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Abstract

The thesis constitutes five main chapters. Discussion of our works starts from the second

chapter. The second chapter is comprised of two of our research works. In the first work,

the holographic phenomena of pole-skipping were studied in the presence of scalar-Gauss-

Bonnet interaction in a four-dimensional Anti-de Sitter-Schwarzchild black hole background.

We have initiated a novel study to understand the response of those pole-skipping points un-

der the application of external sources. The source is identified with the holographic dual

operator of the bulk scalar field with its non-normalizable solutions. We have analysed in

detail the dynamics of pole-skipping points in both sound and shear channels, considering

linear perturbation in bulk. In the perturbative regime, characteristic parameters for chaos,

namely Lyapunov exponent and butterfly velocity, remain unchanged. However, the momen-

tum values of the pole-skipping points in various modes are found to be affected by the scalar

source. Further, the diffusion coefficient has been observed to evolve non-trivially under the

application of external sources. In the second work, we have investigated the holographic

fermionic pole-skipping phenomena for a class of interacting theory in a charged AdS black

hole background. We have studied two types of fermion-scalar interactions in the bulk:

Dipole and Yukawa type interaction. Depending upon the interaction we have introduced

both real and charged scalar fields. We have particularly analyzed the effect of scalar con-

densation on the fermionic pole-skipping points and discussed their behaviour near critical

temperatures. In the third chapter, we have analysed the pole-skipping phenomena of finite

temperature Yang-Mills theory with quark flavors which is dual to D3-D7 brane systems in

bulk. We also have considered the external electric field in the boundary field theory which

is dual to the world volume electric field on the D7 brane. We have worked in the probe

limit where the D7 branes do not back-react to the D3 brane background. In this scenario,

ix

TH-3646_196121006



x

we have computed the characteristic parameters of the chaos namely, Lyapunov exponent

λL and butterfly velocity vb from the pole-skipping points by performing the near effective

horizon analysis of the linearised Einstein equations. Unlike pure Yang-Mills, once charged

quarks with a background electric field are added into the system, the characteristic parame-

ters of the chaos show non-trivial dependence on the quark mass and external electric field.

We have observed that λL and vb decrease with increasing electric field. We have further per-

formed the pole-skipping analysis for the gauge invariant sound, shear, and tensor modes of

the perturbation in the bulk and discuss their physical importance in the holographic context.

In the fourth chapter, we have investigated two salient chaotic features, namely Lyapunov

exponent and butterfly velocity, in the context of an asymptotically Lifshitz black hole back-

ground with an arbitrary critical exponent. These features are computed using three methods:

entanglement wedge method, out-of-time-ordered correlator computation and pole-skipping.

We have presented a comparative study of the aforementioned features where all of these

methods yield exactly similar results for the butterfly velocity and Lyapunov exponent. This

establishes an equivalence between all three methods for probing chaos in the chosen gravity

background. Furthermore, we have evaluated the chaos at the classical level by computing

the eikonal phase and Lyapunov exponent from the bulk gravity. These quantities emerge as

nontrivial functions of the anisotropy index. By examining the classical eikonal phase, we

uncover different scattering scenarios in the near-horizon and near-boundary regimes. We

have also discussed potential limitations regarding the choice of the turning point of the null

geodesic in our approach.
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Chapter 1

Introduction

No problem is too small or too

trivial if we can really do

something about it.

Richard P. Feynman

In theoretical physics, the quantum theory of fields implements ideas from classical the-

ory of fields, quantum mechanics, and the special theory of relativity. Quantum Field Theory

(QFT) is necessary in both particle physics and condensed matter physics, helping us under-

stand how elementary excitations behave both in perturbative and non-perturbative regimes.

However, in this framework, it has been proved to be very difficult to incorporate gravity due

to its nature as a background, on which the very quantization is being performed. Gravity

is addressed through the principle of the General theory of Relativity (GR), introduced by

Albert Einstein. It is a theory of spacetime that can assume a non-trivial geometric form in

response to any form of energy-momentum tensor. One of the most elegant ways to visual-

ize the geometric nature of spacetime is to place a football on a stretched rubber sheet and

observe how the geometric shape of the sheet surrounding the football changes its nature.

The heavier the football is, higher the deformation of the sheet becomes. Keeping in mind

its non-triviality, this simple observation can be translated into the fact that the more mas-

sive an object is, the more it distorts the spacetime. This theory explains how matter bends

spacetime, and how that curved spacetime guides the movement of matter.

1
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2 CHAPTER 1. INTRODUCTION

Treating gravity as a geometrical phenomenon, Einstein wrote down the famous equa-

tion,

Eµν = Rµν −
1

2
gµνR + Λgµν = 8πGNTµν , (1.1)

where Eµν represents the Einstein tensor, Rµν stands for Ricci tensor, gµν denotes the metric

tensor and R represents the Ricci scalar. Additionally, GN stands for Newton’s constant,

Tµν represents the stress-tensor and Λ represents the cosmological constant. As gravity is

universal in nature, it is proved to be applicable for a wide range of scales starting from near

the Planckian to cosmological size. This very equation tells us how our earth moves around

the Sun, and the background spacetime can be described precisely by the well-known Kerr

geometry [1]. On the cosmological scale, our current universe is observed to be expanding

at an accelerating rate. Surprisingly, such expansion can be described by the same equation

(1.1) with an energy-momentum tensor which describes the famous cosmological constant

Λ > 0 of our universe. The spacetime with positive cosmological constant is famously

known as the de Sitter spacetime [2]. This automatically generalizes two more possible

geometries of spacetime with homogeneous energy-momentum tensor. Λ = 0 corresponds

to the Minkowski spacetime or flat spacetime, and Λ < 0 corresponds to the well-known

Anti-de Sitter (AdS) spacetime [3]. More importantly, such spacetime possesses a negative

curvature. In terms of its practical application, particularly in describing the evolution of

our universe, AdS spacetime may seem to be unmotivated. However, from the theoretical

perspective, it has been found to play a key role in understanding a fundamental question

related to the quantization of gravity [4, 5]. In spite of classical gravity being extremely

successful in explaining physics at a wide range of scales, the question of quantum aspects

of gravity is far from being understood. Tracing back the Big Bang expansion of our universe

to a very early enough time, one can not avoid quantum effects from gravity [6, 7]. Therefore,

it is a very well-motivated problem to put QFT and GR together in the study of our universe.

A correspondence that brought a revolution in the string theory community in the late

’90s [8], has indeed found an intriguing connection between GR and QFT. This correspon-
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dence has connected QFT and GR in a way that is beyond the conventional approaches

known at that time. It is believed that these two theories are just the two sides of the same

coin. Soon after this great discovery, Gubser, Klebanov, Polyakov [9] and Witten[10] in-

dependently constructed a general mathematical framework that quantitatively connects the

two apparently independent theories. Rather than treating Quantum Field Theory (QFT) and

General Relativity (GR) as separate frameworks, this approach suggests they provide the

same descriptions of the same underlying physics. This idea is formalized in the AdS/CFT

correspondence, which is the duality between a theory of gravity in an asymptotically AdS

spacetime and a field theory residing on its boundary. In this context, gravity is associated

with the bulk, while the conformal field theory (CFT) is localized on the boundary. This

dimensional reduction from bulk to boundary gives this duality a holographic nature. Partic-

ularly, the gravity theory in classical or semi-classical regimes has been shown to correspond

to a large N gauge theory on the boundary, where N effectively describes the number of de-

grees of freedom. One of the fascinating properties of this correspondence is the strong/weak

duality which states that strongly coupled field theory on the boundary is dual to the weakly

coupled gravity theory in the bulk. This very strong-weak duality opens up a wider possi-

bility of its applicability in the realm of a wide range of theoretical problems. In particular,

strongly coupled many-body physics arises in many condensed matter systems where the

phenomenological application of such duality found its natural place to be studied [11–14].

In the following sections, we will give a brief description of AdS/CFT correspondence and

how we have used it as a mathematical tool in our work.

1.1 AdS/CFT correspondence

As we have already described, the AdS/CFT correspondence allows us to study strongly cou-

pled gauge field theory on the boundary of AdS in terms of a weakly coupled gravity theory

in bulk. In string theory, whereas open string excitations are known to be connected to gauge

field theory, closed strings relate to the well-known theory of gravity [8, 15]. In describing
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open strings, the concept of D-brane emerges [16], and these are shown to play a key role

in deriving this correspondence. In superstring theory, strings live in ten-dimensional target

spacetime [15, 17]. Unlike strings, D-branes are objects that exist in the ten-dimensional

target space, where open strings are attached to them through Dirichlet boundary condi-

tions. Again, by worldsheet duality, the same D-branes are shown to be the source of closed

strings. This precise connection between open and closed strings via D-branes presents itself

in terms of AdS/CFT correspondence. However, such correspondence becomes apparent in

specific limits of the effective coupling parameter gsN . Where gs represents the coupling of

strings and N denotes the number of coincident D-branes. In superstring theory, D-branes

are extended in any number of p ≤ 9 spatial dimensions and the world volume of Dp brane

is (p+ 1), which lives in p+ 1 dimensional bulk spacetime. Most studied correspondence is

a system involves a large N number of coincident D3-branes in low energy limit of type IIB

string theory 1, which lives in ten-dimensional flat Minkowski spacetime.

When gsN << 1, string theory in flat Minkowski space with N coincident D3 branes

contains excitations of open strings living on the brane world volume and closed string exci-

tations in the bulk. Therefore, one can express the system in terms of action that constitutes

a contribution from closed strings action (brane), open strings action (bulk) and interactions

between brane and bulk modes. The intriguing observation made by Maldacena is the de-

coupling limit of the aforementioned theory for low-energy excitations. In low energy limit,

it turned out that all the brane and bulk modes become massless and their coupling vanishes.

In this limit, massless excitations of N coincident D3branes give rise to N = 4 super Yang-

Mills (SYM) theory living in (3 + 1) D brane world volume and the massless bulk modes

give rise to type-II B supergravity in flat space.

However, when gsN >> 1, the charged D3 branes become extremely heavy and curve

the surrounding spacetime giving rise to extremal black D3 brane supergravity solution [18]

1A type of string theory where open strings are attached to D-branes with an odd value of p.
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as

ds2 = f(r)−
1
2 (−dt2 + dx2 + dy2 + dz2) + f(r)

1
2 (dr2 + r2dΩ2

5) (1.2)

f(r) = 1 +
4πgsNl

2
s

r4
; F5 = (1 + ∗)dtdxdydzdf−1 . (1.3)

Where, ls represents the string length, and F5 denotes the five-form field strength which is

coupled to the D3-brane. r = 0 implies the location of the horizon. Such a supergravity

solution can be realized as the condensation of closed-string modes [19, 20]. In this case,

closed strings propagate in the curved background which has been sourced by the D3-branes.

For this case also, there exists a decoupling limit for the low-energy excitations. From the

asymptotic observer’s perspective, there exist two types of low energy limits of perturbation.

One is obvious long wavelength perturbation modes moving in the bulk. The second one

is the brane fluctuation mode with energy say Eb localized near the horizon of the black

D3 branes. Those brane excitations modes when approaching the boundary, their energy

becomes exponentially redshifted E = E0e
− 2π

β
t, with β being the inverse black D3-brane

temperature. These two types of low energy perturbation with respect to boundary observer

are again shown to be decoupled. Interestingly, for this case, we have two decoupled type-II

B supergravity theories, one in asymptotic flat spacetime and another one in near the horizon

region r = 0 of the geometry. It is the near horizon geometry of the black D3 brane equation

(1.2) which ends up being the well known AdS5 × S5 described as

ds2 =

[
r2

l2
(−dt2 + dx2 + dy2 + dz2) +

l2

r2
dr2
]
+ l2dΩ2

5 , (1.4)

Where part of the metric within the squared bracket is AdS5 with radius of curvature defined

as l = (4πgsNl
2
s)

1/4.

Different descriptions of the same systems of N parallel D3 branes from the perspective

of field theory of open strings, and supergravity, therefore, have common sector of super-

gravity in flat space R9,1 background, in their low energy limit. This very fact leads to the

famous equivalence of Type IIB supergravity theory on AdS5 ×S5 and N = 4, U(N) super-

Yang-Mills theory in R3,1 by Maldacena [8], and more generally,
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Type IIB superstring theory on AdS5 × S5 ≃ N = 4, U(N) super-Yang-Mills theory in R3,1

The sign ≃ implies a duality between these two theories. This duality immediately suggests

that the parameters on the two sides of the theories are related to each other. On the left-hand

side of the duality, we have string coupling gs and the curvature scale of AdS l. On the

field theory side, we have the Yang-Mills coupling gYM and the rank of the gauge group N ,

which is related through the ‘t Hooft coupling λ = g2YMN [21]. The relationship between

the aforesaid parameters between these two theories is,

g2YM = 4πgs ∼
λ

N
,

l

ls
= (4πgsN)1/4 ∼ λ1/4. (1.5)

If we avoid string loop corrections, l is considered to be very large in string units and that

automatically gives the condition λ >> 1. This is the strong coupling limit of the gauge

theory. Again, to suppress quantum corrections, we can consider gs to be very small and

turn into λ << 1 of the gauge theory. Hence, classical gravity in the bulk is valid in N >>

λ >> 1 in the parameter space. This specific characteristic gives the correspondence another

name: strong/weak duality.

The immediate and the most important check of this duality is that the symmetries of the

two sides match with each other [8, 22, 23]. The isometry group of AdS5 is SO(4, 2) and for

S5, it is SO(6). Therefore, full isometry of AdS5 × S5 is SO(4, 2) × SO(6). On the CFT

side, the conformal group in 4-dimension is SO(4, 2). The six scalar fields and four fermions

in the gauge theory are related via an R-symmetry as SU(4) ≃ SO(6). The symmetry group

of Yang-Mills theory SO(4, 2)× SO(6) is therefore, identical to that of the isometry group

of AdS5 × S5.

Right after this conjecture was proposed by Maldacena, the detailed dictionary between

these two theories has explicitly been formulated by [9, 10]. The most fundamental aspect of

this duality is that every classical field living in AdS5 × S5 spacetime which is identified as

bulk corresponds to a quantum operator of a dual gauge field theory living in the boundary

of the same spacetime. It is considered holographic because it links a d dimensional field

theory defined by a set of operators Oi to a gravitational field theory in d + 1 dimensional
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spacetime. This is the dictionary of AdS/CFT which says how to calculate the observables

in the boundary theory from bulk computations ( see [24–26] for review). The dictionary

provides us one to one correspondence between the bulk fields ϕi living in d+1 dimensional

bulk to associated operators Oi of conformal field theory (CFT) on d dimensional boundary.

This theory can be viewed as a sum of operators [26–29],

LCFT =
∑
i

ciOi . (1.6)

Here, Oi are the operator residing on the CFT side and ci are the dimensionless coefficients.

Every field in the bulk is dual to an operator in the boundary. More precisely, the question

is how to connect a field living in the bulk (gravity) to an operator residing in the boundary

(CFT) side. To calculate the observables, we begin by deforming the Lagrangian on the

CFT side by adding a source term ϕ0 that couples to the corresponding operator O on the

boundary side. We can write the deformed Lagrangian as,

L = LCFT +

∫
ddxϕ0O . (1.7)

The exponential of the deformed part will give the generating function for the correlation

functions of the operator O.

eW (ϕ0) = ⟨e
∫
ddxϕ0O⟩CFT . (1.8)

Where W (ϕ0) is generating functional for the correlation functions of the operator O. The

n-point function can be computed by taking the nth functional derivative of W (ϕ0) with

respect to the source ϕ0 and then setting ϕ0 = 0. More specifically,

⟨O(x1)....O(xn)⟩ =
δnW

δϕn
0

|ϕ0=0 . (1.9)

This is the GPKW dictionary (Gubser, Polyakov, Klebanov, Witten) [9, 10] which says that

(d+1)-dimensional on-shell gravitational action is identified with generating function of field

theory correlators as

eW (ϕ0) = ⟨e
∫
ddxϕ0O⟩CFT = eSbulkϕ(x,r) = Zgravity[ϕ0(x) = ϕ(x, r)boundary] . (1.10)
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Field theory operator Bulk field

Stress tensor Tµν Bulk graviton gµν

U(1) current Jµ Bulk gauge field Aµ

Scalar operator O Bulk scalar ϕ

....... .......

Table 1.1: Dictionary of AdS/CFT

Zgravity is the partition function in the gravity side. The boundary value of the bulk field is

recognized as the source of the operator. The correlation functions of operators inserted at

different boundary points can be thought of as bulk fields propagating between these points.

This map holds true for various fields in the bulk side to the boundary operator which we have

shown in Table 1.1. In the next sub-section, we explicitly compute two - point correlation

function for a scalar field which we extensively apply in our thesis work.

1.1.1 Scalar two-point function

Let us consider a complex scalar field Φ of mass m propagating in a curved background. We

can write the action as,

S = −
∫

dd+2x
√
−g
(
gµν∂µΦ̄ ∂νΦ +m2Φ̄Φ

)
. (1.11)

We can easily find out the equation of motion for the scalar field,

∂µ
(√

−g gµν∂νΦ
)
−m2

√
−gΦ = 0 . (1.12)
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The background we have considered is a Schwarzschild-AdSd+2 black holes in planar coor-

dinate as

ds2 = −f(r)r
2

l2
dt2 +

l2

f(r)r2
dr2 ++

r2

l2
dxidxi, i = 1, ..., d,

= −f(r)r
2

l2
dv̄2 + 2dv̄dr +

r2

l2
dxidxi, (1.13)

where f(r) = 1 −
(
r0
r

)d+1. We set l = 1. r = r0 defines the position of the horizon. The

Hawking temperature T is related to the emblackeing factor f(r) as r20f
′(r0) = 4πT and

r0 is the horizon radius. For our later purpose, let us symbolize the inverse temperature as

β = 1/T = 4π/r20f
′(r0). We are interested in calculating the retarded Green’s function,

and for which we take the following scalar field ansatz Φ(r, v̄, x) = ϕ(r)e−iωv̄+ikx, with

v̄ = t+ r∗ being the null co-ordinate. dr∗ = dr/r2f(r) is the Tortoise coordinate [30]. The

radial component of the scalar field ϕ(r) satisfies the following equation of motion [31, 32],

d

dr

[
rd
(
r2f(r)∂rϕ(r)

)
− iωϕ(r)

]
− iωrd∂rϕ(r)− rd−2(k2 +m2r2)ϕ(r) = 0 . (1.14)

Near the AdS boundary, the solution behaves as,

ϕ(r) = r∆−d−1ϕA(ω, k) + r−∆ϕB(ω, k) . (1.15)

Here, ω is the frequency and k is the momentum of the field. The exponent ∆ and scalar

field mass m are related as,

∆ =
d+ 1

2
+

√
(d+ 1)2

4
+m2 . (1.16)

On the CFT side, the exponent ∆ can be identified as scaling dimension of the operator O

such that under x→ λx transformation the said operator transforms as O′(λx) → λ−∆O(x).

Now, from the ϕ solution (1.15), we can see that, one part is leading and the other part is

sub-leading near the UV boundary (r → ∞). As ∆− d− 1 > −∆, so r∆−d−1 is the leading

part (non-normalizable near boundary) and r−∆ is the sub-leading part (normalizable near

boundary). Here, by normalizable, we meant that the action evaluated on the boundary with
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this solution is finite. Let us calculate the on–shell variation of the scalar field action as:

δS ∼ lim
r→∞

∫
dd+1x

√
−g(grr ∂rΦδΦ̄) (1.17)

∼ lim
r→∞

∫
dd+1x((∆− d− 1)ϕAδϕB + (−∆)ϕBδϕA + (∆− d− 1)ϕAδϕAr

2∆−d−1).

For typical non-normalizable mode, the third term in the above expression for the linear

variation diverges. Hence, one uses the appropriate boundary term of the scalar field action

δSboundary ∼ (∆− d− 1)

∫
dd+1

√
−γδΦ̄(x, r = ∞)Φ(x, r = ∞)

∼ (∆− d− 1)

∫
dd+1(r2∆−d−1ϕAδϕA + ϕBδϕA + ϕAδϕB) (1.18)

By subtracting the boundary term from equation (1.17), we can arrive at the on-shell variation

of the action as

δSOn−shell = δS − δSboundary ∼
∫
dd+1(d+ 1)ϕBδϕA . (1.19)

Note the equivalence between the above equation (1.19) and Eq. (1.7) discussed in the previ-

ous section. We can straightforwardly identify non-normalizable mode ϕA = limr→∞ r1+d−∆ϕ(r)

acting as a source. The normalizable part ϕB, on the other hand, is recognized as the vacuum

expectation value of the dual operator O,

⟨O⟩ = ϕB =
1

(d+ 1)

δSOn−shell

δϕA

. (1.20)

From the linear response theory, we know that ⟨O⟩ = ϕB = GR
OOϕA. Now, one can immedi-

ately identify the Retarded Green’s function from the boundary behaviour of the field as the

ratio of the coefficients of the subleading part to the leading part,

GR
OO ≈ ϕB(ω, k)

ϕA(ω, k)
=

1

(d+ 1)ϕA

δSOn−shell

δϕA

. (1.21)

This thesis will focus on a phenomenon that deals with this two-point function. For the

gravitational perturbations, we will see how this two-point function captures the chaotic

properties of a thermal system.
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1.2 Chaos

Chaos is related to the sensitivity of the system under the initial condition ( see [33–36] for

review). In the classical system, the state of a system can be fully described by the locus

of coordinate X = (q, p), where q and p represent vectors implying position and associated

conjugate momenta respectively. Let us consider a reference trajectory X(t) in phase space

with the initial conditionX(0) = X0. In the initial condition, making an infinitesimal change

X0 → X0 + δX0 yields a corresponding change in trajectory as X(t) → X(t) + δX(t).

If the system under study is chaotic in nature, the deviation of this new trajectory from

the reference one will increase exponentially as time progresses. For such a system, the

infinitesimal change can be expressed as

|δX(t)| = |δX0| exp(λLt) ⇒
|δX(t)|
|δX0|

∼ exp(λLt). (1.22)

This exponent λL is s referred to as the Lyapunov exponent. It is always greater than zero.

Using the Hamilton’s equation, we can write,

δX(t)

δX(0)
=
δq(t)

δq(0)

{q(t), p(0)}p.b =
δq(t)

δq(0)

δp(0)

δp(0)
− δq(t)

δp(0)

δp(0)

δq(0)
=
δq(t)

δq(0)

So, {q(t), p(0)}p.b = exp(λLt) (1.23)

The suffix “p.b” refers to the Poisson bracket between the position at time t and the initial

momentum. This is the quantity of our interest that quantifies the measure of chaos of a

classical system. By inverting the above equation one can compute the Lyapunov exponent

in this way,

λL = lim
t→∞

lim
δX0→0

1

t
log

(
δX(t)

δX0

)
. (1.24)

When λL > 0, the trajectory is sensitive to the initial conditions. Then, the system is said

to be chaotic which has been studied quite extensively in the literature (for instance see [34–

36]). By looking into the last equation (1.23), one can naturally extend such definition for
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the quantum system by converting all the phase space variables into operators and Poisson

bracket into commutator as,

{q(t), p(0)}p.b →
1

iℏ
[ ˆq(t), ˆp(0)] , (1.25)

where ˆq(t) and ˆp(0) are Heisenberg operators. Chaotic behaviour in a system can emerge

from a complicated Hamiltonian or its interaction with a thermal heat bath.

Consider a classical thermal system with inverse temperature β. If G(X) is a function of

the phase space coordinates, its expectation value over all microstates can be calculated as:

⟨G⟩β =

∫
dXe−βH(X)G(X)∫

dXe−βH(X)
. (1.26)

Here, H(X) is the Hamiltonian of the system. The above definition can be straightforwardly

generalized for a quantum many-body system at finite temperatures. If our physical quantity

of interest is taken to be C(t) = −
(

δX(t)
δX0

)2
, one can quantify the quantum analogue of the

classical Lyapunov exponent using the following measurable quantity,

< G(t) >= −⟨
(
δX(t)

δX0

)2

⟩β = −⟨[ ˆq(t), ˆp(0)]2⟩β . (1.27)

Since the commutation relation is antisymmetric in nature, it is the expectation value of

square of the commutator, which is physically measurable. The minus sign is assumed so

that the norm come out to be positive. Indeed, this definition can further be generalized for

any two physical operators (W,V ) as [37],

C(t) = −⟨[ ˆW (t), ˆV (0)]2⟩β . (1.28)

The quantity C(t) is called the double commutator as two commutators are multiplied in

the expression. This quantity is very important in the understanding of chaos in quantum

regime. One can further write the double commutator by doing the multiplication of the two

commutators in (1.28) as,

C(t) = ⟨V †(0)W †(t)W (t)V (0) + V †(0)W †(t)W (t)V (0)

−W †(t)V †(0)W (t)V (0)− V †(0)W †(t)V (0)W (t)⟩β︸ ︷︷ ︸
out-of time-ordered

. (1.29)
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First two terms in the above equation are time-ordered. But, the second two terms are out-

of-time-ordered. Considering V and W as unitary (V † = V −1,W † = W−1) and hermitian

operators (V † = V,W † = W ), we can reduce the above double commutator to [38–40],

C(t) ≈ 2− 2⟨OTOC⟩β . (1.30)

It is therefore important to realize that the out of time-ordered component of the above ex-

pression indeed captures how an early perturbation V affects the later measurements on W .

This has been shown to represent one of the well-known diagnostics to measure the chaotic

nature of a system.

For the physical behaviour of chaos, it is important to realize two important time scales

of a thermal quantum system. The dissipation time scale (td) and scrambling time scale (t∗).

Dissipation time is defined as after perturbing a thermal state, how much time it takes to

dissolve the perturbation and return back to the initial unperturbed state. Scrambling time is

defined as the time it takes for information to become distributed across all the degrees of

freedom of the system [41, 42]. Basically, at t∗, the commutator becomes of O(1).

For a class of chaotic systems [43–47] including holographic ones [38, 39, 41], it has

been shown that C(t) has different behaviour at different regime of those time scales as

follows,

C(t) =


N−1 , t < td

N−1eλLt , td << t << t∗

O(1) , t > t∗

. (1.31)

Where N is the degree of freedom (d.o.f) of the system under consideration. Below the dis-

sipation time, the commutator is involved only with some local operators and so the growth

will be slow. The growth is polynomial in time (t) and very weakly dependent on the number

of d.o.f (N ). After crossing dissipation time, more and more operators are involved in the

commutator under expansion, and once the time t = t∗ reaches, the system becomes fully

scrambled. Then the double commutator becomes of order one and the system saturates. The

commutator value has to grow to explain chaos or the OTOC has to decrease.
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To understand better, let us express the OTOC in terms of following inner product of two

states,

OTOC = ⟨ψ2|ψ1⟩ , (1.32)

where,

|ψ1⟩ = W (−t)V (0)|β⟩ = e−iHtW (0)eiHtV (0)|β⟩ , (1.33)

|ψ2⟩ = V (0)W (−t)|β⟩ = V (0)e−iHtW (0)eiHt|β⟩ . (1.34)

Here, |β⟩ is a thermal state. For the |ψ1⟩ construction, we first operate with V on the thermal

state |β⟩ at time t = 0. It will create a perturbed state. Now, if we evolve the state backwards

in time with eiHt below the dissipation time scale, the perturbation will be dissolved. Then

after acting with operator W we evolve the state forward in time by operating with e−iHt.

Under this time evolution, the previously perturbed state will not appear again. Now for the

state |ψ2⟩, starting from the thermal state |β⟩, we first evolve the state backwards in time with

eiHt and then operate with W at t = 0. Then after we evolve the state forward in time with

e−iHt. In this evolved state, operating with an operator V will create a perturbation at t = 0.

Therefore, we have created two states by repetitive operator insertion at different times and

different evolutions. As a result, two states have been created: |ψ1⟩ with no perturbation and

|ψ2⟩ with a perturbation. The two states are assumed to have less superposition and hence

⟨ψ2|ψ1⟩ ≈ 0 suggesting the very large value of the double commutator C(t) (see (1.29))

or the system is said to be chaotic. However, if for some reason |ψ1⟩ and |ψ2⟩ has a large

superposition, ⟨ψ2|ψ1⟩β ≈ 1, then the double commutator will vanish. In this case, the

system is not chaotic.

In the holographic perspective, we can compute OTOC in the bulk gravity side. In the

language of holography, boundary thermal state corresponds to a black hole in the bulk. In

thermal field theory, the concept of thermofield double state is introduced that can mimic the

system to be entangled with an environment due to which thermality is realized. Interestingly

the thermofield double (TFD) is a special class of entangled state defined on two copies of

the system Hamiltonian which are non-interacting. The TFD state at inverse temperature β
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u
=
0

v =
0

u v

W (−t)

V

W (−t)

V (0)

Figure 1.1: Left: in state Right: out state. In both the diagram, the red zigzag line represents

the shock wave. u and v are the null coordinates as described by expression (1.37) and

uv = 0 is the horizon.

is defined as,

|TFD⟩ = 1√
Z(β)

∑
n

e−
βEn
2 |En⟩L|En⟩R, (1.35)

where, Left L, and Right R, correspond to two copies of the Hamiltonian with energy eigen-

value En. Z(β) is the canonical partition function Then, for any operator Â, associated to

the actual quantum system, ⟨Â⟩
β
= Z(β)−1 Tr (e−βĤÂ).

The most intriguing fact about this formalism is that the TFD state has a nice interpre-

tation in terms of dual two entangled black holes known as eternal black holes [48]. It has

two black hole boundaries which are entangled geometrically by a wormhole (see Figure

1.1) that connects their interiors. On the two boundaries, two copies of finite temperature

field theories identified as L and R live which are entangled to each other. In this black hole

background, the state |ψ1⟩ stated earlier can be thought of as the “in” state and state |ψ2⟩ can

be thought of as the “out” state. In the bulk, OTOC can be thought of as scattering amplitude

between the out-state and the in-state.

We have pictorially represented in-state and out-state in Figure 1.1 with the help of a

Penrose diagram of a two-sided black hole. In the diagram, the two thick lines are the two

boundaries of the black hole and the two dashed lines are the horizons of the black hole.

Basically, it is an extended Penrose diagram that has two asymptotically AdS spacetimes
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and hence two theories live on the boundaries of the two spacetimes. The construction of

eternal black holes and thermal description is based on Israel’s description of a two-sided

black hole [49]. The basic elementary state in this holographic set-up is that any boundary

perturbation and its evolution in time corresponds to a bulk excitation or particle coming from

the past horizon. It hits the boundary followed by entering into the future horizon (see blue

lines in Fig.1.1). This immediately suggests that if one introduces a boundary perturbation

in the asymptotic past, the bulk particle’s energy becomes highly blue-shifted producing a

localized shock wave along (v, x) direction represented by red zigzag lines in Fig.1.1, and

the amount of perturbation it generates is

Tvv ∼
1

β
e

2πt
β δ(v)δd−1(x). (1.36)

where, (u, v) are the Kruskal-Szekeres coordinates defined as

u = e
π
β
(r∗−t), v = e

π
β
(r∗+t). (1.37)

Where, β = 1/T = 4π/r20f
′(r0) which is also identified as field theory temperature. Such

shock wave once absorbed makes the black hole a little bigger with modified geometry,

ds2 = 2G(u, v)dudv +Hij(u, v)dx
idxj − 2G(u, v)h(x, t)δ(v)dv2 (1.38)

Where, G(u, v) = (β2Gtt/8π
2uv), where Gtt(r) = f(r)r2/l2.

In this geometric background particle crossing the shock wave experiences a time shift of

an incoming particle represented by blue lines. The amount of shift has been calculated to be

directly proportional to the profile of shock wave as u→ u+h(x, t) [38, 39, 50, 51]. Details

of this shift will be discussed in the fourth chapter of the thesis. It is this shift function that

precisely controls the OTOC correlation functions.

Keeping the aforesaid elementary bulk excitations in mind, we can now represent the

bulk states associated with the boundary OTOC states introduced earlier. In the left panel

of the figure Figure 1.1, we have represented the in-state W (−t)V (0)|β⟩. Acting with op-

erator V on |β⟩ is dual to a particle propagating in the black hole background. Now, acting
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with operator W at time −t at the boundary means a particle has been released from the

asymptotic past (t < 0). For the observer at t = 0 on the boundary this particle energy will

be highly blue shifted as approaching towards the horizon [51]. As mentioned earlier this

highly energetic particle can be approximated as a shock wave localized along the horizon

in this gravity background [52, 53]. So, the in-state is comprised of two particles, one corre-

sponds V with finite energy and the other one corresponds W with very high energy. In the

back reacted shock-wave geometry, the V particle trajectory hits the boundary with a time

delay and then falls into the black hole (see the left panel of the figure Figure 1.1). In the

right panel of the figure, we have represented the out-state V (0)W (−t)|β⟩. The bulk is again

comprised of two particles. However, due to operator ordering for this case, particle V does

not observe any time shift from the boundary perspective boundary observer. The OTOC

is the scattering amplitude of these two states. From both the pictures, it is clear that when

there is no shift in the particle trajectory, the OTOC inner product becomes ⟨ψ2|ψ1⟩ = 1 and

hence the double commutator C(t) vanishes with no signature of chaos. On the other hand,

if the shift is too large, the particle due to V perturbation will fall into the black hole [54],

leading to the maximal chaos with ⟨ψ2|ψ1⟩ ∼ 0. Interestingly, the shock wave profile, chaos

and the time shift tuned out to connected thought following relation

C(t, x) ∼ h(t, x) ≃ GNe
2π
β
(t− |x|

vB
)
; vB =

√
G′

tt(r0)

(d− 1)G′
ii

, (1.39)

Where the Lyapunov exponent is λL = 2π/β. Further, if the perturbation is localized in

space, the spatial spreading of the perturbation is quantified by another well-known parame-

ter called butterfly velocity vB.

For a thermal quantum field theoretic system, if one generalizes the double commutator

for two operators separated by both spatial and temporal distance (x, t) respectively [38, 55],

C(t, x) ≈ ⟨−[V (0, 0),W (t, x)]2⟩β , (1.40)

for a class of CFT proposed in [56–61] and SYK models [62–65], the above commutator
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assumes precisely the same form as Eq.(1.39) signifying chaotic growth,

C(t, x) ≈ exp

{
λL

(
t− t∗ −

|x|
vB

)}
, (1.41)

The butterfly velocity, vB, is essentially the low-energy Lieb-Robinson velocity, which limits

the speed at which quantum information can propagate [45]. This velocity controls how

information spreads out in space after the scrambling time. In thermal quantum systems

with many degrees of freedom, it has been shown that this Lyapunov exponent is bounded

[40],

λL ≤ 2π

β
(1.42)

This bound is famously known as MSS bound (Maldacena-Shenker-Stanford bound).

OTOC has been extensively studied in the context of black holes and quantum chaos

[38–40, 50, 66]. From the field theory perspective, it has been computed in 2D CFT [59, 67],

the Ising chain [68], rational CFT [69], driven CFT [60], and numerically in the quantum

Lifshitz model [70]. In the gravitational bulk, OTOC has been calculated in an eternal black-

hole geometry [48] when shock waves collide near the black hole horizon [38, 39, 50, 66].

