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ABSTRACT

Keywords. Semilinear order, C-relation, B-relation, D-relation, Jordan group,

homogeneous structure, oligomorphic group, cycle type, uncountable cofinality.

This thesis is about the interplay between permutation groups and some relational
structures. Special emphasis is on a class of permutation groups called Jordan
groups in which, in some non-degenerate way, the pointwise stabiliser of a subset
is transitive on the complement. The relations considered are semilinear orders,
C-relations, B-relations and D-relations. These relations are precisely the ones
that appear in the study of Jordan groups. We try to answer the following natural
question: Suppose we start with a relational structure whose automorphism group
is a Jordan group. Can we expand this structure by imposing extra relations on
it so that it still admits a Jordan automorphism group?

First, a C-set §2 and its automorphism group is studied. It is known from the
literature that the automorphism group of a C-set is a Jordan group. Two types
of automorphisms of (€2, C') are defined. Roughly, a chain automorphism induces
an order-preserving permutation on some chain of the underlying semilinear order
A fixing setwise that particular chain. And a branch automorphism fixes a node
of A inducing a permutation on the branches at that fixed node. A relation which
restricts the class of branch automorphisms of (2, C) is called a branch relation.
And a relation which restricts the class of chain automorphisms of (€2, C) is called
a chain relation. It is shown that any element of Aut(Q,C) can be expressed as
a product of these two types of automorphisms. A few other relations namely, a

binary (2-place) relation < and quaternary (4-place) relations V', L and R are also
vi
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imposed on the C-set. The group Aut(2,C, <) is shown to be 2-homogencous
which is not 2-transitive and Aut(Q2, C, <, V) is 2-homogencous but not relatively
3-transitive. Again, Aut(Q,C, L) is 2-transitive but Aut(§,C, L, R) is not even

2-homogeneous. Further, it is shown that each of these automorphism groups are

Jordan groups. For example, the Jordan sets of Aut($2,C, <) arc of the forms Contents

Ye.p = {agniqinag, . . . ngqx | ¢ € P}, where o is an element of A and P is either

a singleton subset or an open interval of Q. The point stabiliser of each of these

groups is also determined. A minimal Jordan group Gy is determined such that
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Chapter 1

Introduction

This thesis is about the interplay between permutation groups and some rela-
tional structures. The central idea is that certain classes of permutation groups
can also be viewed as groups of automorphisms of relational structures of specific
kinds. We shall be concentrating on a very special class of per'mutation groups
called Jordan groups which can be defined as those groups in which, in some
non-degenerate way, the pointwise stabiliser of a subset is transitive on the com-
plement. There is the beautiful theory of relational structures (as developed by
Adeleke & Neumann) which are defined to be structures that have some natural
binary, ternary or quaternary relations defined on them, either as sets of nodes
of the underlying tree or as sets of the ends (or the points at infinity) of the tree.

The relational structures that we consider are a semilinear order, a C-relation,
a B-relation and a D-relation (Section 2.3.2). Briefly, a semilinearly ordered set
or simply a semilinear order is a ‘connected’ partially ordered set in which for
every point, the set of all points below it is linearly ordered; above it there
may nevertheless be ‘branching’ or ‘ramification’. A linearly ordered subset of a
partially ordered set is known as a chain; the maximal chains in a semilinearly
ordered set form a rich and interesting structure in their own right. The behaviour
of the maximal chains is described by a ternary relation which we call a C-relation.

A B-relation is another ternary relation which captures the notion of a point
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1 Introduction 2

lying between two others in a tree-like structure. And finally a D-relation 1s a
quaternary relation defined on the ends or the points at infinity of a set with a

B-relation.

What the four concepts have in common is that these are precisely the struc-

tures which appear in a study of Jordan groups which we shall describe in detail

later on. We explore this idea in a few directions and try to add to the body of

the knowledge in this area by asking the simple and natural question: Suppose we

start with a relational structure whose automorphism group is a Jordan group-.

Can we expand this set by imposing extra relations on it that preserve the Jordan

property of the automorphism group? If Yes, can we specify the kinds of relations

; ? /e start wi
that we can impose? If we start with » Set equipped with a C-relation then the
problem can be stated as follows (refor [BMMN][Prol)ipm 8])

Problem 1. ' 3 '
. 1 Describe all ways in whicl, @ set with o C-relation can be M‘;f)(sfn.d(?fﬁ
by imposing extra relations while preserving the Jordan
pr

’ 5 =} i -
phism group. operty of the automo

In tryi i i i
ying to answer this question we IMpOse extry relat;
- BXtra relations on

: . a set with a C-
relation and study their automorphism groups. We ( -
- We do

with a D-relation. We also stud a parallel study on a set

v some other proj

groups of these structures. erties of the automorphism

This chapter is divided into two sectiong

e The first ; saf s
the motivation for the thesis. The second g - shaln g igfRon &

ives : :
San outline of the chapters. The

1 C . . ] l v an(l e 3

lmuontarv
axioms of the
The references for the materia] in Ch

book of the subject. The found in any St"mdard

been taken from [ANQ]'
and [BMMN]. The mail

i . Other references are [A )
| M, [C2), [MP] ang [SP]. And for
] and [DH M.

relationg have
apter 3 are [ANg]

refere
rence for the work presented iy Chapter 4 ; |
(o I‘ / IS h"’I?]

[C1] and [M1]. For Chapter 5 ref,

I‘(,'Il(' es ar
Lo dl'e
Chapter 6 the references are {

M2], [C1), jmy
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1.1 Motivation for the thesis
1.1 Motivation for the thesis

In the 1870’s, Jordan developed the carly theory of permutation groups now

known as Jordan groups. The key result in the theory is Jordan’s Theoremn.

Theorem 1.1 [Jordan] A finite primitive group having a proper Jordan set is

2-transitive. o

In the finite case, all classes ol primitive Jordan groups have been determined but
the picture in the infinite case is quite different. Jordan’s Theorem fails in the
infinite case. The simplest counter-example is the group A of order-preserving
permutations of Q in which any open interval is a Jordan set. This group is
2-homogeneous but not 2-transitive. There are various symmetric groups, for
example, and affine and projective groups can be defined over infinite fields with
finite or infinite dimension. These examples retain much of the structure of
their finite counterparts, but infinite multiply transitive groups can also exhibit
behaviour that is just not possible for a finite group. New methods including ideas
from model theory have been employed recently in an attempt to understand these
infinite groups. There is an excellent survey on Jordan groups by Macpherson
[M1].

There are many naturally occurring examples of Jordan sets. The ones that
are of greatest interest to us are those that occur as automorphism groups of
certain relational systems. The example A considered carlier can be varied in
several ways. First, we can generalise from Aut(Q, <) to Aut(§2, <), where (Q, <)
is an arbitrary relatively 2-transitive (refer Definition 2.8) dense lincarly ordered
set. The non-empty convex open subsets will always be primitive Jordan sets.
Next, we can consider the cyclic order on Q (a ternary relation - think of the
rational points on the unit circle) and we can generalise to arbitrary 2-transitive
dense cyclic order relations. Then there are the corresponding linear betweenness
or cyclic separation relations: their automorphism groups are the groups of order-

preserving or order-reversing transformations with respect to the original linear or
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cyclic order respectively. In all these cases every primitive Jordan set is open and
convex and conversely, every non-empty convex open set is a primitive Jordan set.

Semilinear orders, C-relations, B-relations and D-relations are generalisations of

these relations.

Some interesting relations that can be imposed on a set with a C-relation
such that the automorphism group still has primitive Jordan sets have been dis-
cussed by Cameron [C1]. For example, suppose (P,<) is a countable 1- and

2-homogeneous semilinear order and suppose its nodes are coloured densely red

or green. Pick a dense set M of maximal chains of (P, <) and interpret a C-

relation C' in the usual way on M. Also define a (binary) adjacency relation

on M, putting two members of M adjacent if, regarding them as chains, the

common upper bound of their intersection is a red point of P. Then the auto-

morphism group of the C-relation preserving the adjacency relation is a primitive

Jordan group. We started our work using these ideas and have expanded the list

of relations that can be imposed while preserving the Jordan property of the
automorphism group.

1.2 Outline of the chapters

as from group theory and axiomatic
red in the thegis. Two classification

that gives the connection between per-

definitions of the relations that are conside

My <Ny, g € Q\ {
i g 0}11 LHL b .
The C-relation defined on () is the usual C' Sk L

relation which ig defined as

TH-2714 964601
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Clz;y,2) 0 (y=2z#T)V(zNy <ynaz),

where z Ny denotes the intersecting node of z,y with z 7 y which is defined to
be the greatest node of A such that the node is an element of both the chains z
and y. The C-set Q that we construct exhibit a high degree of symmetry with
maximal chains isomorphic to @ and branching number R, at each node of the
underlying semilinearly ordered set A.

We define two kinds of automorphisms of (€2, C). Roughly, a chain automor-

" phism is an automorphism that induces an order-preserving permutation on some

chain of the underlying semilinear order fixing setwise that particular chain. And
a branch automorphism is an automorphism that fixes a node of the semilinear
order inducing a permutation on the branches of the fixed node. (For precise
definitions of chain automorphisms and branch automorphisms refer Definitions
3.2 - 3.3). We show that any element of Aut(f2, C) is expressible as a composition

of chain automorphisms and branch automorphisms (Theorem 3.2).

In Chapter 4 we impose extra relations on the C-set { that we construct in Chap-
ter 3. The first relation that we impose is a linear order (Section 4.1). Suppose
z,y are two elements of 2 with & = z Ny and suppose z,y lie on the g-th, p-th

branches at « respectively. We define the linear order < on Q as
r<y:eq<p

where the second < denotes the linear order on Q. The chain automorphisms
of Aut(Q,C, <) are the chain automorphisms of Aut(Q2,C) whereas the branch
automorphisms are those branch automorphisms of Aut(Q2, C) that induce order-
preserving permutations on branches at a node of A. Thus the imposition of the
relation < on (§, C) restricts the branch automorphisms of Aut(Q2, C). We call
such a relation a branch relation. We show that Aut(Q,C, <) isa 2-homogeneous
group (Theorem 4.3) which is not 2-transitive. It is a Jordan group (Theorem 4.8)
with sets of the form Zq,p = {@qmiqin2¢2 ... niqx | ¢ € P} as Jordan sets, where

a € A and P is either a singleton subset of Q or an open interval (a,b) of Q. For
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any element z in Q we also determine the point stabiliser of & in Aut(Q2,C, <)
(Theorem 4.6).

With the imposition of the linear order < on 2 the set of branch automor-
phisms of the automorphism group becomes smaller. This means that we have
some control over the branch automorphisms of (2,C). We impose another re-
lation V on (£2,C, <) to get a more smaller set of branch automorphisms in
Aut(Q2,C, <, V) (Section 4.2). Let z,y be two distinct elements of Q2 and suppose
a denote their intersection zNy. Let z,y lie on the ¢-th, p-th branches at « respec-
tively. We define the distance between z and y denoted by d as d(z,y) :=q—p-

The quaternary relation V on € is defined as
V(z,y; 2,w) 1+ d(z,9) = d(z,w).

The branch automorphisms of Aut(f, C, <, V) induce order-preserving permuta-
tions of Q of the form ¢ — ag+b,a € Q*,b € Q. We show that Aut(Q,C, <, V) is
a 2-homogeneous group (Theorem 4.10) which is not relatively 3-transitive. The
automorphism group Aut(Q2,C,<,V) is a Jordan group (Theorem 4.12) with
Jordan sets of the form %, , = {agniqinags . . . nggy}, where o € A and g € Q.
Next we define a quaternary relation L on Q (Section 4.3). For any element
a € A with expression MqiN2q2 . .. ng we define the level of a, denoted by L(c)

to be ni. Given two elements o, 8 € A we say that aLg 1+ L(a) = L(B). Using
this binary relation L on A we define the quaternary relation L on  as

L(z,y; 2,w) 1 L(z N y) = L(zNw).

The branch automorphisms of (©,C, L)
of (2,C). On the other hand the chain automorphisms of (,C, L)
chain automorphisms of Aut(Q, C)

just the Q,-branch of Q. Here agai
group (Theorem 4.14)

are same as the branch automorphisms

are those
that induce order-preserving permutations on
n, we show that Aut(Q, C, L)

which is also a Jordan group (
sets of the form Yap 1= {agniqinyg, .

is a 2-transitive
Theorem 4.16) with Jordan
Mk | ¢ € P}, where o ¢ A and P

TH-2714_964601
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is any subset of Q. We also determine the point stabiliser of any element z in
Aut(Q, C, L) (Theorem 4.15).

The imposition of the relation L on (£2,C) reduces the class of chain auto-
morphisms of Aut(£2,C). We call such a relation a chain relation. To obtain a
smaller class of chain automorphisms we impose another quaternary relation R
(Section 4.4). Consider dyadic and ternary fractions of Q of the forms 5 and
mmeZ neNn>1 respectively. We specify that integers are assumed to
:Je neither dyadic nor ternary. We say that two rational numbers are of same
type if both are dyadic or both ternary or both are non-dyadic, non-ternary. The

quaternary relation R is defined on (2,C) as
R(z,y; z,w) ¢ L(zNy) and L(z Nw) are of same type.

Suppose L(z,y; z, w) holds for elements z,y, z, w in . Then L(zNy) = L(zNw),
which implies trivially that L(zNy) and L(zNw) are of same type which in turn

implies that R(z,y;z w). But nodes of same type need not necessarily be in

the same level. We have shown that chain automorphisms of Aut(, C, L, R) can
induce neither magnifications (Lemma 4.19) nor non-integer translations (Lemma
4.20) on the @;-branch. The group Aut(2,C, L, R) is a Jordan groﬁp (Theorem
4.19) which is not 2-homogeneous (Theorem 4.18).

Next, we combine all the relations <,V, L, Rt defined so far on the C-set
Q2 (Section 4.5). The chain automorphisms and the branch automorphisms of
Aut(,C,<,V, L, R) are the chain automorphisms of Aut(2,C,L,R) and the
branch automorphisms of Aut(§, C, <, V) respectively. The automorphism group
Aut(Q,C,<,V,L,R) is also a Jordan group (Theorem 4.21). We show that
Gy, the group of translation branch automorphisms is a minimal Jordan group
of Aut(Q2,C,<,V, L, R) (Theorem 4.22). Finally we show that imposition of a
branch relation that contains the class of translation branch automorphisms in
its automorphism group admits a Jordan automorphism group (Lemma 4.27).
And imposition of any chain relation on (£2,C) admits a Jordan automorphism

group (Lemma 4.28).
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In Chapter 5 we study the structures of (§2,C) with the extra relations with
reference to homogeneous structures (as in model theory, refer Definition 5.1)
and oligomorphic groups (refer Definition 5.2). We also look at the cycle types
of the automorphism groups. We show that the structure (2,C,<,V, L, R) is
homogeneous (Theorem 5.4). We use the one-point extension property to show
that a structure is homogeneous (refer [DM][Theorem 9.5A]). A structure is ho-
mogeneous if there is only one orbit on each isomorphism type on sets of size n
of Q2 and a homogeneous structure is oligomorphic if the number of isomorphism
types on sets of size n in § is finite for every n € N. We show that all the struc-
tures under discussion are homogeneous. Hence to show‘ that the automorphism
groups of each of these structures is oligomorphic we show that the number of
isomorphism types on sets of size n is finite, for every n € N. We determine
the number of isomorphism types of sets of size n in (2, C) such that pairs of
elements from the set determine m nodes, 1 < m < n—1. We show that the num-
ber of these isomorphism types is finite which means that the group Aut(Q2,C) is
oligomorphic (Theorem 5.5). We also show that each of the groups Aut(Q?, C, <),
Aut(Q,C, <, V), Aut(Q,C, L) and Aut(€, C, L, R) are oligomorphic (Theorems
9.6 -'5.9). Further we show that the group Aut(Q,C, <,V, L, R) is oligomorphic
(Theorem 5.10).

In the last section of Chapter 5 we give the realisable cycle types of the

automorphism groups. We show that the cycle types realised by non-identity

automorphisms of the group Aut(Q, C, <)

are of the forms N{°1% 0 < k < N
(Theorem 5.12). U v i

The cycle types realised by non-identity
groups Aut(Q,C,S_,V), Aut(Q,C, <V, L) and Aut(
to be same (Theorems 5.13 - 5.15)

automorphisms of the

Q,C, <V, L, R) are found

- And the cycle type realised by non-

. identit
elements of Gy is of the form R3°1% (Theorem 5 16) -

a ternary relation K (Section 6.6)

a S-place relation T (Section 6.7) and an-

TH-2714_964601
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other 5-place relation R on ¥ (Section 6.8). We find that Aut(¥,D,K) is a
3-homogeneous group (Theorem 6.3) which is a Jordan group (Theorem 6.5).
The group Aut(¥,D,T) is a 3-transitive group (Theorem 6.6) which is also a
Jordan group (Theorem 6.7). And finally Aut(¥, D, T, R) is also a Jordan group
(Section 6.8.3) but not 3-homogeneous (Lemma 6.23). For any point zy € ¥, the
relation K induces a linear order on (¥ \ {z0},C) (Lemma 6.11), the relation T
induces a 4-place relation L (Lemma 6.21) and the 5-place relation R induces the
corresponding 4-place relation R (Lemma 6.24) as defined in the C-set Q. We
show that Aut(¥,D, K, T, R) is a Jordan group (Theorem 6.8).

The last major result we present in Chapter 6 is on cofinality. Suppose we have
an automorphism group A. If there exists a countable chain Hy < H; < Hy < ...
of proper subgroups with union A then we say that A has countable cofinality.
Otherwise we say that A has uncountable cofinality. We show that the group
Aut(¥, D) has uncountable cofinality (Theorem 6.9).

Chapter 7 constitutes the conclusion and briefly sums up our findings. It also

contains a section that gives some interesting open problems related to our work.
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Chapter 2

Preliminaries

This chapter is devoted to the concepts that are required for our work. It includes

axiomatic descriptions of the relations that are considered in this thesis.

2.1 Notation

We shall normally use the following convention: capital Greek letters Q, A, ¥, T
will denote sets (and their subsets) which carry some structure on them. Groups
will act on these sets. Small Greek letters a, 8,7, will denote elements of these
sets. Capital italics G, H will denote groups; capital italics B,C, D, K, S will
be used for relations. Conventional relational symbols such as <, < will always
stand for non-strict and strict order relations (partial or linear as the context
requires), respectively. We shall use || to denote incomparability of two elements
of a partially ordered set. Punctuation will be used as a mnemonic to indicate
symmetry properties of n-place relations: for example if we write C(z; y, 2) then it

will indicate that the 3-place relation C is symmetric with respect to the second

" and third variables. In formulae we shall use the usual logical connectives —

<, V, A and = to mean ‘if ... then ..., ‘if and only if’, ‘or’, ‘and’ and ‘not’
respectively. Symbols such as =, < will be used only in explanations. And we

shall use := and :¢+ to indicate definitions.

i
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2.2 Permutation groups

A permutation on a set { is a bijective map from Q to 2. If g is a permutation
on § then we write w? for the image of w under ¢, for w € Q. The set of
all permutations on a set Q is a group under the operation of composition of

mappings. We call this group the symmetric group on Q2 and denote it by Sym(€2).

Definition 2.1 A permutation group on a set Q is a subgroup of Sym(Q).

Definition 2.2 Let G be a permutation group on a set 2. The group G is said
to be k-transitive if for any two k-tuples (a1, ay,...,ax) and (B, B, .. ., Bi) of
distinct elements of 2 there exists g in G such that of = f; for 1 <i < k. The

group G is said to be k-homogeneous if for any two subsets I'}, I’y of  of size k
there exists an element g in G such that [f="T,.

For k = 1, we say the group is transitive and homogeneous respectively. The

group G is said to be highly transitive (highly homogeneous) if it is k-transitive
(k-homogeneous) for all k € N,
Example 2.1 The symmetric group S, is n-transitive, since it contains all the
permutations on a set of n elements.,

Example 2.2 The alternating group A, is however only (n — 2)-transitive.

Ex
ample 2.3 The group Aut(Q, <) of order preserving automorphisms of the

rationals is highly homogeneous.

D 5 ;
efinition 2.3 For a € () we define the stabiliser of o in G to be the set

Go:={g€G|a?=a)

It is easy to see that G,

is a subgroup of The stabili
. . iliser @
point stabiliser,

Similarly k-point stabiliser G
fixes k distinct points o, a,

« 1S also called a

a1.02,004 €1 be defined which
sy O in Q.
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Definition 2.4 A transitive permutation group G is primitive if there are no

non-trivial and proper G-invariant equivalence relations.

A G-invariant equivalence relation is said to be non-trivial if there is a class with
more than one element and it is said to be proper if there is more than one class.
A k-transitive permutation group (k > 1) is k-primitive if any (k — 1)-point

stabiliser is primitive on the complement of the k — 1 points on .

Definition 2.5 Let G be a group acting on a set 2. We say that G acts faithfully
on Q if the set {g € G | WY = w for allw € Q} consists of only the identity

element in G.

Let G and H be permutation groups acting faithfully on sets A and I" respectively.
We define K := G" = {f | f: T — G} and we let H act on K by specifying that
f*a) = f(ah™), for all @« € T and h € H.

Definition 2.6 The wreath product W of G by H is defined to be the semidirect
product of K by H, that is,

W:=G Wrp H .= {(f,h)|f€K,hEH}

with multiplication defined by (f1, 1) (f2, h2) = (flf;rla hihs). 1t acts naturally
on A x I' with the action defined as (6,7)(f,2) = (6f(7),7h). The group H
is called the top group, G the bottom group and K the base group of the wreath
product W. The factors (& G) of K are called the co-ordinate subgroups (indexed

by I') of the base group K. The wreath product construction on permutation

groups is associative.

2.3 Relational structures

For each integer n > 1, an n-place relation on a set ) is a subset A C Q" where

Q" =0 x Qx-- xQ (ntimes). Strictly speaking, the relations just defined are
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finitary relations. It is also possible to define infinitary relations in an analogous
way but relations in our study will always be finitary relations. We use the terms
binary, ternary and quaternary to refer to the cases 2-place, 3-place and 4-place
respectively. A relational structure (or simply a structure) is a set £ together

with-a family of relations on 2.

Definition 2.7 Let R be a set of relations on a non-empty set 2. Now Sym(f2)
acts (componentwise) on Q* for each k, so we can consider the set G of all
permutations on {2 which maps a related k-tuple to another related k-tuple. It is
easily seen that G is a subgroup of Sym(Q); G is called the group of R-preserving

permutations on §, or the automorphism group of the relational structure (2, R),
and is denoted by Aut(Q, R).

Definition 2.8 Let (2, R) be a relational structure and G be its automorphism
group. The group G is defined to be relatively k-transitive if for any two k-tuples
(o1, 09,...,04) and (B1, B2y - - ., Br) there exists g € Aut(Q, R) such that o = £,

1 <4< k. And the group G is said to be relatively k-homogeneous if for any two
subsets I', I'; of size k there exists g € G such that I'? =Ty

2.3.1 Linear relational structures

In this section we give the definitions of linear orderings, linear betweenness

relations, cyclic orderings and cyclic separation relations.

Definition 2.9 A structure (A, <) is a partially ordered set if the following con-
ditions are satisfied:

(al) aSﬁAﬁSQHa:ﬁ;
(a2) ASPABSY—sa<n,

It is said to be a linearly ordered set if in addition
(a3) a<pBVP<a.

A linearly ordered set is also called a chaj

n or referred t
We say that (A, <) j o simply as a linear order.

18 dense and without end- -points if
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(a4) a<f— () (a<y<p);
(a5) (Ya)(3B)(IV(B < ax < ).

Definition 2.10 A linear betweenness relation p is a ternary relation which is

axiomatically defined by the following:

(01)  ples B,7y) = plas v, B);
(b2) pla; B,7) A p(B;a,7) & a=f;
b3)  ple; B,7) = ple; B,6) V ple; 7, 6);
(b4)  p(a; B,7) V p(Bi v, @) V p(7; @, B).
Given a linearly ordered set (A, <) the derived linear betweenness relation p is
defined by
) pla;B,y) e (B<asy)V(r<a<h).

Definition 2.11 A cyclic or circular order relation is described by a ternary

relation K satisfying the following conditions:

(K1) K(a,B,7) — K(B,7 q);
(K2) K(o,B,7)NEB 7)o a=8VE=yVy=q;
(K3) K(a,B,7) — K(a,8,8) v K(5,,7);
(K4) K(o,B,7)V K(B,a,7).
A circular order K may be derived from a binary relation < by the rule

(K*) K(o,p,7) 0 a<f<yvp<y<avy<a<p

Definition 2.12 A separation relation is an abstraction of the geometrical idea
of two pairs of points on a circle separating each other. It is a four place relation

S satisfying the following conditions:

(S1) S(a,B;7,6) = S(B,0;7, 8) A S(7,6;a, B);
(S2) S(e,B;7,6) AS(a,7:8,0) @ B=7Va=4;
(S3) S(a, B;7,6) = S(a, Biv,€) V S(a, 556, ¢);
(S4) S(a, B;7,0)V S(a,7:6,8)V S(a, 85 3,7).

