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ABSTRACT

Linearization is a classical technique widely used to deal with matrix polynomial. The main

purpose of the thesis is to construct and analyze strong linearizations of polynomial and ra-

tional matrices. The first part of the thesis is devoted to construction of strong linearizations

of matrix polynomials including structure-preserving strong linearizations and the recovery

of eigenvectors, minimal bases and minimal indices of matrix polynomials from those of the

linearizations. The second part of the thesis is devoted to construction of strong lineariza-

tions of rational matrices including structure-preserving strong linearizations and the recovery

of eigenvectors, minimal bases and minimal indices of rational matrices from those of the

linearizations.

Fiedler pencils (FPs), generalized Fiedler pencils (GFPs), Fiedler pencils with repetition

(FPRs) and generalized Fiedler pencils with repetition (GFPRs) are important family of strong

linearizations of matrix polynomials which have been studied extensively over the years. It

is well known that the family of GFPRs of matrix polynomials subsumes the family of FPRs

and is an important source of strong linearizations, especially structure-preserving strong lin-

earizations of structured matrix polynomials. We propose a unified framework for analysis

and construction of a family of Fiedler-like pencils, which we refer to as extended GFPRs

(EGFPRs), that subsumes all the known classes of Fiedler-like pencils such as FPs, GFPs,

FPRs and GFPRs of matrix polynomials. We show that the unified framework allows us to

construct structure-preserving strong linearizations with additional properties such as banded

pencils with low bandwidth and preservation of sign characteristic in the case of Hermitian

matrix polynomials. Moreover, we describe the recovery of eigenvectors, minimal bases and

minimal indices of matrix polynomials from those of the EGFPRs and show that the recovery

is operation-free. In particular, we describe the recovery of eigenvectors, minimal bases and

minimal indices of matrix polynomials from those of the FPRs and GFPRs which has been an

open problem.

Rational matrices arise in many applications. Linearization of rational matrices has been

introduced recently for solving rational eigenproblems. FPs, GFPs and FPRs for rational

matrices have been constructed which are shown to be linearization of rational matrices. We

introduce a strong linearization (referred to as Rosenbrock strong linearization) of rational

matrices and show that structural indices of finite as well as infinite poles and zeros of rational

matrices can be recovered from those of the strong linearizations. We show that FPs, GFPs

xiii
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and FPRs of rational matrices are in fact Rosenbrock strong linearizations. Also, we introduce

a family of Fiedler-like pencils, which we refer to as generalized Fiedler pencils with repetition

(GFPRs), for rational matrices and show that the GFPRs are strong linearizations. We show

that the family of GFPRs is an important source of structure-preserving strong linearization of

rational matrices. In fact, we utilize GFPRs to construct structure-preserving strong lineariza-

tion of structured (symmetric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian,

para-Hermitian, etc.) rational matrices. We show that the Hermitian GFPRs preserve the

Cauchy-Maslov index of Hermitian rational matrices. We describe the recovery of eigenvectors,

minimal bases and minimal indices of rational matrices from those of the GFPRs and show

that the recovery is operation-free. We also introduce affine spaces of strong linearization of

rational matrices and describe the recovery of eigenvectors, minimal bases and minimal indices

of rational matrices from those of the strong linearizations.
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1
Introduction

Nonlinear eigenvalue problems in general and polynomial and rational eigenvalue prob-

lems in particular arise in many applications such as in acoustic emissions of high speed

trains, calculations of quantum dots, free vibration of plates with elastically attached

masses, vibrations of fluid-solid structures, and in control theory, see [9, 45, 63, 49, 55,

53, 62, 40, 59, 56] and the references therein. For example, the 129 × 129 polynomial

eigenvalue problem (PEP)

P (λ)u := (λ4A4 + λ3A3 + λ2A2 + λA1 + A0)u = 0

arises from a finite element solution of the equation for the modes of a planar waveguide

using piecewise linear basis functions φi, i = 0 : 128. The coefficient matrices are defined

by

A1 =
δ2

4
diag(−1, 0, 0, ..., 0, 0, 1), A3 = diag(1, 0, 0, ..., 0, 0, 1),

A0(i, j) =
δ4

16
(φi, φj), A2(i, j) = (φ′i, φ

′
j)− (qφi, φj), A4(i, j) = (φi, φj),

where φ′i is the derivative of φi; the parameter δ describes the difference in refractive

index between the cover and the substrate of the waveguide; q is a function used in the

derivation of the variational formulation and is constant in each layer; see [9] and the

references therein. On the other hand, the rational eigenvalue problem (REP)

G(λ)x := −Kx+ λFx+
k∑
j=1

λ

βj − λ
Cjx = 0,

arises in the study of mechanical vibrations of fluid-solid structures [49, 62, 63], where

K and F are positive definite matrices and the matrices Cj, j = 1 : k, are Hermitian

and have low ranks.

1
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2 Chapter 1. Introduction

Linearization is a classical technique widely used for solving polynomial eigenprob-

lems in which a matrix polynomial is transformed to a matrix pencil of larger size. Let

P (λ) :=
∑m

i=0 λ
iAi be an n × n matrix polynomial of degree m. Then an mn × mn

matrix pencil L(λ) := X + λY is said to be a linearization [33, 46] of P (λ) if there exist

mn×mn unimodular matrix polynomials U(λ) and V (λ) (i.e., det(U(λ)) and det(V (λ))

are nonzero constants independent of λ) such that

U(λ)L(λ)V (λ) = diag(I(m−1)n, P (λ)) for λ ∈ C.

Additionally, if revL(λ) := Y +λX is a linearization of revP (λ) then L(λ) is said to be

a strong linearization [46] of P (λ), where revP (λ) := λmP (1/λ). Construction of strong

linearizations of matrix polynomials is an active area of research and several important

families of strong linearizations of matrix polynomials such as Fiedler pencils (FPs),

generalized Fiedler pencils (GFPs), Fiedler pencils with repetition (FPRs), generalized

Fiedler pencils with repetition (GFPRs), vector space linearizations, block Kronecker

pencils and block minimal basis pencils have been introduced and analyzed in the last

one and half decades, see [6, 13, 17, 14, 15, 20, 19, 26, 27, 61, 46, 45, 25, 30, 42, 28, 51]

and the references therein. By contrast, linearization of rational matrices is a very recent

concept. With a view to providing a direct method for solving rational eigenproblems, a

new concept of linearization of rational matrices has been introduced in [2]; see also [5].

Fiedler-like pencils (FPs, GFPs, FPRs) for rational matrices have been constructed

in [2, 3, 4, 8] and are shown to be linearizations of rational matrices.

The main purpose of the thesis is to construct and analyze strong linearizations of

polynomial and rational matrices. The thesis consists of two parts. The first part is de-

voted to construction of strong linearizations of matrix polynomials including structure-

preserving strong linearizations and the recovery of eigenvectors, minimal bases and

minimal indices of matrix polynomials from those of the linearizations. The second

part of the thesis is devoted to construction of strong linearizations of rational matri-

ces including structure-preserving strong linearizations and the recovery of eigenvectors,

minimal bases and minimal indices of rational matrices from those of the linearizations.

The family of GFPRs of matrix polynomials subsumes the family of FPRs and is a

very important source of strong linearizations, especially structure-preserving strong lin-

earizations of matrix polynomials, and have been studied extensively in recent years [13,

14, 16, 17, 19, 20, 27, 61]. However, barring a small subset of FPRs known as type-1

FPRs [14], the recovery of eigenvectors, minimal bases and minimal indices of matrix

polynomials from those of FPRs and GFPRs is still an open problem. One of the main

objectives of the thesis is to fill this gap. We describe the recovery of eigenvectors,
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3

minimal bases and minimal indices of matrix polynomials from those of the GFPRs

and show that the recovery is operation-free, that is, eigenvectors and minimal bases

can be recovered without performing any arithmetic operations and the minimal indices

can be recovered by applying a uniform shift. The main building blocks of GFPRs

are very special GFPs and the restrictions that come with the special GFPs limit the

full potential of GFPRs. With a view to realizing full potentials of Fiedler-like pen-

cils, we introduce a new family of extended GFPRs (EGFPRs) of matrix polynomials

whose building blocks are the family of GFPs instead of very special GFPs and whose

construction is operation-free as in the case of GFPRs. We show that the EGFPRs are

strong linearizations of matrix polynomials and subsume FPs, GFPs, FPRs and GFPRs.

Moreover, the EGFPRs substantially expand the arena in which to look for strong lin-

earizations, especially structure-preserving strong linearizations, of matrix polynomials

with additional features such as low bandwidth and preservation of sign characteristic in

the case of Hermitian matrix polynomials. Most importantly, we describe the recovery

of eigenvectors, minimal bases and minimal indices of matrix polynomials from those of

the EGFPRs and show that the recovery is operation-free as in the case of GFPRs.

The concept of Rosenbrock linearization of rational matrices has been introduced

in [2] by considering minimal realizations of rational matrices which generalizes lin-

earization of matrix polynomials to the case of rational matrices. FPs, GFPs and FPRs

of rational matrices have been constructed in [2, 4, 8] and are shown to be Rosenbrock

linearization of rational matrices. The recovery of eigenvectors of rational matrices

from those of the FPs, GFPs and type-1 FPRs has been described in [3, 4, 8]. However,

the recovery of minimal bases and minimal indices of rational matrices from those of

the FPs, GFPs and FPRs (including recovery of eigenvectors from FPRs) is still an

open problem. Further, construction of structure-preserving Rosenbrock linearization

of structured rational matrices is still an open problem. Furthermore, Rosenbrock lin-

earization does not enable recovery of pole-zero structural indices at infinity of rational

matrices. Our main objective in the second part of the thesis is to address all these

problems. Firstly, we introduce Rosenbrock strong linearization of rational matrices and

describe recovery of pole-zero structural indices at infinity of rational matrices from those

of the Rosenbrock strong linearizations. Secondly, we introduce affine spaces of potential

linearizations of rational matrices, which are analogues of vector space linearizations of

matrix polynomials, and show that almost all pencils in the affine spaces are Rosenbrock

strong linearizations. We also describe the recovery of eigenvectors, minimal bases and

minimal indices of rational matrices from those of the Rosenbrock strong linearizations

belonging to the affine spaces. Thirdly, we show that FPs, GFPs, and FPRs of rational
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4 Chapter 1. Introduction

matrices are indeed Rosenbrock strong linearizations. Further, we describe the recovery

of eigenvectors, minimal bases and minimal indices of rational matrices from those of

the FPs, GFPs and FPRs and show that the recovery is operation-free. Finally, we in-

troduce the family of GFPRs of rational matrices and show that GFPRs are Rosenbrock

strong linearizations. We describe the recovery of eigenvectors, minimal bases and min-

imal indices of rational matrices from those of the GFPRs and show that the recovery is

operation-free. Most importantly, we show that the family of GFPRs of rational matrices

is a rich source of structure-preserving Rosenbrock strong linearizations and construct

structure-preserving linearizations for various structured rational matrices such as sym-

metric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian, skew-Hamiltonian,

para-Hermitian, and para-skew-Hermitian rational matrices. In particular, we show

that the Hermitian GFPRs preserve the Cauchy-Maslov index of Hermitian rational

matrices.

The thesis is organized as follows. The rest of this chapter is devoted to basic re-

sults on matrix polynomials, rational matrices, and LTI state-space systems. Chapter 2

describes the recovery of eigenvectors, minimal bases and minimal indices of a matrix

polynomial from those of its GFPRs. Chapter 3 introduces a new family of lineariza-

tions, which we refer to as EGFPRs of matrix polynomials, and describes the recovery

of eigenvectors, minimal bases and minimal indices of matrix polynomial from those of

its EGFPRs. Chapter 4 is devoted to constructing structure (symmetric, Hermitian,

palindromic, anti-palindromic) preserving linearizations for corresponding structured

matrix polynomials by utilizing the EGFPRs of matrix polynomials. Chapter 5 is de-

voted to Rosenbrock strong linearizations of rational matrices and construction of two

affine spaces of linearizations for a rational matrix. It also describes the recovery of

eigenvectors, minimal bases and minimal indices of a rational matrix from those of the

Rosenbrock strong linearizations. Chapter 6 analyzes the recovery of minimal bases and

minimal indices of a rational matrix from those of its FPs, GFPs and FPRs that has

been studied in the literature. Chapter 7 is devoted to constructing structure (sym-

metric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian, skew-Hamiltonian,

para-Hermitian, para-skew-Hermitian) preserving Rosenbrock strong linearizations for

corresponding structured rational matrices.

1.1 Preliminaries

Throughout this thesis, we use Cn and Cm×n to denote the vector space of n-tuples

[x1, . . . , xn]T , xi ∈ C, and the vector space of m × n matrices with entries from C,
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1.1. Preliminaries 5

respectively. Let A ∈ Cm×n. We denote the transpose (resp., conjugate transpose) of A

by AT (resp., A∗). We define the right and left null spaces of A by

Nr(A) := {x ∈ Cn : Ax = 0} and Nl(A) := {x ∈ Cm : xTA = 0},

respectively. The Kronecker product of matrices will be used frequently in the thesis.

Definition 1.1.1. [54] Let A ∈ Cm×n and B ∈ Cp×q. Then the Kronecker product

(tensor product) of A and B is defined by

A⊗B =


a11B · · · a1nB

...
. . .

...

am1B . . . amnB

 ∈ Cmp×nq

where aij are the entries of A.

We denote the j-th column of the n × n identity matrix In by ej. The Kronecker

product satisfies the following.

• Let A ∈ Cm×n, B ∈ Cr×s, C ∈ Cn×p and D ∈ Cs×t. Then

(A⊗B)(C ⊗D) = AC ⊗BD ∈ Cmr×pt.

• For all A and B, (A⊗B)T = AT ⊗BT and (A⊗B)∗ = A∗ ⊗B∗.

• If A and B are nonsingular then (A⊗B)−1 = A−1 ⊗B−1.

Remark 1.1.2. Let X ∈ Cmn×mn be an m ×m block matrix with n × n blocks. Note

that for j = 1, . . . ,m, (eTj ⊗ In)X and X (ej ⊗ In), respectively, are the j-th block row

and j-th block column of X .

Definition 1.1.3. For k, ` ∈ Z, we use the following notation

k : ` :=

 k, k + 1, . . . , ` if k ≤ `,

∅ if k > `.

When k ≤ `, (k : `) is called a string of integers from k to `. Further, we define

(∞ : `) := ∅ for any integer ` ∈ Z.
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6 Chapter 1. Introduction

1.2 Polynomial and rational matrices

We denote by C[λ] the polynomial ring over the complex field C and C[λ]m×n the vector

space of m × n matrix polynomials over C. Further, we denote by C(λ) the field of

rational functions of the form p(λ)/q(λ), where p(λ) and q(λ) are scalar polynomials in

C[λ]. We denote by C(λ)n the vector space of column n-tuples over the field C(λ) and

C(λ)m×n the vector space of m-by-n matrices over the field C(λ), that is, elements of

C(λ)m×n are m× n rational matrices.

Since matrix polynomials are rational matrices, by default, many concepts which are

defined in this section for rational matrices hold for matrix polynomials as well.

Let G(λ) ∈ C(λ)m×n. Then the rank of G(λ) over the field C(λ) is called the normal

rank of G(λ) and is denoted by nrank(G). Equivalently, nrank(G) = max
λ

rank(G(λ)),

where the maximum is taken over all λ which are not poles ofG(λ). If nrank(G) = n = m

then G(λ) is said to be regular, otherwise G(λ) is said to be singular.

Definition 1.2.1 (Eigenvalue, [2, 40, 52]). Let G(λ) ∈ C(λ)m×n. A complex num-

ber λ0 ∈ C is said to be an eigenvalue (or, eigenspectrum) of G(λ) if rank(G(λ0)) <

nrank(G). We denote the set of eigenvalues of G(λ) by eig(G).

If G(λ) is regular and µ ∈ C is an eigenvalue of G(λ), then the right null space

Nr(G(µ)) and the left null space Nl(G(µ)) of G(µ) are given by

Nr(G(µ)) := {x ∈ Cn : G(µ)x = 0} ⊂ Cn,

Nl(G(µ)) := {y ∈ Cm : yTG(µ) = 0} ⊂ Cm.

If G(λ) is singular, then the right null space Nr(G) and the left null space Nl(G) of

G(λ) are given by

Nr(G) := {x(λ) ∈ C(λ)n : G(λ)x(λ) = 0} ⊂ C(λ)n,

Nl(G) := {y(λ) ∈ C(λ)m : yT (λ)G(λ) = 0} ⊂ C(λ)m.

For x(λ) := (x1(λ), . . . , xk(λ))T ∈ C[λ]k, the degree of x(λ), denoted by deg(x), is

the greatest degree of its components xi(λ), i.e., deg(x) = max
1≤i≤k

deg(xi) .

Definition 1.2.2. [31, 40] Let G(λ) ∈ C(λ)m×n be singular. Let B :=
(
x1(λ), . . . , xp(λ)

)
be a polynomial basis of Nr(G) ordered so that deg(x1) ≤ · · · ≤ deg(xp), where xi(λ),

i = 1 : p, are vector polynomials in C[λ]n. Then

Ord(B) := deg(x1) + · · ·+ deg(xp)

is called the order of the basis B.
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Definition 1.2.3. [31, 40] Let G(λ) ∈ C(λ)m×n be singular and B :=
(
x1(λ), . . . , xp(λ)

)
be a polynomial basis of Nr(G) ordered so that deg(x1) ≤ · · · ≤ deg(xp). Then B is said

to be a minimal polynomial basis of Nr(G) (or a right minimal basis of G(λ)) if E
is any polynomial basis of Nr(G) then Ord(E) ≥ Ord(B). If B is a minimal basis of

Nr(G), then deg(x1) ≤ · · · ≤ deg(xp) are called the right minimal indices of G(λ). A

left minimal basis and the left minimal indices of G(λ) are defined similarly.

We say that a k × p matrix polynomial Z(λ) is a minimal basis if the columns of

Z(λ) form a minimal basis of the subspace of C(λ)k spanned (over the field C(λ)) by

the columns of Z(λ).

A matrix polynomial U(λ) ∈ C[λ]n×n is said to be unimodular if detU(λ) (where

det denotes the determinant) is a nonzero constant independent of λ. Next, we de-

scribe the Smith-McMillan form of a rational matrix G(λ), which will be used to define

structural indices associated with G(λ).

Theorem 1.2.4 (Smith-McMillan form, [2, 8, 40, 52]). Let G(λ) ∈ C(λ)m×n with normal

rank r. Then there exist unimodular matrix polynomials U(λ) and V (λ) of sizes m×m
and n× n, respectively, such that G(λ) = U(λ) SM(G(λ))V (λ), where

SM(G(λ)) = diag

(
φ1(λ)

ψ1(λ)
,
φ2(λ)

ψ2(λ)
, . . . ,

φr(λ)

ψr(λ)
, 0, . . . , 0

)
(1.1)

is called the Smith-McMillan form of G(λ). The scalar polynomials φi(λ) and ψi(λ)

are monic (have the highest degree coefficient equal to 1), are pairwise coprime (do

not have common divisors) for i = 1, 2, . . . , r and satisfy the divisibility properties:

φi(λ)/φi+1(λ) and ψi+1(λ)/ψi(λ), i = 1, 2, . . . , r − 1. The polynomials φ1(λ), . . . , φr(λ)

and ψ1(λ), . . . , ψr(λ) are called invariant zero polynomials and invariant pole polynomi-

als of G(λ), respectively. The zero polynomial φG(λ) and the pole polynomial ψG(λ) of

G(λ) are defined by

φG(λ) := φ1(λ)φ2(λ) · · ·φr(λ) and ψG(λ) := ψ1(λ)ψ2(λ) · · ·ψr(λ).

If G(λ) is a matrix polynomial then in (1.1) ψi(λ) = 1 for all i = 1 : r, and in that

case (1.1) is called the Smith form of G(λ).

Definition 1.2.5 (Zeros and poles, [2, 40, 52, 59]). Let G(λ) ∈ C(λ)m×n. Let φG(λ) and

ψG(λ) be the zero and the pole polynomials of G(λ), respectively. A complex number λ is

said to be a zero of G(λ) if φG(λ) = 0. A complex number λ is said to be a pole of G(λ)

if ψG(λ) = 0. We denote the set of zeros and poles of G(λ) by Sp(G) and Poles(G),

respectively.
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8 Chapter 1. Introduction

Definition 1.2.6 (Eigenpole, [2, 8]). A complex number λ0 is said to be an eigenpole

of G(λ) if λ0 is a pole of G(λ) and there exists v(λ) ∈ C[λ]n with v(λ0) 6= 0 such that

lim
λ→λ0

G(λ)v(λ) = 0. We denote the set of eigenpoles of G(λ) by eip(G).

Remark 1.2.7. For a rational matrix G(λ), it is possible that Sp(G) ∩ poles(G) 6= ∅.
In fact, we have eig(G) ⊂ Sp(G), eip(G) ⊂ Sp(G), eig(G) ∩ eip(G) = ∅ and Sp(G) =

eig(G) ∪ eip(G). See [2, 8] for further details..

We end this section by defining the structural indices associated with poles and zeros

of a rational matrix.

Definition 1.2.8 (Partial multiplicities of zeros, [2, 8]). Let λ0 ∈ Sp(G). Then φG(λ0) =

0 and φi(λ) = (λ− λ0)γidi(λ) with di(λ0) 6= 0 and γi ≥ 0 for i = 1 : r. The index tuple

Inds(λ0, G) := (γ1, . . . , γr) is called the multiplicity index of G at λ0 and satisfies the

condition 0 ≤ γ1 ≤ γ2 ≤ · · · ≤ γr. The nonzero components in Inds(λ0, G) are called

the partial multiplicities of λ0 as a zero of G(λ). The factors (λ− λ0)γi with γi 6= 0 are

called the elementary divisors of G(λ) at λ0. The algebraic multiplicity of λ0 is defined

by ms(λ0) := γ1 + γ2 + · · · + γr = multiplicity of λ0 as a root of φG(λ). If ms(λ0) = 1

then λ0 is called a simple eigenvalue of G(λ).

Definition 1.2.9 (Partial multiplicities of poles, [2, 8]). Let λ0 ∈ Poles(G). Then

ψG(λ0) = 0⇒ ψi(λ) = (λ−λ0)αiqi(λ) with qi(λ0) 6= 0 and αi ≥ 0 for i = 1 : r. The index

tuple Indp(λ0, G) := (αr, αr−1 . . . , α1) is called the multiplicity index of G at λ0 and

satisfies the condition αr < αr−1 < · · · < α1. The nonzero components in Indp(λ0, G)

are called the partial multiplicities of λ0 as a pole of G(λ). The factors (λ− λ0)αi with

αi 6= 0 are called elementary divisors of G(λ) at the pole λ0. The algebraic multiplicity

of λ0 is defined by mp(λ0) := α1 + α2 + · · ·+ αr = multiplicity of λ0 as a root of ψG(λ).

If mp(λ0) = 1 then λ0 is called a simple pole of G(λ).

1.2.1 System matrix associated with a rational matrix

A rational matrix G(λ) is said to be proper if G(λ) → D as λ → ∞, where D is a

matrix. On the other hand, G(λ) is said to be nonproper if ‖G(λ)‖ → ∞ as λ → ∞.
Let G(λ) ∈ C(λ)n×n. Then G(λ) can be written uniquely as G(λ) = P (λ)+Q(λ), where

P (λ) ∈ C[λ]n×n and Q(λ) ∈ C(λ)n×n is a strictly proper rational matrix, i.e., Q(λ)→ 0

as λ → ∞. Further Q(λ) can be written as Q(λ) = C(λE − A)−1B, where λE − A is

an r × r matrix pencil with E being nonsingular, C ∈ Cn×r and B ∈ Cr×n. Thus G(λ)

can be written as

G(λ) = P (λ) + C(λE − A)−1B, (1.2)
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and is called a realization of G(λ). A realization of G(λ) is said to be minimal

realization if the size of the pencil λE − A is the smallest among all the realizations

of G(λ), see [40]. The matrix polynomial S(λ) given by

S(λ) :=

 P (λ) C

B A− λE

 (1.3)

is called the system matrix (or the Rosenbrock system matrix) of G(λ) associated

with the realization (1.2) of G(λ). The system matrix S(λ) is said to be irreducible if

the realization (1.2) is minimal. Note that the system matrix S(λ) is irreducible if and

only if rank
( [

B A− λE
] )

= r = rank
( [

CT (A− λE)T
]T )

, see [2, 40, 52, 24].

Remark 1.2.10. Unless stated otherwise throughout the thesis we consider only minimal

realization (1.2) of the rational matrix G(λ). Hence the system matrix S(λ) as given

(1.3) is always irreducible.

The following result establish the relation between the structural indices of G(λ) and

its associated system matrix S(λ).

Theorem 1.2.11. [2, 40, 52] Let G(λ) and S(λ) be as given in (1.2) and (1.3), respec-

tively. Then the zeros of G(λ) are the same as the eigenvalues of S(λ) and the poles of

G(λ) are the same as the eigenvalues of λE − A.

1.2.2 Linearizations of matrix polynomials

For a matrix polynomial P (λ) :=
∑k

i=0 λ
iAi ∈ C[λ]m×n, the reversal of P (λ) is defined

by [46]

revP (λ) := λkP (1/λ) =
∑k

i=0
λiAk−i for λ ∈ C. (1.4)

Definition 1.2.12 (Eigenvalue at ∞, [46]). Let P (λ) be a regular matrix polynomial

of degree k ≥ 1. Then ∞ is said to be an eigenvalue of P (λ) if 0 is an eigenvalue of

revP (λ).

Note that for a regular P (λ), λ0 is an eigenvalue of P (λ) iff 1/λ0 is an eigenvalue

of revP (λ) with 0 and ∞ are considered as reciprocals, see [46]. If P (λ) is regular,

then the polynomial eigenvalue problem (PEP) is to find eigenvalues µ ∈ C and nonzero

eigenvectors x ∈ Cn, y ∈ Cm such that P (µ)x = 0 and yTP (µ) = 0. If P (λ) is singular,

then the PEP is to find the minimal bases and minimal indices of P (λ).

Linearization is a classical technique widely used for solving polynomial eigenprob-

lems in which a matrix polynomial P (λ) is transformed to a matrix pencil L(λ) = λX+Y

of larger size with the same eigenvalues, and solve the problem for the pencil L(λ), see

[33, 46]. Formally, linearization is defined as follows.
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Definition 1.2.13 (Linearization, [33, 46]). Let P (λ) be an n × n matrix polynomial

of degree m. A pencil L(λ) = λX + Y with X, Y ∈ Cmn×mn is called a linearization of

P (λ) if there exist mn×mn unimodular matrix polynomials U(λ) and V (λ) such that

U(λ)L(λ)V (λ) =

I(m−1)n 0

0 P (λ)


for all λ ∈ C. Additionally, if revL(λ) := λY + X is a linearization of revP (λ) then

L(λ) is said to be a strong linearization of P (λ).

It is clear from the above definition that rank(P (λ)) < nrank(P ) ⇔ rank(L(λ)) <

nrank(L). This implies that eig(L) = eig(P ).

For a given matrix polynomial, there exist infinitely many linearizations. Fiedler pen-

cils (FPs), generalized Fiedler pencils (GFPs), Fiedler pencils with repetition (FPRs),

and generalized Fiedler pencils with repetition (GFPRs) are well known classes of strong

linearizations of matrix polynomials which have been studied extensively in recent years,

see [6, 17, 15, 13, 16, 19, 61] and the references therein. Next, we define FPs, GFPs,

FPRs and GFPRs of a matrix polynomial. Henceforth, we assume that P (λ) is an n×n
matrix polynomial of degree m and is given by

P (λ) :=
∑m

i=0
λiAi. (1.5)

The Fiedler matrices MP
i , i = ±0,±1, . . . ,±m, associated with P (λ) are defined as

follows [6, 15, 61]:

MP
0 :=

 I(m−1)n

−A0

 , MP
−m :=

 Am

I(m−1)n

 ,

MP
i :=


I(m−i−1)n

−Ai In

In 0

I(i−1)n

 and MP
−i :=


I(m−i−1)n

0 In

In Ai

I(i−1)n


for i = 1, . . . ,m − 1, and MP

−0 := (MP
0 )−1 and MP

m := (MP
−m)−1. The Fiedler matrices

MP
i , i = ±0,±1, . . . ,±m, satisfy the following properties, see [6, 15, 61].

• MP
i is invertible for i = ±1, . . . ,±(m− 1).

• MP
±m (resp., MP

±0) is invertible if and only if Am (resp., A0) is invertible.
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• MP
i M

P
j = MP

j M
P
i for ||i| − |j|| > 1.

Definition 1.2.14. [4] Let N be a finite set. A bijection ω : N → N is called a

permutation of N. τ is said to be a sub-permutation of N if τ is a permutation of

a subset of N. We denote the empty permutation by ∅. Two sub-permutations σ and

τ of N are said to be disjoint if σ ∩ τ = ∅, where the intersection is defined to be

the intersection of the underlying subsets of the sub-permutations. If ω := (σ, τ) is a

permutation of N then the sub-permutations σ and τ are said to be a partition of ω.

For a sub-permutation α := (i1, i2, . . . , ip) of {±0,±1, . . . ,±m}, we define

MP
α := MP

i1
MP

i2
· · ·MP

ip if α 6= ∅, and MP
α := Imn if α = ∅.

A Fiedler pencil of P (λ) is defined as follows.

Definition 1.2.15 (Fiedler pencils (FPs), [26]). Let MP
0 , . . . ,M

P
m−1 and MP

−m be the

Fiedler matrices associated with P (λ). Then, for given any permutation σ of {0 : m−1},
the mn×mn matrix pencil

Lσ(λ) := λMP
−m −MP

σ

is called the Fiedler pencil (FP) of P (λ) associated with σ.

A Generalized Fiedler pencil of P (λ) is defined as follows.

Definition 1.2.16 (Generalized Fiedler pencils (GFPs), [15]). Let ω := (ω0, ω1) be a

permutation of {0 : m}. Then the mn×mn matrix pencil

Tω(λ) := λMP
−ω1
−MP

ω0

is said to be a generalized Fiedler pencil (GFP) of P (λ) associated with ω. In particular,

if 0 ∈ ω0 and m ∈ ω1, then Tω(λ) is said to be a proper generalized Fiedler (PGF) pencil

of P (λ). Otherwise, Tω(λ) is said to be a non-proper generalized Fiedler (NPGF) pencil

of P (λ).

Sometime we write GFP as GF pencil. Note that FPs of P (λ) are subclasses of

the class of GFPs of P (λ). It has been shown that FPs and GFPs of P (λ) are strong

linearizations of P (λ) [26, 15].

1.2.3 Recovery of eigenvectors and minimal bases from FPs and GFPs

Recovery of eigenvectors, minimal bases and minimal indices of P (λ) from those of the

FPs and GFPs are well known [26, 15]. We present these results for ready reference.
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Definition 1.2.17 (Index tuple, [4]). A tuple σ := (j1, j2, . . . , jp) ∈ Zp is said to

be an index tuple containing indices from Z. We define −σ := (−j1,−j2, . . . ,−jp),

rev(σ) := (jp, jp−1, . . . , j2, j1) and σ + q := (j1 + q, j2 + q, , . . . , jp + q) for q ∈ Z. For

any index tuples α1 := (i1, . . . , is) and α2 := (j1, . . . , jt), we define α1 ∪α2 := (α1, α2) =

(i1, . . . , is, j1, . . . , jt).

Definition 1.2.18. [17] (a) (Subtuple) Let α be an index tuple. An index tuple β is

said to be a subtuple of α if β = α or if β can be obtained from α by deleting some

indices in α.

(b) Let α be an index tuple and β be a subtuple of α. Then β is said to be the subtuple

of α with indices {i1, . . . , ik} ⊂ α, if β is obtained from α by deleting all indices of α

except i1, . . . , ik.

Example 1.2.19. Consider an index tuple α given by α = (1, 2, 0, 3, 0, 2). Then (2, 3, 2)

and (0, 3, 0) are subtuples of α but (2, 2, 3) and (0, 0, 3) are not subtuples of α. Further,

(2, 0, 0, 2) is the subtuple of α with indices {0, 2}. �

We now define consecutions and inversions of an index tuple which will play a

crucial role in the recovery of eigenvectors and minimal bases and will be used extensively

in the thesis.

Definition 1.2.20 (Consecutions and inversions). Let α be an index tuple containing

indices from {0 : k} (resp., {−k : −1}) for some non-negative integer k. Suppose that

t ∈ α. Then we say that α has p consecutions at t if (t, t + 1, . . . , t + p) is a subtuple

of α but (t, t + 1, . . . , t + p, t + p + 1) is not a subtuple of α. We denote the number of

consecutions of α at t by ct(α). If t /∈ α then we define ct(α) := −1. We say that α has

q inversions at t if (t+ q, t+ q − 1, . . . , t) is a subtuple of α but (t+ q + 1, t+ q, . . . , t)

is not a subtuple of α. We denote the number of inversions of α at t by it(α). If t /∈ α
then we define it(α) := −1.

Example 1.2.21. Let α := (1, 0, 2, 1, 3, 2, 4, 1, 3, 2, 1). Then c0(α) = 3 as (0, 1, 2, 3) is

a subtuple of α but (0, 1, 2, 3, 4) is not a subtuple of α. Similarly, c3(α) = 1 as (3, 4)

is a subtuple of α but (3, 4, 5) is not a subtuple of α. Further, i0(α) = 1 as (1, 0) is a

subtuple of α but (2, 1, 0) is not a subtuple of α. Similarly, observe that i1(α) = 3 and

i3(α) = 1. �

Remark 1.2.22. It follows from Definition 1.2.20 that ct(α) = it(rev(α)) for any index

tuple α and for any index t.

Remark 1.2.23. It is to be noted here that, for any index tuple α and t ∈ α, we have

ct(α) > 0 (resp., it(α) > 0) does not imply that it(α) = 0 (resp., ct(α) = 0). By
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contrast, if α is a permutation then ct(α) > 0 (resp., it(α) > 0) implies it(α) = 0 (resp.,

ct(α) = 0).

Definition 1.2.24. Let σ be a permutation of {0 : k} for some integer k ≥ 1. Then the

total number consecutions c(σ) and inversions i(σ) of σ are given by

c(σ) := cardinality of the set {j ∈ σ : cj(σ) ≥ 1},

i(σ) := cardinality of the set {j ∈ σ : ij(σ) ≥ 1}.

Remark 1.2.25. Note that, for a permutation σ of {0 : k}, k ≥ 1, we have c(σ)+i(σ) =

k. For example, let σ := (0, 1, 4, 3, 2, 5) be a permutation of {0 : 5}. Then c(σ)+i(σ) = 5

since c(σ) = 3 and i(σ) = 2.

The next result is a restatement of [15, Theorems 3.2, 4.1 and 4.2] which describes

the recovery of eigenvectors, minimal bases and minimal indices of P (λ) from those of

the GF pencils. We present these results for ready reference.

Theorem 1.2.26. [15] Let T (λ) := λMP
τ −MP

σ be a GF pencil of P (λ) associated with

a permutation (σ, ω) of {0 : m}, where τ := −ω. Define

F GF(P ) :=



eTm−c0(σ) ⊗ In if 0 ∈ σ and c0(σ) < m

A−1m (eT1 ⊗ In) if 0 ∈ σ and c0(σ) = m

eTm−s ⊗ In if

 0 ∈ ω, i0(ω) + 1 ∈ σ and

s := i0(ω) + ci0(ω)+1(σ) + 1 < m

A−1m (eT1 ⊗ In) if

 0 ∈ ω, i0(ω) + 1 ∈ σ and

i0(ω) + ci0(ω)+1(σ) + 1 = m

eTm−i0(ω) ⊗ In if 0 ∈ ω, i0(ω) < m and i0(ω) + 1 /∈ σ

A−10 (eTm ⊗ In) if 0 ∈ ω and i0(ω) = m

and

KGF(P ) :=



eTm−i0(σ) ⊗ In if 0 ∈ σ and i0(σ) < m

A−Tm (eT1 ⊗ In) if 0 ∈ σ and i0(σ) = m

eTm−s ⊗ In if

 0 ∈ ω, c0(ω) + 1 ∈ σ and

s := c0(ω) + ic0(ω)+1(σ) + 1 < m

A−Tm (eT1 ⊗ In) if

 0 ∈ ω, c0(ω) + 1 ∈ σ and

c0(ω) + ic0(ω)+1(σ) + 1 = m

eTm−c0(ω) ⊗ In if 0 ∈ ω, c0(ω) < m and c0(ω) + 1 /∈ σ

A−T0 (eTm ⊗ In) if 0 ∈ ω and c0(ω) = m.
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Define the maps F GF(P ) : Nr(T ) → Nr(P ), x 7→ F GF(P )x, and KGF(P ) : Nl(T ) →
Nl(P ), y 7→ KGF(P )y. Then we have the following.

(I) (Regular P (λ)). Suppose that P (λ) is regular and µ ∈ C is an eigenvalue of

P (λ). If (x1, . . . , xp) and (y1, . . . , yp) are bases of Nr(T (µ)) and Nl(T (µ)), respectively,

then (F GF(P )x1, . . . , F
GF(P )xp) and (KGF(P )y1, . . . , K

GF(P )yp) are bases of Nr(P (µ)) and

Nl(P (µ)), respectively.

(II) (Singular P (λ)). Suppose that P (λ) is singular. (Then note that 0 ∈ σ and

−m ∈ τ). Let τ be given by τ := (τl,−m, τr). Set α := (−rev(τl), σ,−rev(τr)). Let

c(α) and i(α), respectively, be the total number of consecutions and inversions of the

permutation α of {0 : m − 1}. (Note that in this case F GF(P ) = eTm−c0(σ) ⊗ In and

KGF(P ) = eTm−i0(σ) ⊗ In).

Right minimal bases. If (x1(λ), . . . , xp(λ)) is a right minimal basis of T (λ) then

(F GF(P )x1(λ), . . . , F GF(P )xp(λ)) is a right minimal basis of P (λ). Further, if ε1 ≤ · · · ≤
εp are the right minimal indices of T (λ) then ε1 − i(α) ≤ · · · ≤ εp − i(α) are the right

minimal indices of P (λ).

Left minimal bases. If (y1(λ), . . . , yp(λ)) is a left minimal basis of T (λ) then

(KGF(P )y1(λ), . . . , KGF(P )yp(λ)) is a left minimal basis of P (λ). Further, if ξ1 ≤ · · · ≤ ξp

are the left minimal indices of T (λ) then ξ1−c(α) ≤ · · · ≤ ξp−c(α) are the left minimal

indices of P (λ).

Remark 1.2.27. In Theorem 1.2.26, if T (λ) is a PGF pencil (i.e., 0 ∈ σ and −m ∈ τ),

then we denote F PGF(P ) := F GF(P ) and KPGF(P ) := KGF(P ), which are given by F PGF(P ) =

eTm−c0(σ) ⊗ In and KPGF(P ) = eTm−i0(σ) ⊗ In.

The following result is a restatement of [15, Theorem 3.4] which describes the recov-

ery of eigenvectors of P (λ) corresponding to an eigenvalue at ∞ from those of the GF

pencils of P (λ).

Theorem 1.2.28. (Theorem 3.4, [15]) Let P (λ) be a regular matrix polynomial. Let

T (λ) := λMP
−τ −MP

σ be a GF pencil of P (λ) associated with a permutation (σ, τ) of

{0 : m}, where m ∈ τ. Suppose that ∞ is an eigenvalue of P (λ).

Right eigenvectors at ∞. Let
(
x1, . . . , xk

)
be a basis of the right eigenspace of T (λ)

at ∞. Then we have the following.

(a) If c−m(τ) < m then
(
(eTc−m(τ)+1 ⊗ In)x1, . . . , (e

T
c−m(τ)+1 ⊗ In)xk

)
is a basis of the

right eigenspaces of P (λ) at ∞.

(b) If c−m(τ) = m then
(
A−10 (eTm ⊗ In)x1, . . . , A

−1
0 (eTm ⊗ In)xk

)
is a basis of the right

eigenspaces of P (λ) at ∞.
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1.2. Polynomial and rational matrices 15

Left eigenvectors at ∞. Let
(
y1, . . . , yk

)
be a basis of the left eigenspace of T (λ) at

∞. Then we have the following.

(c) If i−m(τ) < m then
(
(eTi−m(τ)+1⊗ In)y1, . . . , (e

T
i−m(τ)+1⊗ In)yk

)
is a basis of the left

eigenspaces of P (λ) at ∞.

(d) If i−m(τ) = m then
(
A−T0 (eTm ⊗ In)y1, . . . , A

−T
0 (eTm ⊗ In)yk

)
is a basis of the left

eigenspace of P (λ) at ∞.

1.2.4 SIP, CSF, RSF, Operation free products

Next, we define Successor Infix Property (SIP), row standard form (rsf) and column

standard form (csf) of an index tuple which will be used extensively in the thesis.

Definition 1.2.29 (Successor Infix Property, [61]). Let α := (i1, i2, . . . , it) be an index

tuple containing indices from {0, 1, . . . , h} for some non-negative integer h. Then α is

said to satisfy the Successor Infix Property (SIP) if for every pair of indices ia, ib ∈ α
with 1 ≤ a < b ≤ t satisfying ia = ib, there exists at least one index ic = ia + 1 such that

a < c < b. Let β be an index tuple containing indices from {−h,−h+ 1, . . . ,−1}. Then

β is said to satisfy the SIP if β + h satisfies the SIP.

Definition 1.2.30. [61, 14] Let τ := (j1, j2, . . . , jq) be an index tuple containing indices

from Z and σ := (i1, i2, . . . , it) be an index tuple containing indices from {0, 1, . . . , h}
for some non-negative integer h. Then:

(a) jp is said to be a simple index of τ if jp 6= jk for k = 1 : q and k 6= p. We say that

τ is simple if each index jp is a simple index for p = 1 : q.

(b) σ is said to be in column standard form if

σ = (as : bs, as−1 : bs−1, . . . , a2 : b2, a1 : b1),

with 0 ≤ b1 < · · · < bs−1 < bs ≤ h and 0 ≤ aj ≤ bj, for all j = 1, . . . , s. We denote

the column standard form of σ by csf(σ). Let β be an index tuple containing indices

from {−h,−h+ 1, . . . ,−1}. Then β is said to be in column standard form if β+h

is in column standard form.

(c) σ is said to be in row standard form if

σ = (rev(a1 : b1), rev(a2 : b2), . . . , rev(as−1 : bs−1), rev(as : bs)),

with 0 ≤ b1 < · · · < bs−1 < bs ≤ h and 0 ≤ aj ≤ bj, for all j = 1, . . . , s. We denote

the row standard form of σ by rsf(σ). Let β be an index tuple containing indices
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16 Chapter 1. Introduction

from {−h,−h+ 1, . . . ,−1}. Then β is said to be in row standard form if β + h is

in row standard form.

Definition 1.2.31. [14, 20] Let α be a permutation of {0, 1, . . . , k} for k ≥ 0 with csf(α)

being the column standard form of α. Then an index s ∈ {0, 1, . . . , k− 1} is said to be a

right index of type-1 relative to α if there is a string (s : t) in the csf(α) such that s < t.

Definition 1.2.32 (Associated simple tuple, [20]). Let k be a non-negative integer

and α be a permutation of {0 : k}. Suppose that csf(α) = (bd, bd−1, . . . , b1), where

bi = (ai−1 + 1 : ai) for i = 2 : d and b1 = (0 : a1). If s is a right index of type-1 relative

to α then the simple tuple associated with (α, s) is denoted by zr(α, s) and is given by

• zr(α, s) := (bd, bd−1, . . . , bh+1, b̃h, b̃h−1, bh−2, . . . , b1) if 0 6= s = ah−1 + 1, where

b̃h = (ah−1 + 2 : ah) and b̃h−1 = (ah−2 + 1 : ah−1 + 1).

• zr(α, s) := (bd, bd−1, . . . , b2, b̃1, b̃0) if s = 0, where b̃1 = (1 : a1) and b̃0 = (0).

Definition 1.2.33 (Right and left index tuple of type-1, [20]). Let α be a permutation

of {0 : k}, k ≥ 0. Let β1 and β2 be tuples with indices from {0 : k − 1}.
(a) We say that β2 := (s1, . . . , sr) is a right index tuple of type-1 relative to α

if, for i = 1 : r, si is a right index of type-1 relative to zr(α, (s1, . . . , si−1)), where

zr(α, (s1, . . . , si−1)) := zr(zr(α, (s1, . . . , si−2)), si−1) for i > 2.

(b) We say that β1 is a left index tuple of type-1 relative to α if rev(β1) is a right

index tuple of type-1 relative to rev(α). Define zl(β1, α) := rev(zr(rev(α), rev(β1))).

For an index tuple α containing indices either from {0 : m − 1} or {−m : −1},
MP

α is said to be operation-free if each block entry of MP
α is either 0,±In or ±Aj for

j = 0 : m. In such a case, MP
α can be computed directly from P (λ) without performing

any arithmetic operations.

Lemma 1.2.34. [61, 14] Let MP
±i, i = 0 : m, be the Fiedler matrices associated with

P (λ). Let α be an index tuple containing indices either from {0 : m− 1} or {−m : −1}.
Then MP

α is operation-free ⇔ α satisfies the SIP ⇔MP
α = MP

csf(α) ⇔MP
α = MP

rsf(α).
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2
Recovery of Eigenvectors and Minimal Bases of

Matrix Polynomials from GFPRs

The main objective of this chapter is to derive recovery rules of eigenvectors and minimal

bases of a matrix polynomial P (λ) from those of the generalized Fiedler pencils with

repetition (GFPRs) of P (λ). We show that the eigenvectors and minimal bases of P (λ)

can be recovered from those of the GFPRs of P (λ) without performing any arithmetic

operations. Also, we describe the recovery of eigenvectors of P (λ) corresponding to the

eigenvalue at ∞ from those of the GFPRs. When P (λ) is symmetric we describe a

simplified rule for the recovery of eigenvectors and minimal bases of P (λ) from those of

the symmetric GFPRs of P (λ). Further, when P (λ) is skew-symmetric (resp., T-even, T-

odd, T-palindromic), we describe alternative recovery rules for eigenvectors and minimal

bases of P (λ) from those of the skew-symmetric (resp., T-even, T-odd, T-palindromic)

FPRs of P (λ). These structured FPRs are known to be type-1 and hence the eigenvector

recovery rules are well known [14]. However, our eigenvector recovery rules for these

structured type-1 FPRs are simpler and different from the existing recovery rules and

can be easily read off from the index tuples defining the FPRs. We mention that

the recovery rule for type-1 FPRs given in [14] may not work for type-1 GFPRs, see

Example 2.1.19. Finally, we present algorithms for constructing FPRs and GFPRs of

P (λ) (without going through the explicit multiplication of the elementary and Fiedler

matrices).

2.1 Elementary matrices and GFPRs

For rest of this chapter, we consider P (λ) as an n×n matrix polynomial having degree m

and is given by P (λ) =
∑m

j=0 λ
jAj. We now define the Fiedler and elementary matrices

17
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18 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

associated with P (λ) which will be used throughout the thesis. For an arbitrary matrix

X ∈ Cn×n, we consider the following elementary matrices [17]:

M0(X) :=

 I(m−1)n

X

 , M−m(X) :=

 X

I(m−1)n

 ,

Mi(X) :=


I(m−i−1)n

X In

In 0

I(i−1)n

 and M−i(X) :=


I(m−i−1)n

0 In

In X

I(i−1)n


for i = 1 : m−1. Note that, for i = 1 : m−1, Mi(X) and M−i(X) are invertible for any

X. Moreover, (Mi(X))−1 = M−i(−X). On the other hand, the matrices M0(X) and

M−m(X) are invertible if and only if X is invertible. We define M−0(X) := (M0(X))−1

and Mm(X) := (M−m(X))−1. Note that Mi(X)Mj(Y ) = Mj(Y )Mi(X) holds for any

matrices X, Y ∈ Cn×n if ||i| − |j|| > 1.

For i ∈ {−m : m− 1}, we define [17]

MP
i :=

 Mi(−Ai) if i ≥ 0,

Mi(A−i) if i < 0.

Recall from Section 1.2.2 that MP
i , i ∈ {−m : m−1}, are the Fielder matrices associated

with P (λ) and are given by [17]:

MP
0 =

I(m−1)n
−A0

 , MP
i =


I(m−i−1)n

−Ai In

In 0

I(i−1)n

 for i = 1 : m− 1,

MP
−m =

Am
I(m−1)n

 , and MP
−i =


I(m−i−1)n

0 In

In Ai

I(i−1)n

 for i = 1 : m− 1.

Note that MP
0 (resp., MP

−m ) is invertible if and only if A0 (resp., Am) is invertible. We

define MP
−0 := (MP

0 )−1 and MP
m := (MP

−m)−1.
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2.1. Elementary matrices and GFPRs 19

We now introduce some notation that will be used throughout the thesis and will be

used to describe the recovery of eigenvectors and minimal bases of P (λ) from those of

the GFPRs of P (λ).

Definition 2.1.1 (Matrix assignments, [17]). Let t = (t1, t2, . . . , tr) be a nonempty index

tuple containing indices from {±0,±1, . . . ,±m} and X := (X1, X2, . . . , Xr) be a tuple

of n× n matrices. We define

Mt(X) := Mt1(X1)Mt2(X2) · · ·Mtr(Xr)

and say that X is a matrix assignment for t. Further, we say that the matrix Xj is

assigned to the position j in t. The matrix assignment X for t is said to be nonsingular

if the matrices assigned by X to the positions in t occupied by the ±0 and ±m indices

are nonsingular.

A matrix assignment X is said to be a symmetric (resp., Hermitian) matrix assign-

ment if all the matrices in X are symmetric (resp., Hermitian).

If t is empty, by default we define Mt(X) := Imn. Further, if X1, . . . , Xs are matrix

assignments for the index tuples t1, . . . , ts, respectively, then we define [17]

M(t1,...,ts)(X
1, . . . , Xs) := Mt1(X

1) · · ·Mts(X
s).

We define MP
t := MP

t1
MP

t2
· · ·MP

tr if t := (t1, t2, . . . , tr) is a nonempty index tuple,

and MP
t := Imn if t is an empty tuple. If t1, . . . , ts are index tuples then MP

t1,...,ts
=

MP
t1
· · ·MP

ts , see [17] for further details.

Definition 2.1.2. [17] Let t = (t1, t2, . . . , tr) be an index tuple containing indices from

{±0,±1, . . . ,±m}. Then X := (X1, X2, . . . , Xr) is said to be the trivial matrix assign-

ment associated with P (λ) if Mtj(Xj) = MP
tj

for j = 1 : r.

Remark 2.1.3. Note that if X is the trivial matrix assignment for t associated with

P (λ), then Mt(X) = MP
t . For an index tuple t, Mt(X) is invertible if X is an invertible

matrix assignment.

Definition 2.1.4. [17] (a) We say that two nonnegative indices i and j in an index

tuple commute if |i− j| 6= 1.

(b) Let t and t̂ be index tuples of nonnegative integers. We say that t̂ is obtained

from t by a transposition if t̂ is obtained from t by interchanging two distinct commuting

indices in adjacent positions. If i and i+1 are the positions of the interchanged indices in

t, then we call the transposition that produces t̂ from t to be the permutation of {1 : |t|}
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20 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

obtained by interchanging i and i + 1 in the identity permutation (1 : |t|), where |t|
denotes the number of indices in t.

(c) Given two index tuples t and t̂ of nonnegative integers, we say that t is equivalent

to t̂ if t = t̂ or if t̂ can be obtained from t by a sequence of transpositions. If t and t̂

are index tuples of negative integers and k is the minimum index among the indices in

t and t̂, then we say that t is equivalent to t̂ if −k + t is equivalent to −k + t̂. If t and

t̂ are equivalent index tuples, we write t ∼ t̂.

(d) Let t and t̂ be two equivalent index tuples of nonnegative (resp., negative) integers.

Suppose that t̂ (resp., −k + t̂, where k is the minimum index in t) is obtained from t

(resp., from −k + t) by an ordered sequence of transpositions σ1, . . . , σs. Then we say

that the composition σ = σ1 ◦ · · · ◦ σs is the allowed permutation that transforms t to t̂.

Let t := (t1, t2, . . . , tr) be an index tuple and X := (X1, X2, . . . , Xr) be a ma-

trix assignment for t. Then for any permutation α of {1 : r}, we define α(X) :=

(Xα(1), Xα(2), . . . , Xα(r)). Let α and β be the allowed permutations that transfer t to

rsf(t) and csf(t), respectively, where rsf(t) is the row standard form of t and csf(t)

is the column standard form of t. Then we denote α(X) by rsf(X) and β(X) by

csf(X). Similarly, we denote by rev(X) the matrix assignment for t obtained from X

by reversing the order of the matrices, i.e., rev(X) := (Xr, Xr−1, . . . , X2, X1).

Example 2.1.5. Let t = (2, 1, 3, 2, 0, 1) and X = (X1, X2, . . . , X6) be a matrix assign-

ment for t. Then rsf(t) = (2, 1, 0, 3, 2, 1). Let α be the allowed permutation that transfer

t to rsf(t). Then rsf(X) = α(X) = (Xα(1), Xα(2), . . . , Xα(6)) = (X1, X2, X5, X3, X4, X6).

The following result will be frequently used in the thesis.

Lemma 2.1.6 ([17], Lemma 4.4). Let t be an index tuple containing indices from either

{0 : m − 1} or {−m : −1} and let X be a matrix assignment for t. If t ∼ t̂ (i.e.,

t is equivalent to t̂) and α is the allowed permutation that transforms t into t̂ then

Mt(X) = M t̂ (α(X)).

For an index tuple α containing indices either from {0 : m−1} or {−m : −1}, Mα(X )

is said to be operation-free if each block entry of Mα(X ) is either 0, ±In, or any one

of the matrices in the matrix assignment X . In such a case, Mα(X ) can be computed

directly from P (λ) and X without performing any arithmetic operations. The following

result characterizes operation free products.

Lemma 2.1.7. [61, 14, 17] Let α be an index tuple containing indices from {0 : m− 1}
(resp., {−m : −1}). Then Mα(X ) is operation-free ⇔ α satisfies the SIP ⇔ Mα(X ) =

Mcsf(α)(csf(X ))⇔Mα(X ) = Mrsf(α)(rsf(X )).
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Remark 2.1.8. Let α be an index tuple containing indices from {0 : m − 1} (resp.,

{−m : −1}) such that α satisfies the SIP. Then the positions of the block entries of

Mα(X ) do not depend upon the particular matrix assignment X , that is, the positions

of the block entries of Mα(X ) depend only on α, see [17].

The Fiedler pencils with repetition (FPRs) and generalized Fiedler pencils with

repetition (GFPRs) of P (λ) are defined as follows.

Definition 2.1.9 (FPRs and GFPRs, [61, 14, 17]). Let 0 ≤ h ≤ m − 1 and let σ and

τ be permutations of {0 : h} and {−m : −h − 1}, respectively. Let σj and τj, j = 1, 2,

be index tuples containing indices from {0 : h − 1} and {−m : −h − 2}, respectively,

such that (σ1, σ, σ2) and (τ1, τ, τ2) satisfy the SIP. Let X1, X2, Y1 and Y2 be nonsingular

matrix assignments for σ1, σ2, τ1 and τ2, respectively. Then the pencil

L(λ) = Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) (2.1)

is said to be a GFPR of P (λ). In particular, if Xj and Yj, for j = 1, 2, are the

trivial matrix assignments then L(λ) = MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
is said to be an

FPR of P (λ).

Caution: In [61, 14, 17], the FPRs and GFPRs are defined by excluding the condi-

tion that X1, X2, Y1 and Y2 are nonsingular matrix assignments. Note that L(λ) is not a

linearization of P (λ) when any of the matrix assignments X1, X2, Y1 and Y2 is singular.

Hence for simplicity we always consider that X1, X2, Y1 and Y2 are nonsingular matrix

assignments.

2.1.1 Recovery of eigenvectors and minimal bases

This section is devoted to describe the recovery of eigenvectors and minimal bases of a

matrix polynomial from those of its FPRs and GFPRs. The following remark will be

frequently used in the rest of this chapter.

Remark 2.1.10. Let σ` and τ`, for ` = 1, 2, be as in Definition 2.1.9. For i ∈ σ1 ∪ σ2
and j ∈ τ1 ∪ τ2, we have ||i| − |j|| > 2. Hence σk and τk, k = 1, 2, commute with each

other, i.e., Mσp(X)Mτq(Y ) = Mτq(Y )Mσp(X) for p, q ∈ {1, 2}, where X and Y are any

arbitrary matrix assignments.

The next result will play a crucial role in the recovery of eigenvectors and minimal

bases of P (λ) from those of the GFPRs of P (λ). Recall from Definition 1.2.20 that cs(α)

(resp., it(α) ) denotes the number of consecutions (resp., inversions) of α at s (resp., t).
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22 Chapter 2. Recovery of Eigenvectors and Minimal Bases from GFPRs

Lemma 2.1.11. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be a GFPR

of P (λ) as given in (2.1). Then we have (eTm−c0(σ)⊗In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2)⊗In
and Mτ1(Y1)Mσ1(X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In.

Proof. Let Z be an n× n arbitrary matrix. Note that for j = 0, 1, . . . ,m− 2, we have

(eTm−j ⊗ In)Mj+1(Z) = (eTm−j ⊗ In)


I(m−j−2)n

Z In

In 0

Ijn

 = eTm−(j+1) ⊗ In,

and for j = 0, 1, . . . ,m− 1 and i /∈ {j, j + 1}, we have

(eTm−j ⊗ In)Mi(Z) = (eTm−j ⊗ In)


I(m−i−1)n

Z In

In 0

I(i−1)n

 = eTm−j ⊗ In.

This shows that

(eTm−j ⊗ In)Mi(Z) =

 eTm−(j+1) ⊗ In for i = j + 1 and j = 0 : m− 2,

eTm−j ⊗ In for i /∈ {j, j + 1} and j = 0 : m− 1.
(2.2)

Similarly, for j = 0, 1, . . . ,m− 2, we have

Mj+1(Z)(em−j ⊗ In) =


I(m−j−2)n

Z In

In 0

Ijn

 (em−j ⊗ In) = em−(j+1) ⊗ In,

and for j = 0, 1, . . . ,m− 1 and i /∈ {j, j + 1}, we have

Mi(Z)(em−j ⊗ In) =


I(m−i−1)n

Z In

In 0

I(i−1)n

 (em−j ⊗ In) = em−j ⊗ In.

This shows that

Mi(Z)(em−j ⊗ In) =

 em−(j+1) ⊗ In for i = j + 1 and j = 0 : m− 2,

em−j ⊗ In for i /∈ {j, j + 1} and j = 0 : m− 1.
(2.3)
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Now we evaluate (eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) and Mτ1(Y1)Mσ1(X1)(em−i0(σ) ⊗
In). Since σ is a permutation of {0 : h}, we have c0(σ) ≤ h and i0(σ) ≤ h. Fur-

ther, since τ1 and τ2 are index tuples containing indices from {−m : −(h + 2)}, we

have Mτ1(Y1) = diag(∗, I(h+1)n) and Mτ2(Y2) = diag(∗, I(h+1)n). Thus (eTm−c0(σ) ⊗
In)Mτ2(Y2) = eTm−c0(σ) ⊗ In and Mτ1(Y1)(em−i0(σ) ⊗ In) = em−i0(σ) ⊗ In. Consequently,

(eTm−c0(σ)⊗In)Mσ2(X2)Mτ2(Y2) = (eTm−c0(σ)⊗In)Mσ2(X2) andMτ1(Y1)Mσ1(X1)(em−i0(σ)⊗
In) = Mσ1(X1)(em−i0(σ) ⊗ In) since by Remark 2.1.10 we have Mτk(Yk)Mσk(Xk) =

Mσk(Xk)Mτk(Yk) for k = 1, 2. It remains to show that (eTm−c0(σ) ⊗ In)Mσ2(X2) =

eTm−c0(σ,σ2) ⊗ In and Mσ1(X1)(em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In. Now there are two cases.

Case-I: Suppose that h ≥ 1. First, we show that (eTm−c0(σ)⊗In)Mσ2(X2) = eTm−c0(σ,σ2)⊗
In. Since σ has c0(σ) consecutions at 0, we have σ ∼ (σL, 0, 1, . . . , c0(σ)) for some sub-

permutation σL of σ. Note that

(σ1, σ, σ2) ∼ (σ1, σL, 0, 1, . . . , c0(σ), σ2) satisfies the SIP. (2.4)

Suppose that c0(σ) + 1 /∈ σ2. Then, since (σ1, σ, σ2) satisfies the SIP, it is clear

from (2.4) that c0(σ) /∈ σ2. Now as c0(σ), c0(σ) + 1 /∈ σ2, by (2.2), we have (eTm−c0(σ) ⊗
In)Mσ2(X2) = eTm−c0(σ) ⊗ In. Since c0(σ) + 1 /∈ σ2, it follows from (2.4) that c0(σ, σ2) =

c0(σ) which gives the desired result.

Next, suppose that c0(σ) + 1 ∈ σ2. Suppose that the csf(σ2) is given by csf(σ2) =

((`h−1 : h − 1), (`h−2 : h − 2), . . . , (`1 : 1), (`0 : 0)). Since σ2 ∼ csf(σ2), without loss

of generality, we assume that σ2 = csf(σ2). Let t be the largest integer such that

c0(σ) + 1 ∈ (`t : t). Then σ2 = ((`h−1 : h− 1), (`h−2 : h− 2), . . . , (`t : t), . . . , (`1 : 1), (`0 :

0)) =: (α, (`t : t), β) and c0(σ) + 1 /∈ α. Since

(σ1, σ, σ2) ∼ (σ1, σL, 0, 1, . . . , c0(σ), α, (`t : t), β) satisfies the SIP (2.5)

and c0(σ) + 1 /∈ α, we must have `t = c0(σ) + 1. Indeed, if `t < c0(σ) + 1 then

c0(σ) ∈ (`t, t). Since (σ1, σ, σ2) satisfies the SIP, it is clear from (2.5) that c0(σ) + 1 ∈ α
which contradicts that c0(σ) + 1 /∈ α. Further, since (σ1, σ, σ2) satisfies the SIP and

c0(σ) + 1 /∈ α, it is clear from (2.5) that c0(σ) /∈ α. Thus σ2 =
(
α, (c0(σ) + 1 : t), β

)
,

where c0(σ), c0(σ) + 1 /∈ α. We denote by (∗) any arbitrary matrix assignment. Then

(eTm−c0(σ) ⊗ In)Mα(∗)M(c0(σ)+1:t)(∗)Mβ(∗)

= (eTm−c0(σ) ⊗ In)M(c0(σ)+1:t)(∗)Mβ(∗) by (2.2) as c0(σ), c0(σ) + 1 /∈ α

= (eTm−c0(σ) ⊗ In)Mc0(σ)+1(∗)Mc0(σ)+2(∗) · · ·Mt(∗)Mβ(∗)

= (eTm−t ⊗ In)Mβ(∗) by applying (2.2) repeatedly

= eTm−t ⊗ In by (2.2) as t, t+ 1 /∈ β.
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Thus (eTm−c0(σ) ⊗ In)Mσ2(X2) = eTm−t ⊗ In as Mσ2(X2) = M(α,(c0(σ)+1:t),β)(X2). Now

since (σ, σ2) ∼
(
σL, 0, 1, . . . , c0(σ), α, (c0(σ) + 1 : t), β

)
and c0(σ) + 1 /∈ α, it follows that

(0, 1, . . . , t) is a subtuple of (σ, σ2) and (0, 1, . . . , t+1) is not a subtuple of (σ, σ2). Hence

c0(σ, σ2) = t which gives the desired result.

Next, we show that Mσ1(X1)(em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In. Since σ has i0(σ)

inversions at 0, we have σ ∼ (i0(σ), . . . , 1, 0, σR) for some sub-permutation σR of σ.

Note that

(σ1, σ, σ2) ∼
(
σ1, i0(σ), . . . , 1, 0, σR, σ2

)
satisfies the SIP. (2.6)

Suppose that i0(σ) + 1 /∈ σ1. Then, since (σ1, σ, σ2) satisfies the SIP, it is clear from

(2.6) that i0(σ) /∈ σ1. Now as i0(σ), i0(σ)+1 /∈ σ1, by (2.3), we have Mσ1(X1)(em−i0(σ)⊗
In) = em−i0(σ) ⊗ In. Since i0(σ) + 1 /∈ σ1, it follows from (2.6) that i0(σ1, σ) = i0(σ)

which gives the desired result.

Next, suppose that i0(σ) + 1 ∈ σ1. Suppose that the rsf(σ1) is given by rsf(σ1) =

(rev(r0 : 0), rev(r1 : 1), . . . , rev(rh−2 : h − 2), rev(rh−1 : h − 1)). Since σ1 ∼ rsf(σ1),

without loss of generality, we assume that σ1 = rsf(σ1). Let k be the largest integer

such that i0(σ) + 1 ∈ rev(rk : k). Then σ1 = (rev(r0 : 0), rev(r1 : 1), . . . , rev(rk :

k), . . . , rev(rh−2 : h− 2), rev(rh−1 : h− 1)) =: (γ, rev(rk : k), δ) and i0(σ) + 1 /∈ δ. Since

(σ1, σ, σ2) ∼
(
γ, rev(rk : k), δ, i0(σ), . . . , 1, 0, σR, σ2

)
satisfies the SIP (2.7)

and i0(σ) + 1 /∈ δ, we must have rk = i0(σ) + 1. Indeed, if rk < i0(σ) + 1 then i0(σ) ∈
rev(rk, k). Since (σ1, σ, σ2) satisfies the SIP, it is clear from (2.7) that i0(σ) + 1 ∈ δ

which contradicts that i0(σ) + 1 /∈ δ. Further, since (σ1, σ, σ2) satisfies the SIP and

i0(σ) + 1 /∈ δ, it is clear from (2.7) that i0(σ) /∈ δ. Thus σ1 =
(
γ, rev(i0(σ) + 1 : k), δ

)
,

where i0(σ), i0(σ) + 1 /∈ δ. Now we have

Mγ(∗)Mrev(i0(σ)+1:k)(∗)Mδ(∗) (em−i0(σ) ⊗ In)

= Mγ(∗)Mrev(i0(σ)+1:k)(∗) (em−i0(σ) ⊗ In) by (2.3) as i0(σ), i0(σ) + 1 /∈ δ

= Mγ(∗)Mk(∗)Mk−1(∗) · · ·Mi0(σ)+1(∗) (em−i0(σ) ⊗ In)

= Mγ(∗) (em−k ⊗ In) by applying (2.3) repeatedly

= em−k ⊗ In by (2.3) as k, k + 1 /∈ γ.

Thus Mσ1(X1)(em−i0(σ) ⊗ In) = em−k ⊗ In as Mσ1(X1) = M(γ,rev(i0(σ)+1:k),δ)(X1). Now

since (σ1, σ) ∼
(
γ, k, k−1, . . . , i0(σ)+1, δ, i0(σ), . . . , 1, 0, σR

)
and i0(σ)+1 /∈ δ, it follows

that (k, . . . , 1, 0) is a subtuple of (σ1, σ) and (k+1, k, . . . , 1, 0) is not a subtuple of (σ1, σ).

Hence i0(σ1, σ) = k which gives the desired result.
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Case-II: Suppose that h = 0. Then σ = (0) and c0(σ) = 0 = i0(σ). Hence there

are no choices for σ1 and σ2, i.e., σ1 = ∅ and σ2 = ∅. So Mσ1(X1) = Imn = Mσ2(X2).

Hence (eTm ⊗ In)Mσ2(X2) = eTm ⊗ In and Mσ1(X1)(em ⊗ In) = em ⊗ In. This completes

the proof.

We now describe automatic recovery of minimal bases of P (λ) from those of the

GFPRs of P (λ). Two k × k matrix pencils T1(λ) and T2(λ) are said to be equivalent if

T1(λ) = AT2(λ)B for some nonsingular matrices A and B.

Theorem 2.1.12. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be a

GFPR of P (λ). Let τ be given by τ := (τl,−m, τr). Set α := (−rev(τl), σ,−rev(τr)).

Let cL := c(α) and iL := i(α) be the total number of consecutions and inversions of the

permutation α of {0, 1, . . . ,m − 1}, respectively. Suppose that P (λ) is singular. Then

we have the following.

(a) Right minimal bases. If x ∈ Nr(L) then (eTm−c0(σ,σ2) ⊗ In)x ∈ Nr(P ). More-

over, F GFPR(P ) : Nr(L)→ Nr(P ), x 7−→ (eTm−c0(σ,σ2) ⊗ In)x, is a linear isomorphism and

maps a minimal basis of Nr(L) to a minimal basis of Nr(P ). Thus, if (u1(λ), . . . , up(λ))

is a right minimal basis of L(λ) then ((eTm−c0(σ,σ2)⊗In)u1(λ), . . . , (eTm−c0(σ,σ2)⊗In)up(λ))
is a right minimal basis of P (λ).

(b) If ε1 ≤ · · · ≤ εp are the right minimal indices of L(λ) then ε1− iL ≤ · · · ≤ εp− iL
are the right minimal indices of P (λ).

(c) Left minimal bases. If y ∈ Nl(L) then (eTm−i0(σ1,σ) ⊗ In)y ∈ Nl(P ). Moreover,

KGFPR(P ) : Nl(L)→ Nl(P ), y 7−→ (eTm−i0(σ1,σ) ⊗ In)y, is a linear isomorphism and maps

a minimal basis of Nl(L) to a minimal basis of Nl(P ). Thus, if (v1(λ), . . . , vp(λ)) is a

left minimal basis of L(λ) then ((eTm−i0(σ1,σ) ⊗ In)v1(λ), . . . , (eTm−i0(σ1,σ) ⊗ In)vp(λ)) is a

left minimal basis of P (λ).

(d) If η1 ≤ · · · ≤ ηp are the left minimal indices of L(λ) then η1− cL ≤ · · · ≤ ηp− cL
are the left minimal indices of P (λ).

Proof. We have L(λ) = Mτ1(Y1)Mσ1(X1)Tω(λ)Mσ2(X2)Mτ2(Y2), where Tω(λ) := λMP
τ −

MP
σ is a GF pencil of P (λ) associated with the permutation ω := (σ,−τ) of {0, 1, . . . ,m}.

Since Mσ2(X2)Mτ2(Y2) is nonsingular, it is easily seen that the map Mσ2(X2)Mτ2(Y2) :

Nr(L)→ Nr(Tω), x(λ) 7→ (Mσ2(X2)Mτ2(Y2))x(λ), is an isomorphism and maps a mini-

mal basis of Nr(L) to a minimal basis of Nr(Tω). On the other hand, by Theorem 1.2.26,

F GF(P ) : Nr(Tω) → Nr(P ), x(λ) 7→ (eTm−c0(σ) ⊗ In)x(λ), is an isomorphism and maps a

minimal basis of Nr(Tω) to a minimal basis of Nr(P ). Hence F GF(P )Mσ2(X2)Mτ2(Y2) :

Nr(L) → Nr(P ) is an isomorphism and maps a minimal basis of Nr(L) to a minimal
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basis of Nr(P ). Now, by Lemma 2.1.11, we have F GF(P )Mσ2(X2)Mτ2(Y2) =

(eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2) ⊗ In = F GFPR(P )

which proves (a).

Now, let ε1 ≤ · · · ≤ εp be the right minimal indices of L(λ). Since the GF pencil

Tω(λ) is strictly equivalent to L(λ), ε1 ≤ · · · ≤ εp are also the right minimal indices of

Tω(λ). Hence by Theorem 1.2.26, ε1 − iL ≤ · · · ≤ εp − iL are the right minimal indices

of P (λ). This proves (b).

For the recovery of left minimal bases, observe that (Mτ1(Y1)Mσ1(X1))
T

: Nl(L)→
Nl(Tω), y(λ) 7→ (Mτ1(Y1)Mσ1(X1))

T
y(λ) is an isomorphism and maps a minimal basis

of Nl(L) to a minimal basis of Nl(Tω). Again by Theorem 1.2.26, KGF(P ) : Nl(Tω) →
Nl(P ), y(λ) 7→ (eTm−i0(σ) ⊗ In)y(λ), is an isomorphism and maps a minimal basis of

Nl(Tω) to a minimal basis of Nl(P ). Hence KGF(P )(Mτ1(Y1)Mσ1(X1))
T : Nl(L)→ Nl(P )

is an isomorphism and maps a minimal basis of Nl(L) to a minimal basis of Nl(P ). Now,

by Lemma 2.1.11, we have KGF(P )(Mτ1(Y1)Mσ1(X1))
T

=

(Mτ1(Y1)Mσ1(X1)(em−i0(σ) ⊗ In))
T

= eTm−i0(σ1,σ) ⊗ In = KGFPR(P )

which proves (c).

Finally, let η1 ≤ · · · ≤ ηp be the left minimal indices of L(λ). Since the GF pencil

Tω(λ) is strictly equivalent to L(λ), η1 ≤ · · · ≤ ηp are also the left minimal indices of

Tω(λ). Hence by Theorem 1.2.26, η1− cL ≤ · · · ≤ ηp− cL are the left minimal indices of

P (λ). This completes the proof.

A verbatim proof of Theorem 2.1.12 yields the following result.

Corollary 2.1.13. Suppose that P (λ) is regular and µ ∈ C is an eigenvalue of P (λ).

Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be a GFPR of P (λ). Then

we have the following.

(a) Right eigenvectors. If u ∈ Nr(L(µ)) then (eTm−c0(σ,σ2)⊗In)u ∈ Nr(P (µ)). In fact,

the mapping u 7→ (eTm−c0(σ,σ2)⊗In)u is a linear isomorphism from Nr(L(µ)) to Nr(P (µ)).

(b) Left eigenvectors. If v ∈ Nl(L(µ)) then (eTm−i0(σ1,σ) ⊗ In)v ∈ Nl(P (µ)). In fact,

the mapping v 7→ (eTm−i0(σ1,σ)⊗In)v is a linear isomorphism from Nl(L(µ)) to Nl(P (µ)).

Remark 2.1.14. Notice that the proofs of Theorem 2.1.12 and Corollary 2.1.13 do not

use the fact that the index tuple (τ1, τ, τ2) satisfies the SIP and hence these results remain

valid for GFPR-like pencils of the form

L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2)
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in which only the index tuple (σ1, σ, σ2) satisfies the SIP but not the tuple (τ1, τ, τ2). This

shows the extent to which the index tuples (σ1, σ, σ2) and (τ1, τ, τ2) influence operation-

free recovery of eigenvectors and minimal bases of P (λ) from those of L(λ).

We now illustrate eigenvector recovery rule for P (λ) by considering an example.

Example 2.1.15. Let P (λ) :=
∑4

i=0 λ
iAi be regular. Consider σ = (1, 2, 3, 0), σ2 =

(2, 1), τ = (−4) and σ1 = τ1 = τ2 = ∅. Let (X, Y ) be a matrix assignment for σ2. Then

the GFPR L(λ) :=
(
λMP

−4 −MP
(1,2,3,0)

)
M(2,1)(X, Y ) of P (λ) is given by

L(λ) =


λA4 + A3 −X −Y −In

A2 λX − In λY λIn

A1 λIn A0 0

−In 0 λIn 0

 .

