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ABSTRACT

A positive integer n is called a congruent number if it is equal to the area of a right
triangle with rational sides. Determining whether a given positive number is congruent
or not is known as the congruent number problem. It is well-known that n is a congruent
number if and only if the rank of the Mordell-Weil group consisting of all rational points
on the congruent number elliptic curve E,, : y*> = 23 —n2xz is positive. Although congruent
numbers have been studied for centuries, the problem of providing a complete classification
still remains elusive. Various mathematicians constructed infinite families of congruent

and non-congruent numbers with prime factors that satisfy certain congruence conditions.

We begin the thesis by introducing congruent number and its generalization in chap-
ter [Il In chapter [2, we briefly mention certain preliminaries from basic algebra, number
theory and elliptic curves that we need later. Then we outline the method of complete
2-descent which plays a central role in our work. We conclude the second chapter with a

description of Monsky’s matrices that we use subsequently.

In chapter [3, we construct infinite families non-congruent numbers with arbitrarily
many pairs of prime factors generalizing results of Lagrange [36] and Serf [46]. We use the
method of complete 2-descent adopted earlier by Iskra 28| for constructing non-congruent
numbers with prime factors congruent to 3 modulo 8. In chapter [d, we construct families
of highly composite non-congruent numbers by considering Monsky’s matrices introduced
in the appendix of |26].

The notion of #-congruent number is a generalization of congruent number, where one

considers the area of a triangle with all possible angles ¢ such that cos @ is rational rather

than just 0 = 7 (see [19], [31]). In chapter [5| we prove a criterion for a natural number to

be a f-congruent number over certain classes of real number fields.

1X
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Tunnell [54] and Kazalicki [32] investigated the 2-part of class number of an quadratic
imaginary field Q(y/—p) where p is congruent prime number equivalent to 1 modulo 8 by
studying congruence between certain half-integral weight modular forms. In chapter [6]
we prove a divisibility result for the class number of Q(y/—pq), where p and ¢ are distinct
primes satisfying (p,¢) = (5,7) (mod 8) and pq is a congruent number. Rather than
modular forms of half-integral weight, we exploit the method of complete 2-descent.

Steuding [50] and Komatsu [35] considered the continued fraction expansion of some

special types of irrational numbers (such as vn2 + 1 or v/n? + 2), whose limit is related to
rational right triangles of area close to certain natural number. Keeping that perspective
in mind, we have studied the period of the regular continued fraction of certain quadratic
irrationals y/n though we have not yet been able to link our findings to the question of n
being congruent or not. In chapter [7 we include our results concerning the period of the
regular continued fraction of |/pg where p < ¢ are two primes congruent to 3 modulo 4.
We prove that the length of the period is divisible by 4 when ¢ is a quadratic non-residue
modulo p and is of the form 4k + 2 when ¢ is a quadratic residue modulo p. We further

examine the parity of the the central term in the palindromic part of the period of ,/pq.

We conclude the thesis by outlining scope of future research in chapter

TH-2602_166123003
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CHAPTER 1

INTRODUCTION

1.1 Congruent Number

A rational right triangle is a right triangle all of whose sides are rational numbers. A
natural number n is called a congruent number if it occurs as the area of a rational right

triangle, i.e., there exist rational numbers a, b and ¢ such that
a?+b*=c* ab=2n. (1.1)

Otherwise, we call n a non-congruent number. For example, 6 is a congruent number given
by the Pythagorean triple (3, 4,5). The first reference to congruent numbers appeared in an
Arab manuscript written in the tenth century. Since then, many famous mathematicians
including Fibonacci, Fermat, and Euler made noteworthy contributions towards the study
of congruent numbers (see [34], [1]). Fermat showed that n = 1 is not congruent, which is
equivalent to Fermat’s Last Theorem for the exponent 4. Euler was the first to show that
n = T is a congruent number (see [34]). The classical problem of determining whether a
given natural number is congruent or not is known as the congruent number problem.
Clearly, n is a congruent number if and only if na? is congruent for any « € Z. therefore,
it is enough to consider the problem for square-free natural numbers.

In the twentieth century, an association between congruent numbers and elliptic curves

was established (see [34]). A natural number n is congruent if and only if the elliptic curve
E, :y? = z(2® —n?). (1.2)

has a rational point (z,y) with y # 0. Here, E, is called the congruent number elliptic
curve (see section [2.3.2]). This association led Tunnell [54] to prove a simple criterion

for determining whether or not a given positive integer is a congruent number under the
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2 Chapter 1. Introduction

assumption of the Birch and Swinnerton-Dyer (BSD) conjecture. Monsky [40] and Tian
[53] have made further significant contributions toward identifying congruent numbers.
However, a straight forward criterion to tell whether a given natural number is congru-
ent or not still remains elusive. Due to the difficult nature of finding a complete solution
to the congruent number problem, many mathematicians have focused on describing and
generating particular families of congruent and non-congruent numbers. For known re-
sults on the construction of non-congruent numbers with arbitrarily many prime factors of
the form 8k + 3, one can refer to the work of Iskra |28|. Lagrange [36], Serf [46] described
families of non-congruent numbers containing a maximum of four distinct prime factors
satisfying certain Legendre symbol conditions. Reinholz, Spearman & Yang [45], [43|
and Cheng & Guo [8], [9] constructed new families of non-congruent numbers which are
product of distinct primes in certain congruence classes modulo 8. In chapters [3[ and
M, we construct several new families of non-congruent numbers containing an arbitrarily
large number of prime factors. In chapter [3, we adopt the method of complete 2-descent
(see section 2.4 for a brief account) to construct the families in Theorems [3.1.1}3.1.2] In
chapter |4} we use Monsky matrices (see section 2.5) to construct the families in Theorems

AITE12

1.2 Generalization of Congruent Number

If n is not a congruent number, a natural question arises whether n appears as the
area of a right triangle whose sides belong to some real number fields, leading to the
following generalization. A positive integer n is called a congruent number over a number
field K (or in short, a K-congruent number) if there exist a, b, ¢ € K such that
holds. The study of congruent numbers over algebraic extensions dates back at least to
Tada [52] who considered real quadratic fields. Some results were given by Jedrzejak
in [30] concerning congruent numbers over certain other real number fields. Fujiwara |19]
and Kan [31] considered a variant of the congruent number called 6-congruent number as
follows.

Definition 1.2.1. Let 0 < 6 < 7 be an angle with rational cosine, i.e., cos(0) = 2 with
0 < |s|<r and ged(r,s) = 1. Let (u,v,w)y denote a triangle with an angle 6 between the
sides u and v.

A positive integer n is called a 6-congruent number if there exists a triangle (u,v,w)y
with sides in Q having area noy, where ag = /12 — s2. In other words, n is a 0-congruent

number if it satisfies

2rn = wv, w?=u’+v* - 2uv- ° (1.3)
r
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1.2.  Generalization of Congruent Number 3

Note that for 6 = 7, f-congruent numbers are nothing but the classical congruent numbers.
For O-congruent number we have a similar criterion to (2.3.7)) in terms of the associated

f-congruent number elliptic curve given by
Eng:y> =z(x+ (r+s)n)(z — (r — s)n), (1.4)
where 7 and s are defined as above.

The following criterion is due to Fujiwara (see [19]).
Criterion 1.2.2. Let 6 € (0,7) be an angle such that cos @ is rational.

1. A positive integer n is 0-congruent if and only if E, ¢ has a rational point of order

greater than 2.

2. Ifn#1,2,3,6, then n is 0-congruent if and only if E, ¢ has infinitely many rational

points.

The notion of -congruent numbers over a real number field K resembles that of congruent

numbers over a number field K.

Definition 1.2.3. We call a natural number n to be a (K, 0)-congruent number if there
is a triangle (u,v,w)g with sides in a number field K satisfying . We refer to the

triangle (u,v,w)q as a (K, 0,n)-triangle.

Janfada and Salami |29 studied #-congruent number over real quadratic fields. Girard,

Lalin and Nair [20] showed the existence of two infinite families of composite non-%-

2m_
3

are congruent to 5 modulo 24, and to 13 modulo 24 respectively. Mokrani |39] used

congruent numbers and non-<r-congruent numbers, obtained as products of primes which
Monky matrices to construct families of non-Z-congruent numbers and non—%”—congruent
numbers over Q.

A natural question arises whether existence of one (K, ,n) triangle implies existence of
infinitely many such triangles. The implication holds for the classical congruent numbers
(for K = Q). But the implication need not hold in general. For example, consider n = 1
over the real quadratic field Q(v/3) and let 6 = % Then cosf = £ where s = —1,
r=2and ap = Vr? — s> = V3. There is a (Q(v/3), &, 1)-triangle with sides (2,2, v/3)
and /3 - 1 as area. But one can verify that the elliptic curve E; 2n contains only finitely
many points with coordinates in Q(v/3). Thus, 1 occurs as 2%-congruen’u number for only
finitely many triangles with sides in Q(v/3). This motivates us to define the following,

which is analogous to the notion of properly K-congruent numbers defined in [30].

Definition 1.2.4. We say that a K-congruent number n is a properly K-congruent if

there are infinitely many rational right triangle having area as n.

TH-2602_166123003



4 Chapter 1. Introduction

It is easy to note that every Q-congruent number is properly Q-congruent number. Anal-

ogously we can define properly (K, #)-congruent number as follows.

Definition 1.2.5. We say that a (K, 0)-congruent number n is a properly (K, 0)-congruent
if there ezist infinitely many (K, 6,n) triangles, i.e., has infinitely many solutions
u,v,w € K.

The question whether n is a properly K-congruent number (or a properly (K, #)-congruent
number) is intimately connected with the size of the torsion subgroup of the corresponding
congruent number elliptic curve E,, (or f#-congruent number elliptic curve £, g) over K.
The following result due to Fujiwara ensures that a positive number n # 1, 2, 3, 6 is

(Q, 0)-congruent number if and only if it is properly (Q, #)-congruent number.

Proposition 1.2.6 ( [19]). For n # 1,2,3,6, we have
Enﬂ(@)tors - Z/QZ &) Z/QZ

Here, E, (Q)ors is torsion part of E, 4(Q) (see section for details).
In chapter [p| we show that a (K,6) congruent number n must be properly (K, 6)-

congruent for a large class of real number fields K. In particular, we consider the cases
when (i) K is a multi-quadratic field (Theorem [5.1.1)), (ii) degree of K/Q is coprime to 6

(Theorem [5.1.2)) and (iii) K is a real cubic field (Theorem [5.1.3]).

1.3 Connection with the Class Number of Q(1/—n)

The class number of a number field K measures how far the ring is from being a
principal ideal domain, or equivalently in this context, a unique factorization domain.
There are still many open questions concerning the class number of number fields. Most
notable among them is perhaps the conjecture of Gauss that there are infinitely many
real quadratic fields of class number 1. We briefly discuss the notion of class group and
class number in section 2.2.3. It is natural to ask whether we can associate the property
of an integer n being congruent to the class number of some associated number field.
Tunnell [54] and Kazalicki [32] examined the class number of Q(/—p) for a prime number
p =1 (mod 8) when p is congruent. They considered congruence between modular forms
of half-integral weight to prove a divisibility result for the class number of Q(/—p). In
chapter @, we prove a divisibility result (Theorem for the class number of Q(y/—pq)
where p =5 (mod 8) and ¢ = 7 (mod 8) are primes such that pq is a congruent number.

TH-2602_166123003



1.4. Continued Fraction of Quadratic Irrationals 5

1.4 Continued Fraction of Quadratic Irrationals

Every real number o can be expressed as a simple continued fraction, which turns
out to be periodic when « is a quadratic irrational, i.e., & = y/n for some integer n > 0.
There are several open questions concerning the period of y/n, such as the conjecture of
Chowla and Chowla (see [10]|) which states that there exist infinite many primes p such
that the length of the period of |/p is k for any given integer & > 1. In section 2.2.2,
we briefly discuss continued fractions. Mathematicians have tried to relate the congruent
number problem for an integer n to the continued fraction of certain associated quadratic

irrationals. Steuding [50] and Komatsu [35]| considered the continued fraction expansion

of some special types of irrational numbers (such as v/n2 + 1 or v/n? + 2), whose limit is
related to rational right triangles of area close to some positive number. Keeping that
perspective in mind, we examine the continued fraction of certain quadratic irrationals
in chapter . In particular, we consider the continued fraction of |/pg where p and ¢ are
distinct primes congruent to 3 modulo 4. We prove a result concerning the length of the
period of the continued fraction of \/pg (see Theorem [7.1.1). We further prove a result
concerning the central term of the period of |/pq (see Theorem [7.1.2)). However, we have

not yet been able to link our findings to the question of pg being congruent or not.

TH-2602_166123003
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CHAPTER 2

PRELIMINARIES

2.1 Basic Notions from Algebra

In this chapter, we recall some of the standard definitions and results in algebra,
number theory & elliptic curves that we need later. We also give a description of the
complete 2-descent method for the Mordell-Weil group of an elliptic curve. The 2-descent
method is central to our work in chapter [3|and chapter[6] The final section of this chapter

provides a detailed discussion of Monsky matrices to be used later in chapter [4]

2.1.1 Finitely Generated Abelian Groups

We recall certain well-known definitions and results from abstract algebra (see [17]).

Definition 2.1.1. An abelian group G equipped with a binary operation, denoted by
+, 1s called a finitely generated abelian group if there exist finitely many elements

g1, 92, ---,9n € G such that every g € G can be written as
g = 191+ a2G2 + - - - + angn, ai, Gz, ..., an € 2.

Theorem 2.1.2 (Structure Theorem of Finitely Generated Abelian Groups).
FEvery finitely generated abelian group (G, +) is isomorphic to a direct sum of cyclic groups,

1.e., we have
G = Z/p\'Z & Z/p3Z &--- & Z/prZ & Z & -+ & Z,

with r copies of Z, where each p; is a prime for 1 <i < s (v;, r € Z). Here, the primes p;
are not necessarily distinct and the indices v; are non-negative integers. The non-negative

integer r is called the rank of the abelian group G.

7
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8 Chapter 2. Preliminaries

2.1.2 Rank and Determinant of a Block Matrix

Here we recall some basic concepts and properties from linear algebra (see [27] and [3§]).

Definition 2.1.3. Suppose A is an m x n matriz. Then rank of A is defined to be the
mazimum number of linearly independent column vectors (or row vectors) of A. The rank
of A is denoted by rank(A). Note that, the rank of a matriz is unaltered under row and

column operations.

Theorem 2.1.4. Let A be an n X n square matrixz, then det A # 0 if and only if
rank(A) =n. i.e., the matriz A is invertible if and only if rank(A) = n.

For a square matrix subdivided into four separate blocks, the following identities can be

applied to compute its determinant (see [38]).

Proposition 2.1.5. If A and D are square matrices, then

S Y R

Lemma 2.1.6 (Schur complement Lemma). If A and D are square matrices, then

det <

2.2 Basic Notions from Number Theory

A B
C D

_Jdet(A)det(D — CA'B) when A7 emists,
det(D)det(A — BD!C) when D! ewists.

2.2.1 Congruence and Residues

We mention some basic terminology and standard results from elementary number theory

(see |6] and [37]).

Definition 2.2.1. Let n be a positive integer. If x and y are integers, we say that x is

congruent to y modulo n if n divides (x — y). In this case, we write, x =y (mod n).

