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Abstract

Study of quantum phase transitions in artificial systems has attracted enormous

attention in recent years. In this thesis, we study the quantum phase transitions in

systems of constrained bosons in low dimensional lattices. We consider two different

scenarios within this framework, (i) in the case of ultracold atoms in optical lattices

and (ii) in the context of microwave photons in superconducting circuits. We have

analyzed the ground state properties of such systems by using numerical methods

such as the cluster mean-field theory (CMFT) approach and the density matrix

renormalization group (DMRG) method.

We first explore the ground-state properties of a system of nonlocally coupled

dipolar bosons in a bilayer optical superlattice by considering bosons in one layer

to be of softcore in nature and separately allowing two- and three-body hard-core

constraints on the other layer. We show how the presence of different constraints

on bosons in one layer influences the overall phase diagram exhibiting various Mott

insulator phases at incommensurate densities due to the presence of the superlattice

potential apart from the usual Mott insulators at commensurate densities.

Then we investigate the quantum phase transitions of constrained bosons in a

two-leg Bose-Hubbard ladder. We consider hardcore bosons in one leg and three-

body constrained bosons in the other leg in the limit of two body attractive interac-

tion. Here we find that depending on the ratio between the rung and leg hoppings

of the bosons, rung insulator phases are stabilized at unit filling. Moreover, at in-

commensurate fillings we obtain signatures of the pair superfluid phase. We extend

this work to the case where both the legs of the ladder have three-body constrained

bosons with onsite two-body attractive interaction. We obtain the signatures of the

dimer rung insulator phase apart from the pair superfluid phases.

In the last part of the thesis, we propose a method to achieve photon pair prop-

agation in an array of three-level superconducting circuits. Assuming experimen-

tally accessible three-level artificial atoms with strong anharmonicity coupled via

microwave transmission lines in both one and two dimensions, we analyze the cir-
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cuit quantum electrodynamics (QED) of the system. We explicitly show that, for

a suitable choice of the coupling ratio between different levels, the single-photon

propagation is suppressed, and the propagation of photon pairs emerges.
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Chapter 1

Introduction

1.1 Quantum phase transitions

Phase transition is a very important phenomenon of nature which is marked by an

abrupt change of any thermodynamic system from one phase of matter to another

phase belonging to the same substance. A typical example is ice turning into wa-

ter with an increase in temperature. This is an example of classical or thermal

phase transition, where the transition is driven by temperature. In thermal phase

transition, the order of the phase transition is defined in terms of the discontinuity

in the order of derivative of Helmholtz free energy with respect to thermodynamic

variables. For example, if the first order derivative of Helmholtz free energy is dis-

continuous, then it is called the first-order transition (e.g. liquid-gas transition at

constant pressure), and if the second-order derivatives are discontinuous, it is called

second-order phase transition or continuous phase transition (e.g., liquid-vapour

transition at constant pressure at the critical point). On the other hand, another

form of phase transition is the quantum phase transition (QPT), that takes place at

absolute zero temperature. The QPTs are governed by the Heisenberg uncertainty

principle and are driven by quantum fluctuations which are triggered by some non-

thermal parameters such as the magnetic field, pressure, etc. The QPTs occur in

different systems and are observed in various tabletop experiments involving con-

densed matter and atomic, molecular, and optical physics (AMO) systems.

The study of complex many-body systems using QPTs has become a topic of

immense interest in recent years due to the presence of the various rich quantum

phases, which in general arises under the influence of periodic potentials. These

QPTs appear in the condensed matter systems due to the competition between

interparticle interactions and strong correlations. In our conventional solid-state

1
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system, there are several difficulties due to the existence of defects and disorders

in the lattice. On top of that, the solid-state systems lack the flexibility in tuning

the geometries of the lattice and interparticle interactions, which are essential for

observing a broad range of QPTs. To circumvent this problem, various unique

quantum simulators have been theoretically suggested and experimentally perceived

in recent years to imitate the QPTs in condensed matter systems.

The ultracold atoms in optical lattices are an emerging quantum simulator which

can overcome the shortcomings of conventional condensed matter systems.

The first experimental observation of quantum phase transition in systems of

ultracold atoms in a three-dimensional (3D) optical lattice was made by the group

of I. Bloch [7] and later by the group of T. Esslinger [8] in a one dimensional (1D)

optical lattice system. These seminal discoveries have paved the path for a new field

of research where the artificial system can be used to study the physics of complex

many-body systems [7, 9–11]. The unparalleled control over the system parameters

using the sophisticated experimental techniques in such simulators has revealed a

wealth of novel physics in recent years.

1.2 QPT in optical lattices

1.3 Optical lattice

An optical lattice is a set of spatially periodic potentials formed by the interference

of coherent counter-propagating laser beams; thus, the resulting periodic potential

may trap ultracold atoms. Once the ultracold atoms get localized, they can interact

with the external laser field due to their internal degrees of freedom. For scheming

an optical lattice potential in those systems, the decisive point is to manipulate

the light-matter interaction. Due to the light-matter interaction, the electric dipole

moment induced in the atom is proportional to the applied electric field of the laser,

dE = η(ω)E where the constant of proportionality η(ω) is called the polarizablity.

When the frequency of laser ω lies in the neighborhood of transition frequency

(ω0), between the ground state(|0〉) and the excited state(|1〉), the polarizablity gets

modified as:

η(ω) ≈ |〈1|dE|0〉|
2

~(ω0 − ω)
(1.1)

2
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η(ω) is in general a complex quantity with its real part gives rise to the dipole

potential, which is the time average of the dipole moment

Vdip(r) = − 1

2ε0c
Re(η)I (1.2)

and its imaginary part come up with the spontaneous scattering given as

Γsc = − 1

~ε0c
Im(η)I (1.3)

where I is the intensity of the laser beam I = 1
2
ε0c|E|2. The dipolar force which is

responsible for atomic trapping and cooling comes from the dipole potential and is

written as

F =
1

2
η(ω)5 (|E(r)|2) (1.4)

Now, from Eqs. 1.4 and 1.1, it is obvious that the sign of η(ω) plays a decisive role

for determining the direction of the dipolar force F. Therefore the positive sign of F

for red detuned laser (ω > ω0) specify the attraction of atoms towards the intensity

maxima while the negative sign of F for blue detuned laser (ω < ω0) repels atom

out of intensity maximum.

Now for a two-level system, using the rotating wave approximation, the dipole

potential and the scattering rate gets modified in terms of the damping rate, Γ [12]

as

Vdip(r) ≈
3πc2

2ω0
3

Γ

∆
I(r) Γsc(r) ≈

3πc2

2~ω0
3

Γ

∆

2

I(r) (1.5)

where ∆ = ω − ω0 is the detuning associated to the atomic transition. Therefore a

simple relation can be established between the dipole potential and the scattering

rate.
Vdip
Γsc

=
~∆

Γ
(1.6)

Now the intensity or the spatial intensity of a Gaussian laser beam propagating along

the z-axis is a function of r and z where r is the radial distance from the axis of the

beam and I0 is the beam intensity at r = 0, z = 0. Therefore, for a one-dimensional

optical lattice, formed by the interference of two counter-propagating laser beams

having wavelength twice of the lattice constant, the potential profile close to the

trap center for a sufficiently strong optical lattice is given by [12]

Vlat(x) = −Vlat,0 cos2(kx) (1.7)

3
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Chapter 1. Introduction

Figure 1.1: (a) Formation of an optical lattice by superimposing two laser beams. The
nodes or antinodes of the optical lattice behaves as a periodic array for trapping the
atoms. (b) Formation of a two dimensional lattice potential by the superimposition of
three orthogonal standing waves.The figure is obtained from Ref. [1].

where Vlat,0 ∼ 4I0.

Generally with the help of two or more pairs of counter propagating laser beams

one can construct optical lattice in two and three-dimensions (Fig. 1.1). The equa-

tion of a three-dimensional optical lattice potential, in general, can be described as,

Vlat(x, y, z) = −Vlat,0[cos2(kxx) + cos2(kyy) + cos2(kzz)]. (1.8)

It is to be noted that the one- and two-dimensional optical lattices can be mimicked

from a three-dimensional one by constructing deep lattices in one and two directions,

respectively.

Apart from the cubic and square lattices, we can engineer several fascinating

lattice geometries like kagome [13] and triangular structures, by applying a suitable

4
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number of laser beams oriented in proper directions. Also the procedure of holo-

graphic projections in the framework of the single-site microscopy [14] can be applied

for the generation of optical lattices. The SF to MI phase transition of bosonic par-

ticles, both in theory and experiments [2] have been successfully speculated by the

optical lattice [15, 16].

1.3.1 Ultracold bosons in optical lattice: The Bose-Hubbard

model

As mentioned already, the systems of ultracold atoms in optical lattices are one of

the most successful platforms to simulate various physical problems. The ease to

control of the geometry and strong correlation in the system has resulted in many

novel findings. In recent years, it has also been possible to manipulate different types

of particles such as bosons, fermions, and mixtures of different types of atoms and

molecules in optical lattices. These Experimental progress and theoretical studies

have broadened our physical understanding in the context of ultracold atoms in an

optical lattice.

The simplest system which was first explored in this context is the ultracold

bosons in optical lattices. The physics of such systems can be explained by the

famous Bose-Hubbard(BH) model, which was first proposed by Gersch and Knoll-

man [17] in 1962. This is considered as the bosonic version of the Fermi Hubbard

model that has been successful in explaining the behavior of strongly correlated

fermions like high-temperature superconductors. Initially, the BH model was ap-

plied for explaining the phase transition of superfluid Helium absorbed in disorder

systems like Vycor [15] which was a complex system to formulate experimentally.

However, the seminal work of Greiner et al. experimentally demonstrated the su-

perfluid to Mott insulator transition of bosons by simulating the BH model using

the ultracold atoms in optical lattice setup.

In the following we briefly discuss the BH model and the SF-MI phase transition.

In second quantized notation, the Hamiltonian for interacting bosons can be written

as

H =

∫
Φ†(~x)

[
− ~2

2m
52 +V (~x)

]
Φ(~x) d3x

+
1

2

∫ ∫
d3x d3y Φ†(~x)Φ†(~y)U(|~x− ~y|)Φ(~y)Φ(~x)

(1.9)

where V (x) is the trapping potential, which is a combination of the external confining

5
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potential for trapping of atoms and the lattice potential. U(|~x−~y|) is the interaction

between two bosons. m represents the atomic mass and Φ’s are the field operators

of bosons that satisfy the standard bosonic commutation relations of bosons

[Φ(~x),Φ†(~x
′
)] = δ3(~x− ~x′), [Φ(~x),Φ(~x

′
)] = [Φ†(~x),Φ†(~x

′
)] = 0 (1.10)

The interaction U(|~x−~y|) between two bosons in governed by the s-wave scattering

process [18]. In this limit one can safely assume U(|~x − ~y|) as an effective contact

potential written in terms of the s-wave scattering length a0 and is given as

U(|~x− ~y|) = U0δ
3(~x− ~y), U0 =

4π~2a0

m
(1.11)

For a system having periodic potential, the localized Wannier functions are more

suitable to use instead of the Bloch wavefunctions that are delocalized in the lattices.

By applying the Fourier transform over the Bloch states, one can find the Wannier

functions of the following form:

Wni(~x) =
1√
M

M∑
k=1

ei
~k·(~x− ~Ri)unk(~x) (1.12)

Here, the {Wni(~x)} forms a complete complete set of orthonormal basis, named as

Wannier basis, that satisfies the condition of orthonormality

(Wmj(~x),Wni(~x)) =

∫
V

d3xW ∗
mj(~x)Wni(~x) = δmnδji (1.13)

The bosonic field operators can then be expanded in terms of the Wannier basis as

follows:

Φ(~x) =
∑
n,i

Wni(~x)ani Φ†(~x) =
∑
n,j

Wnj(~x)a†nj (1.14)

Here, the operators a†i and ai are respectively known as the bosonic creation and

annihilation operators at site i and they follow the standard commutation relations

of bosonic particles as:

[ani, a
†
nj] = δij [ani, anj] = 0 = [a†ni, a

†
nj] (1.15)

Ensuring the lattice to be deep enough and the Wannier functions to be well

localized, the Hamiltonian shown in Eq. 1.9 can be written in the tight-binding

6
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1.3 Optical lattice

Figure 1.2: Figure depicts the significance of different parameters in the BH model given
in Eq. 1.16.

approximation as;

H = −
∑
〈i,j〉

ti,j(ai
†aj +H.c.) +

U

2

∑
i

ni(ni − 1)−
∑
i

µini (1.16)

The Hamiltonian shown in Eq. 1.16 is known as the BH model and is widely used to

study the physics of ultracold bosons in optical lattices. The parameters appearing

in this BH model such as ti,j is the hopping amplitude between the sites i and j, U

is the onsite two particle interaction energy and µ is the chemical potential of the

system that controls the particle number. The significance of these parameters are

depicted in Fig. 1.2.

Using the Wannier functions, the individual parameters appearing in Eq. 1.16

can be written as:

ti,j = −
∫
d3x W ∗(x− xi)

[
~2

2m
52 +V (x)

]
W (x− xj) U = a0

4π~2

m

∫
d3x|W (x)|4

(1.17)

Since the Wannier functions are well localized in the lowest band, we can drop the

band index from it. Using a deep lattice with lattice of depth V0 and with the help

of one dimensional Mathieu equation [19], the hopping amplitude and two-particle

interaction can be rewritten as:

t ≈ 4√
π

(
V0

ER

)3/4

e
−2

√
V0
ERER Uhar =

√
8

π

(
V0

ER

)3/4

ER (1.18)

where ER is the recoil energy of the atom.

As mentioned earlier, by tuning the lattice depth, it is possible to adjust the ratio

between the two-body interaction U and the hopping strength t in optical lattices.

7
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On the other hand, one can independently tune the two-particle interaction by

applying the techniques of Feshbach resonances, introduced initially in the context

of nuclear reactions [20]. These control parameters are the key to study the effect

of strong correlation and associated phase transitions in the BH model. In the

following, we will discuss the well-known SF-MI phase transition in this context.

1.3.2 Superfluid to Mott-insulator transition

The many-body physics of the BH model relies on the relative strengths of the

parameters such as the U and t. Depending on the this two different scenarios arise

such as

1. Weak Lattice (U/t ≈ 0) limit, when the atoms are highly mobile.

2. Strong Lattice (t/U ≈ 0) limit when the atoms are localized.

For a given system with a fixed number of particles per site, a quantum phase

transition from delocalized to localized phase takes place as the ratio t/U is varied.

The delocalized phase is termed as the superfluid phase whereas the localized phase

is termed as the Mott insulator (MI) phase. The MI phase is characterized by the

existence of a non-vanishing energy gap i.e., a finite amount of energy is required

for adding a particle or hole excitation. This phase is said to be incompressible i.e.,

∂n/∂µ = 0, here n = N/L is the number of particles per site, also known as the

particle density.

On the other hand, the SF phase is determined by the large density fluctuation

per site, which is associated with the reduction in phase fluctuation, forming a

coherent state. In the SF phase, the energy gap vanishes, and the compressiblity

remains finite. This phenomenon was first predicted by Fisher et al.[15] for a system

of bosons in periodic potentials. It was shown that the SF-MI phase transition could

occur in two different ways.

