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Abstract 
 

 

 

A moving tank partially filled with liquid that undergoes periodic motions is known to exhibit 

sloshing. Fluid motion in partially filled tanks may cause large structural loads if the period 

of tank motion is close to the natural period of fluid inside the tank. The free surface flow 

phenomenon is an important consideration in several engineering fields like safety 

assessment of power generation plants and for many other industrial purposes. Since early 

1960s, the problem of liquid sloshing dynamics has been of major concern to aerospace, 

ocean and mechanical engineers. Civil engineers and seismologists have been studying liquid 

sloshing effects on large dams, oil tanks and elevated water towers under ground motion. 

 

The capture of liquid free surface flow properties such as displacement, velocity and pressure 

has always been a challenging work. Many experimental and numerical techniques are 

available to capture these properties. However, some of the techniques yield the best results. 

This thesis is concerned with capturing the dynamic properties of the liquid free surface in 

partially filled tanks. The liquid free surface elevation, free surface velocity and pressure 

distributions are captured by numerical and experimental investigations.  

 

The present investigation focuses on 2-D and 3-D rectangular domain with finite difference 

based Sigma-transformation ( -transformation) for regular and random excitations, and the 

results obtained are compared with benchmark data. Techniques such as SURF, Marker and 

Cell (MAC), Volume of Fluid (VOF) require complex computer programming to treat the 

time varying free surface boundary and the computational mesh needs to be updated at every 

time step. The  -transformation for treating the liquid free surface has gained wide spread 

popularity in recent years because of its simplicity and ease of implementation. This 

transformation is used to map the liquid domain onto a rectangle, such that the moving free 

surface in the physical plane becomes a fixed horizontal line in the computational mapped 

domain. 
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Abstract 

 

viii 

 

Further, investigations of free surface velocity with the aid of flow visualisation technique in 

an externally induced sloshed tank subjected to surge motion is scarce. In the present 

investigation, the interface location method has been used for capturing the liquid free surface 

experimentally, during the external excitation of the tank under low frequency. The 2-D 

planar Particle Image Velocimetry (PIV) technique is used to calculate the U and V velocity 

of the free surface, while the interface location technique is used for vertical velocity of the 

interface (W).  In the interface location method, the videos captured by the movie camera are 

then transferred to the computer and further image analysis is carried out. Intensity gradient 

at each point is calculated, where the location of maximum gradient is considered as the 

interface. The luminance contrast between the liquid and the air which indicates the location 

of the interface is determined by maximum intensity gradient method.  

 

The free surface velocity has been calculated by using the 2-D planar PIV technique. In this 

technique, the two images of each particle in the sheet are recorded in a short time interval.  

The images of marker particles in a fluid flow are used to measure instantaneous velocity 

fields. It is a technique which enables instantaneous measurement of the flow velocity at 

several positions in a plane. To extract the velocity vector, the mathematical correlation 

analysis is performed between two consecutive frames on each interrogation region. The PIV 

interrogation process is repeated until all the required velocity information is extracted from 

the captured record. 

 

Finally, the dynamic response of liquid pressure in baffled liquid storage tank has been 

studied. The slosh arresting power of baffles is investigated through pressure measurement at 

various locations of the tank through experiments and numerical simulations. The pressure 

distributions are calculated experimentally by means of piezo-resistive type pressure sensors. 

In the numerical simulation, the fluid and solid are modeled in ADINA (Automatic Dynamic 

Incremental Nonlinear Analysis), and the results are compared with the present experimental 

data. The effects of a few parameters of the system, such as the liquid filling level, presence 

of passive sloshing damper at various frequencies have been examined. 
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Symbol Description   

A Wave amplitude, m 

a  Root mean square of a 

Av    Vertical forcing amplitude, m 

Ax Horizontal forcing amplitude, m 

b Length of the tank, m  

TD   Transverse acceleration of the 

tank, m/s
2
 

E Wave steepness 

EV Volume error (%) 

Hs Significant wave height, m 

hs Still water depth, m 

h Instant water height from tank 

bottom, m 

Kn Wave number 

Kv, Ky Nonlinearity forcing parameter in 

vertical direction 

Kh, Kx Nonlinearity forcing parameter in 

horizontal direction 

L Distance from free surface and 

tank center, m 

Nw Number of the linear 

monochromatic waves 

n Mode number 

R Radius of  the tank , m 

S  Spectrum  

t Time, sec 

t* Non-dimensional time 

DY    Vertical acceleration of the tank, 

m/s
2 

DX   Horizontal acceleration of the 

tank, m/s
2
 

X(K) Spectra of wave elevation 

Greek Symbols 

n  Natural sloshing frequency, rad/s 

  Angular frequency, rad/s 

v  Frequency of vertical motion, 

rad/s 

h  Frequency of horizontal motion, 

rad/s 

p  Peak frequency, rad/s 

  Free-surface elevation, m 

0  Initial free-surface elevation, m 

  Phase angle, rad 

  Stretching factor 

  Velocity potential function at 

physical domain ),,( tyx  

  Velocity potential function at 

transformed domain ),,( TX   

  Velocity potential function at 

Computational domain ),,(   

v  Frequency ratio in vertical 

direction )/( vn   

x  Frequency ratio in vertical 

direction  nh   

  Largest eigen value 

n  Residual at n
th
 iteration 

2,  First and second order central 

difference operators 

  Mixed second order central 

difference operator. 
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Abbreviations 
 

 

 

ALE Arbitrary-Lagrangian-Eulerian 

ADINA Automatic Dynamic Incremental 

Nonlinear Analysis 

BB Back Boundary 

BEM Boundary Element Method 

BET Boundary Element Technique 

BIT Boundary Integral Technique 

BMB Bottom Boundary 

CCD Charged Coupled Device 

CFD Computational Fluid Dynamics   

CV Control Volume 

EA Excitation Amplitude 

ER Electro-Rheological 

ER-TSD Electro-Rheological Tuned Slosh 

Damper 

EW East-West 

FB Front Boundary 

FDM Finite Difference Method 

FEM Finite Element Method 

FFT Fast Fourier Transformation 

FL Fill-Level 

FR Frequency Ratio 

FSI Fluid Structure Interaction 

FVM Finite Volume Method 

LB Left Boundary 

LBM Lattice Boltzmann Method 

LDV Laser Doppler Velocimetry 

LNG Liquefied Natural Gas 

MAC Marker and Cell 

MR Magneto-Rhelogical 

MRF Medium Range Forecast 

MT Meshless Technique 

MTMD Multiple Tuned Mass Damper 

NGM Nested Grid Model 

NS North-South 

ODE Ordinary Differential Equation 

PDE Partial Differential Equation 

PGF Pressure Gradient Force 

PIV Particle Image Velocimetry  

RB Right Boundary 

SOR Successive Over Relaxation 

TLCD Tuned Liquid Column Damper 

TLD Tuned Liquid Damper 

TSD Tuned Sloshing Damper 

VOF Volume of Fluid 

2-D Two-Dimensional 
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 Chapter 

INTRODUCTION  

1 

 

 

his chapter gives a general background on the importance of sloshing and  

highlights the motivation behind the present investigation. It also summarizes 

various numerical and experimental techniques used for capturing liquid free surface 

properties in a sloshed tank. The objectives of the present investigation have been 

addressed. At the end, the organization of thesis is described. 
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1.1 General Background 

Sloshing can generally be described as back and forth motions of the liquid in a partially 

filled tank. It is a phenomenon where liquid in the tank move irregularly with a splashing 

sound. Elevated water towers and industrial storage tanks under excited ground motion and 

sloshing effects on large dams, liquefied natural gas (LNG) ship tanks and moving oil tanks 

are studied by civil engineers and seismologists. Moreover, aerospace and nuclear engineers, 

designers of road, ship tank builders, applied mathematicians and physicists are having the 

great concern on liquid free surface problem like liquid sloshing. The large liquid movement 

creates highly localized impact pressure on tank walls which may in turn cause structural 

damage and may even create sufficient moment to affect the stability of the vehicle which 

carries the container.  

 

The linear theory of liquid sloshing is adequate for determining the natural frequencies and 

wave height of the free surface. This theory is also useful for finding the liquid velocity, 

hydrodynamic pressure, forces and moments as long as the free surface maintains a planar 

shape with a nodal displacement that remains perpendicular to the line of excitation. 

Although the linear theory has been used widely as a practical technique, the non-linear 

analysis is to be performed when the excitation frequency is very close to the fundamental 

frequency of sloshing liquid or large amplitude of excitation. The analytical techniques for 

predicting large amplitude sloshing are still not fully explored. The numerical techniques 

such as the finite difference method (FDM), finite element method (FEM), finite volume 

method (FVM), meshless technique (MT), the boundary integral technique (BIT) and the 

boundary element method (BEM) have been used for the solution of the sloshing problems.  

 

The sloshing in a moving liquid tank causes safety and comfort issues such as undesirable 

forces on brake systems (Figure 1.1) in liquid carrying tankers like LNG (Figure 1.2), high 

impact loads upon the containment system and structural parts (Graczyk et al., 2003; Lee, 

2007). Further, under earthquake conditions, it creates fatigue, safety problems in nuclear 

reactors and power generating plants (Kimura et al., 1995). Sloshing also produces 

unnecessary noises referred to as ―clinking noises‖ in automobile fuel tanks (Wiesche, 2006) 
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and safety issues in propellant tanks in the spacecraft under micro-gravity conditions (Snyder, 

1999). 

 

  

Figure 1.1: A typical road vehicle carrying liquid container. 
 

As compared to rigid loads, the number of road accidents related to liquid loads is 

significantly higher. This is due to the fact that the dynamic behavior of a liquid in a 

transporting container considerably affects the stability and controllability of the vehicle 

(Popov et al., 1992). Liquid sloshing occurs in several marine engineering applications 

including green water on ship decks and in vessels transporting liquids in hold tanks 

(Veldman, 2007). Hence, the problem of sloshing gains more attention and practical 

importance in the engineering community (Valentine, 2005). 

 

  
 ( Photo credit : EERI) 

Figure 1.2: A typical ships carrying Liquified 

Natural Gas vessel. 

Figure 1.3: Seismic effect to industrial 

liquid storage tanks. 

 

The liquid in a tank subjected to forced oscillation at a frequency close to a natural frequency 

of oscillation exhibits resonance or system natural frequency. This may occur in the fuel 

tanks of rocket engines, in the holds of crude-oil carrying tankers and in large liquid 

reservoirs excited into motion by seismic activity (Figure 1.3). This resonance may lead to 
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the structural damages in tanks as shown in Figure 1.4. Depending on the type of disturbance 

and tank shape, the free liquid surface can experience different types of motion including 

simple planar, non-planar, rotational, irregular beating, symmetric, asymmetric, quasi-

periodic and chaotic. The amplitude of slosh, in general, depends upon the amplitude of 

excitation and frequency of the tank motion, liquid-fill depth, liquid properties and tank 

geometry.  

 

  

Figure 1.4: Structural damages in LNG ship container. 

 

Many theoretical and experimental studies have been carried out in the area of liquid sloshing 

in fixed and moving tanks. Faltinsen (1974), Faltinsen and Timokha (2002), and Frandsen 

and Borthwick (2003) presented approximate theoretical forms for inviscid sloshing motion 

in fixed and moving tanks. Numerical simulations are used to verify the validity of analytical 

results if in case experimental results are not available. Extensive numerical analyses of 

liquid slosh dynamics have been undertaken by using numerical methods such as the FDM, 

FVM and BEM techniques, such as SURF, marker and cell (MAC), volume of fluid (VOF) 

are available to handle the free surface of the moving fluid (Hirt and Nichols, 1981; Popov et 

al., 1993; Cho et al., 2005; Akyildiz and Unal, 2006, Arafa, 2007). The  -transformation is 

also frequently used in treating time varying free surface flows. The vast majority of the 

sloshing numerical works so far deals with 2-D liquid domain. Frandsen (2004) has also used 

 -transformation technique for 2-D rectangular domain. The time-varying liquid free surface 

can be mapped onto a fixed plane surface by the proper coordinate transformations, called the 

 -transformation, which prevents the need for free surface smoothing for the cases 

considered herein. 

 

Various aspects of the 2-D and 3-D nonlinear liquid sloshing problems of excited tanks have 

been studied numerically with the help of coordinate transformations, where the fluid is 

assumed to be inviscid and irrotational. Hence, the governing equations and boundary 
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conditions of liquid dynamics in the tank are based on the potential flow theory. A numerical 

study on regularly and randomly excited tank in horizontal and vertical direction is carried 

out. The results are validated with benchmark results. The wave elevation time history, phase 

plane diagram and surface plots represent the wave nonlinearity during its motion.  

 

A host of researchers, on the other hand, have carried out experimental investigations on the 

self-induced sloshing in a rectangular tank with circulating flow. Most of these studies carried 

out in the past two decades have been limited to self induced excitations (Okamoto et al., 

1991; Hu et al., 1999). Further, the work in the area of flow visualisation techniques on 

externally induced sloshing with surge motion of tank is scarce. The unsteady free surface 

velocities during the surge motion of a liquid tank are determined through experimental 

investigation. Liquid height is observed by the intensity variation of the interface between the 

air and liquid (Law et al.,1999). The intensity gradient at each point has been calculated. The 

location of maximum gradient has been considered as interface. The movement of interface 

can be analyzing by cross-correlation between these matrices. The free surface oscillations 

are plotted for different excitation frequencies. The planar 2-D PIV technique (Adrian, 2004) 

is used to calculate the U and V velocity of the free surface, while the interface location 

technique is used for vertical velocity of the interface (W). The velocities are measured for 

various liquid fill levels and excitation frequencies. Finally, the pressure distribution at 

various locations of the excited tank is studied experimentally.  

 

The interface location method (Law et al., 1999) has also been used for capturing the liquid 

free surface during the external excitation of the tank under low frequency. In this method, 

the videos captured by the movie camera are usually transferred to a computer where image 

analysis is carried out. In this analysis, the location of maximum gradient was considered as 

interface. The luminance contrast between the liquid and the air which indicates the location 

of the interface is determined by maximum intensity gradient method. The 2-D planar PIV 

technique uses images of marker particles in a fluid flow to measure instantaneous velocity 

fields. Two images of each particle in the sheet are recorded in a short time interval. This 

technique that relies on the imaging of tracer particles embedded within a flow at two distinct 

times, t1 and t2, to estimate the velocity of the fluid. The distance separating the two images 

gives a local velocity vector. Correlation analysis is used to extract the particle displacements 

and for the cross correlation, the PIV-sleuth is used. 
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The effects of a few parameters of the system, such as the liquid filling level, presence of 

passive sloshing damper at various frequencies have been examined. The numerical results 

attained using ADINA-FSI are compared with experimental results. The response of the 

coupled system (fluid and solid domains) is obtained by using the well-known software 

ADINA (Automatic Dynamic Incremental Nonlinear Analysis), which offers efficient fully 

coupled fluid–structure interaction (Bathe, 1996; Rugonyi and Bathe, 2001; Bathe and Zhang, 

2004). In order to study the influence of location and shapes of baffles under sinusoidal 

excitation, the fluid and solid domains are modeled and the dynamic response of baffled 

liquid storage tank has been analyzed extensively.   

 

1.2 Present Objectives  

The objective of the present investigation is to study the free surface characteristics through 

numerical and experimental investigation in partially filled moving tanks such as free surface 

displacement, velocity and pressure near the wall. In order to achieve this, the following 

specific goals have been addressed: 

 

  To capture the free surface elevation during the motion of the tank experimentally by 

using interface location method, and numerically by finite difference based sigma 

transformation technique.  

 

 To find free surface velocity and streamline profiles of liquid in the externally 

induced partially filled tank. To measure the liquid free surface velocities for various 

liquid fill levels and excitation frequencies. 

 

  To calculate the liquid pressure at the tank walls by using piezo-resistive transducer 

and to compare with the fluid-structure coupled numerical analysis. To analyze effect 

of baffles through experimental and numerical investigations. 

 

 To make a comparative analysis of the above numerical and experimental results. 
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1.3 Organization of the Thesis 

 

The thesis is arranged in nine chapters as follows. Chapter-2 deals with a review of the 

existing literature encompassing the numerical simulation and experimental techniques. The 

detailed information about  -transformation with advantages and limitations with 

overcoming procedures are reported in Chapter-3. Chapter-4 is devoted to the mathematical 

equations for 2-D and 3-D liquid domains and its boundary conditions. The mapping 

techniques are discussed elaborately in a step by step procedure. The time varying liquid free 

surface is mapped into a fixed domain using  -transformation technique and the finite 

difference method is applied on the transformed governing and boundary conditions. 

Chapter-5 focuses on the results of liquid free surface elevation, wave phase plane, power 

spectral density, streamline and velocity vector diagrams from the numerical simulation of 2-

D and 3-D liquid domains. The grid independence study, error study and validation tests are 

also reported in this chapter. The experimental procedures and the results for capturing the 

free surface elevation of liquid during the tank motion are discussed in Chapter-6. The 

behavior of free surface velocity using 2-D planar PIV technique is discussed in Chapter-7. 

Flow behavior in terms of streamline plots and vector plots are described in this chapter. 

Liquid pressure near tank wall is captured numerical and experimental techniques and results 

are compared in Chapter-8. The conclusions and future scope are presented in Chapter-9.  

 

To clarify certain points a few appendices are also included in the thesis. Appendix-A 

consists of the pseudocode of the 3-D rectangular tank. The detailed error analysis for 

experimental measurements is showed in Appendix-B. The relevant details of the instruments 

used in the experiments and the error analysis are given in Appendix-C. 
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n this chapter, a comprehensive review of literature has been carried out. 

Stating some notable facts in the area of liquid sloshing, the chapter identifies 

and discusses the various important terms and parameters associated with liquid 

sloshing. This is followed by a thorough review of both numerical and experimental 

investigations reported in open literature. In either case, the key issues and findings 

have been discussed, compared and summarized. 
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2.1 Introductory Remark 

As mentioned earlier, liquid sloshing in a moving tank constitutes a broad class of problems 

of great practical importance. Many researchers have been working on sloshing since last 

fifty years. Their research work deals with both experimental studies as well as numerical 

simulation. 

2.2 Notable Facts in Sloshing  

To begin with, a host of researchers have studied this phenomenon in moving vehicles. The 

earlier study relevant to this topic was performed by Jacobson and Ayre (1951), and Graham 

and Rodriguez (1952). In 1957, the flight of Jupiter IRBM AM-1B vehicle terminated at 93 

seconds because of propellant slosh when the missile achieved an altitude of 60,000 feet. 

Housner (1957, 1963) developed an analytical method for the determination of hydrodynamic 

wall pressures under the assumption that the tank is a rigid structure fixed at the base and 

only the fundamental sloshing mode is important. Again in 1964, when the test vehicle F1 

was launched, a catastrophic instability occurred, resulting in premature engine cut and an 

oscillation in both pitch and yaw plane. Loss of control of the vehicle near the end of the 

flight occurred due to fuel sloshing. Thereafter, sloshing had been extensively studied and 

used in many engineering applications by scientists, especially by the NASA people. 

 

The early interest on the dynamic characteristics of a liquid free surface dates back to the 

beginning of the previous century. The 1964 Alaska earthquake and the extensive damage 

inflicted on various kinds of liquid storage tanks seems to have initiated an intense and 

uninterrupted interest on the seismic behavior of modern structures used for the storage of 

liquids or liquid like materials, e.g., water, fuel, oil products, chemicals, wastes, and LNG 

(Lamb, 1932, Drosos et al., 2008). As cited by Matsui (2007), many tanks during earthquakes 

have been subjected to serious damages, due to liquid sloshing. Especially, during the 2003 

Tokachi-oki earthquake, seven oil-storage tanks of floating roof type located at Tomakomai, 

Hokkaido, Japan were seriously damaged (Hatayama et al., 2005). In addition, the failure of 

the floating roof and the fire of oil-storage tanks have been observed frequently, e.g., during 

the 1964 Niigata and the 1983 Nihonkai-chubu earthquakes. The sinking of the floating roof 

caused by sloshing has never been experienced so far in Japan (Matsui, 2009). 
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Applications in the aerospace industry has been reviewed and discussed by Abramson (1966) 

both analytically and experimentally. In the 1970s and early 1980s, sloshing flows in liquid 

oil carrier vehicles have been extensively studied, since slosh-induced loads can cause serious 

damage to cargo structure in marine engineering. Feng (1973) used a three-dimensional 

version of the Marker and Cell method (MAC) in a rectangular tank. This method consumes 

large amount of computer memory and CPU time and the results reported indicate the 

presence of instability. A nonlinear analytic method for simulating sloshing, which satisfies 

the nonlinear boundary condition at the free surface was suggested by Faltinsen (1974). The 

coupling effect between liquid sloshing and structural vibration is usually neglected in 

practice. The preliminary study of these coupling effects in cylindrical tanks was carried out 

by Haroun (1980, 1983). Partom (1987) presented the most popular Volume of Fluid (VOF) 

method developed by Hirt and Nichols (1981) for tracking the free surface boundary for 

cylindrical tank. From 1980, much attention has been paid to model the transient free-surface 

potential flows by means of the Boundary-Element Technique (BET), Finite Volume Method 

(FVM), Finite Difference Method (FDM) and Finite Element Method (FEM) after the 

booming of new numerical techniques and invention of high speed computers.  

 

Recently, Space Exploration Technologies (SpaceX) launched Demo Flight 2, Falcon 1 

launch vehicle on March 20, 2007. Initially, instability grew in pitch and yaw axes, and after 

about 30 seconds a noticeable roll torque was also induced. This roll torque eventually 

overcame the 2nd stage‘s roll control thrusters and centrifuged the propellants, causing flame-

out of the Kestrel engine. There is high confidence that LOX slosh was the primary 

contributor to this instability (http://sloshcentral.bbbeard.org/Refs/F1-DemoFlight2-Flight-

Review.pdf ). 

 

2.3 Description of Sloshing Parameters 

This section deals with the description of the sloshing parameters, such as tank shape, 

excitation, flow impediment objects, fluids used, tank wall, and the field in which the 

experiments are conducted. Fifteen research articles (Cole, 1966; Dodge, 1966; Bugg, 1970; 

Sudo et al., 1987; Chiba, 1992; Warnitchai and Pinkaew, 1998; Modi and Munshi, 1998; 

Grundelius and Bernhardsson, 1999; Pal et al.,  2001, Sakamoto et al., 2001; Sawada et al., 

2002; Akyildiz and Unal, 2005; Yano and Terashima, 2005; Nasar et al., 2008; and  
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Panigrahy et al., 2009) have been chosen to find and analyze the effect of these parameters on 

sloshing. The work reported in these investigations has been compared and summarized in 

Table-2.1 (refer page 20). 

 

2.3.1 Tank Shape 

The first parameter concerns with the shape of the tank which can be either symmetric or 

asymmetric as shown in Figure 2.1. From Table-2.1, it is clear that both the rectangular and 

cylindrical shaped tanks seem to have equal importance. It is noticeable that no one used 

asymmetric tank in their experiments. This is probably due to the fact that in real time 

applications, liquid tanks are often built symmetrically.  

 

Rectangular Tank           Vertical Cylindrical Tank         Annular Cylindrical Tank

Canal Shapes with 45º Straight Wall

Rectangular Tank           Vertical Cylindrical Tank         Annular Cylindrical Tank

Canal Shapes with 45º Straight Wall  

Figure 2.1: Various types of tank shape (symmetric and asymmetric geometries). 

 

The recent increase in demand for midsize tankers and LNG carriers entails more attention on 

the accurate prediction of sloshing fluid behavior inside tanks, whereby ship motions are 

more reactive to the external disturbances and the natural periods of sloshing are longer due 

to growing individual tank sizes and its shapes (Rhee, 2005). In general, many researchers 

used basic tank shapes like rectangular and cylindrical tanks for their analytical and 

numerical studies because of its simplicity. Other tank geometries such as annular cylinder, 

horizontal cylinder, spherical, triangle, oblate spherical, canal shape, elliptic tanks etc. have 

also been used in rare cases.  Over the years, the study of LNG tank shapes continues to be an 

interesting topic. During the filling process, the LNG exercises unsteady forces on the tank 

walls and makes the vessel react to these forces by ship motion. Baeten (2009) predicted the 

TH-1038_06610309



Review of Literature 

 12 

hydrodynamic wall pressure from LNG sloshing on different tank shapes and specific test 

cases have been validated against experimental data. 

 

The sloshing frequencies of a horizontally resting cylindrical tank are difficult to obtain, even 

for an ideal frictionless liquid (Wiesche, 2008). Calculating the natural frequency is quite 

easy for simple geometric shapes, but for complex nonlinear designs, it becomes significantly 

more complex. While solving natural frequency for complicated tank shapes numerically, the 

set of nonlinear equations needs to be solved in asymmetric and non-uniform cells. Problems 

arise not only in grid generation but also in the computation part. It is difficult to analyze and 

determine the free liquid natural frequencies and mode shapes of horizontal cylinders and 

spherical tanks that are partially filled with liquid. The difficulties arise due to the fact that 

the walls are not straight and parallel to the axis of symmetry (Ibrahim, 2005). 

 

Romero et al. (2005) conducted experiments to determine the magnitudes of lateral sloshing 

forces within tanks of three tank shapes like oval, circular and modified oval (that are 

commonly used in commercial applications) under high fill volumes (about 90 % to 98 %). 

The results showed that the sloshing forces depends on the angle between the fluid free 

surface and the tank wall, the outage‘s length and average height of the tanks. For the 90 % of 

fill level, highest sloshing forces first occurred on the circular tank followed by the oval and 

the modified oval shapes. However, for 98% of fill level, this order just got reversed. 

Moreover, the sloshing pressure was investigated for two different sized tanks by Hwang et 

al. (2008). The tank shape mainly defines the liquid free surface profile.   

 

2.3.1.1 Effect of Inclination of Tank in Sloshing 

Bugg (1970) performed experiments to determine the effect on liquid oscillation frequency of 

changes in the angle (Figure 2.2) between the tank axis and force body vector. Tank was tilted 

from 0° to 60° to the local vertical, and the liquid depth to tank radius (d /r) was also varied. 

Two modes of oscillation were studied, one with its nodal line along the minor axis of the 

liquid free surface, and the other with its nodal line along the major axis of the surface. The 

frequency of each of these modes was decreased by increasing the tank tilt, with the 

frequency of the former being decreased much more than the frequency of the latter. He 

concluded that the tank angle made only a small effect on shuttle propellant dynamics during 

launch for the expected 10° or less angle between thrust vector and tank axis. Very few 

reports dealt with sloshing in an inclined tank or inclined wall. These types of investigation 
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were recently reported by Behr and Abraham (2002), Taniguchi (2004), Moaleji and Greig 

(2007), Liu and Lin (2008), and Sweedan (2009).  

 

α

30 cm

20 c
m

α

30 cm

20 c
m

 
 

Figure 2.2: Schematic diagram of test set-up of Bugg (1970). 

 

2.3.2 Excitation 

The second important parameter concerns with the types of excitation that produces a free 

oscillation or a forced oscillation. A majority of investigators made use of simple harmonic 

excitation which comes under forced oscillation. A few of them used linear forced oscillation 

and random forced oscillation. The knowledge of natural frequencies for liquid free surface is 

important in the design of liquid tanks subjected to different types of excitation. The dynamic 

behavior of a free liquid surface depends on the type of excitation and its frequency content. 

The excitation can be linear, sinusoidal, ramp or random. Its orientation with respect to the 

tank can be surge, sway, heave or pitch, yaw, roll or a combination of these.  

 

Hashimoto and Sudo (1988) concluded from the vertical vibration of cylindrical liquid tank 

experiments that the first resonant frequency of the axial vibration of the liquid column 

depends on the excitation acceleration. The first resonant frequency decreases as the 

excitation acceleration of the tank containing liquid increases. The first resonant frequency of 

the axial vibration of the liquid column decreases as the liquid height in the cylindrical tank 

increases. Colagrossi et al. (2004) observed an asymmetric behavior of the wave elevation 

along the tank, as well as alternation of the breaking phenomenon at the two tank sides. By 

varying the excitation period of the sinusoidal horizontal motion of the tank and by increasing 

its amplitude of oscillation, some peculiar phenomena were observed for excitation period 

near the linear sloshing natural period. Such phenomena are connected with important water-
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wall interactions and with the vortex generation consequent to the post breaking phenomena. 

Because of their complex features, they cannot be predicted by potential flow models.  

 

Rotation motions can be considered for space vehicles and ocean going vehicles. The ship 

motions excite sloshing, which in turn affects the ship motions. The sloshing induced roll 

movement on the vessel will cause roll damping by properly choosing the highest natural 

sloshing period close to the roll natural period. Under the roll excitation, the fluid in the 

horizontal cylindrical tank does not participate in the tank motion since it is assumed to be 

inviscid. If the fluid viscosity is considered, then one has to solve the full Navier-strokes 

equations to estimate the thickness of the fluid participating in the tank motion. Researchers 

generally applied the simple harmonic motion or linear motion to the sloshing tank. In many 

practical situations, a system may undergo sudden changes such as mechanical impact, water 

hammer, etc. These can be represented and analyzed using an impulse input. In nature, very 

few motions are periodic, even sinusoidal. Sinusoidal make up the particular class of periodic 

functions. It can be expressed in terms of cosine functions. Therefore, one should know 

necessarily how a measurement device responds to the sinusoidal input.  

 

2.3.2.1 Excitation direction 

The types of tank motions are depicted in Figure 2.3. There is no necessity to apply all the 

motions at the same time. It is just adequate that any one or two motions can be merely 

applied to a tank in regard to the application. Type of tank motions is usually preferred based 

on the applications. For example, vertically excited motion is considered as an ideal type for 

earthquake condition. Most of the works reported are under earthquake condition where the 

tank is given a vertical motion or a combined excited tank motion (Frandsen and Borthwick, 

2003, Hashimoto and Sudo, 1988).  
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Figure 2.3: Illustration of tank 

motions. 
Figure 2.4: Tank with liquid semi-circular damper.  
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2.3.3 Flow Impediment Objects 

The third parameter deals with the kind of damping devices used for conducting experiments. 

