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Abstract 

Condition monitoring in rotating machinery deals with diagnostics and rectification of 

various faults that are found in rotors and interconnecting components. Misalignment is 

one of the commonly encountered faults in industry which can lead to vibration in rotors, 

coupling, noise in bearings and sometimes eventual failures. There have been various 

vibration-based methods of monitoring misalignment, like orbits with loops, high axial 

vibration, and higher second harmonic of vibration. Some of the methods to tackle 

misalignment are placing shims below bearing housings and employing flexible 

couplings to transmit power between adjacent rotors.  

In this work model-based identification of misalignment in coupled rotors integrated 

with active magnetic bearings has been studied.  Active magnetic bearings function as 

auxiliary or main supports for the rotor system and attenuate the vibration produced due 

to misalignment. The stiffness of the coupling is modelled as the sum of static stiffness 

and time-varying additive stiffness. The additive coupling stiffness model is developed 

based on weight dominance criteria and a suitable steering function. The steering 

function is used to mimic the multi-harmonic nature of misalignment forces as noticed in 

various experiments. 

The first model of the coupling considers the angular misalignment and is suitable for 

simple rotors connected by flexible coupling. It is based on the translational 

displacements at disc locations. The second model considers both parallel and angular 

misalignment and is suitable for rotors with multiple discs connected by either rigid or 

flexible coupling. It is based on translational and rotational displacements at coupling 

ends. The third and final model considers angular misalignment and is suitable for spline 

joints found in gas turbine rotors. It is based on translational and rotational 

displacements at spline joint ends. 

 The model of the coupling is integrated with the global equations of motion of the 

coupled rotor. The vibration responses at various rotor locations and current responses in 

AMBs are obtained by solving the equations of motion. The responses are passed 

through full spectrum algorithm to estimate the amplitude and phase of the integer 

harmonics of rotor vibration and AMB current. An identification algorithm has been 
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developed by rearranging the frequency domain equations of the coupled rotor system. 

By inputting the real and imaginary parts of the vibration and current to this algorithm 

the unknown parameters of the rotor-coupling-AMB system have been estimated.  

The static and additive stiffness of coupling, displacement and current stiffness of 

AMBs, unbalance and phase of the discs, stiffness of bearings are the unknown 

parameters, which have been estimated from the linear least-squares problem. The 

identification algorithm has been tested against various levels of measurement noise and 

modelling bias and found to be robust. 
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CHAPTER 1  

Introduction and Literature survey 

1.1 Introduction  

This chapter surveys the literature available on Active Magnetic Bearings (AMB) and 

their applications in rotating machinery. The first section presents an introduction to 

AMBs and its basic principles that will pave a way for understanding of the subsequent 

literature survey. The later sections that follow discuss the hardware required for 

implementation such as types of AMB actuators, DSP controllers, control laws, power 

amplifiers, sensors and touchdown bearings. The previous literature reviews on 

synchronous vibration suppression and condition monitoring are discussed next.  

The later subsections elaborate on application of AMBs for (i) synchronous vibration 

suppression (ii) stability improvement iii) effect of control laws on AMB performance (iv) 

identification of cracked rotors (v) identification of bearing faults vi) identification of 

AMB forces and (vii) identification of AMB constants. The summary of the various 

applications of AMB in flexible rotordynamic systems is presented later. The last section 

presents the various possibilities of AMB applications in condition monitoring that have 

potential for further research.  

1.2 Working Principle of AMBs 

AMBs are typically used as bearings, and have the unique feature of no contact 

between the stationary housing called the stator and the rotating target called the rotor. A 

non-rotating rotor is first lifted into air by AMBs, i.e. it acts as pure bearing, and then the 

drive rotates it up to desired operating speed. During run-up AMBs act as a controller, 

suppressing unwanted high level of vibration, especially during resonances and 

instabilities. During transients and rundown, the rotor lands on touchdown bearings 

(Haberman and Brunet, 1984). AMBs can only produce attractive forces, therefore, a 

closed loop controller with additional hardware components are required to maintain 

stable operation. Primarily, AMBs offer advantages such as high attainable rotating speed, 

tuneable bearing rotordynamic parameters, no wear, no lubrication system, low losses, 

and wide operating temperature range, lower power consumption compared to fluid film 

bearings, rolling element bearing (Haberman and Liard, 1980; Maslen et al., 1996). 
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Figure 1-1Working principle of AMB–rotor system 

The schematic representation of the components of AMBs and its working 

principle is shown in Figure 1-1. A magnetic bearing system consists of four basic 

components: magnetic actuator, controller, power amplifier, and shaft position (proximity) 

sensor.  The non-contact proximity sensor sends measured signal to the controller when 

there is a change in rotor position. The controller sends correction signal to power 

amplifier, which then sends appropriate current correction to electromagnet coils. 

Electromagnets create magnetic flux to attract the rotor back to its equilibrium position. 

This process happens in real time thus levitating the rotor during its operation.  

1.3 AMB Actuators 

AMBs exert forces on the rotor without direct physical contact by generating 

attractive forces using electromagnets. The simplest AMB stator consists of two electric 

coils facing each other. At least three coils are necessary for a complete radial magnetic 

bearing in order to generate forces in two perpendicular directions. The most common 

design uses four independent coils (Larsonneur, 1990). Bornstein (1991) gave expressions 

for static and dynamic load capacities of magnetic bearings. 

Radial AMBs are grouped into two primary structural configurations based on magnetic 

polarities of the stator relative to the rotor. If the stator poles in a given rotor transverse 
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plane have the same magnetic polarities, then it is termed as homopolar. The magnetic 

flux path in this configuration is as shown in Figure 1-2.  

 

Figure 1-2 Homopolar radial magnetic bearing (HOMB) 

 

Figure 1-3 Heteropolar radial magnetic bearing (HEMB) 

 

Figure 1-4 Double acting magnetic thrust bearing                 
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         Figure 1-5 Radial - Axial magnetic bearing 

With homopolar bearings, the rotor experiences lesser change in magnetic field 

around its circumference, and thus eddy currents are reduced significantly. This 

eliminates the need for a laminated collar on the shaft. If polarities of stator poles in a 

given rotor transverse plane vary, it is termed as heteropolar (Figure 1-3). The magnetic 

flux path is radial in this configuration. Its chief advantage lies in the simplicity of 

construction from laminations. However heteropolar bearings tend to induce substantially 

greater losses in the rotor, due to the high frequency changing magnetic field the rotor 

experiences, there by building up eddy currents. This issue is addressed by using them in 

conjunction with laminated ferromagnetic collar/sheets, called core, that are slid around 

the rotor to keep the eddy current losses as low as possible. This leads to less field 

variation around the circumference of the rotor and reduced eddy current losses (Kasarda 

et al., 1999; Schweitzer and Maslen, 2009). The core is generally made out of laminated 

electrical steel, which has high magnetic permeability, good saturation strength and 

reduced energy losses due to eddy current build up. Lusty et al. (2016) developed a core 

that was made out of Soft Magnetic Composite (SMC). Allaire et al. (1996) has given a 

comparison of power losses in HEMB and HOMB. 

Figure 1-4 shows a double acting magnetic thrust bearing, which exerts axial force 

on the rotor in both directions. These are widely used in vertical centrifugal pumps.  

Combined radial-axial AMBs in addition to levitating the rotor also provide both radial 

and thrust (axial) control of the rotor (Figure 1-5). For more details on integrated 

magnetic bearing the reader can refer to McMullen et al. (2000) and Betchson (2000).  
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For more information on various design aspects of magnetic bearing actuators the 

reader can refer to Haberman and Brunet (1984), Chen (1988), Schweitzer and Maslen 

(2009), Rao and Tiwari (2009), Lijesh and Hirani (2015) and Barbaraci (2016). 

1.4 Digital Signal Processing Unit  

Digital signal processing unit, also called DSP controller, processes the rotor 

vibration signal according to a predefined control law and outputs control current, which 

is routed to power amplifiers. The position signal of rotor is digitized through an analog to 

digital converter before being sent to the plant controller, which is converted back to 

analog voltage signal through a digital to analog converter. The sample rate of the 

controller is generally two orders of magnitude higher than bandwidth of the tests 

performed. The low pass filter is used to attenuate high frequency electrical noise within 

the controller and to reduce the controller’s high frequency gain above the bandwidth of 

hardware. To dampen out unwanted high frequency resonances existing above the 

frequency bandwidth of the system, notch filters are used. (Clements, 2000). The analog 

voltage signal is then sent to power amplifiers. 

1.5 AMB Control Law  

The magnetic bearing system is unstable in open loop and therefore feedback 

control is needed for the stable levitation of rotor. This function is commonly achieved by 

a controller, which controls rotor position based on the data transmitted from the position 

sensors. The controller supplies equal and opposite currents to poles to provide stabilizing 

force to rotor (Haberman and Brunet, 1984). The feedback control law plays a central role 

in AMB performance. So much so that a vast range of literature is available on the 

implementation of various control laws and their effect on the rotor dynamics of AMB 

supported systems. The PID control dominates the present AMB applications. However, 

these controllers do not always provide the desired performance and robustness, 

especially when the operating speed is above the system’s critical speed and the 

gyroscopic effect is involved. This prevents their use in the more advanced applications of 

AMBs.  

Over the years, a variety of controllers from simple SISO to complex multi-input 

and multi-output (MIMO) adoptive controllers have been used. A complete list of 
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controllers used in AMB systems is given in Schweitzer and Maslen (2009). For higher 

speeds, complex MIMO adoptive controllers, like the µ-synthesis and H∞ controllers are 

being preferred over conventional and simpler SISO controllers as they have been found 

to improve the performance and robustness of a rotor–AMB system. Fittro and Knospe 

(2002), Maslen and Sawicki (2007), and Sawicki (2008) explained the motivation for the 

use of µ-synthesis controllers. 

MIMO control methods usually rely on accurate analytical models and uncertainty 

characterizations. Due to geometrical and assembly features such as interference fits and 

abrupt changes in shaft diameters, bending stiffness of rotor changes, which in turn affects 

mode shapes, resonances and anti-resonances. As a regular exercise, modal updating 

(Friswell and Mottershead, 1995) is performed before implementation of these controllers, 

to improve the accuracy of finite element (FE) models of rotors. To obtain the final 

numerical model, which accurately describes the experimental model, the initial FE model 

of the flexible rotor needs to be fine-tuned based on the measured frequency response of 

the levitated rotor during run-ups. Various techniques developed by researchers for model 

updating are explained in works by Vazquez et al. (2001), Ahn et al. (2003), Sawicki and 

Maslen (2007), Wroblewski et al. (2012), Madden and Sawicki (2012), Sun et al. (2013), 

Stimac et al. (2013), Zhe et al. (2014) and Xu et al. (2015). 

1.6 Power Amplifiers 

Power amplifiers supply the electromagnets with the power for the magnetic field 

which generates the forces acting on the rotor. They act as a bridge between the control 

signals from the controller and applied current to the coils of electromagnetic actuator. In 

AMB applications, each bearing axis has a pair of power amplifies. The amplifiers are 

high voltage switches, which use transistors that are switched on/off at a high frequency 

to represent positive/negative voltage values, as commanded by the pulse-width 

modulation wave signal from the controller (Tiwari, 2011). Lately, switching power 

amplifies have come to replace analog power amplifiers. For more information, the reader 

can refer to Keith et al. (1990) and Jing (1995). 
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1.7 Sensors 

Eddy current proximity probes are the most commonly used gap sensors in AMB 

applications. These are based on the fact that eddy currents are induced in a conductive 

material of the rotor as a result of the magnetic field of active electromagnet coil. The 

eddy current induces an opposing magnetic field, and hence reduces the inductance in the 

active electromagnet coil. As the distance between rotor and the transducer probe changes, 

impedance of the coil changes accordingly. Eddy current sensors have an excellent 

frequency response, almost linear characteristics and negligible phase shift, and are non-

sensitive to external disturbances. They cover a displacement range of 2 mm. However, 

there are other types of non-contact displacement sensors/ transducers, e.g., the capacitive, 

inductive, magnetic, optical, combined displacement-velocity, photo-electric and laser 

types. (Schweitzer and Maslen, 2009; Tiwari, 2011). 

Hall sensors are solid-state sensors that vary their output voltage proportional to 

magnetic field density. They are used for magnetic flux measurement in AMB 

applications by mounting them on the pole surfaces. Voigt and Santos (2012) embedded 

hall sensors in the pole instead of mounting on the pole and investigated the force 

estimation errors theoretically and experimentally. 

1.8 Touch-down Bearings 

For each AMB, rolling element bearings also called auxiliary or backup or retainer 

or touchdown bearings are mounted at one half the AMB air gap to protect the AMB 

components in the event of power failure or AMB load saturation. During normal 

operation they are not in contact with the rotor. According to ISO 14839, three typical 

orbit responses that can be detected in touchdown events are pendulum vibration, 

combined rub and bouncing, and full rub. Lyu et al. (2016) performed frequency response 

analysis on the orbits observed during touchdown. Lijesh and Hirani (2016) performed 

failure mode and effect analysis (FMEA) on AMBs to identify the various failure modes 

and the corresponding effects of those failures on performance. On a severity scale of 5, 

partial rub of rotor with AMB and touchdown events have been rated at 3 and 5 

respectively. Halminen et al. (2017) developed two elastic contact mathematical models 

for back-up rolling element bearings with and without cage. Lyu et al. (2018) presented a 

rotor relevitation method after the instance of rotor coming in contact with touch down 
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bearings. A decentralized PID algorithm is used to identify rotor responses such as 

pendulum motion, combined rub and full annular rub to achieve relevitation of rotor. 

Saket et al. (2019) calibrated strain measurement data against AMB forces to 

experimentally investigate the flexible rotor-touchdown bearing contact conditions.  

1.9 Synchronous Vibration Suppression: Earlier work 

A rotor that operates well below its first bending critical speed is termed as rigid 

rotor. It can be balanced at low speeds and in any two arbitrary planes. Over the decades 

there has been vast amount of literature on various techniques of rigid rotor balancing. 

Vance (1988), Goodwin (1989), ISO 1940/1: 2003 and Muszynska (2005) can be refereed 

to know more on this topic.  

A rotor that operates near or above the bending critical speed is termed as flexible 

rotor. Unlike a rigid rotor, the unbalance distribution changes along the length of rotor 

with speed. Hence, high speed balancing is to be done at individual critical speeds on 

different number of balancing planes. Since early 1950’s there have been numerous books 

and papers on the vibration reduction in the flexible rotor by various traditional balancing 

methods, such as influence coefficient balancing, modal balancing and unified balancing. 

Bishop et al. (1959), Sharp (1980), Parkinson et al. (1980), Gnielka (1983), Gosiewski 

(1985, 1987), Darlow (1987, 1989) and Ehrich (1990), ISO 11342/1: 1998 are a few 

important technical papers that can be referred to for fundamental principles of the 

flexible rotor high-speed balancing. Zhou and Shi (2001) presented an article on active 

balancing and vibration control in rotating machinery.  

1.10 Condition Monitoring of Rotor-Bearing Systems:  Earlier work 

Condition monitoring (CM) is the process of determining the condition of 

machinery while in operation by monitoring a parameter (or more) of machinery in order 

to identify significant changes, which are indicative of a developing fault. CM is a major 

component of predictive maintenance. It has unique benefit in that conditions that would 

shorten normal lifespan can be addressed before they develop into a major failure. There 

is vast amount of literature available on CM of mechanical systems by employing various 

techniques. It will be beyond the scope of this chapter to review the various techniques 

developed over the years. Davies (1998) has comprehensively treated the several CM 
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techniques that are in practice in industry. For the different signal processing techniques 

employed and transducers used in vibration based CM, the reader is advised to refer to 

Randall (2011) and Lee (2008). 

Figure 1-6 gives pictorial abstract representation of various CM techniques 

employed in rotating machinery. Figure 1-6(a) is the traditional CM technique that has 

been in usage in industries for many decades. The output parameter of interest (vibration, 

acoustics, pressure, temperature, and oil debris) in rotating machinery is continuously 

monitored for increase/decrease in amplitude or appearance of new frequency components 

in spectrum. Based on previous experience the CM engineer attributes the abnormality 

noticed in the spectrum for possible faults generated within the system. There are several 

machine learning algorithms (artificial neural network and support vector machines 

(Alguindigue and Uhrig, 1991; Tsou and Shen, 1994; Meireles et al., 2003; Li et al., 2011) 

which exploit heuristic knowledge with measured data to develop expert system and that 

field is beyond the scope of the present chapter.   

In Figure 1-6(b), a known external excitation is applied on the system and the 

generated output signal is processed for identification of suspected faults. This, however, 

requires accurate estimation (or measurement) of force that is input to the system. 

Estimation of frequency response function (FRF) from impact testing is one of the reliable 

and time tested ways of obtaining vibration signature, which can be used for fault 

diagnosis. Brown et al. (2015) gave guide lines to make good FRF measurements with 

impact testing. Chen et al. (2014) used this method and performed impulse response tests 

on gas turbine engine casing to diagnose the faults in main rotor ball bearings. The faults 

generated on the inner race, outer race and balls are significantly weakened as they 

transmit through the flexible housing to casing, thus rendering traditional spectrum 

monitoring ineffective. Wavelet envelope analysis was performed to effectively extract 

the signature corresponding to bearing faults. Tieu and Qiu (1997) identified the dynamic 

coefficients of journal bearings using the impulse responses from impact hammer tests. 

Figure 1-6(c) shows a technique, wherein, the magnitude of unknown system 

faults is estimated from output signal produced by exciting these faults during operation. 

Lees and Edwards (1997) estimated the residual unbalance in flexible rotor system from 

run–up data. The data was later used for balancing the flexible rotor. 
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Figure 1-6(d) shows a technique wherein faults are deliberately introduced into the 

system and the system characteristics / magnitude of unknown system faults is estimated 

from output signal. Edwards et al. (2000) estimated the residual unbalance and shaft bend 

by exciting the rotor with trial masses during run-up. The technique has been used to 

estimate dynamic characteristics of supports. Tieu and Qiu (1994) identified the dynamic 

coefficients of journal bearings using experimental unbalance responses. Shravankumar 

and Tiwari (2012) used model-based method to estimate shaft viscous damping, 

unbalance eccentricity and crack stiffness of a Laval rotor.  

In Figure 1-6(e), system diagnosis is performed with an AMB exciter/injector, 

which is used to amplify vibration signature that is characteristic of a particular fault. 

Faults in rolling element bearings, wear in journal bearings, presence of breathing crack 

have been detected using this method.  This technique, however, compromises the 

structural integrity of component that contains the fault. A review of this technique is 

presented in Sections 2.5.3 and 2.5.6.  

 In Figure 1-6(f) AMB acts as auxiliary support, which suppresses the vibrations 

induced by faults. The vibration signal obtained from the system alone cannot be used for 

the fault diagnosis any more, as the AMB has now absorbed a proportion of vibration 

induced by the faults. However, the current and displacement signatures of AMB contain 

the characteristics of system faults. This fundamental difference between Figure 1-6(e) 

and Figure 1-6(f) is to be appreciated. Tiwari and Chougale (2014), and Tiwari and 

Viswanadh (2015) estimated the residual unbalance and bearing dynamic parameters of 

flexible and rigid rotor systems with AMB supports along the span of rotor, respectively. 

Singh and Tiwari (2015, 2016) used this technique to investigate the behaviour of simple 

rotors with a breathing crack. 
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Figure 1-6 Different approaches in vibration based condition monitoring  

 

Figure 1-7 Active condition monitoring 

In the traditional CM, the fault is diagnosed from signature and the machine is shut 

down to repair (replacement/ unbalance correction) the damaged component. Active 

condition monitoring (ACM) on the other hand is a real time monitoring technique, unlike 

the traditional CM, thus leading to significant reduction in downtime. ACM besides 

providing the spectral behaviour of various faults in real time like CM, also quantifies the 

magnitude of the fault. Figure 1-7 gives a pictorial summary of various aspects of an 

ACM. It begins with finite element modelling of the physical system, i.e. the rotor, stator 
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and bearings. Various faults, such as the unbalance, misalignment, crack forcing function 

etc. and various external excitations, such as the impulse load, magnetic forces etc. are 

introduced into the system equations of motion (numerical model). Experiments are then 

performed on the physical system in laboratory to measure the dynamic response, i.e. 

displacement, current along with their phases at predetermined locations along the rotor 

length. The experiments are repeated at various speeds and in different directions at the 

same speed (Tiwari, 2005). The response values in each case are fed into the regression 

equation, which is nothing but the equations of motion of dynamic system arranged in 

segregated matrix form for the convenience of quick generation of unknown system 

parameters. The accuracy of the estimated parameters depends primarily on the accuracy 

of numerical model and number of experimental readings. Moreover, the correctness of 

regression equation can be checked by performing numerical experiments before 

conducting the actual experiment and comparing the assumed and estimated values. Real 

time/ active estimation of dynamic parameters can be performed easily by positioning 

sensors at the appropriate locations on any rotor-bearing system that is amenable to be 

expressed in regression matrix form. 

Smart condition monitoring (SCM), which is an advanced ACM technique is a 

concept that deals with monitoring and controlling a parameter (or more) in machinery in 

order to identify a significant change in not only system parameters but of controlling 

parameters, which are indicative of a developing fault.  A smart machine can be defined 

as, “Machine that can detect, diagnose, reconfigure and adapt to the system faults in real 

time with its built-in capabilities” (Schweitzer and Maslen, 2009). Besides monitoring the 

conventional parameters, researchers can use AMB parameters, such as the control 

current and the air gap to their advantage to monitor the faults in rotor-bearing systems. 

Burrows et al. (1999), and Larsonneur and Richard (2008) discussed the central role 

AMBs have to play in smart machines. 

Shravankumar and Tiwari (2012), Tiwari and Chougale (2014), Tiwari and 

Viswanadh (2015), Singh and Tiwari (2015, 2016), Roy and Tiwari (2018, 2019), Sarmah 

and Tiwari (2019, 2020), Prabhat and Tiwari (2019, 2020) have investigated various types 

of faults (e.g., crack, unbalance, bow, misalignment, etc.) in rotor systems with and 

without using AMBs using ACM technique. 
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Kasarda (2000) presented an overview of AMB technology and its applications. 

Schweitzer et al. (2009) in his book addressed the various topics related to AMB 

operation and applications. The topics discussed are hardware, AMB design criteria, 

AMB losses, AMB control laws, dynamics of rigid and flexible rotors supported on 

AMBs, touch down bearings and identification. 

The next sub section deals with application of AMBs for vibration suppression in 

flexible rotor-bearing systems. 

1.11 Synchronous Vibration Suppression in Flexible Rotors with AMBs 

Allaire et al. (1983) studied vibration control of a single mass flexible rotor on 

damped flexible supports with active feedback control using proportional and derivative 

controls. The proportional control was found to move the critical speed and derivative 

control affected the amplitude of response, but not critical speeds. Increasing the 

derivative control ratio decreases the amplitude ratio. The two controls can be 

advantageously combined to move critical speeds and reduce peak amplitudes of vibration. 

Nonami (1988) explored the active vibration control of a one-meter long flexible rotor 

with five disks supported by magnetic bearings without considering gyroscopic effects. 

Two of the disks are used for magnetic bearings and two others are used for eddy current 

gap sensors - i.e., the bearings and sensors are not collocated. The shaft is connected to 

the driving motor by a flexible coupling. (Figure 1-8). The displacement signals from 

AMBs are the inputs for the analog controller. The controllability with and without 

collocation sensors and actuators located at the same distance along the rotor axis was 

discussed for higher order flexible modes. The author concluded that active control loops 

for higher flexible modes is necessary for the stabilization.  

 

Figure 1-8 Test rig schematic: Nonami (1988)  
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Figure 1-9  Test rig schematic: Burrows et al. (1989) 

Burrows et al. (1988, 1989) studied the on-line parameter estimation and the 

vibration control of a flexible rotor supported on circumferential groove type oil-film 

bearings with the AMB as an exciter (Figure 1-9). The drive to rotor was provided by a 25 

kW DC variable speed motor through a step-up flexible tooth belt and universal coupling. 

Eddy current probes were used to measure vibration at various positions along the rotor. 

The output of the transducers was sampled by a microprocessor attached to a mainframe 

computer. The actuator was designed to allow it to be positioned at various locations 

along the rotor length. It was experimentally demonstrated that single magnetic actuator 

can be used to estimate system characteristics and apply the optimum control force 

needed to minimize synchronous vibration. Subsequently, Kasarda et al. (1990) made 

experimental verification of damper effectiveness on three-disc rotor system supported on 

conventional bearings, to represent a multi-mass rotor. The magnetic damper was placed 

in various locations, i.e. mid-span, outboard and near one disc to observe the vibration 

reduction capabilities (Figure 1-10). 

 

Figure 1-10  Test rig schematic: Kasarda et al. (1990) 

 Nonami and Ito (1996) evaluated the µ-synthesis design method for a flexible 

rotor-AMB system. An induction motor rotor is located in the middle of shaft and two 

radial AMBs are located on both sides of the motor rotor. A thrust AMB is located at left 

end of the shaft (Figure 1-11).  The operating speed of this rotor is between the first 

bending mode and second bending mode. A reduced-order model was obtained in the 
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modal domain from the full-order system by truncating the flexible modes. By choosing 

appropriate weighting functions with respect to frequency, the µ-synthesis control system 

was designed using the Robust Control Toolbox in MATLABTM. The high stiffness 

provided by µ-synthesis control results in the stabilization of rotor. This controller 

provides greater stability, robustness and rejection of low frequency disturbances than H∞ 

control.  

 

Figure 1-11 Test rig schematic: Nonami and Ito (1996)  

Okada et al. (1999) developed a magnetic bearing to control the bending modes of 

a flexible rotor. The position control capability was used to support the rotor, while the 

inclination controls capability to increase the damping of bending modes. Mykhaylyshyn 

(2001) applied feed forward control approach to inject a force to counteract the rotor 

unbalance force in a flexible rotor. The rotor was supported by two bearings and an AMB 

was placed at bearings mid-span. The rotor was driven by an electrical motor through 

flexible aluminium coupling (Figure 1-12). By specific selection of frequency and phase 

as functions of the rotor running speed and rotor natural frequency, the proposed magnetic 

force injection waveform has been shown to be effective in reducing rotor vibrations. It 

was noticed that at a constant running speed, just below the first rotor critical speed, the 

rotor vibrations were reduced approximately by 90%. The method was implemented 

during the speed ramp test through the first critical speed.   

 

 Figure 1-12 Test rig schematic: Mykhaylyshyn (2001) 
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Johnson et al. (2003) tested nine different sensor placement configurations along 

the length of high-speed test rotor. Different numbers and locations of sensors and 

actuators were used with different locations of disc with holes for the placement of 

unbalance weights and the impact of sensor and actuator location on the reduction of 

synchronous vibrations was studied (Figure 1-13). Filtered X-LMS algorithm, a time 

domain based adaptive feed forward approach has been used for reducing rotor vibration, 

as against the conventional frequency domain feed-forward approach. It was shown that 

using a larger number of error sensors than actuators result in better global reduction of 

vibration but decreased the local (at sensor locations) reduction. An attenuation as high as 

48 dB was achieved using the filtered X-LMS algorithm.  

 

Figure 1-13 Test rig schematic: Johnson et al. (2003) 

Ichihara et al. (2003) developed an extended physical model of a flexible rotor-

AMB system that can pass through a critical speed of a flexible rotor by a controller that 

combined the PID for rigid modes, with linear quadratic (LQ) control for flexible modes.  

 

Figure 1-14 Test rig schematic: Mystkowski (2010)  

Mystkowski (2010) investigated the rotordynamic stability and vibration control of 

flexible rotor with non-collocation of sensors and actuators, gyroscopic effects and modal 

uncertainty using a -synthesis controller. The rotor is supported by two radial AMBs. 

Each of the magnetic bearings has 8 electromagnets, each connected to two channels of 

power amplifiers (Figure 1-14). Since the μ -controller cannot levitate the rotor alone, a 
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PID control algorithm first brings the rotor into support after which the program switches 

to -synthesis control algorithm.  

Das and Dutt (2010) employed active disturbance rejection control technique 

based on an extended state observer in conjunction with the PD law to control the 

transverse vibration of a flexible rotor-shaft system. The proposed control law was able to 

reduce the amplitude of rotor vibration in the presence of unbalance, destabilizing effect 

of the internal damping, and gyroscopic moment.  

 

Figure 1-15 Test rig schematic: Basaran et al. (2011) 

Basaran et al. (2011) designed and experimentally verified a H∞ controller on a 

flexible rotor as it passed through the first critical speed. The flexible rotor is supported in 

radial directions by two sets of radial AMBs. A thrust AMB at the rotor end position 

limits the rotor axial displacements. A high frequency motor placed between the radial 

bearings levitates the rotor from touchdown position when control is applied to AMB 

system (Figure 1-15). Kozanecka et al. (2011) applied AMB as a vibration damper in the 

torque transmission system to a tail rotor of the conventional helicopter. A long flexible 

shaft supported on AMBs replaced the conventional shaft mounted on rolling element 

bearings (REB) resulting in the weight reduction. However, during start-up, the shaft had 

to pass through several critical speeds. The electromagnetic damper was optimized for the 

mass, geometry and material selection to achieve passage through three critical speeds 

and corresponding vibration amplitudes that were less than 50% of the bearing clearance.  

Zhong and Zhu (2013) tested a two degrees-of-freedom (DOFs) PID controller through 

the first critical speed of a flexible rotor in steady state response and acceleration response 

(Figure 1-16). The 2-DOFs PID controller showed higher damping of the closed-loop 

system and better robust stability than the 1-DOF PID controller. 
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Figure 1-16 Test rig schematic: Zhong and Zhu (2013) 

Defoy et al. (2014) made a comparative study of the performance of a simple PID, 

SISO fuzzy PID and polar fuzzy controllers on an academic flexible rotor test rig 

supported by AMBs (Figure 1-17).  The rotor is driven by a 500W electric motor through 

a flexible coupling. The operating speed range includes three critical speeds (two rigid 

modes and one flexible mode). The polar fuzzy controller was found to exhibit better 

performance for the same level of robustness.  

 

Figure 1-17 Test rig schematic: Defoy et al. (2014)  

Wang et al. (2014) proposed a field balancing method for a magnetically levitated 

flexible rotor (MLFR) based on the virtual trial-weights (VTW) method below the critical 

speed. The VTW simulates the trial weights with the synchronous electromagnetic forces 

(SEF) supplied by AMBs. Using a synchronous notch filter in the AMB controller the 

rotor is supported freely, which improves the precision of rotor numerical model. Hence, 

the numerical model is sufficient for balancing the AMB rotor. Secondly, rigid mode 

vibrations in displacement output are eliminated, improving the bending mode vibrations. 

The above improvements permit a precise balancing below bending critical speed. 

Experimental results have shown that the proposed method can reduce the rotor imbalance 

significantly using only a single start-up.  

Di and Lin (2014) implemented an all-coefficient adaptive control method to 

stabilize a flexible rotor AMB test rig shown in Figure 1-30. The simulation and 

experimental results demonstrated the performance of the controller at par with the results 

obtained with the benchmark synthesis controller.  Zhao et al. (2015) investigated the 
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stability of a flexible rotor supported on AMBs, subject to the input and output constraints, 

using model predictive control (MPC) method. In addition to input constraints, i.e. 

geometrical limits of the actuators, the output constraints should also be addressed since 

rotor displacements have to be within the nominal air gap between the rotor and the stator 

of AMBs. The MPC was found to be effective in achieving stability and suppressing rotor 

vibrations. Fang et al. (2015) devised a damping control method, which minimized the 

rotor synchronous vibration amplitude near the critical speed with limited bearing force. 

The method was tested on a 315 kW magnetically suspended motor, which was operated 

between 1st and 2nd bending critical speeds. Figure 1-18 shows the motor weighing 325 kg 

driving a rotor of mass 72 kg supported on the radial and thrust AMBs. With the optimum 

phase compensator, the AMB system was able to provide maximum damping with 

smallest bearing force, and the corresponding resonance peak was smaller as compared to 

the response with the phase compensator. The rotor synchronous vibration magnitude at 

1st critical speed was as low as 18 m. 

 

Figure 1-18 Test rig schematic: Fang et al. (2015) 

 Enemark and Santos (2016) identified the synchronous frequency displacement of 

magnetically suspended centrifugal compressors with an adaptive notch filter based on the 

coordinate transformation. The rotor system had two 2-DOF radial permanent-magnet-

biased hybrid magnetic bearings (HMBs) and a single-DOF axial HMBs support the rotor 

system. Each magnetic bearing has 20 axially magnetised passive cylinder magnets placed 

in a circular pattern of a stationary ring. AMBs were driven by the H-bridge unipolar 

switching power amplifiers, independently. The simulation and experimental results 

showed significant reduction in the synchronous vibration force.  

Zheng and Feng (2016) devised an adaptive notch filter to identify the 

synchronous frequency displacement of a magnetically suspended centrifugal compressor 
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as a compensation signal to eliminate the current stiffness force. Furthermore, a feed 

forward approach compensates displacement stiffness force and inhibits the imbalance 

vibration. The rotor system with two radial permanent-magnet-biased hybrid magnetic 

bearings and an axial HMBs are driven by the H-bridge unipolar switching power 

amplifiers, independently. A permanent magnet synchronous motor provides a rotational 

torque for the rotor. The rotor system is similar to the one shown in Figure 1-18. The 

AMB–rotor system is supported on two 2-DOF radial permanent-magnet-biased HMBs 

and a single-DOF axial HMB. The AMBs are driven by the H-bridge unipolar switching 

power amplifiers, independently. Rotational torque for the rotor is provided by a 

permanent magnet synchronous motor. The simulation and experimental results showed 

that the synchronous vibration force is significantly reduced at a speed of 30,000 rpm. 

 Lusty et al. (2014, 2016) developed a twin–shaft rotor consisting of a hollow tube 

primary rotor mounted on bearings and magnetically coupled to a secondary non-rotating 

shaft in a clamped configuration and located concentrically within the primary rotor 

(Figure 1-19). At rotor speeds, where vibration is not a problem, these inside-out AMBs 

are not activated, and thus there is no link between the two shafts. However, as critical 

speeds of primary shaft are approached, the AMBs are activated, thereby coupling the two 

shafts and changing the vibration behaviour of the rotor.  

Roy et al. (2016) studied the influence of proportional and high-frequency band-

limited derivative (PDhfbl) control law on the dynamic behaviour of a rigid rotor-shaft 

system. 

 

Figure 1-19  Test rig schematic: Lusty et al. (2016) 

 The PDhfbl law proposed to generate viscoelastic semisolid-like behaviour of the 

AMB was found to be more efficient than the PID in positioning the rotor within closer 

tolerances and reducing the rotor unbalance response amplitude. Ranjan and Tiwari (2020) 

TH-2522_156103043



21 

 

used advanced influence coefficient method to balance flexible rotor supported on rolling 

element bearings below its first critical speed. The auxiliary AMB integrated with the 

rotor was used both as vibration suppressor and exciter to introduce virtual trial 

unbalances. 

This section has presented some applications where AMBs have been used 

successfully for mitigating synchronous vibration of rotor systems, in general and flexible 

rotors in particular. Modal updating is vital in improving the dynamic characteristics of 

rotor-bearing system. Use of AMBs in estimating the residual unbalances for flexible 

rotor system is limited and development of such methods will save continuous controlling 

efforts required by AMBs. 

1.12 AMB for Non-Synchronous Vibration Control of Rotors 

Lang et al. (1996) carried out a numerical simulation in which AMBs are applied 

to control non-linear and non-synchronous vibrations of a rigid rotor excited by non-

conservative cross-coupling mechanisms. Unknown cross-coupling parameters of a rotor 

are estimated on-line by a standard least-squares estimator along with a time-varying 

forgetting factor using an adaptive control algorithm of the AMB controller. Johnson et al. 

(1998) integrated a single heteropolar radial active magnetic bearing as a replacement to 

conventional ball bearing support into dynamic spin rig. The AMB was used to provide 

non-contact magnetic suspension and mechanical excitation of the rotor to induce turbo 

machinery blade vibrations. Spakovszky et al. (2000, 2001) demonstrated the use of 

AMBs as servo-actuators to achieve active tip-clearance control to stabilize rotating stall 

in a high speed single stage transonic axial compressor. Together with computational fluid 

dynamics (CFD) and experimental data, a 2-D compressor stability model was used in 

stochastic estimation and control analysis to determine the required AMB performance for 

compressor stall control. 

Kasarda et al. (2004) achieved sub synchronous vibration control in single-disc 

flexible rotor mounted on journal bearings. One inboard AMB was used to induce 

synchronous excitations, while another AMB was used as Active Magnetic Damper 

(AMD) to control rotor vibrations (Figure 1-20). While AMD was able to successfully 

reduce the sub-synchronous vibrations by introducing additional stiffness and damping 

into the system, it was also found to alter the rotordynamic behaviour of the system, 
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which was reflected in the significant increase in synchronous vibrations, thus badly 

affecting the overall dynamic performance. 

 

Figure 1-20 Test rig schematic: Kasarda et al. (2004) 

Sahinkaya et al. (2002) investigated the attenuation of sub and super-harmonic 

vibration components resulting from the multi-frequency external excitation of the AMB 

supported rotor system by an electromagnetic shaker connected to the foundation. Speed-

dependent multi-frequency influence coefficients were obtained using multiple frequency 

test signals applied through the magnetic bearings. Schroeder-phased harmonic sequence 

was used to select the relative phases of components so that the peak signal value is 

minimized. This prevents the possibility of the rotor displacement exceeding clearances or 

the bearing force saturation. The partial receptance matrix relating the measured output 

and the control input for all frequencies was used to develop the control algorithm. 

 Matsushita et al. (2002) excited the rotor on shaking table to simulate earthquake 

waves (Figure 1-21). A feed forward control method, which is proportional to the signal 

detected by accelerometers mounted on bearing housings, was designed to reduce the 

severity of response.  

 

Figure 1-21  Test rig schematic: Matsushita et al. (2002) 

The measured acceleration with a certain proportional gain is directly fed to the 

power amplifier to generate exciting force independently from PD main control. The 
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addition of commands from the main and feed forward loops generates a total magnetic 

force, which was found to reduce total rotor vibration to a low level.  

Johnson and Kasarda (2002) experimentally investigated active control of acoustic 

gear noise and vibration using magnetic bearing actuators in a feed-forward active control 

scheme (Figure 1-22). A reference proximity sensor placed near the gear teeth was used to 

drive two AMBs through a time domain filtered X-Least Mean Square (X-LMS) control 

system to minimize outputs from both vibration and pressure error sensors.  

 

Figure 1-22  Test rig schematic: Johnson and Kasarda (2002) 

Keogh et al. (2002a) incorporated transient dynamics into a harmonic controller, 

which is based on steady state vibration characteristics. Initially, the rotor was centralized 

in the bearings with PID control. To demonstrate transient vibration control, a mass-loss 

mechanism was arranged around the non-driven end disk, which was then detached using 

a solenoid activated blade mechanism. Transient vibration responses due to step changes 

in disturbance in each control axis were used in the design of controller. Keogh et al. 

(2002b) experimentally investigated dynamics and control of rotor vibration when contact 

with auxiliary bearings due to large unbalance induced in the presence of AMB supports 

(Figure 1-23). In the event of persistent contact the phase shift was found to be 1800. The 

synchronous current controller based on the linear system causes the rotordynamic 

performance to deteriorate resulting in higher contact forces. A modified controller that 

was able to bring the rotor back from contacting to non-contacting state was developed.  

 

Figure 1-23  Test rig schematic:  Keogh et al. (2002)  
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Lei and Palazzolo (2008) formulated a large-order, flexible shaft model for a 

flywheel supported with AMBs. The flywheel system supported by magnetic bearings has 

demonstrated the properties of robustness to standard sensor run out patterns, mass 

imbalances and inertial load impact. Keogh and Cole (2004, 2006) demonstrated the use 

of AMB in a flexible rotor test rig (Figure 1-23) by applying circular forces of a pre-set 

frequency at low running speeds to generate nonlinear orbits. The rotor was run at low 

speeds so as to be able to shut the system down to avoid impending failure. The orbits 

induced by AMBs showed good correlation with those generated by large unbalance and 

misalignment.  

Marx and Nataraj (2007) presented a nonlinear model for the magnetic bearings to 

suppress the motion of AMB supported rotor systems that are exposed to the harmonic 

base excitation. The control method combined the PD feedback with feed-forward optimal 

control, where a known base motion was used to select a set of predetermined frequencies 

and their amplitudes for a control signal. Correction currents were computed based on sub 

and super harmonic responses of nonlinear systems. 

Kasarda et al. (2005) experimentally investigated reduction of sub synchronous 

vibrations in a 3-mass test rig supported in fluid-film bushings by adding a single AMB, 

which functioned as a damper (Figure 1-24). It was found that increased tolerance to 

instability mechanism can be achieved by adding more damping in strategic locations on a 

rotor. Electromagnets were used to apply destabilizing sine wave perturbation signal to 

the rotor at or near the first rotor critical frequency.  

Matras et al. (2006) tested an adaptive disturbance rejection control to suppress 

persistent excitations of known frequencies, such as mass unbalance and blade pass 

effects for large-scale space structures, whose amplitudes can vary over time (Figure 1-

25).   

 

Figure 1-24 Test rig schematic: Kasarda et al. (2005) 
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Amer et al. (2006) and Eissa et al. (2008)   investigated non-linear response of a 

rigid-disc rotor without gyroscopic effect subject to multi-excitation forces and suspended 

by AMBs. The method of multiple scales was applied to determine the parametric 

resonance condition and to study the system stability. The system was found to have a 

variety of phenomena, such as multi-valued solutions, jump and sensitivity to initial 

conditions. 

 

Figure 1-25 Test rig schematic: Matras et al. (2006) 

Anegawa et al. (2008) experimentally investigated blade-shaft coupled resonance 

vibration using an AMB exciter. DeSmidt et al. (2004, 2008) developed an adaptive 

hybrid proportional –derivative multi-harmonic adaptive vibration control (PD-MHAVC) 

vibration control law for an AMB controlled driveline system to suppress multi-harmonic 

vibrations induced by the imbalance, misalignment and load-torque effects at multiple 

operating speeds. Das et al. (2008, 2009) observed that by incorporating the stiffness and 

damping effects, electromagnetic exciters help to reduce unbalance response amplitude 

and simultaneously raise stability limit speed of the rotor-shaft system. It was also found 

that there exist specific locations of the exciters along the shaft length that provide 

substantial reduction of response and increment of stability limit speed with relatively low 

value of control current. Greater number of turns of exciter coils, in particular, and higher 

pole-face area, in general, were found that provide higher stiffness and damping 

coefficient of the exciters and are beneficial to the reduction of response as well as the 

control current. 

Hussain (2007, 2009, and 2010) numerically investigated the dynamics of a 

statically misaligned flexible rotor supported by AMBs. Nonlinearity arising from the 

magnetic actuator forces that are non-linear functions of coil current, air gap between 

rotor and stator, and geometrical coupling of magnetic actuators is incorporated into the 

mathematical model of rotor-bearing system. A variety of nonlinear phenomena were 

observed in the response. The occurrence of these phenomena, which included sub-
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synchronous responses of period -2, -3, -4, -6, -8, -12, -14 and -16, quasi-periodicity and 

chaos, was found to be largely dependent on the magnitude of the geometric coupling 

parameter. For the geometric coupling parameter equal to zero, the response of the rotor 

was found to be synchronous irrespective of the magnitude of the static misalignment of 

rotor. For moderate values, non-synchronous response of rotor was observed for nonzero 

values of misalignment. For large values, non-synchronous vibration was found in the 

response of the rotor irrespective of misalignment amplitudes. The existence of multiple 

attractors was also observed within certain ranges of the speed. Sahinkaya et al. (2011) 

developed an adaptive multi-objective method to simultaneously address the conflicting 

requirements of control of rotor vibration and control of forces transmitted to the base in 

rotating machines using AMBs. An adaptive controller to achieve multi-objective 

optimization along with two-stage weighting structure was utilized.  

Jiang and Zhu (2011) addressed the problem of vibration suppression in rotor-

AMB system subjected to the multi-frequency periodic vibration with an adaptive FIR 

filter in time domain. Fast Block Least Mean Square (FBLMS) algorithm was adopted 

since the computational complexity would be invariable regardless of the number of 

frequency components in vibration disturbance resulting in lesser computational cost than 

that of the conventional FIR filter. Bouaziz et al. (2011) numerically investigated the 

dynamic response of a misaligned rotor, mounted on two identical AMBs. Angular 

misalignment was characterized by the presence of two dominant peaks: the first 

corresponded to 2X and the second to 4X. The magnitudes of the peaks were found to 

vary linearly with number of magnets. While the first harmonic was predominant, 

decrease of air gap strongly affected second harmonic. Moreover, it was found that 

increase in the number of magnets attenuates vibration due to misalignment defect.  
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Table 1-1 A chronological summary of papers on the control of vibration and instability 

Authors 

(year) 
Bearings Type Poles RPM Control Sensors Objective 

Nature of 

work 

Nikolajsen 

et al. (1979) 

1 AMBR, 

4 JB 
- - 6000 - 

PP, 

TC,PDS 
SVS Exp. 

Allaire et al. 

(1983) 

1 AMBR,      

2 BB 
- - - PD - SVS Num. 

Nonami 
(1988) 

2  AMBR HEMB 4 6000 - PP SVS Exp. 

Nonami et 

al. (1989) 

2  AMBR, 

1 AMBT 
- - 10000 - PP SVS Exp. 

Burrows et 

al. (1988, 

1989) 

1 AMBR, 

2 JB 
- - 3700 - PP 

SVS &  

system 

parameters 

estimation 

Num. & Exp. 

Kasarda et 

al. (1990) 
1 AMBR HEMB 4 4000 - PP 1st mode VS Exp. 

Knospe and 

Humphris 

(1992) 

- - - 42300 
FC, 

AOLC 
- VS Exp. 

Lee and 

Kim (1992) 

1 AMBR,     

2 BB 
HOMB 4 5000 COFC 

PP, 

Dynamo

meter 

SS & TR 
performances 

Num & Exp. 