1. For fixed integer densities and by varying the ratio of t/U .

2. For a fixed value of t/U and by varying the density of the system.

For large hopping strengths t/U � 1, the wavefunction of individual particles over-

lap due to the presence of excessive kinetic energy in the system, resulting in an

unrestricted motion of atoms throughout the entire lattice. In that case, the ground

8
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Figure 1.3: The mean-field phase diagram of the BH model (1.16) in µ/U − zt/U plane.
Here MI(n) is the MI with density n.

state of a system of N number of bosons and size L can be written as

|ΦSF 〉U/t=0 ∝

(
L∑
i

a†i

)N

|0〉 (1.19)

where |0〉 corresponds to the vacuum state. Eq. (1.19) represents the wavefunction

of the system in the SF phase, which is characterized by the off-diagonal long-range

order (ODLRO). In the other limit, when t/U � 1, the two body onsite energy

dominates over the kinetic energy resulting in a state of vanishing onsite number

fluctuation. As a consequence, the system localizes into a many-body ground state

for which the wave function can be written as the product state which is given by

|ΦMIn〉t/U=0 ∝
L∏
i

(a†i)
n|0〉 (1.20)

Here MI(n) represents the MI phase with fixed boson density n = N/L. The system

9
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Figure 1.4: Experimental result of the first observation of SF-MI transition(taken
from [2]). The figure shows the absorption images of matter-wave interference pattern
for different initial states prepared for different lattice depth(V0). Here V0 are, in (a)0Er,
(b) 3Er, (c)7Er, (d) 10Er, (e) 13Er, (f) 14Er, (g) 16Er and (h) 20Er.

undergoes a phase transition from SF to MI state when the ratio (t/U) approaches

a critical value (t/U)c. The phase diagram of QPT is depicted in Fig. 1.3 for a d-

dimensional lattice system [15] obtained using the site decoupled mean-field theory

(SDMFT). Fig. 1.3 shows several MI(n) lobes with fixed integer density n in the

µ/U−zt/U plane in the strong interaction limit (or weak hopping) with z being the

coordination number. However, in the weak interaction limit (or strong hopping),

the system exhibits the SF phase (white area). The SF-MI transition takes place

at a critical value of the ratio t/U , which according to SDMFT is U = 5.8zt for

n = 1 where U is the onsite interaction energy, t is the hopping strength and z is

the coordination number (Fig. 1.3) [15, 21, 22].

Since this QPT is unattainable in a conventional solid-state system, Jaksch et

al. [16] in 1998 had made a new proposal to simulate this fascinating phenomenon

using ultracold bosonic atoms trapped in optical lattices. Later on, this was ex-

perimentally verified by Greiner et al. [2] in 2002 using a cubic optical lattice in

three-dimension where BEC is formed with the help of 87Rb atoms. The SF-MI

transition is observed by studying the absorption images achieved by expanding the

atoms ballistically from a lattice with several potential depths V0, shown in Fig. 1.4.

The interference pattern exhibits a sharp peak for small values of V0 ≤ 13Er, indi-

cating the presence of coherence nature in the system leading to the formation of

the SF phase. On the other hand, as V0 becomes larger than 13Er, the interference

10
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1.4 QPT in superconducting circuits

Figure 1.5: Schematic layout of superconducting circuits and its equivalent lumped
circuit representation for implementing cavity QED using them [3].

pattern becomes faded, resulting in an MI phase which is incoherent in nature.

1.4 QPT in superconducting circuits

The study of QPTs using optical lattices involves some challenging problems such

as cooling and trapping atoms down to a temperature of the order of nano-Kelvin

and complications to access and control single sites individually. Also, during ex-

periments using ultracold atoms, one has to turn off the trap in order to observe the

actual quantum phase of the system. As a consequence, the system under observa-

tion is completely destroyed. Although, recent experimental progress has allowed for

fluroescence imaging [23] and single-site addressing techniques [24], these methods

have their own complexities.

These shortcomings of optical lattices for studying QPT can be overcome by us-

ing other experimental methods such as the experimental schemes of cavity quantum

electrodynamics (QED). In cavity QED, a lattice is developed by fabricating and

manipulating microcavities [25–27] or by some other experimental methods like using

trapped atoms, manipulating Rydberg states [28], using two- or three-dimensional

photonic band-gap cavities [29–32] and light is coupled to the atoms of the lattice.

11
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The intrinsic nonlinearity present in the atoms (also known as Kerr nonlinearity)

gives rise to the so-called photon blockade effect [33–37] which in turn produces an

attractive or repulsive type of interaction. The presence of such Kerr type nonlin-

earity induced interactions has made it possible for the experimental observation of

BECs [38–40], superfluids [41, 42] etc. in semiconductor cavities.

Although the cavity QED systems have several advantages over the optical lattice

systems for studying QPT, these systems have two major shortcomings. One is the

intrinsic dipole moment of natural atoms, which is usually very small, and the atom-

photon coupling strength, which is fixed for a given system. These problems can be

resolved by using artificial atoms formed by the Josephson Junction (JJ) [43] which

takes the place of natural atoms. Once we couple the artificial atom with a quantum-

mechanical LC oscillator operating in the microwave regime, we can achieve similar

physics as that of the cavity-QED system. The study of such couplings, which occurs

in the presence of the superconducting circuits, is known as the circuit QED [3, 44].

The circuit QED systems are much preferred over the cavity QED system due to

their flexiblity in fabrication and their usefulness in the non-equilibrium situation.

Using the superconducting circuits, we can achieve relatively high coherence times

roughly a few microseconds [45]. We will elaborate on the circuit QED section

below.

1.4.1 Qubits

A quantum mechanical LC oscillator can be formed with one inductor and one

capacitor. However, the quantum energy levels of the harmonic oscillator are equally

spaced, which makes the selective transition between two levels an impossible task.

In order to address a specific pair of levels, we need to introduce some anharmonicity

in the system like the JJ [43] which is a nonlinear dissipationless circuit element. The

JJ can be used for the construction of qubits, which is the acronym for quantum

bits, is a device where we can achieve a selective transition between two levels.

The sufficient anharmonicity present in the qubit system makes it an effective two-

level system for circuit QED operations despite the fact that the qubit possesses

all possible energy levels. Depending on the quantized variable, one can construct

different types of qubits: namely the flux qubits [46, 47], phase qubits [48] and

charge qubits [49–51]. The qubits are also called artificial atoms from circuit QED’s

viewpoint since they play a similar role to real atoms in cavity QED.

12

TH-2573_166121102



1.4 QPT in superconducting circuits

C E
J

Figure 1.6: The charge qubit formed by the Josephson Junction (JJ) with charging
energy EJ and a capacitor C.

1.4.2 Charge Qubit

A charge qubit is a special type of qubit formed when we replace the linear inductor

by a JJ in a quantum mechanical LC circuit shown in Fig. 1.6. It mainly operates

in two regimes depending on the amount of anharmonicity present in the circuit.

These regimes are

1. One is the Cooper Pair Box (CPB) regime [50, 52] where anharmonicity is

very large.

2. Another is the transmon [4] regime, where one can approximate the anhar-

monicity as a small perturbation to the harmonic oscillator Hamiltonian.

In the later part of the thesis, we will mostly focus on the transmon regime of charge

qubit.

The Hamiltonian corresponding to a charge qubit is given by:

H =
q2

2C
− EJcosϕ (1.21)

where C is the total capacitance, q is the total charge in the circuit, ϕ is the gauge

invariant dimensionless phase ϕ = φ/φ0 with φ0 is the superconducting flux quanta

i.e., φ0 = h/2e. Now for charge qubits it is more convenient to work with the

number operator n rather than the charge operator q i.e. n = −q/2e, which counts

the number of cooper pairs crossing the junction. We define EC = q2/2C as the
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charging energy. Therefore Eq. 1.21 gets modified as:

H = 4ECn
2 − EJcosϕ (1.22)

Now the presence of the gate electrode coupled to the qubits via coupling ca-

pacitors and operating at a fixed voltage introduces some offset in the circuit. This

offset reduces the total charge of the system and Eq. 1.22 gets modified as:

H = 4EC(n− ng)2 − EJcosϕ (1.23)

Here ng = Qr/2e+CgVg/2e is the effective offset charge after subtracting the offset

charge due to the gate electrode plus the offset charge due to the environmental

sources represented as Qr. The operators ϕ and n are canonically conjugate, defined

by the following relation:

[ϕ, n] = −i (1.24)

The analytical solution of the Hamiltonian in Eq. 1.23 is given as:

Ep(ng) = ECa2[ng+k(p,ng)]
(− EJ

2EC
) (1.25)

where aν(q) represents Mathieu characteristic value and k(m,ng) is a integer valued

function which orders the n discrete eigenvalues [4]. Since the evaluation of aν(q)

turns out to be a tedious task, we rewrite the Hamiltonian in a more convenient

way, in terms of the reduced charge basis |n〉 as follows:

H = 4EC

N∑
k=−N

(k − ng)2|k〉〈k| − EJ
N−1∑
k=−N

(|k + 1〉〈k|+ |k〉〈k + 1|) (1.26)

1.4.3 Circuit QED for transmons

In Fig. 1.7 we have shown a transmon placed at the centre of a coplanar waveguide

type Transmission Line Resonator (TLR). The circuit shown in the figure satisfies

the open boundary condition and the net Hamiltonian of the system can be written

as the sum of Hamiltonian of the transmon plus the Hamiltonian of the TLR and

the Hamiltonian containing the dipole coupling term between the transmon and the

resonator:

H = 4EC(n− ng)2 − EJcosϕ+ ωrb
†b+ 2βeV 0

rmsn(b† + b) (1.27)

14
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Figure 1.7: Circuit diagram of a transmon qubit consisting of two JJs with capacitances
CJ and Josephson energy EJ , a biasing capacitor CB and a gate capacitor Cg connected
to a resonator with capacitance Cr and inductance Lr. A voltage Vg is applied to the
circuit through the coupling capacitor Cin [4]

where, ωr = 1/
√
LrCr is the frequency of the resonator, V 0

rms =
√
ωr/2Cr is the

root mean square voltage, β = Cg/CΣ is ratio of two capacitances, Cg and CΣ =

CJ +CB +Cg, 2e is the charge of a Cooper pair, b†(b) is the creation (annihilation)

operator corresponding to the photonic excitations. We define the atom-photon

coupling term as

gjk = 2βeV 0
rms〈j|n|k〉 (1.28)

Now rewriting the above mentioned Hamiltonian of Eq. 1.27 in terms of the eigenkets

forming the basis of transmon and using the expression for atom-photon coupling

term given in Eq. 1.28, we obtain the generalized Jaynes-Cummings (JC) Hamilto-

nian:

H =
∑
k

ωk|k〉〈k|+ ωrb
†b+

∑
k

(gj,k|j〉〈k|(b+ b†)) (1.29)

Now we simplify the above Hamiltonian in Eq. 1.29 by applying the rotating wave

approximation [4] (|gk| << ωk, ωr) and the selection rule of electric dipole transition:

H =
∑
k

ωk|k〉〈k|+ ωrb
†b+

∑
k

(gk,k+1|k〉〈k + 1|b† +H.C.) (1.30)
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|1>

|0>

|1>

|0>

Figure 1.8: JCH model for two cavities representing the atomic transition operators σ+,
σ− and photon hopping strength κ.

Now we consider a series of coupled-cavity-array with each cavity containing a two-

level system (transmon). These cavities are coupled capacitively to one another and

also to the TLR. The Hamiltonian for such a system can be written with the help

of Eq. 1.30 by adding the nearest-neighbor photon hopping term and the chemical

potential term,

H = ω
∑
i

σ+
i σ
−
i + ωr

∑
i

b†ibi + β
∑
i

(σ−i b
†
i + σ+

i bi)

− κ
∑
i,j

(b†ibj +H.C.)− µ
∑
i

ni
(1.31)

where β = g01, ω = ω1− ω0 and σ+
i and σ−i is the atomic transition operator for

a two level system or qubit at the ith cavity, |0〉i and |1〉i, as shown in Fig. 1.8 is

given as

σ+
i = |1〉i〈0|i
σ−i = |0〉i〈1|i

σ+
i σ
−
i = |1〉i〈1|i

(1.32)

The Hamiltonian mentioned in Eq. 1.31 is known as the Jaynes-Cummings-Hubbard (JCH)

Hamiltonian. We can modify Eq. 1.31 as follows

H̃ = −µ̃
∑
i

ni − ∆̃
∑
i

σ+
i σ
−
i +

∑
i

(σ−i b
†
i + σ+

i bi)− κ̃
∑
i,j

(b†ibj +H.C.) (1.33)

where µ̃ = (µ − ω)/β, ∆̃ = ∆/β and κ̃ = κ/β. Here we define a quantity which

is the sum of number of atoms and number of photons in a single cavity, also

known as the polariton number ni of the ith cavity, written as ni = σ+
i σ
−
i + b†ibi.
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Figure 1.9: The mean-field phase diagram of superconducting circuits using transmon
as a qubit (1.16) in µ̃− κ̃ plane. Here MI(n) is the MI lobes with n polaritons.

The polariton number is a conserved quantity of the system as it commutes with the

Hamiltonian given in Eq. 1.33. Like the BH model mentioned earlier, the JCH model

can also be solved using the single site mean-field approach to obtain the quantum

phase transition of polaritons. The mean-field phase diagram is shown in Fig. 1.9

where we observe the phase diagram depicting different Mott lobes of polaritons

with integer filling. In recent years several quantum phase transitions have been

achieved in the context of superconducting circuits and various experiments have

been performed. We will use the Hamiltonian in Eq. 1.33 for studying the QPT in

circuit QED systems using transmon.

Motivated by all the recent progress, in this thesis, we explore some of the

interesting problems involving interacting bosons in low dimensional lattices. The

primary focus of the thesis is to study the ground-state properties of a certain many-

body system using different numerical methods. In the following, we provide the

outline of the thesis.
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Chapter 1. Introduction

1.5 Chapterwise outline of the thesis

In Chapter 2, we provide the numerical methods employed to carry out the thesis

work. This includes the discussion on the self-consistent cluster mean-field theory

(CMFT) approach, exact diagonalization, and the density matrix renormalization

group (DMRG)method in the framework of the matrix product states (MPS).

In Chapter 3 , we discuss the ground state properties of interacting bosons in

bilayer superlattice systems in low dimensions in the presence of interlayer inter-

action. After briefly introducing the multi-body interacting BH model in a bilayer

system and the associated phase transitions, we discuss the details of our findings

using the CMFT method. We have further complemented our findings by repeating

the calculations in a one-dimensional nonlocally coupled ladder superlattice system

using the DMRG method.

In Chapter 4, we study the ground-state properties of constrained bosons in

two-leg ladder systems. By assuming different constraints on the legs of the ladder,

we explore different phases that may arise due to the competing interactions and

hopping strengths along with different constraints. We employ both the CMFT as

well as DMRG approach for our exploration.

In Chapter 5, we propose a scheme to study the process of spontaneous pho-

ton pair creation and propagation by manipulating an array of coupled transmons

mimicking a three-level artificial atom of the Ξ type. We have used the correspond-

ing Jaynes-Cummings-Hubbard model in one-and two-dimensional arrays using the

DMRG and the CMFT approach, respectively, to establish the emergent photon

pair propagation in the system.

Chapter 6 highlights the conclusions drawn from our work. This also includes

the possible extension of the results discussed in the thesis, as well as a list of new

problems that can be done in the future.
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Chapter 2

Methods

The problems discussed in the thesis involves many particle systems. The exact

analytical approach fails to predict the ground state properties accurately. In such

a scenario, appropriate numerical methods provide useful insights about such many-

body interacting systems. In this chapter, we briefly discuss different numerical

methods employed in this thesis. One of the well known numerical methods to

solve the Schrodinger equation for many body systems is the exact diagonalization

(ED) method. However, the ED method is not suitable for the study of sufficiently

large many body system having intricate quantum correlations because the size

of the Hilbert space grows exponentially with increasing system sizes. To get rid

of this problem, different powerful numerical methods have been formulated for

studying QPT, such as the Quantum Monte Carlo (QMC) and the Density Matrix

Renormalization Group (DMRG) methods. In this thesis we have employed the

DMRG method to study the 1D problems and for the 2D systems, the self-consistent

cluster mean field theory (CMFT) approach has been used. As we will discuss below,

both the CMFT and DMRG approaches use exact diagonalization as an intermediate

step. Therefore, in the following we will discuss the CMFT, ED and the DMRG

approaches.

2.1 Mean Field approach

Before proceeding for the CMFT approach, we first highlight the simple site decou-

pled mean-field theory (SDMFT) approach which is one of the simplest method to

capture the qualitative physics of the models with local interaction such as the BH

model.

As introduced in Chapter 1, the BH model that describes the systems of inter-
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Chapter 2. Methods

acting bosons on a periodic lattice is given by the following Hamiltonian,

H = −
∑
〈i,j〉

ti,j(a
†
iaj +H.c.) +

U

2

∑
i

ni(ni − 1)−
∑
i

µini (2.1)

The ground state of the BH model is known to exhibit the SF-MI phase transition

as a function of the ratio t/U as already mentioned in Chapter 1. Here, we discuss

how this can be captured by the SDMFT approach.

