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Abstract

The broad area of this research work comes under semiconductor quan-
tum dots and quantum computation. The specific motivation for the
thesis came from Loss-DiVincenzo proposal [Phys. Rev. A 57, (1998)
120], where they showed how electron spins in semiconductor quantum
dots could be used for the realization of a scalable quantum computer.
In their work, the confinement of electrons in z-direction is achieved
through band gap engineering and that in z-y direction is achieved
through gate electrodes. This resulted in harmonic confinement po-
tentials in x and y directions where the electrons are held while the
information on it is being processed. In our work, a different scenario
is proposed where the need for lateral charge confining gate electrodes
is totally eliminated. Instead, completely heterostructured and/or im-
purity potential confined quantum dots are employed for holding elec-
trons in & and y directions. This modification comes with advantages
as well as disadvantages. The advantage is that we can now increase
the number of quantum bits in a given area of semiconductor material,
which is very important as far as miniaturization of a scalable system
is concerned. The disadvantage of our proposal is that we cannot move
around electrons anymore by manipulating their lateral confining po-
tential. But this is no problem if we succeed in moving around the qubit
(information) without having to move around the electron itself. This
we show can be achieved through the manipulation of the strength of
external magnetic field alone. We also show how we can achieve useful
two-qubit quantum gate operation by switching the external magnetic
field for required periods of time. In the final part of the thesis, we
studied decoherence, which is the effect of environment that spoils the

quantum coherence of a qubit. In the present scenario, the interaction
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of a qubit with the nuclear spins in the semiconductor material poses
the greatest challenge for proper functioning of quantum gate opera-
tion. Using approximate models, we have studied decoherence for single
and two qubit cases with and without the presence of external magnetic
field. In both cases, we find that the coherence is lost gradually with
respect to time and a characteristic value for decoherence-time com-
parable to certain reported experimental values are obtained. We also
see how the decoherence process depends on the nature of interaction

incorporated in the model.
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Chapter 1
Introduction

“But our present QM formalism is not purely epistemological; it is a
peculiar mizture describing in part realities of Nature, in part incomplete
human information about Nature — all scrambled up by Heisenberg and
Bohr into an omelette that nobody has seen how to unscramble.”— Edwin

Thompson Jaynes

1.1 Quantum States

The discovery of quantum mechanics in the early 20" century resulted in a break-
through in understanding the world of atoms and microscopic particles. Quantum
mechanics taught us to think about any form of matter as a wave and as a par-
ticle. For example, in the double-slit experiment, light behaves as waves and
in photo-electric effect, it behave as particles. The central object around which
the quantum theory is built are observables, things we can measure in a physi-
cal system. Examples are energy, position, momentum, angular momentum etc.
According to quantum theory, observables correspond to operators in a linear
vector space (LVS). Their eigen values and eigen vectors denote possible mea-
sured values and states after the measurements, respectively. Since the value an
observable takes after measurement is always real, the operator must be Hermi-
tian. Thus the problem of analyzing a quantum system is reduced to solving an

eigen value problem in an LVS. The dynamics of the system is determined by

TH-1349 06615301 1



Chapter 1. Introduction 2

a differential equation called the Schrodinger equation, which specifies the time
evolution of the state vector inside the LVS. Further, the state of the system is
unknown before the measurement and in general it is not the same before and
after measurement. Two observables do not have simultaneous eigen states if
their operators do not commute. This led to what is called the Heisenberg’s
uncertainty principle, which tells one cannot simultaneously determine the exact
values of any two non-commuting observables.

To appreciate further, let us consider a single electron in a one dimensional
space. We can represent the electron state vector |s) in any basis which completely
span the LVS of the quantum system. It is mostly a practice to use the basis

corresponding to the position observable, in which the state vector is written as

o0

s() = [ dvw(a,p)o), (1)
where x is the position of the electron and v¥(x,t) is the probability amplitude
for electron to be in state |x) at time ¢. The probability of finding the electron
in the infinitesimally small distance dz at a position z is given by |¢(x,t)|*dz.

Since the total probability is equal to one, we have the normalization condition

/Oo (e, )2z = 1. (1.2)
—0
The state represented by Eq. (1.1) is a superposition state, which means the
electron can sit at various positions at the same time. Since the position basis is no
special as far as the LVS of a quantum system is concerned, similar superpositions
also exist in other basis representations of the state vector. As far as the dynamics
of a quantum system is concerned, energy eigenstates are special because the
time evolution of a quantum system is governed by the Hamiltonian operator H
according to the Schrodinger equation

L d|s)

th—= = Hls). (1.3)

For a closed system, if the electron state is an energy eigen state, the probability

density function |¢(x,t)]? will not vary with time and therefore such states are

TH-1349 06615301



Chapter 1. Introduction 3

called stationary states. According to Eq. (1.3), the only change that can happen
to a stationary state is the introduction of a linear phase with time. The rate
of this phase change depends upon the magnitude of the energy eigen value.
Therefore, if the quantum state is prepared in a linear superposition of two energy

eigen states say |e;) and |ez), the time evolution of the state can be written as
|s(f)) = &% (|61> + eilwzmwn)t |62>) /\/5 (1.4)

where €; and € are the energy eigenvalues and w; = €;/h and wy = €3 /h. The V2
in the denominator is to make sure of the normalization condition (s(t) |s(¢)) = 1.
The expression in Eq. (1.4) can be thought of as two waves interfering each other
where the time dependent relative phase, (ws — w; )t determines the condition for
constructive or destructive interference of the individual amplitudes. This ability
of quantum states to interfere among themselves is usually referred to as quantum
coherence. The coherence of a quantum state is a resource and it could be utilized
for representing information in an absolutely non-classical way. A quantum state
which is in a coherent superposition of two eigen states of any observable can
be treated as a fundamental unit of quantum information. This is called a qubit
or a quantum bit. Examples are— spin of an electron, structure of a benzene
molecule, path of a single photon in a double-slit experiment ...etc. Yet another
non-classical feature of a quantum state is entanglement, which is a property of
composite systems to maintain correlation between its parts even when they are
far apart from one another. This was initially pointed out by Einstein [1] and was
later confirmed by the experiments due to Aspect [2] based on Bell’s inequality
[3].

1.2 Two-electron System

The total Hamiltonian of a system of two identical particles (excluding the spin

degrees of freedom) can be written as

2 2
H(1,2) = 7h 4+ 22 4 Vol — o) 4+ Ve (1) + Ve (2). (L)

TH-1349 06615301



Chapter 1. Introduction 4

where the position and momentum operators necessarily appear in a symmetric
manner. This symmetry in the Hamiltonian (with respect to exchange of two
particles) will also be present when the spin degrees of freedom are included in
the Hamiltonian. This symmetry imposes restriction on the form of the two-
particle wave function, namely, the total wave function (with respect to both
orbital and spin parts) must be either symmetric or antisymmetric with respect
to exchange of the two particles.

In Nature, there are two categories of particles: fermions and bosons. Fermions
are particles of half-integral spins and bosons are particles of integral spins.
The spin-statistics theorem asserts that the wave function of identical fermions
(bosons) must be antisymmetric (symmetric) with respect to exchange of two
fermions (bosons). An immediate consequence of the electron being a fermion is
that electrons must satisfy the Pauli exclusion principle, which states that no two
electrons can occupy the same state.

The Schrodinger equation being linear in the wave function, the state of a

two-elctron system can be represented by a linear combination of the form
[¥) = a1 |[K'K") + c2 | K"K) (1.6)

where K’ and K” represent the eigen-values of a complete set of commuting
observables (including orbital and spin parts) for each electron.

Since the orbital and spin vector spaces are disjoint spaces (omitting spin-orbit
interaction), the total state vector could be expressed as a product of orbital and
spin states. For the two electron states, this would demand definite but opposite
symmetries for the orbital and spin parts of the state kets. The two-electron
spin space is four dimensional with basis spanned by [11), [T)), [4T) and |[{{)
orthonormal states. Since the original basis states |f]) and [{1) do not have

W and WL §ngtead of the original

basis states. The three spin-symmetric states |11), |{{) and [IOFD] are called

V2
[P —[ID]
V2

definite symmetries, we consider
spin-triplet states and the spin-antisymmetric state is called the spin-
singlet state. The total wave function being antisymmetric, the spin-triplet states
will be associated with symmetric orbital states. For the same reason, the spin-

singlet state has a symmetric orbital counterpart.

TH-1349 06615301



Chapter 1. Introduction 5

In the case of a typical two-electron bound system represented by Eq. (1.5), the
terms Ve (x1) and Vig(x2) are the potential energies of the individual electrons
due to the confinement potential, whereas, the term Viui(|x1 — X2|) in general
represents the potential energy due to Coulomb interaction, e?/4me |x; — Xa| =
e?/4meryy. The corresponding time-independent Schrodinger equation does not
have an exact (closed form) solution. But the solution to a problem which ignores
the Coulomb term could be obtained exactly in most of the cases. The orbital

part of the this simplified problem can be written as

pa(x1)pp(X2) = Yp(x1)pa(x2)
5 :

P(x1,%X2) = (1.7)

where @4(x) and ¢p(x) are the single electron states of the first and second
electron. In the above expression, the upper sign corresponds to spin singlet
state and the lower sign corresponds to the spin triplet state.

Now, if we treat Coulomb interaction as a perturbation, then the first order
correction in energy, AF, is given by the expectation value (1/4merys). This
becomes Cy + Cy and Cyq — C for the singlet and triplet states, respectively,

where

Oy = / P, / B35 [0al6)]? |05 () €2 /dmerss (1.8)

is the direct interaction energy and

@ = /d3x1/d3x2 @ (x1)pp(x1) @l (x2)pa(xa) €% /dTers, (1.9)

is the exchange interaction energy.

Since the probability density of the space-part of the triplet wavefunction
[given by Eq. (1.7)] vanishes when x; = x5, the value of Cy will be minimum for
those states. In contrast, Cy will have a larger value for the singlet state, due to
the enhanced probability of finding electrons at the same point in space.

The important point to notice for a two-electron system is that although the
original Hamiltonian is treated as spin independent, the energies are dependent
on whether the spins are in a singlet or a triplet state. This feature is further

exploited later in the thesis for designing a two-qubit quantum gate.

TH-1349 06615301



Chapter 1. Introduction 6

1.3 Quantum Information Technology

Information technology (IT) deals with gathering, storing, processing and com-
munication of information. It is now well established that no information can
exist in an abstract space, but only on the state of a physical system [4]. Let us
first review how classical IT is performed. Storing information involves keeping
the state of a physical system undisturbed from any external influences. Process-
ing information involves manipulation of these physical states according to our
need. For example, the voltage state at the output of a MOS transistor switch
can be treated as a bit of digital information. By feeding such voltage states as
inputs to appropriate digital gate circuits, we can perform logical operations or
information processing. Similarly, an electronic circuit that amplifies or filters
an input analog signal is also an example for information processing. Communi-
cation of classical information is achieved by utilizing the electromagnetic wave
phenomena that can propagate from one point to another. The information is
first encoded on an electromagnetic wave by varying any of its parameters such
as amplitude, frequency or phase, while launching them into the transmission
media. Then by guiding these signals to the desired location, we achieve infor-
mation transfer. Notice in all the above, macroscopic classical systems and states
were utilized.

One of the ways in which present day classical I'T is developing is by reducing
the size of information processing components year after year. This progression
is usually expressed in terms of what is called the Moore’s law, which says that in
every one-and-a-half year, the number of transistors doubles for a unit chip area.
Due to this fact, at this moment we have reached a stage where the dimensions of
fundamental devices like transistors are only a few nanometers. At these length
scales, quantum mechanics become unavoidable. Quantum effects like tunneling
begin to spoil the classical nature of operation of these devices. Therefore, engi-
neers envisage to suppress or compensate for these undesirable quantum effects
by clever design techniques [5].

Along a different line of development, many scientists have envisioned to make
use of quantum effects to build information processing devices. The idea was in-

dependently conceived by two great minds almost at the same time. One was
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Chapter 1. Introduction 7

Feynman who pointed out that the simulation of quantum mechanics on a clas-
sical computer may be computationally expensive. To solve this problem, he
suggested the possibility of using computation based on quantum mechanics it-
self [6]. On the other hand, Benioff showed how a classical Turing machine could
be simulated by the reversible unitary evolution of a quantum process [7]. Fol-
lowing this, Deutsch described the idea of universal quantum computer, which
generalized the classical computational model of universal Turing machines into
the quantum regime [8]. He further showed that there exists a class of prob-
lems which could be solved more efficiently by quantum computation than by
any classical or stochastic methods [9]. These developments have resulted in the
beginning of a new era involving quantum information technology, where the in-
formation is represented on the states of a quantum system. This has given rise to
new degrees of freedom for information storage, processing and communication.
For example, in a quantum system, electric currents can go in both directions at
the same time in a closed circuit, something not permitted for a classical state
of current. Similarly, spins can be up or down at the same time. Because of this
new feature, an N-qubit state can in general be prepared as a superposition of
2NV states. Any computation which employs a coherent superposition of quantum
state is called quantum computation (QC). The development of large-scale QC
research started rapidly after the presentation of the factoring algorithm by Peter
Shor [10] and algorithm for searching an unsorted database by Lov Grover [11].
The physical implementation of a quantum computer would require an ex-
perimental realization of highly coherent quantum systems, whose time-evolution
could be controlled by external means [12; 13]. Apart from coherent superposi-
tion, the entanglement in a composite quantum state can also be utilized as a
resource in quantum information technology. It helps us to establish a quantum
communication link over large distances. Along with a little classical information
transfer, this resource enables us to communicate quantum information between
two parties [14]. Various quantum cryptographic methods are also proposed to

improve the security in transmitting information between two parties [15; 16].
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Chapter 1. Introduction 8

1.4 Semiconductor Quantum Dots

A quantum dot (QD) is a semiconductor nanostructure that confines the motion
of conduction band electrons, valence band holes, or excitons (bound pairs of
conduction band electrons and valence band holes) in all three spatial directions.
The electronic properties of these materials are intermediate between those of
bulk semiconductors and of discrete molecules. There are several ways to con-
fine charge carriers in semiconductors, resulting in different methods to produce
QDs. First of all, they can be synthesized chemically as colloidal semiconductor
nano—particles dispersed in a solution [17]. Typical examples of this are cadmium
selenide, cadmium sulfide, indium arsenide, and indium phosphide quantum dots.
Secondly we can trap charge carriers via band gap engineering, i.e. by surrounding
a low band-gap semiconductor material with a relatively high band-gap material
[18; 19]. Coherently strained islands on top of a two-dimensional wetting layer
are spontaneously created when a material is grown on a substrate to which it is
not lattice matched. This is known as Stranski-Krastanov growth and is achieved
using advanced epitaxial techniques such as molecular beam epitaxy (MBE) and
metallorganic vapor phase epitaxy (MOVPE). The islands can be subsequently
buried to form the QD. Apart from self-organized growth techniques, band-gap
engineered QDs can also be grown by artificially patterning the thin film struc-
tures. Yet another popular method to fabricate QD is to trap charge carriers
in confining potentials created with the help of lithographically patterned gate
electrodes [20; 21]. In these QDs, one can electrically control the precise number
of electrons by exploiting the Coulomb blockade phenomena [22; 23].
Semiconductor QDs have been studied both experimentally as well as theoret-
ically since the time it became feasible to practically fabricate them [24; 25; 26;
27; 28]. By choosing appropriate materials, shape of the confining potential, ge-
ometry of the nanostructure, one can tune the electronic and optical properties of
QDs. Therefore they are also known as artificial atoms. QDs have many applica-
tions such as to contruct single electron devices [29; 30; 31], single photon sources
[32], lasers [33], nano-antennas [34], display color converters [35], bio-medical
sensors [36], highly efficient solar cells [37] etc. In Loss-DiVincenzo proposal for

quantum computation, coupled quantum dots on a semiconductor substrate form
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Chapter 1. Introduction 9

the platform for spin based quantum information processing [38; 39].

1.5 Loss-DiVincenzo Proposal

In 1998, Daniel Loss and David P. DiVincenzo showed how a coupled quantum
dot system could be used for the realization of a scalable quantum computer
[38]. The qubit is realized as the spin of the excess electron on a single-electron
QD. It has been established that a quantum XOR gate along with single-qubit
operations may be assembled to do any quantum computation [40]. Further, the
XOR gate can be obtained by a simple sequence of operations

Uxop = €/251 ¢im/253 UslvéQ oS Uslvég (1.10)

where ™51, etc., are single-qubit operations, which can be realized by applying
local magnetic field and U2 is a two qubit gate called the square root of swap
operation. Si and S, are the spin operators corresponding to electron-one and
electron-two, and, S7 and S; are their z-components. Thus the implementation of
a quantum X OR gate is essentially reduced to the implementation of UX? which
is achieved by temporarily coupling the two spins. In the limit kT << AFE where
AFE is the level spacing with the higher lying single-particle states of the dots,
the interaction between two spins 51 and §2 can be described by a Heisenberg

Hamiltonian

H,(t) = J(t)S, - Sy /2. (1.11)

For the above Hamiltonian, the time evolution operator can be written as
U,(t) = TeiJo Ho()dt'/h (1.12)

and the evolution of the state vector at time ¢ becomes [1(t)) = Us(t) [1(0)).
Pulsing the exchange interaction between 0 and .Jy for a period 7,, such that

fOTS J(t)dt = Jyrs = m, we achieve two-qubit swap operation Uy, so that

Uswig) = |7%) (1.13)
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where 7, j label the basis states of the two spins in the S, basis. If the interaction
is pulsed on for just half the duration, the resulting two-qubit gate is the required
root of the swap operator, UL,

Many extensions of the original theoretical idea have also been reported. One
of the proposal was to use vertically tunnel-coupled quantum dots in the presence
of external electric and magnetic fields [41]. The single qubit operation require
control over a local magnetic field which introduces substantial complexities into
the system. This was shown to be overcome by a modified scheme in which a
two-level quantum system based on two-electron spin form the logical qubit [42].
An experimental demonstration of the coherent control over such an encoded
qubit is also reported in the literature [43]. It was also demonstrated that a
quantum XOR gate operation in an encoded qubit scenario could be achieved
via capacitive coupling between two double quantum dots [44]. Some researchers
have also considered simultaneous exchange interaction between a larger number
of coupled quantum dots [45]. Further, a proposal for long distance exchange
interaction based on floating gates was also reported [46]. Apart from such minor
variations, there are also other solid-state proposals for quantum computations
based on donor-atom nuclear spins and electron spins [47; 48]. Many experimental
demonstrations of single and two qubit gate operations were also published [49;
50]. The reading out of final output state is usually achieved by using spin-
dependent tunnel rates, where the spin states are first correlated to different

charge states [51].