Notably, the chaotic behaviour of a many-body system is also captured in the two-point en-

ergy density correlation function at the pole-skipping point [71–74], which is holographically

related to the near-horizon properties of the bulk metric perturbation. This phenomenon is

very useful while studying many-body chaos. For a one-sided black hole background, pole-

skipping is enough to comment on the chaotic behaviour of the boundary system. For the

shock wave computation, we need to construct a two-sided black hole and calculate the scat-

tering amplitude of particles colliding near the horizon. So, this is a four-point computation

in the boundary theory. But, to compute pole-skipping, a two-point function computation

is enough. So, it is a convenient method to study chaos. Below, we will briefly review

pole-skipping and discuss it with examples.
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1.3 Pole-skipping: a brief review

Pole-skipping is a universal phenomenon observed in holographic systems, described by

Einstein’s gravity coupled with matter fields. One can perceive this phenomenon from the

two-point retarded Green’s functionGR
OO discussed earlier from the holographic perspective.

In the previous section, we discussed about OTOC, which is a four-point correlation function

to study the chaotic behaviour of a thermal system. However, with the help of AdS/CFT, one

can decode important information about the chaotic nature of a system from a two-point cor-

relation function through the phenomena called pole-skipping [71–73]. Pole-skipping points

are a special class of points in momentum space where the two-point correlation function

becomes undetermined signifying the existence of non-unique solutions (1.21). In the mo-

mentum space, there exists some frequency (ω) and momentum (k) where GR
OO = ϕB/ϕA

assumes 0/0 form. Where ϕA and ϕB are the source and expectation values of a boundary

scalar operator which we discussed in the AdS/CFT section. The same can be generalized

for the other fundamental fields in the bulk as well. The point in momentum space (ω∗, k∗)

where ϕB(ω∗, k∗) = ϕA(ω∗, k∗) = 0 is called pole-skipping points. Basically, the lines of

poles and lines of zeros cross each other at the pole-skipping point. In the holographic set-up,

these points depend on the nature of the gravitational background, and near-horizon physics

plays a vital role.

In the holographic context, our goal would be to compute the condition for which the

source and expectation of the dual boundary operator vanish. A simple example for studying

pole-skipping is a minimally coupled scalar field in an asymptotically AdS spacetime. We

have already written the equation of motion (EOM) in the Schwarzschild AdSd+2 black hole

background in equation (1.14). Assuming the regularity condition near the horizon, we

expand the solution as ϕ(r) = ϕ(r) = (r − r0)
α(ϕ0 + ϕ1(r − r0) + ....) near the black

hole horizon r0. Inserting this into the above equation of motion, to leading order we get a

quadratic equation of α as

α(4πTα− 2iω) = 0 . (1.43)
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Solving this, we get two roots for α as,

α1 = 0 , α2 =
iω

2πT
. (1.44)

• At α1 = 0, the solution satisfies ingoing boundary conditions at the horizon and the

solution is regular.

• At α2 =
iω
2πT

, the field solution near the horizon takes this form,

Φ = e−iωt+ikixie
iω

2πT
ln(r−r0)(ϕ0 + ϕ1(r − r0) + ....). (1.45)

This is indeed outgoing near the horizon. Therefore, one can have a unique scalar

field solution in the bulk if one chooses only the physical ingoing one. However,

non-uniqueness arises if we consider imaginary ω = −2πinT such that α2 becomes

positive integer n. This choice frequencies turn the solution Φ ingoing at the horizon.

The frequency ωn is known as bosonic Matsubara frequency in the literature [75]. 2

Therefore, at those special Matsubara frequencies, the scalar field has two regular and ingo-

ing solutions at the horizon. Then the dilemma appears: which solution to choose to calculate

the boundary retarded Green’s function. This makes the Green’s function non-unique at the

boundary or leads to multi-valued Green’s function [76, 77].

Finally, inserting the scalar field expansion up to the first order in the EOM,

−
(
k2 +m2r20 + iωdr0

)
ϕ0 + (4πT − 2iω) r20ϕ1 = 0

=⇒ ϕ1

ϕ0

=
(k2 +m2r20 + iωdr0)

(4πT − 2iω)
. (1.46)

With this constraint relation between the field coefficients, one can write down all the higher

order coefficients ϕn in terms of ϕ0. For a given ingoing solution, the boundary Green’s

2These frequencies appear in the Fourier series of expansion of bosonic fields in imaginary time formalism.

ϕ(iωn) =
1√
β

∫ τ

0

dτeiωnτϕ(τ)

. Bosonic field ϕ(τ) is periodic in imaginary time τ and ωn’s are Matsubara frequencies.
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function can be shown to follow GR
OO ∝ ϕ1

ϕ0
. However, at bosonic Matsubara frequency it

turns out that ω = ω1 = −2πiT and equation (1.46) boils down to

(
k2 +m2r20 + 2πdTr0

)
ϕ0 = 0 . (1.47)

This immediately implies,

ω1 = −2πiT , k21 = −m2r20 − 2πdTr0 . (1.48)

and at this special point, the boundary Green’s function becomes undetermined. These are

the pole-skipping points. Basically, at this point, the lines of poles and zeroes intersect. We

can further generalize those and construct any general order pole-skipping point from the

scalar field equation of motion. For example, following the same procedure, the second-

order bosonic Matsubara frequency becomes,

ω = ω2 = −4πiT ; k22 = −m2r20 + 16πr0T − 2d(1 + d)r20 (1.49)

At higher Matsubara frequencies also, one can find these pole-skipping points. Doing order-

by-order expansion of the field, generally, we compute these points. So, at various orders,

one can write the equation of motion in terms of the expansion coefficients. Setting these

coefficients to be zero, one can write,

M(ω, k2).ϕ =


M11 2πT − iω 0 0 ...

M21 M22 4πT − iω 0 ...

M31 M32 M33 6πT − iω ...

· · · · · · · · · · · · · · ·




ϕ0

ϕ1

ϕ2

...


= 0 (1.50)

It is very easy to write ϕn in terms of ϕ0 from these equations in an iterative manner. But,

at higher Matsubara frequency ω = −2inπT , the co-efficient of ϕn vanishes. So, this is not

possible to express the ϕn in terms of ϕ0. However, one can write a submatrix M̃ from the

bigger matrix M consisting only of the first n rows and n columns.

M̃(ωn, k
2).ϕ̃ = 0 (1.51)
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where, ϕ̃ = (ϕ0, ϕ1, ...., ϕn−1). For any value of k, if M̃ is invertible, then ϕn becomes a

free parameter. Then, one can use the other equations of (1.50) to construct a unique ingoing

solution with normalization ϕn. But, if for a value of k, the M̃ is not invertible, then we

get an extra solution which is ongoing. One can compute the pole-skipping points at higher

Matsubara frequencies as,

ωn = −2πinT , k2 = k2n , det M̃(ωn, k
2
n) = 0 (1.52)

Similarly phenomena for fermions [78–80], vector [81, 82] and tensor fields [83] have

also been extensively studied. However, most of the pole-skipping studies have been per-

formed for non-interacting theories. In this thesis, we consider interacting theories and dis-

cuss their behaviour in terms of Gauss-Bonnet-scalar interaction, and fermion-scalar inter-

action.

Connection to chaos: As discussed in the earlier section, the holographic gravitational

shock wave is a useful tool to understand chaos for holographic field theory. Interestingly,

this has been further shown to be related to the behaviour of hydrodynamic sound modes

corresponding to linearized gravitational waves at those pole-skipping points [84].

ω∗ = iλL, k∗ =
iλL
vB

. (1.53)

The special points in the sound modes are directly connected to parameters of many-body

chaos, namely Lyapunov exponent λL and butterfly velocity vB. The simplest model from

which we can realise this phenomenon is SYK chain [62], where the energy-density two-

point function takes the form

GR
T00T00

(ω, k) = C
iω(ω

2

λ2 + 1)

−iω +DEk2
. (1.54)

Where C is a constant and DE is the energy diffusion constant. The authors have computed

the Lyapunov exponent (λL) and butterfly velocity (vB) in this system and found that λL = 2π
β

and vB =
√
DEλL. Again, from the denominator of the above expression, we can see that
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it has a line of poles at ω = −iDEk
2. Now, one can see that this pole line exactly passes

through (1.53). But, the interesting point is, at this point, the numerator also becomes zero.

Pole-skipping is a general phenomenon observed in systems that exhibit maximal chaos [71].

It suggests that the four-point OTOC computation in strongly coupled theories is holo-

graphically dual to probing the system through hydrodynamic sound modes. This connection

can be better understood from [72], where the authors have demonstrated that the OTOC and

pole-skipping behaviour have the same gravitational source. Near this special point (1.53),

they have studied the retarded energy-density correlation function GR
T 00T 00 . Considering the

background (1.13), if one wishes to calculate the energy-density correlation, then they have

to perturb all the longitudinal modes as gµν → gµν + δgµν(r)e
−iωv+ikx. The longitudinal

modes in this channel are: δgvv, δgrr, δgrr, δgvx, δgvr, δgxx, δgrx. We know that the solutions

which govern the retarded two-point function are regular and ingoing at the horizon. So, we

can expand the perturbations near the horizon r0 as

δgµν(r) = δg(0)µν + δg(1)µν (r − r0) + ... . (1.55)

Inserting the expansion into the linearised Einstein’s equations, we can divide these whole

set of equations into two parts: the temporal (vv) component of the equation (δEvv = 0)

and the other component equations (δEab = 0, a, b ̸= v). Here, Eµν is the Einstein tensor

as defined in equation (1.1) and δEµν implies the perturbed Einstein equation. At the pole-

skipping point, the other component equations are well-defined except the vv component.

The vv component of the equation can be written as,

δEvv =
(
−idωr0 + k2

)
δg(0)vv − i(2πT + iω)

[
ωδg(0)xx + 2kδg(0)vx

]
= 0 . (1.56)

We can see that the location of the pole-skipping point is very important in this regard. At

ω = 2πiT , the above equation reduces to(
2dπTr0 + k2

)
δg(0)vv = 0 . (1.57)

For any generic value of k, we notice that δg(0)vv = 0. At a specific value of momentum k,

the linearised vv component of the equation is zero. That precisely means that there will
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not be any constraint relation between the perturbed coefficients. So, there arises an extra

ingoing solution at the pole-skipping point which leads to an ill-defined Green’s function at

boundary. Comparing with expression (1.53), one can easily write,

λL = 2πT , vB =

√
d+ 1

2d
(1.58)

This is the result for the Schwarzchild-AdSd+2 black hole. This is a special case where the

butterfly velocity is dimensional dependent only. From expressions (1.58), we can realise

that only by studying the linearised vv component of Einstein’s equation, one can extract the

Lyapunov exponent and butterfly velocity of a strongly coupled field theory. This method is

very convenient as we don’t need a two-sided black hole to compute the parameters of chaos.

So, a two-point function computation is enough to comment on many-body chaos.

A number of research works have investigated the chaotic nature of holographic systems

using the pole-skipping (P-S) method in various contexts such as black hole backgrounds

[74, 85, 86], plasma physics [87–89], conformal field theories [90–92], topologically massive

gravity [93], holographic systems with chiral anomalies [94], little string theory [95], stringy

corrections [73], brane systems [96], and higher derivative corrections [86, 97, 98]. This phe-

nomenon has been extensively explored in different directions, including [79, 81, 99–110].

Pole-skipping has also been studied in the context of hydrodynamic transport phenomena

[73, 88, 102, 111, 112].

We have organized this thesis as follows: Chapter 1 provides a brief review of AdS/CFT

(holographic) correspondence, detailing how to calculate a scalar two-point function in asymp-

totically AdS spacetime. The chapter also covers the physics of OTOC and chaos from both

bulk and boundary perspectives, concluding with a discussion on pole-skipping and a litera-

ture review.

Chapter 2 is based on two works [109, 113], where we explore two types of theories. We

examine a gravitational theory with a scalar Gauss-Bonnet interaction term, neglecting the

back-reaction of higher derivative terms on the background geometry. The dispersion rela-

tions for shear and sound modes are modified by these higher derivative terms, and we calcu-
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late the Lyapunov exponent and butterfly velocity from the sound channel after performing

singularity analysis. We also study fermionic pole-skipping with dipole and Yukawa cou-

plings, where a scalar couples to fermions, leading to a condensate at a critical background

temperature. The focus is on how fermionic pole-skipping points change as the temperature

approaches the critical value.

In Chapter 3, based on our work [96], we investigate the chaotic behaviour of a holo-

graphic QCD model in the presence of an external electric field. We assume that the number

of flavor branes is much smaller than the number of color branes, so that back-reaction ef-

fects can be ignored. Our findings show that the external electric field reduces the Lyapunov

exponent and butterfly velocity up to a certain critical value. We examine shear, sound, and

tensor channels in this context.

Chapter 4, based on [114], proves the equivalence of three methods for studying chaos

—entanglement wedge, OTOC, and pole-skipping in a non-relativistic background. We

demonstrate that all three methods yield the same Lyapunov exponent and butterfly veloc-

ity, which depend on the anisotropic index and background temperature. Additionally, we

compute the Lyapunov exponent using geodesic instability analysis in the classical regime.

Finally, Chapter 5 summarizes the work and suggests potential future directions.
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Chapter 2

Pole-skipping in interacting theories

In high-energy and condensed matter physics, the study of interacting theories is essential

to understand many-body physics. In strongly correlated systems, interactions enable the

exchange of energy and momentum between particles, leading to transport phenomena that

differ significantly from free theories. This makes the study of pole-skipping in interacting

theories particularly insightful for examining how chaos and transport emerge from these

complex interplays. So far, the pole-skipping studies have been performed with higher cur-

vature corrections [86], finite coupling corrections [97], with various matter fields [80, 105]

and in different black hole backgrounds [104, 107, 115, 116]. In this chapter we discuss on

our work [98], considering a particular class of higher derivative interacting theory coupled

to the scalar field and study its effect on the pole-skipping phenomena. The low energy ef-

fective action of string theory particularly brings a special class of higher derivative term

called Gauss-Bonnet (GB), and the effect of such term in the pole-skipping context has al-

ready been explicitly studied [86, 97], particularly in more than four dimensions. Due to

the effect of these corrections, the Lyapunov exponent and butterfly velocity have been an-

alyzed. We aim to understand the effect of the GB term in four-dimensional bulk. In four

dimensions, one notes that pure GB term is a topological invariant, and hence does not lead

to any modifications at the level of the field equations. One of the non-trivial modifications

to theories with GB term is to introduce scalar fields ϕ coupled to the GB term [117]. Our

approach in this work was bottom-up and purely phenomenological. With the scalar field

coupled to GB theory, we investigated the simultaneous effect of both higher derivative term

27
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and scalar field interaction on the pole-skipping phenomena. The scalar field in the (3+1)-

dimensional bulk is associated with a dual scalar operator in the three-dimensional boundary

field theory. From the boundary field theory side, we further investigate how the influence

of a dual scalar source at the boundary may affect the pole-skipping phenomena which may

be interpreted as a stringy effect at low energy. We consider a phenomenological form of

the coupling ζ(ϕ) ∼ ϕp, where p is an integer. In the top-down string theory construction,

a higher derivative Gauss-Bonnet term usually appears with a dilaton scalar where dilaton

is coupled exponentially. We further consider the background as a Schwarzchild Anti-de

Sitter black hole, whose dual field theory is at a finite temperature. In this background, we

study the pole-skipping phenomena. Particularly in the sound channel, the flow and decay

of energy density are shown to be affected by the aforementioned interaction. Unlike the

free theory, we find decay in momentum density in the shear channel at a higher value of

p. The diffusion coefficient has been observed to have a significant effect due to scalar-GB

coupling.

We briefly mention the result and methodology of this work as follows: The classical

scalar field in the bulk can be understood as dual to a composite scalar operator (say O) in

the boundary thermal field theory. Therefore, the classical solution of the scalar field in the

bulk with regularity condition at the horizon is interpreted in terms of linear response theory

as Oc ∝ Os. The condensate of the dual operator Oc is mapped with the normalizable mode

of ϕ, and source Os associated with the operator is identified with the non-normalizable mode

of ϕ. We consider those masses of the scalar field for which the above mapping is unique for

simplicity. The relation between (Os,Oc) does depend on how the bulk filed is coupled with

the background metric. In all previous studies of pole-skipping, the interaction was taken

to be minimal. In this work, we assume the existence of non-minimal GB coupling, and

that will naturally modify the relation between (Os,Oc), which we observe to have a non-

trivial effect on the pole-skipping phenomena. Particularly, such interaction will be shown

to affect the liner momentum k appearing in the dispersion relation. However, as we are

not considering the backreaction of the interaction, we do not expect any modification in
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the ω value of the pole-skipping points. In the shear channel, we find a similar effect on

k. For p > 3, we find imaginary k which implies the exponential decay or growth of the

corresponding density function. Here we calculate the diffusion coefficient from the lowest

point. It shows that the rate of diffusion decreases with the increase of scalar source and it

is always below 1/4πT for p > 3. On the other hand, in the sound channel, we find the

effect of interaction for all p > 1 are similar. In this channel, without interaction, k4 has

pure real (< 0) values. Due to interaction, it encounters an imaginary part which increases

with the effect of the scalar source. As the real k4 < 0 gives k with equal real and imaginary

parts indicating the energy transport and decay/growth of energy density respectively. With

the effect of interaction, the real and imaginary parts of k become unequal. Thus one can

conclude this is a result of the variation of thermal transport due to interaction.

2.1 Holographic Gravity Background:

In the holographic model, as we want to study pole-skipping at finite temperatures, we

need to use a black hole solution in bulk. We consider a four-dimensional Anti-de Sitter

Schwarzchild black hole with scalar propagating in the background. Then, the associated

Einstein’s action in the bulk theory as,

SEH =

∫
d4x

√
−g
(
κR+ Λ− 1

2

(
(∂Φ)2 +m2Φ2

))
, (2.1)

where κ = (16πGN)
−1 is a constant related to the four-dimensional Newton’s constant with

mass dimensions 2 (here we set it to unity.). The associated Einstein’s equation and stress-

tensor are given by,

Gµν ≡ Rµν −
1

2
Rgµν =

1

2κ
Λgµν + TΦ

µν , T
Φ
µν = ∇µΦ∇νΦ− 1

2
gµν
(
∇aΦ∇aΦ +m2Φ2

)
.

(2.2)

This gives the 3 + 1 dimensional AdS-Schwarzchild black hole solution and scalar solution

as

ds2 = L2

[
−r2f(r)dt2 + dr2

r2f(r)
+ r2

(
dx2 + dy2

)]
, Φ = 0, (2.3)
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where f(r) = 1−
(
r0
r

)3 and L is the AdS radius. In the Einstein action, R is the Ricci scalar

of the background (2.3) and Λ is related to the cosmological constant in four dimensions.

In our case, Λ = 6κ/L2 and r is the radial coordinate of the black hole with the horizon

radius r0. The horizon radius is related to the temperature T of the black hole as 4πT =

r20f
′(r0) = 3r0, where prime denotes derivative with respect to r. In the action (2.1), we

have considered two-fold perturbation to achieve desired model. First we take perturbation

in the background scalar as Φ = 0 + β × ϕ(r) and then we consider the perturbation in

the background Lagrangian with a perturbative interaction 1
2
λζ(ϕ)RGB, where β and λ are

arbitrary coupling constants which are very small (≪ 1) real numbers. ϕ(r) is the minimally

coupled scalar field of mass m. ζ(ϕ) is a dimensionless real scalar functional. We have

considered ζ(ϕ) = Lpϕp, p ∈ Z+ setting L = 1. The term RGB is the higher-ordered

Gauss-Bonnet curvature term (in 4d), which is coupled to the scalar ϕ(r) through ζ . The

Gauss-Bonnet term can be written as,

RGB = RµνρσRµνρσ − 4RµνRµν +R2.

With the scalar-Gauss-Bonnet interaction term, the background action takes the following

form as

S =

∫
d4x

√
−g
[
κR+ Λ− β21

2

(
∂µϕ∂

µϕ+m2ϕ2
)
− λζ(ϕ)RGB

]
. (2.4)

Note that in dimension more than four, the GB term can give rise to non-trivial effects.

Pole-skipping has been exclusively studied previously in the five dimensions without any

scalar source [86] and the back-reaction of the higher curvature has been considered on the

background. In our study, we are interested in p ̸= 0 cases and treating λ as a perturbative

parameter, our background will remain unaffected by the back-reaction of the scalar field as

the background value of the scalar field is Φ = 0. Taking the variation of the metric tensor
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in (2.4), we get the Einstein equation as follows

(κ− 2λ∇ρ∇ρζ(ϕ))Gµν −
1

2
gµν(Λ +

1

2
λζ(ϕ)RGB)

+ λζ(ϕ)
(
R ρστ

µ Rνρστ − 4RρµRρ
ν +RRµν

)
− λ

(
R∇(µ∇ν)ζ(ϕ)

−4Rρ(µ∇ν)∇ρζ(ϕ) + 2
(
gµνRρσ +Rµ(ρσ)ν

)
∇ρ∇σζ(ϕ)

)
− β2T ϕ

µν = 0, (2.5)

where Gµν is the Einstein tensor. The aforementioned scalar field ϕ is a minimally coupled

scalar in the black hole background (2.1). Due to vanishing background scalar, the stress

tensor of the scalar does not appear in the Einstein equation. We can use the standard Klein-

Gordon equation with the interaction term for the scalar ϕ equation. In the interaction term,

the scalar couples with the second-order curvature terms. Taking this curvature coupling into

account the Klein-Gordon equation of ϕ becomes modified as,

1√
−g

∂µ
(√

−ggµν∂νϕ
)
−m2ϕ+

λ̃

2
RGB

∂

∂ϕ
ζ(ϕ) = 0. (2.6)

This correction of the KG equation will give λ̃ = λ/β2 order additional contribution in the

scalar field solution. We are interested in the linear λ interaction terms in the bulk action.

So, the correction in the scalar field solution will not affect our results. We can discard

this correction in the KG equation in most of the cases where the full bulk solution ϕ is

considered.

We aim to compute the pole-skipping points by doing near-horizon analysis. Therefore,

it is fruitful to perform our calculations in the ingoing Eddington-Finkelstein co-ordinate.

Because, in this coordinate, we can treat horizon at a regular point. So, it is very convenient

for our analysis. We consider v = t+ r∗, where v is the null coordinate and r∗ is the tortoise

coordinate. The metric (2.3) transforms into,

ds2 = −r2f(r)dv2 + 2dvdr + r2
(
dx2 + dy2

)
. (2.7)

The metric (2.3) is singular at r = r0. In this new coordinate, the apparent singularity is

removed. The metric has rotational symmetry in the (x, y) plane.
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In this background, solving the Klein-Gordon equation near the boundary (r → ∞)

gives,

lim
r→∞

ϕ(r) = Osr
∆−3 +Ocr

−∆. (2.8)

Where, at infinity (where is our boundary), the leading coefficient Os is the source, and

the subleading coefficient Oc is the condensation of the dual boundary dual operator. Since

we choose the standard quantization, the scaling dimension of the dual operator is ∆ =

3/2 +
√

9/4 +m2. There is a lower bound on the scalar mass called the bound of BF

(Breitenlohner and Freedman) [118] which states that m2 ≥ −d2/4 for (d+ 1) gravitational

background. For the scalar mass m2 ≥ −d2

4
, Oc is always a normalizable mode, which is the

standard quantization of the scalar. In this range Os acts as source and Oc as response. But,

for −d2

4
≤ m2 ≤ −d2−4

4
, both Os and Oc are normalizable. So they source two different

theories. Besides the standard one, Oc sources an alternative quantization in this mass range.

We can easily get the source and condensation from equation (2.8) by performing some

algebra, as shown in [119] and get,

Os = lim
r→∞

r3−∆ (∆ϕ(r) + rϕ′(r))

2∆− 3
, (2.9)

Oc = lim
r→∞

r∆ ((∆− 3)ϕ(r)− rϕ′(r))

2∆− 3
. (2.10)

Important to remember that due to regularity conditions at the horizon, we have only one

free parameter, and from the boundary field theory point of view the appropriate free pa-

rameter Os is identified as the source in the boundary which is applied on the system under

consideration. Our goal is to investigate the response of such perturbation parameterized

by Os on the dual field theory particularly on pole-skipping phenomena. To this end let us

further point out that in some parameter space, the real scalar field can undergo source-free

condensation if the underlying black hole is charged (see [119]). We consider an uncharged

black hole, therefore, this does not arise. We leave it for our future study.
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2.1.1 Stability analysis of background

Now we would like to comment on the stability of the Schwarzchild-AdS under the given

perturbation. In terms of free energy, one expects the perturbative contribution to be suffi-

ciently smaller than the original background contribution. Under a given perturbative inter-

action, the stability of the system is broadly indicated by the thermodynamic stability. Due

to perturbation, the change of free energy of the system should be negligible so that it does

not disturb the thermodynamic stability. From the thermal partition function, one can show

that the thermodynamic free energy F is related to the on-shell bulk action SE in Euclidean

signature as F = TSE [120]. So comparing the bulk on-shell one can conclude about the

stability of the gravity background. So we will perform the holographic renormalization

which one needs to regulate the divergence due to the asymptotic AdS. We first consider

that the asymptotic boundary is located at r = rb and add the appropriate counter term Sct

[121–124].

Sct =


∫
d3x× r3b (2κ− 3−∆

2
ϕ2(rb)− 12λ

(∆−3)p+3
ϕp(rb)) for ∆ ̸= 3− 3

p∫
d3x× r3b (2κ− 3−∆

2
ϕ2(rb)− 12λϕp(rb) ln rb) for ∆ = 3− 3

p
.

Now, we perform integration on the radial coordinate and finally, we take rb → ∞ limit

in it. Thus we get total on-shell action free from all divergences. Since our background

is asymptotically AdS4, the Gibbons-Hawking-York surface contribution is negligible (∼
Φ(rb)

p

r3b
) with asymptotic correction. We will just calculate the change of on-shell action with

respect to the unperturbed on-shell action to show the stability of the background. Given the

background metric and solving scalar field ϕ from K-G equation (as we are interested in the

linear perturbation in action, we exclude λ term correction of K-G equation, we numerically

TH-3646_196121006



34 CHAPTER 2. P-S THROUGH SGB COUPLING

find the quantity Np(m
2) = Log10

∣∣∣ 1λ Sλ

S0

∣∣∣, where

S0 =

∫ rb

r0

dr
√
−g
[
κR+ Λ− 1

2

(
grr(∂rϕ(r))

2 +m2ϕ(r)2
)]

+ r3b

[
2κ− 3−∆

2
ϕ2(rb)

]
.

Sλ =

∫ rb

r0

dr
√
−g
[
λ

2
ϕ(r)pRGB

]
− 12λ

(∆− 3)p+ 3
r3bϕ

p(rb) for ∆ ̸= 3− 3

p

=

∫ rb

r0

dr
√
−g
[
λ

2
ϕ(r)pRGB

]
− 12λr3bϕ

p(rb) ln rb for ∆ = 3− 3

p
.

Now we numerically plot the quantityNp withm2 in Figure 1. So to be in perturbative regime

we need
∣∣∣Sλ

S0

∣∣∣ = 10Npλ ≪ 1, i.e., 0 < λ ≪ 10−Np . From the numerical plot, we see that as

the absolute value of scalar mass decreases the range of λ value becomes narrow to maintain

a stable perturbative regime. Thus we get an upper-bound on λ, i.e. 0 ≤ λ ≪ 10−Np . This

is shown in Figure 2.1 for various values of p. For example, if m2 = −2 and p = 2, we

have Np = 1.44, therefore 0 < λ ≪ 0.035. Similarly for m2 = −2 and p = 3 we have

0 < λ≪ 0.001.

-2.0 -1.5 -1.0 -0.5

10-4

0.001

0.010

0.100

1

m2

10-Np
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p=2

p=3

p=4

p=5

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

ϕ[r0]

s

c

Figure 2.1: Left: 10−Np vs m2 for p = 1, 2, 3, 4&5. Right: The plot of Os (solid line) and

Oc (dashed line) with ϕ(r0) for r0 = 1. Here we take scalar mass m2 = −2.

2.1.2 Scalar field perturbation

In this section, we study the effect of the perturbation on the dispersion relation associated

with the scalar field ϕ which is a minimally coupled scalar with mass m. This scalar field

ϕ is regular at the horizon and decays in the asymptotic limit. With these conditions, the

solution of the scalar can be found from the equation (2.6). Now assuming the scalar field
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is a function of the radial coordinate r only, i.e., ζ(ϕ) = ϕ(r)p. We take the near-horizon

expansion of the field as ϕ(r) =
∑∞

n=0 ϕ
(n)(r0)(r − r0)

n where, ϕ(n) ≡ dnϕ(r)
drn

|r=r0 . From

this series, the first derivative of ϕ at r = r0 can be found as,

3r0ϕ
′ (r0) = m2ϕ (r0)− 18λ pϕ (r0)

p−1 . (2.11)

Similarly, we can also find the higher order derivatives in terms of ϕ(r0). We can solve the

scalar field from the K-G equation numerically by providing some horizon value to the scalar

field. From this solution, we can evaluate Os and Oc as shown in (2.9). For the near horizon

study, the regularity condition of the scalar field on the horizon is very important. So, for

numerical evaluation of the source Os or to get a consistent solution of ϕ(r); ϕ(r0) should

be finite and small enough so that the near-horizon expansion remains convergent. From

the Figure 2.1 we see that source Os and its near horizon value ϕ(r0) is exactly linear. On

the other hand, Oc is linear with only a small value of ϕ(r0) and so with Os. Both of these

quantities are monotonically increasing with the near horizon value of the scalar. Because of

this behaviour, we will see later that the pole-skipping points show similar behaviour with

sources of both of the allowed quantizations. Now to study the dispersion relation of the

scalar field, we take the perturbation ϕ(r) → ϕ(r) + e−iωv+ikxφ(r). The linearized equation

from (2.6) is

r2f(r)φ′′(r) +
(
r2f ′(r) + 4rf(r)− 2iω

)
φ′(r) + (6λ(p− 1)p(f(r)2

− 2f(r) + 3)ϕ(r)p−2 − k2 +m2r2 + 2irω

r2
)φ(r) = 0. (2.12)

Expanding the solution near the horizon r = r0 and using the matrix method as given in

[78], we get the pole-skipping points (ω, k). We find the lowest order point is ω1 = −3
2
ir0 =

−2iπT and

k21 + r20
(
m2 − 18λp(p− 1)ϕ (r0)

p−2 + 3
)
= 0.

Without any perturbation (λ = 0), we get the results for pure Schwarzchild black hole k21 =

−(3 + m2)r20, i.e., k1 is completely imaginary. But, due to the effect of the interaction, k1
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can be real after a particular value of Os. Similar behaviour is also found for the higher-

order pole-skipping points. Though we keep λ small enough in the perturbative regime, k21

becomes positive as the scalar source increases. So k1 becomes real. From the equation of

the perturbed scalar (2.12), it is clear to predict that for p = 0 and 1, there is no effect on

(ω, k), i.e., we get the values of the black hole background without any perturbation. For

p ≥ 2, p effects k1 in similar way as λ does. For the small enough Os, we have found k1

in the imaginary plane which has been plotted in the left panel of Figure 2.7. Here we have

-4 -2 0 2 4
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-2.5

-2.0

-1.5

-1.0

-0.5

0.0
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2π T

0.0 0.2 0.4 0.6 0.8 1.0
-1.5

-1.0

-0.5

0.0

0.5

1.0

s

m

k1
2

Figure 2.2: Left: The plot of Im[ω]
2πT

vs Im [k] at |Os| = 5.167|m| for p = 1 (orange circle),

p = 2 (green rectangle) and p = 4 (blue triangle). Right: The plot of k21 vs |Os|
|m| for p = 1

(brown dot-dashed line), p = 2 (green dot-dashed line) and p = 4 (blue dotted line). Here

we have taken scalar mass m2 = −2, λ = 10−2 and r0 = 1.

plotted first three PS points (ω, k) in the complex plane for p = 1, 2&41. For p = 1&2, we

have found 2n-number of points for kn, i.e., n number of complex roots for kn. However,

for p = 4, we have found one real and n− 1 complex root of each kn. Because of these real

roots, we have three points on the Im(k) axis. For p = 2, the interaction imposes a constant

shift in k. But for p ≥ 3 the shift due to the interaction is proportional to the source. So, as

the source goes to zero, kn becomes the same as the pure AdS black hole. These have been

1In the Figure 2.2, p = 3 case has been skipped to plot. The reason is the following. From Figure 2.1, we

have λ ≲ 10−4 for m2 = −2.0 and p = 3. At this narrow range of λ, the shift of momentum value is visually

negligible. But in this figure, our goal is to neatly represent the variation of the momentum values for various

p. So we choose a higher λ to get enough shift in momentum. We have taken λ = 10−2 which is no more

stable region for p = 3 but shows clear variation for p = 1, 2&4 at that mass value.
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shown in the right panel of the same figure. Here, we have presented the variation of k21 with

the scalar source Os for ϕRGB, ϕ
2RGB &ϕ4RGB. It is found that k1 becomes real-valued

above a certain value of Os. Now, if we allow only the imaginary values of k1, we need to

put a cutoff on Os. The same behaviour can be found for the higher order k. For ϕ3RGB

interaction, we find similar behaviour of pole-skipping points as they do for p > 2. But for

this interaction, the allowed value of λ is so small that placing it in the same graph is not

convenient.

2.2 Metric perturbations

In the pole-skipping phenomena, we study the properties of the stress-energy tensor of the

boundary field theory.The AdS/CFT duality says, the bulk fields are mapped to bound-

ary operators. Therefore, the boundary stress-energy tensors are associated with the met-

ric perturbation of the bulk. In bulk, we consider the metric perturbation gµν → gµν +

e−iωv+ikxδgµν(r), where ω and k are the energy and momentum parameters of the fluctua-

tion, which propagates radially. So, in the boundary field theory, we have two point corre-

lators which are < Tvv, Tvv >, < Tvv, Tvx >, < Tvv, Txx >, < Tvv, Tyy > in longitudinal

mode and < Tvy, Tvy >, < Tvy, Txy >, < Txy, Txy > in a transverse mode where Tµν is

the stress-energy tensor on the boundary. The metric perturbation: δgvv, δgvx, δgxx, δgyy

and δgvy, δgxy are associated to the above two modes respectively. We impose the radial

gauge condition δgrµ = 0 for all µ. We also use the traceless perturbation for simplicity, i.e.,

gµνδgµν = 0 which gives δgyy = −δgxx. The longitudinal modes are the scalar modes, it

does not couple with a minimally coupled scalar. Therefore we can perturb only gµν without

effecting ϕ. Finally, we have three independent perturbations in longitudinal mode and two

in transverse mode.
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2.2.1 Shear Channel

As the momentum vector (ω, k) of the metric fluctuation is taken along (v, x)-plane, for

shear mode, we consider the components coupled to y-direction. Here we take gxy and

gvy as the only non-vanishing perturbations and these are completely decoupled from the

longitudinal perturbations. These are associated with Tvy, Txy on the boundary. The lin-

earised Einstein equations will give the dynamics of these fluctuations. At some special

values of (ω, k), the solution of those equations near the horizon becomes non-unique and

gives more than one independent solution. Those special points (ω, k) in this holographic

gravity background are connected to the intersection of poles and zeros of the boundary

Greens function, Gµy,νy where µ, ν = v, x. Now we put these perturbations in the metric

(2.7) and find the linearised form of the field equation with only non-vanishing perturba-

tions gxy and gvy. We find that vy, ry and xy components of the linearised equations are

only non-trivial, whereas other equations are self-satisfied. Out of these three equations,

we find two coupled second-order differential equations as δg′′vy(r) = f1
(
δg′vy, δgvy, δgxy

)
and δg′′xy(r) = f2

(
δg′vy, δgvy, δgxy

)
. Again, under diffeomorphism transformation with the

vector field e−iωv+ikxξµ, one can show that δgvy and δgxy will form a gauge invariant combi-

nation Zsh as, Zsh = (ωδgxy + kδgvy) /r
2. So, two second-order differential equations (DE)

of δgvy and δgxy combine into a single second-order DE of Zsh. The final master equation is

MshZ ′′
sh(r) + PshZ ′

sh(r) +QshZsh(r) = 0. (2.13)

Where, the coefficients Msh, Psh and Qsh are functions of ω, k and ϕ(r). The details ex-

pressions are given in the appendix. There we have considered the coefficients up to λ order.

