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Abstract

The dissertation gives a new proof of some existing second-order trace formulas, namely the

Koplienko-Neidhardt trace formula for pair of unitaries in the multiplicative path, the Koplienko-

Neidhardt trace formula for pair of contractions via linear path with one of them being normal.

Our proofs are based on the idea of the finite-dimensional approximation method introduced

by Voiculescu. As a consequence of our results and the Schäffer matrix unitary dilation, we

obtained second-order trace formula for a class of pairs of contractions via linear path. Using a

different setup of finite dimensional approximations, we extend the Koplienko-Neidhardt trace

formula for a class of pairs of contractions via multiplicative path.

Moreover, in this thesis, using the dilation theory and the existing higher-order trace formula

for pair of unitaries via multiplicative path, we obtain a higher-order trace formulae for a class

of pairs of contractions and a class of pairs of maximal dissipative operators via multiplicative

path.

Finally, this dissertation establishes estimates and an integral representation for the higher

order Taylor remainder of the spectral action functional V 7→ Tr(f(H0 + V )) on bounded self-

adjoint perturbations, where H0 is a self-adjoint operator with compact resolvent and f belongs

to a ‘nice’ class of scalar functions.

vi
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Introduction

Koplienko [31] found a trace formula for perturbations of self-adjoint operators by operators

of Hilbert-Schmidt class B2(H). Later in 1988, a similar formula was obtained by Neidhardt

[42] in the case of unitary operators. In this dissertation, we give a still another proof of the

Koplienko-Neidhardt trace formula in the case of unitary operators by reducing the problem to

a finite-dimensional one as in the proof of Krein’s trace formula by Voiculescu [75], Sinha and

Mohapatra [63, 41]. Chapter 2 is devoted to the above-mentioned new proof.

In 2012, Potapov and Sukochev [56] obtained a trace formula like the Koplienko trace for-

mula for pairs of contractions by answering an open question posed by Gesztesy, Pushnitski,

and Simon in [26, Open Question 11.2]. In Chapter 3, we supply a new proof of the Koplienko

trace formula in the case of pair of contractions (T, T0), where the initial operator T0 is normal,

via linear path by reducing the problem to a finite-dimensional one as in the proof of Krein’s

trace formula by Voiculescu [75], Sinha and Mohapatra [63, 41]. Consequently, we obtain the

Koplienko trace formula for a class of pairs of contractions using the Schäffer matrix unitary

dilation. Moreover, we also obtain the Koplienko trace formula for a pair of self-adjoint opera-

tors and maximal dissipative operators using the Cayley transform. At the end, we extend the

Koplienko-Neidhardt trace formula for a class of pair of contractions (T, T0) via multiplicative

path using finite-dimensional approximation method.

In [40], Marcantognini and Morán obtained Koplienko-Neidhardt trace formula for pairs of

contractions and pairs of maximal dissipative operators via multiplicative path. In Chapter 4

vii
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viii

of this dissertation, we prove the existence of higher-order spectral shift functions for pairs of

contractions and pairs of maximal dissipative operators via multiplicative path by adapting the

argument employed in [40].

Finally, in Chapter 5, we establish estimates and representations for the remainders of

Taylor approximations of the spectral action functional V 7→ Tr(f(H0 + V )) on bounded self-

adjoint perturbations, where H0 is a self-adjoint operator with compact resolvent on a complex

separable Hilbert space and f belongs to a broad set of compactly supported functions including

n-times differentiable function with bounded n-th derivative. Our results significantly extend

analogous results in [67], where f was assumed to be compactly supported and (n + 1)-times

continuously differentiable. If, in addition, the resolvent of H0 belongs to Schatten p-class,

stronger estimates are derived and extended to noncompactly supported functions with suitable

decay at infinity.

Papers

This thesis is based on four papers.

1) Chapter 2 based on [18] (joint with Arup Chattopadhyay and Soma Das, and published in

J. Math. Anal. Appl.)

2) Chapter 3 based on [17] (joint with Arup Chattopadhyay and Soma Das, and available in

arXiv).

3) Chapter 4 based on [19] (joint with Arup Chattopadhyay and published in New York Journal

of Mathematics).

4) Chapter 5 based on [20] (joint with Arup Chattopadhyay and Anna Skripka, and available

in arXiv).
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Abbreviation and Notation

N The set of all natural numbers

Z The set of all integers

R The set of all real numbers

H Complex separable Hilbert space

B(H) Algebra of bounded linear operators on H

Bf (H) Space of all finite rank operators on H

B0(H) Space of all compact operators on H

B1(H) Space of trace class operators on H

B2(H) Space of Hilbert-Schmidt operators on H

Bn(H) Schatten n-class operators on H

EH(·) Spectral measure of the self-adjoint operator H

ET (·) Semi-spectral measure of the contraction T

Tr The trace

|T | Positive square root of T ∗T

Dom(T ) Domain of T

x
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CHAPTER 1

Preliminaries

In this chapter we recall some fundamental results in operator theory.

1.1 Algebra of bounded operators

Definition 1.1.1. An inner product space (H, 〈·, ·〉H) over a field F is said to be a Hilbert space

if it is a Banach space with respect to the norm induced by the inner product 〈·, ·〉H. A Hilbert

space is said be a complex (real) Hilbert space if F = C (F = R).

Throughout the thesis, H is a complex separable Hilbert space. We denote B(H) by the

space of all bounded linear operators on H. It is well known that B(H) is a non-commutative

C∗-algebra.

1.1.1 The Trace

Definition 1.1.2. Let T be a positive bounded linear operator on H, choose an orthonormal

basis
{
ei
}∞
i=1

for H. Then the trace of T is denoted by Tr(T ) and is defined by

Tr(T ) =
∞∑
i=1

〈Tei, ei〉, (1.1)

with values in [0,∞].

1
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2 Chapter 1. Preliminaries

Remark 1.1.3. From the above Definition (1.1.2), it follows that Tr(T ∗T ) = Tr(TT ∗), which

further follows that Tr is independent of the choice of orthonormal basis (see, e.g., [46, Propo-

sition 3.4.3, and Corollary 3.4.4]).

For a bounded operator T ∈ B(H), |T | denotes the unique positive square root of T ∗T and

we write |T | = (T ∗T )
1
2 . For p > 0, we denote the space of Schatten p-class operators by Bp(H)

and is defined as follows

Bp(H) := {T ∈ B(H) : ‖T‖p =
(

Tr(|T |p)
1
p
)
<∞}.

For p = 1, the collection B1(H) is called the space of trace class operators and for p = 2,

the collection B2(H) is called Hilbert-Schmidt space and the operators in B2(H) are called

the Hilbert-Schmidt operators. Since, any bounded operator can be written as the linear

combination of four positive bounded operators, therefore the Definition 1.1.2 of trace can be

extended for a trace class operator T , where the series (1.1) converges absolutely. Moreover,

as in the case of positive operators, for trace class operators, the Tr is also independent of the

choice of orthonormal basis. The subspace relation between these Schatten p-classes is given

by the following result.

Proposition 1.1.4. The classes Bp(H), 1 ≤ p <∞, are the self-adjoint ideals in B(H) and

Bf (H) ⊂ B1(H) ⊂ B2(H) ⊂ · · · ⊂ B0(H) ⊂ B(H),

where Bf (H) and B0(H) are the space of all finite rank operators and compact operators on H

respectively.

Theorem 1.1.5. The ideal B2(H) form a Hilbert space under the inner product

〈S, T 〉 = Tr(T ∗S), S, T ∈ B2(H).

The Hilbert-Schmidt space is separable when H is separable and the orthonormal basis of

B2(H) is given by the following proposition.

Proposition 1.1.6. Let {ei}i∈N be an orthonormal basis for H, then the collection{
ei � ej : i, j ∈ N

}
of rank one operators form an orthonormal basis for B2(H), where ei�ej is a rank one operator

defined by ei � ej(h) = 〈h, ej〉ei for all h ∈ H.

TH-3167_186123006



1.2. Spectral Theorem 3

The following well-known inequalities shows that the Schatten p-class Bp(H) forms an ideal

in B(H).

Lemma 1.1.7. Let p > 0, S ∈ B(H) and T ∈ Bp(H), then ‖ST‖p ≤ ‖S‖‖T‖p.

Theorem 1.1.8. [27, Page 92] (Hölder-von Neumann inequality): Let 1 < r ≤ p ≤ 2 ≤

q <∞, such that p−1 + q−1 = r−1. Let S ∈ Bp(H), T ∈ Bq(H). Then ST ∈ Br(H) and

‖ST‖r ≤ ‖S‖p‖T‖q, S ∈ Bp(H), T ∈ Bq(H).

1.2 Spectral Theorem

Definition 1.2.1. (Partial Isometry) A partial isometry W on a separable Hilbert space H is

a bounded linear operator on H such that for each h in (kerW )⊥, ‖Wh‖ = ‖h‖. The space

(kerW )⊥ is called the initial space of W and the range space R(W ) is called the final space of

W .

Now we give the spectral properties of a unitary operator on H, after that, we show that

how a densely defined self-adjoint operator can be transformed to a unitary operator.

Definition 1.2.2. (Unitary Operator) A unitary operator U on H is a bounded linear operator,

which satisfied UU∗ = U∗U = I. So a unitary operator on H is also an isometry on H. The

adjoint of a unitary operator is its inverse.

Remark 1.2.3. Suppose A is a partial isometry on H, then A is unitary if it is bijective.

Proof. Let A be a partial isometry on H with kerA = {0}, then its initial space is the full

space H and ‖Ah‖ = ‖h‖, ∀h ∈ H. This shows that A is an unitary operator on H.

Lemma 1.2.4. If U is a unitary operator on H 6= 0, then the spectrum of U , σ(U) is a closed

subset of the unit circle, that is for λ ∈ σ(U), |λ| = 1.

1.2.1 Unbounded Operators

In this section, we introduce some basic facts of unbounded operators, the spectral theorem for

self-adjoint operators and unitary operators.

TH-3167_186123006



4 Chapter 1. Preliminaries

1.2.2 Basic Definitions

Definition 1.2.5. (Domain): Let H and K be two Hilbert spaces and let A be a linear operator

from H to K, then the domain of the operator A is the linear subspace of H, where the operator

is well defined. We denote the domain of A by Dom(A).

Definition 1.2.6. (Densely Defined operators) A linear operator A : H → K with domain

Dom(A) is called densely defined operator if cl[Dom(A)] = H, where cl[Dom(A)] is the closure

of Dom(A).

Definition 1.2.7 (Closed operator and Closable operator). A linear operator A : H → K

is said to be a closed operator if its graph is closed in H×K. An operator is said to be closable

if it has a closed extension. We use the notation C(H,K) for the collection of all closed densely

defined operators from H into K.

Definition 1.2.8 (Adjoint operator). Let A : H → K be a densely defined operator, then

the adjoint of A is denote by A∗ : K → H and its domain is defined by Dom(A∗) = {k ∈ K :

h 7−→ 〈Ah, k〉 is a bounded linear functional on Dom(A)}.

Definition 1.2.9 (Self-adjoint operator). Let A : H → H be a closed densely defined

operator. Then A is called a self-adjoint operator if A = A∗.

Definition 1.2.10 (Dissipative operator). Let A : H → H be a linear operator (need not be

bounded) with dense domain Dom(A) called dissipative if Im〈Ah, h〉 ≥ 0 for all h ∈ Dom(A).

A dissipative operator is called maximal if it has no proper dissipative extension.

1.2.3 The Cayley Transform

The following lemma deals with the fact that given a unitary operator U0, by suitably rotating

the spectrum of U0, or equivalently defining a new unitary operator U
′
0 = e−iφU0 we get a self-

adjoint operator H0 such that U
′
0 is the Cayley transform of H0, that is U

′
0 = (i−H0)(i+H0)−1.

Note that the proof of this lemma is available in [41, Theorem 1.1] but for reader’s convenience

we are providing a proof herewith.

Lemma 1.2.11. Let U0 be an unitary operator in a separable Hilbert space H. Then there

exists φ ∈ (−π, π] such that
(
eiφ + U0

)
is one to one, and hence invertible. Furthermore, the

TH-3167_186123006



1.2. Spectral Theorem 5

operator

H0 = −i
(
−eiφ + U0

) (
eiφ + U0

)−1

= i
(
I − e−iφU0

) (
I + e−iφU0

)−1

≡ i
(
I − U ′0

)(
I + U

′

0

)−1

(1.2)

is self-adjoint.

Proof. Since H is separable, then the eigenvalues of U0 are at most countable. Therefore there

exists some φ ∈ (−π, π] such that −eiφ /∈ σp(U0) (set of eigenvalues of U0) and hence
(
I + U

′
0

)
is invertible, where U

′
0 = e−iφU0. Note that the following identity

Ran
(
I + U

′

0

)⊥
= Ker

(
I + U

′∗
0

)
= Ker

(
I + U

′

0

)
= {0}

implies that the operator H0 in (1.2) is densely defined and furthermore H0 is also symmetric

in this domain. Next we also observe that the ranges of i+H0 = 2i
(
I + U

′
0

)−1
and of i−H0 =

2iU
′
0

(
I + U

′
0

)−1
are the whole Hilbert space since Ran

{(
I + U

′
0

)−1
}

= Dom
(
I + U

′
0

)
= H

and U
′
0 is unitary. Thus H0 is self-adjoint and hence the proof.

Next we state the Cayley transformation of maximal dissipative operators as follows:

Lemma 1.2.12. [70, Theorem 4.1] The Cayley transform of a maximal dissipative operator

A is a contraction T : H → H given by T = (i − A)(i + A)−1 such that kerT = ker(i − A)

and kerT ∗ = ker(A∗ + i). Moreover, a contraction T is the Cayley transform of a maximal

dissipative operator A if and only if −1 is not an eigenvalue of T

Next, we give the spectral theorem for self-adjoint operators and unitary operators.

1.2.4 The Spectral Theorem

Definition 1.2.13. A family {Eλ}λ∈R of orthogonal projection in B(H) is said to be spectral

family if they satisfy following conditions:

(i) {Eλ}λ∈R is non-decreasing, that is Eλ ≤ Eµ for λ ≤ µ, equivalently EλEµ = Emin{λ,µ},

(ii) SOT− lim
λ→−∞

Eλ = 0 and SOT− lim
λ→∞

Eλ = I,

TH-3167_186123006



6 Chapter 1. Preliminaries

(iii) SOT− lim
η→0+

Eλ+η = Eλ,

where SOT− lim is the limit in the strong operator topology.

Next we state the spectral theorem of self-adjoint operator in H.

Theorem 1.2.14. [4, Proposition 5.8] Let H be a self-adjoint operator in H. Then there is a

unique spectral family {Eλ}λ∈R such that

(i) H =
∫
R λE(dλ);

(ii) if A ∈ B(H) such that AH ⊆ HA, then A
( ∫

R φ(λ)E(dλ)
)

=
( ∫

R φ(λ)E(dλ)
)
A, for every

bounded continuous function φ on R.

The following theorem state the spectral theorem for unitary.

Theorem 1.2.15. [57, Page 281] Let U be a unitary operator on H. Then there is a spectral

family {Et}t∈[0,2π] on the line segment 0 ≤ t ≤ 2π, such that

(i) U =
∫ 2π

0
eitE(dt);

(ii) if A ∈ B(H) such that AU = UA, then A
( ∫ 2π

0
φ(t)E(dt)

)
=
( ∫ 2π

0
φ(t)E(dt)

)
A, for every

continuous function φ on R.

We can require that Et be continuous at the point t = 0, that is E0 = 0; {Et}t∈[0,2π] will then

be determined uniquely by U .

1.3 Double operator integrals

Let E1(·) and E2(·) be two spectral measures given on Borel σ-algebra B(R), with values in

the set of orthogonal projections in B(H). Let us consider

E1(δ) : X 7→ E1(δ)X, E2(δ) : X 7→ XE2(∆), where δ, ∆ ∈ B(R), X ∈ B2(H). (1.3)

It is clear that E1(·) and E2(·) are commuting spectral measures on B(R) with respect to B2(H).

Now we define the product of the measures E1(·) and E2(·) by

G(δ ×∆) := E1(δ)× E2(∆), δ, ∆ ∈ B(R), so that G(δ ×∆)(X) = E1(δ)X E2(∆), X ∈ B2(H).

(1.4)
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By [69, Proposition 2.5.1] (see also [9, Theorem 2]), we conclude that the above measure G(·) is

a spectral measure on (R2,B(R2)) with respect to B2(H), where B(R2) is the Borel σ-algebra

on R2.

Definition 1.3.1. Assume above notations. Let Φ be a continuous bounded function on R2.

The Birman–Solomyak double operator integral is defined as the integral of the symbol Φ with

respect to the spectral measure G, that is,

TGΦ (X) :=

∫
R2

Φ(λ1, λ2) dG(λ1, λ2)(X) (1.5)

The above operator integral TGΦ (X) is understood in Stieltjes’ sense. Moreover, TGΦ is bounded

on B2(H) and ‖TGΦ ‖ = ‖Φ‖∞. For more on the theory of double operator integral, we refer

[12, 10, 11, 69].

1.4 Bochner Integral

The Bochner integral is the natural generalization of the familiar Lebesgue integral to the vector-

valued setting. Here we only state some useful results related to the Bochner integration, for

more details, we refer [28, Chapter 1]. Throughout this section, (Ω,A , µ) is a σ-finite measure

space and X is a Banach space. A µ-simple function f : Ω→ X is of the form
n∑
k=1

xk 1Ak (1Ak

is the characteristic function on Ak), and for these functions, we define∫
Ω

f(x)dµ(x) =
n∑
k=1

µ(Ak)xk

where Ak ∈ A, and xk ∈ X .

Definition 1.4.1. A function f : Ω → X is µ-Bochner integrable if there exists a sequence of

µ-simple functions fn : Ω→ X such that the following two conditions are hold

(i) lim
n→∞

fn(x) = f(x) µ− almost everywhere, and (1.6)

(ii) lim
n→∞
‖fn − f‖dµ = 0. (1.7)

If f is µ-Bochner integrable, then∫
Ω

f(x)dµ(x) = lim
n→∞

∫
Ω

fn(x)dµ(x).
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Another equivalent condition for Bochner integrability is given in the following proposition.

Proposition 1.4.2. [28, Prposition 1.2.2] A strongly µ-measurable function f : A → X is

µ-Bochner integrable if and only if ∫
A

‖f‖dµ <∞,

and in this case we have

‖
∫
A

fdµ‖ ≤
∫
A

‖f‖dµ.

The analogue result of dominate convergence theorem (DCT) is also available here. The

result is as follows.

Theorem 1.4.3. [28, Prposition 1.2.5] Let fn : A→ X be sequence of functions, each of which

is the µ-Bochner integrable. Assume that there exist a function f : A → X and a µ-integrable

function g such that

(i) limn→∞ fn(x) = f(x) µ− almost everywhere

(ii) ‖fn‖ ≤ |g| µ− almost everywhere.

Then f is µ-Bochner integrable, and

lim
n→∞

∫
A

fndµ =

∫
A

fdµ.

Now we are providing a very useful result due to Duhamel, and the proof of this result can

be found in [5, Lemma 5.2].

Lemma 1.4.4 (Duhamel’s Formula). If H0 is a self-adjoint operator in H, V = V ∗ ∈ B(H)

and if H = H0 + V , then

eisH − eisH0 =

∫ s

0

ei(s−t)HiV eitH0dt, s ∈ R,

where the integral in the right hand side is a Bochner integral and it converges in the strong

operator topology.

Next we introduce some needful function spaces.
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1.5 Function spaces

Let n ∈ N. Let us consider the following class of functions

Fn(T) : =
{
φ
∣∣ φ : T→ C, φ(z) =

∞∑
k=−∞

akz
k with

∞∑
k=−∞

|k|n|ak| <∞
}
,

F+
n (T) : =

{
φ
∣∣ φ : T→ C, φ(z) =

∞∑
k=0

akz
k with

∞∑
k=0

kn|ak| <∞
}
,

F+
nn(T) : =

{
φ
∣∣ φ : T→ C, φ(z) =

∞∑
k=n

akz
k with

∞∑
k=n

kn|ak| <∞
}
,

F+
n (R) : =

{
ψ : R→ C such that ψ(λ) = φ

(
i− λ
i+ λ

)
for some φ ∈ F+

n (T)

}
,

F+
nn(R) : =

{
ψ : R→ C such that ψ(λ) = φ

(
i− λ
i+ λ

)
for some φ ∈ F+

nn(T)

}
.

(1.8)

Let X be a non-empty subset of R (or T) possibly coinciding with R (or T). Let B(X)

denote the space of all bounded functions on X, C(X) the space of all continuous functions on

X, C0(R) the space of continuous functions on R decaying to 0 at infinity, Cn(X) the space of n-

times continuously differentiable functions on X. Let Cn
b (X) denote the subset of Cn(X) of such

f for which f (n) is bounded. Let Cn
c (R) denote the subspace of Cn(R) consisting of compactly

supported functions. We also use the notation C0(R) = C(R). Let a, b ∈ R. Let Cn
c ((a, b))

denote the subspace of Cn
c (R) consisting of the functions whose closed support is contained

in (a, b), let Dn
c ((a, b)) denote the space of n-times differentiable functions in Cc((a, b)), and

let F n
c ((a, b)) denote the subspace of Cn−1

c ((a, b)) consisting of f such that f (n) exists almost

everywhere in (a, b) and f (n) ∈ L2((a, b)). We note that for every f ∈ F n
c ((a, b)) the function

f (n−1) is absolutely continuous. We write f(x) = o(g(x)) if for all ε > 0, we have |f(x)| ≤ εg(x)

for all x outside a compact set depending on ε.

Given f ∈ L1(R) (or L1(T)), let f̂ denote the Fourier transform of f . We will use the

well-known property that every f ∈ Cn
c (R) satisfies f̂ (n−1) ∈ L1(R).

Divided Differences: Let f ∈ Cn(R). Recall that the divided difference of order n is an

operation on the function f of one (real) variable, and is defined recursively as follows:

f [0](λ) = f(λ),

f [n](λ0, λ1, . . . , λn) =


f [n−1](λ0,λ1,...,λn−2,λn)−f [n−1](λ0,λ1,...,λn−2,λn−1)

λn−λn−1
if λn 6= λn−1,

∂
∂λ
f [n−1](λ0, λ1, . . . , λn−2, λ)

∣∣
λ=λn−1

if λn = λn−1.
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Functions of contraction: Let φ ∈ F1(T) (see (1.8)) be such that φ(eit) =
∞∑

k=−∞
φ̂(k)eikt.

Now we introduce the functions, namely φ+(eit) =
∞∑
k=0

φ̂(k)eikt and φ−(eit) =
∞∑
k=1

φ̂(−k)eikt.

Then φ(eit) = φ+(eit) + φ−(e−it) and φ± ∈ F+
2 (T). Thus for a given contraction T on H, we

set

φ+(T ) =
∞∑
k=0

φ̂(k)T k, φ−(T ) =
∞∑
k=1

φ̂(−k)T ∗k, and

φ(T ) = φ+(T ) + φ−(T ).

(1.9)

1.6 Dilation Theory

Definition 1.6.1. Let T be a bounded operator on H. We say T has a unitary dilation if there

exists a Hilbert space K containing H as a subspace, and a unitary operator UT on K such that

T n = PHU
n
T

∣∣
H, and T−n := T ∗n = PHU

∗
T
n
∣∣
H, (1.10)

where PH : K → H is the orthogonal projection. UT is called the minimal dilation of T if

K =
∨
k∈Z

Uk
TH.

It is clear from (1.10) that if T has a unitary dilation, then T must be a contraction and

also T has the minimal unitary dilation with minimal dilation space K =
∨
k∈Z

Uk
TH. It is well

known that the converse is also true; that is, every contraction has a unitary dilation. Here we

give an explicit construction of a unitary dilation, known as Schäffer matrix unitary dilation,

associated with a given contraction. For that, consider the two-sided sequence space l2Z(H) of

H-valued sequences by

l2Z(H) :=
−1⊕

n=−∞

H
⊕
H

∞⊕
n=1

H.

Note that we embed H in l2Z(H) by identifying the element h ∈ H with the vector {hn}n∈Z ∈

l2Z(H) for which h0 = h and hn = 0 (n 6= 0). Then H becomes a subspace of l2Z(H), and the

orthogonal projection from l2Z(H) into H is given by

PH({hn}n∈Z) = h0. (1.11)

The Schäffer matrix unitary dilation UT of T on the two-sided sequence space l2Z(H) is given

by
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U
T

=



. . .
...

...
...

...
...

...
...

...

· · · 0 0 I 0 0 0 0 · · ·

· · · 0 0 0 DT −T ∗ 0 0 · · ·

· · · 0 0 0 T DT ∗ 0 0 · · ·

· · · 0 0 0 0 0 I 0 · · ·

· · · 0 0 0 0 0 0 I · · ·
...

...
...

...
...

...
...

...
. . .


, (1.12)

where DT = (I − T ∗T )1/2 and DT ∗ = (I − TT ∗)1/2 are the defect operators corresponding to

the contractions T and T ∗ respectively. In the block matrix representation (1.12) of UT , the

entry T is at the (0, 0) position and the (i, j)-th entries U
T
(i, j) of U

T
are given by

U
T
(0, 0) = T, U

T
(−1, 0) = DT , UT (−1, 1) = −T ∗, U

T
(0, 1) = DT ∗ , UT (j, j + 1) = I

for j 6= 0,−1, while all the remaining entries are equal to zero.

It is important to note that such a dilation does not have to be minimal but at the same time

the advantage of this dilation is that it allows us to consider unitary dilations of contractions on

H on the same Hilbert space l2Z(H). The minimal dilation space of the above unitary dilation

is
−1⊕

n=−∞
DT
⊕
H
∞⊕
n=1

DT ∗ . We refer [70, Chapter I] for more information regarding unitary

dilations.

1.6.1 Semi-spectral measure

A semi-spectral measure E on a measurable space (X ,B) is a map on the σ-algebra B with

values in the set of bounded linear operators on a Hilbert space H that is countably additive

in the strong operator topology and such that

E(∆) ≥ 0 for all ∆ ∈ B, E(∅) = 0, and E(X ) = I.

It is interesting to observe that by Naimark’s theorem [43] each semi-spectral measure E has a

spectral dilation, that is a spectral measure E on the same measurable space (X ,B) that takes

values in the set of orthogonal projections on a Hilbert space K containing H, and such that

E(∆) = PHE(∆)|H, ∆ ∈ B,
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where PH is the orthogonal projection on K onto H. Integrals with respect to semi-spectral

measures are defined in the following way:∫
X
φ(x) E(dx) = PH

(∫
X
φ(x) E(dx)

) ∣∣∣
H
, φ ∈ L∞(E).

Recall that each contraction T (that is, ‖T‖ ≤ 1) on a Hilbert space H has a minimal unitary

dilation U , that is U is a unitary operator on a Hilbert space K, H ⊆ K, T n = PHU
n|H for

n ≥ 0 and K is the closed linear span of UnH, n ∈ Z (see [70], Ch. I, Theorem 4.2). Here PH

is the orthogonal projection on K onto H. The semi-spectral measure ET of T is defined by

ET (∆)
def
= PHEU(∆)|H, (1.13)

where
2π∫
0

eit EU(dt) is the spectral representation of U , EU(·) is the spectral measure determined

uniquely by the unitary operator U such that it is continuous at t = 0, that is, EU(0) = 0 (see

page 281, [58]), and ∆ is a Borel subset of [0, 2π]. Then it is easy to see that

T n =

∫ 2π

0

eint ET (dt), n ∈ N ∪ {0}. (1.14)

For more on semi-spectral measures and related stuff, we refer to [3].
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CHAPTER 2

Koplienko-Neidhardt trace formula for unitaries − A new proof

2.1 Introduction

One of the fundamental concept in perturbation theory is the existence of spectral shift function

and the associated trace formula. The notion of first order spectral shift function originated

from Lifshits’ work on theoretical physics [35] and later the mathematical theory of this object

elaborated by M.G. Krein in a series of papers, starting with [32]. In [32] (see also [34]), Krein

proved that given two self-adjoint operators H and H0 (possibly unbounded) such that H−H0

is trace class, then there exists a unique real valued L1(R) function ξ such that

Tr {φ(H)− φ(H0)} =

∫
R
φ′(λ) ξ(λ) dλ (2.1)

holds for sufficiently nice functions φ. The function ξ is known as Krein’s spectral shift function

and the relation (2.1) is called Krein’s trace formula. The original proof of Krein uses analytic

function theory. Later in [12] (see also [10]), Birman and Solomyak approached the trace

formula (2.1) using the theory of double operator integrals, though they failed to prove the

absolute continuity of the spectral shift. In 1985, Voiculescu [74] gave an alternative proof of

the trace formula (2.1) by adapting the proof of classical Weyl-von Neumann theorem for the

case of bounded self-adjoint operators and later Sinha and Mohapatra extended Voiculescu’s

14
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method to the unbounded self-adjoint case [63]. A similar result was obtained by Krein in

[33] for pair of unitary operators
{
U,U0

}
such that U − U0 is trace class. For each such pair

there exists a real valued L1([0, 2π])- function ξ, unique modulo an additive constant, (called a

spectral shift function for {U,U0}) such that

Tr
{
φ(U)− φ(U0)

}
=

∫ 2π

0

d

dt

{
φ(eit)

}
ξ(t) dt, (2.2)

whenever φ′ has absolutely convergent Fourier series. Later in [41], Sinha and Mohapatra

also obtained the above formula (2.2) using Voiculescu’s method. Recently, Aleksandrov and

Peller [2] extended the formula (2.2) for arbitrary operator Lipschitz functions φ on the unit

circle T. Moreover, Peller [51] describe completely the class of functions (viz, the class of

operator Lipschitz functions on R), for which the Krein’s trace formula (2.1) holds. We refer to

[36, 39, 38, 59, 60, 61, 62] for more on the Krein trace formula for pairs of arbitrary contractions.

