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Abstract

The dissertation gives a new proof of some existing second-order trace formulas, namely the
Koplienko-Neidhardt trace formula for pair of unitaries in the multiplicative path, the Koplienko-
Neidhardt trace formula for pair of contractions via linear path with one of them being normal.
Our proofs are based on the idea of the finite-dimensional approximation method introduced
by Voiculescu. As a consequence of our results and the Schéffer matrix unitary dilation, we
obtained second-order trace formula for a class of pairs of contractions via linear path. Using a
different setup of finite dimensional approximations, we extend the Koplienko-Neidhardt trace
formula for a class of pairs of contractions via multiplicative path.

Moreover, in this thesis, using the dilation theory and the existing higher-order trace formula
for pair of unitaries via multiplicative path, we obtain a higher-order trace formulae for a class
of pairs of contractions and a class of pairs of maximal dissipative operators via multiplicative
path.

Finally, this dissertation establishes estimates and an integral representation for the higher
order Taylor remainder of the spectral action functional V +— Tr(f(Hy + V')) on bounded self-
adjoint perturbations, where Hj is a self-adjoint operator with compact resolvent and f belongs

to a ‘nice’ class of scalar functions.

vi
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Introduction

Koplienko [31] found a trace formula for perturbations of self-adjoint operators by operators
of Hilbert-Schmidt class By(#). Later in 1988, a similar formula was obtained by Neidhardt
[42] in the case of unitary operators. In this dissertation, we give a still another proof of the
Koplienko-Neidhardt trace formula in the case of unitary operators by reducing the problem to
a finite-dimensional one as in the proof of Krein'’s trace formula by Voiculescu [75], Sinha and

Mohapatra [63, 41]. Chapter 2 is devoted to the above-mentioned new proof.

In 2012, Potapov and Sukochev [56] obtained a trace formula like the Koplienko trace for-
mula for pairs of contractions by answering an open question posed by Gesztesy, Pushnitski,
and Simon in [26, Open Question 11.2]. In Chapter 3, we supply a new proof of the Koplienko
trace formula in the case of pair of contractions (7', Ty), where the initial operator T} is normal,
via linear path by reducing the problem to a finite-dimensional one as in the proof of Krein’s
trace formula by Voiculescu [75], Sinha and Mohapatra [63, 41]. Consequently, we obtain the
Koplienko trace formula for a class of pairs of contractions using the Schaffer matrix unitary
dilation. Moreover, we also obtain the Koplienko trace formula for a pair of self-adjoint opera-
tors and maximal dissipative operators using the Cayley transform. At the end, we extend the
Koplienko-Neidhardt trace formula for a class of pair of contractions (7, Ty) via multiplicative

path using finite-dimensional approximation method.

In [40], Marcantognini and Morén obtained Koplienko-Neidhardt trace formula for pairs of

contractions and pairs of maximal dissipative operators via multiplicative path. In Chapter 4

vil
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viii

of this dissertation, we prove the existence of higher-order spectral shift functions for pairs of
contractions and pairs of maximal dissipative operators via multiplicative path by adapting the
argument employed in [40].

Finally, in Chapter 5, we establish estimates and representations for the remainders of
Taylor approximations of the spectral action functional V' — Tr(f(Hy + V')) on bounded self-
adjoint perturbations, where Hj is a self-adjoint operator with compact resolvent on a complex
separable Hilbert space and f belongs to a broad set of compactly supported functions including
n-times differentiable function with bounded n-th derivative. Our results significantly extend
analogous results in [67], where f was assumed to be compactly supported and (n + 1)-times
continuously differentiable. If, in addition, the resolvent of H, belongs to Schatten p-class,
stronger estimates are derived and extended to noncompactly supported functions with suitable

decay at infinity.

Papers

This thesis is based on four papers.

1) Chapter 2 based on [18] (joint with Arup Chattopadhyay and Soma Das, and published in
J. Math. Anal. Appl.)

2) Chapter 3 based on [17] (joint with Arup Chattopadhyay and Soma Das, and available in
arXiv).

3) Chapter 4 based on [19] (joint with Arup Chattopadhyay and published in New York Journal
of Mathematics).

4) Chapter 5 based on [20] (joint with Arup Chattopadhyay and Anna Skripka, and available

in arXiv).
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Abbreviation and Notation

N The set of all natural numbers

Y/ The set of all integers

R The set of all real numbers

H Complex separable Hilbert space

B(H) Algebra of bounded linear operators on H

By (H) Space of all finite rank operators on H

Bo(H) Space of all compact operators on H

Bi(H) Space of trace class operators on H

By(H) Space of Hilbert-Schmidt operators on H
B,.(H)  Schatten n-class operators on H

IO Spectral measure of the self-adjoint operator H
Er(Y) Semi-spectral measure of the contraction T’

Tr The trace

T Positive square root of T*T

Dom(7") Domain of T
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CHAPTER 1

Preliminaries

In this chapter we recall some fundamental results in operator theory.

1.1 Algebra of bounded operators

Definition 1.1.1. An inner product space (H, (-, -)3,) over a field F is said to be a Hilbert space
if it is a Banach space with respect to the norm induced by the inner product (-,-)y. A Hilbert

space is said be a complex (real) Hilbert space if F = C (F =R).

Throughout the thesis, H is a complex separable Hilbert space. We denote B(H) by the

space of all bounded linear operators on H. It is well known that B(#) is a non-commutative

C*-algebra.

1.1.1 The Trace

Definition 1.1.2. Let T be a positive bounded linear operator on H, choose an orthonormal

basis {ei}il for H. Then the trace of T is denoted by Tr(T') and is defined by

%
00

To(T) =Y (Te,e), (1.1)

i=1

with values in [0, 0o].
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2 Chapter 1. Preliminaries

Remark 1.1.3. From the above Definition (1.1.2), it follows that Tr(T*T) = Te(TT*), which
further follows that Tr is independent of the choice of orthonormal basis (see, e.q., [46, Propo-
sition 3.4.3, and Corollary 3.4.4]).

For a bounded operator T' € B(H), |T'| denotes the unique positive square root of T*T and
we write |T'| = (T*T)%. For p > 0, we denote the space of Schatten p-class operators by B,(H)

and is defined as follows
By(H) :=A{T € B(H) : ||T||, = (Tx(|T")7) < oo}.

For p = 1, the collection B;(#) is called the space of trace class operators and for p = 2,
the collection By(#H) is called Hilbert-Schmidt space and the operators in By(H) are called
the Hilbert-Schmidt operators. Since, any bounded operator can be written as the linear
combination of four positive bounded operators, therefore the Definition 1.1.2 of trace can be
extended for a trace class operator 7', where the series (1.1) converges absolutely. Moreover,
as in the case of positive operators, for trace class operators, the Tr is also independent of the
choice of orthonormal basis. The subspace relation between these Schatten p-classes is given

by the following result.
Proposition 1.1.4. The classes B,(H), 1 < p < oo, are the self-adjoint ideals in B(H) and
Bi(H) C Bi(H) C Bo(H) C --- C Bo(H) C B(H),

where By (H) and By(H) are the space of all finite rank operators and compact operators on H

respectively.
Theorem 1.1.5. The ideal By(H) form a Hilbert space under the inner product
(S, T) =Te(T*S), S, T € By(H).

The Hilbert-Schmidt space is separable when H is separable and the orthonormal basis of
By(H) is given by the following proposition.

Proposition 1.1.6. Let {e;};en be an orthonormal basis for H, then the collection
{ei(Dej :i,jEN}

of rank one operators form an orthonormal basis for Bo(H), where e;®e; is a rank one operator

defined by e; ® ej(h) = (h,e;j)e; for allh € H.

TH-3167_186123006



1.2. Spectral Theorem 3

The following well-known inequalities shows that the Schatten p-class B,(H) forms an ideal

in B(H).
Lemma 1.1.7. Letp >0, S € B(H) and T € B,(H), then ||ST|, < [[S[||T][,-

Theorem 1.1.8. /27, Page 92] (Holder-von Neumann inequality): Let 1 <r <p <2<
q < o0, such that p™* +q¢ ' =r~t. Let S € B,(H), T € B,(H). Then ST € B.(H) and

ST, < [SUIT N S € Bp(H), T € By(H).

1.2 Spectral Theorem

Definition 1.2.1. (Partial Isometry) A partial isometry W on a separable Hilbert space H is
a bounded linear operator on H such that for each h in (ker W)+, ||Wh|| = ||h||. The space
(kerW)L is called the initial space of W and the range space R(W) is called the final space of
Ww.

Now we give the spectral properties of a unitary operator on H, after that, we show that

how a densely defined self-adjoint operator can be transformed to a unitary operator.

Definition 1.2.2. (Unitary Operator) A unitary operator U on H is a bounded linear operator,
which satisfied UU* = U*U = I. So a unitary operator on H is also an isometry on H. The

adjoint of a unitary operator is its inverse.
Remark 1.2.3. Suppose A is a partial isometry on H, then A is unitary if it is bijective.

Proof. Let A be a partial isometry on H with kerA = {0}, then its initial space is the full
space H and |Ah|| = ||h||, Vh € H. This shows that A is an unitary operator on #. O

Lemma 1.2.4. If U is a unitary operator on H # 0, then the spectrum of U, o(U) is a closed

subset of the unit circle, that is for A\ € o(U), |\ = 1.

1.2.1 Unbounded Operators

In this section, we introduce some basic facts of unbounded operators, the spectral theorem for

self-adjoint operators and unitary operators.

TH-3167_186123006



4 Chapter 1. Preliminaries

1.2.2 Basic Definitions

Definition 1.2.5. (Domain): Let H and K be two Hilbert spaces and let A be a linear operator
from H to K, then the domain of the operator A is the linear subspace of H, where the operator
is well defined. We denote the domain of A by Dom(A).

Definition 1.2.6. (Densely Defined operators) A linear operator A : H — K with domain
Dom(A) is called densely defined operator if cl[Dom(A)] = H, where cl[Dom(A)] is the closure
of Dom(A).

Definition 1.2.7 (Closed operator and Closable operator). A linear operator A: H — K
15 said to be a closed operator if its graph is closed in H X IC. An operator is said to be closable
if it has a closed extension. We use the notation C(H, KC) for the collection of all closed densely
defined operators from H into KC.

Definition 1.2.8 (Adjoint operator). Let A : H — K be a densely defined operator, then
the adjoint of A is denote by A* : K — H and its domain is defined by Dom(A*) = {k € K :
h +—— (Ah, k) is a bounded linear functional on Dom(A)}.

Definition 1.2.9 (Self-adjoint operator). Let A : H — H be a closed densely defined

operator. Then A is called a self-adjoint operator if A = A*.

Definition 1.2.10 (Dissipative operator). Let A : H — H be a linear operator (need not be
bounded) with dense domain Dom(A) called dissipative if Im(Ah,h) > 0 for all h € Dom(A).

A dissipative operator is called maximal if it has no proper dissipative extension.

1.2.3 The Cayley Transform

The following lemma deals with the fact that given a unitary operator Uy, by suitably rotating
the spectrum of Uy, or equivalently defining a new unitary operator U(; = e "?U, we get a self-
adjoint operator Hy such that U, is the Cayley transform of Hy, that is Uy = (i — Ho) (i + Hg) ™.
Note that the proof of this lemma is available in [41, Theorem 1.1] but for reader’s convenience

we are providing a proof herewith.

Lemma 1.2.11. Let Uy be an unitary operator in a separable Hilbert space H. Then there

exists ¢ € (—m, 7| such that (e"‘z’ + Uo) 1s one to one, and hence invertible. Furthermore, the

TH-3167_186123006



1.2. Spectral Theorem 5

operator
Hy = —i (=€ + Up) (¢ + Up) ™
=i (I — e Uy) (I +eUp)
) A -1
=i(1-u) (1+0;) (1.2)
18 self-adjoint.

Proof. Since H is separable, then the eigenvalues of Uy are at most countable. Therefore there
exists some ¢ € (—m, 7] such that —e™ ¢ 0,(Up) (set of eigenvalues of Up) and hence (I + Uy)

is invertible, where U(/) = ¢~ l,. Note that the following identity
! L / !
Ran (1+Uq) = Ker (1+U;") = Ker (1+0;) = {0}

implies that the operator Hy in (1.2) is densely defined and furthermore Hj is also symmetric
in this domain. Next we also observe that the ranges of 1 + Hy = 2 ([ + U(;)_1 and of 1 — Hy =
2iU, (I + U(;)f1 are the whole Hilbert space since Ran{ (I + Ué)_l} = Dom (I + U(;) =H
and U, is unitary. Thus H, is self-adjoint and hence the proof. m

Next we state the Cayley transformation of maximal dissipative operators as follows:

Lemma 1.2.12. [70, Theorem 4.1] The Cayley transform of a mazximal dissipative operator
A is a contraction T : H — H given by T = (i — A)(i + A)~™' such that ker T = ker(i — A)
and ker T* = ker(A* 4+ i). Moreover, a contraction T is the Cayley transform of a mazximal

dissipative operator A if and only if —1 is not an eigenvalue of T

Next, we give the spectral theorem for self-adjoint operators and unitary operators.

1.2.4 The Spectral Theorem

Definition 1.2.13. A family {E\}cr of orthogonal projection in B(H) is said to be spectral
family if they satisfy following conditions:

(i) {Ex}acr is non-decreasing, that is Ex < E, for X < p, equivalently Ex Ep = Eyinpauy

(ii)) SOT— lim E\ =0 and SOT— lim E) =1,
A——00 A—r00

TH-3167_186123006



6 Chapter 1. Preliminaries

(iii) SOT — lim Ey,, = By,
n—0+

where SOT — lim s the limit in the strong operator topology.

Next we state the spectral theorem of self-adjoint operator in H.

Theorem 1.2.14. [/, Proposition 5.8] Let H be a self-adjoint operator in H. Then there is a

unique spectral family { E\} er such that
(i) H = [y AE(d));

(it) if A € B(H) such that AH C HA, then A( [, o(N)E(dX)) = ( [ #(A\)E(dN)) A, for every

bounded continuous function ¢ on R.
The following theorem state the spectral theorem for unitary.

Theorem 1.2.15. /57, Page 281] Let U be a unitary operator on H. Then there is a spectral

family {Et}icp0,27 on the line segment 0 <t < 27, such that

(i) U= [;7 " B(dt);

(it) if A € B(H) such that AU = UA, then A( OZW P(t)E(dt)) = ( OQW P(t)E(dt)) A, for every
continuous function ¢ on R.

We can require that E; be continuous at the point t = 0, that is Ey = 0; {Et}te[ogﬂ will then
be determined uniquely by U.

1.3 Double operator integrals

Let Ei(-) and Es(-) be two spectral measures given on Borel g-algebra B(R), with values in

the set of orthogonal projections in B(H). Let us consider

Ei(0): X = E1(6)X, &(6): X — XEy(A), where §, A € B(R), X € By(H). (1.3)

It is clear that & (-) and &(-) are commuting spectral measures on 8(R) with respect to Ba(H).
Now we define the product of the measures &;(-) and &(+) by

G(6 x A) = & (8) x E(A), 6, A€ B(R), so that G(6 x A)(X) = £(6) X E(A), X € By(H).
(1.4)

TH-3167_186123006



1.4. Bochner Integral 7

By [69, Proposition 2.5.1] (see also [9, Theorem 2]), we conclude that the above measure G(-) is
a spectral measure on (R? B(R?)) with respect to By(H), where B(R?) is the Borel o-algebra

on R2.

Definition 1.3.1. Assume above notations. Let ® be a continuous bounded function on R2.
The Birman—Solomyak double operator integral is defined as the integral of the symbol ® with
respect to the spectral measure G, that is,
TS(X) = / D (A1, A2) dG (M1, A2)(X) (1.5)
R2
The above operator integral TS (X) is understood in Stieltjes’ sense. Moreover, TS is bounded

on By(H) and ||T§|| = ||®||s. For more on the theory of double operator integral, we refer

[12, 10, 11, 69).

1.4 Bochner Integral

The Bochner integral is the natural generalization of the familiar Lebesgue integral to the vector-
valued setting. Here we only state some useful results related to the Bochner integration, for
more details, we refer [28, Chapter 1|. Throughout this section, (€2, .27, i) is a o-finite measure
space and X is a Banach space. A p-simple function f : ) — X is of the form zn: xrla, (1a,

k=1
is the characteristic function on Ay), and for these functions, we define

[ r@dute) = 3 s
Q k=1
where A € A, and x € X.

Definition 1.4.1. A function f : Q) — X is u-Bochner integrable if there exists a sequence of

w-simple functions f, : Q — X such that the following two conditions are hold

(1) li_>m fo(z) = f(z) p— almost everywhere, and (1.6)
(i8) 1im ||, — Flldps = 0. (1.7)

If f is pu-Bochner integrable, then

[ 5@ty = 1w [ fu(@ino)

TH-3167_186123006



8 Chapter 1. Preliminaries

Another equivalent condition for Bochner integrability is given in the following proposition.

Proposition 1.4.2. /28, Prposition 1.2.2] A strongly p-measurable function f : A — X is
w-Bochner integrable if and only if

/ 1 ldu < oo,
A

n / Full < / Il

The analogue result of dominate convergence theorem (DCT) is also available here. The

and in this case we have

result is as follows.

Theorem 1.4.3. [28, Prposition 1.2.5] Let f, : A — X be sequence of functions, each of which
is the u-Bochner integrable. Assume that there exist a function f: A — X and a p-integrable
function g such that

(1) lim, o0 fu(z) = f(z) p— almost everywhere

(1) || full < lg| p— almost everywhere.

Then f is p-Bochner integrable, and

lim fndu:/fdu.
A A

n—0oQ

Now we are providing a very useful result due to Duhamel, and the proof of this result can

be found in [5, Lemma 5.2].

Lemma 1.4.4 (Duhamel’s Formula). If Hy is a self-adjoint operator in H, V = V* € B(H)
and if H= Hy+ V', then

S
et _ gisto — / Oy eittogt o e R,
0

where the integral in the right hand side is a Bochner integral and it converges in the strong

operator topology.

Next we introduce some needful function spaces.
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1.5 Function spaces

Let n € N. Let us consider the following class of functions

o0

¢|o:T—C, ¢(z) = Z apz® with Z k" a| < oo}7

k=—o00 k=—o00

FAM:={6]|¢:T—=C, ¢( Zakz with Zk”|ak|<oo}

Y : R — C such that ¢(\) = qb(z:_i) forsomeqﬁE]—“,f(T)},

{
{
FhM:={6]6:T~C, oz Zakz with Zk”|ak| < oo}, (1.8)

FL(R):= {@/} R — C such that ¥(\) = gb(z:_i\) for someqﬁef:n(T)}.

Let X be a non-empty subset of R (or T) possibly coinciding with R (or T). Let B(X)

denote the space of all bounded functions on X, C'(X) the space of all continuous functions on
X, Co(R) the space of continuous functions on R decaying to 0 at infinity, C™(X) the space of n-
times continuously differentiable functions on X. Let C7'(X) denote the subset of C"(X) of such
f for which f™ is bounded. Let C7(R) denote the subspace of C"(R) consisting of compactly
supported functions. We also use the notation C°(R) = C(R). Let a,b € R. Let C"((a,b))
denote the subspace of C”(R) consisting of the functions whose closed support is contained
n (a,b), let D*((a,b)) denote the space of n-times differentiable functions in C.((a,b)), and
let F"((a,b)) denote the subspace of C7~'((a,b)) consisting of f such that f(™ exists almost
everywhere in (a,b) and f™ € L?((a,b)). We note that for every f € F"((a,b)) the function
=Y is absolutely continuous. We write f(x) = o(g(z)) if for all € > 0, we have | f(z)| < eg(x)
for all x outside a compact set depending on e.

Given f € LY(R) (or L(T)), let f denote the Fourier transform of f. We will use the
well-known property that every f € C"(R) satisfies f/(”—\l) € L'(R).

Divided Differences: Let f € C"(R). Recall that the divided difference of order n is an

operation on the function f of one (real) variable, and is defined recursively as follows:

SO0 = FOV),
e R SH SRR VY S Ll Lt S B HISESY RV WA
- .
FP N, Ay A) = pY——
%f[n_l}()\()’ )\1’ Tt )\n72, )\) |/\=/\n_1 if )\n - )\nfl.
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Functions of contraction: Let ¢ € Fi(T) (see (1.8)) be such that ¢(e) = > o(k)et*.

k=—o0
Now we introduce the functions, namely ¢, (%) = i o(k)e*t and ¢_(e't) = i d(—k)eitt,
Then ¢(e') = ¢, (e) + ¢_(e™) and ¢4 € F5 (T). 11_2}:1(1)13 for a given contractioxlf:% on H, we
set
SR, 6(1) = 30 d-RIT™, and
0 k=1 (1.9)
A(T) = o4(T) + ¢ (T).

WE

ox (T) =

B
Il

1.6 Dilation Theory

Definition 1.6.1. Let T' be a bounded operator on H. We say T has a unitary dilation if there

exists a Hilbert space IC containing H as a subspace, and a unitary operator Ur on IC such that

T" = PuUR|.,, and T™" = T*" = PyU;" (1.10)

‘H’ H’

where Py : IC — H is the orthogonal projection. Ur is called the minimal dilation of T if
K=\ Uk
keZ

It is clear from (1.10) that if T has a unitary dilation, then T must be a contraction and
also T has the minimal unitary dilation with minimal dilation space K = \/ UKH. It is well
known that the converse is also true; that is, every contraction has a unitarffeflilation. Here we
give an explicit construction of a unitary dilation, known as Schaffer matrix unitary dilation,
associated with a given contraction. For that, consider the two-sided sequence space (2(H) of
H-valued sequences by

B(H) = é} H@Hé?—[.

n=—oo

Note that we embed H in [2(#H) by identifying the element h € H with the vector {h,}nez €
I2(H) for which hg = h and h, = 0 (n # 0). Then H becomes a subspace of I3(#), and the

orthogonal projection from [2(H) into H is given by

Pry({hntnez) = ho. (1.11)

The Schiffer matrix unitary dilation Ur of T on the two-sided sequence space [%(H) is given

by
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-0 0TI 0 0O 0 0 -
-0 00 Dp =T 0 0 -
U, = .00 0 Dr 0 0 - , (1.12)
-0 00 0 0O I 0 -
-0 00 O o 0 I -

where Dy = (I — T*T)Y? and Dy = (I — TT*)Y/? are the defect operators corresponding to
the contractions 7' and T™* respectively. In the block matrix representation (1.12) of Ur, the

entry 7' is at the (0,0) position and the (i, 7)-th entries U, (i, j) of U, are given by
U.(0,0)=T, U.(-1,0)=Dp, U.(—-1,1)=-T", U.(0,1) = Dy, U,.(§,j+1)=1

for j # 0, —1, while all the remaining entries are equal to zero.

It is important to note that such a dilation does not have to be minimal but at the same time
the advantage of this dilation is that it allows us to consider unitary dilations of contractions on
H on the same Hilbert space [%(#). The minimal dilation space of the above unitary dilation
is é Dr@H él Dp+. We refer [70, Chapter I] for more information regarding unitary

n=—oo

dilations.

