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Abstract

Elastoplasticity is a phenomenon in which materials deform elastically up to a certain

load limit and plastically afterward. The elastic deformation is recoverable, but plastic

deformation is permanent. During the plastic deformation, the material behavior is non-

linear and depends on the loading history. Elastoplastic behavior is commonly observed

in materials of practical interest like metals, concrete, soils, rocks, biological tissues, etc.,

that yield when subjected to loads high enough. The design and optimization of such

materials depend strongly on the elastoplastic analysis for the prediction of displace-

ment and stress. However, elastoplastic analysis is computationally expensive and often

requires the use of parallel computers in real-world applications like metal forming and

crashworthiness. This thesis presents a parallel computing framework for finite element

analysis of elastoplastic problems using a massively parallel Graphics Processing Unit

(GPU) processor. The proposed framework is developed within incremental-iterative

elastoplastic theory based on von Mises criteria.

Considering assembly-based approach, GPU-based parallel algorithms are proposed

for all expensive steps in elastoplastic analysis, namely the computation of elemental ma-

trices and their assembly, the computation of stress using the well-known radial-return

method and the computation of internal force vectors and their assembly. Since GPUs

have limited memory, assembly is done directly into a sparse storage format that can

be seamlessly integrated with a GPU-based linear solver. The proposed algorithms are

optimized for efficient memory access and fine-grain parallelism and prefer computation

over data storage and reuse. In the proposed framework, all the computations are per-

formed on the GPU and expensive data transfers to the CPU are avoided to achieve the

best performance.

Furthermore, GPU-accelerated matrix-free solvers are used to obtain even better

wall-clock timings for elastoplastic simulation. Matrix-free solvers never assemble large

sparse global tangent matrix and perform computations with small dense elemental ma-
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trices, reducing the storage requirement and avoiding the use of sparse storage formats.

For problems using unstructured mesh, a novel matrix-free strategy is developed that

uses only the symmetric part of elemental tangent matrices to compute sparse matrix-

vector product (SpMV) by following the element-by-element technique. The proposed

strategy achieves better performance than those available in the literature and occupies

less storage space. However, the matrix-free solvers, like assembly-based solvers, remain

memory bound for unstructured mesh. Matrix-free solvers have a unique advantage over

assembly-based approaches for problems that can be solved using voxel-based mesh. Un-

like assembly-based solvers, matrix-free solvers are capable of computing SpMV using

only one elemental tangent matrix due to the congruency of elements in the voxel-based

mesh. In elastoplasticity, the primary challenge in the matrix-free computation of SpMV

for voxel-based mesh is the presence of both elastic and plastic states, which introduce

branching issues in parallel implementation. To this end, single kernel and improved

split kernel strategies are proposed to handle branching issues in GPU implementation

efficiently. For GPU implementation, node-based, degree-of-freedom-based and element-

by-element matrix-free strategies have been used with proposed modifications.

The performance of the proposed strategies is demonstrated by solving a number

of benchmark examples from elastoplasticity. Compared with single-core CPU imple-

mentation, speedups of several orders of magnitude are achieved. When compared with

existing GPU-based strategies from the literature, the proposed strategies show signifi-

cant performance gain.
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Chapter 1

Introduction

Real-world problems are often nonlinear in nature. Nonlinearity makes a problem com-

plex and generally necessitates advanced expertise to comprehend and analyze. Among

various sources of nonlinearities, material nonlinearity deals with the nonlinear material

response of bodies subjected to various types of loads. Depending on the constitutive

model in use, the material nonlinearity can be of various types such as plasticity, creep,

viscoplasticity, superelasticity, hyperelasticity, etc. Elastoplasticity (Simo & Hughes

1998, de Souza Neto et al. 2008) is a type of material nonlinearity in which materials

first undergo elastic deformation up to a certain load limit and plastic deformation after-

ward. The elastic deformation is temporary and can be recovered but plastic deformation

remains even after the load is removed. The phenomenon of elastoplasticity is commonly

observed in materials of practical interest like metals, which are subjected to high loads

and pressure during service, often leading to yielding. The elastoplastic behavior is also

exhibited by materials that have extensive real-world applications, like soils (Hong et al.

2020), rocks (Maier & Hueckel 1979), concretes (Meschke et al. 1998), composites (Jiang

et al. 2002), polymers (Reese & Wriggers 1997) and biological tissues (El Sayed et al.

2008), etc. Consequently, elastoplasticity has a wide range of application areas including

crack development and propagation during impact (Gautam & Dixit 2010, Gautam et al.

2011, Yusa & Yoshimura 2014), ductile fracture (Gautam & Dixit 2010, 2012), crashwor-

thiness (Jones 2011, Baroutaji et al. 2017, Cai et al. 2015) and geophysical simulations

(Hong et al. 2020, Rayhani & El Naggar 2008), spread over a number of industrial sec-
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tors like mechanical, aerospace, geotechnical engineering and biomechanics. Therefore,

the study of elastoplasticity is extremely important and essential to accurately describe

plastic deformations so that judicious decisions about the strength of engineering mate-

rials can be made. In addition, elastoplasticity is also important for industrial processes

like metal forming where plastic deformation is intentionally introduced to manufacture

engineering products of various shapes. In many cases, either large amount of time and

capital is involved in conducting experiments or scope for experiments is limited as in

the case of natural occurrences like earthquakes. Elastoplastic analysis plays a very

important role in all such cases.

The development of computational methods for elastoplastic analysis remains a topic

of great interest due to the need to describe the behavior of engineering materials in nu-

merical contexts precisely. A significant quantum of work has been done in the past to

develop efficient computational methods for numerical solution of elastoplastic problems

(Simo & Hughes 1998, Dunne & Petrinic 2005, de Souza Neto et al. 2008). A typical

numerical approach for simulation of elastoplastic problems is based on finite element

method (FEM) (Simo & Hughes 1998, Dunne & Petrinic 2005, Kim 2015). FEM is

the most popular numerical technique for finding approximate solutions to problems

governed by partial differential equations. An effective finite element analysis of elasto-

plastic problems is crucial as it allows accurate estimation of load bearing capabilities

of solids and structures under diverse loading scenarios. However, high computational

cost in FEM is a well-known issue and often leads to high simulation timings. Further,

there is a growing need to perform realistic simulations that demand large-scale three-

dimensional (3D) models. The FEM computing time for large-scale models involving

millions or billions of DOFs can be quite costly and may take a considerable amount

of time. In such cases, the processing time of a large-scale 3D elastoplastic simulation

may be too long to be useful. The large computational time in FEM can be reduced

or controlled by employing a large number of compute resources in the form of parallel

computing. There are several works in literature that demonstrate great advantage in

FEM simulation with modern parallel computing systems, see for example Adams et al.

(2004), Bhardwaj et al. (2002) and Yusa et al. (2019). However, with ever growing de-

mand for high fidelity simulation that can be performed in real time, the development

of efficient parallel algorithms for FEM simulation remains an active field of research.
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In recent times, parallel computing has become a common practice in the field of

scientific computing. This is largely due to saturating performance of single core com-

puting. The exponential growth of clock frequency of CPUs has come to an abrupt

end in the last decade, due to increasing cost of power delivery and dissipation, referred

to as power wall (Asanovic et al. 2006). In addition, the CPU performance has also

been affected by memory wall issue (Brodtkorb et al. 2013), preventing any significant

progress in computing capability. However, the performance of modern CPUs continue

to evolve in a different form. Now, instead of getting faster cores, CPUs are built with

more number of cores. This requires rewriting and reinventing old algorithms to generate

sufficient parallelism to get benefited from multiple cores. To this end, parallel comput-

ing has become an essential component in numerical simulations. Nowadays, modern

computing hardware like Graphics Processing Units (GPUs) have become a popular tool

for parallel computing across various disciplines. A GPU is a massively threaded pro-

cessor architecture consisting of thousands of computing cores achieving computational

throughput several folds higher than a conventional CPU. The popularity of GPU can

be understood by the fact that eight of top ten supercomputers in June 2023 Top 500

list (https://www.top500.org) use GPUs. The primary reasons for wide acceptability of

GPUs are massive parallelism, high memory bandwidth, high performance-to-cost ratio

and continuous improvement in programmability. In addition, GPUs are answer to mod-

ern day challenges of increasing energy demands in parallel computing as they deliver

more performance-per-watt than a CPU (Enos et al. 2010). Originally developed for

gaming applications, modern advancements in GPU technology have led to its applica-

bility in a wide range of sectors like graphics rendering, machine learning and artificial

intelligence (AI), high performance computing (HPC), etc. In the field of scientific com-

putation, GPUs have evolved to take a prominent place as a co-processor or accelerator

to speed up compute intensive parts of scientific codes. The popular numerical methods

like FEM (Georgescu et al. 2013, Kiran et al. 2018, Sanfui & Sharma 2020, 2021), com-

putational fluid dynamics (CFD) (Aissa et al. 2017, Xie et al. 2020), molecular dynamics

(MD) (Phillips et al. 2020), etc., have already seen great speedups due to GPU accel-

eration. However, GPU computing has a much broader impact on scientific computing

than just being a hardware for parallel computing. Algorithms, once thought to be less

appealing due to high computational requirements are now being pursued. The modern

GPU has led to a revival in researchers’ approach towards computing and unlocked new
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possibilities. In this work, efforts are made to harness computational power of GPU

for elastoplastic simulation. Readers are referred to Appendix A for more discussion on

GPU architecture.

Elastoplasticity is a nonlinear phenomenon, and therefore requires an incremental-

iterative procedure to obtain numerical solutions. In the standard procedure, the applied

load is divided into multiple increments, and in every increment, linearized form of the

governing equation is solved numerically by FEM. Each incremental solution is obtained

by solving the linearized equation iteratively so that the true equilibrium configuration is

established. Thus, we see that elastoplasticity involves repeated use of FEM to obtain a

numerical solution. Since FEM is computationally expensive, its repeated use in elasto-

plasticity leads to prohibitively high simulation timings. FEM consists of three expensive

steps, these are computation of elemental tangent matrices, assembly of global tangent

matrix and solution of linear system of equations. Among these, the solution of linear

system of equation is often the most time consuming step. As a result, it has attracted

significant research for GPU acceleration (Li & Saad 2013, Filippone et al. 2017, Anzt

et al. 2022). However, the repeated use of FEM in elastoplasticity demands acceleration

of the complete pipeline. Therefore, apart from the solution of system of equations, the

computation of elemental matrices and their assembly into a global tangent matrix con-

stitute important stages in elastoplastic analysis. The deformation in the plastic region

is characterized by nonlinear relationship between stress and strain, where determination

of stress depends on history of deformation and stress-strain relation is often written in

the rate form. The stress is determined by integration of constitutive relations using a

suitable integration scheme. Since stress and strain are evaluated at each integration

point, the associated computational cost can be prohibitively high. Therefore, in order

to provide end-to-end acceleration of elastoplastic simulation on GPU, computation of

stress along with all steps in FEM must be considered. Despite the existence of numerous

works aimed at achieving parallel implementation of elastoplastic simulation on tradi-

tional parallel computing systems (Meyer & Michael 1997, Ding et al. 2008, Markopoulos

et al. 2015, Khalevitsky, Burmasheva & Konovalov 2016, Yusa et al. 2018, Sefidgar et al.

2021), very few works can be found in literature that use GPU acceleration. A handful

of works that demonstrate the usage of GPU in elastoplasticity can be found in (Khale-

vitsky, Burmasheva, Konovalov & Partin 2016, He et al. 2017, Prabhune & Suresh 2020).
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These works show significant performance improvement in specific steps of elastoplas-

tic analysis. However, none of the works propose acceleration of complete pipeline of

elastoplastic analysis on GPU. In this work, we develop a framework to port all steps of

elastoplastic analysis on GPU so that overall simulation time can be minimized.

Matrix-free iterative solvers with GPU acceleration provide additional opportunity to

reduce simulation timings of elastoplastic problems. In matrix-free solvers, the compu-

tation of sparse matrix vector multiplication (SpMV) with the global tangent matrix is

replaced by matrix-free computation of SpMV that works directly with the constituent el-

emental tangent matrices. This implies that the global tangent matrix is never assembled

and the usage of performance detrimental sparse storage formats in an iterative solver is

completely avoided. The elemental matrices are small, dense and provide better mem-

ory access than sparse formats. Typically, a matrix-free SpMV requires more number

of arithmetic operations than assembly-based SpMV. This makes matrix-free strategies

less suitable for single core computing. However, matrix-free solvers with GPU acceler-

ation have been found to achieve excellent performance, as evident by recent works in

fields like elasticity (Cai et al. 2013, Mart́ınez-Frutos & Herrero-Pérez 2015, Pikle et al.

2018), fluid mechanics (Fehn et al. 2019) and topology optimization (Ratnakar et al.

2021, Sanfui & Sharma 2023). The matrix-free SpMV has a distinct advantage over the

assembly-based SpMV for voxel-based mesh. For problems with simple geometry in 3D,

a voxel-based mesh is a kind of structured mesh that consists of linear cubic elements

having the same size and orientation, generating the elemental tangent matrices of the

same value in FEM. This property allows matrix-free SpMV computation for linear elas-

tic problems with only one elemental tangent matrix, dramatically reducing the memory

requirement to a minimum. On the other hand, the assembly-based implementation still

needs to construct the global tangent matrix and therefore can not take full advantage of

the voxel-based mesh. In the literature, matrix-free solvers with GPU acceleration have

been effectively used to reduce the execution timings of FEM-based engineering simu-

lations. However, there is not much in the literature except (Prabhune & Suresh 2020)

that discusses the application of matrix-free solvers to elastoplasticity. In this work,

we develop matrix-free solvers for problems utilizing both unstructured and voxel-based

meshes. Next, a brief survey of relevant literature is presented.
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1.1 Literature review

At an early stage, researchers recognized the computational power of a GPU and decided

to use it for their applications. They mainly used graphics APIs like OpenGL to make

use of GPU resources. The early implementation of FEM can be found in Bolz et al.

(2003), Wu & Heng (2004), Rodŕıguez-Navarro & Suśın Sánchez (2006) and Göddeke

et al. (2007). These implementations targeted very specific problems and used relatively

simple expression for operator evaluation. However, these implementations successfully

achieved descent speedup, drawing attention of more number of researchers. The increas-

ing research interest to harness the computational resource of GPU was further fueled by

the introduction of Compute Unified Device Architecture (CUDA) by NVIDIA in 2006.

CUDA made the GPU programming much easier by providing C/C++ language-based

parallel programming environment. Now, the non-graphics application could be easily

ported to a GPU without making use of graphics API, see Appendix B for more details.

In the following sections, we discuss the GPU implementation strategies for FEM and

elastoplasticity.

1.1.1 Assembly-based FEM

The computation of elemental tangent matrix is done by numerical integration based on

Gauss quadrature rule. The general procedure for numerical integration consists of a

loop over integration points and double-loop over all the shape functions. The loop over

the integration points and shape functions can be interchanged, implying different im-

plementations and resource usage. When using outer-loop over integration points, least

amount of computation is required, as geometrical parameters (Jacobian, calculation of

shape function derivatives in physical coordinate etc.) can be calculated once for one

integration point and used for all the shape functions. Here, memory requirement is

high as intermediate values must be saved for further computation or summation. When

using outer loop over shape functions, memory requirement is not an issue, but calcula-

tion for each integration point needs to be done redundantly for all the shape functions.

In either of the cases, we see that numerical integration kernel in FEM requires signif-

icant amount of computational resources as well as memory access and storage space.

The earliest work on GPU acceleration of numerical integration is found in Macio l et al.
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(2010), where a single thread block is assigned to compute an elemental tangent matrix

for electromagnetic application. It uses outer loop over integration points and inner loops

over shape functions, achieving 3–19× speedup for higher order prismatic elements on

NVIDIA GeForce 8800 GTX. The numerical integration for quadrilateral element with

a curved geometry is implemented by P laszewski et al. (2010) using OpenCL (Khronos

Group 2020). In Dziekonski et al. (2012), numerical integration strategy for higher-order

tetrahedral element is presented that uses outer loop over integration points. This strat-

egy uses 81 thread blocks to perform computation corresponding to 81 Gauss points,

achieving 30.02× speedup on NVIDIA Tesla C2075 GPU. The GPU implementation of

numerical integration portable across different GPU architectures is found in Banaś et al.

(2014), Banaś et al. (2016). Here, the authors propose several optimizations for effective

GPU utilization using OpenCL for low order as well as higher order elements.

In assembly, entries of elemental tangent matrices are accumulated into a global

tangent matrix on the basis of mesh connectivity. This is a memory bound operation as

it involves large amount of data movement to-and-fro the global memory with assembly

requiring little amount of arithmetic operations. The GPU hardware, which has large

memory bandwidth and can launch great amount of parallel threads, aligns well with

computational requirement of the assembly step. However, parallel assembly on GPU

suffers from data read-write conflict referred to as the problem of race condition (NVIDIA

Corporation 2022). It is a situation where two or more threads attempt to write values to

the same location in memory, simultaneously. This kind of operation leads to undefined

outcomes and must be avoided. In assembly, data race condition occurs due to the

presence of common nodes among multiple elements. Coloring of finite element mesh

(Farhat & Crivelli 1989) is a popular and robust method to handle race condition in

FEM.

The initial investigation of GPU acceleration of finite element assembly was reported

by Filipovic et al. (2009) for linear tetrahedral element, achieving 15× speedup on

NVIDIA GeForce 280 GTX GPU. This work remained preliminary and targeted rel-

atively simple problem. A detailed analysis of assembly strategies applicable to general

class of problems was proposed by Cecka et al. (2011). This paper investigates many

approaches using different types of GPU memory for storing elemental data and differ-

ent kernel designs for assembly. It recommends using two different approaches for low
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and high order elements. For low-order elements, elemental data is stored in the shared

memory of GPU, while assembly is done by associating threads with non-zero entry of

the global matrix. This approach is found better than coloring method. For higher-order

elements, the best performing method uses single thread per element to calculate ele-

mental data and store into the global memory of GPU. Assembly to system of equations

is done by parallel reduction. In this study, optimization of numerical integration is not

discussed and therefore elemental subroutine is treated as black box. Fu et al. (2014)

presented parallelization of assembly by making efficient use of shared memory. The

proposed strategy makes disjoint sets of nodes by mesh partition and assigns elements

in such a way that each element belongs to one patch only. Assembly is done for all

the elements belonging to a patch in the shared memory and final data is written in

coalesced manner to the global assembled matrix in the global memory. In Zayer et al.

(2017), mesh information is captured through sparse matrix representation and assembly

of elemental matrices is converted into sparse matrix multiplication operation. This in-

novative approach achieves speedup of approximately 1.5× over the best strategy found

in (Cecka et al. 2011).

There are other strategies that combine the computation of numerical integration and

assembly into one computational step. Zhang & Shen (2013) proposed a coloring-based

strategy using single GPU kernel that achieved speedup of 7× and 10× for quadrilateral

and hexahedral (8-noded) elements, respectively on NVIDIA GeForce GT430. Another

coloring-based strategy is found in (Ohshima et al. 2012), where two types of strategies

are presented for 8-noded 3D elements. First uses single kernel for the computation,

whereas the second strategy makes use of three kernels. The later implementation is

found to be better, reducing the assembly time from 2.44 seconds to 0.65 seconds for

512,000 elements on NVIDIA Tesla C2050. Reguly & Giles (2013) presented a strategy

which can scale to higher-order finite elements. Here, single thread calculates the entries

of elemental matrix by using outer-loop over the shape functions and inner-loop over the

Gauss points and stores them in the global memory. The assembly to the global memory

is explored using different sparse storage formats. Kiran et al. (2018) presented a single

kernel strategy for computation of elemental matrices and their assembly, allocating a

warp to 8-noded hexahedral elements. In Sanfui & Sharma (2020), the assembly strategy

including computation of elemental matrices for unstructured mesh is split into three
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stages. Another recent work targeting assembly and computation of elemental matrix is

found in Sanfui & Sharma (2021) where GPU implementation is divided into symbolic

and numeric components.

1.1.2 Matrix-free FEM

The earliest work on matrix-free FEM solver is found in Hughes et al. (1983), where

element-by-element solution scheme was used for a problem of nonlinear mechanics.

Later, more investigations were performed in matrix-free implementation of FEM by

using element-by-element (EbE) (Carey & Jiang 1986, Carey et al. 1988, Barragy &

Carey 1988) and row-by-row (DOF-by-DOF) (van Rietbergen et al. 1996) strategies to

establish its accuracy, convergence and suitability to parallel processing. These works

demonstrated the advantages of matrix-free FEM over assembly-based strategy for small

memory parallel machines to perform large-scale simulation. In recent times, as General

Purpose computing on a GPU (GPGPU) gained popularity among scientific community,

matrix-free solvers gained a fresh attention. An early GPU implementation of matrix-

free FEM solver is found in Markall et al. (2010), Kiss, Badics, Gyimóthy & Pávó (2012)

and Kiss, Gyimóthy, Badics & Pávó (2012), where EbE strategy is used. In Markall et al.

(2010), the computation is split into multiple kernels, whereas Kiss, Badics, Gyimóthy &

Pávó (2012), Kiss, Gyimóthy, Badics & Pávó (2012) perform computations by allocating

single GPU thread to one finite element. In Cai et al. (2013), authors demonstrate node-

by-node (NbN) thread allocation for GPU implementation of matrix-free FEM solver,

achieving huge speedup. A comparison of matrix-free FEM with conventional assembly-

based implementation is presented in Markall et al. (2013), Reguly & Giles (2013), which

demonstrate superior performance by matrix-free FEM solver performing computation

directly with local or elemental matrices. A DOF-by-DOF (DbD) thread assignment for

matrix-free computation is found in Mart́ınez-Frutos & Herrero-Pérez (2015), where pro-

posed strategy loops through each element connected to a DOF to perform computation

and gather the multiplication results. The DbD and NbN strategies provide fine grain

parallelism compared to EbE strategy, but suffer from the problem of load unbalance.

This was addressed in Mart́ınez-Frutos et al. (2015) by two kernel strategy that keeps

the advantage of DbD strategy intact and still achieves uniform work distribution. In
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Pikle et al. (2018), GPU-based matrix-free FEM solver is used to solve an elasticity prob-

lem with unstructured mesh. The authors use DOF-based thread assignment for each

element and propose several optimizations for improved occupancy and memory access.

In another work by Kiran et al. (2020), EbE strategy for unstructured mesh problems

is proposed which uses only symmetric part of elemental matrices for computation, re-

ducing the storage requirement as well as global memory access. A detailed analysis

of thread allocation strategy in EbE matrix-free solver is presented in Ratnakar et al.

(2021), where allocation of eight threads per element is recommended for linear hexahe-

dral element. In a recent work by Lopes et al. (2022), matrix-free FEM is used to solve

up to 500 million DOFs numerical homogenization problem with preconditioned CG

solver based on EbE and NbN strategies. Apart from the aforementioned works, there

are numerous other research works that show significant computational performance by

matrix-free solvers with GPUs in wide range of areas like elasticity (Mart́ınez-Frutos

et al. 2015, Pikle et al. 2018), topology optimization (Ratnakar et al. 2022, Sanfui &

Sharma 2023), earthquake simulation (Yamaguchi et al. 2019), fluid mechanics (Knaus

2022), etc.

Few variations for GPU-based matrix-free FEM solver exist in terms of number of

elemental tangent matrices that it uses. For certain applications, voxel-based mesh con-

sisting of congruent elements is considered sufficient. In such case, only one elemental

tangent matrix can be used to perform the matrix-free computation. The GPU imple-

mentation of matrix-free SpMV using single elemental tangent matrix provides the fastest

kernel as dependency on input data is very small, see Cai et al. (2013) and Mart́ınez-

Frutos & Herrero-Pérez (2015). However, the matrix-free FEM solver needs to work with

individual elemental tangent matrices for applications that require unstructured mesh.

If tangent matrices are stored in GPU memory, the implementation that uses individual

tangent matrices becomes memory bound and the performance is largely determined by

the bandwidth of the GPU device, see Mart́ınez-Frutos et al. (2015), Pikle et al. (2018)

and Kiran et al. (2020). In some implementations, elemental matrices are not stored but

computed on-the-fly when required. As shown in Reguly & Giles (2013), this strategy

performs poorly due to high arithmetic overhead.
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1.1.3 Elastoplasticity

The parallel implementation of elastoplasticity on conventional parallel machines have

been studied by many researchers (Meyer & Michael 1997, Ding et al. 2008, Markopoulos

et al. 2015, Khalevitsky, Burmasheva & Konovalov 2016, Yusa et al. 2018, Sefidgar et al.

2021). However, there are only a handful of works in the literature that discuss usage of

GPU hardware for elastoplasticity. One of the early works to demonstrate acceleration

of elastoplastic simulation with GPU is done by Irina et al. (2011). Here, the authors

perform computation of elemental matrices and solution of system of equations on GPU

for moderately sized mechanical problems. A comparative analysis of iterative solvers

over a GPU cluster is presented by Khalevitsky, Burmasheva, Konovalov & Partin (2016),

where performance achieved over six GPUs was found equivalent to hundred CPUs. He

et al. (2017) proposed a GPU-based strategy for elastoplastic reanalysis, performing

computation of elemental matrices on GPU, whereas the assembly of the global tangent

matrix is done on the CPU. The computation of elemental matrix is divided into online

and offline parts. The offline part remains constant over Newton iterations, whereas

the online part is updated in each iteration on GPU by assigning single thread to each

element. A significant amount of speedup with respect to the CPU is reported, even when

an expensive CPU-GPU data transfer step is involved. Recently, GPU implementation of

elastoplastic simulation for perfectly plastic material is presented by Prabhune & Suresh

(2020) for additive manufacturing applications with matrix-free approach. The authors

proposed NbN strategy for the matrix-free SpMV computation in deflated conjugate

gradient (CG) solver. For efficient treatment of elastic and plastic elements, computation

is split into two kernels. One kernel is assigned to do computation using the elastic part of

an elemental tangent matrix for all the elements. Another kernel performs computation

using the plastic part of elemental tangent matrices for only those elements that lie

in the plastic zone, where plastic elements are identified using conditional statements.

The authors report a significant speedup of up to 26× as compared with single CPU

implementation of preconditioned CG solver. In another recent work by Wyser et al.

(2021), significant performance gain is reported for GPU-based elastoplastic analysis

using material point method. The authors demonstrate 200× speedup over single-core

CPU for 3D slumping mechanics problem.
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1.2 Motivation

Elastoplasticity is a nonlinear problem which requires an incremental-iterative solution

procedure that involves repeated use of many computationally expensive steps. Along

with FEM discretization, other important steps are computation of stress, internal force

vectors, estimation of convergence parameters and variables update. Since FEM is com-

putationally expensive, early works to use GPU in elastoplasticity revolves around it

(Irina et al. 2011, Khalevitsky, Burmasheva, Konovalov & Partin 2016, He et al. 2017).

However, these works target either computation of elemental matrix or solution of sys-

tem of linear equations, but not all steps of elastoplasticity. In addition, these works are

rudimentary as compared with the literature that discuss GPU acceleration of FEM in

context of other application areas like elasticity. As discussed in Section 1.1, each step

in FEM has been thoroughly discussed by numerous researchers, providing many rec-

ommendations for effective GPU implementation. However, the existing strategies are

not directly applicable in elastoplasticity. The parallel implementation of elastoplastic

analysis suffers from a well-known branching issue due to the presence of both elastic

and plastic states. The computation of elemental tangent matrix becomes dependent

on the state of a Gauss point and require different implementation for each state. The

computation of stress in elastoplasticity requires integration of constitutive relation us-

ing a suitable scheme like radial-return method. However, no previous work exists that

discusses GPU acceleration for the computation of stress. Since, an iterative procedure

is followed for the solution, an efficient assembly procedure is also required. Moreover, to

achieve maximum benefit from a GPU acceleration, end-to-end simulation must be per-

formed on the GPU. Therefore, this thesis aims to develop a framework that explores all

possibilities of minimizing execution timings by using GPU in every step of elastoplastic

simulation.

Based on the review of the literature, it can be observed that a GPU-accelerated

matrix-free FEM solver is effective for large-scale simulations and has great potential for

reducing the elastoplastic simulation time. However, the application of matrix-free solver

in elastoplasticity is less explored and therefore, a more comprehensive study is required.

The NbN strategy has been shown to achieve great speedups with respect to a CPU-

based CG solver (Prabhune & Suresh 2020). However, this work can be easily extended

to use the DbD strategy that provides fine-grain parallelism. The EbE strategy is known
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for balanced workload distribution and efficient memory access for unstructured mesh

problems and can be used for elastoplasticity. In this work, both DbD and EbE strategies

are used to implement matrix-free SpMV computation on GPU for elastoplasticity.

Due to congruency of elements in voxel-based mesh, only one elemental tangent ma-

trix is used in matrix-free solvers (Cai et al. 2013, Mart́ınez-Frutos & Herrero-Pérez 2015,

Lopes et al. 2022). However, elastoplasticity contains both the elastic and plastic states.

Unlike elastic zone where constitutive matrix remains fixed, each Gauss point in plastic

zone has a unique plastic constitutive matrix that depends on the state of internal vari-

ables. The presence of a unique constitutive matrix leads to a unique elemental tangent

matrix for elements in the plastic zone and must be taken into account for matrix-free

computation. The elastic and plastic zones in the body evolve during the iterative solu-

tion process, and therefore matrix-free SpMV implementation has to work with different

sets of elastic and plastic elements in each iterative step. This issue is handled by the use

of two kernels (Prabhune & Suresh 2020), where identification of elements in the plastic

zone is done by a conditional statement. As we know conditional statements introduce

branching in parallel implementation, the current work aims to develop alternate strat-

egy that avoids branching in matrix-free SpMV computation. The developed strategy

works effectively with NbN , DbD and EbE strategies for GPU implementation, and uses

only one elemental tangent matrix for the elastic zone and individual elemental matrices

for elemental in the plastic zone. The development of an effective matrix-free strategy

for SpMV computation is expected to enhance the performance of a CG linear solver,

and subsequently reduce the overall simulation timings of elastoplasticity.

1.3 Objectives of the thesis

The objectives of the thesis can be summarized as follows:

� Development of a GPU-based parallel framework for elastoplastic analysis. It en-

tails development of parallel strategies for all expensive steps in elastoplastic anal-

ysis, like computation of elemental matrices and their assembly, computation of

internal force vectors and their assembly, and computation of stress using radial-

return method.
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� Development of matrix-free CG iterative solver for elastoplasticity applicable to

unstructured meshes discretized using eight noded hexahedral elements.

� Development of matrix-free CG iterative solver for elastoplasticity applicable to

voxel-based structured meshes.

� Performance evaluation of the proposed strategies over large-scale benchmark prob-

lems of elastoplasticity. The performance results are evaluated over problems in-

volving associated flow rule and isotropic linear strain hardening with von Mises

yield criteria.

1.4 Organization of the thesis

The rest of the thesis is organized as follows.

� Chapter 2 provides the background for theory of elastoplasticity and its numerical

solution using FEM. The numerical procedure for the estimation of stresses in finite

element framework is also discussed. This is followed by description of sequential

CPU implementation.

