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ABSTRACT

A positive integer n is called a congruent number if it is equal to the area of a right
triangle with rational sides. Determining whether a given positive number is congruent
or not is known as the congruent number problem. It is well-known that n is a congruent
number if and only if the rank of the Mordell-Weil group consisting of all rational points
on the congruent number elliptic curve En : y2 = x3−n2x is positive. Although congruent
numbers have been studied for centuries, the problem of providing a complete classification
still remains elusive. Various mathematicians constructed infinite families of congruent
and non-congruent numbers with prime factors that satisfy certain congruence conditions.

We begin the thesis by introducing congruent number and its generalization in chap-
ter 1. In chapter 2, we briefly mention certain preliminaries from basic algebra, number
theory and elliptic curves that we need later. Then we outline the method of complete
2-descent which plays a central role in our work. We conclude the second chapter with a
description of Monsky’s matrices that we use subsequently.

In chapter 3, we construct infinite families non-congruent numbers with arbitrarily
many pairs of prime factors generalizing results of Lagrange [36] and Serf [46]. We use the
method of complete 2-descent adopted earlier by Iskra [28] for constructing non-congruent
numbers with prime factors congruent to 3 modulo 8. In chapter 4, we construct families
of highly composite non-congruent numbers by considering Monsky’s matrices introduced
in the appendix of [26].

The notion of θ-congruent number is a generalization of congruent number, where one
considers the area of a triangle with all possible angles θ such that cos θ is rational rather
than just θ = π

2
(see [19], [31]). In chapter 5 we prove a criterion for a natural number to

be a θ-congruent number over certain classes of real number fields.

ix
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x

Tunnell [54] and Kazalicki [32] investigated the 2-part of class number of an quadratic
imaginary field Q(

√
−p) where p is congruent prime number equivalent to 1 modulo 8 by

studying congruence between certain half-integral weight modular forms. In chapter 6,
we prove a divisibility result for the class number of Q(

√
−pq), where p and q are distinct

primes satisfying (p, q) ≡ (5, 7) (mod 8) and pq is a congruent number. Rather than
modular forms of half-integral weight, we exploit the method of complete 2-descent.

Steuding [50] and Komatsu [35] considered the continued fraction expansion of some
special types of irrational numbers (such as

√
n2 + 1 or

√
n2 + 2), whose limit is related to

rational right triangles of area close to certain natural number. Keeping that perspective
in mind, we have studied the period of the regular continued fraction of certain quadratic
irrationals

√
n though we have not yet been able to link our findings to the question of n

being congruent or not. In chapter 7, we include our results concerning the period of the
regular continued fraction of √pq where p < q are two primes congruent to 3 modulo 4.
We prove that the length of the period is divisible by 4 when q is a quadratic non-residue
modulo p and is of the form 4k + 2 when q is a quadratic residue modulo p. We further
examine the parity of the the central term in the palindromic part of the period of √pq.

We conclude the thesis by outlining scope of future research in chapter 8.
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CONTENTS

Abstract ix

1 Introduction 1
1.1 Congruent Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Generalization of Congruent Number . . . . . . . . . . . . . . . . . . . . . 2
1.3 Connection with the Class Number of Q(

√
−n) . . . . . . . . . . . . . . . 4

1.4 Continued Fraction of Quadratic Irrationals . . . . . . . . . . . . . . . . . 5

2 Preliminaries 7
2.1 Basic Notions from Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Finitely Generated Abelian Groups . . . . . . . . . . . . . . . . . . 7
2.1.2 Rank and Determinant of a Block Matrix . . . . . . . . . . . . . . . 8

2.2 Basic Notions from Number Theory . . . . . . . . . . . . . . . . . . . . . . 8
2.2.1 Congruence and Residues . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Continued Fractions . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.3 Number Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Elliptic Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.1 Group Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.2 The Congruent Number Elliptic Curve . . . . . . . . . . . . . . . . 15

2.4 The Method of Complete 2-Descent . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Monsky’s Formula for 2-Selmer Rank . . . . . . . . . . . . . . . . . . . . . 17

3 Non-Congruent Families by 2-Descent 21
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 An Equivalent Integral System . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.3 Proof of Theorem 3.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.4 Proof of Theorem 3.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

xi
TH-2602_166123003



xii CONTENTS

3.5 Infinitude of the Families . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4 Non-congruent Families by Monsky Matrices 33
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Proof of Theorems 4.1.1-4.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Infinitude of the Families and Examples . . . . . . . . . . . . . . . . . . . 37

5 θ-Congruent Number over Number Fields 39
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.2 Real Multi-Quadratic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.3 Real Number Fields of Degree Coprime to 6 . . . . . . . . . . . . . . . . . 43
5.4 Real Cubic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6 The Class Number of Q(
√
−pq) 49

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.2 The Size of the Image b(En(Q)/2En(Q)) . . . . . . . . . . . . . . . . . . . 50
6.3 Divisibility of the Class Number . . . . . . . . . . . . . . . . . . . . . . . . 53

7 The continued fraction of
√
pq 57

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
7.2 The Convergents of √pq . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.3 The Fundamental Unit of Q(

√
pq) . . . . . . . . . . . . . . . . . . . . . . . 63

7.4 The Length of the Period . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
7.5 Parity of the Central Term . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

8 Future Plan 69

Publications 70

Bibliography 73

TH-2602_166123003



CHAPTER 1

INTRODUCTION

1.1 Congruent Number

A rational right triangle is a right triangle all of whose sides are rational numbers. A
natural number n is called a congruent number if it occurs as the area of a rational right
triangle, i.e., there exist rational numbers a, b and c such that

a2 + b2 = c2, ab = 2n. (1.1)

Otherwise, we call n a non-congruent number. For example, 6 is a congruent number given
by the Pythagorean triple (3, 4, 5). The first reference to congruent numbers appeared in an
Arab manuscript written in the tenth century. Since then, many famous mathematicians
including Fibonacci, Fermat, and Euler made noteworthy contributions towards the study
of congruent numbers (see [34], [1]). Fermat showed that n = 1 is not congruent, which is
equivalent to Fermat’s Last Theorem for the exponent 4. Euler was the first to show that
n = 7 is a congruent number (see [34]). The classical problem of determining whether a
given natural number is congruent or not is known as the congruent number problem.
Clearly, n is a congruent number if and only if nα2 is congruent for any α ∈ Z. therefore,
it is enough to consider the problem for square-free natural numbers.

In the twentieth century, an association between congruent numbers and elliptic curves
was established (see [34]). A natural number n is congruent if and only if the elliptic curve

En : y2 = x(x2 − n2). (1.2)

has a rational point (x, y) with y 6= 0. Here, En is called the congruent number elliptic
curve (see section 2.3.2). This association led Tunnell [54] to prove a simple criterion
for determining whether or not a given positive integer is a congruent number under the

1
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2 Chapter 1. Introduction

assumption of the Birch and Swinnerton-Dyer (BSD) conjecture. Monsky [40] and Tian
[53] have made further significant contributions toward identifying congruent numbers.

However, a straight forward criterion to tell whether a given natural number is congru-
ent or not still remains elusive. Due to the difficult nature of finding a complete solution
to the congruent number problem, many mathematicians have focused on describing and
generating particular families of congruent and non-congruent numbers. For known re-
sults on the construction of non-congruent numbers with arbitrarily many prime factors of
the form 8k+ 3, one can refer to the work of Iskra [28]. Lagrange [36], Serf [46] described
families of non-congruent numbers containing a maximum of four distinct prime factors
satisfying certain Legendre symbol conditions. Reinholz, Spearman & Yang [45], [43]
and Cheng & Guo [8], [9] constructed new families of non-congruent numbers which are
product of distinct primes in certain congruence classes modulo 8. In chapters 3 and
4, we construct several new families of non-congruent numbers containing an arbitrarily
large number of prime factors. In chapter 3, we adopt the method of complete 2-descent
(see section 2.4 for a brief account) to construct the families in Theorems 3.1.1-3.1.2. In
chapter 4, we use Monsky matrices (see section 2.5) to construct the families in Theorems
4.1.1- 4.1.2.

1.2 Generalization of Congruent Number

If n is not a congruent number, a natural question arises whether n appears as the
area of a right triangle whose sides belong to some real number fields, leading to the
following generalization. A positive integer n is called a congruent number over a number
field K (or in short, a K-congruent number) if there exist a, b, c ∈ K such that (1.1)
holds. The study of congruent numbers over algebraic extensions dates back at least to
Tada [52] who considered real quadratic fields. Some results were given by Jȩdrzejak
in [30] concerning congruent numbers over certain other real number fields. Fujiwara [19]
and Kan [31] considered a variant of the congruent number called θ-congruent number as
follows.

Definition 1.2.1. Let 0 < θ < π be an angle with rational cosine, i.e., cos(θ) = s
r
with

0 < |s|< r and gcd(r, s) = 1. Let (u, v, w)θ denote a triangle with an angle θ between the
sides u and v.

A positive integer n is called a θ-congruent number if there exists a triangle (u, v, w)θ

with sides in Q having area nαθ, where αθ =
√
r2 − s2. In other words, n is a θ-congruent

number if it satisfies

2rn = uv, w2 = u2 + v2 − 2uv · s
r
. (1.3)

TH-2602_166123003



1.2. Generalization of Congruent Number 3

Note that for θ = π
2
, θ-congruent numbers are nothing but the classical congruent numbers.

For θ-congruent number we have a similar criterion to (2.3.7) in terms of the associated
θ-congruent number elliptic curve given by

En,θ : y2 = x(x+ (r + s)n)(x− (r − s)n), (1.4)

where r and s are defined as above.

The following criterion is due to Fujiwara (see [19]).

Criterion 1.2.2. Let θ ∈ (0, π) be an angle such that cos θ is rational.

1. A positive integer n is θ-congruent if and only if En,θ has a rational point of order
greater than 2.

2. If n 6= 1, 2, 3, 6, then n is θ-congruent if and only if En,θ has infinitely many rational
points.

The notion of θ-congruent numbers over a real number fieldK resembles that of congruent
numbers over a number field K.

Definition 1.2.3. We call a natural number n to be a (K, θ)-congruent number if there
is a triangle (u, v, w)θ with sides in a number field K satisfying (1.3). We refer to the
triangle (u, v, w)θ as a (K, θ, n)-triangle.

Janfada and Salami [29] studied θ-congruent number over real quadratic fields. Girard,
Lalín and Nair [20] showed the existence of two infinite families of composite non-π

3
-

congruent numbers and non-2π
3
-congruent numbers, obtained as products of primes which

are congruent to 5 modulo 24, and to 13 modulo 24 respectively. Mokrani [39] used
Monky matrices to construct families of non-π

3
-congruent numbers and non-2π

3
-congruent

numbers over Q.
A natural question arises whether existence of one (K, θ, n) triangle implies existence of

infinitely many such triangles. The implication holds for the classical congruent numbers
(for K = Q). But the implication need not hold in general. For example, consider n = 1

over the real quadratic field Q(
√

3) and let θ = 2π
3
. Then cos θ = s

r
where s = −1,

r = 2 and αθ =
√
r2 − s2 =

√
3. There is a (Q(

√
3), 2π

3
, 1)-triangle with sides (2, 2,

√
3)

and
√

3 · 1 as area. But one can verify that the elliptic curve E1, 2π
3
contains only finitely

many points with coordinates in Q(
√

3). Thus, 1 occurs as 2π
3
-congruent number for only

finitely many triangles with sides in Q(
√

3). This motivates us to define the following,
which is analogous to the notion of properly K-congruent numbers defined in [30].

Definition 1.2.4. We say that a K-congruent number n is a properly K-congruent if
there are infinitely many rational right triangle having area as n.

TH-2602_166123003



4 Chapter 1. Introduction

It is easy to note that every Q-congruent number is properly Q-congruent number. Anal-
ogously we can define properly (K, θ)-congruent number as follows.

Definition 1.2.5. We say that a (K, θ)-congruent number n is a properly (K, θ)-congruent
if there exist infinitely many (K, θ, n) triangles, i.e., (1.3) has infinitely many solutions
u, v, w ∈ K.

The question whether n is a properlyK-congruent number (or a properly (K, θ)-congruent
number) is intimately connected with the size of the torsion subgroup of the corresponding
congruent number elliptic curve En (or θ-congruent number elliptic curve En,θ) over K.
The following result due to Fujiwara ensures that a positive number n 6= 1, 2, 3, 6 is
(Q, θ)-congruent number if and only if it is properly (Q, θ)-congruent number.

Proposition 1.2.6 ( [19]). For n 6= 1, 2, 3, 6, we have

En,θ(Q)tors = Z/2Z⊕ Z/2Z.

Here, En,θ(Q)tors is torsion part of En,θ(Q) (see section 2.3.1 for details).

In chapter 5, we show that a (K, θ) congruent number n must be properly (K, θ)-
congruent for a large class of real number fields K. In particular, we consider the cases
when (i) K is a multi-quadratic field (Theorem 5.1.1), (ii) degree of K/Q is coprime to 6

(Theorem 5.1.2) and (iii) K is a real cubic field (Theorem 5.1.3).

1.3 Connection with the Class Number of Q(
√
−n)

The class number of a number field K measures how far the ring is from being a
principal ideal domain, or equivalently in this context, a unique factorization domain.
There are still many open questions concerning the class number of number fields. Most
notable among them is perhaps the conjecture of Gauss that there are infinitely many
real quadratic fields of class number 1. We briefly discuss the notion of class group and
class number in section 2.2.3. It is natural to ask whether we can associate the property
of an integer n being congruent to the class number of some associated number field.
Tunnell [54] and Kazalicki [32] examined the class number of Q(

√
−p) for a prime number

p ≡ 1 (mod 8) when p is congruent. They considered congruence between modular forms
of half-integral weight to prove a divisibility result for the class number of Q(

√
−p). In

chapter 6, we prove a divisibility result (Theorem 6.1.1) for the class number of Q(
√
−pq)

where p ≡ 5 (mod 8) and q ≡ 7 (mod 8) are primes such that pq is a congruent number.

TH-2602_166123003



1.4. Continued Fraction of Quadratic Irrationals 5

1.4 Continued Fraction of Quadratic Irrationals

Every real number α can be expressed as a simple continued fraction, which turns
out to be periodic when α is a quadratic irrational, i.e., α =

√
n for some integer n > 0.

There are several open questions concerning the period of
√
n, such as the conjecture of

Chowla and Chowla (see [10]) which states that there exist infinite many primes p such
that the length of the period of √p is k for any given integer k ≥ 1. In section 2.2.2,
we briefly discuss continued fractions. Mathematicians have tried to relate the congruent
number problem for an integer n to the continued fraction of certain associated quadratic
irrationals. Steuding [50] and Komatsu [35] considered the continued fraction expansion
of some special types of irrational numbers (such as

√
n2 + 1 or

√
n2 + 2), whose limit is

related to rational right triangles of area close to some positive number. Keeping that
perspective in mind, we examine the continued fraction of certain quadratic irrationals
in chapter 7. In particular, we consider the continued fraction of √pq where p and q are
distinct primes congruent to 3 modulo 4. We prove a result concerning the length of the
period of the continued fraction of √pq (see Theorem 7.1.1). We further prove a result
concerning the central term of the period of √pq (see Theorem 7.1.2). However, we have
not yet been able to link our findings to the question of pq being congruent or not.

TH-2602_166123003
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CHAPTER 2

PRELIMINARIES

2.1 Basic Notions from Algebra

In this chapter, we recall some of the standard definitions and results in algebra,
number theory & elliptic curves that we need later. We also give a description of the
complete 2-descent method for the Mordell-Weil group of an elliptic curve. The 2-descent
method is central to our work in chapter 3 and chapter 6. The final section of this chapter
provides a detailed discussion of Monsky matrices to be used later in chapter 4.

2.1.1 Finitely Generated Abelian Groups

We recall certain well-known definitions and results from abstract algebra (see [17]).

Definition 2.1.1. An abelian group G equipped with a binary operation, denoted by
+, is called a finitely generated abelian group if there exist finitely many elements
g1, g2, . . . , gn ∈ G such that every g ∈ G can be written as

g = a1g1 + a2g2 + · · ·+ angn, a1, a2, . . . , an ∈ Z.

Theorem 2.1.2 (Structure Theorem of Finitely Generated Abelian Groups).
Every finitely generated abelian group (G,+) is isomorphic to a direct sum of cyclic groups,
i.e., we have

G ∼= Z/pv11 Z ⊕ Z/pv22 Z ⊕ · · · ⊕ Z/pvss Z ⊕ Z ⊕ · · · ⊕ Z,

with r copies of Z, where each pi is a prime for 1 ≤ i ≤ s (vi, r ∈ Z). Here, the primes pi
are not necessarily distinct and the indices vi are non-negative integers. The non-negative
integer r is called the rank of the abelian group G.

7
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8 Chapter 2. Preliminaries

2.1.2 Rank and Determinant of a Block Matrix

Here we recall some basic concepts and properties from linear algebra (see [27] and [38]).

Definition 2.1.3. Suppose A is an m × n matrix. Then rank of A is defined to be the
maximum number of linearly independent column vectors (or row vectors) of A. The rank
of A is denoted by rank(A). Note that, the rank of a matrix is unaltered under row and
column operations.

Theorem 2.1.4. Let A be an n × n square matrix, then detA 6= 0 if and only if
rank(A) = n. i.e., the matrix A is invertible if and only if rank(A) = n.

For a square matrix subdivided into four separate blocks, the following identities can be
applied to compute its determinant (see [38]).

Proposition 2.1.5. If A and D are square matrices, then

det

([
A 0

C D

])
= det

([
A B

0 D

])
= detA · detD.

