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Abstract

Word combinatorics is a field which aims to study words and formal languages over some
alphabet containing symbols, to understand their properties, with respect to operations such
as concatenation, insertion, deletion and exchange of symbols. One of the most important
study in the field of Word combinatorics is of primitive words, their properties and robust-
ness. A word is said to be primitive if this can not be written as proper power of a smaller
word. We investigate the effect on primitive words of point mutations (inserting or deleting
symbols, substituting a symbol for another one), of morphisms, and of the operation of

taking prefixes.

We characterise the subset of

e Primitive words that remains primitive on the operations, viz. substitution of any
arbitrary symbol from the primitive words, deletion or insertion of a symbol in the
primitive words or exchange of consecutive symbols. The properties of the languages

of such primitive words are also discussed.

2 We find a property of language L such that the set )L, language of L-primitive words
over an alphabet is reflective. We also find the smallest language L such that QL = Q.

We examine the robustness of the language of L-primitive words.

3 We next examine the robustness on the language of pseudo-primitive words with a
morphic involution. It is proved that a language of ins-robust pseudo-primitive words

is not regular for an involution morphism.

DRUCES St
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“You have to grow from the inside out. None can teach you,
none can make you spiritual. There is no other teacher but

your own soul."

Swami Vivekananda (1863 - 1902) World spiritual leader

Chapter

Introduction

Extensive research has been done over the past three decades on Combinatorics on
Words. Despite the fact that there has been important contributions on words starting
from the last century, they were usually needed as tools in computer science and mathe-
matics. The main objects of automata theory are words, and in fact in any standard model
of computing, words are main entity. Even when computing on numbers computers oper-
ate on words, i.e., representations of numbers as words. Consequently, on one hand, it is
natural to study algorithmic properties of words. The collective works by several people
under the pseudonym of Lothaire that has been documented in the form of series of books;
namely algorithmic [1], algebraic [2], and applied combinatorics on words [3] gives an
account of it. Several classical notions on properties of words have been explored. The
wide range of applications of combinatorial properties of words in the subject of formal
language theory [4], coding theory [5], computational biology [6], DNA computing [7],
string matching [8, 9] etc. have drawn a lot of attention. One of the interesting problem

which is still unsolved is whether the language of primitive words is context-free [10].

Primitive words play an important role in formal language theory [4], coding theory [5],
combinatorics on words [1]. The theory of primitive words has been extensively studied and

many combinatorial properties have been unveiled; see for example [11, 12, 13, 10, 14, 15].

Outline of Thesis

The thesis comprises six chapters. The chapter wise organization of the thesis is given

below:

Chapter 1: This chapter discusses the motivation behind the research, followed by a survey

of the state-of-art. It also briefly describes the contributions made in this thesis.

TH-1934 11610113 1



Chapter 2: In this chapter, we review the basic concepts on words. We mention some

important results which are required to analyse the work in this thesis.

Chapter 3: This chapter presents the contributions made in some special type of primitive
words which remain primitive after substitution of a symbol. This type of primitive
words are called substitute robust primitive words. We discuss the characteristics and
properties of these words. We also discuss the relation of the language of substi-
tute robust primitive words, language of non-substitute robust primitive words with
some formal languages. We discuss about del-robust primitive words, the primitive
words which remain primitive after deletion of any one symbol. Next we study about
the characteristics, properties and algorithmic method to identify such words. We
show that the language of non-del-robust primitive words is not context free. We
also discuss relation of the language of del-robust primitive words with other formal
languages. The similar results are discussed for the ins-robust and exchange-robust

primitive words.

Chapter 4: This chapter presents the contributions made in L-Primitive Words and discuss
on various point mutations on these words. We discuss the word primitivity over some
language L called L-primitive word in this chapter and characterise them. We discuss
various robustness on L-primitive words. The relation of language of L-primitive
words with the language of primitive words is discussed with the various languages

which is subset of V*. We also discuss some robustness on L-primitive words.

Chapter 5: This chapter presents the contributions made in Pseudo Quasiperiodic Words.
In this chapter, we study some robustness on #-primitive words that remains §-primitive
on insertion of any arbitrary symbol from the alphabet. Recall that # is a morphic in-
volution on V*. We also discuss the #-superprimitive words and pseudo L-primitive

words and their characterization.

Chapter 6: This chapter presents the future works.

DRUCES St
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“You cannot believe in God until you believe in yourself."

Swami Vivekananda (1863 - 1902): A chief disciple of the
19th-century Indian mystic Ramakrishna.

Chapter

Background and Literature Survey

We introduce words and give some basic results on words, morphism and primitive words

and formal languages which will be used in later chapters.

2.1 Words

An alphabet is a finite non-empty set V. The elements of V' are called symbols or letters
of V. A finite word over an alphabet V is a finite sequence of letters drawn from V. We
assume that an alphabet V' contains at least two elements. The empty word is denoted by .
Concatenation or product of words is defined as (a; ...ay).(b1...by) = a1...an.b1 ... by
Clearly, this operation is associative and the empty word is the unit element with respect
to this operation. The set of all words of length n over V is denoted by V". We define
V* = U,en V", where VY = {A\} and, V* = V*\{\}. Alanguage L over V is a subset of V*.
Consequently, V* = (V*,.) and V* = (V*,.) are a monoid and a semigroup respectively.
Recall that a monoid S is called free if it has a subset B such that each element of S can
be uniquely expressed as the finite sequences of zero or more elements of B. Such a B is

referred to as a free generating set of S, or a base of S.

We denote length of word w as |w| which is the total number of letters in w. The notation
|w|, denotes the number of letter a in w. The letters that appear in w is Alph(w) = {a |
|w|, > 1}. A power of a word u is a word of the form u* for some k£ € N. It is convenient
to set u® = ), for each word u. When k € N\ {0, 1}, we say that «* is a proper power of w.
A word u is said to be a prefix (resp. suffix, resp. factor ) of a word v if there exists a word
t (resp. t, resp. t and s) such that ut = v (resp. tu = v, resp. tus = v). All these are said
to be proper if they are different from v. The set of all prefixes of w is denoted by pref (w),
while pref, (w) means the prefix of length k of w (or w if |w| < k). Similarly, by suf (w),for

instance, we mean the set of suffixes of w and Fact(w) is set of factors of w. The reverse of a

TH-1934 11610113 3



2.1. WORDS

R:

word w =ay...a, witha; € Visw ap ...a1. Alanguage L is called reflective if uv € L

implies vu € L, for all u,v € V*.

A word w is said to be a conjugate of a word z if w is a cyclic shift of x, that is, if w = uwv
and = = vu for some u, v € V* [16]. A language L C V* is called a k-dense language if for
every word w € V*, there exist words z, y € V* where |zy| < k such that zwy € L. L is
said to be dense if it is k-dense for all k¥ > 1. A language L C V* is called right k-dense if for
every u € V* there exists a word x € V* where |z| < k such that uz € L. The language is
said to be right dense if it is right k-dense for every k£ > 1.

Letw = ajas . ..a, with a; € V. Anumber p is period of w if a; = a;4p fori=1,...,n—p.
A word can have several periods. For example words abcabcabca and aabaabbaabaa have
periods 3, 6, 9 and 7, 10, 11 respectively. We define the minimum of all the periods of a

word w as per(w). Moreover, any number greater than |w| is always a period of w.

The rational |w|/per(w) is called the exponent of w. If the exponent is an integer number
k > 1, w can be simply written as u* and is called an integer power (or k-power). A
repetition is a word of exponent 2 or more, that is, a word with the period of at most half
the word length. A maximal repetition at a position ¢ in a word is a factor w(i, j) which is a
repetition such that its extension by one letter to the right or to the left yields a word with

a larger period, that is,

o per(w(i,j)) < per(w(i,j+ 1))

o per(w(i,j)) < per(w(i—1,j))
where per(w) is period of word w [17, 18]. For example, the factor ababa in the word
w = abaababaabaab, is a maximal repetition at fourth position with period 2, while the

factor abab is not a maximal repetition at this position. Section (4) [17] discuss the linear-

time algorithm for finding all maximal repetitions in a word together with their periods.
Several facts about word combinatorics are known, we recall some of them.

Theorem 2.1 ([19]). Let w and x be conjugates. Then w is a power if and only if x is a power.

Furthermore, if w = y*, k > 2, then x = z* where z is a conjugate of y.
Lemma 2.1. Let L be a reflective language. Then L is also reflective.

Lemma 2.2. Let L be a reflective language. Further, let S C L is reflective. Then L\ S is also

reflective.

Theorem 2.2 ([20]). If words u, w, = and y over V satisfy uw = xy, then there exists a

unique word t such that either

(a) u=xtand y = tw, or

TH-1934 11610113 4



CHAPTER 2. BACKGROUND AND LITERATURE SURVEY

(b) = =utand w = ty.

Theorem 2.3 ([21]). Let u,v € V. The following conditions are equivalent :

(a) u and v are conjugates,
(b) there exists a word z such that uz = zv,
(c) there exists words z,p and q such that u = pq, v = qp and z € p(qp)*.

Theorem 2.4 (Fine and Wilf, 1956, [22]). Let w,v € V. Then the words u and v are
powers of a same word if and only if the words u" and v" have a common prefix of length
ul + [v] = ged(Jul, [v]).

There exists an obvious reformulation of Theorem 2.4.

Corollary 2.1. If a word has two periods p and g, and if it is of length at least p+ q — gcd(p, q),
then it has also a period ged(p, q).

Theorem 2.5 (Fine and Wilf, [1]). Let u and w be words over an alphabet V. Suppose u"
and w*, for some h and k, have a common prefix of length |u| + |w| — gcd(|ul, |w|). Then there
exists z € V* of length gcd(|ul, |w|) such that u,w € z*. The value |u| + |w| — gcd(|ul, |w]) is

also the smallest one that makes the theorem true.

Lemma 2.3 (Lyndon-Schutzenberger [11]). Let u,v € V* with uv = vu. Then there exists a
word t such that u,v € t* := {t" | n € N}.

Lemma 2.4 (Lyndon-Schutzenberger [11]). Let u € V. Then there exist a unique primitive

word z and a unique integer k > 1 such that u = z*.

2.2 Finite Automata

An automaton over an alphabet V, is a composition A = (S, E, I, T), consisting of a finite
set of states S, a finite set of edges or transitions £ C S x V* x S, set of an initial state I C S
and set of terminal states 7" C S. For an edge e = (p,u,q), p is the origin state, u is the
label and ¢ is the end state. A path between two states is successful if it starts in an initial
state and ends in a terminal state. The set recognized by the automaton is the set of labels
of its successful paths. A set is recognizable or regular if it is the set of words recognized by
some automaton (Kleene’s Theorem). The symbol processing neural networks have a rich
history [23, 24, 25]), and that networks of string-processing finite automata have appeared
in many contexts ([26, 27, 28]).

TH-1934 11610113 5



2.2. FINITE AUTOMATA

Regular expressions over an alphabet V'

(a) each symbol a € V is a regular expression.

(b) the empty string A is a regular expression.

(c) the null set ¢ is a regular expression.

(d) if r and s are regular expressions, then so is (r|s), where | represents union.
(e) if r and s are regular expressions, then so is rs.

(f) if r is a regular expression, then so is r*.

Every regular expression is built up inductively, by finitely many applications of the above
rules. A regular language is a formal language that can be expressed using a regular ex-

pression.

Lemma 2.5. (Pumping lemma for regular languages [29]) For a regular language L C V*,
there exists an integer p > 1 such that for every word w € L with |w| > p, there is a factoriza-

tion w = zyz in V* satisfying y # A, |zy| < pand zy"z € L for all n € N.

The integer p in the statement of the lemma is called the pumping length of L.

A context-free grammar G = (N, T, P) consists of an alphabet N of variables, an alphabet
T of terminal letters, which is disjoint from /N , and a finite set P C N x (N UT)* of
productions. A language L C T™* is a context-free language if there exists a context-free
grammar G = (N, T, P) and a variable v € N such that L = L(G,v) = {w € T* | v—>*w}.

Lemma 2.6. (Pumping Lemma for Context-Free Languages [30, 31]) Let L C V* be a context-
free language. There exists p € N such that if w € L and |w| > p, then there exists a
factorization w = (u,v,x,y, z) satisfying |v|,|y| > 0, |vxy| < p, and wv'zy'z € L for each
1> 0.

Definition 2.1. A pushdown automaton PDA is defined as P = (S, 1, T, 0, s, s¢), where

(a) S is a finite set of states.
(b) I is the input alphabet
(c) T is the pushdown list alphabet

(d) 6 is a mapping from S x (I U{\}) x T to S x T*. The value of (s, a, A) is, if defined, is
of the form (s', B) where s € S, A on the top of the stack which is in T, is replaced by
BeT*anda € I U{\}.

TH-1934 11610113 6



CHAPTER 2. BACKGROUND AND LITERATURE SURVEY

(e) so € S is the initial state of the finite control.

(f) s is one of the designated final state.

The language accepted by PDAs are exactly the context-free languages [32].

Definition 2.2. APDA, P = (S,I,T, 4, so, st), is deterministic if

(a) for each p € S, each a € I, and each A € T, § does not contain both, an instruction
(p, A\, A)(q, B) and an instruction (p,a, A)(q, B).

(b) for each p € S, each a € I U{\}, and each A € T, there is at most one instruction
(pa CL, A)(q7 B) in 5

2.3 Primitive Words

A word w € V7 is said to be primitive if w cannot be written as the integral power of a
shorter word. Formally, w is primitive if w = v™ implies w = v and n = 1. The languages of
primitive and non-primitive words are denoted by @ and Z, respectively [33]. We denote
the set of primitive words of length n as Q(n) and the set of non-primitive words of length
n as Z(n). Several facts are known about the languages @) and Z. We mention some of

them below which will be used later.

Lemma 2.7. A word w is primitive if and only if w is not an internal factor of its square ww,

that is, ww = zwy implies that either x = X or y = A [1, 40].

Theorem 2.6 ([11]). If u # A, then there exist a unique primitive word p and a unique integer
k > 1 such that v = pF.

Our next lemmas give an alternative condition for primitivity:

Lemma 2.8. A nonempty word w € V* is primitive if and only if it cannot be factored into

two nonempty commuting words: w € Q <= w # X AN Yu,v e VY, w=uv=vu = €

{u,v}.

Proof. If w €  and w = wv = vu for some non-empty words u and v then by lemma (2.3)
there exists a word ¢ € ) such that u,v € t+ which is a contradiction as w = t* for some
k > 2. Therefore A € {u, v}.

Conversely, let w # A A VYu,v € V¥, w =uv =vu = X € {u,v}, and w ¢ Q then w = t*
for some t € @ and k > 2. Suppose u = t" and v = t* such thatr, s > 1land r + s = k. In

this case w = wv = vu which is a contradiction. O

TH-1934 11610113 7



2.3. PRIMITIVE WORDS

Proposition 2.1 ([15]). For every word v € V' and every symbols a,b € V, a # b, at least

one of the words ua, ub is primitive.

The above proposition says that the language of primitive words, @ is right 1-dense and

therefore right k-dense for every k.

The next result has several rather interesting consequences, proving in some sense that

"there are very many primitive words".

Corollary 2.2 ([34]). Let V be an alphabet containing at least two symbols.

(a) For every word u € V*, at most one of the words ua, with a € V, is not primitive.

(b) For all words uy,us € V*, at most one of the words uiaus, with a € V, is not primitive.
Lemma 2.9 ([15]). The languages (Q and Z are reflective.
Theorem 2.7 ([34]). Let uv = f', u,v € V', f € Q, i > 1. Then vu = ¢ for some g € Q.

Lemma 2.10 ([15]). Let V be an alphabet containing at least two symbols.

(@) If w,wa ¢ Q where w € V™ and a € V, then w € a™.

(b) Ifui,us € V', uyus # a®, for any a € V, n > 1 then at least one of the words among

U1Uo, ULQU IS primitive.

Later we shall use several times the following two known results without explicitly men-

tioning them:

@ If f,g € Q, f #g, then for any m,n > 2, f"g¢" € Q. [33]

(b) Ifu,v € VT, uv € Q and n > 2, then both u(uv)"™ and v(uv)" are in Q. [35]

For a morphism 6 over an alphabet V', a word w € V* is called pseudo-power of a word
t e V*ifw e t{t,0(t)}*. Aword w is f-primitive if there exists no non-empty word ¢t € V'
such that w € t{t, 6(t)}". The word ¢ is called pseudo-period of w relative to 6, or simply
-period of w if w € t{t,0(t)}*. We call a word w € VT #-primitive if there exists no non-
empty word ¢ € V't such that w is a #-power of ¢ and |w| > |¢t|. We define the #-primitive

root of w, denoted by py(w), as the shortest word ¢ such that w is a §-power of ¢.

Some results from [36] for a morphic involution 6 which is used later, are as follows:

Corollary 2.3. For any word w € V* there exists a unique 6-primitive word t € V* such that
w € t{t,0(t)}*, ie., pg(w) =t.
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Corollary 2.4. Let u,v € VT be two words such that u,v € t* for some t € Q. Then
po(u) = po(v) = po(t).

Corollary 2.5. If we have two words u,v € VT such that u € v{v,0(v)}*, then pg(u) = pp(v).

If every position in a string w is covered by an occurrence of a string ¢ then we say that
t covers w. For example w = aabaaabaaabaabaa is covered by ¢ = aabaa. If t covers w
then ¢ is both a prefix and a suffix of w. A string is quasiperiodic if it can be covered by a
shorter string. A string is superprimitive if it is not quasiperiodic. If a superprimitive string
t covers a string w then ¢ is called quasiperiod of w [37, 38]. For example, let V' = {a, b, c}
be the alphabet. Then the word w = abcabcab is primitive but not superprimitive, covered

by abcab, whereas a™b"™ is superprimitive for m, n > 1.

A quasiperiod t of a string w is a unique substring of w which covers the word w, therefore
t is both prefix and suffix of w [37].

2.4 [-Primitive Words

Let L be a language over an alphabet V. A word x € V' is said to be an L-primitive word if
2 is not a proper power of any word in L. The set of L-primitive words over the alphabet V'
is denoted by QL(V') or simply QL and the set of non-L-primitive words over the alphabet
V is denoted by ZL.

An L-primitive word need not be primitive. For instance, let L = {abab} C {a,b}*.
Clearly, the word abab is an L-primitive word, but not a primitive word. For w € V', we

define the set of L-primitive roots of w, denoted by /w, is defined as
Yw={z c QL |z* =w, for some integer k > 1}.
Further, for X C V*, the L-primitive root of X, denoted by v/X, is defined as

- U v

w e X\{\}
Some basic properties of L-primitive words are as follows.

(a) If L = ¢, then QL = VT, the set of all nonempty words over V.
(b) If L =V*, then QL = Qy, the set of all primitive words over V.

Proposition 2.2 ([39]). If L and L are two subsets of V*, then L1 C Loy — QLo C QL.
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Proposition 2.3 ([39]). Every primitive word is an L-primitive word. Hence, if |V | > 2, then
QLI = .

DRUCNS 3t
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“God helps those who help themselves."