Investigations have been carried out without and with baffles (horizontal and vertical). Modi 

and Munshi (1998) used a semi-circular solid damping device with a tuning arrangement 

(Figure 2.4). A liquid sloshing damper, also known as nutation damper or tuned liquid 

damper, operates on the principle of energy dissipation through liquid sloshing and wave 

breaking of the free surface. The device consists of a suitably shaped tank partially filled with 

a liquid (e.g., water). When such a system is subjected to acceleration, the liquid is set into 

sloshing motion, accompanied by waves at the free surface. Such a device, in a sense, is 

similar to a multiple tuned mass damper (MTMD) because of its effectiveness over a range of 

frequencies (Modi and Munshi, 1998). With a proper design, a tank partially filled with liquid 

can be used as an effective damper for suppressing horizontal vibration of structures. This 

type of damper has gained popularity in practical use due to its low cost and simplicity 

(Fujino et al., 1992; Ueda et al., 1992). A tuned liquid damper (TLD) had been used to utilize 

the dynamic effect of liquid sloshing (Warnitchai and Pinkaew, 1998). TLD is used to adjust 

the natural frequency of the system by adding or removing weights.  

 
Horizontal Baffle

Vertical Baffle
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Figure 2.5: Tank with vertical and 

horizontal baffle. 

Figure 2.6: Variation of the baffle thickness 

with amplitude to width ratio (Cole, 1966). 

 

2.3.3.1 Effect of baffles on sloshing 

Baffles are generally used as passive slosh damping devices in the liquid storage tanks to 

obstruct the vertical velocity of the sloshing fluid. The basic concept of passive sloshing 

damper is to dissipate the sloshing motion energy by breaking a main sloshing flow into 

several weaker sub-streams. Different types of baffles viz., horizontal, vertical, and annular 
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or ring baffles have been used in the past (Pal et al., 2001; Akyildiz and Unal, 2005; 

Panigrahy et al., 2009). They can be either flat or curved structures fixed to the walls of the 

tank as shown in Figure 2.5. These structures lie on the liquid-flow path, and hence act as a 

barrier for the smooth flow of the fluid, and have varied functions depending on the 

circumstances. They are used for dissipating the kinetic energy of fluid in motion, enhancing 

the mixing process in a mixing tank and yet sometimes for aggravating convection in heat 

generating regions. The flow impediment objects drastically reduce the free surface elevation, 

and also the hydrodynamic pressure. 
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Figure 2.7: Experimental observation (Pal 

et al., 2001). 

Figure 2.8: Experimental observation 

(Panigrahy, 2006). 

 

Cole (1966) conducted ink-trace experiments in a cylindrical tank to study the baffle 

thickness effects in fuel sloshing. His work on the effectiveness of baffle with respect to 

amplitude to width ratio (A/W) showed that baffle thickness decreases baffle effectiveness by 

as much as 50 percent at moderate amplitudes of oscillation (Figure 2.6). Pal et al., (2001) 

studied the free surface displacement of the liquid with respect to time (Figure 2.7) in a tank 

equipped with ring baffles. Akyildiz and Unal (2005) investigated liquid sloshing in a 

rectangular tank at a model scale with various fill levels and baffles. In an experimental 

study, Panigrahy (2006) investigated the effect of baffles on sloshing behavior of liquids in a 

rectangular tank by studying pressure variation with respect to time (Figure 2.8). The 

observation shows that the ring baffles are the best choice as they reduce the pressure to the 

maximum extent. This happens because the ring baffle not only suppresses the velocity of 

impact of the fluid at the walls, but also retards the vertical motion of the liquid near the other 

two adjacent walls, thereby suppressing the wave amplitude. The introduction of baffles in 

the tank decreases the sloshing effect by a considerable amount. This is because the baffles 
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create turbulence in the flow field thereby dissipating the excess kinetic energy to the walls. 

Baffles can significantly reduce fluid motions and more investigations are needed to study the 

effect of the fluid viscosity on impact pressures. 

 

2.3.3.2 Effect of tuned liquid dampers on sloshing 

When the fluid imparts forces to its tank which in turn are transmitted to the vibrat ing 

structure influencing its motion, the imparted forces during sloshing are inertial, gravitational, 

and dissipative in nature (Sayar and Baumgarten, 1982). Use can be made of the inertial 

forces for vibration absorption and of the dissipative forces for damping. Tuned Liquid 

Dampers encompassing both Tuned Sloshing Dampers (TSDs) and Tuned Liquid Column 

Dampers (TLCDs) have become the popular form of initial damping device. A tuned sloshing 

damper (also known as nutation damper) is extremely practical and operates on the principle 

of energy dissipation through liquid sloshing and wave breaking of the free surface. 

Fundamental mode frequency of liquid sloshing is tuned to the natural frequency of structure 

and the damping ratio of the sloshing mode is set to an optimal value (Vandiver and Mitome, 

1982; Guzel et al., 2004).  

2.3.4 Fluids Used 

The fourth parameter associated with sloshing concerns with the type of fluids used in the 

experiments. Most of the researchers preferred water as a fluid in their studies not only 

because it is easily available, but also it satisfies their practical needs effectively. For 

example, even if the real plants like casting industries are considered, it is possible to use 

water in the study. This is because the Reynolds number of water at normal temperatures is 

almost the same as that of molten iron or molten aluminum at high temperatures considering 

the similarity law in fluid dynamics. For example, the kinematic viscosities of molten iron 

metal at 1350 K and 1400 K are 1.365 x 10
-6

 mPa.S and 1.237 x 10
-6

 mPa.S, respectively, 

while that of water at 293 K is 1.0 x 10
-6

 mPa.S (Yano and Terashima, 2005; Terashima and 

Yano, 2001).  

 

2.3.4.1 Effect of compressibility of fluid 

Topliss et al. (1992) studied the water impact on a wall with air bubble formation and 

developed a potential flow model to determine the frequency of oscillation of the bubble 

pressure. As reported by Godderidge et al. (2009), the potential flow model developed by 
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Topliss et al. (1992) overestimates the experimentally observed pressure oscillation 

frequency. Godderidge et al. (2009) studied the effect of compressibility, various 

combinations of compressibility models for air and water and found that the inclusion of fluid 

compressibility can have a significant effect on the pressure evolution of a sloshing flow. 

When fluid impact is not a significant feature of sloshing, then an incompressible fluid model 

can be used for both fluids. When modeling the sloshing with significant air entrapment, 

compressibility of both air and water should be included. An isothermal compressibility 

model for air may still be preferable. The non-dimensional pressure impact parameter is 

based on the tank size. Rise of pressure during impact, can be used to determine whether air 

and water should be modeled as compressible fluids. Hashimoto and Sudo (1988) 

investigated the bubble cluster formation in the liquid and tank wall responses during the 

vibration. Bubble formation was observed in cylindrical tanks. It was found that the resonant 

frequency of the liquid-tank vibration system depended on the excitation acceleration. The 

response of the liquid pressure and the tank wall acceleration was suddenly changed by the 

formation of a bubble cluster in the oscillating liquid column.  

 

A few articles as shown in Table-2.1 were concerned with Magnetic Rhelogical (MR) and 

Electro-Rhelogical (ER) fluids. ER fluids are same as the magnetic fluids, but it needs 

electric field instead of magnetic field. From Table-2.1, it can be seen that only in three cases, 

investigators used fluids like methanol, carbon tetrachloride (CCl4) etc., other than water, MR 

and ER fluids. 

 

2.3.4.2 Effect of magnetic field in sloshing 

Magnetic fluids were developed as a way to control the position of the liquid fuel in space 

(Papell, 1965). In particular, when a magnetic field is applied to a magnetic fluid, several 

interesting characteristics have been observed because of the combination of the strong 

magnetism and liquidity. When the non-uniform magnetic field was applied to the tank, the 

resonant frequency of the system moved toward the high frequency region with the magnetic 

field intensity.  

 

2.3.4.3 Effect of electric field in sloshing 

Electro-Rheological (ER) fluids change their physical properties in the presence of an electric 

field. The effect is sometimes called the Winslow effect, after its discoverer, who obtained a 

US patent on the effect in 1947 and published an article in 1949 (Winslow, 1949). Sakamoto 
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et al. (2001) proposed the Tuned Sloshing Damper (TSD) utilizing an electro-rheological 

(ER) fluid as a sloshing liquid (ER-TSD) and carried out the experiments for the forced and 

free vibration tests with and without ER-TSD. In course of the experiments, the electric field 

between the electrodes and fill levels were varied to find the maximum displacement.  

 

2.3.5 Tank Wall 

The fifth item concerns with the type of tank wall which can be either rigid or flexible. A 

majority of the investigators used rigid wall tank. The forced excitation of liquid tanks of 

different geometries has been treated based on the linear theory of small oscillations. Under 

forced excitation, it is important to determine the hydrodynamic loads acting on a tank and 

their phase with respect to the excitation. One should determine the wave height of liquid free 

surface, which affects the location of the center of mass in tank and the hydrodynamic forces, 

which are estimated by integrating the pressure distribution over the wetted area. Distribution 

of hydrodynamic pressure due to excitation gets influenced by wall flexibility. For tanks with 

rigid wall, it is linearly distributed i.e., hydrodynamic pressure is distributed same as 

hydrostatic pressure. Chiba (1992) conducted experiments for studying the effect of wall 

flexibility in the nonlinear hydro-elastic vibration of a cylindrical tank with elastic bottom 

containing liquid. However, in most of the researches, the tank was made up of plastic like 

perspex, acrylic or glass material. Usually, these materials are considered as rigid walls. The 

rigid and flexible walls are also one of the factors affecting the sloshing forces, moments and 

pressure at the tank wall. 

 

2.3.6 Field 

The last item under consideration deals with the field where most of the experiments have 

been conducted in gravity fields. Dodge (1966) conducted experiments with high bond 

number by varying the radius of the tank as applicable in space. The problems of liquid slosh 

dynamics under microgravity are different from those encountered in a regular gravitational 

field. These problems include liquid reorientation and the difficulty of moving and handling, 

since body force is almost negligible. Under microgravity, surface tension forces become 

predominant. The bond number, given by the ratio of the gravitational to capillarity forces,  

plays a major role in the free surface liquid characteristics.  
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Table 2.1: Comparative data of major sloshing parameters. 
Sl. No 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Research articles [See Footnote] [1] [2] [3] [4] [5] [6] [7] [8] [8] [10] [11] [12] [13] [14] [15] 

(a) Tank Shape         -        
Symmetric                

Rectangular  x   x  x x   x  x  x x 

Cylindrical  x x x x x    x  x  x   
Asymmetric                

(b) Excitation                 
Free Oscillation   x             

Forced  Translation                

Linear        x        
Harmonic x x x x x x x  x x  x  x x 

Forced  Rotation                
Random / Combination           x  x   

(c) Damping Devices                

No baffles  x x x x   x x x x x x x x 
 Horizontal Baffle x           x   x 

Vertical Baffle            x   x 
Ring baffle x        x      x 

Semi-circular solid       x         

Others                
TSD/TLD      x x         

(d) Fluids Used                
Inviscid fluid                

Water x x   x x x  x   x x x x 

Viscous fluid                
ER/MR Fluid    x      x x     

Others  x x     x        

(e) Tank Wall                

Rigid wall x x x x  x x  x x x x x x x 

Flexible Wall     x   x        

(f) Field                

Gravity Field  x  x x x x x x x x x x x x x 
High bond number (Low / Micro 

gravity  
 x         

 
    

 x - the possibility was mentioned to exist; blank - the possibility was mentioned not to exist or was not mentioned.  
 [1] Cole (1966); [2] Dodge (1966); [3] Bugg (1970); [4] sudo et al. (1987); [5] Chiba (1992); [6] Warnitchai and Pinkaew (1998); [7] Modi 

and Munshi (1998); [8] Grundelius and Bernhardsson (1999); [9] Pal et al., (2001); [10] Sakamoto et al. (2001); [11] Sawada et al. (2002) , 

[12] Akyildiz and Unal (2005), [13] Yano and Terashima (2001), [14] Nasar et al. (2008), and [15] Panigrahy et al. (2009)
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2.4 Review of Numerical Work 

A lot of researchers have done numerical simulation either by using self-made program or by 

using commercial CFD packages (Modi and Seto, 1997, Frandsen and Borthwick, 2003, Kim 

et al., 2001). Various models and techniques have been used to solve the problem. Following 

is the review of the literature which briefly cites the study done till now. 

 

2.4.1 Numerical Methods 

Numerical analyses are popular in studying liquid sloshing in moving tanks. Numerical 

investigations on sloshing in two-dimensional and three dimensional problems were carried 

out by several studies using different approaches. Among these, most of the researchers 

preferred the finite element method, finite volume method and finite difference method to 

predict the free surface displacements and hydrodynamic pressures during sloshing.  

 

2.4.1.1 Finite volume method (FVM) 

It was first employed by McDonald for the simulation of 2-D inviscid flows (Blazek, 2001). 

The FVM utilizes the integral form of the conservation equations. Governing equations 

converted into integral form and the solution domain is subdivided into a finite number of 

arbitrary polyhedral and non-overlapping control volumes. The conservation equation was 

applied to each control volume (CV). Interpolation is used to express variable values at the 

control volume surface in terms of nodal center values. The FVM is suitable for any type of 

grid especially for complex geometries (Versteeg and Malalasekera, 1995). Few researchers 

reported the finite volume techniques for sloshing problems (Zhu et al., 2001; Bucchignani et 

al., 2004; Siva Prasad, 2006; Djavareshkian and Khalili, 2006). Recently, Djavareshkian and 

Khalili (2006) solved the sloshing using FVM for a half empty cylinder and tracked the free 

surface using VOF techniques. They validated their code with analytical results. The 

collocated pressure based formulations are used for predicting the pressure on walls of tank.  

 

2.4.1.2 Finite element method (FEM) 

The discovery of FEM is often attributed to Courant (1943). The use of this method in 

aircraft structural analysis was first reported by Turner et al. (1956). It is similar to the FVM 

in many ways. In FEM, region of interest is divided into a number of elements. Differential 
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equations are reduced to algebraic equations by using appropriate approximations for the 

variables over the elements. Equations are multiplied by a weight function before integrated 

over the entire domain. An important advantage of finite element methods is the ability to 

deal with arbitrary geometries. The principal drawback is that the unstructured grid matrix of 

the linearized equations is not as well structured as those for regular grids making it more 

difficult to find efficient solution methods. Many researchers developed FEM soft code or 

FEM procedures for solving the sloshing problems (Liu and Uras, 1988; Bo and Jia-xiang, 

1994; Uras and Tang, 1994; Guptha, 1995; Wu et al., 1998; Pal et al., 1999; Biswal, 2003; 

Cho and Lee, 2004; Yang and Löhner, 2005; Wang, 2005; Arafa, 2007; Guilot, 2006; Kwon, 

2008). 

 

Arafa (2006) developed a finite element formulation to investigate the sloshing of liquids in 

partially filled rigid rectangular tanks. The liquid domain is discretized into two-dimensional 

four-node rectangular elements with the liquid velocity potential representing the nodal 

degrees of freedom. Liquid sloshing effects induced by both steady-state harmonic and 

arbitrary horizontal base excitation are investigated in terms of the slosh frequencies, liquid 

velocity field, free surface displacement and hydrodynamic forces acting on the tank walls.  

 

2.4.1.3 Finite difference method (FDM) 

FDM was introduced by Euler in the 18th century. It is the easiest method for solving simple 

geometries. Governing equations are in differential form in which the partial derivatives are 

replaced by approximations in terms of node values of the functions. The domain of interest 

is divided into a number of grid points and one algebraic equation is solved per grid node. 

FDM can be applied to structured grids.  The disadvantage of FDM is that the conservation is 

not enforced unless special care is taken. Also complex flows are intricate to solve. Many 

people used FDM as their tool for solving the sloshing problems (Chen, 1999; Kim, 2001; 

Wiesche, 2003; Frandsen, 2004; Dai and Xu, 2006; Sriram, 2006; Binghom, 2007; Lee et al., 

2007, etc.). Kim (2001) simulated the violent sloshing flows based on finite difference 

method in the two and three dimensional liquid tanks. The free surface profile was assumed 

to be a single valued function and solved using the SOLA scheme. His computational results 

show a favorable agreement of impact pressure as well as global fluid motion with 

experimental results.  
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2.4.2 Approach for Free Surface Wave Problem  

The motion induced by the surface waves may be irrotational in most instances when a 

quiescent body of liquid experiences gravity waves on its free surface. The flows associated 

with surface waves are assumed to be potential, which is the valid approximation for many 

free surface phenomena. Then the velocity vector may be expressed as the gradient of a 

velocity potential, which in turn, must satisfy the Laplace‘s equation.  

 

Figure 2.9 shows a body of liquid on a flat surface in which waves exist on the free surface of 

the liquid. The x axis of the coordinate system is located at the mean level of the free surface, 

which is defined by the equation  ( , , )y x z t  and the mean depth of the liquid is hs. Two 

boundary conditions must be imposed on the free surface y  . The first condition is called 

the kinematic condition, and it states that a particle of fluid that is at some time on the free 

surface will always remain on the free surface. Then, since the equation of the free surface 

is 0y   , it follows that 

  0
D

y
Dt

  .                                            (2.9) 

In terms of Eulerian coordinates this boundary conditions becomes  

  . ( ) 0y q y
t

 


    


                                          (2.10) 

 

Figure 2.9: Sketch of free surface. 

 

However, in the Eulerian frame of the reference, the coordinates x, y, z and t are independent. 

Also, the function  depends on x, z and t only. Hence, the above equation may be expanded 

to give, 

0u v w
t x z

    
    
  

     (2.11) 
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where it has been noted that /i j ijx x    . Finally, expressing the velocity components in 

terms of the velocity potential , the kinetic surface condition becomes 

t x x z z y

          
  

     
.    (2.12) 

The other boundary condition that must be imposed on the free surface is a dynamic one. 

This condition is implemented through the Bernoulli equation. The appropriate form of the 

Bernoulli equation is for unsteady, irrotational motion. Since gravitational forces are 

intrinsically important in free surface waves, gravity must be included in the body force term.  

1
( )

2

P
g F t

t


  




     


.   (2.13) 

Finally, the boundary condition at the bed must be imposed. For the case of an inviscid fluid, 

one can assume as the velocity component normal to the boundary is zero. For a flat bed, this 

simply amounts to specifying that / 0y    on y = - hs. 

 

In summary, the conditions to be satisfied for surface wave motions in terms of the velocity 

potential  are the following: 

2 0        (2.14) 

t x x z z y

          
  

     
     on y     (2.15) 

1
( )

2

P
g F t

t


  




     


   on y     (2.16) 

/ 0y        on y = - hs.   (2.17) 

The difficulty in solving surface wave problems may be seen to be in the boundary conditions 

rather than the differential equation. Nonlinear boundary conditions (Equation 2.15 and 2.16) 

are to be imposed on the free surface y  . In real situations, this surface may not be known 

a priori and may be one of the quantities that come out of the solution itself. However, many 

interesting features of free surface wave flows do not depend upon these complex features of 

the problem. That is, by linearizing the problem, the difficulties discussed above may be 

avoided while the basic features of the flow are not destroyed.  

 

2.4.2.1 Modeling of free surface  

When free surface flows are modeled, a number of techniques are available to compute the 

interface. Most numerical models treat the moving free surface boundary in one of the two 
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ways: either by using Lagrangian tracking of free surface nodes with regridding or by 

mappings (Frandsen and Borthwick 2003). In general, the existing methods for handling free 

surfaces and fluid interfaces in CFD can be divided into two groups, which are surface 

tracking and surface capturing (Ferziger and Peric, 2002). 

 

The surface tracking methods are characterized by an explicit representation of the surface. 

The free surface is modeled using a free-surface tracking algorithm where a two-dimensional 

kinematic free-surface boundary condition is solved for the wave elevation and the 

computational grid is dynamically conformed to the hull and predicted free surface at each 

time step. The surface-tracking approach becomes problematic for free-surface flows with 

large wave steepness and/or large differences between the non-conformed and conformed 

grid (Kim 2002). This is normally done by adapting the grid to the free surface and updating 

the grid at each time step to track the new location of the free surface by using a height 

function to describe the vertical height of the free surface location. The drawback of the 

surface tracking methods is the inability to handle complex surface geometries and 

overturning waves. Moreover, surface velocities are difficult to predict correctly, and so free 

surface smoothing is required.  This makes the surface tracking methods unable to model the 

wave pattern of for instance high-speed crafts, in which case overturning waves or breaking 

waves are expected in general. Surface tracking is still widely used when effects of 

overturning or breaking waves are considered negligible.  

 

The surface capturing method is quite different. A number of schemes are available and all 

use an implicit representation of the interface which is then captured as part of the solution 

algorithm. This requires that the computational grid extends above the region contained fluid 

in order to be able to capture the surface throughout the computation. In cases of the moving 

structures or boundaries, the surface capturing methods can also be coupled with lagrangian 

grids, forming a type of ALE method, by which a structure is tracked by the grid in the 

remaining domain, is moving along.  

 

The most well known schemes are SURF, MAC and VOF techniques to solve the free surface 

profile of sloshing tanks. The SURF scheme assumes a single-valued profile and is 

potentially able to deal with the uniform representation of large free surface waves and even 

for the inception of overturning. The MAC method is based on Lagrangian concepts and can 

treat overturning waves and reentry inception with simple logic. A simple, but powerful 
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method is the VOF (Akyildiz and Unal, 2006; Hirt and Nichols, 1981). This method seems to 

be more flexible and efficient than other methods for treating complicated free surface. It was 

designed for two or more immiscible fluids where the position of the interface between the 

fluids is of interest. The VOF method has been used for many years in sloshing applications 

including free surface flows, marine tank, etc. The main advantage of the VOF method is 

their ability to capture the complex surface geometries with overturning or breaking waves 

and splashing (Nielsen, 2003).  

 

2.4.3  - Transformation  

The  -transformation technique has also been used for capturing the liquid free surface 

elevation. One can avoid this difficulty by transforming the physical domain onto a 

rectangular region bounded by horizontal and vertical sides. The approach is to use the so-

called  - transformation. Table 2.2 gives the summary of mapping and  -transformation 

works. The detailed discussion about  -transformation procedure, limitation and advantages 

are discussed in Chapter 3.  

2.4.4 Summary of Numerical Work 

This survey of literature focuses on various numerical works by several researchers for the 

study of liquid sloshing and its control techniques. The following conclusions can be drawn 

from the above survey of numerical works 

i. Many 2-D sloshing works are reported. Effect of 3-D sloshing waves can be studied 

by the free surface elevation of the liquid and its wave profiles. 

ii. One can expect good results from the  -transformation technique where the time 

dependent domain is transformed to a fixed unit square by proper mapping functions. 

In this method, free surface smoothing is not required and also re-meshing is avoided 

due to the wavy free surface. Frandsen (2004) results show that the mapping 

techniques coincide well with the second order potential theory solutions.  

iii. The potential flow theory is enough to study the gravity waves. However, the sloshing 

amplitude of the free surface at the wall depends on fluid viscosity and its Reynolds 

number. 

iv. The flow visualization can be performed to find the free surface velocity during the 

externally induced sloshing. 
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Table 2.2: Mapping and  - transformation works on sloshing. 

 

Author 

Details 
Aim Details  Observation/ Remark 

Chern et al. 

(1999) 

Simulations of non-overturning 

transient waves in fixed and 

base-excited tanks 

 

2-D tank , periodic horizontal 

base displacement 

X = a sin(ω t) 

 

 Simulations have been obtained for standing waves in 

a fixed rectangular tank and for sloshing free-surface 

motions in a base-excited tank 

 Results for base-excited sloshing waves are very 

similar to linear analytical solutions derived by Wu et 

al., (1998) 

Dai and Xu 

(2006) 

Analysis of liquids sloshing in 

horizontal cylindrical rigid 

container using FDM under 

normal highway operating 

conditions 

 

2-D and 3-D horizontal 

cylindrical containers, with 

lateral accelerations 

 

 2-D circular containers under harmonic acceleration 

with small amplitude are simulated 

 Transient responses of the liquid in the road 

containers have been studied in detail under turning, 

lane-change 

Frandsen and 

Borthwick  

(2003) 

Study the effects sloshing wave 

motion in a tank moved under 

both horizontal and vertical 

excitation 

2-D container, with horizontal 

and vertical oscillation induced 

by harmonic motion 

 Excellent agreement has been obtained between 

second-order potential theory solutions and the 

numerical model predictions for small amplitude 

wave cases 

 When the wave number increases, the fluid behavior 

is no longer perfectly periodic, and irregular 

amplitudes occur, even for small amplitude waves 

Chen and 

Nokes (2005) 

Numerical simulation of 

sloshing flow under tank motion 

which matches with real 

earthquake motions (surge and 

pitch) considering the viscous 

effects 

2-D tank, surge and pitch 

motions 

 The coupled effect of surge and pitch motion is 

significant and should be considered in a real 

earthquake analysis 

 Combination of free-surface velocity, the gradient of 

surface displacement, and the surface curvature effect 

are important in the generation, propagation, and 

stability of the surface vorticity that in turn affects the 

free-surface elevation 
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2.5 Review of Experimental Work 

Nonlinear nature of the sloshing is the greatest hindrance in solving such a problem analytically 

and even numerically. Further a number of assumptions are to be made, in which the solutions 

may deviate from the actual values. Experimental studies have been the most popular approach 

for liquid sloshing and have provided valuable insights into the physics (Rhee, 2005). Hence, an 

experimental approach may be considered to be the best method to study the sloshing effect.  

 

2.5.1 General Experimental Procedure 

In most of the experimental studies, as shown in Figure 2.10, the tank attached to a shaking table 

can be moved to and fro by a hydraulic actuator (Popov et al., 1992) or mechanical arrangement 

driven by a motor (Akyildiz and Unal, 2005; Panigrahy, 2006) or by a lathe machine (Pal et al., 

2001). 

 

 

Figure 2.10: Set-up with a rectangular tank by Popov et al. (1992). 

 

For the pressure measurement, pressure sensors are fixed on the walls of the tank. The output of 

the pressure gauges was fed to the channels of the data acquisition system or a data logger that 

was coupled to a PC. The data were decrypted using any commercial data acquisition software 

that displayed the output in millivolts. The free surface displacement was captured using a 
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motion movie camera or a laser sensor or some other capturing device. Popov et al. (1993) 

developed the sloshing set-up for measuring liquid height to validate his numerical values. An 

electro hydraulic actuator fixed horizontally was used to generate translational motion of the tank 

in the horizontal plane. The displacement and acceleration of the tank as well as the force 

developed in the link between the tank and actuator were recorded. The liquid free-surface 

oscillations were also recorded with a video camera in order to compare them with those 

computed numerically at similar conditions. 

 

Sloshing can be broadly classified into two types namely self-induced sloshing and externally 

induced sloshing based on how sloshing is generated inside its tank. The main difference is that 

in self-induced sloshing, the tank is immobile, whereas in externally induced sloshing, the tank 

will move due to external disturbances. The fluctuation of the inlet plane jet and the periodically 

shedding of the unsteady vortices were conjectured to be the excitation source of the self-induced 

sloshing (Saga et al., 2000(a)). In case of externally induced sloshing, external forces like 

earthquake, sudden brake on a moving tank vehicle etc acts as the excitation source for sloshing. 

And this type of sloshing can be found in real time applications like liquid oil carrier vehicles, 

space vehicles, LNG vessels in cargo ships, etc. The fluid dynamic mechanism of the externally 

or self-induced sloshing phenomena should be understood clearly in order to have an optimum 

safety design of the reactor vessels to prevent the occurring of sloshing (Saga et al., 2000b). For 

example, in the Liquid Metal Fast Breeder Reactor, the self-induced or externally induced 

sloshing of the high temperature sodium coolant may occur in reactor vessels. Such kind of 

sloshing will result in very high thermal stresses on the vessel walls, which may cause severe 

damage to the vessel structures (Okamoto and Madarame, 1998). 

2.5.2 Review on Flow Visualization 

The basic theory for particle image velocimetry was first presented nearly 25 years ago and the 

technique has undergone tremendous developments in the last ten to fifteen years (Adrian, 1991). 

PIV is a non-intrusive measurement technique for studying the velocity profiles. It uses images 

of marker particles in a fluid flow to measure instantaneous velocity fields. It is a technique 
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which enables instantaneous measurement of the flow velocity at several positions in a plane. 

Two images of each particle in the sheet are recorded in a short time interval. This technique 

relies on the imaging of tracer particles embedded within a flow at two distinct times, 
1t  and 

2t , 

to estimate the velocity of the fluid. The distance separating the two images gives a local velocity 

vector. The images are generally recorded onto either film (photographic or holographic) or a 

Charge Coupled Device (i.e., CCD) array. Correlation analysis is used to extract the particle 

displacements, X  and the first-order velocity estimate, 

t

X
U




 ,      (1) 

where x  is the average displacement of the particles in the fluid over the time interval 

21 ttt   (Adrian, 1991). The t1 and t2 images can either be made on the same frame or on to 

separate frames (referred to as one-frame and two-frame PIV, respectively). 

 

In case of self-induced sloshing, the tank is stationary so that the images can be easily taken for 

PIV analysis. If the tank moves, the camera probably cannot focus the liquid portion alone. This 

means, it is possible that the tank can slide away from the camera‘s focus area. For the above 

reason, image processing cannot be performed easily in such type of distorted images with 

accuracy. Hu et al. (1999)
  

investigated the self-induced sloshing phenomena using Particle 

Imaging Velocimetry technique experimentally and found three different flow patterns in the test 

tank for the same system parameter setting, which are reverse vortex flow pattern, first sloshing 

mode and second sloshing mode flow patterns. As reported by Hu et al. (1999), the self-induced 

sloshing in a rectangular tank was first systemically studied by Okamoto et al. (1991). Particle 

Imaging Velocimetry and also Laser Doppler Velocimetry (LDV) measurements on a self-

induced sloshing flow in a rectangular tank had been conducted by Saga et al. (2000b) and PIV 

measurements were compared with LDV measurements quantitatively in order to evaluate the 

accuracy level of the PIV measurement. Singh et al. (2006) measured the magnitude of fluid 

velocity fluctuations from PIV analysis for concentrated suspension in free surface flow in a 

channel. Khezzar et al. (2009) performed the experimental flow visualization and CFD modeling 

based on a two-dimensional geometry using a commercial CFD package for a rectangular tank 

subjected to sudden (impulsive) impact. A comprehensive experimental program had been 
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conducted by Nasar et al. (2009) to find the liquid sloshing pressure in a rectangular tank 

equipped inside the barge and the barge responses. Several experimental and numerical 

investigations on the self-induced sloshing in a rectangular tank with circulating flow had been 

conducted in the past twenty years (Takizawa et al., 1992; Okamoto et al., 1993; Fukaya et al., 

1996). Most of the studies on sloshing were limited to self-induced excitations. However, work 

in the area of flow visualisation techniques on externally induced sloshing with surge motion of 

tank is scarce. 