From a circular order K a separation relation S can be derived by the rule

(5%) Sla,B;7,8) 0 (Kl 8,v) AK(a,6,8)) v (K(, v, 8) A K (o, 8, 6)).
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2.3.2 Generalisations of linear relational structures

A semilinear order, betweenness relation, C-relation and a D-relation are gener-
alisations of the four relations discussed in Section 2.3.1. We give the definitions
of these generalised relations here. For a detailed description of the relations re-
fer Adeleke & Neumann [AN2]. The pictorial representation of the relations are

given in Fig. 2.1.

A semilinear order C(x;y,z)

X
b c
a

y
B(a;b,
@b.0) D(x,y;z,w)

Figure 2.1:
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2.3 Relational structures

Definition 2.13 A partially ordered set (A, <) is called a semilinearly ordered

set (also referred to as a semilinear order) if the following conditions hold:

(Pl) B<aAy<a—=B<yVy<pH
(P2) (AM(y<aAy<pB)
(P3) (A, <) isnot a total order.
The semilinear order is said to be unbounded or without end-points if
(P4) (Ya)(3B)(F) (B < <7);
and (A, <) is said to be dense if
(P5) a<f— (3r)(a<7v<Pp) holds.

Definition 2.14 A ternary relation on a set  is called a C-relation if the fol-

lowing conditions hold:

(C1) C(z;y,2) = C(z;2,9);
(C2) Clz;y,2) = ~C(y;2,2);
(C3) C(z;y,2) = Claiw,2) V C(w;y, 2);
(C4)] z#y— Clz;yy).
We then call 2 a C-set. In addition, if
(C5) (Vy,2)(3z)C(z;y, 2);
(C6) z#y— (32)(y#2AC(z;y,2));
hold then the C-relation is said to be proper. The set Q is said to be dense if
(CT) C(z;9,2) = (3w)(C(w;y, 2) AC(z; v, w)).

Definition 2.15 A ternary relation on a set I' is called a B-relation if the fol-

lowing conditions hold:

(B1) B(e;p,7) = B(e;7,B);
(B2) B(e;8,7) AB(B;,7) ¢ a=f5;
(B3) B(a;B,7) = B(a;8,6) V B(a;7,9).

We then call I" a B-set. If additionally (T, B) satisfies
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(B4) —B(e;B,7) — (36 # a)(B(8; o, B) A B(8; 2, 7))
then we shall call B a betweenness relation. If
(B5) (Ya,B)(3v # a)B(w; 8,7)
holds then we say that I' is unending in all directions; and if
(B6) a#B— (3y#a,B)B(y;aqp)

then we say that I' is dense.

Definition 2.16 A quaternary relation on a set ¥ is a D-relation if the following

conditions are satisfied:

(D1) D(z,y;2,w) = D(y,z; z,w) A D(z, w; z,y);
(D2) D(z,y;z,w) — =D(z, z;y,w);

(D3) D(z,y;z,w) — D(u,y; z,w) V D(z,y; z,u)
(D4) (m%sz#z)—)D(m,y;z,z).

We then call ¥ a D-set. We say that W is a proper D-set if in addition,
(D5)  (z,y, z distinct) — (Fw)(z # w A D(z, y; 2, w))
holds and we say that (T, D) is dense if

(D6) D(z,y; z,w) — (3u)(D(u, y; 2, w) A D(z,u; z,w) A D(z,y;u,w) .
A D(z,y; z,u)).

2.4 Jordan groups

L sy .
et G be a transitive permutation group. A non-empty, non-singleton subset I" of

Nisa i i i
Jordan set if for every «, 3 in T, there is a permutation in G' mapping « to

f and fixing every point of Q\T. A Jordan set T of Q) is proper if Q\ T is infinite,

or if fini i r
, OF it finite then G is not (I\ T +1)-transitive, Thus a Jordan set is proper if its

existe ivi i
rTce cannot be trivially derived from multiple transitivity of G, A Jordan
set I is a primitive Jordan set if t

he action of the subgroy f ;
point of O\ T is Primitive on T group of G fixing every

Similarly n-

transitive and n-primitive Jordan
sets are defined. Suppose T is a Jordan set 5

nd H < G{Q\]“) is a subgroup of G

TH-2714_964601

2.4 Jordan groups

that fixes every point of Q\ I" and is transitive on I then H is called a Jordan

group assoctated with the Jordan set I

Definition 2.17 A transitive permutation group G on a set Q is a Jordan group

if Q contains proper Jordan sets.

For example, given a set ), any subset of Q of size greater than one is a Jordan
set in Sym(§2). The group of order-preserving permutations on (Q, <) forms a
Jordan group with non-empty open intervals as Jordan sets. The group induced
on an open interval in (@Q, <) is highly homogeneous and hence an open interval in
Q is a primitive Jordan set of the primitive group Aut(@, <). In a 2-homogeneous
semilinear order, every ‘cone’ is a primitive Jordan set. The following theorem
of Adeleke & Neumann [AN1][Theorem 3] classifies all primitive Jordan groups
with primitive Jordan sets; this is the theorem which connects Jordan groups and

the relations under our consideration.

Theorem 2.1 [Adeleke & Neumann] Suppose that G is a primitive permutation
group that has primitive proper Jordan sets. If G is not highly transitive then
there is a G-invariant relation R on Q which is one of the following:

(2) a linear order;

(i1) @ linear betweenness relation;

(#4)  a cyclic order;

(2v) a cyclic separation relation;

(v) a semilinear order;

(vi)  a general betweenness relation;

(vit)  a C-relation;

(viit) a D-relation. e

The assumption that G has proper primitive Jordan sets imposes very strong
conditions on the group. Adeleke & Macpherson [AM] have classified thoge prim-

itive Jordan groups which do not have primitive Jordan sets and have thereby

~ completed the classification of all primitive Jordan groups.
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Theorem 2.2 [Adeleke & Macpherson] Suppose that G is an infinite primative
Jordan group which is not highly transitive. Then, cither G preserves one of the
relations (i) - (viii) of Theorem 2.1 or one of the following holds:
(iz) G is a group of automorphisms of a Steiner k-system for some k > 2;
() mnone of (i) - (iz) holds, and G preserves a limil of a sequence of Steiner Chapter 3

systems, general betweenness relations or D-relations. e

Construction of a C-set; its

automorphism group

In this chapter we construct a C-set and study its automorphism group. We
first construct the underlying semilinearly ordered set such that the maximal
chains are isomorphic to @ and the branches at each node of the semilinearly
ordered set is indexed by Q. Some constructions have been briefly mentioned in
the literature for example [BMMN][Section 12.3], [A][Section 9], [AN2][Section 5]
and [M1][Section 6.

If we choose our semilinearly ordered set such that the maximal chains are
isomorphic to Q and the branches at each node is indexed by Z then the au-
tomorphism group of the maximal chains, with the C-relation and some of the
other relations discussed in the following chapter, is not 2-homogeneous but is
still a Jordan group. If we index the branches at a node by a finite set then we
can neither expect 2-homogeneity nor the Jordan property of the automorphism
group. Nor can we index the branches by a closed subset of Q of the form [a, 0],
a,b € Q and expect the desired properties. However if we choose the semilinearly
ordered set with maximal chains isomorphic to Z and branches indexed by Q
then the automorphism group of the maximal chains is 2-homogeneous and is a

Jordan group.

g1
TH-2714_964601
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3.1 Construction

We begin with a vertical copy of the rational line @ endowed with the usual
linear order. The elements are arranged in an ascending order from bottom to
top with —co in the downward direction. We call this copy of @ the @;-branch.
In the first step we attach copies of the set {n € Q | n; < n} indexed by Q
to each point n; of @Q; and call these the @,-branches at n;. The Qy-branches
are indexed such that the branches to the left of the Q,-branch are negative and
those to the right are positive. The indices of the branches become smaller from
right to left with the @,-branch indexed by 0 being identified with the segment
{n € Q| ny < n} of the Q-branch. Any @Q,-branch at a point n; will carry the
ordering of Q and the elements of this branch are incomparable to the clements
lying on any other Q,-branch attached at the same point. Next we attach copies

of the set {n € Q | ny < n} at each point ny of the Q,-branches and call these

the Qs-branches. The process is continued countably infinite number of times.
The structure that we obtain is clearly a connected rooted tree with —oo of
the @,-branch as the root. There is a unique path from the root to any element
which gives an expression for the element. Let a be an element such that the
path of a from the root branches at n, on the Qi -branch along the ¢;-th branch,
then branches again at ny on the @;-branch along the g,-th branch and so on and

then branches at ny_; on the Q-1-branch along the g;_;-th branch and finally

terminates at the point n; on the Qx-branch. We call A, the set consisting of

elements which can be expressed as a finite sequence of the form

ﬂ1Q1ﬂ2q2...ﬂk,n§€Q,1 =t = k:l S.}'S k — 1=n}' < nj-i-lst € Q\{O}

For two elements a, 3 of A with expressions n,q;nsyq, .
we define a binary relation < on A by saying o < 3
@) k<k,

(1) ni =N, q; = ¢! forl<i<k<1and
(443) ny < .

LR I
Ty and nyginbg, ... Ny
if and only if
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n(-q) 0 ngm(-p) ngmp
-p

ngm

Figure 3.1:

This ordering is just a version of the familiar lezicographic order. Routine
checking shows that this is a semilinear order on A (Definition 2.13). For any
element a = n;q1n9q2-- -7 € A and ¢ € Q\ {0}, let ag denote the union of the
set of all elements which are less than or equal to a and the set of all elements
greater than « that lies on the ¢-th branch at o. The elements of the set Qaq are
linearly ordered and so it is a chain of A. Moreover aq is not contained in any
linearly ordered set and hence it is a maximal chain. Let 0 denote the maximal

chain Q, and §2 denote the set of maximal chains of A expressible as

{0} J{ag | @€ A,g € Q\{0}}. (8.1)

Some elements of 2 are given in Fig. 3.1. We can also express the Q,-branch
denoted by 0 as n0 for any n € Q so that {2 can be expressed as

{rigr . nege [ i€ Q1 < i< kymy <mjyi,g € Q\{0},1 SI<k-1,q€Q}.

(3.2)
Any element of {2 has a unique expression in Eq. 3.1 but in Eq. 3.2 the uniqueness
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of expressions is lost. For example, in Eq. 3.2 both the expressions 1,0 and 7,0
denote the 0 element for n; # ny. Also n,qy, for ny € @, ¢, € Q\ {0} can be
expressed as n;q;n90 for ny < ny € Q.

We call elements of A nodes and elements of {2 chains. For x = nyqinaeqa . . . ek
we call ny,no,...n; the odd co-ordinates and qy, qo,...q the even co-ordinates
of = respectively. We say that the length of z is 2k and refer to 1,2,...k as the
indices of the co-ordinates. Note that elements of Q have finite length which is
necessary to restrict the cardinality of {2 to ®y. A typical chain niqinoge . . . Gk
has Ry choices for each n; and for each ¢; for 1 < i < k. _This means that Q is a

countable product of countable sets and therefore 2 has countable cardinality.

Definition 3.1 For two distinct elements z,y of Q we define the intersecting

node denoted by £ Ny to be the greatest node of A which is an element of both
the chains z and y.

Note that the greatest node that is an element of both 2 and y exists because we

assume A to be of positive type (refer Section 3.2). This means that the branches

on which z and y lie at zNy are distinct. Similarly we can define the intersecting
node of two distinct elements of A.

A ternary relation C' can be defined on Q) that satisfies the axioms of a C-

relation (Definition 2.14) as follows. Given three elements z,y,z € Q, we say

C(z;y,2) 1> (y:z%x)v(mﬂy<yﬁz). (3.3)

We can also define the C-relation on ) in terms of the co-ordinates of el-
ements of Q as follows. Let Z,y,z be three elements of Q. If U=z 4
then clearly C(z;y, 2) holds. Suppose z,y,z are all distinct with expressions
a8 MqiNaqa . .. NyQp, y = MapiMapy ... myp; and z = {717, . . . lir; respectively.
Let d be the first index at which at least two of TR

z differ. Suppose that d is
odd then C(z;y, 2)

holds if any of the following hold:
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ng <mg=lg (Fig. 3.2(a)),
mg = lg < N4y Pa = T4 (Fig. 3.2(b)),
ng < ma,nag < la,mqg # la  (Fig. 3.2(c)).
Suppose that d is even then C(xz;y, z) holds if
Pd=Td (Fig. 3.2(d)).
Note that if d is even and qq # pg # 4 then the relation C does not hold for any

@ )

Figure 3.2:

orientation of x,y,z which means =C(z;¥,2) and =~C(y;z,2) and =C(z;z,y).
We denote this as N(z,v, z).

3.2 The C-set {2

The theory of semilinearly ordered sets and C-relations which are inter-twined

is discussed in detail by Adeleke & Neumann [AN2][Part II and Part IT1}. We
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give here a brief sketch of the material that is needed for our work. Note that
semilinear orders in [AN2] are upper semilincar orders and those considered here
are lower semilinear orders.

A subset & of A is called a lower section if it is bounded above (that is, there

exists @ € A such that o < a for all o € ¥) and is a filter (that is,
(Vo e Z)(Vw e A)(w Lo = weX)).

Clearly a lower section is always a chain. If ¥ is a lower section we define
As(Z) :={w]|o <wforall ¢ € £},

and define a relation R on A (Z) by specifying that (w;,w,) € R if there exists
w € A5 (Z) with w € w; and w < w,. The relation R is easily checked to be an
equivalence relation. The equivalence classes are called the cones above . The
ramification order ramord(Z) of a lower section ¥ is defined to be the number
of cones above £. The ramification order is also called the branching number. If
ramord(Z) is greater than one then ¥ is called a ramification point or simply 2
branch point. Obviously if Aut(A, <) (refer Section 3.3) is relatively 2-transitive
then Aut(A, <) is transitive on the ramification points and so the number of cones
below a ramification point is independent of which point we choose. This cardinal
number is known as the ramification order of (A, <). The ramification order of

::: SE:;TCI::?ﬂfrd;:i:i:niat v.ve have constr%l(.:ted is Rg and each node of A

: point of our semilinear order is of positive type

by which we mean that every branch point as a lower section of A has a greatest
element.

3.3 Automorphism group of (Q, C)

The C- w W
e. set (2 that we have constructed exhibit a high degree of symmetry with
maximal chains isomorphic to Q and branching number ® y y
T Np.

- , . The set Q is dense a3
well. In this section we aim at understanding the struct
ure

of the automorphis™

TH-2714 964601

3.3 Automorphism group of (€2, C)

group of (£2,C) as a permutation group on £ and give a list of its Jordan sets.
Most of the material in this section is taken from Adeleke & Neumann [AN2].
Let G denote the automorphism group Aut(§2, C') (which consists of the sub-

group of Sym(Q2) that maps C-related sets onto C-related sets) and let H denote

- the automorphism group Aut(A, <). We show that the groups H and G are

isomorphic.
Theorem 3.1 The group H is isomorphic to G.

Proof. We first show that H is a subgroup of G. Given any automorphism h of
(A, <) we can construct an automorphism of (§2, C’) as follows. Elements of Q2 are
of the form ag,a € A,q € Q. The clement h € H maps the element aq to the
element ap of Q where o is the image of the node « under the automorphism &
and the nodes of A on the ¢-th branch at v are mapped to the nodes on the p-th
branch at o". This is true because h preserves the semilinear ordering on A. For
simplicity we denote the p-th branch at the node o™ of the above discussion as
the g"-th branch. We define (aq)"® = ¢", where we make no distinction between
the element of H and the induced mapping of G.

We now show that the induced mapping on €2 is one-one. Let aq, Bp be
two elements of Q, o, € A, ¢,p € @ such that ag # Bp. We show that
ahgh # Bhph. Since g and fp are distinct so cither (a = 8,¢ # p) or (a # B).
Suppose @ = f3,q # p then since h € H so o" = " and ¢t # p". For a
contradiction, suppose if possible ¢" = p" then any clement on the ¢"-th branch
at o is comparable to any other element on the p"-th branch. Now h and hence
h~! are elements of Aut(A, <) and elements on the gth and the p-th branches at
« are incomparable, which cannot happen. Hence ¢" # p" so that algh £ ghph.
Similarly if o # 3 then again o # 8" and so a"¢" # 3"ph. Thus h is one-one.

We now show that h on € is onto. Let g be any element of Q. Now £ is
onto so that there exists 8 € A and p € Q such that " = o and all the nodes on
the p-th branch at § are mapped to the nodes on the g-th branch at a, for h has

to preserve the semilinear ordering on the p-th branch at B so that Bt = g g



28
3.3 Automorphism group of (22, C)

Hence h as a mapping of Q is onto. This means that the induced mapping hv is a
permutation on 2.

We show that h preserves the C-relation on €. Suppose « is any clement
of A then h maps elements in distinct branches at « to clements in distinct
branches at o*. This is because h preserves the semilinear order on A. Thus if
T =aqy=ap p#qc Q then z" = o¢", y* = o'p" and ¢" # p" so that
PNyt = o' = (zNy)h. Now let C(z;y,2). This implies cither y = 2z # x or
Ny <yNz. If y =2z # z then the images of the chains y and z are equal which
is different from the image of the chain z so that y" = 2" # 2" IfzNy <yNz
then (zNy)" < (yNz)' = a" Nyt <y N2t = C(zh;y", 2") so that the induced
h preserves C on Q.

Conversely, given any automorphism ¢ of (€, C) we can construct an auto-
morphism h of (A, <) in the following way. Any clement v of A can be written
in the form 2Ny where v = aq, y = ap, q # p. We define o := 29 Nys. We can

then show that h is an automorphism of (A, <) which means that G is a subgroup
of H. Therefore H is isomorphic to G. e

The importance of Theorem 3.1 is that to define an automorphism of (@, C) it is

sufficient to define the images of the nodes on the chains in the set 2 and con-
versely. We can thus define an automorphism of (£2,C) in at most a countable
number of steps as follows. First we define the image

s of the nodes on the Q-
branch (the 0-chain) such that the set of node

s on the chain is fixed setwise and
the linear order of Q is preserved. Next we define the

of the @,-branches adjoined at nodes of the Q

imagies of the nodes of the @;-branches such th

images of the enumeration

-branch. After that we define the

at each @,-branch is fixed setwise
and the linear order of the chains is preserved. Next w

the enumeration of the Qs-branches adjoined at nodes o
continue this process for at most a count

an automorphism of (2, C),

e define the images of

f the @,-branches. We
able number of times. The process gives
Therefore to define an a

itomorphism of (Q, C) we
essentially need to define two kinds of automorphisms
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Definition 3.2 A chain automorphism is an automorphism that induces an

order-preserving permutation on some Qg-branch, fixes setwise that particular

Qy-branch, fixes nodes on other @-branches and nodes on all @;-branches for
- 1

i < k. A chain automorphism preserves the length of the elements of Q and

" induces the identity permutation on the branches at nodes of A.

For example, suppose « is the node on the @_;-branch on which the Q-branch
under consideration is attached, n is the last co-ordinate in the expression of «
and let the Q-branch lie on the g-th branch at c. Then the chain automorphism

when regarded as an automorphism of (A, <) acts non-trivially on the set

{oguiginegz .. -meln < <na <...<nk €Q a1, g1 € Q}
and acts trivially on the remaining nodes of A.

Definition 3.3 A branch automorphism is an automorphism that fixes a node,

induces a permutation on the branches at the fixed node, fixes all nodes smaller

or incomparable to the fixed node and preserves the level (refer Section 4.3) of
r

the nodes.

For example, suppose a is a node of A. A branch automorphism g that induces

a permutation on the branches at the node @, acts non-trivially on the set

{agmiginage .. .ngn < ny <mp <... <Mk € Qaaue. g1 € Q)

where 7 is the last co-ordinate in the expression of o and acts trivially on the

remaining nodes of A.

3.3.1 Composition of automorphisms in Aut(Q, C)

We show that any element of Aut(€2,C) can be expressed as a composition of
chain automorphisms and branch automorphisms. Consider the set QxQ =
{(n,q) | n€Qq € Q}. Let P(Qo x Qo) be the subset of the power set of QxQ

consisting of those subsets A which can be expressed as follows. Suppose A4 is an
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element of P(Qy x @) then each element n € Q occurs as the first co-ordinate in
one and only one element of A and the second co-ordinate of elements of A is zero

for all but finitely many elements. In other words, the subsets A of P(Q x Q) are

expressible as

{(n,q) | {n ] (n,q) € A} = Q and ¢ = 0 for all but finitely many elements }.

Consider the following mapping:

¢:9Q = P(Q x Q)

m@negz .. mkg = {(n,q) [g=¢gi forn=n;,1 <i<k,g=0 otherwise }.

It can be easily checked that ¢ is a bijective mapping. Sometimes for convenience
we will express z of 2 in the form ¢(z). Expressing an element of  in the form
¢(z) we get a list of the nodes of A which lie on the element z of Q.

Let A € A and P()) denote the set of elements of O passing through A\ which
is nothing but the set of cones at A. Let g be an automorphism of (Q2,C). For
elements A, 6 of A let P()\)9, P(6)? denote the images of P(\), P(6) respectively.
It is trivial to check that if ) < 0 with respect to the semilinear order in A then
P(8) € P(X), that is, P(6)? C P(\)*. And if A|| § then P()) N P(6) =0, that is,
PN P(5)? = 0.

Theorem 3.2 Any clement of Aut(R2, C) can be expressed as q composition of

chain automorphisms and branch automorphisms.

Proof. Let g be an element of Aut(Q, C).

0 element of Q. Let 09 be its image under

of cones {P(n,) | n, ¢ Qi } and let {P(n,
P(n;1)9 is of the form P(n!)

Consider the Q,-branch which is the
g- For each ny, € Q, consider the set

P I n e QY beits image set. Now

i : 7 € Qf. Let us denote ny by n{ so that P(n)?
; ;

? enoted as P(n{). Suppose 1 =1l € 0 and the image I{ = mp,myp,...m;
J 2 1. Let a; be the permutation T

on Q defined as
a: Q - Q

M = the last co-ordinate ;
ate in the X g
expression of n?,
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For example, if n; = [, as above then {{* = m;. The permutation a, preserves
the linear order < on QQ;, because a; depends on g and the automorphism g of
(2, C) preserves the set-inclusion of cones, by which we mean that if A < § then
P(§9) C P(A9). The order-preserving permutation a; of @, can be extended to
an automorphism g, of (2, C) as follows:

g1 : Q =0

{(n,@)} — {(n",q)}.

Here we are expressing elements of Q as the corresponding element in the set
P(Qy x Q). The automorphism g, is a chain automorphism that induces an
order-preserving permutation on the Q;-branch.

Now we look at the set Q9" which is nothing but Q. We refer the set Q
as 9 simply because now we are looking at the image of the set Q under the

automorphism g;. For each node n{' € Q, consider the set
B(nt') :={n{'q| g€ Q} € &,

which consists of an element from each cone in the set P(n{'). The automorphism
g maps a cone in P(n;) to a cone in P(n{). Looking at these images we get a

permutation on Q associated with the node n{' € Q defined as

bipn: Q= Q
g q
where ¢' occurs in niq'n; g, ni2q2 . . . n1kQik, the expression of (n;q)9. Note
that for each n{' € Q we get a permutation b, «.  For simplicity we de-

note the permutation b, .« as simply bi. For L7y € B(ly) let the image un-
1

1n

der g be mupimop; ... mip;mjPi+1 - - M+i'Pi+js J + 7' 2 1 which is equal to

[{PiMjs1Pj41 - .. My 5ps4y, since we have already said that If = mypymyp, ... m;.
L bi,m; e o "

We then have Tlhh‘ =, " =p;. Combining all these permutations b, we define

an automorphism h; on §9' as
hy : Qe - Q9
{(n,q)} = {(n,a"™)},
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where b, is equal to by, if (n,q)-‘?_I is a node on the @Q,-branch, otherwise by, is
the identity permutation. The automorphism gih, maps the 0 clement of Q to
the element 09. For each node n; € @, we get a branch automorphism at the
node n; when we restrict h; to the set B(n;).