Swami Vivekananda

Chapter

Robustness of Primitive Words

3.1 Substitute-Robust Primitive Words

3.1.1 Symbol Substitution and Primitivity
Let V be an alphabet. For z € V'*, consider the set
one(xz) = {x1bxy | x = x1a29,21, 29 € V*,0,b € V,a # b}

A primitive word is Subst-robust if w remains primitive on substitution of any arbitrary
symbol from the word w. In other words we say that x is subst-robust primitive word if
one(z) C @ [15].

The language of primitive words, @), contains both subst-robust and non-subst-robust
words of arbitrary length. For example, w, = abab?...a"™b", n > 3 are subst-robust,
whereas z, = ab™,n > 1 are not. (Note that replacing the second occurrence of b by a
in primitive word v = bbabaa we get the non-primitive word baabaa, therefore u is not

subst-robust.)

Proposition 3.1 ([15]). If V is an alphabet containing at least three symbols, then for each
word x € V* and for each decomposition x = x1axs, x1,22 € V*, a € V, thereisb € V, b # a,

such that x1bxo is primitive.

If we start with x € V*, x € Z, then all substitutions in x gives a primitive word: from
Corollary 2.2(b), we know that if x = xaxs is not primitive then all words x1bx2,b # a, are
primitive. The argument holds even for V' = {a, b}. The assertion in Proposition (3.1) does

not hold true for V' = {a, b}, e.g., we can not replace the second occurrence of a by b in the
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word abaabb , or the last occurrence of b by a without loosing the primitivity. However, we

have the following result.

Lemma 3.1. If V = {a, b}, then for each word x € V*, |xz| > 3, and for each decomposition
T = z1cdro, 11,79 € V¥, ¢,d € V, at least one of the words x1c dxs, x1cd xo is primitive,
where c,d,c/,d € V,d #candd # d'.

Proof. We prove it by contradiction. Consider a word = with || > 4. Then x can be written
as r = r1afxy where o, 5 € V, |z1x2| > 2. As Q is reflective, then to prove the lemma it is

sufficient to prove that at least one of the xox10/, xox1a is primitive.

Assume on the contrary, zoz10/3 = u™, vox1af’ = v™ for m,n > 2 and u,v € Q. It is not
possible to have m = n = 2 otherwise u = v which is a contradiction. So we can assume
that at least one of m and n is greater than 2 and without loss of generality we assume that
m > 3, n > 2. Similarly, we cannot have |u| = 1. Otherwise xox10/3 = «™ implies that
u € {a,b}. Then as « # o/,  # (' then xox1af’ is primitive which is a contradiction to the
assumption. Hence we have |u| > 2.

Now, we have |zox1| = m|u| — 2 and |z9z1| = n|v| — 2 which implies that
2|zoz1| = mlu| + njv| — 4

m n
= |xom1| = §|u| + §|v| -2
Asm > 3, n > 2, we can write |zoz1| > |u| 4 |v| + 3|u| — 2. Since |u| > 2 we obtain

|xox1| > |u| 4 |v| — 1. Consider the following cases.

(@) If |xzox1| = |u| + |v] — 1 then m = n = 2 which leads to a contradiction.

(b) If |zoz1| > |u| + |v| — 1 then by Theorem 2.5, there exist a word y such that u = y*
and v = ¢ for some integers k, I. Hence zz1¢/ 8 = y*™ and zoz1a8’ = 4™ which is

a contradiction.

Thus at least one of the zox10/3 and x93 is a primitive word. O

The condition |z| > 3 in the Lemma 3.1 is necessary: for = ab, neither aa nor bb is
primitive. Note also that ab is primitive, hence the condition of x being primitive does not
help.

A subst-robust primitive word w is a primitive word which remains primitive on substitute

of any arbitrary symbol from the word w. The formal definition is as follows.
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Definition 3.1 (Substitute-Robust Primitive Word). A primitive word w of length n is said to

be subst-robust primitive word if and only if the word
pref(w,i) .a. suf(w,n —i—1)
is a primitive word for all i € {0,1,...,n — 1} and foralla € V.

For example, the words abba and a"b™ for n > 2 are subst-robust primitive words.

The collection of all subst-robust primitive words over an alphabet V' is denoted by Qg.
Clearly, the language of subst-robust primitive words is a subset of the set of primitive
words, (). Next lemma is a structural reformulation of definition of subst-robust primitive

words.

Proposition 3.2. A primitive word w is not subst-robust if and only if w can be expressed in
the form of u*1uj cusu®? where u, uy,us € V¥, ki, ko > 0, k1 + ko > 1 and uibuy = u, for some
c#b c,beV.

Proof. We prove the sufficient and necessary conditions below.

k1441 cusuF2 where uibus = u

(<) This part is straightforward. Let us consider a word w = u
for some b # c and b, ¢ € V. Now substitution of the letter b at place of ¢ in w gives the
exact power of u which will be a non-primitive word. Hence, w is not a subst-robust

primitive word.

(=) Let w be a primitive word but not subst-robust primitive word. Then there exists a
decomposition w = w;cws for ¢ € V such that w;bws is not a primitive word for some
b# cand b € V. That is, wibwy = u™ for some u € Q and n > 2. Therefore wy = u"u;

and wy = uou® for r, s > 0 and r + s > 1 such that u1bus = u. Hence w = u"uqcusu®.
d

We denote the set of non-subst-robust primitive words as Qg = Q \ Qg, where ‘\’ is the
set difference operator. By Lemma 2.9, we know that the language of primitive words @
and the language of non-primitive words Z over an alphabet V' are reflective. Similarly, we

have the property of reflectivity for the language of subst-robust primitive words Q.

Lemma 3.2. If w € Qg then rev(w) € Qg.

Proof. We prove this by contradiction. Let w € Qg such that rev(w) is not a subst-robust

primitive word. Therefore, rev(w) = p"piapap® where p € @ and p = p1bps for some
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a # b. Then the word w = rev(p"piapap®) = (rev(p))® rev(p2) a rev(pi) (rev(p))” and
since p = p;1 b po, so rev(p) = rev(pz) b rev(py). By Proposition 3.2, w is not a subst-robust

primitive word, which is a contradiction. Therefore, if w € Qg then rev(w) € Qg. O

Next we show that any cyclic permutation of a subst-robust primitive word is also a subst-

robust primitive word.

Theorem 3.1. Qg is reflective.

Proof. (By contradiction.) Let there be a word w = zy € Qg such that yz ¢ Qg. Since
w € Qg hence w € Q. Q is reflective (lemma 2.9), therefore yz € @ and so yz € Q \ Qs,
that is, yz € (5. Using Proposition 3.2, we have yx = u"ujauou® where u = uibuy € V* for
someb € V,b+# aandr+ s > 1. We consider here two cases depending on the inclusion of

the letter a either in word y or in the word z.

Case A If a is contained in y, we consider two subcases.

Case A.1 If ujaus is contained in y then y = w"ujaugu” v}, and z = uhu® for u =
urbug = ujuh. So zy = u’zuslu”ulaugur'u’l which is not subst-robust as after
substitution of a by b the new word will be ubu® u"uibusu” vy = (uhu})¥ +7+7"+2
which is not a primitive word. This is a contradiction to the assumption that
w=zy € Qg.

Case A.2 If a portion of uy belongs to y then y = v ujau), and z = uguS for u =
urbus and ug = ugug Now, zy = ugusu’"ulbué which is not subst-robust as
after substitution of a by b, and the result will be (uqu;bu})**"+! a non-primitive

word. This is a contradiction to the assumption that w = zy € Qs.

Case B If a belongs to z, similar subcases as in Case A are to be considered and proved.

Hence Qg is reflective. O

Corollary 3.1. Qg is reflective.

Proof. We prove it by contradiction. Let there be a word w = zy € Qg such that yz ¢ Q<.
By Lemma 2.9, we have that 2y € Q and Q is reflective, so, yx € Q. Therefore yzr € Q \ Qg,
that is, yx € Qg. Since Qg is reflective, by Theorem 3.1, we have zy € Qg, which is a
contradiction. Hence yr € Qg. O

Corollary 3.2. A word w is in the set Qg if and only if it is of the form u™u'a or its cyclic

permutation for some u € Q, u # a, n > 1 and u = u'b for some b € V and b # a.
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Proof. We prove the sufficient and necessary conditions below.

(=) Let w € Qg, then w can be written as w = u"ujaugu® where u(= u1buz) € @ for some
b # aand a,b € V. Since Qg is reflective, and upu*u"uib = ((ugu1b)"™**1) € Z and

so w is a cyclic permutation of v"*5v'a where v = v'b and v = ugu;.

(«) If aword w is a cyclic permutation of u"u’a for n > 1 then after replacing a by b it gives

a cyclic permutation of »"*! which is non-primitive. Since Z is reflective therefore,
w e Qg

O]

Observe that not all infinite subsets of () are reflective. For example, the subset {a"b" |
n > 1} of @ over the alphabet {a,b} is not reflective. We now investigate the relation
between the language of non-subst-robust primitive words with the traditional languages

in Chomsky hierarchy.

Theorem 3.2. Qg is not a context-free language.

Proof. On contradiction, let us assume that Q)5 is a context-free language. Let p > 0 be
an integer which is the pumping length that is guaranteed to exist by the pumping lemma.
Consider the string s = a?*1bPT1aP2bP, where a and b are distinct letters from the underly-

ing alphabet V. It is easy to see that s € Qg and |s| > p.

Hence, by Pumping Lemma for context free languages, s can be written in the form
s = uvwzy, where u, v, w, x, and y are factors, such that [vwz| < p, [vz| > 1, and uwwFwzry
is in Qg for every k > 0. By the choice of s and the fact that [vwz| < p, it is easily seen
that the substring vwz can contain no more than two distinct symbols. That is, we have
wvwzy = aP TP aPt20P vwa < p, vx| > 1. There are four main cases to be considered.

The string vwz is
(a) power of a.
(b) power of b.
(c) of the form a/b*, j, k > 1.

(d) of the form ¥/a*, j,k > 1.

Case (a) First we discuss pumping lemma such that vwz is a power of a. There are two
possible cases.

D) u=a" v=0d,w=d" z=d,y=a"bPTlaPt2?,

JHI>Lj+k+i<pm+j+k+i+n=p+1
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In this case, pumping lemma does not satisfy for i = 0 as uv'wz'y = a? bPH1aP+2pp
¢ Qg, where 1 <p' (=m+k+n) <p.

(i) u=aP M Pta™ v=0a’, w=d", z=d, y=a"bP,
jHI>1,j+k+l<pm+j+k+l+n=p+2.
Fori = 3, wiwz'y = a1 WP+ 1a? b ¢ Qg asp’ (= m+3j+k+3l+n = p+2+2j+20) >
p+3
and therefore no replacement in uv‘wa'y is possible to make it non-primitive, and

therefore pumping lemma does not hold.
Case (b) Next we discuss the pumping lemma such that vwzx is a power of b.

@ u=atbm, v = b, w =052 =0b,y =P, j+1>1,j+k+1<p,
m+j+k+l+n=p+1.
wiwaly = aP P aP 2P ¢ Qg fori =2asp > p+ 3.

Clearly in this case pumping lemma does not hold.

(i) w = aPP Pt lart2pm o = b w = b5, w = by = b 4l > 1, k41 < p,
m+j+k+1l+n=p.
wiwzly = aPTPHaPT2p ¢ Qgfori=4asp > p+3

that is, in this case also no replacement will give non-primitive word.

Case (c): In this case we discuss the pumping lemma so that vwz = a?b*, j,k > 1.
We have, u = a™, v =/, w = a¥ , & = a'bF, y = bralt2bP.

Here j+1l+k>1,j+ K +k+i<pm+j+k +l=p+landk+n=p+1.

In this case, uwviwzly = a™a® a* alb*albFalbFbmaPT2pP

= aPTla?ibkalbkalpptl gp+2pp,
In this case for i = 3, w'wa'y ¢ Qg as0 < L,k < p.

Case (d) Similar to Case (c), we can find i in this case as well, such that pumping lemma
does not hold.

Since pumping lemma does not hold in any case, therefore ()5 is not context-free. O

3.1.2 Recognizing Subst-Robust Primitive Words

In this section we give a linear time algorithm to recognize a subst-robust primitive word.
An algorithm to test whether a given word is primitive, is based on the lemma 2.7 which

state that a word w is primitive if and only if w is not an internal factor of ww.
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Observe that if a word w € QQg, then by Corollary 3.2, there exists a cyclic permutation of
w which contains a factor of length |w|— 1 with periodicity p which divides |w| and Jul > 2.

We make use of this fact in the following theorem by observing that the word ww contains

a periodic substring (of length |w| — 1) of one of the cyclic permutation of a word w.

Lemma 3.3. Let u be a primitive word. Then u is a non-subst-robust primitive word if and
only if the word uu contains a periodic word of length |u| — 1 with periodicity p such that p

divides |u| and Jul > 2.
p

Proof. We prove the sufficient and necessary conditions below.

(=) Let u be a non-subst-robust primitive word. Thus « can be written as ¢"t;atst® where
ti,to € V*,a € V,r+s > 1and t = t1bty for some a # b. Thus, the word uu =
t"t1atat®t"t1atot® contains a factor ¢9t°t"t; of length |u| — 1 which is equal to the

primitive word (t2t15)"5tat;.

(<) Let the word uu have a factor of length |u| — 1 which is periodic with periodicity p such
that M > 2 where u is a primitive word. Then uu = t1p"p’ats, where t1,t5 € V*,
Ip"p/| p: lul — 1, p = p'b € Q for some a # b and » > 1. Since |[p"p'a] = |u|, and
therefore v is a cyclic permutation of non-subst-robust primitive word p"p’a. Since

Qg is reflective, therefore u € Qg.

Let u be primitive word. The following corollary claims that there are some maximal

repetitions with specific periods in the word uu whose lengths are at least [u| — 1 if u € Q4.

Corollary 3.3. Let u be a primitive word. If the word uu contains a maximal repetition of
length at least |u| — 1 with a period p where p divides |u| and p < |u| then u is a non-subst-

robust primitive word.

Proof. Let a maximal repetition v*v; be a factor of uu for v € @, k > 2 and v, be prefix of v
such that |v;| = |v| — 1. Since |v| divides |u|, we have |u| = r|v| for some r» > 2 and r < k,

that is, uu contains v"v;. Hence by Lemma 3.3, u is a non-subst-robust primitive word. [

The computation of maximal repetitions in a word can be done in linear time in terms of
the length of the input word [17].
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3.2 Del-Robust Primitive Words

In this section, we present another type of primitive words which remain primitive after
deletion of any one symbol. Such words are called del-robust primitive words. On the basis
of characteristics of primitive words we observe some properties of such words and relation
with some formal languages. We give a linear time algorithm to verify the del-robustness of

primitive words.

Definition 3.2 (Del-Robust Primitive Word). A primitive word w of length n is said to be

del-robust primitive word if and only if the word

pref (w, i) . suf(w,n —i—1)
is a primitive word for all i € {0,1,...,n — 1}.

For example, the words a*b® and aba®b?...a™b™ for m > 2 are del-robust primitive

words.

The collection of all del-robust primitive words over an alphabet V is denoted by @p.
Clearly, the language of del-robust primitive words is a subset of the set of primitive words,
(). Next we give a structural characterization of the words that are in the set () but not in

the set Qp. The definition can be written in form of following lemma.

Proposition 3.3. A primitive word w is not del-robust if and only if w can be expressed in the

form of uFrujcusu®? where u,ui, ug € V¥, uqug = u, ¢ € V, ki, ko > 0and ki + ky > 1.
Proof. We prove the sufficient and necessary conditions below.

(«=) This part is straightforward. Let us consider a word w = uFluycusu®? where ujus = u
and ¢ € V. Now deletion of the letter ¢ in w gives the exact power of « which will be

a non-primitive word. Hence, w is not a del-robust primitive word.

(=) Let w be a primitive word but not del-robust primitive word. Then there exists a
decomposition w = wicws for ¢ € V such that wjws is not a primitive word. That
is, wiwy = u” for some u € (Q and n > 2. Therefore wy = v"u; and we = usu® for

r,s > 0 and r + s > 1 such that ujus = u. Hence w = u"ujcugu®.

O

Definition 3.3 (Non-Del-Robust Primitive Words). A primitive word w, is said to be non-del-
robust primitive word if and only if w € Q and w ¢ Qp. Further, Q1 = Q \ Qp, where *\ is

the set difference operator.
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Proposition 3.4. Let u,v € Q, u™ = ujaug and v = uyuz. Then u™v" € Qp for m,n > 2.

Proof. From Lemma 2.10, we know that at least one of ujaus and wjus is primitive. Since
u™ = ujauz and v = wujug, therefore u™v™ = ujaus(uiuz)™. After deletion of the letter a
we will get (ujug)™! which is not a primitive word. However, by Lemma 3.5, «™v" is a

primitive word for m,n > 2. Hence it is not a del-robust word, that is, v™v" € Q. O

Next, we discuss the reflective property for the language of del-robust primitive words

Qp-

Lemma 3.4. If w € Qp then rev(w) € @p.

Proof. We prove this by contradiction. Let w € @Qp such that rev(w) is not a del-robust
primitive word. Therefore, rev(w) = p"piapsp® for some p € @ and p = p1ps. Then the
word w = rev(p"prapap®) = (rev(p))® rev(pe) a rev(pi) (rev(p))” and since p = pipa, SO
rev(p) = rev(p2)rev(p;). By Proposition 3.3, w is not a del-robust primitive word, which is

a contradiction. Therefore, if w € p then rev(w) € Qp. O

Next we show that any cyclic permutation of a del-robust primitive word is also a del-

robust primitive word.

Theorem 3.3. Q)p is reflective.

Proof. (By contradiction.) Let there be a word w = zy € @Qp such that yx ¢ Qp. Since
w € Qp, hence w € Q. By Lemma 2.9, we know that @ is reflective. Therefore yx € @
and so yz € Q \ @Qp, thatis, yr € Q. Using Proposition 3.3, we have yr = u"ujausu®
where u = ujus € V*, a € V and r + s > 1. We consider here two cases depending on the

inclusion of the letter a either in word y or in the word .

Case A If a is contained in y, we consider two sub-cases.

. . . ! /
Case A.1 If ujaus is contained in y then y = w"ujaugu” v}, and z = whu® for u =
! ! . . .
urug = ujub. So xy = uhu® u"ujausu” u) which is not del-robust as after deletion
. / ! . . . o e . .
of a the new word will be (ubu})* T+ +2 which is not a primitive word. This is

a contradiction to the assumption that w = zy € Qp.

Case A.2 If a portion of uy belongs to y then y = w"ujau), and z = ugus for u =
urug and uy = uhuy. NOw, zy = usu®u’uiaul, which is not del-robust as after
deletion of a, and the result will be (uyuiub)*t" ! a non-primitive word. This is

a contradiction to the assumption that w = zy € Qp.

Case B If a belongs to z, similar sub-cases as in Case A can be considered and proved.
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Hence Q) p is reflective. O

Corollary 3.4. Q5 is reflective.

Proof. We prove it by contradiction. Let there be a word w = zy € @ such that yz ¢ Q5.
We have that zy € @ and Q is reflective, so, yx € Q. Therefore yz € Q \ Qp, i.e. yz € @p.

Since @ p is reflective by Theorem 3.3, we have zy € @Qp, which is a contradiction. Hence

yz € Qp- O

Corollary 3.5. A word w is in the set Qp if and only if it is of the form u"a or its cyclic

permutation for some u € Q, u # a and n > 2.
Proof. We prove the sufficient and necessary conditions below.