Dhar and 

Barrett  

(1993) 

2 AMBR - - 12000 - - 
Bearing 

parameters 
Num. 

Keogh et al. 

(1995) 

1 AMB, 2 

JB 
- - 3340 H∞ PP 

SS  & TR 

VS 
Num. & Exp. 

Lang et al. 

(1996) 
2  AMBR - - 20000 NAF - NSVS Num. 

Knospe et 

al. (1995) 
2  AMBR - - 3000 

NRC,RC, 

RCGS 
PP SVS Exp. 

Knospe et 

al. (1996) 
2 AMBR - - 5000 AOLC PP SVS Num. & Exp. 

Nonami and 

Ito (1996) 

2 AMBR, 

1 AMBT 
- - 35000 

H∞,-
synthesis, 

PID 

PP 
Stability and 

Performance 
Num. & Exp. 

Lum et 

al.(1996) 
- HEMB 8 1000 - - 

Adaptive 

auto 

centering 

Num. 

Knospe and 

Tamer 

(1997) 

2 AMBR - - 4750 PID PP SVS Exp. 
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Table 1-1 cont…   

Authors 

(year) 
Bearings Type Poles RPM Control Sensors Objective 

Nature of 

work 

Sheu et al. 

(1997) 

1 AMBR,     

3 BB 
- - 2000 - - VS 

 

Num. 

 

Shiau et al. 

(1997) 
2 AMBR HEMB 8 1000 H∞, H2 - VS Num. 

Yang et al. 

(1997) 

1 AMBR,      

3 BB 
- - 2000 - - VS Num. 

Cole et al. 

(1998) 
2 AMBs - - 6000 PID PP 

Base 

motion 

VS 

Num. & Exp. 

Cole et al. 

(1998) 
2 AMBs - - 6000 PID PP 

Base 

motion 

VS 

Num. & Exp. 

Yu et 

al.( 1998) 

1 AMBR,      

2 JB 
- - - - PP SVS Num. & Exp. 

Okada et al. 

(1999) 
2 AMBR HB - 5000 PD - 

1st and 2nd 

mode 

SVS 

Num. 

Spakovszky 

et al.( 2000, 

2001) 

2 JB, 

AMBR, 

AMBT 

HEMB 16 8580 - PT, 

Stall 

control in 

AC 

Exp. 

Mykhaylysh

yn 

(2001) 

1 AMRB,      

2 JB 
- 8 2400 PID ACC, PP SVS Num. & Exp. 

Matsushita et 

al. (2002) 
2 AMBR - - 6000 PD ACC, PP 

VS due to 

seismic 

waves 

Num. & Exp. 

Jeon et al, 

2002 
2 AMBR - - 10000 PID, LQG PP 

VS due to 

step 

response 

Num. & Exp. 

Johnson and 

Kasarda 

(2002) 

2 AMBR, 

2 BB 
HEMB 8 51000 PID 

PP, 

Micropho

ne 

Reduction 

of gear 

noise 

Exp. 

Keogh et al. 

(2002a, 

2002b) 

2 AMBR HEMB 8 1740 PID, THO PP 

VS in 

mass-loss 

tests 

Num. & Exp. 

Sahinkaya et 

al. (2002) 
2 AMBR - - 1440 PID PP MHVS Exp. 

Johnson et 

al. (2003) 
2 AMBR HEMB 8 3420 PID PP SVS Num. & Exp. 

Ichihara et 

al. (2003) 

2 AMBR, 

1 AMBT 
HEMB 4 - PID, LQ PP VS Num. & Exp. 

DeSmidt et 

al. (2004) 
3 AMBR HEMB 8 6000 MHAVC 

PP, 

Torque 

sensor 

MHVS Num. & Exp. 

Habib et al. 

(2004) 
- - - - PD, FLC PP NSVS Num. 

Kasarda et 

al. (2004) 

2 AMBR, 

2 JB 
HEMB 8 9000 PID PP SSVS Exp. 

Keogh and 

Cole (2004, 

2006) 

2 AMBR, 

2 bushes 
- - 1800 PID PP 

Inducing 

nonlinear 

characteri

stics 

Exp. 
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   Table 1-1 cont…   

Authors 

(year) 
Bearings Type Poles RPM Control Sensors Objective 

Nature of 

work 

Nakajima et 
al. (2005) 

2 AMBR, 
1AMBT 

- - 3000 PID, LQ PP VS Num. & Exp. 

Sanadgol 

and Maslen 
(2005) 

2 AMBR,              
1 AMBT 

E-core 12 23000 - - SS in CC Num. 

Matras et al. 
(2006) 

2 AMBR - - 7200 PD PP 

Adaptive 

disturbance 
rejection 

Num. & Exp. 

Amer et al. 
(2006) 

2 AMBR - -  - - 

Parametrically 

excited rigid 
rotor 

Num. 

DeSmidt 
(2007) 

- - - 15000 PD - 

Damage Idn. 

of bladed-
disks 

Num. 

Marx and 

Nataraj 
(2007) 

- HEMB 8 30000 
PDFB, 
OFF 

- 

Base 

excitation 
suppression 

Num. 

Anegawa et 
al. (2008) 

1 AMBR, 
1 BB 

- - 1800 - 
DP, SG, 

SR 

Blade-shaft 

coupled 
resonance 

Exp. 

Arredondo 
et al. (2008) 

2 AMBR HEMB 8 22000 2 SISO 
PP, HS, 

LV 

Stable 

levitation and 
control 

Num. & Exp. 

Hongwei et 
al. (2007) 

2 AMBR 
 

- - 15000 - - Field DB Num. 

Das et al. 
(2008) 

1 AMBR, 
2 REB 

HEMB 8 30000 PD - VS & IC Num. 

DeSmidt et 
al. (2008) 

3 AMBRs HEMB 8 4815 PD PP MHVS & IC Num. & Exp. 

Lei and 

Palazzolo 
(2008) 

- -  20000 - - 

Formulation of 

large order 
flexible rotors 

Num. 

Soulas and 

Kuzdzal 
(2009) 

1 AMBR,               
2 TPB 

- - 3600 OLC PP 
rotor dynamic 

response 
Num. & Exp. 

Tammi 
(2009) 

1 AMBR, 
2 JB 

- - 12000 
PD with 

LPF 
PP VS Num. & Exp. 

Das et al. 
(2009) 

1 AMB,               
2 REB 

HEMB 8 15000 PD - VS Num. 

Fan and Pan 

(2009, 

2010a , 

2010b, 

2011a, 

2011b) 

1 AMBR, 
1 JB 

HEMB 8 10500 PD PP 
Fluid-induced 

IC 
Num. & Exp. 

Das et al. 
(2011) 

1 AMBR HEMB 8 900 PD - CVC Num. 

Ding et al. 
(2010) 

2 AMBR HEMB 8 3000 

PD, FLC, 

FPD & 
H∞ 

PP 
Performance 
of controllers 

Exp. 
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 Table 1-1 cont…   

Authors (year) Bearings Type Poles RPM 
 

Control  
Sensors Objective 

Nature of 

work 

Hussain(2007, 

2009, 2010) 
2 AMBR - 8 - - - 

Dynamics of 

misaligned 

rotor 

Num. 

Mushi et al. 

(2010, 2012) 
4 AMBR HEMB 16 14200 

-
synthesi

s 

PP, CT 

Simulate 

aerodynamic 

loads 

Num. & Exp. 

Mystkowski 

(2010) 
2 AMBR HEMB 8 21000 

PID, 

-

synthesis 

PP VS Exp. 

Shafei and 

Dimitri (2010) 

1 AMB, 2 

JB 

 

- - 10000 - - 

Control of 

JB 

instability 

Num. 

De Moraes and 

Nicoletti  

(2010) 

EMA in 

TPB, 1 BB 
- 4 1200 PD PP VS Exp. 

Yoon et al. 

(2010, 2013) 

2 AMBR, 

1AMBT 
- - 23000 - PT, TC SS in CC Exp. 

Basaran et al. 

(2011) 

2 AMBR, 

1 AMBT 

 

HEMB 8 11000 H∞ PP 

Passing 1st 

critical 

speed 

Exp. 

Bouaziz et al. 

(2011) 
2 AMBR HEMB 

8, 12, 

16 
8000 - - 

VS due to 
misalignment 

Num. 

Jiang and Zhu 

(2011) 

2 AMBR, 1 

PMA 
- - 18000 FBLMS PP MHVS Exp. 

Sahinkaya et al. 

(2011) 
2 AMBR - - 2400 

PID, 

ROLAC,

MO-

ROLAC 

PP VS Num. 

Yang (2011) 
2 PMB, 1 

EMA 
HEMB 4 1800 PID 

Laser 

meter, 

HS 

VS  

Kozanecka et 

al. (2011) 
1 AMBR 

HOM

B, 

HEMB 

4 5000 - PP 
VS of 

helicopter tail 

rotor TTS 
Num. & Exp. 

Arredondo and 

Jugo (2012) 
2 AMBR - - 2100 

PID, 

H∞, 2-

dof 

PP,  HS 
VS of 

spindle 
Num. & Exp. 

Cole et al. 

(2012) 

2 BB, 1 

AMBR 
HEMB - 6000 

PD, 

FFB 

PP, 

NCPES 

Prevention 

of jump 
Num. & Exp. 

Funakoshi et al. 

(2012) 
2 AMBR HEMB 4 - 

LQ, 

LJFC 
- 

Levitation 

and VS 
Num. & Exp. 

Hui et al. (2013) 
2 AMBR, 1 

AMBT 
- - 12000 

PID, 

AILC 
PP, CT 

Vib. Disp. 
compensation 

Num. 

Bouaziz et al. 

(2013) 

2 AMBR HEMB 8, 12, 

16 
8000 PID PP Effect of 

misalignment 
Num. 

Riemann et al. 

(2013) 

1 EMA, 2 

JB 
HB 4 3600 PID, -

synthesis 
PP, HS Elimination 

of oil whip 
Num. & Exp. 
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    Table 1-1 cont…   

Authors (year) Bearings Type Poles RPM 
 

Control  
Sensors Objective 

Nature 

of work 

Stimac et al. 

(2013) 
2 AMBR HEMB 8 6000 PID PP SVS 

Num. & 

Exp. 

Zhong and Zhu 

(2013) 

2 AMBR 

 
HEMB 8 - 2-dof PID PP 

SS & TR 

VS 

Num. & 

Exp. 

Brusa (2014) 
2 AMBR, 

1 AMBT 
- - 10000 PID PP 

Contra-

rotating 

damping 

Num. & 

Exp. 

Defoy et al. 

(2014) 
2 AMBR - - 10000 

PID, 

SISO 
PP 

Performance 

of 

controllers 

Exp. 

Koroishi et al. 

(2014) 

1 EMA,    1 

REB 
HB 4 1850 

LQR, 

FLC 
PP, CT 

SS & TR 

VS 

Num. & 

Exp. 

Viveros and 

Nicoletti 

(2014) 

EMA  in 

TPB, 1 BB 
HB 4 1100 PD PP, TS, VS 

Num. & 

Exp. 

Wang et al. 
(2014) 

2 AMBR, 1 
AMBT 

- - 42000 SNF PP 
FRB with 

VTW 
Num. 

Bouaziz et al. 
(2015a, 2015b) 

2 AMBR, 

1 axial 
bearing 

HEMB 8 20000 PD PP, CT 
AMB 

defects 
Num. 

Fang et al. 
(2015) 

2 AMBR, 
1 AMBT 

- - 12000 FF PP VS 
Num. & 

Exp. 

Huang et al. 
(2015) 

2 AMBR HEMB 4 8000 - PP 
Chatter 

suppression 
Num. 

Pesch and 

Sawicki (2015) 

1 AMB, 1 

JB 
HEMB 4 4000 

PD, -
synthesis 

PP 

Stabilizing 

oil whip & 

oil whirl 

Exp. 

Tang et al. 

(2015) 

2  AMBR,             

1 AMBT 
- - 30000 

PID with 

PLC,  

LQG 

PP, CT SVS 
Num. & 

Exp. 

Zhao et al. 

(2015) 
4 AMBR HEMB 16 14200 PID - 

Stability of 

a flexible 

rotor 

Num. 

Zhong and 

Palazzolo 

(2015) 

1 AMBR HOMB 8 

3600, 

7200, 

9000 

PD PP VS Num. 

Zheng et al. 

(2015) 

2 AMBR, 

1AMBT 
HEMB 8 10000 

PD + 

PSNF 

PP, CT, 

HS 

Active 

balancing 
Exp. 

Enemark and 

Santos (2016) 

2 PAMB, 

1 HMBT 

Cylinder 

magnets 
20 1080 

FF with 

ANF 

HS,ACC, 

PP 
SVS 

Num. & 

Exp. 

Roy et al. 

(2016) 
2 AMBR HEMB 8 4000 

PD, PD-

hfbl 
PP, HS SVS Num. 

Lyu et al. 

(2016) 
4 AMBR HEMB 16 7600 

-
synthesis 

PP 
Emulate GE 

of flywheel 
Exp. 
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 Table 1-1 cont…   

Abbreviations AC: Axial compressor; ACC: Accelerometer; AOLC: Adaptive open loop control; 

AILC: Adaptive iterative learning control; AMBR: Radial active magnetic bearing; AMBT: 

Thrust active magnetic bearing; ANF: Adaptive notch filter; BB: Ball bearing; BTS: Blade tip 

sensor; COFC: Constrained output feedback control; CT: Current sensor; CVC: Coupled vibration 

control; Disp. : Displacement; EMA: Electromagnetic actuator; Exp.: Experimental; FC: Feedback 

control; FF: Feed forward: FFB: Force feedback; FBLMS: Fast block least mean square algorithm; 

FLC: Fuzzy logic controller; FPD: Fuzzy PD; FRB: Flexible rotor balancing; GE: Gyroscopic 

effect HB: Hybrid bearing; HMB: Hybrid magnetic bearing; HS: Hall sensor; IC: Instability 

control; Idn. : Identification; JB: Journal bearing; LJFC: Local jerk feedback control; LPF: Low-

pass filter; LQG: Linear-quadratic-Gaussian; MHAVC: Multi harmonic adaptive vibration control; 

LQR: Linear quadratic regulator; LV: Laser vibrometer; MHVS: Multiharmonic vibration control; 

MO-ROLAC: Multi objective recursive open loop adaptive control; NCPES: Noncontact 

photoelectric sensor; Num.: Numerical;  NAF: Non-adaptive feedback; NRC: Non-recursive 

control; NSVS: Non synchronous vibration suppression; OFF: Optimal feed forward; OLC: Open-

loop control; PAMB: passive magnetic bearing; PMB: Permanent magnetic bearing; PD: 

Proportional–derivative; PDFB: PD feedback; PDS: Photo diode sensor PID: Proportional-

integral-derivative; PDhfbl,: Proportional and high-frequency band-limited derivative; PLC: Phase 

lead compensator; PP: Proximity probe; PSNF: Phase shift notch filter; PT: Pressure transducer; 

RC: Recursive control; RCGS: Non-recursive control with gain scheduling; REB: Rolling element 

bearing; ROLAC: Recursive open loop adaptive control; SS: Steady state; SNF: Synchronous 

notch filter; SG: Strain gauge; SVS: Synchronous vibration suppression; SS: Surge suppression; 

SSVA: Sub synchronous vibration suppression SR: Slip ring; TC: Thermocouple; THO: Transient 

Authors (year) Bearings Type Poles RPM 
 

Control  
Sensors Objective 

Nature of 

work 

Zheng and 

Feng. (2016) 

2 

AMBR, 

1 AMBT 

HB - 30000 PID CT, 

ACC, 
VS in  CC Num. & Exp. 

Dimitri et al. 

(2016) 

1 

AMBR, 

1 JB 

Integrated 8 6000 FLC PP Elimination 

of oil whip 
Num. & Exp. 

Lusty et al. 

(2014, 2016) 

1 AMB, 

2 REB 
HOMB 8 60000 PID PP, 

Load 

cell 

SVS Num. & Exp. 

Kumar et al. 

(2016) 

1 AMB, 

2 REB 

 12 - - - - Num. 

Ranjan and 

Tiwari ( 2020) 

1 AMB, 

2 REB 
HEMB 8 6680 PID PP Active 

balancing 
Num. & Exp. 
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harmonic oscillator;  TPB: Tilting pad bearing; TR: Transient; TS: Temperature sensor; TTS: 

Torque transmission shaft; Vib: Vibration; VS: Vibration suppression; VTW: Virtual trial weights 

Bouaziz et al. (2013) extended their earlier work to investigate dynamic behaviour 

of a coupled rotor bearing system with ball and socket flexible coupling in transient 

regime. It was reported that lateral and torsional natural frequencies were excited due to 

the presence of pure angular misalignment, which further caused the driven rotor centre to 

have orbits with two inner loops. Moraes and Nicoletti (2010), and Viveros and Nicoletti 

(2014) designed tilting-pad bearing with inbuilt 4-pole AMB actuator to derive the twin 

advantage of higher load-carrying capacity of tilting-pad bearing and actuation capacity of 

AMB (Figure 1-26). The hybrid bearing was deployed on the horizontal and vertical test 

rig configurations in conjunction with conventional ball bearings. A reduction in shaft-

vibration amplitude at operating speed was achieved in both the cases.  

Figure 1-26 Test rig schematic: Viveros and Nicoletti et al. (2014) 

Yang (2011) developed a compact electromagnetic actuator that can produce axial 

as well as radial forces on the rotor. Rotor levitation control is achieved by actuator axial 

force, while resonance-related oscillation suppression is realized by the radial force. Fang 

et al. (2015) devised an active vibration control method to simultaneously control the 

displacement, force and torque. Jun et al. (2016) mimicked rotordynamic characteristics 

of energy storage fly-wheels on a rotor AMB test rig. Two exciter AMBs were placed at 

mid and quarter spans of the shaft to generate forces that emulate stiffness and gyroscopic 

effects of flywheel systems. Emulated gyroscopic forces generated by exciter AMBs were 

similar to actual gyroscopic forces predicted by finite element analysis. Kumar et al. 

(2016) proposed a 12-pole radial AMB in which switching variation of AMB pole control 

currents generates a synchronous force rotating in the direction opposite to rotor 

unbalance. The change in direction of rotating force was achieved by the changing the 

phase of AC supply. Prabhat and Tiwari (2020) developed identification algorithm to 

estimate unbalance and misalignment between rotor and AMBs in levitated rigid rotor 
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systems. AMBs were used to lift the rotor system and to introduce trial misalignments as 

well. 

AMBs have been used for control of vibrations due to the sub-synchronous, super-

synchronous, seismic and multi-frequency harmonic excitations. They have been used to 

reduce the force transmitted to/from the base and active control of acoustic gear noise. 

Some authors have reported multi-objective optimization of simultaneous reduction of 

transmitted force and rotor vibrations. They have been used as simulators that mimicked 

the rotordynamic characteristics of flywheels. The dynamics and vibration suppression of 

rotors with driveline static misalignment have been studied. Circular forces at pre-set 

frequencies have been applied with AMBs to generate orbits that are representative of 

faults like unbalance and misalignment. The effect of the geometrical parameters of 

AMBs like the number of turns, pole face area, and number of poles on vibration 

suppression has been studied. A few authors have designed and developed hybrid AMBs 

that have higher load carrying capacity than traditional AMBs.  

1.13 AMB for Stability Improvement  

Nikolajsen et al. (1979) used an electromagnetic damper for the vibration control 

of supercritical transmission shaft with overhung turbine disc, which was supported on 4 

journal bearings and a mid-span electromagnetic damper (Figure 1-27).  

 

Figure 1-27 Test rig schematic: Nikolajsen et al. (1979) 

Apart from controlling bending critical speed vibrations, the damper was found to 

suppress system instability associated with fluid-film bearings and second order vibrations 

associated with shaft stiffness asymmetry. The system response was numerically 

predicted by linearization of electromagnetic damping forces. 

Lee and Kim (1992) performed output feedback control experiment when the rotor 

system is subject to external impulsive disturbance and imbalance to evaluate the transient 

and steady state performances of the controller. The flexible shaft assembled with four 

rigid discs is supported by two self-aligning type of radial ball bearings. The system is 
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driven by a 2 HP DC-servo motor through a flat belt and a flexible coupling in order to 

isolate the vibration originated from the motor (Figure 1-28). Before the controller was 

activated the computer-generated impulse disturbance was fed into the magnetic bearing. 

It was found to enable the rotor with initial residual system unbalance to run through first 

critical speed without excessive vibration while preserving stability against spill over 

effects.  

 

Figure 1-28 Test rig schematic: Lee and Kim (1992) 

Dhar and Barrett (1993) developed a method for calculating the control forces, and 

bearing stiffness and damping coefficients in a multi-mass flexible rotor system mounted 

on magnetic bearings subjected to unbalance or harmonic excitation forces. Optimum 

control forces at magnetic bearing locations are evaluated based on minimization of 

modal response in a least-square sense, instead of minimization of physical responses at 

selected measurement locations. A significant reduction in rotor vibration amplitude was 

obtained at resonant frequencies by changing modal coordinates, thereby altering 

distribution of modal participations in response.  

Fan and Pan (2009, 2010, and 2011) presented a method to raise instability 

threshold of a rotating machine supported on journal bearings by increasing the stiffness 

using an 8-pole AMB that functioned as electromagnetic exciter. The rotor was supported 

on an inboard oilite bronze bushing. Adjustable radial supporting springs were connected 

to rotor through a rolling element bearing in order to set the journal at any radial position 

inside outboard cylindrical fluid-lubricated bearing clearance (Figure 1-29). The sub-

synchronous vibration components characteristic of oil-whirl and oil-whip instabilities 
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present in full spectrum, spectrum and orbit plots have been eliminated with an auxiliary 

electromagnetic actuator.  

 

Figure 1-29 Test rig schematic: Fan and Pan (2009, 2010, and 2011) 

Soulas and Kuzdzal (2009) used a magnetic bearing exciter (MBE) to determine 

logarithmic decrement of first forward whirling mode of large centrifugal compressor 

rotor system. The MBE driven by an open-loop control system was used to inject 

asynchronous forcing functions into the rotor supported by two tilt-pad oil-film journal 

bearings at various aerodynamic conditions, i.e. gas densities and power levels.  

El-Shafei and Dimitri (2010) collocated a journal bearing with an AMB to control 

journal bearing instability and increase its range of operation. Journal bearings performed 

the function of load carrying machine element, while a smaller AMB was used as a 

controller machine element. Yoon et al. (2010, 2013) employed AMBs as servo actuators 

to suppress surge instability in a single-stage overhung centrifugal compressor. In an 

uncontrolled compressor, operating at the maximum pressure point is not possible due to 

its proximity to surge region and a small flow fluctuation would drive the system to 

instability region. It was found the right combination of controller and flow estimator 

method allows compressor to operate deep into former surge region. This allowed 

compressor to operate at the highest efficiency point on the characteristic map, while still 

retaining a very conservative surge margin. 

  Das et al. (2011) studied the influence of Electro Magnetic Actuator (EMA) 

to control coupled rotor vibrations due to combined bending and torsion of rotor-shaft 

supported on flexible bearings at both ends. The coupling behaviour of vibrations enabled 

simultaneous control of torsional and transverse vibrations by applying control force in 

transverse direction alone with a four-pole AMB. It was also found to increase stability 

limit speed. Mushi et al. (2010, 2012) designed a test rig to investigate rotordynamic 

instability arising from aerodynamic loads in the AMB supported turbo machinery. Two 
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exciter AMBs and two support AMBs in conjunction with a rotor were used in the study 

of rotordynamic instability of industrial machinery (Figure 1-30). The mid-span AMB 

was used to excite seal instability characteristic, while quarter-span AMB produced oil 

seal excitations.  

 

Figure 1-30 Test rig schematic: Mushi et al. (2010) 

Cole et al. (2012) have performed experiments to successfully eliminate amplitude 

jump that arises from nonlinear rotor-stator contact in a small radial clearance with a 

single radial AMB. An active magnetic bearing (AMB) and a nonlinear stator interaction 

mechanism are positioned equidistantly along the shaft. The stator mechanism consists of 

a mass supported by four thin horizontal rods, the length of which can be varied in order 

to change stiffness (Figure 1-31). Arredondo and Jugo (2012) achieved precise 

positioning of a spindle levitated by AMBs with a 2-DOF controller. A controller 

achieved counteraction of vibrations generated by rotation by using 3 blocks, i.e. 

stabilization block, vibration minimization block and dynamics decoupler block.  

 

Figure 1-31 Test rig schematic: Cole et al. (2012) 

Riemann et al. (2013) used µ-synthesis control technique to attenuate oil-whip 

instability effect of flexible hydro-dynamically supported rotors using electromagnetic 

actuators. The rotor, with lumped mass placed in the middle, is supported by two 
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hydrodynamic journal bearings, and a magnetic actuator is placed along the shaft (Figure 

1-32). Two proximity sensors were used to obtain rotor orbits. 

 

Figure 1-32  Test rig schematic: Riemann et al. (2013) 

The controlled vibration levels with μ-synthesis are compared to the PID controller 

in vertical and horizontal directions. To facilitate implementation in industries two SISO 

controllers were used instead of a MIMO controller.  

Brusa (2014) proposed an approach for dynamic stabilization of high-speed rotor 

by introducing damping action, whose direction of rotation is opposite to rotor angular 

speed, which seems contra-rotating in the fixed reference frame of rotor shaft. This 

method was meant to substitute the non-rotating damping provided by stator. The general 

arrangement of the rotor-bearing system is similar to the one shown in Figure 1-11 with a 

slight modification that thrust AMB is located inboard of the right AMB. In addition to 

the benefit derived from the absence of a fixed stator, it was also found that amount of 

damping required for a given stable operation of rotor is lower.  

Huang et al. (2015) developed a controller to actively suppress chatter instability 

for higher achievable metal removal rate in milling process. An optimal controller with 

proper compensation for speed variation that eliminates vibration of an unloaded spindle 

rotor during acceleration/ deceleration was enhanced with an adaptive algorithm based on 

Fourier series analysis. Pesch and Sawicki (2015) stabilized oil-whip and the oil-whirl in a 

hydrodynamic bearing with an AMB. The rotor was supported by a hydrodynamic 

bearing on one side and a bushing on other side. Two discs are mounted near the bearing 

midspan and AMB is situated near the hydrodynamic bearing. The rotor is connected to 

an electric motor via a flexible coupling (Figure 1-33). The µ-synthesis controller was 

designed for the plant model, which included a hydrodynamic bearing model that allowed 

for application of parametric uncertainties. The method was demonstrated on a 
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hydrodynamic bearing test rig modified with an AMB by running the rotor above twice 

the first natural frequency.  

 

Figure 1-33  Test rig schematic: Pesch and Sawicki (2015) 

Dimitri et al. (2016) designed and manufactured a prototype of an integrated 

journal bearing and AMB actuator. The integrated device, in conjunction with a fuzzy 

logic controller, was used to control sub-synchronous oil whip in a rotor test rig. The rotor 

designed to simulate industrial rotor behaviour was simply supported on two bearings: the 

designed integrated bearing at the drive end and a roller bearing at other end. Four disks 

are placed on the shaft which is driven by a 3 HP motor through a flexible coupling 

(Figure 1-34). 

 

 Figure 1-34  Test rig schematic: Dimitri et al. (2016) 

AMBs have been used in rotors supported on hydrodynamic bearings to prevent 

instability problems otherwise encountered in such rotor systems. As electromagnetic 

exciters they inject additional stiffness and damping into the rotor- system thus resulting 

in increase of instability threshold, elimination of oil-whip and oil-whirl from operating 

range. They have been used as servo-actuators to stabilize rotating stall in axial 

compressors, suppress surge instability in centrifugal compressors. Conventional stators 

(non-rotating structure supporting the rotor) that introduces damping into system have 

been substituted by AMBs. They have been used to suppress chatter instability in milling 

spindles, simulate rotordynamic instability arising from aerodynamic loads due to 

presence of seals.  
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1.14 Control Algorithms-AMB Performance 

To a control system designer, flexible systems pose a greater challenge than rigid 

rotors because of their wider mechanical bandwidth compared to rigid rotors. This means 

that mechanical response to high frequency forcing is much larger for a flexible rotor than 

it is for a rigid rotor. As a result, dynamic behaviour of feedback controller at high 

frequencies is much more important for flexible rotors than for rigid rotors (Maslen, 2009). 

Even though control system design is a fundamental design block of every rotor-AMB 

system, a few papers that have laid focus on comparative study of different controllers 

and their influence on the dynamic behaviour of rotor have been presented in this section.  

Knospe and Humphris (1992) proposed two algorithms namely: feedback and 

adaptive open loop controls for attenuation of transmitted unbalance response of rotors 

supported on magnetic bearings. Open loop experimental results demonstrated over 20 dB 

reduction in synchronous vibration at a rotor critical speed. The notch filter technique, 

which is often referred to as an automatic balancing, was achieved by inserting notch 

filter in each feedback loop in series with a stabilizing phase lead controller that causes 

the effective stiffness and damping of bearings to be greatly reduced. This leads to 

bearings exerting little force upon the rotor and the rotor spins about its inertial axis.  

Keogh et al. (1995) experimentally implemented a controller to conduct the steady state 

and mass loss tests. Measurement error, caused by the shaft surface roughness was 

incorporated into the controller design.  

Knospe et al. (1995), and Knospe and Tamer (1997) evaluated and compared 

performance of three algorithms in mitigating rotor vibration namely (1) non-recursive 

control law with simultaneous estimation, (2) recursive control law with simultaneous 

estimation, and (3) recursive control law with gain scheduling. It was found that all three 

algorithms provided synchronous vibration attenuation in steady state operation, however, 

differed greatly during transient tests and near critical speeds. Lum et al. (1996) 

implemented adaptive auto-centering that compensates for transmitted force due to 

imbalance in an AMB system. On-line identification of physical characteristics of rotor 

imbalance is performed and these identification results were used to tune a stabilizing 

controller. Adaptive auto-centering control unlike the adaptive feed-forward 

compensation is frequency independent and works under varying rotor speeds.  
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Shiau et al. (1997) achieved vibration control of a flexible rotor system with 

magnetic bearings using the hybrid method and H∞ control theory. To reduce order of the 

system, a hybrid method that combines finite element method and generalized polynomial 

expansion method, was employed to model flexible rotor system. This method was found 

to suppress spill over effect and to be robust to parameter variation of a rotor system with 

magnetic bearings. Yang et al. (1997) developed a controller by combining experimental 

design in quality engineering and active damping control technique for vibration 

suppression of rotor systems. By using locations of sensor/actuator and feedback gains as 

design parameters, the controller design was shown to achieve a near optimal 

performance within two-sigma confidence limits among all possible parameter 

combinations. 

Cole et al. (1998) integrated a high-order state-space controller (up to 50 states) in 

parallel with PID controller to be used for levitation. Experiments conducted on rig shown 

in Figure 1-23 showed that proposed controller can simultaneously cope with vibration 

resulting from direct rotor forcing as well as base motion that arises in transport and 

seismic events. The controller was found to be superior to PID controller in preventing 

contact between rotor and retainer bushes. Yu et al. (1998) developed a control algorithm 

using least-squares method for in situ tuning of electromagnetic actuator to reduce 

synchronous vibration of a rotor supported on oil-film bearings. To control vibration of a 

multimode rotor at operational speed, D-optimal statistical approach was used to 

determine the best location of actuator force. Ichihara et al. (2003) developed a controller 

that combined PID for rigid modes, with linear quadratic (LQ) control for flexible modes. 

This technique was used on a flexible rotor to pass through critical speeds and achieve 

high-speed rotation. 

Habib et al. (2004) employed fuzzy logic control strategy for suppressing the non-

synchronous response of a rigid rotor in AMB. It was shown numerically that non-

synchronous behaviour in rotor response, such as period-doubling bifurcations, quasi-

periodic and chaotic motions at certain range of operating parameters were successfully 

suppressed with the controller.  

Sanadgol and Maslen (2005) applied back stepping method to design a controller 

capable of actively suppressing oscillations induced by compressor surge. A magnetic 

thrust bearing was used as a servo actuator to modulate tip clearance of unshrouded 
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centrifugal compressor thereby affecting compressor characteristic. The mass flow and 

pressure oscillations associated with compressor surge are very effectively suppressed and 

system trajectories remained on compressor characteristic map in the presence of 

disturbances downstream of compressor. Arredondo et al. (2008) presented modelling and 

control design for a laboratory AMB set-up. Symmetric properties of model allowed 

separation of translation and conical modes. This decoupled MIMO system into SISO 

subsystems, after which appropriate controllers for each SISO subsystem were designed 

to achieve stable levitation.  

Tammi (2009) achieved rotor vibration attenuation with a supplementary 

electromagnetic actuator located outside rotor bearing span. The test rig consisted of a 

rotor supported by journal bearings and driven by an electrical motor. Rotor vibrations 

were attenuated with an electromagnetic actuator located outside of bearing span (Figure 

1-35). An experimental comparison of active vibration control with an adaptive FIR filter 

with least-mean-squares algorithm and convergent control (CC) method with frequency 

domain adaptation algorithm was performed. The performance of the adaptive finite-

duration impulse response (FIR) filter was found to be poorer than the performance of CC 

method in both steady-state and transient conditions. 

 

 Figure 1-35 Test rig schematic: Tammi (2009) 

Ding et al. (2010) experimentally investigated dynamic behaviour of rigid rotor 

supported on AMBs with four different control laws, viz. PD, Fuzzy PD, Fuzzy logic 

control and H∞. Hui et al. (2013) developed a feed-forward compensation controller based 

the adaptive iterative learning control (ILC) algorithm and PID algorithm to restrain run-

out. The simulation and experiments showed that compensation scheme resulted in 

minimum displacement of rotor system and improved the stability of control system. 

Koroishi et al. (2014) studied the effectiveness of attenuating vibration of flexible 

rotor in steady-state and transient conditions with a hybrid electromagnetic actuator 
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(EMA). The EMA has 4 electromagnets, two for each control direction (Figure 1-36). 

Two different approaches for the active modal vibration control: linear quadratic regulator 

(LQR), fuzzy modal controller were implemented for control of rotor system. LQR 

controllers showed better results in unbalance response in steady state and transient 

conditions. 

 

Figure 1-36 Test rig schematic: Koroishi et al. (2014) 

Zheng et al. (2015) presented a phase shift notch filter connected with a controller 

in parallel-mode to overcome performance degradation problems encountered in series 

mode while rotor is spinning at high speeds and improve stability over entire speed range. 

The effectiveness of the proposed method was experimentally tested on a high-speed 

centrifugal blower with magnetic bearing. Zhong and Palazzolo (2015) dealt with multi-

optimization of rotor system supported on homopolar AMBs to optimize control law and 

simultaneously achieve minimum actuator mass, the best steady state vibration 

performance of rotor, and least actuator power losses using non-dominated sorting genetic 

algorithm (NSGA). For searching the control law, twelve design variables, eleven 

constraints were handled with the NSGA-II code using parameter less penalty method 

with spinning rotor levitation and dynamic stability as constraint conditions.  

Various AMB control laws in conjunction with suitable filters have been 

developed, implemented and compared in pursuit towards better vibration suppression. 

While for low speed applications, time tested SISO controllers are still in vogue, MIMO 

control laws have found place in high-speed applications where accuracy and robustness 

of AMB systems are critical. Despite the complexity associated with their implementation 

advantages of these controllers cannot be overstated. 

1.15 Identification of Cracked Rotors with AMBs 

Fatigue cracks have great potential to cause catastrophic failures in rotating 

machinery, if undetected in time. There have been numerous case studies in industries, 
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where undetected fatigue cracks have led to catastrophic failures. Cracks may be caused 

by mechanical stress raisers, such as sharp keyways, abrupt cross sectional changes, 

metallurgical factors, heavy shrink fits, grooves, and other stress concentration factors that 

promote crack initiation. Once a crack is initiated it propagates and stress required for 

propagation is smaller than that required for crack initiation. After many cycles, operating 

stresses may be sufficient to propagate the crack. Operating rotating machinery with a 

rotor crack is dangerous since the crack grows with time that may lead to catastrophic 

accident. It is customary to check the occurrence of a rotor crack in periodical inspections 

during general system maintenance using ultrasonic testing method or dye testing method. 

However, these methods have disadvantages such as high cost and difficulty of early 

detection (Inagaki et al., 1982). 

 Over the last four decades, dynamics of rotors with various types of cracks have 

been investigated and it continues to attract interest of researchers as an inter-disciplinary 

area. Wauer (1990) presented a review on studies and investigations done on cracked 

rotor including the modelling of cracked part of the structure and finding different 

detection procedures to diagnose fracture damage. Sabnavis et al. (2004) and Kumar and 

Rastogi (2009) reviewed detection and diagnosis techniques of cracked rotors. 

Bachschmid et al. (2010) in their monograph described crack modelling procedures, 

simulation of dynamical behaviour of cracked shaft and tests for detecting cracks along 

with procedures in model based crack identification for finding crack position and its 

depth.  

Zhu et al. (2003) studied dynamic characteristics of a cracked rotor supported on 

AMBs; they concluded that if optimal controller parameters are not considered in 

designing AMB controller for a cracked rotor an unstable motion in some regions of 

rotational speed range is possible. It was found that only 2X and 3X revolution super-

harmonic components in sub-critical speed region can be used to detect a crack in rotor–

AMB system as against the traditional method, where 2X and 3X revolutions super- 

harmonic frequency components in super-critical speed region are used for detection. 

Bash (2005) studied use of AMBs as an actuator for health monitoring of rotor supported 

by conventional support bearings. A variety of known forces, i.e. chirp, Gaussian input 

were applied to a spinning rotor system to investigate rotordynamic faults, such as shaft 

rub and shaft crack. The test rig consisted of a shaft supported on ball bearings. An AMB 
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was placed at approximately midspan with two position probes located nearby for AMB 

control (Refer Figure 1-37). Four proximity probes were located along the shaft with two 

at approximately ¼ span and two at ¾ span. A shaft rub was investigated by applying 

contact from a brass screw at both inboard and outboard locations. A wide notch was 

made at midspan with progressive depths of 10, 25, and 40 percent of shaft diameter to 

simulate cracks. 

Mani et al. (2006), Quinn et al. (2005) used multiple scales analysis to estimate a 

combination resonance among critical shaft frequencies, shaft rotational speed, and 

external frequency of AMB excitation. The rig used is shown in Figure 1-38. It is 

supported on rolling element bearings, while AMB is used as exciter and not for support.  

When a cracked rotor is excited by a force at combination resonance, a re-excitation of 

first natural frequency occurs with increased response amplitude compared to healthy 

shaft condition. It is shown that response amplitude increases as crack depth increases. 

Alternatively, when a healthy (non-cracked) rotor is excited by combination resonance, no 

increase in amplitude of response at first natural frequency occurs. Sawicki et al. (2008), 

and Sawicki (2009) present similar experimental results on combination frequencies 

technique.  

Storozhev (2009) conducted experiments where in cracked rotor was supported/ 

levitated using AMBs unlike the earlier work where AMB was used as an exciter and not 

as a support. Each AMB is an 8-pole radial or conical heteropolar design and is equipped 

with four variable reluctance type position sensors.  The main advantage of conical AMBs 

over radial AMBs is that conical bearings can provide radial and axial forces/excitations 

at pre-calculated frequency simultaneously to perturb the suspended spinning rotor. 

Therefore, there is no need for an extra AMB for axial support of the rotor. A healthy 

rotor, 25% cracked and 40% cracked rotors with different force injections were tested 

(Refer Figure 1-38).  

Kasarda et al. (2007) experimentally demonstrated the capability of an AMB to be 

used as an actuator for identification of a shaft crack that might otherwise go undetected 

in conventional steady-state vibration monitoring approaches (Figure 1-37). 
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Figure 1-37 Test rig schematic: Kasarda et al. (2007) 

 

Figure 1-38 Test rig schematic: Sawicki et al. (2008) 

A distinct shift in 3rd natural frequency was detected in frequency response 

function, when rotor was excited by an AMB. However, no changes in 1st or 2nd natural 

frequencies were detected. Since 3rd natural frequency is much above the rotor operating 

speed, the fault will be undetected in typical vibration monitoring systems.  

Friswell et al. (2010) used recurrence plots of simulated and measured responses 

of a cracked rotor to determine the state of the machine. The reader can refer to Litak et al. 

(2009) who previously used these plots to detect faults in cracked rotors. It was found that 

AMB excitation reduces the periodicity of response of a healthy machine, which is 

recovered in the presence of a cracked shaft.  

Sawicki et al. (2011a, 2011b) proposed harmonic balance method as an alternative 

to multiple scales analysis to estimate combination frequencies and associated response 

amplitudes for a cracked rotor system excited by unbalance force and external AMB force. 

The shaft was levitated on conical AMBs in simply supported arrangement and a radial 

AMB is used as an actuator/exciter to apply specified, time-dependent forcing on the shaft 

at mid-span or outboard location. Later the shaft was supported on rolling element 

bearings and AMB is used as exciter at mid span. The actuators are axially adjustable, i.e., 

can be placed at almost any axial location. (Figure 1-37). 

Morais et al. (2012) numerically studied the control of breathing mechanism of 

crack, called self-healing, by using a mid-span electro-magnetic actuator. Minimizing the 
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crack opening was, however, found to increase the rotor vibration level. A multi-criteria 

optimization, called the particle swarm optimization, was devised to arrive at a current 

combination that is capable of minimizing the crack opening and, simultaneously, which 

does not induce either large vibrations or instability. 

Table 1-2 A chronological summary of papers on smart condition monitoring in rotors 

Authors 

(Year) 
Bearings Type Poles RPM Control  Sensors Objective 

Nature of 

work 

Kim and Lee 

(1999) 

2 AMBR,  

1 AMBT 
- - 3000 PID PP, MFT, 

LC,GS 

Idn. of i,  Ks 

and FMag 
Num. & Exp. 

Baun and 

Flack (1999) 

3 AMBR,  

1 AMBT 
- 8 620 PID PP, 

Meas. Of HF 

in pump 
Exp. 

Guinzburg and 

Buse(1995) 

2 AMBR,  

1 AMBT 
HEMB 4 

900 - 

1780 
- PP 

Meas. Of HF 

in CP 
Exp. 

Marshall et al. 

(2001) 
1 AMBT HEMB 8 - PID PP Meas. of FMag Num. & Exp. 

Raymer and 

Childs (2001) 
2 AMBR - - - - FOSG Meas. of FMag Exp. 

Zhu et al. 

(2003) 

1 AMBR, 

2 RIB 
- 8 - - - 

Cracked shaft 

CM 
Num. 

Nordmann and 

Aenis 

( 2004) 

2 AMBR, 

1 AMBT 
- - - - PP 

CP Fault 

diagnostics 
Exp. 

Bash (2005) 
1 AMBR, 

2 BB 
HEMB 8 5100 PID PP 

Study of RD 

faults 
Exp. 

Quinn et al. 

(2005) 

1 AMBR, 

2 BB 
HEMB 8 5100 PID PP 

Cracked shaft 

CM 
Num. & Exp. 

Cade et al. 

(2005) 
2 AMBR - - - PID PP 

Detection of  

sudden Unb. 
Num. & Exp. 

Mani et al. 

(2006) 
1 AMBR - - - - - 

Cracked shaft 

CM 
Num. 

Pesch et al. 

(2008) 

2 AMBC, 

1 AMBR, 

2 BB 

HEMB 8 - PID PP 
Cracked shaft 

CM 
Num. & Exp. 

Kozanecka et 

al. ( 2007) 

2 AMBR, 

1 AMBT 
HEMB 8 2100 - PT, PP, 

CT 

Idn. of forces 

in LS 
Exp. 
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Table 1-2 cont…   

Authors (Year) Bearings Type Poles RPM Control  Sensors Objective 
Nature of 

work 

Kasarda et al. (2007) 
1 AMBR, 

2 BB 
HEMB 8 2400 PID PP 

Cracked 

shaft CM 
Exp. 

Zhou et al. (2007) 
1 AMBR, 

2 BB 
- - - PID PP 

Cracked 

shaft CM 
Num. 

Friswell et al. (2010) 
1 AMBR, 

2 BB 
HEMB 8 5100 PID PP 

Idn. of 

rotor 

cracks 

Num. 

Kozanecka et 

al.(2008) 

1 AMBR, 

1 REB 
- - - - PP, CT 

Idn. of eq. 

K and C of 

AMB 

Num. & Exp. 

Zutavern and Childs 

(2005,2008) 

2 AMBR 

 
- - - - FOSG 

Idn. of an 

gas seal 

parameters 

Exp. 

Sawicki et al. (2008, 

2011a, 2011b) 
2 AMBC HEMB 8 1560 PID PP 

Cracked 

shaft CM 
Num. & Exp. 

Storozhev (2009) 2 AMBC HEMB 8 1560 PID PP 
Cracked 

shaft CM 
Num. & Exp. 

Morais et al. (2012) 
1 EMA, 2 

BB, 1 RB 

 

HOMB 4 1500 - PP 
Control of 

breathing 

mechanism 

Num. 

Tiwari and Chougale 

(2014) 
2 AMBR HEMB 8 5000 PID PP, CT 

Estimation 

of Ks, Ki, U 
Num. & Exp. 

Tiwari and 

Viswanadh (2015) 
2 AMBR HEMB 8  PID PP, CT 

Estimation 

of Ks, Ki, U 
Num. & Exp. 

Chasalevris et al. 

(2011, 2014) 

1 AMBR, 

2 JB 
HEMB 8 1850 - - 

Wear 

detection 

in JB 

Exp. 

Chasalevris and  

Papadopoulos (2015) 

1 AMBR, 

2 JB 
- - 950 - - 

Early crack 

detection 
Exp. 

Jiang et al.(2015) 
2 AMBR, 

1 AMBT 
- - - PID PP 

Estimation 

of K and C 

of AMB 

Num. & Exp. 

Singh and Tiwari 

(2015, 2016) 
1 AMBR HEMB 8 4300 PID PP 

Idn. of  BC 

parameters 
Num. 

