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ABSTRACT

Damage detection and prognosis are critical to managing degrading systems in the
engineering infrastructure. The damage detection relying on sensor data and prognosis on
historical failure data, usually both are treated separately. However, a holistic approach is
needed to capture degradation at initial stages and prognosis. When implementing a
machine learning framework for remaining useful life (RUL) estimation, two primary
scenarios emerge: (1) utilizing a complete run-to-failure dataset for training, and (2)
relying on a partial dataset. The latter presents significant challenges due to the necessity
for extrapolation. Furthermore, limited research has explored extending damage detection
results to RUL estimation by modeling the underlying degradation process using a
surrogate measure. Moreover, few studies extend damage detection results to remaining
useful life (RUL) estimation by modeling the underlying degradation process using a
surrogate measure. An integrated probabilistic machine learning framework that
systematically undertakes diagnosis, prognosis, and RUL estimation is lacking in the
literature. = Additionally, parameters for the surrogate degradation model used for
prognosis are often estimated using conjugate gradient methods, which often fall into local

minima. These surrogate models also ignore general population trends.

The main objectives of this thesis are threefold: First, a comprehensive prognosis
framework is developed that integrates Gaussian Process Regression (GPR) with a robust
solution to address extrapolation challenges, ensuring accurate and reliable predictions
beyond the training data range. Second, the set of GPR hyperparameters for achieving the
global optimum value of maximum likelihood is obtained through the proposed
entropy-assisted genetic algorithm. This incorporates Renyi’s entropy to diversify the
initial population, achieve global convergence, and mitigate the risk of premature
optimization. Finally, the proposed probabilistic framework is applied to real-world
scenarios, specifically the prognosis of elastomeric rubber bearings and fatigue crack
monitoring in lap joints. The aim is to demonstrate the framework’s practical applicability,
effectiveness in predicting RUL, and ability to account for uncertainties in different

engineering domains.

Damage initiation in these applications is often followed by a sudden change in the

degradation path. With this shock, the degradation path changes its trajectory, leading to

TH-3624_196104026 xi



xii Abstract

multi-stage degradation that requires shifting the adaptive mean function. Hence, this
thesis attempts to locate change points through a Bayesian approach, presenting theoretical
formulations for multi-functional forms in two phases (pre and post-change point) with

damage detection in the context of structural health monitoring.

For case-specific surrogate measures, the development of a system identification tool using
the two-stage constraint unscented Kalman filter (CUKF) is proposed for complex
structural systems like elastomeric high damping rubber bearings. These are modeled
through the Biaxial Bouc-Wen model to account for bidirectional effects observed in
structures under seismic excitations. The effectiveness of the two-stage CUKF in parameter
estimation is validated through numerical case studies and experimental validation,
establishing a robust foundation for subsequent prognostics. Additionally, a case study
from the aviation industry is investigated where a combination of automated wavelet
feature extraction and a probabilistic Bayesian neural network directly correlates Lamb
wave signatures with crack widths, addressing both aleatoric and epistemic uncertainties.
This method provides probabilistic estimates of crack width and automates fatigue life

prognosis, validated through extensive experimental data.

Results from numerical and experimental data show that the proposed surrogate
degradation modeling framework is effective in performing prognosis. The analysis reveals
that utilizing more degradation data post-change point leads to timely fault detection,
improved model hyperparameter estimates, variance reduction, and reasonably accurate
RUL predictions. Experimental validations underscore the robustness and reliability of the
methods across diverse applications, paving the way for future innovations in the

probabilistic machine learning diagnosis and prognosis of engineering systems.
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CHAPTER 1

INTRODUCTION

1.1 OVERVIEW

The structural integrity of engineering systems is paramount in terms of the economic
growth and development of the nation. However, these engineering systems are prone to
degradation due to various causes like aging, fatigue, corrosion, successive damage due to
operating loads and sudden damages. Ensuring their safety, reliability, and longevity is
essential for protecting lives, safeguarding valuable assets, and minimizing economic
disruptions. Structural Health Monitoring (SHM) plays a pivotal role in this endeavor,
encompassing the continuous or periodic assessment of structural components and
systems. It comprises two key components (a) diagnosis (Sohn et al., 2003), and (b)
prognosis (Kim et al., 2017). This comprehensive approach aids in the early detection of
degradation, allowing for trend analysis of damage progression that ultimately contributes
to the anticipation of future component reliability. The complexities of mechanical and
civil engineering structures present significant challenges for SHM approaches. The
behavior of composites under complex loading scenarios leads to barely visible damage
and can cause delamination, fiber breakage, and matrix cracking which can progress under
operational conditions and unpredictable environmental factors (Staszewski et al., 2004;
Coverley and Staszewski, 2003). Likewise, civil engineering infrastructure, owing to their
inherent vulnerability, are at risk from aging, fatigue, and deterioration processes resulting
from aggressive chemical attacks and other physical damage mechanisms (Ellingwood,
2005; Brownjohn, 2007). The detrimental effects of these phenomena can lead over time to
unsatisfactory structural performance under service loading or accidental actions and
extreme events like earthquake. Thus, the aging infrastructure and necessary monitoring
for extending lifecycles put great emphasis on reliable and accurate SHM techniques
(Farrar and Worden, 20124). The SHM frameworks can be based on vibration methods,
strain monitoring methods, model approaches, and guided wave methods, which observe
changes in natural frequencies, stress-strain relationships, scattering and reflections for
identifying the damage (Doebling et al., 1998; Friswell, 2007). However, these are sensitive

to environmental and operational variability, face difficulty in addressing complex damage
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modes, and cannot account for the uncertainties that pervade real-world engineering
systems (Beck and Au, 2002; Sohn et al., 2003). The inevitable variations in material
properties, the stochastic nature of loads, imperfections in sensor data and sparsity of the
measurements contribute to aleatoric and epistemic uncertainties that can undermine the
accuracy of diagnosis as well as prognosis (Sakin and Ay, 2008; Peng et al., 2015).
Incorporating both aleatory and epistemic uncertainties into the SHM framework is
essential for robust and reliable monitoring. Further, the most common causes of
prolonged failure are fatigue and corrosion which are often encountered in SHM
applications. Fatigue results from repetitive, cyclic loading and can lead to the initiation
and growth of cracks or other damage modalities. The stochastic nature of fatigue
processes, coupled with uncertainties in material properties and usage patterns, makes
deterministic modeling of fatigue-driven damage progression inherently difficult (Suresh,
1998). The probabilistic methods provide a systematic approach to quantifying and
managing these uncertainties, enabling more accurate assessment of damage severity, rate
of growth, and remaining useful life. Recent advancements in machine learning (ML) and
deep learning (DL) techniques, especially when integrated with probabilistic frameworks,
have opened new avenues for enhancing Structural Health Monitoring (SHM). While
traditional statistical approaches and deterministic ML methods have shown promise, their
limitations in handling complex uncertainties and capturing nonlinear damage evolution
have motivated a shift towards probabilistic ML models. These models not only excel at
pattern recognition within vast datasets but also quantify prediction uncertainty, thus
enabling risk-informed decision-making (Farrar and Worden, 20122).  This thesis
contributes to this evolving landscape by advancing probabilistic SHM methodologies
with a special focuses on the development of uncertainty-aware diagnosis and prognosis
framework, leveraging Bayesian approaches like Gaussian Processes and Bayesian Neural
Networks to address the challenges of computational complexity and data scarcity. An
integrated probabilistic framework is proposed, incorporating Gaussian Process
Regression (GPR) optimized with an Entropy-Assisted Genetic Algorithm (EGA)
considering the adaptive mean functions and Bayesian change point detection. This
framework is applied to the prognosis of multi-stage degradation processes, with a
particular emphasis on damage evolution due to fatigue loading. The effectiveness of this
approach is demonstrated through detailed case studies on elastomeric rubber bearings

and fatigue crack monitoring in lap joints.

1.2 BACKGROUND

Past decades are evidence of innumerable accidents and mishaps due to the sudden failure
of structural operations and the performance of the civil systems. These failures

underscore the subtle ways in which structures can weaken over time, leading to
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Pitting corrosion
of tendons

Figure 1.1: Illustration of primary reason of collapse in Morandi Bridge in Genoa, Italy in 2018
(Morgese et al., 2020)

unexpected and potentially devastating consequences. The iconic Tacoma Narrows Bridge
in 1940 collapsed due to wind-induced oscillations. Further, Mianus River Bridge
collapsed in 1983 in which corrosion and metal fatigue led to the failure of the pin and
hanger assembly in the bridge’s suspension system (Gorlov, 1984). This drives an increased
focus on bridge inspection, but even now, hidden corrosion in post-tensioned concrete and
other challenging areas underscores the need for vibration based SHM. The I-35W Bridge
collapse in Minneapolis 2007 reminds us of the catastrophic failure, despite of periodic
retrofitting, attributed to undersized gusset plates on the bridge’s steel truss. Next, the
collapse of a balcony constructed partly with composite beams in Dee Why Collaroy Surf
Life Saving Club in Australia, in 2016 raised concerns about the long-term durability of
composites in exposed marine environments. Recently, the collapse of the Morandi Bridge
in Genoa, Italy in 2018 was attributed to a combination of factors, including design flaws,
lack of maintenance, and environmental corrosion (Milillo et al., 2019; Calvi et al., 2019).
Figure 1.1 shows the corrosion of pre-stressed tendons which fails due to prolonged
fatigue, causing failure of the bridge. The collapse led to an increased focus on the
maintenance and inspection of aging infrastructure, especially for bridges designed in the
mid-20th century. Moreover, the tragic collapse of the Nicoll Highway in Singapore (2004)
exposed shortcomings in traditional monitoring.  This incident took place due to
pre-collapse wall movements, emphasizing the need for automated SHM to potentially
catch such warnings (Whittle and Davies, 2006). Further, the use of composites in wind
turbine blades has dramatically improved their efficiency, but delamination, leading-edge
erosion, and lightning damage are common occurrences. These failures affect power
generation and, in extreme cases, pose safety hazards. These cases illustrate the critical
need and role of SHM in ensuring the safety and integrity of infrastructure projects
(Brownjohn, 2007).

Similar narratives exist within the aerospace industry. The tragic events of De Havilland
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Comet crash in 1954 exposed the need to understand the impact of repeated pressurization
cycles on aircraft structures, leading to advancements in fatigue analysis. The Aloha Airlines
Flight 243 incident in 1988 is again a stark reminder of the consequences of undetected
corrosion in aging aircraft, demanding changes in inspection protocols (Hendricks, 1991). In
2002, a Boeing 747 disintegrated mid-flight due to a previously undetected repair on the tail
section, which was likely not in compliance with standards (Kumar and Padture, 2018). The
crash highlighted the need for meticulous SHM throughout an aircraft’s lifespan. Recently,
the failure of a titanium component near a composite air intake contributed to the fatal crash
of an F-22 in 2010. These accidents could have been easily averted by detailed inspection and
routine maintenance. Apart from the case studies discussed so far, the structures generally
undergo aging and degradation of strength and stiffness that requires long-term periodic
collection and evaluation of structural responses. Also, under catastrophic events such as
earthquake loading, blast, shock, and impact loading, the structures are often subjected
to large magnitudes of loads (Krauthammer, 1999). These extreme loads cause severe
damage to the structures and their components that affect their overall performance. The
decision-making for reinstating the utility and safe operation of critical infrastructure is
often questionable in the absence of the availability of structural health monitoring and
damage assessment framework (Balageas et al., 2010). By employing sensor networks and
advanced data analysis, SHM systems can monitor a structure’s behavior in real time. Thus,

we should take a vital step towards safeguarding the critical structures by embracing SHM .

1.3 DEGRADATION OF ENGINEERING SYSTEMS

The failure in the engineering systems can be classified as (a) Hard failures, and (b) Soft
failures. The hard failures are sudden in nature and generally triggered by external shocks
or events, irrespective of the current system’s health. This can occur due to natural
disasters, or unanticipated overload conditions. Conversely, the failures resulting from
gradual and internal degradation processes are termed soft failures. These failures occur
when a system’s deteriorating condition reaches a critical threshold, rendering it incapable
of fulfilling its intended function (Nelson, 2009; Gorjian et al., 2010). Soft failures are a
major concern in engineering structures due to their potential for gradual, often
predictable deterioration. It can arise from factors such as fatigue, corrosion, and material
degradation over extended periods of service. For instance, the components exposed to
cyclic loading during flight operations experience fatigue which induces cracks in
aluminum lap joints in the structural frame, gradually compromising structural integrity
(Peng et al., 2015). Similarly, exposed body parts experience corrosion due to exposure to
harsh environmental conditions, moisture, or chemical pollutants, which starts gradual
deterioration and eventually leads to failure (Li and Chakik, 2021; Tavares and Castro,

2017). Infrastructures also face similar challenges related to corrosion and fatigue. The
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steel structures as well as steel reinforcement within concrete rusts, compromise structural
strength, particularly in coastal areas or environments with deicing salts. Further, concrete
itself degrades through processes like alkali-silica reaction (ASR) and carbonation, while
fatigue from traffic or wind can create cracks in bridges and other structures (Biondini and
Frangopol, 2016a). While talking to bridge components, laminated rubber bearings are
subjected to small cyclic deformation with an average shear strain of 0.5% by traffic loads
(Fukada et al., 1998; Abe et al., 2004) leading to fatigue degradation. The details of the
various cases of long term degradation in civil engineering from relevant literature is
shown in Figure 1.2. In many of such scenarios, the underlying damage mechanisms
themselves might not be directly observable, or obtaining accurate system parameters
proves challenging. However, their effects can often be indirectly measured. For example,
fatigue-induced stiffness loss in a metal connection could manifest in altered strain or
acceleration readings, while compromised bonding in reinforced concrete could be
revealed through changes in deflection. This underscores the importance of data-driven
approaches, particularly surrogate modeling, to assess and predict the progression of
degradation mechanisms like fatigue and corrosion, which are primary contributors to

long-term structural deterioration
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Figure 1.2: It illustrates the degradation in various engineering system in a long term (a) Reduction
of stiffness as well as bearing capacity of RCC beam under long term fatigue (Liu and Yan,
2018), (b) Reduction in the elastic modulus of concrete due aging (important in case of
earthen dams) (Burman et al., 2011), (c) Development of crack in the RCC structures due
to prolonged corrosion (Zhong et al., 2010), and (d) Degradation in stiffness and strength
in the composites due to fatigue (Gao et al., 2022)

TH-3624_196104026



6 I Introduction

1.4 STRUCTURAL HEALTH MONITORING

Structural Health Monitoring (SHM) is a systematic and multidisciplinary approach to
evaluating the integrity of in-service structures and their components. It involves
strategically deployed sensors, data collection, and sophisticated analysis to detect, locate,
and quantify signs of structural damage or deterioration. The core goal of SHM is to enable
proactive maintenance and intervention, minimizing the risk of failures and extending the
lifespan of valuable assets like buildings, bridges, and aircraft (Sohn et al., 2003). SHM
techniques often integrate elements of vibration analysis, statistical pattern recognition,
and model-based simulations for comprehensive damage assessment. The various stages
of structural health monitoring are demonstrated to form SHM cycle as shown in Figure

1.3, whose primary steps with increasing level of difficulty are as follows:

Data
_» acquisition
80 G\L 3 ™ Data
& processing
/ Identification
Decision Actlon

analysis Dlagn051s
\ Localization

Lifetime Classification

prediction

\

Assessment

Figure 1.3: SHM Cycle illustrating the chain of steps involved in diagnosis and prognosis

* Level 1: Identification - It determines whether damage occurred on a global scale.

* Level 2: Localization - It identifies the location and coordinates of the damage.

® Level 3: Assessment - It determines the intensity of damage in various components.

* Level 4: Lifetime prediction - It forecasts the future state behaviour and estimates the

structure’s remaining life.

Within SHM, the concepts of diagnosis and prognosis are central. Diagnosis focuses on
interpreting collected data to determine the existence, location, and severity of damage
within a structure. Prognosis takes this further by predicting how existing damage might
evolve and forecasting the structure’s remaining useful life (RUL). The first two levels are
defined as diagnosis steps, and the next two as prognosis levels. Importantly, levels 1 and 2

can be evaluated without using any model, but level 3 requires numerical modeling. The

TH-3624_196104026



1.4. Structural health monitoring 7

last level requires processes such as fracture mechanics, fatigue-life analysis, reliability
analysis, or structural design assessment. Additionally, level 4 stems from level 3, where
the assessment of fracture parameters is utilized to achieve fatigue life analysis to specify
the structure’s remaining life.  The diagnosis and prognosis together lead to the
maintenance transformation and development of a complex regime of structural health
monitoring called prognosis and health management (PHM) (Kim et al., 2017; Lee et al,,
2014). The fundamentals of the diagnosis and prognosis are discussed in following

sections.

1.4.1 DIAGNOSIS OF SYSTEM

The diagnosis of the system identifies whether the damage has occurred or not in the
global domain and then identifies the precise location of the damage. The first step of
diagnosis is visual inspection which is carried out by trained professionals who carefully
examine the structure for visible signs of damage, deterioration, or any unusual changes
since previous inspections. This initial assessment helps pinpoint areas of concern that
might need closer examination. To delve deeper, non-destructive testing (NDT) techniques
are employed. These methods, such as ultrasonic testing, ground-penetrating radar, or
infrared thermography, allow engineers to probe the structure’s internal condition without
causing harm. They provide valuable data on the structure’s health and performance,
enabling the detection of hidden defects or weaknesses. Moreover, structural health
monitoring (SHM) systems will be installed for specific monitoring and condition
assessment of the structure. These involve strategically placed sensors that continuously
gather data on strain levels, vibrations, temperature, and other factors. The process begins
with data acquisition using sensors to gather information about the structure’s behavior.
Subsequently, feature extraction from the sensor data is conducted to identify relevant
patterns or anomalies that could indicate damage. After feature extraction, statistical
modeling is employed to detect and analyze any detected damage, enabling a
comprehensive assessment of the structure’s health through the development of different
physical or statistical health indicators (Doebling et al., 1996; Kim et al., 2006; Park et al.,
2012). Moreover, system identification is carried out to assess the current state of the
degradation (Yang et al, 2006). A significant limitation of traditional diagnostic
approaches lies in their deterministic nature, often overlooking the inherent uncertainties
present in real-world systems. This thesis addresses this limitation by introducing machine
learning frameworks that adopt a probabilistic approach to diagnosis like Bayesian neural
network for crack width estimation. These frameworks not only provide point estimates of
damage occurrence, intensity, location, and quantification but also offer valuable
confidence intervals and output distributions. This probabilistic information enables

seamless integration with prognosis frameworks, in turn, enhances the reliability of
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predictions regarding the remaining useful life of the structure.

1.4.2 PROGNOSIS OF DEGRADING SYSTEMS

Prognostics is the process of predicting the future reliability of a product by assessing
the extent of derivation or degradation of the product from its expected norm operating
conditions (Kim et al., 2017). It is the prediction of the future state of system’s health based

on current and historical conditions. The graphical illustration of prognosis is shown in

Figure 1.4
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Figure 1.4: Prognosis fundamental

To monitor the evolution of degradation due to various mechanisms, a system may be
subjected to intermittent online health monitoring. The acquired data, collectively known
as degradation data, serve as a basis for degradation modeling and subsequent prognosis.
While degradation modeling focuses on the selection, calibration, and validation of
competing models against the acquired degradation data, prognosis is the systematic
framework for assessing the future condition or performances of an infrastructure asset,
given its present health condition. This is often done by projecting the degradation model
to a predefined threshold. The process of predicting the future behaviour of degradation
includes numerous sources of uncertainty as discussed in Section 3.2. Therefore, it is
natural to consider the predicted degradation as a statistical distribution. That is, even if
degradation is measured as a single point at the current cycle, the degradation is
represented as a distribution due to uncertainty. Therefore, the time to reach the threshold
is uncertain and can be represented as a probability distribution. Then, for a given time,
the area under the distribution up to the time is considered as probability of failure. The
failure probability increases as cycle increases. The end-of-life (EOL) is the corresponding
cycle when the degradation reaches to the threshold and the maintenance should be
ordered for the system. Since the degradation is a distribution, the cycle reaching to the
threshold is not a deterministic value. The RUL, the remaining time to the maintenance

from the current time, is also predicted as a distribution by subtracting the current cycle
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from the EOL distribution, as

trur =tror — tk (1.1)

While numerous machine learning (ML) frameworks have been successfully applied to
Structural Health Monitoring (SHM), their focus has primarily been on deterministic
approaches (Salehi and Burguefio, 2018; Ochella et al., 2022; Xu and Saleh, 2021; Gordan
et al.,, 2022). These methods often provide valuable insights into damage diagnosis and
prognosis, but they typically neglect the inherent uncertainties that permeate real-world
systems.  This limitation motivates the development of advanced probabilistic ML
frameworks capable of quantifying the uncertainty associated with their predictions. Such
frameworks not only offer more comprehensive and reliable assessments of structural
health but also enable risk-informed decision-making by explicitly considering the

potential variability in damage evolution and remaining useful life estimates.

1.5 MOTIVATION TOWARDS UNCERTAINTY QUANTIFIED DIAGNOSTICS
AND PROGNOSIS

Probabilistic machine learning (PML) is a branch of machine learning that focuses on
explicitly representing and quantifying uncertainty. Unlike traditional deterministic
approaches, PML methods explicitly account for uncertainty, providing a probabilistic
framework that quantifies confidence in predictions. This richer information empowers
better decision-making, especially in high-stakes scenarios like infrastructure maintenance
where the consequences of error can be significant. Probabilistic machine learning has
applications across diverse domains, including predictive modeling, classification, and
regression. It is particularly valuable in safety-critical applications, where understanding
and managing uncertainty are paramount for ensuring structural integrity and safety. The
foundation of PML lies in the integration of probability theory with machine learning
(Ghahramani, 2015a). The basic rules of probability theory are used to infer unobserved
quantities given observed data. This learning process transforms prior probability
distributions (defined before observing the data) into posterior distributions (after
observing the data). This application of probability theory to learning is called Bayesian
learning, which follows Bayes” theorem. Graphical models, in various forms like Bayesian
networks, Markov networks, and mixed graphs, provide a powerful way to represent
complex probabilistic relationships. Apart from Bayesian inferences and probabilistic
graph models, Gaussian processes offer flexibility in modeling, providing both predictions
and confidence intervals around them. Finally, deep probabilistic models combine the
expressiveness of deep neural networks with probabilistic reasoning, enabling uncertainty
modeling even in highly complex scenarios. The details about mathematical integration is

discussed in Chapter 3. The primary advantage of uncertainty-aware diagnostics and
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prognosis is the ability to provide more robust and reliable predictions. By accounting for
the variability and noise in sensor data, these methods reduce the risk of false positives
and false negatives. For example, in fatigue crack monitoring, an uncertainty-aware model
can better distinguish between actual crack growth and noise-induced variations in sensor
readings. This leads to more accurate estimations of the remaining useful life (RUL) of the
structure, enabling timely maintenance actions and preventing unexpected failures.
Another key benefit is the enhanced interpretability of the results. Probabilistic models
provide a clear measure of confidence in their predictions, which can be invaluable for
decision-makers. This transparency allows engineers to understand the risks associated
with different maintenance strategies and make informed choices based on the likelihood
of various outcomes. Moreover, uncertainty-aware diagnostics and prognosis facilitate the
incorporation of expert knowledge and domain-specific insights into the modeling process.
This integration is particularly useful in SHM, where historical data and expert opinions
can significantly enhance the predictive performance of models. For instance, in the case of
elastomeric rubber bearings, incorporating prior knowledge about material properties and

loading conditions can improve the accuracy of the prognosis.

1.6 ScoPE AND OBJECTIVES OF THE THESIS

This thesis explores and proposed probabilistic machine learning (PML) techniques to
Structural Health Monitoring (SHM) with a focus on uncertainty-aware diagnostics and
prognosis. The primary scope encompasses the development, implementation, and
validation of advanced probabilistic frameworks aimed at enhancing the reliability and
accuracy of diagnosing and predicting the health of engineering systems. The thesis
integrates concepts from Bayesian inference, Gaussian process regression, and state-space
modeling to address the inherent uncertainties in SHM data and provide robust,
risk-informed decision-making tools. The global objectives of the thesis are illustrated as

follows:

1. Develop an uncertainty-aware degradation indicator : This objective to develop and
evaluate probabilistic surrogate models that explicitly quantify uncertainties in the
prediction of structural health. By leveraging Bayesian approaches like Gaussian
Processes and Bayesian Neural Networks, the goal is to enhance the reliability and
robustness of prognosis for complex engineering systems, especially in scenarios with
limited data or high computational costs.

2. Develop an integrated probabilistic framework for prognosis: Building on the
foundation of uncertainty-aware diagnosis, the primary objective is to develop a
comprehensive probabilistic framework for the prognosis of multi-stage degradation.
This framework will integrate Gaussian Process Regression (GPR), optimized with an

Entropy-Assisted Genetic Algorithm (EGA), along with adaptive mean functions and
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Bayesian change point detection. The ultimate goal is to provide a holistic and
accurate assessment of the remaining useful life of deteriorating structures, taking
into account various sources of uncertainty.

3. Validate and demonstrate practical application of the framework: To validate the
effectiveness and applicability of the proposed probabilistic framework through
real-world case studies of elastomeric rubber bearings and fatigue crack monitoring
in lap joints. These case studies will showcase the framework’s ability to provide

accurate and reliable predictions.

1.7 OVERALL METHODOLOGY

The overall methodology for the diagnosis and prognosis adopted in the thesis is illustrated
in Figure 1.5.
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Figure 1.5: Illustration of overall methodology applied in the thesis for the diagnosis and prognosis
of engineering systems
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In the proposed methodology, first, data acquisition is followed by signal filtering to
eliminate noise and irrelevant data. This filtered signal is then processed to obtain either
system parameters or statistical damage indices, which are fundamental to the subsequent
stages of SHM. For system identification and damage quantification, particularly in
complex systems with intricate dynamics, a state-space model-based approach is
proposed. Additionally, a statistical damage index is derived and proposed, utilizing
vibrational data analysis for a comprehensive understanding of structural degradation.
Moreover, for diagnosis, a Bayesian machine learning framework is introduced to leverage
probability distributions and effectively account for both aleatoric and epistemic
uncertainties, thus enhancing the accuracy and reliability of predictions. Next, the
identified system parameters or statistical damage indices then serve as degradation
indicators, forming the basis for prognosis through surrogate modeling. Gaussian process
regression (GPR) is employed as the surrogate model, and its limitations in prognosis are
addressed by incorporating entropy-assisted genetic optimization (EGA) and adaptive
mean functions. Once the surrogate model is adequately formed and optimized, it enables
accurate prognosis and the determination of the remaining useful life (RUL), culminating

the SHM process with valuable insights into the structural health and longevity.

1.8 ORGANIZATION OF THE THESIS

A flow chart showing the thesis organization is given in Figure 1.6, which contains total

seven chapters as follows:

. Genergl Uncertainty- Probabilistic App llcgtlon Conclusions
introduction aware surrogate case studies of
. . . ML framework . and future
& Literature machine learning for Droenosis rubber bearings scone
review models prog & lap joints p
(Ch.1&2) (Ch. 3) (Ch. 4) (Ch. 5 & 6) (Ch.7)

Figure 1.6: Organization of the thesis illustrating different part and chapters

e Chapter 1 introduces the need for the probabilistic health monitoring approaches
and provides a brief introduction to the structural health monitoring explaining the
diagnosis and prognosis for critical engineering system. Later, the motivation and a
summary of research objectives, and overall methodology adopted in the thesis are

presented. Finally, chapter concludes with the organization of the thesis.

¢ Chapter 2 provides an extensively detailed background and literature review on
damage detection and prognosis methods for engineering systems, especially
focussed on the civil infrastructure and industry applications, primarily related to the
fatigue degradation. This chapter has two parts, first contain the literature review of

the diagnosis methodologies and second part contains the survey of prognosis
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methods. Both of these part provide extensive survey of probabilistic machine
learning frameworks that are developed earlier. However, for the prognosis, they are
provided in well organized tabular form. Lastly, the specific objectives of this thesis

are described following the identified gaps in the literature.

¢ Chapters 3 introduces the mathematics of uncertainty informed machine learning
models which originates from the fusion of probability theory and machine learning.
Further, the importance of the uncertainty quantification and its mathematical
expressions in the closed form is presented. The Bayesian inference, limitations of
Gaussian process regression for the prognosis and extrapolation are discussed in
details. Finally, this chapter forms the basis for the development of the prognosis

framework and case studies which are presented in subsequent chapters.

* Chapter 4 introduces a novel data-driven framework designed to address the
challenges of predicting the remaining useful life (RUL) of engineering systems
undergoing multi-stage degradation. The methodology leverages Gaussian Process
Regression (GPR), optimized with an Entropy-Assisted Genetic Algorithm (EGA)
and adaptive mean functions, to model the complex, nonlinear degradation

processes for prognosis, typical in structural health monitoring applications.

¢ Chapter 5 presents a case study of diagnosis and prognosis on elastomeric rubber
bearing. It proposes a two-stage constraint unscented Kalman filter for the parameter
estimation of degrading complex systems under biaxial excitations. This two stage
framework helps in handling computational complexity and overconfidence issue
which evaluating variance in large number of states. Further, identified hysteresis is
used to develop degradation indicator and prognosis is achieved through proposed

framework.

¢ Chapter 6 presents another case study of fatigue prognosis in aluminium lap joints.
Here, probabilistic crack width is examined through Bayesian machine learning
frameworks and wavelet transform. Further, the estimated crack width is used as

degradation indicator and prognosis is achieved through proposed framework.

¢ Chapter 7, finally discussed the number of conclusions resulting from the presented

work. Several recommendations for future study are also discussed.
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CHAPTER 2

LITERATURE REVIEW

2.1 INTRODUCTION

This chapter explores the field of probabilistic machine learning frameworks for the
diagnosis and prognosis of engineering systems. The literature survey emphasizes the use
of these frameworks to identify the damage, and to predict future system health and
remaining useful life. Probabilistic machine learning frameworks are highlighted for their
ability to address the uncertainties inherent in complex engineering systems. The chapter
begins by providing a background on diagnosis and prognosis, offering a concise overview
of relevant SHM methodologies and the specific challenges within this domain. Next,
various probabilistic machine learning frameworks for prognosis are reviewed and
presented in the tabular form. Finally, the chapter concludes by outlining promising future
directions and highlighting existing gaps to further advance the field of probabilistic

diagnosis and prognosis for engineering systems.

2.2 DIAGNOSIS METHODOLOGIES FOR ENGINEERING SYSTEMS

A wide range of non-destructive techniques have been established for damage detection in
civil infrastructure, including acoustic emission, eddy current, thermal field, radiography,
strain measurements, magnetic field methods, and ambient vibration response monitoring
(Mutlib et al., 2016; Siringoringo and Fujino, 2008; Sun et al.,, 2015). The underlying
principle is that structural damage manifests through alterations in measurable quantities,
such as stiffness, damping, or mass. These changes are reflected in vibration data and
modal properties (frequencies, mode shapes, and modal damping) (Brownjohn et al., 2011;
Doebling et al., 1998, Wei and Pizhong, 2011). By tracking the evolution of these
parameters, engineers can infer the presence and potential location of damage. Three main

categories of diagnosis methods exist in literature:

1. Physics-based methods: These methods rely on governing equations to create a
mathematical model of the structure. This model is then compared with measured

vibration data to quantitatively assess damage (Pandey et al., 1991; Shi et al., 2000).
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While effective, these models often require complex finite element analysis, which
can be computationally expensive for large structures or require analytical expression

which need extensive research to develop.

2. Data-driven methods: These methods leverage statistical principles and measured
data to construct models (input-output models like autoregressive (AR) family of
time-series models) representing observations. These models are computationally
less expensive and can be applied to various measurement types (Figueiredo et al.,
2011; Manson et al., 2001; Worden and Lane, 2001). However, a key drawback is
that the measured quantities might not directly correspond to the underlying damage
mechanism, potentially hindering accurate damage detection. To avoid the potential
drawbacks, several data driven mechanisms are developed to achieve problem specific

solutions. Few examples of data-driven tools for damage detection include:

(a) Auto-regressive moving-average (ARMA) time series models (Nair et al., 2006;

Omenzetter and Brownjohn, 2006; Sohn and Farrar, 2001)
(b) Support vector machines (SVM)(Bornn et al., 2009; Worden and Lane, 2001)
(c) Neural networks (NNs) (Fang et al., 2005)
(d) Self-organizing maps (SOMs) (Tibaduiza et al., 2013)
(e) Principal component analysis (PCA) (Manson et al., 2001)
(f) Statistical process control (SPC) (Sohn et al., 2000; Wang and Zhang, 2008)

3. Hybrid methods: These approaches to damage detection in engineering systems
integrate multiple diagnostic techniques to overcome the limitations of single-method
approaches. These approaches often blend low-frequency structural vibration data
with advanced nonlinear dynamic analysis to enhance sensitivity to local defects and

robustness against uncertainty.

The development of damage index rely on surrogate measures like Mahalanobis distance,
residual error, or features extracted from autoregressive moving average coefficients to
indirectly assess damage. The classification of the diagnosis methodologies is shown in
Figure 2.1 and the details of various types of the data-driven diagnosis approaches are

presented in next section.
2.2.1 DATA-DRIVEN DIAGNOSIS METHODS

The data-driven methods forms the fundamentals of damage detection from ambient
vibration data, frequency response function and the system modal parameter updates.
Further, machine learning based frameworks are developed for damage detection. The

details are presented below:
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Figure 2.1: Illustration of classification of diagnosis methodologies in structural health monitoring

Vibration based methods

Ambient vibration data is integral to the structural health monitoring (SHM), providing
crucial insights into the physical properties of structures and their functional integrity.
These data are typically derived from modal parameters such as natural frequencies, mode
shapes, and modal damping ratios, which help identify damages by highlighting changes in
mass, stiffness, and damping properties of the structure. The sensitivity of these parameters
to damage varies, with damping and mass being the most and least sensitive respectively.
Despite the wide application of these methods, limitations persist including their sensitivity
to specific damage types, dependency on baseline data from an undamaged structure, and
the necessity for extensive data storage, particularly in complex structures like composites
(He et al., 2018; Kamal and Taha, 2010; Luengo et al., 2016). This vibration data is used for
extraction of system characteristic features which indirectly represents the damage in the

system. These characteristic features area listed below:

1. Natural Frequency: Reduction in structural stiffness due to damage typically results
in decreased natural frequencies. These frequencies are often easily and economically
measurable, making them popular in damage detection studies (Doebling et al., 1996;
Lifshitz and Rotem, 1969). Despite their susceptibility to environmental influences,
such as temperature variations, their sensitivity to structural changes makes them

valuable for assessing damage severity and location.