� Chapter 3 discusses the proposed GPU framework for assembly-based elastoplas-

tic solver. The performance of the proposed framework is discussed for both struc-

tured as well as unstructured meshes by applying it over various 3D benchmark

examples.

� Chapter 4 presents the matrix-free SpMV strategies for elastoplastic problems

with unstructured mesh. A novel strategy is proposed that exploits the symmetry

of elemental tangent matrices to reduce memory access and improve the perfor-

mance.

� Chapter 5 discusses two novel matrix-free SpMV strategies for elastoplastic prob-

lems, namely single kernel strategy and improved split kernel strategy for efficient

usage of voxel-based structured mesh. Both the proposed strategies are imple-

mented on GPU a using node-based and element-based parallelization strategies

and performance is compared for various benchmark examples.
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� Chapter 6 concludes the thesis with a note on scope for future research directions.
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Chapter 2

Theory of Elastoplasticity and

Finite Element Method

In the present chapter, the background theory and numerical implementation aspects of

elastoplasticity are provided (Simo & Hughes 1998, de Souza Neto et al. 2008). First,

the governing equation is presented. Then, the background theory of plasticity is briefly

discussed, followed by the derivation of the weak form using the principle of virtual

work. Linearization of the weak form is discussed next, followed by the finite element

formulation. A scheme to integrate the rate form of the constitutive relation is described

in detail with the expression for the tangent modulus. The chapter concludes with a

detailed discussion on the computer implementation aspect of the developed formulation.

2.1 Governing Equation

Consider a deformable body B as shown in Figure 2.1 with surface boundary Γ. The

body is subjected to external body force per unit volume b in the bulk and surface

traction t̄ on the boundary Γf . The motion of the body B is prescribed at the boundary

Γu. The equation that governs the deformation of a continuous body for quasi-static
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x1

x2

x3

δu

Γf

B
Γu

t̄b

Figure 2.1: A deformable body under the action of external traction (t̄) and body forces
(b).

process along with boundary conditions is given by

∇ · σ + b = 0, ∀x ∈ B, (2.1)

u = uo, ∀x ∈ Γu,

t = t̄, ∀x ∈ Γf ,

where σ is the Cauchy stress, uo and t̄ are the specified displacement and traction on the

displacement boundary Γu and the traction boundary Γf , respectively. The governing

equation given by (Eq. 2.1) is the local statement of the balance of linear momentum

equation that establishes force equilibrium at every point inside the problem domain.

The equilibrium solution must satisfy the above equation locally inside the domain as

well as the boundary conditions.

2.2 Elastoplasticity

Under the assumption of small deformation and absence of large rotation, δd ≈ δε

(Tadmor et al. 2012). The small strain tensor can be additively decomposed into elastic
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and plastic parts as (Simo & Hughes 1998, Kim 2015, de Souza Neto et al. 2008)

ε = εe + εp. (2.2)

The Cauchy stress tensor for an isotropic material can then be written using Eq. (2.2)

as

σ = C : εe = C : (ε− εp) (2.3)

where C is the fourth order elastic constitutive tensor that is given as

Cijkl = λδijδkl + µ(δikδjl + δilδjk). (2.4)

Here, λ and µ are the Lamé’s constant and δij is the Kronecker delta, which takes the

value 1 if i = j and 0 otherwise. It is well-known that a material yields when the

magnitude of stress exceeds the yield stress. The identification of yield state requires a

yield function which can differentiate between the elastic and the plastic states. In the

present work, von Mises yield function is employed. The von Mises yield function f is

given as

f(σ, κ) =
√

3J2 − κ(εpeq), (2.5)

where J2 is the second invariant of deviatoric stress σ′ and κ is a hardening function

that depends on the equivalent plastic strain εpeq. The expression for J2 and εpeq are given

as

J2 =
1

2
σ′ : σ′, εpeq =

√(
2

3
εp : εp

)
. (2.6)

The deviatoric part of the Cauchy stress tensor σ′ is given by

σ′ = σ − 1

3
tr(σ)I. (2.7)

Here, I is the second order identity tensor and tr(·) is the trace operator. The compu-

tation of stress in Eq. (2.3) requires the determination of unknown plastic strain tensor.

In this work, the incremental plastic strain dεp is obtained using associated flow rule,
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which is given by normality condition of plasticity as

dεp = dλ
df

dσ
, (2.8)

where dλ is the plastic multiplier. The direction of increment in plastic strain is deter-

mined by
df

dσ
and magnitude is controlled by the plastic multiplier.

The elastoplastic deformation is characterized by the variation in the yield stress of a

material with the plastic flow. We consider isotropic strain hardening model with yield

stress varying linearly with the equivalent plastic strain,

κ(εpeq) = σy + Hεpeq, (2.9)

where σy is the initial yield stress and H is the hardening modulus.

The elastoplastic model is governed by a consistency condition which states that

loading stress must lie on the yield surface during plastic deformation. This constraint,

along with loading and unloading condition, is implemented in the form of Karush-

Kuhn-Tucker (KKT) condition, which must be satisfied for all the material states (Simo

& Hughes 1998),

λ ≥ 0 f ≤ 0, λf = 0. (2.10)

2.3 Principle of Virtual Work

Generally, a weak form of the differential equation is required to establish the finite

element equation. The principle of virtual work is used to obtain the weak form of Eq.

(2.1) by taking δu as a virtual displacement field in the body (see Figure 2.1). The

virtual displacement is taken arbitrarily, except that it is kinematically admissible, i.e.,

it satisfies the essential boundary condition (Eq. (2.1)2).

The external virtual work expression can be written as

δWext =

∫
B
b · δudv +

∫
Γf

t · δuds. (2.11)
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The internal virtual work is obtained by integrating work done by the internal forces

over the entire volume, given by

δWint =

∫
B
σ : δddv, (2.12)

where δd is the virtual rate of deformation tensor due to the virtual displacement.

However, for small strain plasticity problem with negligible inertia, the internal virtual

work can be written as (Dunne & Petrinic 2005)

δWint =

∫
B
σ : δεdv, (2.13)

where δε is the virtual small strain tensor. The principle of virtual work states that the

internal virtual work should be equal to the external virtual work for a body to be under

equilibrium. This is written as

δWint = δWext. (2.14)

Using Eqs. (2.11) and (2.13), we can write

∫
B
σ : δεdv =

∫
B
b · δudv +

∫
Γf

t · δuds. (2.15)

The principle of virtual work makes no assumption regarding the stress-strain relation

and the type of deformation. Hence, it is equally applicable to linear and nonlinear

problems in solid mechanics.

2.4 Linearization

If a body under external load is not in equilibrium, the principle of virtual work does

not hold. A residual R is defined as the difference between the internal virtual work and

external virtual work, i.e.,

R(u, δu) =

∫
B
σ : δεdv −

∫
B
b · δudv −

∫
Γ

t · δuds. (2.16)
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The equilibrium solution would mean that the residual R(u, δu) becomes zero. The

residual expression contains various kind of nonlinearities in form of the stress-strain

and strain-displacement relation. Therefore, the problem of finding equilibrium solution

can be formulated as a root finding problem of a nonlinear equation.

Generally, an iterative solution method like Newton-Raphson (NR) is adopted for

the solution of nonlinear equation. The Newton-Raphson solution method starts with an

initial guess u0 of the solution and finds an increment ∆u such that the new approximate

solution is close to the actual solution. For a kth step of NR iteration we can write

uk+1 = uk + ∆u, k = 0, 1, 2, ... (2.17)

where uk+1 is the new solution. This process is repeated until a sufficiently accurate

solution is obtained. However, the computation of an increment requires linearization of

the nonlinear equation.

Considering infinitesimal deformation, the residual expression (2.16) contains only

stress-strain nonlinearity. The Cauchy stress is linearized using Taylor series expansion

as

σ(u + ∆u, δu) = σ(u) +
dσ

dε
: ∆ε. (2.18)

If the external load is considered independent of the displacement, the linearized residual

expression is obtained as

R̂(u + ∆u, δu) =

∫
B
σ : δεdv +

∫
B
δε :

dσ

dε
: ∆εdv −

∫
B
b · δudv −

∫
Γ

t · δuds. (2.19)

Here,
dσ

dε
is known as the tangent modulus operator and is determined by elastoplastic

theory which is discussed in the subsequent section (Dunne & Petrinic 2005).

2.5 Finite element formulation

In order to obtain an approximate numerical solution, the problem domain is discretized

into a number of polygons or polyhedra, called as the element. The displacement at a
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point x over a typical element domain Be is approximated by Lagrange shape functions

as (Reddy 2006)

u(x) ≈
n∑

i=1

ue
iNi(x), (2.20)

where ue
i is the nodal displacement vector of node i, n is the total number of nodes in an

element, and Ni is the shape function associated with the node i. This can be rewritten

in the following matrix form as

u =


ux

uy

uz

 ≈ Nue, (2.21)

where ux, uy and uz are the displacements in x, y and z coordinates, and N is the shape

function matrix given by

N =


N1 0 0 N2 0 0 ... Nn 0 0

0 N1 0 0 N2 0 0 ... Nn 0

0 0 N1 0 0 N2 0 0 ... Nn

 . (2.22)

Here, Ni (i = 1, . . . , 8) are the shape functions associated with 8 nodes of linear hexahe-

dral element which is considered in the present work. The elemental displacement vector

ue is given by

ue =

{
u1
x u1

y u1
z u2

x u2
y u2

z ... un
x un

y un
z

}T

, (2.23)

where ui
x, u

i
y, u

i
z(i = 1, . . . , 8) are the x, y and z displacements of ith local node. The

small strain tensor is then obtained as

ε =
1

2

[
∇u + (∇u)T

]
≈

n∑
i=1

Biui, (2.24)
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where Bi is the strain-displacement matrix given by

Bi =



Ni,x 0 0

0 Ni,y 0

0 0 Ni,z

0 Ni,z Ni,y

Ni,z 0 Ni,x

Ni,y Ni,x 0


. (2.25)

Here, (·),x, (·),y, and (·),z denote the derivatives with respect to x, y and z coordinates.

The substitution of (2.21) into the linearized weak form (2.19) gives finite element equa-

tion for an element in matrix form as

∫
Be

(δu)T (BTDB)uedv =

∫
Be

(δu)TNTbdv +

∫
Γe
f

(δu)TNT tds−
∫
Be

(δu)TBTσdv (2.26)

The assembly of all elemental equations gives the finite element equilibrium equation in

the global form as

kK∆u =kfext −kfint, (2.27)

where K = A(Ke), fext = A(f eext), fint = A(f eint) and ∆u is the increment in nodal

displacement at iteration k. Here,A is the assembly operator. The expressions for the

elemental quantities are given by

Ke =

∫
Be

BTDBdv, (2.28)

f eext =

∫
Be

NTbdv +

∫
Γe
f

NT tds, (2.29)

f eint =

∫
Be

BTσdv. (2.30)
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The elastoplastic tangent modulus D =
dσ

dε
is determined depending on the state of the

Gauss point as

D =

 De, if elastic,

Dp, if plastic.
(2.31)

The state of stress is determined by unconditionally stable backward Euler method using

elastic corrector and plastic predictor scheme (Dunne & Petrinic 2005).

2.6 Radial-return method

The constitutive relations for elastoplastic problems are given in the rate form and must

be integrated over the time or load increments. The current work uses implicit backward

Euler method for integration of the constitutive relation (Dunne & Petrinic 2005). The

backward Euler method is quiet popular due to its simplicity and unconditional stability.

In this method, determination of stress is done in two steps. The first step, also known

as elastic predictor step, computes a trial stress by considering the strain increment as

purely elastic. If the trial stress lies outside of the yield surface, it is brought back

onto the yield surface in the second step, known as plastic corrector step. The elastic

predictor-plastic corrector method of stress determination is also referred to as radial-

return method.

Let the state at load step tn is given as: nσ, ∆ε, nεe, nεp nεpeq. The objective is to

determine n+1σ, n+1εp and n+1εpeq.

Elastic predictor

Assuming the strain increment to be entirely elastic, a trial stress is computed as

σtr = De(
nεe + ∆ε). (2.32)

According to Eq. (2.5), the yield function becomes,

f(σtr,n κ) =
√

3J2 − κ(nεpeq), (2.33)
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where,

J2 =
1

2
σtr′ : σtr′ , nκ = σy + Hnεpeq. (2.34)

If f(σtr,n κ) ≤ 0, the state is considered elastic and quantities are updated as

n+1σ = σtr,n+1εpeq =nεpeq,
n+1 εp =nεp. (2.35)

if f(σtr,n κ) > 0, the state is considered plastic and the next step is followed.

Plastic corrector

Using Newton-Raphson iteration1, following equations are solved to obtain the equivalent

plastic strain,

iκ =nκ + H i(∆εpeq),

δεpeq =

√
3J2 − 3G(i(∆εpeq))−iκ

3G + H
,

i+1(∆εpeq) =i(∆εpeq) + δεpeq,

(2.36)

where G is the shear modulus. Using ∆εpeq, the plastic strain increment is calculated as

∆εp =
3

2

∆εpeq√
3J2

σtr′ . (2.37)

The final values are taken as

n+1σ = σtr − 2G∆εp,

n+1εp =n εp + ∆εp,

n+1εpeq =n εpeq + ∆εpeq.

(2.38)

For material points in the plastic state, elastoplastic tangent modulus is used which is

consistent with the integration scheme. For more details, refer to Dunne & Petrinic

(2005).

1This Newton-Raphson iteration is different from the one mentioned in Section 2.4.
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2.7 Computation of tangent modulus

The slope of stress-strain curve at any given stress or strain value is called as tangent

modulus. In elastoplasticity, the tangent modulus is equal to the Young’s modulus in the

elastic zone. Beyond the yield point, the tangent modulus varies with strain and needs

to be computed at the updated state. As shown in Eq. (2.31), the tangent modulus

takes the form of elastic constitutive matrix for the elastic state and plastic constitutive

matrix for the plastic state. In this work, the plastic constitutive matrix is derived from

the implicit backward Euler method and therefore referred to as the consistent tangent

modulus. The plastic constitutive matrix is given by (Dunne & Petrinic 2005),

Dp =
2GQ

σtr
eqσ

tr
eq

σtr′ ⊗ σtr′ + 2GR I +

(
K − 2

3
GR

)
I ⊗ I, (2.39)

where σtr
eq is the equivalent trial stress, G is the shear modulus, K is the bulk modulus

and I is the fourth order identity tensor. The quantities Q and R are given as,

Q =
3

2

(
1

1 + (3G/H)
− σeq

σtr
eq

)
, R =

σeq

σtr
eq

. (2.40)

2.8 Computer implementation

The finite element formulation of elastoplastic problems presented in previous sections

is implemented in an incremental-iterative manner, since stress at any instant may not

depend only on the instantaneous strain but also on the loading history. Algorithm 1

outlines the key steps in the numerical analysis of elastoplastic problems that are used in

the current work for the development of CPU and GPU implementations. The external

load is divided into a number of smaller increments and each incremental load is applied

in successive steps. Line 2 of Algorithm 1 shows the outer most loop over the load steps.

The external load vector fext is updated in line 3 and the computation of unbalanced

force vector fub is done in line 4. The minimization of residual unbalance force vector is

done by the Newton-Raphson method (line 5), which iteratively minimizes the residual

till the tolerance becomes smaller than a given limiting value (see line 21). The Newton-

Raphson iteration runs as long as convergence is not satisfied or user defined maximum
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number of iterations (Max NR itr) is not reached.

Lines 6–13 of Algorithm 1 denote the computation of elemental stiffness matrices

and their assembly into global tangent matrix for each iteration of the Newton-Raphson

method. On CPU, the computation of elemental tangent matrices and their assembly is

implemented in a conventional way by taking a loop over all the elements of the mesh.

However, the tangent matrices are computed only for elements exhibiting plastic behav-

ior. If an element is found undergoing plastic deformation, elemental tangent matrix is

computed using the plastic constitutive matrix Dp. Otherwise, the precomputed tangent

matrix is read from array K local. Separating the computation for elastic and plastic

elements is important because only a small percentage of elements undergoes plastic de-

formation if the size of plastic zone is small. In case of problems having large plastic zone,

this strategy can still help in the early stages of the solution procedure. The elemental

matrices are assembled into a global tangent matrix using mesh connectivity information

(see line 12). Line 15 represents the solution of linear system of equations obtained as

a result of the discretization of governing equation. Using the global tangent matrix K

as the coefficient matrix and unbalanced force vector fub, the displacement increment

∆u can be obtained using any suitable linear solver. The computed displacement is

used to determine the stress state of a material point in the body using return mapping

algorithm (line 17). Once the stress is determined, the computation of internal forces is

done as shown in line 18. The unbalanced force is updated by subtracting the internal

force vector from external force vector (line 19).

In terms of computational expense, the steps that determine performance of an elasto-

plastic analysis are: solution of linear system of equation, computation of elemental ma-

trices and their assembly in a global matrix, computation of stress and internal force

vectors. The computational details of all steps except solution of linear system of equa-

tion is provided in following sections. The discussion about solution of linear system is

delayed to subsequent chapters.

2.8.1 Computation of elemental matrices

The amount of computation in elemental matrices depends upon the type and order of

the element used in the mesh. The current work discusses the computational imple-
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Algorithm 1 Computer implementation of elastoplastic analysis.

Input: Coordinates, Connectivity, Boundary conditions, Material parameters
Output: Displacements, Stress

1: Compute all local matrices Ke and store them in K local.
2: for load steps = 1 to L do ▷ Loop over all load steps
3: Update external force vector: fext
4: Compute unbalanced force: fub = fext − fint
5: for itr=1 to Max NR itr do ▷ Newton-Raphson (NR) iteration
6: for e = 1 to E do ▷ Loop over all elements
7: if estate(e) == true then ▷ If an element is in plastic state
8: KE ← Compute local matrix Ke using Dp

9: else
10: KE ← Read from K local
11: end if
12: Assemble KE into global tangent matrix K
13: end for
14: Apply boundary conditions
15: Solve: K∆u = fub
16: Update: ∆uinc+ = ∆u ▷ Incremental displacement
17: Compute stress: Radial-return algorithm ▷ Refer to Algorithm 3
18: Compute Internal force: fint
19: Compute unbalanced force: fub
20: Compute current tolerance: ctol
21: if ctol < ξNR then ▷ Check for convergence
22: Update variables
23: Break the NR loop
24: end if
25: end for
26: end for

mentation for linear hexahedral element having 8 nodes with three DOFs per node. The

integral form of the elemental tangent matrix (Eq. 2.28) is evaluated using a suitable nu-

merical integration technique like the Gauss quadrature (Bathe 1996). Using the Gauss

quadrature rule, the expression for elemental matrices can be obtained as

Ke =

∫
Be

BTDBdv ≈
nq∑
q=1

(BTDB detJ)

∣∣∣∣
(ξq ,ζq ,ηq)

wq (2.41)

where J is the Jacobian for the transformation of geometry, (ξq, ζq, ηq) is the coordinate

for the qth Gauss point and wq is its weight. The expression in parenthesis of Eq. (2.41) is

evaluated for each Gauss point and summed over to get the elemental matrix. However,
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in order to perform multiplication the operands B,D and J must be constructed for each

gauss points. The shape function derivatives and nodal coordinates are used to compute

the Jacobian matrix. The inverse of the Jacobian matrix is used to compute shape

function derivatives in the physical coordinate system, which constitutes the matrix

B. Once the matrix B is constructed, Ke can be evaluated by performing the matrix

multiplication.

For 8-noded hexahedral element, the size of different components in numerical inte-

gration along with input and output data size is given in Table 2.1. Here, coordinates

Table 2.1: Variables size in numerical integration

Type Variables Size

Input Variables
Coordinates 3×8

Shape function derivatives 3×8

Integration Variables

Jacobian 3×3
Jacobian inverse 3×3

Jacobian determinant 1
Shape function derivative 3×8

B matrix 6×24
D matrix 6×6

Output Variables Ke 24×24

remain the same for all Gauss points whereas the shape function derivative in natural

coordinates varies. The integration variables and output variables are unique to each

Gauss point and must be computed independently. The values of output variable Ke

from each Gauss point should be summed before assembling into the global tangent ma-

trix. It can be observed that the computation of elemental tangent matrices requires

considerable amount of computing resource and storage space.

In case of elastoplastic problem, additional computation is required for the generation

of material tangent modulus. The plastic constitutive matrix depends on the local values

of stress, which means that it should be computed at all Gauss points in the mesh.

Algorithm 2 shows the steps involved in the computation of elemental tangent matrix

for fully-integrated 8-noded hexahedral element. Line 2 of Algorithm 2 shows the loop

over optimum number of Gauss points given by quadrature rule, i.e, 8 in case of 8-noded

hexahedral element. For each Gauss point, Jacobian, determinant and the inverse of

Jacobian matrix is computed in sequence. Line 5 stands for the computation of matrix
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B, which consists of shape function derivatives in physical coordinate system. The

computation of elemental matrices and force vector is done by carrying-out the required

multiplication in line 6.

Algorithm 2 Computation of elemental matrices.

Input: Coordinates, Shape function derivatives
Output: Elemental matrices Ke

1: Initialize Ke, Fe to zero.
2: for q = 1 to Q do ▷ Loop over Gauss points Q
3: Compute J
4: Compute determinant and inverse of J
5: Compute B
6: Ke+ = (BTDB)detJwq

7: end for

2.8.2 Assembly

In this step, all elemental tangent matrices are assembled into a global tangent matrix.

The assembly of elemental tangent matrices is done on the basis of mesh connectivity.

On CPU, the assembly procedure consists of a loop over all elements where non-zero

values from elemental tangent matrices are accumulated into the global tangent matrix

by mapping local DOF of an element to global DOF.

The global tangent matrix obtained in FEM is sparse in nature as elements are locally

connected to each other in the discretized domain. The sparse matrix contains a mix

of zero and non-zeros values. Since, zeroes are not useful for computations only non-

zeros values are stored in the memory. For this purpose, different sparse storage formats

like coordinate (COO), ELLPACK (ELL), compressed sparse row (CSR), etc. have

been used in the past, implying different levels of memory utilization (Bell & Garland

2009). As the problem size increases, memory consumption in FEM becomes infeasibly

large. Therefore, the usage of sparse formats is a must. However, working with a sparse

storage format is not a trivial task as each format introduces a unique data structure.

The assembly into global tangent matrix must take into account the data structure of

underlying sparse storage format, and accordingly adopt an efficient strategy. In this

work, CSR sparse format is used for the storage of the global tangent matrix. The

assembly procedure for CSR format is discussed in the subsequent chapter.
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2.8.3 Computation of stress

The constitutive relation in elastoplasticity is given in the form of rates and therefore

it needs to be integrated over load increments to obtain the correct value. As discussed

in Section 2.6, the stress is evaluated using the radial-return method. Algorithm 3

summarizes the key steps in the computation of stress using the radial-return method.

Since, computation of stress depends on local values of internal variables like plastic

strain, the radial-return method is followed for each Gauss point of each element. The

computer implementation uses an outer loop over elements and an inner loop over all

Gauss points in an element.

Algorithm 3 Radial-return algorithm.
Input: nσ, ∆ε,nεpeq
Output: n+1σ,n+1εpeq

1: Compute trial stress (elastic predictor): σtr using Eq.(2.32)
2: Compute yield function for trial stress: f using Eq. (2.5)
3: if f > 0 then

4: Compute equivalent trial stress: σtr
eq =

√
3

2
(σtr′ : σtr′)

5: while |δεpeq| > tol do ▷ Newton iteration to compute ∆εpeq
6: iκ = nκ + H i(∆εpeq)

7: δεpeq =
σtr
eq − 3G(i(∆εpeq))−iκ

3G + H
8: i+1(∆εpeq) =i(∆εpeq) + δεpeq
9: end while

10: ∆εp =
3

2

∆εpeq(σ
tr′)

σtr
eq

▷ (σtr′) is deviatoric part of σtr

11: n+1σ = σtr − 2G∆εp

12: n+1εpeq =n εpeq + ∆εpeq
13: else
14: n+1σ = σtr

15: end if

2.8.4 Computation of internal force vector

The computation of internal force is implemented in a similar way as the computation

of elemental tangent matrices. The line 6 in Algorithm 2 is replaced by expression from

Eq. (2.30) to compute internal force vector, rest of the steps remain identical. For each
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element, computation is performed inside a loop over Gauss points.

2.8.5 Convergence criteria

The Newton iteration in Algorithm 1 continues until residual force vector becomes

smaller than a certain given value. In this thesis, force-based convergence criteria is

used to terminate the Newton iteration. The force-based convergence criteria is given as

the L2 norm of the ratio of unbalanced force vector fub and incremental force vector fext.

In mathematical form, it is expressed as

||fub||2
||fext||2

≤ ξNR, (2.42)

where fub and fext are taken for a given load step. Here, ξNR is the user specified

convergence tolerance.

2.9 Closure

This chapter discusses the theory of plasticity for a deformable body under the action

of external body force and surface traction. The plasticity theory is presented for an

isotropic material model with von Mises yield criteria and associated flow rule. Fur-

ther, finite element formulation is established for the numerical simulation of a three

dimensional problem. The same has been used in chapter 3 for implementation on the

GPU.
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Chapter 3

GPU-acceleration of

Assembly-based Elastoplasticity

Solver

An efficient finite element analysis of elastoplastic problems is of great importance, as

it enables one to estimate actual strength of solid and structures under various loading

conditions. However, realistic simulation of various physical processes like metal forming

or geophysical problems requires complex large-scale 3D models (Vi et al. 2018, Riet-

mann et al. 2017). Finite element computation for large-scale models, having millions

of degrees of freedom (DOFs), can be very expensive and may lead to huge compu-

tational overhead. In addition, the nonlinear nature of elastoplastic problems requires

FEM computations iteratively. In such scenario, the computational time of large-scale

3D elastoplastic simulation can be too large to use for practical purposes. Often, the

large computational time associated with elastoplastic simulation is reduced by using

parallel supercomputers (Bhardwaj et al. 2002, Adams et al. 2004, Balay et al. 2021,

Trilinos Project Team 2020).

The computation in elastoplastic analysis consists of three expensive steps, viz., com-

putation of the elemental matrices, assembly of the elemental matrices into a global tan-

gent matrix and solution of linear system of equations. Often, the solution of system of
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equations is the dominating step in terms of computational time, and has been studied

extensively by many researchers. However, the computation of elemental matrices and

their assembly too can become a bottleneck for elastoplastic analysis. The computation

of elemental matrices for elements undergoing plastic deformation and their assembly

is required in every iteration. As the size of plastic zone increases, the time associated

with the computation of the elemental matrices also increases. Therefore, apart from

the solution of system of linear equations, the computation of elemental matrices and

their assembly into a global tangent matrix along with the computation of stress and

strain constitute important stages in elastoplastic analysis. Since these operations are

required iteratively, the wall-clock timing can be seriously affected if left unoptimized.

In this chapter1, we implement all steps of an elastoplastic analysis on GPU and

explore all possibilities to minimize the computation time. The incremental-iterative so-

lution approach to elastoplastic analysis is implemented in the form of CPU-based loops,

that launch compute kernels on GPU to perform all the computations. The expensive

CPU-GPU data transfer is completely avoided inside the computational loops, as all the

computations are performed on the GPU. Considering the limited memory space avail-

able in the GPU, the elemental matrices are directly assembled into compressed sparse

row (CSR) storage format ready to be used by linear solvers. In addition, a parallel

strategy for radial-return method is also proposed to compute the stresses on the GPU

itself.

3.1 Proposed GPU framework

The primary goal of the current work is to reduce the wall-clock timings for simulation

of elastoplastic problems on a GPU. Therefore, it becomes necessary to use GPU for

all computationally expensive steps. Fig. 3.1 presents a flow-chart of the proposed

solution strategy, indicating the major steps and corresponding hardware on which it

is executed. The steps surrounded with single box are executed on CPU, whereas the

steps with multiple boxes are executed on GPU. The user-defined functions in CUDA

C/C++ (also known as kernels) are developed to implement the steps like computation

of elemental matrices and their assembly, computation of stress and computation of

1This chapter has been published in Computing (Kiran et al. 2023).
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COMPUTE DISPLACEMENT USING ITERATIVE SOLVER

COMPUTE STRESS

COMPUTE INTERNAL FORCES

COMPUTE ELEMENTAL MATRICES AND PERFORM ASSEMBLY

CONVERGENCE

CHECK

START

INCREMENT THE APPLIED LOAD

PERFORM PRE−PROCESSING

READ INPUT DATA

No

Increment loop

Iteration loop

Yes

Figure 3.1: A flow-chart for the proposed GPU framework. The steps surrounded with
single box are executed on CPU and those with multiple boxes are executed on GPU.

internal forces on the GPU. The computation of displacement can be done by using any

suitable library that supports GPU acceleration. In this work, CUSP (Dalton et al.

2014) and Ginkgo (Anzt et al. 2022) libraries are used for the solution of linear system

of equations. The algebraic operations like vector-vector addition or subtraction, scalar-

vector multiplication, vector-dot product, etc., have been used for updating external force

vector, computation of unbalanced force vector and evaluation of termination criteria.

These operations are implemented on GPU using THRUST library (Bell & Hoberock

2012).

3.1.1 Computation of elemental matrices and their assembly

The computation of elemental matrix for each element can be performed independently

of others, making this step an ideal candidate for parallelization, see Georgescu et al.

(2013). Since a GPU has massively parallel processor architecture, a large number

of parallel threads can be launched and associated with different elements to perform

elemental computation simultaneously. The computed elemental matrices are stored and
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later assembled into a global tangent matrix. However, considering a limited memory

available with a GPU, the proposed strategy does not store the elemental matrices in

memory, rather, assembles directly into a global tangent matrix.

Algorithm 4 shows the steps in computation of elemental matrices on GPU by a single

thread. The computation of elemental matrix is implemented as a device function that

uses local memory space for storage and computation (see line 1). The computation is

done inside a loop over Gauss points as in the sequential implementation. If a Gauss point

is in plastic state, as given by an array pstate in line 3 of Algorithm 4, the computation

of tangent modulus is done, otherwise elastic constitutive matrix is used. For each Gauss

point, Jacobian (jacobian), inverse Jacobian (inv jacobian) and matrix B (B mat) are

computed, followed by the computation of BTDB in line 11. The computed elemental

matrix is stored in the local memory of each thread.

Algorithm 4 GPU kernel for computation of elemental matrices
Input: coordinate, dN
Output: K e

1: Allocate local memory for jacobian, B mat, D, K e

2: for q = 1 to Q do ▷ Loop over Gauss points Q
3: if pstate[q] == plastic then
4: D← calc tangent modulus()
5: else
6: D← elasic constitutive mat()
7: end if
8: jacobian← calc jacobian(coordinate, dN)
9: inv jacobian←calc inverse jacobian(jacobian)
10: B mat ← calc matrix B(inv jacobian, dN)
11: K e+ = calc elemental mat(B mat,D)
12: end for

The assembly of elemental matrices is also a data parallel task, which is suitable

for modern processors like the GPU. The data in a global tangent matrix is stored

in a DOF-wise manner. Each DOF has a corresponding row in the global tangent

matrix and receives contributions of elemental matrices from neighbouring elements.