The modified second order spectral shift function for Hilbert-Schmidt perturbations was

introduced by Koplienko in [31]. Let H and H0 be two self-adjoint operators in a separable

Hilbert spaceH such that H−H0 = V ∈ B2(H). Sometimes H0 is known as the initial operator,

V is known as the perturbation operator, and H = H0 + V is known as the final operator. In

this case the difference φ(H)−φ(H0) is no longer of trace-class and one has to consider instead

φ(H)− φ(H0)− d

ds

(
φ(H0 + sV )

)∣∣∣∣
s=0

,

where
d

ds

(
φ(H0 + sV )

)∣∣∣∣
s=0

denotes the Gâteaux derivative of φ at H0 in the direction V (see

[8]) and and find a trace formula for the above expression under certain assumptions on φ.

Under the above hypothesis, Koplienko’s formula asserts that there exists a unique function

η ∈ L1(R) such that

Tr
{
φ(H)− φ(H0)− d

ds

(
φ(H0 + sV )

)∣∣∣∣
s=0

}
=

∫
R
φ′′(λ) η(λ) dλ (2.3)

for rational functions φ with poles off R. The function η is known as Koplienko spectral shift

function corresponding to the pair (H0, H). In 2007, Gesztesy, Pushnitski and Simon [26]

gave an alternative proof of the formula (2.3) for the bounded case and in 2009, Dykema and

Skripka [23, 64], and earlier Boyadzhiev [13] obtained the formula (2.3) in the semi-finite von

Neumann algebra setting. Later in 2012, Sinha and Chattopadhyay provide an alternative proof

of the formula (2.3) using the idea of finite dimensional approximation method as in the works
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of Voiculescu [74], Sinha and Mohapatra [63, 41]. In this connection it is worth mentioning

that in 1984, Koplienko also conjectured about the existence of the higher order spectral shift

measures νn, n > 2, for the perturbation V ∈ Bn(H) and it is remarkable to note that recently

Potapov, Skripka and Sukochev resolve affirmatively Koplienko’s conjecture and establishes the

existence of higher order spectral shift function in their outstanding and beautiful paper [53]

using the concept of multiple operator integral.

A similar problem for unitary operators was considered by Neidhardt [42]. Let U and U0

be two unitary operators on a separable Hilbert space H such that U − U0 ∈ B2(H). Then

U = eiAU0, where A is a self-adjoint operator in B2(H). Note that we interpret U0 as the

initial operator, A as the perturbation operator, and U = eiAU0 as the final operator. Denote

Us = eisAU0, s ∈ R. Then it was shown in [42] that there exists a L1([0, 2π]))-function η

(unique upto an additive constant ) such that

Tr
{
φ(U)− φ(U0)− d

ds
φ(Us)

∣∣∣∣
s=0

}
=

∫ 2π

0

d2

dt2
{
φ(eit)

}
η(t)dt, (2.4)

whenever φ′′ has absolutely convergent Fourier series. The function η is known as Koplienko

spectral shift function corresponding to the pair (U0, U). In [48], Peller obtained better sufficient

conditions on functions φ, under which trace formulae (2.3) and (2.4) hold. In this connection,

it is also worth mentioning that recently Potapov, Skripka and Sukochev proved higher order

analogs of the formula (2.4) in [55]. For more about trace formulas and related topics, we refer

the reader to ([37, 38, 39, 47, 49, 52, 54, 56, 66, 69]) and the references cited therein.

In this chapter we once again supply the new proof of the Koplienko-Neidhardt trace formula

(2.4), we believe for the first time, using the idea of finite dimensional approximation method

as in the works of Voiculescu, Sinha and Mohapatra, referred earlier. The major differences

between our method and the method applied in [31, 42] are the following.

(a) In [31, 42], the authors have reduced the problem by truncating only the perturbation

operator (and not the initial operator) via finite rank projections but still, they were in

an infinite-dimensional setting to deal with the problem which makes a major contrast in

comparison to our context. In other words, in our setting, we reduce the problem into a

finite dimensional one by truncating both the initial operator and the perturbation opera-

tor simultaneously via finite dimensional projections {Pn} obtained by Weyl-von Neumann

type construction (see Lemma 2.3.1). Moreover, the authors have obtained the expression
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of the shift function in [31, 42] for the reduced system as a consequence of Theorem 3 of

[10] and Krein’s spectral shift function whereas in our context we calculate the shift func-

tion explicitly by performing integration by-parts and using spectral theorem for unitary

matrices (see Theorem 2.2.2).

(b) A concept like the continuity of the perturbation determinant has been used in [31, 42] to

approximate the formula in infinite dimension but in our setting we do not need it to get

the required approximation (see Theorem 2.3.6).

(c) In [31, 42], the authors dealt with the dual of C([0, 2π])
(
set of all continuous functions

defined on [0, 2π]
)

to get the shift function in an infinite dimension whereas we use pre-dual

of L∞([0, 2π]
) (

set of all bounded measurable functions defined on [0, 2π]) to get the same

(see Theorem 2.4.1
)
.

The rest of the chapter is organized as follows: In Section 2.2, we give a proof of the

Koplienko-Neidhardt trace formula when dim H <∞. Section 2.3 is devoted to the reduction

of the problem to finite dimensions and in Section 2.4 we prove the trace formula by a limiting

argument.

2.2 Koplienko-Neidhardt trace formula in finite dimen-

sion

Here, H will denote the separable Hilbert space we work in; B(H), B1(H), B2(H) the set of

bounded, trace class, Hilbert-Schmidt class operators in H respectively with ‖ · ‖, ‖ · ‖1, ‖ · ‖2

as the associated norms and Tr{A} denote the trace of a trace class operator A (see Chapter

1 for notations).

Theorem 2.2.1. Let U and U0 be two unitary operators on a separable Hilbert space H such

that U − U0 ∈ B2(H). Then there exists a self-adjoint operator A ∈ B2(H) such that

U = eiAU0.

Proof. Since UU∗0 is a unitary operator, then there is a self-adjoint operator A with the spectrum

in (−π, π] (that is, σ(A) ⊆ (−π, π]) such that UU∗0 = eiA and hence U = eiAU0. Let {fi} be
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any orthonormal basis of H. Then from the inequality |x| ≤ π

2
|eix − 1| for x ∈ (−π, π] and by

using the spectral theorem (see Theorem 1.2.14) we conclude

||A||22 =
∞∑
i=1

||Afi||2 =
∞∑
i=1

∫ π

−π
|λ|2 ||E(dλ)fi||2 ≤

π2

4

∞∑
i=1

∫ π

−π
|eiλ − 1|2 ||E(dλ)fi||2

=
π2

4

∥∥eiA − I∥∥2

2
=
π2

4
‖U − U0‖2

2,

where E(·) is the spectral measure corresponding to the self-adjoint operator A. Thus from the

hypothesis we conclude that A ∈ B2(H). This completes the proof.

The following theorem states Koplienko-Neidhardt trace formula in finite dimension.

Theorem 2.2.2. Let U and U0 be two unitary operators in a separable Hilbert space H such

that U − U0 ∈ B2(H) and p(λ) = λr (r ∈ Z), λ ∈ T.

(i) Then

d

ds
(p(Us)) =



r−1∑
k=0

U r−k−1
s (iA) Uk+1

s if r ≥ 1,

0 if r = 0,

−
|r|−1∑
k=0

(U∗s )|r|−k (iA) (U∗s )k if r ≤ −1,

(2.5)

where Us = eisAU0, s ∈ R.

(ii) If furthermore dim(H) <∞, then

p(U)− p(U0)− d

ds
(p(Us))

∣∣∣∣
s=0

∈ B1(H),

and there exists a L1([0, 2π])- function η (unique upto an additive constant) such that

Tr
{
p(U)− p(U0)− d

ds
(p(Us))

∣∣∣∣
s=0

}
=

∫ 2π

0

d2

dt2
{
p(eit)

}
η(t) dt, (2.6)

where p(·) is any trigonometric polynomial on T with complex coefficients and

η(t) =

∫ 1

0

Tr
{
A[E0(t)− Es(t)]

}
ds , t ∈ [0, 2π] (2.7)

where Es(·) is the spectral measure of the unitary operator Us. Moreover,

Tr
{
p(U)− p(U0)− d

ds
(p(Us))

∣∣∣∣
s=0

}
=

∫ 2π

0

d2

dt2
{
p(eit)

}
ηo(t) dt, (2.8)

where

ηo(t) = η(t)− 1

2π

∫ 2π

0

η(s)ds , t ∈ [0, 2π] and ‖ηo‖L1([0,2π]) ≤
π

2
‖A‖2

2.
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2.2. Koplienko-Neidhardt trace formula in finite dimension 19

Proof. (i) Since U − U0 ∈ B2(H), then by the above Theorem 2.2.1 there exists a self-adjoint

operator A ∈ B2(H) such that U = eiAU0. Denote Us = eisAU0, s ∈ R and note that each Us

is an unitary operator. For p(λ) = λr (r ≥ 1), λ ∈ T, we have

p(Us+h)− p(Us)
h

=
1

h

r−1∑
k=0

U r−k−1
s+h [Us+h − Us]Uk

s =
1

h

r−1∑
k=0

U r−k−1
s+h

[
eihA − I

]
Uk+1
s ,

which converges in operator norm to

r−1∑
k=0

U r−k−1
s (iA) Uk+1

s as h→ 0.

Similarly for p(λ) = λr (r ≤ −1), λ ∈ T, we have

p(Us+h)− p(Us)
h

=
1

h

|r|−1∑
k=0

(U∗s+h)
|r|−k−1

[
U∗s+h − U∗s

]
(U∗s )k

=
1

h

|r|−1∑
k=0

(U∗s+h)
|r|−k−1(U∗s )

[
e−ihA − I

]
(U∗s )k,

which again converges in operator norm to

−
r−1∑
k=0

(U∗s )|r|−k(iA)(U∗s )k as h→ 0.

(ii) By using the cyclicity of trace and noting that the trace now is a finite sum, we have that

for p(λ) = λr (r ≥ 1), λ ∈ T,

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
= Tr

{∫ 1

0

d

ds
(p(Us)) ds

}
− Tr

{ d

ds
p(Us)

∣∣∣∣
s=0

}
=

∫ 1

0

Tr
{ r−1∑
k=0

U r−k−1
s (iA) Uk+1

s

}
ds− Tr

{ r−1∑
k=0

U r−k−1
0 (iA) Uk+1

0

}
=

∫ 1

0

r Tr
(
iAU r

s

)
ds−

∫ 1

0

r Tr
(
iAU r

0

)
ds = Tr

{
r(iA)

∫ 1

0

ds

∫ 2π

0

eirt
(
Es(dt)− E0(dt)

)}
,

where Es(·) and E0(·) are the spectral measures determined uniquely by the unitary operators

Us and U0 respectively such that the spectral measures are continuous at t = 0, that is,

Es(0) = 0 = E0(0) (see Theorem 1.2.15). Next by performing integration by-parts we have

that

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
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20 Chapter 2. Koplienko-Neidhardt trace formula for unitaries − A new proof

= Tr
{
r(iA)

∫ 1

0

ds
(
eirt
[
Es(t)− E0(t)

]∣∣∣2π
t=0
− ir

∫ 2π

0

eirt
[
Es(t)− E0(t)

]
dt
) }

=

∫ 2π

0

(ir)2eirt
(∫ 1

0

Tr
{
A[E0(t)− Es(t)

]}
ds

)
=

∫ 2π

0

d2

dt2
[p(eit)] η(t) dt,

where we have set

η(t) =

∫ 1

0

Tr
{
A[E0(t)− Es(t)]

}
ds.

In similar manner, we can prove the identity (2.6) for p(λ) = λr (r ≤ −1), λ ∈ T. Indeed, let

p(λ) = λr (r ≤ −1), λ ∈ T. Then

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
= Tr

{∫ 1

0

d

ds
(p(Us)) ds

}
− Tr

{ d

ds
p(Us)

∣∣∣∣
s=0

}
=

∫ 1

0

Tr
{ |r|−1∑

k=0

(U∗s )|r|−k (−iA) (U∗s )k
}
ds− Tr

{ |r|−1∑
k=0

(U∗0 )|r|−k (−iA) (U∗0 )k
}

= −
∫ 1

0

|r| Tr
(
iA(U∗s )|r|

)
ds+

∫ 1

0

|r| Tr
(
iA(U∗0 )|r|

)
ds

= Tr
{
|r|(iA)

∫ 1

0

ds

∫ 2π

0

e−i|r|t
(
E0(dt)− Es(dt)

)}
,

Next by performing integration by-parts we have that

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
= Tr

{
|r|(iA)

∫ 1

0

ds
(
e−i|r|t

[
E0(t)− Es(t)

]∣∣∣2π
t=0

+ i|r|
∫ 2π

0

e−i|r|t
[
E0(t)− Es(t)

]
dt
) }

=

∫ 2π

0

(i|r|)2e−i|r|t
(∫ 1

0

Tr
{
A[E0(t)− Es(t)

]}
ds

)
=

∫ 2π

0

d2

dt2
[p(eit)] η(t) dt,

Now it is clear that η ∈ L1([0, 2π]) and therefore it makes sense to define

ηo(t) = η(t)− 1

2π

∫ 2π

0

η(s)ds, t ∈ [0, 2π].

Thus the assertion (2.8) follows from the following observation∫ 2π

0

eimtη0(t) =

∫ 2π

0

eimt
[
η(t)− 1

2π

∫ 2π

0

η(s)ds

]
dt

=

∫ 2π

0

eimtη(t)dt− 1

2π

∫ 2π

0

η(s)ds

∫ 2π

0

eimtdt

=

∫ 2π

0

eimtη(t)dt for m ∈ Z \ {0}.

Let f ∈ L∞([0, 2π]), and consider

fo = f − 1

2π

∫ 2π

0

f(s)ds.
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Then it is easy to observe that∫ 2π

0

f(t)ηo(t)dt =

∫ 2π

0

fo(t)η(t)dt,

∫ 2π

0

fo(t)dt = 0, and ‖fo‖∞ ≤ 2‖f‖∞.

Therefore by using the expression (2.7) of η and using Fubini’s theorem to interchange the

orders of integration and integrating by-parts, we have for g(eit) =
∫ t

0
f0(s)ds, t ∈ [0, 2π] that∫ 2π

0

f(t)ηo(t)dt =

∫ 2π

0

fo(t)η(t)dt =

∫ 2π

0

d

dt
[g(eit)]

(∫ 1

0

Tr[A(E0(t)− Es(t))]ds
)
dt

=

∫ 1

0

ds

∫ 2π

0

d

dt
[g(eit)] Tr[A(E0(t)− Es(t))]dt

=

∫ 1

0

ds

{
g(eit) Tr[A(E0(t)− Es(t))]

∣∣∣ 2π

t=0
−
∫ 2π

0

g(eit) Tr[A(E0(dt)− Es(dt))]
}

= −
∫ 1

0

ds

∫ 2π

0

g(eit) Tr[A(E0(dt)− Es(dt))] =

∫ 1

0

Tr[A{g(Us)− g(U0)}]ds. (2.9)

On the other hand by using the idea of double operator integrals (see Definition 1.3.1), intro-

duced by Birman and Solomyak [10, 12, 11] we have

g(Us)− g(U0) =

∫ 2π

0

∫ 2π

0

[
g(eiλ)− g(eiµ)

]
Es(dλ)E0(dµ)

=

∫ 2π

0

∫ 2π

0

g(eiλ)− g(eiµ)

eiλ − eiµ
Es(dλ)(Us − U0)E0(dµ)

=

∫ 2π

0

∫ 2π

0

g(eiλ)− g(eiµ)

eiλ − eiµ
G(dλ× dµ)(Us − U0), (2.10)

where G(∆ × δ)(V ) = Es(∆)V E0(δ) (V ∈ B2(H) and ∆ × δ ⊆ R × R) extends to a spectral

measure on R2 in the Hilbert space B2(H) (equipped with the inner product derived from

the trace) and its total variation is less than or equal to ‖V ‖2. Thus by using the standard

inequality
g(eiλ)− g(eiµ)

eiλ − eiµ
≤ π

2
‖fo‖∞ ≤ π‖f‖∞, for λ, µ ∈ [0, 2π], we conclude from (2.10) that

‖g(Us)− g(U0)‖2 ≤ π‖f‖∞‖Us − U0‖2, (2.11)

which combining with (2.9) implies that∫ 2π

0

f(t)ηo(t)dt ≤
∫ 1

0

||A||2 ||g(Us)− g(U0)||2 ds ≤ π‖f‖∞‖A‖2

∫ 1

0

‖Us − U0‖2 ds

≤ π‖f‖∞‖A‖2

∫ 1

0

s‖A‖2 ds =
π

2
‖f‖∞‖A‖

2
2.

Therefore by Hahn-Banach theorem we conclude that

‖ηo‖L1([0,2π]) = sup
f∈L∞([0,2π]):‖f‖∞=1

∣∣∣∣∣
∫ 2π

0

f(t)ηo(t)dt

∣∣∣∣∣ ≤ π

2
‖A‖2

2.

This completes the proof.
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2.3 Reduction to the finite dimension

In this section we prove some estimates similar to those in Section 3 of [22, 63, 41] and use

them to reduce the problem in finite dimension. Now we begin with a lemma collecting some

results [22, 29, 63, 41] following from the Weyl-von Neumann type construction.

Lemma 2.3.1. Let U0 be unitary and let H0 be self-adjoint operator as in Lemma 1.2.11. Then

given a set of normalized vectors
{
f
l

}
1≤l≤L in H and ε > 0 there exist a finite rank projection

P such that

(i) ‖P⊥f
l
‖ < ε for 1 ≤ l ≤ L,

(ii) P⊥H0P ∈ B2(H) and ‖P⊥H0P‖2 < ε,

(iii) ‖P⊥(i±H0)−1P‖2 < ε,

(iv) for any integer m, ‖P⊥Um
0 P‖2 < 2|m|ε.

Proof. Let F (·) be be the spectral measure associated with the self-adjoint operator H0. As in

the proof of Proposition 3.1 in [22] we set a, Fk = F (∆k), where ∆k =
(

2k−n−2
n

a, 2k−n
n
a
]

for

1 ≤ k ≤ n, and

g
kl

=


Fkfl
‖Fkfl‖

if Fkfl 6= 0,

0 if Fkfl = 0,

for 1 ≤ k ≤ n and 1 ≤ l ≤ L in such a way so that
∥∥[I − F ((−a, a])

]
fl
∥∥ < ε for 1 ≤ l ≤ L

and g
kl
∈ FkH ⊆ Dom(H0). Let P be the orthogonal projection onto the subspace generated

by {gkl : 1 ≤ k ≤ n; 1 ≤ l ≤ L}. Using the Gram-Schmidt orthonormalization process, we

can obtain an orthonormal set made out of {g
kl
} which are also in Dom(H0). So without loss

of generality we may assume that {g
kl
} is an orthonormal set.

A simple calculation shows that for λk = 2k−n−1
n

a,

‖ (H0 − λk) gkl‖2 =

∫ 2k−n
n

a

2k−n−2
n

a

(λ− λk)2 ‖F (dλ)gkl‖2 ≤
(a
n

)2

for 1 ≤ l ≤ L,

and therefore

‖(I − P )H0Pu‖2 ≤
(a
n

)2∑
k

(∑
l

|〈u, gk,l〉|

)2

≤ a2

n2
L ‖u‖2 for u ∈ H.
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The operators PH0(I − P ) and (I − P )H0P are finite rank operators with rank less than or

equal to nL. Hence, using the above estimate we get that

‖(I −P )H0P‖2 = ‖PH0(I −P )‖2 ≤
√
dim(P ) ‖(I −P )H0P‖ ≤

√
nL

(a
n

) √
L = L

(
a√
n

)
.

Therefore by choosing large n, we conclude (i) and (ii).

Next we prove (iii) and (iv). Since Fk commutes with H0, (H0 ± i)−1g
kl

= Fk(H0 ±

i)−1fl/‖Fkfl‖ ∈ FkH. Thus by setting λk = 2k−n−1
n

a one has

‖
{

(H0 ± i)−1 − (λk ± i)−1
}
g
kl
‖2 =

∫
∆k

∣∣∣(λ± i)−1 − (λk ± i)−1
∣∣∣2 ‖F (dλ)g

kl
‖2

≤
∫

∆k

∣∣∣λ− λk∣∣∣2 ‖F (dλ)g
kl
‖2 ≤

(a
n

)2

.

It is clear that P⊥(H0 ± i)−1g
kl
∈ FkH and therefore we have for any u ∈ H

‖P⊥(H0 ± i)−1Pu‖2 =

∥∥∥∥∥P⊥(H0 ± i)−1

n∑
k=1

L∑
l=1

〈u, g
kl
〉g

kl

∥∥∥∥∥
2

=

∥∥∥∥∥
n∑
k=1

L∑
l=1

〈u, g
kl
〉P⊥(H0 ± i)−1g

kl

∥∥∥∥∥
2

=
n∑
k=1

∥∥∥∥∥
L∑
l=1

〈u, g
kl
〉P⊥(H0 ± i)−1g

kl

∥∥∥∥∥
2

=
n∑
k=1

∥∥∥∥∥
L∑
l=1

〈u, g
kl
〉P⊥

(
(H0 ± i)−1 − (λk ± i)−1

)
g
kl

∥∥∥∥∥
2

≤
n∑
k=1

[
L∑
l=1

|〈u, g
kl
〉|
∥∥P⊥((H0 ± i)−1 − (λk ± i)−1

)
g
kl

∥∥]2

≤
(a
n

)2
n∑
k=1

(
L∑
l=1

|〈u, g
kl
〉|

)2

≤
(a
n

)2

L‖u‖2.

Thus, the Hilbert-Schmidt norm can be estimated to be

‖P⊥(H0 ± i)−1P‖2 ≤
√

dim(P )‖P⊥(H0 ± i)−1P‖ ≤
√
nL
(a
n

)√
L = L

( a√
n

)
. (2.12)

Moreover for m = ±1 the following identity

P⊥U±1
0 P = P⊥

[
e±iφ(i∓H0)(i±H0)−1

]
P = P⊥

[
e±iφ

{
2i(i±H0)−1 − I

}]
P

= 2i e±iφP⊥
[
(i±H0)−1

]
P
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24 Chapter 2. Koplienko-Neidhardt trace formula for unitaries − A new proof

along with the above equation (2.12) implies that
∥∥P⊥U±1

0 P
∥∥

2
≤ 2| ± 1|L

(
a√
n

)
and finally

principle of mathematical induction procedure leads to
∥∥P⊥Um

0 P
∥∥

2
≤ 2|m|L

(
a√
n

)
for general

m. The proof concludes by choosing n sufficiently large.

Lemma 2.3.2. Let U and U0 be two unitary operators in a separable infinite dimensional

Hilbert space H such that U − U0 ∈ B2(H) and let A be the corresponding self-adjoint operator

in B2(H) such that U = eiAU0. Then given ε > 0, there exists a projection P of finite rank such

that for any integer m and for all t with |t| ≤ T ,

(i) ‖P⊥Um
0 P‖2 < 2|m|ε, ‖P⊥A‖2 < 2ε,

(ii) ‖P⊥eitAP‖2 < 2TeT‖A‖ ε, ‖P⊥UmP‖2 < 2|m|(e‖A‖ + 1) ε.

Proof. Let A(·) =
∞∑
l=1

τ
l
〈·, f

l
〉f

l
be the canonical form of A with

∞∑
l=1

τ 2
l
< ∞. Next choose L

in such a way so that ‖A− AL‖2 =

√
∞∑

l=L+1

τ 2
l
< ε, where AL(·) =

L∑
l=1

τ
l
〈·, f

l
〉f

l
and ε′ =

min
{
ε, ε

L∑
l=1

|τ
l
|

}
> 0. Next, we apply Lemma 2.3.1 with H0 as the correponding self-adjoint

operator associated with U0 (see (1.2)), {f1, f2, . . . , fL} and ε′ in place of ε. Hence we get a

finite rank projection P in H such that

‖P⊥f
l
‖ < ε′ < ε for 1 ≤ l ≤ L and ‖P⊥Um

0 P‖2 < 2|m|ε′ < 2|m|ε for any integer m.

Furthermore,

‖P⊥A‖2 ≤ ‖P
⊥ (A− AL)‖2 + ‖P⊥AL‖2 ≤ ‖A− AL‖2 + ‖P⊥AL‖2

< ε+

∥∥∥∥∥
L∑
l=1

τ
l
〈·, f

l
〉P⊥f

l

∥∥∥∥∥
2

< ε+ ε′

(
L∑
l=1

|τ
l
|

)
< 2ε.

For (ii), by the same calculation as in page 831 of [63], it follows that

α(t) = ‖P⊥eitAP‖2 =‖P⊥(eitA − I)P‖2

≤‖A‖
∫ t

0

α(s) ds+ T‖P⊥AP‖2

≤‖A‖
∫ t

0

α(s) ds+ 2Tε for |t| ≤ T (2.13)

solving this Gronwall-type inequality (2.13) leads to

α(t) = ‖P⊥eitAP‖2 ≤ 2Tε et‖A‖ ≤ 2TeT‖A‖ε uniformly for t with |t| ≤ T.
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Moreover by using (i) (for m = ±1) and (ii) (for t = ±1) we conclude

‖P⊥UP‖2 = ‖P⊥eiAU0P‖2 = ‖P⊥eiA(P⊥ + P )U0P‖2 < 2(1 + e‖A‖) ε

and

‖P⊥U−1P‖2 = ‖P⊥U−1
0 e−iAP‖2 = ‖P⊥U−1

0 (P + P⊥)e−iAP‖2 < 2(1 + e‖A‖) ε.

Finally mathematical induction procedure leads to ‖P⊥UmP‖2 < 2|m|(e‖A‖ + 1) ε for general

m. This completes the proof.

Lemma 2.3.3. Let U and U0 be two unitary operators in a separable infinite dimensional

Hilbert space H such that U − U0 ∈ B2(H) and let A be the corresponding self-adjoint operator

in B2(H) such that U = eiAU0. Then for ε > 0 there exists a finite rank projection P such that

for any integers m, k and |s| ≤ T

(i) ‖P⊥
(
eiA − I

)
‖2 < 2ε, ‖

(
eisA − eisAP

)
P‖2 < 2Tε,∥∥P⊥(eiA − iA− I)

∥∥
1
< 2‖A‖2‖A‖

−2 (e‖A‖ − ‖A‖ − 1)ε,

(ii) ‖
(
Um

0 − Um
0,P

)
P‖2 < 2|m|ε, ‖P (Um − Um

P )P‖2 < 2|m|ε
{

(|m| − 1)e‖A‖ + (|m|+ 1)
}
,

(iii)
∣∣Tr
{
PUm

P

(
eiA − eiAP

)
Uk

0

}∣∣ < 4ε2e‖A‖,

where in the above U0,P = eiφ(i− PH0P )(i+ PH0P )−1, UP = e(iPAP )U0,P and AP = PAP .

Remark 2.3.4. Now observe that P commutes with (i±PH0P ), (i±PH0P )−1 and PAP and

hence P commutes with U0,P and UP . Thus PU0,PP and PUPP can be looked upon as unitary

operators on the Hilbert space PH

Proof of Lemma 2.3.3: Given U0 and A construct H0 and P as in Lemma 2.3.2 respectively.

(i) First we note that

‖P⊥(eiA − I)‖2 =
∥∥∥∫ 1

0

iP⊥AeisAds
∥∥∥

2
≤ ‖P⊥A‖2 < 2ε,

∥∥(eisA − eisAP )P
∥∥

2
=
∥∥∥∫ 1

0

eistAis(A− AP )Peis(1−t)Apdt
∥∥∥

2
≤ T‖P⊥AP‖2 < 2Tε,
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and furthermore

∥∥P⊥(eiA − iA− I)
∥∥

1
=
∥∥∥P⊥A2

( ∞∑
k=2

(iA)k−2

k!

)∥∥∥
1

≤ ‖P⊥A‖2‖A‖2

∥∥∥ ∞∑
k=2

(iA)k−2

k!

∥∥∥ ≤ 2‖A‖2‖A‖
−2 (e‖A‖ − ‖A‖ − 1)ε.

(ii) Now we set U#m

0 = U±m0 and U#m

0,P = U±m0,P , m ≥ 1. Thus by using Lemma 2.3.1 (ii),

Remark 2.3.4 and the identity(
U#

0 − U
#
0,P

)
P = ∓2ie±iφ(i±H0)−1

[
P⊥H0P

]
(i± PH0P )−1P

we have ∥∥∥(U#m

0 − U#m

0,P )P
∥∥∥

2
=
∥∥∥m−1∑
j=0

U#m−j−1

0 (U#
0 − U

#
0,P )U#j

0,PP
∥∥∥

2

≤ 2
m−1∑
j=0

∥∥∥U#m−j−1

0 (i±H0)−1
[
P⊥H0P

]
(i± PH0P )−1U#j

0,PP
∥∥∥

2

≤ 2
m−1∑
j=0

∥∥∥P⊥H0P
∥∥∥

2
< 2|m|ε.

Now first we note that

‖P (U − UP )P‖2 =
∥∥P (eiAU0 − ePAPU0,P )P

∥∥
2

≤
∥∥PeiA(U0 − U0,P )P

∥∥
2

+
∥∥P (eiA − eiAP )U0,PP

∥∥
2

≤
∥∥(U0 − U0,P )P

∥∥
2

+
∥∥P (eiA − eiAP )

∥∥
2
< 4ε, (2.14)

by using (i), (ii). Furthermore, since P commutes with UP , we have for m ≥ 1

∥∥P (Um − Um
P )P

∥∥
2

=
∥∥∥m−1∑
j=0

PUm−j−1(U − UP )U j
PP
∥∥∥

2

≤
m−1∑
j=0

{∥∥∥PUm−j−1

P⊥(U − UP )U j
PP
∥∥∥

2
+
∥∥∥PUm−j−1

P (U − UP )PU j
PP
∥∥∥

2

}
≤

m−1∑
j=0

{
2
∥∥∥PUm−j−1

P⊥
∥∥∥

2
+
∥∥∥P (U − UP )P

∥∥∥
2

}
< 2mε

{
(m− 1)e‖A‖ + (m+ 1)

}
,

by using the above equation 2.14 and Lemma 2.3.2 (ii). Finally the estimate for m ≤ −1

follows by taking the adjoint.
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(iii) Now by applying trace properties and using Lemma 2.3.2 (i), (ii) we conclude that∣∣∣∣∣Tr
{
PUm

P

(
eiA − eiAP

)
Uk

0

}∣∣∣∣∣
=

∣∣∣∣∣Tr
[
PUm

P

(∫ 1

0

{
eisAi(A− AP )Pei(1−s)AP

}
ds

)
Uk

0

]∣∣∣∣∣
=

∣∣∣∣∣
∫ 1

0

Tr
[
PUm

p e
isAP⊥APei(1−s)APUk

0

]
ds

∣∣∣∣∣
=

∣∣∣∣∣
∫ 1

0

Tr
[
P⊥AP ei(1−s)APUk

0PU
m
P PeisAP⊥

]
ds

∣∣∣∣∣
≤
∫ 1

0

‖P⊥AP‖2

∥∥PeisAP⊥∥∥
2
ds < 4ε2e‖A‖.