Let u ∈ Nr(L(λ)) and v ∈ Nl(L(λ)). Define ui := (eTi ⊗ In)u and vi := (eTi ⊗ In)v

for i = 1 : 4. We have c0(σ, σ2) = 1 and i0(σ1, σ) = 1. Hence by Corollary 2.1.13,

(eT4−1⊗ In)u = u3 ∈ Nr(P (λ)) and (eT4−1⊗ In)v = v3 ∈ Nl(P (λ)). To verify the recovery

rule, consider L(λ)u = 0. This gives

(λA4 + A3)u1 −Xu2 − Y u3 − u4 = 0 (2.8)

A2u1 + (λX − In)u2 + λY u3 + λu4 = 0 (2.9)

A1u1 + λu2 + A0u3 = 0 (2.10)

−u1 + λu3 = 0 (2.11)

From (2.11) we have u1 = λu3. Adding λ times (2.8) with (2.9) we have u2 = (λ2A4 +

λA3 + A2)u1 = (λ3A4 + λ2A3 + λA2)u3. Substituting the values of u1 and u2 in (2.10)

we have (λ4A4 + λ3A3 + λ2A2 + λA1 + A0)u3 = 0 ⇒ P (λ)u3 = 0, i.e., u3 ∈ Nr(P (λ)).

Note that u3 6= 0. Indeed, if u3 = 0 then it follows that u = 0. Similarly, we can verify

that vT3 P (λ) = 0 and v3 6= 0.

We have the following recovery rule for FPRs of P (λ) which follows from Theo-

rem 2.1.12 and Corollary 2.1.13 by considering Xj and Yj, j = 1, 2, as the trivial matrix

assignments.

Corollary 2.1.16. Let L(λ) = MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
be an FPR of P (λ). Then

we have the following.

(I) (Regular P (λ)). Suppose that P (λ) is regular and µ ∈ C is an eigenvalue of

P (λ). If (x1, . . . , xp) and (y1, . . . , yp), respectively, are bases of right and left eigenspaces
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of L(µ), then ((eTm−c0(σ,σ2)⊗ In)x1, . . . , (e
T
m−c0(σ,σ2)⊗ In)xp) and ((eTm−i0(σ1,σ)⊗ In)y1, . . . ,

(eTm−i0(σ1,σ) ⊗ In)yp), respectively, are bases of right and left eigenspaces of P (µ).

(II) (Singular P (λ)). Suppose that P (λ) is singular. Let τ be given by τ :=

(τl,−m, τr). Set α := (−rev(τl), σ,−rev(τr)). Let cL := c(α) and iL := i(α) be the total

number of consecutions and inversions of the permutation α of {0 : m− 1}.
(a) Right minimal bases. If (x1(λ), . . . , xp(λ)) is a right minimal basis of L(λ)

then ((eTm−c0(σ,σ2)⊗In)x1(λ), . . . , (eTm−c0(σ,σ2)⊗In)xp(λ)) is a right minimal basis of P (λ).

Further, if ε1 ≤ · · · ≤ εp are the right minimal indices of L(λ) then ε1−iL ≤ · · · ≤ εp−iL
are the right minimal indices of P (λ).

(b) Left minimal bases. If (y1(λ), . . . , yp(λ)) is a left minimal basis of L(λ) then

((eTm−i0(σ1,σ)⊗ In)y1(λ), . . . , (eTm−i0(σ1,σ)⊗ In)yp(λ)) is a left minimal basis of P (λ). Fur-

ther, if η1 ≤ · · · ≤ ηp are the left minimal indices of L(λ) then η1 − cL ≤ · · · ≤ ηp − cL
are the left minimal indices of P (λ).

The following example illustrates eigenvector recovery rule for P (λ) from those of

the FPRs of P (λ).

Example 2.1.17. Let P (λ), σ, σj, τ and τj be as given in Example 2.1.15. Then the

FPR L(λ) :=
(
λMP

−4 −MP
(1,2,3,0)

)
MP

(2,1) is given by

L(λ) =


λA4 + A3 A2 A1 −In

A2 −λA2 − In −λA1 λIn

A1 λIn A0 0

−In 0 λIn 0

 .

Let u ∈ Nr(L(λ)) and v ∈ Nl(L(λ)). Define ui := (eTi ⊗ In)u and vi := (eTi ⊗ In)v for

i = 1 : 4. We have c0(σ, σ2) = 1 and i0(σ1, σ) = 1. Hence by Corollary 2.1.16, (eT4−1 ⊗
In)u = u3 ∈ Nr(P (λ)) and (eT4−1 ⊗ In)v = v3 ∈ Nl(P (λ)) which can be easily verified.

Recall from Definition 1.2.33 the left and right index tuples of type-1 and the nota-

tions zr(., .) and zl(., .).

A GFPR L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) of P (λ) is said to be

type-1 when the index tuples σ2 and rev(σ1) are right index tuples of type-1 relative to

σ and rev(σ), respectively, and the tuples τ2 and rev(τ1) are right index tuples of type-1

relative to τ and rev(τ), respectively; see [14] for type-1 FPRs. This restriction on the

index tuples effectively reduces the type-1 GFPRs to be a small subclass of the class of

GFPRs. For example, if P (λ) is singular and of degree m = 4 then for σ := (0, 1, 2, 3)

and τ := (−4), there are GFPRs but no type-1 GFPRs of P (λ).
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For a comparison, we now state the recovery rules for eigenvectors and minimal bases

derived in [14] for type-1 FPRs.

Theorem 2.1.18 ([14], Theorem 3.6). Let L(λ) := MP
τ1
MP

σ1

(
λMP

τ −MP
σ

)
MP

σ2
MP

τ2
be a

type-1 FPR of P (λ).

(a) Suppose that P (λ) is singular. Then we have the following.

Right minimal basis: If (x1(λ), . . . , xk(λ)) is a right minimal basis L(λ) then(
(eTm−α ⊗ In)x1(λ), . . . , (eTm−α ⊗ In)xk(λ)

)
is a right minimal basis of P (λ), where α :=

c0(zr(σ, σ2)), where zr(σ, σ2) is the simple tuple associated with (σ, σ2).

Left minimal basis: If (y1(λ), . . . , yk(λ)) is a left minimal basis L(λ) then(
(eTm−β ⊗ In)y1(λ), . . . , (eTm−β ⊗ In)yk(λ)

)
is a left minimal basis of P (λ), where β :=

c0(zr(rev(σ), rev(σ1))).

(b) Suppose that P (λ) is regular and λ ∈ C is an eigenvalue of P (λ).

Right eigenvectors: The map Nr(L(λ)) −→ Nr(P (λ)), v 7−→ (eTm−α ⊗ In)v, is a

linear isomorphism, where α := c0(zr(σ, σ2)).

Left eigenvectors: The map Nl(L(λ)) −→ Nl(P (λ)), u 7−→ (eTm−β ⊗ In)u, is a

linear isomorphism, where β := c0(zr(rev(σ), rev(σ1))).

A natural question that arises is this: Can Theorem 2.1.18 be used to recover eigen-

vectors and minimal bases of P (λ) from those of the type-1 GFPRs of P (λ)? It turns

out that Theorem 2.1.18 is not valid for GFPRs, that is, it cannot guarantee recovery of

eigenvectors and minimal bases of P (λ) from those of the type-1 GFPRs. We illustrate

this by an example.

Example 2.1.19. Let P (λ) :=
∑4

i=0 λ
iAi be regular and A0 = 0. Consider σ =

(2, 3, 0, 1), σ2 = (2, 0, 1), τ = (−4) and σ1 = τ1 = τ2 = ∅. Let (X, Y, Z) be a non-

singular matrix assignment for σ2, i.e., Y is nonsingular. Then the GFPR L(λ) :=(
λMP

−4 −MP
(2,3,0,1)

)
M(2,0,1)(X, Y, Z) of P (λ) is given by

L(λ) =


λA4 + A3 −X −Z −In

A2 λX + A1 λZ − Y λIn

−In λIn 0 0

0 0 λY 0

 .

Note that L(λ) is a type-1 GFPR. Let u ∈ Nr(L(λ)). Define ui := (eTi ⊗ In)u for

i = 1 : 4. Note that σ2 is a right index tuple of type-1 relative to σ and c0(zr(σ, σ2)) = 1.

Thus by Theorem 2.1.18, (eT4−1⊗ In)u = u3 ∈ Nr(P (λ)). It is easy to see that L(λ)u = 0

implies u3 = 0 since Y is a nonsingular matrix. Thus u3 cannot be an eigenvector of

P (λ). This shows that Theorem 2.1.18 is not applicable to type-1 GFPRs. Next, observe
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that c0(σ, σ2) = 2. Thus, by Corollary 2.1.13, (eT4−2⊗ In)u = u2 ∈ Nr(P (λ)). It is easily

verified that u2 6= 0 and P (λ)u2 = 0 showing that u2 is indeed an eigenvector of P (λ). �

We now present an example to illustrate a case when our recovery rule coincides

with that in Theorem 2.1.18.

Example 2.1.20. Let P (λ) :=
∑7

i=0 λ
iAi. Consider σ = (4 : 6, 2 : 3, 0 : 1), σ1 =

(2, 1, 3), σ2 = (2, 4, 5, 3, 4), τ = (−7) and τ1 = τ2 = ∅. Clearly, rev(σ1) and σ2 are

right index tuples of type-1 relative to rev(σ) and σ, respectively. Consider the FPR

L(λ) := MP
(2,1,3)

(
λMP

−7 −MP
(4:6,2:3,0:1)

)
MP

(4,5,2,3,4). Let u ∈ Nr(L(λ)) and v ∈ Nl(L(λ)).

Define ui := (eTi ⊗ In)u and vi := (eTi ⊗ In)v for i = 1 : 7.

We have c0(σ, σ2) = 4 and i0(σ1, σ) = 2. Hence, by Corollary 2.1.13, (eT7−4⊗ In)u =

u3 ∈ Nr(P (λ)) and (eT7−2 ⊗ In)v = v5 ∈ Nl(P (λ)).

On the other hand, σ2 is a right index tuple of type-1 relative to σ and the simple tuple

associated with (σ, σ2) is given by zr(σ, σ2) = (6, 5, 0 : 4). Thus c0(zr(σ, σ2)) = 4. Hence

by Theorem 2.1.18, (eT7−4 ⊗ In)u = u3 ∈ Nr(P (λ)). Similarly, rev(σ1) is a right index

tuple of type-1 relative to rev(σ) and the simple tuple associated with (rev(σ), rev(σ1))

is zr(rev(σ), rev(σ1)) = (6, 5, 4, 3, 0 : 2). Thus c0(zr(rev(σ), rev(σ1))) = 2. Hence by

Theorem 2.1.18, (eT7−2 ⊗ In)v = v5 ∈ Nl(P (λ)). �

We remark that our recovery rules for right eigenvectors and right minimal bases of

P (λ) from those of GFPRs (and hence of FPRs) can be read off from c0(σ, σ2) whereas

the rules for left eigenvectors and left minimal bases can be read off from i0(σ1, σ). Most

importantly, c0(σ, σ2) and i0(σ1, σ) can be easily read off by looking at the index tuples

σ, σ2 and σ1. By contrast, the recovery formulae for right (resp., left) eigenvectors and

right (resp., left) minimal bases from those of the type-1 FPRs in Theorem 2.1.18 require

the number of consecutions of the simple index tuple zr(σ, σ2) (resp., zr(rev(σ), rev(σ1)))

at 0. The simple index tuples zr(σ, σ2) and zr(rev(σ), rev(σ1)) are defined recursively

and hence cannot be read off readily from the index tuples σ, σ2 and σ1. Therefore, even

though for certain type-1 FPRs our recovery rules coincide with those in Theorem 2.1.18,

our recovery rules are automatic and can be easily read off from the index tuples σ, σ1

and σ2.

2.1.2 Eigenvalue at infinity and recovery of eigenvectors

We now describe the recovery of eigenvectors of P (λ) corresponding to an eigenvalue at

∞ from those of the GFPRs of P (λ). For this purpose, we need the following result.
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Lemma 2.1.21. Let α be an index tuple containing indices from {−m : −1} such that

α satisfies the SIP. Then we have the following.

(a) If −s ∈ α and c−s(α) = p, then α ∼
(
αL,−s,−(s− 1), . . . ,−(s− p), αR

)
for some

index tuples αL and αR such that −s /∈ αL and −(s− p),−(s− p− 1) /∈ αR.

(b) if −t ∈ α and i−t(α) = q, then α ∼
(
αL,−(t− q), . . . ,−(t− 1),−t, αR

)
for some

index tuples αL and αR such that −t /∈ αR and −(t− q),−(t− q − 1) /∈ αL.

Proof. Since α satisfies the SIP, we can write α in the column standard form. Let the

column standard form of α be given by

csf(α) = ((−a1 : −1), . . . , (−ak−1 : −(k − 1)), (−ak : −k), . . . , (−am : −m)),

where −k is the largest integer such that −s ∈ (−ak : −k). Then (−ak : −k) =

(−ak,−ak + 1, . . . ,−s− 1,−s, . . . ,−k). Now, set

αL := ((−a1 : −1), . . . , (−ak−1 : −(k − 1)),−ak,−ak + 1, . . . ,−s− 1)

and αR := ((−ak+1 : −(k + 1)), . . . , (−am : −m)).

Then csf(α) =
(
αL,−s,−(s− 1), . . . ,−k, αR

)
, where −s /∈ αL and −k,−(k − 1) /∈ αR.

Thus (−s,−(s − 1), . . . ,−k) is a subtuple of α and (−s,−(s − 1), . . . ,−k,−(k − 1))

is not a subtuple of α. So s − k = c−s(α), i.e., s − k = p. Thus k = s − p and

−(s− p),−(s− p− 1) /∈ αR. This proves (a) as α ∼ csf(α).

(b) Let the row standard form of α be given by

rsf(α) = (rev(−bm : −m), . . . , rev(−bk : −k), rev(−bk−1 : −(k−1)), . . . , rev(−b1 : −1)),

where −k is the largest integer such that −t ∈ rev(−bk : −k). Then rev(−bk : −k) =

(−k, . . . ,−t,−t− 1, . . . ,−bk + 1,−bk). Now, set

αL := (rev(−bm : −m), . . . , rev(−bk+1 : −(k + 1)))

and αR := (− t− 1, . . . ,−bk + 1,−bk, rev(−bk−1 : −(k − 1)), . . . , rev(−b1 : −1)).

Then rsf(α) =
(
αL,−k, . . . ,−(t− 1),−t, αR

)
, where −t /∈ αR and −k,−(k − 1) /∈ αL.

Thus (−k, . . . ,−(t − 1),−t) is a subtuple of α and (−(k − 1),−k, . . . ,−(t − 1),−t)
is not a subtuple of α. So t − k = i−t(α), i.e., t − k = q. Thus k = t − q and

−(t− q),−(t− q − 1) /∈ αL. This proves (b) as α ∼ rsf(α).

We need the following result to derive the recovery of eigenvectors of P (λ) corre-

sponding to an eigenvalue at ∞ from those of the GFPRs of P (λ).
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Lemma 2.1.22. Let L(λ) := Mτ1(Y1)Mσ1(X1) (λMP
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be a

GFPR of P (λ). Then we have the following.

(a) (eTc−m(τ)+1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In.

(b) Mτ1(Y1)Mσ1(X1) (ei−m(τ)+1 ⊗ In) = ei−m(τ1,τ)+1 ⊗ In.

Proof. Let Z be an n× n arbitrary matrix. For j = 1 : m− 1, we have

(eTm−j ⊗ In)M−j(Z) = (eTm−j ⊗ In)


I(m−j−1)n

0 In

In Z

I(j−1)n

 = eTm−(j−1) ⊗ In

and

M−j(Z)(em−j ⊗ In) =


I(m−j−1)n

0 In

In Z

I(j−1)n

 (em−j ⊗ In) = em−(j−1) ⊗ In.

This shows that

(eTm−j ⊗ In)M−k(Z) =

 eTm−(j−1) ⊗ In for k = j and j = 1 : m− 1,

eTm−j ⊗ In for k /∈ {j, j + 1}, j = 0 : m− 1,
(2.12)

and

M−k(Z)(em−j ⊗ In) =

 em−(j−1) ⊗ In for k = j and j = 1 : m− 1,

em−j ⊗ In for k /∈ {j, j + 1}, j = 0 : m− 1.
(2.13)

(a) Now we show that

(eTc−m(τ)+1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In. (2.14)

Since τ is a permutation of {−m : −(h + 1)}, we have c−m(τ) ≤ m − h − 1 and

c−m(τ)+1 ≤ m−h. Further, since σ2 is an index tuple containing indices from {0 : h−1},
we have Mσ2(X2) = diag(I(m−h)n, ∗). Consequently, we have (eTc−m(τ)+1⊗In)Mσ2(X2) =

eTc−m(τ)+1⊗In. Hence to prove (2.14) we only need to show that (eTc−m(τ)+1⊗In)Mτ2(Y2) =
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eTc−m(τ,τ2)+1 ⊗ In. Observe that eTc−m(τ)+1 ⊗ In = eTm−(m−c−m(τ)−1) ⊗ In. Set s := c−m(τ).

We show that

(eTm−(m−s−1) ⊗ In)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In (2.15)

which gives (2.14). Since τ has s consecutions at −m, we have τ ∼ (τL,−m,−(m −
1), . . . ,−(m− s)). Note that

(τ, τ2) ∼ (τL,−m,−(m− 1), . . . ,−(m− s), τ2) satisfies the SIP. (2.16)

Case-I: Suppose that −(m − s − 1) /∈ τ2. Then, since (τ, τ2) satisfies the SIP, it is

clear from (2.16) that −(m−s) /∈ τ2. Now, as −(m−s),−(m−s−1) /∈ τ2, by (2.12), we

have (eTm−(m−s−1)⊗ In)Mτ2(Y2) = eTm−(m−s−1)⊗ In = eTs+1⊗ In. Since −(m− s− 1) /∈ τ2,
it is clear from (2.16) that c−m(τ, τ2) = s. This proves (2.15).

Case-II: Suppose that −(m − s − 1) ∈ τ2. Set p := c−(m−s−1)(τ2), i.e., τ2 has p

consecutions at −(m− s− 1). Then by Lemma 2.1.21,

τ2 ∼ (τL2 ,−(m− s− 1),−(m− s− 2), . . . ,−(m− s− p− 1), τR2 ),

where −(m − s − 1) /∈ τL2 and −(m − s − p − 1),−(m − s − p − 2) /∈ τR2 . By setting

t := m− s− p− 1, we have −t,−(t− 1) /∈ τR2 . Note that

(τ, τ2) ∼ (τL,−m : −(m− s), τL2 ,−(m− s− 1) : −t, τR2 ) satisfies the SIP, (2.17)

where −(m − s − 1) /∈ τL2 and −t,−(t − 1) /∈ τR2 . As −(m − s − 1) /∈ τL2 , we have

−(m − s) /∈ τL2 since otherwise (τ, τ2) would not satisfy the SIP which is clear from

(2.17). We denote by (∗) any arbitrary matrix assignment. Then

(eTm−(m−s−1) ⊗ In)MτL2
(∗)M(−(m−s−1):−t)(∗)MτR2

(∗) =

(eTm−(m−s−1) ⊗ In)M(−(m−s−1):−t)(∗)MτR2
(∗)

 by (2.12) since

−(m− s),−(m− s− 1) /∈ τL2
= (eTm−(t−1) ⊗ In)MτR2

(∗) by applying (2.12) repeatedly

= eTm−(t−1) ⊗ In by (2.12) as − t,−(t− 1) /∈ τR2 .

Hence (eTm−(m−s−1) ⊗ In)Mτ2(Y2) = eTm−(t−1) ⊗ In as τ2 ∼
(
τL2 ,−(m− s− 1) : −t, τR2

)
. It

is clear from (2.17) that c−m(τ, τ2) = m− t, that is, m− (t− 1) = c−m(τ, τ2) + 1. This

proves (2.15) and hence (2.14) holds. This completes the proof of (a).

(b) Next, we show that

Mτ1,σ1(Y1, X1) (ei−m(τ)+1 ⊗ In) = ei−m(τ1,τ)+1 ⊗ In. (2.18)
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Since τ is a permutation of {−m : −(h + 1)}, we have i−m(τ) ≤ m − h − 1 and

i−m(τ)+1 ≤ m−h. Further, since σ1 is an index tuple containing indices from {0 : h−1},
we have Mσ1(X1) = diag(I(m−h)n, ∗). Consequently, we have Mσ1(X1) (ei−m(τ)+1⊗ In) =

ei−m(τ)+1⊗In. Thus, to prove (2.18) we only need to show that Mτ1(Y1) (ei−m(τ)+1⊗In) =

ei−m(τ1,τ)+1 ⊗ In.

Observe that ei−m(τ)+1 ⊗ In = em−(m−i−m(τ)−1) ⊗ In. Set s := i−m(τ). Next, we show

that

Mτ1(Y1) (em−(m−s−1) ⊗ In) = ei−m(τ1,τ)+1 ⊗ In (2.19)

which gives (2.18). Since τ has s inversions at −m, we have τ ∼ (− (m−s), . . . ,−(m−
1),−m, τR). Note that

(τ1, τ) ∼ (τ1,−(m− s), . . . ,−(m− 1),−m, τR) satisfies the SIP. (2.20)

Case-I: Suppose that −(m − s − 1) /∈ τ1. Then, since (τ1, τ) satisfies the SIP, it is

clear from (2.20) that −(m−s) /∈ τ1. Now, as −(m−s),−(m−s−1) /∈ τ1, by (2.13), we

have Mτ1(Y1) (em−(m−s−1)⊗ In) = em−(m−s−1)⊗ In = es+1⊗ In. Since −(m− s− 1) /∈ τ1,
it is clear from (2.20) that i−m(τ1, τ) = s. This proves (2.19).

Case-II: Suppose that −(m − s − 1) ∈ τ1. Set p := i−(m−s−1)(τ1), i.e., τ1 has p

inversions at −(m− s− 1). Then by Lemma 2.1.21,

τ1 ∼ (τL1 ,−(m− s− p− 1), . . . ,−(m− s− 2),−(m− s− 1), τR1 ),

where −(m − s − 1) /∈ τR1 and −(m − s − p − 1),−(m − s − p − 2) /∈ τL1 . Setting

t := m− s− p− 1, we have −t,−(t− 1) /∈ τL1 . Note that

(τ1, τ) ∼ (τL1 ,−t, . . . ,−(m− s− 1), τR1 ,−(m− s), . . . ,−m, τR) (2.21)

satisfies the SIP, where −(m−s−1) /∈ τR1 and −t,−(t−1) /∈ τL1 . As −(m−s−1) /∈ τR1 ,

we have −(m− s) /∈ τR1 since otherwise (τ1, τ) would not satisfy the SIP which is clear

from (2.21). Now we have

MτL1
(∗)M(−t,...,−(m−s−2),−(m−s−1))(∗)MτR1

(∗) (em−(m−s−1) ⊗ In)

= MτL1
(∗)M(−t,...,−(m−s−2),−(m−s−1))(∗) (em−(m−s−1) ⊗ In)

 by (2.13) as − (m− s),

−(m− s− 1) /∈ τR1
= MτL1

(∗) (em−(t−1) ⊗ In) by applying (2.13) repeatedly

= em−(t−1) ⊗ In by (2.13) as − t,−(t− 1) /∈ τL1 .

Hence Mτ1(Y1) (em−(m−s−1)⊗ In) = em−(t−1)⊗ In as τ1 ∼
(
τL1 ,−t, . . . ,−(m− s− 1), τR1

)
.

It is clear from (2.21) that i−m(τ1, τ) = m− t, that is, m− (t− 1) = i−m(τ1, τ) + 1. This

proves (2.19) and hence (2.18) holds. This completes the proof of (b).
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We are now ready to describe the recovery of eigenvectors of P (λ) corresponding to

an eigenvalue at ∞ from those of the GFPRs of P (λ).

Theorem 2.1.23 (Eigenvector recovery at ∞). Let P (λ) be regular and let L(λ) :=

Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be a GFPR of P (λ). Suppose that ∞ is

an eigenvalue of P (λ). Then we have the following.

Right eigenvectors. If
(
x1, . . . , xk

)
is a basis of the right eigenspace of L(λ) at ∞,

then ((eTc−m(τ,τ2)+1⊗ In)x1, . . . , (e
T
c−m(τ,τ2)+1⊗ In)xk) is a basis of the right eigenspace of

P (λ) at ∞.

Left eigenvectors. If
(
y1, . . . , yk

)
is a basis of the left eigenspace of L(λ) at ∞,

then ((eTi−m(τ1,τ)+1 ⊗ In)y1, . . . , (e
T
i−m(τ1,τ)+1 ⊗ In)yk) is a basis of the left eigenspace of

P (λ) at ∞.

Proof. We have L(λ) = λL1 − L0, where L1 := M(τ1,σ1)(Y1, X1)M
P
τ M(σ2,τ2)(X2, Y2) and

L0 := M(τ1,σ1)(Y1, X1)M
P
σ M(σ2,τ2)(X2, Y2) . Note that ∞ is an eigenvalue of L(λ)⇐⇒ 0

is an eigenvalue of rev(L(λ)) ⇐⇒ 0 is an eigenvalue of L1. Since M(τ1,σ1)(Y1, X1) is

invertible, we have Nr(L1) = Nr(MP
τ M(σ2,τ2)(X2, Y2)). Further, since M(σ2,τ2)(X2, Y2) is

nonsingular, it is easily seen that the map Nr(MP
τ M(σ2,τ2)(X2, Y2)) −→ Nr(MP

τ ), z 7→
(M(σ2,τ2)(X2, Y2))z is an isomorphism. Define T (λ) := λMP

τ −MP
σ . Then Nr(MP

τ ) =

Nr(rev(T (0))). Now, by Theorem 1.2.28, the map

Nr(rev(T (0))) −→ Nr(rev(P (0))), u 7→ (eTc−m(τ)+1 ⊗ In)u

is an isomorphism. Hence the map

Nr(rev(L(0))) −→ Nr(rev(P (0))), x 7→ ((eTc−m(τ)+1 ⊗ In)M(σ2,τ2)(X2, Y2))x (2.22)

is an isomorphism. Now, by Lemma 2.1.22, we have

(eTc−m(τ)+1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In.

Hence the desired result for the right eigenspace of P (λ) at ∞ follows from (2.22).

Next, we prove the result for left eigenspace of P (λ) at ∞. Since M(σ2,τ2)(X2, Y2) is

invertible, we have Nl(rev(L(0))) = Nl(L1) = Nl(M(τ1,σ1)(Y1, X1)M
P
τ ). Further, since

M(τ1,σ1)(Y1, X1) is nonsingular, the map Nl(M(τ1,σ1)(Y1, X1)M
P
τ ) −→ Nl(MP

τ ), z 7→
(M(τ1,σ1)(Y1, X1))

T
z is an isomorphism. Recall that T (λ) := λMP

τ − MP
σ and hence

Nl(MP
τ ) = Nl(rev(T (0))). Now, by Theorem 1.2.28, the map

Nl(rev(T (0))) −→ Nl(rev(P (0))), v 7→ (eTi−m(τ)+1 ⊗ In)v
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is an isomorphism. Hence the map

Nl(rev(L(0))) −→ Nl(rev(P (0))), y 7→ ((eTi−m(τ)+1 ⊗ In)(M(τ1,σ1)(Y1, X1))
T)y (2.23)

is an isomorphism. Now, by Lemma 2.1.22, we have

(eTi−m(τ)+1⊗In)(M(τ1,σ1)(Y1, X1))
T

= (M(τ1,σ1)(Y1, X1) (ei−m(τ)+1⊗In))
T

= eTi−m(τ1,τ)+1⊗In.

Hence the result for the left eigenspace of P (λ) at ∞ follows from (2.23).

Remark 2.1.24. Notice that the proof of Lemma 2.1.22 and Theorem 2.1.23 does not

use the fact that the index tuple (σ1, σ, σ2) satisfies the SIP and hence the results in

Theorem 2.1.23 remain valid for GFPR-like pencils of the form

L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2)

in which only the index tuple (τ1, τ, τ2) satisfies the SIP but not the tuple (σ1, σ, σ2).

This shows that the SIP of (τ1, τ, τ2) is enough for operation-free recovery of eigenvec-

tors of P (λ) corresponding to the eigenvalue ∞ from those of L(λ). Compare this with

Remark 2.1.14.

We illustrate the recovery of eigenvectors of P (λ) corresponding to an eigenvalue at

∞ from those of the GFPRs of P (λ) by considering an example.

Example 2.1.25. Let P (λ) :=
∑5

i=0 λ
iAi. Suppose that P (λ) is regular and ∞ is

an eigenvalue of P (λ). Let σ := (0, 1), σ1 := ∅, σ2 = (0), τ := (−4,−5,−3,−2), τ2 =

(−4,−3) and τ1 = ∅. Let X and (Y, Z) be any nonsingular matrix assignments for σ2 and

τ2, respectively. Then the GFPR L(λ) =
(
λMP

(−4,−5,−3,−2)−MP
(0,1)

)
M0(X)M(−4,−3)(Y, Z) =:

λL1 − L0 of P (λ) is given by

L(λ) = λ



0 0 0 In 0

0 0 A5 A4 0

In 0 Y A3 0

0 In Z A2 0

0 0 0 0 X


−



0 0 In 0 0

In 0 Y 0 0

0 In Z 0 0

0 0 0 −A1 X

0 0 0 −A0 0


.

Let x and y, respectively, be right and left eigenvectors of L(λ) corresponding to

the eigenvalue ∞. Define xi := (eTi ⊗ In)x and yi := (eTi ⊗ In)y, i = 1 : 5. We have

c−5(τ, τ2) = c−5(−4,−5,−3,−2,−4,−3) = 2. Hence by Theorem 2.1.23, (eTc−m(τ,τ2)+1 ⊗
In)x = (eT3 ⊗In)x = x3 is a right eigenvector of P (λ) corresponding to the eigenvalue∞.
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Similarly, i−5(τ1, τ) = i−5(−4,−5,−3,−2) = 1. Hence by Theorem 2.1.23, (eTi−m(τ1,τ)+1⊗
In)y = (eT2 ⊗ In)y = y2 is a left eigenvector of P (λ) corresponding to the eigenvalue ∞.

To verify the recovery rule, consider L1x = 0. This gives x4 = 0 = x5 and A5x3 = 0.

Further, if x3 = 0 then x1 = 0 = x2. Thus x3 = 0 ⇒ x = 0. Hence x3 6= 0 and is a

right eigenvector of P (λ) corresponding to the eigenvalue ∞.

Similarly, yTL1 = 0 implies that yTi = 0 for i = 3, 4, 5, and yT2 A5 = 0. Further, if

yT2 = 0 then yT1 = 0. Thus yT2 ⇒ y = 0. Hence yT2 6= 0 and is a left eigenvector of P (λ)

corresponding to the eigenvalue ∞. �

2.2 Recovery of eigenvectors and minimal bases from struc-

tured linearizations

By using GFPRs (specially, FPRs) of P (λ), structure (symmetric, skew-symmetric,

even, odd, palindromic, etc.) preserving linearizations have been constructed for struc-

tured P (λ), see [13, 17, 19, 20]. This section is devoted to describing the recovery

of eigenvectors and minimal bases of a structured P (λ) from those of the structure-

preserving linearizations.

First, we prove a result on minimal indices which will be useful in recovering the

minimal indices of a structured P (λ) from those of the structure-preserving linearizations

of P (λ). Note that if P (λ) is singular then the left (resp., right) minimal indices of P (λ)

and XP (λ)Y are the same for any nonsingular matrices X and Y.

Lemma 2.2.1. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be a GFPR

of P (λ). Suppose that the left minimal indices of P (λ) (resp., L(λ)) are the same as

the right minimal indices of P (λ) (resp., L(λ)). If ε1 ≤ · · · ≤ εk are the minimal (left

and right) indices of L(λ) then ε1 − (m− 1)/2 ≤ · · · ≤ εk − (m− 1)/2 are the minimal

(left and right) indices of P (λ).

Proof. Let ε1 ≤ · · · ≤ εk be the minimal (left and right) indices of L(λ). Since T (λ) :=

λMP
τ − MP

σ is strictly equivalent to L(λ), ε1 ≤ · · · ≤ εk are the minimal (left and

right) indices of T (λ). Note that T (λ) is a PGF pencil of P (λ). Let τ be given by

τ = (τ`,−m, τr). Define α := (−rev(τ`), σ,−rev(τr)). Then α is a permutation of

{0, 1, . . . ,m− 1}. Let cL and iL, respectively, be the total number of consecutions and

inversions of α. Then by Theorem 1.2.26, ε1 − iL ≤ · · · ≤ εk − iL and ε1 − cL ≤ · · · ≤
εk − cL, respectively, are the right and left minimal indices of P (λ). Since the left and

right minimal indices of P (λ) are the same, we must have iL = cL. But iL+ cL = m−1.

Consequently, we have iL = (m− 1)/2 = cL which yields the desired result.
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2.2.1 Symmetric linearizations

A matrix polynomial P (λ) =
∑m

i=0 λ
iAi is said to be symmetric if P (λ)T = P (λ) for

λ ∈ C, i.e., if ATi = Ai, i = 0, 1, . . . ,m. Since symmetric GFPRs are special cases

of GFPRs of P (λ), we show that simplified recovery rules hold for symmetric GFPRs

which can be easily read off from the index tuples defining the symmetric GFPRs.

Let t be an index tuple. Recall that, an index tuple t̂ is said to be a subtuple of t if

t̂ = t or if t̂ can be obtained from t by deleting some indices in t. Also, recall that t̂ is

the subtuple of t with indices {t1, . . . , tr} if t̂ is obtained from t by deleting all indices

except t1, . . . , tr.

Definition 2.2.2. [17] (a) (Admissible tuple). Let h ≥ 0 be an integer. We say that w

is an admissible tuple of {0 : h} if w is a permutation of {0 : h} and

csf(w) =
(
h− 1 : h, h− 3 : h− 2, . . . , p+ 1 : p+ 2, 0 : p

)
(2.24)

for some 0 ≤ p ≤ h. We call p as the index of w and denote it by Ind(w).

(b) (Symmetric complement). Let h ≥ 0 be an integer and let w be an admissible tuple of

{0 : h} with index p. Then the symmetric complement of w, denoted by cw, is defined by

cw :=


(
h− 1, h− 3, . . . , p+ 3, p+ 1, (0 : p)revc

)
if p ≥ 1,

(h− 1, h− 3, . . . , 1) if p = 0 and h > 0,

∅ if h = 0,

where (0 : p)revc := (0 : p− 1, 0 : p− 2, . . . , 0 : 1, 0).

For simplicity, we always consider an admissible tuple of the form (2.24). Clearly, for

an integer h ≥ 0, there exist a unique admissible tuple of {0 : h} with index 0 or 1 [17].

Definition 2.2.3 (Simple admissible tuple). An admissible tuple w of {0 : h}, h ≥ 0,

is said to be the simple admissible tuple if Ind(w) = 0 or Ind(w) = 1.

Note that for the simple admissible tuple w of {0 : h}, we have Ind(w) = 0 (resp.,

Ind(w) = 1) if h is even (resp., odd). We mention that in [17] the simple admissible

tuple is referred as ”the admissible tuple”.

Definition 2.2.4. [17] Given h ≥ 0, we say that an index tuple t is in canonical form

for h if t is of the form(
a1 : h− 2, a2 : h− 4, . . . , abh

2
c : h− 2bh

2
c
)

with ai ≥ 0, i = 1 : bh
2
c, where b·c stands for the greatest integer function.
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Note that, if h = 0, 1, then an index tuple in canonical form for h is necessarily empty.

The following result characterizes all block symmetric GFPRs of P (λ).

Theorem 2.2.5 ([17], Theorem 6.11). Let 0 ≤ h < m. Let wh and wm−h−1 be the

simple admissible tuples associated with h and m − h − 1, respectively. Let twh and

m+ tvh be index tuples in canonical form for h and m− h− 1, respectively. Let X and

Y be nonsingular matrix assignments for twh and tvh, respectively. Then

L(λ) := M(twh ,tvh )
(X ,Y)(λMP

vh
−MP

wh
)MP

(cwh ,cvh )
M(rev(twh ),rev(tvh ))

(rev(X ), rev(Y)),

(2.25)

is a block symmetric GFPR of P (λ), where vh = −m + wm−h−1, cwh be the symmetric

complement of wh, m + cvh is the symmetric complement of wm−h−1. Moreover, any

block symmetric GFPR of P (λ) is of the form (2.25).

If the matrices in the matrix assignments X and Y in Theorem 2.2.5 are all symmetric

then L(λ) is symmetric for a symmetric P (λ) [17]. It is well known that L(λ) given in

(2.25) is not a linearization of P (λ) when P (λ) is singular having even degree [13, 17].

Since P (λ) is symmetric, the left and right minimal bases of P (λ) are the same.

Hence the left and right minimal indices of P (λ) are also the same. We therefore refer

to a left or a right minimal basis of P (λ) as a minimal basis of P (λ). The next result

describes the recovery of minimal bases and minimal indices of P (λ) from those of the

symmetric GFPRs of P (λ).

Theorem 2.2.6. Let P (λ) be symmetric and singular and let L(λ) be as in Theo-

rem 2.2.5. Then we have the following.

(a) If (u1(λ), . . . , uk(λ)) is a minimal basis of L(λ) then ((eTm−α⊗In)u1(λ), . . . , (eTm−α⊗
In)uk(λ)) is a minimal basis of P (λ), where α = 0 if h = 0, and α = 2 + c2(rev(twh)) if

h > 0.

(b) If ε1 ≤ · · · ≤ εk are the minimal indices of L(λ) then ε1 − (m − 1)/2 ≤ · · · ≤
εk − (m− 1)/2 are the minimal indices of P (λ).

Proof. Suppose that h = 0. Then wh = (0) and cwh = ∅ = twh . Thus c0(wh, cwh , rev(twh))

= 0. Next, suppose that h > 0. Since P (λ) is singular, Am and A0 are singular. Thus, we

must have 0 /∈ cwh∪twh and−m /∈ cvh∪tvh since otherwise L(λ) would not be a lineariza-

tion of P (λ). Note that if h is odd then 0 ∈ cwh . Hence h must be even. Since wh is the

simple admissible tuple of {0 : h}, we have wh = (h−1 : h, h−3 : h−2, . . . , 1 : 2, 0). This

implies that cwh = (h− 1, h− 3, . . . , 1). Hence c0(wh, cwh , rev(twh)) = 2 + c2(rev(twh))

(recall from Definition 1.2.20 that if 2 /∈ rev(twh) then c2(rev(twh)) = −1). Hence the

proof of (a) follows from Theorem 2.1.12 with σ = wh, σ1 = twh , σ2 = (cwh , rev(twh)),

τ = vh, τ1 = tvh and τ2 = (cvh , rev(tvh)).
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Finally, (b) follows from Lemma 2.2.1 as P (λ) and L(λ) are both symmetric.

The next result describes the recovery of eigenvectors of a symmetric P (λ) from

those of the symmetric GFPRs of P (λ).

Theorem 2.2.7. Let P (λ) be symmetric and regular. Let L(λ) be as in Theorem 2.2.5.

Suppose that λ ∈ C is an eigenvalue of P (λ). Let ` be the index of wh (note that

` = 0 if h is even, and ` = 1 if h is odd). If (u1, . . . , uk) is a basis of Nr(L(λ)) then

((eTm−`∗ ⊗ In)u1, . . . , (e
T
m−`∗ ⊗ In)uk) is a basis of Nr(P (λ)) (also a basis of Nl(P (λ))),

where `∗ = ` if h = `, and `∗ = `+ 2 + c`+2(rev(twh)) if h > `.

Proof. We have wh = (h − 1 : h, h − 3 : h − 2, . . . , ` + 1 : ` + 2, 0 : `), where ` = 0 if

h is even, and ` = 1 if h is odd. Suppose that ` = h. Then wh = (0 : `) and hence

c0(wh) = `. Note that cwh and twh are index tuples with indices from {0 : h − 1} and

{0 : h−2}, respectively. Thus c0(wh, cwh , rev(twh)) = `. Next, suppose that h > `. Then

wh = (h−1 : h, h−3 : h−2, . . . , `+1 : `+2, 0 : `) and cwh = (h−1, h−3, . . . , `+1, (0 :

`)revc). Thus c0(wh, cwh , rev(twh)) = `+ 2 + c`+2(rev(twh)) (note that if `+ 2 /∈ rev(twh)

then c`+2(rev(twh)) = −1). Hence the desired result follows from Corollary 2.1.13 with

σ = wh, σ1 = twh , σ2 = (cwh , rev(twh)), τ = vh, τ1 = tvh and τ2 = (cvh , rev(tvh)).

The following example describes the recovery of eigenvectors from a symmetric GFPR.

Example 2.2.8. Let P (λ) :=
∑5

i=0 λ
iAi be symmetric. Suppose that P (λ) is regular

and µ is an eigenvalue of P (λ). Consider wh = (3 : 4, 1 : 2, 0), twh = (1 : 2), vh = (−5)

and tvh = ∅. Let (X, Y ) be any arbitrary matrix assignment for twh. Then L(λ) :=

M(1:2)(X, Y )
(
λMP

−5 −MP
(3:4,1:2,0)

)
MP

(3,1)M(2,1)(Y,X) =

λA5 + A4 A3 −Y −X −In
A3 −λA3 + A2 λY + A1 λX − In λIn

−Y λY + A1 −λA1 + A0 λIn 0

−X λX − In λIn 0 0

−In λIn 0 0 0


is a block symmetric GFPR of P (λ). Hence if X and Y are symmetric matrices then

L(λ) is symmetric whenever P (λ) is symmetric.

Let x ∈ Nr(L(µ)). Define xi := (eTi ⊗ In)x for i = 1 : 5. Since h = 4 is even, we

have ` = 0 in Theorem 2.2.7. Now c2(rev(twh)) = c2(2, 1) = 0 and 2 + c2(rev(twh)) = 2.

Hence by Theorem 2.2.7, we have (eT5−2 ⊗ In)x = x3 ∈ Nr(P (µ)) which can be easily

verified.

TH-2055_136123004



2.2. Recovery of eigenvectors and minimal bases from structured linearizations 41

2.2.2 Skew-symmetric linearizations

A matrix polynomial P (λ) =
∑m

i=0 λ
iAi is said to be skew-symmetric if P (λ)T = −P (λ)

for λ ∈ C, i.e., if ATi = −Ai, i = 0, 1, . . . ,m. This section is devoted to describing the

recovery of eigenvectors and minimal bases of a skew-symmetric P (λ) from those of the

skew-symmetric linearizations of P (λ) that has been constructed in [20].

Definition 2.2.9. [20] A matrix S ∈ Cmn is said to be a quasi-identity matrix if S =

ε1In ⊕ · · · ⊕ εmIn, where εi ∈ {1,−1} for i = 1 : m.

Recall the left and right index tuples of type-1 from Definition 1.2.33. The following

theorem gives skew-symmetric linearizations of P (λ).

Theorem 2.2.10 ([20], Theorem 3.15). Let P (λ) be skew-symmetric and let 0 ≤ h ≤
m−1. Let w and w̃ be any admissible tuples of {0 : h} and {0 : m−h−1}, respectively,

and cw and cw̃ be the symmetric complement of w and w̃, respectively. Let tw with

indices from {0 : h−1} and tw̃ with indices from {0 : m−h−2} be right index tuples of

type-1 relative to rev(w) and rev(w̃), respectively. Define v := −m+ w̃, cv := −m+cw̃

and tv := −m+tw̃. Let L(λ) := MP
rev(tv)

MP
rev(tw)

(
λMP

v −MP
w

)
MP

cwM
P
twM

P
cvM

P
tv . Then, up

to multiplication by −1, there exists a unique quasi-identity matrix S such that SL(λ)

is skew-symmetric.

It is well known that L(λ) given in Theorem 2.2.10 is not a linearization of P (λ)

when P (λ) is singular having even degree [20].

For a skew-symmetric P (λ), we have u(λ) ∈ Nr(P )⇔ u(λ) ∈ Nl(P ). Hence Nr(P (λ))

and Nl(P (λ)) are the same for an eigenvalue λ of a regular skew-symmetric P (λ).

Theorem 2.2.11. Let P (λ) be skew-symmetric and regular. Let L(λ) and S be as in

Theorem 2.2.10. Suppose that λ ∈ C is an eigenvalue of P (λ). Let ` be the index of w.

If (u1, . . . , uk) is a basis of Nr(SL(λ)) then ((eTm−`∗⊗In)u1, . . . , (e
T
m−`∗⊗In)uk) is a basis

of Nr(P (λ)) (also a basis of Nl(P (λ))), where `∗ = ` if h = `, and `∗ = `+ 2 + c`+2(tw)

if h > `.

Proof. The proof is similar to that of Theorem 2.2.7.

Note that the left and right minimal bases of a skew-symmetric P (λ) are the same.

Hence the left and right minimal indices of P (λ) are also the same. Now, we describe

the recovery of minimal bases of P (λ) from those of the skew-symmetric linearizations

of P (λ).

Theorem 2.2.12. Let P (λ) be skew-symmetric and singular. Let L(λ) and S be as in

Theorem 2.2.10. Then we have the following.
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(a) If (u1(λ), . . . , uk(λ)) is a minimal basis of SL(λ) then ((eTm−α⊗In)u1(λ), . . . , (eTm−α⊗
In)uk(λ)) is a minimal basis of P (λ), where α = 0 if h = 0, and α = 2 + c2(tw) if h > 0.

(b) If ε1 ≤ · · · ≤ εk are the minimal indices of SL(λ) then ε1 − (m − 1)/2 ≤ · · · ≤
εp − (m− 1)/2 are the minimal indices of P (λ).

Proof. The proof of (a) is similar to that of part (a) of Theorem 2.2.6.

Since S is nonsingular, the left (resp., right) minimal indices of SL(λ) and L(λ) are

the same. Hence (b) follows from Lemma 2.2.1.

2.2.3 Even and odd linearizations

A matrix polynomial P (λ) is said to be T -even if P (−λ) = P (λ)T for λ ∈ C. On the

other hand, P (λ) is said to be T -odd if P (−λ) = −P (λ)T for λ ∈ C. We say P (λ) is

T -alternating if it is either T -even or T -odd. This section is devoted to describing the

recovery of eigenvectors, minimal bases and minimal indices of T -alternating P (λ) from

those of the T -alternating linearizations of P (λ) that has been constructed in [20].

The following result gives T -alternating linearizations of T -alternating P (λ).

Theorem 2.2.13 ([20], Theorem 4.15). Let 0 ≤ h ≤ m − 1 be even. Let w and w̃

be any admissible tuples of {0 : h} and {0 : m − h − 1}, respectively, and cw and

cw̃ be the symmetric complement of w and w̃, respectively. Define v := −m + w̃ and

cv := −m+ cw̃. Let L(λ) :=
(
λMP

v −MP
w

)
MP

cwM
P
cv . Then, up to multiplication by −1,

there exists a unique quasi-identity matrix S such that SL(λ) is T -even (resp., T - odd)

when P (λ) is T -even (resp., T -odd).

It is well known that L(λ) given in Theorem 2.2.13 is not a linearization of P (λ)

when P (λ) is singular having even degree [20].

For a T -alternating P (λ), we have u(λ) ∈ Nr(P ) ⇔ u(−λ) ∈ Nl(P ). Hence for an

eigenvalue λ of a regular P (λ), B := (u1, . . . , uk) is a basis of Nr(P (λ)) if and only if B
is a basis of Nl(P (λ)).

Theorem 2.2.14. Let P (λ) be regular and T -alternating and let S and L(λ) be as in

Theorem 2.2.13. Suppose that λ ∈ C is an eigenvalue of P (λ). Let ` be the index of

w. If (u1, . . . , uk) is a basis of Nr(SL(λ)) then ((eTm−`∗ ⊗ In)u1, . . . , (e
T
m−`∗ ⊗ In)uk) is a

basis of Nr(P (λ)), where `∗ = ` if ` = h, and `∗ = `+ 1 if ` < h.

Proof. A verbatim proof of Theorem 2.2.7 with twh = ∅ gives the desired result.

Since P (λ) is T -alternating, (x1(λ), . . . , xp(λ)) is a right minimal basis of P (λ) if

and only if (x1(−λ), . . . , xp(−λ)) is a left minimal basis of P (λ). So the left and right

minimal indices of P (λ) are the same.
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Theorem 2.2.15. Let P (λ) be T -alternating and singular and let S and L(λ) be as in

Theorem 2.2.13. Then we have the following.

(a) Let (u1(λ), . . . , uk(λ)) be a right minimal basis of SL(λ). Then ((eTm−α⊗In)u1(λ),

. . . , (eTm−α⊗In)uk(λ)) is a right minimal basis of P (λ), where α = 0 if h = 0, and α = 1

if h > 0.

(b) If ε1 ≤ · · · ≤ εk are the minimal indices of SL(λ) then ε1 − (m − 1)/2 ≤ · · · ≤
εk − (m− 1)/2 are the minimal indices of P (λ).

Proof. A verbatim proof of Theorem 2.2.6 with twh = ∅ gives the desired results.

2.2.4 Palindromic linearizations

A matrix polynomial P (λ) is said to be T -palindromic if rev(P (λ)) = P (λ)T for λ ∈ C.
This section is devoted to describing the recovery of eigenvectors, minimal bases and

minimal indices of P (λ) from the T -palindromic linearizations of P (λ) that has been

constructed in [19] by using the FPRs. For rest of this section, we define

R :=


0 In

· · ·

In 0

 ∈ Cmn×mn.

Recall from Definition 1.2.33 the left and right index tuples of type-1 and the notations

zr(., .) and zl(., .). The following result gives T -palindromic linearizations of P (λ).

Theorem 2.2.16 ([19], Theorem 3.3). Let P (λ) be T-palindromic of odd degree m ≥ 3

and h = (m − 1)/2. Let q be a permutation of {0, 1, . . . , h}. Assume that rq and lq,

respectively, are right and left index tuples of type-1 relative to q. Define

L(λ) := MP
−m+rev(rq)M

P
lq (λM

P
−m+rev(q) −MP

q )MP
rqM

P
−m+rev(lq).

Then SRL(λ) is T -palindromic, where S = ε1In ⊕ · · · ⊕ εmIn is a quasi-identity matrix

with εi = ±1 and

εi = −1 if and only if

 zl(lq, q) has an inversion at i− 1, or

zr(q, rq) has a consecution at m− i.
(2.26)

Since P (λ) is T -palindromic, if (x1(λ), . . . , xk(λ)) is a right (resp., left) minimal basis

of P (λ) then (rev(x1(λ)), . . . , rev(xk(λ))) is a left (resp., right) minimal basis of P (λ).

Hence the left and right minimal indices of P (λ) are the same. It also follows that

Nr(P (λ)) = Nl(P (λ)) when P (λ) is regular and λ is an eigenvalue of P (λ).
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Theorem 2.2.17. Let P (λ) be T-palindromic of odd degree m ≥ 3 and let S,R and

L(λ) be as in Theorem 2.2.16.

(a) Suppose that P (λ) is regular and λ ∈ C is an eigenvalue of P (λ). If (u1, . . . , uk)

is a basis of Nr(SRL(λ)) then ((eTm−c0(q,rq)⊗ In)u1, . . . , (e
T
m−c0(q,rq)⊗ In)uk) is a basis of

Nr(P (λ)).

(b) Suppose that P (λ) is singular. Let (u1(λ), . . . , uk(λ)) be a right minimal basis

of SRL(λ). Then ((eTm−c0(q,rq)⊗ In)u1(λ), . . . , (eTm−c0(q,rq)⊗ In)uk(λ)) is a right minimal

basis of P (λ).

(c) If ε1 ≤ · · · ≤ εk are the minimal indices of SRL(λ) then ε1 − (m− 1)/2 ≤ · · · ≤
εk − (m− 1)/2 are the minimal indices of P (λ).

Proof. The proofs of (a) and (b), respectively, follow from Theorem 2.1.12 and Corol-

lary 2.1.13 with σ = q, σ1 = lq, σ2 = rq, τ = −m + rev(q), τ1 = −m + rev(rq) and

τ2 = −m+ rev(lq) and Xj and Yj, j = 1, 2, are the trivial matrix assignments. Since S

and R are nonsingular, the left (resp., right) minimal indices of SRL(λ) and L(λ) are

the same. Hence (c) follows from Lemma 2.2.1.

Remark 2.2.18. We mention that when P (λ) is T -anti-palindromic, that is, P (λ)T =

−rev(P (λ)), the recovery formulae for eigenvectors, minimal bases and minimal in-

dices of P (λ) from those of the T -anti-palindromic linearizations of P (λ) are the same

as in the case of T -palindromic P (λ). Indeed, let P (λ) be T -anti-palindromic. It is

well known that P (λ) is T -anti-palindromic if and only if P (−λ) is T -palindromic [27].

Suppose that P (λ) is of odd degree m ≥ 3. Define Q(λ) := P (−λ). Consider the

FPR L(λ) := MQ
−m+rev(rq)

MQ
lq

(
λMQ

−m+rev(q) −MQ
q

)
MQ

rqM
Q
−m+rev(lq)

of Q(λ) as in Theo-

rem 2.2.16, where MQ
j ’s are the Fiedler matrices associated with Q(λ). Then SRL(−λ)

is a T -anti-palindromic strong linearization of P (λ), where S is a quasi-identity matrix

as in (2.26).

Since rev(P (λ)) = −P (λ)T , we have Nr(revP ) = Nr(−P T ) = Nl(P ) and Nl(revP ) =

Nl(−P T ) = Nr(P ). Thus, if (x1(λ), . . . , xk(λ)) is a right (resp., left) minimal basis of

P (λ) then (rev(x1(λ)), . . . , rev(xk(λ))) is a left (resp., right) minimal basis of P (λ).

Also, the left and right minimal indices of P (λ) are the same. Hence the recovery for-

mulae for eigenvectors, minimal bases and minimal indices of a T -anti-palindromic P (λ)

from those of the T-anti-palindromic linearizations obtained from FPRs are the same as

those of T -palindromic P (λ) and T-palindromic linearizations obtained from FPRs.
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2.3 Block structure of eigenvectors of GFPRs

Suppose that P (λ) is regular. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2)

be a GFPR of P (λ). Let v ∈ Nr(L(λ)) be an eigenvector and v be the eigenvector of

P (λ) recovered from v. Then the quotient q(v) := ‖v‖/‖v‖ may be useful for comparing

backward errors of v with that of v, when λ is simple, and the condition number of λ as

an eigenvalue of L(λ) with the condition number of λ as an eigenvalue of P (λ); see [14].

Let v := [v1, . . . , vm]B be a partition of v, where vj ∈ Cn for j = 1 : m and xB denotes

block transpose of x. By Corollary 2.1.13, we have vj = v for j = m−c0(σ, σ2). However,

for obtaining lower and upper bounds of the quotient q(v), it may be helpful to know

the block structure of v, that is, to know the explicit relationships between v and the

blocks vj for j = 1 : m.

The block structure of eigenvectors of Fiedler pencils has been determined in [26]

and the block structure of eigenvectors of GFPs and type-1 FPRs has been determined

in [14]. The block structure of eigenvectors has also been determined for pencils be-

longing to four special classes of block symmetric extended block Kronecker pencils of

P (λ) in [21]. Also, it has been shown in [21] that a block symmetric GFPR is block

permutationally congruent to a pencil belonging to one of the four special classes of

block symmetric extended block Kronecker pencils of P (λ). However, the problem is

that it is not known how to determine the block permutation whose existence is proved

in [21]. Nevertheless, this result shows that block structures of eigenvectors of block

symmetric GFPRs are amenable to determination modulo some permutations. How-

ever, for a GFPR L(λ), the blocks vj and v are unlikely to share a nice relation for

j = 1 : m. This is because of the fact the pencil λMP
τ −MP

σ in L(λ) is a GF pencil and

hence block structure of its eigenvectors is known. Now, if u is a right eigenvector of

λMP
τ −MP

σ then (Mσ2(X2)Mτ2(Y2))
−1u is a right eigenvector of L(λ). However, compu-

tation of (Mσ2(X2)Mτ2(Y2))
−1 will not be easy and even when the inverse is available,

the inverse is unlikely to produce a meaningful relation between blocks when multiplied

to u. Thus the blocks of v := (Mσ2(X2)Mτ2(Y2))
−1u are unlikely to share meaningful

relations which can be harnessed to deduce bounds on the quotient q(v). Assuming

that the GFPR L(λ) is also an extended block Kronecker pencil does not improve the

situation either. We illustrate this by an example.

Example 2.3.1. Let P (λ) :=
∑4

i=0 λ
iAi. Let (X, Y, Z,W ) be a nonsingular matrix

assignment for (1, 2, 1, 0). Then L(λ) :=
(
λMP

−4 −MP
(1,2,3,0)

)
M(1,2,1,0)(X, Y, Z,W ) is a
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GFPR of P (λ) which is explicitly given by

L(λ) =


λA4 + A3 −Y −Z −W

A2 λY −X λZ − In λW

A1 A0 + λX λIn 0

−In λIn 0 0

 =:

 M(λ) K2(λ)

K1(λ) 0

 .

Note that L(λ) is an extended block-Kronecker pencil [18] since

 Z W

In 0

 is nonsin-

gular (as W is nonsingular) and K2(λ) =


−In 0

λIn −In
0 λIn


 Z W

In 0

 . It is easy to see

that L(λ) = T (λ)U , where T (λ) and U are given by

T (λ) :=


λA4 + A3 0 −In 0

A2 0 λIn −In
A1 A0 0 λIn

−In λIn 0 0

 and U :=


In 0 0 0

0 In 0 0

0 Y Z W

0 X In 0

 .

Let Π be the block-permutation matrix given by Πi,j = In if and only if (i, j) ∈ {(1, 1),

(2, 3), (3, 4), (4, 2)}, where Πi,j denotes the (i, j)-th block entry of Π. Then T (λ) =

Fσ(λ)Π, where Fσ(λ) := λMP
−4 −MP

(1,2,3,0) is the Fiedler pencil of P (λ) associated with

the permutation σ := (1, 2, 3, 0) of {0 : 3}. Now by [26, Theorem 5.7], v(λ) ∈ Nr(P ) if

and only if u(λ) :=


λv(λ)

λP1v(λ)

λP2v(λ)

v(λ)

 ∈ Nr(Fσ), where Pj denotes the j-th Horner shift [26]

of P (λ). Hence v(λ) ∈ Nr(P ) if and only if Π−1u(λ) ∈ Nr(T ). Since L(λ) = T (λ)U , it

follows that v(λ) ∈ Nr(P ) if and only if

v(λ) := U−1Π−1u(λ) =


λv(λ)

v(λ)

(λP2 −X)v(λ)

W−1(λP1 − λZP2 − Y + ZX
)
v(λ)

 ∈ Nr(L).
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Notice that the block structure of v(λ) is far from being helpful. Next, note that

L(λ) = Fσ(λ)S, where S := M(1,2,1,0)(X, Y, Z,W ) =


In 0 0 0

0 Y Z W

0 X In 0

0 In 0 0

. In the present

case, it is easy to compute S−1. This shows that v(λ) ∈ Nr(P ) if and only if u(λ) ∈
Nr(Fσ) which in turn shows that v(λ) ∈ Nr(P ) if and only if S−1u(λ) ∈ Nr(L). A little

calculation shows that

S−1u(λ) =


λv(λ)

v(λ)

(λP2 −X)v(λ)

W−1(λP1 − λZP2 − Y + ZX
)
v(λ)

 = v(λ) ∈ Nr(L). �

As the above example illustrates, the determination of block structure of eigenvectors

of GFPRs is a difficult problem. Even the block structure of eigenvectors of type-1 FPRs

obtained in [14] do not hold for type-1 GFPRs. The determination of block structure of

eigenvectors of GFPRs under appropriate assumptions and the selection of optimal (in

the sense of conditioning and backward errors) GFPRs are interesting open problems.

2.4 Algorithms for FPRs and GFPRs

A GFPR can be constructed explicitly without multiplying the Fiedler and elementary

matrices associated with P (λ), that is, one can easily construct a GFPR only by looking

at the index tuples and the matrix assignments those are used to define the GFPR. In

this section, we present algorithms which construct FPRs and GFPRs. For this purpose,

we define some technical terms which will be useful to describe the algorithms.

Definition 2.4.1. Let α be an index tuple containing indices from {0 : d}, for some

integer d ≥ 0, such that α satisfies the SIP. Suppose that t ∈ α. Let the rsf(α) be given

by rsf(α) = (rev(a0 : 0), rev(a1 : 1), . . . , rev(ak : k), rev(ak+1 : k + 1) . . . , rev(ad : d)).

Then we say that α has p ( ≥ 0) reverse consecutions at t if t ∈ rev(ak : k) and

ak = t − p for smallest the integer k. We denote the number of reverse consecution of

α at t by rct(α). Further, we define αR(t) :=
(
rev(ak+1 : k + 1), . . . , rev(ad : d)

)
, where

t ∈ rev(ak : k) for the smallest integer k.

Example 2.4.2. Let α = (3, 1, 0, 2, 4, 1, 3). Then rsf(α) = (1, 0, 3, 2, 1, 4, 3) = (rev(0 :

1), rev(1 : 3), rev(3 : 4)) =:
(
rev(a0 : 0), rev(a1 : 1), rev(a2 : 2), rev(a3 : 3), rev(a4 : 4)

)
,
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where a1 = 0, a3 = 1, a4 = 3 and a0 = ∞ = a2. Then we have rc2(α) = 1 since

2 ∈ rev(a3 : 3) and a3 = 2 − 1. Further, we have αR(2) = rev(a4 : 4) = rev(3 : 4).

Similarly, we have rc1(α) = 1 and αR(1) = (rev(1 : 3), rev(3 : 4)).

The reverse consecutions for index tuple containing negative indices is defined as

follows.

Definition 2.4.3. Let β be an index tuple containing indices from {−d : −1}, for some

integer d ≥ 1, such that β satisfies the SIP. Suppose that −t ∈ β. Let the rsf(β) be

given by

rsf(β) =
(
rev(−ad : −d), . . . , rev(−ak+1 : −(k+1)), rev(−ak : −k), . . . , rev(−a1 : −1)

)
.

Then we say that β has q ( ≥ 0) reverse consecutions at −t if −t ∈ rev(−ak : −k) and

−ak = −t−q for the largest integer k. We denote the number of reverse consecution of β

at −t by rc−t(β). Further, we define βR(−t) := (rev(−ak−1 : −(k − 1)), . . . , rev(−a1 :

−1)), where −t ∈ rev(−ak : −k) for the largest integer k.

Definition 2.4.4. Let α be an index tuple containing indices from {−m : m− 1}. Sup-

pose that s ∈ α. Then the position of the first occurrence of s in α is denoted by ps(α).

For example, let α = (0, 1, 2, 3, 2,−1,−5, 4, 3,−1) be an index tuple and X =

(X1, X2, . . . , X10) be an arbitrary matrix assignment for α. Then p2(α) = 3 and p−1(α) =

6 as the first occurrence of 2 and −1 appear in 3rd and 6th positions in α, respectively.

The following Algorithm-1 and Algorithm-2 construct an FPR of P (λ), and Algorithm-

3 and Algorithm-4 construct a GFPR of P (λ). For proof see Appendix A.
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Algorithm 1: λL1 − L0 := MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
be an FPR of P (λ)

Input : σ, τ, σj and τj, j = 1, 2.

Output : L0

Notation: α := rsf(σ1, σ, σ2) and β := rsf(τ1, τ2).

L`0 := `th block row of L0 = (eT` ⊗ In)L0

for i = 0 : h do

if the subtuple of α with indices {i, i+ 1} starts with i+ 1 then

Lm−i0 = eTm−(i+1+ci+1(α))
⊗ In

else

if 0 6= i− rci(α) =: p,
(
set αR := αR(i)

)
then

Lm−i0 = (eTm−(p+cp(αR)) ⊗ In)−
i∑

j=p

eTm−(j+1+cj+1(αR))
⊗ Aj

else

Lm−i0 = −
i∑

j=0

eTm−(j+1+cj+1(αR))
⊗ Aj

for i = h+ 1 : m− 1 do

if −i,−(i+ 1) /∈ β or the subtuple of β with indices {−i,−(i+ 1)} starts with

−i then

Lm−i0 = eTm−(i−1−c−i(β)) ⊗ In
else

if −m 6= −(i+ rc−(i+1)(β) + 1) =: −q,
(
set βR := βR(−(i+ 1))

)
then

Lm−i0 = (eTm−(q−1−c−q(βR)) ⊗ In) +
q−1∑
j=i

(
eTm−(j−1−c−j(βR)) ⊗ Aj+1

)
else

Lm−i0 =
m−1∑
j=i

(eTm−(j−1−c−j(βR)) ⊗ Aj+1)

return L0
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Algorithm 2: λL1 − L0 := MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
be an FPR of P (λ)

Input : σ, τ, σj and τj j = 1, 2.

Output : L1

Notation: α := rsf(σ1, σ2) and β := rsf(τ1, τ, τ2).

L`1 := `th block row of L1 = (eT` ⊗ In)L1

for i = 0 : h− 1 do

if i, i+ 1 /∈ α or the subtuple of α with indices {i, i+ 1} starts with i+ 1 then

Lm−i1 = eTm−(i+1+ci+1(α))
⊗ In

else

if 0 6= i− rci(α) =: p,
(
set αR := αR(i)

)
then

Lm−i1 = (eTm−(p+cp(αR)) ⊗ In)−
i∑

j=p

(eTm−(j+1+cj+1(αR))
⊗ Aj)

else

Lm−i1 = −
i∑

j=0

(eTm−(j+1+cj+1(αR))
⊗ Aj)

for i = h : m− 1 do

if the subtuple of β with indices {−i,−(i+ 1)} starts with −i then

Lm−i1 = eTm−(i−1−c−i(β)) ⊗ In
else

if −m 6= −(i+ rc−(i+1)(β) + 1) =: −q,
(
set βR := βR(−(i+ 1))

)
then

Lm−i1 = (eTm−(q−1−c−q(βR)) ⊗ In) +
k−1∑
j=i

(eTm−(j−1−c−j(βR)) ⊗ Aj+1)

else

Lm−i1 =
m−1∑
j=i

(eTm−(j−1−c−j(βR)) ⊗ Aj+1)

return L1
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Algorithm 3: λL1 − L0 := M(τ1,σ1)(Y1, X1)(λM
P
τ − MP

σ )M(σ2,τ2)(X2, Y2) be a

GFPR of P (λ)

Input : σ, τ, σj and τj, j = 1, 2. Matrix assignments Xj and Yj, j = 1, 2.

Output : L0

Notation: α := rsf(σ1, σ, σ2), Z := rsf(X1, P,X2), where P is the trivial matrix

assignment for σ, β := rsf(τ1, τ2) and W := rsf(Y1, Y2).

L`0 := `th block row of L0 = (eT` ⊗ In)L0.

for i = 0 : h do

if the subtuple of α with indices {i, i+ 1} starts with i+ 1 then

Lm−i0 = eTm−(i+ci+1(α)+1) ⊗ In
else

if 0 6= i− rci(α) =: k,
(
set αR := αR(i)

)
then

Lm−i0 = eTm−(k+ck(αR)) ⊗ In +
i∑

j=k

eTm−(j+1+cj+1(αR))
⊗ Zpi(α)+i−j

else

Lm−i0 =
i∑

j=0

eTm−(j+1+cj+1(αR))
⊗ Zpi(α)+i−j

for i = h+ 1 : m− 1 do

if −i,−(i+ 1) /∈ β or the subtuple of β with indices {−i,−(i+ 1)} starts with

−i then

Lm−i0 = eTm−(i−c−i(β)−1) ⊗ In
else

if −m 6= −(i+ rc−(i+1)(β) + 1) =: −k,
(
set βR := βR(−(i+ 1))

)
then

Lm−i0 = eTm−(k−c−k(βR)−1) ⊗ In +
k−1∑
j=i

eTm−(j−c−j(βR)−1) ⊗Wp−(i+1)(β)+i−j

else

Lm−i0 =
m−1∑
j=i

eTm−(j−c−j(βR)−1) ⊗Wp−(i+1)(β)+i−j

return L0
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Algorithm 4: λL1−L0 := M(τ1,σ1)(Y1, X1)(λM
P
τ −MP

σ )M(σ2,τ2)(X2, Y2) be a GFPR

of P (λ)

Input : σ, τ, σj and τj, j = 1, 2. Matrix assignments Xj and Yj, j = 1, 2.

Output : L1

Notation: α := rsf(σ1, σ2), Z := rsf(X1, X2), β := rsf(τ1, τ, τ2) and

W := rsf(Y1, P, Y2), where P is the trivial matrix assignment for τ .

L`1 := `th block row of L1 = (eT` ⊗ In)L1.

for i = 0 : h− 1 do

if i, i+ 1 /∈ α or the subtuple of α with indices {i, i+ 1} starts with i+ 1 then

Lm−i1 := eTm−(i+ci+1(α)+1) ⊗ In
else

if 0 6= i− rci(α) =: k,
(
set αR := αR(i)

)
then

Lm−i1 := (eTm−(k+ck(αR)) ⊗ In) +
i∑

j=k

(eTm−(j+1+cj+1(αR))
⊗ Zpi(α)+i−j)

else

Lm−i1 :=
i∑

j=0

(eTm−(j+1+cj+1(αR))
⊗ Zpi(α)+i−j)

for i = h : m− 1 do

if the subtuple of β with indices {−i,−(i+ 1)} starts with −i then

Lm−i1 := eTm−(i−c−i(β)−1) ⊗ In
else

if −m 6= −(i+ rc−(i+1)(β) + 1) =: −k,
(
set βR := βR(−(i+ 1))

)
then

Lm−i1 := (eTm−(k−c−k(βR)−1) ⊗ In) +
k−1∑
j=i

(eTm−(j−c−j(βR)−1) ⊗Wp−(i+1)(β)+i−j)

else

Lm−i1 :=
m−1∑
j=i

(eTm−(j−c−j(βR)−1) ⊗Wp−(i+1)(β)+i−j)

return L1
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3
EGFPRs of Matrix Polynomials

The basic building blocks of GFPRs of P (λ) are special GFPs of P (λ) of the form λMP
τ −

MP
σ as given in Definition 2.1.9 which in turn are determined by a sub-permutation

{0 : h} of {0 : m − 1}. In this chapter, we show that by replacing λMP
τ − MP

σ by

any GFPs of P (λ) results in a large family of pencils which we refer to as extended

GFPRs (EGFPRs) of P (λ) and show that the EGFPRs are strong linearizations of

P (λ). The EGFPRs have the same distinctive features as Fiedler pencils, namely, the

construction of EGFPRs is operation-free and the recovery of eigenvectors, minimal

bases and minimal indices of P (λ) from those of the EGFPRs is also operation-free.

Also, most of the structure-preserving strong linearizations that have been constructed

in literature are obtained from GFPs and GFPRs. We show that the family of EGFPRs

subsumes both GFPs and GFPRs and expands the arena in which to look for structure-

preserving strong linearizations of P (λ).

3.1 EGFPRs of matrix polynomials

Recall that P (λ) :=
∑m

j=0 λ
jAj ∈ C[λ]n×n. We consider the elementary matrices M±i(X)

and Fiedler matrices MP
±i, for i = 0 : m, associated with P (λ) as given in Chapter 2.

It is clear from the definitions of GFPs, FPRs and GFPRs of P (λ) that not all the

GFPs are FPRs, and vice versa. For example, consider the GFP T (λ) = λMP
(−4,−3,−1)−

MP
(0,2) and the FPR L(λ) = (λMP

−4,−3 − MP
(0,1,2))M

P
1 of P (λ) :=

∑4
i=0 λ

iAi. Then

T (λ) is not an FPR and L(λ) is not a GFP. Further, consider the pencil F (λ) :=

(λMP
(−4,−1) − MP

(2,3,0))M
P
2 . Then F (λ) is neither a GFP nor an FPR of P (λ). This

motivates us to present a unified framework for construction of Fiedler-like pencils of

P (λ) which subsumes FPs, GFPs, FPRs, and GFPRs of P (λ).

53
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Definition 3.1.1 (EGFPR and EFPR of P (λ)). Let (σ, ω) be a permutation of {0 : m}.
Set τ := −ω. Let σ1 and σ2 be index tuples containing indices from σ \ {m− 1,m} such

that (σ1, σ, σ2) satisfies the SIP. Similarly, let τ1 and τ2 be index tuples containing indices

from τ \ {−1,−0} such that (τ1, τ, τ2) satisfies the SIP. Let X1, X2, Y1 and Y2 be any

arbitrary matrix assignments for σ1, σ2, τ1 and τ2, respectively. Then the pencil

L(λ) := Mτ1(Y1)Mσ1(X1) (λMP
τ −MP

σ )Mσ2(X2)Mτ2(Y2) (3.1)

is said to be an extended generalized Fiedler pencil with repetition (EGFPR) of P (λ).

In particular, if all the matrix assignments Xj and Yj, j = 1, 2, are the trivial matrix

assignments then the resulting pencil L(λ) := MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
is said to

be an extended Fiedler pencil with repetition (EFPR) of P (λ).

It follows from Definition 3.1.1 that FPs, GFPs, FPRs and GFPRs of P (λ) are

subclasses of EGFPRs.

Example 3.1.2. Let P (λ) :=
∑6

i=0 λ
iAi and let σ := (0, 1, 4, 5), σ1 := ∅, σ2 :=

(0, 4), τ := (−2,−3,−6), τ1 := (−3) and τ2 := ∅. Let X and (Y, Z) be any arbi-

trary matrix assignments for (−3) and (0, 4), respectively. Then the pencil L(λ) :=

M−3(X)
(
λMP

(−2,−3,−6) −MP
(0,1,4,5)

)
M(0,4)(Y, Z) =

λA6 + A5 −Z −In 0 0 0

A4 λZ − In λIn 0 0 0

0 0 0 −In λIn 0

−In 0 0 λIn −X λX 0

0 λIn 0 λA3 λA2 + A1 −Y

0 0 0 0 A0 λY


is an EGFPR of P (λ). �

Remark 3.1.3. It follows from Definition 3.1.1 that (τ1, σ1) 6∼ (σ1, τ1) and (σ2, τ2) 6∼
(τ2, σ2) in general. So Mτ1(Y1)Mσ1(X1) 6= Mσ1(X1)Mτ1(Y1) and Mσ2(X2)Mτ2(Y2) 6=
Mτ2(Y2)Mσ2(X2). Thus, for L(λ) := Mτ1(Y1)Mσ1(X1)(λM

P
τ − MP

σ )Mσ2(X2)Mτ2(Y2)

and T (λ) := Mσ1(X1) Mτ1(Y1)(λM
P
τ −MP

σ )Mτ2(Y2)Mσ2(X2), we have L(λ) 6= T (λ). By

interchanging the positions of Mσj(Xj) with Mτj(Yj) in L(λ) we obtain a new family of

pencils for P (λ).

Note that for an index tuple α and a matrix assignment X of α, Mα(X) is operation

free if and only if MP
α is operation free, see Lemma 2.1.7 and Remark 2.1.8. Also note
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that MP
α is not operation free if m− 1 and m simultaneously belong to α, or if −1 and

−0 simultaneously belong to α. The following result shows that a subclass of EGFPRs

of P (λ) is always operation free.

Proposition 3.1.4. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ − MP

σ )Mσ2(X2)Mτ2(Y2) =:

λL1 − L0 be an EGFPR of P (λ) such that m − 1 and m simultaneously do not be-

long to σ, and −1 and −0 simultaneously do not belong to τ . Then L(λ) is operation

free.

Proof. See Appendix B.

The following result shows that, with some generic nonsingularity conditions, the

EGFPRs are strong linearization of P (λ).

Theorem 3.1.5. If all the matrix assignments Xj and Yj, j = 1, 2, are nonsingular,

then the EGFPR L(λ) as given in Definition 3.1.1 is a strong linearization of P (λ).