Now we look at Q91" . For each node n; € 0 consider an element of B(n)
say n1q;. The image of n;q, under gh; is (n1q)9" . Consider the segment of
(n11)9*" consisting of all points greater than n{ which we denote as the interval
(nd, (n1g1)9*M). We repeat the same steps in this segment as we have done for the
O-chain. Consider the set of cones {P(n;qn;) | niqing € (n1,n1q1n2)}. The im-
age of the cones under the automorphism g, h; can be expr.essed as { P(n1qin2)?'™ }.
Clearly P((n1qin2)®™) C P(nf) for each node (nyqny)®™ in (n, (niq:)"™).
Looking at the images of P(n;q1n,)? we get the image of (n,q,n2)%™ which cor-

responds to the node n;q;n,. Let Ay (nq )1t be the order-preserving permutation
on (nd, (n1q;)9'") defined as

Gy (mgmm © (N, (M1q1)9™) = (nd, (nyqy)o™)
(n1qing)9™ (n1q1)9"™ng?,

where n3’ is the last co-ordinate of (n,q;n,)? with (n1q)""™ = (nq)9.. For

n € Q and ¢ € Q we get a map Ay (nyq)nhi- We denote this map simply as
a2, where ay is defined on some branch of Q91h which is a @Q,-branch. Suppose
(hr1)? = mapimap, . .. mypjm;ipja .. *Mj4j'Pj+gs J + j' > 1 as before and

(lirila)? = mypymgp, . .. M;P; MG 41 Djt1 -

b s © 5 Pk T A Pkt - - Mg
J+3"+3" 2 2. Then ((Iyryly)nM

- }
4 )a2 = (0!1?'1)9“ “mj+j:+ju, (h'f‘])‘qlhl = (llrl)g' We
efine a i h ini '

N automorphism g, on QoM combining all the permutations of the form
a2 to get an automorphism g, on Q91 45

g QUM Qanm

{(n,a)} — {(no,q)},

where a,, is the ident; oo vo Sl
n ntity mapping if nti'9r" ig ap element of the @, -branch and

branch ng of Qoih_
Consider the set B(TL]Q}TLQ)

otherwise a, is the permutation ay . on the
We now look h

at On 192

which has its image as
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B((n1qin2)9™92) under the composition g 2,¢,. Elements of B((niqiny)91mez)
are expressible as {(n,g;ny)?""%2¢ | ¢ € Q}. Looking at the images of B(n,qn)
under the automorphism g we get a permutation on Q associated with the node

(n1qing)9h192 defined as

b2,[n1q1n2)91"192 : Q-Q

| g q
where ¢” is the co-ordinate succeeding n3® in the expression of (n;qn.q)? with
ny? as defined earlier. For simplicity we denote ba,(nyqina)s1mre2 @S ba, remembering
that b, is defined on a node of the image of a ,-branch under g, 4,g,. Combining

all the permutations of the form b, we define an automorphism hy on Q914192 a5
ho : Qoihigz Q9rhig2

{(n,q)} = {(n,a™)},
where b, is equal to by, if (1, Q)g‘;l“'_iyl_l is a node on the @y-branch, otherwise
b, is the identity permutation. The composition g1h1g2he maps each @,-branch
onto its image under the automorphism g.

We repeat this process of extracting chain automorphisms and branch auto-
morphisms of g alternatively so that with suitable definitions of g3, hg, g4, hy, ...
the composition g;h1g2h2g3hs gives the image of the Qs-branches of  under g,
the composition g, hg>h29shagshy gives the image of the Qq-branches of © under
g- Carrying on in this manner we can show that any automorphism of (2,C) can

be expressed as a composition of chain and branch automorphisms. e

3.3.2 Some permutations on the rational numbers

Theorem 3.2 gives an expression of elements of Aut(Q, C) in terms of chain auto-
morphisms and branch automorphisms of (€2, C). In other words, the knowledge
of the types of chain automorphisms and branch automorphisms of (£, C) gives
a picture of the elements of Aut(2,C). The elements of Q when regarded as

maximal chains of the underlying semilinear order are isomorphic to Q and the

Therefore permu-



' 34
3.3 Automorphism group of (2,C)

tations of Q denoted by Sym(Q) and the subgroup of Sym(Q) that preserve the

linear order on @ denoted by Aut(Q, <) play a dominant role in our study of
automorphisms of Aut($, C).

We give a list of some elements of Sym(Q), the group of permutations on Q.

(i)  Translation mapping defined as ¢ — ¢ + qo, qo € Q.

(i) Magnification mapping defined as ¢ — qqo, qo € Q\ {0}. For g = —1
we call the magnification a reflection and for go € QF (the positive rational
numbers excluding 0) we call it a positive magnification.

(4) Permutation on any finite subset of Q and fixing the rest.

(iv) A k-homogeneous automorphism defined as follows ([BMMN][p. 26])-
Let A = {a,as,...ak},a1 < a2 < ... < a and B = {by,ba,... b}, by < b2 <
... < b be two subsets of Q with same size k. Define intervals A; := (a;, @i+1) and
. Bi = (bi,biy1) foreachi =1,2,...,k—1, and set A := (—00,0a,), Ai = (ak,C‘O):
By := (—00,b1), By := (bk,00). Define f; : A; — B;, for i =0,1,2,...k as

forar— b+ (a—a,
firar— b 4 aidlich

(@it1-a;)
friar— bk+(a.—-ak).

, 1<€i<k~1,

We define a mapping g on Q as af = b;, i = 1,2,... k, g9la, = fi,i=0,1,.... K
The mapping g is called a k-homogeneous automorphism on @ which maps the
k-set A onto the k-set B.

Note that a k-homogeneous automorphism is a composition of translations
and positive magnifications and both translations and positive magnifications

preserve the linear order < on Q. Therefore 3 k-homogeneous automorphism i
an element of Aut(Q, <).

3.3.3 Properties of the automorphism group of (Q2,C)

phisms and chaj hisms
that can be defined on (@, €Y. chain automorph!

F E
. Or our reference ip future we give names of the
automorphisms that we define.
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Branch automorphisms of Aut(Q2, C)

Branch automorphisms of Aut(f2, C) can induce any permutation (of the rational

numbers discussed in Section 3.3.2) on the branches at nodes of A.

Definition 3.4 Let o be a node of A, gy € Q and let g be defined on Q as

w > w, for all w not passing through ¢,
aqniqinaGe - - TGk > (g + qo)n1qinags - . - Nk
Then g is a branch automorphism that induces a permutation on the branches

at the node a. We call g a translation branch automorphism.

Definition 3.5 For € A and qo € Q\ {0} let g be defined on € as

w +— w, for all w not passing through a,
aquiqinags - . MGk — a(q9)nqin2gy - . . NGk
Then g is a branch automorphism that induces a permutation on the branches

at the node a. We call g a magnification branch automorphism.

Definition 3.6 Let a be a node of A, P be a finite subset of Q and a be a

permutation on the set P. Let ¢ be defined on §2 as

w +— w, for w not passing through a,

QqNIQINaqy . . . npqr  —— QG N q1N2G2 - - - TkGk; where ¢* = ¢, if q ¢ P.

. The automorphism g is a branch automorphism that induces permutation on the

branches at the node a. We call g a finite set permutation branch automorphism.

Definition 3.7 Let o be a node of A and for & € N, let h; be a k-homogeneous
mapping of (Q, <). Let g be defined on §2 as

w +— w, for all w not passing through «,
aqgniqinags - . - Gk g™ N q1naqa . . . Mgy
The automorphism g is a branch automorphism that induces permutation on the

branches at the node a. We call g a k-homogeneous branch automorphism.
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Chain automorphisms of Aut($2,C)

We now look at the chain automorphisms of (Q2,C). Automorphisms of (€, C)
must preserve the underlying semilinear order on A and so chain automorphisms
must preserve the linear order of the chains of A. Therefore there cannot exist any
finite set permutation chain mappings. Translation automorphisms and positive
magnification chain automorphisms can occur in only the @Q,-branch. This is

because chain automorphisms on a Qx-branch, k > 1 has at least one fixed point,
namely the node on which the Q,-branch is attached.

Definition 3.8 For ng € Q let g be defined on ) as

MGGz - - MG+ (71 + 1) g1 (ng + ng)gs . .. (nk + 19 qs..

Then g is a chain automorphism that induces a translation of the nodes on the
Qi-branch. We call g a translation chain automorphism.

Definition 3.9 Let g, be a k-homogeneous map on (Q <). We define g on 2 as

(] 9k Gk
™M@ineGz ... n;q; — nikqndty, .. .ng"qj.

Then g is a chain automorphism that induces g, on the Qi-branch. For i > 1 let

Q: be a branch at & for some node o € A and let Q; be on the g-th branch at

a.- Let hy be a k-homogeneous map on the nodes of the Qi-branch. We define

h on Q as to fix any z that does not pass through @, any z that passes through

o but lie on g branch different from the g-th branch at « and on the remaining

elements of ) the automorphism h is defined ag

Qqnyq1naq; . . 55 > aqn'f“qm-’z“"q-z e 'ﬂ;“‘ qj-
Th ; : : :
en h is a chain automorphism that induces hi on the Q;-branch The auto-

morphisms g and h are called k-homogeneoys chain automorphisms

Here th i
e branch automorphisms and chaip automorphisms are defined on -
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The theory of C-relations given in [AN2][Section14] is that in which the au-
tomorphism group is 2-transitive. We show that the C-set © that we have con-
structed admits a 2-transitive automorphism group. Before that we show that
Aut(A, <) is transitive.

Lemma 3.1 The group H = Aut(A, <) is transitive.

Proof. Let o, be distinct elements of A. We need to find h» in H such that
o9 = 5. Now the lengths of o and [ are either equal or unequal.

First suppose that o and 8 are of equal length. To start with let the lengths
of @ and f be 1 so that @ = ny, § = ng, n; # no. The translation chain automor-
phism on the @Q;-branch translating nodes by the quantity ny —n, is the required
automorphism. Next, suppose «, § are of equal length 2¢—1, ¢ > 1 so that expres-
sions of «, B are of the forms ni1qin2qy ... N—1@—1M, TUPIMP: ... Ty_ 1Py,
respectively. We first define a ¢-homogeneous chain automorphism A that in-
duces a permutation of the nodes on the @Q,-branch such that the nodes n; are
mapped onto the nodes m;, 1 < i < ¢. And then define branch automorphisms
fiy fay ..., fiy that induces 2-homogeneous mappings of the branc.hes on each
of the nodes m;, m;p;ma, ... mipimaps ... Mu-1 Such that the g;-th branch is

mapped to the p;-th branch, 1 < j < t — 1 respectively. Then the composition

hfifa. ft—1 (refer Section 3.3.1) maps « to B.

Next, suppose the lengths of o and A3 are unequal. Let o = n1q1N2Gs . . . Ty
and B = mipymyp, . .. m; be of lengths 2k — 1 and 27 — 1 respectively. Suppose

k < j in which case we express « as an element of length 25 — 1 as

(If j < k then we express § as an element of length 2k — 1.) We now define 1
chain automorphism g that induces a j-homogeneous mapping of the Q,-branch
such that the nodes m1, N2, -+« M-1, b, lo, ..., li_1, g are mapped onto the

nodes my, my, ..., m;. Then define branch automorphisms f;, 1 <1< k-1 that

induces 2-homogeneous mappings of the branches at the nodes my, mypyms, ...
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mip1MapPs . .. M1 such that the g;-th branch is mapped onto the p;-th branch
respectively. We also define branch automorphisms f;, £ < < j—1 that induces
2-homogeneous mappings of the branches at the nodes mpymaps . . . Mg_1Pk—1M%;
MAPL -« Mk 1Pk—1TM,PE Mok 41, ++ -y TUPL .« .« M— 1 Pk M PE Mg 41 Pht1 - - - Mj—1 that
maps the 0-th branch to the p;-th branch respectively. Then the composition

9f1f2... fi-1 (refer Section 3.3.1) is the required automorphism that maps « to
B. e

In Lemma 3.1 we have used a method to equalise the lengths of the expressions
of two elements of Q. In the following lemma we give another method to equalise
the lengths of the expressions of elements of . Equalising the lengths of the
expressions of elements of Q forces the uniqueness of the expressions of elements

of {2 to be lost. Same procedures can be applied to equalise lengths of any number
of elements.

Lemma 3.2 Lengths of the ezpressions of any two elements of Q can be equalised.

Proof. Let = and y be any two elements of Q) with expressions n;qn2qs . . . NG
and m;p;mgyp, . --m;p; which are of lengths 2k and 27 respectively, k # j. We

equalise the lengths of the expressions of and y as follows. Let ny's and m;’s
be expressed in ascending order as liyloy ... 0
Ilqilgq-’z e E‘q: and l1p'1 Egp& Vi
if |

We then express z and y as

lipi, i < k+j, respectively where qi,

= Qio: 1 S ?:U 5 U
io OCCUrS in the expression of z and a0,

= 0 otherwise and p}, = p;,, 1 < i < 4

if li, occurs in the expression of y and Pi, = 0 otherwise. o

Lemma 3.3 The group G = Aut(Q, C) is transitive on Q.

Proof. Let z = MQiNage . .. nkq and y = MP1MaP; . .. m;p;
of Q. We need to fing 9 € G such that 9

with equalised lengths 2; (refer Lemma, 3.2)

respectively. We then define translation br

be two elements
=Y. We first express z and ¥
as Ligylagy . . . Lig) and bLipilapy ... Lip;

' anch automorphismg Jul<t<i
that induces translations of the branches at the nodes [, Lip!
» 1Py

la, ..., hpileph ... L
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respectively such that the g;-th branch is mapped to the p;-th branch. The com-

position of the branch automorphisms fif,... fi maps z to y. e

The branch automorphisms defined in Lemma 3.3 are not the only automor-
phisms that map « to §. Branch automorphisms that induce magnifications or

permutations or k-homogeneous mappings will do the job as well.
Theorem 3.3 The group G = Aut(, C) is 2-transitive on (2.

Proof. Let (z,y) and (z,w), T # y and z # w be two distinct pairs of elements
of Q such that zNy = @ and 2Nw = B. We need to find f € G such that
zf = z and y/ = w. Using Lemma 3.1 and Theorem 3.1 there exists an element
¢; in G that maps a to §. Let 29, y% be the images of z,y respectively un-
der this automorphism. We need to define an automorphism that maps z9, y9
to z,w respectively. Let the expressions of z9',y%, z,w be Bgniqinags ... nigy,

; NN s 11 8ot0 . . . Syty respectively, where
Bpmypimapa - - . m;pj, Bririlars .. iy, and Bts tisata oty TESP Y,

’ i ay 9" = z then using transitivity of G
" g1 — 2z or yyl f—t w’ Sd.y -Eg] 2z
q.—/_-p"r?ét. If either 29" =

and the fact that the g-th branch (which is equal to the r-th branch) at 8 can be
fixed when mapping the p-th branch to the ¢-th branch, the result follows. (Here
of course translation branch automorphisms will not work.) Suppose z' # 2
and y9 # w. We first equalise the lengths of 2%,y%, 2,w with § occurring as
the first node in each of the expressions. Then define 2-homogeneous branch au-
tomorphisms at each node occurring in the equalised expressions of 29!, y9 7 w
starting with 4 such that at each node the branches of 29!,y are mapped to the
branches of z,w respectively. The composition of g, and these branch automor-

phisms will give an automorphism that maps &,y to 2z, w respectively. o

Note that in defining the branch automorphisms in Theorem 3.3 we can also de-
fine finite set permutation branch automorphisms and still get our result. This
means that more than one element of Aut(Q, C) will map an ordered tuple of
Q to another ordered tuple and hence the automorphism group is not sharply

2-transitive. We study a little more of the automorphism group Aut(Q, C) and
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proceed to give a lemma taken from Adelcke & Neumann [AN2][Lemma 14.2]
which will be used very frequently.

The notion of a C-set describes the behaviour of maximal chains in a semilin-
early ordered set. Let us fix an element z of 2 and define three binary relations
Ty, R; and S; on Q\ {z} by specifying that

x y z oz z

\%

Figure 3.3:

yIez 0 —C(y;2,2),
YRz 1 =C(y;2,7) A-Clz;y,7),
YSzz ¢ Clz;y,2).
In Fig. 3.3 we have yT,z;, 1 LSiK 8 YR:zj, 1 < 5 < 2 and ySez;. A seb

which is an S,

Q. The S-classes are like cones above branch points in semilinearly ordered
sets. The number of S-

-class for some z will be referred to generically as an S-class 1D

the branching number of Q. Let I’z denote the set of all equivalence classes
determined by R, on Q \ {z} and define » binary relation <; on [, by the

rule RmFy) Sz Ra(2) 1 yTpz. Then T, is a linear ordering of I',, which has
0 maximum or minimum element. Moreover if (

dense as a linearly ordered set [AN2][Lemma 10 2]
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« such that g fixes 2\ £ pointwise. Similarly given any chain automorphism
on a Q-branch we can suitably define an S-class on a node on the Q. -branch

containing the specified Qg-branch.

Lemma 3.5 The group H = Aut(A, <) is relatively 2-transitive on A.

Proof. Let (@, ) and (v,d) be two pairs of distinct elements of A such that

a < f and v < §. We need to find h € H such that (o, )" = (v,6). By Lemma
3.1 there exists h; € H that maps « to 7. Next on the S-class at the node o™
we can define a composition of branch automorphisms and chain automorphisms
such that 3" is mapped to §. These maps that v.;o. need to construct are similar
to those that we constructed to show transitivity of Aut(A, <).

If on the other hand «, 4 and 7,0 are such that | B and 7| § we first need
to define a map g, that maps a« N 3 to v N 4§, which is possible by Lemma 3.1.
Then we define a branch automorphism g, on the node v N § that maps the
branches of a9, 39" to v, 6 respectively. Then we define a composition of branch
automorphisms and chain automorphisms say g3 on the S-class at the node yN§
containing the nodes a9 and < such that a9'9% is mapped to 7. Similarly we
define a composition of branch automorphisms and chain automorphisms say gy
on the S-class at the node N § containing the nodes 4992 and § such that 39192

is mapped to §. Then the composition g1929394 Maps (e, B) to (7,6). ®

We show that Aut(, C) is relatively 3-transitive.
Theorem 3.4 The group G = Aut(9, C) is relatively 3-transitive on Q).

Proof. Let (z1,y;,21) and (22,42, 22) be two 3-tuples such that C(z,; 4y, 2;) and
C(z2; yo, 20) holds. We need to show that there exists an automorphism in @
that maps (z),y1, 1) to (r2.y2,22). Let =00y, 8=y Nz, y = 25Ny, and
6 =y, N 2p. Because C'(v1iyr, 21) and C(ay5yy. 25) 50 we must have o < and
Y < 4. By relative 2-transitivity of H there exists i, € H and hence in G such that

s h ) . ) )
(v, B)* = (7,d). This means that v = 41" Ny}, § = g2, By transitivity of
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G there exists g; € G such that z}'"" = z,. Again using 2-transitivity on the S,-
class containing y, we can define an automorphism, say g, that maps y™9', 2"
to s, 2 respectively. Note that the S,,-class containing y, does not contain
and hence g, can be extended to an automorphism gy on (€, C) such that g3

induces g, on the S;,-class containing y, and fixes the complement pointwise.

Then hyg,9; is the required mapping that maps (z1,yy,2,) to (2, ys, 22). ©
Lemma 3.6 The group G is not 3-transitive.

Proof. This is obvious because C is a ternary relation and so a C-related 3-tuple

cannot be mapped to another 3-tuple which is not C-related. o

3.3.4 Jordan sets of Aut(Q, C)

We now look at the Jordan sets of Aut(Q,C). Ade

leke & Neumann have shown
that in Aut($2, C) proper Jordan sots have to be

any of the three types © [AN?][Theorem
14.9] described below. We use the notion of an S-class as defined iy th

e previous
Section.

Type I T isan S-class (Fig. 3.4(a)) or

Type IT T is a union of two or more S-classes associated with some node of
A (Fig. 3.4(b)) or

, (refer Section 3.2) (Fig. 3.4(c)).

There is another type of Jordan set in Aut(Q,C)

which is mentioned as a remark
by Macpherson [M1][p. 86]

that can be described as
Type IV for any node & in A, ¥ is the set of all chains not passing through
a (Fig. 3.4(d)).
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3.3 Automorphism group of (Q,C)

L

I

Q/? N7

© (d)

Figure 3.4:

Most of the theory of C-relations stated so far has been developed by Adeleke
& Neumann. In the next chapter we impose extra relations on the C-set Q and
investigate whether the Jordan property is preserved in the automorphism groups

with the extra relations.
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Chapter 4

Expansions of C-sets

In this chapter we define some extra relations on the C-set constructed in the
previous chapter. We study the automorphism groups of (£, C) with these extra

relations and show that each of these automorphism groups contain Jordan sets.

We also construct a minimal Jordan group.

4.1 A linear order on (£,C)

The first relation that we impose on (2,C) is a linear order. The idea of the

linear order is the same as that defined by Adeleke [A][Section 9]. In defining the

Figure 4.1:

linear order the underlying linear order of Q will play a dominant role. Let z, y

be two elements of 2 with & = Ny and let z,y lie on the g-th, p-th branches at

TH-2714_964601



4.1 A linear order on (R, C) 46
o respectively. We define the linear order < on by
TSy g <p,

where the first < denotes the linear ordering on Q and the second < de
linear ordering on Q (Fig. 4.1).

notes the

As usual we use < tg denote strict inequality.
The linear order naturally induces a linear betweenness relation on . Given
three elements ¢, 3, v of Q, the relation ponQ

(refer [BMMN][p. 107)) is defined
as follows:

defined similarly. For any three elements %Y,z of @ we define p as follows:

P(z;y,2) 16 (ySmgz)v(z<$<y)

It is easy to check that the linear order < on (0 C) is dense and unbounded. We
’ > and unbounded.

have already seen that the set 2 is countable

i i and because b 's Theorem
there is just one countable depge linear ordey y Cantor’s Theor

Wi :
the set (2, C, <) is order- ithout end-points, we can say that

isomorphic to (Q, <).

4.1.1  Automorphisy, group of (O ¢ <)

Phism group of (O ¢ <)
Aut(Q, C, <) B
] which we refer

Here we look at the automor
for simplicity. We show that
result of Adeleke [Allp. 191
subgroup of Aut(A, <)

which we denote as G<

is 'd:
a Jordap 8roup. First we look at 2
to

T preserving
- Then Adeleke’s result is the follow-

Adeieke,s Il 7 T

By ¥ . -
(
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4.1 A linear order on (2,C)

respect to the relations < and C. The difference between the C-sets of Adeleke
and the one constructed here is that in Adeleke’s C-set the maximal chains are
isomorphic to Z while in our C-set the maximal chains are isomorphic to Q.
Therefore Adeleke’s result which is true in his example is only partially correct in
our construction. In our setting we call the version of Adeleke’s result as gener-

alised Adeleke’s result. Also we prove something more than what is in Adeleke’s

result: we prove that He is isomorphic to G<.

Generalised Adeleke’s result. The group Hc is isomorphic to G< which is

not 2-transitive but relatively 3-homogeneous Jordan group.

We prove that G< is a Jordan group in Theorem 4.8. In this section we prove

the remaining parts of generalised Adeleke’s result.

Theorem 4.1 The group He 13 isomorphic to G<.

f. We have already shown H to be isomorphic to G (Theorem 3.1). Let z,y
ments of Q such that z < y. We first show that every element of H¢

Proo
be two ele

preserves the linear order of z and y. Let h be an element of H¢ which means that

hi element of H. This in turn means that there is an induced automorphism
is an .

in (2, C). Let :
Let o = z Ny so that £ = aq,y = ap, 4 # p € Q Since z < y we must have
e —_

q < p. Let the images of z and y be a’¢" and afp” respectively. Because ¢ < p
preserves the linear order amongst the branches at nodes of
p* which means &® < y" as required.

at G< is a subgroup of He. Let g be an element of G<
orpEIiSm of H. We need to show tbat g € H.. Let

us use the same notation h for the induced automorphism in (Q,0).

at the node o and h
A so we must have ¢" <
Conversely, we show th

so that ¢ induces an autom
q,p be two distinct branches at any node & of A such that ¢ < p. Then z = &
’ A

and y = fBp are elements of 2 such that z < y. Since g € G< so 29 < y9. Now

9 — a9f so that ¢ < p? and hence g preserves the ordering of

of A. Therefore g is an element of Hc. e

z9 = a9¢9 and ¥y
the branches at any node

The following lemmas give the types of branch automorphisms and chain auto-
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morphisms of Aut($2, C, <).

Lemma 4.1 The branch automorphisms of Aut(Q,C, <) are such that the in-

duced permutation on the branches at nodes preserve the linear ordering.

Lemma 4.2 The chain automorphisms of Aut(Q2,C, <) can induce any order-

preserving permutation on the nodes of Q-branches, k € N. o

Let G, denote the subgroup of G that preserves the linear betweenness relation

p on €. Let also H, denote the subgroup of H that induces permutation on the

branches at nodes that preserve the linear betweenness relation. The analogous
version of Theorem 4.1 is the following, |

Theorem 4.2 The group H, is isomorphic to G. e
-

Any el i 3
y element of G which preserves the linear order on ) also preserves the linear
betweenness relation but the converse s not t
rue.

: Conside - € , the
automorphism gg € G defined as er for example

L MqiNggs . .
90 : MQ1Naqs -nqu"->?11(“(}1)?12(*@2)--%::(*(}&)

Proof. The autom :
Orphlsm ro
u ;
< is a binary relat; e G< cannot, be 2-trancis:
2 ation on Q. Neithey i ; ransitive because the relatio?
C-related in some order T, 1t 3-homg

in any order. To sho

W that Geis 9.

eneous ich i
S¢eheous because g 3-set, which 18

et which is not C _related

as in Theorem 3 4 wi transitivity of G we
' b3 a

th the
branch automorphisms
S pr

84l use similar argumeﬂts

the brancheg at nod
eServing the linear order v

4.1 A linear order on (2,C)
Corollary 4.1 The group G< is primitive. o
Theorem 4.4 The group G, is 2-transitive.

Proof. Let (z,y), (z,w) be any two ordered pairs of elements of Q. To show
2-transitivity of G, we need to find ¢g in G, such that 29 = z and ¢ = w. If
¢ < y and z < w then there exists g € G¢ and hence in G, such that 29 = 2
and y9 = w. fz <yandw <z then y% < x% where go is as earlier. By
2-homogeneity of G< (Theorem 4.3) there exists h in G¢ such that (z%)h = 2

and (y%)"* = w. Then goh maps z,y to z,w respectively. o

4.1.2 Point stabiliser of Aut(, C, <)

Let z be any element of Q) and G, denote the point stabiliser of G, namely the
subgroup of G that fixes z. Let o be any node on the chain z and let z be on the
go-th branch at « so that the expression of z is of the form aqoniqin2qs . . . NEqs.

