fig. A.1 which consists of a linear

transfer functionG(s) and a nonlinear elementN (relay with hysteresis). If the input signal to

the nonlinear element is a sinusoidal wave then,

e(t) = Apsin(ωt) (A.1)

or

e(t) = Apsin(θ) (A.2)

whereAp is the peak amplitude andω the fundamental frequency of the relay input signal. The

presence of hysteresis in the relay, makes the outputu(t) to get the value of±h according to

whethere> ε, or e<−ε on the last instant when|e| > ε. Then, the output of the relay is given
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by

u(θ) =






−h 0 < θ < θ0

+h θ0 < θ < π +θ0

−h π +θ0 < θ < 2π

(A.3)

where

θ0 = sin−1
(

ε
Ap

)
(A.4)

As the describing function analysis provides a tool for frequency domain analysis of the non-

linear system hence, the DF is obtained with the consideration of only the principal harmonic

of the relay output signal. Therefore the relay with hysteresis is approximated by a gain of

N =
1

πAp

2π∫

0

u(θ)(sinθ + j cosθ)dθ (A.5)

or

N =
1

πAp




2π∫

0

u(θ)sinθdθ + j

2π∫

0

u(θ)cosθdθ


 (A.6)

let

λ1 =

2π∫

0

u(θ)cosθdθ (A.7)

and

λ2 =

2π∫

0

u(θ)sinθdθ (A.8)

in (A.6) which is represented as

N =
1

πAp
[λ2+ jλ1] (A.9)

The solution of the constantsλ1 andλ2 are found by using (A.3) as given below

λ1 =

θ0∫

0

−hcosθdθ +

π+θ0∫

θ0

hcosθdθ +

2π∫

π+θ0

−hcosθdθ (A.10)

on further simplification we get

λ1 = −4hsinθ0 (A.11)
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Similarly

λ2 =

θ0∫

0

−hsinθdθ +

π+θ0∫

θ0

hsinθdθ +

2π∫

π+θ0

−hsinθdθ (A.12)

resolving the above equation one obtains

λ2 = 4hcosθ0 (A.13)

Substituting (A.11) and (A.13) in (A.9) to get

N =
4h

πAp
[cosθ0− j sinθ0] (A.14)

Using the corresponding value ofθ0 from (A.4) in the above equation and resolving we get the

DF of relay with hysteresis as

N =
4h
(√

A2
p− ε2− jε

)

πA2
p

(A.15)

A.2 Detailed derivation of the expressions (4.7) and (4.8)

Let us represent the transfer function given in (4.2) as

y(s)

u(s)e−δs
=

±K f1 f2
(s− f1)(s− f2)

(A.16)

Taking partial fractions of the above equation and resolving we get

y(s)

u(s)e−δs
= a

[
1

(s− f1)
− 1

(s− f2)

]
(A.17)

where

a =
±K f1 f2
f1− f2

(A.18)

Representing (A.17) in the following form

y1(s)

u(s)e−δs
+

y2(s)

u(s)e−δs
=

a
(s− f1)

− a
(s− f2)

(A.19)

or

y1(s)(s− f1) = au(s)e−δs (A.20)
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y2(s)(s− f2) = −au(s)e−δs (A.21)

Taking inverse Laplace transform of (A.20) and (A.21), following two equations are obtained,

respectively

ẏ1(t)− f1y1(t) = au(t−δ ) (A.22)

ẏ2(t)− f2y2(t) = −au(t−δ ) (A.23)

Let

x1(t) = y1(t); x2(t) = y2(t) (A.24)

Hence, (A.22) and (A.23) are modified to

ẋ1(t) = f1x1(t)+au(t−δ ) (A.25)

ẋ2(t) = f2x2(t)−au(t−δ ) (A.26)

which can be represented in the following state space equations




ẋ1(t)

ẋ2(t)


=




f1 0

0 f2







x1(t)

x2(t)


+




a

−a


u(t−δ ) (A.27)

y(t) = y1(t)+y2(t) = x1(t)+x2(t) (A.28)

or

y(t) =

[
1 1

]
x(t) (A.29)

Representing (A.27) and (A.29) in the following state spaceform

ẋ(t) = Ax(t)+bu(t−δ ) (A.30)

y(t) = cx(t) (A.31)
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Hence,

A =




f1 0

0 f2


 ;b =




a

−a


 ;c =

[
1 1

]
(A.32)

A.3 Detailed derivation of the expressions (5.11) and (5.12)

Let us reconsider the transfer function given in (5.7) in thefollowing form

y(s)

u(s)e−δs
=

K f1 f2(s+ f0)
f0(s− f1)(s− f2)

