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Abstract

Throughout all graphs are assumed to be simple. Let A(G) and L(G) denote the adjacency

and the Laplacian matrix corresponding to a graph G, respectively. The second smallest eigen-

value of L(G) is called the algebraic connectivity of G and is denoted by a(G). A corresponding

eigenvector is called a Fiedler vector of G.

The study of spectral integral variations in graphs has been a subject of interest in the past

few years (see Fan [21, 22, 23], Kirkland [46] and So [65]). We say that the spectral integral

variation occurs in one place by adding an edge e /∈ G if (i) L(G) and L(G + e) have exactly

n−1 eigenvalues in common and (ii) if λ is the other eigenvalue of L(G), then λ+2 is the other

eigenvalue of L(G + e). We supply a characterization of connected graphs in which spectral

integral variation occurs in one place by adding an edge where the changed eigenvalue is the

algebraic connectivity. The results proved for that purpose suggest methods to construct graphs

for which such variation occurs and also to construct graphs for which such variation never

occurs. An argument showing that such a variation can never occur for the Laplacian spectral

radius is supplied. Graphs with integer Laplacian spectrum has been a subject of study for

many researchers, see, for example, Grone and Merris [34] and Grone, Merris and Sunder [33].

Probably the most common example is the star on n ≥ 3 vertices with Laplacian eigenvalues 0,

1 (multiplicity n− 2), and n. The characterization of trees with 1 as a Laplacian eigenvalue is

rather difficult. It is known that the star is the only tree with algebraic connectivity 1. We take

up the problem of characterizing trees that have 1 as the third smallest Laplacian eigenvalue.

Furthermore, we characterize trees in which spectral integral variation occurs in one place by

adding an edge where the changed eigenvalue is the third smallest Laplacian eigenvalue.

Graph operations and graph products play a crucial role in graph theory. They give rise

to many important classes of graphs. (See [17, 25, 43, 51, 57] to know more.) We define a

new operation by attaching copies of one graph to some vertices of another and investigate the

Laplacian spectrum of the resulting graphs. Let F and Hv be two connected graphs, v be a

specified vertex of Hv and u1, . . . , uk ∈ F . Then the graph G[F, u1, . . . , uk,Hv] obtained by

attaching a copy of Hv to each of the vertices ui, i = 1, . . . , k (identify ui with the vertex v

of the ith copy) is called a graph with k pockets. This being a very general operation it is not

possible to obtain the Laplacian spectrum of G[F, u1, . . . , uk,Hv] from the Laplacian spectra of

F and Hv. Thus a natural question is ‘how far the Laplacian spectrum of G can be described

by using the Laplacian spectra of F and Hv.’ We prove some results towards this and show

that the complete Laplacian spectrum of G can also be described in some particular cases. As
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applications one can generalize some well-known results of Neumann [59] and Guo [36].

Out of all graph products the cartesian product, categorical product, strong product and

lexicographic product are probably the four most commonly used graph products. We do a

study of some of the spectral properties corresponding to these four graph products, including

some interesting results on the algebraic connectivity.

Let F be a connected graph on vertices u1, . . . , un and H be any graph. Then the corona

F ◦H is defined as the graph obtained by taking n copies of H and for each i inserting edges

between the ith vertex of F and each vertex of the ith copy of H (see Frucht and Harary

[29]). Notice that the corona is a special case of G[F, u1, . . . , un,Hv], where Hv is the graph

obtained by taking a new vertex v and adding edges between v and each vertex of H. We do a

study of both the ordinary spectrum (eigenvalues of the adjacency matrix) and the Laplacian

spectrum of coronas. For a connected graph F and any r-regular graph H we provide complete

information about the ordinary spectrum of F ◦ H using the ordinary spectra of F and H.

Complete information about the Laplacian spectrum of F ◦H is also provided even when H is

not regular. As an application we show how to construct infinitely many pairs of nonisomorphic

graphs with the same spectrum and the same Laplacian spectrum. We prove some structural

results on the Fiedler vectors of the coronas and give an application.

It is well known that a graph G is bipartite if and only if the negative of each ordinary

eigenvalue of G is also an ordinary eigenvalue of G. In contrast we pose a similar question of

characterizing all graphs for which the reciprocal of each ordinary eigenvalue is also an ordinary

eigenvalue. A graph G is said to have property (R) if 1
λ is an ordinary eigenvalue of G whenever

λ is an ordinary eigenvalue of G. Further, if λ and 1
λ have the same multiplicity, for each

ordinary eigenvalue λ then it is said to have the property (SR). We first supply a family of

bipartite graphs with property (R). Note that in general a graph with property (R) need not be

a corona of two graphs and need not even be bipartite. We characterize all trees with property

(SR) and show that such a tree is the corona of some tree and an isolated vertex. We give

a combinatorial description of the inverse of the adjacency matrix of a bipartite graph with a

unique perfect matching which generalizes a known result of Buckley, Doty and Harary [14],

Godsil [30] and Pavlikova [62]. We obtain a crucial result about the behaviour of the smallest

(ordinary) eigenvalue of a nonsingular tree under a particular graph operation, defined by Xu

in [69]. The results are then used to classify the trees with property (R). It turns out that it is

the same class of trees which have property (SR). Further we also give some more equivalent

characterizations of this class.
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Chapter 1

Introduction

1.1 General introduction

Throughout all graphs are assumed to be simple. Let G be a graph with vertex set V =

{1, 2, . . . , n} and edge set E. The adjacency matrix A(G) of G, is defined as A(G) = [aij ]n,

where

aij =





1, if i and j are adjacent in G,

0, otherwise.

Let D(G) be the diagonal matrix with the ith diagonal entry equal to the degree of the vertex

i in G. We call D(G) as the degree matrix of G. The Laplacian matrix of G is defined as

L(G) = D(G) − A(G). It is known that L(G) is a positive semidefinite matrix. The smallest

eigenvalue of L(G) is 0 with a corresponding eigenvector 11, the vector of all ones. It is also

known that the eigenvalue 0 of L(G) is simple if and only if G is connected. As L(G) is a real

symmetric matrix, we see that there are n− 1 linearly independent eigenvectors of L(G) which

are orthogonal to 11. We shall refer to these eigenvectors as the nontrivial eigenvectors of L(G).

As an immediate consequence we see that: when G is connected, each nontrivial eigenvector of

L(G) has at least one positive entry and one negative entry.

There is an extensive literature available on the adjacency and Laplacian matrices of graphs.

Spectra of these matrices are used to characterize a graph or obtain information about the graph.

Graph spectra finds its applications in other fields such as chemistry. We refer the reader to a

classical book by Cvetković, Doob, and Sachs [17] and two survey articles by Merris [52] and

Mohar [57], for more background on these two matrices.

The adjacency matrix and its eigenvalues have been much more investigated in the past
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than the Laplacian matrix. The first recognizable appearance of L(G) occurs in the well-

known Matrix-Tree-Theorem, by G. Kirchhoff (1847) which states that: the determinant of

any cofactor of the Laplacian matrix is equal to the number of spanning trees in a graph. (See

Merris [52] and Mohar [57] for some more references on this theorem.) This put the study of the

Laplacian matrix as an interesting subject. Since then several authors from different disciplines

have enriched the subject. The Laplacian spectrum of a graph, in particular, the second smallest

eigenvalue of the Laplacian matrix has received much attention in last two decades. Denote

the spectrum of L(G) by S(G) = (λ1(G), λ2(G), . . . , λn(G)), where 0 = λ1(G) ≤ λ2(G) ≤ · · · ≤
λn(G) are eigenvalues of L(G) arranged in nondecreasing order. M. Fiedler [25] proved that

λ2 > 0 if and only if the graph is connected. Thus, we see that the graph structure is already

reflected in the spectrum. This observation led Fiedler to define the algebraic connectivity

of G by a(G) = λ2(G), viewing it as a quantitative measure of connectivity. Subsequent

works establish a close connection between the graph structure and the eigenvectors (known

as Fiedler vectors) corresponding to the algebraic connectivity; see for example [3, 25, 26, 27,

28, 33, 34, 35, 47, 48, 49, 51, 52, 53, 54, 57, 64]. Let Y be a Fiedler vector of G. By Y (v),

we denote the coordinate of the vector Y corresponding to the vertex v. A vertex u is called

a characteristic vertex (with respect to Y ) if Y (u) = 0 and there is a vertex w adjacent to

u satisfying Y (w) 6= 0. An edge {u, v} is called a characteristic edge (with respect to Y ) if

Y (u)Y (v) < 0. The characteristic set C(G,Y ) is the collection of all characteristic vertices and

characteristic edges of G with respect to Y . Let S be a nonempty proper subset of V (G). A

branch at S is a connected component of G\S. The principal submatrix of L(G) corresponding

to a branch B is denoted by L̂(B). A branch B at S is called a Perron branch of G if the smallest

eigenvalue τ(L̂(B)) of L̂(B) is less than or equal to a(G). Let T be a tree. It is known that

|C(T, Y )| = 1, for any Fiedler vector Y of T . If for some Fiedler vector C(T, Y ) =
{
{u, v}

}
,

then the multiplicity of a(T ) is known to be 1. If C(T, Y ) = {u}, then the multiplicity of a(T )

is known to be k − 1, where k is the number of Perron branches of T at u. In general when a

characteristic set C(G,Y ) consists only of vertices and if k is the number of Perron branches of

G at C(G,Y ), then the multiplicity of a(G) is known to be at least k − 1. In Section 1.2, we

cite some useful results describing the case of equality.

Harary and Schwenk [40] studied those graphs G such that A(G) has integral spectrum. The

analogous problem for L(G) is also interesting, see, for example, Grone and Merris [34]. A graph

G is said to be Laplacian integral if S(G) consists entirely of integers. In [33] and [34], Grone,

Merris and Sunder discussed some properties of trees with integer Laplacian eigenvalues and

2
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Laplacian integral graphs, respectively. In [65], W. So considered the problem of preserving

Laplacian integrality by adding an edge. He has given an equivalent condition for a graph

with exactly one Laplacian eigenvalue moving up by an integer and others remaining invariant,

when adding an edge. Fan [21] introduced the notion of spectral integral variation to study the

general graphs (that is, the graphs where loops and parallel edges are allowed) with all changed

Laplacian eigenvalues moving up by integers by adding an edge, and provided a method to

construct a new Laplacian integral graph from a known one. He argued that if the spectral

integral variation of a graph occurs by adding an edge, then it must occur either in one place or

in two places. The problem for the former case was solved by So [65] for ordinary graphs and was

solved by Fan [21] for general graphs. For the later case, Fan provided an equivalent condition

in the case of a disconnected graph with two connected components, where the additional edge

makes it connected. Recently, Kirkland [46] has characterized all graphs in which addition of a

particular edge may result in increasing exactly two Laplacian eigenvalues by one each keeping

the other Laplacian eigenvalues unchanged. Further, he has discussed the case where one of the

changed eigenvalue is the algebraic connectivity. He has also characterized the graphs in which

spectral integral variation occurs in two places, with the algebraic connectivity increasing from

1 to 2.

The disjoint union F+H of two graphs F and H is the graph with the vertex set V (F )∪V (H)

and the edge set E(F )∪E(H), where V (F ) and V (H) are treated as disjoint sets. Their join is

F ∨H is the graph obtained from F +H by inserting new edges from each vertex of F to every

vertex of H. Fan [21] has shown that the spectral integral variation of F + H occurs in one

place by adding an edge {i, j}, i ∈ F, j ∈ H if and only if both i and j are isolated vertices. It

is obvious that in this case the changed eigenvalue of F + H is the algebraic connectivity. Note

that F + H is a disconnected graph. We consider the problem of characterization of connected

graphs in which spectral integral variation occurs in one place by adding an edge where the

changed eigenvalue is the algebraic connectivity. The first part of the thesis is in this direction.

Suppose that i and j are nonadjacent vertices of a connected graph G on n vertices. We show

that spectral integral variation occurs in one place by adding an edge between i and j where

the changed eigenvalue is a(G) if and only if G = G∗ ∨ (G1 + {i}+ {j}), where G∗ is a graph

of order k (1 ≤ k ≤ n− 2), such that a(G∗) is at least 2k−n, and G1 is any graph on n− k− 2

vertices. We further explore the case when a(G) is simple to see that such a variation occurs

if and only if G = Kn \ {i, j}, where Kn is the complete graph of order n. The results suggest

methods to construct graphs for which such variation occurs and also to construct graphs for

3
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which such variation never occurs. It has also been argued that it is not possible to get a graph

for which such a variation occurs where the changed eigenvalue is the Laplacian spectral radius

(the largest Laplacian eigenvalue).

As mentioned earlier graphs with integer Laplacian spectrum have been a subject of study

for many researchers [20, 33, 34]. Probably the most common example is the star on n ≥ 2

vertices with Laplacian eigenvalues 0, 1 (multiplicity n − 2), and n. It is known that the star

(on n ≥ 3 vertices) is the only tree with algebraic connectivity 1. Interestingly it turns out

that the star is the only tree in which spectral integral variation occurs in one place by adding

an edge where the changed eigenvalue is the algebraic connectivity. Later it has been observed

that the class of trees for which such variation occurs where the changed eigenvalue is the

kth smallest Laplacian eigenvalue is a subclass of the class of trees with 1 as the kth smallest

Laplacian eigenvalue. The characterization of trees with 1 as a Laplacian eigenvalue is rather

difficult. We take up the problem of characterizing trees that have 1 as the third smallest

Laplacian eigenvalue. This result is then used for a characterization of trees in which spectral

integral variation occurs in one place by adding an edge where the changed eigenvalue is the

third smallest Laplacian eigenvalue.

Graph operations and graph products play a crucial role in graph theory. They give rise to

many important classes of graphs. Many interesting graphs are obtained by combining pairs

of graphs or operating on a single graph in some way. For example, the m × n lattice graph

is just the cartesian product of the paths Pm and Pn. For certain families of graphs it is

possible to identify a graph by looking at the spectrum. More generally, this is not possible. In

some cases the spectrum /Laplacian spectrum of a relatively larger graph can be described in

terms of the spectra / Laplacian spectra of some smaller (and simpler) graphs using some simple

graph operations (like the disjoint union, the join of graphs, deletion / insertion of an edge, the

complement etc) and graph products like cartesian product. To know more about this we refer

the reader to the survey articles by Merris and Mohar [51, 57, 58]. The study of Laplacian

spectrum under these operations and products is another matter of interest to us. The second

part of the thesis is in this direction, where we define a new operation by attaching copies of

one graph to some vertices of another and investigate the Laplacian spectrum of the resulting

graphs. Let F and Hv be two connected graphs, v be a specified vertex of Hv and u1, . . . , uk ∈ F .

Then the graph G[F, u1, . . . , uk,Hv] obtained by attaching a copy of Hv to each of the vertices

ui, i = 1, . . . , k (identify ui with the vertex v of the ith copy) is called a graph with k pockets.

This being a very general operation it is not possible to obtain the Laplacian spectrum of

4
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G[F, u1, . . . , uk, Hv] from the Laplacian spectra of F and Hv. Thus, a natural question is ‘how

far the Laplacian spectrum of G can be described by using the Laplacian spectra of F and Hv.’

We prove some results towards this and show that the complete Laplacian spectrum of G can

also be described in some particular cases. As an application we generalize some well-known

results of Molitierno and Neumann [59] and Guo [36].

Given two graphs G and H one can define several graph products (see [38, 41, 43, 55, 63, 68]).

Imrich and Klavžar [43] have introduced graph products and studied many graph invariants on

the product graphs. Out of all graph products the cartesian product, categorical product (tensor

product), strong product and lexicographic product are probably the four most commonly used

graph products. We investigate the Laplacian spectra of the product graphs obtained by the

above mentioned four graph products. Some interesting results on the algebraic connectivity

are also supplied for some special classes of graphs. We prove some results that help us to

construct new Laplacian integral graphs from the known ones using the graph products.

Let F be a connected graph on vertices u1, . . . , un and H be any graph. Take a new vertex v

and add edges between v and each vertex of H to obtain Hv. The graph G = G[F, u1, . . . , un,Hv]

is known as the corona (see Frucht and Harary [29]) of F and H and is denoted by F ◦
H. In this specific setting we do a study of both the ordinary spectrum (eigenvalues of the

adjacency matrix) and the Laplacian spectrum of coronas. It turns out that one can get

complete information about the ordinary spectrum of the corona F ◦H when F is connected and

H is r-regular. One can also get complete information about the Laplacian spectrum of F ◦H

when F is connected and H is any graph (not necessarily r-regular). This information is then

combined to construct infinitely many pairs of nonisomorphic graphs with the same ordinary

spectrum and the same Laplacian spectrum. Results exhibiting the relationship between the

graph structure and the Fiedler vectors are proved. Let G be any graph and Y a Fiedler vector.

It is known that if C(G,Y ) = {u}, then for any Fiedler vector Z the set C(G,Z) = {u}. A

graph is said to be of Type I if the characteristic set consists of just one vertex. Constructing

Type I trees with nonisomorphic Perron branches has been studied by Kirkland in [45]. As

an application to our results we show how to construct graphs with nonisomorphic Perron

branches.

It is well-known that a graph is bipartite if and only if the negative of each of its ordinary

eigenvalue (eigenvalue of the adjacency matrix) is also an ordinary eigenvalue. In contrast, we

pose an analogous question of characterizing all graphs for which the reciprocal of each ordinary

eigenvalue is also an ordinary eigenvalue. A graph G is said to have property (R) if 1
λ is an

5
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ordinary eigenvalue of G whenever λ is an ordinary eigenvalue of G. Characterizing graphs

with property (R) is a rather difficult task. Thus, one may ask for a characterization of all such

trees. One could further add one more restriction to look for a smaller class in the following

way: Characterize such trees T with property (R) so that each eigenvalue of T and its reciprocal

have the same multiplicity (such trees are called trees with property (SR)). The answer to this

question reveals a startling relationship with the graph operations / products. It turns out that

any tree with property (SR) is the corona of some tree with K1. The fourth part of the thesis

is in this direction. We first supply a family of bipartite graphs with property (R) using the

corona of a bipartite graph and a single vertex. Note that in general a graph with property

(R) need not be a corona of two graphs and need not even be bipartite. We characterize all

trees with property (SR) and show that such a tree is the corona of some tree and an isolated

vertex. We give a combinatorial description of the inverse of the adjacency matrix of a bipartite

graph with a unique perfect matching which generalizes a known result of Buckley, Doty and

Harary [14], Godsil [30] and Pavlikova [62]. We obtain a crucial result about the behaviour

of the smallest (ordinary) eigenvalue of a nonsingular tree under a particular graph operation,

defined by Xu in [69]. This relation and the earlier combinatorial description of the inverse are

then used to settle the relatively harder task of characterizing all trees with property (R). We

show that it is exactly the class of all trees with property (SR). Further we also give some more

equivalent characterizations of this class.

The thesis is organized as follows. Section 1.2 of this chapter contains some known results

on algebraic connectivity and the characteristic set which will be used in the later part of the

thesis.

In chapter 2, we characterize graphs in which spectral integral variation occurs in one place

where the changed eigenvalue is the algebraic connectivity. This chapter contains a complete

characterization of trees which have 1 as the third smallest Laplacian eigenvalue. A character-

ization of trees in which spectral integral variation in one place occurs by adding edge, where

the changed eigenvalue is the third smallest Laplacian eigenvalue is also contained here.

In Chapter 3, the focus is on the Laplacian spectra of graphs obtained by means of some op-

erations on graphs. Results describing the Laplacian spectrum of the graph G[F, u1, . . . , uk,Hv]

are supplied here.

Chapter 4 contains an investigation on the Laplacian spectra of graphs obtained by the

four graph products: cartesian product, categorical product, strong product and lexicographic

product. Some results on algebraic connectivity and characteristic set are also supplied here.
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In Chapter 5, we investigate both the ordinary and the Laplacian spectrum of corona of two

graphs. The main results here are: a complete characterization ordinary spectrum of F ◦ H

when H is regular and F is connected, a complete characterization Laplacian spectrum of

F ◦ H when F is connected, a construction of graphs with nonisomorphic Perron branches,

and a construction of infinitely many pairs of nonisomorphic graphs which are simultaneously

adjacency and Laplacian cospectral.

In Chapter 6, we introduce the concept of property (R) and property (SR) for the adjacency

matrix of a graph. The highlights here are: the existence of a class of graphs with property (R),

the characterization of trees with property (SR), a combinatorial description of the inverse of the

adjacency matrix of a bipartite graph with a unique perfect matching, and the characterization

of trees with property (R).

1.2 Preliminaries : the characteristic set

Let G be a connected graph. Define a relation R on the edge set of G as: e1Re2 if and only

if either e1 = e2 or there is a simple cycle containing both of them. Then R is an equivalence

relation. Let E1
⋃

E2
⋃ · · ·⋃ Ek be the decomposition of the edge set into equivalence classes.

The subgraphs Gi, i = 1, . . . , k of G consisting of all edges in Ei and all vertices adjacent to

them is called a block of G. A vertex v is called a point of articulation if v is common to more

than one block. Note that for a tree each edge is a block and each internal vertex is a point

of articulation. Let Y is a Fiedler vector. A component H of G is said to be zero (positive,

negative) if Y (v) = 0 (Y (v) > 0, Y (v) < 0)), ∀ v ∈ H. The component H is said to be nonzero

if it is not a zero component. By a nonzero (zero, negative, positive) vertex of G we mean a

vertex of G such that Y (v) 6= 0 (Y (v) = 0, Y (v) < 0, Y (v) > 0, respectively). A real n × n

matrix A is called an M -matrix if there exists a nonnegative matrix B with maximal eigenvalue

r such that A = cI −B, where c ≥ r. (See Berman and Plemmons [10], Horn and Johnson [42]

and Minc [56]).

A general version of the following result can be found in Fiedler [27] which reveals a nice

relationship between a Fiedler vector and the graph structure.

Theorem 1.2.1 (Fiedler [27, Theorem (3,12)]) Let G be a connected graph and Y a Fiedler

vector. Then exactly one of the following statements holds:

(a) There exists a unique block B0 of G with both positive and negative vertices. Each other

blocks have either all positive, or all negative, or only zero vertices.
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(b) No block of G contains positive and negative values simultaneously. In this case there exists

a single vertex v with Y (v) = 0 which has a neighbor u with Y (u) 6= 0. This vertex is a point

of articulation.

The following result is essentially contained in [27].

Proposition 1.2.2 (Fiedler [27]) Let G be a connected graph and Y a Fiedler vector. Then

exactly one of the following statements holds:

Case 1. C(G,Y ) = {v}, where v is a point of articulation,

Case 2. Or Case 1 does not hold and there is a unique block B (called characteristic block) of

G which contains all the characteristic vertices and edges.

In the case when G is a tree, the above results are strengthened by Fiedler in [27] and

discussed in greater details by Grone and Merris in [35, 53]. In [47], Kirkland and Fallat have

proved the following result for the general case.

Proposition 1.2.3 (Kirkland and Fallat [47, Corollary 2.1]) Let G be connected. If Case 1 of

Proposition 1.2.2 holds, then for any Fiedler vector Z of G, C(G,Z) = {v}. If Case 2 holds,

then for any Fiedler vector Z of G the characteristic block of G is B.

Recall that if Case 1 of Proposition 1.2.3, then G is called a Type I graph. In Section 5.3 of

Chapter 5, we supply a class of Type I graphs with nonisomorphic Perron branches.

Several authors have investigated the elements of C(G,Y ) and their location (see, for exam-

ple, Kirkland and Fallat [47], Kirkland and Neumann [48] and Kirkland, Neumann and Shader

[49]). However, the concept of a characteristic set, which takes a unified view of the charac-

teristic vertices and characteristic edges, has been introduced by Bapat and Pati in [3]. The

relation between the characteristic set and nonnegative matrix theory is exploited.

The following result discloses a nice relationship between the algebraic connectivity and

some principal submatrices of L(G) and has many applications.

Lemma 1.2.4 (Bapat and Pati [3, Lemma 6]) Let G be a connected simple graph and a(G)

the algebraic connectivity. Let W be a set of vertices of G such that G \ W is disconnected.

Let G1, G2 be two components of G \ W and let L̂1, L̂2 be the principal submatrices of L

corresponding to G1, G2, respectively. Suppose τ(L̂1) ≤ τ(L̂2). Then either τ(L̂2) > a(G) or

τ(L̂1) = τ(L̂2) = a(G).
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As an immediate corollary we have the following result.

Corollary 1.2.5 Let G is a connected graph with the algebraic connectivity a(G). Let W

be a set of vertices of G such that G \ W is disconnected with at least m ≥ 2 components.

