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ABSTRACT

Linearization is a classical technique widely used to deal with matrix polynomial. The main
purpose of the thesis is to construct and analyze strong linearizations of polynomial and ra-
tional matrices. The first part of the thesis is devoted to construction of strong linearizations
of matrix polynomials including structure-preserving strong linearizations and the recovery
of eigenvectors, minimal bases and minimal indices of matrix polynomials from those of the
linearizations. The second part of the thesis is devoted to construction of strong lineariza-
tions of rational matrices including structure-preserving strong linearizations and the recovery
of eigenvectors, minimal bases and minimal indices of rational matrices from those of the

linearizations.

Fiedler pencils (FPs), generalized Fiedler pencils (GFPs), Fiedler pencils with repetition
(FPRs) and generalized Fiedler pencils with repetition (GFPRs) are important family of strong
linearizations of matrix polynomials which have been studied extensively over the years. It
is well known that the family of GFPRs of matrix polynomials subsumes the family of FPRs
and is an important source of strong linearizations, especially structure-preserving strong lin-
earizations of structured matrix polynomials. We propose a unified framework for analysis
and construction of a family of Fiedler-like pencils, which we refer to as extended GFPRs
(EGFPRs), that subsumes all the known classes of Fiedler-like pencils such as FPs, GFPs,
FPRs and GFPRs of matrix polynomials. We show that the unified framework allows us to
construct structure-preserving strong linearizations with additional properties such as banded
pencils with low bandwidth and preservation of sign characteristic in the case of Hermitian
matrix polynomials. Moreover, we describe the recovery of eigenvectors, minimal bases and
minimal indices of matrix polynomials from those of the EGFPRs and show that the recovery
is operation-free. In particular, we describe the recovery of eigenvectors, minimal bases and
minimal indices of matrix polynomials from those of the FPRs and GFPRs which has been an

open problem.

Rational matrices arise in many applications. Linearization of rational matrices has been
introduced recently for solving rational eigenproblems. FPs, GFPs and FPRs for rational
matrices have been constructed which are shown to be linearization of rational matrices. We
introduce a strong linearization (referred to as Rosenbrock strong linearization) of rational
matrices and show that structural indices of finite as well as infinite poles and zeros of rational

matrices can be recovered from those of the strong linearizations. We show that FPs, GFPs

xiil
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and FPRs of rational matrices are in fact Rosenbrock strong linearizations. Also, we introduce
a family of Fiedler-like pencils, which we refer to as generalized Fiedler pencils with repetition
(GFPRs), for rational matrices and show that the GFPRs are strong linearizations. We show
that the family of GFPRs is an important source of structure-preserving strong linearization of
rational matrices. In fact, we utilize GFPRs to construct structure-preserving strong lineariza-
tion of structured (symmetric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian,
para-Hermitian, etc.) rational matrices. We show that the Hermitian GFPRs preserve the
Cauchy-Maslov index of Hermitian rational matrices. We describe the recovery of eigenvectors,
minimal bases and minimal indices of rational matrices from those of the GFPRs and show
that the recovery is operation-free. We also introduce affine spaces of strong linearization of
rational matrices and describe the recovery of eigenvectors, minimal bases and minimal indices

of rational matrices from those of the strong linearizations.
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Introduction

Nonlinear eigenvalue problems in general and polynomial and rational eigenvalue prob-
lems in particular arise in many applications such as in acoustic emissions of high speed
trains, calculations of quantum dots, free vibration of plates with elastically attached
masses, vibrations of fluid-solid structures, and in control theory, see [9] 45] 63, [49], 55,
53, [62], 140, 59, 56] and the references therein. For example, the 129 x 129 polynomial
eigenvalue problem (PEP)

P()\)U = ()\4144 == /\3A3 aF )\2142 + /\Al + Ao)u =0

arises from a finite element solution of the equation for the modes of a planar waveguide

using piecewise linear basis functions ¢;, ¢ = 0 : 128. The coefficient matrices are defined

by

2

)
A= Zdiag(—l,O,O, ..,0,0,1), Az = diag(1,0,0,...,0,0,1),

P oL - o
A0<27]) ~ 1_6(¢i7¢j)7 A2<27]) = <¢;7¢;) - (q¢i7¢j)> A4(Z>j) = (¢Z7 ¢j)a
where ¢} is the derivative of ¢;; the parameter § describes the difference in refractive
index between the cover and the substrate of the waveguide; ¢ is a function used in the
derivation of the variational formulation and is constant in each layer; see [9] and the
references therein. On the other hand, the rational eigenvalue problem (REP)

G\)z :=—Kao+ \Fz + Cijz =0,

k
= A
arises in the study of mechanical vibrations of fluid-solid structures [49] 62 [63], where
K and F are positive definite matrices and the matrices C;,7 = 1 : k, are Hermitian

and have low ranks.
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2 Chapter 1. Introduction

Linearization is a classical technique widely used for solving polynomial eigenprob-
lems in which a matrix polynomial is transformed to a matrix pencil of larger size. Let
P(X\) := > A'A; be an n x n matrix polynomial of degree m. Then an mn x mn
matrix pencil L(A) := X 4+ A\) is said to be a linearization [33, [46] of P(\) if there exist
mn x mn unimodular matrix polynomials U(A) and V' (X) (i.e., det(U (X)) and det(V'(\))

are nonzero constants independent of \) such that
UML)V () = diag(Lim—1)n, P(N)) for A € C.

Additionally, if rev L(\) := Y + AX is a linearization of rev P(\) then L(\) is said to be
a strong linearization [46] of P(\), where rev P(\) := X" P(1/)). Construction of strong
linearizations of matrix polynomials is an active area of research and several important
families of strong linearizations of matrix polynomials such as Fiedler pencils (FPs),
generalized Fiedler pencils (GFPs), Fiedler pencils with repetition (FPRs), generalized
Fiedler pencils with repetition (GFPRs), vector space linearizations, block Kronecker
pencils and block minimal basis pencils have been introduced and analyzed in the last
one and half decades, see [0l 13|, 17, 14, 15, 20% 19, 26], 27, 61, (46, [45], 25] B30, 42, 28, 51]
and the references therein. By contrast, linearization of rational matrices is a very recent
concept. With a view to providing a direct method for solving rational eigenproblems, a
new concept of linearization of rational matrices has been introduced in [2]; see also [3].
Fiedler-like pencils (FPs, GFPs, FPRs) for rational matrices have been constructed

in |2 3, 14, 8] and are shown to be linearizations of rational matrices.
The main purpose of the thesis is to construct and analyze strong linearizations of

polynomial and rational matrices. The thesis consists of two parts. The first part is de-
voted to construction of strong linearizations of matrix polynomials including structure-
preserving strong linearizations and the recovery of eigenvectors, minimal bases and
minimal indices of matrix polynomials from those of the linearizations. The second
part of the thesis is devoted to construction of strong linearizations of rational matri-
ces including structure-preserving strong linearizations and the recovery of eigenvectors,

minimal bases and minimal indices of rational matrices from those of the linearizations.
The family of GFPRs of matrix polynomials subsumes the family of FPRs and is a

very important source of strong linearizations, especially structure-preserving strong lin-
earizations of matrix polynomials, and have been studied extensively in recent years [13]
14] 16, 17, 19, 20l 27, 61]. However, barring a small subset of FPRs known as type-1
FPRs [14], the recovery of eigenvectors, minimal bases and minimal indices of matrix
polynomials from those of FPRs and GFPRs is still an open problem. One of the main

objectives of the thesis is to fill this gap. We describe the recovery of eigenvectors,

TH-2055_136123004



3

minimal bases and minimal indices of matrix polynomials from those of the GFPRs
and show that the recovery is operation-free, that is, eigenvectors and minimal bases
can be recovered without performing any arithmetic operations and the minimal indices
can be recovered by applying a uniform shift. The main building blocks of GFPRs
are very special GFPs and the restrictions that come with the special GFPs limit the
full potential of GFPRs. With a view to realizing full potentials of Fiedler-like pen-
cils, we introduce a new family of extended GFPRs (EGFPRs) of matrix polynomials
whose building blocks are the family of GFPs instead of very special GFPs and whose
construction is operation-free as in the case of GFPRs. We show that the EGFPRs are
strong linearizations of matrix polynomials and subsume FPs, GFPs, FPRs and GFPRs.
Moreover, the EGFPRs substantially expand the arena in which to look for strong lin-
earizations, especially structure-preserving strong linearizations, of matrix polynomials
with additional features such as low bandwidth and preservation of sign characteristic in
the case of Hermitian matrix polynomials. Most importantly, we describe the recovery
of eigenvectors, minimal bases and minimal indices of matrix polynomials from those of

the EGFPRs and show that the recovery is operation-free as in the case of GFPRs.
The concept of Rosenbrock linearization of rational matrices has been introduced

in [2] by considering minimal realizations of rational matrices which generalizes lin-
earization of matrix polynomials to the case of rational matrices. FPs, GFPs and FPRs
of rational matrices have been constructed in [2, 4, 8] and are shown to be Rosenbrock
linearization of rational matrices. The recovery of eigenvectors of rational matrices
from those of the FPs, GFPs and type-1 FPRs has been described in [3, 4] [§]. However,
the recovery of minimal bases and minimal indices of rational matrices from those of
the FPs, GFPs and FPRs (including recovery of eigenvectors from FPRs) is still an
open problem. Further, construction of structure-preserving Rosenbrock linearization
of structured rational matrices is still an open problem. Furthermore, Rosenbrock lin-
earization does not enable recovery of pole-zero structural indices at infinity of rational
matrices. Our main objective in the second part of the thesis is to address all these
problems. Firstly, we introduce Rosenbrock strong linearization of rational matrices and
describe recovery of pole-zero structural indices at infinity of rational matrices from those
of the Rosenbrock strong linearizations. Secondly, we introduce affine spaces of potential
linearizations of rational matrices, which are analogues of vector space linearizations of
matrix polynomials, and show that almost all pencils in the affine spaces are Rosenbrock
strong linearizations. We also describe the recovery of eigenvectors, minimal bases and
minimal indices of rational matrices from those of the Rosenbrock strong linearizations
belonging to the affine spaces. Thirdly, we show that FPs, GFPs, and FPRs of rational

TH-2055_136123004



4 Chapter 1. Introduction

matrices are indeed Rosenbrock strong linearizations. Further, we describe the recovery
of eigenvectors, minimal bases and minimal indices of rational matrices from those of
the FPs, GFPs and FPRs and show that the recovery is operation-free. Finally, we in-
troduce the family of GFPRs of rational matrices and show that GFPRs are Rosenbrock
strong linearizations. We describe the recovery of eigenvectors, minimal bases and min-
imal indices of rational matrices from those of the GFPRs and show that the recovery is
operation-free. Most importantly, we show that the family of GFPRs of rational matrices
is a rich source of structure-preserving Rosenbrock strong linearizations and construct
structure-preserving linearizations for various structured rational matrices such as sym-
metric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian, skew-Hamiltonian,
para-Hermitian, and para-skew-Hermitian rational matrices. In particular, we show
that the Hermitian GFPRs preserve the Cauchy-Maslov index of Hermitian rational

matrices.
The thesis is organized as follows. The rest of this chapter is devoted to basic re-

sults on matrix polynomials, rational matrices, and LTI state-space systems. Chapter
describes the recovery of eigenvectors, minimal bases and minimal indices of a matrix
polynomial from those of its GFPRs. Chapter [3| introduces a new family of lineariza-
tions, which we refer to as EGFPRs of matrix polynomials, and describes the recovery
of eigenvectors, minimal bases and minimal indices of matrix polynomial from those of
its EGFPRs. Chapter [4] is devoted to constructing structure (symmetric, Hermitian,
palindromic, anti-palindromic) preserving linearizations for corresponding structured
matrix polynomials by utilizing the EGFPRs of matrix polynomials. Chapter [3] is de-
voted to Rosenbrock strong linearizations of rational matrices and construction of two
affine spaces of linearizations for a rational matrix. It also describes the recovery of
eigenvectors, minimal bases and minimal indices of a rational matrix from those of the
Rosenbrock strong linearizations. Chapter [6] analyzes the recovery of minimal bases and
minimal indices of a rational matrix from those of its FPs, GFPs and FPRs that has
been studied in the literature. Chapter [7] is devoted to constructing structure (sym-
metric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian, skew-Hamiltonian,
para-Hermitian, para-skew-Hermitian) preserving Rosenbrock strong linearizations for

corresponding structured rational matrices.

1.1 Preliminaries

Throughout this thesis, we use C" and C™*™ to denote the vector space of n-tuples

[z1,...,2,]7, 7 € C, and the vector space of m X n matrices with entries from C,

TH-2055_136123004



1.1. Preliminaries 5

respectively. Let A € C™*™. We denote the transpose (resp., conjugate transpose) of A
by AT (resp., A*). We define the right and left null spaces of A by

Ny (A) :={x € C": Ar = 0} and N(A) := {z € C™ : 2T A = 0},

respectively. The Kronecker product of matrices will be used frequently in the thesis.

Definition 1.1.1. [5)] Let A € C™*" and B € CP*%. Then the Kronecker product
(tensor product) of A and B is defined by

anB -+ a,B
A®B = : : e Cmrma
amiB ... amnB
where a;; are the entries of A.

We denote the j-th column of the n x n identity matrix I,, by e;. The Kronecker

product satisfies the following.

e Let Ac C™" B e Cr*,C € C"™ and D € C***. Then

(A® B)(C® D) = AC ® BD € C™™¥".

e For all A and B, (A® B)T = AT ® BT and (A® B)* = A* ® B*.
e If A and B are nonsingular then (A® B)™! = A~ @ B~%.

Remark 1.1.2. Let X € C"™*™" bhe an m X m block matriz with n X n blocks. Note
that for j = 1,...,m, (eJT ® I,,)X and X(e; ® I,), respectively, are the j-th block row
and j-th block column of X .

Definition 1.1.3. For k,{ € Z, we use the following notation

kk+1,....0 if k<t
0 if k> /(.

k:0:=

When k < £, (k : {) is called a string of integers from k to (. Further, we define
(00 : £) := 0 for any integer { € Z.

TH-2055_136123004



6 Chapter 1. Introduction

1.2 Polynomial and rational matrices

We denote by C[A] the polynomial ring over the complex field C and C[A\]™*™ the vector
space of m X n matrix polynomials over C. Further, we denote by C(\) the field of
rational functions of the form p(\)/q(\), where p(\) and ¢(\) are scalar polynomials in
C[A]. We denote by C(\)™ the vector space of column n-tuples over the field C(A\) and
C(N)™*™ the vector space of m-by-n matrices over the field C()), that is, elements of

C(\)™*™ are m X n rational matrices.
Since matrix polynomials are rational matrices, by default, many concepts which are

defined in this section for rational matrices hold for matrix polynomials as well.
Let G(A) € C(A)™*™. Then the rank of G(\) over the field C()) is called the normal

rank of G(\) and is denoted by nrank(G). Equivalently, nrank(G) = max rank(G(X)),
where the maximum is taken over all A which are not poles of G(\). If nrank(G) =n =m

then G(\) is said to be regular, otherwise G(A) is said to be singular.

Definition 1.2.1 (Eigenvalue, [2, 40, 52]). Let G(\) € C(\)™ ™. A complex num-
ber \g € C is said to be an eigenvalue (or, eigenspectrum) of G(A) if rank(G(\g)) <
nrank(G). We denote the set of eigenvalues of G(\) by eig(G).

If G(X) is regular and p € C is an eigenvalue of G(\), then the right null space
N(G(p)) and the left null space N;(G(p)) of G(u) are given by

Ni(G(p) = {zeC":G(pz =0} CC,
Ni(G(n) = {yeC":y"G(n) =0} cC™

If G(\) is singular, then the right null space N, (G) and the left null space N;(G) of
G(\) are given by

NAG) = {z() € CN)" : G(Mz(A) =0} € CN)",
M(G) = {y(\) € C)™ 1y  (NG(A) =0} € CA)™

For z(\) := (z1(\),...,2x(\)T € C[\*, the degree of x()\), denoted by deg(z), is

the greatest degree of its components x;(\), i.e., deg(z) = max deg(x;) .

Definition 1.2.2. [31,[{0] Let G(X) € C(A\)™™ be singular. Let B := (z1(\), ..., z,(N))
be a polynomial basis of N.(G) ordered so that deg(z1) < --- < deg(x,), where x;(\),

i =1:p, are vector polynomials in C[\|". Then
Ord(B) := deg(xy1) + - - - + deg(x)

1s called the order of the basis B.
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1.2. Polynomial and rational matrices 7

Definition 1.2.3. [31, [{0] Let G(\) € C(N\)™™ be singular and B := (z1(N), ..., z,(\))
be a polynomial basis of N,.(G) ordered so that deg(xy) < --- < deg(x,). Then B is said
to be a minimal polynomial basis of N,.(G) (or a right minimal basis of G(\)) if £
is any polynomial basis of N,.(G) then Ord(E) > Ord(B). If B is a minimal basis of
N.(G), then deg(z1) < --- < deg(z,) are called the right minimal indices of G()). A

left minimal basis and the left minimal indices of G(\) are defined similarly.

We say that a k x p matrix polynomial Z(\) is a minimal basis if the columns of
Z(\) form a minimal basis of the subspace of C(\)* spanned (over the field C()\)) by

the columns of Z(A).
A matrix polynomial U(X) € C[\|"*" is said to be unimodular if det U(\) (where

det denotes the determinant) is a nonzero constant independent of A. Next, we de-
scribe the Smith-McMillan form of a rational matrix G(\), which will be used to define

structural indices associated with G(A).

Theorem 1.2.4 (Smith-McMillan form, [2 8,40, 52]). Let G(\) € C(A\)™*™ with normal
rank r. Then there exist unimodular matriz polynomials U(X) and V() of sizes m x m

and n x n, respectively, such that G(\) = U(A) SM(G(X)) V()), where

SM(G()\)) = diag ((MA) $2(N) 6N 0,... ,0) (1.1)

1(A) 2 (A) 7 Y (N)
is called the Smith-McMillan form of G(X). The scalar polynomials ¢;(N\) and ;(\)

are monic (have the highest degree coefficient equal to 1), are pairwise coprime (do

not have common divisors) for i = 1,2,...,r and satisfy the divisibility properties:
0i(N)/bix1(N) and Yipa(N)/i(N), i =1,2,...,7 — 1. The polynomials ¢1(N), ..., ¢r(N)
and Y1 (A), ..., (\) are called invariant zero polynomials and invariant pole polynomi-

als of G(X), respectively. The zero polynomial ¢g(\) and the pole polynomial ¥g(\) of
G(X) are defined by

¢c(A) = 1(A) g2 (A) -+ - dr(A) and Y (A) == 1(A) tha(A) - - - ¥ (A).

If G(\) is a matrix polynomial then in ((1.1)) ¥;(A) = 1 for all i = 1 : r, and in that
case (1.1)) is called the Smith form of G(\).

Definition 1.2.5 (Zeros and poles, [2,[40, 52, 59]). Let G(\) € C(A\)™*". Let ¢pc(N\) and
e (A) be the zero and the pole polynomials of G(N), respectively. A complex number X is
said to be a zero of G(A) if pg(A) = 0. A complex number X is said to be a pole of G(\)
if va(A) = 0. We denote the set of zeros and poles of G(A) by Sp(G) and Poles(G),

respectively.
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Definition 1.2.6 (Eigenpole, [2, [8]). A complex number \q is said to be an eigenpole
of G(X\) if Ao is a pole of G(X\) and there exists v(\) € C[A]" with v(X\o) # 0 such that
/\lin/r\l G(N)v(A\) = 0. We denote the set of eigenpoles of G(N) by eip(G).

—A0

Remark 1.2.7. For a rational matriz G(X), it is possible that Sp(G) N poles(G) # 0.
In fact, we have eig(G) C Sp(G), eip(G) C Sp(G), eig(G) Neip(G) = B and Sp(G) =
eig(G) Ueip(G). See [2,[8] for further details..

We end this section by defining the structural indices associated with poles and zeros

of a rational matrix.

Definition 1.2.8 (Partial multiplicities of zeros, [2,8]). Let Ay € Sp(G). Then ¢c(Ao) =
0 and ¢;(N) = (A — Xo)id;(N) with di(Ng) # 0 and v; > 0 fori =1 :r. The index tuple
Inds(Mo, G) == (71,...,7) 1s called the multiplicity index of G at A\ and satisfies the
condition 0 < 71 < 79 < --- < 4,.. The nonzero components in Inds(Ao, G) are called
the partial multiplicities of Ao as a zero of G(\). The factors (A — X\g)" with v; # 0 are
called the elementary divisors of G(X) at Ag. The algebraic multiplicity of Ao is defined
by ms(Xo) := 1 +v2 + -+ + v = multiplicity of Ao as a root of pg(N). If ms(Ng) = 1

then Ao is called a simple eigenvalue of G(A).

Definition 1.2.9 (Partial multiplicities of poles, [2, 8]). Let Ao € Poles(G). Then
Ya(Xo) =0 = i (A) = (A=Xo)*qi(N) with ¢;(Xo) # 0 and oy; > 0 fori = 1: 1. The index
tuple Ind,(X\o, G) =

satisfies the condition o, < a,_3 < --- < ay. The nonzero components in Ind,(A\o, G)
are called the partial multiplicities of Ao as a pole of G(\). The factors (A — X\o)™ with
a; # 0 are called elementary divisors of G(X) at the pole Ng. The algebraic multiplicity
of Xo is defined by m,(Xo) := a1 + o + - - - + a,, = multiplicity of Ao as a root of P (N).
If my(Xo) =1 then A is called a simple pole of G(A).

(Qpy0pq ... 1) is called the multiplicity index of G at A\ and

1.2.1 System matrix associated with a rational matrix

A rational matrix G(A) is said to be proper if G(A) — D as A — oo, where D is a
matrix. On the other hand, G()\) is said to be nonproper if ||G(\)|| — 0o as A — o.
Let G(A\) € C(A)™*". Then G(\) can be written uniquely as G(A) = P(\) + Q()\), where
P(\) € CIA\™™ and Q(X) € C(\)™*™ is a strictly proper rational matrix, i.e., Q(\) — 0
as A — oo. Further Q()\) can be written as Q(\) = C(AE — A)™' B, where \E — A is
an r x r matrix pencil with £ being nonsingular, C' € C**" and B € C"™*". Thus G(\)
can be written as

G(\) =P\ +C(\E - A)"'B, (1.2)
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1.2. Polynomial and rational matrices 9

and is called a realization of G(\). A realization of G()) is said to be minimal
realization if the size of the pencil AE — A is the smallest among all the realizations
of G()\), see [40]. The matrix polynomial S(\) given by

Py | ¢

SN= 1, Y

(1.3)

is called the system matriz (or the Rosenbrock system matriz) of G(\) associated
with the realization (1.2)) of G()\). The system matrix S()) is said to be irreducible if
the realization (1.2) is minimal. Note that the system matrix S()) is irreducible if and

only ifrank([B A—)\E}> :T:rank([CT (A—)\E)T}T»see [2], 40, 52, 24].

Remark 1.2.10. Unless stated otherwise throughout the thesis we consider only minimal
realization of the rational matriz G(X). Hence the system matriz S(\) as given

18 always 1rreducible.

The following result establish the relation between the structural indices of G(\) and

its associated system matrix S(A).

Theorem 1.2.11. [2, [[0, [52] Let G()\) and S(\) be as given in and (1.5), respec-
tively. Then the zeros of G(\) are the same as the eigenvalues of S(A\) and the poles of
G(X) are the same as the eigenvalues of \E' — A.

1.2.2 Linearizations of matrix polynomials

For a matrix polynomial P(\) := Zf:() N A; € CIN™ ", the reversal of P()) is defined
by [46]

reuP(\) = NP(L/A) = 3 XA, for Ae C. (1.4)
Definition 1.2.12 (Eigenvalue at oo, [46]). Let P(\) be a regular matriz polynomial
of degree k > 1. Then oo is said to be an eigenvalue of P(\) if 0 is an eigenvalue of
revP(N).

Note that for a regular P()), A is an eigenvalue of P(X) iff 1/)\g is an eigenvalue
of revP(\) with 0 and oo are considered as reciprocals, see [46]. If P()) is regular,
then the polynomial eigenvalue problem (PEP) is to find eigenvalues 1 € C and nonzero
eigenvectors z € C", y € C™ such that P(u)x = 0 and y? P(u) = 0. If P()) is singular,

then the PEP is to find the minimal bases and minimal indices of P(\).
Linearization is a classical technique widely used for solving polynomial eigenprob-

lems in which a matrix polynomial P(\) is transformed to a matrix pencil L(A) = AX+Y
of larger size with the same eigenvalues, and solve the problem for the pencil L()\), see

[33, 146]. Formally, linearization is defined as follows.
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10 Chapter 1. Introduction

Definition 1.2.13 (Linearization, [33] 46]). Let P()\) be an n X n matriz polynomial
of degree m. A pencil L(A\) = AX +Y with X,Y € C™*™" s called a linearization of

P(\) if there exist mn X mn unimodular matriz polynomials U(X) and V (\) such that

ULV (A) =

for all X € C. Additionally, if revL(\) := Y 4+ X is a linearization of revP(\) then
L(\) is said to be a strong linearization of P(\).

It is clear from the above definition that rank(P())) < nrank(P) < rank(L()\)) <
nrank(L). This implies that eig(L) = eig(P).

For a given matrix polynomial, there exist infinitely many linearizations. Fiedler pen-
cils (FPs), generalized Fiedler pencils (GFPs), Fiedler pencils with repetition (FPRs),
and generalized Fiedler pencils with repetition (GFPRs) are well known classes of strong
linearizations of matrix polynomials which have been studied extensively in recent years,
see [6l, 17, 15, 13, 16, 19, 61] and the references therein. Next, we define FPs, GFPs,
FPRs and GFPRs of a matrix polynomial. Henceforth, we assume that P(\) is an n xn
matrix polynomial of degree m and is given by

PO =S XA, (1.5)

=0

The Fiedler matrices MF

I, 1 = +0,£1,...,+m, associated with P(\) are defined as
follows [0, [15], [61]:

MéD ) I(m—l)n ’ Mfm Am 7
—AQ [(mfl)n
I(m—i—l)n I(m—i—l)n
—-A; I, 0 I,
M= and M*, =
I, 0 I, A;
i I(i—l)n_ | I(i_l)”_

fori=1,...,m—1, and M7, := (MF)™! and M} := (M” )~'. The Fiedler matrices
MPF i =40,+1,...,4+m, satisfy the following properties, see [6, [15, 61].

e M? is invertible for i = 4+1,...,+(m — 1).

o ML  (resp., ML,) is invertible if and only if A,, (resp., Ag) is invertible.
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1.2. Polynomial and rational matrices 11

o MFMP = MPM for ||i| — |j]] > 1.

Definition 1.2.14. [J] Let N be a finite set. A bijection w : N — N 1is called a
permutation of N. 7 is said to be a sub-permutation of N if T is a permutation of
a subset of N. We denote the empty permutation by 0. Two sub-permutations o and
7 of N are said to be disjoint if o N7 = 0, where the intersection is defined to be
the intersection of the underlying subsets of the sub-permutations. If w = (o,7) is a

permutation of N then the sub-permutations o and T are said to be a partition of w.

For a sub-permutation « := (i1, 149, ...,4,) of {£0,£1,...,£m}, we define
MFP .= Mfo:---Mf: if @ #0, and MY .= 1I,,,,, if @ = 0.
A Fiedler pencil of P(\) is defined as follows.

Definition 1.2.15 (Fiedler pencils (FPs), [26]). Let ML,...,MF | and M~ be the
Fiedler matrices associated with P(X). Then, for given any permutation o of {0 : m—1},

the mn X mn matriz pencil
Lo(\) == AME — MFP

is called the Fiedler pencil (FP) of P(\) associated with o.
A Generalized Fiedler pencil of P()\) is defined as follows.

Definition 1.2.16 (Generalized Fiedler pencils (GFPs), [15]). Let w := (wp,w1) be a

permutation of {0 :m}. Then the mn X mn matriz pencil

T,(\) == AME, — M}

—w1

is said to be a generalized Fiedler pencil (GEFP) of P(X\) associated with w. In particular,
if 0 € wy and m € wy, then T,,(X) is said to be a proper generalized Fiedler (PGF) pencil
of P(\). Otherwise, T,,(\) is said to be a non-proper generalized Fiedler (NPGF) pencil

of P(X).

Sometime we write GFP as GF pencil. Note that FPs of P(\) are subclasses of
the class of GFPs of P(\). It has been shown that FPs and GFPs of P(\) are strong
linearizations of P(\) [26, [15].

1.2.3 Recovery of eigenvectors and minimal bases from FPs and GFPs

Recovery of eigenvectors, minimal bases and minimal indices of P(\) from those of the

FPs and GFPs are well known [20, [I5]. We present these results for ready reference.
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Definition 1.2.17 (Index tuple, [4]). A tuple ¢ = (j1,j2,...,Jp) € ZP is said to

be an index tuple containing indices from Z. We define —o = (—ji,—J2, -+, —Jp),
7'6?}(0') = (jp?jpfh s >j27j1) and o + q = (]1 + Q7j2 T4, ajp + q) fOT' q e Z. For
any index tuples ay := (i1,...,1s) and ag := (J1,. .., jt), we define oy U 1= (a1, an) =

(G0, ey lsy J1y e e ey Jit)-
Definition 1.2.18. [17] (a) (Subtuple) Let o be an index tuple. An index tuple [ is

said to be a subtuple of a if B = « or if B can be obtained from o by deleting some

indices i .
(b) Let o be an index tuple and 5 be a subtuple of . Then ( is said to be the subtuple

of a with indices {iy,... i} C «, if B is obtained from « by deleting all indices of «

except i1, ..., 0.

Example 1.2.19. Consider an index tuple a given by a = (1,2,0,3,0,2). Then (2,3,2)
and (0,3,0) are subtuples of o but (2,2,3) and (0,0,3) are not subtuples of .. Further,
(2,0,0,2) is the subtuple of a with indices {0,2}. W

We now define eonsecutions and tnversions of an index tuple which will play a
crucial role in the recovery of eigenvectors and minimal bases and will be used extensively

in the thesis.

Definition 1.2.20 (Consecutions and inversions). Let a be an index tuple containing
indices from {0 : k} (resp., {—k : —1}) for some non-negative integer k. Suppose that
t € a. Then we say that « has p consecutions at t if (t,t+1,...,t+ p) is a subtuple
of a but (t,t+1,...;t+p,t+p+1) is not a subtuple of a. We denote the number of
consecutions of ac at t by ¢;(a). If t ¢ a then we define ¢;(a) :== —1. We say that o has
q inversions at t if (t+q,t+q—1,...,t) is a subtuple of o but (t+q+1,t+q,...,t)
is not a subtuple of a. We denote the number of inversions of a at t by i,(«). Ift ¢ «
then we define i;(a) := —1.

Example 1.2.21. Let o := (1,0,2,1,3,2,4,1,3,2,1). Then co(a) = 3 as (0,1,2,3) is
a subtuple of a but (0,1,2,3,4) is not a subtuple of a. Similarly, c3(a) = 1 as (3,4)
is a subtuple of o but (3,4,5) is not a subtuple of a. Further, ig(a) = 1 as (1,0) is a
subtuple of a but (2,1,0) is not a subtuple of cv. Similarly, observe that i;(a) = 3 and
is()=1. B

Remark 1.2.22. It follows from Definition that c;(o) = iy(rev(a)) for any index

tuple v and for any index t.

Remark 1.2.23. [t is to be noted here that, for any index tuple o and t € «, we have
ci(a) > 0 (resp., ir(a) > 0) does not imply that i;(a) = 0 (resp., ¢;(a) = 0). By
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contrast, if a is a permutation then ¢ () > 0 (resp., i;(a) > 0) implies ir(a) = 0 (resp.,
ct(a) =0).
Definition 1.2.24. Let o be a permutation of {0 : k} for some integer k > 1. Then the

total number consecutions c(o) and inversions i(o) of o are given by

c(o) = cardinality of the set {j € 0 : ¢;j(0) > 1},

i(o) = cardinality of the set {j € o :i;(c) > 1}.
Remark 1.2.25. Note that, for a permutation o of {0 : k}, k > 1, we have ¢(0)+i(0) =
k. For ezample, let o := (0, 1,4, 3,2,5) be a permutation of {0 : 5}. Then c(o)+i(c) =5
since ¢(o) = 3 and i(o) = 2.

The next result is a restatement of [15, Theorems 3.2, 4.1 and 4.2] which describes

the recovery of eigenvectors, minimal bases and minimal indices of P()) from those of
the GF pencils. We present these results for ready reference.

Theorem 1.2.26. [15] Let T()\) := AMF — M be a GF pencil of P(\) associated with
a permutation (o,w) of {0:m}, where T :== —w. Define
’ 6%_00(0) ®I, if 0€ 0 andco(o) <m
AT ®1I,) if 0€o0 and co(o) =m
0€w,ipw)+1€oc and

el . ®I, if
s = Go(w) + Cipwy+1(0) +1 <m

F(P) :=
0cw,1 +1€o0 and
AT o L) if &
io(w) + Cigw)+1(0) +1=m
ZHO( 1L, if 0€w,iglw)<m andig(w)+1¢ac
\ Agi(el ®1,) if 0€w andig(w) =m
and
( eﬁ_io(o) ®I, if 0€ 0 andig(o) <
A T(eT® 1) if 0€ o0 andig(o) =
0€w, clw o and
&L if o
§ = co(W) + ey (w +1<m
KCF(P) — 0( ) o(w) ( )

Al (ef @ L) if
co(w) + ieyy41(0) +1=m
e @I, if 0ew, co(w)<m and co(w)+1¢ o

m—co(w)

AT (el @ 1) if 0€w and co(w) = m.
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Define the maps F“(P) : N.(T) — N,.(P), x — F“(P)x, and K“(P) : Mi(T) —
Ni(P), y— K“(P)y. Then we have the following.

(I) (Regular P(\)). Suppose that P(X) is reqular and pu € C is an eigenvalue of
P(X). If (x1,...,2p) and (yu,...,yp,) are bases of No.(T(w)) and Ni(T(w)), respectively,
then (F“(P)x1, ..., F*“(P)x,) and (K“(P)y, ..., K“(P)y,) are bases of N,.(P(u)) and
N(P(p)), respectively.

(IT) (Singular P(\)). Suppose that P(X) is singular. (Then note that 0 € o and
—m € 7). Let 7 be given by T := (1,—m, 7). Set a := (—rev(n),o, —rev(r.)). Let
c(a) and i(«), respectively, be the total number of consecutions and inversions of the
permutation a of {0 : m —1}. (Note that in this case F*(P) = efn_c()(a) ® I, and
K(P) = en i) @ In).

Right minimal bases. If (z1()),...,2,()\)) s a right minimal basis of T'(\) then
(F(P)x1(N), ..., F"(P)x,(N)) is a right minimal basis of P(\). Further, if e1 < --- <
ep are the right minimal indices of T'(\) then g1 —i(a) < --- < ¢, —i(a) are the right
minimal indices of P(\).

Left minimal bases. If (y1(A),....yp(N)) is a left minimal basis of T'(\) then
(K“(P)yr(A), ..., K“(P)y,(X)) is a left minimal basis of P(X\). Further, if§ < --- <&,
are the left minimal indices of T(X) then & —c(a) < -+ < &, —c(a) are the left minimal
indices of P(\).

Remark 1.2.27. In Theorem if T(\) is a PGF pencil (i.e., 0 € o0 and —m € 7),
then we denote F"*(P) := F“(P) and K"*(P) := K“(P), which are given by F"*(P) =
el ® I,, and K" (P) = e (0) ® In-

m—cop (o) m—ig (o

The following result is a restatement of [15, Theorem 3.4] which describes the recov-

ery of eigenvectors of P()\) corresponding to an eigenvalue at oo from those of the GF
pencils of P(A).

Theorem 1.2.28. (Theorem 3.4, [15]) Let P(\) be a regular matriz polynomial. Let
T(N) := AME_— MFP be a GF pencil of P(\) associated with a permutation (o,7) of
{0 :m}, where m € 7. Suppose that oo is an eigenvalue of P(\).

Right eigenvectors at co. Let (:171, e ,a:k) be a basis of the right eigenspace of T'(\)

at co. Then we have the following.

(a) If c_p(T) < m then ((eF

()1 @ In)z1, .o, (ecTim(T)Jr1 ® I,)xy) is a basis of the
right eigenspaces of P(\) at oo

(b) If c_p(7) = m then (Ay' (el ® L,)z1, ..., Ay (el ® I,)xx) is a basis of the right

eigenspaces of P(X\) at co.
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Left eigenvectors at co. Let (yl, o ,yk) be a basis of the left eigenspace of T'(\) at

o0o. Then we have the following.

(c) Ifi_pm(T) < m then ((e?ﬁm(ﬂJrl ® Iy, ..., (e;{m(T)H ® I,)yk) is a basis of the left
eigenspaces of P(\) at oo.

(d) If i_m(7) = m then (A77 (el @ L)y, ..., Ay" (el ® I,)yx)is a basis of the left
eigenspace of P(\) at co.

1.2.4 SIP, CSF, RSF, Operation free products

Next, we define Successor Infix Property (SIP), row standard form (rsf) and column

standard form (csf) of an index tuple which will be used extensively in the thesis.

Definition 1.2.29 (Successor Infix Property, [61]). Let o := (i1, i2,...,4:) be an index
tuple containing indices from {0,1,...,h} for some non-negative integer h. Then « is
said to satisfy the Successor Infiz Property (SIP) if for every pair of indices iq, i, € «
with 1 < a < b <t satisfying i, = 1y, there exists at least one index i, = i, + 1 such that
a <c<b. Let 8 be an index tuple containing indices from {—h,—h+1,...,—1}. Then
B is said to satisfy the SIP if B+ h satisfies the SIP.

Definition 1.2.30. [61, 1]/ Let T := (j1,J2, - - -, Jq) be an index tuple containing indices
from Z and o := (iy,ia,...,i) be an index tuple containing indices from {0,1,..., h}

for some non-negative integer h. Then:

(a) j, is said to be a simple index of T if j, # jx for k =1:q and k # p. We say that

7 15 simple if each index j, is a simple index forp=1:q.
(b) o is said to be in column standard form if
0= (as:bs, a5 1:bs 1,...,a2:bs,a1:0y),

with 0 < by < -+ <bs_1 <bs<hand0<a; <b;, forallj=1,...,s. We denote
the column standard form of o by csf(o). Let 5 be an index tuple containing indices
from {—=h,—h+1,...,—1}. Then (8 is said to be in column standard form if B+ h

s in column standard form.
(¢) o is said to be in row standard form if
o= (rev(ay : by),rev(as : by),...,rev(as_q : bs_1),rev(as : by)),

with 0 < by < --- <bs_1 <b; < hand0<a; <bj, forallj=1,...,s. We denote

the row standard form of o by rsf(o). Let 5 be an index tuple containing indices
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from {—=h,—h+1,...,—1}. Then 3 is said to be in row standard form if B+ h is

in row standard form.

Definition 1.2.31. [77, [20] Let « be a permutation of {0,1, ..., k} for k > 0 with csfla)
being the column standard form of a. Then an index s € {0,1,...,k—1} is said to be a

right index of type-1 relative to o if there is a string (s : t) in the csfla) such that s < t.

Definition 1.2.32 (Associated simple tuple, [20]). Let k be a non-negative integer
and « be a permutation of {0 : k}. Suppose that csfla) = (bg, bg_1,...,b1), where
b= (a;,_1+1:0q;) fori=2:d and by = (0: ay). If s is a right index of type-1 relative

to « then the simple tuple associated with (e, s) is denoted by z.(«, s) and is given by

o z.(a,8):=(bg, bg_1,..., bh+1,5h,~bh_1, bp_o,....b1) if 0 #£s=ay_1+1, where

Zh = (ah,1 +2: ah) and Zh—l = (ah,g +1: ap_1 + 1)

o z(a,s) = (bg, by, ..., by, by, by) if s =0, where by = (1: a;) and by = (0).

Definition 1.2.33 (Right and left index tuple of type-1, [20]). Let o be a permutation
of {0:k}, k> 0. Let 51 and [y be tuples with indices from {0 : k — 1}.

(a) We say that By := (s1,...,5.) is a right index tuple of type-1 relative to «
if, for i = 1 : r, s; is a right index of type-1 relative to z.(a, (s1,...,8i-1)), where
zp(e, (81, .., 8i-1)) = zp(z(a, (81, -+, Si—2)), Si—1) for i > 2.

(b) We say that By is a left index tuple of type-1 relative to o if rev(f) is a right
index tuple of type-1 relative to rev(a). Define z/(f1, ) := rev(z,(rev(a), rev())).

For an index tuple o containing indices either from {0 : m — 1} or {—m : —1},
MP is said to be operation-free if each block entry of M is either 0, +1, or +A4; for

j =0:m. In such a case, M can be computed directly from P()\) without performing

any arithmetic operations.

Lemma 1.2.34. [61, [T]] Let ML, )i = 0 : m, be the Fiedler matrices associated with
P(\). Let a be an index tuple containing indices either from {0 :m—1} or {—m : —1}.
Then MY is operation-free < « satisfies the SIP < M = Mfs’f(a) & MP = Mrl;(a).
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Recovery of Eigenvectors and Minimal Bases of

Matrix Polynomials from GFPRs

The main objective of this chapter is to derive recovery rules of eigenvectors and minimal
bases of a matrix polynomial P(\) from those of the generalized Fiedler pencils with
repetition (GFPRs) of P()). We show that the eigenvectors and minimal bases of P(\)
can be recovered from those of the GFPRs of P(\) without performing any arithmetic
operations. Also, we describe the recovery of eigenvectors of P(\) corresponding to the
eigenvalue at oo from those of the GFPRs. When P()) is symmetric we describe a
simplified rule for the recovery of eigenvectors and minimal bases of P(\) from those of
the symmetric GFPRs of P(\). Further, when P()) is skew-symmetric (resp., T-even, T-
odd, T-palindromic), we describe alternative recovery rules for eigenvectors and minimal
bases of P()) from those of the skew-symmetric (resp., T-even, T-odd, T-palindromic)
FPRs of P(A). These structured FPRs are known to be type-1 and hence the eigenvector
recovery rules are well known [14]. However, our eigenvector recovery rules for these
structured type-1 FPRs are simpler and different from the existing recovery rules and
can be easily read off from the index tuples defining the FPRs. We mention that
the recovery rule for type-1 FPRs given in [14] may not work for type-1 GFPRs, see
Example 2.1.19] Finally, we present algorithms for constructing FPRs and GFPRs of
P(X) (without going through the explicit multiplication of the elementary and Fiedler

matrices).

2.1 Elementary matrices and GFPRs

For rest of this chapter, we consider P(\) as an n x n matrix polynomial having degree m

and is given by P(A) = 3 7" M A;. We now define the Fiedler and elementary matrices

17
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18 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

associated with P(\) which will be used throughout the thesis. For an arbitrary matrix

X € C", we consider the following elementary matrices [17]:

TIm—1)n X
My(X) := , M, (X) = ,
X ](m—l)n
I(m—i—l)n I(m—i—l)n
X I, 0 I,
M;(X) = and M_;(X) :=
&% 9 I, X
i Ii—1yn d i Iii—1yn ]

fori =1:m—1. Note that, fori =1: m—1, M;(X) and M_;(X) are invertible for any
X. Moreover, (M;(X))™! = M_;(—X). On the other hand, the matrices My(X) and
M_,,(X) are invertible if and only if X is invertible. We define M_o(X) := (Mp(X))™!
and M,,(X) := (M_,,(X))~*. Note that M;(X)M;(Y) = M;(Y)M,;(X) holds for any
matrices X, Y € C*" if ||i| — [j|| > L.

For i € {—m : m — 1}, we define [17]

Mi(=4;) ifi>0,

MP ::
' M;(A_;) ifi<0.

Recall from Section that MF,i € {—m : m—1}, are the Fielder matrices associated
with P()) and are given by [17]:

](m—i—l)n
Im, n _Az In
Mé‘D: (m=1) N = fori=1:m-—1,
—Ap Ly L0
I Ty |
[(m—i—l)n
A 0 I,
M = , and M*, = fori=1:m—1.
I(m—l)n ]n AZ
I linn |

Note that ML (resp., ML ) is invertible if and only if Ay (resp., A,,) is invertible. We
define MY, .= (M)~ and ML .= (MP )L
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2.1. Elementary matrices and GFPRs 19

We now introduce some notation that will be used throughout the thesis and will be
used to describe the recovery of eigenvectors and minimal bases of P()\) from those of
the GFPRs of P(\).

Definition 2.1.1 (Matrix assignments, [17]). Let t = (t1,t2,...,t,) be a nonempty index
tuple containing indices from {£0,£1,...,+m} and X = (X1, Xs, ..., X,) be a tuple

of n x n matrices. We define
My(X) := My, (X1) My, (Xs) - - My, (X;)

and say that X is a matriz assignment for t. Further, we say that the matriz X; is
assigned to the position j in t. The matriz assignment X for t is said to be nonsingular
if the matrices assigned by X to the positions in t occupied by the £0 and +m indices

are nonsingular.

A matrix assignment X is said to be a symmetric (resp., Hermitian) matrix assign-

ment if all the matrices in X are symmetric (resp., Hermitian).
If t is empty, by default we define My (X) := I,,,. Further, if X! ... X*® are matrix

assignments for the index tuples ty, ..., ts, respectively, then we define [17]

Mgy, a0 (X 00, X5) o= My, (X)) - My, (XF).

s

We define M{" = MIME--- M if t := (t1,t5,...,1,;) is a nonempty index tuple,
and M{ := Ly if t is an empty tuple. If ty, ..., t, are index tuples then M} =
ML -+ ML, see [17] for further details.

Definition 2.1.2. [17] Let t = (t1,ta,...,t,) be an indez tuple containing indices from
{£0,+1,...,+m}. Then X = (X1, Xs,..., X,) is said to be the trivial matriz assign-
ment associated with P(\) if My, (X;) = .MtljD = 1. .

Remark 2.1.3. Note that if X is the trivial matriz assignment for t associated with
P(N), then My(X) = MF. For an index tuple t, My(X) is invertible if X is an invertible

matrix assignment.

Definition 2.1.4. [T7] (a) We say that two nonnegative indices i and j in an index

tuple commute if |i — j| # 1.
(b) Let t and t be index tuples of nonnegative integers. We say that t is obtained

from t by a transposition if 't is obtained from t by interchanging two distinct commuting
indices in adjacent positions. Ifi and i+1 are the positions of the interchanged indices in

t, then we call the transposition that produces t from t to be the permutation of {1: ]t}
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20 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

obtained by interchanging i and i + 1 in the identity permutation (1 : |t|), where |t

denotes the number of indices in t.
(c) Given two index tuples t and t of nonnegative integers, we say that t is equivalent

tot if t= t or zf% can be obtained from t by a sequence of transpositions. If t and t
are index tuples of negative integers and k is the minimum indexr among the indices in
t and /f, then we say that t is equivalent to t if —k 4 t is equivalent to —k +t. If t and

T are equivalent index tuples, we write t ~ 1.
(d) Let t and t be two equivalent index tuples of nonnegative (resp., negative) integers.

Suppose that (resp., —k —I—/t\, where k is the minimum index in t) is obtained from t
(resp., from —k + t) by an ordered sequence of transpositions oy, ...,0s. Then we say

that the composition 0 = o100 g4 is the allowed permutation that transforms t to 1.

Let t := (t1,t2,...,t;) be an index tuple and X := (X, Xs,...,X,) be a ma-
trix assignment for t. Then for any permutation a of {1 : r}, we define o(X) :=
(Xa1): Xa@):---» Xa@))- Let @ and § be the allowed permutations that transfer t to
rsf(t) and csf(t), respectively, where rsf(t) is the row standard form of t and csf(t)
is the column standard form of t. Then we denote a(X) by rsf(X) and (X)) by
csf(X). Similarly, we denote by rev(X) the matrix assignment for t obtained from X
by reversing the order of the matrices, i.e., rev(X) = (X, X,_1,..., X, X3).

Example 2.1.5. Let t = (2,1,3,2,0,1) and X = (X1, Xo,...,Xs) be a matriz assign-
ment for t. Thenrsf(t) =(2,1,0,3,2,1). Let v be the allowed permutation that transfer
tio TSf(t) Then TSf(X) = Oé(X) = (Xa(l)aXa(2)a °0a 7Xa(6)) = (Xl,X2>X57X37X47X6)-

The following result will be frequently used in the thesis.

Lemma 2.1.6 ([I7], Lemma 4.4). Let t be an index tuple containing indices from either
{0:m—1} or {—m : =1} and let X be a matriz assignment for t. If t ~ T (i.e.,
t is equivalent to /t\) and « s the allowed permutation that transforms t into T then

My(X) = My (a(X)).

For an index tuple « containing indices either from {0 : m—1} or {—m : —1}, M, (X)
is said to be operation-free if each block entry of M, (X) is either 0, +1,,, or any one
of the matrices in the matrix assignment X'. In such a case, M,(X) can be computed
directly from P(\) and X without performing any arithmetic operations. The following

result characterizes operation free products.

Lemma 2.1.7. [61], 14, [17] Let a be an index tuple containing indices from {0 : m —1}
(resp., {—m : —1}). Then M,(X) is operation-free < « satisfies the SIP < My (X) =
Mcsf(a)(csf(.)()) = Ma(.)(') = Mrsf(a) (TSf(X))
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2.1. Elementary matrices and GFPRs 21

Remark 2.1.8. Let « be an index tuple containing indices from {0 : m — 1} (resp.,
{—=m : —1}) such that « satisfies the SIP. Then the positions of the block entries of
M, (X) do not depend upon the particular matriz assignment X, that is, the positions
of the block entries of M, (X) depend only on «, see [17].

The Fiedler pencils with repetition (FPRs) and generalized Fiedler pencils with
repetition (GFPRs) of P(\) are defined as follows.

Definition 2.1.9 (FPRs and GFPRs, [61], 14, [I7]). Let 0 < h < m — 1 and let o and
T be permutations of {0 : h} and {—m : —h — 1}, respectively. Let o; and 7;, j = 1,2,
be index tuples containing indices from {0 : h — 1} and {—m : —h — 2}, respectively,
such that (01,0,09) and (11, T, T2) satisfy the SIP. Let X1, X5,Y1 and Ys be nonsingular

matriz assignments for 01,09, 71 and To, respectively. Then the pencil
L(\) = My, (Y1) My, (X0)AM] — M) M, (X2) M, (Y2) (2.1)

is said to be a GFPR of P(X\). In particular, if X; and Y;, for j = 1,2, are the
trivial matriz assignments then LX) = MEMZE (AMF — ME)ME M?E is said to be an
FPR of P()\).

Caution: In [61], 14} [I7], the FPRs and GFPRs are defined by excluding the condi-
tion that X, X5, Y; and Y; are nonsingular matrix assignments. Note that L(\) is not a
linearization of P(A) when any of the matrix assignments X7, Xo,Y; and Y5 is singular.
Hence for simplicity we always consider that X;, X5,Y; and Y5 are nonsingular matrix

assignments.

2.1.1 Recovery of eigenvectors and minimal bases

This section is devoted to describe the recovery of eigenvectors and minimal bases of a
matrix polynomial from those of its FPRs and GFPRs. The following remark will be
frequently used in the rest of this chapter.

Remark 2.1.10. Let o, and 7y, for £ = 1,2, be as in Definition [2.1.9. Fori € o1 U 09
and j € 7 U Ty, we have ||i] — |j|| > 2. Hence oy and 1, k = 1,2, commute with each
other, i.e., My (X)M, (Y) = M, (Y)M,,(X) for p,q € {1,2}, where X andY are any

arbitrary matriz assignments.

The next result will play a crucial role in the recovery of eigenvectors and minimal
bases of P(A) from those of the GFPRs of P(A). Recall from Definition [1.2.20|that cg(«)

(resp., i;(cv) ) denotes the number of consecutions (resp., inversions) of « at s (resp., t).
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22 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

Lemma 2.1.11. Let L()) := M,, (Y1) My, (X1)(AMP — MPYM,,(X5) M., (Y3) be a GFPR

of P(\) as given in (H) Then we have (eﬁ_co(a)@JIn)Mo? (X2)M,,(Ys) = eﬁ_co(am)@h
and Mﬁ (le)Mo'l (X1> (em—io(a) & [n) = em—io(ol,a) & In-
Proof. Let Z be an n x n arbitrary matrix. Note that for j =0,1,...,m — 2, we have
I(m—j—Q)n
T T Z 1In T
(em—j ® ITL)M]+1(Z) = (6m—j ® In) = em—(j+1) ® [na
I, 0
'y
and for j =0,1,...,m—1and i ¢ {j,7+ 1}, we have
I(m—i—l)n
- - Z I,
(em—j ® ]n)MZ(Z) = (em—j ® In) = em—j ® ]n
I, 0O
I L(i—1yn |
This shows that
el . ®I, fori=j+1landj=0:m—2,
(el @ L)Mi(Z) = U ’ / (2.2)

el_; QI fori ¢ {j,j+1}and j=0:m —1.

Similarly, for 7 =0,1,...,m — 2, we have
I(m—j—Q)n
Z I,
M1 (Z)(em—; ® In) = (em—j ® In) = em—(j+1) © In,
I, 0
oy

and for 7 =0,1,...,m—1and i ¢ {j,7 + 1}, we have

[(m—i—l)n

MZ(Z)(em_] & In) = (em_j & In) = em_j & [n-

Ti—1yn |
This shows that

em—(j+1) @ I, fori=j+T1and j=0:m—2,

Mi(Z) ey ® 1) = (2.3)

em—; @ I, fori ¢ {j,7+1}and j=0:m — 1.
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2.1. Elementary matrices and GFPRs 23

Now we evaluate (eﬁ_co(g) ® 1) My, (Xo) M, (Y2) and M. (Y1) My (X1)(€m—io(e) ®
I,)). Since o is a permutation of {0 : h}, we have ¢o(0) < h and iy(c) < h. Fur-
ther, since 71 and 7 are index tuples containing indices from {—m : —(h + 2)}, we
have M (Y1) = diag(, I(p41)n) and M., (Ys) = diag(*, I(411)n). Thus (eyTnch(a) ®
L)M,(Ya) = €] o) ® Lo and Mo, (Y1) (em—ig(o) @ In) = €m—ig(o) ® In- Consequently,
( m—co(o )®I )M (XQ)M‘Q(Y?) ( m— co(a)®[n)M02(X2> and MT1<Yl)M01(X1)(€m—io(U)®
I,) = My (X1)(em—io(o) ® I,) since by Remark [2.1.10[ we have M, (Yy)M,, (Xx) =
M, (Xk)M,, (Yy) for k = 1,2. It remains to show that (eTTn%O(J) ® I,)My,(Xs) =
e co(o0s) @ In and Mo, (X1)(€m—ig(o) @ In) = € ioo1) @ I,,. Now there are two cases.

Case-I: Suppose that h > 1. First, we show that (el _ eo(0) &) Moy (X2) = €, CO(UUQ)®
I,,. Since o has co(0) consecutions at 0, we have o ~ (¢%,0,1,...,cy(c)) for some sub-

permutation % of o. Note that
(01,0,09) ~ (01, o, 0,1,...,clo), 02) satisfies the SIP. (2.4)
Suppose that co(o) + 1 ¢ o9. Then, since (0y,0,0,) satisfies the SIP, it is clear

from ( that co(0) ¢ 02. Now as c¢y(0),co(0) + 1 & g9, by , we have (eflfco(g) ®
IN)MUQ(XQ) =el co(o) ® In. Since co(0) + 1 ¢ 05, it follows from that ¢o(0,09) =
co(o) which gives the desired result.

Next, suppose that co(0) + 1 € gy. Suppose that the csf(oy) is given by csf(og) =

((Eh_l th=1),(lp—2 : h—2),...,(¢ : 1),(C : 0)) Since o9 ~ csf(o2), without loss
of generality, we assume that o, = csf(oy). Let ¢t be the largest integer such that
co(o)+1€ (6 :t). Then oy = ((lhy : h=1), (bhg s h=2), .., (i t),.o, (61 : 1), (£ -
0)) =: (a, (4 : 1), B) and ¢o(0) + 1 ¢ a. Since

(01,0,09) ~ (01, ol 0,1,...,co(0), a, (4 : t),ﬁ) satisfies the SIP (2.5)
and co(0) + 1 ¢ «, we must have ¢; = c¢o(0) + 1. Indeed, if ¢; < ¢o(0) + 1 then
co(o) € (¢, t). Since (04,0, 09) satisfies the SIP, it is clear from that co(0)+1 € a
which contradicts that co(c) + 1 ¢ a. Further, since (01,0, 07) satisfies the SIP and
co(0) +1 ¢ a, it is clear from (2.5)) that co(0) ¢ a. Thus o5 = (o, (co(0) + 1 : 1), 8),
where ¢o(0),co(0) + 1 ¢ . We denote by (%) any arbitrary matrix assignment. Then

(€m—co(o) © Tn) Ma (%) Mico(oy1:0) (%) Mp(*)

= (em—co(o) @ In) Mico(o)+1:0)(+) M () by as ¢o(0), co(0) +1 ¢ a
= (Em—coo) ® Tn) Meo(o)+1 (%) Meg(oy2(%) - - - My(x) Mg (*)

= (el , ® I,) Mg(*) by applying repeatedly

=el ,®1, by ast,t+1¢ [.
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24 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

Thus (65_00(0) @ L) My, (Xo) = €l _, ® I, as My, (Xs) = Ma,(co(o)+1:),8)(X2). Now
since (0,02) ~ (07,0,1,...,co(0), a, (co(0) +1: 1), ) and co(0) +1 ¢ a, it follows that
(0,1,...,t) is a subtuple of (0,05) and (0,1,...,t+1) is not a subtuple of (o, 03). Hence
co(0,09) =t which gives the desired result.

Next, we show that My, (X1)(em—igo) ® In) = €m—ig(o1,0) @ L. Since o has iy(0)
inversions at 0, we have o ~ (ig(0),...,1,0,0%) for some sub-permutation o of o.
Note that

(01,0,09) ~ (01,2'0(0), ...,1,0,0%, 02) satisfies the SIP. (2.6)

Suppose that ig(c) + 1 ¢ o1. Then, since (01, 0, 09) satisfies the SIP, it is clear from
that io(0) ¢ o1. Now as ig(0),i0(0) +1 ¢ o1, by (2.3), we have M, (X1)(em—ig(0) ®
I,) = em—ig(o) ® 1. Since ig(o) + 1 ¢ oy, it follows from that ig(oy1,0) = ig(0)
which gives the desired result.

Next, suppose that io(0) + 1 € o1. Suppose that the rsf(oy) is given by rsf(o;) =

(rev(ro :0),rev(ry 2 1),...,rev(rp_g : h — 2),rev(rp_q : h — 1)) Since o1 ~ rsf(o1),
without loss of generality, we assume that o; = rsf(o;). Let k be the largest integer
such that ig(c) +1 € rev(ry : k). Then o1 = (rev(ro : 0),rev(r; : 1),...,rev(ry :
k),...,rev(rp_s : h—2),rev(r,_q1 : h— 1)) =: (y,rev(ry : k),0) and ig(c) +1 ¢ J. Since

(01,0,09) ~ (fy,rev(rk - k),0,i0(c),...,1,0,0", 02) satisfies the SIP (2.7)

and iy(c) + 1 ¢ 9, we must have r, = iy(0) + 1. Indeed, if ry < ig(c) + 1 then ig(o) €
rev(ry, k). Since (01,0, 09) satisfies the SIP, it is clear from that ig(c) +1 € ¢
which contradicts that ig(c) + 1 ¢ 0. Further, since (01,0, 09) satisfies the SIP and
io(c) + 1 ¢ 0, it is clear from that ig(c) ¢ 8. Thus oy = (7, rev(io(o) + 1 : k),4),
where ig(0),i(c) + 1 ¢ §. Now we have

My (%) Mieu(i(o)+1:) (%) M5 (%) (€m—ig(o) @ In)

= M, (%) Myeo(io(o)+1:k) (%) (Em—ig(o) ® In) by as io(0),ip(0) +1 ¢4
= M () M (%) My—1(%) - - - Mig(o)+1 (%) (€m—ig(o) © In)

= M, (%) (em—r ® I,) by applying repeatedly

=éem_t ® I, by as k. k+1¢~.

Thus Mal (Xl)(emfio(o') X In) =em—k ® In as Mal (Xl) - M('y,rev(io(o')+1:k),5)(X1)~ Now
since (o1,0) ~ (v,k,k—1,...,i0(0)+1,8,i0(0),...,1,0,0%) and ig(c) +1 ¢ 4, it follows
that (k,...,1,0) is a subtuple of (o1,0) and (k+1,k,...,1,0) is not a subtuple of (o, 7).

Hence ig(0q,0) = k which gives the desired result.
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Case-1I: Suppose that h = 0. Then ¢ = (0) and ¢y(0) = 0 = ip(c). Hence there
are no choices for oy and o9, i.e., oy = 0 and oy = 0. So M,,(X1) = Ly = My, (X3).
Hence (eI @ I,)M,,(Xs) = el @ I,, and M,,(X:)(em @ I,) = €5, ® I,,. This completes
the proof. O

We now describe automatic recovery of minimal bases of P(\) from those of the
GFPRs of P(\). Two k x k matrix pencils 77(A\) and T(\) are said to be equivalent if
T1(\) = AT, (M) B for some nonsingular matrices 4 and B.

Theorem 2.1.12. Let L()\) := M, (Y1)M,, (X1)(AME — MEPYM,,(X5)M,,(Ys) be a
GFPR of P(\). Let T be given by T := (1, —m, 7). Set a := (—rev(n),o, —rev(r,)).
Let cp, == c(a) and if, :=i(a) be the total number of consecutions and inversions of the
permutation a of {0,1,...,m — 1}, respectively. Suppose that P(X) is singular. Then

we have the following.

(a) Right minimal bases. If 2 € N.(L) then (€], 0y @ In)x € N.(P). More-
over, F*"(P): No.(L) = No.(P), @ == (€], (500 @ In), is a linear isomorphism and
maps a minimal basis of Ni.(L) to a minimal basis of N.(P). Thus, if (ui(A), ..., up(\))
is a right minimal basis of L(X\) then ((eg_co(maz) QL)ui(N), ..., (eﬁ_co(gm) ®In)up()\)>
is a right minimal basis of P(\).

(b) If &1 < --- < g, are the right minimal indices of L(\) then ey —ip < --- <e,—1if

are the right minimal indices of P(\).

(c) Left minimal bases. Ify € Ni(L) then (e}, ;. » @ In)y € Mi(P). Moreover,
Ke™(P) : Ni(L) — Ni(P), y — (ez;_io(ow) ® I,,)y, is a linear isomorphism and maps
a minimal basis of Ni(L) to a minimal basis of Ni(P). Thus, if (v1(A),...,v,())) is a
left minimal basis of L(\) then ((eﬁ_i0(0170) ® L)vi(A), ..., (erfn_io(aw) ® ]n)vp(/\)) is a
left minimal basis of P(\).

(d) If ;m < --- <m, are the left minimal indices of L(\) then m —cp < --- <m,—cyp,

are the left minimal indices of P(\).

Proof. We have L(\) = M, (Y1) M,, (X1)T,(N) M,,(Xo) M., (Y3), where T,,(\) := AMZ —
MPY is a GF pencil of P()) associated with the permutation w := (o, —7) of {0, 1,...,m}.
Since M,,(X2)M,,(Y>) is nonsingular, it is easily seen that the map M,,(Xs)M,,(Y2) :
NA(L) = N.(T,), (\) — (]\4(,2 (XQ)MTQ(YQ))x()\), is an isomorphism and maps a mini-
mal basis of V;.(L) to a minimal basis of N;(T,,). On the other hand, by Theorem[1.2.26]
F*(P) : N.(T,,) = N.(P), z(\) — (efnfc()(o_) ® I,)x(A), is an isomorphism and maps a

minimal basis of N,(T,) to a minimal basis of N,.(P). Hence F*(P)M,,(X2)M,,(Y>) :
N.(L) = N,(P) is an isomorphism and maps a minimal basis of N, (L) to a minimal
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basis of N,.(P). Now, by Lemma [2.1.11] we have F*(P)M,,(Xs)M,,(Y3) =

(eT ® In)M02 (XQ)MTQ (}/2) = @5700(0702) ® ]n — FCFPI{(P)

m—cop (o)

which proves (a).

Now, let 1 < --- < g, be the right minimal indices of L(X). Since the GF pencil
T.,(N) is strictly equivalent to L(\), e; < --- < g, are also the right minimal indices of
T.,(N). Hence by Theorem , g1 — i < --- <g, — iy are the right minimal indices
of P(A). This proves (b).

For the recovery of left minimal bases, observe that (MTI(Yl)J\/‘I'(71 (Xl))T N(L) —
M(T,), y(\) — (MT1 (Yl)Mal(Xl)>Ty(/\) is an isomorphism and maps a minimal basis
of Nj(L) to a minimal basis of NV;(T,). Again by Theorem K(P) : M|(T,,) —
Ni(P), y(A) — (6§—z’0(o) ® I,)y(N), is an isomorphism and maps a minimal basis of
N(T,) to a minimal basis of N;(P). Hence K (P)(M,, (Y1) M,,(X1))T : Ni(L) = Ni(P)
is an isomorphism and maps a minimal basis of NV;(L) to a minimal basis of N;(P). Now,
by Lemma 2.1.11] we have K%(P)( M, (Y;)M,, (X)) =

T ‘PR
(MTl Gq)MUl (Xl)(em—io(ﬂ) & In)) = ez—io(ol,a) ® I, = K (P)

which proves (c).