2. Mode Shapes: Mode shapes are less affected by environmental factors and provide
spatial information crucial for localizing damage. Techniques like the Modal
Assurance Criterion (MAC) and its derivatives utilize mode shapes to effectively

detect and localize structural damages across various engineering disciplines
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(Allemang, 1982; Salawu and Williams, 1995).

3. Modal Curvature: This method focuses on the second derivative of mode shapes to
detect stiffness loss due to damage (Moughty and Casas, 2017; Pandey et al., 1991).
Although highly sensitive, the requirement for multiple sensors and potential noise

amplification limit its application (Capecchi et al., 2016).

4. Modal Strain Energy: Based on the energy stored in deformed structures, this method
shows promise in localizing and quantifying damages, particularly in beam structures
modelled using finite element methods. However, the need for extensive sensor
networks and the influence of noise remain challenges (Cornwell et al., 1999; Duffey
et al., 2001; Farrar and Worden, 2012b).

5. Modal Damping: Although less commonly utilized due to its complex nature and
modelling challenges, studies have shown that damping variations can indicate
damage locations effectively, even without baseline data (Ay et al., 2019; Cao et al,,
2017; Chandra et al., 1999; Mustafa et al., 2018).

6. Modal Flexibility: Using the inverse of the stiffness matrix, modal flexibility methods
offer high sensitivity to damage. These methods benefit from fewer mode requirements
and have shown potential in damage localization and assessment through dynamic
simulations (Lu et al., 2002; Shih et al., 2009).

Frequency based methods

Frequency response functions (FRFs) represent a broader spectrum of frequencies than
modal data and are valuable in damage detection for their detailed response profiles. They
are typically used in conjunction with optimization-based model updating problems to
refine the structural models based on observed damages (Hassani and Shadan, 2022).
However, the selection of appropriate excitation frequencies and the need for precise

knowledge of input forces are significant challenges (Limongelli, 2010).
Time domain based methods

The vibration based methods often fall short in handling the non-stationary nature of
damage-induced signals. Advanced time domain analysis techniques have therefore been
developed to better represent energy variations within such signals, crucial for accurate

damage detection. These techniques are:

1. Principal component analysis (PCA): It identifies changes in structures by
decomposing vibration data into principal components that highlight anomalies.
This statistical method efficiently isolates the significant features, facilitating early

detection of structural impairments.

2. Singular spectral analysis (SSA): It is applied in damage detection to decompose time
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series data into its singular components, enabling the identification of subtle structural
changes. This technique isolates noise from the underlying signal patterns, enhancing
the accuracy of detecting potential damages. SSA’s ability to reconstruct the data with
selected components makes it a powerful tool for early diagnosis and monitoring of

structural health.

3. Empirical Mode Decomposition (EMD): It decomposes complex signals into
intrinsic mode functions (IMFs), which represent natural oscillation modes. Despite
its potential, EMD suffers from mode mixing issues, which have been addressed by
variants like Ensemble EMD (EEMD) and Multivariate EMD (MEMD), improving
noise robustness and applicability to multi-channel signals (Barbosh et al., 2020;
Barile et al., 2020; Huang et al., 1998; Wu and Huang, 2009).

4. Time varying autoregressive modelling (TVAR): TVAR models are pivotal in
damage detection, adapting to structural changes by capturing temporal variations in
dynamic data. This method allows for the continuous assessment of structural
integrity by analyzing how regression coefficients evolve over time. TVAR’s
sensitivity to subtle shifts in data makes it effective for early warning, real-time

monitoring and preventative maintenance in engineering structures.

5. Wavelet Transformation (WT): WT has been widely adopted in structural health
monitoring (SHM) due to its sensitivity to anomalies in vibration signals. Techniques
such as Continuous Wavelet Transform (CWT) and Discrete Wavelet Transform (DWT)
have been used for spatial damage detection across various structures (Chang and
Chen, 2005; Liew and Wang, 1998; Zhong and Oyadiji, 2007). WT is favored for
its ability to localize damage through detailed analysis of wavelet coefficients, often
combined with neural networks to enhance damage detection accuracy (Wu et al,,
2021; Hein and Feklistova, 2011).

2.2.2 ARTIFICIAL INTELLIGENCE APPROACHES

Al is revolutionizing diagnosis by mimicking human intelligence to surpass human
efficiency in complex tasks (Goodfellow et al.,, 2016). While initially successful in
rule-based problems, traditional Al struggled with tasks like facial recognition due to the
difficulty of codifying human intuition (Ghahramani, 2015b; Miiller and Guido, 2016). To
address this, machine learning (ML) was developed, enabling systems to learn from data
without explicit programming (Santos et al., 2016). ML extracts key data features to train

models, and is categorized into two main types:

* Supervised Learning: This involves training algorithms on a labelled dataset, where
the desired outcomes are known, allowing the model to learn the relationships

between inputs and outputs. This is particularly effective in regression and
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classification tasks, where the algorithm predicts a numeric value or classifies data

into categories, respectively (Kubat, 2017; Figueiredo et al., 2011).

¢ Unsupervised Learning: Unlike supervised learning, unsupervised learning
algorithms do not require labelled data. They work by uncovering hidden patterns or
intrinsic structures in input data, which can be particularly useful for discovering
unknown phenomena in the data or for organizing data in meaningful ways

(Yegnanarayana, 2009).

Further, the deep learning (DL), a subset of ML, has revolutionized the field by reducing
the dependence on manually extracted features. Deep Neural Networks (DNNs), a key
component of DL, automatically extract and learn features directly from raw data (Kwon
et al., 2019; Pouyanfar et al, 2019). This capability allows DL to handle complex,
high-dimensional data in a way that earlier ML techniques could not. By learning
hierarchical feature representations, starting from simple, low-level features and building
up to high-level, abstract ones, DL models can perform sophisticated diagnostic tasks with
high accuracy. DL is particularly renowned for its performance in areas where feature
representation plays a critical role, such as image and speech recognition or complex
decision-making tasks. Its ability to learn from large volumes of data and its capacity to
improve continually as it is exposed to more data make it an invaluable tool in the
diagnostic processes across various fields (Kiranyaz et al., 2015; Meruane et al., 2021; Zhao
etal., 2018).

2.3 PROBABILISTIC FRAMEWORKS IN DIAGNOSIS OF ENGINEERING
SYSTEMS

Till now, we have explored the general categories of diagnosis in structural health
monitoring, addressing various damage identification methods that yield a single
quantitative outcome. However, in practice, results are not always definitive due to the
numerous uncertainties inherent in structural health monitoring. In response to these
challenges, researchers have sought to probabilistically diagnose systems by incorporating
Bayesian statistics into the field. The next section will elaborate the probabilistic framework

developed in the past related to the diagnosis of engineering systems.
2.3.1 STATISTICAL BAYESIAN FRAMEWORK FOR DAMAGE DETECTION

In early 90s, the probabilistic system identification is carried out by Beck where the system
health is identified through changes in stiffness distribution and model updating using
vibration measurement. This study uses Bayesian formulation and provide asymptotic
expression for the posterior distribution of model parameters (Beck and Katafygiotis,
1992). Further, Sohn (1999) presented a thesis on Bayesian probabilistic approach to

damage detection which discusses diagnosis with a few measurement points and modes,
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systematically extracting information from continuously obtained test data.  The
methodology involves a Bayesian probabilistic framework for damage detection,
formulation of relative posterior probability based on output error, a branch-and-bound
search scheme, integration of load-dependent Ritz vectors, and a procedure for extracting

Ritz vectors from vibration tests.

Vanik et al. (2000) proposes the approach to real time monitoring through time variation of
a probabilistic damage measure. The paper emphasizes the importance of structural health
monitoring, the incorporation of theoretical development in the method, and its ability to
account for uncertainty and be suitable for on-line application. The method is applied to

simulated data to test its effectiveness.

Sohn and Farrar (2001) proposes a probabilistic approach for damage detection in civil
structures, specifically applied to predict the location of plastic hinge deformation in a
reinforced-concrete bridge column using experimental data from vibration tests. The
method included a simplified analytical model and the updating of damage probabilities

with new test data.

Ching and Beck (2004) proposes a two-step approach for probabilistic structural health
monitoring, including modal identification, damage assessment using a Bayesian model
updating algorithm, addressing incomplete mode shape information, and utilizing the
Expectation-Maximization algorithm. The optimization problem is simplified into two
quadratic optimization problems The approach was illustrated using the Phase II Simulated
Benchmark problems, demonstrating its effectiveness in structural health monitoring and
showed promise in addressing structural health monitoring problems with incomplete mode

shape information.

Saito et al. (2005) develops a framework for probabilistic estimation of structural damage,
utilizing system identification of a building with observed vibration data, applying the
method to vibration data from shaking table tests, accurately estimating story stiffness, and

evaluating the reliability of estimated values.

Yang et al. (2006) introduced an adaptive extended Kalman filter for state and parameter
estimation in structural systems. This method was validated through simulations that
tracked changes in nonlinear elastic, hysteretic, and linear benchmark structures,
demonstrating its effectiveness in damage detection using vibration data. Advanced
Kalman filters like unscented Kalman filter (UKF), in particular, generates sigma points to
capture the mean and covariance of the system’s posterior distribution, which are then
transformed back to update the states. To simplify calculations and align solutions with
the physical properties of the system, a variation known as the constrained Kalman filter

has been developed. Applications of constrained EKF and UKF for the system
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identification of Bouc-Wen model are detailed in various studies (Li and Wang, 2021;
Calabrese et al., 2018; Yang and Ma, 2003).

Ciampoli et al. (2008) suggests that structural health monitoring requires both damage
detection and assessment of the effects of damages on reliability. The methodology
involves a complete procedure for structural health monitoring, utilizing techniques such
as damage detection with unknown input, Bayesian model updating for quantifying
structural damage, and subset simulation for assessing the probability of exceeding

response levels while considering uncertainties.

Cangru (2009) proposes the Bayesian wavelet probabilistic approach for nonparametric
damage detection, data cleansing using a Bayesian discrete wavelet packet transform-based
denoising approach, a nonparametric system identification method based on fuzzy wavelet
neural networks for predicting dynamic responses. Bayesian hypothesis testing for assessing
differences between sensed data and model prediction, and construction of a probability
density function for the Bayesian assessment metric using Monte Carlo simulation to account

for uncertainties.

Lombaert et al. (2009) carried out vibration-based finite element (FE) model updating, and
Bayesian FE model updating are used for damage identification, where the stiffness of
substructures is updated to identify and localize damage. Bayesian inference is employed

to compute the posterior joint probability density of the stiffness in the substructures.

Mahadevan et al. (2008) presents probabilistic methodologies for designing a reliable
structural health monitoring system, optimizing sensor layout for enhanced damage
detection reliability, and introducing Bayesian methods to address uncertainties in sensor

data and model predictions.

Sankararaman and Mahadevan (2011) provides the development and comparison of
classical statistics-based methods and Bayesian statistics-based methods for quantifying
uncertainty in all three steps of damage diagnosis, with a focus on combining uncertainties
to quantify overall uncertainty in diagnosis. Further, a metric based on least squares is
proposed to assess the uncertainty in damage localization when the damage signatures fail
to localize the damage uniquely. The uncertainty in damage quantification is evaluated
through statistical non-linear regression, resulting in confidence bounds for the damage
parameter. The uncertainties in damage detection, isolation and quantification are

combined to quantify the overall uncertainty in diagnosis.

Rabiei (2011) presented thesis on Bayesian framework for structural health management
using acoustic emission monitoring and periodic inspections. A novel structural health
management framework was proposed using Bayesian knowledge fusion, enabling the

estimation of important quantities for structural health management. The methodology
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involves conducting fatigue crack growth tests with acoustic emissions monitoring,
developing a statistical model, employing Bayesian regression technique for parameter
estimation, and using recursive Bayesian estimation for online integration of assessment

information.

Zhang et al. (2011) suggests probabilistic simultaneous identification method which can
decrease false positives of damages and achieve accurate identification for structural
unknown input. The methodology involves a probabilistic approach combined with a
deterministic simultaneous identification method to identify damages in structures with
uncertainties under unknown input. It includes investigating the effect of uncertainties,
calculating statistical parameters, deriving a damage index, and determining the

probability of identified damage.

Haynes and Todd (2012) applied statistical damage detection techniques to a three-story
structure with bolted joints, using a sparse network of PZT sensor-actuators bonded to the
structure. Receiver operating characteristics are used to quantify detector performance, and

the detection rate is compared across different types and levels of damage.

Simoen et al. (2013) applied Bayesian linear finite-element (FE) model updating for
uncertainty quantification (UQ) in the vibration based damage assessment of a 7-story RC
building slice. The Bayesian UQ approach and subsequent resolution analysis are shown
to be effective in assessing uncertainty in FE model updating. Furthermore, it is
demonstrated that the Bayesian FE model updating approach provides insight into the

regularization of its often ill-posed deterministic counterpart.

M. Dirbaz (2013) presents a thesis on development of Bayesian methods (BBCA and BSCA)
for assessing bridge conditions based on subjective ratings and sensor/modal data, with
demonstrated applicability to highway bridges. Huang and Beck (2013) presented sparse
Bayesian approach that eliminates the need for a threshold for issuing a damage alarm
and reduces false-positive and false-negative damage detection in the presence of modeling

error.

Tee et al. (2012) introduces a quantile regression approach using vibration data, based on
quantile autoregressive time series models, to study differences between distributions of
undamaged and damaged structures. Performance evaluated through simulation studies

and experimental validation.

Rabiei and Modarres (2013) presents a Bayesian framework for integrating structural health
assessment information, utilizes an AE-based monitoring approach for crack growth rate

observations, and uses updated parameters for prognosis based on a future usage profile.
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Zheng and Yu (2013) proposed probabilistic framework can effectively draw statistical
samples that approximate the updated probabilistic distributions of uncertain model
parameters and provide model evidence that can quantify probabilities of uncertain model
classes. The framework integrates the transitional Markov chain Monte Carlo algorithm
with the finite element model, considering uncertainties in truss joint configurations and

model parameters, and examining the framework’s effectiveness through an application.

Hussein and Haldar (2015) developed a new method, UKF-UI-WGI, which was found to
be superior to the previously used GLIS-EKF-UI for the rapid assessment of infrastructure
health. The new method is recommended for use at the beginning of an inspection when
defects and their severity are unknown. The methodology involved system-identification
techniques with ignored excitation information, finite element representation of structures,
tracking stiffness parameter changes, verification through investigations, comparison of
GLIS-EKF-UI and UKF-UI-WGI, and recommendation of UKF-UI-WGI for rapid health

assessment.

Yang et al. (2016) implemented Bayesian inference method using random walks to estimate
the reliability of structures, a significant reduction in uncertainties associated with the
estimation, and validation through numerical and practical examples through estimating

the reliability of structures.

Mukhopadhyay et al. (2016) discusses a probabilistic method for assessing structural
damage, considering variability in stiffness estimates and using experimental data from a
3-story sliding base frame. The methodology used in the study is a probabilistic method to
assess structural damage location and severity, considering variability in healthy and

damaged states through empirical distributions of stiffness estimates.

Cai and Mahadevan (2018) explores big data analytics in uncertainty quantification for
structural diagnosis and prognosis, utilizing MapReduce technique and Monte Carlo
simulation for efficient handling of sensor data and predicting damage growth. The
methodology involves using the MapReduce technique for parallelizing data analytics,
Bayesian methods for diagnosis, and Monte Carlo simulation for predicting damage

growth and remaining useful life, with a focus on parallelizing FEA runs.

Prakash and Narasimhan (2018) aims to develop a mathematical framework using
two-phase gamma process for damage detection and prognosis using a surrogate measure
of degradation, integrate historical failure-time data with monitored data for RUL
estimation and maintenance planning, and utilize change point identification for

two-phase degradation modeling and future degradation level prediction.

Kim et al. (2018) adopted ARX model to consider environmental and operational changes

led to higher accuracy compared the linear regression without consideration of the effects.
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The methodology involves identifying damage indicators, performing regression analysis
using Bayesian regression to remove environmental and operational influences, conducting
decision-making analysis through Bayesian hypothesis testing, utilizing a state space model
for the Kalman filter, employing an ARX model to handle external disturbances, and utilizing

Bayesian statistics to estimate the probability of damage.

Liu et al. (2018) introduces a novel approach using state-space probability models to create
a damage metric robust to environmental and operational variations. The research uses
state-space probability models for structural health monitoring, defining algorithms for
training and prediction, and explaining the application of the algorithm in the presence or

absence of measurements for external conditions.

Davio (2019) implemented the machine learning approach and successfully detected realistic
damage stages in a bridge structural health monitoring system, making it a viable option for
operational bridge monitoring. The methodology involved using the Z-24 bridge benchmark
dataset for validation, training a Bayesian autoencoder neural network to reconstruct sensor
data sequences, comparing reconstruction errors with a healthy-state error distribution, and

successfully detecting various damage stages.

Vega and Todd (2020) uses a Bayesian neural network with variational inference to learn a
damage feature from a high-fidelity finite element model, demonstrating its application to
miter gates. The architecture includes 2 layers with 50 neurons in the hidden layer, with
regularization to penalize architectures with more parameters. Activation functions like
sigmoid and soft plus are used in the hidden and output layers. The main findings include
the use of a degradation model based on real inspection data, evaluation of the added
value of SHM in miter gates in terms of maintenance cost savings, and a demonstrated
maintenance cost reduction of 11.1% to 35.1% when using OCA ratings with a surrogate

model based on a physical model.

Tehranietal. (2021) proposes the Bayesian multiple modeling approachis used for improving
data fitting precision and increasing stability of the identification algorithm. The proposed
algorithm is successfully implemented on buildings with varying numbers of unknowns.
The method can simultaneously select the optimal model class and identify its unknown
states and parameters in an online manner. The methodology involves utilizing the Bayesian
multiple modeling approach, a time-domain method with the central difference Kalman
filter, testing on buildings with different numbers of unknowns, and conducting robust

simulations for verification.

Sajedi and Liang (2021) proposed framework that can be applied to future deep vision SHM
frameworks to incorporate model uncertainty in the inspection processes. The methodology

involved using Bayesian inference and Monte Carlo dropout sampling for deep vision SHM
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models, conducting three case studies, and proposing a framework for future applications.

Amer and Kopsaftopoulos (2022) involves using damage indices and Gaussian process
regression models for structural damage quantification, comparing standard and variational
GPRMs, training the models with DI values, applying a state prediction framework, and

assessing performance in different test cases.

Hence, system identification in structural health monitoring (SHM) has been extensively
developed using Bayesian approaches. The early studies focused on identifying structural
health through changes in stiffness distribution and model updating using vibration
measurements, which led to the development of Bayesian probabilistic frameworks for
damage detection, systematically extracting information from limited measurement points
and modes. The methodologies incorporate Bayesian model updating, relative posterior
probability formulation, and search schemes for identifying damage.Real-time monitoring
approaches emerged, leveraging probabilistic damage measures and incorporating
load-dependent Ritz vectors. Advanced Bayesian methods were applied for predicting
plastic hinge deformation in reinforced concrete structures, demonstrating effectiveness in
damage probability updating. The development of Bayesian model updating techniques
addressed incomplete mode shape information wusing optimization and
expectation-maximization algorithms.Further advancements integrated Kalman filtering
techniques for state and parameter estimation, particularly for nonlinear structural
systems. Probabilistic damage estimation frameworks combined system identification and
Bayesian inference to track stiffness changes and assess reliability. Hybrid methods
incorporated nonparametric wavelet transforms, machine learning, and Monte Carlo
simulations to enhance damage detection accuracy.These methods have improved SHM

accuracy, uncertainty quantification, and maintenance decision-making.

2.3.2 PROBABILISTIC MACHINE LEARNING DIAGNOSIS APPROACHES

Machine learning (ML) diagnosis frameworks are increasingly essential alongside
traditional statistical methods due to several advantages. ML excels in handling complex,
high-dimensional data and adapts over time, enhancing diagnostic accuracy as new data
emerges. Its predictive capabilities allow for proactive maintenance strategies, crucial for
extending infrastructure lifespan. ML models are particularly adept at detecting anomalies
and nonlinear relationships, crucial for identifying subtle damages. Additionally, ML can
be automated and scaled easily, integrates well with modern digital technologies like IoT,
and offers customization to fit specific needs. This makes ML a versatile and powerful tool
in structural health monitoring, complementing and enhancing the capabilities of
statistical approaches. A brief review of machine learning approaches for the damage

detection is presented as follows.
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Worden and Manson (2006) illustrates the utility of data-driven approaches for damage
identification through case studies and explains the statistical model used in structural
health monitoring. Brehm and Deraemaeker (2014) presents a methodology for structural
damage detection using artificial immune systems, which successfully detects damages in
the experimental setup. The methodology involves using artificial immune systems for
structural damage detection, inspecting the structure with a sensor network at different
actuation phases, defining baselines using data from a healthy structure, and detecting

damage in an unknown structural state.

Mechbal et al. (2015) proposes a metric for condition-based maintenance decisions, applying
a damage detection method to a composite plate with piezoelectric buzzers, and introducing

the SVM-GPDT as an original approach to multi-class probabilistic damage classification.

Beck and Huang (2017) include the effective use of a Bayesian approach to quantify modeling
uncertainty, the advantage of Sparse Bayesian learning in incorporating sparseness during
model updating, and the ability of the Bayesian probabilistic framework to quantify the

relative plausibility of different model parameters.

Yuhang et al. (2017) proposes a dynamic data-driven hierarchical Bayesian degradation
model to estimate the damage growth trend efficiently, validated through systematic case
analyses. =~ The methodology involves a dynamic data-driven hierarchical Bayesian
degradation model that integrates a physical finite element model and a data-driven

Bayesian framework to predict structural damage growth.

Beck and Huang (2017) focuses on using a Bayesian learning method for structural damage
assessment of a benchmark problem, aiming to provide effective regularization and
probabilistic prediction for reliable decision-making. The methodology used in the study
is the Bayesian learning method, specifically employing Bayesian regression with
automatic relevance determination prior for structural damage assessment. The method
aims to achieve effective regularization and probabilistic prediction, expanded to provide

vector outputs for monitoring.

Fang et al. (2018) found that Bayesian inference is beneficial for damage identification,
resulting in a stable Markov chain with qualified parameter samples, and the method was
validated using numerical and experimental beams. The methodology involved using
approximate Bayesian computation (ABC) with the Metropolis Hastings sampling (MHS)
algorithm and stochastic response surface (SRS), obtaining a stable Markov chain, and

implementing a nested Bayesian updating procedure for fast estimation convergence.

Bull et al. (2019) found that active learning improves online classification performance
for damage detection and classification. Active learning through uncertainty sampling

leads to a clear increase in diagnostic performance of the probabilistic classifier. Active
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learning reduces the variability of classification performance. The methodology involves an
overview of partially supervised learning in SHM, defining a probabilistic model and guided
sampling framework, integrating the model into an online SHM strategy, and demonstrating

improvements through active learning on three datasets.

Chen et al. (2020a) proposed hierarchical Bayesian learning methodology with sensitivity
analysis is robust for structural damage identification even in challenging conditions such as
high measurement noise and limited sensor recordings. The methodology involves classical
Bayesian learning and sparse Bayesian learning. Incomplete modal quantities are used for
classical Bayesian learning to update a baseline model, followed by sparse Bayesian learning
for accurate damage sparsity identification. Sensitivity analysis of model parameters is

included to compensate for errors and optimize results.

Thus, machine learning (ML) frameworks have gained significant traction in structural
health monitoring (SHM) due to their ability to handle complex, high-dimensional data,
detect nonlinear relationships, and adapt over time for improved diagnostic accuracy.
Unlike traditional statistical approaches, ML enables proactive maintenance strategies,
anomaly detection, and seamless integration with digital technologies like IoI, making it a
robust tool for SHM. Several studies have explored ML techniques for damage detection.
Data-driven approaches have demonstrated effectiveness in structural damage
identification through statistical modeling. Artificial immune systems have been employed
to inspect structures under different actuation phases, successfully identifying damages in
experimental setups. Support vector machines (SVMs) and probabilistic classification
techniques, such as the SVM-GPDT framework, have enhanced condition-based
maintenance decision-making. Bayesian methods have played a crucial role in quantifying
modeling uncertainties and regularizing damage assessment models.Hierarchical Bayesian
frameworks have been used to track damage progression efficiently by integrating finite
element models with data-driven learning techniques. Approximate Bayesian computation
(ABC) combined with Metropolis-Hastings sampling has improved convergence in
parameter estimation for damage identification. = Additionally, hierarchical Bayesian
learning approaches incorporating sensitivity analysis have proven robust even under high
noise and sparse sensor data. Furthermore, deep learning models such as convolutional
neural networks (CNNs) and recurrent neural networks (RNNs) have exhibited remarkable
potential in automated feature extraction and time-dependent anomaly detection. Hybrid
approaches integrating physics-based models with ML algorithms are being explored to
enhance interpretability and reliability in damage prognosis. ~These advancements
highlight the growing synergy between ML and SHM, complementing traditional
statistical methods and offering enhanced predictive capabilities for infrastructure health

management.
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2.4 PROGNOSIS METHODOLOGIES IN ENGINEERING SYSTEMS

While damage detection in infrastructure is well-studied, damage prognosis remains a less
explored area. Common prognosis focuses on fatigue cracking in steel, rebar corrosion in
reinforced concrete, and age-related stiffness loss. Prognosis predicts a structure’s future
performance based on its current condition, often by projecting damage trends to a failure
threshold. Results are expressed as remaining useful life (RUL), health index, or
probability of future failure. Notable research includes work on fatigue crack growth in
riveted joints (Singh et al.,, 1994), system identification for overall structural health
(Abdullah and Haldar, 2017), and expectation-maximization algorithms for predicting
damage due to natural hazards (Wang et al., 2016). Extreme value theory (EVT) shows
promise for applications like bridge girder cover plate degradation and steel rebar
corrosion (Li and Zhang, 2014). Other notable frameworks include sensor-driven
prognosis for maintenance scheduling (Li et al., 2013). Reliability-based frameworks have
found success in diverse applications such as nuclear piping (Pandey et al., 2009; Yuan
et al, 2008), oil and gas pipelines (Pandey, 1998), highway bridges (Biondini and
Frangopol, 2016b; Frangopol et al., 2001), and corrosion-affected concrete beams (Enright
and Frangopol, 1998). These studies underscore the importance of real-time monitoring to
refine remaining useful life (RUL) predictions. RUL estimation involves modelling the
degradation process and projecting it until a predefined failure criterion is reached. This
RUL distribution then informs the maintenance model to optimize replacement intervals.
The details of the degradation modelling and literature survey of prognosis are presented

in next sections.
2.4.1 DEGRADATION MODELLING

Most engineered system failures are attributed to a gradual and irreversible accumulation
of damage during operation. This degradation can be tracked through both directly like
measuring crack length and indirectly through observing vibration, acoustic, magnetic, and
thermal signals. These collected signals, known as degradation signals, form the basis
for mathematical modelling of degradation processes and the estimation of RUL based
on established failure thresholds (Nelson, 2009). Direct measurement-based degradation
modelling has been applied to various scenarios including crack growth in metals (Lu and
Meeker, 1993), fatigue, nuclear piping (Pandey et al., 2009), oil and gas pipelines (Pandey,
1998), and flow-accelerated corrosion (Yuan et al., 2008). In cases where direct measurement
isn't possible, surrogate measures from vibrations (Ali et al., 2015; Nikulin et al., 2010;
Zhang et al., 2019), strains (Mata, 2011; Prakash and Narasimhan, 2018), and electrical
currents (Vanli, 2014) are used, though this approach is still nascent in the fields of civil and

mechanical infrastructure.

Failures can stem from internal factors like aging and material quality or external ones
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such as environmental conditions including vibrations and humidity. These failures are
typically categorized into two types: predictable gradual failures, which are monitored
through condition indicators, and unpredictable sudden failures, which occur without prior
indication (Moubray, 2001). Degradation, the performance and reliability decline in assets,
is depicted in models as occurring until a critical failure threshold is reached. Degradation
can be either natural, driven by aging, or forced by external loads increasing over time
(Wireman, 2004). Prognostic approaches, which predict the future reliability of systems,
vary widely (Ma, 2007). These include physics-based, knowledge-based, data-driven and
hybrid approaches.

1. Model-based prognostics employ dynamic mathematical models, either
physics-based like crack growth models for critical systems (Kulkarni and
Achenbach, 2008) or statistical models such as Kalman/particle filtering which use
Bayesian estimation to predict fault evolution (Chelidze and Cusumano, 2004;

Vachtsevanos et al., 2006).

2. Knowledge-based approaches address problems typically resolved by human
experts and are increasingly used in fault prognostics without requiring explicit
models, often incorporating expert systems and fuzzy logic to handle real-world

uncertainties (Jardine, 2002; Wang and Zhang, 2008).

3. Data-driven approaches leverage statistical and machine learning techniques from
pattern recognition to predict system behaviour. These methods range from
multivariate statistical methods to more complex models like Neural Networks
(NNs) and Hidden Markov Models (HMMs), which are prevalent in advanced
prognostics (Jardine, 2002).

4. Hybrid approaches use combination physics based approaches with data-driven
based methods to correctly estimate the degradation where modelling through

individual approaches fails.

These approaches are pivotal in dealing with the complex dynamics of system health and
reliability, providing a robust framework for the ongoing assessment and management of

engineered systems. The classification of prognosis approaches is provided in Figure 2.2
2.4.2 PHYSICS BASED PROGNOSIS METHODS

Physics-based prognosis in structural engineering relies on mechanistic models capturing
degradation processes like fracture, creep, and corrosion. These models leverage physical
knowledge to predict system behavior under new conditions. Despite challenges in
representing complex and probabilistic real-world systems, physics-based models offer
valuable insights, as exemplified by the Paris crack growth law. However, computational

intensity and rigorous validation are essential for their practical application. These models
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Figure 2.2: Illustration of classification of prognosis methodologies for structural health monitoring

excel in predicting new scenarios based on physical understanding, outperforming
data-driven approaches. Continuous refinement improves accuracy and addresses

performance issues.

Huston (1994) emphasized the complexities in predicting fatigue life in composite
materials due to various failure mechanisms. Huston’s experimental approach involved
tension fatigue tests on carbon fiber reinforced epoxy, where the correlation of residual
strength and stiffness models with cumulative damage predictions provided a

methodological groundwork for future studies.

Luo et al. (2003) propose a comprehensive framework for degradation modeling and
prognosis using physics-based approaches, which illustrates a procedural approach to
prognostics.  Their framework includes modeling system degradation with a set of
variables and a degradation function, evolving system dynamics through Monte Carlo
simulations, and tracking degradation with an interacting model to estimate the remaining
life based on current damage states and anticipated future usage. Transitioning from
empirical to computational models, Lee et al. (1999) demonstrated the potential of machine
learning in modeling constant-stress fatigue behavior in carbon-fiber composites. While
their approach excelled in constant-stress conditions, they acknowledged the challenges
and additional efforts required to extend these models to variable-stress conditions,
thereby setting a direction for further research in this area.  Further, exploiting
computational methods, Roshan Rammohan and colleagues adopted hidden Markov
models to predict the remaining service life of structures based on damage diagnosis
observations. This approach highlighted the adaptability of stochastic models in capturing
damage accumulation and propagation, an essential aspect of structural health monitoring
(Rammohan and Taha, 2005).
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The year 2002 marked significant contributions by Kaminski, who explored both
deterministic and stochastic approaches in fatigue analysis of composite materials using
the Stochastic Finite Element Method (SFEM). This method, along with homogenization
and reliability tools, offered a sophisticated framework for addressing the random nature
of fatigue processes (Kamiriski, 2002). Similarly, Fish and Yu (2002) introduced a multiscale
fatigue analysis model employing internal state variables and non-local damage theory to
model fatigue damage evolution in brittle composite materials. Their approach not only
addressed the multiscale damage effects but also improved the numerical integration
methods used in fatigue predictions. The application of technology in fatigue monitoring
saw a novel approach by Connor et al. (2010), who utilized wireless sensor networks along
with rainflow counting methods, paving the way for more integrated and real-time
monitoring systems. He et al. (2012) further contributed to this field by integrating
dynamic analysis with fatigue damage prognosis in bridges, demonstrating a concurrent

methodology that enhances the predictive maintenance strategies.

Chiachio et al. (2013) developed a prognostic framework that balanced the release of strain
energies from competing damage modes in composites, a crucial factor in predicting the
damage evolution in fiber-reinforced composites under fatigue loads. This work was part
of a broader effort to refine the prognostic frameworks and tailor them to specific material
behaviors under stress. Lastly, Tang et al. (2016) applied evidence theory for uncertainty
quantification in concrete fatigue life prediction, integrating empirical formulas and Paris
law models to enhance the reliability of fatigue life predictions in concrete structures.
Palanisamy et al. (2022) presented a technique for the real time diagnosis and prognosis
through observing Lamb wave in adhesively bonded joints, presents in structural
members. In reviewing deterioration modeling, Biondini and Frangopol (2016a) emphasize
the impact of environmental factors such as corrosion, which in steel structures and
concrete infrastructures affected by chloride-induced corrosion, can significantly alter the
predicted lifespan and structural integrity. They highlight that the corrosion rate in
reinforcing steel follows a diffusion process described by Fick’s laws, suggesting that even
in highly stochastic conditions, physics-based models can provide valuable predictive

insights when appropriately tailored and applied.