(=) Let w € Qp, then w can be written as w = u"ujauzu® for some u(= wjuz) € Q and

a € V. Since Q is reflective, therefore usuu"uia = ((ugui)"*1a) is also in Q5.

(<) If a word w is a cyclic permutation of u"a for n > 2 then after deletion of a it gives

a cyclic permutation of 4™ which is non-primitive (since Z is reflective). Therefore,
w € QE

O]

We now investigate the relation between the language of non-del-robust primitive words

with the traditional languages in Chomsky hierarchy.

Theorem 3.4. Q) is not a context-free language.

Proof. Let us assume that () is a context-free language. Let p > 0 be an integer which is
the pumping length that is guaranteed to exist by the pumping lemma. Consider the string
s = aPT1bPaPbPaPbP, where a and b are distinct letters from an alphabet V. It is easy to see
that s € Q5 and [s| > p.

Hence, by the Pumping Lemma 2.6, s = uvwzy, where u, v, w, z,y € V* such that [vwz| <
p, [vz| > 1, and wo'wz'y € Q for every i > 0. By the choice of s and the fact that [vwz| < p,
it is easily seen that the substring vwz can contain no more than two distinct symbols. That
is, we have s = wwwzy = a?T1bPaPbPaPb?, vwz < p, |vz| > 1. There are four main cases to

be considered. The string vwz is

(a) power of a.

(b) power of b.
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(c) of the form a/b*, j, k > 1.

(d) of the form ¥/a*, j,k > 1.
Case (a) vwz is a power of a.

a(1) In this case we check for first substring of a, that is in a?™!. u = o™, v = ¢, w = a*
r=adl,y=a"bPaPPaPtP, j+1>1,j+k+1<p,m+j+k+l+n=p+1.
Now, uviwz'y = a? bPaPbPalbP ¢ Qpfori=0as1 <p (=m+k+n) < p. Therefore,

in this case pumping law does not hold for ). Next two cases a(2) and a(3) is to

J

check pumping lemma in both the substring a? at second and third occurrence in the

string s.

a2) u = aPtPa™, v =al, w = af, x = dl, y = a"PaPP, j+1 > 1, j+k+1 < p,
m+j+k+1l+n=np.
wiwrly = aPbPaP PaP? ¢ Qp fori=0as0<p (=m+k+n) <p.

a3 u = aPHPaPbPa™, v = af, w = df, x = d, y =P, j+1 > 1, j+k+1 < p,
m+j+k+1l+n=p.
wiwaty = e PaPbPaP' P ¢ Qpfori=0as0<p (=m+k+n) <p.

Case (b) vwz is a power of b. We check for the partition of s such that vwz = 0™ in b(1),
b(2) and b(3) cases.

b(1) u = @™, v =V, w = bF, x = b, y = b aPOPaPWP, j+1 > 1, j+k+1 < p,
m+j+k+Il+n=p.
wtwrly = aP 1P aPbPaPbP ¢ Qpfori=0as0<p' (=m+k+n)<p.

b(2) u = aPTPaPb™, v = b, w = b, x = b, y = b"aPWP, j+1 > 1, j+k+1 < p,
m+j+k+l+n=np.
wiwaly = P PaPb aPb? ¢ Qs fori=0as0<p (=m+k+n) <p.

b(3) u = a1 PaPPaPH™, v = W, w = bF, . = b,y =b", j+1 > 1, j+k+1 <p,
m+j+k+l+n=np.
w'iwrly = a?t P aPbPalb? ¢ Qpfori=0as0<p' (=m+k+n)<p.

Case (c): In case (c), we discuss for the partition os s such that vwz = a’b¥, j k > 1. In
this case there are nine cases based upon the division of v, w, and k in a/b* and position of

vwz in s.

c(1) u:am,v:aj,w:ak/,x:albk,y:b”apbpapbp,j—i—l—i—k:21,j+k’+k+l§p,
m+j+k+l=p+land k+n=p.
w'wz'y = aP bP2aPbPaPbP ¢ Qp fori =0as0<p; (=m+ k) <pandps (=n) < p.
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c(2) u=aPtPa™ v=0a),w=0a",x=adb" y=0"aPP, j+1+k>1,j+k +k+1<p,
m+j+k +l=pand k+n=np.
w'wz'y = aP 1 PaP1pP2aPbP ¢ Qp fori = 0as0 < p; (= m+k') < pand ps (=n) < p.

c(3) u:ap“bpapbpam,v:aj,w:ak/,x:albk,y:b”,j—i—l—i—k2 Lj+K+k+1<p,
m+j+k +l=pand k+n=np.
uwvlwzly = aPTPaPbPaP b2 ¢ Qp fori = 0as0 < p; (= m+k') < pand ps (=n) < p.

cd) u=amv=a,w=2ad"b,z=0" y=>0"alblaPb?, j+1I >1,j+ K +1+1 <p,
m+j+k =p+landl+1'+n=np.
wlwzty = aP1bP2aPbPaPbP for i = 0, where p; = m+k’ and p, = [ +n. Since j+1' > 1
therefore either (p; < p and ps < p) or (p1 < p+ 1 and ps < p — 1). In both the cases
w'wz'y = aP bP2aPbPaPtP ¢ Q.

c(5) u=aPtPa™, v =al, w = a"'V,, . =B, y = 0PV, j+ U > 1, j+ K +1+1 <p,
m+j+k =pandl+1U'+n=p.
w'lwzly = aPTIhPaP1bP2aPP for i = 0, where p; = m + k' and p, = | + n. Since
j + 1" > 1 therefore either (p; < p and p, < p or (p; < p and po < p). In both the

cases w'wz'y = aP'bP2aPbPaPbP ¢ Qp.

c(6) u = aPtbPalbPa™, v =af, w=a*b, x = b, y=b", j+U>1, i+ K +1+1 <p,
m+j+ k" =pand !+ ' +n = p. Similar to the case c(5).

(7)) u=a™ v=ab", w="0b,z="0y=0"aPbPalb’, j+ Kk +1I'>1,j+ K +1+1<p,
m+j=p+landk +1+1U+n=np.
w'wr'y = aP'bP2aPbPaPbP ¢ Qp fori =0as pi(=m) <pandps (=1 +n) < p.

c(8) u=aPtbPa™, v =alb, w=">b,x=b",y =b"aPb?, j+k +1'>1,j+k +1+1' <p,
m+j=pand ¥ +1+10'+n=p.
w'wz'y = aP 1 bPaP bP2aPhP ¢ Q5 for i = 0 as pi(=m) <pandps (=1+n) < p.
c(9) u = aPtbPaPbPa™, v =¥ , w =0 x =0, y=b", j+ kK +U >1,j+k +1+1 <p,
m+j=pand k' +1+1'+n=p.
uvlwzly = aPPaPbPaP1bP? ¢ Q7 fori = 0as pi(=m) <pandpy (=1+n) < p.

Case (d) Next we discuss for the division of s = uvwzy such that vwz = ba¥, j,k > 1.

d() u=a? ", v =0, w =0,z =bld", y = a"bPaPb?, j+14+1>1,j+K +1+1 <p,
m+j+k'+l=pandl' +n=p.
w'wz'y = aP TP aP2bPaPbP ¢ Qp fori =0aspy (=m+ k') <pand po(=n) <p

d(2) u=a? 1 bPalb™, v =0, w =0,z =bd", y=a™®, j+ 14+ >1,j+K +1+1 <p,
m+j+k +1=pand!l' +n = p. Similar to case d(1).
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d@) u=a’tv™, v=b,w=0d,z=d',y=a"WPaP?, j+1I >1,j+k +1+1 <p,
m+j+k =pandl+1'+n=np.
wlwzrly = aPTHP1aP2bPaPbP for i = 0, where p; = m + k' and p, = | + n. Since
j + 1" > 1 therefore either (p; < p and p, < p or (p; < p and po < p). In both the

cases uwv'wz'y = a1 bP2aPbPaPbP ¢ Q.

d4) u = a?t e, v =W, w=0d,z =d',y=a™P, j+1I > 1, j+ kK +1+1 <p,
m+j+ k" =pandl+1'+n = p. Similar to case d(3).

d(5) uw= a1, v =bd", w=d,z=d",y=a"WPaPtP, j+ Kk +1'>1,j+ K +1+1' <p,
m+j=pand k' +1+1I'+n=p
uvtwrly = aPTbP1aP2bPaPbP ¢ Qp fori = 0as py (=m) <pand ps = (I +n) < p.

d(6) u = a? 1 bPaPb™, v = ba*, w =d!, z = d, y=a",j+1U'>1,5+K +1+1 <p,
m+j=pand k' +1+1' +n = p. Similar to case d(5).

In any of the above cases Pumping Lemma does not hold, therefore the assumption that

() is context-free must be false. O

3.2.1 Recognizing Del-Robust Primitive Words

In this section we give a linear time algorithm to recognize a del-robust primitive word.
An existing algorithm to test whether a given word is primitive, is based on the idea that
a word w is primitive if and only if w is not an internal factor of its square ww, that is,

ww = rwy implies that either x = A or y = A [1].

Observe that if a word w € 3, then by Corollary 3.5 there exists a cyclic permutation of
w which contains a non-primitive factor of length |w| — 1. We make use of this fact in the
following theorem by observing that the word ww consists of all the cyclic permutation of

a word w.

Theorem 3.5. Let u be a primitive word. Then u is a non-del-robust primitive word if and

only if the word uu contains at least one non-primitive word of length |u| — 1.

Proof. We prove the sufficient and necessary conditions below.

(=) Let u be a non-del-robust primitive word. Thus u can be written as t"t,atot® for some
primitive word ¢t = t1to where t1,t5o € V*, a € V and r + s > 1. Thus, the word
uu = t"tyatat’t"t1atet® contains a factor tot°t"t; of length |u| — 1 which is equal to the

non-primitive word (tat;)"t5+1.
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(<) Let the word uu have a non-primitive factor of length |u| — 1 where u is a primitive
word. Then uu = t1p"ts, where t1,to € V*, |p"| = |u] — 1, p € Q and r > 2. Here we
have two cases to consider viz. either the word p" is entirely contained in the word «

or some segment of the word p” is contained in the word u.

Case A Let p" be entirely in u. Then w is not del-robust as u can be either ap” or p"a

for some a € V.

Case B Let some portion of p" be contained in u. Since uu = t1p"to and Z is reflective
(by Lemma 2.9), we have tot1p” = u/u/, where v’ is cyclic permutation of w.
Here p" is entirely in «’ which is the Case (A). Therefore v’ = ap”, that is, v’ is a
non-del-robust word. Thus u, which is nothing but a cyclic permutation of v/, is

also a non-del-robust word.
O

Recall the definition of maximal repetitions given in Section 2.1. Let u be primitive word.
The following lemma claims that there are some maximal repetitions with specific periods

in the word uu whose lengths are at least |u| — 1 if u € Q.

Corollary 3.6. Let u be a primitive word. If the word uu contains a maximal repetition of
length at least |u| — 1 with a period p where p divides |u| — 1 and p < |u| — 1 then u is a

non-del-robust primitive word.

Proof. Let a maximal repetition v*v; be a factor of uu for v € @, k > 2 and v; be prefix of
v. Since |v| divides |u| — 1, we have |u| — 1 = r|v| for some » > 2 and r < k, that is, uu

contains v". Hence by the Theorem 3.5, u is a non-del-robust primitive word. O

The computation of maximal repetitions in a word can be done in linear time in terms
of the length of the input word [17]. Next we present a linear time algorithm to test del-
robustness of a primitive word by using the algorithm, FINDMAXIMALREPETITIONS, that

finds maximal repetitions and testing primitivity in linear time for a given word.

Theorem 3.6 (Correctness of the ISDELROBUST Algorithm). Let uw be a word. The Algorithm

1 returns True if and only if u is a del-robust primitive word.

Proof. The correctness of the algorithm follows from the Corollary 3.6 which is used in the
step 8 of the algorithm. O

Theorem 3.7 (Complexity of the ISDELROBUST Algorithm). The time complexity of the Al-
gorithm 1 for an input word with length n is O(n).
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Algorithm 1 DEL-ROBUST PRIMITIVE WORD
Input: A finite word «
Output: “True” if u is a del-robust primitive word, else “False”

1: procedure [ISDELROBUST

2: Let v < uu.
3: S «+ FindMaximalRepetitions(v) > S is a set of pairs of period and length.
4: for all (p;,l;) € S do
5: if |u| mod p; = 0 and p; < |u| then > Testing primitivity.
6: return False > The word u is not primitive.
7: end if
8: if p; < |u|—1and (Ju| —1) mod p; =0and l; > |u| — 1 then
9: return False (Corollary 3.6) > The word u is not del-robust.
10: end if
11: return True > The word w is del-robust.
12: end for

13: end procedure

Proof. In step (3), the set of pairs of periods and corresponding lengths of maximal repe-
titions of uu can also be computed in linear time [17]. The number of pairs returned in
step (3) is bounded by O(n). Thus, step (4) - (9) takes linear time to find those periods
which are mentioned in Corollary 3.6. Therefore the total time taken by the algorithm to

test del-robustness of a word of length n is O(n). O

3.2.2 Counting Del-Robust Primitive Words

In this section we give a lower bound on number of n-length del-robust primitive words.
Let V be an alphabet and Z(n) = V" \ Q(n) be the set of n-length non-primitive words.
Given a word w € Z(n — 1) and a symbol a € V, the number of the words that are obtained

by inserting @ in w is equal to
{wiaws | w = wiwe, wi,wy € V¥ =n — |w|g.

(For example if w = w;.a.a.w9 then insertion of a immediately before aa or in between aa
or after aa gives the same word, that is, insertion at two positions is not required which is

same as |aa|. Similarly, we can prove it for w = wiawsaw,.)

Now for a given word w the number of all words that can be obtained by inserting any

TH-1934 11610113 25



3.3. INS-ROBUST PRIMITIVE WORDS

one symbol from V' is given by

H{wiaws | w = wiwe, wi,we € V¥ a €V}

= Y (m—wla)=n[V]= X [wla=n[V|-(n-1)=n[V]-n+1
aeV acV

We know from Lemma 2.10 that a non-primitive word w either remains non-primitive
after inserting a symbol a if w = a"~! or become non-del-robust primitive word. Therefore,
the number of non-del-robust primitive words of length n, Q(n), is the difference between
the number of all words obtained by inserting a symbol in the words from set Z(n — 1) and
the number of elements in set {a" | @ € V}. We can find an upper bound on number of

non-del-robust primitive words of length n as follows.

Q5 (n)| = [{wiaws | w =wiwy € Z(n — 1), wi, w2 € V*,a € V}| - |V]|

<> 2 Hwiaws |w=wws}| - |V|
aeV weZ(n—1)

< Y V]l-n+1)—1|V]

WEZLp—1

< (VI=n+1)|Z(n -1)| = V]

From the Proposition 3.6, we have the number of primitive words of length n that is |Q(n)|.
Since Z(n) = V" \ Q(n) we have |Z(n)| = |V"| —|Q(n)| and number of del-robust-primitive
words of length n over alphabet V' is |Qp(n)| = |Q(n)| — |Q5(n)|.

3.3 Ins-Robust Primitive Words

Definition 3.4 (Ins-Robust Primitive Word). A primitive word w of length n is said to be

ins-robust primitive word if the word
pref(w,i) . a . suf(w,n—1)
is a primitive word for all i € {0,1,...,n} where a € V.

There are infinitely many primitive words which are ins-robust. For example, the words
a™b™c™ for n > 1 are ins-robust primitive words. We denote the set of all ins-robust primitive

words over an alphabet V by ;. Clearly the language of ins-robust primitive words is a
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subset of the set of primitive words, that is, Q; C Q.

Following theorem is a reformulation of the definition of ins-robust primitive words.

Theorem 3.8. A primitive word w is not ins-robust if and only if w can be expressed in the

form of u"ujugu® where u = ujcus € Q, uy, ug € V*, forsomece V,r, s >0andr + s > 1.

Proof. We prove the sufficient and necessary conditions below.

k1 usuk2 where uqcus = u

(<) This part is straightforward. Let us consider a word w = u
for some ¢ € V. The word w is primitive by Lemma 2.10(b). Now insertion of the
letter ¢ in w (between u; and us) gives the exact power of u« which become a non-

primitive word. Hence, w is not an ins-robust primitive word.

(=) Let w be a primitive word but not ins-robust. Then there exists a decomposition w =
wiws such that w cws is not a primitive word for some letter ¢ € V. That is, wicws =
p" for some p € @Q and n > 2. Therefore w; = p"p; and we = pop® for r,s >

0 and r + s > 1 such that p;cps = p. Hence w = p"p1pap°.

O

Definition 3.5 (Non-Ins-Robust Primitive Words). A primitive word w is said to be non-ins-
robust if w € Q but w ¢ Q. We denote the set of all non-ins-robust primitive words as Q7. So,
Q7 = Q \ Qr, where \is the set difference operator.

The next theorem is about an equation in words and identifies a sufficient condition under

which three words are power of a common word.

Theorem 3.9 ([11]). If u™v"™ = w* # X for words u, v, w € V* and natural numbers m, n,

k > 2, then u, v and w are powers of a common word.

The following lemma is a consequence of the Theorem 3.9 which states that a word

obtained by concatenating powers of two distinct primitive words is also primitive.
Lemma 3.5 ([33]). If p,q € Q with p # q then p'¢’ € Q for all 4, j > 2.

Proposition 3.5. If u,v € Q, ™ = ujug and v = ujcuy for some ¢ € V then u™v" € Q7 for

m,n > 2.

Proof. From Lemma 2.10(b), we know that at least one of ujus and u;cus is primitive. Since
u™ = ujug for m > 2 and v = u; cug, therefore v is primitive and so is u™v"™ = ujug(ujcuz)™.

After insertion of the letter ¢ we will get (ucug)™ ! which is not a primitive word. However,
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by Lemma 3.5, «v™ is a primitive word for m,n > 2. Hence it is not a ins-robust word,
that is, u™v" € Q7. O

As mentioned earlier, if a word w is primitive then rev(w) is also primitive. We prove this

for ins-robust primitive word.

Lemma 3.6. If w € Q1 then rev(w) € Q.

Proof. Assume that for a word w € @y, rev(w) is not a ins-robust primitive word. i.e.
rev(w) = p"p1p2p® where p = p1epe € @ for some ¢ € V. Then the word w = rev(rev(w)) =

rev(p"pipap®) = (rev(p))® rev(ps) rev(pr) (rev(p))” and p = picpe, rev(p) = rev(p2) crev(pr).
By Theorem 3.8, w is not a ins-robust primitive word, which is a contradiction. Therefore,
if w € Qr then rev(w) € Q. O

Next, we show that the language of ins-robust primitive words, @, is reflective.

Theorem 3.10. Q; is reflective.

Proof. Let there be a word w = zy € @ such that yz ¢ Q;. Since w € @, hence w € Q.
By Lemma 2.9, we know that @ is reflective. Therefore yz € @ and so yx € @ \ Qy, i.e.
yr € Q7. Using Theorem 3.8, we have yx = u"ujugu® where u = ujcup € V* for some

c € V and r 4+ s > 1. There are three possibilities which are as follows.