Finally, let n; < --- <, be the left minimal indices of L(X). Since the GF pencil
T.,(N) is strictly equivalent to L(\), ;1 < --- < 7, are also the left minimal indices of
T.,(\). Hence by Theorem [1.2.26} n; — ¢z, < - -+ < 1, — ¢, are the left minimal indices of
P(A). This completes the proof. O

A verbatim proof of Theorem yields the following result.

Corollary 2.1.13. Suppose that P()\) is reqular and p € C is an eigenvalue of P()\).
Let L()\) == M, (Y1) M, (X1)AME — MPYM,,(X5)M,,(Ys) be a GFPR of P()\). Then
we have the following.

(a) Right eigenvectors. Ifu € No.(L(1)) then (€], . (5, @In)u € No(P(1)). In fact,
the mapping u (eﬁ_co(am)@)fn)u is a linear isomorphism from N,.(L(p)) to No.(P(p)).
(b) Left eigenvectors. If v € Ni(L(u)) then (e, ® I,)v € Ni(P(u)). In fact,

m—ig(c1,0)
€T

the mapping v — » ®1I,)v is a linear isomorphism from Nj(L(p)) to Ni(P(u)).
m—ig(01,0)

Remark 2.1.14. Notice that the proofs of Theorem and Corollary do not
use the fact that the index tuple (11, T, T2) satisfies the SIP and hence these results remain

valid for GFPR-like pencils of the form

L(X) = My, (Y1) My, (X1)(AME — M) Mo, (X2) M., (Y5)
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in which only the index tuple (o1, 0,05) satisfies the SIP but not the tuple (11,7, 72). This
shows the extent to which the index tuples (o1, 0,09) and (11,7, T2) influence operation-

free recovery of eigenvectors and minimal bases of P(\) from those of L(\).

We now illustrate eigenvector recovery rule for P(A) by considering an example.

Example 2.1.15. Let P()\) := Z?:o N A; be reqular. Consider o = (1,2,3,0), 9 =
(2,1), 7=(—4) and oy =11 =12 = 0. Let (X,Y) be a matriz assignment for oo. Then
the GFPR L()\) := (AME, — Mg72’370))M(2,1)(X, Y) of P()\) is given by

 AMa+ 4y —X —Y I,
Ay AX—1I, Y I,
A M, Ay 0
1, 0 AL, 0

Let u € N.(L()\)) and v € Ni(L(N)). Define u; := (e @ I,)u and v; := (el & I,,)v
for i =1:4. We have ¢y(0,02) = 1 and ig(o1,0) = 1. Hence by Corollary [2.1.15,
(el @ I)u=u3 € N,(P(\) and (el_, ® I,)v = vz € Ni(P()\)). To verify the recovery
rule, consider L(\)u = 0. This gives

L(A) =

(Mg + Az)ug — Xug — Yug —uy =0 (2.8)
Asug + (AX — I)ug + AYug + duy =0 (2.9)
Ajug + Aug + Aguz = 0 (2.10)

—uy + Aug =0 (2.11)

From we have uy = Aus. Adding X\ times (@ with we have uy = (A\?Ay +
Az + Ax)uy = (NAg + N2 Az + MNAo)uz. Substituting the values of uy and uy in
we have (A Ay + N3Az + N2 Ay + M| + Ag)uz = 0 = P(Nuz = 0, i.e., uz € N.(P())).
Note that ug # 0. Indeed, if us = 0 then it follows that w = 0. Similarly, we can verify
that vI P(\) = 0 and v3 # 0.

We have the following recovery rule for FPRs of P(\) which follows from Theo-
rem [2.1.12| and Corollary [2.1.13| by considering X; and Y}, j = 1,2, as the trivial matrix

assignments.

Corollary 2.1.16. Let L(\) = MEME (AME —ME) ME M?E be an FPR of P(X). Then
we have the following.
(I) (Regular P(\)). Suppose that P(X\) is regular and u € C is an eigenvalue of

P(X). If (x1,...,2p) and (y1, ..., y,), respectively, are bases of right and left eigenspaces
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of L), then ((eg_%(am) ® L)z, ..., (ef@_%(am) ® I,)x,) and ((efl_io(gha) Q L)y, ..,
(el ) ® I,)y,), respectively, are bases of right and left eigenspaces of P(u).

m—ig(o1,0
(IT) (Singular P(\)). Suppose that P(\) is singular. Let T be given by T =
(11, —m, 7). Set a:= (—rev(m), o, —rev(r,)). Let ¢ := c(a) and iy, := i(a) be the total
number of consecutions and inversions of the permutation o of {0 :m — 1}.
(o) Right minimal bases. If (z1()),...,z,(\)) is a right minimal basis of L(\)
then ((eﬁ_cg(o,m) Q1L,)z1(N), ..., (eg_co(gm) ®1,)x, (X)) is a right minimal basis of P(X).

Further, ife; < --- < ¢, are the right minimal indices of L(\) then ey —ip < --- < g,—iy,

are the right minimal indices of P(\).

(b) Left minimal bases. If (y1(A),...,yp(N)) is a left minimal basis of L(\) then
((efnfio(aw) ® L)y (N), ..., (651—1'0(01,0) ® 1,)yp(N)) is a left minimal basis of P(N). Fur-

ther, if ;m < --- <, are the left minimal indices of L(\) then my —cp, <--- <m, —cy,

are the left minimal indices of P(\).

The following example illustrates eigenvector recovery rule for P(\) from those of
the FPRs of P(A).

Example 2.1.17. Let P()\), 0, 0;, T and 7; be as given in Example [2.1.15 Then the
FPR L(\) :== (AM%, — M(I;,Q,S,O))M(I;,l) is given by

)\A4 aF A3 AQ Al _In
A Ay — 1, —)A; M,
L()\) L 2 2 1
Ay A, Ap 0
— I, 0 A, 0

Let uw € No.(L(N\)) and v € Ni(L(N)). Define u; := (el @ I,)u and v; == (el @ I,)v for
i=1:4. We have co(0,09) = 1 and ig(o1,0) = 1. Hence by Corollary (el | ®
L)u=uz € N.(P(\) and (el ® I,)v = vz € Ni(P(X\)) which can be easily verified.

Recall from Definition [1.2.33] the left and right index tuples of type-1 and the nota-
tions z.(.,.) and z/(.,.).
A GFPR L(A) := M,

1

(Y1) M, (Y2) of P(A) is said to be

type-1 when the index tuples oy and rev(oy) are right index tuples of type-1 relative to

1 (Xl)()‘Mf_Mf)MUQ (XQ)MTz

o and rev(o), respectively, and the tuples 75 and rev(r) are right index tuples of type-1
relative to 7 and rev(7), respectively; see [14] for type-1 FPRs. This restriction on the
index tuples effectively reduces the type-1 GFPRs to be a small subclass of the class of
GFPRs. For example, if P(\) is singular and of degree m = 4 then for o := (0,1, 2, 3)
and 7 := (—4), there are GFPRs but no type-1 GFPRs of P().
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For a comparison, we now state the recovery rules for eigenvectors and minimal bases
derived in [14] for type-1 FPRs.

Theorem 2.1.18 ([14], Theorem 3.6). Let L(\) := MFME (AMEP — MFPYMZE M?E be a
type-1 FPR of P()).

(a) Suppose that P(\) is singular. Then we have the following.

Right minimal basis: If (x1(N),...,xx(N)) is a right minimal basis L(X\) then
(el _, @ L)z1(N), ..., (el _o ® L)xk(N)) is a right minimal basis of P(X), where o :=
co(zr(0,09)), where z,.(o,02) is the simple tuple associated with (o, 03).

Left minimal basis: If (y1(N),...,yx(N) is a left minimal basis L(\) then
((ef_5 @ L)yr(N), ..., (el _5 @ Ln)ye(X)) is a left minimal basis of P(X), where § :=
co(zr(rev(o),rev(oy))).

(b) Suppose that P(X) is reqular and X € C is an eigem)alue of P(X).

Right eigenvectors: The map N,(L(\)) — N.(P(\)),v — (el @ I,)v, is a
linear isomorphism, where a := co(2.(0, 03)).

Left eigenvectors: The map Ni(L(X)) — N(P(N)),u — (ef_5 ® L)u, is a

linear isomorphism, where 3 := co(2.(rev(o), rev(oy))).

A natural question that arises is this: Can Theorem [2.1.1§ be used to recover eigen-
vectors and minimal bases of P(X\) from those of the type-1 GFPRs of P(\)? It turns
out that Theorem is not valid for GFPRs, that is, it cannot guarantee recovery of
eigenvectors and minimal bases of P(\) from those of the type-1 GFPRs. We illustrate

this by an example.

Example 2.1.19. Let P(\) := S0 NA; be regular and Ay = 0. Consider o =
(2,3,0,1), 09 = (2,0,1),7 = (—4) and 01 = 71 = 7o = 0. Let (X,Y,Z) be a non-
singular matriz assignment for oo, i.e., Y is nonsingular. Then the GFPR L(\) :=

(AME = M 51)) M201)(X,Y, Z) of P(A) is given by

Ay + As X -z -1,
A AMX+A M-Y A,
L) = 2 1
-1, M, 0 0
0 0 AY 0

Note that L()\) is a type-1 GFPR. Let u € N,(L()\)). Define u; := (el ® L,)u for
i =1:4. Note that oy is a right index tuple of type-1 relative to o and co(z.(0,03)) = 1.
Thus by Theorem (el @ 1,)u=uz € N,(P(N\). It is easy to see that L(\)u = 0
implies us = 0 since Y is a nonsingular matriz. Thus us cannot be an eigenvector of
P(\). This shows that Theorem is not applicable to type-1 GFPRs. Next, observe
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that co(o, 09) = 2. Thus, by Corollary (el @ I)u=1uy € N.(P(N)). It is easily
verified that uy # 0 and P(N)ug = 0 showing that us is indeed an eigenvector of P(\). B

We now present an example to illustrate a case when our recovery rule coincides
with that in Theorem 2.1.18

Example 2.1.20. Let P(\) := S.I_ NA;. Consider 0 = (4 : 6,2 :3,0: 1),00 =
(2,1,3),00 = (2,4,5,3,4),7 = (=7) and 71 = 75 = 0. Clearly, rev(cy) and oy are
right index tuples of type-1 relative to rev(o) and o, respectively. Consider the FPR
L(A) == M, 5 (AME = Mg 0500)) My 5950y Let w € No(L(N) and v € Ni(L(N)).
Define u; = (el ® I,)u and v; :== (el @ I,)v fori=1:7.

We have cy(o,02) = 4 and ig(01,0) = 2. Hence, by Corollary (el ,@I,)u=
uz € N.(P(\)) and (el_, @ I,)v = vs € Ni(P(N)).

On the other hand, oo is a right index tuple of type-1 relative to o and the simple tuple
associated with (o, 09) is given by z.(o,09) = (6,5,0 : 4). Thus cy(2,(0,09)) = 4. Hence
by Theorem (el , @ I)u = uz € N.(P())). Similarly, rev(cy) is a right index
tuple of type-1 relative to rev(o) and the simple tuple associated with (rev(o),rev(oy))

is z.(rev(o),rev(oy)) = (6,5,4,3,0 : 2). Thus co(z.(rev(o),rev(oy))) = 2. Hence by
Theorem (X, @ I)v=1uvs € Ni(P(N)). B

We remark that our recovery rules for right eigenvectors and right minimal bases of
P()) from those of GFPRs (and hence of FPRs) can be read off from cy(c, 09) whereas
the rules for left eigenvectors and left minimal bases can be read off from ig(cq, o). Most
importantly, c¢y(o, 02) and ig(oq,0) can be easily read off by looking at the index tuples
0,09 and 0. By contrast, the recovery formulae for right (resp., left) eigenvectors and
right (resp., left) minimal bases from those of the type-1 FPRs in Theorem [2.1.18|require
the number of consecutions of the simple index tuple z,(o, 03) (resp., z,.(rev(o), rev(oy)))
at 0. The simple index tuples z,(c,09) and z.(rev(o),rev(oy)) are defined recursively
and hence cannot be read off readily from the index tuples o, 0 and ;. Therefore, even
though for certain type-1 FPRs our recovery rules coincide with those in Theorem
our recovery rules are automatic and can be easily read off from the index tuples o, oy

and oy.

2.1.2 Eigenvalue at infinity and recovery of eigenvectors

We now describe the recovery of eigenvectors of P(\) corresponding to an eigenvalue at

oo from those of the GFPRs of P(A). For this purpose, we need the following result.
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Lemma 2.1.21. Let « be an index tuple containing indices from {—m : —1} such that
a satisfies the SIP. Then we have the following.

(a) If —s € a and c_s(a) = p, then o ~ (aL, —s,—(s—1),...,—(s—p), aR) for some
index tuples o and o such that —s ¢ o and —(s —p), —(s —p —1) & aF.

(b) if =t € a and i_;(a) = q, then o ~ (aL, —(t—q),...,—(t—1), —t,aR) for some
index tuples o and o such that —t ¢ ot and —(t —q), —(t —q—1) & or.

Proof. Since « satisfies the SIP, we can write a in the column standard form. Let the

column standard form of a be given by

esf(a) = ((—ar:=1), .., (mapey s =(k = 1)), (—ax : —k), ..., (—am : —=m)),

where —Fk is the largest integer such that —s € (—ay : —k). Then (—ay : —k) =

(—ap,—ar +1,...,—s —1,—s,...,—k). Now, set
aL - (<_a1 : —1), 500g (_a/kfl : —(k — 1)), —Aag, —Aag + 17 ceey, TS — 1)

and o ;= ((—ak+1 c—(k+1),...,(—am: —m)).

Then esf(a) = (aL, —s,—(s—1),..., —k:,aR), where —s ¢ o and —k, —(k — 1) ¢ of'.
Thus (—s,—(s — 1),...,—k) is a subtuple of o and (—s,—(s — 1),...,—k,—(k — 1))
is not a subtuple of . So s — k = c_4(«), ie., s—k = p. Thus k = s — p and
—(s—p),—(s —p—1) & af'. This proves (a) as a ~ csf(a).

(b) Let the row standard form of o be given by

rsf(a) = (rev(—bm :—m),...,rev(=by : —k),rev(=bx_1 : —(k—1)),...,rev(=b; : —1)),

where —k is the largest integer such that —t € rev(—b; : —k). Then rev(—by : —k) =
(=k,...,—t,—t—1,...,=bp+ 1, —bx). Now, set

al = (’I“SU(—bm c—=m),...,rev(=bgy1 : —(k+ 1)))

and o = ( —t—1,..., b+ 1, =bg,rev(—=bg_1: —(k—1)),...,rev(=by : —1)).
Then rsf(a) = (o, =k, ..., —(t — 1), —t,a’), where —t ¢ o and —k, —(k — 1) ¢ o*.
Thus (—k,...,—(t — 1),—t) is a subtuple of @ and (—(k — 1), —k,...,—(t — 1), —1)
is not a subtuple of . So t — k = i_4(«a), ie., t —k = q. Thus k = t — ¢ and
—(t—q),—(t —q—1) ¢ oF. This proves (b) as a ~ rsf(a). O

We need the following result to derive the recovery of eigenvectors of P(\) corre-

sponding to an eigenvalue at oo from those of the GFPRs of P()).
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Lemma 2.1.22. Let L()\) = M, (Y}) M, (X1) AMP — MP)M,,(Xs) M,,(Yz) be a
GFPR of P(\). Then we have the following.

(0) (€7 iy © L) Moy (X2) My (V2) = €

c—m(T,m2

(b) Mﬁ(YI)MUl (Xl) (ez;m(T)-i-l ® ]n) = €i_p(m,)+1 & L.

Proof. Let Z be an n x n arbitrary matrix. For j =1:m — 1, we have

I(m—j—l)n
T T 0 I, T
(em—j ® In)M_;(Z) = (em—j ® I) = €p_(j—1) @ In
1, Z
I IG-1yn |
and
[(m—j—l)n
0 I,
M—j(Z)(em—j X ]n) = (em_j & In) = Gm,(]’_l) & In
I, 7
v I(j—1yn
This shows that
el . ®I, fork=jandj=1:m—1,
(e ® L)M_(2) = "0V A (2.12)
L ®I, fork¢{jj+1}, j=0:m— 1,
and

em(i-ny®I, fork=jand j=1:m—1,
M_(Z)(em_; ® I,,) = "1 (2.13)
em*j®[" fOfk%{j,j—i—l},j:Om—l

(a) Now we show that

(ecT,m(r)-H ® 1) My, (Xo) M, (Y2) = ecT,m(T,rg)-i-l ® I. (2.14)

Since 7 is a permutation of {—m : —(h + 1)}, we have c_,,(7) < m —h — 1 and
C—m(7)+1 < m—~h. Further, since o3 is an index tuple containing indices from {0 : h—1},
we have M,,(Xs) = diag(I(m—nyn, *). Consequently, we have (ef_m(T)+1 ®1I,) M,,(Xs) =
el (m11®I,. Henceto prove (2.14) we only need to show that (e] )., ®I,) M, (Y2)

C—m m
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eCT_m(TJQ)H ® I,,. Observe that ecT_m(T)H ® I, = 6%—(m—c_m(r)—1) ® I,. Set s := c_,(7).
We show that
(€m—mes—1) @ In) My (Y2) = €, (r.ry1 @ I (2.15)
which gives (2.14). Since 7 has s consecutions at —m, we have 7 ~ (TL, —m, —(m —
1),...,—(m— s)) Note that
(1,72) ~ (TL, —m,—(m—1),...,—(m —s), 7—2) satisfies the SIP. (2.16)

Case-I: Suppose that —(m — s — 1) ¢ 7. Then, since (7, 7o) satisfies the SIP, it is
clear from (2.16]) that —(m—s) & 7. Now, as —(m—s), —(m—s—1) ¢ 7, by (2.12)), we
have (eﬁf(mfsfl) ® I,) M, (Y3) = efk(m_s_l) @I, =el,;®I,. Since —(m—s—1) ¢ 7,
it is clear from (12.16)) that c_,,(7,72) = s. This proves (2.15|.

Case-II: Suppose that —(m — s — 1) € 7. Set p := c_(n_s_1)(72), ie., 7o has p
consecutions at —(m — s — 1). Then by Lemma [2.1.21]

TQN(TQL,—(m—s—1),—(m—s—2),...,—(m—s—p—1),7'2R),

where —(m —s—1) ¢ 7 and —(m —s—p—1),—(m — s — p — 2) ¢ 7E. By setting
t:=m—s—p—1, we have —t, —(t — 1) ¢ 7i*. Note that

(1,72) ~ (TL, —m:—(m—s), 75, —(m—s5—1): —t, TQR) satisfies the SIP,  (2.17)

where —(m —s —1) ¢ 7F and —t,—(t — 1) ¢ 7*. As —(m — s — 1) ¢ 7L, we have
—(m — s) ¢ 7F since otherwise (7,75) would not satisfy the SIP which is clear from
(2-17). We denote by (*) any arbitrary matrix assignment. Then

(e], ) @ L) Mop (%) M(—(m—s—1):—0)(¥) Mor(x) =

—(m—s—1

by ([2.12)) since

Sm—s),—(m—s—1) ¢ 7}
(er—(1—1) ® In) M (%) by applying repeatedly

= efl_(t_l) ® I, by as —t,—(t—1) ¢ .

Hence (e%_(m_s_l) ® I,)M,,(Ys) = e%_(t_l) @I, as 7o ~ (18, —(m—s—1): —t, 7). It
is clear from (22.17)) that c_,,(7,72) = m — ¢, that is, m — (t — 1) = c¢_,,(7, 72) + 1. This

proves (2.15) and hence (2.14)) holds. This completes the proof of (a).
(b) Next, we show that

(em—(m—s—1) @ Tn) M(—(m—s—1)—0) (¥) Mz (*)

MT1,O'1 (}/1’ Xl) (6i_m(7')+1 X In) = ei_m(n,‘r)+1 ® In (218)
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Since 7 is a permutation of {—m : —(h + 1)}, we have i_,,(7) < m — h — 1 and
i—m(7)+1 < m—nh. Further, since oy is an index tuple containing indices from {0 : h—1},
we have M, (X1) = diag(L(m—nyn, *). Consequently, we have M, (X1) (e;_,,(n+1® 1) =
€ (r)41®1,. Thus, to prove we only need to show that M, (Y1) (e;_,,(r4+1®1,) =

Ci_m(m1,7)+1 ® L.
Observe that €;_, (r)4+1 ® I = €m—(m—i_n(r)-1) @ L. Set s :=i_,,(7). Next, we show
that
M, (Y1) (em—(m=s—1) ® In) = €i_,.(n,r)41 ® In (2.19)

which gives ([2.18). Since 7 has s inversions at —m, we have 7 ~ ( —(m=s),...,—(m—
1),—m, TR). Note that

(11,7) ~ (7’1, —(m=s),...,—(m—1),—m, TR> satisfies the SIP. (2.20)

Case-1: Suppose that —(m — s — 1) & 7. Then, since (71, 7) satisfies the SIP, it is

clear from (2.20) that —(m —s) € 7. Now, as —(m—s), —(m—s—1) ¢ 7, by (2.13), we
have M-, (Y1) (€m—m—s—1) ® In) = €m—(m-s—1) ® I, = €541 @ I,. Since —(m —s—1) & 1,

it is clear from (22.20)) that i_,,(7,7) = s. This proves (2.19).

Case-II: Suppose that —(m —s —1) € 7. Set p := i_(n—s—1)(71), i.e., 7y has p
inversions at —(m — s — 1). Then by Lemma [2.1.21]

le(TIL,—(m—S—p—1),...,—(m—s—2),—(m—s—1),7’1R),

where —(m —s—1) ¢ P and —(m —s—p—1),—(m — s — p — 2) & 7. Setting
t:=m—s—p—1, we have —t, —(t — 1) ¢ 7. Note that

(11,7) ~ (TIL, —t,...,—(m—s—1),7 —(m—s),...,—m, TR) (2.21)

satisfies the SIP, where —(m—s—1) ¢ 7% and —,—(t —1) ¢ 7F. As —(m—s—1) & 7,
we have —(m — s) ¢ 7 since otherwise (71, 7) would not satisfy the SIP which is clear

from ([2.21). Now we have

Mo2(%) M(—t,....—(m—s—2),—(m—s—-1))(¥) M r (%) (€m—(m—s-1) @ In)
by (2.13) as — (m — s),
—(m—-—s—-1)¢ 7l

-----

= Ma(x)(em—-1) ® Iy )by applying (2.13) repeatedly

= em—(t-1) ® I, by (2 as —t,—(t—1) ¢ 1t

Hence M, (Y1) (€m—(m—s—1) ® In) = €m—(t—1) ® I, as 11 ~ (7'1L7 —t,. .., —(m—s—1), TIR).
It is clear from (2.21)) that i_,,(7,7) = m —t, that is, m — (t — 1) = i_,, (7, 7) + 1. This
proves (2.19) and hence (2.18)) holds. This completes the proof of (b). O
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We are now ready to describe the recovery of eigenvectors of P(\) corresponding to
an eigenvalue at oo from those of the GFPRs of P()).

Theorem 2.1.23 (Eigenvector recovery at co). Let P(\) be reqular and let L(\) =
M, (Y1) My, (X)) (AMP — MPYM,,,(Xo)M,,(Ys) be a GFPR of P()\). Suppose that oo is
an eigenvalue of P(\). Then we have the following.

Right eigenvectors. If (33'1, e ,$k) is a basis of the right eigenspace of L(\) at oo,
then ((ecT_m(T’TQ)
P(\) at co.

Left eigenvectors. If (yl, e ,yk) is a basis of the left eigenspace of L(\) at oo,
then ((e?_m(nﬁ)+1 Q L)yi, .-y (eZT_m(TM)+1 ® In)yk) s a basis of the left eigenspace of
P(\) at co.

1 ® D)z, .., (€z_m(7,72)+1 ® In)xk) 18 a basis of the right eigenspace of

Proof. We have L()) = AL; — Lo, where Ly = M, o,)(Y1, X1)MP Mg, 1)(Xs, V) and
Lo := M, o) (Y1, X1)ME M5, .,y (X2, Y3) . Note that oo is an eigenvalue of L(\) <= 0
is an eigenvalue of rev(L(A)) <= 0 is an eigenvalue of L,. Since M, ,,)(Y1,X;) is
invertible, we have N,.(L;) = ./\/}(MfM(UZ,TQ)(X% Yg)) Further, since My, -,)(X2, Y2) is
nonsingular, it is easily seen that the map M(MTPM(@,TQ)(XQ, YQ)) — N (MP), 2z
(M(UZ,TQ)(XQ,Yg»z is an isomorphism. Define T'(\) := AMY — MP. Then N,(M?) =
Nr(rev(T(O))). Now, by Theorem [1.2.28, the map

N, (rev(T(0))) — Ny (rev(P(0))), u s (€L, (11 ® Lo)u
is an isomorphism. Hence the map

N, (rev(L(0))) — Ny (rev(P(0))), 2+ (7 (1ys1 @ )Moy (Xo, Ya) )z (2.22)

—m

is an isomorphism. Now, by Lemma [2.1.22] we have

(ec(ryi1 @ In) Moy (X2) My, (Yo) = e

C—m —m(

7,7m2)+1 ® ITL

Hence the desired result for the right eigenspace of P(\) at oo follows from ([2.22]).
Next, we prove the result for left eigenspace of P()) at co. Since M4, -,)(X2,Y3) is

invertible, we have M(rev(L(O))) =Ni(Ly) = M(M(Tlm)(Yl, XQMf). Further, since
M+, 0,)(Y1, X1) is nonsingular, the map M(M(71701)<Y17X1)M7—F)) — M(MP), 2z
(M(Tl’gl)(Yl,Xl))Tz is an isomorphism. Recall that T'(\) := AMF — MP and hence
N(MFP) = M(rev(T(O))). Now, by Theorem |1.2.28| the map

M(rev(T(O))) — M(rev(P(O))), v (eiT_m(T)H ® Ip)v
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is an isomorphism. Hence the map

Ni(rev(L(0))) — Ni(rev(P(0))), y = (€] (11 ® L) (Miry o) (Y2, X1))T )y (2:23)

1—m

is an isomorphism. Now, by Lemma [2.1.22] we have

T T
(€] 1 @) (M o (Y1, X1)) " = (Miry oy (Y1, X0) (er 1@ L)) = €1 01 1y i1 @l

Hence the result for the left eigenspace of P(\) at oo follows from ([2.23]). n

Remark 2.1.24. Notice that the proof of Lemma and Theorem does not
use the fact that the index tuple (01,0,09) satisfies the SIP and hence the results in
Theorem remain valid for GFPR-like pencils of the form

L(A) = My, (Y1) Mo, (X1)(AM — M) My, (X2) M-, (Y2)

in which only the index tuple (11,7,72) satisfies the SIP but not the tuple (o1, 0,03).
This shows that the SIP of (11, T,Ts) is enough for operation-free recovery of eigenvec-

tors of P(X\) corresponding to the eigenvalue oo from those of L(X). Compare this with
Remark|(2.1.1/).

We illustrate the recovery of eigenvectors of P()) corresponding to an eigenvalue at

oo from those of the GFPRs of P()\) by considering an example.

Example 2.1.25. Let P(\) := Y0 \iA;. Suppose that P(\) is reqular and oo is
an eigenvalue of P(X\). Let o := (0,1), 01 := 0,09 = (0),7 := (—4,—-5,-3,-2), 7o =
(—4,-3) and 1 = 0. Let X and (Y, Z) be any nonsingular matriz assignments for oy and
To, respectively. Then the GFPR L(\) = (AM(€47_57_37_2)—M£71))MO(X)M(_47_3)(Y, Z) =:
ALy — Lo of P()\) is given by

(000 0 1, ol [0 015 o o]
0 0 A; Ay 0 I, 0Y 0 0
LN=XA|1, 0 Y 4 0|—-|0 L, Z 0 0
0 I, Z A, 0 00 0 —-A X
000 0 0 X]| |00 0 -4 0]

Let x and y, respectively, be right and left eigenvectors of L(\) corresponding to
the eigenvalue co. Define z; := (el ® I,)x and y; == (el ® I,)y, i = 1 : 5. We have

c_5(1,m2) = c_5(—4,—5,—3,—2,—4,—3) = 2. Hence by Theorem (eé:n(ﬁmw1 ®
L)z = (el ®I,)x = 3 is a right eigenvector of P(\) corresponding to the eigenvalue oo.
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Similarly, i_5(m,7) =i_5(—4,—5,—3,—2) = 1. Hence by Theorem (eiT_m(n,r)+1®
L)y = (X @ I,)y = yo is a left eigenvector of P()\) corresponding to the eigenvalue co.

To verify the recovery rule, consider Lix = 0. This gives x4 = 0 = x5 and Aszs = 0.
Further, if x3 =0 then 1 = 0 = x5. Thus x3 = 0= o = 0. Hence x3 # 0 and is a
right eigenvector of P(\) corresponding to the eigenvalue co.

Similarly, y" Ly = 0 implies that yI = 0 for i = 3,4,5, and yL As = 0. Further, if
yl' =0 then yI =0. Thus yI = y = 0. Hence yI # 0 and is a left eigenvector of P(\)

corresponding to the eigenvalue oo. M

2.2 Recovery of eigenvectors and minimal bases from struc-
tured linearizations

By using GFPRs (specially, FPRs) of P(\), structure (symmetric, skew-symmetric,
even, odd, palindromic, etc.) preserving linearizations have been constructed for struc-
tured P(X), see [13 17, 19, 20]. This section is devoted to describing the recovery
of eigenvectors and minimal bases of a structured P(\) from those of the structure-

preserving linearizations.
First, we prove a result on minimal indices which will be useful in recovering the

minimal indices of a structured P(\) from those of the structure-preserving linearizations
of P()). Note that if P()\) is singular then the left (resp., right) minimal indices of P(\)

and X P(\)Y are the same for any nonsingular matrices X and Y.

Lemma 2.2.1. Let L(\) := M, (Y1) M, (X1)(AMP — MPYM,,(X3) M., (Ys) be a GFPR
of P(\). Suppose that the left minimal indices of P(X\) (resp., L(\)) are the same as
the right minimal indices of P(X) (resp., L(\)). If e1 < -+ < gy are the minimal (left
and right) indices of L(\) then e, — (m —1)/2 < -+ < e, — (m —1)/2 are the minimal
(left and right) indices of P(\).

Proof. Let €1 < --- < ¢ be the minimal (left and right) indices of L()\). Since T'(\) :=
AME — MP is strictly equivalent to L(\), e < --+ < g are the minimal (left and
right) indices of T'(A). Note that T'(\) is a PGF pencil of P(\). Let 7 be given by
T = (15, —m, 7). Define a := (—rev(n),o, —rev(r.)). Then « is a permutation of
{0,1,...,m — 1}. Let ¢;, and ip, respectively, be the total number of consecutions and
inversions of a. Then by Theorem [1.2.26) 1 — i, < --- < e —ipand ey — ¢y, < -+ <
e — cr, respectively, are the right and left minimal indices of P(\). Since the left and
right minimal indices of P(\) are the same, we must have iy = c¢,. But iy +c, =m—1.

Consequently, we have i, = (m — 1)/2 = ¢, which yields the desired result. O
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2.2.1 Symmetric linearizations

A matrix polynomial P(X) = > 7" A°4; is said to be symmetric if P(A\)T = P(\) for
A € C, ie., if AT = A;, i = 0,1,...,m. Since symmetric GFPRs are special cases
of GFPRs of P(\), we show that simplified recovery rules hold for symmetric GFPRs

which can be easily read off from the index tuples defining the symmetric GFPRs.
Let t be an index tuple. Recall that, an index tuple t is said to be a subtuple of t if

t =t or if t can be obtained from t by deleting some indices in t. Also, recall that t is
the subtuple of t with indices {t,...,t,} if t is obtained from t by deleting all indices

except t1,...,%,.

Definition 2.2.2. [77] (a) (Admissible tuple). Let h > 0 be an integer. We say that w
is an admissible tuple of {0 : h} if w is a permutation of {0 : h} and

csf('w):(h—l:h,h—3:h—2,...,p+1:p+2,0:p) (2.24)

for some 0 < p < h. We call p as the index of w and denote it by Ind(w).
(b) (Symmetric complement). Let h > 0 be an integer and let w be an admissible tuple of

{0 : h} with index p. Then the symmetric complement of w, denoted by c.,, is defined by
(h—1,h=3,...,p+3,p+1,(0:p)es,) ifp>1,
cw:=4 (h—1,h=3,...,1) if p=0 and h > 0,
0 if h =0,
where (0 p)pen, :=(0:p—1,0:p—2,...,0:1,0).

For simplicity, we always consider an admissible tuple of the form ({2.24]). Clearly, for
an integer h > 0, there exist a unique admissible tuple of {0 : A} with index 0 or 1 [17].

Definition 2.2.3 (Simple admissible tuple). An admissible tuple w of {0 : h}, h > 0,
is said to be the simple admissible tuple if Ind(w) =0 or Ind(w) = 1.

Note that for the simple admissible tuple w of {0 : h}, we have Ind(w) = 0 (resp.,
Ind(w) = 1) if h is even (resp., odd). We mention that in [I7] the simple admissible

tuple is referred as ”the admissible tuple”.

Definition 2.2.4. [77] Given h > 0, we say that an index tuple t is in canonical form
for h if t is of the form

(al:h_27a2:h_4"“7aL%J h_QL%J)

with a; >0, 1=1: [%J, where |-| stands for the greatest integer function.
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Note that, if h = 0,1, then an index tuple in canonical form for A is necessarily empty.
The following result characterizes all block symmetric GFPRs of P()).

Theorem 2.2.5 ([I7], Theorem 6.11). Let 0 < h < m. Let w, and wy,_p_1 be the
simple admissible tuples associated with h and m — h — 1, respectively. Let t,, and
m + t,, be index tuples in canonical form for h and m — h — 1, respectively. Let X and

Y be nonsingular matriz assignments for t,, and t,,, respectively. Then

L(X) := Mg, ) (X, VYAMy — My YMEc, o\ Mreo(tn, )rentts, ) (rev(X), rev(Y)),
(2.25)
is a block symmetric GFPR of P(X\), where v, = —m + Wy,_p_1, €, be the symmetric
complement of wy, m + ¢, is the symmetric complement of wy,,_n_1. Moreover, any
block symmetric GFPR of P() is of the form (2.25).

If the matrices in the matrix assignments X and ) in Theorem are all symmetric
then L(A) is symmetric for a symmetric P(X) [I7]. It is well known that L()\) given in

(2.25]) is not a linearization of P(\) when P()\) is singular having even degree [13] [17].
Since P()) is symmetric, the left and right minimal bases of P()) are the same.

Hence the left and right minimal indices of P()) are also the same. We therefore refer
to a left or a right minimal basis of P(\) as a minimal basis of P()). The next result
describes the recovery of minimal bases and minimal indices of P(\) from those of the
symmetric GFPRs of P(\).

Theorem 2.2.6. Let P(\) be symmetric and singular and let L(\) be as in Theo-
rem[2.2.5. Then we have the following.

(a) If (ur(N), . . ., ug(N)) is @ minimal basis of L(\) then ((el,_ @I )ui(N), ..., (el _,®
I)uk(N)) is a minimal basis of P(X), where a =0 if h =0, and o = 2+ co(rev(ty,)) if
h > 0.

(b) If e1 < -+ < gy are the minimal indices of L(\) then e, — (m —1)/2 < ---
e — (m —1)/2 are the minimal indices of P(\).

N

Proof. Suppose that h = 0. Then wy, = (0) and ¢, = 0 = t,,. Thus co(Wp, Cy, , 7€V(ty, )
= 0. Next, suppose that h > 0. Since P(\) is singular, A,, and A, are singular. Thus, we
must have 0 ¢ c,,, Ut,,, and —m ¢ c,, Ut,, since otherwise L(\) would not be a lineariza-
tion of P(\). Note that if & is odd then 0 € ¢, . Hence h must be even. Since wy, is the
simple admissible tuple of {0 : h}, we have w, = (h—1: h,h—3: h—2,...,1:2,0). This
implies that c,, = (h—1,h —3,...,1). Hence ¢o(Wp, Cy,, 7ev(ty,)) = 2+ ca(rev(ty,))
(recall from Definition that if 2 & rev(ty, ) then ca(rev(ty,,)) = —1). Hence the
proof of (a) follows from Theorem with 0 = wy, 01 = ty,, 02 = (Cy,,, Tev(ty,)),

T =vVp, 1 = t,, and 7 = (c,,, rev(ty,)).
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Finally, (b) follows from Lemma as P(\) and L(\) are both symmetric. O

The next result describes the recovery of eigenvectors of a symmetric P(\) from
those of the symmetric GFPRs of P(\).

Theorem 2.2.7. Let P(\) be symmetric and regular. Let L(X) be as in Theorem [2.2.5,
Suppose that A € C is an eigenvalue of P(X). Let ¢ be the index of wy, (note that
0 =0 if his even, and ¢ = 1 if h is odd). If (uq,...,ux) is a basis of N.(L(\)) then
(el _,c @ L)uy, ..., (el _,. @ I,)uy) is a basis of N,.(P()\)) (also a basis of Ni(P(\))),
where (* =0 if h =1, and {* =1+ 2+ coyo(rev(ty,)) if h > L.

Proof. We have w,, = (h—1:hh—=3:h—2,....0+1:£+20:/), where £ = 0 if
h is even, and ¢ = 1 if h is odd. Suppose that ¢ = h. Then wy, = (0 : £) and hence
co(wy) = (. Note that c,, and t,, are index tuples with indices from {0 : h — 1} and
{0 : h—2}, respectively. Thus co(Wy, €y, , 7€v(ty, ) = €. Next, suppose that h > ¢. Then
wp,=(h—-1:hh—3:h—2,...0+1:(4+2,0:¢) andc,, =(h—1,h—3,...,0+1,(0:
O)rev,). Thus co(Wp, €y, 7€V(tw, ) = €+ 2+ coa(rev(ty,)) (note that if £+2 ¢ rev(t,,)
then cpya(rev(ty,)) = —1). Hence the desired result follows from Corollary with

0 =Wy, 01 = ty,, 02 = (Cy,,reV(ty,)), T = Vi, 71 =t,, and m = (c,,, rev(t,,)). O
The following example describes the recovery of eigenvectors from a symmetric GFPR.

Example 2.2.8. Let P(\) := .0  N'A; be symmetric. Suppose that P()\) is regular
and v is an eigenvalue of P(X). Consider w, = (3:4,1:2,0), t,, = (1:2),v, = (—5)
and t,, = 0. Let (X,Y) be any arbitrary matriz assignment for t,, . Then L(\) :=

M:2) (X,Y) ()\Mi, ¥ M£;4,1;2,0))M(I?D,,l)M(Q,l)(K X) =

[ Ms+ A A4 _y .
As =My + Ay AY +A1 AX -1, A,
Y A HA DA+ A M. 0
X AX -1, M, 0 0

-l A, 0 0 0 |

is a block symmetric GFPR of P(\).

Hence if X and Y are symmetric matrices then

L(X) is symmetric whenever P(\) is symmetric.

Let x € N.(L(1)). Define z; = (e] @ I,)x fori =1:5. Since h = 4 is even, we
have £ = 0 in Theorem[2.2.7. Now co(rev(ty,)) = ¢2(2,1) = 0 and 2+ cs(rev(ty,)) = 2.
Hence by Theorem we have (el _, @ I,)x = x3 € N.(P(n)) which can be easily
verified.

TH-2055_136123004



2.2. Recovery of eigenvectors and minimal bases from structured linearizations 41

2.2.2 Skew-symmetric linearizations

A matrix polynomial P(\) = > A 4; is said to be skew-symmetric if P(A\)T = —P(\)
for A € C, i.e., if AT = —A;, i =0,1,...,m. This section is devoted to describing the
recovery of eigenvectors and minimal bases of a skew-symmetric P(\) from those of the

skew-symmetric linearizations of P()\) that has been constructed in [20].

Definition 2.2.9. [20] A matriz S € C™ is said to be a quasi-identity matriz if S =
erl, @ ®enl,, where e; € {1,—1} fori=1:m.

Recall the left and right index tuples of type-1 from Definition [1.2.33, The following

theorem gives skew-symmetric linearizations of P(\).

Theorem 2.2.10 ([20], Theorem 3.15). Let P()\) be skew-symmetric and let 0 < h <
m—1. Let w and w be any admissible tuples of {0 : h} and {0 : m —h—1}, respectively,
and ¢, and cg be the symmetric complement of w and w, respectively. Let t, with
indices from {0 : h— 1} and tg with indices from {0 : m —h— 2} be right index tuples of
type-1 relative to rev(w) and rev(w), respectively. Define v:= —m+w, ¢, := —m+ ¢
and 8, := —m-+ . Let L) = MP,, \MP  ((AMP ~ME)MP MEMEME. Then, up
to multiplication by —1, there exists a unique quasi-identity matriz S such that SL(\)

18 skew-symmetric.

It is well known that L()) given in Theorem [2.2.10] is not a linearization of P(\)

when P()) is singular having even degree [20].
For a skew-symmetric P(\), we have u(\) € N,.(P) < u()\) € Nj(P). Hence N,.(P()))

and N;(P(\)) are the same for an eigenvalue A of a regular skew-symmetric P()).

Theorem 2.2.11. Let P(\) be skew-symmetric and reqular. Let L(\) and S be as in
Theorem . Suppose that \ € C is an eigenvalue of P(\). Let ¢ be the index of w.
If (uy, . .., ug) is a basis of N.(SL(N)) then ((el _, @ L)ui,..., (el . &I, uy) is a basis
of N.(P(\)) (also a basis of Ni(P(\))), where £* =€ if h ={, and (* =0+ 2+ cpi2(ty)
if h > 0.

Proof. The proof is similar to that of Theorem [2.2.7] n

Note that the left and right minimal bases of a skew-symmetric P()\) are the same.
Hence the left and right minimal indices of P()) are also the same. Now, we describe

the recovery of minimal bases of P(\) from those of the skew-symmetric linearizations

of P()\).

Theorem 2.2.12. Let P(\) be skew-symmetric and singular. Let L(\) and S be as in
Theorem |2.2.10. Then we have the following.
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(a) If (uy(N), ..., uk(N)) is @ minimal basis of SL(X) then ((e,_ &L, ui(N), ..., (el &
I)ugk(N)) is a minimal basis of P(X\), where o =0 if h = 0, and o = 2+ co(t,) if h > 0.

(b) If e1 < --- < gp are the minimal indices of SL(\) then e — (m —1)/2 < .-+ <
gp — (m —1)/2 are the minimal indices of P(\).

Proof. The proof of (a) is similar to that of part (a) of Theorem [2.2.6]
Since S is nonsingular, the left (resp., right) minimal indices of SL(\) and L(\) are

the same. Hence (b) follows from Lemma [2.2.1] O

2.2.3 Even and odd linearizations

A matrix polynomial P()\) is said to be T-even if P(—=\) = P(\)T for A € C. On the
other hand, P()) is said to be T-odd if P(—=\) = —P(\)T for A € C. We say P(]\) is
T-alternating if it is either T-even or T-odd. This section is devoted to describing the
recovery of eigenvectors, minimal bases and minimal indices of T-alternating P()\) from

those of the T-alternating linearizations of P()\) that has been constructed in [20].
The following result gives T-alternating linearizations of T-alternating P(\).

Theorem 2.2.13 ([20], Theorem 4.15). Let 0 < h < m — 1 be even. Let w and w
be any admissible tuples of {0 : h} and {0 : m — h — 1}, respectively, and ¢, and
cy be the symmetric complement of w and w, respectively. Define v := —m + w and
c, = —m+ cg. Let L()\) := ()\Mf — Mf;)Mf;Mg. Then, up to multiplication by —1,
there ezists a unique quasi-identity matriz S such that SL(X) is T-even (resp., T- odd)
when P(X) is T-even (resp., T-odd).

£

It is well known that L(\) given in Theorem is not a linearization of P(\)
when P()) is singular having even degree [20].

For a T-alternating P()), we have u()\) € N,.(P) < u(—=\) € N(P). Hence for an
eigenvalue \ of a regular P()\), B := (uq,...,uy) is a basis of N.(P())) if and only if B
is a basis of Nj(P())).

Theorem 2.2.14. Let P(\) be reqular and T-alternating and let S and L(\) be as in
Theorem . Suppose that A € C is an eigenvalue of P(\). Let ¢ be the index of
w. If (uy, ..., ug) is a basis of N.(SL(N)) then ((el _,. @ L)uy, ..., (X ,. @ L,)u) is a
basis of N.(P()\)), where ¢* ={ if ¢ = h, and (* =0+ 1 if £ < h.

Proof. A verbatim proof of Theorem with t,, = 0 gives the desired result. O

Since P()) is T-alternating, (z1(A),...,x,()\)) is a right minimal basis of P(\) if
and only if (z1(—\),...,x,(—A)) is a left minimal basis of P()). So the left and right

minimal indices of P(\) are the same.
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Theorem 2.2.15. Let P(\) be T-alternating and singular and let S and L(X) be as in
Theorem [2.2.13. Then we have the following.
(a) Let (uy (M), ..., ur(N) be a right minimal basis of SL(X\). Then ((el . ®@1,)ui(N),
(el @ L)uk(N) is a right minimal basis of P(\), where « =0 if h =0, and o = 1
if h > 0.
(b) If 1 < -+ < g are the minimal indices of SL(A\) then e — (m —1)/2 < --- <

e — (m —1)/2 are the minimal indices of P(\).

Proof. A verbatim proof of Theorem with t,, = 0 gives the desired results. O

2.2.4 Palindromic linearizations

A matrix polynomial P()) is said to be T-palindromic if rev(P()\)) = P(\)T for A € C.
This section is devoted to describing the recovery of eigenvectors, minimal bases and
minimal indices of P()) from the T-palindromic linearizations of P(A) that has been

constructed in [19] by using the FPRs. For rest of this section, we define

0 I,
R = c (Cmnxmn.

I, 0

Recall from Definition [1.2.33| the left and right index tuples of type-1 and the notations

z:(.,.) and z(.,.). The following result gives T-palindromic linearizations of P(\).

Theorem 2.2.16 ([19], Theorem 3.3). Let P(X\) be T-palindromic of odd degree m > 3
and h = (m — 1)/2. Let q be a permutation of {0,1,..., h}. Assume that v, and 1,
respectively, are right and left index tuples of type-1 relative to q. Define

L) = M? \ME(AME J— MI)YMEME .

—m+rev(ry —m+rev(q

Then SRL(X) is T-palindromic, where S = e 1, @ - @ €, 1, is a quasi-identity matriz
with ¢, = 1 and
‘ _ z(l,, @) has an inversion ati—1, or
e =—1 if and only if (2.26)
2,(q, ) has a consecution at m — i.
Since P()) is T-palindromic, if (z1(A), ..., zx(A)) is a right (resp., left) minimal basis
of P(\) then (rev(zy1(N)),...,rev(zg(N))) is a left (resp., right) minimal basis of P()).
Hence the left and right minimal indices of P(\) are the same. It also follows that
N:(P(X\)) = N(P(X)) when P()) is regular and X is an eigenvalue of P(\).
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Theorem 2.2.17. Let P()\) be T-palindromic of odd degree m > 3 and let S, R and
L(X) be as in Theorem |2.2.10,

(a) Suppose that P(X) is reqular and X € C is an eigenvalue of P(X). If (u1, ..., ug)

is a basis of N.(SRL(X)) then ((eg_co(qmq) ® L)uq, ..., (eg_co(qmq) ® I,)ug) is a basis of
N(P(Y)).

(b) Suppose that P(X\) is singular. Let (ui(N),...,ux(X)) be a right minimal basis
of SRL(\). Then ((eﬁ_co(quq) ® Ip)ui(A), ..., (efn_co(qmq) ® Ip)ug(N)) is a right minimal

basis of P(A).
(c) If e1 < -+ < e are the minimal indices of SRL(N) thene; — (m—1)/2 <. <

er — (m —1)/2 are the minimal indices of P(\).

Proof. The proofs of (a) and (b), respectively, follow from Theorem [2.1.12] and Corol-
lary 2.1.13| with ¢ = q, 01 = 1,, 02 = 14, T = —m + rev(q), 71 = —m + rev(r,) and
7 = —m+rev(ly) and X; and Y}, j = 1,2, are the trivial matrix assignments. Since S

and R are nonsingular, the left (resp., right) minimal indices of SRL(\) and L(\) are
the same. Hence (c) follows from Lemma [2.2.1} O

Remark 2.2.18. We mention that when P()\) is T-anti-palindromic, that is, P(\)T =
—rev(P(X)), the recovery formulae for eigenvectors, minimal bases and minimal in-
dices of P(X\) from those of the T-anti-palindromic linearizations of P(\) are the same
as in the case of T-palindromic P(\). Indeed, let P(\) be T-anti-palindromic. It is
well known that P(\) is T-anti-palindromic if and only if P(—\) is T-palindromic [27].
Suppose that P(\) is of odd degree m > 3. Define Q(\) := P(—=\). Consider the
FPR L(\) == M ooy MEOAME 0 = M@)MIME o of Q(N) as in Theo-

rem where MJQ s are the Fiedler matrices associated with Q(\). Then SRL(—\)

is a T-anti-palindromic strong linearization of P(X\), where S is a quasi-identity matrix
as in .

Since rev(P()\)) = —P(\)T, we have N, (revP) = N,.(—PT) = Ni(P) and Ni(revP) =
N(=PT) = N.(P). Thus, if (x1(A\),...,zx()\)) is a right (resp., left) minimal basis of
P(\) then (rev(xi(X)),...,rev(zk(N))) is a left (resp., right) minimal basis of P()).
Also, the left and right minimal indices of P(\) are the same. Hence the recovery for-
mulae for eigenvectors, minimal bases and minimal indices of a T-anti-palindromic P(\)
from those of the T-anti-palindromic linearizations obtained from FPRs are the same as

those of T-palindromic P(X\) and T-palindromic linearizations obtained from FPRs.
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2.3. Block structure of eigenvectors of GFPRs 45

2.3 Block structure of eigenvectors of GFPRs

Suppose that P()) is regular. Let L()\) := M, (Y1) M,, (X1)(AMEF —MP)M,,,(X2) M, (Y>s)
be a GFPR of P()). Let v € N,(L()\)) be an eigenvector and v be the eigenvector of
P(A) recovered from v. Then the quotient g(v) := ||v||/||v|| may be useful for comparing
backward errors of v with that of v, when A is simple, and the condition number of A\ as
an eigenvalue of L(A) with the condition number of A as an eigenvalue of P()\); see [14].
Let v := [v1,...,v,)? be a partition of v, where v; € C" for j = 1 : m and x” denotes
block transpose of x. By Corollary , we have v; = v for j = m—cy(0o, 02). However,
for obtaining lower and upper bounds of the quotient ¢(v), it may be helpful to know
the block structure of v, that is, to know the explicit relationships between v and the
blocks v; for j =1 : m.

The block structure of eigenvectors of Fiedler pencils has been determined in [26]
and the block structure of eigenvectors of GFPs and type-1 FPRs has been determined
in [14]. The block structure of eigenvectors has also been determined for pencils be-
longing to four special classes of block symmetric extended block Kronecker pencils of
P(\) in [21]. Also, it has been shown in [21] that a block symmetric GFPR is block
permutationally congruent to a pencil belonging to one of the four special classes of
block symmetric extended block Kronecker pencils of P(\). However, the problem is
that it is not known how to determine the block permutation whose existence is proved
in [2I]. Nevertheless, this result shows that block structures of eigenvectors of block
symmetric GFPRs are amenable to determination modulo some permutations. How-
ever, for a GFPR L(\), the blocks v; and v are unlikely to share a nice relation for
j = 1:m. This is because of the fact the pencil \M” — MF in L()\) is a GF pencil and
hence block structure of its eigenvectors is known. Now, if u is a right eigenvector of
AME — MP then (M,,(X5)M,,(Yz)) 'u is a right eigenvector of L()\). However, compu-
tation of (M,,(X2)M,,(Y3))~! will not be easy and even when the inverse is available,
the inverse is unlikely to produce a meaningful relation between blocks when multiplied
to u. Thus the blocks of v := (M,,(X3)M,,(Y3)) 'u are unlikely to share meaningful
relations which can be harnessed to deduce bounds on the quotient ¢(v). Assuming
that the GFPR L(\) is also an extended block Kronecker pencil does not improve the

situation either. We illustrate this by an example.

Example 2.3.1. Let P(\) := Y5 NA;. Let (X,Y,Z, W) be a nonsingular matriz
assignment for (1,2,1,0). Then L(\) = (AME, — M£7273’0))M(1727170)<X, Y, Z, W) is a
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GFPR of P(\) which is explicitly given by

ANAy+ As -Y -7z =W
Loy Ay A =X | A\Z—1, W MO | B
A AAX | AL 0 | B o
-1, A, 0 0
y Z W
Note that L(\) is an extended block-Kronecker pencil [18] since S nonsin-
I, 0
salem, ()
zZ W
gular (as W is nonsingular) and Ko(\) = | I, —1I, It is easy to see
I, 0
0 AL
that L(\) = T (AU, where T(\) and U are given by
AMy+As 0 | =1, 0 I, 0 0 O
Ay 0 | A\, —I, 0 I, 0 O
T(\) = and U :=
Ay Ao | 0 Al 0Y Z W
-1, AL, | 0O 0 0 X I, 0

Let T1 be the block-permutation matriz given by I, ; = I, if and only if (i,7) € {(1,1),
(2,3),(3,4),(4,2)}, where 11, ; denotes the (i,7)-th block entry of II. Then T'(\) =
F,(MI, where F,(\) := AMY, — M(Ii2,3,0) is the Fiedler pencil of P(X) associated with
the permutation o := (1,2,3,0) of {0: 3}. Now by [26, Theorem 5.7], v(\) € N,.(P) if
Av(N)
and only if u(\) == € N,.(F,), where P; denotes the j-th Horner shift [26]
APw(N)
v(A)
of P(N\). Hence v(\) € N,.(P) if and only if T~ u(\) € N,.(T). Since L(\) = T(\)U, it
follows that v(\) € N,.(P) if and only if

Av(A)
Tl v(A)
v(A) :=UTT (N = e N, (L).
(AP — X)v(A)

WY AP, = AZP, =Y + ZX)v(\)
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Notice that the block structure of v(\) is far from being helpful. Next, note that

I, 0 0 O
oY Z W
L(X) = F,(\)S, where S := Mg 21,0)(X,Y, Z,W) = . In the present
0 X I, O
0 I, 0 O

case, it is easy to compute S~1. This shows that U(S\) e N.(P) if and only if u()) €
N,(F,) which in turn shows that v(\) € N,.(P) if and only if S~ u(\) € N, (L). A little

calculation shows that

Av(A)
S~lu()) = o) —v(\) eN,(L). B
(AP — X)v(A)

WL(AP, — AZP, — Y + ZX)o(\)

As the above example illustrates, the determination of block structure of eigenvectors
of GFPRs is a difficult problem. Even the block structure of eigenvectors of type-1 FPRs
obtained in [I4] do not hold for type-1 GFPRs. The determination of block structure of
eigenvectors of GFPRs under appropriate assumptions and the selection of optimal (in

the sense of conditioning and backward errors) GFPRs are interesting open problems.

2.4 Algorithms for FPRs and GFPRs

A GFPR can be constructed explicitly without multiplying the Fiedler and elementary
matrices associated with P()\), that is, one can easily construct a GFPR only by looking
at the index tuples and the matrix assignments those are used to define the GFPR. In
this section, we present algorithms which construct FPRs and GFPRs. For this purpose,

we define some technical terms which will be useful to describe the algorithms.

Definition 2.4.1. Let a be an index tuple containing indices from {0 : d}, for some
integer d > 0, such that a satisfies the SIP. Suppose that t € . Let the rsf(«) be given
by rsf(a) = (rev(ao :0),rev(ay = 1),...,rev(ay : k), rev(ags, : k+1)...,rev(ag : d))
Then we say that o has p ( > 0) reverse consecutions at t if t € rev(ay : k) and
ap =t — p for smallest the integer k. We denote the number of reverse consecution of
a at t by vey(r). Further, we define of*(t) := (rev(agr 1 k+1),...,rev(aq : d)), where
t € rev(ag : k) for the smallest integer k.

Example 2.4.2. Let o = (3,1,0,2,4,1,3). Then rsfla) = (1,0,3,2,1,4,3) = (rev(0 :
1),rev(1: 3),rev(3 : 4)) =: (rev(ao : 0),rev(ay : 1),rev(as : 2),rev(as : 3),rev(ay : 4)),
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where a; = 0,a3 = 1l,a4 = 3 and ay = 00 = as. Then we have tea(a) = 1 since
2 € rev(ag : 3) and a3 = 2 — 1. Further, we have a®(2) = rev(ay : 4) = rev(3 : 4).
Similarly, we have vei(a) = 1 and of(1) = (rev(1 : 3),rev(3 : 4)).

The reverse consecutions for index tuple containing negative indices is defined as

follows.

Definition 2.4.3. Let 8 be an index tuple containing indices from {—d : —1}, for some
integer d > 1, such that B satisfies the SIP. Suppose that —t € [. Let the rsf(S) be
given by

rsf(B) = (rev(—ad c—d),...,rev(—agsy 1 —(k+1)),rev(—ag : —k),...,rev(—ay : —1)).

Then we say that 5 has g ( > 0) reverse consecutions at —t if —t € rev(—ay : —k) and
—ay = —t—q for the largest integer k. We denote the number of reverse consecution of 3
at —t by vc_(B). Further, we define B%(—t) := (rev(—az_1 : —(k —1)),...,rev(—ay :
—1)), where —t € rev(—ay, : —k) for the largest integer k.

Definition 2.4.4. Let a be an index tuple containing indices from {—m : m — 1}. Sup-

pose that s € a. Then the position of the first occurrence of s in « is denoted by ps(a).

For example, let a = (0,1,2,3,2,—1,-5,4,3,—1) be an index tuple and X =
(X1, X, ..., X10) be an arbitrary matrix assignment for a. Then ps(a) = 3 and p_;(a) =

6 as the first occurrence of 2 and —1 appear in 3rd and 6th positions in «, respectively.
The following Algorithm and Algorithm construct an FPR of P()\), and Algorithm-

and Algorithm{4] construct a GFPR of P()). For proof see Appendix [A]
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Algorithm 1: ALy — Lo := MEME (AME — MPYME ME be an FPR of P())

Input co,7,05and 75, j = 1,2,

Output : Ly
Notation: a :=rsf(oy,0,09) and 5 := rsf(m, ).
L§ := (™" block row of Ly = (el ® I,,) Lo
fori=0:hdo
if the subtuple of o with indices {i,i+ 1} starts with i + 1 then
| L = i1t (o)) ® In

else

if 0#i—vei(a) =:p, (set o :=a’'(i)) then
m—i __ T .
L5 = enreamy ® T) = 2 Emogisavesnary © 4

else

m—i __ . N
sy j;() Cm—(j+14es11 (aR) @ 4

fori=h+1:m—1do
if —i,—(i+1) & B or the subtuple of 5 with indices {—i,—(i+ 1)} starts with

—1 then

m—i __ T
| L8 = e im1e_ypy @ In
else

if —m # —(i +ve_y1)(8) + 1) =t —q, (set % := pR(—(i+1))) then

q—1
m—i __ (T T
L™ = (engtegomy @ In) + 2, (Ehn—-1-c_y om @ Aj1)

else
) m—1
Lo = ]g (Emjm1-c_,(amy) @ Ai+1)
r;turn Ly
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Algorithm 2: \L; — Ly := MIME (AMF — MP)ME ME be an FPR of P())

Input :o,7,05and 7; 7 = 1,2.

Output : L,
Notation: a :=rsf(o1,09) and 8 := rsf(m, 7, 7).
LY := (" block row of L = (el ® I,) L,
fori=0:h—-1do
if i,i+ 1 ¢ a or the subtuple of o with indices {i,i + 1} starts with i + 1 then
| LT = e (irtre () ® In

else

m—i _ (T o
W= o pray ety @ In) = 2 (e agamy © 47)

else

L’;H’:—Z

)
(e,
7=0

m—(j+14cjt1(aft))

® A,)

fori=h:m—1do

if the subtuple of 5 with indices {—i, —(i + 1)} starts with —i then
m—t __ T
| L = e ey ©
else

if —m # —(i+ve_y1)(8) + 1) = —q, (set B := g% (—(i+1))) then
, k-1
L™ = (e gr1ey(omy © In) + jzzi(eﬁ—u—l—c_jm» ® Ajr1)

else

1

LT_i - (eﬁ—(j—l—cfj(ﬁﬁ')) ® Ajﬂ)

j=i

return L,
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Algorlthm 3: )\Ll - L() = M(Tl,oj)(}/l)Xl)(AMf - MOF_))M(O-QJ-Q)(XQ,YVQ) be a
GFPR of P()\)

Input :0,7,05 and 75, j = 1,2. Matrix assignments X, and Y}, j = 1,2.
Output : L
Notation: a :=rsf(01,0,09), Z :=rsf(Xy, P, X5), where P is the trivial matrix
assignment for o, f :=rsf(m,m) and W :=rsf(Y1,Ys).
L§ := 0" block row of Ly = (el ® I,) Lo.

for:=0:h do
if the subtuple of o with indices {i,i + 1} starts with i + 1 then
m—i __ T
‘ Ly *= Cim—(i+eir1(a)+1) ® In

else

if 0#1—rve;(a) =k, (set o :=a’(i)) then
m—i __ T d T
Ly = Cim—(ktrex(aR)) ® In + j;k Cm—(j+1+¢j41(aR)) ® Zpi(a)+i—j

else

a JZ:O €m—(it1hesaa (@) ® Zpila)+ing

fori=h+1:m—1do
if —i,—(i+1) ¢ 3 or the subtuple of 5 with indices {—i,—(i+ 1)} starts with

—1 then
m—i T
| L8 = ey ® I
else
if —m # —(i+ve_n(8) +1) = —k, (set 8% := p%(—(i+1))) then
, k-1
L3 = e hme_(amy—1) @ In + ]; €m—(i-e_s(80)-1) © Wo_iin () +i=g

else

m— T
Ly =  Cm—(j—c_;(BR)-1) ® Wp—(iJrl)(/B)‘H*j

return L
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Algorithm 4: ALy — Ly := M, 1) (Y1, X1) AMP —MP) My, ., (X2, Y2) be a GFPR

of P(\)
Input : o,7,0; and 75, 7 = 1,2. Matrix assignments X; and Y}, 7 = 1, 2.
Output : L,

Notation: a :=rsf(oy,09), Z :=rsf(X1,Xs), 5 :=rsf(m,T,1) and
W :=rsf(Y1, P,Y3), where P is the trivial matrix assignment for 7.
LY := " block row of Ly = (el ® I,)L;.

fori=0:h—1do

if i,i4+1 ¢ a or the subtuple of o with indices {i,i+ 1} starts with i +1 then
m—i .__ T
7 -
else
if 0#i—ve;(a) =k, (set o := a'(i)) then

i

LET = (e erentary @ In) + 2 (Cn e, (o)) @ Do i)

]:

else

L;n k Z( ]+1+C]+1(CYR)) ® Zpl(a)+7’_]>

fori=h:m—1do
if the subtuple of 8 with indices {—i,—(i + 1)} starts with —i then
m—i . T
| LT = e @ I
else

if —m £ —(i +ve_in(8) +1) = —k, (set 8% :=p%(—(i+1))) then
K

LY = (e ey (omy-1) @ In) + ;(eﬁ,@%,w) O Wiy (B)+i-i)
else
. m—1
Ly = ]; (e;{@_(j_c_j(gR)_n ® Wpf(iﬂ)(ﬁ)-&-i—j)
rgturn Ly
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EGFPRs of Matrix Polynomials

The basic building blocks of GFPRs of P()) are special GFPs of P()\) of the form AM? —
MP as given in Definition which in turn are determined by a sub-permutation
{0 : h} of {0 : m — 1}. In this chapter, we show that by replacing AM? — MZF by
any GFPs of P()\) results in a large family of pencils which we refer to as extended
GFPRs (EGFPRs) of P(\) and show that the EGFPRs are strong linearizations of
P()\). The EGFPRs have the same distinctive features as Fiedler pencils, namely, the
construction of EGFPRs is operation-free and the recovery of eigenvectors, minimal
bases and minimal indices of P()\) from those of the EGFPRs is also operation-free.
Also, most of the structure-preserving strong linearizations that have been constructed
in literature are obtained from GFPs and GFPRs. We show that the family of EGFPRs
subsumes both GFPs and GFPRs and expands the arena in which to look for structure-

preserving strong linearizations of P(\).

3.1 EGFPRs of matrix polynomials

Recall that P(X) := > 7" M A; € C[A]"*". We consider the elementary matrices M.;(X)

and Fiedler matrices ML, for i = 0 : m, associated with P()\) as given in Chapter .