1.6 Decoherence

The experimental realization of a quantum computer is extremely challenging.
There are five major criteria to be satisfied. Since the basic units of the theory
are qubits, first of all we require a scalable two-level quantum system. In the
Loss-DiVincenzo proposal, this is achieved easily by using the inherently two-
dimensional Hilbert space of individual electron spin. Secondly, we should have
the ability to achieve desired evolution of the quantum system. In the aforesaid
proposal, this is achieved via electrically controlling the exchange interaction be-

tween electrons in the coupled quantum dots. Thirdly, one should be able to

TH-1349 06615301



Chapter 1. Introduction 11

prepare qubits in some specified set of initial states and fourthly, we should be
able to measure the final output state of the system. It is hard to find all the
above four criterion satisfied in a single physical system. Finally, it is hard to
build quantum computers because the quantum nature of a physical state (espe-
cially the superposition state) is always subjected to influences from outside the
system. These environmental interactions in effect perform a measurement op-
eration which will result in the destruction of superposition states. This process
of losing quantum coherence in a physical system through environmental interac-
tions is called decoherence. Meeting this (fifth) criterion of decoherence free QC
is identified as the biggest challenge in the physical realization of any quantum
computer [52].

Decoherence can be viewed as a loss of information from a system into the
environment, since the system is loosely coupled with the state of its surroundings
and entanglement between the both are generated. Though the combined system
plus environment evolves in a unitary fashion, viewed in isolation, the system’s
dynamics are non-unitary. Since the microscopic state of the environment is
inaccessible to us, the phenomenon of decoherence is irreversible. Decoherence
is an extremely fast process for macroscopic objects since the number of degrees
of freedom of the environment interacting with such objects is very high. This
also explains why quantum behaviors are not observed in everyday macroscopic
objects. The theory of decoherence is usually expressed in terms of density matrix
formalism of quantum mechanics. The characteristic time it takes for a physical
state to lose its quantum properties is called decoherence time. In the gate circuit
model of quantum computation, the time it takes to execute a quantum algorithm
must be many orders of magnitude lesser than the decoherence time for error-free

quantum computation.

1.7 Outline of the Thesis

The content of the thesis is organized as follows.
In Chapter 2, we present detailed results of the calculation for single electron
states in a cylindrical quantum dot in the presence of a constant magnetic field

in the axial direction. The quantum dot structure considered is with a finite
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barrier potential in the radial direction and infinite barrier potential in the z-
direction. We show how the states and energy levels depend on the strength
of the magnetic field for different quantum numbers. It is observed that energy
levels with different quantum numbers group together at high magnetic fields.

In Chapter 3, we study the confinement of a single electron in hydrogenic im-
purity potential in the presence of a magnetic field. The analysis is done by ap-
proximating the system into a quasi-two dimensional problem. The Schrodinger
equation is solved numerically using finite difference method based on Numerov’s
shooting algorithm. The results show that the ground state energy level is well
separated from all other excited states and the corresponding wavefunction is
insensitive to lower magnetic field strengths. On the other hand, higher energy
levels are significantly compressed in the presence of magnetic fields.

In Chapter 4, we present the results obtained for the problem of two electrons
in a cylindrical quantum dot with finite step potential in the presence of an or-
thogonal magnetic field. The method we adopt is linear variational theory, where
the basis states are constructed from single electron eigenfunctions of the har-
monic oscillator potential. We show how the two electron energy levels vary with
the magnetic field for various quantum numbers. Magnetization of the system
is then calculated after determining its free energy at a non-zero temperature.
Finally, we also plot the electron density and pair correlation function for various
quantum numbers and field strengths.

In Chapter 5, we consider two electrons in a laterally coupled quantum dots
in the presence of an orthogonal magnetic field. In this chapter, we consider
two separate cases. The first case involves the study of exchange interaction
between electrons confined by a cylindrical step potential. The second case in-
volves exchange interaction for coupled hydrogenic impurity potential. In both
cases, we evaluate the exchange coupling constant as a function of external mag-
netic field strength. The theoretical tools used are Heitler-London method and
Weinbaum method, the latter being a refined method that takes account of the
double-occupancy states in each dots. The results show that we could switch the
exchange interaction ON and OFF by switching external magnetic field between
two magnitudes. Finally, considering an adiabatic switching of exchange interac-

tion, we also estimate the time required for fundamental gate operation according
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to the Loss-DiVincenzo proposal.

In Chapter 6, using a simple model of central spin interacting with a spin
bath, we study the decoherence of single electron spin states in a quantum dot
within one, two and three dimensional nanostructure geometries. We consider a
one—component hyperfine interaction term and express its strength as a smooth
function of position vector. Decoherence measures are evaluated and plotted
for various initial states, and we notice a decrease in decoherence time with the
reduction of spin bath dimension.

In Chapter 7, we extend the above model to study the decoherence of two
interacting spin qubits in the presence of a nuclear spin bath. The interaction
between qubits are modeled using Heisenberg’s effective Hamiltonian. The in-
teraction between the qubits and the nuclear bath are treated to be of Ising
type. Whether both qubits are interacting with the same bath configuration is
determined by the correlation between single particle electron probability den-
sity function for each electron. We evaluate the dynamics of decoherence and
entanglement between qubits for various initial states of the spin qubits.

Finally, in Chapter 8, the thesis is concluded with final remarks on the results
obtained and possible future extensions of the work presented. In Appendix A, the
values of all the constants used to evaluate the strength of hyperfine interaction
are listed. Appendix B lists the publications from this thesis work. References

cited in all chapters of the thesis are listed at the end.
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Chapter 2

Single electron in a cylindrical

quantum dot potential

2.1 Introduction

Semiconductor quantum dots are a potential platform for building single electron
devices [31; 53] and solid-state based quantum information technologies [38; 39;
41; 44; 45]. Utilizing the Coulomb blockade phenomena, it is now possible to
precisely control the number of electrons in such dots. Most of these proposals
employ band gap engineering to create a thin sheet of 2D electron gas which
is then confined further through in-plane metallic gate electrodes to form the
dot potential [43; 49; 54]. The in-plane variation of the potential in such dots is
parabolic in nature to a very good approximation. Thus the single electron states
of a parabolic quantum dot are employed in the detailed analysis of such devices.
One way of achieving control in the operation of these devices is by varying the
strength of constant external magnetic field. The eigen states and energy of a
parabolic confinement in magnetic field were initially derived by Fock [55] and it
is reproduced with details in reference [26].

The recent advancements in semiconductor fabrication technology [56; 57;
58] suggest the possibility of making fully hetrostructured quantum dot in a
controlled fashion. For these reasons, it is of interest to theoretically explore the

possibilities of employing such dots with different shapes and dimensions for the
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Chapter 2. Single electron in a cylindrical quantum dot potential. 15

above mentioned device applications. Some of such explorations which employ
cylindrical quantum dot structure in the presence of a magnetic field are listed in
the references [59; 60; 61; 62]. These make use of the single electron ground state
of a cylindrical quantum dot in magnetic field for constructing the trial wave
function in their respective variational analysis. The derivation of single-electron
states of a cylindrical quantum dot with infinite wall potential boundary in a
magnetic field was first reported by Rensink [63]. This result is then extended
to finite boundary case by Bajaj et al. [64; 65] as a part of their analysis on
the hydrogenic donor states in such dots. In this chapter, we revisit the problem
and present the detailed results of calculations for different eigen states and their
dependence on the magnetic field strength. In what follows, we present the same
with the detailed theory in section 2.2, discussion of results in section 2.3 and
conclusion in section 2.4. Similar to the case of parabolic quantum dot, we
find that the energy levels with a certain combinations of quantum numbers are

grouped together at high magnetic field strength.

2.2 Theory

We do our analysis for a fully hetrostructured cylindrical quantum dot made
out of GaAs/Al,Ga;_,As material. The shape and dimensions of such a dot is
schematically shown in Fig.2.1. The thickness of the structure everywhere is taken
as d,. The potential barrier height, and substrate effective mass, depend on the
Al concentration, x as, Vo = Q.(1.362+0.222%) and m, = mgq+0.083z mq [64; 65].
Here, Q. = 0.6, my is the electron effective mass inside the dot, and my is the free-
electron mass. We have fixed the value of V|, to be 100 meV. This corresponds to
x = 0.1202 and ms = 0.077 mg, where we have used mgy = 0.067 my. The complete

potential profile of the dot-structure as shown in Fig. 2.1, can be written as

0, forr<rgand0<z<d,;
Vr,g,z) =V(r,z) =V, forr>r;and0<z<d.; (2.1)
oo, otherwise.

Within the framework of the effective mass approximation, the Hamiltonian of
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Chapter 2. Single electron in a cylindrical quantum dot potential. 16

the above system with a single electron in the presence of a constant magnetic

field in the z-direction takes the form

R S N1 . R

i = <—'h A) - <—'h A) , 2.9

ihV + ¢ 2m(r) ihV 4 qA) +V (r,2) (2.2)

where ¢ is the charge of the electron, m%?’) = de‘g(T’o — )+ m%@(ro — 1), the

electron effective mass function, and ff(r, b, 2) = gr% is the vector potential for
the magnetic field B=B e,.

<
il gy
GaAs = _T
d‘.
l r
O Ta Ex
Al Ga, ;As Substrate

Figure 2.1: Cylindrical quantum dot potential

The corresponding time-independent Schrodinger equation in cylindrical coordi-

nates becomes

R v (1 l_ms—mdé(_ ) ov . 1 oW 1 oW
2 | m(r) or? m(r)r msMyg I m(r)r2 06  m(r) 022
ihw, OV m(rjw? , B
_Ta_¢+ <—8 r*+V(r,z) |V =FEV

(2.3)

where w. = ¢B/m(r) is the electron cyclotron frequency and it also is a function
of r. Defining H = Hy + H’, where

" — 0
=2l T Mgy 2 2.4
2mgmy (r=o0) or (2:4)

is treated as a perturbation to the unperturbed system described by the equation
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Chapter 2. Single electron in a cylindrical quantum dot potential. 17

Hytp = Eqy). (2.5)

The potential V(r,z) can be expressed as a sum of two terms, Vz(r) and

Vz(2), given by

0, <o 0, 0<z<d;
Vr(r) = and, Vz(z) = (2.6)

Vo, >0 oo, otherwise.

Nevertheless, due to the radial dependence of the effective mass, this does not
guarantee a variable separable solution for Eq. (2.5). But we can consider product

form of solution separately for regions with constant effective masses as
W(r, 6, 2) = @7

Thus we get,

@ 19 18  imrwd [(mrw) ,
{ﬁ*?&*ﬁwﬁ ho 0¢ ( 2h )T K (2.8)

2m(r) [Eo — Ezj — Vr(r)] Aj(r,¢) =0

+h2

where j = 1(2) stands for region inside (outside) the dot, E; is the eigen value

of the following equation in z coordinate.

{ & 2ml(r)

_|_

T+ T By — Vela)l  5i0) = 29)

As Vz(z) = oo for the region z < 0 and z > d,, we impose the boundary condition
¥(0) = ¥(d,) = 0, and the normalized solution for Eq. (2.9) becomes

[27  (knz k:2 2h?
Yi(z) = d—gsm( 0 ) ;and By = i )d2,where k=1,2,3,... (2.10)

Notice here that the wavefunction X;(z) remains the same for j = 1 and 2 thus

ensuring continuity conditions at the boundary, whereas the corresponding quan-
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Chapter 2. Single electron in a cylindrical quantum dot potential. 18

tized energy varies between inside and outside of the quantum dot. Since the
total energy of any energy eigen state must be constant, the contribution to en-
ergy from other degrees of freedom must adjust accordingly. As —iha% =L, is
the z-component of the angular momentum operator of the electron and since it
commutes with the two-dimensional Hamiltonian in Eq. (2.8), we try a product
solution A;(r, ¢) = R;(r)e'!®/+/2m and obtain

2
Qddﬁj + f% — {7*r* + B;(Eo)r* + I} R;(r) = 0 (2.11)
where
m(r)w. qB
T="om T o
and
Bi(Ep) = 27227’) (VR(T) + Bz + h;cl — EO) .

Substituting » = /y/v in Eq. (2.11), so that R; ( y/7> = G,(y), we get

dy*>  y dy

l2
oL

d2G]’ 1 dG] 1 1+ BJ/P)/
4 '

)G -0 (212)

Considering the asymptotic solutions for the above equation as in [66] and page
461 of [67], we substitute G;(y) = yl/2e=¥/2F;(y). Thus, Eq. (2.12) becomes

& F; dF; (14 B
l+1—  _ 2 Fi(y) = 2.1
Vs -0 - (e Ew—0 e

The final equation is in the form of standard confluent hypergeometric differential

equation
2

F; dF;
Vs )G ) =0 (2.14)

whose complete solution for the case of ¢ > 1 is given in [68] as
Fi(y) = AjM(aj; ¢;y) + B;U (a5 ¢;y) (2.15)

where M (a;;c;y) and U(aj;c;y) are the confluent hypergeometric functions of
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the first and second kind, respectively, and a; = (1+11])/2+ /47y and ¢ = |I|+1.
Thus, the solution for Eq. (2.11) becomes

Ry(r) = rllle=r?/2 [Ay M (aqg; [I|+1;97%) + By Ulag; |I|+1;y72)]

2.16
Ry(r) = rlle=*/2 [Ay M(az; [I|+1597%) + By Uag; |I|+1;7?)] (216)
where
1+m+l k:27r2h mq
ay = =" - 0
2 2d%2qB hqB (2.17)
My m ’
a2:a1—|—hqB|: mj_l)EO+%:|

Since rle="/2U (ay; |I|+1;772) and rle=*/2 M (ag; |I|41; %) diverge for r — 0
and r — oo respectively, we set B; = Ay = 0. Thus the required solution of Eq.
(2.5) after applying the continuity of the wave function condition at r = ry and
the substitution A; = Cy/M (ay; 1+ |I|;yr2), becomes

M (a;|l|+1;972) . <
M (axs|l[+19r3)° = B
P(r, ¢, 2) = Cy rllle=1m?/20il® iy (krz/d,) Ulaglililinr?) . 70 (2.18)

Ulag;ll|+139r8)*

0; elsewhere.

Here, the value of parameter a; is determined by matching the value of g—f at

r = ro. Correspondingly, we get

( a ) M(ay + 1; [1[4+2;9r5) Ulag + 1; [1[+2;vr?)

= — 2.19
1) ME@niid) - Ui (2.19)

The above equation is solved numerically for a given value of k£ and [ to evaluate a,
and the corresponding bound states are indexed as n = 0, 1,2, ... in the increasing
order of energy, Ey, whose expression in the general form can be written from
Eq. (2.17) as

hqB (14 |l|+1 k*m2h?
Entk — — 2.2
0 mq ( 2 (11> + dedg ( 0)
or equivalently,
hqB (14 |l|+1 k*m?h?
nlk __
Ey't = o ( 5 — a2> + Vo + e (2.21)
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The indices n = 0,1,2,..., [ = 0,£1,£2,... and k = 1,2,3,... are the radial,
azimuthal and z quantum numbers respectively. The value of quantum number
n corresponds to the number of nodes in the radial part of the wave function.
Once the value of a; is obtained for a given set of quantum numbers (n, [, k),
the final step is to normalize the resulting wavefunction. This is done by eval-
uating the constant Cy in Eq. (2.18) by integrating the probability amplitude

throughout the region where the function value is non-zero, i.e.

0o 27 d,
/ / / [Y|?r dr dpdz =1 (2.22)
r=0 J ¢=0 J z=0

To find the approximate value of energy eigen value, F of the original problem
given in Eq. (2.3), we apply first order perturbation theory. The first order

correction in energy for a state 1, which is non-degenerate is given by
00 2w dx .
AE™ = / / / Vi H e drdgdz (2.23)
r=0 J ¢=0 J z=0

where the expression for H' is as given in Eq. (2.5). Thus the approximate value
of unknown energy E™* = Ept + AE™F This approximation can be considered

proper only if the value of AF is negligible in comparison to that of Ej.

2.3 Results and Discussion

We solved Eq. (2.19) numerically using Mathematica software [69]. Here, the
values of a; are found by determining the crossing points of the function on the
left hand side (L.H.S.) and right hand side (R.H.S.) of Eq. (2.19). A plot of
these functions for a quantum dot with 7y = 50 nm and, B = 8 Tesla is shown
in Fig. 2.2. The effect due to the difference in the effective mass of the electron
enters into these plots via a; and ay in Eq. (2.17). If we ignore the differences
in the effective mass, the expression for a, reduces to a; + % The results in
both cases are more or less the same. The only variation we could observe was
a slight change in the wave functions near the potential wall. At large magnetic

fields, we noticed that the asymptotes in the L.H.S. function align with integer
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ForB=8T, L.H.S.

ry =50 nm

1.0 x107 [

5.0 x 100 |

~—

\ I
~50 x100 =
—10x107 F
~15x107 [

R H.S.

Figure 2.2: Graphical plot of L.H.S. and R.H.S. of Eq. (2.19) as a function of a;

values starting from 0 and they cut the R.H.S. function almost perpendicularly.
This results in a modification of the radial part of eigen energies, Ef! = E — Ey,

as expressed below.