Remark 2.3.5. We can reformulate the above set of lemmas by saying that there exists a

sequence {Pn} of finite rank projections such that for m, k ∈ Z and |s| ≤ T ,

(i) ‖P⊥n H0Pn‖2, ‖P
⊥
n U

m
0 Pn‖2, ‖P

⊥
n U

mPn‖2, ‖P
⊥
n A‖2 −→ 0 as n −→∞,

(ii)
∥∥P⊥n (eiA − I)

∥∥
2
,
∥∥(Um

0 − Um
0,n)Pn

∥∥
2
,
∥∥Pn(Um − Um

n )Pn
∥∥

2
−→ 0 as n −→∞,

(iii)
∥∥(eisA − eisAPn )Pn

∥∥
2
,
∥∥P⊥n eisAPn∥∥2

,
∣∣Tr
{
PnU

m
n

(
eiA − eiAPn

)
Uk

0

}∣∣→ 0 as n→∞,

(iv)
∥∥P⊥n (eiA − iA− I)

∥∥
1
−→ 0 as n −→∞,

where An = PnAPn, U0,n = eiφ(i − PnH0Pn)(i + PnH0Pn)−1, Un = e(iAn)U0,n and Us,n =

e(isAn)U0,n.

The next theorem show how the above set of lemmas can be used to reduce the relevant

problem into a finite dimensional one.

Theorem 2.3.6. Let U and U0 be two unitary operators in a separable Hilbert space H such

that U−U0 ∈ B2(H) and let A ∈ B2(H) be the corresponding self-adjoint operator as in Theorem

2.2.1 such that U = eiAU0. Let Us = eisAU0, s ∈ R and p(·) be any trigonometric polynomial

on T with complex coefficients. Then there exists a sequence {Pn} of finite rank projections in

H such that

Tr
{
p(U)− p(U0)− d

ds

∣∣∣∣
s=0

p(Us)
}

= lim
n→∞

Tr

[
Pn

{
p(Un)− p(U0,n)− d

ds

∣∣∣∣
s=0

p(Us,n)
}
Pn

]
, (2.15)
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where An = PnAPn, U0,n = eiφ(i − PnH0Pn)(i + PnH0Pn)−1, Un = e(iAn)U0,n and Us,n =

e(isAn)U0,n.

Proof. It will be sufficient to prove the theorem for p(λ) = λr, r ∈ Z, λ ∈ T. Note that for

r = 0, both sides of (2.15) are identically zero. First we prove for r ≥ 1. Using the sequence

{Pn} of finite rank projections as obtained in Lemma 2.3.2 and Lemma 2.3.3 and using an

expression similar to (2.5) in B(H), we have that

Tr
{[
p(U)− p(U0)− d

ds

∣∣∣∣
s=0

p(Us)
]
− Pn

[
p(Un)− p(U0,n)− d

ds

∣∣∣∣
s=0

p(Us,n)
]
Pn

}
= Tr

{[
U r − U r

0 −
r−1∑
j=0

U r−j−1
0 (iA)U j+1

0

]
− Pn

[
U r
n − U r

0,n −
r−1∑
j=0

U r−j−1
0,n (iAn)U j+1

0,n

]
Pn

}

= Tr

{[ r−1∑
j=0

U r−j−1(U − U0)U j
0 −

r−1∑
j=0

U r−j−1
0 (iA)U j+1

0

]
− Pn

[ r−1∑
j=0

U r−j−1
n Pn(Un − U0,n)PnU

j
0,n −

r−1∑
j=0

U r−j−1
0,n (iAn)U j+1

0,n

]
Pn

}

= Tr

{[ r−1∑
j=0

U r−j−1(eiA − I)U j+1
0 −

r−1∑
j=0

U r−j−1
0 (iA)U j+1

0

]
− Pn

[ r−1∑
j=0

U r−j−1
n Pn(eiAn − I)PnU

j+1
0,n −

r−1∑
j=0

U r−j−1
0,n (iAn)U j+1

0,n

]
Pn

}

= Tr

{
r−1∑
j=0

[
U r−j−1(eiA − iA− I)U j+1

0 + (U r−j−1 − U r−j−1
0 )(iA)U j+1

0

]
− Pn

(
r−1∑
j=0

[
U r−j−1
n Pn(eiAn − iAn − I)PnU

j+1
0,n + (U r−j−1

n − U r−j−1
0,n )(iAn)U j+1

0,n

])
Pn

}

= Tr

{
r−1∑
j=0

[
U r−j−1(eiA − iA− I)U j+1

0 − PnU r−j−1
n Pn(eiAn − iAn − I)PnU

j+1
0,n Pn

]
+

r−1∑
j=0

[
(U r−j−1 − U r−j−1

0 )(iA)U j+1
0 − Pn(U r−j−1

n − U r−j−1
0,n )Pn(iAn)U j+1

0,n Pn

]}
. (2.16)

Using the results obtained in Lemma 2.3.2 and Lemma 2.3.3, the first term of the expression

(2.16) leads to∣∣∣∣∣Tr

{
r−1∑
j=0

[
U r−j−1(eiA − iA− I)U j+1

0 − PnU r−j−1
n Pn(eiAn − iAn − I)PnU

j+1
0,n Pn

]}∣∣∣∣∣
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=

∣∣∣∣∣Tr

{
r−1∑
j=0

[
(U r−j−1 − U r−j−1

n )Pn(eiA − iA− I)U j+1
0 + U r−j−1P⊥n (eiA − iA− I)U j+1

0

+ U r−j−1
n Pn(eiA − iA− I − eiAn + iAn + I)U j+1

0

+ U r−j−1
n Pn(eiAn − iAn − I)Pn(U j+1

0 − U j+1
0,n )

]}∣∣∣∣∣
=

∣∣∣∣∣Tr

{
r−1∑
j=0

[
Pn(U r−j−1 − U r−j−1

n )Pn(eiA − iA− I)U j+1
0 + P⊥n U

r−j−1Pn(eiA − iA− I)U j+1
0

+ U r−j−1P⊥n (eiA − iA− I)U j+1
0 + U r−j−1

n Pn(eiA − iA− eiAn + iAn+)U j+1
0

+ U r−j−1
n Pn(eiAn − iAn − I)Pn(U j+1

0 − U j+1
0,n )

]}∣∣∣∣∣
≤

r−1∑
j=0

{∥∥Pn(U r−j−1 − U r−j−1
n )Pn

∥∥
2

∥∥(eiA − iA− I)
∥∥

2
+
∥∥P⊥n U r−j−1Pn

∥∥
2

∥∥eiA − iA− I∥∥
2

+
∥∥P⊥n (eiA − iA− I)

∥∥
1

+
∣∣∣Tr

(
PnU

r−j−1
n Pn(eiA − iA− eiAn + iAn)U j+1

0 Pn
)∣∣∣

+
∥∥(eiAn − iAn − I)

∥∥
2

∥∥Pn(U j+1
0 − U j+1

0,n )
∥∥

2

}
≤
(
e‖A‖ − ‖A‖ − 1

)
‖A‖−1

r−1∑
j=0

{∥∥Pn(U r−j−1 − U r−j−1
n )Pn

∥∥
2

+
∥∥P⊥n U r−j−1Pn

∥∥
2

}
+ r
∥∥P⊥n (eiA − iA− I)

∥∥
1

+
r−1∑
j=0

∣∣∣Tr
(
PnU

r−j−1
n Pn(eiA − eiAn)U j+1

0 Pn
)∣∣∣

+
r−1∑
j=0

∥∥PnU r−j−1
n PnAP

⊥
n U

j+1
0 Pn

∥∥
1

+
(
e‖A‖ − ‖A‖ − 1

)
‖A‖−1

r−1∑
j=0

∥∥Pn(U j+1
0 − U j+1

0,n )
∥∥

2

≤
(
e‖A‖ − ‖A‖ − 1

)
‖A‖−1

r−1∑
j=0

{∥∥Pn(U r−j−1 − U r−j−1
n )Pn

∥∥
2

+
∥∥P⊥n U r−j−1Pn

∥∥
2

+
∥∥Pn(U j+1

0 − U j+1
0,n )

∥∥
2

}
+ r
∥∥P⊥n (eiA − iA− I)

∥∥
1

+
r−1∑
j=0

∣∣∣Tr
(
PnU

r−j−1
n Pn(eiA − eiAn)U j+1

0 Pn
)∣∣∣+

∥∥PnAP⊥n ∥∥2

r−1∑
j=0

∥∥P⊥n U j+1
0 Pn

∥∥
2
, (2.17)

and the estimate of the second term of the right hand side of (2.16) is as follows∣∣∣∣∣Tr

(
r−1∑
j=0

[
(U r−j−1 − U r−j−1

0 )AU j+1
0 − Pn(U r−j−1

n − U r−j−1
0,n )PnAnU

j+1
0,n

])∣∣∣∣∣
=

∣∣∣∣∣Tr

(
r−1∑
j=0

[{(
U r−j−1 − U r−j−1

0

)
−
(
U r−j−1
n − U r−j−1

0,n

)}
PnAU

j+1
0

+
(
U r−j−1 − U r−j−1

0

)
P⊥n AU

j+1
0 +

(
U r−j−1
n − U r−j−1

0,n

)
Pn(A− An)U j+1

0
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+ (U r−j−1
n − U r−j−1

0,n )PnAnPn(U j+1
0 − U j+1

0,n )
])∣∣∣∣∣

≤
r−1∑
j=0

{(∥∥(U r−j−1 − U r−j−1
n

)
Pn
∥∥

2
+
∥∥(U r−j−1

0 − U r−j−1
0,n

)
Pn
∥∥

2

)∥∥PnAU j+1
0

∥∥
2

+
∥∥U r−j−1 − U r−j−1

0

∥∥
2

∥∥P⊥n AU j+1
0

∥∥
2

+
∥∥(U r−j−1

n − U r−j−1
0,n )Pn

∥∥
2

∥∥PnAP⊥n ∥∥2

+ 2‖A‖2

∥∥Pn(U j+1
0 − U j+1

0,n )
∥∥

2

}

≤
∥∥A∥∥

2

r−1∑
j=0

{∥∥(U r−j−1 − U r−j−1
n

)
Pn
∥∥

2
+
∥∥(U r−j−1

0 − U r−j−1
0,n

)
Pn
∥∥

2

+ 2
∥∥Pn(U j+1

0 − U j+1
0,n )

∥∥
2

}
+
r(r − 1)

2
‖A‖2

∥∥P⊥n A∥∥2
. (2.18)

Now using all estimates listed in Remark (2.3.5) we conclude that the right hand sides of (2.17)

and (2.18) tend to zero as n approaches to infinity. Hence from (2.16) we deduce the desire

approximation (2.15). On the other hand for p(λ) = λr, r ≤ −1, we have

Tr
{[
p(U)− p(U0)− d

ds

∣∣∣∣
s=0

p(Us)
]
− Pn

[
p(Un)− p(U0,n)− d

ds

∣∣∣∣
s=0

p(Us,n)
]
Pn

}
= Tr

{ |r|−1∑
j=0

(
U∗|r|−j−1U∗0 (e−iA − 1)U∗0

j + U∗0
|r|−j−1U∗0 (iA)U∗0

j
)

− Pn
|r|−1∑
j=0

(
U∗n
|r|−j−1U∗0,n(e−iAn − 1)U∗0,n

j + U∗0,n
|r|−j−1U∗0,n(iAn)U∗0,n

j
)
Pn

}

= Tr

{ |r|−1∑
j=0

[
U∗|r|−j−1U∗0 (e−iA + iA− I)U∗0

j

− PnU∗n
|r|−j−1U∗0,nPn(e−iAn + iAn − I)PnU

∗
0,n

jPn

]
−
|r|−1∑
j=0

[
(U∗|r|−j−1 − U∗0

|r|−j−1)U∗0 (iA)U∗0
j

− Pn(U∗n
|r|−j−1 − U∗0,n

|r|−j−1)U∗0,nPn(iAn)U∗0,n
jPn

]}
. (2.19)

Similarly as above with an appropriate rearrangement and using Remark 2.3.5, one can show

that the right-hand side of (2.19) approaches to zero as n tends to infinity. This completes the

proof.
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2.4 Existence of shift function

In this section, we derive the trace formula corresponding to the pair (U,U0). The following

theorem is one of the main result in this section.

Theorem 2.4.1. Let U and U0 be two unitary operators in a separable Hilbert space H such

that U−U0 ∈ B2(H) and let A ∈ B2(H) be the corresponding self-adjoint operator as in Theorem

2.2.1 such that U = eiAU0. Denote Us = eisAU0, s ∈ R. Then for any trigonometric polynomial

p(·) on T with complex coefficients,{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
∈ B1(H),

and there exists an L1([0, 2π])- function η (unique upto an additive constant) such that

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
=

∫ 2π

0

d2

dt2
{
p(eit)

}
η(t)dt.

Moreover, ‖η‖L1([0,2π]) ≤
π

2
‖A‖2

2.

Proof. By Theorems 2.2.2 and 2.3.6, we have that

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
= lim

n→∞
Tr

[
Pn

{
p(Un)− p(U0,n)− d

ds

∣∣∣∣
s=0

p(Us,n)
}
Pn

]
= lim

n→∞

∫ 2π

0

d2

dt2
{
p(eit)

}
ηn(t)dt = lim

n→∞

∫ 2π

0

d2

dt2
{
p(eit)

}
ηo,n(t)dt,

where

ηo,n(t) = ηn(t)− 1

2π

∫ 2π

0

ηn(s)ds , t ∈ [0, 2π] and ‖ηo,n‖L1([0,2π]) ≤
π

2
‖A‖2

2. (2.20)

Next we want to show that
{
ηo,n
}

is a Cauchy sequence in L1([0, 2π]). Indeed, for any f ∈

L∞([0, 2π]) we consider

fo(t) = f(t)− 1

2π

∫ 2π

0

f(s)ds.

Now it is easy to observe that∫ 2π

0

f(t)
{
ηo,n(t)− ηo,m(t)

}
dt =

∫ 2π

0

fo(t)
{
ηn(t)− ηm(t)

}
dt,
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∫ 2π

0

fo(t)dt = 0 and ‖fo‖∞ ≤ 2‖f‖∞.

Therefore by following the idea contained in the paper of Gesztesy et al.[26] (see also [22]),

using the expression (2.7) of η, using Fubini’s theorem to interchange the orders of integration

and integrating by-parts, we have for g(eit) =
t∫

0

fo(s)ds, t ∈ [0, 2π] that

∫ 2π

0

f(t)
{
ηo,n(t)− ηo,m(t)

}
dt =

∫ 2π

0

fo(t)
{
ηn(t)− ηm(t)

}
dt

=

∫ 2π

0

d

dt

{
g(eit)

}(∫ 1

0

Tr
[
An
{
E0,n(t)− Es,n(t)

}
− Am

{
E0,m(t)− Es,m(t)

}]
ds

)
dt

=

∫ 1

0

ds

∫ 2π

0

d

dt

{
g(eit)

}
Tr
[
An
{
E0,n(t)− Es,n(t)

}
− Am

{
E0,m(t)− Es,m(t)

}]
dt

=

∫ 1

0

ds

(
g(eit) Tr

[
An
{
E0,n(t)− Es,n(t)

}
− Am

{
E0,m(t)− Es,m(t)

}]∣∣∣∣∣
2π

t=0

−
∫ 2π

0

g(eit) Tr
[
An
{
E0,n(dt)− Es,n(dt)

}
− Am

{
E0,m(dt)− Es,m(dt)

}])

= −
∫ 1

0

ds

∫ 2π

0

g(eit) Tr
[
An
{
E0,n(dt)− Es,n(dt)

}
− Am

{
E0,m(dt)− Es,m(dt)

}]
=

∫ 1

0

ds Tr
[
An
{
g(Us,n)− g(U0,n)

}
− Am

{
g(Us,m)− g(U0,m)

}]
=

∫ 1

0

ds Tr

[
An

{{
g(Us,n)− g(Us)

}
−
{
g(U0,n)− g(U0)

}}
− Am

{{
g(Us,m)− g(Us)

}
−
{
g(U0,m)− g(U0)

}}
+ (An − Am)

{
g(Us)− g(U0)

}]
,

where Es,n(·) and E0,n(·) are the spectral measures determined uniquely by the unitary operators

Us,n and U0,n respectively such that they are continuous at t = 0 and noted that all the boundary

terms vanishes. Next we note that as in (2.10)

Pn
{
g(Us,n)− g(Us)

}
Pn = Pn

{∫ 2π

0

∫ 2π

0

g(eiλ)− g(eiµ)

eiλ − eiµ
Gn(dλ× dµ)

(
Pn
{
Us,n − Us

})}
Pn,

where Gn(∆× δ)(V ) = Es,n(∆)V Es(δ) (V ∈ B2(H), ∆× δ ⊆ R× R and Es(·) is the spectral

measure determined uniquely by the unitary operator Us such that it is continuous at 0) extends

to a spectral measure on R2 in the Hilbert space B2(H) (equipped with the inner product derived

from the trace) and its total variation is less than or equal to ‖V ‖2. Therefore∥∥Pn{g(Us,n)− g(Us)
}
Pn
∥∥

2
≤ π‖f‖∞‖Pn

{
Us,n − Us}‖2,
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since
g(eiλ)− g(eiµ)

eiλ − eiµ
≤ π

2
‖fo‖∞ ≤ π‖f‖∞, for λ, µ ∈ [0, 2π]. But on the other hand

∥∥Pn(Us,n − Us)
∥∥

2
≤
∥∥Pn(eisAn − eisA)U0,n + Pne

isA(U0,n − U0)
∥∥

2

≤
∥∥Pn(eisAn − eisA)

∥∥
2

+
∥∥PneisAPn(U0,n − U0)

∥∥
2

+
∥∥PneisAP⊥n (U0,n − U0)

∥∥
2

≤
∥∥Pn(eisAn − eisA)

∥∥
2

+
∥∥Pn(U0,n − U0)

∥∥
2

+ 2
∥∥PneisAP⊥n ∥∥2

≤
∥∥PnAP⊥n ∥∥2

+
∥∥Pn(U0,n − U0)

∥∥
2

+ 2s
∥∥AP⊥n ∥∥2

,

and hence∣∣∣Tr
[
An
{
g(Us,n)− g(Us)

}]∣∣∣ ≤ π‖f‖∞‖A‖2

{∥∥PnAP⊥n ∥∥2
+
∥∥Pn(U0,n − U0)

∥∥
2

+ 2s
∥∥AP⊥n ∥∥2

}
.

(2.21)

Similarly we conclude that∣∣∣Tr
[
An
{
g(U0,n)− g(U0)

}]∣∣∣ ≤ π‖f‖∞‖A‖2 ‖Pn(U0,n − U0)‖2. (2.22)

Furthermore, we also have∣∣∣Tr
[
(An − Am)

{
g(Us)− g(U0)

}]∣∣∣ ≤ π‖f‖∞ ‖An − Am‖2 ‖Us − U0‖2

≤ π‖f‖∞ ‖An − Am‖2 (s‖A‖2), (2.23)

by using the estimate as in (2.11). Therefore using equations (2.21),(2.22) and (2.23) we get∣∣∣∣∣
∫ 2π

0

f(t)
{
ηo,n(t)− ηo,m(t)

}
dt

∣∣∣∣∣
≤
∫ 1

0

ds

∣∣∣∣∣Tr

[
An

{{
g(Us,n)− g(Us)

}
−
{
g(U0,n)− g(U0)

}}
− Am

{{
g(Us,m)− g(Us)

}
−
{
g(U0,m)− g(U0)

}}
+ (An − Am)

{
g(Us)− g(U0)

}]∣∣∣∣∣
≤ Km,n‖f‖∞,

where

Km,n =π‖A‖2

[ {∥∥PnAP⊥n ∥∥2
+
∥∥Pn(U0,n − U0)

∥∥
2

+
∥∥AP⊥n ∥∥2

+ ‖Pn(U0,n − U0)‖2

}
+
{∥∥PmAP⊥m∥∥2

+
∥∥Pm(U0,m − U0)

∥∥
2

+
∥∥AP⊥m∥∥2

+ ‖Pm(U0,m − U0)‖2

}
+

1

2
‖An − Am‖2

]
.
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Therefore by the Hahn-Banach theorem

‖ηo,n − ηo,m‖1 = sup
f∈L∞([0,2π]):‖f‖∞=1

∣∣∣∣∣
∫ 2π

0

f(t)
{
ηo,n(t)− ηo,m(t)

}
dt

∣∣∣∣∣ ≤ Km,n → 0 as m,n→∞,

by using Remark 2.3.5 and hence {ηo,n} is a Cauchy sequence in L1([0, 2π]). Therefore there

exists a η ∈ L1([0, 2π]) such that ηo,n converges to η in L1([0, 2π]) norm. Thus

Tr
{
p(U)− p(U0)− d

ds
p(Us)

∣∣∣∣
s=0

}
= lim

n→∞

∫ 2π

0

d2

dt2
{
p(eit)

}
ηo,n(t)dt =

∫ 2π

0

d2

dt2
{
p(eit)

}
η(t)dt. (2.24)

Moreover, from (2.20) it follows that ‖η‖L1([0,2π]) ≤
π

2
‖A‖2

2. Regarding uniqueness of η, let η1

and η2 be two L1([0, 2π]) functions which satisfy (2.24) for any polynomial p(·) on T. Now by

considering p(z) = zn for n ∈ Z \ {0} we get∫ 2π

0

eint
{
η1(t)− η2(t)

}
dt = 0 ∀n ∈ Z \ {0},

and consequently uniqueness of Fourier series implies (η1− η2) is constant. This completes the

proof.

Our next aim is to extend the class of functions φ for which the trace formula (2.4) hold

true.

Lemma 2.4.2. Let fn(s) = anU
n
s , where an ∈ C and Us = eisAU0 as in the statement of

Theorem 2.4.1 be such that
∞∑

n=−∞
n2|an| <∞. Then

d

ds

∣∣∣∣
s=0

(
∞∑

n=−∞

fn(s)

)
=

∞∑
n=−∞

(
d

ds

∣∣∣∣
s=0

fn(s)

)
, (2.25)

where the infinite series on both sides of (2.25) converge in operator norm.

Proof. The expression in (2.5) along with the fact
∞∑
n=0

n2|an| < ∞ implies both infinite series

in (2.25) converge in operator norm. Next we denote τn = sgn(n), n ∈ Z. Then the definition

of Gâteaux derivative and the following estimate∥∥∥∥∥∥∥∥∥∥∥∥
1

s

[
∞∑

n=−∞

anU
τn
s
|n| −

∞∑
n=−∞

anU
τn
0
|n|

]
−

∞∑
n=−∞

an



|n|−1∑
j=0

U
|n|−j−1
0 (iA) U j+1

s if n ≥ 1,

0 if n = 0,

−
|n|−1∑
j=0

(U∗0 )|n|−j (iA) (U∗0 )j if n ≤ −1,

∥∥∥∥∥∥∥∥∥∥∥∥
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≤

{
∞∑
n=1

({
|an|+ |a−n|

}
·
[
n(n− 1)

2
‖A‖2 + n

(
e‖A‖ − ‖A‖ − 1

)])}
· |s| −→ 0 as s −→ 0,

yields equation (2.25).

Theorem 2.4.3. Let U and U0 be two unitary operators in an infinite dimensional separable

Hilbert space H such that U − U0 ∈ B2(H). Then for any Φ ∈ F2(T),{
Φ(U)− Φ(U0)− d

ds
Φ(Us)

∣∣∣∣
s=0

}
∈ B1(H),

and there exists an L1([0, 2π])- function η, unique up to an additive constant, such that

Tr
{

Φ(U)− Φ(U0)− d

ds

∣∣∣∣
s=0

Φ(Us)
}

=

∫ 2π

0

d2

dt2
{

Φ(eit)
}
η(t)dt.

Proof. Using the above Lemma 2.4.2 we have

Φ(U)− Φ(U0)− d

ds

∣∣∣∣
s=0

Φ(Us) =
∞∑

n=−∞

anU
τn |n| −

∞∑
n=−∞

anU
τn
0
|n| − d

ds

∣∣∣∣
s=0

(
∞∑

n=−∞

anU
τn
s
|n|

)

=
∞∑

n=−∞

an

[
U τn |n| − U τn

0
|n| − d

ds

∣∣∣∣
s=0

U τn
s
|n|

]
. (2.26)

Moreover, using (2.5) we conclude that
(
U τn |n| − U τn

0
|n| − d

ds

∣∣∣∣
s=0

U τn
s
|n|
)

is trace class and the

following trace norm estimate∥∥∥U τn |n| − U τn
0
|n| − d

ds

∣∣∣∣
s=0

U τn
s
|n|
∥∥∥

1

=

∥∥∥∥∥∥∥∥∥∥∥∥
U τn |n| − U τn

0
|n| −



|n|−1∑
j=0

U
|n|−j−1
0 (iA) U j+1

s if n ≥ 1,

0 if n = 0,

−
|n|−1∑
j=0

(U∗0 )|n|−j (iA) (U∗0 )j if n ≤ −1

∥∥∥∥∥∥∥∥∥∥∥∥
1

≤
[
|n|(|n| − 1)

2
+ |n|‖A‖−2 (e‖A‖ − ‖A‖ − 1

)]
‖A‖2

2

implies

∞∑
n=−∞

|an|
∥∥∥Un − Un

0 −
d

ds

∣∣∣∣
s=0

Un
s

∥∥∥
1

≤
∞∑
n=1

(|an|+ |a−n|)
[
n(n− 1)

2
+ n‖A‖−2 (e‖A‖ − ‖A‖ − 1

)]
‖A‖2

2 <∞.
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Therefore the series in (2.26) converges in trace norm and hence
{

Φ(U)−Φ(U0)− d

ds

∣∣∣∣
s=0

Φ(Us)
}

is trace class and furthermore

Tr
{

Φ(U)− Φ(U0)− d

ds

∣∣∣∣
s=0

Φ(Us)
}

=
∞∑

n=−∞

an Tr
[
Un − Un

0 −
d

ds

∣∣∣∣
s=0

Un
s

]
. (2.27)

Thus by combining Theorem 2.4.1 and (2.27) and applying Fubinni’s theorem we get

Tr
{

Φ(U)− Φ(U0)− d

ds

∣∣∣∣
s=0

Φ(Us)
}

=
∞∑

n=−∞

∫ 2π

0

(−n2ane
int)η(t)dt

=

∫ 2π

0

d2

dt2
{

Φ(eit)
}
η(t)dt.

This completes the proof.

Corollary 2.4.1. If U and U0 are two unitary operators in an infinite dimensional separable

Hilbert space H such that U −U0 ∈ B2(H). Then there exists an L1([0, 2π])- function η, unique

up to an additive constant, such that for any z ∈ C with |z| 6= 1,

Tr
{

(U − z)−1 − (U0 − z)−1 − d

ds

∣∣∣∣
s=0

(Us − z)−1
}

=

∫ 2π

0

d2

dt2
{

(eit − z)−1
}
η(t)dt.
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CHAPTER 3

Second order trace formulae

3.1 Introduction

In Chapter 2, we have discussed the Koplienko-Neidhardt trace formula for pairs of unitaries

(U,U0), where the path considered by Neidhardt [42] is an unitary path, that is Us = eisAU0

is an unitary operator for each s ∈ R. In [26, Sect.10], Gesztesy, Pushnitski and Simon have

discussed an alternative to Neidhardt’s approach. In other words, they have considered the

linear path U0 + t(U − U0); 0 ≤ t ≤ 1 instead of the unitary path Ut = eitAU0; 0 ≤ t ≤ 1 and

proved that there exists a real distribution η on the unit circle T so that the formula

Tr
{
φ(U)− φ(U0)− d

ds

{
φ
(
U0 + s(U − U0)

)}∣∣∣∣
s=0

}
=

∫ 2π

0

d2

dt2
{
p(eit)

}
η(eit, U0, U)

dt

2π
(3.1)

holds, for every complex polynomial p(z) =
n∑
k=0

akz
k; n ≥ 0; ak, z ∈ C. In this connection,

Gesztesy et al. posed an open question in [26, Open Question 11.2] which says the following:

Is the above distribution η in (3.1) an L1(T)− function? (3.2)

In 2012, Potapov and Sukochev provided an affirmative answer to the question mentioned above

in [56]. In fact, they prove the following interesting theorem in [56].

38
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Theorem 3.1.1. (see [56, Theorem 1]) Let U and U0 be two contractions in an infinite dimen-

sional separable Hilbert space H such that V := U−U0 ∈ B2(H). Denote Us = U0+sV, s ∈ [0, 1].

Then for any complex polynomial p(·),{
p(U)− p(U0)− d

ds

∣∣∣∣
s=0

{
p(Us)

}}
∈ B1(H)

and there exists an L1(T)-function η (unique up to an analytic term) such that

Tr

{
p(U)− p(U0)− d

ds

∣∣∣∣
s=0

{
p(Us)

}}
=

∫
T
p′′(z)η(z)dz. (3.3)

Moreover, for every given ε > 0, we can choose the function η satisfying (3.3) in such a way

so that

‖η‖L1(T) ≤ (1 + ε) ‖V ‖2
2. (3.4)

It is worth mentioning that Dykema and Skripka [24] used the concept of unitary dilation to

achieve some perturbation formulas for traces on normed ideals in semi-finite von Neumann

algebra setting.