Let n be the last co-ordinate in the expression of a. For gy # po € Q, we define

S(a, po) := {apomapimap2 - Lmjpjln < my <y <. prpa,- Py € Q)

Clearly Z(a,po) is an S,-class (refer Section 3.3.3) at the node a. Our C-set

is relatively 3-transitive and so the S-classes are relatively 3-transitive (refer

[AN2][Lemma 14.4]).

. Lemma 4.3 The group Aut(E(a, po), C) is isomorphic to Aut(Q,C). e

The following theorem [AN2][Theorem 14.6] gives the structure of a point sta-
biliser in Aut(Q2, C)-

Theorem 4.5 [Adeleke & Neumann] For z € Q let G denote the point stabiliser
of z in G. Then Gz = (G Wr Sym(Q\ {q})) Wr Aut(Q, <). o

We now look at the point stabiliser of z in G<. Let G(<), denote the point sta-

biliser of z in G<. Let Q. (z) and Q5 (z) denote the sets {y € Q | y < 2} and
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{y € Q| z < y} respectively and for any ¢ € @, let Aut(Q«(¢), <), Aut(Q> (q), <)
denote the order-preserving permutations on the intervals (—oo, ¢), (g, 00) respec-
tively. Clearly G(<), fixes the subsets Q(z) and Q5 (2) setwise. Let o be any
node of A on the chain z and let z be on the go-th branch at « so that z is of the

form agoniqinags . .. nkqr. Let (), £« (@) be the subsets of Q defined as
{aqmipymap, . - T;P; | a1 > o}, {agalirilory .. Ly | g2 < qo}

respectively (Fig. 4.2) and for ¢ € Q, let ©(a, ¢) denote {agn,qinags - - k)
Then clearly £, () = U, 54 2(@,q1) and T (@) = Ugscq, Z(e, g2). We have
already seen in Lemma 4.3 that Aut(E(a, q),C) is isomorphic to Aut(£2, C) for
any a € A,qg € Q. Hence when the linear order is imposed on X(«,q) and 2,
we have an isomorphism between Aut(3(q, q), C, <) and Aut(Q2, C, <). Now we

consider ¥ (a) and its automorphism group.

Z (o) ()
X

Figure 4.9:

expressions aq' Mip1map; . .

“™M;p; and y =
respectively, Y= agh

|1]l2'."2.._l.?'. (." q (H > q
we define a binary relation ~ a5 4 re =

easily checked to be Aut(Z, (o ), C, <)-i

iImprimitive and fo each ¢y > ¢, 1

~ Y i ¢ = ¢" which can b€

“Ivariant. Therefore Aut(Zs (o), C, <) -

(o, qo) is a block of mprimitivity. e
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- Aut(Z(q, g), C, <) Wr Aut(Qs (q0),

4.1 A linear order on (2,C)

Lemma 4.5 For any z € Q and o € A with qo the branch chosen by x at o and

25 (a), Z<(a) having the usual notation
Aut(E5 (@), G, <) = Aut(S(a, ), O, <) Wr Aut(Qs (a0), <), for ¢ > ao
Aut(E<(e), C, <) = Aut(E(a, ¢'), C, <) Wr Aut(Q< (q0), <), for ¢’ < qo.

Proof. To show Aut(Zs(a),C, <) < Aut(E(e, ), C, <)Wr Aut(Qs (g0), L) we
use Theorem 8.5 of [BMMN]. Here Aut(X;(a),C, <) is a transitive group of
automorphisms on Y5 (a) and ~ of Lemma 4.4 is a congruence on I (a) with
(e, q),q > qo as the ~-classes. The factor group on X5 () (see Note IIT of
[BMMN] [p. 72]) produced by the congruence ~, denoted by G{z>(a)}/g(8>(u)) is
isomorphic to Aut(Zs(a), C, <). The set I (a)/~ of all ~-classes is nothing but
Qs (go) and Aut(Qs (go), <) is the group of permutations induced by G on Qs (o).
Thus we can identify s () with (e, ¢) x Qs (g0) and so Aut(Zs(a),C, <) <
Aut(Z(a, g), C, <) Wr Aut(@s (90))-

To show the converse part we note that Aut(Z (), C, <) acts on X(«, ¢) and

Aut(Qs (go), <) acts on Qs (qo). Now the mapping defined as
Z(a,q) x Q5 (q) — s (a)

(agniqinggs ... ngg, @) +— a@muqin2g2. - Tk,
for any g, > qo identifies £(a, g) x Q> (q0) With E5(a). Also (e, g), ¢ > go form
the blocks of imprimitivity of Aut(Z>(a), C, <) and hence the group
acts on L5 (a). Moreover,

Aut(Z(e, q), C, <) Wr Aut(Q>(q0), <
Aut(Z(a, q), C, <) Wr Aut(Qs (q), <

lows similarly. e

<)
) preserve C and < on ¥, (a) and so
) < Aut(Es(a),C,<). The last part fol-

We are now in a position to give the complete description of G(<),-

Theorem 4.6 For any element z in Q and a node « on z,

G(<). = (Aut(Z<(a), €, <) x Aut(E5 (), C, <)) Wr Aut(Q <).

Y=
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Proof. Let £(a) denote 5 (a) |JZ<(). The point stabiliser G (<), has 3 blocks
on  namely {z}, Q<(z) and Q5 (z). On fixing z, the group G (<), fixes setwisc
the set of all nodes of A that lie on the chain z. Thus if § is any node of A that
lies on = and if « is mapped to 8 then £(«) is mapped to 2(A) such that Vo ()

and ¥.(a) are mapped onto T () and E<(B) respectively. Thus using Lemma
4.5 we have the result. o

Any element of the point stabiliser G(p), will either preserve or reverse the linear

ordering of the branches at each node of A. Thus if B is any node of A that

lies on the chain z then for each g ¢ G<(z) that maps.a to B with Zs () and
Z<(a) being mapped to T (6) and T.(p) respectively, there exists ¢’ € G(p)=
such that T () and T () are mapped to 2<(B) and T (B) respectively. That
is, ¢’ interchanges T (af) and Y (a9)

for each « € A that lies on the chain -
Thus we have the following theorem.,

Theorem 4.7 Forz € Q and a node o on, ¢ we have G(,), = G <), % Cy, where
S ] . p 2 e ’
X stands for semidirect product, Cy is the cyclic group generated b

the element of G as defined earlier. o

4.1.3 Jordan sets of Aut(Q, C, <)

group of a line et, any
Jordan set (provided it exists) arly ordered s

1S convex,

Proof. Let Q be 5 linearly ordereqd
Jordan set of Aut(9, <).

We need to sh
ow that ¥ ig e
contrary, ¢ <y < fand o, f ¢ ¥ % is convex. Suppose on th
]

set with a linear order < and let © be 2

o 7 € Z. Then there exists g € Aut(§, <) such
— : ns
a contradiction, Hence should belong to 2 T By iy 985

S0

that ¥ is convex. e
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Jordan sets of types II1 and IV from the list in Section 3.3.4 are non-convex.
Sets of type I are convex and not all sets of type I are convex. Let o be any
element of A and (a,b) be an open interval in Q. Then the convex Jordan sets of

type IJ can be written in the form
Sa(ab) = {gmqinaga ... 7kai | ¢ € (a,b)}.

We show that sets of the type Lq (a5 are Jordan sets in G<. For any o € A and
an open convex interval (a, b) in Q, we define a subgroup of G< denoted by Jy (4.)
consisting of branch automorphisms as follows. Let g be any element of J, (q,).
Then g induces k-homogeneous permutations on the branches at the node o which
also fixes setwise the branches indexed by the interval (a,b) and fixes pointwise

the branches indexed by Q\ (a,b). On any other node on X (q4) which is greater

than « let ¢ induce either a translation or a k-homogeneous automorphism. On

the remaining nodes of A let g induce the identity permutation on the branches.
To prove that G« is a Jordan group we prove that Ju,(a,0) is the associated Jordan

group of the set Tq,(a) (refer Section 2.4).
Theorem 4.8 The group G< is a Jordan group.

Proof. Let us consider o (ap) and the subgroup Ja (ap) Oof G< as defined in the
preceding paragraph. Let x = acrmipimapz. .- Mbj and y = adlyrlory. . i
be two distinct elements of Za(a) Such that c,d € (a,b). We first equalise the
lengths of z and y as acliq!lagh - - - lkai and adl Pilapy . . . lkpy, with usual notation
of the symbols (refer Lemma 3.2). We now consider the element g in G< defined
as follows. On the node a let g induce a 2-homogeneous branch automorphism
on ((a,b), <) that maps the c-th branch to the d-th branch. On the nodes adly,
adhply, ..., adlpiloph - .-l 1et g induce translation mappings that maps the Q-
th branch to the p)-th branch, 1 <& < k respectively. On the remaining nodes let
g induce the identity permutation on the branches. Then clearly g is an element
of Jy (a5 that maps z to y and fixes 2\ X (o,4) pointwise. Therefore Ja(ap) is the

associated Jordan group of Zq,(a) Which proves that G is a Jordan group. e
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From Theorem 4.8 it follows that to prove G< is a Jordan group we require only
branch automorphisms. Non-identity chain mappings are required to show 2-
transitivity of Jordan sets of type I. Jordan sets of type I are primitive Jordan
sets. When |(a,b)| > 1, each ¢ € (a,b) gives a block of imprimitivity of 2a,(a.b)-
By the same reasoning of Lemma 4.6 we can show that there cannot exist any
proper non-convex Jordan set for the automorphism group of a set with a linear

betweenness relation. The Jordan sets of G, are same as the Jordan sets of G<-

4.2 A quaternary branch relation V on §

Any branch automorphism of Aut(Q, C, <) induces order-preserving permuta-

tions of the branches at nodes of A. Therefore the imposition of the linear order

< on § gave us some control over the types of branch automorphisms of (§2,C)-

Definition 4.1 A relation is called a branch relation if the automorphism group

with the new relation restricts the branch automorphisms of Aut(§2, C).

The linear order defined in Section 4.1 is a branch relation. In this section W¢

Impose another branch relation which is g 4-place relation denoted by V on

(Q,C, <) to get a more smaller set of branch automorphisms

distinct elements of Q with o = 7 N y. Let 2,y lie on th i
3 e g-

at ; 1, p-th branches
@ respectively. We define the distance betweey z and y denoted by d 85
diz,y) = q - '
(@,9) ¢ — p. The quaternary relatioy Voon Q is defined as follows. FOF
T, Y2, W, T # Y,z # win Q) we define

Let z,y be two

Viz,y; 2,w) % d(z, y) = d(z,w).

Note that the following axiomg hold for the relation V.
@) V(z,y2,0) - V(y, z;w, 2)
(’LZ) V(i‘ﬁ,y; z,w) — ‘lV(
(idz) Viz,y;2,w) AV

A V(Zaw;.’f:,

Tz, w),

Y),

Z)w;uju) "__) V(m,‘y;u‘ U).
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4.2 A quaternary branch relation V on §2

4.2.1 Automorphism group of (2,C, <, V)

Let G<y denote the group Aut(Q2,C, <, V). Clearly G v is a subgroup of
G<. The relation V' gives a further restriction on the branch automorphisms
of Aut(2,C). Suppose Hc 4 denotes the subgroup of H< that consists of auto-
morphisms that preserves the distance between pairs of elements of 2. Then we

have the following.
Theorem 4.9 The group H< 4 is isomorphic to G<v.

Proof. We have shown Hc to be isomorphic to G< (refer Theorem 4.1). Let
Z,y,2,w,T # Yy, 2 # w be four chains such that V'(z,y; z,w). We first show that
every element h € H< 4 preserves the relation V on the images of z,y, 2z, w. Let
a=zNy, f=2Nwand let z,y lie on the g-th, p-th branches at « respectively
and z,w lie on the r-th, s-th branches at 3 respectively. Since V(z,y;z, w)
holds we must have d(q,p) = d(r,s). Let the images of z,y be al¢", atph
respectively and that of z,w be pheh ghst respectively. Since h preserves the
distance between pairs of elements of {2 we must have d(¢", p") = d(r*, s") and
hence V (z", y"; 2" w") which means H¢q i a subgroup of G< y. Conversely we

can show that G, is a subgroup of He,g which means that H¢ 4 is isomorphic
to GS‘V. L]

Lemma 4.7 If o branch automorphism in Aut(Q,C, <, V) fizes the distance of
pairs of elements of  with same intersecting node then the automorphism fizes

the distance of all pairs of elements of S2.

Proof. Let g be an automorphism of Aut(Q2,C, <, V) that fixes the distance of
pairs of elements of Q with « as the intersecting node. Suppose 3 is another node
of A and @p, Bq are chains, p # ¢- If possible let g map Sq, Bp to (8q)e, (Bp)*
such that d(Bq, Bp) # d((Bq)?, (Bp)?). Now agq,ap are such that d(ap, aq) =
d(Bp, Bq) = p — q. By assumption g fixes the distance of branches at the node o
and so we have d((ap)?, (aq)?) = d(ep, aq) = d(Bp, Bq) # d((8q)?, (Bp)?), which
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implies that g does not preserve V on €. Therefore ¢ must fix the distance of

branches at the node 8. And this must be true of all nodes of A. e

It is easy to check the following lemmas.

Lemma 4.8 Translation branch automorphisms and magnification branch auto-

morphisms will preserve the relation V on (Q2,C). e

Lemma 4.9 The chain automorphisms of Aut(Q2, C, <, V) are same as the chain
automorphisms of Aut(Q2, C, <) (refer Lemma 4.2). o

Theorem 4.10 The group G<,y is 2-homogeneous on ).

Proof. Let (z,y), (2,w) be two pairs of chains with z <y, z < w. We need

to show that there exists g € G<v that maps (z,y) to (z,w). To map (z,y) to

(2,w) we first need to map z Ny to z N1 and then the corresponding branches

of the images of (z,y) to the corresponding branches of (z,w) on the node z N W

and on the relevant nodes greater than z N w. For this we just require branch
automorphisms that induce permutations on the branches at nodes that are of
the form ¢ — ag +b, where a € Q*, b ¢ Q and Q*

tional numbers including 0. Clearly these automorphis

Therefore Gy is 2-homogeneous. e.

denotes the positive ra-

ms are elements of G<,v-

4.2.2  Point stabiliser of Aut(Q, C, < V)

Let 2 be any element of 0 and G<vy. denote the
For any o in A and q € Q let Aut(Z(a,q),C <, V)
group on (Z(a, q),C) that preserves the I'ela,ti();]_g— ,<

on the set ©(, q). And let )/ (Q =0

point stabiliser of Gy in
denote the automm‘phism

nd V on branches at nodes
% denote
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Theorem 4.11 For any element z in § and a node o on z,
G<v). = (Aut(Z(a,q),C, V) x M(Q)g) Wr Aut(Q, <),

where qq is the branch chosen by x at a.

4.2.3 Jordan sets of Aut(Q2,C, <,V)

Jordan sets of G¢v (if they exist) have to be either one or both of the types of
Jordan sets of G<. We show that sets of type I are Jordan sets of G¢y. For
go € Q Jordan sets of type I are of the form Tq4, = {@@niqin2gs ... nkgi}.
For any a € A and g € Q, we consider the group Jaq, that consists of branch
automorphisms inducing translations on the branches at the node a and on all
nodes greater than o that are on the set X g, Clearly Jy,4, is a subgroup of
G<yv. We prove that G¢ v is a Jordan group with Jq 4, the associated Jordan

group of the Jordan set Xq g-
Theorem 4.12 The group G<,v is a Jordan group.

Proof. Let us consider T g, and the subgroup Jag of G<,v as defined in the pre-
ceding paragraph. Let ¢ = agomiqinagz - - Mk a0d Y = 0Gomipimaps ... m;p;
be two distinct elements of Tq,. We first equalise the lengths of the expressions
of z and y as aqoliq)lagh . . . lig) and agolipilaps - - - Lip;, respectively with usual
notation of the symbols (refer Lemma 3.2). We now consider the element g in
G<,v that induces translations on the branches at the nodes agql;, agyl, o P
aqolpilop) . . . l; mapping ¢, to pj, 1 St = , respectively. Then clearly g is an
element of J,,, that maps = to y and fixes 2\ Lq g, pPointwise which proves that

Ja,g is the associated Jordan group of Xag- ®

We recall that J, (o is the associated Jordan group of Jordan sets for G (refer

Section 4.1.3). Using Lemma 4.7 we see that elements of Ja,q does not preserve

V in (Q,C, <). Hence there cannot exist Jordan sets of type I7 in G. V.
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. . 2-set of €2 such that z # y. Then we define
4.3 A quaternary chain relation L on ()

L{z,y} = L(zNy) = L(a), where a =z Ny.
In this section we define another quaternary relation on 2. Let z be an element

of 2 and a be a node on z. The chain z is isomorphic to Q with the underlying The binary relation L on A can then be considered to be a binary relation on

linear order < on Q and so there is exactly one point on Q to which the point pairs of distinct elements of 2. Without introducing another notation, we call

: . i i i isti fQas L. Let {z,
o corresponds. Let the expression for a be nyqin2¢s ... nx. Then the point of Q this relation on pairs of distinct elements of 22 as et {z,y} and {z,w} be two

to which o corresponds is ng. We define the level of o to be n; and denote it as pairs of distinct elements of 2 with @ =z Ny and f = zNw. The relation L

L(e). Any maximal chain of A is isomorphic to Q and so for any g € Q, there is when considered as a relation on 2 is defined as

exactly one point on any chain at that level. We state this fact in the following L(z,y;2,w) 1> L(z Ny) = L(z Nw)
lemma.
(Fig. 4.3). Let Q{{]z} = {{z,y} | =,y € Q,z # y}. Then L is an equivalence
Lemma 4.10 Given any q € Q and an element £ € Q there is ezactly one point relation on pairs of distinct elements of Q. For any ¢ € Q, the set of pairs of
on the chain = at level q. o distinct elements of Q which meet at a node on level ¢ forms an equivalence class.
\‘l‘ t = \/“* 4.3.1 Automorphism group of (2,C, L)

As usual let H; denote the subgroup of H that preserves the equivalence relation

N : “has the same level” on A and Gy denote the subgroup of G that preserves the

equivalence relation on pairs of elements of . We show that H is isomorphic
to Gy.

Figure 4.3: Theorem 4.13 The group Hp, 18 isomorphic to G1,.

Proof. We have already shown H to be isomorphic to G (refer Theorem 3.1). Let

Given two elements o = MQN2G; . .. 0y, and 8

g be an element of H;, and z,y,2,w € & such that  # y, 2 # w and Lz, y;2,w).
of the two elements are equal if g =

= TuPimap, ... m; of A the level
m;. We define a binary relation L on A a5 Then aLf, where o = 2 Ny, 8 = zNw. Since g preserves L on elements of A so
GILB9 50 that L(z9,y; 29, w?), where o = 29 Ny? and B9 = 29 \ w9, Thus the
induced automorphism g € G preserves Lon §and so Hy is a subgroup of G,

i . Conversel how that G is a subgroup of H; .
quivalence relation, Eacp q € Q determines s bk p b =

A | L(O‘) = q}. Thel‘efore the number of Lemma 4.11 The branch automorphisms of Aut(Q, C, L)

mutation on the branches at nodes of A. e

an equivalence class, namely {q ¢

equivalence classes of A determineq el Widtise: e

s - ;
Y the relation [, ig Ro. Level on element®

et { b }
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Chain automorphisms of Aut(€, C, L) need to preserve the level of the nodes of
A. Let g be any chain automorphism of Aut(2,C, L). If o is a node at level ¢
and g maps « to # which is at level p, p # ¢, then ¢ maps all nodes at level ¢
to nodes at level p. Therefore the images of the level of nodes on the Ql-branCh

completely determines the chain automorphism g. Hence we have the following:

Lemma 4.12 The chain automorphisms of Aut(Q,C, L) are those that induce

order-preserving permutations on just the Q, -branch. o

Lemma 4.13 The group G, is transitive on ).

Proof. Let z,y be distinct elements in Q. We need to find g € G such that

t? = y. We first equalise the lengths of 2 and y so that the equalised length

of z and y is 2 with expressions of z and Yy as Liqilagh . . . gt and 11p)laph - - Lip;
3 . 3 - . 1
respectively, with notation as in Lemma 3.2. We define branch automorphism®

91, 92, - -, 9; that induces permutations on the nodes 1, l
that maps the g;-th branch onto the Pi-
composition g := g,g,.

Lplly, ..., Lipilaps -
th branch, 1 < ¢ < 1, respectively. The
. -9 of branch automorphismg (refer Section 3.3.1) is the
required automorphism that maps r to y. Note that each branch autOmor?hism

fixes the level of nodes and so ¢ fi
of GL. e g nxes the leve] of nodes and hence is an element

Theorem 4.14 The group Gy, is 2-transitiye on 0

Proof.
of. Let (z,y) and (2,w) be two pairs of distinct e]o
find an element in G, that maps (z,y) to (2 w) '

transitivity of H; there exists an element 9
1

ments of (). We need t©
Let 2Ny = o and znw = B- BY

I Hy, and hence in G, that maP®
orphism thgy
which is equal t
0 aﬂ'l)
t
o the branches of %W respectively Then
; )

@ to B. Let gy be g branch autom
branches at the node B (

Z g1
that maps the branches of 27" ¥
x . 9192
which is also true of ¥ and w, We o li » Z are on the same branch at 4
' qualise th

el T 2L
define branch automorphismg that indyceg engths of 29192 ynd » and th¢
S per

Mutations of the branches on the
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nodes of the expressions of z9'92 and z such that the branches of z9!9? are mapped
to the branches of z at each of these nodes. Each of these branch automorphisms
will therefore fix the branch of y9192 at § and hence fix the element y?'92. The
composition of these branch automorphisms say, g3 will map x9!92 to z and will fix
9192 Similarly we equalise the lengths of the expressions of 9192 and w and then
define a composition map of branch automorphisms, say g4 that maps y#'% to w

and fix £9192. The composition map 929394 will map 2,y to z, w respectively. e
Corollary 4.2 The group G, is primitive in its action on 2. e

The group Gy, can be shown to be relatively 3-transitive. This is true because

chains are dense in A.

4.3.2 Point stabiliser of Aut(Q2,C, L)

In this section we look at the point stabiliser of Gr. Poraay & €4 Jes Gigj,
denote the point stabiliser of z in Q. Let & be any node and (¢, ¢) denote the
set of all elements of  on the g-th branch at o and Z(a) denote the set of all
chains that pass through the node a which can also be expressed as the union of
the sets $(a, q), ¢ € Q. It is seen that Aut(E(e, g), €) is isomorphic to Aut(Q, C)
(Lemma 4.3), for any o € A,¢ € Q Therefore when the relation L is imposed
on ¥(a,q) and Q, it is trivial to check that Aut(X(e, q),C, L) is isomorphic to
Aut(Q,C, L). We give a result on the automorphism group of X(a).

Lemma 4.14 The group Aut(S(e),C, L) is transitive but not primitive on T(a).

Proof. Transitivity can be easily shown by using branch automorphisms as in
Lemma 4.13. The binary relation ~ defined in Lemma 4.4 gives the blocks of
imprimitivity of G. ®

Let N denote the collection of branch automorphisms of (Q,C). We denote
the collection of branch automorphisms restricted to the sets ©(a), (e, q) as

N(E(a)), N(Z(e, q)) respectively. Note that N fixes the level of nodes of A and

hence are elements of G
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Lemma 4.15 For any o € A and g € Q, N(E(w)) = N(E(cy,q)) Wr Sym(Q).

Proof. We just need to verify that ©(«,q) are the blocks of imprimitivity of
N(Z(a)). o

Theorem 4.15 For any x € Q with the node o on z and = on the qo-th branch
at a, G(r), = (N(Z(e, q)) Wr Sym(Q\ {g0})) x Aut(Q, <).

Proof. We first show that any element of G|y, is also an element of

(N(Z(e, q)) Wr Sym(Q\ {q0})) @ Aut(Q, <). Suppose g is an element of G, that

fixes z. This means the automorphism ¢ will fix setwise the set of all nodes on

ill
e (ao) Z(@ 0) W
be mapped to U cq\(po) (8, P), Where z lies on the po-th branch at 4. More-

the chain z. If § is a node on = and « is mapped to A then U

over g preserves L on {2 and so chain automorphisms induce non-identity order-

preserving permutations on just the Q,-branch. This means that g is an element
of (N(Z(e, )) Wr Sym(Q\ {go}) x Aut(Q, <).

Conversely let g be an element of (N(Z(e, q)) Wr Sym(Q\ {go}) x Aut(Q, <)
Then at each node « of the chain z the branch on which z lie will be fixed and

hence g will fix z. Also elements of N(Z(a, q)) fixes the level of nodes of A and

so g must preserve the relation J,. Therefore 9 € G|
L);- ®

4.3.3 Jordan sets of Aut(Q, ¢ L)
)
Let a be a node and P be any subset of Q. Consider

S 1=
P = {aqniqinggy . . . nyq, | g € P}

which is a set of t :
YPe I'if |P| = 1 and 4 set of type IT if |P| > 1 (refer Sectio”

3,3.4 . ¥

Ea::{meﬂlagw}.

