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Abstract

The thesis constitutes five main chapters. Discussion of our works starts from the second
chapter. The second chapter is comprised of two of our research works. In the first work,
the holographic phenomena of pole-skipping were studied in the presence of scalar-Gauss-
Bonnet interaction in a four-dimensional Anti-de Sitter-Schwarzchild black hole background.
We have initiated a novel study to understand the response of those pole-skipping points un-
der the application of external sources. The source is identified with the holographic dual
operator of the bulk scalar field with its non-normalizable solutions. We have analysed in
detail the dynamics of pole-skipping points in both sound and shear channels, considering
linear perturbation in bulk. In the perturbative regime, characteristic parameters for chaos,
namely Lyapunov exponent and butterfly velocity, remain unchanged. However, the momen-
tum values of the pole-skipping points in various modes are found to be affected by the scalar
source. Further, the diffusion coefficient has been observed to evolve non-trivially under the
application of external sources. In the second work, we have investigated the holographic
fermionic pole-skipping phenomena for a class of interacting theory in a charged AdS black
hole background. We have studied two types of fermion-scalar interactions in the bulk:
Dipole and Yukawa type interaction. Depending upon the interaction we have introduced
both real and charged scalar fields. We have particularly analyzed the effect of scalar con-
densation on the fermionic pole-skipping points and discussed their behaviour near critical
temperatures. In the third chapter, we have analysed the pole-skipping phenomena of finite
temperature Yang-Mills theory with quark flavors which is dual to D3-D7 brane systems in
bulk. We also have considered the external electric field in the boundary field theory which
is dual to the world volume electric field on the D7 brane. We have worked in the probe

limit where the D7 branes do not back-react to the D3 brane background. In this scenario,
X
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we have computed the characteristic parameters of the chaos namely, Lyapunov exponent
A, and butterfly velocity vy, from the pole-skipping points by performing the near effective
horizon analysis of the linearised Einstein equations. Unlike pure Yang-Mills, once charged
quarks with a background electric field are added into the system, the characteristic parame-
ters of the chaos show non-trivial dependence on the quark mass and external electric field.
We have observed that \;, and v, decrease with increasing electric field. We have further per-
formed the pole-skipping analysis for the gauge invariant sound, shear, and tensor modes of
the perturbation in the bulk and discuss their physical importance in the holographic context.
In the fourth chapter, we have investigated two salient chaotic features, namely Lyapunov
exponent and butterfly velocity, in the context of an asymptotically Lifshitz black hole back-
ground with an arbitrary critical exponent. These features are computed using three methods:
entanglement wedge method, out-of-time-ordered correlator computation and pole-skipping.
We have presented a comparative study of the aforementioned features where all of these
methods yield exactly similar results for the butterfly velocity and Lyapunov exponent. This
establishes an equivalence between all three methods for probing chaos in the chosen gravity
background. Furthermore, we have evaluated the chaos at the classical level by computing
the eikonal phase and Lyapunov exponent from the bulk gravity. These quantities emerge as
nontrivial functions of the anisotropy index. By examining the classical eikonal phase, we
uncover different scattering scenarios in the near-horizon and near-boundary regimes. We
have also discussed potential limitations regarding the choice of the turning point of the null

geodesic in our approach.
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Chapter 1

Introduction

No problem is too small or too
trivial if we can really do

something about it.

Richard P. Feynman

In theoretical physics, the quantum theory of fields implements ideas from classical the-
ory of fields, quantum mechanics, and the special theory of relativity. Quantum Field Theory
(QFT) is necessary in both particle physics and condensed matter physics, helping us under-
stand how elementary excitations behave both in perturbative and non-perturbative regimes.
However, in this framework, it has been proved to be very difficult to incorporate gravity due
to its nature as a background, on which the very quantization is being performed. Gravity
is addressed through the principle of the General theory of Relativity (GR), introduced by
Albert Einstein. It is a theory of spacetime that can assume a non-trivial geometric form in
response to any form of energy-momentum tensor. One of the most elegant ways to visual-
ize the geometric nature of spacetime is to place a football on a stretched rubber sheet and
observe how the geometric shape of the sheet surrounding the football changes its nature.
The heavier the football is, higher the deformation of the sheet becomes. Keeping in mind
its non-triviality, this simple observation can be translated into the fact that the more mas-
sive an object is, the more it distorts the spacetime. This theory explains how matter bends

spacetime, and how that curved spacetime guides the movement of matter.

1
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2 CHAPTER 1. INTRODUCTION

Treating gravity as a geometrical phenomenon, Einstein wrote down the famous equa-

tion,

1
E,. =R, — §gwR+ Ag,, = 87GNT (1.1)

where I, represents the Einstein tensor, 2, stands for Ricci tensor, g, denotes the metric
tensor and R represents the Ricci scalar. Additionally, Gy stands for Newton’s constant,
T, represents the stress-tensor and A represents the cosmological constant. As gravity is
universal in nature, it is proved to be applicable for a wide range of scales starting from near
the Planckian to cosmological size. This very equation tells us how our earth moves around
the Sun, and the background spacetime can be described precisely by the well-known Kerr
geometry [1]. On the cosmological scale, our current universe is observed to be expanding
at an accelerating rate. Surprisingly, such expansion can be described by the same equation
(1.1) with an energy-momentum tensor which describes the famous cosmological constant
A > 0 of our universe. The spacetime with positive cosmological constant is famously
known as the de Sitter spacetime [2]. This automatically generalizes two more possible
geometries of spacetime with homogeneous energy-momentum tensor. A = 0 corresponds
to the Minkowski spacetime or flat spacetime, and A < 0 corresponds to the well-known
Anti-de Sitter (AdS) spacetime [3]. More importantly, such spacetime possesses a negative
curvature. In terms of its practical application, particularly in describing the evolution of
our universe, AdS spacetime may seem to be unmotivated. However, from the theoretical
perspective, it has been found to play a key role in understanding a fundamental question
related to the quantization of gravity [4, 5]. In spite of classical gravity being extremely
successful in explaining physics at a wide range of scales, the question of quantum aspects
of gravity is far from being understood. Tracing back the Big Bang expansion of our universe
to a very early enough time, one can not avoid quantum effects from gravity [6, 7]. Therefore,

it is a very well-motivated problem to put QFT and GR together in the study of our universe.

A correspondence that brought a revolution in the string theory community in the late

’90s [8], has indeed found an intriguing connection between GR and QFT. This correspon-

TH-3646_196121006



1.1. ADS/CFT CORRESPONDENCE 3

dence has connected QFT and GR in a way that is beyond the conventional approaches
known at that time. It is believed that these two theories are just the two sides of the same
coin. Soon after this great discovery, Gubser, Klebanov, Polyakov [9] and Witten[10] in-
dependently constructed a general mathematical framework that quantitatively connects the
two apparently independent theories. Rather than treating Quantum Field Theory (QFT) and
General Relativity (GR) as separate frameworks, this approach suggests they provide the
same descriptions of the same underlying physics. This idea is formalized in the AdS/CFT
correspondence, which is the duality between a theory of gravity in an asymptotically AdS
spacetime and a field theory residing on its boundary. In this context, gravity is associated
with the bulk, while the conformal field theory (CFT) is localized on the boundary. This
dimensional reduction from bulk to boundary gives this duality a holographic nature. Partic-
ularly, the gravity theory in classical or semi-classical regimes has been shown to correspond
to a large NV gauge theory on the boundary, where NV effectively describes the number of de-
grees of freedom. One of the fascinating properties of this correspondence is the strong/weak
duality which states that strongly coupled field theory on the boundary is dual to the weakly
coupled gravity theory in the bulk. This very strong-weak duality opens up a wider possi-
bility of its applicability in the realm of a wide range of theoretical problems. In particular,
strongly coupled many-body physics arises in many condensed matter systems where the
phenomenological application of such duality found its natural place to be studied [11-14].
In the following sections, we will give a brief description of AdS/CFT correspondence and

how we have used it as a mathematical tool in our work.

1.1 AdS/CFT correspondence

As we have already described, the AdS/CFT correspondence allows us to study strongly cou-
pled gauge field theory on the boundary of AdS in terms of a weakly coupled gravity theory
in bulk. In string theory, whereas open string excitations are known to be connected to gauge

field theory, closed strings relate to the well-known theory of gravity [8, 15]. In describing
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4 CHAPTER 1. INTRODUCTION

open strings, the concept of D-brane emerges [16], and these are shown to play a key role
in deriving this correspondence. In superstring theory, strings live in ten-dimensional target
spacetime [15, 17]. Unlike strings, D-branes are objects that exist in the ten-dimensional
target space, where open strings are attached to them through Dirichlet boundary condi-
tions. Again, by worldsheet duality, the same D-branes are shown to be the source of closed
strings. This precise connection between open and closed strings via D-branes presents itself
in terms of AdS/CFT correspondence. However, such correspondence becomes apparent in
specific limits of the effective coupling parameter gs/N. Where g, represents the coupling of
strings and /N denotes the number of coincident D-branes. In superstring theory, D-branes
are extended in any number of p < 9 spatial dimensions and the world volume of Dp brane
is (p+ 1), which lives in p + 1 dimensional bulk spacetime. Most studied correspondence is
a system involves a large N number of coincident D3-branes in low energy limit of type IIB

string theory !, which lives in ten-dimensional flat Minkowski spacetime.

When g; N << 1, string theory in flat Minkowski space with N coincident D3 branes
contains excitations of open strings living on the brane world volume and closed string exci-
tations in the bulk. Therefore, one can express the system in terms of action that constitutes
a contribution from closed strings action (brane), open strings action (bulk) and interactions
between brane and bulk modes. The intriguing observation made by Maldacena is the de-
coupling limit of the aforementioned theory for low-energy excitations. In low energy limit,
it turned out that all the brane and bulk modes become massless and their coupling vanishes.
In this limit, massless excitations of N coincident D3branes give rise to N = 4 super Yang-
Mills (SYM) theory living in (3 4+ 1) D brane world volume and the massless bulk modes

give rise to type-II B supergravity in flat space.

However, when g,/N >> 1, the charged D3 branes become extremely heavy and curve

the surrounding spacetime giving rise to extremal black D3 brane supergravity solution [18]

'A type of string theory where open strings are attached to D-branes with an odd value of p.

TH-3646_196121006



1.1. ADS/CFT CORRESPONDENCE 5

as
ds® = f(r)"2(=dt® + da® + dy? + d22) + f(r)2(dr® + r2dQ2) (1.2)
dmg, NI
) =1+ 79 NG B (0 dededydzdr (1.3)
T

Where, [, represents the string length, and F denotes the five-form field strength which is
coupled to the D3-brane. r = 0 implies the location of the horizon. Such a supergravity
solution can be realized as the condensation of closed-string modes [19, 20]. In this case,
closed strings propagate in the curved background which has been sourced by the D3-branes.
For this case also, there exists a decoupling limit for the low-energy excitations. From the
asymptotic observer’s perspective, there exist two types of low energy limits of perturbation.
One is obvious long wavelength perturbation modes moving in the bulk. The second one
is the brane fluctuation mode with energy say £} localized near the horizon of the black
D3 branes. Those brane excitations modes when approaching the boundary, their energy
becomes exponentially redshifted £ = Eoe_%rt, with § being the inverse black D3-brane
temperature. These two types of low energy perturbation with respect to boundary observer
are again shown to be decoupled. Interestingly, for this case, we have two decoupled type-II
B supergravity theories, one in asymptotic flat spacetime and another one in near the horizon
region r = 0 of the geometry. It is the near horizon geometry of the black D3 brane equation
(1.2) which ends up being the well known AdS; x S5 described as

7,2

2
ds* = Z

l2
(—dt* + dz® + dy® + d2?) + ﬁdﬁ + 12dQZ (1.4)

Where part of the metric within the squared bracket is AdS; with radius of curvature defined
as | = (4mg NI2)V/4,

Different descriptions of the same systems of [V parallel D3 branes from the perspective
of field theory of open strings, and supergravity, therefore, have common sector of super-
gravity in flat space R%! background, in their low energy limit. This very fact leads to the
famous equivalence of Type IIB supergravity theory on AdS; x S5 and N = 4, U(N) super-
Yang-Mills theory in R*' by Maldacena [8], and more generally,

TH-3646_196121006



6 CHAPTER 1. INTRODUCTION
Type 1IB superstring theory on AdSs x S5 ~ N = 4,U(N) super-Yang-Mills theory in R>!

The sign ~ implies a duality between these two theories. This duality immediately suggests
that the parameters on the two sides of the theories are related to each other. On the left-hand
side of the duality, we have string coupling g and the curvature scale of AdS [. On the
field theory side, we have the Yang-Mills coupling gy 5 and the rank of the gauge group /V,
which is related through the ‘t Hooft coupling A = g%, N [21]. The relationship between

the aforesaid parameters between these two theories is,

A l
Gy = Amgs ~ N = (47gs N)1/4 ~ A4, (1.5)

If we avoid string loop corrections, [ is considered to be very large in string units and that
automatically gives the condition A >> 1. This is the strong coupling limit of the gauge
theory. Again, to suppress quantum corrections, we can consider g, to be very small and
turn into A << 1 of the gauge theory. Hence, classical gravity in the bulk is valid in N >>
A >> 1 in the parameter space. This specific characteristic gives the correspondence another
name: strong/weak duality.

The immediate and the most important check of this duality is that the symmetries of the
two sides match with each other [8, 22, 23]. The isometry group of AdSs is SO(4,2) and for
Ss, it is SO(6). Therefore, full isometry of AdS; x S5 is SO(4,2) x SO(6). On the CFT
side, the conformal group in 4-dimension is SO(4, 2). The six scalar fields and four fermions
in the gauge theory are related via an R-symmetry as SU(4) ~ SO(6). The symmetry group
of Yang-Mills theory SO(4,2) x SO(6) is therefore, identical to that of the isometry group
of AdS;5 x Ss.

Right after this conjecture was proposed by Maldacena, the detailed dictionary between
these two theories has explicitly been formulated by [9, 10]. The most fundamental aspect of
this duality is that every classical field living in AdS; x S5 spacetime which is identified as
bulk corresponds to a quantum operator of a dual gauge field theory living in the boundary
of the same spacetime. It is considered holographic because it links a d dimensional field

theory defined by a set of operators O; to a gravitational field theory in d + 1 dimensional
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1.1. ADS/CFT CORRESPONDENCE 7

spacetime. This is the dictionary of AdS/CFT which says how to calculate the observables
in the boundary theory from bulk computations ( see [24-26] for review). The dictionary
provides us one to one correspondence between the bulk fields ¢; living in d + 1 dimensional
bulk to associated operators O; of conformal field theory (CFT) on d dimensional boundary.
This theory can be viewed as a sum of operators [26—29],

Lcrr = Z c;O; . (1.6)
Here, O; are the operator residing on the CFT side and ¢; are the dimensionless coefficients.
Every field in the bulk is dual to an operator in the boundary. More precisely, the question
is how to connect a field living in the bulk (gravity) to an operator residing in the boundary
(CFT) side. To calculate the observables, we begin by deforming the Lagrangian on the
CFT side by adding a source term ¢, that couples to the corresponding operator O on the

boundary side. We can write the deformed Lagrangian as,

L= Lcpr + /ddx 00 . (1.7)

The exponential of the deformed part will give the generating function for the correlation

functions of the operator O.

eW(do) — <ef d%z ¢OO>CFT ) (1.8)

Where W (¢y) is generating functional for the correlation functions of the operator O. The
n-point function can be computed by taking the nth functional derivative of W (¢,) with
respect to the source ¢, and then setting ¢y = 0. More specifically,

oW

(O1).-Ofwa)) = g lon-o-

(1.9)

This is the GPKW dictionary (Gubser, Polyakov, Klebanov, Witten) [9, 10] which says that
(d+1)-dimensional on-shell gravitational action is identified with generating function of field

theory correlators as

eW(d)O) - <ef da ¢OO>CFT - €Sbmk¢(x’r) - Zgravity [¢0(l’) = ¢($7 r)boundary] . (110)
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8 CHAPTER 1. INTRODUCTION

Field theory operator Bulk field

Stress tensor 1), Bulk graviton g,,,

U(1) current J, Bulk gauge field A,

Scalar operator O Bulk scalar ¢

Table 1.1: Dictionary of AdS/CFT

Zoravity 18 the partition function in the gravity side. The boundary value of the bulk field is
recognized as the source of the operator. The correlation functions of operators inserted at
different boundary points can be thought of as bulk fields propagating between these points.
This map holds true for various fields in the bulk side to the boundary operator which we have
shown in Table 1.1. In the next sub-section, we explicitly compute two - point correlation

function for a scalar field which we extensively apply in our thesis work.

1.1.1 Scalar two-point function

Let us consider a complex scalar field ® of mass m propagating in a curved background. We

can write the action as,
S = —/dd”x\/—g (9" 0,9 0, + m*®P) . (1.11)

We can easily find out the equation of motion for the scalar field,

Oy (V=99"0,2) —m*’/=g® =0. (1.12)
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The background we have considered is a Schwarzschild-AdS;,, black holes in planar coor-

dinate as

f(r)r? 12 r?

2 2 2 % .
ds* = ——p—dt +f<r)T2dr +4pdaide, i=1,..d,
2 2
SO 5 4 gavar + T asta, (1.13)

where f(r) =1 — (TTO)dH. We set [ = 1. r = ry defines the position of the horizon. The
Hawking temperature 7T is related to the emblackeing factor f(r) as 72 f'(rg) = 47T and
ro 1s the horizon radius. For our later purpose, let us symbolize the inverse temperature as
B = 1)T = 4x/r2f'(ro). We are interested in calculating the retarded Green’s function,
and for which we take the following scalar field ansatz ®(r, v, 1) = ¢(r)e Tk with
v = t + r, being the null co-ordinate. dr* = dr/r?f(r) is the Tortoise coordinate [30]. The

radial component of the scalar field ¢(r) satisfies the following equation of motion [31, 32],

% [ (r? f(r)0,0(r)) — iwg(r)] — iwrd.¢(r) — ri2(K* + m*r*)g(r) = 0.  (1.14)

Near the AdS boundary, the solution behaves as,
o(r) = r2 Lo (w, k) + 7 2pp(w, k) . (1.15)

Here, w is the frequency and £ is the momentum of the field. The exponent A and scalar

field mass m are related as,

2
A:d;1+\/(dzl) +m2. (1.16)

On the CFT side, the exponent A can be identified as scaling dimension of the operator O
such that under # — Az transformation the said operator transforms as O’ (\r) — A\=20(z).
Now, from the ¢ solution (1.15), we can see that, one part is leading and the other part is
sub-leading near the UV boundary (r — 00). As A —d — 1 > —A, so 7279 is the leading
part (non-normalizable near boundary) and 2 is the sub-leading part (normalizable near

boundary). Here, by normalizable, we meant that the action evaluated on the boundary with
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10 CHAPTER 1. INTRODUCTION

this solution is finite. Let us calculate the on—shell variation of the scalar field action as:

68 ~ lim [ d™ 2/ =g(g™" 0,d5D) (1.17)
r—00
~ lim [ d™e((A = d = 1)¢ad¢p + (=A)dpdda + (A = d = 1)padpar®2~").

For typical non-normalizable mode, the third term in the above expression for the linear

variation diverges. Hence, one uses the appropriate boundary term of the scalar field action

Sboundary ~ (A —d—1) /ddH\/—fyé(I)(a:, r=00)P(z,r = 00)

~ (A—d-1) /ddﬂ(rm—d—lmam + ¢pdpa + dad0p) (1.18)

By subtracting the boundary term from equation (1.17), we can arrive at the on-shell variation

of the action as

5Somshett — 88 — OSyoundary ~ / N (d+ 1) b6 (1.19)

Note the equivalence between the above equation (1.19) and Eq. (1.7) discussed in the previ-
ous section. We can straightforwardly identify non-normalizable mode ¢4 = lim,_, r1+d‘A¢(r)
acting as a source. The normalizable part ¢z, on the other hand, is recognized as the vacuum

expectation value of the dual operator O,

1 0Son—sheu

(d+1) 6¢a (1.20)

<O> = ¢p =

From the linear response theory, we know that (O) = ¢p = G&,$ 4. Now, one can immedi-
ately identify the Retarded Green’s function from the boundary behaviour of the field as the

ratio of the coefficients of the subleading part to the leading part,

R ¢B(W7 k?) - 1 0S0n—shell

Coo™ § (@) ~ [+ Doa d0a

(1.21)

This thesis will focus on a phenomenon that deals with this two-point function. For the
gravitational perturbations, we will see how this two-point function captures the chaotic

properties of a thermal system.
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1.2 Chaos

Chaos is related to the sensitivity of the system under the initial condition ( see [33-36] for
review). In the classical system, the state of a system can be fully described by the locus
of coordinate X = (g, p), where ¢ and p represent vectors implying position and associated
conjugate momenta respectively. Let us consider a reference trajectory X (¢) in phase space
with the initial condition X (0) = Xj. In the initial condition, making an infinitesimal change
Xo — Xo + 60X yields a corresponding change in trajectory as X (t) — X (t) + 06X (t).
If the system under study is chaotic in nature, the deviation of this new trajectory from
the reference one will increase exponentially as time progresses. For such a system, the

infinitesimal change can be expressed as

IX(t
|0X ()] = |0Xo| exp(Art) = ’|5)§0|)’ ~ exp(Art). (1.22)

This exponent Ay, is s referred to as the Lyapunov exponent. It is always greater than zero.

Using the Hamilton’s equation, we can write,
X (1) dq(t)
dX(0)  6q(0)

dq(t) op(0)  dq(t) op(0) _ dq(t)
(0)

q(0) op(0) ~ dp(0) dg(0)  dq(0)
So, {q(t),p(0)}ps = exp(ALt) (1.23)

The suffix “p.b” refers to the Poisson bracket between the position at time ¢ and the initial
momentum. This is the quantity of our interest that quantifies the measure of chaos of a
classical system. By inverting the above equation one can compute the Lyapunov exponent

in this way,

1 5X(t)
Ap = lim lim - log (W) : (1.24)

When A\, > 0, the trajectory is sensitive to the initial conditions. Then, the system is said
to be chaotic which has been studied quite extensively in the literature (for instance see [34—

36]). By looking into the last equation (1.23), one can naturally extend such definition for
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the quantum system by converting all the phase space variables into operators and Poisson
bracket into commutator as,

(1), p(0)} s — la(t). p(0)] (1.25)

~ ~

where ¢(t) and p(0) are Heisenberg operators. Chaotic behaviour in a system can emerge
from a complicated Hamiltonian or its interaction with a thermal heat bath.
Consider a classical thermal system with inverse temperature 3. If G(X) is a function of

the phase space coordinates, its expectation value over all microstates can be calculated as:

_ [dXe PING(X)

(G = T axXe=aa (1.26)

Here, H(X) is the Hamiltonian of the system. The above definition can be straightforwardly

generalized for a quantum many-body system at finite temperatures. If our physical quantity

5X (1)

2
> > , one can quantify the quantum analogue of the

of interest is taken to be C'(t) = — (

classical Lyapunov exponent using the following measurable quantity,

<60 >=~(( 552 4a = =)0 (127

Since the commutation relation is antisymmetric in nature, it is the expectation value of
square of the commutator, which is physically measurable. The minus sign is assumed so
that the norm come out to be positive. Indeed, this definition can further be generalized for

any two physical operators (W, V') as [37],
Ct) = —{(W(©), V(O)])s- (1.28)

The quantity C'(¢) is called the double commutator as two commutators are multiplied in
the expression. This quantity is very important in the understanding of chaos in quantum
regime. One can further write the double commutator by doing the multiplication of the two

commutators in (1.28) as,

Ct) = (VIOYWT )W )V (0) + VIO)WT ()W (£)V(0)

= WiVIO)W)V(0) = VIO)WI )V (0)W(2))5 - (1.29)

~
out-of time-ordered
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1.2. CHAOS 13

First two terms in the above equation are time-ordered. But, the second two terms are out-
of-time-ordered. Considering V' and W as unitary (VT = V=1, WT = W ~!) and hermitian

operators (V1 =V, Wt = W), we can reduce the above double commutator to [38—40],
C(t) =2 —2(0TOC)p . (1.30)

It is therefore important to realize that the out of time-ordered component of the above ex-
pression indeed captures how an early perturbation V' affects the later measurements on V.
This has been shown to represent one of the well-known diagnostics to measure the chaotic
nature of a system.

For the physical behaviour of chaos, it is important to realize two important time scales
of a thermal quantum system. The dissipation time scale (Z;) and scrambling time scale (¢..).
Dissipation time is defined as after perturbing a thermal state, how much time it takes to
dissolve the perturbation and return back to the initial unperturbed state. Scrambling time is
defined as the time it takes for information to become distributed across all the degrees of
freedom of the system [41, 42]. Basically, at ¢,, the commutator becomes of O(1).

For a class of chaotic systems [43—47] including holographic ones [38, 39, 41], it has

been shown that C(t) has different behaviour at different regime of those time scales as

follows,
N7, t <ty
Clt)= { N7teMt |ty <<t <<t,- (1.31)
0(1), t>t,

Where N is the degree of freedom (d.o.f) of the system under consideration. Below the dis-
sipation time, the commutator is involved only with some local operators and so the growth
will be slow. The growth is polynomial in time (¢) and very weakly dependent on the number
of d.o.f (V). After crossing dissipation time, more and more operators are involved in the
commutator under expansion, and once the time ¢ = t, reaches, the system becomes fully
scrambled. Then the double commutator becomes of order one and the system saturates. The

commutator value has to grow to explain chaos or the OTOC has to decrease.
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To understand better, let us express the OTOC in terms of following inner product of two

states,
OTOC = (¢2[th1), (1.32)

where,
1) = W(=t)V(0)[8) = e "W (0)e™V (0)[8) (1.33)
|p2) = V(O)W (=1)[8) = V(0)e "W (0)e'™*|3) . (1.34)

Here, | () is a thermal state. For the |¢1) construction, we first operate with V" on the thermal
state | 5) at time ¢ = 0. It will create a perturbed state. Now, if we evolve the state backwards
in time with ¢/* below the dissipation time scale, the perturbation will be dissolved. Then
after acting with operator W we evolve the state forward in time by operating with e~
Under this time evolution, the previously perturbed state will not appear again. Now for the
state |1)9), starting from the thermal state |3), we first evolve the state backwards in time with
e*Ht and then operate with W at t = 0. Then after we evolve the state forward in time with
e~ In this evolved state, operating with an operator V will create a perturbation at ¢ = 0.
Therefore, we have created two states by repetitive operator insertion at different times and
different evolutions. As a result, two states have been created: |1);) with no perturbation and
|1)2) with a perturbation. The two states are assumed to have less superposition and hence
(12]1h1) ~ 0 suggesting the very large value of the double commutator C'(¢) (see (1.29))
or the system is said to be chaotic. However, if for some reason |¢;) and |1,) has a large
superposition, (¢»]11)s ~ 1, then the double commutator will vanish. In this case, the
system is not chaotic.

In the holographic perspective, we can compute OTOC in the bulk gravity side. In the
language of holography, boundary thermal state corresponds to a black hole in the bulk. In
thermal field theory, the concept of thermofield double state is introduced that can mimic the
system to be entangled with an environment due to which thermality is realized. Interestingly

the thermofield double (TFD) is a special class of entangled state defined on two copies of

the system Hamiltonian which are non-interacting. The TFD state at inverse temperature (3

TH-3646_196121006



1.2. CHAOS 15

W(-t)

Figure 1.1: Left: in state Right: out state. In both the diagram, the red zigzag line represents
the shock wave. w and v are the null coordinates as described by expression (1.37) and

uv = 0 is the horizon.

is defined as,
1

Z(P)

where, Left L, and Right R, correspond to two copies of the Hamiltonian with energy eigen-

ITFD) = 3 e | LlE) s (1.35)

value E,. Z(f) is the canonical partition function Then, for any operator A, associated to
the actual quantum system, (A), = Z(8)~' Tr (ePHA).

The most intriguing fact about this formalism is that the TFD state has a nice interpre-
tation in terms of dual two entangled black holes known as eternal black holes [48]. It has
two black hole boundaries which are entangled geometrically by a wormhole (see Figure
1.1) that connects their interiors. On the two boundaries, two copies of finite temperature
field theories identified as L and R live which are entangled to each other. In this black hole
background, the state |t/;) stated earlier can be thought of as the “in” state and state [¢5) can
be thought of as the “out” state. In the bulk, OTOC can be thought of as scattering amplitude

between the out-state and the in-state.

We have pictorially represented in-state and out-state in Figure 1.1 with the help of a
Penrose diagram of a two-sided black hole. In the diagram, the two thick lines are the two
boundaries of the black hole and the two dashed lines are the horizons of the black hole.

Basically, it is an extended Penrose diagram that has two asymptotically AdS spacetimes
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and hence two theories live on the boundaries of the two spacetimes. The construction of
eternal black holes and thermal description is based on Israel’s description of a two-sided
black hole [49]. The basic elementary state in this holographic set-up is that any boundary
perturbation and its evolution in time corresponds to a bulk excitation or particle coming from
the past horizon. It hits the boundary followed by entering into the future horizon (see blue
lines in Fig.1.1). This immediately suggests that if one introduces a boundary perturbation
in the asymptotic past, the bulk particle’s energy becomes highly blue-shifted producing a
localized shock wave along (v, x) direction represented by red zigzag lines in Fig.1.1, and

the amount of perturbation it generates is

T, ~ %e%’“a(v)ad—l(m). (136)

where, (u, v) are the Kruskal-Szekeres coordinates defined as

(re—t)

u=ep™ D 4=t (1.37)

Where, 3 = 1/T = 4z /rkf'(ro) which is also identified as field theory temperature. Such

shock wave once absorbed makes the black hole a little bigger with modified geometry,
ds® = 2G (u,v)dudv + H;j(u,v)dz'dr’ — 2G(u,v)h(z,t)d(v)dv? (1.38)

Where, G(u,v) = (8°Gy/87%uv), where Gy (r) = f(r)r? /12

In this geometric background particle crossing the shock wave experiences a time shift of
an incoming particle represented by blue lines. The amount of shift has been calculated to be
directly proportional to the profile of shock wave as u — u+ h(z,t) [38, 39, 50, 51]. Details
of this shift will be discussed in the fourth chapter of the thesis. It is this shift function that
precisely controls the OTOC correlation functions.