As λ = 0 the master equation reduces to the same as the pure AdS black hole. The near

horizon structure of the master variable is taken as follows. Zsh =
∑

n=0 Zn × (r − r0)
n.

Now we expand the master equation (2.13) around r = r0. At zeroth order O((r − r0)
0), it

gives the linear algebraic equation of Z0 and Z1. The coefficients of Z0 and Z1 are functions

of two primary variables ω and k. So, at a particular point, ω = ω1 the vanishing of the
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coefficient of Z1 indicates that Z1 is arbitrary. Again at the same ω value, we find a special

value of k = k1 where the coefficient of Z0 vanishes. Therefore at the point (ω1, k1) the

near horizon solution of Zsh is defined with two arbitrary parameter Z0, Z1 and the solution

is combination of two arbitrary solutions C1(r − r0)Z0 + C2(r − r0)Z1. So we find a non-

unique solution at the point (ω1, k1) – which is the first order pole-skipping point. Here we

find ω1 = −3
2
ir0 and

k21 = 3r20

[
1− 3λϕ(r0)

p ξ(2ξ
2 − ξ − 17)

2ξ + 1

]
(2.14)

where, ξ = m2p/3. We find ω1 same as the previous result [76] for AdS4 black hole. But k1

contains a non-trivial shift due to the interaction. At λ = 0, it gives the same k21 as given in

[76]. With nonzero λ, the shift in momentum depends on the details properties of the scalar

field and its interaction namely, power p of the interacting field ϕ, the value of the field at

horizon ϕ(r0) and mass of it m. Now the scalar mass m can not be zero to get the nonzero

shift. Also, we need to maintain the value of λ in such a way that the shift remains small

enough, i.e., the absolute value of the correction term inside the square bracket in (2.14) is

always less than unity2. Next few higher-order pole-skipping points are ωn = −3
2
inr0 for

n = 2, 3, . . . and kn’s are higher orders in ξ.

k22 = 3
√
2r20

[
1− 3λξϕ(r0)

p

4(2ξ + 1−
√
2)2

(
12ξ4 + 4(21−

√
2)ξ3 + (209− 74

√
2)ξ2

+(134− 238
√
2)ξ + 136 + 20

√
2)
)]

k23 = 3
√
3r20

[
1 +

(5−
√
3)λξϕ(r0)

p

66(6ξ − 3 + 2
√
3)3

(
−3888ξ6 + 54432ξ5 − (32400− 21528

√
3)ξ4

+(976140− 224964
√
3)ξ3 − (1108017− 786374

√
3)ξ2 + (1134059− 427507

√
3)ξ

+295381
√
3− 222201

)]
2In four-dimensional AdS-Schwarzchild blackhole, the momentum of quasinormal mode in the shear chan-

nel is a real number. Here we have considered the perturbative correction, i.e., without backreacted background.

So its effect should not change the momentum so much that it turns into a complex or imaginary. To constrain

this we should not count the correction under square bracket in (2.14) more than unity.
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Here we have consciously ignored the background scalar stress-tensor contribution for the

numerical analysis to present the effect of interaction clearly. To do this we have assumed

β2 ≪ λ ≪ 1. Anyway, we can consider the background profile and carry out the analysis.

We have shown it in the appendix. These same assumptions also continue into the sound

mode analysis. In all of these k values, the absolute value of the perturbative correction

increases with ϕ(r0) i.e. with Os,c but the sign of the term is solely decided by the factor

m2p. We find that k2n can be both greater or less than 3
√
nr20 depending on the value of m2p.

For example k21 > 3r20 for 3
4

(
1−

√
137
)
≤ m2p < −3

2
and −9

4
≤ m2 ≤ −5

4
. However, for

other higher mode points, k2n is always less than 3
√
nr20. It puts no further restriction on scalar

mass. In Figure 2.3, we have plotted k21
3r20

. The ratio has been varied with the scalar source
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Figure 2.3: Left: The plot of k21
3r20

vs O2 =

√
|Oc|
|m| (dashed line) and O1 = |Os|

|m| (solid line)

where p = 2 (green color), p = 3 (red color), p = 4 (blue color), and p = 5 (magenta color).

Right: The plot of k2n
3
√
nr20

vs O1 for n = 1 (green color), n = 2 (blue color), n = 3 (magenta

color) and for two different powers p = 2 (solid line) and p = 5 (dashed line). Here we have

taken λ = 10−5 and m2 = −2.0

.

Os and response Oc for four different order of interaction p = 2, 3, 4&5 with perturbation

parameter λ = 10−5 and scalar mass m2 = −2. Figure [2.3] depicts that while the source is

off, the ratio is equal to unity. As the source increases from zero, the ratio deviates from unity

and increases or decreases according to the power of the Scalar-Gauss-Bonnet interaction

term p. At the given mass value, for 0 < p ≤ 4, the ratio increases with the source, and for
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p ≥ 5 the ratio decreases. It has been depicted in the left panel of the figure. In the left plot,

we have plotted k21/(3r
2
0) with both Oc and Os. This is a very special case from the point of

view of the mass of the scalar field ϕ. When m2 = −2, both the asymptotic co-efficients (Oc

and Os) are normalizable modes in standard and alternate quantizations. So, we can take any

one of them as the source and examine the effect on the PS points. To visualise this point,

we have shown the effect of sources in both quantizations on the momentum values of the

shear mode. We have observed that momentum values are very large at smaller source Oc(in

alternate quantization) as compared to source Os (in standard quantization). Whereas on the

right panel of the same figure, k21/(3r
2
0), k

2
2/(3

√
2r20) and k23/(3

√
3r20) have been varied with

the scalar source for p = 2 and p = 5. k21/(3r
2
0) increases with source O1 for p = 2 and

decreases for p = 5 which is consistent with analytical observations as discussed above. On

the other hand, k22/(3
√
2r20) and k23/(3

√
3r20) decrease with source for both p = 2&5. It is

expected to find similar behaviour with O2.

The boundary Green’s functions of these quasi-normal modes have been studied earlier

for the boundary theory corresponding to the AdS-Schwarzchild bulk [125]. At the hydro-

dynamic limit, one finds the standard dispersion relation ω = −ik2

4πT
[76]. On the other hand,

in our model, we have found that the ω value of the pole-skipping point has matched with

the first non-hydrodynamic mode of the quasi-normal mode of pure AdS-Schwarzchild case

[125–127]. Now plotting these two modes – standard hydrodynamic mode and our pole-

skipping points – we find that the first order pole-skipping point is almost the collision point

(keq, ωeq) of the hydrodynamic and non-hydrodynamic modes. Therefore, using the first

order pole-skipping point, we find the approximate value of the upper bound of diffusion

constant [128] and that bound can be written as ωeq/(−ik2eq). Here, in our case, we find the

diffusion constant Ds from pole-skipping as

Ds =
iω1

k21
=

1

2r0

[
1 + 3λϕ(r0)

p ξ(2ξ
2 − ξ − 17)

2ξ + 1

]
(2.15)

Its upper bound is Ds(λ ̸= 0) < Ds(λ = 0), i.e., the interaction decreases the upper bound

for the negative mass regime. The interaction effect gives a higher upper bound for a positive
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mass regime than the pure AdS-Schwarzchild. For d+2 dimensional pure AdS-Schwarzchild

black hole, the diffusion constant is bounded3 as 1 ≤ 4πDsT ≤ d+1
d

. If the scalar field

follows the BF bound and unitarity condition, the scalar mass follows the bound −2.25 <

m2 < −1.25. The term DsT in (2.15) can be found in 1 ≤ 4πDsT ≤ 3
2

for all p ≤ 6 for the

mass ranges given in Table 2.1. In the allowed mass range, the diffusion constant violates the

bounds for p ≥ 7. In Figure [2.4], the left panel shows the plot of the pole-skipping points

Table 2.1: The mass range associated to p to follow the allowed bound of the diffusion

coefficient
Interaction order p (ϕp) mass range

p = 1 −2.25 < m2 < −1.5

p = 2 −2.25 < m2 < −1.25

p = 3 −2.25 < m2 < −1.25

p = 4 −2.007 < m2 < −1.25

p = 5 −1.605 < m2 < −1.25

p = 6 −1.338 < m2 < −1.25

in the ω − k plane. Here we have plotted the standard dispersion relation of the boundary

theory in a low-frequency regime, ω(k) = −iDsk
2 where Ds = 1

4πT
given in [76]. When

λ = 0 or the perturbative correction is very small, the first pole-skipping point falls on the

dispersion curve. As the effect of interaction increases the first pole-skipping point skips the

dispersion curve. But, the other pole-skipping points always stay away from the dispersion

curve. At the right panel of Figure [2.4], we have plotted the diffusion constant obtained

in (2.15). Here the 4πDsT have been varied with the scalar source in standard quantization

and in alternate quantization for three different p values. As the source is zero the diffusion

constants for all 2 ≤ p ≤ 6 become equal to the upper bound 3
8πT

. In the plot, as the source

increases from zero, the diffusion constants start falling from the highest bound. For the

3For pure Schwarzchild-AdSd+2, the shear mode diffusion rate is 1
4πT , where T = d+1

4π r0 and r0 is the

horizon [129]. So DsT is independent of the dimensions of the black hole. The first order pole-skipping point

of the shear mode is dimension dependent, ω = −d+1
2 ir0 and k21 = d(d+1)

2 r20 . Therefore iω1

k2
1
= 1

d r0
= d+1

d
1

4πT

TH-3646_196121006



2.2. METRIC PERTURBATIONS 43

-3 -2 -1 0 1 2 3

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

k

Im[
ω

2π T

]

0.5 1 5 10
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1,2

4π×sT

Figure 2.4: Left: The plot of P-S points in ω − k plane for λ = 0 (blue box) and λ = 10−5

(red circle), O1 = 5.167, p = 3 and m2 = −2. Three different shapes have been used for

three different modes. The solid curve (grey colour) is ω = −ik2

4πT
. Right: Plot of 4πDsT vs

O2 (dashed line) and O1 (solid line) for p = 2 (green line), p = 3 (red line), p = 4 (blue

line) and p = 5 (magenta line). In all these plots, m2 = −2.0 and λ = 10−5

.

coupling function ζ(ϕ) ∼ ϕ2 and ϕ3, the diffusion constant decreases monotonically. At a

particular value of the sources, 4πDsT has become equal to unity, and for further increase of

source value, it has fallen below its lower bound. For p = 4, the diffusion constant is found

to remain very close to its upper bound for a comparatively long range of O1,2. After that,

it started decreasing very rapidly and reached below 1. At these higher values of the source,

the p = 4 curve seems to give two different values of DsT at a single value of scalar source

O1,2. Again, after a certain value of the source, the diffusion constant violates the lower

bound. This issue is important to study in future using full backreacted metric [130]. Since

our whole calculation is assumed to be in a perturbative regime, we are free to choose any

tiny value of λ and any small range of the scalar source for the numerical evaluation. Thus

the better estimation in our case always makes 1 ≪ 4πDsT ≤ 3
2

for 1 < p ≤ 6.

2.2.2 Sound Channel

The longitudinal components of the metric perturbation are called the scalar or sound modes

of the perturbation. These are associated with the energy density correlation on the boundary.
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The corresponding stress-energy tensors in this mode are Tvv, Tvx, Txx and Tyy on the bound-

ary field theory. These make the two points correlation functions Gvv,vv, Gvv,vx, Gvv,xx

and Gvv,yy which are induced by the metric perturbations. In holographic gravity the-

ory the required perturbations are δgvv, δgvx and δgxx with the trace-less perturbation, i.e.,

δgyy = −δgxx. Like the shear mode, the metric perturbations also combine into a diffeomor-

phism invariant master variable Zso.

Zso =
1

r2
[k2δgvv + 2ω kδgvx −

k2

2
(2f ′(r) + rf(r)− 4ω2

k2
)δgxx] (2.16)

The second-order differential equations of δgvv(r), δgvx(r) and δgxx(r) are combined into

the master equation.

MsoZ ′′
so(r) + PsoZ ′

so(r) +QsoZso(r) = 0 (2.17)

The coefficients of (2.17) are linear in λ which are given in the appendix. At λ = 0, the mas-

ter equation reduces to the same for the pure Schwarzchild-AdS4 background. Considering

the near horizon structure of Zso similar to Zsh, we find the pole-skipping points for various

orders.

Here we find two types of pole-skipping points from this master equation (2.17). The

denominator of Pso and Qso of the above-written master equation contains a common term

3k2 − 4ω2 + k2f(r). At the near horizon regime, it introduces a pole at 3k2 − 4ω2 = 0.

Now if we consider 3k2 ̸= 4ω2 we get only ωn = −3
2
inr0 for n = 1, 2 · · · at the lower-half

plane of complex ω. But when we impose the condition 3k2 = 4ω2, we can also find ω in the

upper-half plane of ω, ωn = 3
2
inr0. It will be discussed later. Now we focus on the unequal

condition.

For 3k2 ̸= 4ω2, the first order pole-skipping point is found at ωn = −3
2
nir0 = −2πinT
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and first two k4n are given as

k41 + 9r40 − 27ξλ(1 + i)r40(ξ + 2(1 + i))ϕ(r0)
p = 0 (2.18a)

k42 + 18r40 +
9λξpr40
5
√
2− 2i

(3ξ((5
√
2− 2i)3ξ + 40i− 64

√
2) + 126(3

√
2− 4i))ϕ(r0)

p = 0

(2.18b)

k43 + 27r40 −
6λξpr40ϕ(r0)

p

91
√
3 + 63i

[27(37
√
3 + 3i)ξ3 − 189(61

√
3 + 11i)ξ2 + 189(306

√
3 + 31i)ξ

− 27(5369
√
3 + 69i)] = 0 (2.18c)

Higher order k can also be found in the same way. At λ = 0, we get the Schwarzchild-AdS4

values k41 = −9r40, k
4
2 = −18r40 and so on. In (2.18a), the imaginary part 3λ (12 + pm2)m2pr40ϕ(r0)

p

is zero for m2 = −12
p

which is beyond the BF bound −9
4
< m2 for p ≤ 5. But for p ≥ 6

we can make k41 real at that specific value of m2. A similar behaviour is also expected from

the higher order k. Here we have compared the position of pole-skipping points of ϕ2 inter-
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Figure 2.5: The plot of real part (right panel) and imaginary part (left panel) of k vs Im[ ω
2πT

]

for p = 3, m2 = −2, O1 = 7.234, λ = 0 (blue rectangle) and λ = 10−5 (red circle).

action with the absence of interaction (λ = 0) in Figure 2.5. The real and imaginary parts

of k have been separately plotted against Im[ω/2πT ]. In both cases, the real and imaginary

parts are almost equal to each other in each mode. For each part, the values have mirror

symmetry with respect to the Re[k] = Im[k] = 0 axes. The shift due to interaction is very

hard to identify in k1. For k2 and k3 on the other hand, one observes a measurable amount

of shift. It has been depicted in above Figure 2.5. Without interaction, in each of these three
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modes, only four real numbers make four different complex k (having equal absolute values

of real and imaginary parts). With interaction, the same happened for k1. But for k2 and k3

eight real numbers make four complex values of k. Again we have numerically shown the

0.5 1 5 10
-1.5

-1.0

-0.5

0.0

0.5

1,2

k1
4

9 r0
4

0.5 1 5 10
-1.5

-1.0

-0.5

0.0

0.5

1,2

kn
4

9 n r0
4

Figure 2.6: Left: The plot of real (solid line) and imaginary (dashed line) parts of k41
9r40

against

O1 (thick lines) and O2 (thin lines) for interaction order of scalar p = 2 (green colour) and

p = 4 (blue colour) with λ = 10−5. Right: The plot of real (solid line) and imaginary (dashed

line) parts of k4n
9r40

vs O1 (thick lines) and O2 (thin lines) for next two orders of pole-skipping

n = 2 (blue colour) and n = 3 (red colour); with λ = 10−5 and p = 3, m2 = −2.

variation of k with the source Os in standard quantization and Oc in alternate quantization of

the scalar in Figure 2.6. At the left plot of this figure, we have plotted the real and imaginary

parts of k41/(9r
4
0) against the source in standard and alternate quantization separately. Here

we have evaluated the ratio of our result with the result of pure AdS-Schwarzchild. This ratio

has no explicit r0 dependent. It depends on the scalar mass (m), interaction order (p), and

scalar value on the horizon. For λ = 10−5, m2 = −2, and for different p the ratio has been

evaluated. When the source is off, the imaginary part of the mentioned ratio is zero, whereas

the real part is −1. Which is consistent with the case without interaction. The imaginary part

in k4 is contributed only from the interaction. As we have seen the source is linearly propor-

tional to ϕ(r0), so, ϕ(r0) also goes to zero as the source becomes zero and thus vanishes the

correction term in (2.18a). For p = 2&4 we have found the same behaviour as O1,2 go to

zero (eventually Os → 0). Now if the source is turned on and increased gradually, as long

as the source is small enough, both the imaginary and real parts change slowly with O1. A
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similar behaviour is found for the variation with O2, but their variation of k4 is faster. As p

increases, the rate of change also increases. The reason is clear from the presence of ϕ(r0)p

factor in the correction terms. During this change the imaginary part of the ratio k41/9r
4
0

shifts from 0 towards −1 and the real part changes in the exact opposite direction. Therefore

the absolute value of the real (imaginary) part decreases (increases). Thus at some point on

O1,2, real and imaginary lines cross each other where their value is exactly equal and lie in

between 0 and 1. Again after a certain amount of increase in the source, the real part crosses

the horizontal axis. At that value O1,2, k41 becomes a completely imaginary number. These

two cross-over points highly depend on p, in the given plot, the p = 4 plot has made the first

cross-over than the p = 2 plot. As the source value increases further the real (imaginary)

values become more and more positive (negative). Since we are interested in the pertur-

bative effect, we will not consider those high values of k41 . At the right panel of the same

figure, we have plotted the ratio k4n/(9nr
4
0) for the second ( n = 2) and third (n = 3) order

pole-skipping. Here interaction order is fixed at ϕ3. We have noticed that the behaviour of

the real and imaginary parts of the ratio is almost identical to the left panel. We have found

that the two cross-overs for each of these two modes of k. At these cross-over points, the

behaviour of k2n is completely identical to before. For the higher order of pole-skipping, kn,

the cross-over points come closer to O1,2 = 0. Therefore the order of interaction and the

order of the pole-skipping affect k in the same way. Mainly the location of the cross-over

points is almost identically affected by these two parameters. The cross-over points can be

found analytically from (2.18a)-(2.18b). For example, the real and imaginary parts of k41 are

Re[k41] = −9r40
(
1− 1

3
λp2m4ϕ(r0)

p
)

and Im[k41] = 3λm2pr40 (12 +m2p)ϕ(r0)
p. The first

cross-over happens at the values of O1,2 corresponding to ϕ(r0) = (−4λm2p)
−1/p where the

real and imaginary part of k41 are equal to each other. The (second) cross-over on the O1,2

axis occurs for ϕ(r0) =
(

3
λp2m4

)1/p
. Here k41 is completely imaginary 9ir40

(
12
m2p

+ 1
)

. The

first cross-over occurs only if m2 < 0. For a moment if we assume that m2 > 0, then there

is only the second cross-over where the k41 becomes completely imaginary.
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2.3 Analysis of chaos

2.3.1 From vv component of linearised Einstein equation

From the shock wave analysis [39], it is found that the exponential factor of OTOC can be

directly observed from the δE00 component of the linearized Einstein equation in the ingo-

ing Eddington-Finkelstein co-ordinate. In the discussed background (2.7), the information

about OTOC can be obtained from the vv component of the equation (2.5). Considering

the metric perturbation coupled with the vv component of the metric (which are actually the

perturbations associated with the sound mode) one can write the δEvv at r = r0 as follows.

δgvv(r0)
(
k2 − 2ir0ω

)
+ kδgvx(r0) (2ω − 3ir0) = 0 (2.19)

Since it is well-known that at the special points (ω∗, k∗), we have no constraint on the per-

turbed metric components at r = r0 [72]. Therefore in the above equation the coefficients of

δgvv(r0) and δgvx(r0) have to zero. Thus we have ω∗ = 3ir0
2

= 2πiT, and k2∗ = −3r20. This

(ω∗, k∗) is the zeroth order pole-skipping point which is connected to the Lyapunov exponent

and butterfly velocity as shown in (1.53). In our model, we get, λL = 2πT and vB =
√
3
2

,

which is the exact result[76] as in the case of background where the coupling term is not

present in the action.

2.3.2 From the master equation

In the last section, where we have discussed the pole-skipping of the sound mode pertur-

bation, we took the condition that 3k2 ̸= 4ω2. Because we have seen at the horizon the

differential equation (2.17) encounters a singularity. Here we will discuss that issue. From

past works [76, 86], we have seen that 3k2 = 4ω2 had come with a new set of points (ω, k)

in Im[ω] > 0 plane which was actually related to the chaos parameters. In our case, we can

re-arrange the master equation (2.17) as

Z ′′
so(r) + P (r)Z ′

so(r) +Q(r)Zso(r) = 0 (2.20)
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In this equation, the denominators of both P (r) and Q(r) has a multiplicative factor of

(3 + f(r)) k2 − 4ω2 which reduces to 3k2 − 4ω2 at r = r0. So to get the regular solution of

(2.20) at r = r0, we must impose an extra condition on ω or k. Here we will find it.

First we put k = 2√
3
ω in (2.20) and expand it around r = r0. We find that P (r) and Q(r)

possess the first and second order pole at r = r0.

P (r) =
P−1

(r − r0)
+O((r − r0)

0)

P−1 = −1− 2iω

3r0
− 144λir0ωζ

′(r0)

3r0 − 2iω

Q(r) =
Q−2

(r − r0)2
+O

(
(r − r0)

−1
)

Q−2 = 1 +
2iω

3r0
+

4iλω(27r20 + 12ir0ω + 4ω2)ζ ′(r0)

r0(3r0 − 2iω)

Therefore r = r0 is a regular singular point for the differential equation (2.20). Now, suppose

Zso has a series solution near the singular point given as Zso = (r−r0)l
∑

n∈[0,Z+) Zn(r−r0)n

. The only condition which makes this solution regular at the horizon is l = 0, 1, 2, · · · .

Therefore the first recursion relation coming from (2.20) is

l2 + l (P−1 − 1) +Q−2 = 0. (2.21)

This gives two roots (say, l1 and l2) in the following form.

l1 = 1− 6λ(3r0 − 2iω)ζ ′(r0)

l2 = 1 +
2iω

3r0
+ 6λ

(3r0 + 2iω)2

3r0 − 2iω
ζ ′(r0)

So for arbitrary interaction, the only possible integer roots are l1 = 1 and l2 = 0. This gives

only two values of ω as ±3
2
ir0. Therefore we get the same values of the chaos parameters

as we have already found in the last subsection. Generally, near-horizon analysis of the vv

component of Einstein’s equation is adequate to extract the chaotic parameters of the system.

In this work, we have investigated the chaotic property of the system with another approach

also: from the singularity analysis of the master equation. We found an exact match between

the Lyapunov exponent from both analyses.
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In this work, we have mainly studied the effect of higher derivative terms on pole-

skipping points. We have analysed the scalar and metric perturbations and the dispersion

relations from these modes. In the next section, we will study the fermionic channel and

investigate the effect of scalar condensate on fermionic pole-skipping points.

2.4 Scalar condensation in fermionic sector

Despite various studies[78–80], the fermionic pole-skipping still lacks physical motivation.

In this work, we have given a novel interpretation of fermionic pole-skipping in the presence

of a condensate term. Perturbing the fermion in a black hole background, one can study

the fermionic pole-skipping. It has been observed that the pole-skipping points recovered

from the fermionic Green’s function match with the pole-skipping points extracted from

the near-horizon analyses. Similar to the pole-skipping phenomenon, this intersection of

lines of poles and zeroes occurs in some overdoped metals. Experimental studies on doped

cuprates revealed this anomalous behaviour. Generally, the Fermi surface is defined by the

poles of Green’s function G(k, ω) at frequency ω = 0 (near Tc). In the Mott insulator, the

Fermi surface disappears while the zero surface appears. So, the point of transition from

metals to insulators can be thought of as a pole-skipping point, where both poles and zeroes

surfaces overlap. However, it’s still a point of discussion how these metals transit into the

Mott insulator[131]. Studying pole-skipping in holographic systems may give an insight

into the transition. The dipole coupling model can be a very good candidate for studying this

overlapping phenomenon[132].

In this work, we investigated the holographic fermionic pole-skipping phenomena for a

class of interacting theory in a charged AdS black hole background. We have studied two

types of fermion-scalar interactions in the bulk: Dipole and Yukawa type interaction. De-

pending upon the interaction, we introduced both real and charged scalar fields. We have

particularly analyzed the effect of scalar condensation on the fermionic pole-skipping points

and discussed their behaviour near critical temperatures. We consider an asymptotically AdS
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background with a charged black hole in the bulk. In our present study, we particularly focus

on investigating the influence of different interactions in the phenomena of pole-skipping.

We consider charged fermions propagate in the Reissner-Nordström-AdS4 black hole back-

ground with different coupling terms such as dipole coupling and Yukawa coupling. We

further assume that those couplings are facilitated by a bulk scalar, for which we consider

both neutral and charged scalar fields. We investigate the non-trivial effect of different scalar

field configurations on fermionic pole-skipping phenomena. We will solve the scalar field in

RN-AdS4 background and this geometry has a metric as (setting AdS radius L = 1),

dS2 = r2
[
−f(r)dt2 + dx2 + dy2

]
+

1

r2f(r)
dr2 (2.22)

The emblackening factor f(r) and gauge field at the horizon r0 = 1 is,

f(r) = 1 +
3η

r4
− 1 + 3η

r3
, At = µ

(
1− 1

r

)
dt (2.23)

We have treated Q2

3
as η, where Q is the charge of the black hole and µ is the chemical

potential. The temperature of the Black hole is T = 3
4π
(1− η) and we will work in the range

0 < η < 1.

2.4.1 Real scalar field

We consider the action that coupled to gravity in AdS4 with real massive scalar field Φ is,

S =
1

2K2

∫
d4x

√
−g
[
R+

6

L2
− 1

4
F 2 +

1

λ

(
−1

2
gµν∇µΦ∇νΦ− V (Φ)

)]
, (2.24)

where L is the AdS radius and λ is the coupling constant. Later on, we will set L = 1 for

our convenience and λ to be very large. We choose the potential as,

V (Φ) =
1

4

(
Φ2 +m2

Φ

)2 − m4
Φ

4
. (2.25)

We derive the scalar field equation and get

1√
−g

∇µ

(√
−ggµν∇νΦ

)
−
(
Φ2 +m2

Φ

)
Φ = 0 . (2.26)
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Now, we will shift our co-ordinates to ingoing Eddington-Finkelstein co-ordinates by making

the following transformation,

v = t+ r∗,
dr∗
dr

=
1

r2f(r)
, r20f

′(r0) = 4πT, (2.27)

where T is the Hawking temperature. In the new coordinate, the metric and gauge connection

are expressed as,

dS2 = −r2f(r)dv2 + 2dvdr + r2(dx2 + dy2), (2.28)

A = µ
[
1−

(r0
r

)]
dv. (2.29)

Considering Φ(r, v, x, y) = ϕ(r), the Klein-Gordon (K-G) equation becomes,

ϕ′′(r) +

(
f ′(r)

f(r)
+

4

r

)
ϕ′(r)−

(Φ2(r) +m2
ϕ)

r2f(r)
ϕ(r) = 0 . (2.30)

The above equation is the radial part of the whole K-G equation, where ϕ(r) is the radial part.

As we want to solve the radial equation, we have not considered the time and spatial part.

Expanding the equation (2.30) upto first order at the horizon yields the following equation,

ϕ′(r0) =
(ϕ(r0)

2 +m2
Φ)ϕ(r0)

r20f
′(r0)

. (2.31)

The asymptotic (at r → ∞) behaviour of equation (2.30) gives,

lim
r→∞

ϕ(r) = O1r
∆−3 +O2r

−∆ , (2.32)

where, at infinity (where is our boundary), normalizable co-efficient O1 is generically iden-

tified as a source and non-normalizable co-efficient O2 is the condensation and scaling di-

mension of operator, ∆ = 3
2
+
√

9
4
+m2

Φ is related to mass of scalar. We have previously

discussed this from the equation (2.8). If we consider the mass within the specific range

−9
4
< m2

Φ < −5
4
, there exist two different AdS-invariant quantization schemes [133]. One

Lagrangian can give rise to two theories in AdS space depending upon the scheme. Both O1

and O2 are normalizable solutions[134] with this given m2
Φ. So, we can treat any of them as
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Figure 2.7: Left: Behaviour of O1 and O2 with increasing horizon value of real scalar field

at T=0.0002. Right: Behaviour of O1 with horizon value of real scalar field by varying

temperature. The temperature values from the purple curve to the red curve are (0.0016,

0.0012, 0.001, 0.0007, 0.0005, 0.0003, 0.0002) respectively. We have fixed m2
Φ = −2.1 in

both the plots. The critical temperature Tc has been calculated from the curve beyond which

it does not touch the horizontal axis.

a condensate of the field theory operator depending upon the scheme. From equation (2.32),

we can write,

lim
r→∞

rϕ′(r) = (∆− 3)O1 r
∆−3 −∆O2 r

−∆ . (2.33)

Solving the K-G equation near the boundary, we can easily write O1 and O2 as,

O1 = lim
r→∞

r3−∆ (∆ϕ(r) + rϕ′(r))

2∆− 3
, (2.34a)

O2 = lim
r→∞

r∆ ((∆− 3)ϕ(r)− rϕ′(r))

2∆− 3
. (2.34b)

Now, choosing the standard scheme of quantization, we can treat O1 as the source and O2

as condensate. We derive the equation of motion for the scalar field and impose regularity at

the horizon to establish the boundary conditions. Using the shooting method, we then solve

for the scalar field from the near-horizon region to the boundary by appropriately choosing

the mass of the scalar field (mΦ), the temperature, and the scalar field value at the horizon

(ϕ(r0)). Once the numerical solution is obtained we compute O1 and O2 from eq. (2.34)

as depicted in the left panel of Figure 2.7 at T=0.0002. The right panel of Figure 2.7 is

generated by varying the temperature to study the source behaviour. We can see from the
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Figure 2.8: Left:Behaviour of ϕ(r0) with increasing temperature. Right: Behaviour of
√
O2

by varying temperature. Both the plots are for real scalar fields. We see that at a certain value

of temperature, the horizon value of the field vanishes and the condensate also vanishes at

the same temperature. < . > means the vacuum expectation value of the operator.

right plot of the Figure 2.8 that as we increase the temperature, after a critical temperature the

horizon value turns to zero. With the given parameters m2
ϕ = −2.1, the critical temperature

is obtained as Tc = 0.0011. Near this critical temperature Tc, we have fitted ϕ(r0) with

γ(Tc − T )δ, which gives the exponent value δ ≈ 0.56± 0.009 and γ ≈ 40.91. The exponent

is close to the mean field value 1/2. Near T = Tc, to the leading order we can assume

ϕ = ϵδ(ψ(r) +O(ϵ)) with ϵ = Tc − T , and δ > 0. For the phase transition to occur, it is the

ϕ2 term that plays an important role in equation (2.30). Since near T = Tc, the coefficients

of ϕ′′ and ϕ′ are polynomials in ϵ. The coefficient ϕ2 should also be polynomial in ϵ for

consistency and hence 2δ should be integer with its lowest value being δ = 1/2.

2.4.2 Charged scalar field

Now, we consider a minimally coupled charged scalar field Φ̃ in Reissner-Nordström-AdS4

(RN-AdS4) black hole space-time ,

S =
1

2K2

∫
d4x

√
−g
[
R+

6

L2
− 1

4
F 2 +

1

λ

(
|∂Φ̃− iqsAΦ̃|2 − V (Φ̃)

)]
.

Again we will consider λ to be very large so that the charged scalar does not back-react on

the background geometry. Here, qs is the charge of the scalar field and A is the gauge field.
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Figure 2.9: Left: Behaviour of horizon value of the scalar field with temperature. Right:

Behaviour of
√
O2 with temperature. Both the plots are for charged scalar fields. At a

certain value of temperature Tc, we see that the horizon value of the charged scalar field and

charged scalar condensate vanishes.

We will work with the same potential as in the case of the real scalar field, but ϕ is replaced

by |Φ̃|. Assuming the ansatz Φ̃ = ϕ̃(r), we get the K-G equation as

ϕ̃′′(r) +

(
f ′(r)

f(r)

)
ϕ̃′(r)− 1

r2f(r)

(
(m2 + ϕ̃2(r))

−q2sA2(r)f(r)
)
ϕ̃(r) = 0 . (2.35)

Solving the equation of motion (EOM) near the AdS boundary, we can calculate the source

and condensate value which gives the same form as (2.34). The asymptotic behaviour of this

EOM gives the same form as equation (2.32). So, with the same approach as in the case of

the real scalar field, we can calculate O1 and O2 numerically for the charged case also.

In Figure 2.9, we choose to work in standard quantization. For the given mass m2
ϕ̃
=

−2.1 and charge qs = 0.1 the associated critical temperature comes out to be Tc = 0.0014.

We can see that at critical temperature Tc, both the horizon value of the scalar field and

condensate become zero. Near this critical temperature Tc, we have fitted ϕ̃(r0) with α(Tc −

T )β , which gives the exponent value β ≈ 0.58± 0.01 and α ≈ 45.38. Here the exponent is

close to the mean field value which is expected.
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2.5 Pole-skipping analysis

For the pole-skipping phenomenon, we will be working in ingoing Eddington-Finkelstein

co-ordinates (2.28). Since our metric is not diagonal, we choose a frame given by,

Ev =
1 + f(r)

2
rdv − dr

r
; Er =

1− f(r)

2
rdv +

dr

r
,

Ex = rdx; Ey = rdy, (2.36)

for which

ds2 = ηabE
aEb ηab = diag(−1, 1, 1, 1).

The underlined co-ordinates are assumed to be flat tangent space co-ordinates and the non-

underlined are the spacetime co-ordinates. The Gamma matrices in appropriate basis are

assumed as,

Γr =

I 0

0 −I

 , Γv =

 0 iσ2

iσ2 0

 (2.37)

Γx =

 0 σ1

σ1 0

 , Γy =

 0 σ3

σ3 0

 . (2.38)

In the above-written Gamma matrices, σ’s are the Pauli matrices. We consider the interacting

charged Fermion Lagrangian as

L =
√
−giΨ̄( /D −m+ ζ(ϕ))Ψ (2.39)

Where,

/D = eMc Γc(∂M +
1

4
ωabMΓab − iqAM) , (2.40)

here, M is space coordinate, a, b, c are flat coordinates, eMc are vielbein and ωabM are spin

connection terms. Γab is a Gamma matrix that will follow Clifford algebra. Now, in this

section, we will calculate the P-S points for the following fermionic coupling prescription,

ζ(ϕ) as
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• When ζ(ϕ) = −ipϕ/F : The interaction term −ipψ̄ϕ/Fψ is known as dipole coupling

where the gauge field Aµ is coupled with a real scalar field ϕ(r) with a coupling pa-

rameter p. Here, /F = 1
2
ΓabeMa e

N
b FMN and FMN is the electromagnetic field strength.