In the limit U � t, the hopping term become negligible and the BH Hamiltonian

reduces to,

H =
∑
i

H
(0)
i (2.2)

where,

H
(0)
i =

U

2
ni(ni − 1)− µini (2.3)

Clearly we can see the eigenstates of the Hamiltonian H
(0)
i are Fock states |n〉 with

definite number of atoms per site. In absence of tunneling the ground state is

provided by the fixed number of atoms per site.

Now we shall employ the standard mean field approximation by introducing the

superfluid order parameter,

ψ = 〈ai〉 (2.4)

Using mean-field approximation the offsite terms can be decoupled as [21]

a†iaj ≈ a†iψ + ajψ
∗ − ψ∗ψ (2.5)

With this the BH model takes the form

H =
∑
i

HMF
i , (2.6)

where

HMF =
∑
i

[
U

2
ni(ni − 1)− µni − zt(a†iψ + aiψ

∗ − ψ∗ψ)] (2.7)

is the mean-field Hamiltonian. Here z is the number of nearest neighbour sites i.e.

the lattice co-ordination number. The Hamiltonian HMF can be solved perturba-

tively by considering H
(0)
i as the unperturbed part and the rest as the perturbation.

Using the second order perturbation theory we obtain the ground state energy of
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2.1 Mean Field approach

the system as,

Eg =
U

2
n(n− 1)− µn+ tzψ2

(
1 + tz

( n

U(n− 1)− µ
+

n+ 1

µ− Un

))
+O(ψ4)

=
U

2
n(n− 1)− µn+ γnψ

2 +O(ψ4)

(2.8)

Using the Landau theory for phase transition one can arrive at

1 + tz
( n

U(n− 1)− µ
+

n+ 1

µ− Un

)
= 0

=⇒
( µ
zt

)2

+
µ

zt

[U
zt

(1− 2n) + 1
]

+
(U
zt

)2

n(n− 1) +
U

zt
= 0 (2.9)

By simplifying the above quadratic equation one can get,

µ±
U

=
1

2

[
(2n− 1)− zt

U

]
± 1

2

√
1− 2

zt

U
(1 + 2n) +

(zt
U

)2

(2.10)

which gives the behaviour of the chemical potential µ as a function of zt/U . The

phase diagram of a d-dimensional lattice can be obtained by setting appropriate z

in the equation.

Although, the perturbative solution of the MF Hamiltonian is simple, it is also

convenient to diagonalize HMF numerically to obtain the phase diagram. The

ground state energy can be obtained as a function of the order parameter ψ by

diagonalizing Eq. 2.7 with truncation on number of bosons per site.

In the numerical approach, we apply an iterative process to obtain the self-

consistent value of the superfluid order parameter ψ for obtaining the ground state

of the system. While the presence of non zero superfluid order parameter, ψ in the

system indicates the existence of the SF phase, the zero value of ψ indicates the

system is in the MI phase. One interesting point to notice that the Hamiltonian

in Eq. 2.7 breaks the U(1) global gauge symmetry for any non zero value of ψ.

The resulting phase diagram for the BH model has already been shown in Fig. 1.3

of Chapter 1. The MF theory for the BH model estimates the critical point of

the SF-MI transition as (U/zt)c ≈ 5.83. Note that the simple MF approach is

based on dividing the entire Hamiltonian into single site Hamiltonian and as we

increase the dimension of the system, the accuracy of the results also increases. The

computational complexity of this method is very less since it is formulated from

the single site Hamiltonian. However, the single site approach overlooks the off-site

correlations which provide many valuable information about the system. Also this
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Chapter 2. Methods

method is not useful in predicting the quantum phase transitions of low-dimensional

systems. To circumvent this problem, we implement a modified version of MF

theory, known as the Cluster Mean-Field Theory method, which we will discuss in

the following section.

2.2 Cluster Mean-field Theory (CMFT) approach

In this section we discuss about the CMFT approach in detail. In this approach, the

entire many-body system is divided into clusters which are usually small and have

finite sizes, as shown in Fig. 2.1 [53]. After dividing the system into small clusters,

we apply the ED method for the individual clusters and the MF method [21] for the

couplings between the small clusters (dashed links) to solve the Hamiltonian of the

entire system.

We divide the hopping term into two parts, one is hopping within the cluster and

another part is hopping between the clusters. we treat the hopping within cluster

as a part of the exact Hamiltonian and decouple the inter-cluster hopping term. If

we divide the entire system into Nc number of clusters with cluster size L, then the

BH Hamiltonian can be written as,

H ≈
Nc−1∑
j=0

Hj
cluster +Hj

MF (2.11)

The Hamiltonian for a single cluster (taking j = 0) can be written as,

H0
cluster = −

L−1∑
i=0

ti,i+1(a†iai+1 +H.c.) +
U

2

L−1∑
i

ni(ni − 1)−
∑
i

µini (2.12)

Now we look into the mean field part of the Hamiltonian. After applying the trans-

formation ai = ψi + δai, the inter-cluster hopping term takes the form,

a†iaj′ + a†j′ai ≈ a†iψj′ + aj′ψ
∗
i − ψ∗iψj′ + a†j′ψi + aiψ

∗
j′ − ψ∗j′ψi (2.13)

Here i denote boundary site of a cluster and j′ denote the boundary sites of the ad-

jacent cluster, boundary site of two different cluster connected via hopping strength

ti,j′ . Therefore, the mean field part of the Hamiltonian (4) can be written as,

HMF = −
∑
〈i,j′〉

ti,j′(a
†
iψj′ + ψ∗i aj′ − ψ∗iψj′) (2.14)
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2.2 Cluster Mean-field Theory (CMFT) approach

Figure 2.1: Division of a two-dimensional square lattice into 2 × 2 clusters. A unit
cluster is represented by a dotted box which by repeating in two dimensions forms the
entire lattice. We apply the ED method for solid lines and MF approach for dashed lines.

By construction the CMFT approach provides improved accuracy as compared

to the SDMFT approach. The former approach incorporates off site correlations

which are absent in the latter. This enables to calculate the off-site correlations.

Therefore the CMFT method is more powerful than the MF method and one can

in principle apply this method to get a qualitative idea of the system. Also it is

extremely useful approach to study the simple models like the BH model compared

to the sophisticated methods like the Quantum Monte Carlo method as it is simple

to implement and requires less computing resources [53–57].
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The accuracy of the CMFT approach improves by increasing the cluster size.

Since the cluster is treated exactly, efficient ED routine is necessary to achieve

larger cluster size and better accuracy. In the following section we will discuss ED

approach used in the CMFT method.

2.2.1 Exact Diagonalization (ED)

Here we discuss about the ED approach. In principle, the ED method provides us

a way to calculate the entire energy spectrum of the Hamiltonian representing a

Figure 2.2: MI-SF phase boundaries for two dimensional square lattice, calculated using
SDMFT(black line), CMFT(2×2, red line), and the exact(2× 2, blue and 3× 3, green).
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2.2 Cluster Mean-field Theory (CMFT) approach

particular system with truncation on number of lattice sites and maximum number

of particles allowed per site. In ED method we study the models in a canonical

ensemble, where total number of particles are fixed. We can define the number

operator for total number of particles on lattice as,

Ntotal =
∑
i

nbi (2.15)

Where nbi is the number operator for ith lattice site. The method is formulated in

three major steps, first step is to create a suitable basis. For example, if we have a

bosonic system in 1D having L number of lattice sites, then the basis vector can be

written as,

{|nb1, nb2, nb3, . . . nbL〉} ≡ |nb1〉 ⊗ |nb2〉 ⊗ |nb3〉 ⊗ . . . |nbL〉 (2.16)

where nbi is the number of particles at ith site. We use the Fock state basis which

spans the complete Hilbert space of the system. And the next steps are to compute

the Hamiltonian in the form of a matrix using the basis states and diagonalize the

matrix corresponding to the Hamiltonian to obtain the entire eigenspectrum.

Assuming the maximum number of states per site to be m, the dimension of

the entire Hilbert space is D = mL, disregarding any symmetry in the system.

Due to this exponential growth of D, storing a single vector representing a large

system becomes an impossible task. For example, if we consider m = 2 and L =

30, it takes about 8GB of memory to store a single vector having 230 dimensions

with “double” precision. On the other hand, the order of computational complexity

for getting all the eigenstates goes up to O(D3).

However, with the help of good quantum numbers of the system, one can substan-

tially reduce the dimension of the basis. For example, the total number of particles

Ntotal =
∑

j n
α
j is a conserved quantity because it commutes with the Hamilto-

nian (1.16) and hence N is a good quantum number. This assumption enables us to

write the Hamiltonian in a block diagonal form so that we can separately solve each

block of the Hamiltonian. Although, this process substantially reduces the effec-

tive memory and computational cost required for the calculation, but it transforms

the Hamiltonian matrix into a matrix with less number of sparse elements. As a

consequence, the Hamiltonian takes more time to diagonalize.

To overcome these shortcomings and to make the ED process more efficient,

we can use the Lanczos or Arnoldi method. The only constraint of the Lanczos or
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Arnoldi method is that it works well only for low-lying states, which is often adequate

for essential studies. In this process, we take the Hamiltonian (H) and approximate

in a p-dimensional orthonormal basis space which is generated from Krylov space: a

vector space that is created by an arbitrary vector v and the Hamiltonian H, defined

as

{v, Hv, H2v, H3v, . . . Hp−1v}. (2.17)

In this newly formed orthonormal basis, the Hamiltonian H becomes H̃. As we in-

crease the value of p, the largest eigenvalue of H̃ converges rapidly to the eigenvalues

of H. In general, as long as p � D, the first eigenstate can be obtained with high

accuracy. Now, if we increase the value of p further, we can improve the accuracy

of the excited states.

Finally we compare the different methods in the context of the phase diagram

of the BH model in Fig. 2.2. Here we only show the first Mott lobe (0 ≤ µ/U ≤ 1).

We have obtained this result by considering the BH model in a 2D square lattice. It

can be seen that the phase boundary obtained by using the CMFT approach (red

filled circles) with a 2× 2 cluster is more accurate compared to the SDMFT result

(black open circles) method. This accuracy increases with increase in cluster size.

For comparison the tip of the Mott lobe from the QMC simulation is depicted as a

triangle. We also show the ED results with 2×2 (green dot-dashed) and 3×3 (blue

dashed) lattices which are far from the QMC result due to finite system sizes.

2.3 Density matrix renormalization group (DMRG)

The exponential growth in the Hilbert space dimensions with increasing system size

makes the computations with ED method intractable. The numerical renormal-

ization group (NRG) [58] method proposed by Wilson and Steve White’s density

matrix renormalization group (DMRG) [59, 60] method reduce the Hilbert space

size significantly, yet retain the low energy properties. The NRG method traces out

the high energy information and keeps the low lying states. Although this method

is successful in studying the Kondo impurity problem, it fails to work well for other

lattice models like Heisenberg model. Steve White’s idea was to do the truncation

with ground state density matrix instead since the low lying information for one-

dimensional systems lies in the density matrix projection. The DMRG algorithm

splits into two approaches, infinite DMRG and finite DMRG. The idea with infinite

DMRG is to grow the superblock (system block + environment block) to the same
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2.3 Density matrix renormalization group (DMRG)

size as the lattice to compute the ground state energy whereas in the finite DMRG,

the superblock is acted upon to make further improvements in the ground state

properties. The infinte DMRG for a system of size L is performed follows:

1. Define all the operators for single-site Hamiltonian having Hilbert space of

dimension d.

2. Construct the system and environment blocks by adding single sites to each

block with the use of two-site connection operators. The respective Hamil-

tonian take the forms of HS
l+1 and HE

l+1, where Hl is the Hamiltonian corre-

sponding to l number of sites.

3. Form the superblock by connecting HS
l+1 and HE

l+1.

4. Find out the ground state eigenvector |ψ〉 by diagonalizing the superblock

Hamiltonian.

5. Determine the reduced density matrix corresponding to the system and envi-

ronment blocks.

6. Diagonalize the density matrix and construct the matrix O with lowest m

eigenvectors V as


...

...
...

V1 V2 . . . Vm
...

...
...

 .

7. Transform the Hamiltonian and other operators using O as H̃S
l+1 = O†HS

l+1O

ÃSl+1 = O†ASl+1O respectively.

8. Create a new superblock by adding two sites in each iteration and repeat from

step 3 until the desired superblock size is achieved.

The finite DMRG starts with infinite DMRG algorithm to cover the full system size.

Here the superblock is constructed from a system block of size l, an environment

block of size l
′

and two sites in the middle. The algorithm runs as follows:

1. Perform the infinite DMRG algorithm and store all the H̃S
l and H̃E

l matrices

in each step until you reach to the desired system size L.
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2. When the system size is L = l + 2 + l
′
, grow the system block in expense of

the environment block. This step starts with l = L/2 and l
′
= L/2− 2.

3. Follow step 3-7 of the infinite DMRG algorithm until you reach to the right

edge where l
′
= 1. This is known as right sweep.

4. Now start growing the environment block in expense of the system block until

you reach to the left edge where l = 1. This is known as left sweep.

5. Sweep back and forth until the desired accuracy of the ground state energy is

achieved or the specified number of sweeps is performed completely.

The DMRG method is a successful method to study the ground state proper-

ties of one-dimensional systems. Östlund and Rommer discovered that DMRG can

be represented in terms of matrix product states (MPS) [61, 62] formalism which

provides much more flexibility to the algorithm. One can write the most general

wavefunction for a one-dimensional system having L sites as

|Ψ〉 =
∑

s1,...,sL

cs1...sL|s1, ..., sL〉 (2.18)

where {si} are the local state spaces spanned in d-dimensions and i is the site

index. The idea with this formalism is to write a general wavefuntion in terms

of an MPS. One can write the coefficients in Eq. 2.18 as a product of matrices A

represented in Eq. 2.19.

|Ψ〉 =
∑
s1...sL

∑
a1,...,aL−1

As1a1A
s2
a1,a2

...AsL−1
aL−2,aL−1

AsLaL−1
|s1, ..., sL〉. (2.19)

Here ai are known as a bond or virtual or auxiliary indices. Similarly, the Hamil-

tonian of a system can be written in terms of matrix product operators (MPOs) and

the ground state energy is computed using the variational approach by contracting

the MPOs with an MPS and its conjugate.

The algorithm based on MPS is versatile for computation of quantum many body

states where one can introduce enough entanglement to create a local Hamiltonian by

playing with the size of the matrices but keeping the matrix dimensions small enough

to make the computations easy. This can be done by fixing the bond dimension, χ,

which is equivalent to m in the classical DMRG method.
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Chapter 3

Mott insulator phases of non-locally

coupled bosons in bilayer optical

superlattices

3.1 Introduction

As discussed in Chapter 1, the study of quantum phase transitions in systems of

ultracold quantum gases in optical lattices have revealed a host of new phenom-

ena in recent years. The state-of-the-art experimental setups and the flexibility to

control the system parameters in such systems have provided a new platform to

explore interesting phenomena in nature which has led to a plethora of novel and

exciting physics. While the dominant interaction in such ultracold systems is the

two-body contact interactions, it has been shown that there exist higher order local

interactions as well, which have non-negligible effects on the ground state properties

[63, 64]. Recently it was shown that the leading multi-body interactions, such as

the three-body interaction, can be engineered under suitable conditions in optical

lattices [65–68] which can play important roles in discovering many-body induced

quantum phases, especially at higher densities [69–76]. Such many-body interactions

can drastically modify the behaviour of the system. For instance, the three-body

interaction can become very large leading to the three-body hardcore constrained

where not more than two particles can occupy a single site. This feature is crucial in

studying the systems of attractive bosons in optical lattices by preventing the col-

lapse of bosons. These three-body constrained bosons (TBCs) are shown to exhibit

the superfluid to pair-superfluid(PSF) phase transition in optical lattice [77]. Sim-

ilar situation is also seen in the regime of large onsite two-body repulsion where no
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two bosons can simultaneously occupy a single site. In such a situation the bosons

are called the hardcore bosons(HCBs) or the Tonk’s gas [78].