Case A If y = v/, v = vu"?uyuou® where u = v/v” and ry + 79 +1 =r.
In this case xy = v u"uugusu™ v’ = (u"u") 20" uugu (uu')5TL.
Since u = ujcus, therefore u"uicusu’ = v uv’ = (u"u')?.

Therefore (uu')"2u"ujcugu’ (v’ = (u’u')**t"+1, that is, zy € Q7, which is a

contradiction.
Case B y = v"u/, z = v"u® where v'u" = ujus

Case B.1 If v/ = v} and v” = ufuy where wju} = u;.
Since u = ujcug = ujuf cus.

In this case xy = v"usu"u = ufugusu"ul.

Now uf cuguuuy = (ufcuguy) s+1,
Therefore zy € )7, a contradiction.

Case B.2 If v/ = uju), and v” = u} where u4uy = ug. This is similar to Case B.1.

Case C If y = v"ujugu®e/, x = u"u®? where u = v/u”. This case is similar to the Case A.
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Hence Q) is reflective. O

Corollary 3.7. Q7 is reflective.

Proof. We prove it by contradiction. Let there be a word w = zy € Q7 such that yz ¢ Q7.
We have zy € Q and Q is reflective, so yz € ) by Lemma 2.9. Therefore yz € Q \ Q7, i.e.
yx € Q. But Q) is reflective by Theorem 3.10, we have zy € Q);, which is a contradiction.

Hence yx € Q7. O

Theorem 3.11. A word w is in the set Q7 if and only if it is of the form u™u’ or its cyclic

permutation for some u € Q, u =vu'a,a €V andn > 1.
Proof. We prove the sufficient and necessary conditions below.

(=) Let w € Qy, then w can be written as w = u"ujuou® for some u (= uiaug) € Q and

a € V. Since Q7 is reflective, therefore ugu®u"u; = (uguya) " Suguy is also in Q7

(<) If a word w is a cyclic permutation of u™u’ for n > 1 and v = u’a then after insertion
of a symbol q, it gives a cyclic permutation of v+ which is non-primitive (since Z is

reflective). Therefore, w € Q7.
d

We observe that a word w is periodic with minimum period p (> 2) divides |w| + 1 and
p < |w| then w is non-ins-robust primitive word. Since @); is reflective, therefore any cyclic
permutation of w is also non-ins-robust primitive word. We know by Theorem 2.7 that
cyclic permutation of a primitive word is also primitive , so the cyclic permutation of an
ins-robust primitive word is primitive. In next result, we show that it remains ins-robust

too.

Corollary 3.8. Cyclic permutation of a ins-robust primitive word is ins-robust.

Proof. Let w € Q. Then cyclic permutation of w will be yx for some partition w = xy.
Since @y is reflective. Therefore yx is also ins-robust primitive word. This proves that any

cyclic permutation of an ins-robust primitive word is ins-robust. O

3.3.1 Ins-Robust Primitive Words and Density

It is easy to see that () is right dense [41]. In the following theorem we discuss the denseness

of language of non-ins-robust primitive words Q7.
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Theorem 3.12. Let w € V* be a word. If |w| = n and wa" € Q7 where w ¢ a* and n > 1,

2

then there exists words u, u1,us € V* such that wa™ = u*ujus and u = uybusg for some b # a.

Proof. Let wa™ € Q7.
If wa™ = u"uyuou®, where u = uybus, for some b € V. We claim that r = 2 and s = 0.

Case A. First we prove that s % 1.
If s > 1 then |u| < n + 1. We have two cases depending on the length of .

Case A(i). In this case we prove that |u| < n. On contrary if |u| = n+1 that the possibility
can be wa™ = ujugu. But then u = ba™ for some b # a. Since |u| = n + 1 and so |ujug| = n.

|wa™| = 2n + 1, which is a contradiction as |w| = n and so |wa™| = 2n.

Case A(ii). If s > 1 and |u| < n, then u = a”, where r = |u|, and therefore ujus = a" .

wa™ = a** ¢ Q7 which leads to a contradiction.
Therefore s = 0. Hence wa™ = u"ujuse. Next we prove that » = 2 is only possibility.

Case B. r = 1. This case is not possible. Because in this case wa" = uujug, lwa™| = 2n

which implies |u| = (2n + 1)/2 a non-integral value.

Case C. If » > 2. In this case we prove that » > 3 is not possible.

Let r > 3 then |wa"| = |[u"ujuz| = ((r + 1)|u| — 1). In this case |u| = %ffll *x2 < n.
Therefore u = a**! but then wa™ ¢ Q7. Hence r > 3 is also not possible.

2

Thus the only possibility is » = 2, |wa™| = u?ujus. Since ujus = o and wa™ € Q7

therefore w, u ¢ a*, and so u = a*1ba*> where k; + ko = k, b # a and ko > ki + 2. O

Lemma 3.7. Let V be an alphabet, w € V*, |lw| =nand a € V. Ifwa™ € Q7 then for b # a,
wb™ € Q.

Proof. Let wa™ € Q7. Then, by Theorem 3.12 we have,

2uuy and uqug = aF.

wa" =u
u = a®ba** where a #b.
Let wc™ be also in Q7 for some ¢ # a. Then, by Theorem 3.12 we have,
we = v2vvy and vivy = .
v =c*dc where ¢+ d.
But since |u| = |v| and w = uu’ = vv’ where v’ = wujug and v = vvjvy, therefore u = v,
that is, a*1ba*? = c*1dcke.
If k1 < k| then a = b = ¢ = d, which is a contradiction. Alternatively, if k; = k| then a = ¢

which is again a contradiction. Therefore wc™ € Q. O]

Theorem 3.13. The language Q; is dense over the alphabet V.
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Proof. Consider a word w. We only need to consider the case when w ¢ @y, thatis, w €
V*\ Q. By Lemma 3.7, there exists b € V' such that wb” € Q;, where n = |w|. Hence Q7 is

dense over V. O

3.3.2 Relation of ; with Other Formal Languages

We now investigate the relation between the language of ins-robust primitive words with
the traditional languages in Chomsky hierarchy. We prove that the language of ins-robust
primitive words over an alphabet is not regular and also show that the language of non-ins-
robust primitive words is not context-free. For completeness, we recall the pumping lemma
for regular languages and pumpimg lemma for context-free languages which will be used

to show that ()7 is not regular and @7 is not context-free respectively.

Let us recall a result which will be used in proving that the language of ins-robust primi-

tive words is not regular.

Lemma 3.8 ([42]). For any fixed integer k, there exist a positive integer m such that the
system of equations (k — j)xj +j = m, j = 0,1,2,...,k — 1 has a nontrivial solution with

appropriate positive integers xy, %z, ...,x; > L.

Theorem 3.14. ) is not regular.

Proof. Let us suppose that the language of ins-robust primitive words @); is regular. Then

there exist a natural number » > 0 depending upon the number of states of finite automaton
for Q;.

Consider the word w = a"ba™b,m > n + 1 and m # 2n. Note that w is an ins-robust
primitive word over V, where |V| > 2 and a # b. Since w € Q; and |w| > n, then it
must satisfy the other conditions of pumping Lemma for regular languages. So there exist
a decomposition of w into z, y and z such that w = xyz, |y| > 0 and zy‘z € Q; for all i > 0.

k

Let + = a*, y = a(®9), 2 = a/~*ba™b. Now choose i = z; and since we know by

Lemma 3.8 that for every j € {0,1,...,n — 1}, there exists a positive integer z; > 1 such
that zy% 2z = aFa")% 0/ "Fpa™b = ("% Hpa™b = a™ba™b = (a™b)?> ¢ Q; which is a

contradiction. Hence the language of ins-robust primitive words ()7 is not regular.

Theorem 3.15. Q7 is not a context-free language for a binary alphabet.

Proof. Let V = {a, b} be an alphabet. By contradiction, let us assume that () is a context-

free language. Let p > 0 be an integer which is the pumping length for the language Q7.
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Consider the string s = a?*1bPT1aPH1bP, where a, b € V are distinct. It is easy to see that
s € Qyand [s| > p.

Hence, by the Pumping Lemma 2.6, s can be written as uvwzy, where u, v, w, x, and y
are factors of s, such that jvwz| < p, [vz| > 1, and w'wz'y € Q7, Vi > 0. By the choice of s

and the fact that [vwz| < p, we have one of the following possibilities for vwz:

(a) vwz = o’ for some 1 < j < p.

(b) vwz = a’b* for some j and k with j + k£ < p and j, k > 1.

() vwz = b’ for some 1 < j < p.

(d) vwz = b d* for some j,k > 1 with j + k < p.
In Case (a), since vwz = a’, therefore vz = a' for some ¢ > 1 and hence wv'wz'y =
aP~tHpptlaptlpe ¢ Q7 for i = 0.

Case (b) can have several subcases.

() v=dl', w=a’, z=a’bk where j; + jo + js+k < pand j; + js + k > 1.
If vwz is in the prefix substring string a?t1pP+! then
wtwrty = aPt1-h—i2=ds g4 aI2qI8 Pk i3 bR ais bl aIspREPHI—k qPHIpp — @13 s bk
a3 bFalspPtlaPt P ¢ Qg fori =4 as0 < ji,js3,k < p—1and k > 1 so insertion of a

or b at any place can not make it non-primitive.
Similarly, we can show for the occurrence in suffix substring a?*!5?.

(i) v=a’", w=al2bF, x = b*2 where ji +ky > 1, j1 +jo+k1+ks < pand ji, jo, k1, ko >
0.
wtwzty = aPTIF3IppHIESke gptlpp ¢ Q2 for i = 4 because atleast j; or ks must be
greater than or equal to 1 and less than or equal to p.

(i) v = b, w = bk2, x = bs.

Case (b) (iii) is similar to case b(i).
Case (c) is similar to case (a) and case (d) is similar to case (b). Therefore, our initial
assumption that ()7 is context-free, must be false. O
Next we prove that the language of non-ins-robust primitive words is not context-free in

general.

Lemma 3.9. The language Q)7 is not context-free over an alphabet V where V has at least two

distinct letters.
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Proof. The proof of Theorem 3.15 can be generalized to arbitrary alphabet V having at least
two letters. The set of all words over alphabet having greater than two distinct letters also
contains the words with two letters. If )7 is assumed to be a CFL over V' where |V| > 3,
then we can choose words of the form used in Theorem 3.15 and obtain a contradiction.
Hence the language of non-ins-robust primitive words ()7 is not context-free over V' where
V| > 2. O

3.3.3 Counting Ins-Robust Primitive Words

In this section we give a lower bound on number of n-length ins-robust primitive words.
Let V be an alphabet and Z(k) = V¥ \ @Q be the set of n-length non-primitive words.

We have the following result that gives the number of the primitive words of length m.

Proposition 3.6 ([43]). Let m € N and m = m1"'ms"?...m;" be the factorization of m,
where all m;,1 <i <t, are prime and m; # mj for i # j, then the number of primitive words

of length m is equal to

=y VI gt ()Y e

1<i<j<k<t

We observe that the deletion of a symbol from a n-length non-primitive word gives a
maximum of (n — 1)-different non-ins-robust primitive words when the word is of type
aias .. .ay such that a; # a;11 for 1 < i < n — 1 and minimum it can be zero if the word
is of type a”, r > 2, a € V. Given a word w € Z(n). The number of words that can be
obtained by deleting a symbol from w is

0 < {wiws | wiaws = w, wi,wy € V¥5ia eV} <n.

We know from Lemma 2.10 that a non-primitive word w remains non-primitive after delet-

ing a symbol « if w = a™ and n > 3. Otherwise a non-ins-robust primitive word.

Q7(n) = {wiws | wiaws € Zy41,a € V,wi,we € V*}

Therefore, the number of non-ins-robust primitive words of length n, Q7(n), is the dif-
ference between the number of all words obtained by deleting a symbol from the words of
set

Z(n+ 1)\ V" where V' = {a" " |a € V} forn > 2
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We can find an upper bound on number of non-ins-robust primitive words of length n > 2

as follows.

|Q7(n)] = [{wiws | w=wibwy € Z(n+ 1)\ V" wi,wy € V¥, be VY
|Q7(n)] = [{wiwe | w=wiaws € Z(n + 1), w1, we € V*,a €V} — (n+1).|V|

<(n+1).(1Z(n+1|) — V).

From the Proposition 3.6, we know the number of primitive words of fixed length. Thus

the number of ins-robust-primitive words of length n, Q;(n), over an alphabet V is equal to

|Qn| = Q7 (n)].

3.3.4 Recognizing Ins-Robust Primitive Words

In this section, we give a linear time algorithm to determine if a given primitive word w is
ins-robust. We design the algorithm that exploits the property of the structure of ins-robust
primitive words. We state some simple observations before presenting the algorithm. The

following theorem is based on the structure of ins-robust primitive word.

Theorem 3.16. Let u be a primitive word. Then u will be non-ins-robust primitive word iff
uu contains at least one periodic word of length |u| with period p such that p divides of length

lu| + 1 and p < |ul.

Proof. (=) If u is a non-ins-robust primitive word, then u can be written as ¢"t;t2t® for some
primitive word ¢, » + s > 1 and ¢t = tjats for some symbol a € V where t1,t2 € V*. wu =
t"t1tat5t t tot®, This word contains a subword t5t5t"t; of length |u| that is (totia)"TStoty
which is a periodic word with period |t2t1a| = |t| which divides |u| + 1.

(<) Let uu has a periodic substring of length |u| with period p ( p/|u|+1 and p < |u|) where
u is primitive word. Then uu = t12"2to, where t1,to € V*, |2"2| = |u|, z € Q, » > 1 and
x = 2'a for some a € V. |t1t2| = |u|. Here we have two cases, either 2"z’ entirely contained
in u or some portion of 2"z’ contained in u.

Case A. Let 2"z’ entirely in u. Then u is not ins-robust as u = x"2’.

Case B. Let some portion of 2"z’ contained in u. Since uu = t1x"x'ty, and Z is reflective,
therefore tot12"x' = v/u’, where v’ is cyclic permutation of u. Hence, v/ = "2/, is non-ins-

robust. Since Q) is reflective, therefore w is also non-ins-robust.

O]

Corollary 3.9. Let u be a primitive word. Then u will be non-ins-robust primitive word if
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and only if there exists a cyclic permutation of u, say v/, which is a periodic with period p such
that p divides |u| + 1 and p < |ul.

Proof. The proof follows from Theorem 3.16.

Next we present a linear time algorithm to test ins-robustness of a primitive word by using

the existing algorithm for finding maximal repetitions in linear time. For more details on

the maximal repetition, see section 4 [17].

Algorithm 2 INS-ROBUST PRIMITIVE WORD
Input: A finite word «
Output: “True” if « is a ins-robust primitive word, else “False”

1: procedure [SINSROBUST

2: Let v < uu.
3: S < FindMaximalRepetitions(v) > S is a set of pairs of period and length.
4: for all (p;,1;) € S do
5: if |u| mod p; = 0 and p; < |u| then > Testing primitivity.
6: Return False > The word w is not primitive.
7: end if
8: if thenp; < |u| and (Ju| + 1) mod p; = 0 and ; > |u|
9: Return False (Corollary 3.6) > The word w is not ins-robust.
10: end if
11: Return True > The word w is ins-robust.
12: end for

13: end procedure

Theorem 3.17. Let w be a word given as input to Algorithm 2. The algorithm returns true if

and only if the word w is ins-robust.

Proof. In step (3), the algorithm finds the maximal repetitions with their periods. Since
Q)7 is closed under reflectivity, therefore uu has all the cyclic permutations of w. There is a
periodic word z"z’, a permutation of u such that z = z’a for some a € V. Therefore uu
also has this periodic word which is proved in Theorem 3.16. That is for a non-ins-robust
primitive word w, uu contains a periodic word of length at least |u| with a period p such
that p divides (|u| + 1) and p < |u|. This is explained in Step (8) where u is a primitive word

Step (6). Otherwise w is ins-robust primitive word. O

Theorem 3.18. The property of being ins-robust primitive is testable on a word of length n in
O(n) time.
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Proof. The Step (2) in Algorithm 2 has O(1) running time. In Step (3) maximal repetition
algorithm is computed using algorithm given in section 4 [17] is used which has linear time
complexity. Now from Step (4) to Step (9), the complexity depends on the cardinality of .S,
which is less than n. Hence it also has linear time complexity. Therefore by Theorem 3.16

testing ins-robustness for primitive word can be done in linear time. O

3.4 Exchange-Robust Primitive Words

We consider a new formal language class known as exchange-robust primitive words in

which exchanging two different consecutive symbols in a primitive word preserve primitiv-
ity.

Definition 3.6 (Exchange-Robust Primitive Words). A primitive word w = ajas - - - Gj+1G;+2

-+~ ay, of length n is said to be exchange-robust if and only if

pref (w, 1) . aj42ai+1 - suff (w,n —i— 2)
is a primitive word for all i € {0, 1,...n — 2}.

Observe that if a primitive word is exchange robust then it must remain primitive on
exchange of any two consecutive symbols. We denote by ) x the set of all primitive words
which are exchange-robust over an alphabet V. Clearly, the set of all exchange-robust
primitive words is a subset of ). There are infinitely many primitive words which are
exchange-robust. For example, a"b*"a", n > 2 is exchange-robust. We exchange two

consecutive symbols a and b if a, b € V and a # b.

Our next result is concerned about the exchange of two different symbols at consecutive
places in a nonprimitive word. We prove that the new word which we obtain by exchanging
two different and consecutive symbols at any position in a nonprimitive word results in a

primitive word.

Lemma 3.10. Let w be a word with |alph(w)| > 2. If w = x1abzy € Z then x1bazy € Q.

Proof. We prove it by contradiction. Since w € Z, then there exists a unique primitive
word u such that w = u™, m > 2. We can express w = u"!ujabusu™? where ujabus = u
and my; + mo + 1 > 2. Assume on the contrary that w’ = u™'ujbausu™? ¢ Q. As the
languages ) and Z are reflective, then it is enough to consider abusu™2u™!u;. Suppose
abusu™2u™ uy = v™ and bausu™2u™u; = y", n > 2. Let p be the maximal common suffix

of v and y". v and y"™ have common suffix of length m|v| — 2 and n|y| — 2 respectively.
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We have, |p| = m|v| — 2 = n|y| — 2. It is not possible to have m = n = 2; otherwise we have

a contradiction.

So at least one of m and n is strictly greater than 2. Without loss of generality, let us

assume that m > 3 and n > 2. Now,

2[p| = mfv] + nly| — 4
= |pl = Fv| + Fly[ -2
= |p| > |y[+[v]+ v =2 (- m>3andn > 2)

Since |v| > 2, we obtain that [p| > |y| + |v| — 1. Hence by Fine and Wilf’s theorem, v and y
are powers of the same primitive word which is a contradiction. Thus bausu2u u; € Q

which implies that v’ = u"™'uybausu™? € Q. d

Next we study the primitive words in which exchange of two different and consecutive

symbols result in a nonprimitive word.

Definition 3.7 (Non-exchange-robust Primitive Words). A primitive word is said to be non-
exchange-robust if and only if exchange of two different symbols at some consecutive positions

results a nonprimitive word.

We call this set of words as non-exchange-robust primitive words. We denote the set of

non-exchange-robust primitive words over the alphabet V' as Q). By definition, we have

QxUQx = Q.