Lemma 2.1.6 (Schur complement Lemma). If A and D are square matrices, then

det

([
A B

C D

])
=

det(A) det(D−CA−1B) when A−1 exists,

det(D) det(A−BD−1C) when D−1 exists.

2.2 Basic Notions from Number Theory

2.2.1 Congruence and Residues

We mention some basic terminology and standard results from elementary number theory
(see [6] and [37]).

Definition 2.2.1. Let n be a positive integer. If x and y are integers, we say that x is
congruent to y modulo n if n divides (x− y). In this case, we write, x ≡ y (mod n).

Theorem 2.2.2 (Chinese Remainder Theorem). Let n1 , n2, . . . , nr be positive inte-
gers such that gcd(ni, nj) = 1 for i 6= j. Then the system of linear congruences

x ≡ a1 (mod n1)

x ≡ a2 (mod n2)

...

x ≡ ar (mod nr)

has a simultaneous solution, which is unique modulo the integer n1n2 · · ·nr.

TH-2602_166123003



2.2. Basic Notions from Number Theory 9

Definition 2.2.3. If n is a positive integer, we say that the integer a is a quadratic residue
modulo n if gcd(a, n) = 1 and the congruence x2 ≡ a (mod n) has a solution. Otherwise
we say that a is a quadratic nonresidue modulo n.

Definition 2.2.4. Let p be an odd prime and a be an integer not divisible by p. The
Legendre symbol

(
a
p

)
is defined by

(
a

p

)
=

+1, if a is a quadratic residue of p,

−1 if a is a quadratic nonresidue of p.

For example, we have(
1

7

)
=

(
2

7

)
=

(
4

7

)
= 1,

(
3

7

)
=

(
5

7

)
=

(
6

7

)
= −1.

Note that if a is divisible by p, then we will take
(
a
p

)
= 0. Some important properties for

the Legendre symbol are stated below.

Theorem 2.2.5. Let p be an odd prime and let a and b be integers that are relatively
prime to p. Then the Legendre symbol has the following properties:

1. If a ≡ b (mod p), then
(
a
p

)
=
(
b
p

)
.

2.
(
a2

p

)
= 1.

3.
(
a
p

)
≡ a

(p−1)
2 (mod p).

4.
(
ab
p

)
=
(
a
p

)(
b
p

)
.

Theorem 2.2.6 (Quadratic Reciprocity Law for Legendre Symbol). If p and q
are distinct odd primes, then (

p

q

)(
q

p

)
= (−1)

p−1
2

q−1
2 .

Theorem 2.2.7. If p is a odd prime then

(a).
(−1
p

)
=

+1, if p ≡ 1 (mod 4),

−1, if p ≡ 3 (mod 4).

(b).
(
2
p

)
=

+1, if p ≡ ±1 (mod 8),

−1, if p ≡ ±3 (mod 8).
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10 Chapter 2. Preliminaries

The Jacobi symbol, a generalization of the Legendre symbol, is defined as follows.

Definition 2.2.8. For any integer a and any positive odd integer n, the Jacobi symbol(
a
n

)
j
is defined as the product of the Legendre symbols corresponding to the prime factors

of n : (
a

n

)
j

=

(
a

p1

)e1( a
p2

)e2
· · ·
(
a

pt

)et
,

where n = pe11 p
e2
2 · · · pett is the prime factorization of n.

It is to be observed that when the lower argument is an odd prime, the Jacobi symbol
is equal to the Legendre symbol.

Theorem 2.2.9 (Quadratic Reciprocity Law for Jacobi Symbol). If m and n are
odd positive numbers and mutually prime, then(

m

n

)
j

(
n

m

)
j

= (−1)
m−1

2
n−1
2 .

Suppose p is a prime satisfying p ≡ 1 (mod 4). Suppose a is a integer with
(
a
p

)
= 1,

i.e., a is quadratic residue modulo p. Now a natural question is, does x4 ≡ a (mod p)

has a solution or not. An affirmative answer to the above question leads us to define the
following.

Definition 2.2.10. Suppose p is a prime satisfying p ≡ 1 (mod 4). Suppose a is an
integer with

(
a
p

)
= 1, i.e., a is a quadratic residue modulo p. Now we will call a quartic

or biquadratic residue modulo p if it is congruent to the fourth power of an integer
modulo p. If x4 ≡ a (mod p) has (respectively does not have) an integer solution, a is
a quartic or biquadratic residue (respectively quartic or biquadratic nonresidue) modulo p
and we denote it as

(
a
p

)
4

= 1 (respectively,
(
a
p

)
4

= −1).

Theorem 2.2.11 (Dirichlet’s Theorem on Primes in Arithmetic Progressions).
Suppose that a and b are relatively prime positive integers. Then the arithmetic progression
an+ b, where n is a positive integer, contains infinitely many primes.

2.2.2 Continued Fractions

One can consider chapter IV of [13] as a reference for this section.

Definition 2.2.12. A continued fraction is an expression obtained through an iterative
process of representing a number as the sum of its integer part and the reciprocal of
another number, then writing this other number as the sum of its integer part and another
reciprocal, and so on. It is generally assumed that the numerator of all of the fractions is
1. This case is known as simple or regular continued fraction(RCF).
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2.2. Basic Notions from Number Theory 11

A finite simple continued fraction is a simple continued fraction with only a finite
number of terms. An infinite simple continued fraction is a simple continued fraction
with an infinite number of terms. The RCF for a real number x is written as

x = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 + · · ·

, a0 = bxc.

Here a0, a1, a2, . . . are known as terms or coefficients of the RCF of x and in this case, we
write x = 〈a0; a1, a2, a3, . . .〉.

Definition 2.2.13. The infinite simple continued fraction α = 〈a0; a1, a2, a3, . . .〉 is said
to be periodic if there exist positive integers n0 and l such that for all n ≥ n0, we have an =

an+l. If l is the smallest integer with this property, then the l-tuple (an0 , an0+1, . . . , an0+l−1)

is called the period of α and l is called the length of the period of α.

The simplest and most familiar irrational numbers are the quadratic irrationals, that
is, irrational numbers which arise as the solutions of quadratic equations with integral
coefficients. For example,

√
2 has a periodic RCF given by

√
2 = 〈1; 2, 2, 2, . . .〉 = 〈1; 2〉.

It is classically known that the RCF of a quadratic irrational is periodic, and the converse
holds too.

2.2.3 Number Fields

In this section we recall some well known notation and terminology from [51].

Definition 2.2.14. A number field is a sub-field K of C such that [K : Q] is finite.
The ring of integers OK of an algebraic number field K is the ring of all elements of
K that are integral over Z.

For instance, Q(
√
m) is a quadratic number field, and Z[

√
m] is the corresponding ring

of integers, where m is a square-free positive integer satisfying m ≡ 2, 3 (mod 4).

The ring of integers OK of a number field K need not be a unique factorization domain,
but unique factorization of a non-zero ideal into prime ideals does hold.
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12 Chapter 2. Preliminaries

Definition 2.2.15. A finitely generated OK-submodule Γ of K is called a fractional ideal
of OK. Equivalently, an OK-submodule Γ of K is called a fractional ideal of OK if there
exists some non-zero c ∈ OK, such that cΓ ⊆ OK .

The main idea of defining fractional ideals is to enlarge the set of ideals so that each ideal
becomes invertible in the enlarged set, since the ideals in OK clearly form a semigroup
with the whole ring as identity where the existence of an inverse fails for all other ideals.

Theorem 2.2.16. The non-zero fractional ideals of OK form an abelian group under
multiplication. Moreover, every non-zero ideal of OK can be written as a product of prime
ideals, uniquely up to the order of the factors.

The following notion measures how far prime factorization fails in OK , or equivalently,
how far ideals of OK are from being principal ideals.

Definition 2.2.17. Let F be the group of fractional ideals under multiplication. The set
of principal fractional ideals P is a subgroup of F . The ideal class group of OK is the
quotient group

H = F/P .

The class number h = h(OK) is defined to be the order of H.

Theorem 2.2.18. For a number field K, the ideal class group H is a finite abelian group.

If K is a number field then there exists an algebraic integer θ ∈ OK such that K =

Q(θ). The degree of the minimal polynomial of θ over Q is defined as the degree of
the extension of K over Q. An embedding of K is an injective ring homomorphisms
σ : K → C. We call σ : K → C a real embedding if σ(K) ⊂ R and complex embedding
if σ(K) 6⊂ R.

Theorem 2.2.19. Let K = Q(θ) be a number field of degree n over Q. Then there are
exactly n distinct embeddings σi : K → C (i = 1, 2, . . . , n). The element σi(θ) = θi are the
distinct zeros in C of the minimum polynomial of θ over Q.

There is always an even number of complex embedding for a number field since the
complex embeddings of K occur in conjugate pairs σ, σ̄, where σ̄ : K → C takes x to
σ(x) for the embedding σ. If a number field K of degree n has r real embeddings and 2s

complex embeddings, then r + 2s = n by Theorem 2.2.19. The collection of all invertible
elements in the ring of integersOK of a number fieldK forms a group under multiplication,
denoted by O×K .

Theorem 2.2.20 (Dirichlet’s Unit theorem). O×K is a finitely generated abelian group of
rank r + s− 1.

It follows that O×K for a real quadratic field K is of rank 1, and the free part of O×K has
a unique generator bigger than 1. That unit is called the fundamental unit.

TH-2602_166123003



2.3. Elliptic Curves 13

2.3 Elliptic Curves

Elliptic curves (see [48] and [49]) play a key role in the study of congruent numbers.

Definition 2.3.1. An elliptic curve over a number field K is a non-singular algebraic
curve defined by an equation of the form

y2 = x3 + ax+ b, (2.1)

where a, b ∈ K. We denote it by E/K.

Non-singularity of the curve is equivalent to non-vanishing of the discriminant

D = −(4a3 + 27b2). (2.2)

The K-rational points on E form an abelian group, denoted by E(K), where the group
operation is defined as follows.

2.3.1 Group Structure

It is convenient to consider E/K as a projective curve which has a point at infinity denoted
by O apart from its affine points. We homogenize the equation (2.1) by substituting
x = X/Z and y = Y/Z, which yields

Y 2Z = X3 + aXZ2 + bZ3.

The intersection of the homogenized cubic with the line at infinity Z = 0 gives X3 = 0,

which has a triple root X = 0. From the homogenized cubic, we find that X = 0 means
Z = 0 and Y can be taken as 1. The point O = [0 : 1 : 0] in homogenous coordinates is
called the point at infinity, where the cubic meets the line at infinity thrice.

Suppose P and Q are two points in E(K). A composition law known as the chord
and tangent method is used to define P + Q as follows. The straight line joining P and
Q intersects the curve E at a third point, denoted as P ∗Q. Then the line joining O and
P ∗ Q (i.e., the vertical line through P ∗ Q) intersects the curve again at a third point
(O ∗ (P ∗Q)), which is defined to be P +Q. Under +, E(K) is an abelian group with O
as the identity element.

Theorem 2.3.2 (Mordell-Weil Theorem). Let E be an elliptic curve defined over a
number field K. Then E(K), the set of K-rational points on E, is a finitely generated
abelian group.

Consequently, we have (by Theorem 2.1.2)

E(K) ∼= E(K)tors ⊕ Zr, (2.3)
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14 Chapter 2. Preliminaries

where E(K)tors consists of all points of finite order in E(K).

Definition 2.3.3. The non-negative integer r appearing in (2.3) is called the rank of
E(K).

The rank of E(K) is hard to determine, but the torsion part of E(K) is far easier to
compute especially when K = Q. The following two results can be found in chapter
II, [49]

Theorem 2.3.4 (Nagell-Lutz Theorem). Let P = (x, y) ∈ E(Q)tors. Then x and y
are integers, and either y = 0, in which case P has order two, or else y2 divides D, where
D is defined in (2.2).

Theorem 2.3.5 (Mazur’s Theorem). Let E be an elliptic curve defined over Q. Then
E(Q)tors is one of the following 15 groups:

1. Z/NZ: a cyclic group of order N, with 1 ≤ N ≤ 10 or N = 12.

2. Z/2Z⊕Z/2NZ: the product of a cyclic group of order 2 and a cyclic group of order
2N , with 1 ≤ N ≤ 4.

For later work, we need the torsion structure of E over more general number fields K.
The torsion structure of E(K) is better understood when E has complex multiplication
(CM) as defined below.

Definition 2.3.6. An elliptic curve is said to have complex multiplication if its endomor-
phism ring End(E) is strictly bigger than Z.

Note that End(E) always contains Z as the map m : E −→ E, P 7→ mP is an endo-
morphism for any integer m. The elliptic curve En given by (1.2) has CM as we have an
endomorphism i : E −→ E, (x, y) 7→ (−x, iy) for i =

√
−1 6∈ Z.

There are several open questions concerning the rank of E(Q). The most prominent
one is the Birch and Swinnerton-Dyer conjecture (BSD conjecture) which states that the
rank of E(Q) is equal to the order of vanishing of the Hasse-Weil L-function L(E, s) of E
at s = 1 (see [3]). The conjecture further gives an interpretation for the first non-vanishing
coefficient of L(E, s) in terms of other arithmetic invariants associated with the elliptic
curve E. The BSD conjecture has not yet been proved, though a lot of progress has been
made due to the pioneering work of Coates-Wiles, Gross-Zagier, Kolyvagin and Rubin.
Tunnell [54] gave a simple equivalent criterion for a natural number to be congruent
assuming the BSD conjecture.
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2.4. The Method of Complete 2-Descent 15

2.3.2 The Congruent Number Elliptic Curve

Suppose n is a congruent number. It follows easily from (1.1) that the rational point
( c

2

4
, c(a

2−b2)
8

) obtained from the Pythagorean triple (a, b, c) corresponding to n lies on the
congruent number elliptic curve En given by equation (1.2). We have (see Proposition 17
in [34])

En(Q)tors = En(Q)[2] = {O, (0, 0), (±n, 0)}. (2.4)

Since a 6= b, the point ( c
2

4
, c(a

2−b2)
8

) must be of infinite order.
Conversely, a point P of infinite order on En(Q) gives a rational point 2P = (x, y)

where x − n, x and x + n are rational squares (see Proposition 5.2.2). Taking a =
√
x+ n−

√
x− n, b =

√
x+ n+

√
x− n, and c = 2

√
x, it can be easily checked that n is

congruent number from (1.1). This arguments leads to the following well-known criterion.

Criterion 2.3.7. A positive integer n is a congruent number if and only if En(Q) has a
point of infinite order, i.e., rank(En(Q)) > 0.

2.4 The Method of Complete 2-Descent

We briefly recall a useful tool that in examining the rank of En(Q). We use the standard
notation in chapter X of [48].

Theorem 2.4.1 (Complete 2-Descent for En). Consider the elliptic curve En for
n = 2εp1p2 · · · pk where k is a positive integer, p1, p2, . . . , pk are distinct odd primes and
ε ∈ {0, 1}. Let

S = {∞, 2, p1, . . . , pk}

be a finite subset of MQ, the set of all places of Q. In addition, define

Q(S, 2) := {c ∈ Q×/Q×2| vp(c) ≡ 0 (mod 2) ∀p ∈MQ \ S},

where vp(c) is the p-adic valuation of c. Then there exists an injective homomorphism

b : En(Q)/2En(Q)→ Q(S, 2)×Q(S, 2) (2.5)

defined by

P = (x, y) 7→


(1, 1) if P = O,

(−1,−n) if P = (0, 0),

(n, 2) if P = (n, 0),

(x, x− n) if P = (x, y) 6= O, (0, 0), (n, 0).
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16 Chapter 2. Preliminaries

If (b1, b2) ∈ Q(S, 2)×Q(S, 2)\{(1, 1), (−1,−n), (n, 2), (−n,−2n)}, then (b1, b2) ∈ image(b)
if and only if there exist (z1, z2, z3) ∈ (Q×)3 such that the following two equations simul-
taneously hold:

b1z
2
1 − b2z22 = n (2.6)

b1z
2
1 − b1b2z32 = −n. (2.7)

In this case, (b1, b2) = b(P ) for

P = (b1z
2
1 , b1b2z1z2z3).

Let r(n) denote the rank of En(Q). By (2.4), we have

En(Q) ∼= Z/2Z⊕ Z/2Z⊕ Zr(n), En(Q)/2En(Q) ∼= (Z/2Z)r(n)+2 . (2.8)

By Theorem 2.4.1, we can say that the rank r(n) of En(Q) is positive if and only if
the system of equations (2.6) and (2.7) has a solution in (Q×)3 for some (b1, b2) ∈
Q(S, 2) × Q(S, 2) \ {(1, 1), (−1,−n), (n, 2), (−n,−2n)}. In general, Q(S, 2) is a finite
abelian subgroup of Q×, and is easily computable. With n as in Theorem 2.4.1, we have

Q(S, 2) = 〈 {−1, 2, p1, p2, . . . , pk} 〉 ∼= (Z/2Z)2+k ,

where binary operation ∗ given by

a ∗ b =
ab

gcd(a, b)2
for a, b ∈ Q(S, 2).

Remark 2.4.2. A system of representatives of classes in Q(S, 2) is given by

R = {(−1)α2βpε11 · · · p
εk
k | α, β, ε1, . . . , εk = 0 or 1}.

In order to show that n is a non-congruent number, it suffices to show that the system
of equations (2.6) and (2.7) does not have a solution in (Q×)3. We use an integral version
of this argument in chapter 3. The following proposition rules out simultaneous solutions
of equations (2.6) and (2.7) for certain pairs in Q(S, 2)×Q(S, 2) (see [46]).