1.6.1 Semi-spectral measure

A semi-spectral measure € on a measurable space (X, B) is a map on the o-algebra B with
values in the set of bounded linear operators on a Hilbert space H that is countably additive

in the strong operator topology and such that
E(A)>0forall Ae B, £0)=0, and £(X) = 1.

It is interesting to observe that by Naimark’s theorem [43] each semi-spectral measure £ has a
spectral dilation, that is a spectral measure E on the same measurable space (X, B) that takes

values in the set of orthogonal projections on a Hilbert space K containing H, and such that

E(A) = PyE(A)|ln, AeB,
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where Py is the orthogonal projection on K onto H. Integrals with respect to semi-spectral

measures are defined in the following way:

[ o) etan) = P [ o) Ban)) | . o€ 12t

Recall that each contraction 7" (that is, || 7| < 1) on a Hilbert space H has a minimal unitary
dilation U, that is U is a unitary operator on a Hilbert space K, H C K, T" = Py U"|y for
n > 0 and K is the closed linear span of U"H, n € Z (see [70], Ch. I, Theorem 4.2). Here Py

is the orthogonal projection on K onto H. The semi-spectral measure Er of T is defined by

Er(A) E PyEy(A)|, (1.13)

2w
where [ e Ey(dt) is the spectral representation of U, Ey () is the spectral measure determined
0
uniquely by the unitary operator U such that it is continuous at ¢ = 0, that is, Ey(0) = 0 (see
page 281, [58]), and A is a Borel subset of [0, 27]. Then it is easy to see that

27
T :/ ¢ Er(dt), n e NU {0} (1.14)
0

For more on semi-spectral measures and related stuff, we refer to [3].
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CHAPTER 2

Koplienko-Neidhardt trace formula for unitaries — A new proof

2.1 Introduction

One of the fundamental concept in perturbation theory is the existence of spectral shift function
and the associated trace formula. The notion of first order spectral shift function originated
from Lifshits’ work on theoretical physics [35] and later the mathematical theory of this object
claborated by M.G. Krein in a series of papers, starting with [32]. In [32] (see also [34]), Krein
proved that given two self-adjoint operators H and Hy (possibly unbounded) such that H — Hy

is trace class, then there exists a unique real valued L'(R) function ¢ such that

Tr {$(H) — 6(Hy)} = / $(N) € dA (2.1)

holds for sufficiently nice functions ¢. The function ¢ is known as Krein’s spectral shift function
and the relation (2.1) is called Krein’s trace formula. The original proof of Krein uses analytic
function theory. Later in [12] (see also [10]), Birman and Solomyak approached the trace
formula (2.1) using the theory of double operator integrals, though they failed to prove the
absolute continuity of the spectral shift. In 1985, Voiculescu [74] gave an alternative proof of
the trace formula (2.1) by adapting the proof of classical Weyl-von Neumann theorem for the
case of bounded self-adjoint operators and later Sinha and Mohapatra extended Voiculescu’s

14
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2.1. Introduction 15

method to the unbounded self-adjoint case [63]. A similar result was obtained by Krein in
[33] for pair of unitary operators {U, UO} such that U — Uy is trace class. For each such pair
there exists a real valued L'([0, 27])- function &, unique modulo an additive constant, (called a

spectral shift function for {U, Uy}) such that

T {o(0) — o)} = [ G{ole")} &) (22)

whenever ¢’ has absolutely convergent Fourier series. Later in [41], Sinha and Mohapatra
also obtained the above formula (2.2) using Voiculescu’s method. Recently, Aleksandrov and
Peller [2] extended the formula (2.2) for arbitrary operator Lipschitz functions ¢ on the unit
circle T. Moreover, Peller [51] describe completely the class of functions (viz, the class of
operator Lipschitz functions on R), for which the Krein’s trace formula (2.1) holds. We refer to
[36, 39, 38, 59, 60, 61, 62] for more on the Krein trace formula for pairs of arbitrary contractions.

The modified second order spectral shift function for Hilbert-Schmidt perturbations was
introduced by Koplienko in [31]. Let H and H, be two self-adjoint operators in a separable
Hilbert space H such that H—Hy =V € By(H). Sometimes Hy is known as the initial operator,
V' is known as the perturbation operator, and H = Hy + V is known as the final operator. In

this case the difference ¢(H) — ¢(Hp) is no longer of trace-class and one has to consider instead

d

O(H) = ¢(Ho) — — (¢(Ho + sV))

9

s=0

d
where I <¢(H0 + sV)) denotes the Gateaux derivative of ¢ at Hy in the direction V' (see
s

[8]) and and find a trace formula for the above expression under certain assumptions on ¢.

Under the above hypothesis, Koplienko’s formula asserts that there exists a unique function

n € L'(R) such that

d

T {o(H) — o(Ho) — < (6(Ho + V)

_J:Awmm»w (2.3)

for rational functions ¢ with poles off R. The function 7 is known as Koplienko spectral shift
function corresponding to the pair (Ho, H). In 2007, Gesztesy, Pushnitski and Simon [26]
gave an alternative proof of the formula (2.3) for the bounded case and in 2009, Dykema and
Skripka [23, 64], and earlier Boyadzhiev [13] obtained the formula (2.3) in the semi-finite von
Neumann algebra setting. Later in 2012, Sinha and Chattopadhyay provide an alternative proof

of the formula (2.3) using the idea of finite dimensional approximation method as in the works
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16 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

of Voiculescu [74], Sinha and Mohapatra [63, 41]. In this connection it is worth mentioning
that in 1984, Koplienko also conjectured about the existence of the higher order spectral shift
measures v,, n > 2, for the perturbation V' € B,,(H) and it is remarkable to note that recently
Potapov, Skripka and Sukochev resolve affirmatively Koplienko’s conjecture and establishes the
existence of higher order spectral shift function in their outstanding and beautiful paper [53]
using the concept of multiple operator integral.

A similar problem for unitary operators was considered by Neidhardt [42]. Let U and Uy
be two unitary operators on a separable Hilbert space H such that U — Uy € By(H). Then
U = Uy, where A is a self-adjoint operator in By(H). Note that we interpret Uy as the
initial operator, A as the perturbation operator, and U = e*U, as the final operator. Denote
U, = ¢*4U,, s € R. Then it was shown in [42] that there exists a L'([0,27]))-function 7

(unique upto an additive constant ) such that

T {o0) — ot = geo@| Y= [ fotentoy 2

s=0
whenever ¢” has absolutely convergent Fourier series. The function 7 is known as Koplienko
spectral shift function corresponding to the pair (Up, U). In [48], Peller obtained better sufficient
conditions on functions ¢, under which trace formulae (2.3) and (2.4) hold. In this connection,
it is also worth mentioning that recently Potapov, Skripka and Sukochev proved higher order
analogs of the formula (2.4) in [55]. For more about trace formulas and related topics, we refer
the reader to ([37, 38, 39, 47, 49, 52, 54, 56, 66, 69]) and the references cited therein.

In this chapter we once again supply the new proof of the Koplienko-Neidhardt trace formula
(2.4), we believe for the first time, using the idea of finite dimensional approximation method
as in the works of Voiculescu, Sinha and Mohapatra, referred earlier. The major differences

between our method and the method applied in [31, 42] are the following.

(a) In [31, 42], the authors have reduced the problem by truncating only the perturbation
operator (and not the initial operator) via finite rank projections but still, they were in
an infinite-dimensional setting to deal with the problem which makes a major contrast in
comparison to our context. In other words, in our setting, we reduce the problem into a
finite dimensional one by truncating both the initial operator and the perturbation opera-
tor simultaneously via finite dimensional projections { P,} obtained by Weyl-von Neumann

type construction (see Lemma 2.3.1). Moreover, the authors have obtained the expression
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2.2. Koplienko-Neidhardt trace formula in finite dimension 17

of the shift function in [31, 42] for the reduced system as a consequence of Theorem 3 of
[10] and Krein’s spectral shift function whereas in our context we calculate the shift func-
tion explicitly by performing integration by-parts and using spectral theorem for unitary

matrices (see Theorem 2.2.2).

(b) A concept like the continuity of the perturbation determinant has been used in [31, 42] to
approximate the formula in infinite dimension but in our setting we do not need it to get

the required approximation (see Theorem 2.3.6).

(¢) In [31, 42], the authors dealt with the dual of C([0,2x]) (set of all continuous functions
defined on [0, 27] ) to get the shift function in an infinite dimension whereas we use pre-dual
of L>([0,27]) (set of all bounded measurable functions defined on [0, 27]) to get the same
(see Theorem 2.4.1).

The rest of the chapter is organized as follows: In Section 2.2, we give a proof of the
Koplienko-Neidhardt trace formula when dim H < oo. Section 2.3 is devoted to the reduction
of the problem to finite dimensions and in Section 2.4 we prove the trace formula by a limiting

argument.

2.2 Koplienko-Neidhardt trace formula in finite dimen-
sion

Here, H will denote the separable Hilbert space we work in; B(H), Bi(H), Bo(H) the set of
bounded, trace class, Hilbert-Schmidt class operators in H respectively with || - ||, | - |1, ] - |2
as the associated norms and Tr{A} denote the trace of a trace class operator A (see Chapter

1 for notations).

Theorem 2.2.1. Let U and Uy be two unitary operators on a separable Hilbert space H such
that U — Uy € By(H). Then there exists a self-adjoint operator A € Bo(H) such that
U= €iAU0.

Proof. Since UUj is a unitary operator, then there is a self-adjoint operator A with the spectrum

in (—m, 7 (that is, 0(A) C (=, 7|) such that UU; = ¢ and hence U = e4U,. Let {fi} be
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any orthonormal basis of . Then from the inequality |z| < g|em — 1| for x € (—m, 7] and by

using the spectral theorem (see Theorem 1.2.14) we conclude

oo g 22
HAJl3 = ) 1AfiIPP = AP NE@N) fil]P < — e — 112 [|E(d)) fil |
4
i=1 i=1 YT i=1 YT
2
m i
R T

where E(-) is the spectral measure corresponding to the self-adjoint operator A. Thus from the

hypothesis we conclude that A € By(#H). This completes the proof. O

The following theorem states Koplienko-Neidhardt trace formula in finite dimension.

Theorem 2.2.2. Let U and Uy be two unitary operators in a separable Hilbert space H such
that U — Uy € By(H) and p(A\) =X (r € Z), A € T.

(i) Then
';ij:U;““ (1A) Ukt ifr > 1,
LEON=1 0 ifr =0, 2.5)
= W ) @) s

where Uy = 40U, s € R.

(ii) If furthermore dim(H) < oo, then

€ Bl(H),

s=0

and there exists a L'([0,2x])- function n (unique upto an additive constant) such that

d

T {p(0) ~ pU0) — ({0

b= [ e} 26)

where p(+) is any trigonometric polynomial on T with complex coefficients and

n@z%TﬂM%@—&WMmteM%] 2.7)

where Eq(+) is the spectral measure of the unitary operator Us. Moreover,

s=0

d 27 d2 t
T {p(U) = p(U) ~ Z(U)| }= / Loy m ar (28)
where
1 27
wlt) =n(t) = 5 [ (s)ds . te 0,20 and Jnllsqoany < 341
0
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Proof. (i) Since U — Uy € By(H), then by the above Theorem 2.2.1 there exists a self-adjoint
operator A € By(H) such that U = ¢*4U,. Denote U, = €40, s € R and note that each U,

is an unitary operator. For p(A) = X" (r > 1), A € T, we have

—_

<

Us 1 ;
p( -‘rh) U;"_HI;: 1 s+h Us] Uf — ﬁ U;‘;}f—l [ezhA . ]} Uéﬁ—l?
k=0
which converges in operator norm to
r—1
> U (A) U as b — 0.
k=0

Similarly for p(A) = A" (r < —1), A € T, we have

r|—1
p(US-‘rh) _p(US) 1 * r|l—k— * * *
3 :EZ(US-Fh)I' g 1[ s+h_Us} (Us)k
k=0
1|7’\ 1 '
= 7 2 (U5 [ - 11 (UD),
k=0

which again converges in operator norm to

—i(U;)lrl—mA)(U;)k as h— 0.
k=0

(77) By using the cyclicity of trace and noting that the trace now is a finite sum, we have that

for p(A) =" (r>1), AT,

1 {p(0) )~ 0| Y =mof [ Lo as} ~we{ o] )
- / lTr{rzi U1 (3 A) Uf“} ds Tr{i U1 (;.4) Uk }

_ /Olr Tr <z’AU;”> ds — /Olr Tr (z’AUg) ds — Tr{r(iA) /01 ds /027r ¢ (B (dt) — Eo(dt))},

where F(-) and Ey(-) are the spectral measures determined uniquely by the unitary operators
Us and Uy respectively such that the spectral measures are continuous at ¢ = 0, that is,
E4(0) = 0 = Ey(0) (see Theorem 1.2.15). Next by performing integration by-parts we have
that
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2w

t=

0 O—WA%JMMHQ—EﬁHﬁ)}
_ /02“(2’7')261” ( /0 T {AlE (1) Es(t)]}ds> _ /0 a ;; ()] ()t

where we have set

=Tr {r(iA) /1 ds (em [Es(t) — Eo(t)]

1
n(t) = / Tr { A[Eo(t) — E(t)]}ds.
0
In similar manner, we can prove the identity (2.6) for p(A) = A" (r < —1), A € T. Indeed, let
p(A) = A" (r < —=1), A€ T. Then

1 {o(0) i) = 0| Y=ol [ Lo as) - 1of o] )
- / 1 Tr{lf (U2 (=id) (U2)"} ds Tr{rl_l U3)* (=id) U3)*

k=0 k=

_AW1ﬁ@mmW)@+AWﬂﬂGMWVO“
o {M(Z'A) /01 o /OW e_iITIt(E()(dt) — Es(dt))},

Next by performing integration by-parts we have that
d
Te {p(U) - p(Uo) — —-p(T)]  }
s=0
1 ) o 2 ;
— Ty {|r\(z’A) / ds (wlﬂt [Eo(t) — E.®)]| +ilr] / eIt [Eo(t) — Es(t)}dt) }
0 t=0

ds
:A%mm%%W(Aﬁnpmwa—EﬂﬂMQ:1[1£wwwnwdu

Now it is clear that n € L'([0,27]) and therefore it makes sense to define

w0 == 5= [ uls)is te o

Thus the assertion (2.8) follows from the following observation

27 ) 27 ) 1 27
/ eno(t) = / etmt {n(t) - —/ n(s)ds} dt
0 0 27 Jo
27 ) 1 27 27 )
:/ e"n(t)dt — —/ n(s)ds/ e dt
0 27 Jo 0

:/% mint)dt  for m e Z\ {0}.

fo= 1 | s

Let f € L*([0,27]), and consider
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Then it is easy to observe that
2 2m 2m

F@Ono@)dt = [ fo(t)n(t)dt, fot)dt =0, and [ foll o < 2[[f]l

0 0 0

Therefore by using the expression (2.7) of n and using Fubini’s theorem to interchange the

orders of integration and integrating by-parts, we have for g(e fo fo(s)ds,t € [0, 27] that

[ smvar = [ nomoi= [ G ( Tr[A(EO(t)—ES(t))}ds) i

0

= [ s [ late ) mlAE(D — B0
S [ et A - B}

S/Oﬂg(e“)Tr[A(Eo(dt)—Es(dt))] :/0 Tr[A{g(Us) — 9(Uo)}]ds. (2.9)

On the other hand by using the idea of double operator integrals (see Definition 1.3.1), intro-

I
|
c\
QU

duced by Birman and Solomyak [10, 12, 11] we have

9(U) = 9(Uo) = / / )] B.(dN) Bo(dp)
/ - / E ;A — o %) BN (U~ Vo) Eoldp)
/27r /27r ::“ — ein e G(dA x dp)(Us — o), (2.10)

where G(A x 0)(V) = Es(A)VEy(6) (V € Bo(H) and A x § € R x R) extends to a spectral
measure on R? in the Hilbert space Bg(’H) (equipped with the inner product derived from
the trace) and its total variation is less than or equal to ||V||. Thus by using the standard

i\ Im
gle ))\ g.(f ) < 2 ||fo||Oo < 7| flloos for A, € [0, 27, we conclude from (2.10) that
6Z — e'L

lg(Us) = g(Uo)lly < 7l Fl.IUs = Uoll,, (2.11)

inequality |

which combining with (2.9) implies that
1

2w 1
/ F@no(t)dt | < / [1All2 [lg(Us) = g(Uo)llz ds < 7T||f|!oo||z4||2/ 1Us = Upll, ds
0 0 0

1
™
< 7T!D‘!!ooHAHz/O sl ds = Sl Il

Therefore by Hahn-Banach theorem we conclude that

/fnodt

This completes the proof. O

T 2
Mo - sup — | Al]5.
170l L1 j0,201) = rermoad 5 141
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2.3 Reduction to the finite dimension

In this section we prove some estimates similar to those in Section 3 of [22, 63, 41] and use
them to reduce the problem in finite dimension. Now we begin with a lemma collecting some

results [22, 29, 63, 41] following from the Weyl-von Neumann type construction.

Lemma 2.3.1. Let Uy be unitary and let Hy be self-adjoint operator as in Lemma 1.2.11. Then
given a set of normalized vectors {fl}1<l<L i H and € > 0 there exist a finite rank projection

P such that

@) IPfll<e for 1<I<1L,

(i) PTHyP € By(H) and |[PHHoP|, < ¢,
(idi) ||[P*(i & Ho) ' P, < e,

(iv) for any integer m, ||[P-UJ"P||, < 2|mle.

Proof. Let F(-) be be the spectral measure associated with the self-adjoint operator Hy. As in
the proof of Proposition 3.1 in [22] we set a, Fy = F(A), where Ay, = <%a, %T_”a] for

1 <k <n,and

Ff .
TFAT if Fy.f, # 0,

0 if kal =0,

I =

for 1 <k <mand 1l <[ < L in such a way so that H[I—F((—a,a])}f;“ <efor1<I<L
and g,, € Fy’H € Dom(H,). Let P be the orthogonal projection onto the subspace generated
by {gr: 1<k <n; 1<1I<L} Usingthe Gram-Schmidt orthonormalization process, we
can obtain an orthonormal set made out of {g,,} which are also in Dom(Hy). So without loss

of generality we may assume that {g,,} is an orthonormal set.

A simple calculation shows that for Ay = %;L—”_la,
2k=mn, 9
" a
[(Ho= Mgl = [ 0= w2 [F@l? < (2) for 1<1<L,

and therefore

2
2 a\? a? 2
| = P HoPul? < (=) %(;uu,gkm) < S Ljul? for wen
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The operators PHy(I — P) and (I — P)HyP are finite rank operators with rank less than or
equal to nL. Hence, using the above estimate we get that
. a a
(1~ P)HoPLe = |PHo(1 = Pl < Vam(P) 10 - PPl < VL (%) VE=1 ().
Therefore by choosing large n, we conclude (i) and (ii).
Next we prove (i) and (iv). Since Fj commutes with Hy, (Ho + i) 'g,, = Fx(Hy £
)7 i/ | Fefill € FyH. Thus by setting A, = 222=1g one has

{(Ho 0 = w0 ol = [ IF (@,

Ay

<.
A

It is clear that P+(Hy +1i) 'g,, € FyH and therefore we have for any u € H

A£d)) =g Ed)?

2 an 2
A= | IIF@Ng )7 < ()

n L 2
1P+ (Ho £ d)"" Pul|* = |[P(Ho £ i)~ Z (U, 911) 9
=1

S

Mh

-I%

k=11
n

u gkl HO + Z) G

Il
- -

u gkl HO = Z) [/

>
Il
—_

1

=~

MS
M

YPH((Ho i)™ = (A £4)7)g,,

b
Il
—

1

2
Z| U, Gy ’HPL HO:EZ) ()‘kil )gle]
L =1

VAN
3
~ |

B
Il
—

< (3)2; (;<u,gkl>|>2 < (%) Ll

Thus, the Hilbert-Schmidt norm can be estimated to be

|PL(Hy £ ) P||, < /dm(P)|| P*(Hy £ i)"'P|| < VnL ( WL =1L( (2.12)

)
\/_
Moreover for m = 41 the following identity

PEUEP = P*[e2%(i 5 Ho) (i & Ho) ™' | P = P* [ {2i(i + Ho) ™' — 1}] P

— 2j ¢ pt [(z‘ + Ho)ﬂ 2
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24 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

along with the above equation (2.12) implies that ||PlU0jﬂPH2 <2+ 1|L< ) and finally

S

principle of mathematical induction procedure leads to HPLUOmPH2 < 2]m\L< ) for general

<k

m. The proof concludes by choosing n sufficiently large. O]

Lemma 2.3.2. Let U and Uy be two unitary operators in a separable infinite dimensional
Hilbert space H such that U — Uy € Ba(H) and let A be the corresponding self-adjoint operator
in By(H) such that U = eAU,y. Then given e > 0, there exists a projection P of finite rank such
that for any integer m and for all t with |t| < T,

(4) ||PLU6RP||2 < 2|mle, HPLA||2 < Ze,

(i) |IP-e AP, < 2Tl e [ PO Py < 2fml (M4 1) €

Proof. Let A(-) = Z (-, f,) f, be the canonical form of A with Z 77 < 00. Next choose L
= i=1

0 L
in such a way so that ||A— ALll, = >, 72 < ¢, where AL(-) = Z () f, and € =
\ i=r1 =1

min {e

T } > (0. Next, we apply Lemma 2.3.1 with H, as the correponding self-adjoint
2l

operator associated with Uy (see (1.2)), {f1, f2,..., fr} and € in place of e. Hence we get a
finite rank projection P in H such that

|PEf|| <€ <e for 1<I<L and |PrUJP|, < 2/m|e < 2|mle for any integer m.
Furthermore,

1P-All, < 1P~ (A — ADlly + 1P AL, < |4 = Aglly + | P AL,

L
Z f)P*f, <e+e’ (Z‘TA) < 2e.
I=1

For (ii), by the same calculation as in page 831 of [63], it follows that

< e+

a(t) = | Pre™ P, =[|P* (™! — I)P],
<||AH/ ) ds +T||P-AP||,
<||AH/ )ds+2Te for |t|<T (2.13)
solving this Gronwall-type inequality (2.13) leads to

a(t) = ||PLe™ P, < 2Te M < 27eTIlle  uniformly for t with  |t| < T.
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2.8. Reduction to the finite dimension 25

Moreover by using (i) (for m = £1) and (iz) (for t = +1) we conclude
|PLUP||, = ||PYe* Uy P||, = | P (P + P)UyPl|, < 2(1 + eIy e
and
[PRU= Pl = [ PMUG P, = [PAUG (P 4+ PHe P, < 21+ el ).