Theorem 2.2.2 (Chinese Remainder Theorem). Let ny ,ny, ..., n, be positive inte-

gers such that ged(n;,n;) =1 for i # j. Then the system of linear congruences
r=a; (mod ny)
r=as (mod ny)
r=a, (modn,)

has a simultaneous solution, which is unique modulo the integer ning - - - n,.

TH-2602_166123003



2.2. Basic Notions from Number Theory 9

Definition 2.2.3. Ifn is a positive integer, we say that the integer a is a quadratic residue
modulo n if ged(a,n) = 1 and the congruence x*> = a (mod n) has a solution. Otherwise

we say that a 1s a quadratic nonresidue modulo n.

Definition 2.2.4. Let p be an odd prime and a be an integer not divisible by p. The
Legendre symbol ( ) 1s defined by

a
p

<a) +1, if a s a quadratic residue of p,

—1 if a 1s a quadratic nonresidue of p.

For example, we have

1_2_4_1 3_5_6_1
7)o \7) \7) 7 \7v) \7) \7)
Note that if a is divisible by p, then we will take (%) = 0. Some important properties for

the Legendre symbol are stated below.

Theorem 2.2.5. Let p be an odd prime and let a and b be integers that are relatively
prime to p. Then the Legendre symbol has the following properties:

1. If a=b (mod p), then (%) = ().

p
2. (%) =1
3 (%) = %" (mod p).

Theorem 2.2.6 (Quadratic Reciprocity Law for Legendre Symbol). If p and g

are distinct odd primes, then

Theorem 2.2.7. If p is a odd prime then

+1, ifp=1 (mod4),

(@) (_7) B -1, ifp=3 (mod 4).

+1, ifp==+1 (mod 8),

(). () = —1, ifp==+3 (mod 8).
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10 Chapter 2. Preliminaries

The Jacobi symbol, a generalization of the Legendre symbol, is defined as follows.

Definition 2.2.8. For any integer a and any positive odd integer n, the Jacobt symbol

a

(—)j is defined as the product of the Legendre symbols corresponding to the prime factors

(-G GG

where n = pi'ps? - - - pit is the prime factorization of n.

of n :

It is to be observed that when the lower argument is an odd prime, the Jacobi symbol
is equal to the Legendre symbol.

Theorem 2.2.9 (Quadratic Reciprocity Law for Jacobi Symbol). If m and n are

odd positive numbers and mutually prime, then

(2) ) -re

Suppose p is a prime satisfying p = 1 (mod 4). Suppose a is a integer with (%) =1,

i.e., a is quadratic residue modulo p. Now a natural question is, does ! = a (mod p)

has a solution or not. An affirmative answer to the above question leads us to define the
following.

Definition 2.2.10. Suppose p is a prime satisfying p = 1 (mod 4). Suppose a is an
integer with (%) =1, i.e., a is a quadratic residue modulo p. Now we will call a quartic
or biquadratic residue modulo p if it is congruent to the fourth power of an integer
modulo p. If x* = a (mod p) has (respectively does not have) an integer solution, a is
a quartic or biquadratic residue (respectively quartic or biquadratic nonresidue) modulo p

a

and we denote it as (5)4 =1 (respectively, (%)4 =-1).

Theorem 2.2.11 (Dirichlet’s Theorem on Primes in Arithmetic Progressions).
Suppose that a and b are relatively prime positive integers. Then the arithmetic progression

an + b, where n is a positive integer, contains infinitely many primes.

2.2.2 Continued Fractions

One can consider chapter IV of [13] as a reference for this section.

Definition 2.2.12. A continued fraction is an expression obtained through an iterative
process of representing a number as the sum of its integer part and the reciprocal of
another number, then writing this other number as the sum of its integer part and another
reciprocal, and so on. It is generally assumed that the numerator of all of the fractions is

1. This case is known as simple or regular continued fraction(RCF).
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2.2. Basic Notions from Number Theory 11

A finite simple continued fraction is a simple continued fraction with only a finite
number of terms. An infinite simple continued fraction is a simple continued fraction

with an infinite number of terms. The RCF for a real number z is written as

1

T = ay+ 1 ) o = L‘TJ :
a; +
1
as +
1

as + ———

ay + . e
Here ag, ai,as, ... are known as terms or coefficients of the RCF of x and in this case, we

write x = (ap; a1, as, as, . . .).

Definition 2.2.13. The infinite simple continued fraction o = {ag; ay, as, as, . ..) is said
to be periodic if there exist positive integers ng and [ such that for all n > ng, we have a,, =
anyy- If 1 is the smallest integer with this property, then the l-tuple (apny, Gngs1s - - - Gngri—1)
18 called the period of o and [ is called the length of the period of c.

The simplest and most familiar irrational numbers are the quadratic irrationals, that
is, irrational numbers which arise as the solutions of quadratic equations with integral

coefficients. For example, v/2 has a periodic RCF given by
V2 =1(1;2,2,2,..) = (1;2).

It is classically known that the RCF of a quadratic irrational is periodic, and the converse
holds too.

2.2.3 Number Fields

In this section we recall some well known notation and terminology from [51].

Definition 2.2.14. A number field is a sub-field K of C such that [K : Q] is finite.
The ring of integers O of an algebraic number field K is the ring of all elements of

K that are integral over 7Z.

For instance, Q(y/m) is a quadratic number field, and Z[\/m] is the corresponding ring

of integers, where m is a square-free positive integer satisfying m = 2,3 (mod 4).

The ring of integers Ok of a number field K need not be a unique factorization domain,

but unique factorization of a non-zero ideal into prime ideals does hold.
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12 Chapter 2. Preliminaries

Definition 2.2.15. A finitely generated O -submodule I' of K is called a fractional ideal
of Ok . Equivalently, an Ok -submodule I of K is called a fractional ideal of Ok if there

exists some non-zero ¢ € Oy, such that cI' C Ok.

The main idea of defining fractional ideals is to enlarge the set of ideals so that each ideal
becomes invertible in the enlarged set, since the ideals in Ok clearly form a semigroup

with the whole ring as identity where the existence of an inverse fails for all other ideals.

Theorem 2.2.16. The non-zero fractional ideals of Ok form an abelian group under
multiplication. Moreover, every non-zero ideal of Ok can be written as a product of prime

1deals, uniquely up to the order of the factors.

The following notion measures how far prime factorization fails in O, or equivalently,

how far ideals of Ok are from being principal ideals.

Definition 2.2.17. Let F be the group of fractional ideals under multiplication. The set
of principal fractional ideals P is a subgroup of F. The tdeal class group of Ok is the
quotient group

H=F/P.
The class number h = h(Ok) is defined to be the order of H.
Theorem 2.2.18. For a number field K, the ideal class group H is a finite abelian group.

If K is a number field then there exists an algebraic integer § € Ok such that K =
Q(0). The degree of the minimal polynomial of 6 over Q is defined as the degree of
the extension of K over Q. An embedding of K is an injective ring homomorphisms
o: K — C. Wecall 0 : K — C areal embedding if 0(K) C R and complex embedding
if o(K) ¢ R.

Theorem 2.2.19. Let K = Q(0) be a number field of degree n over Q. Then there are
exactly n distinct embeddings o; : K — C (i = 1,2,...,n). The element 0,(0) = 0; are the

distinct zeros in C of the minimum polynomial of 8 over Q.

There is always an even number of complex embedding for a number field since the
complex embeddings of K occur in conjugate pairs 0,5, where ¢ : K — C takes z to
m for the embedding o. If a number field K of degree n has r real embeddings and 2s
complex embeddings, then r + 2s = n by Theorem [2.2.19] The collection of all invertible
elements in the ring of integers Ok of a number field K forms a group under multiplication,
denoted by Oj.

Theorem 2.2.20 (Dirichlet’s Unit theorem). O is a finitely generated abelian group of

rank r +s— 1.

It follows that O for a real quadratic field K is of rank 1, and the free part of O} has

a unique generator bigger than 1. That unit is called the fundamental unit.
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2.8. Elliptic Curves 13

2.3 Elliptic Curves

Elliptic curves (see [48] and [49]) play a key role in the study of congruent numbers.

Definition 2.3.1. An elliptic curve over a number field K is a non-singular algebraic

curve defined by an equation of the form
y* = 2® + ax + b, (2.1)

where a,b € K. We denote it by E/K.

Non-singularity of the curve is equivalent to non-vanishing of the discriminant
D = —(4a® + 270%). (2.2)

The K-rational points on F form an abelian group, denoted by E(K), where the group

operation is defined as follows.

2.3.1 Group Structure

It is convenient to consider £/ K as a projective curve which has a point at infinity denoted
by O apart from its affine points. We homogenize the equation (2.1)) by substituting
r=X/Z and y = Y/Z, which yields

Y27 = X3+ aXZ?+0b73.

The intersection of the homogenized cubic with the line at infinity Z = 0 gives X3 = 0,
which has a triple root X = 0. From the homogenized cubic, we find that X = 0 means
Z =0 and Y can be taken as 1. The point O = [0 : 1 : 0] in homogenous coordinates is
called the point at infinity, where the cubic meets the line at infinity thrice.

Suppose P and @) are two points in E(K). A composition law known as the chord
and tangent method is used to define P + () as follows. The straight line joining P and
@ intersects the curve E at a third point, denoted as P * (). Then the line joining O and
P % @Q (i.e., the vertical line through P % (Q) intersects the curve again at a third point
(O % (P *Q)), which is defined to be P+ Q. Under +, E(K) is an abelian group with O

as the identity element.

Theorem 2.3.2 (Mordell-Weil Theorem). Let E be an elliptic curve defined over a
number field K. Then E(K), the set of K-rational points on E, is a finitely generated

abelian group.

Consequently, we have (by Theorem [2.1.2)

E(K) 2 E(K)iors ® 7, (2.3)

TH-2602_166123003



14 Chapter 2. Preliminaries

where E(K);rs consists of all points of finite order in F(K).

Definition 2.3.3. The non-negative integer r appearing in 1s called the rank of
E(K).

The rank of F(K) is hard to determine, but the torsion part of E(K) is far easier to
compute especially when K = Q. The following two results can be found in chapter

11, [49]

Theorem 2.3.4 (Nagell-Lutz Theorem). Let P = (x,y) € E(Q)tors- Then x and y

are integers, and either y = 0, in which case P has order two, or else y? divides D, where

D is defined in .

Theorem 2.3.5 (Mazur’s Theorem). Let E be an elliptic curve defined over Q. Then
E(Q)ors is one of the following 15 groups:

1. Z/NZ: a cyclic group of order N, with 1 < N <10 or N = 12.

2. L)27. S ZJ2NZ: the product of a cyclic group of order 2 and a cyclic group of order
2N, with 1 < N < 4.

For later work, we need the torsion structure of £ over more general number fields K.

The torsion structure of E(K) is better understood when E has complex multiplication
(CM) as defined below.

Definition 2.3.6. An elliptic curve is said to have complex multiplication if its endomor-

phism ring End(E) is strictly bigger than Z.

Note that End(E) always contains Z as the map m : E — E, P — mP is an endo-
morphism for any integer m. The elliptic curve FE, given by has CM as we have an
endomorphism i : E — E, (z,y) +— (—z,iy) for i = /~1 ¢ Z.

There are several open questions concerning the rank of F(Q). The most prominent
one is the Birch and Swinnerton-Dyer conjecture (BSD conjecture) which states that the
rank of £(Q) is equal to the order of vanishing of the Hasse-Weil L-function L(FE,s) of E
at s = 1 (see |3]). The conjecture further gives an interpretation for the first non-vanishing
coefficient of L(FE,s) in terms of other arithmetic invariants associated with the elliptic
curve E. The BSD conjecture has not yet been proved, though a lot of progress has been
made due to the pioneering work of Coates-Wiles, Gross-Zagier, Kolyvagin and Rubin.
Tunnell [54] gave a simple equivalent criterion for a natural number to be congruent

assuming the BSD conjecture.
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2.4. The Method of Complete 2-Descent 15

2.3.2 The Congruent Number Elliptic Curve

Suppose n is a congruent number. It follows easily from (1.1)) that the rational point

2 c(a?—b?)
(T = =—
congruent number elliptic curve F,, given by equation 1' We have (see Proposition 17

in [34))

) obtained from the Pythagorean triple (a, b, ¢) corresponding to n lies on the

En(Q)iors = En(Q)[2] = {0, (0,0), (+n,0)}. (2.4)

Since a # b, the point (%, @

Conversely, a point P of infinite order on E,(Q) gives a rational point 2P = (x,y)
where  — n, z and = + n are rational squares (see Proposition [5.2.2). Taking a =
Vr+n—+r—n,b=+vr+n++x—n,and c = 2/, it can be easily checked that n is
congruent number from . This arguments leads to the following well-known criterion.

) must be of infinite order.

Criterion 2.3.7. A positive integer n is a congruent number if and only if E,(Q) has a
point of infinite order, i.e., rank(E,(Q)) > 0.

2.4 The Method of Complete 2-Descent

We briefly recall a useful tool that in examining the rank of £,(Q). We use the standard
notation in chapter X of [|48].

Theorem 2.4.1 (Complete 2-Descent for FE,). Consider the elliptic curve E, for

n = 2°p1py - - - pr. where k is a positive integer, p1, P2, ..., pr are distinct odd primes and
e € {0,1}. Let
S = {00727p17 R pk}

be a finite subset of Mg, the set of all places of Q. In addition, define
Q(S,2) :={c € Q*/Q**| wv,(c)=0 (mod?2) Vpe Mg\ S},

where v,(c) is the p-adic valuation of c. Then there exists an injective homomorphism

b: En(Q)/2E4(Q) = Q(S,2) x Q(S,2) (2.5)
defined by
((1,1) if P =0,
(—1,—n) if P=1(0,0),
P = (x,
(#:9) = (n,2) if P =(n,0),
| (z,2 —n) if P=(z,y) # O,(0,0), (n,0).
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If (b1, b2) € Q(S,2)xQ(S,2)\{(1,1),(—=1,—n),(n,2), (—n,—2n)}, then (b1, by) € image(b)
if and only if there exist (21, 22, 23) € (Q*)3 such that the following two equations simul-

taneously hold:
b1z} —byza = n (2.6)

bz} — bibyzy = —n. (2.7)
In this case, (by,by) = b(P) for
P = (b12?, bybyz12023).
Let r(n) denote the rank of E,(Q). By (2.4), we have
E.(Q =Z/22® 72226 7™,  E,(Q)/2E,(Q) = (2/2Z) ™. (28)

By Theorem [2.4.1 we can say that the rank r(n) of E,(Q) is positive if and only if
the system of equations and has a solution in (Q*)3 for some (by,by) €
Q(S,2) x Q(5,2) \ {(1,1),(—1,—n),(n,2),(—n,—2n)}. In general, Q(S,2) is a finite
abelian subgroup of Q*, and is easily computable. With n as in Theorem , we have

Q(S,2) = ({—1, 2, p1, P2y ..., D&} ) = (Z/22)*FF

where binary operation * given by

ab
a*b_m for a,b € Q(S,2).

Remark 2.4.2. A system of representatives of classes in Q(S,2) is given by
R={(=1)2°p{---pif |, B, e1, ..., ex=00r1}.