Keeping the aforesaid elementary bulk excitations in mind, we can now represent the
bulk states associated with the boundary OTOC states introduced earlier. In the left panel
of the figure Figure 1.1, we have represented the in-state W (—¢)V'(0)|3). Acting with op-

erator V' on |3) is dual to a particle propagating in the black hole background. Now, acting
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with operator I at time —¢ at the boundary means a particle has been released from the
asymptotic past (t < 0). For the observer at £ = 0 on the boundary this particle energy will
be highly blue shifted as approaching towards the horizon [51]. As mentioned earlier this
highly energetic particle can be approximated as a shock wave localized along the horizon
in this gravity background [52, 53]. So, the in-state is comprised of two particles, one corre-
sponds V' with finite energy and the other one corresponds W with very high energy. In the
back reacted shock-wave geometry, the V' particle trajectory hits the boundary with a time
delay and then falls into the black hole (see the left panel of the figure Figure 1.1). In the
right panel of the figure, we have represented the out-state V' (0)WW (—t)|3). The bulk is again
comprised of two particles. However, due to operator ordering for this case, particle V' does
not observe any time shift from the boundary perspective boundary observer. The OTOC
is the scattering amplitude of these two states. From both the pictures, it is clear that when
there is no shift in the particle trajectory, the OTOC inner product becomes (¢5|¢)1) = 1 and
hence the double commutator C'(¢) vanishes with no signature of chaos. On the other hand,
if the shift is too large, the particle due to V perturbation will fall into the black hole [54],
leading to the maximal chaos with (12|¢1) ~ 0. Interestingly, the shock wave profile, chaos

and the time shift tuned out to connected thought following relation

27 (4 Lol Gi(r
C(t,l‘) ~ h(t,x) = GN€ B (¢ ”B) , U = (d—tt—(l)oégi7 (139)

Where the Lyapunov exponent is A\;, = 27 /(5. Further, if the perturbation is localized in
space, the spatial spreading of the perturbation is quantified by another well-known parame-

ter called butterfly velocity vp.
For a thermal quantum field theoretic system, if one generalizes the double commutator

for two operators separated by both spatial and temporal distance (x, t) respectively [38, 55],
C(t,z) = (—[V(0,0), W(t,2)]*)gs, (1.40)

for a class of CFT proposed in [56—61] and SYK models [62—-65], the above commutator
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assumes precisely the same form as Eq.(1.39) signifying chaotic growth,

C(t, ) %exp{)\L (t—t*—m)}, (1.41)
UB

The butterfly velocity, vz, is essentially the low-energy Lieb-Robinson velocity, which limits
the speed at which quantum information can propagate [45]. This velocity controls how
information spreads out in space after the scrambling time. In thermal quantum systems
with many degrees of freedom, it has been shown that this Lyapunov exponent is bounded

(401,

AL < — (1.42)

This bound is famously known as MSS bound (Maldacena-Shenker-Stanford bound).

OTOC has been extensively studied in the context of black holes and quantum chaos
[38-40, 50, 66]. From the field theory perspective, it has been computed in 2D CFT [59, 67],
the Ising chain [68], rational CFT [69], driven CFT [60], and numerically in the quantum
Lifshitz model [70]. In the gravitational bulk, OTOC has been calculated in an eternal black-
hole geometry [48] when shock waves collide near the black hole horizon [38, 39, 50, 66].
Notably, the chaotic behaviour of a many-body system is also captured in the two-point en-
ergy density correlation function at the pole-skipping point [71-74], which is holographically
related to the near-horizon properties of the bulk metric perturbation. This phenomenon is
very useful while studying many-body chaos. For a one-sided black hole background, pole-
skipping is enough to comment on the chaotic behaviour of the boundary system. For the
shock wave computation, we need to construct a two-sided black hole and calculate the scat-
tering amplitude of particles colliding near the horizon. So, this is a four-point computation
in the boundary theory. But, to compute pole-skipping, a two-point function computation
is enough. So, it is a convenient method to study chaos. Below, we will briefly review

pole-skipping and discuss it with examples.
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1.3 Pole-skipping: a brief review

Pole-skipping is a universal phenomenon observed in holographic systems, described by
Einstein’s gravity coupled with matter fields. One can perceive this phenomenon from the
two-point retarded Green’s function G& , discussed earlier from the holographic perspective.
In the previous section, we discussed about OTOC, which is a four-point correlation function
to study the chaotic behaviour of a thermal system. However, with the help of AdS/CFT, one
can decode important information about the chaotic nature of a system from a two-point cor-
relation function through the phenomena called pole-skipping [71-73]. Pole-skipping points
are a special class of points in momentum space where the two-point correlation function
becomes undetermined signifying the existence of non-unique solutions (1.21). In the mo-
mentum space, there exists some frequency (w) and momentum (k) where G5, = ¢5/da
assumes 0/0 form. Where ¢4 and ¢p are the source and expectation values of a boundary
scalar operator which we discussed in the AdS/CFT section. The same can be generalized
for the other fundamental fields in the bulk as well. The point in momentum space (wx, k.)
where ¢p(wy, ki) = ¢a(ws, ki) = 0 is called pole-skipping points. Basically, the lines of
poles and lines of zeros cross each other at the pole-skipping point. In the holographic set-up,
these points depend on the nature of the gravitational background, and near-horizon physics
plays a vital role.

In the holographic context, our goal would be to compute the condition for which the
source and expectation of the dual boundary operator vanish. A simple example for studying
pole-skipping is a minimally coupled scalar field in an asymptotically AdS spacetime. We
have already written the equation of motion (EOM) in the Schwarzschild AdS,. 5 black hole
background in equation (1.14). Assuming the regularity condition near the horizon, we
expand the solution as ¢(r) = ¢(r) = (r — r9)*(¢o + ¢1(r — ro) + ....) near the black
hole horizon 7. Inserting this into the above equation of motion, to leading order we get a
quadratic equation of « as

a(drTa — 2iw) =0. (1.43)
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Solving this, we get two roots for « as,

W

= —. 1.44
2nT ( )

061:(), (6%)

* At a; = 0, the solution satisfies ingoing boundary conditions at the horizon and the

solution is regular.

e Aty = ;;JT, the field solution near the horizon takes this form,

P = p—wttikizs y5i 1n(r—ro)(¢0 + i (r — 1) +....). (1.45)

This is indeed outgoing near the horizon. Therefore, one can have a unique scalar
field solution in the bulk if one chooses only the physical ingoing one. However,
non-uniqueness arises if we consider imaginary w = —2minl" such that a, becomes
positive integer n. This choice frequencies turn the solution ¢ ingoing at the horizon.

The frequency w,, is known as bosonic Matsubara frequency in the literature [75]. >

Therefore, at those special Matsubara frequencies, the scalar field has two regular and ingo-
ing solutions at the horizon. Then the dilemma appears: which solution to choose to calculate
the boundary retarded Green’s function. This makes the Green’s function non-unique at the
boundary or leads to multi-valued Green’s function [76, 77].

Finally, inserting the scalar field expansion up to the first order in the EOM,

— (K* + m?r} + iwdro) ¢o + (4nT — 2iw) rgds = 0

1 - (k* + m?r? +.iwdr0)' (1.46)
b0 (ArT — 2iw)

With this constraint relation between the field coefficients, one can write down all the higher

order coefficients ¢,, in terms of ¢,. For a given ingoing solution, the boundary Green’s

These frequencies appear in the Fourier series of expansion of bosonic fields in imaginary time formalism.

H(iwy) = % /0 dre™nT¢(7)

. Bosonic field ¢(7) is periodic in imaginary time 7 and w,,’s are Matsubara frequencies.
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function can be shown to follow G&, o % However, at bosonic Matsubara frequency it

turns out that w = wy; = —2m¢T" and equation (1.46) boils down to
(k* + m®r§ + 21dTro) ¢o = 0. (1.47)
This immediately implies,
wy = —2miT, k2 = —m?*ry — 2mdT'ry . (1.48)

and at this special point, the boundary Green’s function becomes undetermined. These are
the pole-skipping points. Basically, at this point, the lines of poles and zeroes intersect. We
can further generalize those and construct any general order pole-skipping point from the
scalar field equation of motion. For example, following the same procedure, the second-

order bosonic Matsubara frequency becomes,
w=wy = —4miT ; ki = —m?rg + 167roT — 2d(1 + d)r2 (1.49)

At higher Matsubara frequencies also, one can find these pole-skipping points. Doing order-
by-order expansion of the field, generally, we compute these points. So, at various orders,
one can write the equation of motion in terms of the expansion coefficients. Setting these

coefficients to be zero, one can write,

M11 2nT — ww 0 0 ¢0
M. M. 4rT — iw 0

Mw.E).e=|"" - "o 10
M31 M32 M33 67T —iw ... gbg

It is very easy to write ¢,, in terms of ¢, from these equations in an iterative manner. But,
at higher Matsubara frequency w = —2inn’T, the co-efficient of ¢,, vanishes. So, this is not
possible to express the ¢,, in terms of ¢,. However, one can write a submatrix M from the

bigger matrix M consisting only of the first » rows and n columns.

M (wn, k%) .0 =0 (1.51)
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where, ¢ = (¢o, @1, ...v, pn_1). For any value of k, if M is invertible, then ¢,, becomes a
free parameter. Then, one can use the other equations of (1.50) to construct a unique ingoing
solution with normalization ¢,,. But, if for a value of k, the M is not invertible, then we
get an extra solution which is ongoing. One can compute the pole-skipping points at higher

Matsubara frequencies as,
wyp = =2minT  k* = k2 det M (w,, k2) = 0 (1.52)

Similarly phenomena for fermions [78—80], vector [81, 82] and tensor fields [83] have
also been extensively studied. However, most of the pole-skipping studies have been per-
formed for non-interacting theories. In this thesis, we consider interacting theories and dis-
cuss their behaviour in terms of Gauss-Bonnet-scalar interaction, and fermion-scalar inter-

action.

Connection to chaos: As discussed in the earlier section, the holographic gravitational
shock wave is a useful tool to understand chaos for holographic field theory. Interestingly,
this has been further shown to be related to the behaviour of hydrodynamic sound modes

corresponding to linearized gravitational waves at those pole-skipping points [84].

i

Ws = AL, k. (1.53)

vg
The special points in the sound modes are directly connected to parameters of many-body
chaos, namely Lyapunov exponent A\;, and butterfly velocity vz. The simplest model from
which we can realise this phenomenon is SYK chain [62], where the energy-density two-
point function takes the form

iw(% +1)

Cogrin (0, K) = O35

(1.54)
Where C'is a constant and Dy, is the energy diffusion constant. The authors have computed

2

B

and vg = vV DgAp. Again, from the denominator of the above expression, we can see that

the Lyapunov exponent (A1) and butterfly velocity (vp) in this system and found that A\, =
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it has a line of poles at w = —iDgk?. Now, one can see that this pole line exactly passes
through (1.53). But, the interesting point is, at this point, the numerator also becomes zero.
Pole-skipping is a general phenomenon observed in systems that exhibit maximal chaos [71].

It suggests that the four-point OTOC computation in strongly coupled theories is holo-
graphically dual to probing the system through hydrodynamic sound modes. This connection
can be better understood from [72], where the authors have demonstrated that the OTOC and
pole-skipping behaviour have the same gravitational source. Near this special point (1.53),
they have studied the retarded energy-density correlation function G%)OTOO. Considering the
background (1.13), if one wishes to calculate the energy-density correlation, then they have
to perturb all the longitudinal modes as g, — G + 09, (r)e" %% The longitudinal
modes in this channel are: dgyy, 0951, 0Grrs 0Guz, 0Gur, 09z, 09r.. We know that the solutions
which govern the retarded two-point function are regular and ingoing at the horizon. So, we

can expand the perturbations near the horizon 7 as
89, (1) :(59/(2,) +5gl(}y)(7"—7“0) + ... (1.55)

Inserting the expansion into the linearised Einstein’s equations, we can divide these whole
set of equations into two parts: the temporal (vv) component of the equation (0 E,, = 0)
and the other component equations (0Eq, = 0, a,b # v). Here, I/, is the Einstein tensor
as defined in equation (1.1) and 6 £, implies the perturbed Einstein equation. At the pole-
skipping point, the other component equations are well-defined except the vv component.

The vv component of the equation can be written as,
5By, = (—idwrg + k%) 698 — i(2nT + iw) [w6glY) + 2kég{ V] = 0. (1.56)

We can see that the location of the pole-skipping point is very important in this regard. At

w = 2miT, the above equation reduces to
(2d7Tro + k*) 698 = 0. (1.57)

For any generic value of %k, we notice that ¢ gf,?) = 0. At a specific value of momentum £,

the linearised vv component of the equation is zero. That precisely means that there will
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not be any constraint relation between the perturbed coefficients. So, there arises an extra
ingoing solution at the pole-skipping point which leads to an ill-defined Green’s function at

boundary. Comparing with expression (1.53), one can easily write,

d+1

L i, UB 9

(1.58)

This is the result for the Schwarzchild-AdS,. , black hole. This is a special case where the
butterfly velocity is dimensional dependent only. From expressions (1.58), we can realise
that only by studying the linearised vv component of Einstein’s equation, one can extract the
Lyapunov exponent and butterfly velocity of a strongly coupled field theory. This method is
very convenient as we don’t need a two-sided black hole to compute the parameters of chaos.
So, a two-point function computation is enough to comment on many-body chaos.

A number of research works have investigated the chaotic nature of holographic systems
using the pole-skipping (P-S) method in various contexts such as black hole backgrounds
[74, 85, 86], plasma physics [87—89], conformal field theories [90-92], topologically massive
gravity [93], holographic systems with chiral anomalies [94], little string theory [95], stringy
corrections [73], brane systems [96], and higher derivative corrections [86, 97, 98]. This phe-
nomenon has been extensively explored in different directions, including [79, 81, 99-110].
Pole-skipping has also been studied in the context of hydrodynamic transport phenomena
[73, 88,102, 111, 112].

We have organized this thesis as follows: Chapter 1 provides a brief review of AdS/CFT
(holographic) correspondence, detailing how to calculate a scalar two-point function in asymp-
totically AdS spacetime. The chapter also covers the physics of OTOC and chaos from both
bulk and boundary perspectives, concluding with a discussion on pole-skipping and a litera-
ture review.

Chapter 2 is based on two works [109, 113], where we explore two types of theories. We
examine a gravitational theory with a scalar Gauss-Bonnet interaction term, neglecting the
back-reaction of higher derivative terms on the background geometry. The dispersion rela-

tions for shear and sound modes are modified by these higher derivative terms, and we calcu-
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late the Lyapunov exponent and butterfly velocity from the sound channel after performing
singularity analysis. We also study fermionic pole-skipping with dipole and Yukawa cou-
plings, where a scalar couples to fermions, leading to a condensate at a critical background
temperature. The focus is on how fermionic pole-skipping points change as the temperature
approaches the critical value.

In Chapter 3, based on our work [96], we investigate the chaotic behaviour of a holo-
graphic QCD model in the presence of an external electric field. We assume that the number
of flavor branes is much smaller than the number of color branes, so that back-reaction ef-
fects can be ignored. Our findings show that the external electric field reduces the Lyapunov
exponent and butterfly velocity up to a certain critical value. We examine shear, sound, and
tensor channels in this context.

Chapter 4, based on [114], proves the equivalence of three methods for studying chaos
—entanglement wedge, OTOC, and pole-skipping in a non-relativistic background. We
demonstrate that all three methods yield the same Lyapunov exponent and butterfly veloc-
ity, which depend on the anisotropic index and background temperature. Additionally, we
compute the Lyapunov exponent using geodesic instability analysis in the classical regime.

Finally, Chapter 5 summarizes the work and suggests potential future directions.
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Chapter 2

Pole-skipping in interacting theories

In high-energy and condensed matter physics, the study of interacting theories is essential
to understand many-body physics. In strongly correlated systems, interactions enable the
exchange of energy and momentum between particles, leading to transport phenomena that
differ significantly from free theories. This makes the study of pole-skipping in interacting
theories particularly insightful for examining how chaos and transport emerge from these
complex interplays. So far, the pole-skipping studies have been performed with higher cur-
vature corrections [86], finite coupling corrections [97], with various matter fields [80, 105]
and in different black hole backgrounds [104, 107, 115, 116]. In this chapter we discuss on
our work [98], considering a particular class of higher derivative interacting theory coupled
to the scalar field and study its effect on the pole-skipping phenomena. The low energy ef-
fective action of string theory particularly brings a special class of higher derivative term
called Gauss-Bonnet (GB), and the effect of such term in the pole-skipping context has al-
ready been explicitly studied [86, 97], particularly in more than four dimensions. Due to
the effect of these corrections, the Lyapunov exponent and butterfly velocity have been an-
alyzed. We aim to understand the effect of the GB term in four-dimensional bulk. In four
dimensions, one notes that pure GB term is a topological invariant, and hence does not lead
to any modifications at the level of the field equations. One of the non-trivial modifications
to theories with GB term is to introduce scalar fields ¢ coupled to the GB term [117]. Our
approach in this work was bottom-up and purely phenomenological. With the scalar field

coupled to GB theory, we investigated the simultaneous effect of both higher derivative term

27
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and scalar field interaction on the pole-skipping phenomena. The scalar field in the (3+1)-
dimensional bulk is associated with a dual scalar operator in the three-dimensional boundary
field theory. From the boundary field theory side, we further investigate how the influence
of a dual scalar source at the boundary may affect the pole-skipping phenomena which may
be interpreted as a stringy effect at low energy. We consider a phenomenological form of
the coupling ((¢) ~ ¢P, where p is an integer. In the top-down string theory construction,
a higher derivative Gauss-Bonnet term usually appears with a dilaton scalar where dilaton
is coupled exponentially. We further consider the background as a Schwarzchild Anti-de
Sitter black hole, whose dual field theory is at a finite temperature. In this background, we
study the pole-skipping phenomena. Particularly in the sound channel, the flow and decay
of energy density are shown to be affected by the aforementioned interaction. Unlike the
free theory, we find decay in momentum density in the shear channel at a higher value of
p. The diffusion coefficient has been observed to have a significant effect due to scalar-GB
coupling.

We briefly mention the result and methodology of this work as follows: The classical
scalar field in the bulk can be understood as dual to a composite scalar operator (say O) in
the boundary thermal field theory. Therefore, the classical solution of the scalar field in the
bulk with regularity condition at the horizon is interpreted in terms of linear response theory
as O, o< O,. The condensate of the dual operator O, is mapped with the normalizable mode
of ¢, and source O, associated with the operator is identified with the non-normalizable mode
of ¢. We consider those masses of the scalar field for which the above mapping is unique for
simplicity. The relation between (O, O..) does depend on how the bulk filed is coupled with
the background metric. In all previous studies of pole-skipping, the interaction was taken
to be minimal. In this work, we assume the existence of non-minimal GB coupling, and
that will naturally modify the relation between (Os, O..), which we observe to have a non-
trivial effect on the pole-skipping phenomena. Particularly, such interaction will be shown
to affect the liner momentum k appearing in the dispersion relation. However, as we are

not considering the backreaction of the interaction, we do not expect any modification in
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the w value of the pole-skipping points. In the shear channel, we find a similar effect on
k. For p > 3, we find imaginary k£ which implies the exponential decay or growth of the
corresponding density function. Here we calculate the diffusion coefficient from the lowest
point. It shows that the rate of diffusion decreases with the increase of scalar source and it
is always below 1/47T for p > 3. On the other hand, in the sound channel, we find the
effect of interaction for all p > 1 are similar. In this channel, without interaction, k* has
pure real (< 0) values. Due to interaction, it encounters an imaginary part which increases
with the effect of the scalar source. As the real k* < 0 gives k with equal real and imaginary
parts indicating the energy transport and decay/growth of energy density respectively. With
the effect of interaction, the real and imaginary parts of £ become unequal. Thus one can

conclude this is a result of the variation of thermal transport due to interaction.

2.1 Holographic Gravity Background:

In the holographic model, as we want to study pole-skipping at finite temperatures, we
need to use a black hole solution in bulk. We consider a four-dimensional Anti-de Sitter
Schwarzchild black hole with scalar propagating in the background. Then, the associated

Einstein’s action in the bulk theory as,

1

Spn = /d4x\/—_g (K'R +A -3 ((09)* + m2c1>2)) : (2.1)

where x = (16mG )" is a constant related to the four-dimensional Newton’s constant with
mass dimensions 2 (here we set it to unity.). The associated Einstein’s equation and stress-

tensor are given by,

1 1 1
g;w = R/,LZ/ - 57—\)/9“1/ = %Aguu + T(D T(b = qu)vuq) - 59#1} (VG(I)V‘I(I) + mQ(I)Q) .

pv o
(2.2)
This gives the 3 + 1 dimensional AdS-Schwarzchild black hole solution and scalar solution

as
2

d
ds® = L* | —r*f(r)dt® + T2;(T)

+r? (do® + dy®) |, i

0, (2.3)
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where f(r) =1— (’”70)3 and L is the AdS radius. In the Einstein action, R is the Ricci scalar
of the background (2.3) and A is related to the cosmological constant in four dimensions.
In our case, A = 6r/ L? and r is the radial coordinate of the black hole with the horizon
radius 7. The horizon radius is related to the temperature 7" of the black hole as 477" =
r2f'(ro) = 3rg, where prime denotes derivative with respect to 7. In the action (2.1), we
have considered two-fold perturbation to achieve desired model. First we take perturbation
in the background scalar as & = 0 + § x ¢(r) and then we consider the perturbation in
the background Lagrangian with a perturbative interaction %/\C (¢)Rap, where 5 and \ are
arbitrary coupling constants which are very small (< 1) real numbers. ¢(r) is the minimally
coupled scalar field of mass m. ((¢) is a dimensionless real scalar functional. We have
considered ((¢) = LP¢P, p € Z* setting L = 1. The term Rgp is the higher-ordered
Gauss-Bonnet curvature term (in 4d), which is coupled to the scalar ¢(r) through (. The

Gauss-Bonnet term can be written as,
RaB = Roupoe RMPT — AR, RMY + R2.

With the scalar-Gauss-Bonnet interaction term, the background action takes the following

form as

S = / d*zv/—g [m +A— 52% (0,900"¢ + m*¢*) — M (9)Ran | - (2.4)

Note that in dimension more than four, the GB term can give rise to non-trivial effects.
Pole-skipping has been exclusively studied previously in the five dimensions without any
scalar source [86] and the back-reaction of the higher curvature has been considered on the
background. In our study, we are interested in p # 0 cases and treating \ as a perturbative
parameter, our background will remain unaffected by the back-reaction of the scalar field as

the background value of the scalar field is & = (. Taking the variation of the metric tensor
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in (2.4), we get the Einstein equation as follows

(5 = 20V, 97¢(0)Gun — 5u(A + 3X(9)Ras)
+ M(9) (R Rupor — AR o R + RRyw) — A (RV (V)¢ (9)

—4RP(#VV)VPC(¢) +2 (QWRPU + RH(PU)V) VPVUC(¢)) - 52T;fu =0, (2.5)

where G, is the Einstein tensor. The aforementioned scalar field ¢ is a minimally coupled
scalar in the black hole background (2.1). Due to vanishing background scalar, the stress
tensor of the scalar does not appear in the Einstein equation. We can use the standard Klein-
Gordon equation with the interaction term for the scalar ¢ equation. In the interaction term,
the scalar couples with the second-order curvature terms. Taking this curvature coupling into

account the Klein-Gordon equation of ¢ becomes modified as,

0, (V=95 0,0) ~ m*6 + 5 Ran 3 (0) =0, .6

1
\/——_g
This correction of the KG equation will give A = \ /B? order additional contribution in the
scalar field solution. We are interested in the linear A interaction terms in the bulk action.
So, the correction in the scalar field solution will not affect our results. We can discard
this correction in the KG equation in most of the cases where the full bulk solution ¢ is
considered.

We aim to compute the pole-skipping points by doing near-horizon analysis. Therefore,
it is fruitful to perform our calculations in the ingoing Eddington-Finkelstein co-ordinate.
Because, in this coordinate, we can treat horizon at a regular point. So, it is very convenient
for our analysis. We consider v = t + 7., where v is the null coordinate and r, is the tortoise

coordinate. The metric (2.3) transforms into,
ds* = —r? f(r)dv® + 2dvdr + r* (do® + dy?) . (2.7)

The metric (2.3) is singular at » = r(. In this new coordinate, the apparent singularity is

removed. The metric has rotational symmetry in the (x, y) plane.

TH-3646_196121006



32 CHAPTER 2. P-S THROUGH SGB COUPLING

In this background, solving the Klein-Gordon equation near the boundary (r — o0)

gives,

lim ¢(r) = O3+ 02, (2.8)
Where, at infinity (where is our boundary), the leading coefficient O, is the source, and
the subleading coefficient O, is the condensation of the dual boundary dual operator. Since
we choose the standard quantization, the scaling dimension of the dual operator is A =
3/2 + \/m There is a lower bound on the scalar mass called the bound of BF
(Breitenlohner and Freedman) [118] which states that m? > —d?/4 for (d + 1) gravitational
background. For the scalar mass m? > —%2, O, is always a normalizable mode, which is the
standard quantization of the scalar. In this range O acts as source and O, as response. But,
for —% < m? < —%, both O, and O, are normalizable. So they source two different

theories. Besides the standard one, O, sources an alternative quantization in this mass range.

We can easily get the source and condensation from equation (2.8) by performing some

algebra, as shown in [119] and get,

i (Ag(r) + ré/(r))

R 29
A . . /
O, = lim = (& S)AQS(_T; ro'(r)). (2.10)

Important to remember that due to regularity conditions at the horizon, we have only one
free parameter, and from the boundary field theory point of view the appropriate free pa-
rameter (O, is identified as the source in the boundary which is applied on the system under
consideration. Our goal is to investigate the response of such perturbation parameterized
by O on the dual field theory particularly on pole-skipping phenomena. To this end let us
further point out that in some parameter space, the real scalar field can undergo source-free
condensation if the underlying black hole is charged (see [119]). We consider an uncharged

black hole, therefore, this does not arise. We leave it for our future study.

TH-3646_196121006



2.1. HOLOGRAPHIC GRAVITY BACKGROUND: 33

2.1.1 Stability analysis of background

Now we would like to comment on the stability of the Schwarzchild-AdS under the given
perturbation. In terms of free energy, one expects the perturbative contribution to be suffi-
ciently smaller than the original background contribution. Under a given perturbative inter-
action, the stability of the system is broadly indicated by the thermodynamic stability. Due
to perturbation, the change of free energy of the system should be negligible so that it does
not disturb the thermodynamic stability. From the thermal partition function, one can show
that the thermodynamic free energy F is related to the on-shell bulk action S¥ in Euclidean
signature as F' = TS* [120]. So comparing the bulk on-shell one can conclude about the
stability of the gravity background. So we will perform the holographic renormalization
which one needs to regulate the divergence due to the asymptotic AdS. We first consider
that the asymptotic boundary is located at » = r, and add the appropriate counter term S;

[121-124].

[ &z x 2k — %Qﬁ(rb) — —(A_lg))‘ergqbp(rb)) for A # 3 — %

[ &z x 1} (26 — 52¢%(ry) — 120¢7(ry) In 1) for A =3 — %.

Sct =

Now, we perform integration on the radial coordinate and finally, we take r, — oo limit
in it. Thus we get total on-shell action free from all divergences. Since our background
is asymptotically AdS,, the Gibbons-Hawking-York surface contribution is negligible (~
%g?)p) with asymptotic correction. We will just calculate the change of on-shell action with
respect to the unperturbed on-shell action to show the stability of the background. Given the
background metric and solving scalar field ¢ from K-G equation (as we are interested in the

linear perturbation in action, we exclude A term correction of K-G equation, we numerically
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S

find the quantity N,(m?) = Log,, %S_O

, where

Sy = /Tb drv/—g [KR +A— % (9" (0r0(r))* + m2qb(7‘)2)} + 73 {2#; — %gb?(rb)

o

sv= [ drv=a | jorRas| -

70

12X
(A=3)p+3
3

b
:/ drv/—g [%gb(r)pRGB} — 12X\ ¢P (1) In7y, for A =3 — —.
70 p

3
rigP(ry)  for A #3— ,

Now we numerically plot the quantity N,, with m? in Figure 1. So to be in perturbative regime

we need = 10"\ <« 1,ie., 0 < A < 107", From the numerical plot, we see that as

g_;
the absolute value of scalar mass decreases the range of A\ value becomes narrow to maintain
a stable perturbative regime. Thus we get an upper-bound on ), i.e. 0 < A\ < 10~"». This
is shown in Figure 2.1 for various values of p. For example, if m> = —2 and p = 2, we
have N, = 1.44, therefore 0 < A\ < 0.035. Similarly for m? = —2 and p = 3 we have
0 <A< 0.001.

I LR .

0.100:

0.010
107N

0.001}:

-
-
-
-~
-
-
4

abs o =

1074

T T TT T

-2.0 -1.5 -1.0 5 2.0 2.5 3.0

Figure 2.1: Left: 107> vs m? for p = 1, 2, 3, 4& 5. Right: The plot of O, (solid line) and

O, (dashed line) with ¢(r) for ry = 1. Here we take scalar mass m? = —2.

2.1.2 Scalar field perturbation

In this section, we study the effect of the perturbation on the dispersion relation associated
with the scalar field ¢ which is a minimally coupled scalar with mass m. This scalar field
¢ is regular at the horizon and decays in the asymptotic limit. With these conditions, the

solution of the scalar can be found from the equation (2.6). Now assuming the scalar field
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is a function of the radial coordinate r only, i.e., ((¢) = ¢(r)?. We take the near-horizon
expansion of the field as ¢(r) = 32 ¢ (ro)(r — 7o) where, ¢ = L0  From

dr™

this series, the first derivative of ¢ at r = ry can be found as,

3rod (o) = m2¢ (ro) — 18Ap ¢ (1)’ " . (2.11)

Similarly, we can also find the higher order derivatives in terms of ¢(ry). We can solve the
scalar field from the K-G equation numerically by providing some horizon value to the scalar
field. From this solution, we can evaluate O, and O, as shown in (2.9). For the near horizon
study, the regularity condition of the scalar field on the horizon is very important. So, for
numerical evaluation of the source O; or to get a consistent solution of ¢(r); ¢(ro) should
be finite and small enough so that the near-horizon expansion remains convergent. From
the Figure 2.1 we see that source O, and its near horizon value ¢(r) is exactly linear. On
the other hand, O. is linear with only a small value of ¢(r() and so with Oy. Both of these
quantities are monotonically increasing with the near horizon value of the scalar. Because of
this behaviour, we will see later that the pole-skipping points show similar behaviour with
sources of both of the allowed quantizations. Now to study the dispersion relation of the
scalar field, we take the perturbation ¢(r) — ¢(r) + e~V T*%,(r). The linearized equation

from (2.6) is

r2f(r)e"(r) + (2 f'(r) + 4r f(r) = 2iw) '(r) + (6A(p — Dp(f(r)?

B4+ mPr? 4+ 2irw
—24(r) + By - T

Yo(r) = 0. (2.12)

Expanding the solution near the horizon » = 7, and using the matrix method as given in
[78], we get the pole-skipping points (w, k). We find the lowest order point is w; = —%irg =
—2¢7’T" and

ki + g (m? —18\p(p — 1)¢ (r9)" > +3) = 0.