4.3 A quaternary chain relation L on

the branches on the node « that fixes P setwise and Q \ P pointwise. On nodes
greater than a which is on ¥, p the automorphism g induces any permutation
on the branches. On the remaining nodes, g induces the identity permutation on
the branches. We next define another subgroup J, of Aut(2,C') which consists
of chain automorphisms and branch automorphisms defined as follows. Let g be
a chain automorphism of J,. Then g induces a k-homogeneous order-preserving
permutation on the Q;-branch that fixes (—oco, L(e)) setwise and [L(a), 00) point-
wise. Let h be a branch automorphism of J,. On the node a and on nodes greater
than o let A induce the identity permutation on_the branches. On any node 3
smaller than o let h induce permutations of Q that fixes the go-th branch, where
Qo is the branch of a at 8. And on nodes incomparable to o let & induce any
permutation on the branches. It is then clear that J, p and Jo are subgroups of
Gp. To prove that Gy, is a Jordan group we prove that Xq,p and %, are Jordan

sets with associated Jordan groups as Jo,p and Jo respectively.

Lemma 4.16 Sets of type I and I1 are Jordan sets of Gp.

" Proof. Let us consider Sq,p and the subgroup Jo,p of Gp as defined in the

preceding paragraph. Let 2 = acmipimapz .- -TP; and y = adlyrylory . .. lir; be
two distinct elements of Za p such that ¢,d € P. We first equalise the lengths
of z and y as acnpinaph - - - P} and adniTinery . .. gTy, With usual notation of
the symbols (refer Lemma 3.2). We now consider a branch automorphism g that
induces a permutation on the branches at the node «, maps the c-th branch to
the d-th branch and fixes branches indexed by elements in the set Q\ P. We also
define branch automorphisms g, 1 <t < k that induces permutations on the
branches at the nodes adni, adniring, - @dMTNTy ...y that maps the pi-th
branch to the ri-th branch respectively. Then clearly gg,g, ... g, is an element of
Jo,p that maps z to y and fixes 0\ Zq,p pointwise. Therefore ¥, p is a Jordan

set and J, p is the associated Jordan group. e

Lemma 4.17 Sets of type IV are Jordan sets of G
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Proof. Let us consider £, and the subgroup J, of G, as defined in the paragraph
preceding Lemma 4.16. Let ¢ = fem pymeopa ... myp; and y = ~dlyTylorg . . - LiTi
be two distinct elements of S, such that L(8) < L(a) and L(7y) < L(a). We first
define a chain automorphism g that induces an order-preserving permutation on
the Q;-branch that maps L(3) to L(y) and fixes (L(«),00) pointwise. Next, W€
equalise the lengths of 9 and y. Then as in Lemma 4.16 we define branch auto-
morphisms that induces permutations of the branches at nodes in the expressions
of 2" and y with equalised lengths mapping the branches of z" to the branches
of y respectively. The composition of g and these branch automorphisms is the
required automorphism that maps = to y. Clearly this .automorphism is an ele-
ment of J, which fixes Q\ 4 pointwise. Therefore &, is a Jordan set and Ja the
associated Jordan group. e

The results of the two lemmas above prove the following.

Theorem 4.16 The group G, is a Jordan group. e

Note that the subset P which occurs in the expression of a Jordan set of type /1

may be an open interval of Q, that is, of the form (a,b),a # b. Therefore Jorda®
sets of G< as defined in Section 4.1.3 are Jordan sets of G L as well.

4.4 A quaternary relation R on ()

The chain automorphisms of elements of Aut(Q, C) induce order-preserving per’
mutations on any chain. With the imposition of the relation L on  the set ol
chain automorphisms became smaller.

another chaj i
an relation that furhey reduces the clagg of chain a tomorphisms’
u

Consider the rat; i
rational line Q. Whey, we talk aboyt Q as the rational line e haV’
: ‘ational lin
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in mind the underlying linear order on Q. Consider the dyadic fractions of Q
of the form &,m € Z,n € N,n > 1. Here integers are not dyadic fractions. It
can be checked that between any two rational numbers there is a dyadic fraction
as well as a non-dyadic fraction. This property of Q is called dense codense.
That is, dyadic fractions are dense codense in the rational line. Bhattacharjee
et al. [BMMN][p. 81] has talked about the dense codense property of Q with
two colours, which essentially uses dense codense property of subsets of rational
numbers. Also consider the ternary fractions of the form &, m € Z,n € Nyn > 1.
Ternary fractions can also be checked to be dense codense in Q. We say that two
rational numbers are of same type if both the rational numbers are dyadic or both
are ternary or both are non-dyadic, non-ternary.
- Let x,y, 2, w be four elements of Q, x # y,z # w. We define a quaternary
relation R on Q2 as follows:

R(z,y; 2,w) 1> L{z,y} and L{z,w} are of same type .

Suppose L(z,y;z,w) holds for elements z,y,z2,w in Q. Then it means that
L{z,y} = L{z,w}, which implies trivially that L{z,y} and L{z, w}. are of same
type which in turn implies that R(z,y; z, w) holds. But nodes of same type need

1Ot necessarily be at the same level.

4.4.1 Automorphism group of (2,C, L, R)

We now consider the automorphism group of (€, C) preserving L and R. As usual
let G L,r denote the subgroup of G that also preserve the relation R and H; p
denote the subgroup of Hy that preserve the type of the level of nodes. Clearly

GLrisa subgroup of G, and the following is trivial.

Theorem 4.17 The group Hy p is 1somorphic to G| . e

Lemma 4.18 The branch automorphisms of Aut(Q,C, I, R)

are same as the
branch automorphisms of Aut(Q, C, L) (refer Lemmaq 4.11). o
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We show that chain automorphisms of Aut($2, C, L, R) can induce neither mag-

nification nor non-integer translation on the @,;-branch.

Lemma 4.19 Chain automorphisms of Aut(Q,C, L, R) cannot induce magnifi-
cation on the Q, -branch.

Proof. Magnifications that preserve the linear order on Q are only positive
magnifications. Hence it is enough for us to show that chain automorphisms
cannot induce positive magnifications. Let ¢, be any non-zero positive element
of Q. Let g be a chain automorphism that induces the magnification ¢ — qod:
on the nodes of the Qy-branch. Suppose g, is dyadic and is of the form

my # 2™ for any m € N. Consider the non-dyadic element -
m

-, then g maps
1 1 f
the node - to a node at level i7» SO that a non-dyadic fraction is mapped tO

a dyadic fraction. Hence if ¢ is dyadic then g does not preserve the relation R
on (Q,C,L).

non-ternary.

mi
211.11

The same result can be showp when gq is ternary or non-dyadic,

Therefore g cannot induce a magnification on the Q;-branch. e

Lemma 4.20 Chain automorphismsg of Aut(

,C, L, R) cannot induce non-integer
translation on the Q, -branch,

Proof. Let gy be a non-
of Aut(Q2,C, L, R)
nodes of the Q,

1 . ¢
the element Z1- which is ternary. Then g maps the ;

, S0 that g, ternary fraction ig mapped to a n

result holds for the remaining types of q
Q-

translation on the Q,

e Integer element of . Let g be a chain automorphism
that induces the non-integer translation q —> q + o, on the
of the form ML

R Consider

10de o to a node at level

-branch. Suppose %o is dyadic and 1s

3"imy 42m
M
on-ternary fraction. Similar

Therefore g cannot induce a non-integer
-branch. e

However chain automorphisms of Aut
on the Q;-branch, In the

ternary and non-dyadic ng

(Q,C, L, R)
structure (Q,c, L, R)

. D-ternary
tion chain automorphismg and non-

in A.Ut(Q,C',L,R)

can induce integer translations
if we allow the set of dyadic'
. odes to be intel‘Changeable then magnificd”
- However we arl:tlziir' pladiag chain automorphisms exist

8 at the strongegt possible structur®
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on (€2,C) such that the automorphism group is also a Jordan group. Hence we
impose the condition that the elements of the automorphism group of (22, C, L, R)

necessarily has to map a node to another node of the same type.

Lemma 4.21 Chain automorphisms of Aut(§2,C, L, R) can induce integer trans-

lations on the Q,-branch. e

We now look at some properties of G r. Transitivity of G r can be shown by

using the branch automorphisms of G as in Lemma 4.13.

Lemma 4.22 The group G, g 15 transitive. e
Theorem 4.18 The group G g is not 2-homageneous on Q.

Proof. Let {z,y} and {2z, w} be two pairs of elements of Q such that L{z,w} =
L{z,y} +q, where ¢ € Q\N. Then because chain automorphisms of G, r cannot
be non-integer translations (Lemma 4.20), so {z,y} cannot be mapped to {z, w}

in G g. Hence Gy g is not 2-homogeneous. ®
Lemma 4.23 The group G r is imprimitive.

Proof. For q €[0,1),g € Q consider 4, := {{z,y} | L{z,y} = q}. Because
chain automorphisms of GL,r can be integer translations so A, is a block of

iml—“’l‘imitivity of G g for each ¢ € [0,1). ®

4.4.2 Jordan sets of Allt(Q, C, L, R)

In proving that S, p = {aqniqinegz - -k 9 € P}, (where o is any node of
Aand P Q) is a Jordan set of Gy, (refer Section 4.3.3) we have defined the
associated Jordan group to consist of branch automorphisms, Using the same
arguments we can show that sets of the form 3, p, as defined above are Jordan

sets of G, r as well.

Theorem 4.19 The group Gi,r is a Jordan group. e
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4.5 Combining the relations <,V,L, R on (Q,C)

In this section we combine the relations discussed so far, namely <, V, L and R on
the C-set 2 and show that there exist Jordan sets in the automorphism group of

(©,C,<,V,L,R). Let Gy, denote this automorphism group. We show that
G<,v,L,r contains a minimal Jordan subgroup.

4.5.1 Properties of the group Aut(Q, C, <, V, L, R)

When we combine the relations <,\V,L,R on (€2, C) we have a very strong struc-

ture on Q. Elements of Gy r will have to preserve all the four relations
<, V,L, R which means that the automorphism group Gy, p becomes much
smaller. The group G< v, » is contained in each of G, _a‘m,d,G L r. The chain
automorphisms of G<,y 1, r are nothing but the chaiy, au_t;)rnorphisn;s of G,z and

the bran i
ch automorphisms of G<vir are the branch automorphisms of G<,v-

This is because L, R are chain relations and < Vv are branch relat;i
= relations.

L : )
emma 4.24 The branch automorphisms of Aut(Q,C, <.V L R) are same 4%

the branch automorphisms of Aut( (Lemma 4 5)
ma 4.5). e

0,C, <, V)

Lemma 4.25 The chain automorphisms of Aut

chain automorphisms of Aut(Q,C. T R) @,C,<,v,1, R) are same as the

(Lemma 4.21). o

The group G< v,k cannot be 2-h

omogene ;
homogeneous ( senieous because the group Gy, g is not 2-

Theorem 4 ;
18). In showing transitivity of Aut(Q, C) (Lemma 3.3)
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4.5.2 Jordan sets of Aut(Q,C,<,V,L, R)

Jordan sets of G,y are only of type I (refer Section 4.2.3) hence Jordan sets
of G¢ v r (provided they exist) has to be only of type I. We show that there
exist_.]ordan sets of type I in G<y,r For @ in A and go in Q let By g, =
{agoniqinags - . kgl L(a) <nyp <mg <...T% € Q} be a set of type I. Consider
the subgroup J of G<v,L,r which consists of branch automorphisms that induce
translations on the branches at nodes greater than a and identity permutation

on branches at the remaining nodes of A including c. We show that J is the

associated Jordan group of Za g
Theorem 4.21 The group G<v,i,r 18 a Jordan group.

Proof. Let us consider Zq g and the subgroup J of G<,v,.,r as defined in the pre-
ceding paragraph. Let z = agomupimepz. .. m;p; and y = aqolimilory ... Lir; be
two distinct elements of a g We first equalise the lengths of the expressions of

z and y as Qqon1pinePs - - - npj and QT T M2T - - - ”kﬁ: respectively with usual

notation of the symbols (refer Lemma 3.2). We then consider the branch auto-

morphisms g, 1 £t < k, that induce translations on the branches at the nodes
] — —

iy, GG T QqgoniT\N2TY - - - Tk which maps the pj-th branch to the rj-th
0n1, QgomiTy 2 - -
branch respectively. Then clearly g1z . .. gk is an element of J that maps z to y

and fixes 2\ Za,q0 pointwise. This means that J is the associated Jordan group

of T4, Which proves that Gy, is a Jordan group. e
qo

4.6 A minimal Jordan group of Gevirp

Let G, denote the group that consists of branch automorphisms that induce
translations on the branches at nodes of A. We can show (with similar arguments
as in Section 4.5) that Go is a transitive group on Q2 which is not 2-homogeneous.
Also G, can be shown to be a Jordan group with Jordan sets of type I. We call

a Jordan group minimal if there exists no Jordan subgroup of the group. We
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show that Gq is a minimal Jordan group of G< v.;, z. We first give a result on the
automorphisms of (Q, <). Consider the subgroup T of Aut(Q, <) which consists
of just the translations and the subgroup M of Aut(Q, <) which consists of just

the positive magnifications. We show that the group gencrated by M and any
non-trivial translation contains the group T,

Lemma 4.26 All magnifications and a single translation of the group Aut(Q, <)
generate all translations of Aut(Q, <).

Proof. Let A be a subgroup of Aut(Q, <) that contains M, the group of all

magnifications and the translation 9= q+kkeQk #0 Weshow that A

contains T the group of all translations. For any j € Q,j # 0, #£ k we get the
translation ¢ — g+ j by first magnifying

, q by .’;,, then translating by k and then
magnifying by 1

. Therefore A contains the trans|

ation ¢ — ¢ + j. Now j I8
chosen arbitrarily and hence A contains T, e

Pose there existg 5 el
S a suber * h is
a Jordan group. Consider 4 node q ibgroup G* of Gy whic

and chaine . .
group therefore G* NS aq, ap, q # p. Now G* is a Jordan

is 1ti
transitive op 2 and so there must exi

G* that Maps aq to ap. Now
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- 4.7 Expansion of a C-set from another angle

So far we have imposed relations on (2, C) and investigated whether the automor-
phism groups of these expanded structures are Jordan groups. Now we attempt to
address the question in the reverse direction. Suppose we have a C-set {2 and some
relations, say Ry, Ro, ..., and suppose we know that Aut(Q2,C, Ry, Ry, ... Ry)
is a Jordan group. Then can we say something about the relations Ry, Ry, ... R,?
In this section we address this question.

Let GG denote the group Aut(f2,C, Ry, Ry,... R,) which is a Jordan group.
Consider a node o and the chains ag, ap, p #°q. Now G is a Jordan group
and hence transitive on  so there must exist some element in G that maps aq
to ap. Now to map ag to ap we need a branch automorphism that induces a
permutation on the branches of the node a that maps the g-th branch to the p-th
branch. We do not have any other restriction whatsoever on the automorphism.
This task can be achieved by any permutation on Q, the simplest being one that
interchanges the g-th and the p-th branch at a and fixes all other branches. We
therefore have no control on the branch automorphisms of G.

Now suppose we impose the restriction that one of the relations, say R, is
< which means that G is a subgroup of G<. Then we have some control on the
t:ranch automorphisms of G because the branch automorphisms have to preserve
the linear order on the induced permutation on the branches at a node. We
have already seen in Theorem 4.22 that Gy is a minimal Jordan group of the

automorphism group Aut(£, C,<,V,L,R), where < is one of the relations. Hence
if we know that G contains the class of translation branch automorphisms then
G contains Go as a subgroup, that is G contains a Jordan subgroup. This means
that if we impose a branch relation on (2, C) and the branch relation is such that
the automorphism group of the new structure contains the class of translation
branch automorphisms then the automorphism group is a Jordan group.
Next, suppose Fa is & chain relation. We have already seen that even if the

automorphism group fixes the level of nodes of the underlying semilinear order
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then it is still a Jordan group (refer Section 4.3.3). This means that imposition
of chain relations makes no difference on the existence of Jordan sets. We stat¢

these results in the following lemmas.

Lemma 4.27 Imposition of a branch relation on (Q, C) that contains the class

of translation branch automorphisms in its automorphism group admits a J ordan

automorphism group. e

Lemma 4.28 Imposition of any chain relation on (,C) admits a Jordan auto-
morphism group. e
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Chapter o
Some related questions on a C-set

In Chapter 4 we imposed extra relations on (£, C) and have shown that Jordan

sets existed in the automorphism groups of these structures. In this chapter

we look at the questions of homogeneous structures and oligomorphic groups of

the structures considered in Chapter 4. We also look at the cycle types of the

automorphism groups of these structures.

5.1 Homogeneous structures

Tha tac «homogeneous” COmMes from model theory in logic. It has no relation
e ter
to its use in pe

and “highly—homogeneous”.

rmutation groups where we refer to the terms “k-homogeneous”

Definition 5.1 A relational structure S is called homogeneous if for each em-

bedding ¢ of a finite substructure U of S into S there exists ¢ € Aut(S) such

that ¢ equals the restriction Y¥u of 1 to U,

In other words, a structure is homogeneous if any embedding of a finite structure
b

of S into S can be extended to an automorphism of S. The relational structure

(Q, <) is homogeneous. This can be shown as follows. Any finite substructure is
) —

an ordered set of rational numbers a; < a2 < ... < ay for some finite k. So an

73
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embedding of this finite substructure is a mapping ¢ : a; — b;, where b; € Q such

that by < by < ... < bx. We can extend ¢ to an order-preserving permutation
on Q by using a k-homogeneous map as defined in Section 3.3.2 (1v). Since
every embedding of a finite substructure can be extended to an automorphism,

the relational structure is homogeneous. Note that as a permutation group, the

group Aut(Q, <) is k-homogeneous for every k € N,

We state a simple criterion for recognising when a relational structure is ho-

mogeneous. Let A be a (possibly infinite) set and associate to each A € A a

non-negative integer ny. Then a relational structure of type (

. Na)aca 1S a set Q
together with an indexed family R= (pa)

xeA Where py is an ny-ary relation on

2. We denote the relational structure by (,R) or (© (Pa)rer). We call this
1 y eA/-

structure finite or countable when 0 is, respectively, finite or countably infinite

Let S and T be two relational structyres of same type. We shall say that the

one-point extension property (IPX) holds for Sinto T if wl
en

(IPX) U C V are finite substructures of S whe

than U then each embeddin :
gof Uinto T
i can be extended to ap embedding of V

re V contains one more point

The proof follows by 5 recursive ar
[DM][Theorem 9.5A))

n1qi1naqs .

gUment using g by}
- Elements of e C-

+TGk. So for each k, we hay

and-forth argument (refer

set :
Q are finige sequences of the form
_ e a :
9,92 -Gk, Which is agaip countab)] countable choice for ni,
e.

whether (IPX)

mng, .- e

Therefore it ;
holds in each of the re] Or¢ 1t s enough for us to check

ation
al structyreg. Before we proceed

.n S "y
g emllmearly ordered set of the C-set-
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5.1 Homogeneous structures

5.1.1 Homogeneity of (A, <)

Consider the set A with the semilinear order. We show that (A, <) is not homo-

geneous but can be made homogeneous by imposing an extra relation.

Figure 5.1:

Consider the sets A = {e, a2, a3} and B = (s s B 0 i 00 i DAL,
No pairs of elements of either A or B are comparable and so we can set up

an isomorphism ¢ : A — B defined by a; — Fi, ¢« = 1,2,3. However, the

isomorphism ¢ between A and B cannot be extended to an automorphism of
(A, <). This is because if it were possible then we should be able to find an
automorphism g of (A, <) that maps «; to B;, i = 1,2,3. This would mean that
g would map & Naz to fi N B, and ay N az to f2 N G, where oy N o, denotes
the intersecting node (refer Definition 3.1) of oy and a. But oy Ny = ap Ny
and B, N B2 # B2 N 5 which contradicts the fact that g is an automorphism on
A. Hence ¢ cannot be extended to an automorphism of (A, <). Therefore (A, <)
is not homogeneous.

We note that the extension of an isomorphism on finite sets to an automor-
phism of A becomes impossible only when the set consists of all incomparable
elements such that the intersecting nodes of pairs of elements from the sets are
not equal. For example if 81, B2, B have the same configuration as oy, oy, o then
the isomorphism ¢ can be easily extended to an automorphism of (A, <). By

configuration of {a1,as, s} and {B1, B2, B3} we mean the relation of the nodes
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a1 Nas, agNag and By N By, B2 N By in A. Hence if we say that the configuration

is same then we mean that the relation between oy Ny and oy, N @y is same a5

the relation between 8, N B, and B, N B3 with respect to the semilinear order < of

A. We therefore need to define the new relation in such a way that the behaviour

of intersecting nodes of elements is captured by the relation. We define a ternary

relation denoted by x on incomparable elements o, 3,7 of A as follows:
X(@;8,7) 2 anf < BN,

In other words, the relation x uses the idea of the relation C defined on €, the set
of maximal chains of A. Given three incomparable elements a, 3, either any of

x(c; B,7), x(B; 7, @), x(7; &, B), holds or none of these holds. We denote the latter
Case by N(as ﬁ) 'Y) (NOte that ifX(O!; ‘B’.-Y)

holds then y(q: holds.) We verify
that (IPX) holds in (A, <, y) x(c;, B) holds.)

which will imply that (A, <, x) is homogeneous.

Lemma 5.2 The property (IPX) holds in (A, <, %)

Proof. Let U, U’ ite i i
. : ,fU be finite 1somorphic substructures of (A, <, x) and let ¢ be an
isomorphism of U into [/’ .

. Let V be another finjte substructure of  such that

V' contains one
more element, thay [/ does with V — U4 a}. W dt exteﬂd
¢ to V. Forany a € U, we denote the isom - e need 1o

orphic copy of o in U’ as .

ar ord
o' and ¢(a) are also comparap]e o the er < we extend ¢ to V such that

Same way, : , we
extend ¢ to V such that o/ anq é Y. If @, a are mcomparablL w

are also Incomparabe.

(a)

Suppose U contajng two elemep
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In general, suppose U contains n elements, say {ay, sz, ..., } and v couvains
one more point say Qn41- Then to extend ¢ to V we need to define ¢(ay41) in
such a way that ¢(an4+1) and then elements of U’ are related in the same way as

the elements of V with respect to the relations < and x. e
Theorem 5.1 The structure (A, <, x) is homogeneous. e

The proof of Theorem 5.1 follows by using Lemma 5.1 and Lemma 5.2.

5 1.9 Homogeneity of (Q,C) with the extra relations

We show that (IPX) holds in (2, C) which will imply that the structure (2,0)is
homogeneous. We have talked about the intersecting node of two elements of
(Definition 3.1). Using the same idea we define the intersecting node of three or

more elements of € to be the greatest node in A (with respect to the semilinear

order) that is on each of the elements.

Lemma 5.3 The property (IPX) holds in (2, C).

Proof. Let U, U’ be finite isomorphic substructures of Q and let ¢ be an isomor-
phism of U into U'. Let V be another finite substructure of © containing one

lement than U. Let vV = UJ{z} and let o, a be the intersecting nodes
more e ;

of the elements in the sets U and U’ respectively. Then the following cases arise.

Case (i) The intersecting node of and some element in U is greater than
as

_ a (Fig. 5.2(a)).

Case (i7) The intersecting node of and u is equal to ¢, for all u € U (Fig.

5.2(b)).
Case (u11) The ntersecting node of z and u 1s smaller than a, for all u € U

(Fig. 5.2(c)). - |
We need to extend ¢ tO V. Suppose z occurs as in Case (7). Let ug be an
element in U such that for all v € U, zNu < zNup. Such an element exists

because U is finite and the set {zNu|u€ U} is linearly ordered. By density of
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U1 u x. u & X x
CL e /
(=3
(@) (b) ©)
Figure 5.2:

Q0 we can choose an el ! : :
ement, say z° passing through the node o such that every

3-element set in U’ |J{z'} is C-related in the same way as the corresponding 3-

) :
element set in V and 2' N¢(u) < 2'N é(uo), for all w € U. We then set z' = ¢()
to get the required extension of ptoV,

Next, suppose & occurs as in Case (43)

secting node of U’ | J{¢(z)} is equal to o'

Finally, suppose = occurs as ip Case (

- We define #(z) such that the inter-

12). In this case we define ¢(x) such

A
)} is smaller than o Hence in any cas®
. 0 :

that the intersecting node of U’ U{¢,(
(IPX) holds in the structure (€, ¢)

i L
heorem 5.2 The structure (Q, C) is homoge
neous. e

Asin Lemma 5.3 we can show that

IP
Q,C,<,V), (@Q,c, L) and ( vEN

Q,C, L,R)
Theorem 5.3 The Structures

are homogeneous. °

holds in each of the structures (2, C, £
80 that the following is true.

(@.¢, < .
—-)’ (Qi C: Ss ]‘/ )y (Q, C', L) (wa (Q! C’ L’ 1?)

show thi ;
S We need to exteng the % VL, R) is homogeneous. To
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" is the number of

5.2 Oligomorphic groups

Theorem 5.4 The structure (Q,C, <, V, L, ) is homogeneous. o

5.2 Oligomorphic groups

The term “oligomorphic” is intended to suggest “few shapes” of n-element sub-

sets, referring to a structure on Q) admitting G as a group of automorphisms.

Definition 5.2 A permutation group G on an infinite set Q is said to be oligo-

morphic if G has only finitely many orbits in its induced action on 7", the set of

n-tuples of elements of Q, for every n € N.