It is clear from the definitions of GFPs, FPRs and GFPRs of P()) that not all the
GFPs are FPRs, and vice versa. For example, consider the GFP T'(\) = )‘M(]i4,73,71) —
M, and the FPR L) = (AMP, 3 — M|, )M{ of P(\) := Y;_gA'A;. Then
T(A) is not an FPR and L(\) is not a GFP. Further, consider the pencil F()\) :=
()\M(1i4’_1) — M(I;&O))MQP. Then F'()) is neither a GFP nor an FPR of P(\). This
motivates us to present a unified framework for construction of Fiedler-like pencils of

P()\) which subsumes FPs; GFPs, FPRs, and GFPRs of P(\).

23
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54 Chapter 3. EGFPRs of Matrix Polynomial

Definition 3.1.1 (EGFPR and EFPR of P(\)). Let (o,w) be a permutation of {0 : m}.
Set T := —w. Let o1 and o9 be index tuples containing indices from o \ {m —1,m} such
that (01,0, 09) satisfies the SIP. Similarly, let 7y and 15 be index tuples containing indices
from 7\ {—1,—0} such that (71,7, 72) satisfies the SIP. Let Xy, X5, Y1 and Ys be any

arbitrary matrixz assignments for oy, 0o, T1 and T, respectively. Then the pencil
L(N) = My, (Y1) Mo, (X0) WM = M) My, (X2) Mo, (Ys) (3.1)

is said to be an extended generalized Fiedler pencil with repetition (EGFPR) of P()).
In particular, if all the matriz assignments X; and Y;, j = 1,2, are the trivial matriz
assignments then the resulting pencil L(X) := ME ME (AMEF — MP) ME ME is said to
be an extended Fiedler pencil with repetition (EFPR) of P()).

It follows from Definition that FPs, GFPs, FPRs and GFPRs of P()\) are
subclasses of EGFPRs.

Example 3.1.2. Let P(\) = Z?:o NA; and let o = (0,1,4,5), 01 = 0,09 =
(0,4),7 = (=2,-3,-6), 71 := (=3) and 7o := 0. Let X and (Y,Z) be any arbi-
trary matriz assignments for (—3) and (0,4), respectively. Then the pencil L()\) =

M—3(X)(/\M(Iiz,—3,—6) - M£,1,4,5))M(074) Y, 2) =

Mo+ 45 -Z I, 0 0 0 |
A, M =1, M, 0 0 0
0 o 0 -I M, 0
1, 0 0 M,—X AX 0
0 M, 0 My Myt A -V
0 0 0 0 Ao AY |

is an EGFPR of P(\). &

Remark 3.1.3. It follows from Definition [3.1.1] that (11,01) # (01,71) and (09, 72) #
(T9,09) in general. So M. (Y1)My, (X1) # My (X1)M,, (Y1) and M,,(X2)M,,(Ys) #
My (Vo) Moy (Xa). Thuss, for L(\) == My, (Vi) My, (X0)AMP — MP)M,, (X2) Mo, (V2)
and T(\) :== M,,(X1) M,, (Y1) (AMF — MPYM,,(Yz) M,,(X5), we have L(\) # T()\). By
interchanging the positions of My, (X;) with M, (Y;) in L(X\) we obtain a new family of
pencils for P(X).

Note that for an index tuple a and a matrix assignment X of «, M, (X) is operation
free if and only if MY is operation free, see Lemma and Remark [2.1.8] Also note
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that MZI is not operation free if m — 1 and m simultaneously belong to «, or if —1 and
—0 simultaneously belong to a.. The following result shows that a subclass of EGFPRs

of P()) is always operation free.

Proposition 3.1.4. Let L(\) = M, (Y1)M, (X)) (AMFP — MPYM,,(X5)M,,(Ys) =:
ALy — Ly be an EGFPR of P()\) such that m — 1 and m simultaneously do not be-
long to o, and —1 and —0 simultaneously do not belong to 7. Then L(\) is operation

free.
Proof. See Appendix [B] O

The following result shows that, with some generic nonsingularity conditions, the
EGFPRs are strong linearization of P()\).

Theorem 3.1.5. If all the matriz assignments X; and Y;, j = 1,2, are nonsingular,
then the EGFPR L(\) as given in Definition is a strong linearization of P(\).

Proof. We have L(\) = Mz, 41y (Y1, X1) T(N) Mgy 1)(X2,Y2), where T(\) := AMF —MFP
is a GF pencil of P(\). As X, and Yj, j = 1,2, are nonsingular matrix assignments,
M, ) (Y1, X1) and M, -,)(X2, Y2) are nonsingular. Since T'()) is a strong linearization
of P()), it follows that L(\) is a strong linearization of P(\). O

Assumption: Henceforth, for simplicity we assume that the matrix assignments are

always nonsingular.

3.2 Recovery of minimal bases and minimal indices

The following lemma will play a crucial role in the proof of main result of this section.

Lemma 3.2.1. Let L(\) := My, (Y1) My, (X1) AME — MP) M,,(X5) M., (Y2) be an
EGFPR of P(\) as given in ({3.1). Suppose that 0 € o and —m € 7. Then

(eT ® In) M02<X2> M, <Y2) =,

m—Co(O’) m—CO(O',a'Q) ®

I

and
MT1 (}/1> MU1 (Xl) (em*io(ﬂ) ® [n) = €m—ig(o1,0) & I,.

Proof. For an arbitrary matrix Z € C™", from ({2.2)) and (2.3) we have

e iy @Iy forj=i+1,i=0:m—2, 52)
el @I, for j & {i,i+1}, i=0:m —1,
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and

em—(i+1) @1, forj=1+1,i=0:m—2,

Mj(Z)(em—i & [n) = (33)

em—i @I, forj ¢ {i,i+ 1}, i=0:m— 1.
Given that 0 € 0 and —m € 7 (i.e., m ¢ o). Let h be the integer such that
0,1,...,~h € 0 and h+1 ¢ 0. Then ¢y(0) < h and ig(0) < h. Further, we have

h,h+1¢ o01Uog as h+1¢ o and (01,0, 09) satisfies the SIP.
Let o and 7, j = 1, 2, respectively, be the subtuples of ¢ and ¢, with indices {0 : h}.

Similarly, let ¢ and /JA\]', J = 1,2, respectively, be the subtuples of o and ¢; with indices
{h+2:m}. Then ¢ and & commutes since for any indices k € & and £ € & we have
k—¢| > 1. Thus ¢ ~ (7,5) ~ (5,5). Similatly, o; ~ (G;,5;) ~ (5;,5;) for j = 1,2.
Further, (o, §j) ~ (%,8) for j = 1,2. Since h + 1 ¢ o, we have ig(0) = io(0) and
co(0) = co(5). Further, co(0,0) = ¢o(G, 5,52, 52) = ¢o(G, 02,7, 52) = ¢o(T,5s), Wwhere
the last equality holds as 0 ¢ ?Ugg. Similarly, ig(o1,0) = io(d1,0). Note that X5 and Y5
are arbitrary matrix assignments. We by denote (x) any arbitrary matrix assignment.

Then we have

(em ® 1) M, (%) Mz, (+) M-, (+)

m—co (o)
co(5) = co(o) < h and 7>

= (eﬁ—co(ﬁ) ® In) M32(*)MT2(*) by 32 since
contains indices from {h +2:m}

= eﬁfco(aﬁz) ® I, = efnfco(a,oz) ® I, by Lemma [2.1.11]

® In) My, (X2) My, (Ya) = €,

T
Thus (em—co(o) m—cop(0,02) ® [n

Similarly, we have

My, () Mz, (%) Mz, (%) (€m—ig(@) ® In)
i0() = io(0) < h and 7,

= M, (%) Mz, (%) (em—iy5) ® 1) by (3.3) since
contains indices from {h + 2 : m}

= €m—io(51,5) ® I, = Em—io(o1,0) ® I, by Lemma [2.1.11]
Thus M- (Y1) M (X1) (€m—io(o) ® In) = €m—io(or,0) @ In. This completes the proof. [

We now describe the recovery of minimal bases and minimal indices of a singular

P()) from those of the EGFPRs of P(\).

Theorem 3.2.2. Let L(\) := M, (Y1) M, (X1) AMEP — MP) M,,(X3) M., (Y3) be an
EGFPR of P(\). Suppose that P()\) is singular. Let T be given by T := (1, —m, 7;.).
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Let cp, == c(—rev(n), o, —rev(r,.)) and iy := i(—rev(n), o, —rev(r,)), respectively, be the
total number of consecutions and inversions of the permutation (—rev(n), o, —rev(r,))
of {0:m —1}. Then we have the following.

(a) Right minimal bases. If (ui(\),...,uy(N)) is a right minimal basis of L())
then ((e? @ L)ur(N), ..., (el ® I,)up(N)) is a right minimal basis

m—co(0,02) m—co(0,02)

of P(A).

(b) If 1 < --- < g, are the right minimal indices of L(\) then e — i < --- <¢g,— 1L

are the right minimal indices of P(\).

(c) Left minimal bases. If (vi(),...,v,())) is a left minimal basis of L(\) then
(el RL)vi(A), ..., (efl_io(am) ®1,)v,(N)) is a left minimal basis of P()).

m—ig(c1,0)

(d) If ;m <--- <m, are the left minimal indices of L(\) then iy —c, < --- <m, —cp

are the left minimal indices of P(\).

Proof. We have L(\) = AT(\)B, where A := M., (Y1) M,,(X3), B := M,,(X2) M., (Y2),
and T'(\) := AMF — MZF is a GF pencil of P(\) associated with the permutation
w = (o,—7) of {0 : m} such that 0 € o0 and —m € 7. Since X; and Y}, j = 1,2, are
nonsingular matrix assignments, we have 4 and B are nonsingular constant matrices.
Thus, the map B : N.(L) — N,.(T), z(\) — Bx(\), is an isomorphism and maps a
minimal basis of A,.(L) to a minimal basis of N,(T). On the other hand, by Theo-
rem , F*(P) : N.(T) = N.(P), y(\) — (e%_CO(U) ® I,,)y(N), is an isomorphism
and maps a minimal basis of NV,(T') to a minimal basis of N,.(P). Consequently, we have
F¥(P)B: N.(L) = N, (P), z(A) — (e ) ® I,)Bz(A), is an isomorphism and maps

m—co(o

a minimal basis of NV,.(L) to a minimal basis of N,.(P). By Lemma we have

(el y @ I,)B = (el

m—co(o m—co

) ® 1) Mo, (X2) My, (Ys) = e ) ® I

m—cq(o,02

which proves (a).

Next, we prove the recovery of left minimal bases. Note that AT : Nj(L) — N(T),
z(\) = ATz()), is a linear isomorphism and maps a minimal basis of NV;(L) to a minimal
basis of Aj(T). By Theorem , K*(P) : Ni(T) — Ni(P), y(N) = (e, s @
I,)y(N), is a linear isomorphism and maps a minimal basis of Aj(T) to a minimal basis
of Ni(P). Consequently, we have K*(P) A" : Ni(L) — Ni(P), z(\) = (e}, ;o) ®
I,)ATz()), is an isomorphism and maps a minimal basis V(L) to a minimal basis AV;(P).
By Lemma [3.2.1} we have (el () ® L)AT = (eT () ® [n)(MTl(Yl)MUl(Xl))T =

m—1ig m—1ig

T
(M, (Y1) Mo (X1) (emmin(o) © 1)) = €™ 1 0 ® L, which proves (c).

m—1g
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As L(\) is strictly equivalent to T'(\), the left (resp., right) minimal indices of L(\)
and T'(\) are the same. Hence the desired results for minimal indices follow from
Theorem [1.2.26. O

3.3 Recovery of eigenvectors

We now describe the recovery of eigenvectors of P()) corresponding to an eigenvalue
p € C from those of the EGFPRs of P()).

Let L(A) = M, o) (Y1, X1)(AME — MEPYM (5, 1) (X5, Y2) be an EGFPR of P()).
First, we calculate F(P) Mgy m)(Xo, Y2) and M, 5)(Y1, X1) (K“)T for various cases
of F**(P) and K“(P) as given in Theorem This will enable us to recover the
eigenvectors of P(A) from those of the EGFPRs of P(\). We proceed as follows.

Lemma 3.3.1. Let « be an index tuple containing indices from {0 : m} such that «

satisfies the SIP. Let s € a and cs(a) be the number of consecutions of a at s. Then
an~ (o s, s+1,...,5+c(a),a) (3.4)

for some tuples o and o such that s ¢ o and s+ cy(a), s+c () +1 & ot Similarly,

let t € a and () be the number of inversions of a at t. Then
an~ (" t+ifa),...,t+1,ta") (3.5)

for some tuples o and o such that t ¢ af and t + i;(a),t +is(a) + 1 & oF.

Proof. Since « satisfies the SIP, we can write o in the column standard form. Let the

column standard form of a be given by

csf(a) = ((am cm), .y (g1t k+ 1), (ak 1 k), (g1 k—1),...,(a1: 1), (aop : O)),

where k is the largest integer such that s € (ay : k) = (ag,ar +1,...,5 — 1,s,..., k).

Now, set
ok = ((am:m),...,(akﬂ:k—i—l),ak,ak—i—l,...,s—l) and

af = ((a,H k—1),....(a1: 1), (ao : 0)>.

Then csf(a) = (aL,s,s - 1,...,k,aR), where s ¢ ol and for any index j € of, we
have j < k—1. Hence (s,s+1,...,k) is a subtuple of a and (s,s+1,...,k,k+1) is not
a subtuple of . This implies that cs(a) = k — s, i.e., k = s + ¢s(«) which gives (3.4).
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Next, let the row standard form of « be given by rsf(a) =
(rev(bo :0),...,rev(by_y : p—1),rev(b, : p),rev(bpsr i p+1),...,rev(by, m)),

where p is the largest integer such that t € rev(b, : p) = (p,p — 1,...,t,t —1,...,b,).
Now, set
ol = (rev(bo :0),...,rev(by_1 : p— 1)) and

o= (t—1,...,bp+1,bp,rev(bp+1 :p+1),...,7"ev(bm:m)>.

Then rsf(a) = (o, p,...,t+1,t,a"), where ¢ ¢ o and for any index j € o*, we have
j <p-—1. Hence (p,...,t + 1,t) is a subtuple of @ and (p+ 1,p,...,t + 1,¢) is not a
subtuple of a. This implies that i;(a) = p — t, i.e., p =t + i;(«) which gives (3.5). O

Lemma 3.3.2. Let o be an index tuple containing indices from {0 : m — 1} such that
a satisfies the SIP. Let Z be an arbitrary matriz assignment for a. Let 0 < s < m — 1.
Suppose that s +1 € a. Then we have the following.
(a) If the subtuple of a with indices {s, s+1} starts with s+1, then (el .®I,)M,(Z) =
T
Cm—(s+14erir (@) @ In-
(b) If the subtuple of a with indices {s, s+ 1} ends with s+1, then My (Z)(ey_s®1,) =
Em—(s4+1+isr1(a) D In-
Proof. (a) Set p := cs11(a), i.e., a has p consecutions at s+ 1. Since « satisfies the SIP,

by Lemma |3.3.1
o~ (aL,s+1,s—|—2,...,s+p—|— 1,aR),

where s +1 ¢ a® and s +p+ 1,s + p+ 2 ¢ . Further, since the subtuple of a with
indices {s,s + 1} starts with s + 1, we have s ¢ al. We denote by (x) any arbitrary

matrix assignment. Then we have

(efnfs ® [n) MaL(*) M(S+1,s+2,...,s+p+1)(*) MaR<*>

= (efn_(HpH) ® I,,) M,r(x) by repeatedly applying |b
= e%—(s—&-p—f—l) ® I, by 1} since s +p+1,s+p+2¢al

Thus, in particular, we have (el & I,,)M(Z) =

m

6%—(5—{-1)—%1) ® I,. Since p = c441(a),

the desired result follows.
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(b) Set ¢ := is41(), i.e., o has g inversions at s + 1. Since « satisfies the SIP, by

Lemma [3.3.1],

o~ (aL,s+q—i—1,...,s+2,3—|—1,aR),
where s +1 ¢ af and s + ¢+ 1,5+ ¢+ 2 ¢ ol. Further, since the subtuple of o with

indices {s,s + 1} ends with s + 1, we have s ¢ af. Now we have

Mz (%) Ms1144,.., s+2,s+1)(*) Myr (%) (em—s ® I,)

= Myr(*) (€m—(s+g+1) @ I,) by repeatedly applying (3.3)
= Cm—(stqr) ® I by 33) as s+ g+ 1,5+ q+2 ¢ o’

Thus, in particular, we have My (Z) (€m—s @ In) = €m—(s+q+1) @ In. Since ¢ = i1 (),
the desired result follows. O]
Lemma 3.3.3. Let a be an index tuple containing indices from {—m : —1} such that «
satisfies the SIP. Let Z be an arbitrary matriz assignment for a. Let 1 < s < m — 1.
Suppose that —s € a. If the subtuple of av with indices {—s,—(s + 1)} starts with —s,
then (ef,_, ® I,) Mo (Z) = 6ﬂ—(s—c,s(oz)—l) ® In.

Similarly, if the subtuple of a with indices {—s,—(s + 1)} ends with —s, then
Mo(Z) (em-s @ In) = em—(s—i_s(@)~1) @ In.
Proof. For an arbitrary matrix X € C"*" recall from and that

el iy ®In ifj=ii=1:m-1,

L ®I, ifj ¢ {ii+1}, i=0:m—1,
em(icny® I, ifj=1,i=1:m—1,
M_j(X) (em-i ® 1) = -~ (3.7)
em—i @ Ip, ifj¢{i,i+1}, i=0:m—1.
Set p := c_4(a), i.e., o has p consecutions at —s. Since « satisfies the SIP, by

Lemma [2.1.21

o~ (aL, —s,—(s—1),...,—(s —p),aR),
where —s ¢ a* and —(s — p), —(s — p — 1) ¢ a®. Further, since the subtuple of a with
indices {—s, —(s + 1)} starts with —s, we have —(s + 1) ¢ al. We denote by (x) any

arbitrary matrix assignment. Then we have

= (e} _s ® L)) M(_s—(s-1),..—(s—p)) () Mor(x) by (3.6) since —s,—(s+1) ¢ a*
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= (ep—(s—p_1) © In) Myr() by repeatedly applying (3.6)
= 6Z;L—(s—p—l) ® In by " since — (8 - p)a _(S —-—pP—- 1) §é aR‘

Thus, in particular, we have (e, ® I,)My(Z) = e}, , 1) ® I,. Since p := c_,(a),

the desired result follows.
Next, set ¢ := i_4(a), i.e., o has ¢ inversions at —s. Since « satisfies the SIP, by

Lemma [2.1.2]]

a~ (aL, —(s=¢),...,=(s—=1), —s,aR),
where —s ¢ a® and —(s — q), —(s — ¢ — 1) ¢ a*. Further, since the subtuple of a with
indices {—s, —(s + 1)} ends with —s, we have —(s + 1) ¢ o'. Now

MQL(*) M(f(sfq) ..... 7(3—1),—3,)<*) MaR(*) (emfs ® [n)

= M (%) (em—(s—g-1) ® I,) by repeatedly applying (3.7)
= Cm—(s—q-1) ® I, by (3.7) since — (s —q),—(s —g—1) ¢ a".

Thus, in particular, we have My (Z) (em—s @ In) = €m—(s—g-1) @ I,. Since q := i_4(a),

we have the desired result. OJ

Lemma 3.3.4. Let L(\) := M, (Y1) M,,(X:)(AMPF —MP)M,,(X5) M., (Y3) be an EGFPR
of P(X\). Suppose that 0 € o. Then we have the following.

(a) If co(c) < m then (efn_co(a) ® I,) My, (X2) M, (Ys) = eTTn_CO(mJQ) ® L,. Similarly, if
io(O’) < m then ]\/[7-1 (Yi) ]\4(71 (Xl) (em_io(o) X [n) = €m—ip(01,0) X [n.

(b) If co(c) = m then (el @ I,)M,,(Xo)M,,(Ys) = el ® I,,, and if ig(c) = m then
Mﬁ (Y'1>M01 (X1>(€1 ® In) =e QL.

Proof. (a) First we prove that (65700(0) ® 1) My, (Xo) M., (Ys) = eﬁfco(gm) ® I,,. Since
o has co(0) (< m — 1) consecutions at 0, we have o ~ (6©,0,1,...,¢o(c)), where either

m € of or m € —7. If —m € 7 then the desired result follows from Lemma [3.2.1]
But there is nothing special about m € o. If m € o then by defining 7 := o\
{m} and T := (1,—m), we have c¢y(0) = co(c) and co(0,09) = co(7,02). Now by
Lemma (€ o) @ In) Moy (Xo) M, (Ya) = €], 5.5,y @ In. Consequently, we have
(€mco(o) @ In) Moy (X2)Mr, (Ya) = (€53 © In) Moy (X2) Moy (Ya) = €5, 50y © In =

T
emfco (0’,0’2) ® [n ‘

Further, by similar arguments as above, we have M., (Y1) My, (X1) (em—ig(0) @ In) =
€m—io(o1,0) ® In. This completes the proof of (a).
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(b) Note that if & ¢ {£(m —1), £m}, then (el @ I,,)M(Z) = el @ I,, for any matrix
Z € C™". Hence (e @ I,,)M,,(X5) = el @ I,, and M,,(X1)(e1 ® I,) = €1 ® I, as
0;, j = 1,2, contains indices from {0 : m — 2}. Further, since 7y = () = 72, we have
M, (Y1) = Ly, = M,,(Y3). Consequently, we have (el @ I,)M,,(X2)M,,(Ys) = el @ I,
and M., (Y1) M,,(X1)(e1 ® I,,) = e; ® I,,. This completes the proof of (b). O

Lemma 3.3.5. Let L()\) := M, (Y1) M,, (X1)(AMEP —MI)M,,(X32)M,,(Ys) be an EGFPR
of P(X\). Suppose that 0 € w (recall that T = —w). Then we have the following.

(a) If ig(w) +1 € 0 and 5 :=ig(w) + Cipw)+1(0) +1 < m then
(631—3 & In)M@ (XQ)MTz (YQ) - egm—p ® In,
where p := ig(w) + Cig(w)41(0, 02) + 1.

(b) If s = m in part (a), then (e] ® I,)My,(X2)M,(Ya) = e] @ I, where p =
C,(m,l)(Tg) + 2.

(¢c) If ig(w) < m and ig(w) + 1 €& o then

(eT ) ® 1) My, (X2) M-,

m—io (Y2) = e, ® In, (3.8)

p

where p 1= ig(w) — c_iy(w)(T2) — 1.
(d) If ig(w) = m in part (c), then (el @ I,)M,,(Xo)M,,(Ys) = el & I,,.

Proof. (a) Given that ig(w) + 1 € ¢ and s = ip(w) + Ciyw)+1(0) +1 < m. Set ¢ :=
Cipw)+1(0). Then s = ig(w) + 1 + ¢. Note that 0,1,...,4o(w) ¢ o. Since o is a sub-
permutation and has ¢ consecutions at ip(w) + 1, we have o ~ (3, io(w) + 1,ip(w) +
2, ip(w)+ 1+ q), that is,

o~ (7, i0(w) + 1 io(w) +2,...,5). (3.9)

Suppose that s+ 1 ¢ g9. Then s ¢ oy, since otherwise (o, 09) would not satisfy the SIP
which would contradict the condition that (o1, 0, 09) satisfies the SIP. Thus s, s+1 ¢ 0.
Hence by , we have (el @ 1,)M,,(Xo) M, (Ys) = (el @ IL,)M,(Ys)=¢l @1,
where the last equality follows from since s € o implies that —s, —(s + 1) ¢ 7.
Now, since s+ 1 ¢ o9, it is clear from that ¢;o(w)1+1(0, 02) = Cig(w)+1(0). This shows
that p = s which yields the desired result.

Next, suppose that s+ 1 € 9. Set r := ¢g;1(02), i.e., oo has r consecutions at s+ 1.

Then by Lemma [3.3.1, we have

oy~ (05, s+1,s+2,....,s+1+7 05 (3.10)
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for some index tuples ol and off, where s +1 ¢ ol and s+ 1 —|— rs+2+r ¢ ol
Since (o, 09) satisfies the SIP and s + 1 ¢ of, it is clear from and (3.10) that
s ¢ ok. So the subtuple of oy with indices {s,s + 1} starts Wlth s + 1. Hence by
Lemma W, (el . @ I,)M,,(Xs) = mf(s+1+r) ® I,,. Now since s + 1+ r € oy, we
have s + 1+ r,s+2+1r € o. This implies s + 1 +r,s + 2+ r ¢ 7. Thus by ,

(6777;—(5—1—1—1—7‘) ® [n)M‘Q (}/2> = 6%—(5-{-1-{-7’) ® In NOW? by " a“nd " CiO(W)+1(O-7 02) =

s+ 1 —ip(w). Consequently, s +r + 1 = p which proves (a).

(b) Since o contains indices from {0 : m—2}, by (3.2)), we have (el ®1,,) M,, (X2) M., (Y2)
= (el @ I,)M,,(Y5). As ig(w) +1 € 0 and s = m, we have m € o. Thus —m ¢ 7 and
hence —m ¢ 7.

Suppose that —(m — 1) ¢ 7. As —m,—(m — 1) & 7, by (3.6), we have (¢] ®
I,)M,,(Y3) = el @ I,,. Hence the desired result follows from the fact that —(m —1) ¢ 7
implies ¢_(m—1)(72) = —1. Next, suppose that —(m — 1) € 7. Set q := c_(;n—1)(72). As
—m ¢ 7y, the subtuple of 75 with indices {—m, —(m—1)} starts with —(m—1). Hence by
Lemma (T @ 1,)M,,(Ys) = (eTTn_(m_l) QL) M., (Ys) = efl_(m_q_m I =€, ®1,
which proves (b).

(c) Let ig(w) < m and ip(w) +1 € o, i.e., —ig(w), —(ip(w) + 1) € 7. This implies that
io(w), io(w) + 1 ¢ 0. Thus by (3.2)), we have

(eﬁ—io(w) ® 1) M, (X2) M-, (Y2) = ( Em—ip(w) D 1,) M, (Yz).

Since w is a sub-permutation and has ig(w) inversions at 0, we have w ~ (ig(w), ..., 1,0,),
where ig(w) + 1 € @. Consequently, we have (recall that 7 = —w)
T~ (—¢0<w),...,—1, —0,?), where — (ig(w) + 1) € 7, (3.11)

Suppose that —ig(w) ¢ 7. Then —(ig(w) + 1) ¢ 7, since otherwise (7, 72) would not
satisfy the SIP which would contradict the condition that (7,7, 72) satisﬁes the SIP.

As —ig(w), —(io(w) + 1) & 7, by (3.6), we have (e], ;. ® L) M, (Ya) = €] ;@ L.
Again, since —ig(w) ¢ T2, we have c_; ()(72) = —1 which gives (3.8).
Next, suppose that —ig(w) € 72. Set ¢ := c_jy(w)(72). Then by Lemma [2.1.21]

2~ (s —io(w), ~(io(@) = 1), .., ~(io(w) — ), 7F) (3.12)

for some index tuples 7& and 7 such that —ig(w) ¢ 7& and —(ig(w) — q), —(io(w) — q —
1) ¢ 74%. As (7, 72) satisfies the SIP and —ig(w) ¢ 7F, it is clear from (3.11) and (3.12)
that —(ip(w)+1) ¢ 7. Thus the subtuple of 7, with indices from {—iy(w), —(ig(w)+1)}

starts with —ip(w). Hence by Lemma we have

(eﬁ—io(w) ® L) M-, (Y2) = €n(ig(w)—g-1) @ In,
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which gives as ¢ = C_jy(w)(72). This completes the proof of (c).

(d) Let 0 € w and ig(w) = m. Then o = () = 05. Hence M,,(X3) = I,,,. Further,
since 7, contains indices from {—m : —2}, we have —0, —1 ¢ 7. Thus (el ®1I,)M,,(Y3) =
el ® I, which proves (d). O

The following result is analogs to Lemma [3.3.5

Lemma 3.3.6. Let L(\) := M, (Y})M,, (X)) (AMF —MP)M,,(X5)M,,(Yz) be an EGFPR
of P(X\) as given in (3.1). Suppose that 0 € w (recall that T = —w). Then we have the
following.

(a) If co(w) +1 € 0 and s := co(w) + ieyw)1(0) + 1 < m then
MT1 (Yi)Mal (Xl)(em—s ® In) = Em—p ® In:
where p 1= co(w) + icy(w)+1(01,0) + 1.

(b) If s = m in part (a), then M. (Y1)M, (X1)(e1 ® I,,) = e, ® I,,, where p :=
i—m-1)(T1) + 2.

(c) If co(w) <m and co(w) +1 & o then
M, (Y1) Mo, (X1)(€m—cow) ® In) = €m—p & In, (3.13)
where p := co(w) — I—gy()(T1) — 1.
(d) If co(w) = m in part (c), then M, (Y1)M,, (X1)(€n @ I,) = € & I,.

Proof. (a) Let co(w) + 1 € 0 and s := ¢o(w) + dgy(w)41(0) + 1 < m. Set q := icyw)+1(0),
then s = ¢op(w) + 1 4+ ¢. Note that 0,1,...,cy(w) ¢ 0. Since o is a sub-permutation and
has ¢ inversions at ¢o(w) 4 1, we have o ~ (co(w) +14+4q,...,c0(w)+2,c0(w) + 1,8),
that is,

o~ (s,...,co(w)+2,co(w)—|—1,8). (3.14)

Suppose that s+ 1 ¢ o,. Then s ¢ oy, since otherwise (01, 0) would not satisfy the SIP.
As s,s+ 1 ¢ oy and s € o implies that —s, —(s + 1) ¢ 71, by and , we have
M., (Y1) My, (X1)(em—s @ I,) = M, (Y1)(em—s ® I,,) = €5 @ I,,. Now, since s+ 1 & oy,
it is clear from that ic(w)11(01,0) = deyw)+1(0). This shows that p = s which
yields the desired result.

Next, suppose that s + 1 € 0y. Set r := isy1(01), i.e., o1 has r inversions at s + 1.

Then by Lemma [3.3.1, we have

alw(af,s—i—1+r,...,3+2,8~|—1,0f“) (3.15)
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for some tuples of and of, where s +1 ¢ off and s +1+7,s+2+ 7 ¢ oF. Since
(01,0) satisfies the SIP and s + 1 ¢ o1, it is clear from and that s ¢ of.
So the subtuple of oy with indices {s, s+ 1} ends with s + 1. Thus by Lemma [3.3.2]
My, (X1)(em—s®1,) = em—(s414r) @ Iy. Now since s+14r € o1, we have s+1+7, s+2+r €
0. This implies that s +1+7,s+2+7 ¢ 7. Hence by (3.7), Mr, (Y1) (em—(s14r) @ 1) =

em—(s+14+r) ® L. Now, by and , we have i¢(w)+1(01,0) = s+ 1 — ¢o(w). This
shows that s + 7 + 1 = p which proves (a).

(b) Since o contains indices from {0 : m—2}, by (3.3), we have M, (Y1) M,, (X1)(e1®
L) = M, (Y1)(e1 ® I,). As co(w) + 1 € 0 and s = m, we have m € 0. Thus —m ¢ 7
and —m & Ty.

Suppose that —(m —1) ¢ 7. As —m, —(m — 1) ¢ 71, by B.7), M., (Y1)(e1 ® I,) =
e; ® I,,. Hence the desired result follows from the fact that —(m — 1) ¢ 7 implies
i—(m-1)(m1) = —1. Next, suppose that —(m — 1) € 7. Set ¢ := i_(p_1)(71). As —m ¢
71, the subtuple of 7, with indices {—m, —(m — 1)} ends with —(m — 1). Hence by
Lemma we have M., (Y1)(em—(m-1) ® In) = €m—(m—q—2) @ In = €q42 ® I, which
proves (b).

(c) Let ¢o(w) < m and co(w) + 1 € o, ie., —cy(w), —(co(w) + 1) € 7. This implies
that co(w), co(w) + 1 ¢ o1. Thus by (3.3), we have

M., (Y1) My, (X1)<em—<:o(w) ® I,) = My, (Y1)<€m—00(w) ®I,).

Since w is a sub-permutation and has ¢(w) consecutions at 0, we have w ~ (0,0, 1, ..., ¢(w)),
where ¢p(w) + 1 € @. Consequently, we have (recall that 7 = —w)
T ~ (?, —0,—1,..., —cg(w)>, where — (¢o(w) +1) € 7. (3.16)

Suppose that —co(w) ¢ 7. Then —(co(w) + 1) ¢ 7y, since otherwise (71,7) would

not satisfy the SIP. As —cp(w), —(co(w) + 1) & 71, by B.7), M-, (Y1) (em—cow) ® In) =

em—co(w) @ In. Now, since —co(w) & 71, we have i_.()(71) = —1 which gives .
Next, suppose that —co(w) € 71. Set ¢ := i_¢y(w)(71). Then by Lemma 7

i~ (7 = (eow) = ), ~(o(w) = 1), —co(w), )
for some tuples 7 and 7 such that —co(w) ¢ 7 and —(co(w)—q), —(co(w)—q—1) & L.
As (11, 7) satisfies the SIP and —co(w) ¢ 71, it is clear from (3.16)) that —(co(w)+1) ¢ 7.

Thus the subtuple of 7 with indices {—co(w), —(co(w) + 1)} ends with —cy(w). Hence

by Lemma [3.3.3 M. (Y1)(em—cow) ® In) = €m—co(w)tq+1 @ I, which gives (3.13]). This
completes the proof of (c).
(d) Then o = () = 07 Hence M,,(Xs3) = I,,,. Further, since 7, contains indices from

{—m: =2}, we have —0, —1 ¢ 7. Thus M,,(Y1)(en®1,) = €, ®1, which proves (d). O
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Now we are ready to describe the recovery of eigenvectors of a regular P()\) from

those of the EGFPRs of P()\).

Theorem 3.3.7. Suppose that P(\) is reqular and 1 € C is an eigenvalue of P(\). Let
L(\) := M, (Y1) M,, (X1)(AMP — MP)YM,,,(X2)M,,(Ys) be an EGFPR of P()\). (Recall
that w = —7). Define

)
651_60(0,02) @I, if 0€ 0 andco(o) <m

ANl ®1,) if 0€0 andco(o) =m

)
0€w, ig(w)+1€o0 and

en_p ® I if 4 s :=1ig(w) + cipw)+1(0) + 1 < m,
| where p = io(w) + Cigw)+1(0,02) +1
FH(P) = ( 0€w, iplw)+1 €0 and
AN el @ L,)  if § dg(w) + Cip@)1(0) +1 =m,
where p := c_(m—1)(T2) + 2
ool if 0 €w,ig(w) <m and ip(w) + 1 ¢ o,

where p 1= ig(w) — c_jyw)(T2) — 1

Al ® 1) if 0€w andip(w) =m

and
A ez_io(olm @I, if 0€ 0 andio(c) <m
ATl ®I,) if 0€0 andig(c) =m
( 0€w, co(w)+1€0 and
I if § 5= co(w) +ieyy1(o) +1 <m,
\ where p = co(w) + lgywy41(01,0) + 1
K*(P) = (o €w, ¢ow)+1€0 and
AT (el L) if ¢ co(w)+ beow)1(0) +1=m,
where p :=i_(m_1)(11) + 2

0 €w, colw) <m and co(w) + 1 & o,
v oen o) o) +1¢
where p 1= co(w) — i_cy(w) (1) — 1

AgT(er @ 1) if 0€w and co(w) = m.
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Then the maps F*“"(P) : N.(L(p)) — N.(P(n)), = — F*“"*(P)x, and K*“"(P) :
NI(L(p)) = Ni(P(n)), y— K“"*(P)y, are linear isomorphisms. Thus, if (z1,...,x,)
and (y1,...,y,) are bases of Ni.(L(p)) and Ny(L(w)), respectively, then

(FH(;FPI{(P)xh o ,FHGFPR(P>xp> cmd (KHGFPI((P)y17 . KHGFPI{(P)yp>

are bases of Ni.(P(p)) and Ny(P(p)), respectively.

Proof. We have L()\) = M,, (Y1) M,, (X1)T(A\)M,,(X2)M,,(Ys), where T(\) := AMF —
MP is a GF pencil of P(\) associated with the permutation (o,—7) of {0 : m}.
Since X; and Y}, j = 1,2, are nonsingular matrix assignments, M, ,,)(Y1,X;) and
My, .)(X2,Y5) are nonsingular. Hence the map M,, -,)(Xa2,Y2) : No.(L(p)) = No(T(1)),
x (M(UNZ) (X2, Yg))x, is a linear isomorphism. On the other hand, by Theorem ,
F(P) : No(T(n)) = N.(P(p)) is a linear isomorphism. Thus the map

No(L(p)) = No(P(w)), @ = (F(P) Mg, ) (X2, Yo)) 2,

is a linear isomorphism. Now the desired result for recovery of right eigenvectors follows

from Theorem [1.2.26] and Lemmas [3.3.4] and [3.3.5]
Next we prove the recovery of left eigenvectors. As (M(,,l,n)(Yl,Xl))T is nonsin-

gular, (M, (Y1, X0))" : M(L(w) = M(T(1)), y = (Mgy,r)(Y1,X1))Ty, is a linear
isomorphism. Also, by Theorem [1.2.26), K“(P) : Ni(T'(u)) — N(P(p)) is a linear

isomorphism. Thus the map

NUL () = N(P(2), g = (K (P) (Mo, (Y2, X1) ).

is a linear isomorphism. Now the desired result for recovery of left eigenvectors follows
from Theorem [[.2.26 and Lemmas [3.3.4] and [3.3.6] O

We now illustrate eigenvector recovery rule for P(A) from those of the EGFPRs of

P(\) by considering a few examples.

Example 3.3.8. Let P(\) := S0 XN'A;. Suppose that P(\) is reqular and p € C is an
eigenvalue of P(N\). Let o := (1,2,5), o1 := 0,00 := (1),7 := (—6,-3,—4,-0), 71 :=
(—4) and 7 == 0. Let X and Y be any arbitrary matriz assignments for 1 and oo,
respectively. Then the pencil L(\) = M_4(X)()\M(Ii37_47_67_0 — MY

) (1,2,5))M1(Y) =
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Mg+ A5 —I, 0 0 0 0
0 0o -1, A, 0 0
I, 0 AM,—X X 0 0
0 M, M, AMy+A4y  —Y -1,
0 0 0 AL AV =1, AL
0 0 0 S SV

is an EGFPR of P()).

Let w € N,(L) and v € N(L). Define u; = (el ® I,)u and v; := (el @ I,)v,
i =1:6. Note that 0 € w and ig(w) = 0. Further, ig(w)+1=1€ 0 and ¢;yw)+1(0) = 1,
which implies that s := ig(w) + Cipw)+1(0) +1 = 2 < 6. As ¢1(0,02) = 1, we have
p = io(w)+Cigw)+1(0, 02)+1 = 2. Thus by Theorem (el o@IL)u=uy € N.(P(n)).
To verify the recovery rule, consider L(A\)u = 0. This gives

(Mg + As)ug —ug =0 (3.17)

—uz + Auy =0 (3.18)

—up + (AL, — X)ug + AXug =0 (3.19)

Mg + MNAguz + (A3 + As)uy — Yus —ug =0 (3.20)
Ajug + (AY — L)us + Aug =0 (3.21)

—uy — Ay us =0 (3.22)

From we have uz = Auy. Substituting us = Auy in we have uy = Nuy.
Adding X times with and then substituting us = My we have N2uy+ (N3 Ay+
N2 Az + Mg + Ay)uy — us = 0 which together with gives

>\3U2 + ()\4A4 i )\3A3 + /\2A2 + )\Al + Ao)U4 = 0:

Nuy in (3.17), we have

(3.23)

Now substituting the value of Nus from and
P(Nug = 0.

Next, consider v € Nij(L). Define v; :== (el @ I,)v, i = 1 : 6. Note that 0 € w and
co(w) = 0. Further, co(w) +1 =1 € o and i1(c) = 0 which implies that s := co(w) +
Geow)+1(0) +1 =1 < 6. As i1(01,0) = 0, we have p := co(w) + icy(w)+1(01,0) +1 = 1.
Hence by Theorem we have (ef_; @ I,)v = vs € Ni(P()) which can be easily
verified. W

Next, we consider an EGFPR which is not operation free (as —1 and —0 simultane-

ously belong to 7) but the recovery of eigenvector is operation free.
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Example 3.3.9. Let P(\) := >0 N'A;. Suppose that P()\) is regular and i € C is
an eigenvalue of P(X). Let o = (4,2,3), o1 := 0,09 := (2),7 := (=5,—1,—0) and
1 =0 = 7. Let X be any arbitrary matriz assignment for oo. Then the EGFPR
L(\) = ()‘M(}is),fl,fo) - M(F4)72’3))M2(X) of P(\) is given by

M+ A A, X I, 0 ]
I, M, 0 0 0
L(\) = 0 Ay AX =1, M, 0
0 ~I, 0 0 — At
|0 0 M, 0 A4 -1,

Let w € N,(L) and v € Ni(L). Define u; := (el @ I,)u and v; := (e @ I,,)v,
i =1:5. Note that 0 € w and io(w) = 1. Further, io(w)+1 =2 € o and cjy@w)11(0) = 1,
which imply that s = ig(w) + ciyw)+1(0) +1 = 3 < 5. As c(0,02) = 1, we have
P = io(w)+Cigw)4+1(0, 02) +1 = 3. Thus by Theorem (el s@IL,)u = uy € N;.(P(p))
which can be easily verified.

Note that 0 € w and co(w) = 0 < 5. Further, co(w) +1 =1¢ 0. Asm =0, we

have i_cyw)(11) = —1. So p = co(w) — i—co(w)(T1) — 1 = 0. Hence by Theorem [3.3.7,
(el @ I)v = vs € Ni(P()) which can be easily verified. B

The EGFPR in the following example is not operation free (as —1 and —0 simulta-

neously belong to 7), but we can easily recover the eigenvectors of P()\) from those of
the EGFPR.

Example 3.3.10. Let P(\) = Z?:o N A;. Suppose that P(\) is regular and p € C
is an eigenvalue of P(N). Let o := (3), o1 :== 0 = 09,7 := (—2,—1,-0),77 = 0 and
7y := (=2). Then the EGFPR L(\) = (AM{, _; _o — M{)ME, is given by

0 0 — A7t 0 A;' 0
LA)=X| 0 I, —AA7 |- |1, A 0
I, Ay —A A7 0 0 I

Let x € No.(L(pn)) and y € Ni(L(p)). Define z; := (e} @ I,)x and y; :== (el & I,,)y
fori = 1 : 3. Note that 0 € w and ig(w) = 2. Further, ig(w) +1 = 3 € o and
Cigw)+1(0) = 0, which implies s = ig(w) + ciyw)+1(0) +1 = 3, i.e., s = m. Now,
C—(m-1)(T2) = c_o(12) = 0. Thus by Theorem AN e @ L)r = A3 ay € No(P(p))

which can be easily verified.
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For left eigenvector, we have co(w) =0 < m, co(w) +1=1¢ 0 and i_qw)(m1) = —1

(asTi =0). Thus p = co(w) —i_cy(w)(T1)—1 = 0. Thus by Theorem (ef_,®I)y =
ys € Ni(P (1)) which can be easily verified. B

3.4 Eigenvalue at infinity and recovery of eigenvectors

We now describe the recovery of eigenvectors of P(\) corresponding to an eigenvalue
at oo from the eigenvectors of EGFPRs. Recall that oo is an eigenvalue of P(\) =
oo A'A; if and only if 0 is an eigenvalue of rev(P(N)) = > 7  A'A,—y, e, 0 is an
eigenvalue of A,,. Thus A,, is singular which implies that M* is singular, i.e., M?

does not exist as M = (MZ )~1. So —m always belongs to 7, that is, m ¢ o.
The following lemma will play a crucial role in the recovery of eigenvectors of P(\)

corresponding to an eigenvalue oo from those of the EGFPRs.

Lemma 3.4.1. Let L()\) := M, (Yy)M,, (X1)AMP —MP)M,,(X5)M,,(Y3) be an EGFPR
of P(X\) such that —m € T.

(a) Suppose that c_, (1) < m —1 and i_,(7) < m — 1. Then

(ezjfm(r)-i-l ® IH)MUQ (XQ)MT?. (}/2) r ez

—m(7,7m2)

11 @Iy

and

Mo, (Y1) Mo, (X1)(€i_nr)r1 @ In) = €i_p(mr)41 @ L

(b) If c_pu(T) = m then (el @ I,) My, (Xo) M., (Ys) = el @ I,,, and if i_,,(T) = m then
M., (Y1)M,, (X1) (em ® I,) = €5, ® I,.

Proof. (a) For an arbitrary Z € C™", from (12.12)) and ({2.13]) we have

(ef @ L)M_y(Z)=e] @I, for k¢ {m—jm—j+1}, j=1:m, (3.24)
M_y(Z)e;®1,) =e; @I, for k¢ {m—jm—j+1}, j=1:m. (3.25)

Case-I: Suppose that o # ). Let 0 < h < m —1 be the integer such that —m, —(m —
1),...,—(m—nh) € 7and —(m—h—1) ¢ 7. This implies that —(m—h),—(m—h—1) ¢
71UTy since —(m—h—1) ¢ 7 and (71, 7, 72) satisfies the SIP. Further, we have c_,,(7) < h
and i_,,(7) < h.

Let 7 and 7j, j = 1, 2, respectively, be the subtuples of 7 and 7; with indices {—m :
—(m — h)}. Similarly, let 7 and ?\j, j = 1,2, respectively, be the subtuples of 7 and
7; with indices {—(m — h —2) : =0}, where {—a : =0} := {—a,—(a —1),...,—1, -0}

for any integer @ > 0. Then 7 and 7 commutes since for any indices k € 7 and ¢ € T,
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we have ||k| — [¢|| > 1. Thus 7 ~ (7,7) ~ (7,7). Similarly, 7; ~ (7},7,) ~ (7;,7) for
j=1,2,as 7; and % commutes. Also we have (7, %) ~ (/?\j,?) for j =1,2.
Since —(m —h — 1) ¢ 7, we have i_,,(7) = i_,(7) and c_,(7) = c_n (7). As (T, 72)

contains indices from {—m : —(m — h)}, we have c_,,(7,72) < h. This shows that
Com(T,T2,T2) = c_m(T,T2) as To contains indices from {—(m — h — 2) : —0}. Conse-

quently, we have c_,,(7,72) = c_m(?\, T, ?2,?\2) = c_p(T, ?2,?\2) = c_p(T,T2). Similarly,
we have i, (171, T) = i_pn(T1, 7).

Note that X, and Y5, are arbitrary matrix assignments. We denote by (x) for any
arbitrary matrix assignment. Now we have (e ) ® L) Mo, (¥) Mo, (%) = (€] 5, ®

L) Mg, (%) Mz, (+) Mz, (x) =

- ' c_m(T) < h and oy contains
(ec,m(?)ﬂ ® I) M%(*) Mz, (%) by (3.2) since

indices from {0 :m — h — 2}

¢_m(T) < h and T, contains

indices from {—(m — h —2): -0}

Z,m(?,?z)—i-l ® ]n = ezlm(T,Tg)-‘rl ® ]n by Lemma 2122

Hence (ef_m(ﬂ“ ® In) Mo, (Xa) M, (Ya) = e 11 © L.

c—m(7,72)

Similarly, we have M, () My, (%) (e;_,.(r)+1 ® L) =

= (ef #)+1 @ 1) Mz, () by (3.24)) since

C—m

=€

M‘T'l (*) M?‘l (*) Mcr1 (*) (ei,m(?)+1 & In)
i—m(T) < h and 0y contains

= Mz (%) Mﬁl(*) (ei_m(?).u ® I,) by (3.3]) since
indices from {0:m — h — 2}

i—m(T) < h and 77 contains

indices from {—(m — h —2): -0}

=€i_,,(7,7)+1 @ I, = €i_pm(ri,r)+1 & I, by Lemma [2.1.22]
Thus, we have M, (Y1) My, (X1) (6i_p(r)41 @ In) = €i_, . (rr)+1 @ L.

Case-II: Suppose that o = (), i.e., 7 is a permutation of {—m : —0}. This implies
o1 = () = 09 and hence M,,(X;) = I, = M,,(X3). Given that ¢_,,(7) < m — 1 and
i—m(7) < m—1. By defining 7 := 7\ {—0} and ¢ := (0), and by considering h = m — 1,

= Mz () (e;_,,(5)+1 @ I,) by (]3.25)) since

a verbatim proof of Case-I gives the desired result.
(b) If c_pn(7) = m or i_,(7) = m, then o = (). So there are no choices for oy

and o9, ie., 0y = 0 = o0yo. Hence M,,(X;) = Ly, = M,,(X2). Further, since 7;,
j = 1,2, contains indices from {—m : —2}, we have (el @ I,) M,,(Y5) = el ® I,, and
M., (Y1) (e ® I,) = €, ® I, which gives the desired result. O
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We now describe the recovery of eigenvectors of P(\) corresponding to the eigenvalue

at oo from those of the EGFPRs of P(\).

Theorem 3.4.2. Let L(\) = M, (Y1)M,, (X)) AMP — MPYM,,(Xo)M,,(Ys) be an

g

EGFPR of P(\). Suppose that P(\) is reqular and oo is an eigenvalue of P(\).
Right eigenvectors at oco. Let (xl, e ,xk) be a basis of the right eigenspace of

L(\) at 0o. Then we have the following.

(a) If c_p,(T) < m, then <(€CT,,,L(T,72)+1 ®@ L)z, (€ i1 ® [n)xk) is a basis of

the right eigenspace of P(\) at oo.

(b) If cp(T) = m, then (Ag'(el, @ L)y, ..., Ayt (el @ I)ay) is a basis of the right
eigenspace of P(\) at oo.

Left eigenvectors at oco. Let (yl, - ,yk) be a basis of the left eigenspace of L(\)

at oo. Then we have the following.

(c) If i_pm(T) < m, then <(e;[lm(7'1,7')+1 ® L)y, -5 (€ i ® In)yk) is a basis of
the left eigenspace of P(\) at oo.

(d) If i_,,(T) = m, then (AST(e% ® L)y, ..., A5 (el ® In)yk)z's a basis of the left
eigenspace of P(\) at oo.

P?“OOf. Set L1 = M(Tl’gl)(K,Xl) Mf M(U2,7-2)(X2,}/2) and LO = M(Tl,gl)(}/i,Xl) Mf
My,7)(X2,Y3). Then L(X) = ALy — Lo. Recall that oo is an eigenvalue of L(\) < 0 is
an eigenvalue of rev(L(A)) < 0 is an eigenvalue of L. Since M., », (Y1, X1) is invertible,

we have N, (L) = N,.(MEFM,, .,(Xs,Y3)). Note that the map

NT(MfM(Uz,Tz)<X2’ Y2)) — NT(Mf)7 Z (M(Uz,Tz)(XQ’ }/2))27

is an isomorphism. Define T'(\) := AMY — MF. Then N,.(MF) = N, (rev(T(O))).
(a) Now, by Theorem [1.2.28] the map

N, (rev(T(0))) — N (rev(P(0))), urs (€L 1y © L),
is an isomorphism. Hence the map

N, (rev(L(0))) — N (reo(P(0))), @ = (¢ ()1 ® L) Miga.m) (X2, Y2) )2,

—m

is an isomorphism. Now by Lemma we have (eCT_m(T)+1 ® L)) Msy70) (X2, Y2) =

T
ec,m (7,m2)+

The proof is similar for part (b).

| ® I,. Hence the result for the right eigenspace of P()) at oo follows.
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(c) Next, we prove the results for left eigenspace of P(A) at co. Since M(,, 5,)(X2, Y2)
is invertible, we have Nj(rev(L(0))) = M(L1) = Ni(M(z, o) (Y1, X1)MF). Hence it
follows that the map N;( My o) (Y1, X1)MF) — Ni(ME), 2 (M, o, (s, X1))72, is
an isomorphism. We have Nj(M?F) = M(rev(T(O))). Now, by Theorem [1.2.28, the

map

Ni(rev(T(0))) — Ni(rev(P(0))), v (€F ()41 @ Lo,

is an isomorphism. Hence the map
Ni(rev(L(0))) — Ni(rev(P(0))), y = (X s @ L) (Miry o (Y1, X)) )y,

is an isomorphism. Now by Lemma [3.4.1) we have M, »)(Y1, X1)(e;,,(r41 @ I,,) =
€i_(m,r)+1 @ I,. Hence the result for the left eigenspaces of P(\) at oo follows.
The proof is similar for part (d). O

We now illustrate our recovery rule for eigenvectors of P(\) corresponding to an

eigenvalue at oo from those of the EGFPRs of P(\) by considering an example.

Example 3.4.3. Let P(\) := Y0 N A,;. Suppose that P(\) is regular and oo is an
eigenvalue of P(X\). Let o := (0,2), o1 := ) = 09,7 := (—4,—5,-3,—1), o = (—4)
and 7 = 0. Let X be any arbitrary matriz assignment for 7. Then the EGFPR

L(\) = (/\M(Ii47_57_37_1) — M£72))M_4(X) =: ALy — Loy of P()) is given by

(0o 0 7, 0o ol o5, o o o]
0 As A 0 0 L, X 0 0 0
L=A| I, X A 0 0 |-|0 0 -4 I, 0
0 0 0 0 I 0 0 I, 0 0
000 0 LAl |00 0 0 -4

Let x and y, respectively, be right and left eigenvectors of L(\) corresponding to the
eigenvalue co. Define x; == (el @I,)x and y; == (el @1,,)y, i = 1: 5. We have c_,(T) =
c_5(—4,-5,-3,—1) =0 < 5 and c_5(1,72) = c_5(—4,—5,—-3,—1,—4) = 1. Hence by
Theorem (€l rmyi1 @ In)x = (€3 ® I)x = w3z is a right eigenvector of P())
corresponding to the eigenvalue oo. Similarly, i_s(m,7) = i_5(—4,—5,-3,—1) = 1.
Hence by Theorem (e;{m(nﬁ)ﬂ @ L)y = (X @ I,)y = yo is a left eigenvector of
P(\) corresponding to the eigenvalue co.

To verify the recovery rule, consider Lyx = 0. This gives Aszo = 0 and z; = 0 for

1 =3,4,5. Now if v = 0 then x1 = 0. Thus xo =0 = x = 0. Hence x5 # 0 and is a

right eigenvector of P(\) corresponding to the eigenvalue oo.
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Similarly, y' L1 = 0 implies yI As = 0 and yI = 0 for i = 3,4,5. Now if y¥ =0
then yI = 0. Thus yI = 0 = y = 0. Hence yo # 0 and is a left eigenvector of P(\)

corresponding to the eigenvalue co. M

3.5 Low bandwidth banded EGFPRs

Low bandwidth banded linearizations of P(\) are important from the point of numerical
computations. As EGFPRs of P(\) substantially enlarge the arena in which to look for
strong linearizations of P()\), it is natural to investigate the possibility to construct
low bandwidth banded EGFPRs. In particular, we are interested to construct block

tridiagonal and block penta-diagonal EGFPRs of P()).
We make the conversion that e; = 0 for 7 < 0 and j > m. The following result will

be useful for constructing block penta-diagonal EGFPRs of P(\).

Proposition 3.5.1. Let o be an index tuple containing indices from {0 : m—1} such that
a satisfies the SIP. Suppose that ci(a) < 1 and ix(a) < 1 for any index 1 < k <m — 1.
Let X be a matriz assignment for a. Then M,(X) is a block penta-diagonal matriz.

Equivalently, we have
2

(eh @ L)Ma(X) = ) (eh 4y ®X;) fork=0:m—1, (3.26)

j=—2
where X; = 0 or X; belongs to the matriz assignment X .

Proof. 1t is easily seen that the elementary matrices M;(W), j = 0 : m — 1, satisfies
(el , @ L)M;(W) = (el _, @ W) + (efn_(i_l) ®I,) forj =diandi=1:m — 1, and
(el @ I,)Mo(W) = L @ W. Consequently, from (2.2)) and we have the following

(eﬁ,(m)ealn for j=i+1landi=0:m—2,
(el @W) + (ez;_(i_l) ®1I,) forj=iandi=1:m—1,
(emi@In) M;(W) = el @ W for j=1i=0,
I oI, otherwise, i.e., when

jé{i,i+1}fori=0:m—1.
(3.27)
It is given that cx(a) < 1 and ix(o) < 1 for 1 <k < m — 1. This implies co(a) < 2

and ip(a) < 2. Recall from the definition of consecutions and inversions of any index
tuple § at any index ¢ that if ¢ ¢ 5 then ¢;(5) = —1 = i,(5). Consequently, we have
—1<¢(a)<land —1<ip(a)<lfork=1:m—1,

(3.28)
—1<c¢y(a) <2and —1 < ip(a) <2.
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Consider 0 < k < m — 1. We now prove ([3.26). There are two cases.
Case-I: Suppose that the subtuple of o with indices {k,k + 1} starts with k& + 1.

Then by Lemma [2.1.21] we have (el , @ I,)M,(X) = eﬁf(k+1+ck+1(a)) ® I,,. Since —1 <
cin() < 1, we have (B20)

Case-1I: Suppose that the subtuple of « with indices {k,k + 1} starts with k. Let
the row standard form of « be given by rsf(«) := (5, rev(ay : k),v) =

(reviag : 0),rev(ar : 1), ..., rev(ay : k), rev(ags - k+1),...,rev(am_1 : m — 1)).

(3.29)

Then we must have rev(ay : k) # 0, since otherwise it is clear from that the
subtuple of a with indices {k, &k + 1} would start with £+ 1 which would contradict our
assumption of Case-II. Since « is a tuple containing nonnegative indices, by using
it is clear from that a; > j—1for all j = {0:m —1}\ {2} and ay > 0. Further,
since rev(ay : k) # 0, we have a, € {k,k — 1} if k # 2, and a; € {k,k — 1,k — 2} if
k=2.

Since a ~ rsf(a), without loss of generality, we assume that a = rsf(a). That
is, a := (B,rev(ay : k),7v). Let Y and Z, respectively, be the corresponding matrix
assignments for § and 7 associated with X. We denote by X?, p € {ay : k}, the
matrices associated with X and assigned to the index p € {ay : k}. That is, X =
(Y, rev(X .- X*) Z). Now we have

(em—r ® In) Ma(X) = (€5, s ® Ln) M5(Y) Mrco(ayany (rev(X - - X*)) M, (Z)

= (eﬁfk 0 In)]\4rev(ak:k)(Tev()(alc T Xk))M’Y(Z) by " as k, k+1 ¢ B

<(6ﬁ_<ak_1) ®IL)+ >, (el ;® XU)MW(Z) if aj, > 0,
= (3.30)

(z?z%(eg_j ® Xj)>M7(Z) if ap =0
by applying (3.27)) repeatedly.

Define S := {ay — 1 : k} if ap > 0 and S := {ax : k} if ap = 0. It is clear from ({3.30)
that for evaluating (el _, ® I,,)M,(X) we need to calculate (el _, @ I,)M,(Z) for all
¢ e S. Since v := (rev(akﬂ ck+1),...,rev(am_ : M — 1)), it is clear that, for ¢ € S,
we have either ¢ ¢ ~ or the subtuple of v with indices {¢, ¢ + 1} starts with ¢ + 1. By

Lemma [2.1.21} we have (e),_, ® I.)M,(2) = €] 11110, () @ In- Hence from (3.30),
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we have (el , @ I,,)M,(X) =

T k T . .
(em_(ak'i'cﬂlk('y)) ® In) + Zj:ak (em—(j+1+6j+1(’y)) ® XJ) if ag > 07
Zk (el )®Xj) if ar, = 0.

J=ap \"m—(j+1+ci+1(7)

(3.31)

Since 7 is a subtuple of a, we have ¢;(y) < ¢;(«) for any index ¢. Hence —1 < ¢p11(y) < 1
for all £ € S. Further, since a; € {k,k—1} if k #2 and ay, € {k,k — 1,k =2} if k =2,
it is clear from that holds. Hence M, (X) is a block penta-diagonal matrix.
This completes the proof. O

Analogous to Proposition we have the following result for index tuple containing

negative indices.

Proposition 3.5.2. Let « be an index tuple containing indices from {—m : —1} such
that o satisfies the SIP. Suppose that c_i(a) < 1 and i_,(a) < 1 for any index —(m —
1) < —k < —1 (this implies that c_,, () < 2 and i_,,(a) < 2). Let X be a matrix
assignment for a.. Then My (X) is a block penta-diagonal matriz. FEquivalently, we have

2
(eh k@ L)Ma(X) = Y (eh_ojy ®X;) fork=0:m—1, (3.32)

j=—2
where X; = 0 or X; belongs to the matriz assignment X .

Proof. 1t is easily seen that the elementary matrices M_;(WW), j = 0 : m, satisfies
(erTn,(m,l) R L)M_,(W) = el ® W and
(ef . @L)M_;(W)= (el ,@W)+ (e%_(iﬂ) ®1I,) forj=i+1, andi=0:m — 2.
Consequently, from (2.12)) and (2.13]) we have the following.

(

(65—1®W)+(6%7(i+1)®]n) forj=i+1,andi=0:m —2

el @W forj=i+1,i=m-—1
(emei®@In) M_;(W) = 62_@_1) ® I forj=1i, andi=1:m—1
otherwise, i.e., when
Em—i ® In
\ jé¢{i,i+1}fori=0:m—1.
(3.33)
The rest of the proof is similar to Proposition [3.5.1 O]

Proposition 3.5.3. Let o be an index tuple containing indices from {0 : m} such that
a satisfies the SIP. Suppose that c;j(a) > 2 orij(a) > 2 for some 1 < j <m —1. Let
X be any arbitrary nonsingular matriz assignment for a. Then M, (X') is not a block

penta-diagonal matriz.
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Proof. Suppose that ¢;j(«) > 2 for some j > 1. Let 1 < k < m — 1 be the smallest
integer belongs to « such that ¢ (a) > ¢(«) for any index £ € a (i.e., cx(c) > 2). Then
by Lemma [3.3.1, we have o ~ (ol k, k+1,... k + cp(a),a®), where k ¢ af. Now we

have the following cases.

(a) Assume that k > 1. Then 1 € ol since otherwise k —1 > 1 and ¢;_1(a) > c(a)
which is a contradiction. This implies that the subtuple of a with indices {k — 1, k}
starts with k. Hence by Lemma, we have (eng(kfl) Q1) M, (X) = egh(k%k(a)) ®1I,.
That is, (m — (k + cx()))-th block entry of (m — (k — 1))-th block row is I,. Since
cp(a) > 2, we have k + ¢x(a) > k+1 = (k — 1) +2. Hence M,(X) is not a block
penta-diagonal matrix.

(b) Assume that & = 1. Then (a%, (1 : 1+ ¢;(a)), a®), where ¢;(a) > 2. If 0 ¢ oF
then the subtuple of o with indices {0, 1} starts with 1. Hence by Lemma [3.3.2] we have
(el @ I,)M,(X) = 6£7(1+c1(a)) ® I,,. Since ¢;(a) > 2, we have 1 + ¢1(«) > 3. Hence
M, (X) is not a block penta-diagonal matrix.

Let X° be the matrix assigned to the index 0 € ol associated with X, and let
X = (XL, xM x1) where XX, XM and X% are the matrix assignments associated with
ol (1:1+ ¢;(a)) and of, respectively. Then (el @ I,)M,r(XL) = el @ X° by
as 0 € o and 1 ¢ o’. Now the subtuple of 8 := (1: 1+ ¢;(a), a®) with indices {0, 1}
starts with 1. Hence by Lemma , we have (el @) Mg(x) = 6%*(1+c1(a))®‘[n’ where (%)
1rer (@) © X7
Since ¢;(a) > 2, we have 1 + ¢;(a) > 3. This shows that M,(X) is not a block penta-

diagonal matrix.
Similarly, if i;(«) > 2, for some j > 1, then it can be shown that M, (&) is not a

denotes any arbitrary matrix assignment. Hence (e, ® I,)Ma(X) =€)

block penta-diagonal matrix. O]
For index tuple containing negative indices we have the following result.

Proposition 3.5.4. Let 8 be an index tuple containing indices from {—m : —0} such
that B satisfies the SIP. Suppose that c_;(#) > 2 ori_;(5) > 2 for some 1 < j <m—1.
Let X be a matriz assignment for 5. Then Mz(X) would never be a block penta-diagonal

matriz.
Proof. The proof is similar to Proposition [3.5.3 O

Definition 3.5.5. Let a and (3 be sub-permutations of {0 : m — 1} and {—m : —1},
respectively. Then k € a\ {0} is said to be an end index of a if k—1 ¢ a ork+1 ¢ a.
Similarly, —t € S\ {—m} is said to be an end index of B if —(t—1) ¢ 5 or —(t+1) & 5.

The following result characterizes all block penta-diagonal EGFPRs of P(\).
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Theorem 3.5.6. Let L(\) := M,, (Y1) M, (X1))AMP — MPYM,,(Xo)M,,(Ys) be an
EGFPR of P()\). Suppose that o; (resp., 7;), for j = 1,2, does not contain the end
points of o (resp., 7). Then L(\) is block penta-diagonal if and only if ¢;(oq,0,09) < 1,

i(01,0,09) <1, c_y(m,7,m2) <1 and i_¢(m,7,72) <1 for any index 1 <t <m — 1.