G1, G2, . . . , Gm and L̂1, L̂2, . . . , L̂m be the corresponding principal submatrices of L(G). If

τ(L̂i) = a(G), for some i = 1, 2, . . . ,m, then τ(L̂i) ≥ a(G), for all i.

Let G be a connected graph. Let Y be a Fiedler vector of G such that W = C(G,Y ) contains

vertices only. It is well-known that G has at least two Perron branches at W (see [3]). Suppose

that G has t Perron branches at W . It is also known that (Kirkland and Fallat [47]) in case

W = {u}, the multiplicity of the algebraic connectivity is exactly t − 1 (see Bapat, Kirkland

and Pati [4] for a result which is true for a much wider class of matrices).

In general when there is no restriction on the cardinality of W the following can be said.

Note that the following result has already been proved in the thesis of Dr. S. Pati. For the

proof one can also see the article [8], by Barik and Pati.

Lemma 1.2.6 (Barik and Pati [8, Lemma 8]) Let G be a connected graph. Let Y be a Fiedler

vector of L(G). Suppose that W = C(G,Y ) contains vertices only. Suppose that G has t (≥ 2)

Perron branches G1, G2, . . . , Gt at W . Then the multiplicity of a(G) is at least t− 1.

A natural question is whether the multiplicity can actually be higher. A simple example confirms

this fact affirmatively.

Example 1.2.1 Consider the cycle G = C4 on {1, 2, 3, 4}.

1

2

3

4

1 −1

0

0

Figure 1.1: A description of a Fiedler vector of C4 (note that the numbers outside of the graph

are vertex labels and the numbers inside of the graph are entries of the Fiedler vector).

It is easy to see that Y =
[

1 0 −1 0
]
, is a Fiedler vector of G. In this case W =

C(G,Y ) = {2, 4}. There are only two Perron branches {1} and {3} of G at W . By Lemma

9
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1.2.6 the multiplicity of the algebraic connectivity is at least one. One can check that the

multiplicity of the algebraic connectivity is two.

In [4], the authors have shown that when W = {u} one can get t − 1 linearly independent

Fiedler vectors using the positive eigenvectors corresponding to the Perron branches of G at

W . A similar result holds in the general case.

Theorem 1.2.7 Let G be a connected graph and Y be a Fiedler vector of G. Suppose that

W = C(G,Y ) contains vertices only and G1, G2, . . . , Gt, t ≥ 2 be the Perron branches of G at

W . Let L̂i be the principal submatrix of L(G) corresponding to Gi, i = 1, 2, . . . , t. Then the

following statements are true.

(i) Each Gi, i ∈ {1, . . . , t} is either positive or negative or zero and τ(L̂i) = a(G).

(ii) We can get t − 1 linearly independent Fiedler vectors X1, X2, . . . , Xt−1 of L(G) such

that for each vector Xj , Xj(w) = 0, for all w ∈ W and exactly one of the components

Gi, i ∈ {1, . . . , t} is positive and exactly one of the components Gi, i ∈ {1, . . . , t} is

negative with respect to Xj.

(iii) For each of the above Fiedler vectors Xi, C(G,Xi) = W .

Proof. Item (i) follows easily, because there is a nonzero branch, say H of G at W . If H contains

a negative vertex and a positive vertex then H is bound to contain either a characteristic edge

or a characteristic vertex, which is not possible by the hypothesis. Suppose that H contains

a positive vertex, thus the subvector Y (H) is nonnegative. Since L(G)Y = a(G)Y it follows

that L̂(H)Y (H) = a(G)Y (H). As L̂(H) is a nonsingular symmetric M -matrix, its inverse is

positive. It follows that Y (H) is positive and τ(L̂(H)) = a(G). Thus H is a Perron branch at

W. If Gi is any other Perron branch at W such that τ(L̂i) < a(G), then considering H, Gi and

applying Lemma 1.2.4, we get a(G) < τ(L̂(H)), which is a contradiction.

(ii) Now we construct a Fiedler vector of the form described in the statement. Consider the

positive eigenvectors Z1 and Z2 of L̂(G1) and L̂(G2). Let

k =

∑
v∈G1

Z1(v)
∑

v∈G2

Z2(v)
.

Observe that in the above definition of k we use the fact that the entries of Z2 agree in sign.

10
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With a permutation similarity operation we can write

L(G) =




L̂1 0 L13

0 L̂2 L23

L31 L32 L33


 .

Let

X1 =




Z1

−kZ2

0
...

0




.

One can see that

11T X1 = 0 and

XT
1 L(G)X1 = a(G)XT

1 X1. (1.1)

Recall that 11 is the eigenvector of L(G) corresponding to the smallest eigenvalue 0 and L(G)

is a symmetric matrix. Thus from the above equation one can easily show that L(G)X1 =

a(G)X1. One can construct other Fiedler vectors by considering the positive eigenvectors Z1, Zi

of L̂(G1), L̂(Gi), case by case where, 3 ≤ i ≤ t. It is clear that these Fiedler vectors are linearly

independent.

To prove (iii), we claim that each vertex w ∈ W , is adjacent to at least one vertex of each

of G1, . . . Gt.

Suppose that w is not adjacent to any vertex of G1 (say). Since w ∈ W = C(G,Y ),

a characteristic vertex, there exist two components, say G2, G3 such that w is adjacent to a

vertex from each of G2, G3. Let W ′ = W \{w}. Notice that G\W ′ has at least two components,

one is G1, the other one is H which contains G2, G3, w (this one may actually contain some

more vertices).

With some permutation similarity operations we can write

L̂(H)− τ(L̂(G2))I =


 L̂(G2)− τ(L̂(G2))I C

Ct D − τ(L̂(G2))I


 .

Note that since w is adjacent to G2, we have C 6= 0. Thus [L̂(G2) − τ(L̂(G2))I]Z2 = 0 and

CtZ2 6= 0 (as C ≤ 0), where Z2 is the positive eigenvector of L̂(G2). An application of Corollary

5 of [3] tells that τ(L̂(H)) < τ(L̂(G2)) = τ(L̂(G1)).

11
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Now, applying Lemma 1.2.4, we see that a(G) < τ(L̂(G1)), which is a contradiction. Thus

the claim is justified and the proof is complete in view of the fact that for each of these Fiedler

vectors Xi, G1 is always positive and Gi+1 is negative.

Remark 1.2.8 The technique used in (ii) is taken from H. van der Holst [67].

Next we give a class of graphs satisfying the conditions of Lemma 1.2.6, for which the

multiplicity is exactly t− 1.

This construction is easy in view of Theorem 3.1.1 of Chapter 3. Given any natural number

t ≥ 2, consider the join G of a graph H1 of order k with H2 which consists of t isolated vertices.

We observe that S(G) = {0, k, k, . . . , k, t + λ2(H1), . . . , t + λk(H1), n = k + t}. We see that the

multiplicity of a(G) is exactly t−1 if t+λ2(H1) > k. Note that if we choose H1 to be complete

then λ2(H1) = k, and thus the requirement is satisfied. Thus the class G = Kk ∨ H2, where

H2 is a graph of t(≥ 2) isolated vertices {1, . . . , t} has multiplicity exactly t− 1. Note that any

Fiedler vector Y of G is a linear combination of

e1 − e2, e1 − e3, . . . , e1 − et,

and thus C(G,Y ) = vertices of Kk. For the case k = 1, the graph G becomes a star on t + 1

vertices.

Kk

Figure 1.2: Kk ∨Kc
t , k ≥ 1, satisfies the conditions of Lemma 1.2.6, and the multiplicity of the

algebraic connectivity is exactly t− 1.

In view of the above discussion it is clear that for t ≥ 2, the complete bipartite graph Kt,t is

an example which satisfies the condition of Lemma 1.2.6, but the multiplicity of the algebraic

connectivity is 2t− 2,

Another interesting question can be asked at this point. Suppose that G satisfies the condi-

tion of Lemma 1.2.6. We know the following. If the multiplicity of a(G) is exactly t−1 then for

12
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each Fiedler vector Y we have C(G, Y ) consists of vertices only (follows from Theorem 1.2.7).

Is the converse true? That is, if we know that for each Fiedler vector Y of G, the set C(G,Y )

consists of vertices only, does that force the multiplicity of a(G) to be t− 1?

The following result answers this question affirmatively.

Theorem 1.2.9 Let G be a connected graph and Y be a Fiedler vector with W = C(G,Y )

consisting of vertices only. Suppose that there are t (≥ 2) Perron branches G1, . . . , Gt of G at

W . Then the following statements are equivalent.

(i) The multiplicity of a(G) is t− 1.

(ii) For each Fiedler vector Z the set C(G,Z) = W .

(iii) For each Fiedler vector Z the set C(G,Z) consists of vertices only.

Proof: In view of the foregone discussions we show only (iii) ⇒ (i).

Suppose that (iii) holds and (i) does not. We recall (Theorem 1.2.7) that there are t − 1

linearly independent Fiedler vectors X1, . . . , Xt−1, where for i = 1, . . . , t− 1, Xi is positive on

G1, negative on Gi+1 and zero elsewhere. Let H1, . . . ,Hk be the branches of G at W which are

not Perron branches.

W

G1
G2

Gt

H1

Hk

Let Z be a Fiedler vector of G which is not a linear combination of these Xis. Thus the

vector U = Z +
t−1∑
i=1

αiXi is also a Fiedler vector of G. Note that when αis are large positive

numbers, U makes G1 positive and each of G2, . . . , Gt negative. By the hypothesis C(G,U)

contains vertices only. Thus C(G,U) ⊂ W
⋃ k⋃

i=1
Hi. By Theorem 1.2.7 we know that each

w ∈ W is adjacent to at least one vertex of each of G1, . . . , Gt. Thus W ⊂ C(G,U).

Note that G1, . . . , Gt,H1, . . . , Hk are the components of G\W, and U(W ) = 0. If U(H1) 6= 0,

it follows that L̂(H1)U(H1) = a(G)U(H1). Thus τ(L̂(H1)) ≤ a(G), which is a contradiction to

the fact that H1 is not a Perron branch. Thus for each i = 1, . . . , k we have U(Hi) = 0.

13
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Since G1, . . . , Gt, are Perron branches, and L̂(Gi) is inverse-positive and L̂(Gi)U(Gi) =

a(G)U(Gi), we see by applying Perron-Frobenius theory that U(Gi) is the Perron vector for

(L̂(Gi))−1.

It now follows that for the Fiedler vector Z either Z(Gi) is zero or is the Perron vector for

(L̂(Gi))−1. Thus C(G,Z) = W .

To show that Z is a linear combination of Xis, assume that Z is nonzero on G1, . . . , Gs, 2 ≤
s ≤ t. Consider the vector Z1 = Z − γ1X1, where the number γ1, is so chosen that Z1(u2) = 0,

for some u2 ∈ G2. If Z1 = 0, we are done, otherwise Z1 is also a Fiedler vector. Since Z1(u2) = 0,

it follows that Z1(G2) = 0. Thus for Z1 at most s − 1 components out of G1, G3 . . . , Gs are

nonzero.

We repeat the above procedure at most s−1 times to obtain Zs−1 = Z−γ1X1−γ2X2−· · ·−
γs−1Xs−1, for some real numbers γi, i = 1, · · · , s− 1 such that the components G2, G3, . . . , Gs

are zero components for Zs−1. Note that for Zs−1 the vertices in G1 agree in sign. Since each

Fiedler vector must have a positive vertex and a negative vertex, it follows that Zs−1 = 0.

Hence the proof is complete.

14
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Chapter 2

Spectral integral variations in graphs

2.1 Preliminaries

Let G = (V, E) be a general graph with vertex set V = {1, 2, . . . , n}. Denote by G + e the

general graph obtained from G by adding an edge or a loop e. Using Courant-Weyl inequalities

(Theorem 2.1 in [17],) we have the following theorem which is also stated in [21, 57].

Theorem 2.1.1 (Fan [21, Theorem 1]; Mohar [57, Theorem 3.2]) Let G be a general graph of

order n. Let G+e be the graph obtained by adding the edge or loop e in G. Then the eigenvalues

of L(G) interlace those of L(G + e), that is,

0 = λ1(G) = λ1(G + e) ≤ λ2(G) ≤ λ2(G + e) ≤ · · · ≤ λn(G) ≤ λn(G + e).

Since the sum of the eigenvalues of a matrix A is the trace of A, we have

n∑

i=1

(λi(G + e)− λi(G)) = 2 (or 1) if e is an edge (or a loop).

Thus at least one inequality in Theorem 2.1.1 must be strict.

Given a vertex v of a graph G, let N(v) denote the set of all neighbors of v in G. For a

simple graph G with two nonadjacent vertices i and j, W. So [65] showed that by adding the

edge e one eigenvalue of L(G) increases by 2 (and n− 1 eigenvalues remain unchanged) if and

only if N(i) = N(j). Fan [21] introduced and studied spectral integral variation in general

graphs by adding an edge or a loop. It follows from Theorem 2.1.1 that if the spectral integral

variation of a general graph occurs by adding an edge or a loop, then it must occur either in

one place or in two places.
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Definition 2.1.1 Let G be a general graph of order n and e be any edge or loop. We say that

the spectral integral variation of G occurs in one place by adding e if exactly one eigenvalue

of L(G) increases by 2 (or 1) when the edge (or loop) e is added to G. We say that the

spectral integral variation of G occur in two places by adding e (here e is an edge) if exactly

two eigenvalues of L(G) increase by 1 each when e is added to G.

Here we give examples of two connected graphs where adding an edge results in spectral integral

variation in one and two places.

Example 2.1.1 Consider the graphs G and H in Figure 2.1. It can be verified that

S(G) = (0, 0.7035, 1, 1.3427, 4, 4.8813, 6.0725)

and

S(G + {6, 7}) = (0, 0.7035, 1.3427, 3, 4, 4.8813, 6.0725).

Thus by adding the edge {6, 7} spectral integral variation of G occurs in one place where the

third smallest eigenvalue, λ3(G) increases from 1 to 3.

6

7

5
4

2

3 7

6

5
4

2

3

G G + {6, 7}

1 1

1
2

3

4

1
2

3

4

H H + {1, 3}
Figure 2.1: Spectral integral variation in graphs

Note that for the graph H we have

S(H) = (0, 1, 3, 4) and S(H + {1, 3}) = (0, 2, 4, 4).
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Here spectral integral variation of H occurs in two places while adding the edge {1, 3}, where

both a(H) and λ3(H) increase by 1 each.

The following lemma gives a sufficient condition for the occurrence of spectral integral vari-

ation in a graph G while adding an edge.

Lemma 2.1.2 (Fan [21, Lemma 1]) Let G be a connected graph of order n, e be an edge not

in G, and S(G) = (λ1, λ2, . . . , λn). If the spectral integral variation of G occurs in one place by

adding an edge e, then

S(G + e) =
(
S(G) \ {λk}

)
∪ {λk + 2}, for some k ∈ {1, 2, . . . , n}.

By êi we denote the vector with ith entry equal to 1 and all other entries 0. A vector x ∈ Rn

is called a Faria vector, if x = êi − êj , for some i 6= j.

The following result gives necessary and sufficient conditions for the occurrence of spectral

integral variation of G in one place while adding a new edge.

Theorem 2.1.3 (Fan [21]) Let G = (V, E) be a connected graph of order n, e = {i, j}, i 6= j,

be an edge not in G. Then the following conditions are equivalent.

1. The spectral integral variation of G occurs in one place by adding e.

2. One eigenvector of L(G) is the Faria vector of which the ith and jth entries are nonzero.

3. N(i) = N(j).

As an immediate corollary we have the following result.

Corollary 2.1.4 Let G = (V, E) be a connected graph of order n and let i, j be two nonadjacent

vertices of G. If the spectral integral variation G occurs in one place by adding edge between i

and j, then the Faria vector with the ith and jth entry nonzero is an eigenvector corresponding

to the changed eigenvalue λk(say) of L(G) and λk = di, the degree of the ith vertex.

Kirkland [46] has characterized all graphs in which spectral integral variation occurs in two

places by adding an edge e and discussed the case where one of the changed eigenvalue is the

algebraic connectivity. He has characterized the graphs in which spectral integral variation

occurs in two places, with the algebraic connectivity increasing from 1 to 2.

A natural question at this point is the following: can we study the spectral integral variation

in case of adjacency matrices? In [60], Pan, Fan and Li have introduced and studied spectral
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integral variation considering adjacency matrices in place of Laplacian matrices. Since the trace

of the adjacency matrix of a graph is 0, it follows that by adding an edge the adjacency spectral

variation occurs at least in two places. If an edge is added between two isolated vertices, then

adjacency spectral integral variation occurs in two places, with one zero ordinary eigenvalue

increases by 1, and another zero ordinary eigenvalue decreases by 1. For the connected case,

it has been proved in [60] that one cannot construct a new adjacency integral connected graph

with order n ≥ 3 from a known one by adding an edge. In [60], the authors have proved that

the spectrum of A(G + e) is different from that of A(G) only in two places with one eigenvalue

increases by m and another eigenvalue decreases by m, where m > 0 is a rational number,

if and only if G is an empty graph with order 2. Thus the spectral rational variation is also

not possible for a connected graph with order n ≥ 3. To characterize the case that adjacency

spectral irrational variation occurs just in two places is still an open problem.

2.2 Spectral integral variation of graphs with a(G) increasing

by 2

In this section we shall characterize the graphs G in which addition of a new edge would result

in spectral integral variation in just one place where the eigenvalue that gets changed is a(G).

Fan [21] was the first to point out the following result. (Strictly speaking, the article contains

a general version of this result.)

Corollary 2.2.1 Let G1, G2 be two disjoint graphs. Then the spectral integral variation of

G1 ∪G2 occurs in one place by adding an edge e = {u, v}, u ∈ G1, v ∈ G2 if and only if both

u, v are isolated vertices.

In Corollary 2.2.1, notice that the changed eigenvalue is the algebraic connectivity. Thus it

is natural to ask for characterization of connected graphs in which spectral integral variation

occurs in one place by adding an edge between two nonadjacent vertices where the changed

eigenvalue is the algebraic connectivity.

The following example shows that such variations do not depend on the multiplicity of the

algebraic connectivity.

Example 2.2.1 See the graph G in Figure 2.2. We have, S(G) = (0, 2, 2, 4) and S(G1) =

S(G + {2, 4}) = (0, 2, 4, 4). Note that the algebraic connectivity of G has multiplicity 2 and
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spectral integral variation of G occurs in one place by adding the edge {2, 4} where the changed

eigenvalue is the algebraic connectivity.

But a(G1) has multiplicity one and S(G1 + {1, 3}) = (0, 4, 4, 4). Thus, spectral integral

variation of G1 occurs in one place by adding the edge {1, 3} where the changed eigenvalue is

the algebraic connectivity.

1

2

3

4

1

2

3

4

G G1 = G + {2, 4}

Figure 2.2: Spectral integral variation of G occurring in one place where a(G) changes, and

a(G) has multiplicity more than one.

The following is an useful observation.

Lemma 2.2.2 Suppose that G is a connected graph of order n ≥ 4 with a simple algebraic

connectivity and the Fiedler vector Y = ên− ên−1. Assume that the edges {1, 2}, {n−1, n} /∈ G.

Let H = G + {1, 2}. Then a(H) = a(G) and it is a simple eigenvalue of L(H) with Y as the

Fiedler vector. Further the spectral integral variation of both G and H occur in one place by

adding the edge {n− 1, n} where the changed eigenvalue is the algebraic connectivity.

Proof: By Theorem 2.1.1 we have

a(H) ≥ a(G).

Observe that the vector Y is an eigenvector of L(H) corresponding to the eigenvalue a(G).

Since a(G) > 0, and τ(L(H)) = 0, it follows that a(G) = a(H) and Y is the corresponding

eigenvector. Again by Theorem 2.1.1, we have

a(H) = λ2(G) < λ3(G) ≤ λ3(H),

which implies that a(H) is simple.
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Let G′ = G + {n− 1, n}. Let λ 6= a(G) be an eigenvalue of L(G) and Z be a corresponding

eigenvector. Thus Y tZ = 0, that is Z(n− 1) = Z(n). Thus

[L(G′)− L(G)]Z = (ên−1 − ên)(ên−1 − ên)tZ = 0.

So

L(G′)Z = L(G)Z = λZ.

We see that spectral integral variation occurs in one place by adding the edge {n− 1, n} to G

where the changed eigenvalue is a(G). Proof of spectral integral variation of H occurring in

one place by adding the edge {n− 1, n} where the changed eigenvalue is a(H) is similar.

The following is one of our main results that characterizes all graphs with simple algebraic

connectivity in which spectral integral variation occurs in one place by adding an edge where

the changed eigenvalue is the algebraic connectivity. Note that, by Kn we denote the complete

graph of order n.

Theorem 2.2.3 Let G be a connected graph with vertices {1, 2, . . . , n} and a simple algebraic

connectivity. Then spectral integral variation occurs in one place by adding a new edge {i, j}
where the changed eigenvalue is a(G) if and only if G = Kn \ {i, j}.

Proof: If G = Kn \ {i, j}, then the spectrum of L(G) and L(G + {i, j}) are

S(G) = (0, n− 2, n, . . . , n) and S(G + {i, j}) = (0, n, n, . . . , n),

respectively. Hence spectral integral variation occurs in one place and the changed eigenvalue

is a(G).

Conversely, assume that a(G) has multiplicity one and spectral integral variation of G occurs

in one place by adding the edge {i, j} where the changed eigenvalue is a(G). It follows that

if S(G) = (0 = λ1, λ2 = a(G), λ3, . . . , λn) then S(G + {i, j}) = (S(G) \ {λ2}) ∪ {λ2 + 2}. By

Theorem 2.1.3 and the corollary following that we have N(i) = N(j), λ2 = |N(i)| = |N(j)|
and the Faria vector Y = êi − êj is a Fiedler vector of G.

Let |N(i)| = k. Clearly C(G,Y ) = N(i), the characteristic set of G. Note that G \C(G,Y )

is disconnected with at least two components {i} and {j}. Let G1, G2, . . . , Gm be the m(≥ 2)

components of G \ C(G,Y ), where G1 = {i} and G2 = {j}. Let L̂(Gt) be the principal

submatrix of L(G) corresponding to Gt and L(Gt) be the Laplacian matrix of the graph Gt,
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for t = 1, 2, . . . , m. After a permutation similarity operation we have

L(G) =




L̂(G1) 0 · · · 0

0 L̂(G2) · · · 0
...

...
. . .

... C1 · · · Ck

0 0 · · · L̂(Gm)

Ct
1 d1 · · · ∗
... ∗ . . . ∗

Ct
k ∗ · · · dk




.

By Corollary 1.2.5 (Chapter 1), τ(L̂(Gt)) ≥ k, for all t = 1, 2, . . . ,m.

We claim that for each t, every vertex of Gt is adjacent to each of the k vertices of C(G,Y )

in G. To see the claim suppose that there is a component, say G3, and a vertex v ∈ G3 such

that v is not adjacent to all vertices of C(G,Y ) in G. Thus

L̂(G3) < kI + L(G3) ⇒ 11tL̂(G3)11 < 11t[kI + L(G3)]11 = |G3|k,

where |G3| denotes the number of vertices in the graph G3. Thus by Rayleigh-Ritz theorem

[42], we have τ(L̂(G3)) < k, which is a contradiction to Lemma 1.2.4. So the claim is justified.

Since each vertex of Gt, t = 1, 2, . . . , m, is adjacent to every vertex in C(G,Y ), we see that

L̂(Gt) = kI + L(Gt).

Hence τ(L̂(Gt)) = k, for all t = 1, 2, . . . , m. Thus each of the m components G1, G2, . . . , Gm

are Perron branches of G at C(G,Y ). By Lemma 1.2.6, the multiplicity of λ2 = a(G) is at

least m − 1. But from the hypothesis the multiplicity of λ2 is 1. So m − 1 ≤ 1. But we know

that m ≥ 2 and thus m = 2. Thus G1 = {i} and G2 = {j} are the only two components of

G \C(G, Y ). Hence G = G∗ ∨ ({i}+ {j}) where G∗ is the subgraph of G induced by C(G,Y ).

We recall that C(G,Y ) = N(i), and notice that |C(G,Y )| = n − 2. It is known that any

eigenvalue of the Laplacian matrix of size n does not exceed n (see [52]).

Now suppose that G∗ is not complete. Thus n ≥ 4. Let E(G∗) = Kn−2 \ {e1, e2, . . . , ep},
for some p ≥ 1, where Kn−2 is the complete graph with vertex set {1, 2, . . . , n} \ {i, j} and

{e1 = {i′, j′}, e2, . . . , ep} ⊂ E(Kn−2). Let H be the graph obtained by adding edges e2, . . . , ep

to G. Repeated application of Lemma 2.2.2 reveals that the eigenvalue a(H) = n− 2 is simple.