• When ζ(ϕ) = gϕ: The interaction term gψ̄ϕψ is the Yukawa coupling term and g is

the coupling parameter.

The equation of motion for Ψ is,

( /D −m+ ζ(ϕ))Ψ = 0. (2.41)

In the momentum space, we decompose Ψ = ψ(r)e−iωv+ikxx setting ky = 0 using the rota-

tional symmetry in the x-y plane. So, we will write kx = k in our calculations. With this

equation (2.41) becomes,[
Γv

[
−r
2
(1− f(r))∂r −

iω

r
− iqAv

r
− 3

4
(1− f(r)) +

rf ′(r)

4

]
+Γr

[
r

2
(1 + f(r))∂r −

iω

r
− iqAv

r
+

3

4
(1 + f(r)) +

rf ′(r)

4

]
+
ik

r
Γx −m+ ζ(ϕ)

]
ψ = 0 . (2.42)

As the matrix Γr has two eigen values 1 and −1, we can decompose ψ into two spinor

components as ψ+ and ψ−. Further, we can introduce another decomposition for ψ± as the

two matrices Γr and kxΓ
vx are independent and commuting. Below we have written the

decompositions as

ψ = ψ+ + ψ−, Γrψ± = ±ψ±, ΓrΓaψ± = ±Γaψ± (2.43)

ψ+ = ψ+
+ + ψ−

+, ψ− = ψ+
− + ψ−

− kxΓ
vxψ±

± = ±kψ±
± (2.44)

Now, we can decompose the spinor ψ into 4 spinor components (ψ+
+, ψ

−
+, ψ

+
−, ψ

−
−) and get 4

coupled Dirac component equations; where, a = v, x, y. Then, expanding the Dirac compo-

nent equations near the horizon order by order, we can calculate the P-S points in each order

as shown in detail in the appendix.
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2.5.1 P-S with real scalar coupling

As we have discussed in the previous section, the coupled scalar can be real or charged. In

this section, we will discuss the effect of condensate on P-S points taking the scalar to be

real in equation (2.41). Zeroth order P-S points are found to be,

ω0 = −πiT, k0 =


±(imr0 + pµϕ(r0)), Dipole coupling

±(imr0 + igr0ϕ(r0)),Yukawa coupling.
(2.45)

Point to notice that for both the couplings, the pole-skipping points receive the modification

only in the linear momentum sector not in the frequency sector. If we don’t consider the

coupling terms in the action, we have purely imaginary momentum in the pole-skipping

points. However, it seems that by adding interaction to the theory, the momentum values

achieve a correction term leaving the frequency unchanged! Similar studies have been done

in anisotropic plasma ([87]), where they have studied quantum chaos by pole-skipping by

perturbing the metric. They got a complex momentum and justified that while the imaginary

value of the momentum follows the dispersion curve for momentum diffusion, the real part

puts a constraint. This means that the imaginary part of the momentum is the diffusive

mode and the real part is the propagating mode. However, it is interesting to observe that

due to dipole interaction, the fermionic perturbation acquires a real momentum ∝ µϕ(r0)

at the pole-skipping point which is temperature-dependent. On the other hand, the Yukawa

interaction induces a temperature-dependent spatially growing/decaying mode which is ∝

gϕ(r0). We will observe the same effect in the charged scalar-fermion interaction as well.

Here, (ω0, k0) is the zeroth order frequency and momentum. The 1st-order P-S points

are ω1 = −3πiT and 3 associated values of momentum as shown in the appendix. For

every order n, we get 2n + 1 values of momentum. Particularly, the noteworthy finding of

the present analysis is the scaling behaviour of the pole-skipping momentum near the phase
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transition point as

k0 =


±(imr0 + 40.9pµ(Tc − T )

1
2 ), Dipole coupling

±(imr0 + 40.9igr0(Tc − T )
1
2 ), Yukawa coupling.

(2.46)

The scaling exponent turns out to be again 1/2 as expected from the background condensa-

tion. The last equality corresponds to the P-S point near the critical temperature. At higher

order too, this equality holds, which we can see from the momentum values written in the

appendix. We can see that near Tc, the P-S points vanish which is the same scenario as arises

in [132]. In [132], they have discussed how with addition of the coupling term resists the

coincidence of lines of poles and zeroes. But, this case is true for T → 0 temperature. In

this work, we have shown that for massless fermions, this is indeed true near Tc.

Effect of real scalar Condensate:

From (2.32), we can recognize the co-efficient of slow fall off as the source term O1 and

co-efficient of fast fall off as the condensate term (response) O2 of the system. Critical

temperature Tc is that temperature below which O1 = 0, sourceless condition. In the right

of the Figure 2.7 we have plotted the dependence of O1 in terms of the horizon value of the

scalar field. Upon increasing the temperature, the curves are approaching towards the origin

signifying the existence of critical temperature Tc at which condensate vanishes. Once we

obtained the critical temperature we plotted the condensate as well as the horizon value of

condensed scalar field ϕ(r0) with increasing temperature as shown in Figure 2.8.

Our goal for this work is to understand the effects of this scalar condensation on the

pole-skipping points. From equation (2.45), we can see the horizon value of the scalar field

is affecting the pole-skipping point. We have plotted the dynamics of pole-skipping points

with varying temperatures in Figure 2.10. And, we observed that as the temperature increases

movement of the pole-skipping point follows the same behaviour as the horizon value of the

scalar field. Finally, as the critical temperature is reached, associated momentum saturates

with the value which is obtained without interaction. It was expected that beyond the criti-
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Figure 2.10: Left: Movement of zeroth order PS with temperature. The magenta and blue

coloured lines are for real and imaginary values of momentum with dipole coupling, while

the red colour line is for the imaginary value of momentum with Yukawa coupling. Right:

Movement of first order pole-skipping point with temperature. Here, we have considered

p = 1, g = 1,m = 1,m2
ϕ = −2.1 and q = 1. The thick lines are for momentum values with

Yukawa coupling and the dashed lines are for momentum values with dipole coupling. In

both the plots, µ is also varying as
√
3η.

cal temperature, condensate vanishes without any source term. For completeness, we have

plotted both zeroth and first-order pole-skipping points.

2.5.2 P-S with charged scalar coupling

As we have discussed in the previous section, we can carry the same discussion with charged

scalar field and study pole-skipping phenomena.

L =
√
−giΨ̄( /D −m+ ζ(|ϕ̃|2))Ψ , (2.47)

where, ϕ̃ is the charged scalar field. We have already analysed the behaviour of this charged

scalar field in detail in section (2.4.2). Here also, we can talk about dipole and Yukawa

coupling as discussed in the previous section, but with the charged scalar coupling.

• when ζ(|ϕ̃|2) = −ip|ϕ̃|2 /F : This is charged dipole coupling and will see the effect of

this interaction term in P-S points.
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Figure 2.11: Left: Movement of zeroth order PS with temperature. The magenta and blue

coloured lines are for real and imaginary values of momentum with charged dipole coupling,

while the red colour line is for the imaginary value of momentum with charged Yukawa

coupling.Right: Movement of first order pole-skipping point with temperature. Here, we

have considered p = 1, g = 1,m = 1,m2
ϕ = −2.1, q = 1 and qs = 0.1. The thick lines are

for momentum values with charged Yukawa coupling and the dashed lines are for momentum

values with charged dipole coupling. In both the plots, µ is also varying as
√
3η.

• when ζ(|ϕ̃|2) = g|ϕ̃|2: This is charged Yukawa coupling and will see the effect of this

interaction term in P-S points.

We will follow the same procedure as discussed in the appendix to calculate the P-S points.

Zeroth order P-S points are,

ω0 = −πiT, k0 =


±(imr0 + pµ|ϕ̃(r0)|2), ch. Dipole

±(imr0 + igr0|ϕ̃(r0)|2), ch. Yukawa.
(2.48)

Here, again (ω0, k0) is the zeroth order frequency and momentum. We have explicitly written

down the first-order momentum value in the appendix. Particularly, the noteworthy finding

of the charged scalar analysis is the scaling behaviour of the pole-skipping momentum near

the phase transition point as

k0 =


±(imr0 + (45.38)2 pµ(Tc − T )), ch. Dipole coup.

±(imr0 + (45.38)2 igr0(Tc − T )), ch. Yukawa coup.,
(2.49)
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The scaling exponent turns out to be unity instead of 1/2 of the real scalar field. For the first

order too, we have verified this behaviour. It is very clear from the Figure 2.11 too. After

reaching the critical frequency (where T = Tc ), momentum values saturate at the mass value

of fermion.

Effect of complex scalar Condensate:

Solving the complex scalar EOM (2.35) near the boundary of AdS, we have evaluated the

source and condensate term for the complex scalar field in section 2.4.2. For this case, we

also find the critical temperature Tc, beyond which the charge scale becomes trivially zero

in source-less conditions. Once we obtain the scalar condensate at different temperatures

below T < Tc, Figure 2.11 depicts the effect of condensation on the zeroth and first order

P-S points movement with increasing temperature. After crossing the critical temperature,

the P-S points saturate at every order. For massless fermions, P-S points vanish after critical

temperature, which seems very interesting. In the Figure 2.11, we have plotted both zeroth

and first-order P-S points for both couplings. For Yukawa coupling, the zeroth order mo-

mentum is purely imaginary, so the effect of the coupling terms is additive to the mass of the

fermions. But, for dipole coupling, the momentum value is complex. So, we have plotted

both real and imaginary values of momentum of dipole coupling in the left of Figure 2.11.

For the first-order P-S points movement, we have only shown the movement of the imaginary

values of momentum for both couplings.

We have studied the P-S phenomenon with 2 types of couplings: dipole and Yukawa,

where we have probed a scalar field, which can be real or charged. From the dictionary

of AdS/CFT, we know that the scalar field near the AdS boundary admits both source and

condensate with some specific range of mass values (obeying BF bound). There exists a

temperature when this source is zero, still, condensate is finite, which is called the critical

temperature. Calculating the P-S points with various couplings as we have mentioned, we

have studied the behaviour of these P-S points with increasing temperature up to the crit-

ical temperature (Tc). We have seen that after crossing Tc, the P-S points saturate at the
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mass value of fermion. For massless fermions, P-S points vanish after crossing Tc, which

seems very interesting. For real scalar coupling, the momentum values are ∝ (Tc − T )1/2,

while for charged scalar coupling, the momentum values are ∝ (Tc − T ). We have checked

this dependence on temperature upto third order and shown the results in appendix. In the

next chapter, we aim to study the chaotic behaviour of a holographic QCD system by pole-

skipping analysis. We introduce an effective horizon and perform pole-skipping near this

effective horizon.
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Chapter 3

Pole-skipping and chaos in D3-D7 brane

systems

The QCD theory is very interesting to study quantum chaos [135–137]. In the quenched

approximation of QCD where external fermion states have been ignored (or treat fermions

as non-dynamical fields), the chaotic nature of the theory has been extensively studied [138,

139]. In the unquenched QCD, i.e., in the presence of light quarks, the chaotic nature of the

system is expected to be different from the quenched case. Initially, the light quarks will be

bounded in the form of neutral meson. But once these mesons melt into the charged quarks

and anti-quarks, the Coulomb’s interaction among these charged candidates is supposed to

decrease the chaotic nature. This kind of effect in quantum chaos is very much new and

interesting to study. On the other hand, if we apply an external electric field, the quark/anti-

quark separation in meson increases and finally dissociates. This leads to a phase transition

between the neutral meson-dominated insulating phase and the charged quark/anti-quark-

dominated conducting phase. The chaotic parameters of the theory are also expected to

show non-trivial change through this transition. In our present work, we represent this novel

feature of quantum chaos.

In this work, we study pole-skipping and the associated behaviour of the characteristic

parameters of quantum chaos in 3+1-dimensional Yang-Mills theory in the presence of quark

flavors at a finite temperature. The chaotic nature of the YM theory with quenched flavor is

well explored. But, it is still very exciting to see the effect of flavor on the chaotic properties

65
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of the unquenched theory. In holography, the dual gravity theory of such a system can be

achieved by probing D7 branes in the black-D3 brane background [140].

3.1 Gravitational background

The type II superstring theory, at a low energy limit, reduces to the ten-dimensional super-

gravity action. The Dp branes are the solution to this action, where p is the spatial dimension

along the brane. Branes having the Arnowitt-Deser-Misner (ADM) mass equal to its charge

are called extremal or Bogomol’nyi-Prasad-Sommerfield (BPS) branes. We consider non-

extremal D3 brane in the bulk. Then, we construct a decoupled geometry where Nc number

of D3 branes are closely located. The decoupled geometry is the Schwarzschild-AdS5 black-

hole geometry. The corresponding boundary theory is N = 4 Yang-Mills theory at finite

temperature with Nc color charge. We further consider Nf number of BPS D7 probe branes

embedded in the bulk in the presence of Maxwell’s field. According to the AdS/CFT dictio-

nary, on the boundary we have the finite temperature SU(Nc)N = 4 Yang-Mills theory with

probe hypermultiplet quark flavors [140]. We will be working in the probe limit Nf << Nc

so that the probe brane does not back-react on the background geometry.

3.1.1 Review of black D3 brane solution

In this sub-section, we will briefly review the black-D3 brane solution. It starts with solving

the ten-dimensional supergravity action in the low energy limit [18]. The bulk action is given

as,

S10 =
1

2κ2

∫
d10x

√
−g
(
R− 1

2
∂Φ · ∂Φ− 2

5!
F 2

)
. (3.1)

Here, 2κ2 ∼ g2sℓ
8
s; gs is string theory coupling constant which is related to the 3 + 1 dimen-

sional YM theory coupling as 4πgs = g2YM and ℓs is fundamental string length. g and R are

the determinants of the metric and Ricci scalar defined on the 9+1 dimensional background

spacetime, Φ is the dilaton field and F is the RR 5-form field. The black D3 brane solution
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[18] has been found as,

dS2 =−
(
1−

r4+
r4

)(
1−

r4−
r4

)− 1
2

dt2 +

(
1−

r4−
r4

) 1
2

dxidx
i

+
dr2(

1− r4+
r4

)(
1− r4−

r4

) + r2dΩ2
5, (3.2)

where (t, xi) coordinates define the four dimensional worldvolume of the D3 brane and

Ω5 is transverse five-sphere. r defines the radial coordinate. r+ and r− are respectively

the positions of horizon and singularity. Now, making a coordinate transformation r =

ρ
(
1 +

r4−
ρ4

)1/4
, in (3.2), the black D3 brane solution can be written as

ds210 =

(
1 +

r4−
ρ4

)− 1
2 (

−f(ρ)dt2 + dx⃗2
)
+

(
1 +

r4−
ρ4

) 1
2
(

dρ2

f(ρ)
+ ρ2dΩ2

5

)
, (3.3)

where, f(ρ) = 1− ρ4h
ρ4

ρ4h = r4+ − r4−, (3.4)

and, Φ = Φ0 (constant), F[5] = Q (1 + ∗)Vol (Ω5) . (3.5)

In this new coordinate, the metric horizon is located at ρ = ρh. The ADM mass and charge

of the brane are,

M ∼ (5r4+ − r4−), Q2 = 4r2+r−
2. (3.6)

In the extremal or BPS limit, the solution reduces to BPS D3 brane. At this limit, r4− = r4+ =

R4
4ℓ

4
s, where R4

4 = 4πgsNc. For non-extremal cases, we have ρ4h = r4+ − r4−. We can see

at the BPS limit, ρh → 0 gives an extremal solution. We will be working in non-extremal

limits.

Now we take following scaling, r4− ≡ R4
4ℓ

4
s, ρh ≡ rhℓ

2
s and ρ ≡ ℓ2sr, where rh is a fixed

point on r. Then we take the decoupling limit (ℓs → 0) in the metric, which gives decoupled

geometry near the brane

ds210
ℓ2s

=
r2

R2
4

(
−f(r)dt2 + dx⃗2

)
+
R2

4

r2

(
dr2

f(r)
+ r2dΩ2

5

)
, (3.7)

where,

f(r) = 1− r4h
r4
. (3.8)
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This near-horizon geometry is AdS5-Schwarzschild × S5 which provides a finite temperature

to the boundary gauge theory. The temperature is

T =
rh
πR2

4

=
rh

π
√
g2YMNc

. (3.9)

Here the bulk theory has two independent parameters – temperature T and string constant

gs. The holographic boundary theory is pure YM theory which also has two free parameters

– temperature T and YM coupling g2YM = 4πgs. Since the transverse five-sphere has a

constant radius, the background action is reducible to the five-dimensional integration as

given below.

Sbulk =
1

g2s

∫
R5

4dΩ5

∫
d5x
√
−g(5)

(
R(5) +

12

R2
4

)
, (3.10)

and further, the Einstein equation can be written for the five-dimensional AdS background

as,

R(5)µν −
1

2

(
R(5) +

12

R2
4

)
g(5)µν = 0, (3.11)

where R(5)µν and R(5) are the Ricci tensor and Ricci scalar respectively for the five-dimensional

AdS background metric g(5)µν with the AdS radius R4.

For the upcoming pole-skipping calculations, we need to frame the background solu-

tions in the Eddington-Finkelstein (EF) coordinate. Our present background (3.7) can be

transformed into ingoing EF coordinate with the transformation v = t +
∫ R2

4dr
r2f(r)

. In EF

coordinate, the metric takes the form,

ds210
ℓ2s

=
r2

R2
4

(
−f(r)dv2 + dx⃗2

)
+ 2dvdr +R2

4dΩ2
5

= g(5)µνdxµdxν +R2
4dΩ2

5. (3.12)

Here, v is the null coordinate, r is the radial coordinate, and x⃗ corresponds to the spatial

coordinate x, y, z. Now, using the standard polar coordinates on the S5, we can be written

as,

dΩ2
5 = dθ2 + sin2 θdΩ2

3 + cos2 θdφ2. (3.13)
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Table 3.1: AdS5 is covered by co-ordinate t, x⃗, r and the S5 is covered by ϑ1, ϑ2, ϑ3, θ and φ

t x y z r ϑ1 ϑ2 ϑ3 θ φ

D3 ✓ ✓ ✓ ✓ × × × × × ×

D7 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ × ×

3.1.2 Embedding D7 brane

Without disturbing the background geometry, the transverse hypersphere can be unfolded as

ds210
ℓ2s

=
r2

R2
4

(
−f(r)dv2 + dx⃗2

)
+ 2dvdr +R2

4

[
dθ2 + sin2 θdΩ2

3 + cos2 θdφ2
]
, (3.14)

where the three sphere Ω3 is spanned by the angular coordinates {ϑ1, ϑ2, ϑ3}. The D3 brane

is delocalised along {v, x, y, z} while localised in r and Ω5. We consider D7 brane as a

probe brane in this background. This D7 brane is placed in such a way that it fills the D3

brane’s world volume and further extends along {r, Ω3}. Again, this D7 brane is wrapped

on Ω3, hence it is localised in {θ, φ}.

In Poincare coordinate it can be easily shown that the six-dimensional transverse space

R1 × S5 (given by {r, Ω5}) of D3 brane has been separated here into two part as R1 × S3

(given by {r sin θ, Ω3}) and R1×S1 (given by {r cos θ, φ}). So the angle between S3 and S1

can be found to be θ. We parameterize the localization of D7 in terms of embedding function

θ ≡ θ(r) and φ = constant on R1 × S1 surface. Due to the rotational symmetry on S1 of

R1 × S1, the distance of the D7 brane from the D3 brane is the radius of S1, r cos θ(r).

The parameterization of the eight-dimensional world volume of D7 brane in EF coordi-

nates is as follows.

ξ0 ≡ v; ξi ≡ xi; for i = 1, 2&3; ξ4 ≡ r; (3.15)

ξiΩ3
≡ ϑi, for i = 5, 6&7 ; θ ≡ θ(r) , φ = constant. (3.16)
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The induced metric on the D7 brane is expressed as,

ds2D7

ℓ2s
=g(5)vvdv2 + 2g(5)vrdvdr +R2

4θ
′(r)2dr2 + g(5)xixidxidxi +R2

4 sin
2 θ(r)dΩ2

3,

=γ(5)αβdξαdξβ +R2
4 sin

2 θ(r)dΩ2
3,

=γ(8)αβdξαdξβ. (3.17)

The induced metric components in EF coordinates are

γ(5)αβ =g(5)µν
dxµ

dξα
dxν

dξβ
+R2

4θ
′(r)2δrαδ

r
β = g(5)µνδ

µ
αδ

ν
β +R2

4θ
′(r)2δrαδ

r
β. (3.18)

The DBI action in the D7 brane worldvolume is,

SD7 = −NfT7

∫
dvdrd3xd3ϑ× ℓ8s

√
−γ(8), (3.19)

where, γ(8) = Det
[
γ(8)αβ

]
is the determinant of the eight dimensional worldvolume metric

(3.17) of the D7 brane. T7 = 1/(gsℓ
8
s) is the tension of the D7 brane. As Ω3 has the same

symmetries as Ω5 of the D3 brane background, these three spheres can be integrated out

easily and the DBI action can be reduced into the following form,

SD7 = −NfR
3
4VS3

gs

∫
d5x sin3 θ(r)

√
−γ(5), (3.20)

where, γ(5) = Det
[
γ(5)αβ

]
is the determinant of the five dimensional metric given in (3.18).

The total bulk action in presence of Nf D7 flavor brane (Nf ≪ Nc),

Stotal =Sbulk + SD7,

=
1

g2s

∫
d5x
√

−g(5)
[
VS5R5

4

(
R(5) +

12

R2
4

)
− gsNfVS3R3

4 sin
3 θ(r)

√−γ(5)√−g(5)

]
,

=
VS5R5

4

g2s

∫
d5x
√

−g(5)
[(

R(5) +
12

R2
4

)
− nf

R2
4

sin3 θ(r)

√−γ(5)√−g(5)

]
, (3.21)

where, VS3 = 2π2 and VS5 = π3 and,

nf =
VS3

VS5

gsNf =
VS3

4πVS5

R4
4

Nf

Nc

≪ 1. (3.22)

We call nf the probe parameter or the flavor parameter as it is only proportional to the

number of flavor Nf in YM theory. As we are in the probe limit, i.e., nf ≪ 1, this parameter
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is considered as the perturbation parameter. Since this total action is invariant under the

variation of the five-dimensional background metric g(5)µν , we find Einstein’s equation

R(5)µν −
1

2

(
R(5) +

12

R2
4

)
g(5)µν + T flavor

µν = 0. (3.23)

The energy-momentum tensor due to the D7 brane is given as follows.

T flavor
µν =− nf

R2
4

sin3 θ(r)
√−g(5)

δ

δgµν(5)

√
−γ(5)

=− nf

2R2
4

sin3 θ(r)g(5)µρg(5)νσδ
ρ
αδ

σ
βγ

αβ
(5)

√−γ(5)√−g(5)
. (3.24)

Here δαµ indicates the Dirac delta function. If we take perturbation in the background metric

g(5)µν of (3.7), the induced metric γ(5)αβ in (3.18) is also varied accordingly.

3.1.3 In the presence of Maxwell’s Field

In the presence of Maxwell field Fαβ along {v, r, x⃗} with the flavors, the DBI action (3.19)

in the D7 brane worldvolume is modified into the following form,

SD7 = −NfT7

∫
d8x
√
−Det

[
ℓ2sγ(8)αβ + 2πℓ2sFαβ

]
,

= −Nf

gs

∫
d8x
√
−Det

[
γ(8)αβ + Fαβ

]
,

= −g−1
s NfR

3
4VS3

∫
d5x
√

−γ(5) sin3 θ(r)L8, (3.25)

where ℓ2sγ(8)αβ is the pullback of the ten-dimensional background onto the D7 brane world-

volume. Note that 2π factor has been absorbed in Fαβ and

L8 =

[
1− 1

2
F β
α F

α
β

]1/2
≈
[
1− 1

4
F β
α F

α
β

]
,

The indices of the Maxwell field are raised/lowered with the D7 brane metric γ(5)αβ , i.e.,

F β
α = Fαλγ

λβ
(5). Now to find the energy-momentum tensor (3.24) with the presence of the
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Maxwell field, we need to vary this action (3.25) w.r.t g(5)µν

∆SD7

∆g(5)µν
=− g−1

s NfR
3
4VS3

∫
d5x sin3 θ(r)

√
−γ(5)

×
[
1

2

(
1− 1

4
F γ
λ F

λ
γ

)
γαβ(5) +

1

2
FαλF β

λ

]
δµαδ

ν
β. (3.26)

Therefore, the energy-momentum tensor is

T µν
flavor =− nf

2R2
4

sin3 θ(r)

√−γ(5)
√
g(5)

[(
1− 1

4
F γ
λ F

λ
γ

)
γαβ(5) + FαλF β

λ

]
δµαδ

ν
β. (3.27)

We have seen that the effective metric on the D7 brane due to the Maxwell field is γ(8)αβ +

Fαβ . Therefore the presence of an electric field modifies the location of the singularity.

3.1.4 Embedding equation

In the holographic picture, considering Maxwell’s field on the flavored D7 brane is equivalent

to considering the charged flavored quarks in the boundary Yang-Mills theory. We put a

constant electric field E along the x1 direction on the D7 brane. We can take one of the two

configurations of the vector field Aµ given below which gives the same results in our case.

(i) the Coulomb potential Av(x) = E x1. It gives the Maxwell field as,

Fvx1 = −∂x1Av = −E,

Or, (ii) a v dependent vector potential Ax1 = −E v along x1 direction. It gives the same

Maxwell fields as above. Here we also add a current along x1. So to apply the Maxwell

potential, we can take either (i) Av = Ex1&Ax1 = Ãx(r) or (ii) Ax1 = −Ev+ Ãx(r). Now,

the D7 brane action can be rewritten as,

SD7 ∼
∫
drL.

L =
r2 sin3 θ(r)

R3
4

[
r2 + Ã

′

x

(
−2ER2

4 + r2f(r)Ã
′

x

)
+
(
−E2R4

4 + r4f(r)
)
θ′(r)2

]1/2
.

Here prime denotes the derivative with respect to r. Taking E = E0/R
2
4, the Lagrangian

becomes

L =
r2 sin3 θ(r)

R3
4

[
r2 + Ã

′

x

(
−2E0 + r2f(r)Ã

′

x

)
+
(
−E2

0 + r4f(r)
)
θ′(r)2

]1/2
. (3.28)
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From the above Lagrangian, it is clear that Ãx(r) is a cyclic coordinate, and hence the asso-

ciated conserved current source J0 is expressed as,

∂L
∂Ã′

x(r)
= J0 ⇒ r2f(r)Ã

′

x(r) = E0

−R3
4J0

√
(r4f(r)− E2

0) (1 + r2f(r)θ′(r)2)

r6f(r) sin6 θ −R6
4J

2
0

. (3.29)

Using this constraint, we can write the Lagrangian in the Legendre transformed form as

L̃ =L − J0Ã
′

x(r),

=
1

r2f(r)R3
4

[
−R3

4E0J0 +
({
r4f(r)− E2

0

}
×{

1 + r2f(r)θ
′
(r)2

}{
r6f(r) sin6 θ −R6

4J
2
0

})1/2]
,

=
1

r2f(r)R3
4

({
r4f(r)− E2

0

}{
1 + r2f(r)θ

′
(r)2

}{
r6f(r) sin6 θ −R6

4J
2
0

})1/2
. (3.30)

In the last equation, we have dropped the term −R3
4E0J0 as it is independent of the

generalized coordinates. In other words, this θ(r) independent term is associated with a

constant energy contribution in the D7 brane worldvolume. Now the final Lagrangian (3.30)

is to be real. However, it has two factors – r4f(r)−E2
0 and r6f(r) sin6 θ−R6

4J
2
0 – which can

make the Lagrangian imaginary. The Lagrangian is real if either both factors are positive or

negative. At finite electric field and current, both the factors are positive at large r → ∞ and

they decrease as we go to the smaller r regime. Then both factors become simultaneously

zero at a particular point r = r0. Here at this special cut-off point, the Lagrangian (3.30)

vanishes. This point is also called as the position of vanishing locus [141, 142]. After that as

r < r0, both factors become negative which makes the Lagrangian real again. The location

of the vanishing locus is at r = r0 if

r40 − r4h − E2
0 = 0, (3.31)

r60f(r0) sin
6 θ(r0) = R6

4J
2
0 . (3.32)
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Again the effective open string metric on the probe brane is given by

γ̃(8)αβ =γ(8)αβ + Fαλγ
λν
(8) Fνβ

=γ(5)αβ + Fαλγ
λν
(5) Fνβ +R2

4 sin
2 θ(r)dΩ2

3 ,

and the line element is

d̃s
2

D7 = −r
4f(r)− E2

0

R2
4r

2
dv2 +

r4 (r4f(r)− E2
0) sin

6 θ

R2
4

(
r6f(r) sin6 θ −R6

4J
2
0

)dx21 +
r2

R2
4

(
dx22 + dx23

)
+ 2

(
1− E2

0

r4f(r)
+
R3

4J0E0

r4f(r)

√
(r4f(r)− E2

0) (1 + r2f(r)θ′(r)2)

r6f(r) sin6 θ −R6
4J

2
0

)
dvdr +R2

4

(
θ′(r)2+

(
E0

r3f(r)
− R3

4J0
r3f(r)

√
(r4f(r)− E2

0) (1 + r2f(r)θ′(r)2)

r6f(r) sin6 θ −R6
4J

2
0

)2
 dr2 +R2

4 sin
2 θdΩ2

3. (3.33)

In the region r < r0, according to the aforementioned discussion, the effective open

string metric changes signature, as its vv-component becomes positive. So, it puts a further

condition on the complete system and suggests to define an effective horizon at r4f(r)|r0 =

E2
0 , i.e. r0 = (r4h + E2

0)
1/4. In the following sections, this effective horizon will play a crucial

role in chaos and pole-skipping. The AdS5 blackhole background has the horizon at r = rh.

In the presence of the D7 brane and the Maxwell field, the background has to be back-reacted

in principle. The back-reacted background is expected to have a new horizon around r0. But,

using the perturbative approximation (Nf << Nc), we have neglected the back-reaction. So,

we don’t find this effective horizon in the bulk metric. The effective horizon appears in the

open string effective metric on the D7 brane. The above two conditions (3.31) & (3.32) give

r0 =
(
r4h + E2

0

)1/4
, (3.34)

J0 = R−3
4 E0

(
r4h + E2

0

)1/4
sin3 θ0, (3.35)

and,

Ã′
x(r0) =

r20
E0

[
1−

√
2r40 + 2r20E

2
0θ

′(r0)2

2r4h + 3 (1 + r0θ
′(r0) cot θ(r0))E2

0

]
. (3.36)
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The above equation (3.35) relates the current density with the applied electric field, similar

to Ohm’s law. For weaker field (E0 ≪ r2h), J0 ∝ E0, which is reminiscent of linear response

theory. This field-induced current is the flow of the charged quarks in the direction parallel

to the electric field. Therefore, the charged quark density distribution on dual field theory is

varied with the applied field E0.

Looking at the Lagrangian (3.30), one realises that the embedding angle θ(r) of the D7

brane in the D3 brane background is the only canonical variable in the effective D7 brane

Lagrangian. Here, we take r as the parameter and derive the dynamical equation of θ(r) as,

d

dr

[
θ′(r)

1 + r2f(r)θ′(r)2

]
− 3r4 sin5 θ cos θ

r6f(r) sin6 θ −R6
4J

2
0

+
θ′(r)

1 + r2f(r)θ′(r)2

[
2r3

r4f(r)− E2
0

+
r (2− f(r))

1 + r2f(r)θ′(r)2
(
θ′(r)2 + r2f(r)θ′(r)θ′′(r)

)
+

r4 sin5 θ

r6f(r) sin6 θ −R6
4J

2
0

(
r(2 + f(r)) sin θ + 3r2f(r)θ′(r) cos θ

)]
= 0. (3.37)

The equation of motion of θ(r) given in (3.37) is a second-order non-linear differential equa-

tion. We know that r cos θ(r)(= d(r)) represents the separation between D3 and D7 brane.

r sin θ(r)(=
√
r2 − d2) is the radius of the Ω3 sphere on which the D7 is wrapped. There-

fore, d(r) should be regular at the horizon of the background geometry. It refers to the

regularity condition of θ(r). Furthermore, the asymptotic behaviour of θ(r) is known to be

holographically related to the quark mass mq and its condensate cq as follows,

d(r → ∞) ≈ mq +
cq
r2

or θ(r → ∞) ≈ π

2
− mq

r
− c′

r3
, (3.38)

where, c′ = cq + m3/6. Since this system preserves chiral symmetry, there is no non-zero

mass with zero condensate.

Near the point r = r0 of the constant energy, the regularity condition of θ(r) helps us to

expand it in the Taylor series. This immediately gives the following relation

θ′(r0) =
3r30 cot θ(r0)

2 (2r40 + E2
0)

=
3 (r4h + E2

0)
3/4

2 (2r4h + 3E2
0)

cot θ0, (3.39)

where θ0 is the value of the embedding function at r0. Now, the solution of θ(r) has to be

found in two steps. In the first step, putting the boundary condition (3.39) and the value
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Figure 3.1: Top: Plotted the distance between D3 brane and D7 brane - r cos θ and the radius

of Ω3 sphere - r sin θ without electric field E0 = 0 and nf = 1. Below: Plotted the distance

between D3 brane and D7 brane - r cos θ and the radius of Ω3 sphere - r sin θ with different

electric field values. The dashed lines are effective horizons at some specific values of E0

θ(r0), we solve the embedding function θ(r) from (3.37) in the range r0 to ∞. In the next

step, implementing the same boundary condition at r0, we solve θ(r) from (3.37) in the

range r0 to rh. In this way, we solve the embedding function for the whole range of the

radial coordinate. From these solutions, we find the horizon value of the embedding function

θ(rh) depending on the boundary condition θ(r0). We now solve numerically the equation

(3.37) with two constraints, (3.38) and (3.39), using the above regularity condition. Once

we have found the solution of θ(r), we can easily find the distance of the D7 brane from

the D3 brane, r cos θ(r) and the radius of the Ω3 sphere on which the D7 brane is wrapped,

r sin θ(r). The different types of embedding of the D7 brane can be understood clearly from

the plot of these two lengths presented in Figure 3.1. In the first of the two figures, we
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plot r sin θ vs. r cos θ with zero electric field. The circular line represents the location of

the black hole horizon. The different curves represent the embeddings for different quark

masses. Since the background has a horizon at r = rh, instead of the point r = 0, the

effective distance of the flavor brane is measured from the surface of the horizon, which is

a sphere of radius rh. i.e., the distance of D7 brane from the horizon is r cos θ − rh. We

can have three situations: - (i) r cos θ − rh < 0 signifying the fact that the D7 brane crosses

the horizon and extends inside the horizon, i.e., blackhole embedding; (ii) r cos θ − rh = 0

signifies that D7 brane just touches the horizon at a single point, i.e., critical embedding;

and (iii) r cos θ − rh > 0 signifies the fact that the D7 brane does not touch the horizon

and is located above the horizon, i.e., Minkowski embedding. Here at the finite temperature,

we start from the blackhole embedding and end at the critical embedding in the first plot

of Figure 3.1. In the other plot, we turn on the electric field. We have plotted the critical

embedding at three different values of the electric field: E0 = 0.0, 0.6&0.9. The plot shows

that with increasing electric field values, the effective horizon moves away from the original

horizon and the quark mass of the corresponding embedding increases. The quark masses

for the above three values of electric fields are mq = 0.9, 1.1&1.3 accordingly. Therefore,

the electric field increases the quark mass for critical embedding, i.e., the critical mass. With

the electric field the type of embedding is identified with respect to r = r0. So in the

Minkowski embedding the D7-brane shrinks above r0 and in the blackhole embedding the

D7-brane crosses the vanishing locus r = r0. We find two kinds of solutions in the blackhole

embedding. The first kind is the solutions where the D7-branes are crossing r = r0 and

shrinking at a point before rh. These solutions contain the conical singularity between the

horizon and r0. The second kind of solution is smooth. They smoothly cross the original

horizon r = rh without encountering any singularity. We have found that smooth embedding

occurs for the electric field value E0 < 0.86r2h. So for smooth embedding, we need to

maintain an electric field smaller than this critical value Ecr ≈ 0.86r2h.