 

2.5.3 Comparative Analysis  

Table –2.3 gives a vivid picture of the complete summary of investigations highlighting details 

of experimentation such as type of oscillations, tank dimensions, fluids used, type of baffles, and 

the their key findings. Table-2.3 shows all the studies carried out in gravity field. 

 

2.5.4 Summary of Experimental Work 

Experimental studies endorse researchers to check the validity of assumptions of the 

mathematical model, numerical simulations and to employ the model effectively for design 

applications. Adequate understanding of any complex physical phenomenon such as sloshing is 

enhanced to a great extent by the use of experimental techniques.  A survey of literature has 

indicated various experimental investigations by several researchers on study of liquid sloshing 

and its control techniques. The overall observation from these experimental results gives an idea 

that sloshing in a tank is a function of the liquid depth, the dimensions of the tank, amplitude, 

frequency of excitation and density of the liquid. As the amplitude of excitation is increased, the 

liquid responds violently such as occurrence of turbulence, hydraulic jump, wave breaking and 

three-dimensional effects. Therefore, the rolling amplitude and frequency of the tank directly 

affects the degrees of non-linearity of the sloshing. 
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Table 2.3: Comparative analysis of experimental investigations in gravity field. 

 

Author 

Details 
Aim 

Force Applied, 

Details of Tank and Baffles 

Instruments, Materials and Varying 

Parameters 
Remarks 

Cole  (1966) 

To study the effect 
of baffle thickness 

from forced 

oscillations in a 2-D 

tank (Analytical) 
Free oscillation-

cylindrical tank 

(Analytical & 
Experimental) 

Sinusoidal motion. 

Tank: 
1) A plate 1/16 inch thick. 

2) 3-foot-diameter cylindrical 

tank. 

Fluid:  Water 

Baffle: 

(Refer Appendix-A, A1) 

2-D tank -spanning the width 
of the tank. 

Cylindrical-ring baffles. 

India ink was introduced. 

 

Motion -16 mm movie camera. 
 

Variables: 

Amplitude (A) / width (W) ratios - 0.33 
to 2.5. 

Reynolds no. 5x10
3
 to 40 x 10

3
. 

 

 Moderate baffle thickness reduces 

the baffle effectiveness by as much 

as 50% 

 The effectiveness of baffles 

depends on the thickness of the 
baffle and the amplitude of 

oscillation 

 In comparison of theory and 

experiment in small-scale tests, 
results are not reliable unless actual 

similarity of flow is established 

Bugg (1970) 

To determine the 
effect on liquid 

oscillation 

frequency of 
changes in the angle 

between the tank 

axis and the body 
force vector 

Longitudinal excitation. 
Tank: Plexiglass right circular 

cylindrical. 20 cm inner dia 38 

cm tall. 
Fluid: Distilled water with two 

parts per thousand Aerosol 

MA. 
Baffle:   No. 

Viscosity: Oswalt-type viscometer. 

Period of oscillation: Stop watch. 
Inclination of the tank = 0

o
, 30

 o
,45

 o 

and 60
 o
. 

 The longitudinal mode, the 

frequency parameter (w
2
) was 

reduced, by inclining the tank at 

60°, to 27° % of its value with the 

tank upright 
 Tank tilt should have only a small 

effect on Shuttle propellant 

dynamics during launch for the 
expected 10

o
 or less angle between 

thrust vector and tank axis 

Chiba (1992) 

To find the 

influence of elastic 
bottom wall in a 

tank by varying 

sheet thickness  

 

Harmonic vibration 

Tank: 
Cylindrical container inner R = 

144 mm L=520 mm, sidewall 

thick 6 mm. 

Flexible bottom wall Polyester 
sheet of thick (i) 0.254 (ii) 

0.357. 

 Fluid:    Water 

Displacement: Optical Displacement 

sensor 

Oscilloscope. 

Variables: 

(i) Bottom wall thickness 

(ii) Height of the bottom wall.  

(iii) Water height 
(iv) Frequency 

 Center of the bottom plate is 
excited with constant frequency, 
then the amplitude is increased the 
free surface loses its stability and 
sways in a horizontal direction, its 
peak vibrating in the radial 
direction of the free surface 

 The nonlinear characteristics of 
liquid exhibits a softening behavior 
for large liquid heights, while for 
decreased liquid heights it changes 
to a hardening type 
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Warnitchai 

and Pinkaew 

(1998) 

1. To develop a new 

mathematical model 

of liquid sloshing in 

rectangular tanks 

for TLD 

applications. 

 

2. To check the 

effects of flow-

dampening devices 

experimentally and 

analytically. 

Sinusoidal motion 

Tank: Rectangular acrylic tank 

with 40 x 20cm. 

Fluid: Plain water. 

Damping ratios obtained from: 

(a) A plain tank. 

 (b) A tank with two circular 

section poles of d = 22 mm. 

 (c) A tank with a flat plate of 

d= 50 mm and thickness = 3 

mm. 

(d) A tank with a wire-mesh 

screen with wire diameter = 

0.26 mm and solidity ratio = 

0.29. 

Feedback-control hydraulic actuator –

drive the shaking table (one-

dimensional type).  

Displacement transducer - the motion 

of tank. 

The force transducer-(steel pipe 

attached with two semiconductor strain 

gauges). 

Variables: Water depth ratio was set to 

0.3. (All cases). 

 

 

Damper application, a new 

mathematical model of liquid sloshing 

in rectangular tanks has been developed 

 

 Model can accurately represent the 

complex behavior of liquid sloshing 

 

 The non-linear characteristics of the 

damping increases and a slight 

reduction in sloshing frequency 

occurs 

 

 

Modi and 

Munshi 

(1998) 

 

 

1. Study the 

performance 

characteristics of a 

rectangular liquid 

sloshing damper, 

without any 

obstacle. 

2. Experiments with 

a family of 

semicircular cross-

section obstacles, 

their effectiveness 

in increasing the 

damping. 

3. To evaluate the 

effectiveness of the 

improved liquid 

sloshing damper.  

 

Angular vibration. 

 

Tank: 

Rectangular L=370 mm, 

W=166 mm, and H=125 mm. 

Obstacles: Family of obstacles 

(r = 6-22 mm). 

 

Fluid: 

Plain water. 

 

 

Displacement of the rod - strain-gauged 

beam -output is processed by - signal 

conditioning – amplification- spectrum 

analyzer- computer. 

 

Variables: 

Height of the liquid = 0–60 mm. 

 

Angular displacement = 1°-2.5°. 

 

 Increased up to 60%, in the energy 

dissipation capacity of the liquid 

sloshing damper by introduction of 

an optimum obstacle 

 The presence of an obstacle leads to 

a wider peak, i.e., to higher 

damping over an extended range of 

liquid frequencies 

 The performance of the damper 

depends on both the frequency ratio 

(fn/f1) and initial displacement (ho). 

 Optimum size and location of the 

obstacle as r/L = 0.016 and d/L = 0 

(i.e., one obstacle) 
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Grundelius 

and 
Bernhardsson 

(1999) 

1. To capture the 

free surface 
elevation using 

techniques from 

optimal control both 
numerically and 

analytically. 

 
2. To calculate the 

acceleration profile 

for the container 

using optimal 
control techniques. 

 

Tank: 

Rectangular container. 
Height of fluid = 0.2 m and 

Width of the tank = 0.07 m. 

 
(Refer Appendix-A, A2) 

 

 

Surface elevation: Infrared laser 

displacement sensor. 
Small video camera. 

Carriage is mounted on a belt driven 

servo system. 

Variables: 
1. Max. Acceleration = 9.81m. 

2. Max. Slosh = 0.035 m. 

3. Initial State= [ 0 0 0  0 ] m 
    Final state-[0 0 0 L] m. 

Movement distance L= 0.2 m.  

6

( ) 6

0

a t




 

     

0 0.05

0.05 0.1

0.1

t

t

t

 

 

  

 Open container with liquid should 

be moved quickly without 
excessive slosh 

 The calculated controllers have 

been implemented and verified in 

an industrial test bed that gave a 
better performance than previous 

controllers 

 

 

Pal et al. 

(2001). 
 

To conduct 

experiments for 

measuring some of 
the basic parameters 

of sloshing, and to 

verify certain 
parametric 

relationships with 

numerical 

computations. 

(Horizontal) excitation and 

sinusoidal motion. 
Tank: 

Perspex cylindrical tank. (R=96 

mm) 
Fluid: Water. 

Baffle: Ring baffle of 25 mm 

width and 6 mm thickness. 

Shaking- a lathe machine 

Cam mechanism- Circular to a linear 

movement of the platform. 
Platform- Linear variable differential 

transducer. 

DAS-32-channel dynamic data 
acquisition system. 

Displacement- Wave height sensors. 

Varying Parameters:  

Fill level =30-30-150. 

 Experimental studies allow 

researchers to check the validity of 
assumptions of the mathematical 

model and to employ the model 

effectively for design applications 
 Measurement of free-surface liquid 

response in absence of any 

excitation source is done to assess 

possible slosh suppression 
techniques from the rate of decay of 

the slosh amplitude 

Sakamoto et 
al. (2001) 

To design and 
fabricate a TSD 
both experimentally 
and analytically. 
 

Tank: Rectangular tank. 
Length=120 mm. 
Depth of fluid = 30 mm  
Fluid: Electro-rheological 
(TX-2128 ER fluid). 
 
 

Displacement:  Non-contacting Laser 
displacement pick-up. 
Variables: Frequency: 0.1 - 0.05 - 3.0 
Hz. Electric field between the 
electrodes: 0, 200, 400 and 600 V 
mm−1. Four liquid levels: 20, 30, 40 
and 50 mm. 
(a) Without the ER-TSD. 
(b) With the ER-TSD and no electric 
field. 
(c) With the ER-TSD and an electric 
field of 600Vmm−1. 

 Sloshing frequency of the ER-TSD 
can be controlled by applying the 
electric field to the ER-TSD 

 ER-TSD can suppress the 
vibrations of the structure even 
when the natural frequency of the 
structure changes 

 The effects of the ER-TSD on the 
structural responses are 
qualitatively explained in terms of 
the simplified TMD model 

 

TH-1038_06610309



Chapter-2 

 35 

Celebi and  

Akyildiz 

(2002) 

Experimental 

investigations on 

the pressure 

distribution around 

a large vertical 

cylinder fixed on a 

wave channel, 

piercing the free 

surface. 

Tank: 

Vertical cylinder:  4.9 m wide 

and 28.1 m long wave channel 

with a constant water depth of 

0.45 m. 

Fluid : 

Water depth 45 cm. 

d /a = 1.2328. 

a=radius of tank. 

Pressure: 

0.1 bar pressure transducers. 

Data logger: Agilant 34970 automatic 

DAS. 

Variables: 

A direct current motor; a 1/15.7 

reducter of AT32 type with a 4 kW 

power. 

 The experimental results near the 

free surface do not agree well with 

the diffraction theory of Akyildiz 

(1999).  

 Experimental results correlate better 

with the second-order solution.  

 Linear and the second-order theory 

give different results for the front 

and back sides of the cylinder. 

Akyildiz and 

Unal (2005) 

To develop an 

experimental system 

accounting for the 

effects of large tank 

motions, large 

amplitude wave 

motions, fluid 

viscosity and baffle 

arrangements. 

 

Harmonic excitation. 

Tank: Rectangular tank. 

92X62X46 cm model tank. 

Baffle: Bottom transverse - 

larger baffle - (15.4 cm high) 

made of 1.5 cm Plexiglas plate. 

Right side- A smaller baffle 

(7.6 cm high) 1.5 cm Plexiglas 

plate. 

Fluid: Water. 

Pressure: Nine pressure transducers 

(PT), sensitivity 0 to 1 bar. 

Data logger: Agilant 34970 automatic 

DAS. 

Platform: Base frame was driven by 

DC motor (15 kW). 

Variables: Fill level : (d/H) = 0.25, 0.5, 

0.75 

Pitch angle: 4º, 8º.  

Frequency: 0.5 - 3.785. 

 Baffles significantly reduce fluid 

motion, however, more 

experimental investigations are 

needed considering the effects of 

fluid viscosity on impact pressures. 

 Model studies for sloshing under 

multi-component random 

excitations with phase difference 

should be carried out to investigate 

sloshing load. 

 

Yano and 

Terashima 

(2005) 

To develop a liquid 

container transfer 

system with a 3-D 

transfer path that 

suppresses sloshing 

without vibration 

feedback. 

Linear motion. 

Tank: 

3-D cylindrical container. 0.12 

m and its height is 0.3 m.  

Fluid: Water. 

The static liquid level is 

0.16 m. 

Displacement: 

Two-level sensors 

Variables: 

Proposed gain   34.0, 55.5, and 61.5. 

Start point [0,0,0] 

Endpoint [0.3, 0.3, 0]. 

 Hybrid shape approach was applied 

for trajectory control with vibration 

damping on transfer systems with 

vibration mechanisms. 

 With restriction control 

specifications in both the time and 

frequency domains, using only 

feedback on the container‘s 

position. 
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The suppression of sloshing behavior using baffles is also a subject of interest in the 

recent years. The effectiveness of fuel-sloshing baffles depends on the thickness of the 

baffle and the amplitude of oscillation, and these effects should be taken into account 

in applying model results to full-scale designs and in comparing results of 

experiments. The baffle has significant effect on the non-linear slosh amplitude of 

liquid when placed close to the free surface of liquid. The effect is almost negligible 

when the baffle is moved very close to the bottom of the tank. Modi and Munshi 

(1998) suggested a significant increase, up to 60%, in the energy dissipation capacity 

of the liquid sloshing damper by introduction of an optimum obstacle in the path of 

the moving liquid. 

 

The sloshing frequency of the ER-TSD system can be controlled by applying the 

electric field to the ER fluid and one can tune the natural frequency of the system. The 

ER-TSD can suppress the vibrations of the structure even when the natural frequency 

of the structure changes. The experimental results concerning the effects of the ER-

TSD on the structural responses are qualitatively explained in terms of the simplified 

TMD model, including the ER-TSD. Magnetic field has been used as slosh damping 

devices in the liquid storage tanks to reduce the impact load on walls of the tank and 

to reduce the surface displacement. Instruments like Doppler anemometry or PIV 

have been used to measure the velocity profiles during sloshing. In the view of the 

microgravity fluid physics, several forces determine the nature of surface waves. 

When the fluid is not rotating, the relevant forces are surface tension and gravity. With 

rotation, the centrifugal and coriolis forces are also present. In the space sloshing 

study, the motion of the tank can be specified by three translations and three rotations 

about the center of mass of the liquid.  

 

2.6 Overall Summary 

Having given a brief historical note, the chapter gives a description of various 

parameters associated with liquid sloshing. Thereafter, it reviews the numerical and 

experimental investigations reported in literature. Important issues and milestone 

results are discussed, tabulated and summarized.   
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his chapter elucidates the sigma transformation (or  - transformation) 

technique together with its  advantages and limitations in detail. The history of 

this technique is also briefly outlined. The use of sigma transformation process for a 

2-D domain is discussed.  
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3.1 Introductory Remark 

As reported in literature, Marker and Cell (MAC), Volume of Fluid (VOF), level set 

methods are available to handle the free surface of the moving fluid (Popov et al., 

1993, Akyildiz and Unal, 2006; Cho et al., 2005; Arafa, 2007; Hirt and Nichols, 

1981). Since these methods require complex computer programming to treat the time 

varying free surface boundary and as computational mesh needs to be updated at 

every time step, use of  - transformation for treating the liquid free surface has 

gained widespread popularity in recent years.  -transformation technique is simple, 

easy to implement and eliminates the need for re-meshing the computational domain 

at each time step. This technique was applied and found to produce good quality 

results for sloshing problems by Chern et al. (1999), Turnbull et al. (2003), Chen and 

Nokes (2005), Dai and Xu (2006). 

 

Previous numerical models generally treat the moving free surface boundary in one of 

two ways: either by using Lagrangian tracking of free surface nodes with re-gridding, 

or by mappings. The former one has the disadvantage of predicting the surface 

velocities correctly and so free surface smoothing is often required. Although 

mappings inherently overcome this problem, they are less flexible to apply in 

irregular geometries or in cases where submerged bodies are present in the flow 

domain. Moreover, schemes of mapping types cannot predict run-up/overturning due 

to the single value formulation (Abramson et al., 1974). 

 

3.1.1 What is Sigma-Transformation? 

The time-varying fluid surface can be mapped onto a rectangular domain by the  -

transformation. This method is a simple way to simulate non-breaking waves quickly 

and accurately especially that has a low steepness. The  - coordinate system defines 

the base at the model's ground level. The surfaces in the  - coordinate system follow 

the model terrain and are steeply sloped in the regions where terrain itself is steeply 

sloped. Assume the field variable is velocity in the fluid domain and the sigma 

coordinate system defines the vertical position of a point in the fluid domain as a ratio 

of the velocity difference between that point and the top of the domain to that of the 

velocity difference between a fundamental base below the point and the top of the 
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domain. Because it is velocity based and normalized, it is easy to cast governing 

equations of the fluid domain mathematically into a relatively simple form. Medium 

Range Forecast (MRF) model, Nested Grid Model (NGM) and European Center 

Medium Range Weather Forecasting Model (ECMWF) are the popularly used 

examples of  - models or Variants for weather forecasting. 

 

3.1.2 Advantages of Sigma-Transformation Technique 

 The accurate assimilation of the bottom and surface boundaries and the possibility 

of easily incorporating boundary layers.  

 

 The  - coordinate system conforms to natural terrain. Hence, it permits the good 

depiction of continuous fields, such as temperature advection and winds, in areas 

where terrain varies widely but smoothly. 

 

 It lends itself to increasing vertical resolution near the ground. This let the model 

to define boundary-layer processes, such as diurnal heating, low-level winds, 

turbulence, low-level moisture, and static stability in a better manner (Decoene 

and Gerbeau, 2009). 

 

 It eliminates the problem of vertical coordinate systems intersecting the ground, 

unlike height or isentropic coordinates.  

 

3.1.3 Limitations of Sigma-Transformation 

However, the above benefits do not come without penalties. It limits the possibility of 

vertical discretization, and therefore, prevents the adaptation of the mesh to the 

particular needs of the simulation. On the other hand, the classical  - transformation 

can induce an important error in the computation of the horizontal pressure gradient in 

the presence of surface or bottom gradients (Haney, 1991). In particular, this error 

leads to an inaccurate representation of possible density stratifications. The pressure 

gradient force (PGF) is easily calculated in pressure coordinates when the height is 

known. Yet, when   surfaces slopes, the PGF must be expanded to include the 

effects of the slope. This introduces errors because the lapse rate must be 
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approximated at points that lie in between the pressure surfaces where height is 

observed (Decoene and Gerbeau, 2009).  

 

3.1.3.1 Transformation of High Steep Waves 

While transforming the high steep waves, some of the limitations arise during the  - 

transformation procedures. This section explains those limitations and also its 

overcome procedures. 

Pressure gradient terms 

While all numerical models experience difficulties in handling high steep waves from 

one grid point to the next, the  - coordinate models appear to suffer proportionately 

more. The problem lies in the calculation of the pressure gradient terms in the 

momentum equations. In  - coordinates, high steep waves from one grid point to the 

next means that the calculation of the pressure gradient involves taking the difference 

between two large terms (Haney, 1991) and therefore large round off errors. While 

this problem can be alleviated by increasing the horizontal resolution, it can also be 

mitigated by subtraction of horizontal averages of density from the density terms 

before computing the density-gradient induced pressure differences from one grid 

point to the next. 

Hydrostatic inconsistency  

The other problem associated with high steep waves, namely the hydrostatic 

inconsistency, can be reduced in severity only by smoothing the horizontal gradients 

of field variables. It is generally wise to process the variables at bottom with a filter 

that caps the ratio of bottom depths of adjacent grid points before using it in the 

model. However, care must be taken to ensure that the variables are not severely 

corrupted by this processing, especially over the shallow coastal regions.  

 

3.2 History of Sigma-Transformation 

Originally,  - transformation was proposed for meteorological forecasting by 

Phillips (1957), however, later, Blumberg and Mellor (1980) and Mellor and 
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Blumberg (1985) applied in the context of oceanic and coastal flows.  - 

transformation was applied to non-linear steep waves in fixed and base excited tanks 

by Chern et al. (1999) and the waves simulated in relatively deep water by Turnbull et 

al. (2003). Frandsen (2003, 2004) investigated numerically the steep free surface 

sloshing in fixed and base-excited rectangular tanks with a focus on moving liquid 

tank by horizontal and vertical excitations. Frandsen (2004) investigated 2-D fixed 

and base-excited rectangular tanks, using  -transformation and compared the results 

with third-order single modal solutions and theoretical results (multidimensional 

modal analysis) of Faltinsen et al.  (2000). Chen and Nokes (2005), and Dai and Xu 

(2006) applied  - transformation to predict the sloshing effects on horizontal 

cylindrical tank and 2-D rectangular tank respectively. 

 

3.3 Use of the Sigma-Transformation 

A major difficulty in obtaining a numerical solution of the above initial value problem 

is that at 0t , the coupled non-linear free surface conditions are applied on an 

unknown line ),( tx . One can avoid this difficulty by transforming the physical 

domain onto a rectangular region bounded by horizontal and vertical sides. The 

approach is to use the so-called  - transformation. As discussed earlier, the  - 

transformation was first used by Phillips (1957) for weather prediction. However, it 

has been applied recently in the research of hydrodynamics and sloshing in 

combination with different numerical methods.  

 

 

Figure 3.1: A sketch of the  - transformation. 

 

 - transformation is used to map the liquid domain onto a rectangle, such that the 

moving free surface in the physical plane becomes a fixed horizontal line in the 
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computational mapped domain. Figure 3.1 is a sketch illustrating the  - 

transformation.  The mapping function ),( tx  is defined as  

h

dy 
 ,                                                            (3.1) 

where          

( , ) ( , )h x t x t d  .               (3.2) 

 

Consider a potential function  (x, y, t) which is needed to transform derivatives of 

the potential function ( , , )x t . Using the chain rule, we have  

t t t

 



   
 

   
,     (3.3) 

and 

x x x

 



   
 

   
,     (2.23) 

where  

y d

t t h h t

      
   

   
  and

x h x

   
 

 
.   (3.4) 

Therefore, the first derivatives of   with respect to x, t can be rewritten as  

x x h x

  



   
 

   
     (3.5) 

and  

 
t t h t

  



   
 

   
.    (3.6) 

Initial Wave profile
Still water level

ζ

z

x

Initial Wave profile
Still water level

ζ

z

x

 

   

MappingMapping

     

 

(a) (b) 

Figure 3.2: The  -transformation process of 2-D domain by Frandsen (2004); (a) physical 

domain (b) computational domain. 
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The second derivative of   with respect to x, z, t can be derived using the same chain 

rule.  

2 22 2 2 2 2

2 2 2 2 2
2 2

x x h x h x h x x h x

        

  

                
         

               

 (3.7) 

Using these relations one can get the modified governing equation and corresponding 

boundary conditions. Figure 3.2 shows the conversion of physical domain to 

computational domain by using the  -transformation process of 2-D geometry 

(Frandsen, 2004). Any numerical scheme can be applied to solve the computational 

domain equations. 

 

3.4 Summary 

Some of the most challenging problems in engineering analysis are the modeling and 

analysis of the free surface flow problems. Many techniques have been used to track 

the liquid free surface properties. The  - transformation is among one of the 

techniques to capture the liquid free surface. Recently, this technique is also being 

used for tank sloshing problems. This chapter narrated the  - transformation 

technique sufficiently. After this  - transformation, one can solve the computational 

domain equations by any of the numerical methods like finite difference, finite 

volume, meshless technique etc.  

 

The  -transformation technique is simple, quick and accurate computationally. For 

the technique presented herein, there is no need for free surface smoothing. The 

potential flow model provides a simple way of simulating steep non-breaking waves 

that may be readily extended to the prediction of 3-D wave motion and can be applied 

to polar coordinate as well.  
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MATHEMATICAL FORMULATION AND 

MAPPING PROCEDURES 4 

 

 

he governing equations along with the detailed theoretical formulations based 

on  -transformation technique and the solution procedures are presented for 

a 2-D rectangular tank and a 3-D rectangular tank in this chapter. In order to 

ensure that  -transformation technique can be applied to polar co-ordinate, a  2-D 

cylindrical problem has also been solved. In the final part of this chapter, the 

governing equation and boundary conditions in the computational domain are 

discretized using finite difference method. Adams-Bashforth scheme is utilized for 

temporal discretization to compute the non-linear solutions. 
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4.1 Introductory Remark 

A host of researchers used the potential flow theory to solve the tank sloshing problems 

(Babu and Bhattacharyya, 1996; Wu et al., 1998; Biswal 2003; Cho and Lee, 2004; Arafa 

2006; Pal, 2008).  However, they used different numerical schemes to approximate the 

equations and different algorithms for treating the free surface like MAC, VOF, SURF etc., 

but finite difference based  -transformation technique is used in this investigation.  

 

4.1.1 Why Potential Flow Theory? 

Tank sloshing problems can be solved using full Navier-Stokes equations, however, these 

equations are unnecessary for wave simulation problem. In the gravity region, the gravity 

forces are predominant than the other forces like surface tension, viscous effects etc. Here, 

some major reasons are pointed out for choosing the potential theory.  

 

i. If the tank size is large enough, the effects of viscosity and surface tension can be 

neglected and the energy dissipation is caused by wave breaking only. The fluid 

model herein is applicable from small to steep waves, which is desirable for many 

structural systems in which fatigue loading is of a concern. The solver is valid at any 

water depth, except for smaller depths where shallow water waves, surface tension 

and viscous effects would become important. 

 

ii. The fluid used for the experimental work is water. According to one of the objectives 

of this work i.e. to compare the experimental results with numerical results, the above 

assumption is valid and essential for this work.  

 

4.2 Mathematical Formulation 

A rectangular cartesian co-ordinate system is initially employed with an origin on the mean 

free-surface at the left wall of the tank. Primarily, a 2-D non-linear wave problem is 

considered, as depicted in Figure 4.1, where   is the free-surface elevation above still water 

level, b is the length of the tank, and hs is the still water depth. The fluid in the tank is 

assumed to be inviscid and irrotational.  
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4.3 Mathematical Formulations for a 2-D Rectangular Tank 

Taking the assumption that the fluid is governed by potential flow theory, the velocity 

potential   satisfies the Laplace equation. The velocity components normal to the fixed 

boundaries are zero by definition.  

T1 T2

L R

B

b

hs

ζ
Mean or Still

Water Level

Standing Wave

x

y T1 T2

L R

B

b

hs

ζ
Mean or Still

Water Level

Standing Wave

x

y T1 T2

L R

B

b

hs

ζ
Mean or Still

Water Level

Standing Wave

x

y

 

Figure 4.1: Sketch of a standing wave in 2-D tank. 

 

As shown in Figure 4.1, the tank boundaries are indicated by L, R, and B. The free surface 

occurs at the interface between two fluids. Such an interface requires two boundary 

conditions to be applied, viz., (i) a kinematic condition that relates the motion of the free 

interface to the fluid velocities at the free surface (i.e., T1) and (ii) a dynamic condition 

which is concerned with the force balance at the free surface (i.e., T2). Liquid velocity 

components normal to the walls and bottom of the tank are zero. Zero pressure at the free 

surface of the fluid is also assumed for the analysis. In view of the fact mentioned above, 

kinematic and dynamic conditions must be satisfied on the free surface. Therefore, the 

governing equations in the physical domain are given as, 

0
2

2

2

2











yx


          in the fluid domain   (4.1) 

0




n


     on the side walls        (4.2) 

yxxt 















 
       on the free surface   (4.3) 

0)(.
2
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







tYg

t
          on the free surface       (4.4) 
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Here,  tY  is the acceleration of the tank in the vertical direction which can be neglected from 

the free surface dynamic boundary condition for fixed tank analysis. 

 

The following quantities are introduced for generating dimensionless governing equations for 

the present study, 

b

x
x  ;    

b

y
y  ;   

A


  ;    

g

Y
Y t

t


 ' ;   t

b

g
t  ;   

bgA

1
               (4.5) 

where, g is the acceleration due to gravity, A is the wave amplitude, tY  is the acceleration of 

the tank and t is the time. Here x , tYy t
 ,,,   and    represent the dimensionless quantities. 

Using Eq. (4.5) (hereafter, primes are omitted for simplification), the non-dimensional 

governing equation and boundary conditions can be written as follows, 

0
2

2

2

2











yx


               (4.6) 
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      on      x = 0     (4.7) 
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



x


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



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      on  y=     (4.10) 

T2:       0)1(.
2

1








tb YE

t
          on    y=        (4.11) 

where Eb is the amplitude-length ratio (=A/b).  The Eqns. (4.6) through (4.11) form an initial 

boundary value problem which is the Laplace equation with non-linear boundary conditions 

imposed on the free surface. Here, the non-linearity is significant for two reasons. Primarily, 

the elevation of the moving free surface is not known a priori at any given time instant and 

secondly, the boundary conditions on the free surface (i.e., Eqns. 4.10 and 4.11) contain 

second order differential terms. 

4.3.1 Mapping Procedure for a 2-D Rectangular Tank 

The time-varying liquid free surface can be mapped onto a fixed plane surface by the  -

transformation, which prevents the need for free surface smoothing for the cases considered 

TH-1038_06610309



Mathematical Formulation and Mapping Procedures 

 

 48 

herein. In this thesis work,  - transformation is applied in the horizontal direction which 

stretches between the left and the right wall and in the vertical direction which stretches 

between the moving liquid free surface and the bottom of the liquid tank to convert the 

moving free-surface physical domain onto a fixed square computational domain. The 

following section discusses the transformation technique in 2-D and 3-D tanks elaborately. 

During the transformation, the governing equation and boundary conditions will change 

appropriately.   

4.3.2 Transformation of 2-D Rectangular Tank 

Initially, formulations are developed for the fixed tank condition, so the horizontal and 

vertical excitation terms are neglected from the Eq. 4.4 in the following formulation part.  