In order to show that n is a non-congruent number, it suffices to show that the system
of equations ([2.6) and (2.7) does not have a solution in (Q*)3. We use an integral version
of this argument in chapter [3] The following proposition rules out simultaneous solutions

of equations (2.6) and (2.7) for certain pairs in Q(S5,2) x Q(S,2) (see [46]).
Proposition 2.4.3 (Unsolvability Condition). Let
n=2pips--- Pk

be a square-free positive integer where € € {0,1}, k is a natural number, and py, pa, ...,
pr are odd primes. Let (by,by) € R X R, where R is as defined in Remark . The

system of equations given by (@ and has no solution (z1, 29, z3) € Q* x Q* x Q*
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2.5. Monsky’s Formula for 2-Selmer Rank 17

i the following cases:
(a) biby <0 or

(b) 24n and 2 | by.

2.5 Monsky’s Formula for 2-Selmer Rank

We briefly describe another useful method that provides a bound for the rank r(n) of
E,(Q) in terms of the 2-Selmer rank. We first recall the following result from chapter X
of [48].

Theorem 2.5.1. Let [2] : E, — E,, be the map sending P to 2P.

(a) There is an exact sequence

0 — En(Q)/2E,(Q) — SP(E,(Q)) — II(E,(Q))[2].

(b) S@(E,(Q)) is finite.

Here, S?(E,(Q)) and III(E,(Q)) are known as the 2-Selmer group and Tate-Shafarevich
group for the elliptic curve E,, respectively. For details, one can refer to chapter X of [48|.
Together with Corollary 4.4 and Example 4.5.1 in chapter X of [48|, Theorem implies

E,(Q)/2E,(Q) c SP(E,(Q)) c Q(S,2) x Q(S,2)
= #E,(Q)/2E,(Q) < #S(E.(Q)) < # (Q(S,2) x Q(S,2)). (2.9)

Clearly, #S®(E,(Q)) is a power of 2, and will be a multiple of 4, on account of the
rational points of order 2 on E,. Therefore, we write S©®(E,(Q)) = 227", The ex-
ponent s(n) is often referred to as the ‘Selmer rank’ or ‘2-Selmer rank’ of the curve E,.
The fundamental inequality r(n) < s(n) arising out of provides a useful bound
for r(n). Monsky introduced certain matrices which are useful in determining s(n) in
the appendix of [26]. The form of these matrices, referred to as Monsky matrices hence-

forth, depend on the parity of n. We briefly discuss the form in some detail when n is odd.

Let n = pyps - - - ppm, where py, pa2, ..., p, are odd and distinct primes. We will use

notation of Theorem [2.4.1 We give the set G of divisors of n a group structure by defining

uu’

uxu =

ged(u, u')?
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18 Chapter 2. Preliminaries

Clearly, G is isomorphic to (Z/2Z)™. Consider the following system of equations

wa? —ny® = vw?,  wor? + ny? = u? u,v € G xG. (2.10)

Lemma 2.5.2 ( [25]). There are exactly 2" systems with non-trivial integer
solutions. Moreover, there are 2°(™ systems which are everywhere locally solvable.

Lemma 2.5.3 ( [25]). If the system has solutions in R and in Q, for every odd
prime p, then there are also solutions in Qa, where Q, denotes the completion of Q under

the p-adic metric for a prime p.

Using Lemma [2.5.3] one can compute the Selmer rank by considering solvability of
(2.10) in @Q, for all prime factors p of n. For each prime factor p of n, the condition for

solvability in Q), is as follows:
o (%):(g)zl, for ptu, pto,
o (M=) =1, for plu ptv,
o ()= (L) =1, for pfu, plu,

o("—/“):(fn/”)zl, for plu, p|o.

One can define a homomorphism ¢, : G x G — {£1} x {£1} as

o= () ). serte
v ()
e =(B,8)

Thus (2.10)) is solvable in Q, precisely when (u,v) lies in the kernel of ¢,. It follows that

if Z is the intersection of the kernels of the homomorphisms ¢,, then Z has size 2s(n)

We transform this situation into one involving linear algebra over (Z/ 2Z)2m by making
the pair (u,v) correspond to the vector u = (uy, us, ..., usy) € (Z/QZ)Qm. Here, we have
u; = 1 if and only if p; | u, and u,y; = 1 if and only if p; | v for 1 < i < m. The
co-domain of ¢, is {#1} x {#1} = (Z/27Z)*. Therefore, ¢, can be considered as a linear
transformation from (Z/2Z)*™ to (Z/27)* over Z/2Z for each p € {p1,ps,...,pm}. One
can fix a standard basis {ey, €a, . . ., €am } of (Z/27)°™ over Z/27, where e; € Z/27 having
only i-th entry non zero. One can take {(1,0), (0,1)} as a basis of co-domain over Z/2Z.
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2.5. Monsky’s Formula for 2-Selmer Rank 19

For each p;, we have

( ), ) if 1 <j<m, and i # j,
Di

Op; (€5) :( ( )) itm+1<j5<2m, and m+1 # j,

=) ().
@Mm:((%)’(;)a; ()

The matrix representation M,, of ¢,, is a 2 X 2m matrix. Let M, (R;) denote the j-th
row of M, for j =1,2. The Monsky’s matrix M, is a 2m X 2m matrix whose i-th row is
given by M, (R;) and the (m + i)-th row is given by M, (R;) for 1 <i < m.

We define an m x m diagonal matrices D; = [d;] for [ € {—1,2}, and an m x m matrix
A = [a;j] by

0 if (L) =1 0 if () =1, j#i
Fraa if (pi) ) ay; = of (pl-.) , J#Fi ay; Z 178 (2.11)
1 if (b)) = -1, 1af () =-1, j#4, jigti
Then, we have
D, A+ D,

(2.12)
A+D, D,

The kernel of the 2m x 2m matrix M, identifies with Z. Therefore, the 2-Selmer rank is
given by
s(n) = 2m — rankg,(M,). (2.13)

Similarly, one can handle the case when n is even. In that case, the 2-Selmer rank is given
by
s(n) = 2m — rankg,(M.), (2.14)

where M, is the 2m x 2m matrix given by

D, A +D,

. (2.15)
AT+D, D,
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CHAPTER 3

NON-CONGRUENT FAMILIES BY 2-DESCENT

3.1 Introduction

In this chapter, we generalize the work of Lagrange [36] and Serf [46] on the construc-
tion of families of non-congruent composite numbers having at most 4 primes factors. We
use the complete 2-descent method, which was used by Iskra [28| to construct families of
non-congruent numbers having all its primes factors of the form 8% + 3. The method has

been outlined in section 2.4 Our main results can be stated as follows.

Theorem 3.1.1. Let t be a positive integer. Suppose pi, pa, -.-, Pt and q1, o, ..., q; are
distinct primes such that all pairs (pj, q;) are equivalent either to (1,3) or to (5,7) modulo

8. Suppose
<@)=—1 ifi> 7, (&):1 ifi#j, and
4i J
.. 3.1
(&) i (3.1)
4j =L~y o =,
then n = pi1qq - p2qa - - - - - Peq; 1S a non-congruent number.
Theorem 3.1.2. Suppose p1,pa, ..., p: are distinct primes such that all of them are equiv-
alent 3 modulo 8 and q is a prime such that ¢ =7 (mod 8). Suppose
(&) =—1foralll <i<t,
7 (3.2)
() =-1lifl<i<j<t
Pj

If t is a odd integer then n = 2p1py - - - prq 1S a non-congruent number.

21
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22 Chapter 3. Non-Congruent Families by 2-Descent

The following proposition guarantees that for each positive integer t, we do have
infinitely many pairs of primes (p1,q1), ..., (p, @) satisfying the conditions of Theorem
3.1.1] The proposition is a consequence of Dirichlet’s theorem on primes in arithmetic

progressions.

Proposition 3.1.3. Let H; denote the collection of positive integers with prime factor-
ization (p1q1)(p2qz) - - - (Peqr), where all the pairs (pj, q;) are equivalent to (1,3) modulo 8
and satisfy the conditions . For any natural number t, the set Hy; contains infinitely
many elements. The analogous statement for pairs (p;,q;) = (5,7) (mod 8) holds and

also for collection of non-congruent numbers satisfying .

3.2 An Equivalent Integral System

By Theorem [2.4.1], we need to rule out the existence of non-trivial rational solutions
for the system of equations (2.6) and (2.7)). We first reformulate the system in terms of
integral solutions.

Lemma 3.2.1. Let (21, 29, 23) € (Q*)? be a solution to equations and (2.7). Then
there exist a positive integer d and integers a,, as and as such that

Moreover, if n is odd then ay, as and az are pairwise coprime.

Proof. We write z; = &+ for i = 1,2, 3 as fractions in irreducible form with d; > 0. After

clearing denominators, equation ([2.6) becomes
biaids — byasd: = ndids. (3.3)

By simple inspection, we can say that d2|b;d3 and d3|bsd?. Since by and by are square-free,
we must have dy|ds and ds|dy, hence di = dy. We set d := d; = dy. Now, after clearing
denominators, equation ([2.7)) becomes

bla%dz — bibga’d? = —nd*d?. 3.4
3 3 3

It is easy to see d?|b;d% and since b; is square-free, d|dz. Thus we write d3 = md. By
dividing both sides by d? in equation (3.4)), we get

biaim? — bibya; = —nd*m?. (3.5)

Equation 1D gives us m? |b1bo, and since by and by are square-free, we have m|b; and m|bs,

and m is also square-free. Our target is to show m = 1. It can be shown that (m,nd) = 1.
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Suppose p is a prime dividing (m,nd), then v,(bjaim?) > 3 and v,(bibsa3) = 2 but
v,(nm2d?*) > 3, a contradiction to equation (3.4). Now since b; =0 (mod m) for i = 1,2,
from equation (3.3) we get m = 1, hence d3 = d.

Now, we can rewrite and as
biaj — byas = nd?, (3.6)
biaj — bibsai = —nd”. (3.7)
By taking the sum and the difference of the pair of equations above, we further obtain
2b1a3 — baaz — bibsai = 0, (3.8)

bgag — b1b20§ = —2nd2 (39)
Since n is square-free and (a;,d) = 1 for i = 1, 2, 3, we can easily deduce from above

that (a1,a2) = (a1, a3) = (ag,a3) = 1, whenever n is odd. O

Corollary 3.2.2. If (b1,by) € Q(S,2) x Q(S,2) \ Im{O,(0,0), (£n,0)} then (by,by) €
Im(b) if and only if there exist integers a1, as, ag and d with ged(a;, d) = 1, satisfying the

system of equations @ and , or equivalently, (@) and (@

3.3 Proof of Theorem [3.1.1]

In order to prove that n = (p1¢1)(p2g2) - - - (p1q:) is & non-congruent number as stated
in Theorem [3.1.T we need to use the Legendre symbols listed as follows.

Remark 2. (a) Suppose n = n’q; = njp; for all j € {1, 2, ..., t}. Then
n'; : n'!
(J) — (-1, and (_> 18) (3.10)
qj Dj
Moreover,
(@) — 1 fori>j implies (ﬂ> —1 forj>i (3.11)
di i

(b) When all the prime pairs in the factorization of n in Theorem satisfy (pj;,q;) =
(5,7) (mod 8), we have

B0 @-@- e

(¢) When all the prime pairs in the factorization of n in Theorem satisfy (pj,q;) =
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(1,3) (mod 8), we have

B-@- @-@-r e

By Corollary it suffices to show that the system of equations (3.6)) and (3.7)) or
equivalently, (3.8)) and (3.9)), cannot simultaneously be solved for any pair

(b1,b) e D:=Rx R \ {(1,1),(—=1,—n),(n,2),(—n,—2n)},

_ (3.14)
with R = {£2p7" ... p{tgh" - g | e, €1,y € pin, - ooy iy € {0, 1}}.

By Proposition [2.4.3 we know that the equivalent system of equations (2.6)) and (2.7 do
not have a solution when b;by < 0, or when 2 t n and 2|b;. Therefore, we only need to

consider pairs (by, bg) for which b1by > 0 and 2 1 b;. The following lemma shows that it is

enough to consider pairs (b, by) for which b, is positive and odd.

Lemma 3.3.1. Let (b1, by) € D represent an element in the image of the map b given by
(2.9). Then, there is a pair (b, b3) in D representing an element in Im(b) such that b} is

positive and odd.

Proof. Let us first assume that b, is positive and even. Then the set of points
L={1,1),(=1,-n),(n,2),(=n, —2n), (b1, b2)}
generates a subgroup of Im(b) inside Q(S5,2) x Q(S,2). By closure, the pair
(b1, b2) - (n,2) = (nby, 2by) € Im(D).

By our assumption 2|by, hence we can write 2by = 2203, where b5 € Q*/(Q*)? and 2 1 b}.

If we set b = nb;, then we have
(Nb172b2) = (b?b;) S Im(b) Ce @(S7 2) X @(S7 2)7

where b3 is odd.

Next, let us assume that by is negative and odd. As before, we have
(b1,b2) - (—n, —2n) = (—nby, —2bon) = (b3, b%) € Im(b),

where b5 = —2byn is positive and even. But it leads us to the previous case.

Finally, let b, be negative and even. Then the pair

(b1,b2) - (—n, —2n) = (=bin, —2byn) € Im(b)
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as well. Equivalently, the pair
(01,03) € Im(b) € Q(5,2) x Q(S,2),

where b} = —byn, —2byn = 2204 with b} as positive and odd. ]

By Corollary [3.2.2] (3.14) and Lemma [3.3.1] it now suffices to show that for a pair
(by,b2) in D with by positive and odd, the system of equations (3.6]), (3.7) has a solution

only when (by,by) = (1,1). Since by, by are factors of n, we next show that none of the
g; divides b;by in Lemma and that none of the p; divides b0, in Lemma We
extend the argument employed by Iskra in [28| that dealt with the case when n has all

its prime factors in the form 8k + 3.

Lemma 3.3.2. Let (by,by) be an element of R X R such that by is odd and positive. If
(b1,by) € Im(b), then q; does not divide biby for j =1, 2, ... t.

Proof. We provide the argument when all pairs (p;,q;) = (5,7) (mod 8). The proof is
similar when all pairs (p;,¢;) = (1,3) (mod 8). Define

U ={j:q|bs or g;j|ba}.

It is enough to show that U is the empty set. Suppose otherwise, and let u be the least
element of U. Let

_Za f u bz _17 f U bz
O (R if g and s it pul i=1or 2.
By Remark 2,
b —1, if b bz 4 —1, if u bl
<_Z> _ palbi 4 <_) - %l fori=1,2 (3.15)
Qu 1, if py 1 b, Pu b if qu 1 bs,

According to the definition of u, ¢, divides both b; and b, or exactly one of them. We

consider these three cases separately.

Case-1: ¢,|b; and g, |bs.
We have the following possibilities.

Subcase-I: p, 1 by and p, 1 bs.

From equation (3.7) we obtain bja? — b1byai = 0 (mod p,), i.e.,
al = bya; (mod p,).

As (a1, a3) = 1, we have (2—2) = 1. But it is not possible, since ¢, is a divisor of b,.
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Subcase-II: p, | b; and p, | bs.
Dividing both sides of equation (3.9) by p,, we obtain bja3 — bibja3 = —2n//d?, i.e.,

byas = —2n/'d*> (mod p,).
Since (ag,d) = 1, we have (%ﬁibé’) = 1. Consequently, (Z—%) = 1. It is not possible, since

: iy "
qu is a divisor of b7.

Subcase-I1I: p,|b; but p, 1 bs.

