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Abstract 

The interaction between surface and groundwater flow in a non-prismatic river has been 

a topic of interest among researchers since last three decades. The interaction between 

the surface and the groundwater is a complex phenomenon the quantification of which 

needs several considerations such as variations of topographical, geological, and 

geographical conditions. The existence of a piedmont zone (highly permeable river bed) 

in the foothill location of a river is one of such critical characteristic that can significantly 

influence the flow conditions in a river. Existence of piedmont zone in the river bed 

changes the downstream flow scenario significantly. Downstream flow situation assessed 

by routing of upstream hydrograph may yield erroneous flow assessment, if the existence 

of such piedmont zone is ignored and therefore, it is a matter of concern for water 

resources planning and flood management. Moreover, most of the researchers, to reduce 

complexity, carried out hydrodynamic studies neglecting the infiltration zone in the river 

bed. 

Geological investigation (Goswami et.al 1996, Sukla and Bora 2003 and Goswami and 

Yhokha 2010) have revealed that piedmont zones exist at several locations  in the 

foothills of Himalaya, through which a significant amount of river water may infiltrate 

into the ground and water infiltrated through the piedmont zone moves as groundwater 

and joins the mainstream at downstream. Therefore, for reliable flow forecasting in a 

Himalayan river passing through a piedmont zone, consideration of surface and ground 

water interaction in the modelling process is quite important. 

To overcome above difficulties, a two dimensional coupled surface-subsurface flow 

model is developed, where surface and subsurface flow are linked via exchange of flux 

between two systems.  Saint-Venant equation is the most common equation to describe 

free surface flow. In this study free surface flow considering piedmont zone in the 

computational domain is described by the Saint- Venant equation coupled with Green-

Ampt. infiltration equation. The water infiltrated through the recharge zone moves as 

unsaturated flow and joins the mainstream at downstream. This process is modelled by 

the two dimensional Richards equation. 

The two dimensional shallow water equation and Richards equation are nonlinear 

equation which is not amiable to solve analytically without simplification. Again
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simplification makes the results erroneous. With the advent of high speed computer, the 

researchers have widely used different numerical schemes e.g. finite difference, finite 

volume and finite element methods for solution of these nonlinear equations. In this study 

Beam and Warming implicit scheme is used to solve free surface flow equation with 

Green-Ampt. infiltration equation and Alternate Direction Implicit scheme is used for 

Richards equation, as Beam and Warming scheme is developed only for hyperbolic 

system of equation.  The developed models are validated with the field data and 

experimental data and found that there is a good agreement between the results.  

Results obtained by the application of the model in a hypothetical river show that 

piedmont zone has significant effect on downstream surface elevation, depth hydrograph 

and discharge hydrograph. Because of piedmont zone peak depth and discharge attenuate 

by 5% and 7% respectively. Again water infiltrated through the piedmont zone, starts to 

contribute to main stream after 72 hour and because of this contribution the flow volume 

increases by 3.62%.  Sensitivity analysis of hydraulic conductivity and capillary fringe 

show that for 100 % variation of hydraulic conductivity taking K=0.0005 m/s as central 

value, percentage change in peak depth and peak discharge is ±7% and ±4.2% 

respectively. Again water table rise is very sensitive to capillary fringe α. Smaller the 

size of capillary fringe more is the water table rise.     

To evaluate the field applicability of the proposed model, it is applied to a 

tributary of Brahmaputra River where such piedmont zone is reported (Goswami et 

al.1996). Double ring infiltration test was performed on the field to determine infiltration 

characteristics of the river.  While application of the model in hypothetical cases has 

given opportunity to get insight in to the process, its application in a real field has 

ascertained robustness of the model and has given better idea about need of filed data for 

obtaining reliable result from such model application. 
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Chapter 1 

Introduction 

1.1 Purpose of the study 

Flow forecasting at a downstream location through hydrodynamic routing of flow 

hydrograph of an upstream section, though is a common practice, may yield erroneous 

result because of ignoring surface and ground water interaction, particularly when a river 

passes through the highly permeable piedmont zone. The existence of piedmont zone in 

a river bed is one of the critical parameters from many that can significantly influence 

the river flow scenario. Geological studies (Goswami et.al 1996, Sukla and Bora 2003 

and Goswami and Yhokha 2010) have revealed existence of piedmont zones at several 

locations in the foothills of Himalaya, through which a significant amount of river water 

may infiltrate into the ground. Therefore, for reliable flow forecasting in a Himalayan 

river passing through a piedmont zone, consideration of surface and ground water 

interaction in the modelling process is quite important. The interaction between the 

surface and the groundwater is a complex phenomenon the quantification of which needs 

several considerations such as variations of topographical, geological, and geographical 

conditions. Therefore, to reduce complexity, most of the researchers carried out 

hydrodynamic studies neglecting the infiltration zone in the river bed. Downstream flow 

situation assessed by routing of upstream hydrograph may yield higher flow depth if the 

existence of such piedmont zone is ignored and therefore, it is also a matter of concern 

for water resources planning and flood management. Interaction between surface and 

groundwater flow in a river has been a topic of interest among researchers since last three 

decades owing to its significance in flood forecasting, watershed modelling, water-

balance study and water resources management in general. 

A dynamic model of unsteady two-dimensional flow is often based on Shallow water 

equation, which is known as Saint-Venant equation. Because of its non-linear hyperbolic 

form, analytical solution of this partial differential equation is very much challenging and 

therefore, recourse is generally made to numerical solution. With the
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 development of the efficient numerical algorithm and the advent of high-speed digital 

computer, the solution of nonlinear equations is now becoming easier. Again, water 

infiltrated through the piedmont zone existing in the river bed, moves as the groundwater 

and may join the mainstream at a far downstream location. Therefore, it is necessary to 

include influence of piedmont zone while modelling unsteady flow in a channel having 

such geological formation. To simulate the process, a model is developed where equation 

of shallow water wave is coupled with infiltration equation and groundwater movement 

equation to route flood in a river having a piedmont zone in the foothill. The surface and 

subsurface models are linked via an exchange of flux between the two systems.  

The main aim of the project is to develop a new two-dimensional mathematical model 

with the following specific objectives: 

 To study unsteady flow behaviour in a river channel having a piedmont 

zone 

 To study the effect of important soil parameters on different primitive      

flow variable of practical significance along with their sensitivity analysis.  

 To study the ground water movement considering the water infiltrated 

from the piedmont zone. 

 To develop a coupled surface sub- surface flow model for flow forecasting 

at a downstream section. 

 

1.2 Organisation of the thesis 

The entire work has been divided into several phases and is presented in different 

chapters as given below. 

In chapter 2, a brief review of the past works done on solution of the unsteady free surface 

flow equations along with infiltration model and groundwater model is discussed. 

Shallow water equation and groundwater equation are highly nonlinear equations which 

are not amiable to solve analytically. Therefore, in this chapter, a brief literature review 

of the different numerical technics for the solution of above equations is presented.   
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Chapter 3 encompasses the detailed discussion of the governing equations for developing 

the two- dimensional coupled surface water groundwater model. This chapter mainly 

focuses on the shallow water equation, Green- Ampt infiltration equation and Richards 

equation. Transformed form of Richards equation is also discussed in this chapter. 

Solutions of governing equations are discussed in chapter 4. The governing equations are 

highly nonlinear in nature which are impossible to solve analytically without having 

some simplification. Therefore, for solution of these governing equations, numerical 

methods are used.   

Chapter 5 introduces the development of model including its validation with some field 

data and already existing model.  

Details of the application of the developed model are deliberated in chapter 6. Effect of 

depth hydrograph, discharge hydrograph and elevation are discussed in this chapter. A 

sensitivity analysis of different flow parameter with hydraulic conductivity are also 

carried out in this chapter.   

Chapter 7 discussed the conclusion and future work of the projects.  
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Chapter 2 

Literature Review 

2.1 Introduction 

Model study of unsteady river flow is generally carried out without giving due 

consideration to some of the important factors like existence of a piedmont zone in a river 

bed which influences the flow scenario at downstream significantly. Movement of this 

infiltrated water is also an important parameter to study, as this may also join the 

downstream flow after elapse of some time.  Previously, different researchers developed 

a numbers of surface water, groundwater coupled model to study the surface water 

groundwater interaction. Researchers are also paying interest to study the flow of river, 

different characteristic of river, sedimentation of river etc. However, most of the 

investigators are neglecting the existence of the piedmont zone in the computational 

domain which plays an important role in the downstream flow scenario and groundwater 

movement. So, in this study, an effort is being made to develop a hydrodynamic flood 

routing model capable of handling the effect of a recharge zone existing in the river bed. 

Coupled model between surface and ground water are linked via an exchange of flux 

between the two systems. Therefore, to get the right direction for developing an unsteady 

flow model considering the groundwater recharge zone, we need to study past research 

works regarding unsteady flow model, infiltration model and groundwater model. 

Review of past research work has therefore been grouped into following three parts: 

1) Review of work for unsteady flow model and its solution 

2) Review of infiltration model 

3) Review of groundwater model and its solution. 

2.2 Previous works on unsteady free surface flow model  

Three basic fundamental laws- conservation of mass, momentum and energy can 

represent the free surface unsteady flow. As two flow variables, such as flow depth and 

flow velocity or flow depth and discharge are sufficient to define the flow condition
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 two governing equations are sufficient to represent the unsteady flow, either mass 

momentum couple or mass energy couple of conservation law is used depending on the 

physical situation. Saint- Venant in 1871(Chaudhry 2008) derived the governing 

equations for unsteady flow, which is a set of conservation of mass and momentum 

equations. These equations, also called shallow water wave equations, are a set of non-

linear hyperbolic partial differential equations. Since these equations are very complex 

and difficult to solve analytically without large number of approximations, they are 

generally solved using numerical techniques. Starting from characteristics equation 

different numerical methods e.g. finite difference method, finite volume method and 

finite element method etc. were used by different researchers which are discussed below. 

Stoker in 1957, Chow in 1959 and Henderson in 1966 in their books derived the equation 

of motion by different procedures.  

Ritter (1892) was the pioneer to solve the Saint- Venant equation analytically. He solved 

the Saint- Venant equation on a frictionless horizontal channel for simulation of dam 

break flow (Saikia 2007). Ritter gave explicit expressions for water depth and velocity 

of flow from a dam site.  

Depth of flow “h” and velocity of flow “v” at time “t” at a distance x form dam site are 

represented by Ritter equation as: 

h= 21
(2 )

9
o

x
gh

g t
         2.1 

v=
2

( )
3

o

x
gh

t
         2.2 

where ho is depth at dam site. 

But this classical solution of Ritter fails to describe accurately the physical flow as the 

friction at the wave tip is not negligible. 

The Characteristic method is a graphical procedure which is first developed by Monge 

in 1789 (Chaudhry 2008) for the integration of partial differential equation. In this 

method, partial differential equations are first reduced to some algebraic equations and 

then solved from some initial data.  
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Massau in 1889 and Craya in 1946 used the Characteristic method for analysing surges 

in open channels and after that Isaacson et al. (1954) further utilised this method for 

routing hydrograph in a real field. They used one- dimensional unsteady free surface flow 

equation and assuming the constant slope and width of the river they routed hydrographs 

through Ohio river and its confluences with Mississippi river in USA.  

An attempt was made by Dressler (1952) for the solution of the combined Saint Venant 

equations along with Chezy resistance equation using the method of characteristics for 

simulation of flood wave due to the breaking of a dam in a horizontal rectangular channel.  

The non-dimensional form of the equation 

0)
CN

UN
(R

XN

CN
C2

XN

UN
U

TN

UN 2 













      2.3 

0
XN

CN
U2

TN

CN
2

XN

UN
CN 














       2.4 

Where XN=
oh

x
, )

h

g
(tTN

o

 ,UN=
ogh

v
, CN=

ogh

c
     2.5 

Gunaratnam and Perkins (1970), Price (1974) and Trikha (1977) modified the method of 

characteristics to overcome the Courant’s instability and makes the method of 

characteristic much more efficient while retaining much of its original simplicity and 

accuracy. But their modified scheme did not deal with the Koren instability which has to 

consider before using a very large Δt specially for that case where Froude number is very 

less. This Koren instability criterion is related to energy loss term. To overcome this 

difficulty Huang and Charles (1985) treated the energy slope term with semi- implicit 

ways and concluded that for the solution of Saint- Venant equation with the help of 

Characteristics method energy slope term should be treated more implicitly for the 

stability of the scheme.  

Sarma and Das (2003) have developed a new characteristic-based analytical solution of 

flood for the situation where flood water, being released through an opening in the river 

dike, moves over a valley. 
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The flow depth “h” and flow velocity “v” at time “t” at a distance “x” form the dike, are 

represented as: 
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h gh

g t
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         2.7 

2 3
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Though the Characteristics methods used by various researchers for the solution of 

shallow water equation, it has some disadvantages likes when some bores or shocks are 

present in the flow, the method of characteristics fails. To overcome these difficulties 

researchers have used finite difference methods extensively. Finite difference methods 

are two types’ explicit finite difference method and implicit finite difference method. 

The original finite difference method is very unstable. French (1985) used this scheme 

for the solution of shallow water equation. But in this scheme friction losses were 

increased by a large amount to make the scheme and therefore accuracy of this scheme 

is questionable. 

Lax (1954) made a slight variation of the above unstable scheme. After that Houghton 

and Kasahara (1967) used this scheme for development of one- dimensional 

mathematical model.  They had used this scheme for the solution of Shallow water 

equation over a ridge. They found that the approach velocity is inversely proportional to 

the ridge height. Sharp and Moore (1976) used Lax diffusive scheme for solution of 

Saint- Venant equation.  

Miller and Chaudhry (1989) applied Lax diffusive scheme for the solution of 1D Saint 

Venant equations in both conservation and non-conservation form in a bend channel 

flow. To account for the super elevation of the water surface in the bend portion they 

used a formula based on absolute velocity of the wave, radius of curvature of the channel 

centreline and acceleration due to gravity. Comparison of results with experimental data 

showed that conservative form can produce better results. 

Chaudhry (1987) applied this scheme in typical hydraulic problem and found that this 

scheme is one of the simplest to program and yield satisfactory results. More recently 
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Navarro and Villanueva (1999), Macchione and Morelli (2003), Saikia and Sarma 

(2006), Akbari and Firoozi (2010), Soleymani and Delphi (2012) used this scheme for 

solution of unsteady free surface flow.  

Alexandre Preissmann (1961) when he was a hydraulic engineer at SOGREAH 

developed a finite difference implicit scheme for the solution of Saint- Venant equation. 

This scheme is second order accurate in both time and space. Preissmann scheme has 

become the standard method for one-dimensional numerical modelling in the field of 

hydraulic engineering. After development of this scheme in 1960s various researchers 

e.g. Liggett and Cunge (1975) and Cunge et al. (1980) applied this scheme in river 

hydraulics. It has the advantages that a variable spatial grid may be used, step wavefronts 

may be properly simulated by varying the weighting coefficient and the scheme yield 

exact solution of linearized form of governing equations for a particular value of Δx and 

Δt.    

Fennema and Chaudhry (1986) compared three second order accurate finite difference 

scheme (MacCormack, Lambda, and Gabutti) for the analysis of unsteady free surface 

flow having shocks or bore. They had presented the details of these schemes their shock-

capturing capabilities, stability restrictions, boundary conditions and use of artificial 

viscosity to dampen the numerical oscillations near the shock. They observed that 

Preissmann implicit scheme takes four to eight times the CPU time taken by these explicit 

schemes which are even easy to program.   