3.4.1 Structural Characterization of Exchange-Robust Primitive Words

We give the structural characterization of non-exchange-robust primitive words.

Theorem 3.19. A primitive word w is non-exchange-robust if and only if w is a primitive word

of the form uF'uiabusu®?, a, b € V, a # b, ki + ky > 0 such that uibaus = u™ for some

m > 2.
Proof (=) Let w be a primitive word. Suppose w = vizyvy = uFujabusu’? where a #
b such that v; = uFluy, vo = uouf?. If we exchange z and y, we get w' = viyzvy =

uFrug bauguk? such that uybaug = w™ for m > 2. Hence w’ = u¥, k > 2 where k1+m+kq = k

and thus w is not an exchange-robust primitive word.

(<) Let w € @ which is not an exchange-robust word. Then there exists at least one
consecutive positions where exchanging them makes the word nonprimitive. The word w

can be written as either viabvy, where vy, vo € V* and a, b € V. Let w’ = vibavy € Z that
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is w' = vibavy = u™ for m > 2. Now v; = u'u; and vy = ugu’ for i, j > 0. Combining both

we have v1bavy = u'uibausu’ where uybaus = u¥ for k > 2. O

Qx = @\ Qx where *\’ is the set minus operator. There are finite length as well as
arbitrary length primitive words which are non-exchange-robust; for example, abba and
(ab)™ba(ab)™ for n > 1.

Unlike the languages of del-robust and ins-robust primitive words which are closed under
the cyclic permutation [44], the set of Q)+ is not closed under the cyclic permutation. For
example, consider the word abbabbbab € Q. One of the cyclic permutation of the word is
ababbabbb, which is exchange robust. Hence the language of () is not closed under cyclic

permutation.

Before we prove the denseness of the language of non-exchange-robust primitive words,

we prove the following result which we require to prove the denseness of Q.

Lemma 3.11. The language () is dense over the alphabet V.

Proof. Let w be a word. We consider two different possibilities depending upon whether w

is a primitive word or a non-primitive word.

Case (A) Suppose w is a primitive word. If |w| = 1, then there exist a € V such that
w # a and waaw € Q. Suppose |w| > 2. We can express w = wiabwy where wy, wp € V*

and a # b. Then we can choose = wibaws and z = X so that zwz € Q.

Case (B) If w is a non-primitive word. Suppose w = a" for some a € V, n > 2 and
|lw| = n. We can choose z = X and z = ba" 2b. Then we have zwz = a"ba" 2b € Q
and also it is non-exchange robust. Suppose w = «™ for m > 2 and |alph(w)| > 2. As
|alph(w)| > 2 then |u| > 2. Suppose u = ujabusy. If we choose z = A and z = w;bauy then

rwz € Q and rwz € Q. Hence Q+ is dense over V. O

3.4.2 Context-freeness of ()5

In this section we prove that the language of non-exchange-robust primitive words is not
context-free over a given alphabet. In our proof, we use the classic Ogden’s lemma, the fact
that intersection of a CFL and a regular language is also context-free and we also use the

fact that the family of context-free languages are closed under gsm-mapping [45].

Lemma 3.12. (Ogden’s lemma [46]) For each context-free grammar G = (V, 3, P, S) there is
an integer k such that any word w in L(G), if any k or more distinct positions in are designated
as distinguished, then there is some A in V \ ¥ and there are words u, v, =, y and z in ¥* such
that:
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(@) S =" uAz =% uwwAyz =* uwvryz = w.
(b) x contains at least one of the distinguished positions.

(c) Either uand v both contain distinguished positions, or y and z both contain distinguished

positions.
(d) vaxy contains at most k distinguished positions.

Theorem 3.20. The language of non-exchange robust words is not context-free over the alpha-
bet V = {a, b}.

Proof. Consider the regular language R = ba™ba"batba™. We obtain a new language L by

intersecting Q~ and R as @ N R = L where

L = {ba"'ba™ba"ba"™* | n1, na, n3, na > 1, (|n1 —ng| <1, |ng —ng| <1,

|(n1 +n2) — (n3 +mna4)| =0 or 2) and (n1 #ns or ng #na)} (3.1)

We claim that QN R = L.

We prove it in both directions. The inclusion Q@ N R O L is easy to observe. For the
converse, let us take a word w = ba"'ba"?ba"3ba"* € Q N R. As w € Q, then w can be
represented as w = wujabus such that uybaus € Z. We have the following possibilities of

exchanging.

Case (a) aba™ ~tba™2ba"3ba"

Case (b) ba™ ~1bham2t1pa3pg™
Case (c) ba™t1pg"2=1pa3pa"
Case (d) ba™ba™2 L1bam3Hlpgna
Case (e) ba™ba™2t1ba"s~1bgm
Case (f) ba™ba"2ba"*~'ba™ 1

Case (g) ba"ba™ bam3t1pgra—l
It is easy to see that all of the above cases is in the language () only if we have

(i) n1 # ng or ny # ny (otherwise ba'ba"2ba™ ba™? ¢ Q)

() |n1 —n3| <1, ng —n4| <1, [(n1 4+ n2) — (n3 + na)| = 0 or 2 (otherwise the word
w' € QX
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Hence the inclusion QN R C L.

A CFL is closed under gsm mapping [47]. Using a sequential transducer (a gsm), the

language Q< N R can be translated into a new language

L' = {a™b"2c"3d™ | ny, no, n3, ng > 1, Ing —ng| <1, |ng —ny| <1,

|(n1 +n2) — (ng +na)| =0o0r 2and (n1 # ng or ng #nq)} (3.2)

We have to prove that L’ is not a context-free language. Assume by contradiction that L’ is
context-free. Suppose there exist a constant N > 0 which must exist by Ogden’s lemma. As
L’ satisfies Ogden’s lemma, then every w € L', |w| > N can be decomposed into w = uvzyz
such that the following conditions hold: (i) vxy contains at most N marked symbols (ii) v

and y have at least one marked symbol and (iii) uwv'zy’z € L’ for all i > 0.

Consider a string w = a™b™2¢"3d™ such thatny = N, ns = N, ng = N+landngy = N—1.
As ]nl — n3] <1, |n2 — n4] <1, |(n1 + TLQ) — (ng == n4)] = 0 and n; # ng3, no # n4 then
w € L'. Let us mark all the occurrences of b which are at least N of them. Now we can

decompose w = uvzyz such that all the conditions of Ogden’s lemma satisfy.

Clearly, neither v nor y contain two different symbols. There are two different cases

depending whether vy contains some occurrences of a or not.

Case (a) Suppose vy does not contain any occurrence of a. In this case, we have u =
aNpi, v = b™, & = b2, y = b™ such that m; + mz > 1 ki = m; + mo + ms and
z = bN=(hiti) NH1GN=1 For j = 2 wvzyz = N bV T(m1tms) N+1gN—L — p1pp2 opsps

which is a contradiction as |ps — p4| > 2.

Case (b) Suppose vy contains occurrences of a. Let v = o’ and y = b* for j, k > 1. If
j < k, then for a large value of i, we can have w’ = uvizy’z = aP'bP2cP3dP+ such that
|p1 — p3| > 1 which is a contradiction. Therefore we must have j > k. consider the
word uv'zy’z which becomes VI TIipN—kt+kicN+1gN=1 For ; = 5, we have w” =
aNTHpNFARNHLGN=1 where |(N +45) — (N +1)| =45 —1 >3, |(N+4k)— (N —-1)| =
dk+1>5and (N +4j+ N +4k)—(N+1+ N —1)| =4(j + k) > 8 whichis a
contradiction.

Hence L' is not context-free. Since the family of context-free languages is closed under
sequential transducers and intersection with regular languages [47], we conclude that Q+

is not context-free. O
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3.5 Conclusions

We have investigated four different types of point mutation operations on primitive words.
We have studied to preserve the primitivity by substitute a symbol by another symbol, dele-
tion or insertion a symbol and exchanging two consecutive symbols. The structural char-
acterization of each of the class of primitive words have been discussed and also some
important combinatorial properties related to each of the class have been identified. It has
been proved that the languages of non-del-robust, non-ins-robust and non-exchange-robust
primitive words are not context-free. We have also proved that Qp, Qg and @, are reflec-
tive. We have linear time algorithms to recognize the del-robust and ins-robust primitive

words, but for exchange robust this problem is still open.

We summarize the results as follows.

Qs Qp Q1 Qx

Definition Elements re- | Elements re- | Elements re- | Elements

main primitive | main primitive | main primitive | remain prim-

after a symbol | after a symbol | after a symbol | itive after
substitution deletion insertion an exchange
of distinct
consecutive
symbols
Reversibility Reversible Reversible Reversible Reversible
Reflectivity Reflective Reflective Reflective Not Reflective
Context-Freeness | QQgis not CFL | Q5 is not CFL | @7 is not CFL () is not CFL
Algorithm for | Result for Lin- | Linear time Al- | Linear time Al- | No linear time
recognition ear time Algo- | gorithm gorithm algorithm is
rithm known
DRSS e
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“Once you start working on something, don’t be afraid of fail-
ure and don’t abandon it. People who work sincerely are the
happiest.”

- Chanakya

Chapter

Robustness of L-Primitive Words

4.1 L-Primitive Words

The primitive words has been studied in [48, 20, 49, 36, 50], which is generated by letters
of alphabet V' such that it is not proper power of € V*. In this chapter, we deal with a
language of primitive words with respect to a language L C V*, called L-primitive words,

that is, if z is L-primitive then z is not a power of any word y € L.
Definition 4.1. [39] Let L be a language over an alphabet V. A word x € V' is said to be an

L-primitive word if x is not a proper power of any word in L, that is,

r=ufforuel, = k=1.

Let X C V* and X° denotes the complement of X in V*. The set of L-primitive words
over an alphabet V' is denoted by QL(V') or simply QL and the set of non-L-primitive words
over an alphabet V' is denoted by Z L.

A word over an alphabet has unique primitive root but it can have more than one L-
primitive roots. For example if L = {aa,aaa}, then aaaaaa has only one primitive root,
which is a, whereas there are two L-primitive roots which are aa and aaa.

Proposition 4.1. [39] If L and L+ are two subsets of V*, then

Li CLy = QL C QL

The Proposition 4.1 is proved for two languages such that one is subset of other. In next

proposition we prove above result for independent languages.
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Proposition 4.2. Let Ly, = {u2k} for the natural number k where w is a primitive word. Then
QL C QL; fori < j.

Proof. For Ly, = {u®"}, ZLj, = {u®" | i > 2}. Therefore ZL; C ZLj for j > k. Therefore
QL C QLj for k < j. O

Proposition 4.3. Let for i > 1, L, = {u’k} where k > 0 and u is a primitive word. Then
QL € QLjj for k < j.

Proof. Proof is similar to that of Proposition 4.2. O]

The language of primitive words, @, is reflective but the language of L-primitive words,
QL, need not be reflective. Consider for example, a language L that contains ab but not ba.

Then baba € QL as it is not proper power of any word contained in L but abab ¢ QL.

Lemma 4.1. Let L be a language. Then QL is reflective if and only if Z L is reflective.

Proof. If part: Since QL is reflective, we have vu € QL for all w’ = «/v' € QL. On contrary,
let ZL is not reflective, then there exists a word w = uwv € ZL such that vu € QL but then

uv € L, which is contradiction.

Proof of only if part is similar to if part. O

Lemma 4.2. Let L be a language. Then L is not reflective if usuy € ZL for some ujus € QL.

Proof Since usu; € ZL, there exists v € L such that uou; = v* for some k > 2. Therefore
ujug = v'* for some v/, cyclic permutation of v. But since ujus € QL, v’ ¢ L. Therefore L

is not reflective. O

Lemma 4.3. Let L be a language. Then if L is reflective then QL and Z L are also reflective.

Proof. Suppose L is reflective. Then for all w = wyws € L, wow; € L, and suppose for
contradiction a partition of a word v = vjvy € QL, vov; ¢ QL. Therefore vov, € ZL which
implies that there exists « € L such that vou; = u* for some k > 2. Therefore vy = u*1u/

k1 "k, k1

17 17 !/ " . 17
and v; = v v where v/u’ = u. Also vivy = u P uFu’ = (v u)*. Since v v/ € L, we

have viv9 € ZL, which is contradiction. ]

Converse of Lemma 4.3 need not be true. For example, if L. = {abc, abcabe, cab, bea}, then
forall wv € QL, vu € QL , that is, QL is reflective even though bcabca, cabcab ¢ L.

Lemma 4.4. Let L be a language over an alphabet V. Then if vu € QL for all u,v € V* such
that uwv € QL then vu € L for all u,v € V* such that uv € L and uv is L-primitive.
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Proof. For contradiction, let a word w = wv € L N QL such that vu ¢ L. Since QL is
reflective, we have vu € QL. Since QL is reflective, ZL is also reflective and (uv)* € ZL
for all k¥ > 2 implies that (vu)* € ZL. Also we have vu € QL therefore vu € L, which is a

contradiction. O

Theorem 4.1. Let L be a language over an alphabet V. QL is reflective if and only if vu € L

for all u,v € V* such that uwv € L and wv is L-primitive.

Proof. Only if part: Let L N QL be reflective but on contrary QL is not, then there exist
w € QL such w = uv for some u, v € VT such that vu € ZL. Therefore vu = t* for some
k>2andt e LN QL. Since Q is reflective, we have uv = t'* for some ¢’ € V* such that
t' is cyclic permutation of ¢. Since L N QL is reflective, we have ¢ € L N QL. Therefore

wv € Z L, which is a contradiction.

If part: This part is the same as Lemma 4.4. O

The language of primitive words, @, is closed under reverse operation on words but
the language of L-primitive words, ()L, need not be closed under reverse operation. For
example, if L = {ab, baba}, then baba € QL but abab ¢ QL.

Lemma 4.5. Let L be a language over an alphabet V. Then if rev(w) € L for all w € L then
rev(w) € QL for all w € QL.

Proof. Let for a word v € QL, rev(v) ¢ QL, then there exists a word w € L such that
rev(v) = wk for some k > 2. Since for all w € L, rev(w) € L, v = rev(rev(v)) = rev(w®) =

(rev(w))* ¢ QL, which is a contradiction. This proves the result. O

But converse of the above statement need not be true. For example, consider L =
{ab, abab, ba}. Then rev(w) € QL for all w € QL, but rev(abab) ¢ L.

Lemma 4.6. Let L be a language over an alphabet V. Then if rev(w) € QL for all w € QL
then rev(v) € L forallv € LN QL.

Proof. For w € QL, rev(w) € QL. For contradiction, let aword v € L, v € QL, v? € L,
rev(v?) = (rev(v))? ¢ L and also rev(v) ¢ L. Since (rev(v))? ¢ L therefore (rev(v))? € QL
therefore by assumption we have, rev((rev(v))?) = v? € QL which is a contradiction as
v € QL. Therefore rev(v) € L. O

Theorem 4.2. Let L be a language over an alphabet V. rev(w) € QL for all w € QL if and
only if rev(v) € L forallv € LN QL.

Proof. This result follow from the Lemma 4.5 and Lemma 4.6. O
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Lemma 4.7. Let L be a language over an alphabet V. For w € QL, rev(w) € QL if and only
if rev({/v) € L forallv € L.

Proof. If part: Let for any w € QL, rev(w) € QL. Therefore we have rev(w) € QL for all
w € QL.

If w € L, then w = u* for some k > 1 and u € L. rev(w) = (rev(u))* where rev(u) € L.

Let reverse of L-primitive root of w is not in L for a word w € L.

Only if Part: If L-primitive root of rev(w) is in L for all w € L. and let w € QL but
rev(w) ¢ QL, then rev(w) = v* for some v € LN QL and k > 2. w = rev(rev(w)) =
rev(vF) = (rev(v))*. But since v € L which is L-primitive root of rev(w), therefore rev(v) €

L. Hence w ¢ QL, which is a contradiction. O

Lemma 4.8. Q C QL, for any language L C V*, where @ is the language of primitive words
and QL is set of L-primitive words.

Proof. Let w € Q but w ¢ QL, then w = u* for some v € L and k > 2. Since L C V*,

therefore w ¢ @, which is contradiction. O

As we know that at least one of w and wa is primitive for w ¢ a* (lemma (2.10)), this is
also true in case of L-primitive. For every word v € V' and every symbols a,b € V, a # b,
at least one of the words wa, ub is primitive as well as L-primitive. This result has several

consequences, proving in some sense that "there are very many L-primitive words".

Corollary 4.1. (a) For every word u € V*, at most one of the words ua with a € V, is not

L-primitive.

(b) For every words uy,us € V*, at most one of the words uyaus, with a € V, is not L-
primitive.

This corollary claims that the language QL is right 1-dense and therefore right k-dense

for every k.

Lemma 4.9. Let L be a language over an alphabet V. Then if Q ¢ L then there exist a word
u € Q and an integer k > 2 such that u* € QL.

Proof If u € Q but u ¢ L and let for some k& > 2, u* in ZL then there exist a minimum of
all i > 2 such that i divides k£ and «’ € L. If that minimum is j then «/ € QL as it is not a

proper power of any element in L. O

Theorem 4.3. Let L be a language over an alphabet V. QL = Q if and only if @ C L.
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Proof. If part: Let QL = Q but Q ¢ L, then there exists u € @ which is not in L, therefore
there exists k£ > 2 such that u* € QL. But Q = QL, v* € Q which is a contradiction.

Only if Part: Let Q@ C L, we have Q C QL. Let QL ¢ @, then there exists u € QL,
such that v = z* for some = € Q and k > 2. But since Q C L, we have = € L. Therefore
x* € ZL, which is a contradiction. Hence Q = QL. O

Corollary 4.2. Let L be a language over an alphabet V. Then if L = Q then QL = @ and
equivalently ZL = Z.

Proof. Follows from Theorem 4.3. O]

Corollary 4.3. Let L be a language over an alphabet V. QLN Z is empty if and only if Q C L.
Proof. Follows from Theorem 4.3. O

L" is defined as concatenation of L"1.L where n > 2 and L! = L.

Theorem 4.4. For a language L, ZL = |J L" if and only if there exists a unique L-primitive
n>2

word u € L such that and for any x € L, x = uF for some k > 1.

Proof. This is obvious that to equate ZL and union of L", the elements of L should be

powers of a unique primitive word. Now remaining part is proved below.

If part: On contradiction let ZL = |J L™ and let z1,29 € L such that z; = «"**1 and
n>2

x9 = u"2*%2 for two L-primitive words " and u"2, where (r1,72) = 1. Then v"1*"2 € L? but
not in Z L, which is contradiction.

Only if part: Let u € L be a unique L-primitive word such that and for any = € L, = = u*

for some k£ > 1. Then for any w € L™, w = v* .u*? .. uf» = uF1+k2-Fkn ¢ 7T, Therefore,
foreveryn > 2, L" C ZL andso |J L™ C ZL.

n>2
Next, we have to prove that ZL C |J L". Let w € ZL, then w = uF for k > 2 as every
n>2
element of L can be represented as power of u € L. Therefore, w € L*. Similarly we can
show for all elements of ZL. Therefore ZL C J L". O

n>2

4.2 Other Formal Languages and L-Primitive Words

We know that the language of primitive words, (), is not regular [51]. This is still an
open problem that whether () is context-free language or not [45, 52]. But we know that

primitive words can be identified with 2DPDA [13]. In this section we identify relation of
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other formal languages with the language of L-primitive words. The question arises that
whether nature of QL depends on the nature of language L. We identify conditions under
which language of L-primitive words is regular or context-free. We discuss some results
related to this.