2.4.3 DATA DRIVEN BASED PROGNOSIS METHODS

Typically, the degradation signals collected from comparable systems under identical
environmental and testing conditions exhibit considerable variation in their trajectories.
This variability is often attributed to measurement errors, differences between units, and
intrinsic deterioration mechanisms. Such discrepancies pose challenges for purely
deterministic physics-based models, which may struggle to fully account for these

uncertainties in their predictions of remaining useful life. In contrast, data-driven models
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do not depend on physical theories but rather utilize statistical principles alongside
observed data to develop models that can accommodate the variability observed in
degradation paths. In subsequent sections, we will explore statistical approaches, hybrid

methodologies, and the role of artificial intelligence in enhancing these predictive models.
Statistical and stochastic approaches

Liu and Mahadevan (2005) proposed damage accumulation model for fatigue life prediction
aligns well with experimental observations and a methodology for probabilistic fatigue life
prediction and reliability calculation is presented. The methodology includes a new damage
accumulation model for fatigue life prediction, based on the ply level and using a multiaxial
damage index, as well as predicting fatigue life and comparing results with experimental

data.

Mohanty (2010) presented thesis that demonstrates improved SHM and probabilistic
modeling for fatigue damage estimation in structures, integrating SHM and adaptive
prognosis models for aerospace structural components. Baraldi et al. (2010) highlighted
how uncertainties from randomness and incomplete knowledge affect prognostic results,

including a case study on stochastic fatigue crack growth model with uncertainties.

Sankararaman et al. (2011) detailed a methodology that includes uncertainty quantification
in fatigue crack growth prognosis for complex structures, incorporating finite element

analysis, multi-axial loading, and Gaussian processes to identify critical uncertainties.

Gobbato et al. (2012) presents a probabilistic methodology for predicting the remaining
service life of adhesively bonded joints in composite aircraft structures, including assessing
damage, updating joint probability distribution functions, and computing reliability indices
for the composite wing structure. The methodology involves the use of non-destructive
evaluation techniques, recursive Bayesian inference, probabilistic models for aerodynamic
loads, and damage evolution to predict the remaining service life of adhesively bonded

joints in composite aircraft structures.

Daigle and Goebel (2012) further enhanced model-based prognostics by integrating
concurrent damage progression processes, utilizing a particle filter for state-parameter
estimation and developing a variance control algorithm for uncertainty management. J.
Chiachio et al. (2014) introduced a model-based prognostics framework incorporating

Bayesian particle filtering to predict fatigue damage evolution and reliability in composites.

Dimitrov et al. (2015) developed a probabilistic model for estimating the fatigue life of
laminated composite plates based on lamina-level input data, using Bayesian inference to
estimate model parameters and allowing for the prediction of fatigue properties for a wide
range of laminate configurations. The paper detailed the modeling techniques, parameter

estimation procedure, and provided an illustrative application. The methodology involves
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developing a probabilistic model using lamina-level input data, with model parameters
estimated through Bayesian inference. The study describes the modeling techniques and

parameter estimation procedure.

Peng et al. (2015) introduces a stiffness degradation model for composite fatigue life
prediction, conducts in-situ fatigue testing with piezoelectric sensors, and validates the
prognosis framework using experimental data. The methodology involves combining
Bayesian inference, piezoelectric sensor measurements, a mechanical stiffness degradation
model, growth rate-based stiffness degradation model, Bayesian updating-based fatigue
life prediction method, in-situ composites fatigue testing with piezoelectric sensors, signal
processing techniques for damage diagnosis features extraction, and integration of stiffness

degradation into the Bayesian inference framework for remaining useful life prediction.

Chiachio et al. (2015) include the importance of continuous health assessment using SHM
technology, successful demonstration of the prognostics approach using SHM data, and
the effectiveness in predicting the remaining useful life with uncertainty management. The
methodology involves a reliability-based prediction framework for estimating the remaining
useful life of composite materials under fatigue degradation, utilizing Bayesian filtering to
estimate degradation phenomena and incorporating information from multi-scale damage
models and measurements. The estimation of remaining useful life is derived as a probability

from time-dependent reliability predictions.

Eleftheroglou and Loutas (2016) emphasizes the importance of diagnostic and prognostic
tools in health monitoring, presents a procedure for estimating optimal model parameters,
and allows for diagnostics and prognostics using a stochastic model. The methodology
involved modeling damage evolution in composites as a doubly stochastic hidden Markov
process based on acoustic emission data from fatigue testing, with a procedure for estimating

optimal model parameters and applying them to unseen data through cross-validation.

Eleftheroglou et al. (2016) utilized a Non-Homogenous Hidden Semi Markov model to
describe the composite material’s damage evolution under fatigue loading. The effectiveness
of the prognosis based on the model’s estimations compared to actual remaining useful life
(RUL) was discussed. The methodology involves utilizing a Non-Homogenous Hidden
Semi Markov model with SHM data from strain measurements obtained through the DIC

technique for fatigue testing.

Francesco et al. (2020) found that Bayesian models, particularly multi-level models,
outperformed existing models in BS 7910, emphasizing the need for sophisticated models
to address multi-variate uncertainty and dependencies in fatigue crack growth
assessments. The methodology involves establishing Bayesian models, demonstrating

Bayesian predictive modeling, and using Hamiltonian Monte Carlo with Markov Chains

TH-3624_196104026



2.4. Prognosis methodologies in engineering systems 35

for model fitting.

Pugalenthi et al. (2021) developed a particle-filter-based online prognostic framework for
predicting crack evolution in composite laminates due to fatigue. This study optimized a
bimodal model for damage prediction in Glass-Fiber Reinforced Polymer (GFRP) laminates,
enhancing safety by accurately forecasting damage progression and estimating remaining

useful life.

Apart from the above discussed literature, a brief summary of the methodologies in the past

for the prognosis using statistical approaches are provided in Table 2.1

Table 2.1: Statistical approaches for the prognosis of the engineering systems

Methodology Application References

Gamma process Two-phase degradation Prakash and Narasimhan (2018)
Model updating Crack in beam girder Zarate et al. (2012)
Multi-model Stiffness degradation in GFRP Banerjee et al. (2019)
Anomaly detection Rolled element bearing Qi et al. (2024)

Smooth particle filter RUL of lithium-ion batteries Greer and Bashir (2023)
Bayesian and EM Path dependent degradation Si et al. (2013)

Gaussian process Fatigue growth prognosis Ling and Mahadevan (2012)
NSOGRO model Prognosis through guided wave Chen et al. (2019)

Weiner process Fatigue crack width estimation Yan et al. (2021)

Particle filter Fatigue of aluminium structures Lietal. (2022)

Stochastic correlation RUL of a complex system Wu et al. (2023)

MCDAN RUL of bearings Dong et al. (2024)

AE and DIC RUL of composite structures Eleftheroglou et al. (2018)
Mixture proposal PF Hole edge cracked structure Chen et al. (2021)

FIDES Service life of bearings Chen et al. (2022)

Wiener process Degradation process modelling Gao et al. (2020)

WPD and MoG-HMM Prognostics of bearing Tobon-Mejia et al. (2012)
Particle filter CFRP cantilever beams Cristiani et al. (2021)
Particle filter Crack monitoring Chen et al. (20200)
Kalman filtering Fatigue prediction in truss Papadimitriou et al. (2011)
Hybrid approaches

Liu and Mahadevan (2010) discusses probabilistic models for fatigue behavior, reviews
existing methods, and demonstrates a probabilistic life prediction method under variable
amplitude loading. The methodology involves using probabilistic models for fatigue life
prediction, reviewing existing methods, quantifying uncertainties in loading and material
properties, utilizing the Karhunen-Loeve expansion technique, and applying probabilistic

methods for solving reliability problems.

Xiang and Liu (2010) discussed the use of probabilistic fatigue crack growth prediction
methodology for real-time damage prognosis, highlighting the transformation of random

loading to an equivalent constant amplitude loading process for efficiency.
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Wang et al. (2012) aims to develop a generic framework for structural health prognostics
applicable to various engineered systems, consisting of four core elements, and its
effectiveness is demonstrated through two case studies. The methodology used in the
study involves a generic framework for structural health prognostics with four core
elements: a generic health index system, a sparse Bayes learning technique for offline
learning, a similarity-based interpolation for online prediction, and an uncertainty

propagation map for uncertainty management.

Guan et al. (2013) developed a maximum entropy-based framework for probabilistic
fatigue damage prognosis that outperforms classical Bayesian algorithms in life prediction

confidence bounds.

Li et al. (2013) utilizes sensor data for updating a degradation model, employs Bayesian
theorem and MCMC for parameter calculations, and uses Bayesian updating for improved
prognosis and RUL estimation. The methodology involves using continuously collected
sensor data to update parameters of a stochastic structural degradation model, and
employing Bayesian theorem and Markov Chain Monte Carlo (MCMC) sampling to

calculate posterior distributions of stochastic parameters.

Shiri et al. (2015) found that the modified model improved the accuracy of fatigue life
prediction for composites under two-stage loading, while fatigue life dispersion reduced
the reliability of predicted remaining fatigue cycles. The methodology involved assessing
a stiffness-based model for fatigue damage simulation, developing a modified model, and

conducting an uncertainty analysis using the Monte Carlo approach to evaluate reliability.

Chen and Liu (2021) introduced the probabilistic physics-guided neural network (PPgNN)
for estimating probabilistic fatigue S-N curves with physics guidance. This innovative
approach enhances the accuracy and consistency of fatigue data analysis by encoding known
physics constraints into machine learning models, providing a flexible and robust framework

for uncertainty quantification.

Apart from the above discussed literature, a brief summary of the methodologies in the past

for the prognosis using statistical approaches are provided in Table 2.2

Table 2.2: Hybrid approaches for the prognosis of the engineering systems

Methodology Application References

UKF and LS-SVM RUL of Lithium-ion batteries Li et al. (2021)

GRU plus HMM Battery health prediction Lin et al. (2023)
ConvDenseNet and EM Rolled bearing Ding et al. (2023)
Physics plus ML Fatigue crack propagation Neerukatti et al. (2018)
ARMA plus Markov model ~ Fatigue damage prognosis Ling et al. (2011)
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Artificial intelligence based approaches

Vassilopoulos et al. (2007) presented that artificial neural networks are effective in modeling
fatigue life of composite materials under constant loading patterns, reducing the amount of
experimental data needed for analysis by 40-50% and potentially decreasing costs and time
for establishing S-N curves. The methodology involved utilizing artificial neural networks to
model fatigue life of multidirectional composite laminates under different loading patterns,

validating the model’s accuracy with experimental data from two material systems.

Jiang and Mahadevan (2008) found that deep learning, specifically long short-term memory
(LSTM), is effective in predicting the remaining useful life of manufacturing machines. LSTM
outperforms traditional machine learning algorithms in revealing degradation patterns. The
proposed LSTM-based approach is verified to be effective using NASA’s C-MAPSS dataset.
The methodology involves proposing an approach based on the Long Short-Term Memory
(LSTM) network for tracking system degradation and predicting the Remaining Useful Life
(RUL), with evaluation using NASA’s C-MAPSS dataset.

Mao et al. (2018) demonstrated a significant improvement in predictive accuracy and
numerical stability with the proposed method when applied to bearing datasets. The
methodology involves proposing a new criterion for state division, extracting deep features
using a convolutional neural network and Hilbert-Huang transform, and utilizing a long

short-term memory neural network for prediction modeling.

Mohamed (2018) explored the application of supervised machine learning models (ANN,
GPR, SVMR) to predict the remaining useful life of components in industrial settings, noting

that neural networks excel in RUL estimation for slow-speed bearings.

Li et al. (2019) emphasizes the importance of accurate evaluation of machine degradation,
introduces a deep learning-based method for RUL prediction of bearings, and
demonstrates its effectiveness and superiority through experiments. The methodology
involves a novel intelligent RUL prediction method based on deep learning, exploring
time-frequency domain information for prognostics, and implementing multi-scale feature

extraction using convolutional neural networks.

Kraus and Feuerriegel (2019) developed a structured-effect neural network for predicting
remaining useful life, estimating parameters using variational Bayesian inferences, and
comparing the model’s performance with traditional machine learning and recurrent neural

networks.

Elasha et al. (2019) explored the use of machine learning to predict the Remaining Useful
Life (RUL) of wind turbine gearbox bearings. Their study focused on analyzing vibration

measurements to accurately estimate the remaining life and define bearing failure stages.
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Maher and Danouj (2020) include the importance of deep learning in establishing optimal
predictive maintenance policies, the significant improvements in deep learning made by
researchers, the impact of deep learning on upgrading companies in the Industry 4.0
revolution, the effectiveness of deep learning in predicting the residual useful life of
machines, the flexibility and continuous improvement opportunities provided by deep
learning, the benefits of transfer learning in improving neural network performance, and
the potential role of cloud and fog computing in scaling up deep learning for predictive
maintenance. The methodology involves a review of various deep learning methods used
for predictive maintenance, including RBM, DBN ensemble, CNN-based regressor, semi
supervised learning, RNN, LSTM, transfer learning, unsupervised techniques, and domain
adaptation. These methods are applied to estimate the Remaining Useful Life (RUL) of

machines and components.

Elenchezhian et al. (2021) found that Artificial intelligence is widely used in various aspects
of composite materials. The review analyzes the gaps and uncertainties in the development
of Al models for structural health monitoring and prognostics of polymer matrix composites.
The paper discusses the pipeline for real-time prognostics, hybrid approaches, uncertainty
quantification, and reliability standards for complex composite materials. The methodology
involves a comprehensive review of Al models developed for SHM and prognostics health
management of polymer matrix composites, along with discussing real-time prognostics

pipeline, hybrid approaches, uncertainty quantification, and reliability standards.

Zhang et al. (2021) found that deep learning model exhibited superior prediction accuracy
and generalization ability compared to conventional machine learning models. The
methodology involved proposing a general life prediction method, integrating data, and
applying conventional and deep learning models for life predictions. Wen et al. (2021)
found that accurate RUL prediction can reduce downtime maintenance and improve
economic benefits. A stochastic degradation model is used to derive reliability
characteristics, and a nonlinear data fusion method based on Genetic Programming is
proposed to construct a superior composite Health Indicator. The methodology involves
using a stochastic degradation model, developing desirable properties of the Health
Indicator, and employing a nonlinear data fusion method based on Genetic Programming

to predict Remaining Useful Life for complex systems with multiple CM signals.

2.5 ADVANCED MACHINE LEARNING BASED PROGNOSIS

Generally, numerous reviews in the literature (Jardine et al., 2006; Sikorska et al., 2011; An
et al., 2015; Lei et al., 2018) outline the application of Al in predictive health management
(PHM) as encompassing three key phases: (i) data collection and processing; (ii) algorithm

development, training, and validation; and (iii) prediction of Remaining Useful Life (RUL)
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and making maintenance decisions. Lim (2014) presented a thesis on Lamb wave approach
for fatigue damage prognosis, developing a model for predicting fatigue crack growth. Kim
et al. (2017) describe the fundamentals of the prognosis and various physics-based and data
driven methodologies for the health monitoring systems to predict damage or degradation
behavior in prognostics. Manuel (2013) monitored structural performance to update damage
models leads to more accurate fatigue damage predictions that consider uncertainty. The
methodology involves updating a damage model based on monitored structural responses

to make accurate predictions while considering uncertainty.

Table 2.3: Advanced machine learning techiques based on SVM, GPR, and BNN for the

prognosis of the engineering systems

Methodology Application References
SVM  Recurrent LSSVR RUL of bearing Ling et al. (2011)
Reliability assessment Dumbbell-shaped cylinder =~ Liu et al. (2022)
Bayesian OC-SVM Bearing fault prognosis Fong and Narasimhan (2021)

GPR ML assisted GPR Fatigue in turbine discs Hu et al. (2020)
Kernel-based GPR RC parameter estimation Rayjada et al. (2023)
Acoustic emissions Aeronautical structures Galanopoulos et al. (2023)
Simple GPR Metallic materials Gao, Wang, Xu, Wang, Yan

and Wang (2022)
BPNN-GPR Multi axial fatigue Gao et al. (2023)
Bayesian plus GPR Creep in nuclear structures ~ Baraldi et al. (2015)
KL divergence plus GPR RUL of bearing étérzrgraswamldhas and Laha
Deep GPR Battery health management Tagade et al. (2020)
GPR Fault grid in AC microgrid  Srivastava and Parida (2022)
GPR Aeronautical structures Aye and Heyns (2017)
PI Gaussian process Crack in plates Jones et al. (2023)
Adaptive ensemble GPR Bearing fault Hou and Peng (2023)
Deep GPR Battery prognosis Tagade et al. (2020)
LSTM-GPR and EKF-GPR  PHM of fuel cell Wang et al. (2022)
GPR Lithium-ion batteries Liu and Chen (2019)

BNN Bayesian transfer learning  Fault prognosis Zhu et al. (2023)
Multi-variate PCA Prognosis F;élzazl;dlzcheh and Wang
Bayesian DL Bearing degradation Zhu et al. (2022)

BLKAN Remainig useful life Wang et al. (2023)
PI-Bayesian RNN PHM in aerospace industry ~ Ferndndez Salas et al. (2024)
Bayesian DL Complex systems Kim and Liu (2021)
Bayesian DL Unceratinty quantifications  Li et al. (2020)

Variational BNN Miter gates Vega and Todd (2022)

Further, a dynamic data-driven hierarchical Bayesian degradation model is proposed to
estimate the damage growth trend efficiently, validated through systematic case analyzes
(Yuhang et al., 2017).

Bayesian degradation model that integrates a physical finite element model and a

The methodology involves a dynamic data-driven hierarchical
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data-driven Bayesian framework to predict structural damage growth. Systematic case
analyzes are performed to validate the method. Wang and Rockova (2020) explored sparse
deep learning uncertainty quantification using Bayesian non-parametrics, applying
Bernstein-von Mises theorems for valid Bayesian credible regions. Martti and John (n.d.)
introduced data analysis methods for aging components in nuclear power plants,
demonstrating prognosis models that utilize machine learning to detect trends and clusters
in component data. Hristos and Georgia (2022) provided an extensive review of
probabilistic forecasting and prediction techniques in machine learning. This review
covers concepts, methods, and metrics for assessing probabilistic predictions, enhancing
predictive uncertainty estimation and discussing challenges in the research field. Lastly, a
detailed summary of prognosis works through advanced machine learning techniques are
provided in Table 2.3.

2.6 GAPS IN THE LITERATURE

For the damage detection and prognosis of highly reliable systems, a large amount of
research, as discussed in the previous sections, has been published in recent years, which
broadly focuses on damage detection, degradation modeling, change point detection and
RUL estimation. However, several important issues such as an integrated framework for
damage detection and prognosis, use of probabilistic ML framework, remain at best only
partially addressed in the literature. Further, literatures lack integration of ML with
probability for damage detection in civil engineering domain. A summary of the gap areas
in the existing research on damage detection and prognosis is described below, which

forms the motivation for current thesis.

1. Limited diagnosis of complex system in civil engineering: The system identification
in the literature, especially related to civil engineering is focussed on simpler system
and if the complexity arises, the research shifts to the finite element model updating
of the diagnosis. However, it is tedious and need high computational requirements.
Thus, there should be system identification frameworks for the diagnosis of complex

systems.

2. Limited integration of probabilistic damage detection and prognosis: The literature
review showed that most of the machine learning work which is focused on damage
detection is deterministic in nature and doesn’t account the uncertainties present in
engineering systems. Research using condition information for damage prognosis
of civil and mechanical infrastructure is lacking and there exist only few studies
where damage detection results are extended to RUL estimation. Thus, the integrated
framework which undertakes probabilistic diagnosis and prognosis systematically is

still lacking in the literature.
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3. Validation of models in real-world applications: Many studies provide models that
are either not fully integrated into a unified SHM system or lack comprehensive
validation across a range of real-world scenarios. Further, the studies using machine
learning techniques finds application primarily related to the bearing and battery
degradation. Few researches exist using ML techniques on the fatigue prognosis of
joints and a very little for civil engineering dynamical systems like isolation system.
Thus, there is a need to develop unified probabilistic SHM framework which is
extensively validated through numerical case studies, controlled laboratory
experiments, and practical applications, especially related to fatigue degradation in

composites and degrading complex system in civil engineering domain.

2.7 SPECIFIC OBJECTIVES

The specific research objectives are:

1. To develop an integrated probabilistic framework for prognosis: This objective
focuses on the development of comprehensive framework that integrates Gaussian
Process Regression (GPR) with a robust solution to address extrapolation challenges,
ensuring accurate and reliable predictions beyond the training data range. Adaptive
mean functions will be incorporated to enhance the model’s ability to capture evolving
degradation patterns, while Bayesian change point detection will enable the framework
to dynamically adapt to shifts in system behavior. This framework will be optimized
using a global convergence method to mitigate the risk of premature optimization,

ensuring the exploration of the entire parameter space for optimal performance.

2. To develop and evaluate uncertainty-quantified diagnosis: This objective
encompasses the development of uncertainty aware degradation indicator through
Bayesian inference based system identification and damage estimation. This objective
focuses on the critical assessment and selection of appropriate diagnosis
methodology depending on the case studies, particularly Bayesian filters and
Bayesian Neural Networks are implemented to effectively quantify and propagate
uncertainties in structural health indicators. The goal is to develop and extract a
reliable degradation indicator for the prognosis for complex engineering

applications.

3. To validate the framework through real-world case studies: This objective involves
applying the proposed probabilistic framework to real-world scenarios, specifically
the prognosis of elastomeric rubber bearings and fatigue crack monitoring in lap
joints. The aim is to demonstrate the framework’s practical applicability, effectiveness
in predicting RUL, and ability to account for uncertainties in different engineering

domains.
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Further, the ultimate goal is to provide a holistic and accurate assessment of the remaining
useful life (RUL) of deteriorating structures, explicitly accounting for various sources of

uncertainty and facilitating real-time adaptation to changing conditions
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CHAPTER 3

UNCERTAINTY QUANTIFICATION IN SURROGATE MODELLING

FOR PROGNOSIS

3.1 INTRODUCTION

In the realm of Structural Health Monitoring (SHM), accurately and reliably predicting a
structure’s condition is paramount. Surrogate models, which serve as computationally
efficient approximations of complex systems, have become invaluable tools in this domain.
However, the inherent uncertainties in engineering systems, arising from material
variability, operational conditions, and measurement errors necessitate a shift towards
uncertainty-aware surrogate modeling. This chapter delves into the concept of uncertainty
quantification (UQ) and its integration with surrogate models, with a particular focus on
Gaussian Process Regression (GPR). We will discuss the various sources of uncertainty in
engineering systems and how they can be accounted for within the surrogate modeling
framework. Additionally, we will discuss the details of GPR, highlighting its strengths and
weaknesses as a surrogate model for prognosis. By addressing the challenges associated
with GPR, we aim to lay the groundwork for developing robust and reliable prognosis
models that can capture and quantify the uncertainties inherent in real-world structural

health monitoring applications.

3.2 UNCERTAINTIES IN ENGINEERING SYSTEMS

3.2.1 SOURCES OF UNCERTAINTIES

The treatment of uncertainty is essential in diagnosis and prognostics. The unpredictable
nature of future loading and operating conditions further amplifies these uncertainties,
impacting the reliability of damage indices, degradation indicators, estimated model
parameters, and ultimately, the prediction of remaining useful life. A comprehensive
understanding of these diverse uncertainty sources is essential for developing robust
probabilistic machine-learning models. = Two broad categories of uncertainty are
recognized: aleatory and epistemic as shown in Figure 3.1. The details about the

uncertainties can be found in the following literature. (Kiureghian and Ditlevsen, 2009;
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Hiillermeier and Waegeman, 2021)

CSources of uncenainties)

h 4 Y
(Aleatory uncertainty] (Epistemic uncertainty)

v v v v
Observational Natural Lack of Parameter Modal-form
uncertainty variability predictive power uncertainty uncertainty

Figure 3.1: Illustration of different sources of uncertainties and their classification

Aleatory uncertainty arises from inherent randomness in the physical world or
measurement processes. This includes physical uncertainty stemming from variability in
material properties due to manufacturing or environmental factors, measurement
uncertainty due to sensor limitations or noise, and process uncertainty resulting from the
complex interactions within the system itself, or unpredictable external factors like random

loads or disturbances.

Epistemic uncertainty, on the other hand, originates from limitations in our knowledge
or modeling assumptions. This encompasses uncertainties due to simplified or incomplete
models, gaps in our understanding of system behavior, and data sparsity. The choice of
model structure significantly influences the degree of uncertainty, while limited, incomplete,
or biased datasets can hinder a model’s ability to generalize or accurately predict behavior

outside its training scope.

Consider a model with a training dataset (X,Y"), parameterized by a set of weights, {2 =
[wi,w2,ws,...,wy]. Here, X and Y represent the independent and dependent variables,
respectively. Epistemic uncertainty, which arises from the limitations of the accessible
training dataset, manifests itself in the variability of the weights 2 and is reflected in the
conditional probability p(Q2 | X,Y). If p(Q) is the prior of the weights, then the epistemic

uncertainty can be quantified using Bayes’ theorem as follows:

p(Y | X, Q)p(2)
p(Y [ X)

p(2|X,)Y) = (3.1)

where p(2) represents the prior knowledge about the unknown function weights. Through
training, the posterior of the function weights p(€2 | X, Y’) is estimated, which has a narrower
distribution interval. Further, aleatoric uncertainty, which arises due to noisy measurements,
directly affects the prediction outcome. In probabilistic terms, with a test input x and test

output y, it can be expressed as p(y | x,2). Thus, both epistemic and aleatoric uncertainties
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can be effectively incorporated into a single Bayesian framework as follows:

py |, X,Y) = /Q py | 2 Qp(Q | X,Y)dQ (32)

This equation estimates the predictive uncertainty in the output result y for any new sample
x. It takes into account the historical data and associated uncertainties. A similar analogy
can be understood using the law of total variance and variance accumulation theory, which

predicts the variance of the output y as:

Var(y) = Var[E(y |z)] + E[Var(y| )] (3.3)

Epistemic uncertainty ~ Aleatoric uncertainty

This formulation helps in comprehensively capturing both types of uncertainties within a

unified framework, facilitating more reliable and robust predictions.

3.2.2 BAYESIAN FRAMEWORK FOR UNCERTAINTY QUANTIFICATION

The probabilistic approach to modeling leverages probability theory to articulate all forms
of uncertainty. This theory serves as the foundational mathematical language for
representing and handling uncertainty, much like calculus is used to manage rates of
change. Employing a probabilistic approach to modeling is fundamentally
straightforward. It utilizes probability distributions to depict all uncertain, unobserved
elements within a model, including structural, parametric, and noise-related uncertainties,
and their connections to the data. Using basic principles of probability theory, this
approach allows for the inference of unobserved quantities based on observed data. The
learning process involves the transformation of prior probability distributions, defined
prior to data acquisition, into posterior distributions, refined post-data observation. This
process essentially updates our beliefs based on new evidence and is a key aspect of
Bayesian learning. In probability theory, two fundamental rules are the sum rule and the
product rule. The sum rule is expressed as P(x) = 3, .y P(z,y), which illustrates how to
compute the marginal probability of x by summing (or integrating, in the case of
continuous variables) the joint probabilities over all possible values of y. Here, P(x)
represents the probability of observing z, and P(x,y) denotes the joint probability of
observing both z and y simultaneously. The product rule, on the other hand, states
P(z,y) = P(z)P(y | =), which describes the joint probability as the product of the
marginal probability of x and the conditional probability of y given x. In this formulation,
P(y | x) is the probability of observing y conditioned on the value of . From these two
rules, Bayes’ rule can be derived, providing a powerful method for updating the

probability estimate for a hypothesis as more evidence or information becomes available.
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Bayes’ rule is formulated as:

P(z |y)Ply) _ P(z|y)Py) (3.4)

Pl
ol = =50 =S, Py

This equation calculates the conditional probability of y given x by dividing the product
of the conditional probability of x given y and the prior probability of y by the marginal
probability of x. Bayes’ rule thus updates our understanding of the likelihood of y based on

new evidence.

In machine learning, we can adapt probability theory to specific contexts. Here, we replace
x with D for observed data, y with 6 for unknown parameters, and condition all terms on

m, the class of probabilistic models. This leads to:

P(D | 0,m)P(0 | m)

P(0 | D,m) = B )

(3.5)

In this equation, P(D | §,m) is the likelihood, measuring the probability of the observed
data given the parameters in model m, P(¢ | m) is the prior probability of the parameters,
reflecting assumptions before observing the data and P( | D, m) is the posterior probability
after observing the data, representing our updated belief about the parameters. The training
of machine learning model involves updating the prior belief about the parameters in light
of new data, transforming it into a posterior belief. This posterior becomes the new prior

for future analysis. To predict new, unseen data Dyest:

P(Diest | Dym) — / P(Diest | 6, D, m)P(8 | D,m)df (3.6)

This integrates over all possible parameter values, weighted by their posterior probability, to
predict the likelihood of the new data. We can also compare different models by computing

the posterior probability of a model m given the data D:

P(m| D) = T2 67)
P(D | m) = / P(D | 6,m)P(6 | m)do (3.8)

Here, P(D | m) is the marginal likelihood or model evidence, which integrates the likelihood
of the data across all possible parameter values, weighted by their prior probabilities. This
measure favors simpler models, penalizing those that fit the data only through complex or

unlikely parameter configurations.

Bayesian learning applies these probability principles to the learning process from data. It
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aids in making predictions and decisions under uncertainty, providing a rigorous means to
quantify uncertainties and deepen our understanding of the model’s behavior through
probabilistic insights. This approach offers clarity on which parts of the model are
uncertain and the reasons behind this uncertainty. Moreover, a critical challenge in
machine learning (ML) for prognosis lies in the performance of models when faced with
input samples from regions characterized by low signal-to-noise ratios or
out-of-distribution (OOD) samples. These scenarios, where inputs deviate significantly
from the training data distribution, often result in inaccurate predictions. This challenge is
particularly relevant in Gaussian Process Regression (GPR) models, where extrapolation
beyond the training data range can lead to overly optimistic uncertainty estimates, further
worsen the issue. Accurate and appropriate uncertainty quantification in ML models,
including GPR, is essential for robust decision-making. By providing a measure of
confidence in their predictions, uncertainty-aware models can automatically flag
high-uncertainty samples, indicating potential inaccuracies. Ideally, well-calibrated models
should exhibit high uncertainty when their predictions are likely to be incorrect. This
ability to pinpoint "difficult-to-predict” samples allows for targeted scrutiny, potentially
involving domain experts, and ultimately leads to more informed and reliable decisions in

critical applications like structural health monitoring.

This chapter aims to provide a comprehensive introduction to the surrogate methods for
estimating the predictive uncertainty of data-driven ML models. Primarily, the data-driven
ML models used in the thesis are Gaussian Process Regression (GPR) for prognosis and
Bayesian Neural Networks (BNN) for feature mapping. The detailed background and
challenges of the GPR are discussed in the subsequent sections. The methodology for
addressing the issues with GPR related to extrapolation and optimization are proposed and

discussed.

3.3 GAUSSIAN PROCESS REGRESSION (GPR)

Gaussian Process Regression (GPR) offers a robust and flexible framework for supervised
learning tasks, encompassing both regression and classification problems.  While
classification focuses on discrete class labels, regression deals with continuous output
variables (Rasmussen and Williams, 2006). GPR models can be derived from various
perspectives, notably the weight-space view, rooted in Bayesian principles, and the
function-space view, which considers GPs as distributions over functions. In the
function-space view, a Gaussian Process (GP) is defined as a collection of random
variables, where any finite subset follows a Gaussian distribution. Mathematically, for any
set X', a GP on X is a set of random variables f(x),x € X such that any finite collection of
these variables (f(z1), ..., f(z5)) forms a multivariate Gaussian distribution. Given that a

Gaussian distribution is fully characterized by its mean vector and covariance matrix, a GP
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is similarly defined by a mean function x and a covariance function & (z, z’). Consequently,

we can express a GP as f (z) ~ GP (u(x), k (z,2')):

(3.9)

Now we have a general regression model y = f(x) + ¢, where f(x) ~ GP(u, k) and

e ~ N (0,02). Given n pairs of observations {(z;,v;)},,x; € RP,y; € R, it yields that

[f (z1),..., [ (x,)] follow a multivariate Gaussian distribution
[f (1) f (@2),. .., f ()] ~ N (s, K) (3.10)
where g = [u (1), ..., 1 (2,)]" is the mean vector and K is the n x n covariance matrix

of which the (4, j)-th element K;; = k (x;, ;). In order to predict f. = f(X.) at the test
locations X, = [z1,--- ,zm]T, the joint distribution of the training observations y and the

predictive targets f, are given by

[y] N ([N(X)
e p(X)
where pu(X) = p, (X)) = [ (21), ..., p(zm)]" , K(X, X) = K, K(X,, X) is an m x n matrix

of which the (i, j)-th element [K (X, X)];; = k(2;, z;), and K (X, X,) is an m x m matrix
with the (7, j)-th element [K (X, X,)];; = k(zi, 2j). Thus, predictive distribution is

T
7[K(X,X)+U%I K (X, X) D )

K(X.,X) K(X.X.)

p(fu | X9, Xa) = N (4, 5) (3.12)
£ =KX X)) (KX, X) +02D) " (y — u(X)) + p(Xs) (313)
S = K(X., Xa) — K(Xa, X)T(K (X, X) + 021) ' K(X., X) '

Taking noise part into consideration, the predictive distribution of targets y. given the

training set and the test locations are finally written by

Py« | X,y, X.) = N (1,2 + 071) (3.14)

3.3.1 KERNEL FUNCTION

The kernel k(-, -) is pivotal in determining the predictive mean and variance in Gaussian
Process Regression (GPR). Kernel contains our assumptions about the function we aim to
learn and define the similarity between data points. Thus, the choice of kernel significantly

influences the performance of a GPR model, much like how activation functions and learning
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rates impact the outcomes of neural networks (Mercer, 1909). A symmetric n x n matrix
C' is considered positive semi-definite (PSD) if, for any non-zero column vector A € R",
the condition ATC\ > 0 holds. Before discussing several useful kernels, we introduce the

concept of positive semi-definite kernels.