> (2.24)

E? (at high B field) = hw, [n - L”H}

The above energy levels correspond exactly to the diamagnetic free electron
levels discussed in references [66; 67; 70; 71]. The variation of probability density
of a few lower states in the radial direction for a dot size of 40 nm for two
magnetic field intensities is plotted in Fig. 2.3. These results are plotted up to
a radial distance of 1.2ry for a value of barrier potential V5 = 100 meV. The
number of bounded states is determined collectively by the values of Vy, rg, and
B. The result shows that, at high magnetic fields, the states are confined more
and more toward the centre of the dot. This effect is prominent at large dot
diameters and it clearly demonstrates the dominating role of confinement due to
magnetic field over the confinement due to the dot-potential at high magnetic
fields. The variation of different energy levels with magnetic field B for quantum

dots with radii 79 = 40 nm and ry = 20 nm are plotted in Fig. 2.4 (a) and
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Figure 2.3: Variation of electron probability density with magnetic field strength

(b) respectively. The energy level values for the states with the same quantum
numbers increase with the decrease of the dot radius. This follows directly from
the uncertainty principle as the uncertainty of the electron momentum increases,
thereby increasing its energy, with the decrease of position uncertainty due to the
cylindrical wall confinement. But at high magnetic fields, such differences due
to dot diameters vanish, as can be seen from Fig. 2.4, due to quicker increase
of energy levels with magnetic field strength in the case of large dot diameters.
The degeneracies are lifted for sufficiently high magnetic field. We also noticed
a grouping of energy levels at high magnetic field as per Eq. (2.24) for different
combinations of n and [ values. The values of E}! are grouped to hw.(n + 1/2)
when [ is negative and to hw.(n + [ + 1/2) when [ is positive. Here, w. is the
cyclotron frequency and it is directly proportional to the strength of the magnetic
field. For a large diameter dot, grouping of energy levels happens immediately
with the increase of the magnetic field strength. This can be verified by comparing

part (a) and (b) of Fig. 2.4. Similar variations and groupings of energy levels with
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magnetic field strength were already reported in the case of parabolic quantum
dots [26]. There, the threshold value of magnetic field strength at which the
energy levels tend to diamagnetic levels is determined by the frequency of the

harmonic oscillator potential. In contrast, it is determined by the dot radius for

cylindrical quantum dots.

Figure 2.4: Variation of radial energy levels with magnetic field strength for
quantum dot with radius (a) 40nm and (b) 20nm. The legend is shown in the

format Ey(n,1).
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In the above analysis we have not included the effect of Zeeman interaction,
whose energy contribution depends on the orientation of spin along the z direction
and is given by

E; = tgupB)/2 (2.25)

where g = 2 is the electron g-factor, ug is the Bohr magneton and B is the

applied magnetic field strength. This splitting is explicitly shown in Fig. 2.5.
e

sof

60}

40+

20+

v 1 ! L B (Tesla
0 5 10 15 20 i)

Figure 2.5: Splitting of single electron energy levels due to Zeeman interaction
for a QD with ry = 20nm.

We have also calculated the first order correction in energies for the ground
state energy level for various values of magnetic fields and quantum dot radii.
Omitting the vertical dimension, the ground state of single electron cylindrical

quantum dot for » < ry can be written as
Yo (r,¢) = C'e 3" M(ay; 17r%) (2.26)

where C” is the normalization constant of the wavefunction in r — ¢ plane and all

other factors are as defined before.

Mo _

B T {—M(al; 1; 77“2) + 2a1M(ay + 1; 2; 77“2)} (2.27)
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Substituting these in the first order correction term

L Otho
00 2
AR = p2is T4 2msmd /¢ U, T dBlr=r, (2.28)

we get the following energy corrections for a quantum dot with radius ro = 15nm.

B=0T B=5T B=10T B=15T B =20T
EQ° (meV)  10.954  11.493 13.06 15.502 18.640
AE® (meV) -0.370 —0.356 —0.314 —0.255 —0.191
% change 3.38 3.10 2.41 1.65 1.03

It may be seen from the above table that the energy corrections are lesser than
3.40% of the unperturbed energy values. It becomes even more negligible at
higher magnetic fields. The effect of perturbation also reduces with larger quan-

tum dot radius. This can be verified from the results shown below where ry =20nm.

B=0T B=5T B=10T B=15T B =20T
EQ° (meV) 6.601 7.477 9.893 13.356 17.356
AE" (meV) -0.174 —0.154 —0.106 —0.058 —0.025
% change 2.64 2.06 1.07 0.43 0.14

2.4 Conclusion

In view of the second quantum revolution [72], we have presented a comprehensive
report on the derivation of the single electron states for a cylindrical quantum dot
in the presence of constant magnetic field in transverse direction. The quantum
dot structure considered was with finite barrier potential in the radial direction
and infinite barrier potential in the z-direction. The eigen energy values are
determined numerically by exploring the continuity relations of the wave functions
at the boundary. The radial variation of the probability density for a few low lying
states is plotted with different dot sizes and magnetic field strengths. We noticed
a prominent compression of these states for larger dots at high magnetic field.
The radial part of the energy values for different states are plotted as a function
of magnetic field B. We noticed the grouping of energy levels at high magnetic
field strengths which may be attributed to the domination of diamagnetic effect

over the barrier confinement.
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Chapter 3

Single electron in hydrogenic

impurity potential

3.1 Introduction

Nanostructures with hydrogenic impurity is a problem that has been studied by
many researchers since the time the technology to build such structures became
feasible [73; 74; 75; 76]. Such structures are useful for building hardware for
quantum gate operations [47; 48]. These systems are also interesting from the
fundamental science point of view. Because in such structures one can study
how the parameters of confining potential modify the properties of electron do-
nated by the impurity atom. The spectrum and binding energy [77; 78], optical
characteristics [79; 80], effects of electric and magnetic fields [81; 82] are a few
to mention. hydrogenic impurity inside non-linear as well as non-isotropic host
materials were also considered by some authors [83; 84]. As can be seen in these
references, the nanostructures mostly studied in the context of hydrogenic impu-
rities were quantum wells, quantum wires and quantum dots (QD) with spherical,
cylindrical, box confinements. Donor impurities in quantum rings were also stud-
ied recently [85]. As analytical solutions do not exist in most of the cases, the
theoretical studies were mostly performed using variational analysis [64; 65]. In
some of the cases, the system can be approximately treated as a two-dimensional

problem. In such cases, the problem can be treated like a two-dimensional hydro-
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gen atom [86; 87]. A hydrogenic impurity will result in a logarithmic potential
in a strictly two-dimensional world due Gauss’s law in two dimensions. Such a
problem was studied numerically a few decades ago [88]. But for a practically
two-dimensional system, such as in the case of a two-dimensional quantum disc
problem, 1/r potential is more appropriate, since all the electric flux from the
positive nucleus is not confined in the two-dimensional plane. In what follows,
we numerically solve the problem of hydrogenic impurities in two-dimensions in
the presence of a magnetic field orthogonal to the 2D plane.

This chapter is organized as follows. In Section 3.2, we present the theoretical
model and then discuss various numerical procedures to solve the eigen value
problem. The results obtained such as energy eigen states and their variation
with respect to magnetic flux densities are analyzed in Section 3.3. Finally the

chapter is concluded in Section 3.4.

3.2 Theory and Numerical Procedure

We consider a thin sheet of GaAs material in which a hydrogenic impurity is
placed at the origin. The impurity will donates a single electron into the lattice
which will be confined by the nuclear potential. The confinement in axial direction
of the disc is assumed to be much stronger than that in the plane of the disc and
therefore the system can in effect be treated as a quasi two-dimensional structure.
Our aim in this study is to find out how the energy levels of such a system
is modified by the presence of an external magnetic field in the perpendicular
direction.
The single electron Hamiltonian of the present system can be written as,

R 2

-1 (ﬁ+ qA>2 _ (3.1)

2m KT

where kK = 4mepe, with €, = 13.1 (for GaAs). Here m} is the effective mass
of electron in GaAs material, which is 0.067mg, where mg is the rest mass of
the electron, and ¢ is the charge of the electron, and A(r,¢) = 5(0,r) is the

magnetic vector potential corresponding to a constant magnetic field B = Bé,.

The corresponding time-independent Schrodinger equation in polar coordinates
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becomes

_ T
8 KT

n 52_¢+10_¢+i02_@/} _%8_7704_ megT2 ’
2mx | Or2  ror  r20¢? 2 0¢

) ¢ =E¢ (3.2)

o %

Asin Section 2.2, since L, commutes with the two-dimensional Hamiltonian in Eq.
(3.2), we try a product solution 1 (r, ¢) = R(r)e''?/v/2m, where | = 0,41, +2, ...

and obtain

d?*R 1dR e 3t
R ks 24 g 3 00 7 .
0 { 02 i T } + {tﬂ‘ +t22 " + p } R(r) R(r) (3.3)

2}17;; tl = %m:(wc/Q)Q’ t2 — hwc’ t3 — qQ/K/ and w, B zf;

The above equation has no analytically exact solutions. But they are available

where ty =

for certain values of magnetic field strengths for a given set of radial and azimuthal
quantum numbers [89]. A solution for intermediate magnetic field strength in the
form of a uniformly convergent Taylor series has also been reported in a case
related to our present problem [90].

In the following, we solve Eq. (3.3) using numerical methods, where the
unknown function R(r) is evaluated at discrete points. Before proceeding further,
we remove the first order term from the above differential equation as most of
the numerical methods can be directly applied to differential equations that has

only second order derivatives. Thus we use a substitution R(r) = r='/2f(r) and

obtain
d2
~to{ 4z + U} 1) = E50) (3.4)
where )
Ulr) = {tﬂ”Z +t2é - %3 1 o 14) ;21/4)} .

In the following subsections we outline the procedures employed in various fi-
nite difference methods (FDM). With proper substitutions, we could extend this

method for solving problems on a non-linear grid also.
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3.2.1 Matrix Method

In all FDM based methods, we discretize the given differential equation using
a regular interval grid of NV points. i.e. the values of independent variable and
all its associated functions are indexed using integers, like r; = i A, where @
runs from 1 to N and A = ry./N. Here ry., is a sufficiently large value of
r where the wavefunction for all practical purposes can be taken to be zero.
The boundary conditions f(0) = f(co) = 0 are numerically imposed by setting
f(ro) = f(ry+1) = 0. Substituting the central difference approximation formula
for second derivative and sampling the value of U(r) at the grid points, Eq. (3.4)

at » = r; becomes

fic1 = 2fi + fina
—1g A2 =1+ Ufi = Ef; (3.5)
where, f; = f(r;) and U; = U(r;). Writing similar equation for all value of ¢
and applying the boundary condition, Eq. (3.4) becomes an N x N matrix eigen

value problem where the operator part is a tri-diagonal matrix as shown below.

%_‘_Ul _% 0 fl fl
—% QALS-FUQ —% 0 f2 fa
—% QALS+UN—1 —% S fn-1
_ —2%  B+UN]| | fv | | Iy

Solving the above equation we get N eigen values E, and their correspond-
ing eigen vectors f(* which can be expressed as an orthonormal set. We have
implemented this using Eigensystem command in MATHEMATICA package which

automatically takes care of the orthonormality condition

N

Z fi(a)*fi(b) S (3.7)
i=1

The continuous function f(r) is restored from the respective discrete function
f(r;) through proper interpolation. To recover the required radial function we

apply R(r) = f(r)//r. For the validation of the present computational method,
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we considered the case of B = 0T for which the analytical solution is

_ (n—1—[i])!
Rﬂﬂ_a{an—nu%—1

1/2 ol
) } e (ar)L2 - (ar) (3.8)

t3/t0
n—1/2

1,1 = 0 case, the plot of analytical wavefunction is contrasted with corresponding

where a = and Ll are the associated Laguerre polynomials. For n =
numerical result in Fig. 3.1. The comparison shows heavy mismatch near to the
origin and therefore the results should not be trusted. The ground state energy
obtained with a 1000 point grid (—12.92 meV) was also in marked disagreement
with the exact value (—21.34 meV). At this point the author also wishes to point
out that we could get sufficiently accurate results for the solution of 3-dimensional
H-impurity using the same method.

The matrix method with higher order accuracy in the approximation of second
derivative term was also considered in our research. But this also resulted in
similar output with no significant improvement over the present method. Thus
we resort to look for a method which can incorporate a non-uniform grid with
more samples in the region r = 0. The answer for such a technique was found in

Numerov’s shooting method which incorporates a logarithmic grid.
R(r)
Ix10%

2x 108

1=10%L

b T L

r
107% 2.5%10°% 3.x10°%

Figure 3.1: Comparison of analytical (dashed) and numerical (continuous) solu-
tion based on matrix method
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3.2.2 Numerov’s Shooting Method

The differential operator eigen value problem in Eq. 3.4 can be expressed in a

standard form as
f1(r)+Q(r)f(r)=0 (3.9)

E— . ) . .
where Q(r) = %(r) Using Taylor series expansion we can write

A? AS Ad
_f/l(r) j: _f/”(T) + _f/l//(r> + . (310)

FlrEA) = f)EAL)+ 5 . -

From this, we can write the second order derivative of f(r) as

fr+A4)=2f(r)+ f(r—A) A?

A 5 " (r) + O(A?). (3.11)

£y =

Now, the value of f"””(r) can be evaluated by differentiating Eq. 3.9 two times
and applying the central difference formula to Q(r)f(r). Thus

£(r) =~ {QEIF(} = — 35 {QUr + A)f -+ A) ~ 2Q()(r)
+Q(r — A)f(r — A) + O(A?).

(3.12)

Finally, substituting Eq. 3.12 in Eq. 3.11 and then Eq. 3.11 in Eq. 3.9, we get

F0) [2=882Q(n)] - £(r ¥ &) [1+ 500 7 4)]

fir£4) = 1+ 2Q(r+£4)

+O(A°%) (3.13)

The above equation has higher order accuracy and what it tells is that if we have
the value of f(r) at two successive grid points either at the left or at the right
boundary, we can generate the entire solution. But we must remember that Eq.
3.9 is an eigen value equation and therefore (r) contains an unknown parameter
E which is the unknown energy of the electron in the problem. As in the case
of all Sturm-Liouville problems, the solutions exits only for specific values of the
unknown energy eigen values. The steps involved in numerically solving this

problem is as listed below.

1. Assign the value of unknown function f(r) at two successive grid points at
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both boundaries, i.e. at i = 1,2 and i = N, N — 1. Since we know only the
value of function f; at ¢ =1 and ¢ = N, i.e. fi = fy = 0, we use them and
assign fo = fy_1 = 1 (or any fixed number).

2. The initial energy eigen value is also assigned by making a good guess by
considering the characteristic energy range of the problem. For all bounded
problems, the value of energy is usually taken as negative and therefore the
ground state energy will be the most negative. For higher excited states of a
given [ value, the energies will be lesser and lesser negative. It must also be
noticed that the larger the number of nodes in a wavefunction, greater will

be its corresponding eigen energy.

3. Using the assigned energy and boundary values, we evaluate Eq. 3.13 for
obtaining f7(r), the forward marching solution and fg(r), the backward
marching solution from the left and right boundary values respectively upto
an intermediate point r., where both solutions are compared and matched.
The intermediate point should be sufficiently away from the origin so that
if there are nodes present in the actual function, they will all appear before
this point.

4. The number of nodes in the f(r) function is counted by tracing the number
of times the function changes its sign until it reach the intermediate point r.
we have fixed. If it is more than what we wanted in our solution, we reassign

the energy to a lower (more negative) value and vice versa.

5. If the number nodes is as we wanted, then we match the relative slopes of

fo(r) and fr(r) at the intermediate point r. by comparing W from
both sides. If f;(r) has more relative slope than fr(r), then the energy value
must be increased thus spreading the wavefunction more outward from the

center. The opposite case is handled in a likewise manner.

6. The algorithm is repeated from step 3 to step 5 until the difference in energy
value between two successive loops becomes less than the accuracy we wanted

to attain. Once this convergence is achieved, the final solution f(r) can be
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constructed in the following way,

f(r); r<re

S falr)s >

f(r)= (3.14)

i.e. by selecting f(r) and fg(r) with suitable normalization at the boundary.

R(r)
3 103:-
2% 11}3:—

1x10% ]

-u-.‘.._-
il L T

1 1 1 1 1 1 1 1 1 1 1 r
5.x107° 1.x107® 1.5x10°% 2.x107% 2.5x10°% 3.x107%

Figure 3.2: Comparison of analytical (dashed) and numerical (continuous) solu-
tion based on shooting method

In Fig. 3.2, we plot the ground state solution obtained using Numerov shoot-
ing method. For comparison we have also ploted the analytical wavefunction
along with it. It can be noticed that the present solution matches more poorly
with the exact solution as compared to that in the matrix method of the previous
subsection. In addition, the energy of the ground state obtained on a 1000 point
grid was —10.26 meV compared to the exact —21.34 meV, which is again very
discouraging. But the advantage of shooting method is that we could also extend
this technique for non-uniform grid such as the logarithmic grid employed in the

following subsection.

3.2.3 Logarithmic Grid

A potential reason for the failure of the previous numerical methods is the exis-

tence of a regular singular point of order 2 at r = 0. Therefore, in order to nu-
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merically capture the true behavior of the wavefunction, we employ a co-ordinate
transformation which results in a new differential equation free from such singu-

larities. Such transformation is to set a dimensionless parameter = corresponding

z = log, (L) (3.15)

to distance as

B
where rp = 2ty/t3, the measure of a characteristic length scale of the system.
The above transformation modifies the function f(r) = f(rge®) = g(x) and the

corresponding differential equation becomes

g"(2) = ¢'(z) + r*Q(rpe”)g(z) = 0. (3.16)

The first derivative in the above equation is undesirable to be applied with Nu-

merov method. So we substitute g(x) = e*/?h(x) and obtain
h"(x) + P(x)h(z) =0 (3.17)

where P(z) = r?Q(r) — 1/4 and r = rge®. Equation (3.17) is in a stardard form
to which Numerov shooting method could be directly applied with new boundary
conditions written in terms of the variable x. Since x varies from —oo to 400,
we set lower (2,,:,) and upper (4, ) limits such that the function h(z) does not
significantly vary beyond these co-ordinate values. For example, for ground state
evaluation we took e®min = 10719 and e*mes = 4. This results in atleast 99%
of the total grid points falling in the region r < rp. Fig. 3.3 shows the ground
state solution of Eq. (3.17) we obtain using a linear grid of 1000 points along the
x-coordinate for the case B = 0.

The corresponding wavefunction in r coordinate is shown in Fig. 3.4 in which
the exact solution is also plotted. The two results are in excellent agreement
as on the same graph they superpose exactly and cannot be distinguished. The
energy obtained using the logarithmic grid is —21.34 meV, in excellent agreement
with the exact value accurate to two decimal places. Thus we have validated the
present numerical method using a case where analytical solutions are available.