On the other hand long-range dipolar interactions in atoms, molecules and Ry-

dberg atoms have culminated into a completely new realm of physics where several

novel phenomena have been predicted and observed in recent experiments such as

the CDW phases,the exotic supersolid phases and self-bound quantum droplets [79–

83]. Interestingly, these non-local interactions have shown to couple systems which

are spatially separated from each other such as the bilayer systems and two leg

ladders. In such a scenario one can drive the two decoupled systems together with

the help of the long-range dipole-dipole interaction [84–87]. Moreover, the bilayer

systems with inter-layer interactions resemble systems of two component atomic

mixtures in optical lattices. A new area of research has evolved in the context of the

dual species bosons, fermions as well as Bose-Fermi mixtures due to the recent ad-

vancement in cooling and trapping of binary mixtures in experiments [88–97]. The

creation and manipulation of such dual-species mixtures with completely two differ-

ent species of atoms or two hyperfine states of a particular species in optical lattices

to achieve strong correlations have opened up various avenues in addressing complex

many-body systems. The presence of different types of interactions compared to the

single species systems have made the binary mixture a topic of great interest, as a

result several theoretical predictions and experimental observations have been made

in various context [92, 94–96, 98–108]. At the same time the creation of optical su-

perlattices [109, 110] have proven to provide an additional flexibility to manipulate

lattice potentials and periodicity which results in different interesting applications.

A great deal of research has been done on optical superlattices and several new

phases have been predicted in theory and observed in experiments on various con-

text [73, 109–120]. Although various investigations have been made in systems of

ultracold quantum gases in optical superlattices, the study of bilayer superlattice or

binary mixture in superlattices may lead to novel phenomena. As the systems of

dual species mixture can be mapped to the spin systems under proper conditions,

it promises a direct connection to the many-electron systems and magnetism [121].

One such recent studies on multi-component bosons in optical superlattices has pre-

dicted various gapped phases using the single site mean-field approximation where

the bosons are assumed to be softcore in nature and the intra-species interactions

are considered to be of identical strength [122]. As a result the influence of one

species of atoms on the other and vice-versa is similar in nature.

In this chapter we consider a bilayer bosonic system in optical superlattice as
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3.1 Introduction

Figure 3.1: (a)Illustration of a bilayer superlattice having periodicity equal to two show-
ing the intra-layer and inter-layer interactions. (b) The possible alignment of the dipoles
in this bilayer system. In the inset we have shown one dipole placed in the origin in
such a way that it makes an angle φ with the x and y axes and θ with the z axis. (c)
Two leg optical superlattice with leg-A and leg-B containing the softcore bosons and con-
strained bosons respectively. These two legs interact among themselves via the non-local
interaction UAB.

depicted in Fig. 3.1 (a). The construction of the bilayer system is in such a way

that both the layers are identical to each other in terms of lattice translation and a

two-period superlattice potential is present only along the x-direction. As a result,

the lattice periodicity is doubled in the x-direction whereas along the y-direction

there is no change in the periodicity. In principle, one can consider the superlattice

potential along both the directions which is expected to exhibit similar particle

dynamics in both the directions. However, the choice made in this work provides

a situation where the particles tend to localise in every alternate sites due to the

superlattice potential along one direction whereas they are free to move on the other

direction. In such a system we consider the bosons in layer-A to be of softcore in

nature whereas bosons in layer-B experience two or three-body hardcore constraint.

We assume the particles are dipolar in nature in both the layers and there exist

only inter-layer interactions and the intra-layer interactions are suppressed. This

situation can be achieved by orienting the dipoles in such a way that they are at
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magic angles with the line joining two nearest neighbour dipoles along both x- and

y-directions of the layer. In such a scenario, the angle made with the line joining

the dipoles sitting in two different layers are different from the magic angle resulting

in a finite repulsive interaction which is proportional to (1 − 3cos2θ) as depicted

in Fig. 3.1(b). Moreover, the distance between the layers can also be varied to

tune the inter-layer interaction. Since intra-layer (contact) and inter-layer (long-

range) interactions originate from different physical phenomenon, it is possible to

tune them independently. The model which describes such system is the modified

Bose-Hubbard model given as:

H = − t
∑

〈i,j〉,σ∈[A, B]

(a†iσajσ +H.c.) +
∑

i,σ∈[A, B]

[
Uσ
2
niσ(niσ − 1)− (µσ − λi)niσ

]

+
Wσ

6

∑
i,σ∈[A, B]

niσ(niσ − 1)(niσ − 2) + UAB
∑
i

niAniB (3.1)

Here, a†iσ(aiσ) is the creation (annihilation) operator which creates (destroys) a boson

in layer σ(= A,B) and at site i, niσ = a†iσaiσ is the number operator and t is the

hopping amplitude between any two nearest neighbour sites i and j. While Uσ

represents the local two-body intra-layer interactions, Wσ represents the local three-

body intra-layer interactions, UAB represents the inter-layer two body interaction.

µσ is the chemical potential and λi is the superlattice potential along the x-direction

which is 0(λ) for odd(even) site indices as shown in Fig. 3.1(a). The two- and three-

body constraints in layer-B are achieved by considering (a†)2 = 0 and (a†)3 =

0 respectively. Note that for the HCBs in layer-B, Uσ=B → ∞ and the terms

associated to Uσ=B will vanish in model(3.1) due to the hardcore constraint. It is to

be noted that the presence of a finite local three-body interaction mainly modifies

the superfluid-Mott insulator transition critical points and it has been investigated

in detail in other works. Therefore, we discuss the case in which the contribution

from the three-body and higher order terms is neglected in layer-A. The three-body

hardcore constraint is achieved by considering Wσ → ∞ in layer-B. For a large

superlattice potential each two-site unit cell can effectively behave like a single-

site. In such a scenario, depending on the number of particles in the deep site and

the effective repulsive interaction, the on-site Wannier orbitals get affected leading

to effective modification of the tunneling and on-site interaction. However, in our

calculations we do not include these modifications and limit our analysis to the

standard Bose-Hubbard model.
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3.2 Method

We investigate the ground state properties of the model given in Eq. (3.1) by con-

sidering softcore bosons in layer-A whereas loading layer-B with HCBs and TBCs

separately in two different scenarios. In both the cases we study the phase diagram

of the system and obtain various gapped phases which appear at commensurate

as well as incommensurate densities. We also show how the tip positions of these

gapped phases or in other words the gapped to gapless phase transitions behave

by changing the constraint on the bosons in layer-B. To this end we implement the

CMFT approach to analyse the physics of Eq. (3.1). It is to be noted that this

problem can also be analysed using the simple mean-field decoupling approxima-

tion [21] which can capture the qualitative physics of the system. However, in order

to achieve better accuracy we employ the CMFT approach. For the models like the

one shown in Eq. (3.1), the CMFT method works fairly well with less computational

complexities and may approach in the thermodynamic limit the Quantum Monte

Carlo results for some specific situations [87, 123, 124]. In the end we investigate

the scenario for the one dimensional case to examine the fate of quantum phases in

reduced dimension. In this regard, we utilise the well known density matrix renor-

malization group (DMRG) method for the two-leg ladder model to examine the

features in one dimension.

With the CMFT approximation the original Hamiltonian of Eq. (3.1) can be

written as

H = HC +HMF (3.2)

where HC(HMF ) is the cluster(mean-field) part of the Hamiltonian. HC is same as

Eq. (3.1) but is limited to the cluster only. Introducing the two layer-dependent

SF order parameters as ψiσ = 〈a†iσ〉 = 〈aiσ〉 and using the mean-field decoupling

approximation as introduced in Chapter 1, we write HMF as

HMF = −t
∑
σ,〈i,j〉

[(a†iσ + aiσ)ψjσ − ψ∗iσψjσ] (3.3)

In our calculation we have set t = 1 to make all the physical quantities dimen-

sionless. For the CMFT calculation we use a four sites cluster which consists of two

sites from both the layers. We call this a supercell in the following discussion. We

define the quantity n =
∑

σ∈[A,B]

2∑
i=1

niσ and ρ = 1
4
n which are the total particle number

and density in one supercell to distinguish various phases. We also assume equal
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Figure 3.2: The CMFT phase diagram when bosons in layer-A are softcore and in layer-B
are HCBs. Here UA = 80 and UAB = 40.

chemical potentials for bosons in both the layers by making µA = µB = µ in our

calculation. By fixing the values of UA, UB (in case of TBCs) and UAB we compute

the complete phase diagram in the µ/t vs. λ/t plane. We also consider some specific

values of lambda and vary the interactions to obtain the phase diagram as done in

Ref. [122].

Further we analyse the system in one dimension by considering a two-leg ladder

which can be viewed as two superlattice chains coupled via the dipole-dipole interac-

tion. We study the model(Eq. (3.1)) by using the DMRG method based on MPS. In

our DMRG calculation we assume system sizes up to 100 sites and bond dimension

of 500. The cluster and system size considered in our calculation are found to be

sufficient to capture the physics we are interested in.
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3.3 Results and Discussion

3.3.1 Hardcore constraint for bosons in layer-B

In this part, we discuss the case when the bosons in layer-B are hardcore in nature.

In the decoupled layer limit i.e. UAB = 0, both the layers behave as independent

two dimensional (2d) systems. It is well known that there exists a critical value of

λ for which the system undergoes an SF to MI transitions at half filling for both

hardcore and softcore bosons in 2d [73, 115, 125]. Therefore, it is expected that the

first Mott lobe would appear in the system after a critical value of λ for density

ρ = 1/4 where any one of the layers attains half filling. At this stage the inter-layer

interaction UAB has no role on the phase diagram as the particles reside in any one

of the layer. However, with the increase in the chemical potential µ both the layers

get populated and one may see interesting interplay between UA, UAB and λ which

leads to various gapped phases and transitions to the SF phase at different integer

and non integer fillings of individual layers as shown in Fig. 3.2. In this chapter we

call all the gapped phases the MI phases although the ones at non integer densities

are different from the usual MI phase where each site is occupied with same integer

number of bosons [111]. However, in the case of superlattices, one can consider the

density with respect to the unit-cell (the periodicity of the superlattice) so that the

gapped phases at non integer densities can be called as the MI phases for those

particular densities.

The phase diagram of Fig. 3.2 is obtained by self consistently diagonalizing the

Hamiltonian shown in Eq. (5.3) to obtain the ground state wave function and then

the superfulid order parameter ψ as discussed in the previous section. By considering

a large onsite interaction UA = 80 and UAB = UA/2 which is sufficient to establish

various gapped phases for the softcore bosons in one layer and by varying λ for a wide

range of values, we obtain the entire phase diagram which consists of the gapped

MI lobes and the intermediate SF phases. Here we define the superfluid density

ρs = 1
4

∑
i,σ |ψiσ|2, where ψiσ is the layer dependent superfluid order parameter as

discussed in the previous section. The gapped phases are obtained by looking up

the regions in which the total superfluid density vanishes in the ρs vs µ/t plot for

several values of λ. In Fig. 3.3 we show ρ(solid blue line) and ρs(dashed green line)

with respect to µ/t for λ = 10, 70, 140 which cut through the gapped phases in

Fig. 3.2 parallel to the µ/t axis. It can be seen that for a particular λ, as µ increases

the plateaus in ρ appear and at the same time ρs vanishes corresponding to the

MI phases. We denote the MI phases as MIn where the subscript n indicates the
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Figure 3.3: Variation of ρ(solid blue curve) and |ψ|2(dashed green curve) with respect to
µ/t for λ = 10, 70, 140 shows the gapped and gapless phases when layer-B has HCBs. The
plateaus in ρ correspond to the gap in the MI phases whereas the shoulders around the
plateaus (where the values of |ψ|2 are finite) indicate the gapless SF phase. We also plot
the individual layer densities as ρA(dot dashed curve) and ρB(dotted curve) for clarity.
Due to the hardcore nature ρB saturates at one. The fluctuations in ρA and ρB are due
to the degenerate states in the CMFT calculation.

total number of particles i.e. nA + nB in a supercell. The possible supercell atom

distribution for all the MI phases are presented in Table. I.

It can be seen from Fig. 3.2 that the first lobe which corresponds to the MI1

appears after a critical λ ∼ 8 at ρ = 1/4 as discussed before. The gap continues to

be finite and the lobe expands as λ increases further. Upon increasing the value of µ
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Table 3.1: Table depicting various MI states when atoms in layer-B are HCBs. Each
state shows the density distribution in the supercell corresponding to a particular MI state
for a given n and ρ.

Boson distribution in the unit cell
n ρ Supercell Configura-

tion

1 0.25 MI1 =

∣∣∣∣ 0 1
0 0

〉
or MI1 =

∣∣∣∣ 0 0
0 1

〉

2 0.5 MIl2 =

∣∣∣∣ 0 1
1 0

〉
or MIl2 =

∣∣∣∣ 1 0
0 1

〉
and MIr2 =

∣∣∣∣ 0 1
0 1

〉

3 0.75 MIl3 =

∣∣∣∣ 1 1
0 1

〉
and MIr3 =

∣∣∣∣ 0 2
0 1

〉

4 1.0 MIl4 =

∣∣∣∣ 1 1
1 1

〉
and MIr4 =

∣∣∣∣ 1 2
0 1

〉

5 1.25 MI5 =

∣∣∣∣ 1 2
1 1

〉

6 1.5 MIl6 =

∣∣∣∣ 2 2
1 1

〉
and MIr6 =

∣∣∣∣ 1 3
1 1

〉

7 1.75 MI7 =

∣∣∣∣ 2 3
1 1

〉

8 2.0 MIl8 =

∣∣∣∣ 3 3
1 1

〉
and MIr8 =

∣∣∣∣ 2 4
1 1

〉

or in other words by increasing the particle number in the system, the other gapped

phases start to appear, which are seen as plateaus in the ρ vs. µ/t plot shown in

Fig. 3.3. For total density ρ = 1/2(half filling of both the layers), there exists

two gapped lobes separated by the SF phase as a function of λ. The appearance of

large gap at vanishing λ can be attributed to the effect of UAB which prevents the

atoms in layer-A and layer-B to occupy the same sites. Hence, one may expect a

gapped phase which is similar to the checker-board solid for the Bose-Fermi mixture

on a square lattice [126]. We call this phase as the MIl2 phase. As discussed in

Ref. [126], the stability of this gapped phase depends on the ratio UAB/UA. In

our case UAB/UA = 0.5, which is sufficient to open a gap in the system. However,

the gap gradually decreases as the value of λ increases and as a result the system

enters into the SF phase. This is because of the increase in the effective onsite

potential in every alternate sites on both the layers which results in a smaller ratio

UAB/UA. Increasing the value of λ further, the gapped phase reappears after a

critical λ ∼ 47.6. At this stage, the superlattice potential is very strong compared

to the ratio UAB/UA and the bosons reside in the deep lattice sites. We call this

gapped phase the MIr2 phase which is similar to the striped phase for the 2d case.
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Figure 3.4: CMFT phase diagram in the µ/t vs. U/t plane when bosons in layer-A are
softcore and in layer-B are hardcore in nature. Here UA = U = 80, UAB = 40 and λ = 60.
Since UA is fixed in the case, we vary t in order to tune the ratio U/t.

The density distribution can be seen from the ρ vs. µ/t plot as shown in Fig. 3.3(see

figure for detail).

At this stage further increase in density results in the next gapped phases at

ρ = 3/4. The situation at this density is completely different from the case of half

density. Here we find that the system is initially in the gapless SF phase for a range

of λ starting from λ = 0 and there exists a gapped island for some intermediate

range of λ and then a gapped phase for the large values of λ. The physics at this

density can be understood by the following analysis. For λ = 0, as µ increases the

layer-A will start to get populated first due to the softcore nature and all the sites

are occupied by one atom each giving rise to unit filling and the layer-B remains
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Figure 3.5: CMFT phase diagram when bosons in layer-A are softcore and in layer-B
are TBCs. Here UA = UB = 80 and UAB = 40.

at half filling. At unit filling the layer-A is in the MI phase as UA is sufficiently

strong. As a result, the atoms in layer-B will experience equal repulsion UAB from

all the sites of layer-A and hence they can move freely giving rise to the SF phase

of layer-B. Therefore, the system as a whole is gapless although layer-A is in the MI

state. The increase in λ, however, introduces the gap in the system by localising the

hardcore bosons into the deep sites of layer-B while the layer-A remains in the MI

phase. The resulting system is therefore, a gapped phase. This phase is called the

MIl3 phase which lies between λ ∼ 7.5 and λ ∼ 108.4. Further increase in λ leads

to increase in particle-hole fluctuation and the gapped MI phase starts to melt and

the SF phase reappears in the system. Eventually, the system enters into another

gapped phase after a critical value of λ ∼ 131.10 where in layer-A two bosons are

localized in the deep lattice sites. We call this phase as the MIr3 phase as depicted

in the phase diagram of Fig. 3.2.