A positive semi-definite kernel (also called covariance function) on X is a function & :
X xX — R,stVn € N,Vaq,...,z, € X, the matrix C is positive semi-definite, where
Cij = k(z;,z;). For example, X = R, k(z,y) = z’y, hence C = zz?. Letting a € R,
then a’Ca = a"zx"a = (amT>2 > 0. Therefore, the bivariate function k(z,y) = =’y
is a PSD kernel. A general method of reproducing a proper kernel is introduced in the
following and more details can be found in (Mercer, 1909; Minh et al., 2006). Moreover, a
function k : X x X — R can be written as k(z,y) = (®(x), ®(y)), where ®(z) is a feature
map:x — ®(x) € H (Hilbert space) and (-, -) is an inner product on H, if and only if k(x, y)

is PSD kernel. Some commonly-used kernels are listed as follows.

1. Squared exponential (SE): The most widely-used kernel in GPR is Squared
Exponential (SE), which is defined as

T — 2
ksg(z, o) = s} exp (—H%QH) (3.15)
where || - | is L? — norm (Buclidean norm), s?c is the signal variance and is also

considered as an output-scale amplitude and the parameter / is the input (length or
time) scale (Roberts et al., 2013).

2. Linear (Lin): Another widely used kernel is linear kernel which is defined as
kp(z, ') = sfc(aj —c)(2' —¢) (3.16)

where s?c is the signal variance and is also considered as an output-scale amplitude
and the parameter c is the bias.
3. Periodic (PER): It is used to model functions which exhibit a periodic pattern and is

written as follows:
kpER(z,2') = ksE(w(z),w(z')) = S?c exp(—(2sin®(7 ((x — 2'))/p))/0?) (3.17)

where w(z) = [sin(mx/p), cos(mx/p)|T and p is the period.
4. Rational quadratic (RQ): The rational quadratic (RQ) kernel is given by

(z — ')’

) )= a), (3.18)

krq(z,a) = sF(1+

where « is known as the index. Rasmussen and Williams (2006) show that this is

equivalent to a scale mixture of SE kernels with different length scales, the latter
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distributed according to a Beta distribution with parameters o and ¢~2. This gives
variations with a range of time scales, the distribution peaking around ¢ but extending
to significantly longer period (but remaining rather smooth). When o« — oo, the RQ
kernel reduces to the SE kernel with length scale /.

5. Matern functions: The Matérn class of covariance functions is defined by

|z — 2| |z — 2|

ky(z,x) = sffr(y)lw (zﬁA> B, <2ﬁA) (3.19)

where s is the output scale, A is the input scale, I'(-) is the standard Gamma function
and B(:) is the modified Bessel function of second order. The additional
hyperparameter v controls the degree of differentiability of the resultant functions
modelled by a GP with a Matern covariance function, such that they are only
(v + 1/2) times differentiable. As v — oo, so the functions become infinitely
differentiable and the Matérn kernel becomes the SE one. Taking v = 1/2 gives the

exponential kernel

/
k N 2 (_\x—w\) 3.20
(@) = spexp (125 (3.20)

Stationary and Non-stationary: The Squared Exponential (SE) and Periodic kernels are
stationary, meaning their value depends only on the difference z — 2’. This implies that
the probability of observing a particular dataset remains constant even if all the = values
are shifted by the same amount. In contrast, the Linear kernel is non-stationary, meaning
that the corresponding GP model will yield different predictions if the data is shifted while

keeping the kernel parameters fixed.

Combining kernels

For various types of structures, it is feasible to construct a custom kernel tailored to specific
desired properties. Hence, the importance of combining kernel functions arises. There are

primarily two ways of combining kernels: addition and multiplication

ko +ky = ko(z,x') + kp(z,2')
ko x ky = ko(x,2") X ky(z,2)

(3.21)

Multiplying two positive-definite kernels together always results in another positive- definite
kernel. Working with kernels, rather than the parametric form of the functionitself, allows us
to express high-level properties of functions that do not necessarily have a simple parametric

form. The resultant kernel properties is dependent on its parent kernels as follows:

1. Polynomial regression.  Multiplying (T) linear kernels produces a prior on
polynomials of degree (T)

2. Functions with increasing mean amplitude. Multiplication by a linear kernel results
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in the marginal standard deviation of the modeled function growing linearly away
from the location specified by the kernel parameter.
3. Locally periodic functions. For univariate data, multiplying a periodic kernel by the

Squared Exponential (SE) kernel transforms global trend into local trend.

In this particular thesis, we primary work with the linear and square exponential kernel
function. Further, for the prognosis or forecasting the time series, the extrapolation is
needed. The product-kernel model is more flexible, and so remains uncertain about the
function away from the data while additive kernel structure sometimes allows us to make

predictions far from the training data.
3.3.2 MEAN OR BASIS FUNCTION

The choice of mean function in a Gaussian Process (GP) model significantly impacts its
performance and should be considered carefully (Roberts et al., 2013; Chen, 2017). While
a zero-offset mean function is often used for simplicity, particularly when data can be
centralized to meet the zero-mean assumption, this may not always be the optimal choice.
The influence of the mean function becomes more pronounced in regions far from the
training data, especially in forecasting scenarios where long-term predictions are more
sensitive to the chosen mean function than short-term ones. For instance, consider a dataset
generated by an exponential decay function with added noise: y = f + ¢, with f =
exp(—0.2z) where ¢ ~ N (0,0.02) and the seven points of x are equally spaced in [0,3]. In
this case, the observations are generated by an exponential decay function with noise. Here,
a suitable mean function could take the form: u(xz) = aexp(—bx), where a, b are unknown

hyperparameters to be estimated alongside the kernel hyperparameters.

a) o GPR with default (zero) mean function b) o GPR with exponential mean function
®  Observations ®  Observations
—— Predicted mean —— Predicted mean
0.8 Confidence bounds 0.8 Confidence bounds
2 I
2 0.6 206
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Figure 3.2: (a) It uses the default (zero) mean function while (b) used exponential decay mean
function for prediction

While GPR demonstrates excellent performance on training data, long-term predictions
can be heavily influenced by the choice of mean function. Figure 3.2(b) illustrates this

phenomenon, where two GPR models share the same kernel function but differ in their
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mean functions. Despite having only seven data points, the model with an exponential
decay mean function (with unknown hyperparameters) clearly dominates the long-term
forecasts. This example underscores the potential of incorporating domain-specific
knowledge through an appropriate mean function to significantly improve GPR’s
predictive performance. However, identifying the most suitable mean function remains a

non-trivial task and requires careful consideration.

3.3.3 MODEL PARAMETER ESTIMATION

In previous sections, we explored the construction of Gaussian process regression (GPR)
models with a specified kernel and zero mean function. We saw that predictive means
and variances can be obtained once the undetermined hyperparameters are learned from
the data. Following a Bayesian approach, we must define a prior distribution over these
hyperparameters and integrate them out to make predictions. In other words, our goal is
to determine the posterior distribution of the hyperparameters, given the observed data.

Thus, we need to estimate:

P+ | X.,D) = [ p(y. | X..6)p(8 | D)do 622)

where y, is the sum of f, and the noise and 8 = {61,605, -} denotes the set of all
hyperparameters. However, obtaining an analytical solution for this integral is typically
infeasible. To address this challenge, two primary methods are employed (MacKay et al.,
1998): (1) Evaluate posterior directly through Monte Carlo methods, and (2) maximizing
the marginal likelihood. The first approach involves approximating the integral using the
most plausible hyperparameter values g, expressed as p(y« | X+, D) = p(y« | Xs, D, OR).
Although Monte Carlo methods can perform GPR without estimating hyperparameters,
they are computationally intensive. Therefore, approximating the integral with the most
plausible hyperparameter values is often preferred. When the most plausible
hyperparameters value refers to the most probable value, this approach is known as
maximum marginal likelihood. The marginal likelihood for a noisy regression, denoted as

p(y | X, 0), can be computed using:

ply| X.0) = [ ply| £.X.0)p(/ | X.0)df 623)

In GPR models, the prior, likelihood and marginal likelihood are Gaussian and given by:

p(f | X,O) :N(O’K)a

3.24
ply | 1,X.0) =N (£,021). 424

p(y | X,0) = / N (£.021) N (0. K)df = N (0. K +021) = N (0, 5) (3.25)
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where we denote Yy = Ky + J%I =K+ UZI since 0 is involved in the covariance matrix K.

The commonly used negative log marginal likelihood is denoted by

1 1
L=—logp(y|X,0) = inEg_ly + 3 log det Xy + glog 2m. (3.26)

The partial derivatives of negative log marginal likelihood with respect to the

hyperparameters are given by

— 1 T _1829

aei)_2y T

2ty (3.27)

In fact, the noisy GPR models can also be considered as the noise-free regression with a

noisy kernel,

y=/f, f~GP(0,k), (3.28)

where k' = k' (z;,x;) = k (@i, x;) + 0;jo2 and &;; = 1 if i = j, otherwise §;; = 0. The
marginal likelihood is regarded as the Gaussian prior multiplying the identity likelihood,
and of course, it remains Gaussian. It is the same expression as the noisy regression model
since

Py | X,0) =p(f| X,0) =N (0,K') =N (0,K +02I) = N (0,%) (3.29)

where K’ = K'(X,X) = K(X,X) + 021. The third equality is due to the definition of
the kernel and the covariance matrix. In this case, the estimation of hyperparameters must
contain the noise level and then the negative log marginal likelihood is rewritten as £ (0, 02).

The partial derivatives of negative log marginal likelihood with respect to o2 are given by

8805 (9,0721) = %tr (29—1%%939) _ lyTz—l azé oly
~ i i (3.30)

OT%E (9, aﬁ) — %tr (E;l) . %yTE(;lE(;ly

3.3.4 AbpvAaNTAGES OF THE GPR

Gaussian Processes (GPs) offer several compelling advantages that make them particularly

well-suited for constructing regression models:

1. Analytic inference: Given a kernel function and some observations, the predictive
posterior distribution can be computed exactly in closed form. This is a rare and
valuable property for nonparametric models.

2. Expressivity: By selecting an appropriate covariance function, GPs can embody a wide

range of modeling assumptions, allowing for flexible and expressive model design.
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3. Integration over hypotheses: The ability of a GP posterior, given a fixed kernel, to
integrate exactly over a broad spectrum of hypotheses helps mitigate overfitting.
Unlike neural networks, which require the estimation of many parameters, GPs
involve relatively few parameters, reducing the need for complex optimization or
regularization techniques.

4. Model selection: The capacity to integrate over all hypotheses also allows for the
computation of the marginal likelihood of the data given a model. This provides a
principled method for comparing different models.

5. Closed-form predictive distribution: The predictive distribution of a GP at a set of
test points is simply a multivariate Gaussian distribution. This feature facilitates the
composition of GPs with other models or decision-making processes.

6. Easy to analyze: Although restricting to a limited model class might seem
unsatisfactory compared to attempting inference in the set of all computable
functions, simple models can serve as well-understood building blocks for

constructing more sophisticated models.

For instance, linear models, despite their limited scope, are simple, easy to analyze, and
can be integrated into other models or procedures. Gaussian Processes can be viewed as
an extension of linear models that retain these desirable properties while offering enhanced

flexibility and capability.
3.3.5 CHALLENGES AND LIMITATIONS OF THE GPR

While Gaussian Process Regression (GPR) offers many advantages, it also presents several

challenges:

1. Local convergence: The marginal likelihood function for many kernels is not convex
with respect to the hyperparameters, leading optimization algorithms to often
converge to local optima rather than the global optimum, which might provide better
results. Consequently, the optimized hyperparameters obtained through maximum
likelihood estimation and the performance of GPR may heavily depend on the initial

values of the optimization algorithm (Duvenaud et al., 2013).

2. Computation cost: Evaluating the gradient of the log likelihood necessitates the
computation of the inverse of a matrix, which incurs a computational cost of O(n?).
As a result, computing gradients is time-consuming for large datasets, making GPR

computationally intensive for large-scale problems (MacKay et al., 1998).

3. Non-Gaussian likelihood: The predictive distribution of a standard GP model is
Gaussian. However, in some cases, non-Gaussian predictive likelihoods are desirable,
such as for robustness to outliers or for classification tasks. Utilizing non-Gaussian

likelihoods requires approximate inference, which can be challenging to implement
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effectively and out of the scope of this work.

4. Proper selection of kernel: The flexibility of GP models raises the critical question
of which kernel to use for a given problem. Choosing an appropriate kernel is akin
to learning a useful representation of the input. Although kernel parameters can be
automatically set by maximizing the marginal likelihood, historically, the choice of the

kernel’s parametric form required human expertise .

5. Extrapolation: GPR can be unreliable when extrapolating beyond the range of the
training data. The product-kernel model, while flexible, may remain uncertain about
the function away from the data. In contrast, additive kernel structures sometimes
allow predictions far from the training data. This makes GPR’s uncertainty estimates

potentially overly optimistic when extrapolating.

An important method known as cross-validation is effective for selecting a kernel and
estimating parameters, besides Monte Carlo methods and maximum marginal likelihood
estimation. Cross-validation compares various models and chooses the one with the least
error, often outperforming maximum likelihood estimation when the kernel is improperly
specified (Bachoc, 2013). However, in our study, we adopt the maximum marginal
likelihood approach but enhances the optimization through entropy-assisted genetic
algorithm for evaluating the maximum likelihood. This global optimization method uses
Rényi’s entropy to diversify the initial population of the genetic algorithm, preventing
premature convergence. Detailed discussions on this method are provided in the following

sections.

Further, to visualize the performance of GPR for interpolation and extrapolation using the
squared exponential (SE) kernel, consider two sets of parameters for the GPR model: (i)
suboptimal parameters: sy = 2, | = 2 with noise ¢ = 0.2, and (ii) optimal parameters:
sy = 4,1 = 4 with noise o = 0.05. The results for both interpolation and extrapolation with
these parameter sets are illustrated in Figure 3.3, showing (a) suboptimal GPR interpolation,
(b) optimal GPR interpolation, (c) suboptimal GPR extrapolation, and (d) optimal GPR

extrapolation using different hyperparameter values.

The most popular choice for the kernel function in Gaussian Process Regression is the
Squared Exponential (SE) kernel. However, the SE kernel has a strong tendency to produce
forecasts that revert to the mean function as you move away from the training data points,
as shown in Figure 3.3. This behavior occurs because the SE kernel’s covariance decays
exponentially with distance, assigning less weight to distant points. To address this
limitation, this thesis primarily employs a product of linear and squared exponential
kernels for degradation prognosis. This combined approach leverages the strengths of

both kernels to improve prediction accuracy.
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Figure 3.3: Illustration of the working mechanism of GPR (a) suboptimal GPR interpolation, (b)
suboptimal GPR extrapolation, (c) suboptimal GPR extrapolation, and (d) optimal GPR
extrapolation.

In the field of prognosis and remaining useful life (RUL) estimation, Meng et al. (2022)
highlight the challenges of direct GPR extrapolation. They utilized a compound kernel
function based on the Matérn covariance class, specifically Ma3 + Ma5, for their
comparative study. Their results indicate that the prediction performance of direct GPR is
significantly constrained by the amount of available degradation data, even when using
advanced kernel functions. This underscores the necessity for adaptive mean functions to

enhance extrapolation capabilities.

3.4 ADDRESSING GPR CHALLENGES

For the extrapolation, the strong requirement is the adoption of mean or basis function.
The formulation of incorporating the mean fuunction is discussed in this section. Consider
the prior function g (x) = f (z) + h(z)' 3 where f (z) ~ GP (0,k (z,2’)) is a zero mean
Gaussian process, h (x) are a set of fixed explicit basis functions that transform the original
feature vector into a new feature vector, and S are basis function coefficients. Here, linear

and quadratic polynomial basis functions are selected depending on the observations. The
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basis function is given as follows:

1 = 1 = x%
1 29 1 x9 22
h(z)y=1|  |or ‘ ‘2 (3.31)
o 1 :
1 =z, 1 =z, .ZC%L

The explicit basis function coefficients, say S can be optimized along with the
hyperparameters of covariance function. Moreover, if the prior distribution of 3 is
assumed be Gaussian, 8 ~ N (b, B) , where b and B are the parameters, then the prior

function is written as follows:
T / T /
g(@) ~ GP (h(z) b,k (2,2') + h(z) Bh (z')) (3.32)
Thus, the posterior function after fitting the priors on observed data is written as:

§(X.) = H[ B+ K.K;' (y— HB) = F(X.) + RT3, 5)
—1 M
cov (gs) = cov (f) + R' (Bil + HK;lHT) R

- -1
where, § = (B~'+ HK,'HT)  (HK;'y+B'b), and R = H. - HK;'K.. The

represents the test data set.

The challenge exist here is about proper selection of the mean function k (x). Thus, in this
work, a set of basis functions are tested on the observations and the function with the best
goodness of fit and increasing trend is selected as the mean function. The next challenge of
local and poor convergence is addressed in this thesis through proposal of entropy assisted
genetic algorithm for the optimization of hyperparameters while evaluation the maximum
log likelihood which is discussed below. In this study, the GPR that uses basis function is
termed as Basis GPR or BGPR.

3.4.1 PROPOSED ENTROPY-ASSISTED GENETIC ALGORITHM (EGA)

The conjugate gradient method, while effective for optimizing Gaussian Process Regression
(GPR) hyperparameters, can be sensitive to initial values and may converge to local optima
if these values are not carefully chosen (Fang et al., 2018). Conventional GPR optimization
often involves a two-step process: first, maximizing the log-likelihood function with respect
to basis parameters () for assumed hyperparameters, and then maximizing the S-profiled
log-likelihood over the hyperparameters to obtain their estimates. This process, however,
can be complex and may lead to suboptimal solutions due to the limitations of the conjugate

gradient method.
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To address these challenges, this thesis proposes the use of a genetic algorithm (GA) for
optimizing Basis GPR (BGPR) hyperparameters. GAs offer several advantages over
traditional methods, including the ability to search a larger domain of hyperparameters,
handle discretization effectively, and provide global optimum solutions. However, classical
GAs can also suffer from premature convergence and stagnation due to improper

population initialization (Jiacheng and Lei, 2020).

To overcome this limitation, we introduce an entropy-assisted genetic algorithm (EGA) for
BGPR hyperparameter optimization. EGA leverages information entropy to diversify the
initial population, promoting a broader exploration of the search space and reducing the
risk of premature convergence. The specific advantages of EGA for BGPR optimization

include:

1. Enhanced exploration of the hyperparameter space: EGA’s ability to diversify the
initial population allows for a more thorough search, increasing the chances of finding

the global optimum.

2. Effective handling of discretization: EGA can naturally handle discrete

hyperparameters, which are common in GPR models.

3. Leveraging information entropy: EGA utilizes information entropy as a measure of
population diversity, guiding the selection and reproduction processes to maintain a

balance between exploration and exploitation.

4. Global optimization: By mitigating premature convergence, EGA increases the

likelihood of finding the globally optimal hyperparameters.

5. Efficiency: EGA can be computationally efficient, especially when combined with

parallel computing techniques.

By integrating EGA with BGPR, we create a powerful and robust framework for prognosis,
capable of handling complex datasets, addressing extrapolation challenges, and quantifying
uncertainties effectively. The entropy-assisted genetic algorithm (EGA) leverages the concept
of information entropy to enhance population diversity, a crucial factor in achieving global
optimization. In information theory, entropy quantifies the uncertainty or randomness
associated with selecting information. It can also be interpreted as the average amount of
information conveyed by a variable. Within the context of EGA, a non-uniform population
distribution implies a lower entropy value, as the statistical average of information content
across the probability space is reduced (Shannon, 1948; Rényi, 1961). By incorporating
entropy as a guiding principle, EGA ensures a more diverse initial population, promoting a

broader exploration of the search space and reducing the risk of premature convergence to
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local optima. The Rényi entropy of order o, where 0 < a < oo and a # 1, is defined as

Hq (X) =

1 n
] o 34
1_aog<;pz) (3.34)

Further, for a = 0, 1, oo ,it is defined as

H, (X) = lim H, (X) (3.35)

Yo

Here, X is a discrete random variable referring with possible outcomes in the set A =
{z1,22,...,2,} and corresponding probabilities p; = Pr (X = z;) fori =1,...,n . Thus, in
the case of genetic algorithm, the X refers to the population generated out of the various
possible populations. The process of initialization of population and complete algorithm of

EGA can be summarized as follows:

Step 1: Initialization of population: To initiate the optimization process, hyperparameters
are encoded into chromosomes, each composed of genes that the genetic algorithm (GA)
can manipulate. The population represents a set of candidate solutions, with each
chromosome’s encoded content serving as the genotype — a potential feasible solution of
hyperparameters. In this work, we adopt binary encoding, converting each
hyperparameter into a bitstring of zeros and ones. The bitstring length (e.g., 4, 8, 16 bits)
depends on the parameter’s complexity and value range. However, a uniformly distributed
population, crucial for maximizing diversity and avoiding premature convergence,
requires maximum entropy. Achieving this balance involves selecting an optimal bitstring
size. While larger bitstring offer finer granularity, they increase computational cost.
Conversely, smaller bitstring may lead to lower entropy and premature convergence.To
address this trade-off, we employ a novel approach: generating the initial population using
an optimum bitstring size that maximizes Rényi’s entropy. Thus, the bitstring size that
provide maximum Rényi’s entropy is considered as the optimal size. This approach
ensures sufficient diversity while maintaining computational feasibility, ultimately
improving the GA’s effectiveness in finding the global optimum. Thus, to uniformly
distribute the initial population within the solution space, avoid centralized clustering, and
enhance the diversity of the initial population, information entropy can be used for

initialization. The process is outlined as follows and is illustrated in Figure 3.4:

1. Set the critical entropy value Sy: Determine the threshold entropy value to ensure
adequate diversity.

2. Generate the first chromosome randomly: Create the first individual in the
chromosome domain randomly.

3. Iteratively generate and evaluate chromosomes:
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¢ Generate a new chromosome.
¢ Calculate the entropy value S of this chromosome relative to the existing
population.
o If S > Sy, accept the chromosome; otherwise, reject it and generate a new one.
* Repeat the process until S > Sy is met.
4. Repeat until the population is complete: Continue steps 3 and 4 until the initial

population reaches the desired size.

Start

Y

Set critical entropy S,

Y
[Inltlahse chromosome

Y

Modify chromosome

Calculate entropy S ](—

No Regenerate
chromosome

Yes

[ Accept chromosome ]

Y
[ Repeat till populated ]

Y
End

Figure 3.4: Illustration of working mechanism of initialization of population through maximizing
entropy

Step 2: Fitness value: For each candidate solution (set of hyperparameters) within the
population, the corresponding GPR model is evaluated, and a fitness value is calculated. In
this context, the fitness value is defined as the maximum likelihood achieved by the GPR
algorithm when using the given set of hyperparameters. The genetic algorithm’s role is

to iteratively refine the population, searching for the optimal set of hyperparameters that
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maximizes this likelihood function and, consequently, the model’s overall performance.

Step 3: Selection of parents: The process of natural selection, as mirrored in a genetic
algorithm, begins by identifying the fittest individuals within a population. These
individuals are then selected as parents to produce offspring, inheriting their
characteristics. Higher parental fitness generally results in superior offspring, increasing
their likelihood of survival and further reproduction. In the context of hyperparameter
optimization using a genetic algorithm, the candidate solutions with the highest fitness
values (i.e., those producing GPR models with the highest likelihood) are chosen as
parents. Offspring are generated through crossover (combining genetic material from two
parents) and mutation (randomly altering genes), while elitism ensures the preservation of
the best individuals across generations. This iterative process continues, evolving the

population towards optimal solutions over successive generations.

Step 4: Crossover operation, mutation, and elitism: In the crossover operation, a random
crossover point is selected for each pair of parent chromosomes. For instance, in a 16-bit
string, this point could be the 10th bit. The gene values up to the crossover point are then
exchanged between the parents, resulting in two new offspring. Mutation, on the other
hand, introduces random alterations to some gene values within the parents. This process
ensures genetic diversity and helps prevent the algorithm from getting trapped in local
optima. Elitism further enhances diversity by randomly introducing a foreign candidate
into the population, though its ratio is kept low to maintain a reasonable convergence
rate. The crossover probability is typically set high to encourage the exploration of new
combinations of genetic material, while the mutation probability is kept relatively low to
avoid excessive disruption of promising solutions. This balance between exploration and

exploitation promotes the efficient discovery of optimal hyperparameters for the GPR model.

Step 5: Obtaining final solution: The genetic optimization process terminates when either
the specified number of generations has been reached or the population converges, indicating
that further improvement is unlikely. The chromosome from the final generation that
exhibits the highest fitness value is then selected as the optimal solution, representing the

most suitable set of hyperparameters for the GPR model.

By incorporating entropy as a guiding principle, EGA ensures a more diverse initial
population, promoting a broader exploration of the search space and reducing the risk of
premature convergence to local optima. Figure 3.5 shows the comparision of initial
population distribution generated in EGA with the tradition GA. To verify the performance
of the EGA algorithm, a set of well-known base test functions are selected to test it in this
paper. This set of benchmark functions includes six single-peak functions and six
multi-peak functions. The single-peak functions F1-F6 have only one globally optimal

solution, so they are often used to evaluate the algorithm’s local exploitation ability. In
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Figure 3.5: A comparision of population generated through (a) randomly initialised , and (b) entropy
assisted initialised

addition to the global optimal solution, the multi-peak functions F7-F12 have multiple local
optimal solutions, which are used to evaluate the algorithm'’s ability to explore globally
and avoid falling into local optima. A 3D visualization of these functions is given in Figure
3.6. Further, Table 3.1 shows the results of gradient based method, GA, and EGA based

optimization of benchmark functions.

F3 F4

F1 F2

F8

o]
<3

fiiiiad

Figure 3.6: 3D visualization of the benchmark functions for optimization

It can be clearly seen that EGA results are better. Thus, leveraging the EGA for

optimization of prognosis surrogate model i.e., Gaussian process regression, we achieve
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Table 3.1: The results of different approaches for the optimization of benchmark function F1

-F12

Function name Optimum  Gradient-based GA EGA
F1 Sphere function 0 6.25E-15 5.16E-24 2.56E-110
F2 Schwefel 2.22 function 0 1.41E-08 3.83E-17 9.81E-45
F3 Sum Squares function 0 1.43E-12 2.28E-16  1.06E-24
F4 Infinity Norm function 0 6.06E-10 491E-15 1.99E-18
F5 Rosenbrock function 0 0.792 0.205 0.012
F6  Shifted Sphere function 0 4 99E-17 1.05E-25 3.08E-33
F7 Rastrigin function 0 3.97 2.03E-03  4.03E-08
F8 Drop-Wave function -1 -0.16 -1.76 -1.16
F9 Griewank function 0 0.717 0.01 0.009
F10 Levy function 0 1.16 9.48E-15  1.49E-32
F11 Schwefel function 0 415.03 1.18E-02  2.54E-05
F12 Shubert function 186.73 -12.76 -132.52 -186.73

global convergence. Further, the effectiveness and accuracy of the EGA algorithm in
prognosis of deteriorating systems will be further demonstrated through real-world
applications in subsequent chapters. These applications will highlight the versatility of the
EGA-BGPR framework in addressing diverse degradation scenarios. It is important to note
that the development of a degradation index is a case-specific process, depending on the
nature of the problem and the available data. In this thesis, we utilize the Bhattacharyya
distance as a statistical measure for damage quantification, a two-stage constrained
unscented Kalman filter for identifying parameters in complex systems, and a Bayesian
neural network for mapping signals to crack widths. Each of these algorithms is

strategically chosen based on its suitability for the specific case study.

Given its relevance as a surrogate model in this thesis, a brief overview of Bayesian neural
networks (BNNs) is presented in this chapter. BNNs offer a powerful approach to uncertainty
quantification in machine learning, making them particularly valuable for prognosis tasks

where reliable uncertainty estimates are crucial.

3.5 BAYESIAN NEURAL NETWORK

The objective of Bayesian Neural Networks (BNNs) is to estimate the posterior parameter
distributions P(0 | y) of a set of network parameters . This estimation is performed
without any prior knowledge of the underlying phenomenon, aiming to align the statistics
of the neural network’s output f(z) with the observed data y. We employ a fully-connected
feed-forward neural network with multiple hidden layers to approximate the output f(x)
from the input . The hidden variables of the k-th hidden layer are denoted as z*, and the

neural network architecture can be summarized as follows (illustrated here with two hidden
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layers):
zo=t (3.36)
z1 =0(Wizg+ by) (3.37)
zo = 0(Waz1 + be) (3.38)
z3 = (W3z2 + b3) (3.39)

The output of the final layer, z3, approximates the true solution . Here, o(-) represents the
non-linear activation function (chosen as the hyperbolic tangent function, tanh(-)), while
W}, and by, denote the network weights and biases of the k-th layer. To estimate the posterior
probability distribution of the network parameters 8, we utilize Bayes’ theorem:

y|0)P(6)

PO|y) = ol JL(y) (3.40)

In this equation, P(y | €) is the likelihood (conditional probability of the data given fixed
parameters), P(0) is the prior (probability distribution of the parameters), P(y) is the
marginal likelihood (evidence), and P(8@ | y) is the posterior (conditional probability of the
parameters given the data). Here, the likelihood P(y | 8) is modeled as the product of
individual likelihoods p;(y | €):

n . N (12
Pw10) = 1pily | 0) with iy | 0) = verete (W) (3.41)

Each p;(y | 0) follows a normal distribution N (y, o), where . is the model output z(¢;) and
o is a fixed standard deviation. For the prior distributions P(6), we assume independent,
weakly informative normal distributions with zero means for both the network weights W,

and biases by,.

The Bayesian approach to neural networks offers a powerful framework for addressing
epistemic uncertainty, stemming from limited training data and reflecting our lack of
complete knowledge about the surrogate model. Unlike traditional artificial neural
networks with fixed weights and biases, Bayesian neural networks (BNNs) focus on
learning weight distributions. This involves defining prior and posterior distributions for
the network’s parameters, which are updated during training, enabling the model to adapt
and refine its understanding of the underlying relationships. Moreover, BNNs extend their
capabilities to address aleatoric uncertainty, which arises from inherent randomness or
noise in the data. By producing a distribution of outputs rather than a single point
estimate, BNNs, also known as probabilistic BNNs (PBNNSs), capture both epistemic and

aleatoric uncertainty. The fundamental architecture of PBNNSs, illustrated in Figure 3.7,
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offers several advantages:

1. Robustness to overfitting: PBNNs mitigate overfitting by incorporating Bayesian

inference, making them effective even with sparse datasets.

2. Comprehensive uncertainty quantification: By addressing both epistemic and
aleatoric uncertainty, PBNNs provide a more holistic understanding of the

uncertainties associated with predictions, leading to increased model reliability.

3. Variance decomposition: PBNNs produce output distributions whose variance is
governed by the law of total variance and variance accumulation theory. This allows for
the decomposition of output variance, attributing it to different sources of uncertainty,

thus providing deeper insights into the model’s behavior.

Probabilistic
weights

L

Output
distribution

YN /' .\\
) ‘ Deterministic

.@.O layer

0.0 S ':i@
0.0/ %{”
O

— ——
Probabilistic hidden layers Output distribution paramters
(epistemic uncertainity) (aleatoric uncertainity)

Figure 3.7: Basic mechanism of PBNN

Now, extending the formulation to the probabilistic Bayesian neural network, the weights
Q= {Wy,Ws,,...,W,} are considered to be probabilistic having Gaussian prior, which
represents epistemic uncertainty. Further, in PBNNs, an immediate layer to output features
the parameters of the output distribution and thereby accounts for the aleatoric uncertainty
and is represented by parameter ¢ as shown in the aleatoric uncertainty layer in Figure 3.7.

Thus, for the PBNNSs, the probability of the output can be written as

Pl 2,9 = [ pys0)p(0] 2. 2) a0 (642)

where () denotes random model weights. When the input features X are known and the
corresponding labels Yare available, the posterior p(Q2 | X,Y’) is written as
J (Y | 9)p(f | X, )p(£2)do

PO XY) = S T0p(0 | X, p(0)ddds (3.43)
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having, p(6 | z,Q2) = p(0 | fa(x)). The function fq (x) is just like the weighted sum as
obtained in case of ANN. The difference here is that the weights are now Gaussian in nature.
Each component of weights 2 is considered as independent Gaussian distribution with
zero mean, and the w; and b have the variances o,,; and o3, respectively, for the number
of neurons in the hidden layers [ = 0,1,..., L. For such a nontrivial model, even if the
evidence has been computed, directly sampling the posterior become difficult if there is a
large number of hidden layers associated with the PBNNs. Thus, the posterior is evaluated
through Markov chain Monte Carlo (MCMC) methods (Hastings, 1970) if the model is
shallow, or variational inference (Blei et al., 2017) which approximates the posterior through
assumed guide distribution. This thesis incorporates the Hamiltonian Monte Carlo method

and stochastic variance inference method whole details are provided in Appendix A and B.

3.6 SUMMARY AND CONCLUSIONS

This chapter provides a foundational understanding of probabilistic machine learning,
emphasizing the integration of probability theory with machine learning algorithms for
robust uncertainty quantification. The chapter then underscores the importance of
Bayesian machine learning frameworks, specifically Gaussian Process Regression (GPR).
GPR is shown to excel in providing detailed uncertainty measures alongside predictions.
The chapter elaborates on the GPR background, the impact of kernel and mean functions,
and the optimization process. In the present study, GPR is used as a surrogate model for
prognosis, with limitations and challenges discussed. The local convergence issue of GPR
is addressed through the introduction of an entropy-assisted genetic algorithm (EGA). The
detailed application of EGA in optimizing the GPR will be discussed in the next chapter

while developing the framework for prognosis.