Finally mathematical induction procedure leads to |[PLU™P|, < 2|m|(el4l 4 1) ¢ for general

m. This completes the proof. O

Lemma 2.3.3. Let U and Uy be two unitary operators in a separable infinite dimensional
Hilbert space H such that U — Uy € Bo(H) and let A be the corresponding self-adjoint operator
in By(H) such that U = eAU,. Then for € > 0 there exists a finite rank projection P such that
for any integers m, k and |s| < T

(i) ||Pt (eiA — D), < 2, ||<eiSA — eiSAP) P, < 2Tk,

|PH (e —iA— DI, < 2 A2 (M~ [|A]| - 1)e,
(i) 11U - Ugi) Pl < 2mle, 1P (@ = UB) Pl < 2bmle {(lm| = D! + (jm] +1)}
(idd) | Tr { PUR (e — e47) UF | < 4’4,

where in the above Uy p = €®(i — PHyP)(i + PHoP)™, Up = eAP) Uy p and Ap = PAP.

Remark 2.3.4. Now observe that P commutes with (i = PHyP), (i+ PHyP)™' and PAP and
hence P commutes with Uy p and Up. Thus PUy pP and PUpP can be looked upon as unitary
operators on the Hilbert space PH

Proof of Lemma 2.3.3: Given Uy and A construct Hy and P as in Lemma 2.3.2 respectively.

(1) First we note that

1
P~ — 1), = H/ ipiAeisAdng < |P*A|, < 2,
0

1
(%4 — eisAe)p|| = H / eistAis(A — AP)PeZ‘SU—“ApdtH2 < T|P*AP]|, < 2T,
0
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26 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

and furthermore

oo

[P = ia = )|, = || Pa2(

k=2

< 1P Al AL IS A2 < A iAl (4 — Al — 1
<l 51| Al Z ] < 2 AllL[[AlIT (e | Al = 1)e.
k=2

(i1) Now we set U7 = UF™ and U(f;n = U(fg‘, m > 1. Thus by using Lemma 2.3.1 (i),

Remark 2.3.4 and the identity
(U# - Ufp> P = F2ie*(i & Hy)~' [PXHyP) (i £ PHyP)"'P
we have

m—1
m m m—j—1 J
o = (8w - i
=0
< QZHU#’“ i £ Hy)~! [PLHP] (iiPHOP)*lUgﬁPH
’ 2
<2 ZHPLHOPH < 2lmle.
2
§=0

Now first we note that

IP(U = Up)P|l, = ||P(eUy — "**Us p)P||,
< || Pet (U~ Unp) P, + [ Pe — 47)0U0 s P

< ||(Uo = Uo,p)P||, + || P(e* — e4P)]|, < 4, (2.14)

by using (7), (i¢). Furthermore, since P commutes with Up, we have for m > 1

m—1
|Pw™ —up)p||, = H; PU YU — Up)U}DPHQ

3

< {HPU “PLU — Up)ULP

TP - UP)PU;;PH }
2

.
Il
_.o

3

S v

=0

)

2} < 2me {(m — Vel + (m + 1)},

.

by using the above equation 2.14 and Lemma 2.3.2 (éi). Finally the estimate for m < —1

follows by taking the adjoint.

TH-3167_186123006



2.8. Reduction to the finite dimension 27

(7i1) Now by applying trace properties and using Lemma 2.3.2 (i), (ii) we conclude that

Tr {PU;Z (e — eiAP)Ué“}‘

1
= [ Tr [PUPm ( / [e°4i(A — Ap)Peil=94r) ds) Uﬂ
0

1
= / Tr [PU;”eisAPiAPe“l—S)APUg] ds
0

1
- / Tv [PLAP el1=9Ar 7k pyym PeisAPL} ds
0

1
< [P APl PP, ds < 2.
0

Remark 2.3.5. We can reformulate the above set of lemmas by saying that there exists a

sequence {P,} of finite rank projections such that for m,k € Z and |s| < T,

i) [BEHoPullyy IPEUS Pallys IBEUT By, I1PEAl, — 0 asn— oo,

(

(i) ||Pr(e =D)|,, [[(UF = U Py |Pa@™ = U Pa|l, — 0 asn — oo,

(131) H(e“A — eiSAPn)PnHz, “PﬁeiSAPn“z, ‘Tr {P.U? (eiA — eiAPn) Ué}! — 0 as n — oo,
(

) ||Py(e™ —Z'A—])Hl — 0 as n — o0,

where A, = PyAP,, Uy = €%(i — P,HoP,)(i + P,HoP,) ™", U, = U, and U,, =
e(isAn)UO

)T

The next theorem show how the above set of lemmas can be used to reduce the relevant

problem into a finite dimensional one.

Theorem 2.3.6. Let U and Uy be two unitary operators in a separable Hilbert space H such
that U—Uy € Bao(H) and let A € By(H) be the corresponding self-adjoint operator as in Theorem
2.2.1 such that U = ¢AU,. Let Uy = €U, s € R and p(-) be any trigonometric polynomial
on T with complex coefficients. Then there exists a sequence {P,} of finite rank projections in

H such that

T {p(0) p(th) - | pl0)}
o [T CARCRE I CA) LA FCED
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28 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

where A, = P,AP,, Uy, = €%(i — P,HyP,)(i + P,HyP,)™", U, = U, and U,, =
e(isAn)UO

)1

Proof. Tt will be sufficient to prove the theorem for p(A) = \",r € Z,A € T. Note that for
r = 0, both sides of (2.15) are identically zero. First we prove for r > 1. Using the sequence
{P,} of finite rank projections as obtained in Lemma 2.3.2 and Lemma 2.3.3 and using an

expression similar to (2.5) in B(H), we have that

d

T { [p(0) = p(00) -

p(U)] ~ BupU) = p(Ui,) ~

ds p<Us’">} Pn}

s=0 s=0

r—1 r=1
U= U =S U AR = BalUs - Us — 3 U N AU Pn}
Jj=0 J=0

r—1
{[ZU’“ TN U - Up)U — ZUg Y zA)Uﬂ“}
Jj=0 7=0

=Tr

r—1 r—1
- P, [ZUT TP (Un = Uo) Pl — S Ugid (1A )Ug”;l]Pn}

Jj=0 7=0
r—1
B { I:Z Ur—j—l( U]—i-l Z U(;‘ g= 1 U]-i-l]
=0
r—1
B Pn[ZUZ_]—IPn(e’L Ué];l;l Z 7‘ ] 1 Ug:1i| Pn}
j=0
r—1 A ;
- Tr{ [UT YA — A — DU + (UT - Ug_]_l)(z’A)Ug“]
=0
r—1 ) 4 '
- P, ( [U;;-f-lpn(emn — iAn = DPUS + (U7t = Ug;f—l)(z’An)UgrD Pn}
=0
r—1 ‘
— Ty {Z [U” (e — i A — DUIT = PUT=71P, (47 — A, — I)PnUgjlan}
j=0

<
—_

+ Wﬂ**—%ﬁ*wmwﬁhfmmﬁ*—U&fvmm%wﬂﬁﬂ}.@1@

Jj=

o

Using the results obtained in Lemma 2.3.2 and Lemma 2.3.3, the first term of the expression

(2.16) leads to
Tr {
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r—1
Tr { [(UH’*1 —UIHYP, (e —iA - DU + U PR (e — i A — DU

J=0

+ U 7P, (e —iA — T — e A, + DU

+ UL P (e — A, — )P (U - ngl)]}‘

[y

Il
=)

Tr { [Pn(U"‘j‘l — U YR (e —iA - DHUPT + PLUT 7P, (e — i A — DU
J

+ U — A = DU + U7 P (e —iA — e i A+ ) U3

U B (6 = i Ay = DU - U] }

ﬂ
I
—

< S {IB@ U R, @4 = id = D, + [P, e~ ia - 1],

7=0
+ P —iA =D, + | Te (Pl Pa(e™ —id — e +i4,) U P)
[l — i~ 1) | Pa @~ T, )
r—1
< (M= Al = DA S IR = OB+ B B
§=0

r—1
+r|PHEt —iA= D), + > ) Tr (B,U7971P, (¢ — 40 )UI+' P,)

j=0
r—1 r—1
+ 3 ||PUT T PAP U P, ||, + (M — Al = D) AT || B = U3,
j=0 Jj=0
.
< (e — A =) AIT > {HPAU”‘J’* U7 B, + || P U R,
j=0

PO = OO} + Pt = ia = D),

-1 r—1
Z Tr (PU 77 Pa(e = €U P) | + || PaAP ||, Y || PSP (2.17)
j=0 7=0

and the estimate of the second term of the right hand side of (2.16) is as follows

r—1
Tr(Z [(UH’ U ThAu - Pyt Ugynjl)PnAnUgjll])‘

r—1
=|Tr ( [{(UT—J'—1 — Uy = (U7 = U YR AU
J

+ (U = Uy PR AU + (U777 = U ™) PalA = AU
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30 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

+ (Ur:_j_l - Ug,;j_l)PnAnPn<Ug+l - Ugjf)]) '

S {(H U~ U B+ 0~ 0 Rl ) AT
07— G AU + 0 - U PP,
AL -],
< |, :z_;{uwr—f—l R, G - v R
vopit - g} + N Ay, (2.18)

Now using all estimates listed in Remark (2.3.5) we conclude that the right hand sides of (2.17)
and (2.18) tend to zero as n approaches to infinity. Hence from (2.16) we deduce the desire
approximation (2.15). On the other hand for p(\) = A", r < —1, we have

d d
T {[p0) = 0) = | pU] = PalpUa) =p(Uoa) = | p(Uen)] P2}

Ir|=1
~ Ty { > (UM gy e - vy + G Ay )

7=0

- P, Z (UZIT‘_J_lU&n(e_lA" _ 1)U5,n] + UE{n'T’_J_lU&n(iAn)UJ,nj)Pn}
7=0

Ir|—1 ' ' ‘
—Tr { > [U*'”‘J_lUg‘(e‘lA +iA— DU

7=0
— PnUglr\*JflU&nPn(e—zAn +iA, — ])PnU(inJPn] _ Z [(U*ITI*J*I _ USMi]fl)US(iA)UJJ

7=0
— P,(UzI=t Ug"n‘”*j*l)Ug,nPn(@'An)Ug"ann] } (2.19)

Similarly as above with an appropriate rearrangement and using Remark 2.3.5, one can show

that the right-hand side of (2.19) approaches to zero as n tends to infinity. This completes the
proof. O]
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2.4 Existence of shift function

In this section, we derive the trace formula corresponding to the pair (U, Uj). The following

theorem is one of the main result in this section.

Theorem 2.4.1. Let U and Uy be two unitary operators in a separable Hilbert space H such
that U—Uy € Ba(H) and let A € By(H) be the corresponding self-adjoint operator as in Theorem
2.2.1 such that U = e*AUy. Denote U, = e**4U,, s € R. Then for any trigonometric polynomial
p(+) on T with complex coefficients,

d

{P(U) —p(Uo) — %p(US>

}eBl(H),

s=0

and there exists an L'(]0,27])- function n (unique upto an additive constant) such that

d b= [ et

Tr {p(U) — p(Uo) = —-p(Us)

s=0

™ 2
Moreover, |0l 10,20y < §||AH2

Proof. By Theorems 2.2.2 and 2.3.6, we have that

}

s=0

Tr {p(U) —p(Uo) — %p(Us)

! d

= lim Ty {Pn{pwn) — p(Usn) = - szop(Us,m}Pn]
‘ 2 d2 it ‘ 27 d2 4

=g J —z () fn, (B)dt = Tim i T () }on(t)dt,

where
1 27 T )
770,n(t) = nn(t) T or nn(s>d5 , 1€ [0727T] and ||770,n||L1([0,27r]) < §||AH2 (2‘20)
0

Next we want to show that {770’”} is a Cauchy sequence in L'([0,27]). Indeed, for any f €

L>([0,27]) we consider

L =10 - = [ f(s)ds.

27 Jo

Now it is easy to observe that

/0 O o (t) — Tl (£) et = / " O {7at) — mn(®)
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32 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

27
/0 fo(0dt =0 and ||, < 2[f].

Therefore by following the idea contained in the paper of Gesztesy et al.[26] (see also [22]),
using the expression (2.7) of 7, using Fubini’s theorem to interchange the orders of integration

and integrating by-parts, we have for g(e f fo(s)ds, t €0, 27] that

t){nom(t) - no,m(t)}dt = ; ' fo(t){ﬁn(t) — ’flm(t)}dt
- % ( / Tr [An{Eo,n(t) — En(t)} = An{Eom(t) — Es,m(t)}] ds) dt
s [ S} T [A0{Boalt) — Eoa(0)} — Au{ Bonlt) = Bu)} i

0

[
g :

/Ods g(e™) Tr A {Eonlt —Es,n(w}—Am{EO,m(t)_Es,m(t>}:|

t=0

- / 9(e™) Tt | An{ o (dt) = Eon(dt)} = An{ Eo,m(dt) - Es:m“”ﬂ)

- /0 ds /0 " g(e) T [An{Eo,n(dt) — Ban(dt)} — Ap{ Bon(dt) — Es,m<dt)}}
ds Tr [An{g(Us,n) - g(UO,n)} — Am{g(Us,m) - g(UO,m)}}

1
ds Tr

-,
J

An{{g(US,n) - g<Us>} i {g(UO,n) N g(U(J)}}

- Am{{g(Us,m> A g(Us)} - {g(UO,m) - g(UO)}} + (An - Am){g(Us> ™ g(UO)} ’

where Ej ,,(-) and Ey ,,(-) are the spectral measures determined uniquely by the unitary operators
U and Uy ,, respectively such that they are continuous at ¢ = 0 and noted that all the boundary

terms vanishes. Next we note that as in (2.10)

P.{9(U.,) — g(U)} P, = {/%/ e”‘ Z. ) G (dX X dpr) (P {Usn — U, })}

where G, (A x 6)(V) = Es,(A)VE((9) (V € Bo(H), A xd CR xR and Ey-) is the spectral

measure determined uniquely by the unitary operator U such that it is continuous at 0) extends
to a spectral measure on R? in the Hilbert space By(H) (equipped with the inner product derived

from the trace) and its total variation is less than or equal to ||[V||o. Therefore

||Pn{g(U8,n) - g(US)}Pn”Q < 7T||f||oo||Pn{US,n - Us}HQ’
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2.4. FEuxistence of shift function 33

g(e™) —g(e™)
ei>\ — el

since

< g”foHoo < 7|| flloo, for A, € [0,27]. But on the other hand

Hpn(US,n - U3>H2 S HPTL(6i8An - eiSA)UO,n + PneiSA<U0,n - UO)||2
<[P = ), 4 [P By~ U], + ([P P Uo — U]

< [[Pa(e™® = |, 4 [|Pa(Uon = To)l, + 2| Pae™ P

I

< [[PaAP ||, + (| Pa(Ton = To)l,

and hence

Tt [Au{g W) = 9UY )| < 7S Il Alla{ 1P ABE |, + [ PaU0 = Do), + 25]| AP, }.

(2.21)
Similarly we conclude that
T [Au{9(Uo,) — 9@} | < AL AN, 1P (U0 — D)l (2.22)
Furthermore, we also have
T [(4n = 4n) {9(03) = 9U0)}]| £ 7l flc 140 = Al 11U, = ol
S 7| flloo 1An — Amlly (s[|All2), (2.23)

by using the estimate as in (2.11). Therefore using equations (2.21),(2.22) and (2.23) we get

/0 " O o (£) = o (8)

< [ as | 1| an {00 000} = {0 - o0} }
= An{{9(Usm) = 9(U)} = {g(Us.m) = 9(U0)} | + (An = An){g(U.) = 9(U0)} |
< K[ flloo;
where
K =7 Ally| {[|PaAPE ], + [|Pa (U0 = Ul + [|APE |, + 1Pa(Uon = Uo)ll, |

+ {IPaAPE ], + | P = Us)ll, + AP ], + 1 PaUom = o)l }

[f

1
= | An — Anll2]-
5 I
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34 Chapter 2. Koplienko-Neidhardt trace formula for unitaries — A new proof

Therefore by the Hahn-Banach theorem

17 = Mol = sup < Kp,— 0asm,n— oo,

feLeo([0.27]): )| fll o =1

/0 " O o () — o (£)

by using Remark 2.3.5 and hence {7, ,} is a Cauchy sequence in L'([0,2x]). Therefore there
exists a n € L*([0, 27]) such that 7, converges to n in L*([0, 27]) norm. Thus

T {0) ~ p(th) ~ 0|}
= i [ ot = [ (bl e (2.24)

Moreover, from (2.20) it follows that [ ;10 5. < gHAHg. Regarding uniqueness of 7, let n
and 1, be two L'([0, 27]) functions which satisfy (2.24) for any polynomial p(-) on T. Now by
considering p(z) = 2" for n € Z \ {0} we get

/0 "o (t) — ()}t =0 ¥n e Z\ {0},

and consequently uniqueness of Fourier series implies (1, — 72) is constant. This completes the

proof. O

Our next aim is to extend the class of functions ¢ for which the trace formula (2.4) hold

true.

Lemma 2.4.2. Let f,(s) = a,U", where a, € C and U, = AU, as in the statement of
Theorem 2.4.1 be such that >, n?*|a,| < oo. Then

n=—oo

- (niofn(s)> _ 3 (d%

d

ds

P fn(s)) , (2.25)

n=—oo

where the infinite series on both sides of (2.25) converge in operator norm.

Proof. The expression in (2.5) along with the fact Y n?|a,| < oo implies both infinite series
n=0
in (2.25) converge in operator norm. Next we denote 7,, = sgn(n),n € Z. Then the definition

of Gateaux derivative and the following estimate

(In|—-1 ) ,
S U=t (i4) Uit ifn>1,
00 00 0o j=0
1 n Tn |
; Z anU;—n| |_ Z anU(]n| | - Z an O 1fn:0,
n=-—00 n=-—00 n=-—00 In|—1 ' '
= 2 (UM (@A) (Ug) ifn < -1,
\ 7=0
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< {i ({Ianl n Ia—nl} . [@HAHQ +n (el — Al - 1)})} Js] — 0ass—0,

n=1

yields equation (2.25). O

Theorem 2.4.3. Let U and Uy be two unitary operators in an infinite dimensional separable

Hilbert space H such that U — Uy € Bo(H). Then for any ® € Fy(T),

[o0) - o) - oW,

ds } € Bi(H),

s=0

and there exists an L'([0,27])- function n, unique up to an additive constant, such that

2 d2

s:oq)(Us }_/0 tQ{ ") In(t)dt

Proof. Using the above Lemma 2.4.2 we have

Tr{CD(U) _ () — %

d o0 (e 9] d oo
_ _ _ Tnln| _ min| _ 2 T |n]
(U) — 2(Th) — — s:oq)(US) _n_z_:oo a,U P anU; | (;_:OO a,U! )
_ i a, Umlnl _ UOTnln\ _ i Umlnl| (2.26)
n=—00 ds 5=0 s
: malnl _ grmatl — G| el
Moreover, using (2.5) we conclude that (U R = I U ) is trace class and the
$s=0

following trace norm estimate

d
UTn|n| _ UTn|n| _ U7n|n|
H 0 ds 1
f|n| 1
Z UM (1A) Uit ifn>1,
Jj=
= ||umi —ggr il — 0 if n =0,
|l . .
- 20 (UHIM=1 GA) (Ug)  ifn < -1
\ J= 1
ni(|n| —1 _
< (ML) g e — g - 1)
implies
- n d mn
nEMA —%—ﬂﬂml
<Oo nr = 1) a2 (Al Al — 1] e
> (anl +la-nl) 5 +nll4] (e IAI = 1) | [A]l5 < oo
n=1
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Therefore the series in (2.26) converges in trace norm and hence {CID(U) —®(Uy)— di (ID(US)}
Sls=0
is trace class and furthermore
Tr{cp(U)—cb(U)—i Q)(U)}— i a Tr[U"—U”—i U"] (2.27)
O ds — " O ds|_, *T '

n=—oo

Thus by combining Theorem 2.4.1 and (2.27) and applying Fubinni’s theorem we get

Tr{q>(U) — ®(Up) — d%‘szoq»(z]s)} _ i /0%(_”2@”eint)n<t>dt

~ 2 d2 y
i /0 = o) ey,
This completes the proof. O

Corollary 2.4.1. If U and Uy are two unitary operators in an infinite dimensional separable
Hilbert space H such that U — Uy € Ba(H). Then there exists an L*([0, 27])- function n, unique

up to an additive constant, such that for any z € C with |z| # 1,

Tr {(U —2) = (Up—2)"" = %L:O (Us — z)_l} = /:ﬂ 5—;{(6“ —2)" ' In(t)de.
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CHAPTER 3

Second order trace formulae

3.1 Introduction

In Chapter 2, we have discussed the Koplienko-Neidhardt trace formula for pairs of unitaries
(U, Uy), where the path considered by Neidhardt [42] is an unitary path, that is U, = e**4U,
is an unitary operator for each s € R. In [26, Sect.10], Gesztesy, Pushnitski and Simon have
discussed an alternative to Neidhardt’s approach. In other words, they have considered the
linear path Uy + t(U — Up); 0 <t < 1 instead of the unitary path U; = €U;; 0 <t <1 and

proved that there exists a real distribution 7 on the unit circle T so that the formula

d

Tr {¢(U) — o(Uy) — %{MUO +s(U - Uo))}

Jdy / e} e U U) 57 ()

holds, for every complex polynomial p(z) = > arz®; n > 0; a,z € C. In this connection,
k=0

Gesztesy et al. posed an open question in [26, Open Question 11.2] which says the following:
Is the above distribution n in (3.1) an L*(T) — function? (3.2)

In 2012, Potapov and Sukochev provided an affirmative answer to the question mentioned above

in [56]. In fact, they prove the following interesting theorem in [56].

38
TH-3167_186123006



3.1. Introduction 39

Theorem 3.1.1. (see [56, Theorem 1]) Let U and Uy be two contractions in an infinite dimen-
sional separable Hilbert space H such that V := U—Uy € By(H). Denote Us = Uy+sV, s € [0, 1].

Then for any complex polynomial p(-),

{pw) o)

{p(Us)}} € By (H)

s=0
and there exists an L'(T)-function n (unique up to an analytic term) such that

o {pw) —pllh) -

{p(Us)}} = /Tp”(z)n(z)dz. (3.3)

s=0

Moreover, for every given € > 0, we can choose the function n satisfying (3.3) in such a way
so that
nllzemy < (L +€) (VI3 (3.4)

It is worth mentioning that Dykema and Skripka [24] used the concept of unitary dilation to
achieve some perturbation formulas for traces on normed ideals in semi-finite von Neumann
algebra setting.