Xu et al. (2016) 
2 AMBR, 

2 AMBT 
HEMB 8 

1200-

30000 
PID PP 

Idn. of K 

and C of 

AMB 

Exp. 
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Table 1-2 cont…   

Authors 

(Year) 
Bearings Type Poles RPM Control Sensors Objective 

Nature of 

work 

Xu et al. (2016) 
1 AMBR, 

2 BB 
HEMB 8 1500 PID ACC 

Idn. of bearing 

outer race 

defects 

Num. & Exp. 

Zhou et al. 

(2016) 
2 AMBR HEMB 16 

600 - 

6000 
-

synthesis 
- 

Idn. of K and 

C of AMB 
Exp. 

Xu et al. (2018, 

2020) 

2 AMBR, 

2 AMBT 
HEMB 8 

1200 - 

30000 
PID PP 

Idn. of K and 

C of AMB 
Exp. 

Sarmah and 

Tiwari(2018, 

2020) 

1 AMBR HEMB 8 - PID PP 

Modal Idn. of  

crack 

parameters 

Num. 

Prabhat and 

Tiwari(2020) 
2 AMBR HEMB 8 - PID PP 

Modal Idn. of  

unbalance 

parameters 

Num. 

Abbreviations.  ACC: Accelerometer; AMBC: Conical active magnetic bearing; AMBR: Radial 

active magnetic bearing; AMBT: Thrust active magnetic bearing; BB: Ball bearing; BC: 

Breathing crack; CP: Centrifugal pump; CT: Current transducer; EMA: Electromagnetic actuator; 

Exp.: Experimental; FOSG: Fiber optic strain gauge; Idn. : Identification; JB: Journal bearing; LS: 

Labyrinth seal; Meas.: Measurement; Num.: Numerical; PD: Proportional – derivative; PID: 

Proportional- integral-derivative; PT: Pressure transducer; REB: Rolling element bearing; RIB: 

Rigid bearing; Unb.: Unbalance 

Symbols. C: equivalent AMB damping; K: Equivalent AMB stiffness; i: Current; Ks: 

Displacement stiffness; Ki: Current stiffness; FH: Hydraulic force; FMag: Magnetic force; U: 

Unbalance. 

Chasalevris and Papadopoulos (2015) presented a method for early detection of 

shallow cracks (< 5% of shaft radius) in rotating shafts using AMBs. A rotor-bearing 

system, consisting of an elastic rotor mounted on fluid-film bearings was used to detect 

the presence of crack at a depth of around 5 percent of shaft radius (Refer Figure 1-32). 

The variation of coupling property that a crack or a notch introduces into the system and 

the concept of localization of coupling in time domain were used to detect cracks. Signal 

processing techniques, such as Hilbert transforms, Fast Fourier transform (FFT) and 

Continuous wavelet transform (CWT) were used on response signals obtained from 
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system monitoring. Singh and Tiwari (2015, 2016) investigated the behaviour of a rotor-

bearing system with a breathing crack under the support action of AMB. Since the AMB 

suppresses vibration induced on account of the presence of crack and unbalance, 

controller current was utilized for the purpose of identifying crack parameters. This is 

contrary to the traditional method of exciting the cracked rotor, which can affect its 

structural integrity. Sarmah and Tiwari (2018, 2020) considered the effects of both 

internal and external damping in the identification of crack parameters in rotor systems 

supported by auxiliary AMBs. 

Rotors which are supported on REBs and excited by AMBs, as well as rotors that 

are both levitated and excited by support AMBs have used combination resonance 

technique for crack detection. However it was found that rotors with shallow cracks are 

indistinguishable from healthy rotors with this method. The application of variety of 

signal processing techniques on AMB signature has enabled early identification of 

shallow cracks. Control of crack breathing mechanism so as not induce either large 

vibrations or instability by choosing proper AMB current combination has been 

numerically studied. The behaviour of breathing crack on a Jeffcott rotor under AMB 

support has been studied. Identification of depth and location of multiple cracks using 

AMBs has not yet been explored. Acoustic emission techniques in conjunction with 

AMBs can help detect minute changes in transient elastic waves arising from multiple 

cracks excited by AMBs. 

1.16 Identification of Bearing Faults with AMBs 

Chasalevris et al. (2011, 2014) investigated the operation of worn journal bearings 

by incorporating an AMB on the same shaft, which acts as a collocated sensor/actuator 

unit (Refer Figure 1-32). The shaft was excited by transient electromagnetic external 

excitation with linearly varying frequency (chirp). The occurrence of additional sub- and 

super-harmonic components was observed when external frequency lies in the region of 

first natural frequency of the operating system. The time-frequency analysis revealed 

beginning of additional frequency components, especially in sub-harmonic domain. In the 

same work, the authors investigated the vibration behaviour when wear pattern is 

misaligned with respect to bearing longitudinal axis. An external excitation force of 

variable frequency was applied while the system is in nominal operation at steady 

rotational speed. Time histories of response under combined excitation of unbalance at 
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fixed frequency and linearly variable AMB forcing frequency were analysed in time and 

frequency domains with short-time Fourier transform (STFT) and Continuous wavelet 

transform (CWT). Two different cases of wear pattern and variable wear depths were 

investigated. It was found that ½ order AMB excitation was the most sensitive sub-

harmonic component to wear depth. 

Xu et al. (2016) studied the active health monitoring of rotordynamic systems in 

the presence of bearing outer race defect with the mid-span AMB exciter, which extracts 

the defect characteristic frequency of Outer Race Ball Pass Frequency (BPFO) during the 

bearing incipient faulty stage of rolling element bearings. It was found that there was an 

increase in the acceleration response as a result of the defect in outer race. 

The wear in journal bearings, and defects in races of rolling element bearings have 

been identified with AMBs using signal processing techniques. Identification of faults in a 

shaft excited by AMB using the signature obtained from bearing caps can be explored. 

1.17 Identification of AMB Forces 

Guinzburg and Buse (1995), and Baun and Flack (1999) investigated the 

hydrodynamic axial and radial forces acting on centrifugal pump impellers by direct 

measurement of reaction forces with the help of retrofitted AMBs. The AMBs, besides 

supporting pump rotor, also functioned as calibrated load cells. Kasarda et al. (2000) 

developed improved AMB force measurement algorithms and calibration procedure that 

makes AMB a more reliable tool for the static and dynamic load measurement. Marshall 

et al. (2001) used multi-point technique for static force measurement in AMBs based only 

on basic actuator geometry and control current without requiring the knowledge of actual 

operating air gaps. This technique utilizes multiple sets of current pairs for force 

determination as opposed to a single point technique that utilizes bearing current 

information and assumed gaps or Hall sensors that measure the magnetic flux density. 

Raymer and Childs (2001) used fibre-optic strain gages (FOSG) mounted on the magnetic 

poles for the measurement of force generated by AMB that is exerted on the rotor.  

Nordmann and Aenis et al. (2004) made a comparative study of various force 

measurement techniques employed in AMBs, such as i-s method, reluctance network 

method, and flux based methods using Hall sensors. Kozanecka et al. (2007) developed an 

identification procedure to measure the unsteady forces exerted by labyrinth seal on the 
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rotor-bearing system. This was done by simultaneous measurement of the journal position 

with respect to the bush and control currents that flow in the magnetic bearing bush 

winding. Experimental investigations were carried out on the vertical rotor levitating in 

the magnetic field. A comparison of forces of bearing magnetic response with and without 

seal gives measurable changes in static and dynamic loads of magnetic bearing, which 

makes it possible to determine the forces that act on shaft when the seal is in operation. 

Zutavern and Childs (2005, 2008) developed a method for parameter identification of an 

annular gas seal on a flexible rotor test rig. Dynamic loads applied by magnetic bearings 

that support the rotor were measured using four fibre-optic strain gauges (FOSG) bonded 

to the four poles of the AMBs. These forces were used for the parameter identification. 

There are two main types of force measurements used in an AMB system. The 

first is based on the measurement of coil currents and rotor displacements (i-s method, 

reluctance network model) and the second method uses the direct measurement of 

magnetic flux density with a Hall sensor at each pole. Force measurements in AMB 

system has been done in mainly two different ways i.e. from current measurement and 

direct magnetic flux measurement. Use of AMB as a device to measure forces applied by 

labyrinth seal on rotor systems and to identify annular seal parameters have been reported. 

1.18 Identification of AMB Current and Displacement Stiffness 

Kozanecka et al. (2008) identified AMB dynamic parameters by means of a 

relationship between magnetic response, control current and magnetic gaps. The test rig 

consists of horizontal flexible power-transmission shaft supported on two rolling bearings 

at one end and a magnetic bearing at the other end (Figure 1-39). Measured gaps obtained 

from instantaneous position of journal with respect to centre of bush and measured 

magnetic forces enable the estimation of bearing dynamic parameters based on the 

relationship between the three parameters.  

Tiwari and Chougale (2014) developed an identification algorithm for the 

estimation of dynamic parameters of AMBs and rotor residual unbalances for a flexible 

rotor systems levitated on AMBs. Unlike conventional bearings, AMBs partially attenuate 

the unbalance responses, which makes it difficult to correctly estimate the dynamic 

parameters from unbalance responses alone. 
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Figure 1-39 Test rig schematic: Kozanecka et al. (2008) 

Keeping this in view the algorithm took care of both measured AMB controlling currents 

and rotor unbalance responses. The numerically estimated parameters were compared 

with the experimental parameters, which was previously obtained by Tiwari et al. (2009). 

Tiwari and Viswanadh (2015) developed an identification algorithm to estimate 

displacement stiffness and current stiffness of AMBs, and residual unbalances in a rigid 

rotor system levitated on AMBs. A SimulinkTM model was used to generate numerical 

responses, which were further used in the estimation of AMB parameters and residual 

unbalances. Jiang et al. (2015) proposed a method for measuring equivalent stiffness and 

equivalent damping of AMB-rotor system with multi-frequency excitation. The multi-

DOF rotor model based method is used as against the single-DOF system. Error in the 

identification of parameters is minimized, if the peak value of the multi-frequency 

excitation is large, but this can lead to large rotor vibration or force saturation of AMB.  

On the other hand, decreasing the excitation amplitudes of every component results in 

weak perturbations in the frequency domain and will consequently increase identification 

error. Schroeder-phased harmonic sequences was made use to superimpose the 

components with appropriate selection of relative phasing so that the lowest possible peak 

value signal is produced while the components retain the same higher value. This 

minimizes the possibility of vibration displacement exceeding clearance or AMB reaching 

saturation.  

Zhou et al. (2016) presented a two-step identification procedure for closed-loop AMB 

stiffness and damping coefficients based on rotor unbalance response. The test was 

performed on the rig shown in Figure 1-40.   
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Figure 1-40 Test rig schematic: Xu et al. (2016)  

A rigid body rotor model was used to compute the nominal values of the bearing 

stiffness and damping coefficients at a given rotating speed from the experimentally 

measured rotor unbalance response. Later based on a FEM model of the rotor, an error 

response surface is constructed for each parameter, to estimate the identification errors 

induced by rotor flexibility. The eventual closed-loop AMB stiffness and damping 

coefficients equal the sums of the nominal values initially computed from experimental 

unbalance response and identification errors determined by error response surfaces. The 

AMB stiffness and damping coefficients thus identified are input to finite element model 

of the rotor from which model unbalance responses at various rotating speeds are 

determined through simulation and compared with experimental measurements.  

Xu et al. (2016) developed a rotor unbalance response based approach to 

identifying the AMB stiffness and damping coefficients. The rotor is supported by two 

radial and two thrust AMBs. An asynchronous induction motor rotor is located in the 

middle of the rotor between the front AMB and rear AMB (Refer Figure 1-40). A 

Timoshenko beam finite element rotor model was created and an identification procedure 

based on FE model was proposed. Then based on the experimental rotor unbalance 

response data at various speeds of operation the AMB stiffness and damping were 

obtained. Band-pass filters were employed to remove noise from the experimental data. 

The measured displacement values go through unbalance signal filter using zero-phase 

digital filters to extract the steady state amplitude and phase information upon which first 

order Fourier series based least-squares method was used to fit the filtered signals. Xu et 

al (2017, 2018) performed identification of AMB stiffness and current stiffness 

coefficients from the unbalance response of rotor. Experimental study showed good 

matching with the numerical estimates. 
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The identification of AMB dynamic parameters i.e. ks and ki by different magnetic force 

measurement methods and different excitation methods such as unbalance excitation, 

multi-frequency excitation has been reported in present subsection. 

 

1.19 Other Applications of AMB in CM 

 

Figure 1-41 Test rig schematic: Nordmann and Aenis (2004) 

Kim and Lee (1999) identified the dynamic characteristics of an oil-lubricated, 

short squeeze film damper (SFD) with a central feeding groove using an AMB system as 

an exciter. The experimentally identified damping and inertia coefficients of the SFD 

were compared with analytically derived dynamic coefficients. 

Nordmann and Aenis (2004) developed a model-based diagnostic procedure for 

detection and diagnosis of dry-run condition as a fault in a magnetically suspended single 

stage centrifugal pump (Figure 1-41). The rotor of the pump was modelled through a 

finite element model after which the model was updated by an experimental modal 

analysis to guarantee an accurate description of physical model. Cade et al. (2005) used 

wavelet analysis to detect faults in rotor-magnetic bearing systems. Haar wavelet was 

chosen as mother wavelet, since its shape is suited for step changes in unbalance and short 

duration rotor/bearing contacts. A controller was formulated in wavelet coefficient 

domain with control forces derived from proportional feedback of displacement wavelet 

coefficients. Experimental validation through mass-loss tests were performed on flexible 

rotor/active magnetic bearing assembly to provide sudden changes in synchronous 

disturbance resulting in transient vibration responses. 
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 Bouaziz et al. (2015) studied the influence of defects in high-speed milling 

spindle and AMB defects on dynamic behaviour of spindle supported by two AMBs. 

Some defects such as windings defect, misalignment between opposite AMB poles, and 

eccentricity defect due to non-uniform air gap around AMB and spindle unbalance have 

been studied for their impact on electromagnetic forces, and subsequently the dynamic 

behaviour of the spindle. The authors found that windings effect produced the largest 

change in the electromagnetic force, closely followed by misalignment, and eccentricity 

coming in the last.  

The speed dependent stiffness and damping coefficients of SFD have been 

experimentally identified with AMB exciter. Defects in centrifugal pumps, milling 

spindles, AMB windings have been studied. This could be extended to identification of 

faults in motors. 

1.20 General Remarks on AMB Applications  

In this section the summary of the research work done on the application of AMBs mainly 

in flexible rotordynamic systems is presented. The primary focus was laid on vibration 

suppression, stability improvement and condition monitoring. While the aforesaid topics 

on AMBs were independently addressed in majority of papers, the above areas overlap 

each other in the work done by a few researchers. The following points have been found 

to be notable 

(a) In flexible rotor systems, AMBs have been used in place of conventional bearings as 

stand-alone bearing supports to levitate the rotor and pass through several critical speeds. 

(b) In the area of synchronous vibration suppression in the rigid and flexible rotors, it is felt 

that controller design, actuator design and actuator placement have been devoted 

research importance in about the same order. 

(c) AMBs have been used as supplementary inboard/ outboard/inside-out magnetic 

damper(s) along the length of shafts supported on rolling element bearings or oil film 

bearings to suppress synchronous transverse vibration due to the unbalance. 

(d) Apart from synchronous vibration suppression, AMBs have been used to suppress 

vibrations caused by driveline misalignment, periodic base/seismic excitation, presence 

of breathing cracks, faults in bearings, faults in gears, sub-synchronous excitation, 
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compressor surge instability in centrifugal compressors, coupled bending and torsional 

vibration, and chatter instability in high speed milling spindles. 

(e) AMBs have been used in conjunction with fluid-film bearings to remove the oil whirl, 

oil whip, dry whip due to rubs, and increase instability threshold by introducing 

additional stiffness and damping into the system. 

(f) Conversely, AMBs have been used to simulate destabilizing aerodynamic forces caused 

by seals and gyroscopic effects caused by large flywheels. Using AMBs in laboratory to 

simulate cross coupling forces and subsequently control them, gives the benefit of 

checking apriori the performance and robustness of controller’s algorithm. Any errors in 

algorithm that might otherwise compromise the safety of fully levitated large industrial 

rotors can be avoided. 

(g)  They are capable of replacing non-rotating damping provided by static bearing support 

and foundation with contra-rotating damping for the dynamic stabilization of high speed 

rotors. 

(h) AMBs have been used as exciters to produce characteristic signatures that correspond to 

the presence of various faults. From the point of view of fault identification and post 

processing the results, exciting faults is more straight forward and intuitive way of 

performing CM, than suppressing them. AMBs have been used to apply various types of 

excitation inputs such as harmonic, step, square, chirp forcing functions on rotors. 

(i) AMBs are being used as prognostic tools in smart machines. Various faults such as 

unbalance eccentricity, internal damping, breathing cracks, faults in races of anti-friction 

bearings, wear in oil film bearings, and dry run condition in centrifugal pumps have 

been identified with AMBs. 

(j) Combination frequency technique, a frequency domain tool, has been employed 

successfully for the detecting deep cracks. This technique is, however, reported to be not 

successful in clearly setting apart rotors with shallow cracks from uncracked rotors.  

(k) AMBs in conjunction with wavelets have been used to effectively extract the weak 

signature corresponding to shallow cracks that are otherwise indistinguishable from the 

spectrum of un-cracked rotor.  

(l) AMBs have been used in conjunction with full spectrum for modal based identification 

of breathing crack and, amplitude and phase of individual harmonics of crack excitation 

force. 
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(m) In the design of actuators, AMBs have been integrated with tilting pad bearings. 

Theoretical studies on integration of AMB with journal bearing have been found to be 

effective by resulting in lower bearing size, and higher load carrying capacity. The effect 

of number of electromagnets on transient behavior of purely angular misaligned rotor 

has been investigated. 

(n) AMBs have been used for balancing of magnetically levitated flexible rotors below the 

bending critical speed by injecting synchronous electromagnetic forces in what has been 

called as virtual trail weights method in single start-up. 

(o) AMBs have been used to perform in-situ high-speed balancing of flexible rotor-bearing 

system using virtual trial unbalances, while rotating the system below its critical speed. 

(p) It is felt that AMBs as tools for ACM have not been exploited on the same level as in 

vibration suppression. Modal based CM has been found to be given less focus than the 

vibration based CM.  There have been a few works related to the identification of crack, 

unbalance, and AMB dynamic parameters using modal based techniques. 

1.21 Future Directions in AMB Applications 

The following areas offer scope for further research in the application of AMBs in 

rotordynamic systems 

(a) Power turbine shafts of gas turbine engines are long and slender. They are supported on 

rolling element bearings and balanced near operational critical speeds. The vibration 

displacement is measured with proximity probes and the correction mass is estimated. 

Since critical speed cannot be traversed through before balancing, this procedure 

becomes iterative. When AMB is placed at anti-node locations, it allows the rotor to run 

at the critical speed, as it suppresses the vibration simultaneously. This minimizes the 

bending stress experienced by the shaft- irrespective of the magnitude of unbalance- 

since AMB adjusts the control current in real time to limit the rotor whirling within 

clearance. Finally, the AMB current and displacement signals could be utilized to 

estimate the correction unbalance and phase in multiple planes in one-shot.  

(b) It is known that the 1st bending critical speed of free-free supported rotor is almost 1.7 

times more than that of fixed-fixed supported rotor. This characteristic in conjunction 

with controllable support stiffness characteristics of AMB can be used in flexible rotor 

balancing. The rotor to be balanced can be taken up to the required higher operating 

speeds using the lower support stiffness supplied by AMB, without crossing the first 
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critical speed.  Since ODS is a function of support stiffness, besides unbalance 

distribution and operating speed, the rotor undergoes lesser deflection thereby requiring 

lesser power to control. After the desired speed has been reached, AMB stiffness can be 

increased through the controller to the actual support stiffness. The rotor now assumes 

true mode shape and undergoes actual deflection at the same speed. The current and 

displacement signature from AMB supports placed at anti nodal points could be 

captured and correction unbalance can be estimated. As long as the rigid critical speeds 

are stable   (since very low support stiffness tends to shift the 1st rigid critical speed into 

unstable zone), this method can be used for balancing with lower power consumption. 

(c) The above method is particularly useful to independently balance higher mode shapes 

without having to balance the lower mode shapes. 

(d) Some practical problems that entail the usage of core - which is compulsory when using 

AMBs are as follows: When core is slid around the shaft in an interference fit, besides 

adding to actual rotor mass at specific locations, it increases bending stiffness, thus 

shifting the bending critical speed away from the actual resonance. This stiffening effect 

and additional core mass at the anti-nodal point affect the amplitude at the actual 

resonance.  

(e) In the above situations (a), (b), (c), (d) when AMB is used as vibration suppressor in the 

form of intermediate support, the current signal from AMB has to be decomposed to 

separate the  signal corresponding to actual suppressed vibration and the signal due to  

spurious vibrations arising on account of core placement effect. A study of correction 

factors that may be required to be applied to balancing speed and displacement/current 

signal from AMB, so that the actual rotor deflection is correctly determined could be 

made. 

(f) In AMB application for balancing, presence of larger amount of residual unbalance 

requires more power for vibration suppression. This pushes the AMB size upwards, 

making implementation challenging.   

(g) AMBs face challenge from actual industrial rotors due to their lesser load carrying 

capacity and therefore lesser stiffness. Hybrid bearings, by using permanent magnets for 

generating bias currents, have brought down the size of AMBs to some extent.  The 

concept of integrating JBs with AMBs has been implemented by some authors. 

Integrated JB/TPB and AMB meets twofold requirements: 1) more load carrying 
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capacity and 2) active CM without the need for a separate and bigger AMB. 

Optimization of such hybrid bearings to increase load carrying capacity within space 

constraints could be explored. 

(h) It is a common situation in flexible rotors that are balanced to acceptable levels of 

residual unbalance on balancing machine to experience higher vibration on actual engine 

owing to different dynamic support stiffness values on balancing machine and engine. 

This leads to different values of amplitude of operating deflection shape (ODS) in the 

two conditions. By simulating the actual bearing plane dynamic stiffness with AMB 

supports this problem could be addressed. 

(i) Bearings with non-isotropic stiffness (Kxx ≠ Kyy) have a zone of unstable backward 

critical speed between consecutive forward critical speeds corresponding to transverse 

orthogonal (x and y) directions. The extent of the zone depends on the damping present 

within the system. Two support AMBs can be used to introduce non-isotropic stiffness 

there by exciting the backward critical speed of the rotor system. As the backward whirl 

component in the full spectrum grows prominent, an intermediate AMB is activated to 

introduce directional harmonic force to suppress the vibrations due to backward whirl. 

The possibility of sensing the whirl direction in real time and introducing corresponding 

directional force which negates the vibration can be explored. 

(j) The effect of number of poles of AMB support bearings on vibration suppression caused 

due to the pure angular misalignment has been explored. Auxiliary AMB and full-

spectrum can be used to further investigate the directional vibration behavior of rotor-

trains subject to both angular and parallel misalignments, while simultaneously 

suppressing the vibrations. 

(k) Faults in gears such as tooth cracks can be investigated with auxiliary AMB 

exciter/supports. The periodicity of frequencies corresponding to gear faults is expected 

to interact with AMB forcing frequencies that may result in either pronounced peaks in 

spectra or appearance of altogether new frequency components 

(l) Wavelets which are used to localize sudden changes in system dynamics- due to their 

ability to have finer time resolution at high frequencies and finer frequency resolution at 

lower frequencies-could be used in conjunction with full spectrum. When multiple faults 

such as crack, misalignment and rub develop in a rotor system over a period of time in 

unknown order, wavelet transform could be applied to time signal of AMB’s current and 
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displacement to precisely identify the time of each defect inception. However since all 

the above mentioned faults have full spectrum components, distinguishing and 

identifying faults from one another would be a challenge which could be explored. 

AMBs on their part help in mitigating the vibration caused by these faults. 

(m) Identification of depth and location of multiple cracks using AMBs has not yet been 

explored. Acoustic emission techniques in conjunction with AMBs can help detect 

minute changes in transient elastic waves arising from multiple cracks excited by AMBs. 

(n) There exists a vast amount of literature on CM of electrical motors using various 

automated tools which are not covered in this chapter. Nandi et al. (2005) can be 

referred for a review of such techniques. Integration of AMBs into the rotor systems 

driven by these motors for the detection of various faults in motors could be explored. 
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CHAPTER 2   

Identification of Misalignment in Coupled Simple Rotor-AMB 

Systems with Central Discs

 

 

2.1 Introduction 

In the present chapter, the modelling, analysis and identification of various system 

faults in a coupled simple rotor system with auxiliary active magnetic bearing (AMB) 

support has been presented. The mathematical model of coupling in the presence of 

angular misalignmentis is developed. The coupled rotor system is modelled with two 

simple rotors each with a central disc. The coupling is assumed to be flexible and is 

modelled by a helical torsion (in bending) spring. This relaxation in modelling of the 

coupling makes it possible to establish a linear relationship between the slope at 

bearing/coupling location and the translational deflection at the disc location. Lagrange’s 

equations are used to develop the equations of motion of the coupled rotor system. A 

steering function has been selected such that the forced reponse due to coupling 

misalignment yields both odd and even harmonics in full spectrum (with positive and 

negative frequencies). An identification algorithm based on least-squares regression 

technique in frequency domain has been developed using the forward and backward 

harmonics of rotor vibration and AMB current for the estimation of  coupling direct 

stiffness, coupling additive stiffness, unbalance magnitude and its phase, equivalent 

viscous damping in each rotor, and current and displacement constants of the AMB. The 

robustness of identification algorithm is tested against various levels of measurement 

noise. 

2.2 System Configuration 

Figure 2-1 shows a coupled rotor system with central discs, with two bearings supporting 

each rotor. The drive is transmitted from rotor-1 to rotor-2 with the help of a coupling. An 

AMB placed on the second rotor next to the disc serves to attenuate the vibration as well 

as to perform the condition monitoring to characterise the faults present in the rotor 
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system. Figure 2-2 shows the inertial and rotating coordinate systems used in the present 

work .  

REB REB REB REB

AMB

Coupling

Motor Disc

Disc

1
a

1
a

2
a

2
a

 

Figure 2-1General arrangement of a simple coupled rotor-AMB system 

 

 

Figure 2-2 Inertial and rotating frames of reference 

2.3 Assumptions 

a) Only angular misalignment is present between the bearing centres. No parallel 

misalignment is considered in the present chapter. So coupling is modelled as helical 

torsion (in bending) spring. 

b) Simply supported condition is assumed at bearing location i.e. there is no restriction to 

slope at the location. 

c) The coupling is flexible and the disc is heavy. Under these conditions weight of the 

disc contributes more to the static slopes at coupling location than does the reaction 
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moment of the coupling. This makes it possible to establish linear relation between 

slopes at the coupling and translational displacements at the disc location. 

d) The overhang of rotor between inboard bearings at the intermediate coupling location 

is considerably less compared to span of the shafts. It ensures that coupling has only 

angular displacement and no translatory displacement. 

e) The mass and damping properties of coupling are ignored. The angular stiffness of 

coupling about two transverse axes is equal 

2.4 Generalized Coordinates of Rotors and Relation with Coupling Slopes 

( )1 1 1M ,C ,K ( )2 2 2M ,C ,K1q
2q

, )
c cφ φ(K ΔK

 

(a) 

 

(b) 

Figure 2-3 Coupled simple rotor system: (a) Displacements at disc locations (b) Slopes 

of helical torsion (bending) spring at coupling location 

Figure 2-3 shows the displacments at disc and coupling locations with simple rotor model. 

The generalized coordinate vectors of the rotor-1 and rotor-2 represented by 

1 2( ) and ( )t tq q  are the total displacements of two degree-of-freedom (2-DOFs) coupled 

rotor system mounted with central discs. They are composed of static components, 

10 20 and q q  and vibratory components 1 2( ) and ( )t t q q . Mathematically they can be 

expressed as 

 
( ) ( )

( ) ( )

t t

t t

   


   

q q q

q q q

1 1 10

2 2 20

  (2.1) 

with 
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   ( ) ;
TT

x yt x y    q q
10 101 1 1 10

and    ( ) ;
TT

x yt x y    q q
20 202 2 2 20

        

 

                     Figure 2-4 Angular position of unbalance    

Total angular displacements i.e. slopes at coupling location for rotor-1 and rotor-2 are 

denoted by  

  
c c

T

c y x φ
1 1

1   (2.2) 

  
c c

T

c y x φ
2 2

2   (2.3) 

Working under the assumptions mentioned in Section 2.3, slopes at coupling location for 

rotor-1 given by  
c c

T

y x 
1 1

 and the translational displacement part in vector 1q  given 

by  
T

x y1 1  at disc-1 location are linearly related by a constant 1 , as 

  
T

c x y1 1 1 1   (2.4) 

with    
a


 

  
 

1

1

3

2
 

Likewise, for rotor-2, the corresponding relation can be written as 

  
T

c x y2 2 2 2   (2.5) 
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with  
a


 

  
 

2

2

3

2
  

where 
1a  and 

2a  are the respective distances of discs of rotor-1 and rotor-2 from their left 

and right supports (refer Figure 2-1). Eqns. (2.4) and (2.5) representing the relations 

between slopes at bearings and deflection at any section are obtained from the formulae 

given in Appendix A. The  relative position of disc unbalance is shown in Figure 2-4.     

O is the bearing centre line,  C is the geometric centre of the disc and G is the location of 

the mass unbalance,   is the initial phase angle. 

2.5 Equations of Motion of Coupled Rotor System 

Equations of motion for the coupled rotor-train system shall be derived from energy 

equations. The kinetic energy of rigid discs on rotor-1 and rotor-2 due to the translation 

and rotation motion is given by 

 
1 2

1 1 1 12 2 2 2 2 2

1 1 1 2 2 22 2 2 2
( ) + ( )p pT m x y I m x y I            (2.6)  

The potential energy in the shafts and coupling is given by 

 
1 2 1 2

1 1 1 1 1 12 2 2 2 2 2

1 1 1 1 2 2 2 22 2 2 2 2 2
( ) ( )

x c c y c cc c
xx yy xx yy x x y yV k x k y k x k y k k               (2.7) 

where 
i

m , 
id

I  and 
ip

I are the mass, diametrical mass moment of inertia and polar mass 

moment of inertia of discs. 
1ij

k , 
2ij

k  are the stiffness of the shafts and
1ij

c ,
2ij

c  are the 

viscous damping of the shafts. 
xc

k , 
yc

k  are the angular stiffness of coupling about x and 

y axes. For rotor-1, it is assumed that 1 1xx yyk k . Likewise, for rotor-2, it is assumed 

that 2 2xx yyk k . For the coupling, it has been assumed that angular (bending) stiffness is 

same about both axes, i.e. 
c cx y

k k  .  Substituting Eqns. (2.4) and (2.5) into Eqn. (2.7) we 

get potential energy purely in terms of generalized coordinates, as 

    
2 21 1 1 1 1 12 2 2 2

1 1 1 1 2 2 2 2 1 1 2 2 1 1 2 22 2 2 2 2 2x yc c
xx yy xx yyV k x k y k x k y k y y k x x              (2.8)          

The last two terms signify potential energy of coupling represented in terms of 

translational displacements of rotor-1 and rotor-2. Likewise, the Rayleigh’s dissipative 

function due to viscous damping in shafts can be written as 
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1 1 1 12 2 2 2

1 1 1 1 2 2 2 22 2 2 2xx yy xx yyc x c y c x c y      (2.9)          

where 
1ij

c ,
2ij

c  are the viscous damping of the shafts. To derive equations of motion, we 

use Lagrange’s equation given by 

      ( 1,2, )i

i i i i

d T T V
Q i n

dt q q q q

    
     

    
  (2.10)         

The vector of generalized coordinates is given by  
T

iq x y x y 1 1 2 2 .  

Applying Eqn. (2.10) on energy expressions given by Eqns.(2.6), (2.8) and (2.9) 

sequentially, the equation of motion corresponding to each DOF is obtained. Thus there 

are four equations for four DOFs given by 

     
10

2 2

1 1 1 1 1 1 1 2 2 1 1 1 1 1 1cos( )
y yc c

xx xx xx xm x k x k x k x c x m e t k                        (2.11) 

     
10

2 2

1 1 1 1 1 1 1 2 2 1 1 1 1 1 1sin( )
x xc c

yy yy yy ym y k y k y k y c y m e t k             
       (2.12)

 

20

2 2

2 2 2 2 2 2 1 2 1 2 2 2 2 2 2cos( )
y yc c

xx xx xx xm x k x k x k x c x m e t k                       (2.13) 

     
20

2 2

2 2 2 2 2 2 1 2 1 2 2 2 2 2 2sin( )
x yc c

yy yy yy ym y k y k y k y c y m e t k               (2.14) 

The right hand side of each equation gives the static force and unbalance. It can be seen 

from the above equations that coupling stiffness terms appear only in the equations of 

motion (EOMs) corresponding to translational displacements. This is a direct 

consequence of relations given by Eqns. (2.4) and (2.5). Now Eqns. (2.11) to (2.14) can 

be written in the following form 

 
c c unb st 
      M q C q K q K q K q f f

1 11 1 1 1 1 1 1 2   (2.15) 

 
c c unb st 
      M q C q K q K q K q f

2 22 2 2 2 2 2 1 2 f   (2.16) 

where 
i

M ,
i

C ,
i

K ,
i

G  are the mass, damping, stiffness and gyroscopic matrices of rotors. 

iunb
f , 

ist
f  are the forces due to unbalance and static deflection. The system matrices of 

coupled rotor system are given in Appendix B. In Eqns. (2.15) and (2.16) the contribution 

of coupling to the rotor system stiffness comes from
c
K ,

c
K  and 

c
K  matrices, which 
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are given by ;  ;  
c c c c c c            K K K K K K

2 2
1 2 1 2 , where 

c
K is the coupling 

stiffness matrix.  

2.6 Coupling Stiffness Matrix 

Parallel misalignment, also referred to as the static misalignment, has a hardening effect 

on the bearings, and the angular misalignment, referred to as a dynamic misalignment, has 

softening effect on bearings as reported by Ertas and Vance (2004) and Friswell et al 

(2010). Lees (2007) proposed that in the presence of misalignment, the stiffness of 

coupling has two components: first the intact stiffness, which has steady contribution, and 

second the time dependent additive coupling stiffness(ACS) which varies with rotary 

motion. The parallel misalignment was considered in his work and the fluctuating 

component of coupling stiffness was assigned a (+) sign. In the present work, since the 

angular misalignment is considered, the latter component has a (-) sign. Therefore, the 

stiffness of the coupling is written as 

 ( )  ( )
c c c ROTt t    K K K   (2.17)       

with 

 
( )

( )
( )

c

c

c

k k t
t

k tk

 





   
    

    

K
0 0

00
  (2.18)                

where ( )k t  and ( )k t  are the ACS coefficients due to angular misalignment in   and 

  directions. Substituting Eqns. )2.1( and (2.17) in equation (2.15), it gives 

 
    

  

c c

c c unb st

 

 



 

     

    

M q C q K q q K K q q

K K q q f f
1 1

2
1 1 1 1 1 10 1 1 10 1

1 2 20 2

  (2.19) 

In Eq. (2.19) force due to self weight stf
1
in the RHS cancels out with the K q1 10  term in 

the LHS. 

Ignoring the product of smaller terms, such as 
c

 K q1  and
c

 K q2 , we get 

 ( )
c c unb mis const 
           M q C q K K q K q f f f

1 1 11 1 1 1 1 1 2   (2.20) 

with 

TH-2522_156103043



70 

 

 ( )
c cconst  
  f K q K q

1 10 20   (2.21)                     

 ( )
c cmis  
    f K q K q

1 10 20   (2.22) 

misf
1
, constf

1
are the time-varying and static coupling misalignment forces acting on rotor-1. 

Likewise Eqn. (2.16) transforms to, 

 ( )
c c unb mis const             M q C q K K q K q f f f

2 2 2

2
2 2 2 2 2 2 2 1 2 1   (2.23) 

where 

 ( )
c cconst  
  f K q K q

2 10 20   (2.24) 

 ( )
c cmis  
    f K q K q

2 10 20   (2.25)       

misf
2
, constf

2
are the time-varying and static coupling misalignment forces acting on rotor-2.  

with 

; ; ;
c c c c c c c c c c c c                                  K K ;K K ;K K K K K K K K

2 2 2 2
1 2 1 2 1 2 1 2  

where misf
2
and constf

2
are the time-varying and static coupling misalignment forces acting 

on rotor-2. 
c

K is the additive coupling stiffness matrix. In Eqns. (2.20) and (2.23) there 

are three types of forcing terms on the right hand side, viz. unbalance force due to disc 

eccentricity, time dependant coupling misalignment force, and constant coupling 

misalignment force. Due to the assumptions made in Section 2.3, it is possible to express 

coupling misalignment forces in terms of translational displacements of the rotors at disc 

locations. 

ACS given in Eqn. (2.17) is written as the product of a periodic time function ( )s t  and a 

matrix containing additive direct stiffness coefficients  and k k   , where the cross-

coupled stiffness terms are ignored, as 

 
( )

( ) ( )
( )c ROT

k t k
t s t

k t k

 



 

    
     

    
K

0 0

0 0
   (2.26) 

Here ( )s t  is also called the coupling excitation function and its Fourier expansion directly 

influences the harmonic nature of coupling misalignment force. In Rao et al. (2001) and, 
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Patel and Darpe (2008), it is shown that such multi-harmonic force can be generated in 

real rotors by introducing misalignment in the form of shims under the bearing blocks. 

The magnitude of k or k  depends on the type of coupling and the amount of 

misalignment. Thus k or k generated due to a given amount of misalignment is more 

for a stiffer rigid coupling than it is for a flexible coupling. 

Eqns. (2.20) and (2.23) are written in the stationary frame of reference, it is necessary to 

transform the time dependent coupling stiffness of rotating coupling  into the inertial frame 

of reference (Figure 2-2). This is accomplished by change of axes using a transformation 

matrix given by (Shrawan and Tiwari, 2012, Singh and Tiwari, 2016) 

 
cos sin

sin cos
RS

t t

t t

 

 

 
  

 
T   (2.27) 

Eqn. (2.17) then transforms to the following form in the stationary frame of reference 

  ( )  ( )
c STAT c c ROT c ROT

T

STAT RS RSt t       K K K T K T   (2.28)              
       

 

where 
  c STATK matrix in Eqn. (2.17) representing static coupling stiffness matrix remains 

unaltered during coordinate transformation. However, 
 c STATK denotes time dependent 

stiffness, and it becomes 

( )
cos sin cos sin cos sin

( )
cos sin cos sin sin cosc STAT

s t
k t k t k t t k t t

t
k t t k t t k t k t

   



   

     

     

      
   

       
K

2 2

2 2
 (2.29) 

Note that both  and k k   coefficients appear in Eqn. (2.29). The coupling becomes 

asymmetric once misalignment is introduced. As a result misalignment in one direction 

produces reactions in another direction (Ganesan and Padmanabhan, 2011). Soft foot a 

common term used for the improper contact between machine casing and the base plate 

can cause alignment problems in the vertical plane. This is in turn caused by improper 

amount of shims, dirt under machine feet or damaged base plates.  In real world, the 

angular misalignment can exist in vertical plane or horizontal plane or both planes. As an 

example, Patel and Darpe (2008) introduced angular misalignment in horizontal plane by 

the relative movement of bearing pedestals. It is assumed in the present work that ACS in 

  direction, i.e. k  0 .  
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Equation (2.29)  then transforms to 

               ( )
cos sin

( )
sin cosc STAT

s t
t t

t k
t t

 

 

 

 
    

 
K

1 2 2

2 1 2

1

2
   (2.30) 

The time-dependent coupling misalignment force acting on rotor-1, which is present in 

the right hand side of Eqn.  (2.20), is obtained by substituting Eqn. (2.30) into Eqn. (2.22) 

and is given by 

 
cos sin

( )
sin cos

cos sin

sin cos

x

mis

x

y y

t t
k s t

t t

t t

t t






 


 

 
 








 



       
    

  
 
 
        

f
10

10

1

20

20

2

2
1 1

1 2 2

2 1 2

1 2 2

2 1 2

1

2
  (2.31) 

The static deflection in y direction and static angular deflections about x and y axes are 

zero, i.e.
y y x xy y              

10 20 10 20 10 20
0 . Hence, 

             
cos cos

( )
sin sin

x xmis

t t
k s t

t t



 


 

 

      
      

    
f

01 1 20

2
1 1 2

1 2 1 21

2 22
  (2.32) 

Equation (2.32) represents the time dependent coupling misalignment force acting on 

rotor-1. Likewise the time dependent coupling misalignment force acting on rotor-2, 

which is present in the RHS of Eqn. (2.23) is obtained by substituting Eqn. (2.30) in Eqn. 

(2.25) and is given by 

 
cos cos

( )
sin sin

x xmis

t t
s t k

t t



 


  

 

      
      

    
f

102 20

2
1 2 2

1 2 1 21

2 22
  (2.33) 

In Eqns. (2.32) and (2.33), coupling misalignment force has been represented in terms of 

10 20
 and x x   the static deflection of discs; 1 2 and   , numeric constants that depend on the 

disc location from supports; and  s t , the coupling misalignment excitation function.  

2.7 Coupling Misalignment Excitation Function 

The stiffness matrix of coupling without misalignment is symmetrical and doesn’t vary 

with rotation. A misaligned coupling on the other hand exhibits geometric asymmetry 

with the result that the stiffness varies periodically in one rotation. This causes the 2X 

harmonic to become predominant in physical systems. It is well established from 

numerous experiments that misalignment between bearing centers generates multiple 
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integer harmonics, both odd and even, in the rotor and bearing response spectrum. Hence, 

a suitable waveform function for time-varying coupling stiffness needs to be substituted 

in Eqns. (2.32) and (2.33). A rectangular wave with 40 % duty cycle as shown in Figure 

2-5 has been chosen as the excitation function. All the integer harmonics needed to mimic 

the vibration response of real misaligned rotors are obtained in simulation when 

rectangular wave is used as steering function. This justifies its use in simulation. The 

Fourier expansion of the excitation function is given as (Kreyszig, 2008)  

                                                           ( ) cos( )n

n

s t a a n t




 0
1

  (2.34)            

with 

                     0.4;  sin sin .
p

n

tA A
a Average a n n

n T n
 

 

 
    

 
0

2 2
0 4                    (2.35) 

where A is amplitude, T is period and pt is pulse width. The values of 
na  for different 

values of n are given in Table 2-1.  

On substituting the values of n and an in Eqn. (2.35) gives 

 

s(t) = 0.4 + 0.6055cos(ωt) + 0.1871cos(2ωt) - 0.1247cos(3ωt) - 0.1514cos(4ωt)

                + 0.1009cos(6ωt) +0.0535cos(7ωt) - 0.0468cos(8ωt) - 0.0673cos(9ωt)

               + 0.055cos(11ωt) +0.0312cos(12ωt) - 0.0288cos(13ωt) - 0.0432cos(14ωt)

               + 0.0378cos(16ωt) +0.022cos(17ωt)

  (2.36) 

Table 2-1 Fourier coefficients of square wave with 40% duty cycle 

n an n an 

0 0.4 8 -0.0468 

1 0.6055 9 -0.0673 

2 0.1871 10 0.0000 

3 -0.1247 11 0.0550 

4 -0.1514 12 0.0312 

5 0.0000 13 -0.0288 

6 0.1009 14 -0.0432 

7 0.0535 15 0.0000 
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Figure 2-5 Rectangular wave with 40% duty cycle 

It has been found that upon substituting Eqn. (2.36) into Eqns. (2.32) and (2.33) all the 

integer harmonics needed in response spectrum are generated. As such the phase relation 

that exists between the various integer harmonics of rectangular wave is taken the default 

value. Thus the arbitrarily chosen square waveform satisfies the suitability criteria to 

represent coupling misalignment excitation function. It is to be noted that as the severity of 

misalignment increases the number of harmonics that appear in the spectrum increases. In 

the experimental work conducted on real systems by Patel and Darpe (2008) it was found 

the number of harmonics that appeared in spectrum is not more than 5 with the result that 

the value of n when conducting experiment would be generally less than or equal to 5. 

There is, however, no limitation on the number of harmonics that may be used as inputs for 

the identification algorithm presented in subsequent sections. 

2.8 EOM of Rotor-2 in the Presence of AMB Support 

Sawicki et al. (2009, 2011) in their works used AMB as an exciter for crack detection.  

Singh and Tiwari (2015) used AMB as a support, whose current signature has been used 

along with rotor vibration signature for a model-based identification of fatigue crack 

parameters. In the current work AMB is used as an auxiliary support. The force exerted 

by AMB is given by  

 
sx ix x

AMB

sy iy y

k x k i

k y k i

  
  

  
f

2

2

  (2.37) 
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The AMB force becomes nonlinear when the AMB journal (laminated core) operates 

radially close to the actuator. With the nominal unbalance and misalignment values and 

proper tuning of the PID, the AMB magnetic force can be simplified to its linear form. 

Tiwari (2008) gives the magnetic force expression exerted by an AMB as shown in        

Eqn. (2.37).  Here 
ixk  and iyk are AMB current stiffness constants in x2  and y2  directions, 

respectively, and 
sxk and syk are AMB displacement stiffness constants in x2  and y2  

transverse directions, respectively. 
xi and yi are AMB currents in x2  and y2  transverse 

directions, respectively.  The stiffness constants of AMB depend on number of poles in the 

armature. Various researchers have used magnetic actuators with 3, 4, 6, 8 and 16 numbers 

of poles. The number of poles is mainly dictated by the load carrying capacity requirement 

of AMB. An isotropic 8-pole actuator hetero-polar actuator is being used in the current 

work. Thus Eqn. (2.37) transforms to 

                  
xi

AMB

yi

ikxk

ikyk

     
      

       
f

2

2

00

00
         (2.38) 

It can been seen that magnetic force depends on the instantaneous displacements and 

currents in the direction of translational coordinates only. AMB currents  and x yi i are 

related to the instantaneous translational displacements of the rotor at the point of support. 