In this case,

)
Qu qu
Dividing both sides of equation (3.7) by q., we obtain bja? — b\bya3 = —n/,d*>. Hence,

Via: = —nl,d> (mod gq,).

/

Since (ay,d) = 1, we have (%“b/l) = (1) (Z—fj) (i) = 1. It follows that

u qu qu

G (3.16)

On the other hand, division of both sides of (3.9) by ¢, yields bya3 — bybhas = —2n/,d>.
Hence,

bhas = —2n,d*> (mod g,).

As (ay,d) = 1, we have (%ﬁ‘bé) = (;—ul) (q%) (Z—i) (Z—f:) = 1. It follows that (Z—iL) = —1, which
contradicts (3.16|).

Subcase-IV: p, t by and p,|bs.

This case can be ruled out in a similar way as above.

Case-2: ¢,|b; and g, 1 bs.

As before, we consider the following subcases.
Subcase-I: p, 1 by and p, 1 bs.
From equation (|3.6)) we have

bia® = byai (mod p,).

Since (ay, az) = 1, we have (l’;ﬁ) = 1, which is impossible, since ¢,|b; but not bs.

Subcase-II: p,|b; and p, | bs.
Equation 1} gives us beas = 0 (mod q,). It follows that ay is divisible by q,, and Z—% is
divisible by ¢,. Dividing both sides of equation (3.8) by g, we obtain 20;a? —by 2 —bbya3 =
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0 and consequently,
203 = byas  (mod q,).
Now, (ay,a3) = 1 implies (2%) = 1, which is a contradiction since p, divides bs.

Subcase-I1I: p,|b; and p, 1 bs.
Equation (3.6 gives us ay is divisible by p,. Now dividing both sides of equation (3.9) by

Pu, We obtain bgg — Wbya3 = —2n/ld?, i.e.,
Vibyas = 2n!'d>  (mod p,). (3.17)

Since (as,d) = 1, it follows that (%) = 1. But

(22) @ E ) -y -

a contradiction to (3.17]).

Subcase-IV: p, 1 b; and p, | bs.

The argument is similar to the previous one.

Case-3: ¢, 1 by and q, | bs.
We consider following subcases.

Subcase-I: p, 1 ;.
Equation 1} gives us bja? =0 (mod g,). It follows that @, is divisible by q,, and Z—E is
divisible by ¢,. Dividing both sides of equation 1} by ¢., we obtain 2b13—3—b’2a§—b1 bhas =
0 and consequently,

a5 = —bia3 (mod gq,).

Now, (as,a3) = 1 implies (_q—il) = 1, which is a contradiction because p, does not divide
by.

Subcase-II: p, | by and p, | bs.

From equation (3.7) we have
Vja? = —n!'d*> (mod p,).

ﬂ) = 1, which is impossible since ¢, 1 ;.

Since (a1,d) = 1, we have ( >

Subcase-III: p,|b; and p, 1 bs.
Equation (3.6)) gives us ay is divisible by p,. Dividing both sides of equation (3.6)) by p.,

2
. a
we obtain tfaf — by72 = nyd?. Clearly,

Va2 =n/d> (mod p,). (3.18)
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Since (ay,d) = 1, (%) = 1. But

" " "
() () -coron
Du Pu Du,

a contradiction to (3.18)).

Therefore, we can conclude that v = min U does not exist, i.e., U is empty. So, none
of the prime factors g; of n divides b;b,. n

Lemma 3.3.3. Let (by,by) be an element of R X R such that by is odd and positive. If
(b1,b2) € Im(b), then p; does not divide biby for j =1, 2, ..., t.

Proof. We provide the argument when all prime pairs in the factorization of n satisty
(pj,q;) = (5,7) (mod 8). The proof is similar when all pairs (pj,q;) = (1,3) (mod 8).
Let us define

V = {j : pj|br or pj|bs}.

It suffices to show that V is empty. If possible, let V' be non-empty and v be the least
element of V. Let
b; .
o, if v b’L
bi,U: P p‘ Z:17 2

Since g; { b1y, for all j € {1,2,...,t}, we have

&
DPv Py

We need to consider the following three cases.

Case-A: p,|b; and p,|bs.
Dividing equation (3.7) by p,, we have by ,a} — by ,baaj = —n!/d?. Clearly,

biya; = —nld>  (mod p,).

Since (a1, d) = 1, we have (%) = 1. It follows that (%) = 1, a contradiction to (3.10)).

Case-B: p,|b; and p, 1 bs.

From equation 1' we have a; =0 (mod p,). Therefore, by ,a? — by % = n/d?, and

bi,a; = nld>  (mod p,).

Since (a1,d) = 1, we have (",”;%) = 1. It follows that (Z—Z) = 1, a contradiction to (3.10]).
Case-C: p, 1 by and p, | bs.
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From equation (3.6)) we have a; = 0 in modulo p,. Therefore, blf)—i — by pa3 = nld?* and
—bypas = nl'd>  (mod p,).

Since (ag,d) = 1, we have (%) = 1. But it implies that (Z—Z) = 1, a contradiction to

(3-10). O

By Lemmas|3.3.2/and [3.3.3] we can conclude that if (by, by) € I'm(b) with byby > 0 and
by odd as well as positive, then by = 1 = b;. Hence, Theorem follows from Theorem

and Proposition 2.4.3] and Corollary [3.2.2

3.4 Proof of Theorem 3.1.2

Let the 2-adic valuation of a rational number ¢ by v,(c). Then following Remark will

help us to proof Theorem [3.1.2

Remark 3.4.1. By Theorem [2.4.1, Remark[2.4.9 and Lemma[3.2.1], n is non-congruent
if the system of Diophantine equations (@ and 7 or equivalently (@) and ,

does not have solution (ay, as, as,d) in (ZX)* where (a;,d) =1 for all i =1,2,3 and
(blﬁ b2) €D:=RXxR \ {(L 1)7 (_L —’I’L), (n72)7 (_na —271)},
where

R ={£2"...p5%¢" | €, €1, ..., €, ne{0,1}}.

Furthermore, it is enough to rule out solutions when by, by are both positive and (vy(by), v2(by))
is either (0,0) or (1,0) by Proposition [2.4.5 and Lemma([3.3.1]

Proof of Theorem[3.1.4 In view of Remark [3.4.1], we need to consider following two cases.
Case: (v2(b1),v2(ba)) = (0,0)
Suppose there exists some p; that divides b;by. Let

w=min{i : p;|b1b2}.
Define

/

- if put

b;

for i = 1,2. Under the given conditions, we have

6)-()-
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First, suppose p,|b; and p,|be. Then by 1) (21;1:)2) = 1 which contradicts (3.19)). Sec-
ondly, if p,|b; and p, 1 by then by equation (3.6) we have p, | as, p, 1 a1, whereas p, 1 as
)

by equation 1} Consequently, by equation 1 we have (%) = 1 which contradicts

(3.19). The case p, 1 by and p, | by can be ruled out in similar fashion. From equations
(3-6)-(3.9), it is clear that (by,bs) is either equivalent to (1,1) or (5,3) modulo 8. There-
fore, q 1 by1bs if p; does not divide biby. Thus by = by = 1, which is a contradiction.

Case: (v2(by),v2(bs)) = (1,0)

From equations and , ay and az are even but a; is odd. By equation (3.9),
az =2 (mod 4). Let by = 2. If a3 = 2 (mod 4) then from equations and we
have by = 7by =7 (mod 8). If a3 =0 (mod 4) then b, = 3 (mod 8) by and then,
by = 3 (mod 8) by equation . Therefore,

(2-7,1) (mod8) ifaz=2 (mod4),

bi,by) = (2012, b2) =
( = ) (2-3,3) (mod8) ifaz=0 (mod 4).

Let us define

=
N

UQT@

b, = and n, = 2.

< |&

Suppose (by,by) = (2-7,1) (mod 8), then ¢ | by, g1 by and an even number of p;’s divide

by. By (3.6), ¢ | as and
b//
(_1> 4 _(E> _ (3.20)
q q

But from equation 1) we have (%) =1, which contradicts (3.20]).
Now suppose (by,by) = (2-3,3) (mod 8), then ¢ 1 bibe, and an odd number of p;’s

divide b;. Therefore,
bl)
— | =—-1. 3.21
¢ -
b1

But from equation (3.9)) we have (;) = 1, which contradicts (3.21f). We are done. m

3.5 Infinitude of the Families

In this section, we show that Theorem [3.1.1] and [3.1.2] provides infinitely many fami-

lies of non-congruent numbers and each family has infinitely many members by proving
Proposition [3.1.3

Proof of Proposition[3.1.5. We use Dirichlet’s theorem on primes in arithmetic progres-
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sion and apply induction on ¢. The case when ¢ = 1 is trivial, since we can take any
¢1 =3 (mod 8) and p; =1 (mod 8), p; =2 (mod ¢;). Suppose t > 1. By the induction
hypothesis, we know that there exists an integer n; 1 = (p1q1)(pP2ge) - - - (P1—1¢:—1) where
P1,D2, - -, Pe—1 and g1, Ga, - . . , ¢—1 are distinct primes such that p; = 1 (mod 8) and ¢; = 3
(mod 8) for all 1 < j <t — 1 satistying (3.1]).

It is enough if we can choose primes p; and ¢; satisfying

3 (mod 8),
@ = (3.22)
a (mod n;_1),
and
1 (mod 8),
Pe=4 B (mod ny_1), (3.23)
Y (mod ¢,),

where «, [ is any quadratic residue modulo n; ; and v is any quadratic non-residue
modulo ¢, e.g., « =1 =, v = 2. The Chinese Remainder Theorem guarantees that
both the systems of congruences and have a solution. By applying this
theorem in conjunction with Dirichlet’s theorem on primes in arithmetic progression and
quadratic reciprocity, we can conclude that there exist infinitely many primes p; and ¢
satisfying the system of congruences given by (3.23)) and (3.22)), respectively.

The analogous statement, when all the prime pairs (p;,q;) in the factorization of n

are equivalent to (5,7) modulo 8, can be proved similarly. O

The infinitude of the families in Theorem follows similarly.

3.6 Examples

Example 1. Consider n = (17 -3) - (409 - 19) - (3697 - 859), where each pair of prime
factors is equivalent to (1,3) modulo 8 and satisfy the hypotheses of Theorem m
Using MAGMA [4], we verify that the rank of the elliptic curve y? = 2* — nz is 0, hence
n is non-congruent. We further verify that (17 - 3) - (409 - 19), (17 - 3) - (3697 - 859) and
(409 - 19) - (3697 - 859) are non-congruent too, as implied by Theorem [3.1.1]

Example 2. Consider n = (5-7) (29 -79) - (821 - 151) where each pair of prime fac-
tors is equivalent to (5,7) modulo 8 and satisfy the hypotheses of Theorem [3.1.1]
Using MAGMA [4], we verify that the rank of the elliptic curve y*> = 23 — n’x is 0,
hence n is non-congruent. We further verify that (5-7)-(29-79), (5-7)-(821-151) and
(29-79) - (821 - 151) are non-congruent too, as implied by Theorem [3.1.1]
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32 Chapter 3. Non-Congruent Families by 2-Descent

Example 3. n = 2(3-19-139) - 7 satisfy the hypotheses (3.2)) of Theorem [3.1.2, Using
MAGMA |4], we verify that the rank of the elliptic curve y? = 23 — n?z is 0, hence n is

non-congruent.
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CHAPTER 4

NON-CONGRUENT FAMILIES BY MONSKY MATRICES

4.1 Introduction

In this chapter, we use Monsky matrices (see to construct infinitely many new
families of non-congruent numbers. Monksy matrices have been used by Reinholz, Spear-
man & Yang [43], [44], [45] to construct new families of non-congruent numbers which
have arbitrarily many prime factors in a certain congruence class modulo 8 together with
at most 3 odd prime factors in different congruence classes modulo 8. Similarly, Cheng
& Guo |9] constructed families of non-congruent numbers with arbitrarily many prime
factors of the form 8k + 3. We construct infinite families of non-congruent numbers con-
taining arbitrarily many triplets of prime factors. From now on, ¢ denotes a positive

integer. The main results of this chapter can be stated as follows.

Theorem 4.1.1. Let p1,pa,....pt; q1,Go, ..., q and 11,7, ..., 1 be distinct primes such

that all triples (pj, q;,7;) are equivalent to (1,3,3) modulo 8. Assume that

{((&)7 (@)7 (ﬁ)) i< j} is a singleton subset of {(1,£1,£1)},

Dj qj Tj

(&) — (ﬁ) =1 ifi#7j and (&> =1 for all i, j, (4.1)
qj T T

(&) _ _(fﬁ) for all i,
qi T

Then n = (p1qim1)(pagars) - - - (Peqre) and 2n are non-congruent numbers.

Theorem 4.1.2. Let p1,pa,....pt; q1,G2, ..., q and 11,79, ...,1 be distinct primes such

33
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34 Chapter 4. Non-congruent Families by Monsky Matrices

that all triples (pj, q;,7;) are equivalent to (5,7,7) modulo 8. Assume that

<g) _ (&) _ (&) _ (9_) —1 foralli#j
p; 4 rj rj (4.2)
(&) _ _(&) - (%) =—1 foralli.
i Ti Ti
Then n = 2(p1qi7r1)(p2qar2) - - - (Peqs7t) is a non-congruent number.

We prove these results in the next section by showing that the corresponding Monsky

matrices have non-vanishing determinant.

4.2 Proof of Theorems 4.1.1H4.1.2

The following notation simplifies the description of Monsky matrices that we are about
to consider.

t X t zero matrix,
t x t identitity matrix,

t X t matrix having all the entries 1,

P 2~ 0O

t X t matrix satisfying R =N —1,
Uy : t xt upper-triangular matrix with all diagonal entries (t —4) + f,
and all upper-diagonal entries 1,
L;: txt lower-triangular matrix with all diagonal entries f + (i — 1),
and all lower-diagonal entries 1.
Ly if () = ~lforalli<j

Tl’f—
Uy if () =1forall i < j,

where [ € {p, ¢, r}. For any matrix, we denote m-th row by R,, and m-th column by C,,.
The following lemma is immediate.
Lemma 4.2.1. With T, defined as above, we have

(a) T, T, ;-1 =0  (mod 2),

(b) T yT, = fN  (mod 2),

(¢c) T;Tiy=(t—-1+f)N  (mod 2).

Theorems 4.1.1 are proven by forming the Monsky matrix M, and M, corre-

sponding to n and computing its determinant. Since it is enough to show non-vanishing
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of the determinant of the Monsky matrices in Fy, we often write equality instead of equiv-

alence modulo 2 by a slight abuse of notation.