So in our study, we will consider the weak electric field to ensure the smooth embed-

ding. For a strong electric field, the system becomes complicated due to the presence of
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Figure 3.2: The plots of embedding function for different electric fields E0 < Ecr, E0 = Ecr

and E0 > Ecr at rh = 1 and θ0 = 0.1. We find Ecr = 0.86.
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Figure 3.3: The condensate cq vs the quark mass mq with fixed temperature T = 1/(πR2
4)

for different electric fields. From bottom, E0 = 0.0, 0.2, 0.4, 0.6, 0.8&1.0. Right : Plot of

mq/
√
E0 vs the electric field for two different values of embeddings.

those aforementioned singularities, and further backreaction will be important. We will work

strictly in the perturbative limit.

Two important meson parameters namely the quark mass mq and quark condensate cq

are numerically extracted from the asymptotic expansion of θ using (3.38). In Figure 3.3, we

have plotted those quantities for different values of the electric field E0. From the plot, we

find cq = 0 at mq = 0 irrespective of E0. The behaviour of the quark condensate is highly

non-linear with increasing mass. At low quark mass mq, the magnitude of cq increases lin-

early. However, with increasing mass, cq reaches maximum and then starts decreasing till

the point of critical mass mq = mcrit
q , where the meson starts to melt. Therefore, beyond
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this mass value, the condensate does not exist. From the plot, we see that the critical mass

mcrit
q increases with the increasing value of E0 [141, 142]. The binding energy of mesons

is expected to be proportional to the mass of its constituent quarks. Under the influence of

an external electric field, the quark and anti-quark pair of the bound state meson experience

Coulomb force in opposite directions, and that helps in the dissociation of the meson by

decreasing its binding energy. Hence, in a stronger electric field background, meson needs

higher binding energy to survive, which leads to a higher critical mass of the quark. In pre-

vious studies [141], we have also observed that this critical mass is proportional to
√
E0.

In Figure 3.3, we have plotted mq√
E0

with E0 for two different values of θ = 0.09, 0.25 with

rh = 1. These embedding values are less than the critical embedding. So, with these embed-

dings, we will not face the conical singularity problem. At a lower value of the electric field,

we can see that there is no distinction between the embeddings. The difference becomes

clear at higher values of the electric field. For different rh, we have calculated the critical

value of the electric field numerically. For rh = 0.9, Ecr = 0.75 and for rh = 1.1, Ecr = 0.87.

On the other hand, the inclusion of an electric field decreases the critical temperature of

melting and the condensation parameter cq is inversely scaled with temperature. This is the

reason behind the increase of −cq with E0. A more detailed explanation of this model can

be found in [141, 142].

3.2 Pole-skipping and Characteristic parameters of Chaos

The primary goal of this work is to study the chaos in the 3 + 1 dimensional flavored Yang-

Mills theory. It is very common to calculate the Lyapunov exponent and butterfly velocity to

measure the quantum chaos in such a model. In this context, one can get these parameters

from the vv-component of the linearised Einstein equation. This method is well-known from

various previous articles [86, 98]. Now, we employ this method in the above gravity back-

ground – the embedded probe D7 branes in black D3 brane metric. We take the following
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perturbation in the background metric (3.7)

ḡ(5)µν = g(5)µν + δgµν(r)e
−iωv+ikx, (3.40)

where, the perturbation is assumed to propagate along x direction with frequency ω and

momentum k. As the chaos is related to the energy density correlation function on the

boundary theory, in the bulk, the corresponding perturbations need to have longitudinal po-

larization. These kinds of perturbation modes are also called the sound modes or scalar

modes. Here, the sound modes metric perturbations are {δgab, δgyy + δgzz} where a, b

correspond to v, r, x. Without any loss of generality, we chose metric perturbations to be

traceless, δgyy = δgzz = −δgxx/2, which keeps θ(r) invariant. Further, we consider the

gauge δgrµ = 0 for all µ. With this, the sound channel perturbation consists of only three in-

dependent components, {δgvv, δgvx, δgxx}. Our main target is to look for the pole-skipping

point associated with the metric perturbation variables. Therefore, we expand the metric

perturbation near the effective horizon as follows,

δgµν = δg(0)µν + δg(1)µν (r − r0) + · · · .

Upon using these near effective-horizon expansions into the vv-component of the linearised

Einstein equation (3.23), we examine the coefficients of each order in (r − r0) expansion.

The coefficients of zeroth order sound mode perturbations {δg(0)vv , δg
(0)
vx , δg

(0)
xx } consists only

two unknowns – ω and k resulting into following equation,

8k2R8
4 +

(√
2E2

0 + 4r40 + 2r20

)(
12R4

4E
2
0

r40
− 6iR6

4ω

r0

)
+ nf

[(√
2E2

0 + 4r40 + 2r20

)(
2R4

4r
4
0

E2
0 + 2r40

− 2r40 +R4
4

)
+ 8r60

]
sin3 θ0 = 0 (3.41)

and, 8kR6
4

(
−3ir4h + ir40 +R2

4ωr
3
0

)
= 0. (3.42)

From these equations (3.42), we get,

ω = i
3r4h − r40
R2

4r
3
0

=
i

R2
4

2(πTR2
4)

4 − E2
0

((πR2
4T )

4 + E2
0)

3/4
, (3.43)
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where, we have used the relations r40 = r4h + E2
0 and rh = πR2

4T . Note that, from the right

plot of Figure 3.3, we have already observed that Ecr < r2h. So, the allowed value of the

electric field is always E0 < r2h which implies E2
0 ≪ T 4. Thus the shift due to the electric

field term in the effective horizon is always very small compared to the blackhole horizon.

Therefore, utilizing the relation given in (1.53), the Lyapunov exponent is calculated to be,

λL =
2(πTR2

4)
4 − E2

0

R2
4 ((πR

2
4T )

4 + E2
0)

3/4
,

=2πT

[
1− 5E2

0

4π4R8
4T

4
+

33E4
0

32π8R16
4 T

8
+O(E5

0)

]
. (3.44)

The Lyapunov exponent in (3.44) is found to be affected by the electric field. The param-

eter R4 is connected to the YM theory as R2
4 =

√
g2YMNc. So, from this Lyapunov exponent,

we can see the dependence on Nc and gYM. In the absence of an electric field, we obtain the

standard expression λL = 2πT , which saturates the MSS bound. Therefore, without the cur-

rent source, the system is maximally chaotic. From (3.43), the Lyapunov exponent is found

to be zero if r40 = 3r4h or E2
0 = 2π4R8

4T
4, which sets the cut-off value of field E0 =

√
2r2h.

But this value is beyond the critical value Ecr
0 . Further in our perturbative frame, the flavour

density is too small as it is proportional to nf . To keep the model consistent, the applied

electric field E0 should be small enough so that the induced current does not make much

change in the charge distribution. So here the Lyapunov exponent can not be zero by tuning

the electric field.

In the limit E2
0 << (πTR2

4)
4, we can write the above Lyapunov exponent (3.44) as,

λL ∼ 2πT

(
1− 5E2

0

4π4R8
4T

4

)
= 2πT

(
1− 5E2

0

4π4g4YMT
4N2

c

)
. (3.45)

In Figure 3.4, we have plotted the Lyapunov exponent λL with the variation of the electric

field. As the electric field E0 increases, λL decreases monotonically. We have plotted the

λL up to the critical value of the electric field only. As we have already discussed, beyond

that critical value, we have conical solutions. So, we must have to avoid those solutions

by restricting the electric field. Another point is, that turning on the electric field, pulls the

quark/anti-quark pair apart, and lowers their binding energy. The plot, therefore, indicates an
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Figure 3.4: Plot of Lyapunov exponent λL vs electric field E0 at three different temperature

πR2
4T = 0.9, 1.0&1.1 and nf = 1.

interesting fact that as meson’s binding energy decreases, the system becomes less chaotic

with decreasing Lyapunov exponent.

The solution of k can be found from (3.42) which assumes the following form,

8R8
4k

2 =

(√
2E2

0 + 4r40 + 2r20

)(
−12R4

4E
2
0

r40
+

6iR6
4ω

r0

)
− nf

[(√
2E2

0 + 4r40 + 2r20

)(
2R4

4r
4
0

E2
0 + 2r40

− 2r40 +R4
4

)
+8r60

]
sin3 θ0 (3.46)

Inserting the solution of ω into the above equation and expanding for small E0, the solu-

tion of the momentum k can be written as follows,

k2 =− 6r2h
R4

4

− 3E2
0

4R4
4r

2
h

+ nf

(
− r2h
R4

4

+
E2

0 (r
4
h − 3R4

4)

8r2hR
8
4

)
sin3 θ0 +O

(
E3

0/R
8
4

)
(3.47)

where, θ0 ≡ θ(r0). The magnitude of momentum depends on the flavor parameter nf and

the electric field E0. Without the probe D7 brane (i.e. nf = 0 and E0 = 0), we recover

the standard result for pure AdS5, k2 = −6π2T 2. Unlike ω, the momentum receives a

contribution from θ0 which in turn leads to non-trivial quark mass mq dependence, which

is one of the important results of our present study. Given the above solutions for the pole-

skipping momentum, the butterfly velocity can be calculated from the relation vb = λL/|k|
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Figure 3.5: Left: The plot of butterfly velocity vb vs quark mass m at three different fields

E0 = 0.0, 0.5&0.8 with fixed T = 1/(πR2
4) and nf = 1. Right: The plot of butterfly veloc-

ity vb vs electric field E0 at θ0 = 10−2 at three different temperature πR2
4T = 0.9, 1.0&1.1

and nf = 1.

as,

vb =
r20 (2r

4
h − E2

0)
√
3E2

0 + 2r4h

√√
6E2

0 + 4r4h − 2r20

6
√
6E3

0R
4
4r

3
0 (3E

4
0 + 8E2

0r
4
h + 4r8h)

3/2

[
−12E2

0R
4
4

(
3E4

0 + 8E2
0r

4
h + 4r8h

)
+nf sin

3 θ0

{
4r100

(
2r40 + E2

0

)√
6E2

0 + 4r4h − 12E2
0r

12
0 + E4

0R
4
4r

4
0

−2r80
(
E4

0 − 2E2
0R

4
4

)
− 16r160

}]
(3.48)

At the small electric field expansion

vb =

√
2

3

[
1− 21E2

0

16π4R8
4T

4
+
nf sin

3 θ0
12

(
−1 +

E2
0

8R4
4

(
1 +

17

2π4R4
4T

4

))]
+O

(
E3

0/R
6
4

)
.

(3.49)

The butterfly velocity characterises how fast information scrambles in a system in the chaotic

regime, and that turns out to be a function of the electric field, mass and current density of

flavors in our study. We can see the effect in terms of YM theory by replacing R4 in terms

of gYM and Nc. For pure AdS5, the butterfly velocity is a numerical constant
√

2
3
, which

can be recovered from (3.48). In Figure 3.5, we represent the effect of flavor quark on the

characteristic parameters of chaos. We plot the butterfly velocity vb with the quark mass mq

for three different values of electric field, E0 = 0, 0.5&0.8. For a fixed value of the electric
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field, we find the butterfly velocity remains almost constant in the full range 0 ≤ mq ≤ mcrit
q .

However, with increasing electric field, vb decreases. The variation is almost the same as the

Lyapunov exponent.

3.3 Master Equation

In the previous section, we have calculated the chaotic parameters from the vv component of

Einstein’s equation by perturbing the sound mode. In this section, we will analyze the per-

turbed modes by constructing a unique master equation from all the perturbed components

of Einstein’s equation as shown in [143]. In this D3-D7 background set-up, it would be note-

worthy to study the dispersion relations at small ω, k. We can study these dispersion rela-

tions from the pole-skipping of retarded two-point function of the energy-momentum tensor

[72, 76, 98]. Overall, these pole-skipping points unfold the relation between the boundary

Green’s function in the hydrodynamic limit and low energy perturbation with its near-horizon

behaviour in the bulk. We perturb the background metric as gµν +δgµν , from which we com-

pute the linearised coupled Einstein’s equations. However, there exists a unique choice of

gauge-invariant perturbation variable, which will be shown to reduce the perturbation equa-

tions into the unique form of the second-order master equation. The near-horizon behaviour

of this master equation is enough to study the hydrodynamic dispersion relations. The com-

plete solution of the perturbations comes from the master equation of the corresponding

perturbation channel. The metric perturbation variables in a generic five-dimensional black

hole can be classified into three classes: scalar or sound channel, vector or shear channel and

tensor channel. We have chosen the wavenumber k to point along the x-direction. Then, we

can write these perturbed channels as:

• Scalar or sound channel : δgvv, δgvx, δgxx and δgyy + δgzz.

• Vector or shear channel : δgvy, δgxy, δgvz and δgxz

• Tensor channel : δgyz .
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We have imposed the radial gauge condition and trace-less condition, which we have thor-

oughly discussed in the previous section.

3.3.1 Sound Channel

The sound channel has three independent variables {δgvv, δgvx, δgxx}. We can construct a

gauge invariant master variable from these three variables,

Zso(r) = k2δgvv+2ωkδgvx + ω2δgxx +
k2

2

[
2− f(r)− ω2

k2

]
(−δgxx) ,

which satisfies the unique master equation as follows,

Z ′′
so(r) + Pso(r, ω, k)×Z ′

so(r) +Qso(r, ω, k)×Zso(r) = 0. (3.50)

The coefficients Pso, Qso are functions of r, ω and k. The detailed expressions of these

coefficients are given in appendix C.8. To handle these large expressions, we have expanded

them around E0 = 0 and taken up to order of E2
0 . These coefficients consist of the flavor

correction at the order of nf . As nf → 0 and E0 → 0, the equation (3.50) reduces to

the sound mode master equation of standard AdS5. To obtain the pole-skipping points, we

expand the master variable near the horizon as

Zso(r) =
∞∑
n=0

Zn × (r − r0)
n = Z0 + Z1 × (r − r0) + · · · ,

where Zn are the non-zero finite constant coefficients. Consequently, the master equation

around the horizon r = r0 takes the following form,
∞∑
q=0

[
q+1∑
p=0

Cq
p (ω, k)× Zp

]
× (r − r0)

q = 0, (3.51)

where Cq
p depend on ω, k and other parameters of the system. At each order of (r − r0),

the expression in the square bracket of (3.51) should vanish. It gives the relation between

various Zp. We can write it in the well-known matrix equation as discussed in [77, 78].

In this work, we discuss only the first-order pole-skipping point (ω1, k1), which comes

from the equation (3.51) at the zeroth order term, i.e., q = 0, which gives

C0
0(ω, k)× Z0 + C0

1(ω, k)× Z1 = 0.
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Since, Z0 and Z1 are non-zero and arbitrary, we must haveC0
1(ω1, k1) = 0 andC0

0(ω1, k1) =

0. From the expansion of master equation (3.50) we get two equations given below,

r2h
(
2rh − iR2

4ω1

)
+
E2

0

r2h

{(
rh − iR2

4ω1

)
+ ω2

1

3 (2rh − iR2
4ω1)

2 (2k21 − 3ω2
1)

}
= 0 , (3.52a)

6r2h −R4
4k

2
1 + rh

(
2rh + iR2

4ω1

) 2k21 + 9ω2
1

2k21 − 3ω2
1

+ nf
2R4

4r
2
h (14k

2
1 − 9ω2

1) + r6h (10k
2
1 + 9ω2

1)

12R4
4 (2k

2
1 − 3ω2

1)
sin3 θ0

+
E2

0

4r3h (2k
2
1 − 3ω2

1)
2

[(
32rh

(
8k41 − 9k21ω

2
1

)
+ iR2

4ω1

(
92k41 − 108k21ω

2
1 + 27ω4

1

))]
+

O(n2
f ) = 0 . (3.52b)

Solving the above two equations simultaneously, we can evaluate the value of ω1 and k1.

Here, we have assumed 2k21 − 3ω2
1 ̸= 0 in evaluating these solutions.

Without D7 probe branes, nf = 0 and E0 = 0, the first-order pole-skipping point is

located at ω1 = −2irh/R
2
4 and k1 is given by the equation

6r2h −R4
4k

2
1 + 4r2h

R4
4k

2
1 − 18r2h

R4
4k

2
1 + 6r2h

= 0 ⇒ k21 =
2r2h
R4

4

(
1± 2i

√
2
)
. (3.53)

This solution matches with the known result obtained in [76, 86]. This result (3.53) also

ensures the validity of our calculations.

With D7 brane (i.e., nf ̸= 0 and E0 = 0), the first order pole-skipping occurs at ω1 =

−2irh/R
2
4 and the equation of k1 is

− 12R4
4

(
−4k21R

4
4r

2
h + 36r4h + k41R

8
4

)
+ nfr

2
h sin

3 θ0
(
5k21R

4
4r

4
h + 36R4

4r
2
h − 18r6h + 14k21R

8
4

)
= 0,

from which k1 can be solved and we get,

k21 =
1

24R12
4

(
5nfR

4
4r

6
h sin

3 θ0 + 2R8
4r

2
h(24 + 7nf sin

3 θ0)

±
(
R8

4r
4
h(−18432R8

4 + 384nfR
4
4(8R

4
4 − r4h) sin

3 θ0

+n2
f (14R

4
4 + 5r4h)

2 sin6 θ0)
)1/2 )

. (3.54)
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We, therefore, find no effect of the flavor quarks on ω1 as long as the Yang-Mills system

contains only neutral meson states. However, the momentum value k1 acquires non-trivial

correction due to the presence of meson states. As the near-horizon value θ0 appears in

momentum k1, we find that the momentum values are affected by the quark mass mq.

With D7 brane and non-vanishing world volume electric field, we again can solve the

above two equations (3.52a) and (3.52b) perturbatively in the small electric field limit and

up to the first-order of nf to find the first-order pole-skipping point.

ω1 =− 2irh
R2

4

± R6
4E

2
0

r3h

[
1√
2R8

4

− nf sin
3 θ0

64R12
4

((√
2∓ i

)
r4h + 2

(
2
√
2± i

)
R4

4

)]
+O

(
E3

0

)
, (3.55a)
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nfr

2
h sin
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24R8

4
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2
)
r4h + 2

(
7∓ 4i

√
2
)
R4

4

)
+
R4

4E
2
0

r2h

(
±33 + 15i

√
2

4R8
4

+
nf sin

3 θ0
768R12

4

((
640± 263i

√
2
)
r4h + 6 (−32

±89i
√
2
)
R4

4

))
+O

(
E3

0

)
. (3.55b)

To this end let us remind the reader that, previously, we have seen that the boundary Green’s

function related to the sound channel perturbations has given the pole-skipping points that are

located in the upper half of the complex ω-plane. Therefore, those pole-skipping points can

be directly related to the chaos parameters. However, from the master equation analysis, we

get the pole-skipping points (3.55), that are located on the lower half of the complex ω-plane.

These P-S points, therefore, cannot be related to the chaos parameters. However, it shows the

same kind of non-uniqueness in the associated boundary Green’s function. In the absence of

the probe brane, the absolute value |k21| = 6r2h/R
4
4 from (3.53) and |vb| =

√
2/3 are the same

for both of the upper and lower half-planes. However, perturbation modes are found to be

related to the propagation and decay of the energy energy fluctuation in the boundary theory.

The real and imaginary part of k1 respectively gives diffusion and decay of energy density

fluctuation in x direction. We can discuss the dispersion relation of hydrodynamic modes

that pass through P-S points. We have noticed that the first-order P-S point is very close
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to the hydrodynamic dispersion curve i.e., we can expect this point to satisfy the relation

ω = −iDTk
2. We indeed can define an effective thermal diffusion constant from the real

part of k1, as,

Deff
T =

Re[iω1]

Re[k21]
=

1

2πT
− nf

π4R4
4T

4 + 1

48πT
sin3 θ0

+

(
3

8π5R8
4T

5
− nf

5 (71π4R4
4T

4 − 6)

3072π5R8
4T

5
sin3 θ0

)
E2

0 +O
(
E3

0

)
. (3.56)

In the absence of the probe brane and the electric field, the thermal diffusion constant is

found to be,

DT =
1

2πT
=

3

4π

v2b
T
, (3.57)

which is observed to be connected to the butterfly velocity [144]. The presence of the probe

brane modifies the diffusion constant in a nontrivial manner.

3.3.2 Shear Channel

The perturbations in the direction transverse to the propagation direction are analysed in this

section. These perturbation modes as a group belong to the shear channel. On the gauge

theory side, these perturbations are the fluctuation of the momentum density. Using shear

channel perturbations δgvy(r), δgxy(r), δgvz(r) and δgxz(r), we can construct two gauge

invariant variables as Zy = kδgvy + ωδgxy and Zz = kδgvz + ωδgxz. By manipulating the

perturbed Einstein’s component equations, we can construct the master equation for these

gauge-invariant variables. The general form of the master equations can be written as,

Z ′′
sh(r) + Psh(r, ω, k)×Z ′

sh(r) +Qsh(r, ω, k)×Zsh(r) = 0. (3.58)

where, Zsh(r) ≡ kδgvy(r) + ωδgxy(r) ≡ kδgvz(r) + ωδgxz(r). The coefficients are given in

appendix C.9. Using the same method as the sound mode, we find the pole-skipping point

from the near-horizon expansion.

In the small electric field limit, the equations for the pole-skipping points are,

2r2h
(
2rh − iR2

4ω1

)
+
E2

0 (4rh (k
2
1 + 2ω2

1)− iR2
4ω

3
1)

ω2
1r

2
h

= 0, (3.59a)
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and,
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1)

ω1

+
1

4
nfr

2
h sin

3 θ0

(
2− r4h

R4
4

)
+ E2

0

[
1

4ω3
1r

3
h

(
32ω1rh

(
k21 + ω2

1

)
− iR2

4

(
16k41 − 12k21ω

2
1 + 7ω4

1

))
+

nf sin
3 θ0

8R4
4ω

2
1r

2
h (r

4
h + 2R4

4)

(
4k41

(
r4h

−2R4
4

)2
+ ω2

1

(
−4R4

4r
4
h − 3r8h + 4R8

4

))]
= 0. (3.59b)

We can find the first-order pole-skipping point from the above equations. The approximate

solutions in terms of the small nf limit of the above equations are:

ω1 ≈ −2irh
R2

4

− infE
2
0

2R4
4 − r4h

8r3hR
6
4

sin3 θ0 +O
(
E3

0

)
, (3.59c)

k21 ≈
6r2h
R4

4

− nfr
2
h

2R4
4 − r4h
4R8

4

sin3 θ0 +
E2

0

r2h

[
69

2R4
4

+ nf
15r8h − 20R4

4r
4
h − 4R8

4

8R8
4 (r

4
h + 2R4

4)
sin3 θ0

]
+O

(
E3

0

)
. (3.59d)

In the absence of the flavor brane and the electric field, the first-order pole-skipping point

matches with the previous result ω1 = −2iπT, k21 = 6π2T 2 given in [76, 86]. From the

above result, we can see the presence of probe D7 brane parameters.

Like the sound channel, the first-order pole-skipping point follows the hydrodynamic

dispersion relation ω = −iDpk
2 associated with the momentum transportation. Therefore,

the corresponding momentum diffusion constant can similarly be calculated up to order E2
0

as given below,

Deff
p =

iω1

k21

=
1

3πT
+ nf

2− π4R4
4T

4

72πT
sin3 θ0 −

E2
0

π5R8
4T

5

[
23

12
+ nf

76− 20π4R4
4T

4 − 5π8R8
4T

8

144 (2 + π4R4
4T

4)
sin3 θ0

]
.

In the absence of the probe brane and the electric field, the momentum diffusion constant is,

Dp =
1

3πT
=

1

2π

v2b
T
. (3.59e)

It is very tempting to connect the momentum diffusion constant with the butterfly velocity

[73]. However, in a physical sense, this relationship is not very well-motivated. A factor
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of 3/4 is missing in the diffusion constant calculated from the P-S point, whereas in the

boundary theory, it comes out to be 1
4π T

[145]. The presence of the probe brane modifies the

diffusion constant up to higher orders of the electric field.

3.3.3 Tensor channel

Since the perturbation modes are assumed to propagate along the x-direction, the tensor

mode will have polarization in the y − z plane. Hence, δgyz(r) is the only perturbed com-

ponent in this channel. Assuming Zten = δgyz, the master equation can be written in the

following form,

Z ′′
ten(r) + Pten(r, ω, k)×Z ′

ten(r) +Qten(r, ω, k)×Zten(r) = 0. (3.60)

The coefficients are given in appendix C.10. Using the same method as the sound mode, we

find the pole-skipping point from the near-horizon expansion.

The first-order pole-skipping point (ω1, k1) comes from the equations:

4rh
(
E2

0 + r4h
)
− iR2

4ω1

(
E2

0 + 2r4h
)
= 0, (3.61a)

and,

8k21R
8
4 +

6iR6
4ω1 (E

2
0 + 4r4h)

r3h
− nf sin

3 θ0
r2h

(
2R4

4

(
E2

0 + 2r4h
)
− 3E2

0r
4
h − 2r8h

)
= 0.

(3.61b)

We, therefore, find the first-order pole-skipping point at

ω1 = −4irh
R2

4

r4h + E2
0

2r4h + E2
0

, (3.62a)

and,

k21 = −3 (4r4h + E2
0) (r

4
h + E2

0)

r2hR
4
4 (2r

4
h + E2

0)
+
nf sin

3 θ0
8r2hR

8
4

(
2R4

4

(
E2

0 + 2r4h − 3E2
0r

4
h − 2r8h

))
. (3.62b)

In the absence of the flavor brane, we recover the result of pure AdS5 [76, 86] from the

above results (3.62a) & (3.62b) by putting nf = 0 and E0 = 0. This point is given as

ω1 = −2irh/R
2
4 and k21 = −6r2h/R

4
4.
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The results for the neutral D7 brane can again be derived from the above results with

E0 = 0. It is given as

ω1 = −2irh
R2

4

, and, k21 = −6r2h
R4

4

+ nf sin
3 θ0

r2h (2R
4
4 − r4h)

4R8
4

. (3.62c)

Whereas we have found the value of (ω1, k1) for charged D7 brane as given in (3.62a) and

(3.62b). These results can be written with the small E0 approximation as below,

ω1 =− 2irh
R2

4

− iE2
0

r3hR
2
4

+O
(
E3

0

)
, (3.62d)

and, k21 =− 6r2h
R4

4

+ nf sin
3 θ0

(
r2h (2R

4
4 − r4h)

4R8
4

+
2R4

4 − 3r4h
8r2hR

8
4

E2
0

)
+O

(
E3

0

)
. (3.62e)

From the above result, we can conclude that, in the presence of the charged probe D7 brane,

we get the effect of the effective horizon on the pole-skipping points. Momentum value is

affected by the near-horizon (effective) value of the radius of Ω3 sphere.

In this chapter, we have studied the chaotic behaviour of a holographic QCD system in

the presence of an external electric field by pole-skipping analysis. The Lagrangian of the

probe brane vanishes at some special radial distance away from the D3 brane horizon, which

will act as the effective horizon of the open-string induced metric on the D7 brane world

volume. The emergence of such an effective horizon is expected to give rise to non-trivial

effects, and indeed alter the chaos dynamics of the boundary theory in terms of characteristic

parameters (λL, vb). Further, the probe branes can support the background Maxwell’s field,

and in the dual theory that will correspond to interacting charged flavors with the electric

field. However, for the perturbative consideration, we must maintain the electric field in a

very small range. This configuration is expected to add additional characteristic changes in

the diagnostic parameters of chaos. Without the flavor D7 branes, a stack of black D3 branes

in supergravity limit gives rise to an AdS-blackhole background in the bulk, corresponding

to the Yang-Mills theory on the boundary. In the paper [38], it was first shown that the

AdS black holes are maximally chaotic, and hence the Lyapunov exponent of the boundary

theory saturates the Maldacena-Shenker-Stanford (MSS) bound [40]. In the presence of

Maxwell’s field in the world volume of probe D7 brane, we found the dual theory to be no
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longer maximally chaotic, and the Lyapunov exponent depends on the electric field and the

butterfly velocity depends on both the electric field and the number of flavors Nf in the dual

system. In this work, we have explicitly shown how the electric field affects the Lyapunov

exponent by pole-skipping analysis and this exponent obeys the MSS bound.

Non-trivial dependence of the chaotic parameters on the background electric field can be

understood in terms of the behaviour of the meson states under the field. The light quark/anti-

quark bound state in the boundary theory gives rise to the meson spectrum. The mesons

are charged neutral in this case. But the constituent quark and anti-quark are positively

and negatively charged respectively. Without any external electric field, the neutral meson

states will not get affected in their probe limit. But, in the presence of an external electric

field, the quark/anti-quark pair of mesons separates away by reducing its binding energy.

Further, these charged quarks can have strong interaction with the background gluons in

this situation. The motion of the neutral particle in the neutral background is more chaotic

than the motion of the charged particle in the charged background. Because in the presence

of the background charge, the charged particle encounters restoring drag due to Coulomb’s

interaction. Therefore the chaotic behaviour is expected to reduce due to the applied electric

field. Further, the corresponding Lyapunov exponent is affected by the electric field. All

these new physical effects can strongly influence the Yang-Mills dynamics. Lowering the

binding energy causes the mesons to melt at a lower value of temperature, and at that point,

the characteristic parameters of the chaos reduce. These new features influencing quantum

chaos have been discussed in this present literature.

Apart from deriving the parameter of the chaos, we further calculate the P-S points as-

sociated with the hydrodynamic modes. With the choice of gauge invariant variables, we

have constructed the master equations for sound, shear, and tensor channels perturbation

variables [143]. Expanding those equations near the effective horizon induced by the D7

brane, we have again calculated the P-S points in all three channels and discussed their re-

lation with hydrodynamic transport and their dependence on the tuning parameters such as

external electric field E0, the number of flavors Nf and quark mass mq.
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So far in this thesis, we have used pole-skipping analysis only to study the chaotic be-

haviour of a system. But, there are various methods to investigate the chaotic properties. In

the next chapter, we will discuss three methods of chaos computation in a non-relativistic

background and show an equivalence among all those methods.
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Chapter 4

An equivalence of three butterflies in

Lifshitz background

Holographic duality can also be extended as general gauge/gravity duality where the field

theory breaks conformal invariance and its dual geometry is eventually a non-AdS one. A

class of nonrelativistic Lifshitz field theories are such theories that follow Lifshitz scaling

symmetry

t→ Ωξt, x⃗→ Ωx⃗, (4.1)

characterized by the dynamical critical exponent ξ ∈ R, ξ ≥ 1. Such QFTs break Lorentz

invariance due to the presence of an anisotropic scale factor along the temporal direction and

thus do not adhere to CFT. The holographic dual of Lifshitz field theories is the nonrelativis-

tic Lifshitz geometry which shares similar scale symmetry [146–150]. Exploration of such

theories finds its significance in the context of the correlation between high energy physics

and condensed matter physics due to the fact that these theories, especially for ξ = 2, are

directly related to strongly correlated electron systems. A series of research for rigorous un-

derstanding of such field theories have been going on over the last decade by implementing

various perspectives [151–155]. We explore the butterfly effect in asymptotically Lifshitz

black holes by calculating butterfly velocity and the Lyapunov exponent via three distinct

methods–entanglement wedge method, OTOC computation and pole-skipping. Our compar-

ative analysis delivers an exact matching of the results obtained from these methods. This

95

TH-3646_196121006



96 CHAPTER 4. THREE BUTTERFLIES

eventually demonstrates the equivalence between these methods for deriving quantum chaos

for an asymptotically Lifshitz black hole.

In addition, we also elucidate some of the chaotic features, to name, the eikonal bulk

phase shift in the heavy-heavy-light-light gravitational scattering and the Lyapunov expo-

nent, from the classical perspective. Classically, the eikonal phase is known to be related to

the deflection angle of the null geodesic of a gravity background [156–158]. It also finds its

own significance in the AdS/CFT holography, see [159–161] for review. In [162], the bulk

eikonal phase shift for the heavy-heavy-light-light particle scattering in the asymptotically

AdS black hole is found to be dual to the OTOCs in the Regge limit of the corresponding dual

conformal field theory. Moreover, there is evidence of classical/quantum correspondence in

different chaotic one-body or two-body quantum systems where the classical Lyapunov ex-

ponent can be exactly extracted from the growth rate of the OTOCs [163, 164]. In light of

such studies, we wish to understand a suitable connection of the classical bulk phase with the

phase factor in the OTOCs of our chosen system, as well as, propose an empirical relation

between the temperature of the system and the turning point of the null geodesic in that sys-

tem for any fixed value of the anisotropy parameter ξ by calculating the classical Lyapunov

exponent. To compute for eikonal phase shift, the null geodesic equation plays a dominant

role in determining the impact parameter, often taken as the ratio of conserved momenta

to conserved energy, which eventually affects the nature of the eikonal phase. For real and

imaginary eikonal phases, one must obtain elastic and completely nonelastic gravitational

scattering respectively. Here in this work, we also present how the anisotropy of our chosen

gravity background causes different kinds of eikonal phases that result in different types of

scatterings when we gradually shift the extrema of the null geodesic from near boundary to

near horizon limit. Added to this, we verify the eikonal phase using the WKB approximation

of the equation of motion of a scalar field. Specifically, we examine for a probable matching

of the eikonal phase yielded from both methods. Furthermore, we wish to briefly exhibit the

classical nature of the Lyapunov exponent in the anisotropic background and its consistency

with the restrictions that we must impose on the choices of the extrema for the validity of
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our study.

4.1 Asymptotically Lifshitz black hole

In this section, we briefly revisit the black hole geometries that asymptote the nonrelativistic

planar Lifshitz background. Such black holes were first developed in [165] for d = 2, ξ = 2.

These black hole solutions are found to consistently satisfy the equations of motion of the

Einstein-Proca type gravity theories with the inclusion of a massive vector field [166],

S =
1

2κ2

∫
dd+1x

√
−g
[
R− 2Λ− 1

4
FµνF

µν − 1

2
m2AµA

µ

]
,

Fµν = ∂µAν − ∂νAµ .