Proof. We have L(λ) = M(τ1,σ1)(Y1, X1)T (λ)M(σ2,τ2)(X2, Y2), where T (λ) := λMP
τ −MP

σ

is a GF pencil of P (λ). As Xj and Yj, j = 1, 2, are nonsingular matrix assignments,

M(τ1,σ1)(Y1, X1) and M(σ2,τ2)(X2, Y2) are nonsingular. Since T (λ) is a strong linearization

of P (λ), it follows that L(λ) is a strong linearization of P (λ).

Assumption: Henceforth, for simplicity we assume that the matrix assignments are

always nonsingular.

3.2 Recovery of minimal bases and minimal indices

The following lemma will play a crucial role in the proof of main result of this section.

Lemma 3.2.1. Let L(λ) := Mτ1(Y1)Mσ1(X1) (λMP
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be an

EGFPR of P (λ) as given in (3.1). Suppose that 0 ∈ σ and −m ∈ τ . Then

(eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2) ⊗ In

and

Mτ1(Y1)Mσ1(X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In.

Proof. For an arbitrary matrix Z ∈ Cn×n, from (2.2) and (2.3) we have

(eTm−i ⊗ In)Mj(Z) =

 eTm−(i+1) ⊗ In for j = i+ 1, i = 0 : m− 2,

eTm−i ⊗ In for j /∈ {i, i+ 1}, i = 0 : m− 1,
(3.2)
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and

Mj(Z)(em−i ⊗ In) =

 em−(i+1) ⊗ In for j = i+ 1, i = 0 : m− 2,

em−i ⊗ In for j /∈ {i, i+ 1}, i = 0 : m− 1.
(3.3)

Given that 0 ∈ σ and −m ∈ τ (i.e., m /∈ σ). Let h be the integer such that

0, 1, . . . , h ∈ σ and h + 1 /∈ σ. Then c0(σ) ≤ h and i0(σ) ≤ h. Further, we have

h, h+ 1 /∈ σ1 ∪ σ2 as h+ 1 /∈ σ and (σ1, σ, σ2) satisfies the SIP.

Let σ̂ and σ̂j, j = 1, 2, respectively, be the subtuples of σ and σj with indices {0 : h}.
Similarly, let ̂̂σ and ̂̂σj, j = 1, 2, respectively, be the subtuples of σ and σj with indices

{h + 2 : m}. Then σ̂ and ̂̂σ commutes since for any indices k ∈ σ̂ and ` ∈ ̂̂σ we have

|k − `| > 1. Thus σ ∼ (σ̂, ̂̂σ) ∼ (̂̂σ, σ̂). Similarly, σj ∼ (σ̂j, ̂̂σj) ∼ (̂̂σj, σ̂j) for j = 1, 2.

Further, (σ̂, ̂̂σj) ∼ (̂̂σj, σ̂) for j = 1, 2. Since h + 1 /∈ σ, we have i0(σ) = i0(σ̂) and

c0(σ) = c0(σ̂). Further, c0(σ, σ2) = c0(̂̂σ, σ̂, ̂̂σ2, σ̂2) = c0(̂̂σ, ̂̂σ2, σ̂, σ̂2) = c0(σ̂, σ̂2), where

the last equality holds as 0 /∈ ̂̂σ∪ ̂̂σ2. Similarly, i0(σ1, σ) = i0(σ̂1, σ̂). Note that X2 and Y2

are arbitrary matrix assignments. We by denote (∗) any arbitrary matrix assignment.

Then we have

(eTm−c0(σ̂) ⊗ In)M̂̂σ2
(∗)Mσ̂2(∗)Mτ2(∗)

= (eTm−c0(σ̂) ⊗ In)Mσ̂2(∗)Mτ2(∗) by (3.2) since

 c0(σ̂) = c0(σ) ≤ h and ̂̂σ2

contains indices from {h+ 2 : m}

= eTm−c0(σ̂,σ̂2) ⊗ In = eTm−c0(σ,σ2) ⊗ In by Lemma 2.1.11.

Thus (eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2) ⊗ In.

Similarly, we have

Mτ1(∗)Mσ̂1(∗)M̂̂σ1
(∗) (em−i0(σ̂) ⊗ In)

= Mτ1(∗)Mσ̂1(∗) (em−i0(σ̂) ⊗ In) by (3.3) since

 i0(σ̂) = i0(σ) ≤ h and ̂̂σ1

contains indices from {h+ 2 : m}

= em−i0(σ̂1,σ̂) ⊗ In = em−i0(σ1,σ) ⊗ In by Lemma 2.1.11.

Thus Mτ1(Y1)Mσ1(X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In. This completes the proof.

We now describe the recovery of minimal bases and minimal indices of a singular

P (λ) from those of the EGFPRs of P (λ).

Theorem 3.2.2. Let L(λ) := Mτ1(Y1)Mσ1(X1) (λMP
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be an

EGFPR of P (λ). Suppose that P (λ) is singular. Let τ be given by τ := (τl,−m, τr).
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Let cL := c(−rev(τl), σ,−rev(τr)) and iL := i(−rev(τl), σ,−rev(τr)), respectively, be the

total number of consecutions and inversions of the permutation (−rev(τl), σ,−rev(τr))

of {0 : m− 1}. Then we have the following.

(a) Right minimal bases. If
(
u1(λ), . . . , up(λ)

)
is a right minimal basis of L(λ)

then
(
(eTm−c0(σ,σ2) ⊗ In)u1(λ), . . . , (eTm−c0(σ,σ2) ⊗ In)up(λ)

)
is a right minimal basis

of P (λ).

(b) If ε1 ≤ · · · ≤ εp are the right minimal indices of L(λ) then ε1 − iL ≤ · · · ≤ εp − iL
are the right minimal indices of P (λ).

(c) Left minimal bases. If
(
v1(λ), . . . , vp(λ)

)
is a left minimal basis of L(λ) then(

(eTm−i0(σ1,σ)⊗In)v1(λ), . . . , (eTm−i0(σ1,σ)⊗In)vp(λ)
)

is a left minimal basis of P (λ).

(d) If η1 ≤ · · · ≤ ηp are the left minimal indices of L(λ) then η1 − cL ≤ · · · ≤ ηp − cL
are the left minimal indices of P (λ).

Proof. We have L(λ) = AT (λ)B, whereA := Mτ1(Y1)Mσ1(X1), B := Mσ2(X2)Mτ2(Y2),

and T (λ) := λMP
τ − MP

σ is a GF pencil of P (λ) associated with the permutation

ω := (σ,−τ) of {0 : m} such that 0 ∈ σ and −m ∈ τ . Since Xj and Yj, j = 1, 2, are

nonsingular matrix assignments, we have A and B are nonsingular constant matrices.

Thus, the map B : Nr(L) → Nr(T ), x(λ) 7→ Bx(λ), is an isomorphism and maps a

minimal basis of Nr(L) to a minimal basis of Nr(T ). On the other hand, by Theo-

rem 1.2.26, F GF(P ) : Nr(T ) → Nr(P ), y(λ) 7→ (eTm−c0(σ) ⊗ In)y(λ), is an isomorphism

and maps a minimal basis of Nr(T ) to a minimal basis of Nr(P ). Consequently, we have

F GF(P )B : Nr(L)→ Nr(P ), z(λ) 7→ (eTm−c0(σ) ⊗ In)Bz(λ), is an isomorphism and maps

a minimal basis of Nr(L) to a minimal basis of Nr(P ). By Lemma 3.2.1, we have

(eTm−c0(σ) ⊗ In)B = (eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2) ⊗ In

which proves (a).

Next, we prove the recovery of left minimal bases. Note that AT : Nl(L) → Nl(T ),

x(λ) 7→ ATx(λ), is a linear isomorphism and maps a minimal basis ofNl(L) to a minimal

basis of Nl(T ). By Theorem 1.2.26, KGF(P ) : Nl(T ) → Nl(P ), y(λ) 7→ (eTm−i0(σ) ⊗
In)y(λ), is a linear isomorphism and maps a minimal basis of Nl(T ) to a minimal basis

of Nl(P ). Consequently, we have KGF(P )AT : Nl(L) → Nl(P ), z(λ) 7→ (eTm−i0(σ) ⊗
In)AT z(λ), is an isomorphism and maps a minimal basisNl(L) to a minimal basisNl(P ).

By Lemma 3.2.1, we have (eTm−i0(σ) ⊗ In)AT = (eTm−i0(σ) ⊗ In)(Mτ1(Y1)Mσ1(X1))
T

=

(Mτ1(Y1)Mσ1(X1)(em−i0(σ) ⊗ In))
T

= eTm−i0(σ1,σ) ⊗ In which proves (c).
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As L(λ) is strictly equivalent to T (λ), the left (resp., right) minimal indices of L(λ)

and T (λ) are the same. Hence the desired results for minimal indices follow from

Theorem 1.2.26.

3.3 Recovery of eigenvectors

We now describe the recovery of eigenvectors of P (λ) corresponding to an eigenvalue

µ ∈ C from those of the EGFPRs of P (λ).

Let L(λ) = M(τ1,σ1)(Y1, X1)(λM
P
τ − MP

σ )M(σ2,τ2)(X2, Y2) be an EGFPR of P (λ).

First, we calculate F GF(P )M(σ2,τ2)(X2, Y2) and M(τ1,σ1)(Y1, X1) (KGF)T for various cases

of F GF(P ) and KGF(P ) as given in Theorem 1.2.26. This will enable us to recover the

eigenvectors of P (λ) from those of the EGFPRs of P (λ). We proceed as follows.

Lemma 3.3.1. Let α be an index tuple containing indices from {0 : m} such that α

satisfies the SIP. Let s ∈ α and cs(α) be the number of consecutions of α at s. Then

α ∼
(
αL, s, s+ 1, . . . , s+ cs(α), αR

)
(3.4)

for some tuples αL and αR such that s /∈ αL and s+cs(α), s+cs(α)+1 /∈ αR. Similarly,

let t ∈ α and it(α) be the number of inversions of α at t. Then

α ∼
(
αL, t+ it(α), . . . , t+ 1, t, αR

)
(3.5)

for some tuples αL and αR such that t /∈ αR and t+ it(α), t+ it(α) + 1 /∈ αL.

Proof. Since α satisfies the SIP, we can write α in the column standard form. Let the

column standard form of α be given by

csf(α) =
(

(am : m), . . . , (ak+1 : k + 1), (ak : k), (ak−1 : k − 1), . . . , (a1 : 1), (a0 : 0)
)
,

where k is the largest integer such that s ∈ (ak : k) = (ak, ak + 1, . . . , s − 1, s, . . . , k).

Now, set

αL :=
(

(am : m), . . . , (ak+1 : k + 1), ak, ak + 1, . . . , s− 1
)

and

αR :=
(

(ak−1 : k − 1), . . . , (a1 : 1), (a0 : 0)
)
.

Then csf(α) =
(
αL, s, s + 1, . . . , k, αR

)
, where s /∈ αL and for any index j ∈ αR, we

have j ≤ k−1. Hence (s, s+1, . . . , k) is a subtuple of α and (s, s+1, . . . , k, k+1) is not

a subtuple of α. This implies that cs(α) = k − s, i.e., k = s+ cs(α) which gives (3.4).
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Next, let the row standard form of α be given by rsf(α) =(
rev(b0 : 0), . . . , rev(bp−1 : p− 1), rev(bp : p), rev(bp+1 : p+ 1), . . . , rev(bm : m)

)
,

where p is the largest integer such that t ∈ rev(bp : p) = (p, p − 1, . . . , t, t − 1, . . . , bp).

Now, set

αL :=
(
rev(b0 : 0), . . . , rev(bp−1 : p− 1)

)
and

αR :=
(
t− 1, . . . , bp + 1, bp, rev(bp+1 : p+ 1), . . . , rev(bm : m)

)
.

Then rsf(α) =
(
αL, p, . . . , t+ 1, t, αR

)
, where t /∈ αR and for any index j ∈ αL, we have

j ≤ p − 1. Hence (p, . . . , t + 1, t) is a subtuple of α and (p + 1, p, . . . , t + 1, t) is not a

subtuple of α. This implies that it(α) = p− t, i.e., p = t+ it(α) which gives (3.5).

Lemma 3.3.2. Let α be an index tuple containing indices from {0 : m − 1} such that

α satisfies the SIP. Let Z be an arbitrary matrix assignment for α. Let 0 ≤ s ≤ m− 1.

Suppose that s+ 1 ∈ α. Then we have the following.

(a) If the subtuple of α with indices {s, s+1} starts with s+1, then (eTm−s⊗In)Mα(Z) =

eTm−(s+1+cs+1(α))
⊗ In.

(b) If the subtuple of α with indices {s, s+1} ends with s+1, then Mα(Z)(em−s⊗In) =

em−(s+1+is+1(α)) ⊗ In.

Proof. (a) Set p := cs+1(α), i.e., α has p consecutions at s+ 1. Since α satisfies the SIP,

by Lemma 3.3.1,

α ∼
(
αL, s+ 1, s+ 2, . . . , s+ p+ 1, αR

)
,

where s + 1 /∈ αL and s + p + 1, s + p + 2 /∈ αR. Further, since the subtuple of α with

indices {s, s + 1} starts with s + 1, we have s /∈ αL. We denote by (∗) any arbitrary

matrix assignment. Then we have

(eTm−s ⊗ In)MαL(∗)M(s+1,s+2,...,s+p+1)(∗)MαR(∗)

= (eTm−s ⊗ In)M(s+1,s+2,...,s+p+1)(∗)MαR(∗) by (3.2) since s, s+ 1 /∈ αL

= (eTm−(s+p+1) ⊗ In)MαR(∗) by repeatedly applying (3.2)

= eTm−(s+p+1) ⊗ In by (3.2) since s+ p+ 1, s+ p+ 2 /∈ αR.

Thus, in particular, we have (eTm−s ⊗ In)Mα(Z) = eTm−(s+p+1) ⊗ In. Since p = cs+1(α),

the desired result follows.
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(b) Set q := is+1(α), i.e., α has q inversions at s + 1. Since α satisfies the SIP, by

Lemma 3.3.1,

α ∼
(
αL, s+ q + 1, . . . , s+ 2, s+ 1, αR

)
,

where s + 1 /∈ αR and s + q + 1, s + q + 2 /∈ αL. Further, since the subtuple of α with

indices {s, s+ 1} ends with s+ 1, we have s /∈ αR. Now we have

MαL(∗)M(s+1+q,...,s+2,s+1)(∗)MαR(∗) (em−s ⊗ In)

= MαL(∗)M(s+1+q,...,s+2,s+1)(∗) (em−s ⊗ In) by (3.3) since s, s+ 1 /∈ αR

= MαL(∗) (em−(s+q+1) ⊗ In) by repeatedly applying (3.3)

= em−(s+q+1) ⊗ In by (3.3) as s+ q + 1, s+ q + 2 /∈ αL.

Thus, in particular, we have Mα(Z) (em−s ⊗ In) = em−(s+q+1) ⊗ In. Since q = is+1(α),

the desired result follows.

Lemma 3.3.3. Let α be an index tuple containing indices from {−m : −1} such that α

satisfies the SIP. Let Z be an arbitrary matrix assignment for α. Let 1 ≤ s ≤ m − 1.

Suppose that −s ∈ α. If the subtuple of α with indices {−s,−(s + 1)} starts with −s,
then (eTm−s ⊗ In)Mα(Z) = eTm−(s−c−s(α)−1) ⊗ In.

Similarly, if the subtuple of α with indices {−s,−(s + 1)} ends with −s, then

Mα(Z) (em−s ⊗ In) = em−(s−i−s(α)−1) ⊗ In.

Proof. For an arbitrary matrix X ∈ Cn×n, recall from (2.12) and (2.13) that

(eTm−i ⊗ In) M−j(X) =

 eTm−(i−1) ⊗ In if j = i, i = 1 : m− 1,

eTm−i ⊗ In if j /∈ {i, i+ 1}, i = 0 : m− 1,
(3.6)

M−j(X) (em−i ⊗ In) =

 em−(i−1) ⊗ In if j = i, i = 1 : m− 1,

em−i ⊗ In if j /∈ {i, i+ 1}, i = 0 : m− 1.
(3.7)

Set p := c−s(α), i.e., α has p consecutions at −s. Since α satisfies the SIP, by

Lemma 2.1.21,

α ∼
(
αL,−s,−(s− 1), . . . ,−(s− p), αR

)
,

where −s /∈ αL and −(s− p),−(s− p− 1) /∈ αR. Further, since the subtuple of α with

indices {−s,−(s + 1)} starts with −s, we have −(s + 1) /∈ αL. We denote by (∗) any

arbitrary matrix assignment. Then we have

(eTm−s ⊗ In)MαL(∗)M(−s,−(s−1),...,−(s−p))(∗)MαR(∗)

= (eTm−s ⊗ In)M(−s,−(s−1),...,−(s−p))(∗)MαR(∗) by (3.6) since − s,−(s+ 1) /∈ αL
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= (eTm−(s−p−1) ⊗ In)MαR(∗) by repeatedly applying (3.6)

= eTm−(s−p−1) ⊗ In by (3.6) since − (s− p),−(s− p− 1) /∈ αR.

Thus, in particular, we have (eTm−s ⊗ In)Mα(Z) = eTm−(s−p−1) ⊗ In. Since p := c−s(α),

the desired result follows.

Next, set q := i−s(α), i.e., α has q inversions at −s. Since α satisfies the SIP, by

Lemma 2.1.21,

α ∼
(
αL,−(s− q), . . . ,−(s− 1),−s, αR

)
,

where −s /∈ αR and −(s− q),−(s− q − 1) /∈ αL. Further, since the subtuple of α with

indices {−s,−(s+ 1)} ends with −s, we have −(s+ 1) /∈ αR. Now

MαL(∗)M(−(s−q),...,−(s−1),−s,)(∗)MαR(∗) (em−s ⊗ In)

= MαL(∗)M(−(s−q),...,−(s−1),−s,)(∗) (em−s ⊗ In) by (3.7) since − s,−(s+ 1) /∈ αR

= MαL(∗) (em−(s−q−1) ⊗ In) by repeatedly applying (3.7)

= em−(s−q−1) ⊗ In by (3.7) since − (s− q),−(s− q − 1) /∈ αL.

Thus, in particular, we have Mα(Z) (em−s ⊗ In) = em−(s−q−1) ⊗ In. Since q := i−s(α),

we have the desired result.

Lemma 3.3.4. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be an EGFPR

of P (λ). Suppose that 0 ∈ σ. Then we have the following.

(a) If c0(σ) < m then (eTm−c0(σ)⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2)⊗ In. Similarly, if

i0(σ) < m then Mτ1(Y1)Mσ1(X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In.

(b) If c0(σ) = m then (eT1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eT1 ⊗ In, and if i0(σ) = m then

Mτ1(Y1)Mσ1(X1)(e1 ⊗ In) = e1 ⊗ In.

Proof. (a) First we prove that (eTm−c0(σ)⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ,σ2)⊗ In. Since

σ has c0(σ) (≤ m− 1) consecutions at 0, we have σ ∼ (σL, 0, 1, . . . , c0(σ)), where either

m ∈ σL or m ∈ −τ . If −m ∈ τ then the desired result follows from Lemma 3.2.1.

But there is nothing special about m ∈ σ. If m ∈ σ then by defining σ̃ := σ \
{m} and τ̃ := (τ,−m), we have c0(σ) = c0(σ̃) and c0(σ, σ2) = c0(σ̃, σ2). Now by

Lemma 2.1.11, (eTm−c0(σ̃)⊗In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ̃,σ2)⊗In. Consequently, we have

(eTm−c0(σ) ⊗ In)Mσ2(X2)Mτ2(Y2) = (eTm−c0(σ̃) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−c0(σ̃,σ2) ⊗ In =

eTm−c0(σ,σ2) ⊗ In.

Further, by similar arguments as above, we have Mτ1(Y1)Mσ1(X1) (em−i0(σ) ⊗ In) =

em−i0(σ1,σ) ⊗ In. This completes the proof of (a).

TH-2055_136123004



62 Chapter 3. EGFPRs of Matrix Polynomial

(b) Note that if k /∈ {±(m−1),±m}, then (eT1 ⊗ In)Mk(Z) = eT1 ⊗ In for any matrix

Z ∈ Cn×n. Hence (eT1 ⊗ In)Mσ2(X2) = eT1 ⊗ In and Mσ1(X1)(e1 ⊗ In) = e1 ⊗ In as

σj, j = 1, 2, contains indices from {0 : m − 2}. Further, since τ1 = ∅ = τ2, we have

Mτ1(Y1) = Imn = Mτ2(Y2). Consequently, we have (eT1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eT1 ⊗ In
and Mτ1(Y1)Mσ1(X1)(e1 ⊗ In) = e1 ⊗ In. This completes the proof of (b).

Lemma 3.3.5. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be an EGFPR

of P (λ). Suppose that 0 ∈ ω (recall that τ = −ω). Then we have the following.

(a) If i0(ω) + 1 ∈ σ and s := i0(ω) + ci0(ω)+1(σ) + 1 < m then

(eTm−s ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−p ⊗ In,

where p := i0(ω) + ci0(ω)+1(σ, σ2) + 1.

(b) If s = m in part (a), then (eT1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTp ⊗ In, where p :=

c−(m−1)(τ2) + 2.

(c) If i0(ω) < m and i0(ω) + 1 /∈ σ then

(eTm−i0(ω) ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm−p ⊗ In, (3.8)

where p := i0(ω)− c−i0(ω)(τ2)− 1.

(d) If i0(ω) = m in part (c), then (eTm ⊗ In)Mσ2(X2)Mτ2(Y2) = eTm ⊗ In.

Proof. (a) Given that i0(ω) + 1 ∈ σ and s := i0(ω) + ci0(ω)+1(σ) + 1 < m. Set q :=

ci0(ω)+1(σ). Then s = i0(ω) + 1 + q. Note that 0, 1, . . . , i0(ω) /∈ σ. Since σ is a sub-

permutation and has q consecutions at i0(ω) + 1, we have σ ∼ (σ̂, i0(ω) + 1, i0(ω) +

2, . . . , i0(ω) + 1 + q), that is,

σ ∼ (σ̂, i0(ω) + 1, i0(ω) + 2, . . . , s). (3.9)

Suppose that s+ 1 /∈ σ2. Then s /∈ σ2, since otherwise (σ, σ2) would not satisfy the SIP

which would contradict the condition that (σ1, σ, σ2) satisfies the SIP. Thus s, s+1 /∈ σ2.
Hence by (3.2), we have (eTm−s⊗ In)Mσ2(X2)Mτ2(Y2) = (eTm−s⊗ In)Mτ2(Y2) = eTm−s⊗ In,

where the last equality follows from (3.6) since s ∈ σ implies that −s,−(s + 1) /∈ τ2.
Now, since s+ 1 /∈ σ2, it is clear from (3.9) that ci0(ω)+1(σ, σ2) = ci0(ω)+1(σ). This shows

that p = s which yields the desired result.

Next, suppose that s+ 1 ∈ σ2. Set r := cs+1(σ2), i.e., σ2 has r consecutions at s+ 1.

Then by Lemma 3.3.1, we have

σ2 ∼
(
σL2 , s+ 1, s+ 2, . . . , s+ 1 + r, σR2

)
(3.10)
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for some index tuples σL2 and σR2 , where s + 1 /∈ σL2 and s + 1 + r, s + 2 + r /∈ σR2 .

Since (σ, σ2) satisfies the SIP and s + 1 /∈ σL2 , it is clear from (3.9) and (3.10) that

s /∈ σL2 . So the subtuple of σ2 with indices {s, s + 1} starts with s + 1. Hence by

Lemma 3.3.2, (eTm−s ⊗ In)Mσ2(X2) = eTm−(s+1+r) ⊗ In. Now since s + 1 + r ∈ σ2, we

have s + 1 + r, s + 2 + r ∈ σ. This implies s + 1 + r, s + 2 + r /∈ τ2. Thus by (3.6),

(eTm−(s+1+r) ⊗ In)Mτ2(Y2) = eTm−(s+1+r) ⊗ In. Now, by (3.9) and (3.10), ci0(ω)+1(σ, σ2) =

s+ r − i0(ω). Consequently, s+ r + 1 = p which proves (a).

(b) Since σ2 contains indices from {0 : m−2}, by (3.2), we have (eT1⊗In)Mσ2(X2)Mτ2(Y2)

= (eT1 ⊗ In)Mτ2(Y2). As i0(ω) + 1 ∈ σ and s = m, we have m ∈ σ. Thus −m /∈ τ and

hence −m /∈ τ2.
Suppose that −(m − 1) /∈ τ2. As −m,−(m − 1) /∈ τ2, by (3.6), we have (eT1 ⊗

In)Mτ2(Y2) = eT1 ⊗ In. Hence the desired result follows from the fact that −(m− 1) /∈ τ2
implies c−(m−1)(τ2) = −1. Next, suppose that −(m − 1) ∈ τ2. Set q := c−(m−1)(τ2). As

−m /∈ τ2, the subtuple of τ2 with indices {−m,−(m−1)} starts with −(m−1). Hence by

Lemma 3.3.3, (eT1 ⊗ In)Mτ2(Y2) = (eTm−(m−1)⊗ In)Mτ2(Y2) = eTm−(m−q−2)⊗ In = eTq+2⊗ In
which proves (b).

(c) Let i0(ω) < m and i0(ω) + 1 /∈ σ, i.e., −i0(ω),−(i0(ω) + 1) ∈ τ. This implies that

i0(ω), i0(ω) + 1 /∈ σ2. Thus by (3.2), we have

(eTm−i0(ω) ⊗ In)Mσ2(X2)Mτ2(Y2) = (eTm−i0(ω) ⊗ In)Mτ2(Y2).

Since ω is a sub-permutation and has i0(ω) inversions at 0, we have ω ∼ (i0(ω), . . . , 1, 0, ω̂),

where i0(ω) + 1 ∈ ω̂. Consequently, we have (recall that τ = −ω)

τ ∼
(
− i0(ω), . . . ,−1,−0, τ̂

)
, where − (i0(ω) + 1) ∈ τ̂ . (3.11)

Suppose that −i0(ω) /∈ τ2. Then −(i0(ω) + 1) /∈ τ2, since otherwise (τ, τ2) would not

satisfy the SIP which would contradict the condition that (τ1, τ, τ2) satisfies the SIP.

As −i0(ω),−(i0(ω) + 1) /∈ τ2, by (3.6), we have (eTm−i0(ω) ⊗ In)Mτ2(Y2) = eTm−i0(ω) ⊗ In.
Again, since −i0(ω) /∈ τ2, we have c−i0(ω)(τ2) = −1 which gives (3.8).

Next, suppose that −i0(ω) ∈ τ2. Set q := c−i0(ω)(τ2). Then by Lemma 2.1.21,

τ2 ∼
(
τL2 ,−i0(ω),−(i0(ω)− 1), . . . ,−(i0(ω)− q), τR2

)
(3.12)

for some index tuples τL2 and τR2 such that −i0(ω) /∈ τL2 and −(i0(ω)− q),−(i0(ω)− q−
1) /∈ τR2 . As (τ, τ2) satisfies the SIP and −i0(ω) /∈ τL2 , it is clear from (3.11) and (3.12)

that −(i0(ω)+1) /∈ τL2 . Thus the subtuple of τ2 with indices from {−i0(ω),−(i0(ω)+1)}
starts with −i0(ω). Hence by Lemma 3.3.3, we have

(eTm−i0(ω) ⊗ In)Mτ2(Y2) = eTm−(i0(ω)−q−1) ⊗ In,
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which gives (3.8) as q = c−i0(ω)(τ2). This completes the proof of (c).

(d) Let 0 ∈ ω and i0(ω) = m. Then σ = ∅ = σ2. Hence Mσ2(X2) = Imn. Further,

since τ2 contains indices from {−m : −2}, we have−0,−1 /∈ τ2. Thus (eTm⊗In)Mτ2(Y2) =

eTm ⊗ In which proves (d).

The following result is analogs to Lemma 3.3.5.

Lemma 3.3.6. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be an EGFPR

of P (λ) as given in (3.1). Suppose that 0 ∈ ω (recall that τ = −ω). Then we have the

following.

(a) If c0(ω) + 1 ∈ σ and s := c0(ω) + ic0(ω)+1(σ) + 1 < m then

Mτ1(Y1)Mσ1(X1)(em−s ⊗ In) = em−p ⊗ In,

where p := c0(ω) + ic0(ω)+1(σ1, σ) + 1.

(b) If s = m in part (a), then Mτ1(Y1)Mσ1(X1)(e1 ⊗ In) = ep ⊗ In, where p :=

i−(m−1)(τ1) + 2.

(c) If c0(ω) < m and c0(ω) + 1 /∈ σ then

Mτ1(Y1)Mσ1(X1)(em−c0(ω) ⊗ In) = em−p ⊗ In, (3.13)

where p := c0(ω)− i−c0(ω)(τ1)− 1.

(d) If c0(ω) = m in part (c), then Mτ1(Y1)Mσ1(X1)(em ⊗ In) = em ⊗ In.

Proof. (a) Let c0(ω) + 1 ∈ σ and s := c0(ω) + ic0(ω)+1(σ) + 1 < m. Set q := ic0(ω)+1(σ),

then s = c0(ω) + 1 + q. Note that 0, 1, . . . , c0(ω) /∈ σ. Since σ is a sub-permutation and

has q inversions at c0(ω) + 1, we have σ ∼ (c0(ω) + 1 + q, . . . , c0(ω) + 2, c0(ω) + 1, σ̂),

that is,

σ ∼ (s, . . . , c0(ω) + 2, c0(ω) + 1, σ̂). (3.14)

Suppose that s+ 1 /∈ σ1. Then s /∈ σ1, since otherwise (σ1, σ) would not satisfy the SIP.

As s, s + 1 /∈ σ1 and s ∈ σ implies that −s,−(s + 1) /∈ τ1, by (3.3) and (3.7), we have

Mτ1(Y1)Mσ1(X1)(em−s ⊗ In) = Mτ1(Y1)(em−s ⊗ In) = em−s ⊗ In. Now, since s+ 1 /∈ σ1,
it is clear from (3.14) that ic0(ω)+1(σ1, σ) = ic0(ω)+1(σ). This shows that p = s which

yields the desired result.

Next, suppose that s + 1 ∈ σ1. Set r := is+1(σ1), i.e., σ1 has r inversions at s + 1.

Then by Lemma 3.3.1, we have

σ1 ∼
(
σL1 , s+ 1 + r, . . . , s+ 2, s+ 1, σR1

)
(3.15)
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for some tuples σL1 and σR1 , where s + 1 /∈ σR1 and s + 1 + r, s + 2 + r /∈ σL1 . Since

(σ1, σ) satisfies the SIP and s + 1 /∈ σR1 , it is clear from (3.14) and (3.15) that s /∈ σR1 .
So the subtuple of σ1 with indices {s, s + 1} ends with s + 1. Thus by Lemma 3.3.2,

Mσ1(X1)(em−s⊗In) = em−(s+1+r)⊗In. Now since s+1+r ∈ σ1, we have s+1+r, s+2+r ∈
σ. This implies that s+ 1 + r, s+ 2 + r /∈ τ1. Hence by (3.7), Mτ1(Y1)(em−(s+1+r)⊗ In) =

em−(s+1+r)⊗ In. Now, by (3.14) and (3.15), we have ic0(ω)+1(σ1, σ) = s+ r− c0(ω). This

shows that s+ r + 1 = p which proves (a).

(b) Since σ1 contains indices from {0 : m−2}, by (3.3), we have Mτ1(Y1)Mσ1(X1)(e1⊗
In) = Mτ1(Y1)(e1 ⊗ In). As c0(ω) + 1 ∈ σ and s = m, we have m ∈ σ. Thus −m /∈ τ
and −m /∈ τ1.

Suppose that −(m − 1) /∈ τ1. As −m,−(m − 1) /∈ τ1, by (3.7), Mτ1(Y1)(e1 ⊗ In) =

e1 ⊗ In. Hence the desired result follows from the fact that −(m − 1) /∈ τ1 implies

i−(m−1)(τ1) = −1. Next, suppose that −(m − 1) ∈ τ1. Set q := i−(m−1)(τ1). As −m /∈
τ1, the subtuple of τ1 with indices {−m,−(m − 1)} ends with −(m − 1). Hence by

Lemma 3.3.3, we have Mτ1(Y1)(em−(m−1) ⊗ In) = em−(m−q−2) ⊗ In = eq+2 ⊗ In which

proves (b).

(c) Let c0(ω) < m and c0(ω) + 1 /∈ σ, i.e., −c0(ω),−(c0(ω) + 1) ∈ τ. This implies

that c0(ω), c0(ω) + 1 /∈ σ1. Thus by (3.3), we have

Mτ1(Y1)Mσ1(X1)(em−c0(ω) ⊗ In) = Mτ1(Y1)(em−c0(ω) ⊗ In).

Since ω is a sub-permutation and has c0(ω) consecutions at 0, we have ω ∼ (ω̂, 0, 1, . . . , c0(ω)),

where c0(ω) + 1 ∈ ω̂. Consequently, we have (recall that τ = −ω)

τ ∼
(
τ̂ ,−0,−1, . . . ,−c0(ω)

)
, where − (c0(ω) + 1) ∈ τ̂ . (3.16)

Suppose that −c0(ω) /∈ τ1. Then −(c0(ω) + 1) /∈ τ1, since otherwise (τ1, τ) would

not satisfy the SIP. As −c0(ω),−(c0(ω) + 1) /∈ τ1, by (3.7), Mτ1(Y1)(em−c0(ω) ⊗ In) =

em−c0(ω) ⊗ In. Now, since −c0(ω) /∈ τ1, we have i−c0(ω)(τ1) = −1 which gives (3.13).

Next, suppose that −c0(ω) ∈ τ1. Set q := i−c0(ω)(τ1). Then by Lemma 2.1.21,

τ1 ∼
(
τL1 ,−(c0(ω)− q), . . . ,−(c0(ω)− 1),−c0(ω), τR1

)
for some tuples τL1 and τR1 such that −c0(ω) /∈ τR1 and −(c0(ω)−q),−(c0(ω)−q−1) /∈ τL1 .

As (τ1, τ) satisfies the SIP and−c0(ω) /∈ τR1 , it is clear from (3.16) that−(c0(ω)+1) /∈ τR1 .

Thus the subtuple of τ1 with indices {−c0(ω),−(c0(ω) + 1)} ends with −c0(ω). Hence

by Lemma 3.3.3, Mτ1(Y1)(em−c0(ω) ⊗ In) = em−c0(ω)+q+1 ⊗ In which gives (3.13). This

completes the proof of (c).

(d) Then σ = ∅ = σ1 Hence Mσ2(X2) = Imn. Further, since τ1 contains indices from

{−m : −2}, we have −0,−1 /∈ τ1. Thus Mτ1(Y1)(em⊗In) = em⊗In which proves (d).
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Now we are ready to describe the recovery of eigenvectors of a regular P (λ) from

those of the EGFPRs of P (λ).

Theorem 3.3.7. Suppose that P (λ) is regular and µ ∈ C is an eigenvalue of P (λ). Let

L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be an EGFPR of P (λ). (Recall

that ω = −τ). Define

F EGFPR(P ) :=



eTm−c0(σ,σ2) ⊗ In if 0 ∈ σ and c0(σ) < m

A−1m (eT1 ⊗ In) if 0 ∈ σ and c0(σ) = m

eTm−p ⊗ In if


0 ∈ ω, i0(ω) + 1 ∈ σ and

s := i0(ω) + ci0(ω)+1(σ) + 1 < m,

where p := i0(ω) + ci0(ω)+1(σ, σ2) + 1

A−1m (eTp ⊗ In) if


0 ∈ ω, i0(ω) + 1 ∈ σ and

i0(ω) + ci0(ω)+1(σ) + 1 = m,

where p := c−(m−1)(τ2) + 2

eTm−p ⊗ In if

 0 ∈ ω, i0(ω) < m and i0(ω) + 1 /∈ σ,

where p := i0(ω)− c−i0(ω)(τ2)− 1

A−10 (eTm ⊗ In) if 0 ∈ ω and i0(ω) = m

and

KEGFPR(P ) :=



eTm−i0(σ1,σ) ⊗ In if 0 ∈ σ and i0(σ) < m

A−Tm (eT1 ⊗ In) if 0 ∈ σ and i0(σ) = m

eTm−p ⊗ In if


0 ∈ ω, c0(ω) + 1 ∈ σ and

s := c0(ω) + ic0(ω)+1(σ) + 1 < m,

where p := c0(ω) + ic0(ω)+1(σ1, σ) + 1

A−Tm (eTp ⊗ In) if


0 ∈ ω, c0(ω) + 1 ∈ σ and

c0(ω) + ic0(ω)+1(σ) + 1 = m,

where p := i−(m−1)(τ1) + 2

eTm−p ⊗ In if

 0 ∈ ω, c0(ω) < m and c0(ω) + 1 /∈ σ,

where p := c0(ω)− i−c0(ω)(τ1)− 1

A−T0 (eTm ⊗ In) if 0 ∈ ω and c0(ω) = m.
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Then the maps F EGFPR(P ) : Nr(L(µ)) → Nr(P (µ)), x 7→ F EGFPR(P )x, and KEGFPR(P ) :

Nl(L(µ)) → Nl(P (µ)), y 7→ KEGFPR(P )y, are linear isomorphisms. Thus, if (x1, . . . , xp)

and (y1, . . . , yp) are bases of Nr(L(µ)) and Nl(L(µ)), respectively, then(
F EGFPR(P )x1, . . . , F

EGFPR(P )xp

)
and

(
KEGFPR(P )y1, . . . , K

EGFPR(P )yp

)
are bases of Nr(P (µ)) and Nl(P (µ)), respectively.

Proof. We have L(λ) = Mτ1(Y1)Mσ1(X1)T (λ)Mσ2(X2)Mτ2(Y2), where T (λ) := λMP
τ −

MP
σ is a GF pencil of P (λ) associated with the permutation (σ,−τ) of {0 : m}.

Since Xj and Yj, j = 1, 2, are nonsingular matrix assignments, M(τ1,σ1)(Y1, X1) and

M(σ2,τ2)(X2, Y2) are nonsingular. Hence the mapM(σ2,τ2)(X2, Y2) : Nr(L(µ))→ Nr(T (µ)),

x 7→
(
M(σ2,τ2)(X2, Y2)

)
x, is a linear isomorphism. On the other hand, by Theorem 1.2.26,

F GF(P ) : Nr(T (µ))→ Nr(P (µ)) is a linear isomorphism. Thus the map

Nr(L(µ))→ Nr(P (µ)), x 7→
(
F GF(P )M(σ2,τ2)(X2, Y2)

)
x,

is a linear isomorphism. Now the desired result for recovery of right eigenvectors follows

from Theorem 1.2.26 and Lemmas 3.3.4 and 3.3.5.

Next we prove the recovery of left eigenvectors. As (M(σ1,τ1)(Y1, X1))
T is nonsin-

gular, (M(σ1,τ1)(Y1, X1))
T : Nl(L(µ)) → Nl(T (µ)), y 7→ (M(σ1,τ1)(Y1, X1))

Ty, is a linear

isomorphism. Also, by Theorem 1.2.26, KGF(P ) : Nl(T (µ)) −→ Nl(P (µ)) is a linear

isomorphism. Thus the map

Nl(L(µ))→ Nl(P (µ)), y 7→
(
KGF(P )(M(σ1,τ1)(Y1, X1))

Ty
)
,

is a linear isomorphism. Now the desired result for recovery of left eigenvectors follows

from Theorem 1.2.26 and Lemmas 3.3.4 and 3.3.6.

We now illustrate eigenvector recovery rule for P (λ) from those of the EGFPRs of

P (λ) by considering a few examples.

Example 3.3.8. Let P (λ) :=
∑6

i=0 λ
iAi. Suppose that P (λ) is regular and µ ∈ C is an

eigenvalue of P (λ). Let σ := (1, 2, 5), σ1 := ∅, σ2 := (1), τ := (−6,−3,−4,−0), τ1 :=

(−4) and τ2 := ∅. Let X and Y be any arbitrary matrix assignments for τ1 and σ2,

respectively. Then the pencil L(λ) = M−4(X)
(
λMP

(−3,−4,−6,−0) −MP
(1,2,5)

)
M1(Y ) =
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

λA6 + A5 −In 0 0 0 0

0 0 −In λIn 0 0

−In 0 λIn −X λX 0 0

0 λIn λA4 λA3 + A2 −Y −In
0 0 0 A1 λY − In λIn

0 0 0 −In −λA−10 0


is an EGFPR of P (λ).

Let u ∈ Nr(L) and v ∈ Nl(L). Define ui := (eTi ⊗ In)u and vi := (eTi ⊗ In)v,

i = 1 : 6. Note that 0 ∈ ω and i0(ω) = 0. Further, i0(ω) + 1 = 1 ∈ σ and ci0(ω)+1(σ) = 1,

which implies that s := i0(ω) + ci0(ω)+1(σ) + 1 = 2 < 6. As c1(σ, σ2) = 1, we have

p := i0(ω)+ci0(ω)+1(σ, σ2)+1 = 2. Thus by Theorem 3.3.7, (eT6−2⊗In)u = u4 ∈ Nr(P (µ)).

To verify the recovery rule, consider L(λ)u = 0. This gives

(λA6 + A5)u1 − u2 = 0 (3.17)

−u3 + λu4 = 0 (3.18)

−u1 + (λIn −X)u3 + λXu4 = 0 (3.19)

λu2 + λA4u3 + (λA3 + A2)u4 − Y u5 − u6 = 0 (3.20)

A1u4 + (λY − In)u5 + λu6 = 0 (3.21)

−u4 − λA−10 u5 = 0 (3.22)

From (3.18) we have u3 = λu4. Substituting u3 = λu4 in (3.19) we have u1 = λ2u4.

Adding λ times (3.20) with (3.21) and then substituting u3 = λu4 we have λ2u2+(λ3A4+

λ2A3 + λA2 + A1)u4 − u5 = 0 which together with (3.22) gives

λ3u2 + (λ4A4 + λ3A3 + λ2A2 + λA1 + A0)u4 = 0. (3.23)

Now substituting the value of λ3u2 from (3.23) and u1 = λ2u4 in (3.17), we have

P (λ)u4 = 0.

Next, consider v ∈ Nl(L). Define vi := (eTi ⊗ In)v, i = 1 : 6. Note that 0 ∈ ω and

c0(ω) = 0. Further, c0(ω) + 1 = 1 ∈ σ and i1(σ) = 0 which implies that s := c0(ω) +

ic0(ω)+1(σ) + 1 = 1 < 6. As i1(σ1, σ) = 0, we have p := c0(ω) + ic0(ω)+1(σ1, σ) + 1 = 1.

Hence by Theorem 3.3.7, we have (eT6−1 ⊗ In)v = v5 ∈ Nl(P (µ)) which can be easily

verified. �

Next, we consider an EGFPR which is not operation free (as −1 and −0 simultane-

ously belong to τ) but the recovery of eigenvector is operation free.
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Example 3.3.9. Let P (λ) :=
∑5

i=0 λ
iAi. Suppose that P (λ) is regular and µ ∈ C is

an eigenvalue of P (λ). Let σ := (4, 2, 3), σ1 := ∅, σ2 := (2), τ := (−5,−1,−0) and

τ1 = ∅ = τ2. Let X be any arbitrary matrix assignment for σ2. Then the EGFPR

L(λ) =
(
λMP

(−5,−1,−0) −MP
(4,2,3)

)
M2(X) of P (λ) is given by

L(λ) =



λA5 + A4 A3 −X −In 0

−In λIn 0 0 0

0 A2 λX − In λIn 0

0 −In 0 0 −λA−10

0 0 λIn 0 −λA1A
−1
0 − In


.

Let u ∈ Nr(L) and v ∈ Nl(L). Define ui := (eTi ⊗ In)u and vi := (eTi ⊗ In)v,

i = 1 : 5. Note that 0 ∈ ω and i0(ω) = 1. Further, i0(ω) + 1 = 2 ∈ σ and ci0(ω)+1(σ) = 1,

which imply that s := i0(ω) + ci0(ω)+1(σ) + 1 = 3 < 5. As c2(σ, σ2) = 1, we have

p := i0(ω)+ci0(ω)+1(σ, σ2)+1 = 3. Thus by Theorem 3.3.7, (eT5−3⊗In)u = u2 ∈ Nr(P (µ))

which can be easily verified.

Note that 0 ∈ ω and c0(ω) = 0 < 5. Further, c0(ω) + 1 = 1 /∈ σ. As τ1 = ∅, we

have i−c0(ω)(τ1) = −1. So p := c0(ω) − i−c0(ω)(τ1) − 1 = 0. Hence by Theorem 3.3.7,

(eT5−0 ⊗ In)v = v5 ∈ Nl(P (µ)) which can be easily verified. �

The EGFPR in the following example is not operation free (as −1 and −0 simulta-

neously belong to τ), but we can easily recover the eigenvectors of P (λ) from those of

the EGFPR.

Example 3.3.10. Let P (λ) :=
∑3

i=0 λ
iAi. Suppose that P (λ) is regular and µ ∈ C

is an eigenvalue of P (λ). Let σ := (3), σ1 := ∅ = σ2, τ := (−2,−1,−0), τ1 = ∅ and

τ2 := (−2). Then the EGFPR L(λ) =
(
λMP

(−2,−1,−0) −MP
3

)
MP
−2 is given by

L(λ) = λ


0 0 −A−10

0 In −A2A
−1
0

In A2 −A1A
−1
0

−


0 A−13 0

In A2 0

0 0 In

 .
Let x ∈ Nr(L(µ)) and y ∈ Nl(L(µ)). Define xi := (eTi ⊗ In)x and yi := (eTi ⊗ In)y

for i = 1 : 3. Note that 0 ∈ ω and i0(ω) = 2. Further, i0(ω) + 1 = 3 ∈ σ and

ci0(ω)+1(σ) = 0, which implies s := i0(ω) + ci0(ω)+1(σ) + 1 = 3, i.e., s = m. Now,

c−(m−1)(τ2) = c−2(τ2) = 0. Thus by Theorem 3.3.7, A−1m (eT2 ⊗ In)x = A−13 x2 ∈ Nr(P (µ))

which can be easily verified.
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For left eigenvector, we have c0(ω) = 0 < m, c0(ω) + 1 = 1 /∈ σ and i−c0(ω)(τ1) = −1

(as τ1 = ∅). Thus p = c0(ω)−i−c0(ω)(τ1)−1 = 0. Thus by Theorem 3.3.7, (eTm−p⊗In)y =

y3 ∈ Nl(P (µ)) which can be easily verified. �

3.4 Eigenvalue at infinity and recovery of eigenvectors

We now describe the recovery of eigenvectors of P (λ) corresponding to an eigenvalue

at ∞ from the eigenvectors of EGFPRs. Recall that ∞ is an eigenvalue of P (λ) =∑m
i=0 λ

iAi if and only if 0 is an eigenvalue of rev(P (λ)) =
∑m

i=0 λ
iAm−i, i.e., 0 is an

eigenvalue of Am. Thus Am is singular which implies that MP
−m is singular, i.e., MP

m

does not exist as MP
m = (MP

−m)−1. So −m always belongs to τ , that is, m /∈ σ.

The following lemma will play a crucial role in the recovery of eigenvectors of P (λ)

corresponding to an eigenvalue ∞ from those of the EGFPRs.

Lemma 3.4.1. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be an EGFPR

of P (λ) such that −m ∈ τ .

(a) Suppose that c−m(τ) ≤ m− 1 and i−m(τ) ≤ m− 1. Then

(eTc−m(τ)+1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In

and

Mτ1(Y1)Mσ1(X1)(ei−m(τ)+1 ⊗ In) = ei−m(τ1,τ)+1 ⊗ In.

(b) If c−m(τ) = m then (eTm⊗ In)Mσ2(X2)Mτ2(Y2) = eTm⊗ In, and if i−m(τ) = m then

Mτ1(Y1)Mσ1(X1) (em ⊗ In) = em ⊗ In.

Proof. (a) For an arbitrary Z ∈ Cn×n, from (2.12) and (2.13) we have

(eTj ⊗ In)M−k(Z) = eTj ⊗ In for k /∈ {m− j,m− j + 1}, j = 1 : m, (3.24)

M−k(Z)(ej ⊗ In) = ej ⊗ In for k /∈ {m− j,m− j + 1}, j = 1 : m. (3.25)

Case-I: Suppose that σ 6= ∅. Let 0 ≤ h ≤ m−1 be the integer such that −m,−(m−
1), . . . ,−(m−h) ∈ τ and −(m−h−1) /∈ τ . This implies that −(m−h),−(m−h−1) /∈
τ1∪τ2 since −(m−h−1) /∈ τ and (τ1, τ, τ2) satisfies the SIP. Further, we have c−m(τ) ≤ h

and i−m(τ) ≤ h.

Let τ̂ and τ̂j, j = 1, 2, respectively, be the subtuples of τ and τj with indices {−m :

−(m − h)}. Similarly, let ̂̂τ and ̂̂τ j, j = 1, 2, respectively, be the subtuples of τ and

τj with indices {−(m − h − 2) : −0}, where {−a : −0} := {−a,−(a − 1), . . . ,−1,−0}
for any integer a ≥ 0. Then τ̂ and ̂̂τ commutes since for any indices k ∈ τ̂ and ` ∈ ̂̂τ ,
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we have ||k| − |`|| > 1. Thus τ ∼ (τ̂ , ̂̂τ) ∼ (̂̂τ , τ̂). Similarly, τj ∼ (τ̂j, ̂̂τ j) ∼ (̂̂τ j, τ̂j) for

j = 1, 2, as τ̂j and ̂̂τj commutes. Also we have (τ̂ , ̂̂τ j) ∼ (̂̂τ j, τ̂) for j = 1, 2.

Since −(m− h− 1) /∈ τ, we have i−m(τ) = i−m(τ̂) and c−m(τ) = c−m(τ̂). As (τ̂ , τ̂2)

contains indices from {−m : −(m − h)}, we have c−m(τ̂ , τ̂2) ≤ h. This shows that

c−m(τ̂ , τ̂2, ̂̂τ 2) = c−m(τ̂ , τ̂2) as ̂̂τ 2 contains indices from {−(m − h − 2) : −0}. Conse-

quently, we have c−m(τ, τ2) = c−m(̂̂τ , τ̂ , τ̂2, ̂̂τ 2) = c−m(τ̂ , τ̂2, ̂̂τ 2) = c−m(τ̂ , τ̂2). Similarly,

we have i−m(τ1, τ) = i−m(τ̂1, τ̂).

Note that X2 and Y2 are arbitrary matrix assignments. We denote by (∗) for any

arbitrary matrix assignment. Now we have (eTc−m(τ)+1⊗ In)Mσ2(∗)Mτ2(∗) = (eTc−m(τ̂)+1⊗
In)Mσ2(∗)M̂̂τ2(∗)Mτ̂2(∗) =

(eTc−m(τ̂)+1 ⊗ In)M̂̂τ2(∗)Mτ̂2(∗) by (3.2) since

 c−m(τ̂) ≤ h and σ2 contains

indices from {0 : m− h− 2}

= (eTc−m(τ̂)+1 ⊗ In)Mτ̂2(∗) by (3.24) since

 c−m(τ̂) ≤ h and ̂̂τ 2 contains

indices from {−(m− h− 2) : −0}

= eTc−m(τ̂ ,τ̂2)+1 ⊗ In = eTc−m(τ,τ2)+1 ⊗ In by Lemma 2.1.22.

Hence (eTc−m(τ)+1 ⊗ In)Mσ2(X2)Mτ2(Y2) = eTc−m(τ,τ2)+1 ⊗ In.
Similarly, we have Mτ1(∗)Mσ1(∗) (ei−m(τ)+1 ⊗ In) =

Mτ̂1(∗)M̂̂τ1(∗)Mσ1(∗) (ei−m(τ̂)+1 ⊗ In)

= Mτ̂1(∗)M̂̂τ1(∗) (ei−m(τ̂)+1 ⊗ In) by (3.3) since

 i−m(τ̂) ≤ h and σ1 contains

indices from {0 : m− h− 2}

= Mτ̂1(∗) (ei−m(τ̂)+1 ⊗ In) by (3.25) since

 i−m(τ̂) ≤ h and ̂̂τ 1 contains

indices from {−(m− h− 2) : −0}

= ei−m(τ̂1,τ̂)+1 ⊗ In = ei−m(τ1,τ)+1 ⊗ In by Lemma 2.1.22.

Thus, we have Mτ1(Y1)Mσ1(X1) (ei−m(τ)+1 ⊗ In) = ei−m(τ1,τ)+1 ⊗ In.
Case-II: Suppose that σ = ∅, i.e., τ is a permutation of {−m : −0}. This implies

σ1 = ∅ = σ2 and hence Mσ1(X1) = Imn = Mσ2(X2). Given that c−m(τ) ≤ m − 1 and

i−m(τ) ≤ m− 1. By defining τ̃ := τ \ {−0} and σ̃ := (0), and by considering h = m− 1,

a verbatim proof of Case-I gives the desired result.

(b) If c−m(τ) = m or i−m(τ) = m, then σ = ∅. So there are no choices for σ1

and σ2, i.e., σ1 = ∅ = σ2. Hence Mσ1(X1) = Imn = Mσ2(X2). Further, since τj,

j = 1, 2, contains indices from {−m : −2}, we have (eTm ⊗ In)Mτ2(Y2) = eTm ⊗ In and

Mτ1(Y1) (em ⊗ In) = em ⊗ In which gives the desired result.
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We now describe the recovery of eigenvectors of P (λ) corresponding to the eigenvalue

at ∞ from those of the EGFPRs of P (λ).

Theorem 3.4.2. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be an

EGFPR of P (λ). Suppose that P (λ) is regular and ∞ is an eigenvalue of P (λ).

Right eigenvectors at ∞. Let
(
x1, . . . , xk

)
be a basis of the right eigenspace of

L(λ) at ∞. Then we have the following.

(a) If c−m(τ) < m, then ((eTc−m(τ,τ2)+1 ⊗ In)x1, . . . , (e
T
c−m(τ,τ2)+1 ⊗ In)xk) is a basis of

the right eigenspace of P (λ) at ∞.

(b) If c−m(τ) = m, then
(
A−10 (eTm ⊗ In)x1, . . . , A

−1
0 (eTm ⊗ In)xk

)
is a basis of the right

eigenspace of P (λ) at ∞.

Left eigenvectors at ∞. Let
(
y1, . . . , yk

)
be a basis of the left eigenspace of L(λ)

at ∞. Then we have the following.

(c) If i−m(τ) < m, then ((eTi−m(τ1,τ)+1 ⊗ In)y1, . . . , (e
T
i−m(τ1,τ)+1 ⊗ In)yk) is a basis of

the left eigenspace of P (λ) at ∞.

(d) If i−m(τ) = m, then (A−T0 (eTm ⊗ In)y1, . . . , A
−T
0 (eTm ⊗ In)yk)is a basis of the left

eigenspace of P (λ) at ∞.

Proof. Set L1 := M(τ1,σ1)(Y1, X1) M
P
τ M(σ2,τ2)(X2, Y2) and L0 := M(τ1,σ1)(Y1, X1) M

P
σ

M(σ2,τ2)(X2, Y2). Then L(λ) = λL1 − L0. Recall that ∞ is an eigenvalue of L(λ)⇔ 0 is

an eigenvalue of rev(L(λ))⇔ 0 is an eigenvalue of L1. Since Mτ1,σ1(Y1, X1) is invertible,

we have Nr(L1) = Nr(MP
τ Mσ2,τ2(X2, Y2)). Note that the map

Nr(MP
τ M(σ2,τ2)(X2, Y2))→ Nr(MP

τ ), z 7→ (M(σ2,τ2)(X2, Y2))z,

is an isomorphism. Define T (λ) := λMP
τ −MP

σ . Then Nr(MP
τ ) = Nr(rev(T (0))).

(a) Now, by Theorem 1.2.28, the map

Nr(rev(T (0))) −→ Nr(rev(P (0))), u 7→ (eTc−m(τ)+1 ⊗ In)u,

is an isomorphism. Hence the map

Nr(rev(L(0))) −→ Nr(rev(P (0))), x 7→ ((eTc−m(τ)+1 ⊗ In)M(σ2,τ2)(X2, Y2))x,

is an isomorphism. Now by Lemma 3.4.1, we have (eTc−m(τ)+1 ⊗ In)M(σ2,τ2)(X2, Y2) =

eTc−m(τ,τ2)+1 ⊗ In. Hence the result for the right eigenspace of P (λ) at ∞ follows.

The proof is similar for part (b).
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(c) Next, we prove the results for left eigenspace of P (λ) at∞. Since M(σ2,τ2)(X2, Y2)

is invertible, we have Nl(rev(L(0))) = Nl(L1) = Nl(M(τ1,σ1)(Y1, X1)M
P
τ ). Hence it

follows that the map Nl(M(τ1,σ1)(Y1, X1)M
P
τ ) −→ Nl(MP

τ ), z 7→ (Mτ1,σ1(Y1, X1))
T z, is

an isomorphism. We have Nl(MP
τ ) = Nl(rev(T (0))). Now, by Theorem 1.2.28, the

map

Nl(rev(T (0))) −→ Nl(rev(P (0))), v 7→ (eTi−m(τ)+1 ⊗ In)v,

is an isomorphism. Hence the map

Nl(rev(L(0))) −→ Nl(rev(P (0))), y 7→ ((eTi−m(τ)+1 ⊗ In)(M(τ1,σ1)(Y1, X1))
T)y,

is an isomorphism. Now by Lemma 3.4.1, we have M(τ1,σ1)(Y1, X1)(ei−m(τ)+1 ⊗ In) =

ei−m(τ1,τ)+1 ⊗ In. Hence the result for the left eigenspaces of P (λ) at ∞ follows.

The proof is similar for part (d).

We now illustrate our recovery rule for eigenvectors of P (λ) corresponding to an

eigenvalue at ∞ from those of the EGFPRs of P (λ) by considering an example.

Example 3.4.3. Let P (λ) :=
∑5

i=0 λ
iAi. Suppose that P (λ) is regular and ∞ is an

eigenvalue of P (λ). Let σ := (0, 2), σ1 := ∅ = σ2, τ := (−4,−5,−3,−1), τ2 = (−4)

and τ1 = ∅. Let X be any arbitrary matrix assignment for τ2. Then the EGFPR

L(λ) =
(
λMP

(−4,−5,−3,−1) −MP
(0,2)

)
M−4(X) =: λL1 − L0 of P (λ) is given by

L(λ) = λ



0 0 In 0 0

0 A5 A4 0 0

In X A3 0 0

0 0 0 0 In

0 0 0 In A1


−



0 In 0 0 0

In X 0 0 0

0 0 −A2 In 0

0 0 In 0 0

0 0 0 0 −A0


.

Let x and y, respectively, be right and left eigenvectors of L(λ) corresponding to the

eigenvalue∞. Define xi := (eTi ⊗In)x and yi := (eTi ⊗In)y, i = 1 : 5. We have c−m(τ) =

c−5(−4,−5,−3,−1) = 0 < 5 and c−5(τ, τ2) = c−5(−4,−5,−3,−1,−4) = 1. Hence by

Theorem 3.4.2, (eTc−m(τ,τ2)+1 ⊗ In)x = (eT2 ⊗ In)x = x2 is a right eigenvector of P (λ)

corresponding to the eigenvalue ∞. Similarly, i−5(τ1, τ) = i−5(−4,−5,−3,−1) = 1.

Hence by Theorem 3.4.2, (eTi−m(τ1,τ)+1 ⊗ In)y = (eT2 ⊗ In)y = y2 is a left eigenvector of

P (λ) corresponding to the eigenvalue ∞.

To verify the recovery rule, consider L1x = 0. This gives A5x2 = 0 and xi = 0 for

i = 3, 4, 5. Now if x2 = 0 then x1 = 0. Thus x2 = 0 ⇒ x = 0. Hence x2 6= 0 and is a

right eigenvector of P (λ) corresponding to the eigenvalue ∞.
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Similarly, yTL1 = 0 implies yT2 A5 = 0 and yTi = 0 for i = 3, 4, 5. Now if yT2 = 0

then yT1 = 0. Thus yT2 = 0 ⇒ y = 0. Hence y2 6= 0 and is a left eigenvector of P (λ)

corresponding to the eigenvalue ∞. �

3.5 Low bandwidth banded EGFPRs

Low bandwidth banded linearizations of P (λ) are important from the point of numerical

computations. As EGFPRs of P (λ) substantially enlarge the arena in which to look for

strong linearizations of P (λ), it is natural to investigate the possibility to construct

low bandwidth banded EGFPRs. In particular, we are interested to construct block

tridiagonal and block penta-diagonal EGFPRs of P (λ).

We make the conversion that ej = 0 for j ≤ 0 and j > m. The following result will

be useful for constructing block penta-diagonal EGFPRs of P (λ).

Proposition 3.5.1. Let α be an index tuple containing indices from {0 : m−1} such that

α satisfies the SIP. Suppose that ck(α) ≤ 1 and ik(α) ≤ 1 for any index 1 ≤ k ≤ m− 1.

Let X be a matrix assignment for α. Then Mα(X ) is a block penta-diagonal matrix.

Equivalently, we have

(eTm−k ⊗ In)Mα(X ) =
2∑

j=−2

(eTm−(k−j) ⊗Xj) for k = 0 : m− 1, (3.26)

where Xj = 0 or Xj belongs to the matrix assignment X .

Proof. It is easily seen that the elementary matrices Mj(W ), j = 0 : m − 1, satisfies

(eTm−i ⊗ In)Mj(W ) = (eTm−i ⊗W ) + (eTm−(i−1) ⊗ In) for j = i and i = 1 : m − 1, and

(eTm ⊗ In)M0(W ) = eTm ⊗W. Consequently, from (2.2) and (2.3) we have the following

(eTm−i⊗In)Mj(W ) =



eTm−(i+1) ⊗ In for j = i+ 1 and i = 0 : m− 2,

(eTm−i ⊗W ) + (eTm−(i−1) ⊗ In) for j = i and i = 1 : m− 1,

eTm ⊗W for j = i = 0,

eTm−i ⊗ In

 otherwise, i.e., when

j /∈ {i, i+ 1} for i = 0 : m− 1.

(3.27)

It is given that ck(α) ≤ 1 and ik(α) ≤ 1 for 1 ≤ k ≤ m− 1. This implies c0(α) ≤ 2

and i0(α) ≤ 2. Recall from the definition of consecutions and inversions of any index

tuple β at any index t that if t /∈ β then ct(β) = −1 = it(β). Consequently, we have −1 ≤ ck(α) ≤ 1 and − 1 ≤ ik(α) ≤ 1 for k = 1 : m− 1,

−1 ≤ c0(α) ≤ 2 and − 1 ≤ i0(α) ≤ 2.
(3.28)
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Consider 0 ≤ k ≤ m− 1. We now prove (3.26). There are two cases.

Case-I: Suppose that the subtuple of α with indices {k, k + 1} starts with k + 1.

Then by Lemma 2.1.21, we have (eTm−k⊗ In)Mα(X ) = eTm−(k+1+ck+1(α))
⊗ In. Since −1 ≤

ck+1(α) ≤ 1, we have (3.26).

Case-II: Suppose that the subtuple of α with indices {k, k + 1} starts with k. Let

the row standard form of α be given by rsf(α) := (β, rev(ak : k), γ) =(
rev(a0 : 0), rev(a1 : 1), . . . , rev(ak : k), rev(ak+1 : k + 1), . . . , rev(am−1 : m− 1)

)
.

(3.29)

Then we must have rev(ak : k) 6= ∅, since otherwise it is clear from (3.29) that the

subtuple of α with indices {k, k+ 1} would start with k+ 1 which would contradict our

assumption of Case-II. Since α is a tuple containing nonnegative indices, by using (3.28)

it is clear from (3.29) that aj ≥ j − 1 for all j = {0 : m− 1} \ {2} and a2 ≥ 0. Further,

since rev(ak : k) 6= ∅, we have ak ∈ {k, k − 1} if k 6= 2, and ak ∈ {k, k − 1, k − 2} if

k = 2.

Since α ∼ rsf(α), without loss of generality, we assume that α = rsf(α). That

is, α := (β, rev(ak : k), γ). Let Y and Z, respectively, be the corresponding matrix

assignments for β and γ associated with X . We denote by Xp, p ∈ {ak : k}, the

matrices associated with X and assigned to the index p ∈ {ak : k}. That is, X =(
Y , rev(Xak · · ·Xk),Z

)
. Now we have

(eTm−k ⊗ In)Mα(X ) = (eTm−k ⊗ In)Mβ(Y)Mrev(ak:k)(rev(Xak · · ·Xk))Mγ(Z)

= (eTm−k ⊗ In)Mrev(ak:k)(rev(Xak · · ·Xk))Mγ(Z) by (3.27) as k, k + 1 /∈ β

=


(

(eTm−(ak−1) ⊗ In) +
∑k

j=ak
(eTm−j ⊗Xj)

)
Mγ(Z) if ak > 0,(∑k

j=ak
(eTm−j ⊗Xj)

)
Mγ(Z) if ak = 0

(3.30)

by applying (3.27) repeatedly.

Define S := {ak − 1 : k} if ak > 0 and S := {ak : k} if ak = 0. It is clear from (3.30)

that for evaluating (eTm−k ⊗ In)Mα(X) we need to calculate (eTm−` ⊗ In)Mγ(Z) for all

` ∈ S. Since γ :=
(
rev(ak+1 : k + 1), . . . , rev(am−1 : m− 1)

)
, it is clear that, for ` ∈ S,

we have either ` /∈ γ or the subtuple of γ with indices {`, ` + 1} starts with ` + 1. By

Lemma 2.1.21, we have (eTm−` ⊗ In)Mγ(Z) = eTm−(`+1+c`+1(γ))
⊗ In. Hence from (3.30),
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we have (eTm−k ⊗ In)Mα(X ) = (eTm−(ak+cak (γ))
⊗ In) +

∑k
j=ak

(eTm−(j+1+cj+1(γ))
⊗Xj) if ak > 0,∑k

j=ak
(eTm−(j+1+cj+1(γ))

⊗Xj) if ak = 0.
(3.31)

Since γ is a subtuple of α, we have ct(γ) ≤ ct(α) for any index t. Hence −1 ≤ c`+1(γ) ≤ 1

for all ` ∈ S. Further, since ak ∈ {k, k− 1} if k 6= 2, and ak ∈ {k, k− 1, k− 2} if k = 2,

it is clear from (3.31) that (3.26) holds. Hence Mα(X ) is a block penta-diagonal matrix.

This completes the proof.

Analogous to Proposition 3.5.1 we have the following result for index tuple containing

negative indices.

Proposition 3.5.2. Let α be an index tuple containing indices from {−m : −1} such

that α satisfies the SIP. Suppose that c−k(α) ≤ 1 and i−k(α) ≤ 1 for any index −(m−
1) ≤ −k ≤ −1 (this implies that c−m(α) ≤ 2 and i−m(α) ≤ 2). Let X be a matrix

assignment for α. Then Mα(X ) is a block penta-diagonal matrix. Equivalently, we have

(eTm−k ⊗ In)Mα(X ) =
2∑

j=−2

(eTm−(k−j) ⊗Xj) for k = 0 : m− 1, (3.32)

where Xj = 0 or Xj belongs to the matrix assignment X .

Proof. It is easily seen that the elementary matrices M−j(W ), j = 0 : m, satisfies

(eTm−(m−1) ⊗ In)M−m(W ) = eT1 ⊗W and

(eTm−i ⊗ In)M−j(W ) = (eTm−i ⊗W ) + (eTm−(i+1) ⊗ In) for j = i+ 1, and i = 0 : m− 2.

Consequently, from (2.12) and (2.13) we have the following.

(eTm−i⊗In)M−j(W ) =



(eTm−i ⊗W ) + (eTm−(i+1) ⊗ In) for j = i+ 1, and i = 0 : m− 2

eT1 ⊗W for j = i+ 1, i = m− 1

eTm−(i−1) ⊗ In for j = i, and i = 1 : m− 1

eTm−i ⊗ In

 otherwise, i.e., when

j /∈ {i, i+ 1} for i = 0 : m− 1.

(3.33)

The rest of the proof is similar to Proposition 3.5.1.

Proposition 3.5.3. Let α be an index tuple containing indices from {0 : m} such that

α satisfies the SIP. Suppose that cj(α) ≥ 2 or ij(α) ≥ 2 for some 1 ≤ j ≤ m − 1. Let

X be any arbitrary nonsingular matrix assignment for α. Then Mα(X ) is not a block

penta-diagonal matrix.
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Proof. Suppose that cj(α) ≥ 2 for some j ≥ 1. Let 1 ≤ k ≤ m − 1 be the smallest

integer belongs to α such that ck(α) ≥ c`(α) for any index ` ∈ α (i.e., ck(α) ≥ 2). Then

by Lemma 3.3.1, we have α ∼ (αL, k, k + 1, . . . , k + ck(α), αR), where k /∈ αL. Now we

have the following cases.

(a) Assume that k > 1. Then 1 /∈ αL, since otherwise k− 1 ≥ 1 and ck−1(α) > ck(α)

which is a contradiction. This implies that the subtuple of α with indices {k − 1, k}
starts with k. Hence by Lemma 3.3.2, we have (eTm−(k−1)⊗In)Mα(X ) = eTm−(k+ck(α))⊗In.

That is,
(
m − (k + ck(α))

)
-th block entry of (m − (k − 1))-th block row is In. Since

ck(α) ≥ 2, we have k + ck(α) > k + 1 = (k − 1) + 2. Hence Mα(X ) is not a block

penta-diagonal matrix.

(b) Assume that k = 1. Then (αL, (1 : 1 + c1(α)), αR), where c1(α) ≥ 2. If 0 /∈ αL

then the subtuple of α with indices {0, 1} starts with 1. Hence by Lemma 3.3.2, we have

(eTm ⊗ In)Mα(X ) = eTm−(1+c1(α)) ⊗ In. Since c1(α) ≥ 2, we have 1 + c1(α) ≥ 3. Hence

Mα(X ) is not a block penta-diagonal matrix.

Let X0 be the matrix assigned to the index 0 ∈ αL associated with X , and let

X = (X L,XM ,XR), where X L,XM , and XR are the matrix assignments associated with

αL, (1 : 1 + c1(α)) and αR, respectively. Then (eTm ⊗ In)MαL(X L) = eTm ⊗X0 by (3.27)

as 0 ∈ αL and 1 /∈ αL. Now the subtuple of β := (1 : 1 + c1(α), αR) with indices {0, 1}
starts with 1. Hence by Lemma 3.3.2, we have (eTm⊗)Mβ(∗) = eTm−(1+c1(α))⊗In, where (∗)
denotes any arbitrary matrix assignment. Hence (eTm ⊗ In)Mα(X ) = eTm−(1+c1(α)) ⊗X

0.

Since c1(α) ≥ 2, we have 1 + c1(α) ≥ 3. This shows that Mα(X ) is not a block penta-

diagonal matrix.

Similarly, if ij(α) ≥ 2, for some j ≥ 1, then it can be shown that Mα(X ) is not a

block penta-diagonal matrix.

For index tuple containing negative indices we have the following result.

Proposition 3.5.4. Let β be an index tuple containing indices from {−m : −0} such

that β satisfies the SIP. Suppose that c−j(β) ≥ 2 or i−j(β) ≥ 2 for some 1 ≤ j ≤ m− 1.

Let X be a matrix assignment for β. Then Mβ(X ) would never be a block penta-diagonal

matrix.

Proof. The proof is similar to Proposition 3.5.3.

Definition 3.5.5. Let α and β be sub-permutations of {0 : m − 1} and {−m : −1},
respectively. Then k ∈ α \ {0} is said to be an end index of α if k− 1 /∈ α or k+ 1 /∈ α.

Similarly, −t ∈ β \{−m} is said to be an end index of β if −(t−1) /∈ β or −(t+1) /∈ β.

The following result characterizes all block penta-diagonal EGFPRs of P (λ).
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Theorem 3.5.6. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be an

EGFPR of P (λ). Suppose that σj (resp., τj), for j = 1, 2, does not contain the end

points of σ (resp., τ). Then L(λ) is block penta-diagonal if and only if ct(σ1, σ, σ2) ≤ 1,

it(σ1, σ, σ2) ≤ 1, c−t(τ1, τ, τ2) ≤ 1 and i−t(τ1, τ, τ2) ≤ 1 for any index 1 ≤ t ≤ m− 1.

Proof. (=⇒) The forward implication follows from Proposition 3.5.3 and Proposition 3.5.4.

(⇐=) We have L(λ) =: λL1−L0, where L1 := Mτ1(Y1)Mσ1(X1)M
P
τ Mσ2(X2)Mτ2(Y2)

and L0 := Mτ1(Y1)Mσ1(X1)M
P
σ Mσ2(X2)Mτ2(Y2). Note that L(λ) is a block penta-

diagonal pencil if and only if both L0 and L1 are block penta-diagonal matrices. We only

prove that L0 is a block penta-diagonal matrix. Similarly, L1 is block penta-diagonal.

Since τ1 and τ2 do not contain the end points of τ , it follows that ||j| − |k|| ≥
2 for j ∈ (τ1, τ2) and k ∈ (σ1, σ, σ2). Hence τj ∼ (σ1, σ, σ2), j = 1, 2, and L0 =

Mτ1(Y1)Mτ2(Y2)Mσ1(X1)M
P
σ Mσ2(X2) = Mσ1(X1)M

P
σ Mσ2(X2)Mτ1(Y1)Mτ2(Y2).

Suppose that m ∈ σ. Recall that, as σ1 and σ2 contain indices from {0 : m−2}, there

are no repetition of m− 1 and m in the indices of (σ1, σ, σ2). Hence (σ1, σ, σ2) ∼ (β,m)

(resp., (σ1, σ, σ2) ∼ (m,β)) if m − 1 ∈ σ and σ has a consecution (resp., inversion) at

m − 1, where β := (σ1, σ, σ2) \ {m}. Further, since Mm(W ) = diag(W−1, I(m−1)n) (for

any nonsingular matrix W ∈ Cn×n) is a block diagonal matrix, without loss of generality

we assume that m /∈ σ, i.e., m /∈ (σ1, σ, σ2).

Now we prove that L0 is a block penta-diagonal matrix. Note that to prove L0 is a

block penta-diagonal matrix it is enough to show that

(eTm−k ⊗ In)L0 =
2∑

j=−2

(eTm−(k−j) ⊗ Zj) for k = 0 : m− 1, (3.34)

where Zj is any one of the matrices 0,±In,±A0, . . . ,±Am or the matrices in X1, X2, Y1

and Y2. Since (σ,−τ) is a permutation of {0 : m}, we have either k ∈ σ or k ∈ −τ .

Case-I: Suppose that k ∈ σ. Then −k /∈ τ . This implies that −k,−(k+ 1) /∈ (τ1, τ2)

since (τ1, τ, τ2) satisfies the SIP. Hence by (3.33), we have (eTm−k⊗ In)Mτ1(Y1)Mτ2(Y2) =

eTm−k⊗In. This implies that (eTm−k⊗In)L0 = (eTm−k⊗In)Mσ1(X1)M
P
σ Mσ2(X2). Now (3.34)

follows from Proposition 3.5.1 by considering α := (σ1, σ, σ2) and X := (X1, P,X2),

where P denotes the trivial matrix assignment for σ.

Case-II: Suppose that k ∈ −τ . Then there are two cases.

(a) Suppose that k+1 ∈ σ (i.e., −k is an end point of τ). Since τj, j = 1, 2, does not

contain the end points of τ , we have k, k + 1 /∈ −(τ1, τ2). Now by following the similar

arguments as given in Case-I we have (3.34).