Proof of Theorem |4.1.1. We write n as 2°(p1p2---p¢)(q1ga - - q¢)(r1r2 -+ - 1), where € €
{0,1}. As p; =1 (mod 8) and ¢; = r; = 3 (mod 8), we have

(ONNORNO) (ONNORNO)
D2:D71: O1]|0 , D72: 0O/0|0 s and
O 0|1 0O/0|0
(4.3)
1 D,, D,
A= D, | Tt +Dy N ,
D, O T, o+ D,
where Dy is a diagonal matrix with
0 i (2) =1,
Dy(i,i) = f <li’) for all [,k € {p,q,r}.
14f () = -1,
It is easy to notice that by the given conditions we obtain
D,,+D,, =1, D,D, =0, D’ =D, and D} =D,,. (4.4)

(a) Now by

0] (0) (0) I D,, D,
0 I O |D,|Tyu+D,| N
v_| ol © 1 |D, 0 T,, + D,
I D,, D, (0) (0) (@)
D,, | Tyt + Dy, N O I O
| Dy, O T,o+D, | O O I |

By swapping of rows (R; with Rs; for 1 < i < t), and applying Lemmas [2.1.6]
together with (4.4), we find that M, is invertible if and only if

I D,, D,,
M, =| T,.D,,+ND,, |T,D,,+1| T, N+N(T,; +D,,)
Tr,ODpr o TT,ODpr + I

is invertible over Fy. Column operation Cyy; — C;+Coy; on M/ for all 1 < i < ¢ followed
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)

by Lemma and (4.4]) gives det M/ modulo 2 as

ot ( T,.D,, + ND,, ] [ b, | D ] | TaDy 41 | T,+(N +D,,) + NT,,
pq pq

T, oD, o | I
I
= det * = 1.
O|1
(b) By (2.12)
e o) 0 I D,, D, |
O I o) D, | Tyri1 + Dy N
NI 0] I D,, O T,;+D,,
‘ I D,, D,, 0 o) 0
Dy, T£t+1 + Dy o 0 1 O
| D, N T!,+D, | O o) )

Swapping rows (R; with Rg;; for 1 <4 < t) and applying Lemma [2.1.6] together
with (4.4) ensure that M, is invertible if and only if

| | D,, | D,
M, = T!, Dy | TL,, Dy +1 | TI N
ND,, + TZ,D, | N(Ty1 + D,yy) | T D, + 1

is invertible over Fy. Column operation Cy; — C; + Cyy; on M for all 1 < ¢ <t followed
by Lemma and (4.4) we find that M/ is invertible as

I+ DprT:}F,tHqu ‘ Dpr
Tgm—leq ‘ I

| ND,, + TI,D,,

NT, 1 + T, D, |

D,. ]
T N
q,t+1

+ I+ T],D,,]

is equivalent to the identity matrix modulo 2.

Proof of Theorem[4.1.% We write n as 2°(pipa - - - p) (q1q2 * - - @) (172 - - - 7¢). By (2.11)), we

have
I/0|0 OlO0|O I I O
D= 0|O0O|O}|, Dy=|0|I1|O |, andA=| I |X,+1I R ,
ORNORNGO) Ol0|1 @) I X, +1
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where
x,iy=1"" (fi_) for all 1 € {p, q,7}.
By (2.12), we have
_ I o 0) 0) I O ]
ol o O |I|X,+iI| R
" 0 o) (o) 0) I X, +1
e — o) I O O O o
1 XI+ia] 1 (0] I O
0| R |X'+I|O| O r |

By swapping rows (Ry; with Ra;.; for 1 <4 <t) and applying Lemma [2.1.6] we find that

the non-singularity of M, follows from that of

O/I| O O| O 0]
O/0o| O X7+ 1
O|I|X,+I]|O| R [X,+I

4.3 Infinitude of the Families and Examples

I
+ ] O|1
0|0

/0|0

o)
- | o
T

X441 1
1 | O
x| ke

Remark 4.3.1. One can show here exist infinitely many triplets of primes that satisfy
the hypotheses of Theorems|4.1.1 and|4.1.2. The proof essentially follows from Dirichlet’s

theorem on primes in arithmetic progression together with the Chinese remainder theorem,

jJust like the proof of Proposition[3.1.5 in the previous chapter.

We conclude by furnishing some examples that illustrate our results.

Theorem Hypothesis | ¢

Non-congruent number

Theorem |4.1.1{ | (4.1 t = 2, odd case

17-19 - 3)(457 - 67 - 179)

(17-19-3) - (457 - 67 - 179)

Theorem |4.1.2| q4.2[) t=2

(
t = 2, even case | 2
2

(5-10-71) - (29 - 79 - 439)
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CHAPTER b

0-CONGRUENT NUMBER OVER NUMBER FIELDS

5.1 Introduction

In this chapter, we prove a criterion for a natural number n to be #-congruent over
certain classes of real number fields K. In particular, we show that any triangle with sides
in K corresponding to a f-congruent number n over K arises from a non-torsion point
on the §-congruent number elliptic curve E, ¢(K) (see section . Thus, our results in
this chapter imply that existence of one such triangle guarantees existence of infinitely
many such triangles. Examining the torsion part of £, ¢(K) is crucial for this chapter.
Much progress has been made concerning the torsion of elliptic curves over number fields,
especially when the degree of the number field is small (see [23|, |24], [22], [12]). When
the elliptic curve has complex multiplication (CM), more information is available for the
torsion group over number fields (e.g., see |[41]). The congruent number elliptic curve has
complex multiplication. But we find that the f-congruent number elliptic curve (given by
(1.4)) does not have CM for § # 7 (Proposition . Hence the study of the torsion
subgroup of the latter requires somewhat more care. Motivated by [30], this chapter

provides a criterion for determining whether a square-free positive integer n is #-congruent

number over certain classes of real number fields (Theorems [5.1.1} [5.1.2) and [5.1.3)).
Let K5 4 denotes the real number field of type (2,...,2), i.e.,

K2,d = Q(\/m_h SR \/m_d)a

where m; are distinct square-free natural numbers such that any two distinct m;, m; do
not divide one another. It follows that [Ky 4 : Q] = 2%. We prove the following analogue
of Criterion for 6-congruent number over K 4.

39
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Theorem 5.1.1. Assume that n # 1,2,3,6 is a square free natural number and 2r(r — s)
is not a square in Ko 4. Then n is 0-congruent number over K, 4 if and only if E, o(Ksq)

has a point of infinite order.

Following two Theorems are analogues of Theorem for real number fields K other

than multi-quadratic fields under certain restrictions.

Theorem 5.1.2. Suppose n is a square free natural number other than 1, 2, 3 or 6. Let
K be a real number field such that [K : Q] is coprime to 6 and is not divisible by 55. Then

n is a 0-congruent number over K if and only if E, ¢(K) has a point of infinite order.

Theorem 5.1.3. Suppose n is a square free natural number other than 1, 2, 3 or 6.
Let K be a real cubic number field. Suppose s is divisible by 5 or (r,s) = (£2,+£1) or
= (£1,+2) (mod 5). Then n is a 0-congruent number over K if and only if E, (K) has

a point of infinite order.

In the following sections, we closely examine the torsion structure of the #-congruent num-

ber elliptic curve over these three types of number fields in order to prove the theorems.

5.2 Real Multi-Quadratic Fields

We need the following lemma to establish our results.

Lemma 5.2.1. For every sub-field K of R, a natural number n is 0-congruent number
over K if and only if E, 9(K) \ E,0(K)[2] # @.

The essential argument for the proof of the lemma above is contained in Tada (Theorem
1 in [52]) who considered the case § = 7 for real quadratic fields /. The analogue for real
quadratic fields with 6 of any rational cosine in [29] adopts the same approach as in [52].
In the case of real multiquadratic fields too, the proof similarly follows from a well-known

result on elliptic curves stated below.

Proposition 5.2.2. [33] Let E be an elliptic curve over a field k (char k # 2,3) given
by

E:y* = (x—a))(r — as)(z — az) with a1, as,a3 € k.

Let (x0,y0) be a k-rational point of E\ {O}. Then there exists a k-rational point (x1,y;)

of E with 2(x1,11) = (0, yo) if and only if xo — a1, Ty — as and xy — a3 are squares in k.
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Proof of Lemma|5.2.1. Let K be a real number field. For a positive integer n and 6 such
that cos = 2 with s,r € Z, Consider the two sets

S={(u,v,w) e K*:0<u<v<w, uv=2rn, u2+1}2—2uv.§:w2},
r

and

T ={(z,y) € 2E,(K)\ {O} : y = 0}.

Define

¢ZS—>T, (U,U,U))'-)(I,T

and ¢ : T — S be the map sending (z,y) to the tuple

(Vz+(r+s)n— o —(r—sn, Vo + (r+s)n++z—(r—s)n, 2/7).

Using Proposition it is easy to observe that the maps ¢ and ¢ are well defined,
pop =1y and ¥ o ¢ = 1g. It follows that n is 6-congruent over K if and only if T is
nonempty. O

The following corollary is immediate from Lemma [5.2.1

Corollary 5.2.3. Assume that E, (K )iors = Eno(K)[2] for any real number field K.

Then n is a 0-congruent number over K if and only if E,¢(K) has positive rank.
Lemma 5.2.4. E, g(K2.4)tors 15 a 2-group for n # 1, 2, 3, 6.
Proof. Observe that the quadratic m;-twist of the #-congruent number elliptic curve is
given by

Evy oy = a(z —mn(r — s))(x + mn(r + s)). (5.1)
Thus E) is isomorphic to Ey, ¢. By Proposition m,
Hence due to the remark below Theorem 2 and Lemma 3 in [42], we can conclude that
E,o(Ksd)iors is a 2-group. O

We are interested in showing that any point (z,y) € E, ¢(K24) with y # 0 is a point of
infinite order. The points (x,y) with y = 0 are precisely the 2-torsion points on E, g.
While Lemma rules out torsion points of odd order, we still need to rule out torsion
points of order 4 or higher power of 2 in E,, g(K34).
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Lemma 5.2.5. Assume that n is not a divisor of 6 and 2r(r — s) is not square in Ky g4,
then En,Q(KQ,d)tors - n,G(KQ,d)[Q]-

Proof. It is enough to show that E,, o(K2.4)tors = Z/27Z & Z/2Z. Since we know that there
are exactly 3 elements of order 2 and E,, (K3 q)tors is a 2-group by Lemma [5.2.4] it suffices
to show that E, 9(K2.4)rs has no point of order 4.

Suppose, if possible, P has order 4. Then 2P has order 2 and
2P € {(07 0)7 (—(7" + S)TL, 0)7 ((T I S)“a O)}
By Proposition [5.2.2]

1. 2P =(0,0) <= both —(r+s)n, (r—s)n are squares in K 4, which is not possible

because K>, is a real sub-field.

2. 2P = (—(r+ s)n,0) <= both —(r + s)n, —2rn are squares in K5 4, which is not

possible for same reason as above.

3. 2P = ((r — s)n,0) <= both (r — s)n, 2rn are squares in Ky 4. Then 2r(r — s) is

a square in Kj 4, contrary to our assumption. 0

Theorem follows immediately from Corollary and Lemma [5.2.5] We have the
following consequences of Theorem [5.1.1]

Corollary 5.2.6. Assume that n is not a diwisor of 6 and 2r(r — s) is not square in K 4.
Then n is a O-congruent number over Ks g4 if and only if at least one of the 2% numbers

nm{' ---my (e; = 0,1) is a O-congruent number over Q.
We require the following well known result to establish the corollary above.

Proposition 5.2.7. [11] Suppose E is elliptic curves over number field k. Let D € k\ k*
and EP be the quadratic D-twist of E. Then

rank(E(k)) + rank(EP (k) = rank(E(k(vV/'D))). (5.2)

Proof of Corollary[5.2.6 Usmg 2) inductively and noting that E" . 1s Isomorphic to

Epm,;.0, We obtain

rank(Eng(Koa)) = Y rank(E,o .0 4(Q)),
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where summation is over all d-tuples e; € {0,1}. By Theorem and Criterion [1.2.2]

if n is a f-congruent number then
rank(Enp(K2a)) >0 <= rank(E, 1 00 4(Q)) >0 for some (ey, ..., eq),
which proves the corollary. O

Corollary 5.2.8. n is a 0-congruent number over Ksq, if and only if n is a 0-congruent
number over Q or over some real quadratic field Q(\/mi' ---m$') contained in K 4.

Proof. Suppose n is not a f-congruent number over Q. By corollary [5.2.6] one of the 27

numbers nmS' - --my’, say nr (# n) is a f-congruent number over Q. Then
rank(En.9(Q)) >0 = mnk(E;ﬁ(Q)) >0 = rank(E,(Q(v/r))) >0

by (5.1) and (5.2)). Thus, n is 6-congruent number over Q(+/7). O

5.3 Real Number Fields of Degree Coprime to 6

We need to ensure that the torsion group E,¢(K)rs does not grow bigger than
E,0(Q)tors. When the degree of K over Q is not divisible by small primes, it is possible
to restrict the torsion and obtain similar criteria for #-congruent numbers over K as stated
in Theorem [5.1.2] below.

In [30], it has been proved that n is a congruent number over K if and only if £, (K)
has a point of infinite order, under the assumptions that (i) K is a real number field
such that [K : Q] is odd or 2p, where p is prime; and (ii) v/2,v/3 and v/5 ¢ K. The
proof depends crucially on the fact that congruent number elliptic curves have complex
multiplication, hence their torsion groups over such number fields are well understood due
to work of Silverberg [47], Prasad and Yogananda [41]. But the torsion of a #-congruent

number elliptic curve poses somewhat more difficulty due to the proposition below.

Proposition 5.3.1. The 0-congruent number elliptic curve E, g does not have complex

multiplication for 6 # 3.

Proof. Given any number field F', there are only finitely many C-isomorphism classes
of elliptic curves over F' with complex multiplication, and each isomorphism class has a
distinct j-invariant which must be an algebraic integer in F. By using SAGE, one can
show that the j-invariant of a rational elliptic curve with complex multiplication must be

one of the 13 integers —262537412640768000, —147197952000, —884736000, —12288000,
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—884736, —32768, —3375, 0, 1728, 8000, 54000, 287496 or 16581375. The j-invariant of
the elliptic curve E,, ¢ given by the equation (1.4)) is

¢ (3r? 4 s2)3

(Ehg) = 2° 2.
J(Ene) r2(r2 — s2)2

It is clear that j(E, ) > 0. By considering the numerator of j(E, ) modulo 5, we find
that it is not divisible by 5 and hence it cannot be 8000, 54000 or 16581375 for any two
coprime integers r and s. By considering the numerator of j(E, ) modulo 11, we find
that that it is not divisible by 11 either and hence it cannot be 287496 for any two coprime
integers r and s. Finally, j(E,) = 1728 if and only if s =0, i.e., § = 7. O

Exploiting following work of Gonzélez-Jiménez and Najman [23| on torsion subgroup of

rational elliptic curves, we will prove Theorem [5.1.2

Proposition 5.3.2 ( Theorem 7.2 of [23]). Let B be a positive integer. Let E/Q be an
elliptic curves and K/Q a number field of degree d, where the smallest prime divisor of
d is > B. Let E(K)[p™] denote the p-primary torsion subgroup of E(K )irs, that is, the
p-Sylow subgroup of E(K). Then

(i). If B > 11, then E(K)[p>®] = E(Q)[p>] for all primes. In particular, E(K)prs =
E(Q)tors-

(i1). If B > 7, then E(K)[p>®] = E(Q)[p>] for all primes p # 7.
(ii1). If B > 5, then E(K)[p>®] = E(Q)[p>] for all primes p #5, 7, 11.

(). If B > 2, then E(K)[p>™] = E(Q)[p>] for all primes p # 2, 3, 5, 7, 11, 13, 19, 43,
67, 163.

Proof of Theorem [5.1.3. By Proposition [1.2.6] we have E, g(Q)tors = Z /27 @® Z/2Z. Sup-
pose K is a real number field satisfying the assumptions of Theorem [5.1.2] By Proposition
(#4i), we need only rule out torsion points of order 5,7 or 11 in E,, g(K )ors. We con-
sider the following cases.