Without any perturbation (A = 0), we get the results for pure Schwarzchild black hole k7 =

—(3 +m?)rd, ie., ky is completely imaginary. But, due to the effect of the interaction, k;
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can be real after a particular value of O,. Similar behaviour is also found for the higher-
order pole-skipping points. Though we keep A small enough in the perturbative regime, k?
becomes positive as the scalar source increases. So k; becomes real. From the equation of
the perturbed scalar (2.12), it is clear to predict that for p = 0 and 1, there is no effect on
(w, k), i.e., we get the values of the black hole background without any perturbation. For
p > 2, p effects k; in similar way as A does. For the small enough O,, we have found k;

in the imaginary plane which has been plotted in the left panel of Figure 2.7. Here we have

-0.5F osf
—10F i Ol RUFED- - ol [ 920000 MR 0 & ow
: 0.0F et T
Im[w] -1.5} E L 00 W
27T =2.0F v @Ol K D WD —osf
—25F ¥ B e
3 Ot it ——————
-30F  @xD O R HO @ <
o 3 : E -1.5
3.5 s 0.0 0.2 0.4 0.6 0.8 1.0
-4 -2 0 2 4 1051
Im[K] I m|

Figure 2.2: Left: The plot of ImM vs Im [k] at |O4| = 5.167|m| for p = 1 (orange circle),
\o

p = 2 (green rectangle) and p = 4 (blue triangle). Right: The plot of k2 vs forp=1
(brown dot-dashed line), p = 2 (green dot-dashed line) and p = 4 (blue dotted hne). Here

we have taken scalar mass m? = —2, A = 102 and ro = 1.

plotted first three PS points (w, k) in the complex plane for p = 1, 2& 4. Forp = 1& 2, we
have found 2n-number of points for k,, i.e., n number of complex roots for k,,. However,
for p = 4, we have found one real and n — 1 complex root of each k,,. Because of these real
roots, we have three points on the Im(k) axis. For p = 2, the interaction imposes a constant
shift in k. But for p > 3 the shift due to the interaction is proportional to the source. So, as

the source goes to zero, k,, becomes the same as the pure AdS black hole. These have been

'In the Figure 2.2, p = 3 case has been skipped to plot. The reason is the following. From Figure 2.1, we
have A < 10~% for m? = —2.0 and p = 3. At this narrow range of )\, the shift of momentum value is visually
negligible. But in this figure, our goal is to neatly represent the variation of the momentum values for various
p. So we choose a higher \ to get enough shift in momentum. We have taken A = 10~2 which is no more

stable region for p = 3 but shows clear variation for p = 1, 2 & 4 at that mass value.
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shown in the right panel of the same figure. Here, we have presented the variation of &7 with
the scalar source O, for ¢Ran, ¢*Rap & ¢*Rep. It is found that k; becomes real-valued
above a certain value of O,. Now, if we allow only the imaginary values of k1, we need to
put a cutoff on O,. The same behaviour can be found for the higher order k. For ¢*Rgp
interaction, we find similar behaviour of pole-skipping points as they do for p > 2. But for
this interaction, the allowed value of A is so small that placing it in the same graph is not

convenient.

2.2 Maetric perturbations

In the pole-skipping phenomena, we study the properties of the stress-energy tensor of the
boundary field theory.The AdS/CFT duality says, the bulk fields are mapped to bound-
ary operators. Therefore, the boundary stress-energy tensors are associated with the met-
ric perturbation of the bulk. In bulk, we consider the metric perturbation g,, — ¢u., +
e‘iw”+ikxégﬂy(r), where w and k are the energy and momentum parameters of the fluctua-
tion, which propagates radially. So, in the boundary field theory, we have two point corre-
lators which are < T, Ty, >, < Lo, Tow >, < T, Tog >, < To, Ty, > in longitudinal
mode and < T,,, T, >, < Ty, Ty, >, < Ty, T,, > in a transverse mode where 7, is
the stress-energy tensor on the boundary. The metric perturbation: 0g.., 0Gvz, 0Gzz, 0Gyy
and dg,,, 095, are associated to the above two modes respectively. We impose the radial
gauge condition dg,, = 0 for all u. We also use the traceless perturbation for simplicity, i.e.,
g""0g,,, = 0 which gives 6¢g,, = —0¢,,. The longitudinal modes are the scalar modes, it
does not couple with a minimally coupled scalar. Therefore we can perturb only g, without
effecting ¢. Finally, we have three independent perturbations in longitudinal mode and two

in transverse mode.
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2.2.1 Shear Channel

As the momentum vector (w, k) of the metric fluctuation is taken along (v, z)-plane, for
shear mode, we consider the components coupled to y-direction. Here we take g,, and
Juy as the only non-vanishing perturbations and these are completely decoupled from the
longitudinal perturbations. These are associated with T, 77, on the boundary. The lin-
earised Einstein equations will give the dynamics of these fluctuations. At some special
values of (w, k), the solution of those equations near the horizon becomes non-unique and
gives more than one independent solution. Those special points (w, k) in this holographic
gravity background are connected to the intersection of poles and zeros of the boundary
Greens function, G, ., where u, v = v, . Now we put these perturbations in the metric
(2.7) and find the linearised form of the field equation with only non-vanishing perturba-
tions ¢,, and g,,. We find that vy, ry and xy components of the linearised equations are
only non-trivial, whereas other equations are self-satisfied. Out of these three equations,
we find two coupled second-order differential equations as dg,, (1) = fi (5g;y, 0Guy, 0 gmy)
and dg;, (1) = f2 (5 ol i 0 gxy). Again, under diffeomorphism transformation with the
vector field e~ Tk ¢k one can show that & Guy and dg,, will form a gauge invariant combi-
nation Zg, as, Zsp, = (Wdgsy + kdgyy,) /2. So, two second-order differential equations (DE)

of 0g,, and dg,, combine into a single second-order DE of Z;,. The final master equation is
M Z0,(r) + Psn 20, (r) + QanZan(r) = 0. (2.13)

Where, the coefficients M, Py, and Qg are functions of w, k and ¢(r). The details ex-
pressions are given in the appendix. There we have considered the coefficients up to A order.
As A = 0 the master equation reduces to the same as the pure AdS black hole. The near
horizon structure of the master variable is taken as follows. Zy, = Y _, Z, X (r — o)™
Now we expand the master equation (2.13) around 7 = ry. At zeroth order O((r — 79)°), it
gives the linear algebraic equation of Z; and Z;. The coefficients of Z; and Z; are functions

of two primary variables w and k. So, at a particular point, w = w; the vanishing of the
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coefficient of Z; indicates that Z; is arbitrary. Again at the same w value, we find a special
value of k = k; where the coefficient of Z, vanishes. Therefore at the point (wy, k;) the
near horizon solution of Z,j, is defined with two arbitrary parameter Z,, Z, and the solution
is combination of two arbitrary solutions C(r — ry)Zy + Ca(r — 19)Z1. So we find a non-
unique solution at the point (w;, k1) — which is the first order pole-skipping point. Here we
find w; = —%iro and

2e2—¢—17)

ki =3rg |1 — 3\(ro)” %1

(2.14)

where, { = m2p/ 3. We find w; same as the previous result [76] for AdS, black hole. But %
contains a non-trivial shift due to the interaction. At A = 0, it gives the same k? as given in
[76]. With nonzero ), the shift in momentum depends on the details properties of the scalar
field and its interaction namely, power p of the interacting field ¢, the value of the field at
horizon ¢(ry) and mass of it m. Now the scalar mass m can not be zero to get the nonzero
shift. Also, we need to maintain the value of A in such a way that the shift remains small
enough, i.e., the absolute value of the correction term inside the square bracket in (2.14) is
always less than unity?. Next few higher-order pole-skipping points are w, = —%im’o for

n =2, 3,... and k,,’s are higher orders in &.

2 _ 2 |4 3AE@(ro)” 4 _ 3 . 2
k2 = 3v2r? [1 1 V2 (125 +4(21 — V2)€* + (209 — T4V2)¢

+(134 - 238V2)¢ + 136+ 20v2) )|

66(6¢ — 3+ 2¢/3)3
+(976140 — 224964+/3)¢3 — (1108017 — 786374+/3)¢2 + (1134059 — 427507+/3)¢

k= 33 [1 + (5~ V3N(ro)” (—388856 + 54432¢5 — (32400 — 21528v/3)¢?

12953811/3 — 222201)}

2In four-dimensional AdS-Schwarzchild blackhole, the momentum of quasinormal mode in the shear chan-
nel is areal number. Here we have considered the perturbative correction, i.e., without backreacted background.
So its effect should not change the momentum so much that it turns into a complex or imaginary. To constrain

this we should not count the correction under square bracket in (2.14) more than unity.
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Here we have consciously ignored the background scalar stress-tensor contribution for the
numerical analysis to present the effect of interaction clearly. To do this we have assumed
(% < A < 1. Anyway, we can consider the background profile and carry out the analysis.
We have shown it in the appendix. These same assumptions also continue into the sound
mode analysis. In all of these £ values, the absolute value of the perturbative correction
increases with ¢(ry) i.e. with Oy but the sign of the term is solely decided by the factor
m?p. We find that k2 can be both greater or less than 31/nr3 depending on the value of m?p.
For example k7 > 3rZ for 2 (1 — v/137) < m?p < —2 and —2 < m? < —2. However, for
other higher mode points, k2 is always less than 3/nr2. It puts no further restriction on scalar

2
mass. In Figure 2.3, we have plotted ?% The ratio has been varied with the scalar source
0

1.15
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Figure 2.3: Left: The plot of % vs Oy = \{? (dashed line) and O; = ||Oms|‘ (solid line)
where p = 2 (green color), p = 3 (red color), p = 4 (blue color), and p = 5 (magenta color).
Right: The plot of % vs O; for n = 1 (green color), n = 2 (blue color), n = 3 (magenta
color) and for two different powers p = 2 (solid line) and p = 5 (dashed line). Here we have

taken A = 107° and m? = —2.0

O, and response O, for four different order of interaction p = 2, 3, 4 & 5 with perturbation

parameter A = 10~° and scalar mass m? = —

2. Figure [2.3] depicts that while the source is
off, the ratio is equal to unity. As the source increases from zero, the ratio deviates from unity
and increases or decreases according to the power of the Scalar-Gauss-Bonnet interaction

term p. At the given mass value, for 0 < p < 4, the ratio increases with the source, and for
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p > 5 the ratio decreases. It has been depicted in the left panel of the figure. In the left plot,
we have plotted k% /(3r2) with both O, and O,. This is a very special case from the point of
view of the mass of the scalar field . When m? = —2, both the asymptotic co-efficients (O,
and O;) are normalizable modes in standard and alternate quantizations. So, we can take any
one of them as the source and examine the effect on the PS points. To visualise this point,
we have shown the effect of sources in both quantizations on the momentum values of the
shear mode. We have observed that momentum values are very large at smaller source O.(in
alternate quantization) as compared to source O; (in standard quantization). Whereas on the
right panel of the same figure, k2 /(3r2), k2 /(3v/2r2) and k2 /(3+/3r2) have been varied with
the scalar source for p = 2 and p = 5. k?/(3r2) increases with source O for p = 2 and
decreases for p = 5 which is consistent with analytical observations as discussed above. On
the other hand, k2/(3v/2r2) and k2/(3+/3r2) decrease with source for both p = 2& 5. It is
expected to find similar behaviour with O,.

The boundary Green’s functions of these quasi-normal modes have been studied earlier

for the boundary theory corresponding to the AdS-Schwarzchild bulk [125]. At the hydro-

dynamic limit, one finds the standard dispersion relation w = Zfr’;f [76]. On the other hand,
in our model, we have found that the w value of the pole-skipping point has matched with
the first non-hydrodynamic mode of the quasi-normal mode of pure AdS-Schwarzchild case
[125—-127]. Now plotting these two modes — standard hydrodynamic mode and our pole-
skipping points — we find that the first order pole-skipping point is almost the collision point
(keq, weq) of the hydrodynamic and non-hydrodynamic modes. Therefore, using the first
order pole-skipping point, we find the approximate value of the upper bound of diffusion

constant [128] and that bound can be written as we,/(—ikZ,). Here, in our case, we find the

diffusion constant D, from pole-skipping as

w1 LE(262 — € —17)

(2.15)

Its upper bound is Ds(A\ # 0) < Ds(\ = 0), i.e., the interaction decreases the upper bound

for the negative mass regime. The interaction effect gives a higher upper bound for a positive
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mass regime than the pure AdS-Schwarzchild. For d+2 dimensional pure AdS-Schwarzchild
black hole, the diffusion constant is bounded® as 1 < 47D, T < d%dl. If the scalar field
follows the BF bound and unitarity condition, the scalar mass follows the bound —2.25 <
m? < —1.25. The term D, T in (2.15) can be found in 1 < 47D, T < % for all p < 6 for the

mass ranges given in Table 2.1. In the allowed mass range, the diffusion constant violates the

bounds for p > 7. In Figure [2.4], the left panel shows the plot of the pole-skipping points

Table 2.1: The mass range associated to p to follow the allowed bound of the diffusion

coefficient
Interaction order p (¢P) mass range
p=1 —2.25 <m? < —1.5
p=2 —2.25 <m? < —1.25
p=3 —2.25 <m? < —1.25
p=4 —2.007 <m? < —1.25
p=>5 —1.605 <m? < —1.25
p=>06 —1.338 <m? < —1.25

in the w — k plane. Here we have plotted the standard dispersion relation of the boundary
theory in a low-frequency regime, w(k) = —iD,k* where D, = ﬁ given in [76]. When
A = 0 or the perturbative correction is very small, the first pole-skipping point falls on the
dispersion curve. As the effect of interaction increases the first pole-skipping point skips the
dispersion curve. But, the other pole-skipping points always stay away from the dispersion
curve. At the right panel of Figure [2.4], we have plotted the diffusion constant obtained
in (2.15). Here the 47D, T have been varied with the scalar source in standard quantization
and in alternate quantization for three different p values. As the source is zero the diffusion
constants for all 2 < p < 6 become equal to the upper bound &riT' In the plot, as the source

increases from zero, the diffusion constants start falling from the highest bound. For the

3For pure Schwarzchild-AdS4. 2, the shear mode diffusion rate is 11, where T = 4Elrg and rg is the

horizon [129]. So DT is independent of the dimensions of the black hole. The first order pole-skipping point

of the shear mode is dimension dependent, w = —%$tirg and &k} = @r%. Therefore

_d+1_1

iwl —

1
kT dro d 4xT

TH-3646_196121006



2.2. METRIC PERTURBATIONS 43
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Figure 2.4: Left: The plot of P-S points in w — k plane for A = 0 (blue box) and A = 10~°

(red circle), O; = 5.167, p = 3 and m? = —2. Three different shapes have been used for

three different modes. The solid curve (grey colour) is w = Z% . Right: Plot of 47 D,T' vs

O, (dashed line) and O, (solid line) for p = 2 (green line), p = 3 (red line), p = 4 (blue

line) and p = 5 (magenta line). In all these plots, m? = —2.0 and A = 10~°

coupling function ¢(¢) ~ ¢* and ¢, the diffusion constant decreases monotonically. At a
particular value of the sources, 47D, T has become equal to unity, and for further increase of
source value, it has fallen below its lower bound. For p = 4, the diffusion constant is found
to remain very close to its upper bound for a comparatively long range of O, ,. After that,
it started decreasing very rapidly and reached below 1. At these higher values of the source,
the p = 4 curve seems to give two different values of D,T" at a single value of scalar source
O12. Again, after a certain value of the source, the diffusion constant violates the lower
bound. This issue is important to study in future using full backreacted metric [130]. Since
our whole calculation is assumed to be in a perturbative regime, we are free to choose any
tiny value of A and any small range of the scalar source for the numerical evaluation. Thus

the better estimation in our case always makes 1 < 47D,T" < g forl < p<6.

2.2.2 Sound Channel

The longitudinal components of the metric perturbation are called the scalar or sound modes

of the perturbation. These are associated with the energy density correlation on the boundary.
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The corresponding stress-energy tensors in this mode are 7.,,,, 1s,,, T}, and T, on the bound-
ary field theory. These make the two points correlation functions Gy v, Guvwzs Gov s
and G4, which are induced by the metric perturbations. In holographic gravity the-
ory the required perturbations are §g,,, d¢., and d¢,, with the trace-less perturbation, i.e.,
0Gyy = —00s. Like the shear mode, the metric perturbations also combine into a diffeomor-

phism invariant master variable Z,,.

2

1Y, K>, 4w
Zso = 7,_2[]{ 0Guy + 2w kagvm - ?(2][ (T) + Tf(’l") - ?)593&%] (2.16)

The second-order differential equations of dg,, (), d¢,.(r) and dg,.(r) are combined into

the master equation.
MSOZ;IO(T) + PSOZ;O(T) + QSOZSO(T) =0 (217)

The coefficients of (2.17) are linear in A which are given in the appendix. At A = 0, the mas-
ter equation reduces to the same for the pure Schwarzchild-AdS, background. Considering
the near horizon structure of Z, similar to Z,, we find the pole-skipping points for various

orders.

Here we find two types of pole-skipping points from this master equation (2.17). The
denominator of P, and Q,, of the above-written master equation contains a common term
3k% — 4w? + k2 f(r). At the near horizon regime, it introduces a pole at 3k* — 4w? = 0.
Now if we consider 3k% # 4w? we get only w,, = —%im“o forn =1, 2 --- at the lower-half
plane of complex w. But when we impose the condition 3k? = 4w?, we can also find w in the
upper-half plane of w, w,, = %z’nro. It will be discussed later. Now we focus on the unequal

condition.

For 3k* # 4w?, the first order pole-skipping point is found at w,, = —3niro = —2minT
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and first two k! are given as

kit +9rg — 2TENL +0)rg (& + 2(1 4 1)) ¢(ro)? = 0 (2.18a)
k41878 + M@g(@ﬁ — 20)3¢ + 407 — 64v/2) + 126(3v/2 — 4i))p(ro)? = 0
5v/2 — 2i
(2.18b)
ki + 27rd — wm(%@ +30)€3 — 189(61V/3 + 114)€2 + 189(306V/3 + 31i)¢
’ * 91v3+ 63

— 27(5369v/3 + 69i)] = 0 (2.18¢)

Higher order k can also be found in the same way. At A = 0, we get the Schwarzchild-AdS,
values k{ = —9r§, k3 = —18rd and so on. In (2.18a), the imaginary part 3\ (12 + pm?) m?pri¢(ro)?
is zero for m* = —=2 which is beyond the BF bound —§ < m” for p < 5. But for p > 6
we can make k{ real at that specific value of m?2. A similar behaviour is also expected from

the higher order k. Here we have compared the position of pole-skipping points of ¢ inter-
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Figure 2.5: The plot of real part (right panel) and imaginary part (left panel) of £ vs Im[5%7]

for p = 3, m? = -2, O; = 7.234, A = 0 (blue rectangle) and A = 107 (red circle).

action with the absence of interaction (A = 0) in Figure 2.5. The real and imaginary parts
of k have been separately plotted against Im{w/27T]. In both cases, the real and imaginary
parts are almost equal to each other in each mode. For each part, the values have mirror
symmetry with respect to the Re[k] = Im[k] = 0 axes. The shift due to interaction is very
hard to identify in k;. For ks and k3 on the other hand, one observes a measurable amount

of shift. It has been depicted in above Figure 2.5. Without interaction, in each of these three
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modes, only four real numbers make four different complex % (having equal absolute values
of real and imaginary parts). With interaction, the same happened for k;. But for ks and k3

eight real numbers make four complex values of k. Again we have numerically shown the

0.5

0.0 oo i o o e e i

O12

Figure 2.6: Left: The plot of real (solid line) and imaginary (dashed line) parts of % against
O (thick lines) and O, (thin lines) for interaction order of scalar p = 2 (green colour) and
p = 4 (blue colour) with A\ = 107°. Right: The plot of real (solid line) and imaginary (dashed
line) parts of % vs O (thick lines) and O, (thin lines) for next two orders of pole-skipping

n = 2 (blue colour) and n = 3 (red colour); with A = 107° and p = 3, m? = —2.

variation of £ with the source O; in standard quantization and O, in alternate quantization of
the scalar in Figure 2.6. At the left plot of this figure, we have plotted the real and imaginary
parts of k{/(9r3) against the source in standard and alternate quantization separately. Here
we have evaluated the ratio of our result with the result of pure AdS-Schwarzchild. This ratio
has no explicit 7y dependent. It depends on the scalar mass (m), interaction order (p), and
scalar value on the horizon. For A = 1075, m? = —2, and for different p the ratio has been
evaluated. When the source is off, the imaginary part of the mentioned ratio is zero, whereas
the real part is —1. Which is consistent with the case without interaction. The imaginary part
in k* is contributed only from the interaction. As we have seen the source is linearly propor-
tional to ¢(r9), so, ¢(ro) also goes to zero as the source becomes zero and thus vanishes the
correction term in (2.18a). For p = 2 & 4 we have found the same behaviour as O , go to

zero (eventually O, — 0). Now if the source is turned on and increased gradually, as long

as the source is small enough, both the imaginary and real parts change slowly with O;. A
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similar behaviour is found for the variation with O, but their variation of k* is faster. As p
increases, the rate of change also increases. The reason is clear from the presence of ¢(r()?
factor in the correction terms. During this change the imaginary part of the ratio k{/9r)
shifts from O towards —1 and the real part changes in the exact opposite direction. Therefore
the absolute value of the real (imaginary) part decreases (increases). Thus at some point on
O 2, real and imaginary lines cross each other where their value is exactly equal and lie in
between 0 and 1. Again after a certain amount of increase in the source, the real part crosses
the horizontal axis. At that value O, 5, k{ becomes a completely imaginary number. These
two cross-over points highly depend on p, in the given plot, the p = 4 plot has made the first
cross-over than the p = 2 plot. As the source value increases further the real (imaginary)
values become more and more positive (negative). Since we are interested in the pertur-
bative effect, we will not consider those high values of k{. At the right panel of the same
figure, we have plotted the ratio k! /(9nrg) for the second ( n = 2) and third (n = 3) order
pole-skipping. Here interaction order is fixed at ¢*. We have noticed that the behaviour of
the real and imaginary parts of the ratio is almost identical to the left panel. We have found
that the two cross-overs for each of these two modes of k. At these cross-over points, the
behaviour of k2 is completely identical to before. For the higher order of pole-skipping, &,
the cross-over points come closer to O; 3 = 0. Therefore the order of interaction and the
order of the pole-skipping affect £ in the same way. Mainly the location of the cross-over
points is almost identically affected by these two parameters. The cross-over points can be
found analytically from (2.18a)-(2.18b). For example, the real and imaginary parts of & are
Relk{] = —9r (1 — $Ap*m*¢(ro)?) and Im[k{] = 3Am?pr{ (12 + m?p) ¢(ro)P. The first

)~/? where the

cross-over happens at the values of O , corresponding to ¢(rq) = (—4Am?p

real and imaginary part of k{ are equal to each other. The (second) cross-over on the O 5

L 4 : . 4 (12
) . Here k7 is completely imaginary 9ir (—2p + 1). The

axis occurs for ¢(rg) = ( m

Ap?m4
first cross-over occurs only if m? < 0. For a moment if we assume that m? > 0, then there

is only the second cross-over where the & becomes completely imaginary.
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2.3 Analysis of chaos

2.3.1 From vv component of linearised Einstein equation

From the shock wave analysis [39], it is found that the exponential factor of OTOC can be
directly observed from the ¢ Fjyy component of the linearized Einstein equation in the ingo-
ing Eddington-Finkelstein co-ordinate. In the discussed background (2.7), the information
about OTOC can be obtained from the vv component of the equation (2.5). Considering
the metric perturbation coupled with the vv component of the metric (which are actually the

perturbations associated with the sound mode) one can write the d E,,, at r = r as follows.
0guu(ro) (K — 2irow) + kdgus(ro) (2w — 3irg) =0 (2.19)

Since it is well-known that at the special points (wx, k), we have no constraint on the per-
turbed metric components at » = ry [72]. Therefore in the above equation the coefficients of
0guu(ro) and 0g,,(ro) have to zero. Thus we have w, = 27¢ = 27T, and k? = —3rZ. This
(ws, k) is the zeroth order pole-skipping point which is connected to the Lyapunov exponent
and butterfly velocity as shown in (1.53). In our model, we get, A\, = 277 and v = \/75,

which is the exact result[76] as in the case of background where the coupling term is not

present in the action.

2.3.2 From the master equation

In the last section, where we have discussed the pole-skipping of the sound mode pertur-
bation, we took the condition that 3k> =+ 4w?. Because we have seen at the horizon the
differential equation (2.17) encounters a singularity. Here we will discuss that issue. From
past works [76, 86], we have seen that 3k = 4w? had come with a new set of points (w, k)
in Im[w] > 0 plane which was actually related to the chaos parameters. In our case, we can

re-arrange the master equation (2.17) as

Z,(r) + P(r)Z24,(r) + Q(r) Zs0(r) = 0 (2.20)
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In this equation, the denominators of both P(r) and @(r) has a multiplicative factor of
(3 + f(r)) k* — 4w? which reduces to 3k? — 4w? at r = r(. So to get the regular solution of
(2.20) at r = rg, we must impose an extra condition on w or k. Here we will find it.

First we put k = \%w in (2.20) and expand it around r = ry. We find that P(r) and Q ()
possess the first and second order pole at r = ry.

P,

P(r) = 4O = o)

( ) (’f’ _ TD) (( [)) )
P25 "M~ 2w 144)\ZT0wC. (o)

370 3ro — 2iw
_ 0 >
Q(T) i (7' . 740)2 + O ((’f’ /)"O) )
Q_2 = 1 + 22_(,(} 4 4ZAW(27T(2) —+ ]-22.7"0(,0 + 4‘*}2)4./(7"0)
3o 70(3r0 — 2iw)

Therefore » = 7 is a regular singular point for the differential equation (2.20). Now, suppose
Z,, has a series solution near the singular point given as Z,, = (r—rg)" > nefoz+) Znlr—ro)"
. The only condition which makes this solution regular at the horizon is [ = 0,1,2,---.

Therefore the first recursion relation coming from (2.20) is
P+Il(P1—-1)+Q ,=0. (2.21)
This gives two roots (say, /; and /) in the following form.

L = 1—6X(3r— 2iw)¢ (ro)

21w (3ro + 2iw)?
lh = 14— 4+6A\———"
gy - 3ro + 3rg — 21w

¢'(ro)

So for arbitrary interaction, the only possible integer roots are [y = 1 and [y = 0. This gives
only two values of w as :I:%z'ro. Therefore we get the same values of the chaos parameters
as we have already found in the last subsection. Generally, near-horizon analysis of the vv
component of Einstein’s equation is adequate to extract the chaotic parameters of the system.
In this work, we have investigated the chaotic property of the system with another approach

also: from the singularity analysis of the master equation. We found an exact match between

the Lyapunov exponent from both analyses.
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In this work, we have mainly studied the effect of higher derivative terms on pole-
skipping points. We have analysed the scalar and metric perturbations and the dispersion
relations from these modes. In the next section, we will study the fermionic channel and

investigate the effect of scalar condensate on fermionic pole-skipping points.

2.4 Scalar condensation in fermionic sector

Despite various studies[78—80], the fermionic pole-skipping still lacks physical motivation.
In this work, we have given a novel interpretation of fermionic pole-skipping in the presence
of a condensate term. Perturbing the fermion in a black hole background, one can study
the fermionic pole-skipping. It has been observed that the pole-skipping points recovered
from the fermionic Green’s function match with the pole-skipping points extracted from
the near-horizon analyses. Similar to the pole-skipping phenomenon, this intersection of
lines of poles and zeroes occurs in some overdoped metals. Experimental studies on doped
cuprates revealed this anomalous behaviour. Generally, the Fermi surface is defined by the
poles of Green’s function G(k,w) at frequency w = 0 (near 7.). In the Mott insulator, the
Fermi surface disappears while the zero surface appears. So, the point of transition from
metals to insulators can be thought of as a pole-skipping point, where both poles and zeroes
surfaces overlap. However, it’s still a point of discussion how these metals transit into the
Mott insulator[131]. Studying pole-skipping in holographic systems may give an insight
into the transition. The dipole coupling model can be a very good candidate for studying this
overlapping phenomenon|[ 132].

In this work, we investigated the holographic fermionic pole-skipping phenomena for a
class of interacting theory in a charged AdS black hole background. We have studied two
types of fermion-scalar interactions in the bulk: Dipole and Yukawa type interaction. De-
pending upon the interaction, we introduced both real and charged scalar fields. We have
particularly analyzed the effect of scalar condensation on the fermionic pole-skipping points

and discussed their behaviour near critical temperatures. We consider an asymptotically AdS
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background with a charged black hole in the bulk. In our present study, we particularly focus
on investigating the influence of different interactions in the phenomena of pole-skipping.
We consider charged fermions propagate in the Reissner-Nordstrom-AdS, black hole back-
ground with different coupling terms such as dipole coupling and Yukawa coupling. We
further assume that those couplings are facilitated by a bulk scalar, for which we consider
both neutral and charged scalar fields. We investigate the non-trivial effect of different scalar
field configurations on fermionic pole-skipping phenomena. We will solve the scalar field in

RN-AdS, background and this geometry has a metric as (setting AdS radius L = 1),

1
24 > 2 2 2 2
dS* =1 [=f(r)dt* + de* + dy*] + 7 (T>dr (2.22)
The emblackening factor f(r) and gauge field at the horizon ro = 1 is,
3 1+3
fry=1+2 - T 4= u(l——> dt (2.23)
r r

We have treated %2 as 71, where () is the charge of the black hole and p is the chemical
potential. The temperature of the Black hole is 1" = %(1 —n) and we will work in the range

0<n<l

2.4.1 Real scalar field

We consider the action that coupled to gravity in AdS, with real massive scalar field @ is,

6 1 1 1
4 ey _ g .
S = 2K2 /d T/ — [R—i— 4F 3 ( 29 V.oV, o V(@))} , (2.24)

where L is the AdS radius and A is the coupling constant. Later on, we will set L = 1 for

our convenience and A to be very large. We choose the potential as,

1 4
V(@) = (@ + m3)’ — % (2.25)

We derive the scalar field equation and get

V. (V=99""V,®) — (> +m3) ® =0. (2.26)

1
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Now, we will shift our co-ordinates to ingoing Eddington-Finkelstein co-ordinates by making

the following transformation,

dr, 1 9
v="1t+r,, o= ) rof'(ro) = 47T, (2.27)

where 7' is the Hawking temperature. In the new coordinate, the metric and gauge connection
are expressed as,
dS? = —r? f(r)dv® + 2dvdr + r*(dz® + dy?), (2.28)

A=l [1 o (%)] do. (2.29)

Considering ®(r, v, x,y) = ¢(r), the Klein-Gordon (K-G) equation becomes,

fir) 4 o (220) £ mg)
f(r)+r)¢() 2]

The above equation is the radial part of the whole K-G equation, where ¢(r) is the radial part.

¢"(r) + < o(r)=0. (2.30)

As we want to solve the radial equation, we have not considered the time and spatial part.