4.3.2.1 Step 1: First Coordinate Transformation: 

The first transformation adopts the  -transformation technique to map the liquid domain 

onto a rectangle, such that the moving free surface in the physical plane (Figure 4.2) becomes 

a fixed horizontal line in the  -transformed domain (Figure 4.3).  
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Figure 4.2: The 2-D physical domain. 

 

The mapping function ),( tx is defined as  

,
h

hy s
                                                      (4.12) 

where          ,),(),( sb htxEtxh             (4.13) 
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Here, ),( tx is the stretching factor, which varies from 0 to 1. The value of   at the bottom 

of the tank is 0, while at the free surface is 1. The first-order derivatives of   can be 

calculated as follows: 

th
E

h

hy

tt
b

s












 








 
          and    

xh
E

x
b








 
.   (4.14)  
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Figure 4.3: The 2-D intermediate domain after first transformation. 

 

The potential function ),,( tyx  in the physical domain is transformed to the potential 

function ),,( TX   in the  -transformed domain. 

Xx  , 12  xX ; Yy  ,  12  Y  ; and Tt  , T=t;  (4.15) 
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The second set of derivatives of   with respect to x and y gets transformed as,   
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where, 
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Hence, by using the   transformation, we can derive the new governing equation and 

boundary conditions specified on the rectangular  -transformed domain. The governing 

equation after the first coordinate transformation is given as: 
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where,
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Boundary conditions after the first coordinate transformation are given as: 

                            L:        0
2















YX

h

hX


        on    X = -1            (4.23) 

                            R:   0
2















YX

h

hX


       on   X = +1            (4.24) 

                            B:  0




Y
,      on       1Y              (4.25) 
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h
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
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
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4.3.2.2 Step 2: Second Coordinate Transformation: 

After the first coordinate transformation, the liquid domain becomes a rectangle defined 

by 11,11  YX . The time-varying curved free surface hence, is replaced by the 

fixed straight line. Any numerical method can be employed to solve the governing equations 

in the computational domain. Now the second transformation is performed for the clustering 

of grid points near liquid free surface. The second coordinate transformation is applied by the 

following equations 
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        and  T ,  T ;                    (4.29) 

where  is the grid vertical stretching factor and  is a parameter that controls the range of η . 

The above transformation produces clustering of the grids near the free surface depending on 

the value of  chosen. The clustering of grids near the free surface improves accuracy and 

eases convergence of the computational algorithm. As  approaches unity, the mesh gets 

refined more along the free surface of the liquid. Another parameter in the transformation,  

adjusts the position of the bottom in the transformed coordinates. Here the value of  has 

been taken as -1 so that the computational domain after the second transformation is a 

rectangle defined by 11    and 11    with grid stretching near free surface as 

shown in Figure 4.4. The mapping is performed from the  -transformed ),,( TYX  domain 

to the computational domain ),,(  . The height of the liquid surface ),( TXh  is 

transformed to the height of the liquid surface in the transformed computational domain 

),(* h , where cdh  is the difference between the nodal indices along Y axis of the grid after 

the first coordinate transformation. 

 

L2D
C2D R2DL2D
C2D R2D

 

Figure 4.4: The 2-D computational domain after second transformation. 

 

The derivatives of the function ),,( TYX  with respect to X, Y and T are transformed into 

derivatives of ),,(  with respect to  , η and τ. The first set of derivatives of ),,( TYX  

gets transformed as: 














X
  , 

YY 











 




  and   














T
      (4.30) 
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where, 
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The second set of derivatives gets transformed as follows: 

2

2

2

2














X
  ,  

YYX 











 



22

 and   1

2

2

2

2

2

C
YY




































   (4.32) 

After the second coordinate transformation the governing equation (Eq. 4.21) becomes, 
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  Boundary conditions after the second transformation are given as:- 

L:    0
2 *

3

*

*

























 h
C

h
       on  1    (4.35) 

R:     0
2 *

3

*

*

























 h
C

h
      on  1    (4.36) 

B:      0







            on  1    (4.37) 

                  T1:         

































bECL 434

*

    on  1   (4.38) 

TH-1038_06610309



Chapter-4 

 53 

T2:    **

2

*

3

2

6353 12 



















Y

h

C
LCELC b 























































 on   = 1    (4.39) 

where 






















*

2

*

4 4
2 h

LE
h

L b ;  







 *

*

*

5

2 h

h
L ;  
















 *

*

*

6

2 h

h
L             (4.40) 

 

The governing equation and the boundary conditions in the computational domain are given 

by Eqns. 4.33 – 4.40 and any numerical method can be used to solve them. One more feature 

of this  -transformation technique is that it can be easily extended to 3-Dimensional 

coordinates in a similar way.  

4.4 Transformation for a 3-D Rectangular Tank 

The 3-D rectangular domain is bounded by 5 regular surfaces and 1 free surface. The velocity 

components normal to the fixed surfaces are zero. The left, right, front and back and the 

bottom surfaces boundary conditions are indicated by LB, RB, FB, BB and BMB, 

respectively in Eqns. 4.42 – 4.44. As usual, the top surface has two boundary conditions, viz., 

the kinematic condition (TB1) and the dynamic condition (TB2). When the tank is subjected 

to vertical acceleration, the non-dimensional governing equations based on the potential flow 

theory are as follows: 
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t
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where, w is width of the rectangular tank. The derivation of the governing equations can be 

performed in the same way as the two-dimensional case by the following two 

transformations. The first transformation is performed for conversion from physical domains 
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(Figures 4.5 and 4.6) to  -transformed domain (Figure 4.7) and the second transformation is 

for  -transformed domain to computational domain (Figure 4.8). 

 

Z

X

Y

Initial wave profile 1

Z

X

Y

Initial wave profile 1

 

Figure 4.5: The 3-D physical domain with initial wave profile 1. 

 

 

Y

Z

XInitial wave profile 1

Initial wave profile 2

Y

Z

XInitial wave profile 1

Initial wave profile 2

 

Figure 4.6: The 3-D physical domain with initial wave profiles 1 and 2. 
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Figure 4.7: The 3-D intermediate domain after first transformation. 
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Figure 4.8: The 3-D computational domain after second transformation. 

 

4.4.1 First and Second Transformation for 3-D Rectangular Tank 

The mapping relations for first transformation are given as, 

12  xX ; 12  Y  ; 12  zZ and tT  .   (4.47) 
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 Hence the transformed governing equation becomes: 
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The boundary conditions are given as: 
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The mapping relations for second transformation are given as, 
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The mapping is performed from the  -transformed ),,,( TZYX  domain to the 

computational domain ),,,(  . The height of the liquid, ),,( TZXh  surface is 

transformed to the height of the liquid in the transformed computational domain, ),,(* h . 
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The cdh  is the difference between the nodal indices along Y axis of the grid after the first 

coordinate transformation. The derivatives of the function ),,,( TZYX  with respect to X, Y, 

Z and T are transformed into derivatives of ),,,(  with respect to  ,, and τ. After the 

second coordinate transformation, the governing equation in the fluid domain becomes, 
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     (4.58) 

Boundary conditions after the second transformation are given as:- 
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On the free surface,  
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Since sloshing is a highly non-linear phenomenon, the amplitude of excitation, frequency of 

excitation and tank dimensions play a vital role in determining the shape of the non-linear 

free surface. An amplitude–frequency relationship for the fluid response in a two- 

dimensional rectangular tank is presented by Faltinsen et al. (2000). Obviously, the stretched 

grid system exactly matches the time-dependent free-surface wave profile due to the  -

transformation. 

 

4.5 Transformation for a 2-D Horizontal Cylindrical Tank  

In this section, a simple mapping function is used to remove the time-dependence of the free 

surface in the fluid domain. The non-linear wave in the fluid domain is transformed into a 

straight line by using linear equations. The fluid motion is solved in a unit square mesh in the 

transformed flow domain (i.e., computational domain). The fourth order central difference 

scheme and the Gauss–Seidel point successive over-relaxation iterative procedure are used to 

capture the free surface wave profiles and free surface elevation plots of the fluid domain. 

The sloshing characteristics of the liquid in a horizontal cylinder, subjected to the EW and NS 

components of the EL-Centro earthquake, California is also studied. 
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4.5.1 Mathematical Formulation for 2-D Horizontal Cylinder  

A cylindrical coordinate system is first employed, with origin at the mean free-surface, and at 

the left-hand side of the tank. An irrotational motion of an inviscid and incompressible fluid 

in a 2-D tank is considered. The coordinate system is chosen such that the y-axis directs 

against the gravity. A 2-D nonlinear wave problem is considered in this case, as depicted in 

Figure 4.9, where   is the free-surface elevation above still water level, b is the length of the 

tank, and hs is the still water depth.  

 

y

x

R

L

hs

DT=A sin(ωt)

T2T1

T3

Standing Wave

Mean or 

Still water level

ζ

 

Figure 4.9: Sketch of a standing wave in 2-D horizontal cylindrical tank. 

 

The fluid in the tank is assumed to be inviscid and irrotational. Therefore, the governing 

equation of fluid motion is given by the Laplace's equation. 

 

0
2

2

2

2











yx


     (4.65) 

where,   is the velocity potential function. The velocity components normal to the fixed 

boundaries are zero by definition. On the rigid wall, the free-slip boundary condition is 

applied for the tangential velocity component.   
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The free surfaces occur at the interface between two fluids. Such interfaces require two 

boundary conditions to be applied: viz., (i) a kinematic condition that relates the motion of 

the free interface to the fluid velocities at the free surface (i.e., T1) and (ii) a dynamic 

condition which is concerned with the force balance at the free surface (i.e., T2). The tank is 

studied satisfying the condition that velocity at the wetted surface is zero (i.e., T3). Zero 

pressure at the free surface of the fluid is also considered in the analysis. In view of 

mentioned above, kinematic and dynamic conditions must be satisfied on the free surface. 

Therefore, the boundary conditions for the physical domain are given by 

   T1:    xTDg
t









2

1
       on y                (4.66) 

 T2:   
yxxt 















 
       on  y               (4.67) 

T3:        0




n


      on      wetted surface                   (4.68) 

where n is the normal vector and t is the time. TD   is the horizontal acceleration of the tank 

and g is the acceleration due to gravity.  

 

4.5.2 Mapping Procedures 

In this section, the mapping procedure is discussed to convert from semi-circular domain to a 

square domain. The time varying non-linear free surface is converted into a straight line by 

appropriate linear transformations. A horizontal linear mapping is also applied, so that the 

resulting computational domain is rectangular. Finite difference (FDM) and volume methods 

(FVM) can be applied to Eq. 4.65 through 4.68 for solving the free surface profile of the 

sloshed tank. Here, the simple mapping procedure is adopted to convert the semi-circular 

domain to square domain and subsequently the  -transformation is applied to capture the 

free surface of the liquid. 

4.5.3 Coordinate Transformation 

Generally, the derivation of governing equations and implementation of calculation would be 

intricate in the polar coordinate system. Moreover, additional work is to be done to retreat the 

liquid free surface in the time varying integration domain. To trounce above difficulties 

caused by the curved boundary, the coordinate transformation is performed by using the 

linear relations 
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Xx  ,
2)(1 Ly

x
X


 ; y ,

h

dy 
 ; Tt  , tT  .     (4.69) 

where    shtxtxh  ),(),(                                                       (4.70) 

 

The transformation along x axis ( Xx  ) converts the semicircular domain (Figure 4.10) 

into rectangular domain with moving non-linear free surface boundary. This will construct 

the intermediate domain ),,( TyX as shown in Figure 4.11. Again the transformation along y 

axis ( y ), makes the nonlinear free surface to get converted into a flat straight line. 

),( tx  is a stretching variable introduced in the vertical direction, taking the value 0 at the 

bottom and 1 at the free surface. This  -transformation, is used to map the liquid domain 

onto a rectangle, such that the moving free surface in the physical plane becomes a fixed 

horizontal line in the  -transformed domain (Figure 4.12).  

x

y

Still water level Initial wave profile

ζ(0,0)
x

y

Still water level Initial wave profile

ζ(0,0)

 

Figure 4.10:  Physical domain of horizontal cylindrical tank ),,( tyx . 
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Figure 4.11: Intermediate domain of horizontal  cylindrical tank ),,( TyX . 
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Figure 4.12: Computational (or  -transformed) domain of horizontal cylindrical tank 

),,( TX  . 

 

Consider a potential function ),,( tyx  which is needed to transform derivatives of the 

potential function ),,( TX  .  
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Using the chain rule, the first derivatives of   with respect to x, t can be written as  
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where 2)(1 Lye  . The second derivatives of   with respect to x can be written as 
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Hence, by using the  -transformation, one can derive a new governing equation and 

boundary conditions specified on a rectangular domain. Thus, the governing equation 

becomes, 
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New boundary conditions after the transformation are  
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4.6 Finite Difference Discretization in the Computational Plane 

In the current study, a finite difference scheme is used for the numerical study of the liquid 

sloshing. The computational domain is rectangular in shape for 2-D numerical simulations 

and cuboidal for 3-D numerical simulations. The governing equation and boundary 

conditions in the computational domain (Eqns. 4.33 to 4.40) are discretized using finite 

difference method. Adams-Bashforth scheme is utilized for the computation of nonlinear 

solutions. As Adams-Bashforth scheme requires results from previous time steps to calculate 

the current time step result, the semi-implicit scheme is used to generate results for the initial 

time steps.  

4.6.1 Semi-Implicit Scheme at Top Boundary (Free Surface) 

The semi implicit scheme is applied at the top boundary of the computational domain. As 

discussed, the top boundary consists of two conditions viz. kinematic condition and dynamic 
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condition. In computational domain, the kinematic condition (Eq. 4.38) is discretized by a 

forward scheme at 1  as follows 
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At 1 , the dynamic condition (Eq. 4.39) is discretized as: 
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The value of 1n  is computed using Eq. 4.83 and is substituted in Eq. 4.84. Then, the new 

1n  is found at the top boundary of the computational domain using Eq. 4.85. The first and 

second order derivatives in above equations are discretized by means of second order central 

difference scheme within the liquid domain, and second order forward and backward 

differences are employed at the boundaries. 

4.6.2 Adams-Bashforth Scheme  

The semi-implicit scheme is used to provide information at the first and second time steps, 

since the Adams-Bashforth is a multistep method. Euler and Runge-Kutta methods are single 

step methods, because they use only the information from the previous step. Adams methods 

are known as explicit schemes because current and previous time step values are used to 

obtain the values for future time steps. Here, three point Adams-Bashforth scheme as 

mentioned in Eqns. 4.86 and 4.87 has been used. 
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The governing equation (Eq. 4.33) is discretized by the standard fourth order central 

difference approximation and is given by 
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where ),( ji  denotes  ),( ji  ; 
2

,    and  
2

,     are the first and second order central 

difference operators along   and   directions respectively and   is the mixed second 

order central difference operator.  

4.7 Summary 

The mathematical formulations and followed by corresponding mapping procedure that maps 

the physical domain onto the computational domain for 2-D and 3-D domains are 

summarized elaborately in this chapter. A fully non-linear numerical model for idealized 2-D 

and 3-D sloshing waves in rectangular and cylindrical tanks has been developed. The 

asymmetric physical domain has been mapped onto a square computational domain using  -

transformation. The finite difference scheme has been used to solve the discretized governing 

equations in the transformed computational domain to obtain the free surface elevation time 

histories, phase plane diagram, spectrum analysis and free surface profiles in the physical 

domain. 
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n this chapter, results of numerical simulation of 2-D and 3-D nonlinear liquid 

sloshing problems in moving tanks are discussed. A fully non-linear model for 

idealized 2-D waves in a numerical wave tank has been developed. Section 5.2 

discusses the credibility of the code by performing the grid independence study and 

validation tests. Liquid behavior in a rectangular tank under different regular wave 

excitations (viz., horizontal, vertical and combined conditions) is studied in section 

5.3 to 5.6.  Spectrum analysis of horizontally excited tank and the stable, unstable 

conditions of vertically excited and combined motions are also discussed. Section 5.7 

presents the numerical results on regularly and randomly excited tank in vertical 

direction which is carried out for four different cases viz., 2-D tank with regular 

excitations,  regularly excited 3-D tank with two different initial conditions for the 

liquid free surface, and finally 3-D tank with random excitation in the vertical 

direction. The wave elevation time history, phase plane diagram and surface plots are 

presented and discussed.  
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5.1 Introductory Remark 

The  -transformation technique is used to capture the liquid free surface that maps the 

asymmetric liquid domain onto a rectangle, such that the moving free surface in the physical 

plane becomes a fixed line in the computational mapped domain. The computational 

governing equations and boundary conditions of liquid dynamics in the tank are discussed 

and derived in Chapter-4. In this work, the fourth order central difference scheme and the 

Gauss–Seidel point successive over-relaxation iterative procedure are used to capture the free 

surface wave profiles and free surface elevation plots of the fluid domain. The results are 

validated with benchmark results. An error estimation method is used to stop the iterative 

solver (used for solving the discretized governing equations in the computational domain) 

upon reaching the steady state of results at each time step. In the present case, this method is 

found to produce quite accurate results and is more time efficient as compared to other 

conventional stopping procedures for iterative solvers. 

 

5.2 Establishing the Credibility of the Code 

In an iterative method, it is important to estimate the iteration error in order to decide when to 

stop iterating. An accurate error measurement helps to improve the performance of the 

numerical code. Moreover, the grid independent test, time independent test and validation test 

with benchmark results play a vital role to show the credibility of the code. The following 

sections discuss the above tests. 

 

5.2.1 Convergence Criteria Used for the Iterative Solver 

It can be seen that the numerical algorithm requires solving a linear equation BA   in the 

fluid domain at every time step. To solve this equation, various methods are available. 

However, the iterative methods have been chosen for this work to find the solution for the 

velocity potential   at every time step since these are known to have the advantages of lesser 

discretization error and better speed of computation as compared to other direct methods. The 

successive over relaxation method has been chosen to solve the linear equation. Using an 

iterative solver, it is very important to stop the iterations at the right time i.e., when the 
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iteration error has decreased by an acceptable amount. Iteration errors (Ferziger and Peric, 

2002) can be calculated as,  

                                           111

1 )1(  a
nnnn                       (5.1) 

where n  is the difference between solutions at iterations n+1 and n, and 
1  is the spectral 

radius or the largest eigen value of the iteration matrix. It can be estimated from Eq. 5.2.  
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where a  represents the norm (here, chosen as root mean square) of a. After obtaining an 

estimate of the largest eigen value (
1 ), the iteration error can be approximated from the Eq. 

5.3. Hence a good estimate of error is available. 

                                 
11 







n

nn .      (5.3) 

Non-dimensional time

V
o

lu
m

e
e

rr
o

r

0 50 100 150
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x 1E-6

 

Figure 5.1: Volume error for the 2-D numerical simulation (for n =1; v =


v =1.253; 

Kv =0.4; Eb = 0.0033 and Kx= 0.015) versus non-dimensional time (t ×ω). 

 

The above given procedure produces pretty accurate results. The volume errors for all the 

cases studied are found to be within the range of  66 10,10  as shown in Figure 5.1. This 

procedure is better than the difference procedure used to stop the iterative solver (where the 

iterations are stopped when the difference between two successive iterations falls below a 

predefined tolerance limit) since the difference between two successive iterations falling 

below a particular limit does not ensure that the error of the iteration has also fallen down by 
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the same order. Another widely used criterion for stopping is the residual stopping criterion, 

where the iterative solver is stopped when the residual norm falls below a preset fraction 

(tolerance limit) of its initial value. The residual and error are related as 

                                                   
nnA                                                  (5.4) 
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Figure 5.2: Variation of the norm of the exact, estimated, residual and difference methods 

error plot for 2-D tank with 41 × 81 grid. 

 

where A represents the iteration matrix, n  represents the error norm and n  represents the 

residual norm at any particular iteration n. As seen from Eq. (5.4), the residual is A times the 

error, and thus, the reduction of the residual norm below the tolerance limit does not ensure 

that the error norm had also fallen below the same tolerance limit. Hence, proper evaluation 

of error at each iteration is essential to ensure the accuracy of solution. For the case of 2-D 

vertical regular excitations in a rectangular tank, a comparison is done for the various 

iterative solver stopping criteria as shown in Figure 5.2. For iterations at the first time step, 

the variation of norm of the exact error, estimated error with the above procedure, residual 

and difference between two successive iterations is plotted against the iterations. It can be 

noted that the difference norm falls well below 0.1 × 10
-5

 by 50 iterations whereas the exact 

error is still above 0.2 × 10
-5

. Hence this stopping criterion is not suited for the present case. 

Looking at the residual norm, it is seen that it has a quite higher value than the exact error for 

all iterations. Estimated error is noticed to be nearly the same as the exact error in this case 

(except for the initial iterations where it shows slight oscillations). Using residual stopping 

criterion ensures that the exact error has fallen well below the tolerance limit but it results in 

higher computational time for the solver without achieving higher accuracy than the 

estimated error stopping criterion. Comparisons made for later time steps also show a similar 
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behavior of the norms of the stopping criteria with iterations. Hence, the error estimation 

stopping criteria for the successive over relaxation (SOR) solver is most suited for the current 

problem.  

 

5.3 Results and Discussion for 2-D Rectangular Domain 

In this section, the initial wave profile is considered as )cos(),(
0

xKAtx n


 and 

0),(
0



 , where A is the initial wave amplitude, Kn is the wave number 










b

n
 for n

th
 

mode number (n = 0, 1, 2, …..) and x is the distance in the horizontal direction. The initial 

wave steepness is defined for fixed tank studies as gAE n /
2

 , where gravity field g is 

usually considered as 9.81 m/s
2
. Here, the ratio of hs to b is considered as 1:2. The linear 

natural sloshing frequencies in the 2-D rectangular tank are expressed by  

,)tanh( snnn hKgK         n=1, 2, 3…      (5.5) 

Now DX   and DY   are switched off for fixed tank condition in dynamic boundary condition. 

Two quantities are usually kept in mind in the sloshing studies: the amplitude of the wave and 

the excitation frequency. The amplitude is measured by the wave steepness. The relation 

between the acceleration and wave steepness is discussed above. 
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Figure 5.3: Grid independence study for 

E=0.033 at time 7.5 sec. 

Figure 5.4: Time independence study for 

E=0.033 and grid size 4161. 
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5.3.1 Independence Study 

In order to display that the solution is grid and time independent, simulations have been 

performed using different number of grid nodes and different values of t  as shown in 

Figures 5.3 and 5.4. The wave profiles along the tank at three different times for the first 

sloshing mode (n=2) are plotted. Results for different grid resolutions are shown related to 

moderate a wave amplitude (E=0.0338) for time steps of  003.0t  sec. Figure 5.3 shows 

the free surface elevation of liquid at tank left wall for different grid size of 2121, 4121, 

4141 and 4161. Initially, the grid size is increased in the horizontal direction from 21 to 

41. As it is a fixed boundary, it is found that there is not much variation on horizontal 

direction and then the grid points are increased from 21 to 41 and 61 in vertical direction. 

Increasing the grid points in the vertical direction is found to be more effective in terms of 

improving the accuracy than increasing the grid points in the horizontal direction since it has 

the moving boundary at top.  It has been found that grid size of 4161 and 4141 and time 

step of 0.003 sec and 0.004 sec provide sufficient accuracy to capture nonlinearit ies related to 

steep wave predictions (E > 0.02). There is not much variation in vertical direction above the 

grid size of 4141 for moderate wave steepness, and therefore, the grid size of 4141 is 

sufficient for this problem. The time independence study is performed (Figure 5.4) for three 

different time steps at E=0.033 and grid size 4161. 

 

5.3.2 Effect of Wave Steepness in Fixed Tank 

The wave characteristics include a crest at the top and a trough at the bottom. The difference 

in elevation between the crests and trough is the wave height. The distance between the 

adjacent crests or the troughs of wave is termed the wavelength. The ratio of wave height to 

wavelength is the wave's steepness. While increasing the wave steepness the non-linearity 

increases. The free surface elevations at the left wall, in the middle and at the right wall of the 

tank are shown in Figures 5.5 (a) and 5.5 (c). When wave steepness increases, the 

considerable changes have been observed in the free surface wave profile. On the other hand, 

the wave phase plane diagrams are shown in Figures 5.5 (b) and (d). These profiles are a 

repeatable pattern which is observed at left wall of the tank. The wave phase plane diagram 

for low steepness is almost a perfect circle as seen from Figure 5.5 (b). But at the same time, 

increasing the steepness makes the phase plane diagram to become oval as depicted in 5.5 

(d).   

TH-1038_06610309



Numerical Investigation of Liquid Free Surface Elevation 

 

 72 

Time x 
2


/
A

0 10 20 30 40 50 60

-1.5

-1

-0.5

0

0.5

1

1.5

At tank left wall

At tank middle

At tank right wall

  / A

(


/

t

)
/
(

A
x


2
)

-1 0 1

-1

0

1

 

(a) (b) 

Time x 
2


/
A

0 10 20 30 40 50 60
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
At tank left wall

At tank middle

At tank right wall

  / A

(


/

t

)
/
(

A
x


2
)

-1 0 1

-1

0

1

 

(c) (d) 

Figure 5.5: Fixed tank elevation and phase plane diagram for n=2 with grid size 4141 

and 003.0t  sec (a) - (b) E = 0.0338; (c) - (d) E = 0.338. 

5.3.3 Effect of Vertical Forcing Parameter Kv  

In the vertically excited tank test cases, the parameter gaK vvv

2
 is a measure of 

importance of the vertical forcing motion, where av is the vertical forcing amplitude and v  

is the angular frequency of forced vertical motion. The effect of Kv on free surface elevation 

on left wall of the tank has been studied for combined excitation tank as shown in Figure 5.6. 

While increasing the Kv, the wave elevation decreases. But at the same time, the nonlinearity 

of the wave also changes drastically. Figures 5.7 and 5.8 show the nonlinearity of the waves 

for Kv = 0.2 and Kv = 0.9. In this thesis work, moderate Kv values are used to maintain the 

wave amplitude and nonlinearity of the liquid free surface. The effects of v will be 

examined later. 
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Figure 5.6 Effect of vertical forcing parameter Kv on free surface elevation. 
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Figure 5.7: Phase-plane diagram for Kv = 

0.2 

Figure 5.8: Phase-plane diagram for Kv= 

0.9 

5.3.4 Horizontally Excited Tanks  

For the horizontally excited tank condition, DY   is switched off from the dynamic boundary 

condition at top wall. The horizontal excited acceleration is fixed as ))cos(( tAX hhhD  . 

When the external horizontal forcing frequency is equal to the natural sloshing frequency of 

the liquid, the resonance will occur. In this section, the free surface motions are numerically 

examined off and at resonance conditions. The initial wave profile is considered as 

0),(
0



  . The initial wave impulse is considered as )cos(),(

0
xKAtx n


  and zero 

impulse condition is 0),(
0



 tx . The measure of nonlinearity parameter, Kh is which is 
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calculated from 
g

A
K hh

h

2


 , where Ah is the excitation amplitude. The sloshing motion is 

more violent at the natural frequency of the tank when the excitation frequency is equal to the 

first mode rather than at the third mode, which is a well-known resonance phenomenon.  

 

5.3.4.1 Off and at Resonance of Horizontally Excited Tanks 

The horizontal frequency ratio x 











n

h




 is speckled as 0.7, 0.9 and 1.3 for off-resonance 

and 1 for at resonance conditions. In order to validate the developed model, the present data 

have been compared with the results of Frandsen (2004). The results have been found to be in 

good agreement as seen from Figure 5.9 (a). While increasing the excitation frequency, some 

interesting free surface elevation shapes are observed (Figures 5.9 (a), 5.9 (c), 5.10 (a) and 

5.11 (a)). The elevation of standing waves is observed near the left wall of the tank for 

different frequency ratios. When the frequency ratio x  is small, the elevation also tends to 

be small. While increasing the frequency ratio, the wave elevation also increases gradually as 

shown in Figure 5.9 (a) and when x value comes around 0.8 to 0.9, the elevation pattern 

differs completely which has cunning points at certain intervals.  

 

After reaching the x =0.99, the free surface elevation are growing continuously with 

constant increments (Figure 5.10). It is because at this point, the excitation frequency matches 

very close to the system natural frequency. From Figure 5.10 (a), one can observe that the 

free surface elevation is 36 times greater as compared to the amplitude of excitation 

approximately at non-dimensional time 80. In Figure 5.10 (a), free surface elevation is shown 

with two initial conditions viz., zero impulse and initial impulse. After few seconds, both the 

results match very closely. It is observed that the initial impulse has not undergone much 

variation from the original behavior of the liquid wave profiles during sloshing. However, at 

low frequencies, one can expect very small deviations between the initial impulse and the 

zero impulse.  Finally, the frequency ratio was increased to x = 1.3, whereby the free 

surface elevation drastically reduces to 3.4 times (from 36 times at resonance frequency) to 

the excitation amplitude approximately at non-dimensional time 80. Figures 5.9 (b), 5.9 (d), 

5.10 (b) and 5.11 (b) show the phase plane diagram for their respective frequencies. In Figure 

5.10 (b), the phase plane diagram is moving in a circular path and finally it attains the spiral 

shape, since it is drawn at the resonance condition.  
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Figure 5.9: Off-resonance horizontal excited tank elevation and phase plane diagram for 

n=1 with grid size 4161 Kh=0.0034 and 003.0t  sec: (a) - (b) x = 0.7 and (c) - (d) 

x = 0.9. 
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Figure 5.10: At resonance conditions horizontal excited tank elevation and phase plane 

diagram for n=1 with grid size 4161 Kh=0.0034 and 003.0t  sec. 
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Figure 5.11: Off-resonance horizontal excited tank elevation and phase plane diagram for 

n=1 with grid size 4161,  Kh=0.0034 and 003.0t  sec x = 1.3. 
 

5.3.4.2 Spectrum Analysis for Horizontally Excited Tanks 

The Fast Fourier Transform (FFT) is extremely important in the area of frequency (spectrum) 

analysis because it takes a discrete signal in the time domain and transforms that signal into 

its discrete frequency domain representation. The FFT does not directly give the spectrum of 

a signal. The shift is required for visualizing the Fourier transform with the zero-frequency 

component in the middle of the spectrum. 