During parallel assembly, threads assigned to different elements may try to write values

to the same memory location corresponding to a common DOF. This creates data race

condition, where the outcome of any operation remains undefined. In this work, the

issue of data race condition is handled by the use of mesh coloring (Cecka et al. 2011,
TH-3388_176103028



3.1 Proposed GPU framework 39

Kiran et al. 2018). The goal is to divide the mesh into distinct sets of elements, with

no two elements from the same set sharing a node. A distinct color is assigned to each

set. The computation for elements belonging to a color set can now be done without any

conflict, as no common DOF exists. All colors are processed in sequence. In this thesis,

coloring algorithm given in (Mart́ınez-Frutos & Herrero-Pérez 2015) has been used. The

race conditions can also be avoided by using atomic operations (NVIDIA Corporation

2022) provided by CUDA. Compared with coloring method, atomic operations are simple

to implement and do not require multiple kernel launches. However, atomic operations

can be expensive, and their performance is hardware-dependent. On recent versions of

GPUs, overheads associated with atomic operations have significantly reduced, making

atomic operations an attractive option. The strategies presented in this thesis can also

be implemented by using atomic operations.

Since the global tangent matrix in FEM is sparse in nature, different sparse formats

like coordinate (COO), ELLPACK (ELL), compressed sparse row (CSR), etc. are used

for the storage. However, working with a sparse storage format is not a trivial task as

each format introduces a unique data structure, which might not be efficient for other

computational steps of FEM. Therefore, assembly into the global tangent matrix must

take into account the data structure of underlying sparse storage format, and accordingly

adopt an efficient strategy. A commonly used procedure for the assembly of the global

tangent matrix consists of two steps. The first step assembles the elemental contribution

in COO format where three arrays are used to store non-zero values, row indices and

column indices of a matrix. However, the value array usually contains multiple entries for

the same values of row and column indices. In second step, each of the arrays are sorted

and entries having repeated values in row and column arrays are consolidated. The global

stiffness matrix obtained in COO format can now be converted into any other sparse

format, if required. This approach works well for a CPU and has been implemented

by libraries like MATLAB (The MathWorks Inc. 2021) and Eigen (Guennebaud et al.

2010). However, this approach does not suit well to the GPU architecture. GPUs have

limited memory and performance of a GPU-based code is highly dictated by the amount

of memory access. The first step of assembly into COO format allocates more memory

than required by the actual number of non-zeros. This puts pressure on GPU memory

and limits the size of the problem. The second step of assembly into COO format involves
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sorting and accumulation of repeated entries. These operations are memory intensive and

require a lot of data movement, which is not favorable for the best performance on GPU.

In the current work, assembly is directly performed into CSR formats by pre-computing

indices of non-zero values.

3.1.1.1 Pre-computing indices into CSR matrix

The CSR sparse storage format uses three arrays to store a sparse matrix. These arrays

are: value array to store non-zero values, column indices array to store column indices

of non-zero values and row offsets array to store the location of beginning of each row.

The row offsets array has size equal to size of the matrix incremented by one, the last

entry contains the total number of non-zero values. Figure 3.2a shows an example mesh

consisting of quadrilateral elements with a single degree of freedom per node. The full

global tangent matrix corresponding to Fig. 3.2a is displayed in Fig. 3.2b, where ∗
denotes non-zero values, numbered row-wise (as stored in CSR format) as shown in Fig.

3.2c. The global tangent matrix has a total of 28 non-zero values, and therefore, the

value and the column arrays are allotted space to keep 28 values. The row offsets array

is assigned the size of seven values. Figure 3.2d shows the global tangent matrix in CSR

format, where the values of column array are displayed for the first, second and last rows.

The local to global mapping of elemental DOFs only provides rows and column indices

for a particular non-zero value. While this information is sufficient to find the exact

position in a full global tangent matrix, the locations into compressed global matrix

cannot be found. The direct assembly of elemental matrices into CSR format requires

prior knowledge of locations of non-zero values in the value array. For example, let’s

assume that the value corresponding to 6th row and 5th column is to be modified. Figure

3.2d shows the row offset value for 6th row as 25, indicating that the values corresponding

to 6th row lies at locations starting from 25th position in the column and value arrays.

However, if one wants to modify the value in 5th column of 6th row, the location for 5th

column needs to be searched in the column array. As shown in the column array of Fig.

3.2d, the 5th column comes at 3rd position in the 6th row. Therefore, one has to make

changes at 27th (25 + 2) position in the value array to modify the required value. The

exact location is obtained by adding relative position of desired column with respect

to the first column in the corresponding row. Whenever the assembly is performed,
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Figure 3.2: The storage of element connectivity for coalesced access.

the relative position of the column index of a non-zero value needs to be searched in

the column array, which can be expensive for unstructured meshes. It is to be noted

that the relative position of a column index remains fixed as long as the mesh is fixed.

This implies that the expensive search operations into column array can be done prior

to the assembly step and relative positions of column indices of nonzero values can be

pre-computed and stored for later use. Figure 3.2e shows a 4×4 matrix that contains

relative positions of column indices for each node of an element. The relative position

of a column index depends on the immediate neighborhood of the node and elements

with which it is connected. If a node is associate with multiple elements, the relative

position is found for each element. If a node has multiple DOF associated with it, the

same relative position can be used for all DOFs. The data shown in Fig. 3.2e is referred

as CSR indices in the following discussions.

The CUDA kernel that performs assembly for one color is presented in Algorithm 5.
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The primary inputs required for the assembly kernel are element connectivity (connectivity),

coordinate (coordinate), derivative of shape functions in reference coordinate (dN), CSR

indices (csr indices) and row offsets array of CSR storage format (offsets). Assign-

ing single thread to each element, the computation is performed by launching as many

threads as the maximum number of elements (max element) belonging to a color. Each

thread is assigned the task of computation of an elemental matrix and its assembly into

the global matrix. The elemental stiffness matrix is computed by following Algorithm 4

(see line 6). Lines 7–12 of Algorithm 5 denote assembly of elemental matrices into the

global matrix, stored in CSR sparse storage format. The column and offsets arrays of

CSR format depend on the mesh connectivity and remain fixed as long as the mesh does

not change. In this thesis, the column and offsets arrays (offsets) are precomputed

and stored to avoid repetitive assembly. As shown in line 9 of Algorithm 5, elemental

matrices are assembled into the value array by computing indices based on element con-

nectivity (connect), offset array (offsets), and precomputed indices into value array

(csr indices). The direct assembly into CSR storage format requires prior knowledge

of locations of non-zeros into the value array. Here, csr indices contains precomputed

locations of non-zeros in element-wise manner. It is noted that accumulation of non-zero

values in array K val is conflict-free.

Since single thread per element strategy is used in computation, each thread is re-

sponsible for reading input data associated with one element. Keeping in mind that

the most efficient data structure for a GPU is the one that allows coalesced memory

access, the input data are reordered in such a way that consecutive threads access con-

secutive locations in the memory. The data access pattern for element connectivity is

shown in Fig. 3.3. If data is not reordered, threads (denoted as T0, T1, etc.) make

strided access to fetch data from memory. Here, stride size is eight due to eight entries

of element connectivity per element (Fig. 3.3a). If corresponding entries of element con-

nectivity for all elements are stored side-by-side (Cecka et al. 2011), the strided access

can be totally prevented. As shown in Fig. 3.3b, first entry of element connectivity for

all elements are accessed in a coalesced manner. Similar arrangement is made for the

other entries. The coordinates and CSR indices are also reordered and accessed like the

element connectivity.
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Algorithm 5 GPU kernel for assembly of global tangent matrix.
Input: coordinate, connectivity, csr indices, offsets, dN
Output: K val

1: procedure calc tangent mat(coordinate, connectivity, csr indices,
offsets, dN)

2: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
3: elem no← threadId
4: if elem no < max element then
5: connect← get connectivity()
6: K e← calc element mat(coordinate, dN) ▷ Computation of elemental

matrix, see Algorithm 4
7: for i = 1 to 24 do ▷ Assembly into global matrix without conflict.
8: for j = 1 to 24 do
9: id← calc indices(i,j, csr indices, offsets, connect)
10: K val(id) += K e(i, j)
11: end for
12: end for
13: end if
14: end procedure

  

Connectivity 0

T 0 T nT 1

T 0

  

Connectivity 1

  

Connectivity 7

T n
T 1

…

… … … …

Element 0 Element 1 Element n

(a)

(b)

Figure 3.3: The storage of element connectivity for coalesced access.

3.1.2 Computation of stress

The computation of stress in elastoplastic analysis is performed by following the radial-

return method (Section 2.6). The key steps in GPU implementation of radial-return

method are presented in Algorithm 6. As can be seen, the computation of stress is divided

into three parts or procedures: stress predictor, decompose stress and stress corrector.

Each of the procedures is implemented as separate CUDA kernel and optimized to handle
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Algorithm 6 GPU kernel for computation of stress using radial-return method
Input: coordinate, dN, U, yield value, D e

Output: stress, pstate

1: procedure Stress Predictor(coordinate, dN, U, D e)
2: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
3: elem no← threadId
4: if elem no < max element then
5: for q = 1 to Q do
6: jacobian ← calc jacobian(coordinate, dN)
7: inv jacobian←calc inverse jacobian(jacobian)
8: B mat ← calc matrix B(inverse jacobian, dN)
9: strain ← calc strain(B mat,U)
10: trial stress ← D e*strain
11: end for
12: end if
13: end procedure
14: procedure Decompose stress(trial stress)
15: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
16: elem no← threadId
17: if elem no < max element then
18: dev stress ← calc deviatoric stress(trial stress)
19: eq stress ← calc equivalent stress(dev stress)
20: end if
21: end procedure
22: procedure Stress corrector(trial stress, dev stress, eq stress,

yield value)
23: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
24: elem no← threadId
25: if elem no < max element then
26: for q = 1 to Q do
27: yield fn = eq stress[q] - yield value[q]
28: if yield fn == (+)ve then
29: pstate[q] = plastic
30: plastic strain ← calc plastic strain(dev stress,eq stress,µ,H) ▷

Refer to Algorithm 3
31: stress ← trial stress - 2*µ*plastic strain

32: else
33: pstate[q] = elastic
34: stress ← trial stress

35: end if
36: end for
37: end if
38: end procedure
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specific task. The element level parallelization strategy is adopted in each of the CUDA

kernels (line 3), where single thread is assigned the task to compute stress for all Gauss

points belonging to an element. The computations corresponding to each Gauss point

is done inside a loop (see line 5). Lines 6–8 show the computation of Jacobian, inverse

of Jacobian and matrix B, implemented in the same way as elemental matrices, using

the local memory of GPU. The total strain (strain) and trial stress (trial stress) are

stored in global memory as they are needed later. Lines 18–19 stand for the computation

of deviatoric part of trial stress and equivalent stress (von Mises stress). The deviatoric

part of trial stress is used in computation of plastic strain along with the equivalent

trial stress (see line 30). The yield function is evaluated for each Gauss point in line

27 using equivalent trial stress and yield value from previously converged load step. If

yield function is found positive, the state of Gauss point is updated to plastic in the

array pstate. For the Gauss points that undergo plastic deformation, increment in

plastic strain is computed (line 30 of Algorithm 6) by using NR iteration as discussed in

Algorithm 3. Consequently, the actual stress is determined by updating the trial stress.

In case of negative yield function, the state of Gauss point remains elastic and trial stress

is accepted as the final stress (see line 34 of Algorithm 6).

3.1.3 Computation of internal forces

The internal force vector is computed for each element and assembled into a global

force vector. The computation of internal force vector for each element can be done

independently of others, which prompt us to adopt element level parallelization strategy.

However, parallel assembly of elemental force vectors into a global force vector suffers

from data race condition, in the same way as assembly of elemental matrices (Section

3.1.1). The mesh coloring approach is used to assemble force vectors without conflict.

Since mesh coloring is already used in assembly of elemental matrices, the same set of

colored elements are used for the GPU implementation of internal forces. The GPU

kernel for computation of internal force vector is presented in Algorithm 7. The parallel

strategy assigns single thread to each element for computation of force vector (F e) and

its assembly into a global vector (F). Lines 6–8 show the computation of Jacobian, inverse

of Jacobian and matrix B, implemented in the local memory along with internal force
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vector. The assembly of the global force vector is done in line 11 by computing indices

based on element connectivity. Since coloring approach is used for the computation,

elemental force vectors are accumulated in a conflict-free manner.

Algorithm 7 GPU kernel for computation of internal forces
Input: connectivity, coordinate, stress, dN
Output: F

1: procedure calc internal forces(connectivity, coordinate, stress, dN)
2: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
3: elem no← threadId
4: if elem no < max element then
5: for q = 1 to Q do
6: jacobian ← calc jacobian(coordinate, dN)
7: inv jacobian←calc inverse jacobian(jacobian)
8: B mat ← calc matrix B(inv jacobian, dN)
9: F e += calc int force(stress, B mat)
10: end for
11: for i = 1 to 24 do ▷ Assembly into global vector
12: id ← calc indices(i, connectivity)
13: F[id] += F e[i]
14: end for
15: end if
16: end procedure

The implementation of Newton iterations in the proposed GPU framework is pre-

sented in Algorithm 8. It can be seen that all computations are performed on GPU by

launching a series of CUDA kernels inside NR loop running on the CPU. The sequence

of CUDA kernel shows the control flow and dependency of each step on the result of

previous step. The only data transfer between CPU and GPU is of computed tolerance

value which is needed to check for the convergence.

3.2 Results and Discussion

The performance of the proposed framework is demonstrated by solving three benchmark

examples. The solution of linear system of equations is done by diagonal preconditioned

Conjugate Gradient (PCG) iterative solver from GPU-based CUSP (Dalton et al. 2014)

and Ginkgo (Anzt et al. 2022) libraries. It is noted that the same library is used for
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Algorithm 8 GPU-based implementation of Newton-Raphson (NR) iterations in the
proposed framework.

Input: coordinates, connectivity, Problem parameters like material properties and
boundary conditions

Output: U, stress

1: Blocksize = 256
2: Nblock = ceil(nelem/256)
3: for Itr < Max itr do ▷ Newton-Raphson iterations
4: [K val,K col]← CALC TANGENT MAT<<< Nblock, Blocksize >>>(coordinate,

connectivity, dN, csr indices ) ▷ K is stored in CSR format using K val, K col and
offsets arrays.

5: Solve on GPU: K∆U=Fub ▷ Using CUSP or Ginkgo solver
6: thrust::transform(∆U, ∆U+ndof , U, U, thrust::plus<double>()) ▷ Update U on GPU:

U+=∆U

7: trial stress ← STRESS PREDICTOR<<< Nblock, Blocksize >>>(coordinate,
dN, U)

8: [dev stress, eq stress] ← DECOMPOSE STRESS<<<
Nblock, Blocksize >>>(trial stress)

9: stress ← STRESS CORRECTOR<<< Nblock, Blocksize >>>(trial stress,
dev stress, eq stress )

10: Fint ← CALC INTERNAL FORCES<<< Nblock, Blocksize >>>(coordinate, dN,
stress)

11: thrust::transform(Fext,Fext+ndof , Fint, Fub, thrust::minus<double>()) ▷ Fub = Fext -
Fint

12: tol ← check convergence() ▷ Executes on GPU using THRUST
13: if tol < ξNR then
14: Update variables ▷ Executes on GPU using THRUST
15: Break the loop
16: end if
17: end for

both CPU and GPU implementations. The goal is to emphasize the effect of GPU

acceleration in elastoplastic simulation for all steps, except the linear solver. The finite

element meshes for all benchmark examples are created in commercial package ABAQUS

(Systèmes 2017) by using 8-noded hexahedral elements. Depending upon the geometry

of the examples, both structured and unstructured meshes are generated. However,

both CPU and GPU implementations perform local computations for all elements in the

mesh, and make no distinction between the structured and the unstructured mesh. The

computational experiments seek answer to the following questions.

• How much is the speedup obtained by resorting to GPU for elastoplastic computation?

• How does the speedup vary with the mesh refinement and plasticity percentage?

• Are there bottlenecks in the GPU optimized code and what are the scopes for further
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improvement?

The proposed strategies have been implemented with CUDA C/C++ and built using

nvcc version 9.2 with arch=sm35 flag. All results are obtained by considering double

precision floating point arithmetic. The kernel timings are reported as a average value for

three runs. The hardware used for numerical experiments has the following specifications.

� CPU: Intel Xeon® E5-2650 processor clocked at 2.2 GHz with 128 GB RAM.

� GPU: NVIDIA Tesla K40c having 2880 CUDA cores and 12 GB of memory. The

GPU is clocked at 745 MHz with memory bandwidth of 288 GB/sec.

3.2.1 Computational examples

3.2.1.1 A unit cube subjected to distributed load

In order to validate the GPU implementation, a standard test example with a known an-

alytical solution as given in the literature (Markopoulos et al. 2015) is taken. It is a cube

with unit dimension as shown in Fig. 3.4 with boundary conditions. The elastoplastic

analysis is performed for von Mises yield criteria and isotropic linear hardening law with

following material parameters: Young’s modulus E= 200 GPa, Poisson’s ratio ν = 0.3,

initial yield stress σy = 450 MPa, and hardening coefficient H = 66 GPa. Due to the

boundary condition being considered (see Fig. 3.4), only uniaxial stress appears in the

body and remains equal to the applied distributed load. A total of 600 MPa distributed

load is applied in three successive steps. Thus, considering the yield stress of 450 MPa,

plasticity appears in last step. A single element mesh is used for the analysis. Figure 3.5

shows the stress (σz) - strain (ϵz) plot for the GPU implementation and the analytical

model given by Eq. (2.9). The GPU results are able to predict the same stress values as

the analytical solution of the material model.

Now, the cube is discretized with different number of elements (see Table 3.1) to

obtain the performance of GPU implementation for large-scale example. The material

properties remains the same, but Dirichlet boundary condition is modified to constraint

all DOFs on the plane z = 0 (see Fig. 3.6). A distributed load of 800 MPa is applied in

one step. The convergence tolerance for Newton-Raphson algorithm is set to 10−6, and
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Figure 3.4: A unit cube with symmetric boundary conditions. A distributed load t̄ is
applied on the face EFGH.
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Figure 3.5: Stress (σz) - strain (ϵz) curve for a cube under uniaxial loading. The dashed
horizontal line shows the initial yield stress σy = 450 MPa.

for PCG to 10−7. Figure 3.7 shows a typical distribution of von Mises stress over the

cube. As can be seen, von Mises stresses are concentrated near the vertices.

Table 3.1: Mesh for the cube problem.

Mesh Elements Nodes Degrees of freedom
C1 110 592 117 649 352 947
C2 216 000 226 981 680 943
C3 4 38 976 456 533 1 369 599
C4 8 84 736 912 673 2 738 019
C5 1 520 875 1 560 896 4 682 688

The execution timings of the CPU and GPU implementations are presented in Tables

3.2 and 3.3, respectively. In both the tables, the first column shows the mesh and the
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Figure 3.6: Cube example for large scale experiments.

Figure 3.7: Distribution of von Mises stress over the cube.

second column indicates the number of NR iterations for convergence, while rest of the

columns show timings for different steps in the elastoplastic analysis. Looking at the CPU

timings, it can be observed that the computation of elemental matrices and assembly

takes more time than the linear solver for all mesh sizes. It is noted that the linear

solver is already running on the GPU. Further, the comparison of assembly timings and

wall-clock timings in Table 3.2 reveals that the proportion of assembly timings remain

in the range 61–72% of wall-clock timings for all mesh sizes. This leads to a conclusion

that the acceleration of only linear solver step of FEM is not sufficient to achieve the

best performance for elastoplastic solver on the GPU. Moreover, when the assembly step

is performed on the GPU, new timings (Table 3.3) becomes lesser than the CPU timings

of computation of stress and internal forces (see Table 3.2). The computation of stress
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and internal forces now becomes a new bottleneck, indicating that GPU acceleration of

all steps in elastoplastic solver is essential to achieve minimum wall-clock timings on the

GPU. For assembly, the computation of CSR indices on CPU takes 15.67 sec for the

finest mesh. On GPU, the timing gets reduced to 2.42 sec, indicating speedup of 6.48×.

The storage of CSR indices requires additional 371.3 MB space in memory for the finest

mesh.

Table 3.2: CPU timings (in sec) for cube under uniaxial loading, except for linear solver
that is executed on GPU using CUSP library.

Mesh NR Assembly Stress Internal forces Linear solver Wall-clock
C1 4 42.83 4.53 4.25 7.17 61.58
C2 5 102.42 10.86 10.35 18.19 145.87
C3 5 209.86 22.25 20.99 48.41 307.97
C4 5 455.31 48.23 45.60 136.54 697.21
C5 5 778.59 83.01 78.32 320.48 1279

Table 3.3: GPU timings (in sec) for cube under uniaxial loading.

Mesh NR Assembly Stress Internal forces Linear solver Wall-clock
C1 4 0.71 0.08 0.06 6.08 10.23
C2 5 1.80 0.19 0.16 16.53 23.04
C3 5 3.47 0.38 0.32 46.27 57.05
C4 5 6.67 0.73 0.63 132.61 152.85
C5 5 11.17 1.29 1.09 313.74 345.25

The reduction in execution timings of assembly step demonstrates exceptional perfor-

mance of the proposed strategy. The GPU-based strategy assigns a single thread to each

element enabling balanced work distribution and providing abundant parallelism. Addi-

tionally, coalesced access to input data (Section 3.1.1) helps in reducing the latency of

memory transactions and improving computational time. The computation of elemental

matrices and assembly for the finest mesh consisting of 4.7 million DOFs is performed in

11.17 sec, which is just 3.24% of the wall-clock time. The GPU timings for the assembly

step further show that performance-detrimental factors like extensive use of local mem-

ory and uncoalesced access for output data have minimum effect on performance. The

computation of stress and internal force on the GPU also achieve remarkable reduction

in the execution time. The GPU implementation of radial-return algorithm performs

stress computation in just 1.29 sec for 4.7 million DOFs mesh. The computation and
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assembly of internal force vectors on GPU are completed for 4.7 million DOFs in just

1.09 sec (see Table 3.3).

The speedups achieved by the GPU implementation over the CPU in assembly, com-

putation of stress, computational of internal force and wall-clock timings are presented in

Fig. 3.8. The GPU-based assembly strategy achieves speedups in the range 56.6×–69.7×
for all the mesh sizes. The computation of stress and internal force achieves speedup

in the range 56.4×–66.1× and 53.7×–62.5×, respectively (see Fig. 3.8b & 3.8c). The

overall speedup using the proposed GPU strategy is shown in Fig. 3.8d by comparing

the wall-clock timings of the CPU implementation. It is observed that the speedup de-

creases as the mesh size increases. This is due to the increasing proportion of the linear

solver timings in the wall-clock timings of the CPU implementation. As shown in Table

3.2, we see the variation of solver time as 11.31%, 12.14%, 15.13%, 19.42%, and 24.87%

of the total time with the mesh size. Because the linear solver remains the same in both

the CPU and GPU implementations, the solver time do not contribute to the parallel

speedup. Therefore, increasing proportion of the solver timings decreases the overall

speedup with the mesh size.

3.2.1.2 L-bracket

The second example is an L-bracket, which is adopted from Prabhune & Suresh (2020).

Figure 3.9 illustrates the geometry of the L-bracket in two dimensions (2D), where all

dimensions are in meters. The corresponding 3D problem is solved by considering unit

thickness and sliding boundary conditions. An external distributed force t̄ is applied

on the top surface, and can be varied to get different level of plastic deformation in the

body. The material properties are: Young’s modulus E= 206900 Pa, Poisson’s ratio ν

= 0.29, initial yield stress σy = 450 Pa, and hardening coefficient H = 10000 Pa. To

evaluate the performance of the GPU implementation, the L-bracket is discretized with

varying number of elements to get different meshes (see Table 3.4). The external load

is applied in the range 120–182 Pa to get different levels of plasticity. The execution

timings are obtained for all meshes corresponding to each load. The distribution of von

Mises stress is displayed in Fig. 3.10 along with a typical mesh.

The speedup obtained by the GPU implementation in assembly over CPU is pre-
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Figure 3.8: Speedup for cube problem with increasing mesh size in (a) Assembly, (b)
Computation of stress, (c) Computation of internal stress, (d) Wall-clock time.
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Figure 3.9: L-bracket benchmark. All dimensions are in meters (m).

sented in Fig. 3.11. The speedup is obtained for all the meshes (Table 3.4) and four

load values (120 Pa, 144 Pa, 166 Pa, 182 Pa) indicating different levels of plasticity. As
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Table 3.4: Mesh for the L-bracket benchmark.

Mesh Elements Nodes Degrees of freedom
L1 99 740 112 002 336 006
L2 200 850 219 912 659 736
L3 400 672 431 307 1 293 921
L4 820 407 868 538 2 605 614
L5 1 580 982 1 655 640 4 966 920

(a)

(b)

Figure 3.10: L-bracket benchmark. A typical mesh and von Mises stress distribution (in
Pa).

seen in Fig. 3.11a, the speedup is found to increase with increase in the plastic deforma-

tion. This is primarily due to the CPU strategy, which performs computation inside NR
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loop only for elements undergoing plastic deformation. When the amount of plasticity is

modest, the computation of elemental matrix is done only for a small number of elements

exhibiting plastic behaviour, reducing the time spent in the assembly. At higher level

of plasticity, as more and more number of elements reach plastic state, the assembly

time increases due to the increased computing cost. The GPU-based assembly strategy

is found effective in handling the increased computation associated with increasing plas-

ticity and achieves speedups in the range 30×–35.1× for about 50% plasticity compared

to 20.4×–24.2× speedups for about 5% plasticity. Figure 3.11b illustrates the speedup

obtained in computation of stress using radial-return method. The GPU-based strat-

egy achieves steady speedup in the range 47.3×–56.7× for all levels of plasticity. The

speedup, however, increases slightly with the mesh refinement. Figure 3.11c presents the

speedup achieved by GPU strategy in the computation of internal forces, reaching 63.9×
for the finest mesh. The speedup increases with the mesh refinement but remains almost

constant with respect to the plasticity percentage. The wall-clock timings of the GPU

and the CPU implementations are compared by evaluating speedup and are presented in

Fig. 3.11d. It is observed that speedup remains constant with the plasticity percentage

and decreases with mesh refinement due to the reason explained in Section 3.2.1.1.

3.2.1.3 Plate with multiple holes

The next example is a flat plate with multiple circular holes, which is adopted from

Yusa et al. (2018). Figure 3.12 describes the geometry of the plate with 16 holes and

boundary conditions. The material parameters are taken as: Young’s modulus E = 200

GPa, Poisson’s ratio ν = 0.3, initial yield stress σy = 200 MPa, and hardening coefficient

H = 20 GPa. Table 3.5 presents the list of meshes used for the evaluation of performance

characteristic of the GPU implementation. The external load t̄ is varied in the range

100–175 MPa to get the performance at different level of plasticity. Figure 3.13 depicts a

typical mesh and distribution of von Mises stress over the plate. As expected the stresses

are concentrated near each holes under the action of the applied tensile load.

Figure 3.14 shows the speedups obtained using the GPU implementation over the

CPU in individual steps as well as the wall-clock timings. The speedup in assembly step
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Figure 3.11: Speedup for L-bracket mesh with increasing plasticity percentage in (a)
Assembly, (b) Computation of stress, (c) Computation of internal stress, (d) Wall-clock
time.

Table 3.5: Mesh for the plate with multiple holes benchmark.

Mesh Elements Nodes Degrees of freedom
P1 103 026 140 296 420 888
P2 250 428 318 015 954 045
P3 528 800 642 342 1 927 026
P4 724 645 878 778 2 636 334
P5 1 490 797 1 718 752 5 156 256

is shown in Fig. 3.14a, where speedup is found to be increasing with the plastic deforma-

tion. For low level of plastic deformation, the speedups are in the range of 21.7×–25.4×,

whereas speedups of 23.4× to 28.7× are achieved for higher level of plastic deformation.

This trend is similar to the one observed for the L-bracket and can be explained in the

same way as in Section 3.2.1.2. Further, this establishes that the proposed GPU strategy

performs well with increasing computational load due to plasticity. Figure 3.14b shows

the speedup in computation of stress, indicating 47.2×–59.4× speedup for all mesh sizes.

The speedup remains almost constant with the plastic deformation, whereas it increases
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Figure 3.12: A square flat plate with multiple holes. All dimensions are in millimeters
(mm).

a bit with the mesh refinement. The speedup in range 55.4×–67.3× is obtained for the

computation of internal forces, as shown in Fig. 3.14c. The GPU strategy achieves

speedup consistent with increasing plastic deformation. The overall speedup achieved

by the GPU strategy is plotted in Fig. 3.14d by comparing the wall-clock timings. The

speedup is obtained in the range 1.2×–1.9× for all mesh sizes and remains consistent with

the increasing plasticity percentage. The trend of decreasing speedup with increasing

mesh size is similar to the cube and the L-bracket examples.

3.2.2 Performance limiter in GPU implementation

Figure 3.15 shows the break-up of execution timings for cube, L-bracket and plate with

multiple holes examples. Results are displayed for L-bracket and plate with multiples

holes examples at the loads that produce the highest amount of plasticity. As shown

in Fig. 3.15, for the cube example the solver time constitutes 59.4 to 90.1% of the

wall-clock time for all the meshes, whereas the share of assembly, computation of stress

and internal forces together lies in the range 3.9 to 9.2% for all the mesh sizes. Similar

trend is observed in case of L-bracket and plate with multiple holes examples, where
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(a)

(b)

Figure 3.13: A typical mesh and von Mises stress distribution over plate with multiple
holes.

linear solver consumes 89.8–98.9% and 91.9–98.7% of the wall-clock time, respectively.

Therefore, it can be concluded that the linear solver is the most time consuming com-

ponent in the GPU-based elastoplastic analysis. The rest of the steps achieve significant

speedup on the GPU and contribute little to the overall execution timings unlike the

CPU implementation. It can be argued that any effort to reduce the timing of linear

solver will have significant impact on the wall-clock timings. Further, if the execution

time of the linear solver is reduced, the proposed GPU strategy can achieve much higher

speedup in wall-clock timings. In order to demonstrate the effect of linear solver timings

on speedup, the CPU and the GPU implementations are executed with diagonal pre-
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Figure 3.14: Speedup for the plate with multiple holes in (a) Assembly, (b) Computation
of stress, (c) Computation of internal stress, (d) Wall-clock time.

conditioned CG solver from Ginkgo library. Ginkgo is a recently developed sparse linear

algebra library designed specifically for GPUs. A comparison of the solver timings of

Ginkgo and CUSP library is done for all the examples, and speedup achieved by Ginkgo

is shown in Table 3.6. The CG solver from Ginkgo is found to be faster than that of

the CUSP solver for all the examples and mesh sizes. For the finest mesh, speedups of

1.83×, 2.49× and 2.03× are achieved for cube, L-bracket and plate with multiple holes

examples, respectively. Figure 3.16 shows the speedup achieved by the GPU implemen-

tation when using Ginkgo library and is compared with the previous speedups obtained

using the CUSP library. The overall speedup for the cube example increases by a factor

of 1.01×–1.35× for all the mesh sizes and 1.39× for the finest mesh. For L-bracket and

plate with multiple holes examples an increment of 1.13×–1.34× and 1.03×–1.19× in

the speedup is observed, respectively.