Proposition 2.4.3 (Unsolvability Condition). Let

n = 2εp1p2 · · · pk

be a square-free positive integer where ε ∈ {0, 1}, k is a natural number, and p1, p2, . . .,
pk are odd primes. Let (b1, b2) ∈ R × R, where R is as defined in Remark 2.4.2. The
system of equations given by (2.6) and (2.7) has no solution (z1, z2, z3) ∈ Q× ×Q× ×Q×
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2.5. Monsky’s Formula for 2-Selmer Rank 17

in the following cases:

(a) b1b2 < 0 or

(b) 2 - n and 2 | b1.

2.5 Monsky’s Formula for 2-Selmer Rank

We briefly describe another useful method that provides a bound for the rank r(n) of
En(Q) in terms of the 2-Selmer rank. We first recall the following result from chapter X
of [48].

Theorem 2.5.1. Let [2] : En → En be the map sending P to 2P .

(a) There is an exact sequence

0→ En(Q)/2En(Q)→ S(2)(En(Q))→X(En(Q))[2].

(b) S(2)(En(Q)) is finite.

Here, S(2)(En(Q)) andX(En(Q)) are known as the 2-Selmer group and Tate-Shafarevich
group for the elliptic curve En, respectively. For details, one can refer to chapter X of [48].
Together with Corollary 4.4 and Example 4.5.1 in chapter X of [48], Theorem 2.5.1 implies

En(Q)/2En(Q) ⊂ S(2)(En(Q)) ⊂ Q(S, 2)×Q(S, 2)

=⇒ #En(Q)/2En(Q) ≤ #S(2)(En(Q)) ≤ # (Q(S, 2)×Q(S, 2)) . (2.9)

Clearly, #S(2)(En(Q)) is a power of 2, and will be a multiple of 4, on account of the
rational points of order 2 on En. Therefore, we write S(2)(En(Q)) = 22+s(n). The ex-
ponent s(n) is often referred to as the ‘Selmer rank’ or ‘2-Selmer rank’ of the curve En.
The fundamental inequality r(n) ≤ s(n) arising out of (2.9) provides a useful bound
for r(n). Monsky introduced certain matrices which are useful in determining s(n) in
the appendix of [26]. The form of these matrices, referred to as Monsky matrices hence-
forth, depend on the parity of n. We briefly discuss the form in some detail when n is odd.

Let n = p1p2 · · · pm, where p1, p2, . . . , pm are odd and distinct primes. We will use
notation of Theorem 2.4.1. We give the set G of divisors of n a group structure by defining

u ∗ u′ = uu′

gcd(u, u′)2
.
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Clearly, G is isomorphic to (Z/2Z)m. Consider the following system of equations

uvx2 − ny2 = vw2, uvx2 + ny2 = uz2 u, v ∈ G×G. (2.10)

Lemma 2.5.2 ( [25]). There are exactly 2r(n) systems (2.10) with non-trivial integer
solutions. Moreover, there are 2s(n) systems (2.10) which are everywhere locally solvable.

Lemma 2.5.3 ( [25]). If the system (2.10) has solutions in R and in Qp for every odd
prime p, then there are also solutions in Q2, where Qp denotes the completion of Q under
the p-adic metric for a prime p.

Using Lemma 2.5.3, one can compute the Selmer rank by considering solvability of
(2.10) in Qp for all prime factors p of n. For each prime factor p of n, the condition for
solvability in Qp is as follows:

•
(
u
p

)
=
(
v
p

)
= 1, for p - u, p - v,

•
(2n/u

p

)
=
(
2v
p

)
= 1, for p | u, p - v,

•
(
2u
p

)
=
(−2n/v

p

)
= 1, for p - u, p | v,

•
(n/u
p

)
=
(−n/v

p

)
= 1, for p | u, p | v.

One can define a homomorphism φp : G×G→ {±1} × {±1} as

φp(u, v) =

((
u

p

)
,

(
v

p

))
, for p - uv

φp(1, n) =

((
2

p

)
,

(
−2

p

))
,

φp(n, 1) =

((
2

p

)
,

(
2

p

))
.

Thus (2.10) is solvable in Qp precisely when (u, v) lies in the kernel of φp. It follows that
if Z is the intersection of the kernels of the homomorphisms φp, then Z has size 2s(n).

We transform this situation into one involving linear algebra over (Z/2Z)2m by making
the pair (u, v) correspond to the vector ū = (u1, u2, . . . , u2m) ∈ (Z/2Z)2m. Here, we have
ui = 1 if and only if pi | u, and um+i = 1 if and only if pi | v for 1 ≤ i ≤ m. The
co-domain of φp is {±1} × {±1} ∼= (Z/2Z)2. Therefore, φp can be considered as a linear
transformation from (Z/2Z)2m to (Z/2Z)2 over Z/2Z for each p ∈ {p1, p2, . . . , pm}. One
can fix a standard basis {e1, e2, . . . , e2m} of (Z/2Z)2m over Z/2Z, where ei ∈ Z/2Z having
only i-th entry non zero. One can take {(1, 0), (0, 1)} as a basis of co-domain over Z/2Z.
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For each pi, we have

φpi(ej) =

((
pj
pi

)
, 0

)
if 1 ≤ j ≤ m, and i 6= j,

φpi(ej) =

(
0,

(
pj
pi

))
if m+ 1 ≤ j ≤ 2m, and m+ i 6= j,

φpi(ei) =

((
2

pi

)
+
∑
j:j 6=i

(
pj
pi

)
,

(
2

pi

))
,

φpi(ei+m) =

((
2

pi

)
,

(
−2

pi

)
+
∑
j:j 6=i

(
pj
pi

))
.

The matrix representation Mpi of φpi is a 2 × 2m matrix. Let Mpi(Rj) denote the j-th
row of Mpi for j = 1, 2. The Monsky’s matrix Mo is a 2m× 2m matrix whose i-th row is
given by Mpi(R1) and the (m+ i)-th row is given by Mpi(R2) for 1 ≤ i ≤ m.

We define an m×m diagonal matrices Dl = [di] for l ∈ {−1, 2}, and an m×m matrix
A = [aij] by

di =

0 if
(
l
pi

)
= 1,

1 if
(
l
pi

)
= −1,

aij =

0 if
(pj
pi

)
= 1, j 6= i,

1 if
(pj
pi

)
= −1, j 6= i,

aii =
∑
j:j 6=i

aij. (2.11)

Then, we have

Mo =

[
D2 A + D2

A + D−2 D2

]
. (2.12)

The kernel of the 2m× 2m matrix Mo identifies with Z. Therefore, the 2-Selmer rank is
given by

s(n) = 2m− rankF2(Mo). (2.13)

Similarly, one can handle the case when n is even. In that case, the 2-Selmer rank is given
by

s(n) = 2m− rankF2(Me), (2.14)

where Me is the 2m× 2m matrix given by

Me =

[
D2 A + D2

AT + D2 D−1

]
. (2.15)
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CHAPTER 3

NON-CONGRUENT FAMILIES BY 2-DESCENT

3.1 Introduction

In this chapter, we generalize the work of Lagrange [36] and Serf [46] on the construc-
tion of families of non-congruent composite numbers having at most 4 primes factors. We
use the complete 2-descent method, which was used by Iskra [28] to construct families of
non-congruent numbers having all its primes factors of the form 8k + 3. The method has
been outlined in section 2.4. Our main results can be stated as follows.

Theorem 3.1.1. Let t be a positive integer. Suppose p1, p2, . . ., pt and q1, q2, . . ., qt are
distinct primes such that all pairs (pj, qj) are equivalent either to (1, 3) or to (5, 7) modulo
8. Suppose (

qj
qi

)
= −1 if i > j,

(
pi
pj

)
= 1 if i 6= j, and

(
pi
qj

)
=

1 if i 6= j

−1 if i = j,

(3.1)

then n = p1q1 · p2q2 · · · · · ptqt is a non-congruent number.

Theorem 3.1.2. Suppose p1, p2, . . . , pt are distinct primes such that all of them are equiv-
alent 3 modulo 8 and q is a prime such that q ≡ 7 (mod 8). Suppose

(
pi
q

)
= −1 for all 1 ≤ i ≤ t,(

pi
pj

)
= −1 if 1 ≤ i < j ≤ t.

(3.2)

If t is a odd integer then n = 2p1p2 · · · ptq is a non-congruent number.
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TH-2602_166123003



22 Chapter 3. Non-Congruent Families by 2-Descent

The following proposition guarantees that for each positive integer t, we do have
infinitely many pairs of primes (p1, q1), . . . , (pt, qt) satisfying the conditions of Theorem
3.1.1. The proposition is a consequence of Dirichlet’s theorem on primes in arithmetic
progressions.

Proposition 3.1.3. Let Ht denote the collection of positive integers with prime factor-
ization (p1q1)(p2q2) · · · (ptqt), where all the pairs (pj, qj) are equivalent to (1, 3) modulo 8

and satisfy the conditions (3.1). For any natural number t, the set Ht contains infinitely
many elements. The analogous statement for pairs (pj, qj) ≡ (5, 7) (mod 8) holds and
also for collection of non-congruent numbers satisfying (3.2).

3.2 An Equivalent Integral System

By Theorem 2.4.1, we need to rule out the existence of non-trivial rational solutions
for the system of equations (2.6) and (2.7). We first reformulate the system in terms of
integral solutions.

Lemma 3.2.1. Let (z1, z2, z3) ∈ (Q×)3 be a solution to equations (2.6) and (2.7). Then
there exist a positive integer d and integers a1, a2 and a3 such that

z1 =
a1
d
, z2 =

a2
d
, z3 =

a3
d
, and gcd(ai, d) = 1.

Moreover, if n is odd then a1, a2 and a3 are pairwise coprime.

Proof. We write zi = ai
di

for i = 1, 2, 3 as fractions in irreducible form with di > 0. After
clearing denominators, equation (2.6) becomes

b1a
2
1d

2
2 − b2a22d21 = nd21d

2
2. (3.3)

By simple inspection, we can say that d21|b1d22 and d22|b2d21. Since b1 and b2 are square-free,
we must have d1|d2 and d2|d1, hence d1 = d2. We set d := d1 = d2. Now, after clearing
denominators, equation (2.7) becomes

b1a
2
1d

2
3 − b1b2a23d2 = −nd2d23. (3.4)

It is easy to see d2|b1d23 and since b1 is square-free, d|d3. Thus we write d3 = md. By
dividing both sides by d2 in equation (3.4), we get

b1a
2
1m

2 − b1b2a23 = −nd2m2. (3.5)

Equation (3.5) gives usm2|b1b2, and since b1 and b2 are square-free, we havem|b1 andm|b2,
and m is also square-free. Our target is to show m = 1. It can be shown that (m,nd) = 1.
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Suppose p is a prime dividing (m,nd), then νp(b1a
2
1m

2) ≥ 3 and νp(b1b2a
2
3) = 2 but

νp(nm
2d2) ≥ 3, a contradiction to equation (3.4). Now since bi ≡ 0 (mod m) for i = 1, 2,

from equation (3.3) we get m = 1, hence d3 = d.

Now, we can rewrite (2.6) and (2.7) as

b1a
2
1 − b2a22 = nd2, (3.6)

b1a
2
1 − b1b2a23 = −nd2. (3.7)

By taking the sum and the difference of the pair of equations above, we further obtain

2b1a
2
1 − b2a22 − b1b2a23 = 0, (3.8)

b2a
2
2 − b1b2a23 = −2nd2. (3.9)

Since n is square-free and (ai, d) = 1 for i = 1, 2, 3, we can easily deduce from above
that (a1, a2) = (a1, a3) = (a2, a3) = 1, whenever n is odd.

Corollary 3.2.2. If (b1, b2) ∈ Q(S, 2) × Q(S, 2) \ Im{O, (0, 0), (±n, 0)} then (b1, b2) ∈
Im(b) if and only if there exist integers a1, a2, a3 and d with gcd(ai, d) = 1, satisfying the
system of equations (3.6) and (3.7), or equivalently, (3.8) and (3.9).

3.3 Proof of Theorem 3.1.1

In order to prove that n = (p1q1)(p2q2) · · · (ptqt) is a non-congruent number as stated
in Theorem 3.1.1, we need to use the Legendre symbols listed as follows.

Remark 2. (a) Suppose n = n′jqj = n′′jpj for all j ∈ {1, 2, . . . , t}. Then(
n′j
qj

)
= (−1)j, and

(
n′′j
pj

)
= −1. (3.10)

Moreover, (
qj
qi

)
= −1 for i > j implies

(
qj
qi

)
= 1 for j > i. (3.11)

(b) When all the prime pairs in the factorization of n in Theorem 3.1.1 satisfy (pj, qj) ≡
(5, 7) (mod 8), we have(

−1

pj

)
= −

(
2

pj

)
= 1,

(
−1

qj

)
= −

(
2

qj

)
= −1. (3.12)

(c) When all the prime pairs in the factorization of n in Theorem 3.1.1 satisfy (pj, qj) ≡
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24 Chapter 3. Non-Congruent Families by 2-Descent

(1, 3) (mod 8), we have(
−1

pj

)
=

(
2

pj

)
= 1,

(
−1

qj

)
=

(
2

qj

)
= −1. (3.13)

By Corollary 3.2.2, it suffices to show that the system of equations (3.6) and (3.7) or
equivalently, (3.8) and (3.9), cannot simultaneously be solved for any pair

(b1, b2) ∈ D := R×R \ {(1, 1), (−1,−n), (n, 2), (−n,−2n)},
with R = {±2εpε11 . . . p

εt
t q

µ1
1 · · · q

µt
t | ε, ε1, . . . , εt, µ1, . . . , µt ∈ {0, 1}}.

(3.14)

By Proposition 2.4.3, we know that the equivalent system of equations (2.6) and (2.7) do
not have a solution when b1b2 < 0, or when 2 - n and 2|b1. Therefore, we only need to
consider pairs (b1, b2) for which b1b2 > 0 and 2 - b1. The following lemma shows that it is
enough to consider pairs (b1, b2) for which b2 is positive and odd.

Lemma 3.3.1. Let (b1, b2) ∈ D represent an element in the image of the map b given by
(2.5). Then, there is a pair (b∗1, b

∗
2) in D representing an element in Im(b) such that b∗2 is

positive and odd.

Proof. Let us first assume that b2 is positive and even. Then the set of points

L = {(1, 1), (−1,−n), (n, 2), (−n,−2n), (b1, b2)}

generates a subgroup of Im(b) inside Q(S, 2)×Q(S, 2). By closure, the pair

(b1, b2) · (n, 2) = (nb1, 2b2) ∈ Im(b).

By our assumption 2|b2, hence we can write 2b2 = 22b∗2, where b∗2 ∈ Q×/(Q×)2 and 2 - b∗2.
If we set b∗1 = nb1, then we have

(nb1, 2b2) = (b∗1, b
∗
2) ∈ Im(b) ⊂ Q(S, 2)×Q(S, 2),

where b∗2 is odd.
Next, let us assume that b2 is negative and odd. As before, we have

(b1, b2) · (−n,−2n) = (−nb1,−2b2n) = (b∗1, b
∗
2) ∈ Im(b),

where b∗2 = −2b2n is positive and even. But it leads us to the previous case.
Finally, let b2 be negative and even. Then the pair

(b1, b2) · (−n,−2n) = (−b1n,−2b2n) ∈ Im(b)
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as well. Equivalently, the pair

(b∗1, b
∗
2) ∈ Im(b) ⊂ Q(S, 2)×Q(S, 2),

where b∗1 = −b1n, −2b2n = 22b∗2 with b∗2 as positive and odd.

By Corollary 3.2.2, (3.14) and Lemma 3.3.1, it now suffices to show that for a pair
(b1, b2) in D with b2 positive and odd, the system of equations (3.6), (3.7) has a solution
only when (b1, b2) = (1, 1). Since b1, b2 are factors of n, we next show that none of the
qj divides b1b2 in Lemma 3.3.2 and that none of the pj divides b1b2 in Lemma 3.3.3. We
extend the argument employed by Iskra in [28] that dealt with the case when n has all
its prime factors in the form 8k + 3.

Lemma 3.3.2. Let (b1, b2) be an element of R × R such that b2 is odd and positive. If
(b1, b2) ∈ Im(b), then qj does not divide b1b2 for j = 1, 2, . . . , t.

Proof. We provide the argument when all pairs (pj, qj) ≡ (5, 7) (mod 8). The proof is
similar when all pairs (pj, qj) ≡ (1, 3) (mod 8). Define

U = {j : qj|b1 or qj|b2}.

It is enough to show that U is the empty set. Suppose otherwise, and let u be the least
element of U . Let

b′i =

 bi
qu
, if qu|bi

bi, if qu - bi
and b′′i =

 bi
pu
, if pu|bi

bi, if pu - bi
i = 1 or 2.

By Remark 2,

(
b′i
qu

)
=

−1, if pu|bi
1, if pu - bi,

and
(
b′′i
pu

)
=

−1, if qu|bi
1, if qu - bi,

for i = 1, 2. (3.15)

According to the definition of u, qu divides both b1 and b2 or exactly one of them. We
consider these three cases separately.

Case-1: qu|b1 and qu|b2.
We have the following possibilities.

Subcase-I: pu - b1 and pu - b2.
From equation (3.7) we obtain b1a21 − b1b2a23 ≡ 0 (mod pu), i.e.,

a21 ≡ b2a
2
3 (mod pu).

As (a1, a3) = 1, we have
(
b2
pu

)
= 1. But it is not possible, since qu is a divisor of b2.
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Subcase-II: pu | b1 and pu | b2.
Dividing both sides of equation (3.9) by pu, we obtain b′′2a22 − b1b′′2a23 = −2n′′ud

2, i.e.,

b′′2a
2
2 ≡ −2n′′ud

2 (mod pu).