(b) Suppose that −(k + 1) ∈ τ . Then, since (σ,−τ) is a permutation of {0 : m}, we

have k, k+ 1 /∈ (σ1, σ, σ2). Hence by (3.27), we have (eTm−k⊗ In)Mσ1(X1)M
P
σ Mσ2(X2) =

eTm−k ⊗ In. Consequently, we have (eTm−k ⊗ In)L0 = (eTm−k ⊗ In)Mτ1(Y1)Mτ2(Y2). Now
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(3.34) follows from Proposition 3.5.2 by considering β := (τ1, τ2) and X := (Y1, Y2).

Hence L0 is a block penta-diagonal matrix. This completes the proof.

For constructing block tridiagonal EGFPRs of P (λ) we need the following results.

Proposition 3.5.7. Let α be an index tuple containing indices from {0 : m} such that

α satisfies the SIP. Suppose that cj(α) ≥ 1 or ij(α) ≥ 1 for some 1 ≤ j ≤ m − 1.

Let X be any arbitrary nonsingular matrix assignment for α. Then Mα(X ) is not a

block-tridiagonal matrix.

Similarly, let β be an index tuple containing indices from {−m : −0} such that β

satisfies the SIP. Suppose that c−j(β) ≥ 1 or i−j(β) ≥ 1 for some 1 ≤ j ≤ m − 1.

Let Y be any arbitrary nonsingular matrix assignment for β. Then Mβ(Y) is not a

block-tridiagonal matrix.

Proof. The proof is similar to those of Proposition 3.5.3 and Proposition 3.5.4.

The following theorem characterizes all block tridiagonal EGFPRs of P (λ). Note

that, for an index tuple α containing nonnegative indices and any index t, we have

ct(α) = 0 and it(α) = 0 imply that t ∈ α but t − 1, t + 1 /∈ α. Similar thing holds for

index tuple containing negative indices.

Theorem 3.5.8. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ − MP

σ )Mσ2(X2)Mτ2(Y2) be an

EGFPR of P (λ). Then L(λ) is block tridiagonal if and only if ct(σ1, σ, σ2) = 0,

it(σ1, σ, σ2) = 0, c−t(τ1, τ, τ2) = 0 and i−t(τ1, τ, τ2) = 0 for any index 1 ≤ t ≤ m− 1.

Proof. (=⇒) The forward implication follows from Proposition 3.5.7.

(⇐=) Define A := Mτ1(Y1)Mσ1(X1) and B := Mσ2(X2)Mτ2(Y2). Then we have

L(λ) =: λL1 − L0, where L1 := AMP
τ B and L0 := AMP

σ B. Note that L(λ) is a block-

tridiagonal pencil if and only if both L0 and L1 are block-tridiagonal matrices. We only

proof that L0 is a block tridiagonal matrix. Similarly, L1 is block tridiagonal.

It is given that, for any index 1 ≤ t ≤ m− 1, if t ∈ σ then we have ct(σ1, σ, σ2) = 0

and it(σ1, σ, σ2) = 0. This implies that, for 1 ≤ j ≤ m − 2, if j ∈ σ then j + 1 /∈ σ.

Moreover, we have σj = (0) or σj = ∅, j = 1, 2. Since M0(Z) = diag(I(m−1)n, Z), we

have Mσj(Xj) = diag(I(m−1)n, Xj) or Mσj(Xj) = Imn for j = 1, 2. Further, given that

c−p(τ1, τ, τ2) = 0 and i−p(τ1, τ, τ2) = 0 for any index −(m− 1) ≤ −p ≤ −1 and −p ∈ τ .

This implies that τj = (−m) or τj = ∅, j = 1, 2. Since M−m(Z) = diag(Z, I(m−1)n), we

have Mτj(Yj) = diag(Yj, I(m−1)n) or Mτj(Yj) = Imn, j = 1, 2. Consequently, A and B
are block diagonal matrices. Hence L0 is block tridiagonal if and only if MP

σ is block

tridiagonal. Since, |j − k| ≥ 2 for distinct j, k ∈ σ with 1 ≤ j, k ≤ m − 1, it is clear

from the Fiedler matrices MP
` , ` = 0 : m, that MP

σ is tridiagonal. This completes the

proof.

TH-2055_136123004



TH-2055_136123004



4
Structured EGFPRs

In this chapter, we utilize EGFPRs to construct large families of structure-preserving

strong linearizations of P (λ) when P (λ) is either Hermitian or palindromic. We show

that EGFPRs allow construction of structured strong linearizations with additional

properties such as low bandwidth (block tridiagonal and block penta-diagonal) pencils.

We show that when P (λ) is symmetric with degree greater than or equal to 4 (resp., 8),

there does not exist a symmetric GFPR which is block tridiagonal (resp., block penta-

diagonal). We show that the family of EGFPRs has no such shortcoming and enables us

to construct symmetric block tridiagonal and symmetric block penta-diagonal EGFPRs

when P (λ) is symmetric. Moreover, for a Hermitian matrix polynomials P (λ), EGFPRs

provide us with a large class of Hermitian strong linearizations which also preserve the

sign characteristic of P (λ). We mention that the palindromic linearizations that we

construct in this chapter contain infinite number of pencils in contrast to the palindromic

linearizations that have been constructed by using GFPs in [27] and FPRs in [19]. We

also mention that when P (λ) is palindromic with degree greater than or equal to 5,

there exist only three palindromic linearizations which is anti-block tridiagonal. On the

other hand, the family of EGFPRs enables us to construct infinite number of anti-block

tridiagonal palindromic linearizations of P (λ) when P (λ) is palindromic. Moreover, we

characterize all anti-block tridiagonal palindromic linearizations that can be constructed

by utilizing EGFPRs of P (λ) when P (λ) is palindromic.

4.1 Symmetric and Hermitian EGFPRs

A matrix polynomial P (λ) is said to be symmetric (resp., Hermitian) if P (λ)T = P (λ)

(resp., P (λ)∗ = P (λ), where ∗ denotes the conjugate transpose). In this section, we will

construct symmetric EGFPRs for symmetric P (λ). We mention that all the results of

81
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this section hold for Hermitian P (λ) as well. Recall that P (λ) :=
∑m

j=0 λ
jAj. Consider

the elementary matrices M±i(X) and the Fiedler matrices MP
±i associated with P (λ) as

given in Chapter 2.

We now extend the concept of admissible tuple, symmetric complement and index

tuple in canonical form of {0 : h}, h ≥ 0, to any {a : b}, where 0 ≤ a ≤ b.

Definition 4.1.1 (Admissible tuple). Let 0 ≤ a ≤ b be integers. We say that w is an

admissible tuple of {a : b} if w is a permutation of {a : b} and

csf(w) =
(
b− 1 : b, b− 3 : b− 2, . . . , a+ p+ 1 : a+ p+ 2, a : a+ p

)
(4.1)

for some 0 ≤ p ≤ b− a. We call p the index of w and denote it by Ind(w).

Example 4.1.2. Let a = 2, b = 6, and w1 = (5 : 6, 2 : 4), w2 = (5 : 6, 3 : 4, 2). Then

w1 and w2 are admissible tuples of {2 : 6} with Ind(w1) = 2 and Ind(w2) = 0. �

Note that w is an admissible tuple of {a : b}, 0 ≤ a ≤ b, with index p if and only

if −a + w is an admissible tuple of {0 : b − a} with index p. For simplicity, we always

consider an admissible tuple of the form (4.1).

Definition 4.1.3 (Simple admissible tuple). Let w be an admissible tuple of {a : b},
0 ≤ a ≤ b. Then w is said to be the simple admissible tuple of {a : b} if Ind(w) = 0 or

Ind(w) = 1. Equivalently, w is said to be the simple admissible tuple of {a : b} if

• w :=
(
b− 1 : b, . . . , a+ 1 : a+ 2, a

)
when {a : b} contains odd number of elements,

• w :=
(
b− 1 : b, . . . , a + 2 : a + 3, a : a + 1

)
when {a : b} contains even number of

elements.

Remark 4.1.4. It clearly follows that, for 0 ≤ a ≤ b, there exist a unique simple

admissible tuple of {a : b}.

Although we have defined any admissible tuple of {a : b}, 0 ≤ a ≤ b, we will only

use the simple admissible tuple in the rest of this chapter. The symmetric complement

of any admissible tuple is defined as follows.

Definition 4.1.5. Let 0 ≤ a ≤ b be integers. Then the reversal complement of (a : b),

denoted by (a : b)revc, is defined as (a : b)revc := (a : b− 1, a : b− 2, . . . , a : a+ 1, a). Let

w be an admissible tuple of {a : b} with index p. Then the symmetric complement of w,

denoted by cw, is defined as follows:

cw :=


(b− 1, b− 3, . . . , a+ p+ 3, a+ p+ 1, (a : a+ p)revc) if p ≥ 1,(
b− 1, b− 3, . . . , a+ 1

)
if p = 0 and b > a,

∅ if b = a.
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Remark 4.1.6. Let w be the simple admissible tuple of {a : b}, 0 ≤ a ≤ b, and cw

be the symmetric complement of w. Then by Definition 4.1.3 and Definition 4.1.5, we

have

cw =

 (b− 1, b− 3, . . . , a+ 1) if {a : b} contains odd number of elements,(
b− 1, b− 3, . . . , a+ 2, a

)
if {a : b} contains even number of elements.

In Example 4.1.2, the symmetric complements of w2 is given by (5, 3).

Remark 4.1.7. Let w be the simple admissible tuple of {a : b}, 0 ≤ a ≤ b, and cw

be the symmetric complement of w. Then it follows from Remark 4.1.6 that a ∈ cw if

and only if {a : b} contains even number of elements. Note that b never belongs to cw.

Hence if {a : b} contains odd number of elements then a, b /∈ cw.

Definition 4.1.8. Let 0 ≤ a ≤ b be integers. An index tuple t is said to be in canonical

form of {a : b} if t is of the form(
a1 : b− 2, a2 : b− 4, . . . , ab b−a

2
c : b− 2b b−a

2
c
)

with a ≤ ai, i = 1 : b b−a
2
c.

For example, let a = 2 and b = 8. Then (2 : 6, 3 : 4, 2 : 2) with a1 = 2, a2 = 3, a3 = 2,

and (3 : 6, 2 : 2) with a1 = 3, a2 > 4, a3 = 2, are index tuples in canonical form of {2 : 8}.
Recall that an index tuple α is said to be symmetric index tuple if α ∼ rev(α). The

following results will be useful for constructing symmetric EGFPRs.

Lemma 4.1.9 ([13], Lemma 3.11). Let h ≥ 0. Let w be any admissible tuple of {0 : h}
and cw be the symmetric complement of w. Then (w, cw) and cw are symmetric and

satisfy the SIP.

The following result generalizes Lemma 4.1.9.

Lemma 4.1.10. Let 0 ≤ a ≤ b be integers. Let w be any admissible tuple of {a : b} and

cw be the symmetric complement of w. Then (w, cw) and cw are symmetric and satisfy

the SIP.

Proof. An index tuple t containing indices from {a : b} is symmetric (resp., satisfies the

SIP) if and only if −a+ t is symmetric (resp., satisfies the SIP). Let w̃ := −a+ w and

c̃w := −a + cw. Then w̃ is an admissible tuple of {0 : b − a} and c̃w is the symmetric

complement of w̃. Hence by Lemma 4.1.9, (w̃, c̃w) and c̃w are symmetric and satisfy

the SIP. Consequently, (w, cw) and cw are symmetric and satisfy the SIP.
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Recall that the basic building blocks of an EGFPR is a GF pencil and the repetition

of indices in EGFPR depends on the indices defining the GF pencil. Next, we define

a special kind of GF pencil and then by repeating indices we construct symmetric

linearizations for a symmetric P (λ).

Definition 4.1.11. Let k ≥ 1 be odd. Choose hi, i = 1 : k, with 0 ≤ h1 < h2 < h3 <

· · · < hk−1 < hk ≤ m − 1 such that the string (hj−1 + 1 : hj), j = 2 : k, contains odd

number of elements. Set hk+1 = m. Define H1 := {0 : h1} and Hj := {hj−1 + 1 : hj}
for j = 2 : k + 1. Let wj be the simple admissible tuple of Hj and cwj be the symmetric

complement of wj for j = 1 : k + 1. Define vj := −(hj + hj−1 + 1) + wj and cvj :=

−(hj +hj−1 + 1) +cwj for j = 2, 4, . . . , k− 1, k+ 1. Let twj , j = 1 : k+ 1, be index tuple

in canonical form of Hj and define tvj := −(hj+hj−1+1)+twj , j = 2, 4, . . . , k−1, k+1.

Define

w := (w1,w3, . . . ,wk), cw := (cw1 , cw3 , . . . , cwk), tw := (tw1 , tw3 , . . . , twk) and

v := (v2, v4, . . . , vk+1), cv := (cv2 , cv4 , . . . , cvk+1
), tv := (tv2 , tv4 , . . . , tvk+1

).

In Definition 4.1.11 it is clear that (w,−v) is a permutation of {0 : m} with 0 ∈ w

and −m ∈ v. Further, w, cw, v and cv are uniquely determined once hj, j = 1 : k, are

fixed.

Remark 4.1.12. In Definition 4.1.11, we have Hj := {hj−1+1 : hj}, j = 2 : k, contains

odd number of elements. Hence it follows from Remark 4.1.7 that hj−1 + 1, hj /∈ cwj
for j = 2 : k. This implies that wi commutes with cwj for i, j ∈ {1 : k} and i 6= j.

Similarly, vi commutes with cvj for i 6= j.

Remark 4.1.13. Let h := {h1, h2, . . . , hk}, w, cw, tw, v, cv and tv be as in Defini-

tion 4.1.11. Then we have the following.

(1) By Remark 4.1.7, it follows that 0 ∈ cw ⇔ {0 : h1} contains even number of

elements ⇔ h1 is odd. In other words, 0 /∈ cw ⇔ {0 : h1} contains odd number of

elements⇔ h1 is even.

(2) Similarly, by Remark 4.1.7, −m ∈ cv ⇔ {hk + 1 : m} contains even number of

elements⇔ (a) hk + 1 is odd and m is even, or (b) hk + 1 is even and m is odd. Since

k is odd and the strings (hj−1 + 1 : hj), j = 2 : k, contain odd number of elements, it

follows that hk + 1 is odd (resp., even) when h1 is even (resp., odd). Consequently,

we have

• −m ∈ cv ⇔ (a) both h1 and m are even, or (b) both h1 and m are odd,

• −m /∈ cv ⇔ (a) h1 is even and m is odd, or (b) h1 is odd and m is even.
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The following result will be useful for constructing symmetric EGFPRs.

Lemma 4.1.14. Let w, cw, tw, v, cv and tv be as given in Definition 4.1.11. Then:

(a) (w, cw) and cw are symmetric. Further, cw commutes with v, cv and tv.

(b) (v, cv) and cv are symmetric. Further, cv commutes with w, cw and tw.

Proof. (a) By Lemma 4.1.10, (wj, cwj) and cwj are symmetric for all j = 1 : k+ 1. Thus

(w, cw) is symmetric if wi and wj commute for |i − j| > 1 and wi and cwj commute

for |i − j| > 1. By Definition 4.1.11, it is easy to see that wi and wj commute, i.e.,

(wi,wj) ∼ (wj,wi) if |i− j| > 1. This implies that (cwi , cwj) ∼ (cwj , cwi) if |i− j| > 1

since cj ⊂ wj, j = 1 : k+ 1. Moreover, (wi, cwj) ∼ (cwj ,wi) if |i− j| > 1. Thus (w, cw)

and cw are symmetric.

Note that (w,−v) is a permutation of {0 : m} which implies that v is a permutation

of −{{0 : m} \ w}. By Remark 4.1.12, it follows that if i ∈ cw and j ∈ v then

||i| − |j|| > 1. Hence cw commutes with v. Further, since cv ⊂ v and tv ⊂ v, we have

cw commutes with both cv and tv. This completes the proof of (a). The proof is similar

for part (b).

Definition 4.1.15. Let h := {h1, h2, . . . , hk}, w, cw, tw, v, cv and tv be as in Def-

inition 4.1.11. Let X and Y be any nonsingular matrix assignments for tw and tv,

respectively. Define the pencil L(λ) associated with w, cw, tw, v, cv, tv, X and Y by

L(λ) := Mtv(Y)Mtw(X )
(
λMP

v −MP
w

)
MP

cwMrev(tw)(rev(X ))MP
cvMrev(tv)(rev(Y)). (4.2)

We denote L(λ) by LP (h, tw, tv,X ,Y) and by LP (h, ∅, ∅) when tw = ∅ = tv.

Caution: As already mentioned in Definition 4.1.15 we always consider nonsingular

matrix assignments X and Y in LP (h, tw, tv,X ,Y).

Remark 4.1.16. The pencil LP (h, tw, tv,X ,Y) in Definition 4.1.15 is uniquely deter-

mined by h, tw, tv,X and Y.

It is clear from Definition 4.1.11 that
(
tw,w, cw, rev(tw)

)
and

(
tv,v, cv, rev(tv)

)
satisfy the SIP. Thus LP (h, tw, tv,X ,Y) is an EGFPR of P (λ). Further, since m /∈
w (resp, −0 /∈ v), by Proposition 3.1.4, we have LP (h, tw, tv,X ,Y) is an operation

free EGFPR. Moreover, in the following result we will show that LP (h, tw, tv,X ,Y)

is symmetric when P (λ) is symmetric and all the matrices belonging to X and Y are

symmetric.

Recall that a matrix assignment X is said to be a symmetric matrix assignment if

all the matrices belonging to X are symmetric. Also, recall that an index tuple α is said

to be symmetric if α ∼ rev(α).
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Theorem 4.1.17. Consider the EGFPR LP (h, tw, tv,X ,Y), where P (λ) is symmetric

and X and Y are symmetric matrix assignments. Then LP (h, tw, tv,X ,Y) is symmetric.

Further, assume that 0 /∈ cw when A0 is singular and −m /∈ cv when Am is singular.

Then LP (h, tw, tv,X ,Y) is a symmetric strong linearization of P (λ).

Proof. Since P (λ) is symmetric and X and Y are symmetric matrix assignments, it is

easy to see that LP (h, tw, tv,X ,Y) is symmetric if
(
tv, tw,w, cw, rev(tw), cv, rev(tv)

)
=: α and

(
tv, tw,v, cw, rev(tw), cv, rev(tv)

)
=: β are symmetric. By Lemma 4.1.14, cv

commutes with tw. Thus(
tv, tw,w, cw, rev(tw), cv, rev(tv)

)
∼
(
tv, tw,w, cw, cv, rev(tw), rev(tv)

)
and (

tv, tw,v, cw, rev(tw), cv, rev(tv)
)
∼
(
tv, tw,v, cw, cv, rev(tw), rev(tv)

)
.

Hence α (resp., β) is symmetric if and only if (w, cw, cv) (resp., (v, cw, cv)) is symmetric.

By Lemma 4.1.14, (w, cw), cw, and cv are symmetric. Further, cv commutes with both

w and cw. Hence rev(w, cw, cv) = (rev(cv), rev(w, cw)) ∼ (cv,w, cw) ∼ (w, cw, cv), i.e.,

(w, cw, cv) is symmetric and so is α.

Similarly, by Lemma 4.1.14, (v, cv), cv, and cw are symmetric. Further, cw commutes

with both v and cv. Hence (v, cw, cv) ∼ rev(v, cw, cv), i.e., (v, cw, cv) is symmetric and

so is β. Hence LP (h, tw, tv,X ,Y) is symmetric.

Now, assume that 0 /∈ cw when A0 is singular and −m /∈ cv when Am is singu-

lar. Then by taking σ := w, τ := v, σ1 := tw, σ2 := (cw, rev(tw)), τ1 := tv and

τ2 := (cv, rev(tv)), it follows from Theorem 3.1.5 that LP (h, tw, tv,X ,Y) is a strong

linearization of P (λ).

Remark 4.1.18. Note that LP (h, tw, tv,X ,Y) is a GFPR of P (λ) when h = {h1}.
Hence the class of symmetric GFPRs that has been constructed in [17] is a subclass of

the class of symmetric EGFPRs given in Theorem 4.1.17.

We now illustrate our construction of symmetric EGFPRs by considering an example.

Example 4.1.19. Let P (λ) :=
∑8

i=0 λ
iAi. Consider h := {h1, h2, h3}, where h1 =

1, h2 = 4 and h3 = 7. Let tw = (5) and tv = (−4), and let X and Y be any

matrix assignments for tw and tv, respectively. Then L(λ) := LP (h, tw, tv,X ,Y) =

M−4(Y )M5(X)
(
λMP

(−8,−3:−2,−4) − MP
(0:1,6:7,5)

)
MP

(0,6)M5(X)MP
−3M−4(Y ) is a block sym-

metric EGFPR of P (λ) which is given by
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L(λ) =



λA8 + A7 A6 −X 0 −In 0 0 0

A6 −λA6 + A5 λX − In 0 λIn 0 0 0

−X λX − In 0 0 0 λIn 0 0

0 0 0 0 0 −In λIn 0

−In λIn 0 0 0 −Y λY 0

0 0 λIn −In −Y λA4 − A3 λA3 0

0 0 0 λIn λY λA3 λA2 + A1 A0

0 0 0 0 0 0 A0 −λA0


Note that L(λ) is not a GFPR. Moreover, if X and Y are symmetric matrices then L(λ)

is symmetric when P (λ) is symmetric. �

Remark 4.1.20. Let P (λ) and LP (h, tw, tv,X ,Y) be as given in Theorem 4.1.17. Since

X and Y are nonsingular matrix assignments, it follows that LP (h, tw, tv,X ,Y) is a

symmetric strong linearization of P (λ) if and only if MP
cw and MP

cv are nonsingular.

Hence we have the following.

• If A0 and Am are nonsingular, then LP (h, tw, tv,X ,Y) is a symmetric strong lin-

earization of P (λ) irrespective of m is even or odd.

• Assume that A0 singular and Am is nonsingular. It follows from Remark 4.1.13

that 0 /∈ cw when h1 is even. Consequently, LP (h, tw, tv,X ,Y) is a symmetric strong

linearization of P (λ) when h1 is even irrespective of m is even or odd.

• Assume that A0 nonsingular and Am is singular. Then MP
cw is always nonsingular.

Further, MP
cv is nonsingular if and only if −m /∈ cv. Consequently, it follows from

Remark 4.1.13 that LP (h, tw, tv,X ,Y) is a symmetric strong linearization of P (λ) when

either (a) h1 is even and m is odd, or (b) h1 is odd and m is even.

• Assume that A0 and Am are singular. Then MP
cw (resp., MP

cv) is nonsingular if

and only if 0 /∈ cw (resp., −m /∈ cv). Consequently, it follows from Remark 4.1.13 that

LP (h, tw, tv,X ,Y) is a symmetric strong linearization of P (λ) when h1 is even and m

is odd. In other words, for a singular symmetric even degree P (λ), Theorem 4.1.17 does

not produce any symmetric linearization of P (λ).

Next, we present low bandwidth banded symmetric EGFPRs. We mention that there

does not exist any block penta-diagonal symmetric GFPR for symmetric P (λ) having

degree m ≥ 8. Indeed, any symmetric GFPR must be of the form LP (h, tw, tv,X ,Y)

with h = {h1} and symmetric matrix assignments X and Y [17]. Let k ≥ 4 be an
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integer. Let w be the admissible tuple of {0 : k} and rw be the symmetric complement

of w. Then c1(w, rw) ≥ 2 if k is even and c2(w, rw) ≥ 2 if k is odd. Now, suppose

that P (λ) has degree m ≥ 8 and 0 ≤ h1 ≤ m − 1. Then either h1 ≥ 4 or m −
h1 − 1 ≥ 4. Hence it follows from Theorem 3.5.6 that the construction given in [17]

does not produce any block penta-diagonal symmetric GFPR. Further, we mention that

(λMP
(−5:−4,−7:−6) −MP

(2:3,0:1))M
P
(2,0)M

P
(−5,−7) is the only block penta-diagonal symmetric

GFPR of symmetric P (λ) having degree 7. On the other hand, the family of EGFPRs

has no such shortcoming and enables us to construct symmetric block penta-diagonal

EGFPRs for symmetric P (λ).

Theorem 4.1.21. Let hi, i = 1 : k+1, be as in Definition 4.1.11. Suppose that h1 ≤ 3,

m − 4 ≤ hk, and the string (hj−1 + 1 : hj), j = 2 : k, contains at most 3 elements.

Let tw = (0) or tw = ∅, and tv = (−m) or tv = ∅. Then the symmetric EGFPR

LP (h, tw, tv,X ,Y) in Theorem 4.1.17 is block penta-diagonal.

Proof. Note that M−m(Z) = diag(Z, I(m−1)n) and M0(Z) = diag(I(m−1)n, Z), where

Z ∈ Cn×n is a nonsingular matrix. Since tw = (0) or tw = ∅ and tv = (−m) or tv = ∅,
it follows that LP (h, tw, tv,X ,Y) is block penta-diagonal if and only if LP (h, ∅, ∅) =(
λMP

v − MP
w

)
MP

cwM
P
cv is block penta-diagonal. Setting λT1 − T0 := λMP

v M
P
cwM

P
cv −

MP
wM

P
cwM

P
cv , we have LP (h, ∅, ∅) is penta-diagonal if both T0 and T1 are penta-diagonal.

We show that T0 is block penta-diagonal. The proof is similar for T1.

By Definition 4.1.11, we have w = (w1,w3, . . . ,wk), where w1 is a permutation of

{0 : h1} and wj, j = 1, 3, . . . , k, is a permutation of {hj−1 + 1 : hj}. That is, w is

a permutation of {0 : h1} ∪ {h2 + 1 : h3} ∪ · · · ∪ {hk−1 + 1 : hk}. This implies that

|s − t| ≥ 2 for s ∈ wi and t ∈ wj and i 6= j. Note that cw = (cw1 , cw3 , . . . , cwk), where

cwj , j = 1, 3, . . . , k, is a symmetric complement of wj. It is given in Definition 4.1.11

that (hj−1 + 1 : hj) =: Hj contains odd number of elements. Further, since Hj contains

at most 3 elements, we have wj = (hj−1 + 1) if Hj contains only one element and

wj =
(
hj−1 + 2, hj, hj−1 + 1

)
if Hj contains 3 elements. This implies that cwj = ∅ if

Hj contains only one element and cwj =
(
hj−1 + 2

)
if Hj contains 3 elements, where

hj−1 + 1 < hj−1 + 2 < hj. Hence cw does not contain any end points of w. Similarly,

cv does not contain any end points of v. Moreover, it is easily seen that cs(w, cw) ≤ 1,

is(w, cw) ≤ 1, cs(cv) ≤ 1 and is(cv) ≤ 1 for all s ∈ {1 : m−1}. Hence by Theorem 3.5.6,

T0 is block penta-diagonal. Consequently, LP (h, ∅, ∅) is block penta-diagonal.

Example 4.1.22 (Block penta-diagonal). Let P (λ) :=
∑8

i=0 λ
iAi. Let h := {h1, h2, h3},

where h1 = 2, h2 = 3 and h3 = 4. Consider tw = (0), tw = ∅ and a nonsingular

matrix X. Then the EGFPR L(λ) := LP (h, tw, tv,X ,Y) = M0(X)
(
λMP

(−6:−5,−8:−7,−3) −
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MP
(1:2,0,4)

)
MP

1 M0(X)MP
(−6,−8)

=



−A8 0 λA8 0 0 0 0 0

0 0 −In λIn 0 0 0 0

λA8 −In λA7 − A6 λA6 0 0 0 0

0 λIn λA6 λA5 + A4 −In 0 0 0

0 0 0 −In 0 λIn 0 0

0 0 0 0 λIn λA3 + A2 A1 −X

0 0 0 0 0 A1 −λA1 + A0 λX

0 0 0 0 0 −X λX 0


is a block symmetric and block penta-diagonal pencil. Moreover, if X is symmetric then

L(λ) is symmetric when P (λ) is symmetric. Note that L(λ) is not a GFPR of P (λ). �

Next, we show that there does not exist any block tridiagonal symmetric GFPR for

symmetric P (λ) having degree m ≥ 4. Let k ≥ 2 be an integer. Let w be the admissible

tuple of {0 : k} and rw be the symmetric complement of w. Then c1(w, rw) ≥ 1 or

i1(w, rw) ≥ 1. Now, suppose that P (λ) has degree m ≥ 4 and 0 ≤ h1 ≤ m − 1.

Then either h1 ≥ 2 or m − h1 − 1 ≥ 2. Hence it follows from Theorem 3.5.8 that the

construction given in [17] does not produce any block tridiagonal symmetric GFPR.

On the other hand, the family of EGFPRs has no such shortcoming and enables us to

construct symmetric block tridiagonal EGFPRs for symmetric P (λ). Indeed, we have

the following result.

Theorem 4.1.23. Let hi, i = 1 : k, be as in Definition 4.1.11. Suppose that h1 ≤ 1,

m− 2 ≤ hk, and hj = hj−1 + 1 for j = 2 : k. Then LP (h, tw, tv,X ,Y) = LP (h, ∅, ∅) is a

block tridiagonal symmetric EGFPR when P (λ) is symmetric.

Proof. For the given choices of hj, it follows from Definition 4.1.11 that tw = ∅ = tv.

Hence LP (h, tw, tv,X ,Y) = LP (h, ∅, ∅).
By using Theorem 3.5.8, the rest of the proof is similar to that of Theorem 4.1.21.

Example 4.1.24. For symmetric P (λ) having degree 4, (λMP
(−4,−3,−1)−MP

(0,2))M
P
−4 and

(λMP
(−4,−2,) −MP

(0,1,3))M
P
0 are block tridiagonal symmetric EGFPRs of P (λ). �

We end this section with a remark that it is possible to construct a few more sym-

metric EGFPRs for symmetric P (λ) by slightly modifying the indices given in Defini-

tion 4.1.11. It is clear from Definition 4.1.11 that (w,−v) is a permutation of {0 : m}
and 0 ∈ w and −m ∈ v. By considering 0 ∈ −v or m ∈ w we have a few more

symmetric EGFPRs. For this purpose, we consider the following index tuples.
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Remark 4.1.25. Recall that w, cw, v, cv, tw and tv in Definition 4.1.11 are uniquely

determined once hj and Hj, j = 1 : k+ 1, are fixed. Hence we only describe the changes

in hj and Hj, j = 1 : k+1, and the indices w, cw, tw, v, cv and tv are defined accordingly.

Type-A: Let hj and Hj be as in Definition 4.1.11 such that h1 ≥ 1 is odd. Define

H1 = {1 : h1}. Replace v by v ∪ {−0}.
Type-B: Let hj and Hj be as in Definition 4.1.11 such that hk ≤ m − 2 and the

string (hk+1 : m−1) contains odd number of elements. Define Hk+1 = {hk+1 : m−1}.
Replace w by w ∪ {m}.

Type-C: Let hj and Hj be as in Definition 4.1.11 with H1 and Hk+1 as in Type-A

and Type-B, respectively. Replace v by v ∪ {−0} and w by w ∪ {m}.

Theorem 4.1.26. Let w, cw, tw, v, cv and tv be Type-A (resp., Type-B and Type-C) in-

dex tuples as given in Remark 4.1.25. Then the EGFPR LP (h, tw, tv,X ,Y) is symmetric

if P (λ) is symmetric and the matrix assignments X for tw and Y for tv are symmetric.

Proof. A verbatim proof of Theorem 4.1.17 gives the desired result.

The following example is a symmetric EGFPR where w and v are Type-A index

tuples as in Remark 4.1.25.

Example 4.1.27 (Type-A). Let P (λ) :=
∑8

i=0 λ
iAi, where A0 is nonsingular. Consider

h := {h1, h2, h3}, where h1 = 3, h2 = 6 and h3 = 7. Let tw = (1) and tv = (−6), and

let X and Y be any matrix assignments for tw and tv, respectively. Then L(λ) =

M−6(Y )M1(X)
(
λMP

(−8,−5:−4,−6,−0) −MP
(2:3,1,7)

)
MP

2 M1(X)MP
−5M−6(Y ) =

λA8 + A7 0 −In 0 0 0 0 0

0 0 0 −In λIn 0 0 0

−In 0 0 λIn −X λX 0 0 0

0 −In λIn −X λA6 − A5 λA5 0 0 0

0 λIn λX λA5 λA4 + A3 A2 −Y −In
0 0 0 0 A2 −λA2 + A1 λY − In λIn

0 0 0 0 −Y λY − In −λA−10 0

0 0 0 0 −In λIn 0 0


is a block symmetric EGFPR of P (λ). Moreover, if X and Y are symmetric matrices

then L(λ) is symmetric when P (λ) is symmetric. Note that L(λ) is not a GFPR of

P (λ). �
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Remark 4.1.28. Note that Types-A, B and C index tuples in Remark 4.1.25 are not

defined when MP
0 and MP

−m are singular. Hence for singular P (λ), Types-A, B and C

EGFPRs are not defined.

4.2 Hermitian EGFPRs preserving the sign characteristic.

Hermitian matrix polynomials arise in many applications, and the sign characteristics

of their real eigenvalues play an important role, see [1, 7, 11, 12, 16, 33, 34, 43, 44,

47, 48] and the references therein. For the rest of this section we assume that P (λ) =∑m
j=0 λ

jAj is Hermitian with Am being nonsingular. We characterize a subclass of

Hermitian EGFPRs which preserve the sign characteristic of P (λ).

When P (λ) is Hermitian, the Jordan form J of P (λ) is a direct sum of Jordan blocks

associated with real eigenvalues and blocks of the type diag(Jr, Jr), where Jr is an r× r
Jordan block associated with a nonreal eigenvalue λ and Jr is a Jordan block of the

same size associated with λ, see [1, 16, 33, 34] for details. For convenience we use the

following notation. By Jr(λ) we denote the Jordan block associated with the eigenvalue

λ of size r × r if λ is real, and the direct sum of two Jordan blocks of size r/2× r/2, if

λ is not real, in which case the first block corresponds to λ and the second to λ [34, 16].

To define the sign characteristic of P (λ) we need the following notations.

Following [16] we define

CP :=



0 In 0 · · · 0

0 0 In 0
...

. . .
...

... In

−A−1m A0 −A−1m A1 · · · · · · −A−1m Am−1


and BP :=


A1 A2 · · · Am

A2
... · · ·

... Am

Am 0

 .

Note that λImn − CP is a strong linearization of P (λ). For an integer k ≥ 1, we define

Rk :=


1

· · ·

1

 ∈ Ck×k.

Theorem 4.2.1 ([16], Theorem 2.2). Let P (λ) be a Hermitian matrix polynomial with

nonsingular leading coefficient. Let λ1, . . . , λα be the real eigenvalues of P (λ) and

λα+1, . . . , λβ be the nonreal eigenvalues of P (λ) from the upper half-plane. Then there
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exists a nonsingular matrix H such that

J := H−1CPH = J`1(λ1)⊕ · · · ⊕ J`α(λα)⊕ J`α+1(λα+1)⊕ · · · ⊕ J`β(λβ)

and

Pε,J := H∗BPH = ε1R`1 ⊕ · · · ⊕ εαR`α ⊕R`α+1 ⊕ · · · ⊕R`β ,

where ε = {ε1, . . . , εα} is an ordered set of signs ±1. The set ε is unique up to permu-

tation of signs corresponding to Jordan blocks.

Definition 4.2.2. [16] Let P (λ) be as in Theorem 4.2.1. The set {ε1, . . . , εα} in Theo-

rem 4.2.1 is called the sign characteristic of P (λ).

In the special case when λ0 is a simple eigenvalue of P (λ), the sign in the sign

characteristic of P (λ) corresponding to λ0 is given by sign(x∗P ′(λ0)x), where x is an

eigenvector of P (λ) associated with λ0 and P ′(λ) is the first derivative of P (λ), see

[1, 16, 34].

Recall that a matrix assignment X is said to be a Hermitian matrix assignment if

all the matrices belonging to X are Hermitian. Recall that, if P (λ) is Hermitian and

the matrix assignments X and Y are Hermitian, then the EGFPR

LP (h, tw, tv,X ,Y) =

Mtv(Y)Mtw(X )
(
λMP

v −MP
w

)
MP

cwMrev(tw)(rev(X ))MP
cvMrev(tv)(rev(Y)) (4.3)

given in Theorem 4.1.17 is Hermitian. We refer the pencil (4.3) as a Hermitian EGFPR of

P (λ). In particular, when tw = ∅ = tv, then the Hermitian EGFPR LP (h, tw, tv,X ,Y)

is denoted by LP (h, ∅, ∅), that is, LP (h, ∅, ∅) :=
(
λMP

v −MP
w

)
MP

cwM
P
cv .

Caution: As already mentioned in Definition 4.1.15 we always consider nonsingular

matrix assignments X and Y in the Hermitian EGFPR LP (h, tw, tv,X ,Y).

Definition 4.2.3. [44, 16] Two pencils λX + Y and λX̃ + Ỹ are said to be ∗congruent

if there exists a nonsingular matrix Q such that λX + Y = Q(λX̃ + Ỹ )Q∗.

Lemma 4.2.4. [44, 16] Let L(λ) = λL1 − L0 and L̂ = λL̂1 − L̂0 be two complex

Hermitian pencils such that L1 and L̂1 are nonsingular. Then L(λ) and L̂(λ) have the

same elementary divisors and the same sign characteristic if and only if L(λ) and L̂(λ)

are *congruent.

The following result will be useful for characterizing a subclass of the Hermitian

EGFPRs of P (λ) that preserves the sign characteristic of P (λ).
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Lemma 4.2.5. Let LP (h, tw, tv,X ,Y) and LP (h, ∅, ∅) be Hermitian EGFPRs of P (λ)

as in (4.3). Then LP (h, tw, tv,X ,Y) is *congruent to LP (h, ∅, ∅). More precisely,

LP (h, tw, tv,X ,Y) = QLP (h, ∅, ∅)Q∗, where Q := Mtv(Y)Mtw(X ) is nonsingular.

Proof. Recall that tw and cv commute. Hence we have LP (h, tw, tv,X ,Y) =

Mtv(Y)Mtw(X )
(
λMP

v −MP
w

)
MP

cwMrev(tw)(rev(X ))MP
cvMrev(tv)(rev(Y))

= Mtv(Y)Mtw(X )
(
λMP

v −MP
w

)
MP

cwM
P
cvMrev(tw)(rev(X ))Mrev(tv)(rev(Y))

= Mtv(Y)Mtw(X )LP (h, ∅, ∅)Mrev(tw)(rev(X ))Mrev(tv)(rev(Y)).

Let Z be an n× n arbitrary Hermitian matrix. Then (Mi(Z))∗ = Mi(Z
∗) = Mi(Z) for

i = ±0,±1, . . . ,±m. As X and Y are Hermitian matrix assignments, we have

(Mtv(Y)Mtw(X ))
∗

= (Mtw(X ))
∗
(Mtv(Y))

∗
= Mrev(tw)(rev(X ))Mrev(tv)(rev(Y)).

Hence the desired conclusion follows as X and Y are nonsingular matrix assignments.

The following result characterizes a subclass of the Hermitian GFPRs which preserves

the sign characteristic of P (λ).

Theorem 4.2.6 ([16], Theorem 7.1). Let h be an even integer such that 0 ≤ h ≤ m−1,

and let T (λ) = LP (h, tw, tz, X, Y ) be a Hermitian GFPR for P (λ), where X and Y are

nonsingular Hermitian matrix assignments for tw and tz, respectively. Then T (λ) is a

Hermitian strong linearization of P (λ) that preserves the sign characteristic of P (λ).

Thus, in particular, a Hermitian GFPR LP (h, ∅, ∅) is a Hermitian strong linearization

of P (λ) that preserves the sign characteristic of P (λ).

The following result will be useful for characterizing a subclass of the Hermitian

EGFPRs of P (λ) that preserves the sign characteristic of P (λ).

Proposition 4.2.7. Let 0 ≤ a < b < d ≤ m − 1, where a is even, and {a + 1 : b} and

{b+1 : d} contain odd number of elements. Let −(m+a+1)+x be the simple admissible

tuple of {a+ 1 : m}, y be the simple admissible tuple of {b+ 1 : d}, −(a+ b+ 1) + u be

the simple admissible tuple of {a+ 1 : b} and −(m+ d+ 1) + s be the simple admissible

tuple of {d+ 1 : m}. Then we have

MP
y M

P
x = MP

u M
P
s and MP

cxM
P
rev(y) = MP

cyM
P
cuM

P
cs , (4.4)

where cx, cy cu and cs are the symmetric compliments of x, y, u and s, respectively.
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Proof. Given that a is even. Since {a + 1 : b} and {b + 1 : d} contain odd number of

elements, we have that b is odd and d is even. As y, u and s are the simple admissible

tuples, we have

y =
(
d− 1 : d, d− 3 : d− 2, . . . , b+ 2 : b+ 3, b+ 1

)
,

u =
(
− (a+ 2) : −(a+ 1),−(a+ 4) : −(a+ 3), . . . ,−(b− 1) : −(b− 2),−b

)
, and

s =


(
− (d+ 2) : −(d+ 1), . . . ,−(m− 1) : −(m− 2),−m

)
if m is odd(

− (d+ 2) : −(d+ 1), . . . ,−(m− 2) : −(m− 3),−m : −(m− 1)
)

if m is even.

Further, we have x = (α, β, γ), where

α :=
(
− (a+ 2) : −(a+ 1),−(a+ 4) : −(a+ 3), . . . ,−(b− 1) : −(b− 2)

)
,

β :=
(
− (b+ 1) : −b,−(b+ 3) : −(b+ 2), . . . ,−(d− 2) : −(d− 3),−d : −(d− 1)

)
, and

γ :=


(
− (d+ 2) : −(d+ 1), . . . ,−(m− 1) : −(m− 2),−m

)
if m is odd(

− (d+ 2) : −(d+ 1), . . . ,−(m− 2) : −(m− 3),−m : −(m− 1)
)

if m is even.

Observe that u = (α,−b) and s = γ. Hence x = (α, β, s). A straight forward calculation

shows that MP
y M

P
β = MP

−b. Thus we have

MP
y M

P
x = MP

y M
P
αM

P
β M

P
s = MP

αM
P
y M

P
β M

P
s as α and y commute

= MP
αM

P
−bM

P
s = MP

(α,−b)M
P
s = MP

uM
P
s

which yields the first part of (4.4).

Next, we show that MP
cxM

P
rev(y) = MP

cyM
P
cuM

P
cs . As cx is the symmetric complement

of x, we have

cx =
(
− (a+ 2),−(a+ 4), . . . ,−(b− 1),−(b+ 1),−(b+ 3), . . . ,

−(d− 2),−d,−(d+ 2),−(d+ 4), . . . ,−(m∗ − 2),−m∗
)
,

where m∗ := m if m is even and m∗ := m − 1 if m is odd. Similarly, as cy, cu and cs

are the symmetric complements of y, u and s, respectively, we have

cy = (d− 1, d− 3, . . . , b+ 4, b+ 2),

cu = (− (a+ 2),−(a+ 4), . . . ,−(b− 3),−(b− 1)), and

cs = (− (d+ 2),−(d+ 4), . . . ,−(m∗ − 2),−m∗),
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where m∗ := m if m is even and m∗ := m− 1 if m is odd. Observe that cx =
(
cu, δ, cs

)
,

where δ := (− (b+ 1),−(b+ 3), . . . ,−(d−2),−d). A straight forward calculation shows

that MP
δ M

P
rev(y) = MP

cy . This implies that

MP
cxM

P
rev(y) = MP

cuM
P
δ M

P
csM

P
rev(y)

= MP
cuM

P
δ M

P
rev(y)M

P
cs as y and cs commute

= MP
cuM

P
cyM

P
cs = MP

cyM
P
cuM

P
cs as cy and cu commute.

This completes the proof.

The following result is a corollary to Theorem 4.1.17.

Corollary 4.2.8. Let L(λ) := LP (h, tw, tv,X ,Y) be a Hermitian EGFPR of P (λ) such

that h1 is even, where h = {h1, h2, . . . , hk}. Then L(λ) is a Hermitian strong lineariza-

tion of P (λ).

Proof. Since h1 is even, it follows from Remark 4.1.13 that 0 /∈ cw. Given that P (λ) is

Hermitian with nonsingular Am and the matrix assignments X and Y are nonsingular.

Consequently, it follows by Theorem 4.1.17 that L(λ) is a Hermitian strong linearization

of P (λ).

The next result characterizes a subclass of the Hermitian EGFPRs which preserves

the sign characteristic of P (λ).

Theorem 4.2.9. Let h = {h1, h2, . . . , hk}, where k ≥ 1 is odd, 0 ≤ h1 < h2 < · · · <
hk−1 < hk ≤ m−1 with even h1. Let L(λ) := LP (h, tw, tv,X ,Y) be a Hermitian EGFPR

of P (λ), where X and Y are nonsingular Hermitian matrix assignments for tw and tv,

respectively. Then L(λ) is a Hermitian strong linearization of P (λ) that preserves the

sign characteristic of P (λ).

Proof. Let T (λ) := (λMP
z −MP

w1
)MP

cw1
MP

cz , where w1 is the simple admissible tuple

of {0 : h1}, −(m + h1 + 1) + z is the simple admissible tuple of {h1 + 1 : m}, and

cw1 and cz are the symmetric compliments of w1 and z, respectively. Note that T (λ)

is a Hermitian GFPR of P (λ). Hence by Theorem 4.2.6, T (λ) is a Hermitian strong

linearization of P (λ) that preserves the sign characteristic of P (λ). We will prove that

L(λ) is *congruent to T (λ), which together with Corollary 4.2.8 and Lemma 4.2.4 will

give the desired result.

By Lemma 4.2.5, L(λ) is *congruent to LP (h, ∅, ∅) =
(
λMP

v −MP
w

)
MP

cwM
P
cv . Hence

we only need to show that LP (h, ∅, ∅) is *congruent to T (λ) = (λMP
z −MP

w1
)MP

cw1
MP

cz .

Note that LP (h, ∅, ∅) =
(
λMP

v − MP
w

)
MP

cwM
P
cv , where w = (w1,w3, . . . ,wk), v =
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(v2,v4, . . . ,vk+1), cw = (cw1 , cw3 , . . . , cwk) and cv = (cv2 , cv4 , . . . , cvk+1
). We show that

QT (λ)Q∗ = LP (h, ∅, ∅), i.e.,

Q(λMP
z −MP

w1
)MP

cw1
MP

czQ
∗ = (λMP

v −MP
w)MP

cwM
P
cv , (4.5)

where Q := MP
w3,w5,...,wk

. It is enough to prove that MP
cw1
MP

czQ
∗ = MP

cwM
P
cv and QMP

z =

MP
v which would imply (4.5). In other words, we show that

MP
w3,w5,...,wk

MP
z = MP

v2,v4,...,vk+1
and (4.6)

MP
cw1
MP

czM
P
rev(w3,w5,...,wk)

= MP
(cw1 ,cw3 ,...,cwk )

MP
(cv2 ,cv4 ,...,cvk+1

). (4.7)

If k = 1 then L(λ) = T (λ) and the desired result follows trivially. So we consider

that k > 1. Note that k is odd. Since h1 is even and by Definition 4.1.11, {hj−1 +1 : hj}
contains odd number of elements for each j = 2 : k, we have h1, h3, . . . , hk are even

and h2, h4, . . . , hk−1 are odd. As −(m + h1 + 1) + z is the simple admissible tuple of

{h1 + 1 : m}, we have z =

(
− (h1 + 2) : −(h1 + 1),−(h1 + 4) : −(h1 + 3), . . . ,

−(m− 1) : −(m− 2),−m
)
 if m is odd(

− (h1 + 2) : −(h1 + 1),−(h1 + 4) : −(h1 + 3), . . . ,

−(m− 2) : (m− 3),−m : −(m− 1)
)
 if m is even

We prove (4.6) and (4.7) by induction on number k of elements in the partition

h. If k = 3 (i.e., h = {h1, h2, h3}). Then LP (h, ∅, ∅) =
(
λMP

v −MP
w

)
MP

cwM
P
cv , where

w = (w1,w3), v = (v2,v4), cw = (cw1 , cw3) and cv = (cv2 , cv4). The desired result

follows from Proposition 4.2.7 by taking x = z, y = w3, u = v2, s = v4, a = h1, b = h2

and d = h3.

Assume that (4.6) and (4.7) hold for any partition h′ of {0 : m} that contains k − 2

elements, i.e., h′ = {h′1, h′2, . . . , h′k−2}, where 0 ≤ h′1 < h′2 < · · · < h′k−2 ≤ m− 1 with h′1

even. Now we prove the result for h = {h1, h2, . . . , hk}. Define h′j := hj for j = 1 : k− 2

and h′ := {h′1, h′2, . . . , h′k−2}. Then

LP (h′, ∅, ∅) = (λMP
v′ −MP

w′)M
P
cw′
MP

cv′
,

where w′ = (w′1,w
′
3, . . . ,w

′
k−2), v′ = (v′2,v

′
4, . . . ,v

′
k−1) and cw′ and cv′ are the symmetric

complements of w′ and v′, respectively. Observe that w′j = wj for j = 1, 3, . . . , k − 2,

and v′j = vj for j = 2, 4, . . . , k − 3. This imply that cw′j = cwj for j = 1, 3, . . . , k − 2,

and cv′j = cvj for j = 2, 4, . . . , k − 3. Thus LP (h′, ∅, ∅) =(
λMP

(v2,v4,...,vk−3,v
′
k−1)
−MP

(w1,w3,...,wk−2)

)
MP

(cw1 ,cw3 ,...,cwk−2
)M

P
(cv2 ,cv4 ,...,cvk−3

,cv′
k−1

),
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where −(m+ hk−2 + 1) + v′k−1 is the simple admissible tuple of {hk−2 + 1 : m}. Now by

induction hypothesis, we have

MP
w3,w5,...,wk−2

MP
z = MP

v′2,v
′
4,...,v

′
k−3
MP

v′k−1
= MP

v2,v4,...,vk−3
MP

v′k−1
and

MP
cw1
MP

czM
P
rev(w3,w5,...,wk−2)

= MP
(cw′1

,cw′3
,...,cw′

k−2
) M

P
(cv′2

,cv′4
,...,cv′

k−3
,cv′

k−1
)

= MP
(cw1 ,cw3 ,...,cwk−2

) M
P
(cv2 ,cv4 ,...,cvk−3

,cv′
k−1

).

This implies that

MP
w3,w5,...,wk−2,wk

MP
z = MP

v2,v4,...,vk−3
MP

wk
MP

v′k−1
and

MP
cw1
MP

czM
P
rev(w3,w5,...,wk−2,wk)

= MP
(cw1 ,cw3 ,...,cwk−2

)M
P
(cv2 ,cv4 ,...,cvk−3

)M
P
cv′
k−1

MP
rev(wk)

.

In view of (4.6) and (4.7), we only need to show that

MP
wk
MP

v′k−1
= MP

vk−1
MP

vk+1
and MP

cv′
k−1

MP
rev(wk)

= MP
cwk

MP
cvk−1

MP
cvk+1

. (4.8)

Note that wk is the simple admissible tuple of {hk−1 +1 : hk}, −(hk−2 +hk−1 +1)+vk−1

is the simple admissible tuple of {hk−2+1 : hk−1} and −(m+hk+1)+vk+1 is the simple

admissible tuple of {hk + 1 : m}. Thus the desired result follows from Proposition 4.2.7

by taking x = v′k−1, y = wk, u = vk−1, s = vk+1, a = hk−2, b = hk−1 and d = hk.

Example 4.2.10. Let P (λ) :=
∑7

i=0 λ
iAi be Hermitian, where A7 is nonsingular. Let

h := {h1, h2, h3}, where h1 = 0, h2 = 3 and h3 = 6. Let tw = (4), tv = (−3), and

X and Y be any Hermitian matrices. Then by Theorem 4.2.9, LP (h, tw, tv, X, Y ) =

M−3(Y )M4(X)(λMP
(−7,−2,−1,−3) −MP

(0,5,6,4))MP
5 M4(X)MP

−2M−3(Y )

=



λA7 + A6 A5 −X 0 −In 0 0

A5 −λA5 + A4 λX − In 0 λIn 0 0

−X λX − In 0 0 0 λIn 0

0 0 0 0 0 −In λIn

−In λIn 0 0 0 −Y λY

0 0 λIn −In −Y λA3 − A2 λA2

0 0 0 λIn λY λA2 λA1 + A0


is a Hermitian strong linearization of P (λ) and preserves the sign characteristic of

P (λ). �
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We end this section with a discussion on the construction of low band-width banded

Hermitian EGFPRs preserving the sign characteristic of P (λ). Recall that there does

not exist any block penta-diagonal Hermitian GFPR of P (λ) when P (λ) has degree

m ≥ 8. This implies that there does not exist any block penta-diagonal Hermitian

GFPR which preserves the sign characteristic of P (λ) when m ≥ 8. Further, T (λ) =

(λMP
(−5:−4,−7:−6) − MP

(2:3,0:1))M
P
(2,0)M

P
(−5,−7) is the only block penta-diagonal Hermitian

GFPR of P (λ) when m = 7. It is shown in [16, p. 266] that a Hermitian GFPR

LP (h1, tw, tz,X ,Y) with odd h1 is a strong linearization of P (λ) preserving the sign

characteristic of P (λ) if and only if the Hermitian GFPR LP (1, ∅, ∅) and the Hermitian

GFPR LP (0, ∅, ∅) are *congruent, which is not true for all Hermitian P (λ), see [16,

Example 7.6]. Thus, in general, T (λ) does not preserves the sign characteristic of

P (λ). Consequently, there does not exist any block penta-diagonal Hermitian GFPR

which preserves the sign characteristic of P (λ) when m ≥ 7. On the other hand, the

Hermitian EGFPR given in Example 4.2.10 is a strong linearization and preserves the

sign characteristic of a Hermitian P (λ). Moreover, we have the following result.

Corollary 4.2.11. Let L(λ) := LP (h, tw, tv,X ,Y) be the pencil given in Theorem 4.1.21

such that h1 is even (i.e., h1 ∈ {0, 2}) and X and Y are nonsingular Hermitian matrix

assignments for tw and tv, respectively. Then L(λ) is a Hermitian block penta-diagonal

strong linearization of P (λ) which preserves the sign characteristic of P (λ).

Proof. The desired result follows from Theorem 4.1.21 and Theorem 4.2.9.

Recall that there does not exist any block tridiagonal Hermitian GFPR of P (λ)

when P (λ) has degree m ≥ 4. Further, (λMP
(−3,−2) −MP

(0,1))M
P
0 M

P
−3 is the only block

tridiagonal Hermitian GFPR of P (λ) when m = 3. Now, by similar arguments as in

the case of block penta-diagonal Hermitian GFPR it follows that there does not exist

any block tridiagonal Hermitian GFPR which preserves the sign characteristic of P (λ)

when m ≥ 3. For EGFPRs, we have the following result.

Corollary 4.2.12. Consider the EGFPR L(λ) := LP (h, tw, tv,X ,Y) as given in The-

orem 4.1.23 such that h1 = 0. Then L(λ) is a Hermitian block tridiagonal strong

linearization of P (λ) which preserves the sign characteristic of P (λ).

Proof. The desired result follows from Theorem 4.1.23 and Theorem 4.2.9.

For example, (λMP
(−4,−3,−1) −MP

(0,2))M
P
−4 is a Hermitian EGFPR that preserves the

sign characteristic P (λ) when P (λ) is Hermitian with degree 4.
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4.3 Palindromic linearizations

This section is devoted to constructing T -palindromic (resp., T -anti-palindromic) strong

linearizations of T -palindromic (resp., T -anti-palindromic) P (λ) having odd degree m ≥
3 by using EGFPRs of P (λ). Note that these linearizations contain infinite number of

pencils in contrasts to the linearizations that have been constructed in [19, 27] by using

the GFPs and FPRs of P (λ). Moreover, for T -palindromic P (λ), this construction

enable us to generate T -palindromic linearizations which are low bandwidth banded

pencils.

Assumption: For the rest of this section, we assume that P (λ) =
∑m

j=0 λ
jAj is

T -palindromic with odd degree m ≥ 3.

First, we define some special types of index tuples which we need for the construction

of T -palindromic linearizations of P (λ). Note that the column and row standard forms

of a sub-permutation of {0 : m} must be of the following form.

Let σ be a sub-permutation (also called, simple index tuple) of {0 : m} such that a0

and ad, respectively, are the smallest and largest integer in σ. Then the column standard

form csf(σ) of σ is given by

csf(σ) =
(
(ad−1+kd−1 : ad), (ad−2+kd−2 : ad−1), . . . , (a2+k2 : a3), (a1+k1 : a2), (a0 : a1)

)
,

where a0 ≤ a1, ai < ai+1 and 1 ≤ ki for i = 1 : d−1. We call (ai+ki : ai+1), i = 0 : d−1,

as a string of csf(σ), where k0 = 0. Similarly, the row standard form rsf(σ) of σ is

given by

rsf(σ) =
(
rev(a0 : a1), rev(a1+k1 : a2), . . . , rev(ad−2+kd−2 : ad−1), rev(ad−1+kd−1 : ad)

)
,

where a0 ≤ a1, ai < ai+1 and 1 ≤ ki for i = 1 : d− 1.

The following definitions generalize Definition 1.2.31, Definition 1.2.32 and Defini-

tion 1.2.33.

Definition 4.3.1 (Type-1 indices relative to a simple index tuple). Let σ be a simple

index tuple containing indices from {0 : m}. An index s ∈ σ is said to be a right index

of type-1 relative to σ if there is a string (ah−1 + kh−1 : ah) in the csf(σ) such that

s = ah−1 + kh−1 < ah. Similarly s is said to be a left index of type-1 relative to σ if s is

a right index of type-1 relative to rev(σ).

Definition 4.3.2 (Associated simple tuple). Let σ be a simple index tuple containing

indices from {0 : m}. Let cfs(σ) = (bd, bd−1, . . . , b1), where bi = (ai−1 + ki−1 : ai) for

i = 1 : d are the strings in csf(σ). If s ∈ σ is a right index of type-1 relative to σ, i.e.,

there exists a string (ah−1+kh−1 : ah) in the csf(σ) such that s = ah−1+kh−1 < ah, then

the simple tuple associated with (σ, s), denoted by zr(σ, s), is the simple tuple given by
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• zr(σ, s) := (bd, bd−1, . . . , bh+1, b̃h, b̃h−1, bh−2, . . . , b1) if s 6= 0 and kh−1 = 1, where

b̃h = (ah−1 + kh−1 + 1 : ah), i.e., b̃h = (s+ 1 : ah) and

b̃h−1 = (ah−2 + kh−2 : ah−1, ah−1 + kh−1), i.e., b̃h−1 = (bh−1, s).

• zr(σ, s) := (bd, bd−1, . . . , bh+1, b̃h, s, bh−1, . . . , b1) if s 6= 0 and kh−1 > 1, where

b̃h = (ah−1 + kh−1 + 1 : ah), i.e., b̃h = (s+ 1 : ah).

• zr(σ, s) := (bd, bd−1, . . . , b2, b̃1, b̃0) if s = 0, where b̃1 = (1 : a1) and b̃0 = (0).

An index tuple of type-1 is defined as follows.

Definition 4.3.3 (Right and left index tuple of type-1). Let σ be a simple index tuple

containing indices from {0 : m}. Let α := (s1, . . . , sk) and β be index tuples containing

indices from σ. Then:

• α is said to be a right index tuple of type-1 relative to σ if, for i = 1 : k, si is a

right index of type-1 relative to zr(σ, (s1, . . . , si−1)), where zr(σ, (s1, . . . , si−1)) :=

zr
(
zr(σ, (s1, . . . , si−2)), si−1

)
for i > 2.

• β is said to be a left index tuple of type-1 relative to σ, if rev(β) is a right index

tuple of type-1 relative to rev(σ). Moreover, if β is a left index tuple of type-1

relative to σ, we define zl(β, σ) := rev
(
zr(rev(σ), rev(β))

)
.

Example 4.3.4. Let σ = (5 : 7, 1 : 2, 0) and α = (5, 6, 5). Then σ is a simple index

tuple containing indices from {0 : 7}. The simple tuple associated with (σ, 5) is given by

zr(σ, 5) = (6 : 7, 5, 1 : 2, 0). Further, zr(σ, (5, 6)) = (7, 5 : 6, 1 : 2, 0) and zr(σ, (5, 6, 5)) =

(7, 6, 5, 1 : 2, 0). �

We now define P-admissible tuple which will play a central role in the construction

of T -palindromic linearizations of P (λ).

Definition 4.3.5 (P-admissible tuple). Let P (λ) be a matrix polynomial of odd degree

m ≥ 3. A sub-permutation σ of {0 : m} is said to be a P-admissible tuple relative to

{0 : m} if the following hold: (a) 0 ∈ σ (b) cardinality (i.e., the number of indices) of σ

is (m+ 1)/2, and (c) if i ∈ σ then m− i /∈ σ for i = 0 : m.

Recall that for a tuple X = (X1, X2, . . . , Xr) of n × n arbitrary matrices, we have

−X = (−X1,−X2, . . . ,−Xr), X
T = (XT

1 , X
T
2 , . . . , X

T
r ) and rev(X) = (Xr, . . . , X2, X1).
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Lemma 4.3.6. Let σ be a P-admissible tuple relative to {0 : m}. Let σr and σl,

respectively, be a right and a left index tuple of type-1 relative to σ. Then (σl, σ, σr) and

(−m+ rev(σr),−m+ rev(σ),−m+ rev(σl)) satisfy the SIP.

Proof. As σ is a sub-permutation of {0 : m}, it is enough to show that (σ, σr) and

(σl, σ) satisfy the SIP. By induction on the number k of indices of σr we prove that

(σ, σr) satisfies the SIP. Let k = 1, i.e., σr = (s1). Since s1 is a right index of type-1

relative to σ, there is a string (s1 : b) in csf(σ) such that s1 < b. Hence s1 + 1 appears

after s1 in the indices of σ which implies that (σ, s1) satisfies the SIP, i.e., (σ, σr) satisfies

the SIP. Now suppose that k > 0 and σr = (s1, s2 . . . , sk−1, sk). Then by the definition

of right index tuple of type-1 we have σ̃r := (s1 . . . , sk−1) is a right index tuple of type-

1 relative to σ and sk is a right index of type-1 relative to zr(σ, (s1, . . . , sk−1)), i.e.,

zr(σ, σ̃r). By the induction hypothesis, (σ, σ̃r) satisfies the SIP. Now since sk is a right

index of type-1 relative to zr(σ, σ̃r) there is a string (sk : b) in zr(σ, σ̃r) such that sk < b.

By Definition 4.3.2 and Definition 4.3.3 it follows that sk + 1 appears to the right of the

last index sk in (σ, σ̃r). This which implies that (σ, σ̃r, sk) satisfies the SIP, i.e., (σ, σr)

satisfies the SIP.

Next we show that (σl, σ) satisfies the SIP. Note that an index tuple α satisfies the

SIP if and only if rev(α) satisfies the SIP. Since σl is a left index tuple of type-1 relative

to σ, rev(σl) is a right index tuple of type-1 relative to rev(σ). So by the above case,

(rev(σ), rev(σl)) satisfies the SIP. Then (σl, σ) = rev(rev(σ), rev(σl)) satisfies the SIP.

Since β :=
(
−m+ rev(σr),−m+ rev(σ),−m+ rev(σl)

)
= −m+ rev

(
σl, σ, σr

)
and(

σl, σ, σr
)

satisfies the SIP, we have β satisfies the SIP. This completes the proof.

Let σ be a P-admissible tuple relative to {0 : m}. Let σr and σl, respectively, be

right and left index tuples of type-1 relative to σ with the condition that if an index

j ∈ σr ∪ σl then j − 1 ∈ σ for j = 1 : m. Let X and Y be any arbitrary nonsingular

matrix assignments for σr and σl, respectively. Define L(λ) :=

M−m+rev(σr)(−rev(XT ))Mσl(Y )
(
λMP

−m+rev(σ) −MP
σ

)
Mσr(X)M−m+rev(σl)(−rev(Y T )).

(4.9)

Then by Lemma 4.3.6, L(λ) is an EGFPR of P (λ). We use pencils L(λ) of the form (4.9)

to construct T -palindromic linearizations of P (λ). Since arbitrary matrix assignments

are used to define L(λ), the family of T -palindromic linearizations of P (λ) that we

construct in this chapter contains infinite number of pencils.

Definition 4.3.7. [19] A matrix S ∈ Cmn is said to be a quasi-identity matrix if S =

ε1In⊕· · ·⊕εmIn, where εi ∈ {1,−1}, i = 1 : m. We refer to (ε1, . . . , εm) as the parameters

of S. For i = 1 : m, we denote the i-th diagonal block of S by S(i, i). Also, we denote the
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quasi-identity matrix whose only negative parameter is εi by Si. By default we denote

by S0 and Sm+1 the identity matrix Imn, i.e., S0 := Imn =: Sm+1.

For rest of this section, we define R :=


In

· · ·

In

 ∈ Cmn. Note that RR = Imn,

and SS = Imn for any quasi-identity matrix S.

The following result will play a crucial role in constructing T -palindromic lineariza-

tions of P (λ). For simplicity of notation, for the rest of this section we set MT
i (X) :=

(Mi(X))T for i ∈ {±0,±1, . . . ,±m}, where X ∈ Cn×n is any arbitrary matrix.

Proposition 4.3.8. Let X ∈ Cn×n be an arbitrary matrix. Then the elementary ma-

trices M±i(X), i = 0 : m, satisfy the following.

RM−i(X)R = Si+1M
T
m−i(−XT )Si and

RMm−i(X)R = Sm+1−iM
T
−i(−XT )Sm−i for i = 1 : m.

If X is invertible then both equalities hold for i = 0.

Proof. Easy to prove.

We need the following results for constructing T -palindromic linearizations of P (λ).

Theorem 4.3.9 ([27], Theorem 4.8). Let σ be a P-admissible tuple relative to {0 :

m}. Define T (λ) := λMP
−m+rev(σ) − MP

σ . Then SRT (λ) is a T -palindromic strong

linearization of P (λ), where S is the quasi-identity matrix given by

S(i, i) :=


−I if


σ has an inversion at i− 1, or

σ has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

Lemma 4.3.10 ([19], Lemma 3.1). Let P (λ) be a T -palindromic matrix polynomial. If

T(λ) is a T -palindromic strong linearization of P (λ) and L(λ) = Q1T(λ)Q2 for some

constant nonsingular matrices Q1 and Q2, then QT
2Q
−1
1 L(λ) is a T -palindromic strong

linearization of P (λ).

By utilizing the EGFPRs, we now construct T -palindromic strong linearizations of P (λ).

Lemma 4.3.11. Let σ be a P-admissible tuple relative to {0 : m} and let σr be a

right index tuple of type-1 relative to σ with the condition that if an index j ∈ σr then
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j − 1 ∈ σ for j = 1 : m. Let X be a nonsingular matrix assignment for σr. Define

L(λ) := M−m+rev(σr)(−rev(XT ))
(
λMP

−m+rev(σ) − MP
σ

)
Mσr(X). Then SRL(λ) is a T -

palindromic strong linearization of P (λ), where S is the quasi-identity matrix given by

S(i, i) :=


−I if


σ has an inversion at i− 1, or

zr(σ, σr) has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.10)

Proof. We prove the result by induction on the number q of indices of σr. If q = 0,

i.e., σr = ∅ then zr(σ, σr) = σ, and hence the result follows from Theorem 4.3.9. Now

suppose that q > 0. Assume that the result is true when σr contain q − 1 indices.

Suppose that σr = (s1, . . . , sq−1, sq), where si denotes the i-th index in σr and let

σ̃r = (s1, . . . , sq−1). Let X = (X1, X2, . . . , Xq−1, Xq). Set X̃ = (X1, X2, . . . , Xq−1).

Define L̃(λ) := M−m+rev(σ̃r)(−rev(X̃T ))
(
λMP

−m+rev(σ)−MP
σ

)
Mσ̃r(X̃). By the induction

hypothesis, S̃RL̃(λ) is a T -palindromic strong linearization of P (λ), where S̃ is the

quasi-identity matrix given by

S̃(i, i) :=


−I if


σ has an inversion at i− 1, or

zr(σ, σ̃r) has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.11)

Note that

L(λ) = M−m+sq(−XT
q )L̃(λ)Msq(Xq) = M−m+sq(−XT

q )RS̃
(
S̃RL̃(λ)

)
Msq(Xq)

since RR = I and S̃S̃ = I. Now, by Lemma 4.3.10,

MT
sq(Xq)

(
M−m+sq(−XT

q )RS̃
)−1

L(λ) = MT
sq(Xq)S̃R

(
M−m+sq(−XT

q )
)−1

L(λ)

is a T -palindromic strong linearization of P (λ). Hence SRL(λ) is a T -palindromic strong

linearization of P (λ), where

S = MT
sq(Xq)S̃R

(
M−m+sq(−XT

q )
)−1

R. (4.12)

Thus we only need to prove that S is the quasi-identity matrix satisfying (4.10).

Case-I: Assume that sq > 0. For j = 1 : m − 1, we have (Mj(Y ))−1 = M−j(−Y )

for any matrix assignment Y . Thus by (4.12), S = MT
sq(Xq)S̃RMm−sq(X

T
q )R. Now, by

Proposition 4.3.8, we have

S = MT
sq(Xq)S̃Sm+1−sqM

T
−sq(−Xq)Sm−sq . (4.13)
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Now, since sq is a right index of type-1 relative to zr(σ, σ̃r), there exist a string

(ai + ki : ai+1) in zr(σ, σ̃r) such that sq = ai + ki < ai+1. Next we show that MT
sq(Xq)

and S̃Sm+1−sq commute. Since

MT
sq(Xq) =


I(m−sq−1)n

XT
q In

In 0

I(sq−1)n

 ,

it is enough to show that both (m− sq)-th and (m− sq + 1)-th parameters of S̃Sm−sq+1

have the same sign. Recall from the definition of quasi-identity matrix that (m−sq+1)-

th parameter is the only negative parameter of Sm−sq+1. Consequently, it is enough to

show that both (m− sq)-th and (m− sq + 1)-th parameters of S̃ have the opposite sign.

Since sq ∈ σr, we have sq, sq + 1 ∈ σ. Again, recall the assumption that if j ∈ σr then

j − 1 ∈ σ for j = 1 : m− 1. Since sq ∈ σr, by the assumption we have sq − 1 ∈ σ. Thus

sq−1, sq, sq+1 ∈ σ. As σ is a P-admissible tuple we have m−sq−1,m−sq,m−sq+1 /∈ σ.

Hence by (4.11), the parameter of S̃ at the position (m− sq)-th (resp., (m− sq + 1)-th)

is −1 if and only if zr(σ, σ̃r) has a consecution at sq (resp., sq − 1). Note that sq is a

right index of type-1 relative to zr(σ, σ̃r). Hence zr(σ, σ̃r) must be of the form

zr(σ, σ̃r) =
(

(ad−1 + kd−1 : ad), . . . , (sq : ai+1), (ai−1 + ki−1 : ai), . . . , (a0 : a1)
)

with sq < ai+1. Thus zr(σ, σ̃r) has a consecution at sq which implies that the parameters

of S̃ at the position (m− sq)-th is −1. Since sq − 1 ∈ σ we have ai = sq − 1. Hence

zr(σ, σ̃r) =
(

(ad−1 + kd−1 : ad), . . . , (sq : ai+1), (ai−1 + ki−1 : sq − 1), . . . , (a0 : a1)
)
.

Thus zr(σ, σ̃r) has an inversion at sq − 1 which implies that (m− sq + 1)-th parameter

of S̃ is 1. Hence (m− sq)-th and (m− sq + 1)-th parameters of S̃Sm−sq+1 are the same.

Thus MT
sq(Xq) and S̃Sm+1−sq commute. Hence by (4.13), we have

S = S̃Sm+1−sqM
T
sq(Xq)M

T
−sq(−Xq)Sm−sq = S̃Sm−sq+1Sm−sq . (4.14)

as MT
sq(Xq)M

T
−sq(−Xq) = Imn. Now we prove that S is the quasi-identity matrix satis-

fying (4.10). Observe that by (4.14), the quasi-identity matrices S and S̃ have the same

parameters except at the positions (m− sq) and (m− sq + 1). So we only need to prove

that S and S̃ have opposite parameters at the positions (m− sq) and (m− sq + 1). Now

by Definition 4.3.2, we have

zr(σ, σr) =
(

(ad−1 + kd−1 : ad), . . . , (sq + 1 : ai+1), (ai−1 + ki−1 : sq), . . . , (a0 : a1)
)
.
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Thus the inversions and consecutions that occur in zr(σ, σ̃r) and zr(σ, σr) are the same

except

• at sq where zr(σ, σ̃r) has a consecution and zr(σ, σr) has an inversion, and

• at sq − 1 where zr(σ, σ̃r) has an inversion and zr(σ, σr) has a consecution.

Hence we have

• (m− sq)-th parameters of S̃ and S are −1 and 1, respectively, and

• (m− sq + 1)-th parameters of S̃ and S are 1 and −1, respectively.

Thus the parameter of S and S̃ at the positions (m− sq) and (m− sq + 1) have opposite

sign.

Case-II: Assume that sq = 0. Since X is a nonsingular matrix assignment for σr, Xq

is a nonsingular matrix. This implies M0(Xq) is invertible. By (4.12), we have

S = MT
0 (Xq)S̃R

(
M−m(−XT

q )
)−1

R = MT
0 (Xq)S̃RMm(−XT

q )R

as Mm(Y ) = (M−m(Y ))−1 = M−m(Y −1) for any nonsingular Y ∈ Cn×n. Now, by Propo-

sition 4.3.8, S = MT
0 (Xq)S̃Sm+1M

T
−0(Xq)Sm = MT

0 (Xq)S̃M
T
−0(Xq)Sm as Sm+1 = Imn.

Since MT
0 (Xq) =

 I(m−1)n

XT
q

 , it trivially follows that MT
0 (Xq) and S̃ commute,

which implies that S = S̃MT
0 (Xq)M

T
−0(Xq)Sm = S̃Sm as MT

0 (Xq)M
T
−0(Xq) = Imn. Since

sq = 0 is a right index of type-1 relative to zr(σ, σ̃r), we must have

zr(σ, σ̃r) =
(

(ad−1 + kd−1 : ad), . . . , (a1 + k1 : a2), (0 : a1)
)
, where a1 > 0,

and

zr(σ, σr) =
(

(ad−1 + kd−1 : ad), . . . , (a1 + k1 : a2), (1 : a1), 0
)
.

By similar arguments as in Case-I, it follows that S is the quasi-identity matrix satisfying

(4.10). This completes the proof.

Theorem 4.3.12. Let σ be a P-admissible tuple relative to {0 : m}. Let σr and σl,

respectively, be a right and a left index tuple of type-1 relative to σ with the condition

that if an index j ∈ σr ∪ σl then j − 1 ∈ σ for j = 1 : m. Let X and Y be any arbitrary

nonsingular matrix assignments for σr and σl, respectively. Define L(λ) :=

M−m+rev(σr)(−rev(XT ))Mσl(Y )
(
λMP

−m+rev(σ) −MP
σ

)
Mσr(X)M−m+rev(σl)(−rev(Y T )).