It is noted that the diagonal preconditioner used in this thesis is the simplest. To

further improve the performance of the linear solver, more sophisticated precondition-

ers like LU must be used. Advanced preconditioners like multigrid are very useful in
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Table 3.6: Speedup achieved by Ginkgo over CUSP solver on GPU.

Cube L-bracket Plate with holes
Mesh Speedup Mesh Speedup Mesh Speedup
C1 1.15× L1 1.43× P1 1.32×
C2 1.27× L2 1.63× P2 1.55×
C3 1.45× L3 1.98× P3 1.81×
C4 1.69× L4 2.27× P4 1.90×
C5 1.83× L5 2.49× P5 2.03×

accelerating linear system of equations from FEM and can be employed to speed up

the linear solver step in elastoplastic analysis. However, the development and efficient

implementation of multigrid preconditioners on GPU remains an active field of research.
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Figure 3.15: Execution time break-up of GPU solver.

3.3 Closure

In this chapter, a novel GPU-based framework for numerical analysis of elastoplastic

problems was proposed. The framework was developed in CUDA C/C++ NVIDIA Cor-

poration (2022) and performs all computations in finite element analysis of elastoplastic
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Figure 3.16: Comparison of speedup with CUSP and Ginkgo library.

problems using a GPU. The assembly of elemental matrices was performed directly into

CSR sparse storage format in GPU memory, which can be readily used with any lin-

ear solver. In order to efficiently compute the stresses, a novel parallel strategy for the

radial-return method was developed that makes an efficient use of the GPU memory

and provides fine grain parallelism. In order to demonstrate the effectiveness of the pro-

posed framework, computational experiments were conducted over three elastoplastic

examples involving unstructured mesh. During the computation of the elemental ma-

trices and their assembly, speedups in the range 20.4× to 69.7× were obtained over the

CPU implementation. The computation of stress using the radial-return method showed

speedups of 47.2× to 66.1× for all the examples. In the computation of the internal

force vectors and their assembly, speedup in the range 53.7× to 67.3× was found over

the CPU implementation. Further, the wall-clock timings of the GPU implementation

were compared with the CPU implementation that uses a GPU-based linear solver for

the solution of linear system of equations. Speedups in the range 1.4× to 7.2× were

obtained in the wall-clock timings, which shows the effectiveness of the proposed strate-

gies. Finally, as a result of the proposed strategies, the proportion of the linear solver

timings in wall-clock timings of the GPU implementation reaches up to 98.9% for the

finest mesh consisting of 5.1 million DOFs.
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Chapter 4

Matrix-free CG Solver for

Elastoplasticity using Unstructured

Mesh

A fast and efficient linear solver is crucial for the performance of an elastoplastic sim-

ulation. As shown in Chapter 3, the linear solver is found to be the most time con-

suming step in GPU-optimized elastoplasticity solver, occupying up to 98.7% of the

wall-clock timings. Hence, improving performance of the linear solver must be the sole

focus of any future efforts to reduce the timings of elastoplastic simulation. Linear

solvers form the core of almost all major scientific computations, and therefore at-

tracted significant efforts from the scientific community. The iterative linear solvers

are commonly used in large-scale applications for its memory efficiency and high par-

allelism. The main computational components of an iterative solver are sparse matrix-

vector product (SpMV), vector-dot product, scalar-vector product and vector-vector

addition/subtraction. Among these, SpMV is the most computationally expensive oper-

ation (Wong et al. 2015) and determine the performance of an iterative solver. The other

steps are embarrassingly parallel and there exists many efficient implementations to ex-

ecute on the GPU. Since SpMV is critical for performance of an iterative linear solver,

its GPU implementations have been studied by many researchers (Filippone et al. 2017).
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The performance of SpMV is found to be affected most by sparse formats and paralleliza-

tion strategy. The selection of sparse storage formats depends on the sparsity pattern

and determines the underlying data structure. Though sparse formats are essential for

storage management, it introduces irregular memory access pattern detrimental to GPU

performance. In addition, sparsity pattern also affects computational strategy for SpMV,

highlighting the fact that there is no common strategy that guarantees best performance

for all types of matrices. However, SpMV involving a sparse matrix is the only approach

for those applications where generation of system matrix is necessary. For applications

where generation of assembled system matrix is not explicitly required, an alternative

implementation in the form of matrix-free methods exist.

Motivated by shortcomings of a conventional SpMV involving a sparse matrix, matrix-

free strategies were developed. The main idea about a matrix-free solver is built over

a fact that in an iterative linear solver global tangent matrix entries are not explicitly

required. It is the result of SpMV with which an iterative solver works. In matrix-free

FEM, the global tangent matrix is never constructed and therefore the use of sparse

formats is completely avoided. The SpMV with a single large sparse matrix is replaced

by its matrix-free implementation that uses many small elemental matrix-vector prod-

uct. Since, elemental matrices are dense and of the same size, the matrix-free approach

can provide fine level of parallelism along with regular memory access pattern suitable

for a GPU. Typically, matrix-free SpMV requires more number of arithmetic operations

than assembly-based SpMV. This makes matrix-free strategies less suitable for single-

core computing. However, evolution of GPU as a cost-effective parallel computing tool

has revived the interest in matrix-free implementation of iterative linear solvers. An

added advantage of a matrix-free method is that the storage space for global tangent

matrix and associated cost of assembly can be avoided. In this chapter1, we look into

the details of matrix-free strategies for all-hexahedral unstructured mesh and apply to

elastoplastic simulation.

1The content of this chapter has been published in Computing (Kiran et al. 2020).
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4.1 Matrix-free strategies in FEM

The discretization of a governing differential equations using FEM gives linear system

of equations of the following form (see Eq. (2.27)),

K∆u = f . (4.1)

where f is the total nodal force vector. For large-scale FEM analysis, the size of matrix

K can be very large. This leads to requirement of a large storage space in memory and

large computational time to obtain solution. The solution of Eq. (4.1) using an iterative

method begins with an initial guess and performs a series of algebraic operations to arrive

approximate solution over a minimum number of iterations. For problems involving

symmetric positive-definite global matrix, conjugate gradient (CG) solver is the most

preferred iterative solver.

Algorithm 9 presents the key steps in the CG solver used in this work. It can

be observed that the CG method can be entirely implemented with a series of linear

algebra operations like matrix-vector product, vector-dot product, scalar-vector product

and vector addition/subtraction. Among these operations, the computation of matrix-

vector product is the most expensive and consequently determines the run time of the

CG iterative solver. Since the global matrix K is sparse in nature, the matrix-vector

product in line 6 of Algorithm 9 is implemented as SpMV. The computation of SpMV

in assembly-based approach is implemented as

g = (A
e∈E

(Ke))p, (4.2)

where g is the resultant vector and p is the vector to perform multiplication. It can

be observed that elemental matrices are first assembled into a global matrix before

performing multiplication. On the contrary, in matrix-free computation of SpMV, the

global matrix K is never assembled, instead constituent elemental tangent matrices are

used to obtain the result of multiplication. The matrix-free SpMV is implemented as

g =A
e∈E

(Kepe), (4.3)
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Algorithm 9 Conjugate-gradient iterative solver

Input: K, f , tol,maxitr
Output: u

1: Initialize u to zero
2: r← f
3: ρ0 = rT r
4: ρold ← ρ0
5: while t < maxitr do
6: g = Kp
7: α = ρold/(gTp)
8: u = u + αp
9: r = r− αg
10: ρnew = rT r
11: β = ρnew/ρold
12: ρold = ρnew
13: p = r + βp
14: t = t + 1
15: if (rT r) < (tol ∗ tol ∗ ρ0) then
16: break
17: end if
18: end while

where pe is the elemental sub-vector of vector p. Here, elemental tangent matrices are

first multiplied with corresponding sub-vector pe and results are then assembled into the

global vector g. There are three major strategies by which a matrix-free solver can be

implemented on a GPU.

1. Node-by-Node (NbN)

2. Degrees-of-Freedom -by- Degrees-of-Freedom (DbD)

3. Element-by-Element (EbE)

4.1.1 NbN strategy

In NbN strategy, the computation of matrix-vector product is done by moving through

each node of the mesh. Every node has their corresponding rows in the global tangent

matrix. The multiplication of each row associated with a node is done with a given

vector and result are accumulated. This is represented in Fig. 4.1 by taking a 2D mesh

as an example. The finite element mesh consists of quadrilateral elements where each
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Figure 4.1: Node-by-Node matrix-free strategy.

node has two DOFs. As shown in the figure, for each node, corresponding two rows in

global tangent matrix are marked with braces. The white box in global tangent matrix

denotes nonzero values and the filled box denotes zero value. The multiplication of a

row of assembled global tangent matrix with a multiplying vector is straightforward, and

can be simply implemented like vector-dot product. However, in case of NbN strategy,

a row of global tangent matrix is not available in assembled form. As shown in Fig.

4.1, rows corresponding to a node in the global matrix contain contributions from four

elements, with each elemental contribution marked with same color as the element in

the mesh. In order to assemble a row in global tangent matrix, contributions are needed

from tangent stiffness matrices of elements that share the associated node. Therefore, in

NbN strategy, multiplication is first performed with elemental contributions, and then

the results are summed up to get the final value (Mart́ınez-Frutos et al. 2015, Cai et al.

2013, Prabhune & Suresh 2020).

The NbN strategy can be expressed as

g(n) = A
e∈E(n)

(Ke
np

e), (4.4)
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where E (n) is the set of elements connected to node n, Ke
n is the contribution of elemental

tangent matrix towards node n and g(n) is the resultant vector for node n. Algorithm

10 shows key steps in computer implementation of NbN strategy. At first, a list of

neighboring elements (E (n)) is obtained in line 2 in the form of node connectivity matrix.

For each element in E (n), an element connectivity list E(e) is found along with local

position l index of the node. Finally, the required product is calculated in line 9 for all

DOFs associated with the node.

Algorithm 10 Node-by-Node strategy.

1: for Node n = 1 to N do
2: Find Node connectivity E (n)
3: for element e ∈ E (n) do
4: E(e) ← get elementConnectivity(e) ▷ Extract the element connectivity
5: l index ← get localPosition()
6: p(e) ← p(E(e)) ▷ Obtain the sub-vector for multiplication
7: for i = 1 to ndof do
8: for j = 1 to edof do
9: val[i]+ = Ke[3 ∗ l index + i][j] ∗ pe[j]
10: end for
11: end for
12: end for
13: end for

GPU parallelization is done over the nodes of the mesh. Single thread is assigned

to do computation for one node. The node connectivity array and local position array

can be reordered to access in coalesced manner. The elemental stiffness matrices are

read from strided locations in global memory and hence cannot be coalesced. The ele-

ment connectivity matrix is arranged column-wise so that global memory transaction is

minimized.

It can be observed that each node performs its computation independently and there-

fore the problem of data race conditions (NVIDIA Corporation (2022)) does not arise.

This turns out to be a major advantage of NbN strategy, since overhead associated with

synchronization mechanism like coloring can be avoided.

In case of unstructured mesh, each of the nodes can have different number of neigh-

boring elements. This leads to an unequal amount of work load distribution on threads.

A GPU warp (NVIDIA Corporation (2022)) remains active as long as any of its threads

is working. In case of unbalanced work load, some threads remain idle, while others are
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Figure 4.2: DOF-by-DOF matrix-free strategy.

active. This is not desirable for an efficient utilization of GPU resources and leads to a

major disadvantage of GPU-based NbN strategy.

4.1.2 DbD strategy

The DbD strategy performs the matrix-vector multiplication by moving through each

DOF of the system. Here, computation for each DOF associated with a node is seen

as independent task. This is illustrated in Fig. 4.2 with the help of a 2D mesh having

two DOFs per node. As can be seen, a thread is assigned to each row of the global

tangent matrix. In DbD strategy, computation of matrix-vector product is implemented

as (Mart́ınez-Frutos & Herrero-Pérez 2015)

g(u) = A
e∈E(u)

(Ke
up

e), (4.5)

where Ke
u is the contribution of elemental tangent matrix toward DOF u, and E (u) is the

set of all elements connected to u. The DbD strategy is implemented in a way similar

to Algorithm 10 except that the computation is performed inside single loop over DOFs

associated with an element (edof ). Single thread per DOF assignment is used to perform
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computation. The input data structure remains identical as Algorithm 10, but now the

same data is read by as many threads as the value of ndof . Each thread performs its

own computation and accumulates the result into an array in a coalesced manner. This

strategy is also known as Row-by-Row solution method (van Rietbergen et al. 1996).

In terms of GPU implementation, DbD strategy has finer level of granularity than

NbN strategy. However, the input data requirement remains the same as that of NbN

strategy. Moreover, since the same data is required for all threads associated with a

particular node, either it can be read redundantly from global memory or can be shared

among threads using the shared memory. The limited size of shared memory restricts

its use to very few cases, and generally, data is read redundantly from global memory.

The DbD strategy also suffers from the same load imbalance problem found in case of

NbN strategy.

4.1.3 EbE strategy

In the EbE strategy, the computation of matrix-free SpMV is done by moving through

each element of the mesh. The steps involved in EbE strategy is expressed by decom-

posing Eq. (4.3) into three components as

pe =A−1
(p) , (4.6)

ge =Kepe, (4.7)

g =A (ge) , (4.8)

where ge is the result of matrix-vector product at elemental level. In the first step,

a sub-vector pe is obtained for each element e by applying inverse assembly operator

over global vector p. Next, a dense matrix-vector product is performed by multiplying

elemental tangent matrices with pe and the result is stored as ge. Finally, elemental

resultant vectors are assembled into the global vector g. This is illustrated in Fig. 4.3.

The first and second steps are embarrassingly parallel and can be easily implemented

on GPU. However, the third step involves data race conditions due to parallel assembly
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Figure 4.3: Element-by-Element matrix-free strategy.

into a global vector.

Algorithm 11 shows the computer implementation of EbE strategy. For each ele-

ment, multiplying sub-vector pe is obtained with the help of element connectivity. The

multiplication of elemental tangent matrix with vector pe is done inside double loops

over elemental DOFs, as shown in line 6. In GPU implementation, computation for each

element is performed in parallel.

Algorithm 11 Element-by-Element matrix-free strategy.

1: for element e = 1 to E do
2: E(e) ← get elementConnectivity(e)
3: p(e) ← p(E(e)) ▷ Obtain the sub-vector for multiplication
4: for i = 1 to edof do
5: for j = 1 to edof do
6: val[i]+ = Ke[i][j] ∗ pe[j]
7: end for
8: end for
9: end for

There are three prominent ways of distributing work load among threads, which are

briefly explained below.

1. Single thread per element: In single thread per element approach (Kiss, Gyimóthy,

Badics & Pávó (2012)), one thread is responsible for reading input data, computing

elemental matrix-vector product and accumulating calculated value to the resultant
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vector. This approach is the simplest to implement. However, each element gets

amount of on-chip memories (shared memory and register) corresponding to a

thread only. Therefore, this approach suffers from poor utilization of fast on-chip

memories.

2. Single thread per node: The single thread per node approach allocates as many

threads to an element as the number of nodes (Ratnakar et al. 2021). Each thread

perform computation for all DOF associated with the node. This approach provides

more on-chip memory than single thread per element strategy.

3. Single thread per DOF: The finest level of granularity is achieved in single thread

per DOF approach. Here, the number of threads equal to DOF associated with

an element is allocated (Mart́ınez-Frutos et al. 2015, Pikle et al. 2018). The el-

emental matrix-vector product is decomposed into several inner-vector product

corresponding to each row of the matrix. Each thread is assigned to do computa-

tion for one inner-vector product. This approach provides the highest amount of

on-chip memory per element.

After the elemental matrix-vector product is computed, it needs to be assembled

into the global vector g. Each non-zero entry in the global vector corresponds to a

DOF of the system. Each DOF is shared among multiple elements of the mesh. During

parallel assembly, multiple elements tend to accumulate their calculated value to the

same location in global vector, simultaneously. Such operations lead to the data race

condition, where the outcome of an operation remains undefined. In this work, the data

race condition is avoided by the use of mesh coloring (Cecka et al. 2011, Kiran et al.

2018). The coloring method is a robust and popular synchronization technique that

handles race conditions by separating a mesh into disjoint sets of elements. Elements

belonging to different sets do not have any node in common, and therefore, assembly

can be performed without conflict.

4.2 Proposed EbEsym strategy

All matrix-free SpMV strategies available in the literature use full elemental tangent ma-

trices for the computation of the matrix-vector product. The elemental tangent matrices
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obtained in FEM are symmetric for most of the problems. Implementing matrix-vector

product using symmetric part of elemental matrices can significantly reduce the stor-

age requirement as well as data transfer during the computation. On memory bound

architectures like GPU, reduction in data requirement is expected to improve the perfor-

mance of a compute kernel, substantially. So far, matrix-free approaches have not been

implemented on GPU using only symmetric part of the elemental matrices.

The proposed strategy uses symmetry property of elemental tangent matrices to

compute matrix-vector product in Eq. (4.7) using only lower or upper triangular part of

the matrix. The matrix-vector product in the proposed strategy is implemented as

g =A
e∈E

(Ke
symp

e), (4.9)

where Ke
sym is the symmetric part of elemental tangent matrix. Since the proposed

strategy is based on EbE strategy, it is referred to as EbEsym in this thesis, and can be

represented in the graphical form as shown in Fig. 4.4. It can be seen that the dense

matrix-vector product required in matrix-free solvers is replaced by dense symmetric

matrix-vector product (SYMV), which requires only symmetric part of elemental matri-

ces. In the proposed strategy, all steps mentioned in Fig. 4.4 is implemented as single

computational kernel with coloring approach to avoid data race conditions.
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Figure 4.4: Element-by-Element matrix-free strategy using only symmetric part of ele-
mental tangent matrix.

The computation of a SYMV operation can be performed by following Algorithm 12.
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The multiplication of each row with vector pe is done by looping over the total number

of rows (edof ), where the computation is performed first (line 3) for the upper triangular

part of the matrix. In line 7 of Algorithm 12, the computation of missing symmetric part

(lower triangular part) is done, where indices k and i to the matrix Ke always refer to

the values in upper triangular part. This shows that the matrix-vector computation can

be implemented by storing only upper or lower triangular part of the elemental tangent

matrix.

Algorithm 12 Computation of symmetric matrix-vector product (SYMV)

1: for i = 1 to edof do
2: for j = i to edof do ▷ Computation for symmetric part
3: ge[i]+ = Ke[i][j] ∗ pe[j]
4: end for
5: if (i ̸= 1) then ▷ Computation for missing symmetric part
6: for k = (i− 1) to 1 do
7: ge[i]+ = Ke[k][i] ∗ pe[k]
8: end for
9: end if
10: end for

For GPU implementation, the storage of symmetric part of the matrix can be done

in any suitable format which facilitates uniform memory access pattern during the com-

putation. However, the same storage format may not be suitable for both the symmetric

part and missing symmetric part. As shown in step 7 of Algorithm 12, values of Ke

are access from stored symmetric part in a strided and nonuniform manner. Such kind

of access pattern wastes the memory bandwidth of the GPU and consequently degrade

the performance. The optimization of memory access pattern for SYMV operation on

GPU is suggested by multiple authors in (Nath et al. 2011, Abdelfattah et al. 2012,

Charara et al. 2019). These studies however discuss the strategies to compute SYMV

for moderate to large size matrices. The approaches available in the literature are either

not applicable or not optimal for small size matrices, generally found in low order FEM.

Moreover, in the current work, computation has to be performed in a batch for millions

of elements present in the finite element mesh. Since matrix-vector product has very

low arithmetic intensity, efficient handling of memory overhead becomes indispensable

for batch implementation of SYMV. For better performance on GPU, it thus becomes

extremely important to minimize the data transfer and use coalesced and localized mem-
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ory access pattern. The proposed EbEsym strategy addresses all these issues by adopting

a novel data structure, which ensures coalesced memory access, while storing only sym-

metric part of the elemental matrices. In order to obtain the best performance, the

EbEsym strategy seeks to make an efficient use of register cache by using CUDA shuffle

instruction. This not only helps in relaxing shared memory size restrictions but also

avoids data movement to and fro the shared memory. Single thread per node assignment

similar to EbE strategy (Section 4.1.3) is used to achieve balanced workload distribution.

Also, each thread performs its task independently so that no synchronization barrier is

required.

Kernel design and data structure

In the proposed strategy, elemental tangent matrix is divided into a number of sub-

matrices as shown in Fig. 4.5. The figure shows nonzero entries in upper triangular part

of an elemental tangent matrix for 4-noded quadrilateral element with ndof = 2. Each

node is associated with as many rows and columns in the matrix as the value of ndof .

The size of sub-matrices is kept equal to ndof and it contains values corresponding to one

node in row and one node in column. For example, the following sub-matrix contains all

the computed values for node 1 in row and node 2 in column.

 D1 E1

∗ ∗


Depending on the position in the matrix, the sub-matrices are categorized into two

groups: diagonal and off-diagonal. The diagonal group contains all sub-matrices lying

on the diagonal of the elemental matrix, such as

 A1 ∗

∗ B1

 ,

 A2 ∗

∗ B2

 , etc.

The off-diagonal group contains sub-matrices that are not unique. These sub-matrices

appear in symmetric part also. In case of the diagonal group, all sub-matrices are
TH-3388_176103028



76 Matrix-free CG Solver for Elastoplasticity using Unstructured Mesh

associated with only one node number (the rows and column nodes are same). In case of

the off-diagonal group, two such numbers exist, that is, one associated with the row and

other with the column. Therefore, each sub-matrix is identified with a nodal index of the

form Ke{n,m}, which represents sub-matrix at nth node in row and mth node in column.

The row node number is used to find global DOF to store result of multiplication, whereas

the column node number is used to find global column indices of vector p to perform

multiplication.
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Figure 4.5: Organization of elemental stiffness matrix for a 4-noded quadrilateral element
with two DOF per node.

The computation of symmetric matrix-vector product is divided into two stages. In

the first stage, computation for the diagonal group is performed, whereas in the second

stage, multiplication for the off-diagonal group is done.
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Figure 4.6: Data access pattern for diagonal group.
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The sub-matrices in the diagonal group are unique. Since computation is performed

in a node-wise manner, these sub-matrices contribute to the matrix-vector multiplication

results for their respective node number. A thread assigned to each node reads all the

unique entries from its sub-matrix and perform multiplication with pe vector. The data

access pattern for diagonal group is shown in Fig. 4.6. It shows four threads accessing

the values marked as A and B (also shown in Fig. 4.5) from four sub-matrices of the

diagonal group. Here, in Fig. 4.6, superscript represents the element number, whereas

the subscript denotes the sub-matrix position in the diagonal group. The other entries

of a sub-matrix are accessed in a similar way. In order to achieve coalesced access for a

warp, data for other elements are stored side by side. Once these values are read, they

get multiplied by the given vector and stored in the shared memory. Here, each thread

uses its global node number to read values from vector p through read-only cache. The

data access from p vector is not coalesced.

The off-diagonal entries in a symmetric matrix are not unique. The transpose of

sub-matrices in the off-diagonal group can be obtained if row and column nodes are

interchanged, as shown in Fig. 4.5. It can be seen that the sub-matrix located at

Ke{1, 2} appear in its transposed form at Ke{2, 1}. This implies that the same sub-

matrix can be used to perform computation for both node 1 and node 2. Similarly, the

sub-matrix at position Ke{1, 3} can be used for both node 1 and node 3. Thus, for a

4-noded quadrilateral element, the computation for two sub-matrices can be performed

simultaneously. The computation for the off-diagonal group is implemented such that

each thread is assigned with equal amount of workload. As shown in Fig. 4.5, the sub-

matrices having the same type of enclosing can be processed at the same time. If chosen

otherwise, any one thread can remain idle and others may have more work to do.

Since the computation of matrix-vector product uses only symmetric part of the

matrix, the sub-matrices in the missing part (lower triangular part in Fig. 4.5) must be

obtained separately or shared between the two threads. Due to the limited size of shared

memory, values in sub-matrices are read redundantly from the global memory. However,

data is arranged in a way that it results into a broadcast. The broadcast from global

memory is although slower than shared memory, it has a lower overhead than reading

values separately. The data access pattern for off-diagonal entries is shown in Fig. 4.7.

Here, D denotes the corresponding values in sub-matrices with same type of enclosing
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(refer to Fig. 4.5) in which subscript indicates the sub-matrix within an element and

superscript indicates the element number. It can be seen that threads T1 and T2 assigned

to node 1 and 2, read the same D1
1 value, whereas threads T3 and T4 read D1

2 value, which

is used to perform computation for node 3 and node 4. The F values (see Fig. 4.5) are

stored and read in a similar way, except now the values are required by different set of

threads. The data for all elements are kept beside each other to enable coalesced access

for a warp.
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Figure 4.7: Data access pattern for off-diagonal group.

Once a value from elemental tangent matrix is read, it is multiplied with a particular

value from vector pe. The pe vector is extracted from p by using the column indices

of the values from elemental matrix. In FEM, column indices for an elemental tangent

matrix can be obtained by global node numbers and ndof . In particular, the column

node numbers of each sub-matrix can be used to obtain column indices of its entries. It

can be observed from Fig. 4.5 that threads working over a sub-matrix either contain row

node number or column node number of the sub-matrix. The row node number becomes

column node number for a sub-matrix after it gets transposed. Thus, the global node

number of two threads can be interchanged to get column node number of the sub-matrix.

This is achieved in the proposed strategy by using warp-shuffle instruction. Using warp

shuffle feature, the proposed strategy prevents the use of shared memory as well as global

memory access. The warp shuffle feature has been found to be more faster than shared

memory and leads to better utilization of register cache (Kiran et al. 2018).
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4.2.1 3D implementation

In 3D, the proposed EbEsym strategy is implemented for linear hexahedral element with

three DOFs per node. For this element, the size of elemental tanget matrix is 24 and

total number of nonzero values is 576. The symmetric part of the elemental tangent

matrix consists of 300 values only, reducing the storage requirement by 1.92×. Here,

the GPU implementation of EbEsym strategy considering DOF-based thread allocation

is explained.

Considering DOF-based thread allocation, 24 threads are assigned to perform compu-

tation of matrix-vector product for one element. Each thread computes an inner vector

product using one row of elemental tangent matrix and a sub-vector from the multiplying

vector p. In the symmetric part of elemental tangent matrix, each nonzero value except

those lying on the diagonal contribute to two inner vector products corresponding to two

rows. Therefore, each non-diagonal value is accessed by a pair of threads having thread

numbers equal to row and column indices in the matrix. In the proposed strategy, sym-

metric part of elemental tangent matrix is divided into diagonal and off-diagonal groups

as shown in the Fig. 4.8. Here, values in symmetric part of elemental tangent matrix

are denoted by asterisk symbol with some of them labelled by letters to explain data

arrangement. The values lying in the gray region are considered part of the diagonal

group and values lying in the colored region belong to off-diagonal group.

In the diagonal group, values lying on the main diagonal of the elemental tangent

matrix are denoted by A1, A2, ..., A8, A9, ..., A24 and stored in the consecutive memory

address to access in coalesced manner. These values contribute to inner vector product

of only one row and therefore accessed by one thread only. The memory layout for other

values depends on combination of two threads that access a value together. For example,

threads 1 and 2 access B1, threads 3 and 4 access B2, and so on. The storage and access

pattern of value labeled as B and C is shown in Fig. 4.9. As can be seen, 24 threads access

12 values from consecutive memory locations, which is desirable for better performance

on GPU. The data for other elements are stored side-by-side to increase locality. The

data in off-diagonal group is divided into multiple sub-matrices as shown by colored boxes

in Fig. 4.8. Each sub-matrix of size 4×4 is accessed by 8 threads and all sub-matrices

with the same color is accessed simultaneously. The position of sub-matrices with the
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Figure 4.8: Organization of elemental tangent matrix for 8-noded hexahedral element
for EbEsym strategy.
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Figure 4.9: Data access pattern for diagonal group.
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same color is chosen in a way that no threads remain idle and equal work distribution is

achieved. Like diagonal group, data access pattern in off-diagonal group is also dictated

by the combination of threads that access a value together. For example, threads 1 and

9 access D1, threads 2 and 10 access D2, threads 1 and 11 access F1, and so on. Figure

4.10 shows the storage and access pattern of values labelled as D. Here, 12 values for

each element(four from each sub-matrix) are accessed by 24 threads from consecutive

memory locations. The other values are stored in the same way.
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Figure 4.10: Data access pattern for off-diagonal group.

4.3 Results and Discussion

The performance of the proposed EbEsym strategy is evaluated by solving both 2D and

3D problems. In 2D, elasticity and steady-state heat conduction problems are solved.

The elasticity equation is solved over cantilever and L-shaped beam, and the steady-

state heat equation is solved over a plate. In 3D, elastoplasticity equation is solved

over L-bracket and plate with multiple holes problems. Further, the performance of

the proposed strategy is compared with the existing matrix-free methods discussed in

Section 4.1. Coloring method is used to handle the data race conditions associated with

EbE and EbEsym strategies. However, such data race condition is not observed with

NbN and DbD strategies. It is to be noted that the proposed EbEsym strategy can be

used with any other synchronization techniques as well. The hardware for the numerical

experiments remains the same as given in Section 3.2.

4.3.1 Elasticity problems

The governing equation for the elasticity problems is given in Section 2.1. The elasticity

equation is solved for cantilever beam and L-shaped beam under plane stress condition
TH-3388_176103028
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Figure 4.11: A 2D cantilever beam with end load. All dimensions are in meters (m).
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Figure 4.12: L-shaped beam. All dimensions are in meters (m).

and linear strain-displacement relation. The problem geometry along with dimensions

and boundary conditions are shown in Figs. 4.11 and 4.12. The material properties are

taken as: Young’s modulus E = 210 GPa and Poisson’s ratio ν = 0.3. The domains

are discretized with 4-noded quadrilateral elements having two degrees of freedom per

node. The problems are solved for different level of mesh refinement to evaluate the

performance at various workload. Tables 4.1 and 4.2 present the mesh with different

number of elements and corresponding degrees of freedom for 2D cantilever beam and

L-shaped beam, respectively.

Figure 4.13 shows the comparison of kernel timings for different matrix-free strategies

applied to elasticity problems. Here, kernel time is referred to as the execution time of

CUDA kernel in one iteration of CG solver. The NbN strategy consumes the highest

amount of kernel time for both cantilever beam and L-shaped beam. It also has the
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Table 4.1: Finite element mesh for 2D cantilever beam.

Mesh Elements Nodes Degrees of freedom

C1 100,000 101,101 202,202
C2 400,000 402,201 804,402
C3 900,000 903,301 1,806,602
C4 1,600,000 1,604,401 3,208,802
C5 2,500,000 2,505,551 5,011,002

Table 4.2: Finite element mesh for L-shaped beam.