Dennis and Peter (1987) examined the stability and convergence characteristics of four-

point finite difference scheme due to Preissmann. They had considered the effect of 

weighting factor due to time and space. To avoid numerically induced oscillation they 

recommended that computational grid is refined so that local bed Courant number is 

greater than unity and the local bed spatial resolution is of order 10 or higher.  A non-

uniform grid is recommended to reduce computational time and storage.  

Bellos and Sakkas (1987) employed the explicit predictor- corrector scheme to solve the 

Saint Venant equations in conservation form to compute the flood wave resulting from 

the total and instantaneous collapse of a dam in a broad rectangular channel. They 

compared the experimental and computational results in terms of wave front advance and 

stage hydrographs and observed a good agreement between these. 
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Explicit finite difference scheme has stability problem and to overcome this, implicit 

finite difference scheme was introduced in open channel flow. Fennema and Chaudhry 

(1989) first used Beam and Warming scheme for the solution of the 2D unsteady free 

surface flow equations which was developed by Beam and Warming (1976) for the 

settlement of the 2D Euler equation. This Alternate Direction Implicit (ADI) finite 

difference scheme is non- iterative and is second order accurate in time. Using this 

implicit scheme, they simulated the bore formed due to the partial breaching of the dam 

and obtained excellent results. 

Miller and Chaudhry (1989) made a comparison between conservation and non- 

conservation form of Saint- Venant equation using Lax Diffusive scheme. They found 

that the conservation form of Saint-Venant equation predicts the height and celerity of 

the wave better than the non-conservation form.   

Paul and Caroline (1990) did a comprehensive study on the stability analysis of 

Preissmann four- point scheme applied to the Saint-Venant equation including the 

friction term. They mentioned that linearized numerical schemes are stable when 

weighted towards new time level and when the magnitude of the Vedernikov number is 

less than one. Vedernikov number links the stability of the calculation to the 

hydrodynamic stability of the flow. 

Fennema and Chaudhry in (1990) solved the 2D Saint Venant’s equation using Mac-

Cormack and Gabutti explicit finite-difference methods for the simulation of open 

channel flow. These schemes are second-order accurate in both space and time. In both 

methods, an artificial viscosity was added to smooth the high- frequency oscillation in 

the computed flow depth. These schemes were applied to analyse two common hydraulic 

flow problems—partial dam breach and passage of a flood wave through a channel 

contraction. They had compared the results obtained by these schemes with the Beam 

and Warming scheme and found satisfactory agreement among these schemes. The Mac-

Cormack scheme failed for ht/hr ratio less than 0.25, the Gabutti scheme for this ratio 

less than 0.2 and Beam and Warming scheme for this ratio less than 0.001. 

Bellos et al. (1991) examined the 2D flood waves resulting from the instantaneous break 

of dams. The governing equations were transformed into an equivalent square grid to 

overcome the difficulties associated with the determination of flow characteristics near 
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the boundary. They adopted MacCormack predictor- corrector scheme for the integration 

of the governing equations. They compared the computed results with experimental data 

and observed good conformity between them. 

Lui et al. (1992) derived a finite difference computation method for solving operation 

type problem in open channel flow. The method was explicit and numerically stable. It 

was applied to Saint-Venant equation, discretized by Pressmann scheme. The 

computation results were compared with the results obtained using the double-sweep 

method, and there was good agreement between the two methods. This computation 

method was called a backward-operation method since it is for solving operation-type 

problems, and the computation was performed backwards both in space and time. 

Bhallamudi and Chaudhry (1992) solved the 2D depth averaged unsteady free surface 

flow equations in a transformed coordinate system by using the predictor- corrector 

scheme to analyse flows in channel expansions and contractions. The unsteady flow 

model was used to obtain steady flow solutions by treating the time variable as an 

iteration parameter and letting the solution converge to the steady state. They compared 

the computed and measured results and observed that in cases where the assumption of 

hydrostatic pressure distribution is valid it could produce excellent results.    

Rashid and Chaudhry (1995) developed a 1D hydrodynamic model for the simulation of 

unsteady flow in an open channel with flood plain. The governing Saint Venant equations 

were solved using the Preissmann four-point implicit finite-difference scheme. The 

suitability of two procedures for approximating the channel cross-section was 

investigated: (1) the flow velocity over the flood plains is negligible, the flood plain acts 

as storage only, (2) the entire channel section contributes to momentum flux. Although 

comparisons between the computed and experimental results were satisfactory in both 

cases, Approximation (1) gives better results than Approximation (2).  

Molls and Chaudhry (1995) developed a depth-averaged model using a boundary- fitted 

coordinates, including effective stresses. They used Beam and Warming implicit scheme 

for the solution of the governing equation. The effective stresses are modelled by 

incorporating a constant eddy-viscosity turbulence model to approximate the turbulent 

Reynolds stresses. They found that in most cases effective stresses do not have a 

significant effect on converged solution. They used this model to different problems e.g. 
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hydraulic jump, flow in channel contraction, flow near a spur dyke, dam-break solution. 

For each case, they compared the results with the experimental data and found that the 

results between the computed and experimental results were satisfactory. 

Szymkiewicz (1996) developed an implicit four-point scheme to study the inverse linear 

flow routing. He analysed the stability and accuracy of the numerical solution of the 

inverse problem for the Saint-Venant equation. According to him, the inverse flow 

routing requires different values of parameters (θ and Ψ) then the general preismann 

scheme (where θ≥1/2 and Ψ=1/2). Fourier analysis can explain this problem and carry 

out for a linear hyperbolic system. From this analysis, he had concluded that the four-

point implicit scheme applied to inverse flow routing is unconditionally stable if   θ≤1/2 

and Ψ≥1/2. 

Jin and Fread (1997) developed characteristics based, upwind explicit numerical scheme 

for 1-D unsteady flow model. This new method was compared with an implicit scheme 

and shown that this scheme provided improved versatility and accuracy in some situation 

such as large dam- break waves and other unsteady flows with near critical mixed flow 

regimes.  

Rahman and Chaudhry (1998) used a partial differential equation based on the 

conservative principle of grid arc lengths for clustering grids in one-dimensional along 

with the Saint- Venant equations to numerically simulate the flow. They used 

MacCormack explicit predictor- corrector scheme for numerical solution of the 

governing equation.  Both the subcritical and the supercritical flows under extreme 

boundary conditions were solved by this method and found that for a specified number 

of grid points, compare to uniformly distributed grids this provided better quality 

solutions. 

Delis et al. (2001) developed a one-dimensional open channel model using implicit 

scheme. They used Total Variation Diminishing (TVD) scheme for solving the Saint-

Venant equation. They compared results obtained by the TVD scheme with the 

approximate Riemann solver introduced by Roe. 

Preissmann scheme is widely used for the solution of Saint- Venant equation. For this 

model Maurizio (2002) investigated the stability, dissipation and dispersion by looking 
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at the truncation error. They had examined the variations of the space and time weighting 

coefficients, the Courant number, the Froude number, and the frictional resistance term. 

They presented a complete analysis of Preissmann general schemes which have been 

applied to the Saint-Venant’s equations, without approximations. 

Mousseau et al. (2002) presented an implicit nonlinearly consistent solution technique 

for the two-dimensional shallow water equations. They showed that the scheme is 

unconditionally stable. This scheme is an approximate method, and it is performed well 

than the traditional semi-implicit method. 

Chaga and Souza (2005) developed a numerical model to study the flood propagation in 

a natural river. They used Saint-Venant equation as the governing equation. For 

development of the model they made some simplification e.g. flow is one dimensional, 

the vertical pressure distribution is hydrostatics, the water is considered as 

incompressible and homogeneous. The one dimensional form of shallow water equation 

is as follows 
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They had done the sensitivity analysis of hydraulic parameters and found that these 

parameters play a significant role in the propagation of flood.  

Alhan and Madina (2007) used MacCormac explicit scheme for the solution of the 

kinematic and diffusive equations. They developed a numerical model using previously 

mentioned equations for overland and open channel flow. They had validated the results 

with the analytical solution and found perfect agreement between them.   

Siviglia et al. (2008) developed a morphodynamic model by coupling Saint- Venant 

equation with Exner equation. They proposed a quasi-conservative formulation of the 

differential system to reduce errors. MacCormack predictor corrector scheme was used 

for solution of the governing equations. They applied this model in different cases e.g. 

dam break flow for inviscid shallow water equations with available analytic solution, 
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experimental mobile bed case and natural mobile bed case and good results were 

observed.    

Singh et al. (2011) developed a 2D model for simulation of dam break flow. They 

discretized the spatial derivatives using a well-balanced explicit central- upwind 

conservative scheme. They found that the model gives good results over a complex 

topography if the Courant number is less than 0.25. The model is validated with three 

benchmark test cases. A good agreement between analytical solutions and computed 

results is observed. 

Bellos and Hrissanthou (2011) developed a 1-D unsteady flow model to study the dam 

break flood wave. They had used Saint- Venant equation as the governing equation and 

Lax- Wendroff and MacCormack scheme for the solution of the governing equation. 

They comparison between simulation data and experimental data, showed a high degree 

of convergence. 

Kalita and Sarma (2012) made a comparison between two finite difference methods for 

solution of Saint- Venant equation. They made a conclusion that both the scheme lead to 

same results but with the help of Beam and warming scheme one can go for much larger 

time step.   

Kalita et al. (2014) used Beam and warming scheme for solution of the free surface flow 

equation. Beam and Warming is an implicit scheme but non iterative because of which 

one can go for large time step and requires less computational time than other implicit 

scheme. They had used conservation form of governing equation as follows 
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Where h is the water depth, u is the velocity in x direction and v is the velocity in y 

direction 
0x

s is the bed slope in x direction 
0y

s bed slope in y direction, 
xfs and 

yfs  

frictional slope in x and y direction respectively. 

For the complex flow domain, finite element methods were used. The underlying 

consistency and generality of the finite element method are attractive because separate 

computational algorithms for subcritical and supercritical flow are not required, and 

algorithm extension to the two-dimensional depth-averaged flow equations are straight 

forward.  

Katopodes (1984) developed a 2D numerical model using Saint-Venant equation as the 

governing equation and solved the same by dissipative Galerkin scheme. The classical 

Galerkin- based finite element method formulation produces inferior results when 

applied to discontinuous channel flow. They found that the introduction of dissipation 

improved the phase error in the finite element simulation. The resulting model was 

second-order accurate on the time step. The method based on discontinuous weighting 

functions that produce "upwind" effects but at the same time maintain the accuracy of a 

central difference scheme.   The performance of the method was verified with various 

test problems.  

Akanbi and Katopodes (1988) developed a model for flood wave propagation on a dry 

bed. The governing equations are transformed to an equivalent system valid on a 

deforming coordinate system and are solved by a dissipative finite element technique. 

The accuracy and stability of the model are examined by comparing the model results 

with observed data from an experimental field test.  

To overcome the failure of Dissipative Galerkin (DG) scheme in the field where 

sufficient shocks are observed, Hicks and Steffler (1992) developed a new characteristics 

dissipative Galerkin (CDG) scheme. This method possesses shock-handling capability 

without requiring any parameter variation. Spatial discretization of this system of 

equations was achieved through the use of linear interpolation functions to approximate 

the behaviour of the solution over each element. They used a linear stability analysis to 
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compare the phase and amplitude accuracy of the CDG scheme to that of the DG scheme 

and it was observed that this scheme gives very high phase accuracy for a Courant 

number 0.5 or less than it. 

Khan (2000) used Petrov-Galerkin finite element scheme to solve Saint- Venant equation 

for dam break flow. They compared the results with the analytical solution for a dam 

break over the frictionless horizontal bed, show that the model possesses excellent phase 

accuracy, for both positive and negative waves, and can predict the discharge distribution 

accurately. He performed two more test, one for a smooth horizontal bed; and the other 

consisting of two cases, for sloping channel with smooth and rough bed. The computed 

water surface profiles agree well with the measured data in each instance. 

Schwanenberg and Harms (2004) developed a model using Runge- Kutta discontinuous 

Galerkin finite-element method for the solution of two- dimensional depth- averaged 

shallow water equation.  By doing a simple treatment of boundary conditions and source 

terms the scheme can handle complicated boundary with high-order accuracy. Because 

of explicit time integration with the use of orthogonal shape functions, the method is 

computationally as efficient as finite-volume schemes.  To confirm the accuracy of the 

scheme they did several steady transcritical and transient flows. The results show perfect 

agreement with analytical solutions.  

Chen et al. (2007) developed a numerical model using a modified form of the Saint- 

Venant equation, in which effects of inclination and non prismaticity are incorporated 

into an approximate term to ensure implementation of the conservative formulation. They 

proposed a modified version of Galerkin finite element scheme for the solution of the 

modified form of the Saint- Venant equation. The proposed model showed good results 

when applied for steady flow in a diverging channel with a hydraulic jump, dam break 

flow in a converging- diverging channel and unsteady flow in Oldman river in southern 

Alberta. 

Ghostine et al. (2010) used Runge-Kutta discontinuous Galerkin method (RKDG) with 

a slope limiter for the solution of the two-dimensional Saint Venant equations. They 

studied the robustness and the stability of the scheme. The study was mainly involved 

with the prediction of the water depths, the location of the right and oblique hydraulic 

jumps in the crossing, and especially the distribution of the flow discharges in the 
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downstream branches. They compared the RKDG method with second order finite-

volume method and shown the advantages of this method. Comparison with the 

experimental data showed the method accurately predicts the hydraulic jump location, 

water depths and the discharge distribution. 

More recently, Rossell and Ting (2013) extended the finite element model for evaluation 

of contraction scour on the areas near the James River bridges near Mitchell in USA. 

From the study, they observed that unique hydraulic condition creates at the bridge site 

because of three main factor namely channel meandering, the no-flow boundary 

condition and the dense trees along the left bank. They also found that the predicted scour 

depth was very sensitive to the critical shear stress and slope of the curve of erosion rate 

versus shear stress. 

The finite volume methods have been widely employed to solve 2-D depth-averaged 

equations. They conserve mass and momentum to each cell and fluxes can be evaluated 

at the cell faces by solving Reimann problem. Finite volume schemes can be applied to 

irregular flow domain, and at the same time, they are as easy to implement as finite 

difference scheme. The main advantages of this scheme are its simplicity and ease of 

implementation. It can also handle sharp gradient in the water surface profile if they are 

present.  

Zhao et al. (1994) developed a two-dimensional unsteady flow model based on finite 

volume method with a combination of unstructured triangular and quadrilateral grid in a 

river- basin system. The advantages of this scheme are that it calculated the mass and 

momentum flux across each side of the element as a Reimann solver. This feature enables 

this model to deal with the wetting and drying process of floodplain and wetland studies, 

a dam breaking phenomena involving discontinuous flow, supercritical flow, subcritical 

flow and other cases. 

Mingham and Causon (1998) developed a high-resolution time-marching method for 

solving the two-dimensional shallow water equations. This method used a cell- centred 

formulation rather using a space- staggered approach. They applied this method to 

several dam break problems including 1D dam break, circular dam break, oblique bore 

formation and partial dam break cases and excellent quality results were observed. 
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Bradford and Katopodes (2001) developed a finite volume based model for two-

dimensional unsteady flow which is applied to simulate the advance and infiltration of 

an irrigation wave in two-dimensional basins of complex topography. The fluxes were 

computed with Roe’s approximate Riemann solver, and the monotone upstream scheme 

for conservation laws was used in conjunction with predictor-corrector time-stepping to 

provide a second-order accurate solution. The proposed model was compared with 

various experimental data for 1D and 2D problems involving rough, impermeable, and 

permeable beds, including a poorly levelled basin and excellent results, were observed. 