The following are the main contributions in this chapter.

• First of all, we supply a new proof of the above Theorem 3.1.1 whenever U0 is a normal

contraction and U is a contraction such that U − U0 ∈ B2(H) (see Theorem 3.5.1 and

3.5.3), we believe for the first time, using the idea of finite-dimensional approximation

method as in the works of Voiculescu, Sinha and Mohapatra, referred to earlier which in

particular provides an affirmative answer to the above question (3.2).

• Consequently, using the Schäffer matrix unitary dilation we also prove Theorem 3.1.1

corresponding to a class of pairs of contractions (T, T0) such that T − T0 ∈ B2(H) (see

Theorem 3.6.2 and Theorem 3.6.3).

• Next, by using our main theorem and using the Cayley transform of self-adjoint operators,

we obtain the Koplienko trace formula corresponding to a pair of self-adjoint operators

(H,H0) with the same domain in H and under the assumption that (H − z)−1 − (H0 −

z)−1 ∈ B2(H) for some z with Im z 6= 0 (see Theorem 3.7.1).
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40 Chapter 3. Second order trace formulae

• Moreover, by using Theorem 3.1.1 we prove the Koplienko trace formula for a pair of

maximal dissipative operators (L,L0) under the assumption (L+i)−1−(L0+i)−1 ∈ B2(H)

(see Theorem 3.8.1) for the first time.

• At the end, using the idea of finite-dimensional approximation method, we have extended

the Koplienko-Neidhardt trace formula for a class of pairs of contractions (T, T0) via

multiplicative path (see Theorem 3.9.1).

The significant differences between our method and the method applied in [26, 56] are the

following.

• Our approach in this chapter is different from that of [26, 56] and is probably closer to

Koplienko and Neidhardt’s original approach (see [31, 42]). In [56], the authors proved

Krein type formula (see [56, Theorem 6]) to obtain Theorem 3.1.1 by approximating the

perturbation operator (and not the initial operator) via trace class operators but still,

they were in an infinite-dimensional setting to deal with the problem which makes a

major contrast in comparison to our context. In other words, in our setting, we reduce

the problem into a finite-dimensional one by truncating both the initial operator and

the perturbation operator simultaneously via finite-dimensional projections {Pn} (see

Theorem 3.4.5 and 3.4.6).

• Moreover, in our setting, we calculate the shift function explicitly by performing integra-

tion by-parts and using semi-spectral measures for contractions (see Theorem 3.3.3 and

3.3.4), and it is one of the significant steps in our context to get the shift function in an

infinite-dimensional case which is not the principle essence in the approach mentioned in

[26, 56].

• Furthermore, using our approach we obtain a slightly better upper bound of the L1(T)-

norm of η (see Theorem 3.5.1 and Theorem 3.5.3) compared to (3.4) in Theorem 3.1.1.

The rest of the chapter is organized as follows: Section 3.2 deals with some well-known

concepts/results that are essential in the later sections. In Section 3.3, we give the proof of the

Koplienko trace formula and the Koplienko-Neidhardt trace formula for pairs of contractions
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when dim H < ∞. Section 3.4 is devoted to reducing the problem into finite dimensions,

and in Section 3.5, we prove the required trace formula by appropriate limiting argument.

Consequently, in Section 3.6, we prove the trace formula for a class of pairs of contractions.

Section 3.7 and Section 3.8 deal with the trace formula for a pair of self-adjoint operators and

maximal dissipative operators respectively. At the end, in Section 3.9, we prove the Koplienko-

Neidhardt trace for formula for a class of pairs of contractions via multiplicative path.

3.2 Preliminaries

For 1 ≤ p ≤ ∞, the Hardy space Hp(T) stand for the set {f ∈ Lp(T) : f̂(n) = 0, for all n < 0}.

One of the basic facts about Hp(T) spaces is that they have preduals (see [25, Theorem 4.15]).

In particular, H∞(T) is isometrically isomorphic to the dual of the factor-space L1(T)/H1(T)

and furthermore, for every f ∈ L1(T), we have

‖[f ]‖L1(T)/H1(T) = sup
‖g‖H∞(T)≤1

∣∣∣∣∣
∫
T
g(z)f(z)dz

∣∣∣∣∣.
Now we denote the set of all complex polynomials by P(T). It is important to note that the

supremum in the above equality can be taken over the set P(T). In other words, we have the

following result

Lemma 3.2.1. For every f ∈ L1(T), the equality

‖[f ]‖L1(T)/H1(T) = sup
g∈P(T); ‖g‖H∞≤1

∣∣∣∣∣
∫
T
g(z)f(z)dz

∣∣∣∣∣
holds, where P(T) is the set of all complex polynomials.

The proof of Lemma 3.2.1 is available in [56, Lemma 5], and we need it in our context to

calculate the norm on the factor space L1(T)/H1(T) in later sections. Moreover, to prove our

main results, we need the following fundamental estimate, which is obtained in [30, Theorem 6.1]

(see also [50, Theorem 4.2 and (3.2)]).

Theorem 3.2.2. If f ∈ P(T) then, for all contractions T, T0 on H,

‖f(T )− f(T0)‖2 ≤ ‖f
′‖∞ ‖T − T0‖2 if T − T0 ∈ B2(H),

and ‖f(T )X −Xf(T0)‖2 ≤ ‖f
′‖∞ ‖TX −XT0‖2 if X ∈ B2(H),

(3.5)

where ‖f ′‖∞ = sup
t∈[0,2π)

|f ′(eit)|.
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3.3 Trace formula in finite dimension

We begin the section with the following differentiation formula for monomials of contractions

that can be established directly by definition of the Gâteaux derivative (with convergence in

the operator norm).

Lemma 3.3.1. Let T and T0 be two contractions in an infinite dimensional separable Hilbert

space H. Let V = T − T0, Ts = T0 + sV, s ∈ [0, 1], and p(z) = zr (r ≥ 2), z ∈ T. Then

d

ds

{
p(Ts)

}
=

r−1∑
j=0

T r−j−1
s V T js . (3.6)

Proof. For p(z) = zr (r ≥ 2), z ∈ T, we have

p(Ts+h)− p(Ts)
h

=
1

h

r−1∑
j=0

T r−j−1
s+h (Ts+h − Ts)T js =

r−1∑
j=0

T r−j−1
s+h V T js , (3.7)

and hence∥∥∥∥∥p(Ts+h)− p(Ts)h
−

r−1∑
j=0

T r−j−1
s V T js

∥∥∥∥∥ ≤ |h|
{
r−2∑
j=0

r−j−2∑
k=0

‖Ts + hV ‖r−j−k−2 ‖V ‖ ‖Ts‖k ‖V ‖ ‖Ts‖j
}
,

which converges to 0 as h −→ 0. This completes the proof.

The following lemma essentially obtained in Theorem 2.2.2 whenever A ∈ B2(H) is self-

adjoint and T0 is a unitary operator by using the definition of the Gâteaux derivative. But if

we consider A, T0 ∈ B(H), then the similar proof is also valid for the pair (A, T0). Indeed, here

we also give the proof for the reader’s convenience.

Lemma 3.3.2. Let (A, T0) be a pair of bounded linear operator in an infinite dimensional

separable Hilbert space H. Let Ts = eisAT0, s ∈ R, and p(z) = zr (r ∈ Z), z ∈ T. Then

d

ds

{
p(Ts)

}
=



r−1∑
j=0

T r−j−1
s (iA)T j+1

s if r ≥ 1

0 if r = 0

−
|r|−1∑
j=0

(T ∗s )|r|−j(iA∗)(T ∗s )j if r ≤ −1

(3.8)

Proof. For p(λ) = λr (r ≥ 1), λ ∈ T, we have

p(Ts+h)− p(Ts)
h

=
1

h

r−1∑
k=0

T r−k−1
s+h [Ts+h − Ts]T ks =

1

h

r−1∑
k=0

T r−k−1
s+h

[
eihA − I

]
T k+1
s ,
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which converges in operator norm to

r−1∑
k=0

T r−k−1
s (iA) T k+1

s as h→ 0.

Similarly for p(λ) = λr (r ≤ −1), λ ∈ T, we have

p(Ts+h)− p(Ts)
h

=
1

h

|r|−1∑
k=0

(T ∗s+h)
|r|−k−1

[
T ∗s+h − T ∗s

]
(T ∗s )k

=
1

h

|r|−1∑
k=0

(T ∗s+h)
|r|−k−1(T ∗s )

[
e−ihA − I

]
(T ∗s )k,

which again converges in operator norm to

−
r−1∑
k=0

(T ∗s )|r|−k(iA)(T ∗s )k as h→ 0.

The following theorem states Koplienko trace formula for pairs of contractions via linear

path in finite dimension.

Theorem 3.3.3. Let (N,N0) be a pair of contractions on a finite dimensional Hilbert space

H, and V = N −N0. Let Ns = N0 + sV, s ∈ [0, 1] and p(·) be any complex polynomial. Then

there exists a L1(T)-function η such that

Tr

{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
=

∫
T
p′′(z)η(z)dz, (3.9)

where p(·) is any complex polynomial and

η(z) =

∫ 1

0

Tr
[
V
{
E0(Arg(z))− Es(Arg(z))

}]
ds, z ∈ T, (3.10)

where Es(·) and E0(·) are the semi-spectral measures corresponding to the contractions Ns and

N0 respectively and Arg(z) is the principle argument of z. Furthermore, the class of all η’s

satisfying (3.9) corresponds to a unique element [η] ∈ L1(T)/H1(T) such that

‖[η]‖L1(T)/H1(T) ≤
1

2
‖V ‖2

2. (3.11)
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Proof. It will be sufficient to prove the theorem for p(z) = zr , z ∈ T. Note that for r = 0 or 1,

both sides of (3.12) are identically zero. By using the cyclicity of trace, applying Lemma 3.3.1,

and noting that the trace now is a finite sum, we have that for p(z) = zr (r ≥ 2), z ∈ T,

Tr
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
= Tr

{∫ 1

0

d

ds

{
p(Ns)

}
ds
}
− Tr

{ d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
=

∫ 1

0

Tr
{ r−1∑

j=0

N r−j−1
s V N j

s

}
ds−

∫ 1

0

Tr
{ r−1∑

j=0

N r−j−1
0 V N j

0

}
ds

= r

∫ 1

0

[
Tr
{
V
(
N r−1
s −N r−1

0

)}]
ds = Tr

{
rV

∫ 1

0

ds

∫ 2π

0

ei(r−1)t
[
Es(dt)− E0(dt)

]}
,

where Es(·) and E0(·) are the semi-spectral measures corresponding to the contractions Ns and

N0 respectively (see (1.13) and (1.14) in Section 1.6). Next by performing integration by-parts

we have that

Tr
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
= Tr

{
rV

∫ 1

0

ds
(
ei(r−1)t

[
Es(t)− E0(t)

]∣∣∣2π
t=0
− i(r − 1)

∫ 2π

0

ei(r−1)t
[
Es(t)− E0(t)

]
dt
) }

= ir(r − 1)

∫ 2π

0

ei(r−1)t
{∫ 1

0

Tr[V
{
E0(t)− Es(t)

}
]ds
}
dt,

which by substituting z = eit, t ∈ [0, 2π] and dt =
dz

iz
yields

Tr
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
=

∫
T
r(r − 1)zr−2

{∫ 1

0

Tr[V
{
E0(Arg(z))− Es(Arg(z))

}
] ds
}
dz =

∫
T
p′′(z)η(z)dz,

where Arg(z) is the principle argument of z and we have set

η(z) =

∫ 1

0

Tr
[
V
{
E0(Arg(z))− Es(Arg(z))

}]
ds, z ∈ T.

Let f be a complex polynomial on T, and set g(eit) =
∫ t

0
f(eis)ieisds, t ∈ [0, 2π]. Next

we observe that g(ei2π) = g(ei0) = 0, and
d

dt

{
g(eit)

}
= ieitf(eit). Now by using the above

expression (3.10) of η and using Fubini’s theorem to interchange the orders of integration and

integrating by-parts, we have that∫
T
f(z)η(z)dz =

∫ 2π

0

f(eit)η(eit)ieitdt =

∫ 2π

0

d

dt

{
g(eit)

}
η(eit)dt

=

∫ 2π

0

d

dt

{
g(eit)

}(∫ 1

0

Tr
[
V
{
E0(t)− Es(t)

}]
ds

)
dt
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=

∫ 1

0

ds

∫ 2π

0

d

dt

{
g(eit)

}
Tr
[
V
{
E0(t)− Es(t)

}]
dt

=

∫ 1

0

ds

(
g(eit) Tr

[
V
{
E0(t)− Es(t)

}]∣∣∣∣∣
2π

t=0

−
∫ 2π

0

g(eit) Tr
[
V
{
E0(dt)− Es(dt)

}])

= −
∫ 1

0

ds

∫ 2π

0

g(eit) Tr
[
V
{
E0(dt)− Es(dt)

}]
=

∫ 1

0

ds Tr
[
V
{
g(Ns)− g(N0)

}]
.

Therefore using Theorem 3.2.2 we get∣∣∣∣∣
∫
T
f(z)η(z)dz

∣∣∣∣∣ =

∣∣∣∣∣
∫ 1

0

ds Tr
[
V
{
g(Ns)− g(N0)

}]∣∣∣∣∣ ≤
∫ 1

0

ds
∣∣∣Tr

[
V
{
g(Ns)− g(N0)

}]∣∣∣
≤
∫ 1

0

‖V ‖2‖g(Ns)− g(N0)‖2 ≤
∫ 1

0

‖g′‖∞‖V ‖2‖Ns −N0‖2 ≤ ‖f‖∞‖V ‖
2
2

∫ 1

0

s ds =
1

2
‖f‖∞‖V ‖

2
2,

and hence by using Lemma 3.2.1 we conclude that

‖[η]‖L1(T)/H1(T) = sup
f∈P(T); ‖f‖H∞(T)≤1

∣∣∣∣∣
∫
T
f(z)η(z)dz

∣∣∣∣∣ ≤ 1

2
‖V ‖2

2.

This completes the proof.

The following theorem states the Koplienko-Neidhardt trace formula for pairs of contractions

via multiplicative path in finite dimension.

Theorem 3.3.4. Let T0 be a contraction in a finite dimensional Hilbert space H and let A = A∗

∈ B(H). Denote Ts = eisAT0, s ∈ [0, 1], and T = T1. Then there exists a L1([0, 2π])-function

η̃ such that

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
=

∫ 2π

0

d2

dt2

{
p(eit)

}
η̃(t)dt, (3.12)

where p(·) is any complex polynomial on T with complex coefficients and

η̃(t) =

∫ 1

0

Tr
[
A
{
F0(t)−Fs(t)

}]
ds, t ∈ [0, 2π], (3.13)

where Fs(·) and F0(·) are the semi-spectral measures corresponding to the contractions Ts and

T0 respectively. Moreover,

‖[η̃]‖L1(T)/H1(T) ≤
1

2
‖A‖2

2. (3.14)
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Proof. It will be sufficient to prove the theorem for p(z) = zr , r ∈ N ∪ {0}, z ∈ T. Note that

for r = 0, both sides of (3.12) are identically zero. Let Fs(·) and F0(·) are the semi-spectral

measures corresponding to the contractions Ts and T0 respectively (see (1.13) and (1.14) in

Section 3.2). By using the cyclicity of trace, applying Lemma 3.3.2, and noting that the trace

now is a finite sum, we have that for p(z) = zr (r ≥ 1), z ∈ T,

Tr
{
p(T1)− p(T0)− d

ds
p(Ts)

∣∣∣∣
s=0

}
= Tr

{∫ 1

0

(
d

ds
p(Ts)−

d

dt
p(Tt)

∣∣∣∣
t=0

)
ds

}
= Tr

{∫ 1

0

(
r−1∑
j=0

T r−j−1
s (iA)T j+1

s −
r−1∑
j=0

T r−j−1
0 (iA)T j+1

0

)
ds

}

= Tr

{
(ir)A

∫ 1

0

(T rs − T r0 ) ds

}
= Tr

{
(ir)A

∫ 1

0

ds

∫ 2π

0

eirt
(
Fs(dt)−F0(dt)

)}
= Tr

[
(ir)A

∫ 1

0

ds
{
eirt
(
Fs(t)−F0(t)

)∣∣∣2π
t=0
− ir

∫ 2π

0

eirt
(
Fs(t)−F0(t)

)
dt
} ]

=

∫ 2π

0

(ir)2eirt
[∫ 1

0

Tr
{
A
(
F0(t)−Fs(t)

)}
ds

]
dt =

∫ 2π

0

d2

dt2

{
p(eit)

}
η(t)dt.

Therefore we have the formula (3.12) by setting

η̃(t) =

∫ 1

0

Tr
{
A[F0(t)−Fs(t)

]}
ds.

By repeating the similar argument as done in Theorem 3.3.3 we obtain (3.14). This completes

the proof.

Remark 3.3.5. It is easy to observe that the function η̃ in (3.13) is real-valued. Also it is

worth mentioning that, if we consider the polynomial p(z) = zr for r ≤ −1, then by performing

similar calculations as done in the proof of Theorem 2.2.2, we also obtain the formula (3.12)

along with the same spectral shift function η̃ as in (3.14). Therefore the identity (3.12) holds for

every trigonometric polynomial and hence by the uniqueness of the Fourier series we conclude

that the spectral shift function η̃(·) is unique up to an additive constant. Moreover, the formula

(3.12) can also be extended for the class F2(T).

3.4 Reduction to finite dimension

We begin the section by stating (without proof) the approximation theorem which is essential

in our context to reduce the problem into a finite dimensional one. Note that the following
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theorem is a special case of Theorem 2.2 in [21]. Moreover, it is also worth mentioning that

Voiculescu [74] had earlier obtained related (though not the same) results.

Theorem 3.4.1. (See [21, Theorem 2.2]) Let (A1, A2) be a pair of commuting bounded self-

adjoint operators in an infinite-dimensional separable Hilbert space H. Then there exists a

sequence {Pk} of finite-rank projections such that, for i = 1, 2

Pk ↑ I, and ‖[Ai, Pk]‖2 −→ 0, as k −→∞. (3.15)

Using the above theorem we have the following useful lemmas which will be useful to reduce

the problem into a finite dimensional case.

Lemma 3.4.2. Let (H1, H2) be a pair of commuting bounded self-adjoint operators in an

infinite-dimensional separable Hilbert space H. Let A ∈ B2(H) be a self-adjoint operator and

let B ∈ B2(H). Then for i = 1, 2, there exists a sequence {Pk} of finite rank projections such

that Pk ↑ I, and

∥∥P⊥k HiPk
∥∥

2
,
∥∥P⊥k APk∥∥2

,
∥∥P⊥k BPk∥∥2

,
∥∥P⊥k B∗Pk∥∥2

−→ 0 as k −→∞.

Proof. Now by applying Theorem 3.4.1 corresponding to the pair (H1, H2), there exists a se-

quence {Pk} finite rank projections such that Pk ↑ I, and

∥∥P⊥k HiPk
∥∥

2
−→ 0 as k −→∞ for i = 1, 2.

Let
∞∑
j=1

λj〈·, ej〉fj and
∞∑
j=1

µj〈·, gj〉hj be the corresponding canonical decomposition of A and B

respectively, where
∞∑
j=1

λ2
j <∞,

∞∑
j=1

µ2
j <∞ and {ej}, {fj}, {gj} and {hj} are set of orthonormal

vectors. Now given n ∈ N, there exists Ln ∈ N such that

∞∑
j=Ln+1

λ2
j <

1

n
, and

∞∑
j=Ln+1

µ2
j <

1

n
.

Set ALn =
Ln∑
j=1

λj〈·, ej〉fj, A∗Ln =
Ln∑
j=1

λj〈·, fj〉ej, BLn =
Ln∑
j=1

µj〈·, gj〉hj, B∗Ln =
Ln∑
j=1

µj〈·, hj〉gj, and

εn = min


1

n
,

1

n
Ln∑
j=1

λj

,

1

n
Ln∑
j=1

µj

. Since Pk ↑ I as k →∞, then there exists a natural number an
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such that for each f ∈ {e1, e2, . . . , eLn} ∪ {f1, f2, . . . , fLn} ∪ {g1, g2, . . . , gLn} ∪ {h1, h2, . . . , hLn}

we have

‖(I − Pk)f‖ < εn ∀ k ≥ an.

Next we choose an ∈ N such that an < an+1 for each n ∈ N. Therefore corresponding to the

sub-sequence {Pan}, we have for i = 1, 2,∥∥P⊥anHiPan
∥∥

2
−→ 0,∥∥P⊥anAPan∥∥2

≤
∥∥P⊥an(A− ALn)Pan

∥∥
2

+
∥∥P⊥anALnPan∥∥2

≤‖A− ALn‖2 +
∥∥P⊥LnALn∥∥2

<
1

n
+ εn

(
Ln∑
j=1

λ2
j

) 1
2

≤ 2

n
−→ 0 as n −→∞.

Similarly we have

∥∥P⊥anA∗Pan∥∥2
<

1

n
+ εn

(
Ln∑
j=1

λ2
j

) 1
2

≤ 2

n
−→ 0,

∥∥P⊥anBPan∥∥2
<

1

n
+ εn

(
Ln∑
j=1

µ2
j

) 1
2

≤ 2

n
−→ 0,

and
∥∥P⊥anB∗Pan∥∥2

<
1

n
+ εn

(
Ln∑
j=1

µ2
j

) 1
2

≤ 2

n
−→ 0 as n −→∞.

This complete the proof.

Lemma 3.4.3. Let N0 be a normal contraction on a separable Hilbert space H, and let V ∈

B2(H). Let T0 = N0 + V and A = A∗ ∈ B2(H). Set Ts = eisAT0, s ∈ [0, 1] and T = T1. Then

there exists a sequence {Pn} of finite rank projections such that for every k ∈ N, each of the

following terms

(i) ‖P⊥n N0Pn‖2, (ii) ‖P⊥n V ‖2, (iii) ‖P⊥n V ∗‖2, (iv)
∥∥(T k − T kn)Pn∥∥2

,

(v)
∥∥(T k0 − T k0,n)Pn∥∥2

, (vi)
∥∥P⊥n (eiA − I)∥∥2

, (vii)
∥∥Pn (eiA − eiAn)∥∥2

,

(viii)
∥∥(eiA − iA− eiAn + iAn

)
Pn
∥∥

1
, and (ix)

∥∥(eiA − iA− I)P⊥n ∥∥1

converges to zero as n −→ ∞, where An = PnAPn, T0,n = PnT0Pn, Tn = eiAnT0,n and Ts,n =

eisAnT0,n.

Proof. Since N0 is a normal contraction, then N0 + N∗0 and N0 − N∗0 are two commuting

self-adjoint operators on H. Therefore by applying Lemma 3.4.2 corresponding to the pair

(N0 +N∗0 , N0 −N∗0 ), there exists a sequence {Pn} of finite rank projections such that∥∥P⊥n (N0 +N∗0 )Pn
∥∥

2
,
∥∥P⊥n (N0 −N∗0 )Pn

∥∥
2
,
∥∥P⊥n A∥∥2

,
∥∥P⊥n V ∥∥2

,
∥∥P⊥n V ∗∥∥2

−→ 0 as n −→∞,
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which immediately implies that∥∥P⊥n N0Pn
∥∥

2
,
∥∥P⊥n N∗0Pn∥∥2

,
∥∥P⊥n T0Pn

∥∥
2
,
∥∥P⊥n T ∗0Pn∥∥2

−→ 0 as n −→∞. (3.16)

This conclude (i), (ii) and (iii). The proof of (iv), (v), (vi), (vii) and (ix) can be obtained

similarly by mimicking the proof of Lemma 2.3.3. For (viii), consider the following∥∥(eiA − iA− eiAn + iAn
)
Pn
∥∥

1

=

∥∥∥∥∥
∞∑
k=2

1

k!

k−1∑
j=0

{
(iA)k−j−1(iA− iAn)(iAn)j

}
Pn

∥∥∥∥∥
1

=

∥∥∥∥∥
∞∑
k=2

1

k!

[
k−1∑
j=0

{
(iA)k−j−1(iA− iAn)(iAn)j

}
Pn

]∥∥∥∥∥
1

=

∥∥∥∥∥
∞∑
k=2

1

k!

[
(iA)k−1i

(
P⊥n APn

)
+ i
(
P⊥n APn

)
(iAn)k−1 +

k−2∑
j=1

{
(iA)k−j−1i

(
P⊥n APn

)
(iAn)j

}
Pn

]∥∥∥∥∥
1

=
∞∑
k=2

1

k!

[
‖A‖k−2‖A‖2

∥∥P⊥n APn∥∥2
+
∥∥P⊥n APn∥∥2

‖An‖k−2‖An‖2

+
k−2∑
j=1

{
‖A‖k−j−1

∥∥P⊥n APn∥∥2
‖An‖j−1‖An‖2

} ]
=

(
∞∑
k=2

1

(k − 1)!
‖A‖k−2

)
‖A‖2

∥∥P⊥n APn∥∥2
= ‖A‖−1

(
e‖A‖ − 1

)
‖A‖2

∥∥P⊥n APn∥∥2
−→ 0 as n −→∞.

This completes the proof.

Remark 3.4.4. Note that the expressions (iv) and (v) in Lemma 3.4.3 also converge to zero

as n −→∞ for any k ∈ Z, where we interpret T−1 as the adjoint of T .

The following two theorems show how the above Lemma 3.4.3 can be used to reduce the

relevant problem into a finite-dimensional one.

Theorem 3.4.5. Let N0 be a normal contraction on a separable Hilbert space H, and let

V ∈ B2(H). Let Ns = N0 + sV, s ∈ [0, 1], N = N1 and let p(·) be any complex polynomial.

Then there exists a sequence {Pn} of finite rank projections such that∥∥∥∥∥
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
−

{
Pn

(
p(Nn)− p(N0,n)− d

ds

∣∣∣∣
s=0

{
p(Ns,n)

})
Pn

}∥∥∥∥∥
1

(3.17)

−→ 0 as n −→∞, where Nn = PnNPn, N0,n = PnN0Pn, and Ns,n = PnNsPn.
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Proof. It will be sufficient to prove the theorem for p(z) = zr, r ∈ N, z ∈ T. Note that for r = 0

or 1, the expressions inside the trace norm in (3.17) are identically zero. Let r ≥ 2. Now by

using the sequence {Pn} of finite rank projections as obtained in Lemma 3.4.3, and using an

expression similar to (3.6) in B(H), we have that∥∥∥∥∥(N r −N r
0 −

r−1∑
j=0

N r−j−1
0 V N j

0

)
− Pn

(
N r
n −N r

0,n −
r−1∑
j=0

N r−j−1
0,n V N j

0,n

)
Pn

∥∥∥∥∥
1

=

∥∥∥∥∥ ∑
α+β=r−1
α≥1 & β≥0

[
(Nα −Nα

0 )V Nβ
0 − Pn

(
(Nα

n −Nα
0,n)V Nβ

0,n

)
Pn

]∥∥∥∥∥
1

=

∥∥∥∥∥ ∑
α+β=r−1
α≥1 & β≥0

[{
(Nα −Nα

n )PnV N
β
0 +NαP⊥n V N

β
0 +Nα

nV Pn(Nβ
0 −N

β
0,n) +Nα

n V P
⊥
n N

β
0

}

−
{

(Nα
0 −Nα

0,n)PnV N
β
0 +Nα

0 P
⊥
n V N

β
0 +Nα

0,nV Pn(Nβ
0 −N

β
0,n) +Nα

0,nV P
⊥
n N

β
0

}]∥∥∥∥∥
1

≤
∑

α+β=r−1
α≥1 & β≥0

{
‖(Nα −Nα

n )Pn‖2‖V ‖2 + α‖V ‖2 (‖P⊥n V ‖2 + ‖V P⊥n ‖2) + 2‖V ‖2‖Pn(Nβ
0 −N

β
0,n)‖2

+ ‖(Nα
0 −Nα

0,n)Pn‖2‖V ‖2

}
. (3.18)

Now using the estimates listed in Lemma 3.4.3 along with the Remark 3.4.4, we conclude that

the expression in the right hand side of (3.18) converges to zero as n −→ ∞. This completes

the proof.

Theorem 3.4.6. Let T0 = N0+V be a contraction on a separable Hilbert space H, where N0 is a

bounded normal operator and V ∈ B2(H). Let A = A∗ ∈ B2(H), Ts = eisAT0, s ∈ [0, 1], T = T1

and p(·) be any trigonometric polynomial on T with complex coefficients. Then

p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts) ∈ B1(H), (3.19)

and there exists a sequence {Pn} of finite rank projections in H such that∥∥∥∥[{p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
}
− Pn

{
p(Tn)− p(T0,n)− d

ds

∣∣∣∣
s=0

p(Ts,n)
}
Pn

]∥∥∥∥
1

(3.20)

−→ 0 as n→∞, where An = PnAPn, T0,n = PnT0Pn, Tn = eiAnT0,n and Ts,n = eisAnT0,n.