Mesh Elements Nodes Degrees of freedom

L1 1,750,000 1,754,001 3,508,002
L2 3,112,889 3,118,224 6,236,448
L3 4,480,000 4,486,401 8,972,802
L4 5,783,967 5,791,240 11,582,480
L5 7,000,000 7,008,001 14,016,002

highest amount of data requirement compared to all other strategies. With the same

data structure, the DbD strategy achieves better timings than NbN by just increasing

the granularity of computation. The redundant access of data in case of DbD does not

seem to have much overhead as the values are broadcasted to ndof threads from the

global memory. Also, the access to elemental matrix requires less number of transac-

tions as compared to NbN strategy as more number of threads now access the same

matrix. However, in both NbN and DbD strategies, gather operation is performed to

read elemental matrices in an uncoalesced manner. The elemental matrices constitute

the largest amount of data that a matrix-free solver needs to access. As evident from

less kernel time of EbE strategy (Fig. 4.13) compared to NbN and DbD strategies, the

uncoalesced access to elemental matrices has a large impact on the performance. In EbE

strategy, the elemental matrices are accessed in coalesced manner. Apart from better

memory access pattern, the EbE strategy has the finest level of granularity, less data re-

quirement and equally distributed workload on each of the computational threads. With

all these characteristics, the EbE strategy overcomes the overhead associated with race

conditions handling and achieves the least kernel time among the existing matrix-free

strategies.

The proposed EbEsym strategy outperforms all other strategies in every test problems
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(a) Kernel time for 2D cantilever beam.

L1 L2 L3 L4 L5
0

10

20

30

40

50

60

70

80

90

100

(b) Kernel time for L-shaped beam.

Figure 4.13: Comparison of kernel timings by matrix-free strategies.

(refer to Fig. 4.13). Since EbEsym strategy inherits the major characteristic of EbE,

better performance compared to NbN and DbD strategies is expected. However, superior

performance compared to EbE strategy can be mainly attributed to the reduction in data

movement due to use of only symmetric part of the elemental matrices. In elasticity

problems, 4-noded quadrilateral elements with two DOF per node is used, which gives

elemental matrix of size 8×8. The implementation and optimization of matrix-vector

product for such a smaller size matrix in batch mode is extremely challenging, as it

involves very low arithmetic load compared to the required amount of data movement.

The proposed EbEsym strategy achieves better kernel time compared to EbE strategy

due to a unique data structure that ensures localized and coalesced access pattern using

only symmetric part of the elemental matrices. The reduction in data requirement helps

in maintaining a higher computation to data movement ratio than EbE strategy, which
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is favourable for GPU implementation.
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(b) Speedup for L-shaped beam.

Figure 4.14: Speedup achieved by EbEsym strategy over existing matrix-free strategies.

The speedup obtained by the EbEsym strategy over other strategies for matrix-free

solver is shown in Fig. 4.14. In both problems, a consistent speedup is observed which

suggests that the EbEsym strategy is able to scale well with increasing problem size. With

respect to the NbN strategy, approximately 5× speedup is observed for both cantilever

and L-shaped beam problems. In the case of the DbD strategy, approximately 2.8×
speedup is observed for elasticity problems. With respect to the EbE strategy, 1.4×
speedup is observed.

Figure 4.15 shows the amount of GPU memory occupied by different strategies as

a function of problem size. It can be observed that the proposed EbEsym matrix-free

strategy consumes the least amount of GPU memory for SpMV. This suggests that a

much larger problem can be solved by the proposed strategy on a given GPU hardware

in a less amount of time. The NbN and DbD strategies occupy the highest amount of
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memory in all the numerical problems. This is due to the dependency of these strategies

on arrays like node connectivity and local position of nodes in each elements, in addition

to the elemental connectivity and elemental tangent matrices. The EbE strategy only

stores elemental connectivity and elemental tangent matrices on GPU, and therefore

require lesser memory than NbN and DbD strategies. The least amount of memory

consumption by EbEsym strategy is due to the storage of only symmetric part of elemental

matrices.

C1 C2 C3 C4 C5
100
200

400

600

800

1000

1200

1400

1600

1800

(a) GPU memory utilization for 2D cantilever beam.
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(b) GPU memory utilization for L-shaped beam.

Figure 4.15: GPU memory utilization by various strategies.
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Figure 4.16: A plate with multiple holes. All dimensions are taken in meters (m).

Table 4.3: Finite element mesh for heat conduction problem.

Mesh Elements Degrees of freedom

H1 9,84,681 9,88,734
H2 1,938,537 1,944,226
H3 3,048,540 3,055,672
H4 4,215,044 4,223,429
H5 6,240,237 6,250,435

4.3.2 Steady-state Heat conduction

The following steady state heat conduction equation is solved for a plate with multiple

holes as shown in Fig. 4.16.

∇ · (κ · ∇T (x)) = f(x), x ∈ Ω,

T (x) = g(x), x ∈ Γg,

n(x) · κ · ∇T (x) = 0, x ∈ Γq,

Γg = Γg1 ∪ Γg2,

(4.10)

Here, T (x) is the unknown temperature field, f(x) = 0, g(x) = 200 on Γg2, and 10 on

Γg1 and κ is the thermal conductivity matrix, which is taken as identity. Table 4.3 lists

the mesh with various level of refinement used in this analysis. The domain is discretized

with 4-noded quadrilateral element with single degree of freedom per node.
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Figure 4.17: Kernel time for heat conduction over a plate.

The comparison of kernel timings for heat conduction problem is shown in Fig. 4.17.

Here, NbN and DbD strategies are equivalent as each node has only one DOF. Hence,

results for DbD strategy are not presented. Like elasticity problems, NbN strategy

consumes the highest amount of kernel time followed by EbE strategy, for the heat

conduction problem. In this problem, elemental tangent matrices are only of size 4×4,

which is too small to efficiently compute matrix-vector product on a GPU. Still, the

best kernel timings by the proposed EbEsym strategy. This highlights the effectiveness of

the proposed strategy in optimizing data movement using symmetric part of elemental

tangent matrix.

The speedup by EbEsym strategy over existing matrix-free strategies for steady-state

heat conduction problem is shown in Fig. 4.18. Here 3.2× speedup is observed with

respect to the NbN strategy and 1.3× with respect to the EbE strategy. Compared to

elasticity problems, relatively lower speedup is observed in case of heat transfer problem

because of smaller size of elemental matrices.

The GPU memory consumption for heat conduction problem is shown in Fig. 4.19. It

can be observed that the proposed EbEsym strategy occupies the least amount of GPU

memory. For the storage of elemental tangent matrices, the EbEsym strategy require

1.6× less storage space than EbE strategy. Overall, the EbEsym strategy performs

computation using 1.3× less storage space than EbE strategy.
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Figure 4.18: Speedup achieved by EbEsym strategy over existing matrix-free strategies
for heat conduction problem.
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Figure 4.19: GPU memory utilization for heat conduction over a plate.

4.3.3 Elastoplastic problems

In this experiment, we solve the L-bracket and the plate with multiple holes examples

as given in Section 3.2.1.2 and 3.2.1.3, respectively. The solution procedure remains

the same as Chapter 3, except that the solution of system of linear equations is done

by matrix-free implementation of CG solver. Figure 4.20 shows the kernel timings for

EbE and EbEsym strategies with percentage plasticity. The kernel timings for both the

strategies are found invariant with amount of plasticity. This is expected as increasing

plasticity level neither change the number of elemental tangent matrices nor access pat-

tern. It can be observed that EbEsym strategy achieves less kernel timings than EbE

strategy for all mesh sizes. Like previous examples, reduction in memory footprint al-

lows EbEsym strategy achieve superior kernel timings. Similar performance gain is also

observed in case of plate with multiple holes example, see Fig. 4.21. The EbEsym strat-
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egy achieve 1.3× speedup in case of L-bracket and 1.4× speedup in plate with multiples

holes example. In addition, the use of only symmetric part of elemental tangent matrices

leads to reduction of 1.92× storage requirements compared to the EbE strategy.
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Figure 4.20: Kernel timings for L-bracket example using (a) EbE strategy (b) EbEsym

strategy.
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Figure 4.21: Kernel timings for plate with multiple holes example using (a) EbE strategy
(b) EbEsym strategy.

A comparison of solver timings by the fastest EbEsym strategy-based matrix-free CG

solver with CG implementation from Ginkgo library is presented in Fig. 4.22. In both

L-bracket and plate with multiple holes examples, Ginkgo solver achieves better timings

than proposed matrix-free CG solver. It can be concluded that, though the proposed

matrix-free solver achieves better timings than all matrix-free strategies available in

literature, fails to outperform GPU-optimized assembly-based solver.
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Figure 4.22: Comparison of linear solver timings for (a) L-bracket (b) plate with multiple
holes.

The current results agree with Cantwell et al. (2011), which demonstrates superior

performance to matrix-free strategies only for higher-order elements. However, the pro-

posed EbEsym strategy achieves significantly less memory than the classical assembly-

based approach and allows us to solve bigger problems. The GPU used in this work has

only 12 GB of memory, and the current comparison uses only those problems that can

fit into this GPU. It would be interesting to see this comparison on recent versions of

GPUs that can accommodate much bigger problems. The performance of matrix-free

solvers can be improved in two ways: using preconditioners and reducing memory access.

The use of preconditioners in an iterative linear solver minimizes the number of itera-

tions needed to converge to the final solution. There are various types of preconditioners

suitable for different types of linear system of equations. While simple preconditioners

like diagonal or jacobi can easily be incorporated into matrix-free solvers, the absence

of the global tangent matrix makes the generation of more effective preconditioners a

challenging task. The development of preconditioners like LU or multigrid for matrix-

free solvers is an open problem and requires further research. Another way of improving

the performance of a matrix-free solver is the reduction of memory access. The matrix-

free approach for unstructured mesh problems stores individual elemental matrices and

leads to heavy memory traffic from the global memory. This dictates the performance

of the matrix-free SpMV kernel. If the congruency of elements in a finite element mesh

is leveraged, the memory requirements of a matrix-free solver can be decreased. This is

discussed in the next chapter.
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4.4 Closure

A new GPU-based matrix-free strategy (EbEsym) for finite element method has been pro-

posed. The developed strategy was based on an element-by-element finite element solver,

which replaced SpMV operation in an iterative solution method by an element level dense

matrix-vector product. A new approach to compute the elemental matrix-vector prod-

uct was developed, which used only the symmetric part of the elemental matrices. The

performance of the proposed solver was evaluated by solving both the elasticity and the

heat transfer problems on unstructured mesh using 4-noded quadrilateral element, and

comparison was made with the existing GPU-based matrix-free solvers. For the elasticity

problems (two DOF per node), approximately 5× speedup was observed over the node

based (NbN), 2.8× over the DOF based (DbD) and 1.4× over the element based (EbE)

matrix-free strategies. In heat conduction problem (single DOF per node), 3× speedup

over the NbN and 1.3× speedup over the EbE matrix-free solver were obtained. As a

consequence of using symmetric part of the elemental matrices, the overall memory foot-

print of the proposed EbEsym strategy was reduced by 1.5× in elasticity and 1.3× in heat

conduction problems over the state-of-the-art EbE strategy. In elastoplastic problems,

EbEsym achieves 1.3× for L-bracket and 1.4× for plate with multiple holes problems, as

compared to EbE strategy. The results suggest that the proposed strategy can be used

to solve bigger problems on a given GPU in lesser time. The proposed strategy is appli-

cable where symmetric elemental matrices are generated by the finite element method.

The usage of matrix-free strategies with unstructured mesh demands large amount of

memory to store elemental tangent matrices. This limits the size of problems as well as

performance by saturating the memory bandwidth. However, recent versions of GPUs

like V100 and A100 have much higher memory bandwidth than K40 used in this work.

The proposed strategies are well suited to recent versions of GPUs and their perfor-

mance is expected to become better due to increased memory bandwidth. In future,

the proposed strategy will be applied to various element types including higher order

and three-dimensional elements to study the performance and identify the limitations,

if any. The outcome of the future work is expected to make this strategy more general

and applicable to a broad class of problems in FEM. Moreover, the proposed strategy

can also be used to develop kernel for batched symmetric matrix-vector product using

small size matrices for linear algebra applications.
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Chapter 5

Matrix-free CG Solver for

Elastoplasticity using Structured

Mesh

Several engineering problems consist of relatively simple geometry that can be discretized

with structured mesh. The finite element discretization with structured mesh has many

implementation advantages compared to unstructured mesh, except it doesn’t conform

to complex shapes. Structured meshes are easy to generate and have small memory

requirement. They also offer better numerical accuracy and fast solutions for simple

geometry problems. In many cases, a structured mesh can be obtained with linear cu-

bic elements having the same shape and size, referred to as voxel-based mesh. Due

to congruency of elements, voxel-based meshes have special property that a common

elemental tangent matrix can be used for all elements in the mesh. This leads to sig-

nificant reduction in memory requirement. However, assembly-based solvers still needs

to construct the global tangent matrix that requires a large storage space. Voxel-based

meshes are particularly useful with matrix-free FEM solvers that do not require to as-

semble the global tangent matrix. Here, computations can be performed with only one

elemental tangent matrix, reducing the memory footprint to a minimum. As the depen-

dency on data requirement reduces in a matrix-free solver, the performance is expected
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to improve significantly on memory bound processor architectures like GPU. Therefore,

a GPU-based matrix-free FEM solver for voxel-based mesh is an attractive option for

large-scale elastoplastic problems. Though, voxel-based mesh is inherently applicable to

simpler geometries with plane boundary surfaces, a recent study by Prabhune & Suresh

(2020) shows sufficient accuracy for curved surfaces when using high resolution mesh. In

literature, voxel-based mesh has been efficiently used to model bone failure (Nguyen &

Schillinger 2018, Guha et al. 2022), topology optimization (Träff et al. 2023), simulation

of material microstructures (Carter et al. 2001) and manufacturing processes (Schnös

et al. 2021) to name a few.

The numerical solution procedure for elastoplasticity contains both elastic and plastic

states simultaneously. In elastoplasticity, computational treatment of elastic and plastic

elements are different. Unlike elastic zone where constitutive matrix remains fixed, each

Gauss point in plastic zone has unique tangent modulus which depends on the state

of internal variables. The unique tangent modulus leads to a unique elemental tangent

matrix for elements in the plastic zone. Therefore, elemental tangent matrices must be

computed individually and stored to use in matrix-free SpMV, even with voxel-based

mesh. This is contrary to linear elasticity where single elemental tangent matrix is used

for matrix-free SpMV. In elastoplasticity, an optimum strategy for SpMV could be the use

of single common elemental tangent matrix for elements in the elastic zone and individual

elemental tangent matrices for elements in the plastic zone. The elastic and plastic

zones in the body evolve during the iterative solution process till final configuration is

determined. This implies that the matrix-free SpMV implementation has to work with

different sets of elastic and plastic elements in each iterative step. This necessitates

a bookkeeping feature in computer implementation to track the state of an element.

On CPU, conditional statements can be used to perform computation according to the

state of an element. However, conditional statements introduces branching issues in

parallel computing. It is well known that branching in parallel programs is detrimental

to the performance and must be avoided. In GPU computing, branching appears in

form of thread divergence (NVIDIA Corporation 2022). If all threads in a warp do not

follow common execution path, the warp must execute multiple times, once for each

execution path, leading to the wastage of GPU resources. Therefore, computation of

matrix-free SpMV for elastoplasticity requires development of suitable strategy that can
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handle elastic and plastic states efficiently and achieve better performance on GPU. In

this chapter, we perform broad study into GPU implementation of matrix-free SpMV

for elastoplasticity and make an effort to find the best strategy in terms of performance.

5.1 Matrix-free strategy in elastoplasticity

The elemental tangent matrix in Eq. (2.28) is given as,

Ke =

∫
Be

BTDBdv. (5.1)

Also, depending upon elastic or plastic state of deformation, the material constitutive

matrix takes suitable form, as given by Eq. (2.3),

D =

 De, if elastic,

Dp, if plastic.
(5.2)

where De is the elastic constitutive matrix and Dp is the plastic constitutive matrix.

The constitutive matrix can be split into two components and expressed as (Prabhune

& Suresh 2020),

D = De + (D−De). (5.3)

Here, the second component (D −De) becomes zero for elastic state and remains non-

zero for elements in the plastic zone. Substituting Eq. (5.3) into Eq. (5.1), the tangent

matrix expression can be written as sum of two components, which is given as,

Ke =

∫
Be

BT [De + (D−De)]Bdv,

Ke =

∫
Be

BTDeBdv +

∫
Be

BT (D−De)Bdv

(5.4)

Ke = Ke
elastic + Ke

plastic (5.5)

where Ke
plastic is non-zero only for elements undergoing plastic deformation. It is noted

that Ke
elastic remains the same for all elements in the mesh and over all the load steps in
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elastoplastic simulation. Therefore, only one tangent matrix is computed for all elastic

elements and stored in the memory for SpMV computation. The plastic component

Ke
plastic is computed for all elements in the plastic zone and in each NR iteration.

Let us consider the matrix-free computation of SpMV in elastoplasticity. Substituting

Eq. (5.5) into Eq. (4.3), following expression is obtained,

g =A
e∈E

((
Ke

elastic + Ke
plastic

)
pe
)
,

g =A
e∈E

(Ke
elasticp

e) + A
e∈E(p)

(
Ke

plasticp
e
)
,

(5.6)

where E (p) is the set of all elements in the plastic zone. The resultant vector g now

contains contribution of two components. The first component computes the matrix-

vector product for all elements in the mesh by considering only elastic tangent matrix.

The second component performs computation using plastic tangent matrix for only those

elements that undergo plastic deformation.

As suggested in (Prabhune & Suresh 2020), the computational strategy for GPU

implementation uses separate CUDA kernels for the first and second components in

Eq. (5.6). It is due to this reason, it is referred to as split kernel strategy, hereafter.

A schematic representation of matrix-free SpMV expressed by Eq. (5.6) is shown in

Fig. 5.1. As shown in the figure, the term ‘elastic’ refers to CUDA kernel for the first

component and ‘plastic’ refers to CUDA kernel for the second component. The CUDA

kernel for the elastic part uses single elemental tangent matrix to compute matrix-vector

product for all the elements in the mesh. The second kernel for plastic part performs

computation for only those elements that undergo plastic deformation. In Fig. 5.1, white

boxes show elastic elements while colored boxes show active computation for plastic

elements. The kernel for plastic part uses conditional statement to differentiate plastic

elements from the bulk and access individual tangent matrices.

The kernel implementation for elastic part is efficient as it has the optimum memory

access due to the use of one elemental tangent matrix. On the other hand, the kernel

for plastic part suffers from thread divergence issue and leads to inefficient use of GPU

resources. This drawback has been addressed in the proposed strategy, as discussed in
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Elastic Plastic

Figure 5.1: Illustration of matrix-free SpMV strategy that splits the computation into
two CUDA kernels, one for the elastic part and another for the plastic part.

the following sections.

5.2 Proposed single kernel strategy1

In the proposed strategy, elements in the elastic and plastic zones can be separated into

two mutually exclusive sets,

E = E (e) + E (p), (5.7)

where E (e) is the set of all elements in the elastic zone. This leads to reformulation of

matrix-free SpMV as follows,

g =A
e∈E

(Kepe) = A
e∈E(e)

(Ke
elasticp

e) + A
e∈E(p)

(
Ke

plasticp
e
)
. (5.8)

The proposed strategy uses the actual tangent constitutive matrix for elements in the

plastic zone, rather splitting it as given in Eq. 5.3. Consequently, the expression for

1The content of this section has been published in Mathematics and Computers in Simulation
(Kiran et al. 2024b).
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Ke
plastic changes according to the following definition,

Ke
plastic =

∫
Be

BTDpBdv. (5.9)

The elemental tangent stiffness matrix takes the form of Ke
elastic for the elastic state

and Ke
plastic (given by Eq. (5.9)) for the plastic state. In Eq. (5.8), we observe that

the two components perform computation with a mutually exclusive set of elements,

unlike Eq. (5.6), where the first component performs computation for the set of all

elements (E) in the mesh. In the proposed strategy, the first component is concerned

with multiplication of elastic tangent matrix only for those elements that observe elastic

deformation. Similarly, the second component performs multiplication only for elements

in the plastic region. The proposed strategy performs computation for plastic elements

only once compared to twice (splitting leads to two multiplication in Eq. (5.6)) by the

split kernel strategy, thereby reducing the number of arithmetic operations to perform

matrix-free SpMV.

Though Eq. (5.8) shows two components, the GPU implementation for the proposed

strategy uses single CUDA kernel to perform computations required in matrix-free SpMV

for elastoplasticity. The proposed strategy is referred to as single kernel strategy in the

subsequent discussion. An outline of the proposed strategy is shown in Fig. 5.2. In

the figure, white boxes show elastic tangent matrices and grey boxes denote plastic

tangent matrices. It can be seen that the computation of matrix-vector product does

not differentiate between elastic and plastic elements. However, input data (elemental

tangent matrices) varies according to the state of elements. The proposed strategy

avoids the use of conditional statement, and uses an array of indices to identify and

locate appropriate tangent matrix for the computation. As shown in Fig. 5.3, threads

first access their respective indices values from an array and use them to access tangent

matrices. The elastic tangent matrix is placed at 0th location, whereas plastic tangent

matrices are placed at locations starting from 1st to nth. Thus, an optimum memory

access is achieved and need for conditional statements due to different state of elements

can be prevented. The proposed strategy has the following advantages over the previous

strategy (Prabhune & Suresh 2020):

1. An efficient utilization of GPU resources is achieved by avoiding thread divergence.
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Figure 5.2: Illustration of the proposed strategy in which white boxes represent data for
elements in the elastic zone and others represent data for elements in the plastic zone.
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Figure 5.3: The access of elemental tangent matrices by GPU threads in the proposed
strategy.

2. The redundant computation for plastic element is removed.

3. The number of kernel launches is reduced by half.

Let us take an example as shown in Fig. 5.4 to describe the single kernel strategy. The

figure shows 3× 3 structured mesh with a global element number marked on the top left

corner. Let us assume that the shaded elements exhibit plastic deformation. In order

to keep track of element status, an array of global element numbers is taken. In the

initial stage of the solution process, only one elemental tangent matrix is used for the

computation of matrix-vector products, as all elements are in the elastic state. However,

as the plastic state appears (as shown in Fig. 5.4), tangent matrices for four elements
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Figure 5.4: An example mesh and list of elements. The shaded elements show plastic
state.

must be computed. In total, 4 + 1 = 5 elemental tangent matrices are required for the

computation of matrix-free SpMV. Since lists of elastic and plastic elements are updated

in each Newton iteration, GPU implementations of computation of tangent matrices and

matrix-free SpMV must be able to work efficiently with the updated list.

Figure 5.5 illustrates the GPU implementation of the single kernel strategy. First,

the array of global element numbers (as shown in Fig. 5.4) is modified by adding the

total number of elements (et) to all element numbers that are in the elastic zone. Conse-

quently, all plastic elements now have global element numbers less than et. In the next

step, the modified array is sorted in ascending order to segregate the elastic and plastic

elements. As shown in the third array from the top, the sorted array contains plastic

elements (E (p)) at the first four places, followed by elastic elements. This array is used to

compute elemental tangent matrices where five threads are launched (four for plastic ele-

ments and one for elastic elements) to perform the computation for the first five element

numbers. The tangent matrices for plastic elements are stored at position 1 to 4, and

the common tangent matrix for elastic elements is stored at 5th position. The indices

to access elemental tangent matrices are stored for each element in a separate array, as

denoted by 5th array from the top. In the last step, the indices for elemental tangent

matrices are moved to new positions by using global element numbers as indices into the

final array. The final array is supplied as an input to matrix-free SpMV kernel, where

threads use respective global element numbers to access the correct index for elemental

tangent matrices.
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Figure 5.5: Illustration of single kernel strategy for matrix-free SpMV in elastoplasticity.

5.2.1 GPU implementation

5.2.1.1 Single kernel NbN strategy

In this strategy, node-based thread assignment is proposed to perform computation of

matrix-free SpMV, as given by Eq. (5.8). The proposed single kernel NbN strategy is

based on NbN matrix-free strategy given in Section 4.1.1 and uses only one compute

kernel for elements in elastic and plastic zones.

Algorithm 13 shows the GPU implementation of single kernel NbN strategy. The

input data required for the computation are array y (y) with which multiplication is

performed, elemental tangent stiffness matrices elem mat (Ke) for both elastic and plastic

states, list of neighbouring elements for each node in nelem list, array localNode pos

to store local position of each node in its neighbouring elements list, array emat indicies

to keep locations of elemental tangent matrices and connectivity for each element in

connectivity. The output of the kernel is vector p (referred to as p) which keeps

the result of matrix-vector product. As shown in line 2 of Algorithm 13, one thread

is assigned to one node to perform its respective computation. The total number of

elements that share a node is denoted by a variable t neighbourElem. Threads perform

computation inside a loop over t neighbourElem. For each element that shares the node,

global element number (elem no) and local position of nodes in the element connectivity

(l index) is obtained using the arrays nelem list and localNode pos, respectively (see
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lines 5 and 6). Next, the array emat indices is accessed in line 7 to find the location

e index of elemental tangent matrices. In the array emat indices, the value of ‘0’ refers

to elastic tangent matrix, and all other values refers to specific plastic tangent matrix.

The multiplication of elemental tangent matrix entries with vector y (y) is performed

inside an outer loop over DOFs associated with a node (ndof ) and inner loop over total

DOFs associated with the element (edof ), given by line 10. The value of edof determines

the size as well as the number of non-zero values (ennz) of the elemental tangent matrix.

For 8-noded hexahedral element, edof = 24 and ennz = edof × edof = 576. In array

elem mat, eindex ∗ ennz gives the location of a specific elemental tangent matrix and

(3 ∗ lindex + i) ∗ edof points to the location of a required row in the elemental tangent

matrix, see line 11. To perform multiplication, an elemental sub-vector of y is required,

which is obtained by global connectivity (global dof) of the concerned element. Results

of multiplication are initially stored in local variables (registers) and later accumulated

to global vector p at the end of computation (see line 15). Since one thread performs

computations for one node, the accumulation of computed values to p vector remains

conflict free. It is noted that the proposed strategy does not perform any search or

identification check for plastic and elastic states and presents a framework for efficient

uniform treatment of elemental tangent matrices.

Since there are multiple nodes associated with an element, the nelem list for all

these nodes contains the same element number. This implies that the data associated

with the element cannot be ordered to favour memory access for all connected nodes

without redundancy. If data is ordered according to nelem list of one node, it remains

unordered for other nodes. Due to this reason, data like element connectivity and vector

y can not be ordered. On the other hand, different rows of elemental tangent matrices are

uniquely accessed by all connected nodes and can be ordered. However, the number of

elastic and plastic elements for each node in nelem list varies with each other and with

Newton iterations, making it difficult to achieve any ordering scheme without redundant

storage of elastic elemental tangent matrix. Therefore, in the current work, data is not

ordered and access to elemental tangent matrices, elemental connectivity and vector y

remain uncoalesced. However, as shown in line 11 of Algorithm 13, plastic elemental

tangential matrices are stored side-by-side to increase locality.

Since the size of elemental tangent stiffness matrix is 24×24, the size of elem mat
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Algorithm 13 Single kernel Node-by-Node matrix-free strategy.
Input: y, elem mat, nelem list, localNode pos, emat indices, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: nodeId← threadId
3: if nodeId < maxNodes then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: elem no←nelem list

6: l index←localNode pos ▷ l index ∈ (0, 1, ..., 7)
7: e index←emat indices ▷ e index ∈ (0, 1, ..., ep)
8: global dof ← connectivity[elem no]
9: for i = 1 to ndof do ▷ Loop over DOFs associated with a node
10: for j = 1 to edof do ▷ Loop over DOFs associated with an element
11: val[i] += elem mat[e index ∗ ennz + (3 ∗ l index + i) ∗ edof +

j] * y[global dof[j]]
12: end for
13: end for
14: end for
15: p ← val ▷ Accumulate to global vector p
16: end if

array becomes (ep + 1) ∗ 24 × 24, where ep is the number of plastic elements. The size

of arrays nelem list, localNode pos, and connectivity depends on mesh topology

and problem size. When the size of plastic zone is small, space occupied by elemental

tangent matrices is less or comparable to other input arrays. However, for problems with

the large plastic zone, elemental tangent matrices occupy the most of the storage space

and become performance determiner. The use of single elemental tangent matrix for

all the elastic elements and individual tangent matrices for plastic elements is the most

optimum strategy and expected to provide best performance in SpMV computation.

5.2.1.2 Split kernel NbN strategy

In this strategy, the computation of matrix-free SpMV for elastoplaticity is split into two

compute kernels, one for the elastic part and another for the plastic part of elemental

tangent matrices (refer to Section 5.1). Both the kernels are implemented using NbN

strategy. This strategy is proposed in Prabhune & Suresh (2020) and reproduced here

to compare the performance of the proposed single kernel strategy.

Algorithms 14 and 15 show the GPU implementation of split kernel NbN strategy. In
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Algorithm 14, computation for the elastic component of all elemental tangent matrices

is done. The input data variables remain the same as single kernel NbN strategy, as

discussed in Section 5.2.1.1. The computation of SpMV is done inside a loop over all

neighbouring elements with one thread assigned to each node, similar to Algorithm 13.

Since elastic part of elemental tangent matrices remains the same across the mesh, one

elemental tangent matrix is read for all the elements, as shown in line 10. The GPU

implementation for plastic part of split kernel NbN strategy is described in Algorithm

15. Most of the computational steps remain the same as previous strategies, except

that the computation is performed only for elements undergoing plastic deformation.

The information about elastic and plastic states is stored in an array e state, which

is accessed in line 5 to determine the state of an element. For each plastic element,

respective elemental tangent matrix is accessed in line 9 and used in line 12 to perform

multiplication with an elemental sub-vector from vector y. Finally, the computed results

are accumulated into global array p at line 17.

Algorithm 14 GPU kernel for elastic part of split kernel Node-by-Node matrix-free
strategy.

Input: y, elem mat, nelem list, localNode pos, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: nodeId← threadId
3: if nodeId < maxNodes then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: elem no←nelem list

6: l index←localNode pos ▷ l index ∈ (0, 1, ..., 7)
7: global dof ← connectivity[elem no]
8: for i = 1 to ndof do ▷ Loop over DOFs associated with a node
9: for j = 1 to edof do ▷ Loop over DOFs associated with an element
10: val[i] += elem mat[(3 ∗ l index + i) ∗ edof + j] * y[global dof[j]] ▷

Same elemental tangent matrix is read
11: end for
12: end for
13: end for
14: p ← val ▷ Accumulate to global vector p
15: end if
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Algorithm 15 GPU kernel for plastic part of split kernel Node-by-Node matrix-free
strategy.