The real time displacements of rotor at AMB location are input to controller, which uses 

specific control law to generate current.  The choice of control law depends on application, 

operational speed and accuracy required. There is a vast amount of literature on various 

controllers, their advantages and applications. A comprehensive list of controllers is given 

in Schweitzer et al. (2009). In the present work Proportional–Integral–Derivative (PID) 

controller, which is more popular, owing to its comparitive simplicity, has been used. The 

governing equation for the PID control law is given by 

 2

2 2

( )
( ) ( ) ( )x p i D

dx t
i t K x t K x t dt K

dt
     (2.39) 

 2

2 2

( )
( ) ( ) ( )y p i D

dy t
i t K y t K y t dt K

dt
     (2.40) 

where pK is the proportional gain, IK is the integral gain and DK is the derivative gain of 

the controller,  ( )x t2  and ( )y t2  are the instantaneous displacements of rotor-2 at the AMB 
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location in x and y directions, respectively. The choice of gain constants affects the 

resonant speeds and dynamic response of the rotor being supported by AMB              

(Tiwari, 2018). The gain constants used in this paper are taken from the work of Bordoloi 

and Tiwari (2013) and are found based on Routh-Hurwitz criteria of stability. A few works 

that deal with the tuning a PID controller for AMBs are Anantachaisilip and Lin (2013), 

Psonis et al. (2015) and Martin et al (2018).  In the present formulation (Figure 2-1), an 

AMB is used as an auxiliary support for rotor-2, which provided controlling force. The 

corresponding magnetic forcing term appears additionally in the right hand side and Eqn. 

(2.23) changes to 

 ( )
c c unb mis AMB const 
            M q C q K K q K q f f f f

2 2 22 2 2 2 2 2 1   (2.41) 

The sign of the magnetic force takes + or – sign depending on whether AMB is exciting or 

supporting the rotor system. Physically, it means that when the AMB acts as an excitation 

force it adds to other external forces and when it acts as suppression force, it gets subtracted 

from other external forces. The reader can refer to the works of Sawicki et al. (2009, 2011) 

to gain better perspective on this.  

2.9 Equations of Motion in Complex Form 

For ease of computation the translational and rotational vibration responses of rotors is 

written in a complex form by multiplying the equations of motion in y-direction with 

' j 1 '   and adding to the equation of motion in x-direction. The complex vibration 

response of rotors is then given by 

 j ;        jx y x y   v v1 1 11 2 2 2   (2.42) 

Upon substituting Eqn. (2.42), the equations of motion of rotor-1 and rotor-2 given by 

Eqns. (2.20)  and (2.41) transform into the following complex form 

 
t unb mis const     

1
M v C v K v K v f f f

3 1 1 11 1 1 1 1 2   (2.43) 

 
t unb mis cur const      M v C v K v K v f f f f
3 2 2 22 2 2 2 2 2 1   (2.44) 

with 

mM1 1 ; mM2 2 ; xxcC1 1 ; xxcC2 2 ; xxkK1 1

 

; xxkK2 2 ; 
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ct k K
3 1 2 ; ;

c cxx xx sk k k k k      K K
2 2

1 1 1 2 2 2

 
Forcing terms on the RHS of Eqns. (2.43) and (2.44) are given by 

j( ) j( )
;  ;  

t t

unb unb cur i cm e e m e e k i     
  f f f1 2

1 2

2 2
1 1 2 2

 
j j. ( ) ( )( );  . ( ) ( )( )t t

mis miss t k e s t k e 

             f v v f v v
1 2

2 2 2 2
1 10 1 2 20 1 2 10 2 200 5 1 0 5 1  

;   ;   j
c c c cconst const c x yi i i             f K v K v f K v K v

1 2

2 2
1 10 1 2 20 1 2 10 2 20  

The static displacement is given by 

;  x x  v v
10 2010 20  

The forcing terms in Eqns. (2.43) and (2.44) are multi harmonic in nature and are of the 

form ji tke  . Hence, the assumed solution or particular integral that represents the vibration 

response of rotors takes the form (Kreyszig, 2008) 

    j j

1 21 2;      
i i

i t

i

i t

i

i i

t e t R eR  
 

 

  v v   (2.45) 

Likewise, the AMB current in time domain can be decomposed into its multi harmonic 

form, as 

 j( ) t
i

i

i

i

ci t I e 




      (2.46) 

On substituting Eqns. (2.45) and (2.46) into Eqn. (2.43), the frequency domain 

representation of rotor-1 EOM is given as 

 
  

   
1

3

1

0 20 10 20

2

1 1 1 1 2

j2 2 2

1 1 1 1 2 1 1 2

j  

cx x

i t i

xi x

i i R R

m e e k p k


 

 

        

    
 

     

M C K K
  (2.47) 

where 
i

p  is the participation factor of the thi  harmonic of the misalignment excitation 

force. Likewise, upon substituting Eqns. (2.45) and (2.46) into Eqn. (2.44) the frequency 

domain representation of rotor-2 EOM is obtained as 

 
  

   

3

2

10 20 10 20

2

2 2 2 2 1

j2 2 2

2 2 1 2 2 1 2 2

j  

c

i t

x x x

i

i i xI

i i R R

m e e k p K I k


 

 

        

    
 

      

M C K K
  (2.48) 
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Eqns. )2.47( and )2.48( represent the frequency domain equations for the coupled rotor 

system with integrated AMB, for harmonic indices ranging 

from , , 2, 1,0,1,2, ,i n n    , which are characteristic of a system excited by coupling 

misalignment.  

2.10 Estimation of Rotor, Coupling and AMB Parameters 

 In parameter identification in rotor-bearing systems, Lees and Friswell (1997),         

Sekhar (2005), and Tiwari et al. (2004) have used modal based methods for the 

identification of faults, such as unbalance, crack and bearing parameters. The 

identification has been performed using the least-squares fitting in either time or 

frequency domain.  In the present section, an identification algorithm that estimates the 

system parameters from a least-squares problem by utilizing the bi-directional frequency 

data of rotor vibration and AMB current shall be developed. 

The complex Eqns. (2.47) and (2.48) are expanded and rearranged so as to arrange the 

known parameters on the left hand side and unknown parameters on the right hand side. 

The identifiable parameters are , , , , , , , ,  and s ic c k k e e k k   1 2 1 1 2 2 , which represent  

rotor-1 equivalent viscous damping in x-direction, rotor–2 equivalent viscous damping in 

x-direction, coupling static angular stiffness, coupling ACS, eccentricity of disc-1, phase 

of unbalance on disc-1, eccentricity of disc-2, phase of unbalance on disc-2, AMB 

displacement constant and AMB current constant, respectively. The development of 

regression equations for rotor-1 and rotor-2 are provided in next section. 

2.11 Regression Equations of Rotor-1 

Rearranging Eqn. (2.47) by segregating known and unknown quantities, we get 

 
   

    

1

10 20

10 20

j( )2 2 2

1 1 1 2 1 1 1 1 2

22

1 1 2 1

1 1 2

1 1

j

                                                                 

c c

c

i i i

xx i

xx x x i

x x

i c k k m e e k p

k

R R R

m i k R



  



         

     

    

 
 

(2.49) 

1 2,i iR R represent the complex displacements of harmonics of rotor-1 and rotor-2. Eqn. 

(2.49) can be expanded for various harmonic indices, i.e. - , , -2, -1,0,1,2, ,i n n   . 
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2.11.1 i = 0: Constant Coupling Misalignment Force 

Extracting terms corresponding to i = 0 from Eqn. (2.49), we get 

      
10 20 10 2010 2

2 2 2

1 1 2 1 1 2 0 10 1 01 2 1c cx x xx x xR R Rk k p k k                      (2.50) 

The real and imaginary displacement components of 0th  harmonic of rotor-1 are 

 10 10,Re 10, 20 20,Re 20,j ; jIm ImR R R R R R      (2.51) 

Upon substituting Eqn. (2.51), Eqn. (2.50) becomes 

 
      

   

10 20

10 20

10,Re 10, 20,Re 20,

1 10,

2 2

1 1 2 1 1 2 0

2

1 1 2 Re 10,

j j

j

c

c

Im Im

xx Im

x x

x x

R R R R

R

k p

k R

k

k

 



       

    

 

 

  
 (2.52) 

Eqn. (2.52) can be further separated into the real and imaginary parts, as 

         
10 20 10 20

2 2

1 10,Re 1 2 20,Re 1 1 2 , e10 10 Rc x x xx x xk R R k p k R                  

(2.53) 

  2

1 10, 1 2 20, 10,1c Im Im Imxxk R R k R        (2.54) 

2.11.2 i = 1: Unbalance force and 1st harmonic of time dependent coupling misalignment force 

Extracting terms corresponding to i = 1 from Eqn. (2.49), we get 
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
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  (2.55) 

The real and imaginary displacement components of 1st harmonic of rotor-1 are 

 11 11,Re 11, 21 21,Re 21,j ;      jIm ImR R R R R R      (2.56) 

Upon substituting Eqn. (2.56), Eqn. (2.55) becomes 
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1 1 1 2 1 1

2 2

1 ,1 2 1

j j j j

j

c cIm Im Im

xx Im

xx

x x

c z k z z k m e e

k z z z p

R R R R R R

Rkm R



 



 

  

     

   
  

  (2.57) 
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Eqn. (2.57) can be further separated into the real and imaginary parts, as 

 
   

 
10 20

2 2 2

1 11, 1 11,Re 1 2 21,Re 1 1,Re 1 1 2 1

2

1 11 R1 , e

cxx I

xx

m x xc R k z R z z R m e k z z z p

m k R

    



     

 
 

 (2.58) 

    2 2 2

1 11,Re 1 11, 1 2 21, 1 1,Im 1 11,1cxx Im Im Ixx mc R k z R z z R m e m k R        (2.59) 

2.11.3 i ≠ 0 and i ≠ 1: Other harmonics of time dependent coupling misalignment force  

Extracting terms corresponding to 0 and 1i i   from Eqn. (2.49), we get 

 
   

  
10 201 1

2 2

1 1 1 2 1 1 2

2

2

1 1 1                                                                         

j
c cxx i x ii

x

xi

x i

R R Ri c z k z z k k z z z

m R

p

i k

    

 

 





          (2.60) 

The real and imaginary displacement components of ith harmonic of rotor-1 are 

 1 1 ,Re 1 , 2 2 ,Re 2 ,j ;       ji i i Im i i i ImR R R R R R      (2.61) 

Upon substituting Eqn. (2.61), Eqn. (2.60) becomes 

      

     
10 20

1 ,Re 1 , 1 ,Re 1 , 2 ,Re 2 ,

1 1 1 ,

2

1 1 1 2

22

1 1 2 Re 1 ,

j j

           

j

j   

c ci i Im i i Im i i Ixx

x x i

m

xx i i Im

ji c z k z z k

k z z z p

R R R R

i k

R R

m R R

 





  

   

  




 (2.62) 

Eqn. (2.62) can be further separated into the real and imaginary parts, as 

 
   

  
10 20

2 2

1 1 , 1 1 ,

1

Re 1 2 2 ,Re 1 1 2

2

1 1 ,Re                                                                             

cxx i Im

x

i i x x i

ix

i c R k z R z z R k z z z p

m i k R

   



    

 
 (2.63) 

     22

1 1 ,Re 1 1 , 1 2 2 , 1 11 ,cxx i i Im Im i Imxxii c R k z R z z R m i k R       (2.64) 

2.12 Regression Equations of Rotor-2 

 Rearranging Eqn. (2.48) by segregating the known and unknown quantities, we get  

   

     

2

10 20

10 20

j(

2 2 2 2 1

2 2

)2 2 2

1 2 2 2 1 2 2

22

2 1 2 2 2

j
c c

c

x x i

I i s i x

xx i i i

ix xx

i c z k z z k m e e k z z z p

k I k R k z z z m i k

R R R

R



  



   

  

  

 



 




  (2.65) 

TH-2522_156103043



81 

 

Eqn. (2.65) takes the following modified form  

 
   

    

2

10 20

10 20

2 2 2 2

j( )2 2 2

1 2 2 2 1 2 2

22

2 1 2 2 22

1

2

j

                                

c c

c

x x i I i

s i x x xx

xx i i i

i

i c z k z z k m e e k z z z p k I

k R k

R R R

m Rz z z i k



  



   

  

  

 

 






  (2.66) 

Eqn. (2.66) can be expanded for various harmonic indices, i.e. 2,-1,0,1,2,i = -n,…,- …,n .  

2.12.1 i = 0: Constant Coupling Misalignment Force 

  Extracting terms corresponding to i = 0 from Eqn. (2.66), we get 

 

     
10 20 10 202 20 10 200

2 2 2

1 2 1 2 2 0 20 1 2 2 2c cx x I s x xk z z z k z z z p kR I k R k z zR Rz k             

   (2.67) 

0th harmonic of rotor-2 displacement is made of the real and imaginary components, i.e. 

 10 10,Re 10, 20 20,Re 20, 0 0,Re 0,j ;      j ;      jIm Im ImR R R R R R I I I        (2.68) 

Upon substituting Eqn. (2.68), Eqn. (2.67) becomes 

 
      

     

10 20

10 20

2 20,Re 20, 10,Re 10,

0,Re 0, 20,Re 20, 2

2 2

1 2 1 2 2

20,Re 20,

0

2

1 2 2

j j

j ( j ) j

c

c

Im Im

Im s Im

x x

I x xx Imx

k z zR R R R

I I

z k z z z p

K k z z zk R R RkR

 



 

 

  

 

 

    
 

 (2.69) 

Eqn. (2.69) can be further separated into the real and imaginary parts, as 

 
      

20 10 10 20

2 2

2 20,Re 1 2 10,Re 1 2 2 0

0,R 2e 20,Re 20,Re                                                                                      

c x x x

s x

x

I x

k z R z z R k z z z p

k I k R k R

        

   

 (2.70) 

  2

2 20, 1 2 10, 0, 220, 20,c Im Im I Im s xxIm Imk z R z z R k I k R k R        (2.71) 

2.12.2 i = 1: Unbalance force and 1st harmonic of time dependent coupling misalignment 

force 

 Extracting terms corresponding to i = 1 from Eqn. (2.66), we get 
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   

 

2

10 2021 2 21

j2 2 2

2 1 2 11

21,

2 2 1 2 2 1

2

1 Re 2 2 21

j

                                     

c c

s

x

x

x x

x

x

I

R R Rc z k z z k m e e k z z z p

k I kk R m R



     



 

 





 
  (2.72) 

The real and imaginary components of 1st harmonic of rotor-2 complex displacement and 

current are 

 11 11,Re 11, 21 21,Re 21, 1 1,Re 1,j ;    j ;     jIm Im ImR R R R R R I I I        (2.73) 

Upon substituting Eqn. (2.73), Eqn. (2.72) becomes 

 

      

   

  

2

10 20

2 21,Re 21, 2 21,Re 21, 11,Re 11,

1,Re 1, 21,Re 21,

2 2 21,Re 21

2

1 2

2 2

2 2 1 2 2

,

1

2

j j j

j ( j )

j

j
c cxx Im Im Im

Im s

j

x x i Im

xx Im

c z k z z k

m e e

R R R R R R

I I k R Rk z z z

R

k

m k R

p

 







  





    









  



  (2.74) 

Eqn. (2.74) can be further separated into the real and imaginary parts, as 

 

 
10 20

2 2 2

2 21, 2 21,Re 1 2 11,Re 2 2,Re 1 2 2 1 1,Re 21,

2

Re

2

2 21,Re

( )
cxx Im x I

xx

x sc R k z R z z R m e k z z z p k I k R

m k R

    



       

 

   (2.75) 

 
 

 

2 2

2 21,Re 2 21, 1 2 11, 2 2,Im 1, 21,Im

2

2 21,2

c

x

xx Im Im I Im s

Imx

c R k z R z z R m e K I k R

m k R

 



    

 
  (2.76) 

2.12.3 0 and 1i i  : Other harmonics of time dependent coupling misalignment force  

 Extracting terms corresponding to 0 and 1i i   from Eqn. (2.66), we get 

 
   

  
10 20

2 2

1 2 1 2 2 2

2

2 2 2 2 1

2 2 2

j
c c x x i I i s ixx i i i

xx i

i c z k z z k k z z z p k I kR R

m i

R

k R

R    



 



 



 

 (2.77) 

The real and imaginary displacement components of ith harmonic of rotor-2 complex 

displacement and current are 

 1 1 ,Re 1 , 2 2 ,Re 2 , ,Re ,;      ;       i i i Im i i i Im i i i ImR R jR R R jR I I jI        (2.78) 

Upon substituting Eqn. (2.78), Eqn. (2.77) becomes 
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      

     

   

10 20

2 2 ,Re 2 , 2 2 ,Re 2 , 1 ,Re 1 ,

,Re , 2 ,Re 2 ,

2 2 2 ,Re 2 ,

2

1 2

2

1 2 2

2

j j j

j j

                                                      j

c cxx i i Im i i Im i i Im

i i Im i i Im

x

x x

x i

i I s

i Im

R R R R R R

I I R R

ji c z k z z k

k z z z p k

Ri R

k

m k

 





 



    

   





  



  (2.79) 

Eqn. (2.79) can be further separated into the real and imaginary parts, as 

 
   

  
10 20

2 2

2 2 , 2 2 ,Re 1 2 1 ,Re 1 2 2 ,Re 2 ,Re

2

2 2 ,Re2

cxx i Im i i x x i i i s i

xx i

i c R k z R z z R k z z z p k I k R

m i k R

   



      

 
  (2.80) 

     22

2 2 ,Re 2 2 , 1 2 1 , , 2 , 2 ,2 2cxx i i Im i Im i i Im s i Im i Imxxi c R k z R z z R k I k R m i k R         (2.81) 

Regression Eqns. (2.53), (2.54), (2.58), (2.59), (2.63) and (2.64) of rotor-1 and             

Eqns. (2.70), (2.71), (2.75), (2.76), (2.80), (2.81) of rotor-2 are arranged in a matrix form, 

as 

1 1 1A x b   (2.82) 

     

 

,Re ,Re

, ,

, ,Re ,Re

,Re , ,

x x x x

Im Im

x xIm

Im Im

R R p

R R

R m R R p

R R R

         

  

         

   



    



   







A

10 20 10 20

10 20

2 2
1 10 1 2 20 1 1 2 0

2
1 10 1 2 20

2 2 2
11 1 1 11 1 2 21 1 1 2 1

2
1 11

1

215 5 25

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0

5

     

 

,Re ,Re ,Re ,Re

, , , ,

,Re ,Re ,Re ,Re

,Re , ,

x x x x

Im Im Im Im

x x

Im Im

R R p I R

R R I R

m R R p I R

R R R

        

  

        

   

    



   



20 10 10 20

10 20

2 2
2 20 1 2 10 1 2 2 0 0 20

2
2 20 1 2 10 0 20

2 2 2
2 2 21 1 2 11 1 2 2 1 1 21

2
2 1 225 25 15

0 0 0 0 0 0 0

0 0 0 0

0 5

0

0 0 0 0

 

 

, ,Im

, ,Re ,Re

,Re , ,

, ,Re ,Re

,Re ,

Im

x xIm

Im Im

x xIm

I

I R

R R R p

R R R

R R R p

R R

        

   

        

 

   

  

   

 

  

 

  



10 20

10 20

5 25

2 2
11 1 11 1 2 21 1 1 2 1

2
11 1 11 1 2 21

2 2
1 1 2 1 1 215 15 25 5

2
115 15

0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

05 0 0 0

5

0

 

 

,

,

,Re

, ,Re ,Re ,Re ,Re

,Re , , ,Im ,I

m Im

x xIm

x xIm

Im Im

R

R p

R

R R R p I R

R R R I R

 

     



        

   



 



     

    



 



  

 

10 20

10 20

1 22 25

2
21 1 2 2 1

21

2 2
2 1 2 1 2 225 25 15 5 5 25

2
2 1 225 25 15 5 25

0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0

0 5 0 0 0 0

0 0 0 0 05 0
m

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(2.83) 
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,Re

,Im

,Re

,Im

,Re

,Im

,Re

,Im

,Re

,Im

,Re

,Im

( )

( )

( )

( )

( )

( )

( )

( )

(

xx

xx

xx

xx

xx

xx

xx

xx

xx

xx

xx

xx

k R

k R

m k R

m k R

k R

k R

m k R

m k R

m k R

m k R

m k R

m k R




















































b

1 10

1 10

2
1 1 11

2
1 1 15

2 20

2 20

2
2 2 21

2
2 2 25

1 2
1 1 11

2
1 1 11

2
1 1 15

2
1 1 15

25

25

25

25

,Re

,Im

,Re

,Im

)

( )

( )

( )

xx

xx

xx

xx

m k R

m k R

m k R

m k R















 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

  

2
2 2 21

2
2 2 21

2
2 2 25

2
2 2 25

25

25
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  ,Re ,Im ,Re ,Im c

T

xx xx i sc c e e e e k k k k  x1 1 2 1 1 2 2   (2.85) 

The regression matrix A1, vector of known quantities b1 and vector of identifiable 

parameters x1 used in the estimation of various system faults and parameters are shown in 

Eqns. (2.83), (2.84) and (2.85). Vector x1 containing the identifiable parameters can be 

obtained by solving inverse problem 

   1

-1
T T

1 1 1 1x = A A A b   (2.86) 

The effect of including data from a range of spin speeds on the estimates can be studied 

from 

 

1 1

2 2
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( ) ( )n n

 

 

 

   
   
   
   
   
      

1 1

1 1

1

1 1

A b

A b
x =

A b

  (2.87) 

The advantage of using cumulative data from a range of speeds in Eqn. (2.87) is that the 

condition number of the matrix A1 improves thereby resulting in estimates closer to the 

actual values. 
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2.13 Estimation of Harmonics of Displacement and Current  

 Both left and right hand sides of Eqns. (2.82) and (2.87) contain the real and imaginary 

components of complex vibration outputs of rotor-1 and rotor-2, and complex current 

output of AMB for harmonic indices ranging from 2,-1,0,1,2, ,i= -n,…,- n . These 

components can be obtained by two different methods discussed in the next subsections. 

2.13.1Least Squares Regression Method in Time Domain 

The harmonic content, i.e. the fundamental frequencies of time domain signal of complex 

current and displacement signals, represented by Eqns. (2.45) and (2.46) can be extracted 

using least-squares regression method, which is of the form 

      
1 12

1 1
R rn i i n  

A x b   (2.88) 

with 

  

1 1 1 1
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e e e e

e e e e

e e e e

   

   

   

 

 



 

 
 
 
 
 
 
 
 

A   (2.89) 

The vector of complex vibration signal obtained at different instants of time is given by 

    
1 1 1 1 2 1 3 1

1
( ) ( ) ( ) ( )

c c c c

T

r n
n

r t r t r t r t

b   (2.90) 

And the vector of unknowns representing the complex harmonics is given by 

    
1 10 11 15 11 15

1
( ) ( ) ( ) ( ) ( )

T

R
i

R R R R R     

x   (2.91) 

Similar relations exist for rotor-2 vibration response and the AMB current, and they can 

be collectively written in a single matrix equation, as 

  
1 2 1 2

1

2 2 2           T T

R R I r r i



      x x x A A A b b b   (2.92) 

2.13.2 Full Spectrum through FFT 

 Alternatively the complex harmonics obtained through Eqn. (2.92) can also be obtained 

directly by passing the time domain vibration and current signals- sent from “To 
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Workspace” block in Simulink model to the Matlab workspace - through Fast Fourier 

Transform (FFT) algorithm. Since both positive and negative frequencies exist in the 

signal, a full spectrum plot needs to be made use of to understand the qualitative nature of 

fault the time domain signal represents. Full spectrum contains information about the 

forward and backward whirl modes which is the uniqueness of rotor system with 

gyroscopic effect. This bidirectional data is useful in the estimation of both unbalance 

which has only forward whirl contribution and misalignment which has both forward and 

backward whirl contribution parameters. A comprehensive treatment of the mathematical 

procedure to obtain full spectrum and its application to rotating machinery diagnostics has 

been given in Goldman and Muszynska (1999). However, it requires phase corrections as 

explained in the following subsection. 

2.13.3 Phase Abnormality and Compensation 

 It has been noticed that two different time domain signals of same amplitude and 

frequency content, which are acquired at different instants of time undergo a variation in 

the phase when passed through the FFT. The FFT algorithm on the other hand doesn’t 

affect the amplitude information of harmonics of the two signals. Passing these complex 

harmonics to Eqns. (2.82) and (2.87) would result in incorrect estimation of system 

parameters.  

Phase Compensation

Complex 

Reference signal 

picked at the 

same random 

instant

Harmonics of 

vibration signal 

suffer from phase 

shift

Harmonics of 

reference signal 

undergo the 

same amount of 

phase shift

Time domain 

estimation from 

Inverse problem 

Full Spectrum

Complex 

Vibration signal 

picked at random 

instant

Phase of  

Harmonics 

Unaffected

 

Figure 2-6 Phase compensation in full spectrum 
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To overcome this shortcoming, Singh and Tiwari (2015) envisaged a complex multi-

harmonic reference signal to account for the phase variation that occurs in the usage of 

FFT algorithm. 

 ( ) cos( ) jsin( )r t i t i t     (2.93) 

with , ( 1), , 1,0,1, , ( 1),i n n n n          

The number i represents the harmonic number of the fundamental frequency. The number 

of harmonics here depend on the amount of misalignment. Ideally the sampling frequency 

of data acquisition, which should be 2.0 times the frequency corresponding to the 

maximum operating speed so as not to lose the information of the required harmonics of 

interest. Applying FFT algorithm on the signal given by Eqn. (2.93) gives amplitude and 

phase of harmonics contained in the signal. The harmonic content present in the signal 

can be mathematically represented by 

 ( ) ( )i iR R      (2.94) 

Figure 2-6 shows the diagrammatic representation of the phase compensation procedure. 

A complex reference signal is obtained simultaneously along with the complex 

displacement and current signals and passed to the full spectrum algorithm. This causes 

the reference signal to undergo the same amount of phase shift as the vibration or current 

signal of interest. Subtracting the phase of the harmonics of the reference signal from that 

of the current and vibration signals reveals the true phase content of the latter signals. 

Mathematically, this is represented as 

      ;    ;    i i i i i i i i i i i iR R R R I I             1 1 1 2 2 2 3   (2.95) 

Where ,i iR R1 2   and iI   represent the amplitudes of the 
thi  harmonic of rotor-1, rotor-2 and 

AMB current, respectively.  ,i i 1 2  and i3  represent the phase angles of the respective thi   

harmonics. i  is the phase angle of the thi  harmonic of complex reference signal.  On a 

test rig, this can be realized by acquiring the vibratory displacement data from eddy 

current proximity sensors that are orthogonally placed above the shaft close to drive end.  

A complex reference signal is obtained from real (x-axis) and quadrature (y-axis) signals 

simultaneously along with other complex output signals (vibration and current) of interest.  
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2.14 Results and Discussion  

The values of various rotor, coupling an AMB parameters assumed for simulation are 

listed in Table 2-2. Eqns. (2.43) and (2.44) are used to build the representative SimulinkTM 

model shown in Figure 2-7. The model has two primary sub blocks representing rotor-1 

and rotor-2, respectively. A reference signal is generated for implementing phase 

correction. The solution was run with fourth order Runge-Kutta (ode4) solver for a 

duration of 3 seconds acquiring 162  (65536) samples per second of simulation time. 

However, for experimental purpose a lower sampling rate will be sufficient as it will save 

on the hardware memory requirements. 

Table 2-2 Assumed values of coupled rotor system used in numerical simulation 

Parameter Value Parameter Value 

1m , kg 2 sk , N/m 105210 

2m , kg 2.5 ik , N/A 42.1 

xxk1 , N/m 7.5×105 1e , m 240×10-6 

2 yxk  , N/m 7.5×105 2e , m 240×10-6 

1xxc , N-s/mm 27 1 , rad 18  

2xxc , N-s/mm 50 2 , rad 18  

1a , m 0.25 
10x

 , m 2.33×10-5 

1b , m 0.25 
20x

 , m 2.91×10-5 

2a , m 0.25 PK , A/m 12200 

2b , m 0.25 IK , A/(m-s) 2000 

c
k , N-m/rad 300 DK , (A-s)/m 3 

k , N-m/rad 50 
il , m 0.5 
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Figure 2-7 Simulink model of coupled rotor-AMB system 

 

Figure 2-8 Time domain response at 25 Hz for unbalance and misalignment (a) Rotor-1 

displacement (b) Rotor-2 displacement (c) AMB Current 
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Figure 2-9 Orbit plots of Rotor-1, Rotor-2, and AMB at 25 Hz: (a, b, c) when unbalance 

is present; (d, e, f) when both unbalance and misalignment are present  

To avoid the influence of transient response on the steady-state output the response from 

the last second has been considered. This model generates time domain responses of 

coupled rotor system supported by AMB when the system is excited by the unbalance 

force, and the couplings static and time- dependent misalignment couples. The vibration 

output from rotor-1, rotor-2 and current output from AMB are sent to “Bus creator” block 

and finally to “To Workspace” block.  

 

Figure 2-10 Full spectrum plots at 25 Hz (a, d) Amplitude and phase of rotor-1 complex 

displacement (b, e) Amplitude and phase of rotor-2 complex displacement (c, f) 

Amplitude and phase of complex AMB Current 
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The displacement response of rotor-1, rotor-2 and current response of AMB at 25 Hz 

when both unbalance and misalignment are present at a spin speed of 25 Hz are shown in 

Figure 2-8 (a-c). The time domain displacement responses are not pure sinusoids, which is 

indicative of presence of misalignment. The displacement and current orbits of rotor-1, 

rotor-2 and AMB are shown in Figure 2-9. The orbits shown in Figure 2-9 (a-c) are 

plotted when only unbalance is present. The orbits in Figure 2-9 (d-f) which is loopy in 

nature are plotted when both unbalance and misalignment are present. This is another 

striking characteristic of misalignment as reported by Vance (1988) and Ehrich (1998). 

The amplitude and phase of the various integer harmonics present in rotor-1, rotor-2 

vibration responses and AMB current responses for cases Figure 2-9 (d-f) can be 

identified from full spectrum FFT plots shown in Figure 2-10.  

Table 2-3 shows the comparison of amplitudes and phases of harmonics obtained from 

time domain and full spectrum with the phase compensation. It can be seen that the full 

spectrum shows good similarity to the values obtained from time domain inverse problem. 

Using full spectrum technique with “peak finding algorithm”, the coefficients of 

harmonics of interest can be obtained quicker than it can be done with time domain 

analysis. Singh and Tiwari (2015) showed that the computational time for the problem of 

cracked Jeffcott rotor reduced from a few seconds to a few milli-seconds achieving almost 

400 times reduction by using full spectrum.  

Table 2-3 Harmonics of vibration and current obtained from time domain regression 

 R1i R2i Ii 

Harmonic 

    i 

 

Amplitude 

    (m) 

 

   Phase 

    (rad) 

 

Amplitude 

    (m) 

 

   Phase 

    (rad) 

 

Amplitude 

    (m) 

 

   Phase 

    (rad) 

 0 55.52×10-6 3.14  4.36×10-6 -3.14 0.11 3.14 

1 54.96×10-6 -2.57 22.4×10-6 0.15 0.28 0.15 

2 0.395×10-6 -3.12  0.534×10-6 -3.08 6.67×10-3 -3.08 

3 0.077×10-6 -3.13    0.0673×10-6 -3.13 8.41×10-4 -3.11 

4 0.003×10-6 -3.13   0.0025×10-6 2.93 3.08×10-5 -3.11 

5    0.0069×10-6 -0.0004    0.0051×10-6 0.09 6.39×10-5 0.007 
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Table 2-3 cont… 

-1 1.41×10-6 3.08  0.423×10-6 0.04 5.28×10-3 0.039 

-2 0.014×10-6 3.11    0.0194×10-6 3.13 2.4×10-4 3.07 

-3 0.019×10-6 -0.003    0.0174×10-6 -0.06 2.17×10-4 -0.022 

-4 0.044×10-6 0.003     0.0035×10-6 -0.16 4.32×10-5 -0.008 

-5 0.029×10-6 3.12     0.0022×10-6 -2.95 2.75×10-5 3.123 

 

Figure 2-11 Hilbert envelope of (a) Rotor-1 (b) Rotor-2 with AMB 

Figure 2-11 shows the Hilbert transform of x displacements of rotor-1 and rotor-2, when 

the system is ramped up with an angular acceleration of 20π rad/s2. Industrial rotors such 

as aircraft gas turbines take about five seconds to reach from no-load condition to full 

load condition which is equivalent to covering a speed range of around 7000 rpm in five 

seconds (1400 rpm/sec). Steam turbines on the other hand reach the rated speed of      

3000 rpm in 10 minutes (300 rpm/min). While crossing critical speeds however they run 

at 600 rpm/min. The chosen value 20pi rad/s^2 (600 rpm per sec) is arbitrary and falls 

between the two limits. The peaks in Figure 2-11 signify the critical speeds of rotor 
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system. The amplitude of peak in rotor-1 present at 314 rad/sec is 30.8 10  m. Due to the 

presence of auxiliary AMB support on rotor-2 the peak shifts to 350 rad/sec. 

The speeds on the either side of half-power points can be taken for estimation of 

parameters (20 Hz to 30 Hz). Figure 2-12 shows the flow chart of parameter identification 

procedure for the estimation of system parameters. 

 

Figure 2-12 Flow chart of rotor-coupling-AMB parameter identification 

Table 2-5 shows the estimates of rotor-coupling-AMB parameters obtained from the 

inverse problem given by Eqn. (2.82) at a spin speed of 18 Hz. The estimates obtained 

from clean signal are almost identical to the assumed values with error % less than -1%. 

Equivalent viscous damping of rotor-2, AMB constants undergo comparatively higher 

deviations compared to other estimates. Gaussian noise at various levels (1%, 2%, and 5%) 

has been added to the clean signal and estimation was carried out.  
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Table 2-4 Error percentage in identified parameters at various levels of measurement 

noise at 18 Hz 

Parameters Assumed values 
Estimated values 

0% 1% 2% 5% 

1c  
75(Ns-1m-1) 75.00 75.01 74.99 74.99 

% error 0.0 0.02 -0.02 -0.01 

2c  
50(Ns-1m-1) 49.82 49.32 48.65 48.72 

% error -0.95 -1.36 -2.70 -2.56 

tk  
10800(N-m/rad) 10800 10805.56 10725.78 10793.31 

% error 0.00 0.05 -0.69 -0.06 

k  
2000(N-m/rad) 20000 2001.07 1985.95 1998.52 

% error 0.0 0.05 -0.70 -0.07 

1e  
240×10-6(µm) 239.99×10-6 241×10-6 242 ×10-6 243 ×10-6 

% error 0.00 0.47 0.72 1.32 

1  
30(deg.) 30.00 30.00 30.00 30.00 

% error 0.00 0.00 0.00 0.01 

2e  
240×10-6(µm) 240×10-6 1.93×10-6 1.93×10-6 1.95×10-6 

% error 0.0 0.46 0.76 1.34 

2  
45(deg.) 44.99 45.00 44.99 44.99 

% error -0.01 -0.01 -0.01 -0.01 

sk  
105210(N/m) 104987 104189.74 104139.42 104200.22 

% error -0.98 -0.97 -1.02 -0.96 

ik  
42.1(N/A) 42.08 41.98 40.69 40.42 

% error -0.16 -0.30 -3.35 -3.98 
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Table 2-5 Parameters estimated after considering cumulative data from  

20 Hz to 30Hz in the identification algorithm 

Parameter Assumed values Estimated values 

1c (Ns-1m-1) 75 74.99 

2c (Ns-1m-1) 50 50.6 

tk (N-m/rad) 10800 10800 

k (N-m/rad) 2000 2000 

1e (µm) 240×10-6 239.99×10-6 

1 (deg.) 30 29.99 

2e (µm) 240×10-6 240×10-6 

2 (deg.) 45 45 

sk (N/m) 105210 105196 

ik (N/A) 42.1 42.09 

Rotor-2 damping and AMB current stiffness have been underestimated by as much as 

2.56% and 3.98%, respectively, at 5% noise level. The variation in the static and additive 

coupling stiffness values stands at a reasonable 0.7%. When collective data from the same 

speed range (20 Hz to 30 Hz) is considered and fed into Eqn. (2.87) the estimates show 

very good closeness to the assumed values as shown in Table 2-5. This exercise 

adequately justifies the usefulness of including multiple speeds in the identification 

algorithm.   

2.15 Concluding Remarks 

In the present chapter, EOMs of coupled rotor system with angular misalignment and 

supported on an auxiliary AMB have been formed from the generalized coordinates of 

simple rotors with central discs. An acceptable assumption based on the conditions of 

weight dominance and flexible coupling has made it possible to establish linear 

relationship between coupling slopes and disc translational displacements of the vibrating 
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system. The coupling angular stiffness is modelled as the sum of static and additive 

components. A time-varying periodic function that is necessary to correctly simulate the 

nature of coupling misalignment force in frequency domain has been selected.  A 

SimulinkTM model is built to generate response in time domain. The amplitude and phase 

of harmonics of rotor vibration and AMB current are extracted from full spectrum. The 

identification algorithm based on least-squares regression is built by segregating the 

equations of motion in frequency domain into the known and unknown parameters. The 

algorithm is used to estimate coupling static stiffness, ACS, unbalance amplitude, 

unbalance phase, AMB displacement and current stiffness constants and was found to be 

robust up to measurement noise levels of 5%.The present chapter presents a new 

technique in the condition monitoring of misalignment in rotor systems. The identification 

algorithm developed helps in identifying angular misalignment by quantifying the ACS 

coefficient. The contribution of various positive and negative integer harmonics can be 

quantitatively assessed by this method.  

Evidently, the present chapter concerns with modelling, algorithm development and 

identification in a simple rotor system. In the next chapter coupled Jeffcott rotors with 

offset discs and gyroscopic effect, which is closer to real rotors is considered. The rotor 

system has rotational DOFs at disc locations in addition to the translational DOFs.  Since 

it is difficult to measure rotational DOFs in experiments a condensation procedure to 

eliminate them from the EOMs is presented in the next chapter.  
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CHAPTER 3  

Identification of Misalignment in Coupled Simple Rotor-AMB 

Systems with Offset Discs  

3.1 Introduction 

In chapter 2, the modelling, analysis and identification of various system faults in 

coupled rotor-train systems with central discs was presented. In the present chapter, the 

study is extended to coupled rotor system with offset discs to have gyroscopic efffects. 

With the combination of flexible coupling and weight dominance assumption, the dynamic 

behaviour of rotor-bearing-coupling-AMB system has been characterized by the eight 

generalized coordinates of the two coupled rotors. Lagrange’s equation is used to write the 

EOMs from the energy  expressions of rotor-coupling system. The angular stiffness  of the 

coupling has been modelled as the sum of direct stiffness and a time varying additive 

coupling stiffness (ACS) coefficient, whose magnitude is affected by the amount of 

angular misalignment. A steering function has been selected such that the forced reponse 

due to coupling misalignment yields both odd and even harmonics in full spectrum. 

Dynamic condensation is performed to remove the rotational DOFs and rewrite the EOMs 

in terms of translational DOFs. An identification algorithm based on least-squares 

regression technique in frequency domain has been developed using the forward and 

backward harmonics of rotor vibration and AMB current for the estimation of coupling 

direct stiffness, coupling additive stiffness, unbalance magnitude and its phase, equivalent 

viscous damping in each rotor, and current and displacement constants of AMB. The 

robustness of algorithm is checked against various levels of measurement noise.  

3.2 Rotor System Configuration 

Figure 3-1 shows a coupled rotor system with offset discs, with two bearings supporting 

each rotor. The drive is transmitted from rotor-1 to rotor-2 with the help of an intermediate 

coupling. An AMB placed on the second rotor next to the disc serves to attenuate the 

vibration as well as to perform the condition monitoring to characterise the faults present 
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in the rotor system The inertial and rotating coordinate systems used in the present chapter 

are shown in Figure 2-2. 

REB REB REB REB

AMB

Coupling

Motor
Disc

Disc

1
a

1
b

2
a

2
b

 

Figure 3-1 General arrangement of a simple coupled rotor-AMB system 

3.3 Generalized Coordinates of Rotors and Relation with Coupling Slopes 

Figure 3-2 shows the displacements at discs and coupling locations with simple rotor 

model. The generalized coordinate vectors of the rotor-1 and rotor-2 are represented by 

1 2( ) and ( )t tq q  are the total displacements of 4-DOF coupled rotor system mounted with 

offset discs. They are composed of static components, 
10 20 and q q and vibratory 

components
1 2( ) and ( )t t q q . Mathematically, they can be expressed as 

 
( ) ( )

( ) ( )

t t

t t

   


   

q q q

q q q

1 1 10

2 2 20

  (3.1) 

with 

   ( ) ;      
y x

TT

y x x yt x y         q q
1 1 10 10 10 10

1 1 1 10

 

   ( ) ;     
y x

TT

y x x yt x y         q
2 2 20 20 20 20

2 2 2 20q   

 

Figure 3-2 Coupled simple rotor system with displacements at disc locations  

Total angular displacements i.e. slopes at coupling location for rotor-1 and rotor-2 are 

denoted by  
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  
c c

T

c y x φ
1 1

1   (3.2) 

  
c c

T

c y x φ
2 2

2   (3.3) 

Working under the assumptions mentioned in Section 2.3, the linear relationship between 

slopes at coupling location  
c c

T

y x 
1 1

 and translational displacements at disc 

locations  
T

x y1 1  is given by  

  
T

c x y1 1 1 1   (3.4) 

with    
a b

a b


 
  
 

1 1
1

1 1

2

2
 

Likewise, for rotor-2, the corresponding relation can be written as 

  
T

c x y2 2 2 2   (3.5) 

with 
a b

a b


 
  
 

2 2
2

2 2

2

2
  

where 
1 1( , )a b  and 

2 2( , )a b  are the respective distances of discs of rotor-1 and rotor-2 from 

their left and right supports. Eqns. (3.4) and (3.5) representing the relations between 

slopes at bearings and deflection at any section are obtained from the formulae given in 

Appendix A. The  relative position of disc unbalance is shown in Figure 2-4 in Chapter 2. 

3.4 Equations of Motion of Coupled Rotor System 

Equations of motion for the coupled rotor-train system shall be derived from energy 

equations. The kinetic energy ( T ) of rigid disks on rotor-1 and rotor-2 due to the 

translation and rotation motion is given by 

 
1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2

1 1 1 12 2 2 2 2

1 1 12 2 2 2

1 1 1 12 2 2 2 2

2 2 22 2 2 2

( ) ( ) ( )

    + ( ) ( ) ( )

d x y p x y x y p

d x y p x y x y p

T m x y I I I

m x y I I I

     

     

        

       
   (3.6) 

The potential energy (V ) in the shafts and coupling is given by 
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1 1 1 1 1

1 1 1 2 2

2 2 2 2

1 1 1 1 1 12 2

1 1 1 1 1 1 1 1 1 1 12 2 2 2 2 2

1 1 1 1 1 12 2

1 1 1 2 2 2 2 2 2 2 22 2 2 2 2 2

1 1 1 1

2 2 2 2 2 22 2 2 2

   +

  

y x y y y

x x x y x

y y y x

xx x y yy y x x y y y

y x x x xx x y yy y x

x y y y y x

V k x k x k y k y k x k

k y k k x k x k y k y

k x k k y k

    

    

   

    

    

   

     

    

   
2 2 1 2

1 2

1 2

2

1 2

2

( )

( )

x x x c cc

y c cc

x x x x

y y

k

k

  



   

 

 

   

    (3.7) 

where 
i

m , 
id

I  and 
ip

I are the mass, diametrical mass moment of inertia and polar mass 

moment of inertia of discs, respectively. 
1ij

k , 
2ij

k  are the stiffness of the shafts and       

xc

k , 
yc

k  are the angular stiffness of coupling about x and y axes, respectively. For rotor-1, 

it is assumed that
1 1 1 1 1 1 1 1,  ,  ,  

x x y y y x y xxx yy x y x yk k k k k k k k           . Likewise, for rotor-2, 

it is assumed that
2 2 2 2 2 2 2 2,  ,  ,  

x x y y y x y xxx yy x y x yk k k k k k k k           . For the coupling, it 

has been assumed that angular (bending) stiffness is same about both axes, i.e. 
c cx y

k k  .  

Substituting Eqns. (3.4) and (3.5) into Eqn. (3.7) the potential energy (V) purely in terms 

of generalized coordinates is obtained and is given by 

 

1 1 1 1 1

1 1 1 2 2

2 2 2 2

1 1 1 1 1 12 2

1 1 1 1 1 1 1 1 1 1 12 2 2 2 2 2

1 1 1 1 1 12 2

1 1 1 2 2 2 2 2 2 2 22 2 2 2 2 2

1 1 1 1

2 2 2 2 2 22 2 2 2

   +

  

y x y y y

x x x y x

y y y x

xx x y yy y x x y y y

y x x x xx x y yy y x

x y y y y x

V k x k x k y k y k x k

k y k k x k x k y k y

k x k k y k

    

    

   

    

    

   

     

    

     

 

2 2

21

1 1 2 22

21

1 1 2 22

x x xc

yc

x x k y y

k x x

  



   

 

 

   

  (3.8)          

The last two terms signify potential energy of coupling represented in terms of 

translational displacements of rotor-1 and rotor-2. Likewise, the Rayleigh’s dissipative 

function( ) due to viscous damping in shafts can be written as 

 

1 1 1 1 1

1 1 1 2 2

2

1 1 1 1 1 12 2

1 1 1 1 1 1 1 1 1 1 12 2 2 2 2 2

1 1 1 1 1 12 2

1 1 1 2 2 2 2 2 2 2 22 2 2 2 2 2

1 1

2 2 22 2

   +

  

y x y y y

x x x y x

y y y

xx x y yy y x x y y y

y x x x xx x y yy y x

x y

c x c x c y c y c x c

c y c c x c x c y c y

c x c

    

    

  

    

    

 

     

    

 
2 2 2 2 2

1 1

2 2 22 2x x xy y y x x xc y c      

  (3.9)          

where 
1ij

c ,
2ij

c  are the viscous damping coefficients of the shafts. To derive equations of 

motion, we use Lagrange’s equation given by 

      ( 1,2, )i

i i i i

d T T V
Q i n

dt q q q q

    
     

    
  (3.10) 
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The vector of generalized coordinates is given 

by  
T

i x y x yq x y x y   
1 1 2 21 1 2 2 . 

i
Q  is the vector of generalized forces. 