Proof. (=) The forward implication follows from Propositionand Propositionm
(<) We have L(\) =: AL, — Ly, where Ly := M, (Y1) M, (X1)MF M,,(X5)M,,(Y>)

and Lo := M, (Y1)M,, (X,)MEM,,(X5)M,,(Ys). Note that L(\) is a block penta-

diagonal pencil if and only if both Ly and L; are block penta-diagonal matrices. We only

prove that Lg is a block penta-diagonal matrix. Similarly, L; is block penta-diagonal.

Since 7, and 7» do not contain the end points of 7, it follows that ||j| — |k|| >
2 for j € (m, ) and k € (o01,0,02). Hence 7; ~ (01,0,09), j = 1,2, and L, =
My, (Y1) Mo, (Ya) Moy (X1) My Moy (X2) = Mo, (X1) My Mo, (X2) My, (Y1) M-, (Ya).

Suppose that m € o. Recall that, as oy and o9 contain indices from {0 : m—2}, there
are no repetition of m — 1 and m in the indices of (o1, 0, 03). Hence (01, 0,03) ~ (8, m)
(resp., (01,0,09) ~ (m,B3)) if m — 1 € o and ¢ has a consecution (resp., inversion) at
m — 1, where 8 := (01, 0,02) \ {m}. Further, since M,,(W) = diag(W ™', I(;,_1y,) (for
any nonsingular matrix W € C™"*") is a block diagonal matrix, without loss of generality
we assume that m ¢ o, i.e., m ¢ (0, 0,09).

Now we prove that Lg is a block penta-diagonal matrix. Note that to prove Ly is a
block penta-diagonal matrix it is enough to show that

2
(el @ I,)Ly= Z (e%_(k_j) ® Z;) fork=0:m —1, (3.34)
j=—2
where Z; is any one of the matrices 0, £1,,, £A,, ..., £A,, or the matrices in X;, X, Y}

and Y3. Since (o, —7) is a permutation of {0 : m}, we have either k € o or k € —7.

Case-1: Suppose that k € 0. Then —k ¢ 7. This implies that —k, —(k+ 1) ¢ (71, 72)
since (1, T, 72) satisfies the SIP. Hence by , we have (el _, & I,)M,, (Y1) M., (Y3) =
el @I, This implies that (e, ®1I,)Lo = (eX _,&1,) My (X1)MF M,,(X,). Now
follows from Proposition by considering a := (01,0,02) and X = (X3, P, X5),
where P denotes the trivial matrix assignment for o.

Case-II: Suppose that £ € —7. Then there are two cases.
(a) Suppose that k+1 € o (i.e., —k is an end point of 7). Since 7;, j = 1,2, does not

contain the end points of 7, we have k,k +1 ¢ —(7, 7). Now by following the similar
arguments as given in Case-I we have .

(b) Suppose that —(k + 1) € 7. Then, since (o, —7) is a permutation of {0 : m}, we
have k, k+1 ¢ (01,0,02). Hence by (8.27), we have (e, _, ® I,) My, (X1) M M,,(Xz) =
el . ® I,. Consequently, we have (el , @ I,,)Ly = (el _, @ I,)M,, (Y1) M,,(Y3). Now
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(3.34) follows from Proposition by considering § := (11,72) and X := (Y1,Y3).
Hence Ly is a block penta-diagonal matrix. This completes the proof. O

For constructing block tridiagonal EGFPRs of P(A) we need the following results.

Proposition 3.5.7. Let « be an index tuple containing indices from {0 : m} such that
a satisfies the SIP. Suppose that c;j(a) > 1 or ij(a) > 1 for some 1 < j < m — 1.
Let X be any arbitrary nonsingular matriz assignment for o. Then M,(X) is not a

block-tridiagonal matriz.
Similarly, let 8 be an index tuple containing indices from {—m : —0} such that

satisfies the SIP. Suppose that c_j() > 1 or i_;j(8) > 1 for some 1 < j < m — 1.
Let Y be any arbitrary nonsingular matriz assignment for 5. Then Mg(Y) is not a

block-tridiagonal matriz.

Proof. The proof is similar to those of Proposition and Proposition [3.5.4] O
The following theorem characterizes all block tridiagonal EGFPRs of P()). Note

that, for an index tuple a containing nonnegative indices and any index ¢, we have
¢i(a) = 0 and (o) = 0 imply that ¢ € a but t — 1,£ + 1 ¢ «. Similar thing holds for
index tuple containing negative indices.

Theorem 3.5.8. Let L(\) = M, (Y1) M,,(X;)(AME — MEYM,,(X5) M., (Ys) be an
EGFPR of P(\). Then L(\) is block tridiagonal if and only if ¢/(o1,0,00) = 0,
i(01,0,09) =0, c_y(11,7,72) =0 and i_(11,7,72) = 0 for any index 1 <t <m — 1.
Proof. (=) The forward implication follows from Proposition [3.5.7]

(<) Define A := M, (Y1)M,,(X;) and B = M,,(Xs)M,,(Y2). Then we have
L(A\) =: ALy — Ly, where L, := AMPB and Ly := AMFB. Note that L()) is a block-
tridiagonal pencil if and only if both Ly and L; are block-tridiagonal matrices. We only
proof that Lg is a block tridiagonal matrix. Similarly, L; is block tridiagonal.

It is given that, for any index 1 <t <m — 1, if t € o then we have ¢;(01,0,05) =0
and i;(01,0,09) = 0. This implies that, for 1 < j < m —2if j € o then j+ 1 ¢ 0.
Moreover, we have o; = (0) or 0; = 0, j = 1,2. Since My(Z) = diag(lm—1yn, Z), We
have M,,(X;) = diag(l(m-1yn, X;) or My (X;) = Iy, for j = 1,2. Further, given that
c_p(m1,7,72) =0 and i_,(m,7,72) =0 for any index —(m —1) < —p< —1land —p € 7.
This implies that 7; = (—m) or 7; = 0, j = 1,2. Since M_,,,(2) = diag(Z, I(n-1)n), We
have M, (Y;) = diag(Y}, I(m-1n) or My (Y;) = Iy, j = 1,2. Consequently, A and B
are block diagonal matrices. Hence Ly is block tridiagonal if and only if M! is block
tridiagonal. Since, |j — k| > 2 for distinct j,k € o with 1 < 5,k < m — 1, it is clear
from the Fiedler matrices M, ¢ = 0 : m, that M is tridiagonal. This completes the
proof. O]
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Structured EGFPRs

In this chapter, we utilize EGFPRs to construct large families of structure-preserving
strong linearizations of P(A) when P()) is either Hermitian or palindromic. We show
that EGFPRs allow construction of structured strong linearizations with additional
properties such as low bandwidth (block tridiagonal and block penta-diagonal) pencils.
We show that when P()) is symmetric with degree greater than or equal to 4 (resp., 8),
there does not exist a symmetric GFPR which is block tridiagonal (resp., block penta-
diagonal). We show that the family of EGFPRs has no such shortcoming and enables us
to construct symmetric block tridiagonal and symmetric block penta-diagonal EGFPRs
when P()) is symmetric. Moreover, for a Hermitian matrix polynomials P(\), EGFPRs
provide us with a large class of Hermitian strong linearizations which also preserve the
sign characteristic of P(\). We mention that the palindromic linearizations that we
construct in this chapter contain infinite number of pencils in contrast to the palindromic
linearizations that have been constructed by using GFPs in [27] and FPRs in [19]. We
also mention that when P()\) is palindromic with degree greater than or equal to 5,
there exist only three palindromic linearizations which is anti-block tridiagonal. On the
other hand, the family of EGFPRs enables us to construct infinite number of anti-block
tridiagonal palindromic linearizations of P(\) when P()) is palindromic. Moreover, we
characterize all anti-block tridiagonal palindromic linearizations that can be constructed

by utilizing EGFPRs of P(\) when P(\) is palindromic.

4.1 Symmetric and Hermitian EGFPRs

A matrix polynomial P()\) is said to be symmetric (resp., Hermitian) if P(A\)? = P())

(resp., P(A\)* = P()\), where * denotes the conjugate transpose). In this section, we will

construct symmetric EGFPRs for symmetric P(\). We mention that all the results of

81
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this section hold for Hermitian P(A) as well. Recall that P()) := ™ M A;. Consider
the elementary matrices My;(X) and the Fiedler matrices ML, associated with P()\) as

given in Chapter [2|
We now extend the concept of admissible tuple, symmetric complement and index

tuple in canonical form of {0 : h}, h > 0, to any {a : b}, where 0 < a < b.

Definition 4.1.1 (Admissible tuple). Let 0 < a < b be integers. We say that w is an
admissible tuple of {a : b} if w is a permutation of {a : b} and

esfw)=(b—-1:bb-3:b—2,...,a+p+1l:a+p+2,a:a+p) (4.1)
for some 0 < p < b—a. We call p the index of w and denote it by Ind(w).
Example 4.1.2. Let a =2, b =6, and w; = (5:6,2:4), we = (5:6,3:4,2). Then
wy and wy are admissible tuples of {2 : 6} with Ind(w,) = 2 and Ind(w;) =0. WA

Note that w is an admissible tuple of {a : b}, 0 < a < b, with index p if and only
if —a + w is an admissible tuple of {0 : b — a} with index p. For simplicity, we always
consider an admissible tuple of the form (4.1]).

Definition 4.1.3 (Simple admissible tuple). Let w be an admissible tuple of {a : b},
0 <a<b. Then w is said to be the simple admissible tuple of {a : b} if Ind(w) =0 or
Ind(w) = 1. Equivalently, w is said to be the simple admissible tuple of {a : b} if

o W= (b —1:b,...,a+1:a+2, a) when {a : b} contains odd number of elements,
e w:=(b—1:b...,a+2:a+3,a:a+1) when {a: b} contains even number of
elements.

Remark 4.1.4. It clearly follows that, for 0 < a < b, there exist a unique simple
admissible tuple of {a : b}.

Although we have defined any admissible tuple of {a : b}, 0 < a < b, we will only
use the simple admissible tuple in the rest of this chapter. The symmetric complement

of any admissible tuple is defined as follows.

Definition 4.1.5. Let 0 < a < b be integers. Then the reversal complement of (a : b),
denoted by (a : b)rer,, is defined as (a:b)pey, :=(@:b—1,a:b—2,...;a:a+1,a). Let
w be an admissible tuple of {a : b} with index p. Then the symmetric complement of w,

denoted by cy, is defined as follows:

(b—1,b—3,...,a—|—p+3,a+p+1,(a:a—i—p)reUC) if p>1,
cw =19 (b—1,b—3,...,a+1) ifp=0 and b > a,
0 if b= a.
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Remark 4.1.6. Let w be the simple admissible tuple of {a : b}, 0 < a < b, and ¢,

be the symmetric complement of w. Then by Definition [{.1.5 and Definition we
have

(b —1,b—3,...,a+ 1) if {a : b} contains odd number of elements,
Cy, =
(b —-1,0—-3,...,a+ 2, a) if {a : b} contains even number of elements.

In Example [4.1.2] the symmetric complements of wy is given by (5, 3).

Remark 4.1.7. Let w be the simple admissible tuple of {a : b}, 0 < a < b, and ¢,
be the symmetric complement of w. Then it follows from Remark[{.1.0 that a € ¢, if
and only if {a : b} contains even number of elements. Note that b never belongs to ¢,.

Hence if {a : b} contains odd number of elements then a,b & c,.

Definition 4.1.8. Let 0 < a < b be integers. An index tuple t is said to be in canonical
form of {a : b} if t is of the form

<a1:b—2,a2:b_47""aLb_TaJ :b_QLI)_TaJ>

witha < a;, i =1:|%52].

For example, let @ = 2 and b = 8. Then (2:6,3:4,2:2) with a; = 2,ay = 3,a3 = 2,
and (3 :6,2:2) with a; = 3,as > 4, az = 2, are index tuples in canonical form of {2 : 8}.
Recall that an index tuple « is said to be symmetric index tuple if & ~ rev(a). The

following results will be useful for constructing symmetric EGFPRs.

Lemma 4.1.9 ([13], Lemma 3.11). Let h > 0. Let w be any admissible tuple of {0 : h}
and ¢, be the symmetric complement of w. Then (w, ¢,) and ¢, are symmetric and
satisfy the SIP.

The following result generalizes Lemma 4.1.9|

Lemma 4.1.10. Let 0 < a < b be integers. Let w be any admissible tuple of {a : b} and
¢y, be the symmetric complement of w. Then (w, ¢,,) and ¢, are symmetric and satisfy

the SIP.

Proof. An index tuple t containing indices from {a : b} is symmetric (resp., satisfies the
SIP) if and only if —a + t is symmetric (resp., satisfies the SIP). Let w := —a + w and
Cy = —a + ¢,. Then w is an admissible tuple of {0 : b — a} and ¢, is the symmetric
complement of w. Hence by Lemma [4.1.9, (w,¢,) and ¢, are symmetric and satisfy

the SIP. Consequently, (w, c,) and c,, are symmetric and satisfy the SIP. m
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Recall that the basic building blocks of an EGFPR is a GF pencil and the repetition
of indices in EGFPR depends on the indices defining the GF pencil. Next, we define
a special kind of GF pencil and then by repeating indices we construct symmetric

linearizations for a symmetric P(\).

Definition 4.1.11. Let k > 1 be odd. Choose h;, 1 =1 : k, with 0 < hy < hy < hy <
co < hgo < by < m —1 such that the string (hj_1 +1: h;), j = 2 : k, contains odd
number of elements. Set hyi1 = m. Define Hy := {0 : hy} and H; :== {h;_1 + 1 : h;}
for j=2:k+1. Let w; be the simple admissible tuple of H; and c,, be the symmetric
complement of w; for j =1 :k+ 1. Define v; :== —(h; +hj_1 + 1) +w; and c,; :=
—(hj+hj1+1)+ey, forj=2,4,... ., k—=1,k+1. Lett,,, j=1:k+1, be index tuple
in canonical form of H; and define t,, == —(h;j+h;_1+1)+t,,, j=2,4,... . k—1,k+1.
Define

w:= (W, Ws, ..., W), Cyp:= (Cuy, Cugy---sCup)s tw = (tuys tug,---stw,) and

vi= (3, Uy Ups1), € = (Cogs Cogye vy Copy )y by i= (Buy by oo )

In Definition 4.1.11] it is clear that (w, —v) is a permutation of {0 : m} with 0 € w
and —m € v. Further, w, c,,, v and ¢, are uniquely determined once h;, j =1 : k, are
fixed.

Remark 4.1.12. In Definition|4.1.11, we have H; := {h;_1+1 : h;}, j = 2 : k, contains
odd number of elements. Hence it follows from Remark that h;_y + 1,h; & cu,
for j =2 : k. This implies that w; commutes with c,, fori,j € {1:k} and i # j.

Similarly, v; commutes with ¢y, for i # j.

Remark 4.1.13. Let h := {hy, ha, ..., h}, w, ¢y, t,, v, ¢, and t, be as in Defini-

tion|4.1.11 Then we have the following.
(1) By Remark [4.1.7, it follows that 0 € ¢, < {0 : hi} contains even number of

elements < hy is odd. In other words, 0 ¢ ¢, < {0 : hi} contains odd number of

elements < hy is even.
(2) Similarly, by Remark —m € ¢, < {hi +1:m} contains even number of

elements < (a) hy, + 1 is odd and m is even, or (b) hy + 1 is even and m is odd. Since
k is odd and the strings (hj—1 + 1 : hj), j = 2 : k, contain odd number of elements, it
follows that hy, + 1 is odd (resp., even) when hy is even (resp., odd). Consequently,

we have

e —m € ¢, & (a) both hy and m are even, or (b) both hy and m are odd,

e —m ¢ ¢, < (a) hy is even and m is odd, or (b) hy is odd and m is even.
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The following result will be useful for constructing symmetric EGFPRs.
Lemma 4.1.14. Let w, ¢, t,, v, ¢, and t, be as given in Definition|4.1.11 Then:

(a) (w, c,) and ¢, are symmetric. Further, ¢, commutes with v, ¢, and t,.

(b) (v, ¢,) and ¢, are symmetric. Further, ¢, commutes with w, ¢, and t,.

Proof. (a) By Lemma[.1.10} (w;, c,;) and ¢, are symmetric for all j = 1: k+1. Thus
(W, cy) is symmetric if w; and w; commute for [ — j| > 1 and w; and c,, commute
for |i — j| > 1. By Definition it is easy to see that w; and w; commute, i.e.,
(Wi, w;) ~ (w;, w;) if [¢ — j| > 1. This implies that (c,,Cuw,) ~ (Cuw,,Cu,) if |i — 7| > 1
since ¢; C wj, j = 1: k4 1. Moreover, (W;, Cy,) ~ (Cu;, W;) if i — j| > 1. Thus (w, c,)
and c,, are symmetric.

Note that (w, —v) is a permutation of {0 : m} which implies that v is a permutation

of —{{0 : m} \ w}. By Remark [£.1.12] it follows that if i € ¢, and j € v then
|2| = |7]] > 1. Hence ¢,, commutes with v. Further, since ¢, C v and t, C v, we have
¢, commutes with both ¢, and t,. This completes the proof of (a). The proof is similar
for part (b). O

Definition 4.1.15. Let h := {hy, hs,...,ht}, w, €,, t,, v, ¢, and t, be as in Def-
inition [4.1.11. Let X and )Y be any nonsingular matriz assignments for t, and t,,
respectively. Define the pencil L(\) associated with w, ¢y, t,, v, ¢,, t,, X and ) by

L(A) 1= My, ()Mo, (X) (AME — ME)ME Mycoan) (rev(X))ME My (rev (D). (4.2)

We denote L(\) by Lp(h, t,, t,,X,Y) and by Lp(h,0,0) when t, =0 = t,.

Caution: As already mentioned in Definition [4.1.15 we always consider nonsingular
matrix assignments X and ) in Lp(h,t,,t,, X, )).

Remark 4.1.16. The pencil Lp(h,t,,t,,X,Y) in Definition is uniquely deter-
maned by h, t,, t,, X and ).

It is clear from Definition that (tw,w7 cw,rev(tw)) and (tv,v, cv,rev(tv))
satisfy the SIP. Thus Lp(h,t,,t,, X,)) is an EGFPR of P()). Further, since m ¢
w (resp, —0 ¢ v), by Proposition we have Lp(h,t,, t,,X,)) is an operation
free EGFPR. Moreover, in the following result we will show that Lp(h,t,,t,, X))
is symmetric when P()) is symmetric and all the matrices belonging to X and ) are

symmetric.
Recall that a matrix assignment X is said to be a symmetric matrix assignment if

all the matrices belonging to X are symmetric. Also, recall that an index tuple « is said

to be symmetric if a ~ rev(a).
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Theorem 4.1.17. Consider the EGFPR Lp(h,t,,t,,X,)), where P(\) is symmetric
and X and ) are symmetric matriz assignments. Then Lp(h, t,,t,, X,)) is symmetric.
Further, assume that 0 ¢ ¢, when Ay is singular and —m ¢ ¢, when A, is singular.

Then Lp(h, t,,t,,X,Y) is a symmetric strong linearization of P(\).

Proof. Since P(A) is symmetric and X and ) are symmetric matrix assignments, it is
easy to see that Lp(h,t,,t,, X,)) is symmetric if (tv,tw,w, cw,rev(tw),cv,rev(tv))

=: o and (tv,tw,v, cw,rev(tw),cv,rev(tv)) =: § are symmetric. By Lemma 4.1.14} c,
commutes with t,,. Thus

(tv,tw,w,cw,rev(tw),cv,rev(tv)) ~ (tv,tw,w, cw,cv,rev(tw),rev(tv))

and

(tv,tw,v, cw,rev(tw),cv,rev(tv)) ~ (tv,tw,v,cw,cv,rev(tw),rev(tv)).

Hence « (resp., ) is symmetric if and only if (w, ¢, ¢,) (resp., (V, ¢y, €,)) is symmetric.
By Lemma (W, Cy), Cu, and ¢, are symmetric. Further, ¢, commutes with both
w and c,,. Hence rev(w, ¢y, c,) = (rev(c,), rev(w, cy,)) ~ (Cyy W, Cyp) ~ (W, Cy, C,), i€,
(W, €y, Cp) is symmetric and so is a.

Similarly, by Lemma[4.1.14] (v, c,), ¢,, and ¢,, are symmetric. Further, ¢, commutes
with both v and ¢,. Hence (v, ¢y, ¢,) ~ rev(v, ¢y, ¢,), i.e., (V, €y, C,) is symmetric and
so is 5. Hence Lp(h, t,,t,, X,)) is symmetric.

Now, assume that 0 ¢ c, when A is singular and —m ¢ c, when A,, is singu-

lar. Then by taking 0 := w, 7 := v, 01 = ty, 09 := (Cy,rev(ty)), 71 = t, and
Ty = (cy,rev(t,)), it follows from Theorem that Lp(h,t,,t,, X,)) is a strong
linearization of P(\). O

Remark 4.1.18. Note that Lp(h, t,, t,,X,Y) is a GFPR of P(\) when h = {hy}.
Hence the class of symmetric GFPRs that has been constructed in [17] is a subclass of

the class of symmetric EGFPRs given in Theorem [{.1.17
We now illustrate our construction of symmetric EGFPRs by considering an example.

Example 4.1.19. Let P(\) := Z?:o NA;. Consider h := {hy,hy, hs}, where hy =
1, hy = 4 and hs = 7. Let t, = (5) and t, = (—4), and let X and Y be any
matriz assignments for t, and t,, respectively. Then L(\) := Lp(h,t,, t,,X,)) =
M_4(Y)M5(X)(/\M(Ii&_&_z_@ - M£:176:775))M£76)M5(X)M53M_4(Y) is a block sym-
metric EGFPR of P(\) which is given by
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Mg+ A A X 0 —I, 0 0 0
A Mg+ A5 AX—I, 0 M, 0 0 0
X AX -1, 0 0 0 AL 0 0
Loy 0 0 0 0 0 I, M, 0
I, A, 0 0 0  -Y AY 0
0 0 M, =L, —Y Mi—A4; A 0
0 0 0 AL AY My Me+ A A
0 0 0 0 0 0 Ay =My |

Note that L()\) is not a GFPR. Moreover, if X andY are symmetric matrices then L(\)

is symmetric when P(X\) is symmetric. B

Remark 4.1.20. Let P(\) and Lp(h, t,, t,, X,)) be as given in Theorem|.1.17. Since
X and Y are nonsingular matriz assignments, it follows that Lp(h, t,,t,,X,Y) is a
symmetric strong linearization of P(X) if and only if ML and MY are nonsingular.

Hence we have the following.
e If Ay and A,, are nonsingular, then Lp(h, t,,t,,X,)) is a symmetric strong lin-

earization of P(\) irrespective of m is even or odd.
o Assume that Ay singular and A, is nonsingular. It follows from Remark [4.1.15

that 0 ¢ ¢, when hy is even. Consequently, Lp(h,t,,t,,X,Y) is a symmetric strong

linearization of P(X\) when hy is even irrespective of m is even or odd.
o Assume that Ag nonsingular and A, is singular. Then Mf; 15 always nonsingular.

Further, MY is nonsingular if and only if —m ¢ c,. Consequently, it follows from
Remark that Lp(h, t,,t,, X,Y) is a symmetric strong linearization of P(\) when

either (a) hy is even and m is odd, or (b) hy is odd and m is even.
o Assume that Ay and A,, are singular. Then Mfﬂ (resp., MCIZ) is nonsingular if

and only if 0 & ¢, (resp., —m & ¢,). Consequently, it follows from Remark that

Lp(h,t,, t,,X,)) is a symmetric strong linearization of P(\) when hy is even and m
is odd. In other words, for a singular symmetric even degree P(\), Theorem does

not produce any symmetric linearization of P(\).

Next, we present low bandwidth banded symmetric EGFPRs. We mention that there
does not exist any block penta-diagonal symmetric GFPR for symmetric P(\) having
degree m > 8. Indeed, any symmetric GFPR must be of the form Lp(h,t,,t,, X))
with h = {h;} and symmetric matrix assignments X and Y [17]. Let & > 4 be an
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integer. Let w be the admissible tuple of {0 : k} and r,, be the symmetric complement
of w. Then ¢;(w,r,) > 2 if k is even and c3(w,r,) > 2 if k is odd. Now, suppose
that P(\) has degree m > 8 and 0 < hy < m — 1. Then either hy > 4 or m —
hi —1 > 4. Hence it follows from Theorem that the construction given in [17]
does not produce any block penta-diagonal symmetric GFPR. Further, we mention that
(AM(P—S:—4,—7:—6) - M(Ig::a,o:l
GFPR of symmetric P(\) having degree 7. On the other hand, the family of EGFPRs
has no such shortcoming and enables us to construct symmetric block penta-diagonal

EGFPRs for symmetric P(\).

))M{; O)M(]i 5.7 is the only block penta-diagonal symmetric

Theorem 4.1.21. Let h;, i = 1: k+1, be as in Definition[{.1.11. Suppose that hy < 3,
m — 4 < hy, and the string (hj_1 + 1 : h;), 7 = 2 : k, contains at most 3 elements.
Let t, = (0) or t, = 0, and t, = (—m) or t, = (0. Then the symmetric EGFPR
Lp(h, ty, t,, X,Y) in Theorem[4.1.17 is block penta-diagonal.

Proof. Note that M_,,(Z) = diag(Z, Ium-1)n) and My(Z) = diag({m—1)n, Z), Where
Z € C™™ is a nonsingular matrix. Since t,, = (0) or t,, = 0 and t, = (—m) or t, = (),
it follows that Lp(h,t,,t,, X,)) is block penta-diagonal if and only if Lp(h,(,0) =
(AME — ME)ME MP is block penta-diagonal. Setting ATy — Ty := AMEME MP —
MEIME ME | we have Lp(h, 0, () is penta-diagonal if both Tj and T are penta-diagonal.
We show that T} is block penta-diagonal. The proof is similar for 77.

By Definition we have w = (wy, W3, ..., w;), where w; is a permutation of
{0 : hy} and wy, j = 1,3,...,k, is a permutation of {h;_; +1 : h;}. That is, w is
a permutation of {0 : Ay} U {he + 1 : hg} U---U{hg_y + 1 : hy}. This implies that
|s —t| > 2 for s € w; and t € w; and ¢ # j. Note that c,, = (Cyy, Cuy, - - - s Cuyy, ), Where
Cu;; J = 1,3,...,k, is a symmetric complement of w;. It is given in Definition
that (h;_1 +1: h;) =: H; contains odd number of elements. Further, since H; contains
at most 3 elements, we have w; = (h;_y + 1) if H; contains only one element and
W, = (hj,l +2,hj, hj_1 + 1) if H; contains 3 elements. This implies that c,, = 0 if
Hj contains only one element and c,, = (hj_l + 2) if H; contains 3 elements, where
hj—1+1 < hj_y +2 < hj. Hence c,, does not contain any end points of w. Similarly,
¢, does not contain any end points of v. Moreover, it is easily seen that cs(w,c,) <1,
is(w,cy) <1, ¢s5(c,) < landis(c,) <1foralls € {1: m—1}. Hence by Theorem 3.5.6]
Ty is block penta-diagonal. Consequently, Lp(h,?, () is block penta-diagonal. O]

Example 4.1.22 (Block penta-diagonal). Let P(\) := 320 N A;. Let h:= {hy, hy, h3},
where hy = 2, hy = 3 and hy = 4. Consider t, = (0), t, = 0 and a nonsingular
matriz X. Then the EGFPR L(\) := Lp(h, t,, t,,X,)) = My(X) ()\M(PG_ 5 87-3)
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M(];:Q,o,zx))MIPMO(X)M(Ii&—S)

[ Ay 0 M 0 0 0 0 0 |
0 0 I A, 0 0 0 0
Ms —I, Ms—As Mg 0 0 0 0
L0 M. My Ms+A —T, 0 0 0
R 0 I, 0 AL 0 0
0 0 0 0 A, Ms+A A —X
0 0 0 0 0 A A E Ay AX
0 0 0 0 0 X AX 0 |

is a block symmetric and block penta-diagonal pencil. Moreover, if X is symmetric then
L(\) is symmetric when P(X) is symmetric. Note that L(\) is not a GFPR of P(\). R

Next, we show that there does not exist any block tridiagonal symmetric GFPR for
symmetric P(\) having degree m > 4. Let k > 2 be an integer. Let w be the admissible
tuple of {0 : k} and r,, be the symmetric complement of w. Then ¢;(w,r,) > 1 or
i1(w,ry,) > 1. Now, suppose that P()\) has degree m > 4 and 0 < h; < m — 1.
Then either h;y > 2 or m — hy — 1 > 2. Hence it follows from Theorem that the
construction given in [17] does not produce any block tridiagonal symmetric GFPR.
On the other hand, the family of EGFPRs has no such shortcoming and enables us to
construct symmetric block tridiagonal EGFPRs for symmetric P()\). Indeed, we have

the following result.

Theorem 4.1.23. Let h;, i = 1 : k, be as in Definition [/.1.11. Suppose that hy < 1,
m—2 < hy, and h; = hj_y +1 for j =2:k. Then Lp(h,t,,t,,X,Y) = Lp(h,0,0) is a
block tridiagonal symmetric EGFPR when P()\) is symmetric.
Proof. For the given choices of hj, it follows from Definition [4.1.11] that t,, = 0 = t,.
Hence Lp(h, t,,t,,X,Y) = Lp(h,0,0).

By using Theorem the rest of the proof is similar to that of Theorem [4.1.21, [
Example 4.1.24. For symmetric P(\) having degree 4, (/\M(Ii47_37_1) —]\4(](12))]\454 and

AM[, 5y — M, 5)Mg are block tridiagonal symmetric EGFPRs of P()). B

We end this section with a remark that it is possible to construct a few more sym-
metric EGFPRs for symmetric P(\) by slightly modifying the indices given in Defini-
tion |4.1.11] It is clear from Definition 4.1.11| that (w, —v) is a permutation of {0 : m}

and 0 € w and —m € v. By considering 0 € —v or m € w we have a few more

symmetric EGFPRs. For this purpose, we consider the following index tuples.
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Remark 4.1.25. Recall that w, ¢,,v, ¢,, t, and t, in Definition are uniquely
determined once h; and H;, j = 1: k41, are fived. Hence we only describe the changes
inh;j and H;, j =1 : k+1, and the indices w, ¢, t,, v, ¢, and t, are defined accordingly.

Type-A: Let h; and Hj be as in Definition [{.1.11) such that hy > 1 is odd. Define
Hy ={1:h1}. Replace v by vU {—0}.

Type-B: Let h; and H; be as in Definition such that hy < m — 2 and the
string (hx,+1: m—1) contains odd number of elements. Define Hyy 1 = {hx+1:m—1}.
Replace w by wU {m}.

Type-C: Let hj and H; be as in Definition[{.1.11 with Hy and Hyy1 as in Type-A
and Type-B, respectively. Replace v by vU {—0} and w by wU {m}.

Theorem 4.1.26. Let w, ¢y, ty, v, ¢, and t, be Type-A (resp., Type-B and Type-C) in-
dex tuples as given in Remark|.1.25. Then the EGFPR Lp(h, t,,t,,X,Y) is symmetric

if P(X\) is symmetric and the matriz assignments X for t, and Y for t, are symmetric.
Proof. A verbatim proof of Theorem gives the desired result. O

The following example is a symmetric EGFPR where w and v are Type-A index

tuples as in Remark |4.1.25

Example 4.1.27 (Type-A). Let P(\) := Zf:o A A;, where Ay is nonsingular. Consider
h := {hy, ho, hs}, where hy =3, ho =6 and hy = 7. Let t, = (1) and t, = (—6), and
let X and Y be any matriz assignments for t, and t,, respectively. Then L(\) =
M _(Y) M (X)(AME — Moy ) MEM (X)MEM_6(Y) =

—8,—5:-4,—6,—0) (2:3,1,7)
Mg+ A, 0 —I, 0 0 0 0 0 |
0 0 0 s A, 0 0 0
I, 0 0 A,—X X 0 0 0
0 I, M,—X Mg—A;s s 0 0 0
0 AL, X Ms  Mat+ A, A v I,
0 0 0 0 Ay My + A AY =1, AL
0 0 0 0 Y A =1, M 0
0 0 0 0 s A, o 0

is a block symmetric EGFPR of P(\). Moreover, if X and Y are symmetric matrices
then L(X) is symmetric when P(\) is symmetric. Note that L(\) is not a GFPR of
P()\). R
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Remark 4.1.28. Note that Types-A, B and C index tuples in Remark [{.1.25 are not
defined when ML and MT  are singular. Hence for singular P(\), Types-A, B and C
EGFPRs are not defined.

4.2 Hermitian EGFPRs preserving the sign characteristic.

Hermitian matrix polynomials arise in many applications, and the sign characteristics
of their real eigenvalues play an important role, see [I} [7, 11, 12} 16l B3, B34, [43], 44
A7, 148] and the references therein. For the rest of this section we assume that P(\) =
ZT:O N A; is Hermitian with A,, being nonsingular. We characterize a subclass of

Hermitian EGFPRs which preserve the sign characteristic of P(\).
When P()) is Hermitian, the Jordan form J of P(\) is a direct sum of Jordan blocks

associated with real eigenvalues and blocks of the type diag(.J,, J,.), where .J, is an r x r
Jordan block associated with a nonreal eigenvalue A and J, is a Jordan block of the
same size associated with ), see [T, 16} 33, [34] for details. For convenience we use the
following notation. By J,.(\) we denote the Jordan block associated with the eigenvalue
A of size r x 1 if A is real, and the direct sum of two Jordan blocks of size r/2 x r/2, if
X is not real, in which case the first block corresponds to A and the second to A [34) 16].

To define the sign characteristic of P(\) we need the following notations.
Following [16] we define

0 I, 0 0 - .
A Ay Am
0 0 L4 0
Ay
Cp = : : and Bp :=
Am
L,
A, 0
—ATIA, SR, T L -

Note that Al,,, — Cp is a strong linearization of P(\). For an integer k > 1, we define

1
Ry, = € Cka.
1

Theorem 4.2.1 ([I6], Theorem 2.2). Let P()\) be a Hermitian matriz polynomial with
nonsingular leading coefficient. Let A\q,..., A, be the real eigenvalues of P(\) and

Aat1s-- -5 Ag be the nonreal eigenvalues of P(N) from the upper half-plane. Then there
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exists a nonsingular matriz H such that
J:=H'CpH = Joyy(M)® -+ ® Jo,(Ma) ® oy Aai1) ® -+ ® Ji, (Ag)

and
P.j:=H'BpH =€ \Ry, ® -+ ® € Ry, ® Ry, -+ D Ry,

where € = {€1,..., €} is an ordered set of signs £1. The set € is unique up to permu-

tation of signs corresponding to Jordan blocks.

Definition 4.2.2. [76] Let P()\) be as in Theorem|4.2.1. The set {e1, ..., €} in Theo-
rem is called the sign characteristic of P()\).

In the special case when )\q is a simple eigenvalue of P(\), the sign in the sign
characteristic of P()) corresponding to Ao is given by sign(z*P’'(A\o)x), where x is an
eigenvector of P(A) associated with Ay and P’()) is the first derivative of P()), see
[, (16, (34].

Recall that a matrix assignment X is said to be a Hermitian matrix assignment if
all the matrices belonging to X are Hermitian. Recall that, if P(\) is Hermitian and
the matrix assignments X and ) are Hermitian, then the EGFPR

Lph,t,,t,, X, V) =

My, (V) My, (X)(AML — MY)ME Myeys,)(rev(X)) ML My, (rev(Y))  (4.3)

given in Theoremis Hermitian. We refer the pencil as a Hermitian EGFPR of
P()). In particular, when t,, = () = t,,, then the Hermitian EGFPR, Lp(h, t,,t,, X,))
is denoted by Lp(h,0,0), that is, Lp(h,0,0) :== (AMF — ML)ME ML

Caution: As already mentioned in Definition we always consider nonsingular
matrix assignments X and ) in the Hermitian EGFPR Lp(h,t,, t,, X,)).

Definition 4.2.3. [/4], [16] Two pencils \X +Y and AX +Y are said to be *congruent
if there exists a nonsingular matriz Q) such that AX +Y = Q()\)N( + ?)Q*

Lemma 4.2.4. [/, [16] Let L(\) = AL, — Loy and L = ALy — Lo be two complex
Hermitian pencils such that Ly and Ly are nonsingular. Then L(X\) and L(\) have the
same elementary divisors and the same sign characteristic if and only if L(\) and E()\)

are *congruent.

The following result will be useful for characterizing a subclass of the Hermitian
EGFPRs of P()) that preserves the sign characteristic of P(\).
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Lemma 4.2.5. Let Lp(h,t,,t,,X,Y) and Lp(h,0,0) be Hermitian EGFPRs of P(\)
as in ({4.3). Then Lp(h,t,,t,,X,Y) is *congruent to Lp(h,0,0). More precisely,
Lp(h, t,, t,, X, Y) =QLp(h,0,0)Q*, where Q := M, (YV)M,(X) is nonsingular.

Proof. Recall that t,, and ¢, commute. Hence we have Lp(h,t,,t,, X,)) =

Mg, (V) My, (X)(AML — MEYME Myeys,) (rev(X))ME Miey,) (rev(Y))
= Mg, (V) My, (X)(AML — MYME ME M,eys,) (rev(X)) Myeys, ) (rev(Y))
= M, (Y)M,,,(X)Lp(h,0, @)Mm(tw)(rev(X))Mm(t,u)(rev(y)).

Let Z be an n x n arbitrary Hermitian matrix. Then (M;(2))* = M;(Z*) = M;(Z) for

1==20,%1,...,£m. As X and ) are Hermitian matrix assignments, we have

(Me, V)M (X)) = (Mey (X)) (M, () = Mrcoien) (rev(X)) Myeoge,) (rev(V)).

Hence the desired conclusion follows as X and ) are nonsingular matrix assignments. [

The following result characterizes a subclass of the Hermitian GFPRs which preserves

the sign characteristic of P(\).

Theorem 4.2.6 ([16], Theorem 7.1). Let h be an even integer such that 0 < h < m—1,
and let T(X) = Lp(h, t,, t., X,Y) be a Hermitian GFPR for P(\), where X andY are
nonsingular Hermitian matriz assignments for t, and t., respectively. Then T()\) is a
Hermitian strong linearization of P(\) that preserves the sign characteristic of P()).
Thus, in particular, a Hermitian GFPR Lp(h,0,0) is a Hermitian strong linearization
of P(X\) that preserves the sign characteristic of P(\).

The following result will be useful for characterizing a subclass of the Hermitian
EGFPRs of P()) that preserves the sign characteristic of P(\).

Proposition 4.2.7. Let 0 <a <b<d<m—1, where a is even, and {a+ 1 : b} and
{b+1 : d} contain odd number of elements. Let —(m~+a+1)+x be the simple admissible
tuple of {a +1:m}, y be the simple admissible tuple of {b+1:d}, —(a+b+ 1)+ u be
the simple admissible tuple of {a+1:b} and —(m+d+ 1)+ s be the simple admissible
tuple of {d+1:m}. Then we have

My My = MM and M MY, = M M M, (4.4)

where ¢,, ¢, ¢, and c; are the symmetric compliments of x, y, w and s, respectively.
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Proof. Given that a is even. Since {a + 1 : b} and {b+ 1 : d} contain odd number of
elements, we have that b is odd and d is even. As y, u and s are the simple admissible

tuples, we have

y = (d—l:d,d—3:d—2,...,b+2:b+3,b+1>,

u = (—(a—l—?):—(a+1),—(a+4):—(a+3),...,—(b—1):—(b—2),—b>,and
B (—(d+2):—(d+1),...,—(m—1):—(m—2),—m> if m is odd
(—(d—I—Q):—(d—l—l),...,—(m—Z):—(m—3),—m:—(m—1)> if m is even.

Further, we have x = (a, 3, ), where

a = (—(a+2):—(a+1),—(a+4):—(a+3),...,—(b—1):—(b—2)),

g = <—(b+1):—b,—(b+3):—(b+2),...,—(d—2):—(d—3),—d:—(d—1)),and
- (—(d+2);—(d+1),...,—(m—1):—(m—2),—m> if m is odd

T (—@+2):=(@+1),...,~(m=2): —(m=3),—m: —(m —1)) ifmis even.

Observe that u = (a, —b) and s = . Hence x = (v, 3, s). A straight forward calculation
shows that M;MZ; = M?*,. Thus we have

MIMY = MIMIMGEMS = MEMYMZME as o and y commute
= MIMEM = Mg My = MM

which yields the first part of (4.4).

Next, we show that Méi ME = MCF; M‘i MCF; . As c, is the symmetric complement

rev(y)
of x, we have
¢ = (= (a+2),~(a+4),...,~(b—1),=(b+1),~(b+3),...,
—(d—2),—d,—(d+2),—(d+4),...,—(m" —2), —m*),

where m* := m if m is even and m* := m — 1 if m is odd. Similarly, as c,, ¢, and c;

are the symmetric complements of y, u and s, respectively, we have
cy=(d—1,d=3,....b+4,b+2),

C, = (—(a+2),—(a+4),...,—(b—3),—(b—1)), and
co=(=(d+2).—(d+4),....—(m" —2),-m*),
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where m* := m if m is even and m* :=m — 1 if m is odd. Observe that c, = (cu, 0, cs),
where 0 := ( —(b+1),—(b+3),...,—(d—2), —d). A straight forward calculation shows

that MF Mﬁv(y) = Méz . This implies that

MEME = MEM{MEME )

rev(y) s trev

= MMM (y)M(i as y and ¢, commute

Tev

_ ParPaArP _ agP asP AP
= M, M M = M M M, ascy,and c, commute.

This completes the proof. O
The following result is a corollary to Theorem |4.1.17]

Corollary 4.2.8. Let L(\) := Lp(h, t,, t,, X,Y) be a Hermitian EGFPR of P(\) such
that hy is even, where h = {hy, ha, ..., hx}. Then L(X) is a Hermitian strong lineariza-
tion of P(\).

Proof. Since hy is even, it follows from Remark 4.1.13| that 0 ¢ c,,. Given that P()) is
Hermitian with nonsingular A,, and the matrix assignments X and ) are nonsingular.
Consequently, it follows by Theorem that L()) is a Hermitian strong linearization
of P(A). O

The next result characterizes a subclass of the Hermitian EGFPRs which preserves

the sign characteristic of P(\).

Theorem 4.2.9. Let h = {hy, hg, ..., hi}, where k > 1 is odd, 0 < hy < hy < -+ <
hi—1 < hi < m—1 with even hy. Let L(\) := Lp(h, t,,t,,X,)) be a Hermitian EGFPR
of P(\), where X and Y are nonsingular Hermitian matriz assignments for t, and t,,
respectively. Then L(X) is a Hermitian strong linearization of P(\) that preserves the

sign characteristic of P(\).

of {0 : hi}, —(m + hy + 1) + z is the simple admissible tuple of {h; + 1 : m}, and
Cyw, and c, are the symmetric compliments of w; and z, respectively. Note that T'(\)
is a Hermitian GFPR of P(\). Hence by Theorem T(A) is a Hermitian strong
linearization of P()\) that preserves the sign characteristic of P()\). We will prove that
L()) is *congruent to T'(\), which together with Corollary and Lemma will
give the desired result.

By Lemma [4.2.5] L()) is *congruent to Lp(h,(,0) = (AME — ME)ME MZE. Hence
we only need to show that Lp(h,@,0) is *congruent to T(\) = (AM} — ML YME ME.

Cwl

Note that Lp(h,0,0) = (AME — MEYME ML, where w = (wi,ws,...,wy), v =

Cy)?

Proof. Let T(X) := (AM,” — My )M M., where w; is the simple admissible tuple
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(V2, V4., Vit1), Cw = (Cuys Cugs - -+ Cuy,) a0d €, = (Cyy, Cyy, -+ -, €y, ). We show that
QT(NQ* = Lp(h,0,0), i.e.,
QM — My )M MJ Q" = (AMy — MJ)M;, M, (4.5)

where Q := M. . . It is enough to prove that Mcil MEQ* = ME ME and QM) =
MY which would imply (4.5). In other words, we show that

P P _ P
MW37W5 ~~~~~ WkMZ o MV2,V4 ~~~~~ V41 and <4'6)
P apP P _ afP P
‘]\4cw1 Mcz Mrev(W3,W5 ..... wg) ]\4(0101 Cuwgyeees ka)M(Cv2,0v4 ..... cvk+1)' (47)

If £ =1 then L(A) = T(\) and the desired result follows trivially. So we consider
that k£ > 1. Note that & is odd. Since h, is even and by Definition|4.1.11} {h;_1+1: h;}
contains odd number of elements for each 7 = 2 : k, we have hy, hs, ..., h; are even
and hg, hy, ..., hy_1 are odd. As —(m + hy + 1) + z is the simple admissible tuple of
{h1 +1:m}, we have z =
(
(= (hr+2) s =(h+ 1), ~(hs +4) : (i +3), ..,

—(m—=1):—=(m—2), —m)
(= (ha+2) s =y + 1), =+ 9) s (I +3), ...
—(m—=2):(m—=23),—m: —(m— 1))

if m is odd

if m is even

(

We prove and by induction on number k of elements in the partition
h. If k = 3 (e, h = {hy, ho, h3}). Then Lp(h,0,0) = (AME — MEYME MP | where
w = (W1,W3), Vv = (Va,Vy4), Cy = (Cyuy,Cus) and ¢, = (Cyy,Cy,). The desired result
follows from Proposition by taking x =z, y =w3, u=vy,s=vy,a=hy, b= hy
and d = hg.

Assume that and hold for any partition h' of {0 : m} that contains k — 2
elements, i.e., h' = {h{, kY, ... k) o}, where 0 < W) < hl, < --- < h}_, < m —1 with 1}
even. Now we prove the result for h = {hy, ho, ..., hy}. Define bl := h; for j =1: k-2
and h' := {h, h},... h}_,}. Then

LP(h/7 0, ®) = ()‘M\]/D’ - lej’)Mci/MéZ/’

"= (v}, V],...,vl_;) and ¢,y and ¢, are the symmetric

where w' = (W), Wh, ..., W} _,), V
complements of w' and v/, respectively. Observe that w; = w; for j = 1,3,...,k — 2,
and v; = v; for j = 2,4,...,k — 3. This imply that Cul, = Cu for j=1,3,....k—2,

and Cy = Cy) for j =2,4,...,k—3. Thus Lp(h',0,0) =

(/\MP — M kaz))MP M(P ; _3 )’

(v2,via,e., Vk—37V;¢_1) (W1,w3,..., (Cwl:ng ~~~~~ ka,Q)
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where —(m + hg_o+ 1) + v),_; is the simple admissible tuple of {hz_2 + 1 : m}. Now by
induction hypothesis, we have

P P __ P P _ P P
MW3,W5 ..... Wk,gMz - Mv’Q,vﬁl ..... v;73Mv;€71 - MVQ,V4 ,,,,, vk,3Mv;€71 and
ME MEMmE = M} M
Cwq Cz T‘EU(Wg,W5 ..... Wk_g) (Cw/1 ,C/wé,...,cw;g_2) (Cv/ yCoul 30ty Cv;C 3 Cué_l)
¥ P P

(Cwlzcwg ~~~~~ ka,Q) M(C’Uzvcm; ~~~~~ Cuy,_35C ;ﬂ )

This implies that

P P _ AP P asP
MW3 Wh5,...y wk_g,wkMZ MVZ,V4 ----- Vi BMWkMV;g 1 and
P PasP A P P
McwlMczMrev(w-s,Ws ----- Wk _2,Wg) M(cwl,cwg, ----- cwk_g)]w(cvycv4 ----- cvk_3)McU;€ ) rev(wy)*

In view of (4.6) and (@, we only need to show that

=M mP o MP (4.8)

rev(wg) Cup T Cup T Cup

My My =My M, and M M}

b1 k—1 k+1 -

Note that wy, is the simple admissible tuple of {h;_1+1: h}, —(hx_o+he_1+1)+ Vi1
is the simple admissible tuple of {hy_o+1 : hy_1} and —(m+ hgp+ 1)+ vy is the simple
admissible tuple of {hy + 1 : m}. Thus the desired result follows from Proposition [4.2.7]

by taking x =v},_;, ¥y = Wy, U= Vj_1, S = Vi1, @ = h_9, b= hp_1 and d = hy. O

Example 4.2.10. Let P(\) := Y27 N'A; be Hermitian, where Ay is nonsingular. Let
h = {hi, ho, hg}, where hy = 0, hy = 3 and hy = 6. Let t, = (4), t, = (—3), and
X and Y be any Hermitian matrices. Then by Theorem Lp(h, t,, t,, X,Y) =
M_s(YYMi(X)(AME gy — My s 6.0 ) MEMi(X) ME,M_5(Y)

[ Mr+Ag A X 0 -I, 0 0
A5 My +Ay AX =1, 0 A, 0 0
X AX -1, 0 0 0 A, 0
- 0 0 0 o o0 I, A,
1, A, 0 0 0  -v Y
0 0 M, =L, =Y Ms—A4y A
0 0 0 M, AY My M+ A |

is a Hermitian strong linearization of P(X\) and preserves the sign characteristic of
P)). R
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We end this section with a discussion on the construction of low band-width banded
Hermitian EGFPRs preserving the sign characteristic of P(\). Recall that there does
not exist any block penta-diagonal Hermitian GFPR of P(\) when P()) has degree
m > 8. This implies that there does not exist any block penta-diagonal Hermitian
GFPR which preserves the sign characteristic of P(\) when m > 8. Further, T'(\) =
(AM(]D_5:_47_7:_6) — ]\/[51370:1))M£70)M(]i57_7) is the only block penta-diagonal Hermitian
GFPR of P(\) when m = 7. It is shown in [16, p. 266] that a Hermitian GFPR
Lp(hy,ty,t.,X,Y) with odd h; is a strong linearization of P(\) preserving the sign
characteristic of P()\) if and only if the Hermitian GFPR Lp(1,0,0) and the Hermitian
GFPR Lp(0,0,0) are *congruent, which is not true for all Hermitian P()), see [10]
Example 7.6]. Thus, in general, T'(\) does not preserves the sign characteristic of
P(X). Consequently, there does not exist any block penta-diagonal Hermitian GFPR
which preserves the sign characteristic of P(A) when m > 7. On the other hand, the
Hermitian EGFPR given in Example is a strong linearization and preserves the

sign characteristic of a Hermitian P(\). Moreover, we have the following result.

Corollary 4.2.11. Let L(\) := Lp(h, t,, t,, X, ) be the pencil given in Theorem|.1.21
such that hy is even (i.e., hy € {0,2}) and X and Y are nonsingular Hermitian matriz
assignments for t, and t,, respectively. Then L(X\) is a Hermitian block penta-diagonal

strong linearization of P(\) which preserves the sign characteristic of P(\).
Proof. The desired result follows from Theorem and Theorem O

Recall that there does not exist any block tridiagonal Hermitian GFPR of P(\)
when P(\) has degree m > 4. Further, (A\M{, _,) — M{ )My MZ, is the only block
tridiagonal Hermitian GFPR of P(\) when m = 3. Now, by similar arguments as in
the case of block penta-diagonal Hermitian GFPR it follows that there does not exist
any block tridiagonal Hermitian GFPR which preserves the sign characteristic of P(\)
when m > 3. For EGFPRs, we have the following result.

Corollary 4.2.12. Consider the EGFPR L(\) := Lp(h, t,,t,,X,Y) as given in The-
orem such that hy = 0. Then L(\) is a Hermitian block tridiagonal strong

linearization of P(X) which preserves the sign characteristic of P(\).
Proof. The desired result follows from Theorem [4.1.23] and Theorem [4.2.9] O

For example, (AM[, 5 ;) — M, )MZ, is a Hermitian EGFPR that preserves the
sign characteristic P(\) when P()) is Hermitian with degree 4.
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4.3 Palindromic linearizations

This section is devoted to constructing T-palindromic (resp., T-anti-palindromic) strong
linearizations of T-palindromic (resp., T-anti-palindromic) P(\) having odd degree m >
3 by using EGFPRs of P()\). Note that these linearizations contain infinite number of
pencils in contrasts to the linearizations that have been constructed in [19, 27] by using
the GFPs and FPRs of P(A). Moreover, for T-palindromic P()), this construction
enable us to generate T-palindromic linearizations which are low bandwidth banded

pencils.
Assumption: For the rest of this section, we assume that P(\) = > M A; is

T-palindromic with odd degree m > 3.
First, we define some special types of index tuples which we need for the construction

of T-palindromic linearizations of P(\). Note that the column and row standard forms

of a sub-permutation of {0 : m} must be of the following form.
Let o be a sub-permutation (also called, simple index tuple) of {0 : m} such that ag

and ag, respectively, are the smallest and largest integer in . Then the column standard

form csf(o) of o is given by
CSf(O') = ((ad,1+kd,1 . CLd), (CLd,Q—i-k’d,g 5 (ldfl), 5004 (CL2—|—]€2 o ag), (CL1+]€1 g CLQ), (CLO : CLl)),

where ag < ay, a; < ajppand 1 < k;fori=1:d—1. Wecall (a;+k; : a;41),i=0:d—1,
as a string of csf(o), where kg = 0. Similarly, the row standard form rsf(o) of o is

given by
rsf(o) = (rev(ao cay),rev(ar+ky :ag),. .., rev(ag_otkq—o: ag_1),rev(ag_1+kq_1 : ad)),

where ag < ay, a; < a;y1 and 1 < k;forve=1:d — 1.
The following definitions generalize Definition [1.2.31], Definition [1.2.32] and Defini-
tion [1.2.33

Definition 4.3.1 (Type-1 indices relative to a simple index tuple). Let o be a simple
index tuple containing indices from {0 : m}. An index s € o is said to be a right index
of type-1 relative to o if there is a string (ap—1 + kn_1 : ap) in the csf(o) such that
s =ap_1+ kp_1 < ap. Similarly s is said to be a left index of type-1 relative to o if s is
a right indez of type-1 relative to rev(o).

Definition 4.3.2 (Associated simple tuple). Let o be a simple index tuple containing
indices from {0 : m}. Let cfs(o) = (bg, by_1,...,b1), where b; = (a;_1 + ki_1 : a;) for
i =1:d are the strings in csf(o). If s € o is a right index of type-1 relative to o, i.e.,
there exists a string (ap—1+kn_1 : ap) in the csf(o) such that s = ap_1+kp_1 < an, then

the simple tuple associated with (o,s), denoted by z.(0,s), is the simple tuple given by
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o 2.(0,5) = (bg, bg_1, ..., bh+1,gh,gh_1, bp_o,..., b)) if s #0 and ky_1 = 1, where

by, = (an1+ ko1 +1:ay), ice., by=(s+1:ay) and

th = (@p—2 + kn—2 s ap_1,ap—1 + kp_1), i.e., thl = (bp—1,9).

e 2.(0,8) = (bag, bg_1,..., bhﬂ,gh,s, bp_1,...,b1) if s #0 and kp_1 > 1, where

by, = (ap_1+ kn1+1:ap), ie., by, = (s+1:ap).

o 2.(0,8) = (bag, bg_1,..., bg,gl,go) if s =0, where by = (1:ay) and by = 0).
An index tuple of type-1 is defined as follows.

Definition 4.3.3 (Right and left index tuple of type-1). Let o be a simple index tuple
containing indices from {0 : m}. Let o := (s1,...,8k) and [ be index tuples containing

indices from o. Then:

e « is said to be a right index tuple of type-1 relative to o if, fori =1:k, s; is a
right indez of type-1 relative to z.(o, (S1,...,8i-1)), where z.(o,(s1,...,5i-1)) =
2 (2(0, (51, ., Si=2)), Si=1) for i > 2.

o [ is said to be a left index tuple of type-1 relative to o, if rev(P) is a right index
tuple of type-1 relative to rev(o). Moreover, if B is a left index tuple of type-1

relative to o, we define z(B,0) = rev(z.(rev(c), rev(f))).

Example 4.3.4. Let 0 = (5 : 7,1 :2,0) and o = (5,6,5). Then o is a simple index
tuple containing indices from {0 : 7}. The simple tuple associated with (o,5) is given by
z(0,5) = (6:7,5,1:2,0). Further, z.(c,(5,6)) = (7,5:6,1:2,0) and z.(0,(5,6,5)) =
(7,6,5,1:2,0). &

We now define P-admissible tuple which will play a central role in the construction

of T-palindromic linearizations of P(\).

Definition 4.3.5 (P-admissible tuple). Let P(X\) be a matriz polynomial of odd degree
m > 3. A sub-permutation o of {0 : m} is said to be a P-admissible tuple relative to
{0 : m} if the following hold: (a) 0 € o (b) cardinality (i.e., the number of indices) of o
is (m+1)/2, and (¢) if i € 0 thenm —i ¢ o fori=0:m.

Recall that for a tuple X = (X, Xs,...,X,) of n X n arbitrary matrices, we have
X =(-Xy,—Xo,...,—X,), XT = (X[, XT, ..., XT) and rev(X) = (X,, ..., Xa, Xj).
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Lemma 4.3.6. Let 0 be a P-admissible tuple relative to {0 : m}. Let o, and oy,
respectively, be a right and a left index tuple of type-1 relative to o. Then (0, 0,0,) and
(—m +rev(o,), —m + rev(c), —m + rev(oy)) satisfy the SIP.

Proof. As o is a sub-permutation of {0 : m}, it is enough to show that (o,0,) and
(07,0) satisfy the SIP. By induction on the number £ of indices of o, we prove that
(0,0,) satisfies the SIP. Let k = 1, i.e., 0, = (s1). Since s; is a right index of type-1
relative to o, there is a string (s : b) in ¢sf(o) such that s; < b. Hence s; + 1 appears
after s in the indices of ¢ which implies that (o, s1) satisfies the SIP, i.e., (¢, 0,) satisfies
the SIP. Now suppose that & > 0 and o, = (s1,82...,Sk_1,5k). Then by the definition
of right index tuple of type-1 we have 7, := (s1...,8,_1) is a right index tuple of type-
1 relative to o and sy is a right index of type-1 relative to z.(o, (s1,...,Sk-1)), i.e.,
z.(0,0,). By the induction hypothesis, (¢, c,) satisfies the SIP. Now since s, is a right
index of type-1 relative to z,.(o, o,) there is a string (s : b) in 2,(0, 7,) such that s, < b.
By Definition and Definition it follows that s;, + 1 appears to the right of the
last index s in (o, 0,). This which implies that (o, d,, sx) satisfies the SIP, i.e., (0,0,)
satisfies the SIP.

Next we show that (0, 0) satisfies the SIP. Note that an index tuple « satisfies the
SIP if and only if rev(«) satisfies the SIP. Since oy is a left index tuple of type-1 relative
to o, rev(ay) is a right index tuple of type-1 relative to rev(o). So by the above case,
(rev(o),rev(a;)) satisfies the SIP. Then (04, 0) = rev(rev(o), rev(ea;)) satisfies the SIP.

Since 8 := ( —m+ rev(o,), —m + rev(o), —m + rev(o;)) = —m + rev(oy, 0,0,) and
(al, o, ar) satisfies the SIP, we have 8 satisfies the SIP. This completes the proof. O]

Let o be a P-admissible tuple relative to {0 : m}. Let o, and oy, respectively, be
right and left index tuples of type-1 relative to ¢ with the condition that if an index
j€o.Uog then j—1¢€ o0 for j =1:m. Let X and Y be any arbitrary nonsingular

matrix assignments for ¢, and o, respectively. Define L()\) :=

M trenton (—reo(XT) My (VY AMP oy = ME)Y My (X)M g yeago(—rev(YT)).
(4.9)
Then by Lemma[4.3.6] L(\) is an EGFPR of P()). We use pencils L()) of the form
to construct T-palindromic linearizations of P()). Since arbitrary matrix assignments
are used to define L(\), the family of T-palindromic linearizations of P(\) that we

construct in this chapter contains infinite number of pencils.

Definition 4.3.7. [19]/ A matriz S € C™ is said to be a quasi-identity matriz if S =
erl,® - Denl,, wheree; € {1,—1},i=1:m. Wereferto (e1,...,€,) as the parameters
of S. Fori =1:m, we denote the i-th diagonal block of S by S(i,i). Also, we denote the
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quasi-identity matrix whose only negative parameter is €; by S;. By default we denote
by Sy and S,,1 the identity matriz I,,,, i.e., Sy = Ln, =: Spma1.
I,
For rest of this section, we define R := € C™. Note that RR = I,,,,

I
and SS = I,,,,, for any quasi-identity matrix S.
The following result will play a crucial role in constructing T-palindromic lineariza-

tions of P()\). For simplicity of notation, for the rest of this section we set M (X) :=
(M;(X))" for i € {£0,£1,...,£m}, where X € C"*" is any arbitrary matrix.

Proposition 4.3.8. Let X € C™" be an arbitrary matriz. Then the elementary ma-

trices My;(X), i = 0 :m, satisfy the following.
RM_l(X)R = SZ+1M3;_Z(—XT)SZ and

RM,, i(X)R = Spi1iM (= XT)Sp s for i=1:m.
If X s invertible then both equalities hold for i = 0.
Proof. Easy to prove. m
We need the following results for constructing T-palindromic linearizations of P(\).

Theorem 4.3.9 ([27], Theorem 4.8). Let o be a P-admissible tuple relative to {0 :
m}. Define T(\) = )\Mfm+rev(a) — MP. Then SRT(N) is a T-palindromic strong

linearization of P(X), where S is the quasi-identity matriz given by

(
o has an inversion at i — 1, or

-1 if o has a consecution at m — i, or

icoandi—1¢o

\ I otherwise.

Lemma 4.3.10 ([19], Lemma 3.1). Let P(\) be a T-palindromic matriz polynomial. If
T(X) is a T-palindromic strong linearization of P(\) and L(A) = Q1 T(N)Q2y for some
constant nonsingular matrices Q1 and Qa, then QY Q'L(\) is a T-palindromic strong

linearization of P(\).
By utilizing the EGFPRs, we now construct T-palindromic strong linearizations of P(\).

Lemma 4.3.11. Let o be a P-admissible tuple relative to {0 : m} and let o, be a
right index tuple of type-1 relative to o with the condition that if an index j € o, then
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j—1€o forj=1:m. Let X be a nonsingular matriz assignment for o,.. Define
L(\) = M_me(W)(—rev(XT))(/\Mfm+T€U(U) — MP)M,,(X). Then SRL()) is a T-
palindromic strong linearization of P(X\), where S is the quasi-identity matriz given by
(
o has an inversion at i — 1, or

o —I if ¢ 2.(0,0,) has a consecution at m — i, or

S(i, i) == (4.10)
icoandi—1¢o

\ I otherwise.

Proof. We prove the result by induction on the number ¢ of indices of o,. If ¢ = 0,
ie., 0, = () then 2,.(0,0,) = o, and hence the result follows from Theorem Now
suppose that ¢ > 0. Assume that the result is true when o, contain ¢ — 1 indices.
Suppose that o, = (s1,...,5,-1,8), where s; denotes the i-th index in o, and let
Gr = (s1,-..,80-1). Let X = (X1,X0,...,X,1,X,). Set X = (X1, Xs,...,X,1).
Define L()) := M_mwev(a)(—rev()?T)) (AMferrev(a) - Mf) Mz, (X). By the induction
hypothesis, SRL(\) is a T-palindromic strong linearization of P(\), where S is the

quasi-identity matrix given by

(
o has an inversion at ¢ — 1, or

- —I it { z.(0,5,) has a consecution at m — 4, or
S(i,1) == < (4.11)
i€cocandi—1¢o

\ I otherwise.

Note that
L(N\) = M_pis, (= XDV LM, (X,) = M_ys,(—XT)RS(SRL(N)) M, (X,)
since RR =1 and SS = I. Now, by Lemma
~\ —1 gLt —1
ME(X,) (Momis, (~XDIRS) L) = ME(X)SR(Mois, (~X1)) LV

is a T-palindromic strong linearization of P(\). Hence SRL() is a T-palindromic strong

linearization of P()), where
~ -1

S = M (X,)SR (M_m+sq(—XqT )) R. (4.12)

Thus we only need to prove that S is the quasi-identity matrix satisfying (4.10)).
Case-I: Assume that s, > 0. For j = 1 : m — 1, we have (M;(Y))™! = M_;(-Y)
for any matrix assignment Y. Thus by (4.12), S = M (X,)SRM,, ., (XJ)R. Now, by

Proposition 4.3.8| we have

S = MI(Xg)SSmi1-s,M"

—Sgq

(= X)Soma,- (4.13)
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Now, since s, is a right index of type-1 relative to z.(o,0,), there exist a string
(a; + ki : a;y1) in 2,(0,0,) such that s, = a; + k; < a;11. Next we show that Mg; (X,)

and SS,,41-s, commute. Since

](m—sq—l)n
XTI,
Mg;(XQ) = [q 0 )
L ](Sq_l)” |

it is enough to show that both (m — s,)-th and (m — s, + 1)-th parameters of §Sm_sq+1
have the same sign. Recall from the definition of quasi-identity matrix that (m —s,+1)-
th parameter is the only negative parameter of S,,_, 1. Consequently, it is enough to
show that both (m — s,)-th and (m — s, + 1)-th parameters of S have the opposite sign.
Since s, € o0,, we have s;,s, + 1 € 0. Again, recall the assumption that if j € o, then
j—1l€oforj=1:m—1. Since s4 € 0,, by the assumption we have s, —1 € o. Thus
Sq—1,84,84+1 € 0. As 0 is a P-admissible tuple we have m—s,—1,m—s,,m—s,+1 ¢ o.
Hence by , the parameter of S at the position (m — s,)-th (resp., (m — s, + 1)-th)
is —1 if and only if 2,(0,0,) has a consecution at s, (resp., s, — 1). Note that s, is a

right index of type-1 relative to z.(o,0,). Hence z,(c,c,) must be of the form

2(0,0,) = ((ad—l + ka-1:aq), ..., (8¢ @i1), (@imy + kimy @), ..., (ao : al))

with s, < a;41. Thus z,(o, 7,) has a consecution at s, which implies that the parameters

of S at the position (m — sq)-th is —1. Since s, — 1 € o we have a; = s, — 1. Hence
z(0,0,) = ((ad_1 + ki1 aq), .., (Sq: @iv1), (@i +kig 15— 1), ..., (ap : a1)>.