Since (a2, d) = 1, we have
(−2n′′ub′′2

pu

)
= 1. Consequently,

(b′′2
pu

)
= 1. It is not possible, since

qu is a divisor of b′′2.

Subcase-III: pu|b1 but pu - b2.
In this case, (

b′2
qu

)
= −

(
b′1
qu

)
= 1.

Dividing both sides of equation (3.7) by qu, we obtain b′1a21 − b′1b2a23 = −n′ud2. Hence,

b′1a
2
1 ≡ −n′ud2 (mod qu).

Since (a1, d) = 1, we have
(−n′ub′1

qu

)
=
(−1
qu

)(n′u
qu

)(b′1
qu

)
= 1. It follows that(

n′u
qu

)
= 1. (3.16)

On the other hand, division of both sides of (3.9) by qu yields b′2a22 − b1b′2a23 = −2n′ud
2.

Hence,
b′2a

2
2 ≡ −2n′ud

2 (mod qu).

As (a2, d) = 1, we have
(−2n′ub′2

qu

)
=
(−1
qu

)(
2
qu

)(b′2
qu

)(n′u
qu

)
= 1. It follows that

(n′u
qu

)
= −1, which

contradicts (3.16).

Subcase-IV: pu - b1 and pu|b2.
This case can be ruled out in a similar way as above.

Case-2: qu|b1 and qu - b2.
As before, we consider the following subcases.

Subcase-I: pu - b1 and pu - b2.
From equation (3.6) we have

b1a
2
1 ≡ b2a

2
2 (mod pu).

Since (a1, a2) = 1, we have
(
b1b2
pu

)
= 1, which is impossible, since qu|b1 but not b2.

Subcase-II: pu|b1 and pu | b2.
Equation (3.6) gives us b2a22 ≡ 0 (mod qu). It follows that a2 is divisible by qu, and

a22
qu

is

divisible by qu.Dividing both sides of equation (3.8) by qu, we obtain 2b′1a
2
1−b2

a22
qu
−b′1b2a23 =
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0 and consequently,
2a21 ≡ b2a

2
3 (mod qu).

Now, (a1, a3) = 1 implies
(
2b2
qu

)
= 1, which is a contradiction since pu divides b2.

Subcase-III: pu|b1 and pu - b2.
Equation (3.6) gives us a2 is divisible by pu. Now dividing both sides of equation (3.9) by
pu, we obtain b2

a22
pu
− b′′1b2a23 = −2n′′ud

2, i.e.,

b′′1b2a
2
3 ≡ 2n′′ud

2 (mod pu). (3.17)

Since (a3, d) = 1, it follows that
(2n′′ub′′1 b2

pu

)
= 1. But(

2n′′ub
′′
1b2

pu

)
=

(
2

pu

)(
n′′u
pu

)(
b′′1
pu

)(
b2
pu

)
= (−1) · (−1) · (−1) · 1 = −1,

a contradiction to (3.17).

Subcase-IV: pu - b1 and pu | b2.
The argument is similar to the previous one.

Case-3: qu - b1 and qu | b2.
We consider following subcases.

Subcase-I: pu - b1.
Equation (3.6) gives us b1a21 ≡ 0 (mod qu). It follows that a1 is divisible by qu, and

a21
qu

is

divisible by qu.Dividing both sides of equation (3.8) by qu, we obtain 2b1
a21
qu
−b′2a22−b1b′2a23 =

0 and consequently,
a22 ≡ −b1a23 (mod qu).

Now, (a2, a3) = 1 implies
(−b1
qu

)
= 1, which is a contradiction because pu does not divide

b1.

Subcase-II: pu | b1 and pu | b2.
From equation (3.7) we have

b′′1a
2
1 ≡ −n′′ud2 (mod pu).

Since (a1, d) = 1, we have
(−n′′ub′′1

pu

)
= 1, which is impossible since qu - b1.

Subcase-III: pu|b1 and pu - b2.
Equation (3.6) gives us a2 is divisible by pu. Dividing both sides of equation (3.6) by pu,
we obtain b′′1a21 − b2

a22
pu

= n′′ud
2. Clearly,

b′′1a
2
1 ≡ n′′ud

2 (mod pu). (3.18)
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Since (a1, d) = 1,
(n′′ub′′1
pu

)
= 1. But(
n′′ub

′′
1

pu

)
=

(
n′′u
pu

)(
b′′1
pu

)
= (−1) · 1 = −1,

a contradiction to (3.18).

Therefore, we can conclude that u = minU does not exist, i.e., U is empty. So, none
of the prime factors qj of n divides b1b2.

Lemma 3.3.3. Let (b1, b2) be an element of R × R such that b2 is odd and positive. If
(b1, b2) ∈ Im(b), then pj does not divide b1b2 for j = 1, 2, . . . , t.

Proof. We provide the argument when all prime pairs in the factorization of n satisfy
(pj, qj) ≡ (5, 7) (mod 8). The proof is similar when all pairs (pj, qj) ≡ (1, 3) (mod 8).
Let us define

V = {j : pj|b1 or pj|b2}.

It suffices to show that V is empty. If possible, let V be non-empty and v be the least
element of V . Let

bi,v =

 bi
pv
, if pv|bi

bi, if pv - bi
i = 1, 2.

Since qj - b1b2, for all j ∈ {1, 2, . . . , t}, we have(
b1,v
pv

)
=

(
b2,v
pv

)
= 1.

We need to consider the following three cases.

Case-A: pv|b1 and pv|b2.
Dividing equation (3.7) by pv, we have b1,va21 − b1,vb2a23 = −n′′vd2. Clearly,

b1,va
2
1 ≡ −n′′vd2 (mod pv).

Since (a1, d) = 1, we have
(−n′′v b1,v

pv

)
= 1. It follows that

(n′′v
pv

)
= 1, a contradiction to (3.10).

Case-B: pv|b1 and pv - b2.
From equation (3.6) we have a2 ≡ 0 (mod pv). Therefore, b1,va21 − b2

a22
pv

= n′′vd
2, and

b1,va
2
1 ≡ n′′vd

2 (mod pv).

Since (a1, d) = 1, we have
(n′′v b1,v

pv

)
= 1. It follows that

(n′′v
pv

)
= 1, a contradiction to (3.10).

Case-C: pv - b1 and pv | b2.
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From equation (3.6) we have a1 ≡ 0 in modulo pv. Therefore, b1
a21
pv
− b2,va22 = n′′vd

2 and

−b2,va22 ≡ n′′vd
2 (mod pv).

Since (a2, d) = 1, we have
(−n′′v b2,v

pv

)
= 1. But it implies that

(n′′v
pv

)
= 1, a contradiction to

(3.10).

By Lemmas 3.3.2 and 3.3.3, we can conclude that if (b1, b2) ∈ Im(b) with b1b2 > 0 and
b2 odd as well as positive, then b2 = 1 = b1. Hence, Theorem 3.1.1 follows from Theorem
2.4.1 and Proposition 2.4.3, and Corollary 3.2.2.

3.4 Proof of Theorem 3.1.2

Let the 2-adic valuation of a rational number c by v2(c). Then following Remark will
help us to proof Theorem 3.1.2

Remark 3.4.1. By Theorem 2.4.1, Remark 2.4.2 and Lemma 3.2.1, n is non-congruent
if the system of Diophantine equations (3.6) and (3.7), or equivalently (3.8) and (3.9),
does not have solution (a1, a2, a3, d) in (Z×)4 where (ai, d) = 1 for all i = 1, 2, 3 and

(b1, b2) ∈ D := R×R \ {(1, 1), (−1,−n), (n, 2), (−n,−2n)},

where
R = {±2εpε11 . . . p

εt
t q

µ | ε, ε1, . . . , εt, µ ∈ {0, 1}}.

Furthermore, it is enough to rule out solutions when b1, b2 are both positive and (v2(b1), v2(b2))

is either (0, 0) or (1, 0) by Proposition 2.4.3 and Lemma 3.3.1.

Proof of Theorem 3.1.2. In view of Remark 3.4.1, we need to consider following two cases.
Case: (v2(b1), v2(b2)) = (0, 0)

Suppose there exists some pi that divides b1b2. Let

u = min{i : pi|b1b2}.

Define

b
′

i =

 bi if pu - bi
bi
pu

if pu | bi

for i = 1, 2. Under the given conditions, we have(
b
′
1

pu

)
=

(
b
′
2

pu

)
= 1. (3.19)
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First, suppose pu|b1 and pu|b2. Then by (3.8),
(2b′1b′2
pu

)
= 1 which contradicts (3.19). Sec-

ondly, if pu|b1 and pu - b2 then by equation (3.6) we have pu | a2, pu - a1, whereas pu - a3
by equation (3.9). Consequently, by equation (3.8) we have

(2b′2
pu

)
= 1 which contradicts

(3.19). The case pu - b1 and pu | b2 can be ruled out in similar fashion. From equations
(3.6)-(3.9), it is clear that (b1, b2) is either equivalent to (1, 1) or (5, 3) modulo 8. There-
fore, q - b1b2 if pi does not divide b1b2. Thus b1 = b2 = 1, which is a contradiction.

Case: (v2(b1), v2(b2)) = (1, 0)

From equations (3.6) and (3.8), a2 and a3 are even but a1 is odd. By equation (3.9),
a2 ≡ 2 (mod 4). Let b12 = b1

2
. If a3 ≡ 2 (mod 4) then from equations (3.7) and (3.8) we

have b12 ≡ 7b2 ≡ 7 (mod 8). If a3 ≡ 0 (mod 4) then b12 ≡ 3 (mod 8) by (3.7) and then,
b2 ≡ 3 (mod 8) by equation (3.9). Therefore,

(b1, b2) = (2b12, b2) ≡

 (2 · 7, 1) (mod 8) if a3 ≡ 2 (mod 4),

(2 · 3, 3) (mod 8) if a3 ≡ 0 (mod 4).

Let us define

b
′′

i =

 bi if q - bi
bi
q

if q | bi,
and nq =

n

q
.

Suppose (b1, b2) ≡ (2 · 7, 1) (mod 8), then q | b1, q - b2 and an even number of pi’s divide
b1. By (3.6), q | a2 and (

b
′′
1

q

)
= −

(
nq
q

)
= 1. (3.20)

But from equation (3.6) we have
(nqb′′1

q

)
= 1, which contradicts (3.20).

Now suppose (b1, b2) ≡ (2 · 3, 3) (mod 8), then q - b1b2, and an odd number of pi’s
divide b1. Therefore, (

b1
q

)
= −1. (3.21)

But from equation (3.9) we have
(
b1
q

)
= 1, which contradicts (3.21). We are done.

3.5 Infinitude of the Families

In this section, we show that Theorem 3.1.1 and 3.1.2 provides infinitely many fami-
lies of non-congruent numbers and each family has infinitely many members by proving
Proposition 3.1.3.

Proof of Proposition 3.1.3. We use Dirichlet’s theorem on primes in arithmetic progres-
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sion and apply induction on t. The case when t = 1 is trivial, since we can take any
q1 ≡ 3 (mod 8) and p1 ≡ 1 (mod 8), p1 ≡ 2 (mod q1). Suppose t > 1. By the induction
hypothesis, we know that there exists an integer nt−1 = (p1q1)(p2q2) · · · (pt−1qt−1) where
p1, p2, . . . , pt−1 and q1, q2, . . . , qt−1 are distinct primes such that pj ≡ 1 (mod 8) and qj ≡ 3

(mod 8) for all 1 ≤ j ≤ t− 1 satisfying (3.1).
It is enough if we can choose primes pt and qt satisfying

qt ≡

3 (mod 8),

α (mod nt−1),
(3.22)

and

pt ≡


1 (mod 8),

β (mod nt−1),

γ (mod qt),

(3.23)

where α, β is any quadratic residue modulo nt−1 and γ is any quadratic non-residue
modulo qt, e.g., α = 1 = β, γ = 2. The Chinese Remainder Theorem guarantees that
both the systems of congruences (3.22) and (3.23) have a solution. By applying this
theorem in conjunction with Dirichlet’s theorem on primes in arithmetic progression and
quadratic reciprocity, we can conclude that there exist infinitely many primes pt and qt
satisfying the system of congruences given by (3.23) and (3.22), respectively.

The analogous statement, when all the prime pairs (pj, qj) in the factorization of n
are equivalent to (5, 7) modulo 8, can be proved similarly.

The infinitude of the families in Theorem 3.1.2 follows similarly.

3.6 Examples

Example 1. Consider n = (17 · 3) · (409 · 19) · (3697 · 859), where each pair of prime
factors is equivalent to (1, 3) modulo 8 and satisfy the hypotheses (3.1) of Theorem 3.1.1.
Using MAGMA [4], we verify that the rank of the elliptic curve y2 = x3− n2x is 0, hence
n is non-congruent. We further verify that (17 · 3) · (409 · 19), (17 · 3) · (3697 · 859) and
(409 · 19) · (3697 · 859) are non-congruent too, as implied by Theorem 3.1.1.

Example 2. Consider n = (5 · 7) · (29 · 79) · (821 · 151) where each pair of prime fac-
tors is equivalent to (5, 7) modulo 8 and satisfy the hypotheses (3.1) of Theorem 3.1.1.
Using MAGMA [4], we verify that the rank of the elliptic curve y2 = x3 − n2x is 0,
hence n is non-congruent. We further verify that (5 · 7) · (29 · 79), (5 · 7) · (821 · 151) and
(29 · 79) · (821 · 151) are non-congruent too, as implied by Theorem 3.1.1.
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32 Chapter 3. Non-Congruent Families by 2-Descent

Example 3. n = 2(3 · 19 · 139) · 7 satisfy the hypotheses (3.2) of Theorem 3.1.2. Using
MAGMA [4], we verify that the rank of the elliptic curve y2 = x3 − n2x is 0, hence n is
non-congruent.
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CHAPTER 4

NON-CONGRUENT FAMILIES BY MONSKY MATRICES

4.1 Introduction

In this chapter, we use Monsky matrices (see 2.5) to construct infinitely many new
families of non-congruent numbers. Monksy matrices have been used by Reinholz, Spear-
man & Yang [43], [44], [45] to construct new families of non-congruent numbers which
have arbitrarily many prime factors in a certain congruence class modulo 8 together with
at most 3 odd prime factors in different congruence classes modulo 8. Similarly, Cheng
& Guo [9] constructed families of non-congruent numbers with arbitrarily many prime
factors of the form 8k + 3. We construct infinite families of non-congruent numbers con-
taining arbitrarily many triplets of prime factors. From now on, t denotes a positive
integer. The main results of this chapter can be stated as follows.

Theorem 4.1.1. Let p1, p2, . . . , pt; q1, q2, . . . , qt and r1, r2, . . . , rt be distinct primes such
that all triples (pj, qj, rj) are equivalent to (1, 3, 3) modulo 8. Assume that{((

pi
pj

)
,

(
qi
qj

)
,

(
ri
rj

))
: i < j

}
is a singleton subset of {(1,±1,±1)},(

pi
qj

)
=

(
pi
rj

)
= 1 if i 6= j and

(
qi
rj

)
= 1 for all i, j,(

pi
qi

)
= −

(
pi
ri

)
for all i.

(4.1)

Then n = (p1q1r1)(p2q2r2) · · · (ptqtrt) and 2n are non-congruent numbers.

Theorem 4.1.2. Let p1, p2, . . . , pt; q1, q2, . . . , qt and r1, r2, . . . , rt be distinct primes such
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34 Chapter 4. Non-congruent Families by Monsky Matrices

that all triples (pj, qj, rj) are equivalent to (5, 7, 7) modulo 8. Assume that(
pi
pj

)
=

(
pi
qj

)
=

(
pi
rj

)
=

(
qi
rj

)
= 1 for all i 6= j(

pi
qi

)
= −

(
pi
ri

)
=

(
qi
ri

)
= −1 for all i.

(4.2)

Then n = 2(p1q1r1)(p2q2r2) · · · (ptqtrt) is a non-congruent number.

We prove these results in the next section by showing that the corresponding Monsky
matrices have non-vanishing determinant.

4.2 Proof of Theorems 4.1.1-4.1.2

The following notation simplifies the description of Monsky matrices that we are about
to consider.

O : t× t zero matrix,

I : t× t identitity matrix,

N : t× t matrix having all the entries 1,

R : t× t matrix satisfying R = N− I,

Uf : t× t upper-triangular matrix with all diagonal entries (t− i) + f,

and all upper-diagonal entries 1,

Lf : t× t lower-triangular matrix with all diagonal entries f + (i− 1),

and all lower-diagonal entries 1.

Tl,f =

Lf if
(
li
lj

)
= −1 for all i < j,

Uf if
(
li
lj

)
= 1 for all i < j,

where l ∈ {p, q, r}. For any matrix, we denote m-th row by Rm and m-th column by Cm.
The following lemma is immediate.

Lemma 4.2.1. With Tl,f defined as above, we have

(a) Tl,fTl,f+1 ≡ O (mod 2),

(b) Tl,fT
T
l,f ≡ fN (mod 2),

(c) TT
l,fTl,f ≡ (t− 1 + f)N (mod 2).

Theorems 4.1.1-4.1.2 are proven by forming the Monsky matrix Mo and Me corre-
sponding to n and computing its determinant. Since it is enough to show non-vanishing
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4.2. Proof of Theorems 4.1.1-4.1.2 35

of the determinant of the Monsky matrices in F2, we often write equality instead of equiv-
alence modulo 2 by a slight abuse of notation.