Ying et al. (2004) proposed an upwind- conservative scheme with a weighted average 

water-surface-gradient approach to computing open channel flows. The scheme was 

based on control volume. The inter cell flux was computed by the one-sided upwind 

method.  The water surface gradient was evaluated by the weighted average of both 

upwind and downwind gradients. The scheme was tested with various examples, 

including dam-break problems, hydraulic jump, partial dam-break problem, overtopping 

flow, a steady flow over a bump with a hydraulic jump and a dam-break flood case in a 

natural river valley. They compared the numerical results with an exact solution or 

experimental data and found that the proposed scheme is capable of accurately 

reproducing subcritical, supercritical and transcritical flows. This scheme does not 

require artificial viscosity or front tracking technique to capture steep gradients or 

discontinuities in the solution. 

Wu (2004) developed a depth-averaged two-dimensional (2D) numerical model for 

unsteady flow and nonuniform sediment transport in open channels using finite volume 

method. To consider the effects of the gravity on the sediment transport capacity and the 

bed-load movement direction in channels with steep slopes they proposed an empirical 

equation. The proposed model was applied to various cases like channel aggregation, 

channel degradation, basin erosion and the East Fork River in Western United States and 

fine results were observed. 

Zarrati et al. (2005) developed a 2-D depth averaged numerical model for the 

nonorthogonal curvilinear coordinate system. The model can be handled a complex mesh 

arrangement. They had applied this model to three meandering channels with the same 

specification of natural river and found the results are satisfactory.  
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Blade et al. (2008) developed a numerical method based on Roe TVD finite volume 

scheme for the solution of the Saint- Venant equation. The benefits of this scheme are 

that it can be applied to irregular boundaries and preserves the correct steady flow when 

stationary boundary conditions are used. Results obtained were compared with 

experimental results, and real resemblances were observed. 

Lai (2010) developed an unstructured hybrid mesh numerical method to simulate 

unsteady flow in open channel flow using finite volume method. The main advantages 

of this method are that it can be applied to arbitrary shape mesh cell and in depth averaged 

equation mass conservation is satisfied both locally and globally. The method applies to 

both steady and unsteady flows and covers the entire flow range: subcritical, transcritical, 

and supercritical. The model results were validated with natural river and found 

satisfactory agreement.   

Kuiry et al. (2010) used finite volume method for the solution of Saint- Venant equation. 

Diffusive wave equation represented the flow exchange between the one-dimensional 

river cells and the adjacent floodplain cells or that between adjoining floodplain cells. 

The accuracy of this model is compared with respect a two-dimensional 2-D finite 

volume model on hypothetical river-floodplain domains.  

Zhang et al. (2013) developed a coupled surface water solute transport model for basin 

fertigation where advection upstream splitting method and central finite-volume scheme 

with dissipation characteristic were employed to discretize the spatial derivatives of 

physical flux, spatial derivatives of advection matrix, diffusion vector, and water-level 

slope vector. The model results were validated with the field experiment and found that 

the model exhibits outstanding performance for calculating water flow and solute 

transport under full-time, first-half, and second- half fertilizer-application experiments.  

More recently Stecca et al. (2016) developed a 1-D Saint-Venant-Hirano model for 

mixed-sediment morphodynamics. The Explicit finite volume upwind method was used 

for the solution of the principal part of the model. They verified their accuracy of the 

scheme and did three case studies namely empirically assess the balancedness of vertical 

mass fluxes under degradation, the convergence to the analytical linearised solution for 

the propagation of infinitesimal-amplitude waves and Ribberink’s E8-E9 flume 

experiment. 
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2.2.1 Concluding remark on free surface flow model 

Review of literature has established that different investigator at different time solved the 

unsteady flow in open channel by using different approaches e.g. finite difference 

methods, finite element methods and finite volume method. From the literature, it has 

been noticed that finite difference method can be classified into three categories namely 

characteristic method, explicit method and implicit method. Though the Explicit finite 

difference schemes are easy to implement and required less computer time, the schemes 

have to satisfy some criterion in case of stability. Advantages of implicit finite difference 

schemes are that these schemes are very stable and allow large time step but these 

schemes are difficult to implement and required more computer time than explicit finite 

difference scheme. Most of the implicit schemes are iterative in nature and therefore 

require more computational time. Researchers have mostly used finite element methods 

for complex geometry. Finite element methods though more complex as compared to 

finite difference method, do not provide much additional advantages in solving Saint- 

Venant equation.  Finite volume schemes can be applied to irregular flow domain, and at 

the same time they are as easy to implement as finite difference schemes. The main 

advantages of this scheme are its simplicity and ease of implementation. It can also 

handle sharp gradient in the water surface profile if they are present. Out of all these 

numerical schemes, Beam and Warming scheme has been extensively used by the 

researchers. The main advantages of this scheme are that it is implicit scheme but non-

iterative in nature which reduces the computational time. So in this study governing 

equation of unsteady flow is solved by Bean and Warming finite difference scheme. 

2.3 Previous work on infiltration and ground water model 

Infiltration model in the unsaturated region and to study the flow movement of infiltrated 

water in that region is a significant problem in several branches in hydrology. 

Researchers have developed the different numerical model to study the infiltration 

processes and ground water movement. 

2.3.1 Previous works on Green-Ampt. infiltration model 

Green, W.H. and G. Ampt. (1911) developed an equation for infiltration in soil physics. 

After their name this equation popularly known as Green-Ampt.. infiltration equation. 

This equation originally developed to study infiltration into uniform soil. After that 
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Childs and Bybordi (1969) and Bybordi (1973) applied this equation to measure 

infiltration into layered soil profile with hydraulic conductivity decreases from the 

surface. Further Hachum and Alfaro (1980) modified the Green-Ampt. equation for 

vertical infiltration into a nonuniform soil profile by using a harmonic mean of effective 

hydraulic conductivities of wetted soil layers. 

Chu (1978), Smiles et al. (1981), Dagan and Bresler (1983) and Govindaraju et al. (1992) 

applied the Green-Ampt. infiltration equation in homogeneous unsaturated soil. From 

their studies it was concluded that water storage is predicting accurately by the Green-

Ampt. model under flux-dependent condition. 

Govindaraju et al. (1996) used Green-Ampt. model for analysing one-dimensional 

convective transport in unsaturated soils. The utility of the Green-Ampt. model for 

homogeneous unsaturated soils is investigated as an alternative to Richards equation. 

This model, through approximate, provides analytical solution to the flow field. It was 

found that the flow quantities required for the analytical solution of convective transport 

are predicted accurately by Green-Ampt. model. 

Chu and Marino (2005) developed an infiltration model based on Green-Ampt. equation 

for heterogeneous soil for variable initial moisture distribution during unsteady rainfall. 

They have developed an algorithm for determining the ponding condition, simulating 

infiltration into layered soil profile. Two distinct periods, pre-ponding and post ponding 

are taken into account. This model tracks the movement of wetting front and checks the 

status of ponding. The model was also applied to saturated flow condition when wetting 

front reaches the bottom of the soil profile. 

Chen and Young (2006) used the Green-Ampt. equation to measure infiltration in sloping 

surface. From their analysis they found that infiltration increases with increasing slope 

angle. The slope effect is not significant for infiltration in ponded depth if the slope is 

mild to moderate.  But the slope effect became more important for low-intensity and 

short-duration rainfall events, especially as it delayed the time for ponding. 

Ma (2010) developed a modified Green-Ampt. model to describe water infiltration 

process in a 300 cm long and five layered soil column. In their model they had introduced 

a saturation coefficient to determine the hydraulic conductivity and water content of 
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wetted zone. They had compare the results of this model with the HYDRUS-1D model 

and found satisfactory results.  

Bateman et.al. (2010) studied the effect of soil infiltration on flat areas flood simulation. 

In their work they had included the water infiltration as a new element to improve 

accuracy in the flood simulation. They used Green- Ampt infiltration model for 

calculating the amount of water infiltrated in to the ground. In the development of the 

classical Green- Ampt model the surface water depth is neglected. But in their study 

surface water depth was included as the water depth could be high. 

Voller (2011) calculated infiltration in a heterogeneous soil, by using Green-Ampt. 

model in fractional derivatives form. The result obtained by this model was non-

monotonic. In his studies it was postulated that if the length scales of the heterogeneities 

can be assumed to be power law distributed, then it may be appropriate to model 

infiltration in heterogeneous soils in terms of fractional derivatives. 

2.3.2 Previous works on Richards equation 

Brutsaert (1971) developed a fully implicit scheme along with a functional iteration 

method for the solution of the Richards equation. This model was suitable for predicting 

infiltration problem in the heterogeneous and anisotropic soil. They had compared the 

results of this model with the experimental results and found that there was good 

agreement between these results. The main disadvantage of this model was that it 

required more work to solve for a time step than the classical implicit scheme. 

Perrens and Watson (1977) were used the two-dimensional flow equation for the 

movement of water in the unsaturated porous material to study an infiltration-

redistribution sequence in which the surface flux was spatially nonuniform. A numerical 

analysis based on a finite difference scheme involving the use of iterative alternating 

direction implicit techniques was found to describe the two-dimensional flow process 

satisfactorily. 

Celia et al. (1990) developed a numerical model for the solution of unsaturated flow by 

mass conservative approximation. This approximation is based on the mixed form of 

Richards equation. It combines benefits inherent in both θ-based and h-based form of the 

equation. They used Picard iteration method for solution of the governing equation. They 
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evaluated the water content change over time step directly from the change of pressure 

head.  

Gottardi and Venutelli (1992) used moving finite element (MFE) method for the solution 

of Richards equation. For an accurate solution of the partial differential equation, using 

standard finite difference and finite element scheme a fine discretization on space and 

time is required. To minimise these difficulties, they used MFE method where grid points 

are moved during computation along the wetting front, so that accuracy can be 

maintained by using a small number of nodes for simulating cases several meter in depth. 

They found that the MFE method was faster than FD and FE method. But the main 

disadvantages of this method are it is not suitable for heterogeneous and layered profile 

soil. The method is less mass conservative than FD and FE method. 

Kirkland et al. (1992) developed two new algorithms for solving Richards equation of 

variably saturated flow.   One-dimensional water content based finite difference method 

offer improve CPU efficiency in dry heterogeneous soil compare to similar pressure 

based method. But the usefulness of water content method failed when applied to 

saturated soil. To remove this difficulty, they developed two new methods which retained 

the advantage, when applied to a fully saturated condition.  In the first method, they 

defined a new variable for transformed Richards equation which has the characteristic of 

water content when the soil is unsaturated and of pressure when the soil is at or saturated.  

In addition to transformed Richards equation method, an improved pressure based 

method which uses flux updating was presented. The performance of the methods was 

compared with the mixed form Richards equation and found that the for unsaturated case, 

the new algorithms were 16 to 59 times faster than the mixed form Richards equation 

using Pichard iteration. For saturated case, the new algorithms were 6 to 25 times faster 

than the mixed based algorithm.  

Lim and Lee (1993) used Galerkin finite element method for the solution of the one –

dimensional, vertical flow of water and mass transport of conservative- nonconservative 

solute in unsaturated flow. To avoid large mass balance error in h- based Richards 

equation they used ROMV (restoration of the main variable) concept in discretization 

step. They had applied this model to sandy soil, and ROMV method showed good mass 

conservative in water flow analysis. 
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Pan and Wierenga (1995) presented a new approach to solving Richards equation. They 

introduced a nonlinearly transformed pressure, Pt, as the dependent variable with the 

modified Picard method. They compared this method with the φ- based transformed 

method and h- based modified Picard method and found that this new method offered 

Huang et al. (1996) evaluated the performance of different convergence criteria for mixed 

form Richards equation when modified Picard iteration method is used.  They had 

compared the results in terms of computer processing time (CPU) and number iteration. 

They derived a nonlinear convergence criteria using tailor series expansion of the water 

content. The computational efficiency of the new criterion was evaluated against two 

widely used convergence criteria for different soil types, boundary conditions, initial 

conditions and layered soils. From the results, they found that new convergence criteria 

have more CPU efficiency than the other two convergence criteria.   

Hari Prasad et al. (2001) developed a numerical model to simulate moisture flow through 

the unsaturated zone. Richards equation was used for vertical unsaturated flow. They 

used finite element discretisation in space and the finite difference in time for solution of 

the governing equation. Sensitivity analysis had been done to analyse the sensitivity of 

gravity drainage and infiltration process with the variation of unsaturated soli parameter 

α (measure of capillary fringe thickness) and n (pore size distribution of the soil). The 

results obtained by the model was validated with already available literature review and 

found satisfactory results.     

Kavetski et al. (2002) developed a noniterative implicit time stepping schemes with 

adaptive temporal truncation error control for the solution of the pressure form of 

Richards equation. They had introduced first and second order linearization of adaptive 

backward Euler/Thomas-Gladwell formulation. Numerical experiments demonstrate that 

accurate noniterative linearization achieve cost-effective solutions of problems where 

soils are described by highly nonlinear and nonsmooth constitutive functions. They found 

that the second-order noniterative scheme was more efficient than the first-order 

noniterative scheme.  

Lu and Zhang (2004) derived the analytical solution of one-dimensional unsaturated flow 

equation under randomly heterogeneous layered soil column under random boundary 

conditions. For the first time, they used Kirchhoff transformation for linearization of 
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steady state unsteady flow equation. This analytical solution was validated via Monte 

Carlo simulations.  

Miller et al. (2006) solved Richards equation using an adaptive method in both space and 

time. Spatial adaption was based upon a coarse grid and a gradient error indicator using 

a fixed-order approximation. Temporal adaption was accomplished using variable order, 

variable step size approximations based upon the backward difference formulas up to 

fifth order. They had tested the results with the four different one-dimensional problems 

and found that the proposed method provides a robust and efficient alternative to standard 

approaches for simulating variably saturated flow in one spatial dimension. 

Liang et al. (2007) developed a two-dimensional numerical model and solved the free 

surface flow and subsurface flow simultaneously. TVD-MacCormack scheme was used 

to solve the shallow water equation for surface flow, and standard MacCormack scheme 

was employed to solve the transient Boussinesq equation for unconfined ground water 

flow.2D shallow water equations were taken as the governing equations of the free 

surface flow. They assumed that the ground below the surface water is always fully 

saturated. To define the subsurface flow, they used the 2-D Boussinseq equation. 

Weill et al. (2009) developed a model for surface-subsurface flow. A single Richards 

type equation with domain-dependent parameters was used to describe land surface 

water, vadose zone and saturated zone water. They had used hybrid finite element 

formulation to solve this multi-domain Richards equation. They had also used an 

advective-diffusive transport equation to follow and identify pre-event and event water. 

The developed model can describe both infiltration excess and saturation excess runoff. 

They presented validations, verification and application test cases to assess this 

modelling approach and at the end, they concluded that the model performed well. 

Palla et al. (2009) studied unsaturated subsurface water flow in the coarse-grained porous 

matrix. To analyse the interaction between hydrologic process and green roof installation 

in the urban environment, it requires improving the understanding of the unsaturated 

water flow in the coarse-grained porous media. They had applied the SWMS 2D model, 

based on Richards law and the Van Genuchten-Mualem function to simulate the variably 

saturated flow within green roof system. 
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Wu (2010) developed a general numerical algorithm in the context of finite element 

scheme to solve Richards equation, in which a mass-conservative, modified head based 

scheme (MHB) was proposed to approximate the governing equation, and mass-lumping 

techniques were used to keep the numerical simulation stable. He compared the MHB 

scheme with the MPI scheme in a ponding infiltration example and found that MHB 

scheme was a little inferior to the MPI scheme in respect of mass balance, but it was 

superior in convergence character and simplicity. 