The following are the main contributions in this chapter.

e First of all, we supply a new proof of the above Theorem 3.1.1 whenever Uj is a normal
contraction and U is a contraction such that U — Uy € By(H) (see Theorem 3.5.1 and
3.5.3), we believe for the first time, using the idea of finite-dimensional approximation
method as in the works of Voiculescu, Sinha and Mohapatra, referred to earlier which in

particular provides an affirmative answer to the above question (3.2).

e Consequently, using the Schéffer matrix unitary dilation we also prove Theorem 3.1.1
corresponding to a class of pairs of contractions (7',Tp) such that T'— Ty € By(H) (see
Theorem 3.6.2 and Theorem 3.6.3).

e Next, by using our main theorem and using the Cayley transform of self-adjoint operators,
we obtain the Koplienko trace formula corresponding to a pair of self-adjoint operators
(H, Hy) with the same domain in H and under the assumption that (H — z)™' — (Hy —
2)7t € By(H) for some z with Im z # 0 (see Theorem 3.7.1).
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40 Chapter 3. Second order trace formulae

e Moreover, by using Theorem 3.1.1 we prove the Koplienko trace formula for a pair of
maximal dissipative operators (L, Lg) under the assumption (L+17)"'—(Lo+i) "' € By(H)
(see Theorem 3.8.1) for the first time.

e At the end, using the idea of finite-dimensional approximation method, we have extended
the Koplienko-Neidhardt trace formula for a class of pairs of contractions (T',7p) via

multiplicative path (see Theorem 3.9.1).

The significant differences between our method and the method applied in [26, 56] are the

following.

e Our approach in this chapter is different from that of [26, 56] and is probably closer to
Koplienko and Neidhardt’s original approach (see [31, 42]). In [56], the authors proved
Krein type formula (see [56, Theorem 6]) to obtain Theorem 3.1.1 by approximating the
perturbation operator (and not the initial operator) via trace class operators but still,
they were in an infinite-dimensional setting to deal with the problem which makes a
major contrast in comparison to our context. In other words, in our setting, we reduce
the problem into a finite-dimensional one by truncating both the initial operator and
the perturbation operator simultaneously via finite-dimensional projections {P,} (see

Theorem 3.4.5 and 3.4.6).

e Moreover, in our setting, we calculate the shift function explicitly by performing integra-
tion by-parts and using semi-spectral measures for contractions (see Theorem 3.3.3 and
3.3.4), and it is one of the significant steps in our context to get the shift function in an
infinite-dimensional case which is not the principle essence in the approach mentioned in

126, 56].

e Furthermore, using our approach we obtain a slightly better upper bound of the L*(T)-
norm of 7 (see Theorem 3.5.1 and Theorem 3.5.3) compared to (3.4) in Theorem 3.1.1.

The rest of the chapter is organized as follows: Section 3.2 deals with some well-known
concepts/results that are essential in the later sections. In Section 3.3, we give the proof of the

Koplienko trace formula and the Koplienko-Neidhardt trace formula for pairs of contractions
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3.2. Preliminaries 41

when dim H < oo. Section 3.4 is devoted to reducing the problem into finite dimensions,
and in Section 3.5, we prove the required trace formula by appropriate limiting argument.
Consequently, in Section 3.6, we prove the trace formula for a class of pairs of contractions.
Section 3.7 and Section 3.8 deal with the trace formula for a pair of self-adjoint operators and
maximal dissipative operators respectively. At the end, in Section 3.9, we prove the Koplienko-

Neidhardt trace for formula for a class of pairs of contractions via multiplicative path.

3.2 Preliminaries

~

For 1 < p < oo, the Hardy space HP(T) stand for the set {f € LP(T) : f(n) =0, for alln < 0}.
One of the basic facts about H?(T) spaces is that they have preduals (see [25, Theorem 4.15]).
In particular, H*(T) is isometrically isomorphic to the dual of the factor-space L'(T)/H*(T)

and furthermore, for every f € L'(T), we have

/T 9(2)f(2)dz].

|22 ry/errery = sup
lgll oo (ry <1

Now we denote the set of all complex polynomials by P(T). It is important to note that the
supremum in the above equality can be taken over the set P(T). In other words, we have the

following result

Lemma 3.2.1. For every f € L*(T), the equality

Wz oy e emy = sup
9€P(T); llgll oo <1

/T 9()f(2)d

holds, where P(T) is the set of all complex polynomials.

The proof of Lemma 3.2.1 is available in [56, Lemma 5], and we need it in our context to
calculate the norm on the factor space L'(T)/H!(T) in later sections. Moreover, to prove our
main results, we need the following fundamental estimate, which is obtained in [30, Theorem 6.1]

(see also [50, Theorem 4.2 and (3.2)]).
Theorem 3.2.2. If f € P(T) then, for all contractions T, Ty on H,
IA(T) = F(To)lly < [l IT =Tolla if T =Ty € Ba(H),
and [|[f(T)X = Xf(To)lly < [[f'lle ITX = XTolla  if X € Bo(H),

where || f]loc = sup [f'(e")].
te[0,2m)

(3.5)

TH-3167_186123006



42 Chapter 3. Second order trace formulae

3.3 Trace formula in finite dimension

We begin the section with the following differentiation formula for monomials of contractions
that can be established directly by definition of the Gateaux derivative (with convergence in

the operator norm).

Lemma 3.3.1. Let T and Ty be two contractions in an infinite dimensional separable Hilbert

space H. Let V=T — Ty, Ty =Ty + sV, s€[0,1], and p(z) = 2" (r >2),z2 € T. Then
T)}=> T;7'VTY. (3.6)

Proof. For p(z) = 2" (r > 2), z € T, we have

i ) 1% )
a +h) :Ez Topn — 1T, ZTst 'V, (3.7)
j=0
and hence
r—1 r—2r—j—2
P(Tsn) — p(T5) r—j— ; e i ;
B S v < I, + RV VT VI
j=0 7=0 k=0

which converges to 0 as h — 0. This completes the proof.

The following lemma essentially obtained in Theorem 2.2.2 whenever A € By(H) is self-
adjoint and T} is a unitary operator by using the definition of the Gateaux derivative. But if
we consider A, T € B(#H), then the similar proof is also valid for the pair (A, Tj). Indeed, here

we also give the proof for the reader’s convenience.

Lemma 3.3.2. Let (A,Ty) be a pair of bounded linear operator in an infinite dimensional
separable Hilbert space H. Let T, = Ty, s € R, and p(z) = 2" (r € Z),2 € T. Then

(r—1

> TrI (AT ifr>1
%{p(Ts)} =4¢ 0 ifr=0 (3.8)
Ir|—1
= Z (T GAY Ty ifr < -1

\

Proof. For p(A) = X" (r > 1), A € T, we have

r—1 r—1

Torn) — p(Ts 1 1
p( +h)h p(T5) _ hZTJHIf YTy — T, TF = hZT;Hf e zhA_]} T,

k=0 k=0
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which converges in operator norm to

r—1
ZT;_’“_l (iA) TF' as h— 0.

k=0

Similarly for p(A) = X" (r < —1), A € T, we have

1

>
==

7|

S S

(TS*+h)|r\—k—1 [Ts*-i-h . T*} (T*)k

=
Il

0

—_

)

(Ts*—i-h)Ir‘ikil(Ts*) [eiihA i [] (Ts*)ka

SRS
e

which again converges in operator norm to

—TZI(T;)V"’“(z‘A)(T:)’“ as h—0.

k=0

[]

The following theorem states Koplienko trace formula for pairs of contractions via linear

path in finite dimension.

Theorem 3.3.3. Let (N, Ny) be a pair of contractions on a finite dimensional Hilbert space
H, and V = N — Ny. Let Ny = Ny + sV, s € [0,1] and p(:) be any complex polynomial. Then
there exists a L'(T)-function n such that

ﬁ{mwv—mwo—gé

@w&}z/ﬂ@mmm 39)
T
where p(+) is any complex polynomial and

n(z) = /0 e V{E(Arg(z)) — & (Arg(=)) }]ds. z €T, (3.10)

where E(-) and Ey(-) are the semi-spectral measures corresponding to the contractions Ny and
Ny respectively and Arg(z) is the principle argument of z. Furthermore, the class of all n’s

satisfying (3.9) corresponds to a unique element [n] € L*(T)/H(T) such that

1
Il Lrerymery < 5 V|3 (3.11)
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44 Chapter 3. Second order trace formulae

Proof. Tt will be sufficient to prove the theorem for p(z) = 2",z € T. Note that for r = 0 or 1,
both sides of (3.12) are identically zero. By using the cyclicity of trace, applying Lemma 3.3.1,

and noting that the trace now is a finite sum, we have that for p(z) = 2" (r > 2),z € T,

ooy} =1 [ oy ash- {4 (o))

- /01 Tr{:Z:éN;—HVNg} ds — /OlTr { ;Ng—j—lv]vg} s
_ T/l [Tr {V (N7 Ny H ds = Tr {rv/l I /27r TTVE(dt) — & (dt)] }
0 0 0

where &(+) and &y(-) are the semi-spectral measures corresponding to the contractions Ny and

1 (V) — (Vo) —

s=0

Ny respectively (see (1.13) and (1.14) in Section 1.6). Next by performing integration by-parts

we have that

T {p(V) = p(No) — o

{p(N,) }}

s=0

- {7“/ /0 s (e“’“—l)t [E4(t) — &o(t)] ZO —i(r—1) /0 7 it [€4(t) — Eo(t)]dt> }

= ir(r—1) /0 " ei<H>t{ /0 1 Te[V{&o(t) — Ss(t)}]ds}dt,

: d
which by substituting z = e, ¢ € [0,27] and dt = —Z yields
1z

T {p(V) ~ p(No) — o

{p(N,) }}

s=0

= [ =2 [ D {Etarg(a) - earae) ds} b = [t

where Arg(z) is the principle argument of z and we have set

n(z) = /01 Tr [V{EO(Arg(z)) — ES(ATg(z))}]ds, zeT.

Let f be a complex polynomial on T, and set g(e®) = f(f f(e)ieds, t € [0,2nm]. Next
, . d ‘ , .

we observe that g(e"*™) = g(e°) = 0, and %{g(e”)} = ie" f(e"). Now by using the above

expression (3.10) of 7 and using Fubini’s theorem to interchange the orders of integration and

integrating by-parts, we have that
o o 27 g . .
[ remes= [ pemenietd = [ Lt ey
T 0 0
2

_/O % g(e") (/OlTr v{ew -&m}] d5> dt
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= /01 ds/ozﬂ% g(e™)} Tr [V{c‘,’o(t) —Es(t)} dt
(o [V{gom_gs(t)}} Moy RECE)
=~ [as [T atey 1 [v{esan - euan}] = [ as v {ov - o}

Therefore using Theorem 3.2.2 we get

‘/ ds Tr N,) — (No)}] — /01 ds ‘Tr [V{g(Ns) _Q(No)}”

1
/0 IVl llg(V,) = g(No)ll, < / W1 IV Vs — Nolly < 11£1s

1
1
VI [ s ds = SIALIVIE
0

and hence by using Lemma 3.2.1 we conclude that

/f 2)dz

||[ ]||L1 T)/HY(T) = sup <z HV||2

FEP(T); I fllroe(my<1

This completes the proof.
O

The following theorem states the Koplienko-Neidhardt trace formula for pairs of contractions

via multiplicative path in finite dimension.

Theorem 3.3.4. Let T be a contraction in a finite dimensional Hilbert space H and let A = A*
€ B(H). Denote T, = ATy, s € [0,1], and T = Ty. Then there exists a L*([0,27])-function

1 such that

I {pm —pl1) &

{pm)}} = [T e}t (3.12)

where p(+) is any complex polynomial on T with complex coefficients and

() :/01 T [a{ Foft) - Fun)}] s, # € 0.27], (3.13)

where Fs(+) and Fo(-) are the semi-spectral measures corresponding to the contractions Ts and

Ty respectively. Moreover,

- 1
1A 2 my s ery < 5 | Al3- (3.14)
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Proof. Tt will be sufficient to prove the theorem for p(z) = 2" ;7 € NU{0},z € T. Note that
for r = 0, both sides of (3.12) are identically zero. Let Fs(-) and Fy(-) are the semi-spectral
measures corresponding to the contractions 75 and Tj respectively (see (1.13) and (1.14) in

Section 3.2). By using the cyclicity of trace, applying Lemma 3.3.2, and noting that the trace

)

now is a finite sum, we have that for p(z) = 2" (r > 1),z € T,

e {p() -t — oo Y=m{ [ (4ot - ot
(ET; I GA)TI — ZT’" i ZA)TJ“> ds }
Al (T —Tg)ds}

(ir) A /O ds /0 - ““t F,(dt) ]-"O(dt)>}

~ Ty [(ZT)A/ ds { ™ (Fu(t) — Folt)) tzo—z'r/:ﬂ e (F(t) —]-"O(t))dt}]

_ /0 2 (ir)2e’™ { /0 1Tr{z4(]:o(t)—}'s(t))}ds] dt = /O 2”5_;{1,(6#)},7@)@

Therefore we have the formula (3.12) by setting

) = | AR - £.0] s

By repeating the similar argument as done in Theorem 3.3.3 we obtain (3.14). This completes

the proof. n

Remark 3.3.5. It is easy to observe that the function 1 in (3.13) is real-valued. Also it is
worth mentioning that, if we consider the polynomial p(z) = 2" for r < —1, then by performing
similar calculations as done in the proof of Theorem 2.2.2, we also obtain the formula (3.12)
along with the same spectral shift function 7 as in (3.14). Therefore the identity (3.12) holds for
every trigonometric polynomial and hence by the uniqueness of the Fourier series we conclude

that the spectral shift function 7)(+) is unique up to an additive constant. Moreover, the formula

(3.12) can also be extended for the class F5(T).

3.4 Reduction to finite dimension

We begin the section by stating (without proof) the approximation theorem which is essential

in our context to reduce the problem into a finite dimensional one. Note that the following
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theorem is a special case of Theorem 2.2 in [21]. Moreover, it is also worth mentioning that

Voiculescu [74] had earlier obtained related (though not the same) results.

Theorem 3.4.1. (See [21, Theorem 2.2]) Let (A, As) be a pair of commuting bounded self-
adjoint operators in an infinite-dimensional separable Hilbert space H. Then there exists a

sequence { Py} of finite-rank projections such that, for i = 1,2
P.tI, and ||[Ai, Pll, — 0, as k — oo. (3.15)

Using the above theorem we have the following useful lemmas which will be useful to reduce

the problem into a finite dimensional case.

Lemma 3.4.2. Let (Hy, Hy) be a pair of commuting bounded self-adjoint operators in an
infinite-dimensional separable Hilbert space H. Let A € By(H) be a self-adjoint operator and
let B € By(H). Then for i = 1,2, there exists a sequence { Py} of finite rank projections such
that P, T I, and

|PrHiP||,,  ||PeAP s ||Pe BBy, || Br B Pel|, — 0 as k — oo

I

Proof. Now by applying Theorem 3.4.1 corresponding to the pair (H;, Hs), there exists a se-
quence { Py} finite rank projections such that Py 1 I, and

HPkLHiPkHQ —>0ask — o0 for 71=1,2.

Let >0 Aj(-,e;) f; and > wi(-, g;)h; be the corresponding canonical decomposition of A and B
j=1 j=1
respectively, where Y7 A3 < oo, > pf < coand {e;}, {f;}, {g;} and {h;} are set of orthonormal

j=1 j=1
vectors. Now given n € N, there exists L,, € N such that

- 1 - 1

Ly, Ly, Ly, Ly
Set Ar, = Zl/\j<'a€j>fj7 A = zjl/\j<',fj>€j7 By, = Zlﬂj<'79j>hja By = Zlﬂﬂ':hj)gja and
J= J= J= J=

S|
SRS

€, = min . Since P, T I as k — oo, then there exists a natural number a,,

L

S|

3

" L
DR YRS
7=1 7j=1
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such that for each f € {e1,eq,...,er, }U{f1, f2,---, fr.}U{g1,92, .- 90, } U{h1,ho, ... hp,}

we have

(I = Po)fll <en VE=an

Next we choose a,, € N such that a,, < a,,1 for each n € N. Therefore corresponding to the

sub-sequence {P, }, we have for i = 1,2,

|Pu HiPa ||, — 0,

1B AP, |, < [P, (A = AL ) o[l + [ Po Ar, Pa |

Ln 3
S”A—ALHHQ‘FHPLL”AL”H2<%+€n (ZA?) <—-——0 as n— oo.

J=1

S|

Similarly we have

{ Lo NE 1 7
[P APl < = e (2 Ag) <0, |[PLBR,|, <> +e (2@) <2 o
1 Ln 2 9
and HPaLnB*PanH2<E+En (;MJQ) Sﬁ—ﬂ) as n — 00.
This complete the proof. O

Lemma 3.4.3. Let Ny be a normal contraction on a separable Hilbert space H, and let V &
By(H). Let Ty = No+V and A = A* € By(H). Set T, = Ty, s € [0,1] and T = Ty. Then
there ezists a sequence {P,} of finite rank projections such that for every k € N, each of the

following terms

(@) P NoPallas (@) By Vil (i) 1PV ]y (i) [|[(T* = T5) Pl
o () ([P =Dl (vid) | Po (e =)

27

(v) (T3 - 13,) Pl

I

(viii) H(em—z'A—eiA”—l—z’An)PnHl, and (iz) H(eiA—z'A—I)PnLHl

converges to zero as n — oo, where A, = P,AP,, Ty, = P, TvP,, T,, = e"A”Tom and Ty, =

€iSA" TO n-

Proof. Since Ny is a normal contraction, then Ny + Nj and Ny — Nj are two commuting
self-adjoint operators on H. Therefore by applying Lemma 3.4.2 corresponding to the pair
(No + N§, No — N§), there exists a sequence {P,} of finite rank projections such that

| Py (No + N§)Palf, - Prv*

[P Al

EV],

2,} , — 0asn— o0,
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which immediately implies that

HPnLNOPn‘

2 [P NGB

2 [P To Pl

oo | P T Pall, — 0 as n — oo. (3.16)

This conclude (), (i) and (i7i). The proof of (iv), (v), (vi), (vii) and (iz) can be obtained

similarly by mimicking the proof of Lemma 2.3.3. For (viii), consider the following

H(eiA — A — eHn +7jA P, ||1

o) k—1
= Z%Z{zAkjle—zA }P
k=2 7=0 1
o) 1 [k—1
= ZE {zAlezA—zA }P
k=2 ;:0 1
o) 1 k—2
- ZH (A0 (PFAP,) +i (PLAP,) (iA) " + ) {(iA) 77 (PR APR,) (iA,)} P,
2 L j=1 1

k=
=1
=" A1 Al | PEAR, + | PE AP, 1AL 144l

k—2
+ > {IAF | BEAR, 1 Aal A} |

j=1

=1
) (Z ] “f“"”) Al [|BEAP [, = A1 (11 = 1) [|Alla | PEAPs |, — 0 a5 n — oo,
k=2 )

This completes the proof. O]

Remark 3.4.4. Note that the expressions (iv) and (v) in Lemma 3.4.3 also converge to zero

as n — oo for any k € Z, where we interpret T—* as the adjoint of T

The following two theorems show how the above Lemma 3.4.3 can be used to reduce the

relevant problem into a finite-dimensional one.

Theorem 3.4.5. Let Ny be a normal contraction on a separable Hilbert space H, and let
V € By(H). Let Ny = Nog+ sV, s € [0,1], N = Ny and let p(-) be any complex polynomial.

Then there ezists a sequence {P,} of finite rank projections such that

H{p(N) —p(No) — % . {p(Ns)}} - {Pn (p(Nn) — p(Now) — %

(.01} Pn} |

(3.17)

s=0

— 0 as n — 0o, where N, = P,NPF,, Ny, = P,NoP,, and Ny, = P,NP,.
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Proof. Tt will be sufficient to prove the theorem for p(z) = z",7 € N, z € T. Note that for r = 0
or 1, the expressions inside the trace norm in (3.17) are identically zero. Let r > 2. Now by
using the sequence {P,} of finite rank projections as obtained in Lemma 3.4.3, and using an
expression similar to (3.6) in B(H), we have that

r—1 r—1
| (V"= Ng = SONgTVNG) = PN = N = SONGT VNG, ) P
=0

J=0

1

—|| X[V NN - Ba((Ng = NV, ) Pl

a+pB=r—1
a>1 & B>0

1

= 3 {(N"‘ — N2)P,VN§ + N*PLV N + N2V B, (Ny — Ny,.) + N;YVP;N(?}

a+p=r—1 L
a>1 & >0

_ {( N§ — N, ) P.VNG + N§ PV NG + N§, VE,(NJ — Ny, + Ngfnvp,jNOﬂ}]

1

< ) {H(No‘ — N2 PallalVll2 + allV Iz (125 V2 + 1V P |l2) + 20V Pa(NG — N ll2
aOgiﬂnggzlo

+ (VS = Ne)Palla IV 2 - (3.18)

Now using the estimates listed in Lemma 3.4.3 along with the Remark 3.4.4, we conclude that
the expression in the right hand side of (3.18) converges to zero as n — oco. This completes

the proof.
m

Theorem 3.4.6. Let Ty = Ny+V be a contraction on a separable Hilbert space H, where Ny is a
bounded normal operator and V € By(H). Let A= A* € Bo(H), T, = 4Ty, s €[0,1], T =Ty
and p(+) be any trigonometric polynomial on T with complex coefficients. Then

d

- % p(Ts) € Bl(H)> (319)

s=0

p(T) = p(To)

and there ezists a sequence {P,} of finite rank projections in H such that

H l{p(T) —p(To) - % p(m} - P"{p(Tn> — p(T) — & p(Ts,n)}P"}

3.20
s (3.20)
— 0 as n — o0, where A, = P,AP,, Ty, = P,ToP,, T,, = ¢ Ty, and T,,, = e**Ty.,,.

s=0 s=0 1

Proof. Tt will be sufficient to prove the theorem for p(z) = 2", r € Z, z € T. The property (3.19)

is trivial. Note that for r = 0, the expression inside the trace norm in (3.20) is identically zero.
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For r > 1, using the sequence {P,} of finite rank projections as obtained in Lemma 3.4.3, and

using an expression similar to (3.8) in B(#H), we have that

(o) ——] - Pu{p() -t - | w0}

‘ s=0

r—1
{17 - 17 - ZT’“ el zA)Tj“} PAT = 7, = Y1 AT P
=0

. {To‘(e“‘ TP - T GAYTY } - Pn{Tgpn(eMn ~DPTL, - T&n(iAn)Tgn}Pn

a+p=r L
>0 & B>1

= > {@ -t - DY+ Tt = ia= 11}

a+p=r L
a>0 & £>1
— P{ (T3 = Tg,) Pale™ = DRI, + T, (e — id, — 1T, } P
— {(Ta — T —Te + I, Pu(e™ = DTy + (T* = T3 P (e = DTy
a>o[é)+865:57‘>1

(T3 = Tge,) Po (= e40) T + (T2 = T3,) P (e — 1) o (TY = T3, }
— {(Tg —Tg) P (64 —iA— 1) Ty + T¢ P (64 —iA— 1) Ty

+ T8 P (64 —iA — e +iA,) T) + T, Pu(e™ — iA, — )P, (Tﬂ T(fn> H :

and hence we have the following estimate

IRECE ORI

D>

a+pB=r
a>0 & f>1

T = T80) Ball, 120 (4 = )|, + 2| P (¢ = 1) P

d

p(1)} = Pa{p(T0) — p(To) = =

75| PTn) }Pn}

s=0 1

I = 73 = 13 =T ) 2 e = D+ (2 = 75) L [ P = D)

<T'3 Tgfn)

L PE (e —iA - 1)||1 P (64— iA - M 1 iA,)

2

+ @5 = o) Pall, || (7 = iA = D) I

+ || P —iA, (Tﬁ Tgfn)

‘2] . (3.21)

Finally, using the estimates listed in Lemma 3.4.3, we conclude that each term in the right

hand side of (3.21) converges to zero as n — oo. By repeating the similar calculations as
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above and using Lemma 3.4.3 and Remark 3.4.4 we conclude (3.20) for p(z) = 2",r < —1.
[l

Remark 3.4.7. Note that, in the above Theorem 3.4.6 we prove the convergence of the ex-
pression in (3.20) in trace norm instead of taking the trace of the expression and show the
convergence. In other words, the above Theorem 3.4.6 deals with the trace norm convergence
which is stronger in comparison with the trace convergence as obtained in Theorem 2.3.6 and

also we are dealing with pair of contractions (T,Ty) instead of pair unitaries (U,Uy).