But the vector Y ′ = êi′ − êj′ is also an eigenvector corresponding to the eigenvalue n−2, which

is a contradiction.

The following is an immediate corollary.
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Corollary 2.2.4 Let G be a connected graph on vertices {1, 2, . . . , n} such that 1 and 2 are

nonadjacent in G. Suppose also that a(G + {1, 2}) − a(G) = 2. Then a(G) is simple, a(G) =

n− 2, G + {1, 2} = Kn.

Proof: By Theorem 2.1.1 and the discussion following, we have that λi(G + {i, j}) = λi(G),

for all i 6= 2. Thus spectral integral variation occurs in one place where the changed eigenvalue

is a(G). Again by Theorem 2.1.1,

a(G + {i, j}) ≤ λ3(G),

so that a(G) is simple. The rest follows from Theorem 2.2.3.

Now we consider the case where the multiplicity of a(G) is at least 2 and spectral integral

variation of G occurs in one place by adding edge between i and j where the changed eigenvalue

is a(G).

Theorem 2.2.5 Let G be a connected graph with vertices {1, 2, . . . , n} and i, j be two nonad-

jacent vertices in G. Then spectral integral variation of G occurs in one place by adding edge

between i and j where a(G) is the changed eigenvalue if and only if G = G∗ ∨ (G1 + {i}+ {j}),
where G∗ is a graph of order k(say), 1 ≤ k ≤ n− 2, with a(G∗) ≥ 2k − n and G1 is any graph

on n− k − 2 vertices.

Proof: Let G = G∗ ∨ (G1 + {i} + {j}), where G∗ is a graph of order k, 1 ≤ k ≤ n − 2, with

a(G∗) ≥ 2k − n and G1 is any graph on n− k − 2 vertices. Let

S(G∗) = (0 = λ1(G∗), λ2(G∗), . . . , λk(G∗)) and S(G1) = (0 = λ1(G1), λ2(G1), . . . , λn−k−2(G1)).

Then by Theorem 3.1.1 (Chapter 3),

S(G) = (0, λ2(G∗) + n− k, . . . , λk(G∗) + n− k, λ2(G1) + k, . . . , λn−k−2(G1) + k, k, k, n).

Since a(G∗) ≥ 2k − n, that is, a(G∗) + n− k ≥ k, we have a(G) = k. Now

G + {i, j} = G∗ ∨ (G1 + K2),

where K2 is the complete graph with vertex set {i, j} and

S(G+{i, j}) = (0, λ2(G∗)+n−k, . . . , λk(G∗)+n−k, λ2(G1)+k, . . . , λn−k−2(G1)+k, k, k+2, n).
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Hence spectral integral variation of G occurs in one place by adding the edge between i and j

where a(G) is the changed eigenvalue.

Conversely, assume that spectral integral variation of G occurs in one place by adding edge

between i and j where the changed eigenvalue is a(G). We proceed in a similar way as in

Theorem 2.2.3 to see that G = G∗ ∨ (G1 + {i}+ {j}), where G∗ is the graph induced by the set

of vertices N(i) = C(G, Y ), where Y = êi − êj is the Faria-Fiedler vector of G and a(G) = k.

Thus

S(G) = (0, λ2(G∗) + n− k, . . . , λk(G∗) + n− k, λ2(G1) + k, . . . , λn−k−2(G1) + k, k, k, n).

It follows that λ2(G∗) + n− k ≥ k, that is, λ2(G∗) ≥ 2k − n. Thus the proof is complete.

Let us denote by Km,n the complete bipartite graph with parts of size m and n. Now consider

the following example.

Example 2.2.2 Consider graph K4,3 on parts A = {1, 2, 3, 4} and B = {5, 6, 7} (see Figure

2.3). We know that S(K4,3) = (0, 3, 3, 3, 4, 4, 7). Using Theorem 2.1.3, we have

S(K4,3 + {5, 6}) = (0, 3, 3, 3, 4, 6, 7) and S(K4,3 + {1, 2}) = (0, 3, 3, 4, 4, 5, 7).

1

2

3

4

1 1

2

3

4

5

6

7

2

3

4

5

6

7

5

6

7

K4,3 K4,3 + {5, 6} K4,3 + {1, 2}

Figure 2.3: Graphs of K4,3, K4,3 + {5, 6} and K4,3 + {1, 2}.

Thus by adding an edge between 1 and 2 the spectral integral variation occurs in one place

where the changed eigenvalue is the algebraic connectivity. But if we add an edge between 5

and 6 (the vertices which belong to the part B), then the spectral integral variation occurs in

one place, but the algebraic connectivity does not change.

In general we have the following result as an application Theorem 2.2.5.
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Corollary 2.2.6 Let 2 ≤ m < n, and Km,n be the complete bipartite graph on parts A of m

vertices and B of n vertices. Let i, j ∈ A and i′, j′ ∈ B. Then the following statements hold.

(i) Spectral integral variation occurs in one place by adding the edge {i′, j′} where the changed

eigenvalue is the algebraic connectivity.

(ii) Spectral integral variation does not occur in one place where the changed eigenvalue is the

algebraic connectivity by adding the edge {i, j}.

Proof: Follows immediately from Theorem 2.2.5.

Remark 2.2.7 In Corollary 2.2.6, if m = n, then by adding either the edge {i, j} or {i′, j′}
the spectral integral variation occurs in one place where the changed eigenvalue is the algebraic

connectivity.

The following result describes a way to construct a graph G which spectral integral variation

occurs in one place by adding an edge where the changed eigenvalue is the algebraic connectivity.

Corollary 2.2.8 Let G∗ be a graph on k vertices and G1 be a graph on m, (m ≥ k) vertices

with at least two isolated vertices i, j. Put G = G∗ ∨G1. Then in G, spectral integral variation

occurs in one place by adding the edge {i, j}, where the changed eigenvalue is the algebraic

connectivity.

Proof: Note that |V (G)| = k + m and a(G∗) ≥ 0 ≥ 2k − (k + m). Following Theorem 2.2.5

we see that G has the required structure so that addition of the edge {i, j} results in spectral

integral variation where the changed eigenvalue is a(G).

2.3 Spectral Integral Variation in one place with a(G) unchanged

After the characterization of graphs in which spectral integral variation occurs in one place by

adding an edge where the changed eigenvalue is the algebraic connectivity it is natural to ask

the following two questions:

(1) Characterize graphs G in which spectral integral variation occurs in one place by adding

an edge where the changed eigenvalue is the Laplacian spectral radius, µ(G).

(2) Characterize graphs G in which spectral integral variation occurs in one place by adding

an edge where the changed eigenvalue is the third smallest Laplacian eigenvalue, λ3(G).
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It is not so difficult to answer (1). To do this we need the following result of Grone and

Merris [34].

Lemma 2.3.1 [34] Let G be a connected graph with order n. Then

µ(G) ≥ ∆(G) + 1,

with equality if and only if ∆(G) = n− 1, where ∆(G) denotes the maximum degree of a vertex

in G.

The following result shows that the spectral integral variation of a connected graph G does

not occur in one place by adding edge between i and j where the changed eigenvalue is the

laplacian spectral radius.

Lemma 2.3.2 Let G be a connected graph with vertex set {1, 2, . . . , n}. Let i, j be any two

nonadjacent vertices in G. Then spectral integral variation of G does not occur in one place by

adding edge between i and j where the changed eigenvalue is µ(G).

Proof: On the contrary suppose that spectral integral variation of G occurs in one place by

adding an edge where the changed eigenvalue is µ(G). Then using Theorem 2.1.3 and the

corollary following that we have N(i) = N(j), µ(G) = |N(i)| = |N(j)|. From Lemma 2.3.1,

µ(G) ≥ ∆(G) + 1. This implies that |Ni| > ∆(G), which gives a contradiction.

The following is an immediate corollary.

Corollary 2.3.3 Let G be a graph with vertex set {1, 2, . . . , n}. Let i, j be two vertices in G

such that N(i) = N(j) 6= ∅. Then µ(G) = µ(G + {i, j}), that is, the Laplacian spectral radius

does not change by adding an edge between i and j.

Proof: Consider the component C of G containing the vertices i and j. The conclusion is now

immediate from Lemma 2.3.2.

The characterization of graphs in which spectral integral variation occurs in one place by

adding an edge where the changed eigenvalue is the third smallest Laplacian eigenvalue is a

rather difficult task. Thus we restrict our search to trees with such a variation. The following

result gives an equivalent condition for a tree in which spectral integral variation occurs in one

place by adding an edge where the changed eigenvalue is the kth smallest Laplacian eigenvalue.

25
TH-374_02612303



Proposition 2.3.4 Let i and j be two nonadjacent vertices in a tree T . Then the following

two statements are equivalent.

(i) The spectral integral variation of T occurs in one place by adding an edge between i and j,

where the changed eigenvalue is the kth smallest Laplacian eigenvalue.

(ii) The kth smallest Laplacian eigenvalue of T equals to 1. The vertices i and j are two

pendant vertices (vertices of degree one ) with the same neighbour.

Proof: (i)⇒(ii). By Theorem 2.1.3, we see that N(i) = N(j) 6= ∅ and by Corollary 2.1.4,

the changed eigenvalue is |N(i)|. If possible let u and v be two vertices in N(i) = N(j). Then

[i, u, j, v, i] is a cycle. Hence |N(i)| = |N(j)| = 1, that is, the kth smallest laplacian eigenvalue

(changed eigenvalue) is 1.

(ii)⇒(i). By Theorem 2.1.3, we see that the spectral integral variation in T occurs by adding

the edge {i, j}. By Corollary 2.1.4, the changed eigenvalue is 1. Thus (i) follows.

In view of the previous result, our task becomes to characterize trees with 1 as the third

smallest Laplacian eigenvalue and with two pendant vertices having a common neighbour.

Let G be a graph on n vertices. Let Ĝ be the graph obtained from G by adding a new

pendant vertex to some vertex of G. Then using the Courant-Weyl inequalities [17, 42], we

have the following result, which we shall use later.

Lemma 2.3.5 (Grone, Merris and Sunder [33, Corollary 4.2]) Let G be a graph on n vertices.

Let Ĝ be the graph obtained from G by adding a new pendant vertex to some vertex of G. Then

λ1(Ĝ) ≤ λ1(G) ≤ λ2(Ĝ) ≤ λ2(G) ≤ · · · ≤ λn(Ĝ) ≤ λn(G) ≤ λn+1(Ĝ),

where λi(G) and λi(Ĝ) are the ith smallest eigenvalues of L(G) and L(Ĝ), respectively.

The following is a well-known result that describes the Laplacian spectrum of a path (see

Fiedler [25] and Grone, Merris, and Sunder [33]).

Theorem 2.3.6 (Fiedler [25]) Let Pn be the path of order n. Then

S(Pn) =
(

0, 2
(
1− cos

π

n

)
, 2

(
1− cos

2π

n

)
, . . . , 2

(
1− cos

(n− 1)π
n

))
.

The following result characterizes all trees with algebraic connectivity 1.

Corollary 2.3.7 The star on n ≥ 3 vertices is the only tree which can have algebraic connec-

tivity 1.
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Proof: Let T be a tree which is not a star. So T has a diameter of at least 3. Think of T being

generated from P4, a path of length 4, by adding pendant vertices one after another. Thus by

Lemma 2.3.5 and Theorem 2.3.6, we have

λ2(T ) ≤ λ2(P4) < 1.

The conclusion follows.

From Theorem 2.2.5 we have that: star is the only tree for which spectral integral variation

occurs in one place by adding an edge where the changed eigenvalue is the algebraic connectivity.

Thus in this case, the class of trees T with a(T ) = 1 is precisely the class of trees in which

spectral integral variation occurs in one place by adding an edge, where the changed eigenvalue

is a(T ).

2.4 Trees with third smallest Laplacian eigenvalue 1

In this section we characterize all trees with third smallest Laplacian eigenvalue 1. Henceforth

the multiplicity of the algebraic connectivity is assumed to be one (that is, a(T ) is simple),

unless stated otherwise.

The multiplicity of the Laplacian eigenvalue 1 of a tree has already been studied by Faria [24]

and Grone, Merris and Sunder [33]. Let T be a tree with pendant vertices v1, v2, . . . , vk, k ≥ 2,

adjacent to the vertex v. Define vectors Yi, i = 1, . . . , k − 1 as Yi(v1) = 1, Yi(vi+1) =

−1, Y (w) = 0, for all other w ∈ T . Then it can be verified that the nonzero vectors Yis are

linearly independent eigenvectors of T corresponding to the Laplacian eigenvalue 1. It follows

that

p(T )− q(T ) ≤ mT (1), (2.1)

where p(T ) is the number of pendant vertices in T and q(T ) is the number of quasipendant ver-

tices (vertices adjacent to a pendant vertex) and mT (1) is the multiplicity of 1 as an eigenvalue

of L(T ). Note that in the case of a star Sn+1 on n + 1 vertices, the above inequality becomes

equality.

Naturally, one wonders whether it is possible for a tree with p(T ) = q(T ) to have a Laplacian

eigenvalue 1. The path P6, with 1 as the third smallest Laplacian eigenvalue is the most suitable

answer. In fact, there is a larger class of paths with the property.

Proposition 2.4.1 The paths P3k, k > 1 are precisely the paths with p(T ) = q(T ) and which

have 1 as a Laplacian eigenvalue.
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Proof: It follows from Theorem 2.3.6 that 1 ∈ S(Pn) if and only if kπ
n = π

3 for some k > 1.

That is, if and only if n = 3k, k > 1. The conclusion follows.

The class of trees with p(T ) = q(T ) and with a Laplacian eigenvalue 1 is a much larger, see

Barik, Lal and Pati [6].

Let T be a tree and v be a vertex. Let B be a branch of T at v. Let L̂(B) be the principal

submatrix of L(T ) corresponding to B. The matrix L̂(B) is invertible (see Kirkland, Neumann

and Shader [49]) and the inverse G = (gij) is described as follows: let i, j be vertices in B. Then

gij = number of edges in common between the two paths Pv,i and Pv,j obtained by joining the

vertex v to the vertices i and j, respectively. Observe that L̂(B)−1 is always entrywise positive.

Note that when B1 and B2 are two branches of T at v such that L̂(B1)−1 is entrywise

dominated by a proper principal submatrix of L̂(B2)−1, then using Perron-Frobenius theory, we

see ρ(L̂(B1)−1) < ρ(L̂(B2)−1), where ρ(A) denotes the spectral radius of A, that is, τ(L̂(B1)) >

τ(L̂(B2)), where τ(A) denotes the smallest eigenvalue of A.

A general version of the following useful result can be found in Pati [61].

Lemma 2.4.2 (Pati [61, Lemma 2.6]) Let T be a tree. Let v be a vertex of T such that

T − v is disconnected with at least 3 branches. Let T1, T2, T3 be three of the branches of T −
v and L̂(T1), L̂(T2), L̂(T3) be the corresponding principal submatrices of L(T ). Suppose that

τ(L̂(T1)) ≤ τ(L̂(T2)) ≤ τ(L̂(T3)). Then either τ(L̂(T3)) > λ3 or τ(L̂(T2)) = τ(L̂(T3)) = λ3.

Thus, it is always true that τ(L̂(T3)) ≥ λ3.

The following result puts a restriction on the diameter of a tree with 1 as the third smallest

Laplacian eigenvalue.

Lemma 2.4.3 Let T be a tree with diameter at least 6. Then λ3(T ) < 1.

Proof: For the path P7 on 7 vertices, λ3(P7) = 2
(
1− cos 2π

7

)
< 1. It follows from Lemma

2.3.5 that λ3(T ) ≤ λ3(P7) < 1.

In view of Lemma 2.4.3, a tree with λ2 < 1 and λ3 = 1 must have diameter 3, 4, or 5. Below

we show that all trees with diameter 3, except P4, have the third smallest Laplacian eigenvalue

1. Note that these trees do not have algebraic connectivity 1.

Theorem 2.4.4 Any tree T with diameter 3, except P4 has λ3 = 1.

Proof: Recall that L(P4) doesn’t have eigenvalue 1. Any tree T different from P4 with diameter

3 has the form as in the following figure,
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







k l
u v

where k ≥ l ≥ 1 and k > 1. As p(T )− q(T ) = n− 4(≥ 1), using (3.5), we have mT (1) ≥ n− 4.

We know 0 ∈ S(T ) and a(T ) < 1. As λ3(P4) > 1, by the repeated application of Lemma 2.3.5,

we have λn(T ) > 1 and λn−1(T ) > 1. And since n ≥ 5, n− 1 6= 3. Thus λ3(T ) = 1.

Next, we talk about trees of diameter 4. The following result characterizes all trees of

diameter 4, with 1 as the third smallest Laplacian eigenvalue.

Theorem 2.4.5 Let T be any tree of diameter 4 (we assume P = [1, 2, 3, 4, 5] corresponds to

its diameter). Then λ3(T ) = 1 if and only if deg(3) = 2, and p(T )− q(T ) > 0.

Proof: Let T be a tree on n(n ≥ 6) vertices with diameter 4 such that p(T ) − q(T ) > 0 and









l1 < k
1 2 3 4 5

Figure 2.4: Tree of diameter 4 with p(T )− q(T ) > 0

deg(3) = 2. Thus T has the form as shown in Figure 2.4, where k ≥ l ≥ 1 and k > 1. As

p(T )− q(T ) = n− 5(≥ 1), using (3.5), we have mT (1) ≥ n− 5.

We know 0 ∈ S(T ) and a(T ) < 1. As λ3(P5) > 1, by the repeated application of Lemma

2.3.5, we have λn(T ) > 1, λn−1(T ) > 1 and λn−2(T ) > 1. Thus λ3(T ) = 1.

Now, consider the tree T̄ obtained from the path P5 = [1, 2, 3, 4, 5] by adding a pendant

vertex u (say) at 3.
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1 2 3 4 5

u

T̄

Then T̄ − 3 has 3 branches B1, B2, B3, where B1 contains vertices 1, 2, B2 contains vertices

4, 5 and B3 contains u. Observe that τ(L̄(Bi)) < 1, for i = 1, 2 and τ(L̄(B3)) = 1. Thus

using Lemma 2.4.2, λ3(T̄ ) < 1. Let T be a tree satisfying the statement of the theorem with

deg(3) ≥ 3. Then T is either equal to the tree T̂ or is obtained from T̄ by adding pendant

vertices successively. Thus using Lemma 2.3.5, λ3(T ) < 1.

Any tree T of diameter 4 which is not of the form described in the statement is either

isomorphic to T̄ or can be obtained from T̄ by adding pendant vertices. Thus by using Lemma

2.3.5, λ3(T ) < 1.

Our next result characterizes all trees of diameter 5 and with 1 as the third smallest Laplacian

eigenvalue.

Theorem 2.4.6 Let T be a tree of diameter 5. Then λ3(T ) = 1 if an only if T is obtained from

a path P6 = [1, 2, 3, 4, 5, 6] by adding l ≥ 0 new pendant vertices at 5 and k ≥ l, new pendant

vertices at 2.

Proof: Let T be a tree on n(n ≥ 6) vertices as described in the statement. Thus T has the

form as shown in Figure 2.5, where l ≥ 0 and k ≥ l.

1 65432









l + 1k + 1

Figure 2.5: Structure of T

Using (3.5) and the discussion before that mT (1) ≥ n − 6, and we have n − 6 linearly

independent eigenvectors of L(T ) corresponding to the eigenvalue 1. Observe that
[

0 −(k + 1) −(k + 1) 0 1 . . . 1 −(k+1)
l+1 . . . −(k+1)

l+1

]T

is also an eigenvector of L(T ) corresponding the eigenvalue 1 and is linearly independent of

the other n − 6 eigenvectors corresponding to 1. Thus mT (1) ≥ n − 5. We know 0 ∈ S(T )
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and a(T ) < 1. Also since λ4(P6) > 1, by the repeated application of Lemma 2.3.5 we have

λi(T ) > 1, for i = n, n− 1, n− 2. Thus λ3(T ) = 1.

Now consider a tree T̂ obtained from the path P6 = [1, 2, 3, 4, 5, 6] by adding a pendant

vertex u (say) at 3.

1 2 3 4 5 6

u

Then T̂ − 3 has 3 branches B1, B2, B3, where B1 contains vertices 1, 2, B2 contains vertices

4, 5, 6 and B3 contains u. Notice that τ(L̂(Bi)) < 1, for i = 1, 2. Also τ(L̂(B3)) = 1. Thus

using Lemma 2.4.2, λ3(T̂ ) < 1. Any tree T of diameter 5 which is not of the form described in

the statement is either isomorphic to T̂ or can be obtained from T̂ by adding pendant vertices.

Thus by using Lemma 2.3.5, λ3(T ) < 1.

We summarize our discussions to state the main result of this section, which characterizes

all trees with 1 as the third smallest Laplacian eigenvalue.

Theorem 2.4.7 Let T be a tree on n vertices. Then λ3(T ) = 1 if and only if T is one of the

following types:

(i) T is any tree with diameter 3, other than P4. (Thus p(T )− q(T ) > 0.)

(ii) T is a tree with diameter 4 (assume the path on 1, 2, 3, 4, 5 corresponds to its diameter)

such that deg(3) = 2 and p(T )− q(T ) > 0.

(iii) T is obtained from the path on 1, 2, 3, 4, 5, 6 by adding l ≥ 0 new pendant vertices at 5 and

k (≥ l) new pendant vertices at 2.

Thus the only tree with p(T ) = q(T ) and λ3(T ) = 1 is P6.

2.5 Spectral integral variation of trees with λ3 increasing by 2

Using the results proved in Section 2.4, here we characterize all trees in which spectral integral

variation occurs in one place by adding an edge where the changed eigenvalue is the third

smallest Laplacian eigenvalue. We require a notation before that. Let s > 1, k > 1, l > 0 be

integers. By Ts,l,k, denote the tree obtained by taking the path Ps = [1, 2, . . . , s] and adding l

pendant vertices at 1 and k pendant vertices at s.
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{ { {} } }

T2,l,k T3,l,k T4,l,k

kl l k l k

i
j

i
j

i

j

Figure 2.6: T2,l,k, T3,l,k and T4,l,k

Theorem 2.5.1 Let i and j be two non adjacent vertices in a tree T of order n. Then spectral

integral variation of T occurs in one place by adding an edge between i and j where the changed

eigenvalue is the third smallest Laplacian eigenvalue if and only if T is one of T2,l,k, T3,l,k or

T4,l,k and i, j are two pendant vertices adjacent to the same vertex. (See Figure 2.6)

Proof: Suppose T is one of T2,l,k, T3,l,k or T4,l,k and i, j are two pendant vertices adjacent

to the same vertex. From Theorem 2.4.7, we have λ3(T ) = 1 = |N(i)| = |N(j)|. Thus using

Theorem 2.1.3, spectral integral variation of T occurs in one place by adding an edge between

i and j where the Laplacian eigenvalue 1 changes to 3.

Conversely, let the spectral integral variation of T occurs in one place by adding an edge

between i and j where the changed eigenvalue is λ3. Thus by Theorem 2.1.3 and discussion

following that we have N(i) = N(j) and λ3 = |N(i)| = |N(j)|.
If |N(i)| = |N(j)| ≥ 2, then we will get a cycle in T , which is not possible. So |N(i)| =

|N(j)| = 1 and i, j are pendant vertices adjacent to the same vertex in T . Hence λ3 = 1. Now,

using Theorem 2.4.7, T is a tree of the desired form.

As an immediate corollary we have the following result which characterizes all trees in which

λ3 has multiplicity one and spectral integral variation occurs in one place by adding an edge

where λ3 increases by 2.

1 2 3

i

j
1 2 3 4

i

j

T2,1,2 T3,1,2

Figure 2.7: T2,1,2, T3,1,2
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Corollary 2.5.2 Let T be a tree with vertex set {1, 2, . . . , n} and i, j be two non adjacent

vertices in T . Let the third smallest Laplacian eigenvalue have multiplicity one. Then spectral

integral variation of T occurs in one place by adding an edge between i and j where the changed

eigenvalue is the third smallest Laplacian eigenvalue if and only if T is a tree obtained from

a path of length two or three by adding two pendant vertices i and j to one end (that is, T is

either T2,1,2 or T3,1,2 and i, j are two pendant vertices adjacent to the same vertex). (See Figure

2.7)

Proof: Follows immediately from Theorem 2.5.1.
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Chapter 3

Graph operations and the Laplacian

spectra

3.1 Preliminaries

In this chapter we investigate the Laplacian spectra of graphs which are obtained by using

some operations on other graphs. The Laplacian spectra of graphs obtained by operations like,

complement, disjoint union, and join are well studied. We start by stating some of the results

concerning to these graph operations, partly for the purpose of motivation and partly due to

the frequent use of these results in the thesis. The proofs of these results can be found in

[17, 25, 51, 57].