TH-2055_136123004



106 Chapter 4. Structured EGFPRs

Then SRL(λ) is a T -palindromic strong linearization of P (λ), where S is the quasi-

identity matrix given by

S(i, i) :=


−I if


zl(σl, σ) has an inversion at i− 1, or

zr(σ, σr) has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.15)

Proof. We prove the result by induction on the number q of indices of σl. If q = 0 then

the result follows from Lemma 4.3.11. Now suppose that q > 0. Assume that the result

is true when σl contain q − 1 indices. Suppose that σl = (sq, sq−1, . . . , s1), where si

denotes an index in σl and let σ̃l = (sq−1, . . . , s1). Let Y = (Yq, Yq−1, . . . , Y2, Y1). Set

Ỹ = (Yq−1, . . . , Y2, Y1). Define L̃(λ) :=

M−m+rev(σr)(−rev(XT ))Mσ̃l(Ỹ )
(
λMP

−m+rev(σ) −MP
σ

)
Mσr(X)M−m+rev(σ̃l)(−rev(Ỹ T )).

By the induction hypothesis, S̃RL̃(λ) is a T -palindromic strong linearization of P (λ),

where S̃ is the quasi-identity matrix given by

S̃(i, i) =


−I if


zl(σ̃l, σ) has an inversion at i− 1, or

zr(σ, σr) has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.16)

Recall the assumption that if an index j ∈ σl ∪ σr then j − 1 ∈ σ for j = 1 : m.

Let i ∈ σl ∪ σr. Then i − 1, i, i + 1 ∈ σ. As σ is a P-admissible tuple we have

m − i − 1,m − i,m − i + 1 /∈ σ. Hence m − i − 1,m − i,m − i + 1 /∈ σl ∪ σr, i.e.,

−i − 1,−i,−i + 1 /∈ −m + rev(σl) ∪ −m + rev(σr). So σl and −m + rev(σr) com-

mute, and σr and −m + rev(σl) commute. Thus L(λ) = Msq(Yq)L̃(λ)M−m+sq(−Y T
q ) =

Msq(Yq)RS̃
(
S̃RL̃(λ)

)
M−m+sq(−Y T

q ) as RR = I and S̃S̃ = I. Now, by Lemma 4.3.10,

MT
−m+sq(−Y

T
q )
(
Msq(Yq)RS̃

)−1
L(λ) = MT

−m+sq(−Y
T
q )S̃R

(
Msq(Yq)

)−1
L(λ)

is a T -palindromic strong linearization of P (λ). Hence SRL(λ) is a T -palindromic strong

linearization of P (λ), where

S = MT
−m+sq(−Y

T
q )S̃R

(
Msq(Yq)

)−1
R. (4.17)

Thus we only need to prove that S is the quasi-identity matrix satisfying (4.15).
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Case-I: Assume that sq > 0. So
(
Msq(Yq)

)−1
= M−sq(−Yq) and hence by (4.17),

S = MT
−m+sq(−Y

T
q )S̃RM−sq(−Yq)R. Now by Proposition 4.3.8, we have

S = MT
−m+sq(−Y

T
q )S̃Ssq+1M

T
m−sq(Y

T
q )Ssq . (4.18)

Since sq is a left index of type-1 relative to zl(σ̃l, σ), i.e., sq is a right index of type-1

relative to rev(zl(σ̃l, σ)), there exist a string (ai + ki : ai+1) in rev(zl(σ̃l, σ)) such that

sq = ai + ki < ai+1. Next we show that MT
m−sq(Y

T
q ) and S̃Ssq+1 commute. Since

MT
m−sq(Y

T
q ) =


I(sq−1)n

Yq In

In 0

I(m−sq−1)n

 ,

it is enough to show that both (sq)-th and (sq+1)-th parameters of S̃Ssq+1 have the same

sign. Since (sq + 1)-th parameter is the only negative parameter of Ssq+1, it is enough

to show that (sq)-th and (sq + 1)-th parameters of S̃ have the opposite sign. Note that

for any index j ∈ σl, we have j, j + 1 ∈ σ. Thus, since sq ∈ σl, we have sq, sq + 1 ∈ σ.

Again, recall the assumption that if j ∈ σl then j − 1 ∈ σ for j = 1 : m − 1. Since

sq ∈ σl, we have sq − 1 ∈ σ. Thus sq − 1, sq, sq + 1 ∈ σ. As σ is a P-admissible tuple

we have m− (sq − 1),m− sq,m− (sq + 1) /∈ σ. Hence by (4.16), the parameter of S̃ at

the position (sq)-th (resp., (sq + 1)-th) is −1 if and only if zl(σ̃l, σ) has an inversion at

sq − 1 (resp., sq).

Note that sq is a left index of type-1 relative to zl(σ̃l, σ), i.e., sq is a right index of

type-1 relative to rev(zl(σ̃l, σ)). Hence rev(zl(σ̃l, σ)) must be of the form

rev(zl(σ̃l, σ)) =
(

(ad−1 + kd−1 : ad), . . . , (sq : ai+1), (ai−1 + ki−1 : ai), . . . , (a0 : a1)
)
,

with sq < ai+1. As sq − 1 ∈ σ, we have ai = sq − 1. Hence rev(zl(σ̃l, σ)) must be of the

form

rev(zl(σ̃l, σ)) =
(

(ad−1 + kd−1 : ad), . . . , (sq : ai+1), (ai−1 + ki−1 : sq − 1), . . . , (a0 : a1)
)
.

(4.19)

Thus rev(zl(σ̃l, σ)) has an inversion at sq−1 and a consecution at sq which imply that

zl(σ̃l, σ) has a consecution at sq−1 and an inversion at sq. Hence the parameters of S̃ at

the position (sq)-th is 1 and at the position (sq + 1)-th is −1, i.e., (sq)-th and (sq + 1)-th

parameters of S̃ have the opposite sign. Thus MT
m−sq(Y

T
q ) and S̃Ssq+1 commute. By

(4.18), we have

S = MT
−m+sq(−Y

T
q )MT

m−sq(Y
T
q )S̃Ssq+1Ssq = S̃Ssq+1Ssq (4.20)
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as MT
−m+sq(−Y

T
q )MT

m−sq(Y
T
q ) = Imn. Now we prove that S is the quasi-identity matrix

satisfying (4.15). Note that by (4.20) the quasi-identity matrices S and S̃ have the same

parameters except at the positions sq and (sq + 1). So we only need to prove that the

parameters of S and S̃ at the positions sq and (sq + 1) have opposite sign.

By Definition 4.3.3, we have

rev(zl(σl, σ)) = zr(rev(σ), rev(σl)) = zr(zr(rev(σ), rev(σ̃l)), sq)

= zr(rev(zl(σ̃l, σ)), sq) (4.21)

Hence by (4.19) and (4.21), we have

rev(zl(σl, σ)) =
(

(ad−1 + kd−1 : ad), . . . , (sq + 1 : ai+1), (ai−1 + ki−1 : sq), . . . , (a0 : a1)
)
.

Note that the cosecutions and inversions that occur in rev(zl(σ̃l, σ)) are the same as

those that occur in rev(zl(σl, σ)), except

• at sq−1 where rev(zl(σ̃l, σ)) has an inversion and rev(zl(σl, σ)) has a consecution,

i.e., zl(σ̃l, σ) has a consecution at sq − 1 and zl(σl, σ) has an inversion at sq − 1.

• at sq where rev(zl(σ̃l, σ)) has a consecution and rev(zl(σl, σ)) has an inversion,

i.e., zl(σ̃l, σ) has an inversion at sq and zl(σl, σ) has a consecution at sq.

Hence

• (sq)-th parameters of S̃ and S are 1 and −1, respectively, and

• (sq + 1)-th parameters of S̃ and S are −1 and 1, respectively.

Hence the parameters of S and S̃ at the positions sq and sq + 1 have opposite sign.

Case II: Assume that sq = 0. Since Y is a nonsingular matrix assignment for σl, Yq is a

nonsingular matrix. SoM0(Yq) is invertible. By (4.17), S = MT
−m(−Y T

q )S̃R
(
M0(Yq)

)−1
R

= MT
−m(−Y T

q )S̃RM−0(Yq)R.Now, by Proposition 4.3.8, S = MT
−m(−Y T

q )S̃S1M
T
m(−Y T

q )S0

= MT
−m(−Y T

q )S̃S1M
T
m(−Y T

q ) as S0 = Imn. Since MT
−m(−Y T

q ) =

 −Yq
I(m−1)n

 , it is

easy to see that MT
−m(−Y T

q ) and S̃S1 commute, which implies that

S = S̃S1M
T
−m(−Y T

q )MT
m(−Y T

q ) = S̃S1 as MT
−m(−Y T

q )MT
m(−Y T

q ) = Imn.

Since sq = 0 is a left index of type-1 relative to zl(σ̃l, σ), i.e., 0 is a right index of type-1

relative to rev(zl(σ̃l, σ)), rev(zl(σ̃l, σ)) must be of the form

rev(zl(σ̃l, σ)) =
(

(ad−1 + kd−1 : ad), . . . , (a1 + k1 : a2), (0 : a1)
)

with a1 > 0.
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Then we have

rev(zl(σl, σ)) =
(

(ad−1 + kd−1 : ad), . . . , (a1 + k1 : a2), (1 : a1), 0
)
.

By similar arguments as in Case-I, it follows that S is the quasi-identity matrix satisfying

(4.15). This completes the proof.

The following example construct a T -palindromic pencil of P (λ).

Example 4.3.13. Let P (λ) =
∑7

i=0 λ
iAi be T -palindromic. Consider σ = (4, 0, 1, 2),

σr = (0, 1, 0) and σ2 = ∅. Then σ is a P-admissible tuple relative to {0 : 7} and σr

is a right index tuple of type-1 relative to σ. Let (X, Y, Z) be a nonsingular matrix

assignment for σr. Define

L(λ) := M(−7,−6,−7)(−ZT ,−Y T ,−XT )
(
λMP

(−5,−6,−7,−3) −MP
(4,0,1,2)

)
M(0,1,0)(X, Y, Z).

Let S be the quasi-identity matrix given by S = ε1In⊕· · ·⊕ε7In, where εi = −1 for i = 4

and εi = 1 if i 6= 4, i.e., parameters of S are (1, 1, 1,−1, 1, 1, 1). Then by Lemma 4.3.11,

SRL(λ) is a T -palindromic strong linearization of P (λ) and is given by

λ



0 0 0 0 0 X 0

0 0 0 0 0 Y Z

0 0 0 In A3 0 0

0 0 0 0 −In 0 0

A7 A6 A5 0 0 0 0

0 −XT −Y T 0 0 0 0

0 0 −ZT 0 0 0 0


+



0 0 0 0 A0 0 0

0 0 0 0 A1 −X 0

0 0 0 0 A2 −Y −Z

0 0 In 0 0 0 0

0 0 A4 −In 0 0 0

XT Y T 0 0 0 0 0

0 ZT 0 0 0 0 0


.

Observe that SRL(λ) is an anti-block penta-diagonal pencil. �

Next, we consider an example where the matrix assignments X for σr and Y for σl

in Theorem 4.3.12 are the trivial matrix assignment.

Example 4.3.14. Let P (λ) =
∑7

i=0 λ
iAi be T -palindromic. Consider σ = (5 : 6, 4, 0)

and σr = 5. Let L(λ) := MP
−2
(
λMP

(−7,−3,−1,−2)−MP
(5:6,4,0)

)
MP

5 . Then by Theorem 4.3.12,
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SRL(λ) is a T -palindromic strong linearization of P (λ) and is given by

λ



0 0 0 0 In A2 A1

0 0 0 In 0 A3 A2

0 0 0 0 0 0 −In
0 0 0 0 0 −In 0

0 −In 0 0 0 0 0

0 −A5 In 0 0 0 0

A7 0 0 0 0 0 0


+



0 0 0 0 0 0 A0

0 0 0 0 −In −A2 0

0 0 0 0 0 In 0

0 In 0 0 0 0 0

In 0 0 0 0 0 0

A5 A4 0 −In 0 0 0

A6 A5 −In 0 0 0 0


,

where S = ε1In ⊕ · · · ⊕ ε7In, with εi = 1 for i = 1, 2, 6, 7, and εi = −1 for i = 3, 4, 5.

Observe that SRL(λ) is an anti block penta-diagonal pencil. �

The following result is a corollary to Theorem 4.3.12.

Corollary 4.3.15. Let P (λ) be a T -palindromic matrix polynomial of odd degree m ≥ 3.

Let σ be a P-admissible tuple relative to {0 : m}. Let σl be a left index tuple of type-1

relative to σ with the condition that if an index j ∈ σl then j − 1 ∈ σ for j = 1 : m. Let

Y be any arbitrary nonsingular matrix assignment for σl. Define

L(λ) := Mσl(Y )
(
λMP

−m+rev(σ) −MP
σ

)
M−m+rev(σl)(−rev(Y T )).

Then SRL(λ) is a T -palindromic strong linearization of P (λ), where S is the quasi-

identity matrix given by

S(i, i) :=


−I if


zl(σl, σ) has an inversion at i− 1, or

σ has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

More generally, we have the following result.

Corollary 4.3.16. Let P (λ) be a T -palindromic matrix polynomial of odd degree m ≥ 3.

Let σ be a P-admissible tuple relative to {0 : m}. Let σr and σl, respectively, be a right

and a left index tuple of type-1 relative to σ with the condition that if an index j ∈ σr∪σl
then j − 1 ∈ σ for j = 1 : m. Let X and Y be any arbitrary matrix assignments for σr

and σl, respectively. Define L(λ) :=

M−m+rev(σr)(−rev(XT ))Mσl(Y )
(
λMP

−m+rev(σ) −MP
σ

)
Mσr(X)M−m+rev(σl)(−rev(Y T )).
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Then L(λ)RS is a T -palindromic strong linearization of P (λ) where S is the quasi-

identity matrix given by

S(i, i) :=


−I if


zl(σl, σ) has an inversion at m− i, or

zr(σ, σr) has a consecution at i− 1, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.22)

Proof. Note that P (λ)T is a T -palindromic matrix polynomial. Also, σr (resp., σl) is a

right (resp., left) index tuple of type-1 relative to σ if and only if rev(σr) (resp., rev(σl))

is a left (resp., right) index tuple of type-1 relative to rev(σ). This implies that L(λ)T is

a strong linearization of P (λ)T . Therefore, by Theorem 4.3.12, SRL(λ)T = (L(λ)RS)T

is a T -palindromic strong linearization of P (λ)T , where S is the quasi-identity matrix

given by

S(i, i) :=


−I if


zl(rev(σr), rev(σ)) has an inversion at i− 1, or

zr(rev(σ), rev(σl)) has a consecution at m− i, or

i ∈ σ and i− 1 /∈ σ

I otherwise.

(4.23)

Since (L(λ)RS)T is a T -palindromic strong linearization of P (λ)T , L(λ)RS is a T -

palindromic strong linearization of P (λ). Hence the desired result follows as S given in

(4.23) and (4.22) are the same.

Next, we construct low bandwidth banded (anti-block tridiagonal and anti-block

penta-diagonal) T -palindromic linearizations of P (λ). The following result characterizes

all anti-block penta-diagonal T -palindromic linearizations that can be obtained from the

construction given in Theorem 4.3.12.

Theorem 4.3.17. Let P (λ), L(λ), S and R be as given in Theorem 4.3.12. Then

SRL(λ) is an anti-block penta-diagonal T -palindromic strong linearization of P (λ) if

and only if ct(σl, σ, σr) ≤ 1 and it(σl, σ, σr) ≤ 1 for any index 1 ≤ t ≤ m− 1.

Proof. Note that, for any index tuple α containing indices from {−m : m}, Mα(∗) is

a block penta-diagonal matrix if and only if RMα(∗) is an anti-block penta-diagonal

matrix, where (∗) denotes any arbitrary matrix assignment for α. Since S is a quasi-

identity matrix, it follows that SRL(λ) is anti-block penta-diagonal if and only if L(λ)

is block penta-diagonal.
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Recall the definition of an end index of a sub-permutation of {0 : m − 1} (resp.,

{−m : −1}) from Definition 3.5.5. It follows from the condition j ∈ σr ∪ σl =⇒
j − 1 ∈ σ, j = 1 : m, that σr and σl do not contain the end points of σ. This implies

that −m + rev(σr) and −m + rev(σl) do not contain the end points of −m + rev(σ).

Hence the desired result follows from Theorem 3.5.6 by considering σ1 := σl, σ2 := σr,

τ := −m+ rev(σ), τ1 := −m+ rev(σr) and τ2 := −m+ rev(σl).

Note that, for any index tuple α containing indices from {−m : m}, Mα(∗) is a block

tridiagonal matrix if and only if RMα(∗) is an anti-block tridiagonal matrix, where

(∗) denotes any arbitrary matrix assignment for α. The following result characterizes

all anti-block tridiagonal T -palindromic linearizations that can be obtained from the

construction given in Theorem 4.3.12.

Theorem 4.3.18. Let P (λ), L(λ), S and R be as given in Theorem 4.3.12. Then

SRL(λ) is an anti-block tridiagonal T -palindromic strong linearization of P (λ) if and

only if ct(σl, σ, σr) = 0 and it(σl, σ, σr) = 0 for any index 1 ≤ t ≤ m− 1. Moreover, any

anti-block tridiagonal SRL(λ) in Theorem 4.3.12 must be one of the following pencils

A0 λX

λIn λA2 + A1 −X

In 0 −λIn
λIn λA4 + A3 −In

In 0 −λIn
· · · · · · · · ·

λAm λAm−1 + Am−2 −In
XT −λXT



(4.24)

for some nonsingular matrix X,

−Y λY

λIn λA2 + A1 A0

In 0 −λIn
λIn λA4 + A3 −In

In 0 −λIn
· · · · · · · · ·

−λY T λAm−1 + Am−2 −In
Y T λAm



(4.25)
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for some nonsingular matrix Y and

λIn λA1 + A0

In 0 −λIn
λIn λA3 + A2 −In

In 0 −λIn
· · · · · · · · ·

λIn λAm−2 + Am−3 −In
In 0 −λIn

λAm + Am−1 −In



.

(4.26)

Proof. By Theorem 3.5.8 and similar arguments as in the proof of Theorem 4.3.17, it

follows that SRL(λ) is an anti-block tridiagonal T -palindromic strong linearization of

P (λ) if and only if ct(σl, σ, σr) = 0 and it(σl, σ, σr) = 0 for any index 1 ≤ t ≤ m− 1.

We now show that any anti-block tridiagonal SRL(λ) must be one of the pencils

given in (4.24), (4.25) and (4.26). Since ct(σl, σ, σr) = 0 and it(σl, σ, σr) = 0 for all

1 ≤ t ≤ m− 1, σ must be a permutation of either {0 :2 m− 1} or {0, 1 :2 m− 2}, where

{a :2 b} := {a + 2j : j = 0 : `} are all equispaced points in [a, b] such that a + 2` ≤ b.

Then we have the following choices for σl and σr.

Case-I: Suppose that σ is a permutation of {0 :2 m− 1}. Then there are no choices

for σl and σr (i.e., σl = ∅ = σr) and SRL(λ) is of the form (4.26), where the quasi

identity matrix S is given by S(i, i) = −1 for i ∈ {2 :2 m − 1} and S(i, i) = 1 for

i /∈ {2 :2 m− 1}. In this case L(λ) is a GF pencil.

Case-II: Suppose that σ is a permutation of {0, 1 :2 m− 2}.
(a) Suppose that σ has a consecution at 0. Then σl = ∅, and σr = (0) or ∅. If

σr = (0) then SRL(λ) is of the form (4.24) for some nonsingular matrix assignment

X of σr, where S is given by S(i, i) = −1 for i ∈ {3 :2 m − 2} and S(i, i) = 1 for

i /∈ {3 :2 m− 2}. In this case L(λ) is an EGFPR.

On the other hand, if σr = ∅, then SRL(λ) is of the form (4.24) with X = In, where

S is given by S(i, i) = −1 for i ∈ {3 :2 m} and S(i, i) = 1 for i /∈ {3 :2 m}. In this case

L(λ) is a GF pencil.

(b) Suppose that σ has an inversion at 0. Then σr = ∅, and σl = (0) or ∅. If σl = (0)

then SRL(λ) is of the form (4.25) for some nonsingular matrix assignment Y of σl,

where S is given by S(i, i) = −1 for i ∈ {3 :2 m−2} and S(i, i) = 1 for i /∈ {3 :2 m−2}.
In this case L(λ) is an EGFPR.
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On the other hand, if σl = ∅ then SRL(λ) is of the form (4.25) with Y = −In, where

S is given by S(i, i) = −1 for i ∈ {1 :2 m − 2} and S(i, i) = 1 for i /∈ {1 :2 m − 2}. In

this case L(λ) is a GF pencil.

Example 4.3.19. Let P (λ) =
∑7

i=0 λ
iAi be T -palindromic. Consider the pencil L(λ) :=

M−7(−XT )
(
λMP

(−6,−7,−4,−2) −MP
(5,3,0:1)

)
M0(X). Then by Lemma 4.3.11, SRL(λ) is a

T -palindromic strong linearization of P (λ) and is given by

0 0 0 0 0 A0 λX

0 0 0 0 λIn λA2 + A1 −X

0 0 0 In 0 −λIn 0

0 0 λIn λA4 + A3 −In 0 0

0 In 0 −λIn 0 0 0

λA7 λA6 + A5 −In 0 0 0 0

XT −λXT 0 0 0 0 0


,

where S = ε1In ⊕ · · · ⊕ ε7In with εi = 1 for i = 1, 2, 4, 6, 7, and εi = −1 for i = 3, 5.

Observe that SRL(λ) is an anti-block tridiagonal pencil. �

Remark 4.3.20. It follows from Theorem 4.3.18 that SRL(λ) in Theorem 4.3.12 is not

an anti-block tridiagonal pencil if σ is a permutation of {0 : 2}. Hence the construction

given in [19] does not produce an anti-block tridiagonal T -palindromic linearization of a

T -palindromic P (λ) having odd degree m ≥ 5.

Remark 4.3.21 (T-anti-palindromic linearizations). Let P (λ) be T -anti-palindromic.

Recall from Chapter 2 that P (λ) is T -anti-palindromic if and only if P (−λ) is T -

palindromic [27]. Suppose that P (λ) is of odd degree m ≥ 3. Define Q(λ) := P (−λ).

Consider the EGFPR L(λ) :=

M−m+rev(σr)(−rev(XT ))Mσl(Y )
(
λMQ

−m+rev(σ) −M
Q
σ

)
Mσr(X)M−m+rev(σl)(−rev(Y T ))

of Q(λ) satisfying all conditions of Theorem 4.3.12. Then SRL(−λ) is a T -anti-

palindromic strong linearization of P (λ), where S is the quasi-identity matrix as given

in (4.15).

We mention that the number of T -palindromic strong linearizations obtained from

EGFPRs as compare to FPRs increases substantially when the degree of P (λ) increases.

We illustrate this by considering m = 7.
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Example 4.3.22. Let P (λ) be T -palindromic with degree 7. Then Table 4.1 gives all the

choices of σ, σl and σr which yield T -palindromic strong linearizations of P (λ) excluding

those that can be constructed from GFPs and FPRs. It follows from Theorem 4.3.17

and Theorem 4.3.18 that the last two choices of σ, σr and σl yield anti-block tridiagonal

T -palindromic strong linearizations of P (λ) and all other choices of σ, σr and σl yield

anti-block penta-diagonal T -palindromic strong linearizations of P (λ). �

σl σ σr S

∅ (4, 0 : 2) (0) S4S6

∅ (4, 0 : 2) (0 : 1) S4S7

∅ (4, 0 : 2) (0 : 1, 0) S4

∅ (4, 2, 0 : 1) (0) S2S4

(1) (4, 2, 0 : 1) ∅ S1S4S7

(0 : 1) (4, 2, 0 : 1) ∅ S4S7

(1) (4, 2, 0 : 1) (0) S1S4

(0, 1) (4, 2, 0 : 1) (0) S4

∅ (4, 1 : 2, 0) (1) S1S4S7

∅ (4, 1 : 2, 0) (1, 0) S1S4

(0) (4, 1 : 2, 0) ∅ S4S6

(0) (4, 1 : 2, 0) (1) S4S7

σl σ σr S

(0) (4, 1 : 2, 0) (1, 0) S4

(0) (4, 2, 1, 0) ∅ S2S4

(1, 0) (4, 2, 1, 0) ∅ S1S4

(0 : 1, 0) (4, 2, 1, 0) ∅ S4

∅ (4 : 5, 0 : 1) (0) S3S4

∅ (5, 4, 0 : 1) (0) S4S5

(0) (4 : 5, 1, 0) ∅ S3S4

(0) (5, 4, 1, 0) ∅ S4S5

(5) (6, 4, 5, 0) ∅ S3S4S5

∅ (5 : 6, 4, 0) (5) S3S4S5

∅ (5, 3, 0 : 1) (0) S3S5

(0) (5, 3, 1, 0) ∅ S3S5

Table 4.1: Additional pencils when m = 7.
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5
Affine Spaces of Strong Linearizations for Rational

Matrices

The main aim of this chapter is to define Rosenbrock strong linearization of a rational

matrix G(λ). We describe the recovery of pole-zero structure of G(λ) at infinity from the

pole-zero structure at infinity of a Rosenbrock strong linearization of G(λ). We construct

affine spaces of potential linearizations of G(λ) and show that almost all pencils in

the affine spaces are Rosenbrock strong linearizations of G(λ). These affine spaces of

potential linearizations are constructed from the vector spaces of linearizations of matrix

polynomials defined and analyzed by Mackey et al. in [SIAM J. Matrix Anal. Appl.,

28(2006), pp.971-1004]. We show that eigenvectors, minimal bases and minimal indices

of G(λ) can be easily recovered from those of the Rosenbrock strong linearizations of

G(λ). In particular, we construct a symmetric Rosenbrock strong linearization of G(λ)

when G(λ) is regular and symmetric.

5.1 Introduction

Recall that a rational matrix G(λ) is said to be proper if G(λ)→ D as λ→∞, where

D is a matrix. On the other hand, G(λ) is said to be nonproper if ‖G(λ)‖ → ∞ as

λ → ∞. If G(λ) is nonproper then it can be written as G(λ) = P (λ) + Gsp(λ), where

P (λ) is a matrix polynomial of degree m ≥ 1 and Gsp(λ) is strictly proper, that is,

Gsp(λ) → 0 as λ → ∞, see [40, 52]. Rational matrices that arise in the context of

rational eigenvalue problems are mostly nonproper, square and regular. On the other

hand, rational matrices that arise as transfer functions of linear time-invariant (LTI)

systems are mostly proper and may be rectangular. Since the primary aim of the

thesis is to construct linearizations of rational matrices for solving rational eigenvalue

117
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problems, we consider only nonproper and square rational matrices.

Let G(λ) be an n × n nonproper rational matrix. For constructing linearization of

G(λ), we follow the state-space model for rational matrices pioneered by Rosenbrock [52]

and consider a realization of G(λ) of the form G(λ) = P (λ) + C(λE − A)−1B and the

associated system matrix (also called Rosenbrock system matrix)

S(λ) :=

 P (λ) C

B A− λE

 ,
where A − λE is an r × r pencil with E being nonsingular, P (λ) is an n × n matrix

polynomial of degree m, C ∈ Cn×r and B ∈ Cr×n. Note that G(λ) is the transfer function

and S(λ) is the system matrix of the LTI system in state-space form (SSF) given by [52]

Σ :
Eẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) + P ( d
dt

)u(t),

where x(t) and u(t) are state and control vectors, respectively. Recall that the realization

of G(λ) is said to be minimal, or equivalently, S(λ) is said to be irreducible if the LTI

system Σ is controllable and observable. Equivalently, S(λ) is irreducible if and only if

rank
( [

B A− λE
] )

= r = rank
( [

CT (A− λE)T
]T )

for all λ ∈ C. Recall from

Theorem 1.2.11 that the zeros of G(λ) are the same as the eigenvalues of S(λ) when

S(λ) is irreducible. See [2, 40, 52] for further details.

The concept of linearization of rational matrices introduced in [2] is based on the idea

of linearization of the LTI system Σ. Indeed, by linearizing P (λ), we wish to linearize

the LTI system Σ by an LTI system ΣL of the form

ΣL :
Kẋ(t) = Hx(t) + Bu(t)

y(t) = Cx(t) + Xu(t)− Yu̇(t)

such that the system ΣL preserves the system characteristics (e.g., controllability and

observability) of the system Σ and have the same poles and zeros (invariant zeros,

transmission zeros, input/output decoupling zeros) as the system Σ, where H and K

are r× r matrices with K being nonsingular, X and Y are mn×mn matrices and, x(t)

and u(t) are state and control vectors, respectively. Note that

L(λ) :=

 X − λY C

B H − λK

 and G(λ) := X − λY + C(λK −H)−1B

are the system matrix and the transfer function of ΣL, respectively. The Rosenbrock

linearization of S(λ) introduced in [2] linearizes the LTI system Σ and is defined as

follows.
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Definition 5.1.1 (Rosenbrock linearization, [2, 4]). Let S(λ) be the system matrix and

m := deg(P ) ≥ 2. Then an (mn+ r)× (mn+ r) system matrix L(λ) given by

L(λ) :=

 X − λY C

B H − λK

 ,
where H − λK is an r × r pencil with K being nonsingular, is said to be a Rosenbrock

linearization of S(λ) provided that there are mn ×mn unimodular matrix polynomials

U(λ) and V (λ), and r × r nonsingular matrices U0 and V0 such that U(λ) 0

0 U0

L(λ)

 V (λ) 0

0 V0

 =

 I(m−1)n 0

0 S(λ)

 for all λ ∈ C. (5.1)

If L(λ) is a Rosenbrock linearization of S(λ) then it can be shown [4] that ΣL is

controllable (resp., observable) ⇐⇒ Σ is controllable (resp., observable). Further, the

LTI systems ΣL and Σ have the same finite zeros (transmission zeros, invariant zeros and

input/output decoupling zeros) and the same finite poles. Furthermore, for all λ ∈ C,
we have U(λ)(X − λY)V (λ) = diag(I(m−1)n, P (λ)) and

U(λ)G(λ)V (λ) = diag(I(m−1)n, G(λ)),

where U(λ) and V (λ) are unimodular matrix polynomials given in (5.1).

Thus, if L(λ) is a Rosenbrock linearization of G(λ) then finite zero and finite pole

structures of L(λ) are isomorphic to finite zero and finite pole structures of G(λ). How-

ever, L(λ) and G(λ) may not have the same pole and zero structures at infinity. We,

therefore, define a Rosenbrock strong linearization of G(λ) and show that the pole-

zero structure of G(λ) at infinity can be recovered from the pole-zero structure at infinity

of a Rosenbrock strong linearization of G(λ).

Linearization of matrix polynomials is a well developed area of research and there

are rich sources of linearizations for matrix polynomials [33, 46, 45, 6, 61, 26, 25]. By

contrast, linearization of rational matrices is a new emerging area of research. It is

therefore desirable to extend linearizations of matrix polynomials to the case of rational

matrices. However, whether any linearization of matrix polynomials can be extended

to the case of rational matrices or not is still an open problem. We show that this is

indeed possible for the vector spaces of linearizations of matrix polynomials defined and

analyzed in [46].

We mention here that generalized state-space realization of rational matrices pro-

vides an alternative framework for constructing strict linearizations of rational matri-

ces including rectangular rational matrices, see [60] and [40, Page 469]. Indeed, let
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G(λ) := P (λ) + Gsp(λ) be an m × n rational matrix, where P (λ) is an m × n matrix

polynomial and Gsp(λ) is strictly proper. Let Gsp(λ) = Cf (λIf −Af )−1Bf be a minimal

realization of Gsp(λ). Also, let λ−1P (λ−1) = C∞(λI∞ − A∞)−1B∞ be a minimal real-

ization of λ−1P (λ−1) so that P (λ) = C∞(I∞− λA∞)−1B∞. Here If and I∞ are identity

matrices. Then the pencil

S(λ) :=


0 C∞ Cf

B∞ I∞ − λA∞ 0

Bf 0 λIf − Af


is the system matrix of G(λ) and is called a strict linearization of G(λ). The pencil

S(λ) has the same zero and polar structures (finite, infinite, minimal indices) as G(λ)

[40]. However, generalized state-space realizations of rational matrices and hence strict

linearizations of G(λ) are potentially ill-posed problems which require special care for

numerical computation [57].

We now present some basic results for ready reference. For a matrix polynomial

P (λ) :=
∑m

j=0 λ
jAj, the pencils C1(λ) = λX1 + Y1 and C2(λ) = λX2 + Y2, respectively,

are called the first and second companion pencils of P (λ) [33], where X1 = X2 =

diag(Am, I(m−1)n),

Y1 =


Am−1 Am−2 · · · A0

−In 0 · · · 0
...

. . . . . .
...

0 · · · −In 0

 , and Y2 =


Am−1 −In · · · 0

Am−2 0
. . .

...
...

...
. . . −In

A0 0 · · · 0

 .

Generalizing the companion pencils of P (λ) two vector spaces L1(P ) and L2(P ) of

mn×mn matrix pencils L(λ) := λX + Y are constructed in [46, 25]:

L1(P ) := {L(λ) = λX + Y : L(λ)(Λ⊗ In) = v ⊗ P (λ), v ∈ Cm}

L2(P ) :=
{
L(λ) = λX + Y : (ΛT ⊗ In)L(λ) = wT ⊗ P (λ), w ∈ Cm

}
,

(5.2)

where Λ := [λm−1, λm−2, . . . , λ, 1]T ∈ Cm. The vectors v and w are called right ansatz

and left ansatz vectors, respectively. Almost all pencils in L1(P ) and L2(P ) are lin-

earizations of P (λ) and eigenvectors, minimal bases and minimal indices of P (λ) can

be easily recovered from those of L(λ), see [46, 25]. We utilize these ansatz spaces to

construct Rosenbrock strong linearizations of G(λ) and describe the recovery of eigen-

vectors, minimal bases and minimal indices of G(λ) from those of the linearizations

of G(λ).
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The following result, which is a restatement of [46, Corollary 3.7] and [25, Theo-

rems 4.1 and 4.6], will play a crucial role in the subsequent development.

Theorem 5.1.2. [46, 25] Let P (λ) =
∑m

j=0 λ
jAj with Am 6= 0 be an n × n matrix

polynomial (regular or singular) and L(λ) = λX + Y be an mn×mn pencil.

(a) If L(λ) ∈ L1(P ) and has right ansatz vector e1, then

X =

 Am X12

0 −Z

 and Y =

 Y11 A0

Z 0

 ,
where X12, Y11 ∈ Cn×(m−1)n are such that X12 + Y11 = [Am−1 Am−2 · · · A1] and

Z ∈ C(m−1)n×(m−1)n.

(b) If L(λ) ∈ L1(P ) and has right ansatz vector v 6= 0, then there exists a nonsingular

matrix M ∈ Cm×m such that Mv = e1 and the pencil (M ⊗ In)L(λ) is given by

(M ⊗ In)L(λ) = λ

 Am X12

0 −Z

+

 Y11 A0

Z 0

 , (5.3)

for some Z ∈ C(m−1)n×(m−1)n, where X12 and Y11 are as in (a).

(c) If L(λ) ∈ L2(P ) and has left ansatz vector w 6= 0, then there exists a nonsingular

matrix K ∈ Cm×m such that KTw = e1 and the pencil L(λ)(K ⊗ In) is given by

L(λ)(K ⊗ In) = λ

 Am 0

X21 −Z

+

 Y11 Z

A0 0

 , (5.4)

where X21, Y11 ∈ C(m−1)n×n are such that X21 + Y11 = [ATm−1 A
T
m−2 · · · AT1 ]T and

Z ∈ C(m−1)n×(m−1)n.

All the matrices that can appear in the block labelled Z in (5.3) have the same

rank, see [46, 25]. Ditto for the block labelled Z in (5.4). Thus, for L(λ) ∈ L1(P ) or

L(λ) ∈ L2(P ), it makes sense to talk about the Z-rank of L(λ).

Definition 5.1.3 (Z-rank, [25]). The Z-rank of L(λ) ∈ L1(P ) is the rank of any matrix

appearing in the block labelled Z in (5.3) under any reduction of L(λ) of the form (5.3).

If Z in (5.3) is nonsingular, then we say that L(λ) ∈ L1(P ) has full Z-rank. Similarly,

the Z-rank of L(λ) ∈ L2(P ) is the rank of any matrix appearing in block Z in (5.4)

under any reduction of L(λ) of the form (5.4).
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5.2 Rosenbrock strong linearization

Let G(λ) ∈ C(λ)n×n be nonproper and be given by G(λ) := P (λ) +Gsp(λ), where P (λ)

is a matrix polynomial of degree m and Gsp(λ) is a strictly proper rational matrix. Let

Gsp(λ) = C(λE −A)−1B be a minimal realization of Gsp(λ), where λE −A is an r × r
pencil with E being nonsingular, C ∈ Cn×r and B ∈ Cr×n. Then

G(λ) = P (λ) + C(λE − A)−1B (5.5)

is a minimal realization of G(λ). Consequently, the (n+ r)× (n+ r) Rosenbrock system

matrix

S(λ) :=

 P (λ) C

B A− λE

 (5.6)

associated with G(λ) is irreducible. Recall that S(λ) is irreducible if and only if

rank
( [

B A− λE
] )

= r = rank
( C

(A− λE)

) for all λ ∈ C.

Assumption: For the rest of this chapter, we assume that P (λ) :=
∑m

i=0 λ
iAi with

Am 6= 0 and the realization G(λ) = P (λ) + C(λE − A)−1B of G(λ) given by (5.5) is

minimal. The system matrix S(λ) associated with G(λ) is given by (5.6).

We now define Rosenbrock strong linearization of the G(λ).

Definition 5.2.1 (Biproper rational matrix, [59]). An n × n proper rational matrix

F (λ) is said to be biproper if F (∞) is nonsingular.

Definition 5.2.2 (Rosenbrock strong linearization). Let G(λ) and S(λ) be as in (5.5)

and (5.6), respectively. Also let L(λ) be an (mn+r)×(mn+r) irreducible system matrix

associated with the transfer function G(λ) given by

L(λ) :=

 X − λY C

B H − λK

 and G(λ) := X − λY + C(λK −H)−1B,

where H − λK is an r× r pencil with K being nonsingular, C ∈ Cmn×r, B ∈ Cr×mn and

X −λY is an mn×mn pencil. Then L(λ) is said to be a Rosenbrock strong linearization

of G(λ) provided that the following conditions hold.

(a) There exist mn×mn unimodular matrix polynomials U(λ) and V (λ), and r× r
nonsingular matrices U0 and V0 such that U(λ) 0

0 U0

L(λ)

 V (λ) 0

0 V0

 =

 I(m−1)n 0

0 S(λ)

 for all λ ∈ C.
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(b) There exist mn×mn biproper rational matrices O`(λ) and Or(λ) such that

O`(λ)λ−1G(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 for all λ ∈ C.

We also refer to L(λ) as a Rosenbrock strong linearization of S(λ).

We mention that Rosenbrock strong linearization can be defined for rectangular

rational matrices by appropriately modifying Definition 5.2.2. We also mention that

by [4, Theorem 3.5], the Rosenbrock strong linearization is equivalent to the strong

linearization of rational matrices introduced in [5].

The condition (a) in Definition 5.2.2 ensures that the finite eigenstructure of L(λ)

(resp., H − λK) is the same as the finite zero (resp., pole) structure of G(λ), see [2, 4].

On the other hand, the condition (b) ensures that the pole-zero structure of G(λ) at

infinity can be easily recovered from the pole-zero structure of L(λ) at infinity. The finite

and infinite pole-zero structure of L(λ) can be computed from the Kronecker canonical

form of L(λ), see [58, 57].

Two n×n rational matrices G1(λ) and G2(λ) are said to be equivalent at infinity if

there exist biproper rational matrices FL(λ) and FR(λ) such that FL(λ)G1(λ)FR(λ) =

G2(λ), see [59]. We write G1(λ) ∼ei G2(λ) when G1(λ) and G2(λ) are equivalent at

infinity. Note that if G1(λ) ∼ei G2(λ) then G1(λ) and G2(λ) have the same pole-zero

structure at infinity. The pole-zero structure at infinity of a rational matrix is given by

the Smith-McMillan form at infinity.

Theorem 5.2.3 ([59], Chapter 3). Let H(λ) ∈ C(λ)n×n with normal rank `. Then there

exist biproper rational matrices FL(λ) and FR(λ) such that

FL(λ)H(λ)FR(λ) = diag(λp1 , . . . , λpk , λ−gk+1 , . . . , λ−g` , 0, . . . , 0) =: SM∞(H(λ)),

where p1 ≥ p2 ≥ · · · ≥ pk ≥ 0 > −gk+1 ≥ · · · ≥ −g` with pi (resp., gj) being nonnegative

(resp., positive) integers for i = 1 : k (resp., j = k + 1 : `). Further, the pole-zero

index at infinity given by Ind∞(H(λ)) := (p1, . . . , pk,−gk+1, . . . ,−g`) ∈ Z` is a complete

invariant under biproper equivalence. Furthermore, if H(λ) is nonproper and m is the

degree of the polynomial part of H(λ) then p1 = m.

The diagonal matrix SM∞(H(λ)) is the Smith-McMillan form of H(λ) at infinity. If

pi > 0 then H(λ) has a pole of order pi at infinity and if gj > 0 then H(λ) has a zero of

order gj at infinity. If H(λ) is a regular polynomial then p1 + · · ·+ pk ≥ gk+1 + · · ·+ g`,

see [59, Corollary 3.87].
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Remark 5.2.4. Let G(λ), S(λ), L(λ) and G(λ) be as in Definition 5.2.2. Then it is

easily seen that S(λ) ∼ei diag(λIr, G(λ)) and L(λ) ∼ei diag(λIr,G(λ)) showing that

G(λ) and S(λ) have the same zero structure at infinity and, G(λ) and L(λ) have the

same zero structure at infinity. Indeed, we have In C(λE − A)−1

0 Ir

S(λ)

 In 0

(λE − A)−1B Ir

 =

 G(λ) 0

0 A− λE


which shows that S(λ) ∼ei diag(λIr, G(λ)). Similarly, L(λ) ∼ei diag(λIr,G(λ)). Now

by Definition 5.2.2(b), we have G(λ) ∼ei diag(λI(m−1)n, λ
1−mG(λ)) and hence L(λ) ∼ei

diag( λI(m−1)n+r, λ
1−mG(λ)). This shows that we can deduce pole-zero structure of L(λ)

from those of G(λ) and vice-versa.

Theorem 5.2.5. Let G(λ),G(λ) and L(λ) be as in Definition 5.2.2. Suppose that q is

the normal rank of G(λ) and s is the rank of Y . Then we have

SM∞(L(λ)) = λIr+s ⊕ diag(λ−g1 , . . . , λ−g`)⊕ 0n−q

where 0 ≤ g1 ≤ · · · ≤ g` are integers and s+ ` = (m− 1)n+ q with ` < q. Furthermore,

SM∞(G(λ)) = λIs ⊕ diag(λ−g1 , . . . , λ−g`)⊕ 0n−q,

SM∞(G(λ)) = λmIq−` ⊕ diag
(
λm−(g1+1), . . . , λm−(g`+1)

)
⊕ 0n−q.

Equivalently, we have Ind∞(L(λ)) = (1, . . . , 1,−g1, . . . ,−g`), where 1 appears r+s times

and 0 ≤ g1 ≤ · · · ≤ g` are integers, and

Ind∞(G(λ)) =
(
m, . . . ,m, m− (g1 + 1), . . . ,m− (g` + 1)

)
,

where m appears q − ` times.

Proof. By [58, Theorem 2], L(λ) has exactly r + s poles at infinity of order 1 and by

[60, Corollary 1], L(λ) has no zero at infinity when r+ s = nrank(L). By Remark 5.2.4,

we have L(λ) ∼ei diag( λI(m−1)n+r, λ
1−mG(λ)) which shows that L(λ) has at least

(m− 1)n+ r poles at infinity. Consequently, we have s ≥ (m− 1)n. Since G(λ) has at

least one pole at infinity and nrank(L) = (m−1)n+r+q, there exist a nonnegative integer

` < q such that s+` = (m−1)n+q and SM∞(L(λ)) = λIr+s⊕diag(λ−g1 , . . . , λ−g`)⊕0n−q.

Next, SM∞(G(λ)) follows from the fact that L(λ) ∼ei diag(λIr, G(λ)).

Finally, by Theorem 5.2.3, the highest order of a pole of G(λ) at infinity is m. Since

SM∞(λ1−mG(λ)) = λ1−mSM∞(G(λ)), by Remark 5.2.4, we have

L(λ) ∼ei diag
(
λI(m−1)n+r, λ

1−mG(λ)
)
∼ei diag

(
λI(m−1)n+r, λ

1−mSM∞(G(λ))
)

= λIr+s ⊕ diag(λ−g1 , . . . , λ−g`)⊕ 0n−q = SM∞(L(λ)).
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Now equating the last n diagonal entries of SM∞(L(λ)) to λ1−mSM∞(G(λ), we ob-

tain the desired SM∞(G(λ)). The pole-zero indices Ind∞(L(λ)) and Ind∞(G(λ)) follow

immediately.

We mention that Theorem 5.2.5 also holds when G(λ) is proper. In such a case, in

Theorem 5.2.5, we have L(λ) = S(λ), s = 0 and ` ≤ q.

The next result shows that the Smith-McMillan form of G(λ) at infinity can be used

to deduce Smith-McMillan forms of the system matrix as well as Rosenbrock strong

linearizations of G(λ).

Theorem 5.2.6. Let G(λ),S(λ) and L(λ) be as in Definition 5.2.2. Suppose that

SM∞(G(λ)) = diag(λp1 , . . . , λpk , It, λ
−g1 , . . . , λ−g`) ⊕ 0n−q, where q is the normal rank

of G(λ), k + t + ` = q, p1 ≥ · · · ≥ pk > 0 and 0 < g1 ≤ · · · ≤ g` are natural numbers.

Then we have the following

SM∞(S(λ)) = diag(λp1 , . . . , λpk , λIr, It, λ
−g1 , . . . , λ−g`)⊕ 0n−q,

SM∞(L(λ)) = λIu ⊕ diag(λp̂2 , . . . , λp̂k , λ−(m−1)It, λ
−ĝ1 , . . . , λ−ĝ`)⊕ 0n−q,

where u := (m − 1)n + r + 1, p̂j := pj + 1 −m ≤ 1 for j = 2 : k and ĝj := gj + m − 1

for j = 1 : `.

Proof. Note that by Theorem 5.2.3, we have p1 = m. Now by Remark 5.2.4, we have

S(λ) ∼ei diag(λIr, G(λ)) and L(λ) ∼ei diag
(
λI(m−1)n+r, λ

1−mG(λ)
)

which yield the

desired results.

5.3 Affine spaces of strong linearizations for rational matrices

We now construct two affine spaces of pencils - a kind of ansatz spaces for G(λ) - and

show that almost all pencils in these affine spaces are Rosenbrock strong linearizations

of G(λ).

Consider the ansatz spaces L1(P ) and L2(P ) given in (5.2). For convenience, we write

(L(λ), v) ∈ L1(P ) to mean that L(λ) ∈ L1(P ) with right ansatz vector v. Similarly, we

write (L(λ), w) ∈ L2(P ) to mean that L(λ) ∈ L2(P ) with left ansatz vector w. We now

define the affine spaces L1(G) and L2(G) as follows.
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Definition 5.3.1. Let G(λ) = P (λ) + C(λE − A)−1B be as in (5.5). Define

L1(G) :=

{ L(λ) v ⊗ C

eTm ⊗B A− λE

 : (L(λ), v) ∈ L1(P )

}
,

L2(G) :=

{ L(λ) em ⊗ C

wT ⊗B A− λE

 : (L(λ), w) ∈ L2(P )

}
.

We write (T(λ), v) ∈ L1(G) to mean that T(λ) ∈ L1(G) with right ansatz vector v

when T(λ) is defined via (L(λ), v) ∈ L1(P ). Similarly, we write (T(λ), w) ∈ L2(G).

Now consider the vector spaces V1(G) and V2(G) given by

V1(G) :=

{ L(λ) v ⊗ C

0r×mn 0r×r

 : (L(λ), v) ∈ L1(P )

}
,

V2(G) :=

{ L(λ) 0mn×r

wT ⊗B 0r×r

 : (L(λ), w) ∈ L2(P )

}
.

Some basic facts about the spaces Li(G), i = 1, 2, are given in the following result.

Theorem 5.3.2. (a) The set Li(G) is an affine space with associated vector space Vi(G)

and dimLi(G) = dimLi(P ) = m(m− 1)n2 +m =: `, for i = 1, 2.

(b) The maps

A1 : L1(P ) −→ L1(G), (L(λ), v) 7−→

 L(λ) v ⊗ C

eTm ⊗B A− λE

 ,
A2 : L2(P ) −→ L2(G), (L(λ), w) 7−→

 L(λ) em ⊗ C

wT ⊗B A− λE


are affine bijections.

(c) Let {(X1(λ), v1), . . . , (X`(λ), v`)} be a basis of L1(P ). Define

X0(λ) := A1(0mn×mn, 0) =

 0mn×mn 0mn×r

eTm ⊗B A− λE

 ,
Xj(λ) := A1(Xj(λ), vj) =

 Xj(λ) vj ⊗ C

eTm ⊗B A− λE

 , j = 1, 2, . . . , `.

Then {X0(λ),X1(λ), . . . ,X`(λ)} is an affine basis (barycentric frame) of L1(G). Simi-

larly, let {(Y1(λ), w1), . . . , (Y`(λ), w`)} be a basis of L2(P ). Set Y0(λ) := A2(0mn×mn, 0)

and Yj(λ) := A2(Yj(λ), wj) for j = 1, 2, . . . , `. Then {Y0(λ),Y1(λ), . . . ,Y`(λ)} is an

affine basis of L2(G).
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Proof. It follows that Li(G) is an affine space with associated vector space Vi(G) for

i = 1, 2. It is also easily seen that the maps

J1 : L1(P ) −→ V1(G), (L(λ), v) 7−→

 L(λ) v ⊗ C

0r×mn 0r×r

 ,
J2 : L2(P ) −→ V2(G), (L(λ), w) 7−→

 L(λ) 0mn×r

wT ⊗B 0r×r


are linear isomorphisms. Hence dimLi(G) = dimVi(G) = dimLi(P ) for i = 1, 2. It is

well known [46, Corollary 3.6] that dimLi(P ) = `, for i = 1, 2, which gives the desired

result.

Since A1(L(λ), v) = A1(0mn×mn, 0) + J1(L(λ), v) and J1 is a linear isomorphism, it

follows that A1 is an affine bijection. The proof is similar for A2.

Finally, we have Xj(λ) − X0(λ) = J1(Xj(λ), vj), for j = 1, . . . , `, which shows that

{X1(λ)−X0(λ), . . .X`(λ)−X0(λ)} is a basis of V1(G). Hence {X0(λ),X1(λ), . . . ,X`(λ)}
is an affine basis, that is, a barycentric frame of L1(G). The proof is similar for the affine

basis of L2(G).

The affine spaces L1(G) and L2(G) can be thought of as affine extensions of the vector

spaces L1(P ) and L2(P ), respectively. Thus, as in the case of the vector spaces L1(P )

and L2(P ), the affine spaces L1(G) and L2(G) can be characterized via column shifted

sum � and row shifted sum � as described in [46]. Indeed, let P (λ) :=
∑m

j=0Ajλ
j.

Then for all v, w ∈ Cm, we have

L1(G) :=

{ λX + Y v ⊗ C

eTm ⊗B A− λE

 : X � Y = v ⊗
[
Am Am−1 · · · A0

]}
,

L2(G) :=

{ λX + Y em ⊗ C

wT ⊗B A− λE

 : X �Y = wT ⊗
[
ATm ATm−1 · · · AT0

]T }
.

The pencils in L1(P )∪L2(P ) are easily constructible from the data in P (λ), see [46].

Consequently, given a realization of G(λ), the pencils in L1(G) ∪ L2(G) are easily con-

structible from the data in G(λ). Moreover, the affine maps A1 and A2 in Theorem 5.3.2

show that we can construct linearizations of G(λ) directly from the linearizations of

P (λ).

We need the following result which is a restatement of [46, Theorem 4.1].

Theorem 5.3.3. [46] Let (L(λ), e1) ∈ L1(P ). If L(λ) has full Z-rank then there exist

mn × mn unimodular matrix polynomials U(λ) and V (λ) such that U(λ)L(λ)V (λ) =
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diag(I(m−1)n, P (λ)) for all λ ∈ C. Further, we have U(λ)−1(em ⊗ In) = e1 ⊗ In and

(eTm ⊗ In)V (λ)−1 = eTm ⊗ In.

We now show that almost all pencils in L1(G) and L2(G) are Rosenbrock strong

linearizations of S(λ) and G(λ).

Theorem 5.3.4. Let T(λ) :=

 L(λ) v ⊗ C

eTm ⊗B A− λE

 ∈ L1(G), where (L(λ), v) ∈ L1(P )

and v 6= 0. If L(λ) has full Z-rank then there exist mn×mn unimodular matrix polyno-

mials U(λ) and V (λ) such that U(λ)−1(em⊗In) = v⊗In and (eTm⊗In)V (λ)−1 = eTm⊗In.
Further, we have diag(U(λ), Ir)T(λ) diag(V (λ), Ir) = diag(I(m−1)n, S(λ)) for all λ ∈
C. Thus T(λ) is a Rosenbrock linearization of S(λ).

Proof. Let M ∈ Cm×m be a nonsingular matrix such that Mv = e1. Then (M ⊗
In)L(λ) = e1 ⊗ P (λ) and hence by Theorem 5.1.2 the pencil (M ⊗ In)L(λ) can be

written as

(M ⊗ In)L(λ) = λ

 Am X12

0 −Z

+

 Y11 A0

Z 0

 ,
with nonsingular Z ∈ C(m−1)n×(m−1)n. Let L̂(λ) := (M ⊗ In)L(λ). Then by Theo-

rem 5.3.3, there exist unimodular matrix polynomials Û(λ) and V̂ (λ) such that

Û(λ)L̂(λ)V̂ (λ) = Û(λ)(M ⊗ In)L(λ)V̂ (λ) =

 I(m−1)n

P (λ)

 ,
Û(λ)−1(em ⊗ In) = e1 ⊗ In and (eTm ⊗ In)V̂ (λ)−1 = eTm ⊗ In. Consequently, we have(
Û(λ)(M ⊗ In)

)−1
(em ⊗ In) = (M−1 ⊗ In)Û(λ)−1(em ⊗ In) = v ⊗ In. By setting

U(λ) := Û(λ)(M ⊗ In) and V (λ) := V̂ (λ) we have

 U(λ) 0

0 Ir

T(λ)

 V (λ) 0

0 Ir


=

 Û(λ)(M ⊗ In) 0

0 Ir

 L(λ) v ⊗ C

eTm ⊗B A− λE

 V̂ (λ) 0

0 Ir


=

 Û(λ)(M ⊗ In) 0

0 Ir

 L(λ)
(
Û(λ)(M ⊗ In)

)−1
(em ⊗ C)

(eTm ⊗B)V̂ (λ)−1 A− λE

 V̂ (λ) 0

0 Ir


=

 Û(λ)(M ⊗ In)L(λ)V̂ (λ) em ⊗ C

eTm ⊗B A− λE

 =

 I(m−1)n 0

0 S(λ)

 .
Let L(λ) ∈ L1(P ) with right ansatz vector v. Then L(λ)(Λ ⊗ In) = v ⊗ P (λ) and

(ΛT ⊗ In)L(λ)T = vT ⊗ P (λ)T . Hence L(λ)T ∈ L2(P
T ) and has left ansatz vector v.
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Similarly, for L(λ) ∈ L2(P ) with left ansatz vector v, we have L(λ)T ∈ L1(P
T ) and has

right ansatz vector v. Thus, by defining
(
L1(G

T )
)T

:= {T(λ)T : T(λ) ∈ L1(G
T )}, we

have L2(G) =
(
L1(G

T )
)T
.

Theorem 5.3.5. Let T(λ) :=

 L(λ) em ⊗ C

wT ⊗B A− λE

 ∈ L2(G), where (L(λ), w) ∈ L2(P )

and w 6= 0. If L(λ) has full Z-rank then there exist mn×mn unimodular matrix polyno-

mials U(λ) and V (λ) such that U(λ)−1(em⊗In) = em⊗In and (eTm⊗In)V (λ)−1 = wT⊗In.
Further, we have diag(U(λ), Ir)T(λ) diag(V (λ), Ir) = diag(I(m−1)n, S(λ)) for all λ ∈
C. Thus T(λ) is a Rosenbrock linearization of S(λ).

Proof. Let K ∈ Cm×m be a nonsingular matrix such that wTK = eT1 . Then by Theorem

5.1.2, there is a nonsingular matrix Z ∈ C(m−1)n×(m−1)n such that L(λ)(K ⊗ In) =

λ

 Am 0

X21 −Z

+

 Y11 Z

A0 0

 . Hence we have

(KT ⊗ In)LT (λ) = λ

 ATm XT
21

0 −ZT

+

 Y T
11 AT0

ZT 0

 . (5.7)

Since L(λ) ∈ L2(P ), by (5.7), we have L(λ)T ∈ L1(P
T ) having full Z-rank with w

as right ansatz vector. By Theorem 5.3.4, there exist unimodular matrix polynomials

Û(λ) and V̂ (λ) such that

Û(λ)L(λ)T V̂ (λ) =

 I(m−1)n

P (λ)T

⇒ V̂ (λ)TL(λ)Û(λ)T =

 I(m−1)n

P (λ)


and

(
V̂ (λ)

)−T
(em ⊗ In) = em ⊗ In and (eTm ⊗ In)

(
Û(λ)

)−T
= wT ⊗ In. By setting

U(λ) := V̂ (λ)T and V (λ) := Û(λ)T , the desired results follow.

Observe that if T(λ) := A1(L(λ), v) is a Rosenbrock linearization of S(λ) then L(λ)

is a linearization of P (λ). On the other hand, if L(λ) ∈ L1(P ) is a linearization of P (λ)

then we cannot conclude that T(λ) is a Rosenbrock linearization of S(λ) since L(λ) may

or may not have full Z-rank, see [25]. However, the reverse conclusion holds when P (λ)

is regular. The same conclusions hold when T(λ) := A2(L(λ), w).

Corollary 5.3.6. Let (Ti(λ), vi) ∈ Li(G) be given by Ti(λ) := Ai(Li(λ), vi) with (Li(λ), vi)

∈ Li(P ) and vi 6= 0, i = 1, 2. Suppose that P (λ) is regular. Then Ti(λ) is a Rosen-

brock linearization of S(λ) ⇐⇒ Li(λ) is regular ⇐⇒ Li(λ) is a linearization of

P (λ), i = 1, 2.
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Proof. By [46, Theorem 4.3], (Li(λ), vi) ∈ Li(P ) has full Z-rank ⇐⇒ Li(λ) is regu-

lar ⇐⇒ Li(λ) is a linearization of P (λ), i = 1, 2. Hence if L1(λ) is regular then by

Theorem 5.3.4, T1(λ) is a Rosenbrock linearization of S(λ). Conversely, if T1(λ) is a

Rosenbrock linearization of S(λ) then by Theorem 5.3.4, we have U(λ)L1(λ)V (λ) =

diag(I(m−1)n, P (λ)), where U(λ) and V (λ) are unimodular matrix polynomials. This

shows that L1(λ) is a linearization of P (λ) and hence is regular. The proof is similar

for (T2(λ), v2) ∈ L2(G).

Next, we show that almost all pencils in L1(G) ∪ L2(G) are Rosenbrock strong

linearizations of G(λ). To that end, define

T (λ) :=



1 λ λ2 . . . λm−1

1 λ
. . .

...

1
. . . λ2

. . . λ

1


⊗ In and Rm :=


In

· · ·

In

 ∈ Cmn×mn.

Lemma 5.3.7. Let T(λ) :=

 L(λ) e1 ⊗ C

eTm ⊗B A− λE

 ∈ L1(G), where (L(λ), e1) ∈ L1(P )

with full Z-rank. Then there exist mn×mn biproper rational matrices O`(λ) and Or(λ)

such that

O`(λ)λ−1G(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 ,
where G(λ) := L(λ) + (e1 ⊗ C)(λE − A)−1(eTm ⊗B) is the transfer function of T(λ).

Proof. For any pencil L(λ) ∈ L1(P ) with right ansatz vector e1 and having full Z-rank,

there exists a unimodular matrix polynomial U(λ) such that

U(λ)L(λ)T (λ) =

 I(m−1)n 0

0 P (λ)

 with U(λ) :=

 0 Z−1

In −W (λ)Z−1


for some matrix polynomial W (λ), see the proof of [46, Theorem 4.1].

Set L̂(λ) := revL(λ)(Rm ⊗ In). Then it is shown in the proof of [46, Theorem 4.1]

that L̂(λ)(Λ⊗ In) = e1 ⊗ revP (λ), that is, L̂(λ) ∈ L1(revP ) with right ansatz vector e1

and having full Ẑ-rank, where Ẑ := −Z(Rm−1 ⊗ In). Thus, there exists a unimodular

matrix polynomials Û(λ) such that

Û(λ)L̂(λ)T (λ) =

 I(m−1)n 0

0 revP (λ)

 with Û(λ) :=

 0 Ẑ−1

In −Ŵ (λ)Ẑ−1


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for some matrix polynomial Ŵ (λ). Hence I(m−1)n ⊕ revP (λ) = Û(λ) revL(λ)(Rm ⊗
In)T (λ) = Û(λ) revL(λ)V̂ (λ), where V̂ (λ) := (Rm ⊗ In)T (λ). Consequently,

Û(1/λ)λ−1L(λ) V̂ (1/λ) = I(m−1)n ⊕ λ−mP (λ). (5.8)

Note that Û(1/λ) and V̂ (1/λ) are biproper rational matrices. Next, Û(1/λ)(e1 ⊗ In) =

em⊗In and (eTm⊗In)V̂ (1/λ) = (eTm⊗In)(Rm⊗In)T (1/λ) = [1, λ−1, λ−2, . . . , λ−(m−1)]⊗In.
Recall that Gsp(λ) = C(λE − A)−1B. Thus

λ−1Û(1/λ)(e1 ⊗ C) (λE − A)−1 (eTm ⊗B)V̂ (1/λ)

= λ−1Û(1/λ)(e1 ⊗ In)Gsp(λ) (eTm ⊗ In)V̂ (1/λ)

= (em ⊗ In)Gsp(λ) [λ−1, λ−2, . . . , λ−m]⊗ In.

(5.9)

Now by (5.8) and (5.9), we have Û(1/λ)λ−1G(λ) V̂ (1/λ) =

(I(m−1)n ⊕ λ−mP (λ)) + (em ⊗ In)Gsp(λ) [λ−1, λ−2, . . . , λ−m]⊗ In

=

 I(m−1)n 0

[λ−1, λ−2, . . . , λ−(m−1)]⊗Gsp(λ) λ−mG(λ)

 .

Hence by definingO`(λ) :=

 I(m−1)n 0

[−λ−1, − λ−2, . . . ,−λ−(m−1)]⊗Gsp(λ) In

 Û(1/λ) and

Or(λ) := V̂ (1/λ), we have O`(λ)λ−1G(λ)Or(λ) = I(m−1)n⊕ λ−mG(λ). Obviously, O`(λ)

and Or(λ) are biproper rational matrices. This completes the proof.

The next result shows that pencils in L1(G) having full Z-rank are Rosenbrock strong

linearizations of G(λ).

Theorem 5.3.8. Let T(λ) :=

 L(λ) v ⊗ C

eTm ⊗B A− λE

 ∈ L1(G) with v 6= 0, where

(L(λ), v) ∈ L1(P ) with full Z-rank. Then there exist biproper rational matrices O`(λ)

and Or(λ) such that

O`(λ)λ−1G(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 , (5.10)

where G(λ) := L(λ)+(v⊗C)(λE−A)−1(eTm⊗B) is the transfer function of T(λ). Thus

T(λ) is a Rosenbrock strong linearization of G(λ).
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Proof. Let M ∈ Cm×m be a nonsingular matrix such that Mv = e1. Then L̂(λ) :=

(M ⊗ In)L(λ) ∈ L1(P ) with right ansatz vector e1 and having full Z-rank. Thus by

Lemma 5.3.7, there exist biproper rational matrices Ô`(λ) and Ôr(λ) such that

Ô`(λ)λ−1Ĝ(λ)Ôr(λ) = I(m−1)n ⊕ λ−mG(λ), (5.11)

where Ĝ(λ) = L̂(λ) + (e1 ⊗ C)(λE −A)−1(eTm ⊗B) = L̂(λ) + (e1 ⊗ In)Gsp(λ)(eTm ⊗ In).

Now Ô`(λ)λ−1L̂(λ)Ôr(λ) = Ô`(λ)λ−1(M ⊗ In)L(λ)Ôr(λ) = O`(λ)λ−1L(λ)Or(λ),

where O`(λ) := Ô`(λ)(M ⊗ In) and Or(λ) := Ôr(λ). Since M ⊗ In is nonsingular, O`(λ)

and Or(λ) are biproper rational matrices. Similarly, we have

Ô`(λ)(e1 ⊗ In)Gsp(λ)(eTm ⊗ In)Ôr(λ) = Ô`(λ)(Mv ⊗ C)(λE −A)−1(eTm ⊗B)Ôr(λ)

= Ô`(λ)(M ⊗ In)(v ⊗ C)(λE −A)−1(eTm ⊗B)Ôr(λ)

= O`(λ)(v ⊗ C)(λE −A)−1(eTm ⊗B)Or(λ).

Hence by (5.11) we have O`(λ)λ−1G(λ)Or(λ) = I(m−1)n ⊕ λ−mG(λ).

By (5.10) and Theorem 5.3.4, T(λ) is a Rosenbrock strong linearization of G(λ).

This completes the proof.

Now we show that pencils in L2(G) having full Z-rank are Rosenbrock strong lin-

earizations of G(λ).

Theorem 5.3.9. Let T(λ) :=

 L(λ) em ⊗ C

wT ⊗B A− λE

 ∈ L2(G) with w 6= 0, where

(L(λ), w) ∈ L2(P ) with full Z-rank. Then there exist biproper rational matrices O`(λ)

and Or(λ) such that

O`(λ)λ−1G(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 , (5.12)

where G(λ) := L(λ) + (em ⊗ C)(λE − A)−1(wT ⊗ B) is the transfer function of T(λ).

Thus T(λ) is a Rosenbrock strong linearization of G(λ).

Proof. We have T(λ)T =

 L(λ)T w ⊗BT

eTm ⊗ CT AT − λET

 . Since L(λ) ∈ L2(P ), we have

L(λ)T ∈ L1(P
T ) having full Z-rank with w as the right ansatz vector [46]. Thus

T(λ)T ∈ L1(G
T ). Hence by Theorem 5.3.8, there exist biproper rational matrices

Ô`(λ) and Ôr(λ) such that Ô`(λ)λ−1Ĝ(λ)Ôr(λ) = I(m−1)n ⊕ λ−mG(λ)T , where Ĝ(λ) =

L(λ)T + (w ⊗ BT )(λET − AT )−1(eTm ⊗ CT ) is the transfer function of T(λ)T . Now by
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taking transpose, we have Ôr(λ)Tλ−1Ĝ(λ)T Ô`(λ)T = I(m−1)n ⊕ λ−mG(λ) and Ĝ(λ)T =

L(λ) + (em ⊗ C)(λE − A)−1(wT ⊗ B) = G(λ). Thus by defining O`(λ) := Ôr(λ)T and

Or(λ) := Ô`(λ)T we obtain (5.12).

Finally, by (5.12) and Theorem 5.3.5, we conclude that T(λ) is a Rosenbrock strong

linearization of G(λ). This completes the proof.

It is shown in [46, 25] that almost all pencils in L1(P ) and L2(P ) have full Z-

rank. Consequently, almost all pencils in L1(G) and L2(G) are Rosenbrock strong

linearizations of G(λ) and S(λ).

5.4 Symmetric linearization

We now describe a construction of a symmetric (resp., Hermitian) linearization of G(λ)

and S(λ) when G(λ) and S(λ) are symmetric (resp., Hermitian). We define the adjoints

of S(λ) by

S∗(λ) :=

 P ∗(λ) B∗

C∗ A∗ − λE∗

 and P ∗(λ) :=
∑m

j=0
λjA∗j

for all λ ∈ C. Thus S(λ) is Hermitian if S∗(λ) = S(λ) for λ ∈ C. Similarly, S(λ) is

symmetric if S(λ)T = S(λ) for λ ∈ C. We say that the realization of G(λ) in (5.5) is

Hermitian (resp., symmetric) when S(λ) is Hermitian (resp., symmetric).

Let H := (Hij) be a block k × ` matrix, where each block Hij is a p × q matrix.

Recall that the block transpose of H is the block `×k matrix HB given by (HB)ij = Hji.

A block matrix H is said to be block-symmetric provided that HB = H, see [37].

The double ansatz space DL(P ) := L1(P ) ∩ L2(P ) consists of block-symmetric

pencils. More precisely, if L(λ) ∈ DL(P ) with right ansatz vector v and left ansatz

vector w then v = w and L(λ) is block-symmetric. In particular, DL(P ) contains

symmetric (resp., Hermitian) linearizations of P (λ) when P (λ) is symmetric (resp.,

Hermitian) and regular, see [37, 46].

We define the block-transpose of a system matrix as follows.

Definition 5.4.1. Let A :=

 A u⊗X

vT ⊗ Y Z

 ∈ C(mn+r)×(mn+r), where A = [Aij] is

m × m block matrix with Aij ∈ Cn×n, u, v ∈ Cm, X ∈ Cn×r, Y ∈ Cr×n and Z ∈ Cr×r.

Define the block transpose of A by AB :=

 AB v ⊗X

uT ⊗ Y Z

 .
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Observe that A is block-symmetric if and only if A is block-symmetric and u = v.

Now consider the set of double ansatz pencils DL(G) := L1(G) ∩ L2(G). We write

(Tk(λ), vk) ∈ Lk(G) to mean that Tk(λ) := Ak(Lk(λ), vk) for k = 1, 2. Let (T(λ), v) ∈
L1(G) be given by

T(λ) =

 L(λ) v ⊗ C

eTm ⊗B A− λE

 , where (L(λ), v) ∈ L1(P ).

Then it is easily seen that (T(λ), v) ∈ L1(G) ⇔ (T(λ)B, v) ∈ L2(G) whenever L(λ) ∈
DL(P ). Consequently, we have (T(λ), v) ∈ DL(G) ⇔ (L(λ), v) ∈ DL(P ) and v = em.

Since an ansatz vector v uniquely determines [46] a pencil in DL(P ), we conclude that

DL(G) consist of a single pencil (T(λ), em) given by

T(λ) =

 L(λ) em ⊗ C

eTm ⊗B A− λE

 , where (L(λ), em) ∈ DL(P ).

We refer to T(λ) ∈ DL(G) as a double ansatz pencil of G(λ) as well as of S(λ).

For a nonzero vector v = [v1, v2, ..., vm]T ∈ Cm, the scalar polynomial

p(x; v) = v1x
m−1 + v2x

m−2 + · · ·+ vm−1x+ vm

is referred to as the v-polynomial of the vector v. The convention is that p(x; v) has a

root at ∞ whenever v1 = 0, see [46].

Theorem 5.4.2 (Eigenvalue Exclusion Theorem, [46]). Suppose that P (λ) is a regular

matrix polynomial and L(λ) ∈ DL(P ) with ansatz vector v. Then L(λ) is a linearization

for P (λ) if and only if no root of the v-polynomial p(x; v) is an eigenvalue of P (λ).

It is shown in [25, Theorem 6.1] that none of the pencils in DL(P ) is a linearization of

P (λ) when P (λ) is singular and m ≥ 2. Therefore, for a double ansatz pencil in DL(G)

to be a Rosenbrock strong linearization of G(λ), the polynomial P (λ) must necessarily

be regular. In fact, we have the following result.

Theorem 5.4.3 (Structured linearization). Consider the system matrix S(λ) with P (λ) =∑m
j=0 λ

jAj and m > 1. Then the double ansatz pencil

T(λ) := λ



Am

· · · Am−1
· · ·

...

· · · · · · ...
Am Am−1 · · · A1

−E


+



−Am
· · · −Am−1

· · · · · ·
...

−Am −Am−1 · · · −A2

A0 C

B A


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is block-symmetric with ansatz vector em. Further, T(λ) is symmetric (resp., Hermitian)

according as S(λ) is symmetric (resp., Hermitian).

The pencil T(λ) is a Rosenbrock strong linearization of G(λ) if and only if Am is

nonsingular. Equivalently, T(λ) is a Rosenbrock strong linearization of G(λ) if and only

if T(λ) is regular.

Proof. Note that T(λ) =

 L(λ) em ⊗ C

eTm ⊗B A− λE

 , where L(λ) ∈ DL(P ) is the block-

symmetric pencil with ansatz vector em, see [37]. Obviously T(λ) is block-symmetric

and T(λ) ∈ DL(G). Further, T(λ) is symmetric (resp., Hermitian) according as S(λ) is

symmetric (resp., Hermitian).

Suppose that T(λ) is a Rosenbrock strong linearization of G(λ). Then there exist

mn×mn unimodular matrix polynomials U(λ) and V (λ) such that

diag(U(λ), Ir)T(λ)diag(V (λ), Ir) = diag(I(m−1)n, S(λ)).

Hence it follows that L(λ) is a linearization of P (λ). Since L(λ) ∈ DL(P ) and none

of the pencils in DL(P ) is a linearization when P (λ) is singular [25, Theorem 6.1], the

polynomial P (λ) must be regular. Now, since p(x; em) has a root at ∞ and L(λ) ∈
DL(P ) with ansatz vector em, by Theorem 5.4.2 we conclude that P (λ) does not have

an eigenvalue at ∞. This implies that Am is nonsingular. Conversely, suppose that

Am is nonsingular. Then P (λ) is regular and does not have an eigenvalue at ∞. Since

L(λ) ∈ DL(P ) with ansatz vector em, by Theorem 5.4.2, L(λ) is a linearization of P (λ).

Consequently, by Corollary 5.3.6, T(λ) is a Rosenbrock linearization of S(λ). Hence by

Theorem 5.3.8, T(λ) is a Rosenbrock strong linearization of G(λ).

Next, observe that if Am is singular then T(λ) is a singular pencil. Hence if T(λ) is

regular then Am is nonsingular. On the other hand, if Am is nonsingular then L(λ) is

regular. Since C(A− λE)−1B is strictly proper, it is easily seen that det(T(λ)) 6= 0 for

some λ ∈ C. This shows that T(λ) is regular if and only if Am is nonsingular.

Notice that DL(G) does not contain a linearization ofG(λ) whenG(λ) is singular. By

contrast, Fiedler and generalized Fiedler pencils ofG(λ) (regular or singular) constructed

in [2, 4, 8] are shown to be Rosenbrock linearizations of S(λ). However, Fiedler and

generalized Fiedler pencils cannot guarantee a structure-preserving linearization of G(λ)

when G(λ) is structured. Indeed, unlike in the case of a symmetric matrix polynomial [6,

15], a symmetric G(λ) does not have a symmetric generalized Fiedler pencil when deg(P )

is even, see [4]. For example, the symmetric eigenproblem

G(λ)x :=
(
λ2A2 + A0 −

k∑
i=1

1

1 + λbi
LiL

T
i

)
x = 0, (5.13)
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which arises in the study of damped vibration of a structure [55], does not have a

symmetric generalized Fiedler pencil [4], where Li is an n×ri full column rank matrix for

i = 1, . . . , k. Set C :=
[
L1 L2 · · · Lk

]
and E := diag(−b1Ir1 ,−b2Ir2 , . . . ,−bkIrk).