Mengxi (2010) developed A general numerical algorithm in the context of finite element 

scheme was developed to solve Richards equation, in which a mass-conservative, 

modified head based scheme (MHB) was proposed to approximate the governing 

equation, and mass-lumping techniques were used to keep the numerical simulation 

stable. He compared the MHB scheme with the MPI scheme in a ponding infiltration 

example and found that MHB scheme was a little inferior to the MPI scheme in respect 

of mass balance, but it was superior in convergence character and simplicity. 

Casulli and Zanolli (2010) used finite volume method for discretization of mixed form 

Richards equation. Newton- type algorithm was used for discretization of the Richards 

equation.  They did numerical tests to confirm the efficiency, the robustness, and the 

usefulness of the proposed algorithm for solving the mixed form of Richards equation 

under different flow conditions and for any time step size. 

Kong et al. (2010) developed a coupled surface and subsurface water flow model based 

on an unstructured finite volume/ finite difference method. The model domain was 

divided into a surface water flow layer, and ground water flow layer.  

Weill et al. (2011) coupled the surface-subsurface interaction to an existing flow model. 

In the integrated model same surface routing and mass transport equations were used for 

both hill slope and channel process, but with different parameterizations for these two 

cases. For the subsurface an advanced time- splitting procedure was used to solve the 

advection-dispersion equation for transport, and a standard finite element scheme was 

used to solve Richards equation for flow. A mass balance-based surface boundary 

condition was used to resolve surface-subsurface interaction. Surface transport was 

described by a diffusive wave equation analogous to that used in the flow model, and 

resolved by the same path-based Muskingum-Cunge scheme, whereas the subsurface 
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transport equation was solved by a time-splitting technique combining flux limited finite 

volume and a classical finite element scheme. 

2.3.3 Concluding Remark on groundwater model  

From the literature review, it is observed that most of the researchers used Richards 

equation for groundwater movement of the water. Richards equation is a parabolic 

nonlinear equation which is hard to solve analytically. Researchers have used different 

numerical method e.g. finite difference, finite element and finite volume methods for the 

solution of the Richards equation. Again for infiltration into dry soil, finite element 

method shows oscillatory results even mass is properly conserved (Celia et al. 1990). In 

this study we are going to study flux exchange between surface water and groundwater. 

Therefore finite difference method is used for coupling the two processes. Hence Bean 

and Warming ADI scheme is used for the solution of Saint- Venant equation and ADI 

scheme is used for the solution of the Richards equation. 
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Chapter 3 

Governing Equation  

3. Introduction:  

In this chapter, a detailed discussion about the different governing equation for 

developing the model has been presented. The main objective of the study is to develop 

a coupled surface-subsurface flow model for a river having the piedmont zone on the 

bed. There are three main components for developing this coupled model. One is free 

surface flow model which is described by popular Saint- Venant equation, the second 

one is the Green-Ampt. infiltration model, which is used to find out the water infiltrated 

through the piedmont zone and the last one is the subsurface flow model below the river 

bed which is described by the Richards Equation. The details of these equations have 

been described in the following sections. Towards the end of the chapter a flowchart 

related to the coupling of these equations has been given after discussing each equation. 

3.1 Governing equation for unsteady free surface flow model 

To describe open channel flow, there are basically three equations namely continuity 

equation, momentum equation and energy equation. The governing equations of 

gradually varied unsteady free surface flow are a set of nonlinear hyperbolic partial 

differential equations, which are extensively used to calculate either flow depth and 

velocity or flow area and discharge in a channel. These equations are named as Saint-

Venant equations or shallow water equations. The Saint-Venant equations were first 

stated in 1871 in a note to the Comptes-Rendus de l’Acad´emie des Sciences de Paris by 

Adh´emar Barr´e de Saint-Venant, a French engineer. This is one of the most popular 

models among hydraulic engineers to represent the dynamics of open channel flow. Two 

sets of equations are used in the shallow water equations namely continuity equation and 

momentum equation in the form of one dimensional, two dimensional and three 

dimensional as per field condition with some assumption, which are discussed below. 
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3.1.1 Assumption for developing governing Equation 

Following assumptions are made for derivation of governing equation (Choudhry H.M. 

2008) 

 The pressure distribution is hydrostatic. This is a valid assumption if the streamline 

do not have sharp curvature. 

 The channel bottom slope is small, i.e., the flow depth measured normal to the 

channel bottom or measured vertically are approximately the same. 

 The flow velocity over the entire channel cross section is uniform. 

 The channel is prismatic, i.e. the channel cross section and the channel bottom 

slope do not change with the distance. The variation in the cross section or bottom 

slope in a natural channel is generally handled by considering the channel as 

composed of several prismatic reaches. 

 The head loss in unsteady flow may be simulated by using the steady- state 

resistance laws, such as the Manning or Chezy equation, i.e. head losses for a given 

velocity during unsteady flow are the same as that of the steady state condition. 

The momentum equation consists of terms for the physical processes that govern the flow 

momentum. These terms are local acceleration term describing the change in momentum 

due to change in velocity over time, the convective acceleration term representing the 

change in momentum due to change in velocity along the channel, the pressure force term 

proportional to the change in the water depth along the channel, the gravity force term 

proportional to the bed slope S0, and the frictional force term proportional to the friction 

slope Sf. The local and convective acceleration terms represent the effect of inertial forces 

on the flow. 

The governing equation of unsteady free surface flow, i.e., the continuity and momentum 

equations in the conservation form, considering lateral flow, has been used by different 

investigators (Chow, et al. 1988, Strelkoff 1970, Choudhry H.M. 2008).  

0t x yU E F S     

h

U uh

vh

 
 

  
 
 

                
2 21

2

uh

E u h gh

uvh

 
 
  
 
 
 

                    

2 21

2

vh

F vuh

v h gh

 
 
 

  
 

 
 

           

TH-1792_11610413



Chapter 3 

Governing Equation 

 

29 

 

  

 
0

0

xx x

yy y

f l

f l

q

S gh s s m

gh s s m

 
 
    
 
 
   
 

               
2 2 2

4/3xf

N u u v
s

R


         

2 2 2

4/3yf

N v u v
s

R


  

where h is the water depth, u is the velocity in x direction, v is the velocity in y direction, 

N is the manning’s roughness coefficient, 0x
s is the bed slope in x direction 0y

s bed slope 

in y direction, 
xfs and 

yfs  are frictional slope in x and y direction respectively, R is the 

hydraulic radius, q is the lateral out flow or inflow,
xlm  and 

ylm  momentum loss (dynamic 

contribution of lateral discharge) in x and y direction respectively.  

In presence of piedmont zone, a significant amount of water is infiltrated through the 

river bed, and the infiltrated amount can be represented by an additional component in 

the source term. The source term of eq 3.1 can be modified as given below  
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0.5( )
xlm f q u        0.5( )

ylm f q v                     

f is the infiltration rate of water infiltrated through the piedmont zone, 
xlm  and 

ylm  

momentum loss because of infiltration (dynamic contribution of lateral discharge) in x 

and y direction respectively. The source term f is calculated from the Green-Ampt 

equation (eq. 3.2), which is discussed in the following section.  
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3.2 Governing equation for infiltration model 

Large number of infiltration models given by different researchers are available for 

calculation infiltration in ponded area, Out of these models, the Green-Ampt. model has 

been widely used by the researchers because of its accuracy and easy way of application 

(Chu in 1978, Smiles et al. in 1981, Dagan and Bresler in 1983 and Govindaraju et al. in 

1992). In the original Green-Ampt. equation, the height of the water depth (ponding 

depth) is neglected considering the assumption that infiltration rate is more than rate of 

water supplied. However, to calculate the infiltration rate in a river, this assumption may 

not be valid. Again, Freyberg et al. (1980) found that the effective suction head in Green-

Ampt. equation is a function of time, surface water depth, initial moisture content and 

soil type. Infiltration rate through the recharge zone is, therefore, calculated by using the 

following equations,   
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       3.3 

where Fc is the cumulative infiltration, h(t) is the water surface height which is a function 

of time and this time dependent h(t) is obtain from the water depth “h” computed from 

solution of eq. 3.1; ( )t is the time dependent effective suction head; s , o  are the 

saturated and initial soil moisture content respectively; sk  is the saturated hydraulic 

conductivity.  
*F  and 

*f  are obtained from the solution of the Richards equations 

(Reeder et al. 1980) as followed. 

The vertical soil moisture flow can be described by following form of Richard’s equation 

      1c k
t z z

 
 

     
       

                                  3.4 

where ψ is the suction head, 𝑐(𝜓) = 𝑑𝜃 𝑑𝜓⁄  is the specific moisture capacity, θ is 

moisture content, k(ψ) is the unsaturated hydraulic conductivity, z is the vertical space 
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coordinate, t is the time. After calculating the value of ψ, the infiltration rates are 

determined by applying the Darcy equation to the top layer of the soil column as per the 

following equation 

* ( )
1

( )
s

h t
f k

Z t

 
  

 
                                                                 3.5 

where h(t) is the surface water depth with time and Z(t) is the depth of the saturated zone,  

sk is the saturated  hydraulic conductivity of the soil at ground surface. f* is the infiltration 

rate that used in eq. 3.3. 

The water infiltrated through the piedmont zone is calculated by the eq. 3.2. The water 

infiltrated through the piedmont zone moves as groundwater below the river bed and 

joins the mainstream at downstream. The flow of this infiltrated water in the sub-surface 

layers is modelled by using the popular Richards equation and is described in the 

following section. 

3.3 Governing equation for ground water model 

Movement of the infiltrated water through the sub-surface layers forms another important 

aspect of the flow process. Water infiltrated through the piedmont zone moves below the 

river bed and joins the mainstream at downstream. The most common equation to 

describe the groundwater movement is Richards equation. Richards equation is expressed 

mainly in three forms. Pressure based Richard’s equation (eq.3.6), water content based 

Richard’s equation (eq.3.7) and mixed form Richard’s equation (eq.3.8). Numerical 

solution of pressure based Richards equation generally yields poor results because of 

large mass balance errors and erroneous estimation of infiltration depth (Celia et al. 

1990). Similarly, water content based method cannot be applied to saturated soil 

(Krikland et al.1992). On the other hand, numerical solution of mixed form Richards 

equation can be shown to possess conservative property, so that mass is properly 

conserved (Celia et al. 1990). This leads to significant improvement of numerical solution 

performance while requiring no additional effort. Different form of Richards Equations 

are given below (Celia et al. 1990) 

Pressure based Richards equation     
( )

( ) . ( ) 0
h K

c K
dt dz


  

 
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Water content based Richards equation     
( )

. ( ) 0
K

D
dt dz

 
 

 
                 3.7 

Mixed form Richards equation 
( )

. ( ) 0
K

K
dt dz

 
 

 
                  3.8 

where c(ψ) is the soil moisture capacity, k(ψ) unsaturated hydraulic conductivity, ψ is the 

pressure head, D(θ) is the unsaturated diffusivity and θ is the moisture content. 

3.3.1 Necessary soil parameters 

Van Genuchten’s (1980) model is used to describe the soil properties. The relationship 

between water content and pressure head (under tension) is given by (Van Genuchten, 

1980) 
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where α, n and m=1-1/n are the Van Genuchten parameters, whose values depend upon 

the soil properties. The parameter α is a measure of the first moment of the pore size 

density function (L-1) and n is an inverse measure of the second moment of the pore size 

density function. eS is the effective saturation, given by relationship 
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Based on Mualem’s (1976) model, the relationship between water content and hydraulic 

conductivity is given by (Van Genuchten, 1980) 
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2

1/ 1/2( ) 1 1
m

m

e s e ek s k s s                       3.11 

where sk is the saturated hydraulic conductivity.   

3.3.2 Grid-transformation: Groundwater model 

Richards equations are highly nonlinear equations and the analytical solution is not 

possible except for spatial cases. Finite difference and finite element are the most 

common numerical method to solve the nonlinear equations. Again, in finite difference 
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formulation solution are made in grid points. The determination of a proper grid for flow 

over or through a given geometric shape is extremely important for achieving the 

solution. The way that such a grid is determined is called grid generation. The solution 

of governing equation in non-uniform grid is a very difficult task because there is no 

direct way of solving the governing equation over a non-uniform grid in the context of 

finite difference method. However, it is possible to transform the non-uniform grid to a 

uniform rectangular grid with recasting of the governing partial differential equation into 

rectangular grid. As the flow domain below the river bed is not rectangular, for numerical 

solution of the Richard’s equation, it is necessary to transform the equation to a 

rectangular domain. Therefore in this study Richards equation has been derived in the 

grid transformation form by using the following steps (eq. 3.13 to 3.33). 

Mixed form of Richards equation can be expressed as given in equation 3.12 (Celia et al. 

1990).      
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For transformation of this equation from (x,z,t) space to (ξ,η,t) space, we need a 

transformation for the derivatives, i.e., we need to replace the x and y in the original 

partial differential equations with corresponding derivatives with respect to ξ and η. For 

replacing the 
x
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    

           
 

TH-1792_11610413



Chapter 3 

Governing Equation 

 

34 

 

2 2
K K K K

x x x x x x

       

     

                 
         

                    

    3.16 

2

2

K
K K

z z z z z

       
  

     
        3.17 

Figure below shows the transformation from x-z coordinate to ζ and η 

 

Figure 3.1 Transformation of grid from (x,z) to ( ζ,η) 

K K K

z z z

 

 

    
 

    
         3.18      

z z z

    

 

    
 

    
           3.19 

K K K

z z z z z z

      

   

           
    

           
 

2 2
K K K K

z z z z z z

       

     

                 
         

                    

    3.20 
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K K K
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K K K
x x y y x y x y

       

 

          

   

                  
                

                     

                  
           

                   


 
 

 

                        3.21 
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K K K

z z z

 

 

    
 

    
                    3.22 

Now, in the above expressions, 

2
K K

a
x x x

  

 

      
   

       

        3.23 

2
K K

b
x x x

  

 

      
   

       

        3.24 

22

c K
x y

     
    

     

         3.25 

22

d K
x y

     
    

     

         3.26 

2aa K
x x y y

           
      

         
                   3.27 

2 2

2 2
bb K

x y

   
  

  
          3.28 

2 2

2 2
cc K

x y

   
  

  
          3.29 

2
K K

pp
z z z

  

 

      
   

       

                                                     3.30
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K K
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z z z

  

 

      
   

       

                                                                3.31

K K
rr

z z

 

 

   
 
   

                                                                            3.32

                 

Thus, final expression of Richards equation after grid transformation is 
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   
2 2 2

2 2
a pp bb b qq cc c d aa rr

t

     

     

     
         

      
              3.33 

3.4 Coupling of all the governing equation: 

A detailed discussion of the governing equations has been presented in the above 

sections. Saint- Venant equation has been used to describe the free surface flow in the 

river; water infiltrated through the piedmont zone has been calculated by the Green-

Ampt. infiltration equation, and the movement of this infiltrated water has been described 

by Richards equation. These three equations are linked via exchange of flux f and water 

depth h obtained from free surface flow equation, infiltration rate f is calculated by Green 

Ampt equation and is used as the input flux for the Richards equation. The computed f is 

used in the free surface model as the source term to compute the new values of flow 

parameter and the process is repeated. The contribution of ground water to the surface 

flow is considered from the time when the infiltrated water again emerged as the surface 

water at a downstream point. A flow chart related to coupling of these equations is 

presented in fig 3.2.        