Applying Eqn. (3.10) on energy expressions given by Eqns. (3.6), (3.8) and (3.9) 

sequentially, the equations of motion corresponding to each DOF is obtained. Thus there 

are eight equations for eight DOFs and are given by 

1 1

10

2

1 1 1 1 1 1 1 1 2 2 1 1 1

2

1 1 1 1                                                                             cos( )

y y y yc c
xx x y xx x y

xx x

m x k x k k x k x c x c

m e t k

       

   

      

 
    (3.11) 

1 1

10

2

1 1 1 1 1 1 1 1 2 2 1 1 1

2

1 1 1 1                                                                              sin( )

x x x xc c
yy y x yy y x

yy y

m y k y k k y k y c y c

m e t k

       

   

      

 
    (3.12) 

1 1 1 1 1 1

1 1 10

1 11 1 1 1 1

2

01 01 1                                                              ( ) cos( )

x x x x x x

x x

d x p y y x y x

p d y

I I k y k c y c

I I t k

     

 

   

    

     

  
    (3.13) 

1 1 1 1 1 1

1 1 10

1 11 1 1 1 1

2

01 01 1                                                               ( ) sin( )

y y y y y y

y y

d y p x x y x y

p d x

I I k x k c x c

I I t k

     

 

   

    

     

  
    (3.14) 

2 2

20

2

2 2 2 2 2 2 2 1 2 1 2 2 2

2

2 2 2 2                                                                             cos( )

y y y yc c
xx x y xx x y

xx x

m x k x k k x k x c x c

m e t k

       

   

      

 
    (3.15) 

2 2

20

2

2 2 2 2 2 2 2 1 2 1 2 2 2

2

2 2 2 2                                                                               sin( )

x x y xc c
yy y x yy y x

yy y

m y k y k k y k y c y c

m e t k

       

   

      

 
    (3.16) 

2 2 2 2 2 2

2 2 20

2 2 2 2 2 2

2

02 02 2                                                               ( ) cos( )

x x x x x x

x x

d x p y y x y x

p d y

I I k y k c y c

I I t k

     

 

   

    

     

  
    (3.17) 

2 2 2 2 2 2

2 2 20

2 2 2 2 2 2

2

02 02 2                                                               ( ) sin( )

y y y y y y

y y

d y p x x y x y

p d x

I I k x k c x c

I I t k

     

 

   

    

     

  
    (3.18) 

The right hand side of each equation gives the static force and unbalance. It can be seen 

from the above equations that coupling stiffness terms appear only in the EOMs 

corresponding to translational displacements. This is a direct consequence of relations 

given by Eqns. (3.4) and (3.5). Now Eqns. (3.11) to (3.18) can be written in the following 

form 
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 ( )
c c unb st 
       M q C G q K q K q K q f f

1 11 1 1 1 1 1 1 1 2   (3.19) 

 ( )
c c unb st 
       M q C G q K q K q K q f

2 22 2 2 2 2 2 2 1 2 f   (3.20) 

where 
i

M , 
i

C , 
i

K , 
i

G  are the mass, damping, stiffness and gyroscopic matrices of rotors, 

respectively. 
iunb

f , 
ist

f  are the forces due to unbalance and static deflection, respectively. 

Moment unbalance generated due to the tilt of the disc has been ignored since the disc is 

thin. The system matrices of coupled 4-DOF rotor system are given in Appendix C. In 

Eqns. (3.19) and (3.20) the contribution of coupling to the rotor system stiffness comes 

from ,
c c c  
  K ,K K  matrices which are given by

c c  K K
2
1 ,

c c  K K
2
2 , 

 
c c   K K1 2 , where 

c
K is the coupling stiffness matrix. 

3.5 Coupling Stiffness Matrix  

Lees (2007) proposed that in the presence of misalignment the stiffness of coupling has 

two components: intact stiffness, which has steady contribution, and time dependent 

additive coupling stiffness(ACS), which varies with rotary motion. The coupling stiffness 

is written as 

 ( ) ( )
c c c ROTt t   K K K   (3.21)       

with 

 

( )

( )
( )

c

c

c

k k t

k k t
t

 

 



   
   

      
  
     

K

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 00 0 0 0

0 0 0 00 0 0 0

  (3.22)                

where ( )k t  and ( )k t  are the ACS coefficients due to angular misalignment in           

  and   directions, respectively. Substituting Eqns. (3.1) and (3.21) in Eqn. (3.19) gives 

 
    

  

( )
c c

c c unb st

 

 



 

      

    

M q C G q K q q K K q q

K K q q f f
1 1

2
1 1 1 1 1 1 10 1 1 10 1

1 2 20 2

  (3.23) 

Ignoring the product of smaller terms such as 
c

 K q1  and
c

 K q2 , we get 
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 ( ) ( )
c c unb mis const 
            M q C G q K K q K q f f f

1 1 11 1 1 1 1 1 1 2   (3.24) 

with 

 ( )
c cconst  
  f K q K q

1 10 20   (3.25)                     

 ( )
c cmis  
    f K q K q

1 10 20   (3.26) 

where misf
1
, constf

1
are the time-varying and static coupling misalignment forces acting on 

rotor-1, respectively. 

Likewise Eqn. (3.20) transforms to, 

 ( ) ( )
c c unb mis const              M q C G q K K q K q f f f

2 2 2

2
2 2 2 2 2 2 2 2 1 2 1  (3.27) 

where 

 ( )
c cconst  
  f K q K q

2 10 20   (3.28) 

 ( )
c cmis  
    f K q K q

2 10 20   (3.29)        

with 

;   ;   
c c c c c c                  K K K K K K

2 2
1 2 1 2  

where misf
2
, constf

2
are the time-varying and static coupling misalignment forces acting on 

rotor-2, respectively.
c

K is the additive coupling stiffness matrix. In Eqns. (3.24), (3.27) 

there are three types of forcing terms on the right hand side, viz. unbalance force due to 

disc eccentricity, time dependant coupling misalignment force, and constant coupling 

misalignment force. Due to the assumptions made in Section 2.3, it is possible to express 

coupling misalignment forces in terms of translational displacements of the rotors at disc 

locations. 

ACS given in Eqn. (3.21) is written as the product of a periodic time function, ( )s t  and a 

matrix containing additive direct stiffness coefficients  and k k   .The cross-coupled 

stiffness terms are ignored. 
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( )

( )
( ) ( )

c ROT

k t k

k t k
t s t

 

 



    
   

 
     
   
   
   

K

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

   (3.30) 

Herein, ( )s t  is also called the coupling excitation function and its Fourier expansion 

directly influences the harmonic nature of coupling misalignment force. Eqns. 3.24 and 

3.27 have been written in the stationary frame of reference, it is necessary to transform the 

time dependent coupling stiffness of rotating coupling  into the inertial frame of reference  

(refer Figure 2-2). This is accomplished by change of axes using a transformation matrix, 

which is given by 

 

cos sin

sin cos

cos sin

sin cos

t t

t t

t t

t t

 

 

 

 

 
 
 
 
 
 

T

0 0

0 0

0 0

0 0

  (3.31) 

Upon multiplying Eqn. (3.21) by Eqn. (3.31), we get 

 ( ) ( )
c c c c ROT

T

STAT RS RSt t      K K K T K T   (3.32)              
       

 

The subscript STAT, ROT refers to stationary and rotating frames of reference.  c
K in     

Eqn. (3.32) represents static coupling stiffness matrix that remains unaltered during 

coordinate transformation.However, 
 c STATK  which denotes time dependent stiffness is 

given by 

 ( )

cos sin cos sin cos sin

cos sin cos sin sin cos
( )

c STAT
s t

k t k t k t t k t t

k t t k t t k t k t
t

   

   


     

     

      
 
       
 
 
  

K

2 2

2 2

0 0

0 0

0 0 0 0

0 0 0 0

 

 (3.33) 

It is to be noted that both  and k k   coefficients appear in Eqn. (3.33). In the present 

work, it is assumed that ACS in   direction, i.e. k  0 . Eqn. (3.33) then transforms to 
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               ( )

cos sin

sin cos
( )

c STAT
s t

t t

t t
t k 

 

 

 
 


   
 
 
 

K

1 2 2 0 0

2 1 2 0 0

0 0 0 0

0 0 0 0

1

2
         (3.34) 

The time dependent coupling misalignment force acting on rotor-1, which is present in the 

RHS of Eqn. (3.24), is obtained by substituting Eqn. (3.34) in Eqn. (3.26) and is given by 

 ( ) +

cos sin cos sin

sin cos sin cos

y y

x x

x x

mis

y y

k s t

t t t t

t t t t

 

 



 

 

 

 

 

   

   
 

       
       
       
    

   
   

   
            

 

 
f

10 20

10 20

1

1

10 20

0 20

2

2
1 1

1 2 2 0 0 1 2 2 0 0

2 1 2 0 0 2 1 2 0 01

0 0 0 0 0 0 0 02

0 0 0 0 0 0 0 0






 
 



 

 (3.35) 

The static deflection in y direction ,y y 
10 20

 are zero.  Eqn. (3.35) then simplifies to  

            

cos cos

sin sin
( )mis x x

t t

t t
k s t

 

 
  

   
 
   
 
  

   
   
   
   
   
   

    

f
201 10

2
1 1 2

1 2 1 2

2 21

0 02

0 0

  (3.36) 

Equation (3.36) represents the time dependent coupling misalignment force acting on 

rotor-1. Likewise the time dependent coupling misalignment force acting on rotor-2, 

which is present in the RHS of Eqn. (3.27) is obtained by substituting Eqn. (3.34) in Eqn. 

(3.29) and is given by 

 

cos cos

sin sin
( ) x xmis

t t

t t
s t k



 



 
 





   
   
   
   
   
 

   
 
 


    

 
 

 

f
10 22 0

2
1 2 2

1 2 1 2

2 21

0 02

0 0

  (3.37) 

In Eqns. (3.36) and (3.37), the coupling misalignment force has been represented in terms 

of
10 20

 and x x  , the static deflection of discs, 1 2 and   , numeric constants that depend on 

the disc location from supports, and  s t , the coupling misalignment excitation function. 

The significance of  s t  is descrived in Section 2.7. 
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3.6 EOM of Rotor-2 in the Presence of AMB Support 

The magnetic force 
AMBf exerted by the AMB on rotor-2 is given by   

 

sx ix x

sy iy y

AMB

k x k i

k y k i

  
 
  

  
 
  

f

2

2

0

0

   (3.38) 

Here 
ixk  and iyk are AMB current stiffness constants in x2  and y2  directions, respectively. 

sxk and syk are AMB displacement stiffness constants in x2  and y2  transverse directions, 

respectively. 
xi and yi are AMB currents in x2  and y2  transverse directions, respectively. 

For the case of an isotropic 8-pole actuator used in the current work 

sx sy sk k k  and ix iy ik k k  . Thus Eqn. (3.38) transforms to 

                   

s i

xs i

AMB

y

k k

ixk k

iy

   
   

          
      
   
   

f
2

2

0 0

0 0

0 0 0 0

0 0 0 0

        (3.39) 

In the present formulation (Figure 3-1) AMB is used as an auxiliary support for rotor-2, 

which provided controlling force. The corresponding magnetic forcing term appears 

additionally in the right hand side and Eqn. (3.27) changes to 

 ( ) ( )
c c unb mis AMB const 
             M q C G q K K q K q f f f f

2 2 22 2 2 2 2 2 2 1  (3.40) 

The sign of the magnetic force takes + or – sign depending on whether AMB is exciting or 

supporting the rotor system.  

 

3.7 Equations of Motion in Complex Form 

For ease of computation translational and rotational vibration response of rotors is written 

in a complex form by multiplying the equations of motion in y-direction with ' j 1 '   and 

adding to the equation of motion in x-direction. The complex vibration response of rotors is 

then given by 
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    ;
T T

r r  v v1 1 1 2 2 2   (3.41) 

with 

jr x y 1 1 1 ; jr x y 2 2 2 ; jy x   
1 11 ; jy x   

2 22  

where r1 , r2 , 1  and 2  are the complex displacement variables. Upon substituting Eqn. 

(3.41), the equations of motion of rotor-1 and rotor-2 given by Eqns. (3.24) and (3.40) 

transform into the following complex form 

 ( j ) t unb mis const      
1

M v C G v K v K v f f f
3 1 1 11 1 1 1 1 1 2   (3.42) 

 ( j ) t unb mis cur const       M v C G v K v K v f f f f
3 2 2 12 2 2 2 2 2 2 1   (3.43) 

with 

d

m

I

 
  
 

M
1

1

1

0

0
; 

d

m

I

 
  
 

M
2

2

2

0

0
; 

y

y y y

xx x

x

c c

c c



  

 
  
  

C
1 1

1

1 1

; 
y

y y y

xx x

x

c c

c c



  

 
  
  

C
2 2

2

2 2
 

y

y y y

xx x

x

k k

k k



  

 
  
  

K
1 1

1

1 1
 

; 
y

y y y

xx x

x

k k

k k



  

 
  
  

K
2 2

2

2 2

; 
pI

 
  

 
G

1

1

0 0

0
; 

pI

 
  

 
G

2

2

0 0

0
; 

c

t

k
 

 
  

 
K

3 1 2

0

0 0
; ;

c y c y

y y y y y y

xx x xx s x

x x

k k k k k k k

k k k k

   

     

      
    
      

K K

2 2
1 1 1 2 2 2

1 2

1 1 2 2

; 

 

       j j ;  j jp p x p y p p x p yI I I I I I          
1 1 1 1 1 2 2 2 2 21 2  

Forcing terms on the RHS of Eqns. (3.42) and (3.43) are given by 

j( ) j( )

;  ;  
t t

c

unb unb cur i

im e e m e e
k

          
       

    
f f f

1 2

1 2

2 2
1 1 2 2

00 0  

j j. ( ) ( )( );  . ( ) ( )( )t t

mis miss t k e s t k e 

             f v v f v v
1 2

2 2 2 2
1 10 1 2 20 1 2 10 2 200 5 1 0 5 1  

;   ;   j
c c c cconst const c x yi i i             f K v K v f K v K v

1 2

2 2
1 10 1 2 20 1 2 10 2 20  

ci is the complex current variable. Static displacement vectors are given by 

TH-2522_156103043



108 

 

;  
x x       

    
      

v v10 20

10 20
0 0

 

The forcing terms in Eqns. (3.42) and (3.43) are multi harmonic in nature and are of the 

form ji tke  . Hence, the assumed solution or particular integral that represents the complex 

vibration response of rotors takes the form )Kreyszig, 2007( 

    j j

1 21 2;      
i i

i t

i

i t

i

i i

t e t R eR  
 

 

  v v   (3.44) 

Likewise, the AMB complex current in time domain can be decomposed into its multi 

harmonic form 

 j( ) t
i

i

i

i

ci t I e 




    (3.45) 

Substituting Eqns. (3.44) and (3.45) in equation (3.42), it gives 

 

    

   
10

3

20 10 20

1

2

1 1 1 1 1 2

2 2j2
1 1 2 1 1 21 1

j jΩ  

0 0 0

c

i t

x x x x

i

i

i i R R

k p km e e


        

 

 

     
 

          
       
        

M C G K K

  (3.46) 

Likewise, upon substituting Eqns. (3.44) and (3.45) in Eqn. (3.43), we get 

 

    

   
10

3

2

20 10 20

2

2 2 2 2 2 1

2 2j2
1 2 2 1 2 22 2

j Ω  

00 0 0

c

i t i

T

ix I x xix

i i j R R

k p kK Im e e 
   

 

    

     
 

           
          

         

M C G K K

  (3.47) 

Eqns. (3.46) and )3.47( represent the frequency domain equations for the coupled rotor 

system with integrated AMB, for harmonic indices ranging 

from , , 2, 1,0,1,2, ,i n n    , which are characteristic of a system excited by the 

coupling misalignment.  

3.8 Reduction of Angular Generalized Coordinates: Dynamic Condensation 

Since it is difficult to measure angular displacements, i.e. tilt of discs in test conditions, it 

would be useful to remove the rotational coordinates of discs ( , )xi yi   from generalized 
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coordinate vectors by the process of model order reduction. As a result the vibration 

information of rotational displacements, i.e. slopes will not be needed in the development 

of identification algorithm, which is difficult to measure accurately in practice. This is 

achieved by defining rotational coordinates as slave DOFs in the EOMs. Translational 

coordinates that can be measured with non-contact sensors are designated as master 

DOFs. Qu (2004) and Wagner et al. (2010) presented a comprehensive review of model 

order reduction methods for the rotor dynamic analysis. The DOFs for both rotors in Eqns. 

(3.46) and (3.47) are segregated as shown below, where m and s subscripts denote masters 

and slaves, respectively. 

   
2 1 1 1 1 1 1

1 1 1 1 1 1 1

0 0 0
j j

0 0

                                                                                         

mm mm ms mm ms m

ss sm ss mm sm ss s

i i  
           
               

           

M C C K K Q

M C C G K K Q

2 1

2

0
                +

00 0

mm m i

s

     
    
   

K Q f

Q

  (3.48) 

   
2 2 2 2 2 2 2

2 2 2 2 2 2 2

0 0 0
j j

0 0

                                                                                         

mm mm ms mm ms m

ss sm ss mm sm ss s

i i  
           
               

           

M C C K K Q

M C C G K K Q

1 2

1

0
                +

00 0

mm m i

s

     
    
   

K Q f

Q

(3.49) 

with 
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 
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A relationship between master and global DOF established through transformation matrix 

is  as follows  

 

1
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1

1

1

2

2
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m

m

s

m

m

s










 
 

 

 
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Q
T Q

Q

Q
T Q

Q

d

d

  (3.50) 

where transformation matrices are given by  

 

1

1

1

2

2

2

1 0 0
 

0 1 0

1 0 0
 

0 1 0

d

d

d

d

d

d

T

T

t
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t
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 
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  




  
  
 


 
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  (3.51) 

with 
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Substituting Eqn. (3.51) in Eqn. (3.48), we get  

     
1 3 2

2 j

1 1 1 1 2 11j jΩ  
i

i t
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i i e  
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  (3.52) 

Pre multiplying by
1

T

dT , we get 

    
1 1 1 1 1 1 1 1

1 3 2 1

2
11 1 1

j

2 1

1

                              

j jΩ  

                                             i

m

i
i t

t m

i

i i

e 

 





   

 






T M T T C T T G

f

T T K T Q

T K T Q T

T T T T

d d d d d d d d

T T

d d d

  (3.53) 
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i
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  M C G K Q K Q f   (3.54) 

In the

 
above equation subscript d denotes dynamically condensed matrix. The system 

matrices in condensed form are defined as 
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where 
i

p  is the participation factor of the thi  harmonic of the misalignment excitation 

force. Upon converting Eqn. (3.54) into complex form, we get 

 

           
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  


 




    

  

     
20

 (3.55) 
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Likewise, upon substituting Eqn. (3.51) in Eqn. (3.49) and converting into complex form, 

we get 

           

    
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c c
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   




 







 







 (3.56) 

Eqns. (3.55) and (3.56) are the frequency domain equations for coupled rotor system with 

integrated AMB, represented purely in terms of master DOFs. 

3.9 Estimation of Rotor, Coupling and AMB Parameters 

The dynamically condensed complex Eqns. (3.55) and (3.56) are expanded and rearranged 

so as to arrange the known parameters on the left hand side and unknown parameters on 

the right hand side. The identifiable parameters are , , , , , , , ,  and s ic c k k e e k k   1 2 1 1 2 2 , 

which represent rotor-1 equivalent viscous damping in x-direction, rotor–2 equivalent 

viscous damping in x-direction, coupling static angular stiffness, coupling ACS, 

eccentricity of disc-1, phase of unbalance on disc-1, eccentricity of disc-2, phase of 

unbalance on disc-2, AMB displacement constant and AMB current constant, 

respectively. The development of regression equations for rotor-1 and rotor-2 are 

provided in next section. 

3.10 Regression Equations of Rotor-1 

Rearranging Eqn. (3.55) by segregating known and unknown quantities, we get 

 

   
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 
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(3.57) 

For the sake of convenience, the following notations shall be adopted 
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          
1 1 1 1 1 11

2 2 2

1 1 1 22 23 32 331 1 1; ;
y y yyd d d x d d dxm m t I t c c t c k t k k tc kk  

          (3.58) 

Eqn. (3.57) then takes the following modified form 

 
   
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 

  



  

 

  (3.59) 

Eqn. (3.59) can be expanded for various harmonic indices, i.e. - , , -2, -1,0,1,2, ,i n n   . 

3.10.1 i = 0: Constant Coupling Misalignment Force 

Extracting terms corresponding to i = 0 from Eqn. (3.59), we get 

      
10 20 10 2010 20 10

2 2 2

1 1 2 1 1 2 0 1 1 2 1c cx x x xk z z z k z z z p k z z kR zR R              (3.60) 

The real and imaginary displacement components of 0th  harmonic of rotor-1 are 

 10 10,Re 10, 20 20,Re 20,j ; jIm ImR R R R R R      (3.61) 

Upon substituting Eqn. (3.61), Eqn. (3.60) becomes 

 
      

   

10 20
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10,Re 10, 20,Re 201 1 2 1 1 2 0

2

1 1 2 1

,
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j j

j

c

c
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R
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k z z z k R

 



 

 

 

   

  


  (3.62) 

Eqn. (3.62) can be further separated into the real and imaginary parts, as 

       
10 20 10 20

2 2

1 10,Re 1 2 20,Re 1 1 2 0 1 10,Rec x x x xk z R z z R k z z z p k R             (3.63) 

and 

  2

1 10, 1 2 20, 1 10,c Im Im Imk z R z z R k R
     (3.64) 

3.10.2 i = 1: Unbalance force and 1st harmonic of time-dependent coupling 

misalignment force 

Extracting terms corresponding to i = 1 from Eqn. (3.59), we get 
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   
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  (3.65) 

The real and imaginary displacement components of 1st harmonic of rotor-1 are 

 11 11,Re 11, 21 21,Re 21,j ; jIm ImR R R R R R      (3.66) 

Upon substituting Eqn. (3.66), Eqn. (3.65) becomes 
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
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 (3.67) 

Eqn. (3.67) can be further separated into the real and imaginary parts, as 

 
   
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222 2 2

1 11,Re 1 11, 1 2 21, 1 1,Im 1 1 11, 1 11,Recxx Im Im p d Imc R k z R z z R m e m I t k R c R            

(3.69) 

3.10.3  i ≠ 0 and i ≠ 1: Other harmonics of time dependent coupling misalignment force 

Extracting terms corresponding to 0 and 1i i   from Eqn. (3.59), we get 

 
   
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  (3.70) 

The real and imaginary displacement components of ith harmonic of rotor-1 are 

 1 1 ,Re 1 , 2 2 ,Re 2 ,j ; ji i i Im i i i ImR R R R R R      (3.71) 

Upon substituting Eqn. (3.71), Eqn. (3.70) changes to 

      

       
10 20 1 1

2

1 1 1 2

2

21 ,Re 1 , 1 ,R

1

e 1 , ,Re 2 ,

1 1 R

22 2

, e 1 ,1 2 1 1            j

j j j

j  

c ci i Im i i Im i i Im

p i i Im

xx

x x i d

ji c z k z

z

R R R R z k

k z z p i i c t

R R

m R Ri I k

 





    

    





     

 (3.72) 
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Eqn. (3.72) can be further separated into the real and imaginary parts, as 

 
   
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  (3.73) 

and 
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3.11 Regression Equations of Rotor-2 

Rearranging Eqn. (3.56) by segregating the known and unknown quantities, we get  
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  (3.75) 

For the sake of convenience, the following notations shall be adopted 
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  (3.76) 

Eqn. (3.75) takes the following modified form  
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s i x x d
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k R i

R
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

  



   

   





  

    

  

 

  (3.77) 

Eqn. (3.77) can be expanded for various harmonic indices, i.e. 2,-1,0,1,2,i = -n,…,- …,n . 

3.11.1 i = 0: constant coupling misalignment force 

  Extracting terms corresponding to i = 0 from Eqn. (3.77), we get 
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     
10 20 10 20

2 2 2

1 2 1 2 2 0 0 20 1 2 2 22 20 10 20c cx x i s x xk z z z k z z z p k I k R k z zR R Rz k           

  (3.78) 

0th harmonic of rotor-2 displacement is made of the real and imaginary components, i.e. 

 10 10,Re 10, 20 20,Re 20, 0 0,Re 0,j ;      j ;      jIm Im ImR R R R R R I I I        (3.79) 

Upon substituting Eqn. (3.79), Eqn. (3.78) becomes 

 
      

     

10 20

10 20

2 20,Re 20, 10,Re 10,

0,Re 0, 20,R

2 2

1 2 1 2 2 0

2

1 2 2e 20, 20,2 Re 20,

j j

j ( j ) j

c

c

Im Im

Im s Im Ii m

x x

x x

R R R R

I I k R

k z z z k z z z p

k k z z zR R Rk

 



 

 

  

  

 

    
 (3.80) 

Eqn. (3.80) can be further separated into the real and imaginary parts, as 

 
      

20 10 10 20

2 2

2 20,Re 1 2 10,Re 1 2 2 0

0,Re 20,Re 2 20,Re                                                                      

c x x x x

i s

k z R z z R k z z z p

k I k R k R

        

   
  (3.81) 

  2

2 20, 1 2 10, 0, 20, 2 20,c Im Im i Im s Im Imk z R z z R k I k R k R
       (3.82) 

3.11.2   i = 1: unbalance force and 1st harmonic of time dependent coupling 

misalignment force 

 Extracting terms corresponding to i = 1 from Eqn. (3.77), we get 

 
   

    

2

10 20

2 2

j2 2 2

1 1 2 2 2 1 2 2 1

22

1

21 2 21 11

2

21,Re 2 2122

j

                                     j

c cxx

s p

x x

i d

c z k z zR R R

k R

k

m I R

m e e k z z z p

k I c t k



     

 

  

   

 

  
  (3.83) 

The real and imaginary components of 1st harmonic of rotor-2 complex displacement and 

current are 

 11 11,Re 11, 21 21,Re 21, 1 1,Re 1,j ; j ; jIm Im ImR R R R R R I I I        (3.84) 

Upon substituting Eqn. (3.84), Eqn. (3.83) turns into 

 

      

   

     
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2
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2

1 2
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2
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2

2 21,Re 21,

2
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j j j j

j ( j )

jj

c cxx Im Im Im

Im s Im

p Im

j

x x I

d

c z k z z k

m e e k z z z p K

c t

R R R R R R

I I k R R

m I Rk R

 









  

 

    

   





  

 







  (3.85) 
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Eqn. (3.85) can be further separated into the real and imaginary parts, as 

 

  
10 20

2 2

2 2 2

2 21, 2 21,Re 1 2 11,Re 2 2,Re 1 2 2 1 1,Re 21,Re

2
2 2

2 2 21,Re 2 21,

( )
cxx Im x x I s

p d Im

c R k z R z z R m e k z z z p k I k R

m I t k R c R

    

  

       

     

  (3.86) 

 
 

  2 2

2 2

2 21,Re 2 21, 1 2 11, 2 2,Im 1, 21,Im

2
2 2

2 2 21, 2 21,Re

cxx Im Im I Im s

p d Im

c R k z R z z R m e K I k R

m I t k R c R

 

  

    

     
  (3.87) 

3.11.3   0 and 1i i  : Other harmonics of time dependent coupling misalignment 

force 

 Extracting terms corresponding to 0 and 1i i   from Eqn. (3.77), we get 

 
   

    2

10 20

2

2 2 2 2 12 1

2

2 2

1 2 2 2
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2 22 2

j

j

c cxx i i i
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x x i I i s i

d

i c z k z z k k z z

i

z p k

k

R R R

m

k

I R

I R

i i c t

    

  

 

 



 

  

 (3.88) 

The real and imaginary displacement components of ith harmonic of rotor-2 complex 

displacement and current are 

 1 1 ,Re 1 , 2 2 ,Re 2 , ,Re ,;      ;       i i i Im i i i Im i i i ImR R jR R R jR I I jI        (3.89) 

Upon substituting Eqn. (3.89), Eqn. (3.88) becomes 

 

      

     
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1 2 2

22 2
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j j j

j j

                                                 j     
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p
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d
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i

R R R R R R

I I R R

m i c t kiI

 





 

  



  



    

   

    2 2 ,Re 2 ,ji i ImR R

 

 (3.90) 

Eqn. (3.90) can be further separated into the real and imaginary parts, as 

 
   

    
10 20
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cxx i Im i i x x i I i s i

p d i i Im
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i m iI t k R i c R

   

  

      

     
 

 (3.91) 
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 

    2 2

2

2 2 ,Re 2 2 , 1 2 1 , , 2 ,

22 2

2 2 2 , 2 2 ,Re

cxx i i Im i Im I i Im s i Im

p d i Im i

i c R k z R z z R K I k R

i m iI t k R i c R



  

   

     
  (3.92) 

Eqns. (3.63), (3.64), (3.68), (3.69), (3.73), (3.74) of rotor-1 and Eqns. (3.81), (3.82), 

(3.86), (3.87), (3.91) and (3.92) of rotor-2 are arranged in a matrix form, as 

1 1 1A x b   (3.93) 

The regression matrix A1, vector of known quantities b1 and vector of identifiable 

parameters x1 used in the estimation of various system faults and parameters are shown 

below. 
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 

,Re ,Re

, ,

, ,Re ,Re

,Re , ,

x x x x

Im Im

x xIm

Im Im

R R p

R R

R m R R p

R R R

         

  

         

   



    



   







A

10 20 10 20

10 20

2 2
1 10 1 2 20 1 1 2 0

2
1 10 1 2 20

2 2 2
11 1 1 11 1 2 21 1 1 2 1

2
1 11

1

215 5 25

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0

5

     

 

,Re ,Re ,Re ,Re

, , , ,

,Re ,Re ,Re ,Re

,Re , ,

x x x x

Im Im Im Im

x x

Im Im

R R p I R

R R I R

m R R p I R

R R R

        

  

        

   

    



   



20 10 10 20

10 20

2 2
2 20 1 2 10 1 2 2 0 0 20

2
2 20 1 2 10 0 20

2 2 2
2 2 21 1 2 11 1 2 2 1 1 21

2
2 1 225 25 15

0 0 0 0 0 0 0

0 0 0 0

0 5

0

0 0 0 0

 

 

, ,Im

, ,Re ,Re

,Re , ,

, ,Re ,Re

,Re ,

Im

x xIm

Im Im

x xIm

I

I R

R R R p

R R R

R R R p

R R

        

   

        

 

   

  

   

 

  

 

  



10 20

10 20

5 25

2 2
11 1 11 1 2 21 1 1 2 1

2
11 1 11 1 2 21

2 2
1 1 2 1 1 215 15 25 5

2
115 15

0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

05 0 0 0

5

0

 

 

,

,

,Re

, ,Re ,Re ,Re ,Re

,Re , , ,Im ,I

m Im

x xIm

x xIm

Im Im

R

R p

R

R R R p I R

R R R I R

 

     



        

   



 



     

    



 



  

 

10 20

10 20

1 22 25

2
21 1 2 2 1

21

2 2
2 1 2 1 2 225 25 15 5 5 25

2
2 1 225 25 15 5 25

0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0

0 5 0 0 0 0

0 0 0 0 05 0
m

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

 (3.94) 
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  (3.95) 

  ,Re ,Im ,Re ,Im c

T

xx xx I sc c e e e e k k k k  x1 1 2 1 1 2 2   (3.96) 

Matrices A1 and b1 of Eqn. (3.93) contain the known parameters of rotor-bearing-coupling 

system. The term dt 1
 corresponding to dynamic condensation of rotational DOF at disc 

location appears in b1 matrix. These terms do not exist for the case of central disc 

discussed in Chapter 2. Vector x1 contains the identifiable parameters, which can be 

obtained by solving inverse problem, as  

   1

-1
T T

1 1 1 1x = A A A b   (3.97) 

The effect of including cumulative data from a range of spin speeds on the estimates can 

be studied from Eqn. (3.98), as 
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 

 
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   
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1 1
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A b
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  (3.98) 
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The advantage of using cumulative data from a range of speeds is that the condition 

number of the matrix A improves, thereby resulting in estimates closer to the actual 

values. 

3.12 Results and Discussions 

 

Figure 3-3 Simulink model of coupled rotor-AMB system 

The values of various rotor, coupling and AMB parameters assumed for simulation are 

listed in Table 3-1. Eqns. (3.42) and (3.43) are used to build the SimulinkTM model shown 

in Figure 3-3, which is the simplified representation of the actual Simulink model. This 

model outputs both translational and rotational vibratory displacements at disc locations 

on rotor-1 and rotor-2. Additionally AMB current near the disc-2 is also obtained. The 

model in chapter 2 outputs only translatory displacements as gyroscopic moments are 

absent for the case of central disc. The solution was run with fourth order Runge-Kutta 

(ode4) solver acquiring 162  (65536) samples per second of simulation time.  
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Table 3-1 Rotor, coupling and AMB system data for numerical simulation  

Parameter Value Parameter Value Parameter Value 

1m ,kg 2  k , N-m/rad 50 sk , N/m 105210  

2m ,kg 2.5  1xxc , N-s/mm 27 ik , N/A 42.1 

1p
I , kg-m2 0.0048 1 yxc 

, N-s/mm 11 1e ,m 240×10-6 

2p
I , kg-m2 0.006 1 y y

c  
, N-s/mm 6 2e ,m 240×10-6 

xxk1 , N/m 100220 2xxc , N-s/mm 50 1 ,rad 18  

1 yxk  , N/m 8590 2 yxc 
, N-s/mm 11 2 ,rad 18  

1 y y
k  

, N/m 5154 2 y y
c  

, N-s/mm 6 
10x

 ,m 2.33×10-5 

2 yxk  , N/m 100220 1a ,m 0.3  
20x

 ,m 2.91×10-5 

2 yxk  , N/m 8590  1b ,m 0.2 PK ,A/m 25000 

2 y y
k   , N/m 5154 2a ,m 0.2 IK , A/m-s 2000 

c
k , N-m/rad 300 2b ,m 0.3 DK , A-s/m 2 

1  6.66 2  5.83 il ,m 0.5 

Figure 3-4 shows the Hilbert transform of x displacements of rotor-1 and rotor-2, when 

the system is ramped up with an angular acceleration of 20π rad/s2. The peaks in the 

figures represent the natural frequencies of rotors. From subplots Figure 3-4(a) and   

Figure 3-4(b) in Figure 3-4, it can be seen that the natural frequencies of coupled rotor 

system are ~100 rad/sec and ~210 rad/sec. To be able to operate the rotor system over a 

wider speed range the proportional constant of controller, pk  has been changed from 

12200 to 25000 N/A. This has resulted in shift in the natural frequency of rotor-2 to      

300 rad/sec as shown in Figure 3-4(d). However, peak of rotor-1 remains unchanged as 

shown in Figure 3-4(c).  
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Figure 3-4 Effect of AMB on the dynamic response of coupled rotor system 

demonstrated through Hilbert envelope of AMB (a) Rotor-1 when pk = 12200 (b) Rotor-2 

when pk  = 12200 (c) Rotor-1 when pk  = 25000 (d) Rotor-2 when pk = 25000 

 

Figure 3-5 Time domain response at 15 Hz for nominal unbalance  (a) Rotor-1              

x-displacement (b) Rotor-2 x-displacement (c) AMB x-Current (d) Rotor -1 orbit 
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Figure 3-6 Time domain response at 75 Hz for nominal unbalance (a) Rotor-1 x-

displacement (b) Rotor-2 x-displacement (c) AMB x-Current (d) Rotor-1 orbit 

 

Figure 3-7 Full spectrum plots at 50 Hz(a) Amplitude of rotor-1 complex translational 

displacement (b) Amplitude of rotor-2 complex translational displacement (c) Amplitude 

of complex AMB Current  (d) Phase of rotor-1 complex translational displacement (e) 

Phase of rotor-2 
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The steady-state displacement and current responses of rotor-1 is obtained for a duration 

of 3 seconds. To avoid the influence of transient response the waveform from                   

2 to 3 seconds has been considered. For a nominal value of unbalance given in Table 3-1 

and a spin speed of 15 Hz, which is close to the critical speed of rotor-1, the reponses are 

shown in Figure 3-5(a-c). The time domain displacement responses of rotor-1 is not a 

pure sinusoids, which is indicative of presence of misalignment. The displacment orbit of 

rotor-1 in Figure 3-5(d) is loopy in nature, which is also the characteristic of 

misalignment.   

At a spin speed of 75 Hz, the unbalance response overtakes the misalignment response 

and that affects the nature of time domain plot and orbit plot (Figure 3-6), which are 

smoother and circular compared to those at 15 Hz. The speeds are intentionally chosen to 

highlight the point that the misalignment response is not so easily detected from orbits at 

higher speeds as at lower speeds as the total vibration response is dominated by 1X 

component. Figure 3-7 shows the full spectrum plots of the of vibration of rotor-1, rotor-2 

and AMB current at a spin speed of 50 Hz. Log scale has been used for Y axis to 

accurately identify the amplitudes of various harmonics from the plots which is not 

possible on linear scale. The real and imaginary coefficients of the displacement and 

current harmonics obtained from full spectrum plot are supplied to Eqn. (3.93) and 

identifiable parameters are estimated. The flow chart of parameter identification 

procedure for the estimation of system parameters is given in Chapter 2. Inititally 

parameter estimation was performed at individual speeds in the range of 24 Hz to 34 Hz, 

away from half-power points, i.e. operating speed points on either side of peak where 

amplitude is 0.707 resonantx In Figure 3-8(a),  and xx sc k1   show a variation of -18% and   

15.4%, respectively, from the assumed values. The variation in estimates of other 

parameters fell within 10% of their assumed values. To account for the effect of possible 

presence of instrumentation and data acquisition errors in the vibration and current 

responses, random Gaussian noise is added to the signal obtained from the numerical 

simulation. Figure      3-8(b-d) show the trend of error percentage of estimated values with 

speed. For 1%, 2% and 5% levels of noise in data acquisition, both  and xx sc k1  displayed 

proportionately increasing deviation from their assumed values. With 5% noise level an 

error of -59% at 28 Hz and 69.2% at 34 Hz was noticed in the estimated values of sk . 

This is attributed to the large condition number of regression matrix. 
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To get round the problem of ill-conditioning, cumulative data from the speed range of     

24 Hz to 34 Hz, with central frequency of 29 Hz, was utilized in the identification 

procedure. In Eqn. (3.98), the size of regressor matrix now increases by n times, where ‘n’ 

is the number of speeds from which data is gathered. From Table 3-2, it can be seen that 

there is a remarkable improvement in the accuracy of parameter estimation. At 0% noise 

level, the estimated parameters are almost identical to the assumed values. When noise is 

added to response, the error in estimates was confined to less than 10%. This 

demonstrates the usefulness of using cumulative data in the parameter identification 

algorithm.  

From Table 2, the highest error percentages are: Rotor-2 equivalent viscous damping, 
sk , 

and ACS, k , have displayed comparatively higher variation, -10.5% and                       

5% respectively, while 
1xxc and 

2xxc displayed a variation of 2.22% and -3.36%, 

respectively. It can be noticed that in Eqn. (3.93), the unknown identifiable parameters on 

the left hand side are 
10 201 2 1 2, , , ,  and xx xx x xm m k k   .The direct bending stiffness of shaft can 

be measured from the static deflection test or by experimentally estimating the st1 bending 

natural frequency of shaft by impact test. Any likely error in the measurement of the 

aforesaid parameters will reflect in the parameter estimation even when the response is 

noise free.  
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Figure 3-8 Error percentage in estimated parameters with various levels of error 

percentage in response at various speeds from 24 Hz to 34 Hz (a) 0% error (b) 1% error   

(c) 2% error (d) 5% error 

Table 3-2 Effect of noise in measured vibration and current on estimated parameters 

speed range 24 Hz to 34 Hz  

 

Parameter 

 

Assumed values 

Estimated values with noise 

0% 1% 2% 5% 

1xxc  

27(Ns-1m-1) 26.89 26.4 26.53 26.57 

% error -0.4 2.22 1.74 1.59 

 

2xxc  

50(Ns-1m-1) 49.9 52.5 51.68 50.68 

% error -0.19 -5 -3.36 -1.36 

c
k  

300(N-m/rad) 299.1 302.73 303.36 303.48 

% error -0.3 -0.91 -1.12 -1.16 

k  

50(N-m/rad) 49.46 52.58 55.26 53.48 

% error -1.07 -5.16 -10.52 -6.96 

1e  

240(µm) 239.8 238.94 238.11 239.72 

% error -0.08 0.44 0.79 0.12 

1  

30(deg.) 29.97 29.9 30.07 30.07 

% error -0.03 0.33 -0.23 -0.23 

1e  

240 (µm) 239.28 241.95 242.55 241.75 

% error -0.3 -0.81 -1.06 -0.73 

2  

10 (deg.) 10 10.06 10 10.06 

% error 0 -0.6 0 -0.6 

sk  

105210 (N/m) 105557 105885 99948 105113 

% error 0.33 -0.64 5 0.09 

ik  

42.1 (N/A) 41.99 42.3 42.1 42.4 

% error -0.24 -0.48 0 -0.71 
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Gaussian noise of 1%, 2% and 5% levels are deliberately added to the mass, stiffness and 

static deflection parameters. Identification is then performed at individual speeds in the 

range of 24 Hz to 34 Hz. 
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Figure 3-9 Error percentage in estimated parameters with various levels of error 

percentage in modelling at various speeds from 24 Hz to 34 Hz (a) 1% error (b) 2% error 

(c) 5% error 

In all three test cases, the error in the estimation of AMB displacment stiffness sk  was 

comparatively larger, reaching as high as 57% (Figure 3-9). Next, the cumulative data 

from 11 speed points has been fed to regresssion matrix A and known matrix vector b in 

Eqn. (3.98) and system parameters are estimated. From Table 3-3, it is seen that there is 

significant improvement in the closeness of estimated parameters. At 5% noise , , sk k  

vary by a reasonable 12.3% and -6.49%, respectively, from the assumed values. It can be 

seen that all the estimated parameters undergo significant variation from their assumed 

values when the identification algorithm is used with data collected at individual speeds. 

However, cumulative data has a desirable effect on the closeness of estimated parameters. 

Of all the parameters additive coupling stiffness ( k ) and AMB displacement stiffness 

( sk ) have undergone comparatively higher variation, while shaft equivalent viscous 

damping 1 2 and xx xxc c  have varied by a moderate degree. 
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Table 3-3  Effect of noise in modelling parameters on estimated parameters for speed 

range 24 Hz to 34 Hz 

Parameter Assumed values 
Estimated values with noise 

0% 1% 2% 5% 

1xxc  27(Ns-1m-1) 26.89 26.91 26.86 26.95 

% error -0.4 -0.32 -0.49 -0.15 

2xxc  50(Ns-1m-1) 49.9 48.68 50.16 49.89 

% error -0.19 -0.62 0.33 -0.21 

c
k  300 299.1 305.84 295.46 308.01 

% error -0.3 1.94 -1.5 2.67 

k  50 49.46 55.92 46.42 56.19 

% error -1.07 11.84 -7.14 12.39 

1e  240(µm) 239.8 239.77 239.8 239.75 

% error -0.08 -0.09 -0.07 -0.1 

1  30(deg.) 29.97 29.99 29.98 29.99 

% error -0.03 -0.02 -0.03 -0.02 

1e  240 (µm) 239.28 245.39 235.28 245.77 

% error -0.3 2.24 -1.96 2.4 

2  10 (deg.) 10 9.99 10 9.99 

% error 0 -0.06 0 -0.06 

1  105210 (N/m) 105557 99898 106749 98371 

% error 0.33 -5.04 1.46 -6.49 

          ik  

 

 

42.1 (N/A) 41.99 42.61 40.9 42.82 

% error -0.24 1.23 -1.16 1.72 

 

TH-2522_156103043



130 

 

However, it is the unbalance eccentricity and phase of the discs that undergo least 

variation during the identification process. The development of global EOM with both 

translational and rotational DOFs, and the subsequent dynamic condensation of rotational 

DOF has resulted in estimates exhibiting comparatively more deviation than those 

estimated in Chapter 2. However the error percentages are still within acceptable limits. 

The performance of identification algorithm without condensation has been checked and 

it has shown better error percentages than the case with condensation particularly for the 

cases of noise. However it has not been tabulated as it would not be of use in physical 

systems where rotational degrees cannot be captured as easily as translational dof. 

3.13 Concluding Remarks 

In the present chapter, a coupled rotor system with offset discs and supported on 8-pole 

AMB in the presence of angular misalignment has been considered. Inclusion of 

gyroscopic effect by way of offset disc model has increased the number of generalized 

coordinates due to the presence of rotational DOF. EOMs have been derived using 

Lagranges’s equation from the expressions of kinetic energy, potential energy and 

dissipative energy. An acceptable assumption based on the conditions of weight 

dominance and flexible coupling has made it possible to establish linear relationship 

between coupling slopes and disc translational displacements of the vibrating system. The 

coupling angular stiffness is modelled as the sum of static and additive components. A 

time-varying periodic function that is necessary to correctly simulate the nature of 

coupling misalignment force in frequency domain has been selected. The constants of PID 

controller (kp) have been chosen to give a wide range of operation. A SimulinkTM model is 

built to generate respones in time domain. The amplitude and phase of harmonics of rotor 

vibration and AMB current are extracted from full spectrum. Dynamic condensation has 

been used to create the EOMs purely in terms of master DOFs i.e., measurable 

translational displacements of rotors. The identification algorithm based on least-squares 

regression is built by segregating the EOMs in frequency domain into the known and 

unknown parameters. The algorithm is used to estimate coupling static stiffness, ACS, 

unbalance amplitude, unbalance phase, AMB displacement and current stiffness constants 

and was found to be robust upto noise levels of 5%. 
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The coupling model is derived in terms of translational dispacements at disc locations. 