Then we have a minimal symmetric realization of G(λ) given by [55]

G(λ) = λ2A2 + A0 + C(λE − I)−1CT .

The symmetric eigenproblem (5.13) can now be rewritten as a symmetric generalized

eigenvalue problem [55]

H(λ)u :=

λ


A2

A2

−E

+


−A2

A0 C

CT I




λx

x

y

 = 0,

where y := (λE − I)−1CTx. Note that H(λ) ∈ DL(G) with the ansatz vector e2. Hence

by Theorem 5.4.3, H(λ) is a Rosenbrock strong linearization of G(λ) ⇐⇒ A2 is

nonsingular ⇐⇒ H(λ) is regular. We mention that the symmetric pencil H(λ) is not

a generalized Fiedler pencil of G(λ).

5.5 Recovery of minimal bases and minimal indices

We now describe the recovery of minimal bases and minimal indices of S(λ) and G(λ)

from those of a Rosenbrock strong linearization T(λ) when T(λ) ∈ Li(G), i = 1, 2.

The following result shows that the degree of a vector polynomial in the null space

of a system matrix (in particular, S(λ)) is determined by the first n components of the

vector polynomial.

Theorem 5.5.1. Let X (λ) :=

 X(λ) X12

X21 A− λE

 be an (n+r)×(n+r) system matrix,

where E ∈ Cr×r is a nonsingular matrix. Let u(λ) :=

 u1(λ)

u2(λ)

 be a nonzero vector

polynomial, where u1(λ) ∈ C[λ]n and u2(λ) ∈ C[λ]r. Then we have the following.

(a) If u(λ) ∈ Nr(X ), then deg(u(λ)) = deg(u1(λ)). Moreover, deg(u2(λ)) < deg(u1(λ))

when deg(u(λ)) ≥ 1, and u2(λ) ≡ 0 when deg(u(λ)) = 0.

(b) If u(λ) ∈ Nl(X ), then deg(u(λ)) = deg(u1(λ)). Moreover, deg(u2(λ)) < deg(u1(λ))

when deg(u(λ)) ≥ 1, and u2(λ) ≡ 0 when deg(u(λ)) = 0.
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Proof. (a) We have X (λ)u(λ) = 0 ⇒

 X(λ) X12

X21 A− λE

 u1(λ)

u2(λ)

 = 0 which shows

that

X(λ)u1(λ) +X12u2(λ) = 0 and X21u1(λ) + (A− λE)u2(λ) = 0. (5.14)

Let d := deg(u(λ)). Now suppose that d ≥ 1 and deg(u1(λ)) ≤ deg(u2(λ)). Then

u(λ) =

 t1

t2

λd + lower order terms,

where t1 ∈ Cn and t2 ∈ Cr are constant vectors and t2 6= 0. Now by (5.14), we have[
X21 | (A− λE)

]
u(λ) ≡ 0 (5.15)

Extracting the coefficient of the highest degree (i.e., degree d + 1) term from the left

hand side of (5.15), we see that −Et2 = 0. Since E is nonsingular, we have t2 = 0,

which is a contradiction. Hence we must have deg(u2(λ)) < deg(u1(λ)).

Next, suppose that d = 0. Then u(λ) =

 u1

u2

 ∈ Nr(X ) is a constant vector, where

u1 ∈ Cn and u2 ∈ Cr. Then X (λ)u(λ) = 0 ⇒

 X(λ) X12

X21 A− λE

 u1

u2

 = 0 which

gives X(λ)u1 + X12u2 = 0 and X21u1 + (A− λE)u2 = 0 for all λ ∈ C. This shows that

(X21u1 +Au2)− λEu2 = 0 for all λ ∈ C. Consequently, we have Eu2 = 0⇒ u2 = 0 and

that deg(u(λ)) = deg(u1(λ)).

(b) Since Nl(X ) = Nr(X T ), the desired results follow from (a).

The next result analyzes isomorphisms between null spaces of S(λ) and its lineariza-

tions and the condition under which these isomorphisms map minimal bases to minimal

bases.

Theorem 5.5.2. Let T(λ) be an (mn+ r)× (mn+ r) matrix pencil such that U(λ)

Ir

T(λ)

 V (λ)

Ir

 =

 I(m−1)n

S(λ)

 , (5.16)

where U(λ) and V (λ) are mn×mn unimodular matrix polynomials.
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(a) The maps

E(S) : Nr(S) −→ Nr(T),

 x(λ)

y(λ)

 7−→
 V (λ)(em ⊗ x(λ))

y(λ)

 ,
F(S) : Nr(T) −→ Nr(S),

 u(λ)

v(λ)

 7−→
 (eTm ⊗ In)V −1(λ)u(λ)

v(λ)


are linear isomorphisms and map vector polynomials to vector polynomials, where x(λ) ∈
C[λ]n, u(λ) ∈ C[λ]mn and y(λ), v(λ) ∈ C[λ]r.

(b) Let k a nonnegative integer. Then deg
(
E(S)x(λ)

)
= deg(x(λ))+k for all nonzero

x(λ) ∈ Nr(S) ∩ C[λ]n+r if and only if deg
(
F(S)y(λ)

)
= deg(y(λ)) − k for all nonzero

y(λ) ∈ Nr(T) ∩ C[λ]mn+r. In particular, E(S) is degree preserving (i.e., k = 0) if and

only if F(S) is degree preserving.

(c) Suppose that deg
(
E(S)x(λ)

)
= deg(x(λ)) + k for all nonzero x(λ) ∈ Nr(S) ∩

C[λ]n+r. Then E(S) maps a minimal basis of Nr(S) to a minimal basis of Nr(T) and

F(S) maps a minimal basis of Nr(T) to a minimal basis of Nr(S). Furthermore, if

ε1 ≤ · · · ≤ εp are the right minimal indices of T(λ) then ε1 − k ≤ · · · ≤ εp − k are the

right minimal indices of S(λ).

Proof. (a) Clearly we have F(S)E(S) = In+r. Now, suppose that

 x(λ)

y(λ)

 ∈ Nr(S).

Then S(λ)

 x(λ)

y(λ)

 = 0⇒

 I(m−1)n

S(λ)

 em ⊗ x(λ)

y(λ)

 = 0. By (5.16) we have U(λ)

Ir

T(λ)

 V (λ)

Ir

 em ⊗ x(λ)

y(λ)

 = 0 which gives

T(λ)

 V (λ)(em ⊗ x(λ))

y(λ)

 = 0⇒ T(λ)E(S)

 x(λ)

y(λ)

 = 0.

This shows that E(S) : Nr(S) → Nr(T) is well-defined. Let u(λ) ∈ Nr(S). Then

E(S)u(λ) = 0 ⇒ F(S)E(S)u(λ) = 0 ⇒ u(λ) = 0. Hence E(S) : Nr(S) → Nr(T) is

one-one.
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Next, suppose that

 w(λ)

z(λ)

 ∈ Nr(T). Then T(λ)

 w(λ)

z(λ)

 = 0 gives

 U(λ)−1

Ir

 I(m−1)n

S(λ)

 V (λ)−1

Ir

 w(λ)

z(λ)

 = 0

⇒

 I(m−1)n

S(λ)

 V (λ)−1

Ir

 w(λ)

z(λ)

 = 0

⇒ S(λ)

 (eTm ⊗ In)V (λ)−1w(λ)

z(λ)

 = 0⇒ S(λ)F(S)

 w(λ)

z(λ)

 = 0.

This shows that F(S) : Nr(T) → Nr(S) is well-defined. Now, let

 w(λ)

z(λ)

 ∈ Nr(T)

and F(S)

 w(λ)

z(λ)

 = 0. Then we have

V (λ)−1

Ir

w(λ)

z(λ)

 =

V (λ)−1w(λ)

z(λ)

 =
u(λ)

(eTm ⊗ In)V (λ)−1w(λ)

z(λ)

 =


u(λ)

F(S)

w(λ)

z(λ)


 =

u(λ)

0

 , for some u(λ) ∈ C[λ](m−1)n.

On the other hand, T(λ)

 w(λ)

z(λ)

 = 0 gives

 U(λ)−1

Ir

 I(m−1)n

S(λ)

 V (λ)−1

Ir

 w(λ)

z(λ)

 = 0

⇒

 I(m−1)n

S(λ)

 u(λ)

0

 = 0⇒ u(λ) = 0.

Hence

 V (λ)−1

Ir

 w(λ)

z(λ)

 = 0 ⇒

 w(λ)

z(λ)

 = 0. This shows that F(S) :

Nr(T)→ Nr(S) is one-one.

Since E(S) : Nr(S) → Nr(T) is one-one and F(S) : Nr(T) → Nr(S) is one-one, we

have dim Nr(S) ≤ dim Nr(T) and dim Nr(T) ≤ dim Nr(S). Therefore dim Nr(T) =

dimNr(S). Hence E(S) : Nr(S)→ Nr(T) is an isomorphism and F(S) : Nr(T)→ Nr(S)

is an isomorphism. Since V (λ) is unimodular, E(S) and F(S) map vector polynomials

to vector polynomials.
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(b) Suppose that deg
(
E(S)x(λ)

)
= deg(x(λ)) + k for all nonzero vector polyno-

mial x(λ) ∈ Nr(S). Let y(λ) ∈ Nr(T) be a vector polynomial. Since E(S) is an iso-

morphism, we have y(λ) = E(S)z(λ) for some vector polynomial z(λ) ∈ Nr(S). So

deg(y(λ)) = deg
(
E(S)z(λ)

)
= deg(z(λ)) + k. We have F(S)y(λ) = F(S)E(S)z(λ) =

z(λ) ⇒ deg
(
F(S)y(λ)

)
= deg(z(λ)). Hence deg

(
F(S)y(λ)

)
= deg(y(λ)) − k. On the

other hand, suppose that deg
(
F(S)y(λ)

)
= deg(y(λ)) − k for all vector polynomial

y(λ) ∈ Nr(T). Let x(λ) ∈ Nr(S) be a nonzero vector polynomial. Then E(S)x(λ) ∈
Nr(T) ⇒ deg

(
F(S)E(S)x(λ)

)
= deg

(
E(S)x(λ)

)
− k. But F(S)E(S)x(λ) = x(λ). So

deg
(
E(S)x(λ)

)
= deg(x(λ)) + k. This proves (b).

(c) Let B := (z1(λ), . . . , zp(λ)) be a right minimal basis of S(λ). Then by (a),

C := E(S)(B) is a polynomial basis of Nr(T). Since deg(E(S)zi(λ)) = deg(zi(λ)) + k,

for i = 1, 2, . . . , p, we have Ord(C) = Ord(B) + pk. We claim that C is a minimal basis

of T(λ). Indeed, let C̃ be any polynomial basis of Nr(T). Then by (a), B̃ := F(S)C̃ is a

polynomial basis ofNr(S) and by (b), Ord(B̃) = Ord(C̃)−pk ⇒ Ord(C̃) = Ord(B̃)+pk ≥
Ord(B) + pk = Ord(C). This shows that C is a minimal basis. Similarly, F(S) maps

minimal bases of Nr(T) to minimal bases of Nr(S). The relationship between the right

minimal indices of S(λ) and T(λ) is now immediate. This completes the proof.

The recovery of right minimal bases and right minimal indices of S(λ) from those of

its linearizations in L1(G) is given in the following result.

Theorem 5.5.3. Let T(λ) :=

 L(λ) v ⊗ C

eTm ⊗B A− λE

 ∈ L1(G), where (L(λ), v) ∈ L1(P )

with v 6= 0 and L(λ) having full Z-rank. Then the following results hold:

(a) Let

 x

y

 ∈ Nr(T)∩C[λ]mn+r with x ∈ C[λ]mn and y ∈ C[λ]r. Then

(eTm ⊗ In)x

y


∈ Nr(S) and deg

( (eTm ⊗ In)x

y

) = deg
( x

y

) − (m − 1). Further, the mapping

F1(S) : Nr(T) −→ Nr(S),

 x

y

 7−→
 (eTm ⊗ In)x

y

 is a linear isomorphism and

maps a minimal basis of Nr(T) to a minimal basis of Nr(S), where x ∈ C[λ]mn and

y ∈ C[λ]r.

(b) If

 u

w

 ∈ Nr(S) then

 Λ⊗ u

w

 ∈ Nr(T), where u ∈ C[λ]n and w ∈ C[λ]r.
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Furthermore, the mapping E1(S) : Nr(S) −→ Nr(T),

 u

w

 7−→
 Λ⊗ u

w

 is a linear

isomorphism and maps a minimal basis of Nr(S) to a minimal basis of Nr(T), where

u ∈ C[λ]n and w ∈ C[λ]r.

(c) If ε1 ≤ · · · ≤ εp are the right minimal indices of T(λ) then ε1 − (m− 1) ≤ · · · ≤
εp − (m− 1) are the right minimal indices of S(λ).

Proof. By Theorem 5.3.4 there exist unimodular matrix polynomials U(λ) and V (λ)

such that

U(λ)

Ir

T(λ)

V (λ)

Ir

 =

 I(m−1)n

S(λ)

 , V (λ)(em⊗ In) = Λ⊗ In

and (eTm⊗In)V (λ)−1 = eTm⊗In. Now F1(S)

x
y

 =

(eTm ⊗ In)x

y

 =

(eTm ⊗ In)V (λ)−1x

y


= F(S)

 x

y

 and E1(S)

 u

w

 =

Λ⊗ u

w

 =

V (λ)(em ⊗ u)

w

 = E(S)

 u

w

, where

E(S) and F(S) are given in Theorem 5.5.2. Finally, let z :=

 u

w

 ∈ Nr(S), where u ∈

C[λ]n and w ∈ C[λ]r. By Theorem 5.5.1, we have deg(z) = deg(u) and deg
(
E1(S)z

)
=

(m− 1) + deg(z). Hence the desired results follow from Theorem 5.5.2.

The recovery of left minimal bases and left minimal indices of S(λ) from those of its

linearizations in L2(G) is given in the following result.

Theorem 5.5.4. Let T(λ) :=

 L(λ) em ⊗ C

wT ⊗B A− λE

 ∈ L2(G), where (L(λ), w) ∈ L2(P )

with w 6= 0 and L(λ) having full Z-rank. Then the following results hold:

(a) Let

 x

y

 ∈ Nl(T)∩C[λ]mn+r with x ∈ C[λ]mn and y ∈ C[λ]r. Then

(eTm ⊗ In)x

y


∈ Nl(S) and deg

( (eTm ⊗ In)x

y

) = deg
( x

y

) − (m − 1). Further, the mapping

Nl(T) −→ Nl(S),

 x

y

 7−→
 (eTm ⊗ In)x

y

 is a linear isomorphism and maps a

minimal basis of Nl(T) to a minimal basis of Nl(S), where x ∈ C[λ]mn and y ∈ C[λ]r.

(b) If

 u

v

 ∈ Nl(S) then

 Λ⊗ u

v

 ∈ Nl(T), where u ∈ C[λ]n and v ∈ C[λ]r.
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Furthermore, the mapping Nl(S) −→ Nl(T),

 u

v

 7−→
 Λ⊗ u

v

 is a linear isomor-

phism and maps a minimal basis of Nl(S) to a minimal basis of Nl(T), where u ∈ C[λ]n

and w ∈ C[λ]r.

(c) If η1 ≤ · · · ≤ ηp are the left minimal indices of T(λ) then η1 − (m − 1) ≤ · · · ≤
ηp − (m− 1) are the left minimal indices of S(λ).

Proof. Note that T(λ)T ∈ L1(G
T ) with right ansatz vector w. Since Nl(S) = Nr(ST )

and Nl(T) = Nr(TT ), the desired results follow from Theorem 5.5.3.

Next we describe the recovery of right minimal bases and right minimal indices of

S(λ) from those of its linearizations in L2(G).

Theorem 5.5.5. Let T(λ) be as in Theorem 5.5.4 with left ansatz vector w.

(a) Let

 x

y

 ∈ Nr(T) ∩ C[λ]mn+r with x ∈ C[λ]mn and y ∈ C[λ]r. Then we

have

 (wT ⊗ In)x

y

 ∈ Nr(S) and deg
( (wT ⊗ In)x

y

) = deg
( x

y

). Further,

the mapping F2(S) : Nr(T) −→ Nr(S),

 x

y

 7−→
 (wT ⊗ In)x

y

 is a linear isomor-

phism and maps a minimal basis of Nr(T) to a minimal basis of Nr(S), where x ∈ C[λ]mn

and y ∈ C[λ]r.

(b) The right minimal indices of T(λ) and S(λ) are the same, i.e., if ε1 ≤ · · · ≤ εp

are the right minimal indices of T(λ) then ε1 ≤ · · · ≤ εp are also the right minimal

indices of S(λ).

Proof. By Theorem 5.3.5 there exist unimodular matrix polynomials U(λ) and V (λ)

such that

 U(λ)

Ir

T(λ)

 V (λ)

Ir

 =

 I(m−1)n

S(λ)

 and (eTm⊗In)V (λ)−1 =

wT ⊗In. Consequently, we have F2(S) = F(S), where F(S) is defined in Theorem 5.5.2.

We now show that F2(S) is degree preserving. Let

 y(λ)

z(λ)

 ∈ Nr(T) be a nonzero

vector polynomial. We show that deg
( y(λ)

z(λ)

) = deg
( (wT ⊗ In)y(λ)

z(λ)

).
Since

 y(λ)

z(λ)

 ∈ Nr(T) and T(λ) is a Rosenbrock system matrix, by Theorem 5.5.1, we
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have deg
(y(λ)

z(λ)

) = deg(y(λ)) and deg(z(λ)) < deg(y(λ)).Again, since

(wT ⊗ In)y(λ)

z(λ)


∈ Nr(S) and S(λ) is a system matrix, by Theorem 5.5.1,

deg
( (wT ⊗ In)y(λ)

z(λ)

) = deg((wT ⊗ In)y(λ))

and deg(z(λ)) < deg((wT ⊗ In)y(λ)). Hence the problem boils down to showing that

deg((wT ⊗ In)y(λ)) = deg(y(λ)). Let K ∈ Cm×m be a nonsingular matrix such that

wTK = eT1 . Now observe that (wT ⊗ In)y(λ)

z(λ)

 =

 (wT ⊗ In)(K ⊗ In)(K−1 ⊗ In)y(λ)

z(λ)


=

 (eT1 ⊗ In)(K−1 ⊗ In)y(λ)

z(λ)

 =

 (eT1 ⊗ In)ŷ(λ)

z(λ)

 ,

where ŷ(λ) := (K−1 ⊗ In)y(λ). Let ŷ(λ) =


ŷ1(λ)

...

ŷm(λ)

 , where ŷj(λ) ∈ C[λ]n. Then

deg((eT1 ⊗ In)ŷ(λ)) = deg(ŷ1(λ)).

On the other hand, since (K−1 ⊗ In) is an invertible matrix, we have deg(y(λ)) =

deg((K−1 ⊗ In)y(λ)) = deg(ŷ(λ)). We claim that deg(ŷ(λ)) = deg(ŷ1(λ)). Obviously

deg(ŷ1(λ)) ≤ deg(ŷ(λ)). We now show that deg(ŷ1(λ)) < deg(ŷ(λ)) is impossible. Set

d := deg(ŷ(λ)) and suppose that deg(ŷ1(λ)) < deg(ŷ(λ)). Then we can write

ŷ(λ) =

 0

t

λd + lower order terms,

where t ∈ C(m−1)n is a nonzero vector. Since deg
( y(λ)

z(λ)

) = deg(y(λ)) and

deg(z(λ)) < deg(y(λ)), we have deg
( ŷ(λ)

z(λ)

) = deg(ŷ(λ)) and deg(z(λ)) < deg(ŷ(λ)).
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Thus

 ŷ(λ)

z(λ)

 =


0

t

0

λd + lower order terms. Since

 y(λ)

z(λ)

 ∈ Nr(T), we have

 L(λ) em ⊗ C

wT ⊗B A− λE

 K ⊗ In
Ir

 ŷ(λ)

z(λ)

 = T(λ)

 y(λ)

z(λ)

 = 0

⇒

 L(λ)(K ⊗ In) em ⊗ C

(wT ⊗B)(K ⊗ In) A− λE

 ŷ(λ)

z(λ)

 = 0.

By Theorem 5.1.2, we have

 λ

 Am 0

X21 −Z

+

 Y11 Z

A0 0

 em ⊗ C

eT1 ⊗B A− λE


 ŷ(λ)

z(λ)

 = 0,

where Z ∈ C(m−1)n×(m−1)n is nonsingular. Hence for all λ ∈ C, we have λ

 Am 0

X21 −Z

+

 Y11 Z

A0 0

 em ⊗ C

eT1 ⊗B A− λE

{


0

t

0

λd + lower order terms
}

= 0

⇒

 λ

 Am 0

X21 −Z

+

 Y11 Z

A0 0

 em ⊗ C

{


0

t

0

λd + lower order terms
}

= 0.

Equating the coefficient of the highest degree (i.e. degree d + 1) terms, we have  Am 0

X21 −Z

 0




0

t

0

 = 0 ⇒

 Am 0

X21 −Z

 0

t

 = 0 ⇒

 0

−Zt

 = 0.

Since Z is nonsingular, we have t = 0 which is a contradiction. Hence deg(ŷ1(λ)) =

deg(ŷ(λ)) = deg(y(λ)) proving that F2(S) is degree preserving. Now the desired results

in (a) and (b) follow from Theorem 5.5.2.

The recovery of left minimal bases and left minimal indices of S(λ) from those of its

linearizations in L1(G) is given in the following result.

Theorem 5.5.6. Let T(λ) be as in Theorem 5.5.3 with right ansatz vector v.

(a) Let

 x

y

 ∈ Nl(T) ∩ C[λ]mn+r with x ∈ C[λ]mn and y ∈ C[λ]r. Then we
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have

 (vT ⊗ In)x

y

 ∈ Nl(S) and deg
( (vT ⊗ In)x

y

) = deg
( x

y

). Further, the

mapping Nl(T) −→ Nl(S),

 x

y

 7−→
 (vT ⊗ In)x

y

 is a linear isomorphism and

maps a minimal basis of Nl(T) to a minimal basis of Nl(S), where x ∈ C[λ]mn and

y ∈ C[λ]r.

(b) The left minimal indices of T(λ) and S(λ) are the same, i.e., if η1 ≤ · · · ≤ ηp

are the left minimal indices of T(λ) then η1 ≤ · · · ≤ ηp are also the left minimal indices

of S(λ).

Proof. Note that T(λ)T ∈ L2(G
T ) with left ansatz vector v. Since Nl(S) = Nr(ST ) and

Nl(T) = Nr(TT ), the desired results follow from Theorem 5.5.5.

The next result describes the recovery of left and right eigenvectors of a regular

system matrix S(λ) from those of its linearizations.

Corollary 5.5.7. Let X :=

 Xmn

Xr

 be an (mn+r)×p matrix such that rank(X) = p,

where Xmn has mn rows and Xr has r rows. Let (T(λ), v) ∈ L1(G) and (H(λ), w) ∈
L2(G) be Rosenbrock strong linearization of G(λ). Let µ ∈ C be an eigenvalue of S(λ).

(a) If X is a basis of the right (resp., left) eigenspace of T(λ) corresponding to µ

then

 (eTm ⊗ In)Xmn

Xr

 (resp.,

 (vT ⊗ In)Xmn

Xr

) is a basis of the right (resp., left)

eigenspace of S(λ) corresponding to µ.

(b) If X is a basis of the right (resp., left) eigenspace of H(λ) corresponding to µ

then

 (wT ⊗ In)Xmn

Xr

 (resp.,

 (eTm ⊗ In)Xmn

Xr

) is a basis of the right (resp., left)

eigenspace of S(λ) corresponding to µ.

We have described the recovery of eigenvectors, minimal bases and minimal indices

of S(λ) from those of the Rosenbrock strong linearizations from L1(G) ∪ L2(G). We

now describe the recovery of eigenvectors, minimal bases and minimal indices of G(λ)

from those of S(λ). This would complete the investigation on the recovery of eigenvec-

tors, minimal bases and minimal indices of G(λ) from those of the Rosenbrock strong

linearizations from L1(G) ∪ L2(G).

Recall that an n × p matrix polynomial X(λ) is said to be a minimal basis if the

columns of X(λ) form a minimal basis of the subspace of C(λ)n spanned (over the field

C(λ)) by the columns of X(λ).
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The next result describes the recovery of minimal bases and minimal indices of G(λ)

from those of S(λ). We mention that (b) and (c) in Theorem 5.5.8 are proved in [60,

Theorem 2] for a generalized state-space realization of G(λ). For a state-space realization

of G(λ) as in (5.5), these results are stated to be true but proofs are not provided. We

prove a result in Theorem 5.5.8(a), which is of independent interest, from which the

results in (b) and (c) follow.

Theorem 5.5.8. Let G(λ) and S(λ) be as in (5.5) and (5.6), respectively. Then we

have the following.

(a) Let x(λ) ∈ Nr(G) ∩ C[λ]n and y(λ) ∈ Nl(G) ∩ C[λ]n. Then

u(λ) :=

 x(λ)

(λE − A)−1Bx(λ)

 ∈ Nr(S) ∩ C[λ]n+r and deg(x(λ)) = deg(u(λ)),

v(λ) :=

 y(λ)

(λE − A)−TCTy(λ)

 ∈ Nl(S) ∩ C[λ]n+r and deg(y(λ)) = deg(v(λ)).

(b) Let Z(λ) :=

 Zn(λ)

Zr(λ)

 be a matrix polynomial, where Zn(λ) has n rows and

Zr(λ) has r rows. If Z(λ) is a right (resp., left) minimal basis of S(λ) then Zn(λ) is

a right (resp., left) minimal basis of G(λ). Conversely, if Zn(λ) is a right (resp., left)

minimal basis of G(λ) then Z(λ) with Zr(λ) := (λE − A)−1BZn(λ) (resp., Zr(λ) :=

(λE − A)−TCTZn(λ)) is a right (resp., left) minimal basis of S(λ).

(c) The minimal (left as well as right) indices of G(λ) are the same as the minimal

indices of S(λ), that is, G(λ) and S(λ) have the same minimal indices.

Proof. (a) We prove the result for u(λ). The proof is similar for v(λ). It is easy to see that

the linear map Nr(G) −→ Nr(S), x(λ) 7−→

 x(λ)

(λE − A)−1Bx(λ)

 is an isomorphism.

We now show that u(λ) ∈ C[λ]n+r and deg(x(λ)) = deg(u(λ)).

Since S(λ) is irreducible, the pencil

 C

A− λE

 has full column rank for all λ ∈ C

and hence has a polynomial left inverse
[
X(λ) Y (λ)

]
, where X(λ) ∈ C[λ]r×n and

Y (λ) ∈ C[λ]r×r, see [40].
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Thus,

S(λ)u(λ) = 0 ⇒
[
X(λ) Y (λ)

] P (λ) C

B A− λE

 x(λ)

(λE − A)−1Bx(λ)

 = 0

⇒
[
X(λ)P (λ) + Y (λ)B Ir

] x(λ)

(λE − A)−1Bx(λ)

 = 0

⇒
(
X(λ)P (λ) + Y (λ)B

)
x(λ) + (λE − A)−1Bx(λ) = 0.

Since
(
X(λ)P (λ) + Y (λ)B

)
x(λ) ∈ C[λ]n, we have (λE − A)−1Bx(λ) ∈ C[λ]r which

shows that u(λ) ∈ Nr(S) ∩ C[λ]n+r. Hence by Theorem 5.5.1, deg(u(λ)) = deg(x(λ)).

This proves (a). Now (b) and (c) follow from (a).

Now the recovery of eigenvectors, minimal bases and minimal indices of G(λ) from

those of the Rosenbrock strong linearizations from L1(G) ∪ L2(G) follow from Theo-

rem 5.5.3, Theorem 5.5.4, Theorem 5.5.5, Theorem 5.5.6 and Theorem 5.5.8.

Corollary 5.5.9. Let X(λ) :=

 Xmn(λ)

Xr(λ)

 be an (mn+r)×p matrix polynomial, where

Xmn(λ) has mn rows and Xr(λ) has r rows. Let (T(λ), v) ∈ L1(G) and (H(λ), w) ∈
L2(G) be Rosenbrock strong linearizations of G(λ).

(a) If X(λ) is a right (resp., left) minimal basis of T(λ) then (eTm⊗In)Xmn(λ) (resp.,

(vT ⊗ In)Xmn(λ)) is a right (resp., left) minimal basis of G(λ).

(b) If X(λ) is a right (resp., left) minimal basis of H(λ) then (wT⊗In)Xmn(λ) (resp.,

(eTm ⊗ In)Xmn(λ)) is a right (resp., left) minimal basis of G(λ).

(c) If ε1 ≤ · · · ≤ εp are the right (resp., left) minimal indices of T(λ) (resp., H(λ))

then ε1 − (m − 1) ≤ · · · ≤ εp − (m − 1) are the right (resp., left) minimal indices of

G(λ). On the other hand, the left (resp., right) minimal indices of T(λ) (resp., H(λ))

and G(λ) are the same.

Corollary 5.5.10. Let X :=

 Xmn

Xr

 be an (mn+r)×p matrix such that rank(X) = p,

where Xmn has mn rows and Xr has r rows. Let (T(λ), v) ∈ L1(G) and (H(λ), w) ∈
L2(G) be Rosenbrock strong linearizations of G(λ). Let µ ∈ C be an eigenvalue of G(λ).

(a) If X is a basis of the right (resp., left) eigenspace of T(λ) corresponding to µ

then (eTm ⊗ In)Xmn (resp., (vT ⊗ In)Xmn) is a basis of the right (resp., left) eigenspace

of G(λ) corresponding to µ.
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(b) If X is a basis of the right (resp., left) eigenspace of H(λ) corresponding to µ

then (wT ⊗ In)Xmn (resp., (eTm ⊗ In)Xmn) is a basis of the right (resp., left) eigenspace

of G(λ) corresponding to µ.

5.6 Linearizations via non-monomial polynomial bases

In this section we construct linearizations of S(λ) and G(λ) corresponding to a nonmono-

mial polynomial basis and describe the recovery of minimal bases and minimal indices

of S(λ) and G(λ) from those of their linearizations. Although it is customary to con-

sider polynomials in standard monomial basis {1, λ, . . . , λj, . . .}, there are applications

in which it is useful to consider other polynomial bases. Let {φ0(λ), φ1(λ), . . . , φm−1(λ)}
be a basis for the space of scalar polynomials of degree at most m − 1. Define Λ :=

[λm−1, λm−2, . . . , λ, 1]T and Λφ := [φ0(λ), φ1(λ), . . . , φm−1(λ)]T . Let Φ be the unique

nonsingular constant matrix such that ΦΛ = Λφ.

It is shown in [25] that the vector spaces L1(P ) and L2(P ) can be generalized by

replacing the monomial basis Λ by the basis Λφ as follows. Define

L̃1(P ) =
{
L̃(λ) : L̃(λ)(Λφ ⊗ In) = v ⊗ P (λ), v ∈ Cm

}
,

L̃2(P ) =
{
L̃(λ) : (ΛT

φ ⊗ In)L̃(λ) = wT ⊗ P (λ), w ∈ Cm
}
,

where L̃(λ) is an mn×mn matrix pencil. Here v is the right ansatz vector for L̃(λ) ∈
L̃1(P ) and w is the left ansatz vector for L̃(λ) ∈ L̃2(P ). Note that if L̃(λ) ∈ L̃1(P ) then

L(λ) := L̃(λ)(Φ⊗ In) ∈ L1(P ). In fact, it is easily seen that the map

L̃1(P ) −→ L1(P ), L̃(λ) 7−→ L̃(λ)(Φ⊗ In)

is a linear isomorphism [25].

This shows that the pencils in L1(P ) and L̃1(P ) are strictly equivalent. Hence a

pencil L(λ) ∈ L1(P ) is a linearization of P (λ) if and only if the corresponding pencil

L̃(λ) ∈ L̃1(P ) is a linearization of P (λ). We define L̃1(G) and L̃2(G) as follows:

L̃1(G) :=

{ L̃(λ) v ⊗ C

eTmΦ−1 ⊗B A− λE

 : (L̃(λ), v) ∈ L̃1(P )

}
,

L̃2(G) :=

{ L̃(λ) Φ−T em ⊗ C

wT ⊗B A− λE

 : (L̃(λ), w) ∈ L̃2(P )

}
.
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Theorem 5.6.1. Let T̃(λ) :=

 L̃(λ) v ⊗ C

eTmΦ−1 ⊗B A− λE

 ∈ L̃1(G), where (L̃(λ), v) ∈

L̃1(P ) with v 6= 0. Then T(λ) := T̃(λ)

 Φ⊗ In
Ir

 ∈ L1(G). In fact, the map

J : L̃1(G) −→ L1(G), T̃(λ) 7−→ T̃(λ)

 Φ⊗ In
Ir

 is a linear isomorphism.

Proof. Note that L(λ) := L̃(λ)(Φ ⊗ In) ∈ L1(P ) with right ansatz vector v. Hence

T̃(λ)

 Φ⊗ In
Ir

 =

 L̃(λ)(Φ⊗ In) v ⊗ C

eTm ⊗B A− λE

 ∈ L1(G). Obviously J is linear and

injective. Since T(λ)

 Φ−1 ⊗ In
Ir

 ∈ L̃1(G) and J maps it to T(λ) for all T(λ) ∈

L1(G), we conclude that J is onto. This completes the proof.

Analogously, the map J : L̃2(G)→ L2(G), T̃(λ) 7→

 ΦT ⊗ In
Ir

 T̃(λ) is a linear

isomorphism.

Observe that T̃(λ) ∈ L̃1(G) is a Rosenbrock strong linearization of G(λ) if and only

if T(λ) := T̃(λ)

Φ⊗ In
Ir

 ∈ L1(G) is a Rosenbrock strong linearization of G(λ).

Similarly, H̃(λ) ∈ L̃2(G) is a Rosenbrock strong linearization of G(λ) if and only if

H(λ) :=

ΦT ⊗ In
Ir

 H̃(λ) ∈ L2(G) is a Rosenbrock strong linearization of G(λ).

Hence minimal bases and minimal indices of S(λ) and G(λ) can be recovered from

pencils in L̃1(G) ∪ L̃2(G) as follows.

Theorem 5.6.2. Let T̃(λ) :=

 T̃ (λ) v ⊗ C

eTmΦ−1 ⊗B A− λE

 ∈ L̃1(G), where (T̃ (λ), v) ∈ L̃1(P )

with v 6= 0 and T̃ (λ) having full Z-rank. Also let H̃(λ) :=

 H̃(λ) Φ−T em ⊗ C

wT ⊗B A− λE


∈ L̃2(G), where (H̃(λ), w) ∈ L̃2(P ) with w 6= 0 and H̃(λ) having full Z-rank.

Let X(λ) :=

Xmn(λ)

Xr(λ)

 be an (mn + r) × p matrix polynomial, where Xmn(λ) has

mn rows and Xr(λ) has r rows.
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(a) If X(λ) is a right (resp., left) minimal basis of T̃(λ) then

(eTmΦ−1 ⊗ In)Xmn(λ)

Xr(λ)


(resp.,

(vT ⊗ In)Xmn(λ)

Xr(λ)

) is a right (resp., left) minimal basis of S(λ) and (eTmΦ−1⊗

In)Xmn(λ) (resp., (vT ⊗ In)Xmn(λ)) is a right (resp., left) minimal basis of G(λ).

(b) If X(λ) is a right (resp., left) minimal basis of H̃(λ) then

(wT ⊗ In)Xmn(λ)

Xr(λ)


(resp.,

(eTmΦ−1 ⊗ In)Xmn(λ)

Xr(λ)

) is a right (resp., left) minimal basis of S(λ) and (wT ⊗

In)Xmn(λ) (resp., (eTmΦ−1 ⊗ In)Xmn(λ)) is a right (resp., left) minimal basis of G(λ).

(c) If ε1 ≤ · · · ≤ εp are the right (resp., left) minimal indices of T̃(λ) (resp., H̃(λ))

then ε1 − (m − 1) ≤ · · · ≤ εp − (m − 1) are the right (resp., left) minimal indices of

S(λ) and G(λ). On the other hand, the left (resp., right) minimal indices of T̃(λ) (resp.,

H̃(λ)), S(λ) and G(λ) are the same.

Proof. It is easy to see that

Φ−1 ⊗ In
Ir

 : Nr(T̃) −→ Nr(T) and

Φ−T ⊗ In
Ir

 :

Nl(H̃) −→ Nl(H) are degree preserving linear isomorphisms of vector polynomials and

that T̃(λ) and H̃(λ) are Rosenbrock strong linearizations of S(λ) and G(λ), where

T(λ) := T̃(λ)

Φ⊗ In
Ir

 ∈ L1(G) and H(λ) :=

ΦT ⊗ In
Ir

 H̃(λ) ∈ L2(G). Hence

the desired results follow from Theorem 5.5.3, Theorem 5.5.4, Theorem 5.5.5, Theo-

rem 5.5.6 and Theorem 5.5.8.
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6
Recovery of Minimal Bases and Minimal Indices of

Rational Matrices from Fiedler-like Pencils

With a view to constructing linearizations of G(λ), Fiedler-like pencils (such as Fiedler

pencils, generalized Fiedler pencils and Fiedler pencils with repetition) of a rational

matrix G(λ) have been proposed recently which are shown to be linearizations of G(λ)

[2, 3, 4, 8], that is, Fiedler-like pencils satisfy condition (a) of Definition 5.2.2). We show

that the Fiedler-like pencils allow operation-free recovery of eigenvectors and minimal

bases of G(λ), that is, eigenvectors and minimal bases of G(λ) can be recovered from

those of the Fiedler-like pencils of G(λ) without performing any arithmetic operations.

Further, we show that the minimal indices of G(λ) can be easily recovered from those

of the Fiedler-like pencils of G(λ).

6.1 FPs of rational matrices

For the rest of this chapter, we assume that P (λ) :=
∑m

i=0 λ
iAi with Am 6= 0 and the

realization G(λ) = P (λ)+C(λE−A)−1B of G(λ) given by (5.5) is minimal. The system

matrix S(λ) =

P (λ) C

B A− λE

 associated with G(λ) is given by (5.6).

Recall from Section 2.1 that the Fiedler matrices MP
i , i ∈ {±0,±1, . . . ,±m}, asso-

ciated with P (λ) are given by [6, 15, 61]:

MP
0 :=

I(m−1)n
−A0

 , MP
i :=


I(m−i−1)n

−Ai In

In 0

I(i−1)n

 for i = 1 : m− 1,

151
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MP
−m :=

Am
I(m−1)n

 , MP
−i :=


I(m−i−1)n

0 In

In Ai

I(i−1)n

 for i = 1 : m− 1,

MP
−0 := (MP

0 )−1 and MP
m := (MP

−m)−1.

The (mn + r)× (mn + r) Fiedler matrices MS±0, . . . ,MS±m associated with S(λ) are

defined as [2, 4]:

MS0 :=

 MP
0 −em ⊗ C

−eTm ⊗B −A

 , MS−m :=

MP
−m 0

0 −E

 , MSi :=

MP
i 0

0 Ir

 , i = 1 : m−1,

MSm := (MS−m)−1 and MS−i := (MSi )−1, i = 0 : m − 1, where MP
±0, . . . ,M

P
±m are the

Fiedler matrices associated with P (λ). The matrices MSi , i ∈ {±0,±1, . . . ,±m}, are

also referred to as the Fiedler matrices of G(λ).

Remark 6.1.1. [4] We have MSi MSj = MSjMSi for ||i|−|j|| > 1, except for ||i|−|j|| = m.

Definition 6.1.2. For any index tuple α := (j1, j2, . . . , jk) containing indices from

{±0,±1, . . . ,±m}, we define

MSα := MSj1M
S
j2
· · ·MSjk if α 6= ∅, and MSα := Imn+r if α = ∅.

A Fiedler pencil of a rational matrix is defined as follows.

Definition 6.1.3 (Fiedler pencil, [2]). Let MS0 ,MS1 , . . . ,MSm−1, MS−m be the Fiedler ma-

trices associated with G(λ). Let σ be a permutation of {0, 1, . . . ,m− 1}. Then Lσ(λ) :=

λMS−m−MSσ is called a Fiedler pencil (FP) of G(λ) associated with σ. The pencil Lσ(λ)

is also referred to as a Fiedler pencil of S(λ).

We will prove in Chapter 7 that Fiedler pencils of G(λ) are Rosenbrock strong

linearizations of G(λ). We mention that the operation free recovery rule of eigenvectors

of S(λ) as well as G(λ) from eigenvectors of the FPs of G(λ) are derived in [3]. We now

describe the recovery of minimal bases and minimal indices of G(λ) from those of the

Fiedler pencils of G(λ).

Remark 6.1.4. In view of Theorem 5.5.8, the investigation on the recovery of minimal

bases and minimal indices of G(λ) from those of the Fiedler pencils of G(λ) will complete

once we describe the recovery of minimal bases and minimal indices of S(λ) from those

of the Fiedler pencils.
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The following definitions and results will be used in the subsequent development.

Definition 6.1.5 (Horner shift, [26]). Let P (λ) =
∑m

i=0 λ
iAi be a matrix polynomial of

degree m. For k = 0, 1, . . . ,m, the degree k Horner shift of P (λ) is defined as the matrix

polynomial given by Pk(λ) := Am−k + λAm−k+1 + · · ·+ λkAm.

Note that the Horner shifts satisfy the following: P0(λ) = Am, Pk+1(λ) = λPk(λ) +

Am−k−1, for 0 ≤ k ≤ m− 1, and Pm(λ) = P (λ).

Definition 6.1.6. [26] Let α be a permutation of {0, 1, . . . ,m−1}. Then the consecution-

inversion structure sequence of α, denoted by CISS(α), is the tuple (c1, i1, c2, i2, . . . , c`, i`),

where σ has c1 consecutive consecutions at 0, 1, . . . , c1 − 1; i1 consecutive inversions at

c1, c1 + 1, . . . , c1 + i1 − 1 and so on, up to i` inversions at m− 1− i`, . . . ,m− 2.

Recalling the cosecutions and inversions of an index tuple α at any index t ∈ α, we

have the following definition of CIP(α) when α is a permutation of {0 : m− 1}.

Definition 6.1.7. Let α be a permutation of {0 : m− 1}. Suppose that α has c0 conse-

cutions at 0 and i0 inversions at 0. Then we define CIP(α) := (c0, i0).

Definition 6.1.8. [26] Let σ be a permutation of {0, 1, . . . ,m− 1} having CISS(σ) =

(c1, i1, . . . , c`, i`).

(a) Define s0 := 0, m0 := 0, sj :=
∑j

p=1(cp+ip), and mj :=
∑j

p=1 ip for j = 1, 2, . . . , `.

Observe that, s` = m− 1 and m` = i(σ).

(b) Define Λσ,j(P ) for j = 1, . . . , `, and Λ̂σ,j(P ) for j = 1, . . . , `− 1, as follows:

Λσ,j(P ) :=



λijIn
...

λIn

In

Pm−sj−1−cj
...

Pm−sj−1−2

Pm−sj−1−1



and Λ̂σ,j(P ) :=



λij−1In
...

λIn

In

Pm−sj−1−cj
...

Pm−sj−1−2

Pm−sj−1−1



if c1 ≥ 1. (6.1)

If c1 = 0, then define

Λσ,1(P ) := [λi1In, . . . , λIn, In]B, Λ̂σ,1(P ) := [λi1−1In, . . . , λIn, In]B

and Λσ,j(P ), Λ̂σ,j(P ) as in (6.1) for j > 1.
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We need the following result which will play a crucial role in the recovery of minimal

bases and minimal indices of G(λ) from those of its Fiedler pencils.

Theorem 6.1.9. Let Lσ(λ) := λMS−m −MSσ be the Fiedler pencil of S(λ) associated

with a permutation σ of {0, 1, . . . ,m−1}. Then there exist mn×mn unimodular matrix

polynomials Uσ(λ) and Vσ(λ) such that for all λ ∈ C, we have Uσ(λ)

Ir

Lσ(λ)

 Vσ(λ)

Ir

 =

 I(m−1)n

S(λ)

 . (6.2)

(a) Consider the map Eσ(P ) : C(λ)n −→ C(λ)mn, x(λ) 7−→ Vσ(λ)(em ⊗ In)x(λ).

Then Erev(σ)(P
T )x(λ) = Uσ(λ)T (em⊗In)x(λ). Suppose that CISS(σ) = (c1, i1, . . . , c`, i`).

Then we have

Eσ(P ) =



λm`−1Λσ,`(P )

λm`−2Λ̂σ,`−1(P )
...

λm1Λ̂σ,2(P )

Λ̂σ,1(P )


if ` > 1, (6.3)

and Eσ(P ) = Λσ,1(P ) if ` = 1, where Λσ,j(P ) and Λ̂σ,j(P ) are as in Definition 6.1.8(b).

(b) Define Eσ(S) :=

 Eσ(P ) 0

0 Ir

 and Hσ(S) :=

 Erev(σ)(P
T ) 0

0 Ir

 . Then the

linear mappings Eσ(S) : Nr(S) −→ Nr(Lσ),

 x(λ)

y(λ)

 7−→
 Eσ(P )x(λ)

y(λ)

 , and

Hσ(S) : Nl(S) −→ Nl(Lσ),

 x(λ)

y(λ)

 7−→
 Erev(σ)(P

T )x(λ)

y(λ)

 , are isomorphisms,

where x(λ) ∈ C(λ)mn and y(λ) ∈ C(λ)r. Also Hσ(S) = Erev(σ)(ST ).

(c) Suppose that CIP(σ) = (c0, i0). Define

Fσ(S) :=

 eTm−c0 ⊗ In 0

0 Ir

 and Kσ(S) :=

 eTm−i0 ⊗ In 0

0 Ir

 .
Then the linear maps Fσ(S) : Nr(Lσ) → Nr(S),

 x(λ)

y(λ)

 7−→
 (eTm−c0 ⊗ In)x(λ)

y(λ)

 ,
and Kσ(S) : Nl(Lσ)→ Nl(S),

 x(λ)

y(λ)

 7−→
 (eTm−i0 ⊗ In)x(λ)

y(λ)

, are isomorphisms,
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where x(λ) ∈ C(λ)mn and y(λ) ∈ C(λ)r. Also Fσ(S)Eσ(S) = In+r = Kσ(S)Hσ(S) and

Kσ(S) = Frev(σ)(ST ).

Proof. The equality in (6.2) is proved in ([2], Theorem 4.13) and the results in (a)

are proved in [26]. The results in (b) and (c) can be found in ([3], Theorem 3.3 and

Theorem 3.15); see also ([8], Theorem 3.2.7 and Theorem 3.2.8). We mention that the

recovery in part (c) uses CIP(σ) := (c0, i0) whereas Theorem 3.15 in [3] uses (c1, i1) from

CISS(σ). However, the recovery rules remain the same. Note that c1 in CISS(σ) denotes

the total number of consecutive consecutions at 0 and i1 denotes the total number

consecutive inversions at c1. Hence c1 = c0.

The following lemma will be useful in the subsequent developments.

Lemma 6.1.10. Let Pj(λ), for j = 0, 1, . . . ,m − 1, be the Horner shift of P (λ) as

in Definition 6.1.5. Let u(λ) :=

u1(λ)

u2(λ)

 ∈ Nr(S) be a nonzero vector polynomial,

where u1(λ) ∈ C[λ]n and u2(λ) ∈ C[λ]r. If Pj(λ)u1(λ) 6= 0 then deg
(
Pj(λ)u1(λ)

)
≤

deg
(
u(λ)

)
− 1 for j = 0, 1, . . . ,m− 1.

Proof. We have S(λ)u(λ) = 0 which gives P (λ)u1(λ) +Cu2(λ) = 0 and Bu1(λ) + (A−
λE)u2(λ) = 0. Now for 0 ≤ j ≤ m− 1, we have

λm−jPj(λ)u1(λ) = λm−jPj(λ)u1(λ)−
(
P (λ)u1(λ) + Cu2(λ)

)
=
(
λm−jPj(λ)− P (λ)

)
u1(λ)− Cu2(λ)

= −
(
λm−j−1Am−j−1 + · · ·+ λA1 + A0

)
u1(λ)− Cu2(λ).

Hence we have

deg
(
λm−jPj(λ)u1(λ)

)
≤ max

{
(m− j − 1) + deg(u1(λ)), deg(Cu2(λ))

}
≤ max

{
(m− j − 1) + deg(u1(λ)), deg(u2(λ))

}
≤ max

{
(m− j − 1) + deg(u(λ)), deg(u(λ))

}
= (m− j − 1) + deg(u(λ)).

This shows that (m − j) + deg
(
Pj(λ)u1(λ)

)
≤ (m − j − 1) + deg(u(λ)) and hence

deg
(
Pj(λ)u1(λ)

)
≤ deg

(
u(λ)

)
− 1 for j = 0, 1, . . . ,m− 1.

The next result establishes degree-shifting property of the maps Eσ(S) and Hσ(S)

given in Theorem 6.1.9 which will play an important role in the recovery of minimal

indices of S(λ).
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Theorem 6.1.11. Let σ be a permutation of {0, 1, . . . ,m − 1}. Let c(σ) and i(σ),

respectively, be the total number of consecutions and inversions of σ. Let Lσ(λ),Eσ(S)

and Hσ(S) be as in Theorem 6.1.9. Then we have the following.

(a) For every nonzero vector polynomial u(λ) ∈ Nr(S), we have

deg
(
Eσ(S)u(λ)

)
= i(σ) + deg(u(λ)) = deg

([
eT1 ⊗ In | 0

]
Eσ(S)u(λ)

)
. (6.4)

(b) For every nonzero vector polynomial v(λ) ∈ Nl(S), we have

deg
(
Hσ(S)u(λ)

)
= c(σ) + deg u(λ). (6.5)

Proof. (a) Let u(λ) :=

u1(λ)

u2(λ)

 ∈ Nr(S) be nonzero, where u1(λ) ∈ C[λ]n and u2(λ) ∈

C[λ]r. Then by Theorem 5.5.1, deg(u(λ)) = deg(u1(λ)). Now since u(λ) is nonzero,

Eσ(S)u(λ) 6= 0 and by Theorem 6.1.9, Eσ(S)u(λ) ∈ Nr(Lσ). Since Lσ(λ) is itself a

system matrix, by Theorem 5.5.1, we have deg(Eσ(S)u(λ)) = deg(
(
Eσ(P )u1(λ)

)
). Hence

to determine the degree of Eσ(S)u(λ), we have to find the degree of Eσ(P )u1(λ).

In view of (6.3), there are only two different types of blocks in Eσ(P ).

Type-I: λpI with 0 ≤ p ≤ i(σ), which results in λpu1(λ) blocks in Eσ(P )u1(λ). The

maximum degree among all blocks of this type in Eσ(P )u1(λ) is i(σ) + deg(u1(λ)) =

deg
(

(eT1 ⊗ In)Eσ(P )u1(λ)
)
.

Type-II: λqPj(λ) with 0 ≤ q ≤ m`−1 ≤ i(σ). Blocks of the form λqPj(λ)u1(λ) are

either 0 or by Lemma 6.1.10 we have

deg(λqPj(λ)u1(λ)) ≤ i(σ) + deg(u1(λ))− 1 < i(σ) + deg(u1(λ)).

Thus deg
(
Eσ(S)u(λ)

)
= i(σ) + deg(u(λ)) = deg

([
eT1 ⊗ In | 0

]
Eσ(S)u(λ)

)
.

(b) For simplicity of notation, we write Lσ(S) and Lrev(σ)(ST ) to denote the Fiedler

pencil of S(λ) and ST (λ) associated with the permutation σ and rev(σ), respectively. Let

v(λ) ∈ Nl(S).We haveNl(S) = Nr(ST )
Erev(σ)(ST )
−−−−→ Nr

(
Lrev(σ)(ST )

)
= Nl

((
Lrev(σ)(ST )

)T)
= Nl

(
Lσ(S)

)
, where Erev(σ)(ST ) is as in Theorem 6.1.9. Since Hσ(S) = Erev(σ)(ST ), by

part (a), we have deg
(
Hσ(S)v(λ)

)
= i(rev(σ)) + deg(v(λ)) = c(σ) + deg(v(λ)).

Remark 6.1.12. By Theorem 6.1.11, we have deg
(
Eσ(S)x(λ)

)
= deg(x(λ)) + i(σ)

for all nonzero vector polynomial x(λ) ∈ Nr(S). Now, let y(λ) ∈ Nr(Lσ) be a vector
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polynomial. Since Eσ(S) is an isomorphism, we have y(λ) = Eσ(S)z(λ) for some vec-

tor polynomial z(λ) ∈ Nr(S). So deg(y(λ)) = deg
(
Eσ(S)z(λ)

)
= deg(z(λ)) + i(σ).

Now Fσ(S)y(λ) = Fσ(S)Eσ(S)z(λ) = z(λ) ⇒ deg
(
Fσ(S)y(λ)

)
= deg(z(λ)). Thus

deg
(
Fσ(S)y(λ)

)
= deg(y(λ))− i(σ) for all nonzero vector polynomial y(λ) ∈ Nr(Lσ).

We are now ready to describe the recovery of minimal bases and minimal indices of

S(λ) from those of the Fiedler pencils of S(λ).

Theorem 6.1.13. Let Lσ(λ) be the Fiedler pencil of S(λ) associated with a permutation

σ of {0, 1, . . . ,m − 1}. Suppose that CIP(σ) = (c0, i0). Let c(σ) and i(σ), respectively,

be the total number of consecutions and inversions of σ. Let Fσ(S) and Kσ(S) be as in

Theorem 6.1.9.

(a) Right minimal bases. Fσ(S) : Nr(Lσ)→ Nr(S),

u(λ)

v(λ)

 7→
(eTm−c0 ⊗ In)u(λ)

v(λ)

 ,
is a linear isomorphism and maps a minimal basis of Nr(Lσ) to a minimal basis of

Nr(S), where u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a right

minimal basis of Lσ(λ) then
(
Fσ(S)w1(λ), . . . ,Fσ(S)wp(λ)

)
is a right minimal basis of

S(λ).

(b) If ε1 ≤ · · · ≤ εp are the right minimal indices of Lσ(λ) then ε1−i(σ) ≤ · · · ≤ εp−i(σ)

are the right minimal indices of S(λ).

(c) Left minimal bases. Kσ(S) : Nl(Lσ) → Nl(S),

u(λ)

v(λ)

 7→
(eTm−i0 ⊗ In)u(λ)

v(λ)

 ,
is a linear isomorphism and maps a minimal basis of Nl(Lσ) to a minimal basis of

Nl(S), where u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a left

minimal basis of Lσ(λ) then
(
Kσ(S)w1(λ), . . . ,Kσ(S)wp(λ)

)
is a left minimal basis of

S(λ).

(d) If η1 ≤ · · · ≤ ηp are the left minimal indices of Lσ(λ) then η1−c(σ) ≤ · · · ≤ ηp−c(σ)

are the left minimal indices of S(λ).

Proof. By Theorem 6.1.9, the map Fσ(S) : Nr(Lσ) −→ Nr(S) is an isomorphism. Now

we show that Fσ(S) maps a right minimal basis of Lσ(λ) to a right minimal basis of S(λ).

Let B := (w1(λ), . . . , wp(λ)) be a right minimal basis of Lσ(λ) and set C := Fσ(S)(B).

Let C be given by C = (x1(λ), . . . , xp(λ)). Then C is a basis of Nr(S) and by Remark

6.1.12 we have deg
(
Fσ(S)wj(λ)

)
= deg(wj(λ))− i(σ), j = 1 : p. So Ord(C) = Ord(B)−

p i(σ). We claim that C is a minimal basis of Nr(S). Indeed, let C̃ := (y1(λ), . . . , yp(λ))
be any polynomial basis of Nr(S). Then B̃ := Eσ(S)(C̃) is a polynomial basis of Nr(Lσ).

Since deg
(
Eσ(S)yj(λ)

)
= deg(yj(λ))+i(σ), j = 1 : p, we have Ord(B̃) = Ord(C̃)+p i(σ)
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which implies Ord(C̃) = Ord(B̃) − p i(σ) ≥ Ord(B) − p i(σ) = Ord(C). Hence C is a

minimal basis of Nr(S). This proves (a).

By part (a), we have that C is a right minimal basis of S(λ) and deg(xj(λ)) =

deg
(
Fσ(S)wj(λ)

)
= deg(wj(λ))− i(σ) for j = 1 : p. This shows that if ε1 ≤ · · · ≤ εp are

the right minimal indices of Lσ(λ) then ε1− i(σ) ≤ · · · ≤ εp− i(σ) are the right minimal

indices of S(λ). This proves (b).

The results for left minimal bases and left minimal indices, respectively, follow from

right minimal bases and right minimal indices in view of the following facts. First,

x(λ) ∈ Nl(Lσ) ⇐⇒ x(λ) ∈ Nr(LTσ ). Second, (MSj )T ’s are Fiedler matrices of S(λ)T .

Third, if Lσ(λ) is the Fiedler pencil of S(λ) associated with a permutation σ then

Lσ(λ)T is the Fiedler pencil of S(λ)T associated with the permutation rev(σ). Fourth,

CIP(σ) = (c0, i0) ⇐⇒ CIP(rev(σ)) = (i0, c0). Fifth, we have i(σ) = c(rev(σ)). This

completes the proof.

As a consequence of Theorem 6.1.13 and Theorem 5.5.8 we have the following result.

Theorem 6.1.14. Let Lσ(λ) be a Fiedler pencil of S(λ) associated with a permutation σ

of {0, 1, . . . ,m− 1}. Let c(σ) and i(σ), respectively, be the total number of consecutions

and inversions of σ. Suppose that CIP(σ) = (c0, i0). Let wi(λ) :=

ui(λ)

vi(λ)

 ∈ C[λ]mn+r,

where ui(λ) ∈ C[λ]mn and vi(λ) ∈ C[λ]r for i = 1 : p.

(a) Right minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a right minimal basis of Lσ(λ)

then ((eTm−c0⊗In)u1(λ), . . . , (eTm−c0⊗In)up(λ)) is a right minimal basis of G(λ). Further,

if ε1 ≤ · · · ≤ εp are the right minimal indices of Lσ(λ) then ε1 − i(σ) ≤ · · · ≤ εp − i(σ)

are the right minimal indices of G(λ).

(b) Left minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a left minimal basis of Lσ(λ)

then ((eTm−i0⊗ In)u1(λ), . . . , (eTm−i0⊗ In)up(λ)) is a left minimal basis of G(λ). Further,

if η1 ≤ · · · ≤ ηp are the left minimal indices of Lσ(λ) then η1 − c(σ) ≤ · · · ≤ ηp − c(σ)

are the left minimal indices of G(λ).

6.2 GFPs of rational matrices

Generalized Fiedler pencils (GFPs) of G(λ) are defined and studied in [4, 8]. We men-

tion that the operation free recovery rule of eigenvectors of S(λ) as well as G(λ) from

eigenvectors of the GFPs of G(λ) are derived in [4]. In this section, we describe the

recovery of minimal bases and minimal indices of G(λ) from those of the GFPs of G(λ).

There are two types of GFPs, namely, proper generalized Fiedler (PGF) pencils and

non-proper generalized Fiedler (NPGF) pencils [4]. Consider the Fiedler matrices MP
±i
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and MS±i for i = 0 : m, associated with P (λ) and G(λ), respectively, as given in Section

6.1.

A permutation w := (w0, w1) of {0, 1, . . . ,m} is said to be proper if 0 ∈ w0 and

m ∈ w1, otherwise w is said to be non-proper.

Definition 6.2.1 (PGF pencil, [4]). Let ω := (ω0, ω1) be a permutation of {0, 1, . . . ,m}.
Define Tω(λ) := λMS−ω1

−MSω0
. If ω is a proper permutation, then Tω(λ) is called a

proper generalized Fiedler (PGF) pencil of G(λ) (or PGF pencil of S(λ)) associated with

ω. Otherwise Tω(λ) is called a non-proper generalized Fiedler (NPGF) pencil of G(λ)

(or NPGF pencil of S(λ)) associated with ω. Moreover, Tω(λ) is said to be a Type-I

NPGF pencil of G(λ) if 0 ∈ w0 and m ∈ w0.

Remark 6.2.2. Note that (MS−m)−1 does not exist when S(λ) is singular and hence in

such a case Type-I NPGF pencil is not defined. Also, since computation of (MS0 )−1 would

involve a substantial amount of work, for simplicity, we consider only PGF pencils of

G(λ).

Let Tω(λ) := λMS−ω1
− MSω0

be the PGF pencil of G(λ) associated with a per-

mutation ω := (ω0, ω1) of {0 : m}. Let ω1 be given by ω1 := (σ1,m, σ2). Set σ :=

(rev(σ1), ω0, rev(σ2)). Then σ is a permutation of {0 : m−1}. Consider the Fiedler pen-

cil Lσ(λ) := λMS−m−MSσ ofG(λ) associated with σ. Then Lσ(λ) = MSrev(σ1)Tω(λ)MSrev(σ2),
where MSrev(σ1) and MSrev(σ2) are nonsingular. This implies that any PGF pencil is strictly

equivalent to a Fiedler pencil. Hence the left (resp., right) minimal indices of Tω(λ) and

the left (resp., right) minimal indices of Lσ(λ) are the same. Moreover, any PGF pencil

Tω(λ) is strictly equivalent to a Fiedler pencil that preserves the consecution of ω0 at 0

(see Theorem 6.2.3) except for the following particular case:

Tδ(λ) := λMS−mMS−(m−1) · · ·MS−(c0+1) −MS0MS1 · · ·MSc0 = λMS−δ1 −MSδ0 , (6.6)

where c0 ∈ {0, 1, . . . ,m− 2}. In (6.6) the permutation δ := (δ0, δ1) is defined by

δ0 := (0, 1, . . . , c0) and δ1 := (m,m− 1, . . . , c0 + 1). (6.7)

Theorem 6.2.3. [4] Let Tω(λ) := λMS−ω1
−MSω0

be the PGF pencil of G(λ) associated

with a permutation ω := (ω0, ω1) of {0, 1, . . . ,m}. Suppose that CIP(ω0) = (c0, i0) and

ω1 6= (m,m − 1, . . . , c0 + 1). Let ω1 be given by ω1 := (σ1,m, σ2). If c0 + 1 ∈ ω0 ∪ σ1
then define ξ1 := rev(σ1) and ξ2 := rev(σ2). On the other hand, if c0 + 1 ∈ σ2 and σ2

has p consecutive inversions at c0 + 1 then set τ1 := (c0 + p+ 1, c0 + p, . . . , c0 + 1). Then

MSσ2 = MS(τ1,τ2) for some sub-permutation τ2. Define ξ1 := rev(σ1, τ1) and ξ2 := rev(τ2).

Then ξ1 and ξ2 are sub-permutations of {1, 2, . . . ,m− 1} such that the following hold.
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(a) c0 /∈ ξ2 and c0 + 1 /∈ ξ2.

(b) σ := (ξ1, ω0, ξ2) is a permutation of {0, 1, . . . ,m − 1} and has c0 consecutions at

0, that is, σ and ω0 have the same number of consecutions at 0.

(c) The Fiedler pencil Lσ(λ) := λMS−m −MSσ of G(λ) associated with σ is such that

Lσ(λ) = MSξ1Tω(λ)MSξ2 and that MSξi = diag(MP
ξi
, Ir), i = 1, 2, are nonsingular.

Now we describe the recovery of minimal bases and minimal indices of S(λ) from

those of the PGF pencils of S(λ).

Theorem 6.2.4. Let Tω(λ) := λMS−ω1
− MSω0

be the PGF pencil of S(λ) associated

with a proper permutation ω := (ω0, ω1) of {0, 1, . . . ,m}. Suppose that CIP(ω0) =

(c0, i0). Let ω1 be given by ω1 := (σ1,m, σ2). Let iT := i(rev(σ1), ω0, rev(σ2)) and

cT := c(rev(σ1), ω0, rev(σ2)), respectively, be the total number of inversions and con-

secutions of the permutation (rev(σ1), ω0, rev(σ2)) of {0 : m− 1}.
(I) Right minimal bases and right minimal indices.

(a) FPGF

ω (S) : Nr(Tω) → Nr(S),

u(λ)

v(λ)

 7→
(eTm−c0 ⊗ In)u(λ)

v(λ)

 , is a linear iso-

morphism and maps a minimal basis of Nr(Tω) to a minimal basis of Nr(S), where

u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a right minimal basis

of Tω(λ) then
(
FPGF

ω (S)w1(λ), . . . ,FPGF

ω (S)wp(λ)
)

is a right minimal basis of S(λ).

(b) If ε1 ≤ · · · ≤ εp are the right minimal indices of Tω(λ) then ε1−iT ≤ · · · ≤ εp−iT
are the right minimal indices of S(λ).

(II) Left minimal bases and left minimal indices.

(c) KPGF

ω (S) : Nl(Tω) → Nl(S),

u(λ)

v(λ)

 7→
(eTm−i0 ⊗ In)u(λ)

v(λ)

 , is a linear iso-

morphism and maps a minimal basis of Nl(Tω) to a minimal basis of Nl(S), where

u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a left minimal basis of

Tω(λ) then
(
KPGF

ω (S)w1(λ), . . . ,KPGF

ω (S)wp(λ)
)

is a left minimal basis of S(λ).

(d) If η1 ≤ · · · ≤ ηp are the left minimal indices of Tω(λ) then η1−cT ≤ · · · ≤ ηp−cT
are the left minimal indices of S(λ).

Proof. Any PGF pencil is strictly equivalent to a Fiedler pencil. Thus, there exist

sub-permutations ξ1 and ξ2 of {1, . . . ,m − 1} such that Lσ(λ) := MSξ1Tω(λ)MSξ2 =

λMS−m−MSσ is a Fiedler pencil of S(λ) associated with the permutation σ := (ξ1, ω0, ξ2)

of {0, 1, . . . ,m − 1}. Since MSξ2 is nonsingular, it is easily seen that the map (MSξ2)
−1 :

Nr(Tω) → Nr(Lσ), x(λ) 7→
(
MSξ2

)−1
x(λ), is an isomorphism and maps a minimal basis

of Nr(Tω) to a minimal basis of Nr(Lσ). On the other hand, by Theorem 6.1.13, Fσ(S) :
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Nr(Lσ)→ Nr(S) is an isomorphism and maps a minimal basis of Nr(Lσ) to a minimal

basis of Nr(S). Hence Fσ(S)(MSξ2)
−1 : Nr(Tω)→ Nr(S) is an isomorphism and maps a

minimal basis of Nr(Tω) to a minimal basis of Nr(S). Note that MSξ2 = diag(Mξ2 , Ir).

Case-1: If ω1 6= (m,m − 1, . . . , c0 + 1) then by Theorem 6.2.3, we can choose ξ1

and ξ2 such that σ preserves the consecution of ω0 at 0, i.e., σ has c0 consecutive

consecutions at 0. Hence if j ∈ ξ2 then j ≥ c0 + 2. Thus MP
ξ2

= diag(∗, I(c0+1)n). Hence

M−1
ξ2

= diag(∗, I(c0+1)n), which shows that (eTm−c0 ⊗ In)(MP
ξ2

)−1 = eTm−c0 ⊗ In. Since σ

has c0 consecutive consecutions at 0, by Theorem 6.1.13, Fσ(S) =

eTm−c0 ⊗ In
Ir

 .
Consequently, we have

Fσ(S)(MSξ2)
−1 =

(eTm−c0 ⊗ In)(MP
ξ2

)−1

Ir

 =

eTm−c0 ⊗ In
Ir

 = FPGF

ω (S).

Since iT = i(σ), the total number of inversions of σ, the desired results for right

minimal bases and right minimal indices follow from Theorem 6.1.13.

Case-2: Suppose that ω1 = (m,m − 1, . . . , c0 + 1). Then by choosing ξ1 = ∅ and

ξ2 = (c0 + 1, . . . ,m − 1), we have σ := (ξ1, ω0, ξ2) = (0, 1, . . . ,m − 1) and the Fiedler

pencil Lσ(λ) = Tω(λ)MSξ2 . Hence σ has m − 1 consecutive consecutions at 0. Thus by

Theorem 6.1.13, Fσ(S) =

eTm−(m−1) ⊗ In
Ir

 . By (2.12), we have (eTm−j⊗In)(MP
k )−1 =

eTm−(j−1)⊗In for k = j, j = 1 : m−1. Hence it is easy to see that (eTm−(m−1)⊗In)(MP
ξ2

)−1 =

(eTm−(m−1) ⊗ In)(MP
m−1)

−1(MP
m−2)

−1 · · · (MP
c0+1)

−1 = eTm−c0 ⊗ In. Consequently, we have

Fσ(S)(MSξ2)
−1 =

(eTm−(m−1) ⊗ In)(MP
ξ2

)−1

Ir

 =

eTm−c0 ⊗ In
Ir

 = FPGF

ω (S).

Again, since iT = m − 1 = i(σ), the total number of inversions of σ, the desired

results for right minimal bases and right minimal indices follow from Theorem 6.1.13.

The proof is similar for left minimal bases and left minimal indices in view of

the following facts. First, x(λ) ∈ Nl(Tω) ⇐⇒ x(λ) ∈ Nr(TTω). Second, (MSj )T ’s

are Fiedler matrices of S(λ)T . Third, if Tω(λ) is the PGF pencil of S(λ) associated

with a permutation ω := (ω0, ω1) then Tω(λ)T is the PGF pencil of S(λ)T associ-

ated with the permutation ω̂ := (rev(ω0), rev(ω1)). Fourth, CIP(ω0) = (c0, i0) ⇐⇒
CIP(rev(ω0)) = (i0, c0). Fifth, iT = cTT , where cTT := c(σ2, rev(ω0), σ1). Indeed, we

have c(σ2, rev(ω0), σ1) = i
(
rev((σ2, rev(ω0), σ1))

)
= i(rev(σ1), ω0, rev(σ2)) = iT. This

completes the proof.
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As a consequence of Theorem 6.2.4 and Theorem 5.5.8, we have the following result

for minimal bases and minimal indices of G(λ).

Theorem 6.2.5. Consider the PGF pencil Tω(λ) := λMS−ω1
− MSω0

of G(λ) associ-

ated with a proper permutation ω := (ω0, ω1) of {0, 1, . . . ,m}. Suppose that CIP(ω0) =

(c0, i0). Let ω1 be given by ω1 := (σ1,m, σ2). Let iT := i(rev(σ1), ω0, rev(σ2)) and

cT := c(rev(σ1), ω0, rev(σ2)) be the total number of inversions and consecutions of

(rev(σ1), ω0, rev(σ2)), respectively. Let wi(λ) :=

ui(λ)

vi(λ)

 ∈ C[λ]mn+r, where ui(λ) ∈

C[λ]mn and vi(λ) ∈ C[λ]r for i = 1 : p. Then we have the following.

(a) Right minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a right minimal basis of Tω(λ)

then ((eTm−c0⊗In)u1(λ), . . . , (eTm−c0⊗In)up(λ)) is a right minimal basis of G(λ). Further,

if ε1 ≤ · · · ≤ εp are the right minimal indices of Tω(λ) then ε1 − iT ≤ · · · ≤ εp − iT are

the right minimal indices of G(λ).

(b) Left minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a left minimal basis of Tω(λ)

then ((eTm−i0 ⊗ In)u1(λ), . . . , (eTm−i0 ⊗ In)up(λ)) is a left minimal basis of G(λ). Further,

if η1 ≤ · · · ≤ ηp are the left minimal indices of Tω(λ) then η1 − cT ≤ · · · ≤ ηp − cT are

the left minimal indices of G(λ).

6.3 FPRs of rational matrices

Fiedler pencils with repetition (FPRs) of G(λ) are defined and studied in [8]. First, we

show that an FPR of G(λ) can be constructed directly from an FPR of P (λ). Then we

describe the recovery of eigenvectors, minimal bases and minimal indices of G(λ) from

those of the FPRs of G(λ). We mention that the recovery of eigenvectors of G(λ) from

those of the FPRs of G(λ) is known only for a small subclass of FPRs that corresponds

to type-1 indices [8].

An FPR of G(λ) is defined as follows.

Definition 6.3.1 (FPR, [8]). Let 0 ≤ h ≤ m − 1, and let σ and τ be permutations of

{0, 1, . . . , h} and {−m,−m+ 1, . . . ,−h− 1}, respectively. Let σ1 and σ2 be index tuples

with elements from {1, 2, . . . , h− 1} such that (σ1, σ, σ2) satisfies the SIP. Similarly, let

τ1 and τ2 be index tuples with elements from {−m + 1,−m + 2, . . . ,−h − 2} such that

(τ1, τ, τ2) satisfies the SIP. Then L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

is called a Fiedler

pencil with repetition (FPR) of G(λ) (also referred to as FPR of S(λ)).

The following result shows that an FPR of G(λ) can be constructed directly from

an FPR of P (λ), the polynomial part of G(λ).
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Theorem 6.3.2. Let L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

and L(λ) := MP
τ1
MP

σ1
(λMP

τ −
MP

σ )MP
σ2
MP

τ2
be FPRs of G(λ) and P (λ), respectively. Then

L(λ) =

 L(λ) em−i0(σ1,σ) ⊗ C

eTm−c0(σ,σ2) ⊗B A− λE

 .

Thus, the map FPR(P ) −→ FPR(G), L(λ) 7−→

 L(λ) em−i0(σ1,σ) ⊗ C

eTm−c0(σ,σ2) ⊗B A− λE


is a bijection, where FPR(P) and FPR(G) denote the set of FPRs of P (λ) and G(λ),

respectively.

Proof. We will prove a more general result in Theorem 7.2.4.

We now describe the recovery of minimal bases and minimal indices of S(λ) from

those of the FPRs of S(λ). Recall from Definition 1.2.20 that ct(α) (resp., it(α)) denotes

the consecutions (resp., inversions) of an index tuple α at an index t.

Theorem 6.3.3. Let L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

be an FPR of S(λ). Let τ

be given by τ := (τl,−m, τr). Set α :=
(
− rev(τl), σ,−rev(τr)

)
. Let cL := c(α) and

iL := i(α) be the total number of consecutions and inversions of the permutation α of

{0, 1, . . . ,m− 1}. Then we have the following.

(I) Right minimal bases and right minimal indices.

(a) FFPR

L (S) : Nr(L) → Nr(S),

u(λ)

v(λ)

 7→
(eTm−c0(σ,σ2) ⊗ In)u(λ)

v(λ)

 , is a linear

isomorphism and maps a minimal basis of Nr(L) to a minimal basis of Nr(S), where

u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a right minimal basis

of L(λ) then (FFPR

L (S)w1(λ), . . . ,FFPR

L (S)wp(λ)) is a right minimal basis of S(λ).

(b) If ε1 ≤ · · · ≤ εp are the right minimal indices of L(λ) then ε1− iL ≤ · · · ≤ εp− iL
are the right minimal indices of S(λ).

(II) Left minimal bases and left minimal indices.

(c) KFPR

L (S) : Nl(L) → Nl(S),

u(λ)

v(λ)

 7→
(eTm−i0(σ1,σ) ⊗ In)u(λ)

v(λ)

 , is a linear iso-

morphism and maps a minimal basis of Nl(L) to a minimal basis of Nl(S), where

u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Thus, if
(
w1(λ), . . . , wp(λ)

)
is a left minimal ba-

sis of L(λ) then (KFPR

L (S)w1(λ), . . . ,KFPR

L (S)wp(λ)) is a left minimal basis of S(λ).