In the next section we present the results for the general case where B # 0.
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Figure 3.3: Ground state solution for Eq. 3.17. The plot is in arbitrary units.
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Figure 3.4: Comparison of analytical (dashed curve) and numerical (continuous
curve) solution based on shooting method using logarithmic grid

3.3 Results and Discussion

After the validation of Numerov shooting method on a logarithmic grid, we have
solved the eigen value problem of a single electron bound to a hydrogenic impurity
inside a thin sheet of GaAs material in the presence of a magnetic field. The

procedure has to be repeated for each set of quantum numbers (n,[). For a given
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value of radial quantum number n, the azimuthal quantum number [ can only
take values in the range 0,+1,£2,--- ,+(n—1). The ground state corresponds to
n = 1and [ = 0. Figure 3.5 shows the radial plot of the ground state wavefunction
for different external magnetic flux densities. From this figure it may be seen that

the characteristic spread of ground state, the effective Bohr radius (rg), is around

10nm. The increase from rg = 0.53 A in the case of H-atom to this high value is
due to the effective mass of the electron and dielectric constant of GaAs material.

Smaller m; and larger €, result in larger spread of the electron wavefunction.

R(r)

4x10°
Ix108F \oh
2x 108

1x 108+

s gToTies

5.x107° 1.x107% 1.5x10°8

-
2.x107° 2.5x10°8 3.x107%

Figure 3.5: Variation of ground state wavefunction with respect to magnetic field
strengths B = 07" (continuous), B = 157" (dot-dashed) and B = 307" (dashed).

In the presence of an external magnetic field, the diamagnetic effect will try to
confine the electron to magnetic lengths (classical cyclotron radius) of the order of
iB. Therefore, for appreciable compression of ground state, the magnetic field

\V ¢

must be greater than B = q% = 6.56T. Signature of diamagnetic compressions

can also seen from the field Sependent energy spectrum curves plotted in Fig.
3.6. It may be noticed that a significant change in the ground state energy occurs
only when the magnetic flux densities are above 6 — 7 Tesla. For any value of n,
the states corresponding to different values of [ are degenerate for B = 0. This
degeneracy is quickly lifted with the introduction of non-zero magnetic field. All
the excited bound states which lied very close to one another at zero magnetic

field are seen to spread apart with the increase of the magnetic field strength.

TH-1349 06615301



Chapter 3. Single electron in hydrogenic impurity. 37

This is because the rate of increase in the energy of the a state depends upon the
value of [. States with positive values of [, increase its energy at a faster rate with
respect to the magnitude of external field in comparison to those having negative

values of [.

E(meV)

20+

10

In B(Tesla)

Figure 3.6: Bound state energy level variation with respect to magnetic field
strength. The color codes are: blue stands for n = 1,m = 0, green stands for
n=2m=(—1,0,1) and, red stands for n = 3, m = (0, £1, +2)

The variation of the excited state wavefunctions with respect to the magnetic
field is shown in Fig. 3.7. The curves correspond to the quantum number sets
(n=2,m=0) and (n = 2,m = —1) respectively. The dashed curves correspond
to B = 0 and the continuous curves correspond to B = 5T. Very significant
compression of these wavefunctions may be noticed from the radial plots. This
is because the average radius of these states at zero magnetic field is larger than

the cyclotron radius of the electron at B = 5T.

3.4 Conclusion

In this chapter we considered a system of a single electron bound to a hydro-
genic donor impurity inside a thin sheet of GaAs semiconductor material in the
presence of an orthogonal magnetic field. We approximated the system as a two-
dimensional problem with 1/r potential. The solutions where sought numerically.
First we tried a solution using central difference approximation formula. When

we try to validate the results using a case (B = 0) for which analytical solutions
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Figure 3.7: Compression of excited states with respect to magnetic field.

exist, we noticed significant deviation near the location of impurity. This may be
attributed to the presence of singularity in potential at that point. Therefore, we
try to improve the results using a higher order accurate method called matrix Nu-
merov method. Again, the results turned out to be incorrect near the location of
singularity. Finally we used a logarithmic grid based Numerov shooting method
to sample the solutions more frequently near the singularity point. Using this
method, we achieved very accurate solutions of wavefunctions and energy values
for the case of zero magnetic field. We then introduced the terms corresponding
to arbitrary magnetic field and obtained solutions for the eigen value problem at
various values of azimuthal quantum number [. The variation of eigen energies are
plotted as function of external magnetic field. We noticed that the ground state
energy lies way below all excited states. The energy of the ground state was seen
to undergo no significant change until B = 5T. In contrast, for the excited states,
their energy varies even with moderate magnetic flux densities. This behavior
may be explained by looking at the spread of various energy eigen states. The
spread of ground state is very small compared to that of all the excited states.
For an applied magnetic field to diamagnetically compress any wavefunction, its
characteristic radial spread must be comparable to cyclotron radius. For the ex-
cited states, this condition will be satisfied with smaller magnetic field as their
radial spread is larger in comparison to the ground state spread. Since the spread
of the wavefunction of a donor electron in any host material is decided by the
effective mass and dielectric constant of the material, these characteristics will

vary with the type of host material.
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Chapter 4

Two electrons in a cylindrical

quantum dot

4.1 Introduction

Quantum dots in magnetic fields are extensively studied in the context of nan-
otechnology, both theoretically as well as experimentally [26; 27]. Technology is
now matured enough to have precise control over the number of electrons inside
the QDs [91]. To theoretically study few electron dots, various model poten-
tials are employed such as rectangular, harmonic oscillator, cylindrical, inverted-
Gaussian, spherical etc. [92; 93; 94; 95; 96]. Though for majority of cases har-
monic oscillator model potential is a good approximation, for certain optically
active self-assembled quantum dots, cylindrical potential is a better approxima-
tion [97]. In the present chapter, we focus on a two electron cylindrical quan-
tum dot with a finite-height discontinuous confinement potential in the presence
of a magnetic field in its axial direction. The one-electron problem for such a
GaAs/Ga;_, Al As dot was studied earlier [98].

Two electron quantum dots are interesting because it is the simplest case
for studying the effect of electron-electron interaction [99]. We can anticipate
that the energy spectrum of a multi-electron quantum dot is going to depend on
various factors such as confinement due to external magnetic field, confinement

due to dot-potential, and finally the electron-electron interaction and correlation
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effects. For a dot with very small height to diameter ratio, we can safely assume
that electrons are restricted to the ground state sub-band in the z-direction and
thus the problem reduces to the case of a two-dimensional circular disc. The
energy levels for a two electron quantum dot with harmonic potential was studied
extensively by many researchers [100; 101; 102; 103; 104; 105]. A similar study
for discontinuous model potential was done by F. M. Peeters et al. wherein they
solved the one electron problem using the finite difference scheme, and then used
those results to do variational analysis for the two electron problem [106]. In the
present work, we employ linear variational analysis where the trial wave function
is constructed out of single electron harmonic oscillator wavefunctions.

This chapter is organized as follows. Section 4.2 discusses the theoretical
model and the basic analytical steps involved, the results are the presented and

discussed in Section 4.3, and finally the chapter is concluded in Section 4.4.

4.2 Theory and Procedure

In the following analysis we consider a quantum dot based on GaAs/Ga;_,Al,As
heterostructure, but assume that the electron effective mass remains constant
across the heterogeneous boundary. This is a reasonable approximation for a
potential step of size 100 meV, as it amounts to only a 15% difference in the
effective mass for the Ga;_,Al,As outer region in comparison to that of the inner
GaAs region [98]. As the the electron densities for the lower energy states are
negligible in the outer region, this difference does not contribute much to our
problem. Further, we assume a much stronger confinement in the axial direction
of the dot relative to that in its radial direction, thus justifying our two dimen-
sional model for the analysis [106]. Under these assumptions, the Hamiltonian
of a two electron cylindrical quantum dot system in a constant magnetic field B

can be written as

H:Z[

i=1,2

q2

K|ri — 73

1 = 7\? diB 57 &
Sros <p1+qA,> +V(r,)+TSz-B + (4.1)

e
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where A; = £(0,7;,0) and

0 5 rn<nro
W Tz'>710‘

Here 7 and p; are the conjugate position and momentum of the i** electron, m?
is the electron effective mass, ¢ is the electron charge, ¢ is the electron g-factor,
g is the Bohr magneton, S; is the spin angular momentum of the i*" electron,
and k = 47e, in SI units. Here, the value of quantum dot permittivity, ¢, is given
an average value of 13.1¢y throughout the material. In the operator form Eq.(4.1)

becomes

! 5’ A 1 1 02 We » 1 we\ 2
= _ R S L, +-m (=) r?
Z { 2m} (37‘-2 * O . T (’3@2) 3 2" N 2" ( 2 > \ (4.2)

7

A .
V() + ﬂa;(’)] +

2 K|ri — 73]
where ﬁzi = —ih%, the z-component of the angular momentum operator of
the ¥ electron, we = f’ﬁ, the cyclotron frequency, and w; = fn—B;, the Larmor

frequency.
By adding and subtracting a harmonic oscillator potential 2m’war? for each
electron, we can re-write the above Hamiltonian as
H=H°(1,2)+ H'(1,2) (4.3)

The definitions of HO(1,2) and H’ (1,2) are as given below.

H°(1,2) = Hyo (1) + Hpo (2) (4.4)
where
. B 02 10 1 02 We » 1
Hup(i)) = ——— (25 + =+ — = | + L., +-mi?r? (4
ho (1) 2m} (87"2-2 r; OT; + ;2 8@2) + 2 " + 2mew " (4.5)
with w = /w2 + (”70)2 Similarly,
H'(1,2) =W (1,2) + Z(1,2) + C (1,2) (4.6)

TH-1349 06615301



Chapter 4. Two electrons in a cylindrical quantum dot. 42

where

. 1
Wi(1,2) = Z {V (ri) — §m:w§r?] ,  the residue potential term

i=1
ol FLCUL 2 ’L)
Z(1,2) =—= Z g,”, the Zeeman term and

the Coulomb term.

The eigenvalues and eigenfunctions of Hy, are well known [26] and are as given

below.

I:Iho @n,m(ra ¢> = gn,m Spn,m(ra ¢) (47)

where n =0,1,2... and m = 0,£1,+2. .. are the radial and azimuthal quantum

numbers respectively, and

Enm = hw (2n + |m|+1) + hwcg (4.8)

2

—r . r
€Xp [2&2B . Zm¢:| T|m|1F1[—7’L, |m|+17 g]

(4.9)

1 (|m|+n)!
agr’m' Im|! ™!

Pn,m (T7 gb) ™

where ag =/ mr,fw is the effective Bohr radius of the quantum dot.
Now, in a linear variational theory [107], we consider a trial wavefunction

expressed as

) =calxa) +e2lxe) + - +alxa) + 0+ calxa) (4.10)

Here d is the dimension of the basis set, coefficients ¢y, ca, . .., cq are variational
parameters and |y;) are the orthonormalized two-electron states. If s; and so are
the spin quantum numbers of individual electrons (each having a value %), and if
s is the total spin quantum number of the two-electron system, then by angular

momentum addition rule s can take only two values viz. s = 0 corresponding to
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|s1— 2|, and s = 1 corresponding to |s; + sg|. For s = 0 state, the z-component of
the total spin operator, 5'2, can have only one value for its quantum number viz.
ms = 0 (singlet), and for the s = 1 state, it can take three values viz. ms = 0, +1
(triplet). The orbital part of the singlet state must be symmetric and that of the
triplet states must be antisymmetric. These can be easily constructed out of one-
electron wavefunctions by taking Slater permanent and determinant respectively.
For example, if |, m,) and |@,, m,) are any two distinct one-electron eigen states,
then

o |90n17m1(1>> |§0n2,m2 (2)> + |90n2,m2(1>> |90n1,m1(2)>
X7:51,m1,n27m2(172)> =i \/§ (411)

is a valid orthonormalized symmetric (antisymmetric) two-electron orbital wave-

function constructed out of them, except for the case (ny,m1) = (n2, ms) where,
an additional factor of v/2 must be taken care of. This, multiplied by their appro-
priate spin-wavefunction counterpart (|s)), forms the required basis wavefunctions
in Eq. (4.10), given by

xa) = |x7) |s = 0(1)) (4.12)

Since [I:] \ I:z} = 0, the total z-component of the angular momentum, M =
my + ms, must be the same for all terms in the trial wavefuntion. Similarly, since
[ﬁ[ , S 2} = [ﬁ . 5}] = 0, every term in the trial wavefunction must have the same
value for the s and mg quantum numbers. Thus, we can do variational analysis
for each combinations of M, s and m, values separately. For each case, the linear

variational analysis reduces to solving an eigen value problem of the type

[H]{C} = E{C}. (4.13)

Here [H] is a square matrix of size d X d with elements H;; = <Xi ‘]:I‘ Xj>» {C}
is a column matrix of size d x 1 with unknown coefficients ¢; of Eq. (4.10) as
elements, and F is their corresponding eigen energy. The matrix [H] can be
written as a sum of matrices [H°] and [H'] corresponding to the operators H°
and H' defined via Eq. (4.3). The elements of [H°] for the case of singlet (+)
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and triplet (—) states are given by Eq. (4.14). Due to the orthogonality of one-
electron wavefunctions |p,, ), it may be noticed that [H] has non-zero elements

only along its diagonal.

0

<X’rjlil,m1,n2,m2 Hho (]‘) + Hho (2)‘ X?fg,m3,n4,m4>

- 5”1713(5m1m35n2n45m2m4 (8n3,m3 + 8”4,7714)

(4.14)

Similarly, the elements of [H'] are also evaluated. In the case of triplet states,

the result after substituting for |x~) from Eq. (4.11) becomes

Hiy = (fnsms (1) @nama (2) [H (1,2)| @y (1) @ (2))
~ (Gmms (1) frams ()| B (1,2)

A little care must be given while evaluating the elements of [H’] for singlet states.

(4.15)

@ (1) Prs s (2))

This is because, we can build symmetric orbital states out one-electron eigenstates
even when n; = ny and m; = mo, and those states are different from the general

symmetric states given by Eq. (4.11). For the general states,

Hj; = (@nsims (1) @nama (2) [ H (1,2)| @ngyms (1) @ (2) )
+ (Praams (1) Pragma @) B (1,2)

When n; = ny and my = my and nz = ny and mz = my, the elements of [H’] for

(4.16)
Prame (1) Gagms (2))

singlet states becomes
H = (@nsms (1) G ) [H AL D) Gnams (1) fngma (2)) (417)

The final case is when quantum numbers are equal only on one side, say n; = ng

and m; = meg, the elements of [H'] for singlet states are given by

Hz{j = \/§<90n1,m1 (1) Pny.my (2) ‘I:I/ (1, 2)‘ Pngms (1) Prama (2)> (4.18)

All the elements of [H'] were found out through numerical integration in the
MATHEMATICA software. To simplify the case, we can split and write [H'] as a

sum of three matrices corresponding to the terms defined in Eq. (4.6) as

[H') = [W]+[2]+[C] (4.19)
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Now, the matrix [Z] is diagonal due to the orthonormality of orbital part of
the basis wavefunctions. Furthermore, these diagonal elements are also zero for
ms = 0 states <%> But for ms = 1 states (|11), [{d)), it give rises to
a constant value, +hwy for all the diagonal elements. Similarly, many of the
elements in [W] are zeros due to the othogonality condition when m; # ms or
mq # my. Again, because of the azimuthal and exchange symmetries of the
W (1,2) term, all the non-zero [IW] elements require only one-variable numerical
integrations. The evaluation of elements in the [C] matrix involves calculation of

terms like

Gz = (Praams (1) @nama (D)€ (1,2D)] Gupams (1) @nams () (420)

ezmq&

If we substitute @nm (7, ) = pom (r) 5= in Eq. (4.20) we get,

2 [e’e}
q -
012,34 = Irre /7;1:0 A d’l"l pnl,ml (Tl) Pnsz,ms (Tl)

= (4.21)
| radrs s (52) b (12) L r1,72)
ro=0
where
2 27 9 S
I(ry,m) = / d¢1/ dosy expli(—m + m32¢1 —EZ( e m4)(b2].
¢=0 ¢=0 !7“1 - 7”2|

Using the multipole expansion of ﬁ and simplifying further, I (ry, ro) becomes

Ot O (I — my + mg3)! _
I =42 =y PmTms ()2 4.92
(r1,72) = 4m 7 IZ;(“) ey _mg)!( ) (0)) (4.22)

where, r> = r; and 7« = 7 when r; > ry and vice versa, and P/™ is the associated

Legendre function. Substituting this expression for I (r1,79) in Eq. (4.21), we get
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oy )

(Il +mq —mg3)!
71 +1
* T2
/ dra Py my (72) Priama (72) (—) +

5=0 (A

o9 l
* (A
| b, 03) s 1) (2 ]
ro=r1 ()

Thus we have replaced the original four-variable integration given in Eq. (4.20)

Cliags =

l=|m1—mg3]|

/ 1Ay Py oy (T1) Prgims (71)
r1=0

(4.23)

with an infinite sum of two-variable integrations. But since the result is pretty
accurate with only first few (say 30) terms of Eq. (4.23), this new formula helps
us to achieve fast computation of the elements in [C].