5-torsion: Suppose, if possible, R = (x,y) be a point of order 5 in E, (K )rs. We
consider the possibilities for the degree of the sub-extension Q(R) of K over Q. The
Galois group of the normal closure of Q(R) can be identified with a subgroup of G Ly (F5),
the general linear group over finite field of order 5. By the fundamental theorem of Galois
theory, [Q(R) : Q] must divide #GLy(F5) = 2°- 3 - 5. By assumption, [K : Q] is coprime
to 6. As Q(R) C K, [Q(R) : Q] must divide 5. Since E, g(Q)ors ~ Z/27 & Z/2Z,
[Q(R) : Q] # 1. Therefore, Q(R) is a quintic extension over Q and Z/2Z @& Z/10Z is
a subgroup of E, g(Q(R))irs.- But Gonzalez-Jiménez showed that Z/27Z & Z/10Z cannot
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appear as a torsion subgroup of a rational elliptic curve over a quintic field (Theorem 2

of [22]). Therefore, 5-torsion cannot occur over K.

7-torsion: Suppose E, g(K)ors contains a point of order 7, say R = (z,y). By a similar
argument as above, we find that [Q(R) : Q] = 7. It follows that Z/2Z © 7 /147 appears as
a subgroup of E, g(Q(R))srs. But Gonzalez-Jiménez and Najman showed that Z/27Z &
Z /147 cannot appear as a torsion subgroup of a rational elliptic curve over a number field

of degree 7 (Proposition 7.1 of [23]). Therefore, 7-torsion cannot occur over K.

11-torsion: Suppose E, g(K );ors contains a point of order 11, say R = (z,y). By arguing
as before, we find that [Q(R) : Q] divides 5% - 11. Theorem 5.8 of [23| provides a complete
list possibilities for the degree of a number field generated by an 11-torsion of a rational
elliptic curve, and that list does not include 52-11. So we must have either [Q(R) : Q] =5
or [Q(R) : Q] =55. If [Q(R) : Q] = 5 then Z/27 & 7 /227 would appear as a subgroup
of E,9(Q(R))tors- But Gonzalez-Jiménez has shown that a quintic field cannot have
ZL]2Z.&7/227 as a subgroup of the torsion of a rational elliptic curve (Theorem 2 in [22]).
Finally, we can’t have [Q(R) : Q] = 55 since [K : Q)] is not divisible by 55.

Thus we can conclude that E, (K )iors ~ Z/27 @ Z/27Z. The theorem now follows from
Lemma O

5.4 Real Cubic Fields

After § = 7, the next natural values to be considered are § = % or 2?", since they
are rational multiples of 7 with rational cosine. Fujiwara [19| proved that a prime p is
not Z-congruent if p =5, 7, 19 (mod 24). Kan [31] showed that a prime p is not %”—
congruent if p =7, 11, 13 (mod 24) and that the primes p = 23 (mod 24) are Z- and
2%—congruen‘c over Q. In this subsection, we consider angles 6 where cosf = 2, and r, s
belong to certain congruence classes modulo 5 and obtain the following criterion over real
cubic fields.

In order to prove Theorem [5.1.3]above, we need to consider the growth of torsion upon
base change from Q to a cubic field K. Let d be a positive integer. Let ®(d) be the set of
possible torsion structures (K )ors, where K runs through all number fields K of degree

d and F runs through all elliptic curves over K. Mazur established that
(1) =1C, | n=1,...,10,12} U {Co xCop | m=1,...,4},

where C,, denotes the cyclic group of order n. Let ®g(d) be the set of possible torsion

structures over a number field of degree d of an elliptic curve defined over QQ. Clearly,
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Dg(1) = @(1). For each G € ®(1), let Pg(d, G) denote the set
{E(K)iors : E/Q is an elliptic curve , F(Q)ors ~ G, [K : Q] = d}.

In order to identify #-congruent numbers over a number field of degree d, we need to
examine ®g(d, Z/27 & Z/27Z). For cubic extension of Q, we have the following result.

Proposition 5.4.1. (24 For G = Cy x Cy, we have
(I)Q(3, G) = {CQ X Cg, CQ X C@}

Proof of Theorem[5.1.3 The Weierstrass form of a f-congruent number elliptic curve E,, g
is given by
y? =1° — 33(3r* + sH)n’z + 2 - 3n’s(9r* — 5%), where cosf = 1

T’

For a cubic number field K, we have
En,G(K>t0'rs = C2 X C2 or En,@(K)tors = C2 X C6

by Proposition Our objective is to rule out B, (K )iors = C2 X Cg under the assump-
tions on 7, s in the theorem. Suppose, if possible, E,, (K )ors = Co X Cs. Then there is
an element in £, o(K) of order 3, say P = (X,Y). Then X is a root of the 3-rd division

polynomial given by
P(X) = 3X* —162n*(3r* + s*) X2 + 648n°s(9r* — )X — 7290 (3r* + 5%)%.  (5.3)
It is not difficult to observe that ¢(3nX) = 3% - n'f(X), where
f(z) =2 —6(3r* + s?)z? + 8s(9* — %)z — 3(3r* + 5%)* € Z[x].

Hence ¢(X) has a solution in K if and only if equation f(x) has a solution in K. Reducing
the polynomial f(x) modulo 5, we find that

'+ 22243 (mod 5)  if (r,s)
z*+3r2 +3 (mod 5) if (r, s)

(£1,0) or (£2,£1) (mod 5)

flx) =
(£2,0) or (£1,42) (mod 5).

One can check that 2% + 222 + 3 and z* + 322 + 3 are irreducible polynomials over Z/57Z.

Therefore f(z) is irreducible over Q, hence equation (5.3]) does not possess a solution in
K as 4 does not divide [K : Q]. The theorem now follows from Corollary [5.2.3| O
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Example. To illustrate the theorem above, let us take cosf = % where r = 6 and

s =5=0 (mod 5). The corresponding @-congruent number curve with n =7 is
Eqrg:y* =2 + 702% — 539z.

We can verify by using MAGMA that the rank of E74(Q) is 0, therefore 7 is not a 6-
congruent number over Q. By putting y = 1, we find that the polynomial 23 + 70x? —
539z — 1 has 3 real roots. If we denote the largest real root by o &~ 7.0017, then K = Q(«)
is a real cubic field. The point («, 1) € E7(K) is clearly not a 2-torsion point, and hence
7 is f-congruent over K. By Proposition [5.4.1],

Er6(K)tors = 222 ® Z)27 ot Er9(K )iors = /27 & 7./ 27.
Theorem rules out the latter possibility which we directly verify now. Clearly,
Ero(K)[2] = Ero(@) = {(0,0), (7,0), (~77,0), O}.
If the point («, 1) were a 6-torsion point, then one of P = (a, 1), @ = (a,1) + (0,0),

R=(a,1)+(=77,0) or S = (a, 1)+ (7,0) must be a 3-torsion point. By considering the

x-coordinates of the points, it can be easily checked that

z(2P) > 208 > z(—P) = a,

z(2Q) = z(2P) > 208 > 0 > z(—Q),
z(2R) = z(2P) > 208 > 0 > z(—R),
2(25) = 2(2P) < 303 < 24000 < z(—8).

Therefore, 2P # —P, 2Q # —Q, 2R # —R or 25 # —S, and none of P, ), Ror S is a
3-torsion point. Therefore, P = (a, 1) cannot be a 6-torsion on E7 (k) and it must have

have infinite order.

Remark 5.4.2. Suppose K is a real sextic field. It has been conjectured in [12] that
Oo(6, Z/27 & Z/27Z) is a subset of

{Z)2Z®Z)2Z | t =1, 2, 3, 4, 6} U{Z/6Z ® Z/6Z, L/AZ & 7127},

If we put restrictions on (r,s) such that 2r(r — s) is not a square element in K, we can
rule out 4-torsion point on E, (K )rs by Lemma . if we further assume that s is
divisible by 5 or (r,s) = (£2,£1) or (£1,£2) (mod 5), we can rule out 3-torsion point
on En,o(K)ors as in Theorem noting that 4 does not divide [K : Q] in this case
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too. Therefore, we have E, g(K )iors >~ Z /27 & Z/2Z, and by Lemma a square free
integer n # 1,2,3,6 will be 8-congruent number over real sextic field K under the above

restrictions over r,s if and only if E,¢(K) has positive rank assuming the conjecture.

Corollary 5.4.3. If a real number field satisfies the assumptions of Theorem
or[5.1.9 then a number n is (K, 0)-congruent if and only if n is properly (K, 0)-congruent.

Proof. For such fields K a number n is (K, #)-congruent if and only if rank(E, ¢(K)) is
positive. Once again, n is properly (K, 6)-congruent if and only if F, y has a point of

infinite order. These two correspondences conclude this corollary. O
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CHAPTER 6

THE CLASS NUMBER OF Q(y/—pq)

6.1 Introduction

In this chapter, we establish a divisibility result for the class number of the imaginary
quadratic field Q(y/—n) when n is a square-free congruent number with two prime factors
p = 5 modulo 8 and ¢ = 7 modulo 8. Let us denote the ideal class number of imaginary
quadratic field Q(y/—n) by h(—n). Using modular forms of half-integral weight, Tunnell
[54] proved a divisibility result for the 2-part of h(—p) for a prime p = 1 modulo 8 when p
is a congruent number. A prototypical example of half-integral weight modular forms is
the theta function. A classical result of Gauss states that the coefficients of Fourier series
representation of the theta function is related to the Hurwitz class number, and hence to
the class number h(—n). Assuming the BSD Conjecture, Kazalicki [32] related the 2-part
of h(—p) for a prime p = 1 modulo 8 to p being a congruent number by considering theta

function.

Here we prove a necessary condition for pq to be congruent in terms of the 2-part of
the h(—pq) where p and ¢ are primes as specified above. Rather than considering modular
forms, we rely on the method of complete 2-descent. We do not need the full force of the
BSD Conjecture, but we assume a weaker conjecture known as the Parity Conjecture. We
know that a natural number n is a congruent number if and only if the congruent number
elliptic curve E,, given by has positive Mordell-Weil rank r(n). Let w(n) denote the
order of vanishing at s = 1 for the Hasse-Weil L-function L(E,, s) of the elliptic curve E,.
The Parity Conjecture predicts that r(n) and w(n) must have the same parity, whereas
the first part of the Birch and Swinnerton-Dyer Conjecture predicts that the rank r(n) of
E,(Q) is equal to w(n) (see [25]). The second part of the BSD Conjecture predicts that
the Shafarevich-Tate group of E,, /Q is finite, and hence r(n) must also be the rank s,(n)
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of the p>-Selmer group of F,. T. Dokchitser and V. Dokchitser |14] proved that w(n)
and s,(n) have the same parity for a large class of primes p.

Our result concerning the class number can be stated as follows.

Theorem 6.1.1. Let n = pq, where p and q are distinct primes satisfying (p,q) = (5,7)
(mod 8). Suppose the Parity Conjecture holds for E,/Q. If n is a congruent number,
then h(—n) is divisible by 8.

We prove our result by employing a criterion of Brown [5] for divisibility of h(—pq)
by 8 in terms of the quartic reside symbol (%1)4. In order to investigate the quartic
residue symbol, we show that certain Diophantine equations have non-trivial integral
solutions. We obtain these Diophantine equations by considering the complete 2-descent
method. In section 6.2, we briefly discuss how 2-descent combing with Proposition
for certain Diophantine equations that eventually help in restricting our search for the
desired Diophantine equations with non-trivial integral solutions. In section 6.3, we use
the Parity Conjecture to show that there exist non-trivial integral solutions to certain

Diophantine equations leading us to the desired value of the quartic residue symbol.

6.2 The Size of the Image b(E,(Q)/2E,(Q))

In this section we first recall the key aspects of the method of complete 2-descent that
we need. The method of 2-descent is an algorithm used for computing the rank of an
elliptic curve (for details, see section of chapter [2] ).

Remark 6.2.1. Suppose n = pq as given in Theorem then a system of representa-
tives of classes in Q(S,2) is given by (see Remark [2.4.9)

R = {(_1)0426])61(152 | «, 67 €1, €2 = 0 or 1} (61)
The image of E,(Q);rs under the map b in (2.5)) is represented by
A={(1,1), (-1,-n), (n,2), (—n,—2n)} C R x R. (6.2)

Clearly, A can also be considered as a subgroup Q(S,2) x Q(.S,2). For n to be a congruent
number, we require that r(n) > 0. In other words, there needs to be a pair (by,by) €
(R x R) \ A such that the system of equations given by and possesses a
solution in (Q*)®.

Proposition helps us to rule out certain pairs of elements (b, by) € (R x R) which
can not have preimage in the Mordell-Weil group under the map b defined in . For

example, rather than considering rational solutions for the system of equations (2.6) and
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, it is convenient to consider integral solutions of an equivalent system of equations as
stated in Lemma and corollary [3.2.2] Here, we examine the image of E,(Q)/2E,(Q)
in Q(S,2) x Q(S5,2) under the embedding b defined in in Theorem of chapter
2l From now onward, we assume that n = pq, as defined in Theorem The following
lemma restricts the possibilities for the image of a non-torsion point F,(Q) under the

map b. Recall that A = b(E,(Q)iors)-

Lemma 6.2.2. Suppose P = (x,y) is a non-torsion point of E,(Q). Modulo A, the image
b(P) is represented by a pair (by,by) € R’ X R where R' = {1,p, q, pq}.

Proof. The idea of the proof can be taken from proof of Lemma [3.3.1] of chapter [3] O

By a slight abuse of notation, we just write equality for the representatives whenever

they represent the same equivalence classes in

(Q(S,2) x Q(S,2))/A.
The following lemma further restricts the possible images of non-torsion points of E,(Q)
under the map b in (2.5)).

Lemma 6.2.3. Let p and q be distinct primes satisfying (p,q) = (5,7) (mod 8) such
that pq is a congruent number. If the system of equations (@) and has a solution
(a1,aq,az,d) € (Z*)* for some (by,by) € R' X R, then

<b17 b2) S {(Lp)? (Q> 1)7 (Qap)7 (17 1)}

In order to prove the lemma, we first state the following result due to Lagrange |36].

Proposition 6.2.4. Let p and q be distinct primes satisfying (p,q) = (5,7) (mod 8). If

(%) = —1, then pq is not a congruent number.

Remark 6.2.5. Under our assumption in Theorem|0.1.1, n = pq is a congruent number.
Therefore, (%) = 1 in view of Proposition W

Proof of Lemma[0.2.5 We need to show that the system of equations (3.6|) and (3.7) does

not have a non-trivial integral solution for

(b1,b2) € (R x R)\{(1,p), (¢,1),(g,p), (1,1)}.

Consider the pair (by,bs) = (p,1) € R’ x R'. If possible, let (a1, as,as,d) € (Z*)* be a

solution for the system of Diophantine equations

pai — a3 = pqd’, pa} — paj = —pqd®.
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From the first equation, as = 0 (mod p). As aj, as, a3 and d are pairwise coprime by
Lemma a; and ag are coprime to p. Replacing as = pa;, followed by taking sum of

the resulting equations leads to
2af — pa; — a3 =0,

which gives us (1%) = 1. But this is not possible, since p =5 (mod 8). Similar argument
rules out non-trivial solutions for pairs (p,p), (pg, 1), (pq,pq) in R’ x R'.
Now, consider the pair (1,pq) € R’ x R'. If possible, let (a1, as,as3,d) € (Z*)* be a

solution for the system of Diophantine equations

aj — pqaz = pqd”,
a% — pqa% = —pqd2.