(d) If η1 ≤ · · · ≤ ηp are the left minimal indices of L(λ) then η1− cL ≤ · · · ≤ ηp− cL
are the left minimal indices of S(λ).
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Proof. We have L(λ) = MSτ1M
S
σ1
Tω(λ)MSσ2M

S
τ2

, where Tω(λ) := λMSτ −MSσ is a PGF pen-

cil of G(λ) associated with the permutation ω := (σ,−τ) of {0, 1, . . . ,m}. Since MSσ2M
S
τ2

is nonsingular, it is easily seen that the map MSσ2M
S
τ2

: Nr(L) → Nr(Tω), x(λ) 7→(
MSσ2M

S
τ2

)
x(λ) is an isomorphism and maps a minimal basis of Nr(L) to a minimal basis

of Nr(Tω). On the other hand, by Theorem 6.2.4, FPGF

ω (S) : Nr(Tω)→ Nr(S),

u(λ)

v(λ)

 7→(eTm−c0(σ) ⊗ In)u(λ)

v(λ)

 is an isomorphism and maps a minimal basis of Nr(Tω) to a min-

imal basis of Nr(S), where u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Hence FPGF

ω (S)MSσ2M
S
τ2

:

Nr(L)→ Nr(S), y(λ) 7→ (FPGF

ω (S)MSσ2M
S
τ2
)y(λ) is an isomorphism and maps a minimal

basis of Nr(L) to a minimal basis of Nr(S). Now, by Lemma 2.1.11, we have

FPGF

ω (S)MSσ2M
S
τ2

=

(eTm−c0(σ) ⊗ In)MP
σ2
MP

τ2

Ir

 =

eTm−c0(σ,σ2) ⊗ In
Ir

 = FFPR

L (S),

which yields the desired result.

Now, let ε1 ≤ · · · ≤ εp be the right minimal indices of L(λ). Since the PGF pencil

Tω(λ) is strictly equivalent to L(λ), ε1 ≤ · · · ≤ εp are also the right minimal indices of

Tω(λ). Hence by Theorem 6.2.4, ε1− iL ≤ · · · ≤ εp− iL are the right minimal indices of

S(λ).

For the recovery of left minimal bases, observe that (MSτ1M
S
σ1

)T : Nl(L)→ Nl(Tω), x(λ)

7→ (MSτ1M
S
σ1

)Tx(λ) is an isomorphism and maps a minimal basis of Nl(L) to a minimal

basis of Nl(Tω). Again by Theorem 6.2.4, KPGF

ω (S) : Nl(Tω) → Nl(S),

u(λ)

v(λ)

 7−→(eTm−i0(σ) ⊗ In)u(λ)

v(λ)

 is an isomorphism and maps a minimal basis of Nl(Tω) to a min-

imal basis of Nl(S), where u(λ) ∈ C(λ)mn and v(λ) ∈ C(λ)r. Hence KPGF

ω (S)(MSτ1M
S
σ1

)T :

Nl(L)→ Nl(S), y(λ) 7→ (KPGF

ω (S)(MSτ1M
S
σ1

)T)y(λ) is an isomorphism and maps a mini-

mal basis of Nl(L) to a minimal basis of Nl(S). Now,

KPGF

ω (S)(MSτ1M
S
σ1

)T =

(eTm−i0(σ) ⊗ In)(MP
τ1M

P
σ1)T

Ir

 =

(MP
τ1M

P
σ1(em−i0(σ) ⊗ In)

)T
Ir


and by Lemma 2.1.11, we have MP

τ1
MP

σ1
(em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In, which yields

the desired result.

Finally, let η1 ≤ · · · ≤ ηp be the left minimal indices of L(λ). Since the PGF pencil

Tω(λ) is strictly equivalent to L(λ), η1 ≤ · · · ≤ ηp are also the left minimal indices of
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Tω(λ). Hence by Theorem 6.2.4, η1 − cL ≤ · · · ≤ ηp − cL are the left minimal indices of

S(λ). This completes the proof.

We have the following recovery rules for eigenvectors of S(λ) when S(λ) is regular.

Theorem 6.3.4. Suppose that S(λ) is regular and µ ∈ C is an eigenvalue of S(λ). Let

L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

be an FPR of S(λ). Then:

(a) Right eigenvectors. If

 u

v

 ∈ Nr(L(µ)) then

(eTm−c0(σ,σ2) ⊗ In)u

v

 ∈ Nr(S(µ)),

where u ∈ Cmn and v ∈ Cr. In fact, the mapping

 u

v

 7→
(eTm−c0(σ,σ2) ⊗ In)u

v

 is a

linear isomorphism between Nr(L(µ)) and Nr(S(µ)). Thus, if (w1, . . . , wp) is a basis of

Nr(L(µ)) then (FFPR

L (S)w1, . . . ,FFPR

L (S)wp) is a basis of Nr(S(µ)), where FFPR

L is as given

in Theorem 6.3.3.

(b) Left eigenvectors. If

 u

v

 ∈ Nl(L(µ)) then

(eTm−i0(σ1,σ) ⊗ In)u

v

 ∈ Nl(S(µ)),

where u ∈ Cmn and v ∈ Cr. In fact, the mapping

 u

v

 7→
(eTm−i0(σ1,σ) ⊗ In)u

v

 is a

linear isomorphism between Nl(L(µ)) and Nl(S(µ)). Thus, if (w1, . . . , wp) is a basis of

Nl(L(µ)) then (KFPR

L (S)w1, . . . ,KFPR

L (S)wp) is a basis of Nl(S(µ)), where KFPR

L is as given

in Theorem 6.3.3.

Proof. A verbatim proof of Theorem 6.3.3 yields the desired results.

As a consequence of Theorem 6.3.3 and Theorem 5.5.8, we have the following recovery

rules for minimal bases and minimal indices of G(λ) from those of the FPRs of G(λ).

Theorem 6.3.5. Let L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

be an FPR of G(λ). Let

τ be given by τ := (τl,−m, τr). Set α := (−rev(τl), σ,−rev(τr)). Let cL := c(α) and

iL := i(α) be the total number of consecutions and inversions of the permutation α

of {0, 1, . . . ,m − 1}. Let wi(λ) :=

ui(λ)

vi(λ)

 ∈ C[λ]mn+r, where ui(λ) ∈ C[λ]mn and

vi(λ) ∈ C[λ]r for i = 1 : p. Then we have the following.

(a) Right minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a right minimal basis of L(λ)

then ((eTm−c0(σ,σ2)⊗In)u1(λ), . . . , (eTm−c0(σ,σ2)⊗In)up(λ)) is a right minimal basis of G(λ).

Further, if ε1 ≤ · · · ≤ εp are the right minimal indices of L(λ) then ε1−iL ≤ · · · ≤ εp−iL
are the right minimal indices of G(λ).
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(b) Left minimal bases. If
(
w1(λ), . . . , wp(λ)

)
is a left minimal basis of L(λ)

then ((eTm−i0(σ1,σ)⊗ In)u1(λ), . . . , (eTm−i0(σ1,σ)⊗ In)up(λ)) is a left minimal basis of G(λ).

Further, if η1 ≤ · · · ≤ ηp are the left minimal indices of L(λ) then η1−cL ≤ · · · ≤ ηp−cL
are the left minimal indices of G(λ).

Similarly, we have the following recovery rules for eigenvectors of G(λ) from those

of the FPRs of G(λ).

Theorem 6.3.6. Suppose that G(λ) is regular and µ ∈ C is an eigenvalue of G(λ). Let

L(λ) := MSτ1M
S
σ1

(λMSτ −MSσ )MSσ2M
S
τ2

be an FPR of G(λ). Let wi :=

 ui

vi

 ∈ Cmn+r,

where ui ∈ Cmn and vi ∈ Cr for i = 1 : p. Then we have the following.

(a) Right eigenvectors. If (w1, . . . , wp) is a basis of Nr(L(µ)) then ((eTm−c0(σ,σ2)⊗
In)u1, . . . , (e

T
m−c0(σ,σ2) ⊗ In)up) is a basis of Nr(G(µ)).

(b) Left eigenvectors. If (w1, . . . , wp) is a basis of Nl(L(µ)) then ((eTm−i0(σ1,σ) ⊗
In)u1, . . . , (e

T
m−i0(σ1,σ) ⊗ In)up) is a basis of Nl(G(µ)).

Proof. Since L(λ) is a linearization of S(λ), we have eig(S) = eig(L). Again since S(λ)

is irreducible, we have eig(G) ⊂ eig(S). Hence as a consequence of Theorem 6.3.4 and

Theorem 5.5.8, the desired results follow.

We now illustrate eigenvector recovery rule for G(λ) by considering an example

Example 6.3.7. Consider G(λ) :=
∑4

i=0 λ
iAi + C(λE − A)−1B. Now choose σ :=

(1, 2, 3, 0), σ1 := ∅, σ2 := (2, 1), τ := (−4), τ1 = ∅ and τ2 := ∅. The FPR of G(λ)

associated with (σ1, σ, σ2) and (τ1, τ, τ2) is given by L(λ) :=
(
λMS−4 −MS(1,2,3,0)

)
MS(2,1)=

λA4 + A3 A2 A1 −In 0

A2 −λA2 − In −λA1 λIn 0

A1 λIn A0 0 C

−In 0 λIn 0 0

0 0 B 0 A− λE



Let

u
v

 ∈ Nr(L(λ)) and

x
y

 ∈ Nl(L(λ)) be such that {u, x} ⊂ C4n and {v, y} ⊂ Cr.

We have c0(σ, σ2) = 1 and i0(σ1, σ) = 1. Hence by Theorem 6.3.4,

(eT4−1 ⊗ In)u

v

 =
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v

 ∈ Nr(S(λ)) and

(eT3 ⊗ In)x

y

 ∈ Nl(S(λ)). To verify the recovery rule,

define ui := (eTi ⊗ In)u and xi := (eTi ⊗ In)x, for i = 1 : 4, and consider L(λ)

u
v

 = 0.

This gives

(λA4 + A3)u1 + A2u2 + A1u3 − u4 = 0 (6.8)

A2u1 + (−λA2 − In)u2 − λA1u3 + λu4 = 0 (6.9)

A1u1 + λu2 + A0u3 + Cv = 0 (6.10)

−u1 + λu3 = 0 (6.11)

Bu3 + (A− λE)v = 0 (6.12)

From (6.11) we have u1 = λu3. Now adding λ times (6.8) with (6.9) we have (λ2A4 +

λA3+A2)u1−u2 = 0⇒ u2 = (λ2A4+λA3+A2)u1 = (λ3A4+λ2A3+λA2)u3. Substituting

the values of u1 and u2 in (6.10), we have (λ4A4 + λ3A3 + λ2A2 + λA1 +A0)u3 +Cv =

0⇒ P (λ)u3+Cv = 0. Hence by (6.12), we have S(λ)

u3
v

 = 0, i.e.,

u3
v

 ∈ Nr(S(λ)).

Similarly, we can verify that

x3
y

 ∈ Nl(S(λ)). It is easily seen that G(λ)u3 = 0 and

xT3G(λ) = 0. �
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7
Structured Strong Linearizations of Structured

Rational Matrices

Structured rational matrices such as symmetric, skew-symmetric, Hamiltonian, skew-

Hamiltonian, Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian ra-

tional matrices arise in many applications. For structured rational matrices, it is desir-

able to construct structure-preserving linearizations so as to preserve the symmetry in

the eigenvalues and poles of the rational matrices. The primary aim of this chapter is

to construct structure-preserving Rosenbrock strong linearizations of structured (sym-

metric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian, skew-Hermitian,

para-Hermitian and para-skew-Hermitian) rational matrices. For this purpose, we pro-

pose an infinite family of Fiedler-like pencils (which we refer to as generalized Fiedler

pencils with repetition (GFPRs)) and show that the family of GFPRs is a rich source

of structure-preserving strong linearizations of structured rational matrices. We con-

struct symmetric, skew-symmetric, Hamiltonian, skew-Hamiltonian, Hermitian, skew-

Hermitian, para-Hermitian and para-skew-Hermitian strong linearizations of a rational

matrix G(λ) when G(λ) has the same structure. Further, when G(λ) is real and symmet-

ric, we show that the real symmetric linearizations of G(λ) preserve the Cauchy-Maslov

index of G(λ). We describe the recovery of eigenvectors, minimal bases and minimal

indices of G(λ) from those of the linearizations of G(λ) and show that the recovery

is operation-free. We also show that FPs, GFPs and FPRs of G(λ) constructed in

Chapter 6 are Rosenbrock strong linearizations of G(λ).

169
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7.1 Introduction

Structured rational matrices such as symmetric, skew-symmetric, Hamiltonian, skew-

Hamiltonian, Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian ra-

tional matrices arise in many applications, see [38, 41, 36, 32, 49, 55, 64, 35] and the

references therein. For example, the Hermitian rational eigenvalue problem

G(λ)u :=
(
λ2M +K −

k∑
i=1

1

1 + λbi
∆Ki

)
u = 0

arises in the study of damped vibration of a structure, where M and K are positive

definite, bi is a relaxation parameter and ∆Ki is an assemblage of element stiffness

matrices [49, 55]. Also various structured rational matrices arise as transfer functions of

linear time-invariant (LTI) systems, see [38, 41, 36, 32, 50, 64]. For structured rational

matrices, it is desirable to construct structure-preserving linearizations so as to preserve

the symmetry in the eigenvalues and poles of the rational matrices.

Our main aim in this chapter is to construct structure-preserving strong lineariza-

tions of structured rational matrices and to recover eigenvectors, minimal bases and

minimal indices of rational matrices from those of the linearizations. We consider the

following structures:

symmetric : G(λ)T = G(λ) Hermitian : G(λ)∗ = G(λ̄)

skew-symmetric : G(λ)T = −G(λ) skew-Hermitian : G(λ)∗ = −G(λ̄)

Hamiltonian : G(λ)T = G(−λ) para-Hermitian : G(λ)∗ = G(−λ̄)

skew-Hamiltonian :G(λ)T = −G(−λ) para-skew-Hermitian :G(λ)∗ = −G(−λ̄),

(7.1)

where XT (resp., X∗) denotes the transpose (resp., conjugate transpose) of a matrix X

and λ̄ denotes the conjugate of λ. For more on these structured rational matrices, we

refer to [38, 41, 36, 49, 50, 64, 32, 55] and the references therein.

The Cauchy-Maslov index [23] (also known as the matrix Cauchy index [10]) of a real

symmetric rational matrix plays an important role in applications such as in networks

of linear systems, see [22, 39] and the references therein. If G(λ) is real symmetric then

the Cauchy-Maslov index of G(λ) is defined as IndCM(G) := (# eigenvalues of G(λ)

which jump from −∞ to +∞) − (# eigenvalues of G(λ) which jump from +∞ to −∞)

as the real parameter λ traverses from −∞ to +∞, see [10]. It is therefore desirable to

construct real symmetric linearizations of G(λ) that preserve the Cauchy-Maslov index

of G(λ).

We mention that there is a slight difference in the naming convention between some

of the structured rational matrices and structured matrix polynomials. The Hamiltonian
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(resp., skew-Hamiltonian) structure for rational matrices is known as T -even (resp., T -

odd) structure for matrix polynomials [45]. On the other hand, para-Hermitian (resp.,

para-skew-Hermitian) structure for rational matrices is known as ∗-even (rep., ∗-odd)

structure for matrix polynomials [45]. We follow both the naming conventions in the

rest of the chapter without any bias.

7.2 GFPRs of rational matrices

We now introduce a new family of Fiedler-like pencils for rational matrices which we

refer to as generalized Fiedler pencils with repetition (GFPRs). We proceed as follows.

For the rest of this section, we assume that P (λ) :=
∑m

i=0 λ
iAi with Am 6= 0 and

the realization G(λ) = P (λ) + C(λE − A)−1B of G(λ) given by (5.5) is minimal. The

system matrix

S(λ) =

P (λ) C

B A− λE

 (7.2)

given by (5.6). Recall from Section 1.2.2 that the Fiedler matrices MP
±i, i ∈ {−m :

m− 1}, and the elementary matrices M±i(X), i ∈ {−m : m− 1}, associated with P (λ)

are given by

M0(X) :=

I(m−1)n
X

 , Mi(X) :=


I(m−i−1)n

X In

In 0

I(i−1)n

 for i = 1 : m− 1,

M−m(X) :=

X
I(m−1)n

 , M−i(X) :=


I(m−i−1)n

0 In

In X

I(i−1)n

 for i = 1 : m− 1,

and MP
i :=

 Mi(−Ai) if i ≥ 0,

Mi(A−i) if i < 0.

Recall that Mi(X)Mj(Y ) = Mj(Y )Mi(X) holds for any matrices X, Y ∈ Cn×n if ||i| −
|j|| > 1, see [17].
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For an arbitrary matrix X ∈ Cn×n, we define (mn+r)×(mn+r) elementary matrices

Mi(X) by

Mi(X) :=

 Mi(X)

Ir

 for i ∈ {−m : m− 1}.

Note that Mi(X) and M−i(X) are invertible and (Mi(X))−1 = M−i(−X) for i = 1 :

m− 1. On the other hand, the matrices M0(X) and M−m(X) are invertible if and only

if X is invertible. For any arbitrary matrices X, Y ∈ Cn×n, we have Mi(X)Mj(Y ) =

Mj(Y )Mi(X) if ||i| − |j|| > 1.

Recall form Chapter 6.1 that the Fiedler matrices MS±0, . . . ,MS±m associated with

S(λ) are given by:

MS0 :=

 MP
0 −em ⊗ C

−eTm ⊗B −A

 , MS−m :=

MP
−m 0

0 −E

 , MSi :=

MP
i 0

0 Ir

 , i = 1 : m−1,

and MS−i := (MSi )−1 for i = 1 : m− 1. The matrices MSi are also referred to as Fiedler

matrices of G(λ). We have MSi MSj = MSjMSi for ||i| − |j|| > 1, except for ||i| − |j|| = m.

For convenience in defining Fiedler-like pencils, we define

MP
i :=

 MP
i

Ir

 for i ∈ {−m : m− 1}. (7.3)

Remark 7.2.1. Note that MSi = MP
i , for i = ±1, . . . ,±(m − 1), and MS0 6= MP

0 and

MS−m 6= MP
−m. The utility of the notation MP

i will be clear when we analyze Fiedler-like

pencils.

Let t := (t1, t2, . . . , tk) be an index tuple containing indices from {−m : m− 1} and

X := (X1, X2, . . . , Xk) be a tuple of n × n matrices. Like before, we define Mt(X) :=

Mt1(X1)Mt2(X2) · · ·Mtk(Xk), MSt := MSt1M
S
t2
· · ·MStk , and MP

t := MP
t1
MP

t2
· · ·MP

tk
.

Definition 7.2.2 (GFPRs). Let 0 ≤ h ≤ m − 1, and let σ and τ be permutations of

{0 : h} and {−m : −h−1}, respectively. Let σ1 and σ2 be index tuples containing indices

from {0 : h− 1} such that (σ1, σ, σ2) satisfies the SIP. Similarly, let τ1 and τ2 be index

tuples containing indices from {−m : −h− 2} such that (τ1, τ, τ2) satisfies the SIP. Let

X1, X2, Y1 and Y2 be any arbitrary matrix assignments for σ1, σ2, τ1 and τ2, respectively.

Then the pencil

L(λ) := Mτ1(Y1)Mσ1(X1) (λMSτ −MSσ )Mσ2(X2)Mτ2(Y2) (7.4)

is said to be a generalized Fiedler pencil with repetition (GFPR) of G(λ). We also refer

to L(λ) as a GFPR of S(λ).
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Note that if all the matrix assignments X1, X2, Y1 and Y2 in Definition 7.2.2 are the

trivial matrix assignments then L(λ) = MP
τ1
MP

σ1
(λMSτ −MSσ )MP

σ2
MP

τ2
is an FPR of G(λ)

as defined in Chapter 6, also see [8]. Hence the family of FPRs of G(λ) is a subclass of

the family of GFPRs of G(λ).

Example 7.2.3. Let G(λ) :=
∑4

i=0 λ
iAi + C(λE − A)−1B. Consider σ := (1, 2, 3, 0),

τ := (−4), σ2 := (2, 1) and σ1 = τ1 = τ2 = ∅. Then

(
λMS−4 −MS(1,2,3,0)

)
M(2,1)(X, Y ) =



λA4 + A3 −X −Y −In 0

A2 λX − In λY λIn 0

A1 λIn A0 0 C

−In 0 λIn 0 0

0 0 B 0 A− λE


is a GFPR of G(λ), where (X, Y ) is an arbitrary matrix assignment for σ2.

Recall from Chapter 2 that L(λ) := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2)

is called a GFPR of P (λ), where σ, τ, σj and τj, j = 1, 2, are as given in Definition 7.2.2.

In particular, if X1, X2, Y1 and Y2 are the trivial matrix assignments then L(λ) :=

MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
is called an FPR of P (λ).

We now show that a GFPR of G(λ) can be constructed directly from a GFPR of

P (λ) without performing any arithmetic operations. Recall from Definition 1.2.20 that

cs(α) (resp., it(α) ) denotes the number of consecutions (resp., inversions) of α at s

(resp., t).

Theorem 7.2.4. Let L(λ) := M(τ1,σ1)(Y1, X1) (λMSτ −MSσ )M(σ2,τ2)(X2, Y2) and L(λ) :=

M(τ1,σ1)(Y1, X1) (λMP
τ −MP

σ )M(σ2,τ2)(X2, Y2) be GFPRs of G(λ) and P (λ), respectively.

Then

L(λ) =

 L(λ) em−i0(σ1,σ) ⊗ C

eTm−c0(σ,σ2) ⊗B A− λE

 .
Thus, the map GFPR(P )→ GFPR(G), L(λ) 7→

 L(λ) em−i0(σ1,σ) ⊗ C

eTm−c0(σ,σ2) ⊗B A− λE

 is a

bijection, where GFPR(P) and GFPR(G) denote the set of GFPRs of P (λ) and G(λ),

respectively.

Proof. Let σ be given by σ ∼ (δ1, 0, δ2). Then we have

L(λ) = M(τ1,σ1)(Y1, X1)
(
λMSτ −MSσ

)
M(σ2,τ2)(X2, Y2)

= M(τ1,σ1)(Y1, X1)
(
λMSτ −MSδ1M

S
0MSδ2

)
M(σ2,τ2)(X2, Y2)
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= M(τ1,σ1)(Y1, X1)

λMSτ −
MP

δ1
0

0 Ir

 MP
0 −em ⊗ C

−eTm ⊗B −A

MP
δ2

0

0 Ir

M(σ2,τ2)(X2, Y2)

= M(τ1,σ1)(Y1, X1)

λ
MP

τ 0

0 −E

−
 MP

δ1
MP

0 M
P
δ2

MP
δ1

(−em ⊗ C)

(−eTm ⊗B)MP
δ2

−A

M(σ2,τ2)(X2, Y2)

=

M(τ1,σ1)(Y1, X1) 0

0 Ir

 λMP
τ −MP

σ MP
δ1

(em ⊗ C)

(eTm ⊗B)MP
δ2

A− λE

 M(σ2,τ2)(X2, Y2) 0

0 Ir


=

 L(λ) M(τ1,σ1)(Y1, X1)M
P
δ1

(em ⊗ C)

(eTm ⊗B)MP
δ2
M(σ2,τ2)(X2, Y2) A− λE

 . (7.5)

Hence we only need to show that (eTm ⊗ In)MP
δ2
M(σ2,τ2)(X2, Y2) = eTm−c0(σ,σ2) ⊗ In and

M(τ1,σ1)(Y1, X1)M
P
δ1

(em ⊗ In) = em−i0(σ1,σ) ⊗ In. Let Z be an n × n arbitrary matrix.

Recall that from (2.2) and (2.3), we have

Mi(Z)(em−j ⊗ In) =

 em−(j+1) ⊗ In for i = j + 1 and j = 0 : m− 2,

em−j ⊗ In for i /∈ {j, j + 1} and j = 0 : m− 1,
(7.6)

and

(eTm−j ⊗ In)Mi(Z) =

 eTm−(j+1) ⊗ In for i = j + 1 and j = 0 : m− 2,

eTm−j ⊗ In for i /∈ {j, j + 1} and j = 0 : m− 1.
(7.7)

Case-I: Suppose that c0(σ) > 0. Then i0(σ) = 0 since σ is a permutation. Since σ ∼
(δ1, 0, δ2), we have {1, 2, . . . , c0(σ)} ⊂ δ2 and if c0(σ) + 1 ∈ δ2 then δ2 has an inversion at

c0(σ). Thus by the commutative property of MSj and by moving MSj to MSδ1 , if necessary,

we can assume that δ2 = (1, 2, . . . , c0(σ)). In other words, σ ∼ (δ1, 0, 1, 2, . . . , c0(σ)).

Hence, if j ∈ δ1 then j ≥ c0(σ) + 1. Consequently, we have MP
δ1

=

∗
Ic0(σ)n

. This

shows that MP
δ1

(em ⊗ In) = em ⊗ In. Since δ2 = (1, 2, . . . , c0(σ)), by applying (7.7)

repeatedly we have (eTm ⊗ In)MP
δ2

= eTm−c0(σ) ⊗ In.

Case-II: Suppose that i0(σ) > 0. Then c0(σ) = 0 since σ is a permutation. Further,

Since σ ∼ (δ1, 0, δ2), we have {i0(σ), . . . , 2, 1} ⊂ δ1 and if i0(σ) + 1 ∈ δ1 then δ1 has

a consecution at i0(σ). By the commutative property of MSj and by moving MSj to

MSδ2 , if necessary, we can assume that δ1 = (i0(σ), . . . , 2, 1). In other words, σ ∼
(i0(σ), . . . , 2, 1, 0, δ2). Thus, if j ∈ δ2 then j ≥ i0(σ) + 1. Consequently, we have

MP
δ2

=

∗
Ii0(σ)n

. This shows that (eTm ⊗ In)MP
δ2

= eTm ⊗ In. As δ1 = (i0(σ), . . . , 2, 1),
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by applying (7.6) repeatedly we have MP
δ1

(em ⊗ In) = em−i0(σ) ⊗ In.
Case-III: Suppose that c0(σ) = 0 and i0(σ) = 0. Then we must have 1 /∈ σ, i.e.,

σ = (0). Hence δ1 = ∅ = δ2 and MP
δ1

= Imn = MP
δ2

. Hence MP
δ1

(em ⊗ In) = em ⊗ In and

(eTm ⊗ In)MP
δ2

= eTm ⊗ In.

Hence MP
δ1

(em⊗In) = em−i0(σ)⊗In and (eTm⊗In)MP
δ2

= eTm−c0(σ)⊗In in all the above

cases. Now, by Lemma 2.1.11, we have (eTm ⊗ In)MP
δ2
M(σ2,τ2)(X2, Y2) = eTm−c0(σ,σ2) ⊗ In

and M(τ1,σ1)(Y1, X1)M
P
δ1

(em ⊗ In) = em−i0(σ1,σ) ⊗ In. Hence the desired form of L(λ)

follows from (7.5).

7.2.1 Fiedler-like pencils are Rosenbrock strong linearizations

We now show that Fiedler pencils (FPs), generalized Fiedler pencils (GFPs) and GFPRs

of G(λ) are Rosenbrock strong linearizations of G(λ). First, we show that the FPs of

G(λ) introduced in [2] (see Chapter 6) are Rosenbrock strong linearizations of G(λ).

Recall that Lσ(λ) := λMS−m−MSσ is called a Fiedler pencil (FP) of G(λ), where σ is

a permutation of {0 : m−1}. We now define the reverse consecution-inversion structure

sequence of a permutation which we need in order to prove that a Fielder pencil is a

Rosenbrock strong linearization of G(λ).

Definition 7.2.5. Let α be a permutation of {0 : m− 1}. Then the tuple RCISS(α) :=

(c1, i1, c2, i2, . . . , c`, i`) is called the reverse consecution-inversion structure sequence of

α when α has consecutions at m − c1 − 1,m − c1, . . . ,m − 2; inversions at m − c1 −
i1 − 1,m − c1 − i1, . . . ,m − c1 − 2 and so on, consecutions at i`, i` + 1, . . . , i` + c` − 1;

inversions at 0, 1, . . . , i` − 1.

Remark 7.2.6. It is easy to see that RCISS(α) = rev
(
CISS(rev (α))

)
, where CISS(α)

is the consecution-inversion structure sequence of α defined in Definition 6.1.6 (also,

see [26]).

Example 7.2.7. Let m = 11, and let α and β be permutations of {0 : 10} given by α =

(8 : 10, 7, 6, 5, 2 : 4, 1, 0) and β = (10, 9, 5 : 8, 3 : 4, 2, 0 : 1). Then RCISS(α) = (2, 4, 2, 2)

since α has consecutions at 8, 9; inversions at 4, 5, 6, 7; consecutions at 2, 3; inversions

at 0, 1. Similarly, we have RCISS(β) = (0, 2, 3, 1, 1, 2, 1, 0).

Let α be a permutation of {0 : m− 1} with RCISS(α) = (c1, i1, c2, i2, . . . , c`, i`). We

define

m0 := 0, n0 := 0, and mp :=
∑p

j=1
cj and np :=

∑p

j=1
ij for p = 1 : `. (7.8)

Observe that m` = c(σ) and n` = i(σ), that is, m` is the total number of consecutions

of α and n` is the total number of inversions of α. Thus m` + n` = m− 1 (follows from
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Remark 1.2.25). Further, we define

s0 := 0 and sp :=
∑p

j=1
(cj + ij) for p = 1 : `. (7.9)

Observe that s` = m` + n` = m− 1.

For i ≥ 0 and j ≥ 0, we define Λ̂i,j(λ), Λi,j(λ), Ω̂i,j(λ), and Ωi,j(λ) as follows:

Λ̂i,j(λ) :=



In

λIn

λ2In
...

λi−1In

0jn×n


∈ C[λ](i+j)n×n, Λi,j(λ) :=



In

λIn

λ2In
...

λi−1In

0jn×n

λiIn


∈ C[λ](i+1+j)n×n, (7.10)

Ω̂i,j(λ) :=



0in×n

In

λIn

λ2In
...

λj−1In


∈ C[λ](i+j)n×n and Ωi,j(λ) :=



0in×n

In

λIn

λ2In
...

λj−1In

λjIn


∈ C[λ](i+j+1)n×n. (7.11)

Note that Λi,j(λ) =

Λ̂i,j(λ)

λiIn

 and Ωi,j(λ) =

Ω̂i,j(λ)

λjIn

. Further, Λ0,j(λ) =

0jn×n

In

 and

Ωi,0(λ) =

0in×n

In

. For simplicity, we write Λ̂i,j, Λi,j, Ω̂i,j and Ωi,j for Λ̂i,j(λ), Λi,j(λ),

Ω̂i,j(λ) and Ωi,j(λ), respectively.

Remark 7.2.8. It follows from (7.10) and (7.11) that (eTk ⊗ In)Λ̂i,j(λ) = 0 ⇐⇒
Ω̂i,j(λ)B(ek ⊗ In) 6= 0 for any i ≥ 0, j ≥ 0 and 1 ≤ k ≤ i+ j.

Let H := (Hij) be a block k × ` matrix, where each block Hij is a p × q matrix.

Recall that the block transpose of H is the block `×k matrix HB given by (HB)ij = Hji,

see [26].
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Definition 7.2.9. Let α be a permutation of {0, 1, . . . ,m − 1} with RCISS(α) =

(c1, i1, c2, i2, . . . , c`, i`). We define Λα(λ) ∈ C[λ]mn×n and Ωα(λ) ∈ C[λ]n×mn as follows:

Λα(λ) :=



Λ̂c1,i1(λ)

λm1Λ̂c2,i2(λ)
...

λm`−2Λ̂c`−1,i`−1
(λ)

λm`−1Λc`,i`(λ)


if ` > 1, (7.12)

and Λα(λ) := Λc1,i1(λ) if ` = 1,

Ωα(λ) :=



Ω̂c1,i1(λ)

λn1Ω̂c2,i2(λ)
...

λn`−2Ω̂c`−1,i`−1
(λ)

λn`−1Ωc`,i`(λ)



B

if ` > 1, (7.13)

and Ωα(λ) :=
(
Ωc1,i1(λ)

)B
if ` = 1.

Remark 7.2.10. Let α be a permutation of {0 : m−1} with RCISS(α) = (c1, i1, . . . , c`, i`).

Since Λ̂cj ,ij(λ) and Ω̂cj ,ij(λ) are the basic building blocks of Λα(λ) and Ωα(λ), respectively,

it follows from Remark 7.2.8 that (eTk ⊗ In)Λα(λ) = 0 ⇐⇒ Ωα(λ)(ek ⊗ In) 6= 0 for any

k ∈ {1 : m−1}. Further, note that (eTm⊗In)Λα(λ) = λm`In and Ωα(λ)(em⊗In) = λn`In.

Caution: The same notations mj, nj, sj,Λα(λ) and Λ̂i,j(λ) are used in Chapter 6

for different purposes.

Recall from Chapter 6 that Pk(λ) := Am−k + λAm−k+1 + · · · + λkAm, k = 0 : m, is

called the Horner shift of P (λ) of degree k [26]. For 1 ≤ i ≤ m − 1, we consider the

following mn×mn unimodular matrix polynomials [26]

Qi(λ) :=


I(i−1)n

In λIn

0n In

I(m−i−1)n


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and

Ri(λ) :=


I(i−1)n

0n In

In Pi(λ)

I(m−i−1)n

 = RBi (λ).

Observe that Ri(λ) depends on the Horner shifts of P (λ) whereas Qi(λ) does not. For

simplicity, we write Qi and Ri for Qi(λ) and Ri(λ), respectively.

The following results will be useful for proving that the FPs of G(λ) are Rosenbrock

strong linearizations of G(λ).

Lemma 7.2.11. Let P (λ) be a matrix polynomial of degree m and α be a permutation

of {0 : m− 1}. Suppose that RCISS(α) = (c1, i1, c2, i2, . . . , c`, i`). For j = 1 : `, set

U(cj ,ij) := RBsj−1+cj+ij
· · ·RBsj−1+cj+1Q

B
sj−1+cj

· · ·QBsj−1+1 (7.14)

and V(cj ,ij) := Rsj−1+1 · · ·Rsj−1+cjQsj−1+cj+1 · · ·Qsj−1+cj+ij . (7.15)

Let U(λ) and V (λ) be given by U(λ) := U(c`,i`)U(c`−1,i`−1) · · ·U(c2,i2)U(c1,i1) and V (λ) :=

V(c1,i1)V(c2,i2) · · ·V(c`−1,i`−1)V(c`,i`). Then

U(λ)(e1 ⊗ In) = Λα(λ) and (eT1 ⊗ In)V (λ) = Ωα(λ),

where Λα(λ) and Ωα(λ) are as given in Definition 7.2.9.

Proof. For t ∈ {1 : m− 1}, we have the following:

QBt (ei ⊗ In) =

 (ei ⊗ In) + (ei+1 ⊗ λIn) if t = i for i = 1 : m− 1,

ei ⊗ In if t 6= i for i = 1 : m,
(7.16)

RBt (ei ⊗ In) =

 ei+1 ⊗ In if t = i for i = 1 : m− 1,

ei ⊗ In if t /∈ {i, i− 1} for i = 1 : m.
(7.17)

Let 1 ≤ k ≤ m− 1 and p ≥ 0, q ≥ 0 be such that k + p+ q − 1 ≤ m− 1. Consider

Z(λ) := RBk+p+q−1 · · ·RBk+p+1R
B
k+p︸ ︷︷ ︸

Y (λ)

QBk+p−1 · · ·QBk+1Q
B
k︸ ︷︷ ︸

X(λ)

.

Then X(λ) (resp., Y (λ)) is a product of p (resp., q) QB’s (resp., RB’s). We show that

Z(λ)(ek ⊗ In) =


0(k−1)n×n

Λ̂p,q

λpIn

0(m−k−p−q)n×n

 . (7.18)
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We have

X(λ) (ek ⊗ In) =
(
QBk+p−1 · · ·QBk+1

) (
(ek+1 ⊗ λIn) + (ek ⊗ In)

)
by (7.16)

=
(
QBk+p−1 · · ·QBk+2

) (
(ek+2 ⊗ λ2In) + (ek+1 ⊗ λIn) + (ek ⊗ In)

)
by (7.16)

= QBk+p−1

(
(ek+p−1 ⊗ λp−1In) +

∑k+p−2

j=k
(ej ⊗ λj−kIn)

)
by repeatedly applying (7.16)

= (ek+p ⊗ λpIn) + (ek+p−1 ⊗ λp−1In) +
∑k+p−2

j=k
(ej ⊗ λj−kIn) by (7.16)

= (ek+p ⊗ λpIn) +
∑k+p−1

j=k
(ej ⊗ λj−kIn).

Then Z(λ)(ek ⊗ In) =(
RBk+p+q−1 · · ·RBk+p+1R

B
k+p

) (
(ek+p ⊗ λpIn) +

∑k+p−1

j=k
(ej ⊗ λj−kIn)

)
= (ek+p+q ⊗ λpIn) +

∑k+p−1

j=k
(ej ⊗ λj−kIn) by applying (7.17) repeatedly

=


0(k−1)n×n

Λ̂p,q

λpIn

0(m−k−p−q)n×n

 , which proves (7.18).

We now prove that U(λ)(e1 ⊗ In) = Λα(λ). Recall the definitions of Λα(λ), mj and

sj associated with RCISS(α) = (c1, i1, c2, i2, . . . , c`, i`). If ` = 1 then by (7.18) we have

U(λ)(e1 ⊗ In) = U(c1,i1)(e1 ⊗ In) = Λα(λ). Next, if ` > 1 then by using (7.16), (7.17)

and (7.18) repeatedly we have U(λ)(e1 ⊗ In) = Λα(λ). Indeed, we have the following.

Recall that Λ̂cj ,ij ∈ C[λ](cj+ij)n×n. We denote by 0 the zero matrix of an appropriate

size. Then we have

U(λ)(e1 ⊗ In) = U(c`,i`) · · ·U(c2,i2)U(c1,i1)(e1 ⊗ In)

= U(c`,i`) · · ·U(c2,i2)


Λ̂c1,i1

λc1In

0

 by (7.18) since s0 = 0

= U(c`,i`) · · ·U(c2,i2)

(
(es1+1 ⊗ λc1In) +


Λ̂c1,i1

0

0

) since s1 = c1 + i1
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= U(c`,i`) · · ·U(c2,i2)(es1+1 ⊗ λc1In) +


Λ̂c1,i1

0

0

 by (7.14), (7.16) and (7.17)

= U(c`,i`) · · ·U(c3,i3)


0s1n×n

λc1Λ̂c2,i2

λc1λc2In

0

+


Λ̂c1,i1

0

0

 by (7.18)

= U(c`,i`) · · ·U(c3,i3)(es2+1 ⊗ λc1+c2In) +


0s1n×n

λc1Λ̂c2,i2

0

0

+


Λ̂c1,i1

0

0

 by (7.14), (7.16)

and (7.17)

= U(c`,i`) · · ·U(c3,i3)(es2+1 ⊗ λm2In) +


Λ̂c1,i1

λm1Λ̂c2,i2

0

0

 since m1 = c1 and m2 = c1 + c2

= U(c`,i`)(es`−1+1 ⊗ λm`−1In) +



Λ̂c1,i1

λm1Λ̂c2,i2

...

λm`−2Λ̂c`−1,i`−1

0


by repeated application of

(7.16), (7.17) and (7.18)

=


0s`−1n×n

λm`−1Λ̂c`,i`

λm`−1λc`In

+



Λ̂c1,i1

λm1Λ̂c2,i2

...

λm`−2Λ̂c`−1,i`−1

0


=



Λ̂c1,i1

λm1Λ̂c2,i2

...

λm`−2Λ̂c`−1,i`−1

λm`−1Λc`,i`


= Λα(λ) by (7.18).

This proves that U(λ)(e1 ⊗ In) = Λα(λ).
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Next we prove that (eT1 ⊗ In)V (λ) = Ωα(λ). For t ∈ {1 : m− 1}, we have

(eTi ⊗ In)Qt =

 (eTi ⊗ In) + (eTi+1 ⊗ λIn) if t = i for i = 1 : m− 1,

eTi ⊗ In if t 6= i for i = 1 : m,
(7.19)

(eTi ⊗ In)Rt =

 eTi+1 ⊗ In if t = i for i = 1 : m− 1,

eTi ⊗ In if t /∈ {i, i− 1} for i = 1 : m.
(7.20)

Let 1 ≤ k ≤ m − 1. Let p ≥ 0 and q ≥ 0 be such that k + p + q − 1 ≤ m − 1.

Consider W (λ) := RkRk+1 · · ·Rk+p−1Qk+pQk+p+1 · · ·Qk+p+q−1. Then (7.19) and (7.20)

and similar arguments as those in the proof of (7.18) give

(eTk ⊗ In)W (λ) =


0(k−1)n×n

Ω̂p,q

λqIn

0(m−k−p−q)n×n



B

(7.21)

Hence by (7.21), (7.19), (7.20) and by similar arguments as those in the proof of

U(λ)(e1 ⊗ In) = Λα(λ), we have (eT1 ⊗ In)V (λ) = Ωα(λ).

Proposition 7.2.12. Let X(λ) := [x1 x2 · · · xm]B and Y (λ) := [y1 y2 · · · ym],

where xi = 0 or xi = λpiIn, and yi = 0 or yi = λqiIn, for some pi ≥ 0 and qi ≥ 0,

i = 1 : m. Suppose that xiyi = 0 for i = 1 : m − 1. Then there exist an m ×m lower

block-triangular matrix polynomial L(λ) with diagonal blocks In and an m × m upper

block-triangular matrix polynomial U(λ) with diagonal blocks In such that

L(λ)
( I(m−1)n 0

0 0

+X(λ)Y (λ)
)
U(λ) =

 I(m−1)n 0

0 xmym

 . (7.22)

Proof. Define Z :=

 I(m−1)n 0

0 0

 + X(λ)Y (λ). Let Zi,j be the (i, j)-th block entry

of Z. Since xiyi = 0, we have Zi,i = In for i = 1 : m − 1 and Zm,m = xmym.

Further, note that we have either Zi,j = λpi+qjIn or Zi,j = 0 for all i 6= j. Hence we

have Z =



In Z1,2 · · · Z1,m−1 Z1,m

Z2,1 In · · · Z2,m−1 Z2,m

...
...

. . .
...

...

Zm−1,1 Zm−1,2 · · · In Zm−1,m

Zm,1 Zm,2 · · · Zm,m−1 Zm,m


. Now define L(λ) and U(λ) by
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L(λ) :=


In

−Z2,1 In
... · · · . . .

−Zm,1 −Zm,2 · · · In

 and U(λ) :=


In −Z1,2 · · · −Z1,m

In −Z2,m

. . .
...

In

 .
Note that xiyi = 0 ⇒ yixi = 0 for i = 1 : m − 1. Hence it follows that Zi,jZj,k =

xiyjxjyk = 0 for i, k ∈ {1 : m} and j ∈ {1 : m − 1}. Consequently, by block Gaussian

elimination, we have L(λ)ZU(λ) = diag(I(m−1)n, xmym).

As an immediate corollary we have the following result.

Corollary 7.2.13. Let α be a permutation of {0, 1, . . . ,m − 1} with RCISS(α) =

(c1, i1, c2, i2, . . . , c`, i`). Consider Λα(λ) and Ωα(λ) associated with RCISS(α) as given

in Definition 7.2.9. Then there exist an m×m lower block-triangular matrix polynomial

T1(λ) with diagonal blocks In and an m ×m upper block-triangular matrix polynomial

T2(λ) with diagonal blocks In such that

T1(λ)
(I(m−1)n 0

0 0

+ Λα(λ) Ωα(λ)
)
T2(λ) =

I(m−1)n 0

0 λm−1In

 .
Proof. Note that we have (eTm ⊗ In) Λα(λ) = λm`In and Ωα(λ) (em ⊗ In) = λn`In and

that m` + n` = m − 1. By Remark 7.2.10, it follows that Λα(λ) and Ωα(λ) satisfy the

conditions of Proposition 7.2.12. Hence the result follows from Proposition 7.2.12.

We now prove that Fiedler pencils are Rosenbrock strong linearizations of G(λ). Re-

call that the reversal of a matrix polynomial P (λ) =
∑m

j=0 λ
jAj is defined by revP (λ) :=∑m

j=0 λ
jAm−j.

Theorem 7.2.14. Let Lσ(λ) := λMS−m −MSσ be the Fiedler pencil of G(λ) associated

with a permutation σ of {0 : m − 1}. Then Lσ(λ) is a Rosenbrock strong linearization

of G(λ). More precisely, we have the following.

(a) There exist mn×mn unimodular matrix polynomials U(λ) and V (λ), and r× r
nonsingular matrices U0 and V0 such that U(λ) 0

0 U0

Lσ(λ)

 V (λ) 0

0 V0

 =

 I(m−1)n 0

0 S(λ)

 for all λ ∈ C.

(b) There exist biproper rational matrices O`(λ) and Or(λ) such that

O`(λ)λ−1G(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 , (7.23)
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where G(λ) = Lσ(λ) + (em−i0(σ) ⊗ C)(λE − A)−1(eTm−c0(σ) ⊗ B) is the transfer function

of Lσ(λ) and Lσ(λ) := λMP
−m −MP

σ is the Fiedler pencil of P (λ) associated with σ.

Proof. Part (a) is proved in [2, Theorem 4.13]. Hence we only prove (b).

By Theorem 7.2.4, we have Lσ(λ) =

 Lσ(λ) em−i0(σ) ⊗ C

eTm−c0(σ) ⊗B A− λE

 . Hence

G(λ) is the transfer function of Lσ(λ). Let σ be given by σ = (δ1, 0, δ2). Then we

have Lσ(λ) = λMP
−m − MP

σ = λMP
−m − MP

δ1
MP

0 M
P
δ2
. It is shown in the proof of

[26, Theorem 4.6] that −revLσ(λ) is strictly equivalent to −revP (λ). More precisely,

J(MP
δ1

)−1
(
− revLσ(λ)

)
(MP

δ2
)−1J =: Lα(λ) is a Fiedler pencil of −revP (λ), where α =

(
m − rev(δ1), 0,m − rev(δ2)

)
and J :=


In

· · ·

In

 ∈ Cmn×mn. Hence Lα(λ) is a

linearization of −revP (λ). Thus there exist unimodular matrix polynomials Û(λ) and

V̂ (λ) such that

Û(λ)Lα(λ) V̂ (λ) =

 −I(m−1)n 0

0 −revP (λ)

 ,
where Û(λ) and V̂ (λ) are given by [26]

Û(λ) := U0U1 · · ·Um−3Um−2, with Uj =

 QBm−1−j if α has a consecution at j,

RBm−1−j if α has an inversion at j,

(7.24)

V̂ (λ) := Vm−2Vm−3 · · ·V1V0, with Vj =

 Rm−1−j if α has a consecution at j,

Qm−1−j if α has an inversion at j.

(7.25)

Note that R’
is in (7.24) and (7.25) are associated with the matrix polynomial −revP (λ).

Thus we have−I(m−1)n 0

0 −revP (λ)

 = Û(λ)Lα(λ)V̂ (λ) = Û(λ)J(MP
δ1)−1

(
− revLσ(λ)

)
(MP

δ2)−1JV̂ (λ)

⇒

I(m−1)n 0

0 λ−mP (λ)

 = Û(1/λ) J(MP
δ1)−1

(
λ−1Lσ(λ)

)
(MP

δ2)−1J V̂ (1/λ). (7.26)

Next we evaluate

Û(λ)J(MP
δ1

)−1(em−i0(σ) ⊗ In) and (eTm−c0(σ) ⊗ In)(MP
δ2

)−1JV̂ (λ). (7.27)
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Recall that MP
−t =


I(m−t−1)n

0 In

In At

I(t−1)n

 for t = 1 : m− 1. Hence we have

(eTm−q ⊗ In)MP
−t =

 eTm−(q−1) ⊗ In for t = q and q = 1 : m− 1,

eTm−q ⊗ In for t /∈ {q, q + 1}, q = 0 : m− 1,
(7.28)

and

MP
−t(em−q ⊗ In) =

 em−(q−1) ⊗ In for t = q and q = 1 : m− 1,

em−q ⊗ In for t /∈ {q, q + 1}, q = 0 : m− 1.
(7.29)

Case-I: Suppose that c0(σ) > 0. Then i0(σ) = 0. Since σ has c0(σ) consecutions

at 0, we have σ ∼ (σL, 0, 1, 2, . . . , c0(σ)). Without loss of generality, we assume that

σ = (δ1, 0, δ2) = (δ1, 0, 1, 2, . . . , c0(σ)), that is, δ2 = (1, 2, . . . , c0(σ)). Then by repeated

application of (7.28) we have

(eTm−c0(σ) ⊗ In)(MP
δ2

)−1 = (eTm−c0(σ) ⊗ In)MP
−c0(σ)M

P
−(c0(σ)−1) · · ·M

P
−2M

P
−1 = eTm ⊗ In.

Hence (eTm−c0(σ) ⊗ In)(MP
δ2

)−1J = (eTm ⊗ In)J = eT1 ⊗ In.
Further, since i0(σ) = 0 and 0, 1 /∈ δ1, by (7.29) we have (MP

δ1
)−1(em−i0(σ) ⊗ In) =

(MP
δ1

)−1(em ⊗ In) = em ⊗ In. Hence J(MP
δ1

)−1(em−i0(σ) ⊗ In) = J(em ⊗ In) = e1 ⊗ In.

Case-II: Suppose that i0(σ) > 0. Then c0(σ) = 0. Since σ has i0(σ) inversions

at 0, we have σ ∼ (i0(σ), . . . , 2, 1, 0, σR). Without loss of generality, we assume that

σ = (δ1, 0, δ2) = (i0(σ), . . . , 2, 1, 0, δ2), that is, δ1 = (i0(σ), . . . , 2, 1). Then by repeated

application of (7.29) we have

(MP
δ1

)−1(em−i0(σ) ⊗ In) = MP
−1M

P
−2 · · ·MP

−(i0(σ)−1)M
P
−i0(σ)(em−i0(σ) ⊗ In) = em ⊗ In.

Hence we have J(MP
δ1

)−1(em−i0(σ) ⊗ In) = J(em ⊗ In) = e1 ⊗ In.
Further, since c0(σ) = 0 and 0, 1 /∈ δ2, by (7.28) we have (eTm−c0(σ) ⊗ In)(MP

δ2
)−1 =

(eTm ⊗ In)(MP
δ2

)−1 = eTm ⊗ In. Hence (eTm−c0(σ) ⊗ In)(MP
δ2

)−1J = (eTm ⊗ In)J = eT1 ⊗ In.

Thus in both the cases, we have

Û(λ)J(MP
δ1

)−1(em−i0(σ) ⊗ In) = Û(λ)(e1 ⊗ In)

(eTm−c0(σ) ⊗ In)(MP
δ2

)−1JV̂ (λ) = (eT1 ⊗ In)V̂ (λ).

(7.30)

Next, we calculate Û(λ)(e1 ⊗ In) and (eT1 ⊗ In)V̂ (λ). Note that α is a permutation of

{0 : m− 1}. Let RCISS(α) be given by RCISS(α) = (c1, i1, c2, i2, . . . , c`, i`). Recall from
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(7.8) and (7.9) the definitions of mj, nj and sj, for j = 0 : `, associated with RCISS(α).

By (7.24) and (7.25), we have

Û(λ) = Û(c`,i`)Û(c`−1,i`−1) · · · Û(c2,i2)Û(c1,i1) and

V̂ (λ) = V̂(c1,i1)V̂(c2,i2) · · · V̂(c`−1,i`−1)V̂(c`,i`),

where Û(cj ,ij) = RBsj−1+cj+ij
· · ·RBsj−1+cj+1Q

B
sj−1+cj

· · ·QBsj−1+1 and

V̂(cj ,ij) = Rsj−1+1 · · ·Rsj−1+cjQsj−1+cj+1 · · ·Qsj−1+cj+ij .

Hence by Lemma 7.2.11, we have Û(λ)(e1 ⊗ In) = Λα(λ) and (eT1 ⊗ In)V̂ (λ) = Ωα(λ),

where Λα(λ) and Ωα(λ) are as given in Definition 7.2.9. Now by (7.30) we have

Û(λ)J(MP
δ1

)−1(em−i0(σ) ⊗ In) = Λα(λ) and (eTm−c0(σ) ⊗ In)(MP
δ2

)−1JV̂ (λ) = Ωα(λ).

(7.31)

Define Ô`(λ) := Û(1/λ)J(MP
δ1

)−1 and Ôr(λ) := (MP
δ2

)−1JV̂ (1/λ). Then Ô`(λ) and

Ôr(λ) are biproper rational matrices. Set Gsp(λ) := C(λE − A)−1B. Then

Ô`(λ)λ−1G(λ)Ôr(λ)

= Ô`(λ)λ−1Lσ(λ)Ôr(λ) + Ô`(λ)
(

(em−i0(σ) ⊗ In)λ−1Gsp(λ)(eTm−c0(σ) ⊗ In)
)
Ôr(λ)

=

I(m−1)n 0

0 λ−mP (λ)

+ Λα(1/λ) λ−1Gsp(λ) Ωα(1/λ) by (7.26) and (7.31)

=

0(m−1)n 0

0 λ−mP (λ)

+

I(m−1)n 0

0 0

+ Λα(1/λ) λ−1Gsp(λ) Ωα(1/λ)

︸ ︷︷ ︸
W (λ)

. (7.32)

Let T1(λ) and T2(λ) be the matrix polynomials given in Corollary 7.2.13. Then T1(1/λ)

and T2(1/λ) are biproper rational matrices. Let T̂j(1/λ), j = 1, 2, denote the matrix

obtained by multiplying each off diagonal block of Tj(1/λ) by −λ−1Gsp(λ). Then by

Corollary 7.2.13 we have

T̂1(1/λ) W (λ) T̂2(1/λ) =

I(m−1)n 0

0 λ−(m−1)λ−1Gsp(λ)

 =

I(m−1)n 0

0 λ−mGsp(λ)

 .
(7.33)

Obviously, T̂1(1/λ) and T̂2(1/λ) are biproper rational matrices. Hence by defining

O`(λ) := T̂1(1/λ)Ô`(λ) and Or(λ) := Ôr(λ)T̂2(1/λ), the equality in (7.23) follows from

(7.32) and (7.33). This completes the proof of (b).
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Next, we show that GFPRs of G(λ) are Rosenbrock strong linearizations of G(λ).

We need the following result.

Proposition 7.2.15. Let T(λ) := λMS−m − MSα be the Fiedler pencil of G(λ) asso-

ciated with a permutation α of {0 : m − 1}. Let L(λ) be a pencil given by L(λ) :=

diag(X , X0)T(λ)diag(Y , Y0), where X ,Y ∈ Cmn×mn and X0, Y0 ∈ Cr×r are nonsingular

matrices. Then L(λ) is a Rosenbrock strong linearization of G(λ).

Proof. Since T(λ) is a Fiedler pencil of G(λ), by Theorem 7.2.14, T(λ) is a Rosenbrock

strong linearization of G(λ). Hence there exist mn×mn unimodular matrix polynomials

U(λ) and V (λ), and r × r nonsingular matrices U0 and V0 such that

diag
(
I(m−1)n, S(λ)

)
= diag

(
U(λ), U0

)
T(λ) diag

(
V (λ), V0

)
= diag

(
U(λ)X−1, U0X

−1
0

)
L(λ) diag

(
Y−1V (λ), Y −10 V0

)
. (7.34)

By Theorem 7.2.4, we have T(λ) =

 L(λ) em−i0(α) ⊗ C

eTm−c0(α) ⊗B A− λE

 , where L(λ) =

λMP
−m −MP

α is the Fiedler pencil of P (λ) associated with α. Then

L(λ) =

 XL(λ)Y X (em−i0(α) ⊗ C)Y0

X0(e
T
m−c0(α) ⊗B)Y X0(A− λE)Y0


and GL(λ) := XL(λ)Y + X (em−i0(α) ⊗ C)(λE − A)−1(eTm−c0(α) ⊗ B)Y is the transfer

function of L(λ). Since T(λ) is a Rosenbrock strong linearization of G(λ), there exist

biproper rational matrices O`(λ) and Or(λ) such that

O`(λ)λ−1GT(λ)Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 , (7.35)

where GT(λ) = L(λ) + (em−i0(α) ⊗ C)(λE − A)−1(eTm−c0(α) ⊗B) is the transfer function

of T(λ). Since X−1GL(λ)Y−1 = GT(λ), it follows from (7.35) that

O`(λ)X−1λ−1GL(λ)Y−1Or(λ) =

 I(m−1)n 0

0 λ−mG(λ)

 . (7.36)

Note that O`(λ)X−1 and Y−1Or(λ) are biproper rational matrices. Hence it follows

from (7.34) and (7.36) that L(λ) is a Rosenbrock strong linearization of G(λ).

Now we prove that the GFPRs of G(λ) are Rosenbrock strong linearizations.
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Theorem 7.2.16. Let L(λ) := Mτ1(Y1)Mσ1(X1)(λMSτ − MSσ )Mσ2(X2)Mτ2(Y2) be a

GFPR of G(λ) as given in Definition 7.2.2, where all the matrix assignments Xj and

Yj, j = 1, 2, are nonsingular. Then L(λ) is a Rosenbrock strong linearization of G(λ).

Proof. Let τ be given by τ = (β,−m, γ). Define α := (−rev (β), σ,−rev (γ)) and T(λ) :=

λMS−m −MSα. Then T(λ) is a Fiedler pencil of G(λ) associated with the permutation

α of {0 : m−1}. It is easily seen that L(λ) = AT(λ)B, where A = M(τ1,σ1)(Y1, X1)MSβ =M(τ1,σ1)(Y1, X1)M
P
β

Ir

 and B = MSγM(σ2,τ2)(X2, Y2) =

MP
γ M(σ2,τ2)(X2, Y2)

Ir

. Since

Xj and Yj, j = 1, 2, are nonsingular matrix assignments, the matrices M(τ1,σ1)(Y1, X1)

and M(σ2,τ2)(X2, Y2) are nonsingular. Hence by Proposition 7.2.15, L(λ) is a Rosenbrock

strong linearization of G(λ).

Finally, we show that the GFPs of G(λ) are also Rosenbrock strong linearizations.

Theorem 7.2.17. Let Tω(λ) := λMS−ω1
−MSω0

be a GFP of G(λ), where 0 ∈ ω0. Then

Tω(λ) is a Rosenbrock strong linearization of G(λ).

Proof. It is shown in [4, Theorem 2.13] that Tω(λ) = diag(X , X0) F(λ) diag(Y , Y0) for

some nonsingular matrices X ,Y ∈ Cmn×mn and X0, Y0 ∈ Cr×r, where F(λ) is a Fiedler

pencil of G(λ). Hence by Proposition 7.2.15, T(λ) is a Rosenbrock strong linearization

of G(λ).

7.3 Structure-preserving strong linearizations

This section is devoted to construction of structure-preserving strong linearizations of

structured rational matrices. We consider only symmetric, skew-symmetric, Hamilto-

nian and skew-Hamiltonian rational matrices and construct their structure-preserving

strong linearizations. The construction of structure-preserving strong linearizations of

Hermitian, skew-Hermitian, para-Hermitian and para-skew-Hermitian rational matrices

is similar. We show that the family of GFPRs of G(λ) is a rich source of structure-

preserving strong linearizations of G(λ). For the rest of this section, we assume that

G(λ) = P (λ) + Gsp(λ), where P (λ) :=
∑m

j=0Ajλ
j with Am 6= 0 and Gsp(λ) is strictly

proper, that is, Gsp(λ)→ 0 as λ→∞.

7.3.1 Symmetric GFPRs

Suppose that G(λ) is symmetric, that is, G(λ)T = G(λ). Since G(λ) = P (λ) +

Gsp(λ), it follows that both P (λ) and Gsp(λ) are symmetric. As Gsp(λ) is strictly
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proper and symmetric, there exists a minimal symmetric realization of G(λ) given

by Gsp(λ) = BT (λIr − A)−1B, where A is a symmetric matrix [32, 36, 38]. Hence

G(λ) = P (λ)+BT (λIr−A)−1B is a minimal symmetric realization of G(λ). The system

matrix S(λ) :=

P (λ) BT

B A− λIr

 is then symmetric and irreducible. Also, there exists

a minimal symmetric realization of G(λ) of the form G(λ) = P (λ) + BT (λE − A)−1B,

where A and E are symmetric matrices with E being nonsingular [29]. The system

matrix

S(λ) :=

P (λ) BT

B A− λE

 (7.37)

is obviously symmetric and irreducible.

Recall that a block matrix H is said to be block-symmetric provided that HB = H,

see [26]. Also, recall that the block transpose of a system matrixA :=

 A u⊗X

vT ⊗ Y Z


is defined by AB :=

 AB v ⊗X

uT ⊗ Y Z

 , where A = [Aij] is an m×m block matrix with

Aij ∈ Cn×n, u, v ∈ Cm, X ∈ Cn×r, Y ∈ Cr×n and Z ∈ Cr×r. Observe that A is block-

symmetric if and only if A is block-symmetric and u = v.

From Chapter 2, recall the following definitions of admissible tuple, simple admissible

tuple, symmetric complement of an admissible tuple, and index tuple in canonical form.

Definition 7.3.1. [17] (a) Let h ≥ 0 be an integer. We say that w is an admissible

tuple of {0 : h} if w is a permutation of {0 : h} and

csf(w) =
(
h− 1 : h, h− 3 : h− 2, . . . , p+ 1 : p+ 2, 0 : p

)
(7.38)

for some 0 ≤ p ≤ h. We call p the index of w and denote it by Ind(w).

(b) Let h ≥ 0 be an integer and let w be an admissible tuple of {0 : h} with index p.

Then the symmetric complement of w, denoted by cw, is defined by

cw :=


(
h− 1, h− 3, . . . , p+ 3, p+ 1, (0 : p)revc

)
if p ≥ 1,

(h− 1, h− 3, . . . , 1) if p = 0 and h > 0,

∅ if h = 0,

where (0 : p)revc := (0 : p− 1, 0 : p− 2, . . . , 0 : 1, 0).

For simplicity, we always consider an admissible tuple of the form (7.38). Clearly, for

an integer h ≥ 0, there exists a unique admissible tuple of {0 : h} with index 0 or 1 [17].
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Definition 7.3.2. An admissible tuple w of {0 : h}, h ≥ 0, is said to be the simple

admissible tuple if Ind(w) = 0 or Ind(w) = 1.

Note that for the simple admissible tuple w of {0 : h}, we have Ind(w) = 0 (resp.,

Ind(w) = 1) if h is even (resp., odd).

Remark 7.3.3. Let v be an admissible tuple of {0 : k}, k ≥ 0, and let cv be the

symmetric complement of v. Then it follows from Definition 7.3.1 that 0 ∈ cv if and

only if Ind(v) ≥ 1. In particular, for the simple admissible tuple w of {0 : h}, we have

0 ∈ cw (resp., 0 /∈ cw) if h is odd (resp., even), where cw is the symmetric complement

of w.

Definition 7.3.4. [17] Given h ≥ 0, we say that an index tuple t is in canonical form

for h if t is of the form(
a1 : h− 2, a2 : h− 4, . . . , abh

2
c : h− 2bh

2
c
)

with ai ≥ 0, i = 1 : bh
2
c, where b·c stands for the greatest integer function.

Note that an index tuple in canonical form for h is necessarily empty for h = 0, 1.

The following result characterizes all symmetric GFPRs of a matrix polynomial.

Theorem 7.3.5 ([17], Theorem 6.11). Let 0 ≤ h < m. Let wh and vh+m be the simple

admissible tuples of {0 : h} and {0 : m − h − 1}, respectively. Let twh and tvh + m

be index tuples in canonical form for h and m − h − 1, respectively. Let X and Y be

nonsingular matrix assignments for twh and tvh, respectively. Then

L(λ) := M(tvh ,twh )
(Y ,X )(λMP

vh
−MP

wh
)MP

(cwh ,cvh )
M(rev(twh ),rev(tvh ))

(rev(X ), rev(Y)),

(7.39)

is a block symmetric GFPR of P (λ), where cwh and cvh +m are the symmetric comple-

ments of wh and vh + m, respectively. Moreover, any block symmetric GFPR of P (λ)

is of the form (7.39). Furthermore, if all the matrices in the matrix assignments X and

Y are symmetric, then L(λ) is symmetric when P (λ) is symmetric.

The pencil in (7.39) is denoted by LP (h, twh , tvh ,X ,Y) and is uniquely determined

by h, twh , tvh , X and Y , see [17].

Definition 7.3.6. Let h,wh, cwh , twh , vh, cvh , tvh , X and Y be as given in Theorem 7.3.5.

Then we define

L(λ) := M(tvh ,twh )
(Y ,X )(λMSvh −MSwh)MP

(cwh ,cvh )
M(rev(twh ),rev(tvh ))

(rev(X ), rev(Y)).

(7.40)

The pencil L(λ) in (7.40) is uniquely determined by h, twh , tvh , X and Y. We denote

L(λ) by LS(h, twh , tvh ,X ,Y).
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The following result characterizes all block-symmetric GFPRs of G(λ).

Theorem 7.3.7. Let S(λ) be given in (7.2). Let 0 ≤ h ≤ m − 1 be even. Con-

sider the GFPR L(λ) := LS(h, twh , tvh ,X ,Y) associated with S(λ). Then L(λ) = LP (h, twh , tvh ,X ,Y) em−i0(twh ,wh) ⊗ C

eTm−c0(wh,cwh ,rev(twh ))
⊗B A− λE

 . Further, we have the following:

(a) L(λ) is a block symmetric GFPR of S(λ). Further, any block symmetric GFPR

of S(λ) must be of the form LS(h, twh , tvh ,X ,Y) for some even 0 ≤ h ≤ m− 1.

(b) If m is odd then L(λ) is a Rosenbrock strong linearization of S(λ). If m is even

then L(λ) is a Rosenbrock strong linearization of S(λ) when the leading coefficient of

P (λ) is nonsingular.

Proof. By substituting σ = wh, σ1 = twh , σ2 = (cwh , rev(twh)), τ = vh, τ1 = tvh and

τ2 = (cvh , rev(tvh)) in Theorem 7.2.4, we have

L(λ) =

 LP (h, twh , tvh ,X ,Y) em−i0(twh ,wh) ⊗ C

eTm−c0(wh,cwh ,rev(twh ))
⊗B A− λE

 . (7.41)

By Theorem 7.3.5, LP (h, twh , tvh ,X ,Y) is a block symmetric pencil. Hence it follows

that L(λ) is block symmetric if and only if c0(wh, cwh , rev(twh)) = i0(twh ,wh). Next,

we show that c0(wh, cwh , rev(twh)) = i0(twh ,wh).

Case-I: Suppose that h = 0. Then wh = (0) and cwh = ∅ = twh . Hence i0(twh ,wh) =

0 = c0(wh, cwh , rev(twh)).

Case-II: Suppose that h > 0. Since h is even and wh is the simple admissible tuple of

{0 : h}, we have wh = (h−1 : h, h−3 : h−2, . . . , 1 : 2, 0) and cwh = (h−1, h−3, . . . , 3, 1).

Thus c0(wh, cwh , rev(twh)) = 2+c2(rev(twh)) and i0(twh ,wh) = 2+ i2(twh). (Recall that

for any index tuple β and for any index t, if t /∈ β then ct(β) = −1 = it(β)). Hence

L(λ) is block-symmetric since it(β) = ct(rev(β)) for any index tuple β and any index t.

This proves the first part of (a).

Next we prove that, if h is odd, then c0(wh, cwh , rev(twh)) 6= i0(twh ,wh). Then it

follows from (7.41) that L(λ) is not a block symmetric GFPR of S(λ). This will prove

the second part of (a).

Let h ≥ 0 be odd. If h = 1 then wh = (0, 1), cwh = (0) and twh = ∅. Thus

c0(wh, cwh , rev(twh)) = 1 and i0(twh ,wh) = 0. Hence L(λ) is not block symmetric.

Next, suppose that h > 1. Then wh = (h − 1 : h, h − 3 : h − 2, . . . , 2 : 3, 0 : 1) and

cwh = (h−1, h−3, . . . , 2, 0). Thus c0(wh, cwh , rev(twh)) = 3+c3(rev(twh)) = 3+ i3(twh)

and i0(twh ,wh) = 1+ i1(twh). We show that 3+ i3(twh) 6= 1+ i1(twh). Let i1(twh) = p. If

p = −1 or p = 0 then 1 + i1(twh) < 2 ≤ 3 + i3(twh) and hence the desired result follows.

Suppose that p ≥ 1. Note that twh is in canonical form for h (h > 1 is odd), i.e.,

twh =
(
a1 : h− 2, a2 : h− 4, . . . , ah−1

2
−1 : 3, ah−1

2
: 1
)
. (7.42)
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We call (aj : h− 2j), j = 1, 2, . . . , h−1
2

, as the strings of twh and h− 2j as the right end

point of the string (aj : h− 2j). Since i1(twh) = p, (p+ 1, p, . . . , 3, 2, 1) is a subtuple of

twh and (p + 2, p + 1, p, . . . , 2, 1) is not a subtuple of twh . It is clear from (7.42) that

each index of the subtuple (p+ 1, p, . . . , 2, 1) of twh belongs to distinct string of twh . By

collecting all those strings we have a subtuple(
(p+ 1 : bp+1), (p : bp), . . . , (3 : b3), (2 : b2), (1 : b1)

)
of twh , where bj’s are the right end points of the collected strings. Hence bj ∈
{1, 3, 5, . . . , h − 4, h − 2} for j = 1 : p + 1 is such that bp+1 > bp > · · · > b3 > b2 > b1.

This implies that b2 ≥ 3 and hence 3 ∈ (2 : b2), b3 ≥ 5 and hence 4 ∈ (3 : b3), and so

on p + 1 ∈ (p : bp) and p + 2 ∈ (p + 1 : bp+2). Consequently, (p + 2, p + 1, . . . , 4, 3) is a

subtuple of twh and i3(twh) ≥ p− 1. So 3 + i3(twh) ≥ p+ 2 > p+ 1 = 1 + i1(twh). Hence

c0(wh, cwh , rev(twh)) 6= i0(twh ,wh) and L(λ) is not a block symmetric GFPR of S(λ).

This completes the proof of the second part of (a).

(b) Since h is even, by Remark 7.3.3 we have 0 /∈ cwh . This implies that the matrix

assignment for cwh is nonsingular. Further, it is given that X and Y are nonsingular

matrix assignments for twh and tvh , respectively. Consequently, by taking σ := wh, τ :=

vh, σ1 := twh , σ2 := (cwh , rev (twh)), τ1 := tvh and τ2 := (cvh , rev (tvh)), it follows from

Theorem 7.2.16 that L(λ) is a Rosenbrock strong linearization of S(λ) if the matrix

assignment for cvh is nonsingular. Suppose that m is odd. Then m−h−1 is even (since

h is even) and by Remark 7.3.3, it follows that 0 /∈ cvh +m =⇒ −m /∈ cvh . Hence the

matrix assignment for cvh is nonsingular. On the other hand, if the leading coefficient

of P (λ) is nonsingular then the matrix assignment for cvh is nonsingular irrespective of

m being even or odd. Hence L(λ) is a block symmetric Rosenbrock strong linearization

of S(λ).

Corollary 7.3.8. Let G(λ) be symmetric and S(λ) be as given in (7.37). Let 0 ≤ h ≤
m− 1 be even. Consider the GFPR

L(λ) := LS(h, twh , tvh ,X ,Y) =

 LP (h, twh , tvh ,X ,Y) em−α ⊗BT

eTm−α ⊗B A− λE


associated with S(λ), where α := i0(twh ,wh), X and Y are nonsingular matrix assign-

ments and all the matrices in X and Y are symmetric. If m is odd then L(λ) is a

symmetric Rosenbrock strong linearization of G(λ). If m is even then L(λ) is a sym-

metric Rosenbrock strong linearization of G(λ) when the leading coefficient of P (λ) is

nonsingular. Also the transfer function G(λ) := L(λ)+(em−α⊗BT )(λE−A)−1(eTm−α⊗B)

of L(λ) is symmetric, where L(λ) := LP (h, twh , tvh ,X ,Y).
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Proof. By considering C = BT it follows from the proof of Theorem 7.3.7 that

L(λ) =

 LP (h, twh , tvh ,X ,Y) em−α ⊗BT

eTm−α ⊗B A− λE

 (7.43)

is a block symmetric Rosenbrock strong linearization of S(λ), where α := i0(twh ,wh).

Since P (λ) is symmetric and all the matrices in the matrix assignments X and Y are

symmetric, by Theorem 7.3.5, we have LP (h, twh , tvh ,X ,Y) is symmetric. Further, since

A and E are symmetric, it follows from (7.43) that L(λ) and G(λ) are symmetric.

Example 7.3.9. Let G(λ) =
∑5

i=0 λ
iAi + BT (λE − A)−1B be symmetric. Consider

h = 2, twh = (0) and tvh = (−5). Let X and Y be any arbitrary nonsingular symmetric

matrices. Then the GFPR

LS(h, twh , tvh ,X ,Y) =



0 −Y λY 0 0 0

−Y λA5 − A4 λA4 0 0 0

λY λA4 λA3 + A2 A1 −X 0

0 0 A1 −λA1 + A0 λX BT

0 0 −X λX 0 0

0 0 0 B 0 A− λE


is a symmetric Rosenbrock strong linearization of S(λ). Note that LS(h, twh , tvh ,X ,Y)

is a block penta-diagonal pencil.

We now show that a real symmetric strong linearization preserves the Cauchy-Maslov

index of a real symmetric rational matrix.

Definition 7.3.10. [10] The Cauchy-Maslov index of a real symmetric rational matrix

G(λ) is defined by IndCM(G) := (# eigenvalues of G(λ) which jump from −∞ to +∞)

− (# eigenvalues of G(λ) which jump from +∞ to −∞) as the real parameter λ

traverses from −∞ to +∞.

The Cauchy-Maslov index of a real symmetric rational matrix plays an important

role in many applications such as in networks of linear systems, see [10, 23, 22, 39] and

the references therein. It is therefore desirable to construct real symmetric linearizations

of G(λ) that preserve the Cauchy-Maslov index of G(λ).

Theorem 7.3.11. Let G(λ) be real symmetric and S(λ) be as given in (7.37). Let

L(λ) := LS(h, twh , tvh ,X ,Y) be a symmetric Rosenbrock strong linearization of G(λ)
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as given in Corollary 7.3.8. Let G(λ) be the associated transfer function of L(λ).

Then G(λ) is real symmetric and has the same Cauchy-Maslov index as G(λ), that

is, IndCM(G) = IndCM(G).

Proof. By Corollary 7.3.8 we have G(λ) = L(λ) + (em−α ⊗ BT )(λE − A)−1(eTm−α ⊗ B)

is symmetric, where α := i0(twh ,wh) and L(λ) are as given in Corollary 7.3.8.

Next, we show that IndCM(G) = IndCM(G). Set Gsp(λ) := BT (λE − A)−1B. Then

we have G(λ) = P (λ) +Gsp(λ) and

G(λ) = L(λ) + (em−α ⊗BT )(λE − A)−1(eTm−α ⊗B)

= L(λ) + (em−α ⊗ In)BT (λE − A)−1B(eTm−α ⊗ In)

= L(λ) + diag(0, . . . , 0,Gsp(λ)︸ ︷︷ ︸
(m−α)-th position

, 0, . . . , 0). (7.44)

Since L(λ) is a matrix pencil, it follows from (7.44) that the contribution in IndCM(G)

comes only from diag(0, . . . , 0, Gsp(λ), 0, . . . , 0). Hence we have

IndCM(G) = IndCM

(
diag(0, . . . , 0, Gsp(λ), 0, . . . , 0)

)
= IndCM

(
Gsp(λ)

)
= IndCM(G).