At this stage, further increase in the value of µ will facilitate addition of bosons

in layer-B which saturates at unit filling due to the hardcore nature of bosons where
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all the sites are occupied by one boson each. This situation corresponds to the MI4

phases in the phase diagram where the total density of the system is ρ = 1. When

λ is small, we have every sites in both the layers occupied by one atom each and

this phase is called the MIl4. When λ increases, the MIl4 phase melts and the system

enters into the SF phase and eventually leading to the MIr4 phase where the atoms

in layer-A occupy the deep sites while the layer-B maintains the uniform density due

to the hardcore nature. In such a situation the layer-A is like the striped phase and

layer-B is saturated. These features can be clearly seen from the individual layer

densities as shown in Fig. 3.3.

Similar situation arises for the other integer and non-integer densities where

two distinct gapped phases appear at two limits of the superlattice potential which

are separated by the SF phase as depicted in the phase diagram of Fig. 3.2. The

corresponding boson distributions are shown in Table.I for clarity. For quarter-

integer densities, the gapped islands appear for a range of intermediate values of

λ separated by the SF phase. It is to be noted that the tip of the right lobes

shift towards larger values of λ as ρ increases. However, there occurs an interesting

pattern for the left lobes where the tips first shifts towards larger λ up to MIl4 and

then shift left for higher densities. The appearance of this feature is attributed to

the presence of bosons in layer-B in all the lattice sites after a critical density ρ ≥ 1.

At these densities, the bosons in layer-A does not get affected by the presence of the

bosons in layer-B as it experiences uniform repulsion which is equal to UAB from

all sites. Therefore, the physics of the system is governed only by the properties

of bosons in layer-A as discussed in Ref. [73]. The MIl-SF transitions happens

for smaller and smaller values of λ as the density increases because the increase in

density leads to the decrease in the effective onsite interactions on the shallow lattice

sites. Therefore, the MIl lobes melt into the SF phases due to the hopping t which

dominates over the interactions. On the other hand the SF-MIr transition points

shift towards the larger values of λ at higher densities because of the increase in

number of particles in the deep wells which results in an increase in UAB. Therefore,

a stronger λ is necessary to introduce the MIr phases as can be seen from the phase

diagram.

To further understand the role of various interactions in our model, we study the

phase diagram in µ/t vs. U/t plane as well. For this purpose we consider a cut across

the phase diagram of Fig.3.2 at λ = 60 which corresponds to U = 80 and UAB = 40.

In this case we vary t to obtain a range of U/t ratios and the resulting phase diagram

in this case is shown in Fig.3.4. We obtain a very interesting pattern of staggered
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MI lobes in this case. It can also be seen that the size of the MI lobes with odd

integers in the subscript is larger as compared to the MI lobes with even integers in

the subscript. We follow the nomenclature of density distributions given in Table-

3.1 and discuss the phase diagram in the following text. As we increase µ (bottom

to top) the particle number increases and there are two possibilities for each newly

added particle: (i) it is added on top of a density distribution wherein the particle

arrangement is identical in both the layers, that is, vacuum state, MIr2, MIl4, MIl6,

and MIl8, or (ii) the particle is added on top of an uneven density configuration, that

is, MI1, MIl3, MI5, and MI7. In case (i), the particle always ends up in the deeper

potential well with a fewer number of particles. Such a rearrangement is expected,

as the value of superlattice potential λ is sufficiently large. In case (ii), the particle

entering the system avoids the densely occupied sites and prefers a site with lower

occupancy. In this manner the contribution from U and UAB terms is minimized and

the system tends to attain a more uniform density distribution. The lobes with an

even density distribution are less stable compared to the lobes with uneven density

distribution and readily accept a new particle. Consequently, lobes of the former

type are smaller in size with respect to the later.

3.3.2 Three-body constraint for bosons in layer-B

Now we discuss the case in which we replace the bosons in layer-B with the TBCs.

As discussed before, the effect of three-body constraint is a result of large three-body

onsite repulsion i.e. W → ∞. In such a situation the maximum number of bosons

allowed per lattice site is two i.e. (a†)3 = 0. Such constrained bosons may impart

significant effects on the overall phase diagram of bosons in optical superlattice.

Note that, in this case we have finite values of two-body interaction UB in layer-B.

similar to the previous section, we numerically solve the mean-field Hamiltonian

given in Eq. (5.3) and with UA = UB = 80 and UAB = 40 and varying λ we obtain

various gapped phases. The ground state phase diagram is shown in Fig. 3.5 and

the particle distributions are shown in Table-II.

It can be seen that the phase diagram for this case exhibits distinct features

along with some similarities compared to the one obtained when bosons in layer-B

was hardcore in nature(compare with Fig. 3.2). Although the appearance of the MI

phases for the odd (total)densities show similar behavior as the previous case, the

even lobes exhibit different features with respect to their tip positions. It can be

easily seen that the features in the part of the phase diagram from n = 6 onwards
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Figure 3.6: CMFT phase diagram in the µ/t vs. U/t plane when bosons in layer-A are
softcore and in layer-B are three-body constrained. Here UA = UB = U = 80, UAB = 40
and λ = 60. Since UA is fixed in the case, we vary t in order to tune the ratio U/t.

matches well with the phase diagram of the previous case (when the layer-B was

hardcore) except the first lobe at n = 1 of Fig. 3.2. This can be understood as

follows. Let’s consider the λ = 0 case for simplicity. As the layer-B is occupied by

TBCs now, for n = 6 the density of the supercell is 1.5 . This means, there are

two extra particles on top of the ρ = 1 lobe(MIl4). At ρ = 1, each sites of both the

layers are occupied by one particle because of large onsite interactions UA and UB.

Therefore, any extra particle which gets added to layer-B containing the TBCs will

behave like hardcore bosons on top of the uniform particle distribution. Hence, the

effective system becomes equivalent to the one considered in the previous section.

However, there exists different gapped phases at low density regimes i.e. up to
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Figure 3.7: DMRG phase diagram when bosons in leg-A are softcore in nature and
bosons in leg-B are HCBs.

n = 6 lobes. For n = 1(ρ = 0.25) we get the MI1 phase which is similar to the one in

Fig.3.2 which starts after finite value of λ ∼ 8. As the number of particles increases,

the second gapped phase MIl2 appears at n = 2(ρ = 0.5) for λ = 0 and this survives

up to a critical value of λ ∼ 32 and after this the system becomes gapless. In this

case, each layer is occupied by one boson. Further increase in λ leads to the MIr2

phase, where the particles live in the deep sites. Similarly, the MI4 phases appear for

n = 4(ρ = 1) in the beginning when λ = 0 and the system is a proper Mott insulator

at unit filling. Increase in λ will melt the gap and the SF phase appears and further

increase in λ will re-introduce the gap and the system gets into the MIr4 phase. In

this phase, there can be two possible particle distributions in the lattice where two

particles populate the deep sites of layer-A while sites of layer-B are uniformly filled

by one particle in each site and vice-versa. This gapped phase vanishes at λ ∼ 148

and further increase in λ may lead to another gapped phase where the deep sites of

both the layers will be occupied by two particles(not in the range of λ considered

here). The physics of odd integer lobes can also be understood from the similar

analogies discussed above.
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Figure 3.8: DMRG phase diagram when bosons in leg-A are softcore in nature and
bosons in leg-B are TBCs.

Like before, in this case also we study the phase diagram in µ/t vs. U/t plane.

The various parameter values are fixed as follows, UA = UB = 80, UAB = 40 and

λ = 60. The phase diagram obtained in this case is shown in Fig.3.6 and it can be

readily seen that it has features similar to those obtained previously, Fig.3.4. Our

discussion for the previous case holds mostly true in this case as well. However,

there are two major differences between the two phase diagrams: (i) in the present

case SF-MI transition critical points are in general higher than those found in the

previous case. A straight forward explanation is, that because of increased density

fluctuations SF region gets enlarged and MI phases sets in relatively later. This can

be seen by comparing the position of the tips of the MI1 lobes in Fig.3.4 and Fig.3.6

(and other lobes as well), and (ii) by introducing three-body constrained bosons in

the present case, we allow more number of particles to accommodate in layer B and

make room for more degenerate states to set in. This can be seen in Table-3.2, in

the density configurations for n = 3, 6, and so on. This degeneracy has a significant

effect on the phase diagram, as it tends to make the corresponding MI states less

stable. If vice-versa is true then we have stable MI phases, hence larger lobes.
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Table 3.2: Table depicting various MI states when atoms in layer-B are TBCs. Each
state shows the density distribution in the supercell corresponding to a particular MI state
for a given n and ρ.

Boson distribution in the unit cell
n ρ Supercell Configura-

tion

1 0.25 MI1 =

∣∣∣∣ 0 1
0 0

〉
or MI1 =

∣∣∣∣ 0 0
0 1

〉

2 0.5 MIl2 =

∣∣∣∣ 0 1
1 0

〉
or MIl2 =

∣∣∣∣ 1 0
0 1

〉
and MIr2 =

∣∣∣∣ 0 1
0 1

〉

3 0.75 MIl3 =

∣∣∣∣ 1 1
0 1

〉
or MIl3 =

∣∣∣∣ 0 1
1 1

〉
and MIr3 =

∣∣∣∣ 0 2
0 1

〉
or MIr3 =

∣∣∣∣ 0 1
0 2

〉

4 1.0 MIl4 =

∣∣∣∣ 1 1
1 1

〉
and MIr4 =

∣∣∣∣ 1 1
0 2

〉
or MIr4 =

∣∣∣∣ 0 2
1 1

〉

5 1.25 MIl5 =

∣∣∣∣ 1 2
1 1

〉
and MIr5 =

∣∣∣∣ 1 2
0 2

〉

6 1.5 MIl6 =

∣∣∣∣ 2 1
2 1

〉
or MIl6 =

∣∣∣∣ 1 2
1 2

〉
MIl6 =

∣∣∣∣ 2 1
1 2

〉
or MIl6 =

∣∣∣∣ 1 2
2 1

〉
and MIr6 =

∣∣∣∣ 1 2
1 2

〉

7 1.75 MIl7 =

∣∣∣∣ 2 2
1 2

〉
and MIr7 =

∣∣∣∣ 1 3
1 2

〉

8 2.0 MIl8 =

∣∣∣∣ 2 2
2 2

〉
and MIr8 =

∣∣∣∣ 1 3
2 2

〉

9 2.25 MI9 =

∣∣∣∣ 2 3
2 2

〉

10 2.5 MIl8 =

∣∣∣∣ 3 3
2 2

〉
and MIr8 =

∣∣∣∣ 2 4
2 2

〉

3.3.3 Phase diagram in one dimension

In this section we complement our CMFT results presented above by analyzing the

situation in one dimension. The one dimensional analogue of bilayer geometry is a

two-leg ladder where the layer-A(B) is replaced by leg-A(B) as shown in Fig. 3.1(c).

The one dimensional ladder geometries are extremely important in the context of

condensed matter systems as it resembles to several structures of compounds of in-

terest. The ladder geometries has been discussed in great detail in terms of Hubbard

model [127–139] and Bose-Hubbard model [57, 86, 140–143]. Analogous to the 2d

case we assume only inter-leg dipole-dipole interactions by aligning the dipoles at

magic angle with each other along the leg direction. The physics of this system

will be similar to the two dimensional case due to the construction of the bilayer
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Figure 3.9: Finite size scaling of chemical potentials for ρ = 1.5 for different values of λ
corresponding to the phase diagram of Fig. 3.7 when bosons in leg-A are softcore in nature
and bosons in leg-B are HCBs. The solid and dashed lines represent the fitted functions
to µ+ and µ− respectively.

lattice in our case as discussed earlier. We employ the DMRG method to solve the

model(Eq. (3.1)) in the canonical ensemble to compute the ground state energy and

wave function. To separate the gapped and gapless regions we calculate the single

particle gap which is defined as

GL = µ+ − µ−, (3.4)

with µ+ = EL(N + 1) − EL(N) and µ− = EL(N) − EL(N − 1) are the chemical

potentials and EL(N) is the the ground state energy of a system of length L and

N = NA + NB is the total number of particles in the system . We obtain the

ground state phase diagram for both the cases with bosons of leg-B separately being

HCBs and TBCs while bosons in leg-A are softcore in nature which are shown in

Fig. 3.7(UA = 20 and UAB = 10) and Fig. 3.8(UA,B = 20 and UAB = 10) respectively.

One can easily see that the phase diagrams of Fig. 3.7 and Fig. 3.8 qualitatively

match fairly well with the ones obtained using the CMFT method i.e. Fig. 3.2
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Figure 3.10: Density distribution of the system when λ = 12(top) and λ = 28(bottom)
for ρ = 1.5 corresponding to the phase diagram of Fig. 3.7. The black circles and red
squares represent the density distribution of leg-A and leg-B respectively.

and Fig. 3.5 respectively. When bosons in leg-B are HCBs, we observe the MI

tip positions first increase and then decrease as shown in Fig. 3.7 while there is

an alternating increase and decrease of the tip positions when the bosons in leg-B

are TBCs as plotted in Fig. 3.8. The boundaries of the MI lobes are computed

by extrapolating the µ values across the MI plateaus to thermodynamic limit by

quadratic fitting. In Fig. 3.9, we show the finite size extrapolation of µ+(dashed)

and µ−(solid) for λ = 18, 20, 22, 24 and 26. This clearly shows that GL−→∞

remains finite in the gapped phase and vanishes in the gapless region which clearly

distinguishes between the gapped and gapless phases in the phase diagrams.

Further, to understand the particle distribution in real space we compute the

expectation value of the number operator as

〈ni〉 = 〈Ψ0|ni|Ψ0〉 (3.5)
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Figure 3.11: Density distribution of the system when λ = 22(top) and λ = 38(bottom)
for ρ = 1.75 corresponding to the phase diagram of Fig. 3.8. The black circles and red
squares represent the density distribution of leg-A and leg-B respectively.

where |Ψ0〉 is the ground state wave function of the system. As an example, in

Fig. 3.10 we plot 〈ni〉 w.r.t. site index i for λ = 12(top) and λ = 28(bottom)

corresponding to the MIl6 and MIr6 phases respectively of the phase diagram shown

in Fig. 3.7. It can be clearly seen that for λ = 12 the leg-B is occupied by one

hardcore boson in each site whereas in leg-A, each site is occupied by two atoms.

However, for λ = 28, the leg-B is unaffected and leg-A shows |. . 3 1 3 1 . .〉 type

of distribution corresponding to the MIr6 phase. A similar 〈ni〉 vs i plot is shown in

Fig. 3.11 for the MI7 phase of Fig. 3.8. Here we consider λ = 22(top) and 38(bottom)

which fall in two regions of the MIl7 and MIr7 phases respectively. For λ = 22, all

the sites of leg-A are occupied by two particles each whereas leg-B exhibits a finite

density oscillation corresponding to |. . 2 1 2 1 . .〉 type of distribution. However,

for large λ = 38, the density distribution of leg-A becomes |. . 3 1 3 1 . .〉 while

the leg-B remains unaffected. It is to be noted that for the parameters considered

here, the gapless regions between two gapped phases are very small compared to
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ones obtained using the CMFT method.

3.4 Conclusions

We analyse the ground state properties of a system of interacting bosons in bilayer

superlattice with inter-layer repulsion which can be introduced by the dipole-dipole

interactions. Considering the bosons in one layer as softcore in nature and separately

allowing two and three-body hardcore constraints in the other layer we obtain the

ground state phase diagram using the CMFT approach. The phase diagrams exhibit

various gapped MI phases at integer and half-integer densities. Due to the compe-

tition between the superlattice potential, intra- and inter-layer interactions and the

constraints on the bosons of layer-B leads to interesting features in the phase dia-

gram. It is shown that within the range of λ considered, we obtain two types MI

lobes (MIln and MIrn) separated by the SF region for a particular total number of

particles in the supercell equal to n. Interestingly, when the hardcore constraint is

applied in one layer, the tips of the MIln lobes first shift towards higher values of λ

and then gradually recede to the lower values of λ. At the same time the tips of the

MIrn lobes shift towards the higher λ values with increase in density of the system.