(A.33)

Taking partial fractions of the above equation and further simplifying we get

y(s)

u(s)e−δs
= a

[
( f0+ f1)
(s− f1)

− ( f0 + f2)
(s− f2)

]
(A.34)

where

a =
K f1 f2

f0( f1− f2)
(A.35)

Representing (A.34) as

y1(s)

u(s)e−δs
+

y2(s)

u(s)e−δs
=

a( f0+ f1)
(s− f1)

− a( f0 + f2)
(s− f2)

(A.36)

or

y1(s)(s− f1) = a( f0 + f1)u(s)e−δs (A.37)

y2(s)(s− f2) = −a( f0 + f2)u(s)e−δs (A.38)

Taking inverse Laplace transform of (A.37) and (A.38), we get following two equations, respec-

tively

ẏ1(t)− f1y1(t) = a( f0+ f1)u(t−δ ) (A.39)

ẏ2(t)− f2y2(t) = −a( f0+ f2)u(t−δ ) (A.40)

Let

x1(t) = y1(t); x2(t) = y2(t) (A.41)
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Hence, (A.39) and (A.40) are modified to

ẋ1(t) = f1x1(t)+a( f0+ f1)u(t−δ ) (A.42)

ẋ2(t) = f2x2(t)+a( f0+ f2)u(t−δ ) (A.43)

or representing in the following state space equations




ẋ1(t)

ẋ2(t)


=




f1 0

0 f2







x1(t)

x2(t)


+




a( f0+ f1)

−a( f0+ f2)


u(t −δ ) (A.44)

or 


ẋ1(t)

ẋ2(t)


=




f1 0

0 f2







x1(t)

x2(t)


+




K f1 f2( f0+ f1)
f0( f1− f2)

−K f1 f2( f0+ f2)
f0( f1− f2)


u(t −δ ) (A.45)

y(t) = y1(t)+y2(t) = x1(t)+x2(t) (A.46)

or

y(t) =

[
1 1

]
x(t) (A.47)

A.4 Procedure to usefsolve function

Fsolveis a MATLAB [90] function, which solves a set of nonlinear equations simultaneously

as explained below with an example.

Fsolveis used to solve a problem specified byF(x) = 0, for x, wherex is a vector andF(x) a

function that returns a vector value. The following syntax is used in our presented work

x = f solve( f un, x0, options)

which solves the equations with the optimization options specified in the structure options. To

set these options, the below mentioned syntax is used

options= optimset(′Display′, ′iter ′)

which displays the output.

115
TH-1339_11610222



Appendix A

In fsolvesyntax,fun is a function that accepts a vectorx and returns a vectorF, the nonlinear

equations evaluated atx. The function fun can be specified as a function handle for a file

x = f solve(@my f un, x0),

wheremyfunis a MATLAB function such as

f unction F= my f un(x)

F = ...

to compute function values atx.

Thefsolvefunction applied in Example 3 of Chapter 4 to estimate the FOPDT process model

parametersτ1 andK is explained below.

First we write a file that computesF , the values of the equations atx. The MATLAB code

is given below:

f unctionF= my f un(x)

h = 1; Ap = 0.2631;Tp = 5.3897;δ = 2.0; ε = 0.1;

F = [x(2)∗h∗ tanh(0.5∗Tp/(x(1)))−Ap;

x(2)∗h∗ (1− (2∗exp(δ/x(1))/(1+exp(Tp/x(1)))))− ε];

wherex(1) = τ1 andx(2) = K.

The above function file is saved as myfun.m on MATLAB path. Then, the initial point and

options are set up andfsolveis called as given in the following code

x0 = [2; 1]; make a starting guess at the solution

options= optimset(′Display′, ′iter ′);

[x, f val] = f solve(@my f un, x0, options); call solver

The above code is run to calculate the parametersτ1 andK. After several iterations,fsolvefinds

an answer as:

x(1) = 9.9957

x(2) = 0.9994

hence,τ1 = 9.9957 andK = 0.9994 are estimated.

Regarding choosing initial values forx0, the values are varied from [1; 1] to [20; 20] and it is

observed thatx(1) varied from 9.9954 to 9.9957 but for most of the values it is 9.9957 andx(2)
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remained at 0.9994. Or the explicit expressions proposed inChapter 2 can be used to select the

initial values.

Fsolvemay converge to a non-zero point and generate the following message:

Optimizer is stuck at a minimum that is not a root, try again with a new starting guess.

In this case,fsolveis run again with other starting values.

Similarly, fsolveis used in other examples where a set of nonlinear equations need to be solved

simultaneously.
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