The effect of dynamic condensation is seen in the error percentages of results, which have 

shown marginally more deviation than the case of central discs considered in Chapter 2. 

The complexity of the present chapter is the inclusion of gyroscopic effects in the rotor 

model. The present mathematical model is representative of simple laboratory rotors and 

therefore cannot be directly applied to multistage industrial rotors with many discs and 

supported on flexible bearings. There is also a need to include the case of coupling that is 

subjected to both parallel and angular misalignments. In the next chapter a multi-stage 

industrial turbogenerator supported on rolling element bearings and auxiliary AMBs is 

considered. Timoshenko beam finite elements are used to discretize the rotor system. The 

coupling model considered is more realistic as both parallel and angular misalignements 

taken into acccount in its derivation. 
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CHAPTER 4  

Analysis and Identification of Misalignment in Coupled Rotor-

AMB Systems using Finite Elements

  

4.1 Introduction 

In Chapters 2 and 3, modelling, analysis and identification procedure of angular 

misalignment in coupled simple rotors is presented. Lagrange’s equations have been used 

to develop the EOM of the rotor system. A relationship between coupling slopes and disc 

displacements have been used to derive EOMs in terms of generalized coordinates. This 

chapter extends the work to industrial turbo-generators (TGs) having multiple stages of 

rotors supported on flexible rolling element bearings, and auxiliary AMBs. The rotor is 

modelled with two-node Timoshenko beam elements having four DOFs at each node. 

Global EOM is developed by assembling the elemental matrices of subsystems. Weight 

dominance assumption, which is valid for heavy TGs is considered in the derivation of 

coupling model. Both parallel and angular misalignments are considered in the coupling 

model. The steering function used in the model of coupling misalignment is chosen such 

that it produces the multi-harmonic vibration response as reported in various experimental 

studies. This coupling model is then integrated into the finite element model of rotor 

system. The AMBs used serve as auxiliary supports to reduce rotor vibration and also for 

condition monitoring (CM). The identification algorithm developed from global EOMs in 

frequency domain is a least-squares regression problem, which uses vibration and current 

data from full spectrum FFT plots. The system parameters are disc unbalance, AMB 

constants, bearing stiffness and coupling static stiffness and ACS coefficients. The 

robustness of identification algorithm is checked against various levels of measurement 

noise and modelling bias. 
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4.2 System Configuration 
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Figure 4-1A sub 500 MW turbo-generator with integrated AMB 

A real industrial Turbine-Generator (TG) that has seven stages of rotors seated on 

hydrodynamic bearings and connected by intermediate rigid couplings with integrated 

AMB is described in Pilotto et al. (2017). TG sets with output power less than 500 MW 

typically have mono flow HP rotor, mono flow IP rotor and double flow LP rotor, where 

steam enters in the middle and flows in both directions toward the ends of the section. The 

sets with power larger than 500 MW have mono flow LP, double flow IP and LP rotors. A 

typical schematic of a sub 500 MW TG set is shown in Figure 4-1. Now modelling of the 

rotor, bearing, coupling and AMB in the element form are described in the next section. 

4.3 Mathematical Model 

This section deals with finite element analysis of a multi-stage turbogenerator 

model connected by intermediate couplings, supported on rolling element bearings and 

auxiliary AMB.  

4.3.1 Shaft and Disc Model  

Timoshenko beam finite elements have been used to discretize the rotor system. 

The elemental matrices with real coefficients are of the size 8 8  and are given in Nelson 

and McVaugh (1976), and Chen and Gunter (2007). Alternatively, matrices of size 4 4 , 

corresponding to a complex nodal displacement vector as given by Nelson (1985) and 

Chen (1998) can be used for modelling each finite element. Besides reducing the 

computational effort, complex notation helps in identifying the coefficients of positive and 

negative harmonics of full spectrum arising due to multi-harmonic forcing from the 
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misalignment. In the matrix coefficients given by Nelson (1985) are imaginary and the 

nodal displacements of the left node are arranged in real domain and those of the right 

node are arranged in imaginary domain, as shown in Eqn. (4.1). 

    
1 2 1 21 2 1 2

T T
e

left right x x y y
j x x j y y      u u u   (4.1) 

The matrix coefficients given by Chen (1998) are real and the nodal displacements 

of x-z plane are arranged in real domain and those of y-z plane in imaginary domain as 

shown in Eqn. (4.2). These matrices are used in the present work for the finite element 

modelling the rotor system.  

    
1 2 1 21 2 1 2

T T
e

xz yz y y x x
j x x j y y      u u u   (4.2) 

The corresponding elemental matrices of shaft are given in Appendix D. The mass and 

gyroscopic matrices of rigid discs used in the present work are given in Friswell et al. 

(2010), Singh and Tiwari (2016). 

4.3.2 Coupling Mathematical Model  

The model of coupling and its generalized coordinates are shown in Figure 4-2. The 

convention followed in this paper for the stationary and rotating frames of reference is 

shown in Figure 4-3. 
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Figure 4-2 Generalized coordinates of coupling 
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Figure 4-3 Stationary and rotating coordinate references 

In Chapters 2 and 3 only angular misalignment was considered at coupling location. The 

slopes at coupling have been written in terms of translational locations at discs using 

weight dominance criteria. In the present chapter both parallel and angular misalignments 

are considered in the coupling. The translational and rotational displacements at either end 

of coupling are independent of those at other locations along the length of the rotor. This 

is a significant deviation from the previous coupling model. 

Lees (2007) proposed that in the presence of misalignment, the coupling has the static 

coupling stiffness (SCS) and time-dependent additive coupling stiffness (ACS) 

components.The aforementioned hypothesis is the basis of the present mathematical 

formulation. When the bearing centres are perfectly aligned there is only the static 

stiffness component.  

  0

rot rot rot

c c cc tf K u + u ( )   (4.3) 

where 

  
1 10 1 1c c c c

T
rot

c c c c c          
  

u   (4.4) 

  
1 11 1c c c c

T
rot

c c c c c          
  

u   (4.5) 
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where cK is the static stiffness matrix of coupling, rot

c
u  is the vector of generalized 

coordinates of coupling, 
0

rot

c
u   is the vector of static deflections of coupling. When there is 

misalignment between bearing centres, then the additive component comes into play. The 

force vector due to static deflections given by
0

re

ccK u  is equal to the self-weight (
st

f Mg ) 

of the rotor.  In such case 

 

 0

0

rot rot
SCS ACS

rot rot rot rot

c c c c

rot rot rot rot rot

c c c c c

c

c

t t

              t t t t

    

    

f f

f K

K

K ( ) u + u ( )

u ( ) K ( )u K ( )u ( )   (4.6) 

where rot

c
tK ( ) is the matrix of additive coupling stiffness coefficients. Eqn. (4.6) has two 

parts  and rot rot

SCS ACS
f f , which are in rotating frame of reference. Next section deals with 

derivation of the static coupling stiffness force in the stationary frame of reference. 

4.3.2.1 Static Coupling Stiffness Force: Coordinate Transformation 

Coordinate transformation to stationary frame of reference of the rot

SCS
f  part of Eqn. (4.6) is 

performed as shown below.  

  stat T stat stat

SCS c cc ct t K Kf T T u ( ) u ( )   (4.7) 

where 
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  
1 11 1c c c c

T
stat

c c c y x c c y x
x y x y   

  
u   (4.9) 
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where stat

c
u is the vector of coupling coordinates in the stationary frame of reference. 

Appendix F gives the terms of the cK  matrix and stat

SCS
f  is a vector of real coordinates. To 

convert into the complex form, column wise operations are performed on Eqn. (4.7), to 

get 
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 (4.11) 

The complex notation of translational and rotational displacements is denoted 

by 1 1 1j jc c c c c c u x y u x y     , ,
1 11j j

c c c cc y x y xc      
    , . Eqn. (4.11) can be 

rewritten in the following complex form, herein superscript * represents the complex 

conjugate. 
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   

   

         

    

1 1 1 1

1 1 1 1

1 1 1 1

1 1

j

j j

j

j j

0 5

y y y x

y x x x

xx c c c c xy c c c c

yx c c c c yy c c c c

c c c c c c c c

c c c c

SCS

k u u u u k u u u u

k u u u u k u u u u

k k

k k

   

   

       

    

   

   

   

 

      

        
 

      

    



* * * *

* * * *

* * * *

* *

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

f .
    

   

   

         

 

1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1

j

j j

j

j

y y y x

y x

c c c c

xx c c c c xy c c c c

yx c c c c yy c c c c

c c c c c c c c

c c c

k u u u u k u u u u

k u u u u k u u u u

k k

k

   

 

  

       

  

 

   

   

   

 

   
 

      

        
 

      

   

* *

* * * *

* * * *

* * * *

*

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

       1 1
j

x xc c c c c
k     

 

 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
        

* * *

  (4.12) 

If cross-coupled coupling coefficients are not considered then 0
xy yx

k k  . Cross-coupled 

stiffness coefficients are ignored to keep the coupling force vector simple when it is 

converted to complex form.Even though coupling asymmetry does not pose any difficulty, 

we assume that it is symmetric (in aligned condition) since most catalogues only specify 

radial and angular stiffness values. In such case 
xx yy rad

k k k   and
yy xx ang

k k k    . The 

final form of static coupling force obtained from Eqn. (4.12) is 

 
1

1

0 0

0 0

0 0

0 0

rad rad c

ang ang c

SCS

crad rad

cang ang

k k u

k k

uk k

k k









   
            

     

f   (4.13) 

4.3.2.2 Additive Coupling Stiffness Force  

In previous chapters additive coupling stiffness force for the case of angular misalignment 

was derived. In the present chapter both parallel and angular misalignments have been 

considered. Additive stiffness force of coupling in Eqn. (4.6) can be expanded as 

  j

0

rot rot rot rot i t

ACS c c c
t e   f K ( ) u u   (4.14) 

where 0

rot

c
u , rot

c
u  defined by Eqns. (4.4) and (4.5) denote the static and vibratory deflections 

of coupling nodes in rotating coordinate system. Turbo generators run up to multiple 

stages and each stage generally weighs a few tens of tons. It can be safely assumed that 
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the vibratory displacement at coupling nodes is less than static deflection due to the self-

weight of rotor. (Friswell et al., 2010). If weight dominance (Singh and Tiwari, 2016) 

criterion is assumed, then  

 
0

rot rot

c c
u << u   (4.15) 

And Eqn. (4.14) becomes 

 
0

rot rot rot

ACS c c
t f K ( )u   (4.16) 

rot

c
tK ( )  which is the additive stiffness of coupling varies in time with rotation angle. 

Hence, Eqn. (4.16) can be written as the product of a suitable time waveform and a matrix 

of constant coefficients rot

c
K . This waveform s t( )  is called steering function and further 

discussion is made in later section. The additive coupling force in real form is given by 

 
0

rot rot rot

ACS c c
s t f ( ) K u   (4.17) 

with 

 

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

rot

c

k k

k k

k k

k k

k k

k k

k k

k k

   

   

   

   

 

 

   

   

 

 

   

   

  
 

 
 
  
 

  
   

  
  
 

  
 

   

K   (4.18) 

The subscripts , ,     and   in Eqn. (4.18) represent the directions in rotating 

coordinate system shown in Figure 4-3. Coordinate transformation to stationary frame of 

reference of Eqn. (4.17) is performed as shown below.  

   0

stat T rot stat

ACS c c
s t f ( ) T K T u   (4.19) 

where the vector of static deflections at coupling nodes is given by 

  
1 10 1 1c c c c

T
stat

c c c y x c c y x
x y x y       

  
u   (4.20) 
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The next section describes the procedure to numerically estimate static deflections, 
0

stat

c
u at 

various locations along the rotor axis. 

4.3.3.3 Catenary curve of turbogenerator 

The ‘catenary curve’ is the graphical representation of the static deflections and slopes 

due to self-weight at each node along the length of the rotor modelled by finite elements. 

A detailed discussion on this topic is presented in Friswell et al. (2010). The coupling 

static deflection vector 
0

stat

c
u in Eqn. (4.19) is the subset of global static deflection 

vector,
0

stat
u  which for a finite element model with n  nodes, is obtained by solving the 

equation  

       
1

0 4 4 4 4 4 1
4 1

stat re re

n n n n n
n



  

 u K M g   (4.21) 

In Eqn. (4.21) the coordinate system and elemental matrices of size 8 8  given in Nelson 

and McVaugh (1976) (refer Appendix E) are used. The superscript re is used to 

differentiate from other elemental matrices of size 4 4  used throughout the paper. The 

global gravity vector g  is obtained by assembling the gravity vector of each element 

given by  

  0 9 81 0 0 0 9 81 0 0
Te g . .   (4.22) 

For a horizontal rotor, the self-weight acts in the transverse (vertically downward) 

direction. In case of journal bearings, the horizontal force arising from the oil-film acts on 

the rotor and produces the horizontal static deflections (Friswell et al., 2010). Since we 

consider rolling element bearings in the present work, the horizontal static deflections can 

be safely ignored. Hence, as per the convention followed, as shown in Figure 4-3, we 

have 

 
1 21 2

0
x x

y y         (4.23) 

The remaining coefficients of the vector given by Eqn. (4.21) are the static deflections and 

slopes at the due to the self-weight of the coupled rotor system. The derivation of stat

ACS
f   is 

given in the next section. 
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4.3.3.4 Additive coupling stiffness force in stationary frame of reference 

The physical meaning of ACS matrix given by Eqn. (4.18) is pictorially represented in 

Figure 4-4. Parallel misalignment generates time dependent additive coupling stiffness 

coefficients k  and k  in the rotating frame of reference. Likewise, k
    and 

k
   are additive coupling stiffness coefficients generated due to angular misalignment. 

In real rotor systems, unequal amounts of misalignment exist in x y  and x z  planes, 

and therefore the coefficients are assumed to be unequal, i.e. k k     

and k k
         , which makes the total number of direct ACS coefficients four. The 

unequal magnitudes of these coefficients mean that the coupling exhibits asymmetric 

dynamic behaviour during operation. All cross-coupling coefficients are ignored in this 

work. The matrix rot

c
tK ( )  in Eqn. (4.19) is in rotating frame of reference. We convert to 

stationary frame of reference using the below transformation (Friswell et al., 2010), 

   0 0

stat T rot stat stat stat

ACS c c c c
s t s t   f ( ) T K T u ( ) K u   (4.24) 

where T is the transformation matrix is given by Eqn. (4.10) 

(a) (b)

( ) ( ) 0k t k t    

( ) ( ) 0k t k t
         

( ) ( ) 0k t k t    

( ) ( ) 0k t k t
         



 



( ) ( ) 0k t k t    

( ) ( ) 0k t k t
         

( ) ( ) 0k t k t    

( ) ( ) 0k t k t
         






(c) (d)



 

Figure 4-4 ACS coefficients for various misalignment conditions (a) No misalignment 

(b) Parallel (c) Angular (d) Combined 
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Table 4-1 Correlation between misalignment type and coupling additive stiffness 

coefficients 

Misalignment type Direction k  k  k
    k

    

Parallel 
x  ✔ ✘ ✘ ✘ 
y  ✘ ✔ ✘ ✘ 

 

Angular 
x  ✘ ✘ ✔ ✘ 

y  ✘ ✘ ✘ ✔ 

 

Combined 

,x y  ✔ ✔ ✘ ✘ 

,x y   ✘ ✘ ✔ ✔ 

Eqn. (4.24) then becomes 

 

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

stat

c

a b a b

b c b c

d e d e

e f e f

a b a b

b c b c

d e d e

e f e f

  
 

 
 
  
 

   
  
 
  
  
 

   

K   (4.25) 

where 

       

   

cos ( ) sin ( ); cos sin ( )

cos sin cos sin

cos sin ( ); cos sin

a t k t k b t t k k

c t k t k d t k t k

e t t k k f t k t k

   

       

   

     

       

   

   

   

      

       

      

2 2

2 2 2 2

2 2

 

On substituting Eqns. (4.25) and (4.20) in Eqn. (4.24), we obtain the ACS force vector in 

real coordinates of size8 1 , as  
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1 1

1 1

1

1 1

1 1

0

1 1

1 1

c c c c

c c c c

c

c c c c

c c c c

x x y y

x x y ystat stat stat

ACS c c

c c c c

c c c c

x

a x x b y y

b x x c y y

e d

f e
s t s t

a x x b y y

b x x c y y

e

   

   

   

   

   

   

 

 

 



 

 

 

 

  

  

  

  
  

  

  



( ) ( )

( ) ( )

( ) ( )

( ) ( )
f ( ) K u ( )

( ) ( )

( ) ( )

(
1

1 1

c c c

c c c c

x y y

x x y y

d

f e

  

   



 

 
 
 
 
 
 
 
 
 
 

  
 

   

) ( )

( ) ( )

  (4.26) 

Rewriting the force vector due to additive coupling stiffness in the complex form, we 

have  

 
1 1

1 1

1 1

1 1

j j

j j

j j

j j

c c c c

c c c c

c c c c

x x y y

ACS

c c c c

x x y y

x x a b y y b c

e f d e
s t

x x a b y y b c

e f d e

   

   

   

   

 

 

 

 

     
 

     
  

     
      

( )( ) ( )( )

( )( ) ( )( )
f ( )

( )( ) ( )( )

( )( ) ( )( )

  (4.27) 

where 

  

  

j2 j2

j2 j2

j 0 5 1 1

j 0 5 1 1

t t

t t

a b k e k e

d e k e k e
   

 

 

 

   

      

      

( ) . ( )

( ) . ( )
  

Upon substituting Eqn. (4.23) in Eqn. (4.27), the final form of the ACS force in the 

complex form is given by 

 

  

  
  

  

1

1

j2 j2

1

j2 j2

j2 j2

1

j2 j2

0 5

1 1

1 1

1 1

1 1

c c

c c

t t

c c

t t

y y

ACS
t t

c c

t t

y y

s t

x x k e k e

k e k e

x x k e k e

k e k e

   

   

 

 

 

   

 

 

 

   

 

 

 

 











      
 
      
 
 

      
 
      
 

. ( )

( ) ( )

( ) ( )
f

( ) ( )

( ) ( )

  (4.28) 

where the steering function is assumed to be rectangular wave with 40% duty cycle as 

discussed in Section 2.7. Eqn. (4.28) is rearranged as below by taking the steering 

function inside and multiplying with exponential terms.  
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c c i i
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 
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 
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 
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 


 
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 

 

 

 

 

.f

j
i n i n

i t

i

i n i n

k q e
 



 

 

 

 
 
 
 
 
 
 
 
 
 
  

   
  

 

  (4.29) 

The values of 
i

p  and 
i

q  in Eqn. (4.29), which denote the participation factors of the 

steering function, are tabulated in Table 4-1. In the case of experimental data from rotor 

test setup the values of ik p , ik q , 
ik p

   , and
ik q

     can be obtained from linear 

regression (Shravan and Tiwari, 2012). The physical interpretation Eqn. (4.29) is as 

follows: With weight-dominance assumption, ACS forces and moments are written as the 

product of additive stiffness coefficients, an appropriate steering function and the static 

deflection at the coupling nodes. Assigning values to the additive stiffness coefficients in 

a particular direction in numerical simulation would physically represent the existence of 

misalignment and therefore fluctuating forces/moments in the corresponding direction. As 

the severity of misalignment increases the vibration amplitude spills over to higher 

harmonics in the full spectrum. Experimental data from real rotors has shown that the 

maximum number of predominant positive and negative harmonics is not more than five. 

For the present problem, the number of harmonics i considered in A and b is defined in 

Section 2.9 is taken from 5  to 5 . 

4.3.3 AMB Force 

The lateral force exerted by the AMB on the rotor has two components: the one which is 

proportional to the rotor vibration at the AMB location and the other proportional to the 

current in the AMB actuator (Singh and Tiwari, 2016) 

 
AMB s AMB i c

k k  f u i   (4.30) 

where
AMB

u is the complex displacement vector at AMB nodal locations. The control 

current in AMB coils controlled by proportional-integral-derivative (PID) law is given by 

 c P AMB I AMB D AMBk k dt k  i u u u   (4.31) 
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4.3.4 Unbalance Force 

The unbalance force vector due to the mass eccentricities at the nodal locations of discs is  

 2 j jt

unb d
m e e e f   (4.32) 

where e  is the disc unbalance eccentricity located at the phase angle  .  

4.3.5 Bearing Force 

The bearing support force vector acting at the bearing node locations due to the stiffness 

  * * * *0.5 ( ) j ( ) j ( ) ( )b b b b b b b bbxx bxy byx byybk
k k k k      u u u u u u u uf   (4.33) 

where  and 
b b

*u u  are the vectors of complex translational displacements at bearing nodal 

locations and their conjugates, respectively. Parameters  and 
bxx bxy byx byy

k k k k, , ,  represent the 

direct and cross-coupled stiffness coefficients. Likewise, the force acting at the bearing 

nodal locations due to the direct coefficients of damping of bearings is  

  * * * *0.5 ( ) j ( ) j ( ) ( )b b b b b b b bbxx bxy byx byybc
c c c c      u u u u u u u uf   (4.34) 

where 
b

u , 
b

*u are the vector of complex translational velocities at bearing nodal locations 

and their conjugates, respectively. Parameters 
bxx byy bxy

c ,c ,c and 
byx

c represent the direct and 

cross-coupled bearing damping coefficients. 

4.3.6 Global EOM and Simulink Model 

Eqn. (4.35) is the global EOM in complex form, obtained by assembling the sub system 

matrices, as 

  j
unb AMB ACS

    Mu C G u Ku f f f   (4.35) 

sh d
 M M M ;

b c sh
  C C C C ;

b scs sh
  K K K K ;

sh d
 G G G  

From Eqn. (4.35), it can be noticed that the external forces acting on the system are (i) 

unbalance force (ii) ACS force stiffness due to misalignment and (iii) AMB restitution 

force. The assumed solution to Eqn. (4.35) is 
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 j
i

i t

i

e 




 u u   (4.36) 

The complex current vector 
c

i of AMB in Eqn. (4.30) too will have the same multi-

harmonic nature as rotor displacement, so that 

 j
i

i t

c c

i

e 




 i i   (4.37) 

 The force vectors, on the right side of Eqn. (4.35) are given by 

j j      i t i t i t

unb unb AMB AMB ACS ACS
e e e    f f ; f f ; f f   

Substituting Eqn. (4.36) in Eqn. (4.35), it converts EOM in time domain to frequency 

domain, as 

      2
j j

unb AMB ACS
i i        M C G K u f f f   (4.38) 

4.3.7 Application of Condensation Schemes 

Due to the inconvenience of taking measurements at all nodal locations along the length 

of the rotor, condensation/reduction of global EOMs is performed to reduce the 

measurable DOFs. Qu (2004) has presented various reduction techniques in finite 

elements. Table 4-2 lists the recent papers where condensation technique has been 

performed. The nodes where the external forces act on the rotor system are usually chosen 

as master DOFs. Rest of the DOFs are grouped as slave DOFs. The master DOFs that 

correspond to the nodal locations of all identifiable parameters are the translational DOFs 

at bearings, discs, coupling, AMBs and rotational DOFs at coupling nodes.  

 



1 1 1 2 2 2 1 2 2 3 3 2 4 4

1 1 1 1 1n n n n n n n n n

d

m b d AMB d b c c c c b d AMB d b

b d AMB c c c c AMB b

u u u u u u u u u u u u

         u u u u u u u

 

 
    

u
 

 (4.39) 

The derivation of the transformation matrix d
T , which links master DOFs to the total 

DOFs is explained in Lal and Tiwari (2012) and is expressed as 
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d

d dm

md

s

 
  
 

u
u T u

u
  (4.40) 

where 

 
2 1 2

0 0

d

ss ss sm sm
 

 
  

   

I
T

[K M ] [K M ]
  (4.41) 

In Eqn. (4.41), 
0

  is the mean speed at which dynamic condensation is performed. Prasad 

and Tiwari (2018) considered the gyroscopic matrix in the derivation of transformation 

matrix, which resulted in better estimates of the AMB and unbalance parameters. 

However, since there are no overhanging discs in the present formulation G  matrix is not 

considered in the derivation of d
T . The EOM in terms of reduced coordinates is given by  

      2
j jd d d d d d d d

m unb AMB ACSi i        M C G K u f f f   (4.42) 

where 

       
T T T T

d d d d d d d d d d d d          M T MT ; K T KT ; C T CT ; G T GT     

     
T T T

d d d d d d

unb unb AMB AMB ACS ACS
  f T f ; f T f ; f T f  

The superscript d  refers to the dynamically reduced form of matrices and vectors. Before 

pre and post multiplying the elemental matrices and external force vectors, it is necessary 

that the matrices be reordered as shown in the example shown below. 

 
mm ms

sm ss

 
  
 

M M
M

M M
  (4.43) 

Likewise, the force vectors too should be rearranged in the below form 

 
mm

ss

 
  
 

f
f

f
  (4.44) 

The operations shown in Eqns. (4.43) and (4.44) have to be performed in keeping with the 

rearranged form of global DOFs as shown in Eqn. (4.40). Eqn. (4.42) is used in the next 

section for the estimation of unknown system parameters.  

TH-2522_156103043



149 

 

4.3.8 Identification Algorithm for Parameter Estimation 

The forcing terms containing the unknown parameters are grouped on the right side and 

known system parameters are grouped on the left side of equality. Eqn. (4.42) is 

rearranged in the form 

      2
j j jd d d d d d d d d d d

sh sh m unb AMB bc bk SCS ACS
i i i            M C G K u f f (f ) f f f   

  (4.45) 

Equation. (4.45) is in the form  

 Ax = b       (4.46) 

where x is the vector of all unknown system parameters, i.e. the disc unbalance 

eccentricities, stiffness of bearing in x and y directions, radial and angular stiffness of 

coupling, and coupling ACS coefficients.  The vector x of identifiable parameters is given 

by 

 



1 1 2 2 3 3 4 4 1 2 3 4

1 2 3 4

re im re im re im re im

xx xx xx xx

yy yy yy yy s i rad ang

U U U U U U U U k k k k

      k k k k k k k k k k k k
        



   

x
  (4.47) 

The complex displacements d

m
u  in Eqns. (4.45) can be written as  

 jd dre dim

m
 u u u   (4.48) 

Likewise, the complex current in AMBs can be written as 

 jre im i i i   (4.49) 

The real and imaginary parts of rotor vibration (
dre

u ,
dim

u ) and AMB current ( re
i , im

i ) 

obtained from the amplitude and phase of the harmonics of full spectrum plots are the 

inputs to Eqn. (4.48). To improve the condition number of the regression matrix A (refer 

Appendix G), the data from multiple speeds can be advantageously used. Equation. (4.49) 

then becomes 
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1 1

2 2

n n

 

 

 

   
   
      

   
   
   
      

A( ) b( )

A( ) b( )

x

A( ) b( )

  (4.50) 

Solution to Eqns. (4.46), (4.50) is of the form 

     
-1

T T
x = A( ) A( ) A( ) b( )   (4.51) 

The estimation the real and imaginary parts of the harmonics of rotor vibration and AMB 

current essential for solving Eqn. (4.54) is described in Chapter 2 in detail. The numerical 

experiment and parameter identification in a test rotor system is discussed in next section. 

4.3.9 Results and Discussion 

Disc -1 AMB-1 Disc-2 AMB-2REB-1 Disc-3 Disc-4REB-2 REB-3 REB-4

Coupling

 

Figure 4-5 Coupled rotor system integrated with AMBs 

x
y

 

Figure 4-6 Static deflection curve 
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Table 4-2 Rotor geometric properties 

Rotor    AMB 

1d
m  2.25 kg 

4d
I  0.004 kg-m2 p

k  12200 A/m 

2d
m  1.75 kg 

1p
I  0.0048 kg-m2 I

k  2000 A/m-s 

3d
m  2.5 kg 

2p
I  0.007 kg-m2 d

k  3 A-s/m 

4d
m  1.6 kg 

3p
I  0.009 kg-m2 s

k  105210 N/m 

1d
I  0.0024 kg-m2 

4p
I  0.008 kg-m2 i

k  12.4 N/A 

2d
I  0.0035 kg-m2 e

l  0.25 m    

3d
I  0.0045 kg-m2 d  0.017 m    

Figure 4-5 shows a simplified model of the TG with integrated AMB considered in the 

present work. It is similar to two-stage test rig set-up used in Mayes and Davies (1980) to 

study the vibratory behavior of coupled rotating shafts containing a transverse crack.  

Each rotor system is supported on rolling element bearings, has two rigid discs mounted 

on the flexible shaft, and an auxiliary AMB between the discs. An intermediate coupling 

transmits the drive from rotor-1 to rotor-2. The drive end coupling is not shown in the 

schematic and is not considered in the present formulation.  

The geometric properties of a laboratory rotor model are given in Table 4-1. The stiffness 

and damping of bearings are shown in Figure 4-7 and Figure 4-8. Bearing stiffness and 

damping are assumed such that the net effect of bearing and housing is considered. The 

equivalent viscous damping of coupling cC  is ignored in the present work.The static and 

additive stiffness coefficients of the coupling are shown in Figure 4-9. The values of 

coupling stiffness coefficients are assumed such that they are lower than bearing stiffness 

coefficients. Figure 4-6 shows the catenary curve of the rotor-bearing system obtained 

from Eqn. (4.21). Figure 4-10 shows the Simulink model built from Eqn. (4.35) to 
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generate time domain responses of the vibration at each node along the length of rotor-

bearing-coupling-AMB system and current in AMBs. The flow chart that shows analysis 

and identification procedure is shown in Figure 4-11. Numerical simulation was 

implemented in Matlab-Simulink environment (ODE15s variable step stiff solver is used 

to solve the system since it is found to be faster than non-stiff solvers such as ODE23 or 

ODE4). However, the time domain data is logged at fixed intervals of 161 2  sec.  

To study the effect of coupling stiffness and the AMB on the dynamic behaviour of 

system, the system is ramped up with the angular acceleration of 20π rad/s2 for 10 s. The 

Hilbert envelope of x-displacement at the location of two AMBs (node 3 and node 10) for 

rotor-1 and rotor-2 are plotted to identify the critical speeds in three different cases. 

Figure 4-12 (a) and Figure 4-12 (d) illustrate the case when the rotors are uncoupled and 

there is no AMB. The peaks are noticed at 68 rad/s (108 µm) and 65 rad/s (109 µm). In 

Figure 4-12(b) and Figure 4-12(e) the rotors are coupled and the effect of coupling static 

and additive stiffness causes the peaks to shift to 81 rad/s (218 µm) and 80 rad/s (225 µm), 

respectively. 

 

Figure 4-7 Stiffness of bearings 
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Figure 4-8 Damping of bearings 

 

Figure 4-9  Static and additive stiffness coefficients of coupling 
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Figure 4-10 Simulink model of Rotor-Bearing-Coupling-AMB system 

Estimate Coupling s ACS 

coefficients from eqn.(46) 

Select  

Start

1 2 3 2( , )   

Obtain eqn.(40) in frequency 

domain with reduced coordinates

Obtain transformation matrix Td 

from eqn.(36)

Obtain A, b from appx.A, eqn.(43) 

Stop

Obtain

   from full spectrum FFT
1 1 2 2, , , , ,re im re im re im

i i i i i iI I I I 

Generate                at master DOF 

from Simulink model built from 

eqn.(33) 

1 2, ,i i iI I

Add modelling 

error(optional)

Add signal noise

(optional)

 

Figure 4-11  Analysis and identification flowchart 
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(a) (d)

(b) (e)

(c) (f)
 

Figure 4-12 Ramp-up response of rotor-1 and rotor-2 at AMB nodal locations:  (a), (d) 

Individual rotors without AMB (b), (e) Coupled rotors without AMB (c), (f) Coupled 

rotors with AMB 

Figures 4-12(c) and Figure 4-12(f) show the effect of inclusion of AMBs at nodes            

3 and 10. The resonant peaks move further to the right and the response also increases at         

168 rad/s and 174 rad/s. At both locations there is a considerable decrease in response to        

75 µm and 80 µm, respectively. This demonstrates the usefulness of AMB in controlling 

the dynamic behaviour of the system to advantage. In all the plots there is a trace of 

beating phenomenon, which is generally noticed in accelerating rotors and coupled rotors 

whose natural frequencies are in vicinity of each other. However, because of considerable 

bearing damping the phenomenon is not sustained for longer duration. For the purpose of 

parameter identification, the speeds outside the half-power points are chosen. Figure 4-13 

shows the full spectrum plot of disc-1 vibration and AMB-1 current. The amplitude and 

phase of forward and backward whirl frequencies can be seen. The full spectrum plots 

obtained from the simulation look similar to the plots obtained by Patel and Darpe (2009), 

Monte et al. (2014) and Tuckmantel et al. (2014) in laboratory experiments. Shravan et al. 
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(2015) show that despite the presence of noise inherent in experimental data the 

displacement harmonics in the frequency domain were distinct and measurable.  

 

Figure 4-13  Full spectrum plot at 16 Hz (a) Amplitude at Disc 1 location (b) Phase at 

Disc 1 location (c) Amplitude of AMB current (d) Phase of AMB current 

Identification of unknown parameters is performed through Eqn. (4.51) by using data 

from master DOFs. There are a total of fourteen master DOFs of which twelve DOFs are 

translational displacements of disc, bearings, AMB, couplings and two DOFs are 

rotational displacements of coupling. All the individual speeds in the range of                  

45 Hz - 55 Hz are chosen for parameter identification. 
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Figure 4-14 Effect of speed on estimates of unbalance 

 

Figure 4-15 Effect of speed on estimates of AMB constants 
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Figure 4-16 Effect of speed on estimates of bearing stiffness coefficients 

 

Figure 4-17 Effect of speed on estimates of coupling static and additive stiffness 
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This particular range is chosen since it is away from the critical speeds of the rotor 

system shown in Figure 4-12.  The unknown parameters are first identified at individual 

speeds in this range using Eqn. (4.49). In Figure 4-14 for 50 - 52 Hz, the percentage error 

in the unbalance parameter 
4

reU  & 
4

imU  is 4%. Figure 4-15 shows that the error in the 

AMB displacement constant is as high as 50% at 53 Hz and 60% at 54 Hz. The 

percentage error in the bearing stiffness coefficients in Figure 4-16 is in the range 10 % 

across all speeds. However, at 54 Hz variation in 
1yy

k  is as high as 47%. The percentage 

error in the estimation of k  in Figure 4-17 varies from 4% to 8% between                   

50 Hz to 54 Hz.  

The considerable error in the estimation of parameters in the range of                   

50 Hz to 54 Hz can be attributed to the fact that this speed range falls between almost 

twice the critical speed values of rotor-1 (168 rad/s) and rotor-2 (174 rad/s) with AMBs. 

Next cumulative data from all 11 speeds is considered for the identification and input into 

Eqn. (4.53). The comparison of the absolute values of all identifiable parameters with 

various levels of measurement noise is shown in Figure 4.18 through Figure 4.22. In 

Figure 4-29 the percentage error of estimated using the cumulative data from 11 speeds 

from 45 Hz to 54 Hz is shown. For 0% noisy signal, the maximum deviation from the 

assumed values is less than 4.6% for 21 parameters out of 24 parameters. The highest 

deviations are found in
1xx

k ,
1yy

k  and 
s

k  with deviation of 8.2%,-11%  and 10%  

respectively. For 1% noisy signals the highest deviations from assumed values are shown 

by im

3
(-16.5%)U , im

4
(-26%)U , 

2yy
(-12.5%)k  and

ξξ
Δ (-23%)k . Rest of the parameters 

deviate by no more than 8%. For 5% noise the maximum deviations occur in 

im im

ξξ ηη 4 3
Δ (-51%),Δ (-40%), (-40%), (-28%)k k U U  and

2xx
(19.3%)k . Rest of the parameters 

deviate by no more than8.2% .  

The uncertainties in an engineering problem can be generally described by two groups of 

variables: random and interval. There are many approaches to model these uncertainties, 

such as probabilistic, fuzzy, interval, evidence, and grey system-based (Yan et al., 2013). 

In the present work instead of modelling the uncertainty in the formulation, a bias error is 

introduced in the rotor parameters to study the sensitivity of identification algorithm. The 

parameters that undergo bias are
1 2 3 4 11 c cd d d d c c y y

m m m m x x  and    


, , , , , , . Figure 4-23 
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through Figure 4-27 compare the absolute values of assumed and estimated parameters for 

various levels of bias errors. The percentage error when cumulative data is considered is 

graphically shown in Figure 4-28. The parameters that exhibit maximum deviation 

are
3

8.1%)
xx

k ( , 
3

(-11%)
yy

k  and (11.75%)
i

k . Rest of the estimates fall within ±5%  of the 

assumed values. The algorithm is found to be more sensitive to measurement noise 

comparatively. 

 

Figure 4-18 Sensitivity of disc unbalance eccentricity to various levels of noise 

    

Figure 4-19 Sensitivity of bearing stiffness coefficients to various levels of noise 
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Figure 4-20 Sensitivity of static and additive stiffness coefficients of coupling to 

various levels of noise 

 

Figure 4-21 Sensitivity of AMB displacement constant to various levels of noise 
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Figure 4-22 Sensitivity of AMB current constant to various levels of noise 

 

Figure 4-23 Sensitivity of disc unbalance eccentricity to errors in modelling 
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Figure 4-24 Sensitivity of bearing stiffness coefficients to errors in modelling 

 

Figure 4-25 Sensitivity of coupling static and additive stiffness coefficients to errors in 

modelling 
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Figure 4-26 Sensitivity of AMB displacement constant to errors in modelling 

 

Figure 4-27 Sensitivity of AMB current constant to errors in modelling 
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4.4 Concluding Remarks 

In the present chapter, the mathematical model of turbine-generator with auxiliary 

AMBs is developed using Timoshenko beam finite elements. The mathematical model of 

coupling in the presence of parallel and angular misalignments has been developed from 

the vector of static deflections at coupling nodes, unlike the previous chapters where it 

was developed from the static deflections at the disc locations. The present model is based 

on weight dominance and is applicable for both rigid and flexible couplings. The steering 

function is chosen in such a way that full spectra obtained from the numerical simulation 

look similar to the experimental spectra. The correlation between misalignment direction 

and ACS coefficients has been explained. A Simulink model that generates time domain 

vibration and current data is built from the global EOM.The effect of incorporating AMB 

by way of amplitude reduction and shift in the peaks of coupled rotor system is shown.  

The global EOM is converted into frequency domain and has been rearranged in 

the form that can be solved by linear least-squares regression. The magnitude and phase of 

the positive and negative harmonics of the vibration at the master DOFs and the AMB 

current have been estimated from full spectrum plots. This data is input to the 

identification algorithm to estimate the unknown parameters of the rotor, bearing, AMB 

and coupling. The accuracy of solution is improved by considering cumulative data from 

multiple speeds. It has been found that data from multiple speeds yields better estimates 

compared to those obtained from individual speeds. The algorithm yielded reasonably 

correct estimates when signal is contaminated with measurement noise and modelling bias 

up to 5%. The magnitude of ACS coefficients, which depend on the amount of 

misalignment present between bearing centers are identified to fairly accurate degree 

using the present algorithm. The deviation of parameters estimated in the present chapter 

from their assumed values is more than that exhibited by the corresponding parameters of 

the previous chapters. 

The identification algorithm, which is the outcome of the study, can be used in 

physical experiments. It takes amplitudes and phases of various harmonics of vibration 

and current as inputs and estimates ACS coefficients. They can in turn be used to estimate 

the fluctuating forces and moments. That way the misalignment condition in coupling 

between the rotors can be studied using the identification algorithm. 
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The identification algorithm developed in the present chapter considers data from 

both translational DOFs and rotational DOFs. The rotational DOFs which correspond to 

the both ends of coupling may pose more difficulty in data acquisition than translational 

DOFs. To get round this problem another stage of condensation is performed in Chapter 5. 

Also the present mathematical model is extended to TGs that run on speed-dependent 

journal bearings and AMB support bearings in Chapter 5. 
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CHAPTER 5  

Finite Element Modelling, Analysis and Identification of Speed 

dependent Misalignment in Coupled Rotor-Bearing-AMB 

Systems 

5.1 Introduction  

In Chapter 4, finite element modelling, analysis and identification of misalignment in TGs 

supported on rolling element bearings with auxiliary AMBs is presented. The 

mathematical model of coupling subjected to both parallel and angular misalignments was 

developed using weight dominance criteria. The present chapter extends the work to TGs 

supported on speed-dependent tilting pad journal bearings (TPJB) and AMB support 

bearings. In the presence of speed-dependent excitations, AMBs exhibit speed-dependent 

behaviour. The stiffness and damping of TPJBs, ACS coefficients of coupling, 

displacement and current constants of AMB are modelled as speed-dependent parameters. 

The identification of these parameters is performed using an identification algorithm that 

has been developed from the condensed global EOMs in frequency domain. The 

algorithm developed in the present chapter uses only translational DOFs at the nodal 

locations. Speed dependent parameters at six different speeds have been identified. The 

robustness of algorithm is tested against various levels of measurement noise and 

modelling bias.  

5.2 System Configuration  

 The model of a TG running up to multiple stages supported on TPJBs and AMBs is 

shown in Figure 4-1. In Pilotto et al. (2017) AMB was used as support bearing in a     

Turbo generator along with TPJBs. To simulate that case AMB was used as support 

bearings at two locations in place of TPJBs. The intermediate couplings that transmit 

drive from one rotor stage to the next is subject to misalignment. This causes the coupling 

to develop static and time-varying additive stiffness coefficients (Lees, 2007). The 

mathematical model of each sub system is discussed next. 
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5.3 Mathematical Model 

5.3.1 Tilting Pad Journal Bearings 

This section deals with finite element analysis of a multi-stage turbogenerator model 

connected by intermediate couplings, supported on tilting pad journal bearings (TPJB) 

and active magnetic bearings (AMB).  

Clearance circle

 

Figure 5-1 Journal equilibrium loci for (a) JB (b) TPJB 

 

Figure 5-2 TPJB (a) load between pivot (b) load on pivot 

For modelling shafts and discs, the elemental matrices given in Chapter 4 are used. The 

fundamental difference between a JB and a TPJB is explained now. Figure 5-1(a) is the 
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pictorial representation of the loci of the journal equilibrium position at various 

speeds , ,i p n   . Attitude angle
i  is the angle between load direction and the line of 

centers, and is a function of rotational speed, , and static load, W . For a given static 

load and at a given rotor speed, the equilibrium position of journal is defined by journal 

eccentricity e and attitude angle
i . It can be seen that the attitude angles are non-zero at 

each speed. This generates a positive tangential force which produces non-zero cross-

coupled coefficients which in turn give rise to half-frequency whirl instability at twice the 

first critical speed of the rotor.  From the rotor stability point of view, the zero attitude 

angle is the most desirable configuration at all speeds (Chen and Gunter, 2007). When it 

comes to TPJBs the pads are supported on pivots, which can be either rigid or flexible. 

The pads can tilt on the pivots independently of one another in response to rotor motion. 

This causes the attitude angle to be zero at all speeds as shown in Figure 5-1(b), which is 

the cause of their inherent stability. Figure 5-2 shows a typical TPJB with five pads. The 

parameters which affect the stiffness and damping of TPJBs are operating speed, number 

of pads, pad length, pad diameter, load configuration (load on pivot (lop) / load between 

pivot (lbp)), load angle, preload, clearance,  pivot flexibility and oil viscosity             

(Chen and Gunter, 2007). At a given speed   the complex bearing dynamic forces due to 

stiffness and damping are given by (Chen and Gunter, 2007). 

 
( ) 0 ( ) 0

( )
0 ( ) 0 ( )

xx xx

yy yy

k cx x
dF

k cy y

 


 

      
        

      
  (5.1) 

The translational displacements are rewritten in terms of complex displacements 

as   2x u u  ,  j 2y u u   , where j ,  ju x y u x y    .Equation (4.52) then takes 

the following complex form 

 
( ) 0 ( ) 0

( ) 0.5
0 ( ) 0 ( )( ) ( )

xx xx

yy yy

k cu u u u
dF

k cj u u j u u

 


 

      
        

         
 (5.2) 

where ( )xxk  , ( )yyk  , ( )xxc  , ( )yyc   are the direct stiffness and damping of TPJB in x 

and y directions. Since the attitude angle is zero in Figure 5-1(b), the cross-coupled 

coefficients are zero in TPJBs. For the lbp configuration (Figure 5-2(a)), the load is shared 

equally by the two bottom pads ( ( ) ( )xx yyk k  ) and for the lop configuration         
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(Figure 5-2(b)), the majority of the load is felt totally by the bottom most pad 

( ( ) ( )xx yyk k  ) (Chen and Gunter, 2007). 

5.3.2 Speed Dependent Active Magnetic Bearings 

 
1



2


3


Equillibrium 
point at  

Equillibrium 
point at 

Equillibrium 
point at 

AMB poles

 

Figure 5-3 Operating point of rotor at various speeds inside AMB clearance  

  

 

1s
k

2sk

3sk 4sk
1i

k

2i
k

3i
k

 

Figure 5-4 (a) AMB force versus operating point (b) AMB force versus AMB current 

The control force exerted by AMBs is given by Tiwari (2017) 

 
AMB s AMB i c

k k  f u i   (5.3) 
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with 2 3

1
4

s b g
k c i l  is the AMB displacement constant; 2 3

1
4

i b g
k c i l is the AMB current 

constant; b
i  is the bias current; g

l  is the airgap; 2

1 0
0 25.

g
c N A ; 0

 is the free space 

permeability; N is the actuator windings; g
A is the leg area; and AMB

u  is the complex 

displacement of rotor at AMB location. The control current in AMB coils controlled by 

proportional-integral-derivative (PID) law is given by 

 c P AMB I AMB D AMBk k dt k  i u u u   (5.4) 

where Pk , Ik  and Dk  are the proportional, integral and derivative gains, respectively. Due 

to the speed-dependent nature of unbalance and misalignment forces there will be a shift in 

the equilibrium position of rotor within the AMB clearance about the geometric center line 

with the change in rotor speed (Figure 5-3). Figure 5-4(a) shows nonlinear nature of 

magnetic force versus operating point curve. Each point on the curve corresponds to a 

discrete rotor speed. As the operating speed of rotor changes the operating point shifts and 

there is a corresponding change in slope of the curve ( sk ). This leads to a change in the 

AMB current required, which in turn causes a shift in the slope of the curve ( ik ) in      

Figure 5-4(b). Thus stiffness constants of AMB, which are otherwise not varying, change 

due to the disturbances that vary with operating speed. Thus in the presence of external 

forces, such as unbalance and misalignment, it would be practical to rewrite as  

 
AMB s AMB i c

k k    f ( ) ( )u ( )i   (5.5) 

The speed dependent nature of AMB force is the result of vibratory motion of rotor excited 

due to speed-dependent forces, such as unbalance and misalignment. 