(4.2)

Here, for any (d+1) dimensional Lifshitz black hole, the cosmological constant Λ must be a

negative quantity that depends on the anisotropy index ξ as Λ = d−1
2(d+1)

R(ξ). Again, Fµν is

the electromagnetic field strength. The appearance of a massive vector field with mass m in

the above action causes the breaking of the Lorentz invariance in the corresponding metric.

The generic form of the (d+ 1) dimensional Lifshitz black hole solution of the above action

can be written as,

ds2 =
R2

z2

[
−R

2(ξ−1)

z2(ξ−1)
f(z)dt2 + dx⃗2d−1 +

dz2

f(z)

]
,

f(z) = 1−
(
z

zh

)d−1+ξ

.

(4.3)

R is the AdS radius, z is the radial coordinate and zh is the black hole horizon. This geometry

asymptotically reaches the planar Lifshitz spacetime

ds2 =
R2

z2

[
−R

2(ξ−1)

z2(ξ−1)
dt2 + dx⃗2d−1 + dz2

]
. (4.4)

Similarly as the planar Lifshitz spacetime, the Lifshitz black hole geometry also follows

anisotropic scaling along the time and space directions

t→ Ωξt, z → Ωz, x⃗→ Ωx⃗ , (4.5)
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that breaks the Lorentz invariance. Equation (4.3) describes a one-parameter family of lin-

early charged Lifshitz black holes that are thermodynamically stable and become extremal

at the vanishing size [167]. The thermodynamics of such an asymptotically Lifshitz black

hole can be reproduced from the holographic renormalization of the gravity theory repre-

sented by the action (4.2) [153]. The legitimate dual field theory that lives on the boundary

of Lifshitz black hole geometry is the finite temperature version of the non-relativistic Lif-

shitz field theories. When we take 2D thermal CFT, the flat boundary that accommodates the

CFT is compactified along the time direction and becomes a cylinder. This compactification

is done by taking t → t + β, where β gives the circumference of the compactifying circle.

Thus β acquires the dimension of length. Now, let us consider a similar compactification of

the boundary in the case of thermal LFT for which the dimension of time is [length]ξ due

to Lifshitz scaling. Thus if we take t → t + β̃ with the analogy of thermal CFT for the

compactification, then β̃ should have the dimension of time. Thus we can assume the inverse

temperature of thermal LFT as β̃ = βξ, where β is the inverse temperature of the thermal

CFT. Hence, in the dual bulk side, the temperature of the Lifshitz black hole will also be

T = 1
βξ . The temperature of the black hole is given by

T =
1

zξh

d− 1 + ξ

4π
=

1

βξ
≡ 1

β̃
. (4.6)

Note that, β̃ has dimension of length. For maintaining simplicity in our further calculations,

we will denote β̃ as β. In the next section, we start with the (d + 1)-dimensional Lifshitz

black hole geometry given in (4.3) to analyse the chaotic features via a quantum approach.

4.2 Analyses of quantum chaos

In this section, we will show the explicit calculations of the three methods that we are inter-

ested in to study the chaotic parameters. Our focus is to compare these results and see the

similar dependence of the chaotic parameters on the anisotropy.

TH-3646_196121006



4.2. ANALYSES OF QUANTUM CHAOS 99

4.2.1 Entanglement wedge method

In AdS/CFT correspondence, entanglement wedge reconstruction [168–170] depicts that all

the information of the entanglement wedge in the bulk lies in the boundary region. When we

perturb the boundary state by a local operator and let the system evolve, then the information

gets scrambled in the whole space at a late time. This information propagates outward with a

constant velocity. The whole scenario has a bulk description. Perturbing the boundary means

probing a particle close to the asymptotic boundary, which is falling toward the black hole in

the bulk. This particle then follows a trajectory that reaches inside the extremal surface, also

known as the Ryu-Takayanagi(RT) surface [171]. As the trajectory of the particle changes,

the RT surface changes its shape. At late time, this RT surface reaches up to the near-horizon

region of the black hole with a constant velocity – butterfly velocity (vB). This method

is very well-known for extracting the butterfly velocity [172]. In higher-derivative gravity

theories also, this method is well understood [173]. In our work, we employ this method to

calculate the butterfly velocity in the Einstein-Proca-type Lifshitz gravity theory. The action

of such theories contains a massive vector field that breaks Lorentz symmetry[174]. It is

very motivating to study the chaotic properties of such a theory.

We aim in this subsection to find the butterfly velocity with the entanglement wedge

method. For this, we need to calculate the size of the smallest boundary region whose en-

tanglement wedge encloses the infalling particle as shown in Figure 4.1. In this pictorial

description, we can see that z = 0 is the boundary and z = 1 is the horizon of the black

hole. A particle (shown by the red dot) is on the RT surface (shown by the light teal por-

tions) bounded by the boundary region. In general, the RT surface location is determined

by extremizing the holographic entanglement entropy functional. We can write the entropy

functional as,

SEE = 2π

∫
dd−1y

√
γ , (4.7)

where γ is the determinant of the induced metric and y is the set of coordinates on an appro-

priate codimension-2 surface.
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z = 0

z = zh

z = 0

z = zh

vB

Figure 4.1: A particle (red dot) is enclosed in the RT surface (light teal)

Now, we will use background (4.3) for this wedge method. At a constant t hypersurface

(dt = 0) and parameterizing z as z(r) with assumption r = |xi|, we can write the induced

metric as,

γαβ dx
αdxβ =

R2

z2

[(
1 +

z′2

f(z)

)
dr2 + r2dΩ2

d−2

]
. (4.8)

Note that in the (4.3), the near-horizon limit is achieved by z = zh limit and the boundary

limit is achieved by z = 0 limit. As we will work with the near-horizon region, we define

the RT surface in the z = zh limit by,

z(r) = zh − ϵ y(r)2, (4.9)

where we parameterize the near-horizon limit(z = zh) with a new function y(r). The coef-

ficient ϵ (> 0) is a very small number and the function y(r) is the RT profile, which we will

solve from the RT equation by performing a Taylor series expansion around ϵ = 0. Now,

expanding the induced metric up to order ϵ, we get,

γαβ dx
αdxβ = R2

[(
4 ϵ2y2y′2

(zh − ϵ y2)2f1(zh − z)
+

1

(zh − ϵ y2)2

)
dr2 +

r2

(zh − ϵ y2)2
dΩ2

d−2

]
,

=
R2

z2h

[(
1 +

2ϵ

zh
(y2 +

2

f1
y′2)

)
dr2 + r2(1 +

2ϵ

zh
y2)dΩ2

d−2 +O(ϵ2)

]
, (4.10)

where we Taylor expand the factor f(z) near the horizon up to the first order as f(z) ≈

f1(zh − z). The determinant of the induced metric is given by,

√
γ =

R2rd−2

zd−1
h

[
1 +

ϵ

zh

(
(d− 1)y(r)2 +

2

f1
zhy

′(r)2
)]

+O(ϵ2) . (4.11)
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Now, we can write the RT equation by varying the above equation with respect to y(r).

Keeping terms only up to order ϵ, we get,

(d− 1)y(r)− 2zh
f1

(
y′′(r) + (d− 2)

y′(r)

r

)
= 0 . (4.12)

Solving this second-order differential equation, we get,

y(r) = r−n [Jn(µr) + Yn(µr)] , (4.13)

where Jn and Yn are the Bessel functions of first kind and second kind respectively. In the

above equation,

n =
1

2
(d− 3), |µ| =

√
(d− 1)(d− 1 + ξ)

2zh2
. (4.14)

Here, the scaling parameter µ is behaving as the momentum. From the eq. (4.9), we can

see that near the horizon zh, the function y(r) takes the form of 0. So, we will see the

form of these Bessel functions near r = 0. At this vicinity, both these Bessel functions will

behave as ∼ µn. Following [173], where the authors have calculated the butterfly velocity

with an exponential ansatz, here in this paper, we have prescribed a more general result for

calculating butterfly velocity without taking any ansatz.

The surface enclosing the particle is approaching the horizon at a constant speed, termed

as butterfly velocity (vB). We assume that at each point in time, the tip of the RT surface

touches the particle which is visualised by demanding y(r = 0, t) ∼ e−
2π
β
t. Therefore, with

the value of µ, we can calculate the butterfly velocity as,

vB =
2π

β|µ|
=

2
√
2πzh

β
√

(d− 1)(d− 1 + ξ)
. (4.15)

So, the butterfly velocity vB at horizon becomes,

vB = z1−ξ
h

√
d− 1 + ξ

2(d− 1)
. (4.16)

This is the butterfly velocity for a d + 1- dimensional Lifshitz black hole. In ξ → 1 limit,

we are getting the planar black hole result vB =
√

d
2(d−1)

. So, the anisotropy affects the
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butterfly velocity nontrivially. Butterfly velocity characterizes the propagation of chaos in a

local system. It has been observed previously that the chaotic feature of the Lifshitz invariant

system increases for large ξ values, in other words, for large anisotropy[175–177]. From the

expression of vB that we get, it is obvious that vB increases monotonically with ξ for any

fixed dimension of the bulk. Thus, the chaotic feature of the asymptotic Lifshitz black hole

monotonically increases with larger anisotropy which is consistent from the previous results.

Furthermore, we can substitute for zh in terms of T in the equation (4.16) by using (4.6) so

that

vb = (4πT )
ξ−1
ξ

1√
2(d− 1)

(d− 1 + ξ)
2−ξ
2ξ (4.17)

Therefore, for any fixed ξ > 1, the butterfly velocity is found to be a monotonically increas-

ing function of the Lifshitz black hole temperature T . However, in the absence of anisotropy

for ξ = 1, vb becomes independent of the temperature which is consistent with the case for

the usual asymptotically AdS black hole.

4.2.2 Out-of-Time-Ordered correlators

In this subsection, we will study the out-of-time-ordered correlator (OTOC) for thermal Lif-

shitz field theory dual to a linearly charged asymptotically Lifshitz black hole. It is conve-

nient to study the OTOC in the Kruskal-Szekeres form of the bulk metric, which smoothly

covers the globally extended space-time. In Kruskal geometry, the OTOC can be interpreted

as the two-particle gravitational scattering amplitude of particles moving along the two hori-

zons [39, 40, 50, 66]. We shall compute the OTOC in the specific dual-field theory in the

form given as

⟨Ŵ (t2, x2)V̂ (t1, x1)Ŵ (t2, x2)V̂ (t1, x1)⟩β , (4.18)

where we consider t2− t1 >> β. The particles that participate in the gravitational scattering

process are the operators Ŵ and V̂ , which are inserted in the dual thermofield double (TFD)

state. Though the quantity (4.18) is one-sided, our whole computation of the OTOC has been

done in a two-sided geometry. So far, the OTOC via the gravitational scattering process has
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been explored with various black hole backgrounds [39, 40, 50, 51, 66, 74, 85, 178–183].

In our work, we have calculated this quantity (4.45) for a linearly charged asymptotically

Lifshitz black hole with arbitrary anisotropy. In the Lifshitz background, the authors of [184]

have calculated the scrambling time, though the background they worked with is slightly

different from ours. Moreover, OTOCs for a generic holographic bulk including specific

classes of anisotropic black holes are also derived analytically in [176, 185]. Here, we have

provided an explicit derivation of the double-sided Kruskal-Szekeres form of the Lifshitz

black hole and analytically developed the OTOCs. We will show that our constructed OTOCs

are consistent with those found for the generic holographic dual gravity theories. We will

use these OTOCs to subsequently calculate the Lyapunov exponent and butterfly velocity in

the two-sided geometry, which yields interesting results.

Kruskal extension

To study the out-of-time-ordered correlators, let us first construct the Kruskal extension of

the (2+1) dimensional Lifshitz black hole. We will start with the metric (4.3), but replacing

z = 1/r and considering the AdS radius to be 1 for simplicity,

ds2 = −r2ξf(r)dt2 + 1

r2
dr2

f(r)
+ r2 dx2 , (4.19)

and the blackening factor f(r) is given by,

f(r) = 1−
(rh
r

)1+ξ

. (4.20)

r is the radial coordinate and rh is the black hole horizon in the emblackening factor f(r). In

[186, 187], nonlinearly charged Lifshitz black holes with one and two horizons are obtained

with the Eddington-Finkelstein form of the metric. In this case, nonlinearity appears in the

blackening factors, and it is characterized by using some extra parameters along with the

dynamical exponent ξ of the Lifshitz black hole. Single horizons and double horizons for

such black holes are obtained by using specific parametric conditions. However, for the

metric in (4.19), we will construct an explicit form of the linearly charged thermal Lifshitz
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black hole with double horizons by using the Kruskal-Szekeres coordinates. To work in these

coordinates, we transform,

u = e
α
2
(r∗−t), v = e

α
2
(r∗+t) , (4.21)

where α is a function of rh that relates with the finite temperature T of the black hole as

α ≡ 2πT . The tortoise coordinate r∗ will play a very crucial role in defining the smooth

horizon in the (u, v) coordinate. We define,

r∗(r) =

∫
dr

r1+ξf(r)
=

∫
dr

r1+ξ
[
1−

(
rh
r

)1+ξ
] . (4.22)

Integrating equation (4.22), we get,

r∗(r) ≈
r−ξ

ξ(1 + ξ)
2F1

(
1,−ξ, 1− ξ,

r

rh

)
. (4.23)

We consider f(r) = (r − rh)f
′(rh) while solving the above equation. Now, taking the

near-horizon limit (r → rh) of the whole solution, we get,

r∗ ≈
1

rξh(1 + ξ)
log

(
r − rh
rh

)
. (4.24)

As there is a relation between (u, v) coordinate and r∗ (from (4.21)), we can easily write,

uv = eαr∗ ≈
(
r − rh
rh

)
. (4.25)

This equation allows us to claim that the uv = 0 is the same limit as the r = rh. This result

will be quite helpful for the analysis afterwards. Writing the metric (4.19) in terms of the

null coordinates u and v, we get

ds2 =
4r(u, v)2ξ

α2uv
f(r(u, v))du dv + r(u, v)2 dx2 = 2A(u, v)du dv +B(u, v)dx2 . (4.26)

In this Kruskal geometry, uv = 0 is defined as the horizon, singularity is at uv = 1 and

both left/right boundaries are located at uv = −1. This unperturbed background will obey

Einstein’s equation which is of the form,

Eµν = κTµν . (4.27)
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Here, Eµν is the Einstein tensor, κ = 8πGN is a constant related to the Newton’s constant

GN and Tµν is the stress-energy tensor which is of the form,

Tmatter
0 = 2Tuvdudv + Tuudu

2 + Tvvdv
2 + Txxdx

2 . (4.28)

It is worth mentioning that this stress tensor accounts for the cosmological constant and is

consistent with the Ricci tensor of the unperturbed background. For the unperturbed Einstein

equation, solving Tuu, Tvv and Tuv, we get,

Tuu =
1

4A(u, v)B(u, v)2
[
A(u, v)∂uB(u, v)2 + 2B(u, v) (∂uA(u, v)∂uB(u, v)

−A(u, v)∂2uB(u, v)
)]
, (4.29a)

Tuv =
1

4B(u, v)2
[2B(u, v)∂u∂vB(u, v)− ∂vB(u, v)∂uB(u, v)] , (4.29b)

Tvv =
1

4A(u, v)B(u, v)2
[
A(u, v)∂vB(u, v)2 + 2B(u, v) (∂vA(u, v)∂vB(u, v)

−A(u, v)∂2vB(u, v)
)]
. (4.29c)

Gravitational backreaction due to shock wave

In the previous subsection, we constructed a two-sided Lifshitz black hole geometry in a

(2+1) - dimensional background. This section aims to study the back-reacted metric due to

a null pulse of energy localized along the v = 0 horizon. In the bulk-boundary picture, this

means we have inserted an operator in the boundary thermal state at some past time t and let

it evolve. Inserting an operator in the boundary leads to releasing a perturbation close to the

boundary, which falls into the bulk. From the point of view of the t = 0 slice, the energy of

this perturbation is exponentially increasing with time t [38]. Thus, we can approximate this

perturbation as a null pulse of energy E localized at the v = 0 horizon along the u-direction.

We must consider the back-reaction of this null pulse in the two-sided geometry. We

consider the following form of the stress-tensor localised at v = 0,

T shock
vv = E exp

(
2πt

β

)
δ(v)δ(x) . (4.30)
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u
=
0

v =
0

u v

Figure 4.2: Left: Penrose diagram of two-sided geometry. Right: A shock wave (red zigzag

line) localised along v = 0 causes a discontinuity of the u = 0 horizon (the blue arrow)

The shock wave localised at v = 0 horizon is indeed splitting the causal past (white) and

future (green) of v. The metric in the green region will change while in the white region,

it will remain the same. In the Penrose diagram, we can clearly see the shift along the

v-direction. We can write the form of the shift in the following way:

ū = u+Θ(v)η(u, v, x) → du = dū− η(u, v, x)δ(v)dv , (4.31)

v̄ = v , x̄ = x . (4.32)

Our goal is to calculate the form of the function η(u, v, x) – the shockwave profile. Note

that the Heaviside step function Θ(v) is present to ensure that only the causal future of the

pulse is affected by its presence. In terms of these new coordinates (ū, v̄, x̄), we can write

the metric as,

ds2 = 2A(ū, v̄)dūdv̄ +B(ū, v̄)dx̄2 − 2A(ū, v̄)η(u, v, x)δ(v̄)dv̄2 . (4.33)

With this back-reacted form of the metric, we need to calculate a form of η(u, v, x) which

will obey eq.(4.27). In the above metric,

A(ū, v̄) =
2r(ū, v̄)2ξ

α2ūv̄
f(r(ū, v̄)), B(ū, v̄) = r(ū, v̄)2 , (4.34)

where we have expressed the radial coordinate r in terms of (u, v). Now, for the perturbed

background, we wish to calculate the stress tensor. The stress tensor for the matter part reads
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as

Tmatter
µν = 2 [Tūv̄ − 2Tūūη(ū, v̄, x)δ(v̄] dūdv̄ +

[
Tv̄v̄ + Tūūη(ū, v̄, x)

2δ(v̄)2

−2Tūv̄η(ū, v̄, x)δ(v̄)] dv̄
2 + Tūūdū

2 + Tx̄x̄dx̄
2 .

(4.35)

We will drop the bar convention for further analyses so that the result looks simpler. Now,

we will solve the back-reacted Einstein’s equation which is of the form :

Eµν = κ
(
Tmatter
µν + T shock

µν

)
. (4.36)

The expressions of Tmatter
µν and T shock

µν is given by (4.35) and (4.30) respectively. Solving the

vv component of the perturbed Einstein equation, we get,[
∂2x −

1

A(u, v)
∂u∂vB(u, v)

]
η(u, v, x)− 8πGNE B(u, v)

A(u, v)
e2πt/βδ(v)δ(x) = 0 ,

⇒
[
∂2x −M(u, v)2

]
η(u, v, x) = e

2π
β
(t−t∗)δ(v)δ(x) . (4.37)

Where,

M(u, v) =

√
∂u∂vB(u, v)

A(u, v)
, t∗(u, v) =

β

2π
log

(
A(u, v)

8πGNE B(u, v)

)
. (4.38)

The function t∗(u, v) has some physical meaning, which we will discuss in the upcoming

part. After implementing the values of A(u, v) and B(u, v) to t∗(u, v), it will take a constant

form. We can see that the shockwave profile η(u, v, x) is obeying an ODE which we can

solve easily. In writing the above equation, we assume, Tuu = 0 near the v = 0 horizon [51].

Our task is to solve the equation (4.37) near the horizon. Near the horizon (v = 0 or r = rh),

A(u, v)|v=0 =
8

1 + ξ
, ∂u∂vB(u, v)|v=0 = 4r2h . (4.39)

In taking the derivative of B(u, v) with u and v, we have used the relation (4.25) and per-

formed a chain rule differentiation with r∗. Now, implementing the above two expressions

into (4.38), we get,

M(u, v)|v=0 =

√
rh2(1 + ξ)

2
, t∗ =

β

2π
log

(
1

πGNE(1 + ξ)r2h

)
, (4.40)
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where we have considered rh = 1. The constant t∗ is called the scrambling time, which is

dependent on the anisotropy index ξ. Near the horizon, the equation (4.37) becomes,[
∂2x −

rh
2(1 + ξ)

2

]
η(x) = e

2π
β
(t−t∗)δ(x) . (4.41)

To solve this, first, we will solve the homogeneous equation and get,

η(x) =


c1e

Mx + c2e
−Mx for x > 0 ,

c3e
Mx + c4e

−Mx for x < 0 .

(4.42)

Now, to solve the non-homogeneous equation, we will check the discontinuity of the first

derivative of the solution and get,

η′(ϵ)− η′(−ϵ) = e
2π
β
(t−t∗) , (4.43)

where, ϵ is a small parameter ϵ → 0. Imposing the continuity of the solution at x = 0 and

with the discontinuity equation (4.43), we get a relation between the coefficients as,

c1 − c3 = c4 − c2 =
4
√
2e

2π
β
(t−t∗)

rh((1 + ξ)3/2
. (4.44)

We will choose c2 = c3 = 0 and the final solution for the shock will be,

η(t, x) =
4
√
2

rh((1 + ξ)3/2
e

2π
β
(t−t∗−βM

2π
x) . (4.45)

This shockwave profile will completely determine the four-point out-of-time ordered func-

tion - OTOC. We can identify the commutator C(t, x) in equation (1.41) with the shockwave

profile η(t, x) and write,

λL = 2πT , vB = rξ−1
h

√
1 + ξ

2
. (4.46)

This Lyapunov exponent agrees with our results of the entanglement wedge method. For

the butterfly velocity, this result is found to be the same as obtained from the entanglement

wedge result for d = 2 in (4.16). Thus, we can claim that these two methods are congruent

for a reliable study of chaos in Lifshitz background.
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4.2.3 Pole-skipping

In this subsection, we wish to study the retarded energy density correlation functionGR
T00T00

(ω, k)

near the pole-skipping point. This correlation function can be calculated by perturbing the

gravitational background (4.3) and imposing ingoing boundary conditions at the black hole

horizon. To perform the pole-skipping analysis, it is customary to work with Eddington-

Finkelstein coordinates, defined by

v = t+ r∗,
dr∗
dr

=
1

r1+ξf(r)
, (4.47)

where v is the null coordinate and r∗ is the tortoise coordinate. With the above coordinate

system, the background metric (4.3) is transformed into

ds2 = −r2ξf(r)dv2 + 2rξ−1dvdr + r2dx2 . (4.48)

For our current analysis, we choose the gravity background as the (2+1)-D Lifshitz black

hole. Now, to calculate the energy density correlation function, we must perturb the back-

ground metric - specifically the sound modes (longitudinal modes). We perturb the back-

ground metric as,

gµν → gµν + δgµν(r)e
−iωv+ikx . (4.49)

Here we perform a Fourier transformation to the perturbed mode and choose the wavenumber

k along the x-direction. Then, the sound modes will be–

δgvv, δgvx, δgvr, δgrr, δgrx, δgxx . (4.50)

As the wave points along the x- direction, sound modes are the modes that are only along

the (v, r, x) directions. But, imposing radial gauge condition δgrµ = 0 and traceless ness

condition gµνδgµν = 0, we get some redundant modes and left with–

δgvv, δgvx . (4.51)

The retarded energy density Green’s function is governed by the perturbed equations that are

regular at the horizon in ingoing EF coordinates. So, we Taylor expand the modes near the
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horizon as,

δgµν(r) = δg(0)µν + (r − rh)δg
(1)
µν + ... , (4.52)

Perturbing the sound modes of the background and imposing the regularity condition (4.52)

near the black hole horizon, we can achieve the expanded form of Einstein’s equations near

the horizon. Our goal is to check whether we get the results of chaos obtained in the previous

subsections. For field δgvv, the associated equation of motion is δEvv = δTvv. But, the

perturbation to stress tensor δTvv does not vanish necessarily, while δT r
v vanishes at the

horizon [72, 105]. Keeping this in mind, we will set δT r
v = 0 to calculate the pole-skipping

point connected to chaos. Expanding this equation near the black hole horizon, we get,

[
k2 − iωr2−ξ

h

]
δg(0)vv + k

[
−irξh(1 + ξ) + 2ω

]
δg(0)vx = 0 . (4.53)

This equation represents a constraint relation between the near-horizon coefficients. At

some specific value ω = ω∗ =
i
2
rξh(1 + ξ), coefficient of δg(0)vx is 0. So, at this specific value

of ω, we get,

[
k2 +

1

2
r2h (1 + ξ)

]
δg(0)vv = 0 . (4.54)

For general k, this equation gives rise to δg(0)vv = 0. However, at k = k∗, this equation is

automatically satisfied. That means, at these specific values of ω and k, δT r
v is automatically

zero. Consequently, they will not impose any constraint on the near-horizon coefficients

δg
(0)
vv and δg(0)vx . The frequency (ω∗) and momentum (k∗) define the pole-skipping point. At

the pole-skipping point, we thus get,

ω∗ =
i

2
rξh(1 + ξ) , k2∗ = −1

2
r2h (1 + ξ) . (4.55)

Writing rh in terms of temperature as rh =
(

4πT
1+ξ

)1/ξ
, we can express ω and k in terms of

the temperature of the black hole. One can therefore calculate the Lyapunov exponent and

butterfly velocity from (1.53) as,
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λL = 2πT , vB = rξ−1
h

√
1 + ξ

2
. (4.56)

respectively. Note that the butterfly velocity (vB) is a positive real quantity. So, we will

take the absolute value of momentum while calculating vB, i.e. vB = |ω∗|
|k∗| . From the above

expression, it is obvious that both the Lyapunov exponent and butterfly velocity assume the

same forms as those achieved in the previous subsections. Henceforth, we claim that all three

methods to compute the chaotic features are equivalently reliable. These methods also give

consistent results in higher orders. One can check it explicitly.

One can note that, for the class of hyperscale violating Lifshitz backgrounds, the metric

components in the near-horizon limit involve a hyperscale violating parameter θ on top of

Lifshitz scaling. This causes a nontrivial appearance of this parameter in different chaotic

measures. Thus, using the above three computational methods, one can expect equivalent

θ-dependent expressions of vB and λL for the hyperscale violating class of Lifshitz grav-

ity background. Moreover, it has been found in [176] that the Lifshitz geometry can be

obtained in the IR zone when the AdS background in UV undergoes a holographic renor-

malisation group (RG) flow. Thus, the conformality of the UV theory is broken in the IR due

to the appearance of ξ ̸= 1. Subsequently, a distinct confinement/deconfinement like critical

phase transition scenario occurs when ξ attains the values such that ξ ̸= 1. Therefore, the

anisotropy parameter ξ is somewhat suggestive of the critical phase transition temperature

during the RG flow. As in our case, vB and λL derived from each of the aforementioned

methods are nontrivial functions of ξ, and this anisotropic index is related to the black hole

temperature T via (4.6). Added to this, it has been observed for each of the above studies

that vB and λL pick the expressions of those for AdS black hole when ξ = 1. This makes us

claim that a critical phase transition under the holographic RG flow can be traced out from

the chaotic features analysed by using all these equivalent frameworks.
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4.3 Analysis of classical chaos

Here we elucidate a parallel survey of some of the chaos properties, to be precise, eikonal

phase shift and Lyapunov exponent, at the classical level. We will show that the bulk phase

shift may be written in terms of the leading order of the series expansion of the exponential

growth rate of the quantum OTOCs. Similarly as in conformal case [188], the bulk phase shift

happens to be a hypergeometric function though it nontrivially depends on the anisotropy

parameter ξ for our case. Also, we will compute the Lyapunov exponent at the classical

level and check any possible relevance of the same with the λL computed by using the three

different methods of quantum chaos.

4.3.1 Null geodesic

The anatomy of the null geodesics for our specified background and the corresponding turn-

ing points adequately serve the purpose of calculating both eikonal bulk phase shift as well

as Lyapunov exponent in the classical sense. In the case of our chosen gravity background,

the presence of arbitrary anisotropy parameter ξ causes an arbitrary number of positive real

roots of the null geodesics depending on the value of ξ. Moreover, all of those roots con-

tain a nontrivial dependency on zh and γ. Before computing the phase shift and Lyapunov

exponent, here we will present of a quantitative evaluation of the null geodesics and their

turning points in our framework. To carry out the eikonal phase shift in the bulk following,

here we will first enunciate the details of the null geodesic for our chosen background. The

bulk phase shift for a particle described by a plane wave is given by [162, 189]

δ ≡ −p.(∆x) , (4.57)

where, p denotes the components of the conserved momentum vector and ∆x gives the

deflections in the corresponding bulk directions. For our metric in equation (4.3) in 2+1

dimension, the conserved energy and momentum are given by

pt =
1

z2ξ
f(z)

∂t

∂s
, px =

1

z2
∂x

∂s
, (4.58)
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s being the intrinsic affine parameter. These conserved quantities correspond to the two

killing vectors ∂t and ∂x of our chosen metric during a heavy-heavy-light-light 2-particle

scattering, it is convenient to consider that the highly boosted particle consists of large values

of conserved momenta. We introduce a parameter γ = px
pt

which often serves as the impact

parameter of the corresponding scattering process. The null geodesic equation is given by

gµν ẋ
µẋν = 0 , (4.59)

which yields

ż2 = (pt)
2z2ξ+2 − (px)

2z4f(z) . (4.60)

At the turning point z = z0, z attains extreme value for which we can set ż|z=z0 = 0. Hence,

the values of turning points z0 should satisfy the relation

z2ξ−2
0 +

γ2

zξ+1
h

zξ+1
0 − γ2 = 0 . (4.61)

The equation (4.61) is a polynomial of either integer order or fractional order, depending on

the values of the critical exponent ξ. Thus the valid roots of this equation for our approach are

all positive real values such as z0 = f(zh, γ) that lie within the singularity and the boundary

of the bulk geometry. At this stage, some further crucial remarks on the turning point follow

immediately:

• Let us take the assumption that the energy pt is much greater than the momentum px,

i.e., γ ≫ 1. With this assumption, taking z0 = 1 equation (4.61) gives,

γ =

√
zξ+1
h

zξ+1
h − 1

. (4.62)

It is obvious from the above expression that for any arbitrary value of zh in between

zh → 0 and zh → ∞, the condition γ ≫ 1 is not satisfied.

• If γ = 1, i.e., px = pt, then the equation (4.61) is not satisfied with z0 = 1.

• Again, for zh = 1, z0 = 1 is not a solution of the null geodesic equation for any

arbitrary value of γ.
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• The condition (4.62) clearly tells us that, for z0 = 1 as a solution, px cannot be less

than pt. Hence, with px < pt, we must have z0 ̸= 1.

• For any arbitrary value of px and pt; z0 = 0 does not satisfy the geodesic equation.

From the above conditions, it is evident that z0 = 1, i.e., the horizon for our case and z0 = 0,

i.e., the boundary are not included in the consistent solutions of the null geodesic equation in

our present study. For the relativistic asymptotically AdS black hole with ξ = 1, the above

procedure gives the null geodesic equation as

ż = z20pt

√
1− (1− z20

z2h
)γ2 (4.63)

For any arbitrary impact parameter γ, the turning point of this geodesic can be obtained only

at z0 = 0. Even for the relativistic case, the null geodesic equation is not satisfied if the corre-

sponding turning point is at the horizon. So, for both the relativistic AdS and nonrelativistic

Lifshitz black hole, the above method does not support the exact horizon of the geometry

to carry out the expressions of the classical eikonal phase shift and Lyapunov exponent.It is

nevertheless worth mentioning that one may carry out a polynomial distribution by using a

suitable numerical approach to see what values of z0 the equation (4.61) can accommodate

as its valid solution. We keep this computation for future extensions of our work.

4.3.2 Eikonal phase shift

With the above analysis, here we will exhibit an explicit computation of eikonal phase shift

at the turning points z0 as a nontrivial function of z0 and ξ. With pt and px as the conserved

energy and momentum for our system, the expression of the bulk phase shift takes the form

as

δ ≡ pt(∆t)− px(∆x) . (4.64)

It is worth noting that the growth rate of the OTOCs found in the limit u = 0, v =

0, t2 − t1 >> 1(i.e., the Regge limit for any double-sided Kruskal geometry) in section
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4.2.2 is 2π
β

(
t− t∗ − βMx

2π

)
, where β, t∗ and M are nontrivial functions of ξ. For any fixed

ξ, these quantities become constants. Let us assume that t− t∗ ∼ ∆t and the corresponding

deflection occurs as ∆x ∼ (x − 0), then the OTOC growth rate represents the bulk phase

shift for a 2-particle heavy-heavy-light-light scattering. With this scenario, we can infer that

the conserved momenta px, energy pt and hence impact parameter γ can be expressed non-

trivially in terms of β, t∗ and M, or in other words, in terms of ξ. The deflections along

the time and space directions can be found respectively from the expressions of pt and px in

(2.41) and the null geodesic equation (4.60) as

∆t = 2

∫ z0

0

z2ξ−1dz

f(z)
√
z2ξ − γ2z2f(z)

= 2a
3
2

∫ z0

0

z2ξ−1dz

(a− zξ+1)
√

(az2ξ − aγ2z2 + γ2zξ+3)
,

(4.65)

and

∆x = 2

∫ z0

0

γz dz√
z2ξ − γ2z2f(z)

= 2a
1
2γ

∫ z0

0

z dz√
(az2ξ − aγ2z2 + γ2zξ+3)

, (4.66)

where, a = zξ+1
h . Because of the intricate structure of the above integrands, we assume

two limiting cases to derive it. Firstly we take the near-boundary zone where z ≪ zh.

Substituting (4.65) and (4.66) in the expression of the eikonal shift and simplifying, we get

for the near boundary zone,

δ ∼
∫ z0

0

√
z2ξ−2 − γ2(1− ϵ)dz ≈ pt

∫ z0

0

√
z2ξ−2 − γ2dz , (4.67)

where,
(

z
zh

)ξ+1

= ϵ ≪ 1 for ξ ≥ 1. Now defining a new integration variable y = z
z0

the

bulk phase shift is given by

δ ∼
∫ 1

0

z0

√
z2ξ−2
0 y2ξ−2 − γ2dy ≈ iγz0 2F1

(
−1

2
,

1

2ξ − 2
;
2ξ − 1

2ξ − 2
;
z2ξ−2
0

γ2

)
. (4.68)

On the other hand, we take the near horizon regime where z ≈ zh. In this regime, we can

take two liming cases for the impact parameter γ. When the energy pt is much greater than

the momentum px, i.e., γ < 1, the eikonal phase shift in near horizon case gives

δ =
zξ0

ξ(ξ + 1)
2F1

(
1, ξ; ξ + 1;

z0
zh

)
=

zξ0
ξ(ξ + 1)

2F1 (1, ξ; ξ + 1; z0) . (4.69)
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Again for the small energy limit, i.e., px ≥ pt, the impact parameter γ ≥ 1. This, in the near

horizon zone, produces,

δ = −
4γ (

√
z0 − zh −

√
−zh)

√
zhpt√

ξ + 1
= −

4γ
(√

z0 − 1− i
)
pt√

ξ + 1
. (4.70)

where we choose zh = 1 in the above expression for the sake of simplicity of our derivation.