Input: y, elem mat, nelem list, localNode pos, e state, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: nodeId← threadId
3: if nodeId < maxNodes then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: if e state[e] == plastic then ▷ Check for plastic element
6: elem no←nelem list

7: l index←localNode pos ▷ l index ∈ (0, 1, ..., 7)
8: global dof ← connectivity[elem no]
9: emat plastic ← get elemental tan mat(e, elem mat)
10: for i = 1 to ndof do ▷ Loop over DOFs associated with a node
11: for j = 1 to edof do ▷ Loop over DOFs associated with an element
12: val[i] += emat plastic[(3∗l index+i)∗edof+j] * y[global dof[j]]

▷ Individual tangent matrices are read
13: end for
14: end for
15: end if
16: end for
17: p ← val ▷ Accumulate to global vector p
18: end if

5.2.1.3 Single kernel DbD strategy

In this strategy, DOF-based thread assignment is proposed to perform computation of

matrix-free SpMV, as given by Eq. (5.8). The proposed single kernel DbD strategy is

based on DbD matrix-free strategy given in Section 4.1.2.

The pseudo code for GPU implementation of single kernel DbD strategy is explained

in Algorithm 16. Since all DOFs associated with a common node share the same neigh-

borhood information, the input data variables in DbD strategy are exactly the same as

the NbN strategy. The number of parallel threads are equal to total DOFs associated

with the problem (line 2). Since, multiple threads are associated with a node, more than

one thread access same data points (see lines 5–8). This leads to redundant memory

access in DbD strategy. However, as shown in line 10, the access to elemental tangent

matrices is not redundant as each DOF has a unique row associated with it. The presence

of redundant memory access is detrimental to kernel performance on GPU, as long as

the size of elemental tangent matrices is comparable to other variables, observed in case
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of problems with small plasticity. For problems with large plastic zone, element tangent

matrices becomes the largest data set and therefore redundant access to other smaller

data is insignificant for performance. As shown in line 10, the result of multiplication is

stored in local register variable and later accumulated to the array p (p) (see line 13),

once the computation is complete. In DbD strategy, access to vector p is coalesced.

Algorithm 16 Single kernel DOF-by-DOF matrix-free strategy.
Input:y, elem mat, nelem list, localNode pos, emat indices, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: dofId← threadId
3: if dofId < maxDOF then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: elem no←nelem list

6: l index←localNode pos ▷ l index ∈ (0,1,...,7)
7: e index←emat indices ▷ e index ∈ (0,1,...,ep)
8: global dof ← connectivity[elem no]
9: for j = 1 to 24 do ▷ Loop over all DOFs associated with an element
10: val += elem mat[e index ∗ ennz + (3 ∗ l index + (dofId%3)) ∗ edof +

j] * y[global dof[j]]
11: end for
12: end for
13: p[dofId] ← val
14: end if

5.2.1.4 Split kernel DbD strategy

In this strategy, split kernel approach is implemented on GPU with DOF-based thread

assignment. As discussed in Section 5.1, two separate kernels are used for the computa-

tion of matrix-free SpMV. The computation for elastic and plastic states is organized in

the same way as the split kernel NbN strategy in Algorithms 14 and 15, except that now

one thread is assigned to one DOF. The GPU implementations for elastic and plastic

part of elemental tangent matrices are described in Algorithms 17 and 18, respectively.

In Algorithm 17, major differences with Algorithm 14 can be seen at lines 8 and 9.

Due to the DOF-based thread assignment, a thread performs computation of vector-dot

product by following a single loop over all DOFs associated with an element. On the

contrary, in lines 8–10 of Algorithm 14, a thread performs computation of matrix-vector
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product by using double loops. In Algorithm 18, similar implementation differences with

Algorithm 15 can be observed at lines 10 and 11.

Algorithm 17 GPU kernel for elastic part of split kernel DOF-by-DOF matrix-free
strategy.

Input:y, elem mat, nelem list, localNode pos, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: dofId← threadId
3: if dofId < maxDOF then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: elem no←nelem list

6: l index←localNode pos ▷ l index ∈ (0,1,...,7)
7: global dof ← connectivity[elem no]
8: for j = 1 to edof do ▷ Loop over DOFs associated with an element
9: val += elem mat[(3 ∗ l index + (dofId%3)) ∗ edof + j] * y[global dof[j]]

▷ Same elemental tangent matrix is read
10: end for
11: end for
12: p[dofId] ← val
13: end if

Algorithm 18 GPU kernel for plastic part of split kernel DOF-by-DOF matrix-free
strategy.

Input:y, elem mat, nelem list, localNode pos, e state, connectivity
Output: p

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: dofId← threadId
3: if dofId < maxDOF then
4: for e = 1 to t neighbourElem do ▷ Loop over all neighbouring elements
5: if e state[e] == plastic then ▷ Check for plastic element
6: elem no←nelem list

7: l index←localNode pos ▷ l index ∈ (0,1,...,7)
8: global dof ← connectivity[elem no]
9: emat plastic ← get elemental tan mat(e, elem mat)
10: for j = 1 to edof do ▷ Loop over all DOFs associated with an element
11: val += emat plastic[(3 ∗ l index + (dofId%3)) ∗ edof +

j] * y[global dof[j]] ▷ Individual elemental tangent matrices are read
12: end for
13: end if
14: end for
15: p[dofId] ← val
16: end if
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5.2.2 Results and discussion

In this section, performance evaluations of the GPU-based proposed matrix-free SpMV

strategies for elastoplasticity are presented over three benchmark examples. All the nu-

merical experiments are conducted by considering full-scale 3D models. The simulations

are run on a machine having specifications given in Section 3.2. All the computations

have been performed in double precision arithmetic. The finite element meshes for all

three examples are taken as voxel type structured meshes consisting of linear hexahe-

dral element (8-noded). In order to show the applicability of the proposed strategies for

practical purposes, meshes have been generated in ABAQUS software package and the

same connectivity information is used for the computation. The reported kernel timings

are average values taken over five runs.
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Figure 5.6: A 3D L-bracket with boundary conditions. All dimensions are taken in
meters (m).

5.2.2.1 L-bracket

A 3D L-shaped bracket (Prabhune & Suresh 2020) is considered for elastoplastic analysis,

as shown in Fig. 5.6 with dimensions and boundary conditions. The top surface is

subjected to distributed traction in y-direction and two faces marked with 1O and 2O

have movement constrained in x and y-directions, respectively. The force applied on

the top surface can be varied to obtain different amount of plasticity in the body. The

material properties are considered as: Young’s modulus E = 206900 Pa, Poisson’s ratio
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ν = 0.29, hardening modulus H = 10000 Pa, initial yield stress σy = 450 Pa. Table 5.1

presents the finite element mesh with different levels of refinement.

Table 5.1: Mesh for the L-bracket example.

Mesh Elements Nodes DOFs

L1 103 488 115 596 346 788

L2 212 716 232 200 696 600

L3 418 176 448 115 1 344 345

L4 813 186 860 384 2 581 152

L5 1 622 964 1 697 080 5 091 240

L6 2 268 084 2 361 280 7 083 840
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Figure 5.7: Kernel timings (milliseconds) for L-bracket example by (a) Split kernel NbN
strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD strategy and (d) Single
kernel DbD strategy.
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The kernel timings for matrix-free SPMV operation using four computational strate-

gies are presented in Fig. 5.7. For each of the strategies, the kernel time is presented

for each mesh as a function of percentage plasticity. It can be seen that the kernel

timings are found varying linearly with percentage plasticity for all the strategies. As

the amount of plasticity in the body increases, the number of unique plastic elemental

tangent matrices also increases. This, in turn, increases the amount of memory access

in matrix-free SpMV kernels. Since accessing memory on the GPU is more expensive

than computation, as the amount of memory access increases, the execution timings of

SpMV kernels also go up. The linear dependence of kernel time shows strong influence

of memory access on the performance. One can observe that the proposed single kernel

strategies perform better than split kernel strategies in both NbN and DbD settings.

Comparing the performance in NbN strategy (see Figs. 5.7a and 5.7b), we observe that

the single kernel strategy achieves least execution time for all the mesh sizes. Similar

result is observed in DOF-based thread assignment (see Figs. 5.7c and 5.7d), where the

proposed single kernel DbD strategy achieves better kernel timings. The best timings at

high percentage of plasticity are achieved by single kernel DbD strategy.

Threads in a matrix-free SpMV kernel need to access the data from multiplying vector

y frequently inside a loop (as discussed in Section 5.2.1.1), and therefore efficient access

to vector y is crucial for the performance. However, access to the vector y is uncoalesced.

The data corresponding to each node is required by threads assigned to all nodes/DOFs

in its immediate neighbourhood for computation. If the access is concurrent, broadcast

of the concerned value from the GPU memory would be the most efficient way. In

practical scenarios, the neighbourhood of a node is determined by the topology of the

mesh, which does not allow concurrent access. As discussed in Section 5.2.1.1, the access

to vector y cannot be optimized by data ordering, and as a consequence, there are

multiple threads accessing the same memory location at multiple points in time. One

possible way of improving the memory access could be the use of cache memory. GPUs

have a special purpose read-only cache that can be used to improve memory access

to those variables that are only read but not modified. Since vector y and elemental

tangent matrices remain read-only for the lifetime of a matrix-free SpMV kernel, it can

be cached in read-only cache. Figure 5.8 shows the speedups achieved by all the matrix-

free SpMV strategies when access to vector y and elemental tangent matrices is made
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through the read-only cache of the GPU. For each strategy, the speedup is computed over

the uncached version. The speedups of up to 2.5× are obtained for all the strategies

when the amount of plasticity is low. The DbD strategy achieves more speedups in

both split kernel and single kernel strategies than NbN . However, the speedup is found

to decrease with increasing percentage of plasticity. At higher levels of plasticity, the

proposed single kernel strategies achieve speedups of more than 1.5×, whereas the split

kernel strategies achieve speedups up to 1.5×. In the following discussion, single kernel

NbN , single kernel DbD and split kernel DbD strategies use read-only cache to access

vector y and elemental tangent matrices.
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Figure 5.8: Speedups in kernel timings for L-bracket when multiplying vector (y) and
elemental tangent matrices are cached in read-only memory. The figure shows speedups
by (a) Split kernel NbN strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD
strategy and (d) Single kernel DbD strategy.

The usage of a single elastic elemental tangent matrix for all elements in the elastic

zone provides an opportunity to use shared memory of the GPU for fast access. This

approach can be advantageous for problems with a low percentage of plasticity. In Fig.

5.9, speedups are shown for the approach that stores the elastic elemental tangent matrix
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in the shared memory. As can be seen, speedups are found to remain under one in both

the cases. At a low percentage of plasticity, little improvement can be observed for the

single kernel DbD strategy, but for the remaining part, the usage of shared memory has

a detrimental effect on the performance. This is primarily due to the fact that data from

the global memory and the shared memory cannot be accessed using the same variable.

This leads to an implementation issue where a condition statement must be used to

choose variables. The conditional statement leads to the problem of thread divergence

on the GPU, which has a negative effect on performance.
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Figure 5.9: Speedups in kernel timings for L-bracket when shared memory is used to
store elastic elemental tangent matrix. The figure shows speedups by (a) Single kernel
NbN strategy and (b) Single kernel DbD strategy.

The speedups in kernel timings by different matrix-free SpMV strategies over the

split kernel NbN strategy are shown in Fig. 5.10. The speedup is computed for all the

mesh sizes and plotted against percentage plasticity. The speedup by single kernel NbN

strategy (as shown in Fig. 5.10a) is found to be the highest at lower plasticity levels,

achieving up to 2.5× for less than 5% plasticity. The speedups decrease sharply in the

range of 5–20% plasticity, and thereafter, becomes stable at 1.7× for higher percentage of

plasticity. Figure 5.10b shows speedups achieved by split kernel DbD strategy over split

kernel NbN strategy, where the obtained speedup is small at lower plasticity levels but

increases to 2.2× for higher percentage of plasticity. Similar speedup profile is exhibited

by single kernel DbD strategy in Fig. 5.7c where even better speedups can be seen. The

superior speedups by DbD strategies indicate its suitability for problems with higher

amount of plasticity. Looking at Fig. 5.10, one can observe that the best speedup for
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lower amount of plastic deformation is achieved by single kernel NbN strategy, whereas

the highest speedup for moderate to large percentage of plasticity is obtained by single

kernel DbD strategy. In order to assess the relative performance, the speedups by single

kernel DbD strategy over single kernel NbN and split kernel DbD strategies are presented

in Figs. 5.11 and 5.12, respectively. It can be seen from Fig. 5.11 that the performance

of DbD strategy is found better only when certain value of percentage of plasticity is

reached. Below this value the performance of NbN strategy is found better. Figure 5.12

shows speedups by single kernel DbD strategy over split kernel DbD strategy, where

speedups varies from 1.2× at low plasticity levels to 1.5× at higher plasticity levels.
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Figure 5.10: Speedups in kernel timings for L-bracket with respect to split kernel NbN
strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD strategy, (c) Single
kernel DbD strategy.
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Figure 5.11: Speedups in kernel timings for L-bracket by single kernel DbD strategy over
single kernel NbN strategy.
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Figure 5.12: Speedups in kernel timings for L-bracket by single kernel DbD strategy over
split kernel DbD strategy.

The wall-clock timings for elastoplastic analysis of L-bracket are presented in Fig.

5.13. One can observe that the least simulation timing is obtained with single kernel

DbD strategy, followed by split kernel DbD strategy, single kernel NbN strategy and split

kernel NbN strategy. As a result of the proposed single kernel strategy, wall-clock timing

is reduced from 11153.1 sec to 4097.1 sec for the finest mesh consisting of 7.1 million

DOFs and 32% plasticity. The single kernel version of both NbN and DbD strategies

achieve reduced timings for all the mesh sizes from their split kernel counterparts. The

speedups in wall-clock time achieved by different strategies over split kernel NbN strategy

are displayed in Fig. 5.14. The speedup curve follows the same pattern as the speedup

in kernel timings. For lower amount of plastic deformation, single kernel NbN strategy

achieves the highest speedup of up to 2.5×. As the percentage plasticity increases,

the performance of DbD strategy becomes better than NbN strategy, reaching up to

3.5× for the proposed single kernel variation. The performance of single kernel NbN

and DbD strategy in wall-clock timings is compared in Fig. 5.16. The speedup curve

shows better performance by NbN strategy at lower plasticity levels while DbD strategy

achieves better performance at higher percentage of plasticity. This result is found to

be consistent with the one observed in kernel time (refer Fig. 5.11). Figure 5.16 shows

improved performance by single kernel strategy over split kernel strategy in DOF-based

thread assignment.
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Figure 5.14: Speedups in wall-clock timings for L-bracket with respect to split kernel
NbN strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD strategy, (c)
Single kernel DbD strategy.
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Figure 5.13: Wall-clock timings (seconds) for L-bracket by (a) Split kernel NbN strategy,
(b) Single kernel NbN strategy, (c) Split kernel DbD strategy and (d) Single kernel DbD
strategy.
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Figure 5.15: Speedups in wall-clock timings for L-bracket by single kernel DbD strategy
over single kernel NbN strategy.
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Figure 5.16: Speedups in wall-clock timings for L-bracket by single kernel DbD strategy
over split kernel DbD strategy.

5.2.2.2 3D Cantilever beam

A 3D cantilever beam with end load is taken as another benchmark example (Ding et al.

2008). Figure 5.17 shows the geometry and boundary conditions of the cantilever beam.

The problem parameters are considered as: Young’s modulus E = 200 GPa, Poisson’s

ratio ν = 0.3, hardening modulus H = 20 GPa and initial yield stress σy = 250 MPa.

Four loads are taken to obtain different levels of plasticity in the body, such as 10500 N,

12500 N, 14000 N and 17000 N. The mesh for numerical simulations is shown in Table

5.2 with various levels of refinement.

The kernel timings for the matrix-free SpMV operation are presented in Fig. 5.18.

It can be observed that kernel timings vary linearly with percentage plasticity for all the

four strategies. The kernel time increases both with increasing mesh size and the amount
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Figure 5.17: A cantilever beam with end load. All dimensions are taken in millimeters
(mm).

Table 5.2: Mesh for the cantilever beam example.

Mesh Elements Nodes DOFs
C1 204 300 219 108 657 324
C2 820 224 857 157 2 571 471
C3 1 612 800 1 670 729 5 012 187
C4 2 244 500 2 316 624 6 949 872

of plasticity. The least kernel timings are achieved by the proposed single kernel DbD

strategy for higher amount of plasticity and single kernel NbN strategy for low amount

of plasticity. The highest kernel timings are observed with split kernel NbN strategy.

The single kernel strategy is found performing better, as both NbN and DbD variants

achieve reduced kernel timings than their split kernel counterparts. The speedups in

kernel timings are displayed in Fig. 5.19, where kernel timings of split kernel NbN

strategy are divided by timings of different strategies and plotted against percentage

plasticity. The speedup curves are found following the same profile as observed in the

case of L-bracket benchmark. The single kernel NbN strategy achieves the highest

speedup for low percentage plasticity, reaching up to 3.2× for less than 5% plasticity.

When the amount of plasticity is high, the DbD strategy is found performing well. The

single kernel DbD strategy achieves the highest speedup of up to 3.4× for higher amount

of plasticity. A relative comparison of single kernel NbN and DbD strategies is presented

in Fig. 5.20, where both the strategies achieve best performance in different regions of

the plot, as found in L-bracket example. The comparison of single kernel DbD and split

kernel DbD is presented in Fig. 5.21, where the proposed single kernel strategy achieves

speedup of up to 1.6×.
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Figure 5.18: Kernel timings (milliseconds) for cantilever beam by (a) Split kernel NbN
strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD strategy and (d) Single
kernel DbD strategy.
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Figure 5.19: Speedups in kernel timings for cantilever beam with respect to split kernel
NbN strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD strategy, (c)
Single kernel DbD strategy.
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Figure 5.20: Speedups in kernel timings for cantilever beam by single kernel DbD strategy
over single kernel NbN strategy.
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Figure 5.21: Speedups in kernel timings for cantilever beam by single kernel DbD strategy
over split kernel DbD strategy.

The wall-clock timings for elastoplastic analysis of cantilever beam are presented in

Fig. 5.22. As can be seen in the figure, the highest wall-clock timings are obtained

with split kernel NbN strategy. The proposed single kernel DbD strategy achieves the

least wall-clock timings at higher levels of plasticity and single kernel NbN strategy

achieves the best timings for lower levels of plasticity. For the finest mesh with 6.9

million DOFs and 22.7% plasticity, the proposed single kernel strategy is able to reduce

wall-clock timing from 7415 sec to 2865.18 sec. A reduction of approximately 3347.7

sec in NbN strategy and 1005.5 sec in DbD strategy is observed for the proposed single

kernel strategy as compared with split kernel strategy, for the finest mesh. The speedups

in wall-clock timings by different strategies over split kernel NbN strategy are presented

in Fig. 5.23. The single kernel NbN strategy achieves the highest speedup of 2.6× at low
TH-3388_176103028



120 Matrix-free CG Solver for Elastoplasticity using Structured Mesh

0

1000

2000

3000

4000

5000

6000

7000

8000
(a)

W
al

l 
ti

m
e 

(s
)

C1
C2
C3
C4

(b)

0

1000

2000

3000

4000

5000

6000

7000

8000

0 5 10 15 20

(c)

W
al

l 
ti

m
e 

(s
)

% Plasticity

0 5 10 15 20

(d)

% Plasticity

Figure 5.22: Wall-clock timings (seconds) for cantilever beam by (a) Split kernel NbN
strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD strategy and (d) Single
kernel DbD strategy.

percentage plasticity but the speedup is found decreasing with increasing plasticity. The

highest speedup of up to 3.1× at increased percentage plasticity is achieved by single

kernel DbD strategy. In general, DbD strategies show better performance as the amount

of plasticity increases. The speedups by single kernel DbD strategy over single kernel

NbN strategy are shown in Fig. 5.24. It can be clearly observed that NbN strategy

is most suitable for low plasticity problem and DbD strategy should be used for high

plasticity problem. The speedups by single kernel DbD strategy over split kernel DbD

strategy are presented in Fig. 5.25, where speedups of up to 1.6× is obtained at higher

percentage plasticity.
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Figure 5.23: Speedups in wall-clock timings for cantilever beam with respect to split
kernel NbN strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD strategy,
(c) Single kernel DbD strategy.
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Figure 5.24: Speedups in wall-clock timings for cantilever beam by single kernel DbD
strategy over single kernel NbN strategy.
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Figure 5.25: Speedups in wall-clock timings for cantilever beam by single kernel DbD
strategy over split kernel DbD strategy.
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5.2.2.3 Plate with multiple holes

This example is adapted from Yusa et al. (2018) where circular holes are replaced by

square holes to generate voxel-based finite element mesh. The geometry of a flat plate

with four square holes along with boundary conditions is shown in Fig. 5.26. The

parameters for elastoplastic analysis are considered as: Young’s modulus E = 200 GPa,

Poisson’s ratio ν = 0.3, hardening modulus H = 20 GPa and initial yield strength σy0

= 200 MPa. The details of finite element mesh and various levels of refinement used for

the numerical experiments are given in Table 5.3.
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Figure 5.26: A plate with four square holes. All dimensions are taken in millimeters
(mm).

Table 5.3: Mesh for the plate with multiple holes example.

Mesh Elements Nodes DOFs
P1 170 100 229 188 687 564
P2 787 500 950 982 2 852 946
P3 1 360 800 1 595 979 4 787 937
P4 2 160 900 2 480 776 7 442 328
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Figure 5.27: Kernel timings (milliseconds) for plate with multiple holes by (a) Split
kernel NbN strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD strategy and
(d) Single kernel DbD strategy.

Figure 5.27 shows the kernel timings for the matrix-free SpMV, where kernel timings

vary linearly with percentage plasticity for all four strategies. Similar to previous exam-

ples, the least kernel timing is achieved with the proposed single kernel DbD strategy.

As evident by comparing Figs. 5.27a and 5.27b for NbN strategy, and Figs. 5.27c and

5.27d for DbD strategy, the proposed single kernel strategies achieve significantly less

kernel timings than the split kernel strategy. The speedups in kernel timings are pre-

sented with respect to the split kernel NbN strategy in Fig. 5.28. Like the previous two

examples, the speedup curve for the single kernel NbN strategy has the highest value

of 2.4× at lower plasticity levels and shows a decreasing trend as percentage plasticity

increases. The DbD strategies show increasing speedup with percentage plasticity and

achieves the highest value of 3.5× at 22.3% plasticity. The speedups by single kernel

DbD strategy over single kernel NbN strategy are presented in Fig. 5.29. Unlike pre-

vious examples, the single kernel DbD strategy shows comparable kernel timings with
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the single kernel NbN strategy at low percentage of plasticity. The speedups by single

kernel DbD strategy over split kernel DbD are shown in Fig. 5.30, where speedups of

up to 1.6× are obtained.
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Figure 5.28: Speedups in kernel timings for plate with multiple holes with respect to split
kernel NbN strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD strategy,
(c) Single kernel DbD strategy.
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Figure 5.29: Speedups in kernel timings for plate with multiple holes by single kernel
DbD strategy over single kernel NbN strategy.
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Figure 5.30: Speedups in kernel timings for plate with multiple holes by single kernel
DbD strategy over split kernel DbD strategy.
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Figure 5.31: Wall-clock timings (seconds) for plate with multiple holes by (a) Split kernel
NbN strategy, (b) Single kernel NbN strategy, (c) Split kernel DbD strategy and (d)
Single kernel DbD strategy.

The wall-clock timings for elastoplastic analysis of the plate with multiple holes exam-

ple are shown in Fig. 5.31. In accordance with previous examples, the highest wall-clock

timings are observed with the split kernel NbN strategy, whereas the least wall-clock
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timings are achieved with the single kernel DbD strategy. As a result of the proposed

strategies, the wall-clock timing of 6736.2 sec is reduced to 2204.9 sec for the finest mesh

consisting of 7.4 million DOFs at 22.3% of plasticity. Figure 5.32 shows the speedups

in wall-clock timings by different strategies over the split kernel NbN strategy. The

speedup profiles are found to be similar as previous examples, where the single kernel

NbN strategy achieves speedup of 1.9× at low plasticity levels and the single kernel DbD

strategy achieves speedup of 3.1× for higher percentage of plasticity. The speedups by

the single kernel DbD strategy over single kernel NbN and split kernel DbD strategies

are plotted in Figs. 5.33 and 5.34, respectively. The performance results (kernel timings,

wall-clock timings and speedups) for the plate with multiple holes example are found

to be consistent with previous examples of L-bracket and cantilever beam. This estab-

lishes the potential benefits of the proposed matrix-free SpMV strategy for elastoplastic

problems.
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Figure 5.32: Speedups in wall-clock timings for plate with multiple holes with respect
to split kernel NbN strategy by (a) Single kernel NbN strategy, (b) Split kernel DbD
strategy, (c) Single kernel DbD strategy.
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Figure 5.33: Speedups in wall-clock timings for plate with multiple holes by single kernel
DbD strategy over single kernel NbN strategy.
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Figure 5.34: Speedups in wall-clock timings for plate with multiple holes by single kernel
DbD strategy over split kernel DbD strategy.

5.2.3 Summary

In order to improve the performance of matrix-free SpMV computation, we proposed a

single kernel computational strategy that prevents branching and provides efficient mem-

ory access. Further, based on the single kernel strategy, we proposed node-based and

DOF-based parallel strategies to achieve efficient implementation of matrix-free SpMV

on the GPU. The GPU implementations of the NbN and DbD strategies make effi-

cient use of read-only cache and remain general enough to be applicable for voxel-based

structured meshes generated by commercial software packages. Three large-scale bench-

mark examples in 3D for elastoplasticity were considered for the performance evaluations

over different levels of mesh refinement and different amount of plasticity. Comparison
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Figure 5.35: Memory access pattern in (a) Single kernel strategy (b) Split kernel strategy.

of matrix-free SpMV kernel timings revealed that the proposed NbN strategy achieves

speedups up to 3.2× over the existing GPU-based split kernel strategy. However, the per-

formance of NbN strategy was found to decrease as the amount of plasticity increased in

the body. For moderate to high amount of plasticity(> 5%), the proposed DbD strategy

showed the best performance achieving speedups up to 3.5× over GPU-based split kernel

strategy. Based on the performance results, we conclude that the proposed matrix-free

SpMV strategy makes efficient use of GPU resources and provides a uniform treatment

of elastic and plastic states using a single compute kernel, unlike the previous strategy,

which splits the computation into two kernels.

5.3 Proposed improved split kernel strategy 2

The memory access pattern of the single kernel strategy is shown in Fig. 5.35. As can be

seen, due to the mix of elastic and plastic elements, memory access to a warp cannot be

perfectly coalesced. This increases the number of memory transactions to the expensive

global memory of the GPU. An improved memory access is achieved when computations

for elastic and plastic elements are performed separately. As shown in Fig. 5.35b, using

separate kernels for both elastic and plastic elements enables coalesced memory access,

2The content of this section has been published in International Journal for Numerical Meth-
ods in Engineering (Kiran et al. 2024a).
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reducing the number of transactions to the global memory. The splitting of computation

into elastic and plastic parts has another advantage that specific optimizations can be

applied to both kernels independently. However, kernel splitting increases the number

of kernel launches.

In the improved split kernel strategy, the computation of SpMV using Eq. (5.8)

uses two CUDA kernels for the GPU implementation. In the first kernel, computation

of matrix-vector product for elastic zone is performed, whereas the second kernel is

dedicated for computations in the plastic zone. Since the computation is performed using

two mutually exclusive sets (E (e) and E (p)), the improved split kernel strategy require

segregation of elastic and plastic elements. In the numerical procedure of elastoplasticity,

the number of plastic elements and their locations evolve with Newton iterations until

final distribution is obtained. Therefore, the sets E (e) and E (p) must be updated in each

Newton iterations.

The GPU implementation of the proposed split kernel strategy is illustrated in Fig.

5.36. Following the procedure for single kernel strategy (refer to Fig. 5.5), an array is

obtained that contains the segregated list of plastic elements number and elastic elements

number incremented by et (third array from the top). A new array is obtained by

subtracting et from all entries except plastic element numbers, generating actual element

numbers for elastic elements. This gives the set of elastic elements (E (e)). Next, the

input data initially stored according to global element number is reordered according

to elements in E (e) and E (p) to use in matrix-free SpMV kernels for elastic and plastic

elements. This has two advantages. First, GPU kernels can be implemented without

making explicit use of E (e) and E (p), as input data is now stored in a predetermined

sequence. Second, the memory access to input data becomes coalesced. As shown in

Fig. 5.37a, if input data is not reordered, both the kernels make strided access to the

global memory. Reordering of data according to the list of elements given in E (e) and

E (p) leads to access of consecutive memory locations by consecutive threads (see Fig.

5.37b). It is noted that the improved split kernel strategy does not need any additional

array for matrix-free SpMV computation like the single kernel strategy.
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Figure 5.36: Illustration of improved split kernel strategy.
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Figure 5.37: Effect of reordering of data in improved split kernel strategy.

5.3.1 Element-by-Element SpMV strategy

The GPU implementation of EbE strategy can vary depending on the thread assignment

for each element. As shown in Section 4.1.3, three kinds of thread assignment can be

used: single thread per element, single thread per node and single thread per DOF.

The work presented in Ratnakar et al. (2021) show single thread per element performing

poorly than the other two. Therefore,the current work explores the remaining two types

of thread assignment.
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Figure 5.38: GPU implementation of EbENode strategy.

5.3.1.1 EbENode strategy

In this strategy, 8 threads corresponding to 8 nodes of a linear hexahedral element are

assigned per element to compute matrix-free SpMV. Since the current work uses three

DOFs per node, a thread performs multiplication for three rows in the elemental tangent

matrix. The GPU implementation of EbENode strategy is illustrated in Fig. 5.38. Each

thread accesses a scalar value from vector pe and multiplies with a column vector (3×1)

from its assigned sub-matrix. The scalar-vector product is repeated for all columns of

the elemental tangent matrix, and results are accumulated into registers. It can be

observed that in each scalar-vector product, one common scalar value is accessed by all

8 threads operating over an element, creating a broadcast. Since broadcast from shared

memory is fast, the multiplying vector pe is stored in the shared memory of each block

for computation.

In the EbENode strategy, the elemental tangent matrix is reordered to achieve coa-

lesced memory access. Figure 5.39 shows an elemental tangent matrix with non-zero

values numbered in a row-wise manner. Since 8 threads assigned to an element need to

access 24 values from each column, a total of 3 passes is required. The access of the

elemental tangent matrix when data is not reordered is shown in Fig. 5.40a. It can be

seen that the threads make strided access in the first pass. To achieve coalesced access,
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Figure 5.39: An elemental tangent matrix with non-zero values numbered in a row-wise
manner.

1 … 73 … 145 … 217 … 289 … 361 433 505… … …

1 16973 145 217 289 361 433 505 25 97 241 313 385 457 529 …

(a)

(b)

Figure 5.40: Elemental tangent matrix access pattern in EbENode strategy (a) Data is
not reordered (b) Data is reordered.

column entries being read in the first pass must be stored in consecutive memory loca-

tions. The reordered elemental tangent matrix is shown in Fig. 5.40b. As can be seen,

the values at locations 1, 73, 145, etc. that are read in one pass are stored in consecutive

memory locations to facilitate coalesced access. If more than one element is required for

matrix-free SpMV computation, corresponding entries for all elements must be stored

side-by-side.