Once all the elements of [H]| are evaluated, we proceed to solve the eigen
value problem of Eq. (4.13) which will then give us the energy spectrum and
corresponding electron wavefunctions. We have done this by using the subrou-
tine Eigensystem available in the MATHEMATICA software. This process is done
separately for each value of quantum numbers (M, s) and it is then repeated for
values of B ranging from 0 to 30 Tesla. The electron density, 7 (r), and pair cor-
relation function, f,. (7), are then evaluated using these resultant wavefunctions,

following the definitions mentioned in reference [106] as given below

(4.24)

&l
|
o~
S
A
=l
|
X
+
S
SN—
S~

Fpe

4.3 Results and Discussion

The results obtained here are classified in terms of quantum numbers (M, s),
which form separate infinite-dimensional subspaces within the Hilbert space of
the problem. The accuracy of results, obtained through linear variational analy-
sis for each such case, depends on how well the basis set spans over the subspace
of interest. Though the lower energy states are mostly spanned by the lower

energy basis functions, the accuracy of results gets better as we increase the size
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of the basis set. This size, in turn depends on the number of one-electron eigen-
functions we begin with, from which we construct those basis functions. In the
present problem, we have used single electron eigenfunctions |, ,,) with quan-
tum numbers n ranging from 0 to v, and m ranging from —pu to p. This results in

a total number of Ny = (v + 1) (2u + 1) single electron wavefunctions. From N;

Nl(Nl—l-l)
V]

antisymmetric wavefunctions for triplet states.

one-electron wavefunctions, we can construct

for singlet states, and w

symmetric wavefunctions

The number of two-electron basis functions that can be constructed for a given

v, u, M and s values is given by

(v+1) [(V—l—l)(ﬂ-l—l—%)—g—s] ; M even

N:
’ (v +1)° (u— 272) . M odd

(4.25)

ﬁ respectively are, for even and odd cases of M,

Whereu—l—l—T and pu —
the number of possible Comblnations of m; and my such that m; + my = M.
Now, (v 4 1)* is the number of possible combinations for n; and ny for each
allowed combination of m; and mgy values. The ~ ”H) in Eq. (4.25) is the number
of repeated cases of two-electron wavefunctions for the m; = my case, due to
the permutation of n; and n, values. Finally the subtraction of (v + 1) s term
removes the prohibited case of (ny,m;) = (ny, mo) from the antisymmetric orbital
wavefunctions of triplet states. The results plotted in this section are for the case
v =2 and p = 3, giving N; = 21, in which case we obtain 231 singlet basis
states and 210 triplet basis states. These states are then classified according to
their M values, giving rise to different basis dimensions for each case, as listed in
Table 4.1. It may be noticed from the table that the largest basis set is obtained
for M = 0 and the smallest basis set is for M = +2u. Therefore, for a given
analysis described here, we expect more accurate results for terms with smaller
| M| values.

An important parameter we must fix beforehand is the value of wy in Eq.
(4.5). We expect best results when the harmonic oscillator potential Vj, (wo, ) =

% 2.2

—m swir effectively mimics the most of the cylindrical step potential of the orig-

inal problem. To find this value of wy, we have expressed Vi, (wo,70) = EkVj,
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M wvalue | Dimension | Dimension
of Singlet | of Triplet
basis basis

-6 6 3
-5 9 9
-4 15 12
-3 18 18
-2 24 21
-1 27 27
0 33 30
1 27 27
2 24 21
3 18 18
4 15 12
5 9 9
6 6 3

Table 4.1: Dimensions of two-electron basis set for different M values

where Vj is the step-size and k is a dimensionless number whose value we need

to determine. Then wy becomes

| 2KV
wo (k) = m*rg (4.26)
e'0

By tuning the value of k, we found that there exists a minimum for the ground

state energy when k£ = 0.25. This corresponds to hwy = 15.85 meV for a quantum
dot with ro = 15nm and V) = 100 meV.

The energy spectrum obtained for various quantum numbers are plotted as
a function of external magnetic field strength in Fig. 4.1. We have chosen ry =
15nm, to avoid the piling up of many energy levels in a window of energy between
0 to 100 meV, but at the same time granting us decent number of curves for
observation. In the figure, we have shown curves for both siglet (continuous) and
triplet (dashed) states, and in each case M varying from —2 to +2 which are

represented by various color codes, as mentioned in the figure caption. Curves
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Figure 4.1: Two electron energy spectrum for a cylindrical quantum dot. Here,
the dotted (continuous) curves stands for s = 1 (s = 0) states. The colors red,
green, blue, orange and brown stand for M = —2,—1,0, 1,2 respectively. The
results plotted are for an g = 15nm and V5 = 100 meV.

with higher energies for the same color code corresponds to excited states, which
may be labeled by a new quantum number N = 1,2, 3...etc. We notice from
the figure that at 0T, the states corresponding to =M are degenerate and the
degeneracy is lifted as the magnetic field is switched on. The curves for different
values of my quantum number have been suppressed for the sake of clarity. If
we add them, the only difference it will make is to introduce two more levels for
each triplet state, which differ from the present one by +hw;. The results we
obtained show considerable similarity with those in Reference [106], where they
have plotted for cylindrical quantum dot with V5 = 500 meV and rq = 10nm
and rg = 20nm respectively. Similar to their cases, grouping of energy levels are
noticed at higher magnetic field strengths as shown in Fig. 4.1. Similarly, singlet-
triplet crossing is observed for the ground state, with the increase of external
magnetic field. Our results for 15nm dot nicely interpolates with the two cases
in reference [106], in terms of the scales of energy and magnetic field strength as
can be seen from the graphs. The first singlet-triplet crossing here takes place
at around 12T and the second one happens at around 29T, which were 10T and
19T in their case of 20nm quantum dot. The discrepancies could be attributed
to the differences in confinement energies of both cases due to the differences in
ro and Vj values.

In Fig. 4.2, we have plotted the magnetization of the present two-electron
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quantum dot as a function of magnetic field strength. This is evaluated by taking

the negative derivative of free energy with respect to magnetic field as [108]

oF

Hmag = _8_B (427)

E;(B)

where ' = —kTInZ(B) is the free energy of the system, and Z(B) =) . e™ &1

is the system partition function. Here B is the magnetic field strength and E; are

the energy levels plotted in Fig. 4.2(a). The result shown are for a temperature
T = 4K and magnitude of magnetization are expressed in units of Bohr magneton
(up = 5.79 x 1072meV/T). It may be noticed that, we now have lesser number
of singlet-triplet transitions for the ground state as compared to that in Fig. 4.1
and the first one takes place early at around 10.3T. This is because we now have
taken into account the Zeeman effect, whose contribution is important for the
calculation of free energy. Similar results for two electrons in parabolic quantum
dot potential were shown earlier in reference [109]. In comparison, we notice only
one oscillation in the magnetization curve as opposed to many in their case for
a given range of magnetic field strength. This can be attributed to the large
effective confinement radius (almost double in comparison) in their case. We
also notice larger paramagnetic contribution in the step size of magnetization at
the point of transition, which definitely points to the contribution from exchange
interaction and orbital motion. The step is found to be abrupt for very low values
of T" but smoothens with the increase of temperature, as the value of k7" becomes
comparable to that of the spacing between energy levels. Since magnetization
can be measured experimentally, these results are useful for the determination of
spin states in spintronic applications as reported in reference [39].

We have also plotted the electron radial densities and pair correlation func-
tions for various quantum numbers (M, s) and magnetic field strengths. These
are shown in Fig.(4.3), where we again notice very compliant results with that
in reference [106]. The qualitative nature and quantitative values of both the
radial electron densities and pair correlation functions look very appealing by
comparison of these results. At higher magnetic fields, these functions are seen
to be pressed toward the center of the dot, due to the magnetic confinement.

But for low magnetic fields, the electron-electron interaction pushes them apart,
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Figure 4.2: (a) Two electron energy spectrum including the multiplicity of triplet
states due to Zeeman interaction, (b) Magnetization at 7" = 0.2K (blue) and 4K
(red) are shown as a function of magnetic field strength.

while the dot confinement potential limits the extent to which they can be sep-
arated. Due to the inherent anti-symmetry in the orbital wavefunction of the
triplet states, f,.(0) = 0 as two electrons cannot be in the same place in such

states. In contrast, for all singlet states, there exists a non-zero value for f,.(0).

4.4 Conclusion

We have conducted a linear variational analysis for a two-electron cylindrical
quantum dot with step potential, with a trial wavefunction constructed out of
harmonic oscillator eigen functions. We fixed the strength of this oscillator po-
tential by tuning the oscillator frequency for minimum ground state energy. We
plotted the two-electron energy spectrum as a function of external magnetic field

strength for various values of quantum numbers (M, s). From these, we evaluated
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Figure 4.3: Left column: Radial electron density (ED), n(r, ¢ = 0); Right column:
Pair correlation function (CF), f,.(r, ¢ = 0). The continuous, dashed and dotted
curves corresponds to B = 0, 10 and 20 Tesla respectively. The rows 1, 2 and
3 corresponds to quantum numbers (0,0), (—1,1) and (—2,0) respectively. All
results are for an ro = 15nm.

the free energy and determined the dependency of magnetization with respect to
the magnetic field strength. Similarly, we have also plotted radial electron density
and pair correlation functions for different quantum numbers and different mag-
netic field strengths. We could convincingly obtain all the qualitative and even
most of the quantitative features of the exact results obtained by F. M. Peeters et
al. [106] where they considered around 1000 basis states for each combination of
(M, s) quantum numbers. In comparison, we considered less than 50 basis states
to obtain the results displayed. This shows that a very few low-energy harmonic
oscillator eigenfunctions are able to effectively capture the quantum dot cylindri-

cal step-potential. Our method also eliminates the requirement of finite element
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analysis for obtaining one electron wavefunctions. However, our results are valid
only under the assumption that the effective mass and permittivity of the dot
are almost constant throughout the material. This may be taken as a very good
approximation as the effective mass and permittivity changes are known to be

very small with respect to the composition of the material.
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Chapter 5

Two electrons in laterally

coupled quantum dots

5.1 Introduction

Coupled quantum dots or artificial molecular hydrogen is an important prob-
lem that attracted attention of many researchers during the past two decades.
Some have pursued this to characterize its physical properties, whereas oth-
ers approached it from the application point of view. Coulomb blockade and
conductance properties [110; 111], electronic structure and optical properties
[112; 113; 114], electron-phonon interactions [115], Kondo resonant spectra [116],
etc. are examples for some of the physical properties studied. On the other hand,
application of these nanostructures include quantum gates [39], resonant tunnel-
ing diode [117], preparation of entangled states [118], vertical cavity lasers [119],
quantum cellular automata [120] etc. The coupling of quantum dots are done
either laterally [121] or vertically [122]. The confinement potential for a coupled
quantum dot could be created out of patterned gate electrodes [43], donor impu-
rity placement [48] or by pure band-gap engineering as in self-assembled coupled
quantum dots [123]. The advantage of a patterned electrode based potential is
that we can electrically control the inter-dot distance as well as the number of
electrons inside each dot.

The modeling of the confinement potential depends upon the method of con-

TH-1349 06615301 54



Chapter 5. Two electrons in laterally coupled quantum dots. 55

finement. For donor impurities, Coulomb potential is an ideal one. For self-
assembled quantum dots, step potential may be a good approximation. In the
case of self-assembled quantum dots, experimental results indicate a violation
of the generalized Kohn theorem suggesting discontinuities in the confinement
potential [124; 125]. The disadvantage of fully heterostructured coupled quan-
tum dots is that we cannot manipulate their confinement potential for achieving
control over inter-dot interaction. But control over the number of electrons in a
heterostructred quantum dot, even to the extent of single electron charging was
achieved by fabricating them inside a field effect transistor kind of environment
[126]. We believe the same could be achieved in the case of coupled self-assembled
QDs also. This opens the possibility of using such structures for building quan-
tum gates. The advantage of employing such structures over patterned gate is
that we can achieve higher number of those basic units in a given area of two-
dimensional semiconductor surface. This is due to the fact that the patterned
gate based QDs have radial dimensions of the order of 100nm, whereas the self-
assembled QDs can be fabricated in less than 10nm radius. The disadvantage of
inability to control inter-dot interaction can be overcome by relying fully on an
orthogonal external magnetic field as a handle. For simultaneous control of many
quantum gate units, we require a nano-scale manipulation of magnetic induction,
which is also a part of present day research [127; 128].

In this chapter, we study two electrons in laterally coupled heterostructured
quantum dots with cylindrically symmetric step potential as well as coupled donor
impurities in the presence of a magnetic field. We investigate the possibility
of controlling exchange interaction in these structures by varying the strength
of magnetic field. In Section 5.2, we present the theoretical discussion for the
analysis of coupled quantum dots using methods from molecular physics. The
results thus obtained such as the variation of exchange interaction with respect
to the magnetic field and inter-dot separation etc. are presented and discussed

in Section 5.3. Finally the chapter is concluded in Section 5.5.
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5.2 Theory

In our analysis we consider a thin sheet of semiconductor material consisting of
two cylindrically symmetric QDs having one electron each, laterally coupled to
each other as shown in Fig. 5.1. In the first case we assume that the dot potentials
are due to heterostructured confinements forming cylindrical step potentials. In
the second case, we consider hydrogenic impurity potentials laterally aligned and
coupled to each other. Our aim is to evaluate the exchange interaction strength
between these electrons as a function of external magnetic field in the orthogonal
direction, for a given inter dot separation. We make use of the variational principle
in molecular physics namely, the Heitler-London (H-L) method and then refine

these results by incorporating double occupancy states in each dot.

VimeVyisgg

-100

Figure 5.1: A perspective projection of the potential profile under consideration.
(a) An approximate model potential for fully heterostructured coupled dots. The
potential is taken as V' = 0 inside the dots and V' = V} outside the dots. (b)
Model potential of coupled donor impurities.
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In both cases we assume that the quantum dots are formed in a two dimen-
sional electron gas (2DEG) and the whole analysis is done under the effective

mass approximation. The Hamiltonian for the coupled system is then given by

(5.1)

1 47% L+ 2 I
h; = (Pv; T qA(ﬁ‘)) T V() +9upB - 5
2m,

Here, the first term in the Hamiltonian involving h; determines the dynamics
of the independent electrons, which in turn breaks into kinetic energy of the
electron, potential energy due to confinement and the interaction with external
constant magnetic field. g is the electron g-factor and pp is the Bohr magneton.
The second term in the Hamiltonian is the Coulomb interaction between the two
electrons. We consider the magnetic field to be along z axis, which couples to
the electric charge via the vector potential ff(r) = %(—y, z,0). The coupled QD

confining potentials, as shown in Fig. 5.1 can be written as

0, (Jz|—a)? + y? < ro;
Vi(z,y) = (5.2a)
Vo, /(lz]=a)? +y2 > ro;

__ﬁ 1 1
Vii(z,y) = <\/(x+a)2+y2+\/(x—a)2—|—y2) (5.2b)

where, V(z,y) = Vi(z,y) for the first case (heterostructure) and V(z,y) =
Vir(z,y) for the second case (donor impurity). V is the step potential and rg is
the radius of individual heterostructure dot. The centers of individual QDs are
separated by a distance 2a and they are measured in units of ry in the case of
heterostructure dots and rp = %{’1‘2, the effective Bohr radius, in the case of im-
purity dots. We assume the inter-dot distance can be controlled experimentally,
and the screening lengths of Coulomb interactions are very large compared to the
dot dimensions.

The Hamiltonian in Eq. 5.1 is symmetric with respect to the exchange of
particles, as electrons are indistinguishable. This leads to a condition on the

orbital part of the total wavefunction that it should be either symmetric or anti-
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symmetric. Since the total wave function of the two electron system must be
anti-symmetric, this will introduce correlation between the spins through orbital
degrees of freedom. The spin part of symmetric orbital wave function must be
a singlet state and that of the anti-symmetric orbital wave function must be a
triplet state. Since, the electrons will occupy only the lowest orbital eigen states
of the total Hamiltonian at temperatures close to zero, we can write a generic

two electron state as

[¥(8)) = Ci(t) [¢o4) Ixs) + Ca(E) [9=) [xe) (5.3)

a superposition of the lowest singlet and triplet states. Which one of these is
the ground state, as we will show, is determined by the magnitude of applied
external magnetic field intensity. |¢4) is the orbital part and ‘Xs /t> is the spin
part of the wavefunction. C(t) and Cy(t) are the probability amplitude for singlet
and triplet states respectively at any given time ¢. In Schrodinger picture, the a

time evolution from ¢y to ¢ can be written as

(1)) = e RHE0) [y (1)) 5.4
= Ci(to)e™ #B+E1) [, ) [x,) + Calto)e™ #8710 [yp_) |x,) '

where F, and F_ are singlet and triplet energies respectively. This can be further
simplified by writing in terms of exchange energy J = E_ — E, and ignoring the
global phase of the state as

[9(2)) = Ci(to) [14) |xs) + Calto)e™ ¢ ) |xy) - (5.5)

From above equation, it is clear that any non-zero exchange interaction will intro-
duce a relative phase Jt/h between the singlet and triplet states. This is useful
for realizing single qubit gates in the case of encoded two-spin qubits and two
qubit gates in single spin qubits. The above relative phase is usually expressed

in terms of Heisenberg’s effective spin-spin interaction Hamiltonian

— —

S1- S
h2

Hy=J . (5.6)
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In the following we calculate the magnitude of J as a function of magnetic field
intensity for both cases of coupled quantum dots. This involves the estimation

of E_ and E, from the two-electron orbital wave function.

5.2.1 Heitler-London Approximation

At first we consider the simplest approximation of one electron sitting in each
quantum dot. In Heitler-London (H-L) approximation, this picture is constructed
out of single electron ground states of the left and right single quantum dots. If
¢r(7) is the ground state of the left QD and pg(7) is the ground state of the

right QD, the orbital part of the two electron wavefunction is written as

or(r1)pr(r2) £ SOR(F)SDL(T‘z)

VRl Z 5

The symmetric combination correspond to singlet ground state ¢, and the anti-

|ths) = (5.7)

symmetric combination correspond to triplet ground state ¥»_. The denominator
of the above equation is the normalization factor where, S is the overlap between
o, and @gr. The value of energies for singlet and triplet ground state can then

be written as

By = (Y1 [H|Yy) . (5.8)

After simplification, this becomes

{2 (1£57) +2 (pu(r) [Vi(r) | 1.(r)) £ 25 (o1 (r) [Vi(r)] or(r))

+ <¢L(T1)SOR(T2)

1
E. —
SR S

2

= = QOL 7“1 QOR T2 >
K| — T

2
SOR T SDL T2 >}

In the above expression, € is the single electron energy for the single dot ground
state, V,.(r) = V(r) — Vi(r) and Vi(r) = V(r) — Vg(r) are the residue potentials;
Vi, and Vg are the confining potentials for the single QD at the left and right

—

/€|’I"1 — ’f’2|

+ <<PL(7’1)<PR(7“2)

positions, respectively. Shifting the single particle ground state orbital toward

left and right by transforming (z,y) — (z £ a,y) will also change the gauge
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of the problem. This is then fixed by an inverse gauge transformation A=
B (—y,x£a,0) — A= L (—y,z,0), which will introduce a phase factor on the

shlfted orbitals as shown below.

r/m(e,y) = Voo +a,y) (5.10)

where lp = \/h/qB is the cyclotron radius corresponding to the lowest Landau
orbital.