3.5 Conclusion 

In this chapter, the governing equations for the development of the mathematical model 

considering groundwater recharge zone have been discussed. For developing this model, 

three governing equations- shallow water equation for unsteady flow, Green-Ampt. 

infiltration equation for infiltration model and Richard equation for groundwater 

movement have been considered. As the computational domain, below the river is not of 

rectangular shape, therefore, Richards equation has been derived for the grid 

transformation from.  
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         Flow chart for coupled free surface flow- infiltration-subsurface flow model 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2 flow chart for coupling of all three models 
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                                              Chapter 4 

Solution of Governing Equation 

4.1 Introduction  

This chapter deals with the solution of the governing equations. The 1-D and 2-D 

continuity and momentum equations used in this study are a set of hyperbolic equations.  

These equations are nonlinear partial differential equations, which are not amenable to 

analytical solution except for very simplified cases. Previously, a numbers of numerical 

methods have been used by different researchers to approximate the Saint-Venant 

equation. Characteristic equation, finite difference, finite element and finite volume are 

the numerical methods used for numerical integration of Saint-Venant equation. Out of 

all these schemes, finite difference schemes are extensively used by the researchers due 

to its ease of application and programming and also for giving satisfactory results in 

different hydrodynamic problems. 

Richards equation, which is used to study the moisture content, is a nonlinear parabolic 

equation and cannot be solved analytically without simplification. Again, simplification 

gives erroneous results. Hence, it is better to solve the equation numerically. As Richards 

equation is highly nonlinear, the explicit solutions does not generating true results, unless 

sufficiently small discretization in time is made for a decided space discretization to 

maintain stability. So, researchers are using various implicit finite difference methods for 

the solution of the equation.  

In the following section, a detailed discussion about the solution of governing equations 

is presented. As the nature of the governing equations is different e.g. Saint- Venant 

equation is hyperbolic and Richards equation is parabolic in nature, therefore, same 

numerical scheme may not be suitable in respect of accuracy and computational time. 

Each of the governing equations is therefore solved separately using numerical scheme 

that is suitable for its solution, and thereafter necessary parameters from one model are 

used as the input for the other model.  A flow chart regarding coupling of these model 

was discussed in previous chapter. 
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4.2 Numerical formulation of free surface flow model by finite difference method 

In Saint-Venant as well as in some other non-linear partial difference equations, among 

all the numerical methods, finite difference methods have been extensively used by the 

investigators. Finite difference schemes are of two types- explicit scheme and implicit 

scheme. In finite difference scheme for solving partial differential equation, the 

calculations are performed on a grid, placed over x-y-t plane. The x- y-t grid is a network 

of point defined by taking the distance increments of length ∆x and ∆y, and the time 

increments of duration ∆t. The x and y directions are designated by the subscripts i and j 

respectively and the t direction is designated by the subscript k. Flow variable at known 

time level is denoted by subscript k and that in unknown time level by k+1. A detailed 

sketch about the space and time discretization of the finite difference method is shown in 

fig 4.1 

 

Figure 4.1 Finite difference Method 

Though the explicit schemes are relatively simple to set up and program, the main 

disadvantage of explicit schemes is time step limit, i.e. for the explicit approach, once 

the ∆x is chosen, ∆t is not an independent and arbitrary choice; rather ∆t is restricted to 

be equal to or less than a certain value prescribed by the stability criterion. In many cases, 

TH-1792_11610413



Chapter 4 

Solution of Governing Equation 

 

40 

 

very small time step is maintained for stability resulting large computer running time to 

complete the calculation over a given time interval. However, for the implicit scheme, 

one can go for much larger time step than that for the explicit scheme. Therefore, use of 

implicit scheme reduces the time step in comparison to the explicit scheme. 

4.2.1 Beam and Warming implicit scheme  

In the implicit finite-difference schemes, the spatial partial derivatives and the coefficient 

are replaced in terms of the values at unknown time level. Beam and Warming (1976) 

developed them for the solution of hyperbolic system in conservation-law form and they 

have been used in computational fluid dynamics. The scheme is non-iterative, which 

results in considerable saving in computation time, spatially in multidimensional 

problem. This scheme is an implicit scheme, which is second order accurate in time and 

can be made second or fourth order accurate in space.  

Later, various researchers e.g. Molls et al. (1995), Molls and Zhao (2000), Kassem and 

Chaudhry (2005) and Kalita et.al (2014) applied this scheme for the solution of unsteady 

free surface flow problem and found satisfactory results.  

4.2.1.1 Formulation of 1-D Saint-Venant equation with Beam and Warming implicit 

scheme 

Beam and Warming scheme used in this study is described below (Chaudhry, 2008)  

1 -
2

k k

k

t

t P E
I B U t S

x x


      
         

      
                   4.1 

where I is the identity matrix, P and B are the Jacobians of E and S respectively and given 

as 

0 1

2- 2
P

gD u u

 
  
 
 

           
 2 1.33 2 1.33

0

0 0

- -1.33 | | / | |/
B

gS gn uu R gn u R

 
 
 
 
 

                 4.2 

For correct signal transmission, the matrix P and E may be split as 

P=P++P–, E=E++E–       4.3 

where P+=MD+M–1; P–=MD–M–1; Ex
+=P+Ux; Ex

–=P- Ux  
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0

0 -

u c
D

u c

 
  
 

  is the diagonal matrix of Eigen values of P and 

1/ (2 ) -1/ (2 )

( ) / (2 ) -( - ) / (2 )

c c
M

u c c u c c

 
  

 
         4.4 

Substituting the values of eq. (4.3) into eq. (4.1) 

   - 1 --
2

k k

k

t

t
I P P B U t E E S

x x

  
      
                 

      4.5 

Finite Difference form of equation (4.5) may be written as 

 - -1 1 - -
2 2

k
k

k

x x i t i x i x i

t t tkI P P B U P U P U tS
x x

 
                         

 

                         4.6 

where, -1-x i iP P P          and      
- - -

1 -x i iP P P  .  

The left-hand side of eq. (4.6) constitutes the block tridiagonal system for each time step 

which is solved by using Thomas algorithm. 

4.2.1.2 Formulation of 2-D Saint- Venant equation with Beam and Warming implicit 

scheme 

2-D Saint- Venant equation from eq 3.1 

 0t x yU E F S     

The system of eq. 3.1 may be solved by using time-difference approximations of the 

general form 

1 -1

1 1-
-

1 1 1

k k k

k k U U U
U U t

t t t

  

  




        

         
            

                   4.7 

In which γ and µ are the parameters leading to a variety of scheme. Substituting for 
U

t





in terms of source and flux terms E, F, S yields  
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1 1

1 1

1 1 1

k k k

k k E F E F t U
U U t s s

x y x y t

  

  

 


           

             
             

        4.8 

Using local Taylor series expansion for E, F, S yields 

 1 1 -k k k k kE E A U U         1 1-k k k k kF F BB U U      1 1 -k k k k kS S Q U U         

                 4.9 

Where A, BB and Q are the jacobian of E, F and S respectively  

E
A

U





  
F

BB
U





   
S

Q
U





     4.10 

Putting the values eq. 4.9 and eq. 4.10 in eq. 4.7 

1 1 1

-1

1
1

-
11

-
1 1

k k k k k k

k

k k

k

k k k k k k
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 
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 

  



   
   

      
                                

 

Transposing the dependent variable at advanced time level to the left hand side of this 

equation yields a linear system for 1kU   

1

1

k k k kI t A B Q U
x y






   
    

    
 

-1
1

-
1 1 1

k k

k k k k E F U
I t A B Q U t S t

x y x y t

 

  

         
               

            
   

                          4.11 

where, I is the identity matrix. By using forward difference operator 
1 1k k k

tU U U   

eq. 4.7 becomes 

1 1
-

1 1 1

k

k k k k k

t t

E F
I t A B Q U t S U

x y x y

 

  


       
              

          
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                                    4.12 

The above algorithm is said to be in delta form, the flow variable, U, exist only in 

increments of U between two time levels. The principal advantage of this formulation is 

the computational efficiency due to reduction in number of terms.  

1

,

k

i jU   is obtained by adding 
k

tU  to 
,

k

i jU  values for the last time step values. The flow 

variables obtained from this sequence are in the form h, uh and vh. The primitive flow 

variables h, u and v are then obtained by solving the following equations 

1 1

, , ,

k k k

i j i j t i jh h h    

   
1

, ,1

, 1

,

k k

ti j i jk

i j k

i j

uh uh
u

h







 
  

   
1

, ,1

, 1

,

k k

ti j i jk

i j k

i j

vh vh
v

h








  

4.2.2 Artificial viscosity 

The solution obtained by a finite- difference scheme has a dissipative error if the leading 

term of the truncation errors in the scheme has even derivatives and the solution has 

dispersive errors if the leading term has odd derivatives. The dispersive errors usually 

produce oscillations in the computed results in the vicinity of steep wave fronts. These 

oscillations are purely due to numerical errors and have nothing to do with the physical 

phenomenon being simulated. To smooth these oscillations, the artificial viscosity is 

added to the scheme. Artificial viscosity model is used in the Beam and Warming scheme 

by adding the following equation to the RHS of eq. 4.12 

   ,
1 11 1 1 1

, 1 , -1 1, -1,,- -2 2i j
k kk k k k

i j i j i j i ji jAv CT L L L LL L    
 

 
  

     

For one dimensional flow the following term is added to the RHS of the eq. 4.6 

 11 1
1 -1,-2 kk k

i ii jAv CT L LL  


 
  

   

In this case, CT is the regulating coefficient in the order of (0-0.4) 

TH-1792_11610413



Chapter 4 

Solution of Governing Equation 

 

44 

 

4.3 Numerical solution of Richards equation  

Richards equations are highly nonlinear equation and analytical solution is not possible 

except for special cases. Finite difference and finite element are the most common 

numerical methods to solve nonlinear equation. For infiltration into dry soil, finite 

element method shows oscillatory solution. Different researchers showed that explicit 

scheme is not suitable to solve Richards equation and from the literature, it is observed 

that different implicit schemes were used by the investigator (Perrens and Watson 1977, 

Celia et al. 1990, Lim and Lee 1993, Hanks and Bowers1962). It is found from the 

literature that Alternate Direction Implicit (ADI) scheme was used by different 

researchers to solve one dimensional Richards equation and 2-D pressure based Richards 

equation (Cooley 1971, Parissopoulos and Wheater 1988, Perrens and Watson 1977, 

Weeks et al. 2004) and yield satisfactory results. In this model this scheme is applied to 

solve the 2-D mixed form Richards equation.  

4.3.1 Formulation of 2-D Richards equation by Alternate Direction Implicit scheme  

The numerical discretization of this equation by finite difference method leads to a 

nonlinear set of equation. Gottardi and Venutelli (1993) derived the finite difference 

approximation of 1-D Richards equation with the help of ADI scheme. Researchers 

(Cooley in 1971, Weeks et al. in 2004, Clement et al. in 1994, H, An et al. in 2011) have 

used Iterative Alternate Direction Implicit (IADI) scheme for solution of 2-D and 3-D 

Richards equation. This scheme is time consuming because of its iterative nature. To 

reduce computational time, non-iterative Alternate Direction Implicit scheme (ADI) 

which has been used by different researchers (Anderson 1995, LeVeque in 2005, 

Paceman and Rachford 1955, Strang 1968) to solve other parabolic equation is used in 

this study to solve 2-D Richards equation and the step involved in deriving the 2- D 

Richards equation by ADI scheme is discussed below. Finite difference discretization of 

Richards equation is 

   

 

1, 1 1, 1/2 1, 1/2
, , -1/2, 1, 1/2 1, 1/2 1, 1/2 1, 1/21/2

-1, , 1, ,2 2

1, 1/2 1, 1/2

, -1/2 , 1/21, 1 1, 1

, -1 , , 12 2

-
- -

( ) ( )

-
( ) ( )

k m n k m k m
i j i j i j k m k m k m k mi

i j i j i j i j

k m k m

i j i jk m k m k

i j i j i j

K K

t z z

K K

x x

 
   

  

     
       



   

    



 
  

 
 

 
1, 1/2 1, 1/2

1/2, -1/2,1, 1 1, 1

,

-
- -

k m k m

i j i jm k m

i j

K K

z


   

  



 

            

    4.3.1 
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 1, 1 1, 21, 1 1,
, ,, , - 0( )k m k m k m k m

i j i ji j i j

d
dh


                  4.3.2 

d
c

dh


  and   1, 1, 1 1,

, ,, -k m k m k m
i j i ji j       

Substituting the value of eq.4.3.2 into eq.4.3.1, it results  

 

 

1,1, 1,
, , -1/2,1, 1/21, 1, 1 1, 1 1, 1 1, 1

, ,-1, 1,, 2 2

1, 1,
, -1/2 , 1/21, 1 1, 1

,, -12 2
)

-1
- -

,( ) ( )

-
( ( )

k mk m k k m
i j i j i jk m ik m k m k m k m m

i j i ji j i ji j

k m k m
i j i jk m k m

i ji j

K K kc
i jtt z z

K K

x x

 
    

 

 
        



 
   

  
  

   

  
  

 
 

 
1, 1,

1/2, -1/2,1, 1 1, 1
,, 1

-
- -

k m k m
i j i jk m k m

i ji j

K K

z
 

 
   

 

 

 

 4.3.3 

The coefficient matrix generated from above equation is pentadiagonal. The solution 

procedure for the pentadiagonal system of equation is very time-consuming. To 

overcome this difficulty, the alternate direction implicit method or ADI method is used. 

This algorithm produces two sets of tridiagonal simultaneous equations to be solved in 

sequence, which is shown in eq. 4.3.3(ii) and eq. 4.3.3(iv).  

   
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1, 1,
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      4.3.3(i) 

  

 

where 

1, 1, 1/2 1, 1, 1/2 1, 1, 1/2 1,

, , -1 , , , , 1 ,

k m k m k m k m k m k m k m

i j i j i j i j i j i j i jRR              

    4.3.3(ii) 
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where       
1, 1 1, 1 1,

, , ,-n m n m n m

i j i j i jh h       

The solution procedure starts with the solution of the tridiagonal system (Eq. 4.3.3 

(ii)).The formulation of eq. 4.3.3(ii) is implicit in the x-direction and explicit in the z- 

direction; thus the solution at this stage is referred to as x sweep. Solving the tridiagonal 

system of eq. 4.3.3 (ii) provides the necessary data for right-hand side of eq. 4.3.3 (iv) to 

solve the tridiagonal system of eq. 4.3.3 (iv). In this equation, the finite difference 

equation is implicit in the z-direction and explicit in the x-direction and it is referred as 

the z sweep.  

4.4 Conclusion 

In this chapter, we have discussed the solution of the governing equation. The governing 

equations are nonlinear in nature and therefore exact solutions are very difficult if not 

impossible. Therefore, numerical methods are used for the solution of the governing 

equations. The equations are first solved separately with different numerical methods 

which are suitable. Beam and Warming implicit finite difference scheme has been 

applied for solution of the shallow water equation coupled with Green-Ampt. infiltration 

equation. This method is not time-consuming like other implicit methods as it does not 

involve iteration process. Again, for the solution of the Richards equation, ADI scheme 

is used. Therefore, in this chapter, a brief discussion about the formulation of the Beam 

and Warming scheme for Saint-Venant equation and the ADI scheme for Richards 

equation are presented and based on this discussion, numerical forms to be used in this 

study are confirmed.  
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  Chapter 5 

Model Development and Validation  

5.1 Introduction 

This chapter contains the development of coupled surface–subsurface flow model 

considering piedmont zone in the river bed. The model was first developed by using the 

governing equations, discussed in chapter 3 and solution of the governing equations were 

made as per the numerical method discussed in the chapter 4. The boundary conditions 

and the initial conditions used for developing the model are discussed in this section. 