Expanding the equation (2.30) upto first order at the horizon yields the following equation,

/ (¢(r0)* +m3) ¢(ro)
= : 2.31
¢'(ro) 72 (o) ( )
The asymptotic (at » — co) behaviour of equation (2.30) gives,
lim ¢(r) = O1r2 73 4 Ogr™2, (2.32)

r—00

where, at infinity (where is our boundary), normalizable co-efficient O is generically iden-
tified as a source and non-normalizable co-efficient O, is the condensation and scaling di-
mension of operator, A = % + ,/% + m2, is related to mass of scalar. We have previously
discussed this from the equation (2.8). If we consider the mass within the specific range
—% < m?{, < —g, there exist two different AdS-invariant quantization schemes [133]. One
Lagrangian can give rise to two theories in AdS space depending upon the scheme. Both O,

and O, are normalizable solutions[ 134] with this given mé,. So, we can treat any of them as
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Figure 2.7: Left: Behaviour of O; and O, with increasing horizon value of real scalar field
at T=0.0002. Right: Behaviour of (O; with horizon value of real scalar field by varying
temperature. The temperature values from the purple curve to the red curve are (0.0016,
0.0012, 0.001, 0.0007, 0.0005, 0.0003, 0.0002) respectively. We have fixed m% = —2.1 in
both the plots. The critical temperature 7, has been calculated from the curve beyond which

it does not touch the horizontal axis.

a condensate of the field theory operator depending upon the scheme. From equation (2.32),

we can write,

lim r¢/(r) = (A = 3)O01 273 — AOy 2. (2.33)

r—00

Solving the K-G equation near the boundary, we can easily write O; and O; as,

=2 (Ag(r) +r¢/(r))

Oy = lim Y , (2.34a)
A o _ ’
0, = lim rZ (4 23?(_2 r¢'(r)) (2.34b)

Now, choosing the standard scheme of quantization, we can treat O; as the source and O,
as condensate. We derive the equation of motion for the scalar field and impose regularity at
the horizon to establish the boundary conditions. Using the shooting method, we then solve
for the scalar field from the near-horizon region to the boundary by appropriately choosing
the mass of the scalar field (mg), the temperature, and the scalar field value at the horizon
(¢(ro)). Once the numerical solution is obtained we compute O; and O, from eq. (2.34)
as depicted in the left panel of Figure 2.7 at T=0.0002. The right panel of Figure 2.7 is

generated by varying the temperature to study the source behaviour. We can see from the
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Figure 2.8: Left:Behaviour of ¢(ry) with increasing temperature. Right: Behaviour of /O,
by varying temperature. Both the plots are for real scalar fields. We see that at a certain value
of temperature, the horizon value of the field vanishes and the condensate also vanishes at

the same temperature. < . > means the vacuum expectation value of the operator.

right plot of the Figure 2.8 that as we increase the temperature, after a critical temperature the
horizon value turns to zero. With the given parameters mi = —2.1, the critical temperature
is obtained as 7. = 0.0011. Near this critical temperature 7., we have fitted ¢(ry) with
v(T, — T)?, which gives the exponent value § ~ 0.56 & 0.009 and v ~ 40.91. The exponent
is close to the mean field value 1/2. Near 7' = T, to the leading order we can assume
¢ =e(Y(r) + O(e)) withe = T, — T, and § > 0. For the phase transition to occur, it is the
¢? term that plays an important role in equation (2.30). Since near T' = T, the coefficients
of ¢" and ¢’ are polynomials in e¢. The coefficient ¢* should also be polynomial in ¢ for

consistency and hence 2§ should be integer with its lowest value being § = 1/2.

2.4.2 Charged scalar field

Now, we consider a minimally coupled charged scalar field ® in Reissner-Nordstrom-AdS

(RN-AdS,) black hole space-time ,

§=55 /d4x\/_ {R+ Z - %lFZ (\aci — g ADP? — V(é))] .

Again we will consider A to be very large so that the charged scalar does not back-react on

the background geometry. Here, ¢, is the charge of the scalar field and A is the gauge field.
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Figure 2.9: Left: Behaviour of horizon value of the scalar field with temperature. Right:

Behaviour of /O, with temperature. Both the plots are for charged scalar fields. At a

certain value of temperature 7., we see that the horizon value of the charged scalar field and

charged scalar condensate vanishes.

We will work with the same potential as in the case of the real scalar field, but ¢ is replaced

by |®|. Assuming the ansatz ® = ¢(r), we get the K-G equation as

3o+ (20 #0) = s (02 + 200

—q2 A% (r) f(r)) (1) = 0. (2.35)

Solving the equation of motion (EOM) near the AdS boundary, we can calculate the source
and condensate value which gives the same form as (2.34). The asymptotic behaviour of this
EOM ¢gives the same form as equation (2.32). So, with the same approach as in the case of
the real scalar field, we can calculate O, and Oy numerically for the charged case also.

2 —
¢

—2.1 and charge ¢; = 0.1 the associated critical temperature comes out to be 7. = 0.0014.

In Figure 2.9, we choose to work in standard quantization. For the given mass m

We can see that at critical temperature 7., both the horizon value of the scalar field and
condensate become zero. Near this critical temperature 7., we have fitted ¢ () with o(7,, —
T)?, which gives the exponent value 3 =~ 0.58 & 0.01 and o ~ 45.38. Here the exponent is

close to the mean field value which is expected.
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2.5 Pole-skipping analysis

For the pole-skipping phenomenon, we will be working in ingoing Eddington-Finkelstein

co-ordinates (2.28). Since our metric is not diagonal, we choose a frame given by,

1 d 1— d
EEZL(T)TdU__T; Er— f(r)rdv—i——r,
2 r 2 r
E*=rdy; FEY=rdy, (2.36)
for which
ds® = N E*E" e = diag(—1,1,1,1).

The underlined co-ordinates are assumed to be flat tangent space co-ordinates and the non-

underlined are the spacetime co-ordinates. The Gamma matrices in appropriate basis are

assumed as,
I O 0 o2
I = , e = (2.37)
0 -I o2 0
0 of 0 o3
re = , Iy = (2.38)
ol 0 a3 0

In the above-written Gamma matrices, o’s are the Pauli matrices. We consider the interacting

charged Fermion Lagrangian as

L= =gi¥()—m+{(¢)V (2.39)
Where,
D = el T0m + iwaerab —iqAn), (2.40)

here, M is space coordinate, a, b, c are flat coordinates, eé” are vielbein and wgp)s are spin
connection terms. I'? is a Gamma matrix that will follow Clifford algebra. Now, in this

section, we will calculate the P-S points for the following fermionic coupling prescription,

C(¢) as
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s When ((¢) = —ippF': The interaction term —ipip¢J7) is known as dipole coupling
where the gauge field A, is coupled with a real scalar field ¢(r) with a coupling pa-

rameter p. Here, J' = %F“—beg/[ eév Fyv and Fyy is the electromagnetic field strength.

» When ((¢) = g¢: The interaction term gi)¢) is the Yukawa coupling term and g is

the coupling parameter.

The equation of motion for W is,

(D —m+C(¢))V = 0. (2.41)

In the momentum space, we decompose W = 1) (r)e~ " +*=7 getting k, = 0 using the rota-
tional symmetry in the x-y plane. So, we will write £, = k in our calculations. With this

equation (2.41) becomes,

[rv [—2(1 —fea, 2 T 30 i)+ Tf;(”}
w1 (B9 = 2 - e 1 81y + S0
—i-%rx —m+ Q(gb)] v=0. (2.42)

As the matrix ['™ has two eigen values 1 and —1, we can decompose ¢ into two spinor
components as v, and _. Further, we can introduce another decomposition for /. as the
two matrices I'" and k,[™% are independent and commuting. Below we have written the

decompositions as

Y=v;+9Y_, [y = £y, [Ty = £y (2.43)

by =9l YL, Yo =l 4yl R TEE = kY (2.44)

Now, we can decompose the spinor 1 into 4 spinor components (17,1, ,¢F, ¢ ") and get 4
coupled Dirac component equations; where, a = v, , y. Then, expanding the Dirac compo-
nent equations near the horizon order by order, we can calculate the P-S points in each order

as shown in detail in the appendix.
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2.5.1 P-S with real scalar coupling

As we have discussed in the previous section, the coupled scalar can be real or charged. In
this section, we will discuss the effect of condensate on P-S points taking the scalar to be

real in equation (2.41). Zeroth order P-S points are found to be,

+(imro + pud(ro)), Dipole coupling
Wy = —WiT, ko = (245)

+(imry + igrog(ro)), Yukawa coupling.

Point to notice that for both the couplings, the pole-skipping points receive the modification
only in the linear momentum sector not in the frequency sector. If we don’t consider the
coupling terms in the action, we have purely imaginary momentum in the pole-skipping
points. However, it seems that by adding interaction to the theory, the momentum values
achieve a correction term leaving the frequency unchanged! Similar studies have been done
in anisotropic plasma ([87]), where they have studied quantum chaos by pole-skipping by
perturbing the metric. They got a complex momentum and justified that while the imaginary
value of the momentum follows the dispersion curve for momentum diffusion, the real part
puts a constraint. This means that the imaginary part of the momentum is the diffusive
mode and the real part is the propagating mode. However, it is interesting to observe that
due to dipole interaction, the fermionic perturbation acquires a real momentum o< p(rg)
at the pole-skipping point which is temperature-dependent. On the other hand, the Yukawa
interaction induces a temperature-dependent spatially growing/decaying mode which is o

go(ro). We will observe the same effect in the charged scalar-fermion interaction as well.

Here, (wy, ko) is the zeroth order frequency and momentum. The 1st-order P-S points
are w; = —3mi1 and 3 associated values of momentum as shown in the appendix. For
every order n, we get 2n + 1 values of momentum. Particularly, the noteworthy finding of

the present analysis is the scaling behaviour of the pole-skipping momentum near the phase
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transition point as

+(imro + 40.9pu(T, — T)2),  Dipole coupling
ko = (2.46)

+(imro 4+ 40.9igro(T, — T')

D=

), Yukawa coupling.

The scaling exponent turns out to be again 1/2 as expected from the background condensa-
tion. The last equality corresponds to the P-S point near the critical temperature. At higher
order too, this equality holds, which we can see from the momentum values written in the
appendix. We can see that near 7, the P-S points vanish which is the same scenario as arises
in [132]. In [132], they have discussed how with addition of the coupling term resists the
coincidence of lines of poles and zeroes. But, this case is true for 7' — 0 temperature. In

this work, we have shown that for massless fermions, this is indeed true near 7.

Effect of real scalar Condensate:

From (2.32), we can recognize the co-efficient of slow fall off as the source term O; and
co-efficient of fast fall off as the condensate term (response) O, of the system. Critical
temperature 7 is that temperature below which O; = 0, sourceless condition. In the right
of the Figure 2.7 we have plotted the dependence of (; in terms of the horizon value of the
scalar field. Upon increasing the temperature, the curves are approaching towards the origin
signifying the existence of critical temperature 7, at which condensate vanishes. Once we
obtained the critical temperature we plotted the condensate as well as the horizon value of
condensed scalar field ¢(rq) with increasing temperature as shown in Figure 2.8.

Our goal for this work is to understand the effects of this scalar condensation on the
pole-skipping points. From equation (2.45), we can see the horizon value of the scalar field
is affecting the pole-skipping point. We have plotted the dynamics of pole-skipping points
with varying temperatures in Figure 2.10. And, we observed that as the temperature increases
movement of the pole-skipping point follows the same behaviour as the horizon value of the
scalar field. Finally, as the critical temperature is reached, associated momentum saturates

with the value which is obtained without interaction. It was expected that beyond the criti-
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Figure 2.10: Left: Movement of zeroth order PS with temperature. The magenta and blue
coloured lines are for real and imaginary values of momentum with dipole coupling, while
the red colour line is for the imaginary value of momentum with Yukawa coupling. Right:
Movement of first order pole-skipping point with temperature. Here, we have considered
p=1lg=1m=1, mi = —2.1 and ¢ = 1. The thick lines are for momentum values with
Yukawa coupling and the dashed lines are for momentum values with dipole coupling. In

both the plots, p is also varying as /31).

cal temperature, condensate vanishes without any source term. For completeness, we have

plotted both zeroth and first-order pole-skipping points.

2.5.2 P-S with charged scalar coupling

As we have discussed in the previous section, we can carry the same discussion with charged

scalar field and study pole-skipping phenomena.

L=/=gi¥(D—m+ ()Y, (2.47)

where, ¢ is the charged scalar field. We have already analysed the behaviour of this charged
scalar field in detail in section (2.4.2). Here also, we can talk about dipole and Yukawa

coupling as discussed in the previous section, but with the charged scalar coupling.

« when ((|¢[?) = —ip|p|2F: This is charged dipole coupling and will see the effect of

this interaction term in P-S points.
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Figure 2.11: Left: Movement of zeroth order PS with temperature. The magenta and blue
coloured lines are for real and imaginary values of momentum with charged dipole coupling,
while the red colour line is for the imaginary value of momentum with charged Yukawa
coupling.Right: Movement of first order pole-skipping point with temperature. Here, we
have considered p = 1,9 = 1,m = 1,m§5 = —2.1,g = 1 and g5 = 0.1. The thick lines are
for momentum values with charged Yukawa coupling and the dashed lines are for momentum

values with charged dipole coupling. In both the plots, y is also varying as /37).

« when ((|¢|?) = g|¢|* This is charged Yukawa coupling and will see the effect of this

interaction term in P-S points.

We will follow the same procedure as discussed in the appendix to calculate the P-S points.
Zeroth order P-S points are,

+(imro + pu|d(ro)|?), ch. Dipole
wo = —miT, kg = (2.48)

+(imirg + igro|d(ro)[?), ch. Yukawa.
Here, again (wy, ko) is the zeroth order frequency and momentum. We have explicitly written
down the first-order momentum value in the appendix. Particularly, the noteworthy finding
of the charged scalar analysis is the scaling behaviour of the pole-skipping momentum near
the phase transition point as

+(imro + (45.38)% pu(T. — T)), ch. Dipole coup.
ko = (2.49)

+(imro + (45.38)%igro(T. — T')), ch. Yukawa coup.,
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The scaling exponent turns out to be unity instead of 1/2 of the real scalar field. For the first
order too, we have verified this behaviour. It is very clear from the Figure 2.11 too. After
reaching the critical frequency (where T' = T.. ), momentum values saturate at the mass value

of fermion.

Effect of complex scalar Condensate:

Solving the complex scalar EOM (2.35) near the boundary of AdS, we have evaluated the
source and condensate term for the complex scalar field in section 2.4.2. For this case, we
also find the critical temperature 7., beyond which the charge scale becomes trivially zero
in source-less conditions. Once we obtain the scalar condensate at different temperatures
below 7" < T, Figure 2.11 depicts the effect of condensation on the zeroth and first order
P-S points movement with increasing temperature. After crossing the critical temperature,
the P-S points saturate at every order. For massless fermions, P-S points vanish after critical
temperature, which seems very interesting. In the Figure 2.11, we have plotted both zeroth
and first-order P-S points for both couplings. For Yukawa coupling, the zeroth order mo-
mentum is purely imaginary, so the effect of the coupling terms is additive to the mass of the
fermions. But, for dipole coupling, the momentum value is complex. So, we have plotted
both real and imaginary values of momentum of dipole coupling in the left of Figure 2.11.
For the first-order P-S points movement, we have only shown the movement of the imaginary
values of momentum for both couplings.

We have studied the P-S phenomenon with 2 types of couplings: dipole and Yukawa,
where we have probed a scalar field, which can be real or charged. From the dictionary
of AdS/CFT, we know that the scalar field near the AdS boundary admits both source and
condensate with some specific range of mass values (obeying BF bound). There exists a
temperature when this source is zero, still, condensate is finite, which is called the critical
temperature. Calculating the P-S points with various couplings as we have mentioned, we
have studied the behaviour of these P-S points with increasing temperature up to the crit-

ical temperature (7). We have seen that after crossing 7., the P-S points saturate at the
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mass value of fermion. For massless fermions, P-S points vanish after crossing 7., which
seems very interesting. For real scalar coupling, the momentum values are oc (7., — T')'/2,
while for charged scalar coupling, the momentum values are < (7. — T'). We have checked
this dependence on temperature upto third order and shown the results in appendix. In the
next chapter, we aim to study the chaotic behaviour of a holographic QCD system by pole-

skipping analysis. We introduce an effective horizon and perform pole-skipping near this

effective horizon.
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Chapter 3

Pole-skipping and chaos in D3-D7 brane

systems

The QCD theory is very interesting to study quantum chaos [135—-137]. In the quenched
approximation of QCD where external fermion states have been ignored (or treat fermions
as non-dynamical fields), the chaotic nature of the theory has been extensively studied [138,
139]. In the unquenched QCD, i.e., in the presence of light quarks, the chaotic nature of the
system is expected to be different from the quenched case. Initially, the light quarks will be
bounded in the form of neutral meson. But once these mesons melt into the charged quarks
and anti-quarks, the Coulomb’s interaction among these charged candidates is supposed to
decrease the chaotic nature. This kind of effect in quantum chaos is very much new and
interesting to study. On the other hand, if we apply an external electric field, the quark/anti-
quark separation in meson increases and finally dissociates. This leads to a phase transition
between the neutral meson-dominated insulating phase and the charged quark/anti-quark-
dominated conducting phase. The chaotic parameters of the theory are also expected to
show non-trivial change through this transition. In our present work, we represent this novel
feature of quantum chaos.

In this work, we study pole-skipping and the associated behaviour of the characteristic
parameters of quantum chaos in 3+1-dimensional Yang-Mills theory in the presence of quark
flavors at a finite temperature. The chaotic nature of the YM theory with quenched flavor is

well explored. But, it is still very exciting to see the effect of flavor on the chaotic properties

65
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of the unquenched theory. In holography, the dual gravity theory of such a system can be

achieved by probing D7 branes in the black-D3 brane background [140].

3.1 Gravitational background

The type Il superstring theory, at a low energy limit, reduces to the ten-dimensional super-
gravity action. The Dp branes are the solution to this action, where p is the spatial dimension
along the brane. Branes having the Arnowitt-Deser-Misner (ADM) mass equal to its charge
are called extremal or Bogomol’nyi-Prasad-Sommerfield (BPS) branes. We consider non-
extremal D3 brane in the bulk. Then, we construct a decoupled geometry where /N, number
of D3 branes are closely located. The decoupled geometry is the Schwarzschild-AdS5 black-
hole geometry. The corresponding boundary theory is ' = 4 Yang-Mills theory at finite
temperature with V.. color charge. We further consider N; number of BPS D7 probe branes
embedded in the bulk in the presence of Maxwell’s field. According to the AdS/CFT dictio-
nary, on the boundary we have the finite temperature SU(N,) N’ = 4 Yang-Mills theory with
probe hypermultiplet quark flavors [140]. We will be working in the probe limit Ny << NV,

so that the probe brane does not back-react on the background geometry.

3.1.1 Review of black D3 brane solution

In this sub-section, we will briefly review the black-D3 brane solution. It starts with solving
the ten-dimensional supergravity action in the low energy limit [18]. The bulk action is given

as,

2

R ] _Zpe

268.

s7s?

Here, 2x% ~ ¢%(%; g, is string theory coupling constant which is related to the 3 + 1 dimen-
sional YM theory coupling as 47g, = g%, and ¢, is fundamental string length. g and R are
the determinants of the metric and Ricci scalar defined on the 9 + 1 dimensional background

spacetime, P is the dilaton field and F' is the RR 5-form field. The black D3 brane solution
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[18] has been found as,

+r2dQZ, (3.2)

where (¢, x;) coordinates define the four dimensional worldvolume of the D3 brane and
()5 is transverse five-sphere. r defines the radial coordinate. r, and r_ are respectively
the positions of horizon and singularity. Now, making a coordinate transformation r =

AN/ . )
p (1 + p—%) , in (3.2), the black D3 brane solution can be written as

ds?, = <1 + é)é (= f(p)dt* +dz®) + <1 + é); (d—p2 + deQQ) (3.3)
1 p* pt) \fp) )\ '
4
where, f(p) =1 — p—Z pr =11 =1t (3.4)
I
and, ® = @, (constant), Fj5=Q (1+ *) Vol (). (3.5)

In this new coordinate, the metric horizon is located at p = p,. The ADM mass and charge
of the brane are,
M ~ (5r5 — ), Q* =4rir 2. (3.6)
In the extremal or BPS limit, the solution reduces to BPS D3 brane. At this limit, 7! = 1% =
Ri(%, where Rf = 4mgsN,. For non-extremal cases, we have p} = r4 — r%. We can see
at the BPS limit, p, — 0 gives an extremal solution. We will be working in non-extremal
limits.
Now we take following scaling, 7 = R1(%, p, = r,(? and p = (r, where 7y, is a fixed

point on 7. Then we take the decoupling limit (/; — 0) in the metric, which gives decoupled

geometry near the brane

ds? r? . R? [ dr?
6_210 - (= f(r)dt* +d7*) + r—;‘ (f(r) + r2dQ§) , (3.7)
where,
i
flr) =14 (3.8)
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This near-horizon geometry is AdS5-Schwarzschild x S; which provides a finite temperature

to the boundary gauge theory. The temperature is

Th Th

T = - . (3.9)

TR o« vV 9% 3 Ne

Here the bulk theory has two independent parameters — temperature 7' and string constant

gs- The holographic boundary theory is pure YM theory which also has two free parameters
— temperature 7' and YM coupling ¢2,, = 4mg,. Since the transverse five-sphere has a
constant radius, the background action is reducible to the five-dimensional integration as

given below.
1 . 5 12
Sbulk = ? R4dQ5 d T/ —9(5) R(5) + ﬁ s (310)
s 4

and further, the Einstein equation can be written for the five-dimensional AdS background

as,

1 12
Rsyw — 3 <R(5) + Eﬁ) 95w =0, (3.11)

where R 5),, and R (5) are the Ricci tensor and Ricci scalar respectively for the five-dimensional
AdS background metric g(s),,, with the AdS radius 1.
For the upcoming pole-skipping calculations, we need to frame the background solu-
tions in the Eddington-Finkelstein (EF) coordinate. Our present background (3.7) can be
R2dr

transformed into ingoing EF coordinate with the transformation v = ¢ + [ #(T) In EF

coordinate, the metric takes the form,

dsi, _ r? 2 -2 21002
= =T (—f(r)dv +d7 ) + 2dvdr + R;dQ):
s 4
= g(5)wdrtdz” + RIAQZ. (3.12)

Here, v is the null coordinate, r is the radial coordinate, and & corresponds to the spatial
coordinate x,y, z. Now, using the standard polar coordinates on the S5, we can be written

as,

dQZ = d#” + sin® dQ); + cos® Odp*. (3.13)
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Table 3.1: AdSs; is covered by co-ordinate ¢, Z, r and the S® is covered by 9, 95, 93, 0 and ¢

tlax |y |z |r |9 |02 |03]0|¢

D3|\ V|V IV IV |IX]| X | x| X |x|Xx

D7 | vV |V |V |V |V |V |V |V ]|X]|X

3.1.2 Embedding D7 brane

Without disturbing the background geometry, the transverse hypersphere can be unfolded as

ds%o r?

2 @ (= f(r)dv® + di®) + 2dvdr + R} [d6? + sin® 0dQ + cos” dp?] ,  (3.14)
s 4

where the three sphere (23 is spanned by the angular coordinates {!, 92, 13}. The D3 brane
is delocalised along {v, x, y, z} while localised in r and 25. We consider D7 brane as a
probe brane in this background. This D7 brane is placed in such a way that it fills the D3
brane’s world volume and further extends along {r, (23}. Again, this D7 brane is wrapped

on {23, hence it is localised in {6, ¢}.

In Poincare coordinate it can be easily shown that the six-dimensional transverse space
R x S® (given by {r, 25}) of D3 brane has been separated here into two part as R! x S3
(given by {rsinf, Q3}) and R! x S* (given by {7 cos @, ©}). So the angle between S* and S*
can be found to be . We parameterize the localization of D7 in terms of embedding function
0 = 6(r) and ¢ = constant on R' x S! surface. Due to the rotational symmetry on S' of

R! x S!, the distance of the D7 brane from the D3 brane is the radius of S*, 7 cos §(r).

The parameterization of the eight-dimensional world volume of D7 brane in EF coordi-

nates is as follows.

O =v;, =2 fori=1,2&3;, & =r; (3.15)

£h, =0, fori=5,6&7:;0=0(r),p = constant. (3.16)
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The induced metric on the D7 brane is expressed as,

ds? o
% =9(5)00dV® + 2g5)erdvdr + R0 (r)?dr? + g5)piida’da’ + R sin® 0(r)dQ3,
=7(5)apd€*d€” + R} sin® 0(r)d €2,
=Y(3)0dE"dE”. (3.17)

The induced metric components in EF coordinates are

dx* dz¥

7(5)(15 g 5)uv dga déﬁ R4¢9/< ) 52(5/2; = 9(5)W(5§(5E + Ri@l(r>2§252 (318)

The DBI action in the D7 brane worldvolume is,

Spr = —N;Ty / dvdrd®zd®9 x €3, /—s), (3.19)

where, sy = Det [V(smﬁ] is the determinant of the eight dimensional worldvolume metric
(3.17) of the D7 brane. T7 = 1/(gs(23) is the tension of the D7 brane. As Q3 has the same
symmetries as €15 of the D3 brane background, these three spheres can be integrated out

easily and the DBI action can be reduced into the following form,

/ d®z sin® 0(r) /=), (3.20)

where, 7(5) = Det [7(5)@} is the determinant of the five dimensional metric given in (3.18).

N;R3Vgs
s

Spr = —

The total bulk action in presence of Ny D7 flavor brane (N; < N,),

Stotal =Spuik + Spr,

1 12 —
&z /=g [VSSRZ (R(5) + —2) — gsN;Ves R sin39(r)ﬂ} ,
B Ry —9(5)
VssRi 5 12 nf vV 765)
:g—g d’x/— R2 R2 sin® 0(r) Y—2 STk (3.21)
where, Vgs = 272 and Vs = 73 and,
Vs Ves N
—qg,Nr = — 1. 3.22
= 9N = v - < (3-22)

We call ny the probe parameter or the flavor parameter as it is only proportional to the

number of flavor Ny in YM theory. As we are in the probe limit, i.e., ny < 1, this parameter
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is considered as the perturbation parameter. Since this total action is invariant under the

variation of the five-dimensional background metric gs),.,, we find Einstein’s equation

1

12
R(5)MV — 5 (R 5) + R2) 9w + EJZ,ZMOT =0. (3.23)

The energy-momentum tensor due to the D7 brane is given as follows.

n¢ sin® @ )
TMJLZCL’UOT - ( ) T )
R4 vV 7 Y(5) 9(5)
’I'Lf - Ozﬁ
__ M g3 o BR05 Y 3.4
2R2 Sln ( ) ( upg _9(5) ( )

Here 67} indicates the Dirac delta function. If we take perturbation in the background metric

9(5)uv of (3.7), the induced metric 7(5),s in (3.18) is also varied accordingly.

3.1.3 In the presence of Maxwell’s Field

In the presence of Maxwell field F, 5 along {v,r, £} with the flavors, the DBI action (3.19)

in the D7 brane worldvolume is modified into the following form,

Spr = —NfT7/d8x\/—Det [537(8)045—#27@}7(15},
Nf/ 8
= —— | d°zy/—Det |v8)ap + Fusl,
= \/ (V)05 + Fag]
= —g.'NiR{Vgs [ dx\/—)sin’ 0(r) L, (3.25)

where €2 8)as 1 the pullback of the ten-dimensional background onto the D7 brane world-

volume. Note that 27 factor has been absorbed in F,,3 and

1 s a1 1 4

The indices of the Maxwell field are raised/lowered with the D7 brane metric 7(5)qs, 1.€.,

FP = a,\yé.g. Now to find the energy-momentum tensor (3.24) with the presence of the
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Maxwell field, we need to vary this action (3.25) w.r.t g(s),.

AS
DT :—gs_leRiVSa/d%sing 0(r)\/ =)

Ag(t')),uu
Lo tpop)qer g Lpaps| oy 3.26
o\t Tt 7(5)+§ A | %08 (3.26)

Therefore, the energy-momentum tensor is
v _ ny . 3 —(5) 1 A af al B v

fravor = — R sin Q(T)W Kl = ZF)\WF’Y ) Vs T FE | 0605 (3.27)

We have seen that the effective metric on the D7 brane due to the Maxwell field is 7(g)a5 +

F, 5. Therefore the presence of an electric field modifies the location of the singularity.

3.1.4 Embedding equation

In the holographic picture, considering Maxwell’s field on the flavored D7 brane is equivalent
to considering the charged flavored quarks in the boundary Yang-Mills theory. We put a
constant electric field £ along the x; direction on the D7 brane. We can take one of the two
configurations of the vector field A, given below which gives the same results in our case.

(i) the Coulomb potential A,(z) = E z;. It gives the Maxwell field as,
val F— _axlAv 3 _E7

Or, (ii) a v dependent vector potential A,, = —F v along x; direction. It gives the same
Maxwell fields as above. Here we also add a current along x'. So to apply the Maxwell
potential, we can take either (i) A, = Ex' & A, = flx(r) or(ii) A,r = —Fv +/11(7"). Now,

the D7 brane action can be rewritten as,

SD'? N/d?”ﬁ
9 . 3 y _ 1/2
=) oy A, (<2BRY 4020 + (~ER + ) 0]
4

Here prime denotes the derivative with respect to r. Taking F = F,/R?%, the Lagrangian

becomes

2 (i3
=20 SIESQO”) 2 A (<28 + ()AL ) + (<B4 () 0(r)?] REERT)
4

TH-3646_196121006



3.1. GRAVITATIONAL BACKGROUND 73

From the above Lagrangian, it is clear that flx(r) is a cyclic coordinate, and hence the asso-

ciated conserved current source .J is expressed as,

- = Jo = 2 f(r)A,(r) = E,

R \/ (rf(r) = ER) (1+ 12 (1) (r)”) (329

76 f(r)sin® 0 — RSJ2

Using this constraint, we can write the Lagrangian in the Legendre transformed form as

Z" =L — JOA;:(T>7
1
=Ty [—RiEoJo + ({r'f(r) — Eg} x
1/2
{1+7‘f }{rﬁf smGé’—Rng}) },
rzf ({r F) = B} {1+ 270 ()} {r®F (r)sin® 0 — RSJ§})1/2. (3.30)

In the last equation, we have dropped the term — R} FEjy.Jy as it is independent of the
generalized coordinates. In other words, this 6(r) independent term is associated with a
constant energy contribution in the D7 brane worldvolume. Now the final Lagrangian (3.30)
is to be real. However, it has two factors — r* f (1) — E2 and 7 f(r) sin® § — RS J2 — which can
make the Lagrangian imaginary. The Lagrangian is real if either both factors are positive or
negative. At finite electric field and current, both the factors are positive at large »r — oo and
they decrease as we go to the smaller r regime. Then both factors become simultaneously
zero at a particular point » = ry. Here at this special cut-off point, the Lagrangian (3.30)
vanishes. This point is also called as the position of vanishing locus [141, 142]. After that as
r < 19, both factors become negative which makes the Lagrangian real again. The location

of the vanishing locus is at r = rq if
ro =1, — B =0, (3.31)

r8 f(ro) sin® 0(ro) = RSJZ. (3.32)
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Again the effective open string metric on the probe brane is given by

Y®)as =YV (8)as T Faw(g?)”FV@

=)0 + Far1(s) Fug + Ri sin® 0(r)d3

and the line element is

72 4f( ) — Od 24 ri (r4f(r)—E§)sin60 d:r:z r’

bt = T Y B et — R T
s (1 B Eg . RiJOEO\/(TA‘f(T) — Eg) (1 + r2f(7")9/(7“)2)) dvdr + Ri (QI(T)2+

dz3 + da3)

rif(r)  rif(r) r6f(r)sin® 0 — R$J2

2
Ey  RiJo [(rf(r) = E§) L+ r2f(r)0'(r)*) 2, B N,
<r3f(r) N r3f(r)\/ 6 () sin® 0 — RS.J2 ) dr + Hisin® 08 3.33)

In the region r < 71y, according to the aforementioned discussion, the effective open
string metric changes signature, as its vv-component becomes positive. So, it puts a further
condition on the complete system and suggests to define an effective horizon at 74 f(r)|,, =
EZie.rg=(ri + E2 )1/ *. In the following sections, this effective horizon will play a crucial
role in chaos and pole-skipping. The AdS; blackhole background has the horizon at r = 7.
In the presence of the D7 brane and the Maxwell field, the background has to be back-reacted
in principle. The back-reacted background is expected to have a new horizon around (. But,
using the perturbative approximation (N; << NV.), we have neglected the back-reaction. So,
we don’t find this effective horizon in the bulk metric. The effective horizon appears in the

open string effective metric on the D7 brane. The above two conditions (3.31) & (3.32) give

ro = (ri+ E)'", (3.34)
Jo = Ri*Ey (rd + E2)"* sin® 6y, (3.35)
and,
B ) 4 217201 (1 \2
A (o) TSy i 2ry + QT?EOH (ro) . (336)
Ey 2ry +3 (1 + 18 (o) cot 0(rg)) Ef
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The above equation (3.35) relates the current density with the applied electric field, similar
to Ohm’s law. For weaker field (Fy < r,%), Jo o< Ejy, which is reminiscent of linear response
theory. This field-induced current is the flow of the charged quarks in the direction parallel
to the electric field. Therefore, the charged quark density distribution on dual field theory is
varied with the applied field Ej.