(a) Complement. Let Gc denote the complement of a graph G. Observe that, if G has n

vertices, then

L(G) + L(Gc) = nI − J = L(Kn).

If X is any nonzero vector such that X ⊥ 11, then we have

L(G)X + L(Gc)X = nX.

In particular, X ⊥ 11 is an eigenvector of L(G) if and only if X is an eigenvector of L(Gc).

It follows that

λ2(Gc) = n− λn(G), λ3(Gc) = n− λn−1(G), . . . , λn(Gc) = n− λ2(G). (3.1)

Thus, a graph and its complement have the same set of eigenvectors. Furthermore,

λn(G) ≤ n with equality if and only if a(Gc) = 0, if and only if Gc is disconnected.
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We note that

a(Gc) = n− µ(G). (3.2)

(b) Disjoint union. The disjoint union F + H of two graphs F and H is the graph(
V (F )∪V (H), E(F )∪E(H)

)
, with the assumption that V (F )∩V (H) = ∅. The Laplacian

matrix of F + H may be viewed as

L(F + H) =


 L(F ) 0

0 L(H)


 .

It follows that the Laplacian eigenvalues of F +H are precisely the Laplacian eigenvalues

of F and H, including multiplicities. We note here that a(F + H) is always 0 as F + H

is disconnected.

(c) Join. The join F ∨H of two graphs F and H is defined to be the graph (F c + Hc)c. In

other words F ∨H is the graph obtained from F +H by inserting edges from each vertex

of F to every vertex of H. Suppose that the orders of F and H are m and n, respectively.

Observe that the Laplacian matrix of F ∨H may be viewed as

L(F ∨H) =


 nI + L(F ) −J

−JT mI + L(H)


 .

If X ⊥ 11 is any eigenvector of L(F ) corresponding to an eigenvalue λi, i > 1, then we

have that

[
XT 0T

]
L(F ∨H)


 X

0


 = XT

[
nI + L(F )

]
X = n + λi.

In a similar way we see that m+µi is also an eigenvalue of L(F ∨H), for each eigenvalue

µi, i > 1, of L(H). As 0 is an eigenvalue of L(F ∨ H) and the trace is the sum of the

eigenvalues, we conclude that m + n is also an eigenvalue of L(F ∨H). Thus we have the

following result from Merris [51, Theorem 2.1].

Theorem 3.1.1 Merris [51] Let F and H be two graphs on m and n vertices, respectively.

Let λ1 ≤ λ2 ≤ · · · ≤ λm be the eigenvalues of L(F ) and µ1 ≤ µ2 ≤ · · · ≤ µn be the

eigenvalues of L(H). Then the eigenvalues of L(F ∨H) are

0, m + n, λ2 + n, λ3 + n, . . . , λm + n, µ2 + m,µ3 + m, . . . , µn + m.
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The eigenvalue m + n of L(F ∨H) corresponds to an eigenvector Y where

Y (v) =




−n if v ∈ F,

m if v ∈ H.

It follows from the above theorem that

a(F ∨H) = min(a(F ) + n, a(H) + m). (3.3)

Note that if a graph G of order n is the join of two graphs, then by Theorem 3.1.1,

λn(L(G)) = n. Conversely, if λn(L(G)) = n then by (3.1), we have that λ2(L(Gc)) = 0,

that is Gc is disconnected. Hence G must be a join of two graphs. This observation has

been noted in Godsil [31].

3.2 Graphs with pockets

In this section we define a new graph operation and discuss the Laplacian eigenvalues of the

resulting graphs. We have seen that the stars form an important family of trees. A generalized

star is a tree T having at most one vertex of degree greater than 2. Notice that the class of

generalized stars contains the class of stars. Let T be a generalized star with a vertex w such

that T − w is a disjoint union of paths T1, . . . , Tr. Then we refer to w as a central vertex of

T . Note that if T has a vertex w of degree at least 3 then the central vertex is w. If Ti is

a path of order pi, i = 1, . . . , r, then the generalized star T is denoted by S[p1, p2, . . . pr]. If

p1 = p2 = · · · = pr = l, then we denote the generalized star by Sr,l. Note that, a path is also

a generalized star; in this case, any vertex is considered to be a central vertex. To know some

more background of the generalized stars see the paper of Johnson, Duarte and Saiago [44].

Let us consider an example here.

w w̄

S[2, 3, 4, 4] S5,3

Figure 3.1: Generalized stars

Example 3.2.1 The trees S[2, 3, 4, 4] and S5,3 in Figure 3.1 are generalized stars with central

vertices w and w̄, respectively.
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Observe that the graph S[2, 3, 4, 4] may be viewed as the result of of attaching a new path

of length 2 to the central vertex of S[3, 4, 4]. It may also be viewed as the result of attaching a

new path of length 1 to each of the pendant vertices of S[1, 2, 3, 3]. This motivates us to bring

in the following definition.

Definition 3.2.1 Let F , Hv be two connected graphs, v be a specified vertex of Hv and

u1, . . . , uk be some vertices in F . Let G = G[F, u1, . . . , uk,Hv] be the graph obtained by

taking one copy of F and k copies of Hv, and then attaching the ith copy of Hv to the vertex

ui, i = 1, . . . , k, identifying ui with the vertex v of the ith copy. Then the copies of the graph

Hv that are attached to the vertices ui, i = 1, . . . , k are referred to as pockets, and we describe

G as a graph with k pockets .

Example 3.2.2 Consider the graphs F and Hv as shown in Figure 3.2. Then the graph

G[F, u1, u2, u3,Hv] with 3 pockets is shown in the same figure.

v

F Hv G[F, u1, u2, u3,Hv]

u1

u4 u2 u3
u4

u1

u2 u3

Figure 3.2: Graphs of F,Hv and G[F, u1, u2, u3, Hv].

It is natural to wonder how far the Laplacian spectrum of F and Hv are reflected in the

Laplacian spectrum of G[F, u1, . . . , uk,Hv]. Due to the very general nature of this operation

it is difficult to give a complete description of the Laplacian spectrum of G[F, u1, . . . , uk,Hv]

using the Laplacian spectra of F and Hv. Nevertheless some of the Laplacian eigenvalues of

G[F, u1, . . . , uk, Hv] can always be described by the Laplacian eigenvalues of F and Hv and in

some particular cases we can describe the complete Laplacian spectrum of G[F, u1, . . . , uk,Hv].

The study of graphs with pockets has already been done in some special cases, see, for

example, Molitierno and Neumann [59]. Let G = G[r,Km] be the graph obtained by attaching

a copy of Km to each pendant vertex of the star Sr+1 on r + 1 vertices, by identifying each

pendant vertex with a vertex v of Km. Molitierno and Neumann [59] have described the

complete Laplacian spectrum of G[r,Km].
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Theorem 3.2.1 [59] Let G = G[r,Km] be the graph obtained by attaching a copy of Km to

each vertex of degree 1 of Sr+1, each at a common vertex v (say) of Km. Then

(i) 0 ∈ S(G) with multiplicity 1,

(ii) m ∈ S(G) with multiplicity (m− 2)r,

(iii)
m + 1±

√
(m + 1)2 − 4
2

∈ S(G) with multiplicity r − 1 and

(iv)
r + m + 1±

√
(r + m + 1)2 − 4(rm + 1)

2
∈ S(G) with multiplicity 1.

If R = [rij ] and S are two matrices then the tensor product of R and S is defined to be the

partitioned matrix [rijS] and is denoted by R ⊗ S. We shall prove some results to generalize

Theorem 3.2.1. We take a generalized star Sr,l and a graph Hv of order m (m > 1), with

a specified vertex v of degree m − 1. Let G[r, l, Hv] be the graph obtained by attaching a

copy of Hv to each but the central vertex of Sr,l, each at the vertex v of Hv. In this case

except 2l eigenvalues, we describe all other eigenvalues and eigenvectors of L(G[r, l, Hv]) using

the eigenvalues and eigenvectors of L(Sr,l) and L(Hv), respectively. To do this we need the

following lemma.

Lemma 3.2.2 Let Sr,l be a generalized star on rl + 1 vertices with central vertex w. Suppose

that S(Sr,l) = (0 = δ1, δ2, . . . , δrl+1). Then

δ2 = δ3 = · · · = δr,

δr+2 = δr+3 = · · · = δ2r,

...

δ(l−1)r+2 = δ(l−1)r+3 = · · · = δlr,

and the eigenvectors of L(Sr,l) corresponding to these eigenvalues have entry 0 corresponding

to the vertex w.

Proof: Let Pl be the path of order l. Assume that w is the first vertex of Sr,l. The square

matrix with (i, i)th entry equal to one and all other entries zero is denoted by Êi. With a

permutation similarity operation we can write

L(Sr,l) =




r −êT
1 · · · −êT

1

−ê1

... I ⊗ (L(Pl) + Ê1)

−ê1




.
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Suppose that the eigenvalues of the matrix L(Pl)+ Ê1 are β1, β2, . . . , βl. Since I⊗ (L(Pl)+ Ê1)

is a principal submatrix of L(Sr,l), by the interlacing properties of symmetric matrices, we have

δpr+2 = δpr+3 = · · · = δpr+r = βp+1, for p = 0, 1, 2, . . . , l − 1.

Suppose that Y1, Y2, . . . , Yl are eigenvectors of L(Pl) + Ê1 corresponding to the eigenvalues

β1, β2, . . . , βl, respectively. Then observe that for i = 1, 2, . . . , l,




0

Yi

−Yi

0
...

0




,




0

Yi

0

−Yi

...

0




, . . . ,




0

Yi

0

0
...

−Yi




,

are r− 1 linearly independent eigenvectors corresponding to the eigenvalue βi of L(Sr,l) having

entry 0 corresponding to the vertex w. Hence the proof.

As an immediate corollary we have the following result.

Corollary 3.2.3 Let Sr,l be a generalized star on rl + 1 vertices, r ≥ 2, with central vertex w.

Then a(Sr,l) is of multiplicity r − 1 and is independent of r.

Proof: Let S(Sr,l) = (0 = δ1, δ2, . . . , δrl+1). Let Y be a Fiedler vector of Sr,l. From Lemma

3.2.2, we have

C(G,Y ) = {w}.

Thus applying Theorem 1.2.9 of Chapter 1, multiplicity of a(Sr,l) is r − 1.

The following is one of our main results of this section.

Theorem 3.2.4 Let Sr,l be a generalized star on rl + 1 vertices with central vertex w. Let Hv

be a graph of order m (m > 1), with a specified vertex v of degree m− 1. Let G = G[r, l, Hv] be

the graph obtained by attaching a copy of Hv to each but the central vertex of Sr,l, each at the

vertex v of Hv. Suppose that S(Hv) = (0 = γ1, γ2, . . . , γm) and S(Sr,l) = (0 = δ1, δ2, . . . , δrl+1).

Then

(i) 0 ∈ S(G) with multiplicity 1,

(ii) γj ∈ S(G) with multiplicity rl for j = 2, . . . , m− 1 and
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(iii)
δi + m±

√
(δi + m)2 − 4δi

2
∈ S(G) with multiplicity r−1 for i = 2, r+2, . . . , (l−1)r+2.

Proof: Since the vertex v is of degree m− 1, Hv can be written as Hv = {v} ∨H, where H is

the graph obtained from Hv after deleting the vertex v and the edges incident to it. Thus the

Laplacian matrix of G is

L(G) =




L(Sr,l) +


 0 0T

0 (m− 1)I


 11T ⊗


 0T

−I




11⊗

 0T

−I




T

(L(H) + I)⊗ I




.

Suppose that 11 = Y1, Y2, . . . , Ym are eigenvectors of L(Hv) corresponding to the eigenvalues

γ1, γ2, . . . , γm, respectively. Since Hv = {v} ∨ H, using Theorem 3.1.1, we have γm = m and

Ym = 11−m ê1 (assuming v as the first vertex of Hv). Thus,

Yj(v) = 0, for j = 2, 3, . . . , m− 1.

Hence for j = 2, 3, . . . , m− 1,

 0

Yj ⊗ ê1


 , . . . ,


 0

Yj ⊗ êrl




are rl linearly independent eigenvectors corresponding to the eigenvalue γj of L(G).

Let η1 =
δi + m +

√
(δi + m)2 − 4δi

2
and η2 =

δi + m−
√

(δi + m)2 − 4δi

2
.

Suppose that Zi
1, Z

i
2, . . . , Z

i
r−1, are r − 1 linearly independent eigenvectors of L(Sr,l) corre-

sponding to the eigenvalue δi, where i = 2, r +2, . . . , (l− 1)r +2. Now Lemma 3.2.2 guarantees

that

Zi
t(w) = 0, for t = 1, 2, . . . , r − 1.
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Let for t = 1, 2, . . . , r−1, Zi
t be the vector obtained from Zi

t by deleting the entry corresponding

to the vertex w of Sr,l. Then observe that for t = 1, 2, . . . , r − 1,



Zi
t

1
1−ηs

Zi
t

...
1

1−ηs
Zi

t




are r − 1 linearly independent eigenvectors corresponding to the eigenvalue ηs of L(G), for

s = 1, 2. Also 0 is an eigenvalue of L(G) afforded by the eigenvector 11. Hence the proof.

Example 3.2.3 The tree G in Figure 3.3 is obtained by attaching a copy of K2 to each but the

central vertex of S4,2, each at one end vertex of K2. We know S(K2) = (0, 2). Using MATLAB,

w

Figure 3.3: G = G[4, 2,K2]

we obtain

S(S4,2) = (0, 0.3820, 0.3820, 0.3820, 1.6972, 2.6180, 2.6180, 2.6180, 5.3028)

and

S(G) = (0, 0.1729, 0.1729, 0.1729, 0.5737, 0.6617, 0.6617, 0.6617, 1.7875, 2.2091, 2.2091,

2.2091, 2.8769, 3.9563, 3.9563, 3.9563, 5.7619).

Note that except four Laplacian eigenvalues (which are underlined) all other Laplacian eigen-

values of G can be obtained from the Laplacian eigenvalues of K2 and S4,2, using Theorem

3.2.4.
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Now taking l = 1, Sr,l becomes the star Sr+1 and we obtain the following result as a corollary

of Theorem 3.2.4, whose proof is much similar to that of Theorem 3.2.4.

Corollary 3.2.5 Let Hv be a graph of order m (m > 1), with a specified vertex v of degree

m − 1. Let G = G[r,Hv] be the graph obtained by attaching a copy of Hv to each vertex of

degree 1 of Sr+1, each at the vertex v of Hv. Suppose that S(Hv) = (0 = γ1, γ2, . . . , γm). Then

(i) 0 ∈ S(G),

(ii) γj ∈ S(G) with multiplicity r for j = 2, . . . , m− 1,

(iii)
m + 1±

√
(m + 1)2 − 4
2

∈ S(G) with multiplicity r − 1 and

(iv)
r + m + 1±

√
(r + m + 1)2 − 4(rm + 1)

2
∈ S(G) with multiplicity 1.

Notice that Corollary 3.2.5 describes the complete Laplacian spectrum of G = G[r,Hv] using

the Laplacian spectrum of Hv, where Hv is any graph of order m with a specified vertex v of

degree m− 1 and generalizes Theorem 3.2.1.

Finally we consider a more general case. We take any two graphs F and Hv of orders

n and m (m > 1), respectively. Let v be a specified vertex of Hv and u1, . . . , uk be any

k (1 ≤ k ≤ n) arbitrarily chosen vertices in F . Let G = G[F, u1, . . . , uk,Hv] be the graph as

defined in Definition 3.2.1. Then except n + k eigenvalues, we describe all other eigenvalues of

L(G) using the eigenvalues of L(F ) and L(Hv), when v has degree m− 1. Moreover, we show

that the other n + k eigenvalues of L(G) are independent of the graph Hv. This is shown in

the following result.

Theorem 3.2.6 Let F and Hv be graphs of orders n and m (m > 1), respectively. Let v be

a specified vertex in Hv of degree m − 1 and u1, . . . , uk ∈ F . Let G = G[F, u1, . . . , uk,Hv] be

the graph as defined in Definition 3.2.1. Suppose that S(Hv) = (0 = γ1, γ2, . . . , γm). Then

γ2, . . . , γm−1 are eigenvalues of L(G), each of multiplicity k, and the other n + k eigenvalues of

L(G) are independent of the graph Hv.

Proof: Since v is of degree m− 1, Hv can be written as Hv = {v} ∨H, where H is the graph

obtained from Hv after deleting the vertex v and the edges incident to it. Let Sm, be the star

of order m with v as the central vertex. Without loss of generality let us assume that u1, . . . , uk

are the first k vertices of F . Thus with a permutation similarity operation we can write
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L(G[F, u1, . . . , uk,Sm]) =




L(F ) + (m− 1)


 I 0T

0 0





 I ⊗−11T

0




[
I ⊗−11 0

]
I


 .

Observe that the following are (m−2)k linearly independent eigenvectors of L(G[F, u1, . . . , uk,Sm])

corresponding to the eigenvalue 1.

U i
1 =




0

ê1 − êi

0
...

0




, U i
2 =




0

0

ê1 − êi

...

0




, . . . , U i
k =




0

0

0
...

ê1 − êi




,

for i = 2, 3, . . . , m− 1.

Let λ be an eigenvalue of L(G[F, u1, . . . , uk,Sm]) with an eigenvector

X =




X̂

Y1

Y2

...

Yk




orthogonal to the eigenvectors U i
1, U

i
2, . . . , U

i
k, for i = 2, 3, . . . , m− 1. Thus Yj = κj11, for some

scalar κj , j = 1, 2, . . . , k.

Also L(G[F, u1, . . . , uk,Sm])X = λX implies that

L(F )X̂ + (m− 1)




X̂(1)

X̂(2)
...

X̂(k)

0




−




Σm−1
i=1 Y1(i)

Σm−1
i=1 Y2(i)

...

Σm−1
i=1 Yk(i)

0




= λX̂ (3.4)

and 


−X̂(1)11

−X̂(2)11
...

−X̂(k)11




+




Y1

Y2

...

Yk




= λ




Y1

Y2

...

Yk




. (3.5)
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Note that,

L(G[F, u1, . . . , uk,Hv]) =




L(F ) + (m− 1)


 I 0T

0 0





 I ⊗−11T

0




[
I ⊗−11 0

]
I ⊗ (L(H) + I)


 .

Using Equations 3.4 and 3.5, we have

L(G[F, u1, . . . , uk,Hv])X

=




L(F )X̂ + (m− 1)




X̂(1)

X̂(2)
...

X̂(k)

0




−




Σm−1
i=1 Y1(i)

Σm−1
i=1 Y2(i)

...

Σm−1
i=1 Yk(i)

0







−X̂(1)11

−X̂(2)11
...

−X̂(k)11




+




L(H)Y1 + Y1

L(H)Y2 + Y2

...

L(H)Yk + Yk







= λ




X̂

Y1

Y2

...

Yk




,

as L(H)Yj = L(H)κj11 = 0, for j = 1, 2, . . . , k.

Thus, if λ is an eigenvalue of L(G[F, u1, . . . , uk,Sm]) afforded by an eigenvector X orthogonal

to the eigenvectors U i
1, U

i
2, . . . , U

i
k, for i = 2, 3, . . . , m − 1, then λ is also an eigenvalue of

L(G[F, u1, . . . , uk,Hv]) afforded by the same eigenvector X, for any graph Hv with a specified

vertex v of degree m− 1.

Also note that γ2, γ3, . . . , γm−1 are the remaining (m−2) eigenvalues of L(G[F, u1, . . . , uk,Hv]),

each of multiplicity k afforded by the eigenvectors

 0

êt ⊗ Z2


 ,


 0

êt ⊗ Z3


 , . . . ,


 0

êt ⊗ Zm−1


 , for t = 1, 2, . . . , k,

respectively, where Z2, Z3, . . . , Zm−1 are eigenvectors of L(H) corresponding to the eigenvalues

γ2 − 1, γ3 − 1, . . . , γm−1 − 1, respectively. Hence the proof.

Theorem 3.2.6 is illustrated by the following example.
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Example 3.2.4 Consider the graphs F,Hv of order 4, 5, respectively in Figure 3.4. The vertex

v of Hv has degree 4. G[F, u1, Hv] is the graph obtained by attaching one copy of Hv to the

vertex u1 of F at v. G[F, u1,S5] is the graph obtained by attaching one copy of S5 to the same

vertex of F at the central vertex of the star S5. It can be checked that S(F ) = (0, 2, 2, 4) and

S(Hv) = (0, 1.5858, 3, 4.4142, 5). Also

S(G[F, u1,S5]) = (0, 0.7029, 1, 1, 1, 2, 3.2132, 7.0839)

and

S(G[F, u1,Hv]) = (0, 0.7029, 1.5858, 2, 3, 3.2132, 4.4142, 7.0839).

F

u1

u1 u1

Hv

v

G[F, u1,S5] G[F, u1, Hv]

Figure 3.4: Graphs of F, Hv, G[F, u1,S5] and G[F, u1,Hv].

Notice that S(G[F, u1,Hv]) can be obtained from S(G[F, u1,S5]) and S(Hv) as described in

Theorem 3.2.6.

3.3 Some applications

In Example 3.2.4, notice that after replacing S5 by the graph Hv, the Laplacian spectral radius

of the resulting graph does not change. The following result tells that this is also true in general.

Proposition 3.3.1 Let F and Hv be graphs of orders n and m (m > 1), respectively. Let v

be a specified vertex in Hv of degree m − 1 and u1, . . . , uk ∈ F . Let G = G[F, u1, . . . , uk,Hv]

be the graph as defined in Definition 3.2.1. Then µ(G), the Laplacian spectral radius of G is

independent of the graph Hv.

Proof: Notice that G = G[F, u1, . . . , uk,Hv] contains a vertex of degree at least m + 1. Thus

by using Lemma 2.3.1 of Chapter 2,

µ(G) ≥ m + 2 > γm−1.
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This implies that µ(G) is one of the n+k eigenvalues of L(G) that are independent of the graph

Hv. Hence the proof.

As an immediate corollary we have the following result which has already been proved by

Guo in [36].

Corollary 3.3.2 Let G be a graph of order n. Let v1, v2, . . . , vp be p pendant vertices of G

adjacent to a common vertex v. Suppose that G∗ be the graph obtained from G by adding

t (1 ≤ t ≤ p(p−1)
2 ) edges arbitrarily, among the vertices v1, v2, . . . , vp. Then µ(G) = µ(G∗).

To get a more general result on Laplacian spectral radius we define the following graph

operation. Let F and H be two graphs on disjoint sets of m and n vertices, respectively. Define

F k[H] as the graph on m + n vertices obtained by joining some k, 1 ≤ k ≤ m vertices of F

to each and every vertex of H. Notice that this operation is a generalization of the operation

‘join’. Thus we call it as generalized join.

Example 3.3.1 Consider the graphs F and H = K2 in Figure 3.5. The graph F 3[H] obtained

by joining the 3 vertices, u1, u2, u3 of F to each and every vertex of H is also shown in the same

figure.

u1

u4 u2

u3

u5

v1

v2

u1

u4 u2

u3

u5

v1

v2

F H F 3[H]

Figure 3.5: Generalized join of two graphs

Note 3.3.3 If |V (F )| = m, |V (H)| = n, |E(F )| = q1, and |E(H)| = q2, then

|V (F k[H])| = m + n, and |E(F k[H])| = q1 + q2 + kn.

Theorem 3.3.4 Let F and H be graphs of orders m and n, respectively. Let G = F k[H] be

the graph obtained by joining some k, 1 ≤ k ≤ m vertices of F to each vertex of H. Suppose

that S(H) = (0 = γ1, γ2, . . . , γn). Then γ2 + k, . . . , γn + k are eigenvalues of L(G), each with

multiplicity 1, and the other m + 1 eigenvalues of L(G) are independent of the graph H.
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Proof: The proof is much similar to that of Theorem 3.2.6.

Proposition 3.3.5 Let F be a graph of order m and H be a graph of order n, n > 1. Let

G = F k[H] be the graph obtained by joining some k, 1 ≤ k ≤ m vertices of F to each vertex of

H. Then µ(G) is independent of the graph H.

Proof: Notice that F k[H] contains Kk,n as a subgraph. Thus µ(G) ≥ n + k. Thus µ(G) is

either n + k or one of the m + 1 eigenvalues of L(G) that are independent of the graph H.

Hence the proof.