The orbits of G on " refer to the orbits arising from the obvious induced action

of G, defined by (@1, @2, -
es of Q™ for n € Nup to isomorphism are called the isomorphism

..(Yﬂ)g = (a?,(}:g,...aﬁ),C\!1,G.'2,...Cl!n € Q,ge G. The

distinct structur

types on sets of size 1 in Q. The number of isomorphism types on sets of size n in Q2

distinct structures on &
th the help of isomorphism types of Q" as follows. Let G be a

. The definition of oligomorphic groups

can be stated wi

permutation group on an infinite set © and let J (n) be the number of i_somorphism

types on sets of size n in ©, n € N. Then G is said to be oligomorphic if I(n) is
finite and there are onl

of Q™. Note that a struct

y finite number of orbits of G on each isomorphism type
ure is homogeneous if there is only one orbit on each
isomorphism type on sets of size n in Q. Therefore a homogeneous structure is
oligomorphic if 1(n) 1 fnite for every n € N. In Section 5.1 we have seen that the
structure (€2, C) and each of th
are homogeneous. Therefore t
enough for us to check whether
finite. Similarly for the automor

we need to check that the isomor

o structures with the imposed relations on (22, C)
o check whether Aut(€2,C) is oligomorphic it is
the isomorphism types of the structure (Q, C) is
phism groups of (2, C) with the extra relations

phism types of the structures of (Q,C') with the

extra relations is finite.

Cameron [C1] has constructed some sequences which enumerates a class of

trees sometimes with extra structures by the points at infinity. In Section 5.3 of



5.2 Oligomorphic groups 80

his paper, Cameron considered the structure with the sot of leaves (vertices with

valency 1) of a finite tree. By valency he means branching number at a node of
the tree. He denotes this class of structures as 7. As a first variation, instead of
considering all finite trees he considers only those

in which the valencies of the
non-

leaves do not exceed k, where k is a fixed integer which is at least 3. He uses

the notation T to denote this class of structures. There is a unique boron tree

(series-reduced tree with maximum valency 3)

having 5 leaves and the sequence
enumerating boron trees has been

shown to be the sequence M0327 of [SP]. As
a second variation he adds a binary relation symbol to the language, in
as a linear order and shows that the sequence enumerat:mg LT
with the linear order)

terpreted

(the structure T

is M3613 and that which enumerates LTj is M 3002 of [SP).
He has explored many other sequences related to such trees.

9.2.1 The group Aut(Q, C)

of size n in Aut(Q, C).

. . The group Aut(Q, C) is 2-transitive and so there is just one
1somorphism type on setg of size 1 ang sets

. . of size 2 in O re
set of size 3 in ) the number of intersectin

0

spectively. Given any

g nodes determine by pairs of elements

f the set can be One or two. Ip each cag

e there can he Just one isomorphism
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9.2 Oligomorphic groups

s (b) )
@ (e)

Figure 5.3:

3
(% ®) © ¢

)

BN
-

T

(x) M

Figure 5.4:

h . — 1 including both these bounds
n ber between 1 and n |
the n-set can be any num

Q, C) is oligomorphic we prove the following.
Therefore to prove that Aut(€,
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5.2 Oligomorphic groups

. . . N
Lemma 5.4 The number of isomorphism types of sets of sizen in (Q,C), n €
with m intersecting nodes, 1 Sm<n-1,

n set is finite.

: : nts of the
determined by pairs of elements of

| . . ith
Proof. Let | (n,m) denote the number of 1Isomorphism types of sets of size n wit

m intersecting nodes determined by pairs of elements of the n-

set, 1 <m<n—1
Clearly for all n € N we have | (n,1)

. ; S
= 1. If there are two intersecting node
determined by pairs of elements then nodes have to be linearly ordered. That 1S,
determining I(n, 2) means that we have to partition n

that each is at least one. This can be done i
L,n-2; 2,n-3;.

g h
— 1 into two numbers suc

s s
N 1 — 2 ways by partitioning 1 &

- =2, 1. Therefore we haye I(n,?2)

=n—2.
Now consider I(n, 3)

- The three nodes can be either linearly ordered or canl
have two Incomparable n

odes as in Fig. 5.5. Let I,(n,3) and I(n,3) denote

(b)

We can add all the three

h
> and the remaining bran¢

5.2 Oligomorphic groups

in another node or add the three branches in three different nodes. ’T“his )can t;:
done in 3 + 6 4+ 1 = 10 ways. Continuing in this way we get the agqugln(;e
1,3.6,10, 15,21, 28,36, ..., where the first term gives 1,(4,3) and the n-th term

s | This sequence occurs as M2535 of [SP]. Here I,(4,3) = 1 and
e ?;,3)3) I;(n —1,3) + (n — 3). We now determine I5(n,3),n > 4.
for n > 4, I;(n,3) = i(n — 1,

g )
5 re i 1 SO we IHllSt have I (n, 3) < Il (ﬂ,, 3

| i i b) are Symm(}tl‘lc anda s V 2 3

- wO nOdeS 8¢} Fl . 5(

9,12,16,20,...,
4. Actual calculation gives the sequence Iy(n,3) as 1,2,4,6, .
e he first term gives Io(4,3) and the n-term gives I (n+3,3). This sequence
where the firs ; - i >
as M0998 of [SP|. Here again, I,(4,3) = 1 and for n
occurs

n=3  ifnis odd,

+
L(n-1,3)+ 553, if n is even.

/e

{c)

(a)

Figure 5.6:

3) < 2 x I)(n,3), which is finite. We now compute I(n, 4).
< 18, 2)s -
(,3) es of the four nodes as in Fig. 5.6. Let I)(n,4),

Therefore 1

There can be three structU: e number of isomorphism types of sets of size n with
I(n, 4) and I3(n, 4) denote t 1Fi 5.6(b) and Fig. 5.6(c) respectively. Clearly we
four nodes as in Fig. 5.6(3})1(5 f) = 1. The nodes in Fig. 5.6(a) and Fig. 5.6(b)
have I(5,4) = Iz.(5,431 ‘tw(: n(;des in Fig. 5.6(c) are symmetric and so we must
are all asymmet;!(;:‘z) and I3(n,4) < Li(n,4),n > 5. To determine (6, 4) we
(154} = Sl

w branch to any of the existing nodes in Fig. 5.6(a) which
h one ne

have I1

neec £ attac‘ four ways. Similarly to determine I,(7,4) we need to attach two
can be done 1n four :

es which can be done in ten ways. C;OI]tiIllliIlg in this way we get the
h 1 y
new branc
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Table 5.1: Isomorphism types of sets of size n of (2, C) with m nodes which ar¢
all comparable, 2 <n <14, 1< m < 11.

No. ofnodes (m) |11 21314 | 5 161 7 1 &1 91101l
sets of size n

2 1 =

3 111 ;__#

4 11211 -__._.‘

5 113311 |

6 11416 4| : »

7 1{5(10{10| 5 | 1 »

8 116115120 (15| g | 1 [

9 L7021 35 35 |21 | 7 1 #

10 11812815670 |56 |28 | g | 3 B

11 1|9 3(1_&?2_5___1_2?_8? 6|9 |1 n

112 110 _4_5_'__1_29__2_1_(_1_5 210 120 | 45 | 10 jl.:
—— ‘_i___i_;_ _Z_% | 165 | 330 | 462 | 462 | 330 | 165 | 55 gl
266220 | 495 | 792|924 | 792 | 495 220 | 60 ]

sequence as 1,4, 10, 20, 35, 56, 84

Sequence occurs as M3389 of [SP)

» Where the fipgt term gives I, (n +4,4)- This
where (4, 4)

. Forn, > 6, Ln, )

= 0. NOW 12(71,4) — Il(

=Ii(n-1,4) + [,(n—1,3)
must have I(n,4)

™,4) ang Li(n,3) < I,(n,4) therefore WE
j , ich is fip;
1somf)rphlsm types of setg of size n, ip "% Teble 5.

1 gives the number g
(Q,C)

With m intersecting nodes determirled

_ ' 2<n < 5

ere all linearly ordered. 1t i cjoq, o L 1S m <11 such that the nod®
ro

= m th ,
M=m2 1, from the relation € table that we can calculate Il(n,m)

Il(n'u m) = Bo=3

m-1 |'"22m>q1 [0

5.2 Oligomorphic groups

Ii(n,m) = Il(n—l,m)+11(n—1,m-l),Ii(m,:rn,) =0,I(m+1,m)=1,I,..,-, -
is the recurrence relation. Also we have
I(n,m) < I(m+1,m) X Iy(n,m). (5.1)

If we can show that I(m+1,m) is finite then I(n, m) will be finite for alln,m € N
| and our lemma will be proved. We have calculated 1(2,1), I(3,2), 1(4,3) and
I(5,4) as 1,1,2 and 3 respectively. Calculating some more terms lwe get the
sequence as 1,1,2,3,6,11,22,42,84, 165, ..., where the first term gives I(2,1)
and the n-th term gives I(n+1, n). This sequencej occurs as M0787 of [SP]. The

n-th term is given by

I(n n—l)+I(n—1,n—2)+-~+f(%+1,§), if n is even,
I(n+1,n) = " =t

Tl

141 : i '
I(n,n—1)+ I(n-1n-2) 4o+ I(2,55), ifnisodd
Thi ans that I(m+1 m) is finite and so I(n,m) is finite. o
1S me )
] ber of isomorphism types
i .ves an upper bound on the num
The following lemma gives an

of sets of size n in €. |
Lemma 5.5 Let I(n) denote the number of isomorphism types of set.‘g of sizen in
Q) then I(n) < I(n,1) x I(2, 1)+f1(n,2) x I1(3,2)+"" +L(n,n—1)xI(n,n—1).
Proof. Given any set of size n the number of intersecting nodes determined by
pairs of elements of the set can be any of the numbers 1,2,3,... n.— 1. Therefore
we have I(n) = I(n,1)+ I(n,2) + I(n,3)+ -+ I(n,n —1). Using Eq. 5.1 we

get the result. ®

Th m 5.2, Lemma 5.4 and Lemma 5.5 we have the following.
Using Theorem 9.2,

Theorem 5.5 The group Aut(Q,C) is oligomorphic.

599 Automorphism groups of (Q,C) with the extra rela-
tions

H tudy whether the automorphism groups of (2, C) with the extra rela-
ere we S

tions are oligomorphic.



TH-2714 964601

5.2 Oligomorphic groups 86
Theorem 5.6 The group Aut(Q, C, <) is oligomorphic.

Proof. Given any n-set in (2, C) there can be at most 7! number of ways in
which the set can be ordered by the linear order < of Q. The upper bound n! is
attained when there is just one intersecting node determined by pairs of elements

of the n-set. Also Aut(Q,C, <) is homogeneous (refer Theorem 5.3) and hence it
follows that Aut(Q, C, <) is oligomorphic. e

Theorem 5.7 The group Aut(Q,C, <, V) is oligomorphic.

Proof. Given any n-set {z1,20,...,2,} in (€,C, <) such that z; < 72 <

+++ < Zp, the number of structures of the n-set, (depending on whether the pairs
{21, 22}, {20, 33}, .., {Zn-1,2,} are V-related) is finite. This means that the

number of isomorphism types of sets of size nin (Q, C, < V) is finite. Therefore
Aut(Q,C, <,V)is oligomorphic. e

We now study whether the group Aut(

0,C, L)
phism group Aut(Q, C,L)

is oligomorphic. The automor-
1S 2-transitive and g

O there is just one isomorphis™

sets of size 2 reéspectively ip (Q,e, L). Consider the

lsomorph.xsm tyPpes of sets of Size 3 in (@, C). Bach of these isomorphism tyi)es in
(€, C) will produce the same isomorphism type i, Q,cC morp i
phism types of sets of size 3 in (Q,C, L) are same »C, L) and so the is

Next, consider the isomorphismy typ as those of (@2, C).

ermi . :

4 a3 in Fig 5.3(a), Fig 5 3(b) Firn;lgfd Y pairs of clements of the sets of $1%°
) . ; g 5. ¢) 3 .

Therefore the number of jgop, ) and Fig 5

Consider

es of ; ) . '
5.3. The intersecting nodes qot Ol sets of size 4 i (Q,0) as in F18

the 1s0omorphisp ty
nodes in this
Or unequal (any one could be Smallap

a
two nodeg can be either €dV
three isomorphism types in

) and hepee 1. . o
, c 0 ce this isomorphism type prodllc

5.2 Oligomorphic groups

5.4(1) all other isomorphism types will remain the same in (2, C, L). Each of the
isomorphism types in Fig 5.4(h), Fig 5.4(i) and Fig 5.4(1) have two incomparable
nodes and hence will produce three isomorphism types in (2, C, L), by a similar
reasoning as for Fig 5.3(e). The structure in Fig 5.4(k) has four nodes 'with two
pairs of incomparable nodes (2,4) and (3,4). Consider the isomorphism type
of n-set, n > 6 with isomorphism type as in Fig 5.7. This isomorphism type
also has four nodes with three mutually incomparable nodes. Let A, B denote
the isomorphism types in Fig 5.4(k) and Fig 5.7 respectively. We calculate the
number of isomorphism types produced by A and B in (£2,C,L). In tjhe type B
there is no restriction on the level of the nodes 2, 3,4. But the s:iune is not t-rue
of A. The nodes 2,3 are linearly ordered and so once we determine 2,3 we ‘]llS‘t
have choices on the level of the node 4. Let L(7) denote the level of the node 1,

4. Then L(4) has to satisfy any one of the following relations,
1 <i<4. The

L(1) < L(4) < L(2), L(4) = L(2), L(2) < L(4) < L(3), L(4) = L(3), L(3) < L(4).

Therefore A produces 9 isomorphism types in (2, C, ). We now look at the type
1erefor

. 1 ar ¢ - Il Ie iS iu-t 0 E. lsomorplllSIll

3 . .
: : Is then there are 2° —2 = 6 isomorphist
e in two different leve
type. If the nodes ar

type B o :
Henee the &P more isomorphism types than type A. This is true not only with
ces ! v

produces 13 isomorphism types in (22, C, L) which means that

type B produ

i neral with any
four nodes but 1n ge ‘ -
determine at most a finite number of nodes and so to determine

finite set can

number of nodes greater than four. Now any

hether Aut(®2,C, L) is oligomorphic we need to prove the following.
whether Au Lty

L 5.6 The number of isomorphism types produced by a finite set in .6, L)
em:na -1) tersecting nodes determined by pairs of elements of the set such
with (m + 1) in

that m nodes are mutually incomparable, is finite.

Proof. Consider the isomorphism type of any n-set, n > 4 with (m + 1) inter.
rooi. Lon £

ti des determined by pairs of elements of the n-set such that m nodes
secting nodes 3
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/

Figure 5.7:

are mutually incomparable. Let J(n,m + 1) denote the sequence enumerating
the number of these isomorphism types in (

©,C,L). We calculate the terms of
the sequence J(n,m + 1)

- Note that for m = g and m = 1, J(n,m + 1) do

not make sense becau ' :
X Se we are talking ahoyt incomparability of nodes and so We
need at least 2 nodes. Form = 9 and n > ¢4 th
2 4, the

be on the same leve] or on two different levels wit}
There is just one way of Placing the nodes in one

them in 2 different levels hence there can be th
i ree
the incomparable nodes, so we have J

two incomparable nodes ¢ar
1 any one on the lower level
level and 2! ways of placing
ways of ordering the levels of

Je=g, For m = 3 and n > 6, th®

! ways of placing them I”

n,3 = s
( i 0 13. Slmllarly form =4 and n 2 g We

have J(m 4+ 1) =75
' = 1. Calculatiy
J(n,6 +1) g two

= more t ,
= 4683. The Sequence J TS we got J(n, 5 + 1) = 541 and

the first term €umerateg J(n,1+ 1)(71, m+1)is 1,3,13, 75,541, 4683, . . ., wher®

Thls sequence is M 1 and the r-th te 1 ar.
2959 of 'm gives J(n,r +1),n 2

we are looki _ of [SP). Hence the numh : ( ] t

Ing for, is finjte, , mber of isomorphism types th?

Lemma 5.7 For an,

Y n-set oy .
elements of the n-se g4 | i

nter '
OmOTPhiSm t

ypes 'LUEth m m’b‘-tually incg(ﬂ'

5.3 Cycle types of the automorphism groups of (€2, C)

parable nodes is greater than the number of isomorphism types with the (numoer

of) mutually incomparable nodes less than m.
Proof. When the number of mutually incomparable nodes is more, we have more
choices on the level of the nodes and so the lemma is immediate. e

Using Theorem 5.3, Lemma 5.6 and Lemma 5.7 we have the following.
Theorem 5.8 The group Aut(Q2,C, L) is oligomorphic. e
Theorem 5.9 The group Aut(Q,C, L, R) s oligomorphic.

v in el i des determined
i Q,C, L), each of the intersecting no
Proof. Given any n-set I (£2,C,

by pairs of elements of the n- . .
means that the number of isomorphism types of an

set can be any of the types dyadic, ternary and

non-dyadic non-ternary. This

t in (2,C,L R) is finite. Therefore Aut(§2, C, L, R) is oligomorphic. e
TL-Se 1n ] ] ]

(9,0,<,V4, R). The number of isomorphism

Finally we look at the group Aut

t £ sets of size n in each of the structures (Q,C,<,V) and (Q,C, L, R) are
ypes 0

fi Therefore when all the relations are combined the number of isomorphism
nite. er

. be at most finite. We thus have
= 11 (Q|C,§‘L’:L,R) can

types of sets of size n 1

the following.

Theorem 5.10 The group Aut(,C, 5V, L, R) is oligomorphic. e
eo .

5.3 Cycle types of the automorphism groups of
(2,C)

I] 1h [ ve deterlnine “,l’hiCh CYCI ‘ typ S are Iedhsed ln t]e au OIIIOI,phlsm
. e .e a l t

Ioup iLut(Q C) and alSO ill th: phl‘l ‘!; lp . (S?" C) Wlth th(} extla

g b

ideration.
relations under our consideratl

Definition 5.3 If g is 2 permutation on a set L then we say that g has cycle
efinition 5.

¢ 701 n1Qn2 313 0<n; < IEI, i =0,1,2,3,...if its cycle decomposition
ype W{ e =
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th j:
into disjoint cycles consists of ny cycles of length Ry and n; cycles of leng

s Gt said
) € N. Cycles of g of length 1 are said to be trivial and all other cycles are
j .
to be non-trivial.

i imal chains
Elements of the C-set that we have considered, when regarded as maximal ¢

: cle
of a semilinearly ordered set are order-isomorphic to Q. Therefore results on ¢y
types of Aut(Q, <) will be helpful to our study.

: . . - ithout
Lemma 5.8 Ifg is o non-identity automorphism of a dense linear order with
end-points then

(1) g cannot contain any non-trivial finite cycle,
(zz) 9 has infinitely many nfinite cycles,

Proof. Without loss of generality we m

" ut{
ay assume the dense linear order witho
end-points to be Q<)

- Let g be a nop-

. . . 4 nd
identity automorphism of Q<) 2
SUppose g contains a nop

. . . 4
-trivial finite cycle say (aya. . . o). Then a; < 02

non-trivial finite cycle, The proof of part

. -y and
(i) follows directly from part (i) an
[MP][Lemma 6.2). o

Theorem 9.11 The realisable

ycle types of non-ident;t
morphism group of (@ <)

0-
y elements of the aul

’OSHSNQ.

entity automorphism, of Aut
+++. S0 that using Lempm
e S0, Suppose 9 fixes j

€

: cle tyP

Ngﬂ]_ﬂl 202303 oo kO (Qa _<,) with cy _
2 5.8 we haye @y = Ry and ay = @3

- Then g fixes (—Oo’bO)_
(=00, by). Since g fixes no 0th®’
(=00, bo). And because Q is dens°
Ro cycles ip each of (~co, by) and (bo; o0)’
yele type of ¢ i Rpo1!, UDPOSE g fixes just, tue points, sy

(“Oo,b . . tllﬂt
case the cycle type of g is ngelg 0), (b“’bl): (bl,OO) setwise and 1n

; . e
I genera] if 9 fixes n, points, then the ¢¥°
TH-2714_ 964601

E od
" elements hecause each fixed n

| o
5.3 Cycle types of the automorphism groups of (2, C)

type of g is Xp°1", n € N. o

: <) is a
f Aut(Q, <) arc clearly realised in Sym(Q) because Aut(Q, <)
Cycle types of Aut(Q, <) 191292 k% where ay,a9,...,0
ider the cycle type
Sym(Q). Consi Al : because
HZESIIR B yTh('s cycle type obviously cannot be realised in Sym(@f)th -
.t ' 1 7 5 . e o e
e o e ka, is finite and the order of @ is Ro. Any cycle t;rp
a; +2az +...+Kag ! ' N lised in Sym(Q).
Nizo 101962 provided aoRo + Zf:l ig; =Nols rea
: ey

hism group Aut(Q2, C)
of the automorp
5.3.1 Cycle types

y

t the cycle types of
(Q,C). We start with (©,C) and first look a
structures on (3¢, C ).

: i ﬁﬂed in

Section 3.3.

NulNo_
(2, C) are Rp°1" and Xy

is . Then g fixes some
identity chain automorphism of (2,C) _g "
- i i -preserv
Proof: Let g )¢ Qj is the branch on which ¢ induces an order-p
f Q, where Qk
Qy-branch o

;-branches for 7 < k.
1 fixes all nodes on other @ and Q;

ion and also g nxes

permutatio

: fixed.
or some nodes might be h. 1 < a < N, then g will fix a countable number of
he Q-branch, 1 < a =
are fixed on t

If some nodes are fixed, say @ number of nodes

ill fix a countable number of branches arising
e wi

f all nodes of the Qi-branch are moved then each branch at
i If all node
from that point.

¢ r of
h will be on an infinite cycle so that there are 8y numbe
W | ‘ her o
e s h is the @;-branch then g is a chain automorphism in
the Qk-branc
R, cycles. If

the @, branch which moves each node of the Q, branch.
: tation on the
ducing a permu

fix the @, branch. Each of the remaining elements of Q will
ill fix
In that case g Wi

3 1y¥o
le. The automorphism g then realises the cycle type 1 R,°.
infinite cycle. ’
be on an infini

RonNo
her cases, g realises the cycle type 17OR(°. o
In all other g
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Lemma 5.9 gives an exhaustive list of the cycle types realised by chain automor-
phisms in (€2, C). But we cannot get an exhaustive list of realisable cycle types of
branch automorphisms in (2, C'). We can only assert the following which casily

follows from the definition of a branch automorphism.

Lemma 5.10 Suppose a branch automorphism of (Q,C) has cycle type T1ai"
1SGiSNO,’EGN thenni=Ng,f0rallieN. o

For example let o be any node of A. Consider the branch automorphism 9

that induces a permutation on the branches at the fixed node . Suppose the
permutation has the cycle type Rolaa, . '

‘ ) +0n, 01,09,...,a, € N. Then the cycle
type realised by g is Rfl““a?"_ag” -1 where the last Ry fixed points arise
from the nodes smaller than and ; S
- o . ﬂ Incomparable to « fixed by ¢g. In other words,
e cycle e realise ' Rp R ‘

y yp y g 1S &001 oaloﬂ,go . (LEOI an E N.

9.3.2  Cycle types of the automorphism groups of (§2 C)
with the extra relations

Here we look at the cycle types realised
of (,C) wi

c % "

but the momep; we im Yele types of the branch automorphism?®

e = Pose a liney :

an exhaustive list of cycle types of the 1 I order < op (R2,C) we can give
’ r

of the chain automorphismg of Aut anch

Automorphismg, The cycle tyPe?
0 S. ycle tyl
Aut(Qa C) ( ’C'-' _._:)

ot
ill hO\_’Vever be the same as those of

“tdentity chain aytom orphism$ of

type re

Q, ]
.c <) is of the form NE‘“]“O,

aliseq by 10m-i g

ntity by
tity braney, automorphisms ‘
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. the node n respectively s

5.3 Cycle types of the automorphism groups of (§2,C)

Proof. Let g be a branch automorphism of (2, C, <) that induces a permutation
on the branches at some node, say « of A. The permutation necessarily has to

preserve the linear order on Q. The cycle types realised by elements of Aut(Q, <)
are of the forms R3°1%, 0 < a; < o (refer Theorem 5.11). Each fixed branch

at the node « (if there exists any) will give Ro fixed points in Q. This means
that the cycle type of g is RN01Ro1No where the last Ro fixed points arise from the

nodes smaller than and incomparable to o fixed by g. Therefore the cycle type

realised by g is Rg°1%°. *

We now look at some other cycle types realised by elements of Aut(f2,C, <)

Lemma 5.13 The cycle types RY°1¥, 1 < k < No are realised in Aut(Q,C, <).