This completes the proof.

Remark 7.3.12. Although the Cauchy-Maslov index is defined for real symmetric ra-

tional matrices, it can be extended to Hermitian rational matrices.

Remark 7.3.13. Recall that for a symmetric rational matrix G(λ) = P (λ) +BT (λIr −
A)−1B with P (λ) =

∑m
j=0Ajλ

j and m > 1, Theorem 5.4.3 construct only one symmetric

linearization T(λ) which is given by

T(λ) := λ



Am

· · · Am−1
· · ·

...

· · · · · · ...
Am Am−1 · · · A1

−E


+



−Am
· · · −Am−1

· · · · · ·
...

−Am −Am−1 · · · −A2

A0 C

B A


Further, T(λ) is a Rosenbrock strong linearization of G(λ) if and only if Am is non-

singular. By contrast, the family of GFPRs enables us to construct an infinite number

of symmetric strong linearizations of G(λ). In fact, by considering h = 0, twh = ∅ and

tvh = −m + (0 : m − 3, 0 : m − 5, . . .), we have LS(h, twh , tvh ,X ,Y) = T(λ), where X
and Y are the trivial matrix assignments for twh and tvh, respectively.
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7.3.2 Hamiltonian linearizations

Recall that a rational matrix G(λ) is said to be Hamiltonian (i.e., T -even) if G(−λ)T =

G(λ). Since G(λ) = P (λ) + Gsp(λ), it follows that if G(λ) is T -even then both P (λ)

and Gsp(λ) are T -even. We now construct T -even Rosenbrock strong linearizations of

G(λ). We proceed as follows.

For the rest of this chapter, we define J :=

 0 I`

−I` 0

 when r = 2`. Note that

JT = J−1 = −J. Further, we define Jk,r := diag(Ik, J) for any integer k ≥ 1 when r = 2`.

Definition 7.3.14. [38] A matrix X ∈ Cr with r := 2` is said to be Hamiltonian

(resp., skew-Hamiltonian) if JX is symmetric (resp., JX is skew-symmetric), that is,

(JX)T = JX (resp., (JX)T = −JX).

If X is Hamiltonian then (JX)T = JX ⇒ (XJ)T = XJ . Similarly, if X is skew-

Hamiltonian then we have (XJ)T = −XJ .

Definition 7.3.15. Let G(λ) be a Hamiltonian (i.e., T -even) rational matrix.

(a) A realization of G(λ) of the form G(λ) = P (λ) + C(λIr − A)−1B is said to be a

Hamiltonian realization of G(λ) if P (λ) is T -even, A is Hamiltonian with r = 2`

and JB = CT .

(b) A system matrix S(λ) of the form S(λ) :=

P (λ) C

B A− λIr

 is said to be a Hamil-

tonian system matrix if r = 2` and Jn,rS(λ) is T -even, that is, if
(
Jn,r S(−λ)

)T
=

Jn,r S(λ), where Jn,r := diag(In, J).

(c) A realization of G(λ) of the form G(λ) = P (λ) + C(λE − A)−1B with E being

nonsingular is said to be a T -even realization of G(λ) if C = BT and both P (λ)

and λE − A are T -even.

Note that the system matrix S(λ) associated with a T -even realization of G(λ) is

T -even, that is, S(−λ)T = S(λ).

Remark 7.3.16. Observe that G(λ) = P (λ)+C(λIr−A)−1B is a Hamiltonian realiza-

tion of G(λ) if and only if S(λ) :=

P (λ) C

B A− λIr

 is a Hamiltonian system matrix

of G(λ). On the other hand, G(λ) = P (λ) + C(λE − A)−1B is a T -even realization of

G(λ) if and only if S(λ) :=

P (λ) C

B A− λE

 is a T -even system matrix of G(λ).

TH-2055_136123004



7.3. Structure-preserving strong linearizations 195

For convenience, we often refer to S(λ) as a T -even (resp., Hamiltonian) realization

of G(λ) when S(λ) is T -even (resp., Hamiltonian).

Proposition 7.3.17. Suppose that G(λ) is Hamiltonian (i.e., T -even). Then we have

the following.

(a) There exists a minimal Hamiltonian realization of G(λ) of the form G(λ) = P (λ)+

C(λIr − A)−1B with r = 2` and JB = CT . Thus the associated system matrix

S(λ) :=

P (λ) BTJT

B A− λIr

 is Hamiltonian.

(b) There exists a minimal T -even realization of G(λ) of the form G(λ) = P (λ) +

BT (λE − A)−1B. Thus the system matrix S(λ) =

P (λ) BT

B A− λE

 is T -even.

Proof. Since G(λ) = P (λ)+Gsp(λ) is T -even, we have P (λ) and Gsp(λ) are T -even. Also

since Gsp(λ) is strictly proper and T -even, there exists a minimal Hamiltonian realization

of Gsp(λ) of the form Gsp(λ) = C(λIr − A)−1B with r = 2` and JB = CT ; see [38].

Hence G(λ) = P (λ) + C(λIr − A)−1B is a minimal Hamiltonian realization of G(λ).

Obviously the system matrix S(λ) is Hamiltonian, that is, (Jn,r S(−λ))T = Jn,r S(λ),

where Jn,r := diag(In, J). This proves (a).

The results in (b) follow from (a). Indeed, by part (a) we have G(λ) = P (λ) +

BTJT (λIr−A)−1B = P (λ) +BT (λJ −AJ)−1B. Since A is Hamiltonian, it follows that

λJ − AJ is T -even. Hence setting E := J and redefining A := AJ , it follows that

G(λ) := P (λ)+BT (λE−A)−1B is a minimal T -even realization of G(λ). Evidently, the

system matrix S(λ) is T -even, that is, S(−λ)T = S(λ). This proves (b).

We construct T -even (resp., Hamiltonian) linearizations of G(λ) corresponding to a

T -even (resp., Hamiltonian) realization of G(λ). We proceed as follows.

Definition 7.3.18. [20] A matrix Q ∈ Cmn×mn is said to be a quasi-identity matrix if

Q = ε1In ⊕ · · · ⊕ εmIn, where εi ∈ {±1} for i = 1 : m. We refer to εj, j = 1 : m, as the

j-th parameter of Q.

We need the following result which is a particular case of [20, Theorem 4.15].

Theorem 7.3.19 ([20], Theorem 4.15). Let 0 ≤ h ≤ m−1 be even. Let w be the simple

admissible tuple of {0 : h} and cw be the symmetric complement of w. Let z+m be any

admissible tuple of {0 : m− h− 1} and cz +m be the symmetric complement of z +m.

Let L(λ) :=
(
λMP

z − MP
w

)
MP

cwM
P
cz . Then, up to multiplication by −1, there exists a

unique quasi-identity matrix Q such that QL(λ) is T -even (resp., T - odd) when P (λ) is

T -even (resp., T -odd).
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We refer to [20, Algorithm 4.14] for more on the construction of the quasi-identity

matrix Q. The next result provides T -even linearizations of G(λ).

Theorem 7.3.20. Let G(λ) be T -even and S(λ) be a T -even realization of G(λ) as given

in Proposition 7.3.17(b). Let h,w, cw, z and cz be as in Theorem 7.3.19. Consider the

GFPR L(λ) :=
(
λMSz −MSw

)
MP

cwM
P
cz associated with S(λ). Then there exists a unique

quasi-identity matrix Q := diag(sQ, Ir) such that

QL(λ) =

 sQL(λ) em−i0(w) ⊗BT

eTm−i0(w) ⊗B A− λE


is T -even, where Q and L(λ) are as in Theorem 7.3.19 and s is the (m − i0(w))-th

parameter of Q.

Assume that Ind(z +m) = 0 when the leading coefficient of P (λ) is singular. Then

QL(λ) is a Rosenbrock strong linearization of G(λ). The transfer function G(λ) :=

sQL(λ) + (em−i0(w) ⊗BT )(λE − A)−1(eTm−i0(w) ⊗B) of QL(λ) is T -even.

Proof. By Theorem 7.2.4, we have

L(λ) =

 L(λ) em−i0(w) ⊗BT

eTm−c0(w,cw) ⊗B A− λE

 ,
where L(λ) is as given in Theorem 7.3.19. Since h is even and w is the simple admissible

tuple of {0 : h}, we have w = (h− 1 : h, . . . , 3 : 4, 1 : 2, 0) and cw = (h− 1, h− 3, . . . , 1).

This implies that i0(w) = c0(w, cw) = 0 if h = 0, and i0(w) = c0(w, cw) = 1 if h > 0. By

Theorem 7.3.19, sQL(λ) is T -even. Set α := i0(w). Then Q(em−α⊗ In) = s(em−α⊗ In).

Note that ss = 1. Consequently, we have

QL(λ) =

 sQL(λ) sQ(em−α ⊗BT )

eTm−α ⊗B A− λE

 =

 sQL(λ) em−α ⊗BT

eTm−α ⊗B A− λE

 . (7.45)

Since sQL(λ) and A− λE are T -even, it follows from (7.45) that QL(λ) is T -even.

Since h is even, by Remark 7.3.3 we have 0 /∈ cw. This implies that the matrix

assignment for cw is nonsingular. Hence by taking σ := w, τ := z, σ1 := ∅, σ2 := cw,

τ1 := ∅ and τ2 := cz, it follows from Theorem 7.2.16 that L(λ) is a Rosenbrock strong

linearization of G(λ) if the matrix assignment for cz is nonsingular. If the leading

coefficient of P (λ) is nonsingular then the matrix assignment for cz is nonsingular. On

the other hand, if the leading coefficient of P (λ) is singular and Ind(z + m) = 0, then

by Remark 7.3.3, we have 0 /∈ cz + m ⇒ −m /∈ cz. Hence the matrix assignment for

cz is nonsingular. Thus, QL(λ) is a T -even Rosenbrock strong linearization of G(λ).

Obviously the transfer function G(λ) is T -even.
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Example 7.3.21. Let G(λ) :=
∑5

i=0 λ
iAi + BT (λE − A)−1B be a T -even realiza-

tion of G(λ) and S(λ) be as in Proposition 7.3.17(b). Consider the GFPR L(λ) =

(λMS(−4:−3,−5) −MS(1:2,0))MP
1 MP

−4 and Q = diag(In, In,−In, In,−In, Ir). Then

QL(λ) =



0 −In λIn 0 0 0

−In λA5 − A4 λA4 0 0 0

−λIn −λA4 −λA3 − A2 −A1 In 0

0 0 A1 −λA1 + A0 λIn BT

0 0 In −λIn 0 0

0 0 0 B 0 A− λE


is a T -even Rosenbrock strong linearization of G(λ). Observe that QL(λ) is a block

penta-diagonal pencil.

Next, we consider a Hamiltonian realization of G(λ) and construct a Hamiltonian

strong linearization of G(λ).

Theorem 7.3.22. Let G(λ) be Hamiltonian and S(λ) be a Hamiltonian realization

of G(λ) as given in Proposition 7.3.17(a). Assume that Ind(z + m) = 0 when the

leading coefficient of P (λ) is singular, where z is as given in Theorem 7.3.20. Then

T(λ) :=

 sQL(λ) em−i0(w) ⊗BTJT

eTm−i0(w) ⊗B A− λIr

 is Hamiltonian and is a Rosenbrock strong

linearization of G(λ), where w and sQL(λ) are as given in Theorem 7.3.20.

The transfer function G(λ) := sQL(λ)+(em−i0(w)⊗BTJT )(λIr−A)−1(eTm−i0(w)⊗B)

of T(λ) is Hamiltonian.

Proof. Define Ŝ(λ) := Jn,rS(λ) =

P (λ) BTJT

JB JA− λJ

 . Since A is Hamiltonian, we have

JA − λJ is T -even. This shows that Ŝ(λ) is a T -even realization of G(λ). Hence by

Theorem 7.3.20,

L̂(λ) :=

 sQL(λ) em−i0(w) ⊗BTJT

eTm−i0(w) ⊗ JB JA− λJ

 (7.46)

is a T -even Rosenbrock strong linearizations of Ŝ(λ). Note that L̂(λ) = Jmn,rT(λ), where

Jmn,r := diag(Imn, J). Since L̂(λ) is T -even, it follows that T(λ) is Hamiltonian, that is,

(Jmn,rT(−λ))T = Jmn,rT(λ). Further, since L̂(λ) is a Rosenbrock strong linearization of

Ŝ(λ) and Ŝ(λ) = Jn,rS(λ), it follows that T(λ) is a Rosenbrock strong linearization of

S(λ). Obviously the transfer function G(λ) is Hamiltonian.
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7.3.3 Skew-Hamiltonian linearizations

Recall that a rational matrix G(λ) is said to be skew-Hamiltonian (i.e., T -odd) if

G(−λ)T = −G(λ).

Proposition 7.3.23. Let G(λ) be T -odd. Then there exists a minimal T -odd realization

of G(λ) of the form G(λ) := P (λ)+BT (λIr−A)−1B, where P (λ) and λIr−A are T -odd.

Thus the system matrix S(λ) :=

P (λ) −BT

B λIr − A

 is T -odd.

Proof. Since G(λ) = P (λ) + Gsp(λ) is T -odd, it follows that both P (λ) and Gsp(λ)

are T -odd. Since Gsp(λ) is T -odd and strictly proper, there exists a minimal T -odd

realization of Gsp(λ) of the form Gsp(λ) = BT (λIr−A)−1B, where A is skew-symmetric;

see [38]. Since A is skew-symmetric, we have λIr − A is T -odd. This shows that

G(λ) = P (λ) + BT (λIr − A)−1B is a minimal T -odd realization of G(λ) and that the

system matrix S(λ) is T -odd.

The next result gives T -odd Rosenbrock strong linearizations of G(λ).

Theorem 7.3.24. Let G(λ) be T -odd and S(λ) be as given in Proposition 7.3.23. Let

h,w, cw, z and cz be as in Theorem 7.3.19. Consider the GFPR L(λ) :=
(
λMSz −

MSw
)
MP

cwM
P
cz associated with S(λ). Then there exists a unique quasi-identity matrix

Q := diag(sQ, Ir) such that

QL(λ) =

 sQL(λ) −em−i0(w) ⊗BT

eTm−i0(w) ⊗B λIr − A


is T -odd, where Q and L(λ) are as in Theorem 7.3.19 and s is the (m − i0(w))-th

parameter of Q.

Assume that Ind(z+m) = 0 when leading coefficient of P (λ) is singular. Then QL(λ)

is a T -odd Rosenbrock strong linearization of G(λ). The transfer function G(λ) :=

sQL(λ) + (em−i0(w) ⊗BT )(λIr − A)−1(eTm−i0(w) ⊗B) of QL(λ) is T -odd.

Proof. By Theorem 7.2.4, we have

L(λ) =

 L(λ) em−i0(w) ⊗ (−BT )

eTm−c0(w,cw) ⊗B λIr − A

 ,
where L(λ) is as given in Theorem 7.3.19. It is shown in the proof of Theorem 7.3.20

that i0(w) = c0(w, cw). Set α := i0(w). Then Q(em−α ⊗ In) = s (em−α ⊗ In). Note that
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ss = 1. Consequently, we have

QL(λ) =

 sQL(λ) sQ(em−α ⊗ (−BT ))

eTm−α ⊗B λIr − A

 =

 sQL(λ) em−α ⊗ (−BT )

eTm−α ⊗B λIr − A

 . (7.47)

By Theorem 7.3.19, sQL(λ) is T -odd. Since λIr − A is T -odd, it follows from (7.47)

that QL(λ) is T -odd.

By the same arguments as given in the proof of Theorem 7.3.20, it follows that QL(λ)

is a Rosenbrock strong linearization of G(λ). Obviously, the transfer function G(λ) is

T -odd.

Example 7.3.25. Let G(λ) =
∑5

i=0 λ
iAi+B

T (λIr−A)−1B be T -odd realization of G(λ)

and S(λ) be as given in Proposition 7.3.23. Consider Q = diag(In,−In, In,−In,−In, Ir)
and the GFPR L(λ) := (λMS(−4:−3,−5) −MS(1:2,0))MP

1 MP
−4. Then

QL(λ) =



0 −In λIn 0 0 0

In −λA5 + A4 −λA4 0 0 0

λIn λA4 λA3 + A2 A1 −In 0

0 0 −A1 λA1 − A0 −λIn −BT

0 0 In −λIn 0 0

0 0 0 B 0 λIr − A


is a T -odd Rosenbrock strong linearization of G(λ). Notice that QL(λ) is a block penta-

diagonal pencil.

7.3.4 Skew-symmetric linearizations

Suppose that G(λ) is skew-symmetric, that is, G(λ)T = −G(λ). Since G(λ) = P (λ) +

Gsp(λ), it follows that P (λ) and Gsp(λ) are skew-symmetric.

Definition 7.3.26. Suppose that G(λ) is skew-symmetric.

(a) A realization of G(λ) of the form G(λ) = P (λ) + C(λIr − A)−1B is said to be

a skew-Hamiltonian realization of G(λ) if P (λ) is skew-symmetric, A is skew-

Hamiltonian with r = 2` and CT = JB.

(b) A system matrix S(λ) of the form S(λ) :=

P (λ) −C

B λIr − A

 is said to be a

skew-Hamiltonian system matrix if r = 2` and
(
Jn,r S(λ)

)T
= −Jn,r S(λ), where

Jn,r := diag(In, J).
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(c) A realization of G(λ) of the form G(λ) = P (λ) + C(λE − A)−1B with E being

nonsingular is said to be a skew-symmetric realization of G(λ) if C = BT and both

P (λ) and λE − A are skew-symmetric.

Remark 7.3.27. Observe that G(λ) = P (λ)+C(λIr−A)−1B is a skew-Hamiltonian re-

alization of G(λ) if and only if S(λ) :=

P (λ) −C

B λIr − A

 is a skew-Hamiltonian system

matrix of G(λ). On the other hand, G(λ) = P (λ) +C(λE−A)−1B is a skew-symmetric

realization of G(λ) if and only if S(λ) :=

P (λ) −C

B λE − A

 is a skew-symmetric system

matrix of G(λ).

For convenience, we often refer to S(λ) as a skew-symmetric (resp., skew-Hamiltonian)

realization of G(λ) when S(λ) is skew-symmetric (resp., skew-Hamiltonian).

Proposition 7.3.28. Suppose that G(λ) is skew-symmetric. Then we have the follow-

ing.

(a) There exists a minimal skew-Hamiltonian realization of G(λ) of the form G(λ) =

P (λ) + C(λIr − A)−1B with r = 2` and JB = CT . Thus the system matrix

S(λ) :=

P (λ) −BTJT

B λIr − A

 associated with G(λ) is skew-Hamiltonian.

(b) There exists a minimal skew-symmetric realization of G(λ) of the form G(λ) =

P (λ) +BT (λE−A)−1B. Thus the system matrix S(λ) =

P (λ) −BT

B λE − A

 asso-

ciated with G(λ) is skew-symmetric.

Proof. SinceG(λ) = P (λ)+Gsp(λ) is skew-symmetric, we have both P (λ) andGsp(λ) are

skew-symmetric. Also since Gsp(λ) is strictly proper and skew-symmetric, there exists

a minimal skew-Hamiltonian realization of Gsp(λ) of the form Gsp(λ) = C(λIr −A)−1B

with r = 2` and JB = CT ; see [38]. Hence G(λ) = P (λ) + C(λIr − A)−1B is a

minimal skew-Hamiltonian realization of G(λ). Obviously the system matrix S(λ) is

skew-Hamiltonian, that is, (Jn,r S(λ))T = −Jn,r S(λ), where Jn,r := diag(In, J). This

proves (a).

By part (a), G(λ) = P (λ)+BTJT (λIr−A)−1B = P (λ)+BT (λJ−AJ)−1B. Since A is

skew-Hamiltonian, it follows that λJ−AJ is skew-symmetric. Hence setting E := J and

redefining A := AJ , it follows that G(λ) = P (λ) +BT (λE −A)−1B is a minimal skew-

symmetric realization of G(λ). Evidently, the system matrix S(λ) is skew-symmetric,

that is, S(λ)T = −S(λ). This proves (b).
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Recall from Definition 1.2.33 the type-1 left and right index tuples. We need the

following result which is a particular case of [20, Theorem 3.15].

Theorem 7.3.29. [20] Let P (λ) be skew symmetric and let 0 ≤ h ≤ m − 1 be even.

Let w be the simple admissible tuple of {0 : h} and cw be the symmetric complement of

w. Let z +m be any admissible tuple of {0 : m− h− 1}. Let cz +m be the symmetric

complement of z+m. Let tw containing indices from {0 : h− 1} and tz +m containing

indices from {0 : m − h − 2} be right index tuples of type-1 relative to rev(w) and

rev(z +m), respectively. Consider

L(λ) := MP
rev(tz)M

P
rev(tw)

(
λMP

z −MP
w

)
MP

cwM
P
twM

P
czM

P
tz .

Then, up to multiplication by −1, there exists a unique quasi-identity matrix Q such

that QL(λ) is skew-symmetric.

We now construct skew-symmetric Rosenbrock strong linearizations of G(λ).

Theorem 7.3.30. Let G(λ) be skew-symmetric and S(λ) be a skew-symmetric realiza-

tion of G(λ) as in Proposition 7.3.28(b). Let h,w, cw, tw, z, cz and tz be as in Theo-

rem 7.3.29. Consider the GFPR L(λ) := MP
rev(tz)

MP
rev(tw)

(
λMSz −MSw

)
MP

cwM
P
twM

P
czM

P
tz

associated with S(λ). Then there exists a unique quasi-identity matrix Q := diag(sQ, Ir)

such that

QL(λ) =

 sQL(λ) −em−α ⊗BT

eTm−α ⊗B λE − A

 ,
is skew-symmetric, where Q and L(λ) are as in Theorem 7.3.29 and s is the (m−α)-th

parameter of Q with α := c0(w, cw, tw).

Assume that Ind(z + m) = 0 when the leading coefficient Am of P (λ) is singular.

Further, suppose that 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular. Then

QL(λ) is a skew-symmetric Rosenbrock strong linearization of G(λ). The transfer func-

tion G(λ) := sQL(λ)+(em−α⊗BT )(λE−A)−1(eTm−α⊗B) of QL(λ) is skew-symmetric.

Proof. By Theorem 7.2.4, we have

L(λ) =

 L(λ) em−i0(rev(tw),w) ⊗ (−BT )

eTm−c0(w,cw,tw) ⊗B λE − A

 ,
where L(λ) is as in Theorem 7.3.29. Next, we show that i0(rev(tw),w) = c0(w, cw, tw).

If h = 0 then w = (0) and cw = ∅ = tw. Thus i0(rev(tw),w) = 0 = c0(w, cw, tw).
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Next, suppose that h > 0. Then we have w = (h − 1 : h, h − 3 : h − 2, . . . , 1 : 2, 0)

and cw = (h − 1, h − 3, . . . , 3, 1). This implies that c0(w, cw, tw) = 2 + c2(tw) and

i0(rev(tw),w) = 2 + i2(rev(tw)) = 2 + c2(tw). Hence i0(rev(tw),w) = c0(w, cw, tw).

By Theorem 7.3.29, we have sQL(λ) is skew-symmetric. Note that Q(em−α⊗ In) =

s (em−α ⊗ In) and ss = 1. Consequently, we have

QL(λ) =

 sQL(λ) sQ(em−α ⊗ (−BT ))

eTm−α ⊗B λE − A

 =

 sQL(λ) em−α ⊗ (−BT )

eTm−α ⊗B λE − A

 . (7.48)

Since sQL(λ) and λE − A are skew-symmetric, it follows from (7.48) that QL(λ) is

skew-symmetric.

Since 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular, the matrix assign-

ments of tw, rev (tw), tz and rev (tz) are nonsingular. Hence by taking σ := w, τ :=

z, σ1 := rev (tw), σ2 := (cw, tw), τ1 := rev (tz) and τ2 := (cz, tz), it follows from Theo-

rem 7.2.16 that L(λ) is a Rosenbrock strong linearization of S(λ) if the matrix assign-

ments for cw and cz are nonsingular. By the similar arguments as given in the proof

Theorem 7.3.20, it follows that the matrix assignments for cw and cz are nonsingular.

Example 7.3.31. Let G(λ) =
∑5

i=0 λ
iAi + BT (λE − A)−1B be skew-symmetric and

S(λ) be as in Proposition 7.3.28(b). Define L(λ) :=
(
λMS(−4:−3,−5) −MS(1:2,0)

)
MP

1 MP
−4

and Q := diag(In,−In,−In,−In, In, Ir). Then

QL(λ) =



0 −In λIn 0 0 0

In −λA5 + A4 −λA4 0 0 0

−λIn −λA4 −λA3 − A2 −A1 In 0

0 0 −A1 λA1 − A0 −λIn −BT

0 0 −In λIn 0 0

0 0 0 B 0 λE − A


is a skew-symmetric Rosenbrock strong linearization of G(λ). Observe that QL(λ) is a

block penta-diagonal pencil.

Next, we construct skew-Hamiltonian strong linearizations of G(λ).

Theorem 7.3.32. Let G(λ) be skew-symmetric and S(λ) be a skew-Hamiltonian real-

ization of G(λ) as in Proposition 7.3.28(a). Let w, cw, tw, z, cz and tz be as in Theo-

rem 7.3.30. Suppose that 0 /∈ tw (resp., −m /∈ tz) when A0 (resp., Am) is singular.
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Assume that Ind(z +m) = 0 when Am is singular. Then

T(λ) :=

 sQL(λ) −em−α ⊗BTJT

eTm−α ⊗B λIr − A


is a skew-Hamiltonian Rosenbrock strong linearization of G(λ), where α and sQL(λ)

are as in Theorem 7.3.30. The transfer function G(λ) := sQL(λ)+(em−α⊗BTJT )(λIr−
A)−1(eTm−α ⊗B) of T(λ) is skew-symmetric.

Proof. Define Ŝ(λ) := Jn,rS(λ) =

P (λ) −BTJT

JB λJ − JA

 . Since A is skew-Hamiltonian, we

have λJ − JA is skew-symmetric. Hence Ŝ(λ) is skew-symmetric as P (λ) and λJ − JA
are skew-symmetric. Now by Theorem 7.3.30,

L̂(λ) :=

 sQL(λ) −em−α ⊗BTJT

eTm−α ⊗ JB λJ − JA

 (7.49)

is a skew-symmetric Rosenbrock strong linearizations of Ŝ(λ), where α and sQL(λ) are

as in Theorem 7.3.30. Note that L̂(λ) = Jmn,rT(λ). Since L̂(λ) is skew-symmetric, it fol-

lows that T(λ) is skew-Hamiltonian, that is, (Jmn,rT(λ))T = −Jmn,rT(λ). Further, since

L̂(λ) is a Rosenbrock strong linearization of Ŝ(λ) and Ŝ(λ) = Jn,rS(λ), it follows that

T(λ) is a Rosenbrock strong linearization of S(λ). Obviously G(λ) is skew-symmetric

and is the transfer function of T(λ).

7.4 Recovery of eigenvectors and minimal bases

We now describe the recovery of eigenvectors, minimal bases and minimal indices of

G(λ) from those of the GFPRs of G(λ). In view of Theorem 5.5.8 we only need to

describe the recovery of eigenvectors, minimal bases and minimal indices of S(λ) from

those of the GFPRs of S(λ).

For the rest of this chapter, we only consider GFPRs with nonsingular matrix as-

signments. Thus, if L(λ) := M(τ1,σ1)(Y1, X1) (λMSτ −MSσ )M(σ2,τ2)(X2, Y2) is a GFPR of

S(λ) then we assume that Xj and Yj, j = 1, 2, are nonsingular matrix assignments.

Theorem 7.4.1. Let L(λ) := M(τ1,σ1)(Y1, X1)(λMSτ −MSσ )M(σ2,τ2)(X2, Y2) be a GFPR

of S(λ). Let Z(λ) :=

Zmn(λ)

Zr(λ)

 be an (mn + r) × p matrix polynomial, where Zmn(λ)

has mn rows and Zr(λ) has r rows. Then we have the following.

(a) If Z(λ) is a right (resp., left) minimal basis of L(λ) then

(eTm−c0(σ,σ2) ⊗ In)Zmn(λ)

Zr(λ)


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(resp.,

(eTm−i0(σ1,σ) ⊗ In)Zmn(λ)

Zr(λ)

) is a right (resp., left) minimal basis of S(λ).

(b) Let τ be given by τ := (τl,−m, τr). Set α :=
(
− rev(τl), σ,−rev(τr)

)
. Let c(α)

and i(α) be the total number of consecutions and inversions of the permutation α. If

ε1 ≤ · · · ≤ εp are the right (resp., left) minimal indices of L(λ) then ε1 − i(α) ≤ · · · ≤
εp − i(α) (resp., ε1 − c(α) ≤ · · · ≤ εp − c(α)) are the right (resp., left) minimal indices

of S(λ).

Proof. We have L(λ) = U Tω(λ)V , where Tω(λ) := λMSτ −MSσ is a PGF pencil of G(λ)

associated with the permutation ω := (σ,−τ) of {0 : m}, and U := M(τ1,σ1)(Y1, X1)

and V := M(σ2,τ2)(X2, Y2). Since V is a nonsingular matrix, it is easily seen that the

map V : Nr(L) → Nr(Tω), z(λ) 7→ V z(λ), is an isomorphism and maps a minimal

basis of Nr(L) to a minimal basis of Nr(Tω). On the other hand, by Theorem 6.2.4,

FPGF

ω (S) : Nr(Tω) → Nr(S),

x(λ)

y(λ)

 7→
(eTm−c0(σ) ⊗ In)x(λ)

y(λ)

 , is an isomorphism and

maps a minimal basis of Nr(Tω) to a minimal basis of Nr(S), where x(λ) ∈ C(λ)mn and

y(λ) ∈ C(λ)r. Consequently, FPGF

ω (S)V : Nr(L) → Nr(S), z(λ) 7→ FPGF

ω (S)V z(λ), is an

isomorphism and maps a minimal basis of Nr(L) to a minimal basis of Nr(S). Now, by

Lemma 2.1.11, we have FPGF

ω (S)V = FPGF

ω (S)M(σ2,τ2)(X2, Y2) =(eTm−c0(σ) ⊗ In)M(σ2,τ2)(X2, Y2)

Ir

 =

eTm−c0(σ,σ2) ⊗ In
Ir

 ,
and hence the desired result for the recovery of right minimal bases follows.

Now we describe the recovery of left minimal bases. Since U is a nonsingular matrix,

it is easily seen that the map UT : Nl(L)→ Nl(Tω), z(λ) 7→ UT z(λ), is an isomorphism

and maps a minimal basis of Nl(L) to a minimal basis of Nl(Tω). On the other hand,

by Theorem 6.2.4, KPGF

ω (S) : Nl(Tω) → Nl(S),

x(λ)

y(λ)

 7→
(eTm−i0(σ) ⊗ In)x(λ)

y(λ)

 , is

an isomorphism and maps a minimal basis of Nl(Tω) to a minimal basis of Nl(S),

where x(λ) ∈ C(λ)mn and y(λ) ∈ C(λ)r. Consequently, KPGF

ω (S)UT : Nl(L) → Nl(S),

z(λ) 7→ KPGF

ω (S)UT z(λ), is an isomorphism and maps a minimal basis of Nl(L) to a

minimal basis of Nl(S). Now KPGF

ω (S)UT = KPGF

ω (S)(M(τ1,σ1)(Y1, X1))
T =(eTm−i0(σ) ⊗ In)

(
M(τ1,σ1)(Y1, X1)

)T
Ir

 =

(M(τ1,σ1)(Y1, X1)(em−i0(σ) ⊗ In)
)T

Ir

.
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By Lemma 2.1.11, we have M(τ1,σ1)(Y1, X1) (em−i0(σ) ⊗ In) = em−i0(σ1,σ) ⊗ In. Hence the

desired result for recovery of left minimal bases follows.

Finally, let ε1 ≤ · · · ≤ εp be the right (resp., left) minimal indices of L(λ). Since the

PGF pencil Tω(λ) is strictly equivalent to L(λ), ε1 ≤ · · · ≤ εp are also the right (resp.,

left) minimal indices of Tω(λ). Hence by Theorem 6.2.4, ε1 − i(α) ≤ · · · ≤ εp − i(α)

(resp., ε1−c(α) ≤ · · · ≤ εp−c(α)) are the right (resp., left) minimal indices of S(λ).

Next we describe the recovery of eigenvectors of S(λ) from those of the GFPRs of

S(λ) when S(λ) is regular. For this purpose, we need the following result.

Theorem 7.4.2. [4] Let Tω(λ) := λMS−ω1
−MSω0

be the GF pencil of S(λ) associated

with a permutation ω := (ω0, ω1) of {0 : m}, where 0 ∈ ω0 and m ∈ ω1. Suppose

that S(λ) is regular and µ ∈ C is an eigenvalue of S(λ). Let Z :=

 Zmn

Zr

 be an

(mn + r) × p matrix such that rank(Z) = p, where Zmn has mn rows and Zr has

r rows. If Z is a basis of Nr(Tω(µ)) (resp., Nl(Tω(µ))) then

(eTm−c0(ω0)
⊗ In)Zmn

Zr


(resp.,

(eTm−i0(ω0)
⊗ In)Zmn

Zr

) is a basis of Nr(S(µ)) (resp., Nl(S(µ))).

Theorem 7.4.3. Let L(λ) := M(τ1,σ1)(Y1, X1)(λMSτ −MSσ )M(σ2,τ2)(X2, Y2) be a GFPR of

S(λ). Suppose that S(λ) is regular and µ ∈ C is an eigenvalue of S(λ). Let Z :=

Zmn
Zr


be an (mn+ r)× p matrix such that rank(Z) = p, where Zmn has mn rows and Zr has r

rows. If Z is a basis of Nr(L(µ)) (resp., Nl(L(µ))) then

(eTm−c0(σ,σ2) ⊗ In)Zmn

Zr

 (resp.,

(eTm−i0(σ1,σ) ⊗ In)Zmn

Zr

) is a basis of Nr(S(µ)) (resp., Nl(S(µ))).

Proof. A verbatim proof of Theorem 7.4.1 together with Theorem 7.4.2 yields the desired

results.

Next, we briefly describe the recovery of eigenvectors, minimal bases and minimal

indices of a structured G(λ) from those of the structured linearizations discussed in

Section 7.3.

Note that if G(λ) is singular then the left (resp., right) minimal indices of G(λ) and

XG(λ)Y are the same for any nonsingular matrices X and Y. Hence it follows that if
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G(λ) is symmetric (resp., skew-symmetric, Hamiltonian, skew-Hamiltonian) then the left

minimal indices of G(λ) are the same as the right minimal indices of G(λ). Consequently,

if L(λ) is a structure-preserving linearization of G(λ) considered in Section 7.3 then the

left minimal indices of L(λ) are the same as the right minimal indices of L(λ). Since L(λ)

is strictly equivalent to a GFPR T(λ) := M(τ1,σ1)(Y1, X1)(λMSτ −MSσ )M(σ2,τ2)(X2, Y2) of

G(λ), the left and right minimal indices of T(λ) are the same. Let τ be given by

τ = (τ`,−m, τr). Define α := (−rev(τ`), σ,−rev(τr)). Then α is a permutation of

{0 : m − 1}. Let c(α) and i(α), respectively, be the total number of consecutions and

inversions of α. Let ε1 ≤ · · · ≤ εk be the minimal (left and right) indices of T(λ). Then

by Theorem 7.4.1, ε1−i(α) ≤ · · · ≤ εk−i(α) and ε1−c(α) ≤ · · · ≤ εk−c(α), respectively,

are the right and left minimal indices of G(λ). Since the left and right minimal indices of

G(λ) are the same, we must have i(α) = c(α). But i(α) + c(α) = m− 1. Consequently,

we have i(α) = (m−1)/2 = c(α) which shows that ε1−(m−1)/2 ≤ · · · ≤ εk−(m−1)/2

are the minimal (left and right) indices of G(λ). Recall that L(λ) is not a linearization

of G(λ) if m is even.

Thus, if L(λ) is a structure-preserving linearization of G(λ) considered in Section 7.3

then the left minimal indices of L(λ) are the same as the right minimal indices of

L(λ). Moreover, if ε1 ≤ · · · ≤ εk are the minimal (left and right) indices of L(λ) then

ε1 − (m− 1)/2 ≤ · · · ≤ εk − (m− 1)/2 are the minimal (left and right) indices of G(λ).

Hence we only need to comment on the recovery of eigenvectors and minimal bases of

G(λ) from those of the L(λ).

Note that the left minimal bases of G(λ) are the same as the right minimal bases of

G(λ) when G(λ) is symmetric (resp., Hamiltonian, skew-Hamiltonian, skew-symmetric).

Hence if L(λ) is a structure-preserving linearization of G(λ) considered in Section 7.3

then the left minimal bases of L(λ) are the same as the right minimal bases of L(λ).

Consequently, minimal bases and eigenvectors of G(λ) can be recovered from those

of L(λ) as special cases of Theorem 7.4.1 and Theorem 7.4.3. Indeed, for structure-

preserving linearizations, we have c0(σ, σ2) = 0 when h = 0 and, c0(σ, σ2) is given in

Table 7.1 when h > 0.

Structure symmetric T -even/odd skew-symmetric

c0(σ, σ2) 2 + i2(twh) 1 2 + c2(tw)

Table 7.1: Value of c0(σ, σ2) when h > 0.
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8
Conclusions

The main purpose of this thesis was to construct and analyze strong linearizations of

polynomial and rational matrices, and describe the recovery of eigenvectors, minimal

bases and minimal indices of matrix polynomials and rational matrices from those of

the linearizations.

The family of generalized Fiedler pencils with repetition (GFPRs) is an important

source of strong linearizations of matrix polynomials, especially structure-preserving

strong linearizations of structured matrix polynomials. Even though GFPRs have been

studied extensively over the years, the recovery of eigenvectors, minimal bases and min-

imal indices of matrix polynomials from those of the GFPRs was an open problem. We

have addressed this problem in Chapter-2 and derived recovery rules for eigenvectors,

minimal basses and minimal indices of matrix polynomials from those of the GFPRs.

We have shown that the recovery rules can be easily read off by looking at the index

tuples defining the GFPRs. Further, we have derived simplified recovery rules for eigen-

vectors and minimal basses for structured (symmetric, skew-symmetric, even, odd and

palindromic) matrix polynomials from those of the structure-preserving GFPRs.

Fiedler-like pencils (FPs, GFPs, FPRs, and GFPRs) of matrix polynomials are priv-

ileged among other linearizations since these pencils are easily constructible from the

coefficients of matrix polynomials, enable us to construct structure-preserving lineariza-

tions for structured matrix polynomials, and allow easy recovery of eigenvectors, mini-

mal bases and minimal indices of matrix polynomials from those of the linearizations.

With a view to presenting a unified framework and to constructing structure-preserving

linearizations with a additional properties (banded pencils with low bandwidth), in

Chapter-3 we have introduced a new family of extended GFPRs (EGFPRs) of matrix

polynomials that subsumes FPs, GFPs, FPRs and GFPRs and have shown that the

EGFPRs are strong linearizations of matrix polynomials. We have also described the

recovery of eigenvectors, minimal bases and minimal indices of matrix polynomials from

those of the EGFPRs and have shown that the recovery is operation-free. We have con-
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structed structure-preserving (symmetric, Hermitian, palindromic) strong linearizations

of structured matrix polynomials in Chapter-4 by utilizing the EGFPRs. The family

of palindromic linearizations contains an infinite number of pencils in contrast to the

finite family of palindromic linearizations that are available in the literature. More-

over, we have constructed a large family of Hermitian EGFPRs that preserves the sign

characteristic of Hermitian matrix polynomials having nonsingular leading coefficients.

Linearization of rational matrices is an emerging area of research. With a view to

computing (finite and infinite) pole and zero structures of rational matrices, we have

introduced a strong linearization (referred to as Rosenbrock strong linearization) of ra-

tional matrices in Chapter-5 and have shown that the structural indices of finite as

well as infinite poles and zeros of rational matrices can be recovered from those of the

Rosenbrock strong linearizations. We have constructed two affine spaces of strong lin-

earizations of rational matrices and described the recovery of eigenvectors, minimal bases

and minimal indices of rational matrices from those of the strong linearizations. We have

also constructed Rosenbrock strong linearizations of rational matrices corresponding to

a non-monomial polynomial basis and have described the recovery of minimal bases and

minimal indices of rational matrices from those of the linearizations.

Fiedler-like pencils (FPs, GFPs and FPRs) of rational matrices have been con-

structed recently for solving rational eigenvalue problems. We have shown in Chapter-6

that the FPs, GFPs and FPRs of rational matrices are Rosenbrock strong linearizations

of rational matrices. Also, we have described the recovery of minimal bases and minimal

indices of rational matrices from those of the FPs, GFPs and FPRs and have shown

that the recovery is operation-free.

Structured (symmetric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian,

skew-Hamiltonian, para-Hermitian, and para-skew-Hermitian) rational matrices arise in

many applications. Construction of structure-preserving linearizations for structured

rational matrices has not been explored adequately in the literature. We have ad-

dressed this problem in Chapter-7. We have introduced a new family of pencils (GF-

PRs) of rational matrices and have shown that the GFPRs are Rosenbrock strong lin-

earizations. We have constructed structure-preserving Rosenbrock strong linearizations

of structured (symmetric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian,

skew-Hamiltonian, para-Hermitian, and para-skew-Hermitian) rational matrices by uti-

lizing the GFPRs. We have shown that the Hermitian GFPRs preserve the Cauchy-

Maslov index of Hermitian rational matrices. Also, we have described the recovery of

eigenvectors, minimal bases and minimal indices of rational matrices from those of the

GFPRs and have shown that the recovery is operation-free.
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[18] M. I. Bueno, F. M. Dopico, J. Pérez, R. Saavedra, and B. Zykoski, A

simplified approach to Fiedler-like pencils via block minimal bases pencils, Linear

Algebra Appl., 547 (2018), pp. 45–104.

[19] M. I. Bueno and S. Furtado, Palindromic linearizations of a matrix polyno-

mial of odd degree obtained from Fiedler pencils with repetition, Electron. J. Linear

Algebra, 23 (2012), pp. 562–577.

[20] , Structured strong linearizations from Fiedler pencils with repetition II, Linear

Algebra Appl., 463 (2014), pp. 282–321.
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A
Appendix

A.1 Proof of Algorithms

For proving Algorithm-1 and Algorithm-2 we need the following results. Recall that the

Fiedler matrices MP
j , j ∈ {−m : m− 1}, satisfies the following:

(eTm−i⊗In)MP
j =



eTm−(i+1) ⊗ In if j = i+ 1, i = 0 : m− 2

(eTm−i ⊗ (−Ai)) + (eTm−(i−1) ⊗ In) if j = i, i = 1 : m− 1

eTm ⊗ (−A0) if j = i = 0

eTm−i ⊗ In
otherwise, i.e., when

j /∈ {i, i+ 1}, i = 0 : m− 1,

(A.1)

(eTm−i ⊗ In)MP
−j =



(eTm−i ⊗ Ai+1) + (eTm−(i+1) ⊗ In) if j = i+ 1, i = 0 : m− 2

eT1 ⊗ Am if j = i+ 1, i = m− 1

eTm−(i−1) ⊗ In if j = i and i = 1 : m− 1

eTm−i ⊗ In
otherwise, i.e., when

j /∈ {i, i+ 1}, i = 0 : m− 1.

(A.2)

We now present some technical results which will be used to prove Algorithms-1, 2,

3, 4. The following result follows from Lemma 3.3.2. We denote by (∗) any arbitrary

matrix assignment.

Proposition A.1.1. Let α be an index tuple containing indices from {0 : m− 1} such

that α satisfies the SIP. Let 0 ≤ s ≤ m − 1. Suppose that s, s + 1 /∈ α or the subtuple

of α with indices {s, s + 1} starts with s + 1. Then it follows from Lemma 3.3.2 that

(eTm−s ⊗ In)Mα(∗) = eTm−k ⊗ In, where k = s+ 1 + cs+1(α).
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Recall the notations rct(α) and αR(t) from Definition 2.4.1.

Proposition A.1.2. Let α be an index tuple containing indices from {0 : m− 1} such

that α satisfies the SIP. Let j ∈ {0 : m− 1}. If the subtuple of α with indices {j, j + 1}
starts with j then (eTm−j ⊗ In)MP

α =
(eTm−(p+cp(β)) ⊗ In)−

j∑
k=p

(eTm−(k+1+ck+1(β))
⊗ Ak) if p := j − rcj(α) 6= 0,

−
j∑

k=0

(eTm−(k+1+ck+1(β))
⊗ Ak if j − rcj(α) = 0,

where β := αR(j).

Proof. Suppose that the subtuple of α with indices {j, j+1} starts with j. Let rsf(α) =(
rev(a0 : 0), . . . , rev(aj : j), . . . , rev(am−1 : m− 1)

)
=: (γ, rev(aj : j), β). (A.3)

Then rev(aj : j) 6= ∅, since otherwise the subtuple of α with indices {j, j + 1} would

start with j + 1 and contradict our assumption. Now we have

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

γ M
P
rev(aj :j)

MP
β (A.4)

= (eTm−j ⊗ In)MP
rev(aj :j)

MP
β by (A.1) as j, j + 1 /∈ γ

= (eTm−j ⊗ In) MP
j M

P
j−1 · · ·MP

aj
MP

β

=
(
− (eTm−j ⊗ Aj) + (eTm−(j−1) ⊗ In)

)
MP

j−1 · · ·MP
aj
MP

β by (A.1)

=
(
−

j∑
k=aj+1

(eTm−k ⊗ Ak) + (eTm−aj ⊗ In)
)
MP

aj
MP

β by applying (A.1) repeatedly

=


(

(eTm−(aj−1) ⊗ In)−
j∑

k=aj

(eTm−k ⊗ Ak)
)
MP

β if aj 6= 0

(
−

j∑
k=0

(eTm−k ⊗ Ak)
)
MP

β if aj = 0

 by (A.1)

It is clear from (A.3) that aj = j − rcj(α) =: p. Thus (eTm−j ⊗ In)MP
α =

=


(

(eTm−(p−1) ⊗ In)−
∑j

k=p(e
T
m−k ⊗ Ak)

)
MP

β if p 6= 0(
−
∑j

k=0(e
T
m−k ⊗ Ak)

)
MP

β if p = 0.

Define S := {p− 1, p, . . . , j} if p 6= 0 and S := {0, 1, . . . , j} if p = 0. It is clear from

(A.3) that β = αR(j). It remains to show that (eTm−` ⊗ In)MP
β = eTm−(`+1+c`+1(β))

⊗ In
for all ` ∈ S.
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We have β =
(
rev(aj+1 : j + 1), . . . , rev(am−1 : m − 1)

)
. Let ` ∈ S. Then ` ≤ j.

Suppose that ` ∈ β. Then ` ∈ rev(aq : q) = (q, q − 1, . . . , aq) for some q ∈ {j + 1, j +

2, . . . ,m−1} which implies `+ 1 ∈ β and the subtuple of β with indices {`, `+ 1} starts

with ` + 1. In other words, for ` ∈ S, if ` + 1 /∈ β then ` /∈ β. Hence, for ` ∈ S, we

have either `, ` + 1 /∈ β or the subtuple of β with indices from {`, ` + 1} starts with

` + 1. Hence by Proposition A.1.1, (eTm−` ⊗ In)MP
β = eTm−(`+1+c`+1(β))

⊗ In which gives

the desired result.

The following result follows from Lemma 3.3.3.

Proposition A.1.3. Let β be an index tuple containing indices from {−m : −1} such

that β satisfies the SIP. Let 1 ≤ s ≤ m−1. Suppose that −s,−(s+1) /∈ β or the subtuple

of β with indices {−s,−(s+ 1)} starts with −s. Then it follows from Lemma 3.3.3 that

(eTm−s ⊗ In)Mα = eTm−t ⊗ In, where t = s− 1− c−s(α).

Proposition A.1.4. Let α be an index tuple containing indices from {−m : −1} such

that α satisfies the SIP. Let j = 0 : m−1. If the subtuple of α with indices {−j,−(j+1)}
starts with −(j + 1) then (eTm−j ⊗ In)MP

α =

(
eTm−(p−1−c−p(β)) ⊗ In

)
+

p−1∑
k=j

eTm−(k−1−c−k(β)) ⊗ Ak+1

 if −p := −(j + 1 + rc−(j+1)(α)) 6= −m,

m−1∑
k=j

eTm−(k−1−c−k(β)) ⊗ Ak+1 if −(j + 1 + rc−(j+1)(α)) = −m,

where β := αR(−(j + 1)).

Proof. Suppose that the subtuple of α with indices {−j,−(j+ 1)} starts with −(j+ 1).

Let rsf(α) =(
rev(−am : −m), . . . , rev(−aj+1 : −(j + 1)), rev(−aj : −j), . . . , rev(−a1 : −1)

)
.

Then rev(−aj+1 : −(j+1)) 6= ∅, since otherwise the subtuple of α with indices {−j,−(j+

1)} would start with −(j + 1) and contradict our assumption. Note that αR(−(j +

1)) =
(
rev(−aj : −j), rev(−aj−1 : −(j − 1)), . . . , rev(−a1 : −1)

)
and γ :=

(
rev(−am :

−m), . . . , rev(−aj+2 : −(j + 2))
)
. Set β := αR(−(j + 1)). Now we have

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

γ M
P
rev(−aj+1:−(j+1))M

P
β (A.5)

= (eTm−j ⊗ In)MP
rev(−aj+1:−(j+1))M

P
β by (A.2) as − j,−(j + 1) /∈ γ

= (eTm−j ⊗ In)MP
−(j+1)M

P
−(j+2) · · ·MP

−aj+1
MP

β

=
(

(eTm−j ⊗ Aj+1) + (eTm−(j+1) ⊗ In)
)
MP
−(j+2) · · ·MP

−aj+1
MP

β by (A.2)
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=


(

(eTm−aj+1
⊗ In) +

aj+1−1∑
k=j

(eTm−k ⊗ Ak+1)
)
MP

β if − aj+1 6= −m(m−1∑
k=j

(eTm−k ⊗ Ak+1)
)
MP

β if − aj+1 = −m


by applying (A.2) repeatedly. (A.6)

Note that rc−(j+1)(α) = aj+1 − j − 1. Set p := aj+1. Then by (A.6), we have

(eTm−j ⊗ In)MP
α =
((
eTm−p ⊗ In

)
+
∑p−1

k=j

(
eTm−k ⊗ Ak+1

))
MP

β if − p 6= −m(∑m−1
k=j (eTm−k ⊗ Ak+1)

)
MP

β if − p = −m.

Define S := {j, j + 1, . . . , p} if p 6= m and S := {j, j + 1, . . . ,m − 1} if p = m. It

remains to show that (eTm−` ⊗ In)MP
β = eTm−(`−1−c−`(β)) ⊗ In for all ` ∈ S.

We have β = (rev(−aj : −j), . . . , rev(−a1 : −1)). Let ` ∈ S. Suppose that −(`+1) ∈
β. Then−(`+1) ∈ rev(−aq : −q) = (−q,−(q+1), . . . ,−aq) for some q ∈ {j, j−1, . . . , 1}.
Thus −` ∈ β and the subtuple of β with indices {−(` + 1),−`} starts with −`. In

other words, for ` ∈ S, if −` /∈ β then −(` + 1) /∈ β. Thus by Proposition A.1.3,

(eTm−` ⊗ In)MP
β = eTm−(`−1−c−`(β)) ⊗ In which gives the desired result.

A.1.1 Proof of Algorithm-1 and Algorithm-2

Proof. Let λL1 − L0 := MP
τ1
MP

σ1
(λMP

τ −MP
σ )MP

σ2
MP

τ2
be an FPR of P (λ). Recall that

σ, σ1 and σ2 (resp., σ1 and σ2) commute with τ1 and τ2 (resp., τ, τ1 and τ2). Also, recall

that σj (resp., τj) contains indices from {0 : h− 1} (resp., {−m : −(h− 2)}). Hence by

(A.1) and (A.2), we have

(eTm−j ⊗ In)L0 =

 (eTm−j ⊗ In)MP
(σ1,σ,σ2)

if j ≤ h,

(eTm−j ⊗ In)MP
(τ1,τ2)

if j ≥ h+ 1,

and (eTm−j ⊗ In)L1 =

 (eTm−j ⊗ In)MP
(σ1,σ2)

if j ≤ h− 1,

(eTm−j ⊗ In)MP
(τ1,τ,τ2)

if j ≥ h.

Now we have the following:

• Set α := (σ1, σ, σ2). Let j ∈ {0 : h}. If the subtuple of α with indices {j, j + 1}
starts with j+ 1 then, by Proposition A.1.1, (eTm−j⊗ In)L0 = eTm−(j+1+cj+1(α))

⊗ In.

Suppose that the subtuple of α with indices {j, j + 1} starts with j. Set p :=

j − rcj(α) and αR := αR(j). Then by Proposition A.1.2, we have (eTm−j ⊗ In)L0 =
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(eTm−(p+cp(αR)) ⊗ In) −
∑j

k=p e
T
m−(k+1+ck+1(αR))

⊗ Ak if p 6= 0, and (eTm−j ⊗ In)L0 =

−
j∑

k=0

eTm−(k+1+ck+1(αR))
⊗ Ak if p = 0.

• Set β := (τ1, τ2). Let j ∈ {h + 1 : m− 1}. If −j,−(j + 1) /∈ β or the subtuple of

β with indices {−j,−(j + 1)} starts with −j, then by PropositionA.1.3 we have

(eTm−j ⊗ In)L0 = eTm−(j−1−c−j(β)) ⊗ In.

Suppose that the subtuple of β with indices {−j,−(j+1)} starts with −(j+1). Set

−q := −(j + rc−(j+1)(β) + 1) and βR := βR(−(j + 1)). Then by Proposition A.1.4

we have (eTm−j ⊗ In)L0 = (eTm−(q−1−c−q(βR))⊗ In) +
∑q−1

k=j

(
eTm−(k−1−c−k(βR))⊗Ak+1

)
if −q 6= −m, and (eTm−j ⊗ In)L0 =

∑m−1
k=j (eTm−(k−1−c−k(βR)) ⊗Ak+1) if −q = −m.

This completes the proof of Algorithm-1.

Similar proof for Algorithm-2.

Next we prove Algorithm-3 and Algorithm-4 For this purpose we need the following

results. Recall that Mj(X), j ∈ {−m : m− 1}, satisfies the following:

(eTm−i⊗In)Mj(X) =



eTm−(i+1) ⊗ In if j = i+ 1, for i = 0 : m− 2

(eTm−i ⊗X) + (eTm−(i−1) ⊗ In) if j = i, for i = 1 : m− 1

eTm ⊗X if j = i = 0

eTm−i ⊗ In

 otherwise, i.e., when

j /∈ {i, i+ 1}, for i = 0 : m− 1.

(A.7)

(eTm−i⊗In)M−j(X) =



(eTm−i ⊗X) + (eTm−(i+1) ⊗ In) for j = i+ 1, for i = 0 : m− 2

eT1 ⊗X if j = i+ 1, i = m− 1

eTm−(i−1) ⊗ In if j = i, for i = 1 : m− 1

eTm−i ⊗ In

 otherwise, i.e., when

j /∈ {i, i+ 1}, for i = 0 : m− 1.

(A.8)

Let α be an index tuple containing indices from {0 : m − 1} (resp., {−m : −1})
such that α satisfies the SIP. Then the positions of the block entries of Mα(X ) do not

depend on the particular matrix assignment X , that is, the positions of the block entries

of Mα(X ) only depend on α, see Remark 2.1.8. Hence the proof of the following result

is analogs to Proposition A.1.2.
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Proposition A.1.5. Let α be an index tuple containing indices from {0 : m − 1}
such that α satisfies the SIP. Suppose that α is in the column standard form. Let

Z = (Z1, Z2, . . . , Z|α|) be a matrix assignment for α, where |α| denotes the total number

of indices in α. Let j ∈ {0 : m − 1}. If the subtuple of α with indices {j, j + 1} starts

with j then (eTm−j ⊗ In)Mα(Z) =
eTm−(q+cq(β)) ⊗ In

+
j∑

k=q

(eTm−(k+1+ck+1(β))
⊗ Zpj(α)+j−k)

 if q := j − rcj(α) 6= 0,

j∑
k=0

(eTm−(k+1+ck+1(β))
⊗ Zpj(α)+j−k if j − rcj(α) = 0,

(A.9)

where β := αR(j) and pj(α) is the position of the first occurrence of j in α.

Proof. It follows that the evaluation of (eTm−j ⊗ In)MP
α in Proposition A.1.2 depends

only on α = (γ, rev(aj : j), β) and the matrices assigned to rev(aj : j), i.e., the matrices

assigned to γ and β have no role in the evaluation of (eTm−j ⊗ In)MP
α . In other words,

any matrices assigned to γ and β have no role in the evaluation of (eTm−j ⊗ In)MP
α in

Proposition A.1.2. Further, (A.4) can be rewritten as

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

γ Mrev(aj :j)

(
− Aj,−Aj−1, . . . ,−Aaj

)
MP

β ,

i.e.,
(
− Aj,−Aj−1, . . . ,−Aaj

)
is assigned to rev(aj : j).

We now prove (A.9). Let pj(α) be the position of the first occurrence of j in α.

Let α = (γ, rev(aj : j), β) be as in (A.3). Then Z =
(
Z`, Zm, Zr), where Zm :=(

Zpj(α), Zpj(α)+1, . . . , Zpj(α)+rcj(α)

)
and Z`, Zr are some matrices associated with Z. In

other words, Z`, Zm and Zr are the matrix assignments for γ, rev(aj : j) and β,

respectively. Now, by using (A.7) and (A.8), the prove of (A.9) is verbatim to that of

Proposition A.1.2.

Similarly, the following result is analogs to Proposition A.1.4.

Proposition A.1.6. Let α be an index tuple containing indices from {−m : −1} such

that α satisfies the SIP. Suppose that α is in the column standard form. Let Z be a matrix

assignment for α. Let j = 0 : m − 1. If the subtuple of α with indices {−j,−(j + 1)}
starts with −(j + 1) then (eTm−j ⊗ In)Mα(Z) =

(
eTm−(q−1−c−q(β)) ⊗ In

)
+

q−1∑
k=j

eTm−(k−1−c−k(β)) ⊗ Zp−(j+1)(α)+k−j

 if −q := −(j + 1 + rc−(j+1)(α)) 6= −m,

m−1∑
k=j

eTm−(k−1−c−k(β)) ⊗ Zp−(j+1)(α)+k−j if −(j + 1 + rc−(j+1)(α)) = −m,
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where β := αR(−(j+1)) and p−(j+1)(α) is the position of the first occurrence of −(j+1)

in α.

A.1.2 Proof of Algorithm-3 and Algorithm-4

Proof. Let λL1 − L0 := Mτ1(Y1)Mσ1(X1)(λM
P
τ −MP

σ )Mσ2(X2)Mτ2(Y2) be a GFPR of

P (λ). Recall that σ, σ1 and σ2 (resp., σ1 and σ2) commute with τ1 and τ2 (resp.,

τ, τ1 and τ2). Also, recall that σj (resp., τj) contains indices from {0 : h − 1} (resp.,

{−m : −(h− 2)}). Hence by using (A.7) and (A.8) we have

(eTm−i ⊗ In)L0 =

 (eTm−i ⊗ In)Mσ1(X1)M
P
σ Mσ2(X2) if i ≤ h,

(eTm−i ⊗ In)Mτ1(Y1)Mτ2(Y2) if i ≥ h+ 1,

and (eTm−i ⊗ In)L1 =

 (eTm−i ⊗ In)Mσ1(X1)Mσ2(X2) if i ≤ h− 1,

(eTm−i ⊗ In)Mτ1(Y1)M
P
τ Mτ2(Y2) if i ≥ h.

Now, the proof follows by similar arguments given in the proof of Algorithm-1 and

Algorithm-2 and by using Propositions A.1.1, A.1.3, A.1.5, A.1.6.
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B
Appendix

B.1 Proof of Proposition 3.1.4

First, we present some technical results which will be used to prove that EGFPRs are

operation free pencils. We denote by (∗) any arbitrary matrix assignment.

Lemma B.1.1. Let α be an index tuple containing indices from {0 : m − 1} such

that α satisfies the SIP. Let 0 ≤ s ≤ m − 1. Suppose that the subtuple of α with

indices {s + 1, s + 2} starts with s + 2. Let α = (β, s + 2, γ), where s + 1, s + 2 /∈ β.

Further, suppose that the subtuple of γ with indices {s, s + 1} starts with s + 1. Then

(eTm−(s+1)⊗ In)Mα(∗) 6= (eTm−s⊗ In)Mγ(∗). Moreover, (eTm−(s+1)⊗ In)Mα(∗) = eTm−k⊗ In
and (eTm−s ⊗ In)Mγ(∗) = eTm−` ⊗ In with k > `, where k = s + 2 + cs+2(α) and ` =

s+ 1 + cs+1(γ).

Proof. Since the subtuple of α with indices {s + 1, s + 2} starts with s + 2, by Re-

mark A.1.1, we have (eTm−(s+1) ⊗ In)Mα(∗) = eTm−k ⊗ In, where k = s + 2 + cs+2(α).

Similarly, since the subtuple of γ with indices {s, s + 1} starts with s + 1, by Re-

mark A.1.1, we have (eTm−s⊗ In)Mγ(∗) = eTm−`⊗ In, where ` = s+ 1 + cs+1(γ). Now let

cs+1(γ) = p, i.e., (s + 1, s + 2, . . . , s + p + 1) is a subtuple of γ. Since α = (β, s + 2, γ)

satisfies the SIP, it follows that (s+ 2, . . . , s+ p+ 1, s+ p+ 2) must be a subtuple of α.

Hence cs+2(α) ≥ p and k = s+ 2 + cs+2(α) ≥ s+ p+ 2 > s+ p+ 1 = ` which gives the

desired result.

The following result is analogous to Lemma B.1.1.

Lemma B.1.2. Let α be an index tuple containing indices from {−m : −1} such that

α satisfies the SIP. Suppose that the subtuple of α with indices {−s,−(s + 1)} starts

with −s. Let α = (β,−s, γ), where −s,−(s + 1) /∈ β. Further, suppose that the

subtuple of γ with indices {−(s + 1),−(s + 2)} starts with −(s + 1). Then (eTm−s ⊗
225
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In)Mα(∗) 6= (eTm−(s+1) ⊗ In)Mγ(∗). Moreover, (eTm−s ⊗ In)Mα(∗) = eTm−k ⊗ In and

(eTm−(s+1) ⊗ In)Mγ(∗) = eTm−` ⊗ In with k < `, where k = s − 1 − c−s(α) and ` =

s− c−(s+1)(γ).

Recall that, for a, b, q ∈ Z, we denote {a :q b} := {a, a + q, a + 2q, . . . , b}. The

following facts will be used to prove that EGFPRs are operation free pencils.

Remark B.1.3. Let 1 ≤ h1 ≤ h2 < h2 + 1 ≤ h3 ≤ m − 1. Let α be an index tuple

containing indices from {−h1 :−1 −h2} ∪ {h2 + 1 : h3}. Let β (resp., γ) be the subtuple

of α with indices {−h1 :−1 −h2} (resp., {h2 + 1 : h3}). Suppose that β and γ satisfy the

SIP. Then from (A.1) and (A.2) we have the following.

• Let h1−1 ≤ j ≤ h2−1. If the subtuple of α with indices {−j,−(j+1)} starts with

−j then the indices h2 + 1 : h3 in α are redundant for evaluating (eTm−j ⊗ In)MP
α ,

i.e., (eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

β .

• If the the subtuple of α with indices {−h2, h2 + 1} starts with −h2 then similarly

as above the indices h2 + 1 : h3 in α are redundant for evaluating (eTm−h2⊗ In)MP
α .

On the other hand, if the subtuple of α with indices {−h2, h2+1} starts with h2+1

then the indices −h1 :−1 −h2 are redundant for evaluating (eTm−h2 ⊗ In)MP
α , i.e.,

(eTm−h2 ⊗ In)MP
α = (eTm−h2 ⊗ In)MP

γ .

• Let h2 + 1 ≤ j ≤ h3. If the subtuple of α with indices {j, j + 1} starts with j + 1

then the indices −h1 :−1 −h2 are redundant for evaluating (eTm−j ⊗ In)MP
α , i.e,

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

γ .

The following result will be useful for proving that EGFPRs are operation free.

Lemma B.1.4. Let 1 ≤ h1 ≤ h2 < h2 + 1 ≤ h3 ≤ m − 1. Let α be an index tuple

containing indices from {−h1 :−1 −h2} ∪ {h2 + 1 : h3}. Define β := the subtuple of

α with indices {−h1 :−1 −h2} and γ be the subtuple of α with indices {h2 + 1 : h3}.
Suppose that β and γ satisfies the SIP. Then Mα(∗) is operation free.

Proof. We will prove that MP
α is operation free. The proof depends only on the indices

of α and does not depend on the matrix assignments for α. Hence Mα(∗) is operation

free.

For proving MP
α is operation free it is equivalent to show that (eTm−j ⊗ In)MP

α is

operation free for all j = 0 : m−1. It follows from (A.1) and (A.2) that (eTm−j⊗In)MP
α =

eTm−j ⊗ In for all j ∈ {0 : h1 − 2} ∪ {h3 + 1 : m − 1}. Hence it remains to show that

(eTm−j ⊗ In)MP
α is operation free for all j = h1 − 1 : h3. We proceed as follows.

(a) Let h1 − 1 ≤ j ≤ h2 − 1. We prove that (eTm−j ⊗ In)MP
α is operation free.
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Case-I: Suppose that −j,−(j+1) /∈ α or the subtuple of α with indices {−j,−(j+1)}
starts with −j. Then by Remark A.1.3 and Remark B.1.3, we have (eTm−j ⊗ In)MP

α =

eTm−k ⊗ In, where k = j − 1− c−j(α). Hence (eTm−j ⊗ In)MP
α is operation free.

Case-II: Suppose that the subtuple of α with indices {−j,−(j + 1)} starts with

−(j + 1). The following steps show that (eTm−j ⊗ In)MP
α is operation free.

Step-1: Let α = (δj,−(j + 1), αj), where −j,−(j + 1) /∈ δj. Then we have

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

(−(j+1),αj) by (A.1) and (A.2) since − j,−(j + 1) /∈ δj

=
(

(eTm−j ⊗ Aj+1) + (eTm−(j+1) ⊗ In)
)
MP

αj by (A.2)

= (eTm−j ⊗ Aj+1)M
P
αj + (eTm−(j+1) ⊗ In)MP

αj . (B.1)

Now, since α = (δj,−(j + 1), αj) satisfies the SIP, we have either −j,−(j + 1) /∈ αj or

the subtuple of αj with indices {−j,−(j + 1)} starts with −j. Then by Remark A.1.3

and Remark B.1.3, we have (eTm−j ⊗ In)MP
αj = eTm−kj ⊗ In, where kj := j − 1− c−j(αj).

Hence from (B.1) we have

(eTm−j ⊗ In)MP
α = (eTm−kj ⊗ Aj+1) + (eTm−(j+1) ⊗ In)MP

αj . (B.2)

The evaluation of (eTm−j ⊗ In)MP
α is completed if any one of the following cases hold.

Otherwise, we move to Step-2.

• Suppose that −(j + 1),−(j + 2) /∈ αj or the subtuple of αj with indices {−(j +

1),−(j + 2)} starts with −(j + 1). Then by Remark A.1.3 and Remark B.1.3 we

have (eTm−(j+1) ⊗ In)MP
αj = eTm−kj+1

⊗ In, where kj+1 := j − c−(j+1)(α
j). It follows

by Lemma B.1.2 that kj < kj+1. Hence it follows from (B.2) that (eTm−j ⊗ In)MP
α

is operation free.

• Suppose that j + 1 = h2. If the subtuple of αj with indices {−h2, h2 + 1} starts

with −h2 then by similar argument as above it follows that (eTm−j ⊗ In)MP
α is

operation free. On the other hand, if the subtuple of subtuple of αj with indices

{−h2, h2 +1} starts with h2 +1 then by Remark A.1.1 and Remark B.1.3, we have

(eTm−h2 ⊗ In)MP
αj = eTm−`⊗ In, where ` := h2 + 1 + ch2+1(α

j). Hence it follows from

(B.2) that (eTm−j ⊗ In)MP
α is operation free.

Step-2: Suppose that the subtuple of αj with indices {−(j+1),−(j+2)} starts with

−(j + 2). Then repeat Step-1 with α replaced by αj and j replaced by j + 1.

Since {h1 − 1 : h2 − 1} contains s := h2 − h1 + 1 number of indices, we must stop

before s numbers of steps. This completes the proof of (eTm−j⊗ In)MP
α is operation free.

(b) Let j = h2. If the subtuple of α with indices {−h2, h2 + 1} starts with h2 + 1

then by Remark A.1.1 and Remark B.1.3, we have (eTm−h2 ⊗ In)MP
α = eTm−` ⊗ In, where
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` := h2 + 1 + ch2+1(α). Hence (eTm−h2 ⊗ In)MP
α is operation free. On the other hand if

the the subtuple of α with indices {−h2, h2 + 1} starts with −h2 then by Remark A.1.3

and Remark B.1.3, we have (eTm−h2 ⊗ In)MP
α = eTm−` ⊗ In, where ` := h2 − 1− c−h2(α).

Hence (eTm−h2 ⊗ In)MP
α is operation free.

(c) Let h2 + 1 ≤ j ≤ h3. We prove that (eTm−j ⊗ In)MP
α is operation free.

Case-I: Suppose that j, j + 1 /∈ α or the subtuple of α with indices {j, j + 1} starts

with j + 1. Then by Remark A.1.1 and Remark B.1.3, we have2 (eTm−j ⊗ In)Mα =

(eTm−j ⊗ In)Mγ = eTm−k ⊗ In which is operation free, where k = j + 1 + cj+1(γ).

Case-II: Suppose that the subtuple of α with indices {j, j + 1} starts with j. Then

the following steps show that (eTm−j ⊗ In)Mα is operation free.

Step-1: Let α = (ξj, j, αj), where j, j + 1 /∈ ξj. Then we have

(eTm−j ⊗ In)MP
α = (eTm−j ⊗ In)MP

(j,αj) by (A.1) and (A.2) since j, j + 1 /∈ ξj

=
(

(eTm−j ⊗ (−Aj)) + (eTm−(j−1) ⊗ In)
)
MP

αj by (A.1)

= (eTm−j ⊗ (−Aj))MP
αj + (eTm−(j−1) ⊗ In)MP

αj (B.3)

Since α = (ξj, j, αj) satisfies the SIP, we have either j, j + 1 /∈ αj or the subtuple of αj

with indices {j, j + 1} starts with j + 1. Hence by Remark A.1.1 and Remark B.1.3, we

have (eTm−j ⊗ In)MP
αj = eTm−kj ⊗ In, where kj := j + 1 + cj+1(α

j). Hence from (B.3) we

have

(eTm−j ⊗ In)MP
α = (eTm−kj ⊗ (−Aj)) + (eTm−(j−1) ⊗ In)MP

αj . (B.4)

The evaluation of (eTm−j ⊗ In)MP
α is completed if any one of the following cases hold.

Otherwise, we move to Step-2.

• Suppose that j, j − 1 /∈ αj or the subtuple of αj with indices {j, j − 1} starts

with j. Then by Remark A.1.1 and Remark B.1.3, we have (eTm−(j−1) ⊗ In)MP
αj =

eTm−kj−1
⊗In, where kj−1 := j+cj(α

j). By Lemma B.1.1 we have kj > kj−1. Hence

it follows from (B.4) that (eTm−j ⊗ In)MP
α is operation free.

• Suppose that j−1 = h2. If the subtuple of αj with indices {−h2, h2+1} starts with

h2 + 1 then by similar arguments as above it follows that it follows that (eTm−j ⊗
In)MP

α is operation free. On the other hand, if the subtuple of subtuple of αj with

indices {−h2, h2 + 1} starts with −h2 then by Remark A.1.3 and Remark B.1.3,

we have (eTm−h2 ⊗ In)MP
αj = eTm−` ⊗ In, where ` := h2 − 1 + c−h2(α

j). Hence it

follows from (B.4) that (eTm−j ⊗ In)MP
α is operation free.

Step-2: Suppose that the subtuple of αj with indices {j, j − 1} starts with j − 1.

Then repeat Step-1 with α replaced by αj and j replaced by j − 1.

TH-2055_136123004



B.1. Proof of Proposition 3.1.4 229

Since {h1 + 1 : h3} contains s := h3 − h2 number of indices, we must stop before s

numbers of steps. This prove that (eTm−j ⊗ In)MP
α is operation free.

B.1.1 Proof of Proposition 3.1.4

Proof. Recall that (σ, ω) is a permutation of {0 : m} and τ = −ω. Since M−0(Z) is a

block diagonal matrix and −0,−1 /∈ τ1∪τ2 (i.e., −0 and −1 do not repeat), without loss

of generality we assume that 0 ∈ σ. Similarly, since Mm(Z) is a block diagonal matrix

and m−1,m /∈ σj, j = 1, 2, (i.e., m−1 and m do not repeat), without loss of generality

we assume that m ∈ −τ .

Now, since (σ,−τ) is a permutation of {0 : m} with 0 ∈ σ and m ∈ −τ , there exist

0 ≤ h1 < h2 < · · · < hk−1 < hk ≤ m − 1 (with odd k) such that σ is a permutation of

{0 : h1} ∪ {h2 + 1 : h3} ∪ · · · ∪ {hk−1 + 1 : hk} and −τ is a permutation of {h1 + 1 :

h2}∪{h3 + 1 : h4}∪ · · · ∪{hk + 1 : m}. This implies that σ1 and σ2 contain indices from

{0 : h1−1}∪{h2 +1 : h3−1}∪· · ·∪{hk−1 +1 : hk−1} since (σ1, σ, σ2) satisfies the SIP,

and −τ1 and −τ2 contain indices from {h1 + 2 : h2} ∪ {h3 + 2 : h4} ∪ · · · ∪ {hk + 2 : m}
since (τ1, τ, τ2) satisfies the SIP.

Set α := (τ1, σ1, σ, σ2, τ2). We now show that Mα(∗) is operation free (i.e., L0,

given in Proposition 3.1.4, is operation free). From the above paragraph, it is clear

that α contains indices from {0 : h1} ∪ {−(h1 + 2) :−1 −h2, h2 + 1 : h3} ∪ {−(h3 +

2) :−1 −h4, h4 + 1 : h5} ∪ · · · ∪ {−(hk−2 + 2) :−1 −hk−1, hk−1 + 1 : hk} ∪ {hk + 2 : m}
=: H1 ∪H3 ∪H5 ∪ · · · ∪Hk ∪Hk+1. Note that, for indices i ∈ Hs and j ∈ Ht, we have

||i| − |j|| ≥ 2 if s 6= t. Hence Mα(∗) is operation free if MαHj (∗) is operation free for all

j = 1, 3, . . . , k + 1, where αH
j

is the subtuple of α with indices from Hj. Since τ1 ∪ τ2
(resp., (σ1, σ, σ2)) does not contains any index of H1 (resp., Hk+1), we have MαH1 (∗)
(resp., MαHk+1 (∗)) is operation free. Further, by Lemma B.1.4, we have MαHj (∗) is

operation free for all j = 3, 5, . . . , k. Hence Mα(∗) is operation free, i.e., L0 is operation

free.

Similar proof for Mβ(∗) is operation free, where β := (τ1, σ1, τ, σ2, τ2), i.e., L1, given

in Proposition 3.1.4, is operation free. Hence the EGFPR L(λ) is operation free.
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