Proof of Theorem 4.1.1: We write n as 2ε(p1p2 · · · pt)(q1q2 · · · qt)(r1r2 · · · rt), where ε ∈
{0, 1}. As pi ≡ 1 (mod 8) and qi ≡ ri ≡ 3 (mod 8), we have

D2 = D−1 =

 O O O

O I O

O O I

 , D−2 =

 O O O

O O O

O O O

 , and

A =

 I Dpq Dpr

Dpq Tq,t + Dpq N

Dpr O Tr,0 + Dpr

 ,
(4.3)

where Dlk is a diagonal matrix with

Dlk(i, i) =

0 if
(
ki
li

)
= 1,

1 if
(
ki
li

)
= −1,

for all l, k ∈ {p, q, r}.

It is easy to notice that by the given conditions we obtain

Dpq + Dpr = I, DpqDpr = O, D2
pq = Dpq and D2

pr = Dpr. (4.4)

(a) Now by (2.12)

Mo =



O O O I Dpq Dpr

O I O Dpq Tq,t+1 + Dpq N

O O I Dpr O Tr,1 + Dpr

I Dpq Dpr O O O

Dpq Tq,t + Dpq N O I O

Dpr O Tr,0 + Dpr O O I


.

By swapping of rows (Ri with R3t+i for 1 ≤ i ≤ t), and applying Lemmas 2.1.6, 4.2.1
together with (4.4), we find that Mo is invertible if and only if

M′
o =

 I Dpq Dpr

Tq,tDpq + NDpr Tq,tDpq + I Tq,tN + N(Tr,1 + Dpr)

Tr,0Dpr O Tr,0Dpr + I


is invertible over F2. Column operation C2t+i → Ci+C2t+i on M′

o for all 1 ≤ i ≤ t followed

TH-2602_166123003



36 Chapter 4. Non-congruent Families by Monsky Matrices

by Lemma 2.1.6 and (4.4) gives detM′
o modulo 2 as

det

([
Tq,tDpq + NDpr

Tr,0Dpr

] [
Dpq Dpq

]
+

[
Tq,tDpq + I Tq,t(N + Dpq) + NTr,1

O I

])

≡ det

[
I F

O I

]
≡ 1.

(b) By (2.12)

Me =



O O O I Dpq Dpr

O I O Dpq Tq,t+1 + Dpq N

O O I Dpr O Tr,1 + Dpr

I Dpq Dpr O O O

Dpq TT
q,t+1 + Dpq O O I O

Dpr N TT
r,1 + Dpr O O I


.

Swapping rows (Ri with R3t+i for 1 ≤ i ≤ t) and applying Lemma 2.1.6, 4.2.1 together
with (4.4) ensure that Me is invertible if and only if

M′
e =

 I Dpq Dpr

TT
q,t+1Dpq TT

q,t+1Dpq + I TT
q,t+1N

NDpq + TT
r,1Dpr N(Tq,t+1 + Dpq) TT

r,1Dpr + I


is invertible over F2. Column operation Ct+i → Ci +Ct+i on M′

e for all 1 ≤ i ≤ t followed
by Lemma 2.1.6 and (4.4) we find that M′

e is invertible as

[
NDpq + TT

r,1Dpr NTq,t+1 + TT
r,1Dpr

] [ I + DprT
T
q,t+1Dpq Dpr

TT
q,t+1Dpq I

][
Dpr

TT
q,t+1N

]
+
[
I + TT

r,1Dpr

]
is equivalent to the identity matrix modulo 2.

Proof of Theorem 4.1.2: We write n as 2ε(p1p2 · · · pt)(q1q2 · · · qt)(r1r2 · · · rt). By (2.11), we
have

D2 =

 I O O

O O O

O O O

 , D−1 =

 O O O

O I O

O O I

 , and A =

 I I O

I Xq + tI R

O I Xr + I

 ,
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where

Xl(i, j) =

0 if
(lj
li

)
= 1,

1 if
(lj
li

)
= −1,

for all l ∈ {p, q, r}.

By (2.12), we have

Me =



I O O O I O

O O O I Xq + tI R

O O O O I Xr + I

O I O O O O

I XT
q + tI I O I O

O R XT
r + I O O I


.

By swapping rows (Rt+i with R3t+i for 1 ≤ i ≤ t) and applying Lemma 2.1.6, we find that
the non-singularity of Me follows from that of O I O

O O O

O I Xr + I


 O O O

I XT
q + tI I

O R Xr + I

+

 I O O

O I O

O O O

 =

 O XT
q + tI I

O I O

I F1 F2

 .
4.3 Infinitude of the Families and Examples

Remark 4.3.1. One can show here exist infinitely many triplets of primes that satisfy
the hypotheses of Theorems 4.1.1 and 4.1.2. The proof essentially follows from Dirichlet’s
theorem on primes in arithmetic progression together with the Chinese remainder theorem,
just like the proof of Proposition 3.1.3 in the previous chapter.

We conclude by furnishing some examples that illustrate our results.

Theorem Hypothesis t Non-congruent number
Theorem 4.1.1 (4.1) t = 2, odd case (17 · 19 · 3)(457 · 67 · 179)

t = 2, even case 2 · (17 · 19 · 3) · (457 · 67 · 179)
Theorem 4.1.2 (4.2) t = 2 2 · (5 · 19 · 71) · (29 · 79 · 439)
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CHAPTER 5

θ-CONGRUENT NUMBER OVER NUMBER FIELDS

5.1 Introduction

In this chapter, we prove a criterion for a natural number n to be θ-congruent over
certain classes of real number fields K. In particular, we show that any triangle with sides
in K corresponding to a θ-congruent number n over K arises from a non-torsion point
on the θ-congruent number elliptic curve En,θ(K) (see section 1.2). Thus, our results in
this chapter imply that existence of one such triangle guarantees existence of infinitely
many such triangles. Examining the torsion part of En,θ(K) is crucial for this chapter.
Much progress has been made concerning the torsion of elliptic curves over number fields,
especially when the degree of the number field is small (see [23], [24], [22], [12]). When
the elliptic curve has complex multiplication (CM), more information is available for the
torsion group over number fields (e.g., see [41]). The congruent number elliptic curve has
complex multiplication. But we find that the θ-congruent number elliptic curve (given by
(1.4)) does not have CM for θ 6= π

2
(Proposition 5.3.1). Hence the study of the torsion

subgroup of the latter requires somewhat more care. Motivated by [30], this chapter
provides a criterion for determining whether a square-free positive integer n is θ-congruent
number over certain classes of real number fields (Theorems 5.1.1, 5.1.2 and 5.1.3).

Let K2,d denotes the real number field of type (2, . . . , 2), i.e.,

K2,d = Q(
√
m1, . . . ,

√
md),

where mi are distinct square-free natural numbers such that any two distinct mi, mj do
not divide one another. It follows that [K2,d : Q] = 2d. We prove the following analogue
of Criterion 2.3.7 for θ-congruent number over K2,d.

39
TH-2602_166123003



40 Chapter 5. θ-Congruent Number over Number Fields

Theorem 5.1.1. Assume that n 6= 1, 2, 3, 6 is a square free natural number and 2r(r− s)
is not a square in K2,d. Then n is θ-congruent number over K2,d if and only if En,θ(K2,d)

has a point of infinite order.

Following two Theorems are analogues of Theorem 5.1.1 for real number fields K other
than multi-quadratic fields under certain restrictions.

Theorem 5.1.2. Suppose n is a square free natural number other than 1, 2, 3 or 6. Let
K be a real number field such that [K : Q] is coprime to 6 and is not divisible by 55. Then
n is a θ-congruent number over K if and only if En,θ(K) has a point of infinite order.

Theorem 5.1.3. Suppose n is a square free natural number other than 1, 2, 3 or 6.
Let K be a real cubic number field. Suppose s is divisible by 5 or (r, s) ≡ (±2,±1) or
≡ (±1,±2) (mod 5). Then n is a θ-congruent number over K if and only if En,θ(K) has
a point of infinite order.

In the following sections, we closely examine the torsion structure of the θ-congruent num-
ber elliptic curve over these three types of number fields in order to prove the theorems.

5.2 Real Multi-Quadratic Fields

We need the following lemma to establish our results.

Lemma 5.2.1. For every sub-field K of R, a natural number n is θ-congruent number
over K if and only if En,θ(K) \ En,θ(K)[2] 6= ∅.

The essential argument for the proof of the lemma above is contained in Tada (Theorem
1 in [52]) who considered the case θ = π

2
for real quadratic fields K. The analogue for real

quadratic fields with θ of any rational cosine in [29] adopts the same approach as in [52].
In the case of real multiquadratic fields too, the proof similarly follows from a well-known
result on elliptic curves stated below.

Proposition 5.2.2. [33] Let E be an elliptic curve over a field k (char k 6= 2, 3) given
by

E : y2 = (x− a1)(x− a2)(x− a3) with a1, a2, a3 ∈ k.

Let (x0, y0) be a k-rational point of E \ {O}. Then there exists a k-rational point (x1, y1)

of E with 2(x1, y1) = (x0, y0) if and only if x0 − a1, x0 − a2 and x0 − a3 are squares in k.
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5.2. Real Multi-Quadratic Fields 41

Proof of Lemma 5.2.1. Let K be a real number field. For a positive integer n and θ such
that cos θ = s

r
with s, r ∈ Z, Consider the two sets

S = {(u, v, w) ∈ K3 : 0 < u ≤ v < w, uv = 2rn, u2 + v2 − 2uv.
s

r
= w2},

and
T = {(x, y) ∈ 2En,θ(K) \ {O} : y ≥ 0}.

Define

φ : S → T, (u, v, w) 7→
(w2

4
,
w(v2 − u2)

8

)
,

and ψ : T → S be the map sending (x, y) to the tuple

(
√
x+ (r + s)n−

√
x− (r − s)n,

√
x+ (r + s)n+

√
x− (r − s)n, 2

√
x).

Using Proposition 5.2.2 it is easy to observe that the maps φ and ψ are well defined,
φ ◦ ψ = 1T and ψ ◦ φ = 1S. It follows that n is θ-congruent over K if and only if T is
nonempty.

The following corollary is immediate from Lemma 5.2.1.

Corollary 5.2.3. Assume that En,θ(K)tors = En,θ(K)[2] for any real number field K.
Then n is a θ-congruent number over K if and only if En,θ(K) has positive rank.

Lemma 5.2.4. En,θ(K2,d)tors is a 2-group for n 6= 1, 2, 3, 6.

Proof. Observe that the quadratic mi-twist of the θ-congruent number elliptic curve is
given by

Emi
n,θ : y2 = x(x−min(r − s))(x+min(r + s)). (5.1)

Thus Emi
n,θ is isomorphic to Enmi,θ. By Proposition 1.2.6,

Emi
n,θ(Q) ∼= Enmi,θ(Q) ∼= Z/2Z⊕ Z/2Z.

Hence due to the remark below Theorem 2 and Lemma 3 in [42], we can conclude that
En,θ(K2,d)tors is a 2-group.

We are interested in showing that any point (x, y) ∈ En,θ(K2,d) with y 6= 0 is a point of
infinite order. The points (x, y) with y = 0 are precisely the 2-torsion points on En,θ.
While Lemma 5.2.4 rules out torsion points of odd order, we still need to rule out torsion
points of order 4 or higher power of 2 in En,θ(K2,d).
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42 Chapter 5. θ-Congruent Number over Number Fields

Lemma 5.2.5. Assume that n is not a divisor of 6 and 2r(r − s) is not square in K2,d,

then En,θ(K2,d)tors = En,θ(K2,d)[2].

Proof. It is enough to show that En,θ(K2,d)tors ∼= Z/2Z⊕Z/2Z. Since we know that there
are exactly 3 elements of order 2 and En,θ(K2,d)tors is a 2-group by Lemma 5.2.4, it suffices
to show that En,θ(K2,d)tors has no point of order 4.

Suppose, if possible, P has order 4. Then 2P has order 2 and

2P ∈ {(0, 0), (−(r + s)n, 0), ((r − s)n, 0)}.

By Proposition 5.2.2,

1. 2P = (0, 0) ⇐⇒ both −(r+s)n, (r−s)n are squares in K2,d, which is not possible
because K2,d is a real sub-field.

2. 2P = (−(r + s)n, 0) ⇐⇒ both −(r + s)n, −2rn are squares in K2,d, which is not
possible for same reason as above.

3. 2P = ((r − s)n, 0) ⇐⇒ both (r − s)n, 2rn are squares in K2,d. Then 2r(r − s) is
a square in K2,d, contrary to our assumption. �

Theorem 5.1.1 follows immediately from Corollary 5.2.3 and Lemma 5.2.5. We have the
following consequences of Theorem 5.1.1.

Corollary 5.2.6. Assume that n is not a divisor of 6 and 2r(r− s) is not square in K2,d.

Then n is a θ-congruent number over K2,d if and only if at least one of the 2d numbers
nme1

1 · · ·m
ed
d (ei = 0, 1) is a θ-congruent number over Q.

We require the following well known result to establish the corollary above.

Proposition 5.2.7. [11] Suppose E is elliptic curves over number field k. Let D ∈ k\k2

and ED be the quadratic D-twist of E. Then

rank(E(k)) + rank(ED(k)) = rank(E(k(
√
D))). (5.2)

Proof of Corollary 5.2.6. Using (5.2) inductively and noting that Emi
n,θ is isomorphic to

Enmi,θ, we obtain

rank(En,θ(K2,d)) =
∑

rank(Enme11 ···m
ed
d ,θ(Q)),
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where summation is over all d-tuples ei ∈ {0, 1}. By Theorem 5.1.1 and Criterion 1.2.2,
if n is a θ-congruent number then

rank(En,θ(K2,d)) > 0 ⇐⇒ rank(Enme11 ···m
ed
d ,θ(Q)) > 0 for some (e1, . . . , ed),

which proves the corollary.

Corollary 5.2.8. n is a θ-congruent number over K2,d, if and only if n is a θ-congruent
number over Q or over some real quadratic field Q(

√
me1

1 · · ·m
ed
d ) contained in K2,d.

Proof. Suppose n is not a θ-congruent number over Q. By corollary 5.2.6, one of the 2d

numbers nme1
1 · · ·m

ed
d , say nr ( 6= n) is a θ-congruent number over Q. Then

rank(Enr,θ(Q)) > 0 =⇒ rank(Er
n,θ(Q)) > 0 =⇒ rank(En,θ(Q(

√
r))) > 0

by (5.1) and (5.2). Thus, n is θ-congruent number over Q(
√
r).

5.3 Real Number Fields of Degree Coprime to 6

We need to ensure that the torsion group En,θ(K)tors does not grow bigger than
En,θ(Q)tors. When the degree of K over Q is not divisible by small primes, it is possible
to restrict the torsion and obtain similar criteria for θ-congruent numbers over K as stated
in Theorem 5.1.2 below.

In [30], it has been proved that n is a congruent number over K if and only if En(K)

has a point of infinite order, under the assumptions that (i) K is a real number field
such that [K : Q] is odd or 2p, where p is prime; and (ii)

√
2,
√

3 and
√

5 6∈ K. The
proof depends crucially on the fact that congruent number elliptic curves have complex
multiplication, hence their torsion groups over such number fields are well understood due
to work of Silverberg [47], Prasad and Yogananda [41]. But the torsion of a θ-congruent
number elliptic curve poses somewhat more difficulty due to the proposition below.

Proposition 5.3.1. The θ-congruent number elliptic curve En,θ does not have complex
multiplication for θ 6= π

2
.

Proof. Given any number field F , there are only finitely many C-isomorphism classes
of elliptic curves over F with complex multiplication, and each isomorphism class has a
distinct j-invariant which must be an algebraic integer in F . By using SAGE, one can
show that the j-invariant of a rational elliptic curve with complex multiplication must be
one of the 13 integers −262537412640768000, −147197952000, −884736000, −12288000,
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−884736, −32768, −3375, 0, 1728, 8000, 54000, 287496 or 16581375. The j-invariant of
the elliptic curve En,θ given by the equation (1.4) is

j(En,θ) = 26 (3r2 + s2)3

r2(r2 − s2)2
.

It is clear that j(En,θ) > 0. By considering the numerator of j(En,θ) modulo 5, we find
that it is not divisible by 5 and hence it cannot be 8000, 54000 or 16581375 for any two
coprime integers r and s. By considering the numerator of j(En,θ) modulo 11, we find
that that it is not divisible by 11 either and hence it cannot be 287496 for any two coprime
integers r and s. Finally, j(En,θ) = 1728 if and only if s = 0, i.e., θ = π

2
.

Exploiting following work of González-Jiménez and Najman [23] on torsion subgroup of
rational elliptic curves, we will prove Theorem 5.1.2.

Proposition 5.3.2 ( Theorem 7.2 of [23]). Let B be a positive integer. Let E/Q be an
elliptic curves and K/Q a number field of degree d, where the smallest prime divisor of
d is ≥ B. Let E(K)[p∞] denote the p-primary torsion subgroup of E(K)tors, that is, the
p-Sylow subgroup of E(K). Then

(i). If B ≥ 11, then E(K)[p∞] = E(Q)[p∞] for all primes. In particular, E(K)tors =

E(Q)tors.

(ii). If B ≥ 7, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 7.

(iii). If B ≥ 5, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 5, 7, 11.

(iv). If B > 2, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 2, 3, 5, 7, 11, 13, 19, 43,
67, 163.