Proof. It will be sufficient to prove the theorem for p(z) = zr, r ∈ Z, z ∈ T. The property (3.19)

is trivial. Note that for r = 0, the expression inside the trace norm in (3.20) is identically zero.
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For r ≥ 1, using the sequence {Pn} of finite rank projections as obtained in Lemma 3.4.3, and

using an expression similar to (3.8) in B(H), we have that[{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
}
− Pn

{
p(Tn)− p(T0,n)− d

ds

∣∣∣∣
s=0

p(Ts,n)
}
Pn

]
=

[{
T r − T r0 −

r−1∑
j=0

T r−j−1
0 (iA)T j+1

0

}
− Pn

{
T rn − T r0,n −

r−1∑
j=0

T r−j−1
0,n (iAn)T j+1

0,n

}
Pn

]

=
∑
α+β=r

α≥0 & β≥1

[{
Tα(eiA − I)T β0 − Tα0 (iA)T β0

}
− Pn

{
Tαn Pn(eiAn − I)PnT

β
0,n − Tα0,n(iAn)T β0,n

}
Pn

]

=
∑
α+β=r

α≥0 & β≥1

[{(
Tα − Tα0

)
(eiA − I)T β0 + Tα0 (eiA − iA− I)T β0

}

− Pn
{(

Tαn − Tα0,n
)
Pn(eiAn − I)PnT

β
0,n + Tα0,n(eiAn − iAn − I)T β0,n

}
Pn

]

=
∑
α+β=r

α≥0 & β≥1

[{(
Tα − Tαn − Tα0 + Tα0,n

)
Pn(eiA − I)T β0 +

(
Tα − Tα0

)
P⊥n (eiA − I)T β0

+
(
Tαn − Tα0,n

)
Pn
(
eiA − eiAn

)
T β0 +

(
Tαn − Tα0,n

)
Pn
(
eiAn − I

)
Pn

(
T β0 − T

β
0,n

)}

−

{
(Tα0 − Tα0,n)Pn

(
eiA − iA− I

)
T β0 + Tα0 P

⊥
n

(
eiA − iA− I

)
T β0

+ Tα0,nPn
(
eiA − iA− eiAn + iAn

)
T β0 + Tα0,nPn(eiAn − iAn − I)Pn

(
T β0 − T

β
0,n

)}]
,

and hence we have the following estimate∥∥∥∥[{p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
}
− Pn

{
p(Tn)− p(T0,n)− d

ds

∣∣∣∣
s=0

p(Ts,n)
}
Pn

]∥∥∥∥
1

≤
∑
α+β=r

α≥0 & β≥1

[∥∥(Tα − Tαn − Tα0 − Tα0,n)Pn∥∥2

∥∥(eiA − I)
∥∥

2
+
∥∥(Tα − Tα0 )∥∥2

∥∥P⊥n (eiA − I)
∥∥

2

+
∥∥(Tαn − Tα0,n)Pn∥∥2

∥∥Pn (eiA − eiAn)∥∥2
+ 2

∥∥Pn (eiAn − I)Pn∥∥2

∥∥∥Pn (T β0 − T β0,n)∥∥∥
2

+
∥∥(Tα0 − Tα0,n)Pn

∥∥
2

∥∥(eiA − iA− I)∥∥
2

+
∥∥P⊥n (eiA − iA− I)∥∥1

+
∥∥Pn (eiA − iA− eiAn + iAn

)∥∥
1

+
∥∥Pn(eiAn − iAn − I)Pn

∥∥
2

∥∥∥Pn (T β0 − T β0,n)∥∥∥
2

]
. (3.21)

Finally, using the estimates listed in Lemma 3.4.3, we conclude that each term in the right

hand side of (3.21) converges to zero as n −→ ∞. By repeating the similar calculations as
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above and using Lemma 3.4.3 and Remark 3.4.4 we conclude (3.20) for p(z) = zr, r ≤ −1.

Remark 3.4.7. Note that, in the above Theorem 3.4.6 we prove the convergence of the ex-

pression in (3.20) in trace norm instead of taking the trace of the expression and show the

convergence. In other words, the above Theorem 3.4.6 deals with the trace norm convergence

which is stronger in comparison with the trace convergence as obtained in Theorem 2.3.6 and

also we are dealing with pair of contractions (T, T0) instead of pair unitaries (U,U0).

3.5 Existence of shift function in linear path

Now we are in a position to derive the trace formula corresponding to the pair of contractions

(N,N0), where N0 is a normal operator. The following theorem is one of the main results in

this section.

Theorem 3.5.1. Let N and N0 be two contraction operators in an infinite dimensional separa-

ble Hilbert space H such that N0 is normal and V = N−N0 ∈ B2(H). Denote Ns = N0+sV, s ∈

[0, 1]. Then for any complex polynomial p(·),
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
∈ B1(H) and

there exists an L1(T)-function η (unique up to an analytic term) such that

Tr

{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}
=

∫
T
p′′(z)η(z)dz. (3.22)

Moreover, for every given ε > 0, we choose the function η satisfying (3.22) in such a way so

that

‖η‖L1(T) ≤
(

1

2
+ ε

)
‖V ‖2

2. (3.23)

Proof. By Theorem 3.4.5 and Theorem 3.3.3, we have that

Tr

{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

{
p(Ns)

}}

= lim
n→∞

Tr

{
Pn

(
p(Nn)− p(N0,n)− d

ds

∣∣∣∣
s=0

{
p(Ns,n)

})
Pn

}
= lim

n→∞

∫
T
p′′(z)ηn(z)dz, (3.24)

where Nn = PnNPn, N0,n = PnN0Pn, Ns,n = PnNsPn, and ηn(z) is given by (3.10), that is

ηn(z) =

∫ 1

0

Tr
[
Vn

{
E0,n

(
Arg(z)

)
− Es,n

(
Arg(z)

)}]
ds, z ∈ T, (3.25)
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where Es,n(·) and E0,n(·) are the semi-spectral measures corresponding to the contractions Ns,n

and N0,n respectively (see (1.13) and (1.14) in Section 3.2) and Vn = PnV Pn. Moreover, from

(3.11) it follows that ∥∥[ηn]
∥∥
L1(T)/H1(T)

≤ 1

2
‖Vn‖2

2. (3.26)

Next we show that the sequence {ηn} converges in some suitable sense. Indeed, by following

the idea contained in [26, 31, 42] (see also [22, 18]), using the above expression (3.25) of ηn,

using Fubini’s theorem to interchange the orders of integration and integrating by-parts, we

have for f ∈ P(T) and g(eit) =
t∫

0

f(eis) ieisds, t ∈ [0, 2π] that

∫
T
f(z)

{
ηn(z)− ηm(z)

}
dz =

∫ 2π

0

f(eit)
{
ηn(eit)− ηm(eit)

}
ieitdt

=

∫ 2π

0

d

dt

{
g(eit)

}[∫ 1

0

Tr
[
Vn

{
E0,n(t)− Es,n(t)

}
− Vm

{
E0,m(t)− Es,m(t)

}]
ds

]
dt

=

∫ 1

0

[∫ 2π

0

d

dt

{
g(eit)

}
Tr
[
Vn

{
E0,n(t)− Es,n(t)

}
− Vm

{
E0,m(t)− Es,m(t)

}]
dt

]
ds

=

∫ 1

0

[
g(eit) Tr

[
Vn

{
E0,n(t)− Es,n(t)

}
− Vm

{
E0,m(t)− Es,m(t)

}]∣∣∣∣∣
2π

t=0

−
∫ 2π

0

g(eit) Tr
[
Vn

{
E0,n(dt)− Es,n(dt)

}
− Vm

{
E0,m(dt)− Es,m(dt)

}]]
ds

= −
∫ 1

0

ds

∫ 2π

0

g(eit) Tr
[
Vn

{
E0,n(dt)− Es,n(dt)

}
− Vm

{
E0,m(dt)− Es,m(dt)

}]
=

∫ 1

0

ds Tr
[
Vn

{
g(Ns,n)− g(N0,n)

}
− Vm

{
g(Ns,m)− g(N0,m)

}]
=

∫ 1

0

ds Tr

[
Vn

{{
g(Ns,n)− g(Ns)

}
−
{
g(N0,n)− g(N0)

}}

− Vm

{{
g(Ns,m)− g(Ns)

}
−
{
g(N0,m)− g(N0)

}}
+ (Vn − Vm)

{
g(Ns)− g(N0)

}]
.

(3.27)

On the other hand using Theorem 3.2.2 and using trace properties we obtain for s ∈ [0, 1] that∣∣∣∣∣Tr
[
Vn
{
g(Ns,n)− g(Ns)

}]∣∣∣∣∣ =

∣∣∣∣∣Tr
[
VnPn

{
g(Ns)− g(Ns,n)

}
Pn

]∣∣∣∣∣
≤ ‖Vn‖2

∥∥∥Pn{g(Ns)− g(Ns,n)
}
Pn

∥∥∥
2
≤ ‖V ‖2

∥∥∥Pn{g(Ns)Pn − Pn g(Ns,n)
}
Pn

∥∥∥
2

≤ ‖V ‖2

∥∥∥g(Ns)Pn − Pn g(Ns,n)
∥∥∥

2
≤ ‖f‖∞‖V ‖2

∥∥NsPn − PnNs,n

∥∥
2
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= ‖f‖∞‖V ‖2

∥∥P⊥n NsPn
∥∥

2
≤ ‖f‖∞‖V ‖2

(∥∥P⊥n N0Pn
∥∥

2
+
∥∥P⊥n V ∥∥2

)
. (3.28)

Similarly, by repeating the above calculations we also obtain∣∣∣∣∣Tr
[
(Vn − Vm)

{
g(Ns)− g(N0)

}]∣∣∣∣∣ ≤ ‖f‖∞‖V ‖2

∥∥Vn − Vm∥∥2

≤ ‖f‖∞‖V ‖2

(∥∥P⊥n V ∥∥2
+
∥∥V P⊥n ∥∥2

+
∥∥P⊥mV ∥∥2

+
∥∥V P⊥m∥∥2

)
. (3.29)

Now combining (3.27), (4.9) and (3.29) we get∣∣∣∣∫
T
f(z)

{
ηn(z)− ηm(z)

}
dz

∣∣∣∣
≤
∫ 1

0

ds

∣∣∣∣∣Tr

[
Vn

{{
g(Ns,n)− g(Ns)

}
−
{
g(N0,n)− g(N0)

}}

− Vm

{{
g(Ns,m)− g(Ns)

}
−
{
g(N0,m)− g(N0)

}}
+ (Vn − Vm)

{
g(Ns)− g(N0)

}]∣∣∣∣∣
≤ Km,n ‖f‖∞‖V ‖2, (3.30)

where

Km,n =
{

2
(∥∥P⊥n N0Pn

∥∥
2

+
∥∥P⊥n V ∥∥2

)
+ 2

(∥∥P⊥mN0Pm
∥∥

2
+
∥∥P⊥mV ∥∥2

)
+
(∥∥P⊥n V ∥∥2

+
∥∥V P⊥n ∥∥2

+
∥∥P⊥mV ∥∥2

+
∥∥V P⊥m∥∥2

)}
.

Therefore using Lemma 3.2.1 and the above estimate (3.30) we conclude

∥∥[ηn]− [ηm]
∥∥
L1(T)/H1(T)

=
∥∥[ηn − ηm]

∥∥
L1(T)/H1(T)

= sup
f∈P(T); ‖f‖∞≤1

∣∣∣∣∣
∫
T
f(z)

{
ηn(z)− ηm(z)

}
dz

∣∣∣∣∣
≤ Km,n ‖V ‖2 −→ 0 as m,n −→∞,

by using Theorem 3.4.3 and hence
{

[ηn]
}

is a Cauchy sequence in L1(T)/H1(T). Consequently,

there exists a η ∈ L1(T) such that
{

[ηn]
}

converges to [η] in L1(T)/H1(T)-norm, that is

lim
n−→∞

∥∥[ηn]− [η]
∥∥
L1(T)/H1(T)

= 0,

which in particular implies that

lim
n−→∞

∫
T
p(z)ηn(z)dz =

∫
T
p(z)η(z)dz (3.31)
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for all complex polynomials p(·). Therefore combining (3.24) and (3.31) we get

Tr
{
p(N)− p(N0)− d

ds

∣∣∣∣
s=0

p(Ns)
}

= lim
n→∞

∫
T
p′′(z)ηn(z)dz =

∫
T
p′′(z)η(z)dz.

Furthermore, the equation (3.26) yields

∥∥[η]
∥∥
L1(T)/H1(T)

≤ 1

2
‖V ‖2

2,

which by applying the definition of the L1(T)/H1(T)- norm, for every ε > 0, there is a function

η ∈ L1(T) such that ∥∥η∥∥
L1(T)

≤
(

1

2
+ ε

)
‖V ‖2

2.

This completes the proof.

Our next aim is to extend the class of functions for which the trace formula (3.22) holds.

For that we need the following lemma. The proof of the following lemma is similar to the proof

of Lemma 2.4.2, so we state it without proof.

Lemma 3.5.2. Let T and T0 be two contractions in a separable infinite dimensional Hilbert

space H and f(z) =
∞∑
k=0

akz
k ∈ F+

2 (T). Let Ts = T0 + s(T − T0), s ∈ [0, 1], then

d

ds

∣∣∣∣
s=0

(
∞∑
k=0

ak(Ts)
k

)
=
∞∑
k=0

ak
d

ds

∣∣∣∣
s=0

(Ts)
k. (3.32)

Now we are in a position to prove our main result in this section.

Theorem 3.5.3. Let N be a contraction and N0 be a normal contraction in an infinite di-

mensional separable Hilbert space H such that V = N − N0 ∈ B2(H). Denote Ns = N0 + sV ,

s ∈ [0, 1]. Then for any Φ ∈ F+
2 (T),

{
Φ(N)−Φ(N0)− d

ds

∣∣∣∣
s=0

Φ(Ns)
}
∈ B1(H) and there exists

an L1(T)-function η (unique up to an analytic term) such that

Tr

{
Φ(N)− Φ(N0)− d

ds

∣∣∣∣
s=0

{
Φ(Ns)

}}
=

∫
T

Φ′′(z)η(z)dz. (3.33)

Furthermore, for every given ε > 0, we choose the function η satisfying (3.33) in such a way

so that

‖η‖L1(T) ≤
(

1

2
+ ε

)
‖V ‖2

2.
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Proof. Let Φ(z) =
∑∞

n=0 anz
n ∈ F+

2 (T). Then by Lemma 3.5.2, we get

Φ(N)− Φ(N0)− d

ds

∣∣∣∣
s=0

Φ(Ns) =
∞∑
n=0

anN
n −

∞∑
n=0

anN
n
0 −

d

ds

∣∣∣∣
s=0

(
∞∑
n=0

anN
n
s

)

=
∞∑
n=0

an

[
Nn −Nn

0 −
d

ds

∣∣∣∣
s=0

Nn
s

]
. (3.34)

By Theorem 3.5.3, we conclude that

{
Nn−Nn

0 −
d

ds

∣∣∣∣
s=0

Nn
s

}
∈ B1(H) and the following trace

norm estimate ∥∥∥Nn −Nn
0 −

d

ds

∣∣∣∣
s=0

Nn
s

∥∥∥
1

=
∥∥∥Nn −Nn

0 −
n−1∑
j=0

Nn−j−1
0 V N j

0

∥∥∥
1

=
∥∥∥n−1∑
j=0

(Nn−j−1 −Nn−j−1
0 )V N j

0

∥∥∥
1

≤
∥∥∥n−1∑
j=1

n−j−2∑
k=0

Nn−j−k−2V Nk
0 V N

j
0

∥∥∥
1

≤
n−1∑
j=1

n−j−2∑
k=0

‖V ‖2
2 ≤

n(n− 1)

2
‖V ‖2

2

implies

∞∑
n=0

|an|
∥∥∥Nn −Nn

0 −
d

ds

∣∣∣∣
s=0

Nn
s

∥∥∥
1
≤

∞∑
n=0

|an|
n(n− 1)

2
‖V ‖2

2 <∞. (3.35)

Therefore the series in (3.34) converges in trace norm and hence

{
Φ(N)−Φ(N0)− d

ds

∣∣∣∣
s=0

Φ(Ns)

}
is a trace class operator and furthermore

Tr

{
Φ(N)− Φ(N0)− d

ds

∣∣∣∣
s=0

Φ(Ns)

}
=

∞∑
n=0

an Tr

{
Nn −Nn

0 −
d

ds

∣∣∣∣
s=0

Nn
s

}
. (3.36)

Therefore by applying Theorem 3.5.1, the above equation (3.36) yields

Tr

{
Φ(N)− Φ(N0)− d

ds

∣∣∣∣
s=0

Φ(Ns)

}
=
∞∑
n=2

∫
T

{
n(n− 1)anz

n−2
}
η(z)dz =

∫
T

Φ′′(z)η(z)dz,

where at the last equality, we have used Fubini’s theorem and the function η as in Theorem 3.5.1

satisfying the equation (3.23). This completes the proof.

Corollary 3.5.1. If U and U0 are two unitary operators in an infinite dimensional separable

Hilbert space H such that U − U0 ∈ B2(H). Denote Us = U0 + sV , s ∈ [0, 1], and U = U1.
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Then there exists a L1(T)-function η (unique up to an analytic term) and satisfying the equation

(3.23) such that, for any z ∈ C with |z| > 1,

Tr

{
(U − z)−1 − (U0 − z)−1 − d

ds

∣∣∣∣
s=0

(Us − z)−1

}
=

∫
T

d2

dw2

{
(w − z)−1

}
η(w)dw.

3.6 Trace formula for contractions

In this section we prove the trace formula for class of pairs of contractions (T, T0) such that

T − T0 ∈ B2(H) using the Schäffer matrix unitary dilation (see Chapter 1, Section 1.6). The

following lemma is essential to prove our main results in this section.

Lemma 3.6.1. Let T and T0 be two contractions in an infinite dimensional separable Hilbert

space H such that V = T − T0 ∈ B2(H). Let Ts = T0 + sV, s ∈ [0, 1]. Then for any complex

polynomial p(·),

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
∈ B1(H) and

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
= lim

t→0
Tr

{
p(T )− p(T0)− p(Tt)− p(T0)

t

}
. (3.37)

Proof. It will be sufficient to prove the theorem for p(z) = zr. Note that for r = 0 or 1, both

sides of (3.37) are identically zero. Now by using similar kind of expressions as in (3.6) and

(3.7), we conclude

{
p(T ) − p(T0) − d

ds

∣∣∣∣
s=0

p(Ts)

}
,
{
p(T )− p(T0)− p(Tt)−p(T0)

t

}
∈ B1(H) for

t ∈ [0, 1]. Furthermore,∥∥∥ {p(T )− p(T0)− p(Tt)− p(T0)

t

}
−
{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
} ∥∥∥

1

=
∥∥∥ {T r − T r0 − T rt − T r0

t

}
−
{
T r − T r0 −

r−1∑
j=0

T r−j−1
0 V T j0

} ∥∥∥
1

=
∥∥∥ r−1∑

j=0

T r−j−1
t V T j0 −

r−1∑
j=0

T r−j−1
0 V T j0

∥∥∥
1

=
∥∥∥ r−2∑

j=0

r−j−2∑
k=0

T r−j−k−2
t tV T k0 V T

j
0

∥∥∥
1

≤ |t|
r−2∑
j=0

r−j−2∑
k=0

‖T r−j−k−2
t V T k0 ‖2‖V T

j
0‖2 ≤ |t|

r−2∑
j=0

r−j−2∑
k=0

‖V ‖2
2 → 0 as t→ 0,

and hence (3.37) follows. This completes the proof.

Motivated from the work of Marcantognini and Morán [40] we have the following one of the

main result in this section.
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Theorem 3.6.2. Let T and T0 be two contractions in an infinite dimensional separable Hilbert

space H such that

(i) T − T0 ∈ B2(H), (ii) dim ker(T0) = dim ker(T ∗0 ), and (iii) DT0 ∈ B2(H). Denote

Ts = T0 + s(T − T0), s ∈ [0, 1]. Then for any complex polynomial p(·),

{
p(T ) − p(T0) −

d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
∈ B1(H) and there exists an L1(T)-function η (unique up to an analytic

term) such that

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
=

∫
T
p′′(z)η(z)dz. (3.38)

Moreover, the function η satisfying (3.38) also satisfies the equation (3.23).

Proof. Let UT0 be the minimal Schäffer matrix unitary dilation of T0 (see Chapter 1, Section

1.6) on the minimal dilation space K := l2N(DT0) ⊕ H ⊕ l2N(DT ∗0 ) and we have the same block

matrix representation of UT0 as in (1.12) on K. Let T0 = VT0|T0| be the polar decomposition

of T0, so that |T0| = (T ∗0 T0)1/2 and VT0 is an isometry from Ran(T ∗0 ) onto Ran(T0). Since

dim ker(T0) = dim ker(T ∗0 ), then we can extend VT0 to a unitary operator on the full space H.

Now onward we assume VT0 is a unitary operator on H such that T0 = VT0 |T0|. Next we note

that

VT0DT0 = DT ∗0
VT0 and VT0 − T0 = VT0(1− |T0|) = VT0(1− T ∗0 T0)(1 + |T0|)−1. (3.39)

Now we extend T to a contraction UT on K be setting

U
T

=



. . .
...

...
...

...
...

...
...

...

· · · 0 0 I 0 0 0 0 · · ·

· · · 0 0 0 0 −V ∗T0 0 0 · · ·

· · · 0 0 0 T 0 0 0 · · ·

· · · 0 0 0 0 0 I 0 · · ·

· · · 0 0 0 0 0 0 I · · ·
...

...
...

...
...

...
...

...
. . .


. (3.40)

Note that in the above block matrix representation (3.40) of UT , the (i, j)-th entries U
T
(i, j) of

U
T

are given by

U
T
(0, 0) = T, U

T
(−1, 0) = 0, U

T
(−1, 1) = −V ∗T0 , UT (0, 1) = 0, U

T
(j, j + 1) = I
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for j 6= 0,−1, while all the remaining entries are equal to zero. Therefore we have

T n = P̃HU
n
T |H and T n0 = P̃HU

n
T0
|H for n ≥ 1,

where P̃H is the orthogonal projection of K onto H. By hypothesis (i), (iii) and using the

relation (3.39) we conclude UT−UT0 ∈ B2(K). Denote Ut,T = (1−t)UT0+tUT = UT0+t(UT−UT0)

for t ∈ [0, 1]. Note that p(UT ) and p(UT0) are upper triangular matrices with the only nonzero

diagonal entries p(T ) and p(T0). Thus

{
p(UT )− p(UT0)−

p(Ut,T )−p(UT0 )

t

}
is an upper triangular

matrix with the only nonzero diagonal entry
{
p(T )− p(T0)− p(Tt)−p(T0)

t

}
and hence

Tr

{
p(T )−p(T0)− p(Tt)− p(T0)

t

}
= Tr

{
p(UT )−p(UT0)−

p(Ut,T )− p(UT0)
t

}
for t ∈ [0, 1].

(3.41)

Therefore by applying Lemma 3.6.1 corresponding to pair of contractions (T, T0) and (UT , UT0)

and using (3.41) we get

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)

}
= lim

t→0
Tr

{
p(T )− p(T0)− p(Tt)− p(T0)

t

}

= lim
t→0

Tr

{
p(UT )− p(UT0)−

p(Ut,T )− p(UT0)
t

}
= Tr

{
p(UT )− p(UT0)−

d

ds

∣∣∣∣
s=0

p(Us,T )

}
,

which by applying Theorem 3.5.1 corresponding to the pair (UT , UT0) we conclude that there

exists an L1(T)-function η (unique up to an analytic term) satisfying (3.23) such that

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
=

∫
T
p′′(z)η(z)dz.

This completes the proof.

The following theorem is the second main result in this section in which we prove the trace

formula for a class of pairs of contractions different from the class mentioned in Theorem 3.6.2.

Theorem 3.6.3. Let T and T0 be two contractions in an infinite dimensional separable Hilbert

space H such that U
T
− U

T0
∈ B2(l2Z(H)). Denote Ts = T0 + s(T − T0), s ∈ [0, 1]. Then for

any complex polynomial p(·),

{
p(T ) − p(T0) − d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
∈ B1(H) and there exists an

L1(T)-function η (unique up to an analytic term) such that

Tr

{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
=

∫
T
p′′(z)η(z)dz. (3.42)

Moreover, the function η satisfying (3.42) also satisfies the equation (3.23).
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Proof. Note that UT and UT0 are the Schäffer matrix unitary dilation of T and T0 respectively

on the same Hilbert space l2Z(H) (see (1.12)), that is

T n = PHU
n
T |H and T n0 = PHU

n
T0
|H for n ≥ 1, (3.43)

where PH as in (1.11). Since U
T
−U

T0
∈ B2(l2Z(H)), then from (3.43) we conclude T−T0 ∈ B2(H).

Denote Ut,T = (1− t)UT0 + tUT = UT0 + t(UT −UT0) for t ∈ [0, 1]. Then by the similar argument

as in Theorem 3.6.2 we conclude the theorem.

Remark 3.6.4. In a similar spirit as in Theorem 3.5.3, we also prove Theorem 3.6.3 corre-

sponding to the class F+
2 (T).

3.7 Trace formula for self-adjoint operators

In this section, motivated from the work of Neidhardt in [42, Section 3] we prove the trace

formula for a pair of self-adjoint operators H0 and H1 on an infinite-dimensional Hilbert space

H such that the difference (H1 − i)−1 − (H0 − i)−1 ∈ B2(H) via Cayley transform.

Let H and H0 be two arbitrary self-adjoint operators in H such that Dom(H) = Dom(H0),

and let

U = (i−H)(i+H)−1 and U0 = (i−H0)(i+H0)−1 (3.44)

be the corresponding unitary operators obtained via the Cayley transform of H and H0 re-

spectively (see Chapter 1). Let ψ(λ) = φ

(
i− λ
i+ λ

)
∈ F+

2 (R) for some φ ∈ F+
2 (T), Us =

(1− s)U0 + sU , and Hs = sH0 + (1− s)H for s ∈ [0, 1]. Then it is easy to observe that

ψ(H) = φ(U), ψ(H0) = φ(U0), and ψ(Ws) = φ(Us),

where

Ws =
(

(H + i)(Hs + i)−1(H0 + i)− i
)
,

and hence we have the following operator equality

ψ(H)− ψ(H0)− d

ds

∣∣∣
s=0

ψ(Ws) = φ(U)− φ(U0)− d

ds

∣∣∣
s=0

φ(Us). (3.45)

In the following, we denote Rz = (H−z)−1 for z ∈ C as the resolvent operator corresponding

to an unbounded self-adjoint operator H and ρ(H) is the associated resolvent set. Moreover,
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we also denote Dom(H) as the domain of definition of the self-adjoint operator H (possibly

unbounded). The following is the main result in this section.

Theorem 3.7.1. Let H and H0 be two self-adjoint operators in a separable infinite dimensional

Hilbert space H such that Dom(H) = Dom(H0) and Rz−R0
z ∈ B2(H) for some z ∈ ρ(H)∩ρ(H0).

Let

Ws =
(

(H + i)(Hs + i)−1(H0 + i)− i
)
,

where Hs = sH0 + (1 − s)H, s ∈ [0, 1]. Then there exists a measurable function ξ : R → C

obeying (1 + λ2)−1ξ ∈ L1(R) such that

Tr

{
ψ(H)− ψ(H0)− d

ds

∣∣∣
s=0

ψ(Ws)

}
=

∫ ∞
−∞

d

dλ

{
(1 + λ2)ψ′(λ)

}
ξ(λ) dλ (3.46)

for each ψ ∈ F+
2 (R). In particular, for all z ∈ C with Im(z) < 0,

Tr

{
(H − z)−1 − (H0 − z)−1 − i+H0

H0 − z
M

i+H0

H0 − z

}
=

∫ ∞
−∞

2(1 + λz)

(λ− z)3
ξ(λ) dλ, (3.47)

where M = R−i −R0
−i.

Proof. Let U and U0 be as in (3.44). Since Rz − R0
z ∈ B2(H), then it immediately follows

that U − U0 ∈ B2(H). Therefore using the above identity (3.45) and using Theorem 3.5.3 we

conclude that there exists an L1(T)-function η (unique up to an analytic term) such that

Tr

{
ψ(H)− ψ(H0)− d

ds

∣∣∣
s=0

ψ (Ws)

}
= Tr

{
φ(U)− φ(U0)− d

ds

∣∣∣
s=0

φ(Us)

}
=

∫
T
φ′′(z)η(z)dz

=

∫
T
φ′′(z)

(
η(z)− z

2πi

∫
T

η(ω)

ω2
dω

)
dz =

∫
T
φ′′(z)Γ(z)dz, (3.48)

where

Γ(z) = η(z)− z

2πi

∫
T

η(ω)

ω2
dω, z ∈ T.

Next by using change of variables z = eit, performing integration by-parts and using the fact

that
∫ 2π

0
e−isΓ(eis)ds = 0 we get

Tr

{
ψ(H)− ψ(H0)− d

ds

∣∣∣
s=0

ψ (Ws)

}
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=

∫ 2π

0

d2

dt2
{φ(eit)}

(
−ie−it

)
Γ(eit)dt−

∫ 2π

0

d

dt
{φ(eit)}e−itΓ(eit)dt (3.49)

=

∫ 2π

0

d2

dt2
{φ(eit)}

[(
−ie−it

)
Γ(eit) +

(∫ t

0

e−isΓ(eis)ds

)]
dt

=

∫ 2π

0

d2

dt2
{φ(eit)} η̃(eit) dt, (3.50)

where

η̃(eit) =
(
−ie−it

)
Γ(eit) +

(∫ t

0

e−isΓ(eis)ds

)
, t ∈ [0, 2π].

Clearly η̃ ∈ L1([0, 2π]) and again by using change of variables eit =
i− λ
i+ λ

, from (3.49) we

conclude

Tr

{
ψ(H)− ψ(H0)− d

ds

∣∣∣
s=0

ψ (Ws)

}
=

∫ ∞
−∞

d

dλ

{
(1 + λ2)ψ′(λ)

}
ξ(λ) dλ,

where ξ(λ) =
1

2
η̃

(
i− λ
i+ λ

)
, λ ∈ R, and moreover

∫ ∞
−∞

|ξ(λ)|
1 + λ2

dλ =
1

4

∫ 2π

0

|η̃(eit)| dt <∞.

Next, we denote τ = i−z
i+z

for z ∈ C with Im(z) < 0. Then it is easy to observe that |τ | > 1.