Furthermore, Bayesian Neural Networks (BNNs) are introduced for uncertainty
quantification in complex, high-dimensional data. This chapter extends BNNs to the
probabilistic Bayesian neural network, explicitly separating aleatoric and epistemic
uncertainties. These techniques, by explicitly modeling and managing uncertainty, form
the basis for the advanced probabilistic structural health monitoring (SHM) frameworks

developed and presented in subsequent chapters.
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CHAPTER 4

AN INTEGRATED PROBABILISTIC METHODOLOGY FOR THE
PROGNOSIS OF MULTI-STAGE DEGRADATION USING

GAUSSIAN PROCESS REGRESSION

4.1 OVERVIEW

This chapter introduces a integrated probabilistic methodology for the prognosis of systems
exhibiting multi-stage degradation. The framework leverages machine learning appraoch
known as Gaussian Process Regression (GPR) as its core modeling technique, addressing key
challenges such as hyperparameter optimization and extrapolation issues. An innovative
Entropy-Assisted Genetic Algorithm (EGA) is employed to optimize GPR hyperparameters,
promoting global convergence and mitigating premature optimization. To enhance GPR’s
predictive capabilities for evolving degradation patterns, an adaptive mean/basis function
is incorporated within the BGPR (basis GPR) model. Additionally, a Bayesian approach is
implemented for change point detection, enabling the framework to dynamically adapt to
shifts in system behavior. The effectiveness and robustness of this integrated methodology
are demonstrated through numerical case studies showcasing its potential for accurate and

reliable remaining useful life (RUL) prediction in engineering applications.

4.2 BACKGROUND

The past few decades have witnessed significant advancements in condition-based
monitoring (CBM) of dynamic structural systems, especially for those safeguarding
structures against seismic events (Guo et al., 2019; Lei et al., 2020). The seismic control
devices, such as rubber bearings offer both vertical support and horizontal flexibility yet
remain susceptible to fatigue-induced delamination under ambient vibrations and crack
development due to seismic excitations (Mars and Fatemi, 2005; Saintier et al., 2006). Thus,
continuous monitoring of these critical components is essential for post-earthquake
structural integrity assessments. Further, the data-driven methods for structural system

diagnosis rely on either statistical analysis or extraction of system parameters from
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measurements (Yang and Ma, 2003). Various approaches utilizing autoregressive models,
SVM, neural networks, and EMD have been used to develop damage indicators based on
surrogate measures (Sohn and Farrar, 2001; Nair et al., 2006; Hou et al., 2020). For system
diagnosis, methodologies encompassing autoregressive modeling, Bayesian filters, and
machine learning techniques have been extensively explored (Salehi and Burguefio, 2018;
Yang et al., 2006; Ajavakom et al., 2008). However, structural systems prognosis remains an

area demanding extensive research.

While prognostic methods can be physics-model-based, data-driven, or hybrid (Hu et al.,
2019), this work focuses on data-driven algorithms that rely on empirical data and
patterns. These techniques leverage probabilistic methods, and stochastic modeling to
predict damage progression and estimate RUL. Notable reviews of statistical, data-driven
methods for RUL estimation exist in following literature (Si et al., 2011). Gaussian process
regression (GPR) offers a compelling surrogate modeling tool due to its flexibility, ability to
incorporate uncertainty, and high-precision modeling of nonlinear relationships
(Rasmussen and Williams, 2006). However, traditional GPR implementations often use a
time-invariant or non-informative zero mean function, limiting their suitability for
extrapolation.  Further, optimizing GPR hyperparameters through the conventional
conjugate gradient method suffers from susceptibility to local minima as discussed in
Chapter 3 (Fang et al, 2018, Ouyang and Zou, 2021). This work addresses the
aforementioned limitations and proposes the following innovations for enhanced damage

prognosis:

1. Basis GPR (BGPR): Introduction of informative mean/basis functions to improve GPR
performance, particularly for extrapolation. Thus, the use of mean/basis function
in the Gaussian process regression will rise to the naming as basis GPR (BGPR).
These models require the training of the appropriate posterior means through training

samples as well as the proper selection of kernel function (Roman et al., 2021).

2. Entropy-assisted genetic algorithm (EGA): This hybrid algorithm combines Ranyi’s
information entropy with GA to diversify the initial population, thereby mitigating

premature convergence and enhancing global optimization of BGPR hyperparameters.

3. Bayesian change-point detection: A Bayesian approach to identify shifts in
degradation patterns through the likelihood function, facilitating the identification of

change points for updating the mean function of the GPR.

4. Adaptive mean function: The mean function of the GPR function is adapted with the
occurrence of change point. This adaption helps the surrogate model to extrapolate

the prediction considering the change in degradation pattern.

This chapter explores damage prognosis by employing BGPR optimized through EGA.
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Importantly, a data-driven change-point detection method is integrated to update the
BGPR model. The effectiveness of proposed framework of optimizing BGPR through EGA

considering the change point identification is validated on numerical case studies.

4.3 METHODOLOGY

The overall methodology for the prognosis in this study involves the Gaussian process
regression with basis function, optimized through entropy assisted genetic algorithm. To
carry out the prognosis, we need to first identify the damage or features through indirect
observations and develop the degradation index. Next step starts with modeling
degradation as a stochastic Gaussian process. Thus, the surrogate model of degradation is
developed through Gaussian process regression (GPR). In GPR, observations are modeled
using a combination of a mean function and a covariance function (also known as a kernel
function). While a zero mean function is often used for various tasks, relying solely on the
kernel function can significantly degrade the model’s performance during extrapolation.
Therefore, for prognosis problems that involve extrapolation, incorporating a mean
function is crucial. The details about mathematical formulations of the GPR and
explanations of the limitations for extrapolation is discussed in Chapter 3. Further, detailed
explanation of the entropy assisted genetic algorithm is already discussed while
addressing the challenges of the GPR. In the current study, this mean function is either
explicitly trained as well as fine-tuned alongside the kernel hyperparameters. There are
two approaches for incorporating the mean function (1) Normalization, and (2) Explicit

basis function.

1. Normalization: Select the appropriate mean function, subtract the prior mean vector
from the observations to obtain the normalized dataset, and simulate this dataset
through the zero mean Gaussian process regression (GPR). Once the model gets trained
and predicts the result, the same mean function is added back to the normalized

prediction to obtain the actual predictions.

2. Explicit basis function: The GPR formulation is carried out using the basis function
referred to as BGPR, and the basis function parameters are trained along with the GPR

hyperparameters.

In this study, the several prior mean functions are pre-trained on the dataset and the optimum
mean function is selected for basis function GPR modelling. Next, this pre-trained mean
function is further optimized along with the GPR hyperparameters through entropy assisted
genetic algorithm (EGA). The details of the EGA are already presented in previous chapter.
Here, selection of the prior mean function and the formulations about Bayesian change point

identification is discussed.

TH-3624_196104026



70 I An integrated probabilistic methodology for the prognosis of multi-stage degradation using
gaussian process regression

4.3.1 SELECTION OF PRIOR MEAN FUNCTION AND IDENTIFICATION OF CHANGE POINT

As surrogate modelling is performed through basis GPR (BGPR) optimized through EGA,
it is important that framework should adapt the mean function on occurrence of change
point (when trajectory changes) for accurate estimation. The basis functions can be linear,
polynomial of different degree or exponential depending on the history of the data. Further,
complete lifespan dataset of degradation index is not available for the pre-training of prior
mean/basis function. Rather, the degradation index is evaluated till the current time and
the dataset used for pre-training constitute the data points from the latest change point
location to the current time. This pre-training helped in carrying out proper choice of the
mean function as well as degree of the polynomial mean function. Thus, this adaptive mean
function changes when the change point occurred and thus helps in prognosis through

observing correct recent trend.

This chapter introduces a novel method to identify the occurrence of change point through
observing changes in the parameters of stochastic Gaussian process. The degradation in
this thesis is modelled using the Gaussian process regression which indirectly assumes that
all the observation points are the part of the Gaussian distributions. Thus, the change in
two subsequent values of degradation index can be simulated through Gaussian random
number. The degradation index might possess a single change point or multiple change
points depending on the history of the system. The distribution of the Gaussian random

number is given as:

N2
N(p,0) = : exp (_W) 4.1)

2mo? 202

It is important to mention here that as the degradation pattern changes, it can be assumed
that the difference between successive damage index values, i.e., {;; will also change its
distribution parameters. Suppose the degradation pattern changes at 7 and the last time of

measurement is 7', then

fjt = DIj(t-i-to) —3 DIjt ~ N (Mo,O’l)to <t<Tt+1 (42)
gjt == DIj(t—l—to) - DIjt ~ N(Mo,O’Q)T +1<t < T (43)

where ¢;; is the increment in damage index DI from time ¢ to ¢ 4 ¢y and ¢y time interval
between two successive values of degradation index. Here, it is worth noting that the mean
of the distribution is kept constant before and after the degradation pattern changes. With
known variations &1, §j2, - - -, {j(r—1) , the likelihood function of parameters o and 7 can be

obtained from above equation and written as follows:

L(o T):ﬁ;ex —M X jﬁl ;ex _M (4.4)
” 1 V2mo? P 2012 Mitelt V2mog? P 2092 ’
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Taking log on both side, we will obtain the following log likelihood expression

T T T o 2
logL (02, 7) = —Z%ln(%r) —Zéln (012) _ZM

t=1 t=1 t=1

The maximum likelihood is achieved by differentiating the log likelihood with respect to

parameter o and equating the terms to zero. This will provide the value of o5 as follows:

50 Mo ST Lo (4.6)
\ T 1=l 78 '

4.3.2 COMPUTATION OF LIKELIHOOD FOR NON-(GAUSSIAN DISTRIBUTIONS

Till now, we have assumed that the successive change in degradation ¢j; is following the
Gaussian distribution with constant mean and change in variance is observed when change
point occurs. Here, we will discuss the cases where &;; does not follow the Gaussian
distribution after the change points occurs. In such a case, the obtaining the closed form
solution is difficult, however, the combination with exponential distribution and lognormal

distribution provides closed form results.

When &;; follows exponential distribution after change point T

The distribution of the exponential random number is given as:

e ™™ ifx >0
flz,\) = , 4.7)
0 ifz <0

Here, it is worth noting that the mean of the distribution is kept constant before and after the
degradation pattern changes ,i.e., u1 = p2 = Constant. With known statistical relationship
between exponential distribution and mean & variance of the data 2 = 1/X,02 = 1/, the
likelihood function of parameters o, A, 7 can be obtained from above equation and written

as follows:

Lo, \,T) ﬁ

Taking log on both side, we will obtain the following log likelihood expression

27r01

exp< W) H e At (4.8)

2 t=7+1

T T

logL(o1, A\, 7) = — Z % In (27) — Z % In (0‘12>

I YL OE Sp

t=7+1 t=7+1

(4.9)
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1 1
logL(o1, 00,7 Zi Ziln (Ul )
t=1 t=1
_iw_ ) e
= 200 t=r+1 92/ =1 92

The maximum likelihood is achieved by differentiating the log likelihood with respect to

parameter o2 and equating the terms to zero. This will provide the value of o5 as follows:

o9 = T—1 Z &t (4.11)
t=7+1

When ¢j; follows lognormal distribution after change point T

The distribution of the lognormal random number is given as:

f(Am) = P o p( 202 (4.12)

Here, it is worth noting that the mean of the distribution is kept constant before and after the

degradation pattern changes ,i.e., 1 = 2 = Constant. With known statistical relationship

2
’;2 2), and
V 13103

2
n3 =In (1 + Z—%) , the likelihood function of parameters o, A, n, 7 can be obtained from above
2

between lognormal distribution and mean & variance of the data A2 = In (

equation and written as follows:

Lo, A7) = H \/2;_7126Xp (W)

i—1 20‘1

Py 1 ~ (In(&e) — )\)2>
g tzl;[H &2 C < 2n?

(4.13)

Taking log on both side and approximating the 7 ~ 7, , we will obtain the following log

likelihood expression

T 1 T 1 T 2
logL(p1, 01, A2, m2,7) = _Zi Zi ( ) -
t=1 = =1
-1 -1 1
_ Z 51 n(27) — 5 n (§en2) (4.14)
t=7+1 t=r+1
S (n() =22
t=7+1 2112
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1 1 T (& — e )?
IOgL(,Uzl,O'l,,uz,O'Q,T) = —Ziln (27’[’) - Z In (0’12> — ZM

=1 =12 - 2o
T-1 T—1
1 1 &jto2
- ¥ slen- X g (%) (4.15)
121 2 121 2 =
= MQ( 2\
- In(¢j0) = In(z2) - )
121 20 2415

The maximum likelihood is achieved by differentiating the log likelihood with respect to
parameter o2 and equating the terms to zero. The solution of the following equation will

provide the value of o:

71 T-1 2\ 2
- DA 0 > % (ln(ﬁjt) — In(p2) — ij) (4.16)

111 02 002,

Through proper choice of posterior mean, we can reduce the above expression as follows:

1 T-1 )
R —— t:; (In(g1)) (4.17)

Once o3 is estimated, this is substituted to calculate the profile log-likelihood value £(o2, t)
for any time ¢. The process is repeated for all ¢(1 < ¢ < T') and profile log-likelihoods
L(02,t); corresponding times t are stored in an array. Finally, the value of ¢ that maximizes

L(0o2,1)is selected as the optimum change-point location 7. Mathematically, it can be written

7 = argmax log {L(o2,t)} (4.18)

In certain scenarios, when the distribution becomes increasingly complex, estimating the
likelihood becomes computationally intractable, necessitating sampling approaches that
may not be computationally efficient. In such cases, while potentially less reliable, alternative
data-driven methods can be employed for change point detection. One such approach
involves monitoring sudden changes in autoregression coefficients. For the scope of this
thesis, we restrict our discussion to scenarios where the degradation difference adheres to
a Gaussian distribution both before and after the change point. Empirical observations
indicate that a shift in the degradation pattern often manifests as a sharp change in the
likelihood curve, with the local maximum of this curve serving as a suitable approximation
of the change point. Analyzing different sections of the likelihood curve can reveal insights
into the nature of the various degradation patterns. To illustrate this concept, consider a
degradation curve that is both continuously increasing and bilinear. Figure 4.1 showcases
the identification of the change point and the corresponding degradation patterns using the

aforementioned approach.
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Figure 4.1: Demonstration of change point identification (a) Damage indicator having single change
point, (b) log-likelihood profile showing the change point due to presence of local
maximum

Now, as the best basis function is selected after occurrence of change point, the parameters
of basis functions are optimized along with the hyperparameters of the basis function GPR
(BGPR) through entropy assisted genetic algorithm. Based on the process described above,

this study has compared the results of two approached in detail, namely,

1. BGPR: Gaussian process regression with basis function optimized using conventional

methods.

2. EGA-BGPR: Gaussian process regression with basis function optimized using entropy

assisted genetic algorithm.

Moreover, the results with conventional GPR (mean function trained on dataset prior
optimization) are also presented where-ever needed. The details of the complete workflow
for the identification of damage and change point along with extrapolation and prognosis
through EGA-BGPR is presented in Figure 4.2.

4.4 PROPOSED ALGORITHM

The following step-by-step procedure outlines the proposed framework for adapting mean
functions and conducting prognosis with EGA-BGPR:

Step 1: Development of damage index

* Sensor data collection: The relevant sensor and simulated data (e.g., vibration, strains,
energy dissipated) are collected from the monitored system.

® Feature extraction: The signal processing techniques like empirical mode
decomposition (EMD), time varying auto regression (TVAR) are applied to extract
meaningful features that represent the system’s health condition.

¢ Damage index calculation: The statistical Bhattacharyya distance helps in quantifying

the extent of damage using extracted features called the damage index (DI).
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Figure 4.2: Illustrative methodology to develop the damage index and carrying out prognosis
through EGA-BGPR to predict the remaining useful life.
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Step 2: Initialization of adaptive mean/basis function

® Pre-training: Select a suitable mean/basis function for BGPR (e.g., linear, polynomial,
exponential) and pre-train its coefficients using the initial observations of the damage
index. This captures the initial degradation trend.

¢ Optimization using EGA: Utilize the EGA to optimize the hyperparameters (e.g., kernel
parameters, noise variance) of the BGPR model as well as fine tune the coefficient of
mean/basis function. EGA’s ability to avoid local minima ensures a more robust

optimization process.
Step 3: Bayesian change point monitoring

¢ Online Monitoring: There is continuous monitoring of the incoming damage index
data using a Bayesian change point detection algorithm. This algorithm detects
significant shifts in the damage pattern, signalling potential occurrence of change

point.

Step 4: Updation of adaptive mean function (Triggered by change point)
When a change pointis detected, the mean function is updated to reflect the new degradation

trend. This involves:

¢ Selecting a new mean function form (e.g., switching from linear to polynomial)
¢ Retraining the mean function coefficients using the data after the change point
* Re-optimizing the BGPR hyperparameters and fine-tuning of mean function

coefficients using EGA
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Step 5: RUL prediction and extrapolation

* BGPR prediction: The trained BGPR model with updated mean function is used to
predict the future evolution of the damage index.

¢ Extrapolation: The predicted damage index trajectory beyond the observed data is
achieved to estimate the RUL. This involves selecting an appropriate threshold for the
damage index that corresponds to failure.

¢ RUL Estimation: Calculate the RUL as the time remaining until the predicted damage
index reaches the failure threshold. The mean and variance of the estimated RUL will

deduce the probability of failure of system.
Step 6: Continuous monitoring and update

¢ Repeat: The damage index is continue monitoring and the steps 3-5 are repeated
whenever a new change point is detected. This ensures that the model remains

adaptive to the evolving multistep degradation behaviour.

4.5 NUMERICAL CASE STUDY

The chapter presents a numerical case study in which a hysteresis system is modelled
through uniaxial Bouc-Wen model. The Bouc-Wen model is very common under structural
health monitoring for modelling various types of non-linear hysteresis systems like beam
column joints, soil structure interaction, seismic protection devices called isolators and
dampers. In present case, the seismic isolator is simulated for unidirectional excitation
through this phenomenological model which has the restoring force given by: f.(t) =
aku(t) + (1 —a)Qyz(t) , where, uis the input displacement, k = F;,/u,, is the elastic stiffness,
F, is the yield force, u, is the yield displacement, ), is the characteristic strength which
is kept equal to 0.05 x mass x g , g is the gravitational constant and is the ratio of post
elastic stiffness to the elastic stiffness. It can also be considered as the ratio of linearity
to the non-linearity in the system. The evolution parameter z (¢) is known as hysteresis

displacement and is given by:

£ = - (4a ) - 1 ]2 (0P 2 0

— () [z (0)]")

(4.19)

where A, 3,7 and n are the hysteresis shape parameters and D, = Q,/k is the yield
displacement (Wen, 1976; Bouc, 1967). Thus, equation of motion with input excitations i,
is written as:

mil + ct + aku + (1 — ) Qyz = —miy (4.20)

Consider an isolation system with initial elastic stiffness k; = 1392000N/m that varies with
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the assumed degradation law for the long-term degradation as follows:

1.00k; x exp(—0.05 x 1072 xT) 0<T < 25
k=4 0.98k; x exp(—0.20 x 1072 x T) 25<T <75 (4.21)
0.94k; x exp(—0.50 x 1072 x T) 75 < T < 100

Where T is in years. A visual interpretation of Bouc-Wen hysteresis model for simulating
isolator is shown in Figure 5.19 (a). Further, the variation of the stiffness over the 100 years
can be visualized from Figure 5.19 (b). The mass is 6800 kg with a damping of 3740 Ns/m.
The values of the parametersare A =1, =0.15,4 =1.1,7 =0.2,n = 2.

a) b) 1.4
(1—a)kz ~
3 S 131
N x
1k = 12
3 g
y C &
- 1t
u(t)
1.0
(I) 2I0 4I0 6I0 8'0 l(I)O
Time (yr)

Figure 4.3: (a) Visual representation of the Bouc-Wen model, (b) Long-term stiffness degradation
considered in the numerical example.

In this numerical study, the isolation system with degrading stiffness is excited with a 20
second low amplitude ambient noise every year and the system response are obtained.
Thus, a total of 100 simulation were carried out, and damage index is developed. The
typical details of the input excitation and the output responses at any time point is shown

in Figure 4.4.

4.5.1 DEVELOPMENT OF DAMAGE INDEX

The restoring force response function is processes to develop the damage index. Before
proceeding, the very first step is to filter the response and remove the unwanted
frequencies and noise from the signal. There are several methods to remove noise from
signal like principal orthogonal decomposition (POD), spectral analysis, empirical mode
decomposition (EMD) and more. The EMD has the practical advantage that it can work
one single sensor measurement data. It decomposes the various components of the
different frequencies of signal to provide a mono-component signal (Huang et al., 1998).
The extracted mono-components are called Intrinsic mode functions (IMFs).  The
fundamental of EMD is that it filters out functions for a time domain signal, which forms a

complete and orthogonal basis for the original signal locally. The response signal u(t) is
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Figure 4.4: Sample system responses (a) white noise excitation input, (b) frequency bandwidth of
white noise, (c) displacement response, and (d) hysteresis response.

thus represented as a summation of true signal s(¢) and white noise w(t).

u(t) =s(t)+w(t) (4.22)
u(t) = i: IMF; 4+ Residual (4.23)
i=1

Where, j is the total number of IMFs. The IMF that has the maximum correlation with
the original signal is selected as dominant IMF and further forwarded for time varying
auto regression (TVAR) modelling. The leverage TVAR is that it provides a cluster of the
coefficients that undergo significant change due to various amplitude of damage (Mosavi
et al., 2012; Carden and Fanning, 2004). Further, due to varying coefficients, it is suitable for
non-stationary signals. Let the dominant IMF be represented as y(t) and n € [1; N] is the
discrete time index with N number of sample points. It is important to analyze the signal for
the appropriate model order because higher model order cause high computation cost and
lower model order will lead loss of important features. Here, it is selected as one for which
the curve of embedding dimension with respect to normalized singular value comes close

to zero (Shin et al., 2003). Thus, the TVAR model with the model order p is represented as

p
y(n) = Z ary (n — k) + v (n) (4.24)
k=1
where v (n) is the noise or error term, and aj, are the time-varying coefficients estimated
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through adaptive Kalman filter. The coefficients of the TVAR model are represented in the

state space equations as follows:

a(n)=a(n—1)+w(n) (4.25)
y(n)=C(n)a(n)+wv(n) (4.26)
where, a(n) = [a1(n),a2(n),...,a,(n)] is the TVAR coefficients vector, w(n) is the

process noise with covariance o2, v (n) is the measurement noise with covariance o2 ,
C(n)=[y(n—1),...,y(n—p)]is the system measurement matrix with discrete n steps.
The Kalman gain calculation and update equation comprises prediction and correction
step which is not presented here for brevity. Once, the modeling is complete, the coefficient
matrix is obtained as: a (N | N) = [a1 (N | N),...,a, (N | N)] . These coefficients matrix
will form the cluster in n-dimensional subspace. The variations in the shape, orientation,
spread, of the coefficient cluster will signify the change in the system. These variations do
not essentially imply the existence of damage unless their magnitude is quantified using
damage-sensitive features like statistical distance in this case. As the stiffness degrades and
damage evolve in the system, the states of these coefficient clusters will exhibit the
topological and statistical changes. There might be a possibility that the damage evolution
is slow, and it leads to slight migrations of the are clusters leading to the associated
overlapping and interweaving of the feature vectors. This intervention might give poor
results. Therefore, a filtering technique called local outlier factor (LOF) is used here to
remove the anomalies and segregate the clusters (Breunig et al., 2000). The results before

and after removing outliers from TVAR coefficients are presented in Figure 4.5.
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Figure 4.5: (a) IMFs of the filtered response, (b) TVAR coefficient cluster before removal of outlier,
and (c) TVAR coefficient cluster after removal of outlier.

TH-3624_196104026



80 I An integrated probabilistic methodology for the prognosis of multi-stage degradation using
gAaussian process regression

The TVAR clusters are prepared for the 100 year and outliers are removed. The different
clusters of all years are combined presented in Figure 4.6(a). The very first year cluster is
considered as of healthy state and the Bhattacharyya distance of all other successive clusters
are calculated with respect to the health state cluster. The Bhattacharyya distance (BD) is the
statistical measure of the difference between the distributions of two classes. The present
research deals with evaluation of Bhattacharyya distance to quantify the separation of two
distinct coefficient clusters. These coefficient clusters are of multidimensional subspace, for
a multidimensional BD, the mean and variance are replaced by mean vector and covariance

matrices (Guorong et al., 1996).

Bp (81, ) 11n{’§(covﬁl+covﬁ2) }

D 1,P2) — &

2 V1COV4, | |COVy,| (4.27)
1

+ 1(:“51 i ,uﬁ2)T[COVﬂ1 + OOV&]il (:U’Bl - /1*52)

where COVj, and COVj, are the covariance and pu5, and 115, are mean of distribution 8; and
P2 respectively. This statistical distance is referred here as damage index and is presented in
Figure 4.6 (b). It can be observed that there are several change points and multiple damage
patterns over the year due to the mentioned stiffness degradation. To choose the correct
mean function for the BGPR model and prognosis, it is important to identify the change
point that segregate the data into two parts. The observations after change point are selected
for the pre-training of the mean function. The results of the change point identification and

selection of mean function are discussed in subsequent sections.
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Figure 4.6: (a) TVAR coefficient clusters of all different years , and (b) Bhattacharyya distance as
damage index.

4.5.2 SURROGATE MODELLING, CHANGE POINT DETECTION AND PROGNOSIS

Figure 4.6 (b) demonstrate the Bhattacharyya distance as the damage index that is
modelled through BGPR for the prognosis at difference time interval. In a long term

prospective, this damage index is referred as degradation indicator. It has changed the
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trajectory multiple time depending on the magnitude of damage occurred in the structure.
The local fluctuations are attributed to various uncertainties associated with the
development of damage index. Thus, the points before the change of trajectory are
irrelevant for the training of BGPR. It is important to note here that the data points between
the current time instant and the previous instant of change points will be considered for the
selection and pre-training of mean function. This same dataset will further be considered
for the training of hyperparameters of the BGPR through entropy assisted genetic
algorithm (EGA-BGPR). Therefore, it is important to identify the change point accurately.

In this case study, the successive change in the degradation indicator is considered to be
a part of Gaussian distribution. Thus, the Gaussian distribution changes as the change
point occurs referring here as prior and posterior distribution. However, for simplicity, it
is assumed that the mean of the distribution will not change due to change point and the
mean of the posterior distribution is kept equal to the prior distribution. In this numerical
example, for demonstration purpose, the log-likelihood profile is derived for the complete
set of damage index and can be visualized in Figure 4.7 along with the damage index. It can
be clearly observed that every local maximum of the log likelihood function is represented

as a change point.
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Figure 4.7: (a) log-likelihood profile showing the change point due to presence of various local
maxima (b) degradation indicator showing multiple change points

Through careful analysis of the above curve, the years of occurrence of change points are
6, 22,73,75, 87 years. There are local maxima in the log-likelihood function between 22
and 73 years. However, these minima are likely insignificant due to the small changes in
log-likelihood value. These can be attributed to minor fluctuations in the curve rather than
representing true change points. Let us select the few-time instants for which the prognosis
will be carried out, and the proposed algorithm will be validated. These time instants are,

say 20th year, 60th year, g5th year and 93t year. For, each time instant, the log likelihood
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profile is checked, and change point is identified. The observations post change points are
used for the pre-training of mean function. The pre-trained mean function coefficients are
further fine-tuned along with the hyperparameters of the BGPR model through entropy
assisted genetic algorithm (EGA). Thus, the Log-likelihood function and observations 20t

year, 60" year, 85" year and 93" year of the prior training are presented in Figure 4.8.
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Figure 4.8: Log likelihood profiles and change points observed at different time instant of prognosis

As demonstrated earlier, GPR performance in extrapolation cases significantly deteriorates
without an optimized mean function. This necessitates incorporating a mean function
for accurate forecasting, leading to the development of basis function Gaussian Process
Regression (BGPR). Identifying the appropriate form of the mean function is crucial for
BGPR’s effectiveness. To achieve this, we fit various candidate mean functions to the dataset
before optimization. The degree and parameters of the basis function are then selected based
on these preliminary fits and subsequently optimized alongside the BGPR hyperparameters
using the Entropy-Assisted Genetic Algorithm (EGA). Table 4.1 provides details on the

considered mean functions and their corresponding coefficients.

Therefore, the selection of mean functions determines the appropriate degree of the

polynomial basis function for both the conventionally optimized BGPR and the EGA-BGPR
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Table 4.1: Details of the obtained mean/basis function after observing change point for
application in BGPR, optimized through EGA.

Time instant Degree Prior mean function Constant
20t year Linear y=a+bx a = —0.00012, b = 0.00056
60th year Quadratic y = a + bx + ca® a = —0.05960, b = 0.00268
¢ = 0.00002
85t year Cubic y=a+bz+cx?+da® a=-245.40019, b= 9.29621
c = —0.11715, d = 0.00049
93 year Linear y=a+ bz a = —5.05735, b = 0.06152

approaches. BGPR serves as the surrogate model for the damage index, enabling
prognosis based on this index. Table 4.2 reveals that both conventionally optimized BGPR
and EGA-BGPR achieve high likelihood values. While the results from both methods are
comparable, EGA demonstrates notable improvements ranging from approximately 5% to
40% in various cases.

Table 4.2: Improvement achieved using entropy assisted genetic (EGA) algorithm in
maximum likelihood value during optimization of BGPR

Time Degree Maximum likelihood value
instant of polynomial BGPR EGA-BGPR
20t year  Linear 48.302 50.871

60" year Quadratic 93.849 134.271

85t year Cubic 13.974 15.514

93'd year Linear 0.002 0.679

The prediction results are provided in Figure 4.9 and Figure 4.10. It can be well observed that
with the help of mean function, extrapolation of the GPR can be possible and a well-defined
curve for the prognosis can be obtained. Furthermore, in the conventional GPR, as test points
move farther than the training points, the variance tends to be appeared as zero because it
is calculated on normalized data. This creates an issue and thus prediction appears to be as
mean function only, in case of conventional GPR. In the BGPR, the variance appears to be
very high when optimized conventionally, however, EGA works far better in reducing the

variance and provides optimum results.

Before proceeding to the RUL estimation, the effectiveness of use of Renyi’s entropy in
EGA-BGPR s presented. The initialization of the population is the crucial step in the process
of genetic algorithm. There are possibilities that the population itself doesn’t contain the
solution or not uniformly generated so that GA can search for it. In such an circumstance,
the genetic algorithm stacks and return to the local maxima rather than converging globally.

Further, during encoding process, if unnecessary large bitstring are used for the encoding,
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Figure 4.9: Prediction through GPR, basis-GPR, EGA-BGPR at different time instant (a) 20" year
(Linear), and (b) 60 year (Quadratic)
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Figure 4.10: Prediction through GPR, basis-GPR, EGA-BGPR at different time instant (a) 85" year
(Cubic), and (b) 93 year (Linear)

they can give solutions but are computationally exhaustive. Thus, to protect the genetic
algorithm to fall for local minima /maxima, the initial population is generated by maximizing
the Renyi entropy. In this work, binary encoding is carried out in genetic algorithm for the
hyperparameters, the size of the bitstring defines the data and its corresponding entropy,
the higher the size of bitstring, the better is the resolution of data and more computational
time is required. Here, four different types of bitstring sizes corresponding to different
Renyi’s entropy are selected, i.e., 4 bits, 8 bits, 12 bits and 16 bits and population is generated
for each size. The results in Figure 4.11 shows that the maximum fitness value is achieved
16 bitstring in case (a) and 12 bitstring in case (b). It also shows that effect of selection of

bitstring on the local and global convergence of genetic algorithm.
4.5.3 Erricacy ofF THE PROPOSED EGA-BGPR oveEr cONVENTIONAL BGPR

To validate the efficacy of the proposed EGA-BGPR method compared to conventional BGPR,
we considered six distinct prognosis scenarios: (a) 20 years, (b) 40 years, (c) 60 years, (d) 85
years (with training data up to the change point at 75 years), (e) 85 years (with training data
up to 60 years), and (f) 93 years. For consistency, a quadratic mean function was used in
all cases. We examined the effect of entropy maximization on BGPR optimization through
EGA by considering four different bitstring lengths (4, 8, 12, and 16 bits). The results were
compared with conventional BGPR using three metrics: fitness value (log-likelihood), RMSE,

and relative percentage error. Figure 4.12 illustrates the prognosis results for all six cases,
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Figure 4.11: Fitness value obtained through EGA using different bitstring size for (a) 60th year
(Quadratic), and (b) 85th year (Cubic)

while Table 6.1 provides a detailed comparison between EGA-BGPR and conventionally
optimized BGPR. Moreover, the RMSE metrics is calculated by comparing the prognosis
results for next 20 years with the ground truth. The EGA-BGPR consistently achieves higher
log-likelihood values (indicating better fitness) and lower RMSE values (indicating more
accurate predictions) than conventional optimized BGPR model. Furthermore, the relative
percentage error is consistently lower for EGA-BGPR, underscoring its superior performance

in both optimization and variance reduction.