After development of the individual models, they are linked via exchange of flux and 

details of the same is discussed in this chapter. Model validation is presented towards 

end of this chapter.  

5.2 Development of free surface flow model 

5.2.1 Initial condition 

A two-dimensional unsteady flow model is developed considering the infiltration zone 

in the river bed. The assumptions of the governing equations are considered during the 

development of the model. In the development of mathematical model one needs to 

clearly state all those sensible assumptions, which are essential for model implementation 

in a real river and yet provide useful result. The channel with piedmont zone has been 

considered as straight one with mild slope. To obtain the flow profile at time t=0, i.e. just 

at the beginning of the unsteady flow, a steady gradually varied flow profile is computed 

for the initial steady state discharge and is used as the initial condition.  

5.2.2 Boundary condition 

For the solution of the governing equations in grid system by using a numerical method, 

it is important to know the values of the independent parameters at the boundary of the 

domain. Boundary conditions are necessary to define the interaction of the site-specific 

model with entire flow system. 
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Commonly, three types of boundary conditions are encountered in the solution of partial 

differential equations, namely, Dirichlet boundary conditions, Neumann boundary 

conditions and Robin boundary conditions. Numerical form of Saint-Venant equation 

can be solved in the interior grid points only. It is not possible to solve at the boundaries 

without using the boundary conditions. Therefore, two boundary conditions are required 

to calculate the flow parameters at the boundaries. One is upstream boundary condition 

and other is downstream boundary condition. An additional boundary condition known 

as intermediate boundary condition will also be required if we consider the lateral 

outflow and inflow of water in the main stream. 

5.2.2.1 Upstream boundary Condition 

The discharge hydrograph as shown in fig 5.1 has been taken as the upstream boundary 

condition for the hypothetical river reach. The discharge hydrograph shown in the figure 

is the total discharge of the river w.r.t time which is distributed equally in each upstream 

grid, as the cross section of the river is considered rectangular and effect of side friction 

on discharge variation across the channel is neglected.   
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Figure 5.1 Upstream boundary condition 
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5.2.2.2 Downstream boundary condition  

To calculate the flow parameters at the downstream boundary, we have used two 

equations the positive characteristic equation [Eq. 5.1] and the Manning’s equation [Eq. 

5.2] 

1 1

, 1 , 1 , 1 , 12 2k k k k

i j i j i j i jC Cu u  

      ,          For
dx

u C
dt

   

 

                       5.1 

2 2

3 3
1

fu y s
N

                                                                                          5.2
 

where, ,

k

i ju  is the velocity at (i,j)th grid in space and kth grid in time. ,

k

i jC is the celerity at 

(i,j)th grid in space and kth grid in time. Celerity C is computed by using expression for 

rectangular channel as C gy , where g is the acceleration due to gravity and y is the 

flow depth. 

In case of availability of water level at any control section at downstream, the 

downstream boundary condition can be replaced by flow depth at that control section. 

Extrapolation technique  

The unknown flow variables at the downstream boundary can also be evaluated by 

extrapolation from the interior domain (Anderson et. al 1984). The extrapolation may be 

considered as first order or second order as given below,  

 For first order extrapolation, value of any variable (f) at ‘n’ node will be,  

f (n) =f (n-1)                                                                                                     5.3  

Similarly, using second order extrapolation,  

f (n) = 2 f (n-1) – f (n-2)                                                                                                            

5.2.2.3 Intermediate boundary condition 

Once the flow reaches the piedmont zone, the flow process changes. Therefore, an 

intermediate boundary condition was introduced at the upstream of the piedmont zone. 
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This intermediate boundary condition is solved by the positive characteristic equation 

and manning’s equation as discussed earlier in case of downstream boundary condition.  

5.2.2.4 Reflective boundary condition 

For 2-D flow, one more boundary condition is required which is known as solid boundary 

having no flow through it. The solid banks are simulated as free slip boundaries (Klonidis 

and Soulis 2001). The values of h and u are extrapolated from the interior domain. For 

enabling no cross flow through the boundaries, v value is set to zero. The reflective 

boundary condition is implemented by creating dummy cell at the end of the surface, as 

shown in fig 5.2. The direction of normal velocity component is altered here to have zero 

resultant velocity at the solid wall.   

 

Figure 5.2 Reflective boundary condition 

The value of the flow variable at dummy cell is given by,  

h (i-1, j, k)= h (i+1, j, k)  

u (i-1, j, k)= u (i+1, j, k)  

v (i-1, j, k)= -v (i+1, j, k)         
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5.3 Development of groundwater model 

This study aims to develop a surface–subsurface flow model considering the groundwater 

recharge zone on the river bed. As the piedmont zone is developed at the foot of a hill, 

therefore an assumption is made that water infiltrated through the recharge zone moves 

along the river only. The amount of water, which is infiltrated through the piedmont zone, 

is calculated with the help of Green- Ampt infiltration model. This water moves as 

groundwater below the river bed and it is described by well-known Richards equation.  

Therefore, after developing the free surface flow model along with infiltration model, a 

groundwater model is developed and linked with the surface water model to describe the 

flow condition as discussed earlier in section 3.4 of chapter 3. Details of the groundwater 

model are discussed below: 

5.3.1 Boundary condition 

The boundary condition for groundwater model is shown in fig 5.3. Dirichlet and 

Neumann type of boundaries are considered. As shown in the figure below, a time-

dependent flux Q(t)  (Neumann boundary) is applied over the length of 200 m and the 

remaining river bed is considered to have neither infiltration nor evaporation losses i.e. 

no flow boundary is applied (Dirichlet boundary). Again, no flow boundaries are applied 

on the upstream side and the groundwater table is considered at the bottom. Fig 5.4 below 

shows the detail of the boundary conditions. 

 

Figure 5.3 Boundary condition for groundwater model 
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5.4 Coupling of unsteady free surface flow model with groundwater model 

After developing the above two models, they are linked through exchange of flux 

between them. Water infiltrated through the piedmont zone which is calculated from 

Green-Ampt. infiltration model, is considered as the input flux for groundwater model. 

This infiltrated water moves as groundwater below the river bed and after some time it 

again joins the mainstream at downstream of the river. Infiltration rate (f) is calculated 

from eq. 3.2 and is used as the input flux for Richards equation in the infiltrated area. 

Unsteady flow model with piedmont zone is run simultaneously with the groundwater 

flow model until it reaches a steady state with constant infiltration rate. Beyond this point 

the groundwater model is run with the constant infiltration rate as the input flux. Surface 

water model is again activated when the groundwater starts to contribute the mainstream 

at far downstream. This approach has helped in reducing computational time and has 

made the computation faster.  

5.5 Validation of the model  

Utilizing field data and laboratory data available at different sources, the model is 

validated in two parts. One part deals with the unsteady flow model considering the 

infiltration through river bed and the other part deals with the groundwater movement of 

the infiltrated water.  

5.5.1 Validation of free surface flow model with piedmont zone  

Because of economic constraints and other difficulties of installation, sufficient numbers 

of gauging stations are not available in most of the tributaries of Brahmaputra Basin. 

Therefore, the proposed model has been validated using published field data of Trout 

Creek River (Niswonger et.al 2005). Trout Creek is a mountain front stream that drains 

the north-west flank of Battle Mountain near Valmy, Nevada. It is a high gradient river 

with a very low depth of flow. Mountain front streams may not follow same hydraulic 

conductivity throughout the river because of decrease of sediment size. In general 

hydraulic conductivity decreases downstream in mountain front stream. However, near 

the piedmont zone the hydraulic conductivity do not increase because of poorly sorted 

debris flow deposits acting like a sieve to infiltrating water. Three values of hydraulic 

conductivity have been used for the model as per Table 5.1 (Niswonger et al. 2005). The 

coupled free surface flow -infiltration model is used to calculate the flow parameters e.g. 
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discharge, water surface elevation in the river reach of length 11.7 km. Discharge 

hydrograph (Fig 5.4) measured above Marrigold Mine (Niswonger et al. 2005) is used as 

the upstream boundary condition. A uniform flow of 0.046 m3/s and 0.13 m3/s is used as 

an initial condition for the year of 2000 and 2004 respectively. Parameter values used in 

the Green-Ampt. model for calculating water infiltration through the river bed is shown 

in Table 5.2. Values of flow parameters at downstream boundary are calculated by using 

the characteristic equations as described in eq. 5.1 and eq. 5.2. Model results were 

observed to be in good agreement with the observed field data (Fig 5.5). 
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Figure 5.4 Upstream boundary condition (a) For the date of 13/04/2000 (b) For 

the date of 24/03/2004 

Table 5.1 Variation of hydraulic conductivity with distance 

Distance of the river in km from 

upstream of the river 

Hydraulic conductivity in m/s 

5.88 km 0.000005 

3.22 km 0.000007 

2.1 km  0.00001 

 

 

 

 

Table 5.2 Parameters used in Green-Ampt. Model 
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  Figure 5.5 Comparison of model data with field data 

5.5.2 Validation of the groundwater model 

The groundwater model is validated with the experimental data of Vaculin et al. (1979). 

This example is selected to verify the performance of the groundwater model. The flow 

condition of the given problem is two-dimensional, transient, variably saturated flow. 

The flow domain consisted of a rectangular soil slab, 6.00 m × 2.00 m, with an initial 

horizontal water table located at a height of 0.65 m. At the soil surface, a constant flux 

of q = 3.55 mday-1 was applied over a width of 1.00 m in the centre. The remaining soil 

surface was covered to prevent evaporation losses, because of the symmetry, only one 

side (here the right side) of the flow domain needs to be modelled. As illustrated in fig. 

5.6, the modelled portion of the flow domain is 3.00 m × 2.00 m, with no-flow boundaries 

on the bottom and on the left side (accounting for the symmetry). At the soil surface, the 

constant flux of 3.55 mday-1 is applied over the left 0.50 m of the top of the modelled 

domain. The remaining soil surface at the top is a no-flow boundary. The water level on 

the right face of the block is maintained at 0.65 m. As this problem has a steady-state 

solution (both experimental (Vauclin et al., 1979) and numerical) without the 

Parameter Values 

Hydraulic conductivity As per table 1 

Initial water content 0.072 

Saturated water content 0.036 
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development of a seepage face, a no-flow boundary is used above the water table on the 

right side of the domain. 

 
            Figure 5.6 Detailed of Vauclin et al. model 

From Vauclin et al. (1979), the soil properties used in the model are a saturated hydraulic 

conductivity of 8.40 mday-1, a porosity of η = θs = 0.30, and a residual saturation of θr = 

0.01. The Van Genuchten (1980) model is fitted to the water retention and the relative 

hydraulic conductivity data given by Vauclin et al. (1979); the estimated values for the 

soil properties are α= 3.3 m-1 and n = 4.1. 

Specific storage may be neglected for this problem because changes in storage are 

facilitated by the filling of pores, which overshadows the effects of compressibility for 

the vertical extent of this flow domain; hence, the specific storage coefficient is set to 

zero. The nodal spacing in the x and z directions are ∆x = 0.10 m and ∆z =0.05 m, 

respectively. The soil system is assumed to be initially at hydrostatic equilibrium with 

respect to the water table throughout the flow domain.  Transient positions of the water 

table are compared with the experimental results presented by Vauclin et al. (1979) in 

fig. 5.7, which indicates that there is an excellent agreement between the transient water-

table positions predicted by the algorithm and those observed. 
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        Figure 5.7 Comparison between Vauclin et al. experimental data and present model 

5.6 Conclusion 

In this chapter, a detailed discussion about the model development and its validation are 

discussed. The assumptions that are made in the governing equation are also maintained 

in the development of the model. Different types of boundary conditions are applied for 

development of the model. As the field data and experimental data are not available for 

coupled model (surface water- infiltration- groundwater model) the developed model is 

validated in two parts. First part considers the unsteady flow with piedmont zone is 

validated with field data of Trout Creek River and the second part where groundwater 

simulation considered is validated with Vaculin et al. experimental data. From the 

comparison of the results it has been found that there is good agreement between them  
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   Chapter 6  

Model Application  

6.1 Introduction 

The coupled model developed in chapter 5, i.e., the coupled surface-subsurface flow 

model with piedmont zone in the river bed can be represented as given below: 

 

Figure 6: Flow chart of the developed model 

From the above figure it is cleared that model is developed in two components i.e. one 

component is unsteady flow model with piedmont zone in the river bed and other is 

subsurface flow model. 

Unsteady flow with piedmont zone is described by Saint-Venant equation and Green-

Ampt equation. The two equations are  

0t x yU E F S   

Three equation has been used

Coupled model

Subsurface flow model below river bed
Unsteady flow model with piedmont 

zone

Saint- Venant equation with Grren-

Ampt equation (Beam and Warming 

scheme has been used for solution) 

Richards Equation (ADI scheme 

has been used for solution) 
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 Subsurface flow below the river bed is described by Richards equation 
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K
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 
     

 Details of all these governing equations are already discussed in chapter 3(Governing 

equation). These equations are nonlinear and analytical solutions are not available 

without simplification. Therefore the above equations are solved numerically and details 

of numerical solution of the above equations are discussed in chapter 4 (Numerical 

solution of governing equation)   

The model developed through numerical simulation of above equations is first applied   

to a hypothetical case.   To visualize the effect of piedmont zone on surface flow, the 

model result obtained for flow depth, river discharge and water surface elevation with 

the consideration of piedmont zone and without consideration of piedmont zone are 

compared and presented in this chapter.  
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For convenience of model application input data required are tabulated below 

Table: 6.1 Input data required to run the model 

Classification of 

Parameters 

Parameters 

Hydrological 

Parameter 

Upstream boundary condition, Initial condition, Hydraulic 

conductivity of the piedmont zone, Downstream boundary 

condition,  

Topographical 

Parameter 

Bathymetry of the river, C/S area of the river, width of the river, 

Length of the riverbed slope, area of piedmont zone, location of 

piedmont zone 

Hydrodynamic 

Parameters  

Manning’s roughness coefficient 

As the flow in the Himalayan Rivers like rivers of Brahmaputra Basin may range from 

very high discharge in the monsoon to a very low discharge in the non-monsoon period, 

possible effect of such varying discharge is also investigated by running the model for 

high and low discharge.  

To ascertain applicability of the model in different situations, developed coupled model 

is applied to a hypothetical river reach for following variations in its subsurface layers. 

a) Piedmont zone with homogeneous subsurface soil formation. 

b) Piedmont zone with layered subsurface soil formation with following cases 

I. with increasing hydraulic conductivity from top most layer to bottom       

most layer 

II. with decreasing hydraulic conductivity from top most layer to bottom 

most layer 

III. Arbitrarily varying hydraulic conductivity in different layer.  
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To examine effect of different involved soil parameters such as hydraulic conductivity 

and capillary fringe on different flow variables, a sensitivity analysis for these parameters 

is carried out in a systematic manner. 

 After ascertaining its applicability in different situations and having an understanding 

about the sensitive parameters, the model is applied to a 2nd order tributary of 

Brahmaputra River having a piedmont zone in it.  

6.2 Model application on hypothetical case 

The coupled two-dimensional surface-subsurface flow model with piedmont zone in the 

river bed is applied to a hypothetical case. The length of the hypothetical channel 

considered is 2.00 km and of width 200m. A piedmont zone of area 200m × 200m is 

considered at a distance of 1.00 km from the u/s through which water is infiltrated. This 

infiltrated water moves as groundwater and joins the river at downstream. Three different 

slopes are considered in the river reach. The lengths of the reaches are 1.00km, 500 m 

and 500 m for upper, middle and lower reaches respectively. Correspondingly, their 

slopes are 1:2000, 1:3000 and 1:2500. The flow hydrograph shown in chapter-5 (fig. 5.1) 

is used as the upstream boundary. 