Thus z,(0,0,) has an inversion at s, — 1 which implies that (m — s, + 1)-th parameter
of S'is 1. Hence (m — sq)-th and (m — s, + 1)-th parameters of gSm_SqH are the same.
Thus ng“ (X,) and §Sm+1,8q commute. Hence by (4.13), we have

S = SSmi1-s, ME(X)M”, (—X)Sm—s, = SSm—s,415m—s,. (4.14)

as M (X,)M?, (=X,) = In,. Now we prove that S is the quasi-identity matrix satis-
fying . Observe that by , the quasi-identity matrices S and S have the same
parameters except at the positions (m —s,) and (m — s, +1). So we only need to prove
that S and S have opposite parameters at the positions (m — s,) and (m — s, +1). Now
by Definition we have

z(0,0,) = ((ad_l + ki1 aa), ., (Sq+ 1 aip), (@i +kizy 0 sg), .., (ao al)).
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Thus the inversions and consecutions that occur in z,(0,,) and z.(o, 0,) are the same

except

e at s, where z,(o,0,) has a consecution and z,(c,0,) has an inversion, and

e at s, — 1 where z.(0,5,) has an inversion and z,.(o, 0,) has a consecution.
Hence we have

e (m — s,)-th parameters of S and S are —1 and 1, respectively, and

e (m — s, + 1)-th parameters of S and S are 1 and —1, respectively.

Thus the parameter of S and S at the positions (m — sq) and (m — s, + 1) have opposite
sign.
Case-1I: Assume that s, = 0. Since X is a nonsingular matrix assignment for o,., X,

is a nonsingular matrix. This implies My(X,) is invertible. By (4.12)), we have
~ -1 ~
S = MT(X,)SR (M_m(—XqT)) R = M{(X,)SRM,,(~X")R

as M,,,(Y) = (M_,,(Y))™' = M_,,(Y 1) for any nonsingular Y € C"*". Now, by Propo-
sition [4.3.8, S = M (X,)SSm 1 MT(Xy)Sm = MT (X)SMT(X,)Sm as Syt = L

I(m—l)n

Since M (X,) = , it trivially follows that M (X,) and S commute,

XT
q
which implies that S = SMT (X,)M%(X,)Sm = 5SS, as MT (X,)MTy(X,) = L. Since

s, = 0 is a right index of type-1 relative to z.(o,0,), we must have
z(0,0,) = ((ad_l + ka1 :aq),..., (a1 + k1 :az),(0: al)), where a; > 0,
and

ZT(O', UT) — ((a'd—l ¥ kd—l : Cld), § e (a'l + kl : a?)v (1 : a1)70>-

By similar arguments as in Case-1, it follows that S is the quasi-identity matrix satisfying
(4.10). This completes the proof. O

Theorem 4.3.12. Let o be a P-admissible tuple relative to {0 : m}. Let o, and oy,
respectively, be a right and a left index tuple of type-1 relative to o with the condition
that if an index j € 0, Uo; then j—1 €0 forj=1:m. Let X and Y be any arbitrary

nonsingular matriz assignments for o, and oy, respectively. Define L(\) :=

M_irev(on) (—TeU(XT))MUl (Y) ()‘MP - Mf) M, (X)Mferrev(Uz) (_TQU(YT))-

—m+rev(o)
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Then SRL(X) is a T-palindromic strong linearization of P(X), where S is the quasi-
identity matriz given by

)
z(0y,0) has an inversion at i — 1, or

o —I if § 2.(0,0,) has a consecution at m — i, or
S(i,i) = (4.15)
icoandi—1¢o

\ I otherwise.

Proof. We prove the result by induction on the number ¢ of indices of ;. If ¢ = 0 then
the result follows from Lemma [4.3.11] Now suppose that ¢ > 0. Assume that the result
is true when o; contain ¢ — 1 indices. Suppose that o, = (sg4, S¢—1,-..,51), where s;
denotes an index in o; and let 0, = (s4-1,...,51). Let Y = (Y, Y,_1,...,Y2,Y7). Set
Y = (Y,_1,...,Ys,Ys). Define L(\) :=

M-t renfon (—1e0 (X)) M, (V) (AME,, ooy = ME ) Mo (X)M ey (—rev(YT)).

By the induction hypothesis, §RZ()\) is a T-palindromic strong linearization of P(\),
where S is the quasi-identity matrix given by

(
z/(0;,0) has an inversion at ¢ — 1, or

L —I if § z.(0,0,) has a consecution at m — 4, or
S(i,1) = | (4.16)
i€candi—1¢o

\ I otherwise.

Recall the assumption that if an index j € o, Uo, then j —1 € o for j =1 : m.
Let ¢« € oyUo,. Then i — 1,i,i+ 1 € 0. As o is a P-admissible tuple we have
m—i—1m-—im—-—i+1¢o Hence m—i—1m—im—i+1¢ o Uo, ie,
—i—1,—i,—i+1 ¢ —m + rev(o;) U —m + rev(o,). So o; and —m + rev(o,) com-
mute, and o, and —m + rev(o;) commute. Thus L(\) = qu(Y;l)Z()\)M_qu(—YqT) =
qu(Yq)Rg(ng(/\))M_mjqu(—YqT) as RR = I and 5SS = I. Now, by Lemma ,

M7

—m-+sgq —m-+38q

(Y1) (M (V)RS) L) = M., (~¥D)SR(M,, () L)

is a T-palindromic strong linearization of P(\). Hence SRL(\) is a T-palindromic strong

linearization of P()), where

S=Mmr

—m+sq

(~Y)SR(M,, () R (4.17)

Thus we only need to prove that S is the quasi-identity matrix satisfying (4.15)).
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-1
Case-I: Assume that s, > 0. So (qu(Yq)> = M_, (=Y;) and hence by (4.17),

S = MTersq(—KIT)gRM_Sq(—K])R. Now by Proposition [4.3.8, we have
S=M" .. (=Y)SS, ML . (Y])S,,. (4.18)

Since s, is a left index of type-1 relative to z(c;, 0), i.e., s, is a right index of type-1
relative to rev(z(oy,0)), there exist a string (a; + k; : a;+1) in rev(z(a;, 0)) such that

8q = @; + ki < a;1. Next we show that M, (V") and SS,, 11 commute. Since

I(s,=1)n
e
Mr:rFL—sq (Y:]T) 3 ! )
I, 0
| I(m—sq—l)n_

it is enough to show that both (s,)-th and (s,+1)-th parameters of §Ssq+1 have the same
sign. Since (s, + 1)-th parameter is the only negative parameter of S, 41, it is enough
to show that (s,)-th and (s, + 1)-th parameters of S have the opposite sign. Note that
for any index j € oy, we have j,j + 1 € 0. Thus, since s, € 0;, we have s,, 5, +1 € 0.
Again, recall the assumption that if j € o, then j — 1 € o for j = 1 : m — 1. Since
54 € 07, we have s, —1 € 0. Thus s, — 1,5,,5, +1 € 0. As o is a P-admissible tuple
we have m — (s, — 1), m — s,,m — (s, + 1) ¢ 0. Hence by , the parameter of S at
the position (s,)-th (resp., (s; + 1)-th) is —1 if and only if z(0;, o) has an inversion at
sq — 1 (resp., $q)-

Note that s, is a left index of type-1 relative to z/(0;,0), i.e., s, is a right index of

type-1 relative to rev(z(a;,0)). Hence rev(z(0;,0)) must be of the form

rev(z/(o,,0)) = ((ad,l + ki1 :aq), ., (Sq: air1), (@im1 +kic1 2 a;), ..., (ap - al)),

with s, < a;11. As s, — 1 € o, we have a;, = s, — 1. Hence rev(z(0;,0)) must be of the

form

rev(z/(o;,0)) = ((ad,l + ka1 :aq), ..., (Sq i), (@i + ki isg— 1), ..., (ap al)).
(4.19)
Thus rev(z,(07,0)) has an inversion at s,—1 and a consecution at s, which imply that

2z/(0, o) has a consecution at s, —1 and an inversion at s,. Hence the parameters of S at
the position (s,)-th is 1 and at the position (s, +1)-th is —1, i.e., (s,)-th and (s,+ 1)-th
parameters of S have the opposite sign. Thus My (Y[) and SS,, 11 commute. By
(4.18)), we have

S =m"

—m+Sgq

(_Y:IT)Mnj;—sq (}/ZIT)§SSQ+1SSq = §Ssq+1Ssq (420)
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as MT Jrsq(—YqT)MmTl_sq (Y,") = Lnn. Now we prove that S is the quasi-identity matrix
satisfying |D Note that by 1} the quasi-identity matrices S and S have the same
parameters except at the positions s, and (s, + 1). So we only need to prove that the

parameters of S and S at the positions s, and (s, + 1) have opposite sign.
By Definition we have

rev(zi(op,0)) = z(rev(o),rev(o))) = z.(z.(rev(o), rev(a;)), s,)

= z(rev(z(a,0)), sq) (4.21)

Hence by (4.19)) and (4.21)), we have

rev(z(o,0)) = ((ad_l + ka—1:Qa)y .-, (Sqg+ 1 ai1), (aic1 +kic1 2 8g)s- -+, (ap : a1)>.

Note that the cosecutions and inversions that occur in rev(z;(o;,0)) are the same as

those that occur in rev(z(0y, o)), except

e at s,— 1 where rev(z(0;,0)) has an inversion and rev(z;(o;, o)) has a consecution,

i.e., z/(0,0) has a consecution at s, — 1 and z;(0y, o) has an inversion at s, — 1.

e at s, where rev(z(0;,0)) has a consecution and rev(z/(o;, o)) has an inversion,

i.e., z/(0y,0) has an inversion at s, and 2;(0;, o) has a consecution at s,.
Hence

e (s,)-th parameters of S and S are 1 and —1, respectively, and

e (s,+ 1)-th parameters of S and S are —1 and 1, respectively.

Hence the parameters of S and S at the positions s, and s, 4+ 1 have opposite sign.
Case II: Assume that s, = 0. Since Y is a nonsingular matrix assignment for oy, Y is a

=, —1
nonsingular matrix. So My(Y;) is invertible. By (4.17)), S = Mfm(—YqT)SR(MO(Y}])) R
= M”, (~Y)SRM_o(Y,)R. Now, by Proposition|4.3.8] S = MZ, (~Y,")SS; ML (—Y.)S,
N -y,
= M7 (-YD)SS ME(-Y.T) as Sy = Lpy. Since M7, (=Y,I) = ! | it is
[(mfl)n

\]

easy to see that M”, (-Y,) and SS; commute, which implies that
S =S8SiM, (~Y)ME(-YT) = SS; as MT (=Y YME(=Y)) = L.

Since s, = 0 is a left index of type-1 relative to z(0y, 0), i.e., 0 is a right index of type-1

relative to rev(z/(a;,0)), rev(z(a;, o)) must be of the form

rev(z/(o;,0)) = <(ad_1 +kgq1:aq), ..., (a1 +k:ag),(0: a1)> with a; > 0.
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Then we have

rev(z/(oy,0)) = ((ad,l +kg1:aq), ..., (a1 + ki :ag),(1: al),0>.

By similar arguments as in Case-1, it follows that S is the quasi-identity matrix satisfying

(4.15). This completes the proof. ]

The following example construct a T-palindromic pencil of P(\).

Example 4.3.13. Let P(\) = Z::O N A; be T-palindromic. Consider o = (4,0,1,2),
o, = (0,1,0) and o9 = (. Then o is a P-admissible tuple relative to {0 : 7} and o,
is a right index tuple of type-1 relative to o. Let (X,Y,Z) be a nonsingular matriz

assignment for o,.. Define
LX) := M7 —6-1)(—=Z7, =Y, =XT)(AM{ 5 ¢ 7 3 — M{1019) Mo10(X,Y, Z).

Let S be the quasi-identity matriz given by S = €11, ® - - - D erl,, where ¢, = —1 fori =4
and €; = 1 ifi # 4, i.e., parameters of S are (1,1,1,—1,1,1,1). Then by Lemma|4.3.11
SRL(A) is a T-palindromic strong linearization of P(\) and is given by

(0 0o o ]o o xo|l [o o 0o ola o o]
0 0 010 0 Y Z 0 0 0 0 |4 -X 0
0 0 0 |I, A 0 0 0 0 0 0 |A -Y -Z
Mo o o0 ]o -, oo|l+|o o 1, olo o o
Ay As As |00 0 0 0 0 A -I,|0 0 0
0 X7 —¥T|lo 0 0 0| |XTY" 0 00 0 0
0 0o —z'[o 0 0 o] o 2z 0o 0|0 0 0]

Observe that SRL(X) is an anti-block penta-diagonal pencil. B

Next, we consider an example where the matrix assignments X for o, and Y for g,
in Theorem |4.3.12 are the trivial matrix assignment.

Example 4.3.14. Let P(\) = 21'7:0 N A; be T-palindromic. Consider o = (5 : 6,4,0)
and o, = 5. Let L(\) := MZ, ()\M(Iiz_g,_l,_Q) —M£:67470))M5P. Then by Theorem
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SRL(\) is a T-palindromic strong linearization of P(\) and is given by

(0 0 olo 5, 4 a4l [o o o olo o 4
0 0 0|1, 0 A A 0 0 0 0 |=I, -4, 0
0 0 0|0 0 0 -—I, 0o 0 0o 0|0 I, 0
Mo o olo o -1, ofl+lo 1, o olo o of,
0 —I, 0,0 0 0 0 L, 0 0 00 0 0
0 —As I, 0 0 0 0 As Ay 0 —I,| 0 0 0
4, 0 00 0 0 0 |4 A -, 0|0 0 0]

where S = €11, ® -+ ® erly,, with ¢, =1 fori =1,2,6,7, and ¢, = —1 for 1 = 3,4,5.
Observe that SRL(X) is an anti block penta-diagonal pencil. B

The following result is a corollary to Theorem [4.3.12

Corollary 4.3.15. Let P(\) be a T-palindromic matrixz polynomial of odd degree m > 3.
Let o be a P-admissible tuple relative to {0 : m}. Let oy be a left index tuple of type-1
relative to o with the condition that if an index j € o; then j —1 € o for j=1:m. Let

Y be any arbitrary nonsingular matriz assignment for o;. Define

L(N) = M,,(Y)(AME

—m+rev(o)

— Mf) M_trev(on) (—rev(YT)).

Then SRL(X) is a T-palindromic strong linearization of P()), where S is the quasi-
identity matriz given by

(
zi(oy,0) has an inversion at i — 1, or

—I if o has a consecution at m — i, or

S(i,1) :

i€oandi—1¢o

\ I otherwise.
More generally, we have the following result.

Corollary 4.3.16. Let P(\) be a T-palindromic matriz polynomial of odd degree m > 3.
Let o be a P-admissible tuple relative to {0 : m}. Let o, and oy, respectively, be a right
and a left index tuple of type-1 relative to o with the condition that if an index j € o,Uaoy
then j —1 €0 forj=1:m. Let X and Y be any arbitrary matriz assignments for o,

and oy, respectively. Define L(\) :=

Mfmﬂ"ev(ar)(_rev(XT»Maz(Y) (AMfm—i—rev(a) - Mf) Mar (X)Mfmﬂ"ev(m)(_TGU(YT))'
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Then L(A)RS is a T-palindromic strong linearization of P(\) where S is the quasi-
identity matrix given by

)
z/(oy,0) has an inversion at m — i, or

, —I if ¢ 2.(0,0,) has a consecution at i — 1, or
S(i,i) == (4.22)
icoandi—1¢o

\ I otherwise.

Proof. Note that P(\)T is a T-palindromic matrix polynomial. Also, o, (resp., 0;) is a
right (resp., left) index tuple of type-1 relative to o if and only if rev(o,) (resp., rev(oy))
is a left (resp., right) index tuple of type-1 relative to rev(c). This implies that L(A\)T is
a strong linearization of P(\)”. Therefore, by Theorem [4.3.12] SRL(A\)T = (L(\)RS)”
is a T-palindromic strong linearization of P(A\)7, where S is the quasi-identity matrix

given by

zi(rev(o,), rev(o)) has an inversion at ¢ — 1, or

o —I it § z.(rev(o),rev(o;)) has a consecution at m — i, or
S(i,i) = (4.23)
i€cocandi—1¢o

| I otherwise.

Since (L(A\)RS)T is a T-palindromic strong linearization of P(A\)T, L(A)RS is a T-
palindromic strong linearization of P(\). Hence the desired result follows as S given in

(4.23) and (4.22) are the same. O

Next, we construct low bandwidth banded (anti-block tridiagonal and anti-block
penta-diagonal) T-palindromic linearizations of P(A). The following result characterizes
all anti-block penta-diagonal T-palindromic linearizations that can be obtained from the
construction given in Theorem

Theorem 4.3.17. Let P(\),L()\),S and R be as given in Theorem |4.5.13. Then
SRL(A) is an anti-block penta-diagonal T-palindromic strong linearization of P(\) if
and only if ¢;(0y,0,0,.) <1 and iy(0y,0,0,.) <1 for any index 1 <t <m — 1.

Proof. Note that, for any index tuple a containing indices from {—m : m}, M,(x) is
a block penta-diagonal matrix if and only if RM,(x) is an anti-block penta-diagonal
matrix, where (x) denotes any arbitrary matrix assignment for «. Since S is a quasi-
identity matrix, it follows that SRL(\) is anti-block penta-diagonal if and only if L(\)

is block penta-diagonal.
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Recall the definition of an end index of a sub-permutation of {0 : m — 1} (resp.,
{—m : —1}) from Definition [.5.5] It follows from the condition j € o0, U0y =
j—1€o0,j=1:m,that o, and 0, do not contain the end points of o. This implies
that —m + rev(o,) and —m + rev(o;) do not contain the end points of —m + rev(o).
Hence the desired result follows from Theorem by considering oy := oy, 09 := 0,

T:=—m+rev(o), 1 := —m+rev(o,) and 7o := —m + rev(oy). O

Note that, for any index tuple « containing indices from {—m : m}, M, () is a block
tridiagonal matrix if and only if RM, (%) is an anti-block tridiagonal matrix, where
(x) denotes any arbitrary matrix assignment for a. The following result characterizes
all anti-block tridiagonal T-palindromic linearizations that can be obtained from the
construction given in Theorem [£.3.12
Theorem 4.3.18. Let P()\),L(\),S and R be as given in Theorem [{.3.13. Then
SRL(\) is an anti-block tridiagonal T-palindromic strong linearization of P(\) if and
only if c;(0y,0,0,) =0 and iy(0y,0,0,) =0 for any index 1 <t < m—1. Moreover, any

anti-block tridiagonal SRL(X) in Theorem must be one of the following pencils

[ A X
M, My+ A —X
I, 0 -,
A, M+ As -1,
. (4.24)
I, O -,
)\Am )\Am—1+Am—2 _]n
XT —AXT
for some nonsingular matriz X,
| Y Y|
M, MAy+ A7 Ay
I, 0 -,
M, M, +As —1,
P (4.25)
I, 0 -,
YT XA+ A —I,
YT Ao,
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for some nonsingular matriz' Y and

[ M, A+ Ay |
I, 0 -l
A, Ayt A, I,
L, 0 -\,
NSV IRAN: £ B3
I, 0 A,
| M+ Ay~ ]
(4.26)

Proof. By Theorem [3.5.8) and similar arguments as in the proof of Theorem [4.3.17 it
follows that SRL(A) is an anti-block tridiagonal T-palindromic strong linearization of
P()) if and only if ¢;(0y,0,0,) = 0 and i¢(0y, 0,0,) = 0 for any index 1 <t <m — 1.

We now show that any anti-block tridiagonal SRL(A) must be one of the pencils
given in (4.24), and ([4.26). Since ¢(0y,0,0,) = 0 and i,(0y,0,0,) = 0 for all
1 <t <m—1, o must be a permutation of either {0 :3 m — 1} or {0,1 :2 m — 2}, where
{a 2 b} :={a+2j:7=0:¢} are all equispaced points in [a, b] such that a + 2¢ < b.
Then we have the following choices for o; and o,.

Case-1: Suppose that ¢ is a permutation of {0 :3 m — 1}. Then there are no choices
for 0; and o, (i.e., 0 = 0 = 0,) and SRL()\) is of the form , where the quasi
identity matrix S is given by S(i,i) = —1 for i € {2 13 m — 1} and S(i,i) = 1 for
i ¢ {2:2m —1}. In this case L(\) is a GF pencil.

Case-II: Suppose that o is a permutation of {0, 1 :3 m — 2}.

(a) Suppose that o has a consecution at 0. Then ¢, = (), and o, = (0) or (. If

o, = (0) then SRL()) is of the form for some nonsingular matrix assignment
X of o,, where S is given by S(i,i) = —1 for i € {3 :2 m — 2} and S(i,i) = 1 for
i ¢ {3 :2m — 2}. In this case L()) is an EGFPR.

On the other hand, if o, = (), then SRL()) is of the form (4.24) with X = I,,, where
S is given by S(i,i) = —1 for i € {3 :2m} and S(4,7) = 1 for i ¢ {3 :2 m}. In this case
L()) is a GF pencil.

(b) Suppose that ¢ has an inversion at 0. Then o, = ), and o, = (0) or 0. If o, = (0)
then SRL(A) is of the form for some nonsingular matrix assignment Y of oy,
where S is given by S(i,i) = —1 for i € {3 :3 m—2} and S(i,7) =1 for i ¢ {3 :o m —2}.
In this case L(\) is an EGFPR.
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On the other hand, if o; = () then SRL()) is of the form (4.25)) with Y = —1,,, where
S is given by S(i,i) = —1 for i € {1 ;o m — 2} and S(i,i) = 1 for i ¢ {1 :3 m —2}. In
this case L(A) is a GF pencil. O

Example 4.3.19. Let P(\) = Y°1_, X' A; be T-palindromic. Consider the pencil L(\) :=
M_7(—XT)()\M(F:6’77’74772) - M(Ig,s,oq))MO(X)- Then by Lemma |4.3.11, SRL(\) is a

T-palindromic strong linearization of P(\) and is given by

[ 0 0 0 0 0 Ay AX]
0 0 0 0 A, Mo+ A —-X
0 0 0 I, 0 A, 0
0 0 M, Mi+A, —I, 0 0|,
0 I, 0 A, 0 0 0

Mi Mg+ A5 —I, 0 0 0 0

X7 AXT 0 0 0 0 0 |

where S = eI, ® -+ D erl,, withe; =1 forv=1,2,4,6,7, and ¢, = —1 for i = 3,5.
Observe that SRL(X) is an anti-block tridiagonal pencil. B

Remark 4.3.20. It follows from Theorem that SRL(X) in Theorem is not
an anti-block tridiagonal pencil if o is a permutation of {0 : 2}. Hence the construction
given in [19] does not produce an anti-block tridiagonal T-palindromic linearization of a

T-palindromic P(\) having odd degree m > 5.

Remark 4.3.21 (T-anti-palindromic linearizations). Let P(\) be T-anti-palindromic.
Recall from Chapter 2 that P(\) is T-anti-palindromic if and only if P(—\) is T-
palindromic [27]. Suppose that P(X) is of odd degree m > 3. Define Q(\) := P(—\).
Consider the EGFPR L(\) :=

Mferrev(UT) (—TeU(XT))MUl (Y) ()‘MQ

—m+rev(o)

- MOQ) MO’r (X)Mfm«krev(o'l) (_TGU(YT))

of Q(N) satisfying all conditions of Theorem |4.3.12.  Then SRL(—X) is a T-anti-

palindromic strong linearization of P(X\), where S is the quasi-identity matriz as given
We mention that the number of T-palindromic strong linearizations obtained from

EGFPRs as compare to FPRs increases substantially when the degree of P(\) increases.
We illustrate this by considering m = 7.
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Example 4.3.22. Let P(\) be T-palindromic with degree 7. Then Table gives all the
choices of o, oy and o, which yield T-palindromic strong linearizations of P(\) excluding
those that can be constructed from GFPs and FPRs. It follows from Theorem
and Theorem [4.3.18 that the last two choices of o, o, and oy yield anti-block tridiagonal

T-palindromic strong linearizations of P(X) and all other choices of o, o, and o, yield

anti-block penta-diagonal T-palindromic strong linearizations of P(A). B

o} o oy, S

O | (4,0:2) | (0) | SuS
O | (4,0:2) | (0:1) | Su5
0 (4,0:2) [(0:1,0)] Sy

0 | (4,2,0:1)] (0) 5554
(1) | (4,2,0:1) | 0 |855.5;
(0:1)] (4,2,0:1) 0 S4S7
(1) | (4,2,0:1) | (0) S154
(0,1) | (4,2,0:1) | (0) Sy

O | (4,1:2,00 (1) | S5
0 | (4,1:2,0)| (1,0) | S.Sy
0) | (4,1:2,00| @ 5456
0) | (4,1:2,0) | (1) | SuS

oy o o S
(0) | (4,1:2,0) |(1,0)] S,
(0) (4,2,1,0) | 0 | S8,
(1,0) | (4,2,1,0) | © | SiS4
(0:1,0)| (4,2,1,0) | 0 Sy
0 (4:5,0:1) | (0) | S35
0 (5,4,0:1) | (0) | S4Ss
0) | (4:51,0) | 0 | S35
(0) (5,4,1,0) | 0 | S4Ss
(5) (6,4,5,0) | 0 | S35455
0 (5:6,4,0) | (5) | 535455
0 (5,3,0:1) | (0) | Ss55
0) | (5,3,1,0) | 0 | S35

Table 4.1: Additional pencils when m = 7.
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Affine Spaces of Strong Linearizations for Rational

Matrices

The main aim of this chapter is to define Rosenbrock strong linearization of a rational
matrix G(A). We describe the recovery of pole-zero structure of G(A) at infinity from the
pole-zero structure at infinity of a Rosenbrock strong linearization of G(\). We construct
affine spaces of potential linearizations of G(\) and show that almost all pencils in
the affine spaces are Rosenbrock strong linearizations of G(\). These affine spaces of
potential linearizations are constructed from the vector spaces of linearizations of matrix
polynomials defined and analyzed by Mackey et al. in [SIAM J. Matrix Anal. Appl.,
28(2006), pp.971-1004]. We show that eigenvectors, minimal bases and minimal indices
of G(\) can be easily recovered from those of the Rosenbrock strong linearizations of
G(A). In particular, we construct a symmetric Rosenbrock strong linearization of G(\)

when G()) is regular and symmetric.

5.1 Introduction

Recall that a rational matrix G()\) is said to be proper if G(A\) — D as A — oo, where
D is a matrix. On the other hand, G(\) is said to be nonproper if ||G()\)|| — oo as
A — oo. If G(X) is nonproper then it can be written as G(\) = P()\) + Gg,(A), where
P()) is a matrix polynomial of degree m > 1 and Gg,(A) is strictly proper, that is,
Gsp(A) = 0 as A — oo, see [0, 52]. Rational matrices that arise in the context of
rational eigenvalue problems are mostly nonproper, square and regular. On the other
hand, rational matrices that arise as transfer functions of linear time-invariant (LTI)
systems are mostly proper and may be rectangular. Since the primary aim of the

thesis is to construct linearizations of rational matrices for solving rational eigenvalue

117
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problems, we consider only nonproper and square rational matrices.
Let G(A) be an n x n nonproper rational matrix. For constructing linearization of

G(A), we follow the state-space model for rational matrices pioneered by Rosenbrock [52]
and consider a realization of G()) of the form G(\) = P(\) + C(AE — A)~'B and the
associated system matrix (also called Rosenbrock system matrix)
P(X) C

B ‘ A—)\E

S(A) =

)

where A — AE is an r x r pencil with E being nonsingular, P()\) is an n X n matrix
polynomial of degree m, C' € C™*" and B € C"™*". Note that G(\) is the transfer function
and S()) is the system matrix of the LTT system in state-space form (SSF) given by [52]

Ei(t) = Az(t) + Bu(t)

y(t) = Ca(t) + P(g)u(t),
where z(t) and u(t) are state and control vectors, respectively. Recall that the realization
of G()) is said to be minimal, or equivalently, S(\) is said to be irreducible if the LTI
system X is controllable and observable. Equivalently, S()) is irreducible if and only if
rank( [ B A—-\E ] ) =r= rank( [ o) (A — )\E)T ]T> for all A € C. Recall from

Theorem [1.2.11] that the zeros of G(\) are the same as the eigenvalues of S(\) when

S(A) is irreducible. See [2, 40, 52] for further details.
The concept of linearization of rational matrices introduced in [2] is based on the idea

of linearization of the LTI system X. Indeed, by linearizing P()\), we wish to linearize
the LTI system > by an LTI system >, of the form

Kx(t) = Hx(t) + Bu(t)
y(t) = Cx(t) + Xu(t) — Yu(t)

2

such that the system > preserves the system characteristics (e.g., controllability and
observability) of the system 3 and have the same poles and zeros (invariant zeros,
transmission zeros, input/output decoupling zeros) as the system %, where H and K
are r X r matrices with K being nonsingular, X and ) are mn x mn matrices and, x(t)

and u(t) are state and control vectors, respectively. Note that
X =)\ ‘ C
B |H-AK

L(\) = and G(\) =X —\Y+C(\K — H)'B

are the system matrix and the transfer function of X, respectively. The Rosenbrock

linearization of S(A) introduced in [2] linearizes the LTI system ¥ and is defined as

follows.
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Definition 5.1.1 (Rosenbrock linearization, [2 [4]). Let S(\) be the system matriz and
m :=deg(P) > 2. Then an (mn+r) X (mn +r) system matriz LL(\) given by

X—)\y‘ C

M= H - K

Y

where H — MK 1s an r X r pencil with K being nonsingular, is said to be a Rosenbrock
linearization of S(\) provided that there are mn x mn unimodular matriz polynomials

U(A) and V(X), and r x 7 nonsingular matrices Uy and Vi such that

0 | U, 0 | 0 |SW

for all X € C. (5.1)

If IL(A\) is a Rosenbrock linearization of S(\) then it can be shown [4] that ¥ is
controllable (resp., observable) <= ¥ is controllable (resp., observable). Further, the
LTI systems ¥, and 3 have the same finite zeros (transmission zeros, invariant zeros and

input/output decoupling zeros) and the same finite poles. Furthermore, for all A € C,
we have U(A)(X — AV)V(X) = diag(Zpm—-1)n, P(A)) and

UGNV (A) = diag(Im-1yn, G(A)),

where U(\) and V' (\) are unimodular matrix polynomials given in (5.1]).
Thus, if IL(\) is a Rosenbrock linearization of G(\) then finite zero and finite pole

structures of LL(\) are isomorphic to finite zero and finite pole structures of G(\). How-
ever, L(A) and G()\) may not have the same pole and zero structures at infinity. We,
therefore, define a Rosenbrock strong linearization of G()\) and show that the pole-
zero structure of G(\) at infinity can be recovered from the pole-zero structure at infinity

of a Rosenbrock strong linearization of G(\).
Linearization of matrix polynomials is a well developed area of research and there

are rich sources of linearizations for matrix polynomials [33] [46] 45| [6, 61, 26, 25]. By
contrast, linearization of rational matrices is a new emerging area of research. It is
therefore desirable to extend linearizations of matrix polynomials to the case of rational
matrices. However, whether any linearization of matrix polynomials can be extended
to the case of rational matrices or not is still an open problem. We show that this is
indeed possible for the vector spaces of linearizations of matrix polynomials defined and
analyzed in [46].

We mention here that generalized state-space realization of rational matrices pro-
vides an alternative framework for constructing strict linearizations of rational matri-

ces including rectangular rational matrices, see [60] and [40, Page 469]. Indeed, let
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G(A) := P(X) + G(A) be an m X n rational matrix, where P(\) is an m X n matrix
polynomial and Gg,()) is strictly proper. Let Gg,(A\) = Cp(Al; — Ay)~' By be a minimal
realization of Gg,(A). Also, let A P(A™!) = Cu(Ms — As) "' By be a minimal real-
ization of A™'P(A™!) so that P(A\) = Coo([oo — AAoo) ' Bao. Here I; and I, are identity

matrices. Then the pencil

0 Coo C;
S(A) i= | Bu | Lo — Mo 0

is the system matrix of G(\) and is called a strict linearization of G(\). The pencil
S(A) has the same zero and polar structures (finite, infinite, minimal indices) as G(\)
[40]. However, generalized state-space realizations of rational matrices and hence strict
linearizations of G(\) are potentially ill-posed problems which require special care for

numerical computation [57].
We now present some basic results for ready reference. For a matrix polynomial

P(\) = E;n:o N Aj, the pencils C1(A\) = AX; +Y; and Cy()\) = AX, + Ya, respectively,
are called the first and second companion pencils of P(A) [33], where X; = X, =
dlag(Ama I(m—l)n)a

Am—l Am—2 e AO Am—l _In N 0

-1, 0 oo 0 Ap—a O

vi=| S amdy = | T
P Ay 0 - 0

Generalizing the companion pencils of P()\) two vector spaces L£q(P) and Ly(P) of
mmn X mn matrix pencils L(\) := AX + Y are constructed in [46] 25]:

Li(P):={LO\) = AX +Y : LA ® L) =v® P()\), v e C™}

5.2
Ly(P) = {LOA) = AX +Y : (AT ® L,)L(\) = w” ® P(\), w € C™}, >

where A := [N\~ 1 X2 X 1]T € C™. The vectors v and w are called right ansatz
and left ansatz vectors, respectively. Almost all pencils in £,(P) and Lo(P) are lin-
earizations of P(A) and eigenvectors, minimal bases and minimal indices of P(\) can
be easily recovered from those of L(\), see [46], 25]. We utilize these ansatz spaces to
construct Rosenbrock strong linearizations of G(\) and describe the recovery of eigen-
vectors, minimal bases and minimal indices of G()A) from those of the linearizations

of G(N).
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The following result, which is a restatement of [46, Corollary 3.7] and [25, Theo-

rems 4.1 and 4.6], will play a crucial role in the subsequent development.

Theorem 5.1.2. [/6, [25] Let P(\) = 2" N A; with Ay, # 0 be an n x n matriz

polynomial (regular or singular) and L(\) = AX +Y be an mn x mn pencil.

(a) If L(\) € L1(P) and has right ansatz vector ey, then

An | X Yii | A
P 2y 11 | Ao
0 |—~Z Z |0

where X1a,Y1 € C=1n gre such that X1o + Y11 = [Am_1 Am_s --- Ay] and
7 c C(m—l)nx(m—l)n.

(b) If L(\) € L1(P) and has right ansatz vector v # 0, then there exists a nonsingular
matriz M € C™™ such that Mv = ey and the pencil (M ® I,,)L()\) is given by

Am X12 }/11 AO
(M ®L,)L()) = + , (5.3)
0 |-z Z |0

for some Z € Cm=Nnx(m=1n “yyhere X5 and Y1 are as in (a).

(c) If L(X\) € Ly(P) and has left ansatz vector w # 0, then there exists a nonsingular
matriz K € C™™ such that KT™w = e; and the pencil L(\)(K ® I,,) is given by

A, ‘ 0 Yii | Z
LNK®L) =\ + g (5.4)
Xo1 ‘ -7 A ‘ 0
where Xo1,Y1 € COPU gre such that Xoy + Y1 = [AT | AT - AT]T and

7 c C(mfl)nx(mfl)n'

All the matrices that can appear in the block labelled Z in (j5.3) have the same
rank, see [46] 25]. Ditto for the block labelled Z in (5.4). Thus, for L(\) € £1(P) or
L(\) € Ly(P), it makes sense to talk about the Z-rank of L(\).

Definition 5.1.3 (Z-rank, [25]). The Z-rank of L(\) € L,(P) is the rank of any matric
appearing in the block labelled Z in under any reduction of L(\) of the form .
If Z in is nonsingular, then we say that L(\) € L1(P) has full Z-rank. Similarly,
the Z-rank of L(\) € Lo(P) is the rank of any matriz appearing in block Z in
under any reduction of L(\) of the form (5.4)).
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5.2 Rosenbrock strong linearization

Let G(A\) € C(A\)™ ™ be nonproper and be given by G(\) := P(\) + G4,(N), where P())
is a matrix polynomial of degree m and G,()\) is a strictly proper rational matrix. Let
Gsp(A) = C(AE — A)™' B be a minimal realization of Gg,()\), where A\E — A is an 7 x r
pencil with E being nonsingular, C' € C™*" and B € C"™*". Then

G(\) = P(\) + C(\E — A)"'B (5.5)

is a minimal realization of G(A). Consequently, the (n+ 1) x (n+ 1) Rosenbrock system

matrix

Py| ©

S(\) = (5.6)
B |A-)E
associated with G()) is irreducible. Recall that S()\) is irreducible if and only if
C

rank([B A—)\E]>:r:rank< )forall)\GC.

(A— A\E)

Assumption: For the rest of this chapter, we assume that P(X) := > """ \'A; with
A, # 0 and the realization G(\) = P(\) + C(AE — A)"'B of G(\) given by is
minimal. The system matriz S(\) associated with G(X) is given by (5.6).

We now define Rosenbrock strong linearization of the G(\).

Definition 5.2.1 (Biproper rational matrix, [59]). An n x n proper rational matriz

F()) is said to be biproper if F(oc0o) is nonsingular.

Definition 5.2.2 (Rosenbrock strong linearization). Let G(\) and S(\) be as in
and (5.6)), respectively. Also let L(\) be an (mn+7) x (mn+r) irreducible system matriz
associated with the transfer function G(\) given by

x| e

SR H - AK

and G(\) ==X — AV +C(\K — H)'B,

where H — MK is an r X r pencil with K being nonsingular, C € C™*" B € C"™*™ and
X =AY is an mn xmn pencil. Then IL(X\) is said to be a Rosenbrock strong linearization

of G(\) provided that the following conditions hold.
(a) There exist mn x mn unimodular matriz polynomials U(X) and V(X\), and r X r

nonsingular matrices Uy and Vy such that

for all X € C.
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(b) There exist mn X mn biproper rational matrices Og(\) and O,(\) such that

I(m—l)n 0
0 [Amam)

OMAT'ENO,(N) =

for all X € C.

We also refer to IL(X) as a Rosenbrock strong linearization of S(\).

We mention that Rosenbrock strong linearization can be defined for rectangular
rational matrices by appropriately modifying Definition We also mention that
by [4, Theorem 3.5], the Rosenbrock strong linearization is equivalent to the strong

linearization of rational matrices introduced in [5].
The condition (a) in Definition ensures that the finite eigenstructure of IL(\)

(resp., H — AK) is the same as the finite zero (resp., pole) structure of G(\), see [2, [4].
On the other hand, the condition (b) ensures that the pole-zero structure of G()\) at
infinity can be easily recovered from the pole-zero structure of L(\) at infinity. The finite

and infinite pole-zero structure of IL(A) can be computed from the Kronecker canonical

form of LL()), see [58, 57].
Two n X n rational matrices G1(\) and G5(\) are said to be equivalent at infinity if

there exist biproper rational matrices F7(\) and Fg(A) such that FL(A)G1(A\)Fr(A\) =
Ga(N), see [B9]. We write G1(\) ~e; Go(A) when G1(\) and Go(A) are equivalent at
infinity. Note that if G1(\) ~¢ Ga(A) then G(A\) and Ga(\) have the same pole-zero
structure at infinity. The pole-zero structure at infinity of a rational matrix is given by
the Smith-McMillan form at infinity.

Theorem 5.2.3 ([59], Chapter 3). Let H(\) € C(A\)™*™ with normal rank €. Then there
exist biproper rational matrices Fr(\) and Fgr()\) such that

Fr (AN HN) Fr(X) = diag(\Pt, ... AP A%+ A9 .0, ... 0) = SMo(H(N)),

where py > py > -+ > pp > 0> —gpq > -+ > —gy with p; (resp., g;) being nonnegative
(resp., positive) integers for i = 1 : k (resp., j = k+ 1 : ). Further, the pole-zero
index at infinity given by Inde (H(N)) := (P1y -+, Dby —Ghs1s - - -, —Gge) € Z° is a complete
invariant under biproper equivalence. Furthermore, if H(X) is nonproper and m is the

degree of the polynomial part of H(\) then p; = m.

The diagonal matrix SM.,(H(A)) is the Smith-McMillan form of H()) at infinity. If
pi > 0 then H(\) has a pole of order p; at infinity and if g; > 0 then H(\) has a zero of
order g; at infinity. If H(\) is a regular polynomial then py + - - -+ pr > gry1 + -+ - + 9o,
see [59, Corollary 3.87].
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Remark 5.2.4. Let G()\), S()), L(\) and G(\) be as in Definition [5.2.2. Then it is
easily seen that S(A) ~; diag(Al,, G(\)) and L(\) ~; diag(AL., G()\)) showing that
G(N\) and S(X\) have the same zero structure at infinity and, G(X) and L(\) have the
same zero structure at infinity. Indeed, we have

C(AE — A Lo

[n
S(\)

o | o
0 \ I, (\E — A)"'B N

I 0 ‘A—)\E

which shows that S(\) ~; diag(Al., G(X)). Similarly, L(\) ~.; diag(AL.,, G(\)). Now
by Definition (b), we have G(N) ~; diag(Aln—1yn, A" G(X)) and hence L(X) ~;
diag( Mm—1yn4rs A'7"G(N)). This shows that we can deduce pole-zero structure of L(\)

from those of G(\) and vice-versa.

Theorem 5.2.5. Let G(\),G(\) and L(\) be as in Definition [5.2.2. Suppose that q is
the normal rank of G(X) and s is the rank of Y. Then we have

SMoo(L(N)) = Myps @ diag(A™", ..., A7%) @ 0,,_,
where 0 < gy < -+ < gy are integers and s+ € = (m — 1)n + q with £ < q. Furthermore,

SMo(G(\) = A, & diag(A\™ ", ..., A7%) & 0,_,,
SMo(G(N) = AI,_, @ diag(\™~@+D \m=lee4D) g0,

FEquivalently, we have Indoo(L(X)) = (1,...,1,—q1, ..., —ge), where 1 appears r+s times
and 0 < gy < --- < gy are integers, and

de (GN) = (m,...om, m— (g1 +1),...,m — (g¢ + 1)),

where m appears q — £ times.

Proof. By [568, Theorem 2], IL(\) has exactly r + s poles at infinity of order 1 and by
[60, Corollary 1], IL.(\) has no zero at infinity when 7 + s = nrank(LL). By Remark
we have L(A) ~¢ diag( Mm—1)ntr, A'™G(X)) which shows that L()\) has at least
(m — 1)n + r poles at infinity. Consequently, we have s > (m — 1)n. Since G(\) has at
least one pole at infinity and nrank(IL) = (m—1)n+r-+q, there exist a nonnegative integer
¢ < gsuch that s+0 = (m—1)n+q and SM(L(X)) = A4 @diag(A™9, ..., A79)B0,,_,.

Next, SMy(G(N)) follows from the fact that L(\) ~.; diag(A,, G()\)).

Finally, by Theorem the highest order of a pole of G()) at infinity is m. Since

SMoy(AmG(N)) = A1"S Moo (G(N)), by Remark [5.2.4] we have

L()‘) ~ei diag<)‘I(mfl)n+r7 Al_mG(/\)) ~ei diag()‘l(mfl)rwrra Al_mSMoo(G(/\)))
AL @ diag(A . A) @0, = SMa(L(V).
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Now equating the last n diagonal entries of SMy(L()\)) to AN1"™SM(G(N), we ob-
tain the desired SM.(G()N)). The pole-zero indices Ind (IL(A)) and Indw(G(X)) follow

immediately. [

We mention that Theorem [5.2.7] also holds when G()) is proper. In such a case, in

Theorem we have L(A) =S(A), s=0and ¢ <gq.
The next result shows that the Smith-McMillan form of G()\) at infinity can be used

to deduce Smith-McMillan forms of the system matrix as well as Rosenbrock strong

linearizations of G(\).

Theorem 5.2.6. Let G(\),S(A\) and L(X) be as in Definition [5.2.9  Suppose that
SMy(G(N)) = diag( NPy, oo, PR L, A9 L A 9) & 0y, where q is the normal rank
of GAN), k+t+l=q, pr>-->pe>0and 0 < g <--- < gy are natural numbers.
Then we have the following

SMy(S(N) = diag(AP*, ..., NP* AL T, A9 0 A 79%) @0,y
SMo(L()) = M, ®diag(A?2,..., AP X\=m=Dp =9 A=9)50,_,

where u == (m —1)n+r+1,pj:=pj+1-—m<1forj=2:kand g =g, +m—1
forg=1:¢.

Proof. Note that by Theorem we have p; = m. Now by Remark we have
S(A) ~¢ diag(AL,, G(X)) and L(X) ~¢ diag( Mn—1ynsr, A'7"G(X)) which yield the

desired results. O

5.3 Affine spaces of strong linearizations for rational matrices

We now construct two affine spaces of pencils - a kind of ansatz spaces for G(\) - and
show that almost all pencils in these affine spaces are Rosenbrock strong linearizations
of G(N).

Consider the ansatz spaces £1(P) and £o(P) given in (5.2). For convenience, we write
(L(N),v) € L1(P) to mean that L(\) € £1(P) with right ansatz vector v. Similarly, we
write (L(A\),w) € Lo(P) to mean that L(\) € Lo(P) with left ansatz vector w. We now
define the affine spaces Li(G) and Ly(G) as follows.
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Definition 5.3.1. Let G(\) = P(\) + C(AE — A)~'B be as in (5.5). Define

Li(G) = { Ly | vac :<L<A>,v>e£1<P>},
_e%@B‘A—)\E

Lo(G) = { L) |en®C :(L(A),w)GEQ(P)}.
_wT®B‘A—)\E

We write (T(M\),v) € L;(G) to mean that T(\) € L;(G) with right ansatz vector v
when T()) is defined via (L(\),v) € £1(P). Similarly, we write (T(\),w) € Ly(G).
Now consider the vector spaces V;(G) and V5(G) given by

(@) = { OLW 2L o e £m),
Vo(G) = { L) ‘0’"’”’" :(L(A),w)é@(P)}.
I wT®B‘ 0,5y

Some basic facts about the spaces IL;(G),i = 1,2, are given in the following result.

Theorem 5.3.2. (a) The set IL;(G) is an affine space with associated vector space V;(G)
and dim L;(G) = dim £L;(P) = m(m — 1)n® +m =: £, for i = 1,2.
(b) The maps
LX) ‘ v®C
el ®B ‘ A-)\E

Y

A1 L1(P) — Li(G), (L(\),v) >[

LY |en®C
wT®B‘A—)\E

Ay 2 Lo(P) — Lo(G), (LOV), w) — [

are affine bijections.

(¢) Let {(X1(N),v1),...,(Xe(N),v0)} be a basis of L1(P). Define

Omnxmn

Omnxr
eﬂ@B‘A—)\E ’

Xo(A) = A1(Omnsmn, 0) = [

X0 | yec

=12, ¢
eﬁ@B‘A—)\E

Xi(A) = A(X;(N),v5) =

Then {Xo(A),X1(A), ..., Xe(N)} is an affine basis (barycentric frame) of Ly(G). Simi-
larly, let {(Yi(A),wy),. .., (Ye(A),we)} be a basis of Lo(P). Set Yo(N) := A2(Omnxmn, 0)
and Y;(A) == Ao(Y;(N),w;) for j = 1,2,...,0. Then {Yo(X),Y1(N),...,Ye(N)} is an
affine basis of La(G).
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Proof. 1t follows that L;(G) is an affine space with associated vector space V;(G) for

1 =1,2. It is also easily seen that the maps

L [vec
Jl : El(P) — Vl(G)a (L()\),’U) — 0 0 ’
L) | O
JZ : ‘CQ(P) — V2<G)a (L(A)aw) —
wT®B‘ 01"><'r

are linear isomorphisms. Hence dimL;(G) = dimV;(G) = dim £;(P) for ¢ = 1,2. It is
well known [46], Corollary 3.6] that dim £;(P) = ¢, for i = 1,2, which gives the desired
result.

Since Ay (L(A),v) = A1 (Omnxmn, 0) + J1(L(A),v) and J; is a linear isomorphism, it
follows that A, is an affine bijection. The proof is similar for A,.

Finally, we have X;(A) — Xo(X) = J1(X;()),v;), for j = 1,...,¢, which shows that
{X1(A) =Xo(N), ... Xp(A) —Xo(A)} is a basis of Vi (G). Hence {X(N), X1 (A), ..., Xe(A)}
is an affine basis, that is, a barycentric frame of IL; (G). The proof is similar for the affine

basis of Ly(G). O

The affine spaces L; (G) and Ly(G) can be thought of as affine extensions of the vector
spaces L1(P) and Ly(P), respectively. Thus, as in the case of the vector spaces L£;(P)
and Lo(P), the affine spaces LL;(G) and Ly(G) can be characterized via column shifted
sum B and row shifted sum B as described in [46]. Indeed, let P(\) := 37" A;N.

Then for all v,w € C™, we have

A X+Y | v@C
Li(G) = :X%qu@[Am L AO] ,
el @B | A—\E
AX +Y e, @C T
Ly(G) =  XBPY =w'® | AT AT . ... AT :
m m—1 0
wl®@B|A-)\E

The pencils in £, (P)ULy(P) are easily constructible from the data in P()), see [46].
Consequently, given a realization of G(\), the pencils in L; (G) U Ly(G) are easily con-
structible from the data in G()). Moreover, the affine maps A; and A, in Theorem|[5.3.2]
show that we can construct linearizations of G()\) directly from the linearizations of
P()).

We need the following result which is a restatement of |46, Theorem 4.1].
Theorem 5.3.3. [f0] Let (L(\),e1) € L1(P). If L(\) has full Z-rank then there exist
mn x mn unimodular matriz polynomials U(X) and V(X)) such that U(N)L(A)V (X)) =
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diag(IL(m—1yn, P(X)) for all X € C. Further, we have U(X)" (e, ® I,) = €1 @ I,, and
(ef, @ L) V(N = el @ I,.

We now show that almost all pencils in L;(G) and Ly(G) are Rosenbrock strong
linearizations of S(\) and G(\).

Ly | vec
el @ B ‘ A—-)\E
and v # 0. If L(\) has full Z-rank then there exist mn x mn unimodular matriz polyno-
mials U(N) and V(X) such that UN) (e, ®1,) = v, and (e}, @ L,)V(A\) ' = el ®1,.
Further, we have diag(U(X), 1) T(A) diag(V(X), I.) = diag(Zm—1)n, S(A)) for all X €
C. Thus T()) is a Rosenbrock linearization of S(\).

Theorem 5.3.4. Let T(\) := € Li(G), where (L(N),v) € L1(P)

Proof. Let M € C™ ™ be a nonsingular matrix such that Mv = e;. Then (M ®
I,)L(\) = e; ® P(\) and hence by Theorem the pencil (M ® I,)L(\) can be

written as

(M ® I,)L(\) = )\[ ] -

0| —Z

Y11 | Ao
Z 1o |’

with nonsingular Z € Cm=Unx(m=bn_ Lot L()\) := (M ® I,)L()). Then by Theo-
rem m there exist unimodular matrix polynomials U (A\) and 17()\) such that

TONINT () = TN (M @ L)LV () = [ iy

PV

()\) Yem®1I,) = e ® I, and (el ® In)f/()\)*l = eI ® I,,. Consequently, we have
(TNM @ L) (em @ L) = (M@ LYUN) " (em © 1) = v @ L,. By setting

_ _ o) | o vy | o ]

UN) :=U\N)(M ® I,) and V(\) := V() we have (\)
0 |1 0 |I
[ onmern) o] [ L) | vec \7()\)0}
] 0 L || @B ‘ A—\E 0 |I

B | UN)(M ® 1) \ 0 L()\) \ (UM @ 1L,))  (em @ C) V() \ 0
B 0 I, (el @ B)V(A\) ‘ A—\E 0 |1
[ omore Lty | eneo | [ Loty | 0 ] .
- ¢’ 9 B a-aE ] | 0 [sw ]

Let L(\) € £1(P) with right ansatz vector v. Then L(A\)(A ® I,) = v ® P(\) and
(AT @ I,)L(A)T = v @ P(A\)T. Hence L(A\)T € Ly(PT) and has left ansatz vector v.
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Similarly, for L(\) € Lo(P) with left ansatz vector v, we have L(A\)T € £;(PT) and has
right ansatz vector v. Thus, by defining (Ll(GT))T = {T(\)T : T(\) € Li(GT)}, we
have Lo(G) = (L, (GT))".

L(\) ‘ em ®C
w” ® B ‘ A—-\E
and w # 0. If L(X) has full Z-rank then there exist mn x mn unimodular matriz polyno-
mials U(X) and V(X\) such that U(N) " (e, ®1,) = e, @1, and (el @1,)V(\) ' = w'®1,.
Further, we have diag(U(X), I,) T(X) diag(V(A), ) = diag(Im-1yn, S(A)) for all X €
C. Thus T(X) is a Rosenbrock linearization of S(\).

Theorem 5.3.5. Let T(\) := € Ly(G), where (L(N),w) € Lo(P)

Proof. Let K € C™*™ be a nonsingular matrix such that w” K = eI. Then by Theorem
there is a nonsingular matrix Z € Cm~Urx(m=Un gych that L(A)(K ® 1,,) =

Al 0 Y| Z
A + . Hence we have
X 1= 4 A1 0
AT | xT yT | AT
(KT @ L)LTO\) = A |—2 =2 | 4 2170 | (5.7)
0 |-Z2Z7 ZT 1 0

Since L(\) € Ly(P), by (5.7), we have L(A\)T € L£;(PT) having full Z-rank with w
as right ansatz vector. By Theorem there exist unimodular matrix polynomials
U(X) and V()) such that

~ ~ Tom_1yn ~ -~ TIom—1)n
OLNTT() = |2 = T LT = |
P! P
~ =T ~ -
and <V()\)> (em @ I,) = €, @I, and (e} @ I,) (U()\)) = w!’ ® I,. By setting
UN) = V(AT and V(\) := U(N)7, the desired results follow. O

Observe that if T(A) := A;(L(\),v) is a Rosenbrock linearization of S(\) then L(\)
is a linearization of P(A). On the other hand, if L(\) € £,(P) is a linearization of P(\)
then we cannot conclude that T()) is a Rosenbrock linearization of S(A) since L(\) may
or may not have full Z-rank, see [25]. However, the reverse conclusion holds when P(\)

is regular. The same conclusions hold when T(\) := As(L(A), w).

Corollary 5.3.6. Let (T;(\),v;) € L;(G) be given by T;(N\) := A;(L;(N), v;) with (L;(X), v;)
€ Li(P) and v; # 0,i = 1,2. Suppose that P(X\) is regular. Then T;(\) is a Rosen-
brock linearization of S(\) <= L;(\) is reqular <= L;(\) is a linearization of
P(\),i=1,2.
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Proof. By [46, Theorem 4.3|, (L;(\),v;) € L;(P) has full Z-rank <= L;()\) is regu-
lar <= L;()) is a linearization of P(X),i = 1,2. Hence if L;()\) is regular then by
Theorem [5.3.4) T;(\) is a Rosenbrock linearization of S(A). Conversely, if Ti()) is a
Rosenbrock linearization of S(A) then by Theorem [5.3.4, we have U(N)Li(A\)V()\) =
diag(I(m-1yn, P(X)), where U(X) and V(A) are unimodular matrix polynomials. This
shows that L;(\) is a linearization of P(A) and hence is regular. The proof is similar
for (T2(A),v2) € Lo(G). O

Next, we show that almost all pencils in L;(G) U Ly(G) are Rosenbrock strong
linearizations of G(A). To that end, define

_1 A2 1 e
1 X - : i
T(A) = 1 . X | ®I,and R, :=  Crmxmn.
A I,
L 1 i
L(\) ‘ e1®C

Lemma 5.3.7. Let T()\) := € Li(G), where (L()\),e1) € L1(P)

L®B|A-AE
with full Z-rank. Then there exist mn x mn biproper rational matrices Og(\) and O.(\)
such that

R

0 |Amam
where G(\) :== L(\) + (ey ® C)(AE — A)~ (el @ B) is the transfer function of T(\).
Proof. For any pencil L()\) € £1(P) with right ansatz vector e; and having full Z-rank,

OMATGNO,(N) =

there exists a unimodular matrix polynomial U(\) such that

](mfl)n

UNLNT(N) = with U(\) 1=

0 | PO I,

for some matrix polynomial W (\), see the proof of [46, Theorem 4.1].
Set L(A) := revL(\)(R,, ® I,). Then it is shown in the proof of [46, Theorem 4.1]

that L(\)(A ® I,,) = e; @ revP()), that is, L(\) € £;(revP) with right ansatz vector e;
and having full E—Iank, where Z 1= —Z (Rim—1 ® I,). Thus, there exists a unimodular
matrix polynomials U()\) such that

I(mfl)n
0

with U(\) :=

UNLNT(N) =
revP(\) I,
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for some matrix polynomial /W()\) Hence I(p—1), @ revP(\) = ﬁ()\) revL(\) (R, ®
L)T(N) = U(\) revL(\)V(X), where V() := (R @ I,,) T(A). Consequently,
U(1/A) AL V(1/A) = Lm0 @ A P(N). (5.8)

Note that U(1/A) and V(1/)) are biproper rational matrices. Next, U(1/\)(e; @ I,,) =
em®I, and (eLQL)V(1/X) = (€L 1) (Rn®@I,)T(1/A) = [1, AL A2, ... A= D],
Recall that G4,(\) = C(AE — A)~'B. Thus

AU (1/N)(e1 ® C) (AE — A1 (e @ B)V(1/A)
— AU/ N) (&1 ® I,) Gop(N) (€X © 1)V (1/A) (5.9)
= (em @ L,) Gop(A) AL A2, AT @ I,

Now by and (5.9), we have U(1/\) A 1G(\) V(1/)) =

Im-1yn @ATPN) + (em @ I,) Gp(N) A1, A2, AT @ I,

I(m—l)n ‘ 0
AT A2, X @ Gy(A) | ATG(N)

I(m—l)n ‘ 0
[t =A% A MY e G0 | L
O,(A) == V(1/X), we have O,(AA'G(N)O,()) = In—1yn @ A™"G(A). Obviously, Oy(\)

and O, (A) are biproper rational matrices. This completes the proof. O

Hence by defining Oy()) :=

] U(1/)) and

The next result shows that pencils in IL; (G) having full Z-rank are Rosenbrock strong

linearizations of G(\).

L | vac

el ® B ‘ A—AE
(L(N\),v) € L1(P) with full Z-rank. Then there exist biproper rational matrices Oy(\)
and O.(\) such that

Theorem 5.3.8. Let T(\) := € Ly(GQ) with v # 0, where

](m—l)n

OMAIG(N)O, () = [ 0 ] , (5.10)

0 [Amam)

where G(\) := L\ + (v@ C)(AE — A)~ (el @ B) is the transfer function of T()\). Thus

T(A) is a Rosenbrock strong linearization of G(\).
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Proof. Let M € C™*™ be a nonsingular matrix such that Mv = e;. Then E()\) =
(M ® I,)L(\) € L£,(P) with right ansatz vector e; and having full Z-rank. Thus by
Lemma m, there exist biproper rational matrices @y()\) and O,(\) such that

OrMATGNO(N) = L1y & X G(N), (5.11)
where G(A\) = L(\) + (e1 ® C)(AE — A)"1(eL @ B) = L(\) + (e1 @ L) Gop(M) (€L & I,).
Now O,(MALNO,(A) = O,MNA M @ L)LA)O(A) = Oy M)A LA)O ( ),

where Oy(A) := O;(\)(M ® 1,) and O, () := O,(\). Since M ® I, is nonsingular, O,()\)

and O,(\) are biproper rational matrices. Similarly, we have

Oi(N)(e1 ® 1,)Gp(N) (el @ 1,)O,(N) = Op(N)(Mv ® C)(AE — A)~ el @ B)O,())
= O/NM @ IL,)(v® C)AE — A) (L @ B)O.(N)
= O\ (v®C)\E — A)"L(el @ B)O,()).

Hence by we have Og(A)ATIG(N) O, () = [in_1yn ® A"G(N).

By (5.10) and Theorem T(A) is a Rosenbrock strong linearization of G(\).
This completes the proof. n

Now we show that pencils in Ly(G) having full Z-rank are Rosenbrock strong lin-

carizations of G(\).

L) |en®C

w! @ B ‘ A—\E
(L(X\),w) € Ly(P) with full Z-rank. Then there exist biproper rational matrices Oy(\)
and O,(\) such that

Theorem 5.3.9. Let T()\) := € Ly(G) with w # 0, where

I(m—l)n 0
0 |Amem

O MX TGN O, () = { , (5.12)

where G(X\) :== L(\) + (e, @ C)(ANE — A)"H(w” ® B) is the transfer function of T()).
Thus T(\) is a Rosenbrock strong linearization of G(\).

LV | we BT
el @ CT \ Y
LN € £,(PT) having full Z-rank with w as the right ansatz vector [46]. Thus

Proof. We have T(\)T = . Since L(A) € Ly(P), we have

T(A\)T € Li(GT). Hence by Theorem [5.3.8] there exist biproper rational matrices
Oy(A) and O, (A ( ) such that Oy AMA'GNO,(N) = Iim-1ym ® A-"G(A)T, where G(\) =
LT + (w® BT)(AET — AT)"1(el @ CT) is the transfer function of T(A)”. Now by
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taking transpose, we have @T()\)T)Fl@()\)T@g()\)T = I(m—1)yn ® A7"G(N) and @(A)T =
L) + (em ® C)(AE — A~ (w” @ B) = G()). Thus by defining Oy(\) := O,(A)7 and
O,(\) := Oy(\)T we obtain (5.12).

Finally, by and Theorem [5.3.5 we conclude that T()) is a Rosenbrock strong
linearization of G(X). This completes the proof. O

It is shown in [46], 25] that almost all pencils in £;(P) and Lo(P) have full Z-
rank. Consequently, almost all pencils in L;(G) and Ly(G) are Rosenbrock strong
linearizations of G(A) and S(A).

5.4 Symmetric linearization

We now describe a construction of a symmetric (resp., Hermitian) linearization of G(\)
and S(A) when G()\) and S(\) are symmetric (resp., Hermitian). We define the adjoints
of S(A) by

roy| B

S*(\) =
Y,

and P*(\) =Y

J=0

N A

for all A € C. Thus S()\) is Hermitian if S*(\) = S(A) for A € C. Similarly, S(\) is
symmetric if S(A\)T = S(A\) for A € C. We say that the realization of G()\) in (5.5) is
Hermitian (resp., symmetric) when S(A) is Hermitian (resp., symmetric).

Let H := (#;;) be a block k x ¢ matrix, where each block H;; is a p X ¢ matrix.
Recall that the block transpose of H is the block ¢ x k matrix H5 given by (H?);; = H,;i.

A block matrix H is said to be block-symmetric provided that HZ = H, see [37].
The double ansatz space DL(P) := Ly(P) N Ly(P) consists of block-symmetric

pencils. More precisely, if L(A) € DL(P) with right ansatz vector v and left ansatz
vector w then v = w and L(\) is block-symmetric. In particular, DL(P) contains
symmetric (resp., Hermitian) linearizations of P(A) when P()\) is symmetric (resp.,
Hermitian) and regular, see [37, [46].

We define the block-transpose of a system matrix as follows.

. A ‘ u® X _
Definition 5.4.1. Let A := € Clmntn)x(mntr) “ywhere A = [Ay] is
@Y ‘ A
m X m block matriz with A;; € C" u,v € C", X € C™")Y € C™" and Z € C™".
AB ‘ v X

Define the block transpose of A by A® :=
W'Y ‘ Z
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Observe that A is block-symmetric if and only if A is block-symmetric and v = v.
Now consider the set of double ansatz pencils DL(G) = L;(G) N La(G). We write
(Te(N),v) € Lg(G) to mean that Ti(N) := Ag(Lr(N),vg) for £ = 1,2. Let (T(\),v) €
L,(G) be given by

L(\) ‘ v C
e%@B‘A—)\E

T(\) = , where (L(\),v) € L1(P).

Then it is easily seen that (T()\),v) € Li(G) < (T(\)P,v) € Ly(G) whenever L(\) €
DL(P). Consequently, we have (T(M\),v) € DL(G) < (L(A\),v) € DL(P) and v = e,.
Since an ansatz vector v uniquely determines [46] a pencil in DL(P), we conclude that

DL(G) consist of a single pencil (T(\), e,,) given by

L |en®C

T(\) =
eﬁ@B‘A—AE

, where (L()),e,) € DL(P).

We refer to T(A) € DL(G) as a double ansatz pencil of G(A) as well as of S(\).