It is well-known in the backdrop of gravitational scattering that the real and imaginary na-

ture of the eikonal phase shift respectively represent elastic and inelastic scattering. Thus our

study of the classical eikonal phase clearly reveals that the nature of the gravitational scatter-

ing between the heavy-heavy-light-light particle collision in the Lifshitz black hole depends

on the different regimes taken for the radial coordinate z along with the choices of the impact

parameter. For the near boundary case and the large impact parameter limit in the near hori-

zon zone, the imaginary eikonal phase shift implies completely inelastic collisions whereas

the small impact parameter limit in the near horizon zone gives real values of δ that stand

for elastic scattering. For elastic scattering in near-horizon limit, the phase shift assumes a

hypergeometric function which is similar to the case with Regge behaviour of CFT although

here, due to the anisotropy of the chosen background, the hypergeometric function depends

nontrivially on ξ. Hypergeometric function with ξ-dependence has also been achieved in-

elastic scattering in the near-boundary zone. Nevertheless, all the δ’s derived in these limits

inevitably happen to be nontrivial functions of the anisotropy index ξ. This allows one to

speculate about the dependencies of absorption cross-sections of the above scatterings on

the finite anisotropy present in the black hole background.

Again, we use a WKB approximation to verify the consistency of the eikonal phase.

Inserting the expressions of time and space deflections in (4.64), we can write,

δ = 2pt

∫ z0

0

√
z2ξ − γ2z2f(z)

zf(z)
dz . (4.71)

One may check the emergence of the above eikonal phase via WKB approximation of the

solution of the equation of motion of a scalar field. To do this, consider a heavy scalar field

ϕ propagating in the chosen Lifshitz background. In the background (4.3), the Klein-Gordon
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equation of the scalar can be written as

z2f(z)∂2zϕ+ z2∂2xϕ+ z2f ′(z)∂2xϕ− z2ξ

f(z)
∂2t ϕ− zξf(z)∂zϕ+m2z2+ξϕ = 0 . (4.72)

Performing a Fourier transformation as

ϕ = ϕ̃(z) ei(−ptt+pxx) ,

and taking an ansatz,

ϕ̃(z) = eiptχ(z) , (4.73)

we can solve for χ(z). With the large energy (pt >> 1) limit, the EOM boils down to,

(∂zχ(z))
2 =

z2ξ − γ2z2f(z)

z2f 2(z)
. (4.74)

Now, taking the positive term of ∂zχ(z), we perform an integration and get a solution of χ(z)

as

χ(z) =

∫ z0

0

√
z2ξ − γ2z2f(z)

zf(z)
dz . (4.75)

where the terms of order O(p−1
t ) can be ignored at large energy limit. This is indeed the

leading term of the solution. We can see that the WKB approximation of the solution gives

us the exact eikonal phase we recovered in (4.71) at leading order.

4.3.3 Lyapunov exponent

The Lyapunov exponent (λL) is one of the key measures in understanding chaotic systems

in classical phase space. It quantifies the rate at which the nearby trajectories diverge and

provides information on the system’s sensitivity to initial conditions. A positive Lyapunov

exponent signifies a chaotic system. Mathematically,

δX(t) = δX(0)eλLt ,

where δX represents the separation between two nearby trajectories. In their study [190], the

authors established a connection between the Lyapunov exponent and the effective potential
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in the radial motion for both massive and massless particles. Building on this framework,

we aim to calculate the Lyapunov exponent for a 2+1-dimensional planar Lifshitz black hole

in this subsection. Recently, [191] conducted a similar analysis in the context of equatorial

hyperscaling-violating black holes, treating Lifshitz black holes as a specific case within

their study. For a circular geodesic, the Lyapunov exponent in terms of the second derivative

of the effective potential Veff for radial motion is given by [190],[191]

λL =

√
−
V

′′
eff

2ṫ2
. (4.76)

Now, for a massless particle, the geodesic equation is given in equation (4.60) from which

we can calculate the effective potential

Veff (z) = ż2 = (pt)
2z2ξ+2 − (px)

2z4f(z) . (4.77)

Where t is the coordinate time. At the turning point z = z0, the condition on circular orbit,

i.e., Veff (z0) = 0 and V ′
eff (z0) = 0 yield

p2t
p2x

= z2−2ξ
0 f0 , (4.78)

and

z0f
′
0 = 2(ξ − 1)f0 , (4.79)

where f0 = f(z0). Upon substituting equations (4.78) and (4.79) in equation (4.77) we get

V ′′
eff (z0) = −z20p2x

(
z20f

′′
0 − 2f0

(
2ξ2 − 5ξ + 3

))
. (4.80)

Now, utilizing equations (2.41) and (4.80) within equation (4.76), we derive the Lyapunov

exponent for the null circular geodesic

λL =

√
f0 (z20f

′′
0 − 2f0 (2ξ2 − 5ξ + 3))

2z2ξ0
. (4.81)

Since an unstable circular geodesic meets the condition V ′′
eff < 0, it follows from equations

(4.80) and (4.81) that λL is real whenever the orbit is unstable. From equation (4.81), it is
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clear that in AdS spacetime, when the anisotropic parameter ξ = 1, the Lyapunov exponent

depends on z0 and zh. For a horizon radius of zh = 1, the Lyapunov exponent indicates

unstable orbits when z0 > 1. In the near horizon limit, the Taylor expansion of the function

f(z0) around z0 = zh gives

f0 = f(z0) = −
[
(1 + ξ)

zh
(z0 − zh) +

ξ(ξ + 1)

2z2h
(z0 − zh)

2 +O(z0 − zh)
3

]
.

From this expression, we get

f ′(z0) = −
[
(1 + ξ)

zh
+
ξ(ξ + 1)

2z2h
(z0 − zh) +O(z0 − zh)

2

]
,

and

f ′′(z0) = −ξ(ξ + 1)

2z2h
(z0 − zh) +O(z0 − zh).

Substituting all these expressions in the equation (4.81) and simplifying we get

λL =
(1 + ξ)

zξ0
√
2

[
a(ξ) + b(ξ)

z0
zh

+O
(
z20
z2h

)]
. (4.82)

where,

a(ξ) = 2

(
1− ξ

2

)
(1− ξ)(2ξ − 3),

b(ξ) = 2(3− 2ξ)(ξ − 1)2, (4.83)

c(ξ) = 2ξ(ξ − 1)(2ξ − 3)− ξ

(
1− ξ

2

)
(1 + ξ)

and others coefficients are also the functions of ξ. Now using the expression of temperature

of the Lifshitz black hole in (4.6) we get from (4.82),

λL = 2
√
2πT

[
a(ξ)

(
zh
z0

)ξ

+ b(ξ)

(
zh
z0

)ξ−1

+O

[(
zh
z0

)ξ−2
]]

. (4.84)

It is thus obvious that the classical Lyapunov exponent is also directly proportional to T

similar to the bound found for the Lyapunov exponent obtained in the three methods of

quantum chaos discussed above for the asymptotically Lifshitz black hole. Therefore, to

acquire the scenario of classical/quantum correspondence in our study, we get the relation

a(ξ)

(
zh
z0

)ξ

+ b(ξ)

(
zh
z0

)ξ−1

+O

[(
zh
z0

)ξ−2
]
=

1√
2
, (4.85)
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that must be satisfied by a specific power series of
(

zh
z0

)ξ
.

In this Chapter, we undergo a comparative analysis of three different holography-based

approaches, namely, entanglement wedge reconstruction, out-of-time-ordered correlators

and pole-skipping, of studying quantum chaos to understand their plausible equivalence in

the asymptotically Lifshitz black hole with arbitrary anisotropy index. In the entanglement

wedge method, we construct an extremal hypersurface as a constant time slice, famously

called Ryu-Takayanagi surface, that extracts out the butterfly velocity at late time. The but-

terfly velocity occurs to have monotonically increasing behaviour with both the anisotropy

index and the finite temperature of the chosen background. For the unit anisotropy index, it

expectantly reduces to that for the planar AdS black hole. For the derivation of OTOCs, we

explicitly construct the double-sided Kruskal geometry corresponding to the asymptotically

Lifshitz black hole. We introduce a gravitational shockwave backreacting in the Kruskal

version of our background. Subsequently, the functional form of the shockwave occurs to

be exponential and gives rise to the OTOCs. It further shows that the system is chaotic and

the rate of chaotic growth is specified by the Lyapunov exponent. Such a scenario is some-

what consistent with the previously obtained scenario for any generic perturbed holographic

two-sided gravity background. The butterfly velocity and Lyapunov exponent obtained from

the shockwave profile are exactly similar to those from the entanglement wedge method.

Finally, in the method of pole-skipping, we again observe the exact same dependency of

butterfly velocity as well as the Lyapunov exponent on the anisotropy. As a consequence of

such exact matching of these salient chaotic features, we claim that all these chosen methods

are equivalent and definitive to understanding chaos for the class of asymptotically Lifshitz

black holes at the quantum level.

This Chapter deals with an extensive study of chaos in Lifshitz background by these

three methods and shows an equivalence among them. Our results show that the butterfly

velocity increases with an increase in the anisotropy of the background and this velocity

becomes temperature dependent. Further, we have shown a classical chaos study of the same
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background by the geodesic instability analysis. We further calculate the eikonal phase shift

and comment on the nature of the scattering process at different regimes of the bulk. We

further aim to study a classical/quantum correspondence of chaos in this background.
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Chapter 5

Discussions

The second chapter is a collection of two of our research works. In the first work, we studied

the pole-skipping phenomena in non-extremal gravity theory in the presence of the Scalar-

Gauss-Bonnet interaction. We have considered a four-dimensional Schwarzchild-AdS black

hole solution as the holographic bulk theory. On the boundary, we have a finite temperature

conformal theory. The interaction is sourced by an operator of dimension ∆ of the boundary

theory, which is dual to the scalar field ϕ in the bulk. In the Einstein action, the interaction

term is added perturbatively (2.1). In the perturbative approximation, this external scalar

source does not affect the original bulk solution but makes a nontrivial contribution in the

linearised field equations (2.5). We have found that k of the pole-skipping points (ω, k)

corresponding to the scalar field and metric perturbation have been affected by the external

scalar source Os in both quantizations, whereas ω remains unchanged. Unlike the unper-

turbed model, the minimally coupled scalar ϕ has contained both real and imaginary k in

the pole-skipping points. As the source is increased, the points of the imaginary k plane

have moved into the real k plane. We have presented these facts pictorially in Figure 2.2. In

Schwarzchild-AdS4 without external effect [76], k is always real in the shear mode. Here

we have found that the shear mode k can have both real and imaginary values depending on

the effect of the scalar source. We have analytically found the effect of the interaction on

the poles located at ωn = −2inπT and corresponding k ∼ T which are given in (2.14) and

higher order momentum values of shear mode. The first order pole-point k21 is always greater

than 3r20 for ζ = ϕ, ϕ2, ϕ3&ϕ4 and has decreased for other higher powers of ϕ. However,

123
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for the second and other higher orders of pole-skipping, k2 has always decreased with the

increasing source for all positive integer powers of ϕ in ζ(ϕ). These have been shown in

Figure 2.3. Here, the increase (or decrease) of real k implies a slow (or fast) rate of momen-

tum transportation in shear mode and the imaginary k means the exponential decay of the

momentum density. As a result, when positive k21 has increased with the increasing source

Os, the mobility of the corresponding modes has decreased. Thus the decreasing mobility

has decreased the value of diffusion coefficient Ds. In Figure 2.4, we have presented this

consistent behaviour of diffusion coefficient. At Os → 0, k21 is at a minimum value, and

therefore, momentum flow is maximum which has given the maximum value of Ds. So, due

to the effect of the external source, the flow of momentum in shear mode has decreased for

p ≤ 4, otherwise, it has increased. The 1st-order pole-skipping point lies in the dispersion

curve.

In the sound mode, the first three pole-skipping points have been derived from the master

equation as ωn = −2πinT and corresponding kn ∼ T is given in (2.18a) and (2.18b). In

the non-perturbative case where either λ → 0 or Os → 0, our results have reduced into the

pole-skipping points of pure Schwarzchild-AdS4 background [76], i.e, k4n = −9nr40. It gives

a complex value (of equal real and imaginary parts) of k. As the source is turned on, we

have found that an imaginary part has been added with the negative real part of k4. It means

the real and imaginary parts of k are no longer equal. We have shown all of these in Figure

2.6. From the OTOC calculation in the last section, we have found the Lyapunov exponent

λL = iω = 2πT and the butterfly velocity vb =
√
3
2

where ω∗ = 2iπT and k∗ = ± 4√
3
iπT .

These results have been further verified with a different approach by analyzing the power

series solution of the sound mode master equation near the horizon. Therefore (ω∗, k∗) is

considered as the lowest order pole-skipping point in sound mode instead of (ω1, k1). So the

pole-skipping points of sound mode are (ω∗, k∗), (ω1, k1), (ω2, k2), (ω3, k3) and so on. The

pole-skipping points (ω, k) describe the flow of energy density. Here k has both the real and

imaginary parts. It signifies that the real part is associated with the flow of the energy density

in longitudinal mode whereas the imaginary part of k is related to the exponential decay of
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the energy density. Therefore with the effect of interaction, when the energy density diffusion

has increased, the exponential decay has decreased and vice-versa. It would be interesting

to study these flows and decays quantitatively. It would be very interesting to calculate the

bulk-boundary Green’s function with the set-up of this paper and calculate the pole-skipping

points from Green’s function.

In this work, we have found some non-trivial effects of the interaction on the sound

mode and shear mode. We have not found any effect on the chaotic behaviour. The reason is

mainly the perturbative approach to the interaction term. If one considers the backreaction of

the interaction, the Lyapunov exponent and the butterfly velocity are expected to be affected

by the interaction. With backreaction, one can expect k∗ and k1 to be equal in the sound

mode.

In the second work, we have studied the P-S phenomenon with 2 types of couplings:

dipole and Yukawa, where we have probed a scalar field, which can be real or charged. We

have investigated the behaviour of fermionic P-S points with increasing temperature up to the

critical temperature (Tc) of the background scalar field. We have checked that after crossing

the critical value of the temperature, the P-S points saturate at the mass value of fermion and

for massless fermions, P-S points vanish after crossing Tc. For real scalar coupling, the mo-

mentum values are ∝ (Tc − T )1/2, while for charged scalar coupling, the momentum values

are ∝ (Tc − T ). We have checked our results upto third order pole-skipping. It would be

very interesting to see the effect of couplings in other backgrounds with different interaction

terms. Our question was: what does it mean when the line of poles and zeros intersect for a

real condensed matter system? The poles of the Green’s function typically define the Fermi

surface. An interesting example is the well-known condensed matter system Mott insula-

tor. In those systems, when the system undergoes from metal to insulator transition such

phenomenon of pole-skipping happens. At the transition point, fermionic Green’s function

simultaneously has pole and zeros, where the Fermi surface disappears and zero surface

appears[131]. In this work, we have tried to interpret the meaning of pole-skipping points in

a novel way by perturbing the fermions. Pole-skipping points are the points of intersection of

TH-3646_196121006



126 CHAPTER 5. DISCUSSION

lines of poles and zeroes of Green’s function. In a condensed matter system, a line of poles

means the appearance of the Fermi surface, while a line of zeroes means Green’s function

is zero. The fermionic Green’s function is zero means the system is not giving any response

to the fermionic perturbations. Or, in a mathematical sense, we can say that the density of

states is zero, meaning there are no available energy states to occupy for the electrons. We

can think of the pole-skipping point as the transiting point where the fermi surface overlaps

with a surface where electrons are tightly bound. In terms of physical properties, at that

point, conducting and insulating phases overlap. Therefore, it could be interesting to inves-

tigate those systems from the perspective of holographic P-S phenomena. This we leave for

our future studies.

In Chapter 3, we have studied the D3-D7 brane system in the supergravity limit, where

the dual theory is a strongly coupled Yang-Mills gauge theory at finite temperature with light

quark flavors. In bulk, a stack of D3 branes creates the black hole gravitational background,

while D7 branes are considered to be probing this background with an electric field on their

world volume. This type of boundary theory can be viewed as a model for unquenched QCD.

Within this framework, we have computed pole-skipping points which are claimed to be

connected with quantum chaotic parameters on the boundary theory [100]. Specifically, we

have calculated two well-known characteristic parameters of chaotic systems: the Lyapunov

exponent and the butterfly velocity. Additionally, we have examined how these parameters

depend on external electric fields and quark masses. Another diagnostic to study the chaotic

properties in both bulk/boundary theories is OTOC. The computation of OTOC in this set-up

would be very interesting. In [192], the authors have computed OTOC in the D3-D5 brane

set-up and argued that the Lyapunov exponent would increase in the presence of an electric

field. In a perturbative limit, we have observed that the electric field is decreasing the chaotic

exponent up to some critical value of the electric field. The OTOC computation in D3-D7

brane systems in the presence of an external electric or magnetic field is beyond the scope of

this present work, and we are presently working on this important issue.

In the absence of the electric field, we have found that the Lyapunov exponent is 2πT ,
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which indicates a maximally chaotic system similar to the flavor-less theory. However, the

butterfly velocity has an implicit dependence on the flavor mass. The presence of an electric

field deviates the system from maximal chaos. As one increases the electric field, the Lya-

punov exponent decreases, and that has been displayed in Figure 3.4. We have calculated a

bound of the electric field up to which the Lyapunov exponent decreases. Beyond that value,

solutions are not regular. So, this study is valid up to that critical value of the electric field.

We further evaluated the butterfly velocity and presented it pictorially in Figure 3.5. Analyt-

ically, we have found in (3.48) that vb depends on both the quark mass (through θ0) and the

electric field. We have observed that the butterfly velocity is insensitive to the quark mass but

changes significantly in terms of the background electric field as expected due to its effect

on the binding energy of the quark/anti-quark bound state. The most interesting observation

is that there exists a critical electric field up to which both (λL, vb) decreases indicating the

fact that the system under consideration becomes less chaotic for a sufficiently strong elec-

tric field. Due to strong pull under the electric field (E > E∗), the meson state dissociates

into two separate charged quarks. In the presence of a strong electric field, we have a system

of Yang-Mills gauge fields and dissociated quarks showing less chaotic behaviour than the

system with zero electric fields. It would be interesting to study this further. We have further

analyzed the first-order pole-skipping points for gauge invariant gravitational perturbation

using the master equations for the sound, shear, and tensor channels. We have calculated the

pole-skipping points in the small external electric field limit. It was argued in [86, 97, 98]

that in the perturbative limit, ω values generically do not receive any contribution. How-

ever, our analysis reveals that this is indeed not true. For stringy brane systems, even in

the probe limit the world volume electric field can give rise to non-trivial correction to the

pole-skipping frequency ω, and this is precisely due to the appearance of effective horizon

outside the actual horizon of the black D3 brane. Pole-skipping points associated with the

gauge invariant gravitational perturbations in the bulk correspond to dual hydrodynamic dis-

persion relation. Using this dual interpretation, we further computed the associated modified

hydrodynamic transport coefficients, namely, thermal diffusion DT and momentum diffusion
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Dp constant. However, our entire analysis is within the probe limit. It would be interesting

to investigate pole-skipping phenomena considering the back-reaction of those probe branes

[193].

In Chapter 4, we have studied chaotic properties of a Lifshitz black hole with anisotropy

by three holography-based approaches, namely, entanglement wedge reconstruction, out-

of-time-ordered correlators and pole-skipping [114]. Our computations have been mainly

done in the bulk of Lifshitz space-time. The results of this work show that the entanglement

wedge, OTOC and pole-skipping show the same Lyapunov exponent and butterfly velocity.

The butterfly velocity is dependent on temperature of the field theory as T 1− 1
ξ , where ξ is the

anisotropy of the background. This says that as anisotropy increases, the growth of operator

increases in physical space. The three methods are based on near-horizon analysis of the

background. The entanglement wedge method says how the RT surface is approaching the

horizon. From the shock wave method (OTOC), we see the amount of discontinuity in one

horizon due to the presence of a localised shock wave. The third method, pole-skipping is

based on a sound mode analysis in bulk. Basically, we are computing the geodesic equations

from all these methods. So, it is expected to get the same results from all of them. One can

trust any of the methods to study the chaotic behaviour of a thermal background.

We demonstrate a further investigation of the eikonal phase shift due to heavy-heavy-

light-light gravitational scattering and compute the Lyapunov exponent, at the classical level,

by using the bulk metric both in near-boundary and near-horizon regimes. A detailed study

of the associated null geodesics serves this purpose. We infer a compatible connection of

the quantum OTOCs in the leading order of the series expansion of its exponential form

with the classical eikonal phase shift in the bulk. This reveals that the leading order term

of OTOCs at the classical level can be studied as nontrivial functions of the turning point

of the null geodesic as well as the anisotropy index. Interestingly, due to the presence of

arbitrary anisotropy in our case, the eikonal phase becomes real or imaginary depending on

the near-horizon and near-boundary limits of the black hole and the impact parameter. This

may allow one to explore the absorption cross-section for both elastic and inelastic scatter-
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ings in terms of the arbitrary anisotropy index of the asymptotically Lifshitz black hole. We

successfully verified the eikonal phase by using the WKB approximation of the solution of

the Klein-Gordon equation, at least up to the leading order. The classical Lyapunov exponent

also appears to be a nontrivial function of the anisotropy index ξ. It is observed that, in the

near-horizon limit, there occurs an emergent classical/quantum correspondence for the class

of Lifshitz theories for a specific convergent power series of
(

zh
z0

)ξ
with ξ-dependent coef-

ficients and the series must converge at 1√
2

to achieve an exact matching between classical

and quantum Lyapunov exponents. In addition to these, we further remark on some obvious

restrictions on the possible extrema of the null geodesics, where we obtain inconsistent na-

tures of classical eikonal phase shift and Lyapunov exponent. It would be further interesting

to explore the possible connection between these two results, which may eventually lead to

classical/quantum correspondence in the context of chaos in Lifshitz black hole. As potential

future research, it would be rather fascinating to have a more elaborate investigation of the

classical/quantum correspondence in the context of a generic class of holographic Lifshitz

theories. One can also go for an explicit evaluation of the OTOCs from the systematic con-

struction of the dual thermofield double states of the finite temperature Lifshitz field theory,

and subsequently study different chaotic features on the field theory side. We hope to come

back with some of these ideas in the near future.
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Appendix A

In Chapter 2, we studied the effect of higher derivative terms on the pole-skipping points.

The master equations we constructed in section 2.2 had various coefficients dependent on

ω, k and ϕ(r0). In this section of the appendix, we have shown the coefficients of the master

equations for both shear and sound channels.

A.1 Coefficient of Master Equation: Shear Channel

Three coefficients of the master equation can be written in the linear order of the perturbation

parameter λ

Msh(r) = M(0)
sh + λM(1)

sh +O(λ2)

Psh(r) = P(0)
sh + β2P(ϕ)

sh + λP(1)
sh +O(λ2)

Qsh(r) = Q(0)
sh + β2Q(ϕ)

sh + λQ(1)
sh +O(λ2)

We have found the above functions as follows.

M(0)
sh = r2f(r) (5.1)

P(0)
sh =

ωf(r) (5rω + 2ik2)− 8k2rf(r)2 + ω2(3r − 2iω)

ω2 − k2f(r)
(5.2)

Q(0)
sh =

−10k2r2f(r)2 + f(r) (k4 + 9ik2rω + 4r2ω2) + ω (k2(−ω − 3ir) + 6rω(r − iω))

r2 (ω2 − k2f(r))

(5.3)
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and

M(1)
sh = 0 (5.4)

P(1)
sh =

r2f(r)

(ω2 − k2f(r))2
[
rζ ′′(r)

(
ω2 − k2f(r)

) (
f(r)

(
2k2f(r) + ω2

)
− 3ω2

)
+ ζ ′(r) (f(r)

(k2f(r)
(
4k2f(r)− 6k2 − 11ω2

)
+ 24k2ω2 − 2ω4

)
− 9k2ω2

)
− ωF

]
(5.5)

Q(1)
sh =

1

r (ω2 − k2f(r))2
[
rζ ′′(r)

(
ω2 − k2f(r)

) (
f(r)

(
ω2
(
4k2 − irω

)
− 2k2f(r)

(
−3r2f(r)

+k2 + 3r2 + irω +ω3(−2ω + 3ir)
)
+ ζ ′(r)

(
f(r)

(
f(r)

(
−k2f(r)

(
−14k2r2f(r) + 3k4

+4k2r(6r + iω) + 34r2ω2
)
+ 3k6 + 6k4

(
3r2 + irω + ω2

)
+ k2rω2(72r + 11iω)

+2r2ω4
)
+ ω2

(
−6k4 − 3k2

(
18r2 + 8irω + ω2

)
+ 2rω(−6r + iω)

))
+ 3ω3

(
6r2ω

+k2(ω + 3ir)
))

+ ir
(
2ω2 − f(r)

(
k2 − 2irω

))
F
]

(5.6)

where,

F = 6k2r2ω(f(r)− 1) [r(f(r)− 3)f(r)ζ ′′(r)− 3((f(r)− 2)f(r) + 3)ζ ′(r)]
2
/ [rζ ′′(r) (f(r)(

f(r)
(
k2 − 3irω

)
− 3k2 + 3irω

)
− 18irω

)
− 3ζ ′(r)

(
(f(r)− 2)f(r)

(
k2 − irω

)
+3
(
k2 + 3irω

))
+ ir3ω(f(r)− 3)f(r)ζ ′′′(r)

]

P(ϕ)
sh =

1

(ω2 − k2f(r))3Ξ

(
−3k2r5ω(f(r)− 1)f(r)3ϕ′(r)3

(
iωf(r)

(
4ω2f(r)2

(
ω2

−k2f(r)
)
ζ ′′(r)ϕ′′(r)2r4 + 4ωf(r)

(
3rω3 +

(
3rω(ω − 4ir)− k2(3r + iω)

)
f(r)ω

+i
(
k4 + 3irωk2 + 4r2ω2

)
f(r)2

)
ϕ′(r)ζ ′′(r)ϕ′′(r)r2 + ϕ′(r)2

((
9r2ω4 + 3r

(
6rω2

−k2(3r + 2iω)
)
f(r)ω2 +

(
(6ir − ω)k4 − 6r(5r + iω)ωk2 + 3r2ω2(3ω − 20ir)

)
f(r)2ω

+
(
k6 + 6irωk4 − 5r2ω2k2 + 36ir3ω3

)
f(r)3

)
ζ ′′(r)− 4ir4ω3(f(r)− 3)f(r)2ζ(3)(r)

))
r2

+ζ ′(r)
(
4ω2f(r)2

(
(3ir + ω)ω3 +

(
k4 + irωk2

)
f(r)2 + i

(
k2(3r + 2iω)ω − 7rω3

)
f(r)

)
ϕ′′(r)2r4 + 4ωf(r)

(
3r(3ir + ω)ω4 +

(
i
(
9r2 + 3iωr − ω2

)
k2 + 3rω

(
12r2 − 4iωr

+ω2
))
f(r)ω2 +

(
(6r + 2iω)k4 + r(12ir − 13ω)ωk2 − 3r2(8r + 7iω)ω2

)
f(r)2ω +

(
−ik6

+4rωk4 + 3ir2ω2k2 + 12r3ω3
)
f(r)3

)
ϕ′(r)ϕ′′(r)r2 +

(
9r2(3ir + ω)ω5 + 3r

(
i
(
9r2

−2ω2
)
k2 + 3rω

(
24r2 − iωr + 2ω2

))
f(r)ω3 +

((
27r2 + 9iωr − ω2

)
k4 + 3irω

(
9r2
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+20iωr − 2ω2
)
k2 + 9r2ω2

(
−4r2 − 11iωr + ω2

))
f(r)2ω2 +

(
(2ω − 9ir)k6

+r(42r + 19iω)ωk4 + 3r2(23ir − 20ω)ω2k2 − 3r3(32r + 21iω)ω3
)
f(r)3ω

−
(
k8 + 7irωk6 − 15r2ω2k4 + 3ir3ω3k2 − 84r4ω4

)
f(r)4

)
ϕ′(r)2

)))
Q(ϕ)

sh =
r3f(r)ϕ′(r)2

(ω2 − k2f(r))3Ξ

(
3k2r2ω(f(r)− 1)

((
k2 − 2irω

)
f(r)− 2ω2

)
ϕ′(r)

(
4ω2f(r)2

(
ω2

−k2f(r)
)
ζ ′′(r)ϕ′′(r)2r4 + 4ωf(r)

(
3rω3 +

(
3rω(ω − 4ir)− k2(3r + iω)

)
f(r)ω

+i
(
k4 + 3irωk2 + 4r2ω2

)
f(r)2

)
ϕ′(r)ζ ′′(r)ϕ′′(r)r2 + ϕ′(r)2

((
9r2ω4 + 3r

(
6rω2

−k2(3r + 2iω)
)
f(r)ω2 +

(
(6ir − ω)k4 − 6r(5r + iω)ωk2 + 3r2ω2(3ω

−20ir)) f(r)2ω +
(
k6 + 6irωk4 − 5r2ω2k2 + 36ir3ω3

)
f(r)3

)
ζ ′′(r)− 4ir4ω3(f(r)

−3)f(r)2ζ(3)(r)
))
f(r)2 + ζ ′(r)

(
8ω3(f(r)− 3)f(r)3 − k2f(r)

)3
ϕ′′(r)3r6

(
ω2

+12iω2f(r)2
(
9irω7 +

(
(21ir − 4ω)k4 + ω

(
6r2 − 6iωr + ω2

)
k2 − 3irω4

)
f(r)2ω3

+2k4r
(
2ik2 − rω

)
f(r)5ω + k2

(
(5ω − 6ir)k4 − 2ω

(
−3r2 − 11iωr + ω2

)
k2

−20r2ω3
)
f(r)3ω +

(
−2k8 + ω(ω − 10ir)k6 − r(4r + 7iω)ω2k4 + 14r2ω4k2

)
f(r)4

+
(
6irω7 + k2(ω − 30ir)ω5

)
f(r)

)
ϕ′(r)ϕ′′(r)2r4 − 6ωf(r)

(
27r2ω8 + 3r

(
15rω2

−k2(33r + 2iω)
)
f(r)ω6 +

((
45r2 + 30iωr + ω2

)
k4 + 3irω

(
36r2 + 27iωr

−4ω2
)
k2 + 9r2ω4

)
f(r)2ω4 −

((
9r2 + 18iωr + ω2

)
k6 + 3ω

(
36ir3 − 37ωr2 − 4iω2r

+ω3
)
k4 + 3rω2

(
48r3 + 52iωr2 + 3ω2r + 2iω3

)
k2 + 9r2ω6

)
f(r)3ω2 + k2 ((6ir

−ω)k6 + ω
(
−63r2 − 44iωr + 7ω2

)
k4 + rω2

(
108ir2 + 103ωr + 30iω2

)
k2

+3r2ω3
(
80r2 + 60iωr − 9ω2

))
f(r)4ω + k2

(
k8 − 2irωk6 + 19r2ω2k4 + 36ir3ω3k2

+48r4ω4
)
f(r)6 + k2

(
k8 + 5(4ir − ω)ωk6 − r(19r + 10iω)ω2k4 + r2(−36ir

−43ω)ω3k2 − 12r3(12r + 11iω)ω4
)
f(r)5

)
ϕ′(r)2ϕ′′(r)r2 +

(
−81r3ω9

+27r2
(
k2(12r + iω)− 8rω2

)
f(r)ω7 − 9r

((
9r2 + 18iωr + ω2

)
k4

+9irω
(
14r2 + 6iωr − ω2

)
k2 + 18r2ω4

)
f(r)2ω5 + 3k2

(
i
(
9r2 + ω2

)
k4

+6r
(
45ir3 − 30ωr2 − 6iω2r + ω3

)
k2 + 27r2ω

(
16r3 + 16iωr2 + 2ω2r

+iω3
))
f(r)3ω4 −

(
(9r + 6iω)k8 +

(
−378r3 − 243iωr2 + 18ω2r + 5iω3

)
k6
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+27rω
(
28ir3 + 18ωr2 + 6iω2r − ω3

)
k4 + 9r2ω2

(
168r3 + 20iωr2 − 18ω2r

−3iω3
)
k2 − 27r3ω6

)
f(r)4ω3 + 3k2

(
ik8 +

(
−48ir2 + 22ωr + 4iω2

)
k6

+rω
(
42r2 + 119iωr − 30ω2

)
k4 + 12ir2ω2

(
2r2 + 15iωr − 6ω2

)
k2

−6r3ω3
(
20r2 + 48iωr − 9ω2

))
f(r)5ω2 + 3k2

(
−(10r + 3iω)k8 + rω(17ω

−32ir)k6 + r2(18r + 7iω)ω2k4 + 9r3ω3(4ir + 13ω)k2 + 6r4(60r

+49iω)ω4
)
f(r)6ω + 2ik2

(
k10 + 3irωk8 + 12r2ω2k6 + 63ir3ω3k4

−117r4ω4k2 + 252ir5ω5
)
f(r)7

)
ϕ′(r)3

))
.

Ξ = (3rω − (ik2 + 3rω)f(r))ϕ′(r) + 2r2ωf(r)ϕ′′(r).

Here the ζ function takes its appropriate form as mentioned earlier. After the near-

horizon analysis of the master equation, we found the first pole-skipping point (ω1, k1) at

ω1 = −3
2
ir0 and

k21 − 3r20 −
9β2ξr20ϕ(r0)

2(r20(3ξ+4p)−2k2p)
p(2k2p+3r20(3ξ+4p))

+ 3λξϕ(r0)p

(2k2p+3r20(3ξ+4p))
2 [−4k6p2 + 12k4pr20((ξ − 12)p

−3ξ) + 9k2r40 (−9ξ2 + 16(3ξ − 10)p2 + 12(ξ − 10)ξp) + 27ξr60(3ξ + 4p)2] = 0

(5.7)

Similarly, one can find the higher-order pole-skipping points by performing the near-horizon

expansion of the master equation. Here, by considering the negligible value of the β param-

eter, one can get the master equation with interaction only. However, in the shear mode case,

to get the previous result (2.14), one needs to ignore the β2 term from the starting point.