The following result generalizes Corollary 3.3.2 and Corollary 2.3.3 of Chapter 2.

Corollary 3.3.6 Let G be a graph of order m. Let v1, v2, . . . , vp be p vertices in G such that

N(v1) = N(v2) = · · · = N(vp) 6= φ. Let G∗ be the graph obtained from G by adding t, 1 ≤ t ≤
p(p−1)

2 edges arbitrarily, among the vertices v1, v2, . . . , vp. Then µ(G) = µ(G∗).

Proof: Proof follows immediately from Proposition 3.3.5.
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Chapter 4

Graph products and the resulting

Laplacian spectra

4.1 Introduction

Let F and H be two graphs with disjoint vertex sets {u1, . . . , up1} and {v1, . . . , vp2}, respectively.

A graph product G of F and H is a new graph, whose vertex set V (G) = V (F ) × V (H), the

cartesian product of V (F ) and V (H). The adjacency of two distinct vertices (ui, vj), (ur, vs) ∈
V (G) is determined entirely by the adjacency (or equality or non adjacency) of ui and ur in F

and that of vj and vs in H. Thus we may define the vertices (ui, vj) and (ur, vs) to be adjacent

if some of the following 8 conditions are satisfied.

1. {ui, ur} ∈ E(F ) and vj = vs.

2. {ui, ur} /∈ E(F ) and vj = vs,

3. {ui, ur} ∈ E(F ) and {vj , vs} ∈ E(H),

4. {ui, ur} /∈ E(F ) and {vj , vs} ∈ E(H),

5. {ui, ur} ∈ E(F ) and {vj , vs} /∈ E(H),

6. {ui, ur} /∈ E(F ) and {vj , vs} /∈ E(H),

7. ui = ur and {vj , vs} ∈ E(H) and

8. ui = ur and {vj , vs} /∈ E(H).
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And in these 8 cases the adjacency of (ui, vj) and (ur, vs) can be defined to be either in product

graph of F and H or in its complement. Thus 28 = 256 different types of graph products can

be defined. The graphs obtained by taking products of two graphs are called as product graphs,

and the two graphs are called as factors. The most commonly used graph products, given by

conditions sufficient and necessary for adjacency, are listed in the following table.

Graph product name Symbol Definition

Graph cartesian product F¤H
(
ui = ur and {vj , vs} ∈ E(H)

)
or(

{ui, ur} ∈ E(F ) and vj = vs

)

Graph categorical product F ×H {ui, ur} ∈ E(F ) and {vj , vs} ∈ E(H)

Graph strong product F£H
(
ui = ur and {vj , vs} ∈ E(H)

)
or(

{ui, ur} ∈ E(F ) and vj = vs

)
or(

{ui, ur} ∈ E(F ) and {vj , vs} ∈ E(H)
)

Graph lexicographic product F [H]
(
{ui, ur} ∈ E(F )

)
or(

ui = ur and {vj , vs} ∈ E(H)
)

Note that the terminology is not quite standardized, for example the graph lexicographic

product is called as the composition in Harary [39].

The four products listed above are known as the standard graph products and have been

studied by many graph theorist. Imrich and Klavžar [43] have studied the graph products and

their structural properties more deeply and noticed that the four standard products are the

most relevant ones and the other products can be neglected. Note that, the four standard

products have a common property that: if we take the product of two simple graphs, then we

will get a simple graph. Also, all the four products are associative and except the lexicographic

product all the other three products are commutative.

Like the graph operations, graph products are also used in constructing many important

classes of graphs. Any graph invariant can be studied on graph products (see [43]). The standard

problem is that describing some properties of a graph invariant of a product graph when we

know the corresponding invariants of the factors. Investigation of the spectra/Laplacian spectra

of product graphs is also an interesting topic for researchers. Results describing the adjacency

matrix and its spectra (called ordinary spectra) of the product graphs can be found in Cvetković,

Doob and Sachs [17] and Imrich and Klavžar [43]. Results describing the Laplacian eigenvalues

and eigenvectors of cartesian product of graphs have already been derived (see Mohar [57]). In
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this chapter, we focus on the other three standard products, describe the Laplacian matrix of

product graphs in terms of the Laplacian matrices of the factors and investigate the Laplacian

spectra of these product graphs. We also supply some new results relating to the algebraic

connectivity of the cartesian product graph.

4.2 Graph cartesian product

The cartesian product F¤H of two graphs F and H is a graph with vertex set V (F ) × V (H)

where the adjacency of vertices is determined by the following rule: (ui, vj) and (ur, vs) are

adjacent if either
(
ui = ur and {vj , vs} ∈ E(H)

)
or

(
{ui, ur} ∈ E(F ) and vj = vs

)
. One may

also view F¤H as the graph obtained from F by replacing each of its vertices with a copy of H

and each of its edges with |V (H)| edges joining corresponding vertices of H in the two copies.

It is known that the graph F¤H is isomorphic to the graph F¤H.

Example 4.2.1 Let F = P2 and H = C3, the cycle of order 3. The graph F¤H, obtained by

taking cartesian product of F and H, is shown in Figure 4.1.

u1

u2

v1

v2 v3

(u1, v1)

(u1, v2) (u1, v3)

(u2, v1)

(u2, v2) (u2, v3)

F H F¤H

Figure 4.1: Cartesian product

Note 4.2.1 If |V (F )| = p1, |V (H)| = p2, |E(F )| = q1, and |E(H)| = q2, then

|V (F¤H)| = p1p2, and |E(F¤H)| = p1q2 + p2q1.

Cartesian product has been widely investigated and is arguably the most interesting one

among all products (see Mohar [57]). For example, by taking the n-fold cartesian product of

50
TH-374_02612303



K2 one can get the n-cube, Qn on 2n vertices. It is known that F¤H is connected if and only

if both the graphs F and H are connected (see [43]). Fiedler [25] has observed that

L(F¤H) = L(F )⊗ I + I ⊗ L(H). (4.1)

The next result which follows from (4.1), has been noted in that article (see also Merris [52]).

Theorem 4.2.2 (Fiedler [25]; Merris [52]) Let F and H be graphs with

S(F ) = (λ1, . . . , λp1) and S(H) = (µ1, . . . , µp2).

Then the eigenvalues of L(F¤H) are

λi + µj , 1 ≤ i ≤ p1, 1 ≤ k ≤ p2.

Moreover, if Xi is an eigenvector of L(F ) affording λi and Yj is an eigenvector of L(H) affording

µj, then Xi ⊗ Yj is an eigenvector of L(F¤H) affording λi + µj. In particular

a(F¤H) = min(a(F ), a(H)).

The next result which follows from Theorem 4.2.2, describes the characteristic set of the

cartesian product. It has some beautiful applications. If X is a Fiedler vector of a graph F ,

then by Ṽ (F, X) we denote the set of vertices involved in C(F, X) (these may be characteristic

vertices or end vertices of characteristic edges) and by Ẽ(F, X) we denote the set of edges

involved in C(F,X) (these are the characteristic edges). Let C̃(F, X) denote the graph with

vertex set Ṽ (F, X) and edge set Ẽ(F,X).

Theorem 4.2.3 Let F and H be graphs on vertices {u1, u2, . . . , up1} and {v1, v2, . . . , vp2}, re-

spectively. Let F ∗ be the graph obtained from F by deleting all edges and H∗ be the graph

obtained from H by deleting all edges. Then the following statements hold.

(a) If a(F ) = a(H), then a(F¤H) = a(F ) and the multiplicity of a(F¤H) is the sum of the

multiplicities of a(F ) and a(H). If X and Y are Fiedler vectors of F and H, respectively,

then 11⊗ Y and X ⊗ 11 are Fiedler vectors of F¤H. Furthermore,

C̃(F¤H, X ⊗ 11) = C̃(F, X)¤H∗.

Similarly

C̃(F¤H, 11⊗ Y ) = F ∗¤C̃(H, Y ).
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(b) If a(F ) < a(H), then a(F¤H) = a(F ) and the multiplicity of a(F¤H) is same as the

multiplicity of a(F ). If X is a Fiedler vector of F , then X ⊗ 11 is a Fiedler vector of

F¤H. Furthermore,

C̃(F¤H, X ⊗ 11) = C̃(F, X)¤H∗.

Proof: (a). If a(F ) = a(H), then using Theorem 4.2.2, we have a(F¤H) = a(F ) and the

multiplicity of a(F¤H) is the sum of the multiplicities of a(F ) and a(H). Also it follows from

Theorem 4.2.2 that if X and Y are Fiedler vectors of F and H, respectively, then 11 ⊗ Y and

X ⊗ 11 are Fiedler vectors of F¤H. Thus ui ∈ C̃(F, X) is a characteristic vertex if and only if

(ui, vj) ∈ C̃(F¤H, X ⊗ 11), j = 1, 2, . . . , p2, are characteristic vertices. Similarly, ui ∈ C̃(F, X)

is an end vertex of a characteristic edge if and only if (ui, vj) ∈ C̃(F¤H, X⊗11), j = 1, 2, . . . , p2,

are end vertices of characteristic edges.

Also {ui, uk} ∈ C̃(F,X) if and only if
{

(ui, vj), (uk, vj)
}
∈ C̃(F¤H, X⊗11), j = 1, 2, . . . , p2.

Thus, it follows that

C̃
(
F¤H, X ⊗ 11

)
= C̃(F,X)¤H∗.

The other equality may be proved similarly. Proof of (b) is similar to (a).

We now give an illustration of Theorem 4.2.3 (a).

Example 4.2.2 Consider the path P3 with vertex set {u1, u2, u3} and the cycle C6 with ver-

tex set {v1, v2, v3, v4, v5, v6}. Note that S(P3) = (0, 1, 3) and X = (−1, 0, 1)T is a Fiedler

vector of P3. Hence C̃(P3, X) is the graph with vertex set {u2} and no edges. Note also

that S(C6) = (0, 1, 1, 3, 3, 4). Two linearly independent Fiedler vectors of C6 are given by

Y1 = (0, 1, 1, 0,−1,−1)T and Y2 = (1, 1, 0,−1,−1, 0)T . Hence

C̃(C6, Y1) = ({u1, u4}, ∅) , and C̃(C6, Y2) = ({u3, u6}, ∅) .

By Theorem 4.2.3, we see that a(P3¤C6) = 1 and the multiplicity of a(P3¤C6) is 3. By the

...............

....
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....
....
.....................

...................
....

....
....

....

...

...

...

...
−1

−1

−1

−1

−1

−1

0

0

0

0

0

0

1

1

1

1

1

1

Figure 4.2: C(P3¤C6, X ⊗ 11)
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same theorem the vectors X ⊗ 11, 11 ⊗ Y1 and 11 ⊗ Y2 are three linearly independent Fiedler

vectors of P3¤C6. Observe that

X ⊗ 11 =
[
−1 −1 −1 −1 −1 −1 0 0 0 0 0 0 1 1 1 1 1 1

]T
,

so that C̃(P3¤C6, X ⊗ 11) is the graph with vertices {(u2, vi) : i = 1, . . . , 6} and no edges. It

can be seen (in Figure 4.2) that

C̃(P3¤C6, X ⊗ 11) = C̃(P3, X)¤C∗
6 .

Similarly, the vector

11⊗ Y1 =
[

0 1 1 0 −1 −1 0 1 1 0 −1 −1 0 1 1 0 −1 −1
]T

,

so that

C̃(P3¤C6, 11⊗ Y1) = P ∗
3 ¤C̃(C6, Y1),

which is shown in Figure 4.3. The characteristic set C(P3¤C6, 11⊗Y2) has a similar description.

.........................................................

.........................................................

.....................................................

.....................................................
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0

1

1

0−1

−1

0

1

1

0

−1

−1

0

1

1

Figure 4.3: C(P3¤C6, 11⊗ Y1)

The occurrence of Theorem 4.2.3 (b) is illustrated in Example 4.2.2.

As a straightforward application of Theorem 4.2.3 we have the following result describing

the case of simple algebraic connectivity of cartesian product.

Corollary 4.2.4 Let F and H be two graphs. Then a(F¤H) is simple if and only if either

a(F ) < a(H) and a(F ) is simple or a(H) < a(F ) and a(H) is simple. In the former case the

characteristic set of F¤H is the cartesian product of the characteristic set of F with the graph

H. In the latter case the characteristic set of F¤H is the cartesian product of the graph F with

the characteristic set of H.

Proof: Proof follows immediately from Theorem 4.2.3.
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As an immediate application we see that the ladder of length at least 2 has a simple algebraic

connectivity. Furthermore, we have a description of the Fiedler vector and the characteristic

set of this graph (see Corollary 4.2.5). Let us give an example for motivation.

Example 4.2.3 Consider the two ladders of length 3 and 4 in Figure 4.4. Note that a(G1) =

0.5858 = a(P4), and Z1 = (0.6533, 0.6533, 0.2706, 0.2706,−0.2706,−0.2706,−0.6533,−0.6533)T

is a Fiedler vector vector of G1. Hence C(G1, Z1) =
{
{u3, u5}, {u4, u6}

}
. Also a(G2) = 0.382 =

a(P5), and Z2 = (−0.6015,−0.6015,−0.3717,−0.3717, 0, 0, 0.3717, 0.3717, 0.6015, 0.6015)T is a

Fiedler vector of G2. Thus, C(G2, Z2) = {v5, v6}. A complete description of these two Fiedler

vectors is given in Figure 4.4.

G1 = P4¤P2

−0.6015 −0.3717 0 0.3717 0.6015

−0.6015 −0.3717 0 0.3717 0.6015

v1 v3 v5 v7 v9

v2 v4 v6 v8 v10

0.6533 0.2706 −0.2706 −0.6533

0.6533 0.2706 −0.2706 −0.6533

u1 u3 u5 u7

u2 u4 u6 u8

G2 = P5¤P2

Figure 4.4:

Corollary 4.2.5 Let G = Pk+1¤P2, be a ladder of length k (k ≥ 2) and vertex set {1, 2, . . . , 2k}.
Then

(i) a(G) is simple.

(ii) If X is a Fiedler vector of Pk+1, then X ⊗ 11 a Fiedler vector of G.

(iii) If k is even, then the characteristic set of G consists of two zero vertices, k
2 + 1, k

2 + 2

only.

(iv) If k is odd, then the characteristic set of G consists of exactly two edges, {k+1
2 , k+1

2 +

2}, {k+1
2 + 1, k+1

2 + 3}.

Proof: Since a(Pk+1) < a(P2) for k ≥ 3, using Corollary 4.2.4 we have that a(G) = a(Pk+1)

and that a(G) is simple. Proofs of (ii), (iii) and (iv) also follow from Corollary 4.2.4 easily.
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+ 2

k+1
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k is oddk is even

2k − 1

2k

Figure 4.5: Ladder of length k

Consider the graph G2 in Figure 4.4. Observe that the entries of the Fiedler vector have

certain monotonicity property. For example, the entries increase along [v6, v8, v10] and decrease

along [v6, v4, v2]. In general a Fiedler vector of T¤H may not have such a property, where T

is a tree and H is any graph. The following result gives a sufficient condition for the Fiedler

vector of T¤H to have the monotonicity property. Let H be a subgraph of a connected graph

G and v ∈ G be a vertex. Then by d(H, v) we denote the minimum length of a path from a

vertex of H to v. In particular, d(H, v) = 0 if and only if v ∈ H.

Theorem 4.2.6 Let T be a tree with simple algebraic connectivity and H be a graph such that

a(H) > a(T ). Let Z be a Fiedler vector of G = T¤H and C = C(G,Z). Let P = [v =

v0, v1, . . . , vk] be a path in G such that d(C, vi+1) > d(C, vi), i = 0, 1, . . . , k− 1 with d(C, v) = 0.

Then the entries of Z monotonically increase (monotonically decrease / identically zero) along

P if v is positive (negative / zero).

Proof: Let T be on vertices u1, . . . , un and H be on vertices x1, . . . , xm. Let Y be a Fiedler

vector of T . It is known that |C(T, Y )| = 1 and C(T, Y ) is either an edge or a singleton

vertex. Assume first that C(T, Y ) = {{u1, u2}} and Y (u1) > 0. By Theorem 4.2.3, the vector

Z = Y ⊗ 11 is a Fiedler vector of G and

C = C(G,Z) =
{
{(u1, xi), (u2, xi)} : i = 1, . . . , m

}
.

Thus the point v is a point from the set {(u1, xi), (u2, xi)}, say v = v0 = (u1, x5). Since vi

satisfy d(C, vi+1) > d(C, vi), it follows that vi = (uri , x5), where P ′ = [u1, ur1 , ur2 , . . . , urk
] is a

path in T which starts at u1 and does not pass through u2. Thus by Fiedler’s monotonicity

theorem the entries of Y increase along P ′. But by Theorem 4.2.3 we know that Z(v) = Y (u1)

and Z(vi) = Y (uri), for i = 1, . . . , k. Thus we are done in this case.

The proof is similar in the case when C(T, Y ) is a single vertex.

As another application we have the following result showing the construction of an infinite

class of graphs with nonisomorphic Perron branches, whose characteristic set consists of vertices
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only.

Theorem 4.2.7 Let T be a Type I tree with nonisomorphic Perron branches and H be any

graph such that a(T ) < a(H). Let G1 = T¤H and for k = 2, 3, . . . define Gk = Gk−1¤H. Then

the class consisting of Gk, k = 1, 2, . . . is an infinite class of graphs with nonisomorphic Perron

branches, whose characteristic set consists of vertices only.

Proof: Let Y be a Fiedler vector of T and C(T, Y ) = {v}. Let G1 = T¤H. Since

a(T ) < a(H), using Theorem 4.2.3, a(G1) = a(T ) and Y1 = Y ⊗ 11 is a Fiedler vector of G1.

Thus C(G1, Y1) consists of vertices only. Note that G1 is a graph with nonisomorphic Perron

branches.

Put G2 = G1¤H. Now as a(G1) = a(T ) < a(H), again by using Theorem 4.2.3, a(G2) = a(T )

and Y2 = Y1 ⊗ 11 is a Fiedler vector of G. Thus C(G2, Y2) consists of vertices only and G2 is

also a graph with nonisomorphic perron branches.

Now for k = 2, 3, . . . define Gk = Gk−1¤H and Yk = Yk−1 ⊗ 11. Then in a similar argument

as above we can prove that for each k, k = 1, 2, . . ., C(Gk, Yk) consists of vertices only and Gk

is a graph with nonisomorphic perron branches.

Thus using Theorem 1.2.1 we have the result.

Our next result is a direct application of Theorem 4.2.2. It describes the construction of a

new Laplacian integral graph from the known ones.

Corollary 4.2.8 Let F and H be two graphs on disjoint vertex sets. Then F¤H is Laplacian

integral if and only if both F and H are Laplacian integral.

Proof: If F and H are Laplacian integral, then by Theorem 4.2.2, F¤H is also Laplacian

integral.

Conversely, suppose F¤H is Laplacian integral, but F is not Laplacian integral. Let λ ∈
S(F ) and λ is not an integer. Now using Theorem 4.2.2, λ ∈ S(F¤H), implies λ is an integer,

which is a contradiction. Hence the proof is complete.

4.3 Graph categorical product

The categorical product F ×H of two graphs F and H is the product of F and H where the

adjacency is determined by the following rule: (ui, vj) and (ur, vs) are adjacent in F × H if(
{ui, ur} ∈ E(F )

)
and

(
{vj , vs} ∈ E(H)

)
.
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Note that an edge e = {ui, ur} ∈ F and an edge e′ = {vj , vs} ∈ H give rise to two edges{
(ui, vj), (ur, vs)

}
,
{

(ui, vs), (ur, vj)
}
∈ F ×H. Thus |E(F ×H)| = 2|E(F )||E(H)|.

Example 4.3.1 Let F = P2 and H = P4. The graph F ×H, obtained by taking categorical

product of F and H, is shown in Figure 4.6.

u1 u2 v1 v2 v3 v4

F H

F ×H

(u1, v1) (u1, v2) (u1, v3) (u1, v4)

(u2, v1) (u2, v2) (u2, v3) (u2, v4)

Figure 4.6: Categorical product

The following result describes the Laplacian matrix of F × H in terms of the Laplacian

matrices of F and H.

Proposition 4.3.1 Let F and H be two graphs on p1 and p2 vertices, respectively. Then the

Laplacian matrix of F ×H is:

L(F ×H) = D(F )⊗ L(H) + L(F )⊗D(H)− L(F )⊗ L(H). (4.2)

Proof: Let F be on vertices {u1, u2, . . . , up1} and H be on vertices {v1, v2, . . . , vp2}. Hence

F ×H is a graph on vertices {(ui, vj) | i = 1, 2, . . . , p1; j = 1, 2, . . . , p2}. From the definition

of graph categorical product, the adjacency matrix of F ×H is A(F ×H) = [apqrs], where for

p = 1, 2, . . . , p1, q = 1, 2, . . . , p2, r = 1, 2, . . . , p1 and s = 1, 2, . . . , p2,

apqrs =





1, if {up, ur} ∈ F and {vq, vs} ∈ H,

0, otherwise.
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Thus, A(F ×H) is the partitioned matrix



B11 B12 · · · B1p1

B21 B22 · · · B2p1

...
...

. . .
...

Bp11 Bp12 · · · Bp1p1




,

where for i = 1, 2, . . . , p1 and j = 1, 2, . . . , p1,

Bij =





A(H), if {ui, uj} ∈ F ,

0, otherwise.

Note that in the above matrix the ordering of the rows and columns is done as

(u1, v1), (u1, v2), . . . , (u1, vp2), . . . , (up1 , v1), (up1 , v2), . . . , (up1 , vp2).

It follows that

A(F ×H) = A(F )⊗A(H) and D(F ×H) = D(F )⊗D(H).

Thus,

L(F ×H) = D(F )⊗D(H)−A(F )⊗A(H)

= D(F )⊗D(H)− (D(F )− L(F ))⊗ (D(H)− L(H))

= D(F )⊗ L(H) + L(F )⊗D(H)− L(F )⊗ L(H),

as required.

Recall that the cartesian product of two connected graphs is always a connected graph. But

this is not true for the categorical product. One can see Example 4.3.1. Let F and H be two

connected graphs. The following result gives a necessary and sufficient condition for F ×H to

be connected.

Theorem 4.3.2 (Imrich and Klavžar [43]) Let F and H be graphs with at least one edge. Then

F ×H is connected if and only if both F and H are connected and at least one of them is non-

bipartite. Further more, if both F and H are connected and bipartite, then F ×H has exactly

two connected components.

The following is an immediate corollary.
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Corollary 4.3.3 Let F and H be connected graphs of order p1 and p2, respectively. Then

a(F ×H) = 0 if and only if both F and H are bipartite.

Proof: Proof is immediate from Theorem 4.3.2.

Let us consider the following pair of graphs taken from van Dam and Haemers [66]. Graphs

F1 and F2 shown in Figure 4.7 are nonisomorphic, as one is bipartite and the other is not. They

have the same Laplacian spectrum, as their Laplacian matrices have the same characteristic

polynomial

C(F1;x) = C(F2; x) = x6 − 14x5 + 73x4 − 176x3 + 192x2 − 72x.

F1 F2

Figure 4.7: A pair of Laplacian cospectral graphs

In view of the previous corollary we see that a(F1 × P2) = 0 and a(F2 × P2) 6= 0. Thus we

see that the complete characterization of the Laplacian spectrum of F ×H is not possible using

only the Laplacian spectra of F and H, in general. The following result describes a case where

it can be.

Theorem 4.3.4 Let F and H be connected regular graphs on p1 and p2 vertices and of regulari-

ties r (1 ≤ r ≤ p1−1) and s (1 ≤ s ≤ p2−1), respectively. Suppose that S(F ) = (λ1, λ2, . . . , λp1)

and S(H) = (µ1, µ2, . . . , µp2). Then

rµj + λis− λiµj ∈ S(F ×H), for i = 1, . . . , p1, j = 1, . . . , p2.

Proof: Suppose that Xi and Yj are eigenvectors of L(F ) and L(H), affording the eigenvalues

λi and µj , respectively. That is, L(F )Xi = λiXi, Xi 6= 0, and L(H)Yj = µjYj , Yj 6= 0. Thus

using Proposition 4.3.1, we have

L(F ×H)(Xi ⊗ Yj) =
(
D(F )⊗ L(H) + L(F )⊗D(H)− L(F )⊗ L(H)

)
(Xi ⊗ Yj)
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= (rI ⊗ L(H))(Xi ⊗ Yj) + (L(F )⊗ sI)(Xi ⊗ Yj)

−(L(F )⊗ L(H))(Xi ⊗ Yj)

= rXi ⊗ µjYj + λiXi ⊗ sYj − λiXi ⊗ µjYj

= (rµj + λis− λiµj)(Xi ⊗ Yj).