The situation is completely different when the three-body constraint is considered in

one layer. The tips of MI lobes first oscillate and then after a critical density follows

the trend similar to the one for the hardcore constraint. We further complement

our findings by repeating the calculations in an one dimensional non-locally coupled

ladder superlattice using the DMRG method and show that the quantum phase di-

agrams qualitatively agree with the CMFT method. The physics obtained in this

work deals with the system of bosons in two-layer systems with different types of on-

site interactions in a superlattice. The results provide detailed analysis of the effect

of constrained bosons on the overall phase diagram of the bilayer system which is

also equivalent to a two-component atomic system. With the experimental progress

in controlling local and dipole-dipole interactions in recent years, these findings can

be experimentally observed with the existing quantum gas setups.
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Chapter 4

Constrained bosons in two-leg

Bose-Hubbard ladder

4.1 Introduction

In the previous chapter we studied the phase transition in a system of non-locally

coupled lattice. This refers to two different lattices such as bilayer system of two-leg

ladder systems where the individual layer or legs are not coupled through any tun-

neling. The addition of coupling between the two subsystems results in interesting

physics which has been explored in great detail in the context of optical lattices.

In the last few decades, the low-dimensional bosonic systems are a topic of

paramount interest of research. In particular, the one-dimensional (1D) or quasi-

1D systems are a subject of great importance for the realization of novel quantum

phases [133, 144]. For a simple model like BH ladder [140, 141, 143], the extra

coupling along the rung influences a remarkable change in the quantum phase tran-

sitions (QPTs). Also several intriguing quantum phases have been predicted for

other ladder systems [114, 142, 145–151] in presence of the rung hoppings and other

interactions. It has been shown that a system of hardcore bosons on a two leg lad-

der exhibits signature of rung-insulator phase at half filling due to the influence of

inter-leg hopping [129]. Finite onsite interaction on both the legs (i.e. with softcore

bosons) leads to a modified SF-MI phase transition critical point and it has been

shown that for large inter-leg hopping the system exhibits the properties of a single

BH chain [140, 141]. On the other hand recent studies on three-body constrained

bosons on a two leg ladder with finite inter-leg interaction have revealed the dimer

rung-insulator phase [147]. Recent study on two- and three-body constrained dipo-

lar bosons in a pair of one-dimensional optical lattices coupled to each other by
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Figure 4.1: Schematic diagram of a BH ladder with intraleg and interleg hoppings.

nonlocal dipole-dipole interactions has predicted the existence of trimer and dimer

superfluids in presence of attractive onsite interactions [87].

In this chapter we consider a two-leg Bose-Hubbard ladder as depicted in Fig. 4.1

and impose hardcore constraint in one leg and three-body constraint in the other leg.

By allowing attractive onsite interactions for the three-body constrained bosons, we

study the effect of rung-hopping on the system.

4.2 Model and approach

The system under consideration is represented by the schematic diagram as shown

in Fig. 4.1 and can be described by a modified Bose-Hubbard (BH) model as

HBH = −J
∑
〈i,j〉,α

(a†iαajα +H.c.)− J⊥
∑
i

(a†iaaib +H.c.)

+
∑
i,α

Uα
2
niα(niα − 1)−

∑
i,α

µαniα. (4.1)

Here a†iα(aiα) is the bosonic creation (annihilation) operator at the ith site of the

αth leg, where α (= a, b) represents the leg index of the ladder. Uα represents the

local two-body intra-leg onsite interactions and µα is the leg-dependent chemical

potential. J and J⊥ are the hopping rate of bosons along the legs and rungs of

the ladder respectively. niα is the number operator corresponding to the ith site

and αth leg. First we consider three-body constrained bosons (TBCs) in leg-a and

hardcore bosons (HCBs) in leg-b. The two- and three-body constraints in the legs
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are achieved by considering (a†)2 = 0 and (a†)3 = 0 respectively. It is to be noted

that for the HCBs in leg-b, Uα=b →∞ and due to the hardcore constraint the terms

associated to Uα=b vanish in Eq. (4.1). The TBC is achieved by considering the

three-body onsite interaction W →∞ in leg-a.

For the exploration of quantum phases we employ both the CMFT and the

DMRG methods (Chapter 2) and obtain the ground state properties of this model.

Using the CMFT approach discussed in Chapter 2 we can write

H = HC +HMF , (4.2)

where, HC (HMF ) is the cluster (mean-field) part of the Hamiltonian. HC is same

as Eq. 4.1 limited to the cluster size.

Introducing the leg-dependent SF order parameter and the superfluid density

given by

ψiα = 〈a†iα〉 = 〈aiα〉 (4.3)

and

ρs =
1

4

2∑
i=1

∑
α∈[a,b]

|ψiα|2 (4.4)

respectively, we write HMF as

HMF = −J
∑
α,〈i,j〉

[(a†iα + aiα)ψjα − ψ∗iαψjα]. (4.5)

The DMRG simulations are performed in canonical ensemble with a fixed boson

number and hence the Hamiltonian in Eq. 4.1 is explicitly independent of µ. We

apply the MPS based DMRG algorithm using an open boundary condition on a

system of length up to L = 240 and bond dimensions up to 400.

Our studies are focused on attractive onsite interaction for the TBCs. To ensure

an attractive onsite interaction between the particles the results are obtained by

considering U = −1 which also sets the energy scale that makes all the physical

parameters dimensionless. We also assume equal chemical potentials for bosons in

both the legs by making µa = µb = µ for the CMFT calculations.
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Figure 4.2: Phase diagram for HCB-TBC system in µ/|U |−J/|U | plane using the CMFT
method for J⊥/J = 3.0.

4.3 Results

In this section we discuss the results in detail. First we will present the ground

state properties of the HCBs+TBCs system and then we will highlight the case of

TBCs+TBCs.

4.3.1 The HCB-TBC system

4.3.1.1 CMFT results

The phase diagram obtained using the CMFT approach and by assuming J⊥/J =

3 is depicted in Fig. 4.2. The phase diagram exhibits a gapped lobe at ρ = 1

separated from the gapless regions by the green curve. The gapped and gapless

regions are extracted by comparing the behaviour of ρ and ρs as a function of µ/|U |.
In Fig. 4.3(a) we plot ρ (red circles) and ρs (black squares) as a function of µ/|U |
for a cut through the phase diagram at J/|U | = 0.04. A finite plateau at ρ = 1

associated with ρs = 0 clearly indicates the gap in the system. By tracing out the
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µ values from the end points of the plateaus for different values of J/|U | we obtain

the boundary of the gapped lobe at ρ = 1. We find that for small J/|U |, the leg-a

with TBCs gets populated first and approaches a maximum density ρa ∼ 2 (green

diamonds in Fig. 4.3(a)) due to attractive onsite interactions. At the same time ρb

(blue cross) remains vanishingly small as can be seen from Fig. 4.3(a). The situation

is similar even before the plateau is reached. In this region, ρa increases in steps of

two particles at a time and ρb remains zero. As a result, the total density of the

system i.e. ρ also exhibits jumps in steps of two particles as a function of µ/|U |
which is a signature of the pair superfluid (PSF) phase [57]. For larger values of

µ/|U |, the density of leg-b starts to increase and the entire system exhibits a single

particle SF phase which can be characterized by a finite value of ρs (see Fig. 4.3(a)).

Further increase in µ/|U | leads to saturation at ρ = 1.5. Note that the plateaus at

ρ = 0 and ρ = 1.5 correspond to the empty and full states that are marked by black

and red curves respectively in the phase diagram of Fig. 4.2.

To examine the nature of these gapped and gapless phases we define different

correlation functions such as

Cn,a = 〈(a†ia)n(aja)
n〉

Cn,b = 〈(a†ib)
n(ajb)

n〉

Cn,⊥ = 〈(a†ia)n(aib)
n〉 (4.6)

Here n = 1 (2) represents the single (pair) correlations and the superscripts a, b and

⊥ represent correlations along leg-a, leg-b and the rung of the ladder, respectively.

Note that due to finite size of the cluster considered here (i.e. four sites) the cor-

relation functions are computed with only two sites. In Fig. 4.3(b) and (c) we plot

the single and pair correlation functions as a function of µ/|U | and for J/|U | = 0.04.

It can be seen from Fig. 4.3(b) that when the system is gapped (plateau region in

Fig. 4.3(a)), the value of C1,⊥ (blue triangles) is finite and large whereas C1,a (red

circles) and C1,b (black squares) remain vanishingly small. These features indicate

that the particle’s motion along the legs are seized due to almost full and almost

empty states of leg-a and leg-b respectively at very small J/|U |. However, there

exists a finite rung correlation due to strong rung coupling J⊥ = 3 - a signature that

corresponds to the rung insulator (RI) phase. On the other hand all the single parti-

cle correlations remain finite in the SF phase although C1,a is comparatively smaller

than the other two (Fig. 4.3(b)). The reason behind this is the following. When in

the SF phase, due to the TBC nature of the particles, the leg-a gets populated first
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Figure 4.3: (a) ρ, ρsvs µ plot, (b) and (c) are the single and pair correlations for bosons
respectively along legwise and rungwise direction in a BH ladder using CMFT method for
J/|U |=0.04.

leading to a larger value of ρa (green diamonds) as compared to ρb (blue crosses)

as can be seen from Fig. 4.3(a). Hence, the particle’s motion in leg-a is restricted

leading to small values of C1,a. However, when the system is in the PSF phase, the

C1,b vanishes whereas the other two correlations remain finite. This is because, due

to the softcore nature of the TBCs, all the particles prefer to populate the leg-a in

the regime of small µ/|U |. Interestingly, all the two particle correlations such as

C2,a, C2,b and C2,⊥ vanish in the RI and SF phases. However, in the PSF phase

the C2,a remains finite in the regime −0.518 < µ/|U | < −0.511. This indicates that

due to attractive nature of U , the particles in leg-a form pairs in the limit of small

µ/|U | or small density.

Now we analyse the dependence of the RI phase on J⊥/J ratio within the limita-

tions of the CMFT approach. In Fig. 4.4 we plot the RI lobes at ρ = 1 for different

values of J⊥/J . Interestingly, we see that the RI lobe expands and eventually for

large value of J⊥/J = 6, the gap remains open forever as a function of J/|U |. This

indicates that the RI-SF transition ceases to occur after a certain J⊥/J ratio. To
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Figure 4.4: Phase diagram of HCB-TBC system in µ/|U | − J/|U | plane for different
J⊥/J ratios.

further investigate these interesting features we utilize the DMRG approach in the

following section.

4.3.1.2 DMRG results

In this subsection, we focus on the analysis based on the DMRG simulations of the

model shown in Eq. 4.1 for HC-TBC system. The primary focus of our DMRG

simulation is to examine the fate of these gapped phases that arise at ρ = 1 in our

CMFT analysis. To this end we first consider the case of J⊥/J = 3 and obtain

the boundaries of the gapped phase as shown in Fig. 4.5 (c). The boundaries are

obtained by using the different chemical potentials computed from the energies as

µ+ = EN+1 − EN and µ− = EN − EN−1 (4.7)

where EN is the ground state energy of the system with N bosons. Contrary to the

CMFT method, the gap i.e.

G = µ+ − µ− (4.8)
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Figure 4.5: DMRG phase diagrams for (a) J⊥/J = 1.0, (b) J⊥/J = 2.0 and (c) J⊥/J =
3.0. The phase boundaries represent the extrapolated values of µ+ and µ− (see text) with
L = 40, 80, 120 and 160.

in this case does not close after a critical point, rather it remains finite throughout.

However, the gap G shrinks up to a certain point with increase in J/|U | and expands

again for stronger hopping strengths.

To understand the behaviour of the gapped phase at ρ = 1 further we compute

various correlation functions across the bonds along the legs as well as rungs as

defined in Eq. 4.6. Figure 4.6 depicts the plot of onsite particle densities and bond

Figure 4.6: A TBCs+HCBs ladder consisting of L = 16 sites showing the single-
particle correlation along each bond (represented by its thickness) and density of particles
corresponding to each lattice site (represented by the colorbar on the right) for J⊥/J = 3.
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correlations for different values of J/|U | and J⊥/J = 3. The color bar denotes

the onsite particle densities represented as circles and the thickness of the bonds

indicate the values of correlation functions. It can be seen that when J/|U | = 0.04

(Fig. 4.6(a)), the onsite particle densities are close to 2 (0) in leg-a (leg-b). At the

same time the rung (leg) correlations become finite (zero). This is an indication of

the RI phase as discussed in the previous section. These features can be understood

from the limiting situation when J/|U | → 0. In this limit all the bosons occupy

leg-a and form tightly bound bosonic pairs which are effective hardcore bosons and

we call them dimers. Moreover, as ρ = 1, the leg-a is fully occupied by a dimer at

each site. In such a situation, due to strong rung hopping i.e. J⊥ = 3, addition of

any extra particle costs extra energy which leads to a finite gap. However, as J/|U |
starts to increase but small i.e. J/|U | = 0.04, the gap tends to decrease and rung

correlation starts to become finite leading to a RI phase as depicted in Fig. 4.6(a).

This continues for certain values of J/|U | where the gap becomes minimum. At these

intermediate values of J/|U |, the correlations along the rung become more stronger

although a finite correlations develop along the bonds on the legs as depicted in
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Figure 4.7: Single- and two-particle correlations averaged over all the rungs on a system
of size L = 240 for J⊥/J = 3.
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Fig. 4.6(b). Note that in this case the densities on both the legs are incommensurate.

Further increase in J/|U | leads to opening of the gap. However, in this limit the

hopping strengths dominate over the interaction and one gets finite correlation both

along the legs and rungs as show in Fig. 4.6(c) for J/|U | = 2.5.

The existence of finite a gap and finite correlations in the limit of small U are

two contradicting characters. However, one can understand the origin of this gap

by looking at the onsite densities which are nia ∼ 1.5 and nib ∼ 0.5 as shown in

Fig. 4.6(c). These values indicate the densities of leg-a and leg-b as ρa = 1.5 and

ρb = 0.5 respectively. At this density, the sites in leg-a, due to TBC will be occupied

by one particle each and the rest of the particle will behave like hardcore bosons at

half filling. As a result the entire system is now a two-leg ladder of hardcore bosons

at half filling which exhibits a RI phase for finite values of rung hopping [129]. The

RI phase in this case is found to possess finite rung as well as leg correlations which

can be seen from Fig. 4.6(c). From our analysis we obtain that although the entire

gapped phase exhibits signatures of the RI phase which is characterised by the single

particle rung correlations. This can be clearly seen from Fig. 4.7 where we plot the

average values of single and two particle rung correlations as C1,⊥
avg (blue squares)

and C1,⊥
avg (red triangles) as a function of J/|U |. Note that as discussed already,

the RI phase originates from two different scenarios in the small and large J/|U |
limits. Based on this we denote them as RI1 and RI2 in the small and large J/|U |
limits respectively. The possible transition or crossover between these two phases

will require further analysis.

We also analyse the gapped phases for other values of J⊥/J ratios as shown in

Fig. 4.5. We obtain that when J⊥/J = 1 (Fig. 4.5(a)), a transition from a gapped

phase to a gapless SF phase via a critical point is seen at J/|U | ∼ 0.2 . In this

case the gap never opens up even for larger values of J/|U |. However, the situation

becomes interesting when J⊥/J = 2 (Fig. 4.5(b)) where the gap shrinks and attains

its minimum value at a critical point near J/|U | ∼ 0.75 and expands again for higher

J/|U | values.