Proof. For some n € Q, consider the node n in the Q;-branch and consider a

chain automorphism, say g
@, -branch that has no fixed points on the segment (—o0,n) and fixes all points on
(ol

that induces an order-preserving permutation on the

[n,00). The cycle type of g1 is then Rjo1%. Consider the branch automorphism,

say g, that induces a permutation on the branches at the node n that fixes just

the p-th and g-th branches, p # ¢ and has no other fixed branch. Then g, fixes np,

ng. Any other element of Q of the form nr, T # ¢, T # p lie on an infinite cycle so

. aRoqR : : .
that the cycle type of g is Ry°1"°. We now consider chain automorphisms g; and

g4 that induces order-preserving per
o that all nodes on the respective branches are moved.

mutations on the p-th and g¢-th branches at

Then g; has the cycle type XNoq®o  the fixed points being chains not passing

through n and those ch
the chain np. Similarly the cycle type of g4 is Ngolﬁg_ Now the

composition map g1929s94 has just the fixed points np, ng and any other chain

lie on an infinite cycle. Therefore the cycle type of 91929394 is R{°12, Similarly

e an automorphism with cycle typs Ngﬂ ¥ k>9 e

ains on branches different from the p-th branch at n and

most importantly,

we can produc

Lemma 5.14 The cycle type Ry© is realised in Aut(Q, C, <).
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Proof. Let g, be a chain automorphism as defined in Lemma 5.13, with no-
tation as in the lemma. And let h; be a branch automorphism that induces @
permutation on the branches at the node n that has no fixed points. Then h, has
cycle type Ng°1“°, the fixed points being chains not passing through n. Now the
composition g;h; has no fixed point and each element of O lies in an infinite cycle

under the action of g h,. Therefore the cycle type realised by the composition
th]_ 1S Ng’o. -]

Note that Aut(Q,C, <) preserves a linear order and 5o finite cycles cannot be

realised by elements of Aut(S), C, <) This means that elements of Aut(Q2,C, %)
can only realise infinite cycles or else fix points of Q. Also it is trivial to check thab

a finite number of infinite cycles cannot be realised by elements in Aut (2, C, 2
Therefore the cycle types realised by elements in Aut

i Q,C, <) are just the type®
illustrated in Lemmas 5.11 - 5.14. ( <) are jus

Theorem 5.12 The cycle t :
ypes realised by non identi 4)
& t Cg —
are of the forms R{°1% 0 < |, < N o wy elements of Aut(£2,

We now look at the cycle types realis

ed b s !
Aut(Q,C, <, V). Since Aut(Q,C, <, v) Y flondentity clements of the gro"?

is a ’
fore cycle types realigeq in Aut(Q, 0 < " subgroup of Aut(Q,C, <) ther€
Aut(Q,C'a S.) It is ea-Slly verifie ¥y

have to be those from the list Of
realised in Aut(Q,C, < V)

d that a]] ¢

- Hence we have ¢

he cycle types of Aut(Q,C, <) are
Theorem 5.13 The cycle ¢

he following.

Ypes realiseq by

morphism groyp Aut(Q, C,< V)

non-identity elements of the autd”
are of the formg Rhoyk

I automorphisms and branc?

Wing_ S t-hOSe realised by Aut(ﬂ, . ,)

5.3 Cycle types of the automorphism groups of (€2, C)

The cycle types realised by branch automorphisms of Aut(Q? C,<,V,L,n) are
same as those realised by Aut(€,C, <). The cycle types realised by chain auto-
morphisms of Aut(2,C, <, V., L, R) isonly of the form RE“ 1!, This is because if the
level of a node on the @, -branch is fixed by the chain automorphism then the level
of all nodes has to be fixed since chain automorphisms of Aut(Q,C, <,V, L, R)
cannot induce magnifications and non-integer translations on the @Q;-branch (re-
fer Lemma 4.19 and Lemma 4.20). However when the chain automorphisms and
branch automorphisms are composed then it can be easily verified that all the

cycle types of Aut(Q,C, <) are realised by elements of Aut(Q,C, <,V, L, R).

Th 5.15 The cycle types realised by non-identity elements of the auto-
eorem 9. :

, forms Ry°1¥ k<Np. e
L. R) are of the forms R°1%, 0 < g
morphism group Aut(2,C, <,V L ) ¥

Finall look at the cycle type(S) realised by the non-identity elements of the
. Finally we 10 ‘

.+ a1 Jordan group Go as defined in Section 4.6. The chain automorphisms of
minima . .
G+ induce identity order-preserving permutations on Qy-branches for each k € N

o induce _ i

dh there is 1O non-identity chain automorphism in the group Gy. The
and hence

d by elements of G, are therefore the cycle type(s) realised by

realise . _
ESE :ems of Go. Now the cycle type realised by non-identity branch
ism :

01R0, Therefore we have the following.

branch automorph

LNt
automorphisms of Go 18 No

S -1 3 y Bfements Of fhe group (T
l ]lE|)l‘e|[| .Ii 16 QH.B C Cle ti,'pe ?eahéed by non ?.dent t
. y v

Ro 1R
is of the form Ro°17°- ®
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Chapter 6

Expansions of D-sets

In Chapter 3 and Chapter 4 we constructed a C-set, imposed extra relations on

_ it and investigated whether the Jordan property o
rallel study on a D-set. We first give

f the automorphism group was

preserved. In this chapter we carry out a pa

a construction of a D-set and define extra re
the existence of Jordan sets. We also show that the automorphism group of the

lations on the D-set. We then study

D-set has uncountable cofinality.

6.1 Construction

The set on which the C-relation is imposed has Ro branches at each node of the
tree, the branches of which are enumerated by Q. Also the maximal chains of the

C-set are isomorphic t0

on an arbitrarily chosen
s modulo 2. That is, A qonsists of the rational numbers in

Q. To construct a D-set we glue suitably defined C-sets

point 0 as follows. Consider a set A, which consists of

the rational number
the interval [0,2). Let for any ¢ € A, Qq be defined as

(Oangy ... meqe | 0 <7 <Mt EQLSTS k=1,¢; € A\{(a+1) poq 1,1 < j < k).

The set €2, is a tree which has No-branches at each node such that the branches
are indexed by rational qumbers in the interval {{0,2)\ {(a + 1) mod 2} Some

97
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6.1 Construction 08

branches of 2, for @ = 1 is shown in Fig 6.1(a). We obtain our D-set by gluing

the sets Q,, @ € A on the chosen point 0 such that at the node 0 (and at all

other nodes of the tree) the branches are enumerated by the rational numbers

- thecatrval 0, 2) which e arranged in a circular order (refer Section 6.6)

around the point 0 (Fig 6.1(b)). Let I denote the set of all internal nodes of the

%e LAY 1

(a)

{0} U{Oa’nlql n |0 XDreSSed as

aEA <n;<nz+1,1<i< _ F"
and t Stk l,qje/_l\{( <j§

he set ¥ cqy, be expresseq L) bl £

as

0

ale_i{ G0 < . |
1 nﬂ-l;l S i S k—-l ‘ k}'

We call 0 the point : ;Q’J e A\{(a_l_l o

6.2 Some definitions and relations on I and ¥

6.2 Some definitions and relations on I' al.u =

We call elements of I’ as nodes and elements of W as directions. Let a be a

node with expression 0gon14i7242 - - - T We define the segment of o from 0 in

I denoted by [0,¢] to be the set of all nodes that lie on the path of a from 0

including both « and 0 (Fig 6.2(a))- The segment [0, @] can be expressed as

{0} U{0gon|0 < n < 1} U{0geruqinlm <n <2}l

U{0gon14172G2 - - - ﬂk—IQk—1ﬂ|ﬂk—1 <n < nt. |
F y a € T\ {0} the segment [0, a] carries a linear order. These linearly
or an .

qQ n n
0 42 a
AR K

(b)
(@)

Figure 6.2:

cified shortly. For & :
ZPZ i 7 b 85 B the longest segment [0,7] such that [0, occurs in
enote

both [0, a] and [0,4] (Fig 6.2(b)). Note that a A § can be just {0}. Next, we
ot s O )

) nt determined by @ and § denoted by [a, B] to be the set of all
e .
define the seg m a to 3 (or from 3 to a). Similarly for a direction

g e\ {0} we define the common segment of o and

nodes that lie on the path fro

i be the set of all nodes
define the half-line [0,z) to
T = Oqu1Q1n2QQ oo MUk =R

“line [0,z) can be expressed as
i from 0. The half-line [0,
that lie on the path of Z

(0, o] _H{0goma@1m2e - - k0™ | i < n}
— an define a half-line [o, z) f
. .ng. Likewise we can ) for any
where ap = 0goni1q1M292 -

£0 eT. Figure6 3 gives the picture of two half-lines. For a half-line (o, 2), we
o el. 1 .
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call o the node on the closed end of the half-line. Sometimes we do not include
the point « in the half-line and call it an open half-line. We can also define
the common segment of a node o and a direction denoted by « A z just as We

de
fined the common segment of two nodes and likewise we can define the commo™

se irecti '
gment of two directions z and Y. A line which is comprised of two directions

X

Figure- 6.3:

] d i
z,y denoted by (z,y) (Fig. 6.4(a)) is defined ag

Ho.2)Jio,yyy\ @AY U,

where « is given b
that a line is eyl 2=y they (z | te
: a subset, of L. We hext, introg YY) = 0, the empty set. No
foduce the

X term centroid with I‘GSPeCt’

Y

@)

Figure 6 4.

to elementg j, U

- Ad
eleke anq Neumapy, [ANQ][

TH-2714_964601

Section 15] has yasd this terrﬂ

6.2 Some definitions and relations on I and ¥

with respect to elements in " and used the term structural partition for elemenus
in W. For three distinct elements z,Y,2 in ¥, the centroid of z,y, 2 denoted by
cen(z,y, z) is the node in I that lies on each of the lines (z,y), (v, 2) and (z, z).

The pictorial representation of centroid is given in Fig. 6.4(b). We can also define

three distinct elements in I" in a similar way. The following lemma

the centroid of elements in ¥ (refer [AN2][Theorem 24.2] for an

the centroid of
gives a result of

idea of the proof).

Lemma 6.1 [Adeleke & Neumann] The centroid of any three distinct elements

of U is unique. Moreover each of the three elements lie on distinct branches of

the centroid. e

6.2.1 A ternary relation B on I’

For three elements a, §,7 of ' a ternary relation B is defined as

B(e:; B,7) 1> a € [8,7] (Fig 6.5(a))-

Bora="7 then B(a;3,7)- It can be checked that the relation B

If either a =
N tion (Definition 2.15).

defined here satisfies the axioms of a B-rela

X Z

@ (0)

Figure 6.5:



TH-2714_964601

6.3 The D-set ¥ 102

6.2.2 A quaternary relation D on ¥

Let z,v, z,w be four elements of U. We say that

D(z,y;z,w) 1 (z,y) N (2,w) =0, (Fig 6.5(b))

where (z,y) denotes the line determined by z and y fz=yorz=1u thep
D(z,y;z,w)h i ' | - _

( y. ' w) holds. Here again, the relation D satisfies the axioms of & D-relation
(Definition 2.16). In terms of centroids

D(z,y;z,w) : B
) > (cen(z,y,2) = cen(z, y,w)) # (cen(z, z, w) = cen(y, z,0))
6.3 The D-set U

L ;
e take a quick look at the theory of p relati
-rclanions

our presentation easier. A detaileqd theory j
[AN2]|[Part IV and Part V. o

e
and D-relations tO mak

presented by Adeleke & NeulmanIl

For any three elements q B,v of the B
y 19y e

denote (B(e; 8,7)V B(B; NVB(y;,B)
Ll 1 Q, ’

A subset ¥ of I' is called 3 Jineqy set if Jiwe then say that @, 3,7 are colline®
if o,

y 7Y are Coninear for all a, ﬁ,rr IHS I

is the reverse of the other, 1f n :
be distinguished by yheqy, e
er

@<forf <

a <
=) = B(e; 8,7); moreover ed

the t : all

Wo linear orderings of (@ pl @

@, an e
d when convenient this M&Y

]

B-relation on a g
e

as B(o;
B,7) to hold Precisely we
n

milipeg
early ordereq sat-which-we defi?
(le<pyan

(@ <))y (~(a < )

Ma <))o= glb{B, v}

Then (¥, D) s @
is dense then (¥, D) 18 dense. ®

6.3 The D-set ¥

where glb {B,~} denote the greatest lower bound of # and y with resj

semilinear order. The glb of two elements will exist if the semilinear order under
consideration is of positive tyPe (refer Section 3.2).

Let & be a subset of . We Will say that Y is a component of T if the following

two conditions are satisfied:
(i) both X and ['\ X are non-empty and convex;

(13) ifa ¢ s, P, B2 € ¥ then I[a,ﬁl]ﬂ[a,ﬁg]ﬂﬂl -3 I8

The components Of B-sets play 2 similar role to cones in semilinear orderings.

Each component is 2 semilinearly ordered set. We now pass On to the theory of

D-relations The following lemma (which is Theorem 22.1 of [AN2] with slight

notational changes) shows how a C-set canl be obtained from a D-set.

Lemma 6.2 [Adeieke & Neumann] Let (¥, D) be a D-set, zo be any element of

U and let = VAN {:{;0}_ IfC is the ternary relation on such that C(z;y, 2) if

and only if D(z0, T3 Y%
(@) ifY is a pTOper D-set then Q is a proper C-set.

) holds in ¥ then (Q,C) s a C-set. Moreover,

(i) if ¥ is dense @S D-set then Q is dense a8 C-set. ®

We now state how t0 create a D-set from @ C-set [AN2][Theorem 23.4].

a 6.3 [Adeleke & Neumann] Let (Q, C) bea C-set. Define ¥ := QJ{oc},
quaternary relation D in ¥ by the rule D(z,y; z,w)

Lemm
where 00 & b and define @

if trivially (x =97 £ z,T # W) 0T (z=w,7 £ 2,y # 2) or when T,y,z,w are

distinct and at least one
(2) x:’OOAC(y;z,w);
(i) Y= 0o AC(z32: W)
(44i) 2 =oo/\6‘(w;a:,y);
(iv) w — 0o AC(z:%:Y)i
(v) O z, W) A C(y; 2 W)s

(vi) C(z;2:Y) N C(w; €, Y)-
D-set. If (Q,C) is proper then (¥, D) is proper and if (Q,C)

of the following holds:
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A partition of a D-set ¥ as a disjoint union |J{Z | £ € S} of non-empty subsets
is associated with an equivalence relation A\. The partition, or the equivalence

relation will be called a structural partition with sectors ¥ if
@ 151>3 |

(@) (YZ € S)(wi, wp € TAws,ws & = — D(wy, wy; wy, ws))
y W2 W3, Wy) )5

(m) Wy, W, W3, Wy disti
» Wy distinct mod X — N(
Wy, W, W3, W)
4/

where N (w;,w
2, W3, W
» Wa, W3, Wy) Means wy, Wy, w, wy are not, D-related in any order

6.4 ] |
Automorphism groups of (T, B) and (¥, D)

In this section we 1
ook at the gro
up of automor

relation D. Let us set G := Aut(¥, D) phisms on U that preserve ghe

and let H denote the group Aut(T B):

define a map from
¥U'x H top
a8 (mag) = x9

as the image of
@ and the nod
€8 on the
q..

nodes on the ¢9-tp branch at o

Z = ar, p __)é q % 4
™ 50 thag cen(

(:I:,y) A (z,.w)

EA1
x99
Y ,zg) -

betweenness preserving p

6.4 Automorphism groups of (T, B) and (¥, D)

g preserves the B-relation so for all & € (29,y) we have o &

that D(z9.y%: 29, w?). Therefore the induced action of H on W preserves the D-
'}y ] 1

relation. Conversely we can show that G is a subgroup of H. e
.sm of U as follows. We choose a line say (z,y) and

such that the line is fixed

We construct an automorph

first define the images of the nodes on the line (z,v)

setwise and the linear betweenness relation of the line is preserved. Next we

choose a node say, @ on the image of the line (z,y) and define the images of

the enumeration of the branches at the node . Each of the branches at « are

segments of the form [a,aq),

nodes on the half lines (@, 2q)
nness relation is preserved with t
ssive step we define the images of

g € A. In the next step we define the images of the
,q € A such that each half-line is fixed setwise and

the linear betwee he node on the closed end of

the half-line, nam
odes on the branches

ely o being fixed. In the succe

the branches at n [@,aq),g€ A such that the branch leading

on which the images of the br
_th branch is fixed. We continue the constructions on

from the node ( anches is defined) to the node a,

namely the (¢ +1) mod 2
segments of the form [agf, agqfp

of the symbols B, € Ps 5,85
(¥, D). Therefore to define an automorphism of ¥

), [aeaBp7; agfpyr) and so on with usual meaning

e A. After a countable number. of steps we

obtain an automorphism of

d three kinds of automorphisms specified as follows.

we nee

Definition 6.1 A line automorphism is an automorphism that induces a linear
ermutation on some line (z,y) and fixes that line setwise.

Definition 6.2 A half-line qutomorphism 18 an automorphism that induces a

linear order-preserving Per
ononT),

mutation on some half-line [, &q) (induced by the

linear betweenness relati fixes the node a, fixes nodes on all other half-

lines of the form [a; @P); P # g

Definition 6.3 A branch qutomorphism is an automorphism that fixes a node,
induces a permutation on the branches at the fixed node and preserves the dis-

tance of the nodes from the fixed node.
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Our interest is in G = Aut(¥, D) as a permutation group on ¥ and the Jordan
sets of G. We have seen in Lemma 6.2 that the point stabiliser G, is a groupP ok
automorphisms of the C-set naturally induced on ¥\ {z,} and so the knowledge of
the automorphism group of C-sets can be used here. We look at some properties
of Aut(¥, D). Because the structure (¥, D) and (T, B) are inter-related we also
look a.t related properties of Aut(T', B). It is trivial to check that Aut(T, B) i8
transitive and that Aut(¥, D) is 3-transitive. We give brief sketches of the pfoofs

to get an idea of the automorphisms of the respective gro
ups.

Lemma 6.4 The group H = Aut(T, B) is transitive on T

Proof. Let o, 3 be two dist; |
, B be two distinct elements of I We need to show that there exist?

an element in H that maps « to B. Let {
! =
on the p-th, r-th branches at Y respectivel
\\/} i
\ {740} forms a C-set with the C-relation defined
ehned as

Clx;y,2) 1 Dlvay, 2y, 2)

Figure 6.6

Let py,p; be brancheg
T1,T2 be branches ot B di
i

PO apy'=s @ apg Pr

(refer Theorer 3.3)

2 I ( . i . ).

. ~transitiv;
Xists g ¢ Aut (g \ {nsltlvlty of the C-set ¥ \
7@0},0)

’B 5 [3 ¥
@ to B s

maps

TH-27
14964601 M 6.1). The a.ut;(m’lorp

o, 8,7 # o,y # B and let o, B 1€
y. For ¢y € Q, G #p, g F T the seb

1
ch leading o to 7 and o

(19

that maps (ep1s op? i o

6.4 Automorphism groups of (', B) and (¥, D)

g can then be extended to ¥ and hence to T such that the node 7 aiu wi woucs

on the go-th branch at v is fixed. o
Lemma 6.5 The group G = Aut(¥, D) is 3-transitive on ¥.

Proof. Let (z,9,2) and (u,v,w) be two 3-tuples of elements in ¥. We need

to show that there exists an element in G that maps (2,9, z) to (u,v,w). Let

cen(z,y, z) = @ and cen(u,v,w) = B. By Lemma 6.4 there exists g € Aut(l', B)

such that of = B. Let #%¥%2° and u,v,w be on the ¢i,¢2,¢3 and py,p,p3

branches at @ respectively. Let g1 be a branch automorphism of (¥, D) that

induces a permutation of the branches at the node B such that the branches

q1,qe, g3 are mapped onto the branches p1, P2, Ps (Fig. 6.7). Now 29" and u are

Figure 6.7:

on Ithe pi-th branch at g. Let cen(z99',u,v) = Y and let x99, u,v be on the

g4, gs, g branches at 7 respectively. Now consider the set 2, (with notation as
b 1

with the reference point as
such that each of r and s are different

{ii Baotlon:81) g instead of 0. Then Q, is clearly a

C-set. Let yr, 78 be

from both ¢4 and gs(= 1)
are different from gs(= (P1 + 1)mod2)). By 2-transitivity of the

two elements of $p,
branches at 7, (since 77 and s are elements of 0,

so both 7 and $§
(Theorem 3.3) there exists an automorphism say g,

automorphism group of O,
that maps (yr, z%%") t0 (78, u)-

than + in the C-set. Moreover we $
set. We then extend this automorphism to ¥ by defining g, to act

This automorphism fixes v and all nodes smaller

pecify that g fixes all nodes incomparable to

~ on the C-
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trivially on W\ Qy, . This will ensure that 399 and 299 are fixed. Similarly we &%

automorphisms g3, g4 that maps Yo%, 299 to v, w resp ectively. Then gg1920s94

When we Impose some extra relation op

(¥, D) the automorphism group of th¢

new structure will pe contained ip the
a

our knowledge of Aut(¥, D)

groups of the new Structures
Aut(T, B)

' utomorphism group of (¥, D). -
will be helpful tg the st
| In the ¢
1S 2-transitive and that Ay

Lemma 6.6 The group H = Ayt

Proof. Let (a, B)

udy of the automof?hism

. {
Cmaining part of this section we show thd
t(2, D)

(T, B)

Is relatively 4-transitive.

is Q-transitive on T,
and (v, §)
an automorphisy iy, (T, B)

automorphism i, H that m

automorphism thy4 Mmaps

be two pairs of e

d
lem to fin
that - ents of I'. We need :

Q, .
P to y,8 respectively. Let b D€ °

r P
efer Lemma 6.4). We then constl-‘uct %

Xes qh g5’
Y- Now there are two C&°

a‘pSQ’tOf}x(

ﬁh
The first being that Bh

. and § lie g
the second being that g T 0 the Same branch at v (Fig. 6 8(3)) ap
treat the twq case € on differe T e
S Separ 0t brancp . B)):
Y, Which is say, the g-th at-:'JEIy, SUDDOSG ﬁh and § o8 at i (Flg 68( ))Ch a
U0 branch, Consi are on the same bran
der

=

b

ined
) carries a semil®

) f
der apq Which " J on the set of nodes ° {

] [0}
q (by transiti‘frlty b
€red get, Uderais copaid eratlo

6.4 Automorphism groups of (I', B) and (¥, D)

Figure 6.8:

refer Lemma 3.1). Let g be the extension of f on the nodes of ¥ that induces

f on the nodes of £ and which fixes the nodes on ¥\ X pointwise. Then the
composition hg is the required automorphism that maps (a, B) to (v, 6).
Next, suppose the branches leading to " and d from v are different. We

define a branch automorphism say g1 on the node  that maps the branch of 5*
e

to the branch of d so that Bher and ¢ are as in the previous case. Let g, be a map
o

n the previous case. Then the composition hg, g, is the

that maps a, 8 to 7,0 respectively. e

similar to g as defined i

required automorphism

- 1 6.2 The group G = Aut(¥, D) is relatively 4-transitive on W.
eore .

Proof. Let (z,¥,% w) and (u,v,a b) be two sets of 4-tuples of elements in ¥
rooil. e y Yy < y Uy Uy

such that D(z,¥; % w) and D(u,v;a, b)
an automorphism in G that maps (2,9, 2, W) to (u,v,a,b). Let cen(z,y,2) = a,

(z,2,w) = B cen(u,v,a) =", cen(u,a,b) = d. By 2-transitivity of Aut(T', B)
cen(z, z,w) = P, Uy

holds. We need to show that there exists

(Lemma 6.6) there exists an automorphism, say / that maps a, § to v, 6 respec-

h oyt 2" wh respectively.
tively so that z,y,2,w are mapped to 2", Y, 2", p y. We now have

cen(zh, y", 2") = v and cen(zh, 2", w") = 0. Let .7? < [%.5]: n# 7 n# 6 and
let , 6 lie on the g-th, p-th branches at 7 respectively (Fig. 6.9). Consider the
subsets &; and g of ¥ defined as follows. The set ¥, consists of all elements of
U that lie on the g-th pranch at 7 and 3 consists of all elements that lie on the

p-th branch at 7. Now on each of the sets £; and X5, we can define a C-relation
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) . o singleton set
y . e I is a sl
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Note that if Ay as d
reduced to a set of typ¢ I.

[ s 2-17‘&7;5&3%.

t .
Proof. For o € I and 0 € Al A\ {(@ T 1) mod ghilss <k}
g | T € Q6 €
Y = {QQUTL}Q'ln?q? S

Let H
be a Jordan set of type L. '

W ) On , 0 Z,w =
show that H is 2-transitiVe 5, y) o

s (& apo) (Fi
that maP — cen(z, W, .
€ o o g fixes
Z. We define an element (m,y,ﬂpﬂ) 5. p g THEL15.D
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P
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. Lemma 6.7 Any Jordan set of type I s 2-transi

6.5 Jordan sets of Aut(¥, D)

inT, we have £ = {z € ¥ | cen(20, Y0, 2) € A}

Note that if Ay as defined in type I] is a singleton set then a set of type 7 is

reduced to a set of type 1.

tive.

Proof. For a € I' and g € A, let
Y = {agenmqinagz - - - Mk |ni € Q¢ € AT+ 1 okl S £
pe I. Let H be the Jordan group associated with 2. We

be a Jordan set of ty
(z,y), (z,w) be two pairs of elements of

show that H is 9-transitive on ¥. Let

5. We define an element g € H that maps
of A such that po # do Let B = cen(z,y,ap), ¥ = cen(z, w, apo) (Fig. 6.10)

and let g fix elements of the form apmuipimzpz . .m;p;,p # qo. That is, g fixes
srent from the go-th branch. Therefore

(z,y) to (z,w). Let py be an element

e on branches at & diffe

define the ima

elements which 1i

o. We now ges of the elements which lie on the

g must also fix

Figure 6.10:

et ,y be on the pi-th, Ti-th branches at § and z,w be on

go-th branch at & L .
vely. We define g on the go-th branch at o

the p,-th, ro-th branches at ¥
t the segme
and the 71
pectively. Also the half-lines [3, z), (3.4) are

respecti

in such a way tha nt [, 0] i8 mapped to the segment [a,7] with the

B-relation being preserved

the py-th, ro-th at y res

-th, m1-th branches at 3 being mapped to

pranches
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6.6 A circular order on (¥,D)

] INE pDrecerve SO that
pped to [y, 2), [y w) respectively with the B-relation being preserved s
ma, 1<)y |7,

g maps the ordered pair (z,9) to the ordered pair (2,w). o

Lemma 6.8 Any Jordan set of either type 11 or type IT171 g imprimitive.