Now consider ψ(λ) = (λ− z)−1, λ ∈ R, and φ(w) =
i(1 + τ)2

2

[
1

1 + τ
+

1

w − τ

]
, w ∈ T. Then

it is easy to conclude that ψ(λ) = φ

(
i− λ
i+ λ

)
, φ ∈ F+

2 (T) and hence ψ ∈ F+
2 (R). Therefore by

applying (3.46) corresponding to ψ we get

Tr

{
(H − z)−1 − (H0 − z)−1 − d

ds

∣∣∣
s=0

(Ws − z)−1

}
=

∫ ∞
−∞

2(1 + λz)

(λ− z)3
ξ(λ) dλ. (3.51)

On the other hand the equality φ(U0) = ψ(H0) yields that

(U0 − τ)−1 =
i

2
(i+ z)

i+H0

H0 − z
,

and hence

d

ds

∣∣∣
s=0

(Ws − z)−1 =
i(1 + τ)2

2

d

ds

∣∣∣∣
s=0

(Us − τ)−1

=− 2i
i(1 + τ)2

2
(U0 − τ)−1(R−i −R0

−i)(U0 − τ)−1

=
i+H0

z −H0

M
i+H0

z −H0

, (3.52)

where M = R−i − R0
−i. Therefore combining equations (3.51) and (3.52) we get (3.47). This

completes the proof.
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Remark 3.7.2. It is important to note that even though the formulas (3.46) and (3.47) are look

like similar to the formulas (3.12) and (3.11) respectively obtained in [42, Theorem 3.2], but

they are actually different since our path Ws =
(

(H+i)(Hs+i)
−1(H0+i)−i

)
is not exactly same

as the path considered by Neidhardt in [42, Theorem 3.2]. In other words, we have obtained

the path Ws by considering the Cayley transformation on the linear path associated to the pair

(U,U0) whereas Neidhardt obtained the required path by considering the Cayley transformation

on the multiplicative path associated to the pair (U,U0). Furthermore, the path Ws is closer to

the path considered by Koplienko [31].

3.8 Trace formula for maximal dissipative operators

In this section, our aim is to obtain the Koplienko trace formula for a pair of maximal dissipative

operators from the existing Koplienko trace formula (3.3) corresponding to a pair of contractions

(T, T0) such that T − T0 ∈ B2(H). In this connection, it is worth mentioning a paper by

Malamud, Neidhardt and Peller [39], where an analogous study of Krein’s trace formula for

a pair of maximal dissipative operators was achieved. Recall that the Cayley transform of a

maximal dissipative operator L is defined by

T = (i− L)(i+ L)−1. (3.53)

It is well known that T is a contraction. Moreover, a contraction T is the Cayley transform

of a maximal dissipative operator L if and only if −1 is not an eigenvalue of T (see Lemma

1.2.12). Now we have the following main theorem in this section.

Theorem 3.8.1. Let L and L0 be two maximal dissipative operators in a separable infinite

dimensional Hilbert space H such that Dom(L) = Dom(L0) and (L+ i)−1− (L0 + i)−1 ∈ B2(H).

Let

Qs =
(

(L+ i)(Ls + i)−1(L0 + i)− i
)
,

where Ls = sL0 + (1 − s)L, s ∈ [0, 1]. Then there exists a measurable function ξ : R → C

obeying (1 + λ2)−1ξ ∈ L1(R) such that

Tr

{
ψ(L)− ψ(L0)− d

ds

∣∣∣
s=0

ψ(Qs)

}
=

∫ ∞
−∞

d

dλ

{
(1 + λ2)ψ′(λ)

}
ξ(λ) dλ (3.54)

for each ψ ∈ FR.
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Proof. Let T and T0 be the Cayley transform of L and L0 respectively, that is

T = (i− L)(i+ L)−1 and T0 = (i− L0)(i+ L0)−1.

Consequently,

L = i(1− T )(1 + T )−1 and L0 = i(1− T0)(1 + T0)−1.

It is easy to observe that (i−Qs)(i+Qs)
−1 = Ts. Let ψ ∈ FR. Then there exists φ ∈ AT such

that ψ(λ) = φ

(
i− λ
i+ λ

)
and hence ψ(L) = φ(T ), ψ(L0) = φ(T0) and ψ(Qs) = φ(Ts). Therefore

by similar kind of argument as in Theorem 3.7.1 and using Theorem 3.1.1 we conclude that

there exists a measurable function ξ : R→ C obeying (1 + λ2)−1ξ ∈ L1(R) such that

Tr

{
ψ(L)− ψ(L0)− d

ds

∣∣∣
s=0

ψ(Qs)

}
=

∫ ∞
−∞

d

dλ

{
(1 + λ2)ψ′(λ)

}
ξ(λ) dλ.

This completes the proof.

3.9 Extension of Koplienko-Neidhardt trace formula

In this section, we deal with the extension of the Koplienko-Neidhardt trace formula in the

following sense: Neidhardt obtained the formula (2.4) corresponding to the pair (U0, A), where

U0 is a unitary operator on H and A = A∗ ∈ B2(H). In this regard, the following theorem deals

with the formula (2.4) corresponding to the pair (T0, A), where T0 = N0 + V is a contraction

on H such that N0 is a bounded normal operator on H, V ∈ B2(H) and A = A∗ ∈ B2(H). We

use finite dimensional approximation method as earlier to prove our result.

Theorem 3.9.1. Let T0 = N0 +V be a contraction in an infinite dimensional separable Hilbert

space H such that N∗0N0 = N0N
∗
0 and V ∈ B2(H). Let A = A∗ ∈ B2(H). Denote Ts =

eisAT0, s ∈ [0, 1], and T = T1. Then for any complex polynomial p(·),{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
∈ B1(H)

and there exists an L1(T)-function η̃ (unique up to an analytic term) such that

Tr
{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

{
p(Ts)

}}
=

∫ 2π

0

d2

dt2

(
p(eit)

)
η̃(t)dt. (3.55)

Moreover, for every given ε > 0, we choose the function η̃ satisfying (3.55) in such a way so

that

‖η̃‖L1(T) ≤ (
1

2
+ ε) ‖A‖2

2. (3.56)
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Proof. Using Theorem 3.4.6 and Theorem 3.3.4, we have that

Tr
{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
}

= lim
n→∞

Tr

[
Pn

{
p(Tn)− p(T0,n)− d

ds

∣∣∣∣
s=0

p(Ts,n)
}
Pn

]
= lim

n→∞

∫ 2π

0

d2

dt2

(
p(eit)

)
η̃n(t)dt, (3.57)

where An = PnAPn, T0,n = PnT0Pn, Tn = eiAnT0,n, Ts,n = eisAnT0,n, and

η̃n(t) =

∫ 1

0

Tr
[
An

{
F0,n(t)−Fs,n(t)

}]
ds, t ∈ [0, 2π], (3.58)

where F0,n(·), Fs,n(·) are corresponding semi-spectral measures of the contractions T0,n and

Ts,n respectively. Moreover, from (3.14) it follows that

∥∥[η̃n]
∥∥
L1(T)/H1(T)

≤ 1

2
‖An‖2

2. (3.59)

Next we show that the sequence {η̃n} converges in some suitable sense. Indeed, using the similar

setup as in the proof of the Theorem 3.5.1, we have for f ∈ P(T) and g(eit) =
∫ t

0
f(eis)ieisds,

t ∈ [0, 2π] that∫
T
f(z)

{
ξ̃n(z)− ξ̃m(z)

}
dz =

∫ 2π

0

f(eit)
{
η̃n(eit)− η̃m(eit)

}
ieitdt

=

∫ 2π

0

d

dt

{
g(eit)

}[∫ 1

0

Tr
[
An

{
F0,n(t)−Fs,n(t)

}
− Am

{
F0,m(t)−Fs,m(t)

}]
ds

]
dt, (3.60)

where we set ξ̃n(z) = η̃n(Arg(z)), z ∈ T. Next by using Fubini’s theorem to interchange the

orders of integration and integrating by-parts, the above expression (3.60) becomes∫
T
f(z)

{
ξ̃n(z)− ξ̃m(z)

}
dz

=

∫ 1

0

ds Tr

[
An

{{
g(Ts,n)− g(Ts)

}
−
{
g(T0,n)− g(T0)

}}

− Am

{{
g(Ts,m)− g(Ts)

}
−
{
g(T0,m)− g(T0)

}}
+ (An − Am)

{
g(Ts)− g(T0)

}]
,

which by using Theorem 3.2.2 yields∣∣∣∣∫
T
f(z)

{
ξ̃n(z)− ξ̃m(z)

}
dz

∣∣∣∣ ≤ ∫ 1

0

[
‖A‖2‖f‖∞

[
‖Ts,nPn − PnTs‖2 + ‖T0,nPn − PnT0‖2

+ ‖Ts,mPm − PmTs‖2 + ‖T0,mPm − PmT0‖2

]
+ ‖f‖∞‖(An − Am)‖2 ‖Ts − T0‖2

]
ds,
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and hence by applying Lemma 3.2.1 we have

∥∥[ξ̃n]− [ξ̃m]
∥∥
L1(T)/H1(T)

=
∥∥[ξ̃n − ξ̃m]

∥∥
L1(T)/H1(T)

= sup
f∈P(T); ‖f‖∞≤1

∣∣∣∣∣
∫
T
f(z)

{
ξ̃n(z)− ξ̃m(z)

}
dz

∣∣∣∣∣
≤

∫ 1

0

[
‖A‖2

[
‖Ts,nPn − PnTs‖2 +

∥∥PnT0P
⊥
n

∥∥
2

+ ‖Ts,mPm − PmTs‖2 +
∥∥PmT0P

⊥
m

∥∥
2

]
+ ‖(An − Am)‖2 ‖Ts − T0‖2

]
ds. (3.61)

Finally, using the estimates listed in Lemma 3.4.3 we conclude that the right hand side of (3.61)

converges to zero as m,n −→ ∞. Therefore
{

[ξ̃n]
}

is a Cauchy sequence in L1(T)/H1(T) and

hence there exists a ξ̃ ∈ L1(T) such that
{

[ξ̃n]
}

converges to [ξ̃] in L1(T)/H1(T)-norm which

by using (3.57) yields

Tr
{
p(T )− p(T0)− d

ds

∣∣∣∣
s=0

p(Ts)
}

=

∫ 2π

0

d2

dt2
{
p(eit)

}
ξ̃(eit)dt =

∫ 2π

0

d2

dt2
{
p(eit)

}
η̃(t)dt,

where η̃(t) = ξ̃(eit) t ∈ [0, 2π]. Moreover, using the estimate (3.59) and applying the definition

of the L1(T)/H1(T)- norm we conclude the estimate (3.56). This completes the proof.

Remark 3.9.2. By repeating the similar argument as given in the proof of Theorem 2.4.3, the

above Theorem 3.9.1 can also be extended to the class F+
2 (T).
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CHAPTER 4

Higher-order spectral shift for pairs of contractions via multiplicative

path

4.1 Introduction

In the previous chapters, that is, in Chapter 2, and Chapter 3, we briefly discussed first and

second order trace formulae in various cases. In 2013, Potapov, Skripka, and Sukochev af-

firmatively resolved Koplienko’s conjecture in [53] using an important and advanced tool in

perturbation theory, namely Multiple Operator Integrals (MOI), and proved the following:

Tr (RH0,f,n(V )) =

∫
R
f (n)(λ)ηn(λ)dλ, where RH0,f,n(V ) := f(H0 + V )−

n−1∑
k=0

1

k!

dk

dsk

∣∣∣∣
s=0

f(Hs),

(4.1)

for every sufficiently smooth function f , Hs = H0 + sV , s ∈ R, and f (n) denotes the n-th order

derivative of f , where H and H0 are two self-adjoint operators in a separable Hilbert space H

such that H − H0 = V ∈ Bn(H) (n-th Schatten-von Neumann ideal), and the spectral shift

function ηn (of order n ∈ N) is integrable on R and depends only on H, H0, and n. For more

on the Koplienko trace formula, we refer to [22, 23, 26, 64] and the references cited therein.

In 2014, for general n(≥ 3) ∈ N, Potapov, Skripka and Sukochev obtained the formula (4.1)

for any pair of contractions U0 and U0 + V with the perturbation V ∈ Bn(H) via linear path

68
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in [54, Theorem 1.3]. In other words, they proved the following result:

Theorem 4.1.1. (See [54, Theorem 1.3]) Let n ∈ N, n ≥ 3. Let U1 and U0 be two contractions

on a separable Hilbert space H, V := U1−U0 ∈ Bn(H) and denote Us = U0+sV, s ∈ [0, 1]. Then

for any complex polynomial f , RU0,f,n(V ) ∈ B1(H) and there exists L1(T)-function ηn = ηn,U0,V

such that

Tr (RU0,f,n(V )) =

∫
T
f (n)(z)ηn(z)dz. (4.2)

Furthermore, for every given ε > 0, the function ηn satisfying (4.2) can be chosen so that

‖ηn‖1 ≤ (1 + ε)cn‖V ‖nn, where cn is some constant.

Going further, in 2016, for general n(≥ 2) ∈ N, Potapov, Skripka and Sukochev established

the formula (4.1) for the couple of unitaries U0 and U1 = eiAU0 with the perturbation A =

A∗ ∈ Bn(H) via multiplicative path in [55, Theorem 4.1] corresponding to the class F+
nn(T).

More precisely, Skripka obtained the following result, and it will be useful to achieve our main

results in later sections:

Theorem 4.1.2. (See [55, Theorem 4.1]) Let n ∈ N, n ≥ 2. Let U0 be a unitary operator,

A = A∗ ∈ Bn(H) and denote Us = eisAU0, s ∈ [0, 1]. Then, for any f ∈ F+
nn(T), RU0,f,n(V ) ∈

B1(H) and there exists a constant cn and a function ηn = ηn,U0,A ∈ L1([0, 2π]) satisfying

‖ηn‖1 ≤ cn‖A‖nn such that

Tr

{
f(U1)− f(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

f(Us)

}
=

∫ 2π

0

f (n)(eit)ηn(t)dt.

Later, in 2017, Skripka extended the associated class of scalar functions in the above The-

orem 4.1.2 from F+
nn(T) to Fn(T) (see [66, Theorem 4.4]).

In this direction of studies, Marcantognini and Morán obtained the Koplienko-Neidhardt

trace formula (second order trace formula) for pairs of contraction operators and pairs of max-

imal dissipative operators via multiplicative path in [40]. The present chapter aims to prove

a higher-order version of the Koplienko-Neidhardt trace formula for pairs of contractions and

pairs of maximal dissipative operators via multiplicative path by adapting the method devel-

oped for the second order trace formula in [40]. The novelty of our results is that the extension

is natural in comparison with the known higher-order trace formulas for unitary and self-adjoint

operators. Moreover, the importance of our work lies in the fact that our results provide some
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new addition to the theory of spectral shift functions. One of the major ingredients to prove

our main result is the higher-order trace formulas for unitary operators, namely Theorem 4.1.2.

We have adapted the method applied in [40] and modified it appropriately to obtain our main

results in this chapter. The major tools required to achieve our results are the Schäffer matrix

unitary dilation and the Cayley transformation. In other words, the transference of the trace

formulas from unitary to contractive operators is made by means of the dilation theory, and the

transference from the contractive to dissipative operators is made with the help of the Cayley

transform as done in [40]. More precisely, the following are the major contributions of this

chapter:

(A) First, we prove a higher-order version of [40, Theorem 2.1]. In other words, we consider a

pair (T, V ), where V is a unitary operator and T is a contraction on H. Then we prove

a higher-order version of the Koplienko-Neidhardt trace formula via multiplicative path

corresponding to the pair (T, V ) under some additional hypotheses (see Theorem 4.3.2)

by using dilation theory and applying Theorem 4.1.2.

(B) Next, we obtain a higher-order version of [40, Theorem 2.3]. More precisely, we prove a

higher-order version of the Koplienko-Neidhardt trace formula via multiplicative path for

pairs of contractions (T0, T1) (see Theorem 4.4.1) by using our Theorem 4.3.2.

(C) At the end, we prove a higher-order version of [40, Theorem 2.3]. In other words, as

an application of our Theorem 4.4.1 for pairs of contractions, we obtain a higher-order

analogue of the Koplienko-Neidhardt trace formula via multiplicative path for pairs of

maximal dissipative operators (see Theorem 4.5.2).

The major difficulties we face in extending the results of [40] to higher-order are as follows:

• Obtain a precise expression of the k-order derivatives
dk

dsk

∣∣∣∣
s=0

{
(Vs)

n
}

, and
dk

dsk

∣∣∣∣
s=0

{
(Ts)

n
}

,

which we are able to overcome due to [69, Theorem 5.3.4](see (4.17), (4.18)).

• Secondly, to show PHXr

∣∣∣
H

= Yr and PF	HXr

∣∣∣
F	H

= PH2
DT

(D)XrPH2
DT∗

(D)

∣∣∣
F	H

for r ≥ 2,

which we are able to complete by rigorously analyzing the block matrix representations

of the corresponding operators and shifting accordingly the projections from left to right

(see (4.9), (5.40), (4.26), (4.27), and (4.28)).
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The rest of the chapter is organized as follows: Section 4.2 deals with some essential prelimi-

naries, which will be useful in later sections. In Section 4.3, we prove the higher-order analogue

of the Koplienko-Neidhardt trace formula corresponding to the pair (T, V ) via multiplicative

path, where V is a unitary operator and T is a contraction on H. Section 4.4 is devoted to

obtaining a higher-order version of the Koplienko-Neidhardt trace formula for pairs of contrac-

tions via multiplicative path. Consequently, in Section 4.5, we prove the trace formula for pairs

of maximal dissipative operators.

4.2 Preliminaries

Notations: Given a closed subspaceM of H, PM denotes the orthogonal projection of H onto

M.

Recall that H-valued Hardy space over the unit disc D in C is denoted by H2
H(D) and

defined by

H2
H(D) :=

{
f(z) =

∞∑
k=0

akz
k : ‖f‖2

H2
H(D) :=

∞∑
k=0

‖ak‖2
H <∞, z ∈ D, ak ∈ H

}
. (4.3)

Recall that the shift operator on the Hardy space H2
H(D) is denoted by SH and is defined by

(SHf)(z) := zf(z), f ∈ H2
H(D), z ∈ D. It is easy to check that SH is an isometry on H2

H(D)

and SHS
∗
H = I − PH, where PH is the orthogonal projection of H2

H(D) onto H (that is, by

identifying H as H-valued constant functions). For more on vector valued Hardy space we refer

to [44, 45].

Let T ∈ B(H) be a contraction, that is ‖T‖ ≤ 1. Then the defect operator of T is denoted

by DT and defined by DT := (1 − T ∗T )1/2. Moreover, DT := Ran(DT ) is known as the

corresponding defect space of T . Recall that the minimal unitary dilation (see Chapter 1

Section 1.6) of a contraction T is a unitary operator UT : F = H2
DT∗ (D) ⊕ H ⊕ H2

DT (D) →

H2
DT∗ (D) ⊕ H ⊕H2

DT (D) such that T n = PHU
n
T |H and T ∗

n
= PHU

−n
T |H for n ∈ N, and F is

the smallest Hilbert space containing the subspaces Un
TH for all n ∈ Z. Furthermore, the block

matrix (Schäffer matrix) representation of UT is as follows:

UT =


S∗DT∗ 0 0

DT ∗PDT∗ T 0

−T ∗PDT∗ DT SDT

 :


H2
DT∗ (D)

H

H2
DT (D)

 −→


H2
DT∗ (D)

H

H2
DT (D)

 , (4.4)
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where SDT and SDT∗ are the shift operator on H2
DT (D) and H2

DT∗ (D) respectively and PDT∗ is the

orthogonal projection from F onto DT ∗ ⊕0⊕0 ≡ DT ∗ . Given a pair of contractions (T0, T ) on

H, we denote by UT0,T the extension of T0 to the minimal dilation space H2
DT∗ (D)⊕H⊕H2

DT (D)

of T and the block matrix representation of UT0,T is given by

UT0,T :=


S∗DT∗ 0 0

0 T0 0

−V ∗T PDT∗ 0 SDT

 :


H2
DT∗ (D)

H

H2
DT (D)

 −→


H2
DT∗ (D)

H

H2
DT (D)

 . (4.5)

For more on dilation theory we refer to [70].

4.3 Higher-order Trace formula for pair of contractive

operators with one of them is unitary

In this section, we prove the higher-order version of the Koplienko-Neidhardt trace formula via

multiplicative path for a pair (T, V ), where T is a contraction and V is a unitary operator on H

such that T − V ∈ Bn(H). To proceed further, we need the following auxiliary lemma towards

obtaining our main result in this section. Note that Lemma 4.3.1 below is available in [69,

Theorem 5.3.4] in the case when U is a unitary operator and the expression of the k-th order

Gâteaux derivative of f(Ut) is given in terms of multiple operator integral, where f belongs to

the Besov space. On the other hand, in our case, U is a contraction, and f is a polynomial.

Nevertheless, by following the same lines of proof of [69, Theorem 5.3.4], we obtain the following

Lemma 4.3.1.

Lemma 4.3.1. Let p(z) = zn, z ∈ T and n ∈ N, let A ∈ B(H) be a self-adjoint operator and

let U ∈ B(H). Set Ut = eitAU, t ∈ R. Then for all 1 ≤ k ≤ n− 1, we have

dk

dtk

∣∣∣
t=s

{
Un
t

}
=

k∑
r=1

∑
l1+l2+···+lr=k
l1,l2,...,lr≥1

k!

l1! · · · lr!

[ ∑
α0+α1+···+αr=n−r

α0,α1,...,αr≥0

Uα0
s W l1

s U
α1
s · · ·W lr

s U
αr
s

]
, (4.6)

where W l
s =

(
(iA)leisAU

)
, l ∈ N.
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Proof. We prove the lemma by applying mathematical induction on k. For k = 1, using the

definition of Gâteaux derivative we get

d

dt

∣∣∣
t=s

{
Un
t

}
= lim

h→0

Un
s+h − Un

s

h
= lim

h→0

n−1∑
j=0

Un−j−1
s+h

(
Us+h − Us

h

)
U j
s

=
n−1∑
j=0

Un−j−1
s

(
iAeisAU

)
U j
s =

∑
α0+α1=n−1
α0,α1≥0

Uα0
s W 1

s U
α1
s .

Similarly for k = 2, again by using the definition of Gâteaux derivative we have

d2

dt2

∣∣∣
t=s

{
Un
t

}
=

∑
α0+α1=n−1
α0≥1 & α1≥0

∑
β0+β1=α0−1
β0,β1≥0

Uβ0
s W

1
s U

β1
s W

1
s U

α1
s

+
∑

α0+α1=n−1
α1≥1 & α0≥0

∑
β0+β1=α1−1
β0,β1≥0

Uα0
s W 1

s U
β0
s W

1
s U

β1
s +

∑
α0+α1=n−1
α0,α1≥0

Uα0
s W 2

s U
α1
s

=2!
∑

α0+α1+α2=n−2
α0,α1,α2≥0

Uα0
s W 1

s U
α1
s W 1

s U
α2
s +

∑
α0+α1=n−1
α0,α1≥0

Uα0
s W 2

s U
α1
s

=
2∑
r=1

∑
l1+l2+···+lr=2
l1,l2,...,lr≥1

2!

l1! · · · lr!

[ ∑
α0+α1+···+αr=n−r

α0,α1,...,αr≥0

Uα0
s W l1

s U
α1
s · · ·W lr

s U
αr
s

]
.

Therefore the result is true for k = 1, 2. Now we assume that the result holds for k = q < n−1,

that is the equation (4.6) is true for k = q. Next we show that the equation (4.6) also holds for

k = q+1. Now by applying Leibnitz rule for Gâteaux derivative and using induction hypothesis

we get

dq+1

dtq+1

∣∣∣
t=s

{
Un
t

}
=

q∑
r=1

∑
l1+···+lr=q
l1,l2,...,lr≥1

q!

l1! · · · lr!
d

dt

∣∣∣
t=s

[ ∑
α0+···+αr=n−r
α0,α1,...,αr≥0

Uα0
t W l1

t U
α1
t · · ·W lr

t U
αr
t

]

=

q∑
r=1

∑
l1+···+lr=q
l1,...,lr≥1

q!

l1! · · · lr!

×
r∑

k=1

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W l1

s U
α1
s · · ·W lk−1

s Uαk−1
s W lk+1

s Uαk
s W lk+1

s · · ·W lr
s U

αr
s

]

+

q∑
r=1

∑
l1+···+lr=q
l1,...,lr≥1

q!

l1! · · · lr!
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×
r+1∑
k=1

[ ∑
α0+···+αr+1=n−(r+1)

α0,...,αr+1≥0

Uα0
s W l1

s U
α1
s · · ·W lk−1

s Uαk−1
s W 1

s U
αk
s W lk

s U
αk+1
s · · ·W lr

s U
αr+1
s

]

=K1 +K2 (say).

Now if we substitute ja = la, 1 ≤ a 6= k ≤ r and jk = lk + 1 in K1, we obtain

K1 =

q∑
r=1

r∑
k=1

∑
j1+···+jr=q+1
ja≥1,a6=k,jk≥2

q!

j1! · · · jk−1!(jk − 1)! · · · jr!

×

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W j1

s U
α1
s · · ·W jk−1

s Uαk−1
s W jk

s U
αk
s W jk+1

s · · ·W jr
s U

αr
s

]
.

On the other hand, by relabeling the summands of K2 via r 7→ r − 1 and performing the

substitution ja = la, 1 ≤ a ≤ k − 1, jk = 1, and ja = la−1, k + 1 ≤ a ≤ r, we obtain

K2 =

q+1∑
r=2

∑
l1+···+lr−1=q
l1,...,lr−1≥1

q!

l1! · · · lr−1!

×
r∑

k=1

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W l1

s U
α1
s · · ·W lk−1

s Uαk−1
s W 1

s U
αk
s W lk

s U
αk+1
s · · ·W lr−1

s Uαr
s

]

=

q+1∑
r=2

r∑
k=1

∑
j1+···+jr=q+1
ja≥1,jk=1

q!

j1! · · · jk−1! · jk+1! . . . jr!

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W j1

s · · ·W jr
s U

αr
s

]
.

Thus,

K1 +K2 =
∑

α0+α1=n−1
α0,α1≥0

Uα0
s W q+1

s Uα1
s

+

q∑
r=2

r∑
k=1

[ ∑
j1+···+jr=q+1
ja≥1,a6=k,jk≥2

+
∑

j1+···+jr=q+1
ja≥1,jk=1

]
q!

j1! · · · jk−1!(jk − 1)! · · · jr!

×

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W j1

s · · ·W jr
s U

αr
s

]

+

q+1∑
k=1

∑
j1+···+jq+1=q+1

ja≥1,jk=1

q!

j1! · · · jk−1!(jk − 1)! · · · jq+1!

×

[ ∑
α0+···+αq+1=n−(q+1)

α0,...,αq+1≥0

Uα0
s W j1

s · · ·W jq+1
s Uαq+1

s

]
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=
∑

α0+α1=n−1
α0,α1≥0

Uα0
s W q+1

s Uα1
s

+

q∑
r=2

r∑
k=1

∑
j1+···+jr=q+1

j1...jr≥1

q!

j1! · · · jk−1!(jk − 1)!jk+1 · · · jr!

×

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W j1

s · · ·W jr
s U

αr
s

]

+ (q + 1)!
∑

α0+···+αq+1=n−(q+1)
α0,...,αq+1≥0

Uα0
s W 1

s · · ·W 1
s U

αq+1
s .

Since
r∑

k=1

q!

j1! · · · jk−1!(jk − 1)!jk+1 · · · jr!
= q!

(j1 + · · ·+ jr)

j1! · · · jr!
=

(q + 1)!

j1! · · · jr!
,

it follows that

K1 +K2 =
∑

α0+α1=n−1
α0,α1≥0

Uα0
s W q+1

s Cα1
s +

q∑
r=2

∑
j1+···+jr=q+1

j1...jr≥1

(q + 1)!

j1! · · · jr!

×

[ ∑
α0+···+αr=n−r
α0,...,αr≥0

Uα0
s W j1

s · · ·W jr
s U

αr
s

]

+ (q + 1)!
∑

α0+···+αq+1=n−(q+1)
α0,...,αm+1≥0

Uα0
s W 1

s · · ·W 1
s U

αq+1
s

=

q+1∑
r=1

∑
j1+···+jr=q+1
j1,...,lr≥1

(q + 1)!

j1! · · · jr!

[ ∑
α0+α1+···+αr=n−r

α0,α1,...,αr≥0

Uα0
s W j1

s U
α1
s · · ·W jr

s U
αr
s

]
.

Therefore the identity (4.6) is true for k = q + 1 and hence by principle of mathematical

induction (4.6) is true for each q ∈ N. This completes the proof.

Now we are in a position to state and prove our main result in this section.

Theorem 4.3.2. Let n ∈ N, n ≥ 2. Let T and V be two contractions in H such that

(i) V ∗V = V V ∗ = I, and dim(kerT ) = dim(kerT ∗),

(ii) T − V ∈ Bn(H), and (I − T ∗T )1/2 ∈ Bn(H).
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Let T = VT |T | be the polar decomposition of T , where VT is a partial isometry on H and

|T | = (T ∗T )1/2. Set L :=

 TV ∗ −DT ∗VT

∣∣∣
DT

DTV
∗ T ∗VT

∣∣∣
DT

 :


H

DT

 −→

H

DT

. Then L is a unitary

operator on H⊕DT and, hence there exists a unique self-adjoint operator L ∈ Bn(H⊕DT ) with

σ(L) ⊆ (−π, π] such that L = eiL. Furthermore, if we denote Vs := PHe
isLV, s ∈ [0, 1], then for

φ ∈ F+
nn(T) (see (1.8)),{

φ(T )− φ(V )−
n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
∈ B1(H),

and there exists an L1([0, 2π])-function ξn depend only on n, T and V such that

Tr

{
φ(T )− φ(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
=

∫ 2π

0

φ(n)(eit)ξn(t)dt. (4.7)

To prove the above theorem we need the following lemma.

Lemma 4.3.3. Assume notations and hypotheses of the above Theorem 4.3.2. Let U1 := UT

and U0 = UT0,T . Let

F := H2
DT∗ (D)⊕H⊕H2

DT (D), X0 := Un
1 − Un

0 , Y0 := T n − V n,

Xr :=Uα0
0 ((iA)l1U0)Uα1

0 · · · ((iA)lrU0)Uαr
0 , and

Yr :=V α0PH((iL)l1V )V α1 · · ·V αr−1PH((iL)lrV )V αr ,

where A,L are given in (4.12), αj ≥ 0 for 0 ≤ j ≤ r, and lj′ ≥ 1 for 1 ≤ j′ ≤ r , and r ≥ 1.