Theorem 4.5. Let L be a language on an alphabet V. Then the language of L-primitive words
is regular if any of the following conditions holds.

(a) If L is finite.
(b) If L ={w"™ | n > 1} for some word w € V* of finite length.

(© IfL = U {w™ | n > 1} for a finite number m where |w;| is finite for
we{w17w27---w7n}CV*
1<i<m.

Proof. Case (a): This case is related to finite language L. ZL = [J {u"™ | n > 2}. L is
u€lL
regular, Therefore {u" | n > 2} = w* \ {u} is also regular language. Since the regular

languages are closed under finite union, we have ZL is regular. The regular languages are

closed under set complement, therefore QL(= V* \ ZL) is regular.
The next cases are for the infinite language L.

Case (b): Since L = {u" | n > 1} for some u € V*, we have ZL = {u" | n > 2} is
regular language. Therefore QL is regular.
Case (c): If L = U {w" | n > 1} then ZL = U {u™ | n>2}

we{w1,wi,...wn JCV* ue{w1,wi,...wn }CV*
is regular language as the regular languages are closed under finite union. Since the regular

languages are closed under set complement, we have QL is regular. O

There are examples for non-trivial regular languages for which ZL is not regular. Let
L = aaa(aa)* then L is regular. Consider ZL = {a" | n > 3 and n # 2" where k € N}.

However, ZL is not even context free.

There exists an infinite non-regular language L such that language of L-primitive words
is regular. For example, L = {a* | k is prime} is not regular. Now, ZL = {a" | n > 2}.

Clearly, ZL is a regular language. Therefore )L is also regular.

Theorem 4.6. Let L be a regular language. Then ZL is regular if and only if ZL \ L is a

regular language and primitive root of ZL \ L is a finite language.

Proof. If part: The class of regular languages is closed under union and taking the difference
of two sets, therefore if ZL \ L is a regular language then sois (ZL\ L)U L = ZL.

TH-1934 11610113 48



CHAPTER 4. ROBUSTNESS OF L-PRIMITIVE WORDS

Only if part: If ZL is regular then so is ZL \ L. Let there be an n-state minimal deter-
ministic automaton which accept ZL \ L. Now suppose that root of ZL \ L, represented by
R, is infinite. Then there is a word w € ZL \ L such that root of w is greater than n. Now
according to pumping lemma for regular languages there exists an integer n for w = zyz
such that |y| > 1 and |zy| < n and 2y’z € ZL \ L for all i > 0, so xy‘z is non-L-primitive
and so non-primitive for all 5. That is for 4, j > 1 with i < j such that both zy'z and x7’ 2
are non-primitive. Since language of non-primitive words is reflective, zxy’ and zxy’ are
non-primitive. By Theorem 2.4, roots of zxy’ and zxy’ are same and equal to root ot y.
Hence root of xyz is same as root of y and so less than n, which is a contradiction to the

assumption that root of w is greater than n.

Therefore primitive root of ZL \ L must be finite. O

Corollary 4.4. For a context free language L, the language ZL need not be a context-free

language.

Proof. Let L = {a"™b" | a # b, n > 1}. L is a context-free language. Corresponding to it
ZL = {(a")* | a # b, n > 1 k > 2}. Consider the string s = a?*'oPT1aPT1pP*! where
a, b€ V and a # b. It is easy to see that s € ZL and |s| > p. We prove it by using pumping

lemma for CFL.

Hence, s can be written as uvwxy, where u, v, w, z, and y are factors, such that |[vwz| < p,
lvz| > 1, and w'wz'y € Q7 for every i > 0. By the choice of s and the fact that [vwz| < p,

we have one of the following possibilities for vwz:
Case (a) vwz = o’ for some j < p.
Case (b) vwz = a’/b” for some j and k with j + k < p.
Case (c¢) vwz = b’ for some j < p.
Case (d) vwz = ba” for some j and k with j + k < p.

In Case (a), since vwz = o/, therefore va = a for some ¢t > 1 and hence wvlwa'y =
aP~tHpptlaptlpptl ¢ 71 for i = 0.

Similarly, we can obtain contradiction in Case (c).

Case (b) has several subcases.

(1) v=a", w=al2, x=al3bF.
(i) v =alt, w = a?2bF1, x = b2,
(iii) v=alb", w =10k, x =1,
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In Case b(i), Case b(ii) and Case b(iii) if we take i = 0, uv'wz'y ¢ ZL.
Similarly, we can obtain contradiction in Case (d).

Therefore Z L is not a context-free language. O

4.3 Ins-Robust L-Primitive Words

Definition 4.2. An L-primitive word w of length n is said to be ins-robust L-primitive word if

the word

pref(w,i) . a . suf(w,n —1)

is an L-primitive word for all i € {0,1,...,n} wherea € V.

We denote the language of ins-robust L-primitive words as QL; and language of non-

ins-robust L-primitive words as QL. )Ly which is a subset of the set of primitive words,
QL.
A language ()L need not closed under reflective property.

For instance a language L which contains ab but not the word ba. Then baba € QL; as it
is not proper power of any word contained in L and also not power of any word of L after

insertion of any symbol in this word, but abab ¢ QL as it is not even in QL.

Similarly, we can have w € Q)L such that rev(w) need not be in QL.

Lemma 4.10. QL is reflective if and only if for all w = uwv € LN QL, vu € L.
Proof. Proof is similar to Theorem 4.1. O

We know that for w € @y, rev(w) € Qr by Lemma (3.6), but for w € QLj, rev(w) need
not be in QL;.

Theorem 4.7. Let L be a language over an alphabet V. For w € QL7, rev(w) € QL7 if and
only if foru € LNQL, rev(u) € L.

Proof. Letw € QL7, u, rev(u) € LNQL and rev(u) € L but rev(w) € QL7. Since w € QL7,
therefore w = u"ujugu”, rev(w) = (rev(u))*rev(uz)rev(u;) (rev(u))” for some v € L and

u = ujauy for some a € V. It follows that rev(w) € QL.

Conversely let for all w, rev(w) € QLy and v € L N QL but rev(u) ¢ L. Therefore
w = wujugu’, rev(w) = (rev(u))*rev(ug)rev(uy)(rev(u))” € QL7 for some v € L N QL.

The following two cases may arises.
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Case (A) If rev(u) = 2* for k > 2 where x € LNQL, then (rev(u))®rev(uz) rev(ur)(rev(u)) @ €
QL. But then w = rev(z)(rev(z)¥) rev(ur) rev(us)(rev(z)¥)” € QL7 which implies
rev(z) € L which is contradicting to v = (rev(x))* € L N QL.

Case (B) If rev(w) = (rev(u))’rev(us)rev(uy)(rev(u))” = a™x 02" for x = (rev(u))*

and k > 2. The proof is similar to case (A). O

Theorem 4.8. Let L be a language over an alphabet V. For w € QLj, rev(w) € QL if and
only if foru € LN QL, rev(u) € L.

Proof. Proof is similar to Theorem 4.7. O

Lemma 4.11. Let L be a language over an alphabet V. Q; C QLy, for any language L. C V'*,
where ()5 is the language of ins-robust primitive words and Q) L; is set of ins-robust L-primitive

words.

Proof. Let w € Q but w ¢ QL;. Then for some partition of w, say wiwsy, and a € V,
wiawy = uF for some v € L and k > 2. Since L C V*, therefore w ¢ @y, which is a

contradiction. ]

Proposition 4.4. Let L and M be two subsets of V*. Then L C M — QM; C QL.

Proof. On the contrary, let us assume that QM; € QL;. Then there exists w € QMj,
but w ¢ QL;. Therefore there exists partition of w = wjws such that wiaw, = u” for
some v € L and & > 1. Since L C M, we have u € M. Consequently, w # QM a

contradiction. O

Remark 4.1. Clearly, an ins-robust L-primitive word need not be ins-robust primitive. For
instance, let L = {abb} C {a,b}*. The word abb is an ins-robust L-primitive word, but not an

ins-robust primitive word.

4.4 Del-Robust L-Primitive Words

Definition 4.3. A L-primitive word w of length n is said to be del-robust primitive word if and

only if the word

pref (w,i) . suf(w,n —i—1)#u* k>2 uelL, ie{0,1,...,n—1}.

For example, if L = {(ab)” | n > 1,a,b € V'}, then the words b(abb)*, k > 1 and ab" for

m,n > 2 are del-robust L-primitive words, whereas b(abb)k, k > 1 are notin QQp. We denote
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the language of del-Robust L-primitive words as QLp and language of non-del-robust L-

primitive words as QL.

Lemma 4.12. Let L be a language over an alphabet V. Qp C QLp, for any language
L C V*, where Qp is the language of del-robust primitive words and QQ L p is set of del-robust

L-primitive words.

Proof. Let w € Qp but w ¢ QLp, then for some partition of w (say w;aws), wiws = uk for
some u € L and k > 2. Since L C V*, therefore w ¢ () p, which is contradiction. O

A language QQLp need not closed under reflective property. For example, let a language
L contains ab but not ba. Then baba € QLp as it is not proper power of any word contained
in L and also not proper power of any word of L after deletion of any symbol from this
word, but abab ¢ QLp as it is not even in QL. For w € QLp, rev(w) need not be in QLp.

Similarly, Q) L; need not closed under reflective property.

Lemma 4.13. Let L be a language over an alphabet V. QLp is reflective if and only if for all
w=uv € LNQL, vu € L.

Proof. Proof of this lemma is similar to that of Theorem 4.1. O

From corollary 3.5, we know that a word w is in the set Q5 if and only if it is of the
form u"a or its cyclic permutation for some u € @, u # a and n > 2. But since )L is not

reflective, so this result may not be true for such words.

Proposition 4.5. If L and M are two subsets of V*, then L C M — QMp C QLp.

Proof. On the contrary, let us assume that QMp ¢ QLp. Then there exists w € QMp,
but w ¢ QLp. Therefore there exists partition of w = wjaws such that wyws = u* for
some v € L and k > 1. By hypothesis, we have u € M. Consequently, w # QMp a

contradiction. O

Remark 4.2. A del-robust L-primitive word need not be del-robust primitive. For instance, let
L = {(abb)" | n > 1} C {a,b}*. Clearly, the word abb is a del-robust L-primitive word, but

not a del-robust primitive word.

It is easy to prove that an L-primitive word w is not del-robust if and only if w can be
expressed in the form of u* uicugu®? where uy, ug € V¥, wqus =u € L, c € V, k1, ks > 0
and k1 + ko > 1.

Theorem 4.9. Let L be a language over an alphabet V. QLp = Qp if and only if Q C L.
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Proof. If Q C L then it is easy to prove that QLp = @Qp. Conversely, if QLp = Qp and
Q ¢ L, then there exists a primitive word u such that u ¢ L. We have u*a € QLp but

uFa ¢ Qp, which is a contradiction. O

4.5 Exchange Robust L-Primitive Words

Definition 4.4. An L-primitive word w of length n (> 2) is said to be exchange robust primitive

word if and only if the word

pref (w, 1) wipi1w; suf(w,n —i —2) £uf k>2 uel, ic {0,1,...,n—2}

For example, if L. = {ab}, then the word baaaba is exchange robust L-primitive words,
whereas baaaba is not in QQx. We denote the language of Exchange Robust L-primitive

words as () Lx and language of non-exchange robust L-primitive words as () L+

Lemma 4.14. Qx C QLx, for any language L C V*, where Qx is the language of exchange

robust primitive words and QL x is set of exchange robust L-primitive words.

Proof. Let w € Qx but w ¢ QLx, then for some partition of w ( say wyabws), wibaws = u¥

for some v € L and k > 2. Since L C V*, therefore w ¢ Q) x, which is contradiction. d

Lemma 4.15. Let L be a language over an alphabet V. If L CV then QLx = QL.

Proof. To prove this, we have to prove that QL+ (= QL \ QLx) is empty for L. C V. Let
()L~ be not empty, then there exist wiabws € QL such that b # a and wibaws € ZL. Since
L C V,we have ZL {a* | a € L}. Therefore b = a, which is a contradiction. Therefore
QL+ is empty and so QLx = QL. O

Theorem 4.10. QL x is reflective if and only if L C V.

Proof. To prove this we prove that QLx is not closed under reflective property if and only
ifLgZV.

Proof of if part is similar to Lemma 4.15. If L C V then QL x is reflective.

Only if: QLY is reflective, hence uv € QLyx implies vu € QLx. Let L € V (i.e. there
exists a word w € L such that |alph(w)| > 2) then Q)L is not empty and so there exists
u"urbaugu® € QL+ for some u = ujabug € L. But augu’u"u1b ¢ Q L, in fact ausu®u’uib €

QL x, which is a contradiction, as QL x is reflective. Therefore L C V. O
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Lemma 4.16. Let L be a language over an alphabet V. If rev(u) € L for u € L then
rev(w) € QLx for w € QLx.

Proof. Let rev(u) € L for all u € L but rev(w) ¢ QLx for some w € QLx. Since rev(w) ¢
QLx, we have rev(w) € ZL or rev(w) € QL.

Case (A) If rev(w) € ZL, then w € ZL, which is a contradiction.

Case (B) If rev(w) € QL+, rev(w) = u"uibaugu® for some u = ujabup € L and a # b.
Therefore w = rev(rev(w)) = (rev(u))® rev(uz) ab rev(uy) (rev(u))” € QL as rev(u) =

rev(ug) ab rev(u;) € L which is contradiction.

Therefore rev(w) € QLx. O

Theorem 4.11. For w € QLx, rev(w) € QLx if and only if for u € L N QL, rev(u) € L.

Proof. Proof of if part is similar to that of Lemma 4.16.

For other part, let w € QL x implies rev(w) € QLx but for some u € LNQL, rev(u) ¢ L.
Then there exists , s > 0, r+s > 1 such that (rev(u))” rev(uz) ab rev(uy) (rev(u))® € QLx

where u = uj ab us.

rev((rev(u))” rev(uz) ba rev(uy) (rev(u))®) = u® uy ba up u” is in Q) L+, which contradict

the assumption that Q)L x is closed under reverse operation. O

Proposition 4.6. If L and M are two subsets of V*, then L C M — QMx C QLx.

Proof. On the contrary, let us assume that QMx Z QL x. Then there exists w € QMy, but
w ¢ QLx. Therefore there exists partition of a word w = wiabwy such that wibaws = u*
for some v € L and k > 1. By hypothesis, we have u € M. Consequently, w # QMx a

contradiction. O

Remark 4.3. An exchange robust L-primitive word need not be exchange robust primitive. For
instance, let L = {abba} C {a,b}*. Clearly, the word abba is an exchange robust L-primitive

word, but not exchange robust primitive word.

Theorem 4.12. An L-primitive word w is non-exchange robust if and only if w can be expressed
in the form of u* uibaugu®? where uy, us € V*, ujabuy = u> € L, ¢ € V, ki, ks > 0 and
ki + ka2 > 0.

Proof. We prove the necessary and sufficient conditions are as follows:

k1

(=) Let w be a primitive word. Suppose w = vizyvs = u*1ujabusu’? where a # b such

that v; = u*wu;, vo = upu®?. First we consider that = and y are not hole. If we exchange
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z and y, we get w' = viyavy = uFuibausu®? such that uibaus = u™ for m > 2. Hence

w' = uF, k > 2 where k; +m+ ko = k and thus w is not an exchange-robust primitive word.

(<) Let w € @ which is not an exchange-robust word. Then there exists at least one
consecutive positions where exchanging them makes the word nonprimitive. w can be
written as either viabvo, where v, v € V* and a, b € V. Let w' = vibavy € Z that is
w' = vibavy = u™ for m > 2. Now v; = u'u; and vy = upu’ for i, j > 0. Combining both

we have v1bavy = u'uibaugu’ where uybaus = u¥ for k > 2. O

4.6 Conclusions

In this chapter, we have discussed a special type of words which are primitive with respect to
a language L, called L-primitive words. We have characterize them and identified several
properties. We have also defined the robustness on these words. We have identified the
conditions to show the reflectivity of @ L. Various robustness of L-primitive words and their

properties are also discussed in this chapter.

P38 M0n
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“The fragrance of flowers spread only in the direction of
wind. But the goodness of a person spreads in all direction.”

- Chanakya: Indian teacher, philosopher, economist, jurist

and royal advisor

Chapter

Pseudo Quasiperiodic Words

A morphism h : U* — V* (or h : UT — V™) is a mapping which satisfies: h(ww’) =
h(w)h(w') for all w,w’ € U*, where U and V are alphabets. In particular, if 4 is morphism
then h(A\) = X and h is completely specified by the words h(a) with a € V. A morphism
h is A-free if h(a) # X for all @ € V. A morphism £ is called injective if and only if, for all
v,w € V*, h(v) = h(w) implies v = w. A morphism £ is periodic if 3z such that h(a) € 2%,
for all a € V. For a morphism #, if |h(a)| = |h(b)| for all a,b € V then h is called uniform
morphism. h is prefix (resp. suffix) if none of the words in i (V) is a prefix (resp. suffix) of

another and if 4 is injective then A is called code [53].

The notion of a morphism is very important in combinatorics of words. A mapping
0 : V* — V* is called a morphic involution of V* if (xy) = 0(x)0(y) for any =,y € V*
(morphism), and 6? is equal to the identity (involution). Throughout this chapter, @ de-

notes an morphic involution.

5.1 Robustness of #-Primitive Words

A word w € V* is a pseudo-power of a non-empty word ¢t € V' relative to #, or simply
f-power of t, if w € t{¢,0(t)}*. Conversely, ¢ is called pseudo-period of w relative to 6, or
simply 6-period of w if w € t{t,0(¢t)}*. A word w is §-primitive if there exists no non-empty
word ¢ € VT such that w is a #-period of ¢ and |w| > |t| [36]. We represent language of
f-primitive words as Q.

For example, let V' = {a, b, c} be the alphabet and # : V* — V* be a morphic involution
define as
f(a) =b,0(b) = a and 6(c) = c.

Then the word w = abcbac is primitive but not #-primitive, and 6-period of w is abe. a™b™
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is not #-primitive but a™¢" is f-primitive for m, n > 1.

Next we discuss some robustness of §-primitive words.

5.1.1 Ins-Robustness of 0-Primitive Words

For an involution morphism # on the alphabet V, a #-primitive word w of length n is said to
be ins-robust #-primitive word if the word pref (w, i) . a . suf (w,n — i) is a f-primitive word

foralli € {0,1,...,n} wherea € V.

We denote the set of all ins-robust §-primitive words over an alphabet V by Qgy;. A 0-
primitive word w is said to be non-ins-robust if w is #-primitive but w ¢ Qg;. The set of
non-ins-robust ¢-primitive words is denoted by Q,; . Clearly the language of ins-robust

f-primitive words is a subset of the language of #-primitive words.

Lemma 5.1. Let 6 : V* — V* be a morphic involution. A §-primitive word w is non ins-robust
if and only if w can be expressed in the form of ujus...u;...u, where u; € {u,0(u)} for
1 <j(#1i) <kandu; = u; u;, such that u;, cu;, € {u,0(u)} for some c € V, u;,,u;, € V*
and u € Q.