Table 4.3: Comparison of the results for numerical case study, obtained through entropy
assisted genetic algorithm in terms of fitness value (maximum likelihood value achieved),
rmse error and relative percentage error

Metrics  Algorithm Case (a) Case(b) Case(c) Case(d) Case(e) Case (f)
20 years 40 years 60 years 85years 85years 93 years

Fitness BGPR 48.302 55.168 93.849 50.422 48.122 26.645
value EGA-BGPR 50.871 58.415 134.271  50.862 64.414 40.317
RMSE BGPR 0.0096 0.0079 0.007 0.0257 0.0257 0.1925
EGA-BGPR 0.0092 0.0042 0.0048 0.0256 0.0212 0.1463
Relative =~ BGPR 9.577 22.204 6.910 11.316 11.293 5.336

error (%) EGA-BGPR 8.170 11.932 4.588 11.293 7.111 3.509

Further, it can be seen from Figure 4.12 that the best results are coming for the EGA-BGPR
algorithm when encoding is done in high bits which corresponds to higher entropy. For
example, in case (a), the BGPR along with 4 bit and 8 bit EGA optimization fails to provide
a satisfactory quadratic curve for prognosis. However, when maximum entropy achieved
for 16 bit, the results are found to be satisfactory. The similar observations can be found
for the other cases as well. In case (b) and (c), the BGPR results are close to the 16 bit
EGA-BGPR results , however, when compared with ground truth for next 20 years (refer

Table 4.5), EGA-BGPR results are found to be more promising. In case (d) and (e) where
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Figure 4.12: Comparison of prognosis achieved through EGA-GPR using different sizes of bit string
along with conventional BGPR approach for 6 different cases

training of BGPR is challenging due to sparse training set, the perfect solution is given
by cubic polynomial as provided earlier. However, for comparison, we restrict here with
quadratic basis function. The results of EGA for case (d) and (e) through quadratic basis
function are found to be more accurate. Similarly, trend is observed for case (f). Moreover,
the performance of EGA-GPR for different sizes of bit string for the creation of encoded
population can be analyzed by observing the maximum fitness value achieved for the
BGPR surrogate model through EGA as given in Table 4.4. Similarly, the comparison of
RMSE values for EGA-GPR having different sizes of bitstring for the creation of encoded
population with the conventional approach of BGPR is presented in Table 4.5

Table 4.4: Comaprison of fitness value (maximum likelihood value) achieved for EGA-GPR
for different sizes of bit string along with conventional BGPR approach

Algorithm Case (a) Case(b) Case(c) Case(d) Case(e) Case (f)
20 years 40 years 60 years 85years 85years 93 years

EGA-BGPR 4 Bit 40.224 55.162 55.922 27.738 25.618 1.6935
8Bit  47.521 55.192 83.626 34.004 40.317 15.239
12 Bit 48.263 55.261 87.215 46.510 56.677 20.762
16 Bit  50.871 58.415 134.271  50.862 64.414 40.317
BGPR 48.302 55.168 93.849 50.422 48.122 26.645

4.5.4 CALCULATION OF REMAINING USEFUL LIFE (RUL)

The final step is to use the predicted mean and variance vector for estimating the remaining
useful life (RUL). For this purpose, the results of the proposed EGA-BGPR methods are

utilized. RUL is defined as the time span till the system fails or crosses a certain threshold
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Table 4.5: Comparison of RMSE values for EGA-GPR having different sizes of bit string
along with conventional BGPR approach

Algorithm Case (a) Case(b) Case(c) Case(d) Case(e) Case (f)
20 years 40years 60years 85years 85years 93 years

EGA-BGPR 4Bit 0.0131 0.0082 0.0047 0.0346 0.0172 0.3043
8Bit  0.0284 0.0041 0.0049 0.0752 0.0231 0.0321
12 Bit  0.0093 0.0083 0.0060 0.0266 0.118 0.0232
16 Bit  0.0092 0.0079 0.0047 0.0256 0.0201 0.1092
BGPR 0.0096 0.0082 0.0072 0.0257 0.0301 0.1463

to become non-operational. Let the damage index DI, after ‘n” number of cycles, then
the surrogate model for the fatigue damage index is represented as DI, = h(n;0) , h(:)
is the functional form used to simulate the model DI, after n number of cycles. The
parameter 6 is used to describe the model. The remaining useful life is the path-dependent
process, after k number of cycles is defines as L, provided with the observation time history
DI, ,DI5, DI, ...... , DI}, given by Si et al. (2013)

RUL = Ly = inf{l : DIj4; > &p|DL, DIy, DI, . .. ... , DI}, < &7} (4.28)

In the simple form, if the py; is the predicted mean and o is the predicted variance at
any time instant, then the RUL at that time instant with threshold value &7 is given by the

cumulative density function of normal distribution as follows:

Ly=® (M) (4.29)
Ok+1

The estimated RUL with the failure probability for the current numerical study at different

time instant is presented in Figure 4.13.
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Figure 4.13: Estimation of failure probability with RUL at different time instant (a) 20th year (Linear),
(b) 60th year (Quadratic), (c) 85th year (Cubic), and (d) 93rd year (Linear)
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4.6 CONCLUSION

This chapter presents a robust, data-driven framework for system prognosis by integrating
Gaussian Process Regression (GPR) with an Entropy-Assisted Genetic Algorithm (EGA).
The key contributions can be highlighted as follows:

1. Enhanced hyperparameter optimization: By exploiting Renyi’s entropy, EGA
effectively overcomes the limitations of local minima in traditional GPR

hyperparameter tuning, leading to superior global optimization.

2. Accurate extrapolation and adaptability: = Using basis functions and an
ensemble-based approach for mean function determination, the proposed
EGA-BGPR framework achieves reliable extrapolation, critical for prognosis
applications. Furthermore, the embedded change-point detection enables timely
re-evaluation of hyperparameters and model adaptation, ensuring accurate

predictions even as the system’s degradation trajectory evolves.

3. Validation and superiority: The numerical case study demonstrate the framework’s
effectiveness and its advantage over traditional methods, as evidenced by metrics like

maximum likelihood, RMSE, and relative percentage error.

While the EGA-BGPR framework has demonstrated significant potential for prognosis, its
full capabilities can be better realized when applied to larger, more complex datasets and
the associated computational challenges. To showcase the framework’s adaptability and
robustness in real-world scenarios, the subsequent chapters will delve into two distinct case
studies: a fatigue experiment on elastomeric rubber bearings and the monitoring of crack

width in aluminum lap joints.

Each case study presents unique challenges in developing reliable damage indices and
identifying relevant system parameters from noisy or limited data, a common occurrence
in practical SHM applications. =~ To address these challenges, tailored diagnostic
methodologies will be introduced, specifically designed to extract meaningful information
from the available data. These methodologies will then be seamlessly integrated with the
EGA-BGPR framework to provide accurate and reliable prognosis, ultimately
demonstrating the framework’s versatility and effectiveness in diverse engineering

contexts.
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CHAPTER 5

TWO-STAGE CONSTRAINED UNSCENTED KALMAN FILTERING
FOR SYSTEM IDENTIFICATION AND PROGNOSIS: A CASE STUDY

ON ELASTOMERIC RUBBER BEARING

5.1 OVERVIEW

This chapter investigates the application of a two-stage constrained unscented Kalman
filtering (CUKF) methodology for system identification followed with the prognosis of
degradation of elastomeric rubber bearings through proposed framework. Utilizing
experimental data from a bearing subjected to varying operational conditions, this chapter
proposes the two-stage CUKF to account the coupling behavior with limited
measurements and accurately identify the bearing’s dynamic characteristics. Subsequently,
these identified parameters are integrated into the EGA-BGPR framework to carry out the
prognosis.  This case study serves as a practical demonstration of the integrated
framework’s effectiveness in a real-world scenario, showcasing its potential for enhancing

the reliability and longevity of critical engineering components.

5.2 BACKGROUND

The presence of unsymmetrical stiffness distribution in many buildings leads to excessive
deformation under seismic loads due to torsional coupling of translational and rotational
behavior (Basu et al., 2012; Chopra, 2007; Fajfar, 2000). To reduce the seismic forces in
order to overcome the adverse influence of unsymmetrical plan irregularity, seismically
isolated structures are designed (Constantinou et al., 2007). These buildings often uses high
damping rubber bearings (HDRBs) for isolation and energy dissipation (Naeim and Kelly,
1999; Constantinou et al., 2007). However, HDRB performance degrades over time due
to factors such as heating and loading rate, and their behavior is fundamentally affected
by bidirectional excitations (Kitayama and Constantinou, 2019; Constantinou et al., 2007;
Kalpakidis and Constantinou, 2009; Yamamoto et al., 2012; Kato et al., 2015). Various studies
have examined the dynamic response and torsional effects within base-isolated structures

(Nagarajaiah et al., 1991, 1993; Nagarajaiah and Xiaohong, 2000).However, evaluating the
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deterioration of base-isolated systems at the component level under bidirectional seismic
excitation remains a complex challenge. The key challenges and chapter focus is presented

as follows:

1. Modeling complexity: Capturing the true behavior of systems under bidirectional
excitations demands models that can accurately represent hysteresis phenomena. The
widely used Bouc-Wen model has been extended for biaxial behavior, allowing for
more realistic simulations (Bouc, 1967; Wen, 1976; Baber and Noori, 1985; Foliente,
1995; Ismail et al., 2009; Kalkan and Graizer, 2007).

2. System identification: Estimating the governing parameters of biaxial hysteresis
models adds complexity due to the interaction between orthogonal axes. This
chapter focuses on the Constraint Unscented Kalman Filter (CUKF), a Bayesian filter
that provides a robust framework for parameter identification in systems with
coupled behavior (Arulampalam et al., 2002; Chen et al., 2003; Burkhart, 2019; Li and
Wang, 2021; Calabrese et al., 2018; Yang and Ma, 2003; Sen and Bhattacharya, 2017;
Gupta and Hauser, 2007).

3. Deterioration detection: The integration of deterioration and fatigue-crack growth
models into the SHM framework is explored, enabling the identification of progressive
damage within the base-isolated system (Tripura et al., 2020; Pamwani and Shelke,
2018; Yang and Nagarajaiah, 2014; Nagarajaiah and Yang, 2017)

4. Prognosis: The extracted system parameters are integrated into the proposed
EGA-BGPR framework for the prognosis and predicting the degradation with

increase in number of fatigue cycles.

This chapter adopts the phenomenological Bouc-Wen model for its accuracy and wide
acceptance, extending it to a biaxial form. Morevoer, the suitability of modelling the
seismic bearing using Bouc-Wen model is explored and discussed in Appendix D. This
study proposes a system identification framework based on Bayesian filters, which have
proven effective in recursive estimation problems (Arulampalam et al., 2002; Chen et al.,
2003). Unscented Kalman filter (UKF) is widely used to estimate the uniaxial Bouc-Wen
model parameters for different hysteresis systems in seismic control applications (Yang
et al., 2006; Li and Wang, 2021; Calabrese et al., 2018; Hassani et al., 2014). The UKF
generates sigma points which captures the mean and covariance of the posterior
distribution of the system states. The operations are performed on sigma points and then
transformed back for updating the states. Currently, to avoid the redundant mathematical
solution, and achieving the solutions consistent with system physics, the variation of
Kalman filter called constrain Kalman filter is used. Application of constraint EKF and

constraint UKF (CUKF) for the uniaxial Bouc-Wen model can be found in the following

TH-3624_196104026



5.3. Constraint unscented Kalman filter (CUKF) 91

literature (Li and Wang, 2021; Calabrese et al.,, 2018; Yang and Ma, 2003; Sen and
Bhattacharya, 2017; Gupta and Hauser, 2007). This chapter specifically focuses on the
Constraint Unscented Kalman Filter (CUKF) for robust estimation of Bouc-Wen parameters
in both deteriorating and non-deteriorating systems with complex biaxial behavior. After
estimation of the system parameter, it is further processed to develop the degradation

indicator which be forecasted using the presented EGA-BGPR framework.

5.3 CoNSTRAINT UNSCENTED KALMAN FILTER (CUKF)

The improved version of unscented Kalman Filter (UKF) for handling different physical
constraints and restricting the estimated states within the bounded region for achieving
faster convergence is constraint unscented Kalman filter (CUKF). This is more suitable for
the highly nonlinear system like coupled biaxial Bouc-Wen to get the consistent solution
as there can be redundant solutions of estimated parameters mathematically. The problem
with UKEF is that it can generate the sigma points outside the defined bound that are very
far away from the true value leading to delay in convergence or no convergence. The details
of the UKF can be found in the Appendix C. Further, the violation of bounds can occur in
correction step even after efficient prediction. There are several ways to handle constraints in
the Kalman filter. Here, we have implemented unscented recursive nonlinear dynamics data
reconciliation (URNDDR) for generating the sigma points within bounds (Vachhani et al.,
2005). The basic state-space model of nonlinear dynamics system equations is composed of
two equations: (1) process model, and (2) measurement model. Since there is always some
difference in actual process and analytical model, this error is modelled using process noise

wy, ~ N (0, Qy). Similarly, we have observation noise vi+1 ~ N (0, Ry11)

Tp1 = f(xr) +wy 5.1)

Yrr1 = M(Tpp1) + Vg

Where, f and h are the state prediction function and observation function respectively.
The state variable x;, € A is assumed to be normally distributed represented as xj ~
N (2, P;). We also suppose that the initial state, & , is known with corresponding initial

error covariance matrix P,.

5.3.1 PROCESS OF SELECTING SIGMA POINTS IN CUKF

The lower and upper bounds of the state vector is given by 1, and x;; respectively such that
xr < x < zy. In UKE all step sizes are equal to VL + k, where, L is the length of state
vector and « is the scaling parameter. While in CUKEF, the step size along the selected sigma
point is given by 7F which is not equal for all. The step size is reduced to keep sigma points

within constraints (Mandela et al., 2012). The directions of selected sigma points are given
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by s] = (, [ Py k>2 and s/ b= ( \/ Pl k>1 The step size reduction is performed as follows:
F = min(vn + K, 7, 75)

7 = min(oo, ((xv); — (Fxx);)/(s)); : (s5); > 0) (5.2)
75 =min(oo, ((z1); — (Zgr);)/(s5); : (sF); < 0)

As mentioned, the sigma points selected in CUKF are not equidistant from the x,;, . This
results in unequal weights as well. However, the all weights sum up to unity, and weights

corresponding to different sigma points are as follows: W; = ar; + b where,

2k — 1
T L+ R (S - CL=1)(VL + k)
1 2k — 1
Ty 2VLF 5 (S - (2L +1) (VI ++)) (53)

2n
So=> 7
=1

5.3.2 CALcULATING KALMAN GAIN WITHIN CORRECTION STEP IN CUKF

The CUKEF solves the explicit optimization problem for each sigma point (X) . The
optimization formulation subjected to the bound constraint X, < X} 541 < Xy is
given below

min
X 1|kt1,0

(Xttfb+1 — Xet1li) " (Prre) ™ (Xt o1 — Xt 1jk) (5.4)
+ (k1 — M Xer1ir1,0)) T (Rierape) ™ Wrar — h( X jer )

The solution of the problem will lead to an expression similar to the Kalman gain (K) for

linear updating of the state matrix as follows:

Xitilbt1,i = Xtk T K1 (Ura1 — Yigrijr,i) (5.5)

Where, Y, 11, is the predicted value. The posterior update of state vector 7,41 and its

covariance matrix is calculated with the following equations.
2n

Triporr = O WiiX ki1 fkt1 (5.6)
i=0

R " T
Piiijer1 = Y Weil X1t — Brptper1) (X1 1 — Bror1jer1) )
(5.7

+ Qi + K1 R Kji
Where, W, ; is the weight associated with i" sigma point.

5.4 PROCEDURE FOR LONG TERM CONDITION MONITORING

The current chapter presents the suitable efficacy of CUKF in identification of system

hysteresis parameters which are generally secular in nature and predicting the system
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dynamics for non-deteriorating and deteriorating case for the biaxial coupled hysteresis
system. For every healthy system, the knowledge of dynamics i.e., stiffness and damping
are the known prior. Here, the biaxial Bouc-Wen model is used to resemble the true
behaviour of isolator under biaxial excitation and its hysteresis shape parameters are
estimated using CUKF. Once, the hysteresis parameters are captured which are being
secular in nature and are not going to be changed. Thus, for the damaged states and for
even further healthy states, the system dynamic parameters are estimated by keeping the
secular parameters constant as identified earlier. Further, in Kalman filter, when the
number of states to be estimated get increased with only limited measurements, the
accuracy gets hampered tremendously and therefore system dynamics and hysteresis

parameters are not to be identified simultaneously. The issues are:

1. Computational complexity: This complexity arises whenever the model contains a lot
many predictive variables, and a lot of observations at each time. In both the cases. the
prediction and update of the covariance matrix become computationally unfavourable.
When the system dynamics and hysteresis parameters are estimated together, the
quantity of predictive variables become large and thereby causing convergence issues.

2. Overconfidence: The efficiency of the Kalman filters depends on the comparable
variance of observations and predicted values. As the number of states increases with
only limited observations, there is substantial difference arises in variances, results in

total divergence of updated states from the observations and results in poor estimation.

Here, two-stage Kalman filter is proposed for avoiding the two common issues of the
Kalman filters based on the past literature works (Kim et al., 2006, 2007; Yi'nan et al., 2021).
Considering the issues and the fact that the hysteresis parameters are not going to change,
they have been first identified and then utilised for the estimation of system dynamics as

presented in Figure 5.1

Input Input

excitation excitation
T T

Bouc Wen CUKF Bouc Wen System dynamics
Model T2 (Stage) Model F—— identified
(Unknown parameter) 9 (Identified parameter) (estimated k, c)
l I
1 1
Healthy state Healthy or damaged state
(known system dynamics) (unknown system dynamics)
kyi €y k,c

Figure 5.1: Sequence of CUKF used to identify the hysteresis parameters and system dynamics

For long term condition monitoring, two scenarios are considered (1) estimation of stiffness

degradation during an extreme event and (2) estimation of stiffness using ambient

TH-3624_196104026



94 I Two-stage constrained unscented Kalman filtering for system identification and prognosis:
A case study on elastomeric rubber bearing

vibration for periodic monitoring. Here, the vision is to capture the stiffness deterioration
as well as carrying out post-event and periodic maintenance of the structure through
unified framework of condition monitoring for systems experiencing bidirectional
excitation. Thus, the amplitude of the acceleration responses is monitored and then
different actions are taken for two scenarios. In scenario (1), as the amplitude of the
measurement response exceeds the threshold limit, the algorithm identifies it as the
seismic event and will trigger the CUKF for the event duration. The CUKF estimates the
degrading stiffness through proper adaptation of process noise. After the event, the
algorithm provides a choice to pass the acceleration data for post-event monitoring and
re-estimation of stiffness for damaged state. Similarly, for scenario (ii), i.e., the amplitude
will not exceed the threshold, and the system experiences ambient vibrations, the
framework provides a choice for the condition monitoring of the system based on the
ambient vibration and assessing the stiffness or otherwise, keep it idle for reducing
computational load. The framework for long term condition monitoring of the system is
illustrated in Figure 5.2. Through condition monitoring of system, we gain insights into
how its stiffness and effective damping change over time. These estimated parameters are
then used in a prognosis algorithm as detailed in the later part of this chapter to forecast

potential future degradation.

No Ambient Acceleration response passes
vibrations for periodic monitoring Post event or

Periodic

Yes Seismic event Degraded/Predicted monitoring
(SE;) occurs stiffness

% 20 Etimatea
CUKF - Console TN ., \M"“‘W‘m , l

5 Nonlinear 0 ts) 0
Updated Constraint <ol dynamics model

............ unscented Kalman

stiffness filter P: f
(for event duration) - afﬁ?}i?rs Response passes to CUKF for

/ post-event/periodic maintenance

Acceleration
response A

k_ (kN/m)

N
S

5
Z
o

Acceleration response is left unutilized to reduce
computational cost

Figure 5.2: Flow chart illustrating the algorithm for real-time monitoring of system

5.5 NUMERICAL CASE STUDY OF RUBBER BEARING

The hysteresis behaviour of high damping rubber bearing exhibits bidirectional effects under
large shear strain. The exposure to bi-directional seismic ground motions would cause
uneven damage due to torsion or through characteristic behaviour of bearing (Kalkan and
Graizer, 2007; Yamamoto et al., 2012). Such effects cannot visualise in uniaxial model as it
does not capture the effects in the orthogonal direction and therefore, hysteresis modelling

is carried out using the bi-axial formulation of the popular Bouc-Wen model. The restoring
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force given by Bouc Wen model is written as

fr=ctu+akiu+ (1 —a)k;z (5.8)

where, for the isolation system, c represents viscous damping coefficient, v is the
displacement vector, the elastic stiffness k; = Fy,/u, .The F, and u, is the yield force and
displacement respectively. The parameter a = ky/k; is the ratio of post-yield stiffness (k)
to pre-yield stiffness and the term (1 — ) k;z (t) represents hysteretic component with

hysteresis evolution parameter z (¢) and is given by:

f=Ad(t) = Bla )]z (O 2 () = ya(t) |z ()" (5.9)

where A, 3,y and n are the hysteresis shape parameters. This formulation is extended to
two orthogonal directions using biaxial Bouc-Wen model. The formulation of state space
equations and results of parameter/state estimation of the numerical study are presented

together in respective sections.
5.5.1 SEISMIC RUBBER BEARING UNDER BIDIRECTIONAL EXCITATION
Biaxial Bouc-Wen model

A visual interpretation of bi-axial hysteresis model for simulating isolator moving in two
orthogonal direction is shown in Figure 5.3. Consider a system having lumped mass, m
, stiffness k;, k, , and viscous damping coefficients c,,c, , is excited using input ground
acceleration vector iy, gy, gy . The displacement response of the system is given by
Uy, Uy Where, subscript ‘b” represents the base storey. The dynamic equations of motion

in two orthogonal directions considering P-delta effects are written as follows:

(1 - az)kzzbz

Yy - axis

>

T - axis

Figure 5.3: Schematic view of biaxial hysteresis mode

Milpy + Colpy + Qzpkapg + (1 — 0g)kp2py = —milgy — m(tlgy — g)Upg /R (5.10)

Milyy + cyliyy + aykytpy + (1 — ay)ky 2y, = —miigy — m(iigy — g)upy/h
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Here, a,,a, are the ratios of inelastic to elastic stiffness, and zy,,z;, are the hysteresis
evolution parameters in x and y directions. The terms m(iigy — g)Upy/h, m(iigy — g)Upy/h
represent the force introduced in the system from gravity loads. Here, iig, is the vertical

ground motion, A is the constant gravitational acceleration, and is the height of the storey.

The dynamic equation can be written in normalized form by defining dimensionless
parameters as vy, = Upy/Dys, 0o = Zba/Dyw,Vby = Upy/Dyy,y = 2ziy/Dyy wWhere,

Dy, Dy, are the yield displacements and is given by:

Upg + 2€xwaz'{)bx + a:twgvbac + (1 - O‘x)wigox = *ﬁgzDYz - (ﬁgv/g - 1)9;,;&)%’033 (5 11)

Upy + 28wy Opy + ozngvby + (1= ay)wzgoy = —lgy Dy, — (ligy/g — 1)0yw50y

Where, w,,w, are the natural frequency and &, = c¢;/(2nw,),&, = ¢,/(2mw,), are the
damping ratios. The parameters ¢, = mg/k.h,0, = mg/kyh are the stability factors
(MacRae, 1994; Humar et al., 2006). In the presented numerical example, the energy-based
calculation of degradation is not considered and therefore, the normalized nonlinear

hysteresis displacement ¢,,, considering is expressed as:

Pz = Upy — Pal
(5.12)

Py = Vby — pyl

The seismic bearing, like high damping rubber bearing, shows different characteristics under
bidirectional excitations (Kato et al., 2015; Yamamoto et al., 2012). Thus, an essential term in
the Equation 5.12 differentiates the model from the uniaxial one and denotes the interaction
behaviour among both axes and is expressed as follows:

ny—1

I= ’i’bx| “Pw’ [Ba: + 'Ya:Sgn(T}bmS%)] + |1'be| “Py‘ny_l [ﬂy + 'szgn(i)by‘Py)] (5.13)

where, sgn(-) is the signum function, (3,7, 3,7, are the Bouc-Wen hysteresis shape

parameters

State space model formulation for estimating parameters

The process model equation x;+1 = f(xr) + wi where, f is the state prediction function
and wy, is the process noise vector, the state space vector « is formed for the estimation of

the parameters in Stage 1 through CUKEF are given by:

€T = {xla €T2,T3,. .. 7x12}T = {bea l‘)b:(:a Uby bbyv Py Pys Oy Ay, /83U> Bya Ve, PYy}T (514)
and state space equations can be written as shown in Equation 5.15. Here,
I = |wo| 25"~ [y + wrisgn(z2s)] + [wal [oo™ ™ [10 + z12580(z426)] , and uge, ugy, ugy

are the input ground acceleration. The time derivatives of the biaxial Bouc-Wen parameters

are equal to zero because the parameters are assumed to be constant. Since, there is
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no-deterioration, the assumed uncertainty in zero and the process noise is a null vector.

Z2
Vb —26,w, T2 — wizg—(1 — T8)WiTH
Uba ~tge/Dye + (1 = ugo/g) Ouwymr
Uby x4
Upy —2&ywyxy — ngg:vg—(l — l'g)(.d;]}ﬁ
Pa —Ugy/ Dyy + (1 — ugy/g) Oywyxs
=" = 72— el (5.15)
Xz x4 — xgl
Qry 0
Be 0
By 0
Va 0
Yy 0
0

The measurement equation yi4+1 = h(®g+1) + vi41 is sum of observation function and
measurement noise v . The observations are obtained from the accelerometer, however,

numerically, it can be obtained using following equation.
(v} = Opr | ) —28waze — w2zrry) — (1 — z7)wies
U — 28y Wwyy — wi:chg -(1- xg)ngﬁ

(5.16)
”» Ugy | Dyz — (1 — ugy/g) Ozwaz1 y. 1
Ugy/Dyy — (1 — ugy/g) Oywyxs 1

Here, v is the additive measurement noise.

State space model formulation for estimating system dynamics

The hysteresis behaviour of the system is quite a secular phenomenon and the parameters
will not change with time. Thus, the parameters estimated in Stage 1 will be used to
estimate system dynamics in Stage 2. The state space vector = is formed for estimating

system dynamics in Stage 2 through CUKF is given by

. . T
T = {Il)x27x37”-7x10} = {/bevvbmavbyuvbz,nsol‘)@yakka:lhcxacy} (517)
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and state space equations can be written as follows:

Z2
Db —(zg/m)x2 — (x7/M)00e®1 — (1 — 0 )(z7/M) 25
Vb —tge/Dye + (1 — ugo/g) b (x7/m)x1
Upy T4
Oty —(z10/m)xs — (zs/m)xs — (1 — ay)(zs/m)ze
{2} = o — —tgy/Dyy + (1 — ugy/g) 0y (xs/m)x3 (5.18)
Py To — x5l
kx x4 — xel
ky 0
Co 0
&y 0
0
where, T = |zaf|as|" 7" [B; + yasen(@aws)] + |zal |z6™ " [B, + yysgn(zazs)] , and

Ugz, Ugy, Ugy are the input ground acceleration. Since, there is no-deterioration, the
assumed uncertainty in zero and the process noise is a null vector as well as the time
derivatives of stiffness and damping are equal to zero. The measurement equation

Yk+1 = h(x+1) + vi41 will remain same as for the stage 1.
Results for estimation of hysteresis parameters and system dynamics

For the estimation of hysteresis system parameters, the UKF and CUKEF are applied to
the simulated system. The typical bound constraint is applied on the hysteresis shape
parameters for the CUKF, and the range of the parameter 3 is [0.5 1.5] and, 7 is [-0.3
0.5] (Ma et al., 2004). The systems are excited under Kobe earthquake and acceleration
response is used for the estimation of parameters and system dynamics through CUKF. The
bearing used in the numerical example is simulated with the bi-axial hysteresis parameters
as oy = 0.15, 04y = 0.2, 5, = 1.1, 5, = 1.4,9, = 0.2,7, = 0.5 . The mass m, stiffness k, and
damping c for the system are taken as 6800 kg, 1392 kN/m, 3740 Ns/m, respectively. It
can be clearly observed that the accuracy of the CUKF is much higher, it also shows faster
convergence than unconstraint UKF. The results for the parameters and hysteresis curve
estimation using stage 1 CUKF in both X and Y directions are provided in Figure 5.4 and
Figure 5.5. The estimation of the interaction behaviour among both the axis of the system is

presented in Figure 5.6.

Once, the hysteresis parameters are captured, system dynamics are identified keeping the
secular parameters constant. The results of the stiffness and damping estimation are

presented in Figure 5.7

The graphical comparison of the final estimated values of parameters and system dynamics
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Figure 5.4: Estimation of biaxial Bouc Wen parameters, a) stiffness ratio (c) , b) shape parameter (3),
and c) shape parameter () in the X-Y direction
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Figure 5.5: Estimation of hysteresis behavior along (a) X-axis, and (b) Y-axis for BBW model
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Figure 5.6: Estimation of (a) Force interaction, and (b) Displacement interaction for BBW model
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Figure 5.7: Estimation of a) stiffness, and b) damping of the LRB system along X and Y axes

using the CUKF and UKF methods is already shown. To further investigate the influence of
noise levels, the relative percentage error and convergence steps are calculated and presented
in Table 5.1 and Table 5.2. Overall, an observation can be made that CUKF performs better
for the noise levels from 5% to 15% in estimating the stiffness and damping parameters.

Further, CUKF has faster convergence at each level of noise.

Table 5.1: Relative percentage error values for the different noise levels

Noise Type of Parameters

level Kalman filter «y oy B By Vo Yy k. ky Cy Cy

5% UKF 370 30.0 787 763 1221 21 06 20 21.8 238
CUKF 18.8 265 126 2.3 8.3 00 39 01 327 6.9

10%  UKF 327 261 735 989 1769 882 6.6 126 268.0 3023
CUKF 245 153 142 7.1 1.4 48 63 78 504 102

15%  UKF 296 235 741 966 1829 816 09 3.6 43.0 18.0
CUKF 11.0 153 41 11 347 01 105 252 107 2186

Table 5.2: Relative number of steps to converge Kalman filter

Noise Type of Parameters

level Kalman filter o, oy fs By Ve Ty k. ky Ce Cy

5% UKF 777 719 746 1656 1542 1652 1138 1012 1766 2062
CUKF 209 157 254 231 228 249 194 223 232 264

10% UKF 672 672 663 1541 1337 1518 1077 1194 1855 17800
CUKF 230 363 786 445 406 918 300 403 585 4391

15% UKF 618 631 627 1581 1580 1806 1031 2106 1561 1515
CUKF 215 234 265 319 261 292 247 251 309 493
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5.5.2 DESCRIPTION AND ESTIMATION OF FATIGUE DEGRADATION FOR CONDITION

MONITORING

In this section, the fatigue degradation based on Paris law is introduced in the Bouc-Wen
model to simulate the accelerated fatigue degradation in the form of stiffness deterioration.
The degradation of stiffness in both directions for the true response in the numerical example

is modelled using the process described in subsequent subsection.

Fatigue based degradation model used for simulating stiffness degradation

The cyclic loads applied during the seismic events and ambient vibrations causes fatigue
deterioration that might be slow or fast depending on the condition of structure. This
fatigue deterioration manifest itself in the form of stiffness and strength degradation. For
an initial crack length of A , consider z(¢), A(t) , D(t) be the isolator displacement, crack
size, and degradation due to fatigue. The degradation D(¢) = f(A(t)) is depending on
the propagation of the crack size A(t). The numerical model used in the current work
considers the fatigue deterioration only in the form of stiffness. The stiffness of the isolation
system k(t) is related to the degradation D(t) with nonlinear mapping function ¢ as given
by (Sobczyk and Trebicki, 2000)

q(D(t)) = a1 + azexp(—azD™™) (5.19)

where, «; are constants. According to the Paris—Erdogan equation (Paris and Erdogan, 1963),
the rate of change of fatigue crack length with the number of cycles N for a crack size A
is dA/dN = C(AK)™ , where C,m are the constants and AK is the stress intensity factor.
Sobczyk and Trebicki (2000) define some degradation measure D = 1)(A)/vy* , where (A)
is a nonlinear transformation of crack size and for the stress range ASy , the differential
of degradation measure dD is (1/¢*)Ci1(ASy)™dN where C; is the constant. Further,
dN = pdt and for a lightly damped system and narrowband response, the degradation D(t)

can be written in the state space form as expressed as given by Equation 5.20.

D(t) === = C1|¥¥ () + Y5 ()] (5.20)
Here, Y7 = y; and Y5 = g are the state space vectors representing the isolator displacement
and velocity, C; is the constant. Therefore, the expression of stiffness in defining restoring
force is given as k; = qkio, where, (i = x, y) is the nonlinear function of degradation as given
in Equation 5.19 and k; is the initial stiffness in X and Y direction for the isolator. The fatigue
model parameters are selected in order to simulate an accelerated fatigue environment for
stiffness degradation. The value of the constants a1, a2, a3, and 4 in the nonlinear function
are taken as 0.4, 0.6, 0.1 and 1 respectively. For the accelerated fatigue, the value of the

degradation parameters C,m for in both axes in the Paris law formulation are taken as

0.005 and 2.
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State space model formulation for estimating degrading system dynamics

The hysteresis behaviour of the system is quite a secular phenomenon and the parameters
will not change with time. Thus, the parameters estimated in Stage 1 will be used to estimate
system dynamics in Stage 2. However, to estimate the continuously deteriorating stiffness
under accelerated fatigue, the state space formulation will be modified and now Equation
5.20 will be introduced. The state space vector x is formed for estimating deteriorating
system dynamics through CUKEF is given by and state space equations can be written as

Equation 5.22.

T . 4 . . T
r = {.%1,332,1’3, oo 7x12} = {beaUb:mUbyuUby790337SoyaDitvDy’Clxvclyvavay} (521)

Here, I = |2 25" " [Bs + Yosgn(waws)] +|wal |we™ ' |

By + vysgn(raxe)] , and uge, ugy, tgy
are the input ground acceleration. Thus, the degradation is incorporated in state space
equations for identifying the deteriorating stiffness with time. Further, the approach for
real-time condition monitoring of the deteriorating systems is already discussed and results

are presented in subsequent section.