Now we concretely establish the PSF phase obtained from our CMFT simula-

tions. To this end we first plot the particle density ρ as a function of µ/|U | in Fig. 4.8

for a cut through the phase diagram in Fig. 4.5 (c). As indicated by the plateau

in the curve, the system is gapped at ρ = 1. However, below ρ = 1 plateau, the

density of the system increases in steps of two particles as a function of µ/|U | indi-

cating the PSF phase (lower inset in Fig. 4.8). However, above the ρ = 1 plateau,

the system is in the SF phase where the density increases in steps of single-particle
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Figure 4.8: DMRG data showing the ρ vs µ/|U | plot for J/|U | = 0.04 indicating the
PSF and SF regions for L=80. The regions marked by the green squares are enlarged in
the insets which show the signatures of the SF phase (upper inset) and the PSF phase
(lower inset).

which is depicted in the upper inset of Fig. 4.8. To substantiate the PSF phase we

plot the single- and two-particle correlations as a function of distance between the

lattice sites r = |i − j| along leg-a for ρ = 0.875 in Fig. 4.9. As expected, the two-

particle correlation function (Γ2(r) = (a†i )
2(aj)

2) exhibits a power-law decay and the

single-particle correlation function (Γ1(r) = a†iaj) decays exponentially .

From the above discussion we observe that the DMRG approach is more reliable

to study the ground state properties of such low-dimensional systems. Nonetheless,

both the CMFT and DMRG methods capture the underlying behaviour that when

the hopping along the rung dominates over the hopping along the legs as well as the

effective interaction strength, the system becomes a RI phase in the TBCs+HCBs

system.
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Figure 4.9: Γ1(r) and Γ2(r) for leg-a are plotted as a function of r = |i − j| in log-log
scale at ρ = 0.833 for J/|U | = 0.04. We consider the lattice sites in the range L/4 to 3L/4
on a system of size L = 240.

4.3.2 The TBCs-TBCs system

In this section we extend our DMRG studies for a system when TBC imposed in

both the legs of the ladder. In this case U is finite in both the legs and because

of its attractive nature, dimers tend to form in each leg for stronger values of |U |.
Due to the presence of finite J⊥ we get signatures of gapped dimer rung insulator

phase or DRI phase where one gets dimers residing on the rungs through a second

order tunneling process. To confirm these findings we plot ρ as a function of µ/U

for J/|U | = 0.04 in Fig. 4.10. The plateau at ρ = 1 indicates the gapped DRI

phase. We find that the gapped DRI phase in this case undergoes a transition to

the SF phase as J/|U | becomes stronger. In Fig. 4.11 we plot the extrapolated

values of µ+ and µ− as a function of J/|U | which clearly indicates a gapped DRI to

gapless SF phase transition at J/|U | ∼ 0.1. This transition can also be discerned

by plotting the average rung correlations for the single and dimer correlations as

shown in Fig. 4.12. It can be seen that the C1,⊥
avg and C2,⊥

avg intersect at a point

J/|U | ∼ 0.1 after which the latter dominates over the former indicating the phase
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Figure 4.10: DMRG data shows the ρ vs µ/|U | plot for J/|U | = 0.04 indicating the PSF
and DRI regions for L=80 sites. The regions marked by the green squares are enlarged in
the insets indicating the PSF phases.

transition. Note that the finite values of C2,⊥
avg in the SF phase is expected due to

finite single particle hopping strengths. Moreover, in this case we find that in the

regions below and above ρ = 1, the density jumps in steps of two particles as a

function of µ/|U | (see insets of Fig. 4.10). This confirms the existence of the PSF

phases before the system enters into the full and empty states. A detailed analysis

of the phase diagram and transitions will be carried out elsewhere.

4.4 Conclusions

In this chapter we considered constrained bosons on a two-leg attractive Bose-

Hubbard ladder with one leg having three-body constraints and the other one hav-

ing hardcore constraints. By applying the CMFT method we obtained a gapped RI

phase to gapless SF phase transition as a function of the leg hopping for some par-

ticular ratios of rung to leg hopping. The two-particle jump in the particle density
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Figure 4.11: DMRG phase diagram of a TBCs+TBCs system showing a gapped-gapless
transition from DRI phase to SF phase. The phase boundaries are obtained by extracting
the extrapolated values of µ+ and µ− with system sizes L = 40, 80, 120 and 160.

as a function of chemical potential and the finite two-particle hopping correlations

indicate the existence of a PSF as well. Interestingly, for very large hopping ratios

we observed that the gap of the RI phase does not close even for very strong hop-

ping strengths. On the other hand the DMRG phase diagram shows a RI-SF phase

transition via a critical point when the rung hopping is equal to the leg hopping.

However, the gap does not close at all when the hopping along the rung is nearly

twice or more than that of the leg. Instead, we get a transition/crossover from one

gapped (RI1) phase to another gapped (RI2) phase through a region where the gap

is minimum. By analysing the particle density and correlations we validated the

existence of the PSF phase using DMRG.

We extended our investigations further and considered a system where both the

legs have TBCs. Due to the attractive interaction between the particles, in this case

we see the formation of dimers (bound bosonic pairs) which reside on the rungs of

the ladder. As a result we obtain a dimer rung insulator (DRI) phase in the limit

of small leg hopping. By utilizing the DMRG approach we show a phase transition
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Figure 4.12: Single- and two-particle correlations averaged over all the rungs on a system
of size L = 240 for J⊥/J = 3.

of the gapped DRI to gapless SF phase transition as a function of the leg hopping

strength. In this case also we find signatures of the PSF phases.
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Chapter 5

Correlated photon pair propagation

in circuit QED with superconducting

processors

5.1 Introduction

The phenomenon of pairing plays significant roles in different areas of fundamental

physics ranging from condensed matter to atomic, molecular, and nuclear physics.

Typically, in such systems, the two body attractions lead to the formation of bound

states of constituent particles. However, in some specific cases, the bound pairs can

be formed even in the presence of two-particle repulsion e.g., the cooper pairs of elec-

trons [152] or in a superconductor. The two-body interactions whether attractive

or repulsive lead to the formation of bound states of constituent particles. These

pairs under proper conditions, may have significant contributions in establishing

novel and exotic physical phenomena and contribute to technological applications.

In recent years the simplest such pair formations(attractive and repulsive) have been

predicted and experimentally observed in the context of interacting ultracold atomic

systems in optical lattices [56, 77, 153]. These observations rely on the sophisticated

control over the parameters associated with the optical lattice strength and/or the

technique of Feshbach resonance [154]. Although, the atomic or molecular sys-

tems provide promising platforms to simulate several complex quantum many-body

phenomena, there are certain limitations that can not be avoided due to various

reasons. In particular, the formation of attractive pairs will require a three-body

hardcore constraint which involves three-body inelastic losses [77] resulting in an

extremely small lifetime of the atomic pairs. On the other hand, the formation of
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Feshbach molecules are rovibrationally unstable and can reduce to the lower levels

very easily. At this point, it is believed that the interacting photons can form stable

bound pairs which can provide a promising platform to explore various fundamental

phenomena and further the scope for technological applications. Several successful

attempts have been made to create bound states of photons under different condi-

tions [155–157]. The primary thrust and interest in creating photonic bound states

rests not only to understand the fundamental physics of nature but also on possi-

ble practical applications in waveguide QED experiments [158, 159] and quantum

simulation [160–163].

The realization of strong interaction between photons has been a topic of paramount

interest in last several decades. The interaction which is believed to exist in optical

non-linear media however, does not possess enough non-linearity to ensure strong

interactions between photons. The field of quantum optics has paved the path in

achieving strong non-linearity in various exciting platforms such as the optical cav-

ities and superconducting circuits [164–166]. Several path breaking achievements

have been made with cavity and circuit QED in recent years using the two-level

artificial atoms(also known as qubits). In the many-body context, an array of such

artificial atoms coupled by photons have shown to exhibit novel scenarios in the

framework of the celebrated Jaynes-Cummings-Hubbard(JCH) model [30, 167–173].

The quantum phase transition between the superfluid(SF) and the Mott insula-

tor(MI) of polaritons (the quasi-particles composed of atomic excitations and cavity

photons) is an important revelation of the competing photon-atom interactions in-

side the cavity and the photon hopping between different cavities [30, 174]. Following

this, many interesting quantum phenomena have been analyzed in the framework of

the JCH model [175]. The phenomenal progress in understanding the many-body

aspects of strongly correlated photons and the demand to fulfill the requirements

necessary for quantum technologies have attracted enormous attention towards the

study of the cavity and circuit QED [176]. Although, primarily the atom-photon

interactions in such systems are of two-body repulsive and attractive in nature [167],

recent progress in manipulating three- and higher-level systems have provided op-

portunities to explore novel scenarios in quantum simulations with multi-level sys-

tems [177–182].

Although the systems of atoms in optical cavities are well established to under-

stand the physics of light-matter interaction, the rapid developments in fabricating

superconducting circuits have evolved as one of the most suited test bed for quan-

tum simulations in recent years. The versatility of these systems arises from the
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Figure 5.1: (a) Schematic layout of an array of coupled cavity QED system using trans-
mons(not to scale) [3–6]. (b) Equivalent lumped circuit representation of a single transmon
coupled to a single transmission line resonator by the coupling capacitors. (c) Shows the
energy levels with only one driving frequency ω. We set ω = ε01 (~=1) and α = ε12 − ω.

flexibility to control the anharmonicity generated by the Josephson junctions which

indirectly controls the interaction between the polaritons [183]. Motivated by all

the recent developments we analyze the circuit QED of superconducting processor

and propose a method to create photon pair propagation. Here we propose to use

transmon [4, 184, 185] qubits truncated to the first three energy levels to create the

bound photonic states.

5.2 Model and method

In this Chapter, we propose to use an array of transmission line resonators(TLRs)

with capacitive coupling between two nearest neighbors and also each resonator

coupled to a single transmon qubit truncated to the first three energy levels(known

as qutrits). In Fig. 5.1 we present the case of a single transmon coupled to a single

TLR via coupling capacitors and the TLRs are connected capacitively with one

another. Here we consider the transmon mimicking an artificial three-level atomic
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system in cascade(Ξ) configuration with unequal energy spacing’s as depicted in

Fig. 5.1(b). The energy difference between the levels |0〉 and |1〉 is denoted as ε01

and between |1〉 and |2〉 as ε12. Here we consider the transmons and resonators are

degenerate and therefore we set the cavity resonance frequency ω = ε01. While ω

represents the cavity resonance frequency, ∆ = ω−ε12, stands for the anharmonicity

associated to the 2nd excited level. We define α = ε12 − ε01 as the anharmonicity

associated with the transmon. The cavity resonance frequency ω is chosen in such a

way that it will drive the transmons between the levels |0〉 to |1〉 and |1〉 to |2〉 and

all transitions to the higher excited levels are suppressed [186, 187]. Employing the

rotating wave approximation [4], the many-body physics of this system of coupled-

cavity array(CCA) can be analyzed in the context of the modified JCH model [6]

given as;

HJCH =
∑
i

~[ασ†2iσ2i + β12(σ†2iai +H.c.)

+ β01(σ†1iai +H.c.)]− ~κ
∑
〈i,j〉

(a†iaj +H.c.) (5.1)

Here, a†i (ai) is the photonic creation(annihilation) operator, σ†1i(σ2i) is the atomic

raising(lowering) operator which takes the atom from |0〉i to |1〉i(|2〉i to |1〉i) levels,

ni = npi +σ†1iσ1i+σ†2iσ2i is the total polariton number at the ith cavity and npi = a†iai

denotes the number operator of the photonic excitations. β01(β12) represents the

atom-photon coupling strength between level |0〉 and |1〉(|1〉 and |2〉). The nearest

neighbor inter-cavity photon tunneling amplitude is denoted by κ. For our analysis,

we define the polariton density as ρ = N/L, where N =
∑

i ni and L is the total

number of polaritons and the total number of sites in the system respectively. Here

we consider the transmons and resonators are degenerate and therefore we set the

cavity resonance frequency ω = ε01.

As mentioned before in Section 5.1, the two-level JCH model exhibits SF-MI

phase transition as a function of the ratio κ/β01. There exist the MI phases at

integer polariton densities when κ/β01 ratio is small and these phases are represented

as MI(ρ). In the limit κ � β01 the MI phases melt and a phase transition to

the SF phase occurs due to the delocalization of photons. On the other hand, a

recent mean-field study on a three-level atomic system with equally spaced levels

in optical cavity arrays predicts the complete suppression of the MI(1) lobe after a

critical β12/β01 =
√

2 [188]. In this limit, the MI(2) lobe is shown to overlap with

the vacuum state and this signature is speculated to be of a pair-superfluid(PSF)
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phase of polaritons in analogy with the attractive Bose-Hubbard model. The key

requirement to achieve this phenomenon is that the two transitions, |0〉 → |1〉 and

|1〉 → |2〉 should be near resonantly driven by the same photon (including the

polarization) which demands equally spaced three-level Ξ system. However, we

would like to stress that this condition is not satisfied by the natural atoms in

optical cavities. Note that for the Λ and V -systems the frequency of two transitions

can be the same but requires different polarizations of the photons.

Interestingly, this condition can be easily satisfied in transmon which plays the

role of an artificial atom provided the higher energy levels except the first three are

removed or truncated. The removal of the higher energy levels can be implemented

by using strong anharmonicity to the system [4? ] as depicted in Fig. 5.1(b).

Therefore, in our studies we consider a more realistic system of three-level artificial

atoms by considering a transmon with unequal spacings which will circumvent the

practical issues associated with equal spacing Ξ system. Note that the anharmonicity

naturally introduces the detuning for |1〉 → |2〉 transition. To understand the effects

of the strong correlations, we analyze the ground state properties of the model given

in Eq. 5.1 for one and two dimensional arrays of transmons using the density matrix

renormalization group(DMRG) [59, 60, 62] method and the self-consistent cluster

mean-field theory(CMFT) approach [53, 56] respectively.

5.3 Results

5.3.1 Phase diagram in 1D

In this part, we discuss about the results in a one-dimensional circuit QED array with

an experimentally realistic three-level Ξ system by considering β12/β01 =
√

2 [4] and

finite detuning anharmonicity α/β01 = −0.4. Note that the ratio β12/β01 is smaller

than
√

2 due to the anharmonicity, α. However, we have verified that the PSF phase

exists for a wide range of β12/β01 ratio. It is to be noted that there is no particular

reason behind this choice of α/β01 = −0.4. To get a clear numerical picture, we keep

the value of α/β01 close to the experimentally accessible regime [? ]. By utilizing the

DMRG method we compute the ground-state phase diagram in the plane of κ/β01

and µ/β01 as shown in Fig. 5.2 where µ is the chemical potential of the system. Note

that the DMRG simulations are done in the canonical ensemble with fixed polariton

number and hence the Hamiltonian of Eq. 5.1 is explicitly independent of µ. It can

be clearly seen from the phase diagram that the MI(2) lobe(red solid curve) appears
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Figure 5.2: Phase diagram of the JCH model using the DMRG method in 1d for the
anharmonicity α/β01 = −0.4. In this figure the red solid curve demarcates the boundary
of the MI(2) phase, the green circles show the PSF-SF phase boundary and the black
dashed curve is the vacuum state or the MI(0) phase. For the DMRG method in Fig. 5.2
all boundaries are calculated by extrapolating the chemical potential to thermodynamic
limit using maximum system size of L = 80 cavities.

immediately after the vacuum state(black dashed line) by completely suppressing

the MI(1) lobe which usually appears in the phase diagram of the JCH model of

two-level systems [30]. Moreover, in this case, there is no overlap of the vacuum and

the MI(2) lobe as opposed to the MFT results shown in Ref. [188] in the absence

of any anharmonicity. Interestingly there exists a PSF phase of polaritons in the

gapless region bounded by the green circles for small values of κ/β01. Before going

to the details of this PSF phase we first discuss about the phase diagram in the

following.

First of all, we trace out the phase transition from the gapped MI(2) phase

to the SF phase of polaritons by looking at the energy gaps in the system. The

signature of the gapped MI(2) phase is seen as the plateaus in the ρ vs µ/β01 plot

at ρ = 2 as shown in Fig. 5.3(a) which is a signature of the gap in the system.
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Figure 5.3: (a) DMRG data shows the ρ vs µ/β01 plot for parameters κ/β01 = 0.025
and κ/β01 = 0.05 when α/β01 = −0.4 indicating the SF and PSF regions for L = 60 sites.
The regions marked by the green boxes are enlarged in Figs. 5.3(c) and (d) which shows
the signatures of the PSF and the SF phases respectively. (b) χFS(κ̃) vs. κ/β01 plots for
different system sizes of L = 20, 40 and 60 to see the phase transition point. (Inset) Shows
that the peak heights diverge with system size indicating the phase transition. The dashed
vertical line corresponds to the critical point of transition determined by extrapolating the
peak position to thermodynamic limit.