Then for every integer r ≥ 0,

(i) PHXr

∣∣∣
H

= Yr.

(ii) PF	HXr

∣∣∣
F	H

= PH2
DT

(D)XrPH2
DT∗

(D)

∣∣∣
F	H

.

Proof. For r = 0, it is clear from the structures of U1 and U0 that

PHXr

∣∣∣
H

= Yr. (4.8)

For r ≥ 1, by analyzing the block matrix representations (4.4), (4.5) and (4.12) of U1, U0 and

A respectively, we conclude

PHXr

∣∣∣
H

=PHU
α0
0 ((iA)l1U0)Uα1

0 · · · ((iA)lrU0)Uαr
0

∣∣∣
H
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=PHU
α0
0 PH⊕DT ((iA)l1PH⊕DTU0)Uα1

0 PH⊕DT · · ·U
αr−1

0 PH⊕DT ((iA)lrPH⊕DTU0)Uαr
0

∣∣∣
H

=V α0PH((iL)l1V )V α1 · · ·V αr−1PH((iL)lrV )V αr = Yr. (4.9)

On the other hand, for r = 0, 1, it was obtained in the proof of [40, Theorem 2.1] that

PF	HXr

∣∣∣
F	H

= PH2
DT

(D)XrPH2
DT∗

(D)

∣∣∣
F	H

.

For r ≥ 2, by analyzing the structures of U1, U0, and A as in (4.4), (4.5), and (4.12) respectively

we get

PF	HXr

∣∣∣
F	H

=PF	HU
α0
0 ((iA)l1U0)Uα1

0 · · · ((iA)lrU0)Uαr
0

∣∣∣
F	H

=PF	HU
α0
0 PH⊕DT ((iA)l1PH⊕DTU0)Uα1

0 · · ·PH⊕DT ((iA)lrPH⊕DTU0)Uαr
0

∣∣∣
F	H

=PH2
DT

(D)U
α0
0 PH⊕DT ((iA)l1PH⊕DTU0)Uα1

0

× · · · × PH⊕DT ((iA)lrPH⊕DTU0)Uαr
0 PH2

DT∗
(D)

∣∣∣
F	H

. (4.10)

Proof of Theorem 4.3.2. Let U1 := UT be the corresponding minimal unitary dilation of T

on F = H2
DT∗ (D) ⊕ H ⊕ H2

DT (D). Given that T = VT |T | is the polar decomposition of T ,

where |T | = (T ∗T )1/2 and VT is an isometry from Ran(T ∗) onto Ran(T ). Therefore by using

the hypothesis dim(kerT ) = dim(kerT ∗), we can extend VT to a unitary operator on the full

space H. Going further, we need the following useful relations obtained in [40]

VTDT = DT ∗VT , (1− |T |) = (1 + |T |)−1(1− T ∗T ), and VT − T = VT (1− |T |). (4.11)

Let U0 := UV,T : F → F . Now by using the relations listed in (4.11) along with the hypothesis

(ii) we conclude U1−U0 ∈ Bn(F). Thus, we have a pair (U1, U0) of unitary operators on F . By

a similar computations as done in the proof of [40, Theorem 2.1], we get a self-adjoint operator

A ∈ Bn(F ) such that U1 = eiAU0 and the block matrix representation of A with respect to the

decomposition F = H2
DT∗ (D)⊕ (H⊕DT )⊕ SDTH2

DT (D) is the following:

A :=


0 0 0

0 L 0

0 0 0

 :


H2
DT∗ (D)

H⊕DT
SDTH2

DT (D)

→


H2
DT∗ (D)

H⊕DT
SDTH2

DT (D)

 . (4.12)
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Therefore the pair (U1, U0) satisfies the hypothesis of Theorem 5.2.8 and hence for any φ ∈

F+
nn(T), {

φ(U1)− φ(U0)−
n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Us)

}
∈ B1(H), (4.13)

and there exists an L1([0, 2π])-function ηn = ηn,U0,A such that

Tr

{
φ(U1)− φ(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Us)

}
=

∫ 2π

0

φ(n)(eit)ηn(t)dt, (4.14)

where Us = eisAU0, s ∈ [0, 1]. Our next aim is to show that for φ ∈ Fn(T),

Tr

{
φ(T )− φ(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
= Tr

{
φ(U1)− φ(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Us)

}
,

(4.15)

where

Vs := PHe
isAU0

∣∣∣
H

= PHe
isLV, s ∈ [0, 1]. (4.16)

To this end, it is enough to deal with the monomials, that is functions like φq(z) = zq, z ∈ T

and q ∈ N. By using Lemma 4.3.1, we conclude for 1 ≤ k ≤ n− 1 that

dk

dsk

∣∣∣
s=0
{φq(Us)} =

k∑
r=1

∑
α0+···+αr=q−r
α0,...,αr≥0

∑
l1+···+lr=k
l1,...,lr≥1

k!

l1! · · · lr!
Uα0

0 ((iA)l1U0)Uα1
0 · · · ((iA)lrU0)Uαr

0 ,

(4.17)

and

dk

dsk

∣∣∣
s=0
{φq(Vs)} =

k∑
r=1

∑
α0+···+αr=q−r
α0,...,αr≥0

∑
l1+···+lr=k
l1,...,lr≥1

k!

l1! · · · lr!
V α0PH((iL)l1V )V α1 · · ·PH((iL)lrV )V αr .

(4.18)

Therefore using Lemma 4.3.3 (i), from (4.17) and (4.18) we conclude that

φq(T )− φq(V )−
n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Vs) = PH

(
φq(U1)− φq(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Us)

)∣∣∣∣∣
H

,

(4.19)

for all q ∈ N. Again using Lemma 4.3.3 (ii), we conclude that the operator

PF	H

(
φq(U1)− φq(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Us)

)∣∣∣∣∣
F	H
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maps H2
DT∗ (D) ⊕ 0 ⊕ 0 to 0 ⊕ 0 ⊕H2

DT (D) for q ∈ N. These observations immediately yield

that

Tr

{
PF	H

(
φq(U1)− φq(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Us)

)∣∣∣∣∣
F	H

}
= 0, ∀q ∈ N. (4.20)

Therefore combining equations (4.19) and (4.20), we conclude

Tr

{
φq(T )− φq(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Vs)

}
= Tr

{
φq(U1)− φq(U0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φq(Us)

}

for all q ∈ N and hence (4.15) follows. Finally the conclusion of the theorem follows by

combining equations (4.14) and (4.15). This completes the proof.

4.4 Higher-order Trace formula for pair of contractions

In the previous section, we discuss the trace formula for pairs of contractions (T, V ) assuming

that V is unitary. In this section, we remove the assumption on V . In other words, we prove the

trace formula for pairs of contractions (T0, T1) on H. The technique involved here is standard

and similar to the idea mentioned in [40] with an appropriate modification, that means first

we dilate (T0, T1) to a pair of contractions (T, V ) with V is a unitary operator on the bigger

space F containing H as a subspace and then use the existing trace formula for the pair (T, V )

obtained in our last section to get the required trace formula in this section. The following is

the main result in this section.

Theorem 4.4.1. Let n ∈ N, n ≥ 2. Let T0 and T1 be two contractions in H such that

(i) dim(kerT0) = dim(kerT ∗0 ), and dim(kerT1) = dim(kerT ∗1 ),

(ii) T1 − T0 ∈ Bn(H), and (I − T ∗j Tj)1/2 ∈ Bn(H) for j = 0, 1.

Let Tj = VTj |Tj| be the polar decomposition of Tj, where VTj is a partial isometry on H and

|Tj| = (T ∗j Tj)
1/2 for j = 0, 1. Set

M :=


I 0 0 0

0 T1T
∗
0 T1DT0PDT0 −DT ∗1

VT1

0 −V ∗T0DT ∗0
|T0|PDT0 + (I − PDT0 ) 0

0 DT1T
∗
0 DT1DT0PDT0 T ∗1 VT1

 :


H2
DT∗0

(D)

H

H2
DT0

(D)

DT1

→


H2
DT∗0

(D)

H

H2
DT0

(D)

DT1

 .
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Then M is a unitary operator on H2
DT∗0

(D) ⊕ H ⊕ H2
DT0

(D) ⊕ DT1 = F ⊕ DT1 and hence

there exists a unique self-adjoint operator M ∈ Bn(F ⊕ DT1) with σ(M) ⊆ (−π, π] such that

M = eiM . Furthermore, if we denote

Ts = PHe
isM


0

T0

DT0

0

 : H → H, s ∈ [0, 1], (4.21)

then for φ ∈ F+
nn(T), {

φ(T1)− φ(T0)−
n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts)

}
∈ B1(H),

and there exists an L1([0, 2π])-function ξn depend only on n, T1 and T0 such that

Tr

{
φ(T1)− φ(T0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts)

}
=

∫ 2π

0

φ(n)(eit)ξn(t)dt. (4.22)

The following lemma is essential to prove Theorem 4.4.1.

Lemma 4.4.2. Assume notations and hypotheses of the above Theorem 4.4.1. Let T :=

UT1,T0 , V := UT0 and F = H2
DT∗0

(D)⊕H⊕H2
DT0

(D). Let

X0 : = T n − V n, Y0 := T n1 − T n0 ,

Xr : = V α0PF

(
(iM)l1V

)
V α1 · · ·PF

(
(iM)lrV

)
V αr ,

Yr : = T0
α0PH

(
(iM)l1W

)
T0

α1 · · ·PH
(
(iM)lrW

)
T0

αr ,

where the operators M,W are given in (4.30) and (4.34) respectively, αj ≥ 0 for 0 ≤ j ≤ r,

and lj′ ≥ 1 for 1 ≤ j′ ≤ r, and r ≥ 1. Then for each integer r ≥ 0,

(i) PHXr

∣∣∣
H

= Yr, and

(ii) PF	HXr

∣∣∣
F	H

= PH2
DT0

(D)XrPH2
DT∗0

(D)

∣∣∣
F	H

.

Proof. For r = 0, it follows from the structures of T , and V that

PHXr

∣∣∣
H

=Yr (4.23)
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For r ≥ 1, to show PHXr

∣∣∣
H

= Yr, we require the block matrix representations of Mn and V n

on the space F ⊕ DT := H2
DT∗0

(D) ⊕ H ⊕ DT0 ⊕ SDT0H
2
DT0

(D) ⊕ DT1 for any n ∈ N and they

are the following:

Mn =



0 0 0 0 0

0 ∗ ∗ 0 ∗

0 ∗ ∗ 0 ∗

0 0 0 0 0

0 ∗ ∗ 0 ∗


:



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


→



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


, (4.24)

and

V n =


S∗nDT∗0

0 0

∗ T n0 0

∗ Ln SnDT0

 :


H2
DT∗0

(D)

H

H2
DT0

(D)

→


H2
DT∗0

(D)

H

H2
DT0

(D)



=



S∗nDT∗0
0 0 0 0

∗ T n0 0 0 0

∗ DT0T
n−1
0 0 0 0

∗ ∗ SnDT0
SnDT0

0

0 0 0 0 0


:



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


→



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


, (4.25)

where ∗ stands for some non-zero entries and Ln = DT0T
n−1
0 + SDT0Ln−1, L0 = 0, n ≥ 1.

Therefore using the structures (4.24) and (4.25) of Mn and V n respectively we conclude that

PHX2

∣∣∣
H

=PHV
α0PF ((iM)l1V )V α1PF ((iM)l2V )V α2

∣∣∣
H

=PHV
α0PH⊕DT0 ((iM)l1P⊥SDT0H

2
DT0

(D)V )V α1PH⊕DT0 ((iM)l2P⊥SDT0H
2
DT0

(D)V )V α2

∣∣∣
H

=PHV
α0PH((iM)l1P⊥SDT0H

2
DT0

(D)V )V α1PH((iM)l2P⊥SDT0H
2
DT0

(D)V )V α2

∣∣∣
H

=Tα0
0 PH((iM)l1W )Tα1

0 PH((iM)l2W )Tα2
0 = Y2, (4.26)

and similarly for r ≥ 3 we have

PHXr

∣∣∣
H

= T0
α0PH

(
(iM)l1W

)
T0

α1 · · ·PH
(
(iM)lrW

)
T0

αr = Yr. (4.27)

Note that for r = 0, 1, it was mentioned in the proof of [40, Theorem 2.3], that

PF	HXr

∣∣∣
F	H

= PH2
DT0

(D)XrPH2
DT∗0

(D)

∣∣∣
F	H

,
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For r ≥ 2, analyzing the structures of Mn and V n as in (4.24) and (4.25) respectively we

conclude that

PF	HXr

∣∣∣
F	H

=PF	HV
α0PF ((iM)l1V )V α1 · · ·PF ((iM)lr−1V )V αr−1PF ((iM)lrV )V αr

∣∣∣
F	H

=PF	HV
α0PH⊕DT0 ((iM)l1PH⊕DT0V )V α1PH⊕DT0 · ·PH⊕DT0 ((iM)lr−1PH⊕DT0V )

× V αr−1PH⊕DT0 ((iM)lrPH⊕DT0V )V αr
∣∣∣
F	H

=PH2
DT0

(D)V
α0PH⊕DT0 ((iM)l1PH⊕DT0V )V α1PH⊕DT0 · ·PH⊕DT0 ((iM)lr−1PH⊕DT0V )

× V αr−1PH⊕DT0 ((iM)lrPH⊕DT0V )V αrPH2
DT∗0

(D)

∣∣∣
F	H

. (4.28)

This complete the proof.

Proof of Theorem 4.4.1. Following the steps of the proof of [40, Theorem 2.3], we first dilate

T0 to its minimal unitary dilation V := UT0 on F = H2
DT∗0

(D)⊕H⊕H2
DT0

(D), and then extend

contraction T1 to the contraction T := UT1,T0 on F = H2
DT∗0

(D)⊕H⊕H2
DT0

(D). Now to apply

our previous theorem, that is Theorem 4.3.2, we dilate T to its minimal dilation U1 := UT

on K = H2
DT∗ (D) ⊕ (F ⊕ DT ) ⊕ SDTH2

DT (D) and extend V to the unitary U0 := UV,T on K.

Finally, following similar lines of argument of the proof of [40, Theorem 2.3], we conclude that

there exists a self-adjoint operator A ∈ Bn(K) such that U1 = eiAU0 with the block matrix

representation

A =


0 0 0

0 M 0

0 0 0

 :


H2
DT∗ (D)

F ⊕DT
SDTH2

DT (D)

→


H2
DT∗ (D)

F ⊕DT
SDTH2

DT (D)

 , (4.29)

where

M =



I 0 0 0 0

0 T1T
∗
0 T1DT0 0 −DT ∗1

VT1

0 −V ∗T0DT ∗0
|T0| 0 0

0 0 0 I 0

0 DT1T
∗
0 DT1DT0 0 T ∗1 VT1


:



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


→



H2
DT∗0

(D)

H

DT0
SDT0H

2
DT0

(D)

DT1


. (4.30)

Therefore applying Theorem 4.3.2 corresponding to the pair (T, V ) we conclude that for φ ∈
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Fn(T), {
φ(T )− φ(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
∈ B1(H), (4.31)

and there exists an L1([0, 2π])-function ξn depend only on n, T and V such that

Tr

{
φ(T )− φ(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
=

∫ 2π

0

φ(n)(eit)ξn(t)dt, (4.32)

where Vs = PFe
isMV , s ∈ [0, 1]. Our next aim is to show that for φ ∈ Fn(T),

Tr

{
φ(T1)− φ(T0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts)

}
= Tr

{
φ(T )− φ(V )−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Vs)

}
,

(4.33)

where

Ts = PHVs

∣∣∣
H

= PHe
isB


0

T0

DT0

0

 = PHe
isMW, where W := V

∣∣∣
H

=


0

T0

DT0

0

 , (4.34)

is a bounded operator from H to F ⊕DT . Using Lemma 4.3.1 and Lemma 4.4.2 along with the

similar type of arguments mentioned in the proof of Theorem 4.3.2, we conclude the identity

(4.33). Thus the conclusion of the theorem follows by combining equations (4.32) and (4.33).

This completes the proof.

Remark 4.4.3. By [66, Theorem 4.4], and similar lines of proof of Theorem 4.4.1, it follows

that the above trace formula (4.22) also holds for the class Fn(T).

4.5 Higher-order Trace formula for pair of maximal dis-

sipative operators

In this section, our main aim is to prove the trace formula for pairs of maximal dissipative

operators as an application of our main theorem in the previous section. Recall that the Cayley

transform of a maximal dissipative operator (see Lemma 1.2.12) A is a contraction T : H → H
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given by T = (i−A)(i+A)−1 such that kerT = ker(i−A) and kerT ∗ = ker(i+A∗). Furthermore,

if Dom(A) = Dom(A∗), then

DT = 2|(ImA)1/2(i+ A)−1|, DT ∗ = 2|(ImA)1/2(i− A∗)−1|, (4.35)

DT = ((i− A∗)−1(ImA)Dom(A)), DT ∗ = ((i+ A)−1(ImA)Dom(A)). (4.36)

Let ψ ∈ F+
nn(R), then ψ(λ) = φ

(
i− λ
i+ λ

)
for some φ ∈ F+

nn(T). Now we set

ψ(A) = φ(T ).

The following lemma is essential to prove the main theorem in this section.

Lemma 4.5.1. Let ψ ∈ F+
nn(R) be such that ψ(λ) = φ

(
i− λ
i+ λ

)
for some φ ∈ Fn(T). Now if

we substitute z = eit =
i− λ
i+ λ

, then φ(z) = φ(eit) = ψ(λ), λ = tan
t

2
, and for all 1 ≤ q ≤ n,

φ(q)(z) =

(
q−1∑
k=0

pk,q(λ) ψ(q−k)(λ)

)
dλ

dz
, (4.37)

where pk,q are polynomials in λ of degree (2(q − 1)− k) and it is given recursively as follows

p0,1(λ) = 1 and for q ≥ 2

pk,q(λ) =


(i/2)(i+ λ)2 p0,q−1(λ) for k = 0,

(i/2)
{

(i+ λ)2
(
pk,q−1(λ) + p

(1)
k−1,q−1(λ)

)
+ 2(i+ λ)pk−1,q−1(λ)

}
for 1 ≤ k ≤ q − 2,

(i/2)
[
(i+ λ)2p

(1)
q−2,q−1(λ) + 2(i+ λ)pq−2,q−1(λ)

]
for k = q − 1.

Proof. We prove the identity (4.37) by principle of mathematical induction. For q = 1, φ(1)(z) =

ψ(1)(λ)
dλ

dz
and hence (4.37) is true for q = 1. Suppose (4.37) is true for q = m ≤ n− 1, that is

φ(m)(z) =

(
m−1∑
k=0

pk,m(λ)ψ(m−k)(λ)

)
dλ

dz
.

Now we will show that (4.37) is also true for q = m+ 1. Note that

φ(m+1)(z) =
m−1∑
k=0

[(
p

(1)
k,m(λ)ψ(m−k)(λ) + pk,m(λ)ψ(m+1−k)(λ)

)dλ
dz

+ i(i+ λ)pk,m(λ)ψ(m−k)(λ)
]dλ
dz

= p0,m(λ)ψ(m+1)(λ)

(
dλ

dz

)2

+
m−2∑
k=0

[
pk+1,m(λ)

dλ

dz
+ p

(1)
k,m(λ)

dλ

dz
+ i(i+ λ)pk,m(λ)

]
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× ψ(m−k)(λ)
dλ

dz
+

[
p

(1)
m−1,m(λ)

dλ

dz
+ i(i+ λ)pm−1,m(λ)

]
ψ(1)(λ)

dλ

dz

= p0,m(λ)ψ(m+1)(λ)

(
dλ

dz

)2

+
m−1∑
k=1

[
pk,m(λ)

dλ

dz
+ p

(1)
k−1,m(λ)

dλ

dz
+ i(i+ λ)pk−1,m(λ)

]

× ψ(m+1−k)(λ)
dλ

dz
+

[
p

(1)
m−1,m(λ)

dλ

dz
+ i(i+ λ)pm−1,m(λ)

]
ψ(1)(λ)

dλ

dz

=

(
m∑
k=0

pk,m+1(λ)ψ(m+1−k)(λ)

)
dλ

dz
,

where

pk,m+1(λ) =


(i/2)(i+ λ)2 p0,m(λ) for k = 0,

(i/2)
{

(i+ λ)2
(
pk,m(λ) + p

(1)
k−1,m(λ)

)
+ 2(i+ λ)pk−1,m(λ)

}
for 1 ≤ k ≤ m− 1,

(i/2)
[
(i+ λ)2p

(1)
m−1,m(λ) + 2(i+ λ)pm−1,m(λ)

]
for k = m,

and degree of pk,m+1 is (2((m+ 1)− 1)− k), and hence (4.37) is true for q = m+ 1. Therefore

the result follows by principle of mathematical induction. This completes the proof.

Now we are in a position to state and prove our main result in this section. It is important

to note that we make the hypothesis of our next theorem in such a way so that we can apply

Theorem 4.4.1 to achieve our goal.

Theorem 4.5.2. Let n ∈ N, n ≥ 2. Let A0 and A1 be two maximal dissipative operators on H

such that

(i) dim ker(Aj − i) = dim ker(A∗j + i), for j = 0, 1,

(ii) (A1 + i)−1 − (A0 + i)−1 ∈ Bn(H), and

(iii) Im Aj =
Aj − A∗j

2i
∈ Bn/2(H) for j = 0, 1.

Let T0 = (i− A0)(i + A0)−1 and T1 = (i− A1)(i + A1)−1 be the corresponding contractions

obtained by the Cayley transform of maximal dissipative operators A0 and A1 respectively. Set

As =
(

2i(1− Ts)−1 − i
)

, where Ts as in (4.21). Then for ψ ∈ F+
nn(R),{

ψ(A1)− ψ(A0)−
n−1∑
k=0

1

k!

dk

dsk

∣∣∣
s=0

ψ(As)

}
∈ B1(H),

and there exists an L1 (R, (1 + λ2)−1dλ)-function ηn depend only on n,A1 and A0 such that

Tr

{
ψ(A1)− ψ(A0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

ψ(As)

}
=

∫ ∞
−∞

(
n−1∑
k=0

pk,n(λ)ψ(n−k)(λ)

)
ηn(λ)dλ,
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where ψ(λ) = φ

(
i− λ
i+ λ

)
for some φ ∈ F+

nn(T) and λ ∈ R.

Proof. Let Tj = (i − Aj)(i + Aj)
−1 be the contraction obtained via the Cayley transform of a

maximal dissipative operator Aj and hence kerTj = ker(i − Aj) and kerT ∗j = ker(i + A∗j) for

j = 0, 1. Furthermore, note that

T1 − T0 = 2i
[
(i+ A1)−1 − (i+ A0)−1

]
.

Therefore using the hypothesis (i), (ii) and (iii) we conclude that the pair of contractions

(T0, T1) on H satisfies the hypothesis (i) and (ii) of Theorem 4.4.1. Let Vj be the unitary

operator on H such that (i − Aj)(i + Aj)
−1 = Vj|(i − Aj)(i + Aj)

−1| for j = 0, 1. Thus by

applying Theorem 4.4.1 corresponding to the pair (T0, T1) we get for φ ∈ Fn(T),{
φ(T1)− φ(T0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts)

}
∈ B1(H), (4.38)

and there exists an L1([0, 2π])-function ξn depend only on n, T1 and T0 such that

Tr

{
φ(T1)− φ(T0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts)

}
=

∫ 2π

0

φ(n)(eit)ξn(t)dt, (4.39)

where

Ts = PHe
isM


0

(i− A0)(i+ A0)−1

|2(ImA0)1/2(i+ A0)−1|

0

 , s ∈ [0, 1], (4.40)

and M is a self-adjoint operator on F ⊕ ((i− A∗1)−1(ImA1)Dom(A1)) such that

F = H2
((i+A0)−1(ImA0)Dom(A0))

(D)⊕H⊕H2

((i−A∗0)−1(ImA0)Dom(A0))
(D),

σ(M) ⊆ (−π, π], M ∈ Bn(F ⊕ ((i− A∗1)−1(ImA1)Dom(A1))).

Now it easy to observe that for ψ(λ) = φ

(
i+ λ

i− λ

)
∈ Rn, where φ ∈ Fn(T),

ψ(A1)− ψ(A0)−
n−1∑
k=0

1

k!

dk

dsk

∣∣∣
s=0

ψ(As) = φ(T1)− φ(T0)−
n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

φ(Ts), (4.41)
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where As = (i− 2i(Ts + 1)−1). Therefore using equations (4.38), (4.39) and (4.41) we conclude

that {
ψ(A1)− ψ(A0)−

n−1∑
k=0

1

k!

dk

dsk

∣∣∣
s=0

ψ(As)

}
∈ B1(H),

and there exists an L1([0, 2π])-function ξn depend only on n,A1 and A0 such that

Tr

{
ψ(A1)− ψ(A0)−

n−1∑
k=1

1

k!

dk

dsk

∣∣∣
s=0

ψ(As)

}
=

∫ 2π

0

φ(n)(eit)ξn(t)dt,

which by applying Lemma 4.5.1 yields that

Tr

{
ψ(A1)− ψ(A0)−

n−1∑
k=0

1

k!

dk

dsk

∣∣∣
s=0

ψ(As)

}
=

∫ ∞
−∞

(
n−1∑
k=0

pk,n(λ)ψ(n−k)(λ)

)
ηn(λ)dλ, (4.42)

where ηn(λ) = ξn(t) = i(i + λ)(λ − i)−1ξn(2 tan−1(λ)) and ηn ∈ L1 (R, (1 + λ2)−1dλ). This

completes the proof.
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CHAPTER 5

Approximation of the spectral action functional in the case of compact

resolvents

5.1 Introduction

Let H0 be a closed densely defined self-adjoint operator in H and assume that its resolvent is

compact. Examples of such operators include differential operators on compact Riemannian

manifolds (see, e.g., [7, Chapter 3, Section B] or [29, Chapter 3, Section 6]) and generalized

Dirac operators of unital spectral triples (see, e.g., [71]). For a sufficiently nice function f and

a bounded self-adjoint operator on H, which models a gauge potential, we consider a spectral

action functional V 7→ Tr(f(H0 +V )). The latter was introduced in [15] to encompass different

field actions in noncommutative geometry and recently received considerable attention in the

literature. Counterparts of the spectral action functional also arise in problems of mathematical

physics on deterministic and random Dirac and Schrödinger operators (see, e.g., [68, 69]).

A perturbation approach to the spectral action functional was taken in [72], where a non-

commutative analog of the Taylor series expansion served as a starting point to understanding

the structure of gauge fluctuations. Analytical aspects of Taylor approximations of the spectral

action functional were also studied in [65, 67]. In this chapter we significantly relax assumptions

imposed on admissible functions f in [65, 67]. We note that it is important to relax assumptions

89
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90 Chapter 5. Approximation of the spectral action functional in the case of compact resolvents

on f appearing in the spectral action since that function might be prescribed by the model [16].

Given a natural number n ∈ N and suitable f and H0, we denote the n-th order Taylor

remainder of the spectral action functional V 7→ Tr
(
f(H0 + V )

)
by

Tr (RH0,f,n(V )) = Tr
(
f(H0 + V )− f(H0)−

n−1∑
k=1

1

k!

dk

dsk
f(H0 + sV )

∣∣
s=0

)
. (5.1)

In Theorem 5.3.1 we establish that

∣∣Tr
(
RH0,f,n(V )

)∣∣ ≤ Da,b,n,ε,H0,V ‖f (n)‖∞ (5.2)

for every H0 with compact resolvent and every n-times differentiable compactly supported in

(a, b) function f with bounded f (n) and we derive an upper bound on the constant Da,b,n,ε,H0,V

revealing explicit dependence on H0, V, n, a, b, ε. We also establish the trace formula

Tr
(
RH0,f,n(V )

)
=

∫
R
f (n)(λ)ηn,H0,V (λ)dλ (5.3)

for every n-times differentiable compactly supported in (a, b) function f such that f (n) exists

almost everywhere and f (n) ∈ L2(R). The real-valued function ηn,H0,V ∈ L1((a, b)) is determined

by (5.3) uniquely up to a polynomial summand of degree at most n− 1.

In Theorem 5.4.7 we relax the differentiability assumption and remove the support restric-

tion on functions f satisfying (5.3) under the stronger assumption on the operator H0. Namely,

in the case when (H0− iI)−1 belongs to the Schatten ideal, we establish (5.3) for (n− 1)-times

continuously differentiable functions with suitable decay at infinity. The locally integrable real-

valued function ηn,H0,V is determined by (5.3) uniquely up to a polynomial summand of degree

at most n− 1 and it satisfies the estimate

|ηn(x)| ≤ constn (2 + ‖V ‖) ‖V ‖n−1 ‖(H0 − iI)−1‖nn (1 + |x|)n

for every x ∈ R, where ‖ · ‖ denotes the operator norm and ‖ · ‖n the Schatten n-norm.

Our bound (5.2) extends the analogous bound of [67], where the additional assumption

f ∈ Cn+1
c ((a, b)) was imposed. The formula (5.3) was earlier established under the additional

restriction f ∈ C3((a, b)) in the case n = 1 in [6, Theorem 2.5] and under the restriction

f ∈ Cn+1
c ((a, b)) in the case n ≥ 2 in [67]. Other results in this direction were obtained in [73,

Theorem 18 and Corollary 19] and [65, Theorems 3.4 and 3.10]. The result of Theorem 5.4.7

relaxes the differentiability assumption made in [71, Theorem 4.1].
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The chapter is organized as follows: preliminary results are discussed in Section 5.2; our

main results are proved in Section 5.3 and Section 5.4 under the assumptions that H0 has

compact resolvent and that the resolvent of H0 belongs to the Schatten n-class, respectively.