6.3 Results obtained from hypothetical case 

Results obtained from hypothetical cases are discussed below. The coupled surface-

subsurface flow model with piedmont zone, developed in chapter-5, has been used to 

study the effect of presence of piedmont zone on different flow variable e.g. water surface 

elevation, depth hydrograph, discharge are discussed in details in this section. The flow 

behaviour of infiltrated water in subsurface is also discussed in details in this section with 

the help of groundwater component of the model developed in the previous chapter.  

6.3.1 Water surface elevation 

Spatio-temporal variation of water surface elevation is discussed in this section. Fig 6.1 

(a) shows the 2-D plot water surface elevation for two different cases-1) without 

considering piedmont zone and 2) with considering piedmont zone. For proper 

visualisation in fig 6.1 (a), centre line of water surface elevation is plotted in fig 6.1(b). 
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From this figure, we have noticed that because of the presence of piedmont zone, water 

surface elevation downstream of the piedmont zone decreases. This happens because a 

significant amount of water is infiltrated through the permeable zone and moves as 

groundwater. The fig 6.1 (c) shows the centre line of water surface profile at different 

time steps. Plotting of centre line profile is preferred, as the difference among the 

different time dependent water surfaces is not visible clearly in 2D plot. This plot 

basically shows the transition phase of the water surface profile when the flood 

hydrograph travel through the channel. From this figure, it is seen that water surface rises 

up to a time step of 2000 and then decreases and remains constant at time step 5000. The 

figure thus shows that the river reaches a steady state after elapse of 5000 time step. 

Figure 6.1(d) represents the water surface elevation for different values of hydraulic 

conductivity. Compression of the graph reveals that the water surface elevation at the 

downstream of the recharge zone decreases with increase in the value of hydraulic 

conductivity ‘k’. 

 

Figure 6.1(a) 2-D plot of water surface elevation for two different cases 
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Figure 6.1 (b) Water surface elevation for two different case   
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Figure 6.1 (c) Water surface elevation at different time step 
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Figure 6.1 (d) water surface elevation for different values of hydraulic 

conductivity 

6.3.2 Depth hydrograph 

This section presents depth hydrograph for the centreline for different conditions. Fig 6.2 

(a) shows the depth hydrograph with piedmont zone and without piedmont zone. From 

this figure, we have seen that because of the presence of piedmont zone peak of the depth 

hydrograph decreases. The percentage decrease of depth hydrograph due to the presence 

of piedmont zone is approximately 1.5% of hydrograph without piedmont zone. Fig 6.2 

(b) describes the depth hydrograph for different K values of piedmont zone.  

6.3.3 Discharge hydrograph 

In this segment, we are discussing the effect of discharge hydrograph with hydraulic 

conductivity. Fig 6.3 (a) shows the discharge hydrograph 1) considering piedmont zone 

and 2) ignoring the effect of piedmont zone together for better visual comparison at 1.3 

km section. From these figures, it is seen that due to the presence of recharge zone in the 
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river, reduction in peak discharge is in the order of 2 m3/s, which is approximately 7% of 

the peak flow without considering recharge zone. Fig 6.3 (b) shows the discharge 

hydrograph corresponding to 3 different values of hydraulic conductivity. From this 

figure, it is revealed that with the increase in hydraulic conductivity peak of the discharge 

hydrograph decreases.  
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             Figure 6.2 (a) Depth hydrograph for two different case 
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   Figure 6.2 (b) Depth hydrograph at different values of k 
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Figure 6.3 (a) Discharge hydrograph for two different situations 
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Figure 6.3 (b) Discharge hydrograph for different values of k 

6.3.4 Infiltration  

In this section, a detailed discussion of the infiltration is made. Fig 6.4(a) presents rate of 

the infiltration with different values of hydraulic conductivity at the centre line. These 

graphs describe the infiltration rate with three different values of hydraulic conductivity. 

This figure, shows dependency of infiltration rate on the hydraulic conductivity 

6.3.5 Rise of ground water table for homogeneous soil 

Fig 6.5 describes the rise of centre line of the groundwater table below the channel bed 

at different time step starting from 5hr to 150hr. From this figure, it is seen that with the 

increase of time, water table rises. At 150hr upstream water rises to a height of 2.25m 

and at the downstream, it starts to rise.  Here hydraulic conductivity is taken as 0.0005 

m/s. The length of the flow domain below the river is 1000m, and depth is 4 m at 

upstream boundary, and 0.4 m at downstream boundary i.e. the shape of the flow field 

below the river bed is trapezoidal.    
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Figure 6.4 Volume infiltrated per unit length 
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Figure 6.5 Rise of water table 
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6.3.6 Rise of water table for layered soil 

Model has been tested for different layered soil formation which are shown below 

Case 1 

Decreasing hydraulic conductivity from top layer to bottom layer. 

 

Layered soil with following hydraulic conductivity 

k=10.5 m/day                                                                          1m 

k=7.5 m/day                                                                            1m 

k=5.5 m/day                                                                            1m 

k=4.5 m/day                                                                           1m 

 

Case 2 

Increasing hydraulic conductivity from top to bottom layer 

 

Layered soil with following hydraulic conductivity 

k=4.5 m/day                                                                          1m 

k=5.5 m/day                                                                          1m 

k=7.5 m/day                                                                          1m 

k=10.5 m/day                                                                        1m 
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Case 3 

Mixed form hydraulic conductivity from top to bottom layer 

 

Layered soil with following hydraulic conductivity 

k=5.5 m/day                                                                           1m 

k=10.5 m/day                                                                         1m 

k=4.5 m/day                                                                           1m 

k=7.5 m/day                                                                           1m 

 

Fig 6.6 (a) shows rise of water table for different types of soil formation in 5 hour. In this 

figure difference among the water tables is not visible. Therefore in fig 6.6 (b) water 

tables have been shown in reduced scale where difference in water tables is clearly 

visible. From this figure we have seen that rise of water table is more if a soil has case 1 

type of soil formation and minimum for case 2 type of soil formation. Fig 6.6 (c) and fig 

6.6 (d) represent the water table height at 100 and 150 hours. From these figures it can 

be concluded that rise of water table is more if soil has case 1 formation, i.e. if a soil has 

hydraulic conductivity highest at the top layer and decreasing continuously to the bottom 

most layer.      
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               Figure 6.6. (a) Comparison of water table after 5 hour 
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   Figure 6.6. (b) Comparison of water table after 5 hour (In reduced scale) 
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Figure 6.6. (c) Comparison of water table after 100 hour 
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Figure 6.6. (d) Comparison of water table after 150 hour 

6.3.7 Velocity Vector: 

Fig 6.7 (a) represents the velocity vector of groundwater movement at 6hr. Because the 

length of the flow domain is 1000 m and depth is 4 m in upstream end and 0.4 m in 

downstream end it is difficult to visualise the dimension and direction of velocity vectors. 

Fig 6.7 (b) accounts for the same velocity vectors in a transformed grid. In this 

computational domain, it is observed that flow direction is downward i.e. because of 

infiltration through the piedmont zone water moves from upward to downward. Because 
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of the open boundary at the downstream, the flow direction in that region is outward. Fig 

6.7 (c) shows the velocity vector at 12hr. From this figure it is seen that water continues 

to moves downwards from the river bed and from the bottom, water table starts to move 

upwards as indicated by the velocity vectors. Fig 6.7 (d) shows the velocity vector at 

102hr. From this figure, it is seen that as the times run water moves from top to bottom 

and because of that water table rises. Again as the downstream boundary is open water 

flows out from this end. 

 

Figure 6.7 (a) Velocity vector at 6hr 

 

Figure 6.7 (b) Velocity vector at 6hr (Transformed grid) 
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Figure 6.7 (c) Velocity vector at 12hr 

 

Figure 6.7 (d) Velocity vector at 102hr 
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6.3.8 Contribution of groundwater to mainstream 

Fig 6.8 shows the contribution of groundwater to stream flow. From this figure, it is 

revealed that after 102hr groundwater starts contributing to the mainstream. Because of 

this contribution the stream flow increases by maximum 5.5%. 
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Figure 6.8 Contribution from Groundwater to Stream flow 

6.3.9 Sensitivity analysis of hydraulic conductivity 

Fig 6.9 (a) and 6.9 (b) show the sensitivity of peak depth and peak discharge to hydraulic 

conductivity. The central value of hydraulic conductivity is taken as 0.0005 m/sec, which 

is a logical value for sand-gravel mixture, which is commonly found in a river bed of 

such permeable river. From these figures, it is observed that during the period of low 

discharge, for a variation of ±100% in the value of hydraulic conductivity peak depth and 

peak discharge varies within a range of ±5.0% and ±0.5% respectively. Similarly During 

the high flow period, for the same variation in hydraulic conductivity, percentage changes 

of peak depth and peak discharge range between ± 7.0% and ±4.2 % respectively.    

From fig 6.9 (c), it is observed that effect of hydraulic conductivity is significant on 

volume change. For low discharge river with an increase in the value of hydraulic 
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conductivity from an initial impermeable status, the channel flow volume decreases at a 

much higher rate and then decreases gradually with a uniform rate beyond k=0.0002.  For 

higher discharge river decrease in channel flow volume is also high up to a value of 

k=0.0005, the rate of percentage change in flow volume remain high and then it drops 

gradually to a steady flat rate. 

In fig 6.4 (d) describes a sensitivity analysis between percentage change of infiltration 

rate and percentage change of hydraulic conductivity. Here sensitivity analysis is carried 

out for three different k values k=0.001, 0.0005 and 0.0001 where k=0.0005 is taken as 

the central value. From this figure, it is seen that rate change of infiltration rate is ± 60% 

where hydraulic conductivity changes over a rate of ±100% 
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             Figure 6.9 (a) Sensitivity analysis of peak depth to permeability 
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                    Figure 6.9 (b) Sensitivity analysis of peak discharge to permeability 
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        Figure 6.9 (c) Sensitivity analysis of volume to permeability 
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Figure 6.9 (d) Sensitivity analysis of infiltration to permeability 

6.3.10 Sensitivity analysis of capillary fringe thickness (α) 

Capillary fringe represents the zone immediately above the groundwater table. The Van 

Genuchten parameter α is a measure of capillary fringe thickness. This parameter has a 

significant influence on moisture movement through the unsaturated zone. From this 

figure it is seen that if the capillary fringe is more, the rise of water table is less, i.e. if 

soil has higher size of capillary fringe then the water table rises slowly. Taking 2.3 as the 

central value when size of the capillary fringe is decrease to 1.3 i.e. 43%, the rise of water 

increases by 0.14 m at upstream and 0.5m at downstream. Similarly if the capillary fringe 

size increase to 3.3 i.e. 43% the rise of water table decreases by 0.05 m at upstream and 

0.09 m at downstream. 

6.4 Field application of the model  

The developed model is applied to a 2nd  order tributary of Brahmaputra River which 

originates from Bhutan and such piedmont zone was reported by Goswami et al. in 1996 

in the foot hill area of this river located in India. From the sensitivity analysis of hydraulic 

conductivity it is noticed that precise estimation of hydraulic conductivity is necessary to 

get proper results. Therefore double ring infiltrometer test was performed on the field to 

estimate the hydraulic conductivity accurately. 
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Figure 6.10 Water table height for different values of α  

The geographical location of the river is between 26050’35”N and 92002’16”E. The river 

is situated in Amjuli village, Udalguri District in Assam. The width of the river is 30m. 

Double ring infiltrometer test was conducted in 3 locations of the river to calculate 

infiltration characteristics of the river. Fig 6.12 shows the location of the river where the 

developed model is applied. 

Well located near the river is found to be have water level at a depth of 100ft. Local 

people also confirmed that in most of the nearby well the water table in the rainy season 

remain in the similar depth. Therefore groundwater table is considered at a depth of 30m. 

In absence of detail geological data the subsurface soil profile of the piedmont zone is 

considered as homogeneous with average permeability characteristic. To generate the 

input hydrograph for this river, IDF curve generated for Lamabari Tea Estate, Assam has 

been used which is the nearest place where rainfall data are recorded. Details of input 

hydrograph are discussed in section 6.4.2. 

6.4.1 Double ring infiltrometer test 

The double ring infiltrometer is a simple instrument used for determining water 

infiltration of the soil. The rings are partially inserted into the soil and filled with water, 

after which the speed of infiltration is measured. This rate becomes constant when the 

saturated infiltration rate for the particular soil has been reached. The double ring limits 

the lateral spread of water after infiltration. The standard double ring infiltrometer set 
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consists of two pairs of inner and outer rings, a driving plate, an impact- absorbing 

hammer, measuring bridges and measuring rods with floats. The purpose of the outer 

ring is to have the infiltrating water act as a buffer zone against infiltrating water straining 

away sideways from the inner ring. The photographs below (fig 6.12(a)-6.12(d)) show 

field test carried out in the site where the developed model has been applied. 

Double ring infiltrometer test results 

Table 6.2 Double ring infiltrometer field test results. 

Sl No 

Test 1 Test 2 Test 3 

Time 

(S) 

Water Depth 

(cm) 

Time 

(S) 

Water Depth 

(cm) 

Time 

(S) 

Water Depth 

(cm) 

1 0 20 0 18 0 18 

2 117 19 114 17 107 17 

3 284 18 290 16 272 16 

4 473 17 516 15 463 15 

5 608 16 754 14 680 14 

6 865 15 1010 13 919 13 

7 1093 14 1280 12 1200 12 

8 1333 13 1554 11 1410 11 

9 1590 12 1861 10 1640 10 

10 1855 11 2170 9 1890 9 

11 2130 10 2490 8 2170 8 

12 2428 9 2860 7 2465 7 

13 2728 8 3250 6 2764 6 

14 3028 7 3655 5 3067 5 

15 3330 6 4060 4 3374 4 

16 3633 5 4480 3 3682 3 

17 3936 4 4930 2 3991 2 

18 4240 3 5430 1 4300 1 

19 4545 2     

20 4850 1      
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 Figure 6.11 Application of model to this area 
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Figure 6.12 (a) Tributary where the 

developed model is applied 

Figure 6.12 (b) Installation of double 

ring infiltrometer 

  

Figure 6.12 (c) Double ring 

infiltrometer test 

Figure 6.12 (d) Double ring 

infiltrometer test 
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     Figure 6.13 (a) Graph of infiltration rate vs time 

0 1000 2000 3000 4000 5000

0.00002

0.00003

0.00004

0.00005

0.00006

0.00007

0.00008

0.00009

In
fi

lt
ra

ti
o

n
 r

at
e 

in
 m

/s

Time in sec

Test 2

 

Figure 6.13 (b) Graph of infiltration rate vs time 
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Figure 6.13 (c) Graph of infiltration rate vs time 

Fig 6.13(a), 6.13(b) and 6.13(c) show the infiltration rate for field test. From this figures 

it is observed that for test 1 and test 3 constant rate of infiltration achieved around 3500 

sec and rate of infiltration is 3.5 × 10-5. i.e. soil become saturated after 3500 sec. But for 

test 2 constant rate of infiltration is not occurred during the infiltration test. Again when 

saturation occurred rate of infiltration becomes equal to the saturated hydraulic 

conductivity. Therefore when this model is applied to this field condition we have used 

3.4 × 10-5 m/s as the saturated hydraulic conductivity.    