For a nonzero vector v = [vy,va, ..., U,]T € C™, the scalar polynomial
p(z;v) = v 2™+ 0™ 2 4 o U1 T F Uy

is referred to as the v-polynomial of the vector v. The convention is that p(x;v) has a

root at oo whenever v; = 0, see [40].

Theorem 5.4.2 (Eigenvalue Exclusion Theorem, [46]). Suppose that P(\) is a regular
matriz polynomial and L(X) € DL(P) with ansatz vector v. Then L(\) is a linearization
for P(\) if and only if no root of the v-polynomial p(z;v) is an eigenvalue of P(\).

It is shown in [25 Theorem 6.1] that none of the pencils in DL(P) is a linearization of
P(\) when P()) is singular and m > 2. Therefore, for a double ansatz pencil in DL(G)
to be a Rosenbrock strong linearization of G()), the polynomial P(\) must necessarily

be regular. In fact, we have the following result.

Theorem 5.4.3 (Structured linearization). Consider the system matriz S(\) with P(\) =
Z;n:o N A; and m > 1. Then the double ansatz pencil

_ A - [ _A,, T
AL A
T(A) == A +
: Ay —Apy e —Ag
Ap Ap—1 -+ Ay Aol C
L ] I B|A |
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is block-symmetric with ansatz vector e,,. Further, T(X) is symmetric (resp., Hermitian)
according as S(\) is symmetric (resp., Hermitian).

The pencil T(N) is a Rosenbrock strong linearization of G(\) if and only if A, is
nonsingular. Equivalently, T(X\) is a Rosenbrock strong linearization of G(\) if and only
if T(N\) is regular.

LX) ‘ em ®C
el ® B ‘ A—\E
symmetric pencil with ansatz vector e, see [37]. Obviously T(\) is block-symmetric
and T(\) € DL(G). Further, T()\) is symmetric (resp., Hermitian) according as S(\) is
symmetric (resp., Hermitian).

Suppose that T()A) is a Rosenbrock strong linearization of G(\). Then there exist

Proof. Note that T(\) = , where L(\) € DL(P) is the block-

mn X mn unimodular matrix polynomials U(\) and V'(\) such that
diag(U(N), L)T(\)diag(V(N), 1) = diag(In 1y, S(V)-

Hence it follows that L()) is a linearization of P(\). Since L(\) € DL(P) and none
of the pencils in DL(P) is a linearization when P()) is singular [25, Theorem 6.1], the
polynomial P(\) must be regular. Now, since p(z;e,,) has a root at oo and L(\) €
DL(P) with ansatz vector e,,, by Theorem we conclude that P(\) does not have
an eigenvalue at oo. This implies that A,, is nonsingular. Conversely, suppose that
A, is nonsingular. Then P(]) is regular and does not have an eigenvalue at co. Since
L()\) € DL(P) with ansatz vector e,,, by Theorem [5.4.2] L()) is a linearization of P()).
Consequently, by Corollary [5.3.6, T()) is a Rosenbrock linearization of S(\). Hence by

Theorem T()) is a Rosenbrock strong linearization of G(\).
Next, observe that if A, is singular then T(\) is a singular pencil. Hence if T()\) is

regular then A, is nonsingular. On the other hand, if A,, is nonsingular then L(\) is
regular. Since C'(A — AE)™!B is strictly proper, it is easily seen that det(T()\)) # 0 for
some A € C. This shows that T(\) is regular if and only if A,, is nonsingular. O

Notice that DL(G) does not contain a linearization of G(\) when G(A) is singular. By
contrast, Fiedler and generalized Fiedler pencils of G(\) (regular or singular) constructed
in [2, 4, § are shown to be Rosenbrock linearizations of S(A). However, Fiedler and
generalized Fiedler pencils cannot guarantee a structure-preserving linearization of G(\)
when G()\) is structured. Indeed, unlike in the case of a symmetric matrix polynomial [6],
15], a symmetric G(\) does not have a symmetric generalized Fiedler pencil when deg(P)

is even, see [4]. For example, the symmetric eigenproblem
k

1
i=1 !
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which arises in the study of damped vibration of a structure [55], does not have a
symmetric generalized Fiedler pencil [4], where L; is an n x r; full column rank matrix for
i=1,... K Set C:= [ Ly Ly - L } and E = diag(=biI,,, —bsl,,, ..., —bpl,,).

Then we have a minimal symmetric realization of G(\) given by [55]
G(A\) = N Ay + Ag+ CAE - 1)'CT.

The symmetric eigenproblem (5.13]) can now be rewritten as a symmetric generalized

eigenvalue problem [55]

A2 —A2 AL
HMu:= | A| Ay + Ay | C x| =0,
-F ct |1 y

where y := (A\E — I)7'C%z. Note that H()\) € DL(G) with the ansatz vector e;. Hence
by Theorem [5.4.3] H()) is a Rosenbrock strong linearization of G(\) <= A, is
nonsingular <= H(\) is regular. We mention that the symmetric pencil H()\) is not
a generalized Fiedler pencil of G(A).

5.5 Recovery of minimal bases and minimal indices

We now describe the recovery of minimal bases and minimal indices of S(\) and G(\)

from those of a Rosenbrock strong linearization T(\) when T(A) € L;(G),i =1, 2.
The following result shows that the degree of a vector polynomial in the null space

of a system matrix (in particular, S(\)) is determined by the first n components of the

vector polynomial.

x| X |
Theorem 5.5.1. Let X(\) := be an (n+r) x (n+r) system matriz,
Xo ‘ A—\E
‘ . ‘ u1(A)
where E- € C™" is a nonsingular matriz. Let u(\) = be a nonzero vector
uz(A)

polynomial, where ui(X) € C[A]" and ua(X) € C[A]". Then we have the following.

(a) Ifu(\) € N,.(X), then deg(u(N)) = deg(uy(N)). Moreover, deg(ug(N)) < deg(uyi(N))
when deg(u(X)) > 1, and ug(A) = 0 when deg(u(N)) = 0.

(b) Ifu(N) € Ni(X), then deg(u(N)) = deg(ui(N)). Moreover, deg(us(N)) < deg(ui (X))
when deg(u(X)) > 1, and ug(A) = 0 when deg(u(N)) = 0.
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x| xe | [wo
X [A-AE | | w()

Proof. (a) We have X'(A\)u(\) =0 = = 0 which shows

that

Let d := deg(u(\)). Now suppose that d > 1 and deg(u;(A)) < deg(ua(N)). Then

t
u(A) = Y LAY+ lower order terms,

123

where t; € C" and t € C" are constant vectors and ¢, # 0. Now by (5.14)), we have
[ Xo | (A= AE) |u(A) =0 (5.15)

Extracting the coefficient of the highest degree (i.e., degree d 4+ 1) term from the left
hand side of ([5.15), we see that —Ets = 0. Since E is nonsingular, we have t; = 0,
which is a contradiction. Hence we must have deg(ug(A)) < deg(ui(A)).

u
Next, suppose that d = 0. Then u(\) = — | e N,.(X) is a constant vector, where
Uo

X()\) ‘ X192 Uy
X21 ‘ A—-)\E U2
gives X (A\)ug + Xyoug = 0 and Xojug + (A — AE)ug = 0 for all A € C. This shows that
(Xo1u1 + Aug) — AEuy = 0 for all A € C. Consequently, we have Euy = 0 = us = 0 and

that deg(u(\)) = deg(ui(A)).
(b) Since N (X) = N,(XT), the desired results follow from (a). O

u; € C" and uy € C". Then X(N)u(A) = 0 = = 0 which

The next result analyzes isomorphisms between null spaces of S(\) and its lineariza-
tions and the condition under which these isomorphisms map minimal bases to minimal

bases.

Theorem 5.5.2. Let T(X) be an (mn + 1) X (mn + ) matriz pencil such that

an vool 1 [ fn
I I S0

, (5.16)

where U(X) and V() are mn X mn unimodular matriz polynomials.
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(a) The maps

. [ (M) ]
() 1 No(S) — Ni(T), —

V) (em ®2(3) ]

y(A) y(A)
FS) NAT) s A(s), | M| | (e @ VI
v(A) v(N)

are linear isomorphisms and map vector polynomials to vector polynomials, where z(\) €
C[A]™, u(A) € CIAJ™ and y(X\),v(X) € C[A]".

(b) Let k a nonnegative integer. Then deg (£(S)z (X)) = deg(z(\))+k for all nonzero
z(X) € No(S) NCIN™" if and only if deg (F(S)y(N)) = deg(y(N)) — k for all nonzero
y(A) € N.(T) N CIN™*". In particular, E(S) is degree preserving (i.e., k = 0) if and
only if F(S) is degree preserving.

(¢) Suppose that deg (£(S)z(X)) = deg(z(\)) + k for all nonzero x(X) € N.(S) N
C[A]"™". Then E(S) maps a minimal basis of N,.(S) to a minimal basis of N,.(T) and
F(S) maps a minimal basis of Ni.(T) to a minimal basis of N,.(S). Furthermore, if
g1 < --- < g, are the right minimal indices of T(X) then e, — k < --- < ¢, — k are the

right minimal indices of S(\).

Proof. (a) Clearly we have F(S)E(S) = I,+,. Now, suppose that
y(A)

em ® x(A)
= 0. By (5.16) we have
|

I(m—l)n

Then S EQ ] .
en S(\) >
y(A)

A
U ] ) [ e | ]
I, I,

SO
em @ x(N)
y(A)

:| = 0 which gives

T(A)

V(A (em ® z(N)) = 0= TVES) =) = 0.
y(A) v

This shows that £(S) : N.(S) — N,(T) is well-defined. Let u(\) € N,.(S). Then
ES)u(N) = 0 = F(S)ES)u(A) = 0 = u(A) = 0. Hence E(S) : N,(S) = N.(T) is

one-one.
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. [wm] [wm] |
ext, suppose that N,(T). Then T(N) = 0 gives
z(A) z(A)
v e vt e ]
I, S s
_ | e vt ] fen ]
S L] =0
L s | (e @ WVNTR®) | e ms) | P |
z(A) z(A)
This shows that F(S) : N.(T) — N,.(S) is well-defined. Now, let |: w(()\)) e N,(T)
Z(A
and F(S) wi) ] = 0. Then we have [V(A)l ‘ [w()\)} - |:V()\)1w()\)] -
() 5] [20 ()
u(A) u(A) -
(el @ LYV (N w\) | = wA) || = [u()\) , for some u(\) € C[\](m—bn,
. F(S) 0
Z(A) z(A)
On the other hand, T(Y) [~ | — g g
n the other hand, T()) = 0 gives
z(A)

Hence [V(A)l ] |:w()\)] =0 = [w()\)] = 0. This shows that F(S) :
[7“

N, (T) = N,(S) is one-one.

Since £(S) : N.(S) — N,(T) is one-one and F(S) : N.(T) — N,.(S) is one-one, we
have dim N,(S) < dim N,(T) and dim N,(T) < dim N, (S). Therefore dim N,.(T) =
dim N,.(S). Hence £(S) : N,.(S) — N,(T) is an isomorphism and F(S) : N,.(T) — N,.(S)

is an isomorphism. Since V(A) is unimodular, £(S) and F(S) map vector polynomials

to vector polynomials.

TH-2055_136123004



140 Chapter 5. Affine Spaces of Strong Linearizations for Rational Matrices

(b) Suppose that deg(£(S)z(X)) = deg(z(\)) + k for all nonzero vector polyno-
mial z(A\) € N,(S). Let y(A) € N,.(T) be a vector polynomial. Since £(S) is an iso-
morphism, we have y( ) = &£(8)z()\) for some vector polynomial z(\) € N,(S). So
deg(y(N)) = deg (£(S)z(N)) = deg(z(N)) + k. We have F(S)y(A) = F(S)E(S)z(N) =

z(A) = deg (F(S)y(A )) deg(z(\)). Hence deg (F(S)y(\)) = deg(y(\)) — k. On the

deg (F(S)y(A)) = deg(y(\)) — k for all vector polynomial

y(A) € N, (T). Let x(\) € N,.(S) be a nonzero vector polynomial. Then &(S)z(\) €

N (T) = deg (F(S)E(S)z(N)) = deg (E(S)z(N)) — k. But F(S)E(S)z(N) = z(A). So
deg (£(S)z(N)) = deg(x())) + k. This proves (b).

(c) Let B := (21()\), & .,zp()\)) be a right minimal basis of S(A). Then by (a),
C := &£(S)(B) is a polynomial basis of N,(T). Since deg(E(S)zi(\)) = deg(z:;(N)) + k,
fori =1,2,...,p, we have Ord(C) = Ord(B) + pk. We claim that C is a minimal basis
of T(X). Indeed, let C be any polynomial basis of N,(T). Then by (a), B := F(S)C is a
polynomial basis of V;(S) and by (b), Ord(B) = Ord(C)—pk = Ord(C) = Ord(B)+pk >
Ord(B) + pk = Ord(C). This shows that C is a minimal basis. Similarly, F(S) maps
minimal bases of A,.(T) to minimal bases of NV,.(S). The relationship between the right

other hand, suppose that

minimal indices of S(A) and T(\) is now immediate. This completes the proof. O

The recovery of right minimal bases and right minimal indices of S(\) from those of
its linearizations in IL; (G) is given in the following result.
L | vec

L®B|A-AE
with v # 0 and L(\) having full Z-rank. Then the following results hold:

Theorem 5.5.3. Let T()\) := [ € Li(G), where (L(\),v) € L1(P)

I eI,
(a) Let |——| € NL(T)NCIN™" withz € CIN™ andy € CAI". Then [M]
Y )

€ N, (S) and deg (

(em ® L)z x .
e ) - deg( — ) — (m — 1). Further, the mapping

Y Y
x (en®L)r | .
Fi(S) : No(T) — N.(S), |—| — |———| s a linear isomorphism and
Y Y
maps a minimal basis of N,(T) to a minimal basis of Ny(S), where x € C[A™ and
y € C[\]". -
u A®u
(b) If |—| € N,.(S) then € N.(T), where u € C[\|" and w € C[\]".
w w
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u A®u
Furthermore, the mapping E1(S) : No.(S) — N, (T), |—| —

w w

1s a linear

isomorphism and maps a minimal basis of N,.(S) to a minimal basis of N,.(T), where
u € C[A]" and w € C[A]".
(c) If e1 < --- < ¢, are the right minimal indices of T(\) theneq — (m —1) <--- <

ep — (m — 1) are the right minimal indices of S(\).

Proof. By Theorem there exist unimodular matrix polynomials U(A) and V()

such that {U(A) }'I[‘(/\) V(N ] _ [I(ml)n
I, > ‘ S(\)

, VIV (en®1,) =A® 1,

x el @ I,)x el @ I,)V(\) 'z
and (el @L,)V(\) ! = el @I,,. Now Fi(S) || = ( ) = ( VY
Y Y )
T U A®u VN (e, ®u U
= F(S) |—| and E{(S) = = M =E&(S) |—|, where
y w w w w
u
E(S) and F(S) are given in Theorem [5.5.2} Finally, let z := |—| € N,.(S), where u €
w
C[A\]™ and w € C[A]". By Theorem |5.5.1|, we have deg(z) = deg(u) and deg (E(S)z) =
(m — 1) + deg(z). Hence the desired results follow from Theorem [5.5.2] O

The recovery of left minimal bases and left minimal indices of S(\) from those of its

linearizations in Ly(G) is given in the following result.

L(\) ‘ em ®C

w ® B ‘ A—-)\E
with w # 0 and_L(\) having full Z-rank. Then the following results hold:

Theorem 5.5.4. Let T(\) := € Ly(G), where (L(N),w) € Lo(P)

T , (el @ I,)x
(a) Let |—| € N(T)NCA"™ " with x € CIA|™ andy € C[\]". Then |———
Y Y
el @ I,)x x
e Ni(S) and deg( ¥ ) = deg( — ) — (m — 1). Further, the mapping
Y Y
x (el @ I,)x
N(T) — NI(S), |—| — |————| is a linear isomorphism and maps a
Y Y
minimal basis of Ni(T) to a minimal basis of Ni(S), where € C[A\]™™ and y € C[\]".
A®@u

(b) If o € N(S) then

v (%

€ Ni(T), where u € C[A]" and v € C[\]".
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u A®u
Furthermore, the mapping Ni(S) — Ni(T), |—| —
v v

18 a linear isomor-

phism and maps a minimal basis of Ni(S) to a minimal basis of Ni(T), where u € C[\]"
and w € C[\]".

(c) If m < --- <y, are the left minimal indices of T(X) thenmy — (m —1) <--- <
np, — (m — 1) are the left minimal indices of S(N).

Proof. Note that T(A\)? € L;(G") with right ansatz vector w. Since N;(S) = N,(ST)
and N(T) = N,(T7), the desired results follow from Theorem [5.5.3| O

Next we describe the recovery of right minimal bases and right minimal indices of
S(A) from those of its linearizations in Ly (G).

Theorem 5.5.5. Let T(\) be as in Theorem with left ansatz vector w.

x
(a) Let |—| € N,(T) N CIA™*" with x € C[A\|™ and y € C[\". Then we
Y
wl @ I,)x T
have g € N,(S) and deg ( ) = deg ( |[—| ). Further,
) Y Y
‘ 1 (W' @ In)z | . .
the mapping Fo(S) : No.(T) — No(S), |—| — |————| is a linear isomor-
Y Y
phism and maps a minimal basis of N.(T) to a minimal basis of N,.(S), where x € C[\|"™"
and y € C[\]".
(b) The right minimal indices of T(X) and S(X\) are the same, i.e., if e; < --- < g,
are the right minimal indices of T(X) then e < --- < g, are also the right minimal
indices of S(A).

(wf @ I)x

Proof. By Theorem there exist unimodular matrix polynomials U(X) and V())

U\ V(A Tm—1)n
snch that | T(\) 9 C ., 47 and (eZ®L,)V(\)~! =
I I S0
w” ® I,,. Consequently, we have Fy(S) = F(S), where F(S) is defined in Theorem [5.5.2}
A
We now show that Fo(S) is degree preserving. Let v € N,(T) be a nonzero
2(A)

y(A) )

vector polynomial. We show that deg <
z(A)

Since € N,(T) and T()) is a Rosenbrock system matrix, by Theorem [5.5.1} we

z(A)
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have deg < @ ) = deg(y())) and deg(z(X)) < deg(y(A)). Again, since
z(A)

€ N,(S) and S()) is a system matrix, by Theorem [5.5.1]

(w” @ myw]
z(A)

e [ (" @ L)y(N)

] ) = deg((w” ® L)y(V)
z(A)

and deg(z()\)) < deg((w” ® I,,)y(\)). Hence the problem boils down to showing that
deg((w? @ I,)y(\)) = deg(y()\)). Let K € C™™ be a nonsingular matrix such that

w? K = el'. Now observe that

(wh @ I,)y(\) _ (wf' @ L) (K ® L) (K '@ I,)y(\)
z(A) z(A)

z2(A) z(A)

(7 ® L) (K~ @ L)y(\) } ! (e7 ® L)T(N) }

(M)
where §(\) := (K~' ® L,)y()\). Let g(\) = : , where 7;(\) € C[A]". Then

Ym(A)

deg((ef ® L)H(A)) = deg(#1(N))-
On the other hand, since (K~! ® I,) is an invertible matrix, we have deg(y()\)) =

deg((K™' @ I,)y(N\)) = deg(y(A)). We claim that deg(y(\)) = deg(7;())). Obviously
deg(y1(N\)) < deg(y(A)). We now show that deg(y1(\)) < deg(y(N)) is impossible. Set
d := deg(y())) and suppose that deg(y1(\)) < deg(y(A)). Then we can write

0
y(\) = [ ] A+ lower order terms,
t

y(N)
z(\)

where t € C™ D" is a nonzero vector. Since deg( [

] ) = deg(y(V)) and

y(A)
2(A)

deg(z(A)) < deg(y(N)), we have deg ( [ ] > = deg(y(\)) and deg(z(A)) < deg(y(N)).
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0
y(\) g . y(A)
Thus = | t | M+ lower order terms. Since € N,.(T), we have
z(A) — z(A)
0
[ L) |enwc | [ Kol 78} A
(A) y(\) — () y(A) 0
W' ®B| AL Ll | =0 2(\)
LA (K ® 1) ‘ em ®@C y(\)
= =0.
(wf'®@B)(K®I,) |A—-\E z(A)
An | O Y| Z
A —| + — || em @ C y(\)
By Theorem [5.1.2, we have Je | B Ay | O =0,
z(A)
e] ® B ‘ A—-\E
where Z € Clm=Nnx(m=1n g nonsingular. Hence for all A € C, we have
| An | O Yiu | Z
A em Q@ C
[ Xo1 | =2 Ao | 0 ] { t | A+ lower order terms} =0
i ' B \ A-\E 0
% % e 0
= A + em ®C { t | A\ + lower order terms} =0.
i X21 ‘ -7 A() ‘ 0 W

0

Equating the coefficient of the highest degree (i.e. degree d + 1) terms, we have

0
Ay | 0 A, | 0 0 0
0 t =0 = — =) "= = 0.
Xgl —Z - Xgl —Z t —Zt
0

Since Z is nonsingular, we have ¢ = 0 which is a contradiction. Hence deg(yi(\)) =
deg(y(N)) = deg(y(X)) proving that Fy(S) is degree preserving. Now the desired results
in (a) and (b) follow from Theorem O

The recovery of left minimal bases and left minimal indices of S(\) from those of its

linearizations in IL; (G) is given in the following result.

Theorem 5.5.6. Let T()\) be as in Theorem with right ansatz vector v.

T
(a) Let |—| € N/(T) N CN™*" with x € C]A™ and y € C[\]". Then we
)
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v @ @) v @ I)x x
have ¥ € Ni(S) and deg ( ¥ ) =deg ( |—1| ). Further, the
Y Y Yy
x (W' ® I,)x
mapping Ni(T) — Ni(S), |—| — |————| is a linear isomorphism and
Y )
maps a minimal basis of Ni(T) to a minimal basis of Ni(S), where x € C[A\]™ and
y € C[\J".

(b) The left minimal indices of T(X) and S(\) are the same, i.e., if g < --- <,

are the left minimal indices of T(X) then ny < --- <mn, are also the left minimal indices

of S(A).
Proof. Note that T(\)T € Ly(GT) with left ansatz vector v. Since A;(S) = N,(ST) and
N(T) = N,(TT), the desired results follow from Theorem [5.5.5| O

The next result describes the recovery of left and right eigenvectors of a regular

system matrix S(A) from those of its linearizations.

mn

Corollary 5.5.7. Let X := be an (mn+1) X p matriz such that rank(X) = p,
Xy

where X,,n has mn rows and X, has r rows. Let (T(\),v) € Ly(G) and (H(\),w) €
Lo(G) be Rosenbrock strong linearization of G(\). Let u € C be an eigenvalue of S(N).
(a) If X is a basis of the right (resp., left) eigenspace of T(A) corresponding to p

el @ 1) Xmn VT @ 1) Xmn
then (€ ) (resp., ( ) ) is a basis of the right (resp., left)

X, X,
eigenspace of S(A) corresponding to p.
(b) If X is a basis of the right (resp., left) eigenspace of H(A) corresponding to p

(wT ® 1) Xmn (e% ® 1) Xonn . ; )
then (resp., ) is a basis of the right (resp., left)
X, X,

eigenspace of S(\) corresponding to yu.

We have described the recovery of eigenvectors, minimal bases and minimal indices
of S(A\) from those of the Rosenbrock strong linearizations from L;(G) U Ly(G). We
now describe the recovery of eigenvectors, minimal bases and minimal indices of G(\)
from those of S(\). This would complete the investigation on the recovery of eigenvec-
tors, minimal bases and minimal indices of G(\) from those of the Rosenbrock strong
linearizations from L, (G) U Ly (G).

Recall that an n x p matrix polynomial X ()\) is said to be a minimal basis if the
columns of X (\) form a minimal basis of the subspace of C(\)" spanned (over the field
C(A)) by the columns of X ().
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The next result describes the recovery of minimal bases and minimal indices of G(\)
from those of S(A). We mention that (b) and (c¢) in Theorem are proved in [60)]
Theorem 2] for a generalized state-space realization of G(\). For a state-space realization
of G(\) as in (5.5), these results are stated to be true but proofs are not provided. We
prove a result in Theorem [5.5.8(a), which is of independent interest, from which the

results in (b) and (c) follow.

Theorem 5.5.8. Let G(\) and S(X\) be as in and (5.6), respectively. Then we

have the following.
(a) Let x(\) € N;.(G) NCIA]™ and y(A\) € Mi(G) N C[\]™. Then

| (A

u()\) = W € N.(8) NCIA\]™" and deg(z(N)) = deg(u(N)),
| (AE = A)7'Bz())
| A

Vo) = /) € NH(S) NTIA™ and de(y(X)) = deg(v(A)
B ATy

(b) Let Z(N) = Znd) be a matriz polynomial, where Z,(\) has n rows and
()

Z.(N) has r rows. If Z(\) is a right (resp., left) minimal basis of S(\) then Z,(\) is
a right (resp., left) minimal basis of G(X). Conversely, if Z,(\) is a right (resp., left)
minimal basis of G(\) then Z(\) with Z.(\) := (A\E — A)"'BZ,()\) (resp., Z.(\) =
(AE — A)"TCTZ,(N)) is a right (resp., left) minimal basis of S(N).

(¢) The minimal (left as well as right) indices of G(\) are the same as the minimal
indices of S(N), that is, G(A\) and S(X) have the same minimal indices.

Proof. (a) We prove the result for u(\). The proof is similar for v(A). It is easy to see that
z(A)

(A\E — A)"1Bx()\)
We now show that u(A) € C[]A\]"*" and deg(z(\)) = deg(u(\)).

the linear map N,.(G) — N.(S), z(\) — |: ] is an isomorphism.

C
Since S(A) is irreducible, the pencil | —————| has full column rank for all A € C
A—-\E

and hence has a polynomial left inverse [ X(\) Y() } , where X(\) € C[\|"™*" and
Y () € C[A]"™*", see [40].
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Thus,

S [ P(A)‘ C z(X) _
u()) = XN Y(M] (AE — A)"'Bx()) -

A-AE
= | x(» Y(NB| I, | =) —0
(\E — A)'Ba())
= (X ()\)B)a:()\) + (AE — A)"'Ba(\) = 0.
Since (X(A)P()\) + Y(A)B) (\) € CIA], we have (\E — A)"'Bz()\) € C[\]" which

shows that u(\) € N,(S) N C[A]"™". Hence by Theorem [5.5.1] deg(u(\)) = deg(z())).
This proves (a). Now (b) and (c) follow from (a). O

Now the recovery of eigenvectors, minimal bases and minimal indices of G(\) from
those of the Rosenbrock strong linearizations from L, (G) U Ly(G) follow from Theo-
rem [5.5.3] Theorem [5.5.4] Theorem [5.5.5, Theorem and Theorem [5.5.8

Xmn(N)

Corollary 5.5.9. Let X (\) := be an (mn+r) X p matriz polynomial, where
X:(N)

Xmn(A) has mn rows and X,.(\) has r rows. Let (T(\),v) € Li(G) and (H(N),w) €
Lo(G) be Rosenbrock strong linearizations of G(\).

(a) If X (N) is a right (resp., left) minimal basis of T(N\) then (el @ I,) X,nn(\) (resp.,
(vT @ L) Xoun(N) ) is a right (resp., left) minimal basis of G(\).

(b) [fX( ) is a right (resp., left) minimal basis of H(X) then (w” @IL,) X, (N) (resp.,
(el @ I,) X ( )) is a right (resp., left) minimal basis of G()).

(c) If &1 < --- < g, are the right (resp., left) minimal indices of T(\) (resp., H(\))
then 1 — (m —1) < --- < g, — (m — 1) are the right (resp., left) minimal indices of
G(N). On the other hand, the left (resp., right) minimal indices of T(X) (resp., H(X))
and G(\) are the same.

X
where X, has mn rows and X, has r rows. Let (T(\),v) € Ly1(G) and (H(\),w) €

Lo(G) be Rosenbrock strong linearizations of G(X). Let p € C be an eigenvalue of G(\).
(a) If X is a basis of the right (resp., left) eigenspace of T(X) corresponding to u

Corollary 5.5.10. Let X := [ be an (mn+r) X p matrix such that rank(X) = p,

then (el @ L)X (resp., (VT & 1,)Xmn) is a basis of the right (resp., left) eigenspace
of G(\) corresponding to .
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(b) If X is a basis of the right (resp., left) eigenspace of H(X) corresponding to p
then (wT @ L)X (resp., (el @ 1,)X,un) is a basis of the right (resp., left) eigenspace
of G(X\) corresponding to p.

5.6 Linearizations via non-monomial polynomial bases

In this section we construct linearizations of S(\) and G(\) corresponding to a nonmono-
mial polynomial basis and describe the recovery of minimal bases and minimal indices
of S(A\) and G(A) from those of their linearizations. Although it is customary to con-
sider polynomials in standard monomial basis {1, ),..., A, ...}, there are applications
in which it is useful to consider other polynomial bases. Let {¢g()\), ¢1(N), ..., dm_1(N)}
be a basis for the space of scalar polynomials of degree at most m — 1. Define A :=
AEAm=20 N T and Ay = [do(N), 1(A), ..., dm_1(A)]T. Let @ be the unique
nonsingular constant matrix such that A = A,.

It is shown in [25] that the vector spaces L£1(P) and Ly(P) can be generalized by

replacing the monomial basis A by the basis A, as follows. Define

L(P)={L(): IN(Ae® L) =v® P(N), veCm},

L(P)={I0): (A& L)IK) = ® P(Y), weC},

where L()\) is an mn x mn matrix pencil. Here v is the right ansatz vector for L(\) €
L1 (P) and w is the left ansatz vector for L()\) € Ly(P). Note that if L(\) € £1(P) then
L(A) == L(\)(® ® I,,) € £1(P). In fact, it is easily seen that the map

L,(P) — L1(P), L(\) — L(\)(® ® I,,)

is a linear isomorphism [25]. N

This shows that the pencils in £,(P) and £,(P) are strictly equivalent. Hence a
pencil L(A) € L£1(P) is a linearization of P(A) if and only if the corresponding pencil
L(\) € L£1(P) is a lincarization of P(\). We define Li(G) and Ly(G) as follows:

z_u) [ vec :<Z<A>,v>e&<P)},
_efné[)l@B‘A—/\E

L(G) = {

L()) ‘ Al (LN, w) € 52(13)}'
W' ®B| A-AE
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Iy |eec _ _
€ Ly(Q), where (L(\),v) €
eld ' ® B ‘ A—\E

Theorem 5.6.1. Let if()\) =

€ Li(G). In fact, the map

€ Ly(G) and J maps it to T()) for all T(\) €

injective. Since T(\)
I,

L,(G), we conclude that J is onto. This completes the proof. ]

T ® I,

Analogously, the map J : Lo(G) = Lao(G), T(A) — [

T(\) is a linear

isomorphism.
Observe that T(A\) € Ly(G) is a Rosenbrock strong linearization of G(\) if and only

oI,

if T(A) := T(\)
Similarly, H(\) € L,(@) is a Rosenbrock strong linearization of G()) if and only if
T @ I,

I,
Hence minimal bases and minimal indices of S(A) and G(\) can be recovered from

pencils in Ly (G) ULy (G) as follows.

H(A) € Ly(G) is a Rosenbrock strong linearization of G(\).

T |vec
el o1 ®B‘A— A\E

€ Li(G), where (T(\),v) € L£1(P)

Theorem 5.6.2. Let ’i‘()\) = [

H()\) \quem ®C
w’ ® B‘ A—\E
€ Ly(G), where (H(N),w) € Lo(P) with w # 0 and H(N) having full Z-rank.

X (A
Let X(\) = ) be an (mn + r) X p matriz polynomial, where X,,,(\) has
X (M)

mn rows and X,.(\) has r rows.

with v # 0 and T()\) having full Z-rank. Also let ]ﬁI(A) =
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(el ®1 @ 1) Xn(N)

(a) If X(\) is a right (resp., left) minimal basis of T(\) then
X:(N)

(W ® L) Xmn(N) | | . . .
(resp., ) is a right (resp., left) minimal basis of S(\) and (el ®~' @
X (M)
L)X (A) (resp., (v @ L) Xmn(N\)) is a right (resp., left) minimal_basis of G(\).
(wh @ 1) Xpun (M)

(b) If X(N\) is a right (resp., left) minimal basis of H(\) then
X (A)

(@' ® L) X (N | | . . .
(resp., X0 ) is a right (resp., left) minimal basis of S(\) and (w? ®
L) Xmn(A) (resp., (eL® '@ I1,)X,nn(N)) is a right (resp., left) minimal basis of G(A).
(c) If e1 < --- < g, are the right (resp., left) minimal indices of T(N) (resp., H(X))
then ey — (m —1) < -+« < ¢, — (m — 1) are the right (resp., left) minimal indices of
S(\) and G()\). On the other hand, the left (resp., right) minimal indices of T(N) (resp.,
H(N) ), S(A) and G(N\) are the same.

oI,

Proof. 1t is easy to see that

/\/’l(]ﬁl) — N;(H) are degree preserving linear isomorphisms of vector polynomials and
that T(\) and H()) are Rosenbrock strong linearizations of S(A) and G()), where

~ d® I, o' ® I, ~
T(N) = T()N) € Li(G) and H()) := — | H(\) € Ly(G). Hence
S I,
the desired results follow from Theorem [5.5.3] Theorem [5.5.4) Theorem [5.5.5] Theo-
rem [5.5.6) and Theorem [5.5.8 O
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Recovery of Minimal Bases and Minimal Indices of

Rational Matrices from Fiedler-like Pencils

With a view to constructing linearizations of G()\), Fiedler-like pencils (such as Fiedler
pencils, generalized Fiedler pencils and Fiedler pencils with repetition) of a rational
matrix G(A) have been proposed recently which are shown to be linearizations of G/(\)
12,13, 4., 18], that is, Fiedler-like pencils satisfy condition (a) of Definition[5.2.2). We show
that the Fiedler-like pencils allow operation-free recovery of eigenvectors and minimal
bases of G(A), that is, eigenvectors and minimal bases of G(\) can be recovered from
those of the Fiedler-like pencils of G()) without performing any arithmetic operations.
Further, we show that the minimal indices of G()) can be easily recovered from those
of the Fiedler-like pencils of G()).

6.1 FPs of rational matrices

For the rest of this chapter, we assume that P(\) := "  N'A; with A,, # 0 and the
realization G(\) = P(A\)+C(AE—A)™' B of G()\) given by (5.5)) is minimal. The system

| Py © S0 -
matrix S(\) = associated with G/()\) is given by (|5.6]).
B ‘ A—)\E
Recall from Section that the Fiedler matrices MY?, i € {40, E1,...,£m}, asso-

ciated with P(\) are given by [6], [15] 61]:
I(mfifl)n
, M = fori=1:m-—1,
—Ap I, 0

Mé: — ](m—l)n

Iinn |
151
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[(mfifl)n

MP = , ME = fori=1:m—1,

Ity

MYy = (ME)~t and ML = (MP )~L.
The (mn + 1) x (mn + r) Fiedler matrices Mg, ..., Mg, associated with S(\) are
defined as [2, [4]:

S Mip 0 .
, MI? = i=1:m—1,
0 |1,

Mmr ‘ —en®C

I\\/JI‘OS =
—el ® B ‘ —A

) -m °

MS = (MS,)"! and MS, := (M$)™%, i = 0 : m — 1, where ME,..., ME  are the
Fiedler matrices associated with P(\). The matrices MY, i € {£0,41,...,+£m}, are

1)

also referred to as the Fiedler matrices of G(A).
Remark 6.1.1. [}/ We have MfM‘JS = M‘]SM‘ZS for ||i|—|7l| > 1, except for ||i|—|j|| = m.

Definition 6.1.2. For any indezr tuple o := (j1,72,---,Jk) containing indices from
{£0,£1,...,£m}, we define

M = MM, - M3, if a #0, and M, i= Lpnir if a = 0.
A Fiedler pencil of a rational matrix is defined as follows.

Definition 6.1.3 (Fiedler pencil, [2]). Let M§, MS,... MS | MS  be the Fiedler ma-
trices associated with G(X). Let o be a permutation of {0,1,...,m —1}. Then L,(\) :=
MM —MS is called a Fiedler pencil (FP) of G(\) associated with o. The pencil L,(\)

is also referred to as a Fiedler pencil of S(N).

We will prove in Chapter 7| that Fiedler pencils of G(\) are Rosenbrock strong
linearizations of G(\). We mention that the operation free recovery rule of eigenvectors
of S(A\) as well as G(\) from eigenvectors of the FPs of G()) are derived in [3]. We now
describe the recovery of minimal bases and minimal indices of G(A) from those of the
Fiedler pencils of G(A).

Remark 6.1.4. In view of Theorem[5.5.8, the investigation on the recovery of minimal
bases and minimal indices of G(X) from those of the Fiedler pencils of G(\) will complete
once we describe the recovery of minimal bases and minimal indices of S(\) from those

of the Fiedler pencils.
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The following definitions and results will be used in the subsequent development.

Definition 6.1.5 (Horner shift, [26]). Let P(\) = >_1" A A; be a matriz polynomial of
..,m, the degree k Horner shift of P()\) is defined as the matriz
polynomial given by Py(N) = Ak + AMp_gr1 + -+ + NeA,L.

degree m. Fork =0,1,.

Note that the Horner shifts satisfy the following: Py(\) = A, Per1(A) = APp(N) +
Apg-1, for 0 <k <m—1, and P, (\) = P()\).

Definition 6.1.6. [26] Let « be a permutation of {0, 1,.
inversion structure sequence of «, denoted by CISS(«v), is the tuple (c1, 11, 2, iz, .

where o has ¢y consecutive consecutions at 0,1, .

..,m—1}. Then the consecution-

-5 G, if);

..,c1 — 1; i1 consecutive inversions at

ci,c1+1,...,¢c14+1 —1 and so on, up to iy inversions at m — 1 —ip,...,m — 2.

Recalling the cosecutions and inversions of an index tuple a at any index ¢t € a;, we

have the following definition of CIP(«) when « is a permutation of {0 : m — 1}.

Definition 6.1.7. Let a be a permutation of {0 : m — 1}. Suppose that o has ¢y conse-

cutions at 0 and iy inversions at 0. Then we define CIP(a) := (co, ip).

Definition 6.1.8. [26] Let o be a permutation of {0,1,..

(Cl,il, .. - ,Cg,ig).

.,m — 1} having C1SS(0) =

(a) Define so =0, mg :=0, s; := Z;Zl(cp—i—ip), andm; = Zi;:l ip forj=1,2,... L.
Observe that, sy, = m — 1 and my = i(0).

(b) Define A, ;(P) forj=1,...,¢, and /A\ij(P) forj=1,....0—1, as follows:

N I,

A,
Iy

PH’L7SJ‘,17CJ'

Pm—s]-_l—Q

Pm—sj-,l—l

If ¢y =0, then define

and KUJ(P) ;

Na—1T,

A,
I

mesj;lfc]'

Pm—Sj_l—Q

_Pm—s]-,l—l i

Api(P) := N1, ... AL, LB, Apa(P) := N7, .. AL, 1L)°

~

and N, ;(P), Ay ;(P) as in for j > 1.
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We need the following result which will play a crucial role in the recovery of minimal

bases and minimal indices of G(\) from those of its Fiedler pencils.

Theorem 6.1.9. Let L,()\) := MMS,  — MS be the Fiedler pencil of S(\) associated

with a permutation o of {0,1,...,m—1}. Then there exist mn X mn unimodular matriz
polynomials U,(N\) and V,(X) such that for all A € C, we have
Uy(A Vo (A Lim—1yn
(A) L) () _ | -y ‘ (6.2)
I I SO

(a) Consider the map E,(P) : C(A)" — CN)™, z(\) — Vo (A)(em ® I,)z(N).
Then Eyev(o)(PT)z(X) = Uy (V) (em®Ly)x (). Suppose that CISS (o) = (cy, i1, . . ., o, ig).

Then we have

A1 A o(P)
A2, o (P)

E,(P) = : if 0> 1, (6.3)
XA, 5(P)
| AP
and E,(P) = Ay 1(P) if £ = 1, where A, ;(P) and /A\UJ-(P are as in Definition (b)
EC,(P) 0 Erev((f) (PT) 0
(b) Define E,(S) := and Hy(S) := . Then the
0 I, 0 I,

linear mappings E,(S) : N.(S) — N, (L,), [ZC(/\) — M} , and

y(\) y(A)
I()\) ] . [ Erev(0)<PT)x(/\)

y(A) y(A)
where x(X) € CN)™ and y(X) € C(N)". Also Hy(S) = Erep(o)(ST).
(¢) Suppose that CIP(c) = (cy,io). Define

Hy(S) = Mi(S) — Ni(L,), [

:| , are isomorphisms,

y(A)

=
>
1

)
3N
|

s

&
=
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where x(X) € C(A)™ and y(A) € C(A)". Also F,(S)E,(S) = I, = K, (S)H,(S) and
KU (8> = IF’!’C’U(O’) (ST)

Proof. The equality in is proved in ([2], Theorem 4.13) and the results in (a)
are proved in [26]. The results in (b) and (c) can be found in ([3], Theorem 3.3 and
Theorem 3.15); see also ([§], Theorem 3.2.7 and Theorem 3.2.8). We mention that the
recovery in part (c¢) uses CIP (o) := (co, i9) whereas Theorem 3.15 in [3] uses (1, 1) from
CISS(o). However, the recovery rules remain the same. Note that ¢; in CISS(o) denotes
the total number of consecutive consecutions at 0 and 7; denotes the total number

consecutive inversions at ¢;. Hence ¢; = ¢. ]
The following lemma will be useful in the subsequent developments.

Lemma 6.1.10. Let P;()\), for j = 0,1,...,m — 1, be the Horner shift of P(\) as

up (A
in Definition |6.1.5. Let u(\) := 1) € N, (S) be a nonzero vector polynomial,

Ug()\)
where u1(A) € CIA]" and uz(X) € CIA". If Pi(Nui(X) # 0 then deg (Pj(\)ui(N)) <
deg (u(A)) =1 for j=0,1,...,m— 1.

Proof. We have S(A)u(\) = 0 which gives P(A)ui(A) + Cuz(N) = 0 and Buy(\) + (A —
AE)uy(A) = 0. Now for 0 < j < m — 1, we have

N"IE (Vs () = X B (Nu(A) = (P (3) + Cuz (V)
= (W IB0) - PO))w(3) - Cua(y)
= (A" Ao 4 ML+ Ag)ur (V) — Cus(N).
Hence we have
deg (NI P (Nur (M) < max {(m = j — 1) + deg(u(A)), deg(Cus()))}
< max {(m —j ~ 1) +deg(ur(Y)), deg(us(N))}
< max {(m —j — 1)+ deg(u(A). deg(u()))}
= (m— j — 1) + deg(u())).

This shows that (m — j) + deg (Pj(A)ui(A\)) < (m — j — 1) + deg(u(\)) and hence
deg (Pj(A)ur(N)) < deg (u(N)) —1for j =0,1,...,m— 1. O
The next result establishes degree-shifting property of the maps E,(S) and H,(S)

given in Theorem which will play an important role in the recovery of minimal
indices of S(A).

TH-2055_136123004



156 Chapter 6. Recovery of Minimal Bases and Indices from Fiedler-like Pencils

Theorem 6.1.11. Let o be a permutation of {0,1,...,m — 1}. Let c¢(o) and i(o),
respectively, be the total number of consecutions and inversions of o. Let L,(\),E,(S)

and H,(S) be as in Theorem . Then we have the following.

(a) For every nonzero vector polynomial u(\) € N.(S), we have
deg (E,(S)u(\)) = i(0) + deg(u())) = deg ( [f @1, 0] IEU(S)U()\)>. (6.4)
(b) For every nonzero vector polynomial v(\) € Ni(S), we have

deg (H,(S)u(A)) = c(o) + degu(N). (6.5)

uy(A)
uz(A)
C[A]". Then by Theorem [5.5.1] deg(u())) = deg(ui())). Now since u()) is nonzero,
E,(S)u(X) # 0 and by Theorem [6.1.9) E,(S)u(X) € N(Ly). Since L,(}) is itself a
system matrix, by Theorem , we have deg(E,(S)u())) = deg((E,(P)ui(N))). Hence
to determine the degree of E,(S)u(\), we have to find the degree of E,(P)ui(\).
In view of , there are only two different types of blocks in E,(P).

Proof. (a) Let u(\) := € N,(S) be nonzero, where u;(\) € C[A\]™ and uz(\) €

Type-I: API with 0 < p < i(0), which results in Au;(\) blocks in E,(P)ui(A). The
maximum degree among all blocks of this type in E,(P)ui(A) is i(0) + deg(ui(N\)) =
deg (] @ L) By(P)us()).

Type-1I: X P;(A) with 0 < ¢ < my_; < i(o). Blocks of the form AP;(A)uy(\) are
either 0 or by Lemma |6.1.10| we have

deg(NP;(Nur(N)) < i(o) + deg(ui(A) — 1 < i(o) + deg(ui(N)).

Thus deg (E,(S)u(X)) = i(0) + deg(u(N)) = deg ([e{ ®1,| 0] EU(S)u()\)>.

(b) For simplicity of notation, we write L, (S) and Lyey(»)(ST) to denote the Fiedler
pencil of S()\) and ST (\) associated with the permutation o and rev(o), respectively. Let

(s
o) € N(S). We have AL(S) = AL(sT) %) /\/( rer0)(87)) = Ni((Leaior(87) )
= N (Lo (8)), where E,cy(o)(ST) is as in Theorem Slnce H,(S) = Erw(g) (8T), by
part (a), we have deg (H,(S)v()\)) = i(rev(o)) + deg( (A) = c(o) + deg(v(N)). O
Remark 6.1.12. By Theorem we have deg (Eo(S)z(\)) = deg(z(N)) + i(o)
for all nonzero vector polynomial ©(\) € N,.(S). Now, let y(A) € N, (L,) be a vector
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polynomial. Since E,(S) is an isomorphism, we have y(A) = E,(S)z(\) for some vec-
tor polynomial z(A) € N,(S). So deg(y())) = deg (E,(S)z(N)) = deg(z(\)) + i(0).
Now F,(S)y(A) = F,(S)E,(S)z(A) = 2(\) = deg (F,(S)y(N)) = deg(z(\)). Thus
deg (Fo(S)y(N)) = deg(y(X)) — (o) for all nonzero vector polynomial y(\) € N, (Ly).

We are now ready to describe the recovery of minimal bases and minimal indices of
S(A) from those of the Fiedler pencils of S(A).

Theorem 6.1.13. Let L, () be the Fiedler pencil of S(\) associated with a permutation
o of {0,1,...,m — 1}. Suppose that CIP(c) = (cg,ip). Let c(o) and i(c), respectively,
be the total number of consecutions and inversions of o. Let Fy(S) and K,(S) be as in

Theorem [6.1.9.

(a) Right minimal bases. F,(S) : N,(L,) = N,(S), [u()\)l N |:(€£co ®In)u()\)] |

v(A) v(A)

is a linear isomorphism and maps a minimal basis of N,(IL,) to a minimal basis of
N:(8), where u(X) € CN)™ and v(X) € C(A)". Thus, if (wi(N),...,wy(N)) is a right
minimal basis of Ly(\) then (Fo(S)wi(N), ..., Fo(S)wy(N)) is a right minimal basis of
S(A).

(b) If e, < --- < ¢, are the right minimal indices of L,(X\) then e1—i(0) < -+ < g,—i(0)

are the right minimal indices of S(X).

v(A) v(A)

is a linear isomorphism and maps a minimal basis of Ni(L,) to a minimal basis of
Ni(S), where u(X) € C(\)™ and v(X) € C(A)". Thus, if (wi(N),...,wy(N)) is a left
minimal basis of Ly(X) then (K, (S)wi(N), ..., Ko(S)wy(N)) is a left minimal basis of
S(A).

(d) If ;y < --- <, are the left minimal indices of L,(\) thenn —c(o) < --- < n,—c(0)

are the left minimal indices of S(X).

(¢) Left minimal bases. K,(S) : M(L,) — Ni(S), [u(A)] y [(eﬁm ®In)u()\)} |

Proof. By Theorem [6.1.9] the map Fy(S) : N, (Ly) — N;(S) is an isomorphism. Now
we show that [F,(S) maps a right minimal basis of L, (\) to a right minimal basis of S(\).
Let B := (wl()\), e ,wp()\)) be a right minimal basis of L,(\) and set C := F,(S)(B).
Let C be given by C = (xl()\), . ,xp()\)). Then C is a basis of NV,.(S) and by Remark
We have deg(F,(S)w;(A)) = deg(w;(A\)) —i(c), j =1:p. So Ord(C) = Ord(B) —
pi(0). We claim that C is a minimal basis of N,(S). Indeed, let C := (yl()\), . ,yp()\)>
be any polynomial basis of ,(S). Then B := E,(S)(C) is a polynomial basis of NV, (L).
Since deg(E,(S)y;(A)) = deg(y;(A))+i(0), j =1: p, we have Ord(B) = Ord(C)+pi(0)
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which implies Ord(C) = Ord(B) — pi(c) > Ord(B) — pi(o) = Ord(C). Hence C is a
minimal basis of N, (S). This proves (a).

By part (a), we have that C is a right minimal basis of S(A) and deg(z;()\)) =
deg(Fy(S)w;(N)) = deg(w;(A)) —i(o) for j =1: p. This shows that if e; < -+ < ¢, are
the right minimal indices of L, () then €; —i(0) < --- < g, —i(0) are the right minimal
indices of S(\). This proves (b).

The results for left minimal bases and left minimal indices, respectively, follow from
right minimal bases and right minimal indices in view of the following facts. First,
() € M(L,) <= x()) € N(LL). Second, (M$)"’s are Fiedler matrices of S(A).
Third, if L,(\) is the Fiedler pencil of S(\) associated with a permutation o then
L,(A)T is the Fiedler pencil of S(A\)T associated with the permutation rev(c). Fourth,
CIP(0) = (co,i0) <= CIP(rev(o)) = (ig, ). Fifth, we have i(c) = ¢(rev(o)). This
completes the proof. O

As a consequence of Theorem [6.1.13| and Theorem we have the following result.
Theorem 6.1.14. Let L, () be a Fiedler pencil of S(X) associated with a permutation o

of {0,1,...,m—1}. Let c(0) and i(o), respectively, be the total number of consecutions
and inversions of a. Suppose that CIP(a) = (cg,ip). Let w;(\) := ) € C[A]™+r
vi(A)

where u;(\) € CIA™ and v;(\) € C[A]" fori=1:p.

(a) Right minimal bases. If (wi()),...,w,()) is a right minimal basis of L,()\)
then ((e%_co®]n)u1(/\), . (e%_m@]n)up()\)) is a right minimal basis of G(\). Further,
if e1 < -+ < g, are the right minimal indices of Ly(\) then ey —i(o) < --- < g, —i(0)
are the right minimal indices of G(X).

(b) Left minimal bases. If (wi(N),...,wy(N)) is a left minimal basis of Ly ()
then ((e%ﬂ-0 @ In)ur(A), ..., (el _s, ®In)up(>\)) is a left minimal basis of G(\). Further,
if m < --- <, are the left minimal indices of Ly(X) then n — c(o) < --- <, — c(0)

are the left minimal indices of G(\).

6.2 GFPs of rational matrices

Generalized Fiedler pencils (GFPs) of G(\) are defined and studied in [4, 8]. We men-
tion that the operation free recovery rule of eigenvectors of S(A) as well as G(A) from
eigenvectors of the GFPs of G(\) are derived in [4]. In this section, we describe the
recovery of minimal bases and minimal indices of G()) from those of the GFPs of G(\).
There are two types of GFPs, namely, proper generalized Fiedler (PGF) pencils and
non-proper generalized Fiedler (NPGF) pencils [4]. Consider the Fiedler matrices ML,
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and M¢, for i = 0 : m, associated with P(\) and G()), respectively, as given in Section
6. 1]
A permutation w := (wg,w;) of {0,1,...,m} is said to be proper if 0 € wy and

m € wy, otherwise w is said to be non-proper.

Definition 6.2.1 (PGF pencil, [4]). Let w := (wo,w1) be a permutation of {0,1,... ,m}.
Define T,(\) := )\IMI‘EW1 — Mfo. If w is a proper permutation, then T,(\) is called a
proper generalized Fiedler (PGF) pencil of G(A) (or PGF pencil of S(X)) associated with
w. Otherwise T, (\) is called a non-proper generalized Fiedler (NPGF') pencil of G())
(or NPGF pencil of S(\)) associated with w. Moreover, T, (\) is said to be a Type-1
NPGF pencil of G(X) if 0 € wy and m € wy.

Remark 6.2.2. Note that (M®, )=t does not exist when S(\) is singular and hence in
such a case Type-I NPGF pencil is not defined. Also, since computation of (M$)~ would

involve a substantial amount of work, for simplicity, we consider only PGF pencils of

GON).

Let T,(\) := AM®, — M be the PGF pencil of G(\) associated with a per-
mutation w := (wg,w;) of {0 : m}. Let wy be given by w; := (01, m,09). Set 0 =
(rev(oy),wp, rev(oz)). Then o is a permutation of {0 : m —1}. Consider the Fiedler pen-
cil L, (A) := AM®, —MS of G()\) associated with 0. Then L, ()\) = Mfw(al)'ﬂ‘w(}\)Mfw(@),
where Mfev(al) and M‘fw(@) are nonsingular. This implies that any PGF pencil is strictly
equivalent to a Fiedler pencil. Hence the left (resp., right) minimal indices of T, (\) and
the left (resp., right) minimal indices of L,()) are the same. Moreover, any PGF pencil
T, () is strictly equivalent to a Fiedler pencil that preserves the consecution of wy at 0

(see Theorem [6.2.3)) except for the following particular case:
T5(/\) = )‘M‘Eme(m—l) T M§(60+1) = Mng T Mfo - AM§51 - Mi)’ (66)
where ¢y € {0,1,...,m —2}. In the permutation § := (dg, d1) is defined by
9o :=(0,1,...,¢0) and 6y := (m,m —1,...,¢co+ 1). (6.7)

Theorem 6.2.3. [J] Let T,,(\) := AM®, — M be the PGF pencil of G()\) associated
with a permutation w = (wo,w;) of {0,1,...,m}. Suppose that CIP(wy) = (co,i0) and
wy # (mym —1,...,¢o+1). Let wy be given by wy = (o1, m,09). If co +1 € wy U oy
then define & = rev(oy) and & := rev(os). On the other hand, if co + 1 € oy and o9

has p consecutive inversions at co+ 1 then set 7 := (co+p+1,¢c0+p,...,co+1). Then
Mfz = M‘(STMZ) for some sub-permutation To. Define & := rev(oy, 1) and & := rev(m).

Then & and & are sub-permutations of {1,2,...,m — 1} such that the following hold.
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(a) co ¢ & and co+1 ¢ &.

(b) o := (&1, wo, &) is a permutation of {0,1,...,m — 1} and has ¢y consecutions at

0, that is, o and wy have the same number of consecutions at 0.

(¢c) The Fiedler pencil Ly()\) := AMS = — MS$ of G(\) associated with o is such that
Lo(A) = Mg T,(A)Mg, and that M = diag(M{, 1,),i = 1,2, are nonsingular.

Now we describe the recovery of minimal bases and minimal indices of S(\) from
those of the PGF pencils of S(\).

Theorem 6.2.4. Let T, () := AMS, — M$  be the PGF pencil of S(\) associated
with a proper permutation w = (wo,w1) of {0,1,...,m}. Suppose that CIP(wy) =
(co,ip). Let wy be given by wy := (0o1,m,09). Let iy = i(rev(oy),wo, rev(os)) and
cr = c(rev(oy),wp, rev(os)), respectively, be the total number of inversions and con-
secutions of the permutation (rev(oy),wo, rev(os)) of {0:m — 1}.

(I) Right minimal bases and right minimal indices.

(a) Fr“(S) : No.(T,) — N.(S), @ — (Emco & LJulX) , s a linear iso-
v(A) v(A)

morphism and maps a minimal basis of N.(Ty,) to a minimal basis of N;.(S), where
u(X) € CA)™ and v(X) € CA)". Thus, if (wi(N), ..., wy(N)) is a right minimal basis
of Ty(A) then (F2(S)wi(A), ..., Fi(S)wy(N)) is a right minimal basis of S(\).

(b) If e1 < --- < g, are the right minimal indices of To,(\) then e —ir < --- < g,—ir
are the right minimal indices of S(X).
(IT) Left minimal bases and left minimal indices.

(¢) Ki(S) = M(Ty,) — N(S), @ — (En iy @ Ln)uld) , s a linear iso-
v(A) v(A)

morphism and maps a minimal basis of Ni(Ty,) to a minimal basis of Ni(S), where
u(X) € CN)™ and v(X) € C(N)". Thus, if (wi(X), ..., wy(X)) is a left minimal basis of
T.(A) then (K2 (S)wi(N), ..., K (S)w,(N)) is a left minimal basis of S(A).

(d) If ;. < --- <, are the left minimal indices of T, (\) then m —cp < --- < mnp—cr

are the left minimal indices of S(\).

Proof. Any PGF pencil is strictly equivalent to a Fiedler pencil. Thus, there exist
sub-permutations & and & of {1,...,m — 1} such that L,(\) := I\\/Jlfl']I‘L,J(/\)I\/Jlf2 =
AMS —M? is a Fiedler pencil of S()\) associated with the permutation o := (&1, w, &2)
of {0,1,...,m —1}. Since M, is nonsingular, it is easily seen that the map (Mg,)~" :
NA(T,) = No(Ly), x(N) — (Mé’;)flx()\), is an isomorphism and maps a minimal basis
of N;.(T,,) to a minimal basis of N, (L,). On the other hand, by Theorem [6.1.13} F,(S) :
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N, (L,) = N,(8S) is an isomorphism and maps a minimal basis of N, (L) to a minimal
basis of NV,(S). Hence Fo(S)(MZ,)~" : No(T,,) = N,(S) is an isomorphism and maps a
minimal basis of AV,(T,) to a minimal basis of N(S). Note that Mg, = diag(Me,, I;).
Case-1: If wy # (m,m —1,...,¢o + 1) then by Theorem , we can choose &
and & such that o preserves the consecution of wy at 0, i.e., o has ¢y consecutive
consecutions at 0. Hence if j € & then j > ¢y + 2. Thus Mg = diag(*, I(¢y+1)n). Hence
Mél = diag(*, I(¢y+1)n), Which shows that (e, ., ® L) (ML) = el ®I,. Since o

m—co

T
emfco ® In

has ¢y consecutive consecutions at 0, by Theorem [6.1.13 F,(S) =

Consequently, we have

Fo(S)(ME,)™ =

Since it = i(0), the total number of inversions of o, the desired results for right
minimal bases and right minimal indices follow from Theorem [6.1.13|

Case-2: Suppose that w; = (m,m — 1,...,¢9 + 1). Then by choosing & = ) and
& = (co+1,...,m—1), we have 0 := (&, wp, &) = (0,1,...,m — 1) and the Fiedler
pencil L, (\) = ']I‘w()\)MfQ. Hence o has m — 1 consecutive consecutions at 0. Thus by

€ ® I,
Theorem|6.1.13 F,(S) = m—(m—1)

By (2.12), we have (ezn_j®[n)(M;f)_1 =

I,
er ;@I fork = j, j =1:m—1. Hence it is easy to see that (e}, ,, ®I,)(M{)™' =
(egz—(m—l) ® [n)(Mn];l)_l(MrI;—z)_l T <M£+1)_1 = e%—cg ® Iy Consequently, we have
(e%—(m—l) ® [n)(Mg)_l ‘ i e?n—co ® I

Fo(S)(Mg,) ™" =

= F(S).

I, I,

Again, since it = m — 1 = i(0), the total number of inversions of o, the desired

results for right minimal bases and right minimal indices follow from Theorem |6.1.13]
The proof is similar for left minimal bases and left minimal indices in view of

the following facts. First, z(A) € M(T,) <= xz(A) € N.(T)). Second, (MZ)"’s
are Fiedler matrices of S(A\)T. Third, if T,()) is the PGF pencil of S()\) associated
with a permutation w := (wp,w;) then T, ()T is the PGF pencil of S(A)T associ-
ated with the permutation & := (rev(wy), rev(wy)). Fourth, CIP(wy) = (co,ip) <=
CIP(rev(wy)) = (io, o). Fifth, it = cypr, where cpr 1= c(09, rev(wy), 01). Indeed, we
have (o2, rev(wy), 01) = i(rev((os, rev(wo), 1)) = i(rev(oy),wo, rev(oz)) = ip. This

completes the proof. O
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As a consequence of Theorem and Theorem [5.5.8 we have the following result

for minimal bases and minimal indices of G(\).

Theorem 6.2.5. Consider the PGF pencil T,(\) = AM®, — MS  of G(\) associ-
ated with a proper permutation w = (wo,w1) of {0,1,...,m}. Suppose that CIP(wy) =

(co,i0). Let wy be given by wy := (o1, m,09). Let it := i(rev(oy),wo, rev(osy)) and
cr = c(rev(oy),wo, rev(oy)) be the total number of inversions and consecutions of
(rev(oy),wo, rev(os)), respectively. Let w;(\) = ) € CIN™ " where u;(\) €

CIN™ and v;(\) € C[A\]" for i =1 : p. Then we have the following.

(a) Right minimal bases. If (wi(\),...,w,(\)) is a right minimal basis of T.,(\)
then ((eﬁ_q}@j'n)ul()\), . (efn_c()@In)up()\)) is a right minimal basis of G(\). Further,
if e1 < -+ < g, are the right minimal indices of Ty, (\) then 1 —ip < --- < e, — it are
the right minimal indices of G(\).

(b) Left minimal bases. If (wi()),...,wy(X)) is a left minimal basis of To,(N\)
then ((e%_io R L)ur(N), ..., (e s ® In)up(/\)> is a left minimal basis of G(X). Further,
if m < --- <mn, are the left minimal indices of T,(\) then my —cp < --- <m, —cr are
the left minimal indices of G(\).

6.3 FPRs of rational matrices

Fiedler pencils with repetition (FPRs) of G()\) are defined and studied in [§]. First, we
show that an FPR of G()\) can be constructed directly from an FPR of P()\). Then we
describe the recovery of eigenvectors, minimal bases and minimal indices of G(A) from
those of the FPRs of G(A). We mention that the recovery of eigenvectors of G(A) from
those of the FPRs of G(A) is known only for a small subclass of FPRs that corresponds
to type-1 indices [§].

An FPR of G()) is defined as follows.

Definition 6.3.1 (FPR, [§]). Let 0 < h < m — 1, and let o and T be permutations of

{0,1,...,h} and {—m,—m+1,...,—h — 1}, respectively. Let oy and oo be index tuples
with elements from {1,2,... h — 1} such that (01,0, 09) satisfies the SIP. Similarly, let
71 and Ty be index tuples with elements from {—m +1,—m +2,..., —h — 2} such that

(11,7, 72) satisfies the SIP. Then L(X) := M2 MS (AMS —MS)MS M2 is called a Fiedler
pencil with repetition (FPR) of G(X) (also referred to as FPR of S(\)).

The following result shows that an FPR of G(\) can be constructed directly from
an FPR of P()\), the polynomial part of G()).
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Theorem 6.3.2. Let L()) := MS MS (AMS —MS$)MS MS, and L(\) := MPMP (AMF —
MEYME MY be FPRs of G(X) and P(X), respectively. Then

L()\) ‘ Em—ig(o1,0) & C
el . ® B ‘ A—M\E

L(A) ‘ €m—ig(o1,0) ®C
Thus, the map FPR(P) — FPR(G), L(\) —
62’;—00(0’,02) ® B ‘ A - AE
is a bijection, where FPR(P) and FPR(G) denote the set of FPRs of P(\) and G()\),
respectively.
Proof. We will prove a more general result in Theorem [7.2.4] O

We now describe the recovery of minimal bases and minimal indices of S(\) from
those of the FPRs of S(A). Recall from Definition [1.2.20|that ¢;(«) (resp., it(«)) denotes

the consecutions (resp., inversions) of an index tuple « at an index t.

Theorem 6.3.3. Let L(A) := M2 M5 (AMS — MS)MS MS be an FPR of S(\). Let T
be given by T == (1, —m, 7). Set a := ( — rev(n),o, —rev(r,)). Let cr, := c(a) and
ip, := i(a) be the total number of consecutions and inversions of the permutation « of
{0,1,...,m — 1}. Then we have the following.

(I) Right minimal bases and right minimal indices.

(a) FE'(S) + No(L) — N.(S), w > Cnantan @ L)uN) , s a linear
v(A) v(A)

isomorphism and maps a minimal basis of N.(L) to a minimal basis of N,.(S), where
u(X) € CA)™ and v(X\) € CA)". Thus, if (wi(N), ..., wy(N)) is a right minimal basis
of L(X) then (Fﬁf”(S)wl()\), . ,]P‘]*L‘P’*(S)wp()\)) is a right minimal basis of S(A).

(b) If e1 < -+ < g, are the right minimal indices of L(X\) then e; —ip, < -+ < g, —1,
are the right minimal indices of S(\).
(IT) Left minimal bases and left minimal indices.