3.5 Existence of shift function in linear path

Now we are in a position to derive the trace formula corresponding to the pair of contractions
(N, Ny), where Ny is a normal operator. The following theorem is one of the main results in

this section.

Theorem 3.5.1. Let N and Ny be two contraction operators in an infinite dimensional separa-
ble Hilbert space H such that Ny is normal and V= N—Ny € By(H). Denote Ny = No+sV, s €

d
[0,1). Then for any complex polynomial p(-), {p(N) —p(Nog) — — {p(Ns)}} € Bi(H) and
s=0
there exists an L'(T)-function n (unique up to an analytic term) such that

ds

T {puv) oy — 2

i {p(Ns)}} = /T p'(2)n(z)dz. (3.22)

Moreover, for every given € > 0, we choose the function n satisfying (3.22) in such a way so

that
1
Inllz2ry < (5 +€> % (3.23)

Proof. By Theorem 3.4.5 and Theorem 3.3.3, we have that

Tr {p(N) — p(No) — % . {p(Ns)}}
= nh_}r{.lo Tr {Pn <p(Nn) - p(NO,n) - % - {p(Ns,n)}> P”}
= Jim | 2" () (2)dz (3.24)

where N,, = P,NP,, Ny,, = P,NoP,, Ns,, = P,NsP,, and n,(z) is given by (3.10), that is

Ma(2) = /01 Tr [Vn{&)m (ATg(Z)> —&sn (Arg(z)) }]ds, zeT, (3.25)
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where & ,,(+) and &, (-) are the semi-spectral measures corresponding to the contractions N,
and Ny, respectively (see (1.13) and (1.14) in Section 3.2) and V,, = P,V P,. Moreover, from
(3.11) it follows that

17 HLl(T JHY(T) = 2 HV [ (3.26)

Next we show that the sequence {n,} converges in some suitable sense. Indeed, by following
the idea contained in [26, 31, 42] (see also [22, 18]), using the above expression (3.25) of 7,
using Fubini’s theorem to interchange the orders of integration and integrating by-parts, we

have for f € P(T) and g(e ff ) ge'sds, t € [0,2n] that

[ = e bdz = [ 1) (mle) = male) et

— /027T %{g<eit)} /01 Tr [Vn{goyn(t) — Esm(t)} — Vm{go7m(t) _ ‘S‘SM(t)H ds_ dt
_ /01 /0% % {96} T [Va{&onlt) — Eun(®)} — Vin{ Eomlt) — Exn(®)}] dt | ds
_ /01 -g(eit) T [Vo{£0nl0) — £un®)} — Via{Eo(t) — Eun®)}] .

L /0 7 e T [V d&0,(at) — E0(dt)} ~ Vi Eay(at) Ssm(dt)H] ds

_ /01 ds /j”g(eit) Tr [Vn{go,n(dt) — Es,n(dt)} = Vm{go’m(dt) Yy 5s,m(dt)H

ds T [Vad g(Now) = 9Now) } = Vin{ 9(Nom) = 9(Non) }

vn{{guvs,n) — g(V;) | — {9(No0) - g<N0>}}

{{gws,m) —g(N) } = {g(Nom) = g(%)}} + (Vo = Va){g(,) - g(%)}] .

(3.27)

|
5

On the other hand using Theorem 3.2.2 and using trace properties we obtain for s € [0, 1] that

Tr [vnPn{g(Ns) — 9(Nsn) } P, "}

Te [V {g(No) = 9(N)}] ‘ -

< Wi, |

Pu{ g(N) = g(New) } P Po{ g(N)P. = Pa g(Now) | P

L S VIl [ NoPo = PaNonll,

< VI, |

2

IN

V1l

9(Ns) Py — Py g(Nsn)
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= £ llVlly [P NePully < UMVl (1B NoPall, + 1P V],) - (3.28)
Similarly, by repeating the above calculations we also obtain

T (Vi = Vi) {9 (V) = 9N} || < 11V [[Va = Vil

< 1AVl (1P V L + [V P, + [PV, + [[VPR,) (3:29)

Now combining (3.27), (4.9) and (3.29) we get

Lﬁ;f<z>{nn<z>—-nm<z>}dz

< /01 ds | Tr Vn{{g(Ns,n) r g(Ns)} — {9<N0,n) - 9<N0)}}
—w{@wm%mmﬁ {ww)<%ﬁ}wm—wﬂww—WWH‘
< Koo 11l VIl (3.30)

where

K= {2(|PXNoPally + 1BAVI;) +2 (| PadNoPull, + 122V ;)

(1B, VA, + 1BV + [VE]L) }-

Therefore using Lemma 3.2.1 and the above estimate (3.30) we conclude

/& ) {1(2) — 1 (2) }d2

< Kpn|[V]g —0 as m,n — oo,

sup

H[nn] - [nm]HLl(T)/Hl(T) 7 H[nn - nm]HLl(T)/Hl( D ep@y; [flloost

by using Theorem 3.4.3 and hence {[nn]} is a Cauchy sequence in L'(T)/H'(T). Consequently,
there exists a n € L*(T) such that {[nn]} converges to [n] in L'(T)/H'(T)-norm, that is

nlinoo 1] — [n]HLl(’ﬂ‘)/Hl(’Jl‘) =0,
which in particular implies that
lim_ [ plem(2)dz = [ () (3:31)
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3.5. FEuxistence of shift function in linear path 55

for all complex polynomials p(-). Therefore combining (3.24) and (3.31) we get

e (o) =)~ 5|} =t [ = [t

n—o0 T

Furthermore, the equation (3.26) yields

H 7] HLl (T)/H(T)

which by applying the definition of the L!(T)/H!(T)- norm, for every € > 0, there is a function
n € L'(T) such that

1
Jolloe < (5+¢) WV

This completes the proof. O

Our next aim is to extend the class of functions for which the trace formula (3.22) holds.
For that we need the following lemma. The proof of the following lemma is similar to the proof

of Lemma 2.4.2, so we state it without proof.

Lemma 3.5.2. Let T and Ty be two contractions in a separable infinite dimensional Hilbert

space H and f(z) = Y. apz® € F(T). Let Ty = Ty + s(T — Tp), s € [0,1], then
k=0

% (Z ak(Ts)k> = Zakdils (T,)F. (3.32)
s=0 \ k=0 k=0 s=0

Now we are in a position to prove our main result in this section.

Theorem 3.5.3. Let N be a contraction and Ny be a normal contraction in an infinite di-
mensional separable Hilbert space H such that V = N — Ny € Bo(H). Denote Ny = Ny + sV,

s € [0,1]. Then for any ® € F, (T), {CD(N) —P(Ny) — L1 @(NS)} € By(H) and there exists
s=0

ds

an L' (T)-function n (unique up to an analytic term) such that

Tr {CID(N) — ®(Ny) — 4 ) {@(NS)}} = A@”(z)n(z)dz. (3.33)

ds| _

Furthermore, for every given € > 0, we choose the function n satisfying (3.33) in such a way

so that

1
il < (5+¢) IVIE
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Proof. Let ®(z) = "7 a,z" € F5 (T). Then by Lemma 3.5.2, we get

d - n - n d . n
O(N) = (Np) — —- =) a,N" =) a,Nj - - (Z anNS)
s=0 n=0 n=0 5=0 \n=0
> d
=Y a, [N" ~ NI — — Ng] : (3.34)
n=0 ds s=0

d
By Theorem 3.5.3, we conclude that {N" — N — Ts
s

N f} € By (H) and the following trace
s=0
norm estimate

HN” Ne- o

n—1
= |N* =Ny - N7V
= lpemns = S v,

ds

_ HZ Nn j—1 n j— I)VN]

n—1n—j—2
< HZ > Nk QVN’“VNJ
j=1 k=0
n—1n—j5—2 TL( )
<D D> Vi< THVHQ
j=1 k=0
implies
- n n d n
|an| ||V —Ng — — Ns |an| ||VH2 < 0. (3.35)
ds
n=0 s=0

d
Therefore the series in (3.34) converges in trace norm and hence {(ID(N )—®(No)— d_
s

is a trace class operator and furthermore

d
O(N)p = a, Tr{ N" = Ny — —
s=0 ( )} ¢ r{ ‘ dS

4
ds

n=0

Tr {@(N) — B(Np) — Ng}. (3.36)

Therefore by applying Theorem 3.5.1, the above equation (3.36) yields

} Z/{nn—lan“}n - [ @G

where at the last equality, we have used Fubini’s theorem and the function 7 as in Theorem 3.5.1

Tr {@(N) — ®(Ny) — d%

s=0

satisfying the equation (3.23). This completes the proof. m

Corollary 3.5.1. If U and Uy are two unitary operators in an infinite dimensional separable

Hilbert space H such that U — Uy € Ba(H). Denote Us = Uy + sV, s € [0,1], and U = Uj.

TH-3167_186123006



3.6. Trace formula for contractions 57

Then there exists a L*(T)-function n (unique up to an analytic term) and satisfying the equation

(3.23) such that, for any z € C with |z| > 1,

Tr {(U )T Uy —2) - di (U, - z)—l} - /T dd—;{(w - z>—1}n(w)dw.

s s=0

3.6 Trace formula for contractions

In this section we prove the trace formula for class of pairs of contractions (7',7Tj) such that
T — Ty € By(H) using the Schéffer matrix unitary dilation (see Chapter 1, Section 1.6). The

following lemma is essential to prove our main results in this section.

Lemma 3.6.1. Let T and Ty be two contractions in an infinite dimensional separable Hilbert

space H such that V=T — Ty € Bo(H). Let Ts = Ty + sV, s € [0,1]. Then for any complex

polynomial p(-), {P(T) —p(To) = d%v

s=0

{p(Ts)}} € Bi(H) and

I {pm —plT) -~ &

t—0

{pm)}} —hmTr{ (T) - p(Th) - M} (3.37)

s=0
Proof. Tt will be sufficient to prove the theorem for p(z) = z”. Note that for » = 0 or 1, both

sides of (3.37) are identically zero. Now by using similar kind of expressions as in (3.6) and

p(Ts)}7 {p(T) _p<T0) i ZM} € Bl(%) fOl"

(3.7), we conclude {p(T) - p(Tp) — di
s

Ss=

€ [0,1]. Furthermore,

p(T3) — p(1 d
{or) ~ptz) - BTN Loy -y = ] m)
Sl el 1
r—1
T r -1 r r r—j— j
- T S|
=0
r—2r—j—2
- ZTT YT - ZT’” vr | - | > motwnvr |
7=0 k=0
r—2r—j—2 . . r—2r—j—2
< DYDY ITTTTVISLIVI, < Y D IVIE = 0ast—0,
j=0 k=0 j=0 k=0
and hence (3.37) follows. This completes the proof. O

Motivated from the work of Marcantognini and Mordn [40] we have the following one of the

main result in this section.
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Theorem 3.6.2. Let T' and Ty be two contractions in an infinite dimensional separable Hilbert

space H such that
(1) T —Ty € By(H), (4i) dimker(Ty) = dimker(7y), and (iit) Dg, € Bo(H). Denote
T, = To + s(T — Tp), s € [0,1]. Then for any complex polynomial p(-), {p(T) — p(Ty) —

d

ds|,_,
term) such that

{p(TS)}} € Bi(H) and there exists an L'(T)-function n (unique up to an analytic

I {pm ol - &

{p(Ts)}} = /Tp”(Z)n(Z)dZ- (3.38)

s=0

Moreover, the function n satisfying (3.38) also satisfies the equation (3.23).

Proof. Let Ur, be the minimal Schéffer matrix unitary dilation of T (see Chapter 1, Section
1.6) on the minimal dilation space K := I§(Dg,) ® H @ If(Dr;) and we have the same block
matrix representation of Ur, as in (1.12) on K. Let Ty = Vi |Tp| be the polar decomposition
of Ty, so that |Ty| = (T3Ty)"/? and Vi, is an isometry from Ran(7) onto Ran(Tp). Since
dim ker(7p) = dimker(77), then we can extend V7, to a unitary operator on the full space H.
Now onward we assume V7, is a unitary operator on #H such that 7Ty = V5, |Ty|. Next we note

that
VTODTO = DTSVTO and VTO — To = VT()(l — |T0|) = VT0<1 — TJT())(l T ‘To‘)il. (339)

Now we extend T to a contraction Ur on I be setting

007 0 0 00
000 0 —Vi 00

U=|--0001[T] 0 00 (3.40)
000 0 0 I0
000 0 0 01

Note that in the above block matrix representation (3.40) of Ur, the (i, j)-th entries U (4, j) of

U, are given by

UT(07O) =T, UT(_1’0> =0, UT(_L 1) - _Vilfov UT(07 1) =0, UT(]’] + 1) =1
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for j # 0, —1, while all the remaining entries are equal to zero. Therefore we have
" = PHU%H and Ty = PHU$O|H for n>1,

where Py is the orthogonal projection of X onto H. By hypothesis (i), (iii) and using the
relation (3.39) we conclude Ur—Uy, € By(K). Denote Uy r = (1—t)Ug, +tUr = U +t(Ur—Ur,)
for t € [0,1]. Note that p(Ur) and p(Ug,) are upper triangular matrices with the only nonzero

diagonal entries p(7T") and p(Tp). Thus < p(Ur) — p(Ug,) — M is an upper triangular

matrix with the only nonzero diagonal entry { p(T) — p(Ty) — M} and hence

Tr {p(T)_p(To)—M} P {p(UT)—p(UTO)—p(Ut’T) t_p(UTO)} for ¢ < [0,1].

(3.41)

Therefore by applying Lemma 3.6.1 corresponding to pair of contractions (7, Ty) and (Ur, Ur,)
and using (3.41) we get

I {p<T> —p(T) &

t—0

p(TS)} = limTr {p(T) —p(Ty) — M}

t
p(Us,T) } )
s=0

which by applying Theorem 3.5.1 corresponding to the pair (Ur, Uz,) we conclude that there

p(Uir) — p(Ur,)
t

= lim Ty {pr) — p(Ur,) — } = Tr {pr) —p(Un) - di

exists an L!(T)-function 7 (unique up to an analytic term) satisfying (3.23) such that

d {p(m}} - / P (2)n(2)dz.

T {pm () = o
This completes the proof. O

s=0

The following theorem is the second main result in this section in which we prove the trace

formula for a class of pairs of contractions different from the class mentioned in Theorem 3.6.2.

Theorem 3.6.3. Let T' and Ty be two contractions in an infinite dimensional separable Hilbert

space H such that U, — U, € By(l5(H)). Denote T, = Ty + s(T — Ty), s € [0,1]. Then for
d

any complex polynomial p(-), < p(T) — p(Ty) — p
s=0

LY(T)-function n (unique up to an analytic term) such that

{p(Ts)}} € Bi(H) and there exists an

o {pm —plT) -~ &

{p(Ts)}} = /Tp”(Z)n(Z)dZ- (3.42)

Moreover, the function n satisfying (3.42) also satisfies the equation (3.23).
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Proof. Note that Ur and Uy, are the Schaffer matrix unitary dilation of 7" and Ty respectively
on the same Hilbert space [3(H) (see (1.12)), that is

T" = PyUply and T3 = PyUp |y for n>1, (3.43)

where Py asin (1.11). Since U, —U,. € By(I3(H)), then from (3.43) we conclude T—T, € By(H).
Denote Uy p = (1 —t)Ur, +tUr = Ug, +t(Ur — Ur,) for t € [0,1]. Then by the similar argument

as in Theorem 3.6.2 we conclude the theorem. O

Remark 3.6.4. In a similar spirit as in Theorem 3.5.3, we also prove Theorem 5.6.3 corre-

sponding to the class Fy (T).

3.7 'Trace formula for self-adjoint operators

In this section, motivated from the work of Neidhardt in [42, Section 3] we prove the trace
formula for a pair of self-adjoint operators Hy and H; on an infinite-dimensional Hilbert space
H such that the difference (H; —i)™' — (Hy — i)' € By(H) via Cayley transform.
Let H and H, be two arbitrary self-adjoint operators in A such that Dom(H) = Dom(H,),
and let
U=@G0-H)(G+H)™" and U= (i— Hy)(i+ Hp)™ (3.44)

be the corresponding unitary operators obtained via the Cayley transform of H and H re-

spectively (see Chapter 1). Let ¢(\) = ¢ (Z o A) € F(R) for some ¢ € F,(T), U, =

i+ A
(1 —s)Up+ sU, and Hy = sHy+ (1 — s)H for s € [0, 1]. Then it is easy to observe that

¢(H) V- ¢(U)7 2/}(}IO) — ¢(U0)7 and ¢<Ws) = (b(Us)a

where
W, = ((H i) (Hy i) (Hy +4) — z)

and hence we have the following operator equality

d

Y(H) —(Ho) — Ts

BW) = G(U) — o(U) — -

s=0 ds

O(Us). (3.45)

s=0
In the following, we denote R, = (H—z)~! for 2z € C as the resolvent operator corresponding

to an unbounded self-adjoint operator H and p(H) is the associated resolvent set. Moreover,
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we also denote Dom(H) as the domain of definition of the self-adjoint operator H (possibly

unbounded). The following is the main result in this section.

Theorem 3.7.1. Let H and Hy be two self-adjoint operators in a separable infinite dimensional
Hilbert space H such that Dom(H) = Dom(Hy) and R,—R% € By(H) for some z € p(H)Np(Hy).
Let

Wy = ((H +i)(H, +3) (Ho +3) = i),
where Hy = sHy + (1 — s)H, s € [0,1]. Then there exists a measurable function & : R — C
obeying (1 + A*)71¢ € LY(R) such that

Tr {wH) () -

ds

s=0

awap= [~ H{oemrwlana o

—00

for each v € Fyf (R). In particular, for all z € C with Im(z) < 0,

Hy—z Hy—=z EN) dX,  (347)

— 00

Tr{<H—z>—1—<Ho—z>‘1—i+H0 MHHO}: [ 55

where M = R_;, — R°

g

Proof. Let U and U, be as in (3.44). Since R, — R? € By(H), then it immediately follows
that U — Uy € By(H). Therefore using the above identity (3.45) and using Theorem 3.5.3 we

conclude that there exists an L!(T)-function 5 (unique up to an analytic term) such that

e {wtn) =t - | _ v v}
=1 fow) - o) - | o} = [ @nera:
_ /T & (2) (n(z) - = /T ”L‘;’)dw) dz = /T &' ()T (2)dz, (3.48)

where

['(z) =n(z) — = / de, z e T.

2mi Jp w?
Next by using change of variables z = e, performing integration by-parts and using the fact

that fo% e T'(e")ds = 0 we get

d

e () - u() - 3
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_ /0 " j—;{qﬁ(eit)} (—ie™) D(e")dt — /0 - {o(e))e T ()i (3.49)
— /027r j—;{gb(eit)} [(—z’e”) L(e") + (/Ot eisF(eiS)ds)} dt
= [T oy it at (3.50)

where
ii(e) = (—ie™™) T(e™) + ( /0 t e—isr(e“)ds) .t e [0,27].

. — A
Clearly 7 € L'([0,27]) and again by using change of variables e’ = Z,+—)\, from (3.49) we
i

conclude

d

e () — o) - 3

b= [~ {aranwm} e a

s=0 o

1 L — A
where £(\) = =7 (Z ) , A € R, and moreover

27 \i+
Oy L[
/—ool+)‘2 d)\—4 i |n(e™)] dt < oo.

Next, we denote 7 = == for z € C with Im(z) < 0. Then it is easy to observe that |7] > 1.

: TR O
Now consider ¢)(A) = (A —2)7', XA € R, and ¢(w) = 2 .- + | WE T. Then
L — A
it is easy to conclude that () = ¢ (z—l——k>’ ¢ € F5 (T) and hence ¢ € F5 (R). Therefore by

applying (3.46) corresponding to 1 we get

SZO(WS = z)l} _ /_OO 2(1+A2) £(\) dA. (3.51)

00 ()\_Z>3

On the other hand the equality ¢(Uy) = 1(H,) yields that

_ T, 1+ H
(Uo—7)" = §(Z+2)H0—Oz’
and hence
d . _i(l +7)% d .
P P A o
. 1 2
=—2 #(U0 —7) (R — R°)(Uy— )"

:i + Hy u it + Hy ’
Z — Ho Z — HO
where M = R_; — R°,. Therefore combining equations (3.51) and (3.52) we get (3.47). This

(3.52)

completes the proof. O
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Remark 3.7.2. It is important to note that even though the formulas (3.46) and (3.47) are look
like similar to the formulas (3.12) and (3.11) respectively obtained in [42, Theorem 3.2], but
they are actually different since our path Wy = ((H+i)(Hs+i)’1(Hg+i)—i> is not exactly same
as the path considered by Neidhardt in [42, Theorem 3.2]. In other words, we have obtained
the path W by considering the Cayley transformation on the linear path associated to the pair
(U, Uy) whereas Neidhardt obtained the required path by considering the Cayley transformation
on the multiplicative path associated to the pair (U,Uy). Furthermore, the path Wy is closer to
the path considered by Koplienko [31].

3.8 Trace formula for maximal dissipative operators

In this section, our aim is to obtain the Koplienko trace formula for a pair of maximal dissipative
operators from the existing Koplienko trace formula (3.3) corresponding to a pair of contractions
(T, Tp) such that T'— Ty € By(#H). In this connection, it is worth mentioning a paper by
Malamud, Neidhardt and Peller [39], where an analogous study of Krein’s trace formula for
a pair of maximal dissipative operators was achieved. Recall that the Cayley transform of a

maximal dissipative operator L is defined by
T=0G-L)(i+L)™ (3.53)

It is well known that T is a contraction. Moreover, a contraction 7' is the Cayley transform
of a maximal dissipative operator L if and only if —1 is not an eigenvalue of 7' (see Lemma

1.2.12). Now we have the following main theorem in this section.