Clearly, a; is divisible by p and ¢. By Lemma [3.2.1] as is coprime to pq. Substituting
a; = pqa) with @} € Z* in the first equation yields

pqa® —ak = &2,

It follows that (_71) = 1, which is absurd as ¢ = 7 (mod 8). Similar argument rules out
the pairs (p, pg), (pq,pq), and (pg, ).
Next, consider the pair (pg,p). If possible, let (a;, as, as,d) € (Z*)* be a solution for

the system of Diophantine equations

pqai — paj = pqd*,
pga; — p*qaz = —pqd®.

Clearly, as is divisible by ¢. Substituting as = ga’, and then adding the resulting equations
leads to
202 — qa2 — pa2 = 0. (6.3)

Clearly, p | a1 < p | ay < p | ag. Since (aq,as) = 1, we must have ajal, coprime to p. It
follows from 1} that (%) = 1. Since p =5 (mod 8), we have (%) = —1. By Proposition
6.2.4] pg must be a non-congruent number, which contradicts our assumption. Similarly,
we can rule out the remaining pairs (p,q), (¢,q), and (g, pq) by using the fact that the
Legendre symbol (]%) must be 1 for a congruent number pq. O
Corollary 6.2.6. Let p and q be distinct primes satisfying (p,q) = (5,7) (mod 8). If
n = pq is a congruent number, then the system of equations (@ and must have a
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solution (a1, as, az,d) € (Z*)* for each pair

(b1,02) € {(1,p),(¢;1),(¢,p), (1, 1)} C R x R

if we assume the Parity Conjecture.

Proof. 1t is well-known that w(n), the order of vanishing of L(E,,, s) at s = 1 is even when
n=1,2,3 (mod 8) (see [34], page 84). By the Parity Conjecture, the rank r(n) of E,(Q)
must be even too (see [25]). Consequently, r(n) must be at least 2 if n is congruent. By
([2.8)), the image of E,(Q)/2E,(Q) under the map b in has order 2*. Since the image
A of the torsion points under b has cardinality 4, the system of equations and

must have non-trivial integral solutions for each of the coset representatives

(b, b2) € {(1,p), (¢, 1), (¢, p), (1, 1)} C R' X R'. O

In the following remark, we make certain observations concerning the non-integral so-
lutions that correspond to one particular pair of representatives out of the four in the

previous corollary.

Remark 6.2.7. By Oorollary (q,1) is represents a coset in the image of the map

b. Thus, there exist pairwise coprime integers ay, as, az and d such that
qai — a3 = pqd’,
gai — qa3 = —pqd’.

From the first equation it is clear that as s divisible by q. Hence ay, az and d are coprime

to q. Substituting ay = qa’, in above equations, we obtain
ai — qay = pd?, (6.4)

ai — a3 = —pd>. (6.5)

Observe that p does not divide al,, ay or ag, otherwise these integers would no longer be

pairwise coprime.

6.3 Divisibility of the Class Number

In order to relate the class number of Q(1/—pq) to the existence of non-trivial solutions
of the system of Diophantine equations (3.6]) and (3.7)), we need the following result due

to Brown [5].
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Proposition 6.3.1. If p = —¢ = 1 (mod 4) are primes with (%) = 1 then h(—pq) is
divisible by 8 if and only if (%)4 =1, i.e., —q 1s a quartic residue modulo p.

Our next step is to reduce the computation of the quartic residue symbol (%)4 to a

computation of certain Jacobi symbol.

Lemma 6.3.2. Under the assumptions in Theorem |6.1.1

).~ ()
pJy \p)
where aly is the odd number coprime to p as given in Remark[6.2.7

Proof. There exist pairwise coprime positive integers a;, as, az and d satisfying the si-
multaneous equations (6.4)) and (6.5)) corresponding to the pair (¢, 1), as mentioned in
Remark [6.2.7] Since (p,q) = (5,7) (mod 8), we must have ) = a3 =d=a;+1 =1

(mod 2). By (6.5)), we have
(as + ay)(as — ay) = pd>.

The numbers (a3 +a1) and (az — a1) are mutually co prime as a3 and a; are coprime with

different parity. Therefore, we can write

as + a1 = +pe?, ag —ay = +f% or

az + a; = £e?, az —ay = £pf?,
where d = ef and (e, f) = 1. The first possibility leads to

2 2 2 r2
- iz%, 0 — if% (6.6)

Note that f is not divisible by p, since (a;,d) = 1. By equation (6.4)),

dqas = 4(ai — pd?)
= (pe* — f?)* (mod p)
= f* (mod p)

4 12
D /4

It is easily observed that (_?1)4

0-6-0-6)

(%) for a prime p =1 (mod 4). Therefore,
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G- ().~ 6)

The argument for the second possibility for the values of a3 and a; works out exactly the

It follows from (6.7) that

same way. 0

Our final step is to compute the Legendre symbol (%/2) appearing in the preceding

lemma.

Proof of Theorem [6.1.1. Recall that a}, is odd and coprime to p. Since p =5 (mod 8), it
follows from Lemma and Jacobi’s reciprocity law that

(%)4 o 4 (?) - <|pl) - <|§2|)j -

Here, (%)j denotes the Jacobi symbol for any integer k£ coprime to the odd natural number

[. Taking the sum and difference of equations (6.4) and (6.5)), we have

(6.8)

a3 — 2ai = —qay, (6.9)

a3 — qaly = 2pd>. (6.10)

Since ay, ay = qal, az and d are pairwise coprime, it follows from and ([6.10)) that

()= (), =
() = (), = ), (i), =

By Proposition and Lemma [6.3.2] we can now conclude that the class number of
Q(/—pq) is divisible by 8. .

Therefore,

We provide a few examples to illustrate our main result.

p=>5 (mod 8) | ¢ =7 (mod 8) | Rank r(pgq) | Class number h(—pq)
5 79 2 8

13 103 2 8

29 631 2 48

37 751 2 16

The converse of Theorem is not true. For example, n = 13 - 23 is a non-congruent

number but h(—13-23) = 8.
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CHAPTER [/

THE CONTINUED FRACTION OF ,/pq

7.1 Introduction

In this chapter, we examine the regular continued fraction (RCF) of certain quadratic
irrationals y/n where n is a square-free rational number. There have been attempts to
relate the continued fraction of quadratic irrational to the congruent number problem
(e.g. see |50] and [35]). But there are several interesting questions concerning the RCF
of quadratic irrationals that are still open. A conjecture of Chowla and Chowla (see [10])
predicts that for any natural number k there exist infinitely many primes p such that the
RCF of /p has period length k. While their conjecture is still open, it has been proved
in [18] that there exists infinitely many square-free natural numbers d such that the RCF
of v/d has period k for any natural number k. The density of square-free integers d with
no prime factor congruent to 3 modulo 4 such that v/d has period of odd length has been
studied in [15] and [16]. Golubeva ( [21]) proved that the period length of the RCF /p is
divisible by 4 when p is a prime congruent to 7 modulo 8 and is of the form 4k + 2 when
p is a prime congruent to 3 modulo 8. Golubeva further showed that the central term of
the period of the RCF /p is odd for a prime congruent to 3 modulo 4. In this chapter,
we examine the period of the RCF of |/pg where p < ¢ are two primes congruent to 3
modulo 4.

The RCF of /pq can be written as

VPg =n+ T . where n = [/pq].

a
1 ar%~+a 1

1
1

a1+ g

l,1+2n+

We denote it as \/pq = (n,aq,aq9,...,a;_1,2n). It is well-known that the first [ — 1 terms

o7
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ay,as, . ..,a of the period (ay, as,...,a;_1,2n) form a palindrome (e.g. [13]). It can be
easily seen that the length [ of the period of |/pq is even when at least one of p and ¢
is congruent to 3 modulo 4 (see Proposition . In this chapter, we prove a closer
relation between the congruence properties of the length of the period of the RCF of ,/pq
and the interplay between the primes p and ¢ in terms of quadratic congruence.

We begin by observing the period of the RCF of |/pg when ¢ is a quadratic residue modulo
p in the table below.

Table 7.1: (1) =1

’p‘ q ‘ VP1 = (n,ay,as,...,a;-1,2n) ‘ [ ‘a%
317 V21 = (4,1,1,2,1,1,8) 6 | 2
3119 V57 =(7,1,1,4,1,1, 14) 6 | 4
7111 V77 = (8,1,3,2,3,1, 16) 6 | 2
3143 ] 129=(11,2,1,3,1,6,1,3,1,2,22) | 10 | 6
7123 V161 =(12,1,2,4,1,2,1,4,2,1,24) | 10 | 2

We find that the length of the period is of the form 4k + 2, and the central term a L of
the palindromic part of the period is an even integer. Then we consider the period of the

RCF of /pq when ¢ is a quadratic non-residue modulo p in the following table.

Table 7.2: (1) = -1

[ SIE

’ piq ‘ VPG = (n,a1,az,...,a;-1,2n) ‘l‘a
11 V33 = (5,1,2,1, 10)

3 47 V141 = (11,1,6,1,22)
3159 | V177 =(13,3,3,2,8,2,3,3,26)
11| 19 | /209 = (14,2,5,3,2,3,5,2,28)
11| 43 VAT3 = (21,1,2,1,42)

= | CO| OO | | i~
NIN[CO|O| N

We find that the length [ of the RCF of /pq is divisible by 4, and the central term a L of
the palindromic part of the period is even as before. In this chapter, we prove that the
period of the RCF of ,/pq always exhibits this behavior. The main results of this chapter

can be stated as follows.

Theorem 7.1.1. Let p < q be two primes congruent to 3 modulo 4 and [ be the length of
the period of the reqular continued fraction of \/pq. Then [ is of the form 4k + 2 if q is a

quadratic residue modulo p, and [ is divisible by 4 if q s a quadratic non-residue modulo

p-
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Theorem 7.1.2. The central term in the palindromic part of the period of \/pq is even
in either of the following cases:
(1) if q is a quadratic non-residue modulo p, or

(71) if q is a quadratic residue modulo p and p is congruent to 3 modulo 8.

We prove the theorems above by examining the convergents of the RCF of ,/pq closely.
In particular, we establish some implications of the congruence property of the period
length of the RCF of /pq for certain convergents. Then we relate those specific conver-
gents to the fundamental unit of the real quadratic field Q(,/pg) and show that they are
solutions of certain Diophantine equations. As a consequence, we can prove the behavior
of the length and the central term as stated in Theorems [7.1.1] and [7.1.2]

7.2 The Convergents of ,/pq

In this section we establish certain relations involving convergents of the continued

fraction of ,/pg where p and ¢ are primes congruent to 3 modulo 4. As before, let

VPq = (n,aq,as,...,a41_1,2n), n=|+/pql, a; = aj_;.
The i-th convergent of the continued fraction of |/pq is given by

ki 1

— = - 7.1
hz " aq + L 1 ( )
o2 [
We can write the first few convergents as
ho = 1, ]€0 =N, hl = a, kl = nay + 1, (72)
hg — 1+a1a2, k‘g = najyas +n + as.
By convention, we take
h_1 =0, k.y=1.
It can be readily verified (see [13]) that
hz’—i—l = ai+1hi + hi—17 ki+1 = CLH_IICI' + ki—l for i Z 2, (73)
ki_1 =nh;_1 + h_o, (74)
kihi—l — ki—lhi = (—1)i_1 for 1 Z O,
(nhi_y + hi—2)* — pghi y = (=1)"2. (7.5)

The next proposition is immediate from the last equality.
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Proposition 7.2.1. The period | of the RCF of \/pq must be even.

Proof. 1f | were odd, —1 would be a quadratic residue modulo p by (7.5). But it is not

possible since p is a prime congruent to 3 modulo 4. O

We need the following proposition for our subsequent results. We use the following nota-
tion for brevity:
C%—l = hé + hé—?

Proposition 7.2.2. Let | denote the length of the period of \/pq. Then
hl,lzhé_l(hé—i-h%_Q) :hé_ﬁ%_r (7.6)

The proof is similar to that of Proposition 2.1 in [7]. We just briefly mention the argument.

By (7.3), we have

hi—i = aj—1hy—o + hi—g = arhy—o + hy_3 = hihj_o + hohy_s,
hi—y = ar(ai—ahi—3 + hy—a) + hi—s = as(aghi—3 + hi—4) + hy—3
= (14 ara2)ly—3 + arhi—s = hohy_s + hihy_4.

Continuing in this way, we find that

hl—l = hihl—l—z’ T hi_lhl_Q_i for 0 S 1 S l—2.

In particular, putting ¢ = 1_72 we obtain (|7.6)).

The following lemma concerning ¢ Ly and A 1y is needed later.

Lemma 7.2.3. With the notation as above, CL_y = 2h; or hé—l = 2h; for any convergent
% of the RCF of \/pq only if 1 = 0.

Proof. First consider ¢ Ly Clearly,

ol
forz§§—2, 2hi§2hé_2<hé+h%_2:c%_l,
2h; > 2hi > h: +h1_2 =Ci_;.
2 2 2 2

The remaining possibility is ¢ = % — 1. We consider the two cases a: = 1 and a; > 2
2 2

=aih 71—|—h%72. When ar > 2, we have

separately in the relation A L

L L
2 2

< = .
2h%-1_a%_1hé—1+2h§_2 C%—l
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Here, the equality holds only when A Ly = 0 and a L= 2. In that case, we have
CL_y = 2hy.
For ap = 1, the equality CLy = Zh%_l implies
(hé_1 + h%_Q) + hé_Q = 2hé_1.
It follows that

Qh%_Q = h%—l = aé—lh%—2+hé—3v

which is possible only when ar_; = 2 and h%_3 = 0. In that case, we obtain

Ci_1 = Qh%_z = 2h0.
Now consider h Ly Clearly, for ¢ < é -3
2h; < 2h%—3 < aéilh%72 +h%_3 = héfh

and equality is not possible even when h Loy = 0.
For 7 = é — 2, we have 2h; =2ht_o > hi o+ hi_g=h:_;ifar_, =1, and
2 2 2 2 2

2h; = 2h s < a 1h _2+h%_3=h%_1.

1 Ll
2 2 2

Therefore, the equality Zh%_2 = h%_l holds only when h%_?’ = (0 and ar_; = 2. In that
case, we have
h%_1 = 2h%72 = 2hy.

]

Lemma 7.2.4. Let Z—z denote the i-th convergent of (n;ay,as, ...,a;_1,2n). Suppose [ is
divisible by 4. Let t be a divisor of hy_1.

(1) Ift| hgq’ then hy_o =1 (mod t).

(1) Ift| C1_y, then hy_y = —1 (mod t).