Proof of Theorem 5.1.2. By Proposition 1.2.6, we have En,θ(Q)tors ∼= Z/2Z⊕Z/2Z. Sup-
pose K is a real number field satisfying the assumptions of Theorem 5.1.2. By Proposition
5.3.2 (iii), we need only rule out torsion points of order 5, 7 or 11 in En,θ(K)tors. We con-
sider the following cases.
5-torsion: Suppose, if possible, R = (x, y) be a point of order 5 in En,θ(K)tors. We
consider the possibilities for the degree of the sub-extension Q(R) of K over Q. The
Galois group of the normal closure of Q(R) can be identified with a subgroup of GL2(F5),
the general linear group over finite field of order 5. By the fundamental theorem of Galois
theory, [Q(R) : Q] must divide #GL2(F5) = 25 · 3 · 5. By assumption, [K : Q] is coprime
to 6. As Q(R) ⊂ K, [Q(R) : Q] must divide 5. Since En,θ(Q)tors ' Z/2Z ⊕ Z/2Z,
[Q(R) : Q] 6= 1. Therefore, Q(R) is a quintic extension over Q and Z/2Z ⊕ Z/10Z is
a subgroup of En,θ(Q(R))tors. But González-Jiménez showed that Z/2Z⊕ Z/10Z cannot

TH-2602_166123003



5.4. Real Cubic Fields 45

appear as a torsion subgroup of a rational elliptic curve over a quintic field (Theorem 2

of [22]). Therefore, 5-torsion cannot occur over K.

7-torsion: Suppose En,θ(K)tors contains a point of order 7, say R = (x, y). By a similar
argument as above, we find that [Q(R) : Q] = 7. It follows that Z/2Z⊕Z/14Z appears as
a subgroup of En,θ(Q(R))tors. But González-Jiménez and Najman showed that Z/2Z ⊕
Z/14Z cannot appear as a torsion subgroup of a rational elliptic curve over a number field
of degree 7 (Proposition 7.1 of [23]). Therefore, 7-torsion cannot occur over K.

11-torsion: Suppose En,θ(K)tors contains a point of order 11, say R = (x, y). By arguing
as before, we find that [Q(R) : Q] divides 52 · 11. Theorem 5.8 of [23] provides a complete
list possibilities for the degree of a number field generated by an 11-torsion of a rational
elliptic curve, and that list does not include 52 ·11. So we must have either [Q(R) : Q] = 5

or [Q(R) : Q] = 55. If [Q(R) : Q] = 5 then Z/2Z ⊕ Z/22Z would appear as a subgroup
of En,θ(Q(R))tors. But González-Jiménez has shown that a quintic field cannot have
Z/2Z⊕Z/22Z as a subgroup of the torsion of a rational elliptic curve (Theorem 2 in [22]).
Finally, we can’t have [Q(R) : Q] = 55 since [K : Q] is not divisible by 55.

Thus we can conclude that En,θ(K)tors ' Z/2Z ⊕ Z/2Z. The theorem now follows from
Lemma 5.2.3.

5.4 Real Cubic Fields

After θ = π
2
, the next natural values to be considered are θ = π

3
or 2π

3
, since they

are rational multiples of π with rational cosine. Fujiwara [19] proved that a prime p is
not π

3
-congruent if p ≡ 5, 7, 19 (mod 24). Kan [31] showed that a prime p is not 2π

3
-

congruent if p ≡ 7, 11, 13 (mod 24) and that the primes p ≡ 23 (mod 24) are π
3
- and

2π
3
-congruent over Q. In this subsection, we consider angles θ where cos θ = s

r
, and r, s

belong to certain congruence classes modulo 5 and obtain the following criterion over real
cubic fields.

In order to prove Theorem 5.1.3 above, we need to consider the growth of torsion upon
base change from Q to a cubic field K. Let d be a positive integer. Let Φ(d) be the set of
possible torsion structures E(K)tors, where K runs through all number fields K of degree
d and E runs through all elliptic curves over K. Mazur established that

Φ(1) = {Cn | n = 1, . . . , 10, 12} ∪ {C2 × C2m | m = 1, . . . , 4},

where Cn denotes the cyclic group of order n. Let ΦQ(d) be the set of possible torsion
structures over a number field of degree d of an elliptic curve defined over Q. Clearly,
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ΦQ(1) = Φ(1). For each G ∈ Φ(1), let ΦQ(d,G) denote the set

{E(K)tors : E/Q is an elliptic curve , E(Q)tors ' G, [K : Q] = d}.

In order to identify θ-congruent numbers over a number field of degree d, we need to
examine ΦQ(d,Z/2Z⊕ Z/2Z). For cubic extension of Q, we have the following result.

Proposition 5.4.1. [24] For G = C2 × C2, we have

ΦQ(3, G) = {C2 × C2, C2 × C6}.

Proof of Theorem 5.1.3. The Weierstrass form of a θ-congruent number elliptic curve En,θ
is given by

y2 = x3 − 33(3r2 + s2)n2x+ 2 · 33n3s(9r2 − s2), where cos θ =
s

r
.

For a cubic number field K, we have

En,θ(K)tors ' C2 × C2 or En,θ(K)tors ' C2 × C6

by Proposition 5.4.1. Our objective is to rule out En,θ(K)tors ' C2×C6 under the assump-
tions on r, s in the theorem. Suppose, if possible, En,θ(K)tors ' C2 × C6. Then there is
an element in En,θ(K) of order 3, say P = (X, Y ). Then X is a root of the 3-rd division
polynomial given by

φ(X) = 3X4 − 162n2(3r2 + s2)X2 + 648n3s(9r2 − s2)X − 729n4(3r2 + s2)2. (5.3)

It is not difficult to observe that φ(3nX) = 35 · n4f(X), where

f(x) = x4 − 6(3r2 + s2)x2 + 8s(9r2 − s2)x− 3(3r2 + s2)2 ∈ Z[x].

Hence φ(X) has a solution in K if and only if equation f(x) has a solution in K. Reducing
the polynomial f(x) modulo 5, we find that

f(x) ≡

x4 + 2x2 + 3 (mod 5) if (r, s) ≡ (±1, 0) or (±2,±1) (mod 5)

x4 + 3x2 + 3 (mod 5) if (r, s) ≡ (±2, 0) or (±1,±2) (mod 5).

One can check that x4 + 2x2 + 3 and x4 + 3x2 + 3 are irreducible polynomials over Z/5Z.
Therefore f(x) is irreducible over Q, hence equation (5.3) does not possess a solution in
K as 4 does not divide [K : Q]. The theorem now follows from Corollary 5.2.3.
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Example. To illustrate the theorem above, let us take cos θ = 5
6
where r = 6 and

s = 5 ≡ 0 (mod 5). The corresponding θ-congruent number curve with n = 7 is

E7,θ : y2 = x3 + 70x2 − 539x.

We can verify by using MAGMA that the rank of E7,θ(Q) is 0, therefore 7 is not a θ-
congruent number over Q. By putting y = 1, we find that the polynomial x3 + 70x2 −
539x−1 has 3 real roots. If we denote the largest real root by α ≈ 7.0017, then K = Q(α)

is a real cubic field. The point (α, 1) ∈ E7,θ(K) is clearly not a 2-torsion point, and hence
7 is θ-congruent over K. By Proposition 5.4.1,

E7,θ(K)tors = Z/2Z⊕ Z/2Z or E7,θ(K)tors = Z/2Z⊕ Z/2Z.

Theorem 5.4.1 rules out the latter possibility which we directly verify now. Clearly,

E7,θ(K)[2] = E7,θ(Q) = {(0, 0), (7, 0), (−77, 0), O}.

If the point (α, 1) were a 6-torsion point, then one of P = (α, 1), Q = (α, 1) + (0, 0),
R = (α, 1) + (−77, 0) or S = (α, 1) + (7, 0) must be a 3-torsion point. By considering the
x-coordinates of the points, it can be easily checked that

x(2P ) > 208 > x(−P ) = α,

x(2Q) = x(2P ) > 208 > 0 > x(−Q),

x(2R) = x(2P ) > 208 > 0 > x(−R),

x(2S) = x(2P ) < 303 < 24000 < x(−S).

Therefore, 2P 6= −P , 2Q 6= −Q, 2R 6= −R or 2S 6= −S, and none of P , Q, R or S is a
3-torsion point. Therefore, P = (α, 1) cannot be a 6-torsion on E7,θ(K) and it must have
have infinite order.

Remark 5.4.2. Suppose K is a real sextic field. It has been conjectured in [12] that
ΦQ(6, Z/2Z⊕ Z/2Z) is a subset of

{Z/2Z⊕ Z/2tZ | t = 1, 2, 3, 4, 6} ∪ {Z/6Z⊕ Z/6Z, Z/4Z⊕ Z/12Z}.

If we put restrictions on (r, s) such that 2r(r − s) is not a square element in K, we can
rule out 4-torsion point on En,θ(K)tors by Lemma 5.2.5. if we further assume that s is
divisible by 5 or (r, s) ≡ (±2,±1) or (±1,±2) (mod 5), we can rule out 3-torsion point
on En,θ(K)tors as in Theorem 5.1.3 noting that 4 does not divide [K : Q] in this case
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too. Therefore, we have En,θ(K)tors ' Z/2Z ⊕ Z/2Z, and by Lemma 5.2.3 a square free
integer n 6= 1, 2, 3, 6 will be θ-congruent number over real sextic field K under the above
restrictions over r, s if and only if En,θ(K) has positive rank assuming the conjecture.

Corollary 5.4.3. If a real number field satisfies the assumptions of Theorem 5.1.1, 5.1.3
or 5.1.2 then a number n is (K, θ)-congruent if and only if n is properly (K, θ)-congruent.

Proof. For such fields K a number n is (K, θ)-congruent if and only if rank(En,θ(K)) is
positive. Once again, n is properly (K, θ)-congruent if and only if En,θ has a point of
infinite order. These two correspondences conclude this corollary.
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CHAPTER 6

THE CLASS NUMBER OF Q(
√
−pq)

6.1 Introduction

In this chapter, we establish a divisibility result for the class number of the imaginary
quadratic field Q(

√
−n) when n is a square-free congruent number with two prime factors

p ≡ 5 modulo 8 and q ≡ 7 modulo 8. Let us denote the ideal class number of imaginary
quadratic field Q(

√
−n) by h(−n). Using modular forms of half-integral weight, Tunnell

[54] proved a divisibility result for the 2-part of h(−p) for a prime p ≡ 1 modulo 8 when p
is a congruent number. A prototypical example of half-integral weight modular forms is
the theta function. A classical result of Gauss states that the coefficients of Fourier series
representation of the theta function is related to the Hurwitz class number, and hence to
the class number h(−n). Assuming the BSD Conjecture, Kazalicki [32] related the 2-part
of h(−p) for a prime p ≡ 1 modulo 8 to p being a congruent number by considering theta
function.

Here we prove a necessary condition for pq to be congruent in terms of the 2-part of
the h(−pq) where p and q are primes as specified above. Rather than considering modular
forms, we rely on the method of complete 2-descent. We do not need the full force of the
BSD Conjecture, but we assume a weaker conjecture known as the Parity Conjecture. We
know that a natural number n is a congruent number if and only if the congruent number
elliptic curve En given by (1.2) has positive Mordell–Weil rank r(n). Let w(n) denote the
order of vanishing at s = 1 for the Hasse-Weil L-function L(En, s) of the elliptic curve En.
The Parity Conjecture predicts that r(n) and w(n) must have the same parity, whereas
the first part of the Birch and Swinnerton-Dyer Conjecture predicts that the rank r(n) of
En(Q) is equal to w(n) (see [25]). The second part of the BSD Conjecture predicts that
the Shafarevich-Tate group of En/Q is finite, and hence r(n) must also be the rank sp(n)
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of the p∞-Selmer group of En. T. Dokchitser and V. Dokchitser [14] proved that w(n)

and sp(n) have the same parity for a large class of primes p.
Our result concerning the class number can be stated as follows.

Theorem 6.1.1. Let n = pq, where p and q are distinct primes satisfying (p, q) ≡ (5, 7)

(mod 8). Suppose the Parity Conjecture holds for En/Q. If n is a congruent number,
then h(−n) is divisible by 8.

We prove our result by employing a criterion of Brown [5] for divisibility of h(−pq)
by 8 in terms of the quartic reside symbol

(−q
p

)
4
. In order to investigate the quartic

residue symbol, we show that certain Diophantine equations have non-trivial integral
solutions. We obtain these Diophantine equations by considering the complete 2-descent
method. In section 6.2, we briefly discuss how 2-descent combing with Proposition 2.4.3
for certain Diophantine equations that eventually help in restricting our search for the
desired Diophantine equations with non-trivial integral solutions. In section 6.3, we use
the Parity Conjecture to show that there exist non-trivial integral solutions to certain
Diophantine equations leading us to the desired value of the quartic residue symbol.

6.2 The Size of the Image b(En(Q)/2En(Q))

In this section we first recall the key aspects of the method of complete 2-descent that
we need. The method of 2-descent is an algorithm used for computing the rank of an
elliptic curve (for details, see section 2.4 of chapter 2 ).

Remark 6.2.1. Suppose n = pq as given in Theorem 6.1.1, then a system of representa-
tives of classes in Q(S, 2) is given by (see Remark 2.4.2)

R = {(−1)α2βpε1qε2 | α, β, ε1, ε2 = 0 or 1}. (6.1)

The image of En(Q)tors under the map b in (2.5) is represented by

A = {(1, 1), (−1,−n), (n, 2), (−n,−2n)} ⊂ R×R. (6.2)

Clearly, A can also be considered as a subgroup Q(S, 2)×Q(S, 2). For n to be a congruent
number, we require that r(n) > 0. In other words, there needs to be a pair (b1, b2) ∈
(R × R) \ A such that the system of equations given by (2.6) and (2.7) possesses a
solution in (Q×)

3.
Proposition 2.4.3 helps us to rule out certain pairs of elements (b1, b2) ∈ (R×R) which

can not have preimage in the Mordell-Weil group under the map b defined in (2.5). For
example, rather than considering rational solutions for the system of equations (2.6) and
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(2.7), it is convenient to consider integral solutions of an equivalent system of equations as
stated in Lemma 3.2.1 and corollary 3.2.2. Here, we examine the image of En(Q)/2En(Q)

in Q(S, 2)×Q(S, 2) under the embedding b defined in (2.5) in Theorem 2.4.1 of chapter
2. From now onward, we assume that n = pq, as defined in Theorem 6.1.1. The following
lemma restricts the possibilities for the image of a non-torsion point En(Q) under the
map b. Recall that A = b(En(Q)tors).

Lemma 6.2.2. Suppose P = (x, y) is a non-torsion point of En(Q). Modulo A, the image
b(P ) is represented by a pair (b1, b2) ∈ R′ ×R′ where R′ = {1, p, q, pq}.

Proof. The idea of the proof can be taken from proof of Lemma 3.3.1 of chapter 3.

By a slight abuse of notation, we just write equality for the representatives whenever
they represent the same equivalence classes in

(Q(S, 2)×Q(S, 2))/A.

The following lemma further restricts the possible images of non-torsion points of En(Q)

under the map b in (2.5).

Lemma 6.2.3. Let p and q be distinct primes satisfying (p, q) ≡ (5, 7) (mod 8) such
that pq is a congruent number. If the system of equations (3.6) and (3.7) has a solution
(a1, a2, a3, d) ∈ (Z×)4 for some (b1, b2) ∈ R′ ×R′, then

(b1, b2) ∈ {(1, p), (q, 1), (q, p), (1, 1)}.

In order to prove the lemma, we first state the following result due to Lagrange [36].

Proposition 6.2.4. Let p and q be distinct primes satisfying (p, q) ≡ (5, 7) (mod 8). If(
q
p

)
= −1, then pq is not a congruent number.

Remark 6.2.5. Under our assumption in Theorem 6.1.1, n = pq is a congruent number.
Therefore,

(
q
p

)
= 1 in view of Proposition 6.2.4.

Proof of Lemma 6.2.3. We need to show that the system of equations (3.6) and (3.7) does
not have a non-trivial integral solution for

(b1, b2) ∈ (R′ ×R′) \ {(1, p), (q, 1), (q, p), (1, 1)}.

Consider the pair (b1, b2) = (p, 1) ∈ R′ × R′. If possible, let (a1, a2, a3, d) ∈ (Z×)4 be a
solution for the system of Diophantine equations

pa21 − a22 = pqd2, pa21 − pa23 = −pqd2.
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From the first equation, a2 ≡ 0 (mod p). As a1, a2, a3 and d are pairwise coprime by
Lemma 3.2.1, a1 and a3 are coprime to p. Replacing a2 = pa

′
2 followed by taking sum of

the resulting equations leads to

2a21 − pa
′2
2 − a23 = 0,

which gives us
(
2
p

)
= 1. But this is not possible, since p ≡ 5 (mod 8). Similar argument

rules out non-trivial solutions for pairs (p, p), (pq, 1), (pq, pq) in R′ ×R′.
Now, consider the pair (1, pq) ∈ R′ × R′. If possible, let (a1, a2, a3, d) ∈ (Z×)4 be a

solution for the system of Diophantine equations

a21 − pqa22 = pqd2,

a21 − pqa23 = −pqd2.

Clearly, a1 is divisible by p and q. By Lemma 3.2.1, a2 is coprime to pq. Substituting
a1 = pqa′1 with a′1 ∈ Z× in the first equation yields

pqa′1
2 − a22 = d2.

It follows that
(−1
q

)
= 1, which is absurd as q ≡ 7 (mod 8). Similar argument rules out

the pairs (p, pq), (pq, pq), and (pq, q).

Next, consider the pair (pq, p). If possible, let (a1, a2, a3, d) ∈ (Z×)4 be a solution for
the system of Diophantine equations

pqa21 − pa22 = pqd2,

pqa21 − p2qa23 = −pqd2.