 

The spectra of a wave elevation is computed by the Fast Fourier Transform (FFT), which is 

given by  







N

j

kj

NjxKX
1

)1)(1(
)()(  ,      (5.6)  

where  Ne i

n /)2(    is the N
th

 root of unity. In order to avoid the effect of discontinuity at 

the boundary, the hamming window is given by   

 Nn
N

n
n 








 0,2cos46.054.0)(           (5.7)  

 

Figure 5.12 shows the spectra of wave elevations at the tank left corner. It also caused peaks 

in the power spectra to become bigger and more peaks appear at different frequencies. Figure 

5.12 (a) shows that the maximum spectral peak occurs at the excitation frequency when the 
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excitation frequency is less than the first natural frequency and a secondary peak occurs at the 

tank natural frequency. While frequency ratio x  approaches 0.9, the partial merging of first 

mode frequency and the excitation frequency slightly increase the energy of the signal as 

shown in Figure 5.12 (b). In Figure 5.12 (c), a single peak of the dimensionless sloshing 

energy is observed at frequency ratio of 1, which is irrespective of the magnitude of the 

excitation frequency. At the first modal frequency, the response component is observed to 

increase as the frequency increases. When the excitation frequency is greater than 
1 , the 

domination of the first mode reduces with an increase in the frequency ratio. When the 

excitation frequency is greater than the first mode (Figure 5.12d), the sloshing dominates at 

the first modal frequency up to second mode (
2 = 1.5

1 ) and till this frequency, the 

secondary peak is observed at the excitation frequency as can be seen in Figure 5.12 (d).  
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Figure 5.12: Spectrum analysis for horizontal excited tank off and at resonance frequencies 

for n=1 with grid size 4161,  Kh=0.0034 and 003.0t  sec. 
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5.3.5 Vertically Excited Tanks  

 

The initial conditions for a vertically excited tank are same as the sloshing motion simulation 

of the fixed tank. It is difficult to simulate sloshing only with vertical excitation by 

experiments. In order to have an initial perturbation in the free surface inside the tank, 

horizontal motions need to be excited before the vertical excitation. To avoid this situation, 

the initial standing wave profile is assumed for this work. Initial wave impulse is required for 

vertically excited condition and it is considered here as )cos(),(
0

xKAtx n


 . The vertical 

acceleration of tank is given by ))cos(( tAY vvvD  , where Av is the vertical forcing 

amplitude, t is the time, v  is the angular frequency of forced vertical motion. The 

horizontally excited tank acceleration term 
DX   is switched off from the dynamic boundary 

condition at top wall for this analysis. The initial velocity potential in the fluid domain is 

considered as 0),(
0



 . 

 

The waves generated by the vertical excitation are called Faraday waves as explored 

originally by Faraday (1831) through his experiments. Faraday waves are the resonant waves 

when the excitation frequency is twice the natural frequency for some initial perturbation in 

the tank. This resonance condition is called parametric resonance. The study dealing with 

vertical excitation of liquids in a tank is referred to as parametric sloshing. For the vertically 

excited tank, the parameter gAK vvv /
2

  is a measure of the importance of the vertical 

forcing motion and E is the measure of nonlinearity. Frandsen (2004) plotted the instability 

map between vnv  /  and vk  and discussed results from stability and instability regions. 

As per Floquet theorem, in order to investigate the stability of a fixed point, one has to 

linearize the equation of motion around a fixed point. This equation is known as Mathieu 

equation. If any of the pairs of the parameters lie in the instability region, then the 

corresponding mode grows exponentially with time. In this section, the profiles are given 

with stability and instability region. Figures 5.13 (a) and (b) show behavior of the liquid free 

surface and phase plane diagrams respectively from the stability region ( v = 1.38 and Kv = 

0.4). The results of unstable regions from v = 1 and Kv = 0.4 for elevation and phase plane 

are plotted in Figures 5.13 (c) and (d).  
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(c) (d) 

Figure 5.13: Stable and unstable regions from vertically excited tank elevation and phase 

plane diagram for n=1 with grid size 4161 and 003.0t  sec: (a) - (b) Stable solution at 

v = 1.38 and Kv = 0.4; (c) - (d) Unstable region at v = 1 and Kv = 0.4. 

5.3.6 Tanks under Combined Excitation (Sway and Surge Motions) 

The combined motion of horizontal and vertical excitation is discussed in this section. The 

vertical excited tank can be used for an ideal earthquake. The combined motions of horizontal 

and vertical excitations are two major considerable motions during earthquake. The water 

waves at resonance may create the impact pressure rise inside the tanks. When the liquid is 

striking on the wall, the impact pressure which might have been raised near the critical 

pressure range of the tank material will cause the structural damage in the tanks.  The violent 

sloshing of combined excitation creates localized high impact loads on the tank roof and 

walls which may damage the tank. During the combined excitation of tank, the flow behavior 
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becomes tumultuous which creates the intricate free surface shapes during this type of 

excitation. Due to the vertical excitation being present with this combined motion, the 

instability regions exist as discussed in section 5.3.5.  

 

The initial wave impulse is required for vertically excited condition and it is considered here 

as )cos(),(
0

xKAtx n


 . The vertical acceleration of tank is ))cos(( tAY vvvD   and 

the horizontal excited acceleration is fixed as ))cos(( tAX hhhD  . The initial velocity 

potential in the fluid domain is considered as 0),(
0



 . The stable and unstable regions 

from horizontally and vertically excited tank elevation and phase plane diagram are presented 

Figure 5.14 (a) through (d).   
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Figure 5.14: Stable and unstable regions from horizontally and vertically excited tank 

elevation and phase plane diagram for n=1 with grid size 4161 and 003.0t  sec: (a) - 

(b) Stable solution at v = 1.38, x =0.7 and Kv = 0.4; (c) - (d) Unstable region at v = 0.5, 

x =0.7 and Kv = 0.4. 
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(a) 

 

(b) 

Figure 5.15: Stable and unstable regions from horizontally and vertically excited tank 

surface plot for n=1 with grid size 4161 and 003.0t  sec at x =0.7: (a) Stable 

region v  = 1.38 and vK = 0.4; (b) Unstable region v  = 0.5 and vK = 0.4. 
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Figure 5.14 (a) and (b) are stable solutions from n=1 with grid size 4161, 003.0t  sec, 

v = 1.38, x =0.7 and Kv = 0.4 while Figure 5.14 (c) and (d) are from unstable region at n=1 

with grid size 4161, 003.0t  sec, v = 0.5, x =0.7  and Kv = 0.4.  As discussed, if any 

of the pairs of the parameters lie in the instability region, then the corresponding mode grows 

exponentially with time as shown in Figure 5.14 (c) and (d).   

 

The stable and unstable region surface plots are shown in Figure 5.15 (a) and (b). The surface 

plot is drawn between time and tank width and free surface elevation which is showed in 

Figure 5.15 (a) from the stable region (n=1 with grid size 41   61, 003.0t  sec, v = 

1.38, x =0.7 and Kv = 0.4) and 5.15(b) from unstable region (n=1 with grid size 41   61, 

003.0t  sec, v = 0.5, x =0.7 and Kv = 0.4).  Figure 5.16 shows the free surface 

elevation from time 2.1 sec to 5.4 sec with the time interval of 0.3 seconds. The free surface 

elevation along the tank width is illustrated here. It is observed that the waves are moving up 

and down, and it must not be a uniform wave as observed in a fixed tank. One can easily find 

the considerable variation due to the combined excitation.   
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Figure 5.16: Free surface profile diagram for horizontally and vertically excited tank n=1 

with grid size 4161, 003.0t  sec, v = 1.38, x =0.7 and Kv = 0.4. 
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5.3.6.1 Velocity Vector and Streamline Diagram  

Since the viscous effect is neglected in the analysis, the velocity switching is much smoother. 

However as discussed by Chen and Nokes (2005), the viscous effect creates a clear vortex 

during the transition period and the vortex does not disappear until the free surface becomes 

flat. Figure 5.17 and 5.18 show the velocity vector and streamline diagrams at t* = 38.5 for 

two different excitation frequencies. Wave peak has a positive gradient for non-dimensional 

time just before t* = 38.5 and then exactly at t*=38.5, the free surface elevation at the right 

wall reaches its peak with almost zero fluid velocity.  After t* = 38.5 , the direction of the 

fluid velocity switches from right to left and the magnitudes of these velocities continue to 

increase until they reach their maximum peak at left wall.  

  
(a) (b) 

Figure 5.17: Velocity vector plot for horizontally and vertically excited tank at non-
dimensional time =38.5, n=1 with grid size 4161 and 003.0t  sec at v  = 1.38 and 

vK = 0.4: (a) x =0.7; (b) x =1. 
 

  
(a) (b) 

Figure 5.18: Velocity vector plot for horizontally and vertically excited tank at non-
dimensional time =38.5, n=1 with grid size 4161 and 003.0t  sec at v  = 1.38 and 

vK = 0.4: (a) x =0.7; (b) x =1. 
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5.3.7 Summary of Results for the 2-D Rectangular Tank  

The section 5.3 dealt with the non-linear effects of standing wave motion of liquid in a 2-D 

rectangular tank. Results of liquid sloshing induced by horizontal, vertical and combined 

(horizontal and vertical) base excitations have been presented for small to steep non breaking 

waves. Simulations are limited to water fill ratio (hs/b) of 0.5. A good agreement between our 

numerical model and previously published result has been obtained for low steeping waves. 

The numerical wave tank captured steep waves generated by horizontal, vertical and 

combined forcing amplitudes. The horizontally excited tank free surface elevation and phase 

plane diagram is discussed with off and at resonance frequencies. Behaviors show the effect 

of wave excitation while matching with resonance frequency. The spectrum analysis of 

horizontally excited tank is also presented. The vertical and excitation causes the instability 

associated with parametric resonance of the combined motion for a certain set of frequencies 

and amplitude of the vertical motion. The initial condition for the surface elevation is an 

important parameter as there should be some initial perturbation in the system for the 

generation of waves due to vertical excitation. These conditions were also applied to 

combined excitation. Early simulations of the liquid sloshing problem have mostly been 

performed with waves of small steepness. But the present work reports low and moderate 

steepness of wave. The present 2-D work is extended to a 3-D tank problem, and the results 

obtained are discussed below.  

 

5.4 Results and Discussion for the 3-D Rectangular Domain 

In 2-D domain case, the initial value of velocity potential ( ) is set to zero prescribed 

as, 0
0


t
 , over the entire 2-D liquid domain and the initial value of free surface elevation 

( ) is taken as )cos(00
xKA nt




 . For 3-D domain, initial value of free surface 
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elevation ( ) is considered in two cases say, initial profile 1 ( )cos(00
xKA nt




 ) and 

initial profile 1 and 2 ( )cos()cos(00
zKAxKA zvnt




 ). Here, A and Av are the 

respective amplitudes of the initial wave profiles on the liquid free surface along the X and Z 

axes (Figure 4.6), Kn  bn , Kz  wn  are the respective wave numbers of the initial 

wave profiles on the liquid free surface along the X and Z axes for n
th
 mode of oscillation (n = 

0, 1, 2, …..), and x and z are distances along the along the X and Z axes of the fluid tank. The 

initial wave steepness defined for fixed tank studies is as given below: 

                                                              gAK nx /
2

 ,                                             (5.8) 

where A is the amplitude of the initial wave profile on the liquid free surface, n  is the 

natural sloshing frequency of oscillations and g is the acceleration due to gravity usually 

considered as 9.81 m/s
2
. 

 

Now the term tY  in the dynamic boundary condition (Eq. 4.57) is switched off for fixed tank 

condition. Two quantities are of prime importance in the sloshing studies: the amplitude of 

the initial wave profile on the liquid free surface and the excitation frequency. Amplitude of 

the wave is determined from the wave steepness using Eq. (5.8). Here, numerical simulations 

are conducted for case A, case B, case C, and case D. Case A represents 2-D numerical 

simulation of regularly excited liquid tank in vertical direction and case B represents 3-D 

numerical simulation of regularly excited liquid tank in vertical direction with initial profile 1 

for liquid free surface. Case C represents 3-D numerical simulation of regularly excited liquid 

tank in vertical direction with initial profile 1 and 2 for fluid free surface and Case D 

represents the 3-D numerical simulation of the randomly excited liquid tank in vertical 

direction. 

 

5.4.1 Grid Independence and Validation Test 

Before proceeding with the solution of the governing equations on the computational domain, 

grid independence study to choose a suitably refined grid for the solution is very important.  

Grid was successively refined along the three dimensional axes and the free surface plots 

along the tank length for all the grids at time 7.5 seconds and Z=0 were compared. As shown 

in Figure 5.19, initially the grid is refined in the horizontal and axial directions of tank. Since 

the tank is bounded by fixed vertical walls in the horizontal and axial directions, free surface 
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plots do not seem to be affected by refining along these directions. But attention is required in 

the vertical direction, because of the moving free surface on the top. The grid points along the 

vertical direction were increased from 21 to 41 and then to 61 mesh points and it was found 

that the free surface plot for the 416141 grid nearly overlaps with the free surface plot for 

the 414141 grid. Hence, 416141 grid size was found suitable for the present study.  
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Figure 5.19: Free surface plots along the tank 

length for four different grids (212121, 

414141 and 416141) for Kx=0.033 at 

time 7.5 sec and Z=0. 

Figure 5.20: Solution of Faltinsen et al. 

(2000) and the present work showing 

the free-surface elevation at the left wall 

in horizontally excited tank; h = 1.283; 

Ah = 0.029 m and Kh = 0.069. 

 

Faltinsen et al. (2000) did a comprehensive analysis of sloshing through theoretical and 

experimental techniques. Their results are considered as benchmark results for sloshing 

problems. Figure 5.20 shows the comparison of present numerical work with theoretical 

result of Faltinsen et al. (2000) for the test case: h = 1.283; Ah = 0.029 m and Kh = 0.069. 

The wave peaks and troughs match well with present work. Therefore, the numerical solution 

is in reasonable agreement with the work of Faltinsen et al. (2000) for this particular test 

case. The specific test case was previously solved by Hill (2003) and Frandsen (2004). In the 

present case, similar results have been obtained.  

 

 5.4.2 Vertically Excited 3-D Tank: Regular Motion 

The initial condition of the liquid free surface used to simulate sloshing in a vertically excited 

tank is same as for the sloshing motion simulation in a fixed tank. It is difficult to simulate 

sloshing with a vertical excitation only. In order to have an initial perturbation in the free 
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surface inside the tank, horizontal motions need to be excited before the vertical excitation. 

To avoid this situation, the initial standing wave profile is assumed for this work. Initial wave 

impulse at the fluid free surface is required for vertically excited condition and it is 

considered in two ways, initial profile 1 and initial profile 1 and 2 (as discussed in chapter 4). 

The vertical acceleration of tank is given by ))cos(( tAY vvvt  , where Av is the vertical 

forcing amplitude, t is the time, v  is the angular frequency of forced vertical motion. The 

initial velocity potential in the fluid domain is considered as 0),(
0



 . 
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Figure 5.21: Free surface profile diagram 

along tank length  at t=1.5 Sec. 

Figure 5.22: Free surface profile diagram 

along tank length  at t=3 Sec. 

 

5.4.3 Effect of Mode Number on Regular Waves Oscillation 

For the vertically excited tank, the parameter gAK vvv /
2

  is a measure of the importance 

of the vertical forcing motion and Kx (the wave steepness) is a measure of nonlinearity. 

Frandsen (2004) plotted the instability map between vnv  /  and vK  and discussed 

results from stability and instability regions. If any of the pairs of the parameters lies in the 

instability region, then the corresponding mode grows exponentially with time. In this 

section, the profiles are given inside the stability region ( v =1.253 and Kv =0.4). Figures 

5.21 and 5.22 show liquid free surface elevation along the tank length for n=1, 2 and 3 at 

time 1.5 and 3 seconds, respectively. The mode number defines the shape of the free surface 

during the numerical simulations. The first few mode natural frequencies of system are 

dangerous for the structural integrity of the tank during violent motions. Figures 5.23 through 
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5.25 show the free surface elevations of the liquid near left wall (L2D and LF3D) for n=1, 

v =1.253; Eb = 0.0033 and Kv =0.4. The case A and case B show almost similar elevation 

histories. But, case C shows large wave oscillations.  
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Figure 5.23: Vertically excited tank free surface wave elevation at left wall for n =1; 

v =


v =1.253; Kv =0.4; Eb = 0.0033 and Kx= 0.015. 
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Figure 5.24: Vertically excited tank free surface wave elevation at left wall for n =2 ; 

v =


v =1.253; Kv =0.4; Eb = 0.0024 and Kx =0.015. 
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Figure 5.25: Vertically excited tank free surface wave elevation at left wall for n =3 ; 

v =


v =1.253 ; Kv =0.4; Eb =0.0016 and Kx =0.015. 
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Figure 5.26: Free surface elevation for case A at different locations (left wall (L), center (C) 

and right wall (R) for n =1; v =


v =1.253; Kv =0.4; Eb = 0.0033 and Kx= 0.015. 
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Figure 5.27:  Free surface elevation for case B with initial profile 1 at different locations (left 

front (LF), center front (CF), right front (RF), left back (LB), center back (CB) and right 

back (RB) for n =1; v =


v =1.253; Kv =0.4; Eb = 0.0033 and Kx =0.015. 
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Figure 5.28: Free surface elevation for case C at different locations (left front (LF), center 

front (CF), right front (RF), left back (LB), center back (CB) and right back (RB)  for n =1; 

v =


v =1.253; Eb = 0.0033 ; Kv =0.4; Kx =0.015. 

5.4.4 Free Surface Elevation at Different Locations 

Due to the wall effect, one can find the maximum wave amplitude near the wall, while the 

wave amplitude reduces as we move towards the centre. Here, three points are considered for 

case A (L2D, C2D and R2D), and six points are considered for the case B and case C (LF3D, 

CF3D, RF3D, LB3D, CB3D and RB3D). These points are showed in Figures 4.4 and 4.8. Figure 

5.26 shows free surface wave elevation time history in the vertically excited 2-D tank for case 

A at three different locations. The free surface wave elevation time history for case B and 

case C are shown in Figures 5.27 and 5.28. In all these cases, one can observe that the free 

surface elevation time histories of case A and case B are similar. Since the assumed initial 

profiles are same in both cases (refer Figure 4.2 and 4.5), the free surface wave elevation time 

histories are almost similar. But case C (3-D with initial profile 1 and 2) shows dissimilar 

behavior and the difference between the crests and troughs also drastically varies from case B 

due to high nonlinearity. Figures 5.29 (a) and (b) show the phase plane diagram at LT3D for 

v = 1.253, Eb = 0.0033 and Kv = 0.4. In Figure 5.29 (a), the phase plane diagram shows the 

uniform repeating pattern, but Figure 5.29 (b) shows the non-uniform repeating pattern 

behavior. 
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Figure 5.29: Vertically excited tank Phase-plane diagram at LT3D for n =1; 

v =


v =1.253; Eb = 0.0033; Kv =0.4; and Kx =0.015: (a) Case B;  (b) Case C. 

5.4.5 Vertically Excited 3-D Tank: Random Motion 

In most practical situations, the excitation or the time variation of the system parameters are 

random in nature (Ibrahim, 2005). The behavior of such systems under deterministic or 

regular wave parametric excitation is an idealization and an oversimplification of the real 

behavior. The random excitation originates from many natural and artificial sources. 

Recently, the 2-D sloshing waves generated by the random excitations have been studied by 

Wang and Khoo (2005), and Sriram et al. (2006). The random vertical oscillation of the tank 

is considered in this section. As we know, a random input wave can be generated by the 

linear superposition of a number of monochromatic waves. The total supplied energy to the 

system is kept constant. Bretschneider spectrum is selected to serve as the input excitation 

spectrum to generate the random input wave. The relation for the Bretschneider spectrum is 

as given in Eq. 5.10 and the spectrum and the corresponding displacement time history 

generated by the spectrum are shown in Figures 5.30 and 5.31.  
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where Hs is the significant wave height, and p  is the modal or peak frequency of the wave. 

The random input excitation wave is described by, 

 ii
N

i

i tA
W

 


sin
1

      (5.10) 
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where t is time, i  is the frequency of i 
th
  linear wave, and Nw is the number of the linear 

monochromatic waves. Ai and i
 
are the wave amplitude and phase of each linear wave, 

respectively. i  and i  are a set of random variables within a pre-selected range. 

5.4.5.1 Selection of the linear angular frequencies ( i ) 

Nw denotes the number of linear waves superposed to create the random wave. In the present 

case, Nw is chosen to be 512 since such a high number ensures that a lot of frequencies within 

a given range contribute towards the generation of the random wave. The range of the angular 

frequencies is set as [0, 5 p ] as the frequencies above 5 p do not have a significant 

contribution towards the generation of the random wave. In the present case, p
 
is taken 

equal to the first natural frequency of the system ω which is 3.759371 radians/sec. From 

Figure 5.30, it is evident that in the energy spectrum, the wave energy ( S ) is having the 

highest values around the modal or peak frequency ( p ), hence a large no. of angular 

frequencies are chosen in the narrow band around the value p . Around 150 values of 

angular frequencies are selected randomly in the range of [2.5, 5.0] which is a very narrow 

band around the peak frequency marked as A in Figure 5.30 and B represents the range [0.0, 

2.5] and 62 values of angular frequencies are selected randomly in this range. As can be seen 

from Figure 5.30, the energies in this range are near to zero and hence have negligible 

contribution in the energy of the final generated random wave. Band C, D and E represent the 

ranges [5.0, 10.0], [10.0, 15.0] and [15.0, 5 p ] and 100 values of angular frequencies are 

selected randomly in each of these ranges. The selection of linear angular frequencies within 

a range is done by using a floating random number generating algorithm that makes use of a 

fixed seed number and a custom built function ‗rand( )‘ (that gives the same set of random 

numbers every time for a fixed seed number). It is to be noted that the energy spectrum for 

angular frequencies above 10.0 radians/sec falls well below 61001.0  Joule, hence less no. 

of angular frequencies are selected in this range.  

 

After the selection of angular frequencies, the amplitudes of the linear waves can be 

calculated by the following equation:- 

                                          SAi 2                                                            (5.11) 
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where   is nothing but, the difference between adjacent angular frequencies 

(  = ii  1 ). 
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Figure 5.30: Bretschneider excitation 

spectrum with Hs = 0.01hs and 1 p . 
Figure 5.31: Displacement generated from 
the spectrum. 
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Figure 5.32: Random vertically excited 
tank free surface oscillation at LF3D and 
RB3D, for an initial steepness of 0.288; 

1 p . 

Figure 5.33: Spectra of free surface sloshing 
waves at LF3D of the wall due to vertical 
random excitation for an initial steepness of 

0.288 and 1 p . 

5.4.5.2 Selection of the phase angle ( i ) 

Using the same algorithm as used for selecting linear angular frequencies, Nw random values 

of phase angles are selected within the range [0, 2 ]. By substitution of the selected random 

values of angular frequencies ( i ), amplitudes (Ai) and phase angles ( i ) in Eq. 5.11, we can 

get the resultant random input wave. From Eq. 5.11, the vertically excited tank displacements 

are obtained from this spectrum as depicted in Figure 5.31. The time history of surface 

elevation at LF3D and RB3D of the tank due to random vertical excitation is shown in Figure 

5.32.  
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Case C and n=1 Case C and n=3 Case D and n=3 

 

Figure 5.34: Surface plot for different cases from the 32 to 35 non-dimensional 

time units with  Δt = 0.6 time step. 
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Spectra of free surface sloshing waves at LF3D of the wall due to vertical random excitation 

for an initial steepness of 0.288 and 1 p . In the case of random excitation in vertical 

direction, the dominating peak appears only at the first mode (Figure 5.33). The magnitude of 

the peak is almost the same irrespective of the excitation peak frequency and initial 

perturbation, contrary to the regular excitation. Sriram et al. (2006) found the magnitude is 

large only if the excitation frequency is equal to twice the first mode (parametric resonance) 

irrespective of initial perturbation. Figure 5.34 shows the surface plots for three conditions 

say case C at n=1, n=3 and case D at n = 3 from 32 to 35 non-dimensional time units with 

non-dimensional time step Δt = 0.6 units. The surface plots show a half cycle of wave‘s 

movement. The frames are shown for a wave steepness Kx = 0.04016.  

 

5.4.6 Summary of Results for the 3-D Rectangular Tank 

Non-linear effects of standing wave motion of liquid in 2-D and 3-D fixed and forced 

vertically regularly and randomly excited tanks were studied numerically. The present study 

was carried out for regularly and randomly excited rectangular tank in vertical direction for 

four different cases: 2-D tank with regular excitations, the regularly excited 3-D tank with 

two different initial conditions for liquid free surface and finally, 3-D tank with random 

excitation in the vertical direction. 

 

Initially, the wave elevation time history have been observed for first few modes of sloshing 

on the free surface at the left wall for 2-D regular (case A) and 3-D regularly excited tank 

with two initial profiles (case B and C) in vertical direction. The wave elevation time 

histories have been plotted at different locations of the free surface. The wave elevation time 

history at a particular point on the free surface in the domain is then compared for cases A, B 

and C. Near the tank wall the wave elevations are more due to the wall effect while the center 

of the tank has low wave elevation profiles. The 2-D and 3-D tank with initial profile 1 had 

similar wave elevation time history. If nonlinearity in the axial direction is increased by using 

profile 1 and 2 i.e. a linear superposition of two sinusoidal wave profiles, the 3-D tank 

showed a different wave elevation time history. The free surface elevation got the intricate 

shapes for the case C. Sloshing in a randomly excited tank in vertical direction has also been 

studied. Bretschneider spectrum is selected to serve as the input excitation spectrum to 

generate the random input wave. In the present study, the ratio of the excitation frequency 
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and the natural frequency of the system ( v ) is kept at 1.253. Hence, the all numerical results 

are plotted from the stable regions only.  

 

5.5 Results and Discussion for 2-D Cylindrical Domain 

As discussed, the  -transformation have been applied to a partially filled 2-D horizontal 

cylindrical tank also. The following sections are showing the wave elevation for the 2-D 

cylindrical tank with horizontal acceleration.  

 

5.5.1 Initial Conditions and Procedures 

In this section, the present method is used first to simulate the liquid sloshing in a horizontal 

circular tank subjected to transverse harmonic motions of small amplitudes. The tank is half-

filled. Initially the fluid is assumed to be at rest with some initial perturbation of the free-

surface. Thus, the initial conditions are )sin(),(
0

xKAtx nt



  and 0),(

0


t
tx , where A is 

the initial wave amplitude, Kn is the wave number 








b

n
  for n

th
 mode number (n = 0, 1, 2, 

…..) and x is the distance in the horizontal direction. The tank acceleration term ( TD  ) is set 

as zero. The volume of error ( VE ) can be calculated as follows: 

 dxEV                     (24) 

The volume correction is adopted in the current scheme for smoothing the free surface, so 

that the mean water level in the tank remains constant. 

 

To demonstrate that the solution is grid independent, simulations have been performed using 

different numbers of grid nodes as shown in Figure 5.35. The wave profiles along the tank at 

two different times for the first sloshing mode (n=1) are plotted. Results for different grid 

resolutions are shown related to moderate wave amplitude (A=0.002) for time steps of 

02.0* t . Since the moving boundary is in y direction, increasing grid points in the vertical 

direction is found to be more effective in improving accuracy. The grid sizes 21 X 41, 41 X 

41 and 41 X 61 are chosen for this grid independent study. Increasing the grid points in the 

vertical direction is found to be more effective in improving accuracy than increasing the grid 

points in the horizontal direction. In Figure 5.35, there is not much variation in the vertical 
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direction above the grid size of 41 X 41 for moderate wave steepness, and therefore, the grid 

size of 41 X 41 is sufficient for this problem.  
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Figure 5.35: Grid independence: Free surface profile for fixed tank. 

 

5.5.2 Behavior of Free Surface on Transverse Excitation 

The liquid waves are captured for different excitation values. The acceleration of the tank 

considered is assumed as the following sine function )sin(
2

tATD xx  , where 002.0xA  

is the amplitude of the tank displacement. The initial conditions are now modified as 

0),(
0


t
tx  and 0),(

0


t
tx .  

 

Sloshing is a highly nonlinear phenomenon. The sloshing frequencies of a horizontal resting 

cylindrical tank are difficult to obtain, even for an ideal frictionless liquid (Wiesche, 2008). 

However, the natural frequency for a half-filled horizontal cylinder can be calculated, which 

is 1.1644 or 1.169 for the above conditions (Dai and Xu, 2006). Obviously, the stretched grid 

system exactly matches the time-dependent free-surface wave profile due to the  -

transformation. It can be seen from Figure 5.36 that the liquid heights on the walls are sine 

waves when the excitation frequency is far from the natural frequency. Figure 5.36 is drawn 

for horizontal cylindrical tank with 0.2 n , n=1. Since the oscillating frequency is 

considerably low, the free surface elevation is like sine waves. If the accelerating term is 

assumed as zero (i.e., TD  =0), the free surface elevation becomes a perfect sine waves. 
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Figure 5.36: Horizontal cylindrical tank in transverse oscillation for frequency 0.2 n , n=1 at 

tank left wall: (a) Free surface elevation; (b) Wave phase plane diagram at left wall.  

 

The wave phase–plane diagram shows that the free surface wave is a cyclic process of 

repeatable patterns. The free surface elevation is observed on left middle and right side of the 

tank. If the excitation frequency increases further to 0.45 n  and 0.75 n , the free surface 

profile changes its shape accordingly as shown in Figures. 5.37 and 5.38. Since n=1, the left 

and right sides profiles are always opposite. In most cases, the oscillation of the liquid height 

at the tank middle is very small. However, at the tank left and at right sides, liquid elevation 

drastically varies with different tank excitation. As the tank excitation increases, adjacent 

crests or the troughs of liquid wave varies with time.  
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Figure 5.37: Horizontal cylindrical tank 

free surface elevation at 0.45 n , n=1. 

Figure 5.38: Horizontal cylindrical tank 

free surface elevation at 0.75 n , n=1. 

 

Obviously, a system (i.e., a partially filled liquid tank) has an infinite number of natural 

frequencies. When the tank excitation frequency is close to one of the natural frequencies of 
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the tank fluid, large sloshing amplitudes can be expected. If both the frequencies are 

reasonably close to each other, then resonance will occur. Since the tank excitation frequency 

is quite close to the first natural frequency of the system as seen in Figure 5.39, the amplitude 

grows monotonically with time. The wave phase-plane diagram is also drawn for first natural 

frequency of the system in Figure 5.40.  