5.2.2 Weinbaum Approximation

A method of obtaining better estimation of ground state energy for hydrogen
molecule was proposed by Weinbaum [129], where the double occupancy states
at each H-atom was also considered. In a similar way, we try to improve the results
for our coupled QDs. Since we consider only the ground state from each QD, the
doubly occupied two-electron states formed from them are always singlet states.
Thus our effective Hilbert space is spanned by three singlet states having the
same antisymmetric spatial configuration, and three triplet states having distinct
symmetric spatial configurations. The four spatial parts of the wavefunctions are
listed below.

OF (71, 7) = @r(71)pL(7) (5.11a)

% (71, ) = or(7)pr(TS) (5.11Db)

(I)(l 1)( 7, H) @L(rl)goR(_;) + QORZ(FI)SDL<_»2> (5.11(3)
RIFEE" 52

In the above, the superscript d denotes double occupancy and superscript (1, 1)
denotes single occupancy states. All the above orbital states are written in nor-
malized form. As the spin part of the wavefunction (\TT> 1)), Tl im ) are all
orthonormal to one another, the three triplet states are orthogonal to each other
and to the singlet state. However the three singlet states in the six dimensional
basis are not orthogonal. Therefore, we need to solve a generalized eigen value

problem in applying the present linear variational analysis. This is written as
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shown in the following equation.
[H]{C} = E[G]{C} (5.12)

Here, [H] is the two-electron Hamiltonian in Eq. 5.1 written in the basis of three
singlet orbital states shown in Eq. 5.11 viz. ®¢ &% and ®"". Due to the

symmetry of the problem, we have
Hyy = Ha,

Hyy = Hyy,
Hy3 = Hj3 = H3; = Hj,.

{C'} is a column matrix corresponding to the linear variational parameters that
are to be determined and F is the unknown energy eigen value. [G] is the overlap

matrix written in the same basis and its expression is given by

V2
1 5t el
Gl=| $2 y = (5.13)
VEgEVa G

V1452 V1452
The diagonalization of Eq. 5.12 assumes the minimization of the energy of the
singlet ground state. We expect that the introduction of double occupancy states

into the analysis improves the value of the exchange energy.

5.3 Results and Discussion

We have numerically evaluated all the integrals involved in the Heitler-London
and Weinbaum methods using the MATHEMATICA package. The diagonalization
of Eq. 5.12 was also done numerically. The energy of the lowest singlet state
is subtracted from the energy of the triplet state to evaluate the strength of
exchange interaction coefficient. This is then plotted as a function of external
magnetic field strength for a given inter-dot distance 2a. The value of 2a for

coupled heterostructured QD is expressed in terms of the radius of the dot ry. In

TH-1349 06615301



Chapter 5. Two electrons in laterally coupled quantum dots. 62

our analysis, we kept the radius same (1o = 15nm) for both dots. For the impurity
based QDs, 2a is measured in terms of the effective Bohr radius rg. The value
of rp depends upon the effective mass and dielectric constant of the material.
Since we have considered GaAs as the host material, its value turns out to be
around 10nm. The results obtained for both cases of coupled QDs suppressing

the contribution from Zeeman interaction are shown in figures 5.2 and 5.3.

E (m eV)
tad
=

B(Tesla) B(Tesla)

Figure 5.2: The variation of singlet (continuous) and triplet (dashed) energy levels
[left] exchange interaction coefficient [right] for coupled heterostructured QD as
a function of magnetic field strength. Here, an inter-dot separation of 2a = 1.4r,
is considered under H-L method (dotted) and Weinbaum method (continuous).
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Figure 5.3: The variation of singlet (continuous) and triplet (dashed) energy
levels [left] exchange interaction coefficient [right] for coupled impurity QDs as a
function of magnetic field strength. Here, an inter-dot separation of 2a = 1.6rp
is considered under H-L method (dotted) and Weinbaum method (continuous).

It may be noticed from Fig. 5.2 that the inclusion of double occupancy states

in the analysis gives significant improvement in the calculation of exchange en-
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ergy. Since the ground state energy of the singlet state is further minimized
through a non-zero probability for double occupancies, exchange energy is en-
hanced whenever its value is actually positive and suppressed whenever it is neg-
ative, in comparison to H-L results. On the other hand, for the case of coupled
impurity potentials there exist no significant difference between the results ob-
tained from H-L and Weinbaum methods. This may be attributed to the presence
of singularity in the single quantum dot potentials. For a given inter-dot separa-
tion, presence of singularity would minimize the probability of double occupancy
in either QDs.

b=

rn
T

Fl

1.0

=
ta

J(m e¥)

0.0

B(Tesla)

Figure 5.4: The variation of exchange interaction coefficient for coupled het-
erostructured QDs as a function of magnetic field strength. The different graphs
corresponds to inter-dot separations 2a = 1.4ry (dashed), 2a = 1.6r( (contin-
uous), 2a = 1.8ry (dot-dashed) and 2a = 2ry (dotted). All results are due to
Weinbaum method.

The Fig. 5.4 shows the variation of exchange interaction with respect to
magnetic field strength for different inter-dot separations. It is easily seen from
the graph that the strength of exchange interaction decreases with the increase
of inter-dot separation. This behavior is expected as the magnitude of inter-
dot tunneling is inversely proportional to 2a. It may also be noticed that the
magnetic field at which singlet-triplet cross-over occurs is also a function of inter-

dot separation. For example when 2a = 1.6ry, at 14 Tesla, the singlet and the
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triplet state are degenerate, and therefore their time evolution will introduce no

phase difference between the states. Fig. 5.5 shows the variation of exchange
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Figure 5.5: The variation of exchange interaction coefficient for coupled impurity
QDs as a function of magnetic field strength. The different graphs corresponds to
inter-dot separations 2a = 1.4rg (dashed), 2a = 1.6rg (continuous), 2a = 1.8rp
(dot-dashed) and 2a = 2rp (dotted). All results are due to Weinbaum method.

interaction for coupled impurities at different inter-dot separations. One major
difference that may be noticed here is that the singlet-triplet crossing happens at

lower magnetic field strengths for larger inter-dot separations.

5.4 Application in Quantum Computation

The results obtained in the above section may be utilized for constructing useful
quantum gate operation. To achieve this, we must be able to switch off and on
the exchange interaction between the qubits. This can only be implemented by
switching the magnetic flux densities between values that correspond to J., = 0
and some other point where it is non-zero. We already noticed that the magnetic
field at which exchange interaction coefficient goes to zero depends upon the
inter-dot separation. Yet another parameter that can determine the value of
magnetic field at which singlet-triplet phase transition occurs is the radius of

single dot confinement potential. This, in the case of hydrogenic impurity based
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confinement, is a parameter fixed by the properties of the host material. On the
other hand, for cylindrical QDs, it is possible to have confinement radii over a
large range. For larger radius of QDs, the singlet-triplet transition in ground
state is expected to happen at smaller magnetic flux densities. This helps us to
neglect the contribution from Zeeman effect and treat all triplet states on the same
footing. But for smaller QD radius, the singlet-triplet transition occurs at larger
values of external magnetic field. Therefore, we cannot any longer neglect the
splitting of triplet energy states as can be verified from Fig. 5.6. To demonstrate
SWAP-gate operation between the spin-qubits, it is enough to show that for all
product and entangled states, the spins could be interchanged after a period of
gate-operation time, 7,. Since the singlet and three triplet states are constants of
motion, the time evolution of a generic state in this reduced Hilbert space could

be written as

(114 — 1] [T + WO
V2 V2 (5.14)
Cye”# M g y) [11) + Cae™ =" [o__) |1))

(1)) = Cy 1) + Coe™ %0t |gp_g)

where the subscripts —0, —4, —— correspond to the three triplet states and Jy,

Jy, J_ are their respective exchange interaction energies.

Case-(i): C1 =0y =0; (C3 =0and Cy = 1) or (C3 =1 and Cy = 0)
In this case, the non-zero term will only pick up a global phase after 7, time,

maintaining the expectation of S, as Fh, respectively.

Case-(ii): (C;=Cy=1)or (C;=-1;Co=1); C3=C4y=0

In this case, a relative phase will be picked up between the singlet and the triplet
state, which when equal to 7 will result in a SWAP of spin states between indi-
vidual electrons. This can be done by operating the system at a magnetic field
strength, B. where singlet and triplet states have the same energy, and then
switching the field to a non-zero exchange interaction energy and then letting the

system evolve for a sufficient period of time, 7,.

Case-(ili): C1 =Cy=0; C3=Cy =1
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This correspond to the case of a completely entangled initial state viz. the Bell
state. Now if the magnetic field is switched from B = B, to B = 0T, then letting
the system evolve for a same amount of time 7,, the state will pick up only a
global phase as the energy difference between the triplet states is equal to zero
when B = 0.

Thus we have demonstrated swapping of spin states for all important cases of
initial two-electron states. From Fig. 5.6, it may be seen that at B = 12T=5,,
the value of Jy goes to zero and at B = 0T, it is 1.6meV. Therefore, switching
the system between these operating points, we can achieve a SW AP gate oper-
ation between the two qubits. The time required to perform a SW AP operation
corresponds to a phase variation of 7 radians and is given as 7, = wh/Jy. For
Jo = 1.6meV, the value of 7, turns out to be 1.29ps. The switching of exchange
interaction must be slow enough (adiabatic) to prevent the excitation of electrons
into higher energy states. This can be done by appropriately fixing the inter-dot

distance.

B (Tesla)

Figure 5.6: The variation of exchange interaction coefficient for coupled het-
erostructured QDs as a function of magnetic field strength. The different graphs
corresponds to exchange interaction between the lowest singlet state and the three
non-degenerate triplet states viz. J, (continuous thin), Jy (continuous thick), and
J_ (dashed) for an inter-dot separations 2a = 1.4rp.
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5.5 Conclusion

In this chapter, we studied the exchange interaction properties of two kinds of
coupled quantum dots. The first case involves fully heterostructured quantum
confinements that are approximated with cylindrically symmetric step potentials.
In the second case, we considered electrons confined in hydrogenic donor impurity
potentials. In both cases, we modeled the system using a two dimensional effec-
tive mass approximation and the analysis was carried out using Heitler-London
and Weinbaum methods of molecular physics. It was observed that the Weibaum
method significantly improves the calculation of exchange energy for the het-
erostructured case over the H-L method. In contrast, for the impurity based
coupled QDs, the results due to H-L method are comparable with the Weinbaum
method. We have plotted the dependency of exchange interaction with respect
to magnetic field for various inter-dot separations. Compared to the patterned
gate based switching of exchange interaction, we do not have any control over the
ability to change the inter-dot separation. The value of 2a is fixed in both cases
of the coupled QDs we analyzed in this chapter. But this difficulty can be over-
come by depending on the strength of external magnetic field for controlling the
exchange interaction. Yet another difficulty with the present scenario is that the
exchange interaction goes to zero only at high magnetic field strengths where the
Zeeman interactions cannot be neglected anymore. This will result in a splitting
of triplet energy levels as shown in Fig. 5.6. Important quantum gate operations
can still be realized by operating the system near a magnetic field strength where

the ground state switches from singlet to the lowest triplet state.
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Chapter 6

Decoherence of a single electron

spin qubit

6.1 Introduction

Decoherence, the phenomenon through which a superposition state of a quantum
system loses coherent relationship between its components, has been studied for
many decades now from both the fundamental standpoint [130; 131; 132] and
also from the point of view of quantum technologies. Since the Loss-DiVincezo
proposal for quantum computation, plenty of theoretical [38; 133; 134; 135; 136]
as well as experimental investigations [43; 137; 138] have been performed to un-
derstand the dynamics of decoherence in semiconductor quantum dots. Various
factors that contribute to decoherence in such systems were identified and their
relative magnitudes were estimated [139; 140]. At sufficiently low temperature,
the contribution to decoherence due to phonons can be neglected. This leaves
hyperfine interactions between the electron and its surrounding nuclei as the
dominant mechanism for spin decoherence [141]. In most applications, we are
interested only in the quantum state of the electrons and not on the state of
environment surrounding it.

The exact analysis of decoherence involves too many degrees of freedom and it
is often very complicated when a complete mathematical model of the combined

system-environment dynamics is taken into account. There are two ways by
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which we can surmount this problem; either by using master equations, which
are dynamic mappings within the reduced space of the system [142; 143], or
by employing approximate models that are simple enough to be tackled exactly
[144; 145]. For the present analysis, we employ a simplistic model due to F. M.
Cucchietti et al. [146], where the total Hamiltonian of a central spin interacting

with a spin bath is given by

N
H=A6,+6.® ) Jpo® (6.1)
k=1

Here, the first term represents the Hamiltonian of the central spin in the absence
of any interaction with the spin—bath. The strength of this term is denoted by A,
which is a parameter that has the dimension of energy. The second term repre-
sents the contribution to the Hamiltonian due to the interaction with the nuclear
spins in the spin—bath, where J, denotes the strength of hyperfine interaction

between the central electron spin and k' nuclear spin of the bath.
This chapter is organized as follows. In Section 6.2, we present the theoretical
steps involved in the analysis of decoherence of a single electron spin in various
quantum dot geometries. Then, in Section 6.3, we present and discusses the

results of the analysis. Finally in Section 6.4, the conclusion is presented.

6.2 Theory

The quantum system of our interest is a central electron spin interacting with a
nuclear spin bath inside a quantum dot. In the Hamiltonian shown in Eq. (6.1),
the first term corresponds to the system Hamiltonian and the second corresponds
to the interaction Hamiltonian. For simplicity, the interactions between nuclear
spins are neglected. We assume that the spin bath consists of /N nuclear spins and
Jj, is the hyperfine interaction strength between the &' nucleus and the central
electron. To begin our analysis, we consider the initial system-bath state to be a

product state, given by

[¥(0)se) = I1s(0)) [¢£(0)) (6.2)
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Expressing in a basis that diagonalizes the interaction Hamiltonian, this becomes

2N _1

[4(0)sE) = (a|0) +0]1)) Y caln) (6.3)

n=0
Where, a and b are complex probability amplitudes for the electron spin to be
found in up (|0)) and down (|1)) states and ¢, is the probability amblitude for
the product state (|n)) of the nuclear spin bath containing N nuclear spins. Since

the Hamiltonian in Eq. (6.1) is time independent,

() sm) = e # [1(0)s5) -

Following the same procedure as in reference [146], the system density matrix at

time ¢ can be written as

2 1
ps(t) = Te (ps(®) = D leal® (Tups (0T ) (6.4)
n=0
where .
U, = I cos(Qut) — hé (AG, + €n2) Sin(Qut) (6.5)
and

s AEIEY. () S (6.6)

=
so that ¢, is the environmental energy eigen value corresponding the eigen state
In), and nj, =0 or 1 depending on whether k'™ nuclear spin within N-particle
state |n) is in up or down state and I is the identity operator. Expanding pg(t) =

% (f + ﬁ(t) . <§>, the polarization components becomes

Pty = 3 Jeal? P21 (6.7

where P7'(t) = Trg (6]-[7”;35(0)(7;“) and 6, is the j-component of the Pauli ma-
trix. For completely random environmental state with zero net polarization, all
eigen states are equally likely and therefore, |c,|*= QLN for all n. Further, in the

limit of large N—value, we can approximate the summation in Eq. (6.7) with an
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integral as
2N

P =5 [ Pr®dn (65)

It is more feasible to evaluate the integral in the energy domain. Thus by changing

the integration variable from n to €, we get

P(t) =g [ Bt Do) (6.9)

—€min

where the expressions for Pj(t, ) are given as

~ A% + €% cos(29t) e sin(29Qt) 2Aesin?(Qt)
Py(t,e) = Py(0) TR - Py(o)h—QE + Pz<0)h2—92
) in(2Qt
By(t,e) = P,(0)cos(2t) + [P,(0) — PZ(O)A]%
= € + A% cos(29.t) 2Ae sinQ(fiet) A sin(2Q.1)
P.(t,e)= P.(0) oz Px(o)hz—Qg y(o)h—Qe
(6.10)
and €pin = —€max = — chvﬂ Ji, and D(e) is the density of states. Since there
exists 2" number of environmental eigen states, D(€) can be written as
D(e) =2V f(e). (6.11)

where f(€) is the probability density function of the total energy of the nuclear
spin bath and it can be evaluated using the central limit theorem (CLT). The
energy contribution from each nuclear spin corresponds to an individual random
variable that can take only one of the two possible values, viz. +J;, say with
probabilities |ax|* and |bg|? respectively. For a completely depolarized environ-
ment, we assume |ag|?= |by|*= % for all k. The total energy variable €, due to
all nuclear spins is equal to the sum of all individual energy variables and its

probability distribution becomes a Gaussian function due to CLT, given by

fle) = \/217A6Xp (—;—;2) (6.12)
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with
e=xJixhLt...xJy (6.13)

and
A=A+ N+ 0y (6.14)

where )\ is the standard deviation of the individual random variable correspond-
ing to the energy contribution from k'™ nuclear spin. Notice from Eq. (6.12) that
the mean of the composite variable € is zero as the individual means J (|ax|?—|bg|?)
are all zero. But the square of the standard deviation of € is equal to the sum of
squares of the individual standard deviations as given in Eq. (6.14). Substituting
for D(e) in Eq. (6.9), we get

P(t) = \/2171\ / " Bt ) exp (—;—;2) de. (6.15)

€=€min

For a completely depolarized environment, we have
A = (lar*+106]*) J7 — (Ji(lar>—|bel?))? = JZ.