Theorem 3.8.1. Let L and Ly be two maximal dissipative operators in a separable infinite
dimensional Hilbert space H such that Dom(L) = Dom(Lgy) and (L+i)™' — (Lo +1)"" € Ba(H).
Let

Qs = ((L+ D)Ly +) " (Lo+i) — i),
where Ly = sLo+ (1 — s)L, s € [0,1]. Then there exists a measurable function & : R — C
obeying (1 + A\*)71¢ € LY(R) such that

d

e {u(n) - vite) -

v@if = [~ f{osvwafana e

s=0 —00

for each ¢ € Fg.
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Proof. Let T and Ty be the Cayley transform of L and L, respectively, that is
T=G-L)(i+L) " and Ty = (i — Lo)(i + Lo) "
Consequently,
L=i(1-T)1+T) " and Ly =i(1 - Tp)(1 + Tp)~".

It is easy to observe that (i — Q,)(i + Q,)~! = T,. Let 1) € Fr. Then there exists ¢ € Ar such

that ¥()) = ¢ (Z . i) and hence ¥(L) = ¢(T), ¥(Lo) = &(Tp) and ¥(Q,) = ¢(T}). Therefore

by similar kind of argument as in Theorem 3.7.1 and using Theorem 3.1.1 we conclude that

there exists a measurable function ¢ : R — C obeying (1 + A\?)~!'¢ € L'(R) such that

() vt = 1] w@ab= [~ S{aem} e o

ds
This completes the proof. O

s=0

3.9 Extension of Koplienko-Neidhardt trace formula

In this section, we deal with the extension of the Koplienko-Neidhardt trace formula in the
following sense: Neidhardt obtained the formula (2.4) corresponding to the pair (U, A), where
Up is a unitary operator on # and A = A* € By(#H). In this regard, the following theorem deals
with the formula (2.4) corresponding to the pair (75, A), where Ty = Ny + V' is a contraction
on H such that Ny is a bounded normal operator on H, V' € By(H) and A = A* € By(H). We

use finite dimensional approximation method as earlier to prove our result.

Theorem 3.9.1. Let Ty = No+V be a contraction in an infinite dimensional separable Hilbert
space H such that NfNo = NoN§ and V. € Ba(H). Let A = A* € By(H). Denote Ty =
e®ATy, s € [0,1], and T = Ty. Then for any complex polynomial p(-),

ORI T )

and there exists an L'(T)-function 1 (unique up to an analytic term) such that

IR R ) (3.55)

Moreover, for every given € > 0, we choose the function 7 satisfying (3.55) in such a way so

Te {p(T) — p(T)

that
5 1
Il < (5 +€) I4IE (3.56)
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Proof. Using Theorem 3.4.6 and Theorem 3.3.4, we have that

d . d
T {p(T) = p(Ty) = 21| p(T)} = lim Ty {Pn{pm) — p(Tom) = o SZOp(TS,m}Pn}
2T d2 y
=lim [ (p(e)) (o)t (357)
where A, = P,AP,, Ty,, = P,1yFP,, T,, = eiA“To,n, T, = e“A"TQm and

1

i (t) = / T [A{ Folt) = Funlt)}|ds. 1 € 0,27, (3.58)
0

where Fo,(-), Fsn(-) are corresponding semi-spectral measures of the contractions T, and

T, respectively. Moreover, from (3.14) it follows that

177 HLl(T JHY(T) = 2 ||A [ (3.59)

Next we show that the sequence {7, } converges in some suitable sense. Indeed, using the similar
setup as in the proof of the Theorem 3.5.1, we have for f € P(T) and g(e fo $)iesds,
t € [0,27] that

[ 116 ~En@)dz= [ ) {inle) ~ an(e} ictd

:/0%% g(e)}

where we set &,(2) = 7n(Arg(z)), z € T. Next by using Fubini’s theorem to interchange the

/ 1 {An{fo,n(t) | ]-"S,n(t)} o Am{fo,m(w . fs,m(t)}] ds] dt, (3.60)

orders of integration and integrating by-parts, the above expression (3.60) becomes

which by using Theorem 3.2.2 yields

’/Tf (2){€n(2) = &n(2) 2| <

+ HTs,um - PmTSHz + HTO,um - PmTOHQ] + HfHOOH(An - AM)H2 HTS - T0H2] ds

1
| 14101 (1702 = P+ 100 = Tl
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and hence by applying Lemma 3.2.1 we have

|16 - &}

116n] = |2 1y = 116 = &ndll oy 1) = fe?’(’ﬂ‘?;uﬁ)flloogl

1

+ 14w = A ITs = Tol, | ds. (3.61)

Finally, using the estimates listed in Lemma 3.4.3 we conclude that the right hand side of (3.61)
converges to zero as m,n — 0o. Therefore {[én]} is a Cauchy sequence in L'(T)/H'(T) and
hence there exists a € € L'(T) such that {[én]} converges to [¢] in L'(T)/H"(T)-norm which
by using (3.57) yields

27 d2 2

s} = [ ey iena = [ (e}

T {p(7) - p(T0) — =

5=0
where 7(t) = £(e') t € [0, 27]. Moreover, using the estimate (3.59) and applying the definition
of the L'(T)/H'(T)- norm we conclude the estimate (3.56). This completes the proof. O

Remark 3.9.2. By repeating the similar argument as given in the proof of Theorem 2.4.3, the

above Theorem 3.9.1 can also be extended to the class F, (T).
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CHAPTER 4

Higher-order spectral shift for pairs of contractions via multiplicative

path

4.1 Introduction

In the previous chapters, that is, in Chapter 2, and Chapter 3, we briefly discussed first and
second order trace formulae in various cases. In 2013, Potapov, Skripka, and Sukochev af-
firmatively resolved Koplienko’s conjecture in [53] using an important and advanced tool in

perturbation theory, namely Multiple Operator Integrals (MOI), and proved the following:

d
Tr (R, (V /f A)dA, where Ry, rn(V) = f(Ho+ V) — P

f(Hy),

s=0

~ 1
< i

TM

(4.1)
for every sufficiently smooth function f, H, = Hy+ sV, s € R, and f™ denotes the n-th order
derivative of f, where H and H, are two self-adjoint operators in a separable Hilbert space H
such that H — Hy = V € B,(H) (n-th Schatten-von Neumann ideal), and the spectral shift
function 7, (of order n € N) is integrable on R and depends only on H, Hy, and n. For more
on the Koplienko trace formula, we refer to [22, 23, 26, 64] and the references cited therein.

In 2014, for general n(> 3) € N, Potapov, Skripka and Sukochev obtained the formula (4.1)
for any pair of contractions Uy and Uy + V' with the perturbation V' € B,,(H) via linear path

68
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4.1. Introduction 69

in [54, Theorem 1.3]. In other words, they proved the following result:

Theorem 4.1.1. (See [54, Theorem 1.3]) Letn € N, n > 3. Let Uy and Uy be two contractions
on a separable Hilbert space H, V := Uy—Uy € B, (H) and denote Ug = Uy+sV, s € [0,1]. Then
for any complex polynomial f, Ru,.t..(V) € Bi(H) and there exists L*(T)-function 1, = Nnu,.v
such that

Tr (Rep (V) = / £ (2)a(2)dz. (4.2)

Furthermore, for every given € > 0, the function n, satisfying (4.2) can be chosen so that

Imnll < (14 €)en||V||2, where ¢, is some constant.

Going further, in 2016, for general n(> 2) € N, Potapov, Skripka and Sukochev established
the formula (4.1) for the couple of unitaries Uy and U; = €U, with the perturbation A =
A* € B,(H) via multiplicative path in [55, Theorem 4.1] corresponding to the class F,! (T).
More precisely, Skripka obtained the following result, and it will be useful to achieve our main

results in later sections:

Theorem 4.1.2. (See [55, Theorem 4.1]) Let n € N, n > 2. Let Uy be a unitary operator,
A= A* € B,(H) and denote Us = €Uy, s € [0,1]. Then, for any f € F(T), Ruyrn(V) €
Bi(H) and there exists a constant ¢, and a function n, = Nuue.a € L'([0,27]) satisfying
17nlls < enl|All5 such that

s=0

n—1 k 2
Tr{f(Ul)—f(Uo)—Z%% f(Us)}Z | e

Later, in 2017, Skripka extended the associated class of scalar functions in the above The-
orem 4.1.2 from F,} (T) to F,(T) (see [66, Theorem 4.4]).

In this direction of studies, Marcantognini and Moran obtained the Koplienko-Neidhardt
trace formula (second order trace formula) for pairs of contraction operators and pairs of max-
imal dissipative operators via multiplicative path in [40]. The present chapter aims to prove
a higher-order version of the Koplienko-Neidhardt trace formula for pairs of contractions and
pairs of maximal dissipative operators via multiplicative path by adapting the method devel-
oped for the second order trace formula in [40]. The novelty of our results is that the extension
is natural in comparison with the known higher-order trace formulas for unitary and self-adjoint

operators. Moreover, the importance of our work lies in the fact that our results provide some
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70 Chapter 4. Higher-order spectral shift for pairs of contractions via multiplicative path

new addition to the theory of spectral shift functions. One of the major ingredients to prove
our main result is the higher-order trace formulas for unitary operators, namely Theorem 4.1.2.
We have adapted the method applied in [40] and modified it appropriately to obtain our main
results in this chapter. The major tools required to achieve our results are the Schéffer matrix
unitary dilation and the Cayley transformation. In other words, the transference of the trace
formulas from unitary to contractive operators is made by means of the dilation theory, and the
transference from the contractive to dissipative operators is made with the help of the Cayley
transform as done in [40]. More precisely, the following are the major contributions of this

chapter:

(A) First, we prove a higher-order version of [40, Theorem 2.1]. In other words, we consider a
pair (7,V), where V' is a unitary operator and 7" is a contraction on H. Then we prove
a higher-order version of the Koplienko-Neidhardt trace formula via multiplicative path
corresponding to the pair (7, V) under some additional hypotheses (see Theorem 4.3.2)
by using dilation theory and applying Theorem 4.1.2.

(B) Next, we obtain a higher-order version of [40, Theorem 2.3]. More precisely, we prove a
higher-order version of the Koplienko-Neidhardt trace formula via multiplicative path for

pairs of contractions (7p,71) (see Theorem 4.4.1) by using our Theorem 4.3.2.

(C) At the end, we prove a higher-order version of [40, Theorem 2.3]. In other words, as
an application of our Theorem 4.4.1 for pairs of contractions, we obtain a higher-order
analogue of the Koplienko-Neidhardt trace formula via multiplicative path for pairs of

maximal dissipative operators (see Theorem 4.5.2).

The major difficulties we face in extending the results of [40] to higher-order are as follows:

k k

d d
e Obtain a precise expression of the k-order derivatives ﬂ' {(Vy)"}, and Tk ‘ {(T)"},
S s=0 S s=0

which we are able to overcome due to [69, Theorem 5.3.4](see (4.17), (4.18)).

e Secondly, to show Py X,| =Y, and Pzoyu X,
H

Fomu PH%T (D)XTPH%T* (D)‘y@ﬂ for r > 2,

which we are able to complete by rigorously analyzing the block matrix representations
of the corresponding operators and shifting accordingly the projections from left to right

(see (4.9), (5.40), (4.26), (4.27), and (4.28)).
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The rest of the chapter is organized as follows: Section 4.2 deals with some essential prelimi-
naries, which will be useful in later sections. In Section 4.3, we prove the higher-order analogue
of the Koplienko-Neidhardt trace formula corresponding to the pair (7, V) via multiplicative
path, where V' is a unitary operator and T is a contraction on H. Section 4.4 is devoted to
obtaining a higher-order version of the Koplienko-Neidhardt trace formula for pairs of contrac-
tions via multiplicative path. Consequently, in Section 4.5, we prove the trace formula for pairs

of maximal dissipative operators.

4.2 Preliminaries

Notations: Given a closed subspace M of H, Py, denotes the orthogonal projection of H onto
M.

Recall that H-valued Hardy space over the unit disc D in C is denoted by H3 (D) and
defined by

HZ,(D) := {f(z) = a2t 1£ ez, ) = > lakll3, < o0, z€D, ay € ’H} (4.3)
k=0 k=0

Recall that the shift operator on the Hardy space H3, (D) is denoted by Sy and is defined by
(Suf)(z) :==zf(2), f € H3(D), z € D. It is easy to check that Sy is an isometry on H3, (D)
and Sy S; = I — Py, where Py is the orthogonal projection of H3,(D) onto H (that is, by
identifying H as H-valued constant functions). For more on vector valued Hardy space we refer
to [44, 45).

Let T' € B(H) be a contraction, that is ||7']] < 1. Then the defect operator of 7" is denoted
by Dr and defined by Dy := (1 — T*T)Y2. Moreover, Dy := Ran(Dr) is known as the
corresponding defect space of T. Recall that the minimal unitary dilation (see Chapter 1
Section 1.6) of a contraction 7' is a unitary operator Ur : % = H3, (D) @ H @ H3 (D) —
H} (D) ® H © H3 (D) such that 7" = PyUg|y and T = Py UL"

# forn € N) and % is
the smallest Hilbert space containing the subspaces U}H for all n € Z. Furthermore, the block

matrix (Schéaffer matrix) representation of Ur is as follows:

Sppe 00 H7, . (D) H7,. (D)
Ur= |Dp-Pp,. T 0 |: H — Ho|, (4.4)
~T*Pp,. Dr Sp.| |Hp, (D) H3, (D)
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72 Chapter 4. Higher-order spectral shift for pairs of contractions via multiplicative path

where Sp,. and Sp,.. are the shift operator on H, (D) and H, _ (D) respectively and Pp,. is the
orthogonal projection from .% onto Dy« 0@ 0 = Dp«. Given a pair of contractions (Tp, T') on
H, we denote by Ur, 7 the extension of Ty to the minimal dilation space H, (D) ©H S HZ, (D)

of T and the block matrix representation of Ur, r is given by

Spp. 00 H7, . (D) H7, . (D)
Ury.r := 0 Ty, 0 |: H — H |- (4.5)
_Vif PDT* 0 SDT H2DT (]D)) HQDT (D)

For more on dilation theory we refer to [70].

4.3 Higher-order Trace formula for pair of contractive

operators with one of them is unitary

In this section, we prove the higher-order version of the Koplienko-Neidhardt trace formula via
multiplicative path for a pair (7', V'), where T is a contraction and V' is a unitary operator on H
such that T'—V € B, (#H). To proceed further, we need the following auxiliary lemma towards
obtaining our main result in this section. Note that Lemma 4.3.1 below is available in [69,
Theorem 5.3.4] in the case when U is a unitary operator and the expression of the k-th order
Gateaux derivative of f(U,) is given in terms of multiple operator integral, where f belongs to
the Besov space. On the other hand, in our case, U is a contraction, and f is a polynomial.
Nevertheless, by following the same lines of proof of [69, Theorem 5.3.4], we obtain the following
Lemma 4.3.1.

Lemma 4.3.1. Let p(z) = 2", 2z € T andn € N, let A € B(H) be a self-adjoint operator and
let U € B(H). Set U, = e*AU, t € R. Then for all 1 <k <n —1, we have

dtk

K
A= Z > 11!._..ZT![ > URWRUR WU (46)

r=1 l1+lo+-+l-= agtar+-Far=n—r
I1,la,.. lr>1 Q0,01 5.--,00 >0

where W! = ((iA)leiSAU), leN.
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Proof. We prove the lemma by applying mathematical induction on k. For & = 1, using the

definition of Gateaux derivative we get

ur, —U» n—1 4 B |
gy i D =Yy S (M) 0

% t= h—0 h h—0 4 h 5
7=0
n—1
=3 UM (AU UL = Y URWIUS
7=0 aptar=n—1

ag,x1>0
Similarly for £ = 2, again by using the definition of Gateaux derivative we have

_{urt = > > URWIUS WU

agtar=n—1 Bo+pL1=cap—1
ao>l & a1>0  5y,B:>0

d2
dt?

o/ 17780y 17761 oI/ 2771
+ g E UlPW UCPW, U 4 g UWIU;
agta=n—1 Bo+pL1=a1—1 apgtar=n—1
a1>1 & ap>0 By,B1>0 ap,01 >0
. (e7)] 1 (5] 1 a2 a0 2 (e5]
=21 Y vewliewlve+ S UewlU;
ag+ta1t+as=n—2 apgta;=n—1
ag,01,02>0 @p,a1>0
2 2! l :
i o= o 17701 |, o
3 > e > USWRUZ WU
r=1 lLi+la+--+1=2 L " Laotai+-+ar=n—r
l1,l2,..00r>1 @0,01,..,0r 20

Therefore the result is true for £ = 1,2. Now we assume that the result holds for k = ¢ <n—1,
that is the equation (4.6) is true for k = ¢. Next we show that the equation (4.6) also holds for
k = q+1. Now by applying Leibnitz rule for Gateaux derivative and using induction hypothesis
we get

d‘H—l .
dtq+1 t:s{Ut }

q
> Y oty
lV--- 1.0 dt
r=1 Ilj4+-+l,=q ag+Far=n—r
l1,l2,..,lr>1 Q0,01 5., >0

q
oy L
- 1...7 1
e B TR
I, 0r>1

[ Z Ugo thl et . th'r Uer
t=s

-

aotr7ligrar | k=17 r—1 /LT TOR N gL L YN T T

xE:[ S USRS . W g e gy by
k=1

oo+ toar=n—r
aQ,...,ar >0

“ !
+22ﬁ

r=1 ltetl=q
l,elr>1
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r+1
aotrlizron . k=17 Tk T T TOR T e T TOR+1 L, YA e T T
> S Ueowhyer .. Wl gos-a L yes e Wi yor

k=1 L ao+ +arp1=n—(r+1)
Q- Qr4120

=K, + Ky (say).

Now if we substitute j, = l,,1 < a # k <r and jp =l + 1 in K;, we obtain

q r
q!
K, = E g g . . - -
l... | _ l...q1
D g U Je—1'(r — Dl 5!
Ja>1,a#k,jp>2

QO TA7IiTTO0 |, A k=1 T TOk—1TA Ik T TR T/ Jk+1 . . . YA/ Ir T
x N USWRUS . WRAUSA WU wiryer |,
ag+-tar=n—r
aQ,.-.,0r >0

On the other hand, by relabeling the summands of K via r + r — 1 and performing the

substitution j, =, 1 <a<k—1,5p=1,and j, =1, 1,k +1 < a <r, we obtain

x Z Z Usoco Wsll U;“ . Wslk—l Usak—l Wsl ng Wslk USO%H . B Wsl'r—l Ugr

k=1 Lao++ar=n—r
ao,...,arzo

_ y A [ > v

r=2 k=1 jit+--+jr=q+1 ag+-For=n—r
Ja>1,9k=1 00y, >0

Thus,

K+ Ky = Z U50W£+1U§1

apgta;=n—1
0,120

q T '
OBl [0 P M e e e

r=2 k=1 Ljit-+jr=q+l  jit-+i=q+1
Ja2laFkjx>2 ja>1jk=1

x[ oo Urew WU

oag+-tar=n—r
aQ,...,ar >0

q+1

DINDS ’

il W — 1) ]
b1 14t gr1—q+1 Jit e (e )! Jg+1°
Ja>1,5k=1

X [ > USoWt ... Wian Qe

ap+Fagr1=n—(q+1)
QQ;--50g+120
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_ Z U WSq—H U

agtai=n—1
ap,a120

Yy - 4

e 1 e — D VYisr -+ - 45!
r=2 k=1 ji+-+jr=gq+1 1 Jr—1'(Jk Miks1 - Jr

Ji..jr21
o J JrTTON
X oUW WU
oo+ toar=n—r
aQ,...,ar >0
+ (q + 1)[ Z USDW; F WslUsaqH-

Qo1 =n—(g-+1)
Q@Q,-.,Qq+1>0

Since
'

) ¢ _ gt (gt D)

Jibe g1 — DVggr - - g gl g! sl gl

k=1

it follows that

K o «@ +1 o < (q+1>‘
1+K2— Z USOW;] Cs +Z Z -~

l...q1
apgta;=n—1 r=2 j1+-+jr=q+1 J1 Jr
ap,a1 >0 J1...gr2>1

x[ oo URW WU

oo+ toar=n—r
aQ,...,ar >0

= (q + 1)[ Z USOéOWsl .- W51U3q+1

ot -+ags1=n—(g+1)
a0’~~~’am+120

q+1

=Yr T ACRD > USWI U - WU

= > =l gl o
r=1  ji+-+jr=q+1 aptoar+-tar=n—r
J1yeelr>1 0,01 5-.-,r 20

Therefore the identity (4.6) is true for & = ¢ + 1 and hence by principle of mathematical
induction (4.6) is true for each ¢ € N. This completes the proof.

Now we are in a position to state and prove our main result in this section.

Theorem 4.3.2. Letn € N, n > 2. Let T and V be two contractions in H such that
(1) V'V =VV* =1, and dim(ker T') = dim(ker 7%),

(i) T —V € Bu(H), and (I —T*T)"/? € B, (H).
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Let T = Vip|T| be the polar decomposition of T, where Vi is a partial isometry on H and
H H

Dr| . — . Then L s a unitary

TV*  —DpVp

IT| = (T*T)"2. Set L :=
DrpV*  T*Vp

Dr DT DT
operator on H® Dr and, hence there exists a unique self-adjoint operator L € B,,(H ® Dr) with

o(L) C (==, ] such that L = e'*. Furthermore, if we denote V, := Pye"LV,s € [0,1], then for
¢ € Fi (T) (see (1.8)),

=1 g
{¢ Zk_d_

k=1

)} c Bl(H)

and there exists an L'([0, 2w])-function &, depend only on n, T and V such that

v {¢ Z kij— >} - / 7 606 (b)dt. (4.7)

To prove the above theorem we need the following lemma.

Lemma 4.3.3. Assume notations and hypotheses of the above Theorem /.3.2. Let Uy := Ur
and Uy = Up, 1. Let

Z =H} (D)eHeH], (D), Xo:=Ur-Uf, Yo:=T"-V",
X, :=Ug*((1A) 1 Uo) Ug® - -- ((14)Uo)Ug", and
Y, =V Py (L) V)V - - VOt Py ((iL)r V)V,

where A, L are given in (4.12), a; >0 for 0 < j <r, andly > 1 for1 < j <r , andr > 1.