(¢) Ki*(S) : M(L) — N(S), @ — o isirr) ® Ln)u() , s a linear iso-
v(A) v(A)

morphism and maps a minimal basis of Ni(L) to a minimal basis of Ni(S), where
u(X) € CA)™ and v(X) € C(N)". Thus, if (wi(N),...,wy(N)) is a left minimal ba-
sis of L(\) then (Kﬁf’”(é‘)wl()\), . ,Kﬁf’*(S)wp()\)) is a left minimal basis of S(A).

(d) If ;m < --- <, are the left minimal indices of L(\) then m —cp, < -+ <1, —cL

are the left minimal indices of S(X).
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Proof. We have L(\) = MZ M3 T, (\)M3 M , where T, (\) := AM? —MS3 is a PGF pen-
cil of G(A) associated with the permutation w := (o, —7) of {0,1,...,m}. Since M5 M2
is nonsingular, it is easily seen that the map MS M : N.(L) — N(T,), z(\)
(M5 MS )z()) is an isomorphism and maps a minimal basis of V(L) to a minimal basis
u(M)

v(A)

of N.(T,). On the other hand, by Theorem [6.2.4] F***(S) : N.(T,) — N,(S),

(€m—co(o) @ Tn)u(A)
v(\)
imal basis of N,(S), where u(X) € C(A)™ and v()\) € C(\)". Hence F5"(S)M35 MS :
NA(L) = N.(S), y(\) — <FL‘;F(8)M‘§2Mf2)y()\) is an isomorphism and maps a minimal
basis of N,(L) to a minimal basis of N,.(S). Now, by Lemma we have

is an isomorphism and maps a minimal basis of N,(T,) to a min-

(€T . o ® L)MEME

m—co (o)

eT )®In

m—co (0,02

= (),

PGF S S
IFw (S)Mcrz MT2 —

I, I,

which yields the desired result.

Now, let ¢; < --- < ¢, be the right minimal indices of L(A). Since the PGF pencil
T, () is strictly equivalent to L(\), e; < --- < g, are also the right minimal indices of
T.(A). Hence by Theorem g1 —ip < --- < g, — i, are the right minimal indices of
S(N).

For the recovery of left minimal bases, observe that (MS M3 )* : Mj(L) — N (T.), z(\)
— (MS M3 )"«()) is an isomorphism and maps a minimal basis of (L) to a minimal
u(M)

basis of N(T,). Again by Theorem [6.2.4 K'*(S) : N;(T,) — N(S), |—
v(A)

(€migo) @ In)u(N)
v(A)

imal basis of NV(S), where u(X) € C(A\)™ and v(A) € C(A)". Hence K" (S)(M2 MS )T

N(L) = Ni(S), y(\) — (Kij‘”’(S)(Mflel)T)y()\) is an isomorphism and maps a mini-

mal basis of Nj(LL) to a minimal basis of A;(S). Now,

is an isomorphism and maps a minimal basis of N;(T,,) to a min-

T
(e (MEME iy ® 1) |

@ L) (MEME)T
PGF S S\T m—ig(o T1 o1
Ko (S)(MZ M) = olo) ‘

I, I,

and by Lemma [2.1.11, we have MTIfM(i (Em—io(o) ® In) = €m—is(o1,0) ® I, which yields
the desired result.
Finally, let n; < --- <, be the left minimal indices of LL()\). Since the PGF pencil

T.(A) is strictly equivalent to L(A), 7y < --- < 1, are also the left minimal indices of
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T.(\). Hence by Theorem [6.2.4) m — ¢, < -+ <1, — ¢, are the left minimal indices of
S(A). This completes the proof. O

We have the following recovery rules for eigenvectors of S(\) when S(\) is regular.

Theorem 6.3.4. Suppose that S(X\) is reqular and p € C is an eigenvalue of S(\). Let
L(A) := M M35 (AMS — M3)MS MS be an FPR of S(\). Then:

s : u (eﬁfc (0,02) ® ]n)u
(a) Right eigenvectors. If |—| € N, (IL(u)) then — e N.(S(n)),
v v
. U (ei—c (0,02) ® [n)u .
where u € C™ and v € C". In fact, the mapping |—| — 0572 is a
v v

linear isomorphism between N,.(L(p)) and No.(S(w)). Thus, if (wy,...,w,) is a basis of
N (L(p)) then (FIFL"”(S)wl, 4 ,FER(S)wp) is a basis of N,.(S(w)), where Fj™ is as given
in Theorem [6.3.3

. Uu (ez—io(al,a’) ® [n)u
(b) Left eigenvectors. If |—| € N(L(n)) then € Ni(S(w)),
v v
U (eg—i (01,0) ® I’fl)u
where u € C™ and v € C". In fact, the mapping |—| — e 5 a
v v

linear isomorphism between Ny(L(w)) and Ny(S(w)). Thus, if (ws, ..., w,) is a basis of
Ni(IL(w)) then (Kﬁf”(S)wl, . ,KfR(S)wp) is a basis of Ni(S(p)), where Ki™ is as given
in Theorem [6.3.3.

Proof. A verbatim proof of Theorem yields the desired results. n
As a consequence of Theorem and Theorem [5.5.8] we have the following recovery

rules for minimal bases and minimal indices of G(\) from those of the FPRs of G()).

Theorem 6.3.5. Let L(\) := M M35 (AMS — MS)MS MS be an FPR of G(\). Let

T be given by T := (1, —m, 7). Set o := (—rev(n),o, —rev(t,)). Let c, := c(a) and
ip, == i(a) be the total number of consecutions and inversions of the permutation o
ui(A)

of {0,1,....,m — 1}. Let w;(\) := € C[A™*", where u;(X) € C[A\™ and

v;(\) € C[A]" for i =1:p. Then we have the following.
(a) Right minimal bases. If (wi()),...,w,(N)) is a right minimal basis of L(\)
then ((e£760(0702)®[n)u1()\), e (eﬁfm(gm)@]n)up()\)) is a right minimal basis of G(\).

Further, ife; < --- < g, are the right minimal indices of L(\) then e —ip, < -+ <¢g,—1,

are the right minimal indices of G()\).
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(b) Left minimal bases. If (wi(}),...,wy(N)) is a left minimal basis of L(N)
then ((efn_io(aw) ® Ip)ui(N), ..., (67{1—@‘0(01,0) ® In)up()\)> is a left minimal basis of G(\).

Further, ifm < --- <wmn, are the left minimal indices of L(\) then m —cp, < --- < n,—c,

are the left minimal indices of G(\).

Similarly, we have the following recovery rules for eigenvectors of G(\) from those

of the FPRs of G(\).

Theorem 6.3.6. Suppose that G(\) is reqular and i € C is an eigenvalue of G(N). Let

UZ mn-—+r
L(X) := M2 M35 (AMS — MS)M3 M> be an FPR of G(\). Let w; := e ¢,
U;
where u; € C™ and v; € C" for i =1:p. Then we have the following.
(a) Right eigenvectors. If (wy,...,w,) is a basis of N;.(IL(w)) then ((eﬁ_co(am) ®

L)uts s (€ coo0n) @ [n)up) is a basis of N.(G(p)).
(b) Left eigenvectors. If (wy,...,w,) is a basis of Ni(L(w)) then ((eﬁ_io(aw) ®
L)uy,. .., (el ) ® In)up) is a basis of Ni(G(p)).

m—ig(o1,0
Proof. Since LL(\) is a linearization of S(A), we have eig(S) = eig(L). Again since S(\)
is irreducible, we have eig(G) C eig(S). Hence as a consequence of Theorem and
Theorem 5.5.8] the desired results follow. m

We now illustrate eigenvector recovery rule for G(\) by considering an example

Example 6.3.7. Consider G(\) = Z?:o NA; + C(AE — A)"'B. Now choose o :=
(1,2,3,0),01 := 0,09 := (2,1),7 := (=4),71 = 0 and o := 0. The FPR of G(\)
associated with (o1,0,02) and (11,7, 7) is given by L(\) := (AMS, — Mﬁ,g,g,o))Mé,1):

2+ 45 4 A L] 0]
A —My—T, —AA; M| 0
A AL, A4 0| C
1, 0 M, 0| 0
0 0 B0 |A-)E]

Let |2 € N.(L(N)) and Tle NM(L(N)) be such that {u,z} C C*" and {v,y} C C".
v Y

el @ IL)u

: 41

We have co(o,09) = 1 and iy(o1,0) = 1. Hence by Theorem |6.3.4, |————| =
v
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u € N.(S(\) and u € Ni(S(N)). To verify the recovery rule,

v Y

u
define u; := (e @ I,)u and x; := (el @ I,,)x, fori =1:4, and consider IL(\) [] = 0.
v

This gives
(M4 + A3)ug + Asus + Ajuz —uy =0 (6.8)
Asug + (=AAy — I)us — MAjus + duy =0 (6.9)
Ajug + Aug + Agusz + Co =0 (6.10)
—uy + Aug =0 (6.11)
Buz + (A — AE)v =0 (6.12)

From we have u; = \ug. Now adding X\ times with we have (A\2A4 +
/\A3+A2)U1—U2 =0= U9 = (>\2A4+)\A3+A2)U1 = ()\3A4+)\2A3+)\A2)U3. Substztutmg
the values of uy and uy in (6.10), we have (\*Ay + N3 Az + N2 Ay + NA; + Ag)us + Cv =

u u
0= P(ANug+Cv = 0. Hence by (6.19), we have S(\) _ | 0, i.e., |:3

(% (%

€ No(8(V)).

T

Similarly, we can verify that |:i:| € Ni(S(N)). It is easily seen that G(N)uz = 0 and
Y

TGO\ =0. W
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Structured Strong Linearizations of Structured

Rational Matrices

Structured rational matrices such as symmetric, skew-symmetric, Hamiltonian, skew-
Hamiltonian, Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian ra-
tional matrices arise in many applications. For structured rational matrices, it is desir-
able to construct structure-preserving linearizations so as to preserve the symmetry in
the eigenvalues and poles of the rational matrices. The primary aim of this chapter is
to construct structure-preserving Rosenbrock strong linearizations of structured (sym-
metric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian, skew-Hermitian,
para-Hermitian and para-skew-Hermitian) rational matrices. For this purpose, we pro-
pose an infinite family of Fiedler-like pencils (which we refer to as generalized Fiedler
pencils with repetition (GFPRs)) and show that the family of GFPRs is a rich source
of structure-preserving strong linearizations of structured rational matrices. We con-
struct symmetric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian, skew-
Hermitian, para-Hermitian and para-skew-Hermitian strong linearizations of a rational
matrix G(A) when G(\) has the same structure. Further, when G()\) is real and symmet-
ric, we show that the real symmetric linearizations of G(\) preserve the Cauchy-Maslov
index of G(\). We describe the recovery of eigenvectors, minimal bases and minimal
indices of G(A) from those of the linearizations of G(\) and show that the recovery
is operation-free. We also show that FPs, GFPs and FPRs of G(\) constructed in
Chapter [6] are Rosenbrock strong linearizations of G(\).

169
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7.1 Introduction

Structured rational matrices such as symmetric, skew-symmetric, Hamiltonian, skew-
Hamiltonian, Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian ra-
tional matrices arise in many applications, see [38] [41} 136, 32, 49, 55 [64], [35] and the

references therein. For example, the Hermitian rational eigenvalue problem
k

GO\ = ()\QM +K-Y

=1

1
1+ Ab;

AKi>u —0

arises in the study of damped vibration of a structure, where M and K are positive
definite, b; is a relaxation parameter and AK; is an assemblage of element stiffness
matrices [49, [55]. Also various structured rational matrices arise as transfer functions of
linear time-invariant (LTI) systems, see [38), 41}, 136, [32], 50}, 64]. For structured rational
matrices, it is desirable to construct structure-preserving linearizations so as to preserve
the symmetry in the eigenvalues and poles of the rational matrices.

Our main aim in this chapter is to construct structure-preserving strong lineariza-
tions of structured rational matrices and to recover eigenvectors, minimal bases and
minimal indices of rational matrices from those of the linearizations. We consider the

following structures:

symmetric : G =G\ Hermitian : G\)* = G(N)
skew-symmetric : G(A\)T = —G()\) | skew-Hermitian : G\)* = -G(N) (7.1)
Hamiltonian : G\)T =G(=)) | para-Hermitian : G\)* =G(=))
skew-Hamiltonian :G(\)? = —G(=)) | para-skew-Hermitian :G(\)* = —G(—\),

where X7 (resp., X*) denotes the transpose (resp., conjugate transpose) of a matrix X
and )\ denotes the conjugate of X\. For more on these structured rational matrices, we

refer to [38] 4T, 36}, 49, [0, 64, 32, 55] and the references therein.
The Cauchy-Maslov index [23] (also known as the matrix Cauchy index [10]) of a real

symmetric rational matrix plays an important role in applications such as in networks
of linear systems, see [22, 39] and the references therein. If G(\) is real symmetric then
the Cauchy-Maslov index of G(\) is defined as Indcy(G) = (# eigenvalues of G(\)
which jump from —oo to +00) — (# eigenvalues of G(A\) which jump from +o0o to —o0)
as the real parameter \ traverses from —oo to 400, see [10]. It is therefore desirable to
construct real symmetric linearizations of G(\) that preserve the Cauchy-Maslov index
of G(A).

We mention that there is a slight difference in the naming convention between some

of the structured rational matrices and structured matrix polynomials. The Hamiltonian
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7.2. GFPRs of rational matrices 171

(resp., skew-Hamiltonian) structure for rational matrices is known as T-even (resp., T-
odd) structure for matrix polynomials [45]. On the other hand, para-Hermitian (resp.,
para-skew-Hermitian) structure for rational matrices is known as x-even (rep., *-odd)
structure for matrix polynomials [45]. We follow both the naming conventions in the

rest of the chapter without any bias.

7.2 GFPRs of rational matrices

We now introduce a new family of Fiedler-like pencils for rational matrices which we

refer to as generalized Fiedler pencils with repetition (GFPRs). We proceed as follows.
For the rest of this section, we assume that P(\) := > A'A; with A,, # 0 and

the realization G(\) = P(\) + C(AE — A)™'B of G(\) given by (5.5)) is minimal. The
system matrix
Py| ¢

B |A-AE
given by () Recall from Section that the Fiedler matrices ML, i € {—m :
m — 1}, and the elementary matrices My;(X), i € {—m : m — 1}, associated with P(\)

S(\) = (7.2)

are given by

I(m—ifl)n
Im— n X In
My(X) = K4 , Mi(X) = fori=1:m—1,
X I, 0
i IG—1yn
I(m—i—l)n
X Oy \ [,
M_.(X) = , M_i(X) = fori=1:m—1,
](m—l)n In X
Iy

Mi(—4;) ifi>0,

and M =

Recall that M;(X)M,;(Y) = M;(Y)M;(X) holds for any matrices X,Y € C™" if ||| —
71| > 1, see [17].
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For an arbitrary matrix X € C**", we define (mn+r) x (mn+r) elementary matrices

M (X) by

M;(X) := ; for i€ {—m:m —1}.
Note that M;(X) and M_;(X) are invertible and (M;(X))™* = M_;(—=X) for ¢ = 1 :
m — 1. On the other hand, the matrices My(X) and M_,,(X) are invertible if and only
if X is invertible. For any arbitrary matrices X,Y € C™", we have M;(X)M;(Y) =
ML(Y)ME(X) i [l — [j]] > 1.
Recall form Chapter that the Fiedler matrices MS,, ..., M$
S(A) are given by:

. associated with

MF |0
= ,1=1:m—1,
0 |1

I\\/JI‘OS =
—el ® B ‘ —A

and MS, := (M$)~! for i = 1 : m — 1. The matrices M are also referred to as Fiedler
matrices of G(X). We have MPMS = MM for [|i| — |j]| > 1, except for ||i| — [4]| = m.

For convenience in defining Fiedler-like pencils, we define

fori e {—m:m —1}. (7.3)

Remark 7.2.1. Note that M$ = MF, fori = £1,...,£(m — 1), and M§ # ML and
MS ~# MPE . The utility of the notation ME will be clear when we analyze Fiedler-like

pencils.

Let t := (t1, o, ..., tx) be an index tuple containing indices from {—m : m — 1} and
X = (X3, Xs,..., X) be a tuple of n x n matrices. Like before, we define M(X) :=
My, (X1)M, (X3) - - My, (Xy), MS := MEMS - M$, and M := MIMP - - M?.
Definition 7.2.2 (GFPRs). Let 0 < h < m — 1, and let o and T be permutations of
{0: h} and {—m : —h—1}, respectively. Let o1 and oq be index tuples containing indices
from {0 : h — 1} such that (01,0, 02) satisfies the SIP. Similarly, let 7y and T2 be index
tuples containing indices from {—m : —h — 2} such that (11,7, T9) satisfies the SIP. Let
X1, X9, Y1 and Yy be any arbitrary matrixz assignments for oy, 09,7 and T, respectively.

Then the pencil
L(A) == My, (Y1) M, (X1) (AMF — M7) M, (Xo) M, (Y2) (7.4)

is said to be a generalized Fiedler pencil with repetition (GFPR) of G(X). We also refer
to L(A) as a GFPR of S()).
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Note that if all the matrix assignments X7, X5, Y] and Y5 in Definition are the
trivial matrix assignments then L(A) = MEMYZ (AMS — MZ)ME ME is an FPR of G())
as defined in Chapter [6] also see [8]. Hence the family of FPRs of G()) is a subclass of
the family of GFPRs of G()).

Example 7.2.3. Let G(\) := Y.i (N A; + C(AE — A)~'B. Consider o := (1,2,3,0),
7:=(-4),00:=(2,1) and oy =71 =75 = 0. Then

N+ 45 -X -y —I,| 0 |
Ay AX =1, Y Al 0
(AMS, = M 25.0))Mp(X,Y) = ey, N, Ay 0 C
—1I, 0 A, 0 0

0 0 B 0 |A—)\E]

is a GFPR of G(X\), where (X,Y) is an arbitrary matriz assignment for os.

Recall from Chapter [2 that L(\) := M, (Y1) My, (X1)(AMEP — MPYM,,(Xo) M., (Ys)
is called a GFPR of P(X), where o, 7, 0; and 7;, j = 1,2, are as given in Definition m
In particular, if X, X,,Y; and Y5 are the trivial matrix assignments then L(\) :=
MEME(AME — ME)ME M?E is called an FPR of P()\).

We now show that a GFPR of G()\) can be constructed directly from a GFPR of
P()) without performing any arithmetic operations. Recall from Definition that
cs(a) (resp., i;(c) ) denotes the number of consecutions (resp., inversions) of « at s
(resp., t).

Theorem 7.2.4. Let L()\) := M, ,)(Y1, X1) (AMS — MS) Mg, ) (X2, Y2) and L(X) :=
Mz o) (Y1, X1) AME — ME) M5, 1,)(Xs,Y2) be GFPRs of G(X) and P(X), respectively.

Then
Loy = | N enm 8O
eﬁ—co(a,ag)(gB ‘ A_)\E
L(A) €m—ig(o1,0) ® C
Thus, the map GFPR(P) — GFPR(G), L(\) — is a
el ® B ‘ A—\E

m—co(0,02)

bijection, where GFPR(P) and GFPR(G) denote the set of GFPRs of P(\) and G()),

respectively.

Proof. Let o be given by o ~ (41,0, ). Then we have
L) = Mz, 1) (Y1, X1) (AM7 = M) Moy, r,) (X2, V2)

= M(ﬁ,m)(}/l? Xl) (AM‘E - M;SS;M‘(?M;SSQ) M(UQ,T2)<X27 }/2)
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M0 MF ‘—em ®C| [ML|0
- M(Tlle)(}/h Xl) )‘Mf - 2 - 2 M(02,7'2)(X27 }/2)
0 |L||-eZa B‘ —A 0 |1,
2P| o MPMPMP | MP (=6, @ C)
= IMI(Tl:UI)(}/17 Xl) A - o C = d M(Uz,m) (X27 }/2>
0 ‘—E (—el, ® B)M{ —A
Mz, (Y, X0)| 0] [ AME = M2 [0 (00 © )] [ Mg (X2, ¥2) 0
0 L) [(hoB)ME| A-AE 0 I
. L</\) ‘M(n,al)(YlaXl)ng(em@O) (7 5)
(¢6, ® B)ME Mgy ) (X2, Ya) A—\E
Hence we only need to show that (el ® I,) M My, r,)(X2,Y2) = 65760(0702) ® I, and

Mry o0y (Y1, X1)M{ (€1, @ 1)) = €m—ig(o1,0) ® In. Let Z be an n x n arbitrary matrix.
Recall that from (2.2)) and (2.3), we have

em—(j+1) ® I, fori=j+1and j=0:m — 2,

M;(Z)(em—j ® I,) = (7.6)

em—j ® In, fori¢ {j,j+1}and j=0:m —1,
and

el . ®I, fori=j+1landj=0:m—2,
(ehoy ® L)M(2) = 0D ’ ! (7.7)
e ;i ® I fori¢ {j,j+1}and j=0:m — 1.
Case-1: Suppose that ¢y(o) > 0. Then ig(0) = 0 since o is a permutation. Since o ~
(01,0,02), we have {1,2,...,¢co(0)} C 09 and if ¢y(0) + 1 € 9, then 5 has an inversion at
¢o(0). Thus by the commutative property of M‘jg and by moving M‘js to M , if necessary,

we can assume that do = (1,2,...,¢o(0)). In other words, o ~ (81,0,1,2,...,¢co(0)).

Hence, if j € 6y then j > ¢y(0) + 1. Consequently, we have M = i . . This
co(o)n

shows that ]\/[gf(em ® I,) = e, ® I,. Since 0y = (1,2,...,¢0(0)), by applying

repeatedly we have (e}, ® I,,) M} = eZ%CO(U) ® 1.

Case-11: Suppose that ig(c) > 0. Then ¢o(o) = 0 since o is a permutation. Further,
Since o ~ (61,0,05), we have {ig(0),...,2,1} C & and if ig(c) + 1 € &; then §; has
a consecution at ig(c). By the commutative property of M]‘-S and by moving Mf to
M , if necessary, we can assume that &, = (ig(0),...,2,1). In other words, o ~

(io(0),...,2,1,0,05). Thus, if j € 5 then j > ig(c) + 1. Consequently, we have

. This shows that (e}, ® I,,) My, = el @ I,,. As 61 = (ig(0),...,2,1),
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by applying ‘) repeatedly we have M (e, @ I,) = em—ig(0) @ I
Case-11I: Suppose that ¢y(o) = 0 and ig(0) = 0. Then we must have 1 ¢ o, i.e.,

o = (0). Hence 0; = () = d5 and Mf; = Iy = Mg. Hence Mg(em ®1I,) =en® I, and
(ef, @ I,)M{ = el ® I,.

Hence M{ (e, ® 1) = €m—io(e) @ In and (e}, @ I,,) Mf = 6%760(0) ® I, in all the above
cases. Now, by Lemma we have (e, @ I,)M{ M, ,)(Xs,Y2) = eTTn_CO(Um) ® I,
and Mz, o) (Y1, X)) M{ (e @ 1)) = €m—ig(o1,0) @ 1. Hence the desired form of L(\)
follows from ([7.5)). O

7.2.1 Fiedler-like pencils are Rosenbrock strong linearizations

We now show that Fiedler pencils (FPs), generalized Fiedler pencils (GFPs) and GFPRs
of G(\) are Rosenbrock strong linearizations of G(\). First, we show that the FPs of

G() introduced in [2] (see Chapter [6)) are Rosenbrock strong linearizations of G(\).
Recall that L,(\) := AM®, —M? is called a Fiedler pencil (FP) of G()), where o is

a permutation of {0 : m — 1}. We now define the reverse consecution-inversion structure
sequence of a permutation which we need in order to prove that a Fielder pencil is a

Rosenbrock strong linearization of G(A).

Definition 7.2.5. Let a be a permutation of {0 :m — 1}. Then the tuple RCISS(«) :=
(€1,11,€a, 19, ... ,Cqy0p) @S called the reverse consecution-inversion structure sequence of
a when o has consecutions at m —c; — 1,m — ¢q,...,m — 2; inversions at m — ¢, —
1—1m—c —1,...,m —c1 — 2 and so on, consecutions at ip,ip + 1,..., 0+ c, — 1;

wnwersions at 0,1, ..., 4, — 1.

Remark 7.2.6. It is easy to see that RCISS(cr) = rev (CISS(rev(w))), where CISS(cv)
15 the consecution-inversion structure sequence of o defined in Definition (also,
see [26]]).
Example 7.2.7. Let m = 11, and let « and 8 be permutations of {0 : 10} given by o =
(8:10,7,6,5,2:4,1,0) and 8 = (10,9,5:8,3:4,2,0:1). Then RCISS(a) = (2,4,2,2)
since a has consecutions at 8,9; inversions at 4,5,6,7; consecutions at 2,3; inversions
at 0,1. Similarly, we have RCISS() = (0,2,3,1,1,2,1,0).

Let « be a permutation of {0 : m — 1} with RCISS(«) = (¢4, i1, €a, 2, - - -, Cg, 1g). We
define

mg =0, ng :=0, and m,, ;= Zp

J=1

c; and n, = Zp , ij forp=1:¢. (7.8)
J:

Observe that my, = ¢(o) and n, = i(0), that is, my is the total number of consecutions

of @ and ny is the total number of inversions of ov. Thus my, + n, = m — 1 (follows from
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Remark |1.2.25)). Further, we define
p .
Sp :=0and s, := E j:l(cj +i;) forp=1:4¢. (7.9)

Observe that sy = my+ny, =m — 1.
For i > 0 and j > 0, we define A; ;(A), A; (), ©; ;(N), and €; ;(N) as follows:

_ - I,
I,
A,
A,
NI,
~ AT, L A
Ay = | 7 " | eciEme a0 = | | e CETIme s (7.10)
: ) )\z‘—lIn
/\z—ljn
O'nxn
0jn><n J.
- - AT,
B T Oinxn
Oinxn
L,
I,
Al y
Qz‘,j()\) = A i S (C[/\](H_J)nxn and Qz,]()‘) = )\2In € (C[/\](i—l—j—l—l)nxn' (711)
AT,
N
X1, !
- - NI,
K@j()\) QZ,J()\> Ojn><n
Note that A; ;(A) = ' and €; ;(\) = ‘ . Further, Ay ;(A) = and
AT, M1, I,
Qio(N) = X For simplicity, we write /A\i,j, A j, (AZ” and €, ; for KZ-J()\), Aii(N),

I,
Qi,j()\) and 2; ;(\), respectively.

Remark 7.2.8. It follows from and that (el @ [n)/AXm()\) =0 <
ﬁiyj()\)B(ek ®1,) #0 foranyi>0,7>0and 1 <k <i+j.

Let H := (H;;) be a block k x ¢ matrix, where each block #;; is a p x ¢ matrix.
Recall that the block transpose of H is the block £ x k matrix H? given by (H5);; = H;i,
see [26].
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Definition 7.2.9. Let a be a permutation of {0,1,...,m — 1} with RCISS(a)) =
(c1,101,¢2,02, ..., co,ip). We define Ao (X) € CIA|™™ and Qu(X) € CIA|™™ as follows:

-~

Acyin (M)
N Ay 15 (M)
Au(N) == : ife>1, (7.12)
N2 R e (V)

AT A 6y (A)

and Ao (N) == Aey iy (N) if =1,

Doy ia (V)
X1y, (N)
Qu()) = : ife>1, (7.13)
X200, i (A)

A1, (A)

and Qa(A) == (e iy (W) if £ = 1.

Remark 7.2.10. Let a be a permutation of {0 : m—1} with RCISS(«) = (¢, i1, - - -, Cr, Up).
Since /A\ijij (A) and ch,ij (A) are the basic building blocks of Ao(X) and Q. (), respectively,
it follows from Remark|7.2.8 that (e} ® I,)An(\) =0 <= Q,(\)(ex ® I,) # 0 for any
k € {1:m—1}. Further, note that (el @ I,)Ao(N) = \™1,, and Qo(\) (€, @1,) = \™1,.

Caution: The same notations m;, n;, sj, Ap(A) and /AX”()\) are used in Chapter@

for different purposes.
Recall from Chapter [6] that Py(A) := Apg + Mg + -+ N A, k=0:m, is

called the Horner shift of P(\) of degree k [26]. For 1 < i < m — 1, we consider the

following mn x mn unimodular matrix polynomials [26]

Ii-1yn
I, M\,
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and

Ri(X) := = RZ()).

I(mfifl)n
Observe that R;(A) depends on the Horner shifts of P(\) whereas @Q;(\) does not. For
simplicity, we write @; and R; for Q;(\) and R;(\), respectively.

The following results will be useful for proving that the FPs of G(\) are Rosenbrock

strong linearizations of G(A).

Lemma 7.2.11. Let P(\) be a matriz polynomial of degree m and « be a permutation
of {0:m — 1}. Suppose that RCISS(«) = (1,11, Ca,la, ..., Coip). Forj=1:1, set

— B .« .. B B . .. B
U(ijij) T stfl“!‘cj“!‘ij R8j71+0j+1 Sj—1+¢; sj—1+1 (714)
and ‘/(Cj,ij) = Rijl-i-]. e R8j71+CjQSj,1+Cj+1 e Qsj-,l-ﬁ—cj--ﬁ—ij' (715)

Let U(X) and V(X) be given by U(X) := UtinUles_1,i01) = * = Ulensio)Uer i) and V(X) =
VierinVieaia) *** Viewsie—1) Viewin)- Then
UM (e1 ® 1) = Ao(N) and (e] ® I,)V () = Qa(N),
where Ao (X) and Qq(X) are as given in Definition [7.2.9
Proof. For t € {1 : m — 1}, we have the following:

(e; 1, + (61 ®AL,) ift=difori=1:m—1,

Qr(e;®1,) = (7.16)

eI, ift#£4fori=1:m,
e @1, ift=ifori=1:m-—1,
eI, ift¢{i,i—1}fori=1:m.
Let 1<k<m-—1andp>0, ¢ >0 besuch that k+p+qg—1<m — 1. Consider
Z(A) = ﬁf+p+q—1"'RE+p+1RE+g QE+p—1"'QE+1QE'
Y‘(’)\) XB)

Then X (\) (resp., Y (X)) is a product of p (resp., ¢) Qs (resp., RP’s). We show that

Rb(e;®I,) = (7.17)

O(kfl)nxn

-~

Ap,q
Z(\)(ex ® I,) = . (7.18)
I,

_0 (mfkfpfq)nxn_

TH-2055_136123004



7.2. GFPRs of rational matrices 179

We have

XO) (er® L) = (Qfper -+ Q) (11 ® ML) + (e @ 1)) by (7.16
= (@Fpr -+ Qo) ((err2 ® N L) + (ern @ AL) + (e ® 1)) by (7.16

k+p—2 :
= Q,K:er_l ((er,l ®@ N + Z : (e; ® )\J_kfn)> by repeatedly applying (7.16
]:

k+p—2 ,
= (ehrp @ NL,) + (epap1 @ NTIL) + Z : (e; @ N7FL,) by (7.16
=

k+p—1 . A
= <€k+p X )\p[n) J- Zj:k <€j & /\] k]n)

Then Z(\)(ex ® I,,) =

k+p—1 &
(R£+p+q—1 4 Rf+p+1RE+p> <(€k+p ® NI,) + Zj:k (e ® N kfn)>

ktp—1 .
= (Ektptq @ NP1,) + Z : (e; ® N F1,) by applying (7.17) repeatedly
J:

O(kfl)nxn

Apq :
= , which proves ([7.18]).

NPT,

_O(mfkfpfq)nxn_

We now prove that U(\)(e; ® I,,) = Aq()). Recall the definitions of A,(A), m; and
s; associated with RCISS(a) = (c1, 41, €2, 42, ..., ¢p,0). If £ =1 then by we have
UN(e1 ® L) = U, iyler ® I,) = Aq(A). Next, if £ > 1 then by using ,
and repeatedly we have U(A)(e; ® I,,) = A,(A). Indeed, we have the following.
Recall that /AXCN']. € C[N@ T We denote by 0 the zero matrix of an appropriate

size. Then we have

U()‘) (61 ® In) - U(Cz,ie) ™ . U(Cz,i2)U(017i1)(el ® ITL)

AC17i1
= Utcri)** * Uleayin) | A1, | by (7.18]) since sg = 0
0
AC1,i1
= Utcrie) "+ Ulearin) ((eslﬂ ® A,) + 0 > since s =c¢; + 11
0
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KCLZ&
= U(Ce,ie) T U(Cz,iz)(esl-i-l & )\Cljn) + 0 by 7.14 , 7.16[) and (|7.17
0

Os1n><n K .
P! ch,ig 1,4
= U(Czy’ié) U U(037i3) + 0 by ([7.18
AN, "
0

Oslnxn K :
. LY v U by (7.14), (716
= U(Ce,ié) Y U(Cs,i3)<652+1 ® A7 2[71) + + 0
0 0 and ([7.17

= Ulepi) * * Uleasiz) (€s0+1 @ X21,) + since my = ¢; and my = ¢ + ¢

ACl,il
A Koy s
by repeated application of
= U(Ce,ié)<63571+1 ® )‘ml_ljn) + ’
A2, 7.16)), (7.17) and ([7.18
0

Kc:il | Aeriy -
Ouynen A" easi XK,
= |amR,, |+ : — : = Ao ()) by (7.18).
ST I D PR R UV
0 i AN, G,

This proves that U(X\)(e1 ® I,,) = Aa(A).
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Next we prove that (el ® I,)V(\) = Q4 (N\). For t € {1 : m — 1}, we have

(o © 1), = (el ®I)+ (ef,, @ A,) ift=ifori=1:m—1, (7.19)
' el @1, ift#ifori=1:m,

el ®1I, ift=ifori=1:m—1,
(ef @ L)R =4 (7.20)
el@l, ift¢{i,i—1}fori=1:m.
Let 1 <k<m-—1 Let p>0and ¢ > 0besuchthat k+p+q¢—1<m—1.

Consider W()\) = RkRk+1 ' Rk+p—le+ka+p+l i Qk—i—p—l—q—l‘ Then " and "
and similar arguments as those in the proof of ([7.18)) give

- - B
O(k—l)nxn

~

Q
(ef @ I)W(\) = P (7.21)
AT,

_O(m—k—p—q)nxnd

Hence by (7.21), (7.19), (7.20) and by similar arguments as those in the proof of
UM (er ® I,) = Ao(N), we have (e ® I,)V(A) = Qa (V). O

Proposition 7.2.12. Let X(\) := [x; Xo - Xp)° and Y(A) = [y1 ¥2 *** ¥Yml,
where x; = 0 or x; = AP L, andy; = 0 ory, = \i1,, for some p; > 0 and ¢; > 0,

1 =1:m. Suppose that x;y; =0 fort =1:m — 1. Then there exist an m x m lower
block-triangular matriz polynomial L(\) with diagonal blocks I,, and an m X m upper

block-triangular matriz polynomial U(X) with diagonal blocks I,, such that

I(mfl)n 0 I(mfl)n 0
LV ( + X()\)Y()\)) U(\) = (7.22)
0 0 0 ‘xmym
Itm—1)n | O .
Proof. Define Z := + X(A\)Y(A). Let Z; ; be the (¢,7)-th block entry
0 0
of Z. Since x;y; = 0, we have Z;,; = [, for v = 1 : m —1 and Z,,,, = XnYm-
Further, note that we have either Z;; = Nit% [, or Z;; = 0 for all i # j. Hence we
I Zig o Lim-r Zim
Z2,1 [n e ZQ,m—l Z2,m
have Z = : : : : . Now define L(A) and U(X) by
Zm—l,l Zm—1,2 e In Zm—l,m
Zm,l Zm,2 e Zm,m—l Zm,m
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[n In _Zl,2 e _Zl,m
—Zg}l In In _Z2,m
L(\) = . . and U()\) ==
—4m,] T 4mz2 °° [n [n

Note that x;y; = 0 = y;x; = 0 for ¢ = 1 : m — 1. Hence it follows that Z; ;Z;; =
x;y;X;yr = 0 for i,k € {1:m} and j € {1: m — 1}. Consequently, by block Gaussian
elimination, we have L(A\)ZU(X) = diag(Zpm-1)n, Xm¥Ym)- O

As an immediate corollary we have the following result.

Corollary 7.2.13. Let a be a permutation of {0,1,...,m — 1} with RCISS(a)) =
(c1,01,Cyla, ... Cpyip). Consider Ay () and Q. (N) associated with RCISS(«v) as given
in Definition[7.2.9. Then there exist an m x m lower block-triangular matriz polynomial

T1(\) with diagonal blocks I,, and an m X m upper block-triangular matriz polynomial
Ty(\) with diagonal blocks I, such that

](m—l)n 0
0 \ Am-L]

+Aa(N) Qa(N) ) ) =

Proof. Note that we have (el ® I,,) Ao(\) = X1, and Q,(N\) (e, ® I,,) = \™I,, and
that my; + ny, = m — 1. By Remark [7.2.10 it follows that A,(\) and Q,()) satisfy the
conditions of Proposition [7.2.12] Hence the result follows from Proposition (7.2.12] [

We now prove that Fiedler pencils are Rosenbrock strong linearizations of G(\). Re-
call that the reversal of a matrix polynomial P(\) = > "" ; M A; is defined by rev P(}) :=

Z;‘n:o )‘jAm*j'
Theorem 7.2.14. Let L,(\) := AMS = — MS be the Fiedler pencil of G()\) associated

with a permutation o of {0 : m — 1}. Then L,(X) is a Rosenbrock strong linearization

of G(\). More precisely, we have the following.
(a) There exist mn x mn unimodular matriz polynomials U(X) and V(X\), and r X r

nonsingular matrices Uy and Vy such that

v | 0 vy 0 ] [ e 0
0 | U 0 | v 0 |s

for all X\ € C.

(b) There exist biproper rational matrices Oy(X) and O,(\) such that

[(mfl)n 0
0 | A6

Or(M)ATG(A) Or(A) =

, (7.23)
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7.2. GFPRs of rational matrices 183

where G(A) = Ly (A) + (€m—ig(o) @ CYAE — A) (el co(o) & B) is the transfer function
of Ly(N) and Ly(N\) := AMEY — MZF is the Fiedler pencil of P()\) associated with o.

Em—ig O’)

Proof. Part (a) is proved in [2, Theorem 4.13]. Hence we only rrove (b).

By Theorem [7.2.4] we have L,(\) = . Hence

T \ A—\E
G(A) is the transfer function of L,(\). Let o be glv?an by ¢ = (61,0,05). Then we
have L,(\) = AME — MP = XME, — MMM 1t is shown in the proof of
[26, Theorem 4.6] that —revL,(\) is strictly equivalent to —revP(A). More precisely,
J(ME)™ (= revLy(N))(ME)™'J =: La()) is a Fiedler pencil of —revP()), where a =
I
(m — rev(61),0,m — rev(ds)) and J := € Cm=mn Hence L,(A) is a
I,

linearization of —revP()). Thus there exist unimodular matrix polynomials U()\) and
V(A) such that

~ ~ _[(m—l)n 0
UA) La(A) V(A) = :
0 ‘ —revP(X)
where U()) and V() are given by [20]
o~ ] Bl 1—; 1f o has a consecution at j,
U()\) = UOU1 y © ° Umngm72, with Uj =
RE _; if a has an inversion at j,

(7.24)

~ ) R,,—1—; if a has a consecution at j,
V(A) = VyoVipg--- 1V, with V; =

Qm-1-; if a has an inversion at j.

(7.25)
Note that R;s in (7.24)) and (7.25)) are associated with the matrix polynomial —revP(\).

Thus we have

{I“” D) 0 = UM\ LaWV(N) = TN J(ME)™ (= revLy(\) (ME) IV (A)
0 ‘ —rev P()\)
= {I(ml)n | = /N ) (L) () 1/, (7.26)
0 | AmPOY)

Next we evaluate

TN (ME) ™ (emmio@o) ® In) and (e, o) @ L) (ME) IV (V). (7.27)

mco
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[(mftfl)n

0 I,
Recall that M%, = for t =1:m — 1. Hence we have

I, A

Ty

el @I, fort=qgandg=1:m—1,
(el @ LyME, = ey e (7.28)
&g @Iy fort ¢ {¢,q+1}, ¢q=0:m—1,

and

em—(a—1)® 1L, fort=qgqandg=1:m—1,
MP (emy ® 1) = = "N (7.29)
em—q ® I, fort ¢ {¢,q+ 1}, ¢=0:m —1.
Case-I: Suppose that co(o) > 0. Then ig(c) = 0. Since ¢ has ¢y(o) consecutions
at 0, we have o ~ (¢£,0,1,2,...,¢co(0)). Without loss of generality, we assume that
o = (01,0,69) = (61,0,1,2,...,¢o(0)), that is, 0o = (1,2,...,¢co(c)). Then by repeated

application of ((7.28) we have

(eflfco(a) ® L) (M)~ = (e ® I)M”, MP(CO(U)A) S MEM?E =€l @ I,

m—co (o) —co(o)" =

Hence (e, ) ® L) (ML) 7' = (e, @ I)J = ef @ I,
Further, since ig(c) = 0 and 0,1 ¢ 6,, by we have (MJ)) ™! (em—io(o) ® In) =
(ng)_l(em ®I,) = e, ® I,. Hence J(M(fj)_l(em_io(o) RQI)=Jen®I,) =€ QI,.
Case-II: Suppose that ig(c) > 0. Then ¢y(c) = 0. Since o has ig(0) inversions
at 0, we have o ~ (ig(0),...,2,1,0,0f). Without loss of generality, we assume that
o = (01,0,92) = (ip(0),...,2,1,0,09), that is, 6; = (ig(c0),...,2,1). Then by repeated

application of ((7.29) we have
(M(g)_l(em—io(a) ® ]n) = Mfleé oy Mf(io(g)fl)Mfio(o)(em—io(U) X [n) =e,®I,.

Hence we have J(MJ) ™ (en—igo) @ I) = J(en, @ I,) = 1 ® I,.
Further, since ¢y(0) = 0 and 0,1 ¢ &, by (7.28) we have (e}, ) ® [,)(M)™" =

(eh @ L) (M) = ef, @ I. Hence (e}, . @ In)(M{)™'J = (e}, ® [)] = ef @I,

Thus in both the cases, we have

UN)J(ME)  emig@) ® 1) = UN)(e1 ® 1)
(7.30)

(€7 oy @ L)ME) LIV (N) = (] @ L)V (N).

_CO(

Next, we calculate U(A)(e; @ I,,) and (¢7 ® I,)V()). Note that « is a permutation of
{0:m—1}. Let RCISS(«) be given by RCISS(«) = (c1, i1, Ca, @a, . . ., ¢, 3¢). Recall from
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7.2. GFPRs of rational matrices 185

(7.8) and (7.9) the definitions of m;,n; and s;, for j = 0 : ¢, associated with RCISS(«).
By (7:24) and (725), we have

UA) = UtcrinUteoriie—1) " * Ulenyin)Uter ia) and

V()‘) = V(C1,i1)v(r127i2) to ‘/Y(Cz_1,iz—1)‘/iCe,ie)>
7 _ pB B B B
where U(Cj,ij) - st-,l-i—c]--i-ij e R$j71+0j+1QSj71+Cj e Qsj-fl-l-l and

V(Cj,ij) = RSj—1+1 T Rs]-_1+chs]-_1+c]-+1 T Qs]-_1+c]-+ij'
Hence by Lemma [7.2.11] we have U(\)(e; ® I,) = Au(N) and (¢ ® I,)V () = Q. (N),
where A, (\) and Q,(\) are as given in Definition Now by ([7.30) we have
TN I(ME) ™ emmioto) ® In) = Aa(N) and (€], () @ L)(ME) LTV (X) = Qa(N).
(7.31)

Define Op(\) := U(1/N)J(ME) and O,()) := (ML) JV(1/A). Then O,()\) and
O,()\) are biproper rational matrices. Set Gsp(A) :i= C(AE — A)~'B. Then

OuMAT'G(NO,(N)

~ ~ ~

= WA LeNO(A) + O ((em-iote) @ Tn)A ™ Cop N € cpte) © 1) ) Or()

oy 0
) + Ao (1/A) A Gap(N) Qa(1/A) by (7.26) and (7.31
0 | A™P()
O(mfl)n 0 I(mfl)n -1
— + + Aa(1/X) A Gp(N) Qa(1/X). (7.32)
0 |[AmP) 0 |0
W

Let 71(\) and T5(\) be the matrix polynomials given in Corollary [7.2.13] Then 77 (1/))
and T5(1/)) are biproper rational matrices. Let YA}(l/)\), j = 1,2, denote the matrix
obtained by multiplying each off diagonal block of T;(1/A) by —A~'G,,(A). Then by
Corollary we have

0 I(mfl)n

I(mfl)n

0 | A tIAIG, ()

Ti(1/N) W(N) Ta(1/)) =

(7.33)

Obviously, T1(1/)A) and Ty(1/)) are biproper rational matrices. Hence by defining
Ou(\) == T1(1/X)Oy(N) and O, (\) := O, (A\)Ta(1/X), the equality in (7.23) follows from
(7.32)) and ([7.33)). This completes the proof of (b). ]
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Next, we show that GFPRs of G(\) are Rosenbrock strong linearizations of G(\).
We need the following result.

Proposition 7.2.15. Let T(\) := MM® — MS be the Fiedler pencil of G()\) asso-
ciated with a permutation o of {0 : m — 1}. Let LL(\) be a pencil given by L(\) :=
diag(X, Xo)T(N)diag(Y, Yy), where X, € C™*™" and Xy, Yy € C™" are nonsingular

matrices. Then IL(X) is a Rosenbrock strong linearization of G(\).

Proof. Since T()) is a Fiedler pencil of G()), by Theorem [7.2.14} T()) is a Rosenbrock
strong linearization of G(\). Hence there exist mn x mn unimodular matrix polynomials

U(M) and V()), and r x r nonsingular matrices Uy and Vj such that

diag (Lim—1yn, S(A)) = diag(U(X), Up) T(X) diag(V (X), Vo)

= diag (U)X, UpXy ") L(A) diag(Y'V (), Yy Vo). (7.34)

By Theorem (7.2.4] we have T(\) = , where L(\) =

LO) | ensiow ®C
€T

AME — MP is the Fiedler pencil of P(\) associated with .. Then

XLNY | Xlem i @ O

L() =
Xol€ o) ® BYY | Xo(A—AE)Y

and GL(A) = XLA)Y + X(em—ioa) ® C)AE — A)~(eF

m—cop(a

)y ® B)Y is the transfer
function of IL(\). Since T(A) is a Rosenbrock strong linearization of G(\), there exist
biproper rational matrices Qy(A) and O,.()\) such that

[(m—l)n 0
0 | ATG()

Ol(N) X'Gr(X) O,(N) =

, (7.35)

where Gr(\) = L(A) + (em—ig(a) ® C)(AE — A)*l(eﬁfco(a) ® B) is the transfer function

of T(X\). Since X 'Gr(\)Y ' = Gr()), it follows from (7.35) that

](mfl)n 0
0 [Amam)

O MNXTA TGN YO, () = (7.36)

Note that Oy(A\)X~! and Y 'O, (\) are biproper rational matrices. Hence it follows

from (7.34)) and (7.36]) that L.()\) is a Rosenbrock strong linearization of G(\). O

Now we prove that the GFPRs of G(\) are Rosenbrock strong linearizations.
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7.3. Structure-preserving strong linearizations 187

Theorem 7.2.16. Let L()\) := M, (Y}) M,, (X;)(AMS — MS)M,,(X5) M,,(Y2) be a
GFPR of G(\) as given in Definition where all the matriz assignments X; and

Y;, j = 1,2, are nonsingular. Then L()\) is a Rosenbrock strong linearization of G(X).

Proof. Let T be given by 7 = (8, —m, ). Define a := (—rev (8), o, —rev (7)) and T()\) :=

AM®, — MS. Then T()) is a Fiedler pencil of G()) associated with the permutation

a of {0 : m—1}. Tt is easily seen that L()) = AT(A)B, where A = M, o,)(Y1, X1)M$ =
M(Tl’al) (YL Xl)MéD‘ MfM(02,72)<X27 %)‘

‘ £ I,

and Y}, j = 1,2, are nonsingular matrix assignments, the matrices M, ,,)(Y1, X})

. Since

and B = MfM(0-277-2)(X2’ Y2) —

X;

and M(,, -,)(X2,Y2) are nonsingular. Hence by Proposition [7.2.15} L.()) is a Rosenbrock
strong linearization of G(\). O

Finally, we show that the GFPs of G()\) are also Rosenbrock strong linearizations.

Theorem 7.2.17. Let T, (\) := AM®,, —MS$ be a GFP of G()\), where 0 € wy. Then

To () is a Rosenbrock strong linearization of G()).

Proof. 1t is shown in [4, Theorem 2.13] that T, (\) = diag(X, X,) F(\) diag(Y, Yo) for
some nonsingular matrices X', € C™*™ and X, Y, € C™*", where F()) is a Fiedler
pencil of G()). Hence by Proposition [7.2.15] T(\) is a Rosenbrock strong linearization
of G(\). 0

7.3 Structure-preserving strong linearizations

This section is devoted to construction of structure-preserving strong linearizations of
structured rational matrices. We consider only symmetric, skew-symmetric, Hamilto-
nian and skew-Hamiltonian rational matrices and construct their structure-preserving
strong linearizations. The construction of structure-preserving strong linearizations of
Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian rational matrices
is similar. We show that the family of GFPRs of G()\) is a rich source of structure-
preserving strong linearizations of G()). For the rest of this section, we assume that
G(A) = P(A) + Gy(A), where P(A) := 377" A;N with A, # 0 and Gyp(N) is strictly
proper, that is, G5,(A) — 0 as A — oc.

7.3.1 Symmetric GFPRs

Suppose that G()) is symmetric, that is, G(A\)T = G(\). Since G(\) = P(\) +
Gsp(N), it follows that both P(X) and G,p(A) are symmetric. As Gg,(A) is strictly
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188 Chapter 7. Structured Strong Linearizations of Structured Rational Matrices

proper and symmetric, there exists a minimal symmetric realization of G(\) given
by Ggp(X) = BT (M. — A)7'B, where A is a symmetric matrix [32] [36, 38]. Hence
G(A) = P(A\)+ BT (M., — A)~'B is a minimal symmetric realization of G()). The system
P()| BT
B |A-AL
a minimal symmetric realization of G()) of the form G(\) = P(\) + BT (A\E — A)™'B,

where A and E are symmetric matrices with E being nonsingular [29]. The system

matrix S(A) := is then symmetric and irreducible. Also, there exists

matrix

P()| BT

> B | A-\E

(7.37)

is obviously symmetric and irreducible.
Recall that a block matrix H is said to be block-symmetric provided that H? = H,

A ‘ u®X
see [20]. Also, recall that the block transpose of a system matrix A :=
T QY ‘ Z
AB ‘ v X
is defined by AP := , where A = [A;;] is an m x m block matrix with
'Y ‘ Z

A e C”"u,v e CM X € CY € C*" and Z € C™". Observe that A is block-

symmetric if and only if A is block-symmetric and u = v.
From Chapter[2] recall the following definitions of admissible tuple, simple admissible

tuple, symmetric complement of an admissible tuple, and index tuple in canonical form.

Definition 7.3.1. [17] (a) Let h > 0 be an integer. We say that w is an admissible

tuple of {0 : h} if w is a permutation of {0 : h} and
csf(w)=(h—1:hh—=3:h—2,....p+1:p+2,0:p) (7.38)

for some 0 < p < h. We call p the index of w and denote it by Ind(w).
(b) Let h > 0 be an integer and let w be an admissible tuple of {0 : h} with index p.

Then the symmetric complement of w, denoted by ¢, is defined by
(h—l,h—3,...,p—|—3,p+1,(0:p)m,e) ifp>1,
¢y =4 (h—1,h—=3,...,1) if p=0 and h > 0,
0 if h =0,
where (0 p)pew, = 0:p—1,0:p—2,...,0:1,0).

For simplicity, we always consider an admissible tuple of the form (7.38)). Clearly, for
an integer h > 0, there exists a unique admissible tuple of {0 : h} with index 0 or 1 [17].
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Definition 7.3.2. An admissible tuple w of {0 : h}, h > 0, is said to be the simple
admissible tuple if Ind(w) =0 or Ind(w) = 1.

Note that for the simple admissible tuple w of {0 : h}, we have Ind(w) = 0 (resp.,
Ind(w) = 1) if h is even (resp., odd).
Remark 7.3.3. Let v be an admissible tuple of {0 : k}, k > 0, and let ¢, be the
symmetric complement of v. Then it follows from Definition that 0 € ¢, if and
only if Ind(v) > 1. In particular, for the simple admissible tuple w of {0 : h}, we have
0 € ¢y (resp., 0 ¢ cy) if h is odd (resp., even), where ¢, is the symmetric complement
of w.
Definition 7.3.4. [17] Given h > 0, we say that an index tuple t is in canonical form
for h if t is of the form

with a; > 0, i =1: | %], where |-| stands for the greatest integer function.

Note that an index tuple in canonical form for h is necessarily empty for h = 0, 1.
The following result characterizes all symmetric GFPRs of a matrix polynomial.

Theorem 7.3.5 ([I7], Theorem 6.11). Let 0 < h < m. Let wy, and v, +m be the simple
admissible tuples of {0 : h} and {0 : m — h — 1}, respectively. Let t,, and t, +m
be index tuples in canonical form for h and m — h — 1, respectively. Let X and Y be

nonsingular matriz assignments for t,, and t,, , respectively. Then

L(XA) = Mty ) Vs XYMy, = Mg )M o\ Mireo(ta, ) ren(tn, ) (rev(X), rev()),
(7.39)
is a block symmetric GFPR of P()\), where ¢,, and c,, +m are the symmetric comple-
ments of wy, and v, +m, respectively. Moreover, any block symmetric GFPR of P())
is of the form . Furthermore, if all the matrices in the matriz assignments X and

Y are symmetric, then L(X\) is symmetric when P()) is symmetric.

The pencil in is denoted by Lp(h,t,,,t,,,X,)) and is uniquely determined
by h,ty,,t,,, X and Y, see [17].
Definition 7.3.6. Let h, wy, Cy, , tw,, Vn, Cu,, t,, X and Y be as given in Theorem|[7.3.5
Then we define

]L()\) = M(tvh’twh)(y’ X>()\th - Mf"h>Méjcwh7th)M(r6U(twh):rev(tuh)) (TB,U(X)’ TC’U(J})).
(7.40)
The pencil L(X\) in is uniquely determined by h,t,, ,t,, X and Y. We denote
L(A) by Ls(h, ty,, t,,, X,Y).
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The following result characterizes all block-symmetric GFPRs of G()).
Theorem 7.3.7. Let S(\) be given in . Let 0 < h < m —1 be even. Con-
sider the GFPR L(X\) := Lg(h,ty,,t,,X,Y) associated with S(\). Then L(\) =

LP(h'7 twha t’Uh7 X? y) ‘ em—io(twh wp,) ® C
el ® B A—M\E

Cm— co( wh th rev(tw

(a) L(N\) is a b}Zock symmetric GFPR of S(\). Further, any block symmetric GFPR

of S(A\) must be of the form Lg(h, t,,,t,,,X,Y) for some even 0 < h <m — 1.
(b) If m is odd then () is a Rosenbrock strong linearization of S(\). If m is even

then IL(X) is a Rosenbrock strong linearization of S(X\) when the leading coefficient of

. Further, we have the following:

P(X) is nonsingular.
Proof. By substituting o = wy, 01 = ty,, 02 = (Cy,,7e0(ty,)), 7 = Vi, 71 = t,, and

Ty = (Cy,, Tev(ty, )) in Theorem we have
LP<h7 twhatvha X7y)

T
e wy®B| A-AE

m—co(wh,cwh ;rev(

em—io(twh SWh) 0%y C

LX) = (7.41)
By Theorem Lp(h,ty,.ty,,X,Y) is a block symmetric pencil. Hence it follows
that L(\) is block symmetric if and only if ¢o(Wp, €y, , 7€0(ty,)) = io(tw,, Wr). Next,
we show that co(Wy, €y, , rev(ty, ) = io(tw,, Wh).

Case-I: Suppose that h = 0. Then wj, = (0) and ¢,,, = ) = t,,,. Hence ig(ty,, ws) =
0 = ¢o(Wh, Cyy,, T€V(ty,,)).

Case-1I: Suppose that h > 0. Since h is even and wy, is the simple admissible tuple of
{0: h}, wehave w, = (h—1:h,h—3:h—2,...,1:2,0)and ¢, = (h—1,h—3,...,3,1).
Thus co(Wh, Cuy,, 7€V(ty,)) = 24 co(rev(ty, )) and 4o (ty, , W) = 2+1i2(ty, ). (Recall that
for any index tuple § and for any index ¢, if t ¢ 3 then ¢,(5) = —1 = i,()). Hence
IL(A) is block-symmetric since i;(8) = ¢(rev()) for any index tuple 8 and any index t.
This proves the first part of (a).

Next we prove that, if 4 is odd, then ¢o(wp, €y, , 7€v(ty, ) # to(tw,, Wsn). Then it
follows from that IL(A) is not a block symmetric GFPR of S(\). This will prove

the second part of (a).
Let h > 0 be odd. If h = 1 then w;, = (0,1), ¢, = (0) and t,, = (. Thus
co(Wp, €y, , rev(ty, ) = 1 and iy(t,, , wn) = 0. Hence IL(\) is not block symmetric.
Next, suppose that h > 1. Then wy, = (h—1:h,h—3:h—2,...,2:3,0:1) and
=(h—1,h—3,...,2,0). Thus ¢o(Wp, Cy,,rev(ty,)) = 3+cs(rev(ty,)) = 3+is(ty,)
and io(tu,, Wp) = 1+21( wy,)- We show that 3+1i5(t,, ) # 1+141(ty,). Let i1(ty,) = p. If
p=—1lorp=0then 1+1(t,,) <2 < 3+i3(ty,,) and hence the desired result follows.
Suppose that p > 1. Note that t,, is in canonical form for h (h > 1 is odd), i.e

to :(a1:h—2,a2:h—4,...,a%_1:3,a%:1). (7.42)

h
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We call (a; : h—2j5), j=1,2,..., %, as the strings of t,,, and h — 2j as the right end
point of the string (a; : h — 27). Since i1(ty,) =p, (p+ 1,p,...,3,2,1) is a subtuple of
ty, and (p+2,p+ 1,p,...,2,1) is not a subtuple of t,,. It is clear from that
each index of the subtuple (p+1,p,...,2,1) of t,, belongs to distinct string of t,,. By

collecting all those strings we have a subtuple

(04 10y, (0 By), . (3:55), (2 B2), (12 b))

of t,,, where b;’s are the right end points of the collected strings. Hence ©b; €
{1,3,5,...,h —4,h — 2} for j = 1: p+ 1 is such that b,pqy > b, > --- > by > by > b;.
This implies that by > 3 and hence 3 € (2 : by), b3 > 5 and hence 4 € (3 : b3), and so
onp+1le(p:b,)andp+2¢€ (p+1:byo). Consequently, (p+2,p+1,...,4,3)is a
subtuple of t,, and i3(t,,) >p—1. So 3+i3(ty,) >p+2>p+1=1+1(ty,). Hence
co(Wh, Cuy,, 7€V(b, ) # to(tw,, Wn) and L(A) is not a block symmetric GFPR of S()).
This completes the proof of the second part of (a).

(b) Since h is even, by Remark we have 0 ¢ c,,. This implies that the matrix
assignment for c,, is nonsingular. Further, it is given that X and ) are nonsingular
matrix assignments for t,,, and t,,, respectively. Consequently, by taking o := wj,, 7 :=
Vi, 01 1= by, , 02 1= (Cy, eV (ty,)), 71 := t,, and 7 := (c,,,rev (t,,)), it follows from
Theorem that IL(A) is a Rosenbrock strong linearization of S(A) if the matrix
assignment for c,, is nonsingular. Suppose that m is odd. Then m —h — 1 is even (since
h is even) and by Remark [7.3.3 it follows that 0 ¢ ¢c,, + m = —m ¢ c,,. Hence the
matrix assignment for c,, is nonsingular. On the other hand, if the leading coefficient
of P()) is nonsingular then the matrix assignment for c,, is nonsingular irrespective of
m being even or odd. Hence IL()) is a block symmetric Rosenbrock strong linearization
of S(N). O

Corollary 7.3.8. Let G(\) be symmetric and S(X\) be as given in (7.37). Let 0 < h <
m — 1 be even. Consider the GFPR

em—a @ BT

LP(ha twh7 tvha‘)()y)
el @B ‘ A—\E

L(A) := Ls(h, tu,, t,, X, ) =

associated with S(\), where o = ig(ty,, wy), X and Y are nonsingular matriz assign-
ments and all the matrices in X and Y are symmetric. If m is odd then L(\) is a
symmetric Rosenbrock strong linearization of G(\). If m is even then L(X\) is a sym-
metric Rosenbrock strong linearization of G(\) when the leading coefficient of P(\) is
nonsingular. Also the transfer function G()\) :== L(\)+(em_o@BT)(AE—A)"' (el ®B)
of L(A) is symmetric, where L(\) := Lp(h, t,,, t, . X, V).
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Proof. By considering C' = BT it follows from the proof of Theorem that

em—a ® BT
\ A—\E

LP(hutwh’tUh)Xay)
o ® B

L()\) = (7.43)

is a block symmetric Rosenbrock strong linearization of S(\), where a := iy(ty,, Ws).
Since P(A) is symmetric and all the matrices in the matrix assignments X and ) are
symmetric, by Theorem , we have Lp(h, ty, , t,,,X,)) is symmetric. Further, since
A and E are symmetric, it follows from that L(A) and G()\) are symmetric. [

Example 7.3.9. Let G(\) = S0 NA; + BT(\E — A)~'B be symmetric. Consider

h=2,t, =(0)andt, = (=5). Let X andY be any arbitrary nonsingular symmetric
matrices. Then the GFPR
(0 v AY 0 ol o |
-Y MNA; — Ay Ay 0 0 0
AY AAY Az + A, A -X 0
Ls(h, ty,, t,,X,)) =
0 0 Ay AN+ Ay AX BT
0 0 —-X AX 0 0
0 0 0 B 0 |A-)\E

is a symmetric Rosenbrock strong linearization of S(\). Note that Ls(h, t,,, t,,, X,Y)

18 a block penta-diagonal pencil.

We now show that a real symmetric strong linearization preserves the Cauchy-Maslov

index of a real symmetric rational matrix.

Definition 7.3.10. [10] The Cauchy-Maslov indez of a real symmetric rational matriz
G(N) is defined by Inden (G) := (# eigenvalues of G(X) which jump from —oo to 4+00)
—  (# egenvalues of G(X\) which jump from 400 to —oc) as the real parameter A

traverses from —oo to +00.

The Cauchy-Maslov index of a real symmetric rational matrix plays an important
role in many applications such as in networks of linear systems, see [10], 23], 22 [39] and
the references therein. It is therefore desirable to construct real symmetric linearizations
of G(X) that preserve the Cauchy-Maslov index of G(\).

Theorem 7.3.11. Let G(\) be real symmetric and S(X\) be as given in (7.37). Let
L(A) := Ls(h, ty,, t,, X,Y) be a symmetric Rosenbrock strong linearization of G(\)

TH-2055_136123004



7.3. Structure-preserving strong linearizations 193

as gwen in Corollary [7.3.8  Let G(X) be the associated transfer function of L().
Then G(XA) is real symmetric and has the same Cauchy-Maslov index as G(N), that
is, Indem(G) = Indem(G).
Proof. By Corollary [7.3.8| we have G(\) = L(\) + (o ® BY)(AE — A) (el _, ® B)
is symmetric, where o := ig(t,,, W) and L()) are as given in Corollary [7.3.§

Next, we show that Indcy(G) = Indon(G). Set Gy, (A) := BY(AE — A)™'B. Then
we have G(\) = P(\) + G4,(A) and

G(\) = LA\ + (ém—a ® BHYAE — A)" el _, ® B)

(A) + (em—a ® I,)BY(AE — A)'B(el__ ®1,)

L
LX) + diag(0, ..., 0,Gy(N), 0, ..., 0). (7.44)
——
(m—a)-th position

Since L(\) is a matrix pencil, it follows from ([7.44]) that the contribution in Indcym(G)
comes only from diag(0,...,0,G,,(A),0,...,0). Hence we have

Indcy(G) = Indey (diag(0, ..., 0, Gyp(N),0, ..., 0))
= Indcy (Gop(N)) = Inden(G).

This completes the proof. O
Remark 7.3.12. Although the Cauchy-Maslov index is defined for real symmetric ra-

tional matrices, it can be extended to Hermitian rational matrices.
Remark 7.3.13. Recall that for a symmetric rational matriz G(\) = P(\) + BT (\I, —
A)"'B with P(\) = Z;ﬁzo AN andm > 1, Theorem construct only one symmetric

linearization T(\) which is given by

4 ” ; _A,
" Ap R
T(A) := A +
: Ay Ay o Ay
Am Ap—1 - Ay Ayl C
L —E] I B|A |

Further, T(\) is a Rosenbrock strong linearization of G(\) if and only if A, is non-
singular. By contrast, the family of GFPRs enables us to construct an infinite number
of symmetric strong linearizations of G(X). In fact, by considering h = 0, t,, =0 and
t, =—m+(0:m-3,0:m-—2>5,...), we have Lg(h, t,,,t,,X,Y) = T(\), where X

Up,
and Y are the trivial matriz assignments for t,, and t,, , respectively.
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7.3.2 Hamiltonian linearizations

Recall that a rational matrix G(\) is said to be Hamiltonian (i.e., T-even) if G(—\)T =
G(N). Since G(A) = P(X) 4+ Gsp(A), it follows that if G(\) is T-even then both P(\)
and G,p,(A) are T-even. We now construct T-even Rosenbrock strong linearizations of
G(N). We proceed as follows.