5.3.1.2 EbEDOF strategy

In this strategy, the number of threads equal to the total DOFs per element is assigned

to compute matrix-vector product. In the case of the linear hexahedral element with

3 DOFs per node, 24 threads are assigned to one element. The GPU implementation
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Figure 5.41: GPU implementation of EbEDOF strategy.
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Figure 5.42: Elemental tangent matrix access pattern in EbEDOF strategy (a) Data is
not reordered (b) Data is reordered.

of EbEDOF strategy is illustrated in Fig. 5.41. As can be seen, each thread performs

multiplication for one row of the elemental tangent matrix in the form of vector-dot

product. Threads read a common scalar value from vector pe and multiply with a scalar

value from its assigned row. The result of the multiplication is stored in a register.

Similar to the EbENode strategy, pe vector is cached in the shared memory for efficient

broadcast access. Each thread in EbEDOF strategy perform computation in a truly

independent manner, and therefore, no inter-warp synchronization is required.

For efficient implementation of EbEDOF strategy, the elemental tangent matrix is

reordered and stored in a column-wise manner. As shown in Fig. 5.42a, if the elemental

tangent matrix is stored in a row-wise manner (according to Fig. 5.39), threads make
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strided access, increasing the memory transactions. The column-wise arrangement fa-

cilitates coalesced access, as shown in Fig. 5.42b. If more than one elemental tangent

matrix is used for matrix-free SpMV, each corresponding column of elemental tangent

matrices is stored beside each other.

5.3.2 GPU implementation

5.3.2.1 Single kernel EbENode strategy

The computation of matrix-free SpMV for elastoplasticity is done by the single kernel

strategy (see Section 5.2) and implemented on GPU using EbENode strategy. Algorithm

19 shows key steps in GPU implementation of single kernel EbENode strategy. The input

data for GPU kernel consists of array P (vector p) to perform multiplication, elemental

tangent matrices for both elastic and plastic elements in array K e, K index array to

keep indices for accessing elemental tangent matrices, connectivity of each element in

connectivity array and the total number of plastic elements npelem. The results of

multiplication are stored in output array G. A total of 8 threads corresponding to 8 nodes

are assigned to each element for the computation of matrix-vector product, as shown in

line 2. For each element, global connectivity is accessed and stored in a register of each

thread as global dof and p vector is stored as sP e in the shared memory. Next, a block-

level synchronization barrier is called to synchronize all threads before the computation

proceeds further. The computation of matrix-vector product is implemented inside an

outer loop over elemental DOFs and an inner loop over nodal DOFs, as shown in line 8.

In line 10, elemental tangent matrices are accessed using K index array in a coalesced

manner (as discussed in Section 5.2) to multiply with scalar values from sP e array. The

computed multiplication results are accumulated into registers and later assembled into

the global vector g using global dof .

5.3.2.2 Single kernel EbEDOF strategy

In this strategy, EbEDOF strategy is used to implement the single kernel matrix-free

SpMV for elastoplasticity. The GPU implementation of single kernel EbEDOF strategy

is presented in Algorithm 20. The input data and major steps in the computation
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Algorithm 19 Single kernel EbENode matrix-free strategy for elastoplasticity.

Input: P, K e, K index, connectivity, npelem
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/8
3: elaneId← threadId%8 ▷ elaneId ∈ (0, 1, ..., 7)
4: if elemNo < maxElem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId]
6: sP e ← get y vector(P, global dof)
7: synthreads()
8: for i = 1 to edof do ▷ Loop over DOFs per element
9: for j = 1 to ndof do ▷ Loop over DOFs per node
10: val[j] += K e[K index[elemNo] ∗ 8 + i ∗ 24 ∗ npelem + j ∗ npelem ∗ 8 +

elaneId] * sP e[i]
11: end for
12: end for
13: G ← Accumulate(G, val, global dof)
14: end if

remain the same as the single kernel EbENode strategy. As shown in line 2, 24 threads

corresponding to 24 DOFs of an element are assigned to compute the matrix-vector

product. In this strategy, 24 threads assigned to an element may spread over more than

one warp. Therefore, it is essential to use block synchronization barrier, as shown in

line 7, after accessing shared memory for consistent usage. Here, unlike the single kernel

EbENode strategy, the computation of matrix-vector product is performed inside only

one loop, as shown in line 9. The elemental tangent matrices are accessed in coalesced

manner by using suitable indices as suggested in Section 5.3.1.2. The multiplication

results are initially stored in a register variable and later assembled into the global

vector in a coalesced manner.

5.3.2.3 Improved split kernel EbENode strategy

In this strategy, two GPU kernels are used for matrix-free SpMV as suggested by the

improved split kernel strategy in Section 5.3. Both the kernels are implemented using

EbENode strategy. Algorithm 21 presents the computational steps in a dedicated kernel

for elastic elements. It can be seen in line 4 that the computation is performed only for

elements in the elastic zone (maxEElem). Consequently, only one elemental tangent
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Algorithm 20 Single kernel EbEDOF matrix-free strategy.

Input: P, K e, K index, connectivity, npelem
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/24
3: elaneId← threadId%24 ▷ elaneId ∈ (0, 1, ..., 24)
4: if elemNo < maxElem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId/3]
6: sP e ← get y vector(P, global dof)
7: synthreads()
8: for i = 1 to edof do ▷ Loop over DOFs per element
9: val += K e[K index[elemNo] ∗ 24 + i ∗ 24 ∗ npelem + elaneId] * sP e[i]
10: end for
11: G ← Accumulate(G, val, global dof)
12: end if

matrix is used for the computation of matrix-vector product as shown in line 11. The

elemental tangent matrix is accessed through shared memory for efficient memory access

(see line 7). The computed values are accumulated in the global memory in line 14.

The GPU implementation of a dedicated kernel for elements in the plastic zone

is explained in Algorithm 22. The computations are performed only for the maximum

number of plastic elements npelem. Unlike the single kernel EbENode strategy, the access

to K e does not require the use of K index array. Since elemental tangent matrices are

reordered according to the list of plastic elements(E (p)), indices are not required to locate

an elemental tangent matrix. The array K e is accessed in coalesced manner as discussed

in Section 5.3.1.1.

5.3.2.4 Improved split kernel EbEDOF strategy

In this strategy, both the kernels in the improved split kernel strategy are implemented

on GPU using EbEDOF strategy. Algorithm 23 presents the GPU implementation of

the dedicate kernel for elastic elements. Since the computation for elastic elements uses

only one elemental tangent matrix, it is cached in the shared memory, line 7. The

matrix-vector product is computed in line 10 by reading values from the shared memory.

Algorithm 24 presents the computational steps in the dedicated kernel for plastic

elements. The dependency on K index is removed as elemental matrices are reordered
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Algorithm 21 GPU kernel for elements in the elastic zone using improved split kernel
EbENode matrix-free strategy.

Input: P, K e, connectivity
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/8
3: elaneId← threadId%8 ▷ elaneId ∈ (0, 1, ..., 7)
4: if elemNo < maxEElem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId]
6: sP e ← get y vector(P, global dof)
7: sK e ← get k matrix(K e, global dof)
8: synthreads()
9: for i = 1 to edof do ▷ Loop over DOFs per element
10: for j = 1 to ndof do ▷ Loop over DOFs per node
11: val[j] += sK e[i ∗ 24 + j ∗ 8 + elaneId] * sP e[i]
12: end for
13: end for
14: G ← Accumulate(G, val, global dof)
15: end if

Algorithm 22 GPU kernel for elements in the plastic zone using improved split kernel
EbENode matrix-free strategy.

Input: P, K e, connectivity, npelem
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/8
3: elaneId← threadId%8 ▷ elaneId ∈ (0, 1, ..., 7)
4: if elemNo < nplem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId]
6: sP e ← get y vector(P, global dof)
7: synthreads()
8: for i = 1 to edof do ▷ Loop over DOFs per element
9: for j = 1 to ndof do ▷ Loop over DOFs per node
10: val[j] += K e[elemNo∗8+i∗24∗npelem+j∗npelem∗8+elaneId] * sP e[i]

11: end for
12: end for
13: G ← Accumulate(G, val, global dof)
14: end if

according to the list of plastic elements. As shown in line 9, K e array is accessed by

using suitable indices in coalesced manner, as discussed in Section 5.3.1.2. The rest of

the steps remain the same as the single kernel EbEDOF strategy.
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Algorithm 23 GPU kernel for elements in the elastic zone using improved split kernel
EbEDOF matrix-free strategy.

Input: P, K e, connectivity
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/24
3: elaneId← threadId%24 ▷ elaneId ∈ (0, 1, ..., 24)
4: if elemNo < npelem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId/3]
6: sP e ← get y vector(P, global dof)
7: sK e ← get k matrix(K e, global dof)
8: synthreads()
9: for i = 1 to edof do ▷ Loop over DOFs per element
10: val += sK e[i ∗ 24 + elaneId] * sP e[i]
11: end for
12: G ← Accumulate(G, val, global dof)
13: end if

Algorithm 24 GPU kernel for elements in the plastic zone using improved split kernel
EbEDOF matrix-free strategy.

Input: P, K e connectivity, npelem
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: elemNo← threadId/24
3: elaneId← threadId%24 ▷ elaneId ∈ (0, 1, ..., 24)
4: if elemNo < maxPElem then
5: global dof ← connectivity[elemNo ∗ 8 + elaneId/3]
6: sP e ← get y vector(P, global dof)
7: synthreads()
8: for i = 1 to edof do ▷ Loop over DOFs per element
9: val += K e[elemNo ∗ 24 + i ∗ 24 ∗ npelem + elaneId] * sP e[i]
10: end for
11: G ← Accumulate(G, val, global dof)
12: end if

5.3.2.5 Improved split kernel NbN strategy

In EbE strategies, dedicated kernels for elements in elastic and plastic zones perform

computation with disjoint sets of elastic elements (E (e)) and plastic elements (E (p)). How-

ever, this is not directly applicable to node-based matrix-free strategies. Here, disjoint

sets of elastic and plastic nodes are generated to perform computation of matrix-free

SpMV using two separate kernels. If a node has all its connected elements in E (e), it is
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assigned to a set of elastic nodes N (e). In all other cases, nodes are assigned to a set of

plastic nodes N (p).

In the improved split kernel NbN strategy, both the kernels are implemented on GPU

using the NbN matrix-free strategy (Section 4.1.1). Algorithm 25 shows key steps in the

GPU implementation for elastic nodes. As shown in line 2, using single thread per node

strategy, threads are launched for the total number of elastic nodes nENode. For each

thread, the global node number is obtained using node list and used in subsequent

memory access and computation. Since a common elemental tangent matrix is used for

all elements in the elastic zone, computation is performed by reading values from the

shared memory (see line 11). The GPU implementation of matrix-free computation for

plastic nodes is presented in Algorithm 26. As shown in line 26, threads are launched

considering the total number of plastic nodes. Each thread reads a global node number

and uses it for further computation. It is noted that this strategy uses K index array

to access elemental tangent matrices like single kernel strategy. The rest of the steps

remain the same as the single kernel NbN strategy.

Algorithm 25 GPU kernel for nodes in the elastic zone using improved split kernel
NbN strategy

Input: P, K e, elem list, node pos, node list, connectivity
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: if threadId < nENode then
3: node no ← node list

4: for e = 1 to ctElem do ▷ Loop over elements connected to a node
5: elem no←elem list

6: l index←node pos ▷ l index ∈ (0, 1, ..., 7)
7: global dof ← connectivity[elem no]
8: sK e ← K e

9: for i = 1 to ndof do ▷ Loop over DOFs per node
10: for j = 1 to edof do ▷ Loop over DOFs per element
11: val[i] += sK e[(3 ∗ l index + i) ∗ 24 + j] * P[global dof[j]]
12: end for
13: end for
14: end for
15: G ← Accumulate(G, val, node no)
16: end if
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Algorithm 26 GPU kernel for nodes in the plastic zone using improved split kernel
NbN strategy

Input: P, K e, elem list, node pos, node list, connectivity, K index

Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: if threadId < nPNode then
3: node no ← node list

4: for e = 1 to ctElem do ▷ Loop over elements connected to a node
5: elem no←elem list

6: l index←node pos ▷ l index ∈ (0, 1, ..., 7)
7: global dof ← connectivity[elem no]
8: for i = 1 to ndof do ▷ Loop over DOFs per node
9: for j = 1 to edof do ▷ Loop over DOFs per element
10: val[i] += K e[K index[elem no] ∗ 576 + (3 ∗ l index + i) ∗ 24 +

j] * P[global dof[j]]
11: end for
12: end for
13: end for
14: G ← Accumulate(G, val, node no)
15: end if

5.3.2.6 Improved split kernel DbD strategy

In this strategy, the improved split kernel matrix-free SpMV for elastoplasticity is im-

plemented on GPU using the DbD strategy. The computation is performed with the

set of elastic and plastic nodes (N (e),N (p)) as discussed in Section 5.3.2.5. Algorithms

27 and 28 show the GPU implementation of matrix-free SpMV for elastic and plastic

nodes, respectively. It can be seen in both the algorithms that threads equal to DOFs

associated with the number of nodes in elastic and plastic sets are launched. The rest of

the computational steps remain similar as the improved split kernel NbN strategy.

5.3.3 Overview of the proposed matrix-free elastoplasticity solver

Algorithm 29 presents the pseudo code for Newton-Raphson iteration in elastoplasticity

solver, highlighting the key computational steps and control flow. The Newton-Raphson

method is implemented on the CPU with a series of calls to compute functions that

executes on the GPU. Inside the Newton-Raphson loop, all computations are performed

on GPU and there is no expensive data transfer with the CPU, except for tolerance value
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Algorithm 27 GPU kernel for nodes in the elastic zone using improved split kernel
DbD strategy.

Input: P, K e, elem list, node pos, node list, connectivity
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: if threadId < 3 ∗ nENode then
3: node no ← node list

4: for e = 1 to ctElem do ▷ Loop over elements connected to a node
5: elem no←elem list

6: l index←node pos ▷ l index ∈ (0, 1, ..., 7)
7: global dof ← connectivity[elem no]
8: sK e ← K e

9: for j = 1 to edof do ▷ Loop over DOFs per element
10: val += sK e[(3 ∗ l index + (threadId%3)) ∗ 24 + j] * P[global dof[j]]
11: end for
12: end for
13: G ← Accumulate(G, val, node no)
14: end if

Algorithm 28 GPU kernel for nodes in the plastic zone using improved split kernel
DbD strategy.

Input: P, K e, elem list, node pos, node list, K index, connectivity
Output: G

1: threadId← blockIdx.x ∗ blockDim.x + threadIdx.x
2: if threadId < 3 ∗ nPNode then
3: node no ← node list

4: for e = 1 to ctElem do ▷ Loop over elements connected to a node
5: elem no←elem list

6: l index←node pos ▷ l index ∈ (0, 1, ..., 7)
7: global dof ← connectivity[elem no]
8: for j = 1 to edof do ▷ Loop over DOFs per element
9: val += K e[K index[elem no] ∗ 576 + (3 ∗ l index+ (threadId%3)) ∗ 24 +

j] * P[global dof[j]]
10: end for
11: end for
12: G ← Accumulate(G, val, node no)
13: end if

in line 20.

The proposed matrix-free SpMV strategies work with a segregated list of elastic

and plastic elements or nodes and associated data. In Algorithm 29, the identification,

separation and reordering of data associated with elastic and plastic states are done at
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two places in the Newton iteration loop, referred to as pre-processing steps 1 and 2 (see

lines 2 and 8). The GPU implementation of the single kernel and improved split kernel

strategies requires an array of size et that stores global element number as values (see

Section 5.1), referred as e array. In order to differentiate between elastic and plastic

elements, the global element number of elastic elements is incremented by et. If e array

is sorted in ascending order, all plastic elements are moved to the beginning of the array,

followed by elastic elements. This segregation is easily achieved in Algorithm 29 by

running thrust::sort() on GPU, generating E (e) and E (p). Next, the total number of plastic

elements is obtained by counting the values less the et, implemented by thrust::count()

in line 4. The determination of the number of plastic elements is essential to allocate

memory for the storage of (ep + 1) elemental tangent matrices. In line 7, elemental

tangent matrices are computed by considering a list of plastic elements from e array. If

the single kernel strategy is used, K index must be generated as a part of pre-processing

2 (line 10) to use in matrix-free SpMV. The array K index is generated on GPU by using

a custom kernel where e array is used to obtain indices of plastic tangent matrices. If

the improved split kernel strategy is used, the input data is reordered at line 12 according

to the list of elastic and plastic elements given by e array. After pre-processing step 2,

the solution of linear system of equations is obtained in line 15 using CG solver based

on the proposed matrix-free SpMV strategies. This is followed by the computation of

stress using the radial-return method. It is noted that e array is also updated in the

radial-return method during the evaluation of the yield function. Once the stress is

evaluated, it is used in line 18 to compute internal force vectors and their assembly.

The computation of stress and internal force vectors are done on GPU using strategies

presented in Chapter 3. The computation of internal forces leads to the determination

of an unbalanced force vector and estimation of tolerance in line 20. If tolerance is found

to be less than a given value, the Newton iteration ends, and the final value is recorded;

otherwise, computations continue to the next iteration.

In the NbN strategy, the steps mentioned in pre-processing 1 and 2 of Algorithm 29

remain the same for the single kernel strategy. However, the procedure in pre-processing

step 2 change for the improved split kernel strategy to compute sets of elastic and plastic

nodes, N (e) and N (p). N (e) and N (p) are determined in the same way as steps described

in pre-processing step 1 with a difference that an array of global node number is taken
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in place of global element number.

Algorithm 29 GPU-based implementation of Newton-Raphson (NR) iterations in the
proposed framework.

Input: coordinates, connectivity, Problem parameters like material properties
and boundary conditions

Output: U, stress

1: for Itr < Max itr do ▷ Newton-Raphson iterations
2: //- - - - - - - - - - - - - Pre-processing 1
3: Apply thrust::sort with e array to find E (e) and E (p)
4: Apply thrust::count to find number of plastic elements ep
5: Allocate memory to store elemental tangent matrix
6: //- - - - - - - - - - - - -
7: Compute elemental tangent matrices
8: //- - - - - - - - - - - - - Pre-processing 2
9: if spmv strat == ‘singlekernel’ then
10: Generate K index array
11: else if spmv strat == ‘splitkernel’ then
12: Reorder input data according to E (e) and E (p)
13: end if
14: //- - - - - - - - - - - - -
15: Solve on GPU: Matrix-free CG solver
16: Update displacement
17: Compute stress: Radial-return method
18: Compute internal force vectors
19: Update unbalance force vectors ▷ Compute on GPU
20: tol ← check convergence() ▷ Compute on GPU
21: if tol < ξNR then
22: Update variables ▷ Compute on GPU
23: Break
24: end if
25: end for

5.3.4 Results and discussion

The numerical experiments are conducted with an intent to study the performance of

the proposed strategies in a comprehensive manner. The key factors that affect the per-

formance of a matrix-free SpMV kernel are thread allocation, memory access pattern,

usage of on-chip memory and presence of redundant computation. In this sub-section,

we present assessment of these performance indicators by solving three large-scale bench-

mark examples from elastoplasticity. Towards the end of this sub-section, a comparison
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with assembly-based elastoplasticity solver is also presented to highlight the advantages

and to discuss limitations if any. The meshes for the numerical examples are generated

in ABAQUS (Systèmes 2017) software package by considering 8-noded hexahedral el-

ements. The hardware used for numerical experiments has the same specifications as

given in Section 3.2.

5.3.4.1 Computational examples

Cantilever beam with a cut out feature

As a first example, a 3D cantilever beam with a rectangular cut out feature (Meguid

2021) is considered. Often, cut out features or openings are introduced into machine

components due to specific design requirements. However, geometrical features of cut

outs might lead to creation of high stress concentration zones in the body, increasing

the local stress beyond the yield value. Figure 5.43 shows the geometry of the cantilever

beam in 2D where the left end with larger cross section is fixed and the right end with

smaller cross section is loaded on the edge. The corresponding 3D model is obtained by

extrusion in z-direction with 32 mm thickness. The elastoplastic analysis is performed

by considering the following material properties: Young’s modulus 200 GPa, Poisson’s

ratio 0.3, initial yield stress 220 MPa and hardening coefficient 20 GPa. In order to

obtain different amount of plasticity in the body, following loads are applied: 27000 N,

37000 N, 44000 N, 52000 N, 62000 N and 68000 N.

2
4

3
2

56

8 8
0

96

16

Figure 5.43: A cantilever beam with a cut out feature. All dimensions are taken in
millimeters (mm).
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L-bracket

This example is taken from Section 5.2.2.1.

Plate with square holes

This example is taken from Section 5.2.2.3.

The performance results for all the three computational examples are obtained for

various levels of plasticity and mesh sizes. Table 5.4 presents the meshes for the numerical

experiments with varying level of refinement. The number of DOFs for a mesh can be

obtained by multiplying the number of nodes with three.

Table 5.4: Finite element mesh for the numerical experiment.

Cantilever L-bracket Plate with square holes

Mesh Elements Nodes Mesh Elements Nodes Mesh Elements Nodes

C1 126 144 136 200 L1 103 488 115 596 H1 50 400 76 791
C2 299 008 316 800 L2 212 716 232 200 H2 170 100 229 188
C3 584 000 611 720 L3 418 176 448 115 H3 787 500 950 982
C4 1 009 152 1 048 992 L4 813 186 860 384 H4 1 360 800 1 595 979
C5 1 602 496 1 656 648 L5 1 622 964 1 697 080 H5 2 160 900 2 480 776
C6 2 392 064 2 462 720 L6 2 268 084 2 361 280

5.3.4.2 Results for linear elasticity

The proposed improved split kernel strategy isolates the computation for elements in

the elastic zone from the bulk and uses a separate kernel for the computation of matrix-

free SpMV. This enables opportunities for several optimizations which are otherwise not

possible with the single kernel strategy. The computation of matrix-free SpMV for elastic

elements in the improved split kernel strategy has the same CUDA implementation as a

matrix-free SpMV kernel in linear elasticity problems, primarily due to the same input

data requirement. Therefore, a series of experiments is performed by considering linear

elastic material model to assess the effect of implementation related optimizations on the

performance of the proposed matrix-free strategies. In the subsequent discussion, various

options for efficient usage of on-chip memory are explored, and results are discussed.
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The amount of shared memory for the device (Tesla K40 GPU) used for the numer-

ical experiment is 48 KB. Considering full occupancy, a streaming multiprocessor (SM)

on Tesla K40 can launch 2048 threads, simultaneously. This implies that a thread can

accommodate a maximum of
48× 1024

2048× 8
= 3 double precision values for full occupancy.

For a thread block of 256 threads, a total of 768 values can be cached in the shared mem-

ory. The computation of matrix-free SpMV for elastic elements requires a single tangent

matrix of size 24×24 and a vector of size 24×1 per element to perform multiplication. In

EbENode strategy, 576 values for a tangent matrix and 24× 256

8
= 768 values for multi-

plying vector are required for a thread block of size 256. This requirement is beyond the

limit of 768 values. In such cases, either tangent matrix or multiplying vectors alone can

be stored in the shared memory. In another option, both variables can be stored but at

the cost of reduced occupancy. The shared memory requirement in the EbEDOF strategy

also remains the same as the EbENode strategy, except that the available space increases

due to the allocation of 24 threads per element. Still, the EbEDOF strategy requires

576 + 240 = 816 values, which is larger than the limiting value of 768 for a thread block

of 256. However, shared memory pressure in the EbEDOF strategy is low compared to

EbENode. In order to find the best performing strategy, numerical experiments are per-

formed with several variations of EbENode and EbEDOF strategies as presented in Table

5.5. The variation A does not use the shared memory and is implemented to provide the

base timings for the comparison. The variation B stores the elemental tangent matrix in

the shared memory and reads multiplying vector from the global memory. The variation

C stores both the elemental tangent matrix and multiplying vector in the shared memory

and has reduced occupancy.

Table 5.5: Variations in the implementation of EbENode and EbEDOF strategies.

Strategy Variations Tangent matrix Vector

A global global
EbENode / EbEDOF B shared global

C shared shared

In NbN and DbD strategies, one thread is assigned to perform computation for one

node or one DOF. Since a thread can keep only 3 double precision values, the NbN and

DbD strategies cannot make sufficient use of shared memory. For a thread block of size

256, only the common elemental tangent matrix having 576 values can be stored. The
TH-3388_176103028



5.3 Proposed improved split kernel strategy 147

limited shared memory per thread in NbN and DbD strategies does not allow storage of

multiplying vectors associated with all neighboring elements. However, the multiplying

vectors can be accessed through read-only cache memory. Table 5.6 presents the varia-

tions in the implementation of NbN and DbD strategies for the numerical experiment.

Here, variation A refers to basic implementation with no caching. In variation B, the

elemental tangent matrix is stored in shared memory and the vector for multiplication

is read from global memory. The variation C stores the elemental tangent matrix in the

shared memory and access multiplying vector through read-only cache.

Table 5.6: Variations in the implementation of NbN and DbD strategies.

Strategy Variations Tangent matrix Vector

A global global
NbN / DbD B shared global

C shared read-only cache

Table 5.7 presents the kernel timings of EbENode and EbEDOF strategies for varia-

tions in GPU implementation as given by Table 5.5. In EbENode strategy, largest kernel

timings are obtained by variation A that does not make any use of the shared memory.

The advantage of using the shared memory for the elemental tangent matrix can be

clearly seen in improved kernel timings of variation B. However, the variation C that

uses the shared memory for both the elemental tangent matrix and multiplying vector

shows little improvement over timings of variation B. This is due to the fact that vari-

ation C has reduced occupancy due to excessive use of the shared memory, which is

detrimental to the performance. In the EbEDOF strategy, variation A obtains the largest

kernel timings, whereas variation C provides the smallest kernel timings. Here, variation

C shows sufficient improvement with respect to variation B. Although variation C has

reduced occupancy like EbENode strategy, shared memory pressure is relatively less. In

both EbENode and EbEDOF strategies, variation C is found to be the fastest implemen-

tation, highlighting the effect of optimized shared memory usage on the performance of

matrix-free SpMV.

Table 5.8 presents the kernel timings of NbN and DbD strategies for different vari-

ations in implementation. In both the NbN and DbD strategies, variation A is found

to be the slowest, and variation C is found to be the fastest in terms of kernel timings.
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Table 5.7: Kernel timings (milliseconds) for EbE strategies in linear elasticity.

Mesh EbENode EbEDOF

Cantilever
126 144 1.384 1.083 1.061 2.181 1.652 1.185
299 008 3.035 2.401 2.367 5.007 3.789 2.690
584 000 5.772 4.576 4.522 9.632 7.243 5.159

1 009 152 9.839 7.811 7.720 16.590 12.475 8.845
1 602 496 15.518 12.334 12.180 26.240 19.668 13.970
2 392 064 23.086 18.320 18.106 39.152 29.450 20.823

L-bracket
103 488 1.207 0.958 0.914 1.816 1.366 0.964
212 716 2.333 1.870 1.806 3.617 2.705 1.910
418 176 4.375 3.491 3.406 6.997 5.214 3.671
813 186 8.291 6.609 6.492 13.451 10.062 7.089

1 622 964 16.163 12.851 12.680 26.577 19.715 13.976
2 268 084 22.279 17.661 17.488 37.062 27.465 19.451

Plate with square holes
50 400 0.677 0.530 0.510 0.945 0.723 0.529

1 70 100 2.028 1.656 1.462 3.103 2.419 1.574
7 87 500 8.724 7.184 6.403 13.570 10.456 6.889
1 360 800 14.697 12.034 10.961 23.247 17.880 11.951
2 160 900 23.223 19.023 17.531 36.777 28.164 19.066

The usage of shared memory for elemental tangent matrix has a positive effect on the

performance as evident by kernel timings of variation B in both NbN and DbD strate-

gies. In both strategies, the use of read-only cache for reading multiplying vector has a

huge effect on the performance, achieving approximately twice the speedup with respect

to variation B.

The results presented in Tables 5.7 and 5.8 indicate significant improvement in the

performance of matrix-free SpMV kernel due to optimization of memory access using

shared memory of the GPU. The outcome of this study is incorporated into the proposed

improved split kernel strategy for elements in the elastic zone.
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Table 5.8: Kernel timings (milliseconds) for NbN and DbD strategies in linear elasticity.

Mesh NbN DbD

Cantilever
126 144 2.394 2.205 0.989 3.220 2.415 1.254
299 008 5.573 5.086 2.370 7.437 5.5889 2.968
584 000 10.662 9.755 4.458 14.331 10.748 5.699

1 009 152 18.271 16.652 7.475 24.535 18.379 9.789
1 602 496 28.812 26.270 11.563 38.758 28.966 15.349
2 392 064 43.006 39.197 16.999 57.546 43.027 22.803

L-bracket
103 488 2.073 1.886 0.779 1.769 1.029 1.037
212 716 4.098 3.748 1.568 3.568 2.122 2.134
418 176 7.884 7.188 3.086 7.030 4.218 4.248
813 186 15.187 13.815 5.922 13.681 8.219 8.281

1 622 964 30.251 27.289 12.093 27.145 16.241 16.355
2 268 084 42.267 38.098 17.111 37.991 22.723 22.850

Plate with square holes
50 400 1.007 0.938 0.403 1.293 0.969 0.503

1 70 100 3.396 3.105 1.420 4.570 3.493 1.614
7 87 500 15.992 14.672 7.755 21.230 16.319 7.446
1 360 800 27.273 25.118 13.002 36.614 28.112 12.937
2 160 900 43.115 39.715 20.730 57.724 44.185 20.806

5.3.4.3 Results for elastoplasticity

Single kernel strategy

The kernel timings of matrix-free SpMV for elastoplastic analysis of the cantilever beam

with a cut out feature is presented in Fig. 5.44. The matrix-free SpMV is implemented

using the single kernel strategy, and results are presented for all mesh sizes as a function

of percentage plasticity. It can be seen that the least timings are achieved by EbENode

followed by EbEDOF, DbD and NbN strategies. For all the strategies except EbEDOF,

the kernel timings are found to be increasing linearly with the percentage plasticity.

The size of the plastic zone increases with increasing percentage plasticity, implying

a rise in the number of elemental tangent matrices for the computation of matrix-free

SpMV. This, in turn, increases the amount of input data, which is the primary reason for

increasing kernel timings. The timings of the EbEDOF strategy are found to have a mild

dependency on percentage plasticity. At low plasticity, timings of NbN strategy (Fig.
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Figure 5.44: Kernel timings for cantilever beam with a cut out by (a) Single kernel
EbENode strategy, (b) Single kernel EbEDOF strategy, (c) Single kernel NbN strategy
and (d) Single kernel DbD strategy.