Proof. Only if part: Let us consider a word w = wjus . .. uj U, . . . u;, where u; € {u,0(u)}
for 1 < j(#4) < k and u;, cu;, € {u,6(u)} for some ¢ € V. Now insertion of the letter ¢ in
w (between w;, and u;,) gives the exact -power of u. Hence it is a non-f-primitive word

after insertion of ¢ at some position of w. Therefore, w is non-ins-robust §-primitive word.

If part: Let w be a #-primitive word but not ins-robust. Then there exists a decomposition
w = wiws such that wicws is not a f-primitive word for some letter ¢ € V. Hence, wcws
is f-power of word p for some p € ). Therefore w; = up; and we = powv such that picps €

{p,0(p)} and uv is 6-power of p . O

Corollary 5.1. If w € Qg then rev(w) € Qg for an involution morphism 6.

Proof. Let w € Qyr, but rev(w) is not ins-robust, i.e., rev(w) = wjug...u;...u; where
uj € {u,0(u)} for 1 < j(# i) < k, ujcuy, € {u,0(u)} for some ¢ € V and w; = u;, ;.
Then the word w = rev(rev(w)) = rev(uiug ... u;...ux) = rev(ug)...rev(u;)...rev(uy).
rev(uj) € {rev(u),f(rev(u))} for 1 < j(# i) < k, and rev(u;) = rev(us,)rev(us, ), rev(u,)
c rev(ug) € {rev(u),0(rev(u))}. Since after insertion of ¢, the word become 6-power of
rev(u). Hence w is not an ins-robust #-primitive word, which is a contradiction. Therefore,
if w € Qpr then rev(w) € Qo O

For a morphic involution 6 : V* — V*, the language of ins-robust #-primitive words need

TH-1934 11610113 58



CHAPTER 5. PSEUDO QUASIPERIODIC WORDS

not be reflective. For example, let §(a) = b, 0(b) = a and 0(c) = c. bbbcabacbaabca € Qg
but beabacbaabcabb ¢ Qg;.

We can easily prove that for a morphic involution 6 : V* — V*, the language of §-primitive

words is reflective if and only if # is identity function.

Theorem 3.16 need not be true for non-ins-robust pseudo-primitive words. For example,
if u = abcbacab € Q,; where 6(a) = b, 6(b) = a and 0(c) = c. There is no non-f-primitive
word of length |u| — 1 in wu. In next lemma we discuss the condition on the words so that

the theorem holds on non-ins-robust pseudo-primitive words.

Lemma 5.2. Let u = ujus be a non-ins-robust 6-primitive word such that ujauy = v6(v) for
some a € V, uj,us € V* and v € V*. For a morphic involution 6 over alphabet V, the word
uu contains at least one -periodic word of length |u| with §-period p such that p divides of
length |u| + 1 and p < |u|.

Proof. If u = uyus such that ujaus = vé(v) for some a € V and v € V', then there are two

cases, either u;a is prefix of v or aus is suffix of 6(v).

Case(A). If uja is prefix of v, i.e., v = ujav’ such that u = u;v'0(uy a v'), then vu =
uv'8(urav’) uiv'6(urav’). Here, 0(v')u1v'0(u1)60(a) is a non-ins-robust §-primitive word of
length |u| and 0(0(v')u;) = v'6(uy).

Case(B). Similarly we can prove for the case aus is suffix of 6(v). O

5.1.2 Context-freeness of ()y;

For a morphic involution, we prove that the language of ins-robust #-primitive words over
an alphabet V' (|V| > 3) is not regular and also show that the language of non-ins-robust

f-primitive words is not context-free.

Theorem 5.1. y; is not regular for an involution morphism 6.

Proof. Suppose that the language Qy; over an alphabet V' = {a, b, ¢} is regular for an
involution morphism 6 such that #(a) = a, 6(b) = ¢ and (c) = b. Then there exist a natural
number n > 0 depending upon the number of states of finite automaton for ()y;. Consider
the word w = a"ca™b,m > n + 1 and m # 2n. Note that w € Qy; , where |V| > 3 and
a, b and c are distinct symbols. Since w € Qy; and |w| > n, then it must satisfy the other
conditions of pumping Lemma for regular languages. So there exist a decomposition of w

into z, y and z such that w = xyz, [y| > 0 and 23’z € Qg for all i > 0.

Let z = a*, y = a9, 2 = a’~*ca™b. Now choose i = x; and since we know by Lemma

3.8 that for every j € {0,1,...,n — 1}, there exists a positive integer z; > 1 such that
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zy®iz = aFa" D% aI "k eamb = oD%t ca™b = a™ca™b = (ac)B(a™c) ¢ Qg which is a

contradiction. Hence the language of ins-robust #-primitive words Q) is not regular. O

We know that, Q)7 is not a context-free language for alphabet V' such that [V| > 2 by
Lemma 3.9. But Q7 is regular for alphabet V' such that |V| = 2 if § # idy, where idy is

identity mapping over V. In the next theorem, we discuss for |V| > 3.

Theorem 5.2. Let 0 be an involution morphism. Q7 is not a context-free language for alpha-
bet V such that |V| > 3.

Proof. Let V = {a, b, c} be an alphabet. Assume that for an involution morphism 0, Q,; is
context-free language such that 6(a) = a, 0(b) = c and 6(c) = b. Let p > 0 be an integer
which is the pumping length for the language Q,7. Consider the string s = a?*'PT1aP+1p?,

where a, b, c € V are distinct. It is easy to see that s € Q;7 and |s| > p.

Hence, by the Pumping Lemma 2.6, s can be written in the form s = wwwzy, where
u,v,w,z, and y are factors, such that vwz| < p, |vz| > 1, and wv'wz'y is in Q7 for every
integer ¢« > 0. By the choice of s and the fact that |vwz| < p, we have one of the following

possibilities for vwa:

(a) vwx = o’ for some j < p.
(b) vwz = a’c” for some j and k with j + k < p.
(¢) vwz = ¢ for some j < p.
(d) vwz = ¢Ja” for some j and k with j + k < p.
(e) vwz = a’b* for some j and k with j + k < p.

() vwz =’ for some j < p.

In Case (a), since vwxz = a’, therefore vz = o' for some ¢t > 1 and hence wvlwa'y =

aP~tHleptlaptlpp ¢ Q7 for i = 0.

Case (b) can have several subcases.

() v=at, w=a2 x=a"c"

(i) v=dal', w= a2, x = .

k1 ko

, W=C¢ ,x:ckff.

(iii) v = dle¢
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In Case (1), Case (2) and Case (3) if we take i = 4, wv'wz'y # Q7.

Similarly, we can obtain contradiction in rest of the case (5.4), case (5.4), case (5.1.2)

and case (5.1.2) by choosing a suitable .

Therefore, our initial assumption that Q,; is context-free, must be false. O

5.1.3 Other Robustness in §-Primitive Words

A #-primitive word w of length n is said to be del-robust #-primitive word if and only if the

word pref (w,i) . suf (w,n —i — 1) is a f-primitive word for any i € {0,1,...,n — 1}.

Theorem 5.3. A 6-primitive word w is not del-robust if and only if w can be expressed in the
form of wiujcuswe where wy, wo,u1,uy € V¥, ujuy = u, wi,wy € {u,0(u)}* but wiwse €
{u,0(u)}t and c € V.

Proof. We prove the sufficient and necessary conditions below.

(<) Let us consider a word w = wjujcugwy where wy, wa, uy, us € V*, ujug = u, wy, ws €
{u,0(u)}* but wywy € {u,f(u)}* and ¢ € V. Now deletion of the letter ¢ in w gives
the exact #-power of v which is not a #-primitive word. Hence, w is not a del-robust

f-primitive word.

(=) Let w be a #-primitive word but not del-robust. Then there exists a decomposition w =
wycws for ¢ € V such that wyws is not a f-primitive word. That is, wyws € p{p,0(p)} "
for some p € Q. Therefore w; = w)p; and we = paws such that p1ps € {p,0(p)} and
wh, wh € {p,8(p)}* such that wiw}, € {p,6(p)}*. Hence proved.

Lemma 5.3. If w is del-robust #-primitive then rev(w) is also del-robust #-primitive.

Proof. We prove this by contradiction. Let w is del-robust §-primitive but rev(w) is not
del-robust. Therefore, rev(w) = wiujcugwys Where wy, we, uy, ug € V*, ujug = u, wy,w; €
{u,0(u)}* but wywy € {u,0(u)}t and ¢ € V. Then the word w = rev(wiujcusws) =
rev(wy) rev(ug) ¢ rev(uy) rev(wy) where rev(wy),rev(ws) € {rev(u),f0(rev(u))}* but
rev(wy)rev(wy) € {rev(u),f(rev(u))}* and since u = ujug, so rev(u) = rev(ug)rev(uy).
By Theorem 5.3, w is not a del-robust #-primitive word, which is a contradiction. There-

fore, rev(w) is also del-robust #-primitive. O
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Cyclic permutation of a del-robust §-primitive word need not be del-robust. For example
0 :V* — V*suchthatf(a) = b, 0(b) = a and 0(c) = ¢, then aacbabe is del-robust #-primitive

word but acbabca is not.

5.2 @-Superprimitive Words

A word w € V7T is #-primitive if there exists no non-empty word ¢ € V' such that w is a
0-power of t and |w| > |t|. The #-primitive root of w, denoted by py(w), is the shortest word

t such that w is a #-power of ¢.

A string w covers another string z if for everyi € {1,...,|z|} thereexistsa j € {1,..., |w|}
such that there is an occurrence of w starting at position ¢ — j + 1 in string z. A string z is
quasiperiodic if z is covered by w # z, and the ordered sequence of all occurrences of w in

z is called the w-cover of z. A string z is superprimitive if it is not quasiperiodic.

If a string « is simultaneously a #-prefix and a #-suffix of string = then « is a 6-border of x.
The longest nontrivial §-border of x is denoted by Typ(x). By convention, we refer to Ty(x)
as the 6-border of x and to other as pseudo-border of x. Let ¢y, be a f-quasiperiod of z. A
word wu is called #-cover of a word w if w can be written as concatenation or superposition
u or f(u) or both.

Definition 5.1. A word, w, is 0-quasiperiodic if there exist a word x such that x is 6-cover of

w and |z| < |w|. Aword is 6-superprimitive if it is not §-quasiperiodic.

Example Let 6 : {a,b,¢c,d}* — {a,b,c,d}* be a morphic involution defined by 0(a) = ¢,
O(c) = a, O(b) = d, and O(d) = b. Then the word w = adcbb is f-superprimitive, while its
conjugate w’ = badcb is not. abcbabcabecba is 6-quasiperiodic for 6(a) = ¢, 8(b) = b, 6(c) = a

and its 0-cover is abc.

Lemma 5.4. A -superprimitive word is superprimitive.

Proof. Suppose that w is a f-superprimitive word but not superprimitive. Then there exists
some ¢ € L which is cover of w and |¢| < |w|, therefore ¢ is also a #-cover for w, which is a

contradiction. O

Converse need not be true. Let (a) = b, 6(b) = a and 6(c) = c. Here 6 is an involution as

0(0(a)) = a. u = acbca is superprimitive but not a #-superprimitive as acb is a f-cover of u.

Lemma 5.5. The 6-cover of a word is §-superprimitive.
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Proof. Let w € V' and t be its f-cover. Suppose, now that ¢ is not §-superprimitive. Then
there exists a word s € V* such that s is a #-cover of ¢ and |s| < |¢|. Since 6(t) is covered by
either s or 6(s). Thus, s is a #-cover of w. However, this contradicts ¢ being the 6-cover of w

because |s| < |¢]. O

Alternate Proof Let #-cover of a word be not #-superprimitive, then the -cover (say u)
must have a proper cover say v’ such that |u’'| < |u| and so «’ can cover entire u, which
is a contradiction, as u is the smallest word which is #-cover of the word. Hence u is

f-superprimitive.

Corollary 5.2. The 0-cover of a word is superprimitive and so it is primitive.
Proof. The proof follows from Lemmas 5.4 and 5.5. O

A quasiperiodic word need not be reflective. For example, ababa is quasiperiodic, but
babaa is not quasiperiodic that is superprimitive. A #-quasiperiodic word need not be reflec-
tive. For example, abcbabe is §-quasiperiodic for 6 : V* — V* 0(a) = ¢, 0(b) = b, 0(c) = a,

but cabcbab is not #-quasiperiodic that is f-superprimitive.

Lemma 5.6. If y is a 0-border of x and |y| > |tg.| for a 0-border ty, of x, then ty, is O-cover of
Y.

Proof. Since |y| > |tg.| and ty, is a 6-border of z, then s is also a border of y. We distinguish

two cases:

Case A |y| < 2|tg.|. Then, every symbol of y is §-covered by at least one of the two

occurrences of ty, or 6(ty,.), that start at positions 1 and |y| — |¢g..| + 1 of y, respectively.

Case B |y| > 2|tg,|. Then, there exists some string u such that y = ¢ uty, where t1,ts €
{tos, 0(tg,) }. However, since ¢y, 6-covers x, we know that every symbol in « is #-covered by

an occurrence of tg, or 0(ty,). Therefore, ¢y, is §-cover of y. O

Corollary 5.3. If y is a 0-border of x and |y| > |te,|, then, for any 6-quasiperiod tg, of ¥,
t@y € {tezv e(teac)}

Proof. Assume first that |tg,| > |tg,|. Since ty, is a f-border of y and y is a §-border of z,
then ty,, is a 6-border of x. If |tp,| > |ts.|, we have by Lemma 5.6 that tg, #-covers ty,,.
Now if |tg,| < |te.|, then tg, is a 6-border of y and |ts,| > |ts,|, therefore by Lemma 5.6,
tp, 0-covers tg,. In either case, one has that ty, € {tg,, 0(to)}, as tg, and t4, are both

f-superprimitive by definition of §-quasiperiod. O
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Lemma 5.7. Any word x has at most two 6-quasiperiods (if one is denoted by Qg(z) then
other is 0(Qq(x))).

Proof. Assume that = has any third distinct #-quasiperiod, denoted as ¢4, and assume to fix
the ideas that |Qg(z)| > |tg,|. Let y be a border of = such that |y| > |Qg(x)|. If ¢y, is f-cover
of y, then by Corollary 5.3, we have that t5, € {Q(2),0(Q¢(x))} and to, € {tgs,0(to.)}-
Therefore, tg, € {Qo(x),0(Qo(z))}. O

Lemma 5.8. If Ty(z) is the §-border of x and Qg(Ty(x)) = Qo(z).

Proof. Since Ty(x) is the #-border of x, then |Ty(z)| is maximum among all nontrivial
psuedo-borders with respect to 6 and in particular it is not shorter than Qy(z). The claim

then follows from Corollary 5.3. O

5.2.1 Pseudo L-Primitive Words

For a morphic involution # : V* — V* and a language L, we call a word w € VT, -
primitive if there exists no non-empty word ¢ € L such that w is a §-power of ¢ and |w| > ||.
We define the 6 -primitive root (in short, f;-root) of w, denoted by pyr(w), as the shortest
word t € L such that w is a 6-power of ¢ and there is no word = € L which is 6-root of ¢
and |z| < [t].

We represent the set of 6 -primitive words as )Ly and set of non-6-primitive words as
Z Lg. This is obvious that QLg C QL (ZL C ZLy).

For example, for L = {ab,abab,ba}, 8 : V* — V* a morphism involution, such that

f(a) = b and 0(b) = a, abba is L-primitive, but not 6 -primitive, as abba = abf(ab).

Proposition 5.1. Let f be a A-free morphism of L C V* with |V| > 2. Then f(QL) N QL is

infinite if f is injective,

Proof. The words a™b™ are L-primitive for all n > 2. Let u = a™b™ with m > 2 and suppose
that f(u) is not L-primitive. Let f(a) = p", f(b) = ¢° where p,q € Q. Then f(u) = p""¢*™
with rm, sm > 2. Since f(u) is not L-primitive as it is not primitive which is only possible

if p = q. Hence f(ab) = f(ba), a contradiction. O

Lemma 5.9. Let L be a language over an alphabet V and 6 : V* — V*, a morphic involution

on V*. Then the 0 -primitive root of a word is 0 -primitive.

Proof Letw € V* and t = pgr(w) be its O -primitive root, that is, w is a #-power of ¢t € L.

Suppose, now that ¢ is not #-primitive. Then there exists a word s € L such that ¢ is
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a g-power of s and |s| < |t|. Since t is a §-power of s, thus, w is a §-power of s, which

contradicts ¢ being the 6 -primitive root of w because |s| < |¢t| and s € L. O

Lemma 5.10. Let L be a language over an alphabet V and 6§ : V* — V*, a morphic involution

on V*. Then a 0 -primitive word is L-primitive.

Proof. Suppose that w is a 0p,-primitive word but not L-primitive. Then there exists some
t € L such that w = " with n > 2 and [¢| < |w|, therefore w is also a #-power of ¢, which is

a contradiction. O

Converse need not be true. Since 6 is not the identity function, there exists a word u € L
such that 6(u) # u. Then, if we take w = u36(u), then w is not #-primitive, but w is
L-primitive as if w and t* have common prefix of length [t| + |u| — 1 for some ¢ € L then
by Fine and Wilf Theorem [22], ¢t and « have same root and so it is for f(u), which implies

that u = 6(u), contradiction.

The 0y -primitive root of a word need not be #-primitive and so need not to be primitive.
Let L {bb, cc} such that 6(b) = c and 0(c) = b. For a word w = bbccbbbbee, 61, -primitive roots
is bb or cc which are neither #-primitive nor primitive. The #-primitive roots of w are b and

C.

The class of 0 -primitive words is not necessarily closed under circular permutations. For
example, Let 0 : {a,b,c,d}* — {a,b}* be a morphic involution such that 6(a) = b, 6(b) = a,
0(c) = d, 0(d) = c and a language L = {ab,cd}. w = babedcdaba is 0p-primitive but
abcdedabab is not. Similarily we can show that the class of §-superprimitive words is not

necessarily closed under circular permutations.

For a morphism 6, a language L is called #-closed if for every u € L, 6(u) € L.

5.3 Robustness of Primitive Morphism

A morphism f : V* — V* is k-primitive if for all x € @ and |z| < k, f(z) € Q, where
k > 1. The morphism f is primitive if it is k-primitive for all £ > 1. A morphism f is called
uniform if |f(a)| = |f(b)| for all a,b € V and a # b. A morphism f is called 1-uniform if
|f(a)| = 1foralla € V. Aword v is morphically primitive if, for every word w with |w| < |v],
there do not exist morphisms h, ' : V* — V* satisfying h(v) = w and h'(w) = v, and we

call v morphically imprimitive if it is not morphically primitive.

Definition 5.2. A morphism f : V* — V* is k-del-robust-primitive if for all * € Qp and
|| <k, f(z) € @p. The morphism f is del-robust-primitive if it is k-del-robust-primitive for
all k > 1.
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Example. Define a morphism f : V* — V*, such that f(a) = ab and f(b) = a, fis
primitive morphism but not del-robust-primitive morphism, as, ab € Qp but f(ab) = aba ¢

Qp.

Theorem 5.4. A 1-uniform primitive morphism is del-robust-primitive morphism.