Looking at the Lagrangian (3.30), one realises that the embedding angle 6(r) of the D7
brane in the D3 brane background is the only canonical variable in the effective D7 brane
Lagrangian. Here, we take r as the parameter and derive the dynamical equation of 6(r) as

d [ o' (r) } 3r# sin® § cos 6

dr [1+72f(r)0'(r)2|  r5f(r)sin®0 — RS2

el(r) 2T3 r (2 B f(?“)) / 2 2 / /"
Rl TR T O Rr)

' 0 (r(2+ f(r))sing + 3r* f(r)¢'(r) cos ) | = 0. (3.37)

+r6f(r) sin® 0 — RSJ2
The equation of motion of #(r) given in (3.37) is a second-order non-linear differential equa-
tion. We know that 7 cos 0(r)(= d(r)) represents the separation between D3 and D7 brane.
rsin@(r)(= v/r2 — d?) is the radius of the {3 sphere on which the D7 is wrapped. There-
fore, d(r) should be regular at the horizon of the background geometry. It refers to the
regularity condition of #(r). Furthermore, the asymptotic behaviour of 6(r) is known to be

holographically related to the quark mass m, and its condensate c, as follows,
" Cq 9 T q
d(r — 00) = my + = o (rooo)~=——— — (3.38)

where, ¢ = ¢, + m?/6. Since this system preserves chiral symmetry, there is no non-zero
mass with zero condensate.
Near the point r = r of the constant energy, the regularity condition of 6(r) helps us to

expand it in the Taylor series. This immediately gives the following relation

3rgcotf(ro)  3(ry + Eg)g/4
2(2ry + E3)  2(2r) + 3E3)

9/(7‘0) = cot 80, (339)

where 0 is the value of the embedding function at 9. Now, the solution of #(r) has to be

found in two steps. In the first step, putting the boundary condition (3.39) and the value
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Figure 3.1: Top: Plotted the distance between D3 brane and D7 brane - r cos # and the radius
of €23 sphere - r sin 6 without electric field £y = 0 and ny = 1. Below: Plotted the distance
between D3 brane and D7 brane - 7 cos 6 and the radius of {25 sphere - r sin 6 with different

electric field values. The dashed lines are effective horizons at some specific values of Ej

(ro), we solve the embedding function () from (3.37) in the range ry to co. In the next
step, implementing the same boundary condition at o, we solve (r) from (3.37) in the
range 7o to r,. In this way, we solve the embedding function for the whole range of the
radial coordinate. From these solutions, we find the horizon value of the embedding function
0(ry,) depending on the boundary condition 6(ry). We now solve numerically the equation
(3.37) with two constraints, (3.38) and (3.39), using the above regularity condition. Once
we have found the solution of #(r), we can easily find the distance of the D7 brane from
the D3 brane, r cos #(r) and the radius of the {23 sphere on which the D7 brane is wrapped,
rsin §(r). The different types of embedding of the D7 brane can be understood clearly from

the plot of these two lengths presented in Figure 3.1. In the first of the two figures, we
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plot rsin @ vs. rcos@ with zero electric field. The circular line represents the location of
the black hole horizon. The different curves represent the embeddings for different quark
masses. Since the background has a horizon at » = 7y, instead of the point » = 0, the
effective distance of the flavor brane is measured from the surface of the horizon, which is
a sphere of radius r,. i.e., the distance of D7 brane from the horizon is rcosf — r;,. We
can have three situations: - (i)  cos § — r; < 0 signifying the fact that the D7 brane crosses
the horizon and extends inside the horizon, i.e., blackhole embedding; (ii) r cosf — r;, = 0
signifies that D7 brane just touches the horizon at a single point, i.e., critical embedding;
and (iii) r cos @ — r, > 0 signifies the fact that the D7 brane does not touch the horizon
and is located above the horizon, i.e., Minkowski embedding. Here at the finite temperature,
we start from the blackhole embedding and end at the critical embedding in the first plot
of Figure 3.1. In the other plot, we turn on the electric field. We have plotted the critical
embedding at three different values of the electric field: Ey = 0.0, 0.6 & 0.9. The plot shows
that with increasing electric field values, the effective horizon moves away from the original
horizon and the quark mass of the corresponding embedding increases. The quark masses
for the above three values of electric fields are m, = 0.9, 1.1 & 1.3 accordingly. Therefore,
the electric field increases the quark mass for critical embedding, i.e., the critical mass. With
the electric field the type of embedding is identified with respect to » = ry. So in the
Minkowski embedding the D7-brane shrinks above 7, and in the blackhole embedding the
D7-brane crosses the vanishing locus » = 3. We find two kinds of solutions in the blackhole
embedding. The first kind is the solutions where the D7-branes are crossing » = 7, and
shrinking at a point before r;,. These solutions contain the conical singularity between the
horizon and ry. The second kind of solution is smooth. They smoothly cross the original
horizon r = r;, without encountering any singularity. We have found that smooth embedding
occurs for the electric field value Fy < 0.867",%. So for smooth embedding, we need to

maintain an electric field smaller than this critical value E,, ~ 0.867‘,%.

So in our study, we will consider the weak electric field to ensure the smooth embed-

ding. For a strong electric field, the system becomes complicated due to the presence of
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rcosf rcosd rcosf

A, By < 0.86

rsind rsind rsind

Figure 3.2: The plots of embedding function for different electric fields £y < E.,., Ey = E.,
and £y > E.. atr, = 1and 0y = 0.1. We find E.,. = 0.86.

— m,
Cq q

VEo
ALCAEY N 1.60
030F - .
'é $~
L S 1550
025F OUNNPELELT. - .
O LT N K 1.50L
0207 '0 "r x‘ -
, Py -
4 .
Ry - . 145¢
0.15F . 3 0
ll' """""
P P .. 1.40
0.10F RESPT .- .
o"' 2LEETTTIII K 1.35
4,0253% heS 2
005F a%3%° . !
“, 2% *
':W 1 1 1 L ‘ L L L 130 E
c L i ‘ ‘ ‘
02 04 06 08 10 12 14 ¢ 6 8 100

Figure 3.3: The condensate ¢, vs the quark mass m, with fixed temperature 7" = 1/(wR?%)
for different electric fields. From bottom, £y = 0.0, 0.2, 0.4, 0.6, 0.8 & 1.0. Right : Plot of

mq/+/ Eo vs the electric field for two different values of embeddings.

those aforementioned singularities, and further backreaction will be important. We will work

strictly in the perturbative limit.

Two important meson parameters namely the quark mass m, and quark condensate c,
are numerically extracted from the asymptotic expansion of # using (3.38). In Figure 3.3, we
have plotted those quantities for different values of the electric field E. From the plot, we
find ¢, = 0 at m, = 0 irrespective of Fy. The behaviour of the quark condensate is highly
non-linear with increasing mass. At low quark mass m,, the magnitude of ¢, increases lin-
early. However, with increasing mass, ¢, reaches maximum and then starts decreasing till

the point of critical mass m, = mg’"“, where the meson starts to melt. Therefore, beyond
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this mass value, the condensate does not exist. From the plot, we see that the critical mass
mg’"“ increases with the increasing value of £ [141, 142]. The binding energy of mesons
is expected to be proportional to the mass of its constituent quarks. Under the influence of
an external electric field, the quark and anti-quark pair of the bound state meson experience
Coulomb force in opposite directions, and that helps in the dissociation of the meson by
decreasing its binding energy. Hence, in a stronger electric field background, meson needs
higher binding energy to survive, which leads to a higher critical mass of the quark. In pre-
vious studies [141], we have also observed that this critical mass is proportional to /.
In Figure 3.3, we have plotted \’;L—Eio with Ej for two different values of § = 0.09, 0.25 with
r, = 1. These embedding values are less than the critical embedding. So, with these embed-
dings, we will not face the conical singularity problem. At a lower value of the electric field,
we can see that there is no distinction between the embeddings. The difference becomes

clear at higher values of the electric field. For different 7, we have calculated the critical

value of the electric field numerically. For r, = 0.9, £, = 0.75 and for r;, = 1.1, £, = 0.87.

On the other hand, the inclusion of an electric field decreases the critical temperature of
melting and the condensation parameter c, is inversely scaled with temperature. This is the
reason behind the increase of —c, with £y. A more detailed explanation of this model can

be found in [141, 142].

3.2 Pole-skipping and Characteristic parameters of Chaos

The primary goal of this work is to study the chaos in the 3 + 1 dimensional flavored Yang-
Mills theory. It is very common to calculate the Lyapunov exponent and butterfly velocity to
measure the quantum chaos in such a model. In this context, one can get these parameters
from the vv-component of the linearised Einstein equation. This method is well-known from
various previous articles [86, 98]. Now, we employ this method in the above gravity back-

ground — the embedded probe D7 branes in black D3 brane metric. We take the following
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perturbation in the background metric (3.7)

g(5),u1/ = 9()pv + 5gm/ (T)eiiwwﬂ'kma (3.40)

where, the perturbation is assumed to propagate along = direction with frequency w and
momentum k. As the chaos is related to the energy density correlation function on the
boundary theory, in the bulk, the corresponding perturbations need to have longitudinal po-
larization. These kinds of perturbation modes are also called the sound modes or scalar
modes. Here, the sound modes metric perturbations are {dgu, 09y, + 9.} where a, b
correspond to v, r, x. Without any loss of generality, we chose metric perturbations to be
traceless, gy, = 0¢g,. = —0¢,,/2, which keeps 6(r) invariant. Further, we consider the
gauge 0g,, = 0 for all 1. With this, the sound channel perturbation consists of only three in-
dependent components, {0¢yy, 0guz, 0g.s . Our main target is to look for the pole-skipping
point associated with the metric perturbation variables. Therefore, we expand the metric

perturbation near the effective horizon as follows,
O, — (59,80) + 6glgly)(r —70) .

Upon using these near effective-horizon expansions into the vv-component of the linearised
Einstein equation (3.23), we examine the coefficients of each order in (r — ) expansion.
The coefficients of zeroth order sound mode perturbations {J gq(,?,), 0 gq(,?c), 0 gég;)} consists only

two unknowns — w and k resulting into following equation,

12RIEZ GiRS
82 RS + <\/2E§+4r§+2r§) ( ] erw)

0

2Rir
+ny K, [2F3 4 4rd + 2r§) (2—47“04 — 275 + Ri) + 8r§] sin®fp =0 (3.41)
E§ + 2r;

and, 8kRS (—3iry, +irg + Riwry) = 0. (3.42)

From these equations (3.42), we get,

3ry—ry i 2(rTRI)* - E?
4o 1 ((mR{T)* + E3)
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where, we have used the relations 75 = 7} + Ej and r,, = mR3T. Note that, from the right

plot of Figure 3.3, we have already observed that £, < r,%. So, the allowed value of the

electric field is always Fy < r7 which implies £ < T*. Thus the shift due to the electric

field term in the effective horizon is always very small compared to the blackhole horizon.

Therefore, utilizing the relation given in (1.53), the Lyapunov exponent is calculated to be,
2(rTR3)* — E2

RH(RTY + BT

5E2 33E¢
ATAR3TY " 3278 RIST®

L

=271 |1 —

+O(EY)| . (3.44)

The Lyapunov exponent in (3.44) is found to be affected by the electric field. The param-
eter R, is connected to the YM theory as RS = \/m So, from this Lyapunov exponent,
we can see the dependence on V. and gyy. In the absence of an electric field, we obtain the
standard expression \;, = 2«1, which saturates the MSS bound. Therefore, without the cur-
rent source, the system is maximally chaotic. From (3.43), the Lyapunov exponent is found
to be zero if r§ = 3r} or E2 = 2r*RST*, which sets the cut-off value of field £, = v/2r7.
But this value is beyond the critical value £§". Further in our perturbative frame, the flavour
density is too small as it is proportional to n;. To keep the model consistent, the applied
electric field Fy should be small enough so that the induced current does not make much
change in the charge distribution. So here the Lyapunov exponent can not be zero by tuning
the electric field.

In the limit 2 << (7T R?)?, we can write the above Lyapunov exponent (3.44) as,

5F2 5F2
A ~2nT (1 — 2 ) =21 ——% ). 3.45
e <zme> ”( @@%ww> G4

In Figure 3.4, we have plotted the Lyapunov exponent \;, with the variation of the electric
field. As the electric field £ increases, \;, decreases monotonically. We have plotted the
Ar up to the critical value of the electric field only. As we have already discussed, beyond
that critical value, we have conical solutions. So, we must have to avoid those solutions
by restricting the electric field. Another point is, that turning on the electric field, pulls the

quark/anti-quark pair apart, and lowers their binding energy. The plot, therefore, indicates an
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Figure 3.4: Plot of Lyapunov exponent A\;, vs electric field £ at three different temperature

TRIT =0.9,1.0&1.1and n; = 1.

interesting fact that as meson’s binding energy decreases, the system becomes less chaotic
with decreasing Lyapunov exponent.

The solution of £ can be found from (3.42) which assumes the following form,
12R{E?  6iRS
SRS = (, [2E3 + 4rd + 2r§> (— o D 4”)
2R4rd
—ny [(1 [2E3 + 4rf + 2r3> <—Eg fzorg —2rg + Ri)

+8r§] sin® 6y (3.46)

Inserting the solution of w into the above equation and expanding for small £y, the solu-

tion of the momentum k can be written as follows,

- Y{Bi, IR
r2  E2(ri —3R}\ .
+ g (_E}% + W) sin® 0 + O (Ej/RY) (3.47)

where, 6y = 6(ro). The magnitude of momentum depends on the flavor parameter n; and
the electric field . Without the probe D7 brane (i.e. ny = 0 and E;, = 0), we recover
the standard result for pure AdSs, k> = —67272. Unlike w, the momentum receives a
contribution from 6, which in turn leads to non-trivial quark mass m, dependence, which
is one of the important results of our present study. Given the above solutions for the pole-

skipping momentum, the butterfly velocity can be calculated from the relation v, = Ap/|k|
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Figure 3.5: Left: The plot of butterfly velocity v, vs quark mass m at three different fields
Ey = 0.0, 0.5& 0.8 with fixed T = 1/(7wR3) and n; = 1. Right: The plot of butterfly veloc-
ity v, vs electric field Ey at 6, = 1072 at three different temperature 7 R37T = 0.9, 1.0& 1.1

and ny = 1.

as,

r2 (2rh — E2) /3E] + 2ri\/ /6BR + drg — 213
6VBERird (3E4 + 8E3r + 4rf)*/?

+n s sin® 6, {47"30 (2rg + E3) \/6EZ + 4rf — 12E3ry* + EgRyrg

—2r§ (Ey — 2B3Ry) — 1673°}] (3.48)

vp = [—12E3 R} (3E; + 8Ejr), + 4r%,)

At the small electric field expansion

2 21E? nssin® 4, E2 17
=/=|1— L / I (Y (T O (E3/R%) |
R { PR 12 ( "SR] ( p 2w4R§1T4)>] +0 (Eo/Ri)

(3.49)
The butterfly velocity characterises how fast information scrambles in a system in the chaotic
regime, and that turns out to be a function of the electric field, mass and current density of
flavors in our study. We can see the effect in terms of YM theory by replacing R, in terms
of gym and N,.. For pure AdSs;, the butterfly velocity is a numerical constant %, which
can be recovered from (3.48). In Figure 3.5, we represent the effect of flavor quark on the
characteristic parameters of chaos. We plot the butterfly velocity v;, with the quark mass m,,

for three different values of electric field, £y = 0, 0.5 & 0.8. For a fixed value of the electric
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field, we find the butterfly velocity remains almost constant in the full range 0 < m, < m;”'t.
However, with increasing electric field, v, decreases. The variation is almost the same as the

Lyapunov exponent.

3.3 Master Equation

In the previous section, we have calculated the chaotic parameters from the vv component of
Einstein’s equation by perturbing the sound mode. In this section, we will analyze the per-
turbed modes by constructing a unique master equation from all the perturbed components
of Einstein’s equation as shown in [143]. In this D3-D7 background set-up, it would be note-
worthy to study the dispersion relations at small w, k. We can study these dispersion rela-
tions from the pole-skipping of retarded two-point function of the energy-momentum tensor
[72, 76, 98]. Overall, these pole-skipping points unfold the relation between the boundary
Green’s function in the hydrodynamic limit and low energy perturbation with its near-horizon
behaviour in the bulk. We perturb the background metric as g,,,, + dg,,.,, from which we com-
pute the linearised coupled Einstein’s equations. However, there exists a unique choice of
gauge-invariant perturbation variable, which will be shown to reduce the perturbation equa-
tions into the unique form of the second-order master equation. The near-horizon behaviour
of this master equation is enough to study the hydrodynamic dispersion relations. The com-
plete solution of the perturbations comes from the master equation of the corresponding
perturbation channel. The metric perturbation variables in a generic five-dimensional black
hole can be classified into three classes: scalar or sound channel, vector or shear channel and
tensor channel. We have chosen the wavenumber £ to point along the z-direction. Then, we

can write these perturbed channels as:
* Scalar or sound channel : dg,,, dGys, 0Gz, and 6gy, + 09...
* Vector or shear channel : 0¢,,, 094y, 09,. and dg,,

* Tensor channel : dg,. .
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We have imposed the radial gauge condition and trace-less condition, which we have thor-

oughly discussed in the previous section.

3.3.1 Sound Channel

The sound channel has three independent variables {dg,,, dGus, 0g.2 }- We can construct a

gauge invariant master variable from these three variables,

]{32 2
Zoo(1) = k*6 G0+ 2wk gue + w0 Gas + 5 [2 — f(r) = %} (—09uz)
which satisfies the unique master equation as follows,
Zo (1) 4+ Poo(r,w, k) x Z.,(r) + Quo(r,w, k) X Z40(1) = 0. (3.50)

The coefficients Py,, Q,, are functions of 7, w and k. The detailed expressions of these
coefficients are given in appendix C.8. To handle these large expressions, we have expanded
them around Ey = 0 and taken up to order of E7. These coefficients consist of the flavor
correction at the order of ny. As ny — 0 and £y — 0, the equation (3.50) reduces to
the sound mode master equation of standard AdS5. To obtain the pole-skipping points, we

expand the master variable near the horizon as
Zso(T):ZZn X (T_To)n:ZO+Z1 X (r—r0)+... ,
n=0

where Z,, are the non-zero finite constant coefficients. Consequently, the master equation

around the horizon r = r, takes the following form,

g+1

> Clw, k) x Z,

p=0

o0

>

q=0

X (r— )% =0, (3.51)

where C}! depend on w, k and other parameters of the system. At each order of (r — o),
the expression in the square bracket of (3.51) should vanish. It gives the relation between
various Z,. We can write it in the well-known matrix equation as discussed in [77, 78].

In this work, we discuss only the first-order pole-skipping point (w1, k1), which comes

from the equation (3.51) at the zeroth order term, i.e., ¢ = 0, which gives

Co(w, k) x Zy + CY(w, k) x Z, = 0.
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Since, Zy and Z; are non-zero and arbitrary, we must have CY(wy, k1) = 0 and C (w1, ky) =

0. From the expansion of master equation (3.50) we get two equations given below,

. E? ) 3 (2r, — iRw;)
re (2rh — zRiwl) + E {(rh — @Riwl) + w? 2 (2k7 = 37) =0, (3.52a)
2k% + 9w?

67’}% — Rik% + 7y (2Th + ZRE(UI) %2—3u)%

3
9
1233 (2k:% - 3w1) sin” b

+nf

E§
* 3 2 2)2

[(32ry, (8k{ — 9kjw?) + iRjw (92k] — 108kjw? + 27wi))] +
O(n) =0. (3.52b)

Solving the above two equations simultaneously, we can evaluate the value of w; and k;.
Here, we have assumed 2k? — 3w? # 0 in evaluating these solutions.

Without D7 probe branes, ny = 0 and £, = 0, the first-order pole-skipping point is

located at w; = —2ir;,/ R3 and k; is given by the equation
Rik? — 18r}
2 47.2 2 114Ky h il
6Th - R4k1 + 47’hW =0= l{? R4 <1 + 2 \/_) (353)

This solution matches with the known result obtained in [76, 86]. This result (3.53) also
ensures the validity of our calculations.
With D7 brane (i.e., ny # 0 and Ey = 0), the first order pole-skipping occurs at w; =
—2iry,/ R% and the equation of k; is
— 12R} (—4k{Riry + 361, + ki RY)

+nyry sin® Oy (5kIRiry + 36Ryry — 187 + 14k1RY) =0,

from which £, can be solved and we get,

1
k2 = SARE (5npRyry sin® 6y + 2R3r7 (24 + Tny sin® ;)

+ (Riry(—18432R} + 384n; R} (8R} — r}) sin® 0,

+n2(14R} + 512 sin® 6,)) 2) . (3.54)
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We, therefore, find no effect of the flavor quarks on w; as long as the Yang-Mills system
contains only neutral meson states. However, the momentum value %, acquires non-trivial
correction due to the presence of meson states. As the near-horizon value 6, appears in
momentum k;, we find that the momentum values are affected by the quark mass m,,.

With D7 brane and non-vanishing world volume electric field, we again can solve the
above two equations (3.52a) and (3.52b) perturbatively in the small electric field limit and

up to the first-order of n; to find the first-order pole-skipping point.

2i SE2[ 1 in® 6
o — — zrhiR430l n s sin o((ﬂq:i>rﬁ+2<2\/§ii)Rﬁ>}

R2 r3 |V2RY  GARJ
+ 0 (Ep), (3.55a)
2 (1+2iv2)r}  ngrisin®f
2 _ h f'h 0 : 4 : 4
b= e ((5+iv2)ri+2 (77 4iv2) RY)

RiE? [ 33+ 15iv/2  ngsin®fy , .
+ Ve ST ((640+263iv/2) rf + 6 (~32
+891v2) R}) ) + O (). (3.55b)

To this end let us remind the reader that, previously, we have seen that the boundary Green’s
function related to the sound channel perturbations has given the pole-skipping points that are
located in the upper half of the complex w-plane. Therefore, those pole-skipping points can
be directly related to the chaos parameters. However, from the master equation analysis, we
get the pole-skipping points (3.55), that are located on the lower half of the complex w-plane.
These P-S points, therefore, cannot be related to the chaos parameters. However, it shows the
same kind of non-uniqueness in the associated boundary Green’s function. In the absence of
the probe brane, the absolute value |k7| = 617/ R} from (3.53) and |v;| = /2/3 are the same
for both of the upper and lower half-planes. However, perturbation modes are found to be
related to the propagation and decay of the energy energy fluctuation in the boundary theory.
The real and imaginary part of k; respectively gives diffusion and decay of energy density
fluctuation in z direction. We can discuss the dispersion relation of hydrodynamic modes

that pass through P-S points. We have noticed that the first-order P-S point is very close
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to the hydrodynamic dispersion curve i.e., we can expect this point to satisfy the relation

w = —iDrk®. We indeed can define an effective thermal diffusion constant from the real
part of k, as,
Reliw | 1 TARATA 1
T TRelk?] ~ 27T 1T agar 00
3 5(T1miRITY —6) . 3 .
B D8TE 0, | E>+ O (E2). 3.56
i (87T5R?1T 5T somem Ry S o) Pt (E5) (3.56)

In the absence of the probe brane and the electric field, the thermal diffusion constant is

found to be,
I

T T (3.57)

Dy

which is observed to be connected to the butterfly velocity [144]. The presence of the probe

brane modifies the diffusion constant in a nontrivial manner.

3.3.2 Shear Channel

The perturbations in the direction transverse to the propagation direction are analysed in this
section. These perturbation modes as a group belong to the shear channel. On the gauge
theory side, these perturbations are the fluctuation of the momentum density. Using shear
channel perturbations d¢,,(7), 0¢.,(r), 0g..(r) and dg,.(r), we can construct two gauge
invariant variables as Z, = kdg,, + wdgy, and Z, = kdg,. + wdg,.. By manipulating the
perturbed Einstein’s component equations, we can construct the master equation for these

gauge-invariant variables. The general form of the master equations can be written as,
Z0,(r) 4 Pan(r,w, k) x Z,(r) + Qun(r,w, k) x Zg(r) = 0. (3.58)

where, Z,, (1) = k0gyy (1) + wdgyy (1) = k0g,.(1) + wdg,.(r). The coefficients are given in
appendix C.9. Using the same method as the sound mode, we find the pole-skipping point
from the near-horizon expansion.

In the small electric field limit, the equations for the pole-skipping points are,

E2 4 k?2 2 2\ _ P23
202 (20— iRy + Dol (R 2y) il (3.59)

wiry,

TH-3646_196121006



3.3. MASTER EQUATION 89

and,

R2ry, (4k3 +7w?) 1 :
— K2Ry + 81} — iy, (A7 + Tw7) + —nyrysin® Gy 2 — T—’Z
w1 4 R4

o) (32wirh (K2 + w?) — iR2 (16kF — 12k + Tw?))

4wir?
.3
n ¢ sin® O 4/
4k
SR (71 1 2R (4h1 (7
—2R})* + w? (—4Rjr} — 3} + 4Ri))] = 0. (3.59b)

We can find the first-order pole-skipping point from the above equations. The approximate

solutions in terms of the small n ¢ limit of the above equations are:

Wy R — B meOW sin® 0y + O (E§) | (3.59¢)
61 2R} — 1t B2 [ 69 157§ — 20Riri — 4R}
g2 s 2 h 241y h in3 0 o h 4"h 4 in30
VN RE MRy ST e oRt T TR 2RE) o
+ O (E}). (3.59d)

In the absence of the flavor brane and the electric field, the first-order pole-skipping point
matches with the previous result w, = —2inT, k¥ = 6727 given in [76, 86]. From the
above result, we can see the presence of probe D7 brane parameters.

Like the sound channel, the first-order pole-skipping point follows the hydrodynamic
dispersion relation w = —iD,k? associated with the momentum transportation. Therefore,
the corresponding momentum diffusion constant can similarly be calculated up to order E?

as given below,

eff iwl
p k%
1 2 —miRiTY EZ  [23 76 — 20m*RyTH — 5TORET®
S T e W T e [ T T s g, S

In the absence of the probe brane and the electric field, the momentum diffusion constant is,

1 1 v}

D =— - % .
PT3T T o T (3.5%)

It is very tempting to connect the momentum diffusion constant with the butterfly velocity

[73]. However, in a physical sense, this relationship is not very well-motivated. A factor
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of 3/4 is missing in the diffusion constant calculated from the P-S point, whereas in the
boundary theory, it comes out to be 47+T [145]. The presence of the probe brane modifies the

diffusion constant up to higher orders of the electric field.

3.3.3 Tensor channel

Since the perturbation modes are assumed to propagate along the x-direction, the tensor
mode will have polarization in the y — z plane. Hence, dg,.(r) is the only perturbed com-
ponent in this channel. Assuming Z;.,, = 0g,., the master equation can be written in the

following form,
ZL (1) + Pren(r,w, k) X Zio0 (1) + Qpen(r,w, k) X Zien(r) = 0. (3.60)

The coefficients are given in appendix C.10. Using the same method as the sound mode, we
find the pole-skipping point from the near-horizon expansion.

The first-order pole-skipping point (w;, k1) comes from the equations:
dry, (E§ +rpy) — iRjwy (E§ 4 2r4) =0, (3.61a)

and,

6iRjwy (E§ +4ry)  nysin’

8ki RS + . — (2R (E§ + 2ry,) — 3Egry, — 2ry) = 0.
T Th
(3.61b)
We, therefore, find the first-order pole-skipping point at
diry, 4 + E2
E_F ot N 3.62
TR Wi T Y (5.622)
and,
3(4r} + E2) (r} + E? in® 6
g AU B Ut Eo)  nssin B o pt a4 o0t 32t~ 2i3)) . (3.62b)

r2 R} (2ri + EY) 8r2 k%
In the absence of the flavor brane, we recover the result of pure AdS; [76, 86] from the
above results (3.62a) & (3.62b) by putting ny = 0 and £, = 0. This point is given as
wy = —2ir, /RS and k} = —6r3 / Rj.
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The results for the neutral D7 brane can again be derived from the above results with
Ey = 0. Itis given as

2iry, 6r2 r? (2R —r})

—R—z, and, k’% = _R_i + ny sin3 00 4R§L (362C)

w1 =

Whereas we have found the value of (w;, k1) for charged D7 brane as given in (3.62a) and

(3.62b). These results can be written with the small £, approximation as below,

2i7’h ZEg
W =— —5 —
' R} 7R}
6r? .
and, kf = — Lff +nfsin390 (
Ry

+ O (Ey), (3.62d)

r? (2R} —r}) 2R3 —3r}
4R8 8r2 RS

E§> +O(E)). (3.62¢)

From the above result, we can conclude that, in the presence of the charged probe D7 brane,
we get the effect of the effective horizon on the pole-skipping points. Momentum value is
affected by the near-horizon (effective) value of the radius of {23 sphere.

In this chapter, we have studied the chaotic behaviour of a holographic QCD system in
the presence of an external electric field by pole-skipping analysis. The Lagrangian of the
probe brane vanishes at some special radial distance away from the D3 brane horizon, which
will act as the effective horizon of the open-string induced metric on the D7 brane world
volume. The emergence of such an effective horizon is expected to give rise to non-trivial
effects, and indeed alter the chaos dynamics of the boundary theory in terms of characteristic
parameters (A, vp). Further, the probe branes can support the background Maxwell’s field,
and in the dual theory that will correspond to interacting charged flavors with the electric
field. However, for the perturbative consideration, we must maintain the electric field in a
very small range. This configuration is expected to add additional characteristic changes in
the diagnostic parameters of chaos. Without the flavor D7 branes, a stack of black D3 branes
in supergravity limit gives rise to an AdS-blackhole background in the bulk, corresponding
to the Yang-Mills theory on the boundary. In the paper [38], it was first shown that the
AdS black holes are maximally chaotic, and hence the Lyapunov exponent of the boundary
theory saturates the Maldacena-Shenker-Stanford (MSS) bound [40]. In the presence of

Maxwell’s field in the world volume of probe D7 brane, we found the dual theory to be no
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longer maximally chaotic, and the Lyapunov exponent depends on the electric field and the
butterfly velocity depends on both the electric field and the number of flavors Ny in the dual
system. In this work, we have explicitly shown how the electric field affects the Lyapunov
exponent by pole-skipping analysis and this exponent obeys the MSS bound.