Clearly, a2 is divisible by q. Substituting a2 = qa′2 and then adding the resulting equations
leads to

2a21 − qa
′2
2 − pa23 = 0. (6.3)

Clearly, p | a1 ⇔ p | a′2 ⇔ p | a2. Since (a1, a2) = 1, we must have a1a′2 coprime to p. It
follows from (6.3) that

(
2q
p

)
= 1. Since p ≡ 5 (mod 8), we have

(
q
p

)
= −1. By Proposition

6.2.4, pq must be a non-congruent number, which contradicts our assumption. Similarly,
we can rule out the remaining pairs (p, q), (q, q), and (q, pq) by using the fact that the
Legendre symbol

(
q
p

)
must be 1 for a congruent number pq.

Corollary 6.2.6. Let p and q be distinct primes satisfying (p, q) ≡ (5, 7) (mod 8). If
n = pq is a congruent number, then the system of equations (3.6) and (3.7) must have a
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solution (a1, a2, a3, d) ∈ (Z×)4 for each pair

(b1, b2) ∈ {(1, p), (q, 1), (q, p), (1, 1)} ⊂ R′ ×R′

if we assume the Parity Conjecture.

Proof. It is well-known that w(n), the order of vanishing of L(En, s) at s = 1 is even when
n ≡ 1, 2, 3 (mod 8) (see [34], page 84). By the Parity Conjecture, the rank r(n) of En(Q)

must be even too (see [25]). Consequently, r(n) must be at least 2 if n is congruent. By
(2.8), the image of En(Q)/2En(Q) under the map b in (2.5) has order 24. Since the image
A of the torsion points under b has cardinality 4, the system of equations (3.6) and (3.7)
must have non-trivial integral solutions for each of the coset representatives

(b1, b2) ∈ {(1, p), (q, 1), (q, p), (1, 1)} ⊂ R′ ×R′. �

In the following remark, we make certain observations concerning the non-integral so-
lutions that correspond to one particular pair of representatives out of the four in the
previous corollary.

Remark 6.2.7. By Corollary 6.2.6, (q, 1) is represents a coset in the image of the map
b. Thus, there exist pairwise coprime integers a1, a2, a3 and d such that

qa21 − a22 = pqd2,

qa21 − qa23 = −pqd2.

From the first equation it is clear that a2 is divisible by q. Hence a1, a3 and d are coprime
to q. Substituting a2 = qa′2 in above equations, we obtain

a21 − qa′22 = pd2, (6.4)

a21 − a23 = −pd2. (6.5)

Observe that p does not divide a′2, a1 or a3, otherwise these integers would no longer be
pairwise coprime.

6.3 Divisibility of the Class Number

In order to relate the class number of Q(
√
−pq) to the existence of non-trivial solutions

of the system of Diophantine equations (3.6) and (3.7), we need the following result due
to Brown [5].
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Proposition 6.3.1. If p ≡ −q ≡ 1 (mod 4) are primes with
(
q
p

)
= 1 then h(−pq) is

divisible by 8 if and only if
(−q
p

)
4

= 1, i.e., −q is a quartic residue modulo p.

Our next step is to reduce the computation of the quartic residue symbol
(−q
p

)
4
to a

computation of certain Jacobi symbol.

Lemma 6.3.2. Under the assumptions in Theorem 6.1.1,(
−q
p

)
4

=

(
a′2
p

)
,

where a′2 is the odd number coprime to p as given in Remark 6.2.7.

Proof. There exist pairwise coprime positive integers a1, a2, a3 and d satisfying the si-
multaneous equations (6.4) and (6.5) corresponding to the pair (q, 1), as mentioned in
Remark 6.2.7. Since (p, q) ≡ (5, 7) (mod 8), we must have a′2 ≡ a3 ≡ d ≡ a1 + 1 ≡ 1

(mod 2). By (6.5), we have

(a3 + a1)(a3 − a1) = pd2.

The numbers (a3 + a1) and (a3− a1) are mutually co prime as a3 and a1 are coprime with
different parity. Therefore, we can write

a3 + a1 = ±pe2, a3 − a1 = ±f 2; or

a3 + a1 = ±e2, a3 − a1 = ±pf 2,

where d = ef and (e, f) = 1. The first possibility leads to

a3 = ±pe
2 + f 2

2
, a1 = ±pe

2 − f 2

2
(6.6)

Note that f is not divisible by p, since (a1, d) = 1. By equation (6.4),

4qa′22 = 4(a21 − pd2)

≡ (pe2 − f 2)2 (mod p)

≡ f 4 (mod p)

=⇒
(

4qa′22
p

)
4

= 1. (6.7)

It is easily observed that
(−1
p

)
4

=
(
2
p

)
for a prime p ≡ 1 (mod 4). Therefore,

(
4

p

)
4

=

(
22

p

)
4

=

(
2

p

)
=

(
−1

p

)
4

.
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It follows from (6.7) that (
−q
p

)
4

=

(
a′22
p

)
4

=

(
a′2
p

)
.

The argument for the second possibility for the values of a3 and a1 works out exactly the
same way.

Our final step is to compute the Legendre symbol
(a′2
p

)
appearing in the preceding

lemma.

Proof of Theorem 6.1.1. Recall that a′2 is odd and coprime to p. Since p ≡ 5 (mod 8), it
follows from Lemma 6.3.2 and Jacobi’s reciprocity law that(

−q
p

)
4

= 1⇔
(
a′2
p

)
=

(
|a′2|
p

)
=

(
p

|a′2|

)
j

= 1. (6.8)

Here,
(
k
l

)
j
denotes the Jacobi symbol for any integer k coprime to the odd natural number

l. Taking the sum and difference of equations (6.4) and (6.5), we have

a23 − 2a21 = −qa′22 , (6.9)

a23 − qa′22 = 2pd2. (6.10)

Since a1, a2 = qa′2, a3 and d are pairwise coprime, it follows from (6.9) and (6.10) that(
2

|a′2|

)
j

= 1,

(
2p

|a′2|

)
j

= 1.

Therefore, (
a′2
p

)
=

(
p

|a′2|

)
j

=

(
2

|a′2|

)
j

(
2p

|a′2|

)
j

= 1.

By Proposition 6.3.1 and Lemma 6.3.2, we can now conclude that the class number of
Q(
√
−pq) is divisible by 8.

We provide a few examples to illustrate our main result.

p ≡ 5 (mod 8) q ≡ 7 (mod 8) Rank r(pq) Class number h(−pq)
5 79 2 8
13 103 2 8
29 631 2 48
37 751 2 16

The converse of Theorem 6.1.1 is not true. For example, n = 13 · 23 is a non-congruent
number but h(−13 · 23) = 8.
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CHAPTER 7

THE CONTINUED FRACTION OF √pq

7.1 Introduction

In this chapter, we examine the regular continued fraction (RCF) of certain quadratic
irrationals

√
n where n is a square-free rational number. There have been attempts to

relate the continued fraction of quadratic irrational to the congruent number problem
(e.g. see [50] and [35]). But there are several interesting questions concerning the RCF
of quadratic irrationals that are still open. A conjecture of Chowla and Chowla (see [10])
predicts that for any natural number k there exist infinitely many primes p such that the
RCF of √p has period length k. While their conjecture is still open, it has been proved
in [18] that there exists infinitely many square-free natural numbers d such that the RCF
of
√
d has period k for any natural number k. The density of square-free integers d with

no prime factor congruent to 3 modulo 4 such that
√
d has period of odd length has been

studied in [15] and [16]. Golubeva ( [21]) proved that the period length of the RCF √p is
divisible by 4 when p is a prime congruent to 7 modulo 8 and is of the form 4k + 2 when
p is a prime congruent to 3 modulo 8. Golubeva further showed that the central term of
the period of the RCF √p is odd for a prime congruent to 3 modulo 4. In this chapter,
we examine the period of the RCF of √pq where p < q are two primes congruent to 3

modulo 4.
The RCF of √pq can be written as

√
pq = n+

1

a1 + 1
a2+···+ 1

al−1+
1

2n+ 1

a1+
1

a2+···

, where n = b√pqc.

We denote it as √pq = 〈n, a1, a2, . . . , al−1, 2n〉. It is well-known that the first l − 1 terms

57
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a1, a2, . . . , al−1 of the period (a1, a2, . . . , al−1, 2n) form a palindrome (e.g. [13]). It can be
easily seen that the length l of the period of √pq is even when at least one of p and q

is congruent to 3 modulo 4 (see Proposition 7.2.1). In this chapter, we prove a closer
relation between the congruence properties of the length of the period of the RCF of √pq
and the interplay between the primes p and q in terms of quadratic congruence.
We begin by observing the period of the RCF of √pq when q is a quadratic residue modulo
p in the table below.

Table 7.1: ( q
p
) = 1

p q
√
pq = 〈n, a1, a2, . . . , al−1, 2n〉 l a l

2

3 7
√

21 = 〈4, 1, 1, 2, 1, 1, 8〉 6 2

3 19
√

57 = 〈7, 1, 1, 4, 1, 1, 14〉 6 4

7 11
√

77 = 〈8, 1, 3, 2, 3, 1, 16〉 6 2

3 43
√

129 = 〈11, 2, 1, 3, 1, 6, 1, 3, 1, 2, 22〉 10 6

7 23
√

161 = 〈12, 1, 2, 4, 1, 2, 1, 4, 2, 1, 24〉 10 2

We find that the length of the period is of the form 4k + 2, and the central term a l
2
of

the palindromic part of the period is an even integer. Then we consider the period of the
RCF of √pq when q is a quadratic non-residue modulo p in the following table.

Table 7.2: ( q
p
) = −1

p q
√
pq = 〈n, a1, a2, . . . , al−1, 2n〉 l a l

2

3 11
√

33 = 〈5, 1, 2, 1, 10〉 4 2

3 47
√

141 = 〈11, 1, 6, 1, 22〉 4 6

3 59
√

177 = 〈13, 3, 3, 2, 8, 2, 3, 3, 26〉 8 8

11 19
√

209 = 〈14, 2, 5, 3, 2, 3, 5, 2, 28〉 8 2

11 43
√

473 = 〈21, 1, 2, 1, 42〉 4 2

We find that the length l of the RCF of √pq is divisible by 4, and the central term a l
2
of

the palindromic part of the period is even as before. In this chapter, we prove that the
period of the RCF of √pq always exhibits this behavior. The main results of this chapter
can be stated as follows.

Theorem 7.1.1. Let p < q be two primes congruent to 3 modulo 4 and l be the length of
the period of the regular continued fraction of √pq. Then l is of the form 4k + 2 if q is a
quadratic residue modulo p, and l is divisible by 4 if q is a quadratic non-residue modulo
p.
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Theorem 7.1.2. The central term in the palindromic part of the period of √pq is even
in either of the following cases:
(i) if q is a quadratic non-residue modulo p, or
(ii) if q is a quadratic residue modulo p and p is congruent to 3 modulo 8.

We prove the theorems above by examining the convergents of the RCF of √pq closely.
In particular, we establish some implications of the congruence property of the period
length of the RCF of √pq for certain convergents. Then we relate those specific conver-
gents to the fundamental unit of the real quadratic field Q(

√
pq) and show that they are

solutions of certain Diophantine equations. As a consequence, we can prove the behavior
of the length and the central term as stated in Theorems 7.1.1 and 7.1.2.

7.2 The Convergents of
√
pq

In this section we establish certain relations involving convergents of the continued
fraction of √pq where p and q are primes congruent to 3 modulo 4. As before, let

√
pq = 〈n, a1, a2, . . . , al−1, 2n〉, n = b√pqc, ai = al−i.

The i-th convergent of the continued fraction of √pq is given by

ki
hi

= n+
1

a1 + 1
a2+

1

···+ 1
ai

. (7.1)

We can write the first few convergents as

h0 = 1, k0 = n; h1 = a1, k1 = na1 + 1;

h2 = 1 + a1a2, k2 = na1a2 + n+ a2.
(7.2)

By convention, we take
h−1 = 0, k−1 = 1.

It can be readily verified (see [13]) that

hi+1 = ai+1hi + hi−1, ki+1 = ai+1ki + ki−1 for i ≥ 2, (7.3)

kl−1 = nhl−1 + hl−2, (7.4)

kihi−1 − ki−1hi = (−1)i−1 for i ≥ 0,

(nhl−1 + hl−2)
2 − pqh2l−1 = (−1)l−2. (7.5)

The next proposition is immediate from the last equality.
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Proposition 7.2.1. The period l of the RCF of √pq must be even.

Proof. If l were odd, −1 would be a quadratic residue modulo p by (7.5). But it is not
possible since p is a prime congruent to 3 modulo 4.

We need the following proposition for our subsequent results. We use the following nota-
tion for brevity:

c l
2
−1 = h l

2
+ h l

2
−2.

Proposition 7.2.2. Let l denote the length of the period of √pq. Then

hl−1 = h l
2
−1

(
h l

2
+ h l

2
−2

)
= h l

2
−1c l

2
−1. (7.6)

The proof is similar to that of Proposition 2.1 in [7]. We just briefly mention the argument.
By (7.3), we have

hl−1 = al−1hl−2 + hl−3 = a1hl−2 + hl−3 = h1hl−2 + h0hl−3,

hl−1 = a1(al−2hl−3 + hl−4) + hl−3 = a1(a2hl−3 + hl−4) + hl−3

= (1 + a1a2)hl−3 + a1hl−4 = h2hl−3 + h1hl−4.

Continuing in this way, we find that

hl−1 = hihl−1−i + hi−1hl−2−i for 0 ≤ i ≤ l − 2.

In particular, putting i = l−2
2

we obtain (7.6).
The following lemma concerning c l

2
−1 and h l

2
−1 is needed later.

Lemma 7.2.3. With the notation as above, c l
2
−1 = 2hi or h l

2
−1 = 2hi for any convergent

ki
hi

of the RCF of √pq only if i = 0.

Proof. First consider c l
2
−1. Clearly,

for i ≤ l

2
− 2, 2hi ≤ 2h l

2
−2 < h l

2
+ h l

2
−2 = c l

2
−1,

for i ≥ l

2
, 2hi ≥ 2h l

2
> h l

2
+ h l

2
−2 = c l

2
−1.

The remaining possibility is i = l
2
− 1. We consider the two cases a l

2
= 1 and a l

2
≥ 2

separately in the relation h l
2

= a l
2
h l

2
−1 + h l

2
−2. When a l

2
≥ 2, we have

2h l
2
−1 ≤ a l

2
−1h l

2
−1 + 2h l

2
−2 = c l

2
−1.
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Here, the equality holds only when h l
2
−2 = 0 and a l

2
= 2. In that case, we have

c l
2
−1 = 2h0.

For a l
2

= 1, the equality c l
2
−1 = 2h l

2
−1 implies

(h l
2
−1 + h l

2
−2) + h l

2
−2 = 2h l

2
−1.

It follows that
2h l

2
−2 = h l

2
−1 = a l

2
−1h l

2
−2 + h l

2
−3,

which is possible only when a l
2
−1 = 2 and h l

2
−3 = 0. In that case, we obtain

c l
2
−1 = 2h l

2
−2 = 2h0.

Now consider h l
2
−1. Clearly, for i ≤ l

2
− 3

2hi ≤ 2h l
2
−3 ≤ a l

2
−1h l

2
−2 + h l

2
−3 = h l

2
−1,

and equality is not possible even when h l
2
−2 = 0.

For i = l
2
− 2, we have 2hi = 2h l

2
−2 > h l

2
−2 + h l

2
−3 = h l

2
−1 if a l

2
−1 = 1, and

2hi = 2h l
2
−2 ≤ a l

2
−1h l

2
−2 + h l

2
−3 = h l

2
−1.

Therefore, the equality 2h l
2
−2 = h l

2
−1 holds only when h l

2
−3 = 0 and a l

2
−1 = 2. In that

case, we have
h l

2
−1 = 2h l

2
−2 = 2h0.

Lemma 7.2.4. Let
ki
hi

denote the i-th convergent of 〈n; a1, a2, ..., al−1, 2n〉. Suppose l is

divisible by 4. Let t be a divisor of hl−1.
(i) If t | h l

2
−1, then hl−2 ≡ 1 (mod t).

(ii) If t | c l
2
−1, then hl−2 ≡ −1 (mod t).

Proof. (i) Let t be a divisor of hl−1 that also divides h l
2
−1. By using (7.3), we have

h l
2

= a l
2
h l

2
−1 + h l

2
−2 ≡ h l

2
−2 (mod t),

h l
2
+1 = a l

2
+1h l

2
+ h l

2
−1 = a l

2
−1h l

2
+ h l

2
−1

≡ a l
2
−1h l

2
−2 − h l

2
−1 = −h l

2
−3 (mod t)

h l
2
+2 = a l

2
+2h l

2
+1 + h l

2
≡ −a l

2
−2h l

2
−3 + h l

2
−2 = h l

2
−4 (mod t). (7.7)
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Observing that the positive sign on the right hand side of the congruence precisely when
the index on the left hand side is even, we can conclude that

hl−2 ≡ h0 = 1 (mod t).

(ii) Let t be a divisor of hl−1 that divides c l
2
−1, i.e., h l

2
≡ −h l

2
−2 (mod t). Using (7.3),

we find

h l
2
+1 = a l

2
+1h l

2
+ h l

2
−1

≡ −a l
2
−1h l

2
−2 + h l

2
−1 (mod t) (since a l

2
+1 = a l

2
−1)

= h l
2
−3,

h l
2
+2 = a l

2
+2h l

2
+1 + h l

2

≡ a l
2
−2h l

2
−3 − h l

2
−2 (mod t) (since a l

2
+2 = a l

2
−2)

= −h l
2
−4 (mod t).