5.44c) is found comparable with EbENode. However, the performance of NbN degrades

sharply with increasing percentage of plasticity. Similar observations can be made in

the case of DbD strategy (Fig. 5.44d) where timings depend strongly on the percentage

plasticity. Compared to EbE strategies, node-based strategies do not access elemental

tangent matrices in a coalesced manner. At low plasticity levels, the uncoalesced access

has less serious effect on the performance. However, with increasing plasticity percentage,

uncoalesced access has a more serious impact on the performance as the volume of input

data increases rapidly. It is noted that EbE strategies are implemented with the mesh

coloring method, which increases the number of kernel launches. The kernel timings

of the single kernel strategy for the L-bracket example are shown in Fig. 5.45. It can

be seen that the best timing is achieved by EbENode strategy and the worst timing is

obtained by NbN strategy (Fig. 5.45c). The EbEDOF strategy obtains higher timings

than EbENode at low plasticity but achieves comparable performance at high percentage

plasticity. Like the cantilever beam example, the performance of the DbD strategy is

found better than NbN . The kernel timings for the plate with square holes example

using single kernel strategy are shown in Fig. 5.46. Like previous examples, the best
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Figure 5.45: Kernel timings for L-bracket by (a) Single kernel EbENode strategy, (b)
Single kernel EbEDOF strategy, (c) Single kernel NbN strategy and (d) Single kernel
DbD strategy.

kernel timing is obtained with the EbENode strategy followed by EbEDOF, DbD and NbN

strategies. The distribution of von Mises stress in all three examples using the coarsest

mesh (Table 5.4) for elastoplastic analysis is shown in Fig. C.1 (see Appendix).

In the single kernel strategy, both the elastic and plastic tangent matrices are stored

in the same array so that it can be accessed using suitable indices (see Section 5.2).

Each matrix-free strategy is provided with a pre-computed array (referred as K index in

Section 5.3.2.1) that gives indices to relevant elemental tangent matrices, preventing any

decision-making due to the presence of elastic and plastic states. However, this strategy

also prevents any use of shared memory to store elemental tangent matrices. Since a

common elastic tangent matrix is used for all elements in the mesh, it can be cached

into the shared memory. An approach to matrix-free SpMV can be taken where access

to the elastic elemental tangent matrix is made through the shared memory, and global

memory transactions are used only for plastic tangent matrices. The use of shared mem-

ory for elastic tangent matrix has a major disadvantage that the GPU implementation

requires the use of conditional statements. An experiment is performed with shared
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Figure 5.46: Kernel timings for plate with square holes by (a) Single kernel EbENode

strategy, (b) Single kernel EbEDOF strategy, (c) Single kernel NbN strategy and (d)
Single kernel DbD strategy.

memory-based approach, and results are compared with implementations that do not

use shared memory in Fig. 5.47. The results are presented for one mesh each from all

three examples, namely C3, L3, and H3. In Fig. 5.47a, results for EbENode strategy show

poor performance by shared memory-based implementations in each example, shown by

dotted lines. On the other hand, the EbEDOF strategy observes significant improvement

in kernel timings due to the storage of elemental tangent matrix in the shared memory.

The NbN and DbD strategies show negative effect of the shared memory on kernel tim-

ings at high plasticity percentage, similar as shown by Fig. 5.9 in Section 5.2.2. In the

following discussion, the single kernel EbEDOF strategy uses shared memory for storage

of elastic elemental tangent matrix.

The GPU implementation of the single kernel strategy for elastoplasticity requires

preparation of data according to elastic and plastic elements or nodes. This is denoted

as pre-processing steps 1 and 2 in Algorithm 29 and implemented on GPU as discussed

in Section 5.3.3. Figure 5.48 shows the combined time spent in both the pre-processing

steps in Algorithm 29 for all three examples. Each sub-figure contains timings for EbE
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Figure 5.47: Comparison of kernel timings by (a) Single kernel EbENode strategy, (b)
Single kernel EbEDOF strategy, (c) Single kernel NbN strategy and (d) Single kernel
DbD strategy. The dotted lines show kernel timings of implementations that use shared
memory for common elastic elemental tangent matrix.

strategies in part ‘a’ and timings for node-based strategies in part ‘b’. The EbENode and

EbEDOF strategies have the same GPU implementation for pre-processing, and therefore

common timings are presented for them; similarly NbN and DbD have the same tim-

ings. It can be observed that the pre-processing time increases linearly with percentage

plasticity in all the examples. Also, the pre-processing timings for EbE and NbN strate-

gies are found to be similar. Since pre-processing is done once in a Newton-Raphson

iteration, timings in Fig. 5.48 show a very small overhead, highlighting the effectiveness

of the proposed strategy.

Improved split kernel strategy

Figure 5.49 shows the kernel timings of the improved split kernel strategy for cantilever

beam example. The reported kernel timings show combined execution time of both elastic

and plastic kernels. The kernel timings are found increasing linearly with percentage

plasticity for all the strategies. At low plasticity levels, kernel timings are dominated by
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Figure 5.48: Pre-processing timings for single kernel strategy. In each sub-figure, pre-
processing timings are given by (a) EbE strategy and (b) NbN/DbD strategy.
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the computation for elements in the elastic zone. As the amount of plasticity increases,

more elements or nodes move into the plastic zone, and consequently, the kernel assigned

to plastic elements or nodes dominates the matrix-free SpMV timings. Similar to the

single kernel strategy, the best timing is achieved with EbENode followed by EbEDOF,

DbD and NbN strategies. It can be observed that all the strategies achieve comparable

timings at low percentage of plasticity. However, as the amount of plasticity increases,

the kernel timings increase at different rates. The slope of kernel time is found larger in

NbN and DbD strategies due to uncoalesced access to elemental tangent matrices. The

kernel timings for L-bracket and plate with square holes examples are presented in Figs.

5.50 and 5.51, respectively. In both examples, the EbENode strategy is found to have the

minimum kernel timings. The kernel timings curves in all three examples are found to

be similar for all the strategies.
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Figure 5.49: Kernel timings for cantilever beam with a cut out by (a) Improved split
kernel EbENode strategy, (b) Improved split kernel EbEDOF strategy, (c) Improved split
kernel NbN strategy and (d) Improved split kernel DbD strategy.

The pre-processing timings for the improved split kernel strategy (as discussed in

Algorithm 8) are shown in Fig. 5.52. Each sub-figure shows the combined execution

timings in both pre-processing steps 1 and 2, and presents timings in part ‘a’ for EbE

strategies and part ‘b’ for NbN or DbD strategy. It can be observed that the timings
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Figure 5.50: Kernel timings for L-bracket by (a) Improved split kernel EbENode strategy,
(b) Improved split kernel EbEDOF strategy, (c) Improved split kernel NbN strategy and
(d) Improved split kernel DbD strategy.

increase linearly with percentage plasticity for all three examples. The timings of pre-

processing are found similar for both EbE and NbN or DbD strategies. Comparing with

Fig. 5.48, the time spent in pre-processing steps for single kernel strategy and improved

split kernel strategy is found to be the same.

5.3.4.4 Performance evaluation

Comparison of kernel timings

A relative comparison of the performance by the single kernel strategy and improved

split kernel strategy is presented by plotting speedups with percentage plasticity for

all three examples. The speedup is computed by dividing the kernel timings of single

kernel EbENode, EbEDOF, NbN and DbD strategies by kernel timings of corresponding

improved split kernel strategies. Figure 5.53 shows the speedup for the cantilever beam

example. In the EbENode strategy, speedups up to 1.2× can be seen at low percentage

plasticity that decrease up to 1.02× at high percentage plasticity. The speedups curve
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Figure 5.51: Kernel timings for plate with square holes by (a) Improved split kernel
EbENode strategy, (b) Improved split kernel EbEDOF strategy, (c) Improved split kernel
NbN strategy and (d) Improved split kernel DbD strategy.

show similar profile for the EbEDOF strategy where speedups of up to 1.25× are observed

at low plasticity level that decrease to 1.05× with increasing percentage plasticity. As

shown in Figs. 5.53c and 5.53d, NbN and DbD strategies show poor performance with

improved split kernel strategy as obtained speedups remain below one for all percentage

of plasticity, except at the lowest value. Overall, the improved split kernel variants of

only EbE strategies show improved kernel timings at low percentage of plasticity. Since

most of the elements remain in the elastic zone for low plasticity levels, the improved split

kernel strategy obtains reduced timings due to optimized kernel for the elastic part. At

high plasticity, more number of elements or nodes moves to the plastic zone and dictates

the kernel timings. The speedup results by improved split kernel strategies for L-bracket

and plate with square holes examples are shown in Figs. 5.54 and 5.55, respectively.

The speedup curve for all the strategies are found to be similar as the cantilever beam

example.

Figure 5.56 shows speedups by the best performing improved split kernel EbENode

strategy over single kernel NbN strategy, for all three examples. The performance of
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Figure 5.52: Pre-processing timings for improved split kernel strategy. In each sub-figure,
pre-processing timings are given by (a) EbE strategy and (b) NbN/DbD strategy.
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Figure 5.53: Speedup in kernel timings by improved split kernel strategies over single
kernel strategies for cantilever beam example. Speedups are presented for (a) EbENode,
(b) EbEDOF, (c) NbN and (d) DbD strategies.

improved split kernel NbN strategy is found inferior than single kernel NbN strategy

and therefore not considered for the comparison. For all three examples, a minimum

speedup of approximately 1.1× (with one exception) is found at low plasticity levels

that increases with increasing percentage plasticity and reaches up to 5× in case of the

L-bracket. Similar speedup curves are found in Fig. 5.57 where speedup by improved

split kernel EbENode strategy over the single kernel DbD strategy is found in the range

1.05–3× for all three examples. The increasing speedup profile in Figs. 5.56 and 5.57

is due to overhead associated with uncoalesced access to elemental tangent matrices

in NbN and DbD strategies. As discussed in the previous section, kernel timings do

increase with percentage plasticity for all the strategies, but more steeply for NbN and

DbD strategies. The speedup by improved split kernel EbENode strategy over improved

split kernel EbEDOF strategy is shown in Fig. 5.58. At low plasticity levels, speedups up

to 1.12× are obtained that decrease with increasing percentage plasticity.
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Figure 5.54: Speedup in kernel timings by improved split kernel strategies over single
kernel strategies for L-bracket. Speedups are presented for (a) EbENode, (b) EbEDOF,
(c) NbN and (d) DbD strategies.

Comparison of wall-clock timings

The wall-clock timings also include time spent in other steps of elastoplastic analysis

apart from the linear solver. The computationally expensive steps like computation of

elemental tangent matrices, computation of stress and computation of internal forces are

implemented as proposed in Chapter 3. In addition, CG solver may take different number

of iterations depending on the matrix-free SpMV strategies. Figures 5.59, 5.60 and

5.61 show speedups in wall-clock timings by improved split kernel strategies over single

kernel strategies for cantilever beam, L-bracket and plate with square holes examples,

respectively. The improved split kernel EbENode strategy achieves speedup up to 1.5×
for the cantilever beam (Fig. 5.59a), 1.3× for the L-bracket (Fig. 5.60a) and 1.2×
for the plate with holes (Fig. 5.61a) examples. Similar speedups are obtained for the

improved split kernel EbEDOF strategy. In both cases, speedups are found decreasing

with percentage plasticity in all three examples. The speedups by improved split kernel

NbN and DbD strategies are found less than one in all the examples, except at the lowest

plasticity level. This is expected as the kernel timings also achieve inferior performance
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Figure 5.55: Speedup in kernel timings by improved split kernel strategies over single
kernel strategies for plate with square holes. Speedups are presented for (a) EbENode,
(b) EbEDOF, (c) NbN and (d) DbD strategies.
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Figure 5.56: Speedup by improved split kernel EbENode strategy over single kernel NbN
strategy for (a) Cantilever beam, (b) L-bracket and (c) Plate with multiple holes.

by improved split kernel strategy for NbN and Dbd strategies.

The proposed EbE strategies based on the improved split kernel strategy obtain

considerable speedups at low percentage of plasticity and less or no speedups at high

percentage of plasticity. In order to gain more insights into this behavior, kernel timings

as a function of Newton iterations are displayed in Fig. 5.62 for all three examples. The

kernel timings of two best performing strategies EbENode and EbEDOF are shown in both
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Figure 5.57: Speedup by improved split kernel EbENode strategy over single kernel DbD
strategy for (a) Cantilever beam, (b) L-bracket and (c) Plate with multiple holes.
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Figure 5.58: Speedup by improved split kernel EbENode strategy over improved split ker-
nel EbEDOF strategy for (a) Cantilever beam, (b) L-bracket and (c) Plate with multiple
holes.

single kernel and improved split kernel variations for the finest mesh in each example.

In each sub-figure, kernel timings are plotted for approximately 1% plasticity in part ‘a’

and for 25%, 32% and 21% plasticity for the cantilever, the L-bracket and the plate with

square holes examples, respectively, in part ‘b’. It is clearly seen that at low plasticity

level advantage of the improved split kernel strategy persist over all Newton iterations,

leading to significant reduction in wall-clock timings. The reduction is observed more

in the EbEDOF than EbENode strategy. At high percentage plasticity, advantage by the

improved split kernel strategy is found to decrease with Newton iterations for all three

examples. The improved split kernel strategies perform well during initial stages as the

number of elements in the elastic zone is large. As the Newton iteration increases, more

elements move to the plastic zone, and consequently, time spent in the computation for

elastic elements becomes insignificant. Therefore, timings of the improved split kernel
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Figure 5.59: Speedup in wall-clock timings by improved split kernel strategies over single
kernel strategies for cantilever beam example. Speedups are presented for (a) EbENode,
(b) EbEDOF, (c) NbN and (d) DbD strategies.

strategy are found close to single kernel strategy towards the end of Newton iterations.

This leads to less significant reduction in wall-clock timings by the improved split kernel

strategy at high percentage of plasticity.

5.3.4.5 Comparison with assembly-based solver

The performance of the best performing improved split kernel EbENode strategy is com-

pared against assembly-based elastoplasticity solver to emphasize on advantages or limi-

tations and determine the suitability for practical purposes. A GPU optimized assembly-

based elastoplasticity solver from Chapter 3 is considered for the comparison. The differ-

ence with the assembly-based solver lies in the implementation of the linear solver step.

The assembly-based elastoplasticity solver uses CG implementation from Ginkgo (Anzt

et al. 2022) library to perform computation on the GPU. It is the performance of the

linear solver that determines the overall performance of a GPU-based elastoplasticity

solver. Figure 5.63 shows the speedup by the improved split kernel EbENode strategy

over assembly-based solver for the cantilever beam example. The speedups for all meshes
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Figure 5.60: Speedup in wall-clock timings by improved split kernel strategies over single
kernel strategies for L-bracket. Speedups are presented for (a) EbENode, (b) EbEDOF,
(c) NbN and (d) DbD strategies.

are found to decrease with increasing percentage plasticity. A maximum speedup of up

to 2× is found at approximately 1% plasticity. A similar trend is observed in the case of

the L-bracket and the plate with square holes examples (see Figs. 5.64 and 5.65), where

speedups of up to 2× and 2.2× are obtained respectively, at low percentage of plasticity.

In the plate with square holes example, speedup of 1.6× is obtained at 21% of plastic-

ity. Overall, the proposed matrix-free solver is found twice as fast as an assembly-based

solver for low plasticity percentage.

5.3.5 Summary

We proposed an improved split kernel strategy for matrix-free SpMV computation in

elastoplasticity. The improved split kernel strategy separates the computation for elas-

tic and plastic states into two GPU kernels, where each dedicated kernel is optimized

to perform the assigned task efficiently. We also proposed EbE matrix-free strategy

for computation of SpMV in elastoplasticity. Depending on the thread allocation strat-
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Figure 5.61: Speedup in wall-clock timings by improved split kernel strategies over single
kernel strategies for plate with square holes. Speedups are presented for (a) EbENode,
(b) EbEDOF, (c) NbN and (d) DbD strategies.

egy, the EbE strategy was implemented with two variants: EbENode and EbEDOF. The

EbENode uses node-based thread assignment and EbEDOF uses DOF-based thread assign-

ment. The performance of the proposed strategies were evaluated over three benchmark

examples from elastoplasticity and comparison was done to find the best SpMV strat-

egy. Compared to single kernel strategy, the improved split kernel strategy achieved

1.02–1.2× speedup for EbENode and 1.05–1.25× speedup for EbEDOF strategy. In both

cases, speedups are found to decrease with increasing percentage of plasticity. The NbN

and DbD strategies were found performing poorly with the improved split kernel strat-

egy. The improved split kernel EbENode strategy was found to the fastest achieving up

to 5× speedup over NbN , 3× over DbD and 1.12× over EbEDOF strategy. A comparison

with assembly-based elastoplasticity solver revealed up to 2× speedup at low percentage

of plasticity.
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Figure 5.62: Variation of kernel timings with Newton-Raphson iterations in each exam-
ple. In the legend ‘SK’ refers to single kernel and ‘ISK’ refers to improved split kernel.
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Figure 5.63: Speedup by improved split kernel EbENode strategy over assembly-based
elastoplasticity solver for cantilever beam.
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Figure 5.64: Speedup by improved split kernel EbENode strategy over assembly-based
elastoplasticity solver for L-bracket.
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Figure 5.65: Speedup by improved split kernel EbENode strategy over assembly-based
elastoplasticity solver for plate with multiple holes.
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5.4 Closure

In this chapter, GPU-based matrix-free SpMV strategies have been presented to use in

CG iterative solver for finite element analysis of elastoplastic problems. The parallel

implementation of matrix-free SpMV in elastoplasticity is affected by branching issues

due to the presence of both elastic and plastic states. In this work, two strategies were

proposed, namely single kernel strategy and improved split kernel strategy, that prevents

branching and provides uniform treatment of elastic and plastic states. The single kernel

strategy uses one GPU kernel for the computation of SpMV, whereas the improved split

kernel strategy uses separate GPU kernel for elastic and plastic states. Both the proposed

strategies depend on voxel-based finite element mesh and make efficient use of elements

congruency. Specifically, only one elemental tangent matrix is used for elements lying

in the elastic zone and individual tangent matrices for elements in the plastic zone.

The proposed strategies have been implemented on GPU with NbN , DbD and EbE

strategies. Further, the EbE strategy was implemented using both node-wise (EbENode

strategy) and DOF-wise (EbEDOF strategy) thread assignment. The data race condition

associated with the EbE strategy was handled by mesh coloring method.

The performance of the proposed strategies was evaluated over multiple benchmark

examples from elastoplasticity. For a comprehensive study, numerical experiments were

performed with different levels of mesh refinement and the applied load was varied to

get different amounts of plasticity in the body. The single kernel NbN strategy was

found to be 3.2× fast than existing GPU-based split kernel strategy at low plasticity

levels. At higher levels of plasticity, the performance of single kernel DbD was found

3.5× better than the existing split kernel strategy. However, the performance of DbD

and NbN strategies were found to degrade with improved split kernel strategy. The

improved split kernel EbENode and EbEDOF strategies were found to achieve up to 1.2×
and 1.25× speedups, respectively over their single kernel variants. The EbENode strategy

was found to be the best, obtaining speedups up to 5×, 3× and 1.12× over single kernel

NbN , single kernel DbD and improved split kernel EbEDOF strategies, respectively. The

splitting of computations in improved split kernel strategy for elastic and plastic zones

showed a clear advantage for low plasticity levels. However, at higher plasticity levels, the

advantage was found confined to initial stages of Newton iterations. The comparison of

wall-clock timings with GPU optimized assembly-based elastoplasticity solver using CG
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implementation from Ginkgo library showed speedups of up to 2× for all computational

examples.

At low plasticity levels, performance of the proposed strategies is dictated by com-

puting power of the hardware as memory access is very small. However, as the amount

of plasticity increases, the increase in the memory access becomes a performance bot-

tleneck. In both these cases, the proposed strategies are expected to observe increased

performance on recent versions of GPUs. GPUs like V100 and A100 have much higher

computing power and memory bandwidth than K40. The proposed strategies can be

run on recent GPUs without modification and with higher performance.

In future, the proposed matrix-free SpMV strategies can be used to make an even

faster CG solver for elastoplasticity by incorporating techniques like preconditioning to

improve the convergence.
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Chapter 6

Conclusions and Future work

In this thesis, a GPU-accelerated framework for elastoplastic analysis was presented.

In an attempt to minimize the simulation timings, GPU-based parallel strategies were

proposed for all expensive steps in elastoplastic analysis except sparse linear solver. The

proposed framework involves no CPU-GPU data transfer and uses an optimum amount

of memory. In order to improve the performance further, matrix-free strategies were

presented to compute SpMV in CG iterative solver. For problems using unstructured

mesh, EbEsym strategy that uses only the symmetric part of elemental tangent matrices

for the computation of SpMV was proposed. For problems using voxel-based structured

mesh, single kernel and improved split kernel strategies were proposed to efficiently

handle branching issues due to the presence of elastic and plastic states. The GPU

implementation of matrix-free SpMV for voxel-based mesh was done by DbD, NbN and

EbE matrix-free strategies with proposed modifications. The proposed strategies were

tested on several benchmark examples, and their performance was studied.

6.1 Conclusions

Following conclusions can be drawn from the work presented in this thesis.

� In assembly-based approach, single thread is allotted to each finite element for

the computation of elemental matrices, computation of stress using radial return
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method and computation of internal force vectors. The proposed strategy makes

heavy use of local memory and performs assembly directly into CSR sparse stor-

age format using pre-computed indices. The computational experiments showed

significant speedups by the proposed strategies over single core CPU implemen-

tation, achieving 20.4–69.7× for computation of elemental matrices and assembly,

47.2–66.1× for computation of stress, and 53.7–67.3× for computation of inter-

nal force vector and their assembly. Comparison of wall-clock timings with CPU

implementation that uses GPU-based linear solver showed speedups in the range

1.4–7.2×.

� In the computation of elemental matrices and assembly, speedups were found to in-

crease with increasing amount of plasticity. However, speedups remained invariable

with plasticity for the computation of stress and internal force vector.

� As a result of the proposed parallel strategies, the proportion of the sparse linear

solver timings in wall-clock timings of the GPU implementation reached up to

98.9%. The proposed GPU-based framework is found to be memory efficient as

it is able to solve problems with up to 5.1 million DOFs on a GPU with 12 GB

memory.

� For problems using unstructured mesh, the performance of all standard matrix-free

SpMV strategies (NbN , DbD and EbE) in the literature was found bound by the

memory bandwidth of the hardware. The EbE strategy was found to be the best

in terms of run time.

� For problems using unstructured mesh, a novel matrix-free strategy was proposed

that uses only symmetric part of elemental matrices. The proposed strategy, re-

ferred as EbEsym, was found at least 1.3× faster than EbE strategy for problems

using unstructured mesh. The EbEsym strategy occupies 1.77× and 1.92× less

memory for linear quadrilateral and linear hexahedral elements, respectively.

� For problems using voxel-based structured mesh, two strategies are proposed to

handle branching issues due to the presence of elastic and plastic states. The

proposed single kernel strategy avoids thread divergence and prevents redundant

computation as compared with split kernel strategy from the literature. At low
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plasticity levels, the single kernel NbN strategy achieved 3.2× speedup over the

split kernel NbN strategy. At moderate to high amount of plasticity, the single

kernel DbD strategy showed up to 3.5× speedup over the split kernel NbN strat-

egy from the literature. Further, EbE strategies were found to achieve the best

performance than NbN and DbD strategies with the single kernel strategy.

� For problems using voxel-based structured mesh, the proposed improved split ker-

nel strategy separates the computation of matrix-free SpMV into elastic and plastic

components, providing uniform memory access and preventing thread divergence.

The improved split kernel EbENode (EbE strategy with node-based thread assign-

ment) was found to achieve 1.02–1.2× speedup with respect to its single kernel

variant. Similarly, the improved split kernel EbEDOF (EbE strategy with DOF-

based thread assignment) was found to achieve 1.05–1.25× speedups. The NbN

and DbD strategies were found performing poorly with the improved split kernel

strategy.

� The improved split kernel EbENode was found to be the best performing matrix-free

SpMV strategy for elastoplasticity, achieving up to 5×, 3× and 1.12× speedups

over single kernel NbN , single kernel DbD and improved split kernel EbEDOF

strategies, respectively.

� The matrix-free elastoplastic solver, using the improved split kernel EbENode matrix-

free SpMV strategy in CG linear solver, was found to achieve up to 2× speedup

over the assembly-based elastoplasticity solver using the CG implementation from

Ginkgo library.

6.2 Scope for Future Works

The results reported in this thesis provide a perspective for future research in many

directions. They are listed below.

� All the proposed strategies in this thesis are developed for 8-noded hexahedral

elements. However, many problems require the use of higher-order hexahedrals

or other types of elements for accurate solutions, demanding more computational
TH-3388_176103028



174 Conclusions and Future work

resources and memory space. As per literature, matrix-free strategies are more

efficient for higher-order elements. Therefore, the proposed strategies are expected

to be more beneficial for higher-order elements. Also, applications to other types of

elements is expected to make the proposed strategies more general and applicable

to wide range of problems.

� In this thesis, all proposed strategies were implemented on a single GPU. However,

this limits the maximum size of the problem. In order to solve a bigger problem,

the proposed works can be extended to use multiple GPUs connected to the same

node as well as different nodes.

� An efficient construction of advanced preconditioners can be implemented to ac-

celerate the solution of linear system of equations in both assembly-based and

matrix-free strategies.

� In this thesis, only isotropic linear hardening model is used within the context of

associated flow rule. As a future research direction, the proposed strategies can be

extended to anisotropic hardening model with linear or nonlinear strain hardening

relation. The problems involving non-associated flow rule can also be addressed.

� The work presented in this thesis can serve as a reference for GPU acceleration

of computational framework for other types of inelastic material behavior like vis-

coplasticity and applications like contact-impact problems as in crashworthiness.
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A GPU Architecture

GPUs were originally developed as fixed-function graphics processors. Although the sole

purpose was to render images to display, it required intense computation on the parallel

data set. Driven by the growing demand from the gaming industry to produce fast and

high-definition graphics cards, a lot of research effort was put into innovating GPUs.

As a result, GPU evolved into a massively parallel hardware capable of doing a huge

amount of computation in a limited amount of time. GPUs are particularly suitable for

those tasks that can be decomposed into a large number of independent tasks and require

intensive computation. This is reflected by the architectural design of GPUs. Keeping in

mind the throughput requirement, much of the chip area is dedicated to computational

units. Figure A.1 illustrates the architectural difference between a CPU and a GPU. It

can be seen that a CPU dedicates much of the chip area to RAM, control units, cache,

etc., but a GPU assigns most of the chip area to house arithmetic logic units (ALU).

As a result, GPU can perform more number of tasks in a given amount of time than a

CPU. A GPU has a large number of massive threaded physical cores that can launch

DRAM DRAM

Cache memory

Control unit
ALU ALU

ALUALU

CPU GPU

Figure A.1: Difference between CPU and GPU architectures.
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thousands of threads in parallel. As a result, many threads share an instruction unit and

execute in a single instruction multiple data (SIMD) fashion. Since a large number of

threads execute in parallel, a GPU provides a large memory bandwidth to supply data

to compute cores. The GPU developed by NVIDIA consists of a number of streaming

multiprocessor (SMs). Each SM is an independent computational unit that contains a

number of streaming processors (CUDA cores) to perform computations simultaneously.

An SM also contains cache units for fast and efficient management of data access. GPU

architecture is designed to be energy efficient and has a larger performance-per-watt

ratio than a CPU. Due to this reason, GPUs are extensively used as accelerators in

supercomputers.

B CUDA programming model

Compute Unified Device Architecture (CUDA) (NVIDIA Corporation 2022) is a parallel

programming platform that allows usage of NVIDIA GPU for accelerated computing.

CUDA provides C like programming syntax to access compute resources of a GPU and

flexibility of using popular languages like C, C++, FORTRAN, Python, etc. to program

the hardware.

A CUDA application consists of a sequential program running on a CPU (referred

as host) that launches compute kernels to execute on a GPU (referred as device). A

kernel is a special function written in CUDA using a particular syntax extension of C

language. The kernel may generate a grid of thousands or even millions of threads to

parallelize a given task. A grid is a set of blocks, where every block can be identified

with either one or two-dimensional indices. Each Block consists of a large number of

threads, where threads are arranged in one, two, or three-dimensional patterns. For a

thread block, an SM schedules threads in a group of 32, called as warps. All the threads

in a warp execute the same instruction, whereas warps itself may execute in any order

with respect to each other. Since threads in a warp follow the same instruction at a time,

all the threads must take the same execution path. If threads in a warp follow different

execution paths, the warp is required to execute as many passes as a number of execution

paths to complete the task. This is known as thread divergence and should be avoided

whenever possible. There are some situations in which many threads working in parallel
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tend to accumulate values simultaneously at the same location in GPU memory. There

is no definite outcome of this operation, and hence, the result remains undetermined.

This is known as race condition. The race condition is avoided by rewriting the code

such that no two threads access the same piece of memory at the same time. Another

way is to use expensive atomic operations provided by CUDA.

CUDA provides access to several levels of memory available in a GPU to achieve effi-

cient data management. Three types of memory available on a GPU are global memory,

shared memory and registers. Among these, the global memory is the slowest, whereas

registers are the fastest memory type. However, global memory is much larger in size

and can be used to store large data sets. Though small, shared memory and registers

can be used judiciously to improve data reuse and reduce data traffic from the global

memory. Registers are closest to CUDA cores and provide data almost instantaneously

for computation. The register files are private to each thread and have the lifetime of a

thread. The shared memory is accessible by all threads in a block and has the lifetime of

the block. It is bigger in size than registers and can be used to share data among threads

of a block. A wise use of shared memory can reduce the number of transactions to global

memory. The global memory is the largest pool of memory and can be used to copy data

from CPU. It has the lifetime of the application and can be accessed by all threads of the

grid. However, care must be taken while reading or writing data to the global memory.

Since all threads can access global memory simultaneously, synchronization techniques

must be used to avoid the race condition. When all the threads in a warp read/write

data to different and highly strided locations in global memory, the memory requests are

serialized. If global memory is accessed in consecutive locations by consecutive threads

with proper alignment, all memory requests are coalesced into one single transaction.

Coalesced memory access leads to efficient use of memory bandwidth. A thread can

also allocate memory statically from within a kernel, known as local memory. The local

memory has the lifetime of the thread and remains private to the thread that allocates

it. The data stored in the local memory resides either in registers or spilled over to the

global memory.

Each kernel must specify the number of threads per block and the number of blocks in

the grid. For NVIDIA Tesla K40, the maximum number of threads per SM is 2048, and

there can be 1024 threads per block. This imposes a limitation on the number of blocks
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that can run concurrently on an SM. The number of threads that can run simultaneously

on an SM also depends on the utilization of resources in an SM. The total amount of

registers used by all the threads must not exceed the given limit for a multiprocessor.

If it happens, the device automatically reduces the number of active threads to bring

down the consumption. This leads to under utilization of GPU as the application is not

able to fully occupy the hardware resources. The same rule also applies to the usage of

shared memory. Higher occupancy of a GPU is desirable for better performance.

C Visualization

Figure C.1 shows the distribution of von Mises stress for three benchmark examples from

Chapter 5.
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(a) Cantilever beam with a cut out.

(b) L-bracket.

(c) Plate with square holes.

Figure C.1: Distribution of von Mises stress in each example for elastoplastic analysis.
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Kiss, I., Badics, Z., Gyimóthy, S. & Pávó, J. (2012), High locality and increased intra-

node parallelism for solving finite element models on GPUs by novel element-by-

element implementation, in ‘2012 IEEE Conference on High Performance Extreme

Computing (HPEC)’, pp. 1–5.
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