0 I
For the rest of this chapter, we define J := ‘ when r = 2¢. Note that
-1, 0

JT = J=' = —J. Further, we define Jj,, := diag ([}, J) for any integer k > 1 when r = 2/.

Definition 7.3.14. [38] A matric X € C" with r = 2{ is said to be Hamiltonian
(resp., skew-Hamiltonian) if JX is symmetric (resp., JX is skew-symmetric), that is,
(JX)T = JX (resp., (JX)T =—-JX).
If X is Hamiltonian then (JX)T = JX = (XJ)! = XJ. Similarly, if X is skew-
Hamiltonian then we have (X J) = — X J.
Definition 7.3.15. Let G(\) be a Hamiltonian (i.e., T-even) rational matriz.
(a) A realization of G(\) of the form G(\) = P(\) + C(Al. — A)™' B is said to be a
Hamiltonian realization of G(X) if P(X\) is T-even, A is Hamiltonian with r = 20
and JB = CT.
Py| ©

A- AL
tonian system matriz if r = 20 and J,,S(X) is T-even, that is, if (I, S(—)\))T =
Jnr S(N), where J,,, := diag(l,, J).

18 said to be a Hamil-

(b) A system matriz S(\) of the form S(X) :=

(c) A realization of G(A) of the form G(\) = P(\) + C(AE — A)"'B with E being
nonsingular is said to be a T-even realization of G(\) if C = BT and both P(\)
and \EE — A are T-even.

Note that the system matrix S(\) associated with a T-even realization of G(\) is
T-even, that is, S(=\)T = S(\).

Remark 7.3.16. Observe that G(\) = P()\) +C(/\]T — A)'B is a Hamiltonian realiza-
P(\)

—~

tion of G(N\) if and only if S(\) =

18 a Hamiltonian system matrix

S

AL
of G(N\). On the other hand, G(\) = P(\) + C(AE — A)™'B is a T-even realization of

Q

| o [Poy]
G(A) if and only if S(N) ==

is a T-even system matriz of G(\).
Y
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For convenience, we often refer to S(\) as a T-even (resp., Hamiltonian) realization
of G(\) when S(\) is T-even (resp., Hamiltonian).
Proposition 7.3.17. Suppose that G(\) is Hamiltonian (i.e., T-even). Then we have
the following.

(a) There exists a minimal Hamiltonian realization of G(X) of the form G(\) = P(\)+
C\IL, — A)7'B with r = 20 and JB = CT. Thus the associated system matriz

PO | BT
S(A) = is Hamiltonian.
B | A- AL
(b) There exists a minimal T-even realization of G(\) of the form G(\) = P(\) +
PO | B
BT(AE — A)~'B. Thus the system matriz S()\) = is T-even.
B |A-AE

Proof. Since G(A\) = P(A\)+Gsp(A) is T-even, we have P(\) and G, () are T-even. Also
since G, () is strictly proper and T-even, there exists a minimal Hamiltonian realization
of Ggp(A) of the form Gyp(N) = C(AL, — A)"'B with » = 2¢ and JB = C7; see [39].
Hence G(\) = P(\) + C(A\I, — A)~'B is a minimal Hamiltonian realization of G()\).
Obviously the system matrix S()\) is Hamiltonian, that is, (J,,S(=\)T = J,.,.S(\),
where J,, . := diag(1,, J). This proves (a).

The results in (b) follow from (a). Indeed, by part (a) we have G(\) = P()\) +
BTJT(M, — A)™'B = P(\) + BT (\J — AJ)~'B. Since A is Hamiltonian, it follows that
AJ — AJ is T-even. Hence setting F := J and redefining A := AJ, it follows that
G(A\) := P(\)+ BT (AE— A)~!'B is a minimal T-even realization of G(\). Evidently, the
system matrix S()) is T-even, that is, S(—\)T = S()\). This proves (b). O

We construct T-even (resp., Hamiltonian) linearizations of G(\) corresponding to a

T-even (resp., Hamiltonian) realization of G(\). We proceed as follows.
Definition 7.3.18. [20] A matriz @ € C™*™" s said to be a quasi-identity matrizc if
Q=eal,® - ®enl,, wheree; € {1} fori=1:m. We refer toe;, j =1:m, as the
j-th parameter of Q).

We need the following result which is a particular case of [20, Theorem 4.15].

Theorem 7.3.19 ([20], Theorem 4.15). Let 0 < h < m—1 be even. Let w be the simple
admissible tuple of {0 : h} and ¢, be the symmetric complement of w. Let z+m be any
admissible tuple of {0 : m —h — 1} and ¢, +m be the symmetric complement of z+ m.
Let L(\) = ()\MZP — Mg)Mf;Mi. Then, up to multiplication by —1, there exists a
unique quasi-identity matriz QQ such that QL(\) is T-even (resp., T- odd) when P(\) is
T-even (resp., T-odd).
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We refer to [20, Algorithm 4.14] for more on the construction of the quasi-identity

matrix ). The next result provides T-even linearizations of G(\).

Theorem 7.3.20. Let G(X) be T-even and S(\) be a T-even realization of G(\) as given
i Proposition (b) Let h, w, ¢, z and c, be as in Theorem . Consider the
GFPR L(\) := (AMS — M$)ML ME  associated with S(X). Then there exists a unique
quasi-identity matriz Q = diag(s @, I,,) such that

sQL(\)
el ® B ‘ A—)\E

m—io(w)

is T-even, where QQ and L(\) are as in Theorem and s is the (m — ig(w))-th

parameter of Q.
Assume that Ind(z+ m) = 0 when the leading coefficient of P(\) is singular. Then

QL()N) is a Rosenbrock strong linearization of G(X). The transfer function G(\) :=
SQL(A) + (em—iow) ® BT)(AE = A)~ (e}, ;) @ B) of QL(X) is T-even.
Proof. By Theorem [7.2.4] we have

Em—ip(w) ® BT

LY |emiw®B
eT \®B| A-AE

m—co(W,Cuw

L) = ,
where L()) is as given in Theorem[7.3.19] Since & is even and w is the simple admissible
tuple of {0 : h}, we havew = (h—1:h,...,3:4,1:2,0)andc, = (h—1,h—3,...,1).
This implies that io(w) = ¢o(W, ¢,y) = 0if b = 0, and io(W) = ¢o(W,c,) = 1if A > 0. By
Theorem [7.3.19, s QL()) is T-even. Set o := ig(w). Then Q(em—a ®I,) = s(em_a®1,).
Note that ss = 1. Consequently, we have

SQL(Y |5Qeno®BM)| [ QLM |enaw B

QL) =
& ®B|  A-AE e .®B| A-AE

(7.45)

Since sQL(A) and A — A\E are T-even, it follows from ([7.45) that QL(\) is T-even.
Since h is even, by Remark we have 0 ¢ c,. This implies that the matrix

assignment for c,, is nonsingular. Hence by taking o := w,7 := 2,0, := 0,09 := ¢y,
71 := ) and 75 := c,, it follows from Theorem that L()) is a Rosenbrock strong
linearization of G(A) if the matrix assignment for c, is nonsingular. If the leading
coefficient of P()\) is nonsingular then the matrix assignment for c, is nonsingular. On
the other hand, if the leading coefficient of P()) is singular and Ind(z + m) = 0, then
by Remark [7.3.3 we have 0 ¢ c, + m = —m ¢ c,. Hence the matrix assignment for
c. is nonsingular. Thus, QL(A) is a T-even Rosenbrock strong linearization of G(\).

Obviously the transfer function G(\) is T-even. O
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Example 7.3.21. Let G(\) =

S NA; + BT(AE — A)7'B be a T-even realiza-
tion of G(\) and S(X) be as in Proposition [7.3.17(b). Consider the GFPR L()\) =

M,y o = MS,,  MPMP, and Q = diag(Ly, I, — L, In, I, I.). Then
[ 0 1, A, 0 o o |
I, Ms— Ay A 0 0| o
Loy | M M Me—d A Lo
0 0 A A+ A AL | BT
0 0 I AL, 0| 0
0 0 0 B 0 |A—AE |

Observe that QL(\) is a block

is a T-even Rosenbrock strong linearization of G(\).

penta-diagonal pencil.

Next, we consider a Hamiltonian realization of G(\) and construct a Hamiltonian

strong linearization of G(\).

Theorem 7.3.22. Let G(\) be Hamiltonian and S(\) be a Hamiltonian realization
of G(\) as given in Proposition |7.3.17(a). Assume that Ind(z+ m) = 0 when the
leading coefficient of P(X) is singular, where z is as given in Theorem |7.3.20, Then

sQL(\ ‘em,iow ® BTJT
() = QL(N) (w)

1s Hamiltonian and is a Rosenbrock strong

eﬁ_io(w) ® B ‘ A— )\,
linearization of G(X), where w and s QL(\) are as given in Theorem |7.3.2(}.
The transfer function G(X) := SQL(X) + (€m—io(w) @ BT JT) (NI, — A)*l(ef%io(w) ® B)

of T(\) is Hamiltonian.

R PO | BT
Proof. Define S(\) :=J,,S(\) = . Since A is Hamiltonian, we have
JB [JA-AJ
JA — \J is T-even. This shows that S()) is a T-even realization of G()\). Hence by
Theorem [7.3.20],
~ sQL(A m—io(w) @ BT J"
T\ = QL(A) o(w)

(7.46)

T ®JB| A=A

is a T-even Rosenbrock strong linearizations of §(A) Note that J/I:(/\) = Jpn,T(N), where
T := diag(Lpy, J). Since L()) is T-even, it follows that T()) is Hamiltonian, that is,
Tmns T(=A)T = Jpn s T(N). Further, since ]i()\) is a Rosenbrock strong linearization of
§(A) and §(A) = J,,S(A), it follows that T()) is a Rosenbrock strong linearization of
S(A). Obviously the transfer function G(\) is Hamiltonian. O
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7.3.3 Skew-Hamiltonian linearizations

Recall that a rational matrix G(\) is said to be skew-Hamiltonian (i.e., 7-odd) if
G(-NT =-G().

Proposition 7.3.23. Let G(\) be T-odd. Then there exists a minimal T-odd realization
of G(N) of the form G(X\) :== P(A\)+ BT (A, —A)™' B, where P()\) and \I,— A are T-odd.
PO | -BT

1s T-odd.
B ‘ A, — A

Thus the system matriz S(\) :=

Proof. Since G(A\) = P(X) + Gs,()\) is T-odd, it follows that both P(\) and Gg,(A)
are T-odd. Since Gg,()) is T-odd and strictly proper, there exists a minimal 7T-odd
realization of Gy, () of the form Gy, (\) = BT (A, — A)~! B, where A is skew-symmetric;
see [38]. Since A is skew-symmetric, we have A\, — A is T-odd. This shows that
G(\) = P(\) + BT (M, — A)7'B is a minimal T-odd realization of G()\) and that the
system matrix S(A) is T-odd. O

The next result gives T-odd Rosenbrock strong linearizations of G(\).

Theorem 7.3.24. Let G(\) be T-odd and S(X) be as given in Proposition [7.5.23 Let
h,w, ¢y, z and c, be as in Theorem |7.3.19.  Consider the GFPR L(\) := (AMS —
va)MfwaZ associated with S(X). Then there exists a unique quasi-identity matriz
Q := diag(s @, I,,) such that

SQL()\> ‘ —Cm—ig(w) ® BT
o ®B| AL —A

m—ig(w)

QL) =

is T-odd, where Q and L(\) are as in Theorem and s is the (m — ig(w))-th

parameter of Q.

Assume that Ind(z+m) = 0 when leading coefficient of P(X) is singular. Then QL(\)
is a T-odd Rosenbrock strong linearization of G(X). The transfer function G(\) =
SQL(N) + (em—ig(w) @ BN)(AL, — A)~H e, i () @ B) of QL(A) is T-odd.

m—ig(w

Proof. By Theorem [7.2.4] we have

L(A) Em—io(w) @ (—B")
eﬁfco(w,cw) ® B ‘ )\L" - A

L(\) =

where L()\) is as given in Theorem [7.3.19] It is shown in the proof of Theorem [7.3.20
that ig(w) = ¢o(W, ¢y). Set a :=ig(w). Then Q(em—a ® I,) = s (em—a @ I,). Note that
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ss = 1. Consequently, we have

sQen-o® (-BN)] _ [ 5QLOY |en-0 ® (-B")

SQL(Y) _

QL(A) =
o ®B| A, -4 e ®B| A, - A

(7.47)

By Theorem [7.3.19, s QL()) is T-odd. Since I, — A is T-odd, it follows from ([7.47)
that QL(\) is T-odd.

By the same arguments as given in the proof of Theorem[7.3.20] it follows that QL(\)
is a Rosenbrock strong linearization of G(\). Obviously, the transfer function G(\) is

T-odd. O

Example 7.3.25. Let G(\) = 3.0_ N A;+ BT (A, — A)~' B be T-odd realization of G()\)
and S(X\) be as given in Proposition|7.5.25. Consider Q = diag(l,, — I, In, —In, —In, )

and the GFPR L(X) := (AMIZ_,_5 5 — Mg, ) )M{MP”,. Then
0 —1I, A, 0 0 0
I, M5+ Ay —)A 0 0 0
A, AAy Az + Ay A —1, 0
QL(A) =
0 0 —A; M, - Ay M, | -BT
0 0 I, -, 0 0
0 0 0 B 0 |, =A

is a T-odd Rosenbrock strong linearization of G(\). Notice that QL(\) is a block penta-

diagonal pencil.

7.3.4 Skew-symmetric linearizations

Suppose that G(\) is skew-symmetric, that is, G(A\)T = —G()). Since G(\) = P(\) +
Gsp(A), it follows that P(X) and Gg,(\) are skew-symmetric.

Definition 7.3.26. Suppose that G(\) is skew-symmetric.

(a) A realization of G()\) of the form G(\) = P(\) + C(Al, — A)™'B s said to be
a skew-Hamiltonian realization of G(X\) if P(\) is skew-symmetric, A is skew-
Hamiltonian with r = 2( and CT = JB.

P | —C

B ‘ MM, — A

skew-Hamiltonian system matriz if r = 20 and (J,, S()\))T = —Jn,r S(N), where
Jpr = diag(l,, J).

(b) A system matriz S(X) of the form S(X\) =

1s said to be a
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(c) A realization of G(\) of the form G(\) = P(\) + C(AE — A)™'B with E being
nonsingular is said to be a skew-symmetric realization of G(\) if C = BT and both
P(\) and \E — A are skew-symmetric.

Remark 7.3.27. Observe that G(A\) = P(\)+C (M, — A)™'B is a skew-Hamiltonian re-

roo| -0
alization of G(X) if and only if S(\) := W is a skew-Hamiltonian system
B |\, - A
matriz of G(X). On the other hand, G(\) = P(\) +C(A\E — A)"' B is a skew-symmetric
o | | Py o ] |
realization of G(\) if and only if S(\) :== is a skew-symmetric system
B ‘ AE — A

matriz of G(A).

For convenience, we often refer to S(\) as a skew-symmetric (resp., skew-Hamiltonian)
realization of G(\) when S()) is skew-symmetric (resp., skew-Hamiltonian).
Proposition 7.3.28. Suppose that G(\) is skew-symmetric. Then we have the follow-
ing.

(a) There exists a minimal skew-Hamiltonian realization of G(\) of the form G(\) =

P(A) + C(M, — A)7'B with r = 2¢ and JB = CT. Thus the system matriz

P(\) | -B7J"
S(A) = associated with G(\) is skew-Hamiltonian.
B ‘ A, — A
(b) There exists a minimal skew-symmetric realization of G(X) of the form G(\) =
P(Y) | BT
P(\)+ BT(AE — A)"'B. Thus the system matriz S(\) = asso-
B [AE-A

ciated with G(X) is skew-symmetric.

Proof. Since G(\) = P(\)+Gs,(A) is skew-symmetric, we have both P(X) and G, (\) are
skew-symmetric. Also since Gg,(A) is strictly proper and skew-symmetric, there exists
a minimal skew-Hamiltonian realization of G, () of the form G, (\) = C(\I, — A)~'B
with 7 = 2¢ and JB = C7; see [38]. Hence G(A\) = P(\) + C(\I, — A)™'B is a
minimal skew-Hamiltonian realization of G(\). Obviously the system matrix S(\) is
skew-Hamiltonian, that is, (J,,S(\))* = —J,,S(\), where J,,,. := diag([,,, J). This
proves (a).

By part (a), G(\) = P(\)+BTJT(\,—A)™'B = P(\)+BT(A\J—AJ)"'B. Since A is
skew-Hamiltonian, it follows that \J — AJ is skew-symmetric. Hence setting £ := J and
redefining A := AJ, it follows that G(\) = P(\) + BT(AE — A)"' B is a minimal skew-
symmetric realization of G(\). Evidently, the system matrix S()) is skew-symmetric,
that is, S(A\)T = —S(\). This proves (b). O
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Recall from Definition [1.2.33| the type-1 left and right index tuples. We need the

following result which is a particular case of [20, Theorem 3.15].

Theorem 7.3.29. [20] Let P(\) be skew symmetric and let 0 < h < m — 1 be even.
Let w be the simple admissible tuple of {0 : h} and ¢, be the symmetric complement of
w. Let z+m be any admissible tuple of {0 :m — h — 1}. Let ¢, + m be the symmetric
complement of z+m. Let t, containing indices from {0 : h— 1} and t, +m containing
indices from {0 : m — h — 2} be right index tuples of type-1 relative to rev(w) and
rev(z+ m), respectively. Consider

L(\) = M~ (tz)MP (1) (AMYF = MEYME M ME M.

Tev rev

Then, up to multiplication by —1, there exists a unique quasi-identity matriz () such
that QL(\) is skew-symmetric.

We now construct skew-symmetric Rosenbrock strong linearizations of G(\).

Theorem 7.3.30. Let G(\) be skew-symmetric and S(\) be a skew-symmetric realiza-
tion of G(X) as in Proposition [7.3.28(b). Let h, w, ¢y, tu, 2, ¢, and t. be as in Theo-
rem . Consider the GFPR L(\) := M, ME , | (AME — M3)MZ My M7 M,
associated with S(X). Then there exists a unique quasi-identity matriz Q := diag(s @, I,.)
such that

SQLN) | e o ® BT

QIL(A) =
el ~®B ‘ AE—A

?

is skew-symmetric, where Q and L(\) are as in Theorem[7.5.29 and s is the (m — )-th
parameter of Q with o = co(w, ¢y, ty).

Assume that Ind(z+ m) = 0 when the leading coefficient A,, of P()\) is singular.
Further, suppose that 0 ¢ t, (resp., —m & t.) when Ay (resp., Am) is singular. Then
QL(A) is a skew-symmetric Rosenbrock strong linearization of G(X). The transfer func-

tion G(\) :=sQL(A\) + (em_a @ BT)(AE—A)~ el _ @ B) of QL(\) is skew-symmetric.

Proof. By Theorem [7.2.4] we have

L()\) emfio(rev(tw),w) & (_BT)

)®B‘ NE — A

L(\) =

6T
m—co(W,Cuwstuw

where L(A) is as in Theorem [7.3.29, Next, we show that io(rev(t,), W) = co(W, Cy, ty)-
If h =0 then w = (0) and ¢, = 0 = t,,. Thus io(rev(ty),w) = 0 = co(W, Cy, ty).
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Next, suppose that h > 0. Then we have w = (h—1: h,h —3 : h—2,...,1:2,0)

(h —1,h — 3,...,3,1). This implies that co(w,cy,ty) = 2 + co(t,) and

ig(rev(ty), w) = 2 + ig(rev(ty)) = 2 + c2(ty,). Hence ig(rev(ty), w) = co(W, Cy, ty)-
By Theorem [7.3.29] we have s QL()) is skew-symmetric. Note that Q(e,—q ® I,,) =

S(ém—a ® I,) and ss = 1. Consequently, we have

and ¢, =

sQ(em—o ® (_BT))
AE — A

sQL()
€m—a ® B\

SQL()‘) Em—a & (_BT)
el o ® B‘ AE— A

QL()) = (7.48)

Since sQL(\) and A\E — A are skew-symmetric, it follows from that QL(A) is
skew-symmetric.

Since 0 ¢ t,, (resp., —m & t.) when Ay (resp., A,,) is singular, the matrix assign-
ments of t,,rev(t,),t, and rev(t,) are nonsingular. Hence by taking o := w,7 =
(Cw,tw), 71 :=rev(t,) and 7 := (c,,t,), it follows from Theo-
rem that L()) is a Rosenbrock strong linearization of S(\) if the matrix assign-
ments for ¢, and c, are nonsingular. By the similar arguments as given in the proof
Theorem [7.3.20] it follows that the matrix assignments for c,, and c, are nonsingular. [

z,01 = rev (ty), 00 :=

Example 7.3.31. Let G(\) = >0 XNA; + BT(A\E — A)~'B be skew-symmetric and
S(A) be as in Proposition (b) Define L(A) := ()\M‘(s_4:_37_5) - M‘(Smyo))MfMil

and Q := diag(l,,, —1I,, — I, —In, In, I,). Then
[ 0 1, AL, 0 0 0o |

I, —AAs + Ay —AAy 0 0 0

-, —\A, —ANA3 — A, —A; 1, 0

QL) =

0 0 —A; NN, — Ay =M, | —BT
0 0 —I, A, 0 0
0 0 0 B 0 AN — A

is a skew-symmetric Rosenbrock strong linearization of G(X). Observe that QL(\) is a

block penta-diagonal pencil.
Next, we construct skew-Hamiltonian strong linearizations of G(\).

Theorem 7.3.32. Let G(\) be skew-symmetric and S(\) be a skew-Hamiltonian real-
ization of G(\) as in Proposition |7.5.28(a). Let w, ¢y, t,, 2, ¢, and t, be as in Theo-
rem |7.3.30 Suppose that 0 ¢ t, (resp., —m & t,) when Ay (resp., An) is singular.
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Assume that Ind(z+m) =0 when A, is singular. Then

SQLON) | —ep_o® BTJT

T(A) :=
el @B ‘ M, — A

is a skew-Hamiltonian Rosenbrock strong linearization of G(\), where o and s QL(\)
are as in Theorem|[7.3.50, The transfer function G(\) := s QL(\)+(ep_a®@BT JT) (A, —
A7l ® B) of T()\) is skew-symmetric.
P(Y) | BT
JB ‘ Xd—JA
have \J — JA is skew-symmetric. Hence S()) is skew-symmetric as P(A) and AJ — JA
are skew-symmetric. Now by Theorem [7.3.30,

sQL())
L ®JIB| A -JA

Proof. Define §()x) =T, S(\) =

. Since A is skew-Hamiltonian, we

—ep0 ® BTJT

L()) := (7.49)

~

is a skew-symmetric Rosenbrock strong linearizations of S(\), where o and s QL(\) are
as in Theorem . Note that L(\) = JmnrT(N). Since L()) is skew-symmetric, it fol-
lows that T()) is skew-Hamiltonian, that is, (Jun,T(A))T = =Jpn,T(A). Further, since
]i()\) is a Rosenbrock strong linearization of S()\) and S(\) = JnrS(N), it follows that
T(A) is a Rosenbrock strong linearization of S(A). Obviously G()) is skew-symmetric
and is the transfer function of T(\). O

7.4 Recovery of eigenvectors and minimal bases

We now describe the recovery of eigenvectors, minimal bases and minimal indices of
G(\) from those of the GFPRs of G()\). In view of Theorem we only need to
describe the recovery of eigenvectors, minimal bases and minimal indices of S(\) from

those of the GFPRs of S(A).
For the rest of this chapter, we only consider GFPRs with nonsingular matrix as-

signments. Thus, if L(A) := M7, »,) (Y1, X1) (AMS — MS)M,, ) (X2, Y3) is a GFPR of
S(A) then we assume that X; and Y}, j = 1,2, are nonsingular matrix assignments.
Theorem 7.4.1. Let L()\) := M, ») (Y1, X1)(AMS — M3)M(y,.-,) (X2, Y2) be a GFPR
Zmn(M)
Zr(N)

has mn rows and Z,.(\) has r rows. Then we have the following.

(engc (0,02) ® In)Zmn()\)
(a) If Z(N) is a right (resp., left) minimal basis of L(\) then R

Zn(A)

of S(A). Let Z(\) := be an (mn + r) X p matriz polynomial, where Z,,(\)
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(6,11’);—7:0(0'1,0') ® [n)Zmn()\)

Zy(N)

(b) Let 7 be given by T := (1,—m,7,). Set o := ( — rev(n),o, —rev(r,)). Let ¢(a)
and i(«) be the total number of consecutions and inversions of the permutation «. If
g1 < --- <, are the right (resp., left) minimal indices of L(\) then 1 —i(a) < --- <

) is a right (resp., left) minimal basis of S(\).

(resp.,

gp —i(a) (resp., e1 —c(a) < --- < e, —c(a)) are the right (resp., left) minimal indices
of S(A).

Proof. We have L(\) = U T,,(\) V, where T, (\) := AM& — M is a PGF pencil of G()\)
associated with the permutation w := (o, —7) of {0 : m}, and U := M, (Y1, X1)
and V' := M, 5,)(Xs,Y2). Since V' is a nonsingular matrix, it is easily seen that the
map V : N.(L) = N.(T,), 2(A) = Vz(A), is an isomorphism and maps a minimal
basis of N,(L) to a minimal basis of N,(T,). On the other hand, by Theorem [6.2.4]

R (S) : No(L) — M(S), |22 1y |t & T)z(Y

y(A) y(A)
maps a minimal basis of N,(T,,) to a minimal basis of N,.(S), where 2:(\) € C(\)™" and

y(\) € C(\)". Consequently, F'*(S)V : N.(L) = N.(S), 2(A) — F(S)Vz()), is an
isomorphism and maps a minimal basis of N,.(IL) to a minimal basis of NV,.(S). Now, by

Lemma [2.1.11} we have FiJ"(S)V = Fj*(8)Mgy ) (X2, Y2) =

, 1s an isomorphism and

(eT ) (%9 In) M(O'Q,TQ)(X27 }/2) ‘ eT ) ® In

m—cop(o m—co(0,02
I,

7

I,

and hence the desired result for the recovery of right minimal bases follows.
Now we describe the recovery of left minimal bases. Since U is a nonsingular matrix,

it is easily seen that the map UT : Mj(L) — Nj(Ty), 2(A) = UTz()\), is an isomorphism

and maps a minimal basis of Aj(L) to a minimal basis of N;(T,). On the other hand,
(A el ® I,)x(A

by Theorem [6.2.4 K" (S) : N(T,) — NM(S), “N > Cnin(o) i) , is
y(A) y(A)

an isomorphism and maps a minimal basis of N;(T,) to a minimal basis of N;(S),
where z(\) € C(A)™ and y(\) € C(\)". Consequently, K'(S)UT : V(L) — N(S),
z(\) = K(8)UTz()), is an isomorphism and maps a minimal basis of V(L) to a
minimal basis of NV;(S). Now K (S)UT = K" (8) (M7, o) (Y1, X1))T =

T T
(nio(o) @ In) (M(z, o) (Y1, X1)) ‘ (M(ﬁ,al)(ylaXl)(emfio(a) ®In)) ‘
I

I,
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By Lemma 2.1.11} we have M, 5)(Y1, X1) (€m—io(o) @ In) = €m—ig(o1,0) @ I5,. Hence the
desired result for recovery of left minimal bases follows.
Finally, let e; < --- < ¢, be the right (resp., left) minimal indices of L(A). Since the

PGF pencil T, (A) is strictly equivalent to L(A), e; < --- < ¢, are also the right (resp.,
left) minimal indices of T, (). Hence by Theorem [6.2.4) 1 —i(a) < --- < g, —i(a)
(resp., e1 —c(a) < --- <¢g,—c(a)) are the right (resp., left) minimal indices of S(A). [

Next we describe the recovery of eigenvectors of S(A) from those of the GFPRs of
S(A) when S()) is regular. For this purpose, we need the following result.

Theorem 7.4.2. [J] Let T, (A\) := AM® — M be the GF pencil of S(\) associated
with a permutation w = (wo,wy) of {0 : m}, where 0 € wy and m € wy. Suppose

mn

Z,
(mn 4+ r) X p matriz such that rank(Z) = p, where Z,,, has mn rows and Z, has

(eT ) ® [n)Zmn

m—co(wo

be an

that S(\) is regular and p € C is an eigenvalue of S(\). Let Z =

r rows. If Z is a basis of N.(T,(u)) (resp., Ni(T,(n))) then

Z;
(el ® 1) Zm,

m—ig(wo)

(resp., ! ) is a basis of Ni.(S(p)) (resp., Ni(S(w))).

74
Theorem 7.4.3. Let L(A) := My, o) (Y2, X1)(AME —M$)My, ) (X2, Y2) be a GFPR of

S(\). Suppose that S(N\) is reqular and p € C is an eigenvalue of S(\). Let Z == |——
Zy
be an (mn+1) X p matriz such that rank(Z) = p, where Z,,, has mn rows and Z, has r
. ; (eg@_co(g,gz) ® [n)Zmn
rows. If Z is a basis of N.(L(w)) (resp., Ni(IL(p))) then (resp.,
Z,
(ei—io(al,a) ® In)Zmn . .
) is a basis of Nw(8(p)) (resp., Ni(S(p)))-
Z,
Proof. A verbatim proof of Theorem together with Theorem yields the desired
results. O

Next, we briefly describe the recovery of eigenvectors, minimal bases and minimal

indices of a structured G(A) from those of the structured linearizations discussed in

Section [7.3l
Note that if G(\) is singular then the left (resp., right) minimal indices of G(\) and

XG(N)Y are the same for any nonsingular matrices X and Y. Hence it follows that if
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G() is symmetric (resp., skew-symmetric, Hamiltonian, skew-Hamiltonian) then the left
minimal indices of G(\) are the same as the right minimal indices of G(\). Consequently,
if L(\) is a structure-preserving linearization of G(\) considered in Section [7.3| then the
left minimal indices of L(\) are the same as the right minimal indices of IL(\). Since L(\)
is strictly equivalent to a GFPR T()) := M., ,)(Y1, X1)(AMS — M$)M,, ) (X2, Y2) of
G()), the left and right minimal indices of T()A) are the same. Let 7 be given by
T = (19,—m, 7). Define a := (—rev(m),o,—rev(r,)). Then « is a permutation of
{0 :m —1}. Let ¢(«r) and (), respectively, be the total number of consecutions and
inversions of a. Let €1 < --- < g be the minimal (left and right) indices of T(A). Then
by Theorem[7.4.1] &1 —i(a) < -+ < gp—i(a) and &1 —c(a) < - - - < g —c(a), respectively,
are the right and left minimal indices of G(\). Since the left and right minimal indices of
G()\) are the same, we must have i(a) = ¢(a). But i(a) + ¢(a) = m — 1. Consequently,
we have i(a) = (m—1)/2 = ¢(a) which shows that e —(m—1)/2 < .-+ < g —(m—1)/2
are the minimal (left and right) indices of G(A). Recall that IL(\) is not a linearization

of G()) if m is even.
Thus, if IL()) is a structure-preserving linearization of G(\) considered in Section

then the left minimal indices of L(\) are the same as the right minimal indices of
L(A). Moreover, if ey < -+ < ¢ are the minimal (left and right) indices of IL(\) then
e1—(m—1)/2 <... <egr—(m—1)/2 are the minimal (left and right) indices of G(\).
Hence we only need to comment on the recovery of eigenvectors and minimal bases of

G(A) from those of the L(A).
Note that the left minimal bases of G()\) are the same as the right minimal bases of

G(A) when G() is symmetric (resp., Hamiltonian, skew-Hamiltonian, skew-symmetric).
Hence if L()) is a structure-preserving linearization of G(\) considered in Section
then the left minimal bases of IL(\) are the same as the right minimal bases of L(\).
Consequently, minimal bases and eigenvectors of G(A) can be recovered from those
of L(\) as special cases of Theorem and Theorem Indeed, for structure-
preserving linearizations, we have cy(o,02) = 0 when h = 0 and, ¢q(0,03) is given in

Table when h > 0.

Structure | symmetric | T-even/odd | skew-symmetric

co(o,09) | 2+ i2(ty,) 1 2+ co(ty,)

Table 7.1: Value of ¢y(o, 02) when h > 0.
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Conclusions

The main purpose of this thesis was to construct and analyze strong linearizations of
polynomial and rational matrices, and describe the recovery of eigenvectors, minimal
bases and minimal indices of matrix polynomials and rational matrices from those of

the linearizations.
The family of generalized Fiedler pencils with repetition (GFPRs) is an important

source of strong linearizations of matrix polynomials, especially structure-preserving
strong linearizations of structured matrix polynomials. Even though GFPRs have been
studied extensively over the years, the recovery of eigenvectors, minimal bases and min-
imal indices of matrix polynomials from those of the GFPRs was an open problem. We
have addressed this problem in Chapter{2] and derived recovery rules for eigenvectors,
minimal basses and minimal indices of matrix polynomials from those of the GFPRs.
We have shown that the recovery rules can be easily read off by looking at the index
tuples defining the GFPRs. Further, we have derived simplified recovery rules for eigen-
vectors and minimal basses for structured (symmetric, skew-symmetric, even, odd and

palindromic) matrix polynomials from those of the structure-preserving GFPRs.
Fiedler-like pencils (FPs, GFPs, FPRs, and GFPRs) of matrix polynomials are priv-

ileged among other linearizations since these pencils are easily constructible from the
coefficients of matrix polynomials, enable us to construct structure-preserving lineariza-
tions for structured matrix polynomials, and allow easy recovery of eigenvectors, mini-
mal bases and minimal indices of matrix polynomials from those of the linearizations.
With a view to presenting a unified framework and to constructing structure-preserving
linearizations with a additional properties (banded pencils with low bandwidth), in
Chapter{3| we have introduced a new family of extended GFPRs (EGFPRs) of matrix
polynomials that subsumes FPs, GFPs, FPRs and GFPRs and have shown that the
EGFPRs are strong linearizations of matrix polynomials. We have also described the
recovery of eigenvectors, minimal bases and minimal indices of matrix polynomials from

those of the EGFPRs and have shown that the recovery is operation-free. We have con-
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208 Chapter 8. Conclusions

structed structure-preserving (symmetric, Hermitian, palindromic) strong linearizations
of structured matrix polynomials in Chapter{4 by utilizing the EGFPRs. The family
of palindromic linearizations contains an infinite number of pencils in contrast to the
finite family of palindromic linearizations that are available in the literature. More-
over, we have constructed a large family of Hermitian EGFPRs that preserves the sign

characteristic of Hermitian matrix polynomials having nonsingular leading coefficients.
Linearization of rational matrices is an emerging area of research. With a view to

computing (finite and infinite) pole and zero structures of rational matrices, we have
introduced a strong linearization (referred to as Rosenbrock strong linearization) of ra-
tional matrices in Chapter{s] and have shown that the structural indices of finite as
well as infinite poles and zeros of rational matrices can be recovered from those of the
Rosenbrock strong linearizations. We have constructed two affine spaces of strong lin-
earizations of rational matrices and described the recovery of eigenvectors, minimal bases
and minimal indices of rational matrices from those of the strong linearizations. We have
also constructed Rosenbrock strong linearizations of rational matrices corresponding to
a non-monomial polynomial basis and have described the recovery of minimal bases and

minimal indices of rational matrices from those of the linearizations.
Fiedler-like pencils (FPs, GFPs and FPRs) of rational matrices have been con-

structed recently for solving rational eigenvalue problems. We have shown in Chapter-{0]
that the FPs, GFPs and FPRs of rational matrices are Rosenbrock strong linearizations
of rational matrices. Also, we have described the recovery of minimal bases and minimal
indices of rational matrices from those of the FPs, GFPs and FPRs and have shown

that the recovery is operation-free.
Structured (symmetric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian,

skew-Hamiltonian, para-Hermitian, and para-skew-Hermitian) rational matrices arise in
many applications. Construction of structure-preserving linearizations for structured
rational matrices has not been explored adequately in the literature. We have ad-
dressed this problem in Chapter. We have introduced a new family of pencils (GF-
PRs) of rational matrices and have shown that the GFPRs are Rosenbrock strong lin-
earizations. We have constructed structure-preserving Rosenbrock strong linearizations
of structured (symmetric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian,
skew-Hamiltonian, para-Hermitian, and para-skew-Hermitian) rational matrices by uti-
lizing the GFPRs. We have shown that the Hermitian GFPRs preserve the Cauchy-
Maslov index of Hermitian rational matrices. Also, we have described the recovery of
eigenvectors, minimal bases and minimal indices of rational matrices from those of the

GFPRs and have shown that the recovery is operation-free.
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Appendix

A.1 Proof of Algorithms

For proving Algorithm{I] and Algorithm-{2| we need the following results. Recall that the

Fiedler matrices M, j € {—m : m — 1}, satisfies the following:

(
€§_(¢+1)®In ifj=i+1,i=0:m—-2
(ehi ®(=4)) + (ef, @) ifj=d,i=1:m~1
(em—i®I)M] = S €T ® (=Ay) if j=i=0
otherwise, i.e., when
6371_@' ® I,
L jeii+1},i=0:m—1,
Al
) (A1)
(ehi® A1) + (ef, i1y ® L) if j=i+1,i=0:m—2
el ® A, ifj=i+1,i=m-—1
(emoi @ I)ME; = ¢ e @1, ifj=iandi=1:m—1
otherwise, i.e., when
em—i ® In
jé{ii+1},i=0:m—1.

\
(A.2)
We now present some technical results which will be used to prove Algorithms{I] [2]

[l The following result follows from Lemma We denote by (x) any arbitrary

matrix assignment.

Proposition A.1.1. Let o be an index tuple containing indices from {0 : m — 1} such
that o satisfies the SIP. Let 0 < s < m — 1. Suppose that s,s + 1 & « or the subtuple
of a with indices {s,s + 1} starts with s+ 1. Then it follows from Lemma that
(el @ L)M,(x) =€l , ®I,, where k = s+ 1+ cey1(a).

217
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218 A. Appendix

Recall the notations te;(a) and af(t) from Definition [2.4.1]

Proposition A.1.2. Let a be an index tuple containing indices from {0 :m — 1} such
that « satisfies the SIP. Let j € {0 : m — 1}. If the subtuple of o with indices {j,j + 1}
starts with j then (e, ; ® I,)M} =
J
(Em—(prep(@) @ In) = kz:p(eg"b—(ml+ck+lw>> ®A) fpi=j—rela) £0,
J
- %(62*(k+1+0k+1(5)) ® Ay if J — v (@) =0,

where 3 := o (j).

Proof. Suppose that the subtuple of a with indices {j, j+ 1} starts with j. Let rsf(a) =

(Tev(ao :0),...,rev(a; 1 J), ..., rev(Am_1 : M — 1)> =: (v, rev(a; : ), B). (A.3)

Then rev(a; : j) # 0, since otherwise the subtuple of « with indices {j,j + 1} would

start with 7 + 1 and contradict our assumption. Now we have

(eﬁ_j QIL)ME = (e .1, MPM

m—j

Mﬁ (A.4)

rev(a;:j)

(637;] ) rev(ajMﬁ byasy,y—{—lgé'y
T PP P
= (e ® L) M M~ -MajMﬁ
= (— (emey ® 4)) + (€m_gjoyy ® L)) M7, - My Mg by (A7)
J
— ( Z el ® Ag) + (el _ a; ®In))M£M[§D by applying (A.1)) repeatedly
k=a;+1
J
((egz—(aj—n ® In) — kz_(eﬁ—k ® Ak)) Mg ifa; #0
= ‘ i by (A.1
j
<_ Z(eﬁ—k@)Ak)) Mg ifa; =0
k=0

It is clear from (A.3) that a; = j — ve;(a) =: p. Thus (ef, ;@ LMY =
<(6T 1) ® In) — kp( glfk(g)Ak))MéD if p#£0

<_ i:o(efn—k(@Ak))Mg ifp=0.
Define S:={p—1,p,...,j}if p#0and S:={0,1,...,5} if p= 0. Tt is clear from

that 8 = afi(j). It remains to show that (el , ® I )MB = e (et 14eesn(8) © I,
for all ¥ € S.
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A.1. Proof of Algorithms 219

We have 8 = (rev(aji1 : j+1),...,7ev(am—1 : m—1)). Let £ € S. Then ¢ < j.
Suppose that ¢ € 5. Then ¢ € rev(a, : q¢) = (¢, —1,...,a,) for some g € {j+ 1,7 +
2,...,m—1} which implies £+ 1 €  and the subtuple of 8 with indices {¢, ¢+ 1} starts
with ¢ 4+ 1. In other words, for £ € S, if / + 1 ¢ [ then ¢ ¢ (5. Hence, for £ € S, we
have either ¢, 4+ 1 ¢ [ or the subtuple of 8 with indices from {¢,¢ + 1} starts with

¢ + 1. Hence by Proposition (ef_o ® L) M} = eﬁ—(€+1+54+1(ﬁ)) ® I,, which gives
the desired result. O

The following result follows from Lemma [3.3.3]

Proposition A.1.3. Let 5 be an index tuple containing indices from {—m : —1} such
that 8 satisfies the SIP. Let 1 < s < m—1. Suppose that —s, —(s+1) & [ or the subtuple
of B with indices {—s,—(s+ 1)} starts with —s. Then it follows from Lemmal3.3.9 that
(el @L)M,=¢el I, wheret=5—1—c_,(a).

Proposition A.1.4. Let a be an index tuple containing indices from {—m : —1} such
that «v satisfies the SIP. Let j = 0 : m—1. If the subtuple of « with indices {—j,—(j+1)}
starts with —(j + 1) then (e}, ; ® I,)ME =

(
T
gyt © 1) f ( (a)) #
p— v —p ;:—j—l—l—{—tt_(-_H) Q —m,
T2 Eme1e () © Ak ]
=J
m—1 E
kZ Crm—(h-1—c_p(8)) ® Akt if —(j+ 1+ uy(@) = —m,
\ =)

where 3 := af(—(j +1)).
Proof. Suppose that the subtuple of o with indices {—j, —(j + 1)} starts with —(j +1).
Let rsf(a) =

<rev(—am c—=m),...,rev(=ajy1 1 —(j + 1)), rev(—a; : —j),...,rev(—aq : —1)).
Then rev(—aj;1 : —(j+1)) # 0, since otherwise the subtuple of a with indices {—j, —(j+
1)} would start with —(j + 1) and contradict our assumption. Note that af*(—(j +
1)) = (rev(—a; : —j),rev(—aj_1 : —(j — 1)),...,rev(—a; : —=1)) and v := (rev(—a, :
—m),...,rev(—ajio 1 —(j +2))). Set f:=« (—(j +1)). Now we have

(eh_; @ L)ME = (¢h_; @ L) MP M),

m—j rev(—aj 41— (j+1)

My (A.5)

:( % j®I )M'I‘ev( a1 —(+1) Mﬁ by " as _],_(]+1) %,}/
T p p
= (em—j ® In)M (]+1)M (j+2) M_aj+1Mﬂ

—aj41
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aj+1-1
((ezn—aj+1 ) + Z ( Cm—k ® Ak+1)> ; if — CLj+1 7é —m
m—1
(%

k=j

(egfk ® Ak+1)> M,BP lf — a/j+1 = —m

by applying (A.2) repeatedly. (A.6)

Note that ve_(j;ny(a) = aj41 —j — 1. Set p := ajy1. Then by (A.6), we have
(6ﬁ_j & [n)Mon =

(o @ 1) + S0 (s ® Auia) )M i —p # —m

( Zn;jl(ezn_k®Ak+l)>Mﬁp if —p=-m
Define S := {j,7 + 1,. ..,p}ifp#mandS::{j,j—l—l,...,m—l}ifp:m. It

remains to show that (el , ® I, )MB =el (zz g8y ® In forall £ € S.
We have = (rev(—a; : —j),...,rev(—ay : —1)). Let £ € S. Suppose that —(¢+1) €

f. Then —(¢+1) € rev(—a, : —q) = (—q, —(q+1), ...,—ay,) forsome g € {j,5—1,...,1}.
Thus —¢ € ( and the subtuple of § with indices {—(¢ + 1), —¢} starts with —¢. In
other words, for £ € S, if —¢ ¢ § then —(¢ + 1) ¢ (. Thus by Proposition
(el ,® In)MéD = efl_(e_l_c_é(ﬁ)) ® I,, which gives the desired result. O

A.1.1 Proof of Algorithm{l] and Algorithm-2|
Proof. Let ALy — Lo := MEME (AME — MEP)ME MY be an FPR of P(X). Recall that

0,01 and o9 (resp., o1 and 0y) commute with 7y and 7 (resp., 7,77 and 73). Also, recall

that o; (resp., 7;) contains indices from {0 : h — 1} (resp., {—m : —(h —2)}). Hence by

(A.1) and (A.2), we have

T ..
m ® In M 1f _<_ h,
(ef; ® L) Lo = (e - J ) ;1 o02) HJ
(m]®ln)M(TlT) 1f]2h+17
and (eﬁ_j ® I,)L, = (em J ) (01,02) j <
(eg—j ® In)M(il 7,72) if] Z h.

Now we have the following;:

e Set a 1= (01,0,09). Let j € {0: h}. If the subtuple of « With indices {j,7 + 1}
starts with j+ 1 then, by Proposition (em—j ®In)Lo = €}, (i 14001 (a)) ® In-

Suppose that the subtuple of a with indices {j,j + 1} starts with j. Set p :=
j —rej(a) and o := af(j). Then by Proposition [A.1.2, we have (e}, ; ® I,,)Lo =
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(" T (prepany ® I,) — i:p egz—(k+1+ck+1(aﬁ)) ® Ay if p # 0, and (eﬁ_j ® I,) Ly =
— Z el (e (aR)) © A if p=0.

e Set f:= (m, 7). Let j€{h+1:m—1}. If —j,—(j + 1) ¢ 5 or the subtuple of
f with indices {—j, —(j + 1)} starts with —j, then by PropositionA.1.3| we have
(em—; ® In)Lo = €_j1-c_y(8) © In-

Suppose that the subtuple of 5 with indices {—j, —(j+1)} starts with —(j+1). Set
—q:=—(j+re_p1)(B) +1) and B = BR( (j+1)). Then by Proposition [A.1.4]
we have (e}, ; ® I,)Lo = (el (g=1—c_q(BR)) L)+ > ( (h—1—c_y(5R)) ®Ak+1)

if —q# —m, and (e}, ;@ I,)Lo= > /" ( b1y (gry) @ Ari) if —¢=—m
This completes the proof of Algorlthm-l.

Similar proof for Algorithm-2| O

Next we prove Algorithm-{3] and Algorithm-{4] For this purpose we need the following
results. Recall that M;(X), j € {—m : m — 1}, satisfies the following:

(

e i) ® In if j=i+1, fori=0:m—2

(ehi @ X)+ (el oy ® L) ifj=i, fori=1:m—1
(emi®I)M;(X) = eF @ X if j=i=0

oI, otherwise, i.e., when

jé&{i,i+ 1}, fori=0:m— 1.
(A7)

(e%_i®X)+(efn7(iH)®In) for j=i+1, fori=0:m—2

e ® X ifj=i+1, i=m—1
(em_i®I)M_;(X) = ¢ €l _. @1, if j=i, fori=1:m—1
otherwise, i.e., when
em—i ® In
\ jgé¢{i,i+1}, fori=0:m—1.
(A8)
Let o be an index tuple containing indices from {0 : m — 1} (resp., {—m : —1})

such that « satisfies the SIP. Then the positions of the block entries of M,(X) do not
depend on the particular matrix assignment X', that is, the positions of the block entries
of M,(X) only depend on «, see Remark . Hence the proof of the following result
is analogs to Proposition
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Proposition A.1.5. Let « be an index tuple containing indices from {0 : m — 1}
such that « satisfies the SIP. Suppose that o is in the column standard form. Let
Z = (21,23, ...,24)) be a matriz assignment for o, where || denotes the total number
of indices in o. Let j € {0 :m — 1}. If the subtuple of o with indices {j,j + 1} starts
with j then (e}, ; ® I,)My(Z) =

(

T
g F = j— e () £0
3 i q =y —re(a ,
" I; (efnf(’””ckﬂ(ﬁ)) ® ZPj(a)-i-j—k) (A9)
=q
j
\ ,;)(egl—(kﬂmﬂ(ﬂ)) ® Zp,(ay+j—k if j —te;(@) =0,

where 3 := o’(j) and p;(«) is the position of the first occurrence of j in a.

Proof. 1t follows that the evaluation of (efz_j ® I,)M?E in Proposition depends
only on a = (7, rev(a; : j), ) and the matrices assigned to rev(a; : j), i.e., the matrices
assigned to v and 8 have no role in the evaluation of (e%_j ® I,)MP. In other words,

any matrices assigned to v and £ have no role in the evaluation of (e}, ; ® I,,) M} in

Proposition Further, (A.4]) can be rewritten as

(eg_j @ L)YMP = (ef _ ®1,) Mf Myev(ayy (= A, —Aj_1, ..., —Aq) MéD,

J
ie., ( —A;'G4 1. . —Aaj) is assigned to rev(a; : 7).

We now prove . Let pj(c) be the position of the first occurrence of j in a.
Let a = (y,rev(a; : j),B) be as in 1} Then Z = (Ze,Zm,ZT), where Z™ =
(ij(a), Zpi(@)+1s -+ ij(a)ﬂcj(a)) and Z¢ Z" are some matrices associated with Z. In
other words, Z*, Z™ and Z" are the matrix assignments for v, rev(a; : j) and 3,
respectively. Now, by using (A.7) and (A.8)), the prove of is verbatim to that of

Proposition [A.T.2] O
Similarly, the following result is analogs to Proposition

Proposition A.1.6. Let « be an index tuple containing indices from {—m : —1} such
that « satisfies the SIP. Suppose that « is in the column standard form. Let Z be a matriz
assignment for a. Let j =0 :m — 1. If the subtuple of o with indices {—j,—(j7 + 1)}
starts with —(j + 1) then (e}, ; ® I,)My(Z) =

(

(Em—(g—1-c_y(an ® In)

5 i —q=—(+1+re () # -m,
T kzzj ea—(k—l—C—k(ﬁ)) ® pr(j+l)(0¢)+k—j

m—1
1;]‘ 6%-(k-1—c_k(5)) ® pr(jJrl)(Oé)'Hﬁ—]‘ if —(j+1+ te_(jiy1) (@) = —m,
[ k=
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where 8 := a®(—(j+1)) and p_(;11)() is the position of the first occurrence of —(j+1)
mn o.

A.1.2 Proof of Algorithm{3| and Algorithm-{4]
Proof. Let ALy — Lo := M., (Y1)M,,(X1)(AMF — MFP)M,,(X2)M,,(Y2) be a GFPR of

P()). Recall that 0,01 and oy (resp., o1 and o03) commute with 7, and 75 (resp.,
7,71 and 72). Also, recall that o; (resp., 7;) contains indices from {0 : A — 1} (resp.,
{=m: —(h —2)}). Hence by using (A.7)) and (A.8]) we have

(eT ® _[ )L ( 2 0 ® [n)MO'l(Xl)Mo'PMO'Q(X2) 1fZ S h,
m—i n)Lo =
and (GT ®I )L - ( % —1i ®In)MU1<X1)M02(X2) if ¢ S h — 1,
m—i n 1 —
(em—s ® In) My (Y1) M M, (Ya) if i > .

Now, the proof follows by similar arguments given in the proof of Algorithm{I] and

Algorithm4{2] and by using Propositions [A.1.1] [A.1.3] [A.1.5[ [A. 1.6 O]
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Appendix

B.1 Proof of Proposition (3.1.4

First, we present some technical results which will be used to prove that EGFPRs are

operation free pencils. We denote by (x) any arbitrary matrix assignment.

Lemma B.1.1. Let a be an index tuple containing indices from {0 : m — 1} such
that o satisfies the SIP. Let 0 < s < m — 1. Suppose that the subtuple of o with
indices {s + 1,s + 2} starts with s + 2. Let a = (8,5 + 2,7), where s+ 1,s +2 ¢ (.
Further, suppose that the subtuple of ~y with indices {s,s + 1} starts with s + 1. Then
(e (1) @ In) Mo (%) # (ef,—s ® 1) M., (). Moreover, (e], (.41 @ In)Ma(x) = €], @1,
and (el . @ L,)M,(x) = €l _, ® I, with k > {, where k = s + 2 + csy2() and { =
s+ 14 co1(7).

Proof. Since the subtuple of a with indices {s + 1,s + 2} starts with s 4+ 2, by Re-
mark [A.1.1, we have (e], 1) ® In)Ma(*) = €], @ I, where k = s + 2 + cy9(a).
Similarly, since the subtuple of v with indices {s,s + 1} starts with s + 1, by Re-
mark [A.1.1} we have (el ® I,,)M,(x) =€l _,® I,,, where £ = s+ 1+ c,y1(7). Now let
cst1(7) =p, ie, (s+1,s+2,...,s+p+1) is a subtuple of 7. Since o = (5,5 + 2,7)
satisfies the SIP, it follows that (s+2,...,s+p+1,s+ p+ 2) must be a subtuple of a.
Hence cgio(a) > pand k =s+2+ coia(a) > s+ p+2 > s+ p+ 1 =L which gives the

desired result. ]
The following result is analogous to Lemma [B.1.1]

Lemma B.1.2. Let a be an index tuple containing indices from {—m : —1} such that

« satisfies the SIP. Suppose that the subtuple of o with indices {—s,—(s + 1)} starts

with —s. Let a = (B,—s,7), where —s,—(s + 1) ¢ (. Further, suppose that the

subtuple of v with indices {—(s + 1), —(s + 2)} starts with —(s +1). Then (el _, ®
225
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I,) M, (x) # (eﬁ_(sﬂ) ® I,)M,(x). Moreover, (el . ® I,)My(x) = €l , ® I, and
(e%_(sﬂ) ® L,)M,(x) = el _, @ I, with k < {, where k = s — 1 — c_4(a) and { =
s = Cc_(s11)(7)-

Recall that, for a,b,q € Z, we denote {a :;, b} = {a,a + q,a + 2q,...,b}. The

following facts will be used to prove that EGFPRs are operation free pencils.

Remark B.1.3. Let 1 < hy < hy < ho+1 < hy3 <m — 1. Let o be an index tuple
containing indices from {—hy :=1 —ho} U{ho +1: hg}. Let B (resp., v) be the subtuple
of a with indices {—hy :—y —ha} (resp., {ha+1: hs}). Suppose that B and v satisfy the
SIP. Then from and we have the following.

o Let hy—1 < j < hy—1. If the subtuple of a with indices {—j, —(j+1)} starts with
—J then the indices hy 4+ 1 : hs in a are redundant for evaluating (e,Tn_j ® I,) MY,
ie., (ef,_; @ L)ME = (ef_; ® I,)Mj .

o If the the subtuple of o with indices {—ho, hy + 1} starts with —hs then similarly
as above the indices ho+1 : hy in o are redundant for evaluating (el _, & I,)MZ.
On the other hand, if the subtuple of v with indices {—ha, ho+1} starts with ho+1
then the indices —hy :_1 —hs are redundant for evaluating (efn_}m ® In)MP

o e,

o Let ho+1 < j < hg. If the subtuple of a with indices {j,j + 1} starts with j + 1
then the indices —hy :—1 —hy are redundant for evaluating (ef%j ® I,)MP, i.e,
(er,_; @ I)ME = (ef, ;@ I,)M?.

The following result will be useful for proving that EGFPRs are operation free.

Lemma B.1.4. Let 1 < hy < hy < ho +1 < hg < m — 1. Let a be an index tuple
containing indices from {—hy :y —ho} U {ha + 1 : hs}. Define 5 := the subtuple of
a with indices {—hy :_1 —hs} and v be the subtuple of a with indices {hy + 1 : h3}.
Suppose that 5 and 7y satisfies the SIP. Then M, (x) is operation free.

Proof. We will prove that M?! is operation free. The proof depends only on the indices
of o and does not depend on the matrix assignments for a. Hence M, (%) is operation
free.

For proving M7 is operation free it is equivalent to show that (e, ; ® I,)M[ is
operation free for all j = 0 : m—1. It follows from and that (e, @) MF =
e ;@I for all j € {0: hy —2} U{hs+1:m — 1}. Hence it remains to show that
(ef,; @ I,)MY is operation free for all j = hy — 1 : hg. We proceed as follows.

(a) Let hy — 1 < j < hy — 1. We prove that (el . ® I,)M?L is operation free.

m—j
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Case-I: Suppose that —j, —(j+1) ¢ « or the subtuple of o with indices {—j, —(j+1)}
starts with —j. Then by Remark and Remark [B.1.3, we have (e}, ; ® I,)M} =
ep_p ® I, where k = j — 1 — c_;(). Hence (e}, _, ® I,)M[ is operation free.

Case-II: Suppose that the subtuple of a with indices {—j, —(j + 1)} starts with

—(j 4+ 1). The following steps show that (el _ ;@ L) M, P is operation free.
Step-1: Let o = (67, —(j + 1),a7), where —j, —(j + 1) ¢ ¢7. Then we have

(em @ LMY = (ef ;@ L)ME ;11 0y by (A1) and (A.2) since —j,—(j +1) & &

_ ((eg_j ® Ajp1) + (€51 ® Jn))Mj; by (4.2
= (em—; ® A1) My + (em_y1) ® Ln) M. (B.1)

Now, since a = (67, —(j + 1), a?) satisfies the SIP, we have either —j, —(j + 1) ¢ o7 or
the subtuple of o/ with indices {—j, —(j + 1)} starts with —j. Then by Remark [A.1.3]
and Remark [B.1.3, we have (e),_; @ I, )M} = e}, ® I,, where k; := j — 1 —c_;(a?).

Hence from (B.1]) we have

(¢F,_; © TME = (e, @ Ajia) + (€hr_gan) ® L) ME. (B.2)

The evaluation of (e%_j ® I,)M? is completed if any one of the following cases hold.

Otherwise, we move to Step-2.

e Suppose that —(5 + 1), —(j +2) € o’ or the subtuple of a? with indices {—(j +
1), —(j + 2)} starts with —(5 + 1). Then by Remark and Remark we
have (e%_(jﬂ) QIL,)ME =el . ®]I,, where kj1 := j — c_(j+1)(ad). Tt follows

m—kj1

by Lemma that k; < kj+1. Hence it follows from that (e}, _; ® I,) M}
is operation free.

e Suppose that j + 1 = hy. If the subtuple of o/ with indices {—hy, hy + 1} starts
with —hy then by similar argument as above it follows that (e}, ; ® I,)M} i
operation free. On the other hand, if the subtuple of subtuple of o/ with indices
{—ha, hy+ 1} starts with hy+ 1 then by Remark [A.1.1]and Remark [B.1.3] we have
(e % hy @ I)ME =€l @I, where £ := hy + 1+ ¢p,41(a’). Hence it follows from
that (e], ; ® I,)M[ is operation free.

Step-2: Suppose that the subtuple of o/ with indices {—(j+1), —(j +2)} starts with

—(j +2). Then repeat Step-1 with « replaced by o/ and j replaced by j + 1.
Since {hy — 1 : hy — 1} contains s := hy — hy + 1 number of indices, we must stop

before s numbers of steps. This completes the proof of (], ; ® I,,) M} is operation free.
(b) Let j = hy. If the subtuple of a with indices {—hg, ho + 1} starts with hg + 1

then by Remark [A.1.1 m and Remark B.1.3 - we have (el _, @ I,)ML = el _,®I,, where
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0 :=hy+ 1+ cpy1(). Hence (el _, ® I,)ML is operation free. On the other hand if
the the subtuple of « with indices {—hs, hy 4+ 1} starts with —hs then by Remark
and Remark we have (ef,_,,, @ I,)ME = el _, ® I, where £ := hy — 1 — c_p, ().
Hence (ef,_, ®1 )M P is operation free.

(c) Let hy +1 < j < hg. We prove that (e}, ; ® I,)M[ is operation free.

Case-I: Suppose that j,j + 1 ¢ « or the subtuple of @ with indices {j,j + 1} starts
with j + 1. Then by Remark and Remark we have2 (el . ® I,)M, =
(ef_; ® I,)M, = el _, ® I, which is operation free, Where k=j7+1+cjn(y).

Case-11: Suppose that the subtuple of o with indices {j, j + 1} starts with j. Then
the following steps show that (el ; ® I,) M, is operation free.

Step-1: Let a = (&7, ,a7), where j,7 + 1 ¢ &/. Then we have

QR L)ML = (ef, ; ® L)M{; 5y by (A.1) and (A.2) since j,j+ 1 ¢ &
= ((ehy ® (~A3)) + (ehgr) ® In) ) ME by (A1
= (eﬁ—j ® (—A4;)) M5 + (eﬁ—(j—l) ® In) M2 (B.3)

(emfj

Since a = (&7, j, of) satisfies the SIP, we have either j,j + 1 ¢ o’ or the subtuple of o’
with indices {j,j + 1} starts with j + 1. Hence by Remark [A.1.1and Remark [B.1.3] we
have (ej,_; ® I,)MJ; = e}, & I,, where k; := j + 1+ Cj+1(0{‘7). Hence from (B.3) we
have

The evaluation of (e}, ; ® I,)MY is completed if any one of the following cases hold.

Otherwise, we move to Step-2.

e Suppose that 7,7 — 1 ¢ o/ or the subtuple of o/ with indices {j,j — 1} starts

with j. Then by Remark and Remark [B.1.3, we have (e%_(j_l) ® In)ij =
el . @I, where k; 1 :=j —i—cj(oﬂ). By Lemma [B.1.1|we have k; > k; ;. Hence

m—k;_1

it follows from (B.4)) that (el - ®I,)MPF is operation free.

m=J

e Suppose that j—1 = hy. If the subtuple of o’ with indices {—hy, hy+1} starts with
hy + 1 then by similar arguments as above it follows that it follows that (el ;i ®
I,)M?P is operation free. On the other hand, if the subtuple of subtuple of o’ with
indices {—ha, hy + 1} starts with —hy then by Remark [A.1.3 and Remark
we have (el _, @ I,)M5 = el , ® I,, where £ := hy — 1+ c_y,(a’). Hence it

mh2

follows from that (e}, ; ® I,) M~ is operation free.

Step-2: Suppose that the subtuple of o/ with indices {j,j — 1} starts with j — 1.
Then repeat Step-1 with « replaced by o/ and j replaced by j — 1.
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Since {hy + 1 : h3} contains s := hz — hy number of indices, we must stop before s

numbers of steps. This prove that (e[, ; ® I,,)M[ is operation free. O

B.1.1 Proof of Proposition 3.1.4

Proof. Recall that (o,w) is a permutation of {0 : m} and 7 = —w. Since M_¢(Z) is a
block diagonal matrix and —0, —1 ¢ 71 U7, (i.e., —0 and —1 do not repeat), without loss
of generality we assume that 0 € o. Similarly, since M,,(Z) is a block diagonal matrix
and m—1,m ¢ o0;, j =1,2, (i.e., m—1 and m do not repeat), without loss of generality

we assume that m € —7.
Now, since (o, —7) is a permutation of {0 : m} with 0 € o and m € —7, there exist

0<h <hy<--<hp1<hpg<m—1 (with odd k) such that o is a permutation of
{0:h}U{ha+1:hs}U---U{hg1 +1: hy} and —7 is a permutation of {hy + 1 :
ho}U{hs+1: hg}U---U{hg+1:m}. This implies that o, and o2 contain indices from
{0:hy—1}U{ho+1:hg—1}U---U{hg—1+1: hy — 1} since (01, 0, 02) satisfies the SIP,
and —7; and —7y contain indices from {h; +2: ho} U{hs +2: hy}U---U{ht +2:m}
since (71, 7, 7o) satisfies the SIP.

Set a := (71,01,0,09,73). We now show that M,(x) is operation free (i.e., Ly,
given in Proposition is operation free). From the above paragraph, it is clear
that « contains indices from {0 : hy} U {—(hy +2) :=y —ho,ho + 1 : h3} U {—(hs +
2) i —hgyhyg+1:hspU---U{—(hgo+2): 1 —hgp_1,ht1+1:h}U{hp+2:m}
= HiUH3UH;U---UH;UH,,;. Note that, for indices « € H; and j € H;, we have
7] — [j]| > 2 if s # t. Hence M, () is operation free if M _u; (%) is operation free for all
g =13,...,k+ 1, where o’ is the subtuple of a with indices from H;. Since 71 Uy
(resp., (01,0,032)) does not contains any index of H; (resp., Hgi1), we have M m, (%)
(resp., M_u,,,(*)) is operation free. Further, by Lemma , we have M _n;(x) is
operation free for all j = 3,5,..., k. Hence M,/(x) is operation free, i.e., Lg is operation
free.

Similar proof for Mz (*) is operation free, where 8 := (71,01, T, 02, 72), i.e., Ly, given
in Proposition [3.1.4] is operation free. Hence the EGFPR L(\) is operation free.

L]
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