Hence the proof is complete.

In the case when at least one of the two graphs F and H is regular one can describe some

of the Laplacian eigenvalues of F ×H using that of F and H. The following result tells that.

Proposition 4.3.5 Let F be a regular graph on m vertices with regularity r and H be any

graph on n vertices. Suppose that S(H) = (µ1, . . . , µn). Then

rµj ∈ S(F ×H) for j = 1, 2 . . . , n.

Proof: Let Yj be an eigenvector of L(H) corresponding to the eigenvalue µj for j = 1, 2 . . . , n.

By using Proposition 4.3.1

L(F ×H) = D(F )⊗ L(H) + L(F )⊗D(H)− L(F )⊗ L(H)

= rIm ⊗ L(H) + L(F )⊗D(H)− L(F )⊗ L(H).

Thus rµj is an eigenvalue of L(F ×H) afforded by the eigenvector 11⊗Yj for j = 1, . . . , n.

The following is an immediate corollary.

Corollary 4.3.6 Let F be a regular graph on m vertices with regularity r and H be any graph

on n vertices. If F ×H is Laplacian integral, then H is Laplacian integral.

Proof: Proof follows directly from Proposition 4.3.5.

In general the categorical product of two Laplacian integral graphs is not necessarily Lapla-

cian integral. For example, consider the graphs F = K3 and H = P3 (See Figure 4.8). We

know that S(K3) = (0, 3, 3) and S(P3) = (0, 1, 3). Thus both F and H are Laplacian integral.

But it can be checked that S(F ×H) = (0, 1.2679, 1.2679, 2, 2, 2, 4.7321, 4.7321, 6).

The following result shows that Kn × P3, n ≥ 3, is not Laplacian integral though Kn and

P3 are Laplacian integral graphs. Notice that in this result we have determined the complete

Laplacian spectrum of Kn × P3, though P3 is not regular. Note also that the graphs Kn × P3

have all but two Laplacian eigenvalues integral.
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1 2 3

4
5

6

7 8 9

Figure 4.8: The graph of K3 × P3

Theorem 4.3.7 Let F = Kn, n ≥ 3 and H = P3. Then

(i) 0 ∈ S(Kn × P3) with multiplicity 1,

(ii) 3n− 3 ∈ S(Kn × P3) with multiplicity 1,

(iii)
3n− 3 +

√
n2 − 2n + 9
2

∈ S(Kn × P3) with multiplicity n− 1,

(iv)
3n− 3−√n2 − 2n + 9

2
∈ S(Kn × P3) with multiplicity n− 1, and

(v) n− 1 ∈ S(Kn × P3) with multiplicity n.

In particular, F ×H is not Laplacian integral.

Proof: Let G = Kn × P3, n ≥ 3. Note that S(Kn) = (0, n, . . . , n), S(P3) = (0, 1, 3) and G is

of regularity n − 1. Thus, applying Proposition 4.3.5, 0, n − 1 and 3n − 3 ∈ S(G). By using

Proposition 4.3.1, we have

L(G) =




L̂1 L̂2 L̂2 · · · L̂2

L̂2 L̂1 L̂2 · · · L̂2

L̂2 L̂2 L̂1 · · · L̂2

...
...

. . .
...

...

L̂2 L̂2 · · · L̂2 L̂1




,

where

L̂1 =




n− 1 0 0

0 2n− 2 0

0 0 n− 1


 and L̂2 =




0 −1 0

−1 0 −1

0 −1 0


 .
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Observe that if λ is an eigenvalue of L̂1 + L̂2 afforded by the eigenvector X, then



X

X

0
...

0




,




X

0

X
...

0




, · · · ,




X

0

0
...

X




are n− 1 linearly independent eigenvectors corresponding to the eigenvalue λ of L(G).

By simple calculation it can be obtained that the eigenvalues of L̂1 + L̂2 are

η1 =
3n− 3 +

√
n2 − 2n + 9
2

, η2 =
3n− 3−√n2 − 2n + 9

2
and η3 = n− 1.

It is easy to show that
√

n2 − 2n + 9 is not an integer. Suppose that
√

n2 − 2n + 9 = k,

where k is an integer. Thus, n2 − 2n + 9 = k2, which implies that (k + n− 1)[k − (n− 1)] = 8.

Thus we have the following two cases:

(i) k + n− 1 = 4 and k − (n− 1) = 2

(ii) k + n− 1 = 8 and k − (n− 1) = 1.

If case (i) holds, then we have k = 3 and n = 2, which is not possible as n ≥ 3. If case (ii)

holds, then k = 4.5 = n, which is also not possible.

Thus
√

n2 − 2n + 9 is not an integer. And hence both η1 and η2 are not integers.

It is natural to wonder whether we can have classes of graphs on which Laplacian integrality

of F and H is equivalent to Laplacian integrality of F ×H. The following result supplies such

a class.

Corollary 4.3.8 Let F and H be two regular graphs of regularity r and s, respectively. Then

F ×H is Laplacian integral if and only if both F and H are Laplacian integral .

Proof: Follows easily from Theorem 4.3.4.

Another interesting problem is the following. Suppose that the graphs F and H are Laplacian

integral. Can we give a necessary and sufficient condition on F and H so that F×H is Laplacian

integral. By Corollary 4.3.8, the condition that F and H are regular is clearly sufficient. It is

not necessary as can be seen in the following example.
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Figure 4.9: Categorical product of P3 with itself

Example 4.3.2 Let us take F = H = P3. Then both F and H are nonregular Laplacian

integral graphs. The product F ×H is shown in Figure 4.9. Observe that F ×H = C4 + S5

(see Figure 4.9). Thus S(F × H) = (0, 0, 1, 1, 1, 2, 2, 4, 5) and hence F × H is also Laplacian

integral.

Let F and H be two graphs and G = F ×H. The following result gives an upper bound for

the algebraic connectivity of G.

Proposition 4.3.9 Let F and H be two graphs and G = F ×H. Then

a(G) ≤ ∆(F )∆(H) +
(
∆(F )− µ(F )

)(
µ(H)−∆(H)

)
. (4.3)

Proof: By Proposition 4.3.1, we know that L(G) = D(F )⊗L(H)+L(F )⊗D(H)−L(F )⊗L(H).

Let X and Y be eigenvectors of L(F ) and L(H) corresponding to the eigenvalues µ(F ) and

µ(H), respectively. Let Z = X × Y . Note that Z ⊥ 11. Thus

a(G) ≤ ZT L(G)Z

= ZT (D(F )⊗ L(H))Z + ZT (L(F )⊗D(H))Z − ZT (L(F )⊗ L(H))Z

≤ ∆(F )µ(H) + µ(F )∆(H)− µ(F )µ(H)

= ∆(F )∆(H) + (∆(F )− µ(F ))(µ(H)−∆(H)).

Hence the proof.

The following well-known [25] result describes the Laplacian spectrum of a cycle and has

been used later.

Theorem 4.3.10 (Fiedler [25]) Let Cn be the cycle of order n. Then

S(Cn) =
(

0, 2
(

1− cos
2(n− 1)π

n

)
, 2

(
1− cos

2(n− 2)π
n

)
, . . . , 2

(
1− cos

4π

n

))
.
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The bound given in Proposition 4.3.9 is tight, as the equality holds in the case where F = C2m

and H = C2n, m,n ≥ 2. Indeed, as F and H are bipartite, we have by Theorem 4.3.2,

a(F × H) = 0. On the other hand it is well known that µ(Cn) = 4, for n ≥ 4 (comes from

Theorem 4.3.10). Thus

∆(F )∆(H) +
(
∆(F )− µ(F )

)(
µ(H)−∆(H)

)
= 4 + (−2)(−2) = 0.

A natural problem is to characterise the class of graphs attaining the bound in Proposition

4.3.9. The following result supplies an answer in a special case.

Theorem 4.3.11 Let F = C2n, n ≥ 2, and H be bipartite connected graphs. Then the equality

holds in (4.3) if and only if H is regular.

Proof: As F and H are bipartite a(F ×H) = 0. Thus the equality holds in (4.3) if and only if

µ(H) = 2∆(H). Suppose first that µ(H) = 2∆(H). Anderson and Morley [2] has proved that

µ(G′) ≤ max
{

d(u) + d(v) : {u, v} ∈ E(G′)
}

,

for any graph G′ and the equality holds if and only if G′ is a bipartite semiregular graph. As

µ(H) ≤ max
{

d(u) + d(v) : {u, v} ∈ E(H)
}
≤ 2∆(H) = µ(H),

we see that H is semiregular. Further, as d(u) + d(v) = 2∆(H) for some edge {u, v} ∈ E(H),

we see that H is regular. Conversely, if H is regular, then again by the result of Anderson and

Morley µ(H) = 2∆(H) and thus the equality in (4.3) holds.

4.4 Graph strong product

The strong product F£H of two graphs F and H is a graph where the adjacency is determined

by the following rule: (ui, vj) and (ur, vs) are adjacent in F£H if either
(
ui = ur and {vj , vs} ∈

E(H)
)

or
(
{ui, ur} ∈ E(F ) and vj = vs

)
or

(
{ui, ur} ∈ E(F ) and {vj , vs} ∈ E(H)

)
.

u1 u2 v1 v2 v3 v4

F H

Example 4.4.1 Let F = P2, the path of order 2 and H = P4, the path of order 4. The graph

F£H, obtained by taking strong product of F and H, is shown in Figure 4.10.
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(u1, v1) (u1, v2) (u1, v3) (u1, v4)

(u2, v1) (u2, v2) (u2, v3) (u2, v4)

F£H

Figure 4.10: Strong product

Observe that A(F£H) = A(F¤H) + A(×H) and hence E(F£H)) = E(F¤H) + E(F ×H).

Thus, if |V (F )| = p1, |V (H)| = p2, |E(F )| = q1 and |E(H)| = q2, then |E(F£H)| = p1q2 +

p2q1 + 2q1q2. Thus we have the following result.

Proposition 4.4.1 Let F and H be two graphs.Then

L(F£H) = L(F¤H) + L(F ×H). (4.4)

Proof: The proof follows from the definition of strong product, cartesian product, categorical

product, Equation (4.1) and Proposition 4.3.1.

In general, the complete description of the Laplacian spectrum of F£H cannot be obtained

only from the Laplacian spectra of F and H. This is clear from the following example.

Example 4.4.2 Consider the pair of graphs F1 and F2 shown in Figure 4.7. It has already

been mentioned that they are nonisomorphic and they have the same Laplacian spectrum. It

is easy to check that

S(F1£P2) = (0, 1.5279, 4, 6, 6, 6, 6, 6, 6, 6, 10, 10.4721)

and

S(F2£P2) = (0, 1.5279, 4, 4, 6, 6, 6, 6, 8, 8, 8, 10.4721).

Thus F1£P2 and F2£P2 have different Laplacian spectra.

The following result describes the complete Laplacian spectrum of F£H using the Laplacian

spectra of F and H in the case both F and G are regular.

Theorem 4.4.2 Let F and H be connected regular graphs on p1 and p2 vertices and of regular-

ities r and s, respectively. Suppose that S(F ) = (λ1, λ2, . . . , λp1) and S(H) = (µ1, µ2, . . . , µp2).

Then

λi(1 + s) + µj(1 + r)− λiµj ∈ S(F£H), for i = 1, . . . , p1, j = 1, . . . , p2.

65
TH-374_02612303



Proof: Let Xi and Yj be eigenvectors of L(F ) and L(H), affording the eigenvalues λi and

µj , respectively. That is, L(F )Xi = λiXi, Xi 6= 0, and L(H)Yj = µYj , Yj 6= 0. Thus using

Proposition 4.4.1, Equation 4.1 and Theorem 4.3.4, we have

L(F£H)(Xi ⊗ Yj) = L(F¤H)(Xi ⊗ Yj) + L(F ×H)(Xi ⊗ Yj)

= (λi + µj)(Xi ⊗ Yj) + (rµj + λis− λiµj)(Xi ⊗ Yj)

= (λi + µj + rµj + λis− λiµj)(Xi ⊗ Yj).

Hence the proof.

The following is an immediate consequence of Theorem 4.4.2.

Corollary 4.4.3 Let F and H are two regular graphs of regularity r and s, respectively. Then

F£H is Laplacian integral if and only if both F and H are Laplacian integral.

Proof: Follows easily from Theorem 4.4.2.

But in general the strong product of two Laplacian integral graphs does not give a Laplacian

integral graph. For example take the Laplacian integral graph P3. We know that S(P3) =

(0, 1, 3) and hence P3 is Laplacian integral. It can be proved by a similar argument as in

Theorem 4.3.7 that the graph P3£P3 is not Laplacian integral.

1 2 3

4
5

6

7 8 9

Figure 4.11: Strong product of P3 with itself

Theorem 4.4.4 P3£P3 is not Laplacian integral.

Proof: Observe that

L(G) =




L̂1 L̂2 0

L̂2 L̂3 L̂2

0 L̂2 L̂1


 ,
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where

L̂1 =




3 −1 0

−1 5 −1

0 −1 3


 , L̂2 =



−1 −1 0

−1 −1 −1

0 −1 −1


 and L̂3 =




5 −1 0

−1 8 −1

0 −1 5


 .

Thus if λ is an eigenvalue of L̂1 with corresponding eigenvector X, then λ is an eigenvalue of

L(G) with corresponding eigenvector




X

0

−X


. Let

B1 =




3 −1 0

−1 4 −1

0 −1 3


 and B2 =




3 −1 0

−1 5 −1

0 −1 3


 .

Note thatB1, B2 and L̂1 are M -matrices and B−1
2 is entrywise dominated by L̂−1

1 and L̂−1
1 is

entrywise dominated by B−1
1 . Thus, using Perron-Frobenius theory

τ(B1) < τ(L̂1) < τ(B2).

But τ(B1) = 2 and τ(B2) = 3. Thus 2 < τ(L̂1) < 3 and so τ(L̂1) is not an integer. Since τ(L̂1)

is also an eigenvalue of L(G), G is not Laplacian integral.

4.5 Graph lexicographic product

Let F and H be two graphs on vertex sets {u1, u2, . . . , up1} and {v1, v2, . . . , vp2}, respectively.

The lexicographic product F [H] of F and H is the product of F and H where the adjacency is

determined by the following rule: (ui, vj) and (ur, vs) are adjacent in F [H] if either
(
{ui, uj} ∈

E(F )
)

or
(
ui = ur and {vj , vs} ∈ E(H)

)
. Note that, the lexicographic product of F and H

can be obtained from F by substituting a copy Hui (say), of H for every vertex ui of F and by

joining all vertices of Hui with all vertices of Hur if {ui, ur} ∈ E(F ). Thus it is also known as

composition or substitution (see [38, 41]).

Note 4.5.1 If |V (F )| = p1, |V (H)| = p2, |E(F )| = q1, and |E(H)| = q2, then

|V (F [H])| = p1p2 = |V (H[F ])|, |E(F [H])| = p1q2 + p2
2q1 and |E(H[F ])| = p2q1 + p2

1q2.
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(u1, v1) (u1, v2)

(u2, v1)

(u2, v2)

(u3, v1) (u3, v2)

(v1, u1)

(v1, u2)

(v1, u3)

(v2, u1)

(v2, u2)

(v2, u3)

u1

u2

u3

v1 v2F : H :

F [H] H[F ]

Figure 4.12: Lexicographic product

Example 4.5.1 Let F = C3, the cycle of order 3 and H = K2. The graph F [H], obtained by

taking lexicographic product of F and H, is shown in Figure 4.12. Notice that F [H] ∼= H[F ] ∼=
K6.

From the definition of lexicographic product it follows that: Let F and H be two nontrivial

graphs with at least two vertices. Then F [H] is connected if and only if F is connected. Thus

F [H] � H[F ] whenever one of F or H is disconnected. Even in the case both the factors are

connected, it need not commute. For example, Consider F = K2 and H = P3. F [H] has 13

edges but H[F ] has only 11 edges. In [43], Imrich and Klavžar have characterized the cases

when the lexicographic product commutes.

The following result describes the Laplacian matrix of F [H] using the Laplacian matrices of

F and H.

Proposition 4.5.2 Let F and H be graphs on p1 and p2 vertices, respectively. Then

L(F [H]) = L(F¤H) + L(F )⊗ (J − I) + D(F )⊗ L(Kp2). (4.5)
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Proof: Let F be on vertices {u1, u2, . . . , up1} and H be on vertices {v1, v2, . . . , vp2}. Thus

F [H] is a graph on vertices {(ui, vj) | i = 1, 2, . . . , p1, j = 1, 2, . . . , p2}. From the definition

of graph lexicographic product, the adjacency matrix of F [H] is A(F [H]) = [apqrs], where for

p = 1, 2, . . . , p1, q = 1, 2, . . . , p2, r = 1, 2, . . . , p1 and s = 1, 2, . . . , p2,

apqrs =





1, if p = r, q 6= s and {vq, vs} ∈ E(H),

0, if p = r, q 6= s and {vq, vs} /∈ E(H),

1, if p 6= r and {up, ur} ∈ E(F ),

0, if p 6= r and {up, ur} /∈ E(F ),

0, otherwise.

Thus A(F [H]) is the partitioned matrix



A(H) B12 · · · B1p1

B21 A(H) · · · B2p1

...
...

. . .
...

Bp11 Bp12 · · · A(H)




,

where for i = 1, 2, . . . , p1, j = 1, 2, . . . , p1 and i 6= j,

Bij =





J, if {ui, uj} ∈ E(F ),

0, otherwise.

Note that the ordering of the rows and columns of the matrix A(F [H]) is done as

(u1, v1), (u1, v2), . . . , (u1, vp2), . . . , (up1 , v1), (up1 , v2), . . . , (up1 , vp2).

It follows that

A(F [H]) = I ⊗A(H) + A(F )⊗ J and D(F [H]) = I ⊗D(H) + D(F )⊗ p2I.

Thus,

L(F [H]) = I ⊗D(H) + D(F )⊗ p2I − I ⊗A(H)−A(F )⊗ J

= I ⊗D(H) + D(F )⊗ p2I + I ⊗
(
L(H)−D(H)

)
+

(
L(F )−D(F )

)
⊗ J

= I ⊗ L(H) + L(F )⊗ J + D(F )⊗ (p2I − J)

= L(F¤H) + L(F )⊗ (J − I) + D(F )⊗ L(Kp2).
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Our next result describes the complete Laplacian spectrum of F [H] using the Laplacian

spectra of F and H.

Theorem 4.5.3 Let F be a connected graph of order p1 and H be any graph of order p2.

Suppose that S(F ) = (λ1, λ2, . . . , λp1) and S(H) = (µ1, µ2, . . . , µp2). Then

(i) λip2 ∈ S(F [H]) for i = 1, . . . , p1,

(ii) µj + d(vi)p2 ∈ S(F [H]) for i = 1, 2, . . . , p1 and j = 2, . . . , p2.

Thus

a(F [H]) = min
{

a(H) + δ(F )p2, a(F )p2

}
,

where δ(G) denotes the minimum degree of a vertex in G.

Proof: Using Proposition 4.5.2

L(F [H]) = L(F¤H) + L(F )⊗ (J − I) + D(F )⊗ L(Kp2)

= L(F )⊗ I + I ⊗ L(H) + L(F )⊗ J − L(F )⊗ I + D(F )⊗ L(Kp2)

= I ⊗ L(H) + L(F )⊗ J + D(F )⊗ L(Kp2).

Let Xi and Yj be eigenvectors of L(F ) and L(H) corresponding to the eigenvalues λi and

µj , respectively. Observe that for i = 1, 2, . . . , p1,

L(F [H])(Xi ⊗ 11) =
(
I ⊗ L(H) + L(F )⊗ J + D(F )⊗ L(Kp2)

)
(Xi ⊗ 11)

= λip2(Xi ⊗ 11).

Thus

λip2 ∈ S(F [H]) for i = 1, . . . , p1.

Now for i = 1, 2, . . . , p1 and j = 2, . . . , p2,

L(F [H])(êi ⊗ Yj) =
(
I ⊗ L(H) + L(F )⊗ J + D(F )⊗ L(Kp2)

)
(êi ⊗ Yj)

=
(
µj + d(vi)p2

)
(êi ⊗ Yj).

Thus

µj + d(vi)p2 ∈ S(F [H]), for i = 1, . . . , p1 and j = 2, . . . , p2.
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The following result comes immediately from Theorem 4.5.3, using which we can construct

new Laplacian integral graphs from the known ones.

Corollary 4.5.4 Let F and H be two graphs of order p1 and p2, respectively. Then F [H] is

Laplacian integral if and only if both F and H are Laplacian integral.

Proof: Proof is immediate from Theorem 4.5.3.

It follows from Theorem 4.5.3 that a(F [H]) = min
{

a(H)+ δ(F )p2, a(F )p2

}
. The following

result tells when each of the cases occur.

Corollary 4.5.5 Let F be a connected graph of order p1 and H be any graph of order p2. If

F 6= Kp1, then

a(F [H]) = a(F )p2.

Further, if F = Kp1, then a(F [H]) = a(H) + (p1 − 1)p2.

Proof: It is known (see Fiedler [25] and Merris [52]) that if F 6= Kp1 , then a(F ) < δ(F ).

Thus if F is not a complete graph, then a(F [H]) = a(F )p2.

If F = Kp1 , then

a(H) + δ(F )p2 = a(H) + (p1 − 1)p2

=
(
a(H)− p2

)
+ p1p2

=
(
a(H)− p2

)
+ a(F )p2

≤ a(F )p2.

Thus by Theorem 4.5.3, a(F [H]) = a(H) + δ(F )p2 = a(H) + (p1 − 1)p2.
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Chapter 5

Spectra and Laplacian spectra of

coronas

5.1 Introduction

In this chapter, we discuss on the spectra and Laplacian spectra of coronas, with some appli-

cations. The corona operation is defined by Frucht and Harary in the following way:

Definition 5.1.1 (Frucht and Harary [29]; Harary [39]) Let F and H be two graphs on disjoint

sets of n and m vertices, respectively. The corona F ◦H of F and H is defined as the graph

obtained by taking one copy of F and n copies of H, and then joining the ith vertex of F to

every vertex in the ith copy of H.

Note that the corona F ◦H has n(m + 1) vertices and |E(F )|+ n(|E(H)|+ m) edges.

Example 5.1.1 Let F = C3, the cycle of order 3 and H = K2. The two different coronas

F ◦H and H ◦ F are shown in Figure 5.1.

Observe that the corona operation is a particular case of the operation defined in Definition

3.2.1 of Chapter 3. Let F be a graph on vertices 1, 2, . . . , n and H be any graph. Take

a new vertex v and add edges between v and each vertex of H to obtain Hv. Then G =

G[F, 1, . . . , n, Hv], the graph with n pockets is nothing but the corona F ◦H.
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F H F ◦H H ◦ F

Figure 5.1: Coronas

Let F be a graph with vertex set V = {1, 2, . . . , n} and H be a graph of order m ≥ 1.

Suppose that G = F ◦H. Thus the adjacency matrix of G is

A(G) =




A(F ) In · · · In

In

... A(H)⊗ In

In




,

where A(F ) and A(H) are the adjacency matrices of the graphs F and H, respectively.

Let L(F ) and L(H) be the Laplacian matrices of the graphs F and H, respectively. Thus

the Laplacian matrix of G is

L(G) =




L(F ) + mIn −In · · · −In

−In

... (L(H) + Im)⊗ In

−In




.

In [29, 39], the authors have described some important properties of the coronas. In section

5.2, we study the spectral properties of the coronas. In Section 5.3, we prove some structural

results on the Fiedler vectors of the coronas and offer an application. Further, we construct

infinitely many pairs of nonisomorphic graphs with the same spectrum and the same Laplacian

spectrum using corona operation.

5.2 Spectra and Laplacian spectra of F ◦H

Let F be a connected graph with vertex set V = {1, 2, . . . , n} and H be a regular graph of

order m and regularity r, r ≤ m− 1. The following result gives a complete characterization of

the eigenvalues and the eigenvectors of A(F ◦H).
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Theorem 5.2.1 Let F be a graph of order n, H be an r-regular graph of order m and G = F◦H.

Let σ(F ) = (µ1, µ2, . . . , µn) and σ(H) = (η1, η2, . . . , ηm = r). Then

(i)
µi + r ±

√
(r − µi)2 + 4m

2
∈ σ(G) with multiplicity 1 for i = 1, . . . , n and

(ii) ηj ∈ σ(G) with multiplicity n for j = 1, . . . , m− 1.