5.3.3 Mathematical Model of Misaligned Coupling 

Since the rotor is supported on TPJBs and AMBs, whose parameters are speed-dependent, 

for a given amount of misalignment, the forces and moments acting on coupling too 

change with speed (Kuppa and Lal, 2020) with the result that ACS coefficients too would 

become speed dependent, while the SCS coefficients would remain constant. The detailed 

derivation for the coupling force vectors SCSf  and ACSf  in the presence of parallel and 

angular misalignments is given in Chapter 4. The final form of speed-dependent SCS force 
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vector for a symmetric coupling with no cross-coupling stiffness coefficients SCS
f  is given 

by 

 

1

1

0 0

0 0

0 0

0 0

rad rad c

ang ang c

SCS

crad rad

cang ang

k k u

k k

uk k

k k









   
            

     

f   (5.6) 

The final form of speed-dependent ACS force vector of coupling in complex form is as 

follows 

 

 

 

 

 

j j

j j

j j
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c c

c c
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i n i n

i n i n
i t i t

y y i i
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c c i i

i n i n
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x x k p e k q e
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

   

 
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 
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 
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1
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i n i n
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i n i n

re k s e
  

   
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 

 

 
 
 
 
 
 
 
 
 
 

  
   

  
 

  (5.7) 

The type and level of misalignment is reflected in the magnitudes of ACS coefficients. A 

parametric study by varying both these parameters can be made in experimental work. 

5.3.4 Global Equation of Motion 

The complex form of global EOMs of the TG system in the presence of unbalance force, 

AMB force and ACS force is given by 

 
     j

sh d b scs shb c sh sh d

unb AMB ACS
                                                                                          

  

 

       

 

M M K K Ku C ( ) C C (G G ) u ( ) u

f f ( ) f ( )
  

  (5.8) 

The elemental matrices of shaft and disc used in Eqn. (5.8) are given in Appendix D. The 

assumed solution to Eqn. (5.8) is of following form 

 j
i

i t

m m

i

e 




 u u

 

 (5.9) 
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The complex current vector c
i of AMB in Eqn. (5.5) too will have the same multi-harmonic 

nature as rotor displacement, as 

 j
i

i t

c c

i

e 




 i i

 

 (5.10) 

The force vectors, on the right side of Eqn. (5.8) are given 

by
j j      i t i t i t

unb unb AMB AMB ACS ACS
e e e      f f ; f ( ) f ( ) ; f f ( )   

Substituting Eqns. (5.9) and (5.10) in Eqn. (5.8) converts global EOM in time domain to 

frequency domain, as 

      2
j j

unb AMB ACS
i i          M C G K u f f ( ) f ( )   (5.11) 

with 

sh d b c sh sh d b scs sh
                   M M M ; C C ( ) C C ; G G G ; K K ( ) K K  

The development of global EOMs of TG in time domain and conversion to frequency 

domain is discussed in the present section. The next section discusses the condensation of 

EOMs, which is required for the development of identification algorithm. 

5.3.5 Application of Condensation Schemes 

 The nodes where the external forces act on the rotor system are usually chosen as master 

DOFs. In the present case, the master DOFs correspond to the nodal locations of all 

identifiable parameters. They include the translational DOFs at the nodal locations of 

TJBs, discs, coupling, AMBs and rotational DOFs at coupling nodes. Rest of the DOFs 

are grouped as slave DOFs, as 

 





1 1 2 1 1 1 2 2 2 3 4 2

1 1 1 1n n n n n n n n n

m AMB d d TPJB c c c c TPJB d d AMB

T

AMB d c c c c TPJB d AMB

u u u u u u u u u u

         u u u u u u u

 

 
   

u

 (5.12) 

The derivation of the transformation matrix d
T , which links master DOFs to the total 

DOFs, is given in Kuppa and Lal (2020) and is expressed as 

 
m d

m

s

 
  
 

u
u T u

u
  (5.13) 
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 where 

 
2 2 1 2

0 0 0
j j

d

ss ss ss sm sm sm
  

 
  

     

I
T

[K M G ] [K M G ]
  (5.14) 

In Eqn. (5.14) 0
 is the discrete speed at which dynamic condensation is performed. EOMs 

in terms of reduced coordinates is given by  

      2
j jd d d d d d d

m unb AMB ACS
i i          M C G K u f f ( ) f ( )   (5.15) 

with 

       

     

T T T T
d d d d d d d d d d d d

T T T
d d d d d d

unb unb AMB AMB ACS ACS

          

                  

   

  

M T MT ; K T KT ; C T CT ; G T GT

f T f ; f ( ) T f ( ); f ( ) T f ( );

 

 The superscript d  refers to the dynamically reduced form of matrices and vectors.  

Among all the master DOFs given by Eqn. (5.12), the rotational DOFs of 

coupling
1 2 nc c c

  , , , , which are linked to ang
k , R

k   and R
k   are difficult to measure 

experimentally. Hence, another stage of reduction called hybrid condensation (Lal and 

Tiwari, 2012) is performed by grouping these DOFs as slave DOFs. The condensation 

procedure is similar to the one followed for dynamic condensation, as  

 
h h

d h

hs

 
  
 

u
u T u

u
  (5.16) 

The transformation matrix used to perform the reduction is given by 

 
2 2 1 2

0 0 0
j j

h

d d d d d d

ss ss ss sm sm sm
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 
  

     

I
T

[K M G ] [K M G ]
  (5.17) 

The global EOMs written in terms of hybrid DOFs is of the form  

      2
j jh h h h h h h

h unb AMB ACS
i i          M C G K u f f ( ) f ( )   (5.18) 

where  
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       

     

T T T T
h h d h h h d h h h d h h h d h

T T T
h h d h h d h h d

unb unb AMB AMB ACS ACS

                

               

   
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M T M T ; K T K T ; C T C T ; G T G T

f T f ; f ( ) T f ( ); f ( ) T f ( )

The global EOMs is rewritten in terms of translational DOFs, which can be obtained from 

proximity probes on TG sets. The development of algorithm is explained in the next 

section. 

5.3.6 Identification Algorithm for Parameter Estimation 

 Eqn. (5.18) can be rearranged by relocating all the unknown parameters (disc unbalance, 

coupling static and additive stiffness coefficients, TPJB stiffness and damping, and AMB 

constants) to the right side in the following form  

 
     2

j jh h h h

sh c sh h

h h h h h h

unb SCS AMB ACS brgk brgc

i i

                                    

  

   


   

     

M C G K u

f f f ( ) f ( ) f ( ) f ( )

 (5.19) 

At a given speed  the above equation can be partitioned as  

  

unb

SCS

unb SCS ACS TPJB AMB ACS
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  (5.20) 
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Speed dependent parameters at n different speeds can be estimated by calculating matrix A 

and vector b for each of the n  speeds of interest, as 

TH-2522_156103043



178 

 

 

1 1 1

2 2 2

0 0 0

0 0 0

0 0 0
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A( ) x( ) b( )
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    (5.21) 

The inputs to Eqns. (5.19) and (5.20) are the real and imaginary parts of complex 

displacements at measurement locations on rotors (
re

h
u ,

im

h
u ) and complex currents at AMB 

locations ( re
i , im

i ) obtained from full spectrum plots. 

 j       jre im re im

h h h
   u u u ; i i i   (5.22) 

The discussion on the application of full spectrum is given in Chapter 2.  

5.4 Results and Discussion 

``

Amplifier and 
Controller

Amplifier and 
Controller

AMB-1 AMB-2TPJB-1 TPJB-2

 

Figure 5-5 Coupled turbogenerator rotor system supported on TPJBs & AMBs 

Table 5-1 Rotor and AMB specifications 

Discs 

 

Mass, kg 

 

Moment of inertia, kg-m2 

Unbalance 

Amplitude, kg-m  Phase, rad 

1
d

m = 2.25 
1

d
I  = 0.0024 

1
pI = 0.0048 

1e  = 4 x 10-5 1
 = / 10  

2
d

m  = 1.75 
2

d
I = 0.0035 

2
pI = 0.007 

2e = 3 x10-5 2
 = / 4  

3
d

m  = 2.5 
3

d
I  = 0.0045 

3
pI = 0.009 

3e = 4 x10-5 3
  = / 15  

4
d

m  = 1.6 
4

d
I  = 0.004 

4
pI = 0.008 

4e = 3 x10-5 
4

 = / 12  

 

 

Shaft AMB 

d, m le, m   kp 12200 A/m 

0.17 0.25   
ki 2000 A/(m-s) 

kd 3 (A-s)/m 
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Table 5-2 Geometric properties of TPJB-1 and TPJB-2  

Parameter TPJB-1 TPJB-2 

Length 14 20 

Diameter 20 20 

Clearance 100 µm 100 µm 

No. of pads 4 4 

Arc length 72 72 

Pivot offset 0.5 0.5 

Configuration lbp lbp 

1TPJB
k

1TPJB
c

 

  Figure 5-6 Speed-dependent k and c of TPJB-1 

2TPJB
k

2TPJB
c

 

Figure 5-7 Speed-dependent k and c of TPJB-2 

k k k
   k

  

 

Figure 5-8 Speed-dependent ACS coefficients 

s
k

i
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Figure 5-9 Speed-dependent AMB coefficients 
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generator

1unb
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1ACS
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1AMB
i

4unb
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f
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i
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2unb
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Figure 5-10 Representative Simulink model of two stage turbine generator 
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A representative turbogenerator running at 3000 rpm considered for numerical simulation 

is shown in Figure 5-5. Rotor-1 and rotor-2 each carry two rigid discs and are supported on 

AMBs at outboard locations and TPJBs at inboard locations. An intermediate coupling 

transmits the drive from rotor-1 to rotor-2. The properties of motor and drive end coupling 

are not included in the model. The properties of rotor, discs and AMB constants are shown 

in Table 5-1. The dimensions of TPJB-1 and TPJB-2 are given in Table 5-2. The stiffness 

and damping coefficients at six different speeds from 500 rpm to 3000 rpm generated in 

DyRoBeS© BePerf computer program are shown in Figure 5-6 and Figure 5-7. The 

assumed values of speed dependent ACS coefficients and AMB coefficients are shown in 

Figure 5-8 and Figure 5-9. The illustrative SimulinkTM model, as shown in Figure 5-10, is 

built using Eqn. (5.8) and it generates time domain signals of vibration of rotors and 

control currents in AMB coils in complex form. ODE15s which is a stiff solver is used to 

solve the global EOMs and the responses are logged for every 1/216 seconds. The current 

orbits of AMB-1 and AMB-2 are shown in Figure 5-11. The elliptical nature of orbits are 

similar to those reported in the experimental results reported by Patel and Darpe (2009). 

Figure 5-12 shows full spectrum amplitude and phase plots of the AMB-1 and AMB-2 

complex currents. The integer harmonics from -5 to +5 through 0 can be seen. This is 

similar to the FFT plots obtained from experimental data reported in                               

Patel and Darpe (2009). This shows the suitability of the steering function s(t) chosen for 

simulation. 

 

Figure 5-11  Complex current orbit of (a) AMB-1 (b) AMB-2  
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Figure 5-12 Full spectrum FFT of AMB1 (a) current amplitude (b) current phase ; 

AMB2 (c) current  amplitude (d) current phase 

The translational vibration data of rotor at two TPJBs, two AMBs, four discs and 

two coupling locations is acquired along with current data at the two AMBs. The real and 

imaginary parts of harmonics of this data is passed to the identification algorithm. At each 

of the six speeds (500 rpm, 1000 rpm, 1500 rpm, 2000 rpm, 250 rpm, 3000 rpm) a total of 

20 parameters comprising of 8 unbalance parameters 1 1 2 2 3 3
cos cos cose e e  ( , , ,  

4 4 1 1
cos sine e , ,

2 2 3 3 4 4
sin sin sine e e  , , ) , 4 TPJB parameters

1 1 2 2
( , , , )

TPJB TPJB TPJB TPJB
k c k c ,   

2 AMB parameters ( , )
s i

k k  and 6 coupling parameters ( , , , , , )
rad ang

k k k k k k
             

are estimated using linear least-squares problem from Eqn. (5.21). Figure 5-13(a) shows 

that the error in unbalance estimates is less than 3% with 3 3
sine  showing the highest 

deviation 2.8% at 3000 rpm. Among the bearing parameters shown in Figure 5-13(b), 

1TPJB
c shows the highest deviation (2%) at 1500 rpm. Among coupling parameters shown 

in Figure 5-13(c), the maximum error is displayed by 
ang

k (-7%) at 2000 rpm. This is the 

result of hybrid condensation, wherein the angular displacements of coupling are made as 

the slave DOF. Among AMB parameters in Figure 5-13(d), s
k shows a highest deviation 

of 6.5% at 3000 rpm.  

TH-2522_156103043



182 

 

Table 5-3 Assumed values versus estimated values at 3000 rpm for 5% measurement 

noise 

 Parameter 

(units) 
Assumed value Estimated value Error % 

1

reU , kg-m 1.33 × 10-4 1.31 × 10-4 -1.85 

2

reU , kg-m 8.49 × 10-5 8.85 × 10-5 4.27 

3

reU , kg-m 1.17 × 10-4 1.17 × 10-4 -0.44 

4

reU , kg-m 1.55 × 10-4 1.56 × 10-4 0.68 

1

imU , kg-m 4.33 × 10-5 4.25 × 10-5 -1.86 

2

imU , kg-m 8.49 × 10-5 8.66 × 10-5 2.11 

3

imU , kg-m 2.49 × 10-5 2.63 × 10-5 5.47 

4

imU , kg-m 4.14 × 10-5 4.26 × 10-5 2.96 

1TPJB
k , N/m 5830000 5903738 1.26 

2TPJB
k ,N/m 7660000 7635603 -0.32 

1TPJB
c ,N-sec/m 11200 11192 -0.07 

2TPJB
c ,N-sec/m 12100 12131 0.25 

s
k ,N/m 495600 428749 -13.49 

i
k , N/A 41.9 36 -12.95 

rad
k , N/m 225000 224243 -0.34 

ang
k ,N-m/rad 200000 160492 -19.75 

k ,N/m 63400 73409 15.79 

k ,N/m 41700 43081 3.31 

k
   ,N-m/rad 36800 37155 0.97 

k
   ,N-m/rad 54380 53653 -1.34 

Next a random noise of 5% is added to the vibration and current signals, and the estimation 

is performed again. From Figure 5-14 (a), it is seen that all the unbalance parameters show 

large deviation at all speeds with 
2 2
cose  varying the highest (10% at 500 rpm). Likewise, 

the errors in bearing (Figure 5-14(b)),  coupling (Figure 5-14 (c)) and AMB (Figure           

5-14(d)) parameters due to 5% measurement noise are 
2TPJB

c (4.5%) at  1500 rpm, 

ang
k (15%) at 1500 rpm, k (15%) at 3000 rpm and 

s
k (14.2%) at 3000 rpm, respectively.  
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(b) 

radk angk k k k
   k

  

 
(c) 

sk ik

 
(d) 

Figure 5-13 Error in estimates with 0% measurement noise in (a) unbalance of discs (b) 

speed dependent bearing parameters (c) speed dependent coupling parameters (d) speed 

dependent AMB parameters 

Next the sensitivity of algorithm to modeling bias is examined. A 5% bias in 

1 2 3 4
, , ,

d d d d
m m m m and cx , cx 1 ,

cy ,
cy 1

is introduced. The maximum errors observed in 

various parameters (Figure 5-15) is 
3 3
sine   (2.5%) at 3000 rpm, 

1TPJB
c (1.5%) at 1500 rpm, 

ang
k (-8%) at 2000 rpm, 

s
k (-6%) at 3000 rpm, respectively. The algorithm has shown 

more sensitivity to measurement noise than to bias in parameters. Nevertheless, the error 

in estimated parameters is less than 20% across all parameters which is within reasonable 

limits. The absolute values of estimated versus assumed parameters at 3000 rpm for the 

case of 5% measurement noise are shown in Table 5-3. 

TH-2522_156103043



184 

 

1 1
cose 

2 2
cose 

3 3
cose 

4 4
cose 

1 1
sine 

2 2
sine 

3 3
sine 

4 4
sine 

 
(a) 

1bk
1bc

2bk 2bc

 
(b) 

radk angk k k k
   k

  

 
(c) 

sk ik

 
(d) 

Figure 5-14 Error in estimates with 5% measurement noise in (a) unbalance of discs (b) 

speed dependent bearing parameters (c) speed dependent coupling parameters (d) speed 

dependent AMB parameters 
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Figure 5-15 Error in estimates with 5% modelling bias (a) unbalance of discs (b) speed 

dependent bearing parameters (c) speed dependent coupling parameters (d) speed 

dependent AMB parameters 

5.5 Concluding Remarks 

In the present chapter, the finite element model of a TG supported on speed-dependent 

TPJBs and AMBs in the presence of combined misalignment is developed. The 

intermediate coupling stiffness has two components: an unchanging static and fluctuating 

additive stiffness. The mathematical model of coupling is developed based on weight 

dominance criteria, which is valid for heavy TG sets. A Simulink model is built to generate 

time domain data at various speeds. This data is used to plot the orbits and full spectrum 

plots, which showed behavior characteristic of misaligned rotors. 

The global EOM has been first condensed using dynamic condensation and further level of 

hybrid condensation is performed by grouping the coupling rotational DOFs, which are 

difficult to experimentally measure, as slave DOFs. An identification algorithm is 

developed from frequency domain form of the condensed EOMs. The inputs to the 

algorithm are the real and imaginary components of various integer harmonics of vibration 

and current at the measurable locations obtained from full spectrum FFT.  
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The solution to the multivariate linear least-squares problem is sought at six different 

speeds, thereby yielding the unknown speed dependent system parameters, viz. stiffness 

and damping of TPJBs, static and additive stiffness of coupling, and AMB constants. 

Additionally, speed independent static coupling stiffness and disc unbalances are also 

estimated. The estimated values of the system parameters in the presence of noise and 

modeling bias showed reasonable level of error, thereby validating the robustness of 

identification algorithm.  

In the next chapter the misaligned coupling model is extended to spline joints commonly 

used in gas turbine twin-spool rotor systems. The misalignment between bearing housings 

supporting compressor and turbine rotors in a gas turbine causes the spline joint to exhibit 

time varying stiffness. The modeling, analysis and identification of misalignment in twin 

spool rotors running at different speeds and mechanically connected by inter-shaft bearing 

is discussed in the next chapter. 
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CHAPTER 6  

Identification of Spline Misalignment in Twin spool rotor - 

AMB Finite Element Systems connected by Intershaft bearing

 

6.1 Introduction 

In Chapters 4 and 5, the mathematical model of coupling subjected to the parallel and 

angular mislaignments in a turbogenerator system is presented. In the present chapter, the 

mathematical model of an angularly misaligned spline joint in a dual rotor system (DRS) 

supported on rolling element bearings (REBs) and an active magnetic bearing (AMB) has 

been presented. Angular misalignment in spline joints has been reported to produce non-

uniform pressure distribution, fretting wear and fluctuating load in the spline teeth. The 

DRS has two shafts, inner and outer, rotating at different speeds supported on REBs and 

an AMB. Additionally, there is a mechanical interconnection between the shafts by way of 

Intershaft bearing (ISB). Four different steering functions are used to describe the 

fluctuating stiffness of spline coupling in the translatory and angular directions. Since the 

weight of spline joint assembly is heavier than the adjacent shaft sections, weight 

dominance criteria have been assumed in the derivation of fluctuating forces and 

moments. The model of the coupling, AMB and twin-spool rotor are integrated to obtain 

the global equations of motion The Campbell diagrams of the DRS with and without AMB 

are generated from state space form and compared. Condensation techniques are employed 

to reduce the number of measurement DOFs. An identification algorithm, which uses the 

forward and backward harmonics of vibrations of the inner and outer rotors, and AMB 

current has been developed based on condensed EOMs of the system. The mean and 

additive stiffness of the spline coupling, rotor unbalance, bearing stiffness, bearing 

damping,  the current and displacement stifness of AMB are numerically identified using 

the devloped algorithm. A comparison of parameters obtained from the regression 

problem using the dynamic and hybrid condensations is presented in the end. 
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6.2 System Configuration  

A typical DRS supported on 4 bearings and an ISB is shown in Figure 6-1. The various 

DRS commonly used in aerospace, marine and power applications are shown in         

Figure 6-2 (Peduzzi, 1983).  

LP Fan HPC
LPT

HPT

Spinner

CouplingB1 B2 B3 B4 B5

 

Figure 6-1 Gas turbine DRS with spline joint 

Fan

HPC

LPT
HPT

Spinner

Coupling

Fan

HPC

LPT
HPT

Spinner

Coupling

B4

Fan

HPC

LPT
HPT

Spinner

Coupling

LP Fan HPC
LPT

HPT

Spinner

Coupling

B5B2 B3B1 B2 B3 B4
B5B1

B1

B2

B3 B4 B5B1 B2 B3 B4 B5

(a) (b)

(c) (d)
 

Figure 6-2 DRS configurations commonly used in Gas Turbines  

Figure 6.2(a) is a twin spool rotor in which HPT is in straddle mounted arrangement. In 

Figure 6.2(b) HPT is in overhung arrangement. Figure 6.2(c) is a twin spool rotor with a 

rear Intershaft roller bearing and straddle mounted HPT. This arrangement results in 

weight savings and reduced turbine blade tip clearances. In Figure 6.2(d) Intershaft 

bearing located at the front can be a ball bearing which can take the axial load coming 
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from LP rotor.  Due to the difference in general arrangements the placement of critical 

speeds is different in all the four cases. The inner rotor also called low pressure (LP) rotor 

consists of a multi-stage fan, fan shaft, turbine shaft and LP turbine. A spline coupling 

connects the turbine shaft and fan shaft. Fayong et al. (2013) discusses the various types 

of splines and their design features. Based on the number of the teeth, they can be divided 

into two categories: single pair of teeth and double pairs of teeth. Double pairs of teeth are 

further divided into tandem and parallel teeth configurations (Figure 6-3).  

(a) (b)

(c)
 

Figure 6-3 Various types of spline couplings (a) Single pair (b) Double pairs of tandem teeth 

 (c) Double pairs of parallel teeth  

The outer rotor also called the high pressure rotor (HP) has a multi-stage compressor, 

compressor-turbine shaft and HP turbine. The outer runs at a higher speed than the inner 

rotor. Both rotors are connected by Intershaft bearing (Bearing no. 4), whose races run at 

different speeds. All the bearings (B1 to B5) are provided with external viscous damping 

using conventional SFDs for vibration attenuation. The spinner located at the front of LP 

rotor is used for trim balancing the rotor. In the current problem bearing B2 is entirely 

replaced with AMB, which serves the purpose of bearing as well as a damper, however, 

without the need for additional lubrication. Besides functioning as a support bearing the 

AMB also serves the purpose for the condition monitoring.  

6.3 Assumptions  

i) Spline tooth in general have indexing error or spacing errors due to manufacturing 

tolerances (Figure 6-4). This results in non-uniform load distribution characteristics 

of spline coupling. It is assumed that there is some amount of indexing error present 
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in the spline teeth arising from imperfect manufacturing. More discussion on this 

topic is presented in Hong et al. (2015). 

 

Figure 6-4 Indexing errors in spline teeth:  solid - ideal profile, dotted– actual profile 

ii) Spline joints are often over-dimensioned to avoid fatigue failures (Cura et al, 

2017). This leads to spline joint being heavier than the adjacent shaft sections. Also 

the stiffness of spline joint is less than that of a continuous rotor of same dimensions 

due to clearance fits and structural discontinuities (Fayong et al., 2013 and Zhang et 

al., 2014). In such conditions the weight dominance criteria (Shravan and Tiwari, 

2012) assumed as in the crack modelling with some difference in switching 

functions. 

6.4 Notation 

In this chapter, complex coordinates are used throughout the mathematical 

formulation except in some sections, where real matrices/vectors are used. In such cases 

superscript re is explicitly used to avoid confusion. Thusη  denotes global displacement 

vector in complex coordinates, whereas 
re
η denotes global displacement vector in real 

coordinates. This particular notation (
re
η ) is used in Sections 3.2, 3.3 and 3.4. In these 

cases, the matrices/vectors are initially written in real form and then converted to complex 

form. Understandably the size of 
re
η is twice that ofη . 

6.5 Mathematical Model 

Complex notation given in Chen and Gunter (2007) with two complex DOFs per node is 

suitable for the present formulation since it enables extraction of positive and negative 
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harmonics of shaft vibration and AMB current from FFT algorithm. The complex 

displacement vector iη  for ith finite element with 2 nodes is given by 

 
 

 
2 1

T

i i i
u 


η   (6.1) 

where  and u   are the complex translational and rotational displacements and are given 

by 

 j ;      j
i ii i y xu x y         (6.2) 

The same convention that is followed in the previous chapters for the stationary and 

rotating frames of reference is adopted in this chapter. The modeling of shafts, discs, 

coupling, bearings and AMB is described in this section.  

6.5.1 Shaft and Disc Model  

 Timoshenko beam finite elements with 2 nodes per element are used to discretize the 

rotor system. The elemental matrices of shaft and disc used  in this chapter are given in 

Appendix D.   

6.5.2 Coupling Mathematical Model  

 

Figure 6-5 Misaligned spline coupling 

The misalignment condition of the spline coupling is shown in Figure 6-5. When bearing 

B1 is properly seated in its bearing housing, the teeth of the spline coupling are perfectly 

aligned and there is only static stiffness component. When there is tilt of bearing B1 in the 
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housing, the teeth of mating spline coupling are angularly misaligned, as shown in Figure 

6-5. This results in the generation of time-dependent fluctuating stiffness (Hong et al., 

2015).  Similar behaviour is also reported in misaligned rigid couplings (Lees, 2007).  For 

a given amount of misalignment and indexing error the spline stiffness matrix can be 

written as sum of the static and fluctuating matrices, as 

    _ _ _ ( )
re re

re mean fluc

sp rot sp rot sp rot t K K ΔK   (6.3) 

where in suffix, sp denotes the spline and rot denotes rotating frame of reference, and 

super scripts mean and fluc denote the mean and fluctuating components of spline 

stiffness, respectively. 
 

=

+

Rotational angle (degree)

Δ
k

x
x
(t

) ,
 N
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k
x

x
, 
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/m
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Figure 6-6 Spline coupling’s stiffness over one rotation (360 degree): (a) _sp rotk : Total 

stiffness (b)
fluck : Fluctuating stiffness )c(

meank : Static
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Figure 6-6(a-c), which is the pictorial representation of Eqn. (6.3) depicts the total, 

fluctuating and mean stiffness of the spline coupling, respectively. When there is no 

misalignment and indexing error, the total stiffness of spline coupling comprises of only 

the static component as in Figure 6-6(c). In the presence of misalignment and indexing 

error, the fluctuating component arises as in Figure 6-6(b) along with the static component 

of Figure 6-6(c). Lal and Tiwari (2018) showed that static stiffness of coupling is more in 

the direction of misalignment. In the present problem that is accounted for by the stiffness 

offset present at time t = 0 sec at 00 phase position in the fluctuating component as shown 

in Figure 6-6(b). When the spline teeth are perfectly aligned then 

  
0

( ) ( )re re re re

sp sp sp spt tf K η + η   (6.4) 

In the presence of faults in spline joint, the fluctuating component comes into play. In 

such case, we have  

          
0_ _ _ _( ) ( ) ( ) ( ) ( )

re re re re
re mean fluc re re mean fluc

sp sp rot sp rot sp sp sp rot sp rott t t t t    
  

f K ΔK η + η f f   (6.5) 

with 

    _ _( ) ( )
re re

mean mean re

sp rot sp rot spt tf K η   (6.6) 

      
0_ _ _( ) ( ) ( ) ( )

re re re
fluc fluc re fluc re

sp rot sp rot sp sp rot spt t t t f ΔK η ΔK η   (6.7) 

  
0 1 11 1sp sp sp sp

T
re

sp sp sp sp sp          
  

η   (6.8) 

  
1 11 1sp sp sp sp

T
re

sp sp sp sp sp          
  

η   (6.9) 

 It can be seen that Eqn. (6.3) has two parts: the force due to mean stiffness and the force 

due to fluctuating stiffness arising from coupling faults. 

6.5.2.1 Static coupling stiffness force  

The 5 5  stiffness matrix of the spline joint considering DOFs , , ,  and x y zx y    is given in 

Hong et al. (2015). If the spline joint is assumed to connect one node on external spline 
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and another node on internal spline, then the stiffness matrix considering only lateral 

DOFs can be written as   

  _

y x y x

y x y x

y y y y y x y y y y y x

x x y x x x x x y x x x

y x y x

xx xy x x xx xy x x

xy yy y y xy yy y y

x y x y

x y x yre
mean

sp rot

xx xy x x xx xy x x

xy yy

k k k k k k k k

k k k k k k k k

k k k k k k k k

k k k k k k k k

k k k k k k k k

k k k

   

   

           

           

   

   

   

   

   


   

  

K

y x y x

y y y y y x y y y y y x

x x y x x x x x y x x x

y y xy yy y y

x y x y

x y x y

k k k k k

k k k k k k k k

k k k k k k k k

   

           

           

 
 
 
 
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 
 
 
 
 
 
    
 
     

(6.10) 

Hong et al. (2015) showed that some of the off-diagonal stiffness coefficients are 

numerically many orders less the diagonal terms. Especially, cross-coupled terms between 

translational and rotational DOFs are insignificant. In such case, the first part of Eqn. (6.3) 

can be written as 

  _

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

y y

x x
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k k k k
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 
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     
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 
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

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
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 
 



 (6.11) 

Coordinate transformation is performed to convert Eqn. (6.6) into stationary frame, as 

    _ _( ) ( )
re re

mean T mean re

sp stat sp rot spt tf T K Tη   (6.12) 

 with 

 
cos sin

 where 
sin cos

R

R t t

R t t

R

 

 


 
 

        
 
 

T R8 8

0 0 0

0 0 0

0 0 0

0 0 0

  (6.13) 
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If  and 1sp sp   are the spline coupling node numbers then the force due to the spline 

coupling’s mean stiffness in stationary frame of reference in complex form is given by               

  _

1

1

rad radang rad radang sp

re angrad ang angrad ang spmean

sp stat

rad radang rad radang sp

angrad ang angrad ang sp

k k k k u

k k k k

k k k k u

k k k k









    
   

      
    
 

      

f   (6.14) 

with ;     ;      ;     
y y x x y x y xrad xx yy ang radang x y angrad x yk k k k k k k k k k k k               . 

Complex displacements of spline coupling ( 1 1, , ,sp sp sp spu u   ) are defined in Eqn. (6.2). 

6.5.2.2 Fluctuating coupling stiffness force  

 The force due to fluctuating stiffness of spline joint is defined thus  

      
0_ _ _( ) ( ) ( ) ( )

re re re
fluc fluc re fluc re

sp rot sp rot sp sp rot spt t t t f ΔK η ΔK η   (6.15) 

Since the spline joint assembly is heavier than a uniform shaft, the weight dominance 

criterion is assumed at the location of spline coupling (Cura et al., 2017), which gives 

 
0

re re

sp spη << η   (6.16) 

Hence, Eqn. (6.15) takes the following form 

    
0_ _( ) ( )

re re
fluc fluc re

sp rot sp rot spt tf ΔK η      (6.17) 

with        

 _

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( )
( ) ; ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

re
fluc

sp rot

k t k t k t k t

k t k t k t k tt t
t t

t t k t k t k t k t

k t k t k t k t

 

 

     

     

   

   

       

       

    
 
     

    
       

    
 

B B
ΔK B

B B
  (6.18) 

In Hong et al. (2015), it is shown that the stiffness of spline joint due to misalignment 

shows different patterns of fluctuation in , ,  and       directions. In the present 

formulation, this is accounted for by choosing four different arbitrary steering 
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functions 1 2 3 4( ), ( ), ( ) and ( )s t s t s t s t . If diagonal stiffness terms are considered Eqn. (6.18) 

can be written as 

 

1

21 1

_ 1
31 1

4

( ) 0 0 0

0 ( ) 0 0( ) ( )
( ) ; ( )

0 0 ( ) 0( ) ( )

0 0 0 ( )

re
fluc

sp rot

s t k

s t kt t
t t

s t kt t

s t k

 

 





 

 

 
 

   
       

  

B B
ΔK B

B B
 

  

  (6.19) 

A coordinate transformation is performed to rewrite Eqn. (6.17) in inertial coordinate 

system, as 

    
0_ _( ) ( )

re re
fluc T fluc re

sp stat sp rot spt tf = T ΔK Tη   (6.20) 

Where 
o

re

spη  is the vector of static deflections at spline coupling nodes, which can be 

obtained as 

       
1

4 4 4 4 4 1
4 1o

re re re re

sp n n n n n
n



  

 η K M g   (6.21) 

with      

 0 0 0 0 0 0
Tre g gg  

Superscript re refers to the matrices used in Friswell et al. (2010). The matrices are 

provided in Appendix E. The physical interpretation of Eqn. (6.19) is: With weight-

dominance assumption, fluctuating forces and moments are a function of 

fluctuating/additive stiffness coefficients, an appropriate steering function and the static 

deflection at the coupling nodes. Eqn. (6.19) has the following form in complex 

coordinates 

 

  

  

  

 

j j

j j

_ j j

j j

( ) ( )

( ) ( )
.

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) (

c c

c c

t t

c c T T

t t

y y R R
fluc

sp stat t t

c c T T

t

y y R R

s t s t

s t s t

s t s t

s t s t

x x k e k e

k e k e

x x k e k e

k e k e

 

 

 

 

 

 



 

 

 

 

 









     

     


     

     

f
1

1

2 2
1 1 2

2 2
3 4

2 2
1 1 2

2
3 4

0 5

1 1

1 1

1 1

1 1 )t

 
 
 
 
 
 
 
  

2

  (6.22) 
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6.5.3 AMB Force 

 
The lateral force exerted by the AMB on the rotor at its nodal location has two 

components:  the one which is proportional to the rotor vibration AMBu
 
at the AMB 

location and the other proportional to the current in the AMB actuator, as 

 
0

s AMB i c

AMB

k u k i 
  
 

f   (6.23) 

where ks and ki are the displacement and current stiffness of AMB. In the present work, 

the complex current ic is obtained as per the PID control law (Bordoloi and Tiwari, 2013).  

6.5.4 Unbalance Force 

 The unbalance force vector due to the eccentricity of the ith disc on the inner and outer 

rotors, respectively, are 

 

j j2

_
0

in i

i

t

i i in

unb in

m e e e
 

  
 

f   (6.24) 

 

j j2

_
0

ou i

i

t

i i ou

unb ou

m e e e
 

  
 

f   (6.25) 

6.5.5 Bearing Force 

The stiffness of REBs and their housings used in gas turbines are in series and their 

effective stiffness is isotropic. Also the cross-coupled coefficients are zero for a REB. The 

bearing force vector due to translational stiffness and damping of the ith bearing on the 

inner and outer rotors, respectively, are 

 
 0.5 ( ) ( )

0

i i i i

ki

rad b b rad b b

b

k u u k u u    
  
  

f   (6.26) 

 
 0.5 ( ) ( )

0

i i i i

ci

rad b b rad b b

b

c u u c u u    
  
  

f   (6.27) 
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Inner rotor

Outer rotor

 
(a) 

Inner rotor

Outer rotor

 
(b) 

  

Figure 6-7 Intershaft bearing (b) Inner race on inner rotor (c) Inner race on outer rotor  

The stiffness force of the inter-shaft bearing, as shown in Figure 6-7 between the nodes on 

the inner and outer rotors, is modelled as 

 

_ _

_ _

0 0

0 0 0 0

0 0

0 0 0 0

in

in

c

ou

ou

isb
rad isb rad isb

isb

isb

rad isb rad isb isb

isb

uc c

c c u





  
  
    

   
      

f   (6.28) 

The damping force due to the inter-shaft bearing is  

 

_ _

_ _

0 0

0 0 0 0

0 0

0 0 0 0

in

in

c

ou

ou

isb
rad isb rad isb

isb

isb

rad isb rad isb isb

isb

uc c

c c u





  
  
    

   
      

f   (6.29) 

6.5.6 Global EOM of Dual Rotor System 

 The global EOMs of the dual rotor system is obtained by assembling the sub-system 

matrices of the inner and outer rotors, as  

 
   

  _ _ _ _                                

j j

isb

in ou in ou in in ou ou

fluc mean

in ou unb in unb ou AMB sp stat sp stat



 

     

     

M M

K K K

η C C G G η

η f f f f f
 (6.30) 

Eq. (6.30) can be either rewritten as 

   _ _ _ _j fluc mean

in unb in unb ou AMB sp stat sp stat       Mη C G η Kη f f f f f   (6.31) 

with  

G G Gin ou   
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or 

   _ _ _ _j fluc mean

ou unb in unb ou AMB sp stat sp stat       Mη C G η Kη f f f f f   (6.32) 

with  

 1 in ou G G G
 

Herein, either Eqn. (6.31) or Eqn. (6-32) could be used to solve numerically to obtain the 

vibration of inner and outer rotors and AMB current. The complex global displacement 

vector  with m nodes on inner rotor (suffix in) and n nodes on outer rotor (suffix ou) is 

given by 

   
1 1 12 1 isb m isb nin in in in ou ou oum n

u u u u u 
  


( )   

η  

               (6.33) 

Each global elemental matrix is a square matrix of size   2m n  . The two rotors are 

connected at the nodes with suffix ‘isb’.  

6.5.7 Eigenvalues and Campbell Diagram 

 To determine eigenvalues, either Eqn. (6.31) or Eqn. (6.32) is rearranged in state space 

form as  

 Ax+Bx 0    (6.34) 

with 

 
0

;      ;       
0 0

     
       

     

C G M K η
A B x

M M η
  (6.35) 

Eqn. (6.34) can be thus be solved for a range of speeds to produce eigenvectors and 

eigenvalues. Thus we have two Campbell diagrams one each for Ωin and Ωou as reference 

speed (Chiang and Hsu, 2004). Generally, the eigenvalues calculated with respect to Ωin 

are more than those calculated with respect to Ωou, since the gyroscopic moments of the 

inner rotor are more than that of the outer rotor. 
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6.5.8 Global EOMs in Frequency Domain 

If the inter-shaft bearing were not present, the rotors would be running independently and 

the vibration response is mutually exclusive assuming that the bearings do not share the 

common housing .Since the inner and outer rotors are mechanically coupled by inter-shaft 

bearing, both rotors excite each other during operation with the result that any fault such 

as rubbing or looseness or unbalance or misalignment or crack present on one rotor 

influences the vibration response of the other rotor and vice versa (Yang et al., 2016) .The 

solution to Eqn. (6.31) is then given by 

 
j j

n n
i t i t

in ou

i n i n

e e 
 

 

  η η η   (6.36) 

Likewise, the AMB current has harmonics that are present in the vibration signal at the 

AMB location 

 
j

n
i t

in

i n

e 




 i i   (6.37) 

Herein, i denotes the harmonics present in the global vibration response, (a) i = 1 

corresponds to the unbalance on inner rotor, (b) i = n  through n  correspond to faults 

in the spline joint, and (c) i =   corresponds to the unbalance on the outer rotor. The 

global EOM in frequency domain is obtained by substituting Eqn. (6.36) and Eqn. (6.37) 

into Eqn. (6.31), as 

     
2

_ _ _ _j j ij t fluc mean

in in ou unb in unb ou AMB sp stat sp stati i e             
 

M C G K η η f f f f f  

              (6.38) 

The unknown parameters of the rotor system, which are on the right of Eqn. (6.38) can be 

arranged in the form of linear least-squares regression for their estimation. However, there 

are some practical difficulties in the execution of the identification algorithm, which are 

discussed in the next section. 

6.5.9 Condensation of Global EOM 

The total number of equations and DOFs of dual rotor system modelled by Eqn. (6.38) is 

(m+n) × 2. Since these are complex DOFs, to acquire vibration data of the full rotor 
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system would require twice the number of sensors, i.e. (m+n) × 4. To avoid having to use 

these impracticably large number of sensors Eqn. (6.38) is redefined in terms of master 

DOFs. These correspond to locations, where external forces act, i.e. discs, grounded 

bearings, inter-shaft bearing, AMB and spline coupling. The rest of the DOFs are slaves. 

The transformation matrix that links master DOFs and total DOFs is 

 
2 2 1 2

0 0 0[ ] [ ]

d

ss ss ss sm sm smj j  

 
  

     

I
T

K M G K M G
  (6.39) 

The derivation of Td is given in Prasad and Tiwari (2018). Eqn. (6.31) in terms of reduced 

coordinates is given by  

           
2

_ _ _ _

d d d d
d d d d d ij t d fluc mean

in unb in unb ou AMB sp stat sp stati ji j e            
 

M C G K η f f f f f

   (6.40) 

with 

       ;     ;     ;     
T T T T

d d d d d d d d d d d d   M T MT K T KT C T CT G T GT  

         _ _ _ _ _ _;    ;    ;    
T T T d T

d d d d d d fluc d fluc

unb in unb in unb ou unb ou AMB AMB sp stat sp stat   f T f f T f f T f f T f

 

   _ _

d T
mean d mean

sp stat sp statf T f  

  
1 1 1 2 1 1 2 2n n

T
d

b b d d isb isb AMB sp sp sp sp
u u u u u u u u u η  (6.41) 

The superscript d refers to the dynamically reduced form of matrices and vectors. The 

vibration data of the DOFs shown in Eqn. (6.41) is linked to the characteristic parameters 

of bearings, discs, coupling, ISB, and AMB. The next section discusses the feasibility of 

the measurement of this data on a a test rig. It is to be noted that 
1 2
 and 

sp sp
   (rotational 

DOFs of the spline joint), 
1 2
 and 

isb isb
u u  (translational DOFs of the inter-shaft bearing) in 

Eqn. (6.41) are linked to angk : angular stiffness of coupling, (  and )isb isbk c : ISB stiffness and 

damping, respectively. Measurement of rotational DOFs of coupling is possible but is 

difficult to realize. The ISB is not seated in a bearing support, but runs between two 

shafts, thus making the measurement of translational displacement of ISB not possible.  
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To get round this difficulty another step of coordinate reduction is performed. 

The
1 2 1 2
, ,  and 

sp sp isb isb
u u  , which are the difficult to measure DOFs, are again grouped as 

hybrid slave DOFs keeping the rest of measurable DOFs in Eqn. (6.41) as hybrid master 

DOFs. Elemental matrices M, )M and G( were considered by Lal and Tiwari (2013) and 

Sampath and Lal (2020), respectively, in the derivation of h
T  matrix. K matrix is ignored 

in both the previous cases since the contribution of stiffness force at high speeds is not 

significant as compared to inertia. However, in this work K is also considered in the 

derivation of h
T . The method of linking hybrid master DOFs and hybrid slave DOFs is 

given in detail in Lal and Tiwari (2013) and Sampath and Lal (2020). The new 

transformation matrix h
T  is given by 

 
2 2 1 2

0 0 0[ j ] [ j ]

h

d d d d d d

ss ss ss sm sm sm  

 
  

     

I
T

K M G K M G
  (6.42) 

The final EOM in frequency domain that utilizes only the data from hybrid master DOFs 

is given by 

       
2

_ _ _ _

h h
h h h h h ij t h h h fluc mean

in unb in unb ou amb sp stat sp stati ji j e            
 

M C G K η f f f f f     

  (6.43) 

where 

       ;    ;     ;    
T T T T

h h d h h h d h h h d h h h d h   M T M T K T K T C T C T G T G T
  

         _ _ _ _ _ _;    ;     ;    
T T T h T

h h d h h d h h d fluc h fluc

unb in unb in unb ou unb ou AMB AMB sp stat sp stat   f T f f T f f T f f T f

 

   _ _

h T
mean h mean

sp stat sp statf T f
  

  
1 1 1 2n n

T
h

b b d d AMB sp sp
u u u u u u uη   (6.44) 

The superscript h refers to the reduced form of matrices and vectors derived using h
T  

matrix. The vibration data of the DOFs shown in Eqn. (6.44) does not 

include
1 2 1 2
, ,  and 

sp sp isb isb
u u   , which were the problematic DOFs. The next section 

discusses the derivation of identification algorithm used for estimating the parameters of 

DRS from measurable responses. 
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6.5.10 Identification Algorithm for Parameter Estimation 

Eqn. (6.43) is rearranged in such a way such that unknown parameters are grouped on the 

right side and known system parameters are grouped on left of equality sign.  

     j j jre im re im re im   A A x x b b   (6.45) 

Upon arranging on the left side and right side, the final form of Eqn. (6.45) is 

 Ax = b   (6.46) 

The vector x of the parameters to be identified and is given by  

 




1 2

3 1 2 3

1 2 3 4 5 6 1 2 3 4 5 6

re re re re re re im im im im im im

b b

sp sp

b isb b b b isb s i rad ang

e e e e e e e e e e e e k k

k k c c c c k k k k k k k k
        



   

x

  (6.47) 

Solution to Eqn. (6.46) is of the form 

     
-1

T T
x = A( ) A( ) A( ) b( )   (6.48) 

The inputs to Eqn. (6.45) are the real and imaginary parts of the harmonics (–n to +n) of 

all hybrid DOFs as shown in Eqn. (6.44). These can be obtained by collecting time 

domain data from the sensors mounted in the test rig and processing through FFT 

algorithm. The estimation the real and imaginary parts of the harmonics of rotor vibration 

and AMB current essential for solving Eqn. (6.48) is described in Chapter 2 in detail.
 