6.4.2 Input hydrograph 

For determining the flow characteristics and to design hydraulic structure it is necessary 

to determine maximum flow hydrograph. A number of methods have been used to 

calculate the maximum value of the flood runoff hydrograph. The rational method 

developed by Kuichling (1889) is a simple technique for estimating a design discharge 

from a small watershed. Application of the rational method is based on a simple formula 

that relates runoff producing potential of the watershed, the average intensity of rainfall 

for a particular length of time (the time of concentration), and the watershed drainage 

area. The formula is 

pp p pQ C I A  

where, pQ = Maximum flood hydrograph (L3/T) 

 pC = Run off Coefficient (Unit less)  
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 pI = Intensity of rainfall (L/T) 

 
p

A = Area of watershed (L2) 

To calculate the maximum flood discharge by rational formula it is necessary to calculate 

rainfall intensity and area of watershed. 

Design rainfall intensity 

As the IMD weather stations are located at a far distance from the study area, rainfall 

data of Lamabari Tea Estate, located at a distance of 25 km from the study area is used 

to generate the IDF (intensity- duration- frequency) curve (fig 6.14). Data of this tea 

estate has been used to calculate the design rainfall intensity. The design rainfall intensity 

was computed for different return periods to generate scenarios of high and low 

discharge.  

 

 

Figure 6.14 IDF curve used for rainfall intensity 
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Table 6.3: Parameter of IDF curve for different return periods 

Return Period (Year) Parameter ‘aa’ Parameter ‘bb’ R-Square value 

500  121.91 0.667 1 

200 109.73 0.667 1 

100 100.52 0.667 1 

50 82.093 0.667 1 

25 91.307 0.667 1 

10 69.914 0.667 1 

5 60.701 0.667 1 

 

The general form of these curves were given by an empirical formula, 0

bb

pI aa T   . 

For 200 years return period aa= 109.73 and bb=0.667 and for 10 years return period 

aa= 69.14 and bb=0.667. T0 is the duration of rainfall. 

Watershed area 

Watershed delineation has been carried out by using ARC- SWAT interface of SWAT 

model. The watershed area and the other watershed attributes like length of the longest 

flow channel (Lc), slope of the longest flow channel (Sc), which are used in calculation 

of time of concentration are obtained from the attribute table of delineated watershed. 

Time of concentration, which is define as the time taken by a water particle to flow from 

furthest point of watershed to the watershed outlet, is calculated by Williams formula 

(Fang et al. 2008) (SI unit), which is given as   

0.1 0.2(min) 0.057948c c p cT L A S   

Following details has been found by delineating the watershed. 

Length of the longest flow channel (Lc) = 4325.865389 m 
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Area of watershed (Ap) = 272.48438 hec= 272.48438 × 104 m2 

 

 

Figure 6.15 Study watershed 

Slope of the longest flow channel (Sc) = 8.345151 % = 0.083 

Time of concentration (Tc) = 93.70 min = 1.56 hr 

Generation of input hydrograph 

Intensity of rainfall (200 years return period) Ip= 81.56 mm/ hr 

Intensity of rainfall (10 year return period) Ip= 51.39 mm/hr 

Peak Discharge 
pp p pQ C I A  

For 200 year return period = 0.75 × 81.56 mm/hr × 2724843 m2 = 46 m3/s 

For 10 year return period= 0.75 × 51.39 mm/hr × 2724843 m2 = 29 m3/s 
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Basin lag time tp = Ct × (L× Lca)
0.3= 0.65 × (4.3×4.2)0.3=1.54 hr 

Standard duration of effective rainfall (tr)= tp/5.5= 1.54/5.5= 0.28 hr 

Based on the above parameters, approximate triangular input hydrographs (fig 6.16 (a) 

and fig 6.16(b)) for two different return periods are generated.  

The developed model has been run for these two hydrographs.  
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Figure: 6.16 (a)Upstream Hydrograph 

for 200 year return period 

Figure: 6.16 (b)Upstream Hydrograph 

for 10 year return period 

 

6.4.3 Results from field application  

This section shows the results obtained from application of the developed model in the 

field. Results include the water surface elevation, depth hydrograph and discharge 

hydrograph. These results are plotted for with considering piedmont zone and without 

considering piedmont zone for better visualization of piedmont zone on flow variable 

Water surface elevation 

Fig 6.17 (a) shows the 2D water surface elevation after 3000 sec for 200 years return 

period. From this figure it is seen that because of the presence piedmont zone the water 

surface elevation d/s of the piedmont zone decreases. For better visualization the centre 

line of water surface elevation is plotted in fig 6.17 (b) and 6.17 (c) for 200 years and 10 

years return periods. From these figures it is noticed that because of presence of piedmont 

zone, water surface elevation decreases by19 cm at downstream point for both the returns 

period.  
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Fig 6.17 (a) 2-D plot of water surface elevation for 200 years return period 
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Figure 6.17 (b) water surface elevation 

for 200 years return period 
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Figure 6.17 (c) water surface elevation 

for 10 years return period 

 

Figure 6.17 Water surface elevation 

Depth hydrograph 

Fig 6.18 (a) and 6.18 (b) show depth hydrograph at 1.3 km section for two cases-i) with 

piedmont zone and ii) without piedmont zone. From the comparison of these two figures 

it is observed that because of presence of piedmont zone peak of the depth hydrograph 

decreases by 13% and 10% for 200 years and 10 years return period respectively.    

TH-1792_11610413



Chapter 6 

Model Application 

 

 

90 

 

0 2000 4000 6000 8000 10000

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

w
at

er
 d

ep
th

 (
m

)

Time step (3 sec)

 withoue piedmont zone

 with piedmont zone

 
0 2000 4000 6000 8000 10000

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

w
at

er
 d

ep
th

 (
m

)

Time Step (3 sec)

 withour piedmont zone

 with piedmont zone

 

Fig 6.18 (a) Depth hydrograph for 200 

year return period 

Fig 6.18 (b) Depth hydrograph for 10 

year return period 

 

Discharge hydrograph 

For better visualization of effect of piedmont zone, discharge hydrograph considering 

piedmont zone and discharge hydrograph without considering piedmont zone are plotted 

together on fig 6.19 (a) and 6.19 (b) for the return period 10 years and 200 years 

respectively. From this figure it is seen that peak of the discharge hydrograph decreases 

by 9.49 % and 6.47%  for the return period 10 years and 200 years respectively because 

of presence of piedmont zone.  

0 2000 4000 6000 8000 10000

0

5

10

15

20

D
is

ch
ar

g
e 

(m
3
/s

)

Time Step (3 sec)

 with out piedmont zone

with piedmont zone

 

 

0 2000 4000 6000 8000 10000

0

5

10

15

20

25

30

D
Is

ch
ar

g
e 

(m
3
/s

)

Time step (3 sec)

 without piedmont zone

 with piedmont zone

 

Figure 6.19 (a) Discharge hydrograph 

for 10 years return period 

Figure 6.19 (b) Discharge hydrograph 

for 200 years return period 

 

6.5 conclusion 

In this chapter, a discussion about the application of the model is done. First, the model 

is applied to a hypothetical river reach where a piedmont zone of 200m × 200m is 

considered. From the results, it is noticed that piedmont zone has a significant effect on 
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various flow parameters. Following this, a detailed discussion about the groundwater 

movement of infiltrated water through the piedmont zone is discussed. The results 

obtained from the sensitivity analysis of peak depth, peak discharge and flow volume to 

hydraulic conductivity showed that hydraulic conductivity has some effects on these flow 

parameters, and cannot be ignored since these values can considerably influence the 

design of downstream hydraulic structures. A field study is done by applying the 

developed model to a 2nd order tributary of Brahmaputra River, where such piedmont 

zones exist. Double ring infiltrometer test was performed on the field to determine the 

infiltration characteristics of the river. From the field study it was found that the river is 

highly permeable in nature. It was found that river sometime does not even flow on the 

downstream of the piedmont zone during the winter period. In summer also, when there 

is no rain for a period of 15 days in the catchment, then very little amount of flow appears 

in the downstream of the piedmont zone. This indicates the high permeable 

characteristics of the river. Although the model has the capability of handling non 

uniform subsurface layer, in absence of detail subsurface bore log data, the hydraulic 

conductivity of the subsurface layer below the river is considered as uniform and result 

presented therefore has this limitation. 
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Chapter 7 

Conclusion, Discussion and Scope of Future Study 

7.1 Introduction: 

Although a brief conclusion has already been presented in each of the previous chapters, 

a comprehensive overall discussion and general conclusion on all the works performed 

under this study have been given in this chapter.  

7.2 Conclusion and discussion  

From the literature review, it has been seen that coupled surface-subsurface water model 

has been a topic of interest among the researchers from last three decades. For free 

surface flow model, though researchers have widely used Saint- Venant equation, most 

of the researchers, to reduce complexity, has carried out the free surface flow modelling 

neglecting the infiltration zone in the river bed. From practical point of view such study 

can provide acceptable result if infiltration from the river bed is negligible. On the other 

hand, it is extremely important to consider the existence of piedmont zone in the 

computational domain if such a zone exits in the river, as a significant amount of water 

infiltrates to the ground through it.  

Review of the literature concluded that shallow water equation, which consists of 

continuity and momentum equations, are of nonlinear form and cannot be solved 

analytically without simplification. However, with the help of numerical schemes, 

nonlinear equations are solved without simplifications. Finite difference, finite element 

and finite volume are the three most important categories of numerical methods for the 

solution of the nonlinear equations. Finite element and finite volume methods are 

generally used for the solution of the governing equations in complex geometry. 

However, these methods are complicated to implement. For the solution of the Saint- 

Venant equation, finite difference and finite element methods do not make much 

difference in results. Thus most of the scholars used finite difference methods due to its 

ease of application and programming and found satisfactory results in different 
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hydrodynamic problems. Finite difference methods are divided into two categories, 

explicit and implicit finite difference scheme. Though the explicit schemes are relatively 

simple to set up and program, the main disadvantage of explicit schemes is time step 

limit. For implicit scheme, one can go for much larger time step then explicit scheme. 

Therefore use of implicit scheme reduces the time step compared to the explicit scheme. 

Beam and Warming (1976) developed a non-iterative implicit scheme for hyperbolic 

systems in conservative form and this scheme has been successfully applied in this study.  

Water infiltrated through the piedmont zone moves below the river bed and joins the 

mainstream at downstream. Researchers have widely used Richards equation to study the 

groundwater movement. Richards equation can be categorised in three forms:  pressure 

based, water content based and mixed form. Out of these, mixed form of Richards 

equation can be applied for all soil formation because pressure based Richards equation 

shows large mass balance error and water content based Richards equation cannot be 

used in dry soil. Richards equation is also parabolic nonlinear equation which is hard to 

solve analytically without simplification. From the literature it is seen that researchers 

had widely used finite difference and finite element scheme for the solution of the same. 

From the literature review, we have seen that researchers are paying interest in 

developing coupled groundwater surface water model. However, no literature has been 

found regarding the consideration of piedmont zone in the computation of unsteady free 

surface flow model. So development of a coupled model for flow simulation in a river, 

where piedmont zone exists in the computational domain of unsteady free surface flow, 

is uniqueness of this study. The model is developed using Saint- Venant equation along 

with the Green-Ampt. equation. Richards equation is coupled with the free surface flow 

model by the flux exchange and is used to study movement of infiltrated water through 

the unsaturated and saturated subsurface layers. 

The developed model is validated with two parts. First part, which included unsteady free 

surface flow model with piedmont zone, is validated with the field data of Trout Creek 

River and the second part validated with the Vaculin et al. model results. From the 

validation of the model it is found that there is good agreement between them and they 

can be used to develop a coupled model. 
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After validation of the model, it is applied to hypothetical river reach where such 

piedmont zone is considered in the computational domain.  

For deriving better understanding about impact of having the piedmont zone in the 

computational domain, the model is run for two conditions 1) considering piedmont zone 

in the computational domain. 2) Without taking into account piedmont zone. Results for 

water surface elevation, depth hydrograph and discharge hydrograph are obtained for 

both the cases. The significant change in results indicates the effect of piedmont zone in 

the computational results. From the results, it is seen that percentage change in peak 

depth, and peak discharge is 5% and 7% respectively. The model was also run for three 

different soil formations namely increasing hydraulic conductivity from top to bottom 

layer, decreasing hydraulic conductivity from top to bottom and mixed form of hydraulic 

conductivity. Results obtained from different soil formation revealed that rise of the 

water table is more if the soil has hydraulic conductivity highest at the top and decreases 

to bottom chronologically. From the plotting of velocity vector, it is seen that flow 

direction at the bottom is reversed i.e. water table starts to rise at 12 hours. Water 

infiltrated through the piedmont zone moves through the subsurface and joins the main 

stream at 102 hours. Because of this contribution, the mainstream volume is increased 

by 5.5% at downstream of the point where ground water starts contributing to the river 

flow. 

To know the effect of some important physical soil parameters like hydraulic 

conductivity and capillary fringe in flow variables a sensitivity analysis of these 

parameters is done in this study. From the sensitivity analysis of hydraulic conductivity, 

it is seen that during the low flood period, for a variation of ±100% in the value of 

hydraulic conductivity taking k=0.0005 m/s as the central value, peak depth and peak 

discharge varies within a range of ±5.0% and ±0.5% respectively. Similarly During the 

high flow period, for the same variation in hydraulic conductivity, percentage changes of 

peak depth and peak discharge range between ± 7.0% and ±4.2 % respectively. Effect of 

hydraulic conductivity is also noticeable in change in flow volume and infiltration rate. 

For a variation of 100% in hydraulic conductivity, the infiltration rate changes over 60%. 

From the sensitivity analysis of capillary fringe, it is noticed that rise of water table is 
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significant with the size of capillary fringe i.e. smaller the size of the capillary fringe 

more is the rise of the water table. 

After details analysis of the model in hypothetical cases, model is applied to a tributary 

of Brahmaputra River where such piedmont zone is reported (Goswami et al.1996).  The 

2nd order tributary considered in this study originates from Bhutan. To know infiltration 

characteristics of the river, double ring infiltrometer test is conducted in the field. With 

the help of double ring infiltrometer, hydraulic conductivity is calculated at the surface 

(upto 20 cm depth from the surface) of the soil. Well located near the river is found to 

have water level at a depth of 30m. Local people also confirmed that in most of the nearby 

well the water table in the rainy season remain in the similar depth. Therefore 

groundwater table is considered at a depth of 30m. In absence of detail geological data 

the subsurface soil profile of the piedmont zone is considered as homogeneous with 

average permeability characteristic. For obtaining design rainfall intensity of the study 

area, IDF curve generated by using precipitation data of a tea garden located 25Km away 

from the study area has been used. As the primary focus of the field application is to 

establish model applicability in the actual field, model is implemented with the above 

input information, some error due to data inadequacy may be there though.  

7.3 Scope of future study 

The governing equations of free surface flow used in this study has some inherent 

assumptions, and, in true sense, are valid in in a channel having small bed slope and 

where there is no sharp vertical or horizontal curvature. In spite of these assumptions, 

numerical solution of these equations gives acceptable result, as these assumptions 

become still valid within small grid size. In future some modification can be made in the 

governing equations itself so that the model can be applied to a high gradient sharp 

curvature river. 

Though the numerical methods presented in this study has successfully solved the 

governing equations in different situations, a comparison of different numerical methods 

can also be done to study the efficiency of different numerical scheme in handling the 

problem under consideration. 
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Results obtained from different subsurface soil formation concluded that unsaturated 

flow depends upon the subsurface soil layer. In our field application we have consider 

the soil profile below the river bed as homogeneous. In reality subsurface soil layer may 

not be homogeneous. So in future detail subsurface soil investigation can be carried out 

for application of the model in the field with more reliability. 
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