Proof: Let X1, . . . , Xn be the orthonormal eigenvectors of A(F ) corresponding to the eigen-

values µ1, µ2, . . . , µn, respectively. For i = 1, . . . , n, let

λi =
µi + r +

√
(r − µi)2 + 4m

2
and λ̂i =

µi + r −
√

(r − µi)2 + 4m

2
.

Note that
µi + r +

√
(r − µi)2 + 4m

2
= r implies m = 0, so that λi, λ̂i is never r.

each entry is 1
λi−r

Xi(1)

each entry is 1
λi−r

Xi(2)

each entry is 1
λi−r

Xi(n)

1

2

n

1

2

n

Zj

0

0

Xi
0

eigenvector corresponding to λi one of the eigenvectors corresponding to ηj

Figure 5.2: Description of eigenvectors

Observe that λi and λ̂i are eigenvalues of A(G) corresponding to the eigenvectors




Xi

1
λi−rXi

...
1

λi−rXi




and




Xi

1
λ̂i−r

Xi

...
1

λ̂i−r
Xi




,

respectively (see figure 5.2, picture on left).

Further, for 1 ≤ j ≤ m− 1, let Zj be the eigenvector corresponding to the eigenvalue ηj of

A(H). Then for i = 1, . . . , n, we have (see figure 5.2, picture on right, for i = 1)

A(G)


 0

Zj ⊗ êi


 = ηj


 0

Zj ⊗ êi


 .
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In the previous equation we use that H is r-regular and hence Zj ⊥ 11, for j = 1, 2, . . . , m−1.

Hence the proof.

The following result gives the spectral radius of F ◦H.

Corollary 5.2.2 Let F be a graph of order n and H be an r-regular graph of order m and

G = F ◦H. Then

ρ(G) =
ρ(F ) + r +

√
(r − ρ(F ))2 + 4m

2
.

Proof: Using Theorem 5.2.1 it is sufficient to show that
ρ(F ) + r +

√
(r − ρ(F ))2 + 4m

2
≥ r.

But
ρ(F ) + r +

√
(r − ρ(F ))2 + 4m

2
< r implies that m < 0, which is a contradiction. Thus

the proof is complete.

Next we talk about the Laplacian spectrum of F ◦ H. The following result describes the

Laplacian eigenvalues and Laplacian eigenvectors of F ◦H using the Laplacian eigenvalues and

Laplacian eigenvectors of F and H.

Theorem 5.2.3 Let F and H be any two graphs, not necessarily regular and G = F ◦ H.

Suppose that S(F ) = (0 = ν1, ν2, . . . , νn) and S(H) = (0 = δ1, δ2, . . . , δm). Then

(i)
νi + m + 1±

√
(νi + m + 1)2 − 4νi

2
∈ S(G) with multiplicity 1 for i = 1, . . . , n, and

(ii) δj + 1 ∈ S(G) with multiplicity n for j = 2, . . . , m.

Proof: Suppose that 11 = Y1, Y2, . . . , Yn, are the eigenvectors of L(F ) corresponding to the

eigenvalues 0 = ν1, ν2, . . . , νn, respectively. For i = 1, . . . , n, let

γi =
νi + m + 1 +

√
(νi + m + 1)2 − 4νi

2
=

νi + m + 1 +
√

(νi + m− 1)2 + 4m

2
,

γ̂i =
νi + m + 1−

√
(νi + m + 1)2 − 4νi

2
=

νi + m + 1−
√

(νi + m− 1)2 + 4m

2
.

Notice that
νi + m + 1±

√
(νi + m− 1)2 + 4m

2
= 1 implies m = 0, so that γi, γ̂i are never 1.

Observe that γi and γ̂i are eigenvalues of L(G) afforded by the eigenvectors



Yi

1
1−γi

Yi

...
1

1−γi
Yi




and




Yi

1
1−γ̂i

Yi

...
1

1−γ̂i
Yi




,

75
TH-374_02612303



each entry is 1
1−γi

Yi(1)

each entry is 1
1−γi

Yi(2)

each entry is 1
1−γi

Yi(n)

1

2

n

1

2

n

Zj

0

0

Yi
0

Figure 5.3: Description of eigenvectors

respectively (see figure 5.3, picture on the left).

Also if the eigenvalues δ1(= 0), δ2, . . . , δm−1, δm of L(H) are afforded by the eigenvectors

Z1, Z2, . . . , Zm, respectively, then for j = 2, . . . , m,

 0

Zj ⊗ ê1


 ,


 0

Zj ⊗ ê2


 , . . . ,


 0

Zj ⊗ ên


 (see figure 5.3, picture on the right)

are the n linearly independent eigenvectors corresponding to the eigenvalue δj + 1 of L(G).

Hence the proof is complete.

The following is an immediate corollary.

Corollary 5.2.4 Let F and H be any two graphs, not necessarily regular and G = F ◦H. Then

the following statements hold:

(i) 1 /∈ S(G) if and only if H is connected.

(ii) m + 1 ∈ S(G) always.

(iii) If n > 1, then a(G) = a(F )+m+1−
√

(a(F )+m+1)2−4a(F )

2 < 1.

Proof: Item (i) and (ii) are routine. Item (iii) follows from the fact that

νi + m + 1−
√

(νi + m− 1)2 + 4m

2
< 1

and if νi ≤ νj , then

νi + m + 1−
√

(νi + m− 1)2 + 4m

2
≤ νj + m + 1−√

(νj + m− 1)2 + 4m

2
.

Hence the proof is complete.
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5.3 Some applications

5.3.1 Construction of Type I graphs with nonisomorphic Perron branches

Let Y be a Fiedler vector of G = F ◦H. The following is an easy consequence of Theorem 5.2.3

which describes the characteristic set of F ◦H.

Corollary 5.3.1 Let F be a graph with vertex set V = {1, 2, . . . , n} and H be any graph of

order m and G = F ◦H. Then exactly one of the following statements holds.

Case 1. For some Fiedler vector Y of F , C(F, Y ) = {v}. Then for each Fiedler vector Z of G

we have C(G,Z) = {v}.
Case 2. For some Fiedler vector Y of F there is a unique characteristic block B1. Then for

each Fiedler vector Z of G the characteristic block of G is also B1.

Proof: We know

a(G) =
a(F ) + m + 1−

√
(a(F ) + m + 1)2 − 4a(F )

2
< 1,

and the vector




Y

1
1−a(G)Y

...
1

1−a(G)Y




is a Fiedler vector of G, where Y is a Fiedler vector of the graph F . Hence the proof is

complete.

It is easy to construct a Type I tree with isomorphic perron branches. The question of

constructing Type I trees with nonisomorphic Perron branches has been asked by Kirkland in

[45]. The answer to this question is “yes”, by the following example of a tree T , (see figure 5.4)

taken from Grone and Merris [35] which is of Type I and has nonisomorphic Perron branches.

An infinite class of Type I trees with nonisomorphic Perron branches has been constructed

in Kirkland [45]. The following result follows directly from the previous result and helps in the

constructions of Type I graphs with nonisomorphic Perron branches.

Corollary 5.3.2 Let F = T be a tree and H be any graph. Then the characteristic set C(G,Y )

of G = T ◦ H (with respect to any Fiedler vector Y ) is completely determined by the nature
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v

Figure 5.4: A Type I tree with characteristic vertex v

of T . The set C(G,Y ) always has only one element, either a vertex or an edge. Further

C(G,Y ) = C(G,Z) = C(T, X), where Z, X are any Fiedler vectors of G,T , respectively.

In particular if T is Type I with characteristic vertex v then G is Type I with characteristic

vertex v.

In view of this result, all we need is to take a Type I tree T on more than 2 vertices with

nonisomorphic Perron branches and any graph H. Then G = T ◦H is an example of a Type I

graph with nonisomorphic Perron branches. Note that G ◦H ′ is also an example, for any other

graph H ′. In this way we can construct an infinite class of Type I graphs with nonisomorphic

Perron branches.

In particular, considering the tree T in Figure 5.4, which is known to be Type I with

nonisomorphic Perron branches, and taking H to be an isolated vertex, we see that T, T ◦
H, (T ◦H)◦H, . . . gives us an infinite class of Type I trees with nonisomorphic Perron branches

(which is different from the one constructed in Kirkland [45]).

5.3.2 Cospectral and Laplacian cospectral graphs

Here we discuss another application of the results which are proved earlier. Two graphs F

and H are called cospectral if the spectrum of A(F ) and A(H) are the same. Two graphs are

called Laplacian cospectral if L(F ) and L(H) have the same spectrum. Note that if two graphs

are isomorphic then they are cospectral and Laplacian cospectral. Here we discuss about the

pairs of graphs which are not isomorphic but cospectral and Laplacian cospectral. Here we give

examples of one pair of cospectral graphs and another pair of Laplacian cospectral graphs.

Example 5.3.1 Consider the pair of graphs F1 and H1 in Figure 5.5.

One can check that

σ(F1) = σ(H1) = (−1.9032,−1,−1, .1939, 1, 2.7093).
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F1 H1 F2 H2

Figure 5.5: F1 and H1 are cospectral and F2 and H2 are Laplacian cospectral.

Thus F1 and H1 are cospectral. Note that they are not Laplacian cospectral as

S(F1) = (0, 1, 1, 3, 3, 6) and S(H1) = (0, .5858, 1.2679, 3.4142, 4, 4.7321).

On the other hand the graphs F2 and H2 are Laplacian cospectral as

S(F2) = S(H2) = (0, 0.7639, 2, 3, 3, 5.2361)

but not cospectral. σ(F2) = (−2.1912,−1,−0.5767, 0, 1.2644, 2.5035) and

σ(H2) = (−2.5243,−0.7923, 0, 0, 0.7923, 2.5243).

In the above example the graphs F1 and H1 are cospectral but not Laplacian cospectral

whereas F2 and H2 are Laplacian cospectral but not cospectral. There are also examples of

pairs of graphs which are both cospectral and Laplacian cospectral (See van Dam and Haemers

[66]). Note that if two graphs are regular and cospectral then they are also Laplacian cospectral.

See, for example, the graphs F and H in Figure 5.6 which are taken from [66].

F H

Figure 5.6: A pair of cospectral regular graphs.

This topic has been an area of interest for many researchers. We refer the reader to [66] and

the references therein to know more. Here we construct infinite pairs of nonisomorphic graphs

which are cospectral and Laplacian cospectral.
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Let F and H be two nonisomorphic cospectral and Laplacian cospectral graphs (take for

example the two graphs given in Figure 5.6). Let B be the graph of an isolated vertex. Let

F1 = F ◦ B and H1 = H ◦ B. Now for i = 2, . . . define Fi = Fi−1 ◦ B and Hi = Hi−1 ◦ B. By

Theorems 5.2.1, 5.2.3, we see that the spectrum and the Laplacian spectrum of F1 and H1 is

completely determined by the spectrum of F and H and they are the same. Use of induction

leads us to the following conclusion.

Corollary 5.3.3 Let Fi and Hi be graphs as defined above, for i ∈ N. Then for each i the

graphs Fi,Hi are nonisomorphic cospectral and Laplacian cospectral nonregular graphs.

Remark 5.3.4 In the above construction we have taken B as the graph of an isolated vertex.

Thus the resulting graphs have pendant vertices. If we replace B by any other graph then we

can get infinite pairs of nonisomorphic nonregular graphs without any pendant vertex which are

cospectral and Laplacian cospectral.
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Chapter 6

Graphs with a reciprocal eigenvalue

property

6.1 Introduction

Let G be a graph with vertex set {1, 2, . . . , n}. Throughout this chapter the spectrum of G is

defined as

σ(G) = (λ1(G), λ2(G), . . . , λn(G)),

where λ1(G) ≤ λ2(G) ≤ · · · ≤ λn(G) are the eigenvalues of A(G). As A(G) is a nonnegative

matrix, λn(G) is nonnegative and it equals the spectral radius of G which will be denoted here

by ρ(G). If G is connected then A(G) is irreducible, thus using Perron-Frobenius theorem the

spectral radius of G is of multiplicity one to which there corresponds a positive eigenvector,

called the Perron vector. A graph G is said to be singular if A(G) is singular. A graph G which

is not singular is called nonsingular.

It is well-known that (see Cvetković, Doob and Sach [17]) a graph G is bipartite if and only

if the negative of each eigenvalue of G is also an eigenvalue of G. We ask a question which

is quite similar: Characterize the graphs which satisfy the property that the reciprocal of each

eigenvalue of G is also an eigenvalue of G.

We say that a graph G has property (R) if 1
λ is an eigenvalue of G whenever λ is an eigenvalue

of G. Further, if λ and 1
λ have the same multiplicity, for each eigenvalue λ then we say that

the graph has property (SR).

Example 6.1.1 The graphs G1 and G2 in Figure 6.1 satisfy property (SR).
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G1 G2

Figure 6.1: Two graphs with property (SR)

The eigenvalues of G1 are

1,−1,

√
2 +

√
6

2
,

√
2−√6

2
,
−√2 +

√
6

2
,
−√2−√6

2
,

and the eigenvalues of A(G2) are 1,−1,±1 +
√

2,±1−√2.

A graph G is said to have a perfect matching if there exists a spanning forest whose com-

ponents are solely paths on two vertices. A graph in general can have more than one perfect

matching. It follows from Cvetkov́ic, Doob and Sachs [17, Theorem 1.3 and Proposition 1.1]

that when a tree has a perfect matching, it is unique and such trees are precisely the trees

which are nonsingular. In general any graph with a unique perfect matching is nonsingular.

In the next section, we supply a class of graphs satisfying property (R), using the corona of

a bipartite graph and a single vertex. We characterize the trees satisfying property (SR). We

show that this is the class of trees on 2n vertices with n matchings which are leaves. We supply

suitable examples to show that a graph with property (R) is not necessarily the corona of two

graphs and is not necessarily bipartite.

6.2 Trees with property (SR)

It is obvious that a graph with property (R) or property (SR) must be nonsingular. The

following result which can be found in [17] helps us to proceed further.

Lemma 6.2.1 (Cvetkov́ic, Doob and Sachs [17]) Let G be a graph with vertex set {1, 2, . . . , n}.
If two or more pendant vertices have a common neighbor, then G is singular.
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Let us first investigate graphs with property (R). The first examples are paths P2 and P4.

For P2 the eigenvalues are 1,−1 where as for P4 the eigenvalues are 1±√5
2 , −1±√5

2 . A careful

examination of P4 leads us to the following result which gives a class of bipartite graphs with

property (R).

Lemma 6.2.2 Let G1 be any graph and G be obtained by adding a new pendant vertex to every

vertex of G1. Then λ is an eigenvalue of G if and only if −1
λ is an eigenvalue of G. Further, if

G1 is bipartite then G has property (R).

Proof: Let G1 be on n vertices. It is clear that G = G1◦K1. Thus A(G) =


 A(G1) In

In 0


. Let

µ1, . . . , µn be the eigenvalues of A(G1) corresponding to the eigenvectors x1, . . . , xn, respectively,

where the set {x1, . . . , xn} is orthonormal. Then the vectors

 x1

2

µ1+
√

µ2
1+4

x1


 ,


 x1

2

µ1−
√

µ2
1+4

x1


 , · · · ,


 xn

2

µn+
√

µ2
n+4

xn


 ,


 xn

2

µn−
√

µ2
n+4

xn




are all eigenvectors of A(G) corresponding to the eigenvalues

µ1 +
√

µ2
1 + 4

2
,
µ1 −

√
µ2

1 + 4
2

, . . . ,
µn +

√
µ2

n + 4
2

,
µn −

√
µ2

n + 4
2

,

respectively.

We observe that
µi +

√
µ2

i + 4

2

µi −
√

µ2
i + 4

2
= −1 and the first conclusion follows. Note

that if G1 is bipartite then G is bipartite. Thus if λ ∈ σ(G) then by the above −1
λ ∈ σ(G) and

as G is bipartite 1
λ ∈ σ(G).

The following is an immediate corollary.

Corollary 6.2.3 Let G = G1 ◦K1. Then

a. G is nonsingular and the determinant of A(G) = (−1)n, where n is the number of vertices

in G1.

b. There are n positive and n negative eigenvalues of G. If λi are the positive eigenvalues of

G then
n∑

i=1
λi =

n∑
i=1

1
λi

.

c. ρ(G) = ρ(G1)+
√

ρ(G1)2+4

2 , where ρ(H) is the spectral radius of a graph H.
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It is natural to ask whether the converse of Lemma 6.2.2 is true, that is, if G is any graph which

has property (R), is it necessarily the corona of a bipartite graph and K1? The answer is no,

in general, as can be seen from the following example.

Example 6.2.1 The graph G in Figure 6.2 satisfies property (R). The eigenvalues of G are

1, 1,
−3±√5

2
,
1 +

√
33 +

√
18 + 2

√
33

4
,
1 +

√
33−

√
18 + 2

√
33

4
,

1−√33 +
√

18− 2
√

33
4

,
1−√33−

√
18− 2

√
33

4
.

H2

Figure 6.2: A graph with property (R) which is not a corona

Notice that G is not bipartite. We can argue that G is not the corona of two graphs. Suppose

that G = G1 ◦ G2. Thus 8 = |V (G)| = (|V (G2)| + 1)|V (G1)|. Note that |V (G2)| cannot be 1

because in that case G should have 4 pendant vertices. If |V (G2)| ≥ 2 then G cannot have a

pendant vertex. Thus G is not a corona.

One can see that it is difficult to characterize graphs with property (R). Thus one may ask

for a characterization of all such trees. Here we have two immediate questions.

1. Characterize all trees with property (R).

2. Characterize all trees with property (SR).

In this section we supply an answer to question 2. It turns out that any tree with property

(SR) is of the form T ◦K1, for some tree T . Such trees are called corona trees. To do this we

need the following lemma.

Lemma 6.2.4 (Brualdi and Ryser [13]; Cvetković, Doob and Sachs [17]) Let P (T ;x) = xn +

C1x
n−1 + C2x

n−2 + · · ·+ Cn−2x
2 + Cn−1x + Cn be the characteristic polynomial of a tree T on

n vertices. Then C2i+1 = 0, and

C2i = (−1)i(the number of pairwise disjoint edge subsets of size i).
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The following result is an useful observation.

Lemma 6.2.5 Let G be a graph on n vertices with property (SR) and P (G;x) = Σn
i=0ai(G)xn−i

be the characteristic polynomial of A(G). Then |ai(G)| = |an−i(G)|, for i = 0, 1, . . . , n.

Proof: Since G satisfies property (SR), G is nonsingular. Moreover P (G;x) and xnP (G; 1
x)

have the same roots. Since P (G; x) is monic and the leading coefficient of xnP (G; 1
x) is ±1, it

follows that P (G;x) = ±xnP (G; 1
x) and the conclusion follows.

The following result characterizes all trees with property (SR).

Theorem 6.2.6 Let T be a tree on n vertices. Then T has property (SR) if and only if

T = T1 ◦K1, for some tree T1.

Proof: We prove the only if part here and the if part follows from Lemma 6.2.2. Let T have

property (SR). Then n = 2k, for some k. If k = 1, 2, then the only nonsingular trees of order

2k are the paths which are K1 ◦ K1,K2 ◦ K1. Assume that k ≥ 3. Further, T has a perfect

matching. Let M = {fi = {ui, vi}, i = 1, . . . k} be those edges of T (see Figure 6.3). Note here

that if we put back the remaining k − 1 edges we get the figure of T .

u1

v1

u2

v2

u3

v3

u4

v4

uk

vk

Figure 6.3:

We claim that for each edge fi at least one of ui, vi is of degree 1 in T . Suppose it is not

the case. Thus there is an edge, say f2, such that u2, v2 both have degrees greater than 1, say

{u1, u2}, {v2, v3} are present.

Let

P (x) = x2k + C1x
2k−1 + C2x

2k−2 + · · ·+ C2k−2x
2 + C2k−1x + C2k

be the characteristic polynomial of the tree T . By Lemma 6.2.5, |C2| = |C2k−2|.
But by Lemma 6.2.4, |C2| = the number of edges in T = 2k−1 and |C2k−2| = the number of

pairwise disjoint edge subsets of size k− 1. Hence the number of pairwise disjoint edge subsets

of size k − 1 is 2k − 1.
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There are k pairwise edge disjoint subsets of size k − 1 of T of the form

{f1, . . . , fk} \ {f1}, {f1, . . . , fk} \ {f2}, . . . , {f1, . . . , fk} \ {fk}.

Any edge e of T which is not in M is incident to exactly two edges in M, say fi, fj and

gives us a pairwise edge disjoint subset of size k − 1 of T of the form

{e} ∪M \ {fi, fj}.

We will have k − 1 such pairwise edge disjoint subsets of size k − 1 of T .

Further, the set {{u1, u2}, {v2, v3}, f4, . . . fk} is also a pairwise edge disjoint subset of size

k− 1 of T . Thus the number of pairwise edge disjoint subsets of size k− 1 of T exceeds 2k− 1,

which is a contradiction and the claim is justified. Assume that the k pendant vertices of T are

{u1, . . . , uk} and let T1 be the subtree of T induced by {v1, . . . , vk}. Then T = T1 ◦K1 and the

proof is complete.

To characterize trees with property (R), we need some more results. In section 6.3, we give

a combinatorial description of the inverse of the adjacency matrix of a bipartite graph with a

unique perfect matching. And using that in section 6.4, we characterize the trees satisfying

property (R).

6.3 Bipartite graphs with a unique perfect matching

The following definition of an alternating path is taken from Buckley, Doty, and Harary [14,

p.156]:

Definition 6.3.1 Let G be a graph with a unique perfect matching. A path P (i, j) = [i =

i1, i2, . . . , i2k = j] from vertex i to vertex j in G is said to be an alternating path if the edges

{i1, i2}, {i3, i4}, . . . , {i2k−1, i2k} are edges in the perfect matching. A single edge {i, j} from the

perfect matching is also considered as an alternating path.

For a graph with a unique perfect matching, there can be more than one alternating paths

between a pair of vertices. If T is a nonsingular tree and i, j are two vertices, a necessary

condition for the existence of an alternating path between i and j is that the distance between i

and j is odd. It can easily be seen that this is not sufficient, take for example, P4◦K1. Naturally

one wonders, given two vertices i, j in a nonsingular tree, how can one find out whether there

is an alternating path between i and j, without finding the perfect matching explicitly. It is
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easy to see that the path P (i, j) = [i = i1, i2, . . . , i2k = j] is alternating if and only if each

connected component of T \ {i1, . . . , i2k} has even number of vertices. Let us ask the following

question. Given a nonsingular tree, what is the total number of alternating paths in it? We will

give an answer to this which requires the description of the inverse of the adjacency matrix.

A combinatorial description of the inverse of the adjacency matrix of a nonsingular tree has

been given in Buckley, Doty, and Harary [14, Theorem 3] and in Pavlikova [62, Theorem 1].

A description of the inverse of the adjacency matrix of a bipartite graph without a cycle of

length 4m is given in Cvetković, Doob and Sachs [17, Exercise 8, p. 258]. We supply a simple

combinatorial description of the inverse of a bipartite graph with a unique perfect matching

from which the description of the inverse of a nonsingular tree follows as a corollary. It follows

that the total number of alternating paths in a nonsingular tree is the total number of nonzero

entries in A−1 and the number attains its minimum at the value n− 1 if and only if the tree is

a corona tree.

Let G be a bipartite graph with a unique perfect matchingM and let PG denote the collection

of all alternating paths in G. Note that if P (i, j) is an alternating path between vertices i and

j, then the number of edges in P (i, j) which are not in M is |P (i,j)|−1
2 , where |P (i, j)| is the

number edges in P (i, j).

The following result gives a description of the inverse of the adjacency matrix of a bipartite

connected graph with a unique perfect matching.

Lemma 6.3.1 Let G be a bipartite connected graph on n vertices with a unique perfect matching

M and let A be its adjacency matrix. Let B = [bi,j ] ∈ Rn,n, where

bi,j =





∑
P (i,j)∈PG

(−1)
|P (i,j)|−1

2 , if at least one P (i, j) ∈ PG can be found,

0, otherwise.
(6.1)

Then B = A−1.

Proof: The (i, j)th entry of AB is given by

(AB)i,j =
n∑

k=1

ai,kbk,j =
∑

k; {k,i}∈E(G)

bk,j . (6.2)

Thus for each i = 1, 2, . . . , n,

(AB)i,i =
∑

k; {k,i}∈E(G)

bk,i = 1,
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as there exist exactly one vertex, say i′, such that {i′, i} ∈ M.

Now let i, j be two distinct vertices in G. Suppose that for each vertex v adjacent to i, there

is no alternating path P (v, j) between v and j so that, by 6.1, bv,j = 0. Then from 6.2 we have

that (AB)i,j = 0.