5.2 Preliminaries and notation

We denote positive constants by letters c, d, C,D with subscripts indicating dependence on their

parameters. For instance, the symbol cα denotes a constant depending only on the parameter

α.

Given f ∈ L1(R), let f̂ denote the Fourier transform of f . We will use the well-known

property that every f ∈ Cn
c (R) satisfies f̂ (n−1) ∈ L1(R).

We will need the following elementary lemma.

Lemma 5.2.1. Let a, b ∈ R, a < b, k ∈ N, and f ∈ Dk
c ((a, b)) be such that f (k) ∈ B([a, b]).

Then,

‖f (j)‖∞ ≤ (b− a)k−j‖f (k)‖∞, j = 0, . . . , k.

Proof. By using the following identity, we conclude the proof.

f(x)− f(a) =

∫ x

a

f ′(t)dt.

Operators with compact resolvent. Let H be a fix complex separable Hilbert space.

When H is a closed densely defined self-adjoint operator in H, we briefly write that H is a

self-adjoint operator in H. We say that a self-adjoint operator H in H has compact resolvent

(H − zI)−1 is compact for some and, hence, for each resolvent point z of H.

The following useful property is a consequence of the second resolvent identity (see, e.g., [6,

Lemma 1.3]).

Lemma 5.2.2. Let H0 be a self-adjoint operator in H with compact resolvent and let V be a

bounded self-adjoint operator on H. Then, H = H0 + V also has compact resolvent.
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Proof. The result follows from the resolvent identity

(H0 + V − i)−1 − (H0 − i)−1 = (H0 − i)−1V (H0 + V − i)−1

Let EH(·) denote the spectral measure of a self-adjoint operator H. The following result is

a consequence of Lemma 5.2.2 and [6, Lemma 1.4].

Lemma 5.2.3. Let H0 be a self-adjoint operator in H with compact resolvent and let V be

a bounded self-adjoint operator on H. Then, for every compact subset ∆ ⊂ R, the spectral

projections EH0(∆) and EH0+V (∆) are finite rank operators.

Proof. Let H0 be a self-adjoint operator in H having compact resolvent, V ∈ Bsa(H) and

H = H0 + V . Then by [14, Appendix B, Lemma 6] we have

(1 +H2)−1 ≤ (1 + ‖V ‖+ ‖V ‖2)(1 +H2
0 )−1. (5.4)

Let h ∈ H and ∆ is compact subset of R, then

〈(1 +H2)−1h, h〉 =

∫
R
(1 + λ2)−1 d‖EH(λ)h‖2

≥
∫

∆

(1 + λ2)−1 d‖EH(λ)h‖2

≥
∫

∆

(1 + max
λ∈∆

λ2)−1d‖EH(λ)h‖2

= (1 + max
λ∈∆

λ2)−1‖EH(∆)h‖2. (5.5)

Therefore from 5.4 and 5.5 we have

EH(∆) ≤ (1 + max
λ∈∆

λ2)(1 + ‖V ‖+ ‖V ‖2)(1 +H2
0 )−1,

which implies that EH(∆) is a compact operator as (1 +H2
0 )−1 is compact and hence E(∆) is

a finite rank operator.

Let f ∈ Cn(R). Recall that the divided difference of order n is an operation on the function

f of one (real) variable, and is defined recursively as follows:

f [0](λ) = f(λ),

f [n](λ0, λ1, . . . , λn) =


f [n−1](λ0,λ1,...,λn−2,λn)−f [n−1](λ0,λ1,...,λn−2,λn−1)

λn−λn−1
if λn 6= λn−1,

∂
∂λ
f [n−1](λ0, λ1, . . . , λn−2, λ)

∣∣
λ=λn−1

if λn = λn−1.
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Multilinear operator integrals. Let H be a self-adjoint operator in H and let f ∈ Cn(R)

be such that f̂ (n) ∈ L1(R). Let pk ∈ [1,∞], 1 ≤ k ≤ n, and El,m = EH
([

l
m
, l+1
m

))
for m ∈ N

and l ∈ Z. Define a multilinear map on Bp1(H)× · · · × Bpn(H) by

TH,...,H
f [n]

(V1, V2, . . . , Vn) (5.6)

= lim
m→∞

lim
N→∞

∑
|l0|,|l1|,...,|ln|≤N

f [n]
( l0
m
,
l1
m
, . . . ,

ln
m

)
El0,mV1El1,mV2El2,m · · ·VnEln,m,

where the limits are evaluated in the norm ‖ · ‖p, 1
p

= 1
p1

+ 1
p2

+ · · · + 1
pn

. The existence of

the limits in (5.6) is justified in [52, Lemma 3.5]. We call TH,...,H
f [n]

defined in (5.6) a multilinear

operator integral with symbol f [n] and write Tf [n] when there is no ambiguity which element H

is used.

Discussion of multiple operator integrals, including those with more general symbols, and

their applications can be found in [69]. It was shown in [65, Lemma 3.1, Theorem 3.2] that

the multilinear operator integral given by (5.6) is bounded for all f ∈ Cn+1
c (R) when H has

compact resolvent.

The following estimate is a consequence of [52, Theorem 5.3 and Remark 5.4] and [69,

Theorem 4.4.7].

Theorem 5.2.4. Let k ∈ N and let α, α1, . . . , αk ∈ (1,∞) satisfy 1
α1

+ · · · + 1
αk

= 1
α

. Let H

and H̃ be two self-adjoint operators in H. Assume that V` ∈ Bα`(H), 1 ≤ ` ≤ k. Then there

exists cα,k > 0 such that

‖T H̃,H,...,H
f [k]

(V1, V2, . . . , Vk)‖α ≤ cα,k ‖f (k)‖∞
∏

1≤`≤k

‖V`‖α` (5.7)

for every f ∈ Ck
b (R).

We also have the following bound for the seminorm |Tr(·)| of a multilinear operator integral.

Theorem 5.2.5. Let k ∈ N and let α1, . . . , αk ∈ (1,∞) satisfy 1
α1

+ · · · + 1
αk

= 1. Let H be a

self-adjoint operator in H. Assume that V` ∈ Bα`(H), 1 ≤ ` ≤ k. Then, for c1,k > 0 satisfying

(5.7),

|Tr(TH,H,...,H
f [k]

(V1, . . . , Vk))| ≤ c1,k‖f (k)‖∞
∏

1≤`≤k

‖V`‖α` (5.8)

for every f with f (k) ∈ C0(R) satisfying f̂ (k) ∈ L1(R).
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Proof. By the definition of the multiple operator integral (5.6) and cyclicity of the trace,

Tr
(
TH,H,...,H
f [k]

(V1, . . . , Vk)
)

= Tr
(
TH,H,...,H
f̃ [k]

(V1, . . . , Vk−1)Vk
)
, (5.9)

where f̃ [k](λ0, λ1, . . . , λk−1) = f [k](λ0, λ1, . . . , λk−1, λk−1). Therefore, by Hölder’s inequality,

Theorem 5.2.4, and [52, Remark 5.4] applied to (5.9), we obtain (5.8).

Let a, b ∈ R, a < b, and ε > 0. Let aε = a− ε, bε = b+ ε. Define the function Φε on R by

Φε(x) = (h1(x)− h2(x))4, (5.10)

where

h1(x) =

∫ x
aε

Φ(t− aε)Φ(a− t) dt∫ a
aε

Φ(t− aε)Φ(a− t) dt
, h2(x) =

∫ x
b

Φ(t− b)Φ(bε − t) dt∫ bε
b

Φ(t− b)Φ(bε − t) dt
,

Φ(x) =

e
− 1
x if x > 0,

0 if x ≤ 0.

Note that Φε|(a,b)= 1, Φ
1/4
ε ∈ C∞c ((aε, bε)) and ‖Φε‖∞ = 1. Moreover, if H has compact resol-

vent, then by the spectral theorem, Φε(H) ∈ B1(H) and ‖Φε(H)‖1 ≤ Tr(EH(aε, bε))‖Φε‖∞ (see

[67, Proposition 2.3]).

Theorem 5.2.6. Let H0 be a self-adjoint operator with compact resolvent in H, k ∈ N, and

V1, V2, . . . , Vk ∈ B(H). Let a, b ∈ R, a < b, and ε > 0. Then

∣∣∣Tr
(
TH0,...,H0

f [k]
(V1, V2, . . . , Vk)

)∣∣∣ ≤ Ca,b,k,ε,H0 ‖f (k)‖∞
k∏
`=1

‖V`‖ (5.11)

for every f ∈ F k+1
c ((a, b)), where

Ca,b,k,ε,H0 =
[
(k + 1)2k + c2,k

]
(b− a+ 1)k(1 + Tr(EH0(a, b)))× dk,ε,H0 , (5.12)

where c2,k satisfies (5.7) and

dk,ε,H0 = max
{
‖Φε(H0)‖1, max

1≤`≤k

1

`!

∥∥ Φ̂
(`)
ε

∥∥
1

}
,

where Φε is given by (5.10).

Proof. The proof follows along the lines of the proof of [67, Theorem 3.1].
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Remark 5.2.7. Note that the upper bound for
∣∣Tr

(
TH0,...,H0

f [k]
(V1, V2, . . . , Vk)

)∣∣ in (5.11) is

stronger than the upper bound stated in [67, Theorem 3.1].

The following result is a consequence of [69, Theorems 4.4.6 and 5.3.5].

Theorem 5.2.8. Let n ∈ N and let f ∈ Cn(R) be such that f (k), f̂ (k) ∈ L1(R), k = 0, 1, . . . , n.

Let H be a self-adjoint operator in H with compact resolvent and let V be a bounded self-adjoint

operator on H. Then, the Gâteaux derivative dk

dtk
f(H + tV )|t=0 exists in the uniform operator

topology and admits the multiple operator integral representation

1

k!

dk

dsk
f(H + sV )

∣∣
s=t

= TH+tV,...,H+tV

f [k]
(V, V, . . . , V ), 1 ≤ k ≤ n. (5.13)

Moreover, if V ∈ Bk(H), then the above k-th derivative is an element in B1(H).

5.3 Trace formulas for operators with compact resol-

vents

In this section we establish our first main result.

Theorem 5.3.1. Let H0 be a self-adjoint operator in H with compact resolvent, V a bounded

self-adjoint operator on H, n ∈ N, and let −∞ < a < b <∞, ε > 0. Then,∣∣Tr
(
RH0,f,n(V )

)∣∣ ≤ Da,b,n,ε,H0,V ‖f (n)‖∞ (5.14)

for every f ∈ Dn
c ((a, b)) with f (n) ∈ B([a, b]), where

Da,b,n,ε,H0,V (5.15)

= (b− a)n max
{

Tr(EH0([a, b])),Tr(EH0+V ([a, b]))
}

+
n−1∑
k=1

(b− a)n−kCa,b,k,ε,H0‖V ‖k,

and Ca,b,k,ε,H0 satisfies (5.11). Furthermore, there exists a real-valued function ηa,b,n,ε,H0,V ∈

L1((a, b)) such that

Tr
(
RH0,f,n(V )

)
=

∫ b

a

f (n)(λ)ηa,b,n,ε,H0,V (λ)dλ (5.16)

for every f ∈ F n
c ((a, b)) and ∫ b

a

∣∣ηa,b,n,ε,H0,V (λ)
∣∣dλ ≤ Da,b,n,ε,H0,V . (5.17)
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The function ηa,b,n,ε,H0,V ∈ L1((a, b)) is determined by (5.16) uniquely up to a polynomial sum-

mand of degree at most n− 1.

Proof. By Lemma 5.2.3, EH0([a, b]) and EH0+V ([a, b]) are finite projections. Let f ∈ F n
c ((a, b)).

Case 1: n = 1.

By the spectral theorem for a self-adjoint operator H in H with compact resolvent, we have

f(H) = f(H)EH([a, b]) =

∫ b

a

f(λ) dEH(λ),

where the integral converges in B1(H). Hence, by continuity of the trace Tr,

Tr
(
RH0,f,1(V )

)
=

∫ b

a

f(λ)d
(

Tr(EH0+V (λ))− Tr(EH0(λ))
)
. (5.18)

Integrating by parts on the right-hand side of (5.18) and applying the support property and

absolute continuity of f yield

Tr
(
RH0,f,1(V )

)
= −

∫ b

a

(
Tr(EH0+V ([a, λ)))− Tr(EH0([a, λ)))

)
df(λ)

=

∫ b

a

f ′(λ)
(

Tr(EH0([a, λ)))− Tr(EH0+V ([a, λ)))
)
dλ. (5.19)

Thus, (5.16) holds for n = 1 with

ηa,b,1,ε,H0,V (λ) = Tr(EH0([a, λ)))− Tr(EH0+V ([a, λ))) (5.20)

and (5.17) holds with

Da,b,1,ε,H0,V = (b− a) max
{

Tr(EH0([a, b])),Tr(EH0+V ([a, b]))
}
.

Case 2: n ≥ 2.

By (5.19),

∣∣Tr(f(H0 + V ))− Tr(f(H0))
∣∣ ≤ ‖f ′‖∞(b− a) max

{
Tr(EH0([a, b])),Tr(EH0+V ([a, b]))

}
.

The latter along with Lemma 5.2.1 implies

∣∣Tr(f(H0 + V ))− Tr(f(H0))
∣∣ (5.21)

≤ ‖f (n−1)‖∞(b− a)n−1 max
{

Tr(EH0([a, b])),Tr(EH0+V ([a, b]))
}
.

Combining (5.11) and (5.13) and then applying Lemma 5.2.1 yield
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∣∣∣∣Tr

(
1

k!

dk

dsk
f(H0 + sV )

∣∣
s=0

)∣∣∣∣ ≤ Ca,b,k,ε,H0 ‖f (k)‖∞‖V ‖k

≤ (b− a)n−k−1Ca,b,k,ε,H0‖f (n−1)‖∞‖V ‖k (5.22)

for every k = 1, . . . , n− 1, where Ca,b,k,ε,H0 satisfies (5.12). Combining (5.1), (5.21), and (5.22)

implies ∣∣Tr
(
RH0,f,n(V )

)∣∣ ≤ D̃a,b,n,ε,H0,V ‖f (n−1)‖∞, (5.23)

where

D̃a,b,n,ε,H0,V

= (b− a)n−1 max
{

Tr(EH0([a, b])),Tr(EH0+V ([a, b]))
}

+
n−1∑
k=1

(b− a)n−k−1Ca,b,k,ε,H0‖V ‖k.

By the Riesz representation theorem for elements in
(
C0(R)

)∗
, Hahn-Banach theorem, and

estimate (5.23), there exists a finite (complex) measure νa,b,n,ε,H0,V such that

Tr
(
RH0,f,n(V )

)
=

∫ b

a

f (n−1)(λ)dνa,b,n,ε,H0,V (λ) (5.24)

for every f ∈ F n
c ((a, b)) and the total variation of νa,b,n,ε,H0,V is bounded by

‖νa,b,n,ε,H0,V ‖ ≤ D̃a,b,n,ε,H0,V . (5.25)

Integrating by parts on the right-hand side of (5.24) and applying the support property of f

and absolute continuity of f (n−1) yield

Tr
(
RH0,f,n(V )

)
=

∫ b

a

f (n)(λ)
(
− νa,b,n,ε,H0,V ([a, λ))

)
dλ. (5.26)

Thus, (5.26) implies (5.16) with

ηa,b,n,ε,H0,V (λ) = −νa,b,n,ε,H0,V ([a, λ)). (5.27)

Combining (5.25) and (5.27) ensures (5.17), where

Da,b,n,ε,H0,V = (b− a)D̃a,b,n,ε,H0,V . (5.28)

Let η̃a,b,n,ε,H0,V := Re (ηa,b,n,ε,H0,V ). Since the left-hand side of (5.16) is real-valued when-

ever f is real-valued, we obtain that η̃a,b,n,ε,H0,V satisfies (5.16) and (5.17) for real-valued
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f ∈ F n
c ((a, b)) and, consequently, for all f ∈ F n

c ((a, b)). Therefore, without loss of gener-

ality we may consider ηa,b,n,ε,H0,V to be real-valued satisfying (5.16) and (5.17). Next, sup-

pose there exists another real-valued function ξa,b,n,H0,V ∈ L1((a, b)) satisfying (5.16). Let

hn = ηa,b,n,ε,H0,V − ξa,b,n,H0,V . Then, it follows from (5.16) that∫ b

a

f (n)(λ)hn(λ)dλ = 0 for all f ∈ C∞c ((a, b)). (5.29)

Consider the distribution Thn defined by

Thn(φ) =

∫ b

a

φhn dλ

for every φ ∈ C∞c ((a, b)). By (5.29) and the definition of the derivative of a distribution,

T
(n)
hn

= 0. Hence by [1, Theorem 3.10 and Example 2.21], hn is a polynomial of degree at

most n− 1. Consequently, ηa,b,n,ε,H0,V ∈ L1((a, b)) satisfying (5.16) is unique up to an additive

polynomial of degree at most n− 1.

Assume now that n ∈ N and f ∈ Dn
c ((a, b)) with f (n) ∈ B([a, b]). Applying Lemma 5.2.1 in

(5.23) yields (5.14), completing the proof of the theorem.

Remark 5.3.2. It follows from the proof of Theorem 5.3.1 that the representation (5.16) with

n = 1 holds for a larger class of functions f , namely, for every f absolutely continuous on [a, b]

and compactly supported in (a, b).

Remark 5.3.3. The uniqueness of the spectral shift function ηa,b,n,ε,H0,V up to an additive

polynomial of degree at most n− 1 was not addressed in [67, Theorem 4.3].

5.4 The case of resolvents in the Schatten n-class

In this section, we obtain an upper bound for |Tr(RH0,f,n(V ))| that is independent of the

support of f under the additional assumption that the resolvent of H0 belongs to Bn(H), n ∈ N.

As an application, we extend the trace formula (5.16) to a larger class of scalar functions f and

obtain an entriwise bound on the spectral shift function.

The trace formula (5.3) was obtained in [71] for the class of scalar functions Wn defined

below under the assumption that V (H0 − iI)−1 belongs to the Schatten ideal Bn(H).

Definition 5.4.1. Let n ∈ N. Let Wn denote the set of functions f ∈ Cn(R) such that
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(i) f̂ (k)uk ∈ L1(R), k = 0, 1, . . . , n,

(ii) f (k) ∈ L1
(
R, (1 + |x|)k−1 dx

)
, k = 1, . . . , n.

As noted in Remark 5.4.3 below, F n
c (R) 6⊂ Wn. Our principle goal in this section is to

establish the trace formula (5.1) for a larger set of functions containing F n
c (R). In this context,

we introduce the following class of functions.

Definition 5.4.2. Let n ∈ N. Let Hn denote the set of functions f ∈ Cn−1(R) such that

(i) f̂ (k)uk, ̂f (k)uk+1 ∈ L1(R), k = 0, 1, . . . , n− 1,

(ii) f (n) exists almost everywhere,

(iii) f (k) ∈ L1
(
R, (1 + |x|)k dx

)
, k = 0, 1, . . . , n.

Remark 5.4.3. We have

F n
c (R) ⊂ Hn ⊂Wn−1, (5.30)

but

F n
c (R) 6⊂Wn, Hn 6⊂Wn, Wn 6⊂ Hn. (5.31)

The inclusions (5.30) follow directly from the definitions of the sets. Note that the function

f(x) =


0 if x < 0,

xn(x− 1)n if 0 ≤ x ≤ 1,

0 if x > 1,

satisfies f ∈ F n
c (R) but f 6∈ Cn(R). Hence, f 6∈Wn, so the first two properties in (5.31) hold.

Note that g(x) = (x− i)−1 ∈Wn but g /∈ Hn. Therefore, the third property in (5.31) holds.

Below we will also use the notations u(λ) := (λ− i) and uk(λ) = (u(λ))k, k ∈ Z, λ ∈ R.

Lemma 5.4.4. For every f ∈ Hn,

f (k)uk+1 ∈ C0(R), k = 0, . . . , n− 1. (5.32)
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Proof. By the definition of the sets Hn,

f (j)uj ∈ L1(R), j = 0, 1, . . . , n.

Let k ∈ {0, 1, . . . , n − 1} and g = f (k)uk+1. Then, g′ = f (k+1)uk+1 + (k + 1)f (k)uk ∈ L1(R),

ensuring that both lim
x→∞

g(x) and lim
x→−∞

g(x) exist. Suppose that lim
x→∞

g(x) 6= 0. Then there

exist L, c > 0 such that for all x ≥ L we have |g(x)| ≥ c, and hence,

c

∫ ∞
L

|u−1(x)| dx ≤
∫ ∞
L

|f (k)(x)uk(x)| dx <∞,

contradicting the definition of u. Therefore, lim
x→∞

g(x) = 0 and, similarly, lim
x→−∞

g(x) = 0.

Thus (5.32) holds.

Lemma 5.4.5. Let f ∈ Hn. Then, f̂ (k)ul ∈ L1(R) for 0 ≤ l ≤ k ≤ n− 1.

Proof. For k = l, the result follows from the definition of Hn.

Let l < k. Since u−k, u−k−1 ∈ L2(R), we obtain û−k ∈ L1(R) for all k ∈ N (see, e.g., [? ,

Lemma 7]). By the convolution theorem,

f̂ (k)ul = ̂(
f (k)ukul−k

)
= f̂ (k)uk ∗ ûl−k.

Since L1(R) is closed under the convolution product, f̂ (k)ul ∈ L1(R).

Lemma 5.4.6. Let n ∈ N. Let H0 be a self-adjoint operator in Ht and let V be a bounded

self-adjoint operator on H. Let Ht = H0 + tV, t ∈ R, and Ṽ = V (H0 − iI)−1. Then

THt,H0,...,H0

f [n−1] (V, . . . , V ) = (−1)n−1f(Ht) Ṽ
n−1

+
n−1∑
p=1

∑
j1,...,jp≥1,jp+1≥0
j1+···+jp+1=n−1

(−1)n−p−1
(
THt,H0,...,H0

(fup+1)[p]
(Ṽ j1 , . . . , Ṽ jp(H0 − iI)−1)Ṽ jp+1

− THt,H0,...,H0

(fup)[p−1] (Ṽ j1 , . . . , Ṽ jp−1)Ṽ jp(H0 − iI)−1Ṽ jp+1

)
(5.33)

for all f ∈ Hn.

Proof. The identity (5.33) is trivial in the case n = 1.

Let n ≥ 2. Since u[1] = 1R2 and u[p] = 0 for all p ≥ 2, the Leibniz rule for divided differences

gives

(fu)[n−1](λ0, . . . , λn−1) = f [n−1](λ0, . . . , λn−1)u(λn−1) + f [n−2](λ0, . . . , λn−2).

TH-3167_186123006



5.4. The case of resolvents in the Schatten n-class 101

If we swap λn−1 with λj (for any j ∈ {0, . . . , n − 1}), and rearrange using symmetry of the

divided difference, we obtain

f [n−1](λ0, . . . , λn−1) =(fu)[n−1](λ0, . . . , λn−1)u−1(λj) (5.34)

− f [n−2](λ0, . . . , λj−1, λj+1, . . . , λn−1)u−1(λj).

Applying (5.34) repeatedly, we obtain

f [n−1](λ0, . . . , λn−1) (5.35)

=
n−1∑
p=0

∑
0<j1<···<jp≤n−1

(−1)n−1−p(fup)[p](λ0, λj1 , . . . , λjp)u
−1(λ1) · · ·u−1(λn−1).

By Lemma 5.4.5, f̂ (n−1), ̂(fup)(p) ∈ L1(R) for 0 ≤ p ≤ n− 1. Therefore, applying [52, Lemmas

3.5, 5.1, 5.2] yields

THt,H0,...,H0

f [n−1] (V, . . . , V ) (5.36)

= (−1)n−1f(Ht)Ṽ
n−1 +

n−1∑
p=1

∑
j1,...,jp≥1,jp+1≥0
j1+···+jp+1=n−1

(−1)n−1−p THt,H0,H0,...,H0

(fup)[p]
(Ṽ j1 , . . . , Ṽ jp) Ṽ jp+1 .

By Lemma 5.4.5 ̂(fup)(p), ̂(fup+1)(p), and ̂(fup)(p−1) ∈ L1(R) for 1 ≤ p ≤ n − 1. Therefore,

applying [71, Theorem 3.10(i)] to (5.36) yields (5.33).

Theorem 5.4.7. Let n ∈ N, let H0 be a self-adjoint operator in H such that (H0 − iI)−1 ∈

Bn(H), and let V be a bounded self-adjoint operator on H. Then, there exists Kn > 0 (depending

only on n) and a real-valued function ηn such that

|ηn(x)| ≤ Kn (2 + ‖V ‖) ‖V ‖n−1 ‖(H0 − iI)−1‖nn (1 + |x|)n, x ∈ R, (5.37)

and

Tr(RH0,f,n(V )) =

∫
R
f (n)(x)ηn(x) dx (5.38)

for every f ∈ Hn ∪Wn. The locally integrable function ηn is determined by (5.38) uniquely up

to a polynomial summand of degree at most n− 1.

Proof. The result for f ∈Wn is established in [71, Theorem 4.1]. Therefore, there exists a real-

valued function η
Wn

, unique up to a polynomial summand of degree at most n − 1, satisfying

(5.38) for all f ∈Wn.
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Now we assume that f ∈ Hn. If n = 1, then

|Tr(RH0,f,n(V ))| = |Tr(f(H0 + V )− f(H0))|

= |Tr((fu)(H0 + V )(H0 + V − iI)−1 − (fu)(H0)(H0 − iI)−1)|

≤ ‖fu‖∞ (2 + ‖V ‖) ‖(H0 − iI)−1‖1. (5.39)

Let n ≥ 2. By [71, Theorem 3.13],

RH0,f,n(V ) =RH0,f,n−1(V )− 1

(n− 1)!

dn−1

dsn−1
f(H0 + sV )

∣∣
s=0

=TH0+V,H0,...,H0

f [n−1] (V, . . . , V )− TH0,...,H0

f [n−1] (V, . . . , V ). (5.40)

Let Ht = H0 + tV, t ∈ R, and Ṽ = V (H0 − iI)−1. By Lemma 5.4.6 applied to (5.40),

RH0,f,n(V ) (5.41)

= (−1)n−1TH0+V,H0

f [1]
(V )Ṽ n−1 +

n−1∑
p=1

∑
j1,...,jp≥1,jp+1≥0
j1+···+jp+1=n−1

(−1)n−p−1

×
[(
TH0+V,H0,...,H0

(fup+1)[p]
(Ṽ j1 , . . . , Ṽ jp(H0 − iI)−1)− TH0,H0,...,H0

(fup+1)[p]
(Ṽ j1 , . . . , Ṽ jp(H0 − iI)−1)

)
Ṽ jp+1

−
(
TH0+V,H0,...,H0

(fup)[p−1] (Ṽ j1 , . . . , Ṽ jp−1)− TH0,H0,...,H0

(fup)[p−1] (Ṽ j1 , . . . , Ṽ jp−1)
)
Ṽ jp(H0 − iI)−1Ṽ jp+1

]
.

By Lemma 5.4.5, f̂ , f̂ ′, (̂fu)′ ∈ L1(R). Applying [71, Theorem 3.10(i)] yields

TH0+V,H0

f [1]
(V ) = TH0+V,H0

(fu)[1]
(Ṽ )− f(H0 + V )Ṽ . (5.42)

Combining (5.41), (5.42), Theorems 5.2.4 and 5.2.5, and applying Hölder’s inequality yields

|Tr(RH0,f,n(V ))|

≤
[

(‖f‖∞ + ‖(fu)′‖∞) ‖V ‖n +
n−1∑
p=1

dp,n
(
‖(fup+1)(p)‖∞ + ‖(fup)(p)‖∞

)
‖V ‖n−1

]
‖(H0 − iI)−1‖nn

≤ Cn

( n−1∑
p=1

‖(fup+1)(p)‖∞ +
n−1∑
p=0

‖(fup)(p)‖∞
)

(1 + ‖V ‖)‖V ‖n−1‖(H0 − iI)−1‖nn, (5.43)

where Cn is some constant depending only on n. Note that by Lemma 5.4.4, f (k)uk+1 ∈

C0(R), k = 0, . . . , n − 1. Arguing similarly to the proof of the existence of the spectral shift

function in [71, Proposition 4.2] (that is, by Riesz-Markov representation theorem on each term
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of (5.41), and then performing integration by parts) we obtain from (5.39) and (5.43) that for

each n ∈ N,

Tr (RH0,f,n(V )) =

∫
R
f (n)(x)ήn(x)dx, (5.44)

where ήn is a continuous function on R such that

|ήn(x)| ≤ Dn (2 + ‖V ‖)‖V ‖n−1‖(H0 − iI)−1‖nn(1 + |x|)n, x ∈ R, (5.45)

where Dn is some constant depending only on n. We define

η
Hn

:= Re (ήn).

Then it is clear that η
Hn

satisfies (5.45) as |η
Hn
| ≤ |ήn|.

Since the left-hand side of (5.44) is real-valued whenever f is real-valued, we obtain that

η
Hn

satisfies (5.38) for real-valued f ∈ Hn and, consequently, for all f ∈ Hn. The uniqueness of

η
Hn

satisfying (5.38) up to a polynomial summand of order at most n − 1 can be established

completely analogously to the uniqueness of the function ηa,b,n,ε,H0,V established in Theorem

5.3.1. Since both η
Hn

and η
Wn

satisfy (5.38) for all f ∈ C∞c (R), by using properties of distribu-

tions as in the proof of Theorem 5.3.1, we conclude that η
Hn

and η
Wn

differ by a polynomial of

degree at most n− 1. Let η
Hn
− η

Wn
= Qn, where Qn is a polynomial of degree at most n− 1.

By the property (ii) of Definition 5.4.1,
∫
R f

(n)(x)Qn(x)dx = 0 for each f ∈Wn. Therefore,∫
R
f (n)(x)η

Wn
dx =

∫
R
f (n)(x)(η

Hn
−Qn)dx =

∫
R
f (n)(x)η

Hn
dx,

for each f ∈Wn. Hence ηn := η
Hn

satisfies (5.37) and (5.38) for all f ∈ Hn ∪Wn.
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