Non-trivial dependence of the chaotic parameters on the background electric field can be
understood in terms of the behaviour of the meson states under the field. The light quark/anti-
quark bound state in the boundary theory gives rise to the meson spectrum. The mesons
are charged neutral in this case. But the constituent quark and anti-quark are positively
and negatively charged respectively. Without any external electric field, the neutral meson
states will not get affected in their probe limit. But, in the presence of an external electric
field, the quark/anti-quark pair of mesons separates away by reducing its binding energy.
Further, these charged quarks can have strong interaction with the background gluons in
this situation. The motion of the neutral particle in the neutral background is more chaotic
than the motion of the charged particle in the charged background. Because in the presence
of the background charge, the charged particle encounters restoring drag due to Coulomb’s
interaction. Therefore the chaotic behaviour is expected to reduce due to the applied electric
field. Further, the corresponding Lyapunov exponent is affected by the electric field. All
these new physical effects can strongly influence the Yang-Mills dynamics. Lowering the
binding energy causes the mesons to melt at a lower value of temperature, and at that point,
the characteristic parameters of the chaos reduce. These new features influencing quantum
chaos have been discussed in this present literature.

Apart from deriving the parameter of the chaos, we further calculate the P-S points as-
sociated with the hydrodynamic modes. With the choice of gauge invariant variables, we
have constructed the master equations for sound, shear, and tensor channels perturbation
variables [143]. Expanding those equations near the effective horizon induced by the D7
brane, we have again calculated the P-S points in all three channels and discussed their re-
lation with hydrodynamic transport and their dependence on the tuning parameters such as

external electric field £y, the number of flavors N; and quark mass m,,.
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So far in this thesis, we have used pole-skipping analysis only to study the chaotic be-
haviour of a system. But, there are various methods to investigate the chaotic properties. In
the next chapter, we will discuss three methods of chaos computation in a non-relativistic

background and show an equivalence among all those methods.
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Chapter 4

An equivalence of three butterflies in

Lifshitz background

Holographic duality can also be extended as general gauge/gravity duality where the field
theory breaks conformal invariance and its dual geometry is eventually a non-AdS one. A
class of nonrelativistic Lifshitz field theories are such theories that follow Lifshitz scaling

symmetry

t — Q% ¥ — Oz, 4.1)

characterized by the dynamical critical exponent £ € R, & > 1. Such QFTs break Lorentz
invariance due to the presence of an anisotropic scale factor along the temporal direction and
thus do not adhere to CFT. The holographic dual of Lifshitz field theories is the nonrelativis-
tic Lifshitz geometry which shares similar scale symmetry [146—150]. Exploration of such
theories finds its significance in the context of the correlation between high energy physics
and condensed matter physics due to the fact that these theories, especially for £ = 2, are
directly related to strongly correlated electron systems. A series of research for rigorous un-
derstanding of such field theories have been going on over the last decade by implementing
various perspectives [151-155]. We explore the butterfly effect in asymptotically Lifshitz
black holes by calculating butterfly velocity and the Lyapunov exponent via three distinct
methods—entanglement wedge method, OTOC computation and pole-skipping. Our compar-

ative analysis delivers an exact matching of the results obtained from these methods. This

95
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eventually demonstrates the equivalence between these methods for deriving quantum chaos
for an asymptotically Lifshitz black hole.

In addition, we also elucidate some of the chaotic features, to name, the eikonal bulk
phase shift in the heavy-heavy-light-light gravitational scattering and the Lyapunov expo-
nent, from the classical perspective. Classically, the eikonal phase is known to be related to
the deflection angle of the null geodesic of a gravity background [156—158]. It also finds its
own significance in the AdS/CFT holography, see [159—-161] for review. In [162], the bulk
eikonal phase shift for the heavy-heavy-light-light particle scattering in the asymptotically
AdS black hole is found to be dual to the OTOCs in the Regge limit of the corresponding dual
conformal field theory. Moreover, there is evidence of classical/quantum correspondence in
different chaotic one-body or two-body quantum systems where the classical Lyapunov ex-
ponent can be exactly extracted from the growth rate of the OTOCs [163, 164]. In light of
such studies, we wish to understand a suitable connection of the classical bulk phase with the
phase factor in the OTOCs of our chosen system, as well as, propose an empirical relation
between the temperature of the system and the turning point of the null geodesic in that sys-
tem for any fixed value of the anisotropy parameter £ by calculating the classical Lyapunov
exponent. To compute for eikonal phase shift, the null geodesic equation plays a dominant
role in determining the impact parameter, often taken as the ratio of conserved momenta
to conserved energy, which eventually affects the nature of the eikonal phase. For real and
imaginary eikonal phases, one must obtain elastic and completely nonelastic gravitational
scattering respectively. Here in this work, we also present how the anisotropy of our chosen
gravity background causes different kinds of eikonal phases that result in different types of
scatterings when we gradually shift the extrema of the null geodesic from near boundary to
near horizon limit. Added to this, we verify the eikonal phase using the WKB approximation
of the equation of motion of a scalar field. Specifically, we examine for a probable matching
of the eikonal phase yielded from both methods. Furthermore, we wish to briefly exhibit the
classical nature of the Lyapunov exponent in the anisotropic background and its consistency

with the restrictions that we must impose on the choices of the extrema for the validity of
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our study.

4.1 Asymptotically Lifshitz black hole

In this section, we briefly revisit the black hole geometries that asymptote the nonrelativistic
planar Lifshitz background. Such black holes were first developed in [165] ford = 2, £ = 2.
These black hole solutions are found to consistently satisfy the equations of motion of the

Einstein-Proca type gravity theories with the inclusion of a massive vector field [166],

1 1 i
=5 / A/ =g {R — 2 = JF, P — om® A, A"

)
4.2)

F. =04, —0A,.
Here, for any (d+1) dimensional Lifshitz black hole, the cosmological constant A must be a
negative quantity that depends on the anisotropy index £ as A = 2(dd +11 R(&). Again, F),, is
the electromagnetic field strength. The appearance of a massive vector field with mass m in
the above action causes the breaking of the Lorentz invariance in the corresponding metric.

The generic form of the (d + 1) dimensional Lifshitz black hole solution of the above action

can be written as,

R2 R2§1 4 dZ2
__{ S [ + iy 1+f(z)} :

R 1s the AdS radius, z is the radial coordinate and zj, is the black hole horizon. This geometry

4.3)

asymptotically reaches the planar Lifshitz spacetime

2 2(¢6-1)
i { 1 } 4.4)

2 _ 2 2
ds =3 22(£1dt +d75_ +dz

Similarly as the planar Lifshitz spacetime, the Lifshitz black hole geometry also follows

anisotropic scaling along the time and space directions

t— Q% z— Qz, ¥ — OQF, (4.5)
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that breaks the Lorentz invariance. Equation (4.3) describes a one-parameter family of lin-
early charged Lifshitz black holes that are thermodynamically stable and become extremal
at the vanishing size [167]. The thermodynamics of such an asymptotically Lifshitz black
hole can be reproduced from the holographic renormalization of the gravity theory repre-
sented by the action (4.2) [153]. The legitimate dual field theory that lives on the boundary
of Lifshitz black hole geometry is the finite temperature version of the non-relativistic Lif-
shitz field theories. When we take 2D thermal CFT, the flat boundary that accommodates the
CFT is compactified along the time direction and becomes a cylinder. This compactification
is done by taking t — ¢t + 3, where (3 gives the circumference of the compactifying circle.
Thus [ acquires the dimension of length. Now, let us consider a similar compactification of
the boundary in the case of thermal LFT for which the dimension of time is [length]f due
to Lifshitz scaling. Thus if we take ¢ — ¢ + 3 with the analogy of thermal CFT for the
compactification, then B should have the dimension of time. Thus we can assume the inverse
temperature of thermal LFT as B = B¢, where 3 is the inverse temperature of the thermal
CFT. Hence, in the dual bulk side, the temperature of the Lifshitz black hole will also be

T = % The temperature of the black hole is given by

1d—-1 1
T=—£—+§:—E
ZF 4 5

1
=. (4.6)
8

Note that, 5 has dimension of length. For maintaining simplicity in our further calculations,

we will denote 3 as /3. In the next section, we start with the (d + 1)-dimensional Lifshitz

black hole geometry given in (4.3) to analyse the chaotic features via a quantum approach.

4.2 Analyses of quantum chaos

In this section, we will show the explicit calculations of the three methods that we are inter-
ested in to study the chaotic parameters. Our focus is to compare these results and see the

similar dependence of the chaotic parameters on the anisotropy.
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4.2.1 Entanglement wedge method

In AdS/CFT correspondence, entanglement wedge reconstruction [ 168—170] depicts that all
the information of the entanglement wedge in the bulk lies in the boundary region. When we
perturb the boundary state by a local operator and let the system evolve, then the information
gets scrambled in the whole space at a late time. This information propagates outward with a
constant velocity. The whole scenario has a bulk description. Perturbing the boundary means
probing a particle close to the asymptotic boundary, which is falling toward the black hole in
the bulk. This particle then follows a trajectory that reaches inside the extremal surface, also
known as the Ryu-Takayanagi(RT) surface [171]. As the trajectory of the particle changes,
the RT surface changes its shape. At late time, this RT surface reaches up to the near-horizon
region of the black hole with a constant velocity — butterfly velocity (vg). This method
is very well-known for extracting the butterfly velocity [172]. In higher-derivative gravity
theories also, this method is well understood [173]. In our work, we employ this method to
calculate the butterfly velocity in the Einstein-Proca-type Lifshitz gravity theory. The action
of such theories contains a massive vector field that breaks Lorentz symmetry[174]. It is
very motivating to study the chaotic properties of such a theory.

We aim in this subsection to find the butterfly velocity with the entanglement wedge
method. For this, we need to calculate the size of the smallest boundary region whose en-
tanglement wedge encloses the infalling particle as shown in Figure 4.1. In this pictorial
description, we can see that z = 0 is the boundary and z = 1 is the horizon of the black
hole. A particle (shown by the red dot) is on the RT surface (shown by the light teal por-
tions) bounded by the boundary region. In general, the RT surface location is determined
by extremizing the holographic entanglement entropy functional. We can write the entropy

functional as,
Ser — 21 / a1y /7, (4.7)

where 7 is the determinant of the induced metric and y is the set of coordinates on an appro-

priate codimension-2 surface.
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Z=7, Z=2y

Figure 4.1: A particle (red dot) is enclosed in the RT surface (light teal)

Now, we will use background (4.3) for this wedge method. At a constant ¢ hypersurface
(dt = 0) and parameterizing z as z(r) with assumption r = |z¢|, we can write the induced

metric as,

R2 2/2 ) ) )
YapB dl’adl"g = ; |:(1 aF m) dre+r de_2:| . (48)

Note that in the (4.3), the near-horizon limit is achieved by z = z;, limit and the boundary
limit is achieved by z = 0 limit. As we will work with the near-horizon region, we define

the RT surface in the z = z;, limit by,

2(r) = an — ey(r)?, (4.9)
where we parameterize the near-horizon limit(z = z,) with a new function y (7). The coef-
ficient € (> 0) is a very small number and the function y(r) is the RT profile, which we will
solve from the RT equation by performing a Taylor series expansion around € = 0. Now,

expanding the induced metric up to order €, we get,
2

2 r 2
) dre + —(Zh — eyQ)Qde_2} ,

4€2y2y/2 + 1
(zn —€y?)2fi(zn —2)  (zn —€y?)?

2 9 9 9
=%~1+i@%~w%<W+ﬂu+ffm%4+0@>,@m)
2 73 fi 2n,

Vo dz®da® = R? [(

where we Taylor expand the factor f(z) near the horizon up to the first order as f(z) =~

fi(zn — 2). The determinant of the induced metric is given by,

RZTCFQ € ) 9 / ) ,
VY= [1 + ((d— Dy(r)® + Y (r) ﬂ +O(?). (4.11)
zZy z 1
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Now, we can write the RT equation by varying the above equation with respect to y(r).
Keeping terms only up to order ¢, we get,

2Zh

R

Solving this second-order differential equation, we get,

(d—1)y(r)

(y"(r) +(d— z)y/(”) —0. (4.12)

y(r) =" Tn(pr) + Yo (ur)] (4.13)

where J,, and Y,, are the Bessel functions of first kind and second kind respectively. In the

above equation,

n= %(d—i%), | = \/(d_”é‘jh;HQ. (4.14)

Here, the scaling parameter p is behaving as the momentum. From the eq. (4.9), we can

see that near the horizon zj,, the function y(r) takes the form of 0. So, we will see the

form of these Bessel functions near » = (0. At this vicinity, both these Bessel functions will

behave as ~ u". Following [173], where the authors have calculated the butterfly velocity

with an exponential ansatz, here in this paper, we have prescribed a more general result for
calculating butterfly velocity without taking any ansatz.

The surface enclosing the particle is approaching the horizon at a constant speed, termed

as butterfly velocity (vg). We assume that at each point in time, the tip of the RT surface

touches the particle which is visualised by demanding y(r = 0,t) ~ e Bl Therefore, with

the value of i, we can calculate the butterfly velocity as,

vy = =1 2v2n 2, . (4.15)
Blul B/ ([d—=1)(d—1+¢)
So, the butterfly velocity vp at horizon becomes,
_ e [A e (4.16)

UB = 2y, m

This is the butterfly velocity for a d + 1- dimensional Lifshitz black hole. In £ — 1 limit,

d

we are getting the planar black hole result vg = a0

So, the anisotropy affects the
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butterfly velocity nontrivially. Butterfly velocity characterizes the propagation of chaos in a
local system. It has been observed previously that the chaotic feature of the Lifshitz invariant
system increases for large & values, in other words, for large anisotropy[175—177]. From the
expression of v that we get, it is obvious that vz increases monotonically with £ for any
fixed dimension of the bulk. Thus, the chaotic feature of the asymptotic Lifshitz black hole
monotonically increases with larger anisotropy which is consistent from the previous results.
Furthermore, we can substitute for z;, in terms of 7" in the equation (4.16) by using (4.6) so

that

1

P TS
2(d—1)

Therefore, for any fixed £ > 1, the butterfly velocity is found to be a monotonically increas-

vy = (47T) d—1+87% 4.17)

ing function of the Lifshitz black hole temperature 7". However, in the absence of anisotropy
for £ = 1, v, becomes independent of the temperature which is consistent with the case for

the usual asymptotically AdS black hole.

4.2.2 Out-of-Time-Ordered correlators

In this subsection, we will study the out-of-time-ordered correlator (OTOC) for thermal Lif-
shitz field theory dual to a linearly charged asymptotically Lifshitz black hole. It is conve-
nient to study the OTOC in the Kruskal-Szekeres form of the bulk metric, which smoothly
covers the globally extended space-time. In Kruskal geometry, the OTOC can be interpreted
as the two-particle gravitational scattering amplitude of particles moving along the two hori-
zons [39, 40, 50, 66]. We shall compute the OTOC in the specific dual-field theory in the
form given as

<W(t2,ZEQ)V(%$1)W(t2,$2)‘7(t1,9€1)>5, (4.18)

where we consider ¢, — ¢, >> (3. The particles that participate in the gravitational scattering
process are the operators W and V, which are inserted in the dual thermofield double (TFD)
state. Though the quantity (4.18) is one-sided, our whole computation of the OTOC has been

done in a two-sided geometry. So far, the OTOC via the gravitational scattering process has
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been explored with various black hole backgrounds [39, 40, 50, 51, 66, 74, 85, 178-183].
In our work, we have calculated this quantity (4.45) for a linearly charged asymptotically
Lifshitz black hole with arbitrary anisotropy. In the Lifshitz background, the authors of [ 184]
have calculated the scrambling time, though the background they worked with is slightly
different from ours. Moreover, OTOCs for a generic holographic bulk including specific
classes of anisotropic black holes are also derived analytically in [176, 185]. Here, we have
provided an explicit derivation of the double-sided Kruskal-Szekeres form of the Lifshitz
black hole and analytically developed the OTOCs. We will show that our constructed OTOCs
are consistent with those found for the generic holographic dual gravity theories. We will
use these OTOC:s to subsequently calculate the Lyapunov exponent and butterfly velocity in

the two-sided geometry, which yields interesting results.

Kruskal extension

To study the out-of-time-ordered correlators, let us first construct the Kruskal extension of
the (2+1) dimensional Lifshitz black hole. We will start with the metric (4.3), but replacing
z = 1/r and considering the AdS radius to be 1 for simplicity,

dr?

1
ds* = —r* f(r)dt®> + — ?da” 4.19
= =P + st .19)
and the blackening factor f(r) is given by,
B rp\ 1€
fr) =1 (7) . (4.20)

7 is the radial coordinate and ry, is the black hole horizon in the emblackening factor f (7). In
[186, 187], nonlinearly charged Lifshitz black holes with one and two horizons are obtained
with the Eddington-Finkelstein form of the metric. In this case, nonlinearity appears in the
blackening factors, and it is characterized by using some extra parameters along with the
dynamical exponent ¢ of the Lifshitz black hole. Single horizons and double horizons for
such black holes are obtained by using specific parametric conditions. However, for the

metric in (4.19), we will construct an explicit form of the linearly charged thermal Lifshitz
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black hole with double horizons by using the Kruskal-Szekeres coordinates. To work in these
coordinates, we transform,

u=e2t gy =e2tt) 4.21)

where « is a function of r;, that relates with the finite temperature 7" of the black hole as
a = 27T. The tortoise coordinate r, will play a very crucial role in defining the smooth

horizon in the (u, v) coordinate. We define,

dr dr
Tl ) / rI+Ef(r) :/r1+5 [1 N (%)14—5} . 4.22)

Integrating equation (4.22), we get,

r=¢ r
7"*(7’) A~ m 2F1 (17 _57 I 67 E) . (423)

We consider f(r) = (r — rp,)f'(rn) while solving the above equation. Now, taking the

near-horizon limit (» — r;) of the whole solution, we get,

1 i
reo~ log (T 7"’1) . (4.24)
r; (14 &) Th
As there is a relation between (u, v) coordinate and r, (from (4.21)), we can easily write,
uy = e =~ (T A Th> ) (4.25)
Th

This equation allows us to claim that the uv = 0 is the same limit as the » = r;,. This result
will be quite helpful for the analysis afterwards. Writing the metric (4.19) in terms of the

null coordinates v and v, we get

o Ar(u,v)* 2 1.2 2
ds* = ——— f(r(u,v))dudv + r(u,v)* dz* = 2A(u,v)dudv + B(u,v)dz". (4.26)

oZuv

In this Kruskal geometry, uv = 0 is defined as the horizon, singularity is at uv = 1 and
both left/right boundaries are located at uv = —1. This unperturbed background will obey

Einstein’s equation which is of the form,

Eul/ = KT;W . (427)
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Here, £, is the Einstein tensor, £ = 87G y is a constant related to the Newton’s constant

G and T}, is the stress-energy tensor which is of the form,
Toaver = 9T, dudv + T du® + Ty dv® + Thpda® . (4.28)

It is worth mentioning that this stress tensor accounts for the cosmological constant and is
consistent with the Ricci tensor of the unperturbed background. For the unperturbed Einstein

equation, solving T, T,, and T}, we get,

|

Ty = TA(u o) Bla, 0P [A(u,v)0,B(u,v)* + 2B(u, v) (0, A(u, v)9, B(u, v)
—A(u,v)92B(u,v))] , (4.292)
1
Tl 15(a. 0 [2B(u,v)0,0,B(u,v) — 0,B(u,v)0,B(u,v)] , (4.29b)

1

T —
" 4A(u,v)B(u,v)?

[A(u, v)8,B(u,v)* + 2B(u,v) (8,A(u, v)9,B(u, v)

—A(u,v)92B(u,v))] . (4.29¢)

Gravitational backreaction due to shock wave

In the previous subsection, we constructed a two-sided Lifshitz black hole geometry in a
(2+1) - dimensional background. This section aims to study the back-reacted metric due to
a null pulse of energy localized along the v = 0 horizon. In the bulk-boundary picture, this
means we have inserted an operator in the boundary thermal state at some past time ¢ and let
it evolve. Inserting an operator in the boundary leads to releasing a perturbation close to the
boundary, which falls into the bulk. From the point of view of the ¢ = 0 slice, the energy of
this perturbation is exponentially increasing with time ¢ [38]. Thus, we can approximate this
perturbation as a null pulse of energy E localized at the v = 0 horizon along the u-direction.

We must consider the back-reaction of this null pulse in the two-sided geometry. We

consider the following form of the stress-tensor localised at v = 0,

Tehok — Fexp (%) §(v)d(x). (4.30)
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Figure 4.2: Left: Penrose diagram of two-sided geometry. Right: A shock wave (red zigzag

line) localised along v = 0 causes a discontinuity of the © = 0 horizon (the blue arrow)

The shock wave localised at v = 0 horizon is indeed splitting the causal past (white) and
future (green) of v. The metric in the green region will change while in the white region,
it will remain the same. In the Penrose diagram, we can clearly see the shift along the

v-direction. We can write the form of the shift in the following way:

u+ O()n(u,v,z) = du = du — n(u, v, x)d(v)dv, (4.31)

I}
I

I=z. (4.32)

]
Il
S

Our goal is to calculate the form of the function 7(u, v, z) — the shockwave profile. Note
that the Heaviside step function ©(v) is present to ensure that only the causal future of the
pulse is affected by its presence. In terms of these new coordinates (u, v, ), we can write

the metric as,
ds* = 2A(u, v)dudv + B(u,v)dz* — 2A(w, v)n(u, v, z)d(v)dv> . (4.33)

With this back-reacted form of the metric, we need to calculate a form of 7(u, v, x) which
will obey eq.(4.27). In the above metric,

~ 2r(u,0)*
 a2an

A1, v) f(r(a,v)), B(u,v) = r(u,v)?, (4.34)

where we have expressed the radial coordinate r in terms of (u,v). Now, for the perturbed

background, we wish to calculate the stress tensor. The stress tensor for the matter part reads

TH-3646_196121006



4.2. ANALYSES OF QUANTUM CHAOS 107
as

T = 2 [T — 2Taan(, v, 2)d(0] dudv + [TW + T (1, 0, )6 (0)"

p

(4.35)
—2T1—“—ﬂ7(ﬂ, /l_J7 I')(S('U)] dT)Q + Tﬂﬂd'L—LQ + ijde .

We will drop the bar convention for further analyses so that the result looks simpler. Now,

we will solve the back-reacted Einstein’s equation which is of the form :
Ej S\ (TR + T, (4.36)

The expressions of 77" and T;};"Ck is given by (4.35) and (4.30) respectively. Solving the

vv component of the perturbed Einstein equation, we get,

87GnE B(u, U)eznt/ﬂ(;(v)(g(x) 2 ()

l@i — ;&L@UB(U, v)} n(u,v,x) —

A(u,v) Alu,v)
= [8% — M(u, U)Q} n(u,v,x) = e%(tft*)cS(v)é(x) : (4.37)
Where,
_ [0u0,B(u,v) _ B A(u,v)
M(u,v) = ~Awo) te(u,v) = 5 log (87TGNEB(U, U)) . (4.38)

The function ¢,(u,v) has some physical meaning, which we will discuss in the upcoming
part. After implementing the values of A(u,v) and B(u,v) to t.(u, v), it will take a constant
form. We can see that the shockwave profile n(u, v, z) is obeying an ODE which we can
solve easily. In writing the above equation, we assume, 75, = 0 near the v = 0 horizon [51].

Our task is to solve the equation (4.37) near the horizon. Near the horizon (v = 0 or r = 73,),

8

A(u,v)|y=o = my

04,0y B, v)|y—o = 477 . (4.39)

In taking the derivative of B(u,v) with v and v, we have used the relation (4.25) and per-
formed a chain rule differentiation with .. Now, implementing the above two expressions

into (4.38), we get,

n2(1+6) , B 1

-0 — = _1
M(u,0)]o=g o o ° (wGNE<1+§)n%

> . (4.40)
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where we have considered r;, = 1. The constant ¢, is called the scrambling time, which is

dependent on the anisotropy index &. Near the horizon, the equation (4.37) becomes,

{aﬁ — M} n(z) = e? 5(z) . (4.41)

To solve this, first, we will solve the homogeneous equation and get,

c1eM® 4 coe™™®  for x>0,
n(r) = (4.42)

c3eM® 4 cpe™™M* for x < 0.

Now, to solve the non-homogeneous equation, we will check the discontinuity of the first

derivative of the solution and get,
7(€) — (=€) = €7 ™), (4.43)

where, € is a small parameter ¢ — 0. Imposing the continuity of the solution at x = 0 and

with the discontinuity equation (4.43), we get a relation between the coefficients as,

B 4\/56%"(7:—1&)

€l —C3=0C4— Cy = . 4.44
We will choose ¢, = ¢35 = 0 and the final solution for the shock will be,
4 2 27
n(t,x) = R .- (4.45)

€
ra((1+€)%/?
This shockwave profile will completely determine the four-point out-of-time ordered func-

tion - OTOC. We can identify the commutator C'(¢, z) in equation (1.41) with the shockwave

profile 7(t, x) and write,

1
A = 27T B %5 . (4.46)

This Lyapunov exponent agrees with our results of the entanglement wedge method. For
the butterfly velocity, this result is found to be the same as obtained from the entanglement
wedge result for d = 2 in (4.16). Thus, we can claim that these two methods are congruent

for a reliable study of chaos in Lifshitz background.
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4.2.3 Pole-skipping

In this subsection, we wish to study the retarded energy density correlation function G, . (w, k)
near the pole-skipping point. This correlation function can be calculated by perturbing the
gravitational background (4.3) and imposing ingoing boundary conditions at the black hole
horizon. To perform the pole-skipping analysis, it is customary to work with Eddington-
Finkelstein coordinates, defined by

dr, s
—t 47, Rl 7/ 4.47
y g dr  rlff(r) (447

where v is the null coordinate and r, is the tortoise coordinate. With the above coordinate

system, the background metric (4.3) is transformed into
ds? = —r® f(r)dv? + 2r¢ 'dudr + r2da?. (4.48)

For our current analysis, we choose the gravity background as the (2+1)-D Lifshitz black
hole. Now, to calculate the energy density correlation function, we must perturb the back-
ground metric - specifically the sound modes (longitudinal modes). We perturb the back-
ground metric as,

G = Guv + OGu (r)e 0Tk, (4.49)

Here we perform a Fourier transformation to the perturbed mode and choose the wavenumber

k along the x-direction. Then, the sound modes will be—

dGvvs 0Gvzs OGurs 0Grrs 0Gray 0 Gy - (4.50)

As the wave points along the z- direction, sound modes are the modes that are only along
the (v, r, x) directions. But, imposing radial gauge condition dg,, = 0 and traceless ness

condition g"dg,, = 0, we get some redundant modes and left with—

0Gvv, 0Gvz - (4.51)

The retarded energy density Green’s function is governed by the perturbed equations that are

regular at the horizon in ingoing EF coordinates. So, we Taylor expand the modes near the
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horizon as,

09 (r) = 695 + (r —ra)Sgly) + ..., (4.52)

Perturbing the sound modes of the background and imposing the regularity condition (4.52)
near the black hole horizon, we can achieve the expanded form of Einstein’s equations near
the horizon. Our goal is to check whether we get the results of chaos obtained in the previous
subsections. For field dg,,, the associated equation of motion is 0 F,, = 07,,. But, the
perturbation to stress tensor 67, does not vanish necessarily, while 077 vanishes at the
horizon [72, 105]. Keeping this in mind, we will set 67}, = 0 to calculate the pole-skipping

point connected to chaos. Expanding this equation near the black hole horizon, we get,

[kz — iwr,zfé] 6g% + k [—iri(l +&) + Qw} 690 =0. (4.53)

This equation represents a constraint relation between the near-horizon coefficients. At
some specific value w = w, = %ri(l + &), coefficient of & gﬁ?v) is 0. So, at this specific value

of w, we get,

{/& + %rﬁ (1+ g)} 690 =0. (4.54)

For general k, this equation gives rise to 0 gf,%) = 0. However, at k = k., this equation is
automatically satisfied. That means, at these specific values of w and k£, 67}, is automatically
zero. Consequently, they will not impose any constraint on the near-horizon coefficients
) gé%) and ¢ gf,?c) . The frequency (w,) and momentum (%,) define the pole-skipping point. At

the pole-skipping point, we thus get,

W, = %rg(l +€), | — —%7«2 (1+9¢). (4.55)

47T

1/¢ .
1 +§> , we can express w and k in terms of

Writing 75, in terms of temperature as 7, = (
the temperature of the black hole. One can therefore calculate the Lyapunov exponent and

butterfly velocity from (1.53) as,
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AL = 27T, vp =1 —=. (4.56)

respectively. Note that the butterfly velocity (vg) is a positive real quantity. So, we will

|ws |

TR From the above

take the absolute value of momentum while calculating vg, i.e. vg =

expression, it is obvious that both the Lyapunov exponent and butterfly velocity assume the
same forms as those achieved in the previous subsections. Henceforth, we claim that all three
methods to compute the chaotic features are equivalently reliable. These methods also give

consistent results in higher orders. One can check it explicitly.

One can note that, for the class of hyperscale violating Lifshitz backgrounds, the metric
components in the near-horizon limit involve a hyperscale violating parameter ¢ on top of
Lifshitz scaling. This causes a nontrivial appearance of this parameter in different chaotic
measures. Thus, using the above three computational methods, one can expect equivalent
f-dependent expressions of vp and A;, for the hyperscale violating class of Lifshitz grav-
ity background. Moreover, it has been found in [176] that the Lifshitz geometry can be
obtained in the IR zone when the AdS background in UV undergoes a holographic renor-
malisation group (RG) flow. Thus, the conformality of the UV theory is broken in the IR due
to the appearance of £ # 1. Subsequently, a distinct confinement/deconfinement like critical
phase transition scenario occurs when & attains the values such that & # 1. Therefore, the
anisotropy parameter £ is somewhat suggestive of the critical phase transition temperature
during the RG flow. As in our case, vg and Ay derived from each of the aforementioned
methods are nontrivial functions of &, and this anisotropic index is related to the black hole
temperature 7' via (4.6). Added to this, it has been observed for each of the above studies
that v and \p, pick the expressions of those for AdS black hole when & = 1. This makes us
claim that a critical phase transition under the holographic RG flow can be traced out from

the chaotic features analysed by using all these equivalent frameworks.
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4.3 Analysis of classical chaos

Here we elucidate a parallel survey of some of the chaos properties, to be precise, eikonal
phase shift and Lyapunov exponent, at the classical level. We will show that the bulk phase
shift may be written in terms of the leading order of the series expansion of the exponential
growth rate of the quantum OTOCs. Similarly as in conformal case [188], the bulk phase shift
happens to be a hypergeometric function though it nontrivially depends on the anisotropy
parameter £ for our case. Also, we will compute the Lyapunov exponent at the classical
level and check any possible relevance of the same with the A, computed by using the three

different methods of quantum chaos.