)
Uy —(ca/m)x2 — (qoka/m)ogz1 — (1 — ) (quka/m)s
ﬁbx —Ugm/Dym + (1 _ ugv/g) ‘9:E(kam/m)xl 0
Upy T4 0
Upy —(z10/m)x4 — (gyky/m)T3 — (1 — ) (gyky/m) 76 0
P —ugy/Dyy + (1 — ugu/g) Oy(gyky/m)xs 0
s _ 0
D:z: T4 — 1‘61 0
D, z9 23 + x%}‘r”ﬂ 0
Clig z10[73 + x%]mﬂ 0
Ciy 0 0
My 0 0
Ty 0
0
(5.22)

Results for estimation of degradation parameters and system dynamics

The systems are excited under Kobe earthquake and acceleration response is used for the
estimation of parameters and system dynamics through CUKEF. It can be observed that the
accuracy of the CUKF is good and shows faster convergence. The results for the degradation
parameters estimation using CUKF in both X and Y directions are provided in Figure 5.8.
The estimation of the degradation state and degrading stiffness among both the axis of the

system is presented in Figure 5.9.
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Figure 5.8: Estimation of degradation parameters in X and Y axis
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Figure 5.9: Estimation of degradation state and degrading stiffness in X and Y axis

5.6 EXPERIMENTAL STUDY ON ELASTOMETIC RUBBER BEARING

In order to validate the efficacy of two-stage CUKF framework in estimating the parameters
of Biaxial Bouc- Wen model, an experiment is conducted on the elastomeric rubber bearing
in the Structural Laboratory, IIT Guwahati. The details of specimen are provided in Table
5.3. A graphics representing the geometric properties is also presented and is shown in

Figure 5.10.

5.6.1 EXPERIMENT SETUP AND TEST PROGRAM

In order to investigate the degradation in the elastomeric bearing, the test setup is
developed with the combination of two actuators (make: MTS USA) which act on the
specimen simultaneously to input the horizontal cyclic displacement under the constant

vertical load. The details of the actuator capacity are provided in Table 5.4. A steel block of
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Table 5.3: Description of elastomeric rubber bearing used in the study

Item Details

Size of specimen 300 mm x 300 mm
Number of elastomer layers 8
Thickness of single elastomeric layer 10 mm
Rubber cover thickness 5.5 mm
Total height of elastomer 118 mm
Number of steel shims 9
Thickness of single steel shim 3 mm

Size of steel shims 288 mm x 288 mm
Aspect ratio 1

Shear modulus of elastomer 0.7

required dimension has been put over the specimen. The bearing is in contact with lower
surfaces of the steel block and placed over the steel plate which is fixed at the required
height and connected to the strong floor. The schematic-diagram for the experimental
setup is shown in Figure 5.11. The specimens are placed at the angle of 30 degrees and 45
degrees under nominal axial load of 100 kN corresponding to axial pressure of 1.2 MPa for
accounting the bidirectional effects as the excitation is provided in one direction only. The
input displacement and output force are then decoupled in two orthogonal axes through
coordinate transformation for proper application of Biaxial Bouc-Wen model. A constant
vertical load is applied using a vertically placed servo-hydraulic actuator on the top surface
of the steel block. The details of the experiment setup and the loading protocol are shown

in Figure 5.12.

Table 5.4: Description of elastomeric rubber bearing used in the study

Actuator Stroke Force (kN)
Actuator 1 - Vertical (MTS) +500 {90 Corppressmn
800 Tension
. 250 Compression
Actuator 2 - Horizontal (MTS) +250 .
250 Tension

In the experimental study, the output is the hysteresis force with displacement input, thus

there is slight change in the state space formulation and it is now written as

{;C} = {80337 Sbya 0.5$7O.4y78$7 Bya")’:m"Yy} = {um - .Z'l[,uy - Q?QI,0,0,0, 07 07 0} Where/

ny—1 [

I = |ug||z1] x5 + wrsgn(ugzi)] + |uyl |x2\”971 [z6 + zgsgn(uyz2)| , and uy, u, are the

components of the input displacement

TH-3624_196104026



5.6. Experimental study on elastometic rubber bearing 105

a) b) STEEL Ixb x hsmm L

ELASTOMER ]

w3
a
f
A
3 T =)
.:7 %
7
: =
: 5 :
€ js m
O B n
47
A i
2

Figure 5.10: Specimen cross-section showing the stacking of steel shims and elastomeric rubber
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Figure 5.11: Schematic diagram showing the actuator representation
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Figure 5.12: Experimental setup (a) full view, (b) close view and (c) loading protocol

5.6.2 RESULTS FOR ESTIMATION OF HYSTERESIS PARAMETERS FOR THE EXPERIMENTAL

STUDY

For the estimation of hysteresis system parameters, the CUKF are applied and the
estimated force through biaxial Bouc-Wen model is compared with the experimental
hysteresis force output in order to predict the hysteresis parameters in both the directions.
The two specimens with orientation of 30 degrees and 45 degrees with the horizontal
actuators are used to validate the accuracy of CUKF for the estimation of biaxial Bouc Wen
model. The results for the hysteresis curve estimation using CUKF in both X and Y
directions for the specimen at 30 degree and 45 degrees orientation are provided in Figure
5.13 and Figure 5.15 respectively. The residual error plot in the estimation of the restoring
force in both X and Y directions for the specimen at 30 degree and 45 degrees orientation
are provided in Figure 5.14 and Figure 5.16 respectively. Further, the values of the
estimated parameters in both X and Y directions for the specimen at 30 degrees and 45
degrees orientation are provided in Figure 5.17 and Figure 5.18 respectively. The
experimental study shows that CUKF has robust capabilities in system identification of
biaxial coupled hysteresis system. The residual error plot in force estimation shows the

accuracy of CUKF algorithm.

5.6.3 DEVELOPMENT OF DAMAGE INDEX FOR LONG TERM PROGNOSIS

The experimental study is now extented to analyze the fatigue behavior under cyclic

loading. The typical service design loads for elastomeric bearings used for seismic
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Figure 5.13: Hysteresis estimation for the specimen at 30 degree orientation (a) X- axis, and (b) Y-axis
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Figure 5.14: Estimated force with residual error for specimen at 30 degree orientation (a) X- axis, and
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Figure 5.15: Hysteresis estimation for the specimen at 45 degree orientation (a) X- axis, and (b) Y-axis
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Figure 5.16: Estimated force with residual error for specimen at 45 degree orientation (a) X- axis, and
(b) Y-axis

isolation of structures vary in the range of 3 MPa to 7 MPa. Thus, a nominal axial load of
100 kN corresponding to axial pressure of 1.2 MPa was used. Fatigue is critically explained

using curves that define the stress range as a function of the number of cycles (i.e., S-N
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Figure 5.17: Estimated biaxial Bouc Wen parameters for the specimen at 30 degree orientation (a) X-
axis, and (b) Y-axis
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Figure 5.18: Estimated biaxial Bouc-Wen parameters for the specimen at 45 degree orientation (a) X-
axis, and (b) Y-axis

curves). However, it is inadequate to obtain the dataset for the S-N due to time and
specimen constraint. The test program was designed to form a matrix of critical
parameters like energy dissipated per cycle, with respect to both fatigue fracture
mechanics and structure health monitoring, that can be carried forward for the prognosis.
The test has been performed using sine wave displacement input for three different sets of
input frequencies i.e., 0.2 Hz, 0.4 Hz, 0.6 Hz at two different levels of shear strains i.e., 18%
and 20% in a successive way. Thus, for each of the excitation frequency, we have 2000 cycles
of 18% shear strain and 3000 cycles of 20% shear strain. The frequency will increase after
completion of 5000 cycles. This procedure is followed to finish test faster and counts the
effects of the frequencies and strain on the degradation. This variation also helps us to

generate multiple change points in degradation which further wutilized while
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demonstrating the efficacy of proposed EGA-BGPR framework. In order to leverage the
advantages of the two-stage CUKF framework, we have selected few cycles after 100 cycles
to estimate the biaxial -BoucWen hysteresis parameters and system dynamics. Thus, we
obtained the hysteresis loop and corresponding stiffness at each 100 cycles of fatigue

degradation as shown in Figure 5.19.

1 T T (1) 30 X direction s Y direction
— True £ £y
. o p
G — Estimated 2 10 g
1 & e
098t 20 20
Z-10 g5
% 20 10
-20 -10 0 10 20 -10 -5 0 5 10
0.96 Displacement (mm) Displacement (mm)
—~ F
g .
2 (11) o 2 X direction 15 Y direction
< =) £
~ o 10 P
2 0941 g5
1 w0 >
£ (i1) 2 2o
z & 20 & 10
092+ 1 20 0 0 10 20 -0 3 510
Displacement (mm) Displacement (mm)
(111) 20 X direction 10 Y direction
09 t g z
2 10 35
g 3
111 S 5
(iii) %0 %0
0.88 L L i :
4] 9]
4 ~
0 5000 10000 15000 20 %10 .
-20 -10 0 10 20 -10 -5 0 5 10
Number of CyClCS Displacement (mm) Displacement (mm)

Figure 5.19: Stiffness degradation estimated through CUKEF over a long duration

These estimated hysteresis loops are used to evaluate the energy dissipated at each cycles
which is further used to develop the damage index. The damage index in the case of fatigue
is defined as the cumulative sum of the damage coefficient which is the damage associated
with each cycle. The concept for the development of the damage index has been taken from
the work of J.B. Mander which defined the damage as the ratio of the maximum stress at
the load reversal point in the successive cycle with respect to the first cycle (Mander et al.,
1994). Further, the damage associated with the fatigue is proportional to the amplitude
of shear strain and inversely proportional to loading frequency up to 20Hz Guennec et al.
(2013). Hence, the damage index for the study of specimens tested under varied frequency

and shear strain for fatigue is defined as:
N

S\ P q i
Damageindex = Z (TZ> (fo) ke (5.23)
i=1

o fi/ &b
Where f is the referenced input frequency and 7y is the referenced shear strain and the
g} /el is the energy ratio in which & is the energy dissipated during first cycle and &}, is
the energy dissipated in next successive cycles for a particular input frequency f; and shear

strain 7; . The term p and ¢ are the modifiers which can vary from system to system. In

this case, the modifiers are assumed to be 1 and the referenced input frequency and shear
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strain are 0.2 Hz and 18%. The plot of the damage index with the number of cycles and the
log-likelihood function is presented in Figure 5.20. It can be clearly observed that there are
three change points and each one is associated with the local maximum of the log likelihood
function. Further, for each time instant of prognosis, the log likelihood profile is checked,
and change point is identified, and accordingly adaptive mean function is optimized. The

Log-likelihood function and observations of the prior training are presented in Figure 5.21.
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Figure 5.20: (a) log-likelihood profile showing the change point due to presence of various local
maximum (b) damage index
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Figure 5.21: (a) Log likelihood profiles and (b) change points in the damage index observed at
different time instant of prognosis

The Gaussian process regression is used for the surrogate modelling of the degradation
indicator and prognosis has been carried out based on the degradation. As mentioned
earlier, different cases like BGPR, and EGA-BGPR are used as the surrogate model and
prediction is carried out. For the experimental data, the damage index looks quite simpler
and linear basis functions are used in case of BGPR and EGA-BGPR. The similar results of
prognosis are obtained as in case of numerical example presented in previous chapter and
the maximum value of likelihood value achieved for the basis-GPR through EGA is better.
The result of prognosis for the test instant of 4000 cycles is presented in Figure 5.22
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Figure 5.22: Prediction through GPR, basis-GPR, EGA-BGPR at (a) 4000 cycles, and (b) 8500 cycles

Further, the initialization of the population is the crucial step in the process of genetic
algorithm. Here, four bitstring sizes are selected for study purpose, i.e., 4 Bits, 8 Bits, 12
Bits and 16 Bits to generate the population. Thus, four cases are studies for the local and
global convergence of genetic algorithm. The population generated using 4 bitstring which
has the minimum entropy is not able to provide global convergence and therefore should
be rejected. The results in Figure 5.23 shows that the maximum fitness value is achieved
16 bitstring in case (a) and 16 bitstring in case (b). Moreover, the results for the 12 bitstring
are also closer. Further, the comparison of the prognosis results with ground truth for next
2000 cycles are carried out on the basis of fitness value, rmse error and relative percentage
error, presented in Table 5.5. The metrics obtained for the experimental study in Table 5.5
supports the effectiveness of the proposed framework of EGA-BGPR for the prognosis over

other conventional BGPR framework.
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Figure 5.23: Fitness value obtained through EGA using different bitstring sizes for (a) 4000 cycles,
and (b) 8500 cycles
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Table 5.5: Comparison of the results for experimental study, obtained through entropy
assisted genetic algorithm in terms of fitness value (maximum likelihood value achieved),
rmse error and relative percentage error

. . Case (a) Case (b) Case (0)
Metrics Algorithm 4000 cycles 8500 cycles 13000 cycles
Fitness BGPR -393.428 -481.910 -140.228
value EGA-GPR -247.927 -143.775 -111.470

BGPR 1.153 1.012 0.381
RMSE EGA-GPR 0.996 0.643 0.287
Relative BGPR 16.70 20.34 9.80
error (%)  EGA-GPR 14.22 13.11 74

5.7 CoONCLUSION

This chapter demonstrates the efficacy and robustness of the proposed two-stage
Constraint Unscented Kalman Filter (CUKF) approach for system identification in both
non-deteriorating and deteriorating systems with complex biaxial hysteresis behavior. In
non-deteriorating systems, numerical case study highlight the CUKF’s ability to accurately
estimate hysteresis parameters and system dynamics, outperforming the unconstrained

UKEF by effectively utilizing bound constraints on model parameters.

For deteriorating systems, the framework successfully captures stiffness degradation due
to fatigue crack growth. By employing a coupled response degradation model, the
two-stage approach accurately estimates degrading parameters in complex, interacting
biaxial hysteresis systems. The experimental validation, where the two-stage CUKF
reliably handled responses from a base isolator system at various orientations, further
confirms the algorithm’s robustness and strengthens its potential for real-world

applications of structural health monitoring in systems with coupled biaxial hysteresis.

Having established the two-stage CUKF’s capability for accurate system identification, even
in complex and deteriorating scenarios, the nextlogical step is to leverage this information for
robust and reliable prognosis. The estimated hysteresis loops are utilized to extract energy
dissipated and formulation of the damage index. This long term degradation indicator
is further modelled using GPR for the prognosis using proposed EGA-BGPR framework.
The results presented highlights the efficiency of the proposed framework in prognosis of
the real-world structures considering the uncertainties involved in the process as well as
measurement. The next chapter discussed another application to the proposed framework

on the aluminium lap joint specimen.
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CHAPTER 6

MONITORING AND PROGNOSIS OF FATIGUE CRACK WIDTH IN

LAP JOINTS USING ACOUSTIC WAVES

6.1 OVERVIEW

This chapter presents a comprehensive experimental case study on the monitoring and
prognosis of fatigue crack growth in lap joints. Here. we investigate the effectiveness
of acoustic wave-based features for detecting and quantifying crack width in the current
state through Bayesian neural network. Leveraging the integrated probabilistic framework
developed in Chapter 4 for prognosis, the EGA-BGPR methodology is employed to predict

crack width evolution of the lap joints.

6.2 BACKGROUND

The study of damage quantification and its subsequent effects on structural integrity and
remaining useful life (RUL) estimation has gained significant attention in recent years within
the field of non-destructive testing (NDT) and prognostics health management (PHM) of
engineering systems. Data-driven techniques analyze signals from both acoustic sensors and
ambient vibrations, providing valuable insights into underlying structural damage (Mutlib
et al., 2016; Farrar and Worden, 2012b). These approaches are founded on the principle that
even unobservable damage mechanisms cause measurable changes in structural properties
such as stiffness, damping, or crack width. By tracking these changes through system
parameters (Yang and Ma, 2003; Yang et al., 2006), signal processing (Sohn and Farrar, 2001;
Nair et al., 2006), and machine learning techniques (Rezaeianjouybari and Shang, 2020; Xu
et al., 2023; Salehi and Burguefio, 2018; Ochella et al., 2022; Prakash et al., 2021), a detailed
assessment of structural health is possible. Guided wave technologies, particularly using
piezoelectric sensors, show great promise for localized damage detection. The low-cost of
these sensors and high-efficiency make them ideal for structural health monitoring (SHM),
especially in aircraft (Giurgiutiu et al., 2002; Thn and Chang, 2004). Lamb waves, guided
waves in plate-like structures, offer several advantages including strong penetration, low

attenuation when propagating long distances, omnidirectional spread, and sensitivity to
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various forms of damage (Kim et al., 2010; Kudela et al., 2008; Farrar and Worden, 2007;
Giurgiutiu, 2007). Damage detection with Lamb waves focuses on how discontinuities
alter wave characteristics (Viktorov, 1967; Lu et al., 2008). However, analyzing the complex
interaction of Lamb waves with damage or boundaries poses significant challenges, making

the extraction of crack-related features a non-trivial task.

While several methods exist for Lamb-wave-based damage detection (Wang et al., 2004;
Fromme and Sayir, 2002; Clézio et al., 2002; Ihn and Chang, 2004), robust quantification
of uncertainties inherent in sensor measurements is crucial for reliable diagnostics and
prognostics. These uncertainties can arise from various sources. Bayesian neural networks
(BNNs) have emerged as powerful tools for modeling uncertainty and preventing overfitting
in complex deep neural networks (DNNSs) (Kendall and Gal, 2017; Bishop, 2006).

However, traditional BNNs lacked a systematic framework for integrating both aleatoric
and epistemic uncertainties, hindering their full potential. =~ Combining aleatoric
uncertainty modeling with BNNs gives rise to probabilistic Bayesian neural networks
(PBNNSs), which provide distributions instead of single output predictions. This chapter
introduces a framework which integrates the maximal overlap discrete wavelet transform
(MODWT) and probabilistic Bayesian neural network (PBNN) for crack size quantification.
The advantages of the proposed framework over other deterministic data-driven machine

learning approaches are as follows:

1. It is probabilistic in nature; hence it provides a distribution of the estimated crack
width with uncertainty quantification, which inherits the influence of uncertainty in

measurement.

2. Itis a data-driven technique that takes advantage of the few measurements from a field
experiment in conjunction with Bayesian inference to train the network as compared
to the other data hungry neural network architectures. This makes the algorithm ease
of use in situations of data sparsity as well as it prevents network architecture from

overfitting.

The unseen damage detection data from fatigue testing on a realistic lap-joint component is
used as a validation to verify the effectiveness of the proposed method. This research uses
the dataset available online as a part of 11th Annual Conference of the PHM Society 2019
Scottsdale, AZ. (Peng et al., 2015; He et al., 2013). The proposed framework on this dataset
shows excellent capabilities to identify the probabilistic crack width accurately. Lastly, this
study extends itself to the prognosis of the fatigue crack growth through the proposed
EGA-BGPR algorithm.
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6.3 METHODOLOGY

This chapter introduces an automated framework using maximal optimal discrete wavelet
transform and probabilistic Bayesian neural networks to account for the measurement and
process uncertainty in the experiment and thus, maps the Lamb wave signatures to
estimate the probabilistic crack width in the aluminum lap-joint. =~ The proposed
methodology is applied to specimens consisting of two aluminum panels, which are joined
by rivets and subjected to fatigue. These panels are examined in parallel through Lamb
wave for the development of crack width. Thus, we have set of acoustic response for both
healthy /baseline and degraded condition. The details of the complete datasets are
provided in Experiment section and can be found in following literature (He et al., 2013;
Peng et al., 2015; Yang et al., 2016). The very first challenge here is that baseline signal
varying with each specimen depending on the quality of lap joint, dimensions and
thickness of panels. This issue is resolved through residual feature reconstruction which
involves decomposition of the baseline and damaged responses into different components,
selecting the dominant components and calculating the change in the dominant feature
space. This decomposition is achieved through empirical mode decomposition of both

healthy and damaged condition Lamb wave signals. The details are presented below:

6.3.1 RESIDUAL FEATURE RECONSTRUCTION USING EMPIRICAL MODE DECOMPOSITION
(EMD)

The acquired Lamb wave responses contain the feature that depicts crack width condition
of the lap joint along with noise content. Thus, the signal needs to be filtered for noise
removal and extraction of necessary component. The empirical mode decomposition (EMD)
is one of the filtering techniques that decomposes the components of the various different
frequencies of signal to provide a single-component signal (Huang et al., 1998). The extracted
singular-components are called Intrinsic mode functions (IMFs). Thus, each IMF constitute
an important characteristic of the signal. The necessary IMFs should be selected to extract
the dominant components of the signal. The Lamb wave response z(t) is thus represented

as a summation of true signal s(t) and white noise w(t).

z(t) = s(t) + w(t) (6.1)
The fundamental of EMD is that it filters out functions for a time domain signal, which
forms a complete and orthogonal basis for the original signal locally. In general, the
neighboring components could have data sections that carry the same frequency at
different time durations. However, locally, any two components should be orthogonal for
all practical purposes for the extraction of IMF. Thus, the resultant signal is called Intrinsic

mode functions (IMFs).

z(t) =Y IMF; + Residual (6.2)
1=1
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¢ Where, m is the total number of IMFs. The dominant IMFs are selected, which has the
maximum correlation with the original response. Thus, we obtained the dominant IMFs or
say, modal features for both the baseline and damaged condition. Finally, the change in IMFs
is observed and residual feature reconstruction is carried out to obtain a filtered residual
which contains the properties of both baseline as well as damaged condition responses. This

residual feature response is now examined for both temporal and spectral analysis.

Since, the residual feature response has both frequency and temporal characteristics that
shows variations with development of crack width. Therefore, it is important to identify a
feature indicator that contains both characteristics. One such transformations is Fourier
transform that performs time-frequency analysis simultaneously, however, it is limited to
the stationary signal. Considering uncertainties and abrupt changes due to crack width,
non-stationarity is present in the output response. The improved version of Fourier
transform is wavelet transform which takes care of non-stationarity and perform better
locally over the signal. It can be continuous and discrete in nature. The discrete wavelet
transform (DWT) decomposes the original signal into approximation and detailed
coefficients through filtering and down sampling. It uses Mallat’s algorithm for the
practical applications, which consists of low-pass filter (scaling function) and a high-pass
filter (wavelet function). Thus, the signal is decomposed into multiple levels, and each level
is characterized through its approximation and detailed coefficients. However, it has
certain limitations with the signal length as DWT is incapable of handling shift-invariance
and has narrow frequency resolution, thus restricting its application to the fixed signal
length with an integer multiple of a power of two (Cornish et al., 2006; Percival and
Walden, 2000; Nason, 2008). Here, an improved version of DWT called maximal overlap
discrete wavelet transform (MODWT) is introduced for the training feature extraction. The
training features will be used to train the probabilistic deep learning algorithm which is
discussed in subsequent sections. The complete details for the development of training

feature dataset are discussed in next section.

6.3.2 MAXIMAL OVERLAP DISCRETE WAVELET TRANSFORM (MODWT)

The residual feature response is transformed into wavelet coefficients through maximal
overlap discrete wavelet transform. An important characteristic of MODWT is that it can be
properly defined for arbitrary signal length and achieves redundancy through an
oversampled representation which enables more accurate statistical analysis (Percival and
Walden, 2000). The MODWT divides the frequency band of the residual feature response
into scaling and wavelet coefficients using low- and high-pass filters, that is, scaling and
wavelet filters. Let X = X; where t = 0,...,7 — 1, be the residual feature response
obtained through experiment, and the wavelet and scaling filters at the ;' decomposition

level are denoted as le and g;;, respectively. By appying Mallat’s algorithm, the scaling
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and wavelet coefficients are calculated as follows:

T-1 T-1
Wit = hjuiXi—imoar, Vit =Y 351Xt~ mod T (6.3)

where j = 1,2, ..., Jy is the level of wavelet decomposition, and ‘'mod” denotes the remainder
of dividing two numbers. Here, {ﬁj,l }, and {g;,} are the j*® level MODWT high-pass filter
(ﬁj,l = h;,/2/ 2) and low-pass filter (gj,l = g,./2/ 2) and Jj is the highest decomposition
level. The wavelet coefficient vectors W) and scaling coefficients vectors V; of MODWT are

written as:

‘/X/j Y {Wj,g,ﬁ?j,l, v 7Wj7T71} 7j = 1,2’ SRR ‘]0 (64)

f‘\/g:{‘73,03‘7]',17""%77‘71}7j:172?"'7‘]07 (65)

where f/j and ﬁv/j are related to the smallest and highest frequency components of the
original signal. The scaling coefficients are input to the high and low pass filters to obtain
the next level of decomposition. Thus, we get the series of wavelet coefficients which
are bind together to form the training feature matrix. The residual feature response are
decomposed to yield the wavelet and scaling coefficients, then these wavelet coefficients
that contains the temporal and spectral features will form the training feature matrix for
the probabilistic deep learning framework. This training feature matrix contains the crack
width dependent acoustic properties. Figure 6.1 presents the pictorial representation of

wavelet decomposition and development of training feature matrix.
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Figure 6.1: Basic mechanism of MODWT and preparation of feature matrix

Further, the inverse MODWT uses the selected wavelet and scaling coefficients can be used to

reconstruct the desired signal. In the current work, it is not needed to reconstruct the signal
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back, as the wavelet coefficients will serve as the training feature matrix which will be used
for the training of machine learning surrogate model. It is important to note that diverse
structural geometries and varying working conditions make the reliable acquisition and
interpretation of Lamb wave responses difficult. Moreover, it introduces the aleatoric and
epistemic uncertainty in the dataset. Thus, the machine learning model should be capable of
defining this uncertainty in the parameters to account for measurement and process noise.
This study utilizes the probabilistic Bayesian neural network (PBNN) to map the training
feature matrix with crack width. This PBNN is capable of not only handling uncertainty,
rather it can separately provide the variance due to epistemic as well as aleatoric causes. The
details of the probabilistic deep learning model, methodology for capturing the uncertainty,

and optimization methods are discussed in the next section.

6.3.3 NEURAL NETWORK BASED SURROGATE MODEL

There are various uncertainties involved in the process, from measuring the acoustic
response to obtaining the training feature matrix. The surrogate model which maps the
training feature matrix with the crack width should take care of this stochasticity in
measurement as well as in process. To begin with, we will first introduce the basics of feed
forward artificial neural network, then its limitations and need for the Bayesian deep

learning is discussed.

Feed forward artificial neural network

The artificial neural network (ANN) comprises the input layer, hidden layers, and output
layer. Each layer constitutes a different number of neuron units depending on the input
features and desired output. These neuron units are called nodes and are parameterized
by deterministic weights (w) and biases (b), therefore not capturing the stochastic relation
between input features and output (Wu and Feng, 2018). In ANN, the input feature (x) is
first multiplied by its weights prior reaching to the hidden layer node. The weighted sum
(fuw,p) of the weighted parameters collected at the nodes is computed. The weighted sum
can be defined as

fwp=wr+0b (6.6)

Subsequently, the weighted sum is transmitted to the next layer using the activation function
and finally to the output layer as the target data. The activation function ¢ (-) can be

hyperbolic tangent or sigmoid function which related the output as:

u=¢(fuwp) (6.7)

The weights and bias of the ANN are optimized through a backpropagation algorithm

in which the model loss is propagated back and is minimized using the gradient descent
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method. The loss function ((£ (w, b)) for this is given by
N
L (w,0) =) |lu—dll (6.8)
k=1

where N is the total number of training data points available, u is the observed response
and u is the estimated response. Even though ANN architectures are quite capable of
learning complex engineering phenomena, there exist crucial issues related to
interpretability, generalizability, overfitting, and demands for significant data. These
factors limit their utility and computational tractability for data-driven models. It is to be
noted that for the current work, the data collected from the experiment is very sparse.
Moreover, ANN is quite incapable of predicting variation for the stochastic input. Thus,
the direct application of data-driven ANN will lead to overfitting and thus is inconceivable

to get adequate results.
Sources of uncertainties and their quantification

Under the acoustic sensing technology, challenges arise when Lamb waves interact with
damage or boundaries, making it complex to extract features associated with cracks due to
mixed mode. To address such a challenge, researcher proposes the damage index that
directly maps the signal characteristics to the associate anomaly. For example, Thn
proposed a damage index defined as the ratio of monitoring signal energy to baseline
signal energy (Ihn and Chang, 2004). However, limitations in the accessible monitoring
data and inherent shortcomings of the sensor technology introduce two types of
uncertainties: aleatoric uncertainty, reflecting the noise pollution in data collection and
transmission, and epistemic uncertainty, reflecting the ignorance of model property. A
step-by-step procedure for accounting the uncertainties through probabilistic
transformation is provided in Chapter 3. In this work, we have sparse training samples in
the dataset due to limited experiments. Hence, considering the limitations of the artificial
neural network, and importance of the uncertainties arises due to limited dataset and
measurement errors, this study uses probabilistic Bayesian neural network for mapping

the training feature matrix to the crack width in the aluminium lap joint.
Probabilistic Bayesian neural network

Bayesian neural networks (BNNs) address the challenge of epistemic uncertainty
(uncertainty about the model itself) arising from limited training data. Unlike traditional
neural networks with fixed weights and biases, BNNs treat these parameters as probability
distributions.  Prior distributions are defined, and training involves refining these
distributions to capture model uncertainty. To incorporate aleatoric uncertainty (inherent
data noise), probabilistic Bayesian neural networks (PBNNSs) further augment the output
layer to model a distribution, rather than a single prediction. The key advantages are (1)

robustness to overfitting, (2) enhanced uncertainty modelling, and (3) output variance
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analysis. The details can be found in the Chapter 3. To apply PBNNs, Gaussian priors are
assumed for the weights, representing epistemic uncertainty.  Since the posterior
distribution cannot be evaluated directly for complex models, methods like Hamiltonian
Monte Carlo (HMC) or variational inference are used to approximate it. The details about
HMC and VI can be found in Appendix A, and B. This approach allows PBNNs to quantify
uncertainties, making them well-suited for scenarios where data is limited and
decision-making requires risk assessment. In this work , the training feature matrix is
mapped to the crack width through PBNNs. Once, the PBNN model get trained, it will
predict the mean estimation of the crack width for test specimen as well as the prediction
distribution. Thus, we have output mean (/@) and total output variance o2, , (y*) as final
prediction. The detailed step-by-step procedure for generating the output results are

presented in next section.
6.3.4 PROPOSED PROBABILISTIC DEEP LEARNING ALGORITHM

The overarching goal of this work is to leverage the capabilities of MODWT and PBNNs
to estimate the probabilistic crack width under the condition of sparse and noisy data and
then leverage the EGA-BGPR framework for prognosis. The proposed approach is driven
by the requirement for an efficient parsimonious model that evades overfitting, utilize the
time-frequency variation and balances out the uncertainties arise due to the limited data and
noisy measurement. Unlike deterministic deep learning, the proposed probabilistic deep
learning framework is stochastic and is designed particularly to handle a ubiquitous class of
sparse data perturbed by noise and uncertainty. The proposed deep learning framework is

shown in Figure 6.2.
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Figure 6.2: Illustration of probabilistic deep learning model

Here, the objective is to estimate the crack width in the aluminium lap joint subjected
to fatigue and the corresponding uncertainty arises in the real-life scenario. The presented
approach employs MODWT and PBNNSs in a single framework. The proposed deep learning
framework is proposed to handle the challenges inherit due to interaction of Lamb waves

with the interfaces generating mix mode, thereby very difficult to extract feature directly
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with some physical meaning. This framework leverage the maximal overlap discrete wavelet
transform for the feature extraction and is directly mapped to the crack width through

probabilistic Bayesian neural network to account epistemic and aleatoric uncertainties.
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The acoustic response obtained through experiment is cleaned and MODWT is performed
to extract the wavelet coefficients. Five level decomposition is implemented here because
adding more levels will increase computational cost and reducing level will destroy
features. These wavelet coefficients forms the training feature matrix, which captures the
time frequency snapshot information related to the crack width in aluminium lap joint.
This information is also amalgamated with noise which is taken care through PBNNs. The
conventional data-driven ANN is not competent in estimating the crack width from the
sparse, noisy data collected from field/ real experiments. Further, the ANN fails as the
data available is sparse. Moreover, neural networks have considerable potential for
overfitting data and has no place for the uncertainty quantification. The PBNNs uses
Bayesian inference for the uncertainty quantification as well as it prevents neural network

architecture from overfitting. The uncertainties inherit in the framework help in estimation
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of output distribution instead of a point estimate. Finally, output is sampled using
posterior inference models. Thus, we have both mean estimate of crack width and variance
of the prediction. This mean estimate is further used for the prognosis. The overall
framework consists of three main steps: (1) training of the probabilistic deep learning
model, (2) testing of the probabilistic deep learning model and predicting probabilistic
crack width estimates, and the last step is to (3) carrying out prognosis of crack width

using EGA-BGPR approach. The complete framework is illustrated in the Figure 6.3.