A.2 Coefficient of Master Equation: Sound Channel

Three coefficients of the master equation can be written in the linear order of the perturbation

parameter λ

Mso(r) = M(0)
so + λM(1)

so +O(λ2)
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Pso(r) = P(0)
so + β2Pϕ

so + λP(1)
so +O(λ2)

Qso(r) = Q(0)
so + β2Qϕ

so + λQ(1)
so +O(λ2)

where,

M(0)
so = r4f(r) (5.8)

P(0)
so =

r2 (f(r) (11k2rf(r) + 2k2(6r − iω)− 20rω2) + (3k2 − 4ω2) (3r − 2iω))

k2f(r) + 3k2 − 4ω2
(5.9)

Q(0)
so =

1

k2f(r) + 3k2 − 4ω2

(
−f(r)

(
−25k2r2f(r) + k4 + 12k2r(r + iω) + 16r2ω2

)
− 3k4

+k2(9r + 2iω)(3r − 2iω)− 24rω2(r − iω)
)

(5.10)

Pϕ
so =

[
2k2rf(r)2

(
rϕ′(r)2

(
k2rf(r)2

(
k4 − 4k2r(3r + iω) + 16r2ω2

)
− 2f(r)

(
k6(6r + iω)

−2k4r
(
9r2 + 3irω + 2ω2

)
+ 8k2r2ω2(6r + iω)− 32r3ω4

)
+ k2

(
3k2 − 4ω2

) (
4rω2

−k2(3r + 2iω)
))

− 4m2ϕ(r)2
(
k2rf(r)

(
−4rω2 + k2(3r + iω)

)
+ 3k6 − k4

(
9r2

+3irω + 2ω2
)
+ 4k2rω2(6r + iω)− 16r2ω4

))]
/
{(
k2 + 2irω

) (
k2f(r) + 3k2 − 4ω2

)3}

Qϕ
so = −

[
rϕ′(r)2

(
2k4r3f(r)4

(
−9k4 + 6k2r(20r + 7iω)− 160r2ω2

)
+ k2rf(r)3

(
k8

+2k6r(93r + 17iω)− 4k4r2
(
108r2 + 39irω + 20ω2

)
+ 48k2r3ω2(20r + 3iω)− 512r4ω4

)
+k2f(r)2

(
−k8(9r + 2iω) + 6k6r

(
27r2 + 9irω + 2ω2

)
+ 4ik4r2ω

(
63r2 + 144irω − 32ω2

)
+96k2r3ω3(4ω − 7ir) + 448ir4ω5

)
+ f(r)

(
3k2 − 4ω2

) (
−k8(15r + 4iω) + 2k6r

(
9r2

−3irω + 10ω2
)
+ 12ik4r2ω

(
3r2 + 10irω − 2ω2

)
+ 96k2r3ω3(ω − ir) + 64ir4ω5

)
−k4

(
3k2 − 4ω2

)2
(3r + 2iω)

(
k2 + 2irω

))
+ 2m2ϕ(r)2

(
k4r2f(r)3

(
k4 + 6k2r(20r + 7iω)

−160r2ω2
)
+ k2rf(r)2

(
k6(105r − 2iω)− 2k4r

(
108r2 + 39irω + 32ω2

)
+ 24k2r2ω2(20r

+3iω)− 256r3ω4
)
+ f(r)

(
−6k10 + k8

(
27r2 − 24irω + 4ω2

)
+ 2ik6rω

(
63r2 + 84irω

)
+8ω2 + 16k4r2ω3(8ω − 21ir) + 224ik2r3ω5

)
−
(
3k2 − 4ω2

) (
6k8 − k6

(
9r2 + 6irω + 4ω2

)
+2k4rω

(
−9ir2 + 30rω + 4iω2

)
+ 48ik2r2ω3(r + iω)− 32ir3ω5

))]
/{

2r2
(
k2 + 2irω

) (
k2f(r) + 3k2 − 4ω2

)3}
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M(1)
so = 0 (5.11)

P(1)
so =

r2f(r)

(2irω + k2) (k2f(r) + 3k2 − 4ω2)3
[
r3ζ ′′(r)

{
f(r)

(
k2f(r)

(
k2f(r)2

(
9k4

+2k2r(−24r + 25iω) + 64r2ω2
)
+ 2f(r)

(
−27k6 + 6k4

(
24r2 − 9irω + 11ω2

)
+4k2rω2(−72r + 17iω) + 128r2ω4

)
+ 12

(
3k2 − 4ω2

) (
2k4 + k2

(
−12r2 − 4irω

+3ω2
)
+ 2rω2(8r + 3iω)

))
+ 2

(
3k2 − 2ω2

) (
3k2 − 4ω2

)2 (
k2 + 2irω

))
− 3

(
3k2

−4ω2
)3 (

k2 + 2irω
)}

+ 4ζ ′(r)
{
f(r)

(
k2f(r)

(
r2f(r)

(
−k2f(r)

(
5k4 + 3k2r(−12r

+7iω) + 48r2ω2
)
+ 9k6 + k4

(
−180r2 + 33irω − 26ω2

)
+ 4k2rω2(96r + 5iω)

−192r2ω4
)
+ 3k8 + 4k6

(
36r2 + 6irω − ω2

)
+ k4r

(
324r3 + 243ir2ω − 324rω2

−32iω3
)
− 8k2r2ω2

(
90r2 + 81irω − 34ω2

)
+ 48r3ω4(8r + 9iω)

)
+
(
3k2 − 4ω2

) (
3k8

−k6
(
63r2 + 4ω2

)
− k4r

(
108r3 + 171ir2ω − 126rω2 + 8iω3

)
+ 8k2r2ω2

(
18r2

+27irω − ω2
)
− 16ir3ω5

))
+ 9k2r2

(
3k2 − 4ω2

)2 (
k2 + 2irω

)}]
(5.12)

Q(1)
so = − 1

r (2irω + k2) (f(r)k2 + 3k2 − 4ω2)3

[{
ω(3r + 2iω)

(
2rω − ik2

) (
3k2 − 4ω2

)3
+f(r)

(
f(r)

(
f(r)

(
−3k8 + 18

(
−19r2 − 2iωr + ω2

)
k6 + 4r(3r − iω)

(
108r2 + 99iωr

−26ω2
)
k4 − 8r2ω2

(
360r2 + 234iωr − 85ω2

)
k2 + 32r3ω4(48r + 35iω) + f(r)

(
3k8

+r(180r + 23iω)k6 − 2r2
(
576r2 − 108iωr + 257ω2

)
k4 + 64r3ω2(30r − iω)k2

−r2
(
43k4 + 6r(41iω − 40r)k2 + 320r2ω2

)
f(r)k2 − 512r4ω4

))
−
(
3k2 − 4ω2

) (
9k6

+6
(
18r2 + 3iωr − 7ω2

)
k4 + 8irω

(
45r2 + 42iωr − 11ω2

)
k2 + 8r2ω3(ω − 60ir)

))
k2

+
(
k2 + 2irω

) (
3k2 − 4ω2

)2 (
3k4 +

(
9r2 − 18iωr + 14ω2

)
k2 − 4irω3

))}
ζ ′′(r)r3

+
{(
k2 + 2irω

) (
3k6 + 2ω(−3ir − 2ω)k4 − 6r2

(
9r2 + 6iωr − 2ω2

)
k2

+72r4ω2
) (

3k2 − 4ω2
)2

+ f(r)
(
2
(
3k2 − 4ω2

) (
3k10 +

(
63r2 + 18iωr − 4ω2

)
k8

−r
(
189r3 + 18iωr2 + 66ω2r + 28iω3

)
k6 + 2r2ω

(
−297ir3 + 315ωr2 + 6iω2r + 28ω3

)
k4

+8ir3ω3
(
63r2 + 18iωr + 4ω2

)
k2 + 32r4ω5(6ir + ω)

)
+ f(r)

(
3k12 +

(
−90r2 + 36iωr

−4ω2
)
k10 + 12r

(
171r3 + 63iωr2 + 24ω2r − 4iω3

)
k8 + 4r2

(
972r4 + 1971iωr3
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−1863ω2r2 − 186iω3r − 32ω4
)
k6 − 32r3ω2

(
270r3 + 531iωr2 − 243ω2r − iω3

)
k4

+64r4ω4
(
72r2 + 132iωr − 13ω2

)
k2 + 2r2f(r)

(
3
(
−15k8 − 2

(
186r2 + 37iωr − 9ω2

)
k6

+2r
(
−396r3 − 417iωr2 + 339ω2r + 50iω3

)
k4 + 8r2ω2

(
180r2 + 232iωr − 73ω2

)
k2

−64r3(8r + 13iω)ω4
)
+ f(r)

(
−3k8 + r(21r − 20iω)k6 + 2r2

(
684r2 − 24iωr + 43ω2

)
k4

−8r3(300r + 91iω)ω2k2 + r2
(
47k4 + 12r(17iω − 30r)k2 + 480r2ω2

)
f(r)k2

+768r4ω4
))
k2 + 256ir5ω7

))}
ζ ′(r)

]
(5.13)

After near horizon analysis of the master equations we find the first pole skipping point

at ω1 = −3
2
ir0 and

k41 + 9r40 − λ
ξ (−k61 + 9(ξ + 3)k21r

4
0 + 27ξr60)ϕ(r0)

p

r20

− β2ξϕ(r0)
2 (k61(ξ + 2p) + 3k41r

2
0(ξ − 3p)− 36pk21r

4
0 − 27pr60)

p2 (k21 + 3r20)
= 0, (5.14)

Similarly one can find higher-order pole-skipping points. Since β and λ are two independent

perturbative parameters, we can choose to observe the matter field’s effect or the scalar-

Gauss-Bonnet interaction’s effect by switching the particular ranges of these parameters.

For example, λ≪ β2 ≪ 1 helps us to neglect the interaction effect and to consider the effect

of matter stress-tensor only. However here we have considered the opposite one.
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B.3 Dirac equations for various couplings

As discussed in Section 3 of Chapter 2, with various forms of coupling, we can write the

Dirac component equations. Imposing the spinor decomposition mentioned in the paper, we

can get the component equations.

• Dipole coupling : When ζ(ϕ) = −ipϕ/F (here, /F = 1
2
ΓabeMa e

N
b FMN ), then summing

over the indices, we get, ζ(ϕ) = −ipϕ(r)A′
v(r)Γ

v.

r2f(r)∂rψ
+
+ + Γv

[
−iω +

r2f ′(r)

4
− iqAv(r) +

mr(1− f(r))

2
+
ik(1 + f(r))

2

−iprϕ(r)A
′
v(r)(1 + f(r))

2

]
ψ−
− +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

−mr(1 + f(r))

2
− ik(1− f(r))

2
+
iprϕ(r)A′

v(r)(1− f(r))

2

]
ψ+
+ = 0 (5.15a)

r2f(r)∂rψ
−
− − Γv

[
−iω +

r2f ′(r)

4
− iqAv(r)−

mr(1− f(r))

2
− ik(1 + f(r))

2

+
iprϕ(r)A′

v(r)(1 + f(r))

2

]
ψ+
+ +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

+
mr(1 + f(r))

2
+
ik(1− f(r))

2
− iprϕ(r)A′

v(r)(1− f(r))

2

]
ψ−
− = 0 (5.15b)

We can easily get the other two component equations for ψ−
+ and ψ+

− by replacing

k → −k in (5.15a) and (5.15b).

• Yukawa coupling : When ζ(ϕ) = gϕ(r), then, the Dirac component equations we get

as,

r2f(r)∂rψ
+
+ + Γv

[
−iω +

r2f ′(r)

4
− iqAv(r) +

mr(1− f(r))

2
+
ik(1 + f(r))

2

139
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+
grϕ(r)(1− f(r))

2

]
ψ−
− +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

−mr(1 + f(r))

2
− ik(1− f(r))

2
− grϕ(r)(1 + f(r))

2

]
ψ+
+ = 0 (5.16a)

r2f(r)∂rψ
−
− − Γv

[
−iω +

r2f ′(r)

4
− iqAv(r)−

mr(1− f(r))

2
− ik(1 + f(r))

2

−grϕ(r)(1− f(r))

2

]
ψ+
+ +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

+
mr(1 + f(r))

2
+
ik(1− f(r))

2
+
grϕ(r)(1 + f(r))

2

]
ψ−
− = 0 (5.16b)

We can easily get the other two component equations for ψ−
+ and ψ+

− by replacing k → −k

in (5.16a) and (5.16b).

B.4 Detailed pole-skipping analysis for Dipole coupling (real)

case

To calculate the pole-skipping points, we expand the spinors around the horizon as,

ψ+
+ =

∞∑
j=0

(ψ+
+)

j(r − r0)
j, ψ− =

∞∑
j=0

(ψ−
−)

j(r − r0)
j (5.17)

We have to expand the gauge field Av, f(r) and ϕ also around the horizon as1
f(r) = f(r0) + (r − r0)f

′(r0) + ...

Av(r) = Av(r0) + (r − r0)A
′
v(r0) + ...

ϕ(r) = ϕ(r0) + (r − r0)ϕ
′
(r0) + ...

(5.18)

Expanding the Dirac equations (5.15a) and (5.15b) around the horizon as,

D+
+ =

∞∑
j=0

(D+
+)

j(r − r0)
j, D−

− =
∞∑
j=0

(D−
−)

j(r − r0)
j (5.19)

To calculate the zeroth order pole-skipping points, we expand (5.15a) near horizon upto

zeroth order and get,

(D+
+)

(0) =

(
−iω +

r0
2f ′(r0)

4
+
mr0
2

+
ik

2
− ipr0ϕ(r0)A

′
v(r0)

2

)
(ψ−

−)
(0)

1the emblackening factor f(r) and gauge field Av(r) vanishes at the horizon.
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+

(
−iω +

r0
2f ′(r0)

4
− mr0

2
− ik

2
+
ipr0ϕ(r0)A

′
v(r0)

2

)
(ψ+

+)
(0) = 0 (5.20a)

In the same way, we expand (5.15b) upto zeroth order and get,

(D−
−)

(0) =−
(
−iω +

r0
2f ′(r0)

4
− mr0

2
− ik

2
+
ipr0ϕ(r0)A

′
v(r0)

2

)
(ψ+)

(0)

+

(
−iω +

r0
2f ′(r0)

4
+
mr0
2

+
ik

2
− ipr0ϕ(r0)A

′
v(r0)

2

)
(ψ−)

(0) = 0 (5.20b)

To calculate the pole-skipping points, we make the coefficients of (ψ+
+)

(0) and (ψ−
−)

(0) zero

and extract the frequency and associated momentum as,

ω0 = −πiT, k = imr0 + pµϕ(r0) (5.21)

So, this (ω0, k) is the zeroth order pole-skipping point. We will get another pole-skipping

point from the other two component equations simply by replacing k → −k.

ω0 = −πiT, k = −imr0 − pµϕ(r0) (5.22)

The additional term we got is dependent on coupling parameter p, a chemical potential µ

and the value of the scalar field at the horizon ϕ(r0). We have discussed the effect of this

additional term in section 3 of the paper.

To get the higher-order pole-skipping points, we have to expand the 1st-order Dirac

equations up to higher orders. For that, we will follow a matrix formalism to extract the

pole-skipping points. Now, expanding the Dirac equation in the first order, we will get two

equations containing the coefficients of (ψ+
+)

1, (ψ−
−)

1, (ψ+
+)

0 and (ψ−
−)

0. Then, we will form

a 2× 2 matrix of the coefficients. We can write the equations in a matrix form as,(D+
+)

1

(D−
−)

1

 = Ã11

(ψ+
+)

1

(ψ−
−)

1

+ Ã10

(ψ+
+)

0

(ψ−
−)

0

 = 0 (5.23)

Where,

Ã11 =

 5πT − iω − mr0
2

− ik
2
+ ipr0ϕ(r0)A′

v(r0)
2

(
−iω + πT + mr0

2
+ ik

2
− ipr0ϕ(r0)A′

v(r0)
2

)
−
(
−iω + πT − mr0

2
− ik

2
+ ipr0ϕ(r0)A′

v(r0)
2

)
5πT − iω + mr0

2
+ ik

2
− ipr0ϕ(r0)A′

v(r0)
2


(5.24)
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and, Ã10 is dependent on k only. We can clearly see that det Ã11 = 8πT (3πT − iω)

which disappears at ω = −3πiT . To calculate associated momentum, we have to rewrite

(D+
+)

0, (D+
+)

1 and (D−
−)

1 at ω = −3πiT and we can construct a 3 × 3 matrix out of the

co-efficients of (ψ+
+)

0, (ψ−
−)

1 and ψ1
c where ψ1

c = (ψ+
+)

1 − Γv(ψ−
−)

1. We can express the

matrix form as,
(D+

+)
0

(D+
+)

1

(D−
−)

1

 = Ã1(ω1, k)


(ψ+

+)
0

(ψ−
−)

0

ψ1
c

 =


Ã00

++ Ã00
+− 0

Ã10
++ Ã10

+− Ã11
+

Ã10
−+ Ã10

−− Ã11
−



ψ0
+

ψ0
−

ψ1
c

 = 0 (5.25)

We can evaluate the associated momentum at which detÃ1(ω1, k) vanishes. To see the associ-

ated momentum with ω = −3πiT , we evaluate the above matrix (5.25) at ω = −3πiT In this

way, we have extracted the pole-skipping points up to many orders. We can clearly see that

these ω’s are fermionic matsubara frequencies at various orders; ω = ωn = −2πiT (n+ 1
2
).

ω1 = −3πiT (5.26)

k1a =
ir0
3T

(
2−1/3A+ T

(
m− 3ipµϕ(r0)

r0

)
+

42/3T 2B

r0A

)
(5.27)

k1b = − ir0
3T

(
4−2/3(1−

√
3i)A− T

(
m− 3ipµϕ(r0)

r0

)
+

21/3(1 +
√
3i)T 2B

r0A

)
(5.28)

k1c = − ir0
3T

(
4−2/3(1 +

√
3i)A− T

(
m− 3ipµϕ(r0)

r0

)
+

21/3(1−
√
3i)T 2B

r0A

)
(5.29)

B = (−9 + 2m2)r0 + 18πT + 3iqµ (5.30)

A = r
−2/3
0

[
−12mr0BT

3 − 2m2r0 − 9πT − 27

4
ipµϕ(r0)r0T

3(m2
ϕ + ϕ(r0)

2 − 4πT )

+4ir
1/2
0 T 3

(
2B3 −Bm+ 2m3r0 + 9mπT − 27

4
ipµϕ(r0)T

3(m2
ϕ + ϕ(r0)

2 − 4πT )

)1/2
]1/3

(5.31)

So, these are the 1st order pole-skipping points. we get 3 associated momentum values in

1st order. We can see from the momentum values that they are directly proportional to ϕ(r0)

which means (Tc − T )1/2. So, up to higher orders, they obey the power law. From the

Figure2.10 also, it is evident.
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B.5 Higher order momentum values for Yukawa coupling

(real)

With the same method described above, we can calculate the 1st-order P-S points for Yukawa

coupling. We observe that, ω1 = −3πiT while k1 takes 3 values as

ω1 = −3πiT (5.32a)

k1a =
ir0
3T

(
Z

r0
+ (m+ gϕ(r0))T +

2Y

Z
T 2

)
(5.32b)

k1b =
ir0
3T

(
−(1−

√
3i)Z

2r0
+ (m+ gϕ(r0))T − (1 +

√
3i)Y

Z
T 2

)
(5.32c)

k1c =
ir0
3T

(
−(1 +

√
3i)Z

2r0
+ (m+ gϕ(r0))T − (1−

√
3i)Y

Z
T 2

)
(5.32d)

Y = (−9 + 2m2)r0 + 18πT + 3iqµ+ 4gmr0ϕ(r0) + 2g2r0ϕ
2(r0) (5.32e)

Z =
(
2mr20T

3(Y + 3(12r0 − 2m2r0 − 15πT − 4iqµ)− 16gmr0ϕ(r0)− 14g2r0ϕ
2(r0)

+27
g

m
ϕ(r0)(r0 − πT )− 9i

g

m
qµϕ(r0)− 4

g3

m
r0ϕ

3(r0) +
27g

4m
r0ϕ(r0)(m

2
ϕ + ϕ2(r0)))

+
1

2
r
3/2
0 T 3(−32Y 3 + r0

(
4m(r0(−27 + 4m2) + 27πT + 9iqµ) + 3g(4(−9r0 + 4m2r0

+9πT + 3iqµ)− 9r0m
2
ϕ)ϕ(r0) + 48g2mr0ϕ

2(r0) + g(−27 + 16g2)r0ϕ
3(r0)

)2
)
)1/3
(5.32f)

The momentum values are proportional to ϕ(r0) here also. So, they will obey the power law

as (Tc − T )1/2. So, we have checked that up to the first order, P-S points obey (Tc − T )1/2

law near critical temperature for a theory with massless fermions propagating in a charged

black hole background, with real dipole and Yukawa coupling. We have explicitly discussed

this in subsection 3.1.1.

TH-3646_196121006



144 Appendix

B.6 Dirac component equations for charged Dipole cou-

pling

With charged Dipole coupling, decomposing the Dirac equation into components, we can

write,

r2f(r)∂rψ
+
+ + Γv

[
−iω +

r2f ′(r)

4
− iqAv(r) +

mr(1− f(r))

2
+
ik(1 + f(r))

2

−ipr|ϕ̃|
2A′

v(r)(1 + f(r))

2

]
ψ−
− +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

−mr(1 + f(r))

2
− ik(1− f(r))

2
+
ipr|ϕ̃|2A′

v(r)(1− f(r))

2

]
ψ+
+ = 0 (5.33a)

r2f(r)∂rψ
−
− − Γv

[
−iω +

r2f ′(r)

4
− iqAv(r)−

mr(1− f(r))

2
− ik(1 + f(r))

2

+
ipr|ϕ̃|2A′

v(r)(1 + f(r))

2

]
ψ+
+ +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

+
mr(1 + f(r))

2
+
ik(1− f(r))

2
− ipr|ϕ̃|2A′

v(r)(1− f(r))

2

]
ψ−
− = 0 (5.33b)

The other two component equations can be obtained by replacing k → −k in the above two

equations. Expanding these equations near the black hole horizon and applying the method

discussed in (B.4), we can calculate P-S points up to any order. We have checked that the

behaviour of momentum values for this case is proportional to (Tc − T ) which is different

from the real coupling case. We have calculated the P-S points in section 3.2. The ω values

are not different from the fermionic Matsubara frequencies, but the momentum values change

with the coupling. We have shown the numerical behaviour of these higher-order points in

Figure 5.
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B.7 Dirac component equations for charged Yukawa cou-

pling

With charged Yukawa coupling, decomposing the Dirac equation into components, we can

write,

r2f(r)∂rψ
+
+ + Γv

[
−iω +

r2f ′(r)

4
− iqAv(r) +

mr(1− f(r))

2
+
ik(1 + f(r))

2

+
gr|ϕ̃|2(1− f(r))

2

]
ψ−
− +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

−mr(1 + f(r))

2
− ik(1− f(r))

2
− gr|ϕ̃|2(1 + f(r))

2

]
ψ+
+ = 0 (5.34a)

r2f(r)∂rψ
−
− − Γv

[
−iω +

r2f ′(r)

4
− iqAv(r)−

mr(1− f(r))

2
− ik(1 + f(r))

2

−gr|ϕ̃|
2(1− f(r))

2

]
ψ+
+ +

[
−iω +

r2f ′(r)

4
+

3rf(r)

2
− iqAv(r)

+
mr(1 + f(r))

2
+
ik(1− f(r))

2
+
gr|ϕ̃|2(1 + f(r))

2

]
ψ−
− = 0 (5.34b)

The other two component equations can be obtained by replacing k → −k in the above two

equations. With the matrix method, we can calculate the P-S points. Here also, ω values are

just the fermionic Matsubara frequencies, only the momentum value changes. The behaviour

of momentum values for this case is also proportional to (Tc − T ).
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Appendix C

In the Chapter 3, we studied the phenomenon of pole-skipping in D3-D7 brane systems in

presence of external electric field. We constructed master equations for each channel of

gravitational perturbations. In this appendix, we have written the co-efficients of the master

equations obtained from various channels.

C.8 Sound mode

The coefficients of master equation (3.50) can be expressed as,

Pso(r, ω, k) = P0(r, ω, k) + nfP1(r, ω, k), (5.35a)

Qso(r, ω, k) = Q0(r, ω, k) + nfQ1(r, ω, k). (5.35b)

Now,

P0 =
−f(r) (3rω2 + 2k2 (r + iR2

4ω)) + 9k2rf(r)2 + 2 (2k2 − 3ω2) (2r − iR2
4ω)

r2f(r) (k2f(r) + 2k2 − 3ω2)
,

(5.35c)

Q0 =
[
−k2f(r)

(
k2R4

4 + 32r2 + 11irR2
4ω
)
+ 16k2r2f(r)2 − 2k4R4

4 + k2
(
16r2

+2irR2
4ω + 3R4

4ω
2
)
+ 9irR2

4ω
3
]
/
{
r4f(r)

(
k2f(r) + 2k2 − 3ω2

)}
, (5.35d)

P1 = 2ik2 sin3 θ(r)
[
k4
(
18E2

0r
5f(r)4 − 3r4f(r)3

(
10E2

0r + 3iE2
0R

2
4ω + 24rR4

4

)
+ 2f(r)2

(
6R4

4(
3E2

0r + 10r5
)
+ 15E2

0r
5 − 7iE2

0r
4R2

4ω + 2iE2
0R

6
4ω
)
+ f(r)

(
−12R4

4

(
5E2

0r + 4r5
)

−30E2
0r

5 + 4iE2
0r

4R2
4ω + 4iE2

0R
6
4ω
)
+ 4E2

0

(
3r5 − 2ir4R2

4ω + 6rR4
4 − 2iR6

4ω
))

−3k2ω2
(
5E2

0r
5f(r)4 + r4f(r)3

(
−17E2

0r + 2iE2
0R

2
4ω − 20rR4

4

)
+ f(r)

(
−2R4

4

(
17E2

0r

+24r5
)
− 17E2

0r
5 + 10iE2

0r
4R2

4ω + 4iE2
0R

6
4ω
)
+ f(r)2

(
2R4

4

(
5E2

0r + 34r5
)
+ 17E2

0r
5

147
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−2iE2
0r

4R2
4ω
)
+ 4E2

0

(
3r5 − ir4R2

4ω + 6rR4
4 − iR6

4ω
))

− 9rω4
(
3E2

0r
4f(r)3 − r3f(r)2(

3E2
0r + 2iE2

0R
2
4ω + 12rR4

4

)
+ 3f(r)

(
2R4

4

(
E2

0 + 2r4
)
+ E2

0r
4 − iE2

0r
3R2

4ω
)

−3E2
0

(
r4 + 2R4

4

))]
/
{
r3R6

4

(
k2(f(r) + 2)− 3ω2

)
3
(
3rω

(
4rf(r)− 2r − iR2

4ω
)

−k2R2
4

(
3irf(r)− 2ir +R2

4ω
))}

, (5.35e)

Q1 = i sin3 θ(r)
[
4k2r

(
132r + 7iR2

4ω
)
+ 3k4R4

4 − 504r2ω2
)
+ E2

0R
2
4

(
2k2 − 3ω2

)2
(
2r + iR2

4ω
) (

2k4
(
5r4R2

4 + 2R6
4

)
+ 3k2ω

(
10ir5 + 3r4R2

4ω + 4irR4
4 + 6R6

4ω
)

+27irω3
(
r4 + 2R4

4

))
− 3k2r4f(r)5

(
2k4r

(
8R4

4

(
132r2 − E2

0ω
2
)
+ 312E2

0r
2 + 147iE02rR2

4ω

+56irR6
4ω
)
+ 12k2r2ω2

(
2E2

0r + 19iE2
0R

2
4ω − 168rR4

4

)
+ k6

(
16E2

0rR
4
4 + iE2

0R
6
4ω + 12rR8

4

)
−576E2

0r
3ω4
)
+ f(r)3

(
k8R4

4

(
R4

4

(
96r5 − 176E2

0r
)
+ 208E2

0r
5 − 2iR6

4ω
(
11E2

0 − 36r4
)

+161iE2
0r

4R2
4ω
)
− 54k2r3ω4

(
32E2

0r
4 + 53iE2

0r
3R2

4ω − 4R4
4

(
5E2

0r
2ω2 + 16E2

0 − 32r4
)

+152ir3R6
4ω
)
+ 9k4r2ω2

(
152E2

0r
5 + 380iE2

0r
4R2

4ω − iR6
4ω
(
25E2

0r
2ω2 + 184E2

0

−1176r4
)
− 16rR4

4

(
3E2

0r
2ω2 + E2

0 + 4r4
)
+ 56r3R8

4ω
2
)
− 6k6r

(
312E2

0r
6 + 123iE2

0r
5R2

4ω

−16R8
4ω

2
(
3E2

0 − 7r4
)
+ 2irR6

4ω
(
7E2

0r
2ω2 − E2

0 + 348r4
)
+ 48R4

4

(
2E2

0r
4ω2 + 13E2

0r
2

+4r6
)
+ 18ir3R10

4 ω
3
)
+ 324r6ω6

(
6E2

0r − 7iE2
0R

2
4ω + 24rR4

4

))
+ f(r)

(
2k2 − 3ω2

)
(
E2

0

(
k6
(
224r5R4

4 + 30ir4R6
4ω + 224rR8

4 − 36iR10
4 ω
)
+ 3ik4R2

4ω
(
28r6 + 144ir5R2

4ω

+r2R4
4

(
r2ω2 − 136

)
+ 80irR6

4ω + 34R8
4ω

2
)
+ 18k2rω2

(
40r6 + 13ir5R2

4ω

+4r2R4
4

(
r2ω2 + 20

)
+ 42irR6

4ω − 8R8
4ω

2
)
− 324r2ω4

(
r4 + 2R4

4

) (
2r − iR2

4ω
))

+12r4R6
4

(
2k2 − 3ω2

)
2
(
2r + iR2

4ω
) (
k2R2

4 + 3irω
))

+ f(r)4
(
E2

0r
(
108k2r5ω4(

16r + 35iR2
4ω
)
+ k8

(
−7r4R4

4 + 30ir3R6
4ω + 2R8

4

)
+ 3k6r

(
624r5 − 152ir4R2

4ω

+iR6
4ω
(
17r2ω2 + 152

)
+ 32rR4

4

(
r2ω2 + 33

))
− 18k4r2ω2

(
76r4 + 7ir3R2

4ω

+3R4
4

(
9r2ω2 + 56

))
− 1944r6ω6

)
+ 12k2r4R4

4

(
2k4r

(
312r2 + 15irR2

4ω − 4R4
4ω

2
)

+12k2r2ω2
(
2r + 7iR2

4ω
)
+ k6

(
16rR4

4 + iR6
4ω
)
− 576r3ω4

))
+ 3f(r)2

(
E2

0

(
k8
(
40r5R4

4

+66ir4R6
4ω − 48rR8

4 − 28iR10
4 ω
)
+ 9k2r2ω4

1

(
64r5 − 136ir4R2

4ω1 + iR6
4ω1

(
11r2ω2 + 184

)
+32rR4

4

(
3r2ω2 + 4

))
+ k6

(
96r7 + 204ir6R2

4ω − ir2R6
4ω
(
131r2ω2 − 408

)
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+8r3R4
4

(
13r2ω2 + 24

)
+ 288rR8

4ω
2 + 50iR10

4 ω
3
)
+ 6k4rω2

(
8r6 + 33ir5R2

4ω

−irR6
4ω
(
r2ω2 + 230

)
+R4

4

(
16r2 − 119r4ω2

)
− 54R8

4ω
2
)
− 27r3ω6

(
24r4 − 46ir3R2

4ω

+R4
4

(
11r2ω2 + 48

)))
− 4r4R4

4

(
2k2 − 3ω2

) (
ik4R2

4ω
(
−68r2 + 32irR2

4ω + 9R4
4ω

2
)

+30k2r2ω2
(
8r + iR2

4ω
)
+ k6

(
32rR4

4 − 6iR6
4ω
)
+ 108r2ω4

(
−2r + iR2

4ω
)))]

/{
12r6R6

4f(r)
2
(
k2(f(r) + 2)− 3ω2

)
3
(
3rω

(
4rf(r)− 2r − iR2

4ω
)
− k2R2

4 (3irf(r)

−2ir +R2
4ω
))}

. (5.35f)

C.9 Shear mode

The coefficients of master equation (3.58) can be expressed as,

Psh(r, ω, k) = P0(r, ω, k) + nfP1(r, ω, k), (5.36a)

Qsh(r, ω, k) = Q0(r, ω, k) + nfQ1(r, ω, k), (5.36b)

where these P s and Qs are given below.

P0 =
−ωf(r) (5rω + 2ik2R2

4) + 9k2rf(r)2 − 4rω2 + 2iR2
4ω

3

r2f(r) (k2f(r)− ω2)
, (5.36c)

Q0 =
[
12k2r2f(r)2 − f(r)

(
k4R4

4 + 11ik2rR2
4ω + 4r2ω2

)
+ ω

(
irR2

4

(
4k2 + 7ω2

)
+k2R4

4ω − 8r2ω
)]
/
{
r4f(r)

(
k2f(r)− ω2

)}
, (5.36d)

P1 = −
[
ik2ω2(f(r)− 1) sin3(Θ(r))

(
2R4

4

(
E2

0 − 2r4f(r)
)
+ E2

0r
4
(
f(r)2 + 1

))2]
/
{
r3R6

4(
ω2 − k2f(r)

)2 (−rω (2R4
4

(
5f(r)

(
E2

0 − 2r4f(r)
)
− 4E2

0

)
+ E2

0r
4(f(r)(f(r)

(f(r) + 4) + 9)− 4)) + ik2R2
4f(r)

(
2R4

4

(
E2

0 − 2r4f(r)
)
+ E2

0r
4
(
f(r)2 + 1

)))}
,

(5.36e)

Q1 =
[
i sin3(θ(r))

(
2R4

4

(
E2

0 − 2r4f(r)
)
+ E2

0r
4
(
f(r)2 + 1
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4ωf(r)
2
(
2R4

4

(
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(
9E2

0
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)
− 8E2

0

)
+ E2

0r
4
(
5f(r)3 + 13f(r)− 8

))
+ k2R4

4ω
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(
2R4

4

(
E2

0
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−2r4f(r)
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(
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(
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(
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(
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(
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(
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. (5.36f)

C.10 Tensor mode

The coefficients of master equation (3.58) can be expressed as,

Pten =
rf(r) + 4r − 2iR2

4ω

r2f(r)
, (5.37a)

Qten = −k
2R4

4 + 3irR2
4ω

r4f(r)
+ nf

[
sin3 θ(r)

r2f(r)

−
r5f(r)2 +

(
r − rh sin

3 θ0
) (
r4 + r3rh sin

3 θ0 + 2R4
4

)
4r7R4

4f(r)
2

E2
0 sin

3 θ(r)

]
.

(5.37b)
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Bending of Light in Quantum Gravity, Phys. Rev. Lett. 114 (2015) 061301

[1410.7590].

[159] L. Cornalba, M.S. Costa, J. Penedones and R. Schiappa, Eikonal Approximation in

AdS/CFT: From Shock Waves to Four-Point Functions, JHEP 08 (2007) 019

[hep-th/0611122].

[160] L. Cornalba, M.S. Costa, J. Penedones and R. Schiappa, Eikonal Approximation in

AdS/CFT: Conformal Partial Waves and Finite N Four-Point Functions, Nucl. Phys.

B 767 (2007) 327 [hep-th/0611123].

[161] R.C. Brower, M.J. Strassler and C.-I. Tan, On the eikonal approximation in AdS

space, JHEP 03 (2009) 050 [0707.2408].

[162] M. Kulaxizi, G.S. Ng and A. Parnachev, Black holes, heavy states, phase shift and

anomalous dimensions, SciPost Phys. 6 (2019) 065.

TH-3646_196121006

https://doi.org/10.1103/PhysRevD.89.066003
https://doi.org/10.1103/PhysRevD.89.066003
https://doi.org/10.1103/PhysRevD.97.066024
https://arxiv.org/abs/1707.05913
https://arxiv.org/abs/2312.16284
https://doi.org/10.1016/0550-3213(92)90627-N
https://doi.org/10.1016/0550-3213(92)90627-N
https://arxiv.org/abs/hep-th/9203082
https://doi.org/10.1007/JHEP11(2010)100
https://arxiv.org/abs/1008.4773
https://doi.org/10.1103/PhysRevLett.114.061301
https://arxiv.org/abs/1410.7590
https://doi.org/10.1088/1126-6708/2007/08/019
https://arxiv.org/abs/hep-th/0611122
https://doi.org/10.1016/j.nuclphysb.2007.01.007
https://doi.org/10.1016/j.nuclphysb.2007.01.007
https://arxiv.org/abs/hep-th/0611123
https://doi.org/10.1088/1126-6708/2009/03/050
https://arxiv.org/abs/0707.2408
https://doi.org/10.21468/SciPostPhys.6.6.065


166 BIBLIOGRAPHY
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