4.3.1 Null geodesic

The anatomy of the null geodesics for our specified background and the corresponding turn-
ing points adequately serve the purpose of calculating both eikonal bulk phase shift as well
as Lyapunov exponent in the classical sense. In the case of our chosen gravity background,
the presence of arbitrary anisotropy parameter £ causes an arbitrary number of positive real
roots of the null geodesics depending on the value of £&. Moreover, all of those roots con-
tain a nontrivial dependency on z;, and . Before computing the phase shift and Lyapunov
exponent, here we will present of a quantitative evaluation of the null geodesics and their
turning points in our framework. To carry out the eikonal phase shift in the bulk following,
here we will first enunciate the details of the null geodesic for our chosen background. The

bulk phase shift for a particle described by a plane wave is given by [162, 189]
§ = —p.(Az), (4.57)

where, p denotes the components of the conserved momentum vector and Az gives the
deflections in the corresponding bulk directions. For our metric in equation (4.3) in 2+1

dimension, the conserved energy and momentum are given by
1 ot 1 0z
pe= e f2)g, e = (4.58)

22 0s’
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s being the intrinsic affine parameter. These conserved quantities correspond to the two
killing vectors 0, and 0, of our chosen metric during a heavy-heavy-light-light 2-particle
scattering, it is convenient to consider that the highly boosted particle consists of large values
of conserved momenta. We introduce a parameter v = 7;)—: which often serves as the impact

parameter of the corresponding scattering process. The null geodesic equation is given by
gt = O (4.59)

which yields
52 = (p)? 2572 — (p)22 f(2). (4.60)

At the turning point z = zy, z attains extreme value for which we can set Z|,_., = 0. Hence,

the values of turning points z, should satisfy the relation

2
2724 %zg“ —42=0. (4.61)
h

The equation (4.61) is a polynomial of either integer order or fractional order, depending on
the values of the critical exponent . Thus the valid roots of this equation for our approach are
all positive real values such as zp = f(zp, ) that lie within the singularity and the boundary
of the bulk geometry. At this stage, some further crucial remarks on the turning point follow

immediately:

* Let us take the assumption that the energy p, is much greater than the momentum p,,
i.e., v > 1. With this assumption, taking z; = 1 equation (4.61) gives,
ziﬂ

T zfﬁl—l.

(4.62)

It is obvious from the above expression that for any arbitrary value of z; in between

2z, — 0 and z, — o0, the condition v > 1 is not satisfied.
e If v =1, 1.e., p. = p;, then the equation (4.61) is not satisfied with zy = 1.

e Again, for z;, = 1, zp = 1 is not a solution of the null geodesic equation for any

arbitrary value of ~.
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* The condition (4.62) clearly tells us that, for 2y, = 1 as a solution, p, cannot be less

than p,. Hence, with p, < p;, we must have z; # 1.

* For any arbitrary value of p, and p;; 2o = 0 does not satisfy the geodesic equation.

From the above conditions, it is evident that zy = 1, i.e., the horizon for our case and z; = 0,
i.e., the boundary are not included in the consistent solutions of the null geodesic equation in
our present study. For the relativistic asymptotically AdS black hole with £ = 1, the above

procedure gives the null geodesic equation as

2
. Z
i= zgpt\/l — (1= 292 (4.63)

For any arbitrary impact parameter -, the turning point of this geodesic can be obtained only
at zo = 0. Even for the relativistic case, the null geodesic equation is not satisfied if the corre-
sponding turning point is at the horizon. So, for both the relativistic AdS and nonrelativistic
Lifshitz black hole, the above method does not support the exact horizon of the geometry
to carry out the expressions of the classical eikonal phase shift and Lyapunov exponent.It is
nevertheless worth mentioning that one may carry out a polynomial distribution by using a
suitable numerical approach to see what values of z, the equation (4.61) can accommodate

as its valid solution. We keep this computation for future extensions of our work.

4.3.2 Eikonal phase shift

With the above analysis, here we will exhibit an explicit computation of eikonal phase shift
at the turning points z, as a nontrivial function of zy and £. With p, and p, as the conserved
energy and momentum for our system, the expression of the bulk phase shift takes the form
as

0 = pi(At) — p(Az). (4.64)

It is worth noting that the growth rate of the OTOCs found in the limit v = 0, v =

0, to — t; >> 1@.e., the Regge limit for any double-sided Kruskal geometry) in section
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4.22is T (t —t,— 8 Mm) where f3, t, and M are nontrivial functions of £. For any fixed
&, these quantities become constants. Let us assume that t — ¢, ~ At and the corresponding
deflection occurs as Az ~ (x — 0), then the OTOC growth rate represents the bulk phase
shift for a 2-particle heavy-heavy-light-light scattering. With this scenario, we can infer that
the conserved momenta p,, energy p; and hence impact parameter vy can be expressed non-
trivially in terms of 3, t, and M, or in other words, in terms of £. The deflections along
the time and space directions can be found respectively from the expressions of p; and p, in

(2.41) and the null geodesic equation (4.60) as

At 2/ 2& le 2 ‘3/20 ZQg—le
fr = a ?

o TV - ) o (a—2)y(arE it § )

(4.65)
and
20
Az = 2/ : 72d22 _ 2a%7/ s . (4.66)
V2% — 222 f(z 0 /(az% — ay2z? + 422813

. Because of the intricate structure of the above integrands, we assume

1
where, a = sz

two limiting cases to derive it. Firstly we take the near-boundary zone where z < zj.
Substituting (4.65) and (4.66) in the expression of the eikonal shift and simplifying, we get

for the near boundary zone,

/ V222 — 1—edz~pt/ \V2%72 —12dz, (4.67)

z

&1
where, (Z) =€ < 1for £ > 1. Now defining a new integration variable y = i the

bulk phase shift is given by

1 22
- 11 2-1 2
5 [ 2o\ 2 2y iz [ - : 0 ). @468
/OZO 0 Y Ay = 1Yz 241 2725_2725_2 72 ( )

On the other hand, we take the near horizon regime where z ~ z;. In this regime, we can
take two liming cases for the impact parameter v. When the energy p; is much greater than

the momentum p,, i.e., ¥ < 1, the eikonal phase shift in near horizon case gives

_ % F<1§.€+1.@)_Z_§F(15.5+1-) (4.69)
T WSS ) T e b B bR |
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Again for the small energy limit, i.e., p, > p;, the impact parameter v > 1. This, in the near

horizon zone, produces,

6:_4’7(\/2’0—2h—\/—2h)\/2_hpt:_ v (Vzo —1—14) p . 4.70)

NEa €11

where we choose 2, = 1 in the above expression for the sake of simplicity of our derivation.

It is well-known in the backdrop of gravitational scattering that the real and imaginary na-
ture of the eikonal phase shift respectively represent elastic and inelastic scattering. Thus our
study of the classical eikonal phase clearly reveals that the nature of the gravitational scatter-
ing between the heavy-heavy-light-light particle collision in the Lifshitz black hole depends
on the different regimes taken for the radial coordinate > along with the choices of the impact
parameter. For the near boundary case and the large impact parameter limit in the near hori-
zon zone, the imaginary eikonal phase shift implies completely inelastic collisions whereas
the small impact parameter limit in the near horizon zone gives real values of ¢ that stand
for elastic scattering. For elastic scattering in near-horizon limit, the phase shift assumes a
hypergeometric function which is similar to the case with Regge behaviour of CFT although
here, due to the anisotropy of the chosen background, the hypergeometric function depends
nontrivially on &. Hypergeometric function with é-dependence has also been achieved in-
elastic scattering in the near-boundary zone. Nevertheless, all the §’s derived in these limits
inevitably happen to be nontrivial functions of the anisotropy index &. This allows one to
speculate about the dependencies of absorption cross-sections of the above scatterings on
the finite anisotropy present in the black hole background.

Again, we use a WKB approximation to verify the consistency of the eikonal phase.

Inserting the expressions of time and space deflections in (4.64), we can write,

5= 2p, /zo VEE 2 @.71)
0 2f(2)

One may check the emergence of the above eikonal phase via WKB approximation of the

solution of the equation of motion of a scalar field. To do this, consider a heavy scalar field

¢ propagating in the chosen Lifshitz background. In the background (4.3), the Klein-Gordon

TH-3646_196121006



4.3. ANALYSIS OF CLASSICAL CHAOS 117

equation of the scalar can be written as

225

(1020 + 200+ ()00~ £

Olp — 25 f(2)0.0 + M2 p=0.  (4.72)

Performing a Fourier transformation as
b= o(2) e (—pit+pe) 7

and taking an ansatz,
$(z) = X, (4.73)
we can solve for x(z). With the large energy (p; >> 1) limit, the EOM boils down to,

2 — 122 f(2)

(Ox(2)* =~ (4.74)
Now, taking the positive term of 9,y (z), we perform an integration and get a solution of y(z)
as
X(2) = / C VAR (4.75)
0 zf(2)

where the terms of order O(p; ') can be ignored at large energy limit. This is indeed the
leading term of the solution. We can see that the WKB approximation of the solution gives

us the exact eikonal phase we recovered in (4.71) at leading order.

4.3.3 Lyapunov exponent

The Lyapunov exponent (Ay) is one of the key measures in understanding chaotic systems
in classical phase space. It quantifies the rate at which the nearby trajectories diverge and
provides information on the system’s sensitivity to initial conditions. A positive Lyapunov

exponent signifies a chaotic system. Mathematically,
SX(t) = 6X(0)e !

where 0 X represents the separation between two nearby trajectories. In their study [190], the

authors established a connection between the Lyapunov exponent and the effective potential
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in the radial motion for both massive and massless particles. Building on this framework,
we aim to calculate the Lyapunov exponent for a 2+1-dimensional planar Lifshitz black hole
in this subsection. Recently, [191] conducted a similar analysis in the context of equatorial
hyperscaling-violating black holes, treating Lifshitz black holes as a specific case within
their study. For a circular geodesic, the Lyapunov exponent in terms of the second derivative

of the effective potential Vs for radial motion is given by [190],[191]

V//
_ eff
==L (4.76)

Now, for a massless particle, the geodesic equation is given in equation (4.60) from which

we can calculate the effective potential

Verp(2) = 22 = ()*2%F? — (po)72" f(2) . (4.77)

Where ¢ is the coordinate time. At the turning point 2 = 2y, the condition on circular orbit,

ie., Vorr(20) = 0and V/; ,(20) = 0 yield

p2 2-2
L= 27% . (4.78)

and
20fo=2E—-1)fo, 4.79)
where fy = f(z0). Upon substituting equations (4.78) and (4.79) in equation (4.77) we get

V0ir(20) = —25m3 (2000 — 2f0 (26* —5E +3)) . (4.80)

Now, utilizing equations (2.41) and (4.80) within equation (4.76), we derive the Lyapunov

exponent for the null circular geodesic

Ay \/fo (28f5 =2/ (262 =5 +3)) (4.81)

2,235

Since an unstable circular geodesic meets the condition V' ; < 0, it follows from equations

(4.80) and (4.81) that A\, is real whenever the orbit is unstable. From equation (4.81), it is
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clear that in AdS spacetime, when the anisotropic parameter £ = 1, the Lyapunov exponent
depends on zy and z,. For a horizon radius of z;, = 1, the Lyapunov exponent indicates
unstable orbits when z; > 1. In the near horizon limit, the Taylor expansion of the function

f(z) around zy = z, gives

B [(1+§)(20_2h>+5<§+1>

2z 222

fozf(zo) =

(%—zw”+O@W—4P}

From this expression, we get

Flanr [(Hﬁ) L &E+1)

2, Qz%

@rﬁw+m%—%ﬂ,

and

(o =621
h

Substituting all these expressions in the equation (4.81) and simplifying we get

(1+¢)
£/

(ZO — Zh) + O(ZU — Zh>.

AL =

{a({) a2 10 (Z—(E)] . (4.82)
where,

) =2(1- ) - -9),

b(€) =2(3 —26)(£ —1)%, (4.83)

) =26 1@ -3~ (1-£) (149

and others coefficients are also the functions of £&. Now using the expression of temperature
of the Lifshitz black hole in (4.6) we get from (4.82),

a(€) (’i—ﬁ)£+b<§> (’i—Z)“w (z—z)“” (4.84)

It is thus obvious that the classical Lyapunov exponent is also directly proportional to 7'

)\L = 2\/§7TT

similar to the bound found for the Lyapunov exponent obtained in the three methods of
quantum chaos discussed above for the asymptotically Lifshitz black hole. Therefore, to

acquire the scenario of classical/quantum correspondence in our study, we get the relation

0(2) o z) ro|2) ] e
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. . . £
that must be satisfied by a specific power series of (2_3) .

In this Chapter, we undergo a comparative analysis of three different holography-based
approaches, namely, entanglement wedge reconstruction, out-of-time-ordered correlators
and pole-skipping, of studying quantum chaos to understand their plausible equivalence in
the asymptotically Lifshitz black hole with arbitrary anisotropy index. In the entanglement
wedge method, we construct an extremal hypersurface as a constant time slice, famously
called Ryu-Takayanagi surface, that extracts out the butterfly velocity at late time. The but-
terfly velocity occurs to have monotonically increasing behaviour with both the anisotropy
index and the finite temperature of the chosen background. For the unit anisotropy index, it
expectantly reduces to that for the planar AdS black hole. For the derivation of OTOCs, we
explicitly construct the double-sided Kruskal geometry corresponding to the asymptotically
Lifshitz black hole. We introduce a gravitational shockwave backreacting in the Kruskal
version of our background. Subsequently, the functional form of the shockwave occurs to
be exponential and gives rise to the OTOCs. It further shows that the system is chaotic and
the rate of chaotic growth is specified by the Lyapunov exponent. Such a scenario is some-
what consistent with the previously obtained scenario for any generic perturbed holographic
two-sided gravity background. The butterfly velocity and Lyapunov exponent obtained from
the shockwave profile are exactly similar to those from the entanglement wedge method.
Finally, in the method of pole-skipping, we again observe the exact same dependency of
butterfly velocity as well as the Lyapunov exponent on the anisotropy. As a consequence of
such exact matching of these salient chaotic features, we claim that all these chosen methods
are equivalent and definitive to understanding chaos for the class of asymptotically Lifshitz

black holes at the quantum level.

This Chapter deals with an extensive study of chaos in Lifshitz background by these
three methods and shows an equivalence among them. Our results show that the butterfly
velocity increases with an increase in the anisotropy of the background and this velocity

becomes temperature dependent. Further, we have shown a classical chaos study of the same
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background by the geodesic instability analysis. We further calculate the eikonal phase shift
and comment on the nature of the scattering process at different regimes of the bulk. We

further aim to study a classical/quantum correspondence of chaos in this background.
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Chapter 5

Discussions

The second chapter is a collection of two of our research works. In the first work, we studied
the pole-skipping phenomena in non-extremal gravity theory in the presence of the Scalar-
Gauss-Bonnet interaction. We have considered a four-dimensional Schwarzchild-AdS black
hole solution as the holographic bulk theory. On the boundary, we have a finite temperature
conformal theory. The interaction is sourced by an operator of dimension A of the boundary
theory, which is dual to the scalar field ¢ in the bulk. In the Einstein action, the interaction
term is added perturbatively (2.1). In the perturbative approximation, this external scalar
source does not affect the original bulk solution but makes a nontrivial contribution in the
linearised field equations (2.5). We have found that k& of the pole-skipping points (w, k)
corresponding to the scalar field and metric perturbation have been affected by the external
scalar source O, in both quantizations, whereas w remains unchanged. Unlike the unper-
turbed model, the minimally coupled scalar ¢ has contained both real and imaginary % in
the pole-skipping points. As the source is increased, the points of the imaginary &k plane
have moved into the real k plane. We have presented these facts pictorially in Figure 2.2. In
Schwarzchild-AdS, without external effect [76], & is always real in the shear mode. Here
we have found that the shear mode £ can have both real and imaginary values depending on
the effect of the scalar source. We have analytically found the effect of the interaction on
the poles located at w,, = —2in7T and corresponding k ~ 7" which are given in (2.14) and
higher order momentum values of shear mode. The first order pole-point k7 is always greater

than 372 for ¢ = ¢, ¢?, ¢* & ¢* and has decreased for other higher powers of ¢. However,
0 gher p

123
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for the second and other higher orders of pole-skipping, k? has always decreased with the
increasing source for all positive integer powers of ¢ in ((¢). These have been shown in
Figure 2.3. Here, the increase (or decrease) of real k£ implies a slow (or fast) rate of momen-
tum transportation in shear mode and the imaginary k£ means the exponential decay of the
momentum density. As a result, when positive k% has increased with the increasing source
O, the mobility of the corresponding modes has decreased. Thus the decreasing mobility
has decreased the value of diffusion coefficient D;. In Figure 2.4, we have presented this
consistent behaviour of diffusion coefficient. At O, — 0, k? is at a minimum value, and
therefore, momentum flow is maximum which has given the maximum value of D;. So, due
to the effect of the external source, the flow of momentum in shear mode has decreased for
p < 4, otherwise, it has increased. The 1st-order pole-skipping point lies in the dispersion
curve.

In the sound mode, the first three pole-skipping points have been derived from the master
equation as w, = —2min and corresponding k,, ~ 7' is given in (2.18a) and (2.18b). In
the non-perturbative case where either A — 0 or Oy — 0, our results have reduced into the
pole-skipping points of pure Schwarzchild-AdS, background [76], i.e, k2 = —9nrg. It gives
a complex value (of equal real and imaginary parts) of k. As the source is turned on, we
have found that an imaginary part has been added with the negative real part of £*. It means
the real and imaginary parts of k are no longer equal. We have shown all of these in Figure
2.6. From the OTOC calculation in the last section, we have found the Lyapunov exponent
A, = iw = 27T and the butterfly velocity v, = \/75 where w, = 2inT and k, = :I:\/ing .
These results have been further verified with a different approach by analyzing the power
series solution of the sound mode master equation near the horizon. Therefore (w,, k.) is
considered as the lowest order pole-skipping point in sound mode instead of (wy, k). So the
pole-skipping points of sound mode are (w, k.), (w1, k1), (w2, ko), (w3, k3) and so on. The
pole-skipping points (w, k) describe the flow of energy density. Here & has both the real and
imaginary parts. It signifies that the real part is associated with the flow of the energy density

in longitudinal mode whereas the imaginary part of £ is related to the exponential decay of

TH-3646_196121006



125

the energy density. Therefore with the effect of interaction, when the energy density diffusion
has increased, the exponential decay has decreased and vice-versa. It would be interesting
to study these flows and decays quantitatively. It would be very interesting to calculate the
bulk-boundary Green’s function with the set-up of this paper and calculate the pole-skipping
points from Green’s function.

In this work, we have found some non-trivial effects of the interaction on the sound
mode and shear mode. We have not found any effect on the chaotic behaviour. The reason is
mainly the perturbative approach to the interaction term. If one considers the backreaction of
the interaction, the Lyapunov exponent and the butterfly velocity are expected to be affected
by the interaction. With backreaction, one can expect k, and k; to be equal in the sound
mode.

In the second work, we have studied the P-S phenomenon with 2 types of couplings:
dipole and Yukawa, where we have probed a scalar field, which can be real or charged. We
have investigated the behaviour of fermionic P-S points with increasing temperature up to the
critical temperature (7}.) of the background scalar field. We have checked that after crossing
the critical value of the temperature, the P-S points saturate at the mass value of fermion and
for massless fermions, P-S points vanish after crossing 7. For real scalar coupling, the mo-
mentum values are oc (7. — T')'/2, while for charged scalar coupling, the momentum values
are < (1. — T'). We have checked our results upto third order pole-skipping. It would be
very interesting to see the effect of couplings in other backgrounds with different interaction
terms. Our question was: what does it mean when the line of poles and zeros intersect for a
real condensed matter system? The poles of the Green’s function typically define the Fermi
surface. An interesting example is the well-known condensed matter system Mott insula-
tor. In those systems, when the system undergoes from metal to insulator transition such
phenomenon of pole-skipping happens. At the transition point, fermionic Green’s function
simultaneously has pole and zeros, where the Fermi surface disappears and zero surface
appears[131]. In this work, we have tried to interpret the meaning of pole-skipping points in

a novel way by perturbing the fermions. Pole-skipping points are the points of intersection of
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lines of poles and zeroes of Green’s function. In a condensed matter system, a line of poles
means the appearance of the Fermi surface, while a line of zeroes means Green’s function
is zero. The fermionic Green’s function is zero means the system is not giving any response
to the fermionic perturbations. Or, in a mathematical sense, we can say that the density of
states is zero, meaning there are no available energy states to occupy for the electrons. We
can think of the pole-skipping point as the transiting point where the fermi surface overlaps
with a surface where electrons are tightly bound. In terms of physical properties, at that
point, conducting and insulating phases overlap. Therefore, it could be interesting to inves-
tigate those systems from the perspective of holographic P-S phenomena. This we leave for
our future studies.

In Chapter 3, we have studied the D3-D7 brane system in the supergravity limit, where
the dual theory is a strongly coupled Yang-Mills gauge theory at finite temperature with light
quark flavors. In bulk, a stack of D3 branes creates the black hole gravitational background,
while D7 branes are considered to be probing this background with an electric field on their
world volume. This type of boundary theory can be viewed as a model for unquenched QCD.
Within this framework, we have computed pole-skipping points which are claimed to be
connected with quantum chaotic parameters on the boundary theory [100]. Specifically, we
have calculated two well-known characteristic parameters of chaotic systems: the Lyapunov
exponent and the butterfly velocity. Additionally, we have examined how these parameters
depend on external electric fields and quark masses. Another diagnostic to study the chaotic
properties in both bulk/boundary theories is OTOC. The computation of OTOC in this set-up
would be very interesting. In [192], the authors have computed OTOC in the D3-D5 brane
set-up and argued that the Lyapunov exponent would increase in the presence of an electric
field. In a perturbative limit, we have observed that the electric field is decreasing the chaotic
exponent up to some critical value of the electric field. The OTOC computation in D3-D7
brane systems in the presence of an external electric or magnetic field is beyond the scope of
this present work, and we are presently working on this important issue.

In the absence of the electric field, we have found that the Lyapunov exponent is 277,
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which indicates a maximally chaotic system similar to the flavor-less theory. However, the
butterfly velocity has an implicit dependence on the flavor mass. The presence of an electric
field deviates the system from maximal chaos. As one increases the electric field, the Lya-
punov exponent decreases, and that has been displayed in Figure 3.4. We have calculated a
bound of the electric field up to which the Lyapunov exponent decreases. Beyond that value,
solutions are not regular. So, this study is valid up to that critical value of the electric field.
We further evaluated the butterfly velocity and presented it pictorially in Figure 3.5. Analyt-
ically, we have found in (3.48) that v, depends on both the quark mass (through ;) and the
electric field. We have observed that the butterfly velocity is insensitive to the quark mass but
changes significantly in terms of the background electric field as expected due to its effect
on the binding energy of the quark/anti-quark bound state. The most interesting observation
is that there exists a critical electric field up to which both (A, v,) decreases indicating the
fact that the system under consideration becomes less chaotic for a sufficiently strong elec-
tric field. Due to strong pull under the electric field (£ > E*), the meson state dissociates
into two separate charged quarks. In the presence of a strong electric field, we have a system
of Yang-Mills gauge fields and dissociated quarks showing less chaotic behaviour than the
system with zero electric fields. It would be interesting to study this further. We have further
analyzed the first-order pole-skipping points for gauge invariant gravitational perturbation
using the master equations for the sound, shear, and tensor channels. We have calculated the
pole-skipping points in the small external electric field limit. It was argued in [86, 97, 98]
that in the perturbative limit, w values generically do not receive any contribution. How-
ever, our analysis reveals that this is indeed not true. For stringy brane systems, even in
the probe limit the world volume electric field can give rise to non-trivial correction to the
pole-skipping frequency w, and this is precisely due to the appearance of effective horizon
outside the actual horizon of the black D3 brane. Pole-skipping points associated with the
gauge invariant gravitational perturbations in the bulk correspond to dual hydrodynamic dis-
persion relation. Using this dual interpretation, we further computed the associated modified

hydrodynamic transport coefficients, namely, thermal diffusion D, and momentum diffusion
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D,, constant. However, our entire analysis is within the probe limit. It would be interesting
to investigate pole-skipping phenomena considering the back-reaction of those probe branes
[193].

In Chapter 4, we have studied chaotic properties of a Lifshitz black hole with anisotropy
by three holography-based approaches, namely, entanglement wedge reconstruction, out-
of-time-ordered correlators and pole-skipping [114]. Our computations have been mainly
done in the bulk of Lifshitz space-time. The results of this work show that the entanglement
wedge, OTOC and pole-skipping show the same Lyapunov exponent and butterfly velocity.
The butterfly velocity is dependent on temperature of the field theory as TI*%, where ¢ is the
anisotropy of the background. This says that as anisotropy increases, the growth of operator
increases in physical space. The three methods are based on near-horizon analysis of the
background. The entanglement wedge method says how the RT surface is approaching the
horizon. From the shock wave method (OTOC), we see the amount of discontinuity in one
horizon due to the presence of a localised shock wave. The third method, pole-skipping is
based on a sound mode analysis in bulk. Basically, we are computing the geodesic equations
from all these methods. So, it is expected to get the same results from all of them. One can
trust any of the methods to study the chaotic behaviour of a thermal background.

We demonstrate a further investigation of the eikonal phase shift due to heavy-heavy-
light-light gravitational scattering and compute the Lyapunov exponent, at the classical level,
by using the bulk metric both in near-boundary and near-horizon regimes. A detailed study
of the associated null geodesics serves this purpose. We infer a compatible connection of
the quantum OTOCs in the leading order of the series expansion of its exponential form
with the classical eikonal phase shift in the bulk. This reveals that the leading order term
of OTOC:s at the classical level can be studied as nontrivial functions of the turning point
of the null geodesic as well as the anisotropy index. Interestingly, due to the presence of
arbitrary anisotropy in our case, the eikonal phase becomes real or imaginary depending on
the near-horizon and near-boundary limits of the black hole and the impact parameter. This

may allow one to explore the absorption cross-section for both elastic and inelastic scatter-
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ings in terms of the arbitrary anisotropy index of the asymptotically Lifshitz black hole. We
successfully verified the eikonal phase by using the WKB approximation of the solution of
the Klein-Gordon equation, at least up to the leading order. The classical Lyapunov exponent
also appears to be a nontrivial function of the anisotropy index &. It is observed that, in the
near-horizon limit, there occurs an emergent classical/quantum correspondence for the class
of Lifshitz theories for a specific convergent power series of <z_3>£ with £-dependent coef-
ficients and the series must converge at \/Li to achieve an exact matching between classical
and quantum Lyapunov exponents. In addition to these, we further remark on some obvious
restrictions on the possible extrema of the null geodesics, where we obtain inconsistent na-
tures of classical eikonal phase shift and Lyapunov exponent. It would be further interesting
to explore the possible connection between these two results, which may eventually lead to
classical/quantum correspondence in the context of chaos in Lifshitz black hole. As potential
future research, it would be rather fascinating to have a more elaborate investigation of the
classical/quantum correspondence in the context of a generic class of holographic Lifshitz
theories. One can also go for an explicit evaluation of the OTOCs from the systematic con-
struction of the dual thermofield double states of the finite temperature Lifshitz field theory,
and subsequently study different chaotic features on the field theory side. We hope to come

back with some of these ideas in the near future.
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Appendix A

In Chapter 2, we studied the effect of higher derivative terms on the pole-skipping points.
The master equations we constructed in section 2.2 had various coefficients dependent on
w, k and ¢(ro). In this section of the appendix, we have shown the coefficients of the master

equations for both shear and sound channels.

A.1 Coefficient of Master Equation: Shear Channel

Three coefficients of the master equation can be written in the linear order of the perturbation

parameter A

M) = MO +aMD + 0o
Pa(r) = PY+BPY + AP + 0?)

Qu(r) = QU+ 5209 120" + 0(x?)

‘We have found the above functions as follows.

MG = f(r) (5.1)
wf(r) (brw + 2ik?) — 8k*r f(r)? + w?(3r — 2iw)
w? — k> f(r)

—10k2r2f(r)2 + f(r) (* + 9ik*rw + 4r°w?) + w (k*(—w — 3ir) + 6rw(r — iw))
r? (w? — k2 f(r))

(0)
7Dsh

(5.2)

(0
Qsh) =

(5.3)
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and
MSL) - 0 5.4
PO = T ) (@ - K1) () (282 50) 4 0?) = 367) + ) (1)
(w? = k2f(r))
(K*f(r) (4K*f(r) — 6k* — 110%) + 24k*w® — 2w) — 9k*w?) — wF] (5.5)
ol — T iJQf(r))z [7¢"(r) (W = K2 f(r)) (f(r) (w* (4K* — irw) — 2k% f(r) (=3r*f(r)
+E + 3% +irw 4w’ (—2w + 3ir)) + ¢'(r) (f(r) (f(r) (=K f(r) (14K f(r) + 3k*
+4kPr(6r + iw) + 34r°w?) + 3k° + 6k* (3r* 4 irw + w?) + k*rw?(72r + 11iw)
+2r°w?) + w? (—6k* — 3k (18r® + 8irw + w”) + 2rw(—6r + iw))) + 3w’ (6r’w
+k(w + 3ir))) + ir (2w — f(r) (kK* — 2irw)) F] (5.6)
where,

F = 682u(f(r) — 1) [{(f(r) = 3¢ () = B = D) + 3O/ ¢ (0) (Fr)
(f(r) (K* = 3irw) — 3k* + 3irw) — 18irw) — 3¢'(r) ((f(r) — 2)f(r) (k* — irw)

+3 (k* + 3irw)) + ir'w(f(r) — 3) f(r)¢"(r)]

SrEreyE () — DA (fr) (420 (o2
—k:2f(7’)) C"(r)@" (r)*r* + 4w f(r) (37’w3 + (3rw(w — 4ir) — k*(3r + zw)) f(r)w

¢
Ps(h) —

+i (k* + 3irwk?® + 4r®w?) f(r)?) ¢/ (r)¢"(r)¢" (r)r® + ¢/ (r)* ((9r*w* + 3r (6rw?