Then for every integer r > 0,

r :Y;
H

_p X, P ‘ .
= P X P, o

Proof. For r = 0, it is clear from the structures of U; and U, that

=Y 4.8
. (1)

For r > 1, by analyzing the block matrix representations (4.4), (4.5) and (4.12) of Uy, Uy and

A respectively, we conclude

PyX, ) =Py U ((1 A Un)US - - - ((1A)Up) UG 3
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=Py U§° Pyap, ((iA)" Puop,Uo)US! Puapy -+ Uy Prapy (1A)" Puap, Uo) U™ u

=V Py ((iL)"V)Vor ... Ve Py (L) V)V =Y, (4.9)
On the other hand, for » = 0, 1, it was obtained in the proof of [40, Theorem 2.1] that

Pzon X, o Puz, ) XrPuz, ()

DT* ye’}_[ ’

For r > 2, by analyzing the structures of Uy, Uy, and A as in (4.4), (4.5), and (4.12) respectively

we get

PrenX, e =PrenUS (1A Up)US - - - ((1A) Uy ) UG -

=PronUs® Puop, ((iA)" Pyap,Uo)Ug™ - - - PH@DT(<iA)lTPHEBDTUO)U(?T’?eH

ZPH%T(D)U(?OPH@DT((iA)hPHeaDTUO)Ué”

X e X PHEBDT((iA)lTPHEBDTUO)UOaTPH%T* (D) (4.10)

FOH

]

Proof of Theorem 4.3.2. Let U; := Ur be the corresponding minimal unitary dilation of T’
on .7 = Hz (D) ® H @ H} (D). Given that T = Vp|T| is the polar decomposition of T,
where |T| = (T*T)"/? and Vi is an isometry from Ran(T*) onto Ran(T). Therefore by using
the hypothesis dim(ker ") = dim(ker T*), we can extend V7 to a unitary operator on the full

space H. Going further, we need the following useful relations obtained in [40]
VeDy = Dp-Vip, (1—|T|) =1+ |T])'(1 —=T*T), and Vp — T = Vp(1 — |T)). (4.11)

Let Uy :=Uyr : % — %#. Now by using the relations listed in (4.11) along with the hypothesis
(77) we conclude Uy — Uy € B,,(F). Thus, we have a pair (Uy, Up) of unitary operators on .#. By
a similar computations as done in the proof of [40, Theorem 2.1], we get a self-adjoint operator
A € B,(Z) such that U; = €U, and the block matrix representation of A with respect to the
decomposition .7 = Hy, (D) @ (H @ Dr) ® Sp,H3,_ (D) is the following:

00 0| | H} (D) HZ,_ (D)
A=10 L o|:| HeDr | = | HeDr |. (4.12)
0 0 0| |SpH} (D) Sp,H,_(D)
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Therefore the pair (U, Up) satisfies the hypothesis of Theorem 5.2.8 and hence for any ¢ €
Fn(T),

-1

{qb( e I >} € B(H) (113)

:

and there exists an L'([0, 27])-function 1, = 1,.1,.4 such that
~ 1 d

T -
LGRS il

where U, = €40, s € [0,1]. Our next aim is to show that for ¢ € F,(T),

o 1
e fo - a0 - S oo oo - 5 oo}
(4.15)
where
V, = PHe“AUO(H = Pue™V, s € [0,1]. (4.16)

To this end, it is enough to deal with the monomials, that is functions like ¢,(2) = 29, z € T

and ¢ € N. By using Lemma 4.3.1, we conclude for 1 < k < n — 1 that

d* - k! , . , .

e R CUAVES DENED DENED DI R (OROL (e
5= r=1 aot-tar=g—r li+-+l,=k
a0yenar>0 Iy, 0>

(4.17)

and

S IRCIAIES DED DR SIS M (AL O RN (AR B1e

ds¥ |s=o0
r=1 aott+ar=q—r Ij+--+l,=k
QQ,y--ey CYTZO l1 ..... lTZI
(4.18)
Therefore using Lemma 4.3.3 (i), from (4.17) and (4.18) we conclude that
— 1 d — 1
¢q(T> - qu(v) - E@ :quq(‘@) = Py qu(Ul (bq UO L dsF ) )
k=1 k=1 H
(4.19)

for all ¢ € N. Again using Lemma 4.3.3 (ii), we conclude that the operator

n—1

Pm<¢q<U1>—¢q<Uo>—le— U >>

= |

FOH

TH-3167_186123006



4.4. Higher-order Trace formula for pair of contractions 79

maps H3_ (D) @ 0@ 0 to 0 ® 0 @ HE, (D) for ¢ € N. These observations immediately yield
that

Tr < Pz U (Uo) ~1d U.
FoOoH ¢q( 1) qu 0 - k! dsk s:0¢q( S)

} =0, Vge N (4.20)

: SO%(US)}

1 d
k! dsk
k=1

FOH

Therefore combining equations (4.19) and (4.20), we conclude

& {@( n-Sid)

k=1

qu )} =Tr {qu(Ul) - qu(UO) -

for all ¢ € N and hence (4.15) follows. Finally the conclusion of the theorem follows by
combining equations (4.14) and (4.15). This completes the proof. O

4.4 Higher-order Trace formula for pair of contractions

In the previous section, we discuss the trace formula for pairs of contractions (7',V') assuming
that V' is unitary. In this section, we remove the assumption on V. In other words, we prove the
trace formula for pairs of contractions (7p,71) on H. The technique involved here is standard
and similar to the idea mentioned in [40] with an appropriate modification, that means first
we dilate (Tp,T}) to a pair of contractions (7', V') with V' is a unitary operator on the bigger
space % containing H as a subspace and then use the existing trace formula for the pair (7', V)
obtained in our last section to get the required trace formula in this section. The following is

the main result in this section.

Theorem 4.4.1. Letn € N, n > 2. Let Ty and T be two contractions in H such that
(1) dim(ker Tp) = dim(ker 7f), and dim(ker T) = dim(ker 77),
(it) Ty — Ty € Bu(H), and (I —T;T))'? € By(H) for j =0,1.

Let T; = Vr,|T}| be the polar decomposition of T;, where Vr, is a partial isometry on H and
T;| = (T;T)"? for j =0,1. Set

I 0 0 o | [m, o] |8, D]
Moe 0 VAV TV Dy, PDTO _DTT Vn, | H . H

0 —VzDry [To|Pp,, + (I — Ppy) 0 H3, (D) H7, (D)

0 DnT; Dy, D, Pp,, Ve, | | Do | | Do
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80 Chapter 4. Higher-order spectral shift for pairs of contractions via multiplicative path

Then M is a unitary operator on Hy, (D) & H @ HZDTO (D) ® Dy, = .F @ Dy, and hence
0
there exists a unique self-adjoint operator M € B, (% @& Dr,) with o(M) C (—m, x| such that

M =M Furthermore, if we denote

o
I
T, = Pye* cH—H, se]0,1], (4.21)
Dy,
0
then for ¢ € F,1 (T),
n—1 1 dk
T)—o(Ty) =S =2 | &1
{as( ) olm) - 2], s>} < By()

and there exists an L'([0, 2])-function &, depend only on n, Ty and Ty such that
1 g

T .
H{om) - o -3 g

The following lemma is essential to prove Theorem 4.4.1.

)} — ﬂqﬁ(")(e”)fn(t)dt. (4.22)

0

Lemma 4.4.2. Assume notations and hypotheses of the above Theorem /.4.1. Let T =
Un 1,V :=Urg and F = H%T* D)o H D H%TO (D). Let
0

Xo:=T"-V" Yy =17 - 17,
X, 1 = VP ((M)"V) Voo Py (M) V) VO,
Vo= T Py (M) W) Ty™ - - Py (((M)"W) Ty,

where the operators M, W are given in (4.30) and (4.34) respectively, o; > 0 for 0 < j <r,

and ly > 1 for 1 <j" <r, andr > 1. Then for each integer r > 0,

T = Y;”; and
H

FOH

Proof. For r = 0, it follows from the structures of 7', and V' that

| =y 4.23
) (.23
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For » > 1, to show Py X,| =Y,, we require the block matrix representations of M™ and V"
H
on the space .# @ Dr = H?DTS‘ (D) ® H @ Dr, @ Sp,, H%TO (D) @ Dy, for any n € N and they

are the following:

00000 H3,_ (D) H3, (D)
0 0
0 * % 0 =% H H
MP=10 % % 0 x* Dr, — Dr, , (4.24)
O O O O O SDTO H%TO (ID)) SDTO HQDT (D)
0 * x 0 =% Dr, Dr,
and
sg. 00| (oo  [m ®)
Vi=1| % 10 0 H — H
| eoLosp | B, @] B, D
S;‘ng 0 0 0 O H%T5 (D) HQDTG‘ (D)
* T 0 0 0 H H
=| % DpT' 0 0 0 Dr, — Dy, ., (4.25)
* * S%TO S%TO 0 SDTO H%TO (D) SDTO HZDT0 (D)
i 0 0 0 0 O_ i Dy, | L Dr, .
where * stands for some non-zero entries and L, = DTOTSL_1 + SDTOLn_l,LO = 0,n > 1.

Therefore using the structures (4.24) and (4.25) of M™ and V™ respectively we conclude that

PuXa| =Py VO P((i M) V)V Py ((iM)2V) V2

and similarly for r > 3 we have

H
_ a . l L e ) : < “
=PyV OPH@DTO ((iM) 1PSDTO H%TO (D)V)V 1PH@DTO ((2M) 2PSDTO H2DT0 (D)V)V 2 H
B o ) L pl a1 3 s pl a2
—PHV OPH((ZM) PSDTO H2DT0 (D)V)V pH<(ZM) PSDTO HQDTD (D)V)V H
T Py (1MW YTE Pr((iM) W) T3 = Vs, (4.26)
PuX,| = To% P (M) W) Ty - Py (iM)" W) Ty =Y. (4.27)

Note that for r = 0, 1, it was mentioned in the proof of [40, Theorem 2.3], that

Pﬁz@’HXr

FOH

=B H, @)X+ P i, (]D))‘

9

FOH
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For r > 2, analyzing the structures of M™ and V" as in (4.24) and (4.25) respectively we

conclude that

PQG’HXT
FOH

—Pres VO P (M)E V)V - Pr((iM) V)V Py (iM) V)V

FOH

=PrenV* Prapy, (iM)" Puep,, VIV Pugpy, - - Pruepy, (M) Pyep,, V)

X V1 Pygpy, ((iM)" Pyep, V)V

FoH
=Pm, )V Propr, ((iM)" Prgpy, V)V Puapy, - - Prapy, (iM)" Pyap,, V)
0
x V1 Pyap. ((iM)" Pyap, V)V P2 ; (4.28)
&P, ®DPr, HDT* (D) FoH
0
This complete the proof. n

Proof of Theorem 4.4.1. Following the steps of the proof of [40, Theorem 2.3], we first dilate
=H3, ( JOH® H%TO (D), and then extend

H2 ( JOHD H%TO
our previous theorem, that is Theorem 4.3.2, we dilate T to its minimal dilation U; := Uy

on K = H, (D) @ (F @ Dr) ® Sp,H3,_ (D) and extend V to the unitary Uy := Uy,r on K.

Tp to its minimal unitary dilation V' := Ug, on .#

contraction 7; to the contraction 1" := Up, 7, on & (D). Now to apply

Finally, following similar lines of argument of the proof of [40, Theorem 2.3], we conclude that

there exists a self-adjoint operator A € B,(K) such that U; = €U, with the block matrix

representation
0 0 of [ m (D) H3, (D)
A=10 M 0 FeDr |~ | FeDr |, (4.29)
0 0 0| |SpHp, (D) Sp,Hp, (D)
where
I 0 0 0 0 b, (D) by (D)
0 TNy T'Dr, 0 —Dg:Vp H H
M=10 ~ViDg: [Tl 0 0 Dr, Dr, (4.30)
0 0 0 I 0 Sy, H%To (D) Spy, HZDTO (D)
_O Dy 1y DpDg 0 TI7Vp 1L Dr, | i Dr, ]

Therefore applying Theorem 4.3.2 corresponding to the pair (7, V) we conclude that for ¢ €
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4.5. Higher-order Trace formula for pair of maximal dissipative operators 83

Fu(T),
— 1 d

oo Sl

and there exists an L'([0, 27])-function &, depend only on n, T and V such that
— 1

rom-on g,

where V, = Pze*MV s € [0,1]. Our next aim is to show that for ¢ € F,,(T),

)} S Bl(H), (431)

0

)} = ’ ¢(n) (6it)€n(t)dta (4'32)

0 1 dk ! 1 dF
T o(Tp) T Kl dsk
r{¢( 0) 2 Tl dsh )} r{¢ kgkd )}’
(4.33)
where
0 0
| T . T
T, = PyVy| = Pye™? Y = Pye*MW, where W:=V| = " ; (4.34)
H DTo H DT()
0 0

is a bounded operator from H to .# @& Dy. Using Lemma 4.3.1 and Lemma 4.4.2 along with the
similar type of arguments mentioned in the proof of Theorem 4.3.2, we conclude the identity
(4.33). Thus the conclusion of the theorem follows by combining equations (4.32) and (4.33).
This completes the proof.

O

Remark 4.4.3. By [66, Theorem 4.4/, and similar lines of proof of Theorem 4.4.1, it follows
that the above trace formula (4.22) also holds for the class F,(T).

4.5 Higher-order Trace formula for pair of maximal dis-

sipative operators

In this section, our main aim is to prove the trace formula for pairs of maximal dissipative
operators as an application of our main theorem in the previous section. Recall that the Cayley

transform of a maximal dissipative operator (see Lemma 1.2.12) A is a contraction 7" : H — H
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84 Chapter 4. Higher-order spectral shift for pairs of contractions via multiplicative path

given by T' = (i—A)(i+A) ! such that ker T' = ker(i—A) and ker T* = ker(i+A*). Furthermore,
if Dom(A) = Dom(A*), then

Dy = 2|(ImA)Y2(i + A)7Y, Dp = 2|/(ImA)2(i — A*)7Y, (4.35)

Dr = ((i — A*)"1(ImA)Dom(A)), Dr- = ((i + A)~*(ImA)Dom(A)). (4.36)

1

Let ¢ € FF (R), then ¢)(\) = ¢ ( , _T_ i) for some ¢ € FF (T). Now we set
i

The following lemma is essential to prove the main theorem in this section.

Lemma 4.5.1. Let @/} € Fi(R) be such that Y(\) = ¢ (Z I_ f\\> for some ¢ € F,(T). Now if
i
- A

. . t
we substitute z = e = Y then ¢(z) = ¢(e™) = ¥(N), A = tan 3 and for all 1 < g <n,
i

¢ (2 (Z Pra A)) % (4.37)

where py, are polynomials in X of degree (2(¢ — 1) — k) and it is given recursively as follows

po1(A) =1 and for ¢ > 2

/

(1/2)(i + A)? pog_1(N\) for k=0,
PeaN) = 3 (/20 { G+ N2 (Prat () + P21 a V) + 26+ Nprore 1)} for 1<k <g-2,
| 5/2) (i + APD25 1 (V) + 20+ Npyg-2,4-1(V)] fork=q 1.

Proof. We prove the identity (4.37) by principle of mathematical induction. For ¢ = 1, ¢ (2) =

d\
w(l)()\)d— and hence (4.37) is true for ¢ = 1. Suppose (4.37) is true for ¢ = m < n — 1, that is
z

m—1
dA
(m) () — (m—k)
0= (it ) &
k=0
Now we will show that (4.37) is also true for ¢ = m + 1. Note that
m—1
X A
m+1 (m—k:) (m+1-k) il s (m—k) iy
9= (P ORI ) + P WP ) 22 i 4+ Mprem (W (0] 2

d)\ 2 m—2
= Pon (AP (N) (d—) +
k=0

A @) dA
Prr1,m(A) 7 + Ppm(A) F i(i + A)phm()\)]
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dA

dz dz dz

d\ 2 m—1
a0 () + 3
k=1

x pm R ()2 | [pgll,m(A)@ +ili+ A)pm_l,m(x)} O

dA 1 dx .
Pran(N) 7+ B (V) i+ NPt m(N)

O RO R (R VoY | PRIV
- ipk,mH(A)W“—“(A)) 2
where -
((Z’/2)(i +A)? pom(A) for k = 0,
Pems1 () = 4 (1/2) {( + 22 (o) + (V) + 20+ NproamN ] for 1<k <m—1,
| 6/2) [+ 20510 () +26 4+ Vpm-1mn (V)] for k = m,

and degree of pg i1 is (2((m +1) — 1) — k), and hence (4.37) is true for ¢ = m + 1. Therefore

the result follows by principle of mathematical induction. This completes the proof. O]

Now we are in a position to state and prove our main result in this section. It is important
to note that we make the hypothesis of our next theorem in such a way so that we can apply

Theorem 4.4.1 to achieve our goal.

Theorem 4.5.2. Letn € N, n > 2. Let Ag and Ay be two mazimal dissipative operators on H

such that
(i) dimker(A; — i) = dim ker(Aj + 1), for j =0, 1,

(ii) (A1 4+14)' = (Ag+ i)t € B.(H), and
A - A
21
Let Ty = (i — Ao)(i + Ag) ™" and Ty = (i — Ay) (i + Ay) ™! be the corresponding contractions

(iii) Im A; = € B,jo(H) for j=0,1.

obtained by the Cayley transform of maximal dissipative operators Ay and Ay respectively. Set

A, = (22'(1 Tt — i), where T, as in (4.21). Then for ¢ € Fl (R),

s=0

¢(As)} € Bi(H),

and there exists an L' (R, (1 + X\?)~Yd\)-function n,, depend only on n, Ay and Ay such that

n—1 k ) n—1
I {wAl) ) = Y o S_mes)} -/ <Z pk,nww—%)) (VX
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86 Chapter 4. Higher-order spectral shift for pairs of contractions via multiplicative path

where Y(\) = ¢ <i :L i) for some ¢ € F\ (T) and X € R.

Proof. Let T; = (i — A;)(i + A;)~! be the contraction obtained via the Cayley transform of a
maximal dissipative operator A; and hence ker T = ker(i — A;) and ker T} = ker(i + A7) for
j =0, 1. Furthermore, note that

Ty —To=2i [(i4+A)~" = (i + Ag)~'].

Therefore using the hypothesis (i), (i7) and (i) we conclude that the pair of contractions
(Tv,T1) on H satisfies the hypothesis (i) and (i7) of Theorem 4.4.1. Let V; be the unitary
operator on H such that (i — 4;)(i + A;)~' = V;|(: — A;)(i + A;)7!| for j = 0,1. Thus by
applying Theorem 4.4.1 corresponding to the pair (Tp, T1) we get for ¢ € F,(T),

1 d*
{d)( ;k—d—

and there exists an L'([0, 27])-function &, depend only on n,T; and Tj such that

)} € Bi(H), (4.38)

Tr{ww o= S A ¢<TS>} - [Toeemm, @
where
: _

(Z = Ao)(l + Ao)_l
[2(ImAg)'/?(i + Ao) |
0

T, = Pye™M , s€[0,1], (4.40)

and M is a self-adjoint operator on .# @ ((i — A})~'(ImA;)Dom(A;)) such that

— 12 2 (
7 H((i+Ao) I(Ion)Dom(AO))\ ) OHEO H( — Az )—1(ImA0)Dom(Ao)) \]D))7

o(M) C (—m,7|, M € B,(Z & ((i — A*) 1ImA;)Dom(Ay))).

Now it easy to observe that for ¢)(\) = ¢ Z+)\) € R, where ¢ € F,(T),
— 1 d — 1 d*
Ay —Y(Ag) — Y —— Ay) = o(T1) — o(Thy) — —— T. 4.41
)~ (o) = 32 |04 =00 ol = 3 gl _om)
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where A, = (i — 2i(T, + 1)7'). Therefore using equations (4.38), (4.39) and (4.41) we conclude
that

{@/)( U D S

k=0

)} € Bl(H)v

and there exists an L'([0, 27])-function &, depend only on n, A; and Ay such that

— k 2
Tr{%lf( Z%j— szowAs)} - [ oo

which by applying Lemma 4.5.1 yields that
0o n—1
} = / (Zpk,n(k)z/f("‘k)(A)) (A, (4.42)
% \k=0

A 1 d

where 1,(\) = &,(t) = (1 + N)(A — i)', (2tan"*(N\)) and 1, € L' (R, (1 + A*)~'d)\). This

completes the proof. O
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CHAPTER b

Approximation of the spectral action functional in the case of compact

resolvents

5.1 Introduction

Let Hy be a closed densely defined self-adjoint operator in H and assume that its resolvent is
compact. Examples of such operators include differential operators on compact Riemannian
manifolds (see, e.g., [7, Chapter 3, Section B| or [29, Chapter 3, Section 6]) and generalized
Dirac operators of unital spectral triples (see, e.g., [71]). For a sufficiently nice function f and
a bounded self-adjoint operator on H, which models a gauge potential, we consider a spectral
action functional V +— Tr(f(Hy+V)). The latter was introduced in [15] to encompass different
field actions in noncommutative geometry and recently received considerable attention in the
literature. Counterparts of the spectral action functional also arise in problems of mathematical
physics on deterministic and random Dirac and Schrodinger operators (see, e.g., [68, 69]).

A perturbation approach to the spectral action functional was taken in [72], where a non-
commutative analog of the Taylor series expansion served as a starting point to understanding
the structure of gauge fluctuations. Analytical aspects of Taylor approximations of the spectral
action functional were also studied in [65, 67]. In this chapter we significantly relax assumptions
imposed on admissible functions f in [65, 67]. We note that it is important to relax assumptions

89
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90 Chapter 5. Approzimation of the spectral action functional in the case of compact resolvents

on f appearing in the spectral action since that function might be prescribed by the model [16].
Given a natural number n € N and suitable f and Hj, we denote the n-th order Taylor

remainder of the spectral action functional V' — Tr ( f(Hy+ V)) by

—_

~— 1 dF
Tt (Ritg (V) = T (F(Ho + V) = f(Ho) = Y o flHo+sV)| ). (5.1)
k=1
In Theorem 5.3.1 we establish that
‘Tr (RHo,fm(V))l < Da,b,n,E,Ho,V”f(n)Hoo (5'2)

for every Hy with compact resolvent and every n-times differentiable compactly supported in
(a,b) function f with bounded f (") and we derive an upper bound on the constant Doponetov

revealing explicit dependence on Hy, V,n,a,b,e. We also establish the trace formula

Tr (R, (V) =/Rf(")(/\)77n,ﬂo,v(/\)dA (5.3)

for every n-times differentiable compactly supported in (a,b) function f such that f exists
almost everywhere and f € L?(R). The real-valued function 1, g, v € L*((a,b)) is determined
by (5.3) uniquely up to a polynomial summand of degree at most n — 1.

In Theorem 5.4.7 we relax the differentiability assumption and remove the support restric-
tion on functions f satisfying (5.3) under the stronger assumption on the operator Hy. Namely,
in the case when (Hy—4I)~! belongs to the Schatten ideal, we establish (5.3) for (n — 1)-times
continuously differentiable functions with suitable decay at infinity. The locally integrable real-
valued function 7, g, v is determined by (5.3) uniquely up to a polynomial summand of degree

at most n — 1 and it satisfies the estimate
()] < consty, 2+ IVIDIVI™ " |(Ho —al) ™ I (1 + |])"

for every x € R, where || - || denotes the operator norm and || - ||,, the Schatten n-norm.

Our bound (5.2) extends the analogous bound of [67], where the additional assumption
f € C"1((a,b)) was imposed. The formula (5.3) was earlier established under the additional
restriction f € C?((a,b)) in the case n = 1 in [6, Theorem 2.5] and under the restriction
f € C"((a,b)) in the case n > 2 in [67]. Other results in this direction were obtained in [73,
Theorem 18 and Corollary 19] and [65, Theorems 3.4 and 3.10]. The result of Theorem 5.4.7

relaxes the differentiability assumption made in [71, Theorem 4.1].
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The chapter is organized as follows: preliminary results are discussed in Section 5.2; our
main results are proved in Section 5.3 and Section 5.4 under the assumptions that Hy has

compact resolvent and that the resolvent of Hy belongs to the Schatten n-class, respectively.