Assume now that there is a vertex v 6= i′ adjacent to i such that P (v, j) = [v = x1, x2, . . . , xm =

j] is an alternating path. In this case P ′ = [i′, i, P (v, j)] = [i′, i, v, x2, . . . , xm = j] is also alter-

nating. We claim that this is also a path. If not then, as P (v, j) is a path, there are two cases

to consider:

Case I. Some xl = i′ and xl+1 = i. In this case we have an even cycle [i, v = x1, x2, . . . , xl, xl+1 =

i] of which every alternate edge is in the matching. Hence the cycle is a simple one. Clearly we

cannot have a unique matching in this case.

Case II. Some xl+1 = i and xl 6= i′. In this case we have an odd cycle [i, v = x1, . . . , xl, xl+1 =

i]. This is not possible as G is bipartite.

Thus the claim is justified.

Conversely, if there is an alternate path P (i′, j) from i′ to j, it must have the form [i′, i, v =

x1, . . . , j]. Thus there must exist a vertex v 6= i′ adjacent to i such that an alternating path

from v to j exists.

Let S = {v1, v2, . . . vr}, with vl 6= i′, be the vertices adjacent to i such that there are

alternating paths from vl to j. We have already seen that the alternating paths from i′ to j are

precisely of the form [i′, i, P (vl, j)], where P (vl, j) is an alternating path from vl to j. Hence

(AB)i,j = bi′,j +
∑

vs∈S

bvs,j =
∑

vs∈S

−bvs,j +
∑

vs∈S

bvs,j = 0

and the proof is done.

As a corollary, we have the following result that gives the combinatorial description of the

inverse of a nonsingular tree.

Corollary 6.3.2 (Pavlikova [62, Theorem 1]; Buckley, Doty, and Harary [14, Theorem 3]) Let

T be a nonsingular tree on n vertices and A be its adjacency matrix. Let B = [bi,j ]n, where

bi,j =





(−1)
|P (i,j)|−1

2 , if P (i, j) ∈ PT ,

0, otherwise.

Then B = A−1.
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Next, we show that if T is a nonsingular tree, then A−1 is similar to the adjacency matrix

of some graph via a diagonal matrix of ±1’s. Note that the following result has already been

observed by Godsil [30]. Here we give a different proof. We use the term non-matching edge to

mean an edge of T which is not in M.

Lemma 6.3.3 Let T be a nonsingular tree on vertices 1, . . . , n. Let 1 be a pendant vertex in

T . Define the entries of the vector d̃ via d̃i = (−1)ni, where ni is the number of non-matching

edges in P (1, i), for i = 1, . . . , n. Then diag(d̃)A−1diag(d̃) is the adjacency matrix of some

graph.

Proof: Let D = diag(d̃), B = A−1, and F = DBD. Thus fi,j = d̃id̃jbi,j and, since D is

invertible, we observe that fi,j = 0 if and only if bi,j = 0.

Suppose that bi,j 6= 0. It follows from the properties of B found in Lemma 6.3.1 that the

path P (i, j) is an alternating path. Let k be the vertex on P (i, j) which is nearest to 1. Then

ni + nj = 2nk + r, where r = d(i,j)−1
2 is the number of non-matching edges in P (i, j). Thus

d̃id̃jbi,j = (−1)ni(−1)nj (−1)r = (−1)2(nk+r) = 1. As F is symmetric, the proof is complete.

Remark 6.3.4 In the above proof as D = D−1, it follows that A−1 is similar to the adjacency

matrix of some graph and, furthermore, that fi,j = |bi,j |.

Henceforth, for a nonsingular tree T , we use the notation T−1 for the graph as indicated in

Lemma 6.3.3.

Example 6.3.1 In Figure 6.4, a nonsingular tree and its inverse graph are given. The dotted

lines represent the edges in M.
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1 2 3 4 5
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8

9 11

10 12

7

T

8

3

1 2
5

10

9

4 7

11

12
6

T−1

Figure 6.4: A nonsingular tree and its inverse
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Remark 6.3.5 Let T be a nonsingular tree. It is clear that V (T ) = V (T−1) and {i, j} ∈ T−1

if and only if P (i, j) is an alternating path in T . Thus |E(T−1)| = |PT |. From Example 6.3.1

we see that T−1 may, indeed, not be a tree. It can easily be seen that any alternating path of

length at least 5 in T creates a cycle in T−1. Since A(T−1) is similar to the matrix A(T )−1,

we further see that A(T−1) and A(T )−1 have the same eigenvalues. Thus λ is an eigenvalue of

T if and only if 1
λ is an eigenvalue of T−1. In particular,

ρ(T ) =
1

τ(T−1)
and τ(T ) =

1
ρ(T−1)

.

Thus invertible trees have interesting spectral and combinatorial properties and these we

study here. We begin with the following observation:

Lemma 6.3.6 Let T be a nonsingular tree. Then T−1 is connected.

Proof: This follows easily from Lewin and Neumann [50, Lemma 0] which states that if the

(j, i)th cofactor of the matrix B = (bi,j) ∈ Cn,n is nonzero, then in the directed graph of B

there is a path from vertex i to vertex j. Now suppose that B is invertible, its directed graph

is strictly connected, and C = (ci,j) = B−1. Let i and j be arbitrary vertices in the directed

graph of C. As B has a connected directed graph, there exists indices i1, . . . , ir such that

bi,i1 , bi1,i2 , . . . , bir,j 6= 0. But then the (i1, i), (i2, i1), . . . , (j, ir) cofactors of the matrix C are all

nonzero. Hence in the directed graph of C there is a path from vertex i to vertex i1, and so on.

Finally, there is a path from vertex ir to vertex j. To complete the proof let B = A(T ) and

C = (A(T ))−1.

Corollary 6.3.7 Let T be a nonsingular tree on n vertices. Then the smallest positive eigen-

value of T , τ(T ) is simple. Moreover, to τ(T ) there corresponds an eigenvector whose entries

are all nonzero.

Proof: Since T−1 is a connected graph, A(T−1) is irreducible. Thus using Perron–Frobenius

Theorem ρ(T−1) is a simple eigenvalue to which there corresponds a positive eigenvector, say

y. By Remark 6.3.5, we first immediately have that τ(T ) = 1
ρ(T−1)

.

Next observe that in the above if y is the Perron vector of T−1, then taking D as defined

in Lemma 6.3.3 and noting that D = D−1, we see that have A(T )(Dy) = τ(T )Dy. Thus the

eigenvector corresponding to the smallest positive eigenvalue of a nonsingular tree has no zero

entries and the signs of the entries are determined by D.

The following is an immediate consequence for which the proof is omitted.
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Corollary 6.3.8 Let T be a nonsingular tree on n vertices. Then

|PT | = |E(T−1)| ≥ n− 1.

Lemma 6.3.9 Let T be a nonsingular tree on 2n vertices. Then the graph T−1 is bipartite.

Proof: We know that T is bipartite. Let (A,B) be the bi–partition of the vertex set of T ,

where A = {u1, u2, . . . , un} and B = {v1, v2, . . . , vn}. Let M = {{ui, vi}, i = 1, 2, . . . , n} be the

perfect matching in T . We wish to show that (A,B) is also a bi–partition of T−1.

Suppose that {u1, u2} ∈ T−1. Then P (u1, u2) is an alternating path in T . As this path has

odd length, we see that u1 and u2 cannot be in the same part of the bipartition (A,B) of T

and we obtain a contradiction.

Note that the results on connectedness of T−1 (Lemma 6.3.6) and the graph T−1 is bipartite

(Lemma 6.3.9) are already pointed out by Godsil in [30]. Here we have given different proofs.

Another interesting set of observations is as follows:

Theorem 6.3.10 Let T be a nonsingular tree on 2n vertices. Then the following are equivalent:

(i) |PT | is at a minimum possible value and equals 2n− 1.

(ii) T−1 is a tree.

(iii) T is a corona tree.

(iv) T−1 is isomorphic to T .

Proof: (i)⇒(ii). Assume that |PT | = 2n − 1. As |PT | = |E(T−1)| and T−1 is connected, it

follows that T−1 is a tree.

(ii)⇒(iii). Assume that T−1 is a tree. Thus T−1 does not have a cycle implying that T

cannot have alternating paths of length more than 3. Without loss, assume that T has at least

6 vertices. Let M = {{ui, vi} : i = 1, . . . , n} be the perfect matching in T .

We first claim that one endvertex of each matching edge is a pendant vertex in T . To see

that this is true suppose, by way of contradiction, that there is a matching edge, say, {u2, v2}
such that u2 is adjacent to some vertex other than v2, say u1, and that v2 is adjacent to some

vertex other than u2, say, v3.
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u1 u2 u3 u4 um

v1 v2 v3 v4 vm

Then [v1, u1, u2, v2, v3, u3] is an alternating path of length 5 in T . In this case T−1 should

contain a cycle which cannot be the case. Hence T is obtained by adding pendant vertices to

each vertex of some other tree which means that T is a corona tree.

(iii)⇒(iv). Suppose that T is a corona tree. Let M = {{ui, vi} : i = 1, . . . n} be the

perfect matching in T and assume that the vertices ui are the pendant vertices. Define f :

V (T ) → V (T−1) as f(ui) = vi and f(vi) = ui. Using the description of T−1 we see that,

for each matching edge {ui, vi} ∈ T , the edge {f(ui), f(vi)} = {vi, ui} ∈ T−1 because {ui, vi}
is an alternating path in T . For any non–matching edge {vi, vj} ∈ T , we see that the path

[ui, vi, vj , uj ] is an alternating path in T . Hence {f(vi), f(vj)} = {ui, uj} ∈ T−1. Thus {x, y} ∈
T implying that {f(x), f(y)} ∈ T−1.

Conversely, suppose {f(x), f(y)} ∈ T−1 implying that there is an alternating path between

f(x) and f(y) in T . As T is a corona tree with the above description, it follows that either

(i) f(x) = ui and f(y) = vi, for some i, or (ii) f(x) = vi and f(y) = ui, for some i, or (iii)

f(x) = ui and f(y) = uj , for some i 6= j. In the case of (i) we see that x = vi and y = ui

and we know that {x, y} ∈ T . Case (ii) is treated in a similar to case (i). In case of (iii) the

alternating path between f(x) = ui and f(y) = uj in T is none other than [ui, vi, vj , uj ]. This

means that the vertices vi and vj are adjacent in T . Thus {x, y} = {vi, vj} ∈ T and we see that

{f(x), f(y)} ∈ T−1 implying that {x, y} ∈ T .

(iv) ⇒(i). Suppose that T−1 is isomorphic to T so that |PT | = |E(T−1)| = |E(T )| = 2n− 1

and the proof is complete.

Remark 6.3.11 Many of the results presented in this section has been independently proved

by Akabari and Kirkland [1], though the proof techniques used by them are different from our

techniques. The author became aware of this from the reports of the thesis examiners.
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6.4 Trees with property(R)

In section 6.2 it has been shown that a tree has property (SR) if and only if it is a corona tree.

In this section, we shall further add to this equivalence by showing that a tree has property

(SR) if and only if it has property (R). We approach this task by examining the behavior of

the spectral radius of certain graphs under certain graph operations.

For the purpose of developing the results of this section we need the following notions from

Xu [69]. First, let G be a graph, then an edge-cut is the set of all edges having one endvertex

in some proper vertex subset S and another endvertex in V (G) \ S. A cut-edge (or bridge) is

an edge-cut consisting of a single edge. We use these notions in the following definition:

Definition 6.4.1 Let G be a graph on n vertices. Let e = {u, v} be a cut-edge of G such that

each of the vertices u and v has degree at least two. Denote by G[u, v] the graph obtained from

G by deleting the edge e, identifying the vertices u and v (suppose that the new vertex is still

denoted by u), and then attaching a new pendant vertex v at u. See in picture below.

u v

T

u

v

T [u, v]

v

u

T [v, u]

Figure 6.5: T , T [u, v] and T [v, u].

The behavior of the spectral radius under the above operation has been studied by Xu in

[69], (see also [37, Lemma 2.7]) where the following result can be found:

Lemma 6.4.1 Let {u, v} be an edge of a tree T such that each of the vertices u and v has

degree at least two. Then ρ(T [u, v]) > ρ(T ).

The following result is important to the development of the results in this section:

Lemma 6.4.2 Let T be a nonsingular tree on n vertices with a perfect matchingM and suppose

that {1, 2} is a matching edge in T such that both the vertices 1 and 2 have a degree of at least

2. If ρ(T [1, 2]−1) > 2 then τ(T [1, 2]) > τ(T ).

Proof: Consider the tree T . Let

F1 = {x ∈ V (T ) : the path joining x and 1 does not contain 2}
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and

F2 = {z ∈ V (T ) : the path joining z and 2 does not contain 1}.

Note that F1 and F2 are disjoint and F1 ∪ F2 ∪ {1, 2} = V (T ). Note also that if x ∈ F1 and

z ∈ F2, then P (x, 1) /∈ PT and P (z, 2) /∈ PT .

T

1 2

F1 F2

T ′ = T [1, 2]

1

2

F1 F2

T ′′ = T [2, 1]

F1 F2

1

2

Figure 6.6:

Let i1, i2, . . . , ik be the vertices of T such that it ∈ F1 and P (it, 2) ∈ PT , for t = 1, 2, . . . , k.

Let j1, j2, . . . , jp be the vertices of T such that jl ∈ F2 and P (jl, 1) ∈ PT , for l = 1, 2, . . . , p. Then

P (it, jl) ∈ PT , for each t = 1, 2, . . . , k, and for each l = 1, 2, . . . , p. Thus {jl, 1}, {it, 2}, {jl, it} ∈
T−1, for each l = 1, 2, . . . , p, and each t = 1, 2, . . . , k.

Let T ′ = T [1, 2] and T ′′ = T [2, 1]. Consider the tree T ′. Observe that P (it, 2), P (jl, 2) ∈ PT ′ ,

for t = 1, 2, . . . , k, and for l = 1, 2, . . . , p. But P (jl, 1), P (it, 1), P (jl, it) /∈ PT ′ , for l = 1, 2, . . . , p,

and for t = 1, 2, . . . , k. Thus {jl, 2}, {it, 2} ∈ T ′−1 and {jl, 1}, {it, 1}, {jl, it} /∈ T ′−1, for

l = 1, 2, . . . , p and for t = 1, 2, . . . , k.

Similarly {jl, 1}, {it, 1} ∈ T ′′−1, and {jl, 2}, {it, 2}, {jl, it} /∈ T ′′−1, for l = 1, 2, . . . , p, and for

t = 1, 2, . . . , k.

We have thus obtained that:

A(T ′−1)−A(T−1) =

1

2

it

jl




0 0 0t −11t 0t 0t

0 0 0t 11t 0t 0t

0 0 0 −J 0 0

−11 11 −J 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




and
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A(T ′′−1)−A(T−1) =

1

2

it

jl




0 0 11t 0t 0t 0t

0 0 −11t 0t 0t 0t

11 −11 0 −J 0 0

0 0 −J 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.

Let y′ and y′′ be the unit Perron vectors of A(T ′−1) and A(T ′′−1), respectively. Note that

T ′−1 and T ′′−1 are identical (only the labels of vertices 1 and 2 are interchanged). Thus

y′(1) = y′′(2), y′(2) = y′′(1), and y′(i) = y′′(i), for all i = 3, 4, . . . , n. Furthermore,

y′t[A(T ′−1)−A(T−1)]y′

= −2y′(1)
p∑

l=1

y′(jl) + 2y′(2)
p∑

l=1

y′(jl)− 2
k∑

t=1

y′(it)
p∑

l=1

y′(jl).

Thus

ρ(T ′−1)− y′tA(T−1)y′ = 2

[
y′(2)− y′(1)−

k∑

t=1

y′(it)

]
p∑

l=1

y′(jl). (6.3)

Similarly

ρ(T ′′−1)− y′′tA(T−1)]y′′ = 2

[
y′′(1)− y′′(2)−

p∑

l=1

y′′(jl)

]
k∑

t=1

y′′(it)

= 2

[
y′(2)− y′(1)−

p∑

l=1

y′(jl)

]
k∑

t=1

y′(it). (6.4)

Assume now that ρ′ = ρ(T ′−1) ≥ 2. Using eigenvalue–eigenvector relation for ρ′ = ρ(T ′−1)

we have that

y′(1) +
k∑

t=1

y′(it) +
p∑

l=1

y′(jl) = ρ′y′(2) ≥ 2y′(2).

But as y′ is entrywise positive we must have that

either y′(1) +
k∑

t=1

y′(it) > y′(2) or y′(1) +
p∑

l=1

y′(jl) > y′(2).

On using equations (6.3) and (6.4), we get that

either ρ(T ′−1) < y′tA(T−1)y′ or ρ(T ′′−1) < y′′tA(T−1)]y′′.
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Noting ρ(T ′−1) = ρ(T ′′−1) and using the properties of the spectral radius we have that

ρ(T−1) > ρ(T ′−1) ⇒ τ(T ) < τ(T ′).

As a consequence we get the following useful result.

Lemma 6.4.3 Suppose that G1 is a connected graph with n ≥ 4 vertices and G = G1 ◦ K1.

Then ρ(G) > 2.

Proof: By Corollary 5.2.2,

ρ(G) =
ρ(G1) +

√
ρ(G1)2 + 4
2

.

But ρ(G1) ≥ ρ(TG1), where TG1 is a spanning tree of G1, as the adjacency matrix of G1 is

irreducible and dominates the adjacency matrix of TG1 . Also since TG1 contains a subtree on 4

vertices T4, by Cauchy interlacing theorem ρ(TG1) ≥ ρ(T4), where T4 is any tree on 4 vertices.

Now it is known that there are only two trees on 4 vertices and for both ρ(T4) ≥ 1+
√

5
2 . Thus

ρ(G) ≥

1 +
√

5
2

+

√√√√
(

1 +
√

5
2

)2

+ 4

2
>

3
2

+

√(
3
2

)2

+ 4

2
= 2.

To prove the main result of this section we require one more technical lemma.

Lemma 6.4.4 Let T be a nonsingular tree on n ≥ 8 vertices with a perfect matching M.

Suppose further that T is not a corona tree. Then T has two vertices i and j, each of degree at

least two, such that {i, j} ∈ M and ρ(T [i, j]−1) ≥ 2.

Proof: Let T be a tree as in the statement. Since T is not a corona tree, it has a matching

edge, say {3, 4}, whose endvertices are not pendant vertices. Thus it has a path of length 5,

say, [1, 2, 3, 4, 5, 6] such that the edges {1, 2}, {3, 4}, {5, 6} ∈ M. Note that T ′ = T [3, 4] is either

a corona tree or not.

Case I. T ′ is a corona tree. It follows by Lemma 6.4.3, that ρ(T ′) > 2. But as T ′ is a corona

tree, T ′ is isomorphic to T ′−1 and so, in this case, we are done.

Case II. T ′ is not a corona tree. In this case, as we already know that T ′ is invertible and

we conclude that T ′ has an alternating path of length 5, say [u1, u2, u3, u4, u5, u6]. In this case

T ′−1 must have the graph below as an induced subgraph:
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u1u2

u3

u4

u5 u6

Thus A(T ′−1) has A(C4) as a principal submatrix, where C4 denotes the cycle on 4 vertices.

By the Cauchy interlacing theorem, it follows that ρ(T ′−1) > ρ(C4) = 2.

We are now ready to prove our main result of this section.

Theorem 6.4.5 Let T be a nonsingular tree on n = 2m vertices. Then the following are

equivalent.

(i) T has property (SR).

(ii) T has property (R).

(iii) T is a corona tree.

(iv) |PT | = 2m− 1.

(v) T−1 is a tree.

(vi) T−1 is isomorphic to T .

Proof: The equivalence of (i) and (iii) has been proved in section 6.2. Thus, in view of Theorem

6.3.10, it suffices to prove the equivalence of (i) and (ii).

That (i) implies (ii) is immediate by definition. Suppose then that (ii) holds, but (iii) does

not. As T is invertible and not a corona, T has an alternating path of length 5. Note that if T

is a path, so that A(T ) is a tridiagonal matrix with zeros on the main diagonal and 1’s in the

sub– and super–diagonal. It is well known, see for example Gregory and Karney [32, p.10], that

the eigenvalues of T are given by 2 cos( kπ
2m+1), k = 1, . . . , 2m, and so ρ(T ) < 2 and τ(T ) < 1

2 . It

follows that T cannot have property (R). Thus T has a vertex of degree at least 3 showing that

T must have at least 8 vertices. On applying Lemma 6.4.4, we obtain that there is a matching

edge {u, v} in T such that T1 = T [u, v] and such that ρ(T−1
1 ) ≥ 2. But then, from Lemma

6.4.2, we see that τ(T1) ≥ τ(T ). Lemma 6.4.1 now yields that ρ(T1) > ρ(T ).
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Continuing, if T1 is not a corona tree, we can repeat the above process to get T2 and so on.

Since at each such reduction the new tree has at least one more pendant vertex, the process

must stop when we can not obtain any further matching edge with endvertices having degrees

of at least 2, that is, when the tree thus obtained, say Tk, is the corona tree. Then

τ(Tk) ≥ τ(T ) and ρ(Tk) > ρ(T ). (6.5)

It has been proved that if G is a bipartite graph, then G ◦K1 has property (R). Now Tk being

a corona tree, has property (R). Thus from the left inequality in 6.5 we have that

ρ(T ) =
1

τ(T )
≤ 1

τ(Tk)
= ρ(Tk),

a contradiction to the right inequality in 6.5.
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Index

A(G) - adjacency matrix of G, 1

C(G,Y ) - characteristic set of G with re-

spect to Y , 2

D(G) - degree matrix of G, 1

F + H - disjoint union of F and H, 3

F [H] - lexicographic product of F and H,

67

F ◦H - corona of F and H, 5, 72

F¤H - cartesian product of F and H, 50

F£H - strong product of F and H, 64

F ×H - categorical product of F and H, 56

F ∨H - the join of F and H, 3

G[u, v], 93

Gc - complement of G, 34

I - identity matrix, 21

J - matrix of all ones, 34

Kn - complete graph of order n, 3

Km,n - complete bipartite graph, 23

L(G) - Laplacian matrix of G, 1

M -matrix, 7

N(v) - neighborhood of a vertex v, 15

P (G; x) - characteristic polynomial of A(G),

85

Pn - path on n vertices, 4

Qn - n-cube, 51

R⊗S - tensor product of matrices R and S,

38

S(G) - spectrum of L(G), 2

XT - transpose of X, 31

11 - vector with each entry equal to 1, 1

∆(G) - maximum degree of a vertex in G,

25

∅ - empty set, 35

Êi - ith standard unit matrix, 38

L̂(B) - principal submatrix of L(G) corre-

sponding to B, 2

êi - ith standard unit vector, 17

C(G;x) - characteristic polynomial of L(G),

59

Sn - star on n vertices, 27

PG - the collection of all alternating paths

in G, 87

µ(G) - largest eigenvalue of L(G), 24

ρ(G) - spectral radius of G , 81

τ(B) - smallest eigenvalue of matrix B, 2

a(G) - algebraic connectivity of G, 2

mG(λ) - multiplicity of λ as an eigenvalue of

L(G), 27

p(T ) - number of pendant vertices in T , 27

q(T ) - number of quasipendant vertices in

T , 27

M - unique perfect matching, 87

adjacency matrix, 1

algebraic connectivity, 2
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alternating path , 86

block, 7

branch, 2

bridge, 93

cartesian product, 50

categorical product, 56

central vertex, 36

characteristic edge, 2

characteristic set, 2

characteristic vertex, 2

complement, 34

corona, 5, 72

corona trees, 84

cospectral, 78

cut-edge, 93

degree matrix, 1

disjoint union, 3, 35

edge-cut, 93

factors, 49

Faria vector, 17

Fiedler vectors, 2

general graph, 3

generalized join, 46

generalized star, 36

graph product, 48

graph with k pockets, 4, 37

join, 3, 35

ladder, 54

Laplacian cospectral, 78

Laplacian integral, 2

Laplacian matrix, 1

Laplacian spectral radius, 4, 24

lexicographic product, 67

negative component, 7

negative vertex, 7

nonsingular graph, 81

nonzero component, 7

nonzero vertex, 7

ordinary spectra, 49

pendant vertex, 26

perfect matching, 82

Perron branch of G, 2

Perron vector, 81

pockets, 37

point of articulation, 7

positive component, 7

positive vertex, 7

product graphs, 49

property (R), 5, 81

property (SR), 6, 81

quasipendant vertices, 27

singular graph, 81

spectral integral variation, 16

spectral radius, 81

strong product, 64

tensor product, 38

Type I graph, 5

zero component, 7

zero vertex, 7
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