Proof. (i) Let t be a divisor of h;_; that also divides h%—y By using , we have

h%:a%hé_l—l—h%_QEh%_Q (mod t),
higy=ai g he+hey=ai he+hi
=a1_thi y—hi_y=—hi_, (mod t)
hiy=aihiy+hi=—ai shy g+hi_y=hi, (modi). (7.7)
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Observing that the positive sign on the right hand side of the congruence precisely when

the index on the left hand side is even, we can conclude that
hl,z = ho =1 (HlOd t)

(77) Let t be a divisor of h;_; that divides cr_y, e, hy=—hi_, (mod t). Using 1'
we find

h =ai,.hi + h:
3+l 31175 31

=—ai_jhi_y+hi, (mod t) (since a%+1:aé_1)
=h1_,
hiy=at shiyy+hi
=ai ohi_5—hi, (mod t) (since aé+2:a%_2)
= _h§—4 (mod t)
Thus we have,
hig =hi_g (mod t), hijy=—hi_y (mod t), (7.8)

and so on. Observing that the positive sign on the right hand side of the congruence

precisely when the index on the left hand side is odd, we can conclude that

hi—o =—hog=—1 (mod t).

Lemma 7.2.5. Let — be the i-th convergent of (n;ay,as,...,a;_1,2n). Suppose | is con-

gruent to 2 modulo 4. ZLett be a divisor of h;_1.
(1) Ift| héfl, then hy_y = —1 (mod t).
(16) Ift| c1_y, then by =1 (mod t).

The proof is very similar to the previous one.

Proposition 7.2.6. Let ™ be the i-th convergent of the continued fraction of \/pq where
p < q are primes congruenlt to 3 modulo 4. Suppose | is the length of the period of \/pq.

Then the greatest common divisor of hi _ and ci_y is 1 or 2.
2 2

Proof. Let t be a common divisor of h%_l and iy By Lemmas [7.2.4] and [7.2.5] we must

have h;_5 = 1= —1 (mod ¢) in any case. Therefore, ¢ must divide 2. O
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7.3 The Fundamental Unit of Q(,/pq)

The RCF of |/pq is related to the fundamental unit of the real quadratic field Q(/pq).
We denote the fundamental unit of Q(,/pg) by 7. In this section, we establish a closer
relation between certain convergents of \/pg and n. It is well known that when pq is
congruent to 1 modulo 8, 7 belong to Z[,/pq]. Though n may not belong to Z[,/pq| when
pq is congruent to 5 modulo 8, 0 does. Let z + y/Pq denote the smallest unit > 1

contained in Z[,/pq]. Thus x+y./pq = n unless n & Z[/pq], in which case z+y./pq = 1°.
It is well known that (e.g., see page 76 of [2]).

T4 yy/pq = ki1 + hiiy/pg = nhi—1 + iy + hy_11/pq. (7.9)

The following lemma is crucial for our subsequent work.

Proposition 7.3.1. Let p and q are primes congruent to 3 modulo 4. Then we have

T = “2+§qb2 = 02+§qd2 andy = %’ = 2%1 for integers a, b, c and d such that (a,b) = (¢,d) =
g

1. Moreover a®> — pgb*> = —p and ¢ — pqd®> = q when (1) =1, and a’? — pgh®> = p and

c? — pqd? = —q when () =-1.

Proof. As p ramifies in the extension K, pO = p?. It is well-known that Q(,/pq) has
odd class number when p and ¢ are primes congruent to 3 modulo 4. Since the ideal class
of p has order dividing 2, p has to be a principal ideal. Therefore, there exists an algebraic

integer @ € O and a rational integer j that

py = o’

Here as pq is congruent to 1 in modulo 4, O = Z[%ﬁ]. So a typical element v of Oy

is in form #@7 where a,b € Z. Therefore, we have
: a+ b\/pq\ 2
py = (LY (710

If j were even, (7.10) would imply that \/p € Q(,/pg). Hence j has to be odd, and we
can take j = 1 or 3 by absorbing the even powers of the unit 7 on the right hand side of

(7.10). Thus,

a+ by/pg\?2 ab
plx+yv/pq) = (T\/_) — dpz = a® + pgb?, Yy = 2_p (7.11)

Now 4px = a® + pgb?® implies that a? + b? is congruent to 0 in modulo 4, and it is possible
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only if a and b both are even. So, we can consider a = a + b,/pq, where a,b € Z. Then,

a® + pqb? 2ab
y="—.

p(z+yv/pq) = (a+by/pq)? = x = — (7.12)

Since x + y,/pq is a unit, a and b have to be coprime.
As —1 is not a quadratic residue of p, the norm of = + y,/pg can not be —1, i.e.,

22— pgy? = 1. (7.13)
Substituting « and y from (7.12)), we obtain

(Mf — lec]cﬂb2 =1 = a*>— qu2 = *+p.

When (%) = 1 i.e., p is not a quadratic residue of ¢ and hence

a® — pgb* = —p. (7.14)
When (%) = —1, then —p is not a quadratic residue of ¢ and hence

a® — pgh* = p. (7.15)

Now as ¢ is a rational prime which ramifies in K, so in similar fashion we can show that

there exist mutually coprime integers ¢, d € Z such that

2 + pqd? 2cd
qn:(c+d\/p_q)2 = x:T, y:7. (7.16)

Substituting = and y from ([7.16)), we obtain

<c2 +qpqd2>2 ApgPP =1 =  — pgd® = +q.
When (1%) = 11i.e., —q is not a quadratic residue of p and hence
& —pgd® = q. (7.17)
When (]%) = —1, then ¢ is not a quadratic residue of p and hence
& —pgd* = —q. (7.18)
0
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Remark 7.3.2. When (1) =1, a®+30° =1 (mod 4) by , and ¢ +3d* = 3 (mod 4)
by . Therefore, a, d must be odd and b, ¢ must be even. By adding and subtracting

the pair of equations and , and the pair of equations and , we

find that
2 2
x—lzi:2pd2 = a=pd,
p
002 (7.19)
r4+1=2¢*="— = c¢=qb.
q
Remark 7.3.3. When (%) = —1, we similarly have a, d as even, and b, ¢ as odd integers.

By adding and subtracting the pair of equations (7.12) and (7.15), and the pair of equations

and , we find that

2 2
x—l—lzi:2pd2 — a=pd,
& ) (7.20)

2
:U—1:2c1192:i — c¢=qb.
q
Remark 7.3.4. In both cases above, y = 2%” = 2%1 = 2bd.

The following corollaries of Proposition [7.3.1] are needed later.

Corollary 7.3.5. Let p and q are primes congruent to 3 modulo 4 and (1%) =1. Lett be
an odd prime factor of hj_1. Then,
(1) hio =1 (mod t) if and only if t | d.

(1) hi_o = —1 (mod t) if and only if t | b.
Proof. By (7.9) and Remark [7.3.4] we have

Yy = hl,1 = 2bd, rz—1= nhl,1 == hl,Q —s 2d2p,

(7.21)
4+ 1=nh_1+h_o+1=20.

If ¢t is an odd prime dividing h;_; = %i, then by (7.21) h;_o = 1 (mod t) if and only if
2d?p = 0 (mod t). If ¢ does not divide d then t = p. As p divides h;_; so p has to divide
c and it leads to contradiction to . So, t divides d. The other implication is trivial
from ([7.21)).

If t is an odd prime dividing b, it is evident from that hj_o = —1 (mod t). If
hi_s = —1 (mod t), then 2b%¢ = 0 (mod t) by . Also, t | 22 = h;_; by Remark
7.3.4, 1If t does not divide b, ¢t has to divide ¢ as well as a, which would contradict

a® — pgh? = —p. Therefore the converse holds. O]
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Corollary 7.3.6. Let p and q are primes congruent to 3 modulo 4 and (%) = —1. Lett

be an odd prime factor of hy_1. Then,
(1) hi—o =1 (mod t) if and only if t | b.
(17) hi—o = —1 (mod t) if and only if t | d.

The argument for the proof runs similar to that of the previous corollary.

7.4 The Length of the Period

In this section we prove our theorem concerning the length of the period of the RCF
of \/pq. First we consider the case when ¢ is a quadratic non-residue modulo p in the

following proposition.

Proposition 7.4.1. Let p and q are primes congruent to 3 modulo 4 and | denote the
length of the period of /pq. Suppose (%) = —1. Then | must be divisible by 4.

Proof. By and Remark [7.3.4, we have y = 2bd = h%qcéq- If possible, let [ = 2
(mod 4). If ¢ is a prime factor of b, then by Corollary hi—s = 1 (mod t) and by
Lemmat is a factor of Ly But gcd(hé_l, cé_l) = 1 or 2 by Proposition , and
b is odd by Remark [7.3.3] It follows that cL_y = 2kp. Since 2bd = hi_yei_y, we must

have héfl = 3F—1-

If k=0, then ¢ L is odd and h Ly is even. Then, the predecessor h Ly and successor h L
must both be odd, and consequently their sum ¢ Ly must be even, a contradiction.

If £ > 2, then ciy =0 (mod 4). Then h;_5 = 1 (mod 4) by (ii) of Lemma .
Now from and Remark , it is clear that, h;_; = 0 (mod 4), since d is even.
Therefore, from (7.21)) we have 2b?q = 0 (mod 4) which is absurd.

If k =1, we have c;_; = 2b. As a*> —pgb®> =pand | p |< /pq, § = % for some i. Then

Therefore, we can conclude that [ divisible by 4. O
Next we consider the case when ¢ is a quadratic residue modulo p.

Proposition 7.4.2. Let p and q are primes congruent to 3 modulo 4 and | denote the
length of the period of \/pq with (%) = 1. Then the continued fraction of \/pq has period
of length | = 2 modulo 4.

Proof. 1f possible, let I = 0 (mod 4). If ¢ is a prime factor of d, then by Corollary
hi—2 =1 (mod t) and by Lemma , tis a factor of hy_,. But gcd(h%_l,c%_l) =1or
2 by Proposition [7.2.6, and d is odd by Remark [7.3.2] It follows that héq = 2kd. Since

y = 2bd = h%_lcé_l, we must have CLy = ze=t-
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If k = 0, then c,_; = 2b. Being a solution of a® — pab® = —p where | —p |< /pq,
(a,b) = (k;, h;) for some i. By Lemma(7.2.3} i =0 and b = hg = 1. Then (kg = n, hy = 1)
must satisfy n? — pg = —p, which leads to n? = p(¢ — 1) = 2 (mod 4) which is absurd.
If k> 2, then hy_; =0 (mod 4) implies h;_» =1 (mod 4) by Lemma , and conse-
quently by (7.21)), nhy_1 + h_o+1=2d*p =0 (mod 4), which is absurd.
If k=1, wehave c;_; =b. As a*—pab® = —p and | —p |< \/pq, ¢ = % for some i. Then
h; = C%—l = h% —l—hé_2 implies 7 > é But

hi > h

> he +h

N~

l l
2t 2

Therefore, we must have | =2 (mod 4). O

The Propositions [7.4.1] and [7.4.2] complete the proof of Theorem [7.1.1]

7.5 Parity of the Central Term

In this section, we examine the parity of the central term a L of the RCF of /pq.
When q is a quadratic non-residue modulo p, we can determine the parity by the following

proposition.

Proposition 7.5.1. Let (£) = —1. Then the central term a wn the palindromic part of

q
P

the period of the RCF of \/pq is even.

However, when ¢ is a quadratic residue modulo p we can conclude about the parity of a L

only when p is congruent to 3 modulo 8 as stated below.

Proposition 7.5.2. Let () = 1 and p = 3 (mod 8). Then the central term ai in the

g
p

palindromic part of the period of the RCF of \/pq is even.
In order to prove the propositions above, we establish the following lemma.

Lemma 7.5.3. With the notation used previously, h%_1 =b and CLy = 2d.
Proof. First assume that (£) = —1. By Proposition the length [ of the RCF of ,/pg

q
p

is divisible by 4. If ¢ is a prime factor of b, then h;_» = 1 (mod ¢) by Corollary [7.3.6, and
t| hé_1 by Lemma 7.2.4} But gcd(h%_l,c%_l) =1 or 2 by Proposition and b, ¢ are
odd by Remark |7.3.3| It follows that héfl = 2p and cLy = 2;%1.

If k> 2, ther; hi =0 (mod 4) implies h;_5 =1 (mod 4) by Lemma , and nh;_1 +
hi—a—1= % =0 (mod 4), which is absurd as ¢ is odd.

If k =1, we have hi_; = 2b. As a* —pgb®> = pand | p |[< \/pq, § = % for some i.
By Lemma i = 0 and (ko = n,hg = 1) satisfies n> — pq = p, which leads to the

contradiction p + pg = n? < pq.
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Therefore, k = 0 and héq = b. Consequently CL_y = 2d.

Next assume that (%) = 1. By Proposition W, the length [ of the RCF of /pq is
congruent to 2 modulo 4, and a,d are odd, b, ¢ even. If ¢ is a prime factor of d, then
hi—o =1 (mod t) by Corollary and t | 1y by Lemma [7.2.5, As gcd(héfl, 0571) =1
or 2 and d is odd, we must have CLy = 2%d. Consequently h%fl = Qk%

If k> 2 thenc; ; =0 (mod 4) implies h;_o = 1 (mod 4) by Lemma and conse-
quently by (7.21)), nh;_y + h_o — 1 =2d*p = 0 (mod 4), which is absurd.

If k =0, we have hy_; = 2b. As a®> —pgh*> = —p and | —p |< \/pq, & = % for some i. As
before, it leads to n* = p(¢ — 1) = 2 (mod 4) which is absurd.

Therefore, k = 1 and CL_y = 2d. Consequently hé-1 =b. n

Proof of Proposition[7.5.1. We have

athy o+ 0=y
— aéh%_1+2h%_2 = h% +h%_2 ZC%_l

— a%b L 2h%72 L )] (by Lemma [7.5.3)).

When (£) = —1, b is odd as observed in Remark [7.3.3| Therefore, a L must be even. U

q
p

Proof of Proposition[7.5.% As before, we have
a%b—l—Qh%_z = 2d. (7.22)

When (g) =1, bis even as observed in Remark|7.3.2 and d is odd. Since h§—1 = b is even,
its predecessor h 1y is odd. When p = 3 (mod 8), it follows from () that 1 —1 =6
(mod 16) and 2gb*> = x + 1 = 8 (mod 16) . Consequently b = 2 (mod 4). By (7.22)), we

have 2a; +2 =2 (mod 4), which implies that ai must be even. O

Finally, Propositions [7.5.1] and [7.5.2] together imply Theorem [7.1.2]
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CHAPTER 8

FUTURE PLAN

1. Tada [52| obtained certain necessary and sufficient conditions for a positive square-
free number n to be congruent over real quadratic fields Q(y/m) and classified the
corresponding right-triangles according to the types of their sides. We would like
to explore such classification on the basis of the sides of the corresponding triangles

over more general number fields.

2. Steuding [50] and Komatsu [35| examined the relation between the continued frac-
tion expansion of some special types of irrational numbers (such as v/n2 + 1 or
n? 4+ 2) to rational right triangles of area close to certain natural numbers. We
would like to explore and establish such connection for more general quadratic irra-

tionals.

3. Girard, Lalin and Nair [20] have constructed families of non-f-congruent numbers
with arbitrarily many prime factors of special types. Mokrani [39] used Monky ma-

Z-congruent numbers and non—%’r—
numbers. We would like to construct families of Z- or 2%—non—congruen‘c numbers

with arbitrarily many prime factors of types not yet covered in the literature. In

trices to construct new families of non- congruent

order to obtain stronger results concerning non-congruent (resp. non-Z- or non-

2_congruent) numbers, we would like to use 2-Selmer group of congruent number

3
elliptic curve (resp. %- and 2?”-comgruelrlt number elliptic curves).

69
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