Thus we have,

h l
2
+1 ≡ h l

2
−3 (mod t), h l

2
+2 ≡ −h l

2
−4 (mod t), (7.8)

and so on. Observing that the positive sign on the right hand side of the congruence
precisely when the index on the left hand side is odd, we can conclude that

hl−2 ≡ −h0 = −1 (mod t).

Lemma 7.2.5. Let
ki
hi

be the i-th convergent of 〈n; a1, a2, ..., al−1, 2n〉. Suppose l is con-

gruent to 2 modulo 4. Let t be a divisor of hl−1.
(i) If t | h l

2
−1, then hl−2 ≡ −1 (mod t).

(ii) If t | c l
2
−1, then hl−2 ≡ 1 (mod t).

The proof is very similar to the previous one.

Proposition 7.2.6. Let
ki
hi

be the i-th convergent of the continued fraction of √pq where

p < q are primes congruent to 3 modulo 4. Suppose l is the length of the period of √pq.
Then the greatest common divisor of h l

2
−1 and c l

2
−1 is 1 or 2.

Proof. Let t be a common divisor of h l
2
−1 and c l

2
−1. By Lemmas 7.2.4 and 7.2.5, we must

have hl−2 ≡ 1 ≡ −1 (mod t) in any case. Therefore, t must divide 2.
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7.3 The Fundamental Unit of Q(
√
pq)

The RCF of √pq is related to the fundamental unit of the real quadratic field Q(
√
pq).

We denote the fundamental unit of Q(
√
pq) by η. In this section, we establish a closer

relation between certain convergents of √pq and η. It is well known that when pq is
congruent to 1 modulo 8, η belong to Z[

√
pq]. Though η may not belong to Z[

√
pq] when

pq is congruent to 5 modulo 8, η3 does. Let x + y
√
pq denote the smallest unit > 1

contained in Z[
√
pq]. Thus x+y

√
pq = η unless η 6∈ Z[

√
pq], in which case x+y

√
pq = η3.

It is well known that (e.g., see page 76 of [2]).

x+ y
√
pq = kl−1 + hl−1

√
pq = nhl−1 + hl−2 + hl−1

√
pq. (7.9)

The following lemma is crucial for our subsequent work.

Proposition 7.3.1. Let p and q are primes congruent to 3 modulo 4. Then we have
x = a2+pqb2

p
= c2+pqd2

q
and y = 2ab

p
= 2cd

q
for integers a, b, c and d such that (a, b) = (c, d) =

1. Moreover a2 − pqb2 = −p and c2 − pqd2 = q when ( q
p
) = 1, and a2 − pqb2 = p and

c2 − pqd2 = −q when ( q
p
) = −1.

Proof. As p ramifies in the extension K, pOK = p2. It is well-known that Q(
√
pq) has

odd class number when p and q are primes congruent to 3 modulo 4. Since the ideal class
of p has order dividing 2, p has to be a principal ideal. Therefore, there exists an algebraic
integer α ∈ OK and a rational integer j that

pηj = α2.

Here as pq is congruent to 1 in modulo 4, OK = Z[
1+
√
pq

2
]. So a typical element α of OK

is in form a+b
√
pq

2
, where a, b ∈ Z. Therefore, we have

pηj =
(a+ b

√
pq

2

)2
. (7.10)

If j were even, (7.10) would imply that √p ∈ Q(
√
pq). Hence j has to be odd, and we

can take j = 1 or 3 by absorbing the even powers of the unit η on the right hand side of
(7.10). Thus,

p(x+ y
√
pq) =

(a+ b
√
pq

2

)2
=⇒ 4px = a2 + pqb2, y =

ab

2p
. (7.11)

Now 4px = a2 + pqb2 implies that a2 + b2 is congruent to 0 in modulo 4, and it is possible
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only if a and b both are even. So, we can consider α = a+ b
√
pq, where a, b ∈ Z. Then,

p(x+ y
√
pq) = (a+ b

√
pq)2 =⇒ x =

a2 + pqb2

p
, y =

2ab

p
. (7.12)

Since x+ y
√
pq is a unit, a and b have to be coprime.

As −1 is not a quadratic residue of p, the norm of x+ y
√
pq can not be −1, i.e.,

x2 − pqy2 = 1. (7.13)

Substituting x and y from (7.12), we obtain

(a2 + pqb2

p

)2
− 4pqa2b2 = 1 =⇒ a2 − pqb2 = ±p.

When ( q
p
) = 1 i.e., p is not a quadratic residue of q and hence

a2 − pqb2 = −p. (7.14)

When ( q
p
) = −1, then −p is not a quadratic residue of q and hence

a2 − pqb2 = p. (7.15)

Now as q is a rational prime which ramifies in K, so in similar fashion we can show that
there exist mutually coprime integers c, d ∈ Z such that

qη = (c+ d
√
pq)2 =⇒ x =

c2 + pqd2

q
, y =

2cd

q
. (7.16)

Substituting x and y from (7.16), we obtain

(c2 + pqd2

q

)2
− 4pqc2d2 = 1 =⇒ c2 − pqd2 = ±q.

When ( q
p
) = 1 i.e., −q is not a quadratic residue of p and hence

c2 − pqd2 = q. (7.17)

When ( q
p
) = −1, then q is not a quadratic residue of p and hence

c2 − pqd2 = −q. (7.18)
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Remark 7.3.2. When ( q
p
) = 1, a2+3b2 ≡ 1 (mod 4) by (7.14), and c2+3d2 ≡ 3 (mod 4)

by (7.17). Therefore, a, d must be odd and b, c must be even. By adding and subtracting
the pair of equations (7.12) and (7.14), and the pair of equations (7.16) and (7.17), we
find that

x− 1 =
2a2

p
= 2pd2 =⇒ a = pd,

x+ 1 = 2qb2 =
2c2

q
=⇒ c = qb.

(7.19)

Remark 7.3.3. When ( q
p
) = −1, we similarly have a, d as even, and b, c as odd integers.

By adding and subtracting the pair of equations (7.12) and (7.15), and the pair of equations
(7.16) and (7.18), we find that

x+ 1 =
2a2

p
= 2pd2 =⇒ a = pd,

x− 1 = 2qb2 =
2c2

q
=⇒ c = qb.

(7.20)

Remark 7.3.4. In both cases above, y = 2ab
p

= 2cd
q

= 2bd.

The following corollaries of Proposition 7.3.1 are needed later.

Corollary 7.3.5. Let p and q are primes congruent to 3 modulo 4 and ( q
p
) = 1. Let t be

an odd prime factor of hl−1. Then,
(i) hl−2 ≡ 1 (mod t) if and only if t | d.
(ii) hl−2 ≡ −1 (mod t) if and only if t | b.

Proof. By (7.9) and Remark 7.3.4, we have

y = hl−1 = 2bd, x− 1 = nhl−1 + hl−2 − 1 = 2d2p,

x+ 1 = nhl−1 + hl−2 + 1 = 2b2q.
(7.21)

If t is an odd prime dividing hl−1 = 2cd
q
, then by (7.21) hl−2 ≡ 1 (mod t) if and only if

2d2p ≡ 0 (mod t). If t does not divide d then t = p. As p divides hl−1 so p has to divide
c and it leads to contradiction to (7.17). So, t divides d. The other implication is trivial
from (7.21).

If t is an odd prime dividing b, it is evident from (7.21) that hl−2 ≡ −1 (mod t). If
hl−2 ≡ −1 (mod t), then 2b2q ≡ 0 (mod t) by (7.21). Also, t | 2ab

p
= hl−1 by Remark

7.3.4. If t does not divide b, t has to divide q as well as a, which would contradict
a2 − pqb2 = −p. Therefore the converse holds.
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Corollary 7.3.6. Let p and q are primes congruent to 3 modulo 4 and ( q
p
) = −1. Let t

be an odd prime factor of hl−1. Then,
(i) hl−2 ≡ 1 (mod t) if and only if t | b.
(ii) hl−2 ≡ −1 (mod t) if and only if t | d.

The argument for the proof runs similar to that of the previous corollary.

7.4 The Length of the Period

In this section we prove our theorem concerning the length of the period of the RCF
of √pq. First we consider the case when q is a quadratic non-residue modulo p in the
following proposition.

Proposition 7.4.1. Let p and q are primes congruent to 3 modulo 4 and l denote the
length of the period of √pq. Suppose ( q

p
) = −1. Then l must be divisible by 4.

Proof. By (7.6) and Remark 7.3.4, we have y = 2bd = h l
2
−1c l

2
−1. If possible, let l ≡ 2

(mod 4). If t is a prime factor of b, then by Corollary 7.3.6 hl−2 ≡ 1 (mod t) and by
Lemma 7.2.5 t is a factor of c l

2
−1. But gcd(h l

2
−1, c l

2
−1) = 1 or 2 by Proposition 7.2.6, and

b is odd by Remark 7.3.3. It follows that c l
2
−1 = 2kb. Since 2bd = h l

2
−1c l

2
−1, we must

have h l
2
−1 = d

2k−1 .
If k = 0, then c l

2
−1 is odd and h l

2
−1 is even. Then, the predecessor h l

2
−2 and successor h l

2

must both be odd, and consequently their sum c l
2
−1 must be even, a contradiction.

If k ≥ 2, then c l
2
−1 ≡ 0 (mod 4). Then hl−2 ≡ 1 (mod 4) by (ii) of Lemma 7.2.5.

Now from (7.21) and Remark 7.3.3, it is clear that, hl−1 ≡ 0 (mod 4), since d is even.
Therefore, from (7.21) we have 2b2q ≡ 0 (mod 4) which is absurd.
If k = 1, we have c l

2
−1 = 2b. As a2 − pqb2 = p and | p |< √pq, a

b
= ki

hi
for some i. Then

c l
2
−1 = 2hi. By Lemma 7.2.3, i = 0 and b = h0 = 1. Then (k0 = n, h0 = 1) must satisfy

n2 − pq = p, which leads to a contradiction p+ pq = n2 < pq.
Therefore, we can conclude that l divisible by 4.

Next we consider the case when q is a quadratic residue modulo p.

Proposition 7.4.2. Let p and q are primes congruent to 3 modulo 4 and l denote the
length of the period of √pq with ( q

p
) = 1. Then the continued fraction of √pq has period

of length l ≡ 2 modulo 4.

Proof. If possible, let l ≡ 0 (mod 4). If t is a prime factor of d, then by Corollary 7.3.5
hl−2 ≡ 1 (mod t) and by Lemma 7.2.4, t is a factor of h l

2
−1. But gcd(h l

2
−1, c l

2
−1) = 1 or

2 by Proposition 7.2.6, and d is odd by Remark 7.3.2. It follows that h l
2
−1 = 2kd. Since

y = 2bd = h l
2
−1c l

2
−1, we must have c l

2
−1 = b

2k−1 .
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If k = 0, then c l
2
−1 = 2b. Being a solution of a2 − pab2 = −p where | −p |< √pq,

(a, b) = (ki, hi) for some i. By Lemma 7.2.3, i = 0 and b = h0 = 1. Then (k0 = n, h0 = 1)

must satisfy n2 − pq = −p, which leads to n2 = p(q − 1) ≡ 2 (mod 4) which is absurd.
If k ≥ 2, then h l

2
−1 ≡ 0 (mod 4) implies hl−2 ≡ 1 (mod 4) by Lemma 7.2.4, and conse-

quently by (7.21), nhl−1 + hl−2 + 1 = 2d2p ≡ 0 (mod 4), which is absurd.
If k = 1, we have c l

2
−1 = b. As a2− pab2 = −p and | −p |< √pq, a

b
= ki

hi
for some i. Then

hi = c l
2
−1 = h l

2
+ h l

2
−2 implies i > l

2
. But

hi ≥ h l
2
+1 ≥ h l

2
+ h l

2
−1 > h l

2
+ h l

2
−2 for i >

l

2
.

Therefore, we must have l ≡ 2 (mod 4).

The Propositions 7.4.1 and 7.4.2 complete the proof of Theorem 7.1.1.

7.5 Parity of the Central Term

In this section, we examine the parity of the central term a l
2
of the RCF of √pq.

When q is a quadratic non-residue modulo p, we can determine the parity by the following
proposition.

Proposition 7.5.1. Let ( q
p
) = −1. Then the central term a l

2
in the palindromic part of

the period of the RCF of √pq is even.

However, when q is a quadratic residue modulo p we can conclude about the parity of a l
2

only when p is congruent to 3 modulo 8 as stated below.

Proposition 7.5.2. Let ( q
p
) = 1 and p ≡ 3 (mod 8). Then the central term a l

2
in the

palindromic part of the period of the RCF of √pq is even.

In order to prove the propositions above, we establish the following lemma.

Lemma 7.5.3. With the notation used previously, h l
2
−1 = b and c l

2
−1 = 2d.

Proof. First assume that ( q
p
) = −1. By Proposition 7.4.1, the length l of the RCF of √pq

is divisible by 4. If t is a prime factor of b, then hl−2 ≡ 1 (mod t) by Corollary 7.3.6, and
t | h l

2
−1 by Lemma 7.2.4. But gcd(h l

2
−1, c l

2
−1) = 1 or 2 by Proposition 7.2.6 and b, c are

odd by Remark 7.3.3. It follows that h l
2
−1 = 2kb and c l

2
−1 = d

2k−1 .
If k ≥ 2, then h l

2
−1 ≡ 0 (mod 4) implies hl−2 ≡ 1 (mod 4) by Lemma 7.2.4, and nhl−1 +

hl−2 − 1 = 2c2

q
≡ 0 (mod 4), which is absurd as c is odd.

If k = 1, we have h l
2
−1 = 2b. As a2 − pqb2 = p and | p |< √pq, a

b
= ki

hi
for some i.

By Lemma 7.2.3, i = 0 and (k0 = n, h0 = 1) satisfies n2 − pq = p, which leads to the
contradiction p+ pq = n2 < pq.
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68 Chapter 7. The continued fraction of √pq

Therefore, k = 0 and h l
2
−1 = b. Consequently c l

2
−1 = 2d.

Next assume that ( q
p
) = 1. By Proposition 7.4.2, the length l of the RCF of √pq is

congruent to 2 modulo 4, and a, d are odd, b, c even. If t is a prime factor of d, then
hl−2 ≡ 1 (mod t) by Corollary 7.3.5, and t | c l

2
−1 by Lemma 7.2.5. As gcd(h l

2
−1, c l

2
−1) = 1

or 2 and d is odd, we must have c l
2
−1 = 2kd. Consequently h l

2
−1 = b

2k−1 .
If k ≥ 2, then c l

2
−1 ≡ 0 (mod 4) implies hl−2 ≡ 1 (mod 4) by Lemma 7.2.5, and conse-

quently by (7.21), nhl−1 + hl−2 − 1 = 2d2p ≡ 0 (mod 4), which is absurd.
If k = 0, we have h l

2
−1 = 2b. As a2 − pqb2 = −p and | −p |< √pq, a

b
= ki

hi
for some i. As

before, it leads to n2 = p(q − 1) ≡ 2 (mod 4) which is absurd.
Therefore, k = 1 and c l

2
−1 = 2d. Consequently h l

2
−1 = b.

Proof of Proposition 7.5.1. We have

a l
2
h l

2
−1 + h l

2
−2 = h l

2

=⇒ a l
2
h l

2
−1 + 2h l

2
−2 = h l

2
+ h l

2
−2 = c l

2
−1

=⇒ a l
2
b+ 2h l

2
−2 = 2d (by Lemma 7.5.3).

When ( q
p
) = −1, b is odd as observed in Remark 7.3.3. Therefore, a l

2
must be even. �

Proof of Proposition 7.5.2: As before, we have

a l
2
b+ 2h l

2
−2 = 2d. (7.22)

When ( q
p
) = 1, b is even as observed in Remark 7.3.2, and d is odd. Since h l

2
−1 = b is even,

its predecessor h l
2
−2 is odd. When p ≡ 3 (mod 8), it follows from (7.19) that x − 1 ≡ 6

(mod 16) and 2qb2 = x + 1 ≡ 8 (mod 16) . Consequently b ≡ 2 (mod 4). By (7.22), we
have 2a l

2
+ 2 ≡ 2 (mod 4), which implies that a l

2
must be even.

Finally, Propositions 7.5.1 and 7.5.2 together imply Theorem 7.1.2.
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CHAPTER 8

FUTURE PLAN

1. Tada [52] obtained certain necessary and sufficient conditions for a positive square-
free number n to be congruent over real quadratic fields Q(

√
m) and classified the

corresponding right-triangles according to the types of their sides. We would like
to explore such classification on the basis of the sides of the corresponding triangles
over more general number fields.

2. Steuding [50] and Komatsu [35] examined the relation between the continued frac-
tion expansion of some special types of irrational numbers (such as

√
n2 + 1 or√

n2 + 2) to rational right triangles of area close to certain natural numbers. We
would like to explore and establish such connection for more general quadratic irra-
tionals.

3. Girard, Lalín and Nair [20] have constructed families of non-θ-congruent numbers
with arbitrarily many prime factors of special types. Mokrani [39] used Monky ma-
trices to construct new families of non-π

3
-congruent numbers and non-2π

3
-congruent

numbers. We would like to construct families of π
3
- or 2π

3
-non-congruent numbers

with arbitrarily many prime factors of types not yet covered in the literature. In
order to obtain stronger results concerning non-congruent (resp. non-π

3
- or non-

2π
3
-congruent) numbers, we would like to use 2-Selmer group of congruent number

elliptic curve (resp. π
3
- and 2π

3
-congruent number elliptic curves).
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