 

These types of large amplitude will induce the pressure rise inside a tank which may lead to 

structural damage of tank, industrial accidents. Different types of sloshing arresting 

techniques (i.e. large slosh amplitude) have been discussed in open literatures like inserting 

the baffles like tuned liquid damper (Sayar and Baumgarten, 1982). During earthquake, the 

random acceleration of ground motion is observed. These motions create high pressure rise 

inside the tank due to free surface oscillations. It is necessary to find the liquid free surface 

behavior during earthquake. Even the small oscillations of the liquid free surface are also 

more sensitive in nuclear reactor tanks. As very limited literatures reported the 2-D horizontal 

cylindrical tanks under horizontal excitations, a direct comparison of the present results with 

the published ones could not have been made. It is worth mentioning that when the external 

horizontal forcing frequency is very near to the natural sloshing frequency of liquid, the 

resonance will occur. At the condition of resonance, the free surface elevation of liquid grows 

gradually as shown in Figure 5.40. Moreover, the present results fairly match with the results 

of horizontal cylindrical tank as obtained by Dai and Xu (2006).  
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Figure 5.39: Free surface elevation at 

frequency=1.0 n  and n=1 at tank left 

wall. 

Figure 5.40: Wave phase-plane diagram at 

frequency=1.0 n  and n=1 at tank left wall. 
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5.5.3 Free Surface Behavior during Earthquake – A Case Study 

In this section, the above computational procedure is applied to find the free surface elevation 

for a real engineering problem. An existing real earthquake acceleration-time history is used 

to study the sloshing characteristics of liquid in a half filled horizontal cylinder, under the 

earthquake motion. For this, the acceleration- time history of EW and NS components of the 

EL-Centro earthquake, California (18
th
 May, 1940) recorded at Imperial Valley Irrigation 

District is chosen. Initially, the liquid is considered to be at zero elevation. Figures 5.41 and 

5.37 show the free surface elevation of liquid in the horizontal cylindrical tank for EW and 

NS components of El-Centro earthquake.  Here, the same half filled tank and the same initial 

conditions are applied (i.e., 0),(
0


t
tx  and 0),(

0


t
tx ). During the earthquake, the 

irregular acceleration would play over the tank. In that situation, the tank fluid would also 

behave irregularly inside the cylinder. Due to the random acceleration, the ground motion 

increases the free surface elevation of liquid from zero level or mean level. The free surface 

behavior also becomes random, and finally, wave becomes the uniform standing waves as 

shown in Figures. 5.41 and 5.42.  
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Figure 5.41: Free surface elevation at EW 

component of EL-Centro earthquake at the 

tank left wall. 

Figure 5.42: Free surface elevation at NS 

component of EL-Centro earthquake at the 

tank left wall. 

 

5.5.4 Summary of Results for the 2-D Cylindrical Tank  

The nonlinear liquid free surface in the horizontal cylindrical tank is converted into the 

straight and fixed domain using proper coordinate transformation. The difficulty due to the 

curved wall was eliminated by this proper mapping technique. This method is a simple way 
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to simulate non-breaking waves quickly and accurately especially that has a low steepness. 

Simulations are limited to a half-filled tank. However, this numerical model is valid for any 

water depth except shallow and deep sloshing. For the shallow sloshing, viscous effects 

would become important, which we considered as inviscid fluid in our numerical model. The 

grid independent test was conducted for grid sizes of 2141, 4141 and 4161, and finally, 

a 4141 is selected as grid resolution. The liquid free surface elevation and wave phase-plane 

diagram were plotted for different tank excitation frequency. It has been observed that free 

surface elevation of the liquid increases with frequency. The amplitude of the standing wave 

also grows while increasing the excitation frequency of the tank. At the critical frequency of 

the system, the free surface elevation has more displacement. Finally, the proposed numerical 

scheme has been applied to a real life problem to find the free surface elevation. For this, 

acceleration-time history of EW and NS components of the EL-Centro earthquake, California 

has been studied and analyzed.   

5.6 Summary  

The present numerical model is easy to implement, computationally accurate and efficient. 

For the cases presented herein, it eliminates the need for free surface smoothing and 

remeshing. The model provides a simple way of simulating steep non-breaking waves. The 

 - transformation technique can be applied to non-overturning and non-breaking waves. 

Present results were compared with the benchmark solutions of Faltinsen et al. (2000) (third 

order analytical solutions by multi modal technique). A fully non-linear inviscid numerical 

model has been developed based on potential flow theory with the mapped governing 

equations and corresponding boundary conditions solved using finite difference method. 

Results of liquid sloshing induced by harmonic base excitations are presented for small to 

steep non-breaking waves. The present numerical model is valid for any water depth except 

the shallow and deep water sloshing. An error estimation method was used to estimate the 

error at each iteration to serve as a basis for stopping the iterative solver when the steady state 

results are reached. The model was validated for different wave lengths and steepnesses. 

Good agreement has been found between present and previously published theoretical 

solutions for same test cases. The grid independence test showed that the grid size 416141 

is efficient to solve the 3-D sloshing problem in the given liquid tank. Sloshing motion in 

vertically excited tanks was carried out for the stable region conditions. Sloshing effects in a 

vertically excited tank in stable regions display similar characteristics as free sloshing 

motions in a fixed tank when the forcing parameter (Kv) is low. The phase plane diagrams 

showed the nonlinearity of the free surface waves with respect to time.  
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his chapter pays attention on the image processing technique to find the free 

surface elevation during liquid sloshing under low excitation frequency. 

Experiments have been conducted at low frequencies to find the free surface elevation 

and the results obtained are reported here. Finally, the experimental results for two 

different frequency ratios are compared with the present numerical results. 
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6.1 Introductory Remark 

The knowledge of natural frequencies for the liquid free surface is important in the design of 

liquid tanks subjected to different types of excitation. The dynamic behavior of a free liquid 

surface depends on the type of excitation and its frequency content. Excitation with 

frequencies in the vicinity of the lowest natural frequencies of the liquid motion is of primary 

practical interest. Civil engineers and seismologists have been studying liquid sloshing effects 

on large dams, oil tanks and elevated water towers under ground motion. Sloshing 

phenomenon is one of the major concerns in the design of liquid storage tanks undergoing 

ground excitation (Maleki and Ziyaeifar, 2008). Experimental studies can provide very useful 

and reliable results for some cases. However, they are generally very expensive. Moreover, 

there is a lack of high quality experimental data in the area of liquid sloshing (Akyildiz and 

Unal, 2005). 

 

6.2 Experimental Details 

The liquid behavior is captured by means of a video camera and the free surface oscillations 

of liquid at different excitation frequencies are calculated by image processing technique. 

Finally, the statistical analysis is performed to show the probability density and power 

spectral density of signal.   
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Figure 6.1: Basic experimental set-up. 

6.2.1 Experimental Facilities and Procedures 

Figure 6.1 shows the schematic diagram of the experimental set-up. The partially filled liquid 

tank of size 600 mm x 600 mm x 600 mm is attached to a shaking table (915 mm x 930 mm) 
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which can be moved to and fro by a crank arrangement and is driven by a DC motor (rated 

1440 RPM, 220 V, 1 HP). As the frequency of oscillation required is too low, a rectifier-cum-

controller is used which gives the desired frequency of oscillation. The controller that 

converts the alternating current to direct current and feeds it to the DC motor with appropriate 

regulation is connected with the DC motor. It contains a full wave rectifier, which converts 

the 220V AC-1 supply to 220V DC. The crank arrangement is used in the set-up to 

transform the rotary motion to reciprocating motion which connects the DC motor and the 

platform of the shaking table. The water is used as a working fluid in the experiments.  

 

 

Figure 6.2: Camera arrangement in the set-up for finding the free surface elevation. 

 

A video camera (Sony DCR-SR 300 Handy cam Camcorder) is screwed onto an adjustable 

beam which is attached to the shaking platform with its lens focusing on the liquid free 

surface at the left corner of the tank as shown in Figure 6.2. The adjustable beam is moved up 

or down until a suitable slot is reached so that the camera focuses only on the liquid during its 

entire motion. The camera was held at a distance of 300 mm away from the liquid free 

surface and focuses on the water free surface. Initially, the relation between the pixel and 

millimeter has been found by still images. Now the camera can be used to capture the images 

of the air-water interface as shown in Figure 6.3.  

 

After adding a coloring agent (navy blue) in the liquid, an excellent contrast between the 

liquid and the white marker particles is obtained that gives a superior image quality with 

lesser noise. Experiments have been conducted under natural light by covering the sides of 

tank with black cloth to improve further the contrast between the liquid and the seed particles. 

The horizontal excitation is imparted to the tank using the motor and the cam arrangement. 
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The motor is allowed to rotate whose speed can be varied using a speed controller. The speed 

of the motor is kept sufficiently low so that the sloshing occurs without much turbulence. The 

tank can be filled to any desired level and a scale attached to the side wall of the tank gives 

the height. The experiments have been conducted by varying the frequencies and the hs/L 

ratio of the tank for different case studies.  

 

Image Width

Image height

Image Width

Image height

 
Figure 6.3: Conversion of RGB image into binary image 

6.2.2 Interface Location Technique to Capture the Free Surface Elevation 

The videos captured by the video camera are then transferred to the computer, and further 

image analysis is carried out. A MATLAB code is written to compute the free surface 

displacement of liquid. As the RGB image carries the unnecessary noises (as shown in Figure 

6.4) due to natural and surrounding light source, the RGB scale images are converted to the 

binary images (Figure 6.3) which has the intensity value of 0 or 1. Here the binary image 

indicates 1 as intensity for air region and at a certain point, it drops to 0 intensity value along 

the vertical line. This represents the interface edge region (Figure 6.5). The intensity gradient 

at each point is calculated. The location of maximum gradient is considered as interface as 

described by Law et al. (1999). The luminance contrast between the liquid and the air which 

indicates the location of the interface is determined by maximum intensity gradient method. 

In other words, the liquid height is observed by the intensity variation of the interface 

between the air and liquid. The intensity gradient at each point has been calculated. The 

location of maximum gradient has been considered as interface. The movement of interface 

TH-1038_06610309



Experimental Investigation of Liquid Free Surface Elevation 

 

 106 

can be analyzed by cross-correlation between these matrices. The free surface oscillations are 

plotted for different excitation frequencies. Figures 6.4 and 6.5 show the typical pixel 

intensity variation along a vertical line cutting across the interface region. The movement of 

the interface can be tracked by analyzing its displacement between two successive images. 

This vertical location with image width is plotted in Figure 6.6.  
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Figure 6.4: Intensity values for RGB image. 
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Figure 6.5: Intensity values for binary image. 
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Figure 6.6: Free surface fluctuation along image width. 
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All images are then available in the form of a vertical location matrix. The movement of 

interface can be analyzed by cross-correlation between these matrices. The standard deviation 

of extracted vertical locations denotes the interface fluctuation with time and the mean value 

gives the mean fluctuation for the corresponding excitation frequency and hs/L ratio. 

6.3 Tests to Ensure the Accuracy of Experimental Results 

Depending upon the type of liquid, nature of external disturbances on the tank, tank shape 

and hs/L ratio, the free liquid surface can experience different motions like simple planar, 

non-planar, rotational, irregular beating, symmetric, asymmetric, quasi-periodic and chaotic 

(Ibrahim, 2005). The amplitude of slosh, in general, depends upon the nature, amplitude and 

frequency of the tank motion, liquid-fill depth, liquid properties and tank geometry (Pal et al., 

2002, Akyildiz and Unal, 2006). As the rectangular tank oscillates, different sloshing waves 

are created depending on the liquid depth and frequency of oscillations. In this study, the 

problem was restricted to liquid sloshing in a rectangular tank under surge (movement of tank 

only in horizontal direction) oscillations.  

 

The dynamic tank velocity (Vt) can be determined from the following equation, 

)cos( tV tt  ,     (6.1) 

where At is the tank excitation amplitude and   is the oscillation frequency. The amplitude 

of the tank excitation is 100 mm.  For a given rectangular prismatic tank, the natural 

frequencies of the fluid depending on the fill depth are given by,  









 d

L

n

L

n
gn


 tanh

2
     (6.2) 

where L and d are the tank width and water depth respectively and n is the mode number 

(Akyildiz and Unal, 2005). In Table-6.1, different combination of liquid hs/L ratio, excitation 

frequency and excitation amplitude are shown for a total of thirty six cases. It is to be noted 

that at higher frequency, the turbulence level becomes higher. If the frequency of the tank 

motion is close to the natural frequency of the liquid, large sloshing amplitude occurs. Since 

the liquid elevation is calculated through image processing, the more turbulence of liquid 

should be avoided which will induce noises while processing. Thus, all the experiments have 

been conducted at low frequencies only. 
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Table 6.1: Experimental parameter for measuring free surface elevation. 

 

Set No. 
Case 

Excitation 

Amplitude 

(EA) 

Fill level 

(FL) 

Excitation 

Frequency ( h ) 

First mode 

natural 

Frequency (
1 ) 

FR 

100
1












h  

 mm mm hs/L ratio cycle/sec rad/sec rad/sec % 

Set 1 

 

1 

30 

120 0.2 

0.3 1.885 

5.34835 

35.245 

2 0.4 2.513 46.986 

3 0.5 3.142 58.747 

4 

40 

0.3 1.885 35.245 

5 0.4 2.513 46.986 

6 0.5 3.142 58.747 

7 

60 

0.3 1.885 35.245 

8 0.4 2.513 46.986 

9 0.5 3.142 58.747 

Set 2 

 

10 

30 

210 0.35 

0.3 1.885 

6.41167 

29.4 

11 0.4 2.513 39.194 

12 0.5 3.142 49 

13 

40 

0.3 1.885 29.4 

14 0.4 2.513 39.194 

15 0.5 3.142 49 

16 

60 

0.3 1.885 29.4 

17 0.4 2.513 39.194 

18 0.5 3.142 49 
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Set 3 

 

19 

30 

300 0.5 

0.3 1.885 

6.86364 

27.464 

20 0.4 2.513 36.613 

21 0.5 3.142 45.777 

22 

40 

0.3 1.885 27.464 

23 0.4 2.513 36.613 

24 0.5 3.142 45.777 

25 

60 

0.3 1.885 27.464 

26 0.4 2.513 36.613 

27 0.5 3.142 45.777 

Set 4 

28 

100 

210 0.35 

0.3 1.885 

6.41167 

29.399 

29 0.35 2.199 34.297 

30 0.4 2.513 39.194 

31 0.5 3.142 49.004 

32 
120 0.2 

0.3 1.885 
5.34835 

35.212 

33 04 2.513 47.261 

34 
180 0.3 

0.3 1.885 
6.15000 

30.591 

35 0.4 2.513 40.817 

36 240 0.4 0.3 1.885 6.60861 28.523 

 

Repeatability test 

Set 5 

37 

30 300 0.5 0.8 5.0265 6.86364 73.234 

38 

39 

40 

41 

(H = Height of the test tank; hS = Fill water level; L= Length of the tank).
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6.3.1 Uncertainty Analysis 

Uncertainty is a quantification of the doubt about the measured result. The maximum possible 

uncertainty is estimated from the minimum value of quantity measured and accuracy of the 

measuring system. The maximum error calculated while measuring the excitation frequency 

is 0.014 cycle/sec. The experiments were repeated and found consistent. (The detailed error 

analysis is discussed in Appendix A-2). 

 

6.3.2 Repeatability of Experiments 

In the experimental plan as mentioned in Table 6.1, the set 5 was used for the check 

repeatability of experiments. The repeatability of the slosh phenomenon was investigated by 

running the same experiment several times. The test is conducted by plotting the height 

versus time for case numbers from 37 to 41 which is sketched in Figure 6.7. It is seen that the 

measurements are very close to each other. To get a measure of how close the experiments 

are, the standard deviation is calculated for each time instant. The calculation of the standard 

deviation )(t  is given by 





5

1

2))()((
4

1
)(

i

tmtt       (6.3) 





5

1

)(
5

1
)(

i

i ttm       (6.4) 
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Figure 6.7: Repeatability test (case-37 to 

41). 

Figure 6.8: Standard deviation of 

experiments (case-37 to 41). 

 

where i  is the measured surface elevation of experiment i = 1,2 . . . ,5 and )(tm is the 

average of all  experiments. The standard deviation )(t  is shown in Figure 6.8. The standard 
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deviation is found smaller as compared to the measured value, thus showing the repeatability 

of the tests.   

 

6.4 Results and Discussion of Free Surface Elevation 

6.4.1 Effect of Excitation Amplitude  

As the rectangular tank oscillates, different sloshing waves are created depending on the 

liquid depth and frequency of oscillations. These waves are asymmetric and at large 

amplitude, the tank excitations may be combined with the travelling waves. Liquid height for 

different frequency ratios under low excitation amplitude (EA=30 mm) for cases 11 and 12 as 

per Table 6.1 is shown in Figures 6.9 and 6.10 respectively. For the case of low amplitude 

excitation, the liquid height reaches the steady level quickly. It is observed that the slosh 

amplitude follows a sinusoidal pattern which means slosh amplitude increases initially with 

the increase in applied frequency and thereafter it decreases and again with the increase in 

external frequency the slosh amplitude increases. This is because of the sinusoidal nature of 

applied external excitation.  
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Figure 6.9: Free surface elevation for 

case-11 (FR=39 %; hs/L =0.35; EA=30 

mm). 

Figure 6.10: Free surface elevation for 

case-12 (FR=49 %; hs/L =0.35; EA=30 

mm). 

 

As the amplitude of excitation is increased (EA=100 mm), the liquid responds violently 

related to the fluid motion that occurs due to the occurrence of turbulence, hydraulic jump, 

wave breaking and 3-D effects. Figure 6.11 shows the liquid height for different frequencies 

at 100 mm excitation amplitude. It has been observed that the wave amplitude grows initially 
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with the time up to a certain time period. After reaching this period, the wave amplitude 

remains constant and enters the fully developed region. In other words, in the first phase, the 

wave amplitude rises slowly from mean level up to certain period whereas in the second 

phase, a uniform oscillation can be observed. Similar trend is noticed for rest of the cases 

(case-28 to case-36) in set 4 experiments of Table-6.1. Free surface oscillation or the 

instantaneous wave height (h) for first phase (i.e., 0 to 20 seconds) and for second phase (i.e., 

100 to 120 seconds) at tank left wall for case-28 is shown in Figures 6.12 (a) and (b) 

respectively and their corresponding wave phase plane diagrams are depicted in Figure 6.13 

(a) and (b). In each case, the instantaneous wave height is plotted for first phase and second 

phase time periods.  
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Figure 6.11: Free surface elevation for case-28 (FR=29 %; hs/L =0.35; EA=100 mm). 
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Figure 6.12: Free surface elevation for case-28 (a) phase I; (b) phase II. 
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(a) (b) 

Figure 6.13: Phase plane diagram for case-28: (a) Phase I; (b) Phase II. 

 

6.4.2 Effect of Excitation Frequency and Fill Level 

As the tank moves, it supplies energy to sustain the liquid motion. The four possible types of 

waves are standing wave, traveling wave, hydraulic jump and a combination of these. Figures 

6.14 and 6.15 show the effect of excitation frequency and effect of fill level. As the frequency 

increases, the standing wave transforms into a train of traveling waves of very short length, 

and the hydraulic jump occurs near first mode natural frequency. Further, with increase of 

frequency, the standing wave transforms into a train of traveling waves of very short length. 

Hydraulic jump, usually, takes place due to a small disturbance and appear over a range of 

frequencies near the resonant frequency (Akyildiz and Unal, 2005). With further increase in 

frequency, the jump will pass into a solitary wave. For deeper liquid, sloshing near the 

resonance is characterized by the formation of large amplitude standing waves. These waves 

are asymmetric in nature, and at a large amplitude, tank excitations may be combined with 

the traveling waves.  

 

Figure 6.16 shows the bar chart representation of maximum and minimum wave heights for 

case 1 through 4. The maximum and minimum wave height for first phase and second phase 

is represented as Imax, Imin and Smax, Smin respectively. It shows that the maximum wave 

height increases and minimum wave height decreases while increasing the frequency. 
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Figure 6.14: Effect of frequency for cases – 13, 14 and 15 (hs/L =0.35; EA=40 mm). 
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Figure 6.15: Effect of fill levels for cases-8, 17 and 27 (FR49; hs/L =0.35; EA=30 

mm). 
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Figure 6.16: Bar chart representation of maximum and minimum slosh displacement 

with frequency for cases-28 to 31(hs/L =0.35; EA=100 mm). (F1 – 1.885 rad/sec, F2 – 

2.199 rad/sec, F3 – 2.513 rad/sec, F4 – 3.142 rad/sec). 
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6.4.3 Spectra of Wave Elevation 

The spectra of a wave elevation are computed by the Fast Fourier Transform (FFT) as shown 

in Figure 6.17, where S is the wave elevation spectrum. Figure 6.17 shows the spectra of 

wave elevations at the tank left corner. It causes peaks in the power spectra and more peaks 

appear at different frequencies. The sloshing waves have been analyzed with the probability 

density and energy spectrum. 
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Figure 6.17: Power spectra of wave elevation at the tank left corner: (a) case-28; (b) case-

29; (c) case-30; (d) case-31. 

 

6.5 Comparison of Experimental and Numerical Results  

In this subsection, the experimental results for two different frequency ratios are compared 

with the data of numerical simulation and are shown in Figure 6.18 and 6.19. A minor 

discrepancy has been observed in free surface elevation between simulated and experimental 

results during the motion of tank. Two cases are considered for such a validation by choosing 

two different frequency ratios. In both the cases, the excitation amplitude and the fill ratio 

(hs/L=0.5) remains constant. The EA value has been chosen as 30 mm since better results can 
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be expected with low excitation amplitude for the present experimental and numerical works. 

When the results are closely examined, one can observe that the numerical results clearly 

over scoop the experimental results for the case of high frequency ratio (Figure 6.19). But 

when the frequency ratio is low, the crest and trough points in both results are matched well. 
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Figure 6.18: Free surface elevation for case-19 (FR=27.4 %; hs/L =0.5; EA=30 mm). 
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Figure 6.19: Free surface elevation for case-20 (FR=36.6 %; hs/L =0.5; EA=30 mm). 
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6.6 Summary  

This chapter is devoted to present the experimental procedure for finding the free surface 

elevation in a moving rectangular tank. The liquid free surface behavior at low frequency 

oscillation has been elaborately studied from experiments. Initially, the history of wave or 

long term behavior of free surface oscillation (0 to 120 seconds) is observed. Thereafter, to 

study in detail, two time phase periods are focused and instantaneous wave heights are 

plotted for each case. It has been observed that the wave amplitude grows initially with the 

time upto a certain time period. After reaching this period, the wave amplitude remains 

constant and enters the fully developed region. It is found that the maximum wave height 

increases with an increase a frequency, while the minimum wave height decreases with 

increasing frequency. It also causes the peaks in the power spectra to become larger and 

encourages more peaks to appear at different frequencies. The sloshing waves have been 

analyzed with the energy spectrum. It is clear that the trend of deviation of wave height 

increases with an increase in frequency. This suggests that a stronger nonlinearity give rise to 

the increase of the deviation. It is interesting to note that such an increase seems to indicate a 

fairly linear trend with frequency.  Finally, the experimental data was compared with the 

results obtained from numerical simulation.  
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n this chapter, the unsteady free surface velocities during the surge motion of a 

liquid tank determined through experiments have been discussed. A new 

experimental approach has been discussed for capturing the liquid free surface 

velocity during the tank excitation. The velocities are measured for various liquid fill 

levels and excitation frequencies. The average line velocity at the tank wall (VW) and 

tank center (VC) with respect to time are estimated and compared with the tank 

velocity.  
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7.1 Introductory Remark 

In order to avoid the violent motion, the tank is excited with low frequency (upto 47% of first 

mode frequency) which leads to the low steeping waves in the tank. When a tank oscillates at 

low excitation frequency, the wave amplitude (A) is usually small. Since the wave steepness 

(E) is directly proportional to the wave amplitude, the wave steepness is also small during the 

motion. The planar 2-D Particle Image Velocimetry (PIV) technique is used to calculate the 

U and V velocity of the free surface, while the interface location technique is used for finding 

the vertical velocity of the interface (W).  

 

7.2 PIV Technique 

The basic theory for particle image velocimetry was first presented nearly 25 years ago and 

the technique has undergone tremendous developments in the last fifteen years (Adrian, 

2004). PIV is a non-intrusive measurement technique for studying the velocity profiles. It 

uses images of marker particles in a fluid flow to measure instantaneous velocity fields. It is a 

technique which enables instantaneous measurement of the flow velocity at several positions 

in a plane. Two images of each particle in the sheet are recorded in a short time interval. This 

technique relies on the imaging of tracer particles embedded within a flow at two distinct 

times, 
1t  and 2t to estimate the velocity of the fluid. The distance separating the two images 

gives a local velocity vector. The images are generally recorded onto either a film 

(photographic or holographic) or a charge coupled device (i.e CCD) array. The correlation 

analysis is used to extract the particle displacements, x  and the first-order velocity estimate, 

,





x
u

t
      (1) 

where x  is the average displacement of particles in the fluid over the time interval 

  1 2t t t (Hu et al., 1999). The t1 and t2 images can either be made on the same frame or on 

separate frames (referred to as one-frame and two-frame PIV respectively). 

 

Sloshing can be broadly classified into two types, namely self-induced sloshing and 

externally induced sloshing, based on how sloshing is generated inside the tank. The main 

difference is that, in self-induced sloshing, the tank is immobile whereas in externally 

induced sloshing, the tank will move owing to external disturbances. In the case of externally 

induced sloshing, external forces such as an earthquake or a sudden brake on a moving tank 
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vehicle act as the excitation source for sloshing. This type of sloshing can be found in real-

time applications such as liquid-oil carrier vehicles, space vehicles, and LNG vessels in cargo 

ships. The fluid dynamic mechanism of the externally or self-induced sloshing phenomenon 

should be understood clearly in order to attain an optimum safety design of the reactor 

vessels to prevent the occurrence of sloshing (Saga et al., 2000a). For example, in a liquid 

metal fast-breeder reactor, the self-induced or externally induced sloshing of the high-

temperature sodium coolant may occur in reactor vessels. This kind of sloshing will result in 

very high thermal stresses on the vessel walls, which may cause severe damage to the vessel 

structure (Okamoto and Madarame, 1998). 

 

In the case of self-induced sloshing, the tank is stationary so that the images can be easily 

taken for particle image velocimetry (PIV) analysis. However, if the tank moves, the camera 

probably cannot focus on the liquid portion alone. This means that it is possible that the tank 

can slide away from the camera‘s focus area. For the above reason, image processing cannot 

be performed easily for this type of distorted image with accuracy. Hu et al. (1999) 

investigated the self-induced sloshing phenomenon using the PIV technique experimentally 

and found three different flow patterns in the test tank for the same system parameter settings. 

They are the reverse vortex flow pattern, the first-sloshing-mode flow pattern, and the 

second-sloshing-mode flow pattern. As reported by Hu et al. (1999), self-induced sloshing in 

a rectangular tank was first systemically studied by Okamoto et al. (1991). PIV and also 

Laser Doppler Velocimetry (LDV) measurements on self induced sloshing flow in a 

rectangular tank were conducted by Saga et al. (2000a) and the PIV measurements were 

compared with the LDV measurements quantitatively in order to evaluate the accuracy level 

of the PIV measurements. Singh et al. (2006) measured the magnitude of fluid velocity 

fluctuations from PIV analysis for a concentrated suspension in free-surface flow in a 

channel. A comprehensive experimental programme was conducted by Nasar et al. (2009) to 

find the liquid sloshing pressure in a rectangular tank inside a barge and the barge responses. 

Several investigations on self-induced sloshing in a rectangular tank with circulating flow 

have been conducted experimentally and numerically in the past 20 years (Takizawa et al., 

1992; Okamoto et al., 1993; Fukaya et al., 1996). Most of the studies on sloshing were 

limited to self-induced excitations. However, works in the area of flow visualization 

techniques on externally induced sloshing with surge motion of the tank is scarce. 
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The present work deals with the study of the liquid free-surface velocity in a moving tank 

experimentally. The primary objective is to find the U, V and W velocity components of the 

free surface of the liquid for low-steepness waves. When a tank oscillates at a low excitation 

frequency, the wave amplitude A is usually small. It is the amplitude that decides the wave 

steepness. The wave steepness is defined as gAE n /
2

  (Frandsen, and Borthwick, 2003), 

where A, n  and g are the wave amplitude, natural frequency and the acceleration due to 

gravity respectively. At low excitation frequencies, the images of the free surface of a liquid 

with low-steepness waves are captured by a video camera. These images are then transferred 

to the computer and cross-correlations of images are performed using the PIV Sleuth 

software which offers efficient interrogation for image analysis (Christensen et al., 2000). 

 

7.3 Investigation Procedure for Free Surface U and V Velocity 

The liquid free-surface U and V velocities were calculated using the planar two-dimensional 

(2-D) PIV technique. The following sections describe the experimental arrangements and 

techniques for processing images. 

7.3.1 Experimental Set-up for U and V Velocity 

A steel stand made from two vertical thin slotted steel sheets is kept at the side of the tank 

and another similar slotted steel sheet was connected horizontally between the two vertical 

steel rods with the help of nuts and bolts, as shown in the Figure 7.1. The steel stand is placed 

at a suitable position across the tank. The video camera (Sony DCR-SR 300 Handycam 

Camcorder) is screwed on to the middle horizontal beam with its lens focusing down on the 

liquid. The middle horizontal steel beam is moved up or down until a suitable slot is reached 

so that the camera focuses only on the liquid during its entire motion. The camera is held at a 

distance of 1m away from the free surface of the liquid and focuses on the free surface of the 

water. Figure 7.2 shows the top view of the test tank. Acrylic-paint-coated thermocol balls 

with an average diameter of 6 mm are used as a tracer or marker particles. After adding a 

colouring agent (navy blue) in the tank liquid, an excellent contrast between the liquid and 

the white marker particles is obtained that gives a superior image quality with less noise. 

Experiments have been conducted under natural light by covering the sides of the tank with 

black cloth to improve the contrast further between the liquid and the seed particles. A 

horizontal excitation is imparted to the tank using an arrangement consisting of a motor and a 

TH-1038_06610309



Experimental Investigation of Liquid Free Surface Velocity  

 

 122 

cam. The motor is allowed to rotate and its speed is varied using a speed controller. The 

speed of the motor is kept sufficiently low so that sloshing occurs without much turbulence. 