Proof. Since f is 1-uniform primitive morphism, therefore f(a) # f(b) for a # b. |f(a)| =1
for every a € V. If w € Qp then w can not be written as either u", r > 2 or u"ujausu?®,
r+s>1,rs > 0 where u,u;,up € V* and since f is primitive morphism, so f(w) can
neither be written as f(u)” nor f(u)" f(u1)f(a)f(u2)f(u)® and so f(w) € Qp. Therefore f

is del-robust-primitive morphism. O

Let f : V* — V* be a morphism. Denote by fq the set of all the primitive words v € @
such that f(u) € @ and f7 the set of all the primitive words u € @ such that f(u) € Z [15].

Definition 5.3. Let f be a morphism of V*. Denote by fp the set of all the del-robust primitive
words u € Qp such that f(u) € Qp and by f7, the set of all the del-robust primitive words

u € Qp such that f(u) ¢ Qp, i.e. f(u) = p™ or f(u) = p'prapap®, p € Q, p1,p2 € V7,
acV,pipp=p 1r,>0, n>2andr +s > 1.

Lemma 5.11. [15] Let f be a morphism of V*. Then

(@) The languages fq and fz are reflective.
(b) If f is injective, then u,v € fz, u # v imply wv ¢ f; and uv € Q.

Proposition 5.2. Let f be a morphism of V*. Then the languages fp and f}, are reflective.

Proof. If fp = ¢, this is immediate. Suppose fp # ¢ and let uv € fp. Then uv € Qp and
flw)f(v) = f(uwv) € Qp. Since Qp is reflective and f is morphism, then vu € @Qp and
f(vu) = f(v)f(u) € Qp. Therefore, vu € fp. If f;, = ¢, this is immediate. Suppose f}, # ¢
and let uv € f},. Then uwv € Q and f(u)f(v) = f(uv) € Qp(= V*\ Qp). Since Qp and Qp
are reflective, then vu € Qp and f(vu) = f(v) f(u) € Qp. Therefore, vu € f,. O

Denote by f4 the set of all the primitive words v € @ such that f(u) € Qp and by f/, the
set of all the primitive words v € @ such that f(u) ¢ Qp.

Proposition 5.3. Let f be a morphism of V*. Then the languages f; and f); are reflective.

Proof. If f; = ¢, this is immediate. Suppose f; # ¢ and let uv € f;. Then wv € @
and f(u)f(v) = f(uww) € Qp. Since @ and @Qp are reflective, then vu € @ and f(vu) =
f(v)f(u) € Qp. Therefore, vu € fy. If f; = ¢, this is immediate. Suppose f # ¢ and
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let uv € f). Then uwv € Q and f(u)f(v) = f(w) € Qp(= V*\ @Qp). Since Q and Qp are
reflective, then vu € Q and f(vu) = f(v)f(u) € Qp. Therefore, vu € f). O

An injective morphism may not be del-robust. For example, define f on V' = {a, b}, s.t.,
f(a) =band f(b) = aba. f is injective morphism, but f(ab) = baba ¢ Qp.

If f is a morphism of V*, the word u is said to be f-reductible if f(u) = p™, p € Q,
m > 2. Since Q, @p, @ and Z are reflective, then uv is f-reductible if and only if vu is
f-reductible.

Proposition 5.4. [15] Let f be an injective morphism of V'*.

(@) If u,v € VT with uv # vu are f-reductible, then uv is not f-reductible.

(b) If wvis f-reductible and uv # vu, then either u or v is not f-reductible.

A word u € V7 is said to be universally primitive or simply u-primitive if for every
injective morphism f of V*, the word f(u) is primitive [15]. Hence a u-primitive word is a
word that is not f-reductible for every injective morphism of V*. Let Qy denote be the set
of all the u-primitive words of V*. Clearly Qy C @ Since VNQy = ¢, the inclusion is strict.

Definition 5.4. A word u € V7 is said to be universally del-robust primitive or simply
ud-primitive if for every injective morphism f of V*, the word f(u) is del-robust primitive.
Let Qup denote be the set of all the ud-primitive words of V*. Clearly Qup C Q. Since
V N Qup = ¢, the inclusion is strict.

Proposition 5.5. [15] Let w = u™v™ with u,v € V™ and m,n > 2. Then the following

properties are equivalent:

(a) wis u-primitive,
(b) w and v have different roots,
(©) uv # vu.
Proposition 5.6. Any A-free morphism injective morphism on the set {a"b"b"a™ | n > 2} is a

subset of Qp.

Proof. Since f is injective morphism, therefore f(uv) # f(vu) for wv # vu, u,v € V*
and v # v and f(a"b") is primitive. Let there be an injective morphism f such that
f(a™"b"a™) ¢ Qp for some n > 2. Then f(a"b"b"a™) € Z or f(a"b"b"a") € Qp, which is

not possible as f is A-free injective. O
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Proposition 5.7. If a word w is ud-primitive then w is u-primitive.

Proof. If the word w is ud-primitive then f(w) € @p for every injective morphism f, and so

f(w) € Q. Therefore w is u-primitive. O

The converse need not be true as f(w) = (aba)?abab € Q \ Qp.

Proposition 5.8. Let w = u"v" with u,v € Q, u # v and m,n > 2. If w is ud-primitive then

w € @p and u and v have different roots and uv # vu.

Proof. Since w = u™v" € @ and for every injective morphism f(w) € Qp, and so w € Qp.
Since w is ud-primitive and so it is u-primitive. Therefore by proposition 5.5, v and v have

different roots and uv # vu. O

The set {a"b"b"a" | n > 2, a,b € V} contains only ud-primitive words and hence Q/p is

infinite.

5.4 Robustness of Abelian Primitive Words

Let V = {ai1,...,a,} be an alphabet. The Parikh vector of a word w € V* is ¢(w) =
(|wlay, |wlagy - -, |wla,). For the alphabet V' = {a,b}, we assume a < b. Thus, for exam-
ple ¥ (abbaabb) = (3,4). A word w is a n-th Abelian power if + = y1y2...y, for some
Y1,Y2,---,Yn € V* such that for all 2 < i < n, ¥(y;) = ¥(y1)-

A word w is Abelian primitive (or A-primitive, for short) if w is not a k-th Abelian power
for every k > 2. For an alphabet V, the set of all A-primitive words w € V* is denoted by
AQ(V) or simply AQ if V' is understood.

Definition 5.5 (Substitute-Robust Abelian Primitive Word). A primitive word w of length n

is said to be subst-robust Abelian-primitive word (or subst-robust A-primitive word) if and only
if the word
pref(w,i) .a. suf(w,n —i—1)

is an A-primitive word for all i € {0,1,...,n— 1} and foralla € V.

For example, the word abbababaa is not a subst-robust A-primitive word and the words

a™b™ for n > 2 are subst-robust A-primitive words.

The collection of all subst-robust A-primitive words over an alphabet V' is denoted by
AQs.

Lemma 5.12. If w € AQg then rev(w) € AQs.
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Proof. Let w € AQgs such that rev(w) is not a subst-robust A-primitive word. Therefore,
rev(w) = p1.pa .. .p;ap;' ... px where ¢ (p;) = 1(p) for some p € @ and p = p;bpy for some
b # a. Then the word w = rev(py.pa...pap; ...pr) = rev(py) rev(p; ) a rev(p;) rev(pr)
and ¥ (p1 b p2) = ¢¥(p) = Y(rev(p2) b rev(p1)). By Proposition 3.2, w is not a subst-robust

A-primitive word, which is a contradiction. Therefore, if w € AQg then rev(w) € Qg. O

Definition 5.6. A word w is del-robust Abelian primitive (or DA-primitive, for short) if the
primitive word w can not be written as uujus . . . u,au;” ... u, for some u,u; € V*, u; = uiu;”
forsome 1 <i<mnanda €V where Y(u;) = ¢¥(u) forall 1 <i <n.

We denote the set of del-robust abelian primitive word as AQ p.

The word w = aabbab is A-primitive and D A-primitive as well, while v = aabbabbab is
not a D A-primitive word, as u = xy1bys where x = aabb,y; = a, y2 = bab, y = y1y> = abab
and ¥(z) = ¥(y) = (2,2).

We know that the language of del-robust primitive words Qp over an alphabet V' is re-
flective by Theorem 3.3. Similarly, we have the property of reflectivity for the language of

del-robust abelian primitive words AQ p.

Lemma 5.13. If w € AQp then rev(w) € AQp.

Proof. We prove this by contradiction. Let w € AQp such that rev(w) is not a del-robust
abelian primitive word. Therefore, rev(w) = p1.ps .. .p;ap;l ooppforp e Q,1 <1<k
and p; = p;p;/ such that such that for all 1 < 4,5 < k, ¢(p;) = ¥(p;). Then the word w =

rev(pr.ps ... pyap; .. .pp) = (rev(py)) ... rev(p; ) a rev(p;) rev(py) and since p; = p;p; , SO
rev(p) = rev(p; )rev(p;). Therefore w is not a del-robust abelian primitive word, which is a
contradiction. Therefore, if w € AQp then rev(w) € AQp. O

Corollary 5.4. If w € AQ then rev(w) € AQ.
Proof. Similar to lemma 5.13. O

The language AQ is not reflective. For example, aabb € AQ but abba € AQ. AQp is not
reflective. aabbb € AQp but baabb € AQp.

Theorem 5.5. AQ)5 is not a context-free language.

Proof. By contradiction, let us assume that AQ3 is not a context-free language. Let p > 0
be an integer which is the pumping length for the language AQ5. Consider the string

s = aPbPcPbPcPaPt! | where a, b € V are distinct. It is easy to see that s € AQp and |s| > p.
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Hence, by the Pumping Lemma 2.6, s can be written in the form s = uvwzy, where
u, v, w, z, and y are factors, such that jvwz| < p, [vz| > 1, and wv'wz'y is in AQ for every
integer ¢ > 0. By the choice of s and the fact that |vwz| < p, we have one of the following

possibilities for vwa:

(a) vwz = o’ for some j < p.
(b) vwz = a/b”* or b/cF or ¢/b* for some j and k with j + k < p.
(¢) vwz = b’ for some j < p.

(d) vwz = ¢Ja” for some j and k with j + k& < p.

In Case (a), since vwz = a’, therefore vz = a’ for some ¢t > 1 and hence wvlwa'y =
aP~ P PPt ¢ AQ4 for i = 3.

Case (b) can have several subcases. We prove it for vwz = a’b*. For b/c¥, proof will be

similar.
(1) v=a", w=al?, x=al3bF.
(i) v=a’t, w= al2bFr g = pk2,
(iil) v = a?bf, w = bF2, x = bks,

In Case (a), Case (b) and Case (c) if we take i = 4, w'wz'y # AQp-

Similarly, we can obtain contradiction in Case (c) and Case (d) by choosing a suitable 4.

Therefore, our initial assumption that AQ is context-free, must be false. O

Theorem 5.6. AQp is not regular.

Proof. Let us suppose that the language AQp is regular. Then there exist a natural number

n > 0 depending upon the number of states of finite automaton for AQ p.

Consider the word w = a"ba™b,n > m + 2. Note that w € AQp. Since |w| > n, then it
must satisfy the other conditions of pumping Lemma for regular languages. So there exist a
decomposition of w into z, y and z such that w = zyz, |y| > 0 and zy'z € AQp for all i > 0.

k

Let + = a*, y = a7, 2 = a7~*ba™b. Now choose i = z; and since we know by
Lemma 3.8 that for every j € {0,1,...,n — 1}, there exists a positive integer z; > 1 such
that zy% z = aFa("=9% a7 ~Fpa™b = o= tIha™b = aba™b = (a™b)? ¢ AQp which is a
contradiction. Hence AQp is not regular. O
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We know that the set AQ is not context-free [54]. Next we show that AQp over an
alphabet V' (|V'| > 3) is not context-free.

Lemma 5.14. For a prime p > 2, the word x = aabbc(ab)?~2 is del-robust A-primitive.

Proof. |x| = 2p + 1 for x € M. If x is not del-robust A-primitive, then one of three cases
occurs:

(@ () = (u).2p+ {0,0, 1} for some letter u,

(b) x = ujuscus . . . u, for words uy, . . ., u, of length two such that ¥ (u;) = ¥(u;), 1 <i,j <
pand i # j

or

(c) Otherwise.

The case (a) cannot occur because z contains occurrences of a, b and c. In case (b), since

we would have u; = aa and uy = bb so this case is also not possible.

Thus, we must have that # = vvs for |v1| = p+ 1 and |ve| = p. If p = 2 or 3, then x is
del-robust. If p > 3 and v; = aabbc(ab)?~?)/2¢ which has Parikh vector ((p — 5)/2 + 3, (p —
5)/2 4 2,1), and vy = b(ab)®—1/2 which has Parikh vector ((p — 1)/2, (p — 1)/2+ 1,0). We
can see that the number of occurrences of a in v; is even, while in v it is odd or vice versa.

Therefore aabb(ab)P~2 is A-primitive and so aabbc(ab)?~? is del-robust A-primitive. O

Lemma 5.15. AQp N aabbc(ab)* = {aabbc(ab)P—2 | p is prime}.

Proof. Let M = AQp N aabbc(ab)*. The if part is immediate from Lemma 5.14. For the only
if part, let x € M. Then |z| = 2n for some n > 2. Suppose, on contrary z is not of the form
aabbc(ab)P~2 for some prime p. Then we must have that n is not prime. Let ¢ be a prime
factor of n and note that 2 = (aabbe(ab)?=2).((ab)?)/7~! and that all factors of length 2q
have ¢ occurrences of a, ¢ occurrences of b and one symbol c. Further, aabb(ab)?? is an
A-primitive root after deletion of a symbol ¢ from x by Lemma 5.14. Thus, x is not del

robust A-primitive, which is a contradiction. O

We can now show that the set of all del-robust A-primitive words is not context-free.

Theorem 5.7. Let V' be an alphabet such that |V'| > 3. The set AQp over V is not context-free.

Proof. We prove that M is not context-free. Let M’ = h=!((aabb)~' M) where h : {a,c}* —
{a,b,c}* is the morphism h(a) = ab and h(c) = c. Then M’ = {caP~2 | p is prime}. As
the context-free languages are closed under quotient by regular sets and inverse homomor-
phism, M’ is context-free if M is context-free. But as M’ is unary after deletion of ¢ from
each element of M’. Since M’ is not regular, by the pumping lemma. Thus, M and so AQp

are not context-free. O
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5.5 Conclusions

In this chapter, We have discussed the characterizations of pseudo-superprimitive words
and pseudo-L-primitive words and identified several properties. We have investigated the
robustness on primitive morphism and some results on universally primitive words. We
have discussed the robustness on abelian primitive words and proved that the language of

del-robust abelian primitive words is not context free.

DRUCES St
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Yatra Naryastu Pujyante Ramante Tatra Devata,

Yatraitaastu Na Pujyante Sarvaastatrafalaah Kriyaah.
(Manusmriti Verse 3.56)

Meaning: "Where Women Are Honored , Divinity Blossoms

There;

And Where they Are Dishonored , All Action Remains

Unfruitful.”

Chapter

Conclusion and Future Directions

The main motivation of this thesis is to advance our understanding of various primitive

words and their robustness with respect to various operations. By providing approaches

for robustness on L-primitive words, pseudo-primitive words, superprimitive words and

pseudo-quasiperiodic words, we can hopefully gain more insight into the general problem

of primitive words. Each of the chapters leave scope for future directions. These are some

of the obvious steps to take towards advancing the current state-of-the-art.

D

2)
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It is shown that @p is reflective. It is also proved that the language of non-del-
robust primitive words ()7 is not context-free. We have also presented a linear time
algorithm to test if a given word is del-robust primitive. Finally, we have given a
lower bound on the number of del-robust primitive words of a given length There
are several interesting questions that remain unanswered about del-robust primitive
words. Some of them that we plan to explore in immediate future are:

) Is le for i > 2 regular? It is known that @’ for i > 2 is regular [50] where Q is
the set of primitive words.

(ii) It is known that the language of primitive words () is accepted by 2DPDA [13].
Is the language of del-robust primitive words Qp accepted by 2-way deterministic
context-free?

(iii) Is the language of del-robust primitive words ) p deterministic context-free? We
believe that the properties we have identified for del-robust primitive words will be

helpful in answering these questions.

We have characterized ins-robust primitive words and identified several properties
and proved that the language of ins-robust primitive words @); is not regular. We also
proved that the language of non-ins-robust primitive words ()7 is not context-free. We

identified that @); is dense over an alphabet V. We have also presented a linear time
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algorithm to test if a given word is ins-robust primitive. Finally, we have given a lower

bound on the number of ins-robust primitive words of a given length.

There are several interesting questions that remain unanswered about ins-robust prim-
itive words. Some of them that we plan to explore in immediate future are as follows.
Is Q§ for i > 2 regular? It is known that Q' for i > 2 is regular [55]. We conjecture
that the the language of ins-robust primitive words @); is accepted by 2DPDA and in-
dexed grammar [56, 57]. We also conjecture that the language of ins-robust primitive
words @7 is not a deterministic context-free language. We believe that the properties
we have identified for ins-robust primitive words will be helpful in answering these

questions.

3) It has been proved that the languages of non-exchange-robust primitive words are not
context-free. We mention some of the interesting questions that are still unanswered.
(1) Is the language @ x context-free? (2) One can consider to exchange two symbols
at any positions and preserve primitivity. It is an open problem to get a linear time

algorithm to recognize exchange-robust primitive word.

4) It is proved that the language Qs is reflective and Qg is not a context-free language.

There are several interesting questions that remain unanswered about subst-robust
primitive words. Some of them that we plan to explore in immediate future are:
(1) Is Qg for i > 2 regular? (ii) Is the language of subst-robust primitive words Qg

deterministic context-free?

5) A word is L-primitive if it is not a proper power of a shorter word from the language
L. It is shown that the exchange of any two consecutive distinct symbols in a non-
L-primitive word w, alph(w) > 2, make it L-primitive word. If w = zjabzy € ZL
then x1baxy € QL. It also shown that the language ()5 need not be dense over
the alphabet V. It is proved that the language of non-exchange-robust L-primitive
words may be context-free for some language L and the language of exchange robust

primitive words QL x is accepted by a 2DPDA.

6) A special type of Primitive words (pseudo-superprimitive words) are defined which is
based on pseudo-primitivity and superprimitivity of words. There are still to discuss
the robustness on languages of pseudo-periodic, quasiperidic and pseudo-superprimitive
words. There is future scope to discuss the robustness on pseudo-primitive words for

the other morphisms viz. antimorphic involution, morphism without involution etc.

We have characterized ins-robust pseudo-primitive words and identified several prop-
erties. and proved that the language of ins-robust primitive words ()y; is not context-

free. We have introduced some new terms say, pseudo L-primitive word and pseudo-

TH-1934 11610113 74



CHAPTER 6. CONCLUSION AND FUTURE DIRECTIONS

superprimitive words and identified some properties. Finally, we have discussed ro-

bustness on morphism.

We mention some of the interesting questions that are still unanswered. (i) Are the
languages of subst-robust abelian primitive words AQg, ins-robust abelian primitive
words AQ; and exchange-robust abelian primitive words AQx context-free? (ii) Is

there a linear time algorithm to find the -quasiperiod of a string?
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