—k*(3r 4 2iw)) f(r)w? + ((6ir — w)k* — 6r(5r + iw)wk® + 3r’w?(3w — 20ir)) f(r)*w
+ (K% + 6irwk® — 5r°w?k? + 36ir°w®) £(r)*) (" (r) — 4ir*w3(f(r) — 3) f(r)2¢P(r)))
+('(r) (4w’ F(r)? ((3ir + w)w® + (k* + irwk?) f(r)? + i (K*(3r 4 2iw)w — Trw?) f(r))
¢"(r)*r* 4+ dw f(r) (3r(3ir + w)w* + (i (9% + 3iwr — w?) k? + 3rw (12r* — diwr

+w?)) f(r)w? + ((6r + 2iw)k* + r(12ir — 13w)wk?® — 3r*(8r + Tiw)w?) f(r)?w + (—ik®
+rwk® + 3irfw?k? + 120%0%) ())& (r) 8" (r)r* + (9r2(3ir + w)w® + 3r (i (97

—2w?) k? + 3rw (24r* — iwr + 2w?)) f(r)w® + ((27r* + Yiwr — w*) k* + 3irw (9r°
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+20iwr — 2w?) k? + 9r°w? (—4r® — 1liwr 4+ w?)) f(r)*w® + ((2w — 9ir)k®
+r(42r + 19iw)wk* + 3r?(23ir — 20w)w’k* — 3r°(32r + 2liw)w®) f(r)’w
— (K® + Tirwk® — 15r°w*k* + 3ir®w’k? — 84r'w?) f(r)*) ¢/(r)?)))
Q) = LAWIUL_ (i) — 1) (12 — 20r) £r) - 22) 6 1) (42 (1)? (&7

@ R
—k:zf(r)) ()" (r)*r* + 4w f(r) (37‘w3 + (3rw(w — 4ir) — k*(3r + M)) f(rw

+i (k* + 3irwk® 4+ 4r°w?) f(r)?) ¢'(r)¢"(r)¢" (r)r* + ¢'(r)* ((9r°w* + 3r (6rw?
—k*(3r + 2iw)) f(r)w® + ((6ir — w)k* — 6r(5r 4 iw)wk?® + 3r’w? (3w

—20ir)) f(r)’w + (k® + 6irwk® — 5r’w?k* + 36ir°w?) f(r)*) ¢"(r) — 4ir'w®(f(r)
=3)f(r)* ¢ () £(r)? + () (Bl (f(r) = 3)F(r)* — K2 £(r))” &' (r)*r® (w?
+12iw? f(r)* (9irw™ + ((2Lir — 4w)k* + w (6r* — 6iwr + w*) k* — 3irw*) f(r)’w?
+2k*r (2ik° — rw) f(r)’w + K ((5w — 6ir)k* — 2w (=3r* — 1liwr 4+ w?) k?
—20r*w?) f(r)*w + (—2k° + w(w — 10ir)k°® — r(4r + Tiw)w’k* + 14r°w*k?) f(r)*
+ (6irw” + k*(w — 30ir)w®) f(r)) ¢'(r)¢" (r)*r* — 6w f(r) (27r*w® + 3r (15rw?
—k*(33r + 2iw)) f(r)w® + ((45r% + 30iwr + w?) k* 4 Birw (36r® 4 27Tiwr

—4w?) k? 4+ 9rw?) f(r)?w* — ((9r® 4 18iwr + w?) k® + 3w (36ir® — 37wr? — 4iw?r
+w?) k* + 3rw?® (48r® 4 52iwr? 4 3w’r + 2iw?) k* 4+ 9r*w®) f(r)’w® + k* ((6ir
—w)k® +w (—63r* — 4diwr + Tw?) k* + rw? (108ir* + 103wr + 30iw?) k”

+3r°w® (80r* + 60iwr — 9w?)) f(r)'w + k* (K® — 2irwk® + 19r°w?k* 4 36ir’w’k>
+48r*w*) f(r)® + K (K* + 5(4ir — w)wk® — r(19r + 10iw)w’k* + r*(—36ir
—43w)w’k* — 12r°(12r 4 1Liw)w®) f(r)°) ¢'(r)2¢" (r)r* + (—81r°w’

+27r% (K*(12r + iw) — 8rw?) f(r)w” — 9r ((9r* + 18iwr + w?) k*

+9irw (14r* + 6iwr — w?) k* + 18r°w?) f(r)w® + 3k (i (9r° + w®) k*

+6r (45ir° — 30wr® — 6iw’r + w®) k* 4 27r%w (16r° + 16iwr?® + 2wr

+iw®)) f(r)’w* — ((9r + 6iw)k® + (—378r° — 243iwr? + 18w*r + 5iw®) k°
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+27rw (282'7“3 + 18wr? + 6iw*r — w3) k' + 9r?w? (1687’3 + 20iwr? — 18w?r
—3iw?) k* = 27r°wW0) f(r)'w® 4 3k* (ik® + (—48ir® + 22wr + 4iw?) k°
+rw (42r° + 119iwr — 30w?) k* + 12ir*w® (2r* + 15iwr — 6w”) k>
—6r°w® (20r® + 48iwr — 9w?)) f(r)°w® + 3k* (—(10r + 3iw)k® + rw(17w
—32ir)k°® + 72 (18r + Tiw)w?k* + 9r3w? (4ir + 13w)k* + 6r*(60r
+49iw)w?) f(r)°w + 2ik* (k" + 3irwk® + 12r°wk® + 63ir’w’k*

—117r*w*k® + 252ir°w®) f(r)7) ¢'(r)?)) .

(1]

= (3rw — (ik* + 3rw) f(r)¢ (r) + 2r°wf(r)¢” (r).

Here the ( function takes its appropriate form as mentioned earlier. After the near-
horizon analysis of the master equation, we found the first pole-skipping point (wy, k) at

w1 = —%’iro and

98%r3¢(r0)? (3 (3¢+4p)—2k?p) 3XEH(ro)P
p(2k2p+3r3 (3E+4p) ) (2k2p-+3r2(36+4p))”

—3€) + 9k2rd (—9€2 + 16(3¢ — 10)p? + 12(¢ — 10)Ep) + 27675 (3€ + 4p)2] = 0

k% —3r3 — [—4KkSp? + 12K pre((€ — 12)p

(5.7)

Similarly, one can find the higher-order pole-skipping points by performing the near-horizon
expansion of the master equation. Here, by considering the negligible value of the § param-
eter, one can get the master equation with interaction only. However, in the shear mode case,

to get the previous result (2.14), one needs to ignore the 3% term from the starting point.

A.2 Coefficient of Master Equation: Sound Channel

Three coefficients of the master equation can be written in the linear order of the perturbation

parameter A

Myo(r) = MO 4L AMD L O
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Pool(r) = PO+ P2 + AP + O(N\?)

Qu(r) = QU+ 5202 + Q) +0O()\?)

where,

M) = rf(r) (5.8)
PO _ r? (f(r) (11E?r f(r) + 2K%(6r — iw) — 20rw?) + (3k? — 4w?) (3r — 2iw)) (5.9)
o K2f(r) + 3k2 — 4w? '
QY = ) +13k2 — 5z () (=25k2r2 f(r) + k' + 12K (r + iw) + 16r°w®) — 3k*

+£%(9r + 2iw)(3r — 2iw) — 24rw*(r — iw)) (5.10)

P = [2E7r f(r)? (ro (r)? (KPr f(r)? (K* — 4k%r(3r + iw) + 16r°w?) — 2f(r) (k°(6r + iw)
—2k*r (9% + 3irw + 2w?) + 8k*r*w?(6r + iw) — 32r’w?) + k* (3k* — 4w?) (4rw®
—K*(3r + 2iw))) — 4m?¢(r)* (K*r f(r) (—4rw® + k> (3r + iw)) + 3k° — k* (9r

+3irw + 2w?) + 4k*rw’ (6r + iw) — 16r°w?))] / {(k2 + 2irw) (K*f(r) + 3k* — 4w2)3}

Qf = — [r¢/(r)? (2k*r* f(r)* (—9k" + 6k°r(20r + Tiw) — 160r°w?) + k*r f(r)® (K°
+2k%r(93r + 17iw) — 4k*r* (108r° + 39irw + 20w?) + 48k>*r’w?(20r + 3iw) — 512r'w?)
+&2 £(r)? (=k3(9r + 2iw) + 6k%r (27r + 9irw + 2w?) + 4ik*r’w (63r° + 14dirw — 32w?)
+96k* 1w (4w — Tir) + 448ir*w®) + f(r) (3k* — 4w?) (—k*(15r + 4iw) + 2k°r (9r
—3irw 4 10w?) + 12ik*r*w (3r + 10irw — 2w?) + 96k*r*w®(w — ir) + 64ir'w”)

—k* (3k* — 4w2)2 (3r + 2iw) (k* + 2irw)) +2m°¢(r)* (K*r* f(r)® (K* + 6k*r(20r + Tiw)
—160r°w?) + k*r f(r)? (K°(105r — 2iw) — 2k*r (108r® 4 39irw + 32w?) + 24k%r*w?(20r
+3iw) — 256r°w?) 4+ f(r) (—6k" + k® (27r% — 24irw + 4w?) + 2ik%rw (63r* + 84irw)
+8w? + 16k*r*w® (8w — 21ir) + 224ik*r*w”) — (3k* — 4w?) (6k° — k° (97 + Girw + 4w?)
+2k*rw (=9ir® 4 30rw + 4iw?) + 48ik*r’w? (r + iw) — 32ir’w®))] /

{2r2 (K + 2irw) (K*f(r) + 3k* — 4w2)3}
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MS)) -0 (5.11)

P = G e T OO O 0 0 O

+2k%r(—24r + 25iw) 4 64r°w?®) + 2f(r) (—27k° + 6k* (24r* — 9irw + 11w?)

+4kPrw? (=721 + 1Tiw) + 128r%w*) + 12 (3K — 4w?) (2k* + k? (—12r% — dirw
+302) + 2rw?(87 + 3iw))) + 2 (3K7 — 2w) (3K2 - 4?)” (2 + 2irw) ) — 3 (3K
—400?)® (k2 + 2irw) } +4¢(r) {F(r) (R2F(r) (P2 (r) (=k2F (r) (5k* + 3k2r(—12r
+7iw) + 48r°w?) + 9K° + k* (—180r + 33irw — 26w?) + 4k*rw?(96r + Hiw)
—192r2w*) + 3k® + 4k° (36r* + 6irw — w?) + k'r (3247° + 243ir’w — 324rw?
—32iw’) — 8k*r*w? (90r® 4 8lirw — 34w?) + 48r°w* (87 4 9iw)) + (3k* — 4w?) (3k®
—kS (63r* + 4w?) — k*r (108r® 4 17Lir’w — 1261w + 8iw®) + 8k*r’w? (187°

+2Tirw = w?) = 16irw?)) + 922 (3k% — 4w?)” (k2 + 2irw) }| (5.12)
1
r(2irw 4+ k2) (f(r)k? 4+ 3k% — 4w?)

QU — -
+£(r) (f(r) (f(r) (=3k> + 18 (—19r* — 2iwr + w?) k® + 4r(3r — iw) (108r% + 99iwr

5 |{w@r + 2iw) (20— ik?) (38 - 4w?)’

—26w%) k* — 8r’w? (360r* + 234iwr — 85w?) k* + 32rw*(48r + 35iw) + f(r) (3k°
+7(180r + 23iw)k® — 2r* (576r* — 108iwr + 257w?) k* + 641°w*(30r — iw)k?

—r? (43k* + 6r(41iw — 40r)k* + 320r°w?) f(r)k* — 512r'w?)) — (3k* — 4w?) (9K°

+6 (18r% + 3iwr — Tw?) k* + 8irw (45r% + 42iwr — 11w%) k* + 8r°w?(w — 60ir))) k>
(k2 + 20rw) (382 — 40%)” (3K + (9% — 18isor + 14%) k2 — 4ire®) ) b ¢ ()

+ { (K + 2irw) (3k® + 2w(—3ir — 2w)k* — 6r* (9r® + biwr — 2w?) Kk

+72r'0?) (3K — 40?)” + £(r) (2 (3K% — 40?) (3K + (637 + 18iwr — 4u?) k®

—r (189r® + 18iwr? + 66w*r + 28iw?®) kS + 2r°w (—297ir® + 315wr? + Giw?r + 28w?) k*
+8ir*w? (63r% + 18iwr + 4w?) k* + 321w’ (6ir + w)) + f(r) (3k" + (—90r* + 36iwr

—4w2) kO 4+ 12r (1717’3 + 63iwr? + 24w?r — 4iw3) kS + 4r? (9727“4 + 1971iwr®
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—1863w?r? — 186iw’r — 32w*) k® — 32r°w? (270r® + 53Liwr? — 243wr — iw®) k*
+64r*w? (72r% + 132iwr — 13w?) k* 4 2r° f(r) (3 (—15k° — 2 (186r* + 3Tiwr — 9w?) k°
+2r (—396r° — 417iwr? + 339wr + 50iw’) k* 4 8r’w? (180r? + 232iwr — 73w?) k?
—647r°(8r + 13iw)w) + f(r) (—=3k" + r(21r — 20iw)k°® + 2r* (684r° — 24iwr + 43w?) k*
—8r(300r + 9liw)w?k® + r* (47k* + 12r(17iw — 30r)k* + 480r°w?) f(r)k?

+768rw?)) k? + 256ir°w’)) } ¢'(r)] (5.13)

After near horizon analysis of the master equations we find the first pole skipping point

atw; = —32iry and

€ (=KY + 9(& + 3)kirg + 27€rg) d(ro)”

o
_ B2E(ro)” (KT (€ + 2p) + 3kirg (€ — 3p) — 36pkirg — 27prg)
p? (k3 + 3r3)

k4 9rg — A

=0, (5.14)

Similarly one can find higher-order pole-skipping points. Since 5 and \ are two independent
perturbative parameters, we can choose to observe the matter field’s effect or the scalar-
Gauss-Bonnet interaction’s effect by switching the particular ranges of these parameters.
For example, A < 3? < 1 helps us to neglect the interaction effect and to consider the effect

of matter stress-tensor only. However here we have considered the opposite one.
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Appendix B

B.3 Dirac equations for various couplings

As discussed in Section 3 of Chapter 2, with various forms of coupling, we can write the
Dirac component equations. Imposing the spinor decomposition mentioned in the paper, we

can get the component equations.

* Dipole coupling : When ((¢) = —ipoF (here, f' = $1"°c}e)Y Fiyy), then summing
over the indices, we get, ((¢) = —ipo(r) AL (r)

r2f(7’)8ﬂ/1i +1I* {—iw + rzf;r) iqA,(r) + mr(l—f(r))  k(1+f(r)

_nANAL f(r))} b {_w + L0 30 e

mr(1+ f(r) k(1= f(r)) ipré(mAL(r) (1 — fr)] .
- : - ! + 5 } vi=0 (5.15a)
r?f(r)0.p- — % {—z‘w + - f4(r) —iqA,(r) — il ; ) 20 zfm)
+z~pr¢<r>Ag<;~><l + f(r))} o [_w N r2f;<r> N 3”; ) _ gan )
Ll : f(r) |, ik = f(r) z’pm(rmg(;)(l - f<r>>] =0 (5.15b)

We can easily get the other two component equations for ¢); and ¢* by replacing

k — —k in (5.15a) and (5.15Db).

* Yukawa coupling : When ((¢) = g¢(r), then, the Dirac component equations we get

as,

2100t + s L) gy MO I0D KO S
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A0SO o [ 20 30

mr(l+ () k(L= £0) _gron)(1+S0)] o
- - . } =0 (5.16a)
0 T { s PLO) g gy 0= S0) ik(1+ 0

o= LD) {_W ) 310
mr(l+ f(r )) ik(1—f ( gwb( )(1+f( D] -
5 } Y- =0 (5.16b)

We can easily get the other two component equations for ¢); and ¢" by replacing k — —k

in (5.16a) and (5.16b).

B.4 Detailed pole-skipping analysis for Dipole coupling (real)
case

To calculate the pole-skipping points, we expand the spinors around the horizon as,

vl Z(zm (r=rof, Yo =3 (42 (r = oy (5.17)

We have to expand the gauge field A, f(r) and ¢ also around the horizon as'

f(r) = f(ro)+ (r—ro)f'(ro) + ...
A, (r) = Ay(ro) + (r —ro) Al (o) + ... (5.18)

o(r) = dlro) + (r —1o)d (o) + ...
Expanding the Dirac equations (5.15a) and (5.15b) around the horizon as,

\

o0 [e.9]

DI => (D{Y(r—mn),  D-=)Y (D) (r—ro) (5.19)

J=0 J=0

To calculate the zeroth order pole-skipping points, we expand (5.15a) near horizon upto

zeroth order and get,

4 * 2 2 2

(D) = (—iw 10 F ) | mro ik iprosb(ro)A;(ro)) (¥0)©

Ithe emblackening factor f(r) and gauge field A, (r) vanishes at the horizon.
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ro’f'(ro) mry ik N iprod(ro) Ay (ro)
4 2 2 2

e ) @D =0 6200

In the same way, we expand (5.15b) upto zeroth order and get,

4 2 2 2

(D) — — (—z’w n ro’f'(ro) mro ik n ip?”oﬁﬁ(ro)AZ(To)) (1)

- . . ,
, ro’f'(ro) ~ mro ik iprog(re)AlL(ro)
+( i 4 S TR .

> () =0 (5.20b)

To calculate the pole-skipping points, we make the coefficients of (1) and ()-)© zero
and extract the frequency and associated momentum as,
wo = —mid, k = imro + pud(ro) (5.21)

So, this (wp, k) is the zeroth order pole-skipping point. We will get another pole-skipping

point from the other two component equations simply by replacing k — —k.
wo = —miT, k = —imry — pud(ro) (5.22)

The additional term we got is dependent on coupling parameter p, a chemical potential p
and the value of the scalar field at the horizon ¢(ry). We have discussed the effect of this
additional term in section 3 of the paper.

To get the higher-order pole-skipping points, we have to expand the Ist-order Dirac
equations up to higher orders. For that, we will follow a matrix formalism to extract the
pole-skipping points. Now, expanding the Dirac equation in the first order, we will get two
equations containing the coefficients of (¢:1)', (), (¢T)% and (¢)2)°. Then, we will form

a 2 x 2 matrix of the coefficients. We can write the equations in a matrix form as,

(DI)! _ ju (3! + A0 (1)° =0 (5.23)
(D2)! ()" ($2)°
Where,
Fie 5T — iw — 20 — &y —ipro‘i)(”;)%(m) (—iw + T+ e ik W>
B —(—z’w%—wT—%-%"‘W) 5”T_iw+%+%_w

(5.24)
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and, A' is dependent on k only. We can clearly see that det A'' = 8xT(37T — iw)
which disappears at w = —3mi7". To calculate associated momentum, we have to rewrite
(DI)°, (DI)! and (DZ)' at w = —3miT and we can construct a 3 x 3 matrix out of the
co-efficients of (¢1)?, (=)' and ¢! where ¢! = (¢F)' — I'2(x)=)!. We can express the

matrix form as,

(DL)° ()" AP, AR 0\ (v
(DD | = Ai(wi k) [ ()0 | = | Ao, A0 AU || g0 | =0  (525)
(Do) Ve AL AL AN\ gl

We can evaluate the associated momentum at which det 4, (w1, k) vanishes. To see the associ-
ated momentum with w = —3mT’, we evaluate the above matrix (5.25) at w = —3m¢1" In this

way, we have extracted the pole-skipping points up to many orders. We can clearly see that

these w’s are fermionic matsubara frequencies at various orders; w = w,, = —2miT(n + %)
wy = —3mil’ (5.26)
' 3 4?/*T? B
ko= 0 (9754 4 7 (= SPEOEODY | (5.27)
3T To roA
: 3 23(1 + v/3i)T%B
by = —10 (4231 — B A (= SBES0)Y 2 F v3) (5.28)
3T To ToA
: ' 213(1 — V/3i)T*B
fe = =10 (4231 4 34— 1 (= SBEO0) 27K v3) (5.29)
3T To ToA
B = (=9 + 2m®)ry + 18T + 3iqu (5.30)

i 27
A= [_12m7“oBT3 = 2m®ro — 97T = —=ippo(ro)roT*(mg, + (ro)* — 4nT)

1/3
97 1/2
airy T <QB3 — Bm + 2m’ro + 9mnT — Zipuﬁb(To)T?’(mi + ¢(ro)? — 47TT)) ]

(5.31)
So, these are the 1st order pole-skipping points. we get 3 associated momentum values in
Ist order. We can see from the momentum values that they are directly proportional to ¢(r()
which means (T, — T)'/2. So, up to higher orders, they obey the power law. From the

Figure2.10 also, it is evident.
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B.5 Higher order momentum values for Yukawa coupling

(real)

With the same method described above, we can calculate the 1st-order P-S points for Yukawa

coupling. We observe that, w; = —3mT while £, takes 3 values as
wy = —3miT (5.32a)
iTO 7 2Y 2
=—|— T+ —=T 5.32b
bo = g (24 (et 90l T+ 5 (5.320)
irg [ (1 —+/3i)Z (1+V3)Y
=WV T———T 5.32
= o ( v - (m+ g6(ro)) > (5320
' 1 ) Z 1—VR)Y
k. = o _M + (m + gé(ro))T — &TQ (5.32d)
3w 2rg Z
Y = (=9 + 2m?)ro + 1877 + 3iqu + 4gmrog(ro) + 2900 (r0) (5.32€)

Z = (2mriT*(Y + 3(12r9 — 2m°rg — 1571 — 4iqu) — 16gmrod(ro) — 14¢°ro¢” (ro)
3

+27%¢(T0)(7‘0 —7T) — Qi%QIW(TD) - 4%T0¢3(T0) + %Toﬂro)(mi +¢*(ro)))
1 3

+§r0/ 2T3(—32Y° 4 1o (4m(ro(—27 + 4m?) + 27T + 9igp) + 3g(4(—9ro + 4m*ry

+97T + 3igu) — 9rgmi)¢(r0) + 48¢*mrod*(ro) + g(—27 + 1692)T0¢3(7’0))2)> "

(5.321)

The momentum values are proportional to ¢(r) here also. So, they will obey the power law
as (T, — T)"/2. So, we have checked that up to the first order, P-S points obey (7, — T')'/2
law near critical temperature for a theory with massless fermions propagating in a charged
black hole background, with real dipole and Yukawa coupling. We have explicitly discussed

this in subsection 3.1.1.
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B.6 Dirac component equations for charged Dipole cou-

pling

With charged Dipole coupling, decomposing the Dirac equation into components, we can

write,

01,01 + 124 L gy S 6L+ 1)
BRI oy B0, SO i

mr(L+ f() k(=) | iprldPAr = £o)] L
- ; - 5 + 5 Yt =0 (5.33a)
oo 1 o PO S me g _ ik 56
RGOS G o+ ) SO 0
LIRS/ W () L G ()] PRSP aepos

The other two component equations can be obtained by replacing k¥ — —Fk in the above two
equations. Expanding these equations near the black hole horizon and applying the method
discussed in (B.4), we can calculate P-S points up to any order. We have checked that the
behaviour of momentum values for this case is proportional to (7, — T") which is different
from the real coupling case. We have calculated the P-S points in section 3.2. The w values
are not different from the fermionic Matsubara frequencies, but the momentum values change
with the coupling. We have shown the numerical behaviour of these higher-order points in

Figure 5.
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B.7 Dirac component equations for charged Yukawa cou-

pling

With charged Yukawa coupling, decomposing the Dirac equation into components, we can

write,
r? f(r) 9t + T {‘iw $ 0y > o), 2 Zf“”
Lorldl (12— f(r) i [_M e f;(r) . 3r€(r) g Ay (r)
(1 ; f(r)) k(1 —zf(r)) _ gr\élz(l; f(r>>] Ut =0 (5.34a)

P2 f(r) igAy(r) — mr(1—f(r)) ik(1+ f(r))

r? f(r)0p — Y {—iw + N 5 5

~grl9l (12— Fr) vt [_w LT f;(r) N 37«1;(70 — igAy(r)
+mr(l -; f(r) p ik(1 —2f(r)) N gr!&|2(12+ f(r))] b= =0 (5.34b)

The other two component equations can be obtained by replacing & — —k in the above two
equations. With the matrix method, we can calculate the P-S points. Here also, w values are
just the fermionic Matsubara frequencies, only the momentum value changes. The behaviour

of momentum values for this case is also proportional to (7, — T).
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Appendix C

In the Chapter 3, we studied the phenomenon of pole-skipping in D3-D7 brane systems in
presence of external electric field. We constructed master equations for each channel of
gravitational perturbations. In this appendix, we have written the co-efficients of the master

equations obtained from various channels.

C.8 Sound mode

The coefficients of master equation (3.50) can be expressed as,

PSO(T7M7 k) = P0<T7w7k) +an1(r,w,k:), (5353.)
Qso(ryw, k) = Qo(r,w, k) +n;Qi(r,w, k). (5.35b)
Now,
P —f(r) (Brw? + 2k% (r + iR3w)) + 9Kk*r f(r)? + 2 (2k? — 3w?) (2r — iR3w)
0= r2f(r) (k2f(r) + 2k? — 3w?) ’
(5.35¢)
Qo = [k f(r) (K°Ry + 32r* + 1lirRjw) + 16k f(r)* — 2k* Ry + k* (16r°
+2ir Riw + 3Ryw?) + 9irRiw®| / {r* f(r) (K* f(r) + 2k* — 3w?) }, (5.35d)

P = 2ik?sin’® 0(r) [k* (18EGr° f(r)* — 3r* f(r)® (10EGr + 3iEfRiw + 24rRy) + 2f(r)* (6R}
(3E5r +10r°) + 15Egr® — TiEgr Riw + 2i g R{w) + f(r) (—12R; (5EGr + 4r°)
—30E5r° 4+ 4iEgrt Rjw + 4i By Riw) + 4E§ (3r° — 2ir* Rjw + 6rRy — 2iRjw))

—3k*w? (BEGr f(r)t + v f(r)® (—1TEGr + 20 B Rjw — 20rRy) + f(r) (—2R; (17Egr
+24r°) — 17EGr® + 10 Egr* Rjw + 4iEf Rjw) + f(r)? (2R; (5EGr + 34r°) + 1TEgr?

147
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—2iEgr' Riw) + 4E; (3r° — ir' Riw + 6rRy — iRfw) ) — 9rw' (BEGr f(r)® — r*f(r)?
(B3EGr + 20Eg Ryw + 12rRy) + 3f(r) (2Ry (E§ + 2r*) + Egr* — i Egr’ Riw)
—=3E5 (r* 4+ 2Ry))] /{r’ R} (K*(f(r) +2) — 3w®) ® (3rw (4r f(r) — 2r — iRjw)

—K*R} (3ir f(r) — 2ir + Rjw)) }, (5.35¢)

Q1 = isin®0(r) [4% (132r + 7iR2w) + 3k* R} — 504r%0?) + E2R? (2% — 3w?)”

(2r + iRjw) (2k* (5r*R: 4+ 2RS) + 3k°w (10ir° + 3r*Rjw + 4irR; + 6Rjw)

+27irw® (r* + 2Ry)) — 3k*r* f(r)® (2k*r (8Ry (132r% — Ejw?) + 312E3r” + 14TiE0*r Rjw
+56ir Rjw) + 12k*r*w? (2EGr + 19iE; Rjw — 168rRy) + k° (16 E5r Ry + iEj Rjw + 12rRy)
—576Egriw®) + f(r)? (K°Ry (Rj (96r° — 176 E5r) + 208 E5r® — 2iRSw (11E; — 36r)
+161iEgr! Riw) — 54k*r’w? (32E5r* + 53iEgr’ Rjw — AR; (5Ejr*w® + 16E; — 32r)
+152ir’ Rjw) + 9k*r*w?® (152E5r° 4 380i Egr* Rjw — iRjw (25 Egriw® 4+ 184E;]

—1176r") — 16r Ry (3E5r°w® + Ej + 4r*) + 56r° Rjw®) — 6k°r (312E57° + 123i Egr® Rjw
—16R3w* (3B — Tr') + 2irR{w (TEgr*w® — E§ + 348r*) + 48R} (2E;r'w® + 13E5r?
+4r%) + 18ir’ Ri’w?) + 324r%° (6 Egr — TiE Rjw + 24rRy)) + f(r) (2k* — 3w?)

(E§ (K° (224r° R} + 30ir* Rjw + 224r R} — 36i R, w) + 3ik* Riw (28r° + 144ir° Rjw

+r* R} (r*w® — 136) + 80ir Riw + 34Rjw?) + 18k*rw?® (40r° + 13ir’ Rjw

+4r* Ry (rw® +20) + 42irR{w — 8R{w?) — 324r°w* (r* + 2R}) (2r — iRjw))

+12r* RS (2k2 — 3w2) 2 (2r + Z'Riw) (kQRi + 3i7"w)) + f(r)* (Egr (1081{:27’5w4

(167 + 35iRjw) + k®* (—7r' Ry + 30ir’ Riw + 2RY) + 3k°r (624r° — 152ir' Riw

+iRw (17r*w® 4 152) + 32rRy (r*w® 4 33)) — 18k*r*w? (76r* 4 Tir® Rjw

+3R; (9r°w® +56)) — 1944r°0°%) + 12k*r* Ry (2k*r (312r° + 15ir Rjw — 4Rjw?)
+12k*r°w? (2r + TiRjw) + k° (16r Ry + iRjw) — 576r°w™)) + 3f(r)* (Ej (K®* (40r° Ry
+66ir* Rjw — 48r RY — 28iR}°w) + 9k*r’wy (64r° — 136ir* Riw; + iRjw; (11r°w” + 184)

+32r Ry (3rw? 4+ 4)) + k° (961" + 204ir® Riw — ir’ Riw (131r%w* — 408)
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+8r° Ry (13r°w® + 24) 4 288r Rjw’ + 50i R’ w”) + 6k*rw® (8r° 4 33ir° Rjw
—irRjw (r*w? +230) + Ry (16r* — 119r'w?) — 54Rjw?) — 27r°w’ (24r* — 46ir° Rjw
+R; (11r°w” 4 48))) — 4r* Ry (2k* — 3w?) (ik* Rjw (—68r” + 32ir Riw + 9Rjw”)
+30k*r*w? (8r + iRjw) + k° (32rR; — 6iRw) + 108r°w* (—2r + iRjw)))] /
{12r°Rf(r)? (K*(f(r) 4+ 2) — 3w?) ® (3rw (4r f(r) — 2r — iRjw) — k>R (3ir f(r)

—2ir + Rjw)) } . (5.350)

C.9 Shear mode

The coefficients of master equation (3.58) can be expressed as,

Pan(r,w k) = Py(r,w, k) +ngPi(r,w, k), (5.36a)

Qsh<r7w7k) - Q()(T,W,k’) +TlfQ1(T’,w,k?)7 (536b)

where these Ps and (Js are given below.

- —wf(r) (5rw + 2ik*R}) 4+ 9K*r f(r)? — 4rw® + 2iR3w®
ho- 2 (2 F0) — | 3

Qo = [12k*f(r)® — f(r) (K*R; + 11ik*rRjw + 4r°w®) + w (irR] (4k* + Tw?)

+E°Rjw — 8r*w)] / {r'f(r) (K*f(r) — w®)}, (5.36d)

Py = = [k (f(r) = 1)sin®(©(r)) (2R} (BZ = 2 f(r)) + E3r (f()? +1))°] / {1 RS
(W = K21 ()" (—rw (2R3 (51 () (B3 — 241 (1)) = 4EQ) + B3 (F(r) (f(r)
(f(r)+4)+9) —4)) +ik*Ri f(r) 2Ry (B — 2" f(r)) + Egr* (f(r)?+ 1))},

(5.36¢)

Q1 = [isin®(0(r)) (2R; (E§ —2r* f(r)) + Egr* (f(r)* + 1)) (ik*rRijwf(r)* (2R (f(r) (9ES

—18r* f(r) + 8r) — 8E]) + Egrt (5f(r)* + 13f(r) — 8)) + K*Ryw* f(r) (2R} (Ef
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—2r'f(r)) + Egrt (f(r)? + 1)) — 2ik*>r Riw’ f(r) (2Ry (f(r) (9EF — 187" f(r) + 8r%)
—8Eg) + Egr* (5f(r)> +13f(r) — 8)) + k°Ryf(r)® (2R (E§ — 2r* f(r)) + Egr* (f(r)?
+1)) 4+ 2k%* f(r)? (2Ry (B — 2r* f(r)) + Egr* (f(r)* + 1)) (4r*(f(r) — 1) — k*R})
+irRiw® (2R3 (5f(r) (Bg — 2 f(r)) — 4E5) + Egr(f(r)(f(r)(f(r) +4) +9) — 4)))]
/ {4TGRZf (r)? (w2 = K2£ ()" (rw (2R1 (5£(r) (B3 — 2r' f(r)) = 4E5) + Egr (F(r)(f(r)
(f(r)+4)+9) —4)) —ik’Rif(r) 2Ry (E§ — 2r* f(r)) + Egr* (f(r)* +1))) }. (5.36)

C.10 Tensor mode

The coefficients of master equation (3.58) can be expressed as,

rf(r) + 4r — 20 R3w

Pren = r2f(r) ’ >
s i K2R j 3ir Riw g 811;3 0(r)
rtf(r) r ()
—,’,,5]((7,.)2 + (7" —Th Sin3 90)4 (TA + T‘srh sin3 90 + QRZI) Eg Sins 9(7") ‘
47“7R4f<7')2
(5.37b)
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