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Abstract

A new site percolation model namely the directed spiral percolation (DSP) model is
constructed imposing directional and rotational constraints simultaneously on the
ordinary percolation model. The DSP model can be used to study the critical prop-
erties of disordered systems under crossed external bias fields. The bias fields could
be of electric and magnetic in nature when the motion of charged particles are con-
sidered. In order to study the geometrical phase transition in the DSP model at
the percolation threshold, a single cluster growth Monte Carlo (MC) algorithm has
been developed. The DSP clusters are found anisotropic, rarefied with chiral dan-
gling ends. It is the first percolation model in which the appearance of a Hall type
field is observed. The model exhibits a new and an interesting critical behaviour
at the percolation threshold. A full scaling theory has been developed and found
consistent with the numerical results obtained. A new set of critical exponents are
found to characterize the critical properties of the model. Consequently, the model
belongs to a new universality class. Quite unexpectedly, the model shows a break-
down of universality in the values of the critical exponents between the square and
the triangular lattices in two dimensions. The model has been studied by different
methods and techniques such as finite size scaling, determination of hull, effect of
field direction and intensity, multifractality and the dynamical critical behaviour
to explore different critical aspects of the model. An anisotropic finite size scaling
(FSS) theory has been developed to verify the effect of finite system size on the
MC results. The FSS results are found in good agreement with that of the MC
results. Though there is a breakdown of universality in the cluster properties, the
critical behaviour of hull exhibits universal character in 2D. A new conjecture has
been proposed for the hull fractal dimension in terms of the connectivity exponents
suitable for the anisotropic percolation hulls. A phase diagram has been obtained
in the parameter space of field intensities. The DSP model corresponds to different
percolation models like ordinary percolation, directed percolation and spiral per-

colation depending on the field intensities. DSP is then a generalized percolation

X
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Abstract

model under external bias fields. Introducing the occupation state formalism, the
DSP spanning clusters are analyzed and found to be multifractal. The multifractal
spectra confirm the universality class of the model. The dynamical critical expo-
nents characterized by the topological bias of the DSP clusters are determined. The
values of the dynamical critical exponents are in accordance with that of the static
scaling exponents and reconfirm the universality class of the DSP model. DSP model
thus represents a new, important and unusual critical behaviour at the percolation
threshold applicable to disordered systems in the presence of crossed external bias

fields.
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Chapter 1

Introduction

Complexity and criticality are like conjugate phenomena in physical sciences. Com-
plexity is a synonymous with randomness or disorder. Most natural objects have a
complex irregular shape or structure. Examples are clouds, mountains, trees, the
pattern created in lightning, the coastline of a country, etc. There are many physical
systems which are inherently disordered. A dilute magnet consisting of a random
distribution of non-magnetic and magnetic atoms or ions is a disordered system.
Conductor-insulator composite materials, composite superconductor-metal materi-
als, discontinuous metal films, glasses and many others are just a glimpse of a long
list of disordered systems. There exist many natural physical and chemical pro-
cesses which are also random. The flow of a liquid through a porous medium, metal
atom dispersion in an insulator, spread of a disease in a population, forest fire, etc.
all are random in nature. On the other hand, criticality is a well defined concept
in statistical physics. Criticality refers to the behaviour of extended systems at a
phase transition where observables are scale free, that is, no characteristic length
scale exists for these observables. Lattice statistical models were developed and used
to understand the macroscopic critical behaviour of these disordered systems and
random physical processes. A lattice statistical model has on one hand disorder or
randomness as a major ingredient and on the other hand, the lattice structure makes
the physical problem easier to study. In most of the cases, it was observed that the
lattice structure turns out to be irrelevant as far as the macroscopic observations

are concerned.