Therefore, if the coupling strength Jj is a function of position of the individual
nuclei, so is its standard deviation. The Hamiltonian for hyperfine interaction

between k'™ nucleus and central electron spin can be written as

’ 5 )
1,7 = — 5o (fic - 10) 1) (6.16)

)

where 1 is the permeability of free space, i, and ﬁgf are the magnetic moments

of the electron and the k'™ nucleus, respectively, and [¢)(7})|? is the probability
density for finding an electron at position 77}.
Substituting fi, = —ge,uB% and /I%k) = gNuNI(Tk), and considering only the z-z
interaction, we get
AY = J6. 060 6.17
hf = Jk0, X 07, (6.17)

z

Here S and I are the electron and nuclear spin operators, and the strength of
interaction Ji is given by
Jr = &|U ()] (6.18)
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with 1 ()| = 9| ¥ (7)[* and

2
R = ﬁﬂogegN/ﬁB,uNna

ge and gy are the electron and nuclear g-factors, up and puy are the Bohr and
nuclear magnetons, 7 is the square of Bloch wave amplitude, and V() is the
amplitude of electron envelope function. From Eq. (6.18) it is clear that J, =
J(7%) and therefore the expression for composite standard deviation in Eq. (6.14)

can be written as
Z JZ = / J( F) (6.19)

where the integration is performed over V', the volume of the nuclear spin bath,
and d is the inter-nuclear distance. Thus we notice here that the spread of D(e)
function in Eq. (6.11) depends on the geometrical arrangement of the nuclei
around the central spin. In the following, we consider three distinct quantum
dot geometries and analyze how A% depends on the dimension of the nuclear spin
bath. In all cases, we assume Ga;_,Al,As quantum dot and that the electron
is sitting in its ground state. The value of x in Eq. (6.18) is evaluated to be

1.62 peV nm? after substituting for various parameters as shown in Appendix A.

e First, we consider a quantum dot inside a 3—dimensional nuclear spin bath
of infinite extent. Assuming a spherically symmetric harmonic oscillator

potential, the interaction strength can be written down as

)3 A (6.20)

1
J(r,0,¢) =k <ﬁaB
where ag = \/% is the effective Bohr radius of the ground state electron
inside the 3D oscillator. For ag = 20nm, 50nm and 100nm, we get A =
30.82neV, 7.80neV and 2.76 neV, respectively. Here 1 neV= 10""eV.
e Secondly, we consider a quantum dot embedded in a 2-dimensional (thin
sheet) nuclear spin bath extending to infinity. Assuming a symmetric parabolic
confinement potential in the radial direction, and no variation in the confined

z-direction, the interaction strength can be written down in cylindrical co-
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ordinates as

J(p,b,2) = i (mzd ) e () sin? (Z—z> . (6.21)

For a sheet of thickness d, = bnm and ag = 20nm, 50nm and 100nm, we get
A =119.52neV,47.81neV and 23.90 neV, respectively.

e Finally, we consider a quantum dot in a 1-dimensional (thin wire) nuclear
spin bath environment extending to infinity. The strength of interaction can

be written in Cartesian coordinates as

4 o fTmx\ . o (7Y ,(if
. _ el £ ETa .22
J(x,y,2) =k (ﬁ&dedy> sin (dx> sin (dy) e (6.22)

We assume a square cross—section for the wire with d, = d, = 5nm, and
parabolic confinement potential along the z direction and correspondingly
we obtain A = 463.51neV, 293.15neV and 207.29 neV for ag = 20nm, 50nm

and 100nm, respectively.

With the obtained value of A in each case, we now proceed to evaluate ¢(t),
the trace of the square of reduced density matrix, to quantitatively monitor the
decoherence dynamics. This can be written in terms of polarization components
as

s(t) = Trpi(t) = ;(1+P2( t)+ P2(t) + P2(t)) (6.23)

where the polarization components are given by Eq. (6.15) and its form, after

simplification, becomes

t = \/Ef P |:u2+112 iL u2+v2 COs <2t u2+v2>:| €_U2/2d1}

A/A
AORRVEN [ cos (B2 ) = P.(0) gt sin (24552 ) | P2
v24u2 cos & hu/QAJrU
\/7f = sin <2t ”h“;jﬂ) — P.(0) u2(+v2 ) e 2du.
(6.24)

Here we used u = A/A and v = €/A to normalize the energy variable for making
the integration variable independent of units. For a completely decohered state,

¢ = 1/2, whereas for a completely coherent state, ¢ = 1. Therefore, a partially
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coherent state, we will have 0.5 < ¢(¢) < 1.

6.3 Results and Discussion

The integrals in Eq. (6.24) were evaluated numerically using M ATHEMATICA
software. Fig. 6.1 shows the plots of ¢(¢) when P,(0) = 1 and P,(0) = P,(0) = 0.
It is interesting to note that when u is very large, no decoherence takes place
in this case. This is because, the initial state is an eigen state of the system—
Hamiltonian and it completely dominates the evolution of the electron spin state
in comparison to the weak environmental interaction term. For medium values of
u, we observe that ¢(t) reaches a steady-state value after a characteristic time, the
magnitude of which is determined by the time-independent part of the integral in
the first equation in Eq. (6.24). When u = 0, we observe complete decoherence,
as the interaction term alone governs the dynamics of state evolution, for which
the present initial state is not an eigen state. We also see oscillations in the
decoherence process, whose frequency monotonically increases with the value of

u, as expected from the time dependent part of the integrand.
909
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Figure 6.1: The time development of decoherence when |¢g(0)) = \/Li (10) 4+ 11)).
The continuous—thick, dashed, dotted and continuous—thin curves corresponds to
u=0,u=0.2 u=1and u=>5 respectively.
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In the present case, for u = 0, the expression for ¢(¢) simplifies to

1 )
<(t) =3 (1 (/) ) . (6.25)

so that we observe a square-exponential decay with respect to time, as also can be
seen from Fig. 6.1. From Eq. (6.25), we define a characteristic decoherence time,
Tp as the time the system takes for ¢(¢) to reach 1/e of the difference between

the initial and final value. Thus we get

h

o (6.26)

The value of 7p for three, two and one dimensional nuclear baths were obtained as
10.64ns, 2.74ns and 0.71ns respectively for ag = 20nm quantum dot and 42.07ns,
6.86ns and 1.12ns respectively for ag = 50nm quantum dot. Thus we notice
that the decoherence process is faster in low dimensional spin—bath system. This
is because of the quantum confinement effects, as can be directly verified from
the expressions for J(7) in each cases. In Fig. 6.2, we plot the decoherence
(0) = 1 and P,(0) = P,(0) = 0. Here, for all values of u, we

c®)
1.0y
0.9
0.8}
0.71:
0.6
05

curves for P,

Figure 6.2: The time development of decoherence when [¢g(0)) = \/Li (10) +411)).
The continuous—thick, dashed, dotted and continuous—thin curves corresponds to
u=0,u=0.2,u=1and u =5 respectively.

notice complete decoherence, as the initial state is neither an eigen state of the
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system—Hamiltonian, nor of the interaction term. For u = 0, we obtain the same
expression as in Eq. (6.25) for decoherence factor, but for all other values of u,
the dynamics is slower than square-exponential decay. The characteristic time
Tp monotonically increases with the value of u. The decoherence process is still
different from both of the above cases when P,(0) = 1 and P,(0) = P,(0) =0 as

can be seen from Fig. 6.3. In this case, ¢(¢) does not decay at all when u = 0,
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Figure 6.3: The time development of decoherence when |¢5(0)) = |0). The
continuous—thick, dashed, dotted and continuous—thin curves corresponds to u =
0, u=0.2, u=1 and u = 10 respectively.

as can be seen from Eq. (6.24), where it can be evaluated to get P,(t) = 1 and
P,(t) = P,(t) = 0 at all times. This is because our present initial state is an
eigen state of the interaction-Hamiltonian, which is the only term that governs
the evolution of the system when u = 0. But for all other values of u, the state
decoheres. But the steady state value to which it approaches is determined by
the relative strengths of system and interaction Hamiltonian terms. In the limit
of very large values for u, we notice complete decoherence. But the characteristic
time for complete decoherence in such cases was found to be very large. For
example, 7p can be graphically determined from Fig. 6.3 to be around 250ns
when « = 10. For medium values of u, we notice partial decoherence accompanied
by oscillations in the process. The value of steady—state ¢(t) decreases with the

increase in u values.
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6.4 Conclusion

We have used a simplistic model due to F. M. Cucchietti et al. to study the
decoherence dynamics of the various spin states of a single electron sitting inside a
quantum dot. We considered a Ga;_,Al,As quantum dot with a single component

(2-z) hyperfine interaction where each nuclear spin is assumed to carry equal but
I
hé-

as a function of position vector. Thus we could evaluate a realistic value for the

average gy values, and the interaction strength with electron was expressed
statistical spread of the total energy variable for the entire nuclear bath. We
have assumed a completely uncorrelated spin bath. We performed the analysis
for three different geometries of the spin bath and evaluated the dependence of
energy spread on bath dimension. We obtained large spread for lower dimension
as the magnitude of wavefunction and thereby the interaction strength increases
for lower dimensional structures. This is purely a quantum confinement effect.
We used the trace of the square of reduced density matrix as a parameter to
quantitatively study the decoherence effects. We noticed that when the initial
state was not an eigen state of the system or the interaction Hamiltonian, the state
decohered completely. But for all other cases, we observed partial decoherence.
The degree of decoherence is found to depend on the relative magnitude of system
and interaction terms. When the initial state corresponds to that part of the
Hamiltonian which was relatively strong, lesser decoherence was observed for the
state. Thus the decoherence process depends on the initial state of the system
as well as the relative strengths of different terms in the Hamiltonian. A recent
experiment [138] gives phase decoherence time as high as 500us in quantum
dots, which is way above the values we obtained here for open quantum systems
with very weak system—Hamiltonian term. But such large decoherence times
can still be attributed to strong system Hamiltonian term with initial state as
an eigen state of the interaction term, as can be noticed from Fig. 6.3. But
more importantly, this discrepancy may be better attributed to the too simplistic
model we have considered, where only a one component spin—spin interactions is

taken into account for the analysis.
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Chapter 7

Decoherence of two-electron spin

qubits

7.1 Introduction

Electrons confined in coupled quantum dots are promising candidates for scalable
spin qubits [38]. In order to perform useful quantum gate operations, the coher-
ence of the spin phase must be maintained for sufficiently long periods of time.
The main physical mechanisms that limit the coherence time of spin qubits are
spin-orbit interactions and interaction with nuclear-spins. The effect of spin-orbit
interaction on spin decoherence via the interaction through phonons is expected
to be minimum in quantum dots (QDs) at low temperatures [147]. In contrast,
the contact hyperfine interaction between the electron spin and a random nu-
clear spin environment is reported to play an important role in deciding the spin
dephasing time 73 in QDs made out of GaAs material [43]. This interaction is
proportional to the modulus square of the electron wavefunction at the location of
each nucleus and thus it leads to a position dependent coupling strength within
the QD. In the last two decades, there has been much effort to theoretically
describe the decoherence of spin phase of localized electrons due to hyperfine in-
teractions. Some authors have employed a semi-classical model for the interaction
between the electron and nuclear spins, in which the time-dependent Overhauser

fields induced by the nuclear spins are treated as classical vector variables [133],
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whereas others have aimed at fully quantum mechanical solution for the spin dy-
namics, where the problem is solved in a subspace where the total z-component
of the spin takes specific values [134; 148]. Using analytical and numerical tools,
the problem has also been studied in the presence of an external magnetic field
with various initial bath polarizations [149].

As the final problem in this thesis, we study the decoherence of two electron
spin qubits in a coupled quantum dot due to their interaction with the surround-
ing nuclear spin bath. We utilize an extended version of the simplified model
discussed in the previous chapter on single electron decoherence. The theoretical
framework for this study is discussed in Section 7.2. Following this, the results
for various initial two-qubits are presented in Section 7.3. Finally the chapter is

concluded in Section 7.4.

7.2 Theory

A system of two electrons in a nuclear spin bath may be modeled by the following

Hamiltonian

N N
H=Ju0h 0p+063® (Z gg&,z) +65® (Z g,’g&,j> (7.1)
k=1 k=1
where the first term corresponds to the exchange interaction between the spin
qubits A and B, and the latter two terms correspond to the interaction of indi-
vidual spins with the surrounding nuclear bath. g% /B 18 the interaction strength
between qubit A(B) with the k™ nuclear spin and 6% /g1, are the standard Pauli
matrices (with ¢ = z,y, z) for the electrons and nuclear spins. It may be noticed
that the hyperfine interaction between the electron spins and the nuclear bath
is taken to be of Ising type (has only one component), whereas the interaction
between the two electrons is of Heisenberg type (with all the three components).
This will keep the model simple enough to be analytically tractable. Though this
is not a very accurate description for hyperfine interaction, we believe that it can
capture the essential features of the relevant interactions and thus it can give

valuable results when applied to various systems.
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Since the state of a spin—% particle is a vector in two-dimensional Hilbert space,
one usually expresses them in the basis of 1) (up) and |]) (down) states, namely,
the eigen vectors of the o* operator. In a similar way, we express a generic state
of the nuclear spin bath containing N spin—% nuclei, in a 2% dimensional basis of
product states, [T ... 11, [T ... 1), -+~ 4 ... J). Labeling each product
state with integers ranging from 0 to 2V — 1, we write the generic state of nuclear

spin bath at time t as
2,

[V (t) Z G (7.2)

where the subscript E stands for the environment and ¢,’s are the probability
amplitudes for different product states and, at ¢ = 0, we assume ¢, (0) = 1/v/2N
for all n. In other words, we consider a completely depolarized initial state for the
spin bath, where each nuclear spin individually has equal probability for being in
the up or down state. We further assume that the total state |¢r) is a product
of the two-qubit system state [)45) and the environmental state |¢g) at ¢t = 0,

given by
2N 1

)7 I

Beginning with this initial state, the system and environment will get en-

|47(0)) = [¢a5(0) (7.3)

tangled with the progression of time. This is governed by the combined time
evolution of the system and environment by the total Hamiltonian (Eq. 7.1) that

can be written as

[ (1)) = e [ (0 Z t) [Yap(0)) [n) (7.4)
where
(1) = ¢~ #Ursdadmrionreyap) (75)
N
hp =Y (=1)"™gh 5 (7.6)
k=1

Here nj, = 0(1) if the ™ nuclear spin has an up (down) configuration in the n'®
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product state. Since our aim is to find the state of the two qubit system at a
later time t, we employ the density matrix formalism which has the advantage
of taking into account of the mixed states (classical probabilities) in addition to
the pure states (probability amplitudes). The density matrix for the total state
at any time ¢ is given by pr(t) = |[¢r(t)) (¥r(t)|. The two-qubit density matrix
at time ¢ is obtained from the total density matrix by performing a partial trace

operation over all the bath degrees of freedom. Thus

2N _1

pap(t) = Trepr(t) ZLNZ )pap(0)U} (t) (7.7)

=0

where pap(0) = |[ap(0)) (¥ap(0)]. The degree of mixedness in the state pap(t)
depends on the degree of entanglement between the system and the environment
in the total state |¢r(t)).

7.2.1 Characteristics of two-qubit density matrices

Any two-qubit density matrix is a 4 x 4 matrix having 16 unique elements. It
is a standard procedure to synthesize such a matrix in terms of 15 polarization

coeflicients as written below.

I+ Pa(t)-Ga+Pp(t)-dp+ > M)k (7.8)

U, V=T,Y,2

pas(t) =7

Here, ﬁA/B :Tr[pABEA/B] is the polarization vector for qubit A/B and it has
3 components. " =Tr[pspcYol] is a 3 X 3 matrix containing 9 components
corresponding to various tensor polarizations. For example, in the case of singlet
state (IN) fHT ), the non-zero polarization components are [1** = [1% = [1** = —1.
Likewise, for the triplet state (‘m}'“ ), the non-zero polarization components
are [I"* = 1" = 1 and I1** = —1. Similarly, for the product state (|1J)), all
polarization components are zero except P; =1, P = 1I** = —1.

From the two-qubit density matrix, one can evaluate quantitative measures
such as ¢(t) =Trp%5(t) and concurrence. If the elements of the matrix are func-

tions of time, the polarization components as well as the quantitative measures
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will also vary with time. The plot of ¢(¢) with respect to time can tell us how the
quantum coherence of the two-qubit state is lost as a function of time. This, in

terms of polarization components, can be written as
1 j 2 j 2 uv (1\2
()= |1+ ‘Z (PA(t)? + PL(t)%) + Zy I (t)?| . (7.9)
J=a,y,z uV=T,Y,2

The value of concurrence C(pap(t)) gives us a measure of entanglement be-
tween qubits A and B at any given time ¢ [150]. It is defined, for a two-qubit

density matrix, as
C(pAB) = Max((), )\1 — )\2 — )\3 — )\4) (710)

where Ay, Ay, A3, and )4 are the eigen values (in decreasing order) of the matrix

R = \/v/pap (040bps5040%) v/oas.

7.2.2 Continuum Limit

For coupled quantum dots considered in chapter 5, the value of N is of the

03%:000) " Therefore, we can

order of 10° and thus 2%V is a very large number ( 1
approximate the qubit-bath interaction strength, g% /p 0 Eq. 7.5, as a smooth
function of position that depends on the single electron probability densities of

the corresponding electrons, as

ga/B(T) = H|¢A/B(ﬁ|2 (7.11)

where k = #,uogegzv,ugu ~N1, with ¢g. and gn the electron and nuclear g-factors,
pip and puyn are the Bohr and nuclear magnetons, 7 is the square of Bloch wave
amplitude, and 14,5 (7) is the amplitude of electron envelope function. The value
of k after the substitution of various parameters turns out to be 1.62 eV nm? as
shown in Appendix A. In a Hibert space containing only the lowest singlet and

triplet states, the single electron probability densities for a general state in Eq.
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(5.5) can be written as

om0 = 5 e (ou P + lenl)

(Cf - C3) - 5

Sy RO )
S (o) lal?)) cos (Tt 1)

\/% (pL(M)er(r) — @r(F)er(r) sin (Jet/h)

5,
where we have assumed the initial superposition amplitudes, C; and C5, to be
real numbers. When S < 0.1 (weak coupling limit), the second and fourth terms

in the above equation can be neglected and the simplified expression becomes

(lez (@)1 + ler®)]?) £ C1Cs (|or () — [or(P)]?) cos (Jest/h) .
(7.13)

Since |pp(z,9)]* = |po(x — a,y)|* and |@r(z,y)|* = |po(z + a,y)|?, it is easy to
verify from above equation that

Y57 )| =

N —

at all times. That is, for every nuclear spin at (x,y) which interacts with electron
A by a particular interaction strength, there exists another nucleus at (—z,y)
which interacts with electron B by the same interaction strength. Therefore,
if we assume that all individual nuclei in the nuclear bath possesses the same
statistics, then the qubit-bath interaction energies, €4 = [ (£g4(7)) dV and e =
| (£g5(7)) dV will both have the same statistics. Here the integrals are over the
entire volume of the spin bath. This is a consequence of central limit theorem
(CLT) which we have discussed in section 6.2.