The tank can be filled to any desired height. In order to achieve this, a scale attached to the 

side wall of the tank is used. The experiments were conducted by varying hs/L ratio of the 

tank for different case studies. The images captured by the video camera are then transferred 

to the computer and further image analysis is carried out using the PIV Sleuth software which 

offers efficient interrogation for image analysis.    
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Figure 7.1: Camera arrangement in the setup for measuring the U and V velocities. 
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Figure 7.2: Top view of the test tank. 
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Normally, the tracer particle sizes are smaller for the cases in which the tracer particles have 

the same density as the fluid. However, in the present investigation, the objective is to 

measure the surface velocities, and hence, floater particles have been used. Since the tank 

area is quite large in comparison with the particle size, the 6 mm floaters are not expected to 

disturb the flow. Moreover, the use of a slightly larger floater particle helps not only to keep 

track of the movement of the particles but also to capture good quality images. It has been 

observed that at low excitation frequencies of the tank, the floater particles do follow the real 

flow of the liquid. Some trial experiments have been conducted at various excitation 

frequencies with different sizes of marker particles and different numbers of marker particles 

so as to arrive at a final selection. Furthermore, sufficient care has been taken to ensure that 

the marker particles do not cluster during the motion. The markers should float on the liquid 

surface and be clearly visible through the camera. 

 

 
 

Figure 7.3: Two sample image frames. 

 

7.3.2 Interrogation of PIV images 

The video of marker particles on the free surface captured from the video camera is 

transferred to the computer. The first 20 seconds of video are then analyzed because the 

waves in the tank moved the marker particles slowly away from the focused area. Two 

sample frames of images of size 320 × 240 pixels can be seen in Figure 7.3. Once the 

spatially displaced images are stored in two separate frames, each velocity vector is extracted 

by performing mathematical correlation analysis on a cluster of particles within each 

interrogation region between the two frames (eliminating the problem of directional 

ambiguity). The PIV interrogation process is repeated until all the required velocity 

information is extracted from the captured record. Figure 7.4 shows the step-wise 

TH-1038_06610309



Experimental Investigation of Liquid Free Surface Velocity  

 

 124 

interrogation process in detail. Typically, the image field is divided into small sub-domains 

referred to as interrogation spots. Each of these sub-domains is then analyzed separately to 

obtain the velocity field over the entire image. It should be noted that the velocity of a 

particular interrogation spot is a function of the average displacement of the particles in the 

spot (Christensen et al., 2000). 

 

Divide the image into 

no of interrogation spots

Copy the interrogation 

spot to memory for analysis

Compute the Correlation

Find the 

displacement  peak

Determine the displacement 

with sub-pixel accuracy

Is entire Image 

analyzed ?

No Yes Display

velocity

Image to be 

processed
Divide the image into 

no of interrogation spots

Copy the interrogation 

spot to memory for analysis

Compute the Correlation

Find the 

displacement  peak

Determine the displacement 

with sub-pixel accuracy

Is entire Image 

analyzed ?

No Yes Display

velocity

Image to be 

processed
Divide the image into 

no of interrogation spots

Copy the interrogation 

spot to memory for analysis

Compute the Correlation

Find the 

displacement  peak

Determine the displacement 

with sub-pixel accuracy

Is entire Image 

analyzed ?

No Yes Display

velocity

Image to be 

processed

 

Figure 7.4: Interrogation flow chart. 

 

7.3.3 Cross Correlation of Image  

Correlating the first interrogation spot with a second spot that is offset in the mean flow 

direction is known as cross-correlation analysis. The aim of the cross-correlation is to find the 

distance that the particle pattern has moved during the interimage time and to translate this 

into a velocity measure. The direct method to compute the cross correlation quickly becomes 

very heavy to apply when larger data sets are to be analyzed. A more efficient way to 

estimate cross-correlation functions is to use FFTs (Bendat and Piersol, 1986). This is 
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classified into one-frame and two-frame cross-correlation. The second-order correlation 

technique is applied here to increase the effective spatial resolution without loss of accuracy. 

This technique is developed by Hart (1998). The basic principle is that correlation planes of 

adjacent interrogation spots are compared in an effort to reduce the measurement noise and to 

enhance the displacement peak (Christensen et al., 2000). Since only a single displacement 

peak is obtained, two-frame cross-correlation analysis is ideal for flows that have reversals, 

since no extra image shifting is necessary to resolve directional ambiguities. Also, two-frame 

cross-correlation is a highly accurate method and is used in this analysis. As the noise in the 

correlation should be random, there should be no correlation of the noise between the 

adjacent interrogation spots. This technique increases the signal-to-noise ratio. 

 

As discussed above, the images were analyzed using the two-frame cross-correlation method. 

In this method, the pair of images was converted on to separate frames. Interrogation 

windows with an FFT size of 128 × 128  pixels were chosen and the second frame was offset 

from the first by 10 pixels in the stream-wise direction. Erroneous vectors were removed 

from the vector field. The video of tank motion containing water and marker particles taken 

from the video camera was first converted to frames which were then analyzed using the PIV 

Sleuth software. A MATLAB code was written to generate the velocity profiles and to 

compute the average velocities in both the x direction (namely U) and the y direction (namely 

V) over an entire second. This was because, for each second, 30 data files were created 

similar to the number of frames in a second.  

 

7.4 Experimental Procedure for determination of Vertical Velocity 

It is difficult to find experimentally the liquid free surface vertical velocity at all the points in 

a moving tank. The liquid free-surface velocity can be found at a particular location using a 

traditional wave height gauge such as a capacitance wave height gauge (Pal and 

Bhattacharyya, 2010). The wave height gauge gives the free surface elevation at a particular 

point. The velocity can be found from the variation in the elevation with respect to time at a 

particular location. This work pays attention to the image-processing technique to find the 

vertical velocity during liquid sloshing under a low excitation frequency. If the camera moves 

together with the tank, it can be focused at a particular location continuously. In the present 

investigation, the effect of the low excitation frequency of the tank on the liquid free-surface 

elevation is studied near the left end of the tank. 
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7.4.1 Experimental set-up  

 

The experimental arrangements are the same as discussed in Chapter-6. The video camera is 

screwed on to an adjustable beam which is attached to the shaking platform with its lens 

focusing on the free surface of the liquid at the left corner of the tank, as shown in Figure 6.2. 

The adjustable beam is moved up or down until a suitable slot is reached so that the camera 

focuses only on the liquid during its entire motion. The camera was held at a distance of 300 

mm away from the free surface of the liquid and focuses on the free surface of the water. 

Initially, the relation between the pixel and the millimetre has been found by still images. The 

interface location technique is used to capture the free surface elevation versus time and the 

free surface velocity is calculated from the elevation.  

 

7.4.1.1 Location of the interface and determination of the vertical velocity 

The procedure for interface location technique was discussed in Chapter-6 in detail. 

However, in brief, the videos captured by the video camera are transferred to the computer 

and further image analysis is carried out. A MATLAB code was written to compute the free-

surface displacement of the liquid. The intensity gradient at each point is calculated. The 

location of the maximum gradient was considered as the interface, as described by Law et al. 

(1999). The luminance contrast between the liquid and the air, which indicates the location of 

the interface, is determined by the maximum intensity- gradient method. In other words, the 

liquid height is observed using the variation in the intensity of the interface between the air 

and the liquid.  

 

7.5 Results and Discussion of Free Surface Velocities 

Depending upon the type of the liquid, the nature of external disturbances on the tank and 

tank shape, and the hs/L ratio, the free liquid surface can experience different motions such as 

simple planar, non-planar, rotational, irregular beating, symmetric, asymmetric, quasi-

periodic and chaotic (Ibrahim, 2005). The amplitude of the slosh wave, in general, depends 

upon the nature, amplitude and frequency of the tank motion, the liquid-fill depth, the liquid 

properties and the tank geometry (Pal et al., 2002, Akyildiz and Unal, 2005, Akyildiz and 

Unal, 2006). As the rectangular tank oscillates, different slosh waves will be created 

depending on the liquid depth and the frequency of oscillations. In this study, the problem 
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was restricted to liquid sloshing in a rectangular tank under surge (movement of the tank only 

in the horizontal direction) oscillations. The dynamic tank velocity Vt can be determined from 

the following equation 

)cos( tV tt  ,     (7.1) 

where At is the tank excitation amplitude and   is the oscillation frequency. The amplitude 

of the tank excitation is 100mm. Figure 7.5 shows the theoretical dynamic tank velocity for 

0.3 cycle/s and 0.4 cycle/s which are computed using equation (1). These motions are 

undoubtedly symmetric. For a given rectangular prismatic tank, the natural frequencies of the 

fluid depending on the fill depth are given by 









 d

L

n

L

n
gn


 tanh

2
     (7.2) 

where L is the tank width, d is the water depth and n is the mode number (Akyildiz and Unal,  

2005). In Table-6.1, the liquid hs/L ratios at corresponding frequencies for different cases are 

shown.  
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Figure 7.5: Dynamic tank velocity profile with respect to time. 

 

The analysis is carried out at two different frequencies and at three different hs/L ratios, as 

indicated in Table 6.1. The repeatability of the sloshing phenomenon was examined by 

running the same experiment several times. The maximum error is calculated while the 

excitation frequency is 0.014 cycle/s. The experiments were repeated and found to produce 

consistent results. It should be noted that, at higher frequencies, the turbulence level becomes 

higher. This requires the use of sophisticated instruments such as a laser sheet, a mirror 

arrangement, a high-quality camera and glittering particles. Usually, the laser sheet is passed 

TH-1038_06610309



Experimental Investigation of Liquid Free Surface Velocity  

 

 128 

through mirrors to the tank liquid which has the glittering tracer particles and a high-quality 

video camera captures the movement of the tracer particles. However, the present work deals 

with low excitation frequencies (or low-steepness waves) and hence the image-processing 

technique is used. Figure 7.6 shows the velocity components and the corresponding notation 

used in this study. As shown in the figure, the liquid free-surface velocity Vf was classified as 

the average line velocity Vw near the wall and the average line velocity Vc near the tank 

centre. The average line velocity Vw near the wall will have two components, namely Uvel and 

Vvel (i.e. the velocity U and the velocity V respectively). Similarly, the average line velocity 

Vc near the tank centre will have the same two components. Uvel is perpendicular to the tank 

excitation direction and Vvel is parallel to the tank excitation direction. This section addresses 

the experimental set-up arrangement and procedure to find these velocities. The procedure 

and arrangement corresponding to the vertical velocity W have been reported in section 7.4. 
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Figure 7.6: Associated velocity terms and notations used in PIV study. 

 

 
Figure 7.7: Velocity locations of camera‘s focal area in fluid domain for FFT size 128 × 128 

pixels, where the x and y scales are in millimeters. 
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7.5.1 Average Line Velocity near Wall and Tank Center  

In order to study the velocity variation and free surface profile through the PIV technique, a 

series of experiments in the above set-up was carried out. The cross-correlations of images 

were performed for an FFT size of 128 × 128 pixels. For analysis with an FFT size of 128 × 

128 pixels, the image field is divided into small sub-domains referred to as interrogation 

spots of size 128 pixels in both directions. Figure 7.7 shows the schematic diagram of 

interrogation windows used in the cross-correlation analysis for an FFT size of 128 × 128 

pixels. This analysis gives instantaneous velocities at 24 locations in the camera‘s focal area 

on the fluid domain. In Figure 7.7, the grid points 1, 7, 13 and 19 are closest to the tank wall. 

Averaging the velocity vectors at these locations gave the measurement of the wall velocity. 

Similarly, the tank average centre-line velocity was obtained by averaging over the grid 

points 5, 11, 17 and 23, which approaches 300 mm approximately. In other words, as the 

width of the tank is 600 mm and the camera focal length is 370 mm (Figure 7.2), the focal 

area is divided into five (Figure 7.7). Thus, the fourth vertical line (grid points 5, 11, 17 and 

23) shows the tank centre-line. The ultimate aim is to find the average line velocity near the 

wall and near the tank centre. 

 

When an external force is applied to the tank, the liquid will oscillate together with the tank 

initially. However, the momentum of the liquid will provide some additional energy to the 

liquid. This applied excitation force and the additional energy created owing to momentum is 

divided into three component velocities Uvel, Vvel, and Wvel of the fluid. Since the liquid 

behavior is analyzed from the top of the tank, only the Uvel and Vvel values of the liquid are 

plotted here. Vw and Vc are compared with the tank velocity Vt in Figures 7.8 (a) to (c) for 

Case -32 (the hs/L ratio of the tank 0.2 and the excitation frequency of tank motion 0.3 

cycle/s). The surface velocities are measured for 6–7 cycles of tank excitation. During this 

interval the velocity vectors have been obtained at every 0.033 seconds. The approximate 

maximum velocities Vvel of fluid for Vc and Vw are 0.15 m/s and 0.1 m/s respectively. 

However, the maximum value for Vt is 0.2 m/s (Figure 7.5). Since the present experiments 

have been conducted at very low excitation frequencies, steady state is reached much more 

quickly. Furthermore, to calculate the U and V velocities using the PIV technique, the results 

are shown for the first 20 seconds. This period is sufficient to demonstrate the initial 

propagation of the wave for low frequency oscillations. For almost all the cases, the waves 

have developed completely within the first two or three oscillations. 
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(c) 

Figure 7.8: Comparison of the average line velocity profiles for Case -32, where Vw is 
the average line velocity at the tank wall, Vc is the average line velocity at tank centre, 

and Vt is the theoretical dynamic tank velocity: (a) average line velocity Vw near the tank 
wall for an FFT size of 128 × 128 pixels; (b) average line velocity Vc at the tank centre 

for an FFT size of 128 × 128 pixels; (c) average line velocity for an FFT size of 64 × 64 
pixels. 
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Figures 7.8 (a) and (b) show the plots for Case -32 with an FFT size of 128 × 128 pixels. As 

expected, the Uvel values of the fluid near the tank wall and tank centre are very low and very 

near to zero for an FFT size of 128 × 128 pixels. Similarly, the case when the FFT size is 64 

× 64 pixels is also tested which has 180 instantaneous velocity vector locations on the 

camera‘s focal area in the fluid domain and is shown in Figure 7.8 (c). However, an FFT size 

of 64 × 64 pixels produced a non-zero Uvel value for all the cases. This indicates that analysis 

with 64 × 64 pixels does not yield the correct correlation peaks, resulting in the wrong 

velocity vectors. This occurs because the interrogation spots are very small in the case of 64 

× 64 pixels. Some interrogation spots, therefore may be empty (i.e. a spot which has no tracer 

particles) which lead to the wrong vectors. For this reason, an FFT size of 128 × 128 pixels 

was utilized. Moreover, in Figure 7.8 (a), the curve of Vvel near the tank centre versus time 

has almost five complete wave cycles. Among those wave cycles, the last four gives the 

frequency of the Vc versus time wave as 0.29 (= 4/14) cycles/s, which is almost exactly equal 

to the frequency of 0.3 cycle/s. The first cycle can be ignored because the motor takes some 

time to reach its desired frequency of 0.3 cycle/s from the position of rest. Also, because of 

the low initial frequency, the first peak of Vvel is smaller than the rest of the peaks. Even 

though Figure 7.8 (c) shows velocities for Case -32 with an FFT size of 64 × 64 pixels, it fails 

to meet the expectations. The average U velocity Vw of the fluid near the tank wall is 0.13 m/s, 

which is false.  

 

7.5.2 Free Surface Velocity for Various hs/L Ratios and Frequencies 

Thus, it is observed that only the FFT size of 128 × 128 pixels results in correct velocity 

vectors. Hence, further results are presented only for an FFT size of 128 × 128 pixels. The 

average of all the instantaneous velocities along the line near the tank wall tank centre are 

plotted in Figure 7.9 for the Case -33, Case -34 and Case -35 conditions (refer Table 6.1 for 

details of the cases). Figures 7.9 (a) and (b) are plotted for Case -33 (hs/L = 0.2; excitation 

frequency, 0.4 cycle/s) and Case -34 (hs/L =0.3; excitation frequency, 0.3 cycle/s) 

respectively. As the tank moves in the x direction (which is parallel to the camera‘s y 

direction), the V velocity is greater than the U velocity in the plots. In other words, the U 

velocity is much less than the V velocity, which can be easily understood from the fact that 

the main fluid motion is in the y direction of the camera. The V velocity versus time graph 

shows a periodic wave with almost equal heights of peaks and valleys. From Figures 7.9 (a) 
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to (d), it is evident that, when the hs/L ratio level is 0.2 in the tank, the fluid will oscillate 

together with the tank. This behaviour diminishes slowly as the ratio increases further. In the 

case of hs/L = 0.4 ratio, the fluid oscillation lags slightly initially i.e. up to about 8–10 s. 

Later, fluid oscillations try to match the tank velocity. The amplitude of the standing wave 

also becomes larger as the excitation frequency of the tank is increased.  
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(d)  

Figure 7.9 Average line velocity profiles for (a) Case -33; (b) Case -34; (c) Case -35 and (d) 

Case -36 with respect to time. 

 

7.5.3 Streamlines and Velocity Contour 

Figures 7.10 (a) and (b) are the streamline plots at a particular instant of time in the Case -32 

conditions. In Figures 7.10 (a) and (b), the alternate upward and downward flow directions of 

streamlines are observed owing to the surge motion of the tank. These alternate upward and 

downward flow directions of the streamlines are obtained for the entire time period in all the 

cases except for a few. The vector map in Figure 7.11 clearly shows the complex nature of 

the flow. Because of the surge motion of the tank, a series of single directional regular waves 

are formed initially. Further, the wall effect also caused irregular waves especially near the 

wall. Evidence for the irregular waves is shown in Figures 7.11 (a) to (d). Samples of 

different flow patterns are observed in Figures 7.11 (a) to (d). They occur owing to the 

merging of complex waves as occurs in overturning breaking waves and in a hydraulic jump 

with standing waves. These are interesting phenomena in the sloshing studies. As the wave 

merges, the smooth free surface becomes irregular.  

 

The present results show that the velocity contour undergoes drastic changes even between 

adjacent frames. This may occur as a result of the surge motion of the tank. During this 

motion, the water waves will strike the walls of the tank and a sudden rise in the waves will 

occur. The amount of the rise depends on the velocity of the wave. This rise and fall disturbs 

other succeeding waves. For this reason, a sudden change can be expected from frame to 

frame. These occurrences happen because the tank fluid is surrounded by the structural parts 

(i.e. tank walls) and also because of the random rise and fall of overturning breaking waves 
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and hydraulic jump. If excitation of the tank increases, the irregular motion of the free surface 

of the liquid seems to have splashing, breaking waves, etc. These complex wave patterns 

which are observed in the experiments are difficult to simulate numerically. These wave 

patterns are taken from Case -35 conditions. This type of wave pattern can be expected in 

other cases also but at lower frequencies of the tank, smooth waves are observed in most 

situations, as seen in Figures 7.10 (a) and (b). 
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V
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V1

V
2

 

(a) (b) 

Figure 7.10 Streamline profiles at L = 30 per cent and F = 0.3 cycles/s for an FFT size of 

128 × 128  pixels (Case -32): (a) t = 1 s, eleventh frame; (b) t = 2 s, eighth frame 
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Figure 7.11: Samples of different flow patterns of the streamline profile (Case -35): (a) t = 

5 s, eleventh frame; (b) t = 10 s, eleventh frame; (c) t = 15 s, eleventh frame; (d) t = 20 s, 

eleventh frame. 
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It should be noted that the direction of Vvel is the direction of tank excitation. Figures 7.12 (a) 

to (d) show the instantaneous velocity contours at the tenth and twelfth seconds for Case -32. 

This is because, at these two instants, the tank velocity Vt show peak values for Case -32 as 

indicated by points A and B in Figure 7.5. Figures 7.12 (a) and (b) are adjacent frames of 

Case -32 at the tenth second. At this moment, the tank velocity shows a positive peak and 

therefore, positive values of Vvel can be expected near the tank wall and near the tank centre. 

The same velocity contour is shown in two adjacent frames at the twelfth second, where the 

tank velocity shows a negative peak. 
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Figure 7.12 Instantaneous V velocity contour diagrams for Case -32, where points A 

and B are shown in Figure 7.5: (a) at point A, t = 10 s, seventh frame; (b) at point A, t = 

10 s, eighth frame; (c) at point B, t = 12 s, seventh frame; (d) at point B, t = 12 s, eighth 

frame. 

 

7.5.4 Vertical Velocity Wvel at the Left Wall 

This section explains the effects of the hs/L ratio and excitation frequency on the vertical 

velocity near the left wall of the tank, where the camera is focused. Figures 7.13 (a) to (c) 

demonstrate the variation in the vertical velocity with respect to time for hs/L ratios of 0.2, 0.3 

and 0.4. The effect of the excitation frequency is shown in Figure 7.14. The maximum and 

minimum velocity points are taken and plotted separately. This is to show the effects of the 

hs/L ratio and excitation frequency on the vertical velocity of the liquid, as shown in Figure 

TH-1038_06610309



Experimental Investigation of Liquid Free Surface Velocity  

 

 136 

15. When the hs/L ratio is very low (less than 0.1) or very high (greater than 1.0), the type of 

motions are called shallow sloshing and deep sloshing respectively (Faltinsen and Timokha, 

2009). It is seen that, at the same excitation frequency, the maximum vertical velocity for the 

hs/L = 0.2 ratio (Case -32) is higher than for the hs/L = 0.3 ratio. However, when the hs/L ratio 

is increased to 0.4, the maximum vertical velocity is also increased. On the other hand, on 

increasing the excitation frequency, the vertical velocity also starts to increase.  
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Figure 7.13 Effect of the hs/L ratio on the vertical velocity Wvel near the left wall of the tank: 

(a) hs/L = 0.2 (Case -32); (b) hs/L = 0.3 (Case -34); (c) hs/L = 0.4 (Case -36). 
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Figure 7.14 Effect of the frequency on the vertical velocity Wvel near the left wall of the 

tank. 
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Figure 7.15: Maximum and minimum vertical velocities Wvel near left wall of the tank. 
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Figure 7.16: Vertical velocity near the left wall for Case -35 (fully developed). 
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As the excitation frequency increases, the standing wave transforms into a train of traveling 

waves of very short length. As it is evident from the literature (Ibrahim, 2005), it can be 

understood that this vertical velocity will increase with respect to the excitation frequency up 

to the first-mode natural frequency and then it will start to decrease. Whenever the vertical 

velocity meets any of the system‘s natural frequencies, the oscillation becomes higher. Figure 

7.16 illustrates the fully developed profile for the vertical velocity near the left wall of the 

tank. 

7.6 Summary 

In this work, the planar 2-D PIV technique is used to calculate the U and V velocities of the 

free surface and the interface location technique is used to obtain the vertical velocity W of 

the interface in a sloshing tank. The surface of the water in the tank was sprinkled with 

marker particles which float on it and the motion was captured with a video camera. The 

cross-correlations of images were performed with an interrogation window of FFT size 128 × 

128 pixels. Using this technique, the average line velocity near the tank wall and centre-line 

are determined. The vertical velocity of the free surface of the liquid was found using the 

interface location technique with a moving-camera arrangement. The noteworthy findings of 

the present investigation are listed below. 

 

a) The present PIV method allowed two components (along the tank wall and near the tank 

centre) of the velocity at the surface to be determined. The interrogation window chosen 

for averaging was much smaller than the wave amplitude. A comparison of the U and V 

components of the fluid velocity with the tank velocity shows that the results are in 

qualitative agreement. The present PIV method gave us two components (along the tank 

wall and near tank center) of the velocity at the surface. The comparison of U and V 

components of fluid velocity with tank velocity shows that the results are in qualitative 

agreement.  

 

b) It was found that, when the hs/L ratio was increased gradually from 0.2 to 0.4, the fluid 

oscillation lags slightly at initial times of up to a few seconds. Later, fluid oscillations try 

to match the tank velocity. The amplitudes of the U and V velocities depend on the 

excitation frequency and the excitation amplitude. Also, the amplitude of the standing 

wave becomes larger as the excitation ratio of the tank increases. If excitation of the tank 

TH-1038_06610309



Chapter-7 

 

 139 

increases, irregular motion of the free surface of the liquid is observed. This complex 

motion of the liquid is obtained owing to breaking waves, jumping waves, etc. during the 

motion. 

 

c) Alternate upward and downward flow directions of streamlines were observed owing to 

the surge motion of the tank. This result was obtained for the entire time period in all 

cases except a few. The velocity contour diagrams were plotted for a maximum peak and 

a minimum peak of the tank velocity (points A and B respectively). Because of the surge 

motion of the tank, a series of single directional regular waves are formed initially. 

Further, the wall effect also caused irregular waves especially near the wall. The results 

indicate that the complex nature of the flow in the 2-D planar components is indeed from 

the nature of flow. 

 

d) The interface location technique was applied to find the liquid vertical velocity at the free 

surface in a tank by measuring the intensity variation of the images. During sloshing, due 

to the low excitation frequency, the vertical velocity oscillations will increase from zero 

up to a certain time and then will reach the fully developed state, which gives constant 

oscillations. The vertical velocity component of the free surface is calculated directly 

from the images of the liquid. Hence the accuracy attained in this study to find the free-

surface velocity profile under low-steepness waves is better than those obtained with 

conventional instruments.  

 

The PIV technique has already been applied several times to study self-induced sloshing. 

However, this investigation focuses on an externally induced tank. The above flow 

visualization method is a simple technique to find the free-surface velocity during externally 

induced sloshing at low frequencies. 
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 Chapter 

INVESTIGATIONS OF LIQUID PRESSURE 

IN A MOVING TANK 8 

 

 

he objective of this chapter is to present numerical and experimental 

investigations of the liquid pressure distribution near the tank walls. The 

liquid pressure is calculated with and without baffles. Thus, the slosh arresting power 

of baffles in the moving tank is also studied. For the numerical analysis, the structural 

part is also considered to show the effect of fluid structure interaction on free surface 

elevation. The response of the coupled system is obtained by using the well-known 

software Automatic Dynamic Incremental Nonlinear Analysis (ADINA). The pressure 

sensor used to measure the liquid pressure experimentally at various fill levels.  A 

direct comparison of numerical simulation with the experimental data is shown for the 

moving tank with and without baffles. 
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8.1 Introductory Remark 

A fluid–structure interaction phenomenon is an important consideration in several 

engineering fields. This is manifestly the case in design of automotive and aerospace 

structure as well as modeling the response of offshore structures, long span bridges and high 

rise buildings. Fluid–structure interaction also plays an important role in the safety 

assessment of power generation plants and many other industrial purposes. The general topics 

of fluid–structure interaction is indeed a particularly broad subject in that it simultaneously 

brings together all the aspects associated with both structural mechanics and fluid mechanics. 

Each of these two areas is complex by themselves, and when considered together, the 

situation becomes even more complex. In fact, interaction (or coupling) between the fluid and 

solid response can be viewed as a feed back loop as illustrated in Figure 8.1. 
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Figure 8.1: Feedback loop in fluid–structure interaction. 

 

Over years, the sloshing problem has been studied by a host of researchers by using 

variational principle (Lawrence et al., 1958; Siekmann and Chang, 1970; Liu and Uras, 1988; 

Rocca et al., 2000; Yuanjun et al., 2007). Experimental investigations on effect of tank sizes, 

flexibility of tank bottom wall and effect of frequencies in system were analyzed (Stofan and 

Sumner, 1963; Chiba, 1992; Akyildiz and Unal, 2005) to find the liquid sloshing effect. Pal et 

al. (1999) presented a numerical model using finite element technique to study the dynamics 

of inviscid, incompressible liquid cylindrical tanks under small displacements in a coupled 

manner. Celebi and Akyildiz (2002) presented the liquid sloshing in the 2-D tanks based on 
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the finite difference method. Kim (2001) simulated the slosh flows in 2-D and 3-D liquid 

tanks based on finite difference method (FDM) formulation and the results obtained were 

found to have a favorable agreement with experimental data. Researchers have reported 

comparative surveys of the computational fluid dynamics (CFD) methods, which are 

applicable to nonlinear sloshing problems (Frandsen, 2004; Craig and Kingsley, 2007; Yang 

and Löhner, 2005). A coupled particle and finite element method for the analysis of fluid-

structure interaction problems involving large deformations was carried out by Lee et al. 

(2007). Rocca et al. (2005) gave fair comparison between experimental and numerical results 

for free and forced oscillations in a square-section plexi-glass tank. Akyildiz and Unal (2006) 

developed a numerical model by using the FDM approximation and validated the results with 

their own experimental data. Cho et al. (2005) carried out a parametric study to find the effect 

of baffles for damping the liquid oscillations. Arafa (2007) developed the finite element 

formulation for partially filled externally excited rigid rectangular tank and investigated the 

effect with and without baffle arrangements in tank. 

 

8.2 Numerical Procedures 

Several methods have been used to approximate the free surface. A simple yet powerful 

method is the volume of fluid (VOF) (Hirt and Nichols, 1981). This method seems to be more 

flexible and efficient than other methods for treating complicated free surface. It was 

designed for two or more immiscible fluids where the position of the interface between the 

fluids is of interest. The VOF method has been used for many years in sloshing applications 

including free surface flows, marine tank, etc. The main advantage of the VOF method is 

their ability to capture the complex surface geometries with overturning or breaking waves 

and splashing (Nielsen, 2003). This method tracks the volume fraction of each phase in each 

computational cell. The fields for all variables and properties are shared by the fluids present 

in each cell and represent the volume-averaged values. The tracking of the interfaces between 

the phases can also be computed when the VOF model is used. In this study, the fluid and 

solid are modeled in ADINA. ADINA-FSI has good features of FSI solution schemes for 

couple structural finite element models (Bathe, 1996; Rugonyi and Bathe, 2001; Bathe and 

Zhang, 2004). Bathe and Ledezma (2007) studied benchmark problems for incompressible 

fluid flows with structural interactions using ADINA-FSI.  
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8.2.1 Mathematical Formulation 

8.2.1.1 Structural equations 

The Lagrangian equations of motion of the structure can be written as  

Bf
t

u







2

2

      (8.1) 

where   is the density, u  is the vector of structural displacements, t is the time,   is the 

Cauchy stress tensor, 
Bf  is the vector of body forces, and    represents the divergence 

operator (in the deformed configuration). Equation 8.1 can be linear or nonlinear depending 

on the constitutive relations used for the material in consideration and also the displacements 

which may be small or large (Bathe, 1966).  