In the beginning of 1940s, Flory M and Stockmayer ! studied polymerization of a
large number of monomers in solution. In this process, macromolecular clusters are
formed by forming bonds randomly between the monomers. During the process of

polymerization, they observed that depending upon the concentration of monomers,
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Chapter 1. Introduction

the solution becomes a gel which is a network of macromolecules spanning the whole
system. This is what is called percolation. Percolation thus incorporates randomness
as a major ingredient and tuning of certain parameter like concentration in the
system. In 1957, Broadbent and Hammersley 3! first introduced percolation theory
mathematically to deal with random systems using the geometrical and probabilistic
concepts. Soon after the introduction of the percolation theory various physical
applications were considered by Domb™, Sato et all®, Elliott et all®, Isichenko!”!
and many others. Krikpatrick® 1%, Stauffer™), Essam!*?!, Deutscher et all*¥, Guyon
et al® and many others then developed the theory of percolation in the context of
phase transition and critical phenomena. The percolation problem on a lattice will
now be introduced and the main results and their importance in disordered systems

in the context of critical phenomena will be summarized.

1.1 Percolation model

In percolation processes a continuous path which spans the entire system is created
by the random addition of a number of objects. The percolation model is defined
here on a square lattice of linear size L in 2 dimensions (2D). The percolation model
and its elaborate theory developed by several authors during last few decades are
available in the literature> 17, There are two versions of the model, namely site
and bond. The site percolation model is described in the following. A lattice is
composed of a periodic array of sites. Initially the lattice is empty, i.e. none of the
sites are occupied. Sites are then randomly occupied with a probability p or remains
unoccupied with a probability ¢ = 1 —p. A site is randomly occupied means that its
occupation is independent of whether its nearest neighbors are occupied or empty.
Occupied sites form clusters. A cluster of occupied sites is a collection of a number
of occupied sites connected by nearest neighbor bonds. The smallest cluster can
then be a single site if none of the nearest neighbor sites are occupied. For small
values of p, only small clusters of occupied sites are generated. Since only small
isolated clusters exist, there is no connection from one edge of the lattice to the
opposite edge. The average size of the clusters increases with increasing value of
p. On the other hand, for p = 1 all the sites are occupied and there is only one
large cluster of size L2. As p increases from a small value, there exists a particular
value of p between 0 and 1 at which a cluster of occupied sites spanning from left
to right or top to bottom appears for the first time in the system. The percolation

threshold p. is equal to this particular value of p, below which there is no spanning
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1.1 Percolation model
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Figure 1.1: Percolation clusters generated at different site occupation probabilities. The
largest clusters are shown by dark black dots.

cluster and above which there is always a spanning cluster present in the system.
This is called percolation transition. The spanning cluster percolates through the
lattice just as water percolates through wet sand along the network of wet pores.
For an infinitely large lattice, p. has a sharp and unique value determined by the
lattice structure and the dimension d of the lattice. For a finite lattice, the value
of p. has a small spread. In Figure 1.1, four realizations on a square lattice of size
27 x 27 are shown for p = 0.55, 0.58, 0.59274621 and 0.65. The largest cluster is
shown by darker gray scale. A spanning cluster appears in the system for the first
time at p = 0.59274621. This is the percolation threshold p. on the square lattice
for site percolation. It should be mentioned here that it has been shown rigorously

by Grimmett 18 that there is no percolating infinite cluster at p = p, for d = 2. The

3
TH-0532_02612103



Chapter 1. Introduction

large but finite clusters that emerge at p = p. are called ‘incipient infinite clusters’.
Throughout this thesis, the incipient infinite clusters at p = p. will be referred as
percolating spanning clusters.

The percolation model has extensive applications in different branches of sci-

ence. The application of percolation model in disordered systems are well docu-

19-24)

mented in the literature! A few relevant applications are in oil recovery in

porous medial?2% epidemic modeling?”, networks?82% fracture®%, metal insula-

tor transition!®V, ionic transport in glasses3?, earthquakes in rocks?!! among oth-

ers. In recent times, percolation model is also applied to business firm growth 33,

34] [35]

fragmentation of solids! , electrical conductivity of colloidal

[36]

, polyatomic species
dispersions®®, conductivity of DNABY living neural networks®® propagation of in-
formation on scale free networks 3%, seismic process*?, gelation !, hydration water
in bio-systems*?, solar dynamo!*3! and many others. The applications of perco-
lation range from confinement - non-confinement transition of quarks in nuclear
matter to metal insulator transition in conductor-insulator composite materials to
containment - epidemic transition of a disease in a society to stochastic star forma-
tion in spiral galaxies. In all these systems, the common ingredient is randomness
or disorder and a transition from connectivity to non-connectivity or propagation
to non-propagation, etc., occurs in the system at a sharply defined parameter value.
This indicates a phase transition in the geometry of the system at the percolation
threshold p. very similar to thermodynamic phase transition of physical systems at

[44-46] Tt is then important to understand the geometrical

a critical temperature 7T,
properties of the percolating spanning cluster at p = p. as well as the statistical
properties of finite clusters below p. and investigate whether this geometrical phase
transition in percolation is equivalent to thermal phase transition or critical phe-

nomena.

1.2 Percolation as critical phenomena

A phase transition in a thermodynamic system signifies a qualitative change in the
properties of the system at a temperature T, known as the critical temperature. As
temperature T' — T, the system exhibits phenomena which are described as ‘crit-
ical’. The temperature region near T' — T, constitutes the ‘critical region’. There
exists a well defined prescription in equilibrium statistical mechanics for studying

4446

critical phenomenal Let us consider first a specific example of second order

thermodynamic phase transition and discuss the corresponding critical phenomena.

4
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1.2 Percolation as critical phenomena

A well-known example is the paramagnet to ferromagnet transition which occurs at
the critical temperature T,.. For T' < T, it is the ferromagnetic phase and for 7" > T
it is the paramagnetic phase. The ferromagnetic phase has a net spontaneous mag-
netization M = —(0F/0H)r where F is the Helmholtz free energy of the system
and H is the applied magnetic field, whereas in the paramagnetic phase the sponta-
neous magnetization M is always zero. The spontaneous magnetization M is known
as the order parameter of the magnetic transition. As T — T, the thermodynamic
quantities exhibit singularities of a power law form. For example, M continuously
goes to zero with a branch point singularity at T' = T,. characterized by the critical
exponent 3 as

M ~ (T, —T)". (1.1)

The isothermal zero-field susceptibility x(7") defined as x(7") = (OM/OH )7 diverges
as
X~ |T—-T.J7. (1.2)

The specific heat C' = —T(9*F/0T?)y shows a singularity of the form

¢~ BT (1.3)

Since the thermodynamic quantities are just different derivatives of the Helmholtz
free energy F', it is then the most essential quantity to calculate in a thermodynamic
system from its microscopic details. The free energy F of a system can be deter-
mined as

F=—kgT'lnZz (1.4)

where Z is the canonical partition function, 7" is the absolute temperature and kg
is the Boltzmann constant. Knowing the Hamiltonian of a system, the partition
function Z can be evaluated. Once the Helmholtz free energy F' is known, the
relevant thermodynamic quantities can be evaluated and their scaling behaviour
can be studied. In general, the thermodynamic quantities () exhibit singularities of
the form

Q=T —T.* (15)

in the critical regime. The exponent # is known as the critical exponent. The
minus sign before # indicates divergence and plus sign corresponds to branch point

singularity.

The free energy function becomes a generalized homogeneous function in the
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Chapter 1. Introduction

critical regime. A function is said to be a generalized homogeneous function if

fAz, Xy) = Af(2,y) (1.6)

for all values of the parameter \, where a and b are two arbitrary numbers. Since
the parameter \ is arbitrary, one can make a choice of A as A = 1/x'/% so that the

above equation reduces to the form

f(Ly/ab) = F(y/a"") = S f(2,y)
or f(z,y)=zF(y/a"").

(1.7)

Most functions of two variables have the form of a generalized homogeneous function
given in Eq. 1.7 if both = and y approach zero. In the case of magnetic phase
transition, = represents the reduced temperature, t = (7' — T.)/7. and y is the
reduced magnetic field A in units of energy. Thus, for the zero field behaviour as

T — T, both the parameters x and y tend to zero.

There are two important consequences of the free energy being a generalized
homogeneous function. First, since the thermodynamic quantities () are different
derivatives of the free energy function F', the critical exponents 6 are not all indepen-
dent. The exponents «, 3, 7, etc. can be defined in terms of a and b. Eliminating
a and b, scaling relations between the critical exponents can be obtained and are

verified experimentally. One such scaling relation between «, 3, and ~ is given by

a+28+v=2. (1.8)

1/a can be obtained as a function of a

Second, the scaling function F'(z) = f(z,y)/x
scaled variable z = y/z%. If Eq. 1.7 is valid, the plots of F'(z) versus z for different
values of z and y all collapse into a single curve, the function F(z). This is known
as data collapse. The scaling assumption has also been verified experimentally
through data collapse. In the case of magnetic transition, the scaling function of

magnetization M is given by
M(t, h) ~ [t]"M(£1, bt ™) (1.9)

where t is the reduced temperature, h is the reduced magnetic field and (3, § are

critical exponents. The scaled magnetization and magnetic field can be defined as
M(£1,2) = M(t, h)/|t)%; z = hlt| ™. (1.10)

6
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1.2 Percolation as critical phenomena

Hence a plot of M against z should lie on the same curve for all values of temperature
greater than or less than T, respectively, provided that they lie in the critical regime.
The data collapse of magnetization versus the scaled magnetic field was obtained
for CrBrs by Ho and Lister in 1969147). A class of systems found to have the same
values of the critical exponents (if the number of components of order parameter and
dimension d of the embedding space are the same) consequently define a universality
class. The values of the critical exponents, the scaling relations among them and

the form of the scaling function then determine the universality class of a system.

In a magnetic system, fluctuations in the spin orientations occur in the critical
region over all possible length scales, starting from atomic scale to the system size.
The system becomes self similar. A part of it can not be distinguished from the
whole lattice if enlarged to the appropriate scale. In the critical region, there are
large patches of, say, up-spin domains containing down-spin domains which again
contain still smaller domains of up-spins and so on. This has been verified by
huge neutron scattering cross section at 1" = T.. In fact, the enormous increase in
the fluctuation in magnetization can be shown to be related to the divergence of
susceptibility. The correlation length &, the distance between, say, two up spins in

the same domain, diverges as T' — T, with a critical exponent v as
E~|T-T,|7". (1.11)

The critical exponent v is also related to other critical exponents by a hyperscaling
relation
v+ 206 =dv (1.12)

where d is the space dimension of the system. Relation 1.12 has also been veri-
fied experimentally. Many other such scaling relations exist between the critical

exponents.

It has been observed that the critical exponents have identical values if the
dimension d of the system is the same. The values of the critical exponents do not
depend on the range of interaction or the lattice structure. The critical behaviour
of widely different physical systems such as magnetic systems, fluid system, binary
mixture then can be described by the same critical exponent in the same space

dimension d. This defines a universality class.

A similar prescription is now essential to be established in order to study the per-
colation as critical phenomena. Before proceeding further, one should first identify
the relevant geometrical or statistical quantities which exhibit critical behaviour at

7
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Chapter 1. Introduction

the percolation threshold p.. At p., a percolating system consists of an infinite (or
spanning) percolating cluster and finite clusters of different possible sizes. Geometri-
cal properties could be then classified into two groups, i.e.; properties of the infinite
cluster and properties of the finite clusters. The probability that a site belongs to
the infinite cluster P,, may be the most relevant quantity to look at which could
serve the purpose of the order parameter of a percolating system. The geometry of

the infinite cluster is found self-similar and fractal 194851,

The relevant quantities
associated with the finite clusters could be the average cluster size y, the number
of occupied sites present in a cluster on an average and the connectivity length &
which is the mean distance between two occupied sites in the same cluster. In order
to estimate these geometrical quantities, one can define a cluster generating func-
tion G similar to the partition function in thermodynamic critical phenomena. The

generating function in the case of percolation is defined as
/
G=>"> nip)e" (1.13)
h s

where ns(p) is the number of s-sited clusters per lattice site at the site occupation
probability p and h is a fictitious field with no physical meaning. The sum is
over all finite clusters which is indicated by a prime. All the relevant cluster related
quantities then can be extracted from different derivatives of the generating function
G. The function G at h = 0, given by

G lh:o — 3 n.p) (1.14)

gives total number of finite clusters per lattice site. This is analogous to the free
energy per site in the case of magnetic phase transition. For a small value of p below
Pe, less number of sites will be occupied and the number of clusters per lattice site
will also be small. On the other hand, for a high value of p above p., it will be
again small due to less number of finite clusters appearing in the system. Most of
the space will be occupied by the large percolating cluster. Only as p — p,, large
number of finite clusters will appear and the quantity diverges from both sides of p,

as,

> nap) ~ Ip - pe (1.15)

where « is a critical exponent.

The order parameter P,, of the percolation transition, defined as the probability

TH-0532_02612103



1.2 Percolation as critical phenomena

) p Te T

Figure 1.2: Order parameters P, and M for the percolation and magnetic phase tran-
sitions respectively. Both of them go to zero continuously as the system approaches the
critical point.

that a site belongs to the spanning cluster, can be obtained from the first derivative
(0G /Oh) =0 = Y. sns(p) of the generating function as

IR — De= Z, sng(p). (1.16)

S

The order parameter Py, =0 for p < p. as Y . sns(p) =p. At p=1, 3. sns(p) =0
and thus P,, = 1. As p is decreased from a large value above p., P, continuously

goes to zero from p = p. with an exponent ( defined as
Py~ (p—p.)°. (1.17)

The scaling behaviour of P, is similar to that of the spontaneous magnetization M,

the order parameter in the case of ferromagnetic transition, as shown in Figure 1.2.

Another important geometrical quantity is the average cluster size y. It can be
obtained from the second derivative (0*G/0h?)n—o = >, s’ns(p) of the generating

function. y is defined as

> ()
> snil)

as Y. sny(p) represents the probability that a site belongs to any finite cluster and

X:

- % > () (1.18)

is therefore equal to p. Notice that, as p is small below p., only small clusters could
appear and the average size would be small. As p increases, clusters of larger sizes
will appear and y will increase. As p — p., the value of y will diverge. The same

behaviour will re-occur if p is reduced to p. from a higher value above p.. In Figure

TH-0532_02612103



Chapter 1. Introduction

X

Figure 1.3: Behaviour of the average cluster
size x as p — p.. This behaviour is similar
to the susceptibility in the magnetic phase
transition as T — T,.

1.3, the behaviour is demonstrated as p — p.. x is analogous to the susceptibility
in the magnetic phase transition. It is then expected to diverge with an exponent y
as p — Pc;

X~ [p—p (1.19)

Different geometrical quantities like order parameter, average cluster size are then
just different moments of the cluster size distribution function ng(p). Since the
critical exponents are not all independent and they satisfy certain scaling relations
among them, it is important to know the scaling function form of the cluster size
distribution function ng(p) and derive all the critical exponents in terms of the expo-
nents related to ns(p). As the free energy function becomes generalized homogeneous
function in the critical regime of thermodynamic phase transition, the cluster size
distribution function n4(p) is then expected to be a generalized homogeneous func-
tion of two variables, i.e.; the inverse cluster size 1/s and (p — p.) in the critical
regime here. Note that, as p — p. both of the variables approach zero. The scaling

function form of n,(p) is then given by

ns(p) = (1/s)f[(p —pe)/(1/s)°]
= sf[s(p —pe)l. (1.20)

As all the geometrical quantities are just the different moments ng(p), the critical
exponents associated with them are not all independent, rather they can be ex-
pressed in terms of the exponents 7 and o. Scaling relations among the critical
exponents can also be established following the same procedure of thermodynamic
phase transition.

The spin fluctuation in all possible length scales and the long range correlations
in magnetic phase transition at the critical point is demonstrated by the divergence
of correlation length. In the geometrical model like percolation, the linear size of

the finite clusters, below and above p,, is characterized by the connectivity length &

10
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1.2 Percolation as critical phenomena

Figure 1.4: Behaviour of the connectivity
length £ as p — p.. Similar behaviour can
be observed for the spin correlation length as
T — T, in the magnetic system.

which is similar to the correlation length in thermodynamic phase transition. Here
¢ is defined as the root mean square distance between two sites on the same finite
cluster and averaged over all finite clusters. It can be calculated by measuring the

radius of gyration of a cluster
»_ 1y 2
R? = ?Z|ri—ro| (1.21)
i=1

where ro = > 7_, ri/s is the position of the center of mass of the cluster and r; is
the position of ith site of the cluster. The connectivity length is the average radius

of gyration over all finite clusters and given by

2 Z/s Rs*ns(p)
> )

At p., clusters of all possible sizes, starting from a single sited cluster up to the

62

(1.22)

cluster of system size, appear in the system and correspondingly there is a huge
fluctuation in the cluster size. Due to the appearance of large finite clusters at
the critical point, the connectivity length diverges as p — p. (Figure 1.4) with an

exponent v given by
§~Ip—p| ™ (1.23)

The connectivity length exponent v is also found related to the moment exponents
of ng(p) via hyperscaling relation. The infinite cluster at p = p. contains holes of all

possible sizes and the percolation cluster is found to be self similar and fractal.

There are numerous analytical and numerical studies for estimating the values

11,52-54)

of the critical exponents in percolation! The exact values of the critical

exponents for 2D percolation model was obtained by mapping the model onto the

0 [52,53] )

g-state Potts model in limit ¢ — The values of some of the exponents are

11
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Chapter 1. Introduction

Order parameter exponent (3 5/36

Average cluster size exponent vy | 43/18 ordinary percolation in 2D obtained by

Connectivity length exponent v | 4/3 mapping it onto g¢-state Potts model in
Fractal dimension d; 91/48 the limit ¢ — 0[5253]

Table 1.1: Critical exponents of the

listed in Table 1.1.

The values of the critical exponents are found the same on different lattices in
the same space dimension. The critical exponents do not depend the site or the
bond percolation problem on the same lattice in the same space dimension. This

defines the universality class of the percolation model.

1.3 Effect of external bias on percolation

The universality in critical phenomena is a significant observation. The values of
the critical exponents depend only on the dimensionality of the space, number of
components in the order parameter and do not depend on the underlying lattice
structure or range of interaction. Two widely different systems, i.e.; the Ising mag-
net and a liquid gas system in 3D with scalar order parameters, belong to the same
universality class with the critical exponents having the same magnitude. However,
application of external bias field on the percolation model leads to a new universality
class. The individual effects of two different external bias fields on the percolation
model are extensively studied. First is a global directional bias and the second is a
local rotational bias. These external bias fields are implemented on the percolation
model by assigning appropriate constraints on the occupation of lattice sites. The
directional bias corresponds to a directional constraint and the rotational bias cor-
responds to a rotational or a spiral constraint. The percolation models under these
external constraints are known as directed percolation (DP) 15556 and spiral perco-
lation (SP)B7%9 respectively. An example of directional constraint is the motion of
a charged particle in the direction of applied electric field. Similarly, the motion of
a charged particle in a plane in the presence of a magnetic field perpendicular to
the plane of motion is an example of spiral constraint. Below, both the models and

the main results obtained in these models are presented briefly.

1.3.1 Directed percolation

In directed percolation, a global directional constraint restricts the growth of the

percolation cluster in a particular direction. For example, if the directional con-

12
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1.3 Effect of external bias on percolation

Figure 1.5: Growth of cluster in directed percolation.
As the directional constraint in along the top left to
right bottom diagonal, indicated by the dotted arrow,
sites in the right or bottom are allowed to occupy.
Black circles are the occupied sites. The numbers in-
dicate the time steps at which they are occupied.

straint is along the top left to bottom right diagonal of the lattice, sites are allowed
to occupy only in these two preferred directions, towards right or bottom. Percola-
tion clusters in this model can also be generated by performing directed walk 6061,
The model is illustrated in Figure 1.5. Due to the restriction in the cluster growth,
the percolation threshold shifts to a higher value than that of ordinary percolation
(OP). As a result of the clusters growth in the preferred direction, they become
highly anisotropic in nature as shown in Figure 1.6. Consequently, unlike the or-
dinary percolation, two lenghtscales appear and the system behaves differently in
these two directions. There are then two connectivity lengths, £ along the pre-

ferred direction and &, in the direction perpendicular to that, which diverge with

Figure 1.6: Typical spanning DP cluster generated on a 28 x 28 square lattice at the
percolation threshold p..

13
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Chapter 1. Introduction

Critical exponents | Values
I} 0.277 + 0.002
Table 1.2: Critical exponents of the di-
v 2.2772 4 0.0003 rected percolation in 2D obtained by se-
Y| 1.7334 = 0.001 ries expansion and Monte Carlo meth-
v 1.0972 + 0.0006 0ds 6364671,
dy 1.765 + 0.010

two different connectivity exponents v and v, respectively as p — p.. This leads to
anisotropic scaling and direction-dependent critical behaviour. The values of some
of the critical exponents of this model are given in Table 1.2 for 2D lattices. All the
critical exponents®2-%7! in this model are different from those of OP. Thus the DP
model belongs to a new universality class other than OP.

The DP model has a lot of applications in different fields like self-organized criti-

cality %8 7% reaction diffusion systems ™73, nonlinear random resistor networks 7475,

polymers["® 7 and many more® 83, Due to the connection with the motion of
charged particle under electric field, the DP model is widely used to study the

electrical transport properties of disordered systems 4%

1.3.2 Spiral percolation

In spiral percolation, a rotational constraint[®®, say clockwise, present in the or-
dinary percolation model. In this model cluster can be grown starting from the
central site of the lattice following the algorithm of Santra and Bose!®®. Due to the
clockwisely rotational constraint present in the system, empty sites in the forward

direction and in the clockwisely rotational direction are eligible for occupation. The

Figure 1.7: Growth of a cluster in spiral percolation.
As the spiral constraint is in the clockwise direction,
indicated by the encircled dots, sites in the forward
and in the clockwise directions are allowed to occupy.
Black circles are the occupied sites. The numbers de-
note the time steps of occupation.

14
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1.3 Effect of external bias on percolation

Figure 1.8: Typical spanning SP cluster generated on a 28 x 2% square lattice at the
percolation threshold p..

forward direction is the direction from which the present site is occupied and the
sense of rotational direction is defined with respect to the forward direction. This is
illustrated in Figure 1.7. The eligible sites are then occupied with probability p and

(57.58] " In this model, due to the presence

the clusters grow isotropically on the lattice
of rotational constraint, an occupied site can be reoccupied from different directions
but forbidden for occupation from the same direction. Consequently, loops become
an essential feature of the spirally grown clusters which make the clusters highly
compact as compared to those of OP or DP. Unlike DP, the clusters are isotropic
here, quite similar to OP, but they are much more compact as shown in Figure 1.8.
As a consequence, critical properties of the SP model® %% are found different than
that of the OP and DP model. The values of some of the critical exponents are
given in Table 1.3.

The SP model has been applied in studying forest fire’®”), pinning of interfaces!®8!

89 As the rotational

and diffusion under rotational bias in disordered systems
constraint is related to the behaviour of charged particle in a magnetic field, the
SP model can also be used to study the hopping of electron in a strong magnetic
field (9091,

Therefore, it can be concluded that in the presence of an external constraint the

critical properties of the system as well as the universality class of the OP model are

15
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Critical exponents | Values
6] 0.048 + 0.011
y 219+ 0.07 Table 1.3: Critical exponents of
1116 £0.003 the spiral percolation in 2D 5759
v . :
dy 1.957 £ 0.009

changed ['%

. The critical exponents associated with different cluster related quanti-
ties in the DP and SP models are not only different but also different from those in
the case of the OP model. The DP and SP models then belong to two universal-
ity classes which are different from that of the OP model. It is thus intriguing to

consider the effect of both the bias fields simultaneously on the OP model.

1.4 Percolation under crossed bias fields

In this section a motivation for constructing a new percolation model imposing
both the directional constraints on the occupation of sites will be given. Recently,
a great deal of interest has been focused on the electric and magnetic properties
of disordered systems. Transport properties of electro-rheological and magneto-
rheological fluids®?, magnetic semiconductors®®%! and composite materials[®> 10!
have received a lot of attention due to their industrial applications. Transport of
charged particles under crossed electric and magnetic fields in disordered systems

is also an important field of study in recent times (%100,

Disordered systems show
anomalous behaviour depending on the external field strength and disorder of the
medium . A number of physical properties like electrical conductivity, magneto
resistance, Hall effect etc. in disordered systems are not completely understood as
a function of disorder, field strengths or other parameters. Disordered systems are
generally modeled on the basis of percolation phenomenon 1921, The presence of
external biases, 7.e. the electric and magnetic fields, in the disordered system can
be realized by applying suitable external constraints on the percolation model as
described in the previous sections. In order to study the electro-magnetic properties
of disordered systems in the presence of both the electric and magnetic fields, a
new site percolation model called directed spiral percolation (DSP) is proposed
in this thesis. The DSP model is constructed by imposing both the directional
and rotational constraints simultaneously on the ordinary percolation model. If

both the fields are present perpendicular to each other in a material system, due

16
TH-0532_02612103



BIBLIOGRAPHY

to Lorentz force the electron will get deflected and a Hall field will appear in the
system perpendicular to both the fields. This is known as Hall effect. The DSP
model then can also be applied to study the Hall effect in such systems.

It is already mentioned that in the presence of an external constraint, the crit-
ical properties of the percolating systems as well as their universality class are

changed 19107,

The critical exponents associated with different cluster related quan-
tities in both the biased percolation models DP and SP are not only different but
also different from those in the case of the OP model. It is therefore interesting
to study the critical properties of the percolation model in the presence of both
the constraints simultaneously through the proposed DSP model. The DSP model
has an academic interest and at the same time it could have several applications.
In order to understand the static and dynamic critical properties of the model an
extensive numerical study has been performed in 2D. The findings are elaborated
and discussed in the following chapters.

There are nine chapters in the thesis. In this chapter, a general introduction to
percolation phenomena and the critical properties of different percolation models
like OP, DP and SP are given. In the second chapter, the DSP model will be
introduced and the Monte Carlo (MC) algorithm developed for cluster generation
will be elaborated. The percolation threshold of the DSP model will be identified
and the morphology of the spanning clusters will be discussed. A full scaling theory
for the DSP model has been developed and the critical properties are verified in the
third chapter. A finite-size scaling analysis of the cluster properties in support of the
MC results will be given in the fourth chapter. Study of the critical properties of the
DSP hull, the external perimeter, will be described in the fifth chapter. In the sixth
chapter, effect of the field directions and the field intensities of the external biases
on the critical properties of the DSP model will be reported. In the seventh chapter,
the DSP model will be represented as a spin model and the multifractal aspects
of DSP clusters will be presented. Finally, the study of the dynamical properties
(diffusivity, conductivity, etc.) will be described in chapter eight. Chapter nine will

contain the summary and conclusion of the whole work.
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Chapter 2

Directed Spiral Percolation Model

The Monte Carlo (MC) techniques®3! are generally used to generate percolation
clusters. In order to calculate the expectation values of the physical quantities,
two dif