From Eq. 7.13, it is clear that for singlet (Cy = 0) and triplet (C} = 0) states,
the time dependent term goes to zero and both electrons (A and B) have the
same probability density functions distributed over the coupled dots. In such
cases the qubit-bath interaction energies are totally correlated, that is, we can

define €4 = eg = €. The statistics of € is given by a Gaussian probability density
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function given in 6.12 whose mean is zero (as each individual nucleus is assumed

to have a mean equal to zero) and standard deviation A given by

av
Ny = [ (7.15)

where d is the inter-nuclear distance.

For the superposed singlet and triplet initial states, [1)4(t)|” and |15 (t)]* os-
cillate alternately between the left and right QDs. Larger the value of J.,, larger
will be the frequency with which ‘1/1 Y B(t)‘2 will oscillate. At times when J.,t/h
is an odd multiple of 7/2, single electron probabilities for both electrons will
become the same and €4 and ep are again fully correlated. On the other hand,
when J.,t/h is an even multiple of 7/2, they are minimally correlated. Thus
we have a time-dependent correlation between the variables €4 and e which
can be represented by a joint probability density function, f(ea,ep,t). When
Ci=C,=1/ V2 and J., = 0, the single electron probabilities will be such that
electron A will continue to sit in the left QD while electron B on the right QD
and thus the joint probability density function will be time-independent. Since
the regions of bath where electron A and electron B have non-zero interactions
are almost mutually exclusive in the present case, we can treat the two electrons
as if they are interacting with separate baths. Thus we write

1+

f(EA,GB) = m€ 2A2 s (716)

as the product of two Gaussians in variable €4 and ep respectively with equal
means and standard deviations.

Now, we can express the summation over n in Eq. 7.7 with an integration over
€4 and €p, the qubit-bath interaction energy variables for electron A and electron
B. The limits of integration go from €, = — [ ga(F)dV t0 €max = [ ga(F)dV.

Thus, the polarization components of the two-qubit density matrix at time ¢
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become

A/B // eAaEBa )pAB(O)(jT(EAaEBat>U£/B]f(€A7€B7t)d6Ad€B

IT*(t // Ulen, e, t)pap(0)UT (ea, e5,t)0%0%] f(ea, €p, t)desdep.
o (7.17)
where 2V f(e4, ep,t)deadep is the number of bath product states having first
qubit-bath ineraction energy between e4 and €4 + de4 and the second qubit-bath

interaction energy between eg and eg + dep.

7.3 Results and Discussion

The single electron probability density function for singlet and triplet states of a

coupled cylindrical quantum dots discussed in chapter 5 is shown in Fig. 7.1. The

20% 1014

155 1017

1.0 1083

Figure 7.1: Single electron probability density function (|v4(t)]> = |¢p(t)|?) for
completely correlated qubit-bath interaction energy variables €4 and €ep.

single dot diameter here is 15nm and the centers of the two dots are separated
2

by 24nm. Since €4 = ep = €, we have f(ea,ep,t) = \/217/\62672 in this case, and
the integration is performed over a single variable e. The value of A is obtained
using Eq. 7.15 as 1.98 x 10~*meV. For singlet and triplet states, the expression

for U(e, t) becomes
U, t) = e (Jeafadnre@itop)t, (7.18)

U (e, t) operating on an initial singlet ('M\[‘ 9=y or triplet states (IN D 1) 1Y)
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will introduce only a phase which will get canceled when multiplied with U/ T(e,t).
Thus the integrals in Eq. 7.17 become very trivial as the trace part is independent
of €. The polarization components at time ¢ turnout to be the same as the ones
at t = 0. This means that these states will neither decohere nor lose their initial
entanglement with the progress of time.

For superposed singlet and triplet states, we consider two values of exchange
interaction coefficients: (i) Je, = 0.5 and (ii) J., = 0. In the first case the single
electron probabilities for electron A and B oscillate fast between the two dots.
The period of oscillation is 27h/J., ~ 8ps. Thus to simplify the analysis, we
can average out the fast time dependent part. This results in [¢4(t)|* = |5 (t)[*
leading to €4 = eg = €. For C} = Cy = 1/\/5, the density matrices at time t = 0

and at a later time ¢ can be written as

pap(0) = ; (7.19)

o O O O
o O = O
o O O O
o O O O

0 0
cos?(2Jept /) Lsin(4Jet/T)
—isin(4Je,t/h)  sin®(2Je,t/h)
0 0

pap(t) = (7.20)

o O O O
O O

Since p%4p(t) = pap(t) in this case, the density matrix corresponds to a pure
state indicating no decoherence with time. We plot the measure of entanglement
between qubit A and B as a function of time as shown in Fig. 7.2. As the initial
state is a product state, there is no entanglement at ¢ = 0. But as time progresses,
the qubits are entangled and disentangled in a periodic way. The frequency of
this dynamics is about 8 times the frequency with which WA/B(IS)F oscillates.
When J., = 0, the qubit-bath interaction energies €4 and e can be considered
to be independent of each other. The single electron probability density for qubit
A and B in such a case are shown in Fig. 7.3. The expression for U(eq,€p,t)

becomes

A~

Ulea,€p,t) = e~ (caditendp)t, (7.21)
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Figure 7.2: Concurrence as a function of time when J., = 0.5 and the initial state

is [1]).
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Figure 7.3: Single electron probability density functions |¢4(¢)|* and |¢5(t)|?
when J,., = 0.

As in the case of singlet and triplet states, this operator will only introduce a
global phase to the initial state and, therefore, the density matrix will remain the
same for all times. Thus the initial state 1)) will neither decohere nor develop
entanglement with time.

Finally we consider the decoherence property of a very important initial state,
the Bell state, [ap) = M Since this is a linear combination two triplet

2
states, we only have one qubit-bath interaction energy variable, e. The form of
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density matrix psp at a later time ¢ can be written as

1 €max B _i
pap(t) = \/%A/ pap(€ t)e A de (7.22)
where
% 00 %€—i4et/h
0 00 0
il b = 7.23
pap(et) =N AR (7.23)
%eillet/h 00 %

The above integration can be performed with limits from —oo to oo for each
element of pp(t) separately and it will modify only the e dependent element in

the matrix as shown below.

1 © 4 idet &2 1 sa2:2
e h e 2hde = —e~ a2 7.24
2 V 27TA /oo 2 ( )

The measure for decoherence becomes

1 2
Trplp(t) = 5 (1 +e (%) t2) .

This is plotted in Fig. 7.4. From this plot, a characteristic time for decoherence

K
H.
plotted for the present pap(t) matrix in Fig.7.5. From these graphs, it is clear

may be evaluated as The measure of entanglement, concurrence, is also
that both the coherence and the degree of entanglement of the two qubit state
are totally lost in a time scale of 1 ns.

Decoherence also depends on the degree of confinement due the QDs. This
is because, the value of A, the standard deviation of the qubit-bath interaction
energy distribution function, depends on the spread of the wavefunction. As the
confinement increases, electrons interact with the surrounding nuclear-bath with
an increased strength of qubit-bath interaction giving rise to larger values of A.

Such behavior was also noticed in the case of single qubit decoherence.
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Figure 7.4: Trpap(t) as a function of time when the initial state is %

Figure 7.5: Concurrence as a function of time when the initial state is %

7.4 Conclusion

In this chapter, we considered an Ising type model of hyperfine interaction be-
tween two electrons in a coupled quantum dots and the surrounding nuclear bath.
All nuclei in the bath were assumed to have an equally likely probability of being
in the up or down state. Therefore, we could apply the central limit theorem and
obtain a simplified representation of the problem in the composite qubit-bath

interaction energy variables €4 and eg. These energies depend not only on the
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state of the spin-bath, but also on the single electron probabilities of qubit A
and B. Therefore, whenever these probabilities are one and the same, we have
a totally correlated interaction with the bath for both electrons. On the other
hand, when these probabilities are functions having no or very little overlap, the
interaction energy variables are independent of each other. In the first case, we
defined an energy density function in one variable and in the second case, we
defined a joint-energy density function. We then used these approximations to
study the decoherence and entanglement dynamics of various initial two-qubit
states. It was noticed that the singlet and triplet states did not decohere or lose
entanglement with respect to time. This is because these states turn out to be the
eigen states of the two qubit operator U (€,t). We also considered superposition
of singlet and triplet states in the limits of very small and very large magnitude
of J... When it is large, we could overlook the fast coherent oscillations and took
only the static part of the single electron probability densities. This resulted in
no decoherence of the two-qubit states and periodic oscillations in entanglement
measure. When J,, is very small, we considered €4 and ep as two independent
variables and we observed no decoherence with time. Finally we considered Bell
states that are superposition of [11) and [|/) triplet states. In this case we ob-
served decay of coherence as well as the measure of initial entanglement. We could
estimate a decoherence time which only depended on the standard deviation of
the interaction energy distribution. Thus, we observed that only initial states
that are not eigen states of the interaction Hamiltonian decohere with respect
to time. All eigen states of the interaction Hamiltonian will continue to evolve

coherently with respect to time.
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Chapter 8

Conclusions

The works presented in this thesis are in view of the second quantum revolution
[72], i.e. the revolution of engineering quantum mechanics to build technologies
such as quantum computers. Our study focused mainly on the properties of single
electron and two electron semiconductor quantum dots (QDs). In the literature,
the theoretical studies on quantum dots are mostly based on harmonic oscillator
confinement potentials. They are a good model potential for QDs made out of
patterned gate electrodes, which have the advantage of electrical manipulation
of their properties. This convenience is what lies at the heart of Loss-DiVincezo
proposal for quantum computation. On the other hand, for QDs that are grown
in a self-assembled way, spectroscopic studies suggest that smooth models for con-
finement potential may not be a proper approximation. Therefore, in Chapter 2,
we considered a QD with cylindrical geometry in which the confining potential
in the radial direction was taken to be a step potential of finite size. The time
independent Schrodinger equation was solved analytically with different effective
masses for regions inside and outside the step potential. The eigen values were
determined numerically in order to satisfy the continuity of wavefunction at the
QD boundary. We also plotted the variation of energy levels with the flux density
of the applied magnetic field. We observed that the effect of diamagnetism domi-
nated at higher magnitudes of magnetic flux densities. This resulted in significant
compression of energy eigen states, especially for large QD radius.

In Chapter 3, we studied the effect of magnetic flux densities on an electron

bound to a hydrogenic donor impurity inside a quasi two-dimensional semiconduc-
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tor host material. The binding potential was approximated by a two-dimensional
1/r potential. Since there existed no analytical solution for the time indepen-
dent Schrodinger equation of this problem, numerical methods were employed. It
was found that the numerical methods based on linear grid gave incorrect solution
near the singularity point. The validation of the numerical results was done using
the case of zero magnetic field, for which exact analytical solutions exist. Thus
we employed Numerov’s shooting method based on logarithmic grid to increase
the sampling rate near the singularity point and noticed excellent accuracy near
the singularity point. The variation of energy levels with magnetic flux densities
was plotted for different values of radial and azimuthal quantum numbers. It
was noticed that the dependency of energy levels on magnetic field is significant
only when the characteristic spread of wavefunction becomes comparable to the
cyclotron radius. Therefore, the ground state was least affected as its effective
Bohr radius is much smaller in comparison to that of the excited states.

In Chapter 4, we studied the problem of two electrons in a single cylindrical
quantum dot in the presence of a magnetic field. We employed linear varia-
tional analysis to solve the time independent Schrodinger equation, where the
trial wavefunction was constructed out of Fock-Darwin states. The strength of
the oscillator potential was fixed by tuning the oscillator frequency for minimum
ground state energy. We plotted the two-electron energy spectrum as a function
of external magnetic field strength for various values of z-component of the total
angular momentum and total spin quantum numbers. The results showed an os-
cillation in ground state between singlet and triplet with the increase in magnetic
flux density. From the energy spectrum, we evaluated the free energy and then
determined the dependency of magnetization with respect to the magnetic field
strength. Similarly, we also plotted radial electron density and pair correlation
functions for different quantum numbers and different magnetic field strengths.
The results we obtained are in complete agreement with the results due to finite
difference methods reported in the literature.

In Chapter 5, we studied the properties of exchange interaction between two
electrons confined in a coupled quantum dot system. Firstly, we considered two
heterostructured (cylindrical) QDs laterally coupled to each other and then two

hydrogenic donor impurities laterally coupled to each other. We approximated
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the system to be two-dimensional and solved the Schrodinger equation under
the effective mass approximation. Assuming very low probability for the system
to be in the excited states, we evaluated the exchange interaction coefficient
using Heitler-London and Weinbaum’s approximations of molecular physics. It
was observed that the Weibaum method significantly improves the calculation of
exchange energy for the heterostructured case over the Heitler-London method,
whereas, for the impurity based coupled QDs, Weinbaum’s method did not give
any significant improvement. We plotted the dependency of exchange interaction
with respect to magnetic field for various inter-dot separations. Compared to the
patterned gate based switching of exchange interaction, in our system we do not
have any control over the inter-dot separation d. The value of d is fixed in both
cases of the coupled QDs we analyzed. Nevertheless the exchange interaction can
be controlled /switched using the external magnetic field strength as a handle.
To completely switch off the exchange interaction, it was noticed that we must
apply very high magnetic fields where the contribution from Zeeman interactions
becomes significant. Therefore, the splitting of triplet states must also be taken
into account for proper evaluation of exchange interaction coefficient.

In the final part of the thesis we studied the decoherence of spin qubits in
quantum dots due to its hyperfine interaction with the surrounding nuclear bath
environment. In Chapter 6, we considered the decoherence of a central spin
using a simplistic model that takes into account only of the o.-o, interaction.
The strength of interaction between the electron and nuclei was expressed as
a function of position vector as the contact hyperfine interaction term depends
on the modulus square of the envelope wavefunction. We assumed a completely
uncorrelated nuclear spin distribution inside the bath and applied central limit
theorem to express the problem in terms of composite qubit-bath interaction
energy variable. We then showed how the spread of interaction energy depended
on the confinement of electron inside the QD geometry. This in turn can be
related to the rate of decoherence. Using the trace of the square of reduced
density matrix, we estimated the time scale in which the initial state decoheres.
We noticed that when the initial state was not an eigen state of the system or
interaction Hamiltonian, the state decohered completely. But for all other cases,

we observed only partial decoherence. The degree of decoherence depended on
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the relative magnitude of system and interaction terms. When the initial state
was an eigen state of the stronger part of the Hamiltonian, lesser decoherence
was observed for the state. Thus the decoherence process depends on the initial
state of the system as well as the relative strengths of different terms in the
Hamiltonian.

In Chapter 7, we extended the above open quantum system model to the case
of coupled QDs. Since there are now two electrons, the exchange interaction be-
tween them must also be taken into account. Since each electron interacts with
the nuclear bath surrounding it, we defined two composite qubit-bath interaction
energy variables. Depending upon the state of the two qubits, the electrons will
‘see’ the bath in a fully correlated way or a partially or even minimally correlated
manner. Depending upon this scenario, we defined an appropriate joint probabil-
ity function for the interaction energy variables. We calculated the decoherence
and the entanglement measures for various initial two-qubit states. It was noticed
that the singlet and triplet states did not decohere or lose entanglement with re-
spect to time. This is because these states happen to be the eigen states of the
model Hamiltonian. We also considered superposition of singlet and triplet states
in the limit of very small and very large magnitude of exchange interaction coeffi-
cient. For large value of exchange interaction, we noticed periodic oscillations in
the entanglement measure. On the other hand, for no exchange interaction, we
noticed no development of entanglement over time. Finally, we considered Bell
states that are superposition of [11) and |]J) states. In this case we observed
decay of coherence as well as the degree of entanglement. We estimated a char-
acteristic time which turned out to be a few nano seconds for quantum dots of
radius 15nm.

As a final remark we state that the work presented in the thesis could be fur-
ther improved in many ways. For example, by incorporating better methods of
analysis such as exact diagonalization techniques to numerically solve the time-
independent Schrodinger equation, more exact results could be achieved. Though
such studies will definitely improve accuracy, they come with the cost of large
computational power. Similarly the study of decoherence could be made with
more detailed analytical models to capture the interactions between the system

and the environment. Such improvements in the model may improve the results
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but at the same time will complicate the calculations involved. Our main ob-
jective was to capture the essential features of the system in a simple manner
so that the models are easily tractable. Such an approach of being simplistic in
constructing models has been the guiding principle among physicists and engi-
neers over a long time. We have followed the same principle in dealing with the
problem of decoherence.

Since we have already addressed several problems and obtained a lot of fea-
tures of the systems discussed in the thesis, it may be fair to draw the line at
this point and leave the above mentioned possibilities for extensions as future

assignments.
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Appendix A

Here we list the value of various material parameters used in the calculation of
hyperfine interaction strength. The material considered is GaAs and the values

are adopted from reference [151].

The Bloch wave amplitude at the location of nucleus, n = 3.6 x 103
g-factor of electron, g, = 2

Bohr magneton, pup = 9.27 x 10724 JT-!

Nuclear magneton, uy = 5.05 x 10727 JT!

Natural abundance of %Ga= 60.4%

Nuclear magnetic moment of Ga= 2.016 uy

Natural abundance of ™ Ga= 39.6%

Nuclear magnetic moment of "Ga= 2.562 uy

Nuclear magnetic moment of As= 1.439 uy

Average nuclear magnetic moment of GaAs= 1.836 uy
Permeability of free space, pio = 47 x 10~7 Hm™!

The strength of hyperfine interaction (apart from the square of the envelope

function),

2

K= ﬁﬂogegN,UB,UNn = 1.62 eV nm?’,
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List of papers from this thesis:

1. Agile Mathew and Malay K. Nandy. Revisiting the problem of a single
electron cylindrical quantum dot in constant magnetic field. Physica E, 42:
1383-1386, 2010.

2. Agile Mathew and Malay K. Nandy. Two electrons in a cylindrical quantum
dot under constant magnetic field. Physica B, 421: 127-131, 2013.

3. Agile Mathew and Malay K. Nandy. Decoherence study of electron spin
states in quantum dots using a simplistic model. Mod. Phys. Lett. B, 27:
1350119, 2013.

4. Agile Mathew and Malay K. Nandy. An electron under impurity potential

and magnetic field in a two-dimensional system. (To be communicated).

5. Agile Mathew and Malay K. Nandy. Two electrons in laterally coupled quan-

tum dots under constant magnetic field. (To be communicated).

6. Agile Mathew and Malay K. Nandy. Decoherence of two-electron spin qubits
in quantum dots due to Ising type hyperfine interaction. (To be communi-
cated).
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