The phase boundaries are obtained by computing the extrapolated values of the

endpoints of the plateaus which are the chemical potentials of the systems defined

as µ+ = EN+1−EN and µ− = EN −EN−1 in the thermodynamic limit for different

values of κ/β01. Here, EN is the ground state energy with N polaritons. Now we

systematically analyze the signatures of the pair formation in the system. The

immediate information can be obtained by analyzing the dependence of ρ with

respect to µ/β01 for different values of κ/β01. In Fig. 5.3(a) we plot ρ vs µ/β01

correspondings to two different values of κ/β01 = 0.025(black solid) and 0.05(red

dashed) of the phase diagram in Fig.5.2. Note that when κ/β01 = 0.05, the value of

ρ increases in steps of one particle, indicating the SF phase. However, for κ/β01 =

0.025, the value of ρ increases in steps corresponding to the change in polariton
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number ∆n = 2 up to the MI(2) plateau from the bottom. This can be clearly seen

from the zoomed-in regions plotted in Figs. 5.3(c) and (d) corresponding to the green

boxes shown in Fig. 5.3(a). This indicates the quasiparticle excitations in terms of

polariton pairs which is a typical signature of the pair formation [56, 189, 190].

This phenomenon happens in the gapless region between the vacuum and the MI(2)

phase in the regime of small κ/β01 and therefore can be called as a PSF phase of

polaritons. As a result, there exists a phase transition from the SF phase to the PSF

phase as a function of κ/β01 which is indicated by the green circles in Fig. 5.2. We

compute the PSF-SF phase boundary from the ρ vs µ/β01 plot and complement it

by looking at the divergence of the fidelity susceptibility [56, 191] across the phase

transition defined as:

χFS(κ̃) = lim
κ̃−κ̃′→0

−2 ln |〈Ψ0(κ̃)|Ψ0(κ̃′)〉|
(κ̃− κ̃′)2

, (5.2)

at ρ = 1.5. Here κ̃ = κ/β01, |Ψ0〉 is the ground-state wave function and κ̃′ is a

small change in the rescaled hopping amplitude. From Fig. 5.3(b), we observe a

diverging stable maximum with increasing system sizes which shows the PSF-SF

phase transition point at κ/β01 = 0.03237.

Although, the ρ vs. µ/β01 behavior allows us to identify the PSF phase of

polaritons, it does not provide any insight about the underlying mechanism behind

this.

5.3.2 The PSF phase

We devote this part of the chapter to provide a detailed analysis of the physics of

photon pair propagation and the PSF phase of polaritons. To understand the pairing

phenomena we rely on the behavior of various single and pair correlation functions.

In Fig. 5.4 we plot all the correlation functions with respect to the distance |i − j|
for a system of length L = 80 and κ/β01 = 0.01. Interestingly, it can be seen in

Fig. 5.4(a) that the correlation functions associated with the photon pairs which is

defined as Γphoton−pair(i, j) = 〈b†2i b2
j〉(black dots) exhibits algebraic decay, whereas

the single-photon correlation i.e. Γphoton(i, j) = 〈b†ibj〉(blue dot-dashed) decays ex-

ponentially. This is a clear indication of the existence of the long-range coherence of

photon pairs in the system and the single-particle motion is completely suppressed

in the thermodynamic limit. At the same time, the atom-pair correlation defined as

Γatom−pair(i, j) = 〈σ†02,iσ02,j〉(green solid) also remains finite whereas the single atom

correlation Γatom(i, j) = 〈σ†01,iσ01,j〉(red dashed) vanishes exponentially across the ar-
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Figure 5.4: Figure shows the pair and single polariton correlation functions Γ(i, j) with
distance |i − j| for ρ = 1 with (a) κ/β01 = 0.01 and (b) κ/β01 = 0.06. Figs. (c) and (d)
shows the two photon and single photon tunneling processes respectively.

ray. This implies that a pair of photon gets spontaneously emitted from a cavity and

gets absorbed by the nearest neighbor cavity and excite the atom sitting there. This

process continues resulting in the superfluid of photon pairs. Here σ01,i(σ02,i) are

the annihilation operators associated with the atomic excitations from the ground

state to the first and second levels respectively. On the other hand for large val-

ues of κ/β01 we have verified that the single-particle correlation functions dominate

over the pair ones justifying the SF phase as depicted in Fig. 5.4(b). The physical

process which may arise from this single and pair photon propagations is depicted

in Figs. 5.4 (d) and (c) respectively. Interestingly, we also find that in the limit of

two-photon propagation there exists finite correlation corresponding to the single-

photon and an atomic excitation that is Γatom−photon(i, j)=〈σ†01,ib
†
iσ01,jbj〉. Hence in

the present case, we can have three different scenarios such as (a)|np = 2, na = 0〉,
(b)|np = 1, na = 1〉 and (c)|np = 0, na = 2〉 which can facilitate the photon pair

propagation between the SQCs for small κ/β01 values.The physics behind such pho-

tonic pair creation or photon pair propagation can be understood by analyzing the

energies associated with the system as done in Ref. [188]. In the SF regime where
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Figure 5.5: Phase diagram of the JCH model using the CMFT method in 2d for the
anharmonicity α/β01 = −0.4. In this figure the red solid curve demarcates the boundary
of the MI(2) phase, the green circles show the PSF-SF phase boundary and the black
dashed curve is the vacuum state or the MI(0) phase. In the inset of Fig. 5.5 we show the
enlarged PSF region.

the single-photon processes take place, the artificial atom can go from |na = 0〉 to

|na = 1〉 or |na = 1〉 to |na = 0〉 or |na = 1〉 to |na = 2〉 or |na = 2〉 to |na = 1〉 as

shown in Fig. 5.4(d).

We show in Fig. 5.7 that for α/β01 = −0.4, the cavity excitation energy cor-

responding to two-photon becomes negative, whereas the energy corresponding to

other higher polaritonic excitation remains positive well before β12/β01 =
√

2. This

promotes the formation of two polaritons in the transmons and indirectly the pho-

ton pair propagation. Therefore, the photon pair propagation and the associated

polaritonic PSF phase in the three-level JCH model is not identical to the atomic

PSF phase in the BH model due to the attractive interaction between bosons.
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Figure 5.6: (a) ρ − µ/β01 plot at κ/β01 = 0.01 and 0.02 of Fig. 5.5. (b) Different
correlation functions such as Γatom−pair(i, j)(Green solid), Γphoton(i, j)(blue dot-dashed),
Γphoton−pair(i, j)(black dots) and Γatom(i, j)(red dashed) are plotted for κ/β01 = 0.01 (see
text).

5.3.3 Phase diagram in 2D

After obtaining the signature of the photon pair propagation in the one dimensional

circuit QED setup, we analyze the physics of the JCH model using the CMFT

approach by going to two dimensions. Note that the CMFT approach works in the

grand canonical ensemble, and hence we explicitly include the term associated to the

chemical potential as µ
∑

i ni in the JCH model given in Eq. 5.1. In this method, the

entire system is divided into identical clusters of a limited number of sites which can

be treated precisely and then the coupling between different clusters are treated in

a mean-field way. The accuracy of this method improves by increasing the number

of sites in the cluster. With this approximation the original Hamiltonian of Eq. 5.1

can be written as

HCMF = HC +HMF

= HC − κ
∑
〈i,j〉

[(a†i + ai)ψj − ψ∗iψj] (5.3)

where, HC(HMF ) is the cluster(mean-field) part of the Hamiltonian and ψi = 〈a†i〉 =

〈ai〉 is the SF order parameter. The form of HC is same as Eq. 5.1 and is limited to

the cluster only.

The self-consistent solution of the CMFT Hamiltonian yields the ground-state

phase diagram in two dimension as depicted in Fig. 5.5. It can be seen that the
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Figure 5.7: The polariton energies En(bottom to top for n = 1 → 5 at the origin) for
µ/β01 = −1 with respect to β12/β01 for α/β01 = −0.4.

phase diagram in 2d is qualitatively similar to the one obtained for the 1d case

(Fig. 5.2). The phase diagram of Fig. 5.5 is obtained by looking at the behavior of

the density ρ = 1
L

∑
i ni = 1

L

∑
i(n

p
i + nai ) with respect to µ for different values of

κ/β01. In Fig. 5.6(a), we plot the values of ρ vs. µ/β01 along with the cuts through

the CMFT phase diagram of Fig. 5.5 at κ/β01 = 0.01 and κ/β01 = 0.02 which passes

through different phases. The discrete jumps in the ρ − µ/β01 plot (black circles)

in steps of two particles is an indication of the PSF phase as discussed before in

Section 5.3.2 and the plateaus at ρ = 2 corresponds to the MI(2) phase. We also

plot the correlation functions for a single photon, a pair of photons, a single atom,

and a pair of atoms, as shown in Fig. 5.6(b). As the cluster is of four sites only,

the correlations are computed between the nearest neighbors and averaging them

over the entire cluster. This clearly shows the dominant pair correlation functions

as compared to the single-particle ones(see figure caption for details).

In the experimentally realizable regime, the value of β12/β01 must be less than√
2 due to the finite anharmonicity of the transmon. Here we consider the case

where β12/β01 = 1.35, κ/β01 = 0.01 and α/β01 = −0.4 and obtained the signature of
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Figure 5.8: (a) DMRG data shows the ρ vs. µ/β01 plot (black solid) for parameters
κ/β01 = 0.01 when α/β01 = −0.4 indicating the PSF and SF regions for L = 60 sites in
1d. The regions marked by the green boxes are enlarged in Figs. 5.8 (b) and (c) which
shows the signatures of the PSF and the SF phases respectively. (d) CMFT data for the
ρ vs µ/β01 plot (red solid) for κ/β01 = 0.01 and α/β01 = −0.4 indicating the PSF phase
for 4 sites in 2d.

PSF phase for both 1d and 2d systems using the DMRG and the CMFT methods

respectively, as shown in Fig. 5.8. In Fig. 5.8(a), we plot the ρ vs. µ/β01 data

obtained using the DMRG method. In the PSF region, the discrete jumps in density

ρ correspond to the change in polariton number ∆n = 2, whereas in the SF region,

the polariton number changes in steps of ∆n = 1 as indicated in the zoomed-in

regions plotted in Figs. 5.8(b) and (c), respectively. In Fig. 5.8 (d) we plot the ρ vs.

µ/β01 data obtained using the CMFT method for κ/β01 = 0.01 showing the discrete

jumps in steps of two particles, which indicates the PSF phase of polaritons.

5.4 Conclusions

In this work, we propose a scheme for spontaneous photon pair creation and propa-

gation in an array of coupled transmons. Considering the three-level artificial atoms

of Ξ type instead of the usual two-level qubit systems, we analyze the corresponding

Jaynnes-Cummings Hubbard model in one and two-dimensional arrays using the

79
TH-2573_166121102



Chapter 5. Correlated photon pair propagation in circuit QED with superconducting
processors

DMRG and the CMFT approach to establish the emergent photon pair propagation

in the system. We show that for the suitable ratio of the coupling strengths be-

tween different levels, the single-photon tunneling is suppressed, and photons tend

to move in pairs. This two photon propagation leads to the formation of polaritonic

pair superfluid phase, which is located in between the vacuum and the MI(2) phases

of the polaritonic phase diagram. This finding is obtained by considering a more

realistic setup of the transmons of a three-level atom with unequal level spacings

that are experimentally more feasible than the optical cavity-atom arrangements.

We would like to note that in this case, there exists no overlap between the vacuum

state and the MI(2) phase or the first-order type phase transition as predicted earlier

using the MFT approach [188]. This inconsistency can be attributed to the artifact

of the simple mean-field theory approach using which it is difficult to capture all

the relevant physics arising due to the off-site correlations as rightly mentioned in

Ref. [188].

This analysis provides a promising platform to observe the pairing phenomena of

bosons in general as compared to its atomic and molecular counterparts. Moreover,

this finding in the three-level system can possibly be made useful for quantum com-

munications [160–163, 192–195] in the future as a bound state of photons is believed

to carry more information than the individual photon. This work can shed light

on the controlled creation and manipulation of boson pairs and can be extended to

create higher-order photonic bound states(trimers etc.) in an array of multi-level

artificial atoms.
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Chapter 6

Conclusions and Future Directions

In this thesis, we have studied the quantum phases of constrained bosons in low

dimensions such as in one , quasi-one and two dimensional lattices. In this regard

we have explored the ground state properties of such constrained bosons in presence

of different interactions using numerical methods such as the CMFT and the DMRG

method.

Motivated by the theoretical and experimental developments in systems of ul-

tracold atoms in optical lattices to access multi-body onsite interactions, we have

analyzed the ground-state properties of a system of interacting bosons in a bilayer

superlattice with interlayer repulsion which can be introduced by the dipole-dipole

interactions 3. Considering the bosons in one layer as soft core in nature and sep-

arately allowing two- and three-body hard-core constraints in the other layer, we

obtained the ground-state phase diagram using the CMFT approach. The phase

diagrams are found to exhibit various gapped MI phases at integer and half-integer

densities. Due to the competition between the superlattice potential, intra- and in-

terlayer interactions and the constraints on the bosons of layer B lead to interesting

features in the phase diagram revealing the MI phases at different incommensurate

densities.

In Chapter 4, we discuss the quantum phase transitions of a two leg ladder sys-

tem with one leg having hardcore constraint and the other leg having three body

constraints imposed in the regime of attractive on-site interaction. We have inves-

tigated the role of inter-leg (rung) hopping with the other energy scales such as the

onsite interaction and the leg-hoppings in the system at different densities. We have

found that in the limit of weak rung hopping, the system exhibits a phase transition

from a gapped rung-insulator phase to a gapless superfluid phase as a function of the

leg hopping at unit filling. However, when the rung hopping is strong, the system

81
TH-2573_166121102



Chapter 6. Conclusions and Future Directions

always remains gapped and exhibits signatures of a rung-insulator phase. However,

in our DMRG analysis we show that the nature of the rung-insulator for weak hop-

ping is different from that of the strong hopping case. While the former is found

to arise due to the onset of the full state of the leg having three-body constraint,

the latter is due to the onset of an effective hardcore nature of the three-body con-

strained bosons. By moving away from unit filling, we have found signatures of

the pair superfluid phase in one leg. We have extended this analysis for a system

having three-body constrained bosons in both the legs and found the signatures of

dimer-rung-insulator phase.

Finally, in Chapter 5 we propose a scheme for spontaneous photon pair creation

and propagation in an array of coupled transmons. Considering the three-level

artificial atoms of Ξ type instead of the usual two-level qubit systems we analyze

the corresponding Jaynnes-Cummings Hubbard model in one and two dimensional

arrays using the DMRG and the CMFT approach to establish the emergent photon

pair propagation in the system. We show that for the suitable ratio of the coupling

strengths between different levels, the single photon tunneling is suppressed and

photons tend to move in pairs. This two photon propagation leads to the formation

of polaritonic pair superfluid phase.

6.1 Future Directions

The topics covered in the thesis deals with some of the timely problems which are of

current importance in the context of strongly correlated low dimensional systems.

The outcome of the thesis promises several possible extension which can be addressed

immediately. We list some of them in the following.

The prediction of the quantum phases on a two-leg ladder Bose-Hubbard model

can be explored in the context of superconducting circuits. This will enable to

achieve the features of strongly correlated photons in such complex systems. The

role of longer range interactions can be investigated which may reveal the possible

existence of the charge density wave ordering and the supersolid phases.

On the other hand low dimensional systems are extremely useful to study the

topological phase transitions. In this context, it will be worthwhile to address the

topological properties of such constrained systems by allowing dimerized hopping

in such coupled systems. This may allow for the study of symmetry protected

topological phases of interacting bosons in two leg ladder systems.

Apart from these immediate extensions, it will be possible to address the quan-
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tum phases of bosons on a two-leg ladder system in presence of artificial gauge

fields using attractive onsite interactions. Earlier the physics of a two leg ladder

system having repulsive two body interactions have been already studied in this

context [196–198]. These have resulted in many interesting phases like the Meissner

phases, vortex fluids, vortex lattices, charge density waves, and the biased-ladder

phase. Similar analysis can be performed in the case of attractive constrained bosons

in quasi-one dimensional systems.
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