5.2 Preliminaries and notation

We denote positive constants by letters ¢, d, C', D with subscripts indicating dependence on their
parameters. For instance, the symbol ¢, denotes a constant depending only on the parameter
a.

Given f € LY(R), let f denote the Fourier transform of f. We will use the well-known
property that every f € C”(R) satisfies f/(”_\l) e L'(R).

We will need the following elementary lemma.

Lemma 5.2.1. Let a,b € R, a < b, k € N, and f € D¥((a,b)) be such that f* € B([a,b]).
Then,

1w < (b= @ fPll, 5 =0,... K

Proof. By using the following identity, we conclude the proof.

f(z) - fla) = / o

Operators with compact resolvent. Let H be a fix complex separable Hilbert space.
When H is a closed densely defined self-adjoint operator in H, we briefly write that H s a
self-adjoint operator in H. We say that a self-adjoint operator H in H has compact resolvent
(H — zI)~! is compact for some and, hence, for each resolvent point z of H.

The following useful property is a consequence of the second resolvent identity (see, e.g., [6,

Lemma 1.3]).

Lemma 5.2.2. Let Hy be a self-adjoint operator in H with compact resolvent and let V' be a

bounded self-adjoint operator on H. Then, H = Hy+ V' also has compact resolvent.
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Proof. The result follows from the resolvent identity
(Ho+V =)' = (Hy—i)"' = (Hy— 1) 'V(Ho + V — i)~
O

Let Eg(-) denote the spectral measure of a self-adjoint operator H. The following result is

a consequence of Lemma 5.2.2 and [6, Lemma 1.4].

Lemma 5.2.3. Let Hy be a self-adjoint operator in H with compact resolvent and let V' be
a bounded self-adjoint operator on H. Then, for every compact subset A C R, the spectral

projections Ep,(A) and Ey,+v(A) are finite rank operators.

Proof. Let Hy be a self-adjoint operator in H having compact resolvent, V' € By, (H) and
H = Hy+ V. Then by [14, Appendix B, Lemma 6] we have

L+ H)T < AV IVIHQ+Hy) ™ (5.4)
Let h € H and A is compact subset of R, then
(+ B2 ) = [0+ 287 dBn bl
> [ 1427 1B
> [ (14 o) B OO
= (14 max \) | En (M) (55)
Therefore from 5.4 and 5.5 we have
Ep(A) < (1+max X)L+ [V +[VIF) (1 + H)™,

which implies that Eg(A) is a compact operator as (1 + HZ)™! is compact and hence E(A) is

a finite rank operator. n

Let f € C™(R). Recall that the divided difference of order n is an operation on the function

f of one (real) variable, and is defined recursively as follows:

FO) = f(N),

Q0 A2 A) = U Ao AL Anm2An1)
- if A\, # At,
f[n]()\07)\1,...7)\n) = An—An—1
%f[n_l}()\()’ )\1’ Tt >\n72, )\) |/\=/\n_1 if )\n - )\nfl.
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Multilinear operator integrals. Let H be a self-adjoint operator in H and let f € C"(R)
be such that ﬁ;) € L'(R). Let py € [1,00],1 < k < n, and Ey,, = Ey([Lt,2)) for m € N

m’

and [ € Z. Define a multilinear map on B, (H) X --- x B, (H) by

THH OV, V) (5.6)

lo 1 [
= lim lim Z f[”](—o,—l,. "
m’' m

o ey E
[Tols|l]seslln | <N

) Bt Vi B nVa B - Vo Bty

where the limits are evaluated in the norm || - ||,, % = pil + p% +- 4+ an. The existence of
the limits in (5.6) is justified in [52, Lemma 3.5]. We call Tﬁ;‘]“’H defined in (5.6) a multilinear
operator integral with symbol fI™ and write Tym when there is no ambiguity which element H
is used.

Discussion of multiple operator integrals, including those with more general symbols, and
their applications can be found in [69]. It was shown in [65, Lemma 3.1, Theorem 3.2] that
the multilinear operator integral given by (5.6) is bounded for all f € C"™(R) when H has
compact resolvent.

The following estimate is a consequence of [52, Theorem 5.3 and Remark 5.4] and [69,

Theorem 4.4.7].

Theorem 5.2.4. Let k € N and let o, aq, ..., 04 € (1,00) satisfy a% +- 4+ aik = é Let H
and H be two self-adjoint operators in H. Assume that V, € B, (H), 1 < ¢ < k. Then there
exists cqr > 0 such that
H.H,...H
T Vi, Voo Vidlla < ca 1F P lloo T 1Vellas (5.7)

1<e<k

for every f € CE(R).
We also have the following bound for the seminorm | Tr(-)| of a multilinear operator integral.

Theorem 5.2.5. Let k € N and let oy, ..., a4 € (1,00) satisfy o% +oee 4 i =1. Let H be a
self-adjoint operator in H. Assume that V, € B,,(H), 1 < < k. Then, for c1; > 0 satisfying
(5.7),

T ™" (Vi V) < el F PNl TT Vel (5.8)

1<t<k

for every f with f*® € Cy(R) satisfying f@) € L'(R).
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Proof. By the definition of the multiple operator integral (5.6) and cyclicity of the trace,

T (75 H(Vl,...,vk))zTr(Tﬁf ----- Vi, Ve W), (5.9)

where f“‘}()\o, Ay A1) = (N0, AL .o, Ae—1, A1), Therefore, by Hélder’s inequality,
Theorem 5.2.4, and [52, Remark 5.4] applied to (5.9), we obtain (5.8). O

Let a,b € R, a < b, and € > 0. Let a. = a — ¢, b. = b+ €. Define the function &, on R by

O () = (hi(x) = ha()) (5.10)
where
() — w Ot —ac)P(a—t)dt ha(a) = J, @t —b)P(be — t)dt
A [ @t —a)®(a—t)dt’ Ty fbbetb(t—b)CI)(be— )dt’
e~z if x>0,
O(x) = {
0 ifz<0

Note that ®|gpn= 1, o/t € C((ae,be)) and ||®¢||c = 1. Moreover, if H has compact resol-
vent, then by the spectral theorem, ®.(H) € Bi(H) and || ®(H)||; < Tr(Eg(ac,be))||Pclloo (se€
[67, Proposition 2.3]).

Theorem 5.2.6. Let Hy be a self-adjoint operator with compact resolvent in H, k € N, and
Vi,Vo,..., Vi, € B(H). Let a,b € R, a < b, and € > 0. Then

k

Te (T (Va, Vo, - m)\ < Capretry 1FP Nl [T IV (5.11)
=1

for every f € Ff*1((a,b)), where

Capeio = [(k+1)2" + cop] (b—a+ 1)*(1+ Te(Ep,(a,b))) X die.y, (5.12)
where coy, satisfies (5.7) and
d = O (H, L CI/D@
bty = max | [|0c(Ho) s, max || @, .

where O, is given by (5.10).

Proof. The proof follows along the lines of the proof of [67, Theorem 3.1]. O
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Remark 5.2.7. Note that the upper bound for |Tr (Tﬁ,ﬁ’] """ HO(Vl,VQ,...,Vk))‘ in (5.11) s

stronger than the upper bound stated in [67, Theorem 3.1].

The following result is a consequence of [69, Theorems 4.4.6 and 5.3.5].

—

Theorem 5.2.8. Let n € N and let f € C™(R) be such that f*), f® ¢ LY(R), k=0,1,...,n.
Let H be a self-adjoint operator in H with compact resolvent and let V' be a bounded self-adjoint
operator on H. Then, the Gateauzr derivative (%f(H + tV)|t=o ezists in the uniform operator

topology and admits the multiple operator integral representation

1 dF

M ¢ Ty, V), 1<k<n (5.13)

s=t T fIk]

H+sV)

Moreover, if V € Bi(H), then the above k-th derivative is an element in By (H).

5.3 Trace formulas for operators with compact resol-
vents

In this section we establish our first main result.

Theorem 5.3.1. Let Hy be a self-adjoint operator in H with compact resolvent, V' a bounded

self-adjoint operator on H, n € N, and let —oco < a < b < o0, € > 0. Then,
Tt (Rit,1,0(V))| < Dapmc,tiov | F™loo (5.14)

for every f € D™((a,b)) with f™ € B([a,b]), where

Do pone o v (5.15)
n—1

= (b— a)" max { Tr(Ey, ([a,0))), Tr(Emyv ([a,0) } + > (b= a)" FCopren IV,
k=1

and Cyppen, Satisfies (5.11). Furthermore, there exists a real-valued function Nep e, v €

L'((a, b)) such that
b
T (Rat (V) = [ 70Oty (VA (5.1
for every f € F((a,b)) and

b
/ ’na,b,n,e,Ho,V()\)‘d/\ S Da,b,n,e,Ho,V' (517)
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The function N pnemv € L'((a, b)) is determined by (5.16) uniquely up to a polynomial sum-

mand of degree at most n — 1.

Proof. By Lemma 5.2.3, Fy, ([a,b]) and Ey,,v([a,b]) are finite projections. Let f € F((a,b)).
Case 1: n=1.

By the spectral theorem for a self-adjoint operator H in H with compact resolvent, we have
F1) = SN Bala) = [ 7V aBw ()
where the integral converges in B1(#). Hence, by continuity of the trace Tr,
Tr (R 1(V)) = /abf()\)d(Tr(EH0+V()\)) — Tr(Epy(N)). (5.18)

Integrating by parts on the right-hand side of (5.18) and applying the support property and
absolute continuity of f yield

T (Rt 4 (V) = - / (Te(Ein 1) = Te By o, ))&
-/ PO (T B0, ) — T(Br e ). (519
Thus, (5.16) holds for n = 1 with
Neetiow (V) = Te(Eiy (12, A))) — Tr(Eggyrv ([a, 1) (5.20)
and (5.17) holds with
Daprcoy = (b— a) max { Te(Eg,([a. b)), Te(Bsy v ([a, b))}

Case 2: n > 2.
By (5.19),

| Te(f(Ho + V) = Te(f(Ho))| < || f'lloo(b — a) max { Te(Ep, ([a, 8])), Tr(Epy+v ([a, b)) }-
The latter along with Lemma 5.2.1 implies

| Te(f(Ho + V) — Tr(f (Ho))| (5.21)
< [1FVloe (b — @) max { Te(Er, ([a, 1)), Tr(Er+v ([a,0])) }-

Combining (5.11) and (5.13) and then applying Lemma 5.2.1 yield
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S Oa,b,k,e,Ho ||f(k)||O0||‘/||I€

T L d* H V
P fger ! W+ V)l
< =) Copreml OV (522

for every k =1,...,n— 1, where Cyp ke n, satisfies (5.12). Combining (5.1), (5.21), and (5.22)

implies
Tt (Retg,1e(V)) | € Datestto I1FV 1o, (5.23)
where
5a,b,n,e,Ho,V
= (b—a)" ' max { Tr(En,([a,b])), Tr(Egy+v([a, b]))} + nz_l(b — )" P et IV IIE.
k=1

By the Riesz representation theorem for elements in (CO (]R))*, Hahn-Banach theorem, and

estimate (5.23), there exists a finite (complex) measure vy ¢ i, v Such that

b
T (Ritgn(V)) = [ 1IN0 ) (5:20)

for every f € F?((a,b)) and the total variation of v, ¢ m,,v is bounded by

HVa,b,n,e,Ho,VH S 5a,b,n,e,Ho,V- (525)

Integrating by parts on the right-hand side of (5.24) and applying the support property of f
and absolute continuity of f=1 yield

b
Tr (R, n(V)) = / FON (= Vapne o ([a, A))dA. (5.26)
Thus, (5.26) implies (5.16) with
NapmeHovV(N) = —Vabmeryv([a ). (5.27)

Combining (5.25) and (5.27) ensures (5.17), where

Da,b,n,QHo,V = (b - a)Da,b,n,e,Ho,V- (528)

Let fapnetov = Re (Napmneryv). Since the left-hand side of (5.16) is real-valued when-

ever f is real-valued, we obtain that 7, pn.cm, v satisfies (5.16) and (5.17) for real-valued
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f € F*((a,b)) and, consequently, for all f € F"((a,b)). Therefore, without loss of gener-
ality we may consider 7, pn.e 1, v to be real-valued satisfying (5.16) and (5.17). Next, sup-
pose there exists another real-valued function &, m,v € L'((a,b)) satisfying (5.16). Let

h = Napmettov — Eapm.iyv- Then, it follows from (5.16) that
b
/ FPNh,(MN)dX =0 for all f € C=((a,b)). (5.29)
Consider the distribution 7},, defined by

b
T (9) = / 6 hy dA

for every ¢ € C((a,b)). By (5.29) and the definition of the derivative of a distribution,
T, ,E:) = 0. Hence by [1, Theorem 3.10 and Example 2.21], h,, is a polynomial of degree at
most n — 1. Consequently, 7, pn.cm,.v € L'((a,b)) satisfying (5.16) is unique up to an additive
polynomial of degree at most n — 1.

Assume now that n € N and f € D?((a,b)) with f™ € B([a,b]). Applying Lemma 5.2.1 in
(5.23) yields (5.14), completing the proof of the theorem. O

Remark 5.3.2. [t follows from the proof of Theorem 5.3.1 that the representation (5.16) with
n =1 holds for a larger class of functions f, namely, for every f absolutely continuous on |a, b]

and compactly supported in (a,b).

Remark 5.3.3. The uniqueness of the spectral shift function 0epn.em, v up to an additive

polynomial of degree at most n — 1 was not addressed in [67, Theorem 4.3].

5.4 The case of resolvents in the Schatten n-class

In this section, we obtain an upper bound for |Tr(Rp, f»(V))| that is independent of the
support of f under the additional assumption that the resolvent of Hy belongs to B,(#H), n € N.
As an application, we extend the trace formula (5.16) to a larger class of scalar functions f and
obtain an entriwise bound on the spectral shift function.

The trace formula (5.3) was obtained in [71] for the class of scalar functions 20,, defined

below under the assumption that V(Hy — iI)~! belongs to the Schatten ideal B,(H).

Definition 5.4.1. Let n € N. Let 23,, denote the set of functions f € C™(R) such that
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—

(i) f®uk € LYR), k=0,1,...,n,
(i) f® e LY(R, (1 + [z))*da), k=1,...,n.

As noted in Remark 5.4.3 below, F*(R) ¢ 20,,. Our principle goal in this section is to
establish the trace formula (5.1) for a larger set of functions containing F*(R). In this context,

we introduce the following class of functions.
Definition 5.4.2. Let n € N. Let §,, denote the set of functions f € C" *(R) such that
(i) F®OuF, fBu 1 e LYR), k=0,1,...,n =1,
(i) ) erxists almost everywhere,
(iti) f® € LY(R, (1 + |z])*dz), k=0,1,...,n.
Remark 5.4.3. We have
F'R)C 9, CW, 1, (5.30)
but
F'(R) 2, $, ¢W,, W, H (5.31)

The inclusions (5.30) follow directly from the definitions of the sets. Note that the function

(
0 if x <0,

f(x):<m”(x—1)” if0<z<1,

0 if x> 1,

(
satisfies f € F*(R) but f € C"(R). Hence, f & 20, so the first two properties in (5.31) hold.
Note that g(z) = (x — i)' € W, but g & H,,. Therefore, the third property in (5.31) holds.

Below we will also use the notations u(\) := (A — i) and u*(\) = (u(\)*, k € Z, X € R.
Lemma 5.4.4. For every [ € $,,

fRuRHt e Cy(R), k=0,...,n—1. (5.32)
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Proof. By the definition of the sets ),
f94% e LNR), j=0,1,...,n.

Let k € {0,1,...,n — 1} and g = f®u 1. Then, ¢ = f*E Dy 4 (k + 1) f®ur € LY(R),
ensuring that both lim g(x) and lim g¢(z) exist. Suppose that lim g(z) # 0. Then there
T—00 T——00 T—>00

exist L,c > 0 such that for all z > L we have |g(x)| > ¢, and hence,

e[ W@l < [T IO @t @] ds <o,

contradicting the definition of u. Therefore, lim g(x) = 0 and, similarly, lim g¢(z) = 0.
T—00 T——00

Thus (5.32) holds. O

—

Lemma 5.4.5. Let f € §,. Then, f®ul € LYR) for 0 <1<k <n-1.

Proof. For k =, the result follows from the definition of §,,.
Let [ < k. Since u™* u=*"1 € L?(R), we obtain uFk € L'*(R) for all k € N (see, e.g., [?

Lemma 7]). By the convolution theorem,

Tl = (FOgri-¥) = FO ¢

—

Since L'(R) is closed under the convolution product, f®ul € L'(R). O

Lemma 5.4.6. Let n € N. Let Hy be a self-adjoint operator in Ht and let V' be a bounded
self-adjoint operator on H. Let H, = Hy+tV, t € R, and V =V (Hy —il)~'. Then

+ Z Z (_1>n—p—1 <T(;I;ﬁ(i’)f,’,’]HO(‘7jl, £ Vjp(HO _ i])_l)f/jp‘*‘l
=1 j1,....5p>1,5 >0
! ;‘i‘i’"‘?iijrjl;iéfl

= T (VL VI VI (Hy — U)*lf/j”“> (5-33)

for all f € $H,.

Proof. The identity (5.33) is trivial in the case n = 1.
Let n > 2. Since ul!! = 1g2 and u”) = 0 for all p > 2, the Leibniz rule for divided differences
gives

(fu)™ T o, A—1) = U0 - D) uMas1) + 7 (N Ao
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If we swap A,_; with \; (for any j € {0,...,n — 1}), and rearrange using symmetry of the

divided difference, we obtain

FE 0, Anea) =), Aa)u T () (5.34)
— N0y N At - An U ().

Applying (5.34) repeatedly, we obtain

ROV I Wy (5.35)

n—

Z (_1)n717p(fup)[p}()‘07 )‘jlﬂ T >‘jp>u71(/\1> o 'uil()‘nfl)'

1
p=0 0<j1 <-<jp<n—1

—

By Lemma 5.4.5, f(*=1 (fur)® € L}(R) for 0 < p < n — 1. Therefore, applying [52, Lemmas
3.5, 5.1, 5.2] yields

Ty, V) (5.36)

n—1
= (T ENT YD D (Sl et (i) e

p=1731,--,jp21,5p+120
Jittjpri=n—1

e N S 00

By Lemma 5.4.5 (fur)®) (furt!)® and (fur)®=1) € LY(R) for 1 < p < n — 1. Therefore,
applying [71, Theorem 3.10(i)] to (5.36) yields (5.33). O

Theorem 5.4.7. Let n € N, let Hy be a self-adjoint operator in H such that (Hy —iI)™* €
B,.(H), and let V be a bounded self-adjoint operator on H. Then, there exists K, > 0 (depending

only on n) and a real-valued function n, such that
70 (2)| < Ky @+ [[VIDIVIPTH I(Ho = aD) 75 @+ |2)", 2 € R, (5.37)

and

Te(Rigy p(V)) = / £ @) () da (5.38)

for every f € £, U,,. The locally integrable function n, is determined by (5.38) uniquely up

to a polynomial summand of degree at most n — 1.

Proof. The result for f € 20, is established in [71, Theorem 4.1]. Therefore, there exists a real-
valued function n,, , unique up to a polynomial summand of degree at most n — 1, satisfying

(5.38) for all f € 20,.
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Now we assume that f € §,,. If n =1, then

Tr(Rtg, (V)| = Tx(f (Ho + V') — f(Ho))|
= Toe((fu)(Ho + V)(Ho + V —il) ™" — (fu)(Ho)(Ho — il) )]
<l fulloe 2+ IVIDII(Ho — i) "1 (5.39)

Let n > 2. By [71, Theorem 3.13],

1 dnfl
Rito,1n(V) =Ry, fn-1(V) — mmf(ﬂo +sV)|__,
=T ot ooy V) = T (v Y). (5.40)

Let H = Hy+tV,t € R, and V = V(Hy —iI)~'. By Lemma 5.4.6 applied to (5.40),

R, (V) (5.41)

n—1
_ (—l)n_lTﬁﬂ—'—v’Ho(V)Vn_l + Z Z (_1)n—p—1

p=1 j1,-4p21,Jp+120
Jitetipr1=n—1

x (T o (VL VI (Hy = Gl) ) = T o (V7 VI (Hy — D)) ) Vi

(fuP+1)[p] (fuP+1)
(T 7, ety < T o)) Py — 1)

By Lemma 5.4.5, f, f', (F\u)/ € L'(R). Applying [71, Theorem 3.10(i)] yields
T (V) = T ™ (V) = f(Ho + V)V (5.42)
Combining (5.41), (5.42), Theorems 5.2.4 and 5.2.5, and applying Holder’s inequality yields

T (R, 1.0 (V)]

< [(Hf\loo +1(fu)lloo) V™ + Z_:dp,n (I P oo + 11 (Fu)P o) IIVH”’I] I(Ho —I) =I5

p=1
n—1 n—1
< Cn< P ™) Pl + ) H(fup)(p)lloo> L+ NVIDIVIm I (Ho — i)~ 7, (5.43)
p=1 p=0

where C, is some constant depending only on n. Note that by Lemma 5.4.4, f®yFtl ¢
Co(R), k=0,...,n—1. Arguing similarly to the proof of the existence of the spectral shift

function in [71, Proposition 4.2] (that is, by Riesz-Markov representation theorem on each term
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of (5.41), and then performing integration by parts) we obtain from (5.39) and (5.43) that for

each n € N,

T (R0 (V) = [ 7)o} (540
where 17}, is a continuous function on R such that
()] < Dy 2+ ([VIDIVI"HI(Ho — D) T R (L + [2])", = €R, (5.45)
where D,, is some constant depending only on n. We define

7753” = R‘e (ﬁn>

Then it is clear that 7, satisfies (5.45) as |n, | < |7,].

Since the left-hand side of (5.44) is real-valued whenever f is real-valued, we obtain that
N, satisfies (5.38) for real-valued f € $),, and, consequently, for all f € §,,. The uniqueness of
N, satisfying (5.38) up to a polynomial summand of order at most n — 1 can be established
completely analogously to the uniqueness of the function 7,4 1, v established in Theorem
5.3.1. Since both 5, ~and 7,, satisfy (5.38) for all f € C°(R), by using properties of distribu-
tions as in the proof of Theorem 5.3.1, we conclude that 7, and n,, differ by a polynomial of

degree at most n — 1. Let n, —n,, = Q,, where @,, is a polynomial of degree at most n — 1.

2

By the property (ii) of Definition 5.4.1, [, f"(2)Q,(z)dz = 0 for each f € 20,,. Therefore,

(n) dr = (n) —Q,)dz = (n) dz,
Af(@%nx Af(@mh Q.)dz Af(w%nx

for each f € 20,. Hence n, := 7, satisfies (5.37) and (5.38) for all f € £, U20,. O
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