Proof. Forq e T and A4; a proper subset of A, let

I'two elementg U=
" MDj We say q A, Vi g =p, Then it can be easily c
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: o sriue
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6.6 A circular order on (¥, D)

CI Ny ‘- v Q are 4 Al . . C er aﬂd
se

] S i ¢ l iIl A fOl"
t‘ 1 r(!“]) 2 S B
i ¢ On oIl lI!

three elements
as follows. For any
lations in ¥ which are defined as fo "W
1 1 v " and kg Ly
the respective rela ) be the centroid of z,y, z a1
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2 circular order
espectively. The circu
hes at the node cen(z,y, 2) respecti
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p-th and r-t
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(2,9:2) i+ K(q,p,r) (refer Fig.
K I? y! .
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Figure 6.11:
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Lemma 6.9
The group Hy is isomorphic to G
K. ®

Analogously, i
¥, if Gs denot
es
the subgroup of G that preserves t}
serves the separation It

lation of ¥
and Hg denot
es th
e subgroup of H that preserves th
serves the separation

relation amon
gst the b
ranches at nodes of T thep we |
: 1ave the followin
g.

Lem . g
1’\ <

Aut(‘l’, D‘ K)

has a ) ha
fixed branep then it hVe t0 preser
as

b i Y
e C

Theorem 6.4

(y, T, z) h

u,v,w). Now GK
u .
0, w) are K-related

v
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Such that (z, Y 207

6.6 A circular order on (¥, D)
,DyK)

at the D-relation on ¥ induces a C-relation

6.6.2 Point stabiliser of Aut(V

We have already seen in Lemma 6.2 th

on ¥\ {x,}, for any element Zo el. A
n the same

gain it is well-known that a circular order

on any set induces a linear order 0 sot with one point removed from

abiliser of G« will preserve a linear order on

it. This means that the point st

(U \ {z0},C ). Also we know that a separation re
t with one point remo

betweenness relation on (¥ \ {z0},C).

lation on a set induces a linear
betweenness relation on the se ved. This means that the

point stabiliser of G will preserve a linear

Hence the following are trivial.

¢ U, the point stabiliser of To in G preserves a linear

Lemma 6.11 For any %o

order on (¥ \ {a:g},C)-
),z #YWe define a relation < asz <y K(zo,2,9).

Proof. Forz,y € ¥\ {zo
The relation < can be checked t0

be a linear order. ®

Lemma 6.12 For any %o e U, the point stabiliser of Zo in G preserves a linear
betweenness relation 07 (\ {20}, C)-

2 € ¥\ {zo} we define p
s a linear betweenne

T;7,2) ¢ 5 :
Proof. For any T,¥ (;y 2) (zo,2;y,2). Here
ss relation on U\ {zo}. ®

again it can be checked that p 1

(¥, D, K)

an sets of Aut
(vefer Lemma 4.6) and hence Jordan sets

6.6.3 Jord

Jordan sets of Aut(Sh C, <) are convex
either of tyPC

of Aut(¥, D, K) can be
of Aut(¥,D) (refer Section 6.5) with tl '
ox. We give a brief outline of the proofs.

Jordan set of type 17 is O

[ or type IT from the list of Jordan sets

Je restriction that Ao as defined in the
pen and conv

Lemma 6.13 A set of type 19

Proof. Let a €I and o be 2" %

r= {aqonlqlngqg ke | ni
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6.7 A relation on U induced by a metric on T
be a set of type I. We consider a subgroup J

aqo Of G consisting of branch
automorphisms defined as follows. Any element 9 € Jayg, induces identity per-
mutation on the branches at @ and also at any node
elements of . At any node -y

order-

. ‘0 on
B which does not lie 0

which is on ap clement of © o
Preserving permutation on the br

anches that fixes the
We need to show that J

ago 18 the associateq Jordan group
be easily shown because ¥ ¢

C-set is transitive, o

t g induce a circulal
branch from v to &

of £. And this can
arries a C-relatiop and the automorphism group of 2

:iEA}ISiS}‘C,?)UEAO}

bgroup ']a.flu of G

) o Y element 9 € Jya, Induces identity per
nc de g Which does ot lic

s of a4, Induce Circuly

ments i 4 \ 4, POintwige. And f

Xlet g i

¢ Pl
Consisting of bran¢

At the node o element

the brancheg that fixeg s I order.

which is op an element of

on the branches that fixe
JC!,A{] i

group.
6.7 ;
relatj,
nog .
Let o b 5 | n 1nduced by 5 Metric on T
€ment,
distance f gy of My {0} With Pressig e
€hoteq by d( qlequ defit
’Q)&S 2-o.ony. We
d(o,a) =1,

TH-2714_964601

' I
6.7 A relation on ¥ induced by a metric on

E-]erE 0 . . l L Vi I(l Sodo,a)

. t
nsider any other elemen
W itive. We also define d(0,0) = 0. Co
is always positive.

n . .
l L} J

[, B] then d(a, B) == d(0, @) + d(0, B).

— 2 % d(0, 7).
follows. Suppose 0 € ] then d(a, 8) = d(0,@) +d(0, 8) (

IfOGf[a,ﬁ]andif(aﬂﬁ):[Of; |
i 6 ot ' ther elemen
e check that 05 ¢ m?r\lc{o} we have d(0,7) 2 0. Consider ?no/\ j;) then
' any & € ’ , 0] and v = (&
Ay 0 € fo, ] then dle ) 2 0 11O F 1 je(o B) - 2 x d(0,7) > 0.
pel\{o} If ( ,ﬁ) > d(0,7) so that d(0,) +d(0,
d(0,0) 2 %
d(O CB) 2 d(O, ’Y): 1
| 20 h that 0 € [a, 8]
Hence in all cases d(a; 5) ; 0 « o = 0. Consider a,B€T Sl;C )
i L g e b =il B)= 0
(i1) F;;CY 0= d(0,a) +d(0,9)=0= (0,;3=>Q=/3.
= ' o o L
Then d(a, 0 40 ) >0, This means e o
e d0e) 2 ,d(a-’ﬂ) _ 0= d(0,a) +d(0,
If 0 ¢ [o, §] then d(a,

- d(0,7) = d(0,a) = 40 TE d({}:’ﬁ;._}fe(:;z)i; any case
= d(0, a) + d(0, 5) =2 "0 5) > d(0,7), and 50 @ =7 i
since d(0,a) 2 d(O,?’)sd}; ,COn;erSelb’» fa=0 then)d(a,
d(a, B8)=0 implies @ = 1-1 b d(a,ﬁ) =d(0, adé -
(¢4¢) For an; a!eﬁiwf‘l have d(a, #) < d(e,7)+al7:
(tv) Fora,P,7

0 . the
e NOwW k at a relation on ¥ induced by
hen [Of, ﬁ] i

. r. W
n
Therefore d is a metric 0

Figure 6.12:



6 . .
. t.l

metric d on r Z,U, v
. Let ¢
'Y, 2,u,v be elements of U
. We defi
: ne

a 9-pl:
a o-place relation T

12, U, V)
) i+ d(cen(x,y,z) il
’ ’y’u)) = d(

cen(r
(l’u’v)’cen(:{:’i u))
1
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6.7 A relation on ¥ induced by a metric o B

orphism of ¥. We have defined a branch au-

P
roof. Let g be a branch autom
erve the distance of the nodes from the fixed

tomorphism to fix a node and pres

node. Therefore branch automorp!
automorpl

lisms preserve the distance of nodes and so

\isms preserve the relation T on V. e

using Lemma; 6.15 branch
and GT.

We now look at transitivity properties of Hr

s transitive o [

Lemma 6.17 The growp Hr i
ments of T We need to show that there exists

n the segment o, B] such that

Proof. Let a,fB be tWO ele
hecause nodes are indexed by

g € Hr such that od = B Let
d(a,y) = d(v, B)- (Such an ele
positive rational ors.) Let @

(refer Fig. 6.13). L

~ be the point 0
ment 10 [ exists
.3 be on the g-th, p-th branches on the node

m that induces a permutation

nch automorphis

 to the p-th branch. Now

) = d(y, ). Let d be the
pranches at 5. We define
the branches

he ¢-th prancl

that d(7s

.th, )1 -th
rmutation On

-th pranch. We continue
ly the node

¥

; naps b
on the branches &¢ ¢he node 7 that mal l
1 at 7 SU¢

o is a node on th¢ p-th pranch at 7
d let a be on the (1
n that induces & pe
the P
o that ultimate
y pranching clemen
branch

centroid of %,/ 7 ?

hism 92

the 91° .

at the node & tha map "
ing bIé )
this process of consti sists of finitel
a9t . Note ghat s proce
has the ima€® directions of ¥ 50
he

I' consists of nodes on

another branc
ts and

gs of constructing
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automorphisms mﬁst termin:
The e " rminate at a finite number of stons -
omposition of the automorphisms ¢ steps, say at the i-th step:
192..

that maps « to 3. Theref : -9i is the required automorphis™
ore Hr is transitive 0 |

nl. e
Theor

em 6.6 The group Gr is 3-transitiye
Proof. Let (z,9,2) and (u,v,w)
there exists g € Gy such that (
8= cen(u, v, w)

be two 3- '

m,y,z)go_j tuples in ¥, We peed to show that
. be the centroids of 4
which exists by Lemma g 1’ %
q1-th, go-th, gs-th branches anq u o
respectively (refer Fig. 6.14). N o e
A with no two elements i a t i (

map in Hp ( cand
»U, W respectively. Let g be i

that ma
PSato f. Let 29, y9, 29 be on the

Di-th. .

q ih, Pa-th, ps-th branches Ol’lﬂ

uple sy 12 4s) and (

me. We defipa sl
T

on the by
a )

that induces 3 pPermutatic, P1, D2, ps) are 3-tuple
n

(¢, S at the node

3 that, maps the 3_tup10

branch 0 defy
of x9h n ne ang
e ch €r br
mage of zoh fanch °S at the Node Hhich automorphism gha*
t ; , |
0 v ang L " € Simj) l Continyge this en(g;gh, %,9) that maps £he
( U, W), o € comy, OnStruct b Procegg S0 th ) ¢he
POsitiqy, 0 fanch Autor at ultimately
theSe OrphiSm S y
aut, s that map

Morphj
TH-2714_964601 SIS maps (z,Y?)

ancly ¢ ;
nch automorphism say» h ,

s i |

(pl D). 1 ) B
'P2,13). Now 29" and ¢ are

(0

6.7 A relation on ¥ induced by a metric on T’

Corollary 6.1 The group Gy is 2-primitive on V. o

So far we have just dealt with branch automorphisms of G = Aut(¥, D), which

we have shown to be elements of Gp. Let us now look at line automorphisms and

half-line qutomorphisms of ¥. Half-line automorphisms induces a permutation on

some half-line, say [a,z) of ¥ and fixes all nodes on branches which are different

from the branch on which the half-line e, ) lie on the node c. This means that

line automorphisms does not preserve the distance of nodes of I.

non-trivial half-
isms, by similar observation we can say that only

Passing on to line automorph

automorphisms that induce distance preserving permutation on the

those line-
ve the relation 7' on . Therefore line automorphisms

nodes of some line preser

automorphisms that induce translations on lines.

of Gr can be only those

Lemma 6.18 A non-trivial half-line automorphism does not preserve the relation

T onV¥. ®

Lemma 6 19 A line qutomorphism that induces translation on some line pre-

serves T on U, e

Lemma 6.20 A non-trivial line qutomorphism that preserves T on VU cannot fiz

more than two points 0T v,

Let g be a non-trivial line automorphism that induces a translation on

pProof.
e. Then g cannot fi

x any node on the line. This means that all directions

some lin
ine will be moved. The only elements of U that will

ed are the two directions of the line.

9 Point stabiliser of Aut(¥, D, T)

.myge be an element of ¥ and let Ly be the relation on

which is defined as

Lo(y, %t ) 1 T (%03 Y5 23 U, V).
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6.7 A relation on U induced by a metric on T’

We define the level of nodes of I denoted by L as

i 0, k=)
-d(0, ), if a € (0, z)
L(a) = ﬁ d(0, @), if & =0rlyrilyrs .. Ay T # g
| —d(0,) +d(8,a),

ifa ¢ (0,29) and 36 ¢ (0,z¢) with B € (0, ),

where d is as defined in the beginning of this section. Using this level L of nodes

we can define the relation I on W as we defined in Section 4.3.

It can be easily
verified that Ly(y, z; v, v)

holds if and only if L(y, z;u,v) holds in ¥ \ {zo}. This
means that the point stabiliser of 7 i G that preserves

the relation Ly will also
preserve the relation L on  \ {z}.

6.7.3  Jordan sets of Aut(¥, D, T)

We now look at the Jordan setg of Aut(
and type I7 from the list in Section 6.
aEFandqueAand

¥,D,T). We show that sets of type I

9 are Jordan sets of the group Gr. Let

. L 2
; lta can b('- ShO n tnav 11
. ﬁ kp \ ) l)OiIlt-\ i.'(‘,. Th(-]l w
l 'h X{‘.:

wing holds.
L5 There

o the follo
branches at & fore th

an group 0
the associated Jordan grot G is a Jordan group- ®
- aroup G ¥

phism grot
aut()Tn(ﬂp
6.7 The
Theorem

. RonVY

. : E ﬁ
On

type,
are of same
) and cen(x,u,'u) ar

Y, 2
) cen(Z
tion 4.4.

~e in Sectio
des 18 dcﬁn('.d as
e of no

where typP

.note the
; t Gr,r deno
D,T) I)reservmg Bt te the subgroup
roup on (V> Let Hr,r den°
tion ft-
the rela

ing is true.
Then the following 1
L ]
e hic to Gr.R
that pré - )
of Hr

z,Y,2)
ch that the nodes cen(
in ¥ su

ent in
nnot exist any elemn
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ow |l e 2 LINE Tele 10N on lIJ\'['L{_]}

)'

Lemma
6.24 Forz € U, the point stabiliser of

R (as defined in Section 4-4) on (¥ {z} C) Z wn Gr,p preserves the relation

6 » 1 addition to the relation L. e
8.3 J '
ordan sets of Aut(¥, D, T R)

| 1
Line automorphismg of (¥,D, T R) .

i . can be o
8€r translations of the noeg on a line ( e automorphisms that
ine

induce

using Lemm;
& Lemma 4.21). Therefore Jordan

a orphj
g emorphisn group Py 8roup of

to pres
automorphjg, oy erve all thq three | Aut(q;’ D, K 7
Section 6.6) KR 15 a gy elationg
“TBToup of
G

and fs )
). We haye &lready - 8roup of a
nn

&), Elements of

sT’ R whi

(which *hich mean that the

TR (Whi Ve have copg .
ch we hyy nsidered in

e CO .
that e]e iidered in Section
%, elemg, Ments of
“hts o G preserve

T Pregep
°rve the distance

the cir
cular order of the 1
rancheg
0

Ve Section
I nog
TH-2714_ 964601

6.10 Cofinality of Aut(¥, D)

preserve the type of the nodes. Consider the

of the nodes and clements of Gr
eserve the circular

(¥, D) define

isms fix the distance

d on the node 0 that pr

branch automorphisms of
of the nodes from the node 0.

order on U. These automorph
e distance

h automorphism

of the nodes and the type of the nodes are

This means that trivially th '
s are elements of Gx.r,r Which

preserved. Therefore these branc
n-trivial group of au
not be 3-homogeneo
6, Section

us because the group Gr,r is not

6.7 and Section 6.8 we can

means that GkT,R is a no

The group Gk, €31

sults in Gection 6

3-homogeneous: Using €

check the following.
¢ in Gr1,R Preserves a

point stabiliser of
/.8) and another 4-place

Jation L (Section
circu

Lemma 6.25 For any ¥ e U the

_place T€
linear order (Section 4.1), a4 place

v} induced by the lar order K and the

of A, consider sets of the forms

¢ Ao} Also for any 0 # @ =
} consider sets of the forms
¥ ity 10 €A} B
KT,R with associated

: jons on
tomorphisms that induce permutatlon

Jordan grou
the branches at D
is a Jordo™ group- ®

Theorem 6-8 The grovP GKTR



6.10 Cofinality of Aut (¥ D)

ity. Mac
pherson & N
eumann [M
[MN] have shown that the gr
oup of all
permutations

of a count
able set
has uncountable cofinalit
y. Gourio
i

group of order-
[G] has shown that the

preservin
that A g permutatio
ut(¥, D) has uncoy ns of Q has uncoy
ntable cofinality [Th ks cofinality. W
eorem 6.9) - VVe prove

6.9
If (Hi)ier is a chain of
prop

ier i =G th e
en|I|>NR,. T subgroups of G = Aut(w, D)
’ such

we call & a mos:
motety of ¥
. IfH is
an g

a subgrou
P
; of Aut(¥, D)) utomorphism group o
i

and A C
Cv ;
then Hia), Hyg that is to say,

) deﬁ
ote Iespectively the

replaced b
and [M ), where
[MN][Lemma 23 | | mas with G = A
= © 3(if) of
’ e U is

‘ The
refore thege o
as can

of G then H = ¢
== . ®

full for ;
H. ]’fl
z
Let us ca) ¢ NZ; |= Ry and 5 and let 3, v
And let g :ts of type I ¢ 1US = g then H? be subsets of U that
enot =G at are
the € con °
fode 0 are ® at any n an set
C-relation jng ehoted by “deaofr, 5 0L G (Sectio
1n y @ € n
& maxima] p, Heed by the (?’ %). For any q e (@, a), 5 6.5) as cones.
or ~relati € y S0 th
be €Xpresseq i Subgrou, of 10n - By [ » the cone at cones at
N Aut(x, ),C) ITheorem 1( /@) carries a
= {Q €A 1 hlch W 3] thel‘e exi
u ca X1sts
t(E(O‘“),C) s LN ang Whichan
Q e E(
01 (1)
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6.10 Cofinality of Aut(¥, D)

] V ¥ * . ¢

n—= 2n,0 < n.
We extend s to an automorphism h on ¥ defined as
— Oa(2n1)0 (2n12) 2 - - - Yk
kG 1 F @
e o in the cone (0, a),

Oaniqine2q2 - - - "Wk

Ogniqin2gz - - - Tk — Ogniqin2gz -
t h ¢ N because for any nod h moves all

o semilinear order induced on £(0,a) by
lement of Aut(2(0,a),C) \ N and
((0,a),C) it follows that the

fixes ¥\ £(0,a) pointwise.

It is clear tha
er than & with respect to th

points small
hisane

the B-relation on . This means that
because IV is 2 maximal normal subgroup of Aut

) is the full group acting on 5(0,a) which

group (N, h
U then there exists g € G

Lemma 6.28 If there exists a full moiety for H i

such that G = (H,9)

cone ¥(0,a) at the node 0 € I, for some d c A. We
(0,a) is full

e discussion preceding this lemma that D)
utomorphism g1 ¢ G that induces a

0a) that map$ the node 0
permutation on the

_th branches.

Proof. Consider the

have already seen in th
for (N,h) = Hin G Consider a line &
(0(a+ 1) mod 2’

des on the line
h automorphism gy that induces 2
ges the @-

=g €Y | cen
)N s(0,2)"”

both £(0,a) and £(0,@)
maps $(0,a) tO £(0,a)"?: Anc

G = (N: h‘:.‘jlﬂ?)‘ »

rmutation of the no
branc

al that interchan
fo defined as B:
Jear that 5(0,a

pe
to the node Oal and a

branches at the node 0
Consider the subset Bo
a and B(a; 0100,1)}. [t is €
(0,2) UE(0, )"
because £(0,@)
by Lemma 6.27 W

th and (a+1) mod 2
(0a,0(a+ 1) mod 2’ 2) =
_ g with | B|= No and
a192 are full for (H,glg‘z)

_ 7. Now
| therefore

is full for H and 9192
_ G. That is,

e have (H‘9192>

at (Hi)iel ig a chain of proper subgroups
e a full moiety for H; for
H;, for some i then
d then G = Hj,
No- Partition

9. Suppose th
5(0,a)
¢hat Hj would
Now

No cone call b
i a full moiety for
contain g i

Proof of Theorem 6
with union G such tha

any i, because if some cone 53y,

there would exist some ] ; such
suppose | 1 |<

ich is @ radiction:

using Lemma 6.28, wh cont
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¥ as a disjoint union .

be the induced C-relat'tif(:r; 1; of I'n(?ieties 2(0,4), i € I at the nod

fi € H-\H,E(O 1k P the(Ol i) induced by D on ¥. For each iG 0. Let C;

¢ € I. Then clearly f ¢ | H, CO:tement of G which induces f; on I>3(0e ! choosc

proves our theorem. e rary to our assumption and this conzt) fo]r each
radiction
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Chapter 7

Conclusion

r we give 2 brief summary of the work that has been presented

In this final chapte
blems close to our area of work.

in this thesis: We end by stating some open pro

71 A prief summary of the work

group of the C-set.

jed the automorphism
p of the C-set can

a C-set £ and studi
the automorphism grou

We constructed
anch automorphisms.

that any element of
tomorphisms and br

[ and £ on the C-s
ith the extra relations.

to be a Jordan group-.

We have shown

be expressed as @ product of chain au
et. We studied some

d extra relations < <. 14

ps of the C-set {2 W1

set is known
e structures with the extra

We then impose
e automor

e autornorphlsm gr

at the automorph1

prOpertles of th phism grou

oup of C-
sm groups of th
ps. We have determine

tra relation o the underlying structure
rther, wé have shown that a

From literature th
We have shown th
relatio

group Go
r admit$

d a minimal Jordan

e also J01dan grou
no of ex
orphism group- R

s of tran%latlon
_get and otill admit &

e C-set and

ns imposed ar

pranch automorphisms in
Jordan
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Some problems related to our work
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an‘ 0 3
J y 10 Iy trllc l eSS

of the C-set wi
with the ext
ra relations
structures are homogen nalons: 'We looked into:thi ¢
eou e (questions
s and whether their autom hl o whether (e
orphism gro
ups are oligo-

also determin
ed the realis
a

shown that the cycl ble cycle types of the aut
Aut(Q, C ycle types realised b . omorphism groups. W

0, <), Aut(Q,C, < V) y non-identit . We have
of the forms ®§o1% ¢ <_1; » Aut(

’ = S NU-

o y automorphisms of the groups
S, VL) and Aut(Q,C, <. V. L R)
g | 1 ) a‘re

And the
c
ycle type realised by non-id
-1dentity

elements of
the mini
Inimal Jordan group Gy i
0 15 of the form R¥oq

Th
e last part of our work w
as

, D) has
uncount cofinal
able cofinality, ity. We have found that th
e

C v
Splasr the group @

groups H and K = Allt(Q’ C)

; of
phisms respective G generateq by

ly. Th; In
1S Mmean autOmOr
(hlh = p, S the subgy Phisms and
thy. .. hy ik Oups H f . branch auto
) ? re mor-
(Ff = fif e each by is 5 g “pressible as
T a
2. f; where n &utomOrph
each Ism, k ¢ Ny

7.9 Some problems related to ou

r work

Problem 7.1 The group G = Aut(Q,C) @8 the direct product of tiw -

H and K defined above. ©

work with the problem of finding all possible ex-

the Jordan property 0
at can be imposed on a 85

id earlier we started our

relation that preserve

e types of relations th
n the course of our study we

As sa
f the automorphism

pansions of a C-

p. To have an idea of th
e actual relations. I

n the genera
f relations, namely chain rela-

grou

n we started with som

list of the relations 1 | sense of relations

relatio

that trying to find a
we

realised
defined two kinds ©

oblem in term
lations that can be imposed

might not be plausible. So

d branch relations
cou
serves the Jordan property ©

and answered the pr

tions an
1d be other kinds of re

5. However, there
f the automorphism group-

relation
elation which pre

on a C-r
m remains open.

following proble

here exist Ay othe
e 1mpos

So the
ther than chain rela-

lem 7.2 Does t
tions) that can b

hism group:

- k1 relations (0
r kind of (i
ed on a C -relation while presef‘ving

and pranch rela

tions
of the qutomorp

the Jordan property

There could be another very impor
f optical character recognition by re

nition. The problem © .
data can be investigated by formulating the pro
nderlying semilinear order can be

ducing the data rate of

blem in terms of

the input image
C-sets with extra relations: 3k
considered as the input image data.
igomorphic permutation gr

unection
the theorem of Ryll-Na
t of the theorem

oups has many links with other top-

between oligomorphic permuta-

main €0
rdzewski which

ore precise statemen

g, Ford i

r) structure is ariomati-

ion2.9]-
(2)[Sectio”
refer | I A cguntable ( ﬁrst-orde
a5 a countable structure) if and



I'k

up for f
urther work. Moreover th
r the cycle

cofinalit
y of Aut(¥, D) with th
e extra
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