6.6 Results and Discussions  

This section deals with the selection of suitable steering functions, numerical analysis of 

dual rotor system and parameter identification are discussed. 
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6.6.1 Selection of Steering Functions 

1
s t( )

2
s t( )

3
s t( ) 4

s t( )

 

Figure 6-8 Steering functions for fluctuating stiffness of spline joint in , , ,      

directions  

Four arbitrary steering functions: 1 2 3 4( ), ( ), ( ) and ( )s t s t s t s t  are chosen to define the 

fluctuations of spline coupling stiffness ( ), ( ), ( ),  and ( )k t k t k t k t
            , 

respectively. In Hong et al. (2015) there are two points that are relevant to the present 

problem (a) the pattern of stiffness fluctuation of spline coupling over one rotation        

(00- 3600) is unique in all 4 directions: , ,  and      . (b) The stiffness offset at 00 

generated due to misalignment is unequal in all 4 directions. This physically means that a 

given amount of bearing tilt causes the spline coupling to generate forces and moments, 

which are distinct both in amplitude and nature. In the present problem, this requirement 

is fulfilled by choosing steering functions 1 2 3 4( ), ( ), ( ) and ( )s t s t s t s t  whose Fourier 

expansions are given by (refer Figure 6-8) 
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1j 2j 3j 4j 5j

1

1j -2j -3j -4j -5j

1j 2j 3j 4j 5j

2

( ) 0.75 0.8 0.22 1.4 0.05 0.06

            +1.2 0.025 0.03 0.06 0.09

( ) 0.4936 1.416 0.4936 0.6907 0.0178 0.0041

    

t t t t t

t t t t t

t t t t t

s t e e e e e

e e e e e

s t e e e e e

    

    

    



     

   

     

1j -2j -3j -4j -5j

1j 2j 3j 4j 5j

3

1j -2j -3j

        +0.6907 0.0378 0.0011 0.0252 0.0512

( ) 0.5225 0.6054 0.5936 0.2604 0.0278 0.0723

            +0.2404 0.0778 0.0623 0.0

t t t t t

t t t t t

t t t

e e e e e

s t e e e e e

e e e

    

    

  





   

     

   -4j -5j

1j 2j 3j 4j 5j

4

1j -2j -3j -4j -5j

852 0.0267

( ) 0.3 0.42 0.4036 0.4404 0.0378 0.0523

            +0.4404 0.578 0.1623 0.0452 0.067

t t

t t t t t

t t t t t

e e

s t e e e e e

e e e e e

 

    

    



     

   

      (6.49) 

It can be seen that these four steering functions have exponential terms with coefficients 

from (-5 to +5), which are unequal. There is no restriction on the phase of the steering 

functions. As such shifted steering function also works in Eq. (6.8). Upon substituting 

Eqn. (6.48) in Eqn. (6.22) the multi-harmonic force due to fluctuating spline stiffness in 

complex form is given by 
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j j

_
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  (6.50) 

wherein 

j j j j

j j j j

( ) ( )

( ) ( )

( ), ( )

( ), ( )

i n i n
i t t i t t

i i

i n i n

i n i n
i t t i t t

i i

i n i n

s t s t

s t s t

p e e q e e

re e s e e

   

   

 

 

 

 

   

   

 

 

2 2
1 2

2 2
3 4

1 1

1 1

 

In experiments, the values of pi, qi, ri and si which denote the participation factors of 

harmonics of fluctuating forces and moments can be obtained from linear regression 

(Shravan and Tiwari, 2012). 
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6.6.2 Representative DRS System and Specifications 

Table 6-1 Geometric properties of shafts 

Table 6-2 Geometric properties of discs  

Table 6-3 Bearing properties 

 

Table 6-4 Static and fluctuating stiffness coefficients of spline joint 

Table 6-5 AMB characteristics 

Element le, mm
   

di, 

mm
    

di, mm
    

Element 
 
 le, 

mm
   

do, mm
   

di, mm
    

Inner   8 9  52 70 75 

1 2   76 70 75 9 10  51 70 75 

2 3  51 70 75 10 11  53 70 75 

3 4  51 70 75 Outer   

4 5  51 70 75 12 13  53 80 85 

5 6  83 70 75 13 14  25 80 85 

6 7  55 70 75 14 15  25 80 85 

7 8  50 70 75 15 16  54 80 85 

 Disc-1
 

Disc-2
 

Disc-3
 

Disc-4
 Inner 

rotor 

Outer 

rotor 

m, kg 1.25 1.5 1.75 1.25 5 1.72 

Id, kg-m2 0.043 0.021 0.013 0.034   

Ip, kg-m2 0.086 0.042 0.026 0.068   

e,kg-m 7.5e × 10-5 6.5 × 10-5 5.5 × 10-5 5 × 10-5 1 × 10-5 1 × 10-5 

β,rad π/6 π/5 π/10 π/12 π/8 π/10 

 Brg-1
 

Brg-3
 

Brg-4
 

Brg-5
 

k, N/m 10 × 106 11 × 106 16 × 106 8 × 106 

c, N-s/m 5500 5400 5100 3000 

, N/mradK
  

N-m r, / adangK

  

,N / mk

  

,N / mk   , N - m / radk
  

  

, N - m / radk
  

  

1.5 × 108 4 × 105 225 × 105 232.5 × 105 54 × 103 60 × 103 

, N/msk
  

, N/Aik
 
 , /mPk A

 
 ,A/(m-s)Ik

 
 , (A-s)/mDk   

5×105 40 25000 2000 5 

TH-2522_156103043



207 

 

The dual rotor system considered for numerical simulation is shown in Figure 6-9. Two 

cases were considered for discretization (i) 32 nodes on inner rotor and 8 nodes on outer 

rotor and (ii) 10 nodes on inner rotor and 4 nodes on outer rotor. Eigenvalues obtained in 

both cases are close to each other. Case (ii) is then chosen for further analysis since the 

solution time would be lesser owing to lesser number of nodes.  

Node 9 on the inner rotor and node 16 on the outer rotor are joined by inter-shaft bearing. 

The speed ratio λ is taken as 1.5. The properties of rotors, bearings, and spline joint are 

listed in Table 6-1 through Table 6-4. In present problem, titanium metal matrix 

composite is used as material for rotors supported on AMBs due to their higher (E / ρ) 

compared to nickel and steel alloys: E: 172103 MPa, ρ: 4010 (Storace et al., 1995). 

 

Figure 6-9 Dual rotor system with AMB (B2)   

6.6.3 Campbell Diagram and Mode Shapes 

The Campbell diagram of the dual rotor bearing system (inner rotor reference speed) with 

support AMB, with an open loop stiffness, sk , generated from Eqn. (6.34), is shown in 

Figure 6-10 )dashed lines(. Overlapped on the figure is the Campbell diagram of the rotor 

supported on all REBs (solid lines). The stiffness of bearing B2 that replaces AMB is 

taken as 18106 N/m. The crossings of 1X line with forward whirl speeds represent 

critical speeds of the rotor system. The effect of introduction of AMB in the place of B2 

can be seen from Figure 6-10. The crossing of 1X line with forward whirl lines has 

decreased from 20700 rpm to 19000 rpm. Likewise, the crossings of 1.5X line, which is 

the excitation of outer rotor unbalance, has reduced from 14000 rpm to 12000 rpm. The 

Campbell diagram of the dual rotor bearing system (outer rotor reference speed) is shown 

in Figure 6-11. The crossings of solid and dashed lines with 1X speed line are at 20400 
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rpm and 18400 rpm, respectively. It can be seen that inner rotor critical speeds are more 

than outer rotor critical speeds. 

 

Figure 6-10 Campbell diagram (a) without AMB (solid line) (b) with AMB (dashed line)  

 

Figure 6-11 Campbell diagram (a) without AMB (solid line) (b) with AMB (dashed line)  
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6.6.4 Simulink Model and Numerical Analysis 

 The representative Simulink model constructed from Eqn. (6.31) that generates time 

domain responses at all the stations of dual rotor is shown in Figure 6-12. A variable-step 

variable-order (VSVO) solver ODE15s, which is based on Gear’s method of numerical 

integration is used for solving stiff problems and is used to solve the global EOM given 

by Eqn. (6.31). The vibration and current responses at each node on the outer and inner 

spool are logged for every 110-5 sec. 

 

Figure 6-12 Simulink model of dual rotor system 

 

Figure 6-13 Orbits of inner rotor (a) B1 (b) D1 (c) Sp1 (d) Sp2 (e) AMB (f) mid-shaft (g) 

ISB (h) D4 (i) B4  at 70 Hz b (unbalances on inner and outer rotors) 
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It can be seen in Figure 6-13 and Figure 6-15 that when only unbalance is present in both 

inner and outer rotors, which are running at different speeds, the orbits display loops due 

to the mutual interaction happening through inter-shaft bearing. If the ISB were not 

present, then the rotors run independently without exciting each other thereby producing 

circular orbits (for the case of isotropic bearings). Figure 6-17 and Figure 6-19, which are 

the full spectrum plots of the inner and outer rotors, respectively, show 1X and 1.5X 

harmonics due to the two-way transmission of vibration through ISB.  In Figure 6-14 and 

Figure 6-16 the loops become more complex due to the presence of spline coupling 

misalignment.  

 

Figure 6-14 Orbits of inner rotor (a) B1 (b) D1 (c) Sp1 (d) Sp2 (e) AMB (f) mid-shaft (g) 

ISB (h) D4 (i) B4  at 70 Hz  (both unbalances & coupling misalignment) 
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Figure 6-15 Orbits of outer rotor (a) B3 (b) D2 (c) mid-shaft (d) D3 (e) ISB at 70 Hz 

(unbalances on inner & outer rotors) 

 

Figure 6-16 Orbits of outer rotor (a) B3 (b) D2 (c) mid-shaft (d) D3 (e) ISB at 70 Hz  

(Unbalances on inner & outer rotors)  
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This is similar to the behavior reported in existing literature (Wan et al, 2012). Likewise, 

Figure 6-18 and Figure 6-20 show multiple harmonics of vibration (-5, -1, 0, 1 …+5) in 

their full spectrum plots of vibration, which is the characteristic of misalignment as 

observed in experiments. Figure 6-15(i) and Figure 6-17(i) show the full spectrum of 

AMB current, which also exhibits multi-harmonic behavior similar to rotor vibration. 

6.6.5 Identification of System Parameters 

Table 6-6 (case of dynamic condensation) lists the parameters estimated from Eqn. (6.43), 

which is rearranged in the form of Eqn. (6.46), i.e. the linear least-squares regression 

form. The maximum error percentages noticed in various parameters even in the presence 

of measurement noise are: rotor unbalance (-1.38% @ 5% noise), bearing stiffness            

(-5.93% @ 5% noise), bearing damping (17.09% @ 5% noise), ks (10.12% @ 5% noise), 

ki (7.65% @ 5% noise), spline mean stiffness: krad (2.7% @2% noise), kang (-2.21% @ 2% 

noise), spline additive stiffness: k (1.% @ 2% noise),  k  (1.88% @ 2% noise), 

k
   (-7.08% @ 2% noise), k

    (-7.08% @ 0% noise), and k
   (0.69% @ 0% 

noise). It can be seen that all parameters except 
1bc are estimated within 10% error.  

Similar trend is noticed in Table 6-7, where the bias in the mass and polar moment of 

inertia parameters is assumed. The high deviation of damping parameter can be attributed 

to the ignoring the damping matrix, C, in the derivation of d
T . To study the influence of 

considering G matrix in the hybrid condensation on the estimated parameters four cases 

have been studied and compared in Table 6-8. Case (a) ignores G in the derivation of both 

Td and Th. In case (b) G is ignored in the derivation of Td and considered in Th derivation, 

Case (c) considers G in Td derivation and ignored in the derivation of Th and Case (d) 

considers G in the derivation of both Td and Th. 

The values of three highest errors displayed and the corresponding parameters for the four 

cases are as follows: Case (a): sk (79.13%), 1bc (28.34%), ik  (24.62%); Case (b): 

1bc (27.79%), k (20.16%), 3bc  (-17.15%); Case (c): 1bc (33.33%), 3bc (-24.49%),        

ik (-19.61%); Case (d): 1bc  (32.97%), sk (-81.12%), ik  (-53.69%). 
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Table 6-6 Sensitivity of parameters to measurement noise at 74 Hz (Dynamic 

condensation) 

Parameter 
Assumed 

value 

0% noise 2% noise 5% noise 

Estimated 

value 
Error 

% 

Estimated 

value 
Error 

% 

Estimated 

value 
Error 

% 

1

ree  6.5 × 10-5 6.45 × 10-5 -0.73 6.43 × 10-5 -0.62 6.41 × 10-5 -1.38 

2

ree  5.26 × 10-5 5.21 × 10-5 -0.88 5.21 × 10-5 -0.03 5.26 × 10-5 -0.03 

3

ree  5.23 × 10-5 5.19 × 10-5 -0.84 5.19 × 10-5 0.05 5.23 × 10-5 0.05 

4

ree  4.83 × 10-5 4.79 × 10-5 -0.80 4.79 × 10-5 -0.01 4.83 × 10-5 -0.01 

5

ree  9.2 x 10-6 9.20 × 10-6 -0.80 9.20 × 10-6 -0.02 9.20 × 10-6 -0.12 

     6

ree  9.5 x 10-6 9.40 × 10-6 -0.70 9.40 × 10-6 0.15 9.50 × 10-6 0.15 

1

ime  3.75 × 10-5 3.72 × 10-5 -0.83 3.72 × 10-5 0.07 3.76 × 10-5 0.38 

2

ime  3.82 × 10-5 3.79 × 10-5 -0.84 3.79 × 10-5 -0.01 3.82 × 10-5 -0.01 

3

ime  1.7 × 10-5 1.69 × 10-5 -0.85 1.69 × 10-5 0.04 1.70 × 10-5 0.04 

4

ime  1.29 × 10-5 1.28 × 10-5 -0.85 1.28 × 10-5 0.01 1.29 × 10-5 0.01 

5

ime  3.8 x 10-6 3.80 × 10-6 -0.82 3.80 × 10-6 0.01 3.80 × 10-6 0.06 

6

ime  3.1 x 10-6 3.10 × 10-6 -0.71 3.10 × 10-6 0.14 3.10 × 10-6 0.14 

1bk  10 x 106 10.25×106 2.52 10.49 × 106 4.98 10.52 × 106 5.21 

4bk  16x 106 15.81 x106 -1.16 15.82 × 106 -1.12 15.82 × 106 -1.12 

5bk  8 x 106 8.09 × 106 1.17 8.11 × 106 1.45 8.11 × 106 1.45 

3bk  11 x 106 10.38×106 -5.57 10.34 × 106 -5.93 10.34 × 106 -5.93 

1bc  5.50 x 103 6.24 × 103 13.38 6.34 × 103 16.58 6.44 × 103 17.09 

4bc  3.00 x 103 3.02 × 103 0.68 3.03 × 103 0.63 3.02 × 103 0.63 

5bc  5.10 x 103 5.27 × 103 3.38 5.33 × 103 3.38 5.27 × 103 3.38 

3bc  5.40 x 103 5.01 × 103 -7.31 4.91 × 103 -7.61 4.99 × 103 -7.61 

sk  5.00 x 105 5.23 × 105 4.65 5.26 × 105 4.57 5.51 × 105 10.12 

ik  40 40.9 2.15 41 2.11 43.1 7.65 

radk  1.5 x 108 1.52 × 108 1.15 1.50 × 108 2.11 1.52 × 108 1.04 

angk  4.00 x 105 3.92 × 105 -2.07 3.89 × 105 -2.26 3.91 × 105 -2.23 

k  2.25 x 107 2.26 × 107 0.43 2.22 × 107 2.61 2.28 × 107 1.44 

k  2.325 x 107 2.33 × 107 0.33 2.30 × 107 1.88 2.34 × 107 0.77 

      
k

  
 

5.40 x 104 5.02 × 104 -7.08 4.97 × 104 -6.14 5.07 × 104 -6.12 

     
k

  
 

6.00 x 104 6.04 × 104 0.69 6.01 × 104 0.57 6.04 × 104 0.59 
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Table 6-7 Sensitivity of parameter estimation to modelling bias at 74 Hz (Dynamic 

condensation) 

Parameter 
Assumed 

value 

0% noise 2% noise 5% noise 

Estimated 

value 
Error 

% 

Estimated 

value 
Error 

% 

Estimated 

value 
Error 

% 

1

ree  6.5 × 10-5 6.45 × 10-5 -0.73 6.49 × 10-5 -0.15 6.41 × 10-5 -1.33 

2

ree  5.26 × 10-5 5.21 × 10-5 -0.88 5.26 × 10-5 -0.04 5.17 × 10-5 -1.63 

3

ree  5.23 × 10-5 5.19 × 10-5 -0.84 5.23 × 10-5 0.06 5.14 × 10-5 -1.66 

4

ree  4.83 × 10-5 4.79 × 10-5 -0.80 4.83 × 10-5 -0.01 4.76 × 10-5 -1.52 

5

ree  9.2 × 10-6 9.20 × 10-6 -0.80 9.20 × 10-6 -0.02 9.10 × 10-6 -1.50 

       6

ree  9.5 × 10-6 9.40 × 10-6 -0.70 9.50 × 10-6 0.20 9.40 × 10-6 -1.50 

1

ime  3.75 × 10-5 3.72 ×10-5 -0.83 3.75 × 10-5 -0.05 3.69 × 10-5 -1.59 

2

ime  3.82 × 10-5 3.79 × 10-5 -0.84 3.82 × 10-5 -0.02 3.76 × 10-5 -1.59 

3

ime  1.7 × 10-5 1.69 × 10-5 -0.85 1.70 × 10-5 0.06 1.67 × 10-5 -1.67 

4

ime  1.29 × 10-5 1.28 × 10-5 -0.85 1.29 × 10-5 0.01 1.27 × 10-5 -1.62 

5

ime  3.8 × 10-6 3.80 × 10-6 -0.82 3.80 × 10-6 0.02 3.80 × 10-6 -1.57 

6

ime  3.1 × 10-6 3.10 × 10-6 -0.71 3.10 × 10-6 0.18 3.00 × 10-6 -1.52 

1bk  10 × 106 10.25 × 106 2.52 10.29 × 106 2.98 10.2 × 106 2.06 

4bk  16 × 106 16.81 × 106 -1.16 15.78 × 106 -1.34 15.84 × 106 -1.00 

5bk  8 × 106 8.09 × 106 1.17 8.11 × 106 1.41 8.07 × 107 0.95 

3bk  11 × 106 10.38 × 106 -5.57 10.29 × 106 -6.43 10.47 × 106 -4.77 

1bc  5.50 × 103 6.24 × 103 13.38 6.37 × 103 15.80 6.11 × 103 11.15 

4bc  3.00 × 103 3.02 × 103 0.68 3.02 × 103 0.78 3.02 × 103 0.60 

5bc  5.10 × 103 5.27 × 103 3.38 5.30 × 103 3.99 5.24 × 103 2.81 

3bc  5.40 × 103 5.01 × 103 -7.31 4.95 × 103 -8.39 5.06 × 103 -6.30 

sk  5.00 × 105 5.23 × 105 4.65 5.28 × 105 5.54 5.19 × 105 3.84 

ik  40 40.9 2.15 41 2.56 40.7 1.77 

radk  1.5 × 108 1.52 × 108 1.15 1.52 × 108 1.51 1.51 × 108 0.86 

angk  4.00 × 105 3.92 × 105 -2.07 3.91 × 105 -2.18 3.92 × 105 -1.96 

k  2.25 × 107 2.26 × 107 0.43 2.29 × 107 1.61 2.24 × 107 -0.60 

k  2.325 × 107 2.33 × 107 0.33 2.36 × 107 1.53 2.31 × 107 -0.71 

      
k

  
  

5.40 × 104 5.02 × 104 -7.08 5.05 × 104 -6.42 4.99 × 104 -7.67 

       
k

  
  

6.00 × 104 6.04 × 104 0.69 6.08 × 104 1.40 6.00 × 104 0.04 
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Table 6-8: Effect of K and G in parameter estimation at 98 Hz (Hybrid condensation) 

 Parameter 
(a) 

No G in (Td, Th( 

(b) 

No G in Td 

 G in Th 

(c) 

G in Td 

 No G in Th 

(d) 

G in ( Td, Th( 

1

ree      -2.52     -2.51 -2.48 -2.47 

2

ree  0.74 0.82 0.82 0.90 

3

ree  -9.71 -10.10 -9.63 -9.98 

4

ree  5.20 4.51 2.91 2.26 

5

ree  -5.84 -5.13 -2.74 -2.04 

      6

ree  8.28 8.57 7.63 7.91 

1

ime  -1.34 0.02 -1.16 0.19 

2

ime  0.07 -0.10 -0.20 -0.37 

3

ime  -0.13 -0.85 -0.38 -1.03 

4

ime  6.37 13.71 8.06 15.55 

5

ime  -6.89 -9.61 -9.43 -12.19 

6

ime  2.02 2.27 6.31 6.53 

1bk  1.76 0.36 -0.73 -2.11 

4bk  -5.07 -5.38 -4.87 -5.18 

5bk  3.67 3.38 2.90 2.65 

3bk  -9.48 -8.91 -7.71 -7.22 

1bc  28.34 27.79 33.33 32.97 

4bc  13.84 7.26 2.16 -4.30 

5bc  7.45 9.71 11.90 14.22 

3bc  -12.43 -17.15 -24.49 -29.33 

sk  79.13 10.78 -10.56 -81.12 

ik  24.62 -8.09 -19.61 -53.69 

radk  16.49 15.00 13.51 12.04 

angk  1.80 2.12 2.06 2.38 

k  21.97 20.16 18.33 16.54 

k  15.49 14.28 13.25 12.08 

k
    -1.86 -1.75 -1.84 -1.73 

k
    6.35 6.60 6.64 6.89 
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It can be seen that Case (b) fares well compared to other cases. This is in line with the 

results obtained in Kuppa and Lal (2020), where both M and G matrices were considered 

in the derivation of Th. However, in the present work all three matrices M, K, G were 

considered in the derivation of Th. This shows that considering both K, G in the 

derivation of Th gives better results than other cases. 

6.7 Concluding Remarks 

In this chapter, the mathematical model of angularly misaligned spline coupling that is 

commonly found in gas turbine DRS is developed. The spline model, consisting of both 

mean and fluctuating stiffness components, is integrated with dual rotor-bearing-AMB 

system. Four different steering functions are chosen to simulate the time varying behavior 

of spline coupling in translational and rotational directions. Campbell diagrams with 

references of the inner and outer rotor speeds are plotted. The critcal speeds with inner 

rotor excitation are found to be more than those of outer rotor due to gyroscopic effect. 

Two-way interaction of vibration responses between the inner and outer rotors through 

ISB is evident in orbits and full spectrum plots. The effect of incorporating AMB is 

observed by the reduction in the critical speeds of the DRS compared to a rotor system 

supported on all REBs. The identification algorithms utilizing dynamic and hybrid 

condensations performed reasonably well in the presence of measurement error and 

modelling bias. A comparative study of the influence of gyroscopic matrix in the 

derivation of transformation matrix of dynamic and hybrid condensation procedures was 

carried out by examining four different cases. It has been found that considering 

gyroscopic matrix in hybrid condensation alone yielded the best results compared to other 

cases. 
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CHAPTER 7  

Summary and Conclusion

 

7.1 Introduction 

This chapter summarizes, compares and contrasts the mathematical models and 

simulation results presented in Chapters 2 through Chapter 6. The method of application 

of the identification algorithm for condition monitoring of misalignment is explained. The 

advantages and drawbacks of the proposed method are explained. Lastly a discussion on 

the scope for future work is given. 

7.2 Summary 

In the present work the principal focus is laid on the development of mathematical model 

of an intermediate coupling connecting two rotors subjected to misalignment and 

identification of misalignment. The stiffness of coupling is modelled as the sum of static 

stiffness and time-dependent additive stiffness. Static stiffness is the value of coupling 

listed in the catalogue and essentially remains unchanged with or without misalignment. 

Additive stiffness is a time-varying stiffness component which displays multi-harmonic 

behaviour and exists only in the presence of misalignment. The magnitude of additive 

coupling stiffness (ACS) is proportional to the amount of misalignment in a specific 

direction. In other words, its magnitude in a given direction indicates the severity of 

misalignment in that direction. Due to unequal ACS coefficients the coupling’s stiffness is 

asymmetric during operation. To numerically simulate the multi-harmonic nature of 

coupling forces/moments as observed in experiments, a pulse wave is used as the steering 

function in the mathematical model of the additive coupling stiffness (ACS). The active 

magnetic bearing (AMB) which acts as an auxiliary/main support on the rotor train 

attenuates the multi harmonic vibration produced by misalignment. The identification 

algorithm is a linear least squares problem used to estimate the static and additive stiffness 

of coupling, equivalent viscous damping of shafts, unbalance of discs, stiffness and 

damping of bearings and AMB displacement and current constants. The amplitude and 

phase of positive and negative harmonics of rotor vibration and AMB current obtained 

from full spectrum fft are the inputs to the identification algorithm. 
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In Chapter 2 a simple model consisting of coupled Jeffcott rotors with central discs and 

auxiliary AMB is presented. Only angular misalignment of coupling is considered in this 

chapter. A helical torsion spring is used to model the coupling. Weight-dominance criteria 

is assumed to develop a linear relationship between the slopes at coupling locations and 

the translational displacements at disc locations. The expressions for potential energy, 

kinetic energy of rotor- coupling system are written in terms of generalized coordinates of 

the rotor i.e. the two translational displacements at the discs. Lagrange’s equation is used 

to write the EOM of the coupled rotor system. The stiffness of the coupling subjected to 

misalignment is written as the sum of direct stiffness and additive coupling stiffness 

(ACS). A steering function is used to model the multiharmonic nature of misalignment 

force. The EOM of rotor-coupling-AMB system is converted into frequency domain and 

rearranged in the form of a linear least squares problem. The amplitude and phase of rotor 

vibration and AMB current are used to estimate the unknown parameters. The 

identification procedure is performed using the data at discrete speeds and cumulative 

data from a range of speeds. The latter case yields better estimates. The estimates compare 

well with the assumed values even in the presence of measurement noise. 

In Chapter 3 a more complex model of coupled Jeffcott rotors with offset discs is 

considered. The generalized coordinates of the rotor system now consist of both 

translational and rotational DOF i.e. displacement and tilt at disc locations. The EOM are 

obtained by applying Lagrange’s equations on the expressions of potential and kinetic 

energies. Dynamic condensation procedure is performed on the EOM to eliminate 

rotational DOFs of the discs. The presence of offset discs has caused a slight increase in 

the critical speeds of the rotor system. The estimates show more deviation compared to the 

case of central discs due to the fact that regression equations used in least squares problem 

are obtained from condensed EOM. 

In Chapter 5 the problem is extended to TG sets supported on tilting pad bearings and 

AMBs. The coefficients of bearings, AMBs and coupling are assumed to be speed-

dependent. To get round the difficulty of measuring angular DOFs hybrid condensation is 

performed subsequent to dynamic condensation. The estimation procedure is performed at 

six discrete speeds within the operating range of the TG. The identification algorithm 

showed robustness against measurement noise and modelling bias. 
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In Chapter 6 modelling and analysis of twin spool gas turbine rotor supported on rolling 

element bearings and AMBs is presented. The inner and outer rotors run at different speeds 

and are connected mechanically by an Inter-shaft bearing. The model of spline coupling 

with angular misalignment on inner rotor is considered in this chapter. It has been observed 

that there is a two-way transmission of unbalance forces from inner rotor to the outer rotor 

through the Inter-shaft bearing. Likewise, misalignment forces transmit from inner to outer 

rotor. Due to the lesser stiffness of AMB compared to a typical rolling element bearing the 

critical speeds on the Campbell diagrams are found to be lower. The estimates of unknown 

parameters are found to be close to the assumed values against measurement noise. 

7.3 Conclusions from the Present Work 

The present work advances the state-of-the-art in model-based identification of 

misalignment in rotor-AMB systems. The following are the conclusions  

o The principal contribution of the present work is the use of AMB as a condition 

monitoring tool apart from it being used as an auxiliary bearing or support bearing. 

o The model of angularly misaligned coupling present in simple rotors with central discs 

is based on the linear relationship between coupling slopes and disc translational 

displacements. This relationship is developed from the assumptions of weight 

dominance criteria and flexible coupling. The time-varying nature of coupling 

misalignment force is simulated using a periodic function which is selected to produce 

the multiharmonic behavior as observed in experiments. Lagranges’s equation have 

been used to derive the EOMs from the expressions of kinetic energy, potential energy 

and dissipative energy.The time domain response of disc vibration and AMB current is 

obtained from SimulinkTM model built from the global EOM. Full spectrum FFT is 

used to extract the amplitude and phase of harmonics of rotor vibration and AMB 

current. The unknown parameters of rotor-AMB-coupling system are estimated from 

linear least-squares identification algorithm built from the EOM in frequency domain. 

The values of coupling’s static stiffness, additive stiffness, Disc’s unbalance and AMB 

constants were estimated using data obtained at a single speed and from a range of 

speeds away from the resonant frequency of the coupled rotor system. In both cases 

the maximum error noticed was within 4% even when the data is corrupted with 5% 
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Gaussian noise levels. The identification algorithm developed helps in quantitatively 

assessing the ACS coefficient generated due to angular misalignment. 

o For the case of simple rotors with offset discs dynamic condensation has been 

performed to eliminate the rotational DOFs before converting the global EOMs into 

frequency domain. Increasing the value of proportional constant has resulted in an 

increase in the critical speed of rotor system thereby providing wider operating range. 

The estimates of shaft damping and AMB displacement stiffness have shown high 

error values when data from single speed is used. This problem has been overcome by 

considering data from multiple speeds. The maximum deviation of the estimates from 

the assumed values is less than 10% even for the case of 5% measurement noise and 

modelling bias. Nonetheless these margins are more than those obtained for the case of 

central discs. This comparatively more deviation can be attributed to dynamic 

condensation procedure. 

o For the case of turbine-generators with auxiliary AMBs mathematical model of rotor 

system is developed using Timoshenko beam finite elements. Both parallel and 

angular misalignments have been considered in the mathematical model of coupling 

which is developed from the vector of static deflections at coupling’s nodal locations. 

Unlike the previous cases this model is applicable for both rigid and flexible 

couplings. Dynamic condensation has been performed to eliminate the DOFs where 

there is no external forcing. The error percentage in parameters with up to 2% 

Gaussian noise levels is less than 15%. For 5% measurement noise levels ACS 

coefficients showed high deviation. The algorithm is found to be more sensitive to 

measurement noise than to modelling bias. This identification algorithm considers data 

from translational DOFs and rotational DOFs at both ends of coupling. The data 

acquisition of rotational DOFs poses more difficulty than that of translational DOFs. It 

would be advantageous to eliminate coupling’s rotational DOF before identification 

algorithm is developed. 

o For the case of rotors supported on speed-dependent tilting pad journal bearings and 

speed-dependent AMBs, the additive stiffness of coupling has been modeled as a 

speed-dependent parameter. In the present case rotational DOF of coupling are 

eliminated from the global EOM by hybrid condensation. The identification of speed 

dependent parameters is performed at six different speeds and the estimates obtained 
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are found to be within 20% of the assumed values even in the presence of 5% 

Gaussian noise. 

o The numerical analysis of dual rotor systems where angular misalignment is present 

only on inner rotor spline coupling has been performed. The responses of both inner 

and outer rotors are found to exhibit multi-harmonic behavior due to the presence of 

inter-shaft bearing. Studies by earlier researchers revealed that spline couplings exhibit 

different periodic behavior in transverse and rotational directional in the presence of 

angular misalignment. To account for that four different steering functions have been 

used in the coupling model. Four different cases of hybrid condensation have been 

tested for their effectiveness in parameter estimation. The case where gyroscopic 

matrix was considered in addition to mass and stiffness matrices yielded the closest 

estimates. 

7.4 General Recommendations from the Thesis 

o The development of the misaligned coupling model using additive stiffness component 

is a new deviation from the earlier works. The coupling model can be used for parallel, 

angular and combined misalignment conditions. 

o The severity of misalignment has been quantified by estimating the amplitude of 

positive and negative harmonics of ACS coefficients. This is a novel approach which 

has not been explored hitherto. Since misalignment produces both forward and 

backward harmonics of vibration full spectrum data is mandatorily required to 

estimate the coefficients correctly. Since the data pertaining to backward whirl is 

missing in one-directional FFT it may not yield accurate estimates of parameters. 

o Misalignment fault which exhibits multi-harmonic behavior can be identified using 

model based approach in frequency domain. 

o The coupling model can be integrated with the models of simple laboratory test rotors, 

multi-stage turbo-generators and industrial gas turbines as well. 
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7.5 Method of Application 

o The hardware set up required to implement the identification algorithms developed in 

chapters 2 through 6 on the respective misaligned coupled rotor test rigs is shown in 

Appendix H. 

o The field engineer should begin by noting initial alignment readings in all directions 

before the run is made. 

o The rotor vibration data from proximity probes and AMB current data obtained from a 

single run or multiple runs of an aligned rotor are recorded 

o This data is passed through full spectrum FFT to obtain the real and imaginary parts of 

integer harmonics of vibration and current 

o These coefficients are input to the identification algorithm to estimate the ACS 

coefficients 

o The ACS coefficients obtained are mapped against the alignment readings of the 

aligned rotor.  

o As the machine is put into operation ACS coefficients are estimated periodically. 

o When higher stiffness coefficients are observed, the machine is stopped and again 

checked for alignment. 

o These higher stiffness coefficients are then mapped to the values of the misaligned 

condition 

o  A look up table/graph prepared from the readings collected over the duration of many 

runs will aid the engineer to directly estimate the misalignment when the machine is in 

operation. 

7.6 Limitations 

o This mathematical model and identification algorithm assumes that the only faults 

present in the rotor trains are unbalance and misalignment.Other faults such as cracks, 

rubs have not been considered. 

o The coupling model is based on weight-dominance criterion which relies on the static 

deflections at the coupling nodes. These values can be obtained from catenary curve or 
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static deflection curve. This however requires the geometric and material properties of 

rotors along with the support stiffness values of all the mainline bearings. In the 

absence of these values development of identification algorithm for a given rotor 

system becomes challenging 

o The identification algorithm necessarily uses data from full spectrum plots. As full 

spectrum is the spectrum of an orbit two probes are required at each measurement 

location. In large TG sets the number of probes required for data acquisition will be 

twice the number of necessary measurement locations which can become a large 

number. 

o Due to the restrictions posed by the general arrangement of rotors all the required 

locations may not be accessible for measurement and data acquisition.  

o When AMB is used as main support its comparatively lesser load carrying capacity 

may pose a restriction on the weight of the rotor it can support. 

7.7 Scope for Future Work 

o The methodology can be validated experimentally on a laboratory test rig using shims 

to induce misalignment. For a given type of coupling the values of ACS coefficients 

for various amounts of misalignment can throw light on the dynamic behavior of the 

misaligned coupling. Theoretically the same amount of misalignment should produce 

different ACS coefficients in rigid and flexible couplings.  

o The coupling model can be further improved by considering the vibration at coupling 

locations along with the static deflections. This discards the assumption of weight 

dominance and makes the coupling model more complete. The misalignment of drive 

end coupling too can be considered in the model 

o Uncertainty analysis to study the discrepancies between analytical model and actual 

system can be performed.  

o The number of measurement locations can be reduced by hybrid condensation to make 

the methodology more relevant to industrial rotors. However this leads to a very high 

condition number of the regression matrix. Various regularization techniques can be 

employed to improve the condition number. 
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o Obtaining the data of harmonics of vibration and current at multiple speeds to improve 

the condition number of the regression matrix requires running the rotor at many 

different speeds which is time consuming. The possibility of extracting the harmonics 

of all integer speeds by ramping up or ramping down the rotor can be explored as it 

saves lot of time and effort. 

o The effect of rotor acceleration on the coupling forces and moments in misaligned 

rotor systems could be researched. 

o  Identifying and distinguishing crack and misalignment, when they are simultaneously 

present in the rotor system, could be explored. 
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Appendix A: Deflection of Simply Supported Beam 

Deflection at any section of simply supported beam with an offset disc (Gere and Timoshenko) 
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where, l is the shaft length, a and b are the distances of the disc from left and right supports 

respectively, x  is the distance of a given section from left support, P  is point load, E is young’s 

modulus and I is  the polar mass moment of inertia of disc.  

Appendix B: Coupled Rotor with Central Discs: Matrices and Vectors in 

Real Coordinates 
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Appendix C: Coupled Rotor with Offset Discs: Matrices and Vectors in 

Real Coordinates 
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Appendix D: Elemental Matrices for Assembling Global Matrices 

Translational mass matrix 
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54 126 70m       2

4
13 31 5 17 5

e
m l . .         

 2 2

5
4 7 3 5

e
m l .      2 2

6
3 7 3 5

e
m l .       

Rotational mass matrix 

 

1 2 1 2

2 3 2 4

2

1 2 1 2

2 4 2 3

30 1

e

R

e

n n n n

n n n nI

n n n nl

n n n n



 
 


 
   
 

 

M              (D-2) 
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36
1

n =   3 15
2 e

n = l     

 2 2

3
4 5 10

e
n l      2 2

4
1 5 5

e
n l        

Stiffness matrix 

 

1 2 1 2

2 3 2 4

3

1 2 1 2

2 4 2 3

1

e

s

e

k k k k

k k k kEI

k k k kl

k k k k

 
 


 
   
 

 

K               (D-3) 

1
12k =  

2
6k = le    2

3
4

e
lk     2

4
2

e
lk    

Gyroscopic matrix 

 

1 2 1 2

2 3 2 4

2

1 2 1 2

2 4 2 3

15 1

e

s

e

n n n n

n n n nI

n n n nl

n n n n



 
 


 
   
 

 

G               (D-4) 

1
36n =   2

2 15
e

n =l -    2 2

3
4 5 10

e
n l      2 2

4
1 5 5

e
n l        

le is the shaft length, E is young’s modulus and Ie is the polar inertia of shaft. 

 212 0 886
e r e

EI / A Gl.   

Disc mass matrix 

1

1

0

0

d

d

d

m

I

 
  
  

M                (D-5) 

Disc gyroscopic matrix 

1

0 0

0d

p
I

 
  

 
G                 (D-6) 

1d
m is the shaft length, Ie is the polar inertia of shaft. 
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Appendix E: Elemental Matrices for Plotting Catenary Curve 

Shaft stiffness matrix 

 

11 41 51 81

22 32 62 72

32 33 63 73

41 44 54 84

3

51 54 55 85

62 63 66 76

72 73 76 77

81 84 85 88

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 01

0 0 0 0

0 0 0 0

0 0 0 0

re e

e

k k k k

k k k k

k k k k

k k k kEI

k k k kl

k k k k

k k k k

k k k k

 
 
 
 
 
 
 
 
 
 
 
  

K           (E-1) 

22 11 33 44 66 55 77 88 32 41
k  = k k  = k k  = k k  = k k = -k; ; ; ;      

62 51 72 81 63 54 73 84 76 85
k  = k k  = -k k  = -k k  = k k  = -k; ; ; ;      

  2

44
12 6 2 6 41

11 41 e 51 81 ee
k  = k  = l k  = k l- k  = l; ; ; ;      

  2

84
26 12 6

54 e 5e 5 85 e
k  = - l k = k =k l   - l; ;;  ;   2

88
4

e
k l   

Shaft translational mass matrix 

 

11 41 51 81

22 32 62 72

32 33 63 73

41 44 54 84

2

51 54 55 85

62 63 66 76

72 73 76 77

81 84 85 88

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0420 1

0 0 0 0

0 0 0 0

0 0 0 0

re r e

m m m m

m m m m

m m m m

m m m mA l

m m m m

m m m m

m m m m

m m m m



 
 
 
 
 
 
 
 
 
 
 
  

M          (E-2) 

54 81 55 11 85 41 88 44
m  = -m ;m  = m ;m  = - m ;m  = m   

 2

11
156 294 140m     ;  2

41
22 38 5 17 5

e
m l . .      

 2

51
54 126 70m     ;  2

81
13 31 5 17 5

e
m l . .       

 2 2

44
4 7 3 5

e
m l .      2 2

84
3 7 3 5

e
m l .       

 

TH-2522_156103043



235 

 

Shaft rotational mass matrix 

 

11 41 51 81

22 32 62 72

32 33 63 73

41 44 54 84

2

51 54 55 85

62 63 66 76

72 73 76 77

81 84 85 88

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 030 1

0 0 0 0

0 0 0 0

0 0 0 0

re e

e

n n n n

n n n n

n n n n

n n n nI

n n n nl

n n n n

n n n n

n n n n



 
 
 
 
 
 
 
 
 
 
 
  

M          (E-3) 

36
11

n  =    3 15
41 e

n  =  l  -    

 2 2

44
4 5 10

e
n l      2 2

84
1 5 5

e
n l       

51 11 81 41 54 81 55 11
n n n n  n n n n; ; ;        

85 41 88 44 22 11 33 44
n = n ;n = n ;n = n ;n = n   

66 55 77 88 32 41 62 51
n  = n ;n = n ;n = n ;n = n ;   

72 81 63 54 73 84 76 85
n = n ;n = n ;n = n ;n = n     

 212 0 886
e r e

EI / A Gl.   

Appendix F: Elements of K matrix 

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0

y y y x y y y x

x y x x x y x x

y y y x y y y x

x y x x

xx xy xx xy

yx yy yx yy

T

xx xy xx xy

yx yy yx yy

k k k k

k k k k

k k k k

k k k k

k k k k

k k k k

k k k k

k k

       

       

       

   

 

 

 

 
 

 

 



 

K T KT

0 0
x y x x

k k   

 
 
 
 
 
 
 
 
 
 
 
 
 
  

        (F-1) 

where  
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 

 

2 2

2 2

2 2

2 2

cos sin cos sin

cos sin cos sin

cos sin cos sin

cos sin cos sin

c
x x

xx xx yy xy yx

xy xy yx

yx yx xy

yy yy xx xy yx

k t k t k t t k k

k t k t k t t k k

k t k t k t t k k

k t k t k t t k k

k

 

 

 

   

   

   

   

    

    

    

    



( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

   

   

   

   

2 2

2 2

os sin

cos sin cos sin

cos sin cos sin

cos sin

x x y y

x y x x y y

y x x x y y

y y y y x x

t k t k

k t t k t t k

k t t k t t k

k t k t k

   

     

     

     

 

   

   

 

  

 

 

   

 

Appendix G: Elements of A Matrix 

Elements in various columns of A  correspond to various system parameters in the rows 

of vector x . The harmonic index i  runs from 5  to 5  through 0 . To separate real and 

imaginary parts of complex nodal displacements, re and im are used as superscripts. For 

example 
1 1

re im

i i
u u. correspond to node 1’s real and imaginary parts. 

D.1 Disc unbalance and phase 

1 1 2 2

3 3 4 4

2 2 2 2

2 2 2 2

24 1 35 2 68 3 79 4

222 5 233 6 266 7 277 8

d d d d

d d d d

m     m   m     m

m  m  m  m

A( , ) ; A( , ) ; A( , ) ; A( , )

A( , ) ; A( , ) ; A( , ) ; A( , )

   

   

   

   
        (G-1) 

D.2 Bearing stiffness in x and y directions  

1 5

10 14

1 5

10 14

1 9 89 10

199 11 287 12

12 13 100 14

210 15 298 16

re re

i i

re re

i i

im im

i i

im im

i i

i u          i u

i u    i u

i u     i u

i u  i u

A( , ) ; A( , )

A( , ) ; A( , )

A( , ) ; A( , )

A( , ) ; A( , )

     

     

     

     

         (G-2) 

D.3 AMB displacement and current constants 

3 3

12 12

1 1

2 2

45 17 56 17

243 17 254 17

45 18 56 18

243 18 254 18

re im

i i

re im

i i

re im

amb i amb i

re im

amb i amb i

i u     i u

i u  i u

i i     i i

i i   i i

A( , ) ; A( , )

A( , ) ; A( , )

A( , ) ; A( , )

A( , ) ; A( , )

   

   

   

   

          (G-3) 

D.4 Coupling’s static stiffness coefficients 
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6 8 6 8

7 9 7 9

8 6 8 6

9 7

111 19 122 19

133 20 144 20

155 19 166 19

177 20 188 20

re re im im

i i i i

re re im im

i i i i

re re im im

i i i i

re re

i i

i u u  i u u

i  i

i u u  i u u

i  i

A( , ) ( ); A( , ) ( )

A( , ) ( ); A( , ) ( )

A( , ) ( ); A( , ) ( )

A( , ) ( ); A( ,

   

 

       

       

       

    
9 7

im im

i i
) ( )   

          (G-4) 

D.5 ACS coefficients 

   

   
   

1 1

1 1

1 1

111 21 0 5 111 22 0 5

133 23 0 5 133 24 0 5

155 21 0 5 155 22 0 5

177 23 0

c c c c

c c c c

y y y y

c c c c

i x x p i    i x x q i

i p i  i q i

i x x p i     i x x q i

i

   

   

   

 

 

 

       

       

     

 

A( , ) . ( ); A( , ) . ( )

A( , ) . ( ); A( , ) . ( )

A( , ) . ( ); A( , ) . ( )

A( , )    
1 1

5 177 24 0 5
c c c cy y y y

p i   i q i   
 

   . ( ); A( , ) . ( )

        (G-5) 
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Appendix H: Hardware Set-up for Experimental Validation  

The following set up has been made in Advanced Vibrations Lab at IIT Guwahati 

 

Coupled Rotor-Bearing Test rig 

 

8 pole AMB actuator 
 

DSP controller 

 

Amplifier 

 

Current probe 
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