 

The boundary conditions needed to solve Equation 8.1 are, 

suu   on  uS   and sfn  on fS       (8.2) 

where uS and fS represent the parts of the boundary with prescribed displacements, su , and 

tractions, sf , respectively; and n is a unit outward normal vector to the boundary. 

 

8.2.1.1 Fluid flow equations 

The effects of a few parameters of the system, such as the liquid filling level, presence of 

passive sloshing damper at various frequencies have been examined. The numerical model 

solves the complete Navier–Stokes equations in primitive variables by using the finite 

element method.  

 

In a general fluid domain, 

               ( ) 0q
t





 


                                                     (8.3)                                                                                                                                  

.( ) . b

q
qq P f

t
  


    



                                              (8.4) 

where q  is the velocity vector and  ,, p  and bf  are liquid density, pressure, stress tensor 

and force acting on the body respectively. Fluid is considered to be irrotational, 

incompressible, inviscid and Newtonian in a three-dimensional tank. These momentum and 

continuity equations are solved simultaneously with necessary boundary conditions. One of 

the most important body forces included in bf  is gravitational force (g). 
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gfb                                                        (8.5) 

For incompressible, inviscid fluid, 

0  . 

The fluid domain assumed here is a rectangular shape as shown in Figure 8.2. The fixed 

coordinate system is denoted by OXYZ. In the figure, Z direction is acting against gravity. 

Fluid model is analyzed based on the Arbitrary-Lagrangian–Eulerian (ALE) coordinate 

system since the fluid–structure interface is deformable. Obviously, the NS equations need to 

be rewritten in the ALE system. Let us consider a transformation such that the new 

coordinate is the sum of the initial coordinate and its displacement. 

),(),(  rRrdrR                                                  (8.6) 

 t  

where the moving coordinate system ),( tR  has been transformed into a new coordinate 

system ),( r . The vector ),( rd  is used to deal with the arbitrarily moving coordinates. 

Using 




















dR
w  to represent the moving coordinate velocity, the time derivative of an 

arbitrary,   ),,(),( rdrftRf    is   

.fw
f

R

fRf

t

f
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
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



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
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


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
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




                                    (8.7) 

When this equation is applied to time derivatives in the NS equations that are expressed in a 

purely Eulerian coordinate system, the differential form of ALE equations is obtained.  
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Figure 8.2: Moving coordinate system of domain. 

 

TH-1038_06610309



Chapter-8 

 

 145 

For example, in the ALE system, the conservative continuity equation becomes, 

   0



wq

t



.                                               (8.8) 

The compact form of the continuity equation can be rewritten in the following integral form 

in an arbitrary moving system as 

   0



  sdwqwdV
V s




    ,                                 (8.9) 

where V(t) is an arbitrary material volume enclosed by its surface S(t) and S is the surface 

vector of S(t) in the outward direction. 

 

8.2.2 Numerical Modeling of Fluid and Solid Domains 

The present study focuses on the computer modeling to simulate response of liquid storage 

tank without and with baffles. The dynamic response of baffled liquid storage tank has been 

studied to know the influence of baffle parameters such as, the installation location and baffle 

shapes under sinusoidal excitation. In view of this, a thin wall rectangular tank with flat type 

baffle fixed normal to the tank is considered in the present analysis. Here the tank wall and 

baffles are made of an elastic and isotropic material. The liquid in the tank is considered in 

the present case as water. The elastic solid tank walls, baffles and fluid domains are modeled 

in ADINA. The thickness of the tank wall and baffles are modeled as 0.4 mm, while the 

length and the breadth of the baffle is taken as 300mm 120mm . Fluid model is simulated 

as an incompressible and inviscid fluid using 3-D fluid elements. The elastic solid tank wall 

and baffles have been discretized with two-dimensional 9 node shell elements, whereas the 

fluid has been discretized with three-dimensional 27 node fluid elements as shown in Figure 

8.3 to 8.6. Hydrodynamic pressure generated in the fluid–structure interface and the free 

surface displacement of the liquid is evaluated. The tank is subjected to the following forced 

sinusoidal horizontal acceleration.  

 tAa  sin2    for 0t ,                                            (8.10) 

where A is the amplitude of motion (maximum displacement from reference line) and   is 

frequency in rad/sec ( t 2 , t being the period of oscillation). 
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Figure 8.3:  Discretized empty baffled tank. Figure 8.4: Discretized fluid domain. 

 

 
 

Figure 8.5: Discretized fluid-solid coupled 

model. 

Figure 8.6: Nine node shell element 

with top and bottom nodes. 

In this study, the VOF method is used to capture the free surface of the liquid. Since the 

method is designed for two or more immiscible fluids, a portion of air with a height of 150 

mm is chosen and introduced above the liquid level for all cases. The air portion is also 

modeled and discretized using the 3-D fluid element. For each cell, the volume fraction (VF) 

is determined by  

i

L
F

T

V
V

V
 ,                                                               (8.11) 

where VL and VT are the i-th species of volume of the liquid in the cell and total volume of the 

cell respectively (Nielsen, 2003). A cell with a VF value (scalar quantity) of 0 is void and a 

value of 1 represents a full cell. The cell contains a free surface if the VF value is between 0 

and 1. Initially, in this numerical analysis, liquid portion is denoted as VOF- Species1 and a 

VF value of 1 is assigned for each cell. This field is also integrated in time by solving a 
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transport Equation 8.12. At each time step, a transport equation is solved to find the 

distribution of the fluid. Fluids share the momentum equations and each of the fluids is 

convicted through the domain. 

( )
( ) 0i

i

F

F

V
q V

t


  


 .                                                 (8.12) 

 

Table 8.1- Experiments conducted to measure hydrodynamic pressure and displacement. 

Fill 

level 

Frequency 

(Cycle/sec) 

CASE - A 

(Without Baffle) 

CASE - B (Horizontal 

–cum-Vertical Baffle) 

CASE - C (Ring 

Baffle) 

Test 

No 

Measured 

Variables 

Test 

No 

Measured 

Variables 

Test 

No 

Measured 

Variables 

H/6 

0.25 1 D, P(1, 4) 22 D, P(1) -- -- 

0.33 2 D 23 D -- -- 

0.42 3 D 24 D -- -- 

3H/12 

0.25 4 D 25 D -- -- 

0.33 5 D 26 D -- -- 

0.42 6 D 27 D -- -- 

H/3 

0.25 7 D, P(1,4) 28 D, P(1) -- -- 

0.33 8 D 29 D -- -- 

0.42 9 D 30 D -- -- 

5H/12 

0.25 10 D 31 D 43 D 

0.33 11 D 32 D 44 D 

0.42 12 D 33 D 45 D 

H/2 

0.25 13 D, P(1, 4) 34 D 46 D 

0.33 14 D 35 D 47 D 

0.42 15 D 36 D 48 D 

7H/12 

0.25 16 D 37 D 49 D 

0.33 17 D 38 D 50 D 

0.42 18 D 39 D 51 D 

2H/3 

0.25 19 
D, P(1, 2, 

3) 
40 D, P(3) 52 D, P(3) 

0.33 20 D 41 D 53 D 

0.42 21 D 42 D 54 D 

D = Displacement ,   P(#) = Pressure (Pressure Gauge Position) 

 

8.3 Experimental Procedure 

The basic experimental set-up was discussed in Chapter-6 and Chapter-7 in detail.  The tank 

attached to a shaking table can be moved to and fro by a cam arrangement driven by a DC 
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motor (Figure 6.1). A total of six different pressure gauges, designated as PG1 to PG6, were 

placed at different heights of water levels on the walls of the tank (Figure 8.7). Excitation 

voltage of 15 V is applied to the pressure gauges. The output of the pressure gauges was fed 

to the channels of the data acquisition system that was coupled to a PC. The data were 

decrypted using software named ‗Dasylab‘ that displayed the output in millivolts. The 

calibration was done by converting the voltage to pressure using an appropriate factor 

calculated by taking the static pressures and the corresponding voltage. 
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Figure 8.7: Location of pressure gauges (PG) in tank. 

 

When a tank is subjected to linear instability, a series of waves are formed in the liquid and 

so the liquid gets displaced and hence exerts a pressure on the walls of the tank. This pressure 

varies with time. Pressure studies were carried out by changing the excitation frequency of 

the shaking table and the fill level in the tank. Two different types of baffles viz., horizontal-

cum-vertical and ring type have been used. The frequency level was maintained as 0.25 

cycles/s, while the fill level was changed from H/6 to 2H/3 from the base of the tank. The 

effect of baffles has been studied to find the displacement level of the free surface above and 

below the mean position. Displacement studies have been carried out by changing the 

excitation frequency of the shaking table and the fill level in the tank. The frequency level 

was varied from 0.25 to 0.42 cycles/s. In each case, the maximum and minimum 

displacement was found. 

Table 8.1 shows the total number of tests conducted to study the pressure and free surface 

displacement variations. In the above table, case-A represents the tests without baffles; while 
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case-B indicates the conditions with horizontal-cum-vertical baffles; and case-C to that of 

ring baffles. A total of 54 tests were conducted covering various fill levels, different 

frequencies and use of baffles. As for example, test no. 13 represents the case without baffle 

with corresponding fill levels of H/2 and frequency of 0.25 cycles/s. Further, D, P (1, 4) 

denotes the free surface displacement value and hydrodynamic pressure at PG1, PG4 

(Pressure gauge position in tank) values. Similarly, the Test no. 34 shows the use of 

horizontal-cum-vertical baffles with the displacement data. The numerical work presented in 

this chapter is an attempt to simulate the experimental data (as indicated in Table 8.1). 

 

The ultimate aim is to find the pressure variations along with influence of baffles in tank with 

various types and positions of the baffles. The study was made so as to validate the 

experimental data as discussed earlier. It is a well-known fact that ADINA-FSI is equipped 

with ADINA F and ADINA (Structure). ADINA F was used to model the fluid part and 

ADINA to that of the structural part, and later they have been merged to a single program. 

This facilitates to solve a fluid and structural system as one for highly nonlinear problems. 

 

8.4 Effects of Baffles on Pressure 

Initially, experiments were conducted without any baffle and then the same experiments were 

repeated by incorporating two vertical and two horizontal baffles, and a ring baffle. The 

sloshing severity depends on various factors like depth of liquid, tank geometry, the 

amplitude and nature of the tank motions. Moreover, the frequency of excitation over a range 

close to natural frequencies also affects the severity rate of sloshing to a greater extent. 

Figures 8.8 and 8.9 show a direct comparison of numerical simulation with the experimental 

data for the case without baffles, while Figures 8.10–8.15 show the influence of baffles only 

at various fill-levels. As stated, Figure 8.8 shows the comparison of numerical and 

experimental results of hydrodynamic pressure variation with time at various fill levels and 

without baffle. The numerical results obtained show the significance of fill level with respect 

to sloshing pressure.  
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Figure 8.8: Pressure values at PG 1 under frequency of 0.25 Cycles/Sec for without 

baffles. 
 

 

Figure 8.9: Pressure values for fill level 2H/3 with 0.25 Cycles/Sec for without baffle. 

 

It can be stated that as the fill level increases (from H/6 to H/2), the numerical results also 

show a similar trend of wave profile to that of experimental data with allowable accuracy. 

When the fill level is increased, the variation in the maxima and minima of pressure changes 

are varying with respect to tank geometry. Figure 8.9 shows the pressure variation with time 

for maximum fill level (2H/3) at various positions of pressure gauges. The difference of 

maxima and minima of pressure waves is more near the free surface and slowly gets reduced 

as the depth of liquid increases (i.e., at H/2). Next, the slosh responses of the liquid with 

baffles (horizontal-cum-vertical) have been studied numerically and the results are compared 

with the one without baffles (Figure 8.10). These numerical results have further been 
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compared with experimental data (Figure 8.11). In both the cases, the hydrodynamic pressure 

variation with time is shown at PG1 and with fill level H/6. However, the numerical results 

show a slight deviation from the experimental data. Similarly, Figures 8.12 and 8.13 show the 

comparative assessment at PG2 location. The effect of adding ring baffles has been studied 

numerically at PG3 location and the results are shown in Figure 8.14. The corresponding 

experimental data are shown in Figure 8.15. The observation shows that the ring baffles are 

the best choice as they reduce the pressure to the maximum extent. This happens because the 

ring baffle not only suppresses the velocity of impact of the fluid at the walls, but also retards 

the vertical motion of the liquid near the other two adjacent walls, thereby suppressing the 

wave amplitude. The turbulence is created due to its sharp edges at all the walls and thereby 

dissipating the violent energy to all the walls. This reduces the stress on the impact walls.  

 

Figure 8.10: Numerical variation of pressure at PG1 for fill level H/6. 

 
Figure 8.11: Experimental variation of pressure at PG1 for fill level H/6. 
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Figure 8.12: Numerical variation of pressure at PG2 for fill level H/3. 

 

 
Figure 8.13: Experimental variation of pressure at PG2 for fill level H/3. 

 

Figure 8.14: Numerical variation of pressure at PG3 for fill level 2H/3.  

TH-1038_06610309



Chapter-8 

 

 153 

 

 

 

8.5 Effect of Baffles on Surface Displacement 

Figures 8.16 and 8.17 show numerical and experimental results of free surface displacement 

of liquid in the tank at excitation frequency of 0.25 cycles/s, respectively. Similarly, Figures 

8.18 and 8.19 show numerical and experimental results of free surface displacement at 

excitation frequency of 0.33 cycles/s, respectively, while Figures 8.20 and 8.21 show the 

same at 0.42 cycles/s, respectively.  
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Figure 8.16: Surface displacement at excitation 0.25 cycles/sec for numerical work. 

 

 

Figure 8.15: Experimental variation of pressure at PG3 for fill level 2H/3. 
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Figure 8.17: Surface displacement at excitation 0.25 cycles/sec for experimental work.  
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Figure 8.18: Surface displacement at excitation 0.33 cycles/sec for numerical work. 
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Figure 8.19: Surface displacement at excitation 0.33 cycles/sec for experimental work. 
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Figure 8.20: Surface displacement at excitation 0.42 cycles/sec for experimental work. 
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Figure 8.21: Surface displacement at excitation 0.42 cycles/sec for numerical work. 

 

Variation of the free surface displacement with respect to the changing fill depths in the 

baffled and the un-baffled tanks graphs shows that the curves drop from left to right, i.e., 

have a negative slope, which signifies that an increase of fill depth in the tank, the oscillation 

of the unrestrained surface of the liquid decreases. This is because when liquid mass in the 

tank is increased, the sudden disturbances in the tank are absorbed to an extent by the liquid 

and thus reduces its sloshing effect. The graphs also depicts that the sloshing decreases more 

with the use of ring baffles and becomes least without baffles. 

 

Further, it is seen that the plot for the ring baffle starts from fill depth of 250 mm. This is 

because the ring baffle is fixed at 225 mm above the base and therefore, its effect is 

experienced only above this height. The free surface displacement also sharply decreases 
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after 250 mm when the vertical as well as horizontal baffles are used. This is because the 

horizontal baffles are fixed at a height of 225 mm and above this height the combined effect 

of both the types eventually reduces sloshing. The vertical baffle suppress the horizontal 

component of the liquid velocity while the horizontal and ring baffle decrease the vertical 

component of the liquid velocity. 

 

8.6 Summary 

The objective of this chapter is to present the effect of baffles on liquid sloshing for a 

partially filled tank. Numerical simulations were carried out based on volume of fluid 

techniques with ALE formulation. The response of the coupled system is obtained by using 

the well-known software ADINA. The numerical results obtained (hydrodynamic pressure vs. 

time, free surface displacement vs. time) have been compared with the available experimental 

data and were found to be in good agreement. In practice, for complex geometries, analytical 

solutions are tedious. The present method of fluid–structure interaction is very simple and can 

be simulated with allowable accuracy. The present work also can be extended to examine the 

effect of sloshing with different inclination of the tank bottom and different types of liquid. 

Moreover, the model can be employed to handle vertical excitation in addition to further 

baffle configurations, such as multiple baffles and its shapes. The inclusion of the liquid 

viscosity and surface tension effects in the model would also be worthwhile. 
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CONCLUSIONS AND FUTURE SCOPE  

9 

 

 

his chapter is devoted to sum up the major achievements of the present 

investigation. The dynamic behaviors of liquid like free surface elevation, 

free surface velocity and liquid pressure are captured by the numerical and 

experimental investigations during liquid sloshing. The important issues and the 

outcome of work while capturing those properties are discussed and highlighted in 

this chapter.  
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9.1 Contribution of Present Work 

 

The liquid sloshing problem has made a substantial progress since early nineteen seventies 

till date, especially in the computation of capturing or tracking the free surface flows. In this 

thesis, flow field properties of the liquid, such as the free surface elevation, surface velocity 

and liquid pressure in a partially filled tank is studied numerically and experimentally. In 

summary, the following specific goals have been addressed. 

 

The work lives true to its original aim as (i) the 2-D and 3-D numerical simulations are 

performed based on  -transformed finite difference solver to capture the free surface 

elevation in partially filled liquid moving tank,  (ii) the free surface elevation is captured 

during the motion of the tank experimentally by using interface location method, (iii) 

sloshing flow properties like liquid velocity at free surface and the liquid pressure is found at 

various locations of the tank. The velocities are measured at various liquid fill levels and 

excitation frequencies, and (iv) the liquid pressure at the tank walls is calculated by using 

piezo-resistive transducer and to compare with the fluid-structure coupled numerical analysis. 

Experiments and analysis have been made without and with baffled tanks. 

 

9.1.1 Capture of Liquid Free Surface Elevation 

 

Primarily, the free surface vertical displacement or free surface elevation is captured 

numerically as well as experimentally. From this investigation, the following conclusions 

could be drawn. 

 

 The potential flow equations are good enough to study the free surface characteristics 

where the gravity force is predominant than other forces. In this investigation, a fully 

nonlinear inviscid numerical model is developed based on the potential flow theory 

with mapped governing equations and the corresponding boundary conditions are 

solved using finite difference method. 

 A good agreement between the present numerical model and the previously published 

results is obtained for low steeping waves. The horizontally excited tank free surface 

elevation and phase plane diagram are discussed with off and at resonant frequencies. 

The behaviors show the effect of wave excitation while matching with resonant 

frequency. 
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 The vertical excitation causes the instability associated with parametric resonance of 

the combined motion for a certain set of frequencies and amplitude of the vertical 

motion. The Bretschneider spectrum is selected to serve as the input excitation 

spectrum to generate the random input wave. The present numerical model is easier to 

implement, computationally accurate and efficient. The model provides a simple way 

of simulating steep non-breaking waves. 

 It is observed that the wave amplitude grows initially with the time up to a certain 

time period. After reaching this period, the wave amplitude remains constant and 

enters the fully developed region. 

 It is found that the maximum wave height increases and the minimum wave height 

decreases with an increase in the frequency. It also causes the peaks in the power 

spectra to become larger and more peaks to appear at different frequencies. 

 The sloshing waves are analyzed with the probability density and energy spectrum. It 

is evident from the analysis that the trend of deviation of wave height increases with 

an increase in frequency. This suggests that a stronger nonlinearity gives rise to the 

increase of the deviation. It is interesting to note that such an increase seems to 

indicate a fairly linear trend with frequency. 

 The free surface elevations for both simulated and experimental results are compared 

during the motion of tank and a minor discrepancy has been observed. Experimental 

results agree well with the simulation results. 

 

9.1.2 Capture of Liquid Free Surface Velocity 

 

Another flow property, the free surface velocity is studied in detail. Using 2-D planar PIV, 

the average line velocity near the tank wall and near the centre-line are determined. The 

vertical velocity of the free surface of the liquid is found using the interface location 

technique with a moving camera arrangement. The interface location technique is applied to 

find the liquid vertical velocity at the free surface in a tank by measuring the intensity 

variation of the images. The key findings from this could be summarized below:  

 

 During sloshing, at low excitation frequency, the vertical velocity oscillations 

increases from zero up to a certain time and then reaches the fully developed state, 

thereby giving constant oscillations.  
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 It is found that, the amplitudes of the U and V velocities depend on the excitation 

frequency and the excitation amplitude. Also, the amplitude of the standing wave also 

becomes larger as the excitation ratio of the tank increases. With an increase in tank 

excitation, an irregular motion of the free surface of the liquid is observed. This 

complex motion of the liquid is obtained owing to breaking waves, jumping waves, 

etc., during the motion. 

 Alternate upward and downward flow directions of streamlines are observed owing to 

the surge motion of the tank. This result is obtained for the entire time period in all 

cases except a few. The velocity contour diagrams are shown for a maximum peak 

and a minimum peak of the tank velocity. Further, the wall effect also causes irregular 

waves especially near the wall. The results indicated that the complex nature of the 

flow in the 2-D planar components is indeed from the nature of flow. 

  

9.1.3 Capture of Liquid Pressure to Control Slosh 

Finally, the liquid pressure which is an important flow field property is studied extensively. 

For this, the response of the coupled system is obtained by using the well-known software 

ADINA where the simulations are carried out without baffle and with vertical, horizontal and 

ring baffles. Further, in order to compare the results, the experiments have also been 

conducted without and with baffles. The following are the important points from this study:  

 It is found that as the fill level increases, the numerical results show a similar trend of 

wave profile when compared with the experimental data. When the fill level 

increases, the variation in the maxima and minima of pressure changes varies with 

respect to the tank geometry. The difference of maxima and minima of pressure 

waves is more near the free surface, and slowly reduces with an increase in depth.  

 The observation shows that the ring baffles are the best choice as they reduce the 

pressure to the maximum extent. This happens because the ring baffle not only 

suppresses the velocity of impact of the fluid at the walls, but also retards the vertical 

motion of the liquid near the other two adjacent walls, thereby suppressing the wave 

amplitude.  

 The variation of the free surface displacement with respect to the changing fill depths 

in the baffled and the un-baffled tank shows that the curves drop from left to right, 

i.e., it has got a negative slope. This indicates that with an increase of fill-depth, the 

oscillation of the unrestrained surface of the liquid decreases. This is because when 
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liquid mass in the tank increases, the sudden disturbances in the tank are absorbed to 

an extent by the liquid and thus reduce its sloshing effect.  

 The results also indicated that the sloshing decreases more with the use of ring 

baffles, and becomes least without baffles. The vertical baffle suppresses the 

horizontal component of liquid velocity while the horizontal and ring baffle decreases 

the vertical component of the liquid velocity. 

9.2 Novelty of Present Work 

 

 Most of the numerical works are focused on 2-D tanks. However, in the present work, 

the 2-D tank problem is extended to 3-D tank and the problem is solved with finite 

difference based  -transformation algorithm. To show the feasibility of present 

transformation technique, the 2-D cylindrical tank is also solved. 

 This thesis reports more accurate results from both numerical as well as experimental 

investigations. 

 The flow visualization study is performed to investigate the behavior of free surface 

during the liquid motion. Most of the flow visualization studies on sloshing were 

limited to self-induced excitations. And works in the area of flow visualization 

techniques on externally induced sloshing with surge motion of the tank is scarce. The 

present work deals with the study of the liquid free-surface velocity in a moving tank 

experimentally. 

 

9.3 Scope for Future Work 
 

In the present investigation, an attempt has been made to develop and expand the field of 

liquid sloshing for incompressible inviscid flows; but the potential still remains to explore 

many more areas and break new grounds. The following are some of the probable areas that 

may be taken up in future. 

 

 The tank sloshing can be investigated with detailed numerical and experimental 

analysis for flow in the simple geometry with flow resisting device or object like 

baffles, semi-circular domain. Asymmetric geometries and complicated geometries 

like LNG tank, elliptical cylinder can also be solved for sloshing flows. 
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 The recent emerging area of computational fluid dynamics is Lattice Boltzmann 

Method (LBM) which can be used to find the liquid sloshing problem. In contrast to 

the Navier–Stokes solvers, the LBM solvers do not make use of the nonlinear 

convective term, because the convection becomes a simple advection term. Thus, the 

computations with LBM can produce better results. 

 

 Most of the numerical models are used to solve two-dimensional problems. Only in 

certain cases, numerical models have been made to solve real three-dimensional 

problems. Therefore, there is a huge possibility to develop and implement numerical 

models to solve three-dimensional complex geometries. 

 

 In this thesis, the computations of 2-D and 3-D  -transformation for rectangular 

domain are carried out to obtain free surface elevation for gravity waves using 

potential flow theory. A similar study with  -transformation method for 

compressible flows in micro gravity regions can be an interesting and important area 

of research. 

 

 Liquid sloshing is controlled by magnetic and electric fields using magnetorheological 

and electrorheological fluids, respectively are still an emerging area with some 

unanswered questions. For example, the swirling effects for unstable and stable 

regions are still not clear. Resolving this problem may be another goal for research. 

 

 Recent flow visualization techniques like steamball can be applied for flow 

visualization of liquid free surface during liquid sloshing.  
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Appendix A 

 

 

Pseudocode for 3-D Rectangular Tank 

 

 

1. Specify the initial conditions (mode of oscillation, defining the time step, final 

time, etc.). 

2. Calculate all geometric coefficients, parameters, and physical and computational 

grid. 

3. Define an initial profile and initial conditions on the grid. 

4. Calculate ji,  for all the grid points at top surface using initial conditions (as 

depicted in section 5.4). 

5. Apply the kinematic boundary (Eq. 4.62) and dynamic boundary (Eq. 4.63) 

conditions on the top surface of the grid. (Switch off the acceleration terms for 

fixed tank case). 

5. Updating ji, value at all points. 

6. Apply the right, left, front, back and bottom surface conditions (Eqs. 4.59 to 4.61) 

and then calculate the ji ,  values at boundary nodes. 

7. Calculate the ji ,  values in all the node points of computational domain using Eq. 

4.57. 

8. Calculate the residual error and if it satisfies the error norm, go to step 9.   

9. Update all the variables. 

10. Increment the time until it reaches the predefined final time. 
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Appendix B 

 

 

Error Analysis 

 

 

Kline and McClintock (1953) proposed a procedure for estimating the uncertainty of 

any measured quantity in experimental studies. If an estimated quantity R depends on 

independent variables like x1, x2, x3,…xn then, 

    

xn) x3, x2,(x1, RR      (B.1) 

 

Then the maximum value of uncertainty is given by: 
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where 
R

R
wR


  and 

1

1

x

x
, 

2

2

x

x
, etc., are the errors in the independent variables. 

  

The important quantities measured/ estimated during the experiments for liquid 

sloshing is time, pressure, liquid height and frequency. 

 

B.1 Measured Quantities 

In this experimental investigation the parameters time, pressure and liquid height are 

measured quantities. Stop watch is used to measure time and piezo-resistive sensor is 

used for pressure analysis. During motion of the tank, the liquid height is measured by 

interface location technique and traditional wave height gauge.  
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Table B.1: Maximum possible uncertainty for measured quantities.  

Sl. No. Measurement Device Accuracy 
Minimum 

Quantity 

Maximum 

Uncertainty 

1 Time Stop Watch ± 0.5 s 120 s ± 0.5 % 

2 Pressure 
Piezo- resistive 

type transducer 
± 0.01bar 5 bar ± 0.2 % 

3 Wave height 
Capacitance 

wave gauge 
± 0.2 mm 0.05m ± 0.4% 

 

B.2 Estimated Quantities 

The frequency parameter is estimated from the number of cycles completed per 

second. Here the uncertainty is calculated as %42.0


F

F
. 

 

B.3 Validation with Wave Height Gauge 

 
Wave elevation can also be measured using wave height gauge. As shown in Figure 

B.1, three distinct marks viz., upper, lower and midpoint are made on the probe wire 

for convenience. Initially, the lower mark is set to immerse in the tank liquid and the 

liquid level is adjusted to coincide with the middle mark. The difference in 

permittivity between water and air is used to measure the surface elevation in a 

moving tank. Then the gauge results are compared with the results obtained from 

interface location technique as shown in Figure B.3. When the surface is oscillating, a 

thin layer of liquid is formed on the package wall. This thin layer of liquid moves 

down much slower than the surface of the liquid. However, the result matches well 

with allowable accuracy. 
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Figure B.1: Wave probe. 
Figure B.2: Perspective view of wave probe 

and analog to digital converter. 
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Figure B.3: Tank 600 x 600 x 600 mm, FL=200 mm, FR=0.6, Excitation 

amplitude=60 mm. 
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Appendix C 

 

 

Specifications of Instruments 

 

 

Table C.1: Specifications of instruments used. 

Equipment/Instrument Specifications 

Motor 

  

HP: 1HP 

RPM: 1440 

Voltage: 220V 

Phase: Single 

Current: 1 A 

Frequency: 50Hz 

   

Wave Height Gauge 

Model: WG-50 

Make: RRB Ltd, Canada 

Probe length 100 mm to 2m 

Accuracy 0.4% 

  

Pressure Gauges 

Make: Druck and Co., Germany   

Transducer Type: PMP 1400 

Range: 100m bar g to 25 bar g 

Output Voltage: 0-5V 

Non-linearity and 

Hysteresis: 

0.25% BSL Max. 

Temperature Errors: 

Total Error Band: 

2% max                 

over 20
0
C to +80

 
C 
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Rectifier cum Controller 

Input Supply:  220 V (AC), 10% 50 Hz 

Output Field Voltage : 210V (DC) Fixed 

Output Armature 

Voltage:  

0-200V (DC) Variable 

Operating Temperature:  0-45º C 

Speed Ratio:  1/10 

Feedback:  Armature 

Max. Speed Resistance:  50-100% of rated speed 

Min. Speed Resistance:  50-10% of rated speed 

Power:   1HP 

  

Data Acquisition System 

Make:  VPL Infotech and 

Consultants, India. 

Input Channel:  8 differential 

Analog Input Type:   mV,V 

Sampling Rate:  10 Samples/sec 

Bandwidth:  15.7 Hz 

Accuracy:  ± 0.1% 

Zero Drift:  20 µV/ 
0
C 

Power Supply: : +10 to +30 V DC 

  

Computer System 

Make: HCL India 

Processor: Pentium IV, 2.4 GHz 

RAM: 512 MB 
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Figure C.1: Photograph of the experimental setup 

 

 

  
 

Figure C.2: DC motor arrangement with channel framework 

 

 
Figure C.3: Crank Arrangement with link 
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