6.4 EXPERIMENTAL DATASET

In the current work, the fatigue dataset containing total 8 specimens (naming from T1 to
T8) out of which observations from five specimens (T1 to T6 except T4) are used for the
training of the framework and remaining T4 specimens is used for validating and testing
the framework. The data from specimen T7 and T8 are not used in this study. A hydraulic
material testing machine working at 5Hz at room temperature conducts the fatigue testing.
Both constant amplitude loading and variable amplitude loading cases are studied. It is
worth mentioning that specimen T8 has tested under fatigue cycles with varied amplitude
while all other specimens are tested under constant cycles. During the testing, the optical
microscope is used to identify the location of the crack appearance. Further, this variability
will only affect the prognosis because probabilistic crack width estimation is dependent only
on the acoustic responses rather than fatigue cycles. This data set consists of measurements
from piezoelectric (PZT) sensors that are mounted on aluminum specimens that were tested
to fatigue conditions. The failure will occur due to formation of cracks. Figure 6.4 illustrated

the sensor mounted on the aluminium lap joint specimen subjected to the fatigue cycles. The
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Figure 6.4: Illustration of aluminum lap-joint used for fatigue testing and condition monitoring (Peng
et al., 2015; Liu and Peng, 2019)

specimens consisting of two aluminum panels, and they are joined by three rivet rows by five
rivets. The riveted panels are made of 1.6mm-thickness aircraft-grade 2024-T3 aluminum
sheets. Surface-bonded piezoelectric (PZT) ceramic wafers are used as actuators to generate

Lamb waves as well as sensors to receive Lamb signal. The pitch-catch configuration is
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used for Lamb wave damage detection. According to the existing experimental data, the
crack usually initiates at the countersunk hole in the first row, it will connect these holes and
finally break the specimen. Therefore, only the countersunk holes in the first row are chosen
for inspection. The geometry of the lap joint component and sensor network configuration
is shown in Figure 6.4. The more details regarding the experimental setup, testing protocols
can be found in the following literature (Peng et al., 2015). Further, the stress amplitude for

the constant cycles and variable cycles is presented in Figure 6.5.
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Figure 6.5: Illustration of constant stress amplitude cycles (4.77 MPa to 100.21 MPa) and varying
stress amplitude cycles with change point at 90 MPa

For the specimen tested under stress cycles presented above, an acoustic Lamb wave was sent
and received at regular intervals to monitor the condition of the crack size. Simultaneously,
the ground truth of the crack width is measured optically. Here, we will present the results
from the training specimens as well as test specimens. The acoustic responses observed for

the training specimen T2 is shown in Figure 6.6.
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Figure 6.6: Illustration of time domain responses of the Lamb wave for the training specimen T2 for
(a) uncracked condition and (b) cracked condition

The baseline signal should have a fatigue cycle equal to zero. However, from the available
dataset, the signal that has the crack width of zero is referred to here as the baseline
signal. From Figure 6.6, it can be seen that the baseline signal has undergone changes due
to the appearance of a crack on the surface. It further transforms with the increment in
the crack width. Thus, this change is important to train the probabilistic deep learning

framework and predict the probabilistic crack width estimate. Moreover, the obtained crack
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width estimate will update the mean function of the proposed EGA-BGPR framework and
prognosis is achieved. The next section will discuss the results at various stages of the

proposed framework.

6.5 RESULTS FOR PROBABILISTIC CRACK WIDTH ESTIMATION

6.5.1 SIGNAL PROCESSING AND DEVELOPMENT OF TRAINING FEATURE MATRIX

The acoustic wave responses obtained during the experiment are cleaned and two sets are
created. The responses of the specimens T1 to T6 are considered for the training of the
proposed probabilistic deep learning framework and the specimens T7 and T8 are used as
the evaluation/test set. The obtained responses for the different specimens for healthy
state and damaged state conditions in the frequency domain are presented in Figure 6.7. It
can be seen that there is a distinct baseline acoustic response for each specimen giving rise
to the complexity in model training. Thus, instead of using a signal for the model training
directly, the modal feature extraction is carried out for both the baseline and damaged
response. This model features are extracted through empirical mode decomposition. The
EMD decomposed the signal into separate mono components for the different frequencies.
The dominant components from all extracted intrinsic mode decomposition (IMFs) are
selected using cross-correlation with the original acoustic response. The dominant
components are nothing but the model feature for the acoustic response. Similarly, the
model features are extracted from damaged specimen conditions. It is important to note
here that neither model feature of healthy or damaged state response is sufficient enough
for developing the proper mapping model to the crack width. Therefore, the dominant
IMFs of baseline and damaged state acoustic response are selected for the model feature
reconstruction, and then a residual the calculated to observe the model changes. Figure 6.8
and Figure 6.9 illustrate the normalized correlation of the IMFs and the dominant IMFs of

the baseline and damaged response for specimen T1.

Further, out of the three IMFs of the residual feature response, it can be seen that high
amplitudes are observed only in a single IMF, which states that it has mono-components
that observe significant change due to the development of the crack width. Therefore,
residual feature response can be directly related to the crack width in the aluminum lap
joint. This residual feature response is now used as the primary input to the probabilistic
deep learning framework. It contains both time-dependent as well as frequency-dependent
components which inherently show some correlation with the crack width. A common
approach to evaluate the time-frequency analysis is a short-term Fourier transform (STFT).
However, it is limited by a fixed resolution, and the width of the windowing function
used in the STFT affects how the signal is represented. The choice of window width

determines whether the representation emphasizes the ability to distinguish closely spaced
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Figure 6.7: Illustration of frequency domain responses of the Lamb wave for all training specimens

from (a) T1, (b) T2, (c) T3, (d) T5, (e) T6 for baseline condition (0 mm crack width) and
damaged condition (crack width is provided in the respective subfigure)
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Figure 6.8: Illustration of normalized correlation of the IMFs with the original response of the training
specimen T1 for (a) baseline condition, (b) damaged condition, and (c) residual feature

frequency components and capture the timing of frequency changes. This gives rise to
the multi-resolution analysis through wavelet transform. This work introduces maximal
overlap discrete wavelet transform (MODWT) for the training feature extraction from the
residual response. A five-level decomposition is carried out using wavelet transform and
the wavelet coefficients at each level constitute the training feature matrix. The wavelet
spectrum of the five-level decomposition for specimen T1 at different levels of damage i.e.,
at various crack widths is presented in Figure 6.10. It can be observed that there are minor
changes in the wavelet spectrum as the crack width increases. Now, this wavelet spectrum
is passed through a flattened layer which constitutes the direct input to the probabilistic

Bayesian neural network.
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Figure 6.9: Illustration of time domain responses of the Lamb wave for the training specimen T1 for
(a) uncracked condition and (b) cracked condition
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Figure 6.10: Illustration of wavelet decomposition upto five levels for the residual feature response
for the training specimen T1 at various crack widths, (a) 2.18 mm, (b) 2.76 mm, (c) 3.51
mm, (d) 4.51 mm, (e) 4.90 mm, (f) 7.46 mm
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6.5.2 DEVELOPMENT AND TRAINING OF THE PROBABILISTIC BAYESIAN NEURAL

NETWORK

This chapter proposed a shallow probabilistic Bayesian neural network for the mapping
of the training feature matrix with the crack width. It constitutes the input layer with
20000 neurons followed by hidden layers having 10 neurons each. The hidden layer is
followed by the aleatoric uncertainty layer and lastly, it has one neuron in the output layer
for the mean prediction. However, sampling from the Gaussian distribution is used for the
variance prediction. The neural network uses an activation function after the input layer
to normalize the input parameters. The activation function used in the study is tangent
of hyperbolic function. It should be noted that all the weights and biases are stochastic,
and these are simulated using a Gaussian random variable with a mean equal to zero and a
standard deviation of 10. For the optimization and training of the PBNN, two approaches are
explored in this study, (i) HMC sampling and (ii) Variational inference (VI) method. HMC
sampling is the direct approach for the posterior evaluation while VI uses an approximation
posterior (mean-field guide function) to simulate the actual posterior. An auto-diagonal
normal mean field guide function is used for the variational inference method. The model

loss obtained through VI is shown in Figure 6.11.
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Figure 6.11: Illustration of model loss for the stochastic variational inference method while training
model using auto-diagonal Gaussian mean field guide function

Apart from VI, PBNN is trained using the HMC method. It can be seen that model loss
calculating through VIis not able to be optimized properly and we have obtained variance in
the order of 100. Further, the accuracy obtained from the HMC sampling is more than 97.5
%. A comparison of the optimization results achieved with each neural network throughout
the simulations is represented in Table 6.1. It can be seen that the results from the HMC
sampling are more accurate as compared to VI optimization. Thus, this work presented
the results from the HMC optimization and sampling. The model accuracy of the PBNN is

illustrated in Figure 6.12 for the different specimens at various crack widths.
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Table 6.1: Comparison of the statistics obtained through 50 simulations for the PBNN model
using HMC sampler and VI with Gaussian mean field guide function

. Training points Test points
Met
CHE HMC v HMC VI
RMSE 0.805 1.628 0.585 1.917
Q1 2.613 3.778 2180  3.703
Q3 4917 3.9287 3.733  3.894
IQR 2.303 0.150 1.552  0.190
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Figure 6.12: Training accuracy plots depicting the model accuracy obtained from the HMC sampling
method for different specimens from (a) T1, (b) T2, (c) T3, (d) T5, (e) T6

Figure 6.13 demonstrates the prediction distribution for the particular estimated crack width
from each training specimen. As shown in Figure 6.12 and 6.13, the proposed PBNNs
framework has shown accuracy and efficiency in estimating crack width in aluminum lap
joints while accounting for the various epistemic and aleatoric uncertainties associated with

the microcrack density, stiffness reduction, and measurements.
6.5.3 PREDICTION OF THE UNKNOWN CRACK WIDTH AND PROGNOSIS

The trained model is now applied to the test dataset to predict an estimate of the crack
growth for the unknown specimen T4. Figure 6.14 display the predicted mean and
uncertainty distributions for the specimens T4 at different time instant. The presented
probabilistic deep learning framework is implemented successfully on the experimental
fatigue damage data taken under laboratory-controlled conditions, Further, it is showing
high variance depicting the presence of uncertainty due to real-life conditions, making the
adoption of both deterministic physics-based models and traditional feed-forward

networks unfeasible Sriramula and Chryssanthopoulos (2009). The physics-based models
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Figure 6.13: Predicted distribution for the particular crack width obtained from the HMC sampling
method for different specimens from (a) T1, (b) T2, (c) T3, (d) T5, (e) T6
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Figure 6.14: Testing prediction results from the HMC sampling method for different unknown
specimens (a) T7, and (b) T8

have proved efficiency and predictability only in low-scale structures and highly controlled
environments. They are deterministic and do not consider the uncertainty inherent in
fatigue damage of composite materials, even in laboratory conditions Further, ANN
overfits in case of data sparsity. From the engineering aspect, failing the determine the
uncertainty will leads to high safety factors and thus lead to poor utilization. Hence, the

proposed probabilistic deep learning framework can be useful for on-board structural
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health monitoring systems where damage data is collected and simultaneously predictions
with quantified uncertainty can be made during the operation. PBNNs do not overfit the
model data and address both types of uncertainty which enhances the model’s robustness
and provides a more comprehensive understanding of the uncertainties associated with
predictions. Hence, the proposed data-driven method allows for the scalability to complex

structures and environments, while the uncertainty in the required estimate is quantified.
Results for prognosis using estimated crack width

The probabilistic deep learning framework provides the mean estimate of the crack width
and corresponding associated uncertainty. For the prognosis of the crack growth, this
study utilizes proposed EGA-BGPR methodology where the mean function are updated
according to the mean estimate of the crack width. As the Bayesian neural network returns
the distribution of the prediction, we consider the mean estimates of the crack width and
this predicted mean of the crack width is plotted against the number of cycles as shown in
Figure 6.15

Crack width (mm)
£

e  Change points

50k 55k 60k 65k 70k 75k 80k

Number of cycles

Figure 6.15: Predicted distribution results from the HMC sampling method for different unknown
specimens (a) T7, and (b) T8, for the first crack width in series

Alog likelihood function is evaluated for identification of change points. The Log-likelihood
function and observations of the prior training are presented in Figure 6.16. It can be clearly
observed that there are change points and each one is associated with the local maximum
of the log likelihood function. Further, for each time instant of prognosis, the log likelihood
profile is checked, and change point is identified, and accordingly prior mean function
is optimized, and degree of basis function is selected. The Gaussian process regression
is used for the surrogate modelling of the degradation indicator and prognosis has been
carried out based on the damage index. The result of prognosis for the time instant of
66500 cycles and 73000 cycles are presented for the specimen T4 in Figure 6.17 Figure 6.17
shows the uncertainty bounds obtained during the prognosis. It can also be seen that
the mean prediction trend gets closer to the actual crack width values provided in the
testing dataset, which indicates the effectiveness of the proposed framework in estimating

prognostic uncertainties.
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Figure 6.16: Estimation of posterior distribution of Paris law parameters using estimated mean crack
width though HMC sampling method
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Figure 6.17: Estimation of prognosis using proposed EGA-BGPR for the unknown specimens T4 at
66500 and 73000 cycles. The mean curve follows are correct trend of the true crack
width, potentially highlighting the robustness of proposed framework

6.6 CONCLUSIONS

This chapter discusses a practical case study of accurate fatigue crack width estimation in
aircraft structures, especially aluminium lap joint and extends it to the data driven based
prognosis under EGA-BGPR approach. The framework addresses following key areas with

limited research:

1. Directly linking Lamb wave signatures to crack width: The model learns this
relationship automatically using an automated approach that uses wavelet feature

extractor (MODWT), eliminating the need for manual feature engineering.

2. Incorporating uncertainty using probabilistic deep learning: The proposed
framework employs a probabilistic Bayesian neural network to quantify both
aleatoric (data-driven) and epistemic (model-driven) uncertainties, providing more

robust and reliable crack width estimates with confidence bounds. In this particular
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case, the results obtained from HMC optimization are found to be more reliable and

needs further investigation.

3. Adapting the mean function of the EGA-BGPR framework based on estimated mean

crack width for the prognosis.

The obtained results on unseen in-situ data from fatigue experiments on aluminum lap-joint
specimens demonstrates the efficacy of proposed framework and paving the way for practical
implementation in real-world scenarios. Further, it opens avenues for investigating the
applicability of proposed framework to other materials and geometries, potentially leading

to more reliable fatigue life prognosis and enhanced aircraft safety.
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CHAPTER ;

CONCLUSION AND FUTURE SCOPE

The thesis presents an integrated probabilistic machine learning approach for effective
diagnosis and reliable prognosis using measured condition information for degrading civil
and aviation infrastructure applications. By comprehensively accounting for measurement
noise, modeling uncertainties, and operational variability, the proposed approach provides
valuable insights for informed decision-making. A probabilistic ML tool known as
Gaussian process regression is employed as the surrogate model for degradation indicator
to perform prognosis. To address the challenges of extrapolation and local optima in the
GPR model, adaptive mean/basis functions and an entropy-assisted genetic algorithm
(EGA) are integrated. = Comparative analysis with traditional conjugate gradient
optimization demonstrates the superior performance of the EGA-optimized GPR. The
teasibility of the proposed methodology in real-world applications is substantiated
through practical implementation. ~Furthermore, the developed diagnostic methods
provide case-specific relationships between indirect measurements and degradation
indicators. This chapter summarizes the key research contributions, their implications, and

potential avenues for future work.

7.1 SIGNIFICANT CONTRIBUTIONS

The significant contributions of the thesis work are as follows:

1. An integrated probabilistic machine learning framework has been developed and
validated for damage detection, prognosis, and remaining useful life (RUL)
estimation of components where direct degradation is unobservable. This framework
employs a multi-stage degradation modeling approach, where degradation
indicators are derived from either statistical measures or system parameters. A
change point in the degradation path is identified to shift the adaptive mean function
with the current trajectory for extrapolation of GPR model. The parameters of the
adaptive mean function and surrogate model are simultaneously evaluated while

prognosis and RUL estimation.
2. An information theory based approach on Renyi’s entropy assisted genetic algorithm
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(EGA) is proposed to optimize Gaussian Process Regression (GPR) addressing the
challenges of local convergence and extrapolation. This approach helps the EGA to
generate sufficiently diverse population, leading to a higher likelihood of achieving
global convergence, as opposed to traditional optimization techniques like the
conjugate gradient method which usually converges to local minima. The advantage
of this approach is that it results in reasonably good estimates of hyperparameters

without showing any premature convergence.

3. The diagnosis methodology developed in this dissertation are general in nature. A
damage index based on Bhattacharyya distance using indirect measures is developed
while discussing numerical case study. For the diagnosis of real life case studies,
two-stage constraint unscented Kalman filter is proposed for evaluating the system
parameters in the complex systems like elastomeric rubber bearing exposed to
bidirectional excitation. This two-stage framework is capable of handling
overconfidence issues while evaluating large variance matrix due to high number of
states. Additionally, a probabilistic Bayesian neural network (PBNN) framework is
proposed for aviation infrastructure diagnosis, leveraging wavelet transform for
automated feature extraction and linking Lamb wave signatures to crack width

estimation considering the inherent uncertainties.

4. The proposed method has been successfully applied to elastomeric bearing
degradation and the development of crack width in lap joints under fatigue loading.
For both applications, the parameters of the degradation surrogate model are
estimated using experimental data, adaptive mean functions are re-evaluated when
change points occurs and the RUL distribution is updated with monitored condition

data.

5. The methodological advancements contribute to a more reliable framework for
predicting remaining useful life of degrading systems and significantly enhance

prognostic accuracy.

7.2 CONCLUSIONS

The conclusions are summarized as follows:
1. The numerical examples and case studies underscore the critical role of integrating prior
knowledge in pre-training the adaptive mean function for the proposed framework’s optimal

performance. When effectively combined with degradation data, this approach yields more

accurate and efficient prognosis.

2. The analysis reveals that utilizing more degradation data post-change point leads to

timely fault detection, improved model hyperparameter estimates, variance reduction and
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reasonably accurate RUL predictions.

3. From the comparison study of entropy assisted genetic optimization with conjugate
gradient method for maximum likelihood evaluation using numerical degradation data
demonstrate the superior performance of proposed optimization. While significant
improvements have been achieved, further enhancements can be expected with more

complex trajectories.

4. The case study demonstrated that the proposed degradation modeling and prognosis
framework can successfully be applied to various real-life applications such as fatigue
degradation in elastomeric rubber bearing and aluminium lap joint. However, developing
suitable surrogate measures can be challenging and often requires extensive data
preprocessing and advanced techniques. For instance, identifying system parameters for
elastomeric rubber bearing deterioration necessitates a two-stage constrained unscented
Kalman filter, while mapping crack width to Lamb waves demands wavelet transforms

and a probabilistic Bayesian neural network.

7.3 RECOMMENDATIONS FOR FUTURE WORK

Several potential extensions for applying this research to condition-based maintenance of

critical infrastructure using condition monitoring data are outlined below:

1. Degradation signals are often corrupted by measurement noise, introducing
non-stationarity that complicates change detection and degradation modeling. A
rigorous investigation into the applicability of GPR for surrogate modeling under
increasing non-stationarity is necessary to assess the scalability of the proposed

approach.

2. While the thesis demonstrates the potential of adaptive mean functions within GPR
frameworks for extrapolation and prognosis using EGA-GPR, the limitations of this
approach in handling complex time series are evident. Extrapolation, especially with
uncertainty quantification, remains a challenging task in machine learning. Future
research should focus on developing novel methods to enhance the extrapolation

capabilities of machine learning frameworks tailored for prognosis.

3. The proposed algorithm’s performance relies on the appropriate selection of an
adaptive mean function. The current approach using a set of functions can be
refined. Despite the closed-form solutions provided by GPR, developing explainable
Al (XAI) techniques specifically for probabilistic models and complex feature spaces
is essential. This includes visualizing prediction uncertainties, conducting sensitivity

analyses, and tracing the reasoning behind model outputs.

4. The two-stage constraint unscented Kalman filter and other probabilistic models
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presented in this thesis offer advantages in handling sparse datasets. However, their
computational complexity, particularly with large datasets under Bayesian
frameworks, is a significant challenge. Future research should explore methods like
model simplification and efficient optimization algorithms to address these

computational demands.

5. For modeling aluminum lap joint degradation, employing more sophisticated Lamb

wave features and comparing their performance to existing features is recommended.

6. The limited experimental data for structural engineering applications restricts a
comprehensive evaluation of the proposed method. A more extensive dataset and
diverse application examples are necessary to fully understand the method’s
performance, including the identification of effective features for damage detection

and prognosis in the civil engineering domain.
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APPENDIX A

HamiLtoNIAN MoNTE CaArLo (HMC)

Hamiltonian Monte Carlo (HMC) is an efficient Markov Chain Monte Carlo (MCMCQC)
method that leverages Hamiltonian dynamics and incorporates Metropolis-Hasting
algorithms for sampling from continuous distributions. In MCMC methods, the goal is to
construct a Markov chain, represented by a sequence of random samples (.5;), where each
sample probabilistically depends only on the preceding one (S;—1), and the overall
sequence follows a desired distribution. Unlike standard sampling approaches such as
rejection or inversion sampling, most MCMC algorithms, including HMC, require an
initial burn-in period for the Markov chain to reach the desired distribution. Among
MCMC methods, the Metropolis-Hastings algorithm stands out because it doesn’t demand
knowledge about the exact probability distribution P(©2 | X,Y) but only requires a
function proportional to that distribution, such as a Bayesian posterior distribution.
However, the spread of the proposal distribution in the Metropolis-Hastings algorithm
needs careful tuning to avoid a high rejection rate or excessive autocorrelation in the
samples. While there is no general method for tweaking these parameters, a strategy is
required to obtain the new proposed sample. Additionally, successive samples generated
by MCMC may be correlated, necessitating the generation of a large set of samples,
followed by subsampling to obtain approximately independent samples from the target
distribution. ~ However, storing the final collection of samples after training is
computationally expensive for many deep-learning models. Despite these challenges,
MCMC methods, particularly the Metropolis-Hastings algorithm, are widely regarded as
some of the best and most popular solutions for sampling exact posterior distributions in
Bayesian statistics. The HMC algorithm does the job as it uses Hamiltonian dynamics to
propose new samples, providing an alternative and potentially more efficient approach
compared to traditional Metropolis-Hastings methods. In PBNNSs, the target posterior
distribution of the weights Q@ = w;,ws, ..., w, for the training set is given by the joint
probabilities p(2 | X,Y’). Considering, the auxiliary momentum variable  for each model

variable 2, HMC will generate sample independently of the joint density function as
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140 Hamiltonian Monte Carlo (HMC)

follows

(A1)

Algorithm 1 Hamiltonian Monte Carlo

10:
11:

1
2
3
4:
5:
6
7
8
9

. Given w®, e, L, L, M
: form =1to M do
: Sample % ~ N(0, ).
Set w™ — W™ L w 4 Wy_1,T — 70.
fori=1to L do
Set w, r < Leapfrog (w, r, €).
end for
Metropolis-Hastings Step:

With probability o = min{1,
set w™ + w,r™ + —r.
end for

exp{ L(w)— 77 )
exp{ﬁ(wmfl)—%rowo}

12:

13:
14:
15:
16:
17:

function Leapfrog (w, r, €)
Set 7«17+ (¢/2)Vy, L(w).
Set w «— w + €7

Set 7 «— 1+ (¢/2)VyL(w)

return w, v

The working mechanism of the HMC is provided in Algorithm 1. Here, L is the length of the

sample space, M is the total number of iteration, £ is the logarithm of the joint density of the

trainable weights w. Further, in this thesis, all the weights of the PBNNSs is kept trainable and

the No-U-Turn sampling technique is implemented (Hoffman et al., 2014), which allows the

hyperparameters of the algorithm to be automatically tweaked instead of manually setting

them.
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APPENDIX B

VARIATIONAL INFERENCE

Due to large amount of parameters, and non-linear activation function between the
variational hidden layers, it is impossible to track the close form of the posterior of weights
ie, p(Q | X,Y). Thus, the approximate posterior distribution, parameterized by ¢, called
variational distribution ¢,(£2) is developed using stochastic variational inference. Unlike
p(Q | X,Y),q4(2) can be transformed into closed form, which reduces the inference
difficulty. In this work, for the complex model like deep PBNNs, the mean field Gaussian
distribution is considered as approximate posterior variational distribution. The values of
the parameters ¢ are then learned such that the variational distribution ¢4(§2) is as close as
possible to the exact posterior P(§2 | X,Y). The measure of closeness that is commonly
used is the Kullback-Leibler divergence (KL-divergence) (Kullback and Leibler, 1951),
which measures the difference between probability distributions based on Shannon’s
information theory Shannon (1948). The KL divergence between ¢, () and p(2 | X,Y) is

defined as
p(Q Y, X)

a5(12)
Accordingly, if we can find a ¢4(f2) that minimizes the Dgy, (¢4(Q2) | p(©2 ] X,Y)), the

Dici (06(®) | 2] X.Y) = = [ as(@)1n d (B.1)

predictive distribution can be approximated by

oy |2, X,Y) = [ pl0)p(0 | 2, Dao( 0 (B2)
Thus, to optimize the KL divergence, we employ the Adam optimizer to train ¢. The detailed

algorithm is given in Algorithm 2.

Algorithm 2 Variational inference

1: Require: an initial state for ¢

2: fork=1,2...N do

3 Sample 2\) ~ N(0,1)

4 QU — p+o-209,5=1,2...N,,

5 L(9) « =2 D (05(9) | p()]

6 Update ¢ with gradient V,L(¢) using Adam optimizer.
7: end for

The algorithm is repeated for every parameter till the KL divergence gets optimized.
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APPENDIX C

UNSCENTED KALMAN FILTER

The Bayesian inference methodology utilized in Kalman filtering consists of three principal
stages: (1) generating a prediction based on initial conditions and a mathematical model, (2)
incorporating measurements to enhance the confidence of this prediction, and (3) deriving
a corrected optimal estimate by synthesizing both the prediction and the measurements,
thereby refining the output. Unscented transformation is developed by Julier and Uhlmann
(2004) for approximating the joint distributions of random variables x and y describe as
x ~ N(m,P), y = 8(x) . Here, x is the random variable with normal distribution having
to mean equal to m and variance matrix equal to P, and ¢(-) is the nonlinear function. The
Unscented Kalman Filter (UKF) surpasses the Extended Kalman Filter (EKF) for complex,
nonlinear systems. Unlike the EKF, it avoids linearization errors by using a sampling
approach. The UKF employs carefully chosen "sigma points" to approximate the state
distribution, capturing both mean and covariance accurately. These sigma points are then
propagated through the nonlinear system, leading to a more accurate estimation of the
posterior mean and covariance. Let us consider the nonlinear state-space dynamical model

with the discrete measurement at a regular interval of At having,

(k+1)At
State equation: Xg+1 = Xk + / f(x(7), ug)dr + wg, (C1)
(k)At
Measurement equation: Vi1l = 8(Xp+1) + Vkt1 (C2)

where wy and vy are the Gaussian white noise referred as process noise and measurement
noise respectively with covariance matrix )y and Ry . Further, x € R" and y € R™ are
system state and measurement vector. The nonlinear functions f and g represents dynamics
which transform the distribution of random variable as shown in Figure C.1. Lastly, uy, is the
input vector, and k is the time step. For calculating the statistics of the y, UKF generates a

set of symmetric (2L + 1) sigma vectors xy k,; Qs shown in Equation C.5 with the associated
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144 Unscented Kalman filter

True -~ Transformed

N distribution : distribution
/ Vi
: ¥

Nonlinear > )

Transformation

True mean True mean
& variance & variance

Figure C.1: Non-linear transformation of distribution

weights W .
Xk|k,0 = Xk|k Wy = 7 _’T_ - (C3)
Xklk,i = Xpfk + /(L + £)(Prp), W, = 2(le (C4)
Xklkyi+L = Xppk — \/ (L + £)(Prp), Wit = m (C.5)

Here, « is the tuning parameter indirectly determines the spread of sigma points about
the mean point or filtered state estimates z;. The term /(L + x)(Py), represents the
i*™™ column of matrix square root of Py ;. , which can be computed using lower triangular
Cholesky factorization. Further, I; is the weight associated with the i*® column. Provided
the sum of weights W; equal to unity due to symmetry, the weighted covariance matrix P,

is given by:
2L
T

Pk = > WilXkjki — Xip) Xklki — i) (C.6)
i=0

The sigma points vector x is propagated through the non-linear system state space model

and predicted sigma points vector x* is obtained as follows:
(k+1)At
Xivies = Xepa + [ () m)dr (C7)
kAL
The predicted state estimate X, and its covariance matrix Py ;, are calculated from the

predicted sigma points vector.

3

X1t = D WiXi e, (C8)
i=0
2L

P =), WiXe41jk: — Xkt 1)) Xhg1ji — Xip1fs). + Qk (C9)
i=0

The predicted measurements vector Y, 1|, are obtained by propagating the predicted sigma

points vector through non-linear measurement state space model.

Yotk = 8(Xpt1 ki Wht1) (C.10)

By making use of predicted measurement vector, the predicted measurement mean vector
Yk+1 , predicted covariance matrix of the measurement P,,, , and cross covariance of the

state and the measurement P, are as follows:
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2L

Yirr =D Wi¥ii1 (C.11)
i=0
2L

- ~ T

Pooii1 = Y WilYii1i — Yir1) Yesti — Yip1) + Rigr (C.12)

i=0
2L .

Poviit = O WilXtijei — Xer1k) (Yrtti — Yir1) (C.13)
i=0

The process of generation of sigma points, their propagation through non-linear model, and

finally predicting the posterior mean and covariance is illustrated in Figure C.2.

Transformed
sigma points

(k+1)At

X' =x+ / f(@(7), ux)dr

kAt

Propagation of ’ X Prediction

sigma points % 17, KSR

x=2+/T+RP) Using Y = g(x*)

Generation of
sigma points

- Predicted mean
Generated Transformed mean & variance
sigma points & variance

Figure C.2: Process of unscented Kalman filter for predicting posterior estimates

The Kalman gain matrix is calculated by multiplying the cross-covariance matrix P, with

the inverse of variance matrix P, as follows:
Kk-l—l = va,k+1P;UI7k+1 (C14)

Family of Kalman filter uses the linear update equation for the state estimates. The updated

state estimates and the error covariance matrix in the updated estimates are as follows:

§k+1|k+1 = ik—i—l\k + Kk+1(Yk+1 - ?k-{-l) (C 15)

i
Prijer1 = Prrap — Ker1Pow 1 Ky
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APPENDIX D

MODELLING OF RUBBER BEARING

Among seismic bearings, high damping rubber bearing (HDRB) exhibits significant
bidirectional effects under large shear strain (Yamamoto et al., 2012). The suitability of the
biaxial Bouc-Wen (BBW) model should be checked before using it for application purpose
of CUKF. Hence, it is compared with uniaxial Bouc-Wen (UBW) model. The three sets of
model parameter as mentioned in Table D.1 are adopted to compare BBW with UBW
model. The mass m, stiffness k, and damping c for the LRB system are taken as 6800 kg,
1392 kN /m, 3740 Ns/m, respectively. The hysteresis responses for BBW and UBW for LRB

are obtained for the Kobe earthquake, and the same is presented in Figure D.1.

a) 30 b) 30

20 20

(kN)
, (kN)

fr

-20 -20
------- Uniaxial BW model ~Uniaxial BW model
—Biaxial BW model — Biaxial BW model
-30 -30
-30  -20 -10 0 10 20 30 -40 -20 0 20 40

up, (mm) Uy (mm)

Figure D.1: Comparison of hysteresis of UBW with BBW model for the LRB a) X-axis and b) Y-axis

Table D.1: Hysteresis system parameters of LRB, NRB, and HDRB

Parameters LRB NRB HDRB

X Y X Y X Y
«@ 0.15 0.2 0.29 0.31 0.23 0.26
153 1.1 14 1.15 0.7 1 1.3
v 0.2 0.5 -0.1 -0.4 -0.3 -0.3
D, (mm) 13 13 12.7 12.7 12 12

It can be clearly observed that there are significant discrepancies in the responses which have
arisen due to mutual interaction among the principal axes, therefore, it is prudent to model
the biaxial behaviour of the structural components. The maximum change is observed in

case of HDRB both in terms of displacement and energy dissipation.
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Modelling of rubber bearing

Table D.2: Comparison of peak displacement and energy dissipation for seismic isolators
considering UBW and BBW model

Isolator Displacement (mm) Energy (kNm)
type UBW bBW UBW UBW
X Y X Y X Y X Y
LRB 17.18 21.18 18.67 21.68 1.66 2.37 1.72 2.40
NRB 85.93 144.36 88.92 140.60 38.74 102.97 35.06 83.98
HDRB 63.94 109.70 72.27 107.91 47.22 80.90 34.50 74.85
a) 25 r b) .
[ Along X-axis [ Along X-axis
20k [ Along Y-axis | Seolk [ Along Y-axis |
S Il Combined % Il Combined
£ =<l £2
55" % &40
g 210 &<
4 520
St 5
. =l
LRB NRB HDRB LRB NRB HDRB
Figure D.2: Comparision of UBW and BBW model by observing the change in (a) displacement and,
(b) energy dissipation
T T 100 T T
100k ——DHI model ——DHI model
""""""" BoucWen model 501, i ==BoucWen model |
é or g 0
Lo—?: ::><
=501
-100 f
- -100 - - - -
-150 100 150 10 20 30 40 50
t(s)
200 T T C : .
—DHI model 100 ) ——DHI model
100 } BoucWen model sof  ltHA AR v BoucWen model |
*Zé or g 0 ‘\N
H—-b :3>‘ L
-100 =0r
-100
- -150  -100  -50 0 50 100 150 0 10 20 30 40 50
u (mm) t(s)

Figure D.3: Comparison of estimated BBW model with the DHI model for HDRB (a) Hysteresis
in X direction, (b) Displacement in X direction, (c) Hysteresis in Y Direction, and (d)

Displacement in Y Direction
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Table D.3: Summary of the simulated and estimated results for the various types of rubber

bearings
Type of seismic bearing LRB NRB HDRB
X Y X Y X Y
Energy Simulated system, (kNm) 172 2400 29.80 8630 3440 74.10
dissipated Estimated BBW system, (kNm)  1.72 24.00 3250 79.10 3450 74.80
Error, (%) -027 -015 -886 838 -033 -0.96
Peak Simulated system, (mm) 18.65 21.72 89.30 150.03 67.56 108.99
displacement  Estimated BBW system, (mm) 19.33 2142 9397 139.17 7227 10791
Error, (%) -365 137 -522 724  -698  0.99

This clearly indicates that the BBW model is capturing the interaction behaviour properly
and is suitable for the modelling the isolators. To compare the difference in the behaviour
of UBW and BBW, the peak displacement and energy dissipation for the LRB, NRB, and
HDRB are calculated and presented in Table D.2. The change in displacement and energy
dissipation for different isolators when BBW is compared with UBW model is presented
in Figure D.2. Moreover, the estimated response of the BBW model is compared with the
"Deformation-History Integral Type (DHI)’ model for high damping rubber bearing (HDRB).
The hysteresis and displacement response of BBW model resemble close relation with the
DHI model and are presented in Figure D.3 . The numerical comparison of estimated
BBW model with the simulated system is presented in Table D.3. It can be observed that
the energy dissipation and the peak displacement from the simulated and estimated BBW
model are comparable. Therefore, the presented biaxial Bouc-Wen model is well suited for

the simulation of seismic isolators.
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