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Abstract

The study of radiation pressure involves a wave’s average force on a surface or
a particle. This force arises from the transfer of linear momentum when the wave
interacts with the surface or particle. The study covers various applications, from
the universe’s development to modern laser applications, such as optical tweez-
ers and cavity optomechanics. In cavity optomechanics, when a laser is reflected
from a surface, it generates various types of elastic waves that travel through the
object but are generally delicate. In simple terms, light can cause a slight move-
ment within the material. This light-induced mechanical deformation has been
observed in whispering-gallery-mode resonators and optomechanical crystals with
photonic and phononic modes. In recent years, researchers have made significant
efforts to understand the quantum nature of macroscopic systems, ranging from di-
mensions of micrometers to nanometers. The use of radiation pressure has led to
the achievement of quantum entanglement between macroscopic objects, quantum
state transfer, ponderomotive squeezing, and ground state cooling of the mechanical
mode, resulting in the quadrature squeezing of a mechanical mode. The radiation
pressure force gives rise to various physical phenomena arising from semi-classical
light-matter interaction. For example, optomechanical systems exhibit a mechanical
analog of Electromagnetically Induced Transparency (EIT), as proposed by Harris
et al. in 1990. In EIT, an initially opaque three-level atomic medium becomes
transparent with strong control and weak probe fields. The destructive interference
between two excitation pathways generates a narrow transparency window and an
anomalous dispersion, giving rise to slow light effects. In the presence of a strong
drive field and a weak probe field, an optomechanical system with a single cavity
mode and an acoustic mode closely resembles an atomic three-level system. In this
analogy, the cavity decay rate and the mechanical damping mirror the radiative
and non-radiative decay rates in the atomic system, respectively. In the second and
third chapters of the thesis, we have formulated two problems based on the EIT
phenomenon in an optomechanical and magnomechanical platform. In the final
problem, we investigated various quantum effects, such as optical field squeezing,
bipartite, and tripartite entanglement generation in a hybrid optorotational system
consisting of annularly trapped Bose-Einstein condensates.

The thesis contains five chapters. Chapter 1 serves as the introduction of the
thesis. We begin the discussion by quantizing the electromagnetic field inside a
Fabry-Perot cavity, followed by the system-reservoir interaction, essential to de-
scribe a damping process. Then, we briefly discuss the resonator-generated opti-
cal lattice by invoking the quantized atom-field interaction. We then delve into
the optomechanical interaction, highlighting its various consequences, such as op-
tomechanical cooling, macroscopic entanglement generation, and Optomechanically
Induced Transparency.

Chapter 2 proposes a controllable output field generation in a ring cavity res-
onator that comprises two nearly degenerate movable mirrors. In addition to the
robust control and weak probe fields, we apply an external mechanical drive to pro-
duce mechanical coherences. Under the appropriate conditions, the control field’s
phase and the mechanical drive intensity enable controllable resonator-generated
output field intensity that also enables distortionless pulse propagation through the
medium.
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Chapter 3 investigates the controllable probe field transmission in a magnome-
chanical system that consists of two coupled microwave resonators. One of them
comprises a ferrimagnetic yttrium iron garnet (YIG) sphere. An external bias field
activates its magnon mode and deforms its shape. The shape deformation leads
to the magnon-phonon coupling. The magnon mode also interacts with the cavity
mode. The system exhibits significant absorption when both cavities are passive.
However, introducing gain to the auxiliary cavity can help us to produce an over-
all gain to the system along with anomalous dispersion. Hence, the output probe
pulse amplifies with superluminal probe pulse propagation. Furthermore, adjusting
the strength of photon exchange interaction can regulate the effective gain and the
steepness of the dispersion curve. Consequently, the output probe pulse amplifies,
and either the group velocity of the probe pulse surpasses the speed of light in a
vacuum. Our research also establishes an upper limit for intensity amplification,
and it elucidates that the advancement of the probe pulse is contingent on stability
conditions.

Chapter 4 presents a hybrid optomechanical system featuring an annularly trapped
Bose-Einstein condensate within an optical cavity. The cavity is stimulated by op-
tical Laguerre-Gaussian modes and comprises two spiral phase elements serving as
the cavity’s end mirrors. The rear mirror undergoes torsional oscillations around the
cavity’s axis via a clamped support, creating a rotational counterpart to standard
optomechanics. In this hybrid setup, we investigate the possibility of linking the
optical amplitude and phase quadratures to produce ponderomotive squeezing. We
also explore various bipartite and tripartite entanglements among the cavity, atomic
matter waves, and the macroscopic rotating mirror.

In chapter 5, we provide the conclusion of this thesis along with future prospec-
tive of related research work.
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Chapter 1

Introduction

The mechanical pressure from the electromagnetic radiation exposed to any surface
is known as radiation pressure. In the early seventeenth century, Johannes Kepler
identified the role of radiation pressure to explain why the tails of a comet point
away from the sun. In 1871, J.C. Maxwell theoretically predicted that the object’s
and electromagnetic fields’ momentum exchange caused the radiation pressure [1].
In 1901, three decades after the theory was proposed, Peter Lebedew conducted the
first experimental verification of it by measuring the mechanical pressure exerted by
light on a solid body [2]. In the 1970s, Braginsky and his colleagues investigated the
effect of radiation pressure in the context of measurement sensitivity of gravitational
wave interferometers [3]. They also predicted radiation pressure-induced dynamical
instabilities [4] and the cooling of a mechanical oscillator [5]. From then, various ad-
vancements in micro- and nanofabrication techniques have led to numerous studies
aimed at reducing the size of mechanical components. Decreasing the size of the me-
chanical oscillator raises its resonance frequency, thereby enhancing the sensitivity
of the optomechanical system to mechanical displacement [6–8]. The coupling be-
tween optical and mechanical components has been reported in high-finesse optical
microtoroid resonators [9–11], nanorods inside Fabry-Perot resonators [12], whis-
pering gallery microdisks [13, 14], optomechanical crystals [8], Fabry-Perot cavity
with a movable end mirror [15–17], with a semi-transparent mirror placed inside a
Fabry-Perot cavity [18–21], nanomechanical mirror coupled to a superconducting mi-
crowave cavity [22,23] and so on. Utilizing the radiation pressure interaction, these
various geometries has been realized to control optical pulse propagation [24,25], am-
plifying [26,27], and cooling of vibrational modes [28–30], wavelength conversion be-
tween optical and microwave fields [31,32], storage and retrieval of optical signal [33],
entanglement generation between the optical and the vibrational mode [34–37], and
squeezed light generation [38, 39]. Along with the investigations in cavity optome-
chanics, recently, a tremendous effort has been made to integrate different elements
from distinct physical domains, such as optics, mechanics, and magnetic materials,
via the interaction with quantized spin waves (magnons) [40–42]. The strong cou-
pling between magnon and photon provides an excellent platform for studying vari-
ous strong coupling cavity QED effects [43,44]. Moreover, the tunability of magnon
modes provides extra controllability over the standard optomechanical platforms
that can be utilized in microwave field transmission [45, 46] and weak force detec-
tion [47]. All the studies mentioned above fall under the broader scope of Atomic,
Molecular, and Optical (AMO) physics. The invention of the laser [48] opened up
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a new dimension of AMO physics by manipulating the atoms or molecules. Paul
and Dehmelt [49,50] first successfully trapped single ions, and later on, the trapped
ions are cooled down to nano-Kelvin temperature [51]. With this controllability, in
1995 a distinctive state of Bose-Einstein condensate (BEC) is born [52, 53], where
a significant fraction of bosons occupy the same quantum state. Interacting BEC
with a cavity field further probes new possibilities for controlling collective quantum
effects, such as quantum entanglement [54,55], superradiance [56,57], and quantum
synchronization [58].

This chapter briefly discusses the simplest Fabry-Perot cavity. We then quan-
tize the electromagnetic field within a Fabry-Perot cavity and discuss the system-
reservoir interaction, which is essential for describing a damping process. Next, we’ll
briefly touch on the resonator-generated optical lattice by considering the quantized
atom-field interaction. After that, we’ll explore the optomechanical interaction and
highlight its various consequences, such as optomechanical cooling, generation of
macroscopic entanglement, and Optomechanically Induced Transparency. Finally,
we discuss the magnomechanical interactions as a building block of the Hybrid solid-
state platform.

1.1 Two mirror cavity

We begin the discussion, by considering a Fabry-Perot interferometer or cavity con-
sisting of two mirrors separated by a distance L. Each mirror is considered as a beam
splitter. Using the beam splitter conventions, electric field amplitude at different
positions of Figure 1.1 satisfies the relations,

Ea = it1Ein + r1Eb,

Eb = r2e
2iKLEa,

Et = it2e
iKLEa,

Er = r1Ein + it1Eb, (1.1)

where the plane wave incorporates an extra phase factor eiKL after traveling a dis-
tance L. The equations in Eq. (1.1) are linear and can be solved easily to produce
the intensity ratios at different locations

It =

∣∣∣∣ EtEin

∣∣∣∣2 =
(t1t2)2

(1− r1r2)2 + 4r1r2 sin2KL
, (1.2a)

Ir =

∣∣∣∣ ErEin
∣∣∣∣2 =

(r1 − r2)2 + 4r1r2 sin2KL

(1− r1r2)2 + 4r1r2 sin2KL
, (1.2b)

Ia =

∣∣∣∣ EaEin
∣∣∣∣2 =

t21
(1− r1r2)2 + 4r1r2 sin2KL

. (1.2c)

From Eq. (1.2a), it is evident that the transmitted field intensity (It) vanishes if
the transmittance of any one or both mirrors is zero. For non-vanishing transmit-
tance (t1,2 6= 0), the maximum transmission occurs at the resonance frequencies
ν = nc/2L, n = 1, 2, 3..., where c is the velocity of light in vacuum. The frequency
separation between two successive resonances is known as the free spectral range,
∆ν = c/2L.
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Figure 1.1: A schematic of the Fabry-Perot cavity with two mirrors separated
by a distance of L. The reflectance and transmittance of the first mirror are
r1, and t1, respectively. Similarly, the second mirror’s reflectance and transmit-
tance are r2, and t2.

As a consequence of the conservation of energy, the reflected and transmitted fields
satisfy the relation It + Ir = 1. Under the resonance condition (KL = nπ),
Eq. (1.2b) suggests that the relative intensity of the reflected field reads Iresr =
(r1 − r2)2/(1 − r1r2)2, which vanishes for r1 = r2. It is known as the impedance-
matched condition. However, Iresr can be unity if one of the mirrors is perfectly
reflective i.e., either r1 = 1 6= r2 or r2 = 1 6= r1.
However, the circulating photons inside the cavity have non-vanishing intensity as
the transmittance of the input mirror becomes non-zero. The circulating field’s
intensity at the resonance frequencies is Ia,max = t21/ (1− r1r2)2. Experimentally,
the circulating field’s intensity can be enhanced 105 times when both the mirrors
have the same reflectance (r1 = r2 = r). Even when both mirrors have different
reflectances (r1 6= r2), one can enhance the intensity of the circulating photon. For
r2 = 1, we calculate Ia = (1 + r1) / (1− r1), which increases with r1 and diverges
as r1 → 1. Hence, a Fabry-Perot cavity with a perfectly reflective end mirror and a
slightly transmissive input mirror can be used to enhance the intensity of the circu-
lating photons inside the cavity.

1.1.1 Bandwidth, finesse and quality of two mirror cavity

The bandwidth of the cavity field can be evaluated by identifying the wave-number
(K±) associated with the half of the maximum intensity, Ia = Ia,max/2. Using Eq.
(1.2c), the condition reads

t21
(1− r1r2)2 + 4r1r2 sin2(K±L)

=
t21

2 (1− r1r2)2 . (1.3)

Defining the cavity bandwidth as

δν =
ω+ − ω−

2π
=
γ0

2π
, (1.4)

we find

γ0 =
2c

L
sin−1

(
1− r1r2

2
√
r1r2

)
, (1.5a)
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δν =
c

πL
sin−1

(
1− r1r2

2
√
r1r2

)
≈ c

2πL

(
1− r1r2√
r1r2

)
, (1.5b)

where in the last step, we consider the argument of the inverse sin function to be
small. The finesse of the cavity measuares the sharpness of the intensity resonance
with respect to the spectral separation between the two successive resonance. The
cavity finesse can be evaluated as

F =
free spectral range

bandwidth
=

∆ν

δν
≈ π
√
r1r2

1− r1r2

. (1.6)

The quality factor of a cavity measures the efficiency of storing energy with respect
to the energy lost per cycle. It can be quantified as

Q =
resonance frequency

bandwidth
=

ν

δν
= nF . (1.7)

1.2 Quantization of the Electromagnetic field

This section discusses the quantization of the electromagnetic field in a vacuum.
The Maxwell’s equation can describe the propagation of an electromagnetic field in
free space. In mks units, Maxwell’s equations are

~∇ · ~D = 0, (Gauss’s Law) (1.8a)

~∇ · ~B = 0, (1.8b)

~∇× ~E = −∂
~B

∂t
, (Faraday’s Law) (1.8c)

~∇× ~H =
∂ ~D

∂t
, (Ampere’s Law) (1.8d)

with the relations

~B = µ0
~H, (1.9a)

~D = ε0 ~E. (1.9b)

The electric field, magnetic field, electric displacement, and magnetic flux density
vectors are expressed as ~E, ~H, ~D, and ~B, respectively. The free space permittivity
and permeability are µ0 and ε0, respectively and they are related with the speed
of light in vacuum as c = 1/

√
µ0ε0. Taking the curl of Eq. (1.8c) and using the

relations Eq. (1.9a) and (1.9b), we obtain the wave equation in vacuum

∇2 ~E − 1

c2

∂2 ~E

∂t2
= 0. (1.10)

The wave equation of Eq. (1.10) describes the electromagnetic wave propagation
through the vacuum. The spatial dependence of the electric field inside the cavity
of length L (Figure 1.2) can be considered linearly polarized in the x-direction. In
the cavity normal mode basis, the intracavity electric field takes the form

Ex(z, t) =
∑
n

Anqn(t) sin(knz), (1.11)
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y

z

Figure 1.2: Electric field inside a cavity of length L is shown. The polarization of the
electric field is considered in the x-direction and it is propagating along z-direction.

where qn is the normal mode amplitude, and kn is the wave number associated with

nth mode kn = nπ/L, with n = 1, 2, 3, .... The coefficient An = (2ω2
nmn/(V ε0))

1/2
,

where ωn = nπc/L is the cavity angular frequency, V is the cavity volume and mn is
a constant with a mass dimension, respectively. From Eq. (1.8d), one can find that
the non-vanishing intracavity magnetic field associated with the intracavity electric
field of Eq. (1.11) as

Hy(z, t) =
∑
n

An

(
q̇nε0
kn

)
cos(knz). (1.12)

The total Hamiltonian of the intracavity electromagnetic field is

H =
1

2

∫
V

dτ
(
ε0E

2
x + µ0H

2
y

)
, (1.13)

where the integration comprises over the cavity volume. By substituting Eq. (1.11)
and Eq. (1.12) into Eq. (1.13), the total Hamiltonian can be cast into the form

H =
1

2

∑
n

(
mnω

2
nq

2
n +mnq̇

2
n

)
, (1.14a)

=
1

2

∑
n

(
mnω

2
nq

2
n +

p2
n

mn

)
, (1.14b)

where pn = mnq̇n is the canonical momentum of the nth mode. Eq. (1.14b) implies
that each cavity mode is dynamically equivalent to a mechanical harmonic oscillator.
Consequently, the total Hamiltonian of the cavity field can be viewed as the sum
of the energies of such independent mechanical harmonic oscillator. To quantize
the Hamiltonian of Eq. (1.14b), we treat qn and pn′ as operators that obey the
commutation relation

[qn, pn′ ] = i~δnn′ , (1.15a)

[qn, qn′ ] = [pn, pn′ ] = 0. (1.15b)

Introducing a set of non-Hermitian annhilation (a) and creation operator (a†)

an =
1√

2mn~ωn
(mnωnqn + ipn) , (1.16a)
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a†n =
1√

2mn~ωn
(mnωnqn − ipn) . (1.16b)

In terms of photon creation and annihilation operators the cavity field Hamiltonian
of Eq. (1.14b) can be reexpressed in quantized form

H = ~
∑
n

ωn

(
a†nan +

1

2

)
, (1.17)

where the creation and annihilation operators satisfies the commutation relation[
an, a

†
n′

]
= δnn′ , [an, an′ ] =

[
a†n, a

†
n′

]
= 0. (1.18)

In terms of an and a†n, the electric and magnetic fields can be expressed as

Ex(z, t) =
∑
n

En
(
an + a†n

)
sin(knz), (1.19)

Hy(z, t) = −iε0c
∑
n

En
(
an − a†n

)
cos(knz), (1.20)

where En =
√

~ωn/(ε0V ) carries the dimension of an electromagnetic field.

1.2.1 System-reservoir interaction

In this subsection, we briefly discuss the system-bath interaction considering a quan-
tized cavity mode of frequency ν, interacting with all the bath modes of frequencies
νk. The Hamiltonian of the system can be written as

H0 = ~νa†a+
∑
k

~νkb†kbk + ~
∑
k

gk

(
b†ka+ a†bk

)
. (1.21)

The first and second terms correspond to the cavity’s free energy and bath modes,
respectively. The third term accounts for the system-bath coupling. The Heisenberg
equation of motion of each operator reads

ȧ = −iνa(t)− i
∑
k

gkbk(t), (1.22a)

ḃk = −iνkbk(t)− igka(t). (1.22b)

The formal solution of Eq. (1.22b) is

bk(t) = bk(0)e−iνkt − igk
∫ t

0

dt′a(t′)e−iνk(t−t′). (1.23)

By substituting Eq. (1.23) into Eq. (1.22a), we get

ȧ = −iνa(t)−
∑
k

g2
k

∫ t

0

dt′a(t′)e−iνk(t−t′) + fa(t), (1.24)

where fa(t) = −i∑k gkbk(0)e−iνkt is the noise operator. Further, we apply a trans-
formation rule ã(t) = a(t)eiνt and Eq. (1.24) reduce to

˙̃a(t) = −
∑
k

g2
k

∫ t

0

dt′ã(t′)e−i(νk−ν)(t−t′) + fa(t)e
iνt. (1.25)
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Assuming the reservoir modes are closely spaced in frequency domain, we replace
the summation over k by an integral

∑
k

→ 2V

(2π)3

∫ 2π

0

dφ

∫ π

0

dθ sin θ

∫ ∞
0

dk k2. (1.26)

Then Eq. (1.25) reads

˙̃a(t) = − V

π2c3

∫ ∞
0

dνk ν
2
k g

2
k

∫ t

0

dt′ã(t′)e−i(νk−ν)(t−t′) + fa(t)e
iνt. (1.27)

The significant contribution to the integration will occur around νk = ν, where the
time integral is not negligible. We can extend the lower limit frequency integral
upto −∞ without loss of generality. By using the definition of the delta function∫ ∞

−∞
dνke

i(ν−νk)(t−t′) = 2πδ(t− t′), (1.28)

we obtain the Heisenberg-Langevin equation as

˙̃a(t) =
V

π2

∫ t

0

dt′
ν2

c3
g2
k ã(t′) 2πδ(t− t′) + fa(t)e

iνt,

= −κ ã(t)− i
∑
k

gk bk(0)e−i(νk−ν)t, (1.29)

where the decay constant κ = V ν2g2
k/(πc

3) and the noise operator is defined as
ain = −i∑k gk bk(0)e−i(νk−ν)t.

1.3 Quantization of the Paraxial electromagnetic

field

The electromagnetic field propagation in vacuum can be well understood by Eq.
(1.10). Finding the analytical solutions to Eq. (1.10) is challenging. However, the
analytical solution can be obtainable under slowly varying envelope approximation.
Consider a quasi-monochromatic wave propagating along the z-direction inside a
vacuum. One can write the electric field inside the vacuum as

~E(x, y, z, t) = êE(x, y, z, t)e−i(ωt−kz) + c.c., (1.30a)

where, ê is the unit vector, ω is the carrier field frequency associated with the
wave number k = ω/c, and E represents the envelope functions of the field. By
substituting the above ansatz to Eq. (1.10), one obtains the following relations for
corresponding derivatives as

∇2 ~E = ê

(
∇2
⊥E +

∂2E
∂z2

+ 2ik
∂E
∂z
− k2E

)
ei(kz−ωt) + c.c., (1.31a)

∂2 ~E

∂t2
= ê

(
∂2E
∂t2
− 2iω

∂E
∂t
− ω2E

)
ei(kz−ωt) + c.c., (1.31b)
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where∇2
⊥ = ∂2/∂x2+∂2/∂y2 is the spatial derivative in x and y-direction (transverse

plane). Under “slowly varying envelope approximation” (SVEA) the variation of the
envelope function E satisfies the conditions

∣∣k2E
∣∣� ∣∣∣∣k∂E∂z

∣∣∣∣� ∣∣∣∣∂E2

∂2z

∣∣∣∣ , ∣∣ω2E
∣∣� ∣∣∣∣ω∂E∂t

∣∣∣∣� ∣∣∣∣∂E2

∂t2

∣∣∣∣ , (1.32a)

Substituting the above equation in Eq. (1.10) and neglecting the higher order time
and space derivative, we get the Helmholtz equation under SVEA as:

1

2ik
∇2
⊥E +

∂E
∂z

+
1

c

∂E
∂t

= 0. (1.33)

One of the solutions of the free space paraxial Helmholtz equation is the Laguerre-
Gaussian (LG) mode, which describes the envelope profile of the field in the cylin-
drical coordinate system as

E lp(r, φ, z) = E0
w0

w(z)

(
r
√

2

w(z)

)|l|
L|l|p

(
2r2

w2(z)

)
exp

[
ikr2

2R(z)
− r2

w2(z)

]
× exp

[
−i (2p+ l + 1) tan−1

(
z

zR

)
+ ilφ

]
, (1.34)

where,

w(z) = w0

√
1 +

(
z

zR

)2

, R(z) = z

[
1 +

(
z

zR

)2
]
, and zR =

πw2
0

λ
. (1.35)

In Eq. (1.34), E0 is the field amplitude, φ is the azimuthal angle, L
|l|
p is the generalized

Laguerre polynomial, where the indices, l and p are known as the orbital angular
momentum (OAM) index and radial index, respectively. In Eq. (1.35), w(z) and
R(z) are the beam radius and the radius of curvature of the beam’s wavefront at
a propagation distance, z, respectively. The parameter, zR is called the “Rayleigh

Figure 1.3: Schematic diagram of an optical cavity driven by Laguerre-Gaussian
modes. The cavity comprises two spiral phase plates. The colored arrows signify
the orbital angular momentum at different positions: The purely extra cavity field,
the purely intracavity field and the intracavity field arising from the intracavity field
are green, red, and blue arrows, respectively.
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length” [59], it is the propagation distance at which w(z) =
√

2w0, where, w0 = w(0)
is called the beam waist [59].

In Figure 1.3, we depict the paraxial mode propagation inside the helical cavity
design using a static double-sided helical mirror and an oscillating helical mirror. We
consider an LG beam with orbital angular momentum (l~) per photon incident on
the static double-sided helical mirror. When the beam reflects off the outer surface
of the partially reflective static double-sided helical mirror, it loses 2l~ amount of
angular momentum, as indicated by the green arrow in Figure 1.3. However, its
angular momentum remains unchanged when the beam passes through this mirror.
Conversely, when the beam reflects off the oscillating rear mirror, it loses 2l~ angular
momentum per photon. Superposition of the two intracavity fields with opposite
OAM produces the effective mode function u(r, φ, z) = Epl (r, φ, z) + Ep−l(r, φ, z). At
some specific position (R, z0) the effective transverse mode becomes u(φ) ∝ cos(lφ).
Hence, the electric field associated with the intracavity mode can be expressed in
the quantized notation as

Ê(φ) = e

√
~ωc
ε0V

(
a+ a†

)
cos(lφ). (1.36)

1.4 The Jaynes-Cummings model

This subsection will review the basic concepts of a single atom interacting with a
quantized paraxial electric field inside a cavity [60]. Here we consider the atom
consists of two states, ground state |g〉 and an excited state |e〉. The atom-field
interaction Hamiltonian is

HI = −d̂.Ê (1.37a)

= d̂ G(φ)
(
a+ a†

)
, (1.37b)

where d̂ is the atom’s dipole moment operator, defined as d̂ = d̂.e, the quantized
electric field inside the cavity is Ê, and G(φ) = −

√
~ωc/(ε0V ) cos(lφ). At this point,

we introduce atom’s raising operator as σ+ = |e〉〈g| and the lowering operator as
σ− = |g〉〈e|. The population inversion operator σz = |e〉〈e| − |g〉〈g|, satisfies the
commutation relation σz = [σ+, σ−]. By the parity selection rule 〈e|d̂|e〉 = 〈g|d̂|g〉 =
0, we only keep the off-diagonal elements of d̂. Under such conditions the dipole
operator d̂ can be expressed as

d̂ = d (σ− + σ+) , (1.38)

where 〈e|d̂|g〉 = 〈g|d̂|e〉 = d. Substituting Eq. (1.38) into Eq. (1.37b), the interac-
tion Hamiltonian takes the form

HI = ~g(φ) (σ+ + σ−)⊗
(
a+ a†

)
. (1.39)

The atom field coupling strength g(φ) = −d cos(lφ)
√
ωc/(ε0V ~) = g0 cos(lφ). The

above atom-field interaction Hamiltonian contains four terms. The energy-conserving
terms are only σ+ ⊗ a and σ− ⊗ a†. Keeping only the energy-conserving terms,
the total Hamiltonian can be cast into the form of the famous Jaynes-Cummings
model [61]

Hs = ~ωca†a+ ~ωeg|e〉〈e|+ ~g(φ)
(
σ+a+ σ−a

†) , (1.40)

where the energy difference between the two levels is ωeg.
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1.4.1 Resonator generated optical lattice

This subsection briefly discusses an application of the Jaynes-Cummins model where
a single two-level atom interacts with a quantized paraxial electric field in the pres-
ence of a cavity driving.The total Hamiltonian describing the system can be cast
into the form

Hs =
p2

2m
+ ~ωeg|e〉〈e|+ ~ωca†a+ ~g(φ)

(
σ+a+ σ−a

†)− i~ε (ae−iωlt − a†eiωlt) ,
(1.41)

where m and p are the mass and momentum of the atom, respectively, and the last
term signifies the optical pumping effect. The drive field amplitude associated with
the input power as ε =

√
2κPin/(~ωc). Now, we reexpress the above Hamiltonian

in a rotating frame moving with angular frequency ωl. In such a rotating frame,
the Hamiltonian can be obtained by Hrot = RHR† + i~(∂R/∂t)R† with the unitary
operator R = exp

[
iωlt(σ+σ− + a†a)

]
. The Hamiltonian in the rotating reference

frame can be expressed as

Hrot =
p2

2m
− ~∆a|e〉〈e| − ~∆ca

†a+ ~g(φ)
(
σ+a+ σ−a

†)− i~ε(a− a†), (1.42)

where ∆a = ωl−ωeg and ∆c = ωl−ωc are the atom-drive and cavity-drive detuning,
respectively. Temporal evolution of the expectation values of each operator obeys
the following Heisenberg equation of motions

〈σ̇−〉 = (i∆a − γ) 〈σ−〉+ ig(φ)〈σza〉, (1.43a)

〈σ̇+〉 = − (i∆a + γ) 〈σ+〉 − ig(φ)〈σza†〉, (1.43b)

〈ȧ〉 = (i∆c − κ) a− ig(φ)〈σ−〉+ η. (1.43c)

In this thesis, we only work in low-saturation regime, where the saturation parameter
s = g2

0/(∆
2
a+γ2)� 1. This situation can easily attainable by choosing large atomic

detuning, ∆a. For low saturation, the expectation value of the population inversion
operator 〈σz〉 can be approximated by −1 [62] and the atomic raising and lowering
operators can be adiabatically eliminated from the cavity field dynamics with their
respective steady-state values,

〈σ+〉 =
ig(φ)

i∆a + γ
〈a†〉 (1.44a)

〈σ−〉 =
ig(φ)

i∆a − γ
〈a〉. (1.44b)

Substituting Eq. (1.44b) into Eq. (1.43c), we obtain

〈ȧ〉 =
[
i∆c − κ− (Γ0 + iU0) cos2(lφ)

]
〈a〉+ η, (1.45)

where Γ0 = g2
0γ/(γ

2 + ∆2
a) and U0 = g2

0∆a/(γ
2 + ∆2

a). The physical significance
of U0 can be interpreted as the energy shift of each photon and Γo signifies the
modification in cavity decay rate due to the atom-photon interaction. Considering
the atomic detuning to be much higher than its damping rate, the cavity mode
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becomes unmodified and the energy shift per photon (U0) tends to g2
0/∆a. Thus the

single atom-photon interaction process can be described by the Hamiltonian

Heff =
p̂2

2m
− ~∆ca

†a+ ~U0 cos2(lφ)a†a− i~η(a− a†). (1.46)

Now, we consider N two-level atoms with moment of inertia I and the angular
momentum L, trapped annularly inside a Laguerre-Gaussian cavity. The dynamics
of such a system can be described by the second quantized Hamiltonian as

H =

∫ 2π

0

dφ Ψ†(φ)

[
L2

2I
+ ~U0 cos2(lφ)a†a

]
Ψ(φ)− ~∆ca

†a− i~η(a− a†). (1.47)

In the subsequent chapter of this thesis, we will directly use Eq. (1.47) as the second
quantized form of the annularly trapped Bose-Einstein condensate (BEC) inside the
cavity.

1.5 Optomechanical interaction

Canonical optomechanics is a field that deals with the interaction between optics
and mechanics. This subject examines how the optical field can manipulate me-
chanical systems at the micro and nanoscale and vice-versa. The term “canonical”
refers to the standard quantum and classical mechanics techniques to describe such
interactions. The canonical optomechanical system can be modeled as a Fabry-Perot
cavity consisting of one fixed partially transmitting mirror and one perfectly reflec-
tive movable mirror of frequency ωm as shown in Figure 1.4. We apply an external
laser drive at frequency ωl to circulate the photons inside the cavity. We consider
ωm to be much smaller than the free spectral range of the cavity (c/2L), so the input
laser drive excites a single cavity mode of frequency ωc. During the cavity round
trip time t = 2L/c, the linear momentum transferred by n circulating photons to
the movable mirror is P = 2n~ωc/c. Hence, the amplitude of the radiation pressure
force can be easily estimated as F = ~ωcn/L. Due to the radiation pressure force,
the movable mirror oscillates, and the cavity length changes. Thus, the angular fre-
quency of the cavity modifies as ωc(q) = nπc/(L+ q), where q is the displacement of

fixed mirror

cavity axis

movable mirror

ain

aout

Figure 1.4: Schematic diagram of a Fabry-Perot cavity with one partially transmit-
tive fixed mirror while the movable rear mirror is perfectly reflective.
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the movable mirror from the equilibrium position. In the small displacement limit,
the cavity resonance frequency ωc(q) can be approximated as

ωc(q) = ωc + gq, (1.48)

where ωc = nπc/L and g = −ωc/L is the single-photon optomechanical coupling
strength between the cavity and the movable mirror. The optomechanical Hamilto-
nian can be written as

H = ~ωc(q)a†a+
p2

2m
+

1

2
mω2

mq
2 + i~ε(a†e−iωlt − h.c), (1.49)

where the first term signifies the Hamiltonian corresponding to the single mode
cavity field. The annihilation (creation) operator of the cavity mode is denoted by
a(a†). The second and third terms correspond to the kinetic and potential energy
of the movable mirror, respectively. The fourth term arises due to the interaction
between the cavity field with input drive field. Further, we define the dimensionless
position and momentum operators as Q = q

√
mωm/~ and P = p

√
1/~mωm. By

substituting Eq. (1.48) into Eq. (1.49), the above Hamiltonian takes the form as

H = ~ωca†a+
~ωm

2
(Q2 + P 2) + ~g0a

†aQ+ i~ε(a†e−iωlt − h.c), (1.50)

where the third term represents the optomechanical interaction with the coupling
rate g0 = g

√
~/mωm. We can eliminate the time dependency from the above Hamil-

tonian by moving to a rotating frame with driving field frequency (ωl) as

Hrot = ~∆ca
†a+

~ωm
2

(Q2 + P 2) + ~g0a
†aQ+ i~ε(a† − a), (1.51)

where the cavity detuning is ∆c = ωc−ωl. The time evolution of each operator can
be obtained by using the Heisenberg-Langevin equation as

Q̇ = ωmP, (1.52a)

Ṗ = −ωmQ− g0a
†a− γmP + ξ, (1.52b)

ȧ = −(i∆c + κ)a− ig0aQ+ ε+
√

2κain, (1.52c)

where κ is the cavity decay rate that appears due to system-reservoir interaction. To
obtain the above equations, we have utilized the commutation relation as [Q,P ] = i.
ain and ξ represent the input vacuum noise operator and the mechanical noise due
to the Brownian motion, respectively. The input vacuum noise and the mechanical
noise satisfies two-time correlation as

〈ain(t)a†in(t′)〉 = δ(t− t′), 〈a†in(t)ain(t′)〉 = 0, (1.53a)

〈ξ(t)ξ(t′)〉 =
γm

2πωm

∫
dω ω e−iω(t−t′)

[
1 + coth

(
~ω

2kBT

)]
, (1.53b)

where kB is the Boltzmann constant and T is the bath temperature of the movable
mirror.
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1.6 Dynamics of an optomechanical system

In the presence of a strong driving field, we linearize the nonlinear Eq. (1.52a)-
(1.52c) by expressing each operator O(t) as a sum of the steady-state value Os and
a time-dependent fluctuating value δO(t). The steady-state values of each operator
are

Qs =
−g0|as|2
ωm

, (1.54a)

Ps = 0, (1.54b)

as =
ε

i∆′c + κ
, (1.54c)

where the effective detuning ∆′c = ∆c + g0Qs. The steady-state photon number
(x = |as|2) satisfies a cubic equation as

g4
0

ω2
m

x3 − 2∆c g
2
0

ωm
x2 + (κ2 + ∆2

c) x =
2κPin
~ωc

, (1.55)

where Pin and ωc correspond to the input power and the frequency of the input laser
drive, respectively. Without the driving field, the only physically admissible solution
to the above cubic equation is x = 0. One can obtain the critical cavity detuning ∆cr

by realizing a single non-zero solution of the above cubic equation where the input
power attains an extrema value (∂Pin/∂x = 0). Figure 1.5(a) depicts the bistability
response of the intracavity photon number while the cavity detuning is greater than
the critical value (∆cr =

√
3κ). Furthermore, the intra-cavity photon number as a

function of cavity detuning for different input drive intensities is shown in Figure
1.5(b). The critical input power is calculated as Pcr = ~ωi(4κ2ωm/3

√
3g2

0). When
the input power is weaker than the critical value, the cavity photon number exhibits
a single-valued response as a function of ∆c. However, when the input power ex-
ceeds the critical value, the steady-state photon number becomes multi-valued at a
specific cavity range detuning, leading to the bistability response.
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Figure 1.5: Steady-state photon number is shown as a function of (a) input power
for three different detuning cases and (b) cavity detuning for three different input
powers. The resonance frequency of the movable mirror is ωm/2π = 10 MHz, mass
of the mirror is m = 250 ng, the damping of the mirror is γm/2π = 100 Hz, the
cavity decay rate is κ = 0.75 ωm.
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1.6.1 Stability Analysis

The word stability means a small additional perturbation to the solution of a dy-
namical system that always decays down around a stable and steady state, whereas
it enhances exponentially around an unstable steady state solution. In this sub-
section, we determine the stability conditions of an optomechanical system before
obtaining a formal solution of Eq. (1.52a)-(1.52c). The bosonic operator of the
acoustic mode is related to the normalized position and momentum operator as
Q = (b + b†)/

√
2 and P = (b − b†)/i

√
2. With the above definitions, Eq. (1.52a)-

(1.52c) can be expressed as

u̇(t) = Fu(t) + v(t), (1.56)

where u(t) = (δa, δa†, δb, δb†)T is the fluctuation vector and the vector of noise
operator is v(t) = (

√
2κδain,

√
2κδa†in, fin, f

†
in)T . The coefficient matrix F governs

the evolution of the state vector is

F = −


κ+ i∆c 0 −iG −iG

0 κ− i∆c iG iG
−iG −iG γm/2 + iωm 0
iG iG 0 γm/2− iωm

 , (1.57)

where the enhanced optomechanical interaction is G = g0|as|/
√

2. The stability of
the solutions of Eq. (1.56) requires all the eigenvalues to have a negative real part.
The polynomial equation of the eigenvalues of the drift matrix F determines the
stability condition by utilizing the Routh-Hurwitz criterion. The determinant of
(F − λ1) reads

Det(F − λ1) = λ4 + h1λ
3 + h2λ

2 + h3λ+ h4, (1.58)

where

h1 = γm + 2κ, (1.59a)

h2 =
γ2
m

4
+ ∆2

c + 2γmκ+ κ2 + ω2
m, (1.59b)

h3 = γm∆2
c +

1

2
γ2
mκ+ γmκ

2 + 2κω2
m, (1.59c)

h4 =
1

4
γ2
m∆2

c +
1

4
γ2
mκ

2 − 4G2∆cωm + ∆2
cω

2
m + κ2ω2

m. (1.59d)

Routh-Hurwitz criterion suggests all the eigenvalues of F have a negative real part
when
(i) All the hi’s are positive.
(ii) The determinants of all the Hurwitz matrices |Hi| are positive, where the Hurwitz
matices are defined as

H1 = h1, H2 =

(
h1 h3

1 h2

)
, and H3 =

h1 h3 0
1 h2 h4

0 h1 h3

 . (1.60)

Utilizing the coefficients of Eq. (1.59a)-(1.59d), we find

4G2∆cωm <
(
∆2
c + κ2

)(1

4
γ2
m + ω2

m

)
, (1.61a)
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4G2∆c(γm + 2κ)2ωm > −γmκ
8

(
4∆2

c + (γm + 2κ)2)2 − 2γmκω
2
m − 2γmκω

4
m. (1.61b)

Satisfying the above two conditions of effective optomechanical coupling keeps the
complete system in a stable region. From the above two conditions, it is evident that
if the cavity is red-detuned (∆c > 0) to the drive frequency, Eq. (1.61a) provides an
upper bound on the intensity of the laser driving. Contrary to that, if the cavity is
blue-detuned to the external driving field (∆c < 0), the maximum permissible drive
field intensity is determined by Eq. (1.61b). From Figure 1.6, we observe when
∆c > 0, the composite system lies in a stable region for sufficiently large values of
effective optomechanical coupling strength. Whereas for ∆c < 0, one may need to
work with meager effective coupling strength |G| to ensure the system’s stability.

Figure 1.6: The stable and unstable regions are determined as functions of the
normalized effective optomechanical coupling G/ωm and the normalized detuning
∆c/ωm. All the other parameters are same as in Figure 1.5.

1.7 Optomechanical cooling

In the last decade, researchers demonstrated the mechanical mirror’s cooling in the
resolved sideband limit where the mirror’s resonance frequency exceeds the cavity
decay rate [29, 63–65]. Recently, studies have followed to integrate optomechanical
systems with other quantum technologies, such as superconducting circuits, trapped
atoms, and solid-state qubits. Hence, cooling is necessary to observe macroscopic
quantum phenomena in such hybrid optomechanical systems to reduce the quantum
fluctuation of the movable mirror. Before presenting the formulation of resolved
sideband cooling, we discuss briefly the physical phenomenon underneath it.

The radiation pressure interaction between the strong control field of frequency
ωl and the movable mirror of frequency ωm creates the Stokes sideband with fre-
quency ωl + ωm and anti-Stokes sideband with frequency ωl − ωm inside the cavity.
Between them, only the Stokes field survives when the cavity field frequency exceeds
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the drive frequency by ωm. In other words, during the Stokes process, a quantum of
energy ~ωm is released from the movable mirror and associated with the drive field
to form the intracavity photon of frequency ωl + ωm. Hence, the mechanical excita-
tion decreases, and the cooling phenomenon occurs. Here we follow the covariance
approach and calculate effective phonon number to demonstrate the cooling effect
due to the radiation pressure interaction. To obtain the effective phonon number,
we express Eq. (1.56) as

ẇ(t) = Aw(t) + n(t) , (1.62)

where the fluctuation vector is w(t) = (δQ(t), δP (t), δX(t), δY (t))T , the input noise
operator is n(t) = (0, ξ,

√
2κδXin,

√
2κδYin)T and the coefficient matrix is

A = −


0 ωm 0 0
−ωm −γm −2G 0

0 0 −κ ∆c

−2G 0 −∆c −κ

 . (1.63)

We have defined the cavity field amplitude and phase quadratures as δX = (δa +
δa†)/

√
2 and δY = (δa − δa†)/i

√
2, respectively and the quadrature of the input

noise operators are δXin = (δain + δa†in)/
√

2 and δYin = (δain − δa†in)/i
√

2. The
formal solution to the Eq. (1.62) is w(t) = M(t)w(0) +

∫ t
0
dsM(s)n(t − s), where

M(t) = exp{At}. The elements of the covariance matrix V can be written as

Vij =
1

2
〈wi(∞)wj(∞) + wj(∞)wi(∞)〉,

=
∑
kl

∫ ∞
0

ds

∫ ∞
0

ds′Mik(s)Mjl(s
′)Φkl(s− s′), (1.64)

where Φkl(s−s′) = 〈nk(s)nl(s′)+nl(s
′)nk(s)〉/2 is the matrix of the noise correlation

function. By utilizing the delta correlation function of the input noises Eq. (1.53a),
one can get Φkl(s − s′) = Dklδ(s − s′), where D = diag [0, γm(2nm + 1), κ, κ] and
thermal excitation of the movable mirror nm = (exp{~ωm/kBT} − 1)−1. Under the
stable condition, the covariance matrix V satisfies the Lyapunov equation

AV + V AT = −D. (1.65)

From the above formalism, we obtain the energy of the movable mirror and the
effective phonon number from the relation

U =
~ωm

2
[〈δQ2〉+ 〈δP 2〉] =

~ωm
2

(V11 + V22),

=
~ωm

2

(
neff +

1

2

)
. (1.66)

Figure 1.7, suggests that for ∆′ ≈ ωm and the input power Pin = 25 mW, the
effective phonon number is reduced to neff = 1.135 that corresponds to the effective
temperature of the acoustic mode Teff = ~ωm/ (2kB ln (1 + (1/neff ))) ≈ 0.37 mK.
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Figure 1.7: The effective phonon number as a function of the optical field intensity
and the normalized cavity detuning. The cavity length is L = 1 mm, mass of the
movable mirror is m = 250 ng and the environmental temperature of the mirror is
T = 2 K. All the other parameters are same as in Figure 1.6.

1.8 Optomechanical Entanglement

Over the last decade, several studies have presented entanglement generation be-
tween an optical field and a mechanically pliable object. It demonstrates the va-
lidity of quantum mechanics in the macroscopic realm and has several applications
in information processing [66, 67] and quantum teleportation. Here, we briefly dis-
cuss the entanglement generation between the optical and the mechanical modes by
identifying the radiation pressure interaction as

HI = ~g0a
†aQ. (1.67)

Rewritting the dimensionless position operator Q in term of the bosonic creation and
annihilation operator Q = (1/

√
2)
(
b+ b†

)
, we can express the interaction Hamilto-

nian as

HI =
~g0√

2
a†a
(
b† + b

)
, (1.68)

where a and a† corresponds to the annihilation and creation operator of the cavity
mode. Following the linearization technique as described in Section. 1.6 and keeping
only the terms that are of second order in fluctuations, the interaction Hamiltonian
takes the form

H ′I = ~G
(
δa†δb+ δaδb†

)
+ ~G

(
δaδb+ δa†δb†

)
, (1.69)

where the first term describes the energy exchange between the optical field and
the mirror, commonly known as the beam splitter interaction. The second term
signifies the creation or destruction of photons or phonons in pairs, widely known
as the parametric down-conversion process [68–70].
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At this point, we focus on the situation, where the cavity is over-detuned from
the drive frequency by ωm. Under this condition, the interaction Hamiltonian is
primarily governed by the beam-splitter interaction, δa†δb + δb†δa. However, the
parametric down-conversion process contributes to the Hamiltonian at the order of
G/ωm. It indicates that when the effective optomechanical coupling G is comparable
to ωm, the interaction Hamiltonian significantly involves contributions from both the
parametric down-conversion process and the beam-splitter term. The beam-splitter
interaction brings the system close to its quantum ground state and reduces thermal
fluctuation. Whereas, the parametric down-conversion process produces entangle-
ment between the optical and the mirror mode. Here we quantify the bipartite
entanglement between the optical and the mechanical mode by evaluating the log-
arithmic negativity EN as

EN = max[0,− ln 2η−] , (1.70)

where η− = 2−1/2
[
Σ(V )− [Σ(V )2 − 4 det(V )]

1/2
]1/2

, with Σ(V ) = detA + detB −
2 detC. Here, V is the covariance matrix of Eq. (1.65)

V =

(
A C
CT B

)
. (1.71)

The 2 × 2 blocks of the covariance matrix V are represented as A,B and C. The
bipartite entanglement exists if E > 0 i.e., when η− < 1/2. Figure. 1.8(a) sug-
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Figure 1.8: The logarithmic negativity is plotted as a function of (a) cavity detuning
when the mirror’s bath temperature is 0.4 K and (b) the environmental temperature
of the movable mirror when ∆c = ωm. We have considered the effective optome-
chanical coupling strength G = −0.4 ωm for the numerical simulation. All the other
parameters are same as in Figure 1.6.

gests that the cavity-mirror entanglement is maximum around ∆c ≈ ωm when the
effective optomechanical coupling |G| has a similar order of magnitude with ωm. In
Figure. 1.8(b), the robustness of cavity-mirror entanglement is shown as a function
of the movable mirror’s environmental temperature.

1.9 The standard quantum limit

Another important aspect of cavity optomechanics is studying the moving mirror’s
measurement sensitivity [7,71,72]. However, the position measurement of the mov-
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able mirror is limited due to various noises, i.e., photon shot noise [73], radiation
pressure noise [74], and thermal noise. Therefore, one can reduce the measurement
imprecision by reducing the collaborative effects of such noises. A systematic demon-
stration begins with the Heisenberg-Langevin equation of the fluctuating parts of
the system’s operators as

δQ̇ = ωmδP, (1.72a)

δṖ = −ωmδQ− 2GδX − γmδP + ξ, (1.72b)

δẊ = −κδX +
√

2κXin, (1.72c)

δẎ = −κδY − 2GδQ+
√

2κYin. (1.72d)

Here, zero detuning (∆c = 0) is considered since the information of the mirror’s
displacement is imprinted only into the phase quadrature of the cavity field. By
Fourier transforming Eq. (1.72a)-(1.72d), one can obtain the cavity field phase
quadrature as

δY (ω) = A(ω)Xin(ω) +B(ω)Yin(ω) + C(ω)ξ(ω), (1.73)

where

A(ω) = − 4
√

2G2
√
κωm

(κ− iω)2 (iγmω + ω2 − ωm2)
, B(ω) =

√
2κ

κ− iω , and

C(ω) =
2Gωm

(κ− iω) (iγmω + ω2 − ωm2)
. (1.74)

The cavity output phase quadrature is related to the corresponding input phase
quadrature as

δYout(ω) =
√

2κδY (ω)− δYin(ω). (1.75)

The output noise power can be measured by evaluating the power spectral density

SδYoutδYout(ω) =
1

2π

∫ ∞
−∞

dω′〈δYout(ω′)δYout(ω)〉. (1.76)

=
ω2 (κ2 + ω2)

2
(γ2
m + ω2) + (κ2 + ω2)

2
ω4
m − 2ω2 (κ2 + ω2)

2
ω2
m

2 (κ2 + ω2)2 (ω2γ2
m + (ω2 − ω2

m) 2)

+
8G2κωγmωm coth

(
~ω

2kBT

)
(κ2 + ω2) (ω2γ2

m + (ω2 − ω2
m) 2)

+
32G4κ2ω2

m

(κ2 + ω2)2 (ω2γ2
m + (ω2 − ω2

m) 2)
.

(1.77)

The first, second, and last terms of Eq. (1.77) correspond to shot, thermal, and
radiation pressure noise, respectively. To obtain the above noise spectral density,
we have utilized the frequency space correlation functions of the optical and the
mechanical noises as

〈δXin(ω
′
)δXin(ω)〉 = 〈δYin(ω

′
)δYin(ω)〉 = πδ(ω

′
+ ω) ,

〈δXin(ω
′
)δYin(ω)〉 = −〈δYin(ω

′
)δXin(ω)〉 = iπδ(ω

′
+ ω) ,
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Figure 1.9: Power spectral density for different bath temperatures is shown. The
cavity’s length and resonance frequency are L = 1 mm and ωc/2π = 1015 Hz. All
the other parameters are the same as in Figure 1.6. With all these parameters, the
optimal power is Pin = 1.2 µW.

〈ξ(ω′)ξ(ω)〉 = 2π
γmω

′

ωm

[
1 + coth

( ~ω′

2kBT

)]
δ(ω

′
+ ω) . (1.78)

Further, the noise spectral density SδYoutδYout is rescaled by multiplying γm(κ2 +
ω2)/8κG2 to make the thermal fluctuation independent of the input power. With
the above description, the rescaled photon shot noise and radiation pressure noise
at the mechanical resonance frequency are denoted as

Ssn(ωm) =
γm(κ2 + ω2

m)

16G2κ
,

Srp(ωm) =
4G2κ

γm(κ2 + ω2
m)
. (1.79)

The characteristic behavior of photon shot noise is that it decreases with increasing
drive field intensity, while radiation pressure noise increases with increasing drive
field intensity. They satisfy the relationship Ssn(ωm)Srp(ωm) = 1/4, which is the
lower bound of the Heisenberg uncertainty principle. In Figure 1.9, the black, red,
and blue solid curves present the noise spectral density at 0 K, 0.2 mK, and 0.4 mK,
respectively. The dashed curve depicts the inversely proportional behavior of shot
noise with increasing drive power, whereas the radiation pressure or back action
noise is proportional to the field intensity. A trade-off between these two noises
produces a minimal noise spectral density at Pin = mωmγmL

2(κ2 + ω2
m)/8ωc.

1.10 Optomechanically induced transparency

This section discusses a different idea of power transmission, first discovered in 1991
by Harris et al. [75], where they observed a unique transparent response of an oth-
erwise opaque atomic ensemble. This phenomenon is known as Electromagnetically
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Figure 1.10: Schematic diagram of an optomechanical system. A red-detuned strong
coupling field of frequency ωc and a weak probe field of frequency ωp are applied.
The output field is denoted by εout.

induced transparency (EIT) [76], where the absorption of the probe beam gets can-
celed in the presence of a strong coupling field. The sharp hole in the absorption
spectrum arises due to the destructive interference of two or more excitation path-
ways. In cold atomic ensembles, this phenomenon leads to other phenomena like
optical pulse storage to slow down light pulses [77–80]. An analogous phenomenon
also occurs in an optomechanical system operating in the resolved sideband region
(ωm � κ), known as Optomechanically Induced Transparency (OMIT). The de-
structive interference of excitation pathways for the intracavity probe field gives
rise to a transparency window when the two-photon resonance condition is satisfied.
Like EIT in atomic systems, OMIT also provides an approach to slow down and
store light pulses in optomechanical systems [33, 81] with long-lived mechanical ex-
citations. To physically understand the OMIT process, we consider the interaction
of a strong coupling field (ωl) with a mechanical mirror (ωm). The energy exchange
between them produces the Stokes sideband (ωl + ωm) and anti-Stokes sideband
(ωl − ωm). Introducing cavity detuning can create an imbalance between them.
Moreover, the cavity contains only the Stokes sideband if it is overly detuned to the
high-intensity control field by a mechanical resonance frequency. Now a weak probe
field (ωp), which is degenerate with the Stoke field frequency (ωl + ωm) transmits
through the system without absorption.

We consider a basic optomechanical system consists of two mirrors as shown in
Figure 1.10. Among them, the left one is fixed while the right one is harmonically
bound. The cavity annihilation and creation operators a and a† are satisfying the
bosonic commutation relation [a, a†] = 1 and the dimensionless position and mo-
mentum of the nanomechanical oscillator satisfies [Q,P ] = i. In the presence of an
additional weak optical drive field, the Hamiltonian of the system is

H = ~ωca†a+
~ωm

2
(Q2 + P 2) + ~g0a

†aQ+ i~εc(a†e−iωlt − h.c) + i~(a†εpe
−iωpt − h.c),

(1.80)

where the significance of the first four terms has been discussed in Section 1.5. The
last term arises due to the cavity-probe field interaction. Moving to the reference
frame with the control field frequency, the above Hamiltonian takes the form

Hrot = ~∆ca
†a+

~ωm
2

(Q2 + P 2) + ~g0a
†aQ+ i~εc(a† − a) + i~(a†εpe

−iδt − h.c),

(1.81)
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where the cavity detuning is ∆c = ωc − ωl and the probe detuning is δ = ωp − ωl.
To study EIT in the output spectra, one has to deal with the mean response of the
system. The mean value equations can be obtained from Hrot and also by adding
the damping terms. The temporal evolution of the mean values corresponding to
each operators can be obtained from a set of coupled differential equation

〈Q̇〉 = ωm〈P 〉, (1.82a)

〈Ṗ 〉 = −ωm〈Q〉 − g0〈a†〉〈a〉 − γm〈P 〉, (1.82b)

〈ȧ〉 = − (κ+ i (∆c + g0〈Q〉)) 〈a〉+ εc + εpe
−iδt. (1.82c)

We solve the dynamical equations of Eq. (1.82a)-(1.82c) by invoking Runge-Kutta
fourth order with initial values Q(t = 0) = 0, P (t = 0) = 0, and a(t = 0) = 0. The
Fourier transformation of a(t) offers significant insights into the different components
of the intracavity field.

From Figure 1.11(a), it is evident that the intracavity field has only the frequency
components ωl, ωp, and 2ωl−ωp. Under the two-photon resonance condition (∆c =
δ), the cavity-generated Stokes and anti-Stokes field amplitude is weak compared
to the strong drive field frequency, as shown in the black solid curve. The red and
blue curves suggest that leveraging the two-photon resonance conditions can vastly
enhance the Stokes field amplitude once the system reaches a stable steady-state
value as illustrated in the inset of Figure 1.11(a). Thus in the intense pump field
limit, the solution of Eq. (1.82a)-(1.82c) have the form

〈A〉 =
+1∑

n=−1

e−inδt〈A〉n. (1.83)

However, when the probe field is no longer weak, the nonlinear radiation pressure
interaction generates numerous higher-order harmonics in the intracavity field and
the truncation of the above ansatz up to n = 1 may not be valid anymore. After
substituting Eq. (1.83) into Eq. (1.82a)-(1.82c) and ignoring second-order terms,
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Figure 1.11: Various components of the intracavity field is shown as a function of
probe detuning when (a) Pc/Pp = 100, and (b) Pc/Pp = 2.04. The wavelength of
coupling laser λ = 2πc/ωc = 1064 nm, L = 25 mm, m = 145 ng, κ = 2π × 215
KHz, ωm = 2π × 947 KHz, γm = 2π × 141 Hz, the cavity detuning is ∆c = ωm and
coupling laser power Pc = 6.9 mW.
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we obtain

〈a+1〉 =
iεp (δ (δ + iγm) (∆c + δ + iκ)− ω2

m (∆c + δ + iκ) +G2ωm)

−2G2∆cωm + δ (δ + iγm) ((δ + iκ)2 −∆2
c) + ω2

m (∆2
c − (δ + iκ)2)

, (1.84)

where the effective optomechanical couplingG = g0|as| is treated as phase-independent
by introducing an external phase to the input coupling field. The output fields hav-
ing frequencies the same as the incident probe field is associated with 〈a+1〉. The
output field with frequency ωp can be obtained by using the input-output relation

εout(t) + εpe
−iδt + εc = 2κ〈a〉.

By considering the terms having only frequency component ωp, we obtain

0 0.5 1 1.5 2

-1

0

1

2

3

Figure 1.12: Absorption and dispersion spectrum is shown with respect to δ. All
the other parameters are same as in Figure 1.11(a).

εout + εpe
−iδt = 2κ〈a+1〉e−iδt = εtεpe

−iδt. (1.85)

The quadratures of the field εt = vp + iṽp, show the absorptive and dispersive
behaviour as a function of the probe detuning as potrayed in Figure 1.12. The black
solid curve shows the absorption is suppressed within a narrow frequency range near
the two photon resonance condition (δ = ωm) and the system’s dispersive response
is anomalous. Hence, the intense coupling field modulates the dispersive response
of a system, which subsequently alters the group velocity of an optical pulse within
the transparent medium. A light pulse is made up of a superposition of waves with
different frequencies. In a vacuum, all frequency components travel at a constant
speed of c = 3 × 108 m/s. Consequently, the superposition of these components
also moves at this same speed, c. However, in a dispersive medium, each frequency
travels at a different speed, which leads to a different envelope velocity for the optical
pulse, commonly known as the “group velocity” of the optical signal. In this thesis,
we will discuss further the “group delay” and “time delay” of a weak probe pulse in
the subsequent chapters.
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1.11 Cavity magnomechanics

Similar to phonons, which are quanta of vibrational energy, magnons are quanta of
elementary magnetic excitations or spin waves in a magnetic material. In contrast to
cavity optomechanics, where the single photon radiation pressure coupling is of the
order of Hertz (g0/κ ≈ 2×10−5), the high spin density in ferrimagnetic insulators al-
lows for single photon-magnon coupling at gigahertz frequencies (gma/κ > 1) [40,82].
To understand the dynamics of such system, we consider the interaction between the

a

B
0

x
y

z

Figure 1.13: Schematic of yttrium iron garnet (YIG) sphere interacting with a cavity
mode a. The bias magnetic field along z-direction activates the magnon mode of
the YIG sphere.

macroscopic ferrimagnetic yttrium iron garnet sphere and the external microwave
field along the x-axis. The interaction Hamiltonian can be written as

H1 =− µxBx,

=−MxV Bvac(a+ a†), (1.86)

where Bvac is the microwave field amplitude of the cavity mode at a single photon
level, and µx,Mx are the magnetic moment and the magnetization of the YIG sphere
along the x-axis, respectively. The magnetization of the YIG sphere (Mx) can
be represented in terms of the magnetization with a large spin Sx by the relation
Mx = γeSx/V , where V is the volume of the YIG sphere and γe is the gyromagnetic
ratio of the electron spin (γe = e/mec). Moreover, in the high spin density limit,
the Holstein-Primakoff transformation reads

S+ =Sx + iSy =
√

2S m,

S− =Sx − iSy =
√

2S m†, (1.87)

where S is the total spin of the magnetized YIG sphere. The m and m† operators
satisfy the Bosonic commutation relation ([m,m†] = 1). Further substituting Eq.
(1.87) into Eq. (1.86), we obtain

H1 =− γeBvac

√
S

2
(m+m†)(a+ a†). (1.88)
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When both the cavity field and the magnon mode have close resonance frequency,
under the rotating wave approximation, the interaction energy reads

H1 ≈ −γeBvac

√
S

2
(m†a+ma†). (1.89)

and gma = −γeBvac

√
S/2 represents the magnon-photon coupling strength.

Now, we discuss another interaction that arises due to the deformation of the mag-
netic material. In the presence of an external magnetic field the magnetostrictive
energy density can be quantified as

Eme =
B1

M2
s

(
M2

xεxx +M2
y εyy +M2

z εzz
)

+
B2

M2
s

(MxMyεxy +MxMzεxz +MyMzεyz) ,

(1.90)

where B1 and B2 are the magnetoelastic coupling coefficients, Mx,y,z are the magneti-
zation components along x, y, z-directions. The energy strain tensor of the magnetic
material

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (1.91)

where u is the displacement. The Holstein-Primakoff transformation reads

Mx =

√
~γMs

2V
(m+m†), (1.92a)

My =i

√
~γMs

2V
(m−m†), (1.92b)

Mz =
(
M2

s −M2
x −M2

y

)1/2 ≈Ms −
~γ
V
m†m. (1.92c)

By substituting Eq. (1.92a)-(1.92c) in the first part of Eq. (1.90) and integrating
it, we obtain the total magnetostrictive energy as

E1 =
B1~γ
MsV

m†m

∫
dl3(εxx + εyy − 2εzz) +

B1~γ
2MsV

(m2 +m†
2
)

∫
dl3(εxx − εyy)

+
B1~2γ2

M2
s V

2
m†mm†m

∫
dl3εzz. (1.93)

The displacement due to magnetostrictive effect can be written as

~u(x, y, z) =
∑
n,m,k

d(n,m,k)~χ(n,m,k)(x, y, z). (1.94)

By using the displacement amplitude d(n,m,k) = d
(n,m,k)
zpm (bn,m,k + b†n,m,k) in the first

part of Eq. (1.93), the magnon-phonon interaction term brings out as

E1 ≈
∑
n,m,k

~g(n,m,k)m†m(bn,m,k + b†n,m,k). (1.95)
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1.12 Outline of the Thesis

We present the outline of the thesis. The thesis comprises five chapters, including
the introduction and the future plans. Here, we briefly describe the problems that
have been investigated in the thesis and have been presented later on in Chapter 2,
Chapter 3, and Chapter 4.

Chapter 2: In this chapter, we will describe the control field phase-dependent
response of the output probe field transmission from a red detuned ring cavity res-
onator. We employ an additional weak mechanical drive to one of the movable
mirrors. The system brings out a double transparency peak. The combined effect of
the mechanical pump amplitude and the phase of the drive field provides complete
control of the intensity and time delay of the output field through one transmission
window.

Chapter 3: This chapter discusses our second problem based on the output
probe pulse amplification assisted by the superluminal propagation in a cavity mag-
nomechanical system that consists of two evanescently coupled microwave cavities.
The lossy cavity interacts with ferrimagnetic yttrium iron garnet, which also shows
shape deformation when applied to a biased magnetic field. Our system depicts high
absorption under passive configuration. However, replacing the auxiliary passive
cavity with an active one produces an effective gain, and an anomalous dispersion
occurs under the magnomechanical resonance condition. Consequently, we observe
superluminal probe pulse propagation with a 67-fold amplification.

Chapter 4: This chapter introduces a hybrid optomechanical system with an
annularly trapped Bose-Einstein condensate inside an optical cavity. The cavity is
driven by Lauguerre-Gaussian modes and is made of two spiral phase elements as
the end mirrors of the cavity. The rear mirror oscillates torsionally about the cavity
axis through a clamped support, making it a rotational analog of standard optome-
chanics. In this hybrid system, we utilize atomic rotation to correlate the optical
amplitude and phase quadratures that provide ponderomotive squeezing i.e., the
quantum fluctuations at the mirror’s frequency reduces below the shot noise level.
We also explore bipartite and tripartite entanglement between the cavity, atomic
matter waves, and the macroscopic rotating mirror with experimentally realizable
parameters. By tuning the drive field’s topological charge and the rotation of the
condensate atoms, we reduce the frequency difference between the atomic matter
waves and the mirror. Our study predicts a diminishing entanglement between the
cavity and the mirror mode when the atomic matter waves degenerate with the
mirror.

Chapter 5: In this chapter, we summarise all the results discussed before and
concludes them. Finally, we propose some potential avenues to extend our work and
offer insights into future prospects.
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Chapter 2

Phase-dependent controllable field
generation in a ring cavity
resonator

2.1 Introduction

The radiation pressure interaction between optics and mechanics opens up promis-
ing perspectives in quantum optics and quantum information science. Over the
past decade, extensive research has been conducted to explore various aspects of
the radiation pressure interaction, including gravitational-wave detection [83], en-
tanglement between two distant mechanical oscillators [84, 85], photon and phonon
blockade [86–88]. The conventional optomechanical system has been extended to
whispering-gallery-mode resonators [89], optomechanical crystals [90,91], electrome-
chanical circuits [92]. The radiation pressure force mimics numerous physical phe-
nomena associated with the semi-classical behavior of the light-matter interaction.
For instance, an optomechanical system shows a mechanical analog of electromag-
netically induced transparency (EIT) [93–96]. In EIT, an absorbent atomic medium
becomes transparent in the presence of a strong control field. EIT has promising ap-
plications such as slow light [97] and light storage [98]. Its mechanical counterpart,
known as optomechanically induced transparency (OMIT), has been theoretically
predicted [24,99–101] and experimentally observed in both optical cavities [102–104]
and microwave cavities [105]. In all these systems, the radiation pressure-induced
displacement of the movable mirror plays a crucial role in obtaining a transparency
window. However, in quadratically coupled optomechanical systems (OMS), the
movable mirror’s mean displacement becomes zero. In such a scenario, the fluctu-
ations in the displacement of the movable mirror due to the interaction with the
environment produce a narrow spectral window for probe transmission [106–109].
Recent investigations have explored controllable optical output field transmission,
as well as absorption in the presence of weak periodic mechanical force [110–116]
that produces mechanical coherences. It has been demonstrated that the behavior
of the weak mechanical drive’s amplitude and phase can be harnessed to achieve a
controllable transmission and delay of the optical signal [110–116].

In all the previous studies, the effective optomechanical coupling is considered
to be phase-independent by adding a phase to the input field. In this chapter,
we present a phase-dependent controllable group delay and the transmission of the
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output field in an optomechanical system. To achieve this, we use a phase-dependent
strong control field and weak mechanical pump in a double OMIT configuration. For
this purpose, a red detuned ring cavity is taken into account. We apply an external
mechanical drive of phase φm to one of the movable mirrors. We find that the
interference between the radiation pressure induced cavity fields and the mechanical
pump induced sidebands leads to the enhancement of the output fields transmission
while the mechanical drive is in phase with the applied probe field. However, a
complete control on the output field transmission can be achieved by using the
combined effect of the amplitude and the phase properties of the mechanical pump
and the control field, respectively. Hence the control field phase φc invokes an
extra tunability on output field transmission. We also exhibit how the probe pulse
propagation delay can be changed from slow to fast light by tailoring the phase of
the control field. Further, we examine the effect of control phase on Stokes field
generation via the four-wave mixing process.

The chapter is organized as follows. In Section. 2.2, the theoretical model for a
ring cavity optomechanical system is described. This Section. 2.2 also contains the
Heisenberg equation of motion to govern the temporal evolutions of the expectation
values of each operator. Section 2.3 discusses the control field phase dependency
on the output probe field transmission. Further, the group velocity of the optical
probe pulse has been studied analytically and verified numerically in Section 2.3.1.
Section 2.4 addresses control field phase-dependent four-wave mixing (FWM) field
generation. Section 2.5 contains the conclusion of this work.

2.2 Theoretical model

In the previous literature, the optical output field transmission has been studied
thoroughly in a red detuned ring cavity optomechanical system [117] which consists
of three mirrors as shown in Figure 2.1. Out of three mirrors, two are movable and
perfectly reflecting mirrors, while the last one is fixed and partially transmitting.
This cavity is strongly driven by a control field εc with frequency ωc and phase φc
together with a weak probe field εp with frequency ωp and phase φp. In order to
manipulate the transmission and group velocity of the probe pulse, a weak mechan-
ical drive of amplitude εm with frequency ωm and phase φm is applied to one of
the movable mirrors [110]. The coupling between the cavity field and the movable
mirrors can be achieved through radiation pressure exerted by the photons in the
cavity [118, 119]. In our scheme, we treat the oscillation of the movable mirrors as
quantum harmonic oscillators with resonance frequencies ωi, effective mass mi, and
mechanical damping γi(i = 1, 2). The damping of the mechanical oscillators arise
from the interactions with the environment. We also assume that the mechanical
frequencies ωi are much larger than the cavity decay rate κ in order to produce well
resolved sideband regime in OMIT [24,102].
The total Hamiltonian of the model system can be expressed as

H = }ω0c
†c+

}ω1

2

(
Q2

1 + P 2
1

)
+

}ω2

2

(
Q2

2 + P 2
2

)
+ } (g1Q1 − g2Q2) c†c cos

θ

2
+ i}εc

(
c†e−iωct−iφc − h.c

)
+ i}

(
c†εpe

−iωpt−iφp − h.c
)
− 2Q1εm} cos(ωmt+ φm), (2.1)
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Figure 2.1: Schematic diagram of a ring cavity resonator. A strong coupling field of
frequency ωc and a weak probe field of frequency ωp are applied along with a weak
mechanical drive of frequency ωm. The two movable mirrors have different resonant
frequencies ω1 and ω2.

where the first term corresponds to the free Hamiltonian of the single-mode cav-
ity with frequency ω0. The annihilation (creation) operator of the cavity field is
denoted by c(c†). The second and third term describes the total energy of two
nanomechanical oscillators. The fourth term illustrates the radiation pressure inter-
action between two movable mirrors and the cavity field. We introduced a relative
minus sign between two radiation pressure terms which is consistent with the con-
stant total cavity length, and the length between two mechanical mirrors are fixed
during the oscillation. The fifth and sixth terms come from the interaction between
the cavity field and two input fields. The last term accounts for the external me-
chanical drive that is applied to one of the movable mirrors. In an electromechanical
circuit, the time-dependent voltage source produces a current on the capacitor sur-
face. The Coulomb interaction between these two conducting surface produces the
periodic mechanical driving force [120]. The dimensionless position and momentum
quadratures of jth nano-mechanical oscillator are defined as Qj = qj

√
mjωj/} and

Pj = pj
√

1/mjωj} with commutation relation, [Qj, Pk] = iδjk(j, k ∈ 1, 2). The am-
plitude of the control, probe, and the mechanical drive inside the ring cavity is given
by εi =

√
2κPi/}ωi, (i = c, p,m) with Pi, being the respective power of fields and κ

the cavity decay rate. The Hamiltonian of the system in a rotating frame with re-
spect to the coupling field frequency ωc is defined by Hrot = RHR†+ i} (∂R/∂t)R†,
where R = eiωcc

†ct. By using Baker-Campbell-Hausdorff formula

eαABe−αA = B + α[A,B] +
α2

2!
[A, [A,B]] + ...,

Hrot can be cast into the following form

Hrot = }∆cc
†c+

}ω1

2

(
Q2

1 + P 2
1

)
+

}ω2

2

(
Q2

2 + P 2
2

)
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+ } (g1Q1 − g2Q2) c†c cos
θ

2
+ i}εc

(
c†e−iφc − h.c

)
+ i}

(
c†εpe

−iδt−iφp − h.c
)
− 2Q1εm} cos(ωmt+ φm). (2.2)

The detuning ∆c = ω0 − ωc and δ = ωp − ωc. In this study, we treat the control
and probe field as classical fields. We use the mean response of the system for
investigating the transmitted output. The mean response of the system can be
obtained by using the Heisenberg - Langevin equation as 〈Ȯ〉 = i〈[H,O]〉/~ + 〈N〉,
under the rotating frame with frequency ωc. The N stands for quantum fluctuation.
Here we assume white noise as a quantum fluctuation [24,121]. By using Heisenberg
- Langevin equation, we obtain a set of coupled differential equations as

〈ċ〉 = −
[
κ+ i

(
∆c + (g1〈Q1〉 − g2〈Q2〉) cos

θ

2

)]
〈c〉+ εce

−iφc + εpe
−iφpe−iδt,

(2.3a)

〈Q̈1〉 = −γ1〈Q̇1〉 − ω2
1〈Q1〉 − ω1g1〈c†〉〈c〉 cos

θ

2
− 2εmω1 cos(ωmt+ φm), (2.3b)

〈Q̈2〉 = −γ2〈Q̇2〉 − ω2
2〈Q2〉+ ω2g2〈c†〉〈c〉 cos

θ

2
. (2.3c)

The radiation pressure force as well as the periodic mechanical force produce two sets
of optical output fields at frequency ωc±mδ, and frequency ωc± nωm, respectively.
Further, the resonant condition ωm = δ = ω1 allows these two components of the
output field to exhibit interference phenomena depending on the relative phase φ =
φp − φm between the probe field and mechanical drive. In the strong driving field
region, the mean values of any operator O(t) can be expressed as a sum of its steady-
state value Os and a small fluctuating time-dependent term Õ(t). The steady-state
values of each operator are

Q1s = −G1

ω1

c∗s, Q2s =
G2

ω2

c∗s, cs =
εce
−iφc

κ+ i∆′
, (2.4)

where Gi = gics cos θ/2 for i = 1, 2 are the effective optomechanical coupling rates
and ∆′ = ∆c + (g1Q1s − g2Q2s) cos θ/2 is the effective detuning. Time dependent
part of Eq. (2.3a)-(2.3c) reads

˙̃c+ (κ+ i∆′) c̃ = −iG1Q̃1 + iG2Q̃2 + εpe
−iδte−iφp , (2.5a)

¨̃Q1 + γ1
˙̃Q1 + ω2

1Q̃1 = −ω1G1c̃
∗ − ω1G

∗
1c̃− 2εmω1 cos(ωmt+ φm), (2.5b)

¨̃Q2 + γ2
˙̃Q2 + ω2

2Q̃2 = ω2G2c̃
∗ + ω2G

∗
2c̃. (2.5c)

We assume that the control field is much stronger than the probe field and mechan-
ical drive. In this strong control field regime, we have adopted the following ansatz
to solve the Eq. (2.5a)-(2.5c)

c̃ = cp+e
−iδt + cp−e

iδt + cm+e
−iωmt + cm−e

iωmt, (2.6a)

Q̃1 = Q1pe
−iδt +Q∗1pe

iδt +Q1me
−iωmt +Q∗1me

iωmt, (2.6b)

Q̃2 = Q2pe
−iδt +Q∗2pe

iδt +Q2me
−iωmt +Q∗2me

iωmt. (2.6c)

We obtain

cp+(δ) =
A(δ)

B(δ)
, cp−(δ) =

F (δ)

H(δ)
(2.7)
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cm+(ωm) =
D(ωm)

E(ωm)
, cm−(ωm) =

I(ωm)

J(ωm)
. (2.8)

where
A(δ) = εpe

−iφp [−(i(|G1|2ω1m
−1
2 χ−1

2 (δ) + |G2|2ω2m
−1
1 χ−1

1 (δ)

− (m1m2χ1(δ)χ2(δ))−1(δ + ∆′ + iκ)))],

B(δ) = (((δ + iκ)2 −∆′2)(m1m2χ1(δ)χ2(δ))−1

+ ω1ω2(G2G
∗
1 −G1G

∗
2)2 + 2∆′(|G2|2ω2m

−1
1 χ−1

1 (δ)

+ |G1|2ω1m
−1
2 χ−1

2 (δ))),

D(ωm) = ω1εme
−iφm [−G1m

−1
2 χ−1

2 (δ)(∆′ + iκ+ ωm)

+G2ω2(G1G
∗
2 −G2G

∗
1)],

E(ωm) = −(∆′
2

+ (κ− iωm)2)(m1m2χ1(ωm)χ2(ωm))−1

+ ω1ω2(G1G
∗
2 −G2G

∗
1)2 + 2∆′ω1|G1|2(m2χ2(ωm))−1

+ 2∆′ω2|G2|2(m1χ1(ωm))−1,

F (δ) = εpe
iφp [δ(G2

1γ2ω1 +G2
2γ1ω2) + i(G2

2ω2(δ2 − ω2
1)

+G2
1ω1(δ2 − ω2

2))],

H(δ) = −(δ2 − (∆′ − iκ)2)(m1m2χ
∗
1(δ)χ∗2(δ))−1

+ ω1ω2(G2G
∗
1 −G1G

∗
2)2 + 2δω2|G2|2(m1χ

∗
1(δ))−1

+ 2δω1|G1|2(m2χ
∗
2(δ))−1,

I(ωm) = −εmω1e
iφm(G2

2G
∗
1ω2 −G1(|G2|2ω2 + (ωm −∆′ − iκ)

(m2χ
∗
2(ωm))−1)),

J(ωm) = −(∆′
2

+ (κ+ iωm)2)(m1m2χ
∗
1(ωm)χ∗2(ωm))−1

− ω1ω2(G2G
∗
1 +G1G

∗
2)2 + 2ω2∆′|G2|2(m1χ

∗
1(ωm))−1

+ 2ω1∆′|G1|2(m2χ
∗
2(ωm))−1.

Here cp+ and cp− are the output fields having frequencies the same as incident probe
field and the generated FWM field, respectively. The mechanical pump induces
two sidebands whose amplitude are given by cm+ and cm−. We introduce χi(ω) =
[mi(ω

2
i −ω2− iγiω)]−1 as the mechanical susceptibility of ith oscillator. It is evident

from Eq. (2.7) and Eq. (2.8) that the structures of complex poles are greatly
influenced by the mechanical susceptibilities (χi(ω)). Therefore, the position and
the width of ci(i = p±,m±) can be controlled by the mechanical susceptibilities of
the two movable mirrors. Moreover, the output field from the cavity can be obtained
by the cavity input-output relation,

εout = 2κ〈c〉 − εc − εpe−iδt−iφp . (2.9)

By substituting Eq. (2.6a)-(2.6c) into Eq. (2.9), we obtain the normalized ampli-
tude of the output probe field as

tp =
2κcp+ − εpe−iφp

εpe−iφp
. (2.10)

Consequently, the transmitted amplitude of output FWM field at frequency 2ωc−ωp
can be obtained as

tf =
2κcp−
εpeiφp

. (2.11)
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In addition, the mechanical drive can generate the upper sideband ωc+ωm and lower
sideband ωc − ωm that takes following normalized forms

tu =
2κcm+

εme−iφm
, and tl =

2κcm−
εmeiφm

. (2.12)

Since we have considered ωm = ω1 = δ, therefore generated frequency of upper
and lower sideband is same as probe frequency ωp and FWM frequency 2ωc − ωp,
respectively. Then the output field amplitude oscillating at the probe frequency tpu
and the FWM frequency tfl can be obtained from Eq. (2.10)-(2.12) as

tpu = tp + ηtue
iφ (2.13)

and
tfl = tf + ηtle

−iφ, (2.14)

where η = εm/εp and φ = φp−φm and their intensities are given by |tpu|2 and |tfl|2,
respectively. In order to study the transmitted fields from a ring cavity resonator,
we use parameters similar to the previous studies [117, 122]. The strong control
field of wavelength λ = 775 nm couples to two movable mirrors having resonance
frequencies ω1 = 2π×56.98 MHz and ω2 = 2π×46.62 MHz. Further, we consider the
mass of these two mirrors to be the same as m1 = m2 = 20 ng, the single-photon
optomechanical coupling strengths are g1 = 2π × 12 GHz nm−1 ×

√
~/m1ω1 and

g2 = 2π × 12 GHz nm−1 ×
√

~/m2ω2, the cavity decay rate κ = 2π × 15 MHz, the
mechanical damping rates are γ1 = γ2 = 2π × 4.1 KHz, and the angle between two
successive arms of the ring cavity is θ = π/3.

2.3 Numerical results of the controllable output

probe field generation

First, we study the analogy between EIT in an atomic system and its mechanical
counterpart. The mechanical system under consideration corresponds to the level
diagram of Figure 2.2, which constitutes an excited level |2〉, ground state |1〉 and
two metastable states |3〉 and |4〉. In an atomic system, the radiative decay rate
γ21 of the excited state |2〉 is much higher than the non-radiative decay rate γ31

and γ41 of metastable states |3〉 and |4〉. This is one of the criteria for formation
of transparency window. In optomechanics, the cavity decay rate κ and mechanical
damping rate γi(i ∈ 1, 2) play the same role as γ21 and γi1(i ∈ 3, 4) in an atomic
system.

We now explore the weak mechanical pump induced upper mechanical sideband
transmission at frequency ωm + ωc given by Eq. (2.12). In Figure 2.3, we plot the
upper mechanical sideband intensity |tu|2 as a function of normalized mechanical
drive detuning, (ωm−ω1)/κ. The black solid curve in Figure 2.3(a) demonstrate the
maximum peak of the transmission intensity at relatively low control powers. The
sharp nature of the spectrum appears because, the coupling of the mechanical drive
between |1〉 and |3〉 is dominant compared to the control field coupling between |2〉
and |3〉. Further increase in the control power results in a gradual decrease in the
upper mechanical sideband intensity together with power broadening as exhibited by
the red dashed line as well as blue dashed-dotted line in Figure 2.3(a). The normal
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mode splitting can be manifested in the upper mechanical sideband by increasing
the control power as depicted in Figure 2.3(b). The strong control field gives rise
to an increase in the pumping rate between |2〉 and |3〉. Consequently, the optical
pumping rate becomes more significant than the cavity decay rate κ. Therefore, the
population spends a greater fraction of time in the excited state |2〉 that results in
power broadening in the upper mechanical sideband as indicated by the black solid
line in Figure 2.3(b). Further increasing the control power leads to the normal mode
splitting as delineated by the red dashed line and blue dashed-dotted line in Figure
2.3(b). It is clear from these two curves that the position of one normal mode is
almost unaffected, whereas the distance between the other two normal modes keeps
on increasing with larger control power [117]. As a result, the mechanical drive with
frequency ωm fails to couple resonantly with the mechanics ω1, and an asymmetric
power spectrum arises as shown in Figure 2.3(b). Moreover, the graphical nature is
determined by the roots of E(ωm) [24,117], which are in general complex. The real
parts of the roots determine the spectral line peak positions and imaginary parts are
associated with their widths. The pole structures can be found out by considering
the control power to be 35 mW with all other parameters remaining the same as
mentioned earlier. The real parts of the roots of E(ωm) provide the intensity maxi-
mum when normalized mechanical drive detuning, (ωm−ω1)/κ values −2.07,−0.32
and 0.71 are in well agreement with Figure 2.3(b).
Next, we explore the role of the control field phase on the probe transmission by
studying Eq. (2.13). Expanding Eq. (2.13), leads to |tpu|2 = |tp|2 + |ηtu|2 +
ηtpt

∗
ue
i(φm−φp) + ηt∗ptue

−i(φm−φp) which corresponds to the phase-dependent trans-
mission of the output probe field. The cross-terms give rise to the interference
effect between the cavity-generated probe field and the upper mechanical sideband.
Moreover, the interference terms can be adjusted by tuning the control field phase
φc while the other two field phases are taken to be equal i.e., φm=φp. The phase-
sensitive behavior of the control field φc on the probe transmission is displayed in
Figure 2.4. The solid black curve of Figure 2.4 depicts two transparency windows

εp, ωp, φp

εc, ωc, φc

|N,n1, n2〉 |1〉

|N,n1 + 1, n2〉

|4〉
εm, ωm, φm

|N,n1, n2 + 1〉
|3〉

|2〉|N + 1, n1, n2〉

Figure 2.2: The level diagram of the ring cavity optomechanical system. |N〉, |n1〉
and |n2〉 are the number states of the cavity mode, phonon modes of the first and
second nanomechanical oscillators, respectively. The application of a strong control
field to the red-detuned cavity allows the transition |N +1, n1, n2〉 ↔ |N, n1 +1, n2〉.
Whereas the presence of a weak probe field increases the cavity photon number by
unity. An external weak mechanical force directly couples |N, n1, n2〉 ↔ |N, n1 +
1, n2〉.
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for the output probe field which are created in the absence of mechanical drive.
These two transparency windows are located around δ ≈ ω1 and ω2 with slightly
unequal amplitudes. The unequal amplitudes emerge due to the difference in radia-
tion pressure force experienced by the two nearly degenerate oscillators. Figure 2.4
also confirms that the enhancement as well as suppression of the probe transmission
around the upper transparency window can be obtained as the resonance frequency
of the external periodic drive (ωm) matches with the beat frequency between the
control and the probe field (δ). Note that the mechanical pump is in-phase with
the input probe field. The values of control phase φc for the red dashed and blue
dot-dashed curves of Figure 2.4, are 0 and π/2, respectively.
We next focus on the probe transmission at the upper transparency window placed at
δ = ω1. In Figure 2.5, we have plotted probe transmission as a function of normalized
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Figure 2.3: Normalised transmission at the upper mechanical sideband is plotted
against normalized mechanical drive detuning for different control powers. The other
parameters are ω1 = 2π × 56.98 MHz, ω2 = 2π × 46.62 MHz, γ1 = γ2 = 2π × 4.1
KHz, κ = 2π × 15 MHz and the effective cavity detuning is ∆′ = 2π × 51.8 MHz.
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Figure 2.4: The control field phase-dependent normalized transmission of the output
probe field is plotted as a function of normalized detuning between the control and
the probe field when the mechanical drive is in-phase with the input probe field. All
other parameters are the same as before.

mechanical drive amplitude η for different values of φc. The constructive interference
between the cavity-generated probe field and the mechanical pump-induced upper
sideband, substantially enhances the output probe intensity for φc = 0, π, and 3π/2.
Nonetheless, the destructive interference between these two components forces the
probe transmission to diminish, as seen from the red dashed curve at η = 0.18.
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Figure 2.5: The normalized optical probe field transmission through the upper trans-
parency window is plotted as a function of normalized mechanical drive amplitude
for different values of the control field phase. Here we consider the control field
power to be 2 mW.
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2.3.1 Group delay

Superposition of monochromatic waves centred around a carrier frequency (ωs) can
give rise to a light pulse with finite width. The envelope of the light pulse moves
with a group velocity inside a dispersive medium. The existence of a transparency
window is mandatory for pulse propagation through the otherwise opaque medium.
To construct analytical expression for the group delay, we consider the envelope of
the optical probe pulse as

f(t0) =

∫ ∞
−∞

f̃(ω)e−iωt0dω,

where f̃(ω) corresponds to the envelope function in the frequency domain. Accord-
ingly, the reflected output probe pulse can be expressed as

fR(t0) =

∫ ∞
−∞

tpu(ω)f̃(ω)e−iωt0dω,

=e−iωst0
∫ ∞
−∞

tpu(ωs + δ)f̃(ωs + δ)e−iδt0dδ. (2.15)

Now we can expand tpu(ωs + δ) in the vicinity of ωs by Taylor series expansion and
keeping the terms upto first order in δ

tpu(ωs + δ) ≈ tpu(ωs) + δ
dtpu
dω

∣∣∣∣
ωs

. (2.16)

On substituting Eq. (2.16) into Eq. (2.15), we find

fR(t0) = e−iωst0
∫ ∞
−∞

tpu(ωs)e
−iδ

(
t0+ i

tpu(ωs)

dtpu
dω
|ωs

)
f̃(ωs + δ)dδ,

= e−iωst0
∫ ∞
−∞

tpu(ωs)e
−iδ(t0−τg)f̃(ωs + δ)dδ

= tpu(ωs)e
−iωsτgf(t0 − τg), (2.17)

where time delay is defined as [102]

τg = Re

[ −i
tpu(ωs)

(
dtpu
dω

) ∣∣∣∣
ωs

]
.

(2.18)

We examine the effect of a weak mechanical pump on the probe pulse propagation
delay as depicted in Figure 2.6. Here, we focus on the upper transparency window
centered at δ ≈ ω1 and the control field intensity 2 mW and phase 3π/2, respec-
tively. Additionally, the input probe pulse is in phase with the external mechanical
drive. The black solid curve of Figure 2.6(a) corresponds to the probe pulse prop-
agation delay τg = 0.43 µs for η = 0.07. Further increase in the mechanical pump
amplitude causes a gradual decrease in the probe pulse propagation delay. Even
then, it displayed slow light phenomena as confirmed from the red dashed curve
in Figure 2.6(a). In Figure 2.6(b), we change the control phase to π/2 and keep
all other parameters the same as mentioned before. For a mechanical pump with
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Figure 2.6: Time delay of the probe pulse for different mechanical drive amplitudes
have been plotted against the normalized probe detuning δ/∆′ while the control
power is 2 mW. The mechanical drive is considered to be in-phase with the probe
field. All other parameters are taken as the same as Figure 2.3.

amplitude η = 0.07, we observe the delay of the output probe pulse as 0.71 µs. It
is also evident from the red dashed curve in Figure 2.6(b) that a relatively stronger
mechanical pump can switch the light propagation velocity from slow to fast in the
presence of control phase φc = π/2. The probe pulse advancement corresponding to
the red dashed curve is 0.09 µs for η = 0.25.
To verify the above result, we consider the carrier frequency of the Gaussian probe
pulse centered at the upper transparency window i.e., δ = ω1. The envelope of the
pulse can be written as

f̃(ω) =
εp√
πΓ2

e−
(ω−ωs)2

Γ2 ,

where Γ is the spectral width of the pulse. We keep in mind that the spectrum width
Γ must be well-contained in the transparency window for a distortionless probe pulse
propagation. Successively numerically integrating Eq. (2.15) bring out the temporal
profile of the output probe pulse. The pulse parameters such as gain or absorption
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and group velocity can be obtained by examining the nature of the transmission
coefficient tpu. For numerical integration, we have used the control power 2 mW
with phase π/2. The temporal intensity profile of the input probe pulse with Γ as
2π × 129.5 kHz is presented by the solid black curve of Figure 2.7. The utilisation
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Figure 2.7: The normalized probe pulse intensity with respect to its peak value
is plotted against the normalized time Γτ . The solid black curve represents the
input probe pulse propagating at speed c through the ring cavity. The red dashed
and the blue dot-dashed curves represent the output probe pulse in the presence
of mechanical pump with η = 0.07 and 0.25, respectively. Variation of the relative
intensity of the output probe pulse is shown in the inset.

of the weak mechanical driving field η = 0.07 is visible from the red dashed curve of
Figure 2.7 that exhibits the slow pulse propagation. The group delay 0.69 µs is mea-
sured from the peak separation between the input pulse and the output pulse. The
sensitive nature of the group delay on mechanical pump amplitude can be seen in
the blue dot-dashed curve of Figure 2.7. We estimate an advancement of the probe
pulse around 0.08 µs. The physics behind the formation of slow and fast probe
pulse turns out to be a reasonable suppression of amplitudes due to interference of
phases among the constituents waves. It can be understood from Eq. 2.13, which
can also be expressed as |tpu|2 = |tp|2 + |ηtu|2 +ηtpt

∗
ue
i(φm−φp) +ηt∗ptue

−i(φm−φp). Here
the cross-terms signify the destructive interference between cavity-generated probe
pulse and the mechanical pump-induced upper sideband. For normalized mechani-
cal drive amplitude η = 0.07 and 0.25, the dominating behavior appears through the
destructive interference over the upper mechanical sideband intensity. As a result,
a reasonable discretion in the probe pulse output has been observed. As depicted
in the red dashed and blue dash-dotted curve of the inset of Figure 2.7, the rela-
tive power of the output field with respect to input intensity are 0.32 and 0.56 for
η = 0.07 and 0.25, respectively. Interestingly, the temporal width of the probe pulse
is almost unaltered during the propagation through the ring cavity optomechanical
system. This numerical result is in very good agreement with our analytical results
for the probe pulse propagation delay as depicted in Figure 2.6(b). Finally the me-
chanical coupling intensity and control phase play key roles in changing the probe
pulse velocity from slow to fast light.

57TH-3494_176121008



2.4 Controllable Stokes field generation

In the context of optomechanics, the Stokes field generation through the nonlinear
four-wave mixing process has been investigated quite extensively in previous litera-
ture [109,123,124]. Further studies [110] illustrate that the phase difference between
the applied mechanical pump and the input probe field (e.g . φ = φm − φp) leads
to the controllable Stokes field generation (2ωc − ωp) while the resonance condition
(δ = ωm = ω1) is well satisfied. However, this section presents the control field phase
φc dependency of the Stokes field generation in a mechanically driven optomechan-
ical system.
To study the Stokes field generation in an optomechanical system, we consider Eq.
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Figure 2.8: The normalized lower sideband transmission is plotted against normal-
ized mechanical drive detuning for three different control powers Pc = 2, 5 and 10
mW. All other parameters are same as in Figure 2.3.

(2.14) which can be expressed as |tfl|2 = |tf |2+|ηtl|2+ηt∗l tfe
i(φm−φp)+ηt∗f tle

−i(φm−φp).
The first term corresponds to the radiation pressure induced Stokes field generation.
The second term represents the external mechanical pump induced lower mechan-
ical sideband generation. Whereas, the cross-terms emulate the effect of interfer-
ence between these two components. In Figure 2.8, the lower mechanical sideband
intensity (|tl|2) has been displayed as a function of normalized mechanical drive de-
tuning, (ωm− ω1)/κ. The black solid curve of Figure 2.8 demonstrates a significant
lower mechanical sideband generation as the mechanical coupling dominates over
the weak radiation pressure coupling. Further increase in the control power results
in a gradual decrease in the lower sideband intensity along with power broadening as
presented by the red dashed and blue dash-dotted lines of Figure 2.8. It is also evi-
dent from Figure 2.8 that the lower mechanical sideband intensity is independent of
the control field phase due to the absolute square of lower sideband amplitude. The
importance of the control field phase becomes distinct after the expansion of |tfl|2.
The control phase-induced interference effects that arise from cross terms can persist
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Figure 2.9: The normalized intensity of the generated Stokes field is plotted as
a function of normalized detuning between the control and the probe field. The
mechanical drive is in-phase with the input probe field. The control power is taken
as 2 mW. All other parameters are same as in Figure 2.3.

only around the upper transparency window, as the resonance frequency of the ex-
ternal mechanical pump (ωm) matches with the beat frequency between the control
and the probe field (δ). Hence, the control field phase φc can be used to manipulate
the interference terms that allow controlling the Stokes field generation around the
upper transparency window even for a fixed value of φ (e.g., φ = 0) as shown in
Figure 2.9. The black solid line of Figure 2.9 depicts the radiation pressure-induced
Stokes field generation in the absence of the mechanical pump. The enhancement
as well as suppression of the Stokes field generation around δ = ω1, can be achieved
by the application of a weak mechanical pump at different values of control phase
φc. The values of φc for the red-dashed and blue dot-dashed lines of Figure 2.9 are
0 and π/2, respectively.
We next concentrate on the Stokes field generation around the upper transparency
window (δ = ω1). In Figure 2.10, we have plotted |tfl|2 as a function of normalized
mechanical drive amplitude η for different control phases φc. The constructive inter-
ference between the cavity-generated Stokes field and the mechanical pump-induced
lower sideband enhances the output Stokes field intensity for the control phases 0, π,
and 3π/2. The destructive interference between these two components subdues the
output Stokes field generation for the normalized mechanical drive amplitude η ≈ 0.3
as seen from the red dashed curve of Figure 2.10. Hence, the phase-dependent con-
trol field is the main key behind the enhancement or complete suppression of Stokes
field generation in a ring cavity.

2.5 Conclusion

In conclusion, we have carried out theoretical investigations on control field phase as-
sisted tunable group delay of the probe transmission as well as efficient FWM field
generation in a ring cavity optomechanical system. The optomechanical system
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Figure 2.10: The normalized intensity of the generated Stokes field through the
upper transparency window is plotted as a function of normalized mechanical drive
amplitude for different values of the control phase. The external mechanical pump is
considered to be in-phase with the applied probe field (φm = φp). Here we consider
the control field power to be 2 mW.

consists of a red-detuned ring cavity that is an assembly of two nearly degenerate
movable mirrors. A double OMIT window is formed by the application of strong
control and weak probe fields provided the two-photon resonance condition is sat-
isfied. We apply an external mechanical drive to modulate the vibration of one of
the movable mirrors. We found that the strength of the output probe field around
the upper transparency window can be enhanced due to the interference between
the cavity-generated probe field and the mechanical drive-induced upper sideband
in the presence of a mechanical drive which is in phase with the applied probe field.
Moreover, the control field phase-sensitive behavior of the interference provides an
extra tunability to control the output probe power around the upper transmission
window. We demonstrate that a tunable group delay of the probe pulse in the course
of propagation through the upper transparency window can be achieved by using a
suitable amplitude of the mechanical pump and the phase of the control field while
the relative phase between the probe field and the mechanical drive is kept fixed.
To verify this claim, we also study the propagation of a Gaussian probe pulse that
is well-contained in the upper transparency window. The presence of the external
mechanical pump amplitude along with suitable control field phases can switch the
group delay of the probe pulse from slow to fast light. Further, the control field
phase can enhance and surpasses the Stokes field generation via FWM. Our work
may find potential application for storage and retrieval of the optical signals with
the aid of the mechanical oscillator which provides a much longer lifetime than the
atomic medium.
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Chapter 3

Gain assisted controllable fast
light generation in cavity
magnomechanics

3.1 Introduction

In the preceding chapter, we have explored the control field phase-dependent re-
sponse of the output field transmission from a red-detuned ring cavity optome-
chanical system. There, we have utilized the idea of OMIT. Further investigations
in this direction predicted better controllability of light transmission incorporating
PT -symmetry in a coupled two-mode optomechanical systems. PT -symmetry elu-
cidates the dynamics of a coupled system characterized by gain and loss. Here,
P stands for the parity operation that results in an interchange between the two
constituent modes of the system. The time reversal operator T takes i to −i. PT -
symmetry demands the Hamiltonian is commutative with the joint PT operators
i.e., [H,PT ] = 0. This system possesses a spectrum of entirely real and imaginary
eigenvalues that retain distinguishable characteristics [125]. The point separating
these two eigenvalues is the exceptional point (EP) [126] where the two eigenval-
ues coalesce, and the system degenerates. A natural testbed for PT -symmetric
Hamiltonian is optical and quantum optical systems [127–129] which already led to
the demonstration of some of the exotic phenomena, like nonreciprocal light prop-
agation [130], unidirectional invisibility [131, 132], optical sensing and light stop-
ping [133].

Recently, researchers have been putting tremendous effort into realizing a hybrid
system containing a cavity and a ferrimagnetic insulator with high spin density
and low damping rate, commonly known as cavity magnonics. In a bias mag-
netic field, the ferrimagnetic insulator supports quantized magnetization modes,
namely, the magnons [82,134]. With strongly coupled magnon-photon modes, cavity
magnonics is an excellent platform for studying many strong-coupling cavity QED
effects [44, 135, 136]. The shape deformation of the ferrimagnetic insulator induces
the coupling between the magnon and the phonon mode [134]. This combined setup
of magnon-photon-phonon modes, namely the cavity magnomechanics, has already
demonstrated magnomechanically induced transparency [134], magnon-induced dy-
namical backaction [137], magnon-photon-phonon entanglement [138,139], squeezed
state generation [140], magnomechanical storage and retreival of a quantum state
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[141]. Exploring the integration of non-Hermitian physics into magnon-assisted hy-
brid quantum systems is a fascinating endeavor. This approach aims to harness
the unique properties of non-Hermitian dynamics to enhance and manipulate the
functionality of these systems. The second-order exceptional point is detected in
a two-mode cavity-magnoic system, where the gain of the cavity mode is accom-
plished by using the idea of coherent perfect absorption [142]. Anti-PT symmetry
has been realized experimentally [143], where the adiabatic elimination of the cav-
ity field produces dissipative coupling between two magnon modes. Beyond the
unique spectral responses, these non-Hermitian systems can manipulate the output
microwave field transmission [144,145]. The underlying mechanism behind such an
application is magnetically induced transparency [134, 146]. Further studies in this
direction establish the importance of the weak magnon-phonon coupling to create
double transmission windows separated by an absorption peak. Further, manipu-
lating the absorption spectrum is also possible by varying the amplitude and phase
of the applied magnetic field [147].

This chapter investigates the effect of medium gain on controllable advancement
and transmission of the microwave field generation from a coupled cavity magnome-
chanical system. Optical coupling between a passive cavity resonator containing
ferrimagnetic yttrium iron garnet (YIG) sphere and a gain-assisted auxiliary cavity
can form a coupled cavity resonator. An external drive has been used to deform
the YIG sphere’s shape, resulting in the magnon-phonon interaction in the passive
cavity. We show how the gain of the auxiliary cavity helps to overcome absorptive
behaviour in our hybrid system. As a result, the output microwave field amplifies at
the resonance condition. Moreover, the weak magnon-phonon interaction exhibits
anomalous dispersion accompanied by a gain spectrum, demonstrating superluminal
light. We also examine how the slope of the dispersion curve can be controlled by
tuning the photon hopping interaction strength between the two cavities.

The chapter is organized as follows. In Section 3.2, a theorical model for the com-
pound cavity magnomechanical system with PT -symmetric resonator is described.
The Heisenserg equations of motion to govern the expectation values of operators
of the system are derived in this Section. In Section 3.3.1, we analyse the stability
criteria of the model system and examine the effect of the auxiliary cavity gain on
the absorptive and dispersive response of the system in Section 3.3.2. Section 3.3.3
discusses the output probe field transmission. Further, the group velocity of the
optical probe pulse has been studied analytically and verified numerically in Section
3.3.4. Finally, we draw our conclusions in Section 3.4.

3.2 Theoretical Model

The system under consideration is a hybrid cavity magnomechanical system that
consists of two coupled microwave cavity resonators. One of the resonators is pas-
sive and contains a YIG sphere inside it. We refer to this resonator as a cavity
magnomechanical (CMM) resonator. Applying a uniform bias magnetic field to the
YIG sphere excites the magnon mode. The magnon mode, in turn, couples with
the cavity field. Nonetheless, the external bias magnetic field results in shape defor-
mation of the YIG sphere, leading to the magnon-phonon interaction. The second
resonator (degenerate with the first one) is coupled to the first resonator via optical
tunnelling at a rate J . Two input fields drive the CMM resonator. The ampli-
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Figure 3.1: The schematic diagram of a hybrid cavity magnomechanical system.
The system consists of two coupled microwave cavities. One of them is passive,
and another one is active. The passive cavity contains a ferrimagnetic YIG sphere
inside it. The applied bias magnetic field produces the magnetostrictive interaction
between magnon and phonon. The coupling rates between the magnon-photon and
magnon-phonon are gma and gmb, respectively. Strong control field of frequency ωl
and a weak probe field of frequency ωp are applied to the passive cavity. The output
field is denoted as εout.

tude of the control, εl, and probe fields, εp, are given by εi =
√
Pi/}ωi, (i ∈ l, p)

with Pi and ωi being the power and frequency of the respective input fields. The
Hamiltonian of the combined system can be written as

H = }ωca†1a1 + }ωca†2a2 + }ωmm†m+ }ωbb†b+ }J(a†1a2 + a†2a1)

+ }gma(a†1m+ a1m
†) + }gmbm†m(b† + b) + i}

√
2ηaκ1εl(a

†
1e
−iωlt − a1e

iωlt)

+ i}
√

2ηaκ1εp(a
†
1e
−iωpt − a1e

iωpt), (3.1)

where the first four terms of the Hamiltonian describe the free energy associated
with each system’s constituents. The constituents of our model are characterized by
their respective resonance frequencies: ωc for the cavity mode, ωm for the magnon
mode, ωb for the phonon mode. The annihilation operators for the cavity, magnon
and phonon modes are represented by ai, (i = 1, 2), m and b, respectively. The
fifth term signifies the photon exchange interaction between the two cavities with
strength, J . The sixth term appear due to the dipole-dipole interaction, which rep-
resents a beam-splitter-like linear interaction, provided the resonance frequency of
magnon and photon modes are closely aligned [148]. It is important to note that
the magnomechanical interaction arises due to the magnetostrictive effect caused
by the external magnetic field. The seventh term of the Hamiltonian describes the
radiation pressure-like nonlinear interaction that emerges from the magnetostrictive
energy in the case of the phonon frequency, which is much lower than the magnon
frequency [134]. Finally, the last two terms signify the interaction between the cavity
field and two input fields. The cavity, magnon and phonon decay rates are charac-
terized by κ1, κm and κb, respectively. The coupling between the CMM resonator
and the output port is given by ηa = κc1/2κ1, where κc1 is the cavity external de-
cay rate. In particular, we will consider the CMM resonator to be working in the
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critical-coupling regime where ηa is 1/2. At this point, it is convenient to move to
a frame rotating at ωl. Following the transformation Hrot = RHR† + i} (∂R/∂t)R†

with R = eiωl(a
†
1a1+a†2a2+m†m)t, the Hamiltonian in Eq. (3.1) can be rewritten as

Hrot = ~∆a(a
†
1a1 + a†2a2) + ~∆mm

†m+ ~ωbb†b+ ~J(a†1a2 + a†2a1)

+ ~gma(a†1m+ a1m
†) + }gmbm†m(b† + b) + i~

√
2ηaκ1εl(a

†
1 − a1)

+ i~
√

2ηaκ1εp(a
†
1e
−iδt − h.c), (3.2)

where ∆a = ωc − ωl (∆m = ωm − ωl) and δ = ωp − ωl are, respectively, the cavity
(magnon) and probe detuning. The mean response of the system can be obtained
by the Heisenberg - Langevin equation as 〈Ȯ〉 = i/~〈[Hrot,O]〉 + 〈N〉. Further, we
consider the quantum fluctuations (N) as white noise. Then starting form Eq. (3.2),
the equations of motion of the system can be expressed as

〈ȧ1〉 = (−i∆a − κ1)〈a1〉 − igma〈m〉 − iJ〈a2〉+
√

2ηaκ1εl +
√

2ηaκ1εpe
−iδt, (3.3a)

〈ṁ〉 = (−i∆m − κm)〈m〉 − igma〈a1〉 − igmb〈m〉(〈b†〉+ 〈b〉), (3.3b)

〈ḃ〉 = (−iωb − κb)〈b〉 − igmb〈m†〉〈m〉, (3.3c)

〈ȧ2〉 = (−i∆a + κ2)〈a2〉 − iJ〈a1〉, (3.3d)

where κ1(κ2) denote the internal energy loss (gain) of the passive (auxiliary) cavity,
κm and κb denote the amplitude decay rate of the magnon mode and phonon mode,
respectively. Experimentally one can realize the gain by nullifying the output field
from the second cavity that leads to the addition of photons at a rate κ2 [142]. We
note that κ2 > 0 corresponds to a coupled passive-active CMM resonators system
and κ2 < 0 describes a passive-passive coupled CMM resonators system. Assuming
the control field amplitude εl to be larger than the probe field εp, each operator
expectation values 〈O(t)〉 can be decomposed into its steady-state values Os and a
small fluctuating term δO(t). The steady-state values of each operator are

a1s =
(−i∆a + κ2)(−igmams +

√
2ηaκ1εl)

(i∆a + κ1)(−i∆a + κ2)− J2
, (3.4a)

ms =
−igmaa1s

i∆′m + κm
, (3.4b)

bs =
−igmb|ms|2
iωb + κb

, (3.4c)

a2s =
iJa1s

(−i∆a + κ2)
. (3.4d)

While the fluctuating parts of Eq. (3.3a)-(3.3d) can be expressed as

δȧ1 = − (i∆a + κ1) δa1 − iJδa2 − igmaδm+
√

2ηaκ1εpe
−iδt, (3.5a)

δṁ = −(i∆′m + κm)δm− igmaδa1 − iGδb− iGδb†, (3.5b)

δḃ = − (iωb + κb) δb− iGδm† − iG∗δm, (3.5c)

δȧ2 = − (i∆a − κ2) δa2 − iJδa1, (3.5d)

where ∆′m = ∆m + gmb(bs + b∗s) is the effective magnon detuning and G = gmbms

is the enhanced magnon-phonon coupling strength. For simplicity, we express these
fluctuation equations as

d

dt
|ψ〉 = Heff |ψ〉+ F, (3.6)
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where the fluctuation vector |ψ〉 = (δa1, δa
†
1, δa2, δa

†
2, δb, δb

†, δm, δm†)T , and input
field F = (

√
2ηaκ1εpe

−iδt,
√

2ηaκ1εpe
iδt, 0, 0, 0, 0, 0, 0)T . Next, we adopt the following

ansatz to solve Eq. (3.5a)-(3.5d):

δa1(t) = A1+e
−iδt + A1−e

iδt, (3.7a)

δm(t) = M+e
−iδt +M−e

iδt, (3.7b)

δb(t) = B+e
−iδt +B−e

iδt, (3.7c)

δa2(t) = A2+e
−iδt + A2−e

iδt. (3.7d)

Here Ai+ and Ai− correspond to the ith cavity generated probe field amplitude and
the four-wave mixing field amplitude, respectively. By considering h1 = −i∆a +
iδ − κ1, h2 = −i∆a − iδ − κ1, h3 = −i∆a + iδ + κ2, h4 = −i∆a − iδ + κ2, h5 =
−iωb+ iδ−κb, h6 = −iωb− iδ−κb, h7 = −i∆′m+ iδ−κm, h8 = −i∆′m− iδ−κm, we
obtain A1+ which corresponds to the output probe field amplitude from the CMM
resonator as

A1+(δ) =
C(δ)

D(δ)
, (3.8)

where

C(δ) =−
√

2ηaκ1 εp h3(h5 h
∗
6 h7 Γ1 + |G|2(h5 − h∗6)(J2 h7 + h∗4 h

∗
2 h
∗
7 − Γ1)),

(3.9a)

D(δ) = h5 h
∗
6 Γ1(g2

ma h3 + h7 Γ2) + |G|2(h5 − h∗6)

(J2(g2
ma h3 + Γ2(h7 − h∗8))− h∗4(Γ2Γ3 − Γ4)). (3.9b)

To express the above equation, we have used

Γ1 =J2 h∗8 + h∗4 g
2
ma + h∗2 h

∗
4 h
∗
8, (3.10a)

Γ2 =h1 h3 + J2, (3.10b)

Γ3 =g2
ma − h∗2 (h7 − h∗8), (3.10c)

Γ4 =h∗2 h3 g
2
ma. (3.10d)

The output field from the CMM resonator is obtained by the cavity input-output
relation

εout =
√

2ηaκ1〈a1〉 − εl − εpe−iδt. (3.11)

By substituting Eq. (3.7a) into Eq. (3.11), we obtain the normalized output probe
field intensity from the CMM resonator as

T = |tp|2 =

∣∣∣∣√2ηaκ1A1+

εp
− 1

∣∣∣∣2 . (3.12)

In order to numerically simulate the transmitted output probe field spectrum, we
use the following experimentally realizable set of parameter values [134, 148]. The
degenerate microwave cavities of frequency ωc/2π = 7.86 GHz. The decay rate of
the first cavity is κ1/π = 3.35 MHz. The spin density ρ = 4.22 × 1027 m−3 and
the diameter of the YIG sphere D = 25 µm. It results in 3× 1016 number of spins
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(Nm) present in the YIG sphere. The phonon mode has frequency ωb/2π = 11.42
MHz with decay rate κb/π = 300 Hz, and the magnon-phonon coupling strength
gmb/2π is 1 Hz. The Kittel mode frequency of the YIG sphere is ωm = γeB0,i, with
gyromagnetic ratio, γe/2π = 28 GHz/T and B0,i is the input bias magnetic field
amplitude. The magnon decay rate is κm = 3.52 MHz. Magnon-photon coupling
strength gma = γeBvac

√
5Nm/2 can be controlled by changing the vacuum magnetic

field amplitude as Bvac =
√

2π~ωc/V , where V is the volume of the CMM resonator.

3.3 Results

3.3.1 Stability Analysis

Initially we consider the two coupled cavities which are operating under a balanced
gain-loss condition (κ1 = κ2). The Hamiltonian describing such coupled resonator
system (gma = gmb = 0) can be written as

Hcav = ~(∆a − iκ1)δa†1δa1 + ~(∆a + iκ1)δa†2δa2 + ~J(δa†1δa2 + δa†2δa1). (3.13)

The eigenvalues of Hcav are λ± = ∆a ±
√
J2 − κ2

1. Note that the above Hamilto-
nian remains invariant under the simultaneous parity P : a1 ↔ a2 and time-reversal
operation T : i→ −i operations, and, its eigenvalues are entirely real and complex
for J > κ1 and J < κ1. The point J = κ1, which marks this transition from PT
symmetric to the PT breaking phase, is known as the exceptional point (EP). One
must understand the competitive behaviour between the inter-cavity field coupling
and the loss/gain rates to get insight into this transition. For J > κ1 the intracav-
ity field amplitudes can be coherently exchanged and thus give rise to a coherent
oscillation between the field amplitudes. However, for J < κ1 the intracavity field
can not be transferred to the other one, resulting in a strong field localization or
in other words exponential growth. A quick look at Eq. (3.4a) also suggests such
gain-induced dynamic instability in a1 at J = κ1 for ∆a = 0.

The situation becomes more complicated in the presence of magnon-photon cou-
pling. Now, the combined system (gma, gmb 6= 0) ceases to become PT symmetric.
However, the effect of an additional gain cavity (κ2 > 0) can be understood by
analyzing the stability diagram of the whole system. In the following, we derive
the stability condition by invoking the Routh-Hurwitz criterion which requires all
the eigenvalues of Heff have negative real parts. The magenta region of Figure 3.2
suggests that when gma is small the instability threshold remains close to the J = κ1

(the conventional EP for a binary PT symmetric system). However, with increas-
ing gma the system reaches instability at a larger exchange interaction J . Such a
restriction over the choice of the photon exchange rate parameter J will be followed
throughout this work, provided the linearized approximation of each operator holds
good. To ensure the linear approximation, we numerically solve Eq. (3.5a)-(3.5d)
by invoking the Runge-kutta fourth-order method with all the initial fluctuation
values to be zero and focusing on the passive cavity field’s fluctuation value (δa1).
To study the effect of photon exchange interaction on the intensity of fluctuation,
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Figure 3.2: The stable and unstable regions are determined as a function of normal-
ized evanescent coupling strength (J/κ1) and the cavity-magnon coupling strength
(gma) when the loss of the CMM-resonator is perfectly balanced by the gain of
the auxiliary cavity (κ1 = κ2). We consider the control field intensity to be 10
mW. The other parameters are ωc = 2π × 7.86 GHz, ωb = 2π × 11.42 MHz,
∆a = ∆′m = ωb = 2π × 11.42 MHz, κ1 = κ2 = π × 3.35 MHz, κm = π × 1.12
MHz, κb = π × 300 Hz, and gmb = 2π Hz.

we define the following figure of merit as

fc =

(
δa†1δa1

a∗1sa1s

× 100

)
%. (3.14)

For J = 1.30 κ1, the intensity of fluctuation in the passive resonator is around
0.01% of its steady-state photon intensity, as shown by the black solid curve of Fig-
ure 3.3. Reducing the photon hopping interaction strength enhances the intensity of
fluctuation. Finally, at J = 1.07 κ1, we obtain fc as 0.22% as presented by the blue-
dot-dashed curve. Hence, our analysis validates the linearization technique when
both microwave cavities operate under balanced gain-loss condition.

3.3.2 Absorption and dispersion spectrum

The magnomechanical system under consideration corresponds to the level diagram
of Figure 3.4. Application of a probe field excites the passive cavity mode and al-
lows the transition between |1〉 and |2〉. The exchange interaction, J , couples two
degenerate excited states |2〉 and |5〉. The presence of the magnon-photon coupling
distributes the population between the two states |2〉 and |3〉. The magnon-phonon
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Figure 3.3: The ratio of the noise intensity (of the passive resonator) with respect to
the steady-state field intensity (of the passive resonator) is plotted as a function of
normalized time under the magnomechanical resonance condition (δ = ωb). We con-
sider the control and the probe field intensity to be 10 mW and 10 nW, respectively.
All the other parameters are the same as Figure 3.2.

coupling, gmb, couples both the metastable ground states |3〉 and |4〉. Here, we
consider both the microwave cavities to be passive (κ2 < 0) under a weak magnon-
photon coupling strength, gma. In this situation, the magnon-photon hybridization
is insignificant. The absorptive and dispersive response can be quantified by the
real and imaginary components of (tp + 1) that will be presented as α and β, re-
spectively. In Figure 3.5(a), we present the absorptive response of the system as a
function of normalized probe detuning. The black-solid curve depicts a broad ab-
sorption spectrum of the probe field when the exchange interaction is much weaker
than the cavity decay rate. One can explain it by considering the level diagram

εp, ωp

gma

gmb

J

|1〉

|2〉

|3〉

|4〉

|5〉

|n1, n2,m, b〉

|n1 + 1, n2,m, b〉 |n1, n2 + 1,m, b〉

|n1, n2,m + 1, b〉

|n1, n2,m, b + 1〉

Figure 3.4: Level diagram of the model system. |ni〉,|m〉 and |b〉 represents the
photon number state of ith cavity, magnon mode and phonon mode, respectively.
The presence of a weak probe field increases the photon number of CMM resonator
by unity. The magnon-photon interaction couples |n1 + 1, n2,m, b〉 and |n1, n2,m+
1, b〉. Whereas gmb couples |n1, n2,m + 1, b〉 and |n1, n2,m, b + 1〉. The hopping
interaction between the two cavities directly couples |n1 + 1, n2,m, b〉 ↔ |n1, n2 +
1,m, b〉.

of Figure 3.4, where the initial population stays in the ground state |1〉. Applying
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a probe field transfers the population from the ground state to the excited state,
|2〉. In addition, the weak magnon-photon coupling (with respect to κ1) restricts a
significant transition from |2〉 to |3〉. As a result, it allows the transfer of a frac-
tion of the excited state’s population by invoking the exchange interaction J . The
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Figure 3.5: (a) Absorption and (b) dispersion spectrum of the model system. The
slope of the dispersion curve is shown in the inset. Here we consider both the
microwave cavities are passive, with identical decay rates (κ1 = −κ2). The magnon-
photon couplong strength, gma is taken as 2 MHz. All the other parameters are the
same as in Figure 3.2.

increase in the exchange interaction strength causes a gradual decrease in |2〉’s pop-
ulation. It reduces the absorption coefficient around the resonance condition except
for δ = ωb. This phenomenon is shown by the red-dashed and the blue-dot-dashed
curve of Figure 3.5(a). We observe a narrow absorption peak inside the broad ab-
sorption peak for J = 0.4 κ1. The sharp absorption peak, exactly at δ = ωb, occurs
due to the magnomechanical resonance. Further increasing the exchange interaction
virtually cuts off the population distribution from |2〉 to |3〉. As a result, the effect
of magnon-phonon resonance also decreases, and the absorption peak at δ = ωb
eventually diminishes. In Figure 3.5(b), we present the dispersion spectrum as a
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function of normalized detuning δ/ωb. For the time being, we neglect the effect
of magnomechanical coupling and observe the occurrence of anomalous dispersion
around δ = ωb for J = 0.4 κ1. Further, increasing the exchange interaction strength
more significant than the cavity decay rate can alter the dispersive response from
anomalous to normal, as shown by the red-dashed and blue-dot-dashed curves. In
the inset of Figure 3.5(b), we plot the slope of the temporal dispersion dβ/dδ at
the extreme vicinity of the magnon-phonon resonance condition. The positive val-
ues of the slope of the temporal dispersion signify anomalous dispersion due to the
magnomechanical coupling. However, the steepness of the dispersion curve can be
reduced by increasing the exchange interaction strength, as shown by the red-dashed
and blue-dot-dashed curves. Note that this dispersion curve is accompanied by ab-
sorption. Output transmission of the probe field is prohibited in the presence of huge
absorption. Therefore, reducing absorption or introducing the gain to the system is
mandatory for observing the group velocity phenomena.
To achieve reasonable transmission at the output, we replace the auxiliary passive
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Figure 3.6: (a) Absorption and (b) dispersion spectrum of the model system. The
slope of the dispersion curve is shown in the inset. Here we consider the second
cavity as a gain cavity, with κ2 = κ1. All the other parameters are the same as in
Figure 3.2.

cavity with an active one where the second cavity’s gain (κ2 > 0) completely balances
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the first cavity’s loss. In this scenario, the stability criterion for the hybrid system
allows us to consider the exchange interaction strength J to be greater than 1.053 κ1

for gma = 2 MHz. We present the absorptive response of the model system in Figure
3.6(a). The black solid curve of Figure 3.6(a) illustrates the occurrence of a double
absorption peak spectrally separated by a broad gain regime. The graphical nature
is determined by the roots of D(δ), which are, in general, complex. The real parts of
the roots determine the spectral peak position, and the imaginary parts correspond
to their widths. To illustrate this, we consider J = 1.30 κ1 with all other parameters
remaining the same as earlier. The real parts of the root of D(δ) present two distinct
normal mode positions at δ/ωb values 0.88 and 1.12. The other two normal modes
are spectrally located at the same position δ/ωb = 1. The interference between
these two normal modes becomes significant while approaching the stability bound
as depicted by the red dashed and blue dot-dashed curve of Figure 3.6(a). In turn, it
reduces the overall gain of the composite system. Further, we investigate the effect
of a gain-assisted auxiliary cavity on the medium’s dispersive response in Figure
3.6(b). For J = 1.30 κ1, the two absorption peaks produce two distinct anomalous
dispersion regions separated by a broad normal dispersive window. Weakening the
exchange interaction strength reveals prominent normal dispersion around the res-
onance condition except for δ = ωb, and the window shrinks. In the inset of Figure
3.6(b), we present the slope of the dispersive response due to the magnomechan-
ical resonance. The black solid curve of Figure 3.6(b) suggests the occurrence of
anomalous dispersion at the magnon-phonon resonance condition. Moreover, one
can increase the steepness of the dispersion curve by simply approaching the insta-
bility threshold, as delineated by the red-dashed and blue-dotted-dashed curve of
the inset of Figure 3.6(b). In the consecutive section, we will discuss how the change
in the dispersion curve can produce controllable group velocity of the light pulses
through the medium and investigate the role of the exchange interaction.

3.3.3 Output probe transmission

The output probe intensity from the system depends on its absorptive response.
The equation of Eq. (3.12) dictates the transmission of the probe field and is pre-
sented in Figure 3.7. For Figure 3.7(a), we consider both the microwave cavities
as passive ones with identical decay rates, i.e., κ1 = −κ2. The black solid curve
shows a broad absorptive response for J = 0.40 κ1. Increasing the exchange in-
teraction strength causes gradual enhancement in the output probe transmission,
as delineated by the red-dashed and blue dot-dashed curve of Figure 3.7(a), and
the absorption window splits into two parts. The inset of Figure 3.7(a) suggests
the presence of extremely weak transmission dip exactly at δ = ωb for all the three
exchange interaction strengths under consideration. In Figure 3.7(b), we present
the advantage of using a gain-assisted auxiliary cavity along with a CMM resonator
to obtain a controllable amplification of the output probe field. We begin our dis-
cussion considering the photon hopping interaction, J = 1.30 κ1. The black solid
curve of Figure 3.7(b) estimates the normalized probe transmission of 6.03. Here the
normalization is done with respect to the input probe field intensity. By decreasing
the parameter J , we approach the unstable region and observe the occurrence of a
double transmission peak separated by a sharp and narrow transmission dip. The
amplitude of the double transmission peak demonstrates the probe pulse amplifi-
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Figure 3.7: Exchange interaction-dependent normalized output probe transmission
is plotted as a function of normalized detuning between the control and the probe
field when (a) both the cavities are passive ones, in the inset we present the same
quantity at the extreme vicinity of the magnomechanical resonance, and (b) one is
active and another one is passive. All the other parameters are taken the same as
in Figure 3.2.

cation by a factor of 830, as presented by the blue dotted-dashed curve. However,
an explicit observation suggests the output probe field amplification by a factor
of 67 at the resonance condition δ = ωb. Now, to understand the reason behind
the probe field amplification, we look closely at the functional form of Eq. (3.12)
and note the presence of the parameter Γ2 in the denominator. Particularly at the
magnomechanical resonance condition, it reduces to the condition for PT -symmetry
breaking transition for a binary gain-loss cavity system. By approaching the insta-
bility threshold, it reduces the denominator of Eq. (3.12) rapidly as compared to
the numerator, and the output probe field intensity amplifies as presented in Figure
3.8. Further, we plot the amplitude of the magnomechanical coupling strength (|G|)
as a function of J . By approaching the instability threshold causes an insignificant
decrease in |G|, as shown in the inset of Figure 3.8. It also infers that under balanced
gain-loss condition, the steady-state field amplitudes corresponding to the passive
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cavity, active cavity, and magnon modes do not vary significantly by approaching
the instability threshold.
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Figure 3.8: The output probe transmission response at δ = ωb is presented as a
function of J . In the inset the enhanced magnon-phonon coupling strength is plotted
as a function of photon exchange interaction strength. All the other parameters are
the same as in Figure 3.2.

3.3.4 Group delay

Controllable group delay has gained much attention due to its potential application
in quantum information processing and communication. The dispersive nature of
the medium is the key to controlling the group delay of the light pulse under the
assumption of low absorption or gain. The pulse with finite width in the time domain
is produced by superposing several independent waves with different frequencies
centered around a carrier frequency (ωs). The difference in time between free space
propagation and a medium propagation for the same length can create a group delay.
The envelope of the input optical pulse is considered as

f(t0) =

∫ ∞
−∞

f̃(ω)e−iωt0dω,

where f̃(ω) corresponds to the envelope function in the frequency domain. Accord-
ingly, the reflected output probe pulse can be expressed as

fR(t0) =

∫ ∞
−∞

tp(ω)f̃(ω)e−iωt0dω, (3.15)

=tp(ωs)e
−iωsτgf(t0 − τg). (3.16)

This expression can be obtained by expanding tp(ωs + δ) in the vicinity of ωs by a
Taylor series and keeping the terms upto first order in δ. Probe pulse propagation
delay is obtained by [102,149]

τg = Re

[ −i
tp(ωs)

(
dtp
dω

) ∣∣∣∣
ωs

]
, (3.17)
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Figure 3.9: Time delay of the probe pulse for different evanescent coupling strength
J have been plotted against the normalized probe detuning δ/ωb, while the control
power is 10 mW. All other parameters are taken as the same as in Figure 3.2.

which can be further simplified as

τg =

(α(ωs)− 1) dβ
dω

∣∣∣∣
ωs

− β(ωs)
dα
dω

∣∣∣∣
ωs

|tp(ωs)|2
.

(3.18)

From Eq. (3.18), the slope of the medium’s absorption and dispersion curves de-
termine the probe pulse propagation delay or advancement. However, Figure 3.6(b)
suggests that the value of β is negligibly small near the magnomechanical resonance.
Hence, the group delay depends on the first term of the numerator of Eq. (3.18).
In Figure 3.9, we examine the effect of photon-photon exchange interaction on the
probe pulse propagation delay when both cavities operate under balanced gain-loss
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Figure 3.10: The relative intensity of the output probe pulse is plotted against
the normalized time (Γt) for different photon-photon exchange interaction strengths
when both cavities are operating under balanced gain-loss condition. The input
probe pulse width, Γ is taken as 7.17 kHz. All the other parameters are the same
as in Figure 3.2.
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condition. The system produces anomalous dispersion accompanied by a gain re-
sponse. The black solid curve of Figure 3.9 depicts the probe pulse advancement
of 2.4 µs for the photon hopping interaction strength, J = 1.3 κ1. Moreover, one
can enhance the effective gain and the slope of the anomalous dispersion curve by
approaching the instability threshold. That, in turn, brings out the superluminosity
of the output probe pulse, characterized by the advancement of 17.9 µs as shown by
the blue dotted-dashed curve of Figure 3.9.

To verify the above results, we consider a Gaussian probe pulse with a finite
width around the resonance condition, i.e., δ = ωb, and numerically integrate it by
using Eq. (3.15). The shape of the input envelope is considered as,

f̃(ω) =
εp√
πΓ2

e−
(ω−ωs)2

Γ2 , (3.19)

where Γ is the spectral width of the optical pulse. We consider Γ to be 7.17 kHz,
such that the Gaussian envelope is well-contained inside the gain-window around
the resonance condition (δ = ωb), as depicted in Figure 3.6(a). The dispersive, ab-
sorptive as well as gain response of the system can be demonstrated by examining
the effect of the probe transmission coefficient (tp) on the shape of the input enve-
lope. The gain of the auxiliary cavity manipulates the probe transmission coefficient
in such a way that it amplifies the intensity of the output probe pulse. The black
solid curve depicts the output probe pulse amplification of 6.2 for photon-hopping
interaction strength, J = 1.30 κ1. A decrease in the J value gradually enhances
the effective gain in the system. It amplifies the output probe transmission as pre-
sented by the red dashed and blue dotted-dashed curves of Figure 3.10. We observe
that the output field amplification can reach to a factor of 65.3 while considering
the exchange interaction strength to be 1.07 κ1. Further decreasing the exchange
interaction will lead to dynamical instability in our model system. Interestingly,
the temporal width of the probe pulse is almost unaltered during the propagation
through the magnon-assisted double cavity system. This numerical result agrees
with our analytical results for the output probe transmission, as shown in Figure
3.7(b). Moreover, the importance of the photon-photon exchange interaction on
the probe pulse propagation advancement can be observed from the inset of Figure
3.10. The peak separation between the input pulse (t = 0) and the output pulse
for J = 1.30 κ1 estimates the probe pulse advancement of 2.34 µs. The red dashed,
and blue dashed-dotted curve of the inset estimates the probe pulse advancement
of 8.75 µs and 13.30 µs for J = 1.10 κ1 and 1.07 κ1, respectively.

3.4 Conclusion

In conclusion, we have theoretically investigated the controllable output field trans-
mission from a critically coupled cavity magnomechanical system. We drive the first
cavity with a YIG sphere inside it, establishing the magnon-photon coupling. The
photon exchange interaction connects the second microwave cavity with the first.
An external magnetic field induces the deformation effect of the YIG sphere. In
this work, the interaction between the magnon and photon modes lies under the
weak coupling regime. The medium becomes highly absorbent when both cavities
are passive, and the output probe transmission is prohibited. We introduce a gain
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to the auxiliary cavity to overcome this situation. It is noteworthy that the insta-
bility threshold must be close to the conventional exceptional point for a binary
PT -symmetric system. At the magnomechanical resonance, the auxiliary cavity
produces an effective gain associated with anomalous dispersion. Further, decreas-
ing the photon exchange interaction strength causes gradual enhancement of the
effective gain and the steepness of the dispersion spectrum. As a result, we observe
a controllable superluminal microwave pulse propagation associated with amplifica-
tion by a factor of 67. By studying the propagation dynamics of a Gaussian probe
pulse of width 7.17 kHz, we confirm that the numerical study is consistent with the
analytical results. Our study may find potential applications in weak signal sensing
and communication purposes in the newly emerging field of cavity magnomechan-
ics.
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Chapter 4

Hybrid Rotational Cavity
Optomechanics Using Atomic
Superfluid in a Ring

4.1 Introduction

Soon after its experimental realization [150, 151], Bose-Einstein condensate (BEC),
has emerged as a prominent and controllable system [152] to investigate and mimic
the persistent flow of superfluidity [153] and superconductivity [154]. Especially,
when confined in multiply-connected geometries (toroidal traps) [155] such systems
exhibit persistent currents of superflow [156]. These geometries can provide (i)
topological protection to the quantum circulation [157], (ii) longer dissipationless
flow [158], and (iii) ‘supersonic’ rotations [159]. Since the first experimental il-
lustration of atomic persistent currents in annularly-trapped BEC [160, 161], an
incredible progress has been made in this configuration to study atomic superflow
for the investigation and development of matter-wave interferometry [162], atom-
tronic circuits [163–165], topological excitations [166, 167], superfluid hydrodynam-
ics [168, 169], phase slips [170, 171], time crystals [172], gyroscopy [173] and cosmo-
logical studies [174].

Therefore, in a toroidal geometry, it is very important to determine the atomic
circulation which involves the phase (winding number) measurement of a rotational
state. For detecting the winding number, the current state-of-the-art technologies
involve destructive methods [175], namely, optical absorption imaging of the atoms
in the ring which destroys its superfluid character. Furthermore, in situ detection
in the existing techniques is difficult due to issues related to the optical resolution
of the radius of the vortex which demands time-of-flight expansion methods [176].

In recent studies, our group proposed a versatile method to detect the magni-
tude [177,178] as well as direction [179] of rotation of a bosonic ring condensate with
minimal destruction, in situ and in times. Specifically, the method uses the tools of
cavity optomechanics [180], a unique platform to explore the radiation-pressure in-
teraction of vibrating elements with the photons confined inside an optical resonator.
This method not only improves the rotation sensing by three orders of magnitude
but also provides a test bed to manipulate the persistent currents by generating the
optomechanical entanglement between matter waves.

The aforementioned radiation-pressure interaction plays a dual role in cavity op-
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tomechanics. On one side, it assists in manipulating the properties of the mechani-
cally pliable objects for applications such as quantum ground state cooling [29, 64,
181] and generation of entanglement between macroscopic objects [30, 36, 37, 182].
On the other end, it can also be used to control the quantum properties of the
light. For instance, optomechanical interactions can generate squeezed states of
light where the quantum fluctuations in one of the optical quadratures are reduced
below the shot-noise level. This comes with increasing fluctuations in other orthog-
onal quadrature [38,39,183]. Such engineered squeezed light states play a vital role
in enhancing displacement sensitivity in kilometer-sized gravitational wave observa-
tories [184,185], optical communication [186], and metrology [187,188].

Interestingly, the rotational analog of cavity optomechanics utilizes radiation
torque [189] from the angular momentum exchange between the Laguerre-Gaussian
(LG) cavity mode and a spiral phase plate as a rotating mirror [190]. Such systems
have been investigated to cool the rotational degrees of freedom to their quantum
ground state [191] and for the realization of opto-rotational entanglement [192,193].

Nowadays, hybrid optomechanical systems [194,195] pave a versatile pathway in
the development of quantum technologies [196]. Such systems take into account of
a mechanical oscillator interacting with an electromagnetic field [197] and an addi-
tional physical system [198] or a degree of freedom [199]. In this paper, we present
a hybrid setup formed by confining an annularly trapped BEC inside a LG cavity.
The spiral phase elements serve as the end mirrors of the cavity such that one mirror
rotates about the cavity axis through a clamped support. Specifically, in this hy-
brid system, we explore (i) ponderomotive squeezing i.e., the reduction of quantum
fluctuations of the output optical quadratures below the shot noise level at various
frequencies, and (ii) the generation of bipartite and tripartite entanglement between
the cavity and the matter waves and the macroscopic rotating mirror. The main
advantages of our hybrid setup are: (a) From the perspective of toroidal BEC, the
atomic rotation in it provides a distinctive tool to correlate the optical amplitude
and phase quadratures and provide squeezing of about 87% at a measurement angle
of 7◦ around the frequencies of the Bragg-scattered sidemodes. On the other hand,
an optimum ponderomotive squeezing of 40% below the shot noise level occurs at
the angular frequency of the rotating mirror that can further be manipulated by
the persistent currents of ring BEC. The same effect also controls the bipartite and
tripartite entanglement between the atomic superfluids and the macroscopic object,
paving a useful resource for quantum information processing. (b) From the point of
view of the LG cavity, it is relatively easy to increase the orbital angular momen-
tum (OAM) of the LG mode. Moreover, in such a cavity setup, the optorotational
effects scale with the square of OAM [191] in contrast to the linear scaling of the
conventional cavity optomechanics. Using these facts, it is comparatively simple to
manipulate the optical interaction of the ring BEC and the rotating mirror with a
common LG mode. This in turn can be harnessed to increase the ponderomotive
squeezing and the simultaneous existence of bipartite and tripartite entanglements.
Our hybrid system can be exploited for applications in sensing and quantum tele-
portation and represents the first proposal involving matter wave rotation in hybrid
optomechanics.

The chapter is organized as follows: In Section. 4.2, the details of the hybrid
system is shown. The relevant equations for the quantum dynamics, the bistability
and stability analysis are provided in Section. 4.3. Section. 4.4 contains a discussion
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on ponderomotive squeezing while Section. 4.5 describes the bipartite and tripartite
entanglement in our hybrid setup.The final conclusion of this chapter is given in
Section. 4.6.

4.2 Model

The configuration under consideration is a hybrid setup consisting of a ring BEC
and an optical cavity. In the following, we provide details of each of these elements.

Figure 4.1: Schematic diagram of a hybrid setup consisting of a ring BEC inside a
cavity. The cavity comprises two spiral phase elements: one is fixed and partially
transmissive, while the other is rotating and highly reflective. The colored arrows
show the orbital angular momentum at different positions: The purely extra cavity
field, the purely intracavity field, and the intracavity field arising from the intra-
cavity field are green, red, and blue arrows, respectively. The interference between
the transmitted and the reflected intracavity fields produces an optical lattice that
probes the ring BEC with winding number Lp.

4.2.1 Ring BEC

The first unique ingredient of our hybrid setup is an atomic BEC confined in a
ring trap and located inside the optical cavity. In the toroidal trap, the harmonic
potential experienced by each condensate atom along the radial (ρ) and axial (z)
directions is given by [177]

U(ρ, z) =
1

2
mωρ (ρ−R)2 +

1

2
mωzz

2 , (4.1)

where m, ωρ (ωz) and R represent the mass of the condensate atom, harmonic
trapping frequency along the radial (axial) direction and radius of the ring trap,
respectively. Due to the above potential, we assume that the atomic evolution along
radial and axial directions remains unchanged. However, we consider the dynamical
evolution along the azimuthal direction, ϕ, as it is not subjected to any potential.
This one-dimensional description is possible to be applied within the current state-of-
the-art experiments if the number of atoms N of the condensate obeys the following
constraint [200]

N <
4R

3aNa

√
πωρ
ωz

, (4.2)
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where aNa is the s-wave scattering length of the sodium atoms in the condensate.

4.2.2 Optical Cavity

In our setup, an optical cavity is formed with two spiral phase elements with the
same handedness. In this arrangement, the input coupler (IC) is a fixed partially
transmissive mirror, and the rear mirror (RM) is perfectly reflective. Now, IC is
designed to preserve the OAM of the light while transmitting. On the other hand,
it removes OAM of 2l~ per photon in reflection. The perfect reflection from RM
removes 2l~ angular momentum from each photon. In Figure 4.1, we provide the
mode buildup at the various locations along the optic axis for an input Laguerre-
Gaussian beam carrying orbital angular momentum +l~. With the above design,
the radiation torque per photon transferred to RM is written as ξφ = 2lc~/2L, where
c is the speed of light and L is the cavity length, respectively.

4.3 Quantum Dynamics

4.3.1 Hamiltonian

As described above, the modes carrying OAM ±l~ build up inside the cavity, creat-
ing an angular lattice about the cavity axis. From such an optical lattice, some of the
condensate atoms get coherently Bragg scattered from a macroscopically occupied
rotational state with winding number Lp to states with Lp±2nl, with n = 1, 2, 3, · · · .
In the following, we consider a dipole potential weaker than the condensate’s chem-
ical potential and consider only first-order diffraction, Lp → Lp ± 2l.

In dimensionless units, the Hamiltonian for our hybrid configuration is expressed
as

H = HBEC +Hφ . (4.3)

Here, HBEC is one-dimensional Hamiltonian for the azimuthal motion of the ring
BEC and is governed by [177]

HBEC =
∑
j=c,d

[
~ωj
2

(
X2
j + Y 2

j

)
+ ~

(
GXj +

U0N

2

)
a†a

]
+
∑
j=c,d

2~g̃N
(
X2
j + Y 2

j

)
+ 2~g̃N

(
XcXd − YcYd

)
. (4.4)

The first term in the square bracket in Eq. (4.4) denotes the energies of the
Bragg-scattered side modes [177] of frequencies ωc = ~(Lp + 2l)2/(2Ia) and ωd =
~(Lp− 2l)2/(2Ia). The moment of inertia of each atom about the cavity axis is Ia =
mR2. The dimensionless position and momentum quadratures are defined as Xj =(
j† + j

)
/
√

2 and Yj =
(
j − j†

)
/i
√

2, respectively. The second term in the square
bracket on the right-hand side of Eq. (4.4) governs the effective optomechanical
coupling between the side modes and the optical field with the coupling strength
G = U0

√
N/2
√

2. Here U0 = g2
a/∆a such that ga gives the interaction between single

atom and single photon and ∆a denotes the atomic detuning. The final two terms
arise due to two-body atomic interactions of strength g = (2~ωρaNa)/R, which can
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be scaled such that g̃ = g/4π~. Interestingly, from the Bogoliubov analysis, the

actual side mode frequencies can be written as ω′j =
√
ω2
j + 4ωj g̃N [201]. However,

for the rest of our analysis, we impose ωc,d � 4g̃N and hence use ω′c,d ∼ ωc,d.
On the other hand, the Hamiltonian for the optical cavity in the rotating frame

of the driving laser is governed by

Hφ = −~∆oa
†a+

~ωφ
2

(
L2
z + φ2

)
+ ~gφa†aφ− i~η

(
a− a†

)
, (4.5)

where the first two terms describe the free energy of the detuned cavity mode with
∆0 = ωl−ω0 and the rotating mirror with resonance frequency ωφ, respectively. Here
Lz and φ represent the respective dimensionless angular momentum and angular
displacement of RM about the cavity axis and these conjugate variables satisfy
[Lz, φ] = −i. The third term in Eq. (4.5) governs the radiation torque on RM,
giving rise to optorotational coupling given by

gφ =
cl

L

√
~
Iωφ

. (4.6)

The moment of inertia of the rotating mirror about the cavity axis is described
as I = MR2

m/2, where M (Rm) is the mass (radius) of the RM. Finally, the last
term on the right-hand side of Eq. (4.5)represents the cavity drive having amplitude
η =

√
Pinγo/(~ωo), where Pin is the input drive power and γo is the cavity linewidth.

Using Eq. (4.3), we derive the Heisenberg equations of motion and include damp-
ing and noise appropriately to obtain the following quantum Langevin equations

ȧ− i
[
∆̃−G (Xc +Xd)− gφφ

]
a = −γo

2
a+ η +

√
γoain , (4.7a)

Ẍc + γmẊc + Ω2
cXc = −ω̃cGa†a−AXd + Ωcεc , (4.7b)

Ẍd + γmẊd + Ω2
dXd = −ω̃dGa†a+AXc + Ωdεd , (4.7c)

φ̈+ γφφ̇+ ω2
φφ = −ωφgφa†a+ ωφεφ , (4.7d)

where ∆̃ = ∆o − U0N
2

is the effective cavity detuning and γm (γφ) is the damp-
ing of each condensate side mode (RM). Further, we have written the quantities
Ω2
c,d = (ωc,d + 4g̃N)2 − 4g̃2N2, ω̃c,d = ωc,d + 2g̃N , A = 2g̃N (ωc − ωd). In the above

Heisenberg-Langevin equation, ain(t) represents the vacuum Gaussian noise of av-
erage 〈ain(t)〉 = 0, injected into the cavity, and its fluctuations are delta-correlated
as

〈δain(t)δa†in(t
′
)〉 = δ(t− t′) . (4.8)

Additionally, εj (j = c, d), and εφ in the quantum Langevin equation describe the
Brownian noise in the condensate side modes and the rotating mirror, respectively.
Their average values are zero and fluctuations at respective temperatures Tj and Tφ
obey following correlations

〈εj(t)εj(t′)〉 =
γm
Ωj

∫ +∞

−∞

dω

2π
e−iω(t−t′)ω

[
1 + coth

~ω
2kBTj

]
, (4.9)

〈εφ(t)εφ(t′)〉 =
γφ
ωφ

∫ +∞

−∞

dω

2π
e−iω(t−t′)ω

[
1 + coth

~ω
2kBTφ

]
, (4.10)

where kB is Boltzmann’s constant.
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4.3.2 Steady State

Following the linearization approach, each operator O(t) can be decomposed into
its steady-state values Os and a small fluctuation δO(t). The steady-state values of
each operator are

as =
η√

∆′2 +
(
γo
2

)2
, (4.11a)

Xcs = −Ω̃cGa
2
s , (4.11b)

Xds = −Ω̃dGa
2
s , (4.11c)

φs = − gφ
ωφ
a2
s , (4.11d)

where modified cavity detuning is given by ∆
′
= ∆̃+Ω̃G2a2

s+
g2
φ

ωφ
a2
s and Ω̃ = Ω̃c+Ω̃d,

such that Ω̃c,d =
(
ω̃c,dΩ

2
d,c ∓ ω̃d,cA

)
/ (A2 + Ω2

cΩ
2
d). Here the phase of the cavity

drive is chosen such that as is real. When the effective cavity detuning is larger
than the critical value, ∆̃cr = −

√
3γ0/2, the above steady-state solution of |as|2

manifests a bistable response concerning the input drive field intensity as depicted
in Figure 4.2(a). Additionally Figure 4.2(b) suggests the input drive field intensity
(Pin > Pcr) can lead to the bistability response in |as|2 where the critical power is

Pcr = ~ω0γ
2
0/3
√

3
(

Ω̃G2 + g2
φ/ωφ

)
. In the remainder of the paper, we choose the

parameters to avoid the bistable regime and keep our system monostable. This can
also be achieved by using electronic feedback [202, 203], which allows us to choose
the modified detuning, ∆

′
, independently of the radiation pressure.
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Figure 4.2: Bistability plot as a function of (a) input power and (b) cavity detuning.
Here ∆̃cr/2π = −0.17 MHz, and Pcr = 1 pW. The parameters used are R = 12 µm,
N = 104, ωρ/2π = ωz/2π = 840 Hz, γo/2π = 0.2 MHz, ∆a/2π = 5.4 GHz, ga/2π =
0.7 MHz, U0/2π = 90.7 Hz, Lp = 1, l = 10, G/2π = 3.2 kHz, γm/2π = 0.8 Hz,
ωo/2π = 1015 Hz, aNa = 0.1 nm, g̃ = 14g̃m, g̃m/2π = 78.8 µHz, L = 4 mm,
M = 3.08 µg, ωφ/2π = 653 Hz, γφ = 0.1γm, and Rm = 15 µm.
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4.3.3 Stability Analysis

The fluctuation part of Eq. (4.7a)-(4.7d) can be expressed as a set of linearized
equations

u̇(t) = F̃ u(t) + v(t) , (4.12)

where the fluctuation vector u(t) = (δXc(t), δYc(t), δXd(t), δYd(t), δQ(t), δP (t), δφ(t), δLz(t))
T

and the input noise vector v(t) =
(
0, εc(t), 0, εd(t),

√
γ0δQin(t),

√
γ0δPin(t), 0, εφ(t)

)T
,

respectively. We have expressed the cavity field fluctuations in terms of their ampli-
tude and phase quadratures as δQ = (δa + δa†)/

√
2, and δP = −i

(
δa− δa†

)
/
√

2.

The explicit form of the drift matrix F̃ is given by

F̃ =



0 Ωc 0 0 0 0 0 0
−Ωc −γm − A

Ωc
0 − ω̃cGr

Ωc
0 0 0

0 0 0 Ωd 0 0 0 0
A
Ωd

0 −Ωd −γm − ω̃dGr
Ωd

0 0 0

0 0 0 0 −γo
2
−∆′ 0 0

−Gr 0 −Gr 0 ∆′ −γo
2
−grφ 0

0 0 0 0 0 0 0 ωφ
0 0 0 0 −grφ 0 −ωφ −γφ


. (4.13)

The enhanced side modes-cavity coupling strength and optorotational coupling are
described as Gr =

√
2Gas, and grφ =

√
2gφas, respectively. We derive the stability

condition for the hybrid rotational cavity optomechanical system by invoking the
Routh-Hurwitz criterion [204], which suggests all the eigenvalues of F̃ must have
negative real parts. From Figure 4.3, it is evident that our system lies in the stable
region for the weaker single photon optorotational coupling strength with respect
to the side mode-cavity coupling strength. Moreover, increasing gφ results gradual
decrease in the characteristics frequency bound of the RM.

4.4 Ponderomotive Squeezing

In this section, we analyze the hybrid system to manipulate the quantum properties
of the output light. Our interest, in particular, is to reduce the quantum fluctuations
in the optical quadratures well below the shot noise level and to describe the influence
of quantum circulation on the optical squeezing.

4.4.1 Quadrature Noise Spectrum

To describe the ponderomotive squeezing, we invoke the homodyne measurement
technique and obtain the quadrature noise spectrum of the output optical field.
The homodyne-detected signal can be expressed as [39,205]

Qout
θ (ω) = Qout(ω) cos θ + Pout(ω) sin θ , (4.14)

where θ determines the measured field quadrature and is adjusted experimentally.
The cavity relates the output and input field quadratures as Qout(ω) =

√
γoδQ(ω)−
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Figure 4.3: The stable and unstable regions are determined as functions of the nor-
malized optorotational coupling gφ/G and the normalized frequency of the rotating
mirror ωφ/Ωd. We consider ∆

′
= ωφ, Pin = 12.4 fW. The other parameters are the

same as in Figure 4.2.

Qin(ω), and Pout(ω) =
√
γoδP (ω)− Pin(ω). The output quadrature noise spectrum

is then calculated as

S(ω) = |ξ1(ω)|2 + |ξ2(ω)|2 + i [ξ∗1(ω)ξ2(ω)− ξ∗2(ω)ξ1(ω)]

− 2γmω

[
|ξ3(ω)|2

Ωc

+
|ξ4(ω)|2

Ωd

][
1− coth

( ~ω
2kBT

)]

− 2
γφω

ωφ
|ξ5(ω)|2

[
1− coth

( ~ω
2kBTφ

)]
. (4.15)

A full derivation of the above spectrum and detailed expressions of ξi’s are given in
Appendix A.1. Note that the noise spectrum in Eq. (4.15) is normalized in such a
way that S(ω) = 1 represents a shot-noise level [38].

In Figure 4.4, we show the power spectral density (PSD) of the optical quadrature
as a function of the response frequency for different homodyne measurement angles.
Here the black dotted curve represents the shot noise level. For θ = 90◦, the phase
quadrature of the output optical field results in three Lorentzian peaks on top of
the shot noise background at the characteristic frequencies, Ωd/2π ∼ 595 Hz, and
Ωc/2π ∼ 717 Hz corresponding to side modes of the rotating BEC, and the rotating
mirror, ωφ/2π ∼ 653 Hz, respectively. It is evident that the fluctuations remain
above the vacuum noise in this scenario. However, decreasing the measurement
angle θ reduces the value of S(ω) well below the shot noise level near the atomic
side mode frequencies as presented by the blue dot-dashed curve of Figure 4.4(a). It
is a clear signature of the ponderomotive squeezing which occurs due to the existence
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Figure 4.4: (a) Power spectral density (PSD) of the output optical quadrature as
a function of the response frequency ω/2π, for the measurement angles θ = 90◦

(black solid line), θ = 30◦ (red dashed line), and θ = 5◦ (blue dot-dashed line). (b)
PSDs as a function of the measurement angle θ. Black solid, and black dot-dashed
curves are produced by fixing the response frequency near Ωd and Ωc, respectively.
Also, in these plots the spectrum is normalized to the shot noise (black dotted line).
Parameters used are T = 10 nK, Tφ = 1 mK and other parameters are same as in
Figure 4.3.

of correlations between optical amplitude and phase quadratures. For instance, at
a measurement angle, θ = 5◦, the output optical noise is reduced by 84% below
the shot noise within a bandwidth of 20 Hz around ω = Ωc,Ωd and the amplitude
quadratures become asymmetric like the Fano lineshape [206]. Such a line profile
arises due to the interference effects generated by the optical quadratures and the
resonant process produced by the atomic density modulation driven by amplitude
quadrature [207]. In Figure 4.4(a), we set the effective cavity detuning equal to ωφ.
As a result, the correlation between amplitude and phase quadratures of the input
field produces a small squeezing at θ = 0◦ [205], as shown in the inset of Figure
4.4(a).

As discussed above, the measurement angle during the homodyne detection plays
a crucial role to reduce the spectral noise below the shot noise. Now, in Figure 4.4(b),
we display the PSD by tuning the measurement angle in the range [0, 180◦] by fixing
the response frequencies around the mechanical side modes . For our parameters,
the maximum noise reduction near the mechanical side mode frequencies occurs
around θ = 7◦ and the maximum of 87% ponderomotive squeezing is obtained.

4.4.2 Optimum Squeezing

In the preceding section, we have described that in our hybrid model, ponderomo-
tive squeezing can be generated by choosing appropriate measurement angle. This
happens only around the frequencies of the mechanical side modes. However, the
fluctuations in the noise spectral density at the frequency of the rotating mirror still
remains well above the background noise floor. In order to reduce the fluctuations,
we optimize the optical quadrature squeezing spectrum Sopt(ω) by choosing θ(ω) in
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such a way that dS(ω)/dθ = 0 for all the frequencies [39]. This gives

θopt(ω) =
1

2
arctan

[
−B2(ω)

B1(ω)

]
, (4.16)

where the expressions of B1(ω) and B2(ω) are too involved and are shown in the
Appendix A.1. The optimized squeezing spectrum is presented in Figure 4.5. The
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Figure 4.5: Optimized PSD of the optical quadrature as a function of the response
frequency for G/2π = 3.2 kHz (black solid line), G/2π = 9.6 kHz (red solid line),
and G/2π = 22.4 kHz (blue solid line). Parameters used are same as in Figure 4.2.

exciting findings of the optimized squeezing spectrum are: (i) there is a significant
reduction in the fluctuations below the shot noise level at the vicinity of the side
mode frequencies Ωc,d. (ii) Increasing the coupling strength between the atomic
side modes with the cavity enhances the ponderomotive squeezing near the atomic
side mode frequencies. Further, we observe a significant enhancement in the optical
squeezing spectrum at the side mode frequencies Ωc,d. To understand its reason, we
plot the optimized homodyne angle as a function of the frequency as depicted in
Figure 4.5(b). The black-solid, red-solid, and blue-solid curves suggest the optimized
homodyne angle becomes zero at the atomic side mode frequencies and at the mirror
frequency. At these specific frequencies, the major contribution to the optimized
optical squeezing spectrum originates from the first term of Eq. 4.15 (|ξ1(ω)|2),
only. The vanishingly small functional values of F̃2 (Eq. A.7) at Ωc, Ωd, and ωφ
lead the optimal squeezing to the unity.

So far we have described the ponderomotive squeezing in our hybrid system by
tuning various parameters. However, such squeezing occurs only at the frequencies
of the Bragg-scattered mechanical side modes, whereas the optical quadrature fluc-
tuations at the frequency of rotating mirror reduced just to the level of shot noise.
In Figure 4.6, we explore the influence of the persistent flow in the ring BEC to
manipulate the noise reduction and to achieve ponderomotive squeezing at the reso-
nance frequency of the rotating mirror when one of the atomic side modes (c mode)
degenerates with the mirror frequency. The blue solid curve of Figure 4.6, suggests
the increase in the winding number of the BEC enhances its interaction with the
OAM carrying input field (l = 15) to obtain 40% of ponderomotive squeezing. A
weaker topological charge of the input field requires a relatively higher winding num-
ber of the rotating BEC to produce a similar amount of ponderomotive squeezing.

86TH-3494_176121008



0 15 30 45
0.6

0.7

0.8

0.9

1

1.1

Figure 4.6: Optimized PSD of the output optical quadrature plotted at the frequency
of the rotating mirror as a function of the winding number Lp. Parameters used are
same as in Figure 4.2.

Additionally, for lower Lp values, the atomic collisions dominate to give rise to the
optical mode squeezing.

4.5 Entanglement

In the preceding section, we have exploited the radiation pressure force to squeeze
the quantum fluctuations of the output light field. The radiation pressure also plays
a crucial role in cooling down the rotational mirror to its quantum ground state and
producing entanglement. In particular, our hybrid system sets a stage where the
interactions between the atomic side modes with the optical field and the radiation
torque play a pivotal role in obtaining the bipartite entanglements between various
degrees of freedom.

4.5.1 Bipartite Entanglement

To quantify the entanglement between various subsystems, we use the linearized
dynamics of Eq. (4.12) and the Gaussian character of the quantum noise to achieve
the stationary Gaussian state, which can be fully characterized by a 8×8 covariance
matrix V , whose elements are written as Vij = 1

2
〈ui(∞)uj(∞)+uj(∞)ui(∞)〉. Under

the stable condition, the covariance matrix V satisfies the Lyapunov equation [180]

F̃ V + V F̃ T = −D, (4.17)

where the matrix of the stationary noise correlation function is D = diag{0, γm(2nc+
1), 0, γm(2nd + 1), γ0/2, γ0/2, 0, γφ(2nm + 1)}. The mean thermal excitation for the
BEC side modes and the mechanical excitations of the rotating mirror are ni =
(exp{~Ωi/kBT} − 1)−1 (i = c, d), and nm = (exp{~ωφ/kBTφ} − 1)−1, respectively.
Using the above formalism, we study the two body entanglement in the hybrid
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system by evaluating the logarithmic negativity E, defined as [208]

E = max[0,− ln 2η−] , (4.18)

where η− = 2−1/2[Σ(V )− [Σ(V )2 − 4 det(Vsub)]
1/2]1/2, with Σ(V ) = detA+ detB −

2 detC. Here, Vsub is a generic 4× 4 submatrix

Vsub =

(
A C
CT B

)
, (4.19)

representing a particular bipartite system under consideration. A,B and C are 2×2
blocks of the covariance matrix. The bipartite entanglement exists if E > 0 i.e.,
when η− < 1/2.
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Figure 4.7: Various bipartite entanglements are plotted as a function of (a) cavity
detuning when the orbital angular momentum of the input field l = 243 (b) the
OAM of the driving field for Lp = 1 and (c) the winding number of BEC for l = 243
while the cavity detuning is ∆′ = −1.2ωφ. We consider the resonance frequency
of the rotating mirror to be ωφ = 3 MHz, mass of the mirror M = 0.1 ng, radius
Rm = 20 µm, the cavity length L = 1 mm, γ0/2π = 0.48 MHz, γm/2π = 0.8 Hz,
γφ/2π = 4.77 Hz, ω0/2π = 1015 Hz, G/2π = 7.67 kHz, U0/2π = 153.5 Hz, ∆a = 1.04
GHz, ωρ/2π = 8.4 kHz, and aNa = 2.5 nm. The input power of the driving field
is 0.19 nW. The bath temperature of the rotating mirror is Tφ = 5 mK and the
temperature of the atomic side modes are T = 10 nK. All the other parameters are
same as in Figure 4.2.

In Figure 4.7(a), we study the influence of the cavity detuning on the bipartite
entanglements in our hybrid system. Eam, Eac, and Ead denote the bipartite entan-
glements between cavity-mirror, cavity-atomic c mode, and cavity-atomic d mode,
respectively. The black solid curve suggests the optimal cavity-mirror entanglement
occurs around ∆′ ≈ −0.6ωφ. However, the blue and red solid curves represent the
optimal values of Eac and Ead at ∆′ ≈ −1.2ωφ. The entanglement between the
cavity and the atomic side modes sustains up to the bath temperature of the ro-
tating mirror Tφ ≈ 13 mK, as presented by the inset of Figure 4.7(a). In Figure
4.7(b) and (c), we investigate the influence of the topological charge of the input
optical drive and atomic rotation on the entanglement properties between various
bipartite subsystems, respectively. The prominent interaction strength between the
optical and the acoustic modes produces a more significant entanglement response
than cavity-atomic side modes. More interestingly, our study predicts diminishing
entanglements at a specific region of the OAM of the input beam. Also, the black
solid curve of Figure 4.7(c) suggests for the topological charge of the input beam
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l = 243 [209–213], the entanglement between the optical and the acoustic mode
diminishes when the Lp values lie between 30 and 34. Moreover, the two Bragg
scattered atomic side modes produce distinct entanglement responses arising from
the optimal cavity detuning condition ∆′ = −1.2ωφ = −Ωc,d. Now, to explain the
diminishing entanglements, we determine the energy of the rotating mirror, which
is given by

U =
~ωφ

2

[
〈δφ2〉+ 〈δL2

z〉
]

=
~ωφ

2
(V77 + V88)

= ~ωφ
(
neff +

1

2

)
, (4.20)

where the steady-state mean phonon number (neff ) is associated with the effective
mirror temperature (Teff ) by the relation neff = (exp(~ωφ/kBTeff )− 1)−1. In Fig-
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Figure 4.8: The mean phonon number of the rotating mirror as a function of the
topological charge of the input field when Lp = 1. The inset presents the variation
of effective phonon number as a function of the winding number of BEC for l = 243.
The dotted lines correspond to the unity of the effective phonon number. All the
other parameters are the same as in Figure 4.7.

ure 4.8 and in its inset, we present the effect of the OAM of the driving field and the
angular momentum of atomic BEC on the steady-state phonon number, respectively.
The solid black curve anticipates two distinct peaks in the effective phonon response
stemming from the cooling inhibition associated with the topological charge l ≈ 226
and 227, and the red solid curve of the inset depicts the suppression of cooling
when the winding number Lp lies between 30 and 34. In the subsequent discus-
sion, we demonstrate how the occurrence of the dark modes suppresses the cooling
mechanism by introducing a center of mass coordinate (X1cm, P1cm) and a relative
coordinate (X1r, P1r) as

X1cm =
GXd + gφφ√
G2 + g2

φ

, P1cm =
GYd + gφLz√

G2 + g2
φ

,

X1r =
Gφ− gφXd√
G2 + g2

φ

, P1r =
GLz − gφYd√

G2 + g2
φ

. (4.21)
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Neglecting the atom-atom interaction, we can further express the Hamiltonian of
Eq. 4.3 as

H = −~
(

∆0 −
U0N

2

)
a†a− i~η(a− a†) +

~ωc
2

(
X2
c + Y 2

c

)
+ ~GXca

†a

+
~
2

(
ωdG

2 + ωφg
2
φ

G2 + g2
φ

)(
X2

1cm + P 2
1cm

)
+ ~
√
G2 + g2

φX1cma
†a

+
~
2

Ggφ
G2 + g2

φ

(ωφ − ωd)(X1cmX1r +X1rX1cm + P1cmP1r + P1rP1cm)

+
~
2

(
ωdg

2
φ + ωφG

2

G2 + g2
φ

)(
X2

1r + P 2
1r

)
, (4.22)

where the sixth and the seventh terms correspond to the interaction of the center of
mass coordinates with the optical field and the relative coordinate, respectively. The
above analysis shows that when Lp = 1 and l ≈ 226, one of the atomic side mode
frequency ωd matches with ωφ and the relative coordinate is decoupled from the
center of mass coordinate as well as the optical mode. Nonetheless, it is straightfor-
ward to show the existence of another set of center of mass and relative coordinates
defined as

X2cm =
GXc + gφφ√
G2 + g2

φ

, P2cm =
GYc + gφLz√

G2 + g2
φ

,

X2r =
Gφ− gφXc√
G2 + g2

φ

, P2r =
GLz − gφYc√

G2 + g2
φ

, (4.23)

such that when ωc = ωφ, the relative coordinate decouples from the center of mass
and the cavity field. Hence, the radiation torque cooling is suppressed when the two
atomic side modes degenerate with the acoustic mode (ωφ = ωc,d) as the relative
coordinate stays in the initial thermal state. Comparing Figure 4.7(b) and Figure
4.8, we can say that cooling a rotating mirror close to its quantum ground state (l <
225 and l > 230) helps to maintain quantum correlations. As a result, entanglement
persists. However, between l = 226 and 227, the phonon number attains a minimum
value of 2.2, which signifies the proximity of the quantum ground state. Even at these
low phonon numbers, the quantum fluctuations are sufficiently strong to disrupt the
coherence necessary to attain any entanglement.

4.5.2 Tripartite Entanglement

Lastly, we study the tripartite entanglements between the cavity, mirror, and atomic
side modes by quantifying the minimum residual contangle as [214,215]

Rmin
τ = min

[
Ra|mk
τ ,Rm|ak

τ ,Rk|am
τ

]
, (4.24)

where,Ri|jk
τ = Ci|jk−Ci|j−Ci|k ≥ 0 (i, j, k = cavity(a),mirror(m), atomic c or dmodes),

is the residual contangle written in terms of contangle Cu|v of subsystems of u and v
(see Ref. [138] for more details of calculatingRmin

τ ). The black solid and the red solid
curve of Figure 4.9(a) suggest that the tripartite entanglements between the three
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Figure 4.9: Tripartite entanglement in terms of minimum residual contangle versus
(a) cavity detuning for l = 243, (b) the OAM of the driving field for Lp = 1 and ∆′ =
−1.9ωφ. The black solid curve accounts for the tripartite entanglement associated
with the cavity-mirror-atomic c mode. The red solid curve accounts for the tripar-
tite entanglement associated with the cavity-mirror-atomic d mode. All the other
parameters are same as in Figure 4.7.

constituents of the model system (cavity, mirror, and c-or d-modes) are optimized
when the cavity detuning ∆′ = −1.9ωφ. Moreover, the tripartite entanglement arises
when there’s frequent optical interaction with matter waves, particularly in propor-
tion to the number of lattice maxima (2l). It means that the likelihood of optical
interaction increases as the number of lattice maxima increases. When such inter-
actions become frequent, they can lead to the emergence of tripartite entanglement,
as shown in Figure 4.9(b). In Figure 4.9(c), we present the tripartite entanglement
between the cavity, mirror, and atomic side modes as a function of the winding
number of the condensate atoms when the topological charge of the driving field
is l = 243. The black solid curve presents the diminishing effect of the three body
entanglement around Lp = 30 due to the thermal fluctuations of the rotating mirror.
The red solid curve depicts the tripartite entanglement response between the cavity,
mirror, and the atomic d-mode. The presence of the atomic d-mode produces a
wider range in Lp, where the tripartite entanglement does not persist. Moreover,
the very distinct three-body entanglement response can be utilized to distinguish
clearly between the two atomic side modes.

4.6 Conclusion

This chapter presents an unique hybrid opto-rotational system consisting of a ring
BEC confined inside a LG cavity. The system shows a distinctive way to squeeze
the quantum fluctuations of the output light field quadratures below the shot noise.
With the experimentally feasible parameters and for a measurement angle of 7◦,
we achieved 87% of the ponderomotive squeezing around the frequencies of Bragg-
scattered sidemodes. Furthermore, two very distinct systems in the hybrid con-
figuration gets coupled to a common cavity mode. As a consequence, the optical
squeezing of about 40% occurs even at the mirror frequency and can further be
manipulated by the persistent currents in the annularly trapped BEC. This hybrid
system also provides a versatile pathway to utilize the atomic interactions and the
radiation pressure force to produce bipartite and tripartite entanglement between
different physical entities of the system. Interestingly, the quantum correlations in
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the system last under the cooling conditions of the rotating end mirror and corre-
spondingly there exists a parameter regime where the entanglement survives. These
results may find interesting applications in atomtronics, sensing and quantum infor-
mation processing.
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Chapter 5

Conclusions and future plan

In this thesis, we delved into the multifaceted realm of radiation pressure in nanopho-
tonics. Our research extended to diverse hybrid systems, including a ring cavity
resonator with two movable mirrors, a cavity magnomechanical system consisting
of two interacting microwave cavities, and an annularly trapped Bose-Einstein con-
densate (BEC) in an optorotational system driven by Laguerre-Gaussian mode. We
address two types of problems related to hybrid systems. The first type focuses on
achieving controllable output probe pulse generation from dispersive optomechani-
cal and cavity magnomechanical systems, as discussed in Chapters 2 and 3. In the
second type, we explore various quantum effects, such as ponderomotive squeezing
and entanglement generation, among various subsystems of a hybrid optorotational
system containing annularly trapped BEC.

In Chapter 2, we propose a unique scheme to control the group velocity of the
transmitted probe pulse depending upon the phase properties of the control field
from a red-detuned ring cavity resonator that consists of two nearly degenerate
movable mirrors. To probe the effect of the robust control field, we apply a weak
probe field to the system and identify a double transparency window when the
two-photon resonance condition holds. Further, a weak mechanical drive to one of
the movable mirrors produces a controllable output probe field and the Four-Wave
mixing (FWM) field around the upper transmission window. The controllability of
the output probe (FWM) field arises from interference between the cavity-generated
Stokes (anti-Stokes) field and the mechanical drive-induced upper mechanical (lower
mechanical) sideband when the mechanical drive is in phase with the input probe
field. Moreover, the control field phase-sensitive interference effect produces an extra
tunability to control the output probe transmission and the generated Four-Wave
mixing field through the upper transmission window. Our investigation reveals that
the presence of the external mechanical pump amplitude along with suitable control
field phases can switch the group delay of the probe pulse from slow to fast light
and verify it by studying the propagation of a Gaussian probe pulse well contained
in the transparency window.

In Chapter 3, we investigated the controllable probe field generation in a mag-
nomechanical resonator system. The system comprises two coupled microwave res-
onators. One consists of a ferrimagnetic yttrium iron garnet (YIG) sphere. Applying
a uniform bias magnetic field excites the magnon mode inside the YIG sphere. That,
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in turn, couples with the cavity mode. The shape deformation due to the external
bias magnetic field produces magnon-phonon coupling. In the weak magnon-photon
coupling condition, the output probe field intensity diminishes as the system be-
comes highly absorptive when both cavities are passive. However, we overcome the
situation by replacing the passive auxiliary cavity with an active one. The intro-
duction of the active auxiliary cavity produces an effective gain associated with an
anomalous dispersion when the magnomechanical resonance condition holds. As
a result, the output probe field amplifies, and the negative time delay suggests
the superluminal probe field propagation. Further, tuning the exchange interaction
strength between the cavities alters the effective gain and the slope of the dispersion
curve of the system. Interestingly, our study finds the existence of an upper bound
for the intensity amplification and the advancement of the probe pulse that comes
from the stability condition of the system.

In Chapter 4, we investigate various quantum effects, such as ponderomotive
squeezing and entanglement generation in a hybrid optorotational system consisting
of an annularly trapped Bose-Einstein condensate (BEC) inside it. The spiral phase
plates act as the end mirrors of the cavity. The input coupler is a fixed mirror,
whereas the rear mirror rotates torsionally with a clamped support. We externally
drive the cavity by Lauguerre-Gaussian (LG) modes. The annularly trapped ro-
tating condensates interact with the intracavity field and produce two atomic side
modes interacting with the cavity field. We observe that the noise spectral density
contains three peaks; two peak positions correspond to two different atomic side
mode frequencies, and another arises at the mirror frequency due to the optorota-
tional coupling. With the experimentally feasible parameters and the measurement
angle 7◦, the optical field is squeezed by 87% around the side mode frequencies over
the bandwidth of 20 Hz. Further, the atomic circulations and the topological charge
of the drive field play instrumental roles in squeezing the output optical field around
40%. Our study identifies a suitable range of parameters for creating entanglement
between different components of the hybrid model system that can be achieved with
current experimental capabilities. We found that when one of the side modes aligns
with the rotational mirror, the entanglement between the cavity and the mirror
mode disappears due to cooling inhibition. Additionally, the unique, distinctive be-
havior of the tripartite entanglement between the cavity, atomic side modes, and
the mirror can be used to differentiate between the two atomic side modes.

Future Plan

In the future, we could expand to an optomechanical array to enable the study of
quantum many-body dynamics. It would be interesting to investigate the feasibility
of transferring quantum information over long distances without distortion and to
use the optomechanical array as a storage device for later retrieval. We can also
play with various optomechanical coupling strengths to study the non-reciprocal
photon transmission through the optomechanical array. Further, we could explore
the potential of ponderomotive squeezing within this optomechanical array platform.
To our knowledge, this research area is still quite open.
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Appendix A

Appendix of chapter 4

A.1 Power Spectral Density

To obtain the output quadrature noise spectrum, we use following input-output
relation,

aout(ω) =
√
γoδa(ω)− δain(ω) . (A.1)

From Eq. (A.1), we can write following quadrature relations

Qout(ω) =
√
γoδQ(ω)−Qin(ω) , (A.2)

Pout(ω) =
√
γoδP (ω)− Pin(ω) , (A.3)

By Fourier transforming the Eq. (4.12), we obtain the output optical quadratures
as

Qout(ω) =
[√

γoF̃2(ω)− 1
]
Qin(ω) + i

√
γoF̃3(ω)Pin(ω) +

√
2γoF̃5(ω)εc(ω)

+
√

2γoF̃7(ω)εd(ω) +
√

2γoF̃9(ω)εφ(ω) ,

Pout(ω) = −i√γo
[
2F̃1(ω) + F̃3(ω)

]
Qin(ω) +

[√
γoF̃2(ω)− 1

]
Pin(ω)

− i
√

2γoF̃4(ω)εc(ω)− i
√

2γoF̃6(ω)εd(ω)− i
√

2γoF̃8(ω)εφ(ω) , (A.4)

where F̃i(ω)’s are complicated complex functions written as below,

F̃1(ω) =
ia2
s

√
γ0

D(ω)
[G2Aφ(ω)[ω̃c(A+ Ãd(ω)) + ω̃d(Ãc(ω)−A)]

+ ωφg
2
φ[A2 + Ãc(ω)Ãd(ω)]],

F̃2(ω) =

√
γ0

D(ω)
[A2 + Ãc(ω)Ãd(ω)]A3(ω)Aφ(ω),

F̃3(ω) =
i∆′
√
γ0

D(ω)
Aφ(ω)[A2 + Ãc(ω)Ãd(ω)],

F̃4(ω) = −iGasΩc

D(ω)
A3(ω)Aφ(ω)[A+ Ãd(ω)],

F̃5(ω) =
∆′ΩcGas
D(ω)

Aφ(ω)[A+ Ãd(ω)],
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F̃6(ω) = −iGasΩd

D(ω)
A3(ω)Aφ(ω)[Ãc(ω)−A],

F̃7(ω) =
∆′ΩdGas
D(ω)

Aφ(ω)[−A+ Ãc(ω)],

F̃8(ω) = −igφasωφ
D(ω)

A3(ω)[A2 + Ãc(ω)Ãd(ω)],

F̃9(ω) =
∆′ωφgφas
D(ω)

[A2 + Ãc(ω)Ãd(ω)]. (A.5)

Further, using Eq. (A.4) in Eq. (4.14), we obtain

Qout
θ (ω) = ξ1(ω)Qin(ω) + ξ2(ω)Pin(ω) + ξ3(ω)εc(ω) + ξ4(ω)εd(ω) + ξ5(ω)εφ(ω) ,

(A.6)

where, ξi’s can be expressed as

ξ1(ω) = −i√γo
[
2F̃1(ω) + F̃3(ω)

]
sin θ +

[√
γoF̃2(ω)− 1

]
cos θ ,

ξ2(ω) =
[√

γoF̃2(ω)− 1
]

sin θ + i
√
γoF̃3(ω) cos θ ,

ξ3(ω) = −i
√

2γoF̃4(ω) sin θ +
√

2γoF̃5(ω) cos θ ,

ξ4(ω) = −i
√

2γoF̃6(ω) sin θ +
√

2γoF̃7(ω) cos θ ,

ξ5(ω) = −i
√

2γoF̃8(ω) sin θ +
√

2γoF̃9(ω) cos θ . (A.7)

The output quadrature spectrum is obtained from the definition

S(ω) =
1

π

∫ ∞
−∞

dω′〈Qout
θ (ω′)Qout

θ (ω)〉 .

(A.8)

By using the following correlation relations

〈Qin(ω
′
)Qin(ω)〉 = 〈Pin(ω

′
)Pin(ω)〉 = πδ(ω

′
+ ω) ,

〈Qin(ω
′
)Pin(ω)〉 = −〈Pin(ω

′
)Qin(ω)〉 = iπδ(ω

′
+ ω) ,

〈εc,d(ω
′
)εc,d(ω)〉 = 2π

γmω
′

Ωc,d

[
1 + coth

( ~ω′

2kBT

)]
δ(ω

′
+ ω) ,

〈εφ(ω
′
)εφ(ω)〉 = 2π

γφω
′

ωφ

[
1 + coth

( ~ω′

2kBTφ

)]
δ(ω

′
+ ω) , (A.9)

we obtain the analytical expression of Eq. 4.15.

A.2 Optimized Squeezing

The optimized angle in Eq. (4.16) is expressed in terms of B1(ω) and B2(ω) and
their expressions are given below

B1(ω) = |κ1(ω)|2 − |κ3(ω)|2 + i(κ∗1(ω)κ2(ω)− κ1(ω)κ∗2(ω)− κ∗2(ω)κ3(ω)
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+ κ∗3(ω)κ2(ω))− 2γm
ω

Ωc

[
1− coth

(
~ω

2KBT

)] (
|κ4(ω)|2 − |κ5(ω)|2

)
− 2γm

ω

Ωd

[
1− coth

(
~ω

2KBT

)] (
|κ6(ω)|2 − |κ7(ω)|2

)
− 2γφ

ω

ωφ

[
1− coth

(
~ω

2KBTφ

)] (
|κ8(ω)|2 − |κ9(ω)|2

)
,

(A.10)

B2(ω) = −2γm
ω

Ωc

[
1− coth

(
~ω

2KBT

)]
(κ∗4(ω)κ5(ω) + κ4(ω)κ∗5(ω))

− 2γm
ω

Ωd

[
1− coth

(
~ω

2KBT

)]
(κ∗6(ω)κ7(ω) + κ6(ω)κ∗7(ω))

− 2γφ
ω

ωφ

[
1− coth

(
~ω

2KBTφ

)]
(κ9(ω)κ∗8(ω) + κ∗9(ω)κ8(ω))

+ κ∗1(ω)κ2(ω) + κ∗2(ω)κ1(ω) + κ∗2(ω)κ3(ω) + κ2(ω)κ∗3(ω)

+ i (κ∗1(ω)κ3(ω)− κ∗3(ω)κ1(ω)) (A.11)

where κi’s are written as

κ1(ω) = −i√γo
[
2F̃1(ω) + F̃3(ω)

]
, κ2(ω) =

√
γoF̃2(ω)− 1 , κ3(ω) = i

√
γoF̃3(ω) ,

κ4(ω) = −i
√

2γoF̃4(ω) , κ5(ω) =
√

2γoF̃5(ω) , κ6(ω) = −i
√

2γoF̃6(ω) ,

κ7(ω) =
√

2γoF̃7(ω) , κ8(ω) = −i
√

2γoF̃8(ω) , κ9(ω) =
√

2γoF̃9(ω) .
(A.12)
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dral, A. Zeilinger, and M. Aspelmeyer. Optomechanical entanglement between
a movable mirror and a cavity field. Phys. Rev. Lett., 98:030405, Jan 2007.

[35] Claudiu Genes, Andrea Mari, David Vitali, and Paolo Tombesi. Quantum
effects in optomechanical systems. Advances in atomic, molecular, and optical
physics, 57:33–86, 2009.

[36] David Vitali, Stefano Mancini, and Paolo Tombesi. Stationary entanglement
between two movable mirrors in a classically driven fabry–perot cavity. Journal
of Physics A: Mathematical and Theoretical, 40(28):8055, jun 2007.

[37] Stefano Mancini, Vittorio Giovannetti, David Vitali, and Paolo Tombesi. En-
tangling macroscopic oscillators exploiting radiation pressure. Phys. Rev. Lett.,
88:120401, Mar 2002.

[38] C. Fabre, M. Pinard, S. Bourzeix, A. Heidmann, E. Giacobino, and S. Rey-
naud. Quantum-noise reduction using a cavity with a movable mirror. Phys.
Rev. A, 49:1337–1343, Feb 1994.

100TH-3494_176121008



[39] S. Mancini and P. Tombesi. Quantum noise reduction by radiation pressure.
Phys. Rev. A, 49:4055–4065, May 1994.
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[212] Jonathan Pinnell, Valeria Rodŕıguez-Fajardo, and Andrew Forbes. Probing
the limits of orbital angular momentum generation and detection with spatial
light modulators. Journal of Optics, 23(1):015602, dec 2020.

[213] Chao He, Yijie Shen, and Andrew Forbes. Towards higher-dimensional struc-
tured light. Light: Science & Applications, 11(1):205, Jul 2022.

[214] Gerardo Adesso and Fabrizio Illuminati. Entanglement in continuous-variable
systems: recent advances and current perspectives. Journal of Physics A:
Mathematical and Theoretical, 40(28):7821, jun 2007.

[215] Gerardo Adesso and Fabrizio Illuminati. Continuous variable tangle,
monogamy inequality, and entanglement sharing in gaussian states of con-
tinuous variable systems. New Journal of Physics, 8(1):15, jan 2006.

114TH-3494_176121008



TH-3494_176121008



List of publications
The following are described in this thesis:

• Sanket Das and Tarak N. Dey, “Phase-dependent controllable field generation
in a ring cavity resonator”, J. Opt. Soc. Am. B 39(3), 859-868 (2022).

• Sanket Das, Subhadeep Chakraborty, and Tarak N. Dey, “Gain-assisted con-
trollable fast-light generation in cavity magnomechanics”, Phys. Rev. A 108
033517 (2023).

• Sanket Das, Pardeep Kumar, M. Bhattacharya, and Tarak N. Dey, “Hy-
brid Rotational Cavity Optomechanics Using Atomic Superfluid in a Ring”,
arXiv:2407.01990 [quant-ph]

The following is not described in this thesis:

• Sreeshna Subhash, Sanket Das, Tarak Nath Dey, Yong Li, and Sankar Davu-
luri,“Enhancing the force sensitivity of a squeezed light optomechanical inter-
ferometer”, Opt. Express 31(1), 177-191 (2023).

Conferences and schools attended
• SERB School on Frontiers in Quantum Optics, Organized by the Dept.

of physics, IIT Guwahati during 1-19 December 2017.

• XLII Annual Meeting of the Optical Society of India, OSI- Interna-
tional Symposium of Optics, Organized by Indian Institute of Technology
Kanpur, Kanpur- 208016, Uttar Pradesh, India in September 2018.

• IEEE workshop on recent advances in photonics, Organized by Indian
Institute of Technology Guwahati, Guwahati-781039, India in December 2019.

• Raman Conference on Light and Matter Physics Organized by Raman
Research Institute, Bangalore, India